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Abstract

Modeling geospatial patterns of environmental variables at increasingly fine resolu-
tions and broader scales highlights the reliability of map products built from sparse
samples as a critical issue in scientific research and practical applications. It is desirable
to attribute predictive uncertainty to identifiable sources, namely, sampling density,
data noise, and model limitations. To approach this, we examine whether a spatial
process imposes a minimum achievable predictive variance as a function of sampling
density. We first present a transition from the geometric/spatial domain to the spectral
domain, linking spatial autocorrelation to bandwidth frequency through the spectrum
of the Gaussian radial basis function (RBF) kernel. We then apply the Nyquist—Shan-
non sampling theorem to link sampling rate and predictive uncertainty. The Gaussian
RBF kernel is used as a demonstration vehicle instead of a restrictive assumption. We
derive the effective bandwidth as a function of the kernel length scale and subsequently
generalize this to a tolerance-based prediction error floor that quantifies unresolved
high-frequency variance captured by the kernel for a given sampling rate. A prac-
tical implication is that sampling density induces fundamental, model-independent
limits on achievable accuracy and resolution. Furthermore, this work provides a quan-
titative interpretation of kernel length scale, linking predictive variance to resolvable
spectral energy, and provides guidance on sampling sufficiency, resolution limits, and
uncertainty interpretation. Using both simulated fields and remote sensing imagery as
real-world data, one- and two-dimensional experiments with and without covariates
show that the Nyquist-based limits provide practical guidance for assessing sampling
adequacy and quantifying predictive uncertainty in geospatial modeling.
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1 Introduction

Probabilistic inference at unsampled spatial locations, widely applied in domains
such as environmental science and geohealth, is an important approach for producing
interpolations and maps that serve as information infrastructure for subsequent geo-
graphical analyses and decisions. Point measurements, such as noise, weather, climate,
air quality, and soil-property observations, are among the most common geoscientific
data types (Moraga 2023). Point-to-point interpolation generalizes to point-to-areal
or areal-to-areal inference via change-of-support methods (Cressie 1989; Isaaks and
Srivastava 1990).

Quantifying uncertainty is integral to probabilistic inference. Uncertainty arises
from both data and models (Turley et al. 2009). Careful treatment of these sources is
crucial for model development and interpretation, and several studies provide frame-
works to identify and quantify modeling uncertainty (e.g., Wallentin and Car 2013).
In practice, uncertainty from data and prediction models is quantified and integrated
(Zhu et al. 2025). In hierarchical modeling frameworks (Cressie and Wikle 2011),
the uncertainty from the process is explicitly represented, which differs from more
classical statistics, where models are specified only for data and parameters. Predic-
tive uncertainty refers to uncertainty in the model’s probabilistic prediction (Tyralis
2024); it integrates multiple sources of uncertainty through the modeling hierarchy
and closely corresponds to Zhu et al.’s (2025) notion of overall uncertainty. Recent
probabilistic frameworks extend to machine learning, with Gaussian processes and
Bayesian neural network among the most widely applied methods (Iwata et al. 2017,
Biggio et al. 2021; Gongalves and Wellmann 2025; Kwon et al. 2020).

Predictive uncertainty is not necessarily summarized by a single number, as it is
scale-dependent: a model may estimate a broad, low-frequency structure with high
confidence while remaining highly uncertain about high-frequency components such
as local fluctuations. In addition, low uncertainty in a model does not necessarily
indicate model reliability, but rather reflects a level of confidence given the model
assumption and data: If the sample locations are too far apart relative to a spatial
process with high-frequency variation, an “incorrect” assumption of a large range
parameter would fail to encode uncertainty associated with unresolved high-frequency
variation in the prediction.

Uncertainty propagation does not necessarily allow predictive uncertainty to be
attributed to, for example, data limitations versus model structure. Uncertainty attri-
bution requires clearly specified modeling assumptions and asymptotic regimes. For
example, not all covariance parameters are consistently estimable under fixed-domain
asymptotics (Stein 1999, p. 11 and Sect. 4.3; Zhang 2004). In addition, in practice,
replicated measurements are rarely available to distinguish microscale variability from
measurement error (Cressie 2015). In geostatistics, the microscale component of the
nugget reflects unresolved variability induced by insufficient sampling resolution.
However, decomposition of the nugget into measurement error, intrinsic microscale
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variability, and sampling-induced effects is generally infeasible without replicated
measurements. One example is the hierarchical model in Shaddick et al. (2018), which
decomposed posterior predictive variance into expected conditional predictive vari-
ance, that is, process uncertainty given parameters, and parameter uncertainty, but
could not isolate measurement noise.

In sampling design, where the placement of samples is to be optimized (e.g.,
Rogerson 2004; Senarathne et al. 2023), the relationship between sampling density
and predictive uncertainty remains unresolved. Design-based criteria (Grafstrom and
Schelin 2014) compute uncertainty from known inclusion probabilities and do not iso-
late sampling-induced uncertainty without additional diagnostics. Consequently, the
relationship between sampling density and predictive uncertainty, conditional on the
underlying spatial process, remains understudied. As aresult, itis difficult to determine
whether the predictive uncertainty arises from under-sampling or from the limitations
of the model itself.

Sensitivity analysis or scenario generation compares the uncertainty quantified
under alternative models or inputs. For example, Qin et al. (2013) propagated data
uncertainty through a model sensitivity analysis. Pereira et al. (2024) used a jackknife
approach to generate scenarios by sequentially removing one observation at a time
and subsequently applied Bayesian model averaging to compute weighted uncertainty
envelopes. However, this kind of method is specific to a given set of sample locations
and a given target process.

Sampling density can be viewed as one component of the broader problem of
sample representation. In digital soil mapping and related spatial prediction studies,
representativeness has been evaluated through geographical coverage, environmental
covariate-space coverage, and environmental similarity between sampled and unsam-
pled locations (Zhu et al. 2015, 2018). Related work has identified representative
samples using fuzzy membership to environmental cluster centroids (An et al. 2018)
and quantified sample-set representativeness by comparing the covariate distribution
of sampled locations with that across the full mapping area (Zhang and Zhu 2019).
Zhu et al. (2026) further investigated uncertainty quantification methods that integrate
similarity measures between samples and prediction locations. These studies show
that sample representation is closely related to predictive uncertainty, but they do not
establish a general relationship between sampling density, the spatial scale of the target
process, and the minimum achievable predictive variance.

We focus on the sampling density component of this broader problem by exam-
ining how sampling density relates to predictive uncertainty in geospatial modeling.
Specifically, we ask whether, for a given spatial process, sampling density imposes a
minimum achievable predictive variance that cannot be reduced by improved statisti-
cal inference alone. This research question lays the foundation for further investigation
of the relationship among sampling density, the spatial structure of the target process,
predictive uncertainty, and restorable spatial scale in geospatial modeling. One main
challenge in linking all these factors is to establish an explicit relationship between
sample configuration and the amount of information that can be captured from the
underlying spatial process. Our approach is inspired by sampling theory, which relates
the highest recoverable frequency to the sampling frequency. The connection between
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the spatial and frequency domains can be established through spectral analysis of the
covariance function.

Linking sampling distribution and process recovery through the lens of frequency
naturally connects to the Nyquist—Shannon sampling theorem (Nyquist 1928; Shannon
1949; Unser et al. 2000), which was originally discovered for converting between an
analog signal and a sequence of numbers, and provides a fundamental link between
sampling rate and recoverable frequency content. It states that a continuous, band-
limited signal can be fully reconstructed from discrete samples only if the sampling
rate exceeds twice the maximum frequency present in the signal. Our rationale is
that if a mathematical link could be established between the kernel length scale and
effective bandwidth, the Nyquist—-Shannon sampling theorem (hereafter referred to as
the Nyquist principle) could be applied to derive a relationship between the recoverable
signal and the sampling rate. This connection enables us to express the relationship
between sampling density and the lower bound on predictive variance. It further allows
us to map a user-chosen tolerance and covariance structure, such as the kernel length
scale or variogram range, to effective bandwidth.

Given a true or estimated spatial or feature-space process, this provides (1) the
required sampling rate for recovering a specified amount of signal energy, and (2)
the prediction error floor, that is, the lower bound on prediction error, defined as the
unrecovered energy of the process, given a sampling rate. As a baseline, we focus on
regular sampling situations. We interpret the error floor as a diagnostic complement to
conventional uncertainty metrics, indicating whether prediction and estimation errors
arise primarily from sampling limitations or model capability.

The link between length scale / and the effective bandwidth under the Nyquist
principal, fefr, has several key implications (I1-13):

1.1 11 Direct Nyquist Guidance from the Kernel Length Scale

It bridges familiar geostatistical scale parameters, such as the variogram range, and
frequency-domain sampling theory.

1.2 12 Closed-Form, Model-Based Link from Length Scale to Frequency

If [ is estimated from prior knowledge or model fitting, its posterior can be used to
derive an effective boundary frequency and implied sampling-rate recommendations.
In addition, the closed form allows us to choose tolerance levels depending on appli-
cation needs and derive associated sampling rate or error floors, aligning with the view
that robust data analysis requires critical synthesis of domain semantics and statistical
assumptions (Scheider et al. 2017).

1.3 I3 Diagnostic Understanding of Uncertainty

Considering the error floor together with the root mean square error (RMSE), obtained
from cross-validation or test data, and other error or uncertainty quantities can support
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the interpretation of model performance and the identification of the uncertainty or
error sources. It also supports a scale-aware interpretation of sampling adequacy.

The applicability of these implications is demonstrated in the analysis, and I3 is
further elaborated in discussion. The objectives are as follows:

1. Link radial basis function (RBF) kernel length scale to effective bandwidth in the
Nyquist—Shannon sampling theorem.
2. Quantify the prediction error floor.

Derive the minimum achievable prediction error, or “error floors,” caused by
unresolved variance in the latent process modeled as a Gaussian process (GP) with
an RBF kernel.

3. Test how the Nyquist principle guides sampling rules under regular sampling.

Show how the effective bandwidth and the associated error floors relate to the
sampling rate needed for reliable prediction and estimation of kernel parameters,
in particular the process length scale.

2 Background

Statistical and geostatistical methods, which learn patterns from data, have enabled
fine-resolution, large-area mapping across domains. Examples include malaria risk
(Morlighem et al. 2023), air pollution concentration (Lu et al. 2020b, 2023; Shen et al.
2022), traffic emissions (Yang et al. 2019), air temperature (Meyer et al. 2016), land
surface temperature (Zhang et al. 2021), urban dynamics (Li et al. 2021), and human
population distribution (Linard et al. 2012).

As the relationship between predictor variables, also referred to as covariates or
features, and the target variable is commonly unknown, sampling adequacy is critical.
The consequences of inadequate sampling are twofold: (1) important spatial variation
may be missed, and (2) the uncertainty estimates may become biased, with poor
ability to capture rare or extreme phenomena. To illustrate, consider a one-dimensional
GP with zero mean and a squared-exponential (or Gaussian RBF) kernel (Eq. 1),
with variance af2 = 2 and length scale / = 1 over the interval [—5, 15]. We fit a
GP to 10 random samples out of 500 simulated locations (Fig. 1) and observe that
the prediction interval broadens in data-poor regions while the true extremes remain
uncovered. The mismatch echoes a classical question: how much information can
be obtained from sparse measurements? The RBF kernel provides a spectral view
of spatial autocorrelation, allowing us to apply the Nyquist principle to answer this
question.

The Nyquist principle states that, for a band-limited signal, accurate reconstruction
requires a sampling rate, or Nyquistrate, fyyg_rare, at least twice the signal’s effective
bandwidth, or maximum frequency fmax; equivalently, the maximum recoverable fre-
quency, or Nyquist frequency fny, is half the sampling rate (Jerri 1977; Oppenheim
and Schafer 1998). While originally formulated for temporal signals, the rate—band-
width logic extends to spatial signals. Prior work has applied it to image reconstruction
and compression (Jerri 1977), sampling sufficiency of the human brain electrical field
(Srinivasan et al. 1998), and information compression and quality control in remote
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Fig. 1 A one-dimensional ground-truth pattern, shown as the dashed line, was simulated using a Gaussian
RBF kernel with zero mean, variance o]% =2, and length scale 1 = 1. Ten training points (red crosses) are

used to fit the GP. The posterior mean and prediction interval (blue band) show how inadequate sampling
misses key variations and produces predictive uncertainty that is broad in data-poor regions but fails to
capture extremes

sensing (Qin et al. 2016; Garma et al. 2017), indicating its relevance for discretely
sampled spatial fields. More recently, Dong et al. (2024) developed filtered kriging and
proved that when measurements satisfy the Nyquist principle, perfect reconstruction
is achieved from filtered Kriging interpolation under certain assumptions. Miao and
Wang (2025) used the Nyquist principle to determine the number of basis functions
to be truncated in a sparse spectrum representation of the covariance matrix when
modeling nonstationary processes.

Because the Gaussian RBF spectrum is not band-limited, the Nyquist principle is
not directly applicable. We adopt a tolerance-based effective cutoff for the Gaussian
RBF spectrum. In the Hilbert space L; setting, ideal low-pass filtering is equivalent
to orthogonal projection onto a band-limited subspace, which yields the minimum-
error band-limited approximation (Unser 2000). Under this perspective, the discarded
spectral tail of the Gaussian RBF spectrum constitutes the approximation error rela-
tive to the original space, while the retained band-limited component determines the
sampling requirement.

3 Method
3.1 RBF Spectrum and the Irreducible Error
In this study, we focus on the squared-exponential (Gaussian RBF) kernel, whose

length scale / controls how rapidly correlations decay with distance. A small / means
rapid fluctuations, whereas a large / corresponds to smooth, slowly varying fields
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2 r?
K(r) =0y exp(—ﬁ), (D

where r is the spatial distance, o f2 is the variance (amplitude), and / is the length
scale (controls how fast correlations decay). This means that the kernel assumes that
correlations decay smoothly with distance.

The relationship between / and frequency becomes clear through the spectral rep-
resentation of a kernel (Stein 1999, p. 24). By Bochner’s theorem, K (r) is a valid
stationary covariance function if and only if it can be represented as the Fourier trans-
form of a positive finite spectral measure F. If F' has a density with respect to the
Lebesgue measure, the density is called the spectral density, denoted by S(w) (Stein
1999, pp. 24-25)

K(r) = / ' S(w)dw. 2)

R4

This shows that every kernel corresponds to a spectrum, that is, variance distributed
over spatial frequencies, where S(w) is the amount of variance per unit frequency.

For the Gaussian RBF kernel, the spectral density is proportional to an exponential
function

12w?

S(w) x exp(—T). 3)

The Gaussian form implies that the process has no hard frequency cutoff; that is,
its spectral energy decays smoothly. The kernel’s width in the spatial domain (7) is
inversely related to its width in the frequency domain. A large [ concentrates energy at
lower frequencies (narrow spectrum), and vice versa. Thus, [ provides a direct bridge
between the spatial kernel formulation of Gaussian processes (GP) and the Nyquist
sampling criterion.

Because this spectrum is unbounded, we define an effective angular bandwidth €,
(1) that captures (1 — ¢) of the total spectral energy, which is equivalentto (1 — ¢) of the
kernel variance. We consider the one-dimensional case, which suffices to illustrate the
derivation of the relationship between the kernel length scale and effective bandwidth.

+Q(0) +00
S(w)dw = (1 —¢) / S(w)dw. “4)
—Q:(0) -0
+00 2 2 +00
As the exponential function is even, that is, A [ exp( - ZT“’)da) =2A [ exp
—00 0

2 2 . .
( — %”)da), where A is a constant, we can obtain
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Q.() = # erf 7 1(1 — @), 3)

where erf~!(x) is the inverse error function erf(x). The erf(x) is a special func-
tion that arises when integrating the Gaussian distribution. The RBF kernel has a
closed form via erf ! (x). For example, if ¢ = 0.1, erf~1(0.9) &~ 1.163. If ¢ = 0.01,
erf~1(0.99) ~ 1.821.

This means that Q. (/) defines the effective angular bandwidth that is inversely
proportional to the / with a tolerance-dependent constant. With Eq. 6, we can calculate
it at different tolerance levels; for example, 2,—0.01 = 2.547/1. Expressed in cycles
per unit length,

fe=Q/2n
V2

T o

=c(e)/l. (6)

erf ' (1 — &)/l

At tolerance levels of 0.01 and 0.1, ¢(0.01) &~ 0.41, and c(0.1) = 0.26; fe—0.01 ~
0.41/1; fozo.1 ~ 0.26/1. The effective bandwidth, fe, is therefore from %20 to 9.
This result can be validated with fast Fourier transformation (FFT).

The tolerance ¢ is the unresolved variance fraction (tail energy) of the kernel’s
spectrum. If the process variance is o2, the minimum achievable prediction error of

the GP is bounded by eo2. The statistical interpretation is direct: the tail variance,
eo2, is unrecoverable even when sampling at the Nyquist rate; it sets a prediction
error floor. The 02, which corresponds to mean squared error (MSE), represents the
irreducible contribution of unresolved high-frequency components to the prediction
error. Note that for kernels that do not have a closed form for 2. (£), it can be calculated

numerically.

3.2 Relating RBF Kernel to Sampling Theorem
The RBF kernel provides a direct link between spatial correlation and the frequency
content of a geospatial process. In principle, once the kernel’s spectral form is known,

(1) given a sampling rate (f; = 1/Ax), we can express how much variance remains
unresolved, which is the MSE (¢62); and (2) given a target error tolerance &, we

can solve for the sampling rate that achieves it. Note that, in practice, £ and o> are
commonly estimated with prior knowledge or from samples.

3.2.1 Unresolved Variance at a Given Sampling Rate

Let f; = 1/Ax, where Ax is the sampling interval, and the Nyquist frequency is

fNyq = fs/z- @)
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The Nyquist angular frequency (which is a property of the signal) is

L

QNyg =27 fNyg = A_x (®)

This means that angular frequencies larger than Q4 can be aliased.
For the Gaussian RBF spectrum, from Eq. (5) we can obtain the unresolved variance
at spacing Ax

e(l, Ax) =1 — erf(ln/szx). ©)

This means that ¢ depends on the ratio between / and Ax, and coarser sampling
intervals (larger Ax) leave more (high-frequency) variance unresolved.

3.2.2 Required Sampling Rate for a Given Tolerance

Conversely, for a target tolerance ¢, the Nyquistrate ( fnyg_rare = m > 2 fmax)
implies
A ( ) = A 7l (10)
X X _—
Nyq_rate = Q. (0) Nyq_rate = J2erf 1(1 — )
Over a one-dimensional domain of length L, this corresponds to sample size
L J2L
§>— =85> erf— (1 —&). (11
AxNyq_rate il
3.2.3 General Form
More generally, the ¢ can be expressed as
e(l, Q) =1— erf(IQ:/4/2), (12)

where the . is the angular frequency we can capture (e.g., the angular Nyquist
frequency 2y, or any cutoff we would like to set).

These relations bridge the kernel view (length scale /) and the sampling view
(frequency), showing that sampling sufficiency can be understood as capturing the
dominant frequencies implied by the kernel. Equations (9) and (12) quantify the unre-
solved variance at a given sampling rate. This yields a bound on the fraction of variance
any estimator can recover under the assumed spectrum (kernel) and the given sam-
pling interval. In practice, the true process length scale [y is commonly unknown. If we
estimate / from finite samples, when sampling is sparse, the process appears smoother
than it truly is, biasing T upward. The overestimated T reduces s( Ax 1n Eq. (9),

underestimating the error floor and creating the impression of adequacy.
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The derivations are exact for the RBF kernel, whose spectrum is Gaussian. Other-
wise, the spectral cumulative distribution function (CDF) of a kernel (e.g., Matérn) is
required. In multidimensional cases, Eqs. (10) and (11) can be applied to each axis.
For irregular sampling (e.g., in feature space), Ax should be replaced by an effective
sampling distance (Bretthorst 2001), which we leave for future study.

3.3 Validation

The theoretical relationships developed in this section are validated through four
experiments, comprising three simulation studies and one real-world experiment. The
validation focuses on three aspects: (1) the relationship between length scale and spec-
tral energy, (2) the relationship between sampling rate and the derived error floor, and
(3) the recovery of kernel hyperparameters as a function of sampling rate. In Experi-
ments 1 to 3, data are generated from spatial processes with known kernels, enabling
direct validation of theoretical predictions. Experiment 4 extends to satellite imagery
and with covariates, where performance is evaluated using absolute error, entropy of
the latent process, and RMSE between the posterior mean prediction and the ground
truth. Detailed experimental designs are presented in Sect. 4.1.

4 Experiment

To clearly demonstrate how our objectives are achieved, we formulate two tests: Test 1,
error floor validation, where we validate that the observed prediction error is bounded
by the spectral error floor implied by the sampling rate; and Test 2, length scale
identifiability, in which we quantify the sampling interval and sample size needed to
recover the process length scale. The experimental designs for these tests are detailed
below.

4.1 Experimental Design

To incrementally explore the sampling theorem for geospatial point-measurement
regression modeling, we proceed in four steps, with steps 1 to 3 using one-dimensional
simulations and step 4 using two-dimensional satellite imagery:

1. FFT validation of the relationship between length scale and frequency (referred to
as the “I — fefr link™);

2. Test 1, error floor validation as a function of sampling rate;

Test 2, sampling rate for length scale estimation and prediction errors;

4. Extension of Test 2 using real-world data, in two dimensions and with covariates.

w

For the simulation, we adopt the setup illustrated in Fig. 1: a one-dimensional
index [—5, 15] of length L = 20, which can be interpreted as arbitrary geographical
or temporal locations or as a covariate (feature) axis. Along the index, ground-truth
realizations are generated on a fine grid and then subsampled at varying sampling
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rates. For consistency, we use the spacing ratio
r = Ax/l, (13)

where [ is the true process length scale. Using Eq. (10), and using the values of f:—¢.01
and f.—o.1, the tolerance-based Nyquist spacing ratios are

Fayg (0.1) 2 1.91, 13y (0.05) & 1.60, 1y, (0.01) ~ 1.22.

Thus, for example, when the spacing ratio » =~ 1.22, 99% of the kernel’s spectral
energy is retained.

4.1.1 FFT Validation of the l — f o Link

We fix Ip = 1 and variance o> =2 in the Gaussian RBF kernel and simulate 500
points with a tiny jitter (1e—6 for numerical stability) for the ground-truth pattern. We
generate 100 realizations on the fine grid and compute the power spectrum of FFT after
mean removal and Hann windowing. For ¢ € {0.01, 0.05, 0.1}, that is, the effective
bandwidth at the retain levels 99%, 95%, and 90%, we locate the cutoff where the
cumulative spectral energy reaches 1 — ¢ and report cycles per unit length (mean £
standard deviation [SD]) across realizations. Then we compare these bandwidths to
the derived fefr (o).

4.1.2 Test 1

The same simulation setting as in 4.1.1 is used to simulate 100 realizations. We test
the spacing ratior = {0.2,0.5,0.9, 1.2, 1.6, 1.9, 2.5, 3.0, 4.0, 5.0, 9.0}. For each r, we
fit a GP regression model to the subsampled data and compute the root mean square
error (RMSE) of the posterior mean against the ground truth. To disentangle sampling
spacing from hyperparameter estimation, we compare the RMSE to three error floors:

Benchmark floor o +/e(ly, Ax) (true Iy, o).

Marginal floor o 8(f , Ax) (fitted ) , true o).

Practical floor & ls(f , Ax) (fitted I, o).

4.1.3 Test2

We simulated 500,000 realizations for different combinations of length scale [ € (0,
5] and variance o f2 € (0, 9] and examined the relationship between the sample size s

and the error in / estimation E; = - lp|. We focused on [ instead of the predictive
error between the simulated and fitted signals because the length scale directly reflects
the dominant frequency of the process, whereas RMSE is confounded by the variance
of the realizations.
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4.1.4 Real-World Experiment

The Landsat land surface temperature (LST) level 2 (L2) product (Sayler 2023) covers
the city of Amsterdam (path 198, row 24), the Netherlands, obtained via the satellite
Thermal Infrared Sensor (TIRS) onboard Landsat-8 on July 18, 2021, at 10:33 local
time. Data are resampled to 30 m pixels. There are many factors contributing to the
observed LST pattern at a certain time point, and the main factors are the angle of
observation, solar radiation, and land surface material with albedo and specific heat
capacity as important features, and the geometry of land surface elements such as
buildings that can be observed partially with their roofs and facades (Voogt and Oke
2003). Within one pixel, depending on the resolution, different elements are involved,
making the interpretation of the mixed information potentially difficult. However,
when zoomed out with a sufficiently large scale (e.g., the scale of the entire city of
Amsterdam), the discrete measurement resembles continuous patterns of the LST.
For the one-dimensional scenario, as denoted by the red dashed line in Fig. 2, a
subset of the LST data obtained along the central transect of the LST map consisting
of 576 pixels as an LST profile is used to examine the number of samples needed to
recover the one-dimensional transect as the ground-truth pattern. The one-dimensional
test can be considered a replication of the test conducted on the simulated data. The
two-dimensional test is intuitive for real-world mapping activities. As highlighted by

5.810

45

5.808

5.806

5.804

5.802

35

5.800

5.798

Land surface temperature (celsius/°C)

5.796

Y coordinate in projection: EPSG 32631 (metre)

5.794

620000 625000 630000 635000 640000

X coordinate in projection: EPSG 32631 (metre) 36

Fig. 2 Land surface temperature (LST) over the city of Amsterdam. The transect for the one-dimensional
real-world experiment and the bounding box for the two-dimensional real-world experiment are denoted
by the red dashed line and blue dashed box, respectively
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the blue dashed box in Fig. 2, a two-dimensional subset of 230 x 180 pixels is taken
for the two-dimensional scenario.

4.2 Model Configuration and Modeling

The GP model provides the flexibility of machine learning models and quantifies uncer-
tainty based on prior knowledge and variance in the observations. The GP regression
defines patterns or function values f along a domain (e.g., a spatial domain) indexed
by x as

f(x) ~ GP(m(x), k(x, x")), (14)

where GP stands for Gaussian process to emphasize that the function values f are
considered a random process with a mean function m and a kernel k specifying the
joint Gaussian distribution of the function values. In particular, the kernel encodes the
prior distribution over the function values and is updated into the posterior distribution
of the function value (Rasmussen and Williams 2006).

In geostatistics, x commonly encodes geographical locations or coordinates. While
one can choose from a large set of potential kernels k, the form of & is highly context-
dependent (MacKay 1998; Rasmussen and Williams 2006). In the case of an isotropic
process, we can use a single length scale, for example, using the Gaussian RBF kernel
(Eq. 1). More generally, the latent process includes noise

d(x,x')’
K(x,x') = a%exp(—%) + 028, (15)

where oy, [ are defined in Eq. (1), § is the Kronecker delta, and 0,2 is the noise
variance. The noise variance describes the degree to which the function f constitutes
noisy observations across the domain indexed by x, which, in geostatistics, corresponds
to geographical location. These parameters correspond to the geostatistical modeling
variogram parameters range, sill, and nugget. Specifically, / corresponds to the range
parameter (operational scale), that is, the scale of the observation needed to effectively
characterize changes across space. The process variance o f2 corresponds to the sill,

and 0,2 to the nugget.

To account for possible anisotropy in LST, we adopted an anisotropic Gaussian
RBF kernel with automatic relevance determination (ARD; Rasmussen and Williams
2006) for the two-dimensional real-world case (Test 2)

L dxn, xn)?
K(x.x') = o} exp<—2A> +028, (16)

2
h=1 21h

where h denotes the input dimension and /j, is the dimension-specific length scale. In
this study, d = 2, corresponding to the east—west and north—south dimensions.
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A covariate can be considered as a set of function values in addition to the target f
and can be modeled jointly with the target. In our study, we use a separable multi-task
GP (MTGP; Bonilla 2008)

f@) ~GP(m@), K/ K¥), (a7

where the kernel K / represents inter-functional (inter-task) covariance, and K* repre-
sents covariance across input locations within each task. The MTGP has been applied
to predict LST using LST at different time points (Wang et al. 2016). In geostatistics,
the formalization links to cokriging. The multiple geospatial processes involved may
not share the same mean, but the processes can be reduced to zero mean with addi-
tional assumptions. For interpretability, we removed the mean of each task (target or
covariate); that is, the kernel operates on the residuals.

The parameters estimated by applying the GP model to the full image are considered
the true parameters. The covariate is constructed as a noisy transform of the original
LST field (with additive Gaussian noise chosen to achieve an R-squared of around 0.8),
ensuring interpretability by reducing uncertainty introduced by unknown variation or
noise. We randomly split the samples so that half of them are sampled from the
covariate and the other half from the target variable, expecting that the information
sampled from a proper covariate can reasonably complement the information sampled
from the target variable.

5 Results and Discussion
5.1 One-Dimensional Simulated Data
5.1.1 Validation of the | - f . Link

Across 100 GP realizations, the FFT-based effective bandwidths (cycles per unit
length; mean £ SD) closely match the theoretically derived fer values shown in
parentheses: 0.410 4= 0.061 (0.409) at 99% retained spectral energy (¢ = 0.01); 0.321
=+ 0.056 (0.312) at 95% (¢ = 0.05); 0.270 £ 0.057 (0.262) at 90% (e = 0.10).

5.1.2 Test 1: Error Floor and Sampling Rate

Figure 3 compares observed GP interpolation errors with different theoretical error
floors across 100 realizations. The blue curve shows the mean observed RMSE, with
the gray band marking +1 standard deviation across realizations. The “benchmark
floor” systematically lies below the observed RMSE. The gap quantifies the inaccuracy
of parameter estimation and the use of finite samples.

The “marginal floor” closely follows the observed RMSE at a spacing ratio below
1.9. It slightly overestimates RMSE due to bias in the estimated length scale, the
uncertainty of which becomes large from r = 1.6 onward (Fig. 4). If the model suggests
a large length scale, the theoretical unresolved variance fraction is close to zero,
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Observed RMSE vs Theoretical Floors

1.4 1
1.2 1 ==
1.0 -
4 0.8 A
=
-4
0.6
0.4
Observed RMSE (mean)
0.2 1 +1 std
~m- Benchmark Floor (true o?, true £)
—& - Marginal Floor (true o2, fitted £)
0.0 — Practical Floor (fitted o2, fitted £)

0 2 4 6 8
Spacing ratio r = Ax/L0

Fig. 3 Observed RMSE and error floors calculated with true or fitted variance and length scale. The gray
area indicates &1 standard deviation around the estimated mean

Distribution of fitted length-scales across realizations
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Fig. 4 Fitted length scale across 100 realizations generated in Test 1 at different sampling intervals
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producing an error floor that underestimates the true reconstruction error. This explains
why the curve falls below the benchmark floor at moderate to large spacing ratios.

The “practical floor” diverges further from the observed RMSE for sampling ratios
r > 1.6 and starts to become smaller than the benchmark floor for > 2.5. Interest-
ingly, for r < 2.5, the opposing biases—overestimation of the length scale (Fig. 4) and
underestimation of the variance—partially cancel, so the practical floor happens to lie
closer to the observed RMSE than the benchmark floor. This apparent agreement at
small r stems from bias cancellation rather than improvement in uncertainty estima-
tion. When the sampling interval is larger than the distance over which any correlation
exists, all information about the process between points is lost. In this limit, every
error floor and the observed RMSE converge to the process standard deviation, and
reconstruction is impossible beyond using the sample mean and variance.

The simulation confirmed that when the sampling spacing ratio met the Nyquist
rate, 7 <0.5, the RMSE was near zero, and nearly 100% of the variance was recovered.
As spacing increased, the RMSE gradually increased, closely following the theoretical
error floor until » = 1. Beyond this point, the error increased sharply. Beyond r =
1.6 (¢ = 0.05), the discrepancy between the observed RMSE and the benchmark floor
also increased more rapidly. By » = 4, only about 57% of the process variance could
be recovered.

5.1.3 Test 2: Error Reduction with Sampling Rate

The heatmap (Fig. 5) shows the length scale absolute estimation errors as E; = i
— lp|, fitted by GP with the Gaussian RBF kernel. The spacing corresponding to the

Nyquist rate at e= 0.01 is r,,y4(0.01) ~ 1.22. This corresponds to around s = %

samples. From Fig. 3, we observe that when r < 1, the benchmark, practical, and
marginal floors almost coincide, indicating very little estimation error. This requires
around 20 samples. The red line indicates r = 0.5, that is, [ = % (Fig. 5); above the

Variance = ~3 Variance = ~6 Variance = ~9

o

w S M

M
Error as difference between

true and estimated /

—— Fit:/=40/s

°

- 0 0
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
s (Number of Samples)

Fig. 5 Relationship between the GP kernel length scale 1, sample size, and absolute recovery error in one-
dimensional simulations. Shorter length scales (rougher signals) require denser sampling to avoid aliasing,
consistent with the Nyquist condition. The fitted red line indicates a spacing ratio equal to 0.5, the most
conservative line above which the errors are negligible. This applies to various variances (= 3, 6, and 9) in
the signals
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line, E; becomes negligible, indicating full recovery of the signal. The variance does
not affect these relationships.

5.2 One-Dimensional Demonstration of Test 2 with Real-World Data

For the one-dimensional real-world data from the LST transect in Fig. 2, we expect
not only reduced error in estimating important kernel parameters with increasing
number of samples same as the simulation but also increasingly reliable uncertainty
quantification, as shown in Fig. 6. In the example below, it is a “lucky shot” that
some of the relatively extreme low values are sampled even in the case of a very
small sample size; hence, the model is able to encode this information about the large
variance in the posterior variance, especially for locations distant from the samples,
and the quantified uncertainty seems to reasonably encompass a large range that can

50
x Datasamples]
45 - f = Mean
h Confidence

20 T T T
0 100 200 300 400 500 600

Temperature values (celsius/°C)

T T T

0 100 200 300 400 500 600

1D location in pixel index

Fig. 6 The ground truth (dashed line), model prediction (dark blue line), and prediction interval (lighter blue
band). For the one-dimensional real-world data of the LST transect, the modeled LST with a few samples is
nothing close to the ground-truth pattern, while the uncertainty is large, especially at locations distant from
the samples. The uncertainty could be mischaracterized if extreme values are not sampled (top). When the
sample size is larger, the modeled pattern and uncertainty quantification both improve (bottom)
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Error in estimating length scale
Overall uncertainty in entropy
RMSE of temperature
(celsius/°C)

Sample size as the number of samples

Fig. 7 From left to right: The absolute error of the modeled length scale, entropy of the latent process, and
RMSE. We can observe that all three metrics decrease steeply with increasing sample size, with a tipping
point at a sample size of around 150, where the modeled pattern starts to improve more slowly with further
increases in sample size

include possible variations. As the number of samples increases with the decrease of
distances among the samples, the model encodes confidence about nearby variance in
the posterior variance. Consequently, the quantified uncertainty decreases everywhere.
Figure 6 provides an intuitive visualization of how the modeled pattern and quantified
uncertainty change with increasing sample size.

Further, for Test 2, the following metrics are calculated for different sample sizes
and are visualized in Fig. 7 (from left to right).

1. Absolute error of the estimated length scaleE; = = lo|
2. Entropy of the latent process (assumes a Gaussian variable) as an indicator of
overall uncertainty, H(X) = %ln(Zneaz), where e is Euler’s number, and o2 is

the posterior variance of the latent process (o2 = var( fx|D), where f, indicates
the estimated latent process and D indicates the data).
3. RMSE: the RMSE between the observed value (LST) and the predicted values.

We observe that these quantities each approach zero as sample size increases
(Fig. 7). Most interestingly, there is a clear tipping point at which all the quantities
approach zero very quickly when the sample size reaches around 150 within the one-
dimensional pattern under the given geospatial bounds. As the sample size increases
beyond 150, the uncertainty and errors still decrease but at a flatter rate.

We apply FFT to examine the frequency distribution of the original pattern (Cooley
and Tukey 1965). Given the fact that the original LST pattern consists of 576 pixels,
the highest resolvable frequency is 0.5 cycles/sample, corresponding to 288 cycles
across the 576 pixels. Therefore, it is sufficient to visualize frequencies up to this
range. The FFT reveals that most of the spectral energy is concentrated around 70-80
cycles across the 576 pixels (Fig. 8). According to the Nyquist principle, at least
twice this frequency is required for reliable reconstruction, implying a sampling rate
of about 140-160 out of 576, or roughly 150 samples. This aligns with the tipping
point observed in Fig. 7, where prediction errors and uncertainty drop markedly, and
is consistent with the results shown in Fig. 3.
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Fig. 8 The power spectrum obtained using the fast Fourier transform (FFT) shows that the main spectral
energy in the original one-dimensional LST pattern extends up to around 70-80 cycles across the original
576 pixels, which requires 70-80 x 2 samples to reliably recover the original pattern. This explains the
pattern in Fig. 7 as the smallest sample size to approach minimal prediction error

5.3 Two-Dimensional Demonstration of Test 2 with Real-World Data

Figure 9 shows the errors of the estimated length scales E; = 7- Iy for the east—west
and north—south directions, respectively, and the overall uncertainty indicated by the
entropy of the latent process in the two-dimensional real-world case. We again observe
the tipping point in the improvement of estimating the parameters of the ground-truth

70 70
® 0
60 o 8 60 - ®
g @ 3
© £ @
g ED ¥ £
= C© ;g’
n O 173
40 it 40 v o
- £ -
IS ca
3 s % §3
&£ o B
20 5 @
5 20 ]
c
10

Sample size equally spaced along north-south

15

1.0

Overall uncertainty in
entropy

20 40 60 80

Sample size equally spaced along east-west

Fig. 9 The x-axes indicate the sample size in the east-west direction (the samples are equally spaced); the
y-axes indicate the sample size in the north—south direction. The colors respectively indicate the error in
the estimated length scale in the north—south direction (top left), the error in the estimated length scale in
the east—west direction (top right), and the entropy of the estimated latent process (bottom left)
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geographical pattern (Fig. 9). Figure 9 shows that the north—south length scale param-
eter estimation is only sensitive to the number of the samples along this direction, and
at around 40—45 equally spaced samples, the error in the estimated length scale drops
very close to zero. A similar situation can be observed for the east—west length scale
estimation when around 30-40 samples are taken. The overall uncertainty quantified
as entropy drops significantly when the number of samples taken along both direc-
tions reaches the threshold values corresponding to those for estimating the length
scale parameters along both directions.

The geographical pattern in the frequency domain for the two-dimensional case
further confirms the above findings as reasonable. This time, the frequency is normal-
ized by the number of pixels along both directions, as only those frequencies below
0.5 times the total pixel sampling rate along both directions can be resolved accord-
ing to the definition of the Nyquist frequency mentioned in Sect. 3. Hence, it is only
necessary to visualize frequencies below the normalized value of 0.5 (Fig. 10). Along
both directions, the highest frequencies seem to cease around 0.1. That is, the highest
frequencies along the two directions correspond to 0.1 x 230 =23 and 0.1 x 180 =
18 cycles within the given geospatial extent, respectively. The Nyquist sample size is
therefore 46 and 36, aligning with the pattern in Fig. 9.

Normalized frequency magnitude o

©
o

Frequency normalized as fraction of the total
180 pixel samples north-south

-0.4 -0.2 0.0 0.2 0.4

Frequency normalized as fraction of the total
230 pixel samples east-west

Fig. 10 Frequency analysis with a two-dimensional FFT applied to the two-dimensional subset showing
that the highest frequency along both east—west and north—south directions is around 0.1 times the pixel
sampling rates, that is, 0.1 x 230 = 23 and 0.1 x 180 = 18 cycles along the two directions within the
given geospatial extent, respectively. Please note that the frequency is normalized by the number of pixels,
or equivalently by the total pixel sampling rate, along each direction
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5.4 Two-Dimensional Demonstration of Test 2 with Real-World Data: Involving
Covariates

Covariates can improve modeling by providing statistically correlated information
beyond the target variable itself. This can be thought of as sampling observations
that contain indirect information—that is, not direct observations of the target vari-
able, but measurements that are correlated with it to some degree. In this context,
the sampling simulations described above can be extended to cases with covariates:
geographically equally spaced samples are taken, but values are drawn either from
the target variable or from a correlated covariate. To represent such a covariate in a
controlled way, we simulate it by adding Gaussian noise to the target variable, thereby
constructing an “ideal” covariate with imperfect correlation. In our experiment, the
simulated covariate achieves an ordinary least squares (OLS) R-squared of 0.81 with
the target two-dimensional LST subset (Fig. 11).

When applying the MTGP, a very similar pattern in the modeling outcome can be
observed. As long as there is a good correlation between the target variable and the
covariate, the error in estimating the ground-truth pattern—for instance, the RMSE—-
drops significantly when the number of samples approaches the Nyquist sampling rate
in both the east-west and north—south directions, as shown in Fig. 12. This time, the
RMSE does not drop very close to zero, which is reasonable, as the information in the
simulated covariate is intentionally made not to correlate 100% with the original LST.

6 Discussion

We established a theoretical basis for sampling adequacy and the error floor (the
irreducible prediction error due to unresolved high-frequency variance) by linking
geospatial modeling with the Nyquist—-Shannon sampling theorem. From the Gaussian
RBF kernel spectrum, we derived a tolerance-indexed error floor and expressed it as

Temperature
standardized to zero mean
(celsius/°C)

Fig. 11 The original two-dimensional subset ground-truth LST and the simulated covariate as a noisy version
of the original LST
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Fig. 12 The RMSE in estimating the ground-truth LST significantly decreases when the number of samples
reaches around 40 along both the east-west and north—south directions, which conforms to the Nyquist
sampling rate

a function of the sampling interval. Two tests with simulations and real-world data
confirmed the theory, wherein (1) the observed errors conform to the error floor, and (2)
the sampling interval required for estimating the length scale and predicting at a certain
level of accuracy follows the Nyquist principle. This yields actionable rules linking
sampling rate f, tolerated unresolved variance (¢), and the Gaussian RBF kernel
length scale () that characterizes spatiotemporal autocorrelation. Instead of treating
the effective bandwidth ( fefr) as a hard cutoff wavelength, which is not strictly valid
for the RBF kernel whose spectrum is unbounded, we derive the exact relationship
between the length scale and the sampling rate.

Our analysis has shown that establishing the link between / and fefr can directly
lead to I1 and I2. For I3, it is clear that the following additional diagnostics can be
provided by combining the error floor with the RMSE:

If the [y and o are known

RMSE =~ o/e(lp, Ax), the error or uncertainty is limited by sampling.

RMSE > o4/¢(lp, Ax), the model can be improved by, for example, using another
kernel.
RMSE < o/¢(lp, Ax), evaluation bias, that is, the training and test sets are dependent.

If we have estimated  and &
RMSE < & e(i , Ax), evaluation bias, or there is leakage or over-smoothing.

For irregular and high-dimensional sampling, we can replace Ax with an effective
spacing Aefr (Qureshi 2012). This represents the distance between samples such that
a regular grid with the A¢g would yield the same average information density as
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the given (possibly irregular) sampling configuration. In practice, the A can be
approximated by, for example, the mean nearest-neighbor distance or other coverage
metrics in feature space.

It has long been recognized that denser sampling decreases predictive uncertainty
and that a random field with integrable spectral density has a spectral representa-
tion (Stein 1999). Classical works such as Cressie (2015) show that kriging variance
decreases with denser samples and depends on the assumed covariance function. The
benefit of analyzing spatial correlation in the frequency domain has been well recog-
nized, and recent work has also used spectral representations in GP regression (e.g.,
Miao and Wang 2025). However, uncertainty is primarily expressed through kriging
variance, posteriors, and effective range. Our contribution is to make the connection
explicit between the parameters of the covariance function and the Nyquist principle
by analyzing the process in the frequency domain.

Although the statistical model is continuous as in spline or GP formulations, the
scale of meaningful prediction is bounded by the sampling resolution and the smooth-
ness of the underlying process. We refer to this limit as the effective output resolution,
which is illuminated by how we apply the Nyquist principle in this study. Accessing
the effective resolution of the outcome map, that is, the spatial prediction scale that
is reliably supported by the measurements and the adopted model, is an important
question that has been neglected in most environmental mapping studies. Many map-
ping products are delivered at an arbitrarily chosen resolution, such as the resolution
of the predictors. For example, using official ground station measurements together
with covariates such as road density in different buffers and populations, Larkin et al.
(2017) produced a global NO, map at 100 m resolution; the map is used as an input in
various important geo-health studies. Subsequent work (e.g. Lu et al. 2020a) produced
NO; maps at 25 m resolution. Given the nonlinear and geographically heterogeneous
relationships between covariates and NO», and the sparsity of the ground stations, it
is not obvious that fine-scale variability is recoverable at those resolutions. Current
geospatial modeling or mapping activities rarely explicitly assess whether the data sup-
port the outcome resolution. We argue that output (map) resolution should align with
recoverable variability. Our study takes an important step toward addressing this prob-
lem; a full treatment of how sampling rate (or effective spacing in high-dimensional
feature space), kernel choice, and length scale estimation jointly determine effective
output resolution is left for future work.

7 Conclusion
7.1 Gap we address

Uncertainty quantification does not provide an explicit link between sample adequacy
and the expected minimum achievable predictive error. In sampling design, the rela-
tionship between sample size and predictive uncertainty is commonly established by
minimizing variance. Our approach complements current variance-minimizing meth-
ods by providing the bound given the sampling density and the tolerance level, which
is different from optimizing where to place the samples to approach that bound. When
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combined with other uncertainty or error quantities, our bound enables further analysis
of the sources of error—whether the error is due to parameter estimation, inadequate
sampling, or cross-validation design.

7.2 Intellectual contribution

Conceptually, we link geostatistics (the length scale of a covariance function) to signal
processing (the Nyquist rate and frequency) and obtain a closed-form mapping from
fe() = c(e)/l and the unresolved variance bound e(/, Ax). It also allows us to
disentangle different sources of error, which complements existing quantities such as
cross-validation error and predictive variance. By making explicit how error tolerance,
sampling interval, and process length scale interact, we offer a practical guide for
designing sampling campaigns and evaluating model reliability.

7.3 How to use it

Several practical implications emerge. First, covariates should be carefully selected
to support interpretation and uncertainty quantification. Informative covariates can
explain part of the signal, which potentially reduces the effective bandwidth of the
residual process to be modeled by the GP. This may reduce the sample size needed to
reach a given level of predictive performance. Future studies should further investigate
how covariates affect adequate sample size. Second, experimental mapping in small
areas can be an effective strategy when sampling resources (e.g., sensors, personnel)
are limited. Detailed campaigns, such as high-resolution air pollution monitoring (Apte
et al. 2017), provide knowledge about spatial variability that can then inform broader
sampling configurations and model design.

7.4 Limitations and future directions

As a baseline study, this work is restricted to noise-free situations and regular sam-
pling, but the derivations and test results invite broader extensions. In future work, we
will extend the analysis to explicitly examine the role of the signal-to-noise ratio and
to include irregular and high-dimensional sampling schemes, where effective spac-
ing must be defined differently. In addition, future studies should systematically link
existing sampling theorems to geospatial modeling. Several relevant extensions of the
Nyquist—Shannon sampling theorem exist, such as Landau’s generalization, which
addresses recovery at a given average sampling rate (Landau 1967; Marvasti 2001).
Developments in compressed sensing demonstrate that signals can be recovered with
fewer samples than the Nyquist rate if they are sparse in the frequency domain (Candes
and Wakin 2008; Candes et al. 2006; Donoho 2006).
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