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The distribution of relaxation times analysis is a powerful and non-destructive technique based on electrochemical impedance
spectroscopy to analyze and identify electrochemical reactions and processes in batteries, fuel cells, and other electrochemical
systems. However, there are inherent challenges to this analysis method that affect the accuracy of the results and impede their
interpretation, particularly when capacitive, inductive or resistive-inductive characteristics are present. In this case, data truncation
is often used, which leads to incorrectly identified time constants and polarization contributions as well as an ohmic offset. An
approach that is capable of analyzing arbitrary spectra and determining the true ohmic offset is presented and applied to three
algorithms to evaluate the influence of different regularization techniques: the generalized DRT analysis, the VanCittert algorithm
and the separated sparse spike deconvolution. To validate the results, they are compared to the electrochemical system analysis
(ELSA), which is a complementary data-driven method. It can be demonstrated that the proposed approach efficiently handles
resistive-capacitive and resistive-inductive effects without requiring any non-negativity constraint for the parameters nor data
truncation and without adding complexity.
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In 1941 an important milestone in the Electrochemical Impedance
Spectroscopy (EIS) has been achieved by Cole and Cole' with the
representation of impedance in the complex plane, which is known as
Cole-Cole-plot. Since then, EIS® has found increasing interest in
several fields.>™ It is a powerful, non-invasive and non-destructive
measuring technique that is widely used to study various electro-
chemical reactions and processes on material, component, and system
level, e.g. for batteries, fuel cells, sensors and corrosion processes.L11
Examples are electrical and ionic conductivities,lz’13 characterization
of processes like charge transfer '* and solid state diffusion,'® study of
aging mechanisms'® or estimation of state of charge and state of
health.'®'"” The processes found in electrochemical systems (e.g.
charge transfer, ionic conductivity, solid state diffusion) can be
simulated using equivalent circuit models (ECM). However, em-
ploying ECMs requires a priori knowledge of the underlying system
and its expected number and type of processes, which hinders its use
for novel materials or systems. The distribution of relaxation times
analysis (DRT) aims to reduce the necessary prior knowledge by not
requiring a particular model. Instead of the model parameters, the
analysis provides a distribution function, which represents the
polarization of resistive-capacitive elements over a range of time
constants. The course of the distribution function typically shows
distinct peaks that can be utilized to identify and characterize
processes.'®2° For this reason, the method has recently been
increasingly used for a wide Variegy of applications, such as the
characterization of new materials,”' ™ degradation studies'®** or cell-
to-cell variation studies.”> >’

However, despite its growing popularity and all the improve-
ments that have been made, the method still faces limitations and
challenges. One of its main limitations is a strong dependence on the
choice of deconvolution method, which affects the shape and
smoothness of the peaks, thus limiting the minimum peak proximity
required for successful separation. It also imposes restrictions on
which features in the impedance spectrum can be analyzed. As
shown in Fig. 1, this results in the following critical challenges that
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“E-mail: christian.plank @uni-bayreuth.de

need to be addressed: (I) impedance spectra exhibiting resistive-
inductive behavior, (II) divergent features such as inductive or
capacitive characteristics, and (III) the ohmic offset of the system.
This paper is the first in a series of publications focusing on these
challenges. The second paper examines how different regularization
strategies and constraints affect the distribution function and the
determination of the ohmic offset, the third paper focuses on the
application of the improved methods to allow a reliable interpreta-
tion of the results, and the present work starts with the mathematical
background of different deconvolution methods and the necessary
modifications for an efficient analysis of spectra containing resistive-
inductive contributions.

Electrochemical systems such as batteries and fuel cells often
exhibit not only resistive-capacitive behavior, but also resistive-
inductive effects, as shown in Fig. 2. In the context of batteries, this
phenomenon can mainly be attributed to either the wiring, the cell
winding®® or the electromagnetic skin effect.’’ All manifest as
resistive-inductive contributions in the high-frequency range. In
contrast, PEM fuel cells exhibit low-frequency resistive-inductive
effects. The origin of the observation has not yet been conclusively
clarified and is still discussed in the literature. The most plausible
explanations attribute it to a multistep reaction with intermediate
species of the oxygen reduction reduction (ORR) site, water
transport characteristics, and carbon monoxide poisoning.*~*
However, both of these resistive-inductive behaviors cause a visual
shift in the real part of the impedance, demonstrating that the visible
zero-crossing resistance does not reflect the true resistance of the
system. This highlights the importance of adapting the deconvolu-
tion methods to analyze these effects, determine the true ohmic
offset, and to avoid having to preprocess the data by truncation. In
order to extend the DRT approach, Danzer’® added a second
distribution function for resistive-inductive features. Later, Huang
et al.* proposed that this can be omitted if negative polarization is
allowed in the distribution function. This is an interesting approach,
as it significantly reduces computational effort. However, this
change has two aspects that must be considered. First, according
to Huang et al., the obtained ohmic offset must be corrected, and
second, negative polarization has no meaningful physical interpreta-
tion in the context of a distribution function. The question of whether
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Figure 1. Schematic overview of the three most critical challenges involved in the process of deconvoluting the impedance data into a distribution function. It is
exemplarily shown for a li-ion battery spectrum. The analysis is separated in three distinct parts: (1) deconvolution methods, (2) effects of regularization and
distribution constraints, and (3) application and interpretation of results. The present publication is focused on the first part.
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Figure 2. Comparison of two measurement examples with different resistive-inductive features: (a) Li-ion battery with a high and (b) PEM fuel cell with a low
frequency inductive contribution. The true ohmic offset of the system Ry . is different from the zero-crossing resistance R m(z)=0 and cannot be extracted
directly. Information on the two electrochemical systems and their measurement conditions can be found in Table V.

and how exactly a negative distribution function interacts with the
algorithm and how it affects the required correction of the ohmic
offset needs to be answered.

To evaluate this, three different deconvolution methods are
modified to allow for negative polarization in their resulting
distribution function. Each algorithm has unique characteristics
and capabilities with respect to its type of regularization and
mathematical approach (see Table I). The specific selection of
different algorithms is intended to demonstrate the general applic-
ability of the proposed changes.

For benchmarking and validation, a known equivalent circuit
model is used to provide a synthetic impedance spectrum. The
analytical solution for the distribution function is derived based on a
novel and efficient transformation relation that does not require prior
separation of the real and imaginary parts of the impedance data. In
addition to the analytical solution, the result of the electrochemical
system analysis (ELSA)®S is used as a validity indicator. ELSA is a
complementary, purely data-driven method that requires no mod-
ification or post-processing of its results making a comparison
meaningful.
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Table I. Comparison and overview of the used DRT methods.

Serial
lumped
Method Discretization  Regularization R, elements
gDRT 7-domain Tikhonov v v
VanCittert 7-domain Tterations v X
SSSD 7-domain Parameter v X
ELSA™ —(data-driven) — v v

To better understand the implications of negative polarization in
the distribution function, a generalized model that can describe both
resistive-capacitive and resistive-inductive characteristics is first
derived based on the concept of phasances’’ and then used to
investigate the interaction with the ohmic offset.

The Generalized Cole-Cole Impedance Model

In the sense of an ECM, a resistive-capacitive process can be
understood as a parallel connection of a resistance R and a
capacitance C with a distinct time constant 7=R - C. In
literature,” this is described as the Debye relaxation model with
the transfer function

R

Zrc(jw) = m [1]

In relation to the underlying physical processes, e.g., the resistance R
describes the charge transfer of the active redox reaction occurring at
the electrode and the capacitance C the electrochemical double layer
forming at the solid-liquid phase boundary. In theory, a double layer
at the surface of a solid electrode shows capacitive behavior.
Without an ongoing charge-transfer reaction, the transfer function
of an ideal capacitance C can be used for description:

Ze(jo) = ﬁ 2]

This is true as long as ideal polarizability can be assumed.*® In
practice, however, a dispersion of capacitance can be observed,*®
leading to a deviation from the ideal resistive-capacitive behavior. In
1941, Cole and Cole! studied various dielectric materials and
empirically described the electrochemical behavior by adding an
exponent ¢ to (jw) in Eqgs. 2 and 1. This allows the resistive-
capacitive interfacial process at a solid electrode in an electroche-
mical system to be described by a distribution of polarization over a
wide range of time constants instead of a single time constant
associated with the Debye model.

The empirical model extended by the exgonent @ can be
physically understood as a concept of phasance.>’ This allows the
formulation of a very general impedance model for non-ideal
elements, which can be set up with corresponding value ranges of
@. Applied to Eq. 2, the transfer function of a generalized constant
phase element (¢ element) is given by

1

Zy(jo, = — 3
o @)= 5o [3]
and
R
ZRqs(jCU, I m [4]

for the R¢ element. For any value of ¢ between O and 1, the
phasance describes a capacitive or resistive-capacitive behavior,
with @ =1 representing an ideal process. For this range, Eq. 3
represents a Q element, also known as a CPE element, and Eq. 4

Table II. Overview of the special cases of the generalized Cole-Cole
model and the mathematical relationship of the model parameters.
Note tl}at for resistive-inductive models (RL and RK) L = C"! and
K=0".

R

Zry(JO) = 1 o
RC RQ RK RL
7 1 0<p<l -1<¢p<0 -1

C/L

Q/K (-] == K=R 1% [-]

represents an RQ element, also known as a ZARC element or Cole-
Cole model. Similarly, values between -1 and 0 describe inductive or
resistive-inductive behavior. For this range Eq. 3 represents a K
element and Eq. 4 an RK element. While non-ideal RQ elements are
commonly discussed, non-ideal inductances K and non-ideal RK
elements are yet rarely mentioned in the 1iterature,39’40 and if so, a
physical interpretation is lacking. A detailed overview of the
mathematical relations is given in the Table II. In the literature,
modified variants of Eq. 4 are sometimes found that have an implicit
dependence between the characteristic time constant 7 and the
exponent ¢. With the definitions in Table II, the exponent ¢ can
be changed independently of the polarization and the characteristic
time constant. This is illustrated in Fig. 3. It can be seen that a lower
value of ¢ leads to more depressed semicircle, which correlates with
a less ideal process. Looking at the imaginary part, it is evident that
the characteristic time constant is indeed independent and remains
constant.

The Distribution of Relaxation Times

The distribution of relaxation times method (DRT) requires a
transformation from the frequency domain to the 7-domain, resulting
in the form of a Fredholm integral of the first kind:*'

Z(jw) = f0 ¥ K(jo. 1) - 70) de (5]

Here, the kernel function is denoted as K(jw, 7), the resulting
impedance function is represented by Z(jw), and the distribution
function is referred to as y(z). For the given problem, the kernel
function corresponds to the transfer function of a resistive-capacitive
RC element, and the integral boundaries range from the minimum
time constant (zero) to infinity. Typically, an ohmic offset is
introduced, resulting in

7(@)

_ dr=R0+/ @ i,
1 + jor -

(o)
Z(jw)=R0+/ -
0 « 1 + jor

(6]

the well-known form of the DRT, with y(z) = 7 - 7(r).

If the continuous distribution function (7) is treated in the
context of a probability distribution, it must remain non-negative.
This constraint further supports the physical interpretation, as only
positive polarization will be present in the distribution function.
However, this restricts the analysis to purely resistive-capacitive
spectra, such as those arising from electrical and electrochemical
processes, e.g., interfacial resistance, charge transfer, double layer
phenomena or diffusion processes. To ensure compliance with the
non-negativity constraint of y(7), it becomes necessary to remove
resistive-inductive effects, as they cannot be represented by the strict
definition of the DRT above. As mentioned previously, these effects
are often observed in the high frequency region of battery spectra
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Figure 3. (a) Imaginary part of R¢ elements with different values for the phasor ¢. The marked maximum corresponds with the characteristic time constant.

(b) Impedance spectra of the analyzed R¢ elements.

and in the low frequency region of fuel cell spectra. Several
publications attempt to analyze impedance data by truncating positive
. . . . . . 42-45 T .
imaginary values or disregarding inductive effects, which intro-
duces an unquantifiable uncertainty into the analysis. To overcome
this limitation, the non-negativity condition for «(7) can be dropped in
favor of an unconstrained function Y(7) € R, which allows both
positive and negative values in the distribution function.

Deconvolution methods.—Since infinite frequencies are experi-
mentally inaccessible and since it is an inverse ill-posed problem for
bounded frequencies, the direct evaluation of Eq. 6 for measured
impedance spectra is generally not possible. However, there are
several classes of methods in the literature that provide approximate
solutions for the distribution function. These are based on the
Fourier transformation,“’47 the maximum entropy,48 and on the
discretization of the time constants 7 in the integral. The latter
includes various algorithms: methods that use the Tikhonov
regularization,”®*° the separated sparse spike deconvolution,”® and
the iterative Van Cittert algorithm.>® All of these share a common
characteristic: they provide an approximate solution for the distribu-
tion function even in the absence of a closed-form analytical
expression for the impedance. In this article, methods based on the
integral discretization are used. To derive numerical approaches for
these, the Fredholm integral Eq. 6 must first be discretized in terms
of frequencies and time constants.

To do so, the continuous expression for impedance in Eq. 6 is
replaced by a discrete set of equations for the Ny measured
frequencies. At the same time, the continuous distribution function
~(7) is discretized in N, steps. Both approximations, together with
the selected kernel function, transform the continuous Fredholm
integral into a discrete system of equations. To obtain a set of real-
valued equations, assuming a real-valued distribution function, the
real and imaginary parts can be separated, leading to

Z(jw)=R0+/°° BRGNP
—00 1+jco‘r
~R +§: ! T S (7]
T\ T n? T @) "

The expression can be written compactly in the matrix vector form

zz[;fe]=R0.1+[:_‘e]Y, 8]
m m
——
A

with Are, iy € RY X Ny, Zie = [ Zee(o)+ Zeeljon) -+ ZeeCjoon) |,
Zin = [Zim(jwl)“' Zim (J)- Zim(ij,)]T and Y € R™1 To

calculate Y from Z, it is necessary to determine A and Apl
Unfortunately, the determinants are nearly singular leading to an ill-
conditioned matrix A: |A.| ~# 0 and |Ai,| ® 0. Therefore, the
equation is not directly numerically solvable for Y.

Analytical solution.—If a mathematical expression is available, a
continuous analytical solution for the distribution function can be
found by directly solving the integral equation. For a known closed-
form analytical impedance transfer function, the corresponding
distribution function can be computed by various methods. As early
as 1941, Fuoss and Kirkwood®' presented a transformation that
evaluates the analytic real and imaginary parts of the transfer
function, which is still a popular approach today.

Rosenberg™ showed a method similar to that used by Fuoss and
Kirkwood.”" After small changes in his approach, it can be seen that
the distribution of relaxation times can be calculated analytically by

replacing jw in Z(jw) with % . T

y(z) = L . (Z(l . ejﬂ) — Z(l . e—jﬂ)) [9]
27 T T

Note that Eq. 9 will only yield a real-valued distribution y (z) if
the impedance function Z(jw) can be represented by the kernel
function selected in Eq. 6. Details can be found in Appendix C. The
advantage of this transformation is that it does not require a
separation of the real and imaginary parts, which simplifies the
analytical solution. However, both transformations lead to the same
distribution function. Inserting the generalized phasance transfer
function Eq. 4 into the transformation Eq. 9 yields the distribution
function

B £ sin(gn)
Yre(z, @) = 27 cosh(g[In(zrg) — In(z)]) + cos(gn)’

[10]
Analogous to the effect of ¢ on the impedance, the value of ¢
determines the type of element. Note that the solution is only valid
for 0 <@ <1 and —1 < ¢ < 0. For ideal elements with |p| =1 the
distribution function must be simplified to scaled Dirac impulses.

Separated-sparse-spike deconvolution.—The SSSD method is a
modified version of the sparse spike deconvolution, which is a signal
processing technique used in seismic data analysis.”® The method
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tries to find isolated sharp peaks in the signal. In Ref,”® the algorithm
is described in detail. However, the minimization equation was
slightly modified to

min (||Zim — Aim - G@) - €l + |1Zre — Are - G(@) - €|>

O<p<1
+ [[VIn(1 + @) |l
As

. N/Z—m) [11]

In contrast to other regularization methods that typically use the
norm of Z, the SSSD method uses a sparse vector @ for the
regularization. An issue that arises is that ¢ is nearly independent of
the magnitude and the resolution of the spectra. Therefore it should
be scaled with the mean Z,. and the number of data points Ny A

suitable regularization parameter \g was empirically determined to
be approximately 3000.
The vector c is calculated in each iteration by

min(”Zre - Are ° G(q’) ) C”z)‘ [12]

By adding the condition ¢ >0, the distribution function will be
positive. After the minimization, it is obtained by

Y=G(p)-c [13]

which can afterwards be used to find the ohmic offset R, by solving
the optimization problem

n}ein(”Zre - RO 1= Are : Y“Z) [14]
0

Van-cittert-/gold-algorithm.—In Ref,’® it can be seen that the
Gold algorithm, a modified version of the Van-Cittert algorithm,
gave good results in determining a positive DRT. It is now used to
determine the unconstrained distribution function Y. The algorithm
is iterative and its extent of regularization depends on the iterations
n. First, the distribution function is determined separately for the real
and imaginary parts. The solution for the real part is calculated with

Y'l,n+l = Yi,n + ﬂ](ArTlee - AiAren,n) [15]
and y; = m and the solution for the imaginary part with
Y'2,n+l = Y.Z,n + Mz(Ai];nZim - Aiy;nAimY‘Z,n) [16]
du = L+
MNCH2 =

To determine the number of iterations required to achieve
optimal regularization, a similar technique described by Nicolas
et al.>* is applied. In contrast to their proposed method, which
requires two spectra, only the imaginary part and the real part are
used to find the best iteration number 7., by minimizing

min|[Yj, — Wp,ull2- (17]

This method depends on good preprocessing. An incorrectly
determined resistance R, causes a shift in the real axis and therefore
an additional peak in Y';. To eliminate this dependence, the real part
used in Eq. 15 is replaced according to the derivation shown in the
Appendix D, giving

e

Yi,n+l = Yi,n + .u](AgZ/ - AI,'ZA;’EY‘],IZ) [18]

. 1
ith = ——.
with i = g

After finding the optimal number of iterations n., with Eq. 17,
the final distribution function is computed by using the real and
imaginary parts simultaneously in

Y=Y, + %(A;iz;e ~ATALY,)
+ %(A?;nzim —- AL ALY, [19]

until n = ngy. The same optimization problem as for the SSSD in
Eq. 14 is used to determine the ohmic offset Ry.

Generalized distribution of relaxation times method.—In this
approach, the underlying Fredholm integral, as shown in Eq. 7, is
discretized into a sum of RC elements, representing a Voigt network.
Each element has a unique time constant 7, and a corresponding
polarization (7). The time constants must be predefined with a
logarithmic spacing, while the frequencies are given by the experi-
ment. The number of time constants is independent of the frequen-
cies, but it is recommended to use a larger number of time constants
and to extend their range by at least one decade. This helps to
minimize boundary effects in the distribution function.*'

As shown in Eq. 8, this results in a system of real-valued linear
equations. The inverse problem is ill-posed and the system matrices
are ill-conditioned, which requires the use of a regularization
technique. For this purpose, the Tikhonov L2 regularization is
most commonly used. The regularization parameter Ag can be
selected using the real-imaginary cross-validation (RICV)
method,> the L-curve method,* or other comparable techniques.”!
In this study, the Tikhonov regularization in combination with the
L-curve method is used.

With the extended DRT (eDRT), Hahn et al.'"* took this idea
forward to cover non-distributed capacitive and inductive features in
the spectrum by adding lumped serial elements to the Voigt network.
For a more general approach, Danzer®® proposes the generalized
DRT (gDRT) with the addition of a second distribution function that
includes the kernel function of an RL element to allow the analysis
of any spectrum exhibiting resistive-inductive behavior. However,
this increases the size of the equation system.

To address this disadvantage, the second distribution function can
be replaced with a single unconstrained distribution function. The
resulting size and structure of the matrices and vectors can be found
in Ref.*!. This reformulation leads to a more compact and efficient
minimization problem

min (|[AgYc — Zl|2 + |46 Ycll2) [20]
Y eR

to be solved. The optimized vector Yg = [Y Ry Cy LO]T inherits
the distribution function Y and the parameters of the lumped serial
elements Ry, Cp and L,. Without the use of regularization, the
concept is identical to that of the extended Kramers-Kronig test,
which is commonly used to validate impedance data.>®

Interpretation of a negative distribution function.—Both resis-
tive-capacitive and resistive-inductive characteristics can be mod-
eled with the same kernel function by substituting the resistive-
inductive element with a resistive-capacitive element, which has a
negative phasor ¢. It can be represented as a negative resistive-
capacitive element with an ohmic shift. This can be demonstrated as
follows (full derivation in the Appendix A):

Zrp(=R, @, T, jo) + O = Zpy (R, @, 7, j©)

-R o= R Gory
1 + (jor)? T 1+ (jor)?
©0=R [21]

Instead of having two separate distribution functions for resis-
tive-capacitive and resistive-inductive elements, they are now super-
imposed into
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Y(zr) = YRC (r) — }/RL(T)' [22]

With this and the substitution shown in Eq. 21 the Fredholm integral
of the DRT (see Eq. 6) transforms according to the Appendix B into

(o) Y' (o)
Z(jo) = Rowe + [ ——— dinz+ [~y dinz 23]
- 1 + jot —o0
The integral of the distribution function gy, which characterizes the
resistive-inductive elements, now adds an extra contribution to the
ohmic offset. To derive a discretized form of Eq. 23 two discretiza-
tion steps are required: First, the integral is transformed into a
discrete series of time constants, and second, the continuous
functions for frequency and impedance are replaced by its corre-
sponding discrete measurement samples, resulting in

Y
Z(jo,) = R + E + E P — [24]
(jom) 0,true & TRL k P 1+]wm7k
£Ro pRT

In order to recover the true ohmic offset Ry e, the ohmic offset
Roprt obtained by the DRT must be corrected with the polarization
of the resistive-inductive distribution function. The same applies to
the calculation of the total resistive-capacitive polarization. For this,
the superimposed and unconstrained distribution function Y’ must be
separated into both polarization types

N, N,
2 Y= Y Vesolro) - Z Yy <oz
=1 k=1 k=1

N,

= Z TRCk Z TRL k> (25]

where negative values are assigned to resistive-inductive and
positive to resistive-capacitive polarization.

The same concept can be applied if the primary kernel is based
on the transfer function of a resistive-inductive element instead.
However, this does not change the fundamental implications, and
since resistive-capacitive processes are the primary mechanism in
electrochemical systems, this approach will not be explored further.

Effect on the ohmic offset.—The ohmic resistance is a fre-
quently studied key characteristic of electrochemical systems.
However, this parameter is not always directly accessible, particu-
larly when inductive or resistive-inductive characteristics are present
within the spectrum. As shown in Fig. 4, there are two conceivable
variants of how a resistive-inductive feature can interact with a
resistive-capacitive feature, depending on the relative location of the
characteristic time constants. This is visualized using a novel
approach: to show the local frequency-dependent contribution of a
selected impedance component to the overall impedance response, a
weighting metric is calculated. This metric reflects how the shape of
the impedance curve changes as the selected component is removed
from the overall spectrum in frequency increments. It is determined
from a combination of the rate of change of the modulus of the local
deviation between the full and modified spectrum and the rate of
change of the modulus of the selected impedance component itself.
Thick lines indicate regions where the selected element has a
pronounced effect on the spectrum. Importantly, this approach
does not represent a physical removal of circuit elements such as
RC or RL pairs. Instead, it quantifies the contribution of the selected
component to the composite spectrum based on simulated incre-
mental subtraction and modulus deviation. A comparably slow
resistive-inductive process appears at low frequencies, while a faster
process appears at high frequencies. A slow resistive-inductive
process with a large time constant, adds its entire polarization to

the zero-crossing resistance. In the other case, the zero-crossing is
only partially shifted, depending on the overlap and the polarization
ratio of the opposing processes. A relatively high resistive-inductive
polarization and a large overlap will induce a larger shift than vice
versa. This can be mathematically expressed by separately analyzing
and combining the resistive-capacitive case (¢ > 0) and the resis-
tive-inductive case (¢ < 0) of Eq. 4:

N;

Z(]a) i O) = RO,true + z 7RC,1< [26]
k=1
N,

Z(jo = ) = Ro e + Z YRL.k [27]

k=1

In such instances, relying on the zero-crossing resistance yields an
erroneous value and requires the use of an advanced analysis
method, i.e., the DRT with an unconstrained distribution function
to capture both polarization types.

However, according to Eq. 24, it is necessary to correct the
obtained ohmic resistance from the DRT analysis by subtracting the
negative polarization

NT

Ro e = RoprRT — Z [Yy<o(za)- [28]
k=1
Results

In this section, the three previously introduced algorithms for
solving the discretized problem of the distribution of relaxation
times analysis are employed to calculate the distribution function
without the non-negativity constraint. The concept of the proposed
method is proven by applying it to the impedance spectrum of a
synthetically designed equivalent circuit model. Figure 5 illustrates
the synthetic impedance spectrum of the equivalent circuit model
designed. The model parameters and frequency information are
presented in detail in Table III, located in Sect. 6. The model has
been constructed with the specific intention of serving as a proof of
concept for the proposed DRT methods. It contains a serial ohmic
resistor, a non-ideal RK element, and a non-ideal RQ element, where
each element has its maximum impact on the total impedance within
a specific frequency range. For enhanced visual comprehension, the
effective frequency range of each element is indicated by thickness
and color saturation. The higher the intensity of the marking, the
more significant the impact of the element at that frequency. The
time constants of the RK element and the RQ element are selected
far apart from each other to reduce the overlap. As a result, there is
only a minimal local effect in the range of 1.9 kHz from either the
RK element or the RQ element, meaning that the course of the
impedance remains largely unchanged if one of the elements is
removed from the model. Without a pronounced overlap, the impact
on the ohmic offset is minimized, allowing for validation of the
theoretically derived relationship between the unconstrained dis-
tribution function and the ohmic offset. This difference can be
quantified by superimposing the analytical distribution functions
(see Eq. 10) of the two elements. As shown in Fig. 6, the distributed
polarization of the non-ideal elements leads to an overlap of both
functions, which reduces the effective resistive-capacitive and
resistive-inductive polarizations and converts the difference into an
additional ohmic contribution. This effect occurs in addition to the
zero-crossing shift described in Fig. 4. Both effects can be observed
as a superposition in the given example. However, only the zero-
crossing shift is theoretically recoverable. Therefore, the results of
any DRT method are expected to align with the effective polariza-
tions according to Table IV rather than with the true parameters of
the ECM model. More significant overlapping spectra and their
implications will be investigated in subsequent publications.
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Figure 4. The figure shows the impedance for an ECM consisting of an ohmic resistor, an RC and an RL element. Depending on the position of the time constant
of the RL element, the superposition of the two elements is different. The spectrum in (a) represents a high frequency and the spectrum in (b) represents a low
frequency RL element. The superposition can be visualized geometrically and is shown exemplarily for the frequency point at 6 kHz. The frequency-specific
relevance of the impedance of a single element in the superimposed spectrum is emphasized by its line thickness. Thick lines indicate a high influence in this
frequency range.
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Figure 5. (a) Impedance spectra of the ECM model with and without superimposed noise. The frequency-specific relevance of the impedance of a single element
in the superimposed spectrum is emphasized by its line thickness. Thick lines indicate a high influence in this frequency range. (b) Residuals of the simulation
including noise with a relative error of ~21%. (c) Analytic solution for the overlapping distribution functions of both elements with the superimposed effective
polarization and the increased ohmic offset. Note: The analytic distribution function shown in (c) is a continuous solution. The quantitative polarization cannot be
compared directly with a discrete distribution function.
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Figure 6. (a) Distribution function of the impedance spectrum for the synthetic equivalent circuit model, calculated using the gDRT method. The black
distribution represents the superposition of the two shaded distributions, which correspond to the analytical solution for each element. (b) Reconstructed
impedance, including simulated interpolation between frequency points and simulated extrapolation at both boundaries by one decade. (c) Normalized relative
residuals between the DRT reconstruction and measurement. Note: The analytic distribution is presented as a continuous line for visual reasons. The values are

only valid at the discrete time constants 7.

Table III. Model parameters used for the equivalent circuit model.

Ry RK RQ
R 220 Q 500 €2 1000 ©
T — 4 s 5 ms
C/L — 2.0 mH 5.0 uF
7 — 0.88 0.80

As a detailed example, the results of the gDRT method are shown
in Fig. 6 and compared to the analytical solution. Due to the selected
synthetic model the gDRT is configured without an inductive or
capacitive serial lumped element and the regularization parameter
Ag is determined using the L-curve method. The overall shape of the
distribution function is in good agreement with the analytical
solution. The position of the peaks, or rather their time constants,
align well with the model values. Slight deviations in height and
shape can be observed, with larger discrepancies for the RK element
compared to the RQ element. This is attributed to the higher
exponent @rg, which corresponds to a sharper and therefore more
ideal characteristic. The applied Tikhonov regularization is known to
increase the smoothing and introduce more oscillations for sharper
peaks.*! With 6980, the ohmic resistance obtained from the gDRT is
higher than the anticipated resistance of 234(). However, this
difference is expected when using an unconstrained distribution
function to simulate resistive-inductive characteristics. According to
Eq. 28, it can be corrected by removing the resistive-inductive
polarization from the obtained ohmic offset. This results in a value
of 215€2, which is lower than the analytically derived 234€2. The
difference is due to the interaction between the Tikhonov regular-
ization and the characteristic time constant of the RK element. In the
magnified Section of Fig. 6(a), the time constant range extends

beyond the lower limit of the measurement range and shows a
positive polarization contribution. Due to the distant time constants,
the resulting impedance manifests itself as a purely ohmic shift
within the measurement range. Consequently, its contribution has no
effect on the residuals, and without the penalty term of the Tikhonov
L2 regularization, the polarization of the lower extension can no
longer be uniquely distinguished from the lumped series resistance.
However, the inclusion of the penalty term constrains this domain to
minimize the L2 norm, ultimately causing the observed overshoot
and reduced ohmic resistance. This is further confirmed by high-
frequency extrapolation of the simulated impedance, where the
overshoot produces an additional high-frequency resistive-capacitive
contribution. Considering the polarization of the Section of 13.2€,
the obtained ohmic resistance differs from the analytical value by
—2.6% and without by —8.2%.

The results of the remaining methods are presented and compared
both visually with the analytical and purely data-driven ELSA
solution®® in Fig. 7, and quantitatively in Table IV. All distribution
functions obtained show good agreement with the analytical solu-
tion. It should be noted that the following comparison is not intended
to determine which method works best for this specifically selected
impedance spectrum, but rather to evaluate whether the proposed
modification produces valid results.

Among the methods tested, the SSSD algorithm comes closest to
the true solution in terms of shape, process polarization, and ohmic
offset, with a relative error of less than 0.9%. The distribution
function has no visual oscillations and avoids overshooting in the
high frequency range, unlike the gDRT method or the VanCittert
algorithm.

The VanCittert algorithm behaves more like the gDRT method,
with visible oscillations and more smoothed peaks. Interestingly, the
distribution function shows a qualitatively identical overshoot in the
high frequency range, but with a lower polarization of 5.9€2. Adding
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Figure 7. (a) Comparison of the analytically calculated distribution function with the results of the gDRT, VanCittert and SSSD methods. The calculated ohmic
offset Ry, the corrected true ohmic offset Ry, and the meta-parameters of the methods are shown in tabular form. (a) Comparison of the simulated and
extrapolated impedance of the model and the gDRT, VanCittert and SSSD methods. Note: The distribution is presented as a continuous line for visual reasons.

The values are only valid at the discrete time constants 7.

Table IV. Comparison of the true model parameters and the parameters calculated by the gDRT, VanCittert, and SSSD methods. R, is the

resistance obtained directly by the methods, Ry ;ye-

Model Analytical gDRT VanCittert SSSD ELSA
Ro true 22092 2340 22652 235Q 2380
Ry — — 7109 717 —
YYre —50092 —48612 —4830Q —4850Q —482Q) —483Q
YYre 10002 98612 10130 97782 9820 94612

Table V. Information on test objects, operating conditions, measurement equipment, and conditions as well as references.

Lithium-ion battery

Synthetic Model

PEM fuel cell

Technology details
graphite, 2.5 Ah
Operating point 50% state of charge, 3.27 V, 20 °C

Measurement device Zahner Zennium Pro

EIS mode galvanostatic
Amplitude 30 mA
Min. frequency 52 mHz
Max. frequency 17 kHz
No. of frequencies 49
Reference Danzer®®

this additional polarization to the ohmic resistance, the total is
231.7€2, which corresponds to a relative error of 1%.

In terms of total resistive-capacitive polarization, the gDRT
method overestimates it by 13.8(2 (1.4%), while the VanCittert
algorithm underestimates it by —14.9Q (—1.5%). This difference is
visually apparent in the low-frequency impedance extrapolation,
where the gDRT semicircle appears slightly larger and the
VanCittert semicircle appears slightly smaller. In contrast, the
SSSD algorithm performs best, with a deviation of only —4(2
(—0.4%). For the total resistive-inductive polarization, the differ-
ences between the methods are relatively small, with a maximum
deviation of 0.8%, making them very comparable in this aspect.

A123 Systems, 26650 lithium iron phosphate—

R-RK-RQ ElringKlinger single PEM fuel cell, active surface area
50 cm?
— 1A, relative humidity of 83.4%, stoichiometry of
4.0/2.0
— Scribner Associates fuel cell test station with 885 Fuel
Cell Potentiostat
— galvanostatic
— 100 mA
10 Hz 10 mHz
100 kHz 3981 Hz
81 57

— Pivac et al.”’

The ELSA method aims to identify a minimum-order system that
accurately describes the data. While the other deconvolution
methods lead to a model order of 164, ELSA achieves a significantly
lower model order of 10. Due to this structural difference, a direct
comparison with the analytical solution is not straightforward, as it
consists of single separated peaks. What can be seen is that the
envelope of the peaks closely follows the shape of the analytical
solution. The overall polarization of the resistive-inductive peaks is
comparable to the other methods. In the case of resistive-capacitive
polarization, the difference is —4052 (—4%). A possible explanation
for the higher deviation is that ELSA, as a purely data-driven
method, has no regularization technique to smooth the solution.



Journal of The Electrochemical Society, 2025 172 060514

Without this, it is not able to reconstruct or approximate the missing
polarization of the distributed process beyond the lower measure-
ment frequency. However, much more interesting is the determined
ohmic offset: With an error of 4€2 (1.7%), it confirms the expectation
of the analytical solution and shows that the ohmic offset correction
works correctly for the other methods.

Conclusions

The distribution of relaxation times (DRT) method represents an
effective approach for analyzing electrochemical impedance spectra.
By transforming the data into the domain of time constants, the
separability of peaks can be enhanced without the necessity of
a priori understanding of the occurring processes, allowing for a
more comprehensive insight. It is therefore the preferred method for
identifying and characterizing features within an electrochemical
impedance spectrum and attributing them to underlying physico-
chemical processes. However, the impedance spectra of many
electrochemical systems, especially those of lithium-ion batteries,
electrolyzers, and fuel cells, are rather intricate. In addition to an
ohmic offset (R) and resistive-capacitive (RC) characteristics, they
also comprise resistive-inductive (RL), inductive (L), and capacitive
(C) characteristics.

In this study, the concept of phasances is adapted to extend the
deconvolution method of the DRT by allowing the use of a negative
distribution function to simultaneously capture both resistive-induc-
tive and resistive-capacitive characteristics within a single distribu-
tion function. The general applicability is demonstrated using three
different algorithms: the generalized DRT, the VanCittert algorithm,
and the Separated Sparse Spike Deconvolution method. Each
algorithm uses a unique computational approach to solve the
underlying Fredholm integral equation of the DRT analysis. The
modification is validated by comparing the computational results
with an analytically derived solution of an equivalent circuit model.
An efficient transformation is used for this step, which does not
require a prior separation of the transfer function into its real and
imaginary parts.

The results confirm that it is feasible to successfully remove the
non-negativity constraint traditionally imposed on the distribution
function to capture resistive-inductive behavior. However, this
change requires additional considerations for determining the ohmic
offset. For an electrochemical system, the observed zero-crossing
resistance typically deviates from the true ohmic offset due to
overlapping resistive-inductive and resistive-capacitive characteris-
tics, causing an increase in resistance as well as a visual shift. The
presented modified DRT approach helps to determine the true ohmic
offset. However, due to the removal of the non-negativity constraint,
the resulting ohmic offset from the analysis is a superposition of the
true ohmic offset and the sum of the negative polarization and must
be corrected. The resulting ohmic offset of all three modified
deconvolution methods falls within the range of the expected
analytical value and thus proves the correction approach. This is
further supported by the result of the purely data-driven and
unmodified ELSA method.

By removing the non-negativity constraint on the distribution
function and applying the post-processing step to the ohmic offset,
the first part of the challenge of analyzing spectra containing both
resistive-inductive and resistive-capacitive characteristics is met.
This provides significant advantages for subsequent analyses that
rely on the determined resistance, as it eliminates the need for prior
data truncation, which would result in a distorted distribution
function and incorrect ohmic offset.

However, the discussion of the results suggests that there are
other influences that affect the successful and reliable interpretation
of the results of the DRT analysis. The removal of the non-negativity
constraint interacts with the regularization technique, leading to

ambiguities in the boundary regions and different peak shapes with
an increased tendency to show oscillations. This complicates the
process and leads to additional challenges that will be addressed in
the following parts.

Experimental

The equivalent circuit model used consists of one ideal resistance
R, one non-ideal RL process Rk, and one non-ideal RC processes Ry,.
The time constant of the RL process is selected with the intention of
avoiding an overlapping RL/RC behavior in the spectrum by placing
it in a different order of magnitude from the time constant of the RC
processes. Without a pronounced overlap, the impact on the true
ohmic offset is minimized, allowing for validation of the theoreti-
cally derived relationship between the unconstrained distribution
function and the ohmic offset.

In order to simulate real-world measurement conditions, a
complex Gaussian white noise was applied to the synthetic im-
pedance data. The magnitude was chosen to give a relative error of
approximately 1% in the residuals, and the frequency ranges from
100 kHz to 10 Hz, with 20 steps per decade. The model parameters
are listed in Table III.

Details on the in Fig. 2 presented experimental impedance data
can be found in Table V.
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Appendix A. Context of a Negative Resistance in the Generalized
Cole-Cole Model

The generalized form of the Cole-Cole model can be used to
define the impedance function of a resistive-inductive element by
inserting a negative phasor ¢ in its equation:

R - (jor)?

1 + (jwr)? (A1l

ZRK(R9 @, T,jCU) = ZR¢(R7 -, T, ]a)) =

The same can be achieved by using a negative resistance instead.
However, this requires an additional correction term, which can be
calculated by comparing both approaches:
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It can be observed that the impedance function of a resistive-
inductive element can be represented by the impedance function of a
resistive-capacitive element when the polarization is considered
negative and its value is added as an additional ohmic resistance.

Appendix B. Derivation of the Fredholm Integral Equation for
the Generalized Cole-Cole Model
The underlying Fredholm integral of the DRT, defined as

Z(jw) = Ry + /w 7D i, [B-1]

- 1 + jor

can be adapted to represent resistive-inductive and resistive-capaci-
tive impedance features. For this, the integral is first extended to
inherit the two distribution functions that are restricted to positive
polarization. Next, the expression is rearranged and the two
distribution functions are combined according to

Y = e — 7L [B-2]

to represent them with a single unconstrained distribution function:

)
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It can be seen, that the substitution is adding an additional ohmic
offset with its resistance equal to the total polarization of the
resistive-inductive distribution function.

Appendix C. Derivation of the Analytical Distribution Function
for the Generalized Cole-Cole Model

To get the analytical DRT function of a known element, we need
the transfer function. E.g. for the Cole-Cole model, its given by
Eq. 4:

R

Zrg(jw) = ————
Ry () 1+ (jor)?

Inserted in Eq. 9:
Y @rg = 2= (z(l : ej”) - z(l . e_j”))
2z T T
this leads to

R : R
1+ (% el )w 1+ (% . e_j”TR(/))

[C1]

J
J’(T)R¢=5' 7 |

Note that (e¥/7)? = ¢*"® is a fractional multi-valued function. The
complex function Z(s) must be evaluated with s approaching the
branch cut of the exponential term on the negative real axis from the
upper and lower half-plane, respectively. Therefore, the limits
Z(—1/7 + jOy) # Z(—1/7 + jO_) act as a complex conjugate in the
s-plane and the argument of Eq. 9 does not vanish. To simplify it
further, we rearrange the inner terms separately. Additionally, for a

better readability, we replace (T%d’)(ﬂ with T.
Rk
[ @
1 + (; . ei/”rR,/,)
_ 1
1+ T.em
1+ T e%m
1 + T? 4 Te¥™™ 4 Texi™
1+ T-e%m
1 + T? + 2T cos(ngp)
T—l + eijﬂ(/}
T'+ T + 2cos(ap)
Usingx + x~! = 2 cosh(ln x)results in
R T + %
" 2 cosh(In(T)) + cos(zep)

Inserting this expression for both terms leads to:

Y(DRrp = S (R T4
2 2 cosh(In(T)) + cos(zg)

R T~ + e/
2 cosh(In(T)) + cos(zg)

R —2j sin(zg)
2 cosh(In(T)) + cos(zg)

Y(Drgp = i .

As can be seen, the DRT function for the Cole-Cole model is:

_ R sin(zg) )
TR = cosh( - In(arg) — N + cos(rg)” (2

Appendix D. Derivative of the Real Part
The real part of the impedance is defined by
Zeljo) =Ro+ [~ Y(@)— ' _dine [D-1]
et/ 0 - 1 + w?z?
For a discrete set of (measured) frequencies w and pre-set time
constants 7 this can be simplified to

Z. =Ryl +A.Y. [D-2]
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with 1 being a vector of ones, A, the matrix containing the kernel

function —
1 4+ w272

points, and Y the vector of polarizations at the pre-set time constants
constituting the discrete distribution function. However the equation
can be derived from In(w)

evaluated at the frequency and time constant set

dZ.(w) _ dRy + d
din(w) dln(w)

= d 1
Ze@= [ Y@
@=J.. (T)dln(w)(uwzﬂ) o
—2w%7?

7! (@) = /_m Y(T)(m)dlnr

This can be simplified to

f T YO i,
dlin(@) /-« 1 + 0?2

Z.=A.Y [D-3]

Therefore, the real displacement Ry becomes unnecessary when the
DRT is calculated using the gradients.
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