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Introduction

In the endeavor to better understand our galaxy and the universe, mathematicians have tried
to model galaxies and the universe for a long time. On the basis of Newton’s law of gravity,
one can try to model each stellar object as an individual point mass in space. However, in
galaxies, for instance, the number of stars can be of the order of ~10'! and it is no longer
feasible to use this approach. For this reason, we interpret a galaxy as having a continuous
mass distribution and therefore introduce the density on phase space f = f(¢,z,v). Here,
t > 0 is the time variable, z € R? is the space variable, and v € R? is the velocity variable. If
we want to know the amount of mass that is contained in a certain region of phase space at
any given time ¢, we have to integrate f(t,-,-) over this region.

By Newton’s law, a particle at position x with velocity v that is exposed to the potential
U = U(t, x) satisfies the equations of motion

t=v, 0=-0,U(t x).

As collisions rarely happen, we can neglect them and therefore, f is constant along orbits,
i.e. solutions to the equations of motion, which yields

Of +v-0uf — U - Dpf = 0.

We call this equation the Vlasov equation. It describes the motion and temporal change of
the mass distribution induced by a given potential U. This potential is induced by the spatial
mass density p = p(t, ), governed by the Poisson equation

AU =4rp, lim U(t,z)=0.

|z| =00

We couple the density on phase space f with the spatial mass density p through

p(t.x) = | f(t,z,v)dv.
R3
The model that consists of the three above equations and the boundary condition for U is
called the Vlasov-Poisson system, which will be the subject of this thesis.

We are interested in steady states, i.e. time-independent solutions of the Vlasov-Poisson
system. To be more precise, we will focus on a special type of steady state, namely the
isochrone steady state. The isochrone model was introduced by the mathematician and as-
tronomer Michel Hénon in [10], [11] and [12]. He derived the so-called isochrone potential,
which is a spherically symmetric potential with the property that the period of a particle orbit
only depends on its energy and is independent of its angular momentum. This derivation and
some further discussions have also been carried out by James Binney in [2]. Additionally, the
isochrone potential and a few of its properties can be found in [3].



Contents

In this thesis, we will start with some notations and with setting up the framework of spher-
ical symmetry in Chapter We will then be concerned with deriving and introducing the
isochrone model. This will be done in Chapter 2] After that, in Chapter [3] and Chapter [4]
we will examine its properties, including the period function that corresponds to periods of
particle orbits. We will obtain that this period function is indeed independent of the angular
momentum.

Chapter [f| deals with linearizing the Vlasov-Poisson system about the isochrone steady state,
which will yield an operator A that we call the Antonov operator due to historical reasons.
This operator will be properly defined in Chapter [6], where we will also collect and prove some
operator properties.

In Chapter [7}, we will prove the main result of this thesis: The spectrum of A is purely
essential and equal to [0,00[. The proof consists of two main steps, which are to show that
[0,00[ C 0ess(A) and that o(A) C [0,00[. For the first part, we initially follow [9]. However,
only a small part of this procedure works out in our case and we need to come up with an
additional, new proof. A more detailed description of similarities and differences can be found
in the beginning of Chapter [7} The proof of o(A) C [0, co[ relies on [7].

In Chapter [8] we describe future ambitions for using the results of this thesis to show linear,
asymptotic stability of the isochrone steady state.
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1 Notations and spherical symmetry

Before we start with establishing and analyzing the isochrone model, we introduce the nota-
tions used in this thesis as well as the framework of spherical symmetry.

1.1 Notations

By N, we denote the set containing all natural numbers, excluding 0, i.e. N = N\ {0}.
Furthermore, K can either be R or C. Considering R", we denote the i-th unit vector by e;.
Moreover, for z,v € R™, we use the notation

n
x-v= invi, || =V -z
i=1

for the inner product of z and v and for the Euclidean norm of x, respectively. For n = 3, we
denote the cross product of x and v by = X v.
For r > 0 and a € R"™, the ball B,(a) C R" is defined by

By(a):={z €eR" | |[x—a| <7}

For a subset M C R", we define the indicator function 13, through

1, e M,
L (@) = {0 vd M

By A, we denote the Lebesgue measure. For p > 1 and a measurable set 2 C R", we
define LP(2;K) as the set that contains all equivalence classes of functions f : Q@ — K that
are measurable and for which |f|P is integrable. Two functions are equivalent if they are
equal almost everywhere on 2. For the sake of simplicity, we denote the equivalence class
of a function f by f again and consider some pointwise defined representative for pointwise
operations. The corresponding norm is defined as

1/p
171l 2= 11 £l = | Fllomy = ( / mp) .

We define L] (€2;K) as the set containing all locally integrable functions, i.e. fisin L] _(Q;K)
if it is measurable and f|f is in L1 (K;K) for every compact set K C Q. To define the Sobolev
spaces H*(Q; K) for k € N, we additionally require that 2 is an open set. A function f : Q — K
is an element of H*(;K) if f and all of its weak derivatives up to k-th order are in L?(9; K).
The corresponding norm is

1/2

e o= 1 f e ) = > D fllZ

aeNg |a|<k



1 Notations and spherical symmetry

For open sets Q@ C R” and k € N, C*(Q; K) denotes the set containing all functions f : Q — K
that are k£ times differentiable in the classical sense with continuous derivatives. For k = oo,
f has to be differentiable arbitrarily often. An index ¢ means that f is compactly supported
in Q. If Q C R is an interval, it must not be an open set. For the boundary points, we then
consider one-sided limits.

For all function spaces, an index r denotes the restriction to spherically symmetric functions
as defined in Section [1.2]

Generally, constants C' > 0 may change in each step. We sometimes highlight special depen-
dencies and if C' depends on the parameter b that will be introduced in Chapter [2| we will
always denote this by C(b).

An integral without a specific integration area is to be understood as an integral over R3, i.e.
? [ = Jgs”. Lastly, for sequences, we often write (-) instead of (-)en.

1.2 Spherical symmetry and (r, w, L)-coordinates
We start with defining spherical symmetry:

Definition 1.1. A function f : R3 — K is called spherically symmetric if
f(Az) = f(z), A€SO(3),zcR>
A function g : R3 x R3 — K is called spherically symmetric if
g(Azx, Av) = g(z,v), A eS0(3),(z,v) € R® x R,

For functions f: R?> — K or g : R? x R? = K that are only defined almost everywhere on R3
or R3 x R3, respectively, we say that they are spherically symmetric if for all A € SO(3),

f(Az) = f(z) or g(Ax, Av) = g(x,v),

for almost every x € R? or (x,v) € R? x R3, respectively, where the the sets of measure zero
for the exceptions may depend on A.

1

ioc-functions, we have the following lemma:

For spherically symmetric L

Lemma 1.2.

(i) Every spherically symmetric function f € L _(R3;K) can be expressed through the vari-

able r = |z|, i.e. there exists a function f" :]0,00[ = K such that f(x) = f"(|x|) f.a.e.
xr € R3. The function f" is uniquely defined a.e. on ]0,00].

(ii) Every spherically symmetric function g € Lloc(R3 x R3;K) can be expressed through the
variables (r,w, L) = (|z|, (x - v)/|z|,|z X v|7), i.e. there exists a function g" : ]0,00[ X
R x [0,00] = K such that g(z,v) = ¢"(r,w,L) = g¢"(|z|, (x - v)/|z|, |z x v|*) fa.e.
(z,v) € R3 x R3. The function g" is uniquely defined a.e. on ]0,00[ x R x [0, oo].

For the sake of clarity, we will always denote the representative of a function f in r- or
(r,w, L)-coordinates by f". In Chapter [3| we will introduce another set of coordinates whose
corresponding functions will be denoted by f?.

10



1.2 Spherical symmetry and (r,w, L)-coordinates

Proof.

Proof of (7).

Let f € Ll _(R%K) be spherically symmetric. We use a spherically the mollifier J €
C2°(B1(0);R), i.e. we have [ps J = 1. We define Jj, := k3J(k-) for k € N, which are again
spherically symmetric functions, and obtain that fj := Ji * (leN(O)) — fin LY(Bn(0);K)
as k — oo for all N € N (see Remark (1) after Theorem 2.16 in [14]). The functions fj are

spherically symmetric due to
fiu(Az) = / Je(Az —y) f(y) 1By (y) dy = / Ju(Az — Ay) f(Ay)1p, o) (Ay) dy
R3 R3
= [ e = I W) 1my0 W)y = file). R4 €500,

note that By(0) is spherically symmetric in the sense that z € By(0) & Az € By(0) for
every A € SO(3). The functions fj are defined everywhere on R3 and it is therefore easy to
obtain their radial representative f; = fi(-,0,0) on [0,00[. The next step is to obtain that
((-)2fr) is a Cauchy sequence in L'([0, N];K) for all N € N. To show this, we first prove that
((-)2f7) is in L*([0, N]; K):

N 1
1O il oy = [ Pl ar= 4 [ el @

1 1
i Juy |[fr(@)l de = — I fell sy (o)) < 00 (1.1)

47 Bn(

To obtain that ((-)2f7) is a Cauchy sequence in L'([0, N];K), we estimate (-)2ff — (-)2fT
instead of (-)2f} as in (L.I). Since fy — fi converges to 0 in L'(By(0);K) as k,I — oo, we
infer that (-)2f7 — (-)2f] converges to 0 in L*([0, NJ;K) as k,I — oo and hence, ((-)2f7) is
a Cauchy sequence in L!([0, N];K). Consequently, there exists gy € L'([0, N];K) such that
(-)2ff — gn in L}([0, N];K) as k — oo. Due to the Riesz-Fischer theorem, the convergence
also holds pointwise almost everywhere after extracting a subsequence. Therefore, we have
that gy = g, a.e. on [0, min{N, L}] for N, L € N, where it is possible that the set of measure
zero is independent of N and L. For every L € N, we now define f” piecewise a.e. on |L—1, L]
by f7(r) := r~2g.(r) and have that f" = (-)"2gx a.e. on [0, N] for N € N due to the previous
consideration. We find that

N
/ Ful) = £7(|a])] da = / () — ()| de = dr / P21 — £ dr
Bn(0) By (0) 0
N
:47r/ ’er,:—gN(rﬂ dr — 0 as k — oo.
0

Since L!-limits are unique, we observe that f = f"(| - |) almost everywhere on By/(0) for all
N € N and therefore almost everywhere on R3.

Proof of (ii).

Let g € Llloc(]R3 x R3;K) be spherically symmetric. We again use a spherically symmetric
mollifier J € C°(B1(0); R) (note that here, B1(0) C R%) and define Jj, := k5.J(k-). As in the
first part, we find that g := Jj * (ngN(O)) — gas k — oo in L'(By(0);K) for all N € N
and that the functions g; are spherically symmetric.

11



1 Notations and spherical symmetry

We define g (r,w, L) = gx((r,0,0), (w,vL/r,0)) for (r,w,L) € ]0,00[ x R x [0,00[, which
implies that gi(x,v) = g.(|z|, (x - v)/|z], |z x v|?) for & # 0. We show this in the end of this
proof. Next, we define

My = {(rw, L) €10, 00 x B x [0,00] | ((r,0,0), (w, VL/r,0)) € Bx(0)}

and claim that (g7) is a Cauchy sequence in L!'(My;K) for all N € N. We start by proving
that g; € LY(My;K). For this, we use the same transformation as in (1.3]); note that we
already obtained the (r,w, L)-representative of gi. Hence,

ot = [ [ okt D) L . Dy dwaar
— [ [ [ 1600 D) (00,00, (w0, VE /. 0) dwdL
0 0 R
1 o 1
= L[ [ kel w0 D) 0 ((21.0.0) 0. VE/10],0) s dwd L da

|z
1 1
=52 Jos Jeo |9k (2, 0)[ 1y (0) (2, v) dvdz = 5 gkl 1 5y (0)) < o0

Inserting g7 —g7 instead of g7, yields that (g7) is a Cauchy sequence in L' (My; K) and therefore
converges to some function fy € L'(My;K). Similar to part (i), we define g" := fx on sets
Mpy \ My_1 and have that ¢" = fy a.e. on Mpy. We use the same transformation as before
and find that

[ ooy = g (. (@ o)/l ko o) Loy ) o 0)

R6

:4772// /|g,:(r,w,L)—gr(r,w,L)|1MN(1“,w,L)ddedr
RJO R

:47r2/R/0 /R|g};(r,w,L)—fN(r,w,L)]1MN(r,w,L)ddedr—>0ask:—>oo.

The uniqueness of L'-limits yields that g(z,v) = ¢"(|z|, (z - v)/|z|, |z x v|*) fae. (z,v) €
By (0) for all N € N, thus, the identity holds a.e. on R? x R3.

To prove that gi(z,v) = g;.(|z|, (x - v)/|z|, |z x o) for & # 0, let z,v € R? with 2 # 0.
First, let B € SO(3) be a rotation matrix such that Bx = |z|e;. We then consider the point
Bv and rotate it around the ej-axis such that the third component vanishes and the second
component is non-negative and call the corresponding rotation matrix C' € SO(3). If we
define A := C - B, then A is again in SO(3) with Az = |z|e1, (Av)2 > 0 and (Av)3 = 0. We
furthermore observe that

z-v=(Az)- (Av) = |z|(Av)1,

@ x o = |2 P|of® — (x - 0)? = [(Az) x (A0)|* = |2[* |(Av)af*,

which implies that

12



1.2 Spherical symmetry and (r,w, L)-coordinates

Because of the spherical symmetry of gi, we conclude that
gr(x,v) = ge(Az, Av) = gi, ((|2],0,0), ((z - v)/|z[, [z x v[/|2[, 0))
= gi. (|, (@ - v) /|l |2 x v]?) .
O

Remark 1. For spherically symmetric functions ¢ : R? x R? — K that are defined everywhere,
we obtain the (r, w, L)-representative g" : ]0,00[ x R x [0, 00[ — K through

g (r,w, L) = g((r,0,0), (w, VL/r,0)).

Remark 2. If we consider Lemma [I.2] we immediately obtain that conversely, every function
710,00 = K or g" : ]0,00] x R x [0, 00[ — K that is defined almost everywhere induces an
almost everywhere defined, spherically symmetric function f : R? — K or g : R? x R? = K,
respectively.

For spherically symmetric functions on R? x R3, we have the following behavior of integrals
when changing between (z,v)- and (r, w, L)-coordinates:

Lemma 1.3. Let g € L (R3 x R%;K) be spherically symmetric with (r,w, L)-representative
g" :]0,00[xR x [0,00[ — K. Then,

/ g(z,v)dv = 7r2/ /gr(|x|,w,L) dwdL fa.e z€R3, (1.2)
R3 lz[? Jo  Jr
and
[ stwv)dee) = [ g (row, L) d(r,w, L),
R3xR3 10,00[xR X [0,00[
as well as

/ vg(x,v)dv :7r/ /wg’”(]nr:\,w,L)dde3 fa.e xeR3,
R3 o Jr ||

provided that the integrals exist.

Proof. For the first and third identity, let = € R3\ {0} such that g"(|z|,w, L) is defined f.a.e.
(w, L) € Rx[0, 00[. This holds true for almost every x € R? as ¢ is defined almost everywhere
on ]0, 00 x R x [0, 00[. For x chosen this way, let A € SO(3) such that Az = |z|es. Using the
spherical symmetry of g, detA = 1, and polar coordinates, we deduce that

/RS g(z,v)dv —/ g(Azx, Av)dv = /R3 g(Az,v)dv
// (lz],vs, |2*(vF +03)) d(v1, v2) dug

_27'['// |x‘ |:L‘|2 2)7'd7'du)_271'// ‘I| w, L 2| |2 dL dw.

(1.3)

13



1 Notations and spherical symmetry

In the last step, we substituted L = L(7) = |x|>72. We hence proved the first identity.

For the third identity, we observe that

/R3 vg(z,v)dv=A"1A - vg(Az, Av)dv = A7} - Avg(Az, Av)dv = A™1 - vg(Az,v)dv,

where z and A are chosen as above. Omitting A~! and only considering the first component
of the integral, we use polar coordinates to find that

</ UQ(AHU,v)dv) :// vig" (|, vs, |2 (vf + v3)) d(v1, v) dos
R? 1 JrJR2
o s} 2
:// / rcosdg” (|z],vs, |x*r*) rdd dr dug = 0
rJo Jo

since fo% cos ¥ dy = 0. We find a similar expression for the second component with the slight
difference that cos ¥ is replaced by sin ) and therefore, the second component vanishes as well.
For the third component, similar to (|1.3]), we obtain that

</Rs vg(Az,v)dv ) :/ v3g" (|z], vs, ||*(vf +v3)) dv
/ / (Jl, w, 2 (0f +03)) d(v1,v2) dw

/ / " (|z|,w, L) dL dw.
/ vg(z,v)dv=A"1 <7T2 // wg" (|x|,w, L)dL dw63>
R3 z[* Jr Jo

T RS 1
:W/R/o wg (|x],w,L)dewmA L(|z|es)

T 0 T
= — wg" (x|, w, L) dL dw—.
2f? /R/o a

The first identity along with spherical coordinates yields that

& 1
/ g(z,v)d(x,v) :7T/ // 59 (||, w, L) dz dwdL
R3 xR3 R3 |7|
= 47? / // "(ryw, L)drdwdL,

proving the second identity. O

As a result,

Remark. In Chapter 3] we will introduce the domain of definition for most functions that
occur in this thesis, which will be the interior of the support of the density function on phase
space corresponding to the isochrone steady state. We will denote this set by €. As this

14



1.2 Spherical symmetry and (r,w, L)-coordinates

function will be spherically symmetric, it has a representative in (r,w, L)-coordinates and a
corresponding set (). Integrals therefore change via

/Qo g(z,v)d(z,v) = 47T2/ o (r,w, L) d(r, w, L.

2%
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2 The Vlasov-Poisson system and the
isochrone model

As mentioned in the introduction, we consider the gravitational Vlasov-Poisson system

Of +v-0,f —0,U-0,f =0, (2.1)
AU =4mp, lim U(t,z) =0,
|z|—o00
plt.e) = | f(tz,v)dv. (2.3)
R3

We now turn to the isochrone model and note that, as mentioned earlier, it was introduced by
Michel Hénon. For his derivation of the isochrone potential, we refer to [10]. The approach
has been revisited by James Binney in [2].

For a fixed parameter b > 0, the isochrone potential is defined by

3

1
B ———T
b+ /ol + 12
b— S22 + b2
Do VEEED R o).

27

U()(.I‘) L=

This potential was derived particularly to have the property that the periods of particle orbits
only depend on the particle’s energy and not on its angular momentum. We will define this
terminology later and will also see that this indeed holds true.

Given this time-independent potential Uy, one is now interested in finding suitable time-
independent, non-negative, spherically symmetric functions fy and pg such that the triplet
(Uo, fo, po) is a steady state of the Vlasov-Poisson system, i.e. a time-independent solution
of (2.1)-(2.3)) in the sense of classical derivatives. Note that just like Uy, fo and py may (and
will) depend on b.

Because of the Poisson equation in , one can easily derive pg through the Laplace operator
in spherical coordinates:

; 1 . 11 .
pb(r) = 1= (AUO) (1) = =0, (2 (U)') (r)
1 3 B r?
AT VIRV 22 (2 4 52)32(b 4+ V2 b2)?2
272

r>0.

(PRI T
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2 The Vlasov-Poisson system and the isochrone model

For r # 0, we can rewrite the above expression, simplifying it to

ron 1| 2b(r? +6%)3/2 — 3p%? — 2b*
) = r4(r2 + b2)3/2 >0

The function pj, and therefore also po, is positive everywhere, which can easily be concluded
by looking at the last representation and observing that both the numerator and denominator
are positive for r > 0. For r = 0, we compute pf(0) = %b% > 0.

We already observe that the resulting steady state-keeping in mind that the we still have
to derive a suitable phase space density fy—has an unbounded spatial support. This will later
match the fact that the so-called cut-off energy Fy is 0 for the isochrone case. If the cut-
off energy would have been smaller than 0, we would have obtained a bounded spatial support.

Before being able to derive a matching phase space density function fy, we define £ and
L as functions of (z,v) € R3 x R3. One can interpret them as the energy and the square
of the modulus of the angular momentum (we will use the convention of still calling it the
angular momentum) of a particle located at position 2 with velocity v, corresponding to the
given potential Uy. We define

1
E(w,v) = 5 [v|* + Up(a),
L(z,v) := |z x v, (z,v) e R® x R3.

To derive fy, we first note that by Jeans’ theorem, every spherically symmetric solution to
the Vlasov-Poisson system that is independent of time can be expressed as a function of E
and L (see [1]). As a matter of fact, in this case, we can make the ansatz that fy is a function
only of E, i.e. fy =@ o E, where ¢ : R — R satisfies

(1) Jyslsp o )z, v) dv = po(x) for = € RY,
(73) ¢(F) =0 for E € [0, 00[, and
(idi) plj_1 €C* (J—1.0]).

Considering these assumptions, we formally derive a function ¢ that satisfies all requirements.
The derivation can be found after the following theorem.

Theorem 2.1. For E € [*i,O[, we consider the function that is (formally) derived from

(i)-(iid):
(B) = 1 /E —26%° 4 106°" — 200%% + 24bt (2.4)
A= e Jo (1—bi)ysv—F —t '

1 V—bE - - -
= V32n )P0 (2OE 1 1)) |27 T 00bE + 3200TET 4 2400°ET 4 640

3 (1652E? — 28bE — 9) SV bE) |
—bE(1 + bE)

If we consider the above representation for ¢(E) on |—%,0] instead of [—4,0[ and extend it
by 0 outside of ]—¢,0[, then this resulting function satisfies (i)-(iii). In the following, ¢ shall
be defined like this.

18



Derivation of p. The basis of this derivation is the paper [5] of astrophysicist Arthur Stanley
Eddington. We remark that what follows has to be understood as a formal derivation rather
than a rigorous proof.

STEP 1: Relation between py and Uy .

For r > 0 the gravitational potential U} can be written as UJ(r) = 2=Vr,40 V:;H’Z # 0, which
implies that

2 L (- Viz+?)? 1 2b% — 2bv/r2 + b2 1) - 2005 (r) +1 (2.5)
Ug (r)? r? Ug(r)? r? Ug (r)?
Using this, we also derive that
1 —1—=bU}(r)
Vr2+ 02 =b—Uj(r)r? =b— —— (20U} (r) + 1) = —— 12 7> 0. (2.6)
" Ug(r) =" U (r)

Another way to express py(r) for r > 0 is through p(r) = ﬁ [TQ\/;QHJQ + (T2+;2)3/2 + 2U§:§’")}.
Inserting (2.5) and (2.6)) into this representation yields
Up (r)? Uj(r) Ug(r)? 207 (r)3
Aol (1) — 0 0 i 0 I 0
o0() = S50 () £ 1 (<1 = b05 () | (=1 = bOg(M)° | ZUg(r) + 1
1
— _2b3 T 6 b2 T 5_2bT 4
(2bU7 (r) + 1)(—1 — bU (r))? ( Ug(r)” = 56°Uq (1) Us (r)*)
B —b2U6(T)5 — 2bU6(7")4
(-1 bUg(r)?

Consequently,
po(r) =K (Uy(r)), r>0, (2.8)

where

K(U) = 1 bU(0U +2)

= P Ue[-1/(2b),0].

Since K is also well-defined for U = Uj(0) = —;, we can easily verify that (2.8) also holds
for r = 0.

STEP 2: Expressing ¢ in terms of K.
Making use of assumption (i) and (i), we find that

i) = [ eBondo= [ o (tuto)+ bl ao

00 1 v/ —2Up(z) 1
= 471/ @ (Uo(x) + 252> s2ds = 47r/ @ <Uo(:1c) + 232> s*ds, x€R>.
0

Hence,
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2 The Vlasov-Poisson system and the isochrone model
Due to the fact that UJ : [0,00] = [—35,0[ is bijective, we conclude that

K(U) = 4x

V=20
/ ;

1
i © <U~|—s2> s*ds, U € [-1/(2b),0].

Making use of assumption (#i7) and the fundamental theorem of calculus, we observe that

K'U) = 4r |0 (U + V=20 ) v (——2— +/ (v e sas
n v 2 V—2U 0 7 2
v =2U 1
= 47r/ ¢ <U—|— 252> s*ds, U e [-1/(2b),0],
0

since ¢(0) = 0 due to assumption (ii). Substituting y = s? and integrating by parts yields

—2U 1
K'(U) = 27r/ o (U + 2y> Jidy
0

— o [<2<p <U+ ;y> \@> y;U B /0_2(] 20 (U+ ;y> ;\}g dy]
_ —27r/02Ug0 (U+ ;y> \}gdy, U € [-1/(2b), 0]

The boundary terms vanish because of p(0) = 0. Next, we yet again use a transformation,
namely { = £(y) = -U — %y, in order to find that

0

K'(U) = dn / o6

U 2(=€-U)
dr (7Y 1
=4/ ¢ (=¢) ﬁd& U e [-1/(20),0[.

For the sake of simplicity, we define

K(U):= K'(-U), U €]0,1/(2b)], and
¢(E) := p(-E), E€R,

which then satisfy

ROy = -2 [T a9—L e, velo/en
L
In consequence of Abel’s integral equation (see [6, Chapter 8, Equations (1) and (3)]),
42 52) 4721 d / — Y2 (1) d [* K1) o
By L BN ¥ il SOAE P ATy
/27 V2 dz fy (z— )12 dz Jo (z— )12
d

- [_2K'(_t)\/ﬁ[:0 — 2/; K”(—t)\/mdt}

Cdz
d z " . z "e 1
:2(12/0 K (—t)mdt—2<0+/0 K"( t)det>
z 1 1
:/O K(—t) Sty = €10,1/(20))
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where we again used integration by parts (the boundary terms vanish due to K'(0) = 0). As
a result, we find that

B \/Q —FE K”(—t)

SD(E)—TWQ 0 —F —1

dt, Ee[-1/(2b),0].

STEP 3: Computing the integral.
We differentiate twice and find that

K1) = 1 20%U° + 106°U* 4 200U + 24U

C An (1 + bU)5 , Fe [_1/(2b>70[7

which leads to

o(E) =

1 —E _opAd 4 10634 — 200213 + 24bt2
/ 10 OUTt" 24507 41 EBe [—1/(2b),01.
0

V2(2r)3 (1-0bt)5v/—FE —t
That this integral indeed leads to the desired representation of ¢ on [—%,0[ can be ob-
tained by computing the integral. This is a lengthy process and we will therefore only outline

the procedure: We substitute u = u(t) = v/—FE — ¢ without being concerned that the inte-
grand is undefined at one of its boundary values as we interpret the integral fO_E ...dt as

lim. 0 >0 fO_E_E ...dt. After that, we perform a partial fraction decomposition and each
occurring integral is then solvable using standard integration techniques. O

We now turn to the proof of Theorem

Proof of Theorem [2.1. We have to prove that (i), (i) and (¢i¢) hold. (i¢) is obvious. To show
(i), we make use of (i) and spherical coordinates to find that

/]R3 p(E(z,0)) dv = / @ <;|U\2 + Uo(ac)> dv = 47r/0 e o <;s2 n U0($)> 2 ds

B =tom
for z € R3. Substituting E = E(s) = 3s? + Up(z) yields that

0
/’ e(E(z,v))dv = 47r/ 2FE — 2Up(z)p(E)dE
R3 Uo()

(z
1 [0 —E _opt5 4 103t — 200213 + 24bt2
Up(x

0 (1—0bt)°/—E —t
1 U@ _opdd 4 10031 — 200263 + 24bt2 [Tt \/E — Up(x) dEdr

T on2 0 (1 —0bt)® Uoz) V—E—t

Concerning the inner integral, we obtain that

F(E) := (Up(x) + t) arctan <E_—EU_0(ta:)) —V—E —t\/E — Uy(z)
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2 The Vlasov-Poisson system and the isochrone model

is an antiderivative of E — /E — Uy(z)/v/—E — t on JUp(z), —t[. We therefore compute that
the inner integral is equal to

—t VE — U(](.%') dE —

li / \/W B
im
Uo(x) \/T—t a—Uo(z),a>Uo (z
b——t,b<—t
T
= lim F(b) — F(a)) =0 — (Uy(z) + t) =,
a—Uo(x),a>Uo () (£(b) (a)) (Uo(x) )2
b——t,b<—t
and consequently,
1 [~ Vo(x) b5 4 10B3 A — 20b243 - 242
/ (P(E(ZL',’U)) dv = — (—U()(ZE‘) o t) + + dt’ e R?).
R3 47 0 (1 — bt)5

We substitute u = u(t) = 1—0bt, which leads to an integrand that is of the form ”polynomial in
v divided by ©?”, which is a standard integral that can be computed easily. After factorizing
the resulting expression, we observe that

. 1 b2U0($)5 + 2bU0(CC)4
/]R3 o(E(z,v))dv = T U@ 1 r € R3,

which in turn is equal to po(x) by (2.7 . Note that this property was derived rigorously and
we can therefore use it. Property (2.7 only holds for r > 0, however, inserting r = 0 yields
that (2.7]) is also true for r = 0.

1

For (iii), we note that ¢ is obviously in C* (]—¢,0[). Since arcsin(V_bE) —lasFE—0,E<0
—bE(1+bE)

by I’'Hospital’s rule, we observe that ¢(E) — 0 = ¢(0) as E — 0, E < 0. For the derivative
of ¢ , we define

C(b) := V2(2r)3p3/224
and find that

o b 1 V—bE
Cb)p (E) = (—2 VIEGE LD S 1)5> ..
(bEV;b]f)él (66b + 6406°E + 720b° E? + 256b* E®)
V—bE 9 oy Arcsin (V-0E)
(bE +1)* <(96b B = 84) —bE(1 + bE))
V—bE b 1
| GEL )T ((4862]32 — 84bE — 27) (-2_6]3(1%

b+ 20?E arcsin (vV—bE)
N E e A

If we consider the limit £ — 0 of this expression, we immediately obtain that the second
summand of the first line as well as the second and third line converge to 0. In the last line,
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2bE

the term containing obviously vanishes as well. Hence,

. / ST ) 1
%?ILIIO (C(b>90 (E>) _]}WILHO 2 m(bE + 1)4 []
V—bE b 1
Gy s 1) (=5 )
V—bFE b arcsin (vV—bE)
- m(%szQ — 84bFE — 27) ( > B+ bE))3/2>

Here and in the following, all limits as £ — 0 have to be understood as £ — 0, £ < 0. For
the second and third line, it is obvious that the terms with factors 48 and —84 vanish as we
take the limit. For the first line, we have

1 o7
=% =5

+ (48(—bE)3/2 + 84v/—bE —

— 66V —bE + 320(—bE)3? — 240(—bE)>/? + 64(—bE)7/?

27 )arcsin (\/—bE)
V=bE) \/=bE(1 + bE)’

thus, all terms except the ones with factors 27 vanish for £ — 0. Overall, we observe that

_2771) 1 n 277b 1 arcsin (\/—bE)
2 V/-bE(1+bE)* 2 V-bE(1+bE)*\/—bE(1 + bFE)
27b 27b 1 arcsin (\/—bE)

2 \/—bE(l + bE)5 2 V—=bE(1+bE)> \/—bE(1 + bE)

lim (C(0)'(E)) = lim

27b
=1 -1 +
ElElO( 2 =bE( 1+bE4 1+0b >
27b 1 arcsin (

bE) 1
2 /0E(1 +bE)* \/=bE(l + bE) (1_ 1+bE>>

lim 27b 1 < —bFE )
= 11 —_—
E-0\ 2 /-bE(1+bE)* \1+0FE
277b 1 arcsin (\/—bE) ( bE )
2 V-bE(1+0bE)*\/—bE(1+bE) \1+bE

O]

Remark. Assumption (ii) can be interpreted as that the isochrone steady state shall not con-
tain particles with positive or vanishing energy. Moreover, the values of ¢ for E < —%
do not matter since E(z,v) > Up(z) > Up(0) = —5;. Lastly, we remark that due to
limp o0 g0 ¢ (E) = 0 = limp_,0 p<0@(E) and ¢(E) = 0 on [0,00[, we in fact have ¢ €

Ch (]—%,oo[).
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2 The Vlasov-Poisson system and the isochrone model

We define fo := o E on R?® x R3. Then, fo > 0 and (fo, po, Up) is a spherically symmet-
ric steady state of the Vlasov-Poisson system, i.e. fy, po and Uy are spherically symmetric,
independent of time, and solve (2.1]) - (2.3) in the sense of classical derivatives.

Proof. We have already obtained that py and Uy are spherically symmetric. The spherical
symmetry of fy is obvious as it inherits the spherical symmetry of the energy function E. All
functions are independent of time.

For the non-negativity of fy, we need to show that ¢ > 0 on [—%,oo[. Because ¢ van-
ishes on [0, co[, the problem reduces to showing that ¢ > 0 on [—ﬁ, 0[. On this set, we may
use the integral representation of ¢ given in ([2.4). For E € [—%, 0[ we have that 0 < —F,
which means that the lower bound of integration is smaller than the upper bound of integra-
tion, hence, it suffices to show that the integrand is non-negative. For the denominator, this
is obvious. It therefore remains to show that the numerator is non-negative. For ¢ € [0, %b],
we define

hy(t) == — 26 4 1063t* — 20623 + 24bt> (2.9)
= — 20t%(bt — 3) (bt(bt — 2) + 4).

The first two factors —2bt? and (bt — 3) are both non-positive and for the third one, we use
that bt(bt —2) > — |bt| [bt —2| > —1(2 —bt) = & — 1 > —1, which makes the third factor
positive. As a consequence, we have that hy > 0 on [0, %] Additionally, since hy > 0 on
10, 2%], we deduce from the integral representation that in fact,

¢ >0on [—1/(2b),0[. (2.10)

To obtain that fy, pg and Uy solve , , and in the classical sense, first note
that clearly, Uy € C?(R?). For the differentiability of fy, we use that ¢ € C* (]—%,oo[) as
obtained in the remark after the proof of Theorem [2.1] In addition to that, we have that F €
C1(R3 x R?) with E(R3 xR?) C [—4, 00[. As aresult, we find that fo = po E € C*(R3xR3).
The Vlasov equation is satisfied as

8tf()($,7)) +uv- 8xf0(xvv) - axUO(I) ’ 8vf0(x,v)
=0+v- (¢(E(z,v)0:Us(x)) — 0:Up(z) - (¢'(E(z,v))v) =0, (z,v) € R® x R

The Poisson equation in ([2.2)) is satisfied since we derived py from Uy through the Poisson
equation. Obviously, Uy satisfies the boundary condition in (2.2)). Equation (2.3) holds true
as it is equal to () in Theorem and the proof is therefore complete. O
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3 Properties of the steady state and
(6, E/, L)-coordinates

This chapter contains some properties of the steady state as well as the derivation of the
period function and the deduction that it is a function only depending on E and being inde-
pendent of L. Moreover, we will introduce (0, E, L)-coordinates, which will prove to be very
useful later.

A domain that is important throughout this thesis is the interior of the steady state sup-
port:

{(z,v) e R* x R® | fo(z,v) £ 0}
{(z,v) € R3 x R® | fo(z,v) = o(E(z,v)) > 0}
{(z,v) € R? x R3 | E(z,v) < 0}.

The last equality results from along with the fact that ¢ = 0 on [0,00], as well as
E > —%b on R? x R3. The last characterization of Qy means that the cut-off energy Ej is 0
in our case. Since it is 0 and not smaller than 0, the spatial support of the steady state is
unbounded. More precisely, it is equal to the whole space R? since for every x € R3, there
exists some v € R? such that (z,v) € Qq, i.e. fo(z,v) # 0. For example, (x,0) € supp fo for
all z € R3. Nonetheless, the total mass of the steady state is finite. We have

[ mieris =t
R3

which we easily obtain using polar coordinates and the fact that Uy solves the Poisson equation
with right hand side 47 py:

— 2 r _ 2 2 \/
/R3 pg(:v)dx—47r/0 r<pg(r)dr —47r/0 20 (r*(Ug)") (r)dr

47
= lim o, | r? " 5 | dr
seeJo N (b+\/r2 +b2)
1
= lim =1

5—00 b2 b / b2 2
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3 Properties of the steady state and (0, F, L)-coordinates

We also characterize Qg in (r,w, L)-coordinates and denote this set by €. To do this, we
first establish the representation of the energy function E in (r,w, L)-coordinates:

E"(r,w, L) = E((r,0,0), (w, VL/r,0))
1

! <w2 i [;) + U((r,0,0))

_ %uﬁ n(r),  (rw,L) €10,00] x R x [0, 0],

where 9 (r) = % + U (r),r €]0,00[, L € [0, 00], is the so-called effective potential. We now
define

0 :={(r,w,L) €]0,00[ x R x [0,00[ | I(z,v) € Qy:7r=|z|,w=(r-v)/|z|,L =L(z,v)}
={(r,w,L) €]0,00[ x R x [0,00] | E"(r,w,L) < 0}.

Proof. If (r,w, L) is an element of the first set with corresponding (z,v) € Qg, we then find
that E"(r,w,L) = E"(|z|,(z - v)/|z],]z x v|*) = E(z,v) < 0 and therefore, (r,w,L) is an
element of the second set.

If (r,w, L) is an element of the second set, we define x := (r,0,0) and v := (w,VL/r,0).
Then, E(z,v) = E((r,0,0), (w,vVL/r,0)) = E"(r,w, L) < 0, hence, (r,w, L) is an element of
the first set. O]

In the next section, we examine the effective potential and derive the period function for
which we will observe that it indeed only depends on the particle energy.

3.1 The effective potential

For examining the effective potential, we follow [16, Theorem 4.1], however, since Uy and
therefore vy, is given explicitly, we are able to state the properties in a more explicit way.
Although not all properties of the following theorem will be used in this thesis, we choose to
be consistent with [16] and transfer the whole theorem to the isochrone case.

Theorem 3.1.

(i) For any L > 0 there exists a unique v, > 0 such that

min Y (r) =¢p(ry) <0,
r€]0,00(

namely,

= \}é\/L(4b+L) +(2b+ L)y/L{#+ ).

(13) For any L >0 and E € |¢(rr),0[, there exist unique r+(E,L) > 0 with
r—(E,L)<rp <ry(E,L)
such that Yr(r+(E,L)) = E, namely,

1 L 1 L 1
- _ - - 2 12 _ _
r+(E, L) <b+2)E+2i\/bE +<b+2>E+4.
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3.1 The effective potential

(1i1) For any L >0 and E € |¢(rr),0],

1

(tv) For any L >0, E € |¢r(rr),0[, and r € [r—(E,L),r+(E, L)],

(re(E, L) —r) (r —r(E, L))
2r2r_(E,L)r(E, L)

E—9Yr(r)>L

Before we start with the proof, we visualize the effective potential:

Proof.
Proof of (1).
For L > 0 fixed, we want to find the roots of the first derivative of
L [ S -~ R U A
@Z}L(T): 277,2+U6(T) - ﬁ—F 7«2 = ,',,2

on ]0, oo[. The derivative reads

, _ 1 r2 3 5
Vi(r) =3 —W—zb—me .
For r > 0, this yields that

Yr(r) =0ert — (4bL + L¥)r? —4b’L — b’ L? =0

4L + L2 AL + L2)2
sl = 2+ +\/( Z L

[L(4b + L)+ (2b+ L)\/I(4b + L)]

VLW + L)+ (2b+ L)y/I{Eb+ L) = 7y,

Sr=

S‘Hw‘}_‘
[N}
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3 Properties of the steady state and (0, F, L)-coordinates

Consequently, we have shown that r, is the only root of ¢} in ]0, co[. To show that v, takes
its minimum at r = ry,, we estimate

2 2

1 L 1

— | b+ = — /= [L(4b+ L)] + b2
<r%<+2 \/2[( +)]+>

1 L L?

2<b+— bL++b2>:o.

r 2 4

Additionally, it is obvious that if we fix L > 0, lim,_,o%r(r) = oo and lim,_,~ ¥r(r) = 0.
Since ry, is the only root of ¥, in ]0, co[, we therefore infer that ¢, takes its global minimum
(exclusively) at r = rp.

YL (re) = ! <b+§—\/1 [L(4b+L>+(2b+L) L(4b+L)}+b2>

Proof of (ii).

Let L > 0 and E € |¢(rr),0[. We already obtained that ¢} only has one root at r = rz. Due
to continuity, the derivative of ¢y, therefore does not change its sign in either of the sets |0, ry |
and ]rz,, co[ and also never takes the value 0 on these sets which implies a strict monotonicity
of 11, on both |0,rz[ and ]ry, 0o[. Considering the convergence properties lim,_,o 1 (r) = 0o
and lim, oo ¥ (r) = 0 as well as ¥ (ry) < 0 yields that vy, is strictly monotonically de-
creasing on |0, 77| and strictly monotonically increasing on |rp,oo[. As a consequence, we
infer the existence and uniqueness of r4(E,L) > 0 with r_(E,L) < r;, < r4(E,L) and
bu(ri(E, L)) = E.

To obtain the desired representation of r4(FE, L), we observe the following equivalences for
r > 0:

(T = T—(EvL) V= T+(E7L)) <~ wL("”) =F

L
& r2+bzzb+§—r2E

L2
7?2 402 = B + (=2bFE — LE)r* + bL + - +b?
2

L
& E*r' 4 (—20E — LE — 1)r® + bL + -+ =0 (3.1)

The equivalence in the third line is due to £ < 0 and therefore b+ L/2 — r>E > 0. We infer
that if we define

S4 1= T:|:<E7 L)Qa

then s4 are in R with 0 < s_ < s; and they solve

2

L
2(ro(E,L)*)? + (=2bE — LE — 1)r(E, L)* + bL + —

0 = E
4
2

L
= F?s2 + (—2bE — LE — 1)s4 + bL + T
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3.1 The effective potential

At the same time, we know that 0 = E%s? + (—20E — LE — 1)s + bL + LTQ has exactly two
solutions in C that are

_WEALE+1  (2DE+LE+1)? 1 or+ P
T 2E? B2 1

1 L 1 L 1
= —((v+2E)+-x /0224 (b+Z)E+~ ).
() Lo o o2 )

Since a4 are the only solutions in C but s+ are also two different solutions, we infer that
a+ = s+ € R, > 0. In particular, the radicand of the occurring square root has to be positive.
Since a4+ > 0, we can take the square root of it to obtain the well-defined representation

1 L 1 L 1
Ti(E,L):\/Si:\/CLi:—E <b+2E) +22|Z\/b2E2+ <b+2>E+4

Proof of (iii).
Let L >0an E € |¢r(r),0[. Due to % > 0,
(L : . , 1
Yr(ry) = Té%g()[ 202 +Up(r) ) = Tel]folio[Uo (r) =Uy(0) = %

Thus, F > —2%, which means that bE + 1/2 > 0. We therefore obtain that

L 1 L 1
b+ = |E+ -+ |2E2+ (b+ 2 |E+ -
<+2> +2+\/ +(+2> +1

1 1 1\? 1
—bE+ -LE + - bE + - _LE
+3 +2+\/< +2> +3

1 1
<bE+2+'bE+2’:2bE+l<1.

As a result,

1 L 1 L 1 1

Proof of (iv).

Let L > 0 and E € |¢1(rL),0[. We follow the proof in [16] and define

(ri (B, L) —r)(r —r(E, L))
2r2r(E,L)r_(E, L)

&r):=r [E —r(r)—L } , rer_(E,L),ry(E,L)|.

The first and second derivative of £ read

1 1
2r2  2r (E,L)r_(E,L)

€(r) = B —u(r) — ri (r) — L( ) L relr (B L), (E L)
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3 Properties of the steady state and (0, F, L)-coordinates

and

€)= ~20,(r) o) + 5 =2 (5 + W) ) - (35 + WD) ) +

1 .
=—r (7287“ [TQaTUg(r)}> = —r(AUy)" (r)
= _r47_‘_p6(7,,) <0, re[r_(EL),r(E, L)
This yields that £ is a concave function. With £ (r—(E,L)) = 0 = £ (r+(E, L)), we conclude

that £ > 0 on [r_(E, L), r+(E, L)], which implies the desired inequality. O
3.2 The characteristic system

In order to talk about periods of particle orbits, we need to consider the solutions to the
characteristic system. It is convenient to do this in the (7, w, L)-coordinate system. We show
that these solutions exists globally and furthermore examine their trajectories.

Global existence of solutions to the characteristic system

Let (r,w,L) € Q) = {(r,w,L) €]0,00[ x R x]0,00[ | E"(r,w,L) <0}. We consider the
initial value problem for the characteristic system in (r, w, L)-coordinates:

R w R r
Wi=|-v(»R)|, [W](0O0)=[w (3.2)
L 0 L L

Since the right hand side of the ODE in is in C' (D) for D := {(R,W,L) € R? | R >0}
(note that the definition of ¢y, also works for L < 0) and therefore Lipschitz continuous, we
can apply the Picard-Lindelof theorem to obtain that there exists a unique maximal solution
(R,W,L)(-) = (R,W,L)(-,7,w, L) : I — R3 to the initial value problem (3.2). Here, I C R is
an interval with 0 € I. Furthermore, we immediately recognize that the differential equation
for L is solved by L(t) = L,t € I, which is why we did not choose different variables for the
solution L(t) and the initial value L.

To show that the solution exists globally, i.e. I = R, we start by showing that the energy
function E" is a conserved quantity. For ¢t € I,

d ) .
7 (BT (B, W(2), L(#))) = Y, (R(O) R(E) + WEHW(E) +0 = 0.
Hence, if we define a := E"(r,w, L) < 0, we have

1

§W(t)2 +¢r(R()) = E"(R(t),W(t),L) =, tel,

from which we infer that W is bounded:

W (t)? =20 — 2y (R(t)) < 2 — 2y, (r), te€ L

Additionally, due to ¥ (R(t)) < a < 0 and the behavior of ¢ (r) for r — 0 and r — oo,
we find that there exist constants C1 o > 0 with C; < R(t) < Cy, t € I. As a consequence,
(R, W, L) is bounded on I and stays away from 0D = {(R,W,L) € R* | R=0}. Basic ODE
theory then yields that the maximal solution exists globally, i.e. I = R. As E" is conserved,
we also conclude that (R, W, L)(t) € € for any t € R.
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3.3 The period function

Trajectories of solutions

Let (r,w, L) € 2 be fixed. ‘We define E':= E"(r, w, L) and consider the solution (R, W, L)(-) =
(R,W,L)(-,r,w,L) : R — Qf of (3.2)). We have

0> B (r,w, L) = B = B"(R(1), W (), L) = ;W2 + u(R(0) > bu(R(0) > bu(rr)

for ¢ € R and therefore find that R(t) € [r_(E, L),r4+(E, L)], using Theorem (73) and the
monotonicity of ¢z, on |0,rz[ and ]rr, co[. Moreover,

R(t) = W(t) = £/2E — 2¢(R(t)), teR. (3.3)

Hence, R(t) # 0 for R(t) € |r_(E,L),r(E,L)[. If R(t) = r_(E,L), then R(t) = 0 and
W(t) = =) (r_(E,L)) > 0. Similarly, if R(t) = r4(E, L), then R(t) = 0 and W(t) =
— (r4(E,L)) < 0. These considerations imply that in (r,w)-space, the trajectory of the
solution (R, W) is an ellipse-like curve:

W
N E\L = Counst

B G

ki

/\ /r\‘ Y+ (WL )

| \\3 \-\\“ : ="

3.3 The period function

In order to define and compute the period function, we need to make the following consid-
erations: The Vlasov-Poisson system does not model single particles or point masses, but
instead interprets globular clusters as having a continuous mass distribution. Therefore,
strictly speaking, it is incorrect to talk about particles in the system or even periods of par-
ticle orbits. However, we can interpret solutions to the characteristic system as trajectories
that small sample particles move on. That way, we can nonetheless talk about particle orbits
and their periods.

Let us consider one of these particle curves, which is represented by a trajectory of the solution
to the characteristic system. As seen above, E™ and L are constant along these trajectories
and hence, every value L > 0 combined with a value E € |¢(rr),0[ represents a certain
ellipse like curve in (r, w)-space. Since every trajectory corresponds to a particle and its path,
we associate F and L with the (constant) energy and the angular momentum of a particle.
Furthermore, we now ask the question of how long it takes for a particle to complete a full
orbit in (r,w)-space. We call this time the period and express it in terms of the energy E
and the angular momentum L. We will later obtain that the period function is actually
independent of L, as intended.
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3 Properties of the steady state and (0, F, L)-coordinates

To determine the period of a particle orbit, let the angular momentum of the particle L >
0, the energy of the particle E € |¢(ry),0[, and a solution (R,W,L) : R — R3 to the
characteristic system with conserved energy E be fixed. To deduce how the time changes
in dependence of the radius, we make the following considerations: If we look at the upper
curve of the trajectory, we know that there exists an interval |a, b such that R(a) =r_(E, L),
R(b) = ro(E,L) and W > 0 on ]a,b[. R is differentiable on [a,b] with derivative R(t) =
W(t) > 0 for t € ]a,b[. This additionally implies that R is strictly monotonically increasing
on [a,b]. We can therefore apply the inverse function theorem to find that

1 1

—1\/ o o
((R la,b]) ) (R(t)) = D 6 VIE i) t €la,b].
Since R(]a,b[) = |r—(FE,L),r+(E, L)[ due to continuity,
1\ 1
((Rliaw) ™) () = T E-ED . ELL (3.4)

We interpret R~! as the time that corresponds to a given r-value and therefore interpret
(Rfl)l as the rate with which time elapses at a given radius r. To obtain the total time that
it takes the particle to move from r_(FE, L) to r(FE, L), we integrate this elapse rate with
respect to r over the region of integration |r_(E, L), r(E, L)[:

T+ (E,L) 1
/ —_—dr
r(B,L) /2E —2¢1(r)

The time that it takes the particle to move from r(E, L) to r—_(E, L) can be derived analo-
gously and we get the same integral. We therefore define the period function as follows:

Definition 3.2. We define the period of a particle orbit as
7‘+(E1L) 1
T(E,L) := 2/ _—
r_(B,L) \/2E —2¢p(r)

where the particle corresponds to the angular momentum L > 0 and the energy E € |9, (1), 0]

T,

Since r_(E, L), r4(E, L) and 9 (r1) are given explicitly in our case, we are able to compute
the integral and find that the period function 7' is independent of L:

Lemma 3.3. The period function T is independent of L and

T 1

forall L >0 and E € |¢r(rL),0[. Since T is no longer dependent on L, we change its domain
of definition to {E € R | 3L > 0: E € J¢1(r1),0[} =]—35;,0].

T(E,L)

Proof. We first note that the integrand has a singularity at both bounds of the region of
integration. Therefore, in all of what follows, we have to interpret the integral as a limit.
The first step is to substitute s = s(r) = —;r— = 1+ $v/72 + b2, which is equivalent to

bUg (r)
r = by/s(s —2). We compute
b+ L — /02s(s—2)+b2 b+L_—b(s—1
¢L<bm>: 5 — Vb*s( ) _ 5 — bl ).

b2s(s —2)  b2%s(s—2)
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3.3 The period function

The integrand 1/y/E — 11 (r) with respect to s therefore transforms to

1 b(s—1) b (s —1)
1) V/s(s—2) 20¢2 _ 92 F e _ ph_ L _
\/E_ B Vs(s=2) B —212Bs —b— L +bs—b
This yields
(r+(E,L)) 2(6 — 1
T(E,L) = \f/ s 1) ds.
(r_(E.L)) \/b2E32 + (—202E + b)s — 2b — L

We define z := b?>E? + (b + %) E+ % to compute the bounds of integration:

1 /1 L
Si:=s<ri<E,L>>=1+b\/E2(<b+ D) pageva)
1 L 1
=1 - — _ _ 22
=1 ¥ <b+2>E+2j:\/§+bE
1 1
=1- xi\/:EJrZ
11
=1-—=|-+
bE‘2 Ve
1 /1
_1—bE<2i\/§>. (3.5)

To observe the last equality, we use that the explicit representations of 74 (E, L) in Theorem
(i7) are well-defined and therefore,

(b+ >E+ +Vr <= if

for L >0 and E € |¢r(rr),0[.

In order further simplify the period function integral, we compute the roots of the radicand
W2 Es® + (—2b°F + b)s — 2b — &:

PR SR AR U L A
20F 20F bE = 2b2E

1 1 1 L
=1 o= F o \[PER - bE 4 L+ BB+ T B

20F bE
1
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3 Properties of the steady state and (0, F, L)-coordinates

Consequently, we find that

S+ b (s — 1) V20 [ s—1
T(E,L) =2 ds = ds
( ) /s_ VB2E(s — 54 )(s — s-) V=E Jo_ /(54 —3)(s—s_)

V2b St s — (54 +s) F(sy+s_)—1 )
== ds ds
vV—FE (/S V(s+ —8)(s—s2) +/ V(s+ —8)(s—s2)

\fb " ——3++s %(84_—}-5_)—1 )
= d ds | .
V—FE a- —>S Nal s (/ V(sy —8)(s—s_ +/ V(s —8)(s —s-)

A4 —>S4,a4+<S+

We examine each integral individually. To compute the first integral, we substitute u =
u(s) = (s+ — s)(s — s—) and obtain that

_1 s.,.—i—s ) (s+—at)(at—s-) _q
ds :/ ——du
\/ (s —s)(s—s-) (s4—a)a_—s_) 23/u

=V(sy—a)(a- —s_) = /(54 —ay)(ar —s-).

If we take the limit, this term vanishes:

lim Visy —a)(a- —s ) —/(sy —ay)lay —s_) = 0.

a_——S_,a_>S_
a4 —S4,a4 <S4

For the second integral, we start by observing that

weomtem= (5 [ (52

Inserting this into the integral as well as substituting u = u(s) = zs;s% yields that

ds = ds

I ¢<5+i><ss> = \/1_ s )?

S4—S—

2a4 — 2a4 —s4 —s_
B 2 Sy —S— 1 S+ — S_ du
SJ,_ — s 2a;;s+7s_ /1 _ u2 2

—S5_

. 204 — S, — S_ . 2a_ — 84 — S_
= arcsin <++ —arcsin [ ——— T "),

Sy — S 54— S_

By taking the limit, we infer that

. . 204 — sy —S_ ) 26_ — sy — 5_
lim arcsin [ ———+ "=} —aresin [ ————F "=
a_—S_,a_>S_ S — S S4 — S—

a4 —S4,a4 <S4

= arcsin(1) — arcsin(—1) =
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3.4 (0, E, L)-coordinates

As a result,

T(E,L):\/%<O+<;(s++s_)—l> 7T>
3o s )

B5) V—F 2WE  bE 2E ' bE
_yamb( 1Ny_m 1
T V—E\ 20E)  \2I|E]?

3.4 (0, E, L)-coordinates

Based on the trajectories of solutions to the characteristic system, we get the idea to charac-
terize the domain g and spherically symmetric functions through another set of coordinates.
The idea is the following: Consider some point (r,w, L). This point corresponds to an angular
momentum value L and an energy value E = E"(r,w,L). We then solve with initial
values (r_(E,L),0,L). Then, (r,w) lies on the trajectory in (r,w)-space. We introduce the
variable § € [0, 1], which represents what fraction of the time of a full orbit it takes to get
from (r_(FE,L),0) to (r,w) within the first rotation. Mathematically speaking:

Theorem 3.4. The mapping

[:]0,1[ x QFF - W\ {(,0,L) € Qfy | r <rp}
(0,E,L)— (R,W,L)(0T(F),r_(E,L),0, L),

s bijective with inverse

C:OUN\{(r,0,L) € | r<rp} —10,1] x QFF,

=Ty S 1 ds, E"(r,w, L) L) w >0
T(E"(r,w,L)) fr_(ET(r,w,L),L) rw.L) — S ) s Wy L)y s =Y,
(7/.7 ,u)7 L) — \/QE ( ) 7L) 2771)L( )
1 T 1 T
1= T(ET(r,w,L)) fr,(ET'(r,w,L),L) \/QET(T,”LU,L)—%/;L(S) ds, B (T,w, L)7 L) , w<0.
Here,

Qb :={(E,L) € R?* | 3(z,v) € Qy: E = E(z,v),L = L(z,v)}

1
={(BE,L)eR?® | L€ 0,00}, E € [r(r),0[}, o(ro) = Up(0) = ~op
and (R,W,L)(-,7—(E,L),0, L) is the solution to the initial value problem (3.2]).

Proof. The proof is structured as follows: We first show that both functions I' and ( are
well-defined. Then, we show that (o' = id]o,l[xﬁgL' This implies that ¢ is surjective. After
that, we prove that ( is injective and therefore has an inverse function, which has to be I' as
Col'= id}o,l[xfloEL‘
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3 Properties of the steady state and (0, F, L)-coordinates

Well-definedness of T'.

Let (0, E, L) € 10,1[ x QFL. We first notice that the initial value problem is well-posed since
(r_(E,L),0,L) € Q; note that for QF”, we have L > 0 and that E"(r_(E, L),0,L) = E < 0
as well as r_(E, L) > 0. We also have that (R, W, L)(0T(E),r_(E, L),0, L) € Qj as observed
in Section It remains to show that (R, W, L)(6T(F),r_(E,L),0, L)) is not an element of
{(r,0,L) € Qf | r <rp}. For this, we start by noticing that

{(r,0,L) €y | r<rp}
={(r,0,L) e | r=r }U{(r,0,L) € | IE € ¢r(ry),0[: r =r_(E,L)}.

Now, suppose that there exists some L > 0 such that (R, W, L)(0T(E),r—(E,L),0,L) =
(r7,0,L). Since L(OT(E),r_(E,L),0,L) = L, we find that L = L. As E" is constant along

characteristics,
E=E"(r_(FE,L),0,L)=E"((R,W,L)(0T(E),r—(F,L),0,L)) = E" (r,0,L) = ¥r(rp),

which contradicts (E, L) € QFL = {(E,L)eR* | L>0,FE €]¢p(ry),0[}.
If we assume that there exists L > 0 and E € 195 (r;),0[such that I'(0, £, L) = (r_(E,L),0,L),
we again find that L = L and therefore

E=E"(r_(E,L),0,L)) = E"(I'(6, E,L)) = E"((R,W, L)(0T(E),r_(E,L),0,L)) = E.

Hence, (R,W,L)(0T(E),r_(F,L),0,L) = (r—(E,L),0,L), which by the considerations in
Section [3.2] and the definition of the period function is possible only if § € Z, which is con-
tradictory to 6 € ]0,1].

Well-definedness of C.

Let (r,w,L) € Q5 \ {(r,0,L) € Q% | r < rp}. First, notice that (3(r,w,L) = L > 0.
Furthermore, (o(r,w, L) = E"(r,w, L) € [¢(rL),0[. Moreover, the value v 1,(ry) can not be
taken by (a(r,w, L) since if it did, then r = r; and w = 0 would hold, which contradicts
(r,w, L) ¢ {(r,0,L) € Q | r <ry}. Consequently, (Co, C3)(r,w, L) € QFL.

Next, we deduce that r_(E"(r,w,L),L) < r < ry(E"(r,w,L),L). This is satisfied because
if we assume that » < r_(E"(r,w, L)), then the monotonicity properties of ¢;, imply that
Yr(r) > Yr(r—(E"(r,w,L),L)) = E"(r,w,L) = $w? + ¢r(r) > 1r(r), which is clearly a
contradiction. Similarly, we can show that r» < r(E"(r,w, L), L). Therefore, the integral
occurring in the (-function is well-defined, which we infer from the well-definedness of the
period function. Additionally, we find that

0 S/ ! ds
r—(E"(r,w,L),L) \/QET(T, w, L) — 21/JL(S)
r+(E" (r,w,L),L) 1 1
< / ds = “T(E" (r,w, L)).
(B (raw,L),L) \/2E7(r,w, L) — 2¢1(s) 2

This leads to (;(r,w, L) € [0,1].
To exclude (i(r,w,L) = 0, we first consider that this is only possible for w > 0 and

1 L . .
frT,(Er(r,w,L),L) N TR ds = 0. This yields that r = r_(E"(r,w, L), L) which im-

plies that

Yr(r) =¢r(r—(E"(r,w,L),L)) = E"(r,w, L) = %w2 +r(r).
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3.4 (0, E, L)-coordinates

Consequently, w = 0, and therefore, (r,w, L) = (r_(E"(r,w, L), L),0, L). This is a contradic-
tion to (r,w,L) ¢ {(r,0,L) € Q | r <rp}.
To exclude (i (r,w,L) = 1, we note that this is only possible for w < 0 and if the inte-

r 1 .
gral fr,(ET(r,w,L),L) N RN ETAE ds is equal to 0. The same arguments as above lead to

w = 0, which contradicts w < 0.

Proof of (o’ = id]o,l[xfz(’)“'
Let (0, E, L) € ]0,1[ x QFL. We obviously have

¢TI,k L) =E"(R,W,L)(0T(E),r_(E,L),0,L))=E"(r_(E,L),0,L) = E
and
¢(T,E,L)=T3(,E,L)=L(OT(E),r_(F,L),0,L) = L.

For the first component of ((I'(¢, E, L)), we distinguish between 0 € |0, 3] and 0 € |3, 1].
Values for 6 in ]0, 3] mean that 0T(E) € ]0,3T(E)]. If we remember the definition of the
period function and its proof, this corresponds to the upper half of a rotation in (r, w)-space
if we start at (r_(E,L),0), and therefore, W(0T(E),r_(E,L),0,L) > 0. We use and
find that

1 R(OT(E),r—_(E,L),0,L) 1
¢ (T(0,E, L :/ s
(I ) T(E) Jr_ (&L 2F — 2¢1(s)
1 R(OT(E),r_(E,L),0,L) 1 -1\’
== R||0,=T(FE s)ds
5 s (70, 570) )
1
= 7 OT(B) - 0) =0

Note that since we only have the existence of the derivative of the inverse of the restriction
of R and the identity on |r_(E,L),ry(E, L)[, we technically have to work with limits in
order to apply the fundamental theorem of calculus. However, the continuity of the inverse
of Ron [r_(E,L),ry(E, L)] ensures that the argument still works out.

As 0 € ], 1] corresponds to the lower half of the rotation, we have W (0T (E),r—(E, L),0,L) <
0. Using the same argumentation as for , we deduce that

—1\'/ 1
<<R|[§T<E>,T<E>}) ) = T3E 20y (r)’ relr(E,L),r(E, L)

Consequently,
1 R(OT(E),r_(E,L),0,L) N/
Q@@ E,L)=1- T(E) /T_(E 5 - <<R|[;T(E),T(E)]> > (s)ds
1

=1 75 (—0T(E) + T(E)) = 6.
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3 Properties of the steady state and (0, F, L)-coordinates

¢ is injective. 3 3
Let (r,w, L), (7, @, L) € Qp \ {(r,0,L) € Q | r < rp} with ((r,w,L) = ((F,w,L). We
immediately observe that L = L and E"(r,w,L) = E"(7,w, L) =: E, hence,

1

Sw?+u(r) = %@zﬂ + i (F) = . (3.6)

Ifw>0and @ >0orw<0andw <0, then {;(r,w, L) = (1 (7,0, L) leads to

1 / 1 do L / 1
T(E) Jr_(B,1) /2E — 2¢1(s) T(E) Jy_(e,1) \/2E — 2¢1(s)

which can only hold true if » = 7. Equation ({3.6)) then yields that |w| = |@| which is equivalent
to w = W in this case.
If w> 0 and w < 0, then

ds,

1 r = 1 r
0,1/2] > T(E)/T_(EL)...ds:Cl(r,w,L)zg‘l(r,w,L):1—T(E)/T_(EL)...dsE 1/2,1].

This implies that both integral terms have to be equal to T'(E)/2 which is only possible if the
upper bounds of the region of integration r and 7 are equal to 74 (E, L). Equation then
yields that w = w = 0, which contradicts @ < 0. As a result, w > 0 and w < 0 is not possible
and renaming the variables yields that w < 0 and @w > 0 is not possible as well. Overall, we
conclude that (r,w, L) = (7,w, L), i.e. ¢ is injective and the proof is complete. O

Before introducing representative functions in (6, E, L)-coordinates, we define the correspond-
ing domain as

Qf :=[0,1] x QF~.

Note that the domain of definition of I' is equal to Qg except for a set of measure zero. Now, let
g € L{ (90;K) be a spherically symmetric function (interpreted as being extended by 0 onto

loc
R3 xR3) with (r,w, L)-representative g" : 2 — K. We then define the (0, F, L)-representative
g’ by
9°(6,E, L) :=g"(I'(0, E, L)) (3.7)

for (0, E,L) €10, 1] x Q(?L with I'(#, E, L) ¢ N where N is the null set containing the points
where ¢" is undefined. As a consequence, (3.7) is defined for almost every (6, E, L) € Qg since
I' and ¢ map null sets to null sets (see Lemma . Due to that, we conversely find

g (r,w,L) = ge(I‘_l(r,w,L)) = ge(C(r,w,L)), fa.e. (r,w,L) € Q. (3.8)

In order to prove that I' and ¢ map null sets to null sets, we show the following;:
Theorem 3.5. The functions I' and  from Theorem are C-diffeomorphisms.

Proof. Due to Theorem we only have to show that I' and ¢ are C'-functions on their
corresponding domains of definition.
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3.4 (0, E, L)-coordinates

For T, basic ODE theory yields that (R, W, L) € C*(R x Q Due to the explicit representa-
tions of T(E) and r_(E, L) (see Lemma and Theorem |3 , we find that T,r_ € CH(QFL)
if we interpret T as a function on QFL. This yields that T' € C(]0, 1] x QFL).

The idea for ( is to use the inverse functlon theorem. It suffices to prove that the determinant
of the Jacobian matrix of ' does not vanish on ]0,1[ x QFL. For (0, E, L) € ]0,1[ x QFL, the
Jacobian matrix DI'(0, F, L) reads

R(.)T(E)  R(.)0T'(E)+0,R(...)0gr_(E, L) *

W(.)T(E) W( JOT(E) + 0, W (...)0pr—(E, L) *

L(.)T(E) L(.)0T'(E)+ 0,L(...)0gr—(E,L) 0,L(...)0rr—(E,L) + 0 L(...)
where (...) = (0T(E),r_(E,L),0,L). Since L is constant and independent of the r-value of

the initial condition, the last row reads (0,0,1). This leads to
det(DI(0, B, L)) = T(E)dgr_(E, L) [R(...)arvv(...) - W(...)aTR(...)}
=T(BE)0pr—(E,L) [W(.)0:W(...) + ¥L(R(..)9,R(...)] -
We examine the bracket [...] on R X QG To do this, we again consider the initial value

problem (3.2) and denote the right hand side by f = f(R,W,L) := (W, —WE(R),O) on QS
Its Jacobian matrix is

0 1 0
Df(R,W,L) = (wg(fz) 0 1/R3).
0 0 0

ODE theory yields that

R 0,R OLR 0o 1 0 R 0,R OLR
olow o,w ow|=|-yl(R) 0 1/R| - |0.W 0,W oW
oL 0uL O,L 0 0 0 oL 0u,L OyL

on R x (DZG, as well as 0,R(0,r,w,L) = 1 and 0,W(0,7,w,L) = 0. We again note that
the last row of the last matrix reads (0,0,1). We therefore find that 0,0,R = 0,W and
0:0, W = =/ (R)0, R on R x €. Hence,

& [WOW + ) (R)O,R] = Wa,W + W (=470, R) + ¢ (R)RO, R + 4 (R)O,W = 0
on R x 5926, using that R = W and W — Y7 (R). Consequently, we observe that

W (t,r,w, L)O,W (t,r,w, L) + 47 (R(t,7,w, L)), R(t,r,w, L)
=W(0,r,w, L)0, W (0,7r,w, L) + 47 (R(0, r,w, L))0,R(0, r,w, L)
= ¢(r)

for (t,r,w,L) € R x QG As a result,

det(DT(0, E, L)) = T(E)dgr_(E, L), (r_(E, L))
=T(E)0g (Yr(r-(E,L)))
T(E)og(E) =T(E), (0,E,L)e]0,1]x Q&L (3.9)

As T never vanishes, we infer by the inverse function theorem that ¢ is a C'-function. 0
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3 Properties of the steady state and (0, F, L)-coordinates

We now prove that I' and ¢ map null sets to null sets:
Lemma 3.6. The functions I and ¢ from Theorem[3.4) map null sets to null sets.
Proof. First, let N” € Q5 \ {(r,0,L) € Q% | 7 <7} be a null set. We find that

0 < T(—1/(2b))A(C(NT))

g/ T(E)lC(NT)(G,E,L)d(@,E,L)_/ T(E)1x~(T'(0,E, L)) d(6, E, L)
Qf Q

%
0 0

as (0,FE,L) € ((N") < T(0,E,L) € N". We use the transformation
10,1 x QFF 5 (0, E, L)+ (r,w, L) :=T(0,E,L) € Q5 \ {(r,0,L) € 0% | »<rr}, (3.10)
which is a C'-diffeomorphism by Theorem Equation (3.9)) yields that

/ T(E)In-~(T'(0,E,L))d(0,E,L) = / Inr(r,w, L) d(r,w, L) = A\(N") = 0.
g 2

Note that Qg and the domain of definition of I" only differ from each other by a set of measure
0, the same holds for ) and the domain of definition of {. Therefore, A(((N")) = 0.

Conversely, if N? ¢ 10, 1] x Q(]EL is a null set, we use the same transformation to obtain

that
0= / T(E)lne(0,E,L)d(0,E,L) = / T(E)1ye(C(T'(0,E,L)))d(0,E, L)
94 Q9
:/ 1yo(¢(ryw, L))d(r,w, L) :/ Lpvey(r,w, L) d(r,w, L) = AMIL(N?))
2 2
as ((r,w,L) € N & (r,w, L) € T(NY). O

The transformation (3.10]) that we used in the previous proof will now be used for switching
between the different coordinate representations in integrals:

Lemma 3.7. Let g € L _(Qo;K) be a spherically symmetric function with (r, w, L)-representative

loc

g" :Q — K and (0, E, L)-representative g’ Qg — K. Then,

J

provided that the integrals exist.
Proof. We use the transformation (3.10) and (3.9)), to find that

gT(r,w,L)d(r,w,L):/ T(E)¢®(0,E,L)d(0, E, L),

s 6
0 QO

0 _ T
/Qg T(E)g”(0,E,L)d(0,E, L) . T(E)g"(T'(6,E,L))d(0, E, L)

— /Tgr(r,w,L) d(r,w, L).

0

Remark. Combining Lemma [I.3] and Lemma [3.7] yields that integrals change via
? dz dv = 4n* dr dw dL = 47*T(E) df dE dL”. (3.11)
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4 Properties of ¢

In the first lemma of this chapter, we obtain an important monotonicity property of ¢ and
also examine its behavior for £ — 0.

Lemma 4.1.
(i) ¢ is strictly monotonically decreasing on [—35,0] and ¢’ < 0 on [—35,0].
(ii) @(E) = 0 for E—0,E <0, as fast as |E|>/?:

o(E)
|E|5/2

— Cy(b), E—0,FE <0,

for some constant Cy(b) > 0.
(i7i) There exist constants Ca(b),C3(b) > 0 such that
Cab)|EP? < o(E) < C3(b)|EP?, E € [-1/(2b),0).

(iv) ¢'(E) =0 for E— 0,FE <0, as fast as |E|*/?:

¢'(E)
|E|3/2

— Cy(b), E—0,E <0,

for some constant C4(b) < 0.
(v) There exist constants C5(b), Cg(b) > 0 such that
Cs(OIEI*? < |¢(B)| < Co(b)|EP?,  E € [-1/(2b),0].

Proof.
Proof of (7).
We define
B 1
9(E) = p(~E) = a /0 Ky(t) et E € ]0.1/(2)]

where

1 hy(t

a= m and K(t) := (1—b%z)5’ t €[0,1/(20)],

see (2.9) for the definition of hy. K is monotonically increasing on [0, 5] since Kj(t) =
B () (1—bt)+5bh, ()
(1—b¢)6

, where the numerator is equal to 12b%t% 4 48bt > 0. We express g through

E—r
. 1
9(E) = lm o 0 Kb(t)m

dt, E €]0,1/(2b)].
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4 Properties of ¢

Staying away from the singularity of the integrand now enables us to substitute 7 = 7(¢t) =
E —t and we observe that

g(E) = lim a/ Ky(E — 1) dT, E €]0,1/(2b)).

r—0,r>0

Next, let E €10, 3:], h > 0 with E+ h € ]0, 5], and 0 < r < E. Using the monotonicity of
K and the non-negativity of the integrand, we estimate

E+h E+h 1 B 1
/T Kb(E—l—h—T)de> Kb(E—T)ﬁdTZ/T Kb(E—T)FdT,

Consequently, g(E+h) > g(E) for all E € ]0, 5] and h > 0 with E+h € ]0, 5;]. We therefore
conclude that g is monotonically increasing on |0, 21b] which means that ¢ is monotonically
decreasing on [— 5, 0[. This implies that ¢’ < 0 on ]—g5, 0] and therefore also ¢'(—1/(2b)) < 0
due to continuity. Computing the derivative of ¢ yields that it also does not vanish on [— ﬁ, o[,
which implies that ¢’ < 0 on [— 21b, 0[. This leads to ¢ being strictly monotonically decreasing
on [—5,0].

Proof of (ii).

This proof is straightforward: One shows that the fraction ¢(FE)/|E|*/? converges to a con-
stant by applying I’Hospital’s rule twice while carefully handling the various occurring terms.
In the following, limits £ — 0 are to be interpreted as £ — 0, F < 0, and we use that

%%1&5E—>0. We find that
lim (V2o L 2E) 4 gy
E—0 Vb |E|3/?
= lim 27V—E — 66b(—E)%/? + 3200*(— E)®/% — 2400°(—E)"/? + 64b*(— E)°/?
B50\ (— )5/2

arcsin (\/ —bE)

+ (4802 FE? — 84bE — 27) ———~~ "/
( ) Vbv1+ bE

)

1 arcsin (\/ —bE)
— 32002 + 482 + lim 27V —F — 66(—FE)%2 + (—84bEF —27) Y "/
E-0\ (—E)5/2 (=) ( ) Vb/1+bE

IH. 3686° + gglo<_g(_1E)3/2 _g \/i— + 996V —F — 84\[arcs\l/&7)
+ (—84\/5E - 27) <_b> < 1 | arcsin (@)) )
v/ \ 2) \V-DE(L+bE)  (1+bE)%?
Now, note that the expression [...] converges to 0 as E — 0 due to
LI ING L _ 27 V=FEb

R e - = .
2V—E 2 JobE(1+bE) 2 1+bE
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As a consequence,

lim <\/§(27r)3b3/224\1[‘%(‘5/)2(b +1) >

1
-F

27 1 99, 1
4 (—E)32 2 \/T

1 arcsin (\/—bE)
—84vb <2> ( /—bE(1 + bE) " (1+bE)3/2 )

n 4932 ( 1 arcsin (\/—bE)

= 3680 + lim (15
I'H. E—=0\ ==

V—=bE(1 + bE) + (1+bE)3/2

(42()3/2]5 n 27\/) 1 _ 3 _ 3arcsin (V—bE)
(=bE)3/2(14+bE) /—bE(1 + bE)2 (14 bE)>/2
41 2711 42 in (v—bF
— 3686 + lim AL 909b A avesin (VEOE)
15| 4E2 2E E(1+bE) V—bE(1 +bE)3/2
42b 1952 arcsin (\/—bE)
B(1+bE) V=bE(1 + bE)3/2
2 .
n 21b n 63b 6312 v —F arcsin(v/—bE)
E(1+0bE) ' (1+0bE)? (1+DbE)>/2
27 1 81 1 ng arcsin(yv/—bFE)

)

- + -
4 B2(1+bE) 4 E(1+bE)2 4 bE(1+bE)5/2
4
= 368b% + s (42(72 +420% + 630 + 0 — 84 b >

<4 271 99D 42b 42b 21b
+ lim
E—0\ 15

TTE 2B E(1+bE) E(1+bE) * E(1+bE)

)

—(1+bE)*+ 929b (1+bE)?

27__ 1 481 1
4 F°(1+bE) = 4 E(1+bE)?

2009

Wy (41 [
5 E—0\ 15 E%(1 4+ bE)?

4

27 81
+ (—42b — 42b+ 21b)E(1 + bE) + Z(1 +bE) + ZbE

)

27 27 27 99 27 81
242 e N 122
(-F+3)+ (-F+F -+ T+ T)

)

_2009, (41
5 E—0\ 15 F2(1 + bE)?

4
2048

27 99
+ <— +99 — 63> WE? + 5b3E3

2009

T+ 9b2 by 2

)

)
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4 Properties of ¢

In conclusion,

by PUE) 2048, Vb _ 16
E-0,E<0 |E[5/2 5 7 \/2(2m)3b3/224 52713

Proof of (iii).
Using (i), we infer that there exists some 0 < § < 55 with
Ci(b) _ o(E)
< <2 FE e |- .
2 — ‘EP/Q — Cl(b)7 E] 670[
Furthermore, the mapping [—3;,—0] > E — é(‘f/é € ]0,00][ is continuous, which implies

that it takes its minimum as well as its maximum for some values in [—%, —0] and therefore
stays away from 0 and is bounded from above. As a consequence, there exist constants
Cs(b), C3(b) > 0 such that

< Cs(b), FE e€[-1/(2b),0],

which leads to both inequalities in (zi7). Note that both inequalities are trivial for E = 0 as
p(E) = 0.

Proof of (iv).

This proof can be done analogously to the proof of (ii) except for the fact that one has to
compute the derivative first. However, since it is even lengthier and does not give any new
mathematical insights, we will not carry it out here.

Proof of (v).
We conclude this property analogously to the proof of (i7i) by using (iv). Note that ¢’ €
C ([~ .,0]) and ¢'(0) = 0 due to Theorem O

In addition to its monotonicity property and its behavior at ££ = 0, ¢ also fulfills the following
integral estimates:

Lemma 4.2.
(i) For all x € R3,

/R3 |/ (E(2,v))| 1o, (z,v) dv < <12+ 27) b%

72 8¢
(i3) For all r €10, 00|,
1/00/ w2 ‘SD’(ET(T w L))‘ 1 r(?’ w L)dde: lpr(r) < 2 =
7”2 0 R ’ Y QO 9 3 - 0 < 167T2 b3.

(1i1) For all v > 1,

[ 1 EE )] ) = o) <.
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Remark. The integral in (¢4i) is not infinite if we choose v = 1. This can be obtained by
doing a similar proof as for v > 1 with applying the first inequality in Lemma (v) instead
of the second one.

Proof. We first note that the integrals are well-defined since on 2y and €)f,, E € [—i, 0[ and
E" € [5,0[, respectively. On this set, the derivative of ¢ exists, see Theorem [2.1] (ii7).

Proof of ().

Let z € R? be fixed. Considering the indicator function 1g,, the integration area is

{veERS | E(z,v) <0} = {v € R? ‘ %W + Up(a) < o} - {v € R? ‘ o] < \/—QUO(x)}.

Thus, using a transformation to spherical coordinates, we find that

- ¢’ (B(z,v))| 1oy (x, v) dv = /B ¢’ (;W + Uo(x)> ‘ dv

V=205 (")

—2Up(x)
=4m / s
0

We substitute E = E(s) = 52 + Up(z) and observe that

¢ (;sz + Uo(x)> ’ ds.

0
/]R3 | (E(z,v))| Lo (z,v) dv = 47T/U " V2E = 2Uy(z) |¢'(E)| dE. (4.1)

The radicand can be estimated by 2E — 2Up(z) < —2Up(z) < —2Up(0) = —2(—1/(2b)) = 1/b
for E € [Uy(x), 0], resulting in

[ ¢ @) 10 <x,v>dv<4”/0 \so'<E>\dE<—4”/O 7(E)dE
RS ’ ~ 02 Juy(a) — 02y

4 1 4 1
=g (v0-# (55) ) = 37ee ()
47 3 27
~pl2 <7r3b3/2 + 327r2b3/2> )

where we used that ¢’ is negative on [—g;, 0[ as obtained in Lemma (7).

Proof of (ii).

We first comment that if we only wanted to prove the inequality, the proof of (i7) could be
much shorter than the following by using (7). However, we want to have the identity with
po(r) as we use it in Chapter [7| for the proof of the positivity of the operator A.

Let 7 € ]0,00[. Since ¢’ < 0 on [—4;,0[ (see Lemma (1)) and since €\ Q5 is a null
set, we obtain that
L A P L)|1 L)dwdL
) Rw ’@( (T’w’ ))| Qg(raw’ ) w
0

1 o0
= [ [ ragtrw e (B, 1) dwdr.
0 R

r2
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4 Properties of ¢

As E"(r,w,L) < 0 on QS, we have %wz + ¢ (r) < 0, which is equivalent to

TZ)L(’I“) <0 AN w E \/ 21/)L \/ QwL
Therefore,

1 oo
7'2/ /w2 l¢" (E"(r,w, L))| Lop(r,w, L) dwdL
0o JR

1 —24pp(r)

r? {L€]0,00[ | ¥ (r)<0} / —29r,(r)

w?¢' (E"(r,w, L)) dwdL.

Since w — @ (E"(r,w, L)) is in CY([—/=2¢1(r),/—2¢L(r)]) due to Theorem (141) with
Ow [¢ (E"(r,w,L))] = w¢' (E"(r,w, L)), we can perform 1ntegrat10n by parts for the w-integral
to find that

—24r,(r) 5 v =29 (r)
/ w ' (E"(r,w, L)) dw :/ w0y [p (E"(r,w, L))] dw

V=2¢L(r) —/=2¢r(r)
—24r,(r)
E"(r,w, L ~HLlr / E"(r,w, L)) dw.
we 0, Y= [N )
The boundary term vanishes because E"(r, —+/—2¢r(r),L) = 0 = E"(r,/—2¢1(r), L) and

©(0) = 0. Consequently,

1 oo
2/ /w2 ‘go’ (Er(r,w,L))l lop(r,w, L) dwdL
rJo Jr

1 —2¢1,(r)

= 2/ / @ (E"(r,w,L)) dwdL
7% J{L€)0,00] | 1 (r)<0} S —y/=201,(r)

= 12/ /w(Er(r,w,L))lﬁr(r,w,L) dwdL.
T 0 R 0

Since on (026, E" e [—%, 0[, and since ¢ = 0 on [0, co[, we can omit the indicator function 1@6
and therefore,

/ / 2‘@ ET’I“U}L‘lng’dede— / / (E"(r,w, L)) dwdL

:i/ o (E((r,0,0),0)) dvo =~ [ fo((r,0,0),v) d
R3 T JR3

= %pO((rv 0, 0))

by (1.2)). Note that for functions that are defined everywhere, Lemma holds everywhere,
which is easily obtained with the same proof of Lemma as for functions that are only
defined almost everywhere. The inequality now follows from

1 3 1 3 3 1
i e —

T

2 2 —
VTR (b BT R) A ) A

po((r,0,0)) = ~p}(r) < ©
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Proof of (iii).
Let v > 1. We start as in the proof of (i) with |¢|” instead of |¢’|. Therefore, by (4.1]), we
find that

0
/Q | (E(z,v))|” d(z,v) = 4r /]1&3 /T(| ' \/2E =205 (|z]) |¢/(E)|” dE dz
00 0
72 v r? — U (r 37 T )
< 1672V/2C5(b) /0 /M \E—Ui(r)|E|2Y dEdr.  (4.2)

For the inequality, we use polar coordinates as well as Lemma (v). Next, we consider the
E-integral and substitute v = w(E) = /E — Uj(r). Note that technically, since the square

root is not differentiable in 0, we have to interpret the E-integral as lima—0,a>0 f BT(T) S dFE.
0
If we do so, we obtain that

0 ; V=05 () 8
/ \E-Uj(r)|E[2” dE:/ u (—u® = U (r)) 2" 2udu.
5(r) 0

We substitute again, this time v = v(u) = arcsin (u/d—Ué(r)). As before, we interpret the
integral as a limit. Doing this, we observe that

/i( | VE - Us(r)|E|2Y dE
’ /2 3
= 2/0 (=Ug (1)) sin(v)2 (Ug(r) sim(v)2 — Ug(r)) 27 cos(v)y/—=Uj(r) dv

w/2
=2 (—US(T‘))%_‘—%’Y / sin(v)? cos(v)37 1 do.
0

The last integral is finite since both the region of integration as well as the integrand are
bounded. Hence, it is equal to some value 0 < C(7) < oo. Inserting this into (4.2 results in

o0

/ ’W(E(x,v))‘W d(z,v) SC’(b,y)/ 72 (_Ug(r))%(’}’+1) dr.
Qo 0

We split the integral and consider the regions of integration [0,1] and [1,00]. For [0,1], we
have

! ! 1 3(v+1)
[ o a= [Rmmpen a < ot = ()
0 0 0

For the region [1, 00|, we use V72 4+ b> — b < r to obtain that

3
5(v+1)
00 o0 21 p2_p\?2
[ emeiear= [T (YR dr
1 1 r
3
o] 1 5('}/4’1) o0 1
g/ r2(> dr:/ —— dr < oo
1 r 1 r2772
as %7 — % > % - % = 1 since v > 1. Hence, the assertion follows. O
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4 Properties of ¢

We complete this chapter with two remaining properties that will be useful for the proofs in
Chapter

Lemma 4.3.

(i) ¢ is bounded on [—,0], i.e. there exists some constant C(b) > 0 such that
¥ (BE)| < C(b), Ee[-1/(2b),0].

(ii) ¢ € C*> (]—%,0]).

Proof. Assertion (i) immediately follows from ¢ € C! (]—%,00[). Assertion (i) is obvious
since all functions occurring in the second representation of ¢ in Theorem [2.1]are differentiable
arbitrarily often on ]—%,0]. O
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5 The linearized Vlasov-Poisson system

In this chapter, we will linearize the Vlasov-Poisson system about the isochrone steady state
and then formally derive an operator—the so-called Antonov operator—from the linearized sys-
tem. The rigorous definition of the Antonov operator will be given in Chapter [6]

We consider the isochrone steady state (fo,po,Up). Assume that we have a perturbation
(6f,dp,0U), which means that (fo + df, po + dp,Up + 6U) must be a (time-dependent) solu-
tion to the Vlasov-Poisson system ([2.1)-(2.3). For the Vlasov equation, we get

0=0(fo+df)+v-0:(fo+df) — 0x(Up+3U) - 0y(fo+f)
=00f +v-0,0f —0,Uy - 0u0f — 00U - Oy fo — 00U - B0 f.

We linearize the system, which means that we neglect the term that is non-linear in the
perturbation such that the system becomes linear in the perturbation. We therefore omit the
term 0,0U - 0,0 f in the Vlasov equation. We obtain the linearized Vlasov-Poisson system for

the perturbation:
O f +DSf — 00U - 0y fo =0, (5.1)

AU = 4rép, | llim oU(t,z) =0,
T|—o0
dp(t,x) = Of(t,z,v)dv, (5.3)
R3

where the operator D is defined as
D:=v-0, —0;Upy - Oy.

Before we start with the derivation, it is convenient to define the following expressions for
some function g = g(t, z,v):

. 1
pg = g(-,v)dv, gy = vg(s, - v)dv, Uy := —— * pg,
R3 R3

]

where the convolution is meant only with respect to the z-variable. Now, let (6 f,dp,dU) be
a solution to (5.1) - (5.3). We split the phase space density function 0f into its parts that
are even and odd in v, i.e. §f =0f + df_, where

Sfe(t,x,v) = %(5f(t,:c,v) +5f(t,z,—v)).

We define g(t,x,v) := §f(t,z, —v) and the Vlasov equation (j5.1)) evaluated at (¢,x,—v) then
yields that

0= 8tg(ta$7 U) —v- axg(ta 1:7U) + aon(l') : 8vg(t,3§‘,1}) - 8x5U(t,ZL') ' avéfO(x7 —’U)
= atg(t,ﬁl?, U) - Dg(t,$, U) - améU(t’ ‘T) : av5f0($, —U).
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5 The linearized Vlasov-Poisson system

Adding and subtracting this to/from the Vlasov equation leads to
8t<6f + g) + D((Sf - g) - (933(5[] ' (avfo + 8vf0('a _))
H(0f —g) +D(0f +g) — 0:0U - (v fo — Dufo(-, —))

Since fj is even in v, we have that 9, fo(-, —+) = —0, fo. Furthermore, we note that 6f + g =
26fy and 0f — g = 25 f_. Additionally, we examine 6U and observe that

0,
0.

U, = — 2 % p(t, ) = _ﬁ' ) (/RS Sfelt)dot [ af (k) dv)>

= —T %k < 5f+(t,',’l))d’l)> :U5f+<t7'>'
|| R3
All of this results in

0 f. +Dof_ =0, (5.4)
8t(5f_ + D(Sf+ - 8xU5f+ . 8Uf0 - O (55)

We differentiate ([5.5)) with respect to ¢ and make use of (5.4]) to obtain that

0=076f- +D(06f+) — 0uUssy, - Oufo
= 076f- —D*5f— + 0:Upss_ - Oy fo- (5.6)

To examine the last term of this equation, we first deduce that

divjsy_ Zaxl/ 0 f—(+,+,v) dv—/ﬂ{sv-az(Sf_(.,.’v) dv.

At the same time, we find that
PDsf_ :/ Dof—(,-,v)dv :/ v 0,0 f—(+,-,v)dv — 0, Uy - OO0 f— (-, v)dv.
R3 R3 R3

We assume that §f_ is compactly supported with respect to the v-variable and hence, the
last term vanishes. We justify this assumption with the fact that fy is compactly supported
with respect to v and we will consider the derived operators on a function space that will
consist of functions with domain of definition 2y, a set that is bounded in v. Consequently,
we have that divjss_ = ppsy_ , which yields that

1 1 ..
Upsy_ = T * ppsf_ = T * divjsy_ .
This motivates the definition

(Bg) (z,v) := Dy fo(x,v) - 0p | ———divjg(y)dy

R3 |~’U—y|

for a function g = g(x,v). For functions that depend on ¢, this definition is to be understood
in the sense that it holds for every fixed ¢. All of the previous considerations lead to the fact

that (5.6]) implies
0=020f —D*f —Bsf =0d25f + Adf_,
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where we define the operator A by
A:=-D*-B.

For historical reasons, we call A the Antonov operator and we will study its spectrum in the
following chapters. To justify the definition of the operator B in the next chapter, we will
now further examine B for spherically symmetric functions.

If g is a spherically symmetric function with (r,w, L)-representative ¢", then Lemma
leads to

jofe) = [ vatao)do = 2T o) (57)

jg(r) = ;;/0 /ngT(T,w,L) dwdL.

Here and in the following, we omit possible dependencies on . We now note that j, does not
have to be spherically symmetric, but from (5.7)), we can easily obtain that divj, is spherically
symmetric and consequently,

1 A [17] g 0o .
(%/]R3 |$_y|d1V]g( y)dy = <| |/ s* (divjg) (s)ds+47r/x| s (divyjg) (s)d5>

4m /‘”l 9 1. . x
=—— 57 (divjy)" (s)d—
|z Jo ! |z

x
=—— divj,(y) dy.
|23 /B,x(o) o(0)

We use the divergence theorem and (5.7)) to find that

. B . y )
/B|r(0) divjg(y) dy = /SZ(O)]g(y) ol dS(y) = /S o (, ‘J (|y|)> Tol ds(y)
= Ty (|2)A(S(a)(0)) = 4r|2]2],(|2]).

where we define

This results in

(Bg) (z,v) = —4ndy fo(w,v) - —Jg(|a]) = =4 (B(z,v))v - 7 Jg(|z])-

x
\ I al
It is easy to verify that Bg is again spherically symmetric with (7, w, L)-representative
(Bg)" (r,w, L) = —4ny! (E"(r,w, L))wJy(r
—47r‘g0 E"(r,w, L) ‘w / /wg L)ydwdL

= 4r? | (E"(r,w, L)) / / wyg" L)dwdL,

which completes this chapter.
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6 The operators

In order to rigorously define the operators that we derived in the previous chapter, we define
two Hilbert spaces:

Definition 6.1. For g € LL (Q0;C) we define

loc

1 , 1/2
lolla = (| ey oo o))
The complex Hilbert space H is then defined by
H :={g € L,.(Q0;C) spherically symmetric | ||g||; < oo},

with corresponding inner product

(g, h) i ::/Q mg(x,v)h(x,v)d(x,v), g,h € H.

We furthermore define
HeY .= {gec H | gis odd in v},
which also is a complex Hilbert space with the same inner product and norm.

Before proving that H and H°9 are Hilbert spaces, we give the following definition such that
H°4 g well-defined:

Definition and Lemma 6.2. Let g € H with representative g" in (r,w, L)-coordinates. We
say that g is even (odd) in v if g(x,v) = (=)g(x, —v) f.a.e. (x,v) € Qy. Analogously, we say
that g" is even (odd) in w if ¢"(r,w,L) = (—)g"(r,—w, L) f.a.e. (r,w,L) € Q.

g is even (odd) in v if and only if g" is even (odd) in w.

Proof. We only prove the assertion for even functions as the proof for odd functions works
analogously. Hence, let g € H be even in v. This implies that for almost every (x,v) € Qy,

g (m, N v|2> — g(e,v) = gz, —v) = g" <|w|, e x vﬁ) .6
X X

Assume that ¢g" is not even in w. This leads to the existence of a measurable set M" C
with A(M"™) > 0 and ¢"(r,w,L) # ¢"(r,—w, L) for (r,w,L) € M". We then define M :=
{(x,v) € Q ‘ (], (z - v) /)2, |z x v|?) € Mr}, which is measurable, and Lemma yields
that

AM) = [ Ta)dze) =4 [ Tl D dirw D) = 47AM) > 0. (62
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6 The operators

We also know that for ¢"(|z], (z-v)/|z|, |z x v[*) # ¢"(|z], —(z-v)/|z], |z x v|?) for (z,v) € M,
which contradicts (6.1]). Hence, the assumption was wrong and we conclude that ¢g" is even
in w.

Now, let g" be even in w. Consequently,

T v 2 T -0 2
gte.0) =" (1al. o x ol ) =g (lal. =l xof?) = oo, o)
for almost every (z,v) € Qp, and as a consequence, g is even in v. For the second equality,
note that the calculation in (6.2)) also implies that null sets M" C Q correspond to null sets
M C Q. ]

Proof that H and H° are Hilbert spaces. Since H obviously is a complex vector space and
(-,-ygr is an inner product, it remains to show that H is complete. For this, let (gx) C H be
a Cauchy sequence. We then define fi := ————g; € L?(Qq;C) for k € N. Then,

y seq Tk — o (20;C)

[ fx = filla = llgr — @illg — 0 as k, 1 = oo,

which means that (f;) is a Cauchy sequence in L?(Q;C) and therefore converges to some
function f € L%(Qp;C). By the Riesz-Fischer theorem, the convergence also holds pointwise
almost everywhere on )y after extracting a subsequence and consequently, f inherits the
spherical symmetry of the functions f;. We now define g := /|¢/(E)|f which is spherically
symmetric and in H. We then obtain that H is complete because of

gk — ally = |fx — flly = 0 as k — oc.

The fact that H° is a Hilbert space follows from it being a closed subspace of H. The
closedness can be obtained as follows: Let (g) € H° with g — g € H in H. Therefore,
]cp’(E)\_l/z Ik — ]cp’(E)\_l/z g in L?(Q; C), which by the Riesz-Fischer theorem implies that
gr — g pointwise a.e. on )y after extracting a subsequence. Hence,

g(x,—v) = lim gx(x,—v) = — lim gg(z,v) = —g(z,v) fae. (z,v) € o,
k—ro0 k—ro0

note that the countable union of null sets is again a null set. Consequently, g is odd in v and
therefore an element of H°, yielding the closedness of H°dd in H. O

Remark 1. Definition for spherical symmetry only considers functions defined on R? x R3.
We therefore generally think of functions defined on smaller domains as being extended by 0
onto the whole space. Hence, spherical symmetry in Definition [6.1]is meant to be tested with
the extended function. Note that the domain €2 is spherically symmetric in the sense that
for all A € SO(3), (z,v) € Qp & (Az, Av) € Q.

Remark 2. The convention that functions are extended by 0 onto the whole space shall apply
to all functions in all coordinate systems.

Remark 3. We interpret H as a complex Hilbert space. Although this sounds counterintu-

itive as we are trying to model the motion of globular clusters, it is necessary for the spectral
analysis that will be performed in Chapter
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We note that the even and the odd subspace of H are orthogonal:

Lemma 6.3. For g,h € H with g being even in v and h being odd in v,

<g, h>H =0.
Proof. We use the transformation (x,v) — (x, —v) and compute

R R e R I LN

:/Q W(E(le))’g(x7v)(—1)h($,’U)d($7v) = _<g7h>H'

Note that the null sets in the definition of v-parity do not matter due to the integration. [

6.1 Definitions of operators and properties

In this section, we rigorously define the operators D, D?, B and .A. We start with the classical
definition of the operator D that is called the transport operator as it is associated to the
transport induced by the stationary Vlasov equation.

For g € C1(Qo,K), we define
Dyg(x,v) :=v - Opg(x,v) — 0 Up(x) - Opg(x,v), (x,v) € Q. (6.3)
We generalize the transport operator D for spherically symmetric Llloc—functions:

Definition 6.4. For g € L{ (Q0;K) spherically symmetric, we say that Dg exists weakly if

loc

there exists i € Ly, (Q0; K) spherically symmetric such that for all € € C}, (Qo; R),

1 1
/QO @) P = ‘/QO @)

In this case, we define Dg := . Moreover, we define the domain of D and D? by

D(D) :={g € H | Dg exists weakly and Dg € H},
D(D?) := {g € D(D) | Dge D(D)}.
Remark 1. Tt is not relevant whether one chooses the test functions £ € C}, (o) to be real-

valued or complex-valued. By splitting complex functions into their real and imaginary part,
one can obtain that both definitions are equivalent.

Remark 2. 1t is easy to obtain that ¢ € D(D) < Reg,Img € D(D) and in this case,
D(Reg) = ReDg and D(Im g) = Im Dy.

Remark 3. Dg is uniquely defined a.e. on Qo: If g € L{_(Q0; K) with Dg and Z/)\jq weakly, we
have

1 —
Dg — Dg)é =0 Cl (Qp:R).
T Po -~ =0, € Cti
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6 The operators

We want to apply the Dubois-Reymond lemma. To deal with the restriction to spherically
symmetric test functions, we use Lemma [I.3] to find that

1 " — (Dg)" (r,w "(ryw,L) = ! :
ey (P9 D) = By 1) 1) <0, € € O (i)

Any function o" € CSO(SQ)S; R) can be expressed as the radial representation of some function

€ C5.(Q0;R), simply take o(z,v) := o' (|2, (x - v)/|x], |z x v|?). If we define g this way,
the compact support of ¢" in SOY ensures the compact support of ¢ in )y and the fact that
supp ¢" stays away from r = 0 is crucial for the differentiability of o. We therefore find that
(Dg)" = (Dg) a.e. on Q’” by the Dubois-Reymond lemma. Using the integral transformation
in Lemma then yields that Dg = Dg a.e. on ).

Lemma 6.5. Definition is an extension of the definition in (6.3)) on C’Cl’r (Q0; K). This
means that for all g € C., (Q0;K), Dg exists weakly in the sense of Definition and the
weak and classical definitions of Dg coincide. Consequently, C’C{T(QO;K) C D(D).

Proof. Let g € CI,(€0;K) with corresponding Dg in the classical sense. The spherical
symmetries of g and Uy ensure that Dg is spherically symmetric as well. Now, consider a
test function € € Cl (Q;R). In the following, we will perform integration by parts. Note
that the m term is not problematic as we have Lemma (1), Lemma (i) and we
stay away from E = 0 due to the compact support of £ in {5. Also note tThat since g is
complex-valued, we technically have to split the integrals into their real and imaginary parts,
but as this gives the same result, we ignore it here. Lastly, we note that the compact support
of £ also ensures that the occurring boundary terms vanish. Hence,

/Q (B (1 )|9 D¢ = — /Q 7 (1v|21—|— Uo(x))g(x,v) (v - 0x&(x,v) — 0,Up(x) - 0p€(x,v)) d(z,v)
0 0 2
1
_/QO 8x (QO/ (%‘U‘Q + U()(,’I;))g(x’v)) : U&(l’,l)) d(iB,U)

1
7@%<¢®W+%mﬂ@”>%%@wwmmm

1
Aw<n¢

The uniqueness of the weak definition of D now implies that the weak and the classical
definitions of Dg coincide. O

Remark. 1t is clear from Lemma [6.5| that C25.(Q0; K) € D(D?).

The next step is to establish a useful approximation result for functions in D(D).
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6.1 Definitions of operators and properties

Proposition 6.6. For every real-valued function g € D(D) there exists a sequence (g ),en C
Cos(Qo; R) with g), € CSO(QG;R) such that

gr — g and Dgr, — Dg in H as k — oo.

Proof. We refer to |16, Proposition 2]. We remark that the sets Sp and S{ in [16] correspond
to €y and Qg We furthermore remark that in [16], Ey < 0 holds, contrasting Ey = 0 in
our case. In [16], this leads to a boundedness of both Sy and Sjj, whereas in our case, € is
only bounded in v and Q6 is only bounded in w. However, the proof of Proposition 2 as well
as used assertions in |16] do not make use of Ey < 0 or the boundedness of Sy and Sj and
therefore, the proof can be adopted directly from [16]. O

By splitting a complex-valued function g € D(D) into its real and imaginary part and ap-
proximating both parts separately via Proposition we obtain the following corollary:

Corollary 6.7. For every g € D(D) there exists a sequence (gy)yey C CS,C;(Qo;C) with
gi € C2(%; C) such that

gr. — g and Dgr, — Dg in H as k — oo.

We want to prove that D is skew-adjoint and D? is self-adjoint as densely defined opera-
tors on their domains of definition. We therefore show that their domains are dense in the
corresponding Hilbert spaces:

Lemma 6.8. D(D) and D(D?) are densely contained in H. Furthermore, D(D) N H°Y and
D(D?) N H° are densely contained in H°.

Proof. For the density of D(D) and D(D?) in H, it suffices to show that C5. (Qo; C) is dense
in H since C25.(Q0;C) C D(D?) ¢ D(D). To prove this, let ¢ € H. By the definition of
|| - ||z and Lemma E h" = ]cp’(ET)\l/Z g" is in L2(2;C). As a consequence, there exists
a sequence (h}) C 030(525;@) such that h), — A" in LQ(QS;(C) as k — oo. Next, we define
hi(z,v) == hi(|z|, (z - v)/|z|, |z x v|?), which are the representatives in (z,v)-coordinates.
These functions are in Cgf.(€20; C); we saw this argument in Remark 3 after Definition
We then define g := \/|¢/(E)|hy which again is in Cg5.(Q0;C) since E is a spherically
symmetric function that is differentiable arbitrarily often and additionally, ¢’ is differentiable
arbitrarily often on ]—%, 0[ and stays away from 0 since E stays away from 0 on supp hy, see
Lemma (i) and Lemma (7). The sequence (gi) approximates g, which leads to the
density of C25(Q; C) and therefore of D(D) and D(D?) in H:

lo = gullir = 11h = hil o) =g € lIB = ll oy = 0 a5 = ox.

For the second part, we start by noticing that Cg5.(€20; C) C D(D?) implies that all C25.(Q0; C)-
functions that are odd in v are in D(D?) N H°d ¢ D(D) N H° and it therefore suffices to
show that these functions are dense in H°. For that purpose, let ¢ € H°. By the first
part of the proof, there exists a sequence (g) C Cg.(€20; C) such that gy — g in H as k — oo.
We define gi(z,v) := 5 (gi(z,v) — Gr(z, —v)) for (z,v) € Qo, which then still is a function in

o7



6 The operators

C25.(£0;C) and in addition to that is also odd in v. We obtain that
1 - ~
lg = gxll = 5 llg(@,v) = g(z, —v) = Gr(z, v) + gr(z, —v)llg

1 1/2

< 5l =l + 5 (| gty oo =) ~ vt~ dzo))

1 5 1 B
:§||g—9k||H+§||g—gk||H—>0ask‘—>oo,

A

where we used the measure-preserving transformation (z,—v) — (z,v); note that E(x,v) =
E(x,—v). Hence, the proof is complete. ]

We now prove the skew-adjointness and the self-adjointness of the operators:
Theorem 6.9.
(i) D:D(D) — H is linear and skew-adjoint as a densely defined operator on H.
(ii) D?: D (DQ) — H is linear and self-adjoint as a densely defined operator on H.

(iii) D?: D (DQ) N Hedd — Fodd s linear and self-adjoint as a densely defined operator on

Proof. Obviously, all operators are linear. For the rest of the proof, we follow [16].

Proof of (7).

There are two properties that have to be shown: the skew-symmetry of D and D(D*) = D(D).
For the skew-symmetry, let f,g € D(D) and let (fx) C Cg5.(€0;C) be an approximating
sequence of f according to Corollary Since Re fr and Im f;, are admissible test functions
for Definition we find that

! T 1 4 1
08 = | ey = oo, e
1 . 1
= _ /QO WQD(Re fr) + Z/Qo ng)(lmfk)
- /Qo |<P'(1E)’gp(fk) - _/Qo W(lE)‘g(ka) =—(9,Dfe)n, keN.

In addition to that, both sides of the equation converge:

(Dg, fr)g — (Dg, fYua| = Dy, fr — fYu| < |Dgllg | fx — fllg — 0 as k — oo,

and

{9, Dfx)rr — 9. DYl = {g. Dfi = Df)u| <|lgllg IPfx — Dfllg — 0 as k — oc.

As a result, we conclude that (Dg, f)g = —(g, Df)m, and therefore, D is skew-symmetric.
To prove that D(D*) = D(D), we start with

g€ D(D*)={g9e€ H | (D-,g)y is continuous on D(D)}.
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6.1 Definitions of operators and properties

Since D(D) is dense in H, we can extend the operator (D-, g)y to an operator ¢ € H' where
H' is the dual space of H. The Riesz representation theorem now yields that there exists
h € H such that ¢ = (-, h) . Consequently,

This implies that for all £ € C},(Qo;R) C D(D),

1 1
Aﬁdﬁmﬂzz@Jmqumezgmmcwm@H=A“¢@m

which means that Dg exists weakly and Dg = —h € H. As a consequence, g € D(D).
On the other hand, if g € D(D), the skew-symmetry of D leads to

(DS, 9)ul = [(f, Pg)u| < |[Dyllg | fll> | DD),
implying that (D-, g) g is bounded and therefore continuous on D(D). Thus, g € D(D*).

h&,

Proof of (ii).
We apply von Neumann’s theorem (see |15, Theorem X.25]). The assumptions are satisfied
as an adjoint operator is always closed, hence, D = —D* is closed. The theorem yields that

D*D is self-adjoint as an operator on {g € D(D) | Dg € D(D*)}. Since D*D = —D? and
{g€ D(D) | Dge D(D*)} = {g€ D(D) | Dg e D(D)} = D(D?), we find that D? is self-
adjoint as an operator that is densely defined on D(D?).

Proof of (iii).
In order to prevent confusion, we denote the restricted operator by ngd' We need to show
symmetry and that D((D?,4)*) = D(D?y,)- The symmetry immediately follows from (i7). For
the equivalence of the domains of definition, we first prove that D((D2,4)*) = D((D?)*)nH°4d.
Let g be an element of

D((D34a)*) = {g € H*' | (D34a+9)m is continuous on D(Djgq)}

= {g € H° | (D% g)y is continuous on D(D?) N H°}

Furthermore, let f € D(D?). We split f into its parts that are even and odd in v. i.e.
f = f++ f-, where

fr(z,v) =
f+ and f_ are again in D(D?)

(D*f,9)u| < |[(D*fr.9)u| + [(D*f-.9)u| = |(D*f-. g)u]

using Lemma and that D?f, is even in v, which will be proven later in Lemma
(7i1); note that the proof of Lemma (ii7) solely relies on the representation of D? in
(0, E, L)-coordinates. Since f_ is odd in v, we can make use of the continuity of (D?-, g)z on
D(D?) N H° to find that

(f(z,v) £ f(z,—v)) fae. (z,v) € Q.

N =

—~

see below for a proof) and we therefore observe that

: ! LML P "
KDﬂQMSCWJmSC<ng+2(Aﬂww@wmf®,WIM%W> )

1 1
:C(ﬂmm+ﬂﬁh>=mmm,f€D@%
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6 The operators

where we used the measure-preserving transformation (z,v) — (z, —v) and that E(z,v) =
E(x,—v). As a consequence, (D?-, g) g is continuous on D(D?). Hence, g € D((D?)*) N H°d,
On the other hand, if g € D((D?)*) N H°%, it is obvious that g € D((D%;4)*).

Overall, we have

D((Daa)") = D((D*)*) N H*M! = D(D*) N H*'! = D(DZga),

(id)
and conclude that the restricted operator D? : D(D?) N H°d — [°dd is self-adjoint.

Proof of (f € D(D?) = f4, f- € D(D?)).

Let f € D(D?). It suffices to show that g := f(-,—) € D(D?). It is easy to obtain g € H
using the transformation (z,v) — (z, —v). Next, let £ € CZ,(Q0;R), we again use the trans-
formation (x,v) — (x,—v) and obtain that

1
0= /Qo "P'(T [f(z,v)Dé(x,v) + Df(x,v)é(x,v)] d(z,v)

(z,0))]
1
- / P E@ oy @ oD@ —v) + Df (@, ~)é(, ~v)] d(z,v)
1
= /QO m [—g(z,v)D (&(-,—)) (z,v) + Df(z, —v)&(z, —v)] d(z,v),

which means that Dg exists weakly with Dg = —Df(,—-) € H and hence, ¢ € D(D).
Note that the mapping C},.(Qo;R) 3 £ — &(-,—) € CL,(Qo;R) is bijective which follows
immediately from the composition of the map with itself being the identity function.

As we only used f € D(D) so far, we can apply the same argument to Df € D(D) and
conclude that Df(-,—) € D(D). Consequently, Dg = —Df(-,—) € D(D) and therefore,
g € D(D?). O

For classically differentiable functions, we obtain the following representation of D in (r, w, L)-
coordinates:

Lemma 6.10. For g € C} (Q0; K),

(Dg)" (r,w, L) = 0y E" (r,w, L)0rg" (r,w, L) — O, E" (r, w, L)Oyg" (r,w, L)
= w&«gr(r,w,L) - wlll(r)awgr(rawalf% (’I”,U],L) € (026

Proof. Let g € C} (Q0;K). Since g is defined everywhere on €y, we can express the (r,w, L)-
representative of g via ¢"(r,w, L) = g((r,0,0), (w,VL/r,0)) for (r,w,L) € Q. g being a

o

C'-function then yields that g" € C1(Q;K), note that L = 0 has to be excluded as the
square root is not differentiable at 0.
Since g is a C''-function, Dg is also defined everywhere on €y and we have

(Dg)r (’I“, w, L) :Dg((r, 0, 0)> (wa \/Z/Ta 0))
= (w,V'L/7,0) - 8,9((r,0,0), (w,V'L/r,0))
— 9,Uo((r,0,0)) - Bug((r,0,0), (w, VL/r,0)) (r,w, L) € Q.
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To compute the right hand side, let (z,v) € Qp with  # 0 and = x v # 0. We observe that

T -
axg(x7v) = 8:13 <gr <|l‘|, Wa |33 X U|2>>

T v xZ -
T

= 09" ()77 + 0wy’ () < |§x> + 09" () (2]v)*x — 2(z - v)v) .

|z ENE:
As a result,
0,9((r.0.0), (w. VE/10) = (04" 0w 1) + 2700 (1))

+ ({zzawgr(ﬁw,ll) - 2w\/faLgT(r,w,L)> e,

for (r,w,L) € € (note that this implies that (r,0,0) # 0 and (r,0,0) x (w,VL/r,0) =
(0,0,v/L) # 0). Analogously, we compute

xTr-v
Dug(a, 0) — 0, (g’" (m e x |>)

_ wgr(...)|‘%| + L9 () (2la)?v — 2(x - v)a)

for (z,v) € Qp with  # 0 and = X v # 0 to find that for (r,w, L) € (026,
dug((r,0,0), (w, VL/7,0)) = yg" (r,w, L)ey + 2V Lrdpg" (r,w, L)es.

For Uy we obtain that 9;Uo((r,0,0)) = (U3) (r)e1. Combining all equations, we conclude
that for (r,w, L) € Qf, (Dg)" (r,w, L) is equal to

w 00 () + 210197 () W) )\ [ Oud’(-)
@ . g@wgr(...) —2wvLdLg" (r,w, L) | — 0 | 2vLrong(...)
0 0 0 0
r L 7\/ T L L T
= woyg" (r,w, L) + 3 (Uy) (r) ) Owg" (r,w, L) + Qw? — 2w? org" (r,w, L)

= waT(ra w, L) - w/[/(r)awgr(r’ w, L)
]

As obtained in Chapter [5, the Antonov operator A consists of two operators, and with D2,
we have covered one of those two. We will now define the second operator that occurs in A.

Definition 6.11. For g € H, we define Bg using (r,w, L)-coordinates:
(Bg) (1w, L) i=dn” |/ (E" (r,w, L))| 5 J(9)(r),  face (ryw, L) € O,
r
where

00 = [ [ wg w1y dwar.
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We consider B as an operator on H and obtain the following properties:
Lemma 6.12. B: H — H is well-defined, linear, bounded and symmetric.

Proof. As Bg is defined through (r, w, L)-coordinates, we immediately obtain that Bg is spher-
ically symmetric. In the following, let all functions be extended by 0 outside of €. We use
Lemma (7i) and the Cauchy-Schwarz inequality to obtain that

1 w 2
— 2 2 ! r W
1Bl gy 47 i FEreD) |4 | (B D) 5T 0) ()]l )
= (271')6/ |T(9)(r)? 12 12/ / Q}Qza E"(r,w,L))| dwdLdr
0 rer

2

1/2 g"(r,w, L) dr

/ ' (B (r,w L>>W2

/ </ / w* | (E7(. \dde) (/ /MO dde)d

1
<C ),
7 oy e )

dwdL

w|¢' (E"(r,w, L))|

| /\

IN

‘]g (r,w, L)\ d(r,w, L)

1 2
beﬁ\IQHH <00

Consequently, Bg € H which means that B : H — H is well-defined, and we also deduce that
B is bounded. The linearity of B is trivial since J(-) is linear. Lastly, we have to show that
B is a symmetric operator. For this, let g,h € H. Then,

1
2
- oy [#'(E"(r,w, L))]

2 " Y r)h" (r,w w r
—471'/ / /Mo e 1 )] 5 @) D) dw dLd

= (2m)* /0 7qu(g)(r)/O /wah’"(r,w,L) dwdLdr

~ 2! /0 T LI B)) dr (6.4)

(Bg,h)y (Bg)" (r,w, L)h" (r,w, L) d(r,w, L)

4 ~1 = — IRH A\ —
= Cn)* [T SI@0)IM0)dr = Bhoghn = (0,50

We additionally consider B as an operator on H°dd and obtain the same properties:
Lemma 6.13. B : H°4 — Hod s well-defined, linear, bounded and symmetric.

Proof. The linearity, boundedness and symmetry immediately follow from Lemma [6.12] as
H°dd ig a subspace of H and therefore has the same corresponding inner product and norm.
For the well-definedness, note that for ¢ € H°d ¢ H, Bg € H also results from Lemma

The v-parity of Bg can be inferred from the following lemma. O
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Lemma 6.14.
(1) Bg is odd in v for every g € H.
(13) If g € H is even in v, then Bg =0 in H (i.e. almost everywhere).

(iii) D? preserves v-parity, i.e. if g € D(D?) is even (odd) in v, then D?g is even (odd) in

v.
Proof.
Proof of ().
Let g € H. Then, for almost every (r,w, L) € Qf,
r T —w
(Bg)' (r,~w, L) = 42 [¢! (" (r, ~w, L)| 7 (g)(r)

= —47 ¢/ (' (r,w, L))| T (9)(r) = = (Bg)" (r.w, L),

because E" is even in w. Hence, (Bg)" is odd in w. Due to Lemma this is equivalent to
Bg being odd on v.

Proof of (ii).
Let g € H be even in v. By Lemma this implies that ¢" is even in w. Consequently, for
almost every r € ]0, 0o[, using a transformation w — —w, we find that

100 = [ [ ~wgrrwnydwdt == [ [ ugeow D dwdz = ~3(0)r),

By the definition of the operator B, J(g) = 0 almost everywhere on ]0,0c0[ implies that
(Bg)" = 0 almost everywhere on €. In particular, Bg = 0 in H.

Proof of (iii).

This proof will become much easier once we examine the operators D and D? in (0, E, L)-
coordinates. For this reason, we postpone it for now and will come back to it at the end of
Section O

Definition 6.15. We define the Antonov operator A by
A:D(A):=D(D?* - H, A:=-D>-B.

The Antonov operator is self-adjoint, which we need for the spectral analysis that will be
carried out in the next chapter.

Lemma 6.16. The operator A : D(A) — H is self-adjoint as a densely defined operator on
H. If we interpret A as an operator on D(A) N H°, then A : D(A) N H°d — Heodd g
self-adjoint as a densely defined operator on H°4,

Proof. Since D? : D(D?) — H and D? : D(D?) N H° — H°% are self-adjoint by Theorem
and since B : H — H and B : H°¥ — H°dd are linear, bounded and symmetric due
to Lemma and the self-adjointness in both cases follows from the Kato-Rellich
theorem, see |13, Theorem 13.5]. O
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6.2 Domain and operator properties in (0, E', L)-coordinates

In this section, we will use (6, F, L)-coordinates to characterize D(D) and D(D?), as well as
D and D? in a more convenient way.

Lemma 6.17. For all g € C}(Q0; K),

1 5
(D)’ (6. B. L) = 7755009 0. B. L), (0, B,L) € 10,10 x O,
and for all g € C?(Q0; K),
0 1 .
(D%g)" (0,B,L) = T(E)Qagg"(e,E, L), (0,E,L)e]0,1[ x QF~.

Proof. First, let g € C}(Q0;K). We use (3.7) and Lemma to obtain that
Dg)? (0,E,L) = (Dg)" (T'(0,E, L
(D)’ (0.5.1) = (Dg)’ (T(6.P.L)
— Do(6, B, L)3,g ({6, . L)) = v g .1y (016, E, L))Dg’ ((6, B, L)

for (0, E, L) € 10, 1] x SQZ{]EL. Equation holds everywhere as we deal with functions that are
defined everywhere in this case. We now examine the right hand side. Due to g € C}(Qo:; K),
we obtained in the proof of Lemma that ¢" € Cl(flg; K). Along with Theorem (3.5, we
find that ¢ = ¢" o' : 0, 1] x Q(J)EL — K is differentiable and thus,

1

1
(@) 999" = —— [0rg" (T)0pT'1 + Oug" (1)0pT'2 + Og" (T')OpT's]

T(E)

on 0, 1] x Q{)EL. As a result,

1
T(E)

8990(05 EvL) = ar‘gr(r(97 E, L))FQ(ev E, L) - 8ng(F(97 E, L))wf‘g(G,E,L)(Fl(ev E, L))
= (D)’ (0.E.L), (¢.5,L)€]0,1[x 5",

For the second assertion, let g € C2(Qq;K). Applying the first assertion to Dg € C}(9p; K)
yields the desired property; the existence of 89299 is a consequence of the first assertion:
Dg € CL(Q;K) leads to the existence of 9y (Dg)?, and since (Dg)? = 19pg°, we conclude
that 83 g7 exists. O

To establish the characterizations of D(D) and D(D?) using (6, E, L)-coordinates, we define
two auxiliary function spaces:

Definition 6.18. We define

Hy = {y € H"(]0,1[;C) | y(0) =y(1)},

and

Hi :={y e H*(|0,1;C) | y(0) =y(1) A§(0) =g(1)}.

The boundary conditions have to hold for the continuous or the differentiable representative,
respectively, note that H' (]0,1[;C) < C([0,1];C) and H?(]0,1[;C) — C([0,1];C).
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6.2 Domain and operator properties in (0, E, L)-coordinates

We establish a new characterization of the domain D(D) and the operator D:

Lemma 6.19. The domain of D has the following representation:
D(D) = {g cH ‘ (. E,L) € H} fae (B L)eOF",
TE) ), o 2
and / B ‘agg 6.E,L)| d(6,E, L) < o0 V.
oy Ty 09 OB D] 405D
For g € D(D),

1

(Dg)e (07E7L) = T(E)

d0g°(0,E,L)  fa.e (8,E,L)cQf.

Proof. We follow the proof of Lemma 5.2 in [9] with the slight difference that some arguments
will be carried out in more detail.

For the inclusion ”C”, let ¢ € D(D). Obviously, ¢ € H. Let o € C(]0,1[;R) and
X € C(QFL;R). We define £(0, E, L) := o(0)x(E, L) for (6, E, L) €10,1] x QFE, which is a
function in C$°(]0, 1] x QF%; R). On 5\ {(r,0,L) € Q5 | r <y}, we have that the (r, w, L)-
representative of € is in C! as on that set, & = £%0( and ( is a C'-diffeomorphism by Theorem
Furthermore, supp&™ C T’ (supp 69), which is compact in QG \ {(r,0,L) € QB | r<rp}
since supp & is compact in ]0, 1] x SQZ(’]EL. We can therefore extend £" by 0 onto QS and have
that ¢ € C! (QG;R). Finally, the (z,v)-representative £ is in CZ . (Q9; R), see Remark 3 after
Definition [6.4] and hence, it is an admissible test function for the weak definition of D. Along

with Lemma and (3.11)), this yields

X(Ev L) 1. 0 . 1 0 0
/Qéﬂ (B /0 0(0)g”(0,E,L)d0d(E, L) /Qg |¢(E)y‘9"§ (6,E,L)¢’(0,E,L)d(8, E, L)

_ [ TE) o ,
_/Qg 7 (B)] (D¢’ (0,E,L)¢°(0,E,L)d(0,E, L)

1 1
= 5, e ke )

1 1
=17 | PPt )

— T(E) 0 0

- /Qg Iso’(E)|§ (0,E,L)(Dg)" (6, E,L)d(0, E, L)

:_/ x(£, L)
opr |¢'(E)|

1
T(E) /0 0(0) (Dg)? (6, E,L)d0d(E, L).

As this holds for all y € C®° ((OZOEL ;R), we infer by the Dubois-Reymond lemma that for all
0 € C(]0,1[;R), there exists a null set N, C QFF with

/ 1 0(0)¢?(0, E,L)d0 = —T(E) / 1 0(0) (Dg)? (0, E,L)d0, (E,L)e QF*\ N,. (6.5
0 0
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6 The operators

To apply the definition of weak derivatives, the null set has to become independent of ¢ which
can in fact be achieved. For this, we first note that since g and Dg are in H and therefore
19|15, |Dg|| g < oo, we use (3.11)) and obtain that there exists a null set Ny C QFF such that

¢’(-E,L),(Dg)’ (-,E,L) € L*(|0,1[;C), (E,L) € QF"\ N. (6.6)

Next, we use that C2°(]0,1[; R) has a dense, countable subset with respect to || - ||z1; this
can be obtained by taking a dense, countable subset of HE(]0,1[;R), whose elements can
be approximated by sequences in C2°(]0,1[;R). Joining all of these sequences results in a
countable set that is dense in H}(]0,1[; R) and a subset of C2°(]0, 1[;R). Hence, let {0,} C
C2(]0,1[; R) be dense in C°(]0, 1[; R) with respect to || - ||z1. We define Ny := Upen N, and
observe that for all n € N,

/1 on(0)g?(0, E,L)d0 = —T(E) /1 0n(0) (Dg)? (0,E,L)d0, (E,L)e QF*\ Ny. (6.7
0 0

If we take any function o € C2°(]0,1[;R) and approximate it by some sequence (0;) C {on}
with respect to || - |[z1, (6.6)), (6.7), and the Cauchy-Schwarz inequality imply that

1 1
| a6, B0y = tim [ g0)5 0., 1) ds
0 J—= Jo

1
— _ lim T(E) /0 0;(6) (Dg)’ (0, E, L) do

1
— —T(E) /0 o(0) (Dg)’ (0. B, L) d9, (E,L) € QFL\ (N1 U Ny),

and the null set N3 U Ny does not depend on p. Consequently, we have for all (E,L) €
QF\ (N1 U Ny) that ¢%(-, E, L) is weakly differentiable on ]0, 1] with

09’ (-,E,L) = T(E) (Dg)’ (-,E, L),

which is in L2(]0, 1[;C) and therefore, ¢° € H'(]0,1[;C). Additionally, by (3.11)),

T(E)fl 0 2 _ T(E) ; 9
/Qg ' (B)) }899 (6,E,L)| d(6,E,L) —/Qg (D) ’(Dg) (H,E,L)‘ d(6,E, L)
L R de ) = )
~ 4n? /QO 2 (B o)) P90l d@,v) = 5 [[Dyll < oo

It remains to show that ¢?(-, B, L) fulfills the boundary condition such that ¢°(-, E,L) € H 4
fa.e. (E,L) € QFF. We leave x as it is, but consider g = Ljp1y- The (r,w, L)-representative
& is

& (rw, L) = €(C(rw, L)), (r,w, L) € O,

Note that we can interpret ¢ as a function on QS If we do so, then ( is in Cl(QS;R) with
C(Qg) C "[0,1] x [¢r.(rL),0[ x ]0,00[”. On this set, £’ is in O (extended by 0) and therefore,
€ Cl(flg). In addition to that, we have that suppx C (OZOEL. Hence, £" vanishes for
(E"(r,w, L), L) = (C2(r,w, L), (3(r,w, L)) ¢ supp x C QFL. This implies that the support of

¢ is in Q. Thus, £" € CLH(Qf;R), which implies that £ € CZ,(Q0;R) is a admissible test
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6.2 Domain and operator properties in (0, E, L)-coordinates

function for the weak definition of D. We therefore find that (6.5]) also holds for o = Lo,1)5
and consequently,

1 1
0=~ [ al0)g"6.£.1)d6 = | o(®)oug’ (0. B L) 0
0 0
1
:/ 6999(07E7L)d0:ge(17E7L)_96(07E7L)
0

for the continuous representative of ¢°(-, E, L) by the weak form of the fundamental theorem
of calculus (see [4, Theorem 8.2]) f.a.e. (E, L) € QFL. This completes the first inclusion.

For the inclusion ” D", let g be an element of the set on the right hand side. Furthermore, let
¢ € CL,(Q0;R). The (r,w, L)-representative " (r,w, L) = &((r,0,0), (w, V'L/r,0)) then is in
CH(€¥;R). By Theorem. 5, 0 =¢mol € Cl(]O 1] x QFL;R). In fact, I’ and therefore &7 can
be defined for 6 € [0,1] with I € C([0,1] x QFL;R) and hence, £ € C([0,1] x QFL;R) with

€(0,E,L) =€ (0(0,E,L)) = ¢"(0(1,E, L)) =¢°(1,E, L), (E,L)cQF".

This property along with ¢?(-, B, L) € H} fae. (E,L) € QFF yields that the boundary terms
for the weak version of integration by parts in the following computation vanish:

1 _ e [ T ;
| e ! L ToE? O B D (08 (6.E.L)d6. B, L)

= 472 1 (6 0 dod
Amr /QEL |(p,(E|/ JE,L)0pe%(6,E, L) (E,L)

1
——47r2/ /899 0,E,L)%0,FE,L)d0d(E, L
arr @' (E)] Jo b ) )46 (£, L)

1 1 (z,v)
= 909’
- o T (@)

using Lemma for &, where (-)(x’v) is the representative in (x,v)-coordinates. Hence, Dg
exists weakly with (Dg)e = ﬁ&;gg a.e. on 0 which implies that

> _ .o T(E)
||Dg||H47T/ | (E)|

1
- w/ ) ‘ae GEL)‘ d(6, B, L) < oo
Qb ' (E

As a result, we obtain that g € D(D), which completes the proof. O

(Dg) (0. B, L)(2 d(0, B, L)

Similarly, we obtain the following representation for the domain D(D?) and the operator D?:
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6 The operators

Lemma 6.20. The domain of D? can be expressed through

D(D?) = {g €H ‘ ¢ E, L)€ H} fa.e. (E,L)c Qb

T(E)-% | 2 ,
and ——__84°6,E,L)| d(#,E,L) < o forj=1,2.p.
o ¢/ (E) ) o9 | )
For g € D(D?),
0 1
(D%g)" (0,B,L) = m@gge(H,E, L) fae (6,E,L)cQf.

Proof. This lemma is immediately obtained by applying Lemma [6.19] twice. Note that for
g € D(D?), we have g € D(D) and Dg € D(D) and can use Lemma for both g and Dg.
For g that is an element of the set on the right hand side of this lemma, we have that g is
an element of the set on the right hand side in Lemma and therefore also in D(D). We
then use that Dg is again an element of the set on the right hand side in Lemma [6.19 O

We will now turn to the proof of Lemma (13i) that we postponed.

Proof of Lemma (vit).

Let g € D(D?) be even in v, which implies that g” is even in w by Lemma We now
consider the solutions of (3.2)) and use that the elapse rate of the time is independent of the
sign of w. Hence, if we start at a certain point (r,w) on the curve and want to get to (r, —w),
it takes as long to get from (r,w) to (r4(...),0) as it takes to get from (r4(...),0) to (r,—w).
We therefore infer that

(I, =Ty, T3)(0,E, L) = (R,—W,L)(0T(E),r_(F,L),0,L)
= (R,W,L)((1 - O)T(E),r_(E,L),0,L) =T(1 - 0, E, L)

for almost every (0, E, L) € Qg, note that I' is not defined everywhere on Qg. Consequently,
90((1 - ‘9)7 E, L) = gr(r(l —0.E, L)) = gr((rla _F2>F3)(97 E, L))
=¢"((I1,T2,13)(0,E,L)) = ¢°(6,E,L), fae. (0,E,L)€ Q.

By Lemma [6.20]
(D%)" (1-0,E,L) = L 01— 60.E L= (g9(1 _0,E L))
s T(E)2 0 s £ T(E)2 0 s
1 0
= T(E)? 802 <99<9,E,L)) = (D2g) (0,E,L), fae (0,E /L)€ Qg

Using the definition of the function (,
(D2g)r (Ta —w, L) = (DQ.g)g (C(rv —w, L)) = (DQQ)G ((1 - C17 <2a Cg)(?", w, L))
= (D%)’ (¢(r,w, L)) = (D%) (r,w,L), fae. (r,w,L)c

where we used that I' = ¢(~! maps null sets onto null sets. As a result, we obtain that (ng)r
is even in w which corresponds to D?¢g being even in v.

If we want to prove the assertion with oddness in v, it works analogously with inserting minus
signs in the right places. O
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7 The spectrum of the Antonov operator

This chapter will deal with the spectrum of the Antonov operator A. More precisely, we are
going to show that the spectrum of A is purely essential and equal to the non-negative real
line. This will be done by proving the following inclusions:

[0, 00[ C 0ess(A) C o(A) C [0, 00].

This result seems promising to be a helpful step for the stability analysis of the isochrone
steady state, see Chapter

The proof in Section is based on [9, Theorem 5.7]. In this paper, the authors prove
that the spectrum of the operator (—D?) is purely essential and equal to a set that is char-
acterized by the occurring values of the period function. Let us call this set M, which in our
case will turn out to be [0, 0o[. They then continue to show that the operator (—B3) is (—D?)-
compact, which yields that the essential spectra of A and (—D?) are equal as a result of the
Weyl theorem. Hence, they were able to obtain that the essential spectrum of A is equal to
M. However, the latter part of this procedure strongly relies on the spatial boundedness of
the domain €y, a property that is invalid in our case. To deal with this issue, we proceed as
follows:

1) First, we prove that [0, 0] is a subset of the essential spectrum of A. To do this, we
choose the same Weyl sequence as in [9, Theorem 5.7] and try to apply the first part of
the proof, where it was shown that M C ges(—D?), to the operator A instead of —D?.
Since A = —D? — BB, the main part of the problem is to come up with a proof to show
that the sequence we obtain by applying B to the Weyl sequence converges to 0 in H
(after extracting a subsequence).

2) To obtain that the spectrum of A is a subset of [0, 0], we show that A is a positive
operator which yields the desired property. This proof makes use of smooth approxi-
mations gy for functions g € D(A) and the main part of the proof is do deduce that
(Agk, gk) g > 0, for which we follow [7, Theorem 1.1].

7.1 Proof of [0, 00[ C 0egs(A)
Let k* € N and (E*,L*) € (OZ(JJEL be arbitrary, but fixed, and let us define
A= 2mk” 2.
T(E*)

Our aim is to show that \* is an element of the essential spectrum of A. For the proof, we
use a spectral theory theorem:
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7 The spectrum of the Antonov operator

Theorem 7.1. Weyl’s criterion

Let A: D(A) — H be a densely defined operator on a Hilbert space H. Additionally, let A be
self-adjoint and X € R. Then, \ € 0ess(A) if and only if there exists a Weyl sequence for X
and A.

A Weyl sequence for X and A is a sequence (u;) C D(A) which satisfies the following proper-
ties:

(2) llujllg =1 for j €N,
(17) (A—Aid)u; = 0 in H as j — oo, and
(i13) u; — 0 in H as j — oo.
Proof. For a proof, we refer to |13 Chapter 7]. O

Of course, we now want to find a Weyl sequence for A* and A. As mentioned in the beginning
of this chapter, we use the same Weyl sequence candidate as in [9, Theorem 5.7]. In order to
do this, we first need to define some auxiliary functions:

For j € N, let y; : R? — R with
() suppx; C (OZOEL N Bi(E*, L*) and
J
(5) fQOEL Xj(Ea L)2 d(E7 L) = #
We are then able to obtain a suitable Weyl sequence for A* and A:

Theorem 7.2. For j € N, let x; : R* — R be defined as above. We define functions
gj : Qo — R through (0, E, L)-coordinates as

/
g?(H,E,L) = ’§é§;|XJ(E, L)sin(2rk*0), (0,E,L) € Qf,jeN.

Then, after extracting a subsequence, (g;) is a Weyl sequence for X* and A.

Proof. This proof consists of four main parts: First, we need to verify that the functions
g; are elements of the domain of A. Furthermore, we need to check that the three proper-
ties (i)-(i77) of the characterization of a Weyl sequence are fulfilled, at least for a subsequence.

Verification of g; € D(A) = D(D?)
In order to show this, we make use of the characterization of the domain of D(D?) in (0, E, L)-
coordinates (Lemma [6.20]). Let j € N in the following. First, we obtain that g; € H by

7(E)
laglfy =, 4n°

ozt |¢'(E)|

1
= 47?2 / x;(E, L)? / sin(27k*0)? d d(E, L)
Qfr 0

1 2
/ ’g?(ﬁ, E, L)‘ d9d(E, L)
0

= 27r2/ x;(E,L)*d(E,L) = 1, (7.1)
QBL (8)
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7.1 Proof of [0,00[ C 0ess(A)

where we used that £* is a natural number which yields that the 6-integral is equal to %
Next, we have to show that gg(-, E, L) € H} for almost every (E, L) € QFL. Fortunately, there
is no need to be concerned with any exceptions on sets of measure zero since g? is a function
that is defined everywhere on Qg and the required property will hold for all (E,L) € Q(‘)EL.
In fact, the required property is even more trivial since g“?(-7 E,L):[0,1] — R is classically
differentiable. Because 6 only occurs as an argument in the sin-function, g?(‘,E,L) and
its first two derivatives with respect to § are bounded and therefore in L?(]0,1[;R) for all
(E,L) € QFF. Hence, g?(-,E, L) € H*(]0,1[;R). The properties g?(O,E,L) = g?(l,E, L)
and 699]9(0, E L) = 099?(1, E, L) are easily obtained by inserting the corresponding values.
Therefore, ¢%(-, E, L) € Hj for all (E, L) € QF".

Lastly, we have to verify that the following integral expression is finite:

1 21
Z/ne o' (B

) 0 I
‘/Qg<T<E> (@) 1(B) B L) (2mk)” cos(2mk0)”
1 B
T(EP 7(B)| T(E)
1
< C’(k*)/QEL (B, L)? <T(}3)2 + T(2)4>/0 10 d(E, L) < C(b, k") <

We used that on QFF, ( e + T(E)4 = C(|E]® + |E|%) < C(b) and we also used (8). In
conclusion, g; is an element of D(D?) = D(A).

09] (0 E L) d(97E7 L)

+

x; (B, L)*(2rk*)* sin(27k*6) ) (0,E,L)

Verification of (i)
We already obtained this in ([7.1).

Verification of (iii)
We skip (4i) for now and show (iii) first. Let ¢ be an element of the dual space of H.
The Riesz representation theorem then yields the existence of a function f € H such that

¢ = (-, f)g. Consequently, using (3.11]), we find that

16(95) = {95, ) 1] = {95, Lsupp g, 11| < Mgl 11l Lsupp, 111

1/2
T(E) 0 2
<o (/Qg S e (B, D) |£°(0. B, L) d(&,E,L)) .

Here, we also used the Cauchy-Schwarz inequality as well as (i) and also the fact that
Lsuppg, (0, B, L) < lsuppy, (B, L) for (0,E,L) € Q8. We now consider the last expression,
which is equal to the H-norm of f if we neglect the indicator function. The integrand with-
out the indicator function is therefore integrable and serves as a dominating function for
Lebesgue’s convergence theorem. Additionally, since suppx; C By ;(E£*, L"), the integrand
converges to 0 pointwise almost everywhere on Qg as 7 — oo. As a result of Lebesgue’s
dominated convergence theorem, we thus observe that ¢(g;) — 0 as j — oo.
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7 The spectrum of the Antonov operator

Verification of (i7)
We must show that— at least after extracting a subsequence—(A — A*id) g; — 0in H as j — oo.
To start, we estimate

1(A = N*id) gjll ;; = ||~-D%9; — Baj — Ngjl|; < |[-D%95 — Ngill,, + [1Boill - (7:2)

We examine both summands on the right hand side separately and obtain their convergence
to 0. For the first summand, this holds true without extracting a subsequence, whereas for
the second one, we extract a subsequence before observing the convergence.

Let us consider the first summand in ([7.2). Using a transformation to (¢, E/, L)-coordinates
(see (3.11)) and Lemma yields that

2

/\

E)

* 2 _ *
||[-D?g; — Ng;||,, = 4n° /QG (B ‘ T(E)? 05970, E,L) — \*gY(0,E,L)| d(6,E,L)
2
= 4r? /Qg Iso((?)l (1217(”{7)) 00, E,L) — (I%ZTE’{:)L gl(0,E,L)| d(6,F, L)
1 1P

1
x;(E, L)? / sin(2rk*0)?> d d(F, L).
0

_ C(k*)/ﬂgL

Considering the factor containing the difference of the period functions, note that for (E, L) €
supp x; C B1(E*, L*) N QFL € Bi(E*, L*) N (=35, 0] x ]0, 00]),
J J

T(E)?2 T(E*)?

1 1
T(E)?  T(E*)?

_ 3 (_m*\3| _ * 2 * *\2 - 2
=C|(-E)’ - (-E*)’| =C|E* — E||E* + EE +(E)}<C]4b2

Along with the -integral being equal to , this results in

1 1
D2g-A*942§Cb,k*./ x;(E,L)>d(E,L) = C(b,k*)— — 0 as j — oo.
| j il < C( )]2 - (B, L)"d( )(5) ( )

The approach for the second summand is lengthier and requires us to introduce some auxil-
iary functions which is done in the appendix in Definition and Theorem . For the sake of
clarity, we define them here once more and collect some known and new results.

STEP 1: Auxiliary functions and properties.
For j € N, we define

pj = ppg; = /R3 Dg;(-,v)dv on R3

and
1 1
Uj :=Upy; = —m * ppg; = —m * pj on R3.

These functions satisfy the following properties:
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7.1 Proof of [0,00[ C 0ess(A)

(a) p; and U; are well-defined for j € N.

(b) pj € L' N LA(R%R) with [|p;]|, < C®)|psll, < C()||Dgjll; for j € N, where the
constants C(b), C(b) > 0 are independent of j.

(¢) There exists R(b) > 0 such that for all j € N and almost every w € R and L € [0, oo,
supp p; C Br)(0) and supp g; (-, w, L) C [0, R(D)[.

(d) U; € H*(R3R) with HUjHHQ(Rg) < C’(b)HijLQ(RS) for j € N, where the constant
C(b) > 0 is independent of j.

(e) In the weak sense, for all j € N,

2
(U]r), (r)= %J(gj) (r) fae. re]0,o00l.

Proof. Assertion (a) immediately follows from Theorem|9.2)(¢) with Dg; € D(D) C H instead
of f. Furthermore, Theorem (t4i) yields that p; € L (R3) with ||p;||, < C(b )|Dg;l| 4 for
some constant C'(b) > 0 that is independent of j € N (since in Theorem [9.2] all constants are
independent of f). Assertion (e) follows from (iz) in Theorem For the proof of the first
inequality in (b) and for (d), we prove (c) first:

Proof of (c).
Since (E*, L*) is an element of the interior of QL. we infer that there exists Ny € N such
that By (B*, L*) c Qf* = {(E,L)eR? | L€ }0 oof, E € 41 (ry),0[}. Hence, there exists

No

g0 > 0 with B & (E*,L*) Cc {(E,L)eR? | L€]0,00[,E €]¢(rr), —€o[}. We now deduce
that for all j > NO,

Supp x; (c) B%(E*,L*) c BNLO(E*,L*) c {(B,L) eR* | L€]0,00[,E € ¢r(rL), —co[} -

This implies that £ < —eg for all j > Ny and (E, L) € supp x;, which then in turn holds for
all j > Np and (6,E,L) € Suppg?.
For j < Ng we know that supp x; C
E < —¢jforall (§,E,L) € suppgf

If we now define € := min{e; | j =0,...,Ny — 1} > 0, we conclude that £ < —e¢ for all
(0,E,L) € supp g]e and j € N, and we note that ¢ is independent of j € N.

SQ)EL, and consequently, there exists €; > 0 such that

To show the support property of g;T, we use and obtain that
g;(r,w, L) = 0 fae. (r,w,L) € Q with E"(r,w, L) = ((r,w, L) > —¢.
Since E"(r,w, L) = tw? + 2T2 + U§(r) > Uj(r), we find that
g;j(r,w, L) = 0 fae. (r,w, L) € Q with Ug(r) > —e.

The monotonicity of Uj : [0,00[ — [—5,0[ implies that UJ has an inverse and Uj(r) > —
if and only if > (U})™' (—¢). Note that we can make ¢ smaller such that — € [— ﬁ,()[.
Consequently,

g5(r,w,L) =0 fae. (r,w,L) € Qf with r > (U5) ™" (—e). (7.3)
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7 The spectrum of the Antonov operator

For the support property of p;, our first aim is to show that (7.3)) also holds for (Dg;)" instead
of g7. For this, let £ € C27.(Q0; R). The weak definition of D and Lemma yield that

[ ) = g2 L
0= o T P P00 =47 [ty (5 P9+ P

Next, we define M" := {(r,w,L) € ¥ | r > (U;)~" (—&)}, which is a measurable and open
set. We now consider test functions ¢ € C°(M";R). We know that every such function
is also in C°(€2;R) and therefore, there exists some & € C5.(Q0;R) such that " = 0", see
Remark 3 after Definition If we consider only these test functions, we find that

1
0:/ ————(Dg;)" 0", 0" € C(M";R),
ar le' (BN ¢

as the first term vanishes due to supp (Dp)" C supp " C M" and ([7.3). Using the Dubois-
Reymond lemma, we obtain that (Dg;)" = 0 almost everywhere on M". Lemma implies
that

0 = 472 /QT |(Dg;)" (r,w,L)| 1psr (r, w, L) d(r,w, L)

0

= /QO |Dgj(z,v)| 1{|m|><U6)71(_6)}(a§,v) d(z,v),

therefore, Dgj(z,v) = 0 fae. (z,v) € Qy with |z| > (U5~ (—€). Consequently, pi(z) =0
fa.e. x € R® with [z] > (U5)™" (—e).

Proof of the first inequality in (b).
The first inequality in (b) now results from the compact support of p; and Hélder’s inequality
with constant C'(b) = A (BR(b)(O))1/2 (independent of j € N):

1/2 .
L les@ldz = [ 10,@) 10 @) do < llolly X (Brn©@)) 5N

Proof of (d).

For (d), we start with two estimates for |U;(z)|. For the first one, let z € R3. We observe

that
lpi(y) 1p;(y)]
Uj(z)] < d d
|Uj ()] / y+/|

z—y|<1 |$ - y| z—y|>1 ’SL‘ - y|

1 1/2 1/2
< / T dy / o ()| dy +/ 1pi(y)] dy
e—y|<1 |z — Y| le—y|<1 R3

1 1 1/2
< (4n [ Zrar) Ul OO ol = OO ol wB (@)

—
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7.1 Proof of [0,00[ C 0ess(A)

For the second inequality, we consider # € R? with |z| > 2R(b). Using Theorem (), we

find that
/ pi(y) dy‘ _ / pi) g, / o) g,
Bray(0) 1T =Yl Bray(0) [T =¥l Brp(0) 17|

2] - | — |
g/ )|,
Br) (0 THr—y

Uj(z)| =
Uy(a)l =

For |z| > 2R(b) and |y| < R(b), we know that ||z| — |z —y|| < |z — 2z + y| < R(b). The fact
that |z — y| > R(b) leads to 2|z — y| > |z —y| + R(b) > |z — y| + |y| > |z|. Hence,

. RO 2RO)
< [ S o el 2RO @9

The inequalities ((7.4) and ([7.5)) yield that

4R(b)?

\wmﬁm</ cmﬁm@mw/ RO 112 da
R3 || <2R(b) 2]

|z|>2R(b)

< O+ €Ol [ d = C(6) 3.

|z|>2R(b) |2 [*

Thus, U; € L*(R*%R) with ||Uj|[, < C(b)||pjll,. Basic potential theory yields that in the
weak sense, AU; = 47p;. Combining the properties that U; € L?(R3;R) and AU; = 47p; €
L*(R3;R) implies that U; € H*(R3;R). As a consequence,

—

D,U; = (27i)°U;, a€N3,ja| <2,

—

where (...) denotes the Fourier transform. Therefore, by Plancherel,

10:04U11, = |

7 =c|

§z‘§k/U;(€)H2 <C H‘ﬂz /U;(g)Hz

= C||&T;||, = 1ATsll, = Cllpsllys ik € {1,2,3).

For the first derivatives, we have

2 —~ 2 —~ 2
w1l = |85 |, = o ||sT)]], < o[l T,
—o [ ertef o[ erlmel a
le|<1 §1>1

<c [|gief w+c [1a|Tie] «
e
= C|Ujll5 + Cllpslly < CO) pslly, i € {1,2,3}.

In summary, we observe that ||Uj|| - ®H <C (b) ||pjl|, and the proof is complete. O
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7 The spectrum of the Antonov operator

STEP 2: Boundedness of (Dgj) in H.
We obtain this property using that (ng)e (0,E,L) = ﬁ&ggﬁ(&, E, L) due to Lemma[6.19

as well as using that on Q% T(}E)Q =C|E|? < O(b):

T(E)
Dyill2, = ‘ eEL(dedE,L
P03l ey 47 [ o0 2 &L | avace. )

1
. (B L @nk)? /0 cos(2rk*0)2 dO d(E, L)

/QEL T(E)
< Clb, k") / G(E.LPAE,L) = C(b,K), jeN,
QFL 8)

where the constant C'(b, k*) does not depend on j € N. Therefore, we conclude that (Dg;) is
bounded in H.

STEP 3: Existence of (ji) C (j) s.t. (VUj,) is a Cauchy sequence in L*(R3;R).

We start by combining some estimates. For j € N,

Uill s < CO)Ipill, < CO)|[Dgsll, < Cb, k"),
| gIIHz(E) ()HP]HQ@ (0) ] gjl\Hste_p2 (b, k")

which implies that (U;) ¢ H?*(R3;R) is bounded. Now, the fact that (c) holds will play a
major role, since this allows us to restrict the domain of the Sobolev space which is crucial
for the following compact embedding. Using that

(U |Brgey 10 )) C H? (Br)4+1(0);R) is bounded,

the compact embedding H? (BR(b)H(O);R) e H! (BR(b)H(O);R) yields the existence of a
subsequence (jx) C (j) such that

(Ujk’BR(b)Jrl(O)) c H! (BR(b)+1(0);R) is convergent.
In particular,
(V (Ujk’BR(b)Jrl(O))) cL? (BR(b)H(O);R) is convergent.

Due to Lemma 0.1}

o) = (U3) (o) 2 = L [ [ gy (el Dy dwar 2 o

for almost every z € R3\ B r(v)(0). As a consequence, we can drop the restriction to Br)41(0)
and find that

(VU;,) € L*(R* R) is convergent,

in particular, (VUj,) is a Cauchy sequence in L*(R%;R). Let (jx) C (j) be the subsequence
obtained in this step in the following.

76



7.1 Proof of [0,00[ C 0ess(A)
STEP 4: (Bg;,) is a Cauchy sequence in H.
We use (r,w, L)-coordinates and property (e) to observe that

= 47‘(‘2/ !
oy l¢' (E7(r,w, L))|

= 472 /QT | (E"(r,w, L))| w? ‘(Ufk)/(r) - (Uj’”l)/(r)’2 d(r,w, L)

|(ngk)r (?”, w, L) - (ngz)r (Ta w, L)|2 d(?”, w, L)

2
Hngk - ngzHH

(e)
:4%2/000‘(U;k)/(r) (U;;)’(r)f/ooo/Rwﬂcp' (E"(..))| 1z (.) dw dL dr
<cw [ w0 - ) )

2
dr,

using Lemma (#7). Transforming from spherical coordinates to Cartesian ones, we deduce
that

1805, = Ba Iy <€) [ [(W3) el) = (V) (lab)| da
= C(b) /RS IVU;, (2) — VU;,(z)*> dz — 0 as k,1 — oo,
because of
(@) () = (@) ()| = | (U7, = 03" ()| = IV (U, = ) @)
by Lemma As a consequence, we conclude that (Bgj,) C H is a Cauchy sequence.

STEP 5: Bgj, — 0 in H as k — o0.

Combining the property that (Bgj;, ) is a Cauchy sequence in H and the fact that H is a Hilbert
space, we infer that there exists some function g € H such that Bg;, — g in H as k — oo.
Extracting another subsequence, we additionally observe a pointwise convergence almost ev-
erywhere: Since the Hilbert space H was defined as a weighted L2-space, the convergence of
Bgj, — g in H is equivalent to the the convergence of ]go’(ET)|71/2 (Bg;,)" — |g0’(E"”)\71/2 g
in L2(Q5; C) as k — oo, using (3.11)). The Riesz-Fischer theorem then yields the existence of a
subsequence (ji,) C (ji) such that |<,0’(E”)|_1/2 (ngkl>r — |<p’(E7")\_1/2 ¢" pointwise almost
everywhere on €f as [ — oco. Hence, there exists a null set N; C € such that

<ngkz> (ry,w,L) — ¢"(r,w,L), (r,w,L) e\ Ny. (7.6)

Recalling the definition of B, we find there exists a null set No C € such that for all [ € N,
By, ) (r,w, L) = 472 | (B (r,w, L)) 2.7 (g; L)€ )\ N. 77

gjkl (T>w> )_ a ‘30 ( (r,w, ))} r2 g]kl (T)v (r,w, )6 0\ 2. ( . )

Note that Ny can be chosen such that it is independent of I by taking the union of all
corresponding null sets. We additionally require that {(r,w,L) € Qf | w =0} C Ny. This

along with ¢’ (E") # 0 on Qf, (7.6), and (7.7) implies that

J <9jkl> (r) is covergent , (r,w,L) € Qf\ (N1 U Na). (7.8)
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7 The spectrum of the Antonov operator

We now claim that [, |J (g;) ()| dr — 0 as j — oco. For (r,w,L) € €, we know that
0> E"(r,w,L) = w? + % + Uf(r) and therefore, w? < —# —2U5(r) < 0—2U5(0) = 1.
As a consequence, we have

/ |J(gj)(r)|dr§/ / /|w|‘g§(r,w,L)‘ dwdLdr
0 o Jo JRr
SC(b)/ / /‘gg(r,w,L)‘ dwdLdr
o Jo JRr

_ P &), o
e €@ /Qg Tﬁ)m X (B, L)| /0 sin(27k*0)| d0 d(E, L)
< C(b) /QE VT(E)|P(E)|x;(E,L)| d(E, L).

Next, we estimate \/T'(E) in the following way: For (E,L) € supp x;, F is bounded away
from 0 by a constant C(b) independent of j; we obtained this in the proof of (¢). We therefore
find that /T(E) = CIEI#?’” < C(b) on supp x;. |¢'(E)| can be estimated by another

constant C(b) due to Lemma (7). This leads to

[ r@oiar<co [ el
0 oF

— o) / 1, (-1 (. L) |y (B, L)| d(E. L)
(a) QEL

1/2
< con (Bi(e 1) ( | o, L>2d<E,L>)

J

1
= C(b)= - 0as j — oo,
5 ()‘7 j

where we used Holder’s inequality. We use this property and Fatou’s lemma to deduce that

< o ‘ < Timi A _
0_/0 hﬁl}gf‘J(g]kl)(r)’ dr <liminf ; ’J(g]kl> (7‘)’ dr =0,

l—00

which implies that

dr =0.

[ o)
Therefore, the integrand liminf; ‘J (gjkz> (r)‘ vanishes on |0, co[ \ IV, for some set of mea-

sure zero N, C ]0,00[. We then define N3 := {(r,w,L) € Q | r € N,}. This set is
measurable and again a null set by Fubini’s theorem, which results in

lim inf ‘J (9, (r)‘ —0, (r,w,L)eQ\ N (7.9)

l—00

To combine our observations, we start by defining N = N; U No U N3, which is a null set, and

then, (7.8) and (7.9)) lead to
J (gjkl> (r)y—=0asl— o0, (r,w,L)eQj\N.
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7.2 Proof of o(A) C [0, 00[

Due to (7.6) and (7.7)), this means that g"(r,w, L) = 0 for (r,w,L) € Q \ N. Since N was a
set of measure zero, g = 0 in H which implies that Bg;, — 0 in H as k — oo, completing the
proof:

We have shown that in , both summands on the right hand side converge to zero after
extracting the subsequence (ji) C (j). Thus, all required properties of the definition of a
Weyl sequence have been proven and consequently, (g;, ) is a Weyl sequence for A* and A. [

L\ 2
Theorem l and Weyl’s criterion (Theorem [7.1|) imply that \* = (%) € Oess(A). Be-
cause k* € N and (E*,L*) € QEL were arbitrary, we find that

Gess(A) 3 { ( 5?5%)2

- {8(k*)2|E*\3 ‘ ke N, E* € ]-1/(2b),0[} =10, o0.

E* €N, (E*,L*) e QEL}

Since the essential spectrum of an operator is a closed set, 0 € O'ess(.A) must hold as well,
which completes the proof of the desired theorem:

Theorem 7.3. [0,00[ C 0ess(A).

7.2 Proof of o(A) C [0, 0]

As already mentioned, the idea is to show that A is a positive operator, which is defined as
follows.

Definition 7.4. Let H be a Hilbert space and let A : D(A) — H be a self-adjoint operator,
densely defined on H. We say that A is positive if (Ag,g)g > 0 for all g € D(A).

We want to show that A is a positive operator because we can then apply the following
theorem.

Theorem 7.5. Let H be a Hilbert space and let A : D(A) — H be a self-adjoint operator,
densely defined on H. Then A is positive if and only if o(A) C [0, c0].

Proof. For a proof, we refer to |13, Proposition 5.12]. O

Using the same techniques as in |7, Lemma 1.1], we deduce the first result for showing the
positivity of A:

Theorem 7.6. For all g € C25.(Q0;R) odd in v with g" € Ce (% R),
(Ag.g9)m = 0.
To prove this theorem, we first show an auxiliary result:

Lemma 7.7. Let g be a function as in Theorem[7.6, and let us define

1
plrw, L) = g (rw, L), (row,L) €10, 00] x (R {0}) x 10,50,
1
w(r,0,L) := - wg' (r,0,L), r, L €]l0, o0
Then,

1€ C1(]0, 0o[ x R x ]0, 00]).
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7 The spectrum of the Antonov operator

Proof. The assertion follows since g” € C2°(€2) (which means that ¢" € C°°(]0, 00 x R x
10,0¢[) as a function extended by zero) and since ¢ is odd in v which is equivalent to g"
being odd in w. To obtain this, let us first note that the only problematic situation is the
case w — 0. For showing continuity and differentiability in w = 0, we first observe some
properties of g" that result from its w-parity. Due to

9" (rw,L) = —¢"(r,~w, L),
d2g"(r,w, L) = —82 "(r,—w, L),

org" (ryw, L) = —0,g" (r,—w, L), and

org" (ryw,L) = —-0rg"(r,—w, L), (r,w,L) € ]0,00[ x R x]0,00],

we find that
g (r,0,L) = 8,?Ugr(r, 0,L)=0,¢"(r,0,L) =0rg"(r,0,L) =0, r,Le]0,o0. (7.10)

Using Taylor’s theorem and ((7.10)), we observe that
1
g (r,w, L) = 0yg" (r,0, L)w + 68§Ugr(r,§(w), Lyw? (7.11)

for all (r,w, L) € ]0,00[ x R x ]0, 0o[ and some |{(w)| < |w|. Here, £ can also depend on r and
L which will not be an issue. In the following, let r, L € ]0, co[ be fixed. We start by showing
the continuity of y in w = 0O:

1 1
i #lrsw, L) a0, L < (¢"(r,w, L) — g"(r,0, L))>

1
= wg' (1,0, L) = p(r,0,L).

For the differentiability, we first consider the derivative with respect to r:

(M(r +1,0,L) — u(r,O,L))

Oppu(r,0,L) = lim

h—0,h£0 h
1 1 h 1
= li - - = —— 8w " h,O,L - Ow " 707L
ha%)r,%;éoh <<7" r(r+h)> g(rt ) el r )>
1 1 1
=— 1 — (Owg" ,0,L) — Oy " ,0,L))— i ————~0uwg" 0, L
rhﬂgg#oh(ag(rjth() ) — Owg" (1,0, L)) h%gﬁ#or(r+h)ag(r+h0 )

1 1
= ;8T8wgr(r,0,L) — T—Q&Ugr(r,O,L).

The r-derivative is continuous, which can be obtained as follows:

1 1,
lim Orp(r,w,L)= lim < Org" (r,w, L) — 2,9 (r,w,L))

w—0,w#0 w—0,w7#0

<1a7"g (’F,U),L) B aTgT(TaOaL) o igr(rawalJ — gr(rvo’ L))

w r2 w

f710) w—0,w£0
1 1
= ;&Uargr(r,O,L) — T—Qawg’"(r,o, L)
= Oppu(r,0,L).
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7.2 Proof of o(A) C [0, 00[

Next, we consider the derivative with respect to w:

. w(r,h, L) — u(r, 0, L
unr0.1) = i PR

1/1, 1
= lim (=g (r,h, L) = =0ug"(r,0, L
Hggﬂh(rhg(r,,) ng(r,,)>

111 1 1
= lim —|— (0uwg (r,0,L)h+ =034 (r,&(h), L)h* ) — =0yg" (1,0, L
o o 07 [ (20 0,200+ G080 6. 0 ) = L0570, 1)

h
li — 3 q" L
i 67«5“19 (r,&(h), L)

=0-02¢"(r,0,L) =0

since |{(h)| < |h| — 0 as h — 0. For the continuity of this derivative, we again use |{(w)| < |w]
and observe that

. gr(r,w,L)>

1
li aw s W L)= li 781(1 " s W L)-
im p(r,w, L) im (rw g (r,w, L) "

w—0,w#0 w—0,w#0

1 1 1
_ li » r L) — » r L a3 r L 3
7 w8 s [Twa g (rwl) = — <3 g"(r,0, L)w + 0w (r,&(w), L)w )]

= lim [1 (Owg" (r,w, L) — Oyg" (r,0,L)) — gjﬁ@igr(r,f(w),L)]

w—0,w#0 | Tw
1 .

= 783)97"(7", 0,L)-0- 8igr(r, 0,L)
”

= 0= 0uu(r,0,L).
pu(r,0, L)

Last, we consider the L-derivative:

) w(r,0,L 4+ h) — u(r,0,L
Apu(r; 0, L) = hali)n}};éo : h )

1/1 1
i — | =0wg" (1,0, L + h) — =0ywg" (r,0, L
i (30,710, +1) - 10,57 (n0.0))

1
= ;aLang(ra Oa L)
To finish the proof, it remains to show that this derivative is continuous:

1
lim Opp(r,w,L)= lim —arg"(r,w,L)

w—0,w#0 w—0,w#0 TW

1
= 1 P, 8 " ’ aL _8 " 707L
[T0) weOow£0 7w (Org" (r,w, L) — 9" (r )

= 0u019'(10,T)
= Oru(r,0,L).

Also in preparation for the proof of Theorem we define the Poisson bracket:
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7 The spectrum of the Antonov operator

Definition 7.8. For f,g € C' (Qo;R), we define the Poisson bracket of f and g as
{fag} = 0pf - Ovg — 029 Ouf on Q.

Remark. If we choose f = E and g spherically symmetric with ¢" € CI(QS;R), notice that
{E,g} = —Dg and we find by Lemma that

{E,g}" = —(Dg)" = 8,E"0yg" — 0,E"8,g" on Q. (7.12)
We will now prove Theorem

Proof of Theorem[7.6. Let g fulfill the assumptions and let 1 be corresponding to g according
to Lemma By (6.4)) and the skew-adjointness of D, we observe that

(Ag,9)r = (=D%g,9)u — (Bg, 9)
= (Do, =Dy — ()" [T 5 ) ar

1
= ||Dyl[7; — 4n° /RS EL [7(9)(|2])* da. (7.13)

We now consider the second term. Using Cauchy-Schwarz, we find that

2o [ L[ HE (w0, I
L @D ar = [ [ [ e (el 1w

S/Ra\x|4[/ /lgr\x|wL‘go (E"(|z|,w, L)) ‘w dde]
lg" (|2, w, L)[*
dwdL| dz.
[/ IR

The first bracket on the right hand side is equal to (|z|?/7)po(x) (see Lemma (1)), while
the second bracket can be transformed into a v-integral via dwdL = |z|?/7 dv, see (1.2).
This results in

| 22 2 [ lg(a)?
ard | —|J 2 e <4 / / M T qud
™ /R i @Dl de < dn” | e @) s o B, o

= Ar ; xr.v 2 X X,V
=i | a9 O @) )

2
dx

Inserting this into ((7.13]) yields

0.9 > | o Dy ) —dn [ (e () d(e. )
- | i [0} = tmg]. (714)

We now investigate the term with the Poisson bracket {F, g}. In what follows, there will be
an abuse of notation for the sake of simplicity: We will not always distinguish between the
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7.2 Proof of o(A) C [0, 00[

representatives in (x,v)- and (r,w, L)-coordinates. The meaning should be clear from the
context.

We use that for r» # 0, u(r,w, L) = %gr(r,w,L) and thus, ¢"(r,w, L) = rwp(r,w, L). This
equation also holds for r = 0 since ¢"(r,0, L) = 0 which results from g being odd on v and
therefore ¢g" being odd in w. Consequently, also using (7.12]), we obtain on ) that

{E, g} = 0,E"0yg" — OwE"0rg"
=0, E"(rp 4+ rwiyp) — OwE" (wp + w0, )
= rw(0, E"Oppt — OwE" O 1) + (0, E"r — Oy E"w)
=rw{E,u}" + p{E,rw}".

By using this result as well as
2{E, Y = 20(0r E" Oupt — O E"Oppp) = 0pE" 0 (p*) — 00 E"0r (1) = {E, p°}",
we find that
{E, g} P = (r,w)* KB, u}[* + 2ropd B, g} { B, rw}" + p? { B, rw}"|?
= (r,w)’ {E, 1w} + rw{ B, i® Y {E,rw}" + pi* { E,rw}"|”
= (r,w)2 HE,/L}T‘2 + {E,,uQ'rw{E,rw}r}T — pPrw {E,{E,rw}"}". (7.15)
For the last equation, note that
{E, rw{B,rw}"} — @Prw{E, {E,rw}"}
=0.E" {Q,u(?wurw{E, rwl” + pPr{E,rw}" + p’r Tw T]

— OwE" [2u8rm”w{E, rw} + pPw{E, rw}" —I—W]

— pPrw O E" OB 0] — Oy E O, rw}]
= {E,rw}" [0, E 20y prw + O E" 11 — 0y E" 20y prw — 8wETu2w}
= {E,rw}" [(rw) (0, E"0y(1*) — 0wE"0r(1?)) + 12 (0, E" 0y (rw) — 0y E" 0, (rw))]
= rw{E, rw}{E, u?}" + u? ‘{E,rw}Q‘Q .

The next step is to examine each term in (7.15)) separately. We recall that in (7.14)), the terms
from (7.15]) will be integrated after being multiplied with |¢’(E)| ™.

First term of (7.15)). For the first term in ([7.15]), we only note that

1

2 r 2 7
r,w E u}t (r,w, L) >0, (r,w,L) € .
|<p’(ET’(r,w,L))\( ) ’{ } ( )‘ ( ) 0

Second term of ([7.15)). The second term in (7.15)) turns out to be zero after integrating with
the weight |¢’(FE)|~!. In order to observe this, we start by defining an auxiliary function

F(s) ::/s L ar se[=1/(2b),0]
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7 The spectrum of the Antonov operator

This function is well-defined and in C? ([—ﬁ, 0[) due to the following argument: By Lemma
(#7) and Lemma (i), we know that ¢ € C? (]—1,0[) with ¢/ # 0 on [—4,0[. Hence,
F is well-defined and differentiable by the fundamental theorem of calculus with F'(s) =
(p( 75 € [—3,0[, which again is a C* ([—4, 0[)-function.

Since E € C2(Q) with B(Q) C [~2,0[ and E" € C*(Qf) with E™(Qp) C [~,0[, we
conclude that F o E € C2(Q;R) and (Fo E)" = F o E" € C2(S¥; R).

We now define G"(r,w,L) := p?(r,w, L)rw {E,rw}" (r,w,L) for (r,w,L) € QG which is a
C 1((026; R)-function. Using (7.12)), we obtain that

(FoE,GY = 8,(F 0 E")yG" — 8u(F 0 E"9,G"
— F o E" (3,E"0,G" — 0,E"0,G")
1 1
- B,GY =
7 O = T

| {E, p*rw{E,rw}"}"  on Qp.

If we integrate the second term in (7.15) with multiplied weight |¢'(E)|~!, transform the
(w,v)-integral into an (r,w, L)-integral via (3.11]) and omit the 472-factor, we have

1 'I"
/Qr\go(ET’ {E,u,rw{Erw}}der /{FOEG} d(r,w, L)

—/ // GT(FOE’“)E)wGTdrdde—k/ // 0w (F 0 E")0,G" dr dwdL
0 R JO 0 RJO

=11 + Is.

Before we handle I; and I3, notice that supp G" C suppu C suppg” C Qg This yields the
existence of € > 0 such that

supp GT C QO := {(r,w,L) € QO | E"(r,w,L) < —¢}. (7.16)

The integrals I; and Iy can therefore be interpreted as integrals over the set 2.

For Iy, let r, L > 0 be arbitrary, but fixed, such that there exists w € R with (r,w, L) € QF.
For all such w, it must hold that —e > E"(r,w,L) = %wQ + ¢ (r), which means that

|lw| < \/—2e —2¢r(r). The radicand is positive since we assumed that (r,w,L) € QL. If
we consider only the w-integral for these fixed r, L, we have to integrate over Jy(r,L) :=
\/ 2e — QwL \/ 2e — 2¢L< )[ = ]_.jl(ra L),jl(T’, L)[ Due to ET(T7’UJ7L) - %’11}2 +

wL( ) < 2]1(7",L) + ¢r(r) = E"(r,j1(r,L),L) = —e < 0 for w € Jy(r,L), we conclude
that F o E"(r,-, L) € C?(Jy(r, L)) which allows us to perform integration by parts for the w-
integral. We observe that

]1(T7L) .71(73]:’)
/ Or(F o E")0,G" dw = —/ OwOr(F o E")G" dw.
_jl(T’L) _jl(TfL)

The boundary term 0,(F o E")(r,-, L)G"(r, )|J1 o )L) vanishes since E"(r, —ji(r, L), L) =

E"(r,ji(r, L), L) = —e which by ([7.16)) imphes that GT(’I“ —ji(r,L), L) = 0= Gy(r,j1(r, L), L).

In conclusion,
I :/ // O0wOr(F o E")G" drdwdL.
0o JrRJO
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7.2 Proof of o(A) C [0, 00[

For I5, let w € R and L > 0 be arbitrary, but fixed, such that there exists » > 0 with
(r,w, L) € Q. For all such r, it must hold that 1.,(r) < —e — Jw?. Due to the monotonicity
properties of ¢, this is valid as long as r € Jo(w, L) :=|r_(—e— %wQ, L),ri(—e— %wQ, L) =:
lj2(w, L), j3(w, L)[. Note that 0 > —e — 2w? > ¢1(r) > 1 (rr) which implies that r_(...) and
r4(...) are well-defined. Because of E"(j2(w,L),w,L) = —e = E"(j3(w, L), w, L) and since

for r € Jo(w,L), E"(r,w,L) = 3w* + ¢r(r) < $w? +r(ja(r, L)) = —e < 0, we conclude

that F o E"(-,w,L) € C?(J2(w, L)) which enables us to perform integration by parts for the
r-integral, yielding

Js(w,L) Ja3(w,L)
/ Ow(F o E")0,G" dr = —/ OrOy(F o E")G" dr.
jQ(wuL) jQ(va)

Here again, the boundary term 0, (F o E’")(-,w,L)G’”(-,w,L)@zgz’B vanishes because of

E"(j2(w, L), w, L) = —e = E"(j3(w, L), w, L), which by (7.16]) implies that G" (j2(w, L), w, L) =
0 =G"(j3(w, L), w, L). Consequently,

I, = —/ // OrOy(F o E")G" dr dw dL.
0 RJO

Combining I; and I, we find that
1 r
——{E, p*rw{E,rw}"} d(r,w, L
sy T BBy

-
0

= / / / [0wOr(F o E")G" — 0,0(F o E")G"| drdwdL =0
o JrJo
since we can switch the r- and w-derivatives due to F o E" € C? (QG)

Third term of (7.15). For the third term of (7.15)), we use (7.12) to obtain that
{E,rw}" (ryw,L) = 0, E"(r,w, L)y (rw) — 0uE" (r,w, L), (rw)

(5O ) r-w?
=r Uy (r) L_ w?,  (r,w,L) € 96

As a consequence,

{E,{E,rw}}" (r,w, L)
= 0, E"(r,w, L)0yw{E,rw}" (r,w, L) — 0w, E" (r,w, L)0,{E,rw}" (r,w, L)

:<‘£**“9%0)Gﬁw»—wﬂxﬁa%Yv»+2;>
= —2w (Ug)' (r) = wd, (r (UG) (r)), (r,w,L) € . (7.17)

Additionally, using the Laplacian in spherical coordinates, we find that

Amp(r) = (V)" (r) = 50 (r- 7 (UF) (1)) = 5 (r (3 (r) + 7, (r (U5) (7))

r
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7 The spectrum of the Antonov operator

for r € ]0, oo[, which implies that
Or (r (Ug)' (r)) = dmrpg(r) — (Ug) (r), r€]0,00].
Consequently, inserting this into ,
{EAE, rw}}" (rw, L) = —2w (Ug)' (r) — 4mrwpy(r) +w (Ug)' (r)

= —rw (47rp6(7") + % vy (r)) . (rw,L) e
Therefore, the third term in can be expressed as
(L) BB oY (. L) = e, ) r)? (4m5(r) + 1 (05)' ()
— ¢ v D2 ((mar) + - (03 (1))
for (r,w, L) € QG

Gathering all of the information about the terms in (7.15)), we obtain that the equation
in (|7.14]) can be estimated by

m|90 ET|
_7T2 T T, W
=ar? [y 8 O 1) 0

since r > 0 on Q) and (U})" is positive on ]0, oo[. This completes the proof. O

1
(Ag,g)n = 47 [0+0+4pr N (U5) (") = 4mpfl9")? | dlrw, L)
1
;

The next step is to get rid of the parity assumption with respect to v that we demanded of
¢ in Theorem

Lemma 7.9. For all g € C22(Q0;R) with g" € C (4 R),
(Ag.g9)r = 0.

Proof. Let g be a function satisfying the assumptions. For (z,v) € Qp, we define the even
and the odd part of g (with respect to v) by

g+ (z,v) := = (g(z,v) £ g(z, —v)),

| =

note that (z,v) € Qp is equivalent to (x, —v) € Q. As the name suggests, g+ is even in v and
g- is odd in v. Both functions g4 and g_ are still in CZ5.(€0; R) with g't, g" € C°(Qy; R).
We split the inner product as follows:

(Ag,9) i = (A(g+ +9-),(9+ +9-))u
= (Ag+, 9+ )1 + (Ag+,9-) i + (Ag—, 9+)m + (Ag—, 9-)m- (7.18)
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7.2 Proof of o(A) C [0, 00[

Since g4 is even in v, we deduce that Bgy = 0, see Lemma (74). Consequently, we find
that in ([7.18)), the first term is non-negative due to
2
(Agy,90)m = (D94, 94)m + (=Bgy,9+)n = (—Dgy, —Dgy)m = || Dgllz = 0,

using the skew-adjointness of D.
The second term in (7.18)) vanishes. To find this, we first observe that since D? preserves
v-parity, see Lemma (iii), —D%g, is even in v. Using Lemma this leads to

(Agy.9-)m = (-D?94,9- )i + (—Bgy,9-)u = (—D?g4,9-)u = 0.

The orthogonality is also used for the third term in . By using the preservation of the
v-parity of D?, we find that D?g_ is odd in v. By Lemma (i), Bg— is odd in v as well,
which implies that Ag_ = —D?g_ — Bg_ turns out to be odd in v. Hence we conclude that
(Ag—,g+)g = 0 by Lemma

For the last term in , we make use of Theorem g— satisfies the assumptions, which
implies that

(Ag—.9-)m = 0.
As a consequence, we find that (Ag, g)g > 0. O

We now show the non-negativity of the Antonov operator A.

Theorem 7.10. The operator A: D(A) — H is positive, i.e.
(Ag,g)mr > 0 for all g € D(A).

Proof. We start this proof with showing that for any function g € D(A), (Ag, g)y is real-
valued. Note that this is not trivial since functions in D(A) are in general complex-valued.
The self-adjointness of A yields

(Ag,9)r = (9, Ag)rr = (Ag,9)mr € R. (7.19)

Now, let g € D(A) = D(D?). We split ¢ into its real and imaginary part by g = f +ih, where
f =Reg and h = Img. This implies that both f and h are real-valued functions in D(D?)
and can therefore be approximated according to Proposition[6.6] Hence, there exist sequences
(fn), (hx) C C23(Q0sR) with (f]), (h},) C C(Qf;R) such that fy — f,Dfy — Df,hy — h
and Dhy — Dh in H as k — oo. For these functions, we know from Lemma that

(Afks fi)m, (A, by >0,k € N. (7.20)

The first step in showing the non-negativity of the Antonov operator is to deduce the conver-
gence

(Ag. gy = lm (A(fy + ihy), (fi + i) (7.21)
We take a closer look at the inner product on the right hand side by splitting it:

(A(fr +ihg), (fk +ihe)) g = (Afe, fr)g + (Afk, ihg) g + QAR fr) g + (AR, ihe) o
= (Afr, fe)r — i(Af, i) g + i(Ahg, fr) i + (Ahg, hy) b
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7 The spectrum of the Antonov operator

By , the expression has to be real-valued, and since f; and hy are real-valued, so are Afj,
and Ahyg, which implies that the inner products on the right hand side are all real-valued. As
a consequence, the second and third term on the right hand side cancel out. We can perform
an analogous argument for (Ag, g) g = (A(f +ih), (f +ih)) g and therefore, it is sufficient for

(7.21)) to show that

(Af, it + (A By = T (A, fi i + (A, ) )

We consider each term individually and show that (Af, fi)m — (Af, f) and (Ahy, hi)g —
(Ah, h)p as k — co. By Cauchy-Schwarz,

[CAf, Y — (Afks fr) ul

< WAS, e — (A, fo) el + 1CAS, fo) o — (Afes fr) H|

= [(Af, f — foul + [{A(f = fi), fr) H

<Al g I = fellg + [(=D?(f = fu)s fe)u| + (B = fu), fr)ml

< NAfg I1f = fellg + K=D(f = fx), =Dfi)u| + IB(f = fi)llg |1 frll g

<NAf g I1f = fullg + 1D fi = Dfll g 1P fell g + CO)[Lf = Frll g [ ol -

We used the boundedness of the operator B: H — H. All three terms on the right hand side
converge to 0 as k — oo since fr — f and Dfy, — Df in H as k — oc.

The same approach can be done for hy and h instead of fr and f. This results in
holding true. We now show that the expression on the right hand side of is non-
negative for all £ € N, which completes this proof. In order to do so, we again use that
(A(fr+ihg), (fx +ihg))g = (Afk, fx) g + (Ahg, hi) g since the imaginary part has to vanish.
By , both terms are non-negative, and consequently, we infer that all elements of the
sequence on the right hand side in ((7.21) are non-negative which leads to (Ag,g)y > 0. O

Theorem and Theorem [7.10] immediately result in the following theorem.

Theorem 7.11. o(A) C [0, 00].

7.3 Main result

We are now able to infer the main results of this thesis.

Theorem 7.12. The spectrum of the Antonov operator A : D(A) — H is purely essential
and equal to the non-negative real line, i.e.

U(A) = Uess(-A) = [0, OO[

Proof. The assertion follows from combining Theorem and Theorem along with the
fact that the essential spectrum of an operator is a subset of the spectrum:

[0,00[ C Oess(A) C a(A) C [0, 00].
The same property also holds if we restrict the operator A to functions that are odd in v:
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7.3 Main result

Theorem 7.13. The spectrum of the Antonov operator A : D(A) N H° — H° js pyrely
essential and equal to the non-negative real line, i.e.

U(A) = Uess(A) = [0, OO[

Proof. We can easily show that the inclusions [0, 00[ C 0ess(A) C o(A) C [0,00[ also hold
if we consider H° instead of H. Note that by Lemma A D(A) N Hodd — fodd g
self-adjoint.

For the first inclusion, we show that the functions defined in Theorem are odd in wv.
Then, Theorem also holds for the restricted Antonov operator since H°4 has the same
inner product and norm as H. Note that for property (iii) of Weyl sequences, the Riesz
representation theorem yields that functions ¢ that are an element of the dual space of H°dd
can be represented by H°d-functions which are again in H and hence, the proof for (ii4)

works analogously.
For the v-parity of a function g; from Theorem we use (3.8]) to find that for almost every
(7", w, L) € 967

g;-"('r, —w, L) = g‘?(G(T7 —w, L)) = gge(l - Cl(r7w7L)a CQ(vaa L): Cg(r,w,L)),

where we used that E"(r, —w, L) = E"(r,w, L). Since 6 only occurs in the sin-term of g? and
sin(27k*(1 — 0)) = —sin(27k*6), we infer that

g;:(’f', _va) = —gje(C(’I“,U],L)) = _g;(rava) f.a.e. (T,’LU,L) € QS

By Lemma we conclude that g; is odd on v and therefore, Theorem holds for the
restricted Antonov operator. Analogously to Theorem [7.3] we find that [0, 00] C gess (A).

For the third inclusion, Theorem immediately yields that (Ag,g)y > 0 for g € D(A) N
H°d as D(A) N H°Y ¢ D(A). Theorem [7.5 then results in o(.A) C [0, 00[, completing this
proof. O
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8 Outlook

Having studied the spectrum of the Antonov operator A, we aim to obtain linear, asymptotic
stability of the isochrone steady state in a suitable sense. One idea to achieve this is to try to
apply the techniques from [8] to the isochrone case. It is unclear whether this will work out
and if so, how many adjustments have to be made. However, having examined the spectrum
of A, we know that o(A) = 0ess(A) = [0, 00[, and therefore, if eigenvalues of A exist, they
have to be in [0, 00[. This is a crucial step since in [8], the authors assume that there exists
an embedded eigenvalue in [0, co[ and deduce a contradiction with this assumption.

The potential theory that can be found in the appendix is—at least to a large extent—a prepa-
ration for the approach of applying [§].
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9 Appendix: Potential theory

We start with an auxiliary lemma.

Lemma 9.1. Let U € LllOC (R3;KK) be a spherically symmetric function with radial representa-

tive U™ € Li..(]0,00[; K). Additionally, let U and U™ be weakly differentiable with derivatives
VU and (U™) on R? and )0, 00[, respectively. Then,

r
]
Proof. Let i € {1,2,3} and k,l € {1,2,3} \ {i} with k # [. Due to the weak differentiability,
we have that

VU (z) = (U") (J=]) fa.e xeR3.

vx € 010, 00 R) - /O T Y () dr = — /0 U () dr (9.1)
and
Vo € C°(R3:R) : /R3 &(x)0;U(z)dx = — /R3 0;¢(x)U () d. (9.2)

Next, let ¢ € C° (R3 \ {z; =0} R) be arbitrary, but fixed. Then,

~P(x)0;U(z)d 0;p(x)U(x) dx:—/ /quﬁ(m)Ur(]a:\)dxid(xk,xl). (9.3)
R3 R2 JR

r = —

R3
We fix z, x; € R and consider the inner integral. For » € R, we define
X(r) = ¢(xger + zie; + re;).

The choice of ¢ yields that x € C°(R\{0};R) and x/(r) = did(xrer+xie1+1e;) for r € R\{0}.
The inner integral of the right hand side of (9.3)) is therefore equal to

/ X (ru” (wxi—i—x?—i—r?) dr+/ X (r)ur (\/xz+x?+r2> dr

—00

for some ¢ > 0 such that x = 0 on [—¢,¢]. As r stays away from 0, we can substitute

T=1(r)= \/W to obtain that

zi4xi+e? _r
[ o qelyaz= [ Y (— ERT w%) U)ol ar
R

o0

& T
+/ X < T2 — 23 —m%) U'(T)———dr
Vg taite? T — 1} —af
o0

=~/ T
= X (r)U" (1) dr,
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9 Appendix: Potential theory

where

)2(7')2)(( 72—$z—xl2> —X<—\/72—x%—$l2>, T > /i +af + €2

If we furthermore define y(7) = 0 for 0 < 7 < y/a? + x7 + €2, then y € C°(]0,00[;R) as ¢
was chosen such that x(r) =0 for —e <r <e. Thus,

o

/R O p(x)U" (|) da; = /0 V@ = =[xy

We split the integral and substitute r = r(7) = /72 — a2 — 2 and r = r(7) = — /72 — 2} — 7,

respectively, which results in

/R@@(a:)UT(]dexi - —/Ooo (1) (U7 (W) ngdr
\/frk .Tl T

T AT (V2 ) e —
—— [ otowes s re 07 (oot )

Inserting this into (9.3)) yields

T
SO @) ds = [ o) U7 () 7 da.
R3 R3 ||
Since ¢ € C2° (R?\ {z; = 0};R) was arbitrary, the Dubois-Reymond lemma implies that

o (z) = (U (Ja))

almost everywhere on R\ {z; = 0} and therefore almost everywhere on R?. Since i € {1,2, 3}
was arbitrary as well, the proof is complete. O

We now collect the following properties of potentials that are derived from functions of the
Hilbert space H. We remark that not all properties are needed for this thesis, however, the
analysis of the induced potentials is an important step towards using the techniques from [8]
to show linear, asymptotic stability in a suitable sense, see Chapter
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Definition and Theorem 9.2. Let f € H. We define py = [gs f(-,v)dv as well as

Uy :=

(2)
(i)
(iid)
(iv)

(v)

(vit)

(viii)

—ﬁ * pr, both on R3. Then the following properties hold:

py and Uy are well-defined, i.e. the integrals exist almost everywhere on R3.
py and Uy are spherically symmetric.

For all p € |1,2], py € LP (R*C) with ||psl|, < C(b,p)[|fllg, where the constant
C(b,p) > 0 is independent of f.

For all r € 13,00, Uy € L™ (R% C) with ||Uy||, < C(r) H,ofﬂ% < Cb, ) ||fl g, where
~ + r

the constants C(r),C(b,r) > 0 are independent of f.

For almost every x € R3,

dmc [l <
Uf(m):—m ; szpf(s)ds—llw/ sp(s)ds,

hence, for almost every r € ]0, 00|,
dr [T, 0
Ui(r) = —— ; s7p(s)ds —47T/ sp't(s)ds.
T

VU; exists in the weak sense and for all r € 13,6], VU; € L™ (R% C) with ||[VUy||, <
C(r) |psll s < C(b,7) || f]|g, where the constants C(r), C(b,r) > 0 are independent of
3+r

f. Furthermore,

x_
VUf(;U):/]R 75’3pf(y)dy fa.e zeR3.

3 |z —

U} is weakly differentiable on |0, o[ with

(U}"), (r) = in /OT s2p7}(s) ds  fa.er €]0,00[.

2
For almost every x € R3,

- x 4 [l x
VUs(@) = (UF)' (1) 1 = W/O 0 (s) ds

If we additionally require that f € D (D), then,

472

—J(f)(r)  fa.er€]0,o0.

(Ugf)/(r) =

If we additionally require that f € D (D), then,

/ ppyf(z)dr = 0.
R3
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Proof. Assertion (i) will follow from the proof of (ii7) and (iv), since if the integrals occurring
in these statements exist, the integrals defining p; and Uy exist almost everywhere by Fubini’s
theorem. Assertion (i7) is trivial since f is spherically symmetric.

Proof of (iii).

Let p € |1,2[ and ¢ € ]2, oo with %+ % =1,ie ¢g= p%l. We now use Holder’s inequality for
the v-integral and that on Qg, E(x,v) < 0 and therefore |v|? < —2Up(z) < —2Up(0) = 3. We
obtain that

[ s as = [| [ roaneo af
< / ((/]f(x,v)]p dv)l/p (/ Loy (2, ) dv)l/q>p dz
< (‘*;Tbl/)/ [ [0 dwas

(g 1 o
= ( 3 b3/2> /Qo |<p’(E( ))’p/g |f ‘90 $ U))| d(ﬁ,v).

We again use Holder’s inequality, this time with exponents 2/p and 2/(2 — p), and find that

[ ororar< (3 bglp)p_l ([ iy ek d(m,v>)p/2

. < /Q O |/ (B, v)) [/ P d(x,v)>(2_p)/2.

The latter integral is finite due to Lemma (7i7) and we observe that

dx

[ los@l dz < coplirl

For p = 2, we use Holder’s inequality with exponents 1/2, which yields

/ lps(z dx</</‘(p N |f(z,0)| | (E ))‘1/2dv>2d$
g/ ( Mdv> - (/ | (B, 0) Lo (2, 0)| dv) )

1 2
<Oy
using Lemma (7).
Proof of (iv).
Let 7 € ]3,00[. Then, there exists p € |1, %[ such that % s =1+ ;, ie. p= 3—?-r2r Due to

[14, (9) in Section 4.3], we find that Uy € L"(R3; C) with
< . < C :
10l <€) llpsl] se =3 Co, ) 111
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Proof of (v).
To show this identity, we consider € R?\ {0} such that Us(z) exists, i.e. that the integral

fw = y‘ dy exists. Using the spherical symmetry of pr, i.e. pr(y) = p§(|y’) fae y e R3,

a transformation with A € SO(3) such that Aé' = eg3, and spherical coordinates yields the
assertion.

Proof (vi).
For a proof of the existence of VU; as well as the desired representation, We refer to [14,
Theorem 6.21]. Now, let r € ]3,6]. Then, there exists p € ]1,2] such that 1 + 2=1+1ie

p= m Using the integral representation of VU, |14, (9) in Section 4. 3] then ylelds that

VU; € L'(R3;C) with
VU, < C(r) ||Pf||3% (;) C, ) || fllg -

Proof of (vii).
By (v),

1 00
=—— [ & py(s)ds — 477/ spy(s)ds — 47r/ sp(s)ds =: Ui(r) + Uz(r) + Us(r)
r 1

f.a.e. r € ]0,00[. We investigate the weak differentiability for each function Uy, Us, Us sepa-
rately. For this, let ¢ € C2°(]0, 00[; R) be a test function.

For Uy, we find that |0, 00[ 3 7 +— g(r fo s2p", f s) ds is weakly differentiable with derivative
10,0[2 77 pf( r) =:¢'(r), see |4} Theorem 8.2]. Therefore,

/ X () dr = — / T (x(rydr, x € C2(0, 00 R).
0 0

This especially holds for x(r) := 1¢(r) and as a consequence,

[0ty = =t [ gt (o) + o)) ar

- / o) dr + / Tt () dr.
0 0

Since ¢ € C2°(]0, 00[; R) was arbitrary, this implies that U; is weakly differentiable on ]0, oo|
with

Ui(r) = ﬁg(r) ——dq(r)=—= /07“ 82/)}(8) ds — 4777“,0;(7‘) fa.e. r€]0,00[.

Again by [4, Theorem 8.2], we we find that Us is weakly differentiable on ]0, co[ with Uj(r) =
dmrpy(r) f.a.e. r € ]0,00[. Since Us is independent of r, it is differentiable with vanishing
derivative.
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In conclusion, U} is weakly differentiable on ]0, oo with

T 47-[- " T T T
(Uf), (r) = Ui(r) + Uy(r) + Uj(r) = 7‘2/0 szpf(s) ds — dmrp%(r) + 4nrpy(r) +0
4 T
= 77; ; 82/)7}(8) ds fae. re]0,o00[.

Proof of (viii).
This is an immediate result of (vi) and (vii) using Lemma

Proof of (ix).

For now, we first restrict ourselves to f € D(D) being real-valued. Let (fx) be the sequence
of smooth, approximating functions as in Proposition [6.6] We start by showing that the
assertion holds for all f:

We first use ((1.2) to find that

pTka(ar)—/ ka(a:,fu)dv—wg/ /(ka)r(|x],w,L)dde fa.e. z € R
R3 z|* Jo Jr

We use this and the fact that by (viii), U 1, i weakly differentiable on 0, co[ with
, , 471'2 T roo .
(Upp,) (1) =— (Dfe)" (s,w, L) dwdLds
= Jo Jo JR

2 0 r r 00
24% U /w/ 8rf£(s,w,L)dsdde—/ / wlL(S)/awf,:(s,w,L)ddeds
r 0 R 0 0 Jo R

f.a.e. r €10, 00[, where we used Lemma For the inner integral of the first summand, we
use the fundamental theorem of calculus (note that f; € C°(€2y;R)) to find that

/0 O fi(s,w, L)ds = fi(r,w, L) = f(0,w, L) = fi(r,w, L).

The second boundary term vanishes as the support of f7 is in Qg and therefore stays away
from r = 0. For the inner integral of the second summand, we again use the fundamental
theorem of calculus after interpreting the integral as a limit. The integral then vanishes due
to the support of f;, note that €1fj is bounded in w. In summary, we observe that

(U{)fk)/ (r) = Al;f/ooo/wag(r,w,L) dwdL = 4:22J(fk)(r) fa.e. r€]0,00],
and hence,
(Bfi)" (r,w, L) = (U{)fk), (r)w ‘@’(Er(r,w,L))’ fa.e. (r,w,L) € Q. (9.4)

We now show the convergence of both sides. For the left hand side, we use that B is linear
and bounded to obtain that

Bfx = Bfllg < CO)|[fx = fllg = 0 as k — oo.
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/!
For the right hand side, we first show that Qg > (r,w, L) — <U£f> (rw | (E"(r,w, L))| =
Fr(r,w,L)is in H. Using (3.11)) and Lemma [1.2] (ii) yields

1 r \/ anis 2
P =47 | ey [Cn) O ][ a1

00 9 oo
—47r2/0 ‘(U{)f)/(r)‘ /0 /RwQ‘cp’(Er(r,w,L))‘1QS(r,w,L)ddedr

<C(b)/oo’(UDf) (r)rr dr

/\Upf m\

C) [ IVUpy(@)* do < COIIPI < .
(vi)

’U’L’L’L

We can now obtain the convergence of the right hand side of (| . Estimating in the same
!/
way as above but with (Uka> (UDf> instead of (UDf> results in

/m Iso’(E’“(iw,L))l |(Ubg) (rw | (B"(r,w, 1)| = (Upy) () }cp’(Er(r,w,L))“Q d(r,w, L)

<) [ | [VUp(sp(a)f da S COIPU = Dlly > 0ns k= o0

We have obtained that both sides of (9.4]) converge in H and we therefore find that

(Bf) (ryw, L) = (Upy) (ryw | (E" (r, w, L))

in H and therefore f.a.e. (r,w,L) € Q. By the definition of B, this leads to the desired
property for real-valued functions. For complex-valued functions, we split them into their
real part and their imaginary part and then obtain the desired property. Note that both sides
of the equality that we want to show are linear in f.

Proof of (x).

Let f € D(D). Lemma then implies that fa.e. (E,L) € QFL, f(,E,L) € H}. For
those (E, L), let fgr be the continuous representative. We then find that

= T,V vadr = 2 0
[ ooswar= [ [ Drevaas = [ 15 @1) 0.5.1)00. .0

:/QEL/O 80100, E, L) d0d(E, L), 0

where we used the representation of D given in Lemma We now consider the inner
integral. Due to [4, Theorem 8.2], we can compute that for almost every (F, L) € QFF,

[0,1] 37— v(T /Bgf(’HEL)dG

is continuous and weakly differentiable with derivative Oy f9(~, E,L). This implies that fEL
and v have the same weak derivative and therefore only differ by a constant ¢ € R (this
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holds everywhere on [0, 1] due to the continuity of both functions). Hence, fer =v+c. We
determine ¢ by using that v(0) = 0 and therefore, ¢ = fg,(0). Thus,

1
/ Opf?(0,E,L)d0 = v(1) = fpr(1) —c= fer(1) — fer(0) =0
0
due to the definition of Hj. As this holds for almost every (E, L) € QFF, we find that

/ poy(x)dr =0.
R3
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