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Zusammenfassung

In dieserArbeit werdenMusterbildungsphÄanomenein zwei unterschiedlichen, rotieren-
den, elektrisch leitenden FlÄussigkeitssystemenunter dem Ein°u¼ einesMagnetfeldes
untersucht. Es handelt sich einmal um den sog. rotierenden Annulus, der z.B. Kon-
vektionsstrukturen im Äaquatorialen Bereich von rotierenden HimmelskÄorpern model-
liert. In dem zweiten Beispiel geht es um ScherstrÄomungsinstabilitÄaten, wenn einer
Fluidschicht von au¼enein Geschwindigkeitsgradient aufgeprÄagt wird. Neben vielen
technischenAnwendungen(Turbinen) wird dieseSituation auch Äuber denWind, der an
der Wasserober°Äache der Ozeaneangreift, realisiert. Die Konkurrenz zwischen Cori-
oliskrÄaften, Auftriebs- bzw. ScherkrÄaften und besondersden magnetischen KrÄaften,
die bisher in der Literatur fÄur diesebeidenSystemepraktisch nicht betrachtet wurden,
fÄuhrt zu reizvollen komplexenMusterbildungsphÄanomenen.

BeideSystemewerdendurch gekoppelte, nichtlineare partielle Di®erentialgleichun-
gen beschrieben. Die mathematischen Standardmethoden zur ihrer Analyse werden
in Kapitel 1 besprochen. Der Einsatz der musterbildendenInstabilitÄaten als Funk-
tion der verschiedenenÄau¼erenKontrollparameter ist im Rahmen einer linearen Sta-
bilitÄatsanalysezu charakterisieren. Im schwach-nichtlinearen Bereich werdendie resul-
tierendenMuster mit Hilfe von sog. Ordnungsparametergleichungen,derenHerleitung
leicht verallgemeinertwurde, beschrieben. Im voll nichtlinearer Bereich sind dann die
Grundgleichungennumerisch exakt zu lÄosen,wobei wir verschiedeneGalerkinmethoden
verwenden.

Unter dem\rotierenden Annulus" (Kapital 2) verstehenwir einevon innengekÄuhlte
Fluidschicht im Mantelbereich eines rotierenden Zylinders unter dem Ein°u¼ eines
azimuthalen Magnetfeldes. Neben der Rayleighzahl R als Ma¼fÄur den angelegten
Temperaturgradienten und der Prandtlzahl P (das VerhÄaltnis von Dissipation durch
StrÄomung und durch WÄarmeleitung), spielen die Rotationsfrequenz(parametrisiert
durch die dimensionsloseCorioliszahl ¿) und die StÄarke desangelegtenMagnetfeldes
(beschrieben durch die dimensionslosemagnetische FeldenergieQ) einewichtige Rolle.
Das VerhÄaltnis von Q und ¿2 bestimmt z.B. die Orientierung der Konvektionsrollen
bezÄuglich der Rotationsachse. Ausgehendvon einer ausfÄuhrlichen Analyze des lin-
earenBereichs wird der nichtlineare Bereich untersucht, in den man experimentell z.B.
durch VergrÄo¼erungR vorstÄo¼t. Von besonderemInteressewaren die sog. Knoten-
und Hexaroll Muster, bei denensich entlang der Rollenachse kurzwellige Modulatio-
nen ausbilden. Im Falle gro¼erPrandtlzahlen P konnte MultistabilitÄat der Muster
nachgewiesenwerden,d.h. verschiedenartigeRollenmusterstehenin Konkurrenz. Neben
rÄaumlich periodischenMustern kÄonnensich bei gleichenÄau¼erenParameternsolchemit
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komplexer raum-zeitlicher Dynamik ausbilden, die sogaroft einen grÄo¼erenEinzugs-
bereich haben. Der Fall kleiner P erwiessich als noch komplizierter, da viele Bifurka-
tionen subkritisch waren.

Im Kapitel 3 wurde das magnetische Ekman-Couette Problem untersucht. Eine
Fluidschicht be¯ndet sich zwischenzwei Platten, die in entgegengesetzterRichtung mit
konstanter Geschwindigkeit (parametrisiert durch die dimensionsloseReynoldszahlRe)
bewegt werden. Die Anordung wird um eine Achsesenkrecht zu den Platten rotiert,
das Magnetfeld zeigt in die gleiche Richtung. Es bildet sich im Grundzustand ein
Geschwindigkeitsgradient senkrecht zu den Platten aus. Ohne Rotation der gesamten
Anordnung ergibt sich so eine einfache CouettestrÄomung. Sie ist linear stabil fÄur be-
liebigeRe. Bei endlichem¿ bilden sich jedoch eineGrenzschicht an denPlatten aus,in
der sich der Geschwindigkeitsgardient konzentriert (\Ekman Layer"); er liegt dann in
einerEbene,die nicht parallel zur Zugrichtung der Platten ist. Die Grenzschichten wer-
denlinear instabil gegenRollenstrukturen, die stationÄar seinkÄonnenaber auch wie eine
ebenenWelle laufenkÄonnen. Es werdenwiederdie im Kapitel 1 beschriebenMethoden
angewendet, wobei die Existenz einer StrÄomung schon im Grundzustanddie Rechnun-
gen deutlich komplizierter macht. Abgesehenvon der BerÄucksichtigung desendlichen
Magnetfeldes(Q 6= 0) wurden schon bekannte lineare und nichtlineare Analysen fÄur
Q = 0 deutlich erweitert durch Verbesserungder numerischen Techniken. Besonderes
Augenmerk wurde auf die zwei unterschiedlichen Typen (I/I I) von laufendenWellen
gelegt,die sich sowohl in ihrer Ausbreitungsrichtung als auch ihre Frequenzunterschei-
den. SpektakulÄareAuswirkungeneinesendlichenMagnetfeldeswurdenallerdingsnicht
endeckt. Es wirkt generellstabilisierendund fÄuhrt eherzu quantitativ en Verschiebung
von StabilitÄatsgrenzen.

Es besteht einigeHo®nung, da¼in der nÄachster Zeit Experimente in Angri® genom-
men werden, mit denensich unsereErgebnissedirekt vergleichen lassen. Mit den in
dieserArbeit entwickelten Codesstehenalle theoretischen Hilsmiitel zu ihrer Analyse
bereit.



In tro duction

As wavesupon my head the circling curl,
So in the sacred dance weave ye and whirl.

Dance then, O heart, a whirling circle be.
Burn in this °ame - is not the candle He?

Mevlana -The Masnavi (1250 AD)

Patterns are observed in many di®erent systemsin nature. They are seenin the
cloud streets, in sand ripples, in the morphology of plants and animals, on weather
maps, in chemical reactions [1]. In all these casesone deals with open, continuous
dissipative systemswhich are driven out of equilibrium by an external stress. If this
stress is larger than a certain threshold value, the symmetry of the temporally and
spatially homogeneousgroundstate is spontaneouslybroken[1]. The resulting patterns
show then periodicity in spaceand/or in time.

One of the best studied examplesis the convection instabilit y when a °uid layer is
subjected to a temperature gradient. For instance, in a horizontal °uid layer heated
from below and cooled from above a striped patterns of convection rolls develop. This
scenario describes the famous Rayleigh- B¶enard convection (RBC), as a standard
paradigm of pattern formation [2, 3, 4, 5]. Many conceptsand mathematical tools
to analyzethe patterns have beendeveloped and tested for this case[1, 2, 6, 7].

This thesis dealswith two di®erent pattern forming systems,namely a particular
exampleof a convection instabilit y and the caseof a shear°ow driven instabilit y. In the
¯rst part of the thesis, a variation of the standard RBC is investigated. We consider
the problem of convection induced by radial buoyancy in an electrically conducting
°uid contained in a rotating (angular frequency, ­) cylindrical annulus which is cooled
at the inner surface and heated from outside. In addition, an azimuthal magnetic
¯eld (B) is applied for instanceby an electrical current through the cylinder axis. The
motivation of this study hascomeoriginally from the geophysicalcontext. This setupis
hoped to capture someimportant featuresof convection patterns in rotating stars and
planets near the equatorial regions[8, 9, 10, 11]. The problem is also of considerable
interest from a more generalpoint of view in that it is concernedwith formations of
patterns in the presenceof two competing directional e®ects,in this caserotation and
the magnetic ¯eld.

The secondpart of the thesis is devoted to the the pattern formation by a shear
°ow betweentwo rotating and in¯nitely electrically conductingplateswith a magnetic
¯eld perpendicular to the plates. This geometryis calledthe magneticEkman-Couette
layer and hasbeena basicmodel for magneticactivities at the boundary of the Earth's
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2 Introduction

liquid coreor at the tachocline in the Sun below the convection zonefor a few decades
[12, 13, 14, 15, 16].

To analyze the forementioned problems, various codes and computational tools
had to be developed, for instance, we were able to describe complex spatio-temporal
patterns by the direct simulations of the underlying hydrodynamic equationsfor our
problems.

The discussionof the physical details of the systemsare postponed to the intro-
ductory sectionsof the corresponding parts of the thesis. In Chapter 1, a general
formulation of the linear and nonlinear analysis, methods, which are applicable to
both pattern forming systemsin this work will be presented. The investigation of
thermal convection in a plane layer which is a geometryequivalent to the cylindrical
annulus will be discussedin Chapter 2. The next chapter (Chapter 3) coversboth the
linear and nonlinear analysesin the caseof magnetic Ekman-Couette layer problem.
Finally, in Chapter 4, we will present the generalconclusionson both of the systems.



Chapter 1

Mathematical Description of
Pattern Forming Instabilities

In this chapter, we describe commontheoretical methods to analyzepattern forming
non-equilibrium systemsunder an external stress, where we follow closely previous
presentations [2, 1, 17, 18]. Particular emphasisis laid on the universalfeaturesshared
by patterns in di®erent systems.

Weexclusively study largeaspect-ratio °uid systems,wherethe horizontal extension
of a °uid layer in the x¡ y planeis much larger than its vertical extension(z¡ direction).
Thus lateral boundaries are assumedto play no crucial role and as usual periodic
boundaryconditionsareadopted,which leadto a convenient descriptionof our patterns
by Fourier modesin a 2D-wave vector (q) space.This characterization applies to the
Ekman-Couette problem where the °uid layer is betweentwo large plates with small
distanceand alsoto the rotating cylindrical annulus whenthe gapis small comparedto
the height and the radius of the cylinder. The external stress,which drivesthe system
out of equilibrium, is associated with a control parameter R. At low values of R,
the systemis spatially homogenousin the two horizontal directions. Above a certain
threshold value, R = Rc, this basic state becomesunstable and a regular periodic
pattern in the x ¡ y plane develops. Thus, the translational symmetry in the plane
is broken. The periodicity of the pattern is described in Fourier spaceby the number
of non-vanishing Fourier components. In most casesone observes the nucleation of
stripes(rolls) at Rc with one Fourier mode at a critical wave vector qc, while squares
require two and hexagonsthree modes for their description. Note that in counting
modeswe do not distinguish betweenq and ¡ q becausethe pair contributes equally
to the pattern in real space. With increasingR the patterns encounter sequencesof
secondarybifurcations which lead to increasinglycomplexscenarioswith diminishing
degreeof symmetry.

The derivation of the basic equations is a separateproblem. One rests on a hy-
drodynamic description with the useof Navier-Stokesequationsfor the velocity ¯eld
supplemented, for instance, by the heat-di®usionequation in the annulus problem.
Thus, from a mathematical perspective, we have to analyzethe solution manifolds of
couplednonlinear partial di®erential equationscombined with bifurcation analysesto
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4 Chapter1. MathematicalDescriptionof Pattern Forming Instabilities

assessthe stabilit y of the solutions. For simplicity we usea symbolic vector notation
V for the collectionof the ¯eld variablesrelevant in the speci¯c problem (temperature,
velocity, etc.) and introduce the following condensednotation for the full set of the
(hydrodynamic) equations:

D
@V
@t

= L(R)V + N (V ; V ): (1.1)

We assumethe ¯elds to be normalized in such a way, that V = 0 corresponds to the
basic (primary) unstructured state. The symbols L and D represent linear matrix
di®erential operators; N denotesthe quadratic nonlinear couplingsof the ¯elds in our
systems. The solutions of Eq. (1.1) have to ful¯ll certain boundary conditions in the
vertical direction at the con¯ning plates of the °uid layer, e.g. the velocity ¯eld hasto
vanish there.

In the following sectionswewill ¯rst discussthe linear stabilit y of basicstate, which
determinesthe threshold Rc and the critical wave vector qc of the patterns. Then we
discussthe construction of 2D-periodic solutions of Eq. (1.1) in the nonlinear regime
and their stabilit y. Slightly above threshold, the calculationscanbe simpli¯ed in terms
of the weakly nonlinear analysiswhich leadsto order parameterequations.Finally, we
discussbrie°y the direct simulations of the equations.

1.1 Linear analysis

In the present thesis we consider axially anisotropic systems. For de¯niteness, the
preferredaxis(e.g. the rotation axis in the annulusproblem) is assumedto beparallel to
the y-axisof a Cartesiancoordinate system. The pattern forming instabilit y is obtained
from a standard linear stabilit y analysisof the basic(primary) state V = 0. An ansatz
V (x; t) = ȩ t ei q¢r U (q; z) with x = (x; y; z) = (r ; z) and q = (qx ; qy) diagonalizesthe
problem. From (1.1) onearrivesat the linear eigenvalue problem:

¸ D(@r ! iq; @z)U (q; z) = L (@r ! iq; @z; R)U (q; z): (1.2)

The eigenvalues¸ depend on q and the control parameter R. We concentrate on the
eigenvalues¸ = ¾(q; R) + i! (q; R) with the largest real part, determining the growth
rate ¾and the frequency! (possiblyzero)of planformsnearonset. In our systemswith
a preferred direction (axial anisotropy) ¸ dependsseparatelyon the two variables q2

x
and q2

y (in an isotropic systemsonly the rotationally invariant combination q2 = q2
x + q2

y
appears). Furthermore complexeigenvaluesappear in pairs ¸ 1;2 = ¾§ i! .

The condition ¾(q; R) = 0 de¯nes the neutral surface R = R0(q) in the R; q-
spacethat separatesthe exponentially growing (R > R0(q)) from the decaying linear
modes (R < R0(q)). The threshold Rc is obtained by minimizing R0 with respect
to q (equivalently by maximizing ¾). This gives the critical wave vector qc and the
critical frequency! c = ! 0(qc; Rc). Note that in isotropic systemsqc is continuously
degenerateon a circle. If ! c = 0, which is the simpler and more commoncase,onehas
a stationary bifurcation leading to a stationary pattern. Otherwiseonehasa Hopf (or
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oscillatory) bifurcation. Then we have two degeneratelinear modescorresponding to
wavestraveling in opposite directions.

In the isotropic caseonecannot extract more information from the linear analysis,
except in special situations, e.g. where two minima of R0(q) coincideaccidentally or
nearly coincide. Then one dealswith a codimension-2bifurcation scenariothat calls
for special treatment.

In an axially anisotropic system one can further distinguish two cases. If the di-
rection of qc = (qc; pc) is perpendicular to the preferredaxis one speaksof transverse
rolls (pc = 0), in contrast to longitudinal rolls when qc = 0. On the other hand, if qc is
at an oblique angleto the preferredaxis, onespeaksof obliquerolls. Then onehasan
additional spontaneously broken symmetry (chiralit y) and two symmetry-degenerate
directions with § qc (zig and zag).

Let us ¯nally add sometechnical remarks. Eq. (1.2) can be solved by Galerkin
methods, whereoneexpandsU (q; z) with respect to a ¯nite number of test functions,
which satisfy the boundary conditions in the transverse(z) direction. The operators
D; L are thus mapped on matrices,which act on the "vector" of the expansioncoe±-
cients. For the resulting algebraiceigenvalue problem fast e®ective computer routines
are available. Thus the linear properties can be obtained easily by fully automated
iterativ e procedures.The neutral curve R0(q) as the smallestzero of ¾(q; R) = 0 for
a given q is easily constructed by standard root-¯nding algorithm [19]. Also for the
minimization of R0(q) to determineqc; Rc robust and powerful methods are available
[20].

In the caseof stationary bifurcations, the calculation of the neutral surfacebecomes
even more simple. It is then useful to rewrite the linear operator in the following form
L(q) = A(q) + R B(q). Since¸ ´ 0 in Eq. (1.2) the neutral curve canalternatively be
obtainedasthe smallestpositiveeigenvalueR = R0(q) of the linear eigenvalueproblem
:

(A (q) + R B(q)) V = 0: (1.3)

It is interesting, that one may obtain already quite reliable analytical expressions
(one mode approximation) for the growthrate ¾(q) and the neutral surfaceR0(q), by
restricting to one trial function for each component of U (q).

Note that Galerkin methods are much faster, more robust and easierto implement
than the often applied shooting methods. For instance,we found the e®ortfor system-
atic parameterstudiesof the linear Ekman problem to be reducedat least by a factor
of 102. In addition there is a continuousconnectionto the nonlinear regime,where in
generalGalerkin methods are almost exclusively applied.
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1.2 Galerkin analysis

1.2.1 Represen tation of perio dic patterns

To describe the spatially periodic nonlinearsolutionsV nl of the problemposedby (1.1)
subject to the boundary conditions we usethe Galerkin method as well. As a repre-
sentativ e examplefrom the annulus problem, we give the expressionfor temperature
¯eld £( x; y; z; t), in the °uid layer of thicknessd con¯ned by plates at z = § d

2 , (the
other ¯elds are represented in a similar form):

£( x; y; z; t) =
NX

n=1

MX

l ;m= ¡ M

£ lm;n (t) exp[i (l qx x + m qy y)] sin
n¼
d

(z +
d
2

): (1.4)

It is clearthat £( x; y; z; t) vanishesfor all x, y, t at z = § d
2 . Rolls correspond to certain

restrictions of the the expansionparameters: Transverserolls are realized if £ lm;n ´
0; for m 6= 0, longitudinal rolls if £ lm;n ´ 0; for l 6= 0, while £ lm;n ´ 0; for l 6= m 6= 0
describes an oblique roll pattern. Besidesrolls we will also analyze genuine three-
dimensionalpatterns in this thesis ( e.g. knots and hexarolls), where the indices l; m
vary independently from each other. Injecting ansatz(1.4) and the corresponding ones
for the other ¯elds into Eq. (1.1), onearrivesat a systemof nonlinearODE's in time for
the expansioncoe±cients like£ lm;n . In the stationary case,the ODE becomenonlinear
coupledalgebraicequationsfor the expansioncoe±cients, which are iterativ ely solved
by the Newton-Raphsonmethod. The iteration starts from weakly nonlinear solutions
(seeSec. (1.3)) and not from someeducated guessto allows automotation to a large
extent. Note that Eq. (1.4) involves truncations (N ,M ) whoseaccuracywe check by
varying N , M .

1.2.2 Stabilit y of the rolls

To examinethe linear stabilit y of the nonlinear solutionsV nl constructedin the previ-
ous section,we usethe ansatzV = V nl + ±V in Eq. (1.1) and arrive at the following
equation linear in the perturbation ±V :

@
@t

±V (t) = L ±V + N̂ (V nl ; ±V ) (1.5)

Here we have introducedthe symmetrized nonlinearity

N̂ (V 1; V 2) = N (V 1; V 2) + N (V 2; V 1); if V 1 6= V 2; (1.6)

N̂ (V 1; V 2) = N (V 1; V 2); if V 1 = V 2:

Eq. (1.5) is solved by the ansatz ±V = exp[¸ nl t] ±U . Consequently Eq. (1.5)
transforms into

¸ nl ±U = L ±U + N̂ (Vnl ; ±U ): (1.7)

Explicitly , ±U is represented again by a Galerkin ansatz. However, when examining
the stabilit y of periodic solution V nl , we have to allow for the possibility of new peri-
odicities, i.e. the nucleation of Fourier modeswith a wave vector s not commensurate
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to q. Thus, in closeanalogy to Eq. (1.4) the most general(Floquet) ansatz for the
temperature part of ±U readsas follows:

±£( x; z) = exp[i s ¢r ]
NX

n=1

MX

m= ¡ M

±£ nm (q; s) exp[m i (q ¢r )] sin
n¼
d

(z +
d
2

): (1.8)

As in the linear problem we concentrate on the leading eigenvalue ¸ nl = ¾nl + i ! nl

with the largest real part ¾nl . At ¯xed q; R we have to determinethe maximum ¹¾nl of
¾nl (q; R; s) with respect to s, which is obtained at s = ¹s. The solution V nl for given
R; q is unstable if ¹¾nl (R; q; ¹s) > 0. The regimesof stable and unstablepatterns in the
q; R spaceabove the neutral surfaceR0(q), which are separatedby the surfaceswhere
¹¾nl (R; q; ¹s) passeszero, is often called the Busseballoon after Prof. Busse,who was
the ¯rst to investigate systematically such stabilit y diagrams in RBC. The Floquet
vector ¹s is characterizedby its magnitude j¹sj and its orientation angleª with respect
to the orientation of the wave vector of the rolls:

¹s = j¹sj(cosª ; sinª) : (1.9)

Let us ¯rst remind, that translational invariance involves the existenceof neutral
modes, for which at least one of the eigenvaluesof Eq. (1.7), ¸ 0(s), vanishesin the
limit jsj ! 0. The corresponding linear eigenvectors(one for rolls and two for patterns
periodic in two directions) denotein¯nitesimal uniform shifts of the pattern in the peri-
odicity directions ( e.g. perpendicular to the roll axes). Becauseof re°ection symmetry
< (¸ 0) grows quadratically at ¯nite s from zero in the form <(¸ 0) = as2 + O(s4). A
longwaveinstability corresponds to the casethat ¸ 0 coincideswith the leading eigen-
value ¸ nl and if a = ¾nl

s2 js! 0 > 0. The factor a dependson ª. We speakof the Eckhaus
instabilit y (modulation of the roll distance)if a > 0 is maximal for ª = 0, of an zig-zag
instabilit y (undulations along the roll axis) if a is maximal for ª = ¼

2 and of a skewed
varicoseinstabilit y for arbitrary anglesª.

Short wavelengthinstabilities j¹sj ¼ jqj do not correspond to modulated shifts of the
patterns. Sincethe modesdependon j¹sj and ª a simpleuniversalclassi¯cation scheme
as in the long wavelength casedoes not exist and we will discussthese instabilities
separatelyfor our two systems.

1.3 Order parameter equations

The purely numerical Galerkin construction of periodic solution and their stabilit y
easily hide the physical mechanism. In fact, in the regime slightly above threshold
weakly nonlinear perturbation methods have been developed, which serve also as a
unifying conceptto extract the universalfeaturesof physically di®erent pattern forming
systems.In our caseparticular emphasisis laid on three-dimensionalperiodic patterns,
which develop from secondarybifurcations of rolls. The basiccalculational schemehas
beenproposedat ¯rst for hexagonalpatterns in RBC in the non-Boussinesqcase[21].
However, in our casestrong resonant couplingsbetweenmodesof di®erent q turn out
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to be crucial. Thus we have adapteda calculational scheme,that hasbeenintroduced
beforein the context of electro-hydrodynamic convection in nematics[22] to our case.

In the following section (Sec. 1.3.1), we will at ¯rst sketch the basic concepts
behind the order parameterapproach. In Sec.1.3.2we will describe in moredetail the
order parameter equation for rolls. Sec. 1.3.3 is devoted to coupledorder parameter
equationsnear a codimension-2point. Finally we present in Sec. 1.4 as a sketch the
resonantly coupledamplitude equationsrelevant in this work.

1.3.1 General calculational scheme

To present the procedure in a most transparent manner, (see[22]) we suppressthe
spatial variablesand start again from Eq. (1.1). At ¯rst we solve the right- and left
linear eigenvalue problems:

¸ i D U i i = L U i i ; (1.10a)

¸ i hU i D = hU i L : (1.10b)

The eigenvaluesare assumedto be ordered in decreasingorder with respect to their
real parts < (¸ i ) ´ ¾i : ¾1 ¸ ¾2 ¸ ¾3 : : : . Note that the growth rate ¾1(R) passeszero
at R = Rc. The eigenvectorsare orthogonal and can obviously be normalized in such
a way that the following relations hold:

hU i jDU j i = ±i;j ; hU i jL U j i = ¸ i ±i;j ; (1.11)

where the appropriate scalar product will be de¯ned later in detail. We assumethat
the linear operator L is normal, so that the U i i spanthe state space.

The solution of of Eq. (1.1) is now expandedin terms of the eigenvectors of the
linear problem Eq. (1.11) :

V =
NX

i =1

A i U i i (1.12)

wherewe con¯ne ourselvesin practice to a ¯nite number (N ) of terms. Thus Eq. (1.1)
is transformed into a set of N coupledODE's for the expansioncoe±cients A i :

@tA i (t) = ¸ i A i (t) ¡ hU i j N (V ; V )i ; i = 1; 2: : : N; (1.13)

wherethe nonlinearpart becomesa quadratic form in the coe±cients A i . It is obvious,
that Eqs. (1.13) for N ! 1 are equivalent to Eq. (1.1). Thus Galerkin solutions can
be expressedin terms of the A i and vice versa.

The ¯rst stepin deriving amplitude equationsis to singleout M activemodesamong
the U i i in contrast to the remaining passivemodeswith N ¸ i > M . In selectingthe
active modes we are guided by physical reasoningand also from the results of the
Galerkin analysis. In any casethe modes with small growthrates ¾i are considered
to be active; in addition modesresponsiblefor resonances(seebelow) comeinto play.
The time derivativesfor the passive modeswith i > M in Eq. (1.13) are adiabatically
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neglectedsuch that their expansioncoe±cients are given as A i = hU i jN (V ; V )i =¸ i In
other words, the dynamics is carried by the M active modes to which the remaining
onesare slaved.

The splitting of the con¯guration spaceV into the spaceV a =
P M

i=1 A i U i i spanned
by the active modesand its orthogonal complement V ? can be formulated in terms of
a suitable projection operator P as follows:

V = V a + V ? ´ PV + (1 ¡ P)V ; (1.14a)

P =
MX

k=1

D U k ihU k (1.14b)

The projection operator ful¯lls obviously PL = LP . Thus Eq. 1.1 can be split as:

@tDV a = LV a ¡ PN (V ; V );

0 = LV ? ¡ (1 ¡ P)N (V ; V ): (1.15a)

Projecting Eqs. (1.15a) on the U i i werecover the coupledEqs. (1.13) for the expansion
coe±cients A i with zero time derivative for the passive modes(i > M ). The standard
amplitude equationsareobtainedby expandingsystematicallyup to cubic order in the
amplitudes A i ; i = 1; : : : M .

In the caseof periodic boundary conditions the eigenvector spacefalls into disjoint
classes,which are characterized by the di®erent q-vectors. Thus the indices i have
to be understood as a kind of super index: For each q there exists a discrete spec-
trum ¸ i (q) again with ¾1(q) ¸ ¾2(q)::: together with the corresponding left and right
eigenvectorshU i (q) and U i (q)i , respectively. Eigenvectorsbelongingto di®erent q are
automatically orthogonal.

1.3.2 Landau Equation

In order to present the calculational schemein a lessabstract manner, we focus here
on a roll pattern characterizedby a wave vector q0. We use the following ansatz for
the nonlinear solution V in Eq. (1.1)

V (r ; z; t) = A(q0; t)ei q0¢r U (q0; z) + c:c:; (1.16)

whereU ´ U 1(q) is the leading linear eigenvector (seeEqs. (1.2, 1.10a)). BesidesU
we will alsoneedthe solution U y of the adjoint eigenvalue problem for ¸ = ¸ 1(q1) (cf.
Eq. (1.10b)).

¸ ¤Dy(@r ; @z)U y(r ; z) = L y(@r ; @z)U y(r ; z) (1.17)

whereL y and Dy denotethe adjoint operators to L and D, respectively. For arbitrary
vectorsU and V , the operator Oy adjoint to O is de¯ned as usual by the relation

hU jOV i = hOyU jV i (1.18)
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wherethe appropriate scalarproduct is de¯ned as:

hU jV i =
Z

U yV d3x (1.19)

The integration is performedover an appropriate periodicity (Wigner-Seitzcell) in the
x ¡ y plane and acrossthe height of the °uid layer in the z-direction.

The amplitude A will be determinedby a systematicexpansionof the solutions of
Eq. (1.13) up to cubic order in A. In an intermediate step, we needthe passive-modes
contribution V ? to order A2 which is perpendicular to V . V ? ful¯lls the equations
(seeEq. (1.15a))

0 = LV ? ¡ N (V ; V ): (1.20)

In Fourier spaceV contains two contributions (V ? ´ V 1 + V 2), at q = 2q0 and
q = 0, respectively which read:

V 1
? (q0; q0) = L ¡ 1(2q0)jA(q0)j2 N̂ (U (q0); U (q0)) : (1.21)

and
V 2

? (q0; ¡ q0) = L ¡ 1(0) jA(q0)j2 N̂ (U (q0); U (¡ q0)) : (1.22)

In this sectionno projectionswererequiredsinceV ? and U have di®erent wave vectors
andarethusorthogonal. Inserting Eqs. (1.16, 1.21, 1.22) into Eq. (1.20) andexpanding
up to O(A3) results in the order parameterequation for A in q-space

hU (q0); DU (q0)i @tA(q0) = hU (q0); LU (q0)i A(q0) + hU (q0)jN̂ (V ; V ? )i (1.23)

With the useof the de¯nitions

a1(q) = hU (q)jD (q)U (q)i = 1;

a2(q) = hU (q)jL (q)U (q)i ; (1.24)

a3(q) = hU (q)jN̂ (V ? (q; ¡ q); U (q)) i + hU (q)jN̂ (V ? (q; q); U (¡ q)) i :

Eq. (1.23) reads¯nally:
@tA = ¸A ¡ ajAj2A: (1.25)

The coe±cients ¸ ´ a2(q0); a ´ a3(q) areoften calledLandaucoe±cients after Landau
[23], who has originally introduced Eq. (1.25) to describe second-order equilibrium
phasetransitions.

The coe±cients ¸ ´ ¾(q; R) + i! (q; R) and a ´ ar + ia i can be complex. Near
onset¾is usually approximated as (i.e. for q ¼ qc and R ¼ Rc)

¾= ¿¡ 1
0

£
" ¡ »2

xx (qx ¡ qcx)2 ¡ »2
yy(qy ¡ qcy)2 ¡ 2»2

xy (qx ¡ qcx)(qy ¡ qcy)
¤

(1.26)

with the relaxation time ¿0 and " = R¡ Rc
Rc

the reducedcontrol parameter. The »'s
denotethe coherencelengths. They describe the ellipsoidal contour linesof R0(q) near
onset, which becomecircles in isotropic systems(»2

xx = »2
yy = »2; »2

xy = 0). Note
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Figure 1.1: The vectorsqj near a codimension-2point.

that Eq. (1.25) canbe derived by a rigorousasymptotic expansionabout the threshold
" = 0.

The simplest solution of Eq. (1.25) is given as A = exp(i ­ t) jAj. From Eq. (1.25)
we obtain easily :

@t jAj = ¾jAj ¡ ar jAj3; ­ = ! ¡ ai jAj2: (1.27)

The bifurcation is called stationary for ! ; ai = 0 and oscillatory otherwise. For a
supercritical (forward) bifurcation the condition ar > 0 is necessaryand we obtain
jAj2 = ¾

ar
. For ar < 0 the bifurcation is subcritical, since jAj > 0 for ² < 0. In this

case,¯fth- order terms in the expansionof Eq. (1.23) had to be included. Sincethe
calculation of the necessarycoe±cients is tedious and not very illuminating, we have
preferredto calculatedirectly the fully nonlinear Galerkin solution.

1.3.3 Coupled amplitude equations near a codimension-2 poin t

In the Ekman- Couette problem we will meet a codimension-2bifurcation where the
growthrates ¾(q1; R); ¾(q2; R) for two di®erent wave vectorsq1, q2 ful¯ll the condition
¾(qc

1; Rc) = ¾(qc
2; Rc) = 0. Thus for any set R; q1; q2 near the critical valuesRc; qc

1; qc
2

the growthrates remain near zero. For simplicity we introducethe following shorthand
notation for the amplitudes and the eigenvaluesof the active modes:

A := A1(q1); B := A1(q2);

¸ A = ¸ 1(q1) =: ¾A (q1) + i ! A ; ¸ B = ¸ 1(q2) =: ¾B (q2) + i ! B : (1.28)

The ansatz for V contains two terms of the form shown in Eq. (1.16), the ¯rst for q1

(A) and the secondone for q2 (B ). According to our generalschemewe arrive at the
following coupledamplitude equations:

@tA(t) = ¸ A A(t) ¡ A[a11jAj2 ¡ a12jB j2]; (1.29a)

@tB(t) = ¸ B B(t) ¡ B [a21jAj2 ¡ a22jB j2]: (1.29b)
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Let us assume¾A > 0; ¾B ¼ 0; < (a11) > 0 (forward bifurcation). Thus the solution
jAj2 = ¾A

< (a11 ) ; B = 0, i.e. a pure roll pattern, exists. It is easyto seethat the B mode

can be excited as well if the condition ¾B ¡ ¾A ( < (a21 )
< (a11 ) ) > 0 is ful¯lled.

The calculation of the coe±cients in Eqs. (1.29) follows our generalscheme. We
¯nd for instance:

a11 = hU (q1)j
h
N̂ (V ? (q1; ¡ q1); U (q1)) + N̂ (V ? (q1; q1); U (¡ q1))

i
i ;

a12 = hU (q1)j
h
N̂ (V ? (q1; ¡ q2); U (q2)) + N̂ (V ? (q2; ¡ q2); U (q1))

i
i : (1.30a)

whereU (q1) ´ U 1(q1) etc.
As in Eq. (1.21) the solutions V ? in second-order are indexed by the two wave

vectors qi ; qj , which belong to the two modes in the nonlinearity N̂ (U (qi ); U (qj ))
when solving Eq. (1.20). In the present caseprojections in the secondorder (seeEq.
(1.15a)) arenot required,sinceV ? is automatically orthogonalto U (q1), U (q2). In the
following examples,this property does not always exist and the calculations become
much more tedious.

1.4 Patterns with resonan t- mo des in teraction

In this section, we describe coupled amplitude equations for patterns which display
morethan two basicFourier- spots in q space.Translational invarianceimplies, that the
phasesof two of the complexamplitudes neededto describe the pattern can be chosen
to be zero. The phasesof the remaining amplitudes adjust themselvesin an 'optimal'
way, for instanceto drive instabilities. This mechanism is addressedas (geometrical)
resonance in this thesis.

In the caseof the rotating annulus we will meetdi®erent typesof resonances,which
are well known from the work of Prof. Busseand his co-workers [24, 25]. To give a
generalimpressionwe have combined all typesin Fig. 1.2. The basicroll system(wave
vector q1 ) can becomeunstable at a secondarybifurcation by the excitation of short
wavelength perturbations with wave vectorsq2;4;6

q6 = s; q4 = q1 + s; q2 = ¡ q1 + s: (1.31)

with a short wave modulation s = (sx ; sy) , i.e. s » O(q1). The other modesshown
in Fig. 1.2 are mirror symmetric with respect to the q1 line. Obviously the following
resonancesare ful¯lled:

q1 = q6 ¡ q2; q1 = q4 ¡ q6; q1 = q7 ¡ q3; q1 = q5 ¡ q7 (1.32)

q3 ¡ q2 = q5 ¡ q4 = q7 ¡ q6; q4 ¡ q2 = 2q1; q5 ¡ q3 = 2q1: (1.33)

With the useof the generalapproach explainedin Sec.1.3.1, it is straightforward to
write down the seven coupledamplitude equationsfor the modesA1(qj ); j = 1; 2; ¢¢¢7.
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Figure 1.2: The vectors qj ; j = 1; 2; ¢¢¢7 responsible for double resonance(seetext).
The letters denotethe corresponding amplitudes (seeEq. (1.33) below)

For each qj we have to determineleadingeigenvalues¸ 1(qj ) and the corresponding left
and right eigenvectorshU 1(qj ) and U 1(qj )i . In our casethe leadingeigenvalues¸ 1(qj )
are real, i.e ¸ (q i ) ´ ¾(qi ). The following de¯nitions are usedin the thesis:

A := A1(q1); B := A1(q2); C := A1(q3);

D := A1(q4); E := A1(q5); F := A1(q6); G := A1(q7);

¾A = ¾1(q1); ¾B = ¾1(q2); ¾C = ¾1(q3);

¾D = ¾1(q4); ¾E = ¾1(q5); ¾F = ¾1(q6); ¾G = ¾1(q7): (1.34)

To give a demonstration for the resonanceslet us considerthe shortwave instabilities
of a roll system with wave vector q1, which is determined by the following coupled
amplitude equationslinear in the amplitudes B, D, F :

@tB = ¾B B ¡ a21BjA0j2 ¡ ´ 21A¤
0F ¡ ½21A¤

0A¤
0D; (1.35a)

@tD = ¾D D ¡ a41DjA0j2 ¡ ´ 41A0F ¡ ½42A0A0B (1.35b)

@tF = ¾F F ¡ a61F jA0j2 ¡ ´ 61A0B ¡ ´ 62A¤
0D: (1.35c)

A0 is an undisturbed roll amplitude. The amplitudes C, E, G ful¯ll analogousequa-
tions.

In fact, the most generalinteraction of seven modesshown in Fig. 1.2, which leads
to Eqs. (1.35) has not been observed in the rotating annulus system in the caseof
axial rolls where q1 = (q; 0). It turns out that it is su±cient to restrict ourselves to
two special cases,the subharmonicvaricose(SH V) and the knot instabilities. They
involve certain subsetsof the modesA, B , : : : which are shown in Fig. 1.3.

The detailed analysisof the corresponding amplitude equationswill be presented
in App. A.
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Figure 1.3: The vectors qj ; j = 1; 2; ¢¢¢5 responsible for SH V (left panel, present
section)and for knot instabilit y (right panel, seefollowing section). The letters denote
the corresponding amplitudes.

1.5 Numerical simulations

Besidesregular, spatially periodic solutions, our systemsshow also spatio-temporal
complexpatterns. They appear in somecasesas competing attractors to the periodic
patterns or they show up as transients, when the systemsare approaching a new
state after having passeda secondarybifurcation. The complex patterns are often
characterizedby topological defects(dislocations), which present spatial variations on
a length scaleconsiderablysmallerthan the basicwavelength¸ c = 2¼=qc. On the other
hand, it is sometimesimportant to describe large- aspect ratio systemswith a lateral
extensionL >> ¸ c to captureproperly modulational instabilities of rolls. Furthermore,
in particular at moderatePrandtl numbers,mean°ow e®ectscomeinto play, which are
slowly decaying in space. They are for instance responsible for spiral defect chaosin
RBC [5, 26].

One option is to solve the hydrodynamic equations directly by discretization in
space. The codes run then on supercomputersand L < 30 ¸ c is the practical limit.
Alternativ ely onecan switch to q-spacewherethe horizontal derivativesbecomemul-
tiplications with the components of q. Not too far from onset the vertical variations
are not too strong, such that they can be resolved by few Galerkin modes. However, a
wide rangeof q-vectorsin the Galerkin ansatzis required to cover the di®erent length
scalesin complex pattern. The calculations are done on a grid q- spaceon discrete
interpolation points qm;n = ¢ q (m; n) with ¡ N

2 · m; n · N
2 . We chose typically

¢ q = qc=k, which corresponds to L = k ¸ c. Furthermore k · N=6 is required to
include at least the higher harmonics with wave vector 3 qc. A reasonablechoice is
N = 128; k = 12 but N = 256 can easily be handled as well. It is obvious that the
direct solution of the ODE's for the Galerkin expansioncoe±cients is only possiblefor
small N (· 10), which is not su±cient to describe reliably complexpatterns. However,
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the systemof ODE's in Eq. (1.13) (N £ N £ 3M coupledequations) has turned to
be very useful to generatenumerical solutionsof the hydrodynamic equationsfor large
systems.In contrast to standard discretization schemesit allows to concentrate on the
most important active modes (< (¸ ) not too small) which carry the dynamics of the
system,whereasthe passive modescan be adiabatically eliminated. It is crucial that
the most time consumingmanipulations can be basedon the fast Fourier transforma-
tions (F F T). With respect to time, the linear operator is diagonaland can be treated
fully implicit whereasthe nonlinear part is treated with an explicit slightly modi¯ed
Adams- Bashforth scheme (for further details, seeApp. B) The scheme is very ro-
bust and allows large time steps. Due to a one-to- onecorrespondenceto the Galerkin
schemethe solutionscanbe testedby comparison.In this way, for the ¯rst time typical
modern convection experiments could be reproduced in numerical simulations. It has
beeneven demonstratedthat to someextent two- dimensionalexperimental snapshots
of patterns (temperature ¯eld at the upper plane) can be used to construct reliably
the full three dimensionalconvection structure (see[18, 5]).





Chapter 2

Convection in a Rotating Ann ulus
with an Azim uthal Magnetic Field

In tro duction

Convectiondrivenby thermal buoyancyin rotating °uid layersheatedfrom below in the
presenceof a magnetic ¯eld is a typical problem encountered in planetary and stellar
°uid dynamics. The most commonly treated version of this problem corresponds to
the casewhen both, the axis of rotation and the direction of the imposedhomogenous
magnetic ¯eld, are parallel to the gravit y vector. The onsetof convection in this case
was consideredby Chandrasekhar[27]. He found the surprising result that Lorentz
force and Coriolis force may counteract each other such that the critical Rayleigh
number for onsetof convection is lower than in caseswheneither the magnetic¯eld or
the rotation rate vanishes.

For planetary and stellar application the con¯guration of rotation axisand magnetic
¯eld direction perpendicularto each other and perpendicularto the gravit y vectorcould
be more important. It corresponds to the caseof convection in the equatorial regions
of rotating spherical°uid shellswhenan azimuthal magnetic¯eld is imposed.Toroidal
magnetic¯elds in the electrically conductingcoresof planetsor in the solaratmosphere
are believed to be often much stronger than the poloidal components which can be
measuredfrom the outside. It is thus of interest to study the properties of convection
in this situation which can alsobe realizedin laboratory experiments through the use
of the rotating annulus con¯guration (seeFig. 2.1a). In this casethe centrifugal forceis
usedasan e®ectivegravit y. Although the motivation for studying the rotating magnetic
annulus convection hasoriginally arisenin the geophysical context, the problem is also
of interest from a more generalpoint of view since it is a good example for pattern
formation in the presenceof two competing directional e®ects. In fact, as will be
demonstratedin this thesis a large variety of convection patterns is found already at
small valuesof the rotation and magnetic ¯eld parametersfor moderate valuesof the
Rayleigh number. In this respect the present study can be regardedasan extensionof
the paper by Auer et al. [24] to the casewhen a homogeneousmagnetic¯eld is added.
A rotating annulus experiment corresponding to the paper of Auer et al. [24] hasbeen

17
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performedby Jaletzky and Busse[28].
In Sec. (2.1) the mathematical formulation of the problem is discussed. In the

small gap approximation, the problem reducesto the caseof a horizontal °uid layer
heated from below with magnetic ¯eld, axis of rotation, and the vertical direction
corresponding to the x¡ , y¡ and z¡ axis of a Cartesian system of coordinates. A
sketch of the geometricalcon¯guration to be consideredin this thesis is shown in Fig.
2.1b.

The results of the linear theory for the onset of convection which has ¯rst been
consideredby Eltayeb [8] more than 30 years ago are discussedin Sec. (2.2). In
order to obtain simple expressions,Eltayeb has used idealized boundary conditions,
namelystress-freeconditions for the velocity ¯eld and electrically in¯nitely conducting
boundariesfor the magnetic¯eld. In the present study the more realistic caseof rigid,
electrically insulating boundariesis considered.The weakly nonlinear analysisand a
stabilit y analysisof convection rolls is described in Sec.(2.3). Someof the instabilities
of convection rolls can be understood on the basis of analytical results obtained in
earlier work on the related problem of convection in the absenceof a magnetic ¯eld
[24, 25]. But newmechanismsof instabilit y are introducedby the Lorentz force. Future
research and potential application arediscussedin the concludingsection. Someresults
of this chapter have beenalready acceptedfor publication [29].

2.1 Mathematical Form ulation of the Problem and
Numerical Metho ds

In the following, we refer to the situation shown in Fig. 2.1b. We use a Cartesian
systemof coordinateswith the unit vectorsi, j , k in the direction of the x, y, z¡ axes.
The e®ective gravit y is provided by the centrifugal force,g = ­ 2 (R1+ R2 )

2 , its direction is
given by the unit vector k. The upper and lower boundariesare kept at the constant
temperaturesT1 and T2, T2 > T1, respectively. We assumethe rotation rate ­ to be
so large that e®ectsof ordinary gravit y (¡ k) can be neglected[24, 25, 28]. They lead
in principle to a base°ow with cubic pro¯le along k, but not to a distortion of the
applied linear temperature pro¯le

T0(z) =
T1 + T2

2
¡ (T2 ¡ T1)

z
d

: (2.1)

The hydrodynamic equationssuitably nondimensionalizedwill depend on Rayleigh
number R, the Prandtl number P, the Coriolis parameter ¿ and the Chandrasekhar
number Q, which are de¯ned as:

R =
®(T2 ¡ T1)gd3

º ·
; P =

º
·

; ¿ =
­ d2

º
; Q =

B0
2d2

%¹¸º
; (2.2)

where®, º , · , ¹ , %and ¸ are the coe±cients of thermal expansion,kinematic viscosity,
thermal di®usivity, magneticpermeability, density and magneticdi®usivity of the °uid,
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Figure 2.1: (a) Schematic representation of the rotating annulus. (b) The analogy to
the planar convection (d ´ R2 ¡ R1).

respectively. We have used the thicknessd of the layer as length scale, the vertical
di®usiontime, d2

· = tv, as time scale, (T2 ¡ T1 )
R as temperature scale,and the magnetic

imposed°ux density B0 as scaleof the magnetic ¯eld. Then the basic equationsof
motion for the velocity ¯eld u, the heat equationfor the deviation £ of the temperature
from the basic pro¯le T0(z) and the equation of magnetic induction in dimensionless
form read as follows:

P ¡ 1

µ
@
@t

+ u ¢r
¶

u + 2¿j £ u = ¡r ¦ ¡ k£ + r 2u + Q(i +
·
¸

b) ¢r b; (2.3a)

r ¢u = 0; (2.3b)
µ

@
@t

+ u ¢r
¶

£ = ¡ Rk ¢u + r 2£ ; (2.3c)

·
¸

(
@
@t

b + u ¢r b ¡ b ¢r u) = i ¢r u + r 2b; (2.3d)

r ¢b = 0; (2.3e)

whereall gradient terms in (2.3a) have beencombined into the pressureterm r ¦. The
magnetic ¯eld has beenrepresented in the form B = Bo(i + ·

¸ b) where i is the unit
vector in the x-direction. In the following we shall focus the attention on the caseof
liquid metals where ·

¸ is of the order 10¡ 4 to 10¡ 5. Hencewe shall adopt in this thesis
the limit · << ¸ and drop the terms on the left hand side of (2.3d) and the term
multiplied by ·

¸ in equation (2.3a).
Weuseno-slip boundary conditionsfor the velocity ¯eld and assumethat the plates

are perfectly heat conducting. Furthermore the plates are electrically insulating, i.e.
the normal component of the electric current density j = r £ b=¹ 0 hasto vanish there.
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Thus the following boundary conditions have to be ful¯lled:

u = 0; £ = 0; r £ b ¢k = 0 at z = §
1
2

: (2.4)

The continuity of the magnetic¯eld b acrossthe boundariesdoesnot have to be taken
into account explicitly in the limit · << ¸ as will be pointed out below. Following
earlier papers [24, 25] we assumethe idealization of an in¯nitely extended°uid layer
in the horizontal plane, thus we use periodic boundary conditions and i.e the x; y¡
dependenceis captured by a 2D Fourier series.The agreement betweenthe results of
those papers and the experimental observations of Jaletzky and Busse[28] indicates
that the periodic boundary conditions as well as the small gap approximation are
appropriate for the rotating annulus experiment at the moderate values of ¿ to be
consideredin this study. In order to eliminate the pressureterm in (2.3a) we introduce
the general representations for the solenoidalvector ¯elds u and b, (see(2.3b) and
(2.3e)):

u = u + r £ (r £ kv) + r £ kw =: u + ±v + " w; (2.5a)

b = b + r £ (r £ kh) + r £ kg =: b + ±h + " g; (2.5b)

where overbars in u and b denote the average over the x, y¡ plane of u and b.
The functions v, h and w, g describing the poloidal and toroidal components of the
velocity and the magnetic ¯eld, respectively, are uniquely de¯ned if the conditions
v = h = w = g = 0 are imposed. After the application of the di®erential operators ±
and " on the velocity equation (2.3a) we arrive at the following equationsfor v and w

P ¡ 1

·
@
@t

r 2¢ 2v + ± ¢(u ¢r )u
¸

= r 4¢ 2v ¡ 2¿
@
@y

¢ 2w + ¢ 2µ + Qi ¢rr 2¢ 2h; (2.6a)

P ¡ 1

·
@
@t

¢ 2w + " ¢(u ¢r )u
¸

= r 2¢ 2w + 2¿
@
@y

¢ 2v + Qi ¢r ¢ 2g: (2.6b)

In addition, an equation for the mean °ow u is obtained by averaging the velocity
equation (2.3a) over the x ¡ y plane.

P ¡ 1

Ã
@
@t

u ¡
@
@z

¢ 2v
µ

r 2
@
@z

v + " w
¶ !

+ 2¿j £ u =
@2

@z2
u: (2.7)

The heat equation (2.3c) can now be written in the form

@
@t

£ + (±v + " w + u) ¢r £ = r 2£ + R¢ 2v: (2.8)

Analogously, when applying ± and " on the right hand side of the magnetic equation
(2.3d), we obtain in the limit ·

¸ ! 0

r 2¢ 2h = ¡ i ¢r ¢ 2v; (2.9a)

r 2¢ 2g = ¡ i ¢r ¢ 2w: (2.9b)
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The meandistortion b of the magnetic¯eld doesnot enter the problemsinceit vanishes
in the limit · << ¸ . In writing down Eqs. (2.6) and (2.8) we have introduced the
horizontal gradient, r 2 ´ r ¡ k(k ¢r ), and the horizontal Laplacian, ¢ 2 ´ r 2 ¢r 2. In
line with (2.4, 2.5) the basicEqs. (2.6) - (2.8) must be solved subject to the boundary
conditions

v =
@
@z

v = w = £ = g = 0 at z = §
1
2

: (2.10)

The equation (2.9a) for h and the corresponding boundary condition can be dropped,
sinceh can be immediately eliminated from the problem by replacingr 2¢ 2h in (2.6a)
with i ¢r ¢ 2v in accordancewith (2.9a). With g(z = § 1=2) = 0 the condition kr £ b =
¡ ¢ 2g = 0 (Eq. 2.4) is ful¯lled automatically.

Following Eq. (1.1), Eqs. (2.6) - (2.8) are written as

D
d
dt

V (x; t) = LV (x; t) + N (V (x; t); V (x; t)) ; L = A + R B; (2.11)

where the symbolic vector V (x; t) = (v; w; g; £ ; u) represents all ¯elds in equations
(2.6-2.8). V (x; t) ´ 0 corresponds to the ground state. The linear operator A can be
read o®from the right-hand sideof Eqs. (2.6), (2.7), (2.8). The operator B associated
with R appearsonly in the temperatureequation(2.8). The linear operatorsD appears
in the left-hand sideof Eqs. (2.6), (2.7), (2.8). The advection of the velocity (2.6) and
of the temperature £ (2.8) yield the quadratic nonlinearity N .

The 2D¡ periodic solutions of Eq. (2.11), which ful¯ll the required boundary
conditions at z = § 1

2, are represented in the framework of the Galerkin method (see
Sec. (1.2)) as follows:

v(x; y; z; t) =
NX

n=1

MX

l ;m= ¡ M

vlmn (t) exp[i (lqxx + mqyy)]f n (z); (2.12a)

w(x; y; z; t) =
NX

n=1

MX

l ;m= ¡ M

wlmn (t) exp[i (lqxx + mqyy)]Sn (z); (2.12b)

g(x; y; z; t) =
NX

n=1

MX

l ;m= ¡ M

glmn (t) exp[i (lqxx + mqyy)]Sn (z); (2.12c)

£( x; y; z; t) =
NX

n=1

MX

l ;m= ¡ M

£ lmn (t) exp[i (lqxx + mqyy)]Sn (z); (2.12d)

u(z; t) =
NX

n=1

un (t)Sn(z): (2.12e)

Here, f n (z) denote the Chandrasekharfunctions [27] with the properties f n (§ 1
2) =

@
@z f n (§ 1

2) = 0 (seeApp. B).
The summationsin the velocity expressions(2.12a- 2.12c) run through all positive

integersn and through all integersl and m with the exceptionof the casel = m = 0. In
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the sum (2.12d) the term l = m = 0 must be included sinceit describesthe distortion
of the mean temperature pro¯le. Reality of all ¯elds requiresvl ;m;n = v¤

¡ l ;¡ m;n , etc.,
wherethe star indicates the complexconjugate.

The expressions(2.12) are inserted into Eqs. (2.6), (2.9), (2.8) and projected onto
the variousexpansionfunctionsappearingin (2.12). Thus,oneobtainsa setof ordinary
nonlinear di®erential equationsfor the coe±cients vlmn (t), wlmn (t), glmn (t) and un (t).
Sincethe coe±cients glmn (t) are slaved to the wlmn (t) accordingto equation (2.9b) as:

glmn (t) =
i l qx wlmn (t)

l2qx
2 + m2qy

2 + n2¼2
; (2.13)

they can be eliminated from the beginning.
We are interestedin solutions for moderate Rayleigh number R and ¯nd that typ-

ically truncation parametersM = 4 and N = 4 have beensu±cient to achieve already
an accuracyof about 1% in the Galerkin approach for periodic solutions. To check the
accuracyof these solutions the truncation parametershave been increasedto larger
valuesin somecases.

2.2 Linear Analysis for the Onset of Convection

In Sec. (1.1), we have sketched the linear analysis of the basic state V = 0, which
yields the neutral curve R0(q), the critical Rayleigh number Rc and the critical wave
vector qc at the onset of convection. The ensuingGalerkin scheme is basedon the
expansionsshown in Eqs. (2.12). In the linear regime only the Fourier modes with
jl j; jmj · 1 comeinto play. We will use the notations axial for the longitudinal rolls
(jl j = 1; m = 0), zonal for the transverserolls (l = 0; jmj = 1) and obliquefor the
general casejl j = jmj = 1. We have found that the onset of convection is always
stationary, in accordancewith the ¯ndings of Eltayeb [9] with stress-freeboundary
conditions and in the limit · << ¸ as well. Thus the neutral curve R0(q) is obtained
from a modi¯ed eigenvalue problem (seeEq. (1.3)).

Inspectionof linearizedequations(2.6) - (2.8) showsat ¯rst that the Prandtl number
P drops out from the linear problem. Furthermore they are invariant against the
re°ection (z ! ¡ z) at the midplane z = 0. Thus the linear eigenvectors have to be
even or odd functions of z. The even case(i.e. standard rolls) is realizedat onset as
in most convection problems.

Additional symmetriesof the linearized Eqs. (2.6) - (2.8) lead to a further clas-
si¯cation of the linear solutions and are also used to check the numerical analysis.
Invarianceagainst a re°ection at the rotation axis (x ! ¡ x) is immediately obvious.
Furthermore under re°ections with respect to the x axis (y ! ¡ y) the equationsare
invariant if the ¯elds are in parallel transformedas follows :

£( x; y; z) ! £( x; ¡ y; z); v(x; y; z) ! v(x; ¡ y; z);

w(x; y; z) ! ¡ w(x; ¡ y; z); g(x; y; z) ! ¡ g(x; ¡ y; z): (2.14)
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Furthermore, there existsinvarianceagainst the combined transformation ¿ ! ¡ ¿ and
y ! ¡ y. The symmetriesdescribed beforehold also in Fourier spacewhen r = (x; y)
is replacedby q = (qx ; qy). With the use of the reality condition V (q) = V ¤(¡ q),
oneseeseasily that the Fourier components £( q) and v(q) have to be real in q-space,
i.e. £( r ; z) and v(r ; z) are proportional to cos(q ¢r ), whereasw and g are purely
imaginary, i.e. they are proportional to sin(q ¢r ) in position space. The symmetries
imply that the neutral curve can only depend on q2

x ; q2
y whereasa mixed term / qx qy

is not allowed. Note also that the toroidal velocity potential w has to vanish for axial
rolls.

Already the one-mode approximation yields a very usefulanalytical expressionfor
R0(q) which re°ects the symmetriesdiscussedbeforeand which allows to study quickly
the parameterdependencies:

R0(q) = RRB (q2) +
4¿2 (q2 + ¼2)2 sin2 Â

(q2 + ¼2)2 + Q q2 cos2 Â
+ c1 Q (q2 + ¼2) cos2 Â; (2.15a)

RRB (q2) =
(q4 + 2¼2 c2 q2 + ¼4 c3)(q2 + ¼2) c1

q2
: (2.15b)

Here, q =
p

q2
x + q2

y is the modulus of q and the obliquenessangle Â = arctan( qy

qx
)

denotesthe anglebetweenthe rolls and the rotation axis. The numerical constants c1,
c2, c3 arecombinations of certain overlap integralsof trigonometric and Chandrasekhar
functions and assumethe values c1 = 1:0281, c2 = 1:2465 and c3 = 5:1388. The
minimum of RRB (q2) yields an approximate Rayleigh-B¶enard (RB) threshold (¿ =
Q = 0) with qc = 3:0963,RRB = 1728:38. The well- known rigorous valuesqc = 3:116
and RRB = 1707:76 di®erby lessthen 1:2% from the approximate ones.Note that Eq.
(2.15) is exact for the unrealistic free boundary conditions whereci = 1 for i = 1; 2; 3
holds. However, the threshold values ( qc = ¼p

2
, Rc = 657 in the RB case)deviate

substantially from the rigorousones.Sowe seeno reasonto study stressfreeboundary
conditions at all, which have even more de¯cienciesin the nonlinear regime,sincethe
damping of the vorticit y ¯eld w is largely underestimated.

From (2.15) it is obvious that in the case¿ À Q the minimum of Rc = R0(qc) is
obtained for Âc = 0o (axial rolls). It is interesting that the relation

Rc(q) = RRB (q2) + 4¿2sin2 Â (2.16)

which derives from (2.15) for Q = 0 is mathematically rigorous if the exact neutral
curve RRB (q2) for Rayleigh-B¶enardconvection is chosen.In the opposite limit, Q À ¿,
the minimum of R0(q) is found at Âc = 90o (zonal rolls). In the intermediate regime
Q » ¿ we have obliquerolls at onset(0o < Âc < 90o), for instance,Âc = 55o for Q = 14
and ¿ = 8.

The generalnumerical results for Rc and qc as function of ¿ and Q are shown in
Figs. (2.2 - 2.5). The critical Rayleigh number, Rc(¿; Q) in Fig. 2.2 is always larger
than RRB (qc). It increaseslinearly at small Q and quadratically at small ¿, in perfect
agreement with the analytical approximation (2.15). The modulus qc = jqcj of the
critical wave vector shown in Fig. 2.3 decreasesmonotonously from the RB value
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Figure 2.2: Critical Rayleigh number, Rc, as a function of ¿ and Q.
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Figure 2.3: Critical wave number, qc, as a function of ¿ and Q.
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Figure 2.4: The critical obliquenessangles,Âc, (seetext) as a function of ¿ and Q.
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Figure 2.5: The transition lines between zonal rolls and oblique rolls, ¿L (Q), and
betweenoblique rolls and axial rolls, ¿U (Q), in the Q ¡ ¿ plane (seetext).
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Figure 2.6: The variation of the critical Rayleigh number, Rc in the wave vector space
q = (qx ; qy) for variousvaluesof ¿ and Q. The numbersin the ¯gure correspond to the
following parameters:(1) ¿ = 0, Q = 14, Rc = 1707:8, qc = 3:11, Âc = 90o; (2) ¿ = 10,
Q = 30, Rc = 2103:4, qc = 3:07, Âc = 70o; (3) ¿ = 14, Q = 42, Rc = 2364:7, qc = 2:93,
Âc = 50o; (4) ¿ = 14, Q = 30, Rc = 2265:2, qc = 2:87, Âc = 30o; (5) ¿ = 24, Q = 58,
Rc = 2769:1, qc = 2:64, Âc = 10o; (6) ¿ = 30, Q = 56, Rc = 2735:0, qc = 2:63, Âc = 0o;
(7) ¿ = 34, Q = 0, Rc = 1707:8, qc = 3:11, Âc = 0o.

(qc = 3:116) to smaller valuesfor increasing¿ and Q. The critical obliquenessangle
Âc as function of ¿ and Q is given in Fig. 2.4. With increasing¿ at ¯xed Q one
observes a transition from zonal rolls (Âc = 90o) to oblique rolls at a lower Lifshitz
point ¿L , which go over to axial rolls (Âc = 0o) at an upper Lifshitz point ¿U . The
transition lines betweenzonal rolls, oblique rolls and axial rolls in the Q ¡ ¿ plane are
shown in Fig. 2.5. (seealso the upper and lower facesof the parallelepiped in Fig.
2.4). Apparently, the oblique roll region is con¯ned by an almost linear upper curve
and an approximately parabolic lower curve as indicated in Fig. 2.5, i.e. ¿2 » c1¼2Q,
seeEq. (2.15a). In general the approximate values for qc, Âc and Rc obtained from
(2.15) deviate by lessthan 1% from the exact (numerical) ones(Figs. 2.2, 2.3). For
instance, ¿ = 84 and Q = 300, we ¯nd Rc = 6417:048, qc = 1:9927and an oblique
angle, Âc = 10:97o, which compareswell with the corresponding approximate values
Rc = 6459:938,qc = 2:0022and Âc = 13:34 from Eq. (2.15).

In the following we exemplify the neutral curve in the vicinit y of qc = (qxc; qyc); Rc

in detail. In Fig. 2.6we have roughly sketchedcontour linesof the neutral curve R0(q)
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for several combinations of Q; ¿. The corresponding valuesqc are at the midpoint of
the ellipses. When the magnetic¯eld strength is increased,we approach the zonal-roll
case,i.e. qxc = 0 (seecase(1)) with increasing¿ the rolls becomeincreasinglyoblique
(¯nite qxc; qyc ). For Q = 0 we have axial rolls (qyc = 0, case(7)). Fig. 2.6 has
beengeneratedby an automated procedure,wherethe whole qx ; qy regimeshown was
scanned. It is obvious that the symmetriesdiscussedabove are perfectly reproduced,
e.g. the re°ection symmetry qy ! ¡ qy. The neutral surfaceR0(q) doesnot depend on
the Prandtl number P, in contrast to the linear eigenvalue spectra as function of q; R
sincethe time derivatives/ P ¡ 1 comeinto play.
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Figure 2.7: Contour plots of the growthrates ¾(q = (qx ; qy); R) for P = 10 at R =
1:08Rc for ¿ = 18, Q = 54 (left panel) and ¿ = 26, Q = 54 (right panel). qx varies
along the vertical axis (¡ 4 · qx · 4) and qy along the horizontal axis (¡ 4 · qy · 0).

In Fig. 2.7 we have concentrated on two particular parameter combinations of Q,
¿ and show the growthrates for large P in the q plane slightly above onset (" = 0:08)
where¾(q) ¼ ¡ R0(q). In the left panel we have addressedan oblique roll bifurcation:
The absolutemaxima at qc are indicated by the two crosses.There exists alsoa local
minimum for q = 0 with a strongly negativegrowthrate. An axial roll casefor relatively
large ¿ is shown on the right panel of Fig. 2.7. The absolutemaxima are located at
§ qxc with qyc = 0 (seecrosses).

In Fig. 2.8 we show examplesof the eigenvalue spectra for small P = 0:1. On the
upper panels,the magnetically dominated casewith critical zonal rolls (qxc = qyc 6= 0)
is addressed.Whereasfor large P the leading eigenvalues are always real we ¯nd a
small crescent region where= (¸ (q)) 6= 0. The two lower panels(Fig. 2.8c,d) are more
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interesting becausethe e®ectof low Prandtl number P = 0:1 is seenmore clearly if
we compareto the growthrates for Pr = 10 in Fig. 2.7b. In both casesthe absolute
maxima are at q = § qc (axial rolls with qc = (qxc; 0)). However, for P = 0:1 a
new local maximum has appeared in the growthrate (Fig. 2.8c) at qx = 0 (zonal)
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Figure 2.8: Real(left panel)and imaginary (right panel)parts of the leadingeigenvalues
as function of q at R = 1:01Rc and P = 0:1 for ¿ = 4, Q = 54 (a,b) and ¿ = 26,
Q = 54 (c,d).
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which is accompaniedwith a non-vanishing= (¸ (q)). We expect that such substantial
modi¯cations of the eigenvalue spectra will play an important role for higher " values,
wherethe growthrates of modes,which are slightly negative at Rc and q 6= qc, become
positive and dynamically active.

2.3 Nonlinear Analysis of Roll Solutions

In this section we present results for the nonlinear properties of rolls on the basisof
the weakly nonlinear analysis and Galerkin calculations. We concentrate mainly on
the region near onset with small " := (R ¡ Rc)=Rc. Even there the analysis is far
from complete in view of the large parameter spaceof ¿, Q and P, that has to be
scanned. In Sec. 2.3.1 we study the horizontal averageof convective heat transport
(the Nusselt number). This global quantit y is typically recordedwhen visualization
of the patterns is not possible,by which for instance secondarybifurcations become
immediately evident. In Sec. 2.3.2, we discussthe secondarybifurcations of rolls at
large Prandtl number P. The small- P caseis addressedin Sec. 2.3.3.

2.3.1 Nusselt num ber

The total heat current Jtot = ¡ · d
dz T(z) is determined by the horizontally averaged

temperaturegradient. SinceJtot is a conservedquantit y it canbeevaluatedfor instance
at the lower plate (z = ¡ 1

2). The total heat current is the sum of the conductive heat
current Jcond = ¡ · T2 ¡ T1

d , which derives from the basic pro¯le T0(z) (seeEq. (2.1))
and the convective part Jconv = ¡ · ¢ T

R d
d
dz £( r ; z = ¡ 1

2).
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Figure 2.9: The slope ° of the Nusseltnumber (seeEq. (2.18)) at " = 0 for P = 10 as
function of ¿ for two di®erent Q at qc: Left panel Q = 14, right panel Q = 54.

The horizontal averagecorresponds to the q = 0 component of £ in Fourier space.
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Figure 2.10: The slope ° of N u as function of ¿ at qc for P = 0:1 (left), and P = 1
(right) at Q = 54.

The Nusseltnumber N u, the non-dimensionalmeasureof J tot , is de¯ned as:

N u =
Jtot

Jcond
= 1 ¡

1
R

d
dz

£( q = 0; z = ¡
1
2

): (2.17)

Near onsetN u can be calculatedvia the weakly nonlinear analysis,accordingto
£ / A2 / " . Thus we have:

N u = 1 + ° " for " = (R ¡ Rc)=Rc ! 0 (2.18)

In the following we ¯rst give somecharacteristic examplesof the slope ° of N u at
" = 0 for various ¿; Q and P. In most caseswe observe a supercritical bifurcation
(° > 0) but at small P subcritical bifurcations (° > 0) are identi¯ed as well.

In Fig. 2.9 at small ¿ we have zonal rolls where° grows at ¯rst continuously with
¿. At the lower Lifshitz point, ¿L , an oblique roll bifurcation takesplaceand the slope
of ° vs ¿ changesabruptly. In the oblique roll regime° decreasesthen monotonously
until at the upper Lifshitz point, ¿U , axial rolls are reached. In the axial roll regime
° is ¿- independent. As can be seenfrom the Fig. 2.9, variations of Q would modify
only the onsetand the width of the oblique roll regime. In Fig. 2.10we show the slope
° for smaller P. At P = 1 (Fig. 2.10a) the curve looks similar to the one in Fig. 2.9,
however, ° variesover a much wider range. In contrast, at small P = 0:1 a subcritical
bifurcation has appeared,sincewith increasing¿ the cubic coe±cient a / 1=° of the
Landau equation(Eq. (1.25)) decreases,passesto zeroand becomespositive again(see
Fig. 2.10b).

The calculation of N u for arbitrary " requiresthe fully nonlinearGalerkin solutions.
In Fig. 2.11, the Nusselt number N u is shown as function of " for di®erent q = jqj.
The basic state becomeslinearly unstable for R ¸ R0(q) ¸ Rc. Thus for q 6= qc the
onsetof convection is shifted towards larger " . In Figs. 2.12a,b, we concentrate on the
the Prandtl number dependenceof N u. The curvesstart at the samevalueR = R0(q),
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jqj = 2:7 (dotted). Note that Â = 0 is usedin the caseof jqj = 3:11 and jqj = 2:7 in
(a) and (b)
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Figure 2.12: The Nusselt number N u as function of " 0 at ¿ = 8, Q = 14; jqcj = 3:05
(left) and ¿ = 50, Q = 10; jqcj = 3:0 (right) in the caseP = 0:1, P = 1 and P = 10.

sinceR0(q) doesnot depend on P. With increasingR, we observe a slight splitting of
the curvesconsistent with the slopesin Figs. 2.9, 2.10a.

For the parameters¿ = 12, Q = 54 and P = 0:1, the bifurcation is subcritical
(seeFig. 2.10b). The corresponding Nusselt numbers in this casefor di®erent values
of q are presented in Fig. 2.13a. As already discussedN u increaseslinearly (° » ")
at " = 0. With decreasing" the saddle point is reached and the N u bends back
and increasesfurther with increasing". This subcritical character will be explored in
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Figure 2.13: (a) The Nusselt number N u in the subcritical region as function of " for
di®erent jqj at ¿ = 12, Q = 54 at P = 0:1. The wave numbers are jqj = 3:2 (dotted),
jqj = qc = 3:05 (solid) and jqj = 2:7 (dashed). (b) The Nusseltnumber N u asfunction
of " near " = 0 for jqj = qc = 3:05 at ¿ = 12, Q = 54 and P = 0:1. In both plots,
Â = Âc = 71:6o

following chapters in more detail alsoon the basisof numerical simulations.

2.3.2 Stabilit y diagrams of rolls at large P

In the following sectionwe discussroll solutionsand their stabilit y for large P not too
far from onseton the basisof weakly nonlinear and Galerkin solutions.

In Fig. 2.14 we start with the stabilit y diagram of rolls in the ¿ ¡ " plane. Note
that we use instead of " also " o := (R ¡ RRB

c )=RRB with respect to the standard
Rayleigh-B¶enard threshold RRB

c (= 1708)at ¿ = 0 to describe the distancefrom onset.
Convection existsabove the neutral curve R0(qc). As discussedin the previoussection
we ¯nd zonal rolls at low ¿. With increasing¿ we enter at the lower Lifshitz point
¿L the oblique roll regime. The critical obliquenessangle Âc decreasescontinuously
from Âc = 90o to Âc = 0o at the upper Lifshitz point ¿U , then the axial roll regime
begins. The threshold increasesat ¯rst continuously for ¿ · ¿U , then it settlesdown to
a constant value. The stabilit y diagramsin Fig. 2.14 for two di®erent magnetic ¯eld
strengths (Q = 14; 54) are qualitativ ely similar. For Q = 54 the oblique roll regimeis
wider, i.e. ¿L = 10:7, ¿U = 23:1 comparedto ¿L = 7:2, ¿U = 9:5 for Q = 14. Sincethe
axial-roll threshold increasesroughly linear with Q, the variation of " o with ¿ is more
pronouncedfor Q = 54. In order to indicate the reduction of the threshold by rotating
the roll axis, the zonal thresholdextendsinto the large-¿ regime. Rolls with the critical
wave vector qc are always stableagainst longwave perturbations with a Floquet vector
(j s j << j qc j) up to fairly largeR. Zonal rolls at small ¿ and alsorolls with relatively
large Âc ¼ 900 slightly above ¿L are stable againstshortwave (j s j ¼j qc j) instabilities
as well. However, when ¿ increasesthe stabilit y regime becomeslimited from above
by a short wavelength instabilit y line (SW), which risessteeplywith decreasing¿ (see
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Figure 2.15: Stabilit y diagram for zonal and axial rolls at ¿ = 4, Q = 54 (left), and
¿ = 12, Q = 14 (right), respectively, with P = 10 in the " ¡ ¿ plane.

Fig. 2.14).
For ¿ < ¿U the Floquet vector s of the most destabilizing mode is essentially

perpendicular to qc with a modulus jsj ¼ 2
3 jqcj. For Q = 14, the stabilit y line joins

smoothly the SH V bifurcation line at ¿ = ¿U (seealso similar results for Q = 0 in
[24, 25], where j s j »= j q j and the angle betweens and qc approaches60o). At even
larger ¿ a knot roll bifurcation prevails where] (s; qc) = 90o and j s j» 2

3qc. For Q = 54
the knot roll instabilit y is dominant for all ¿ > ¿U . The instabilit y mechanismand the
bifurcating three- dimensional(3D) patterns will be discussedlater in detail.

In Fig. 2.14we have only addressedrolls with q = qc. However, with increasing
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"o stable rolls with wave vector q 6= qc must exist, which di®er both in jqj and Â
from the critical values. In Fig. 2.15a, longwave and shortwave instabilit y lines near
onset are given in the caseof high magnetic ¯eld (Q = 54) for zonal rolls (¿ = 4),
along the line q = (0; qy) in the q-plane. Convection exists above the neutral curve
R0(q) ¼ ³ 2(qy ¡ qc)2 with its minimum at Rc = R0(qc) i.e. at " = R¡ Rc

Rc
= 0. For

qy 6= qc rolls are Eckhaus unstable for R0(qy) · R · 3R0(qy). For qy < qc the rolls
are in addition unstable below the long wavelength ZZ (zig-zag) instabilit y line for
su±ciently small qy. In addition we ¯nd a short wavelength transverseinstabilit y line
with j s j? q. Thus if one would ¯x qy externally (e.g. by a temperature grid) the
primary bifurcation would lead to oblique rolls. In Fig. 2.15b we show the stabilit y
diagram for axial rolls (large ¿) along the line q = (qx ; 0). When exchanging qy vs.
qx the discussionof Fig. 2.15a applies in principle. However, the stabilit y diagram is
in addition limited from above by SHV and knot - instabilit y lines. At the small- qx

side mainly the ZZ- instabilit y line restricts again the stabilit y regime (note that in
an axially anisotropic systemsthe ZZ-line doesnot start at qx = qc).
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Figure 2.16: Stabilit y regionsof rolls with j q j= j qc (¿) j and di®erent Â at Q = 14and
P = 10. The crossesdenote the lower and upper Lifshitz points, ¿L , ¿U , respectively.
The circles mark crossingpoints of a shortwave instabilit y line with the the SW line
(seeFig. 2.14) at ¿ = ¿(Â) for Â = 45o, 53o, respectively (seetext).

It is almost impossibleto study the possiblenonlinear stable patterns exhaustively
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in the q ¡ " space. In addition most of them will not be observed in standard exper-
iments, whereone would increaseR slowly at ¯xed Q, ¿ or alternatively quench to a
R > Rc. We will rather discusssomefeatures,which are re°ected in our simulations,
when starting for instancefrom random initial conditions.
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Figure 2.17: (a) The stabilit y regions for various roll anglesÂ as function of ¿ at
Q = 14, P = 10 and ¯xed q = 3:8. (b) The stabilit y regionsfor zonal rolls Â = 90o for
various valuesof q at Q = 14, P = 10.

In Fig. 2.16we show the stabilit y regimeof rolls for di®erent roll angleÂ wherejqj
wastaken for simplicity asjqc(¿)j. Let us at ¯rst focuson Âo = 45o. The neutral curve
(not shown) starts above " o = 0 at ¿ = 0 and approachesfrom above the neutral curve
in the oblique roll regimeat a particular ¿(Âo), wherethe function ¿ (Â) is de¯ned by
Âc (¿ (Âc)) ´ Âc. Stable 45o- rolls exist above a long wavelength instabilit y line of the
ZZ-type, which meetsthe neutral curve at ¿ (Âo) aswell. This trend is obvious, since
for instanceany deviation from Â = 90o (zonal rolls) leadsfor small " o and ¿ to long
wavelength instabilities as discussedbefore. At larger " o the regimeof stable 450 rolls
is limited from above by a short wavelengthinstabilit y line (dotted) with ] (q; s) ¼ 90o

and jsj ¼ 2
3qc. This line goescontinuously down with increasing¿ and meetsobviously

the short wavelength instabilit y line SW (seeFig. 2.14a) at ¿ (Âo). Proceedingto
larger ¿ the lower ZZ-line is crossedas well at a certain ¿ = ¿SZ (45o) ¼ 11 in Fig.
2.16. Thus 45o-rolls are stable in the beak-like regimebetweenthe two stabilit y curves
(dotted lines). Analogousstabilit y diagramscan be constructedfor any Â. The upper
short wavelength line moves to larger " o with increasingÂ, since¿(Â) decreaseswith
Â and the crossingswith the short wavelength SW line at ¿(Â) are shifted towards
larger "o. In parallel the lower ZZ-line movesdown, sinceoneapproachesthe critical
zonal rolls. Consequently the crossingof the two stabilit y lines happens at smaller
¿ = ¿SZ (Â) and the wedge-like stabilit y regimegrows. Note that for Â ¸ 55o, the "o

crossingpoints of the upper shortwave instabilit y line with the SW curve at ¿(Â) lie
outside the graph.
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Besidesthe angleÂ onecan alsovary the modulus of q. We found that increasing
jqj would alsoenlargethe stabilit y regime. This is shown in Fig. 2.17a. For j q j= 3:8
the 45o-rolls are long wavelength stable above the dotted line but unstable against
shortwave instabilities except in the rectangular region at small ¿. The main result
of theseconsiderationsis, that stable oblique rolls can be found in a large ¿ interval
in a certain "o range, irrespective of the critical qc (¿). In particular zonal rolls are
good candidatesto be present in a large ¿ interval. In Fig. 2.17b we show that their
stabilit y region can be extendedconsiderablytowards larger ¿ if j q j is taken large
enough. In fact for Â = 60o, and Â = 90o we obtain stableoblique rolls in ¿, " o regions
considerablylarger than those in Fig. 2.17a.

2.3.3 Stabilit y diagrams of rolls at low P

In this section, it will be shown that the stabilit y diagrams change qualitativ ely in
the caseof small P, though the neutral curve and thus the oblique roll regimedo not
depend on the Prandtl number P as already mentioned in Sec. 2.2.
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Figure 2.18: Stabilit y diagram for rolls with critical wave vector qc as function of the
Coriolis number ¿ for increasing" o in the caseQ = 54,P = 0:1 (for the variousstabilit y
lines seetext).

A typical exampleis presented in Fig. 2.18 for P = 0:1. At ¯rst, the bifurcation
becomessubcritical in a fairly large ¿ interval (4 · ¿ · 21).
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Figure 2.20: (a) Hopf bifurcation as function of the modulation wave number sx (see
text), at " = 1:8, qc = 3:11, ¿ = 4, Q = 54 and P = 0:1. (b) Growthrates as function
of " for ¿ = 26, Q = 54 and P = 0:1.

Wehaveplotted a characteristic amplitude de¯ned asthe Fourier component £( qc; z =
1
2) of the temperature ¯eld asfunction of " for di®erent ¿ valuesin Fig. 2.19. According
to Fig. 2.19, the smallestsaddle-node point is found around " » ¡ 0:098for ¿max = 12
wherealsothe distanceof the neutral curveand the saddle-nodecurve(dashed-dotted)
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in Fig. 2.18 is maximal. The saddle-node and the neutral curve approach each other
for increasingj ¿ ¡ ¿max j and crossat a lower tricritical point (¿ ' 4) and an upper
tricritical point (¿ ' 21).

The secondarybifurcations di®er also qualitativ ely from the large P case,(Fig.
2.14). Near onset, the zonal rolls are mainly unstable against the skewed- varicose
(Sv) instabilit y for ¿ < 11, whereasthe knot instabilit y dominatesat relatively high
rotation rates ¿.

For su±ciently large¿ and " o, an oscillatory instabilit y is important (seethe thick-
dotted line in Fig. 2.18). In Fig. 2.20 the growthrate ¾and the corresponding Hopf
frequency! are shown for two cases.The Floquet vector s is perpendicular to q and
of the order 2

3 qc. In Fig. 2.20a, ¾and ! are plotted as function of s (= (sx ; 0)). ¾has
a very shallow maximum for sx ´ 1:8. The growthrate as function of " for the speci¯c
parameterset,¿ = 26,Q = 54at the maximal Floquet vector is seenin Fig. 2.20b. The
valuesof ¾increaselinearly as function of " and changesign around " = 1 consistent
with Fig. 2.18. ComparingFigs. 2.20b and 2.20a, we concludethat = (¾) = ! is of the
order of 10 even for relatively high rotation rates ¿. The exploration of the stabilit y
region in the ¿ ¡ " plane for arbitrary q, Â is even more tedious than in the large
P- case,becauseof the backward bifurcation. So, we have limited ourselves to some
examples.
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Figure 2.21: Stabilit y diagram for zonal rolls for qy near onset at ¿ = 4, Q = 54 and
P = 0:1.

In Fig. 2.21, longwave and shortwave instabilit y lines are given for zonal rolls at
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P = 0:1 in the q ¡ " plane. In contrast to the high Prandtl number case,the Sv
instabilit y plays an important role by restricting the stableregionfrom above for fairly
small "o at qy < qc. The Eckhaus instabilit y characterizesthe lower boundary of the
stable region similar to the earlier stabilit y diagrams in Fig. 2.14 and prevails for
qy > qc as in standard RBC. For qy < qc the rolls are unstablebelow the ZZ (zig-zag)
instabilit y line as in the axial roll regimefor high qy (seein Fig. 2.15). In contrast to
the axial roll case,zonal rolls are found to be stable against the SH V instabilit y, but
onemeetsthe knot instabilit y for smaller qy values.
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Figure 2.22: Oscillatory instabilit y as function of zonal rolls q = (0; qy) for various "
values. Sameparameterswith Fig. 2.21. (Dashed-dottedline corresponds to ¾= 0)

In Fig. 2.22, the leading eigenvalue ¸ = ¾+ i ! of the oscillatory instabilit y, which
is already described in Fig. 2.21 for large ¿, is plotted as function of qy for several "
values. According to Fig. 2.22, the growthrate ¾and the Hopf frequency! for all qy

depend on the wave number quadratically at small qy. For " = 1:2, the zonal rolls are
stable since¾< 0. With increasing", the oscillatory instabilit y occurs for qy < qc at
" = 1:4. This behavior can also be seenin Fig. 2.21 for " = 1:4. At " = 1:9, the
growthrates ¾are already positive up to the wave number qy = 3:4. Note alsothat the
Hopf frequencies! increasewith " .

In the following parts of thesis, the results on the instabilities will be addressed
in detail by direct simulations. In Sec. 2.5, the study of the stabilit y of rolls by the
Galerkin method hasbeencomplemented by the direct simulation method. In Sec.2.4,
we will present the simulation results of the subharmonicvaricose(SH V) and knot
instabilities.
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2.4 Subharmonic Varicose (SH V) and Knot Pat-
terns

In this chapter, we present a rather detailed analysisof the characteristic secondary
shortwave instabilities of axial and oblique rolls at larger ¿, which have been for in-
stancemarked as SW in Fig. 2.14. It will turn out that the instabilities are driven
through particular resonant interactions among several modes, which have been ex-
plained already in Sec. 1.4. Particular emphasiswill be laid on two special cases,
namely the SH V and the knot destabilizations. The corresponding modeshave been
indicated in Fig. 1.3. The detailed discussionscan be found in App. A. In Fig. 2.23
the SW line for ¿ > ¿U in Fig. 2.14 is plotted on a larger scale. In fact the nature of
the instabilit y changeswith increasing¿. At ¯rst SH V instabilit y line prevails, which
starts around " = 0:0108at ¿ = 10 to increasealmost linearly with ¿. At ¿ = 18:5
the knot instabilit y line is crossed,which determinesthe SW instabilit y for larger ¿.
The solid line results from a rigorousGalerkin stabilit y analysisof the axial rolls. The
circles have beencalculated with the help of the weakly nonlinear analysisaccording
to Eq. (A.26) and Eq. (A.37), respectively. Whereasthe SH V line is reproducedwith
hight accuracyeven at larger " , the weakly nonlinear analysisof the knot bifurcation
becomeslesssatisfactory when ¿ increases.
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Figure 2.23: The onset of SH V and knot instabilities as function of ¿ in the case
Q = 14, P = 10, q = qxc = 2:958.

In the following sectionswe will discussthe SH V and knot destabilizationsand the
resulting patterns in moredetail. Though the methodology is the sameasfor rolls, the
ensuingbook-keepingproblemsseemto have discouragedother researchersin the past.
The Galerkin analysisis backed up and extendedby the direct numerical solutions of
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the full hydrodynamic equations,which allow to cover also complex spatio- temporal
patterns, which result from higher bifurcations.

2.4.1 General short wave destabilizations

In Sec.1.4wehaveaddressedvariousresonant shortwavedestabilizationmechanismsof
rolls. In the oblique roll regime,the most generalsituation shown in Fig. 1.2 becomes
important, whereq1 is given as qc = qc (cos(Âc); sin(Âc)) = (qx ; qy). In the following
werevisit asa representativ eexamplethe caseP = 10; Q = 54(seethe generalstabilit y
diagram in Fig. 2.14b). With increasing¿ we move along the neutral curve from zonal
via oblique to axial rolls , whereqc; Âc as function of ¿ are plotted in Fig. 2.24. The
Lifshitz points (¿L = 10:6, ¿U = 23:2) are seenclearly. Along the oblique region, qc

and Âc decreasewith ¿.
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Figure 2.24: Critical roll angleÂc and jqcj as function of ¿ for Q = 54; Pr = 10.

According to Fig. 2.25a the knot instabilit y prevails for ¿ > ¿U wherethe shortwave
modulation s includesan angleÃ = 90o with qc. The SH V line (Ã = ] (s; q) ¼ 60o)
and jsj = jqj lies above. Below ¿ = ¿U the two lines bend upwards. However, the
stabilit y regimeis limited from above by the SW line below associated in generalwith
anglesÃ 6= 60o; 90o. According to Fig. 2.25b the angleÃ decreaseswith decreasing¿
until Ã = 60o, wherewe observe a suddenjump to Ã = 120o (equivalent to Ã = ¡ 60o).
At this point wehaveÂc = 23:3o. This situation correspondsto a (generalized)hexaroll
destabilizationwith jsj = qc=2. Sinceq is at an ¯nite anglewith respect to the preferred
¿ axis, the angles§ Ã are no more equivalent (which implies for the corresponding
amplitudes jB j 6= jCj). The caseÃ = 60o is obviously realizedwherethe continuation
of the SH V from larger ¿ and the SW line meet at ¿ = 21:3 in Fig. 2.25a. With
decreasing¿, the Ã(¿) curve decreasesmonotonously, too. When Ã = 900 is reached
at about ¿ = 17 we have a generalizedknot instabilit y, which is also re°ected in the



42 Chapter2. Convectionin a RotatingAnnuluswith an AzimuthalMagneticField

16 20 24 28 32 36
t

0

0.04

0.08

0.12

0.16

0.2

e

SHV inst.
knot inst.
Gen. knot inst.

Q=54,P=10

x

a)

12 16 20 24 28
t

50

70

90

110

y

1

1.5

2

2.5

s

Q=54,P=10

b)

Figure 2.25: (a) SW stabilit y of rolls for q = qc (oblique for ¿ · ¿U = 23:2, axial for
¿ ¸ ¿U ) with q = qc for Q = 54 in the ¿; " plane. For comparisonthe lines for ¯xed
anglesÃ = 900; 600, respectively, are shown with Ã = ] (qc; s). Notesdenotethe result
of weakly nonlinear analysisin the caseof knot instabilit y. (b) The modulus of s and
the angleÃ along the SW line (for details seetext).

touching of the SW and the knot line in Fig. 2.25a. At this point the roll angle is
given as Âc = 45:9o.

It is obvious that the knot and the SH V patterns are strictly periodic in the plane,
since their Fourier module (for details see[30, 31]) consistsof integer combinations
of two basis vectors. In the SHV case,a period doubling along the q direction is
involved. The moregeneralresonant patterns aspresented in Fig. 1.2 in Fourier space
arequasiperiodic, sincetheir Fourier module contains in generalthree incommensurate
basisvectors(e.g. q1; q6 and q4). In the following wewill focuson the short wavelength
destabilizationsof axial rolls for high Coriolis numbers¿ above the upper Lifshitz point
¿U .

2.4.2 Subharmonic varicose patterns

In this section,wediscussthe SHV patterns in the axial roll regime,the mode-structure
(seeFig. 1.3) is discussedin App. A. Consistent with the Galerkin solutionsand direct
numerical simulations, two dimensional(2D) SH V patterns f (x; y) which describe for
instancethe temperature ¯eld at the midplane of the °uid layer can be reconstructed
from the amplitudes A, B , D in the following manner:

f (x; y) = <
³

A exp[iqxx] + B (exp[¡ i
qx

2
x + iqyy] ¡ i exp[¡ i

qx

2
x ¡ iqyy])

+ D (exp[i
3qx

2
x + iqyy] ¡ i exp[i

3qx

2
x ¡ iqyy])

´
(2.19)
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or

f (x; y) = A cos(qxx) ¡ 2
³

B cos(
qx

2
x +

¼
4

)

+ D cos(
3qx

2
x +

¼
4

)
´

sin(qyy ¡
¼
4

) (2.20)

Note that we have included the phasesof the amplitudes accordingto Eq. (A.19).
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Figure 2.26: Amplitudes A, B , D for SH V patterns (Eq. 2.20) as function of " for
¿ = 14 (left panel), ¿ = 18 (right panel) in the caseQ = 14, P = 10. The dashedlines
denotethe oscillatory instabilit y of the SH V patterns.

Historically, the SH V destabilization mechanism has beendetectedat ¯rst in the
rotating annulus problem for Q = 0 [25] and analyzed in a nice and clever way by
concentrating on the modesA; B . In the limit ¿ ! 0 the modeD is not important. For
¯nite Q, the SHV instabilit y is shifted to ¯nite ¿ values. The weakly nonlinearanalysis
can be considerablyre¯ned by the explicit inclusion of D. In addition, as explained
in App. A.1 appropriate projection techniqueshave to be usedwhen calculating the
coe±cients A, B , D in Eq. (2.19) by the amplitude equationsin App. A.1.

We will concentrate here on typical examplesfor the parametersQ = 14; P = 10,
where the SHV and knot instabilities have beenalready shown in Fig. 2.23. In Fig.
2.26, we have plotted the amplitudes A; B ; D for di®erent ¿ valuesbelow the crossover
to the knot instabilit y (¿ = 18:5) and in Fig. 2.27 for ¿ valuesabove the crossover.
The modes B, D bifurcate at " = "SV , where "SV increaseswith ¿ in line with Fig.
2.23. Figs. 2.26, 2.27 con¯rm the generalexpectation that the amplitude A of the
axial rolls decreasesabove the SH V destabilization while the amplitudes B, D grow
supercritically like »

p
(" ¡ "SV ) in agreement with our general analysis (seeApp.

A.1). It is also evident, that the relative importance of the mode D grows with
increasing¿. In addition, the q- vector of the mode B, which we will parameterizeas
q = qc

2 (1; pSV ) deviatesmore and more from the ideal hexaroll case(pSV = phex =
p

3)
which is for
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Figure 2.27: Amplitudes A, B , D for SH V patterns (Eq. 2.19) as function of " for
¿ = 24 (left panel), ¿ = 28 (right panel) in the caseQ = 14, P = 10. The dashedlines
denotethe oscillatory destabilization of the SH V patterns (from Galerkin analysis).
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Figure 2.28: Amplitudes A, B , D of SH V patterns from direct simulation as function
of " for Q = 14, ¿ = 14, P = 10.

instance realized for Q = 0 and small ¿. We found the values pSV = aphex with
a = 0:96, 0:9, 0:81, 0:76 for ¿ = 14, 18, 24, 28, respectively. Note that in all discussions
of amplitudes, we consideronly the natural caseqx = qc = 2:95 and qy = pSV in Eq.
(2.19).

According to our Galerkin stabilit y analysisthe resulting SH V patterns are stable
against long wavelength modulations in the whole " range covered in the Figs. 2.26,
2.27. However we found oscillatory amplitude instabilities at " = " osc which have
been marked by the vertical dashedlines in these ¯gures. For ¿ = 14; 18; 24; 28, we
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Figure 2.29: Oscillatory SH V patterns at ¿ = 14, Q = 14, " = 0:1095. The teeth in
patterns oscillate in horizontal direction with small amplitude. The plots from left to
right correspond to times t = 10, 11, 12, 13, 14, 15, 16, 17. The aspect ratio is ¡ = 12.
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Figure 2.30: The SH V amplitudes A, B (seeEq. 2.20)mode for " > "osc as function
of time (in tv) from a simulation at " = 0:11, Q = 14, ¿ = 14 and P = 10 (left panel)
and the corresponding Nusseltnumber (right panel).

have obtained the following Hopf frequencies! SV = 1:6, 2:4, 4, 6, respectively. The
oscillatory instabilit y will lead to time dependent patterns, wherein the simplest case
the amplitudes A, B , D oscillate about someconstant values.

Wewill not discusstheseinstabilities in detail, for instanceby following the previous
interestinganalysisbasedon amplitude equationsfor small ¿ at Q = 0 [25]. Insteadwe
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Figure 2.31: Maxima and minima of the oscillating SH V amplitude A as function of
" at ¿ = 14, Q = 14, P = 10.

Figure 2.32: Heteroclinic cycle for the axial regime. ¿ = 14, Q = 14, " = 0:114 and
P = 10. The plots from left to right correspond to times t = 33, 36:2, 36:5, 36:9, 37:2,
37:4, 37:6, 38 and 40:5. The aspect ratio is ¡ = 12.
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Figure 2.33: Amplitudes (left) and N u (right) in the caseof the heteroclinic cycle at
the samesimulation as in Fig. 2.32(" = 0:114).

present typical results of full simulations, which have beenconsistent in all caseswith
the Galerkin analysis. Typically we start from random initial conditions in the SHV
unstable regime. For instance, the amplitudes extracted from a simulation at small
" < "osc which have beenplotted in Fig. 2.28¯t perfectly the previousGalerkin result
(Fig. 2.26) for the sameparameterset (i.e for ¿ = 14, Q = 14, P = 10).

Slightly above the oscillatory instabilit y of the SH V pattern at " = 0:1092 (see
Fig. 2.26) we observe, in fact, periodic SH V states in a small " range(" · 0:113). In
Fig. 2.29, we show a corresponding time sequenceof the patterns. However the time
dependenceof the patterns is not strongly expressed. In any casethe subharmonic
contribution of the mode B is easily visible, since the teeth attached to the axial
rolls repeat every secondline. Better insight to the pattern is obtained from the time
periodic amplitudesA; B ; D which areconstructedaccordingto Eq. (2.19) and plotted
in Fig. 2.30. The period agreesperfectly with the Hopf frequencyat " = " osc.

In Fig. 2.30, we have followed the amplitude A for " in the vicinit y of " osc (seealso
the vertical line in Fig. 2.26). For " · "osc the amplitude is constant (already shown in
Fig. 2.26). For " > "osc , A oscillatesbetweena maximal and a minimal value (seeFig.
2.30). Theseextrema are plotted in Fig. 2.31 to visualize the pitchfork bifurcation at
" = "osc.

However, for even slightly increasing", the destabilization of the oscillatory SHV
pattern is revealed. In Fig. 2.32 we show typical snapshotsfrom our simulations. At
¯rst, we seean axial roll pattern (left upper corner), with increasingtime (from left
to right) contributions of the amplitude B are activated, which grows at the expense
of A until B dominatesthe dynamics. At later times A starts growing again and one
returns to the axial roll state (lower right corner), which is shifted by half a wavelength
perpendicular to the roll axis. The time dependenceinvolves abrupt changesin the
amplitude which are evident in Fig. 2.33, where the amplitudes A and B are shown
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Figure 2.34: Heteroclinic cyclein the co-existenceregionof SH V and knot instabilities
at ¿ = 14, Q = 14, " = 0:115 and P = 10. The plots from left to right correspond to
times t = 111,111:5, 111:9, 112,112:1, 112:2, 112:4, 113:7, 114,115:7, 116,118,118:5,
119,119:7. The aspect ratio is ¡ = 12.



2.4. SubharmonicVaricose(SH V) andKnot Patterns 49

together with the Nusselt number. The ¼phaseshift betweenthe pure roll patterns
(B = 0) (seealso the ¯rst and last panel in Fig. 2.32) is obvious. During a relatively
short time interval (about t ¼ 37) the B mode dominates (seethe fourth and ¯fth
panel in Fig. 2.32). Such a scenariois typical for a heteroclinic orbit, which describes
in generala situation wheredi®erent attractors (A; B in our case)are regularly visited
by a system. Heteroclinic cycleshave beenstudied in earlier studiesof Busseand co-
workers for the non- magneticcase[25, 32].
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Figure 2.35: Leadingtwo amplitudesasfunction of time for SH V for the sameparam-
etersas in Fig. 2.34.

The time evolution of the patterns dependssensitively on ", which becomesobvious
when we compareFig. 2.34 for " = 0:115 with Fig. 2.32 for " = 0:114. We have
observed a kind of mixture of rolls, SH V and knot patterns (seethird and fourth row
in Fig. 2.34). In the knot pattern (seethe following section) the teeth of neighboring
rolls match in contrast to SHV patterns. It is not surprising that knot patterns come
into play, sincethe knot instabilit y of axial rolls is at " = 0:0798for ¿ = 14and Q = 14.
In Fig. 2.35, we have plotted the amplitudesA, B of Fig. 2.34. In particular the curve
for A revealsan approximate time periodicity.

2.4.3 Knot instabilit y

In this section,we will present an analysisof knot patterns, which bifurcate at " = " kn

from axial rolls. The analysis is basedon Galerkin methods and full simulations. In
Fig. 2.23 we seethat the knot destabilization line " kn (¿) is near the SH V line for
Q = 14; P = 10 in the whole interval 10 < ¿ < 28.

According to Fig. 1.3 and Eq. (A.31), 2D knot patterns have the following repre-
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sentation (for details we refer to App. A.2):

f (x; y) = <
³

A exp[iqxx] + D (exp[iqxx + iqyy]

¡ exp[iqxx ¡ iqyy]) ¡ i F exp[iqyy]
´

; (2.21)

or
f (x; y) = A cos(qxx) ¡ 2D sin(qxx) sin(qyy) + F sin(qyy): (2.22)

In our systemwe ¯nd D > F . The caseF = 0 describes the wavy instabilit y, which
correspondsfor small D to a phasemodulation of the axial rolls. This is evident from
the following Taylor expansion

f (x; y) = A cos(qxx) +
2D
A

sin(qyy)

= A cos(qxx) ¡ 2D sin(qxx) sin(qyy) + O
³

(D=A)2
´

: (2.23)

The opposite caseD = 0, F 6= 0 corresponds to a standard knot instabilit y (qx 6=
qy). For Q = 0 and in the limit ¿ = 0, one ¯nds the special caseof the cross-rollCR
instabilit y (qx = qy) [24, 25]. For historical reasonswe keepthe notion knot instabilit y
in our situation for D 6= 0, F 6= 0. Note that our description in terms of three coupled
amplitude equationsallows to ¯x the phasesinvolved in the representation Eq. (2.21),
which is not possiblewhen the wavy mode (D) is neglected. In Fig. 2.36, we show
typical knot patterns obtained from simulations for " > " kn , from which we canextract
the dominant amplitudesA, D, F accordingto Eq. (2.21) for " > " kn . We started from
random initial conditions. As to be expected the patterns have selectedin Eq. (2.21)
the critical wavenumber qx = qc = 2:95 of the axial rolls and the critical transverse
wavenumbers qy = pkn at " = " kn . For instance, parameterizing the transversewave
number as pkn = aqc (a = 1 corresponds to the CR instabilit y), we found the values
a = 0:78, 0:705, 0:64, 0:605 for ¿ = 14, 18, 24, 28, respectively. Thus, pkn decreases
considerablywith increasing¿. Perfect agreement with the Galerkin results has been
achieved as in the SH V casebefore.

Representativ eexamplesof the amplitudesareshown in Fig. 2.37in the case¿ = 14
(left panel) where the SH V instabilit y precedes.To avoid the competition with the
SH V modes we have in the following focusedon ¿ = 24 where the knot patterns
bifurcate directly from the axial rolls (Fig. 2.37b). The amplitudes extracted from
simulations shown in Fig. 2.37b agreewith the Galerkin results in Fig. 2.37c. Our
Galerkin analysis shows that the knot patterns are at ¯rst stable slightly above " kn

(" kn = 0:209 in Fig. 2.37c). This is con¯rmed in Fig. 2.38 where the amplitudes and
the Nusselt number for a simulation at " = 0:22 have settled down to a stationary
pattern. It is obvious that the knot bifurcation is supercritical, sincethe D, F grow
like »

p
" ¡ " kn .

At " = 0:38 the Galerkin analysis has revealed an oscillatory instabilit y with a
Floquet modulation vector s = 0:2(0; pkn ) (corresponding to modeF ). This instabilit y
leads to complex pattern dynamics. One is inclined to interprete the time sequence
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Figure 2.36: Stable knot convection patterns for ¿ = 14, " = 0:08 (left plot), ¿ = 18,
" = 0:13 (middle plot) and ¿ = 18, " = 0:15 (right plot). The aspect ratios are ¡ = 12
(left panel) and ¡ = 18 (middle and right panels).
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Figure 2.37: Leading three amplitudes for knot solution as function of " at (a) ¿ = 14,
(b) ¿ = 24 from simulations and (c) ¿ = 24 from weakly nonlinear analysisin the case
Q = 14, P = 10 (seetext). The dashedlines denote the oscillating instabilities of
knots.

shown in Fig. 2.39 as part of a periodic cycle. However, in a di®erent time intervals
as shown in Fig. 2.40 we have also observed traveling knots in the case¿ = 24 and
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Figure 2.38: Amplitudes A and D (left) and the Nusselt number N u as function of
time for knot solution at ¿ = 24, " = 0:22, Q = 14, P = 10.

Figure 2.39: Evolution of knots at " = 0:43, ¿ = 24, Q = 14, P = 10. Plots from left
to right correspond to times t = 13:3, 13:4, 13:5, 13:6, 13:65, 13:75, 14:3 and 14:4. The
aspect ratio is ¡ = 12.

" = 0:43 during a relatively short time interval.
Consideringthe entire simulation period in the case" = 0:43, ¿ = 24, Q = 14 and

P = 10, a rather chaotic time dependenceof the amplitudesand the Nusseltnumber is
seenin Fig. 2.41. Neverthelessonecan identify globally a certain oscillation frequency
in this graph, which agreesvery well with the Hopf frequency at the onset of the
oscillatory instabilit y in Fig. 2.37c.

We have expected, that the chaotic time dependenceswould becomestronger at
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Figure 2.40: Knots traveling to left at " = 0:43, ¿ = 24, Q = 14, P = 10. Plots from
left to right correspond to times t = 22, 22:4, 22:8, 23:2, 23:6, 24, 24:4 and 24:8. The
aspect ratio is ¡ = 12.
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Figure 2.41: Amplitudes A, D (left) and N u (right) of the knot instabilit y with respect
to time at " = 0:43, ¿ = 24, Q = 14 and P = 10.

larger " , but in fact it has becomein somesensemore periodic as demonstratedby
the amplitudes and the Nusselt number in Fig. 2.42. A typical time sequenceof the
correspondingpatterns is shown in Fig. 2.43. Wehaveobservedslightly perturbedrolls
(i.e. A dominant) (¯rst panel, ¯rst row), patterns dominated by D (¯rst panel, second
row) aswell asknot patterns (A, D and F ¯nite, last panel, secondrow). Note that in
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Figure 2.42: Amplitudes A, D, F (left) and N u (right) for knot patterns as function
of time at " = 0:45, ¿ = 24, Q = 14 and P = 10.

Figure 2.43: Knot instabilit y at " = 0:45, ¿ = 24, Q = 14, P = 10. Plots from left to
right correspond to times t = 52:9, 53:1, 53:2, 53:26, 53:3, 53:4, 53:46 and 53:6. The
aspect ratio is ¡ = 12.

this regimea stationary knot pattern doespractically not exist, sincethe amplitudes
A; F are already very small (seeFig. 2.37c).

2.5 Direct Simulations

In this section,we present representativ e examplesof simulations of the basic hydro-
dynamic Eqs. (2.5-2.9) of the rotating annulus for di®erent parameters.For details of
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the simulation codes,we refer to Sec.1.5 and App. B. The simulations in this section
have beenstarted either from random initial condition or from a roll pattern with a
superimposednoise. In the latter case,we are able to con¯rm the stabilit y boundaries
of convection rolls obtained from the Galerkin code sincethe noisecontribution decays
with time in the stable roll regime. In addition, we get insight into the basinof attrac-
tion of di®erent competing locally stable states, when we start our simulations from
random initial condition. First we focus on the large Prandtl number P = 10 case,
beforethe P = 0:1 casewill be discussed.

2.5.1 Simulations at large P

In this section,we analyzethe patterns at large P obtained in various simulations at
di®erent parameter sets which have been indicated in Fig. 2.44. As already known
from Fig. 2.14, stablezonal rolls exist in the entire " o; ¿ regimeleft to the dashedline.
This is con¯rmed by simulations started with random initial conditions. Indeed, as
shown in Fig. 2.45, zonal roll structures perfectly aligned with the magnetic ¯eld are
obtained after a relatively short time.

To con¯rm the existenceof locally stable oblique rolls for small ¿ (seealso Fig.
2.16) value we disturbed a Â = 45o pattern obtained from a Galerkin solution. At
¯rst, we convince ourselvesthat superimposednoisein Fourier spacewould quickly die
out. Alternativ ely, we applied a localizedperturbation by reducing the convection in
a small patch in the position space(seethe secondand third patterns in Fig. 2.46).
In this caseÂ = 45o rolls changedtheir orientation into Â = 63o oblique roll which,
accordingto Fig. 2.16, are stable.

In the caseof moderate ¿ valueswhich are comparableto the value of Q oblique
rolls, aspredictedby linear analysisalreadyat onset,are indeedfound for low valuesof
"o. A typical time evolution from random initial conditions to an oblique roll pattern
is shown in Fig. 2.47. A moredetailedanalysisof the stableregionsof obliquerolls has
beenpresented in Sec. 2.3.2. The preferredangle Â of oblique rolls increasesas " o is
increased.In particular we have found a large regimeof stable zonal rolls (Â = 90o) to
the right of the dashedSW line in Fig. 2.44. Note that the rangeof stable zonal rolls
in Fig. 2.17 overlaps to considerableextent with the region ¿ > ¿L where the stable
critical oblique rolls are found. Accordingly we expect hysteresisphenomena. This
tendencytowards zonal rolls with increasing" o hasalsobeenobserved experimentally
[28] as well as theoretically [25] in the caseQ = 0.

To the right of the dashedline of Fig. 2.14a at valuesof "o of order unity the for-
mation of the stable zonal roll dependson the initial conditions. With superimposed
noise,this property is demonstratedin Fig. 2.48whereoblique rolls evolve into a pat-
tern of zonal rolls with two dislocationswhich are likely to disappearafter much longer
integration times. In contrast, whenthe time integration is started with random initial
conditions a stationary pattern of zonal rolls has not been obtained asymptotically.
Insteada spatio-temporally chaotic pattern persistsin which zonal rolls dominate only
locally as demonstratedin Fig. 2.49. Another exampleof this phenomenonis demon-
strated in Figs. 2.50 and 2.51 for a much higher value of ¿. A slightly disturbed
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Figure 2.44: Stabilit y diagram (seealso Fig. 2.14) in the ¿ ¡ "o plane for Q = 14
and P = 10. Simulations discussedin the text correspond to the di®erent symbols
in the ¯gure. Filled circlesdenote the oblique patterns, open squaresindicate zig-zag
patterns, open triangles correspond to knot patterns, ¯lled diamondsindicate spatio-
temporally chaotic convection and stars indicate the points wherecompetition between
di®erent patterns hasbeenobserved.

Figure 2.45: Zonal rolls for ¿ = 3, Q = 14, " o = 0:8. The plots from left to right
correspond to the times t = 0, 14:3, 28:57 and 114:3 in units of tv (seethe ¯lled square
in Fig. 2.44). The aspect ratio is ¡ = 20. The x¡ coordinate increasestowards the
right and the y¡ coordinate is directed upwards.

zonal roll pattern recovers after sometime (seeFig. 2.50), while starting from initial
conditions we arrive at the \chaotic" attractor (Fig. 2.51).

The co-existenceof time independent attractors and spatio-temporally chaotic ones
is a well known phenomenonin problems of pattern formation. For an example we
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Figure 2.46: Stable oblique rolls (Â = 45o) for ¿ = 2, Q = 14, " o = 0:31 (seealso Fig.
2.16). The plots from left to right correspond to the times t = 0:5, 15:3, 19:8 and 31:3
(seethe ¯lled circle in Fig. 2.44). The aspect ratio is ¡ = 20. Hereand in the following
¯gures the temperature ¯eld in the plane z = 0:5 is shown.

Figure 2.47: Oblique rolls for ¿ = 8:7, Q = 14, " o = 0:18 (seethe ¯lled circle in Fig.
2.44). The plots from left to right correspond to the times t = 0, 6:3, 12:6 and 50. The
aspect ratio is ¡ = 28.

Figure 2.48: Time evolution for ¿ = 9:1, Q = 14, " o = 0:65 starting from initial
conditions of oblique rolls with superimposednoise (seethe star in Fig. 2.44). The
plots from left to right correspond to the times t = 0:7, 3:3, 5:8 and 42:8. The aspect
ratio is ¡ = 22.

refer to the caseof spiral defectchaosin RB convection [33, 34, 35].
For relatively higher valuesof ¿ (> ¿U ) the axial rolls becomeunstableagainst the

subharmonicvaricose(SH V) instabilit y accordingto the Galerkin analysis. But SH V
patterns are only stable for fairly small " o (seeSec. 2.4.2). Thus a stationary SH V
pattern evolvesto the oblique roll patterns at larger " o. An exampleis shown in Fig.
2.52. Note that SH V instabilit y is well expressedin the transients; the angle of the
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Figure 2.49: Time evolution for the sameparametersas in Fig. 2.48 starting from
random initial conditions (see the star in Fig. 2.44). The plots from left to right
correspond to the times t = 4:83, 7:17, 11:3 and 46:7, respectively. Time is in units of
tv. The aspect ratio is ¡ = 22.

Figure 2.50: Stablezonal rolls for ¿ = 14, Q = 14, " o = 1:54, qzonal = 4 (seethe star in
Fig. 2.44). The plots from left to right correspond to times t = 0, 0:125, 0:25 and 5.
The aspect ratio is ¡ = 20.

Figure 2.51: Time sequencefor the random initial conditions for the sameparameters
as in Fig. 2.50 (seethe star in Fig. 2.44). The plots from left to right correspond to
times t = 0, 0:44, 1:32 and 22. The aspect ratio is ¡ = 22.

oblique rolls is about Â = 60o characteristic for hexarolls which are a special caseof
SH V instabilit y.

In contrast to Fig. 2.52the systemalsoexploits the knot instabilit y which bifurcates
nearby to arrive at the stable oblique rolls as shown in Fig. 2.53. The knots ¯rst
becomestrong in zonaldirection, then they loosetheir original orientation and become
like oblique rolls. After someintermediate steps which include somephaseshifts of
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Figure 2.52: Stable oblique rolls just above the instabilit y line for ¿ = 10, Q = 14,
"o = 0:19 (seethe ¯lled circle in Fig. 2.44). The plots from left to right correspond to
times t = 0, 1:1, 1:27, 1:81, 2, 2:9, 3:6 and 65:5. The aspect ratio is ¡ = 20.

the rolls (seethe patterns in middle line) the pattern evolvesinto an obliquestructure.
The transition interval of the shifting processcan alsobe seenin the time variation of
two leading modes (Fig. 2.54). Here, A and B amplitudes show strong °uctuations
during the transition time.

At slightly higher value of " o a chaotic pattern is found which is dominated by a
switching back and forth betweenthe two equivalent oblique roll systemswith angles
of Ã = § 37o as shown in Fig. 2.55. For even larger valuesof " o the oblique rolls are
replacedby fully phase-turbulent convection in this regime. An exampleis shown in
Fig. 2.56. We have included a graph of the power spectrum which corresponds to the
last spatial pattern in Fig. 2.56. Note that the ring- like wave vector distribution is
nearly isotropic with the approximate meanradius given by j qc j. This feature can be
understood on the basisof the property that the stabilizing e®ectsexertedby rotation
and by the magnetic ¯eld in the two orthogonal directions are approximately equal.

In a region surrounding the open squaresin Fig. 2.44stationary zig- zag patterns
have beenfound asattractors asshown, for example,in Fig. 2.57. Outside this region,
however, spatio-temporally chaotic convection is usually found when the simulations
are started with random initial conditions.

2.5.2 Simulations at low P

In Sec. 2.3.3, we have presented the stabilit y diagram and the related results for
P = 0:1 obtained with the Galerkin procedure. In this part of the thesis, we discuss
the simulations beyond the longwave and shortwave instabilit y curves in Fig. 2.58.
Comparing the present casewith the high- P one, additional instabilities such as os-
cil latory obliquerolls, chaotic zonaland chaotic obliquerolls are observable. First, we



60 Chapter2. Convectionin a RotatingAnnuluswith an AzimuthalMagneticField

Figure 2.53: Transition from an axial roll to an oblique roll pattern via the knot
instabilit y for " o = 0:35 at ¿ = 14, Q = 14, P = 10 (seethe open triangle in Fig. 2.44).
Plots from left to right correspond to times t = 18:7, 19, 26:3, 27:5, 27:7, 28:1, 28:4,
28:7 and 30:7. The aspect ratio is ¡ = 12.
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Figure 2.54: Amplitudes demonstrating the transition from an axial roll to an oblique
roll pattern (A = 0, D 6= 0) via knot instabilit y for the sameparametersin Fig. 2.53.
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Figure 2.55: Time evolution of spatio-temporally chaotic oblique rolls for ¿ = 14,
Q = 14, "o = 0:37 (seethe ¯lled diamond in Fig. 2.44). Corresponding times are
t = 6:66, 10, 16:7 and 30, respectively. The aspect ratio is ¡ = 20.

Figure 2.56: Spatio-temporal pattern for ¿ = 18,Q = 14, " o = 1 (seethe ¯lled diamond
in Fig. 2.44). The last picture givesthe power spectrum of the last pattern. The plots
from left to right correspond to times t = 8:3, 16:7 and 25. The aspect ratio is ¡ = 20.

Figure 2.57: Zig zagpattern evolving from randominitial condition for ¿ = 13,Q = 14,
"o = 1:51, P = 10 (seethe open squarein Fig. 2.44). The plots from left to right
correspond to the times t = 0:49, 3:33, 6:66 and 10. The aspect ratio is ¡ = 20.

present patterns of stable zonal rolls in the case¿ = 2 and " o = 0:141 in Fig. 2.59
which is just below the skewed-varicose(Sv) instabilit y line in Fig. 2.58. Note that for
this small P value, the stabilit y region becomesquite narrow for the zonal rolls (see
alsoin Fig. 2.18). Noiseof 1% (not visible) hasbeensuperimposedon the left pattern.
It leadsto a slight undulation of the rolls (center panel) beforewe end up with stable
zonal rolls.
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Figure 2.58: Stabilit y diagram and convection patterns in the ¿ ¡ " o plane in the case
of Q = 54 and P = 0:1. Simulations discussedin the text have been done at the
indicated points. Squarescorrespond to zonal rolls, open (¯lled) diamonds indicate
oscillatory (spatio-temporally chaotic) and open (¯lled) circlescorrespond to the sub-
critical (oblique) convection patterns. The threshold for the zonal rolls is indicated by
the thin solid curve.

A longwave skewed-varicoseSv instabilit y takesplace for relatively high valuesof
" as shown in Figs. 2.21, 2.18 in contrast to Fig. 2.59at the same¿ (= 2). A typical
form of the Sv instabilit y is presented in Fig. 2.60. Strong Sv undulations of the zonal
roll pattern develop from the superimposednoise. Then the oblique rolls which has a
roll angleÂ = ¡ 83o is formed from a zonal roll. From the Galerkin analysis,we have
found that the ¯nal oblique state is indeedstable above " o = 0:48. The destabilizing
angleÃ of the Floquet vector s is found as 55o.

In Fig. 2.61, the patterns of typical spatio- temporal chaotic zonal roll which occur
especially for slightly larger valuesof ¿ are started from random initial conditions. A
Fourier spectrum of the last pattern shows that the main wave vector is along the y
axis. N u valuesalso vary randomly with time as shown in Fig. 2.62. In Fig. 2.63,
starting from the zonal rolls, spatio-temporal chaotic patterns have beengeneratedat
slightly larger ¿. Thesepatterns are in principle similar to the oneswhich arepresented
in Fig. 2.61.

Sincewe have a subcritical bifurcation in a wide range of ¿, we have also carried
out somesimulations around the saddle- node point (see the dashed-dottedline in
Fig. 2.58). Subcritical bifurcations are very common in rotating systemsat low P
(see[36, 37]). In Fig. 2.64, the convection patterns have ¯nite amplitudes. Note that
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Figure 2.59: Stable zonal rolls just below the Sv instabilit y line in the case¿ = 2,
Q = 54, "o = 0:141and Pr = 0:1 (seethe ¯lled squarein Fig. 2.58). Plots from left to
right correspond to times t = 0, 0:275and 9. Aspect ratio is ¡ = 24.

Figure 2.60: Transition from the zonal rolls to the oblique rolls via the Sv instabilit y
in the case¿ = 2, Q = 54, " o = 0:5 and Pr = 0:1 (seethe ¯lled circle in Fig. 2.58).
Plots from left to right correspond to times t = 2, 4:5, 5:5, 6 7 and 9. Aspect ratio is
¡ = 24.

the motion of rolls are similar to the caseshown in Fig. 2.61. In the caseof high ¿
and ", the systemgoestypically into a chaotic attractor for random initial conditions.
In addition, there exists a certain region where oscillatory rolls are also formed (see
Figs. 2.58, 2.18). A typical samplefor oscillatory obliquerolls is given in Fig. 2.65.
The oscillatory character is also re°ected by the Nusselt number N u as a function of
time in the left plot of Fig. 2.66. The °uctuations mainly consist of two di®erent
frequencies.To determine the frequencies,we present the Fourier analysisof the N u
valuesin the right plot of Fig. 2.66. The high frequencyis in good agreement with the
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Figure 2.61: Patterns of chaotic zonal roll for ¿ = 8, Q = 54, " o = 1:3 and Pr = 0:1
(seethe ¯lled diamond in Fig. 2.58). Random initial conditions were applied. The
secondpicture of the third row give the Fourier spectrum shown to the right. Plots
from left to right correspond to times t = 1:25, 2:5, 3:75, 5 and 6:25. Aspect ratio is
¡ = 20.
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Figure 2.62: Oscillating N u valuesas a function of time for the sameparametersin
Fig. 2.61.
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Figure 2.63: Evolution of chaotic zonalrolls starting from zonalrolls in the case¿ = 10,
Q = 54, "o = 0:79 and Pr = 0:1 (seethe ¯lled diamond in Fig. 2.58). Plots from left
to right correspond to times t = 0:75, 2, 8:5 and 9. Aspect ratio is ¡ = 20.

Figure 2.64: Evolution of a typical subcritical pattern for ¿ = 16, Q = 54, " o = 0:417
and Pr = 0:1 (seethe open circle in Fig. 2.58). Plots from left to right correspond to
times t = 83:3, 91:7, 100,and 108. Aspect ratio is ¡ = 20.

Hopf frequencyfrom Galerkin calculations(! = 15).
For high ¿ values, the shortwave knot instabilit y dominatesthe patterns and this

instabilit y generateszonal patterns just above the neutral curve (seethin-dotted line
in Fig. 2.18). A typical transition from an axial roll to a zonal one is represented in
Fig. 2.67. The knot instabilit y can be seenclearly in the transients.

To seethe time evolution of the axial mode A and the mode D which is responsible
for the knot instabilit y (for details seeSec. A.2), we plotted thesequantities in Fig.
2.68. First, the amplitude A increasesup to a certain point to generatean axial roll.
During this stage,D amplitude is exactly zero. When the knot instabilit y takesplace,
there is a suddendrop in A which leadsto the destruction of the axial mode. At that
point, the °uctuations in D indicate the existenceof instabilit y. Finally, while A goes
to zerowith small °uctuations, the formation of the zonalroll hasbeencompletedwith
the help of the ¯nite D mode. In addition, N u values,which are constant around 1:06
for the axial rolls, ¯rst decreaseslightly then increaserapidly during the instabilit y up
to 1:35 for zonal rolls.

According to the stabilit y diagram in Fig. 2.14b, we do not expect a stable zonal
roll state below the (P independent) zonalneutral curve at " o = 1:58 for ¿ = 26. Thus
the generation of a stable zonal pattern at " o = 0:67 looks surprising and we have
exploredthe stabilit y of the zonal rolls for this parameterset. We have found that the
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Figure 2.65: Oscillatory oblique patterns for ¿ = 12, Q = 54, " o = 1:47 and Pr = 0:1
from the Ã = 45o, oblique initial condition (seethe open diamond in Fig. 2.58). The
last plot gives the Fourier spectra of the previous pattern. Plots from left to right
correspond to times t = 0, 6:6, 13:3, 20, 26:7, 33:3 and 40. The aspect ratio is ¡ = 20.

25 35 45 55
t

1.21

1.211

1.212

1.213

1.214

1.215

Nu

0 50 10 15 20
f(1/t)

0

0.02

0.04

0.06

Figure 2.66: Oscillating N u valuesasa function of time (left) and the F F T of the N u
oscillations for the sameparametersin Fig. 2.65.

bifurcation of the zonal rolls was subcritical and thus enablesthe generationof stable
zonal rolls in this region. We have plotted a representativ e graph of the subcritical
bifurcation at ¿ = 26 in Fig. 2.69.

The saddle-node point has been found at " = ¡ 0:46 with respect to the neutral
curve of zonal rolls and it correspondsto the valueof " o = 0:395which is alreadybelow
the neutral curve for the axial roll. Sincethe amplitude of the zonal roll is much larger
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Figure 2.67: Generationof zonalrolls from the axial onesvia knot instabilit y for ¿ = 26,
Q = 54, "o = 0:67 and Pr = 0:1 (seethe ¯lled squarein Fig. 2.58). Plots from left to
right correspond to times t = 33, 39, 49, 59, 59:25, 59:5, 60, 61, 63:25, 65:25, 68:5 and
71:75. Aspect ratio is ¡ = 12.

than the amplitude of the axial roll, the simulation typically produceszonal rolls for
the random initial conditions. The ¯lled squareon the amplitude curve denotesthe
simulation point which is given in Fig. 2.67.

It is obvious that the bifurcation phenomenaat small P are more intriguing than
those for large P. In particular if experimental results are available to comparewith,
it would be worthwhile to construct more detailed stabilit y diagramsashasbeendone
for P = 10 (Figs. 2.16, 2.17).

2.6 Concluding Remarks

Although only a small part of the parameter spaceof convection in a rotating cylin-
drical annulus hasyet beeninvestigated,the linear and nonlinear analyseshave shown
interesting results.

According to linear analysiswhich determinesthe onsetof convection, mainly three
di®erent periodic roll structures have been found: zonal, axial and oblique rolls. An
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Figure 2.68: Amplitudes A, D (above) and N u (below) as a function of time for the
sameparametersin Fig. 2.67.

analytical model to estimate the onset of convection (i.e. Rc; qc) has beenproposed
for future works. The critical Rayleigh number Rc increaseswith increasing¿ and Q,
whereasthe critical wave number qc decreases.The changein the inclination angleof
the rolls from Â = 90o (zonal) to Â = 0o (axial) under increasingCoriolis number ¿
was found to be a smooth function of ¿.

The secondaryinstabilit y analysis showed that the Prandtl number P plays an
important role for the variousroll solutions. For high P, the generalstructure which was
found in the linear analysishasnot changedfor small " values.Wehavemainly observed
generalizedshortwave instabilities as well as knot and subharmonic skewed-varicose
(SH V) instabilities. However, in the caseof low P, we have found both longwave
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Figure 2.69: Amplitude of the zonal rolls as function of " in the subcritical casefor
¿ = 26, Q = 54 and P = 0:1. Note that here we usedthe neutral curve of the zonal
rolls to determine". The ¯lled squaredenotesthe simulation point in Fig. 2.67.

and shortwave instabilities. Among them, the skewed-varicose(Sv) instabilit y is in
fact responsible for the transition of zonal rolls into stable oblique rolls at small ¿
whereasknot instabilit y is seenfor relatively high ¿ and destabilizesthe axial rolls. For
intermediate ¿ (4 · ¿ · 21), the primary bifurcation hasbeenfound to be subcritical.
Similarly, the zonalrolls have alsobifurcated subcritically for high ¿ in the caseQ = 54
and well- de¯ned zonal rolls just above the neutral curve have beenobserved.

From the simulations, a large variety of spatio-temporal patterns have beenfound.
A comparisonwith experimental observations would be of interest. Unfortunately,
there are not so many experiments in the literature, neverthelesswe would like to
underline someexperimental studies motivated in the geophysical and astrophysical
relevanceof the problem. Brito and Cardin (private communication, 2003)have exper-
imentally realizedconvection in an annular con¯guration with an azimuthal magnetic
¯eld in liquid sodium. Becauseof the low viscosity of this liquid metal they had to
usehigh valuesof the Coriolis parameter ¿ in order to achieve a centrifugal force ex-
ceedinggravit y by a su±ciently large factor. The large value of ¿ in their experiment
prevented them to attain a value of Q comparableto that of ¿ which appears to be
necessaryto obtain convection structures deviating from the axial roll structure. In
another experiment, low values of ¿ in centrifugally driven convection were realized
when high Prandtl number °uids are used without magnetic ¯eld by Jaletzky and
Busse[28]. Unfortunately high Prandtl number liquids usually do not o®ertypically
high electrical conductivities which facilitate the attainment of su±ciently high values
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of Q. However, high Prandtl number electrolytes could eventually solve this experi-
mental problem. Finally an experiment on the RB convection in an electrolyte with
a horizontal magnetic ¯eld without rotation has recently beenperformedby Andreev,
et. al. [38]. In any case,our various codesare ready to analyzesuch experiments.



Chapter 3

Pattern Formation in Magnetic
Ekman-Couette Layer

In tro duction

The notion of the Ekman layer goes back to a model introduced by V.W. Ekman to
explain the drift of bodies on the surfaceof a viscous°uid in a rotating frame. His
investigation was motivated by an observation of F. Nansenin 1893,that ice °oating
on the surfaceof the arctic oceanwould move into a direction, which di®ersfrom that
of the wind. The direction is determined by the balanceof the Coriolis forces, the
shearof the °uid, and the shearby the wind at the upper surfaceof the body. Without
rotation an external stressat the surfaceof a °uid layer would lead to a Couette °ow
with a linear pro¯le parallel to the stress. In the presenceof rotation the stresspro¯le
rotates aswell. Moreover the velocity ¯eld decays exponentially on a scalegivenby the
Ekman depth DE » 1=

p
­ where­ is the rotation frequency, i.e. the so-calledEkman

layer develops. The Ekman-Couette layer problem is consideredas a model for many
phenomenain meteorology, geophysicsand engineeringsciences[39, 40]. For instance,
engineersexploit Ekman boundary layer in rotating systemsto enhancethe e®ectivity
of enginesand turbines. One hasto understandfor instancerotating viscous°ow near
stationary or rotating disks. In this case,one observes two di®erent solutions with
respect to the boundary layers, an Ekman layer on the rotating disk and a BÄodewadt
layer on the stationary disk, which are separatedby a geostrophiccore. Typically with
increasingrotation rate instabilities of the basic°ow in the form of rolls appears. The
bifurcations are stationary relative to appropriate rotating system for relatively low
rotation rates and becomeoscillatory when the rotation increasesfurther.

Earlier works on the Ekman problem have shown that mainly two di®erent typesof
instabilities (type I and II) becomeimportant. The type I instabilit y is associated with
an in°ection point in the pro¯le of the velocity considerednormal to the plates,whereas
the type II instabilit y, appearing at lower valuesof the critical Reynoldsnumber Rec,
is related to the combined e®ectsof the Coriolis force and viscousstresses[41]. The
spatial structure of both instabilities consistof travelingvorticesin the boundary layers.
Their wavelengthdependson the boundary layer thicknessand the orientation of their

71
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wavefronts (i.e Ác ) with respect to the geostrophic°ow (Ác is positive for type I and
negative for type I I instabilities). In addition, linear stabilit y analysesof the °ow
betweena rotating and a stationary disk have indicated that several solutionssuch as
the Batchelor- type one with a separatedboundary layer for high rotation rates are
possible(see [42, 43, 44]). However, the critical values found by these authors did
not withstand later analysesand the explanation of the instabilit y mechanismwasnot
satisfactory. For improved linear results and the clear description of the instabilities
we refer to the study of Ho®manet al. [45]. In a later study on the sameproblem,
an isolated solution was found describinga solitary vortex wave which doesnot seem
to bifurcate from any other known solution [46]. From the point of experiments, there
exist plenty of experimental studies on the stabilit y of the Ekman-Couette layer in
the literature [47, 48, 49, 50]. We refer to [51, 52, 53] for an extensive bibliography,
especially for the investigation of the type I and II instabilities. The evolution of
the fore- mentioned types of °ow into the nonlinear regime and higher bifurcations
have received relatively lessattention in the literature. The experimental studies of
Schouveiler et al. [54, 55, 56] present many di®erent scenariosfor a wide rangeof the
geometricalrestrictions and control parameters. For a basic state of Batchelor- type
°ow, the critical instabilit y hasthe form of annular rolls or of spiral waveswith positive
anglesdeveloping for increasingrotation rate. It is possiblethat the two boundary
layers merge at high rotation rate leading to spiral rolls with negative helicity. In
addition, structures without spatial or temporal periodicity (such as solitary wavesor
spots) wereobserved far from the rotation axis during the transition to turbulence(see
[42]).

In the present study, we concentrate on Ekman-Couette layer in the presenceof
an additional magnetic ¯eld. In the caseof magneticEkman-Couette layer, the linear
properties have been explored since the late 1960s. In an interesting variant of the
Ekman layer, the so-calledHartmann layer is observedin electrically conductingviscous
°uids under the in°uence of an additional magnetic ¯eld which participates in the
balance between viscous, Coriolis and electromagneticbody forces [16, 57, 58, 59].
Benton and Loper [60, 61] have followed the establishment of the magnetic Ekman
layer on the basis of analytical studies of an initial value problem. They describe a
hydromagnetic \spin-up" mechanisms where the °uid moves radially outside at the
upper boundary and sinks to the lower boundary. Loper also studied the analytical
solution of a sphericalboundary problem [62]. At su±ciently high Reynoldsnumber
Re the magneticEkman layer is unstable to 2D rolls of a critical Rec which increases
with the magneticenergy(»= Q) [16]. One important direction of the research aims at
characterization of the stable region in the parameter space. This is for instance, of
relevancein the crystal growth processes.In a typical setting the crystals are grown
out of a rotating melt; an additional magnetic ¯eld is helpful for stabilization [63, 64].

The magnetic activities between the mantle and the core of the earth and the
other planetshave beenexploredaswell on the basisof magneticEkman layer models
[65, 66, 67, 68]. Using realistic Ekman thicknessCupal formulated a model in 1998.
He transformed the basic equations into a set of 3D geodynamo equationswith the
useof mean¯eld approximation [12]. Ponty and co- workershave investigatednumer-
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ically the basic dynamo processesrelevant to ¯eld generation in the solar tachocline
[13]. According to their horizontal plane layer geometry, the local representation of a
di®erentially rotating spherical °uid shell was equivalent to an Ekman layer which is
formed on the lower boundary with a strong localizedspiraling shear°ow. This basic
state is easilydestabilizedeither by a convective instabilit y through uniform heating at
the baseof the layer, or by a purely hydrodynamic instabilit y of the Ekman layer shear
°ow. The onsetof instabilit y is characterizedby rolls with a horizontal wavevector in-
clinedat someangleto the mean°ow direction. In somestudiesthe °uid °ow wasfound
to be stationary in an appropriately chosenmoving frame, where it takesthe form of
a row of cats' eyes. In 1999,Desjardinset. al. have studied the nonlinear stabilit y of
Ekman-Hartmann type boundary layersin a rotating magnetohydrodynamics°ow in a
half-spaceand alsobetweentwo con¯ning planes[15]. They haveprovenrigorously that
if the Reynoldsnumber (de¯ned with the Ekman depth asa characteristic length scale)
wassmaller than a certain critical value, the boundary layer wasnonlinearly stable. It
was also shown that increasingthe normal component of the magnetic ¯eld leads to
an increaseof the critical Reynoldsnumber. In a di®erent model to study of the liquid
Earth core,they have investigatedthe instabilit y of mixed Ekman-Hartmann boundary
layers [14]. The instabilities for high Re causeda critical band to exist with the center
on the equator. Dependingon the parameters,this band extendedover some45o away
from the equator. In a most recent study, Pariev consideredan Ekman boundary layer
formed in a di®erentially rotating, conducting, incompressible°uid near the solid end
plate limiting the axial extent of the °ow in the presenceof an axissymetricmagnetic
¯eld [69]. He wasunableto ¯nd stationary solutions,whenthe shearexceededa certain
threshold and the magnetic ¯eld was su±ciently weak.

In this thesis,we investigatethe linear and the nonlinearpropertiesof the magnetic
Ekman-Couette layer in a simple slab geometry. Although this casehas no direct
application to most of the examplesmentioned before,it will certainly shedsomelight
on the variousmechanismsto beexpected. In addition, it shouldbepossibleto compare
directly with laboratory experiments. In fact, we recover the typical scenariosof shear
instabilities. For instanceat larger rotation rates,oscillatory bifurcations appearwhich
can be classi¯ed as type I, type I I. In Section 3.1, we give the set of basic equations
with the descriptionof the geometry. In Section3.2, the resultsof linear analysisbased
on the Galerkin method and partially on the shooting method will be presented. Then,
the results of nonlinear analysiswill be discussedin Section3.3.

3.1 Mathematical Form ulation of the Problem and
Numerical Metho ds

3.1.1 The Ekman spiral

As an appetizer we present in this sectionthe Ekman spiral presumablythe ¯rst exam-
ple for a °uid °ow in the presenceof rotation and external stress.In 1905V.W. Ekman
found this exact solution for the shearpro¯le of a rotating °uid layer in a special ge-
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ometry [70]. He consideredan in¯nitely deep°uid layer, werea spatially homogeneous
stressis applied to the upper surfaceof the °uid in the x ¡ y plane. In an idealization,
the °uid layer is assumedto ¯ll the lower half space(z < 0) and Ekman concentrated
on stationary solutions independent of the horizontal coordinates x, y. The velocity
¯eld u = (Ux ; Uy; 0) has to ful¯ll the Navier-Stokesequation:

0 = 2­ Uy + º
@2Ux

@z2
; 0 = ¡ 2­ Ux + º

@2Uy

@z2
: (3.1)

At the upper surface(z = 0) an external stressS = (Sx ; 0) (for instance,producedby
the wind at the surfaceof the ocean) is balancedby the viscousstress:

Sx = ½º
@Ux

@z
jz=0 ; 0 =

@Uy

@z
for z = 0: (3.2)

For z ! ¡1 , u vanishes.The solution of (3.1) with boundary conditions(3.2) is easily
obtained (e.g. for ­ > 0):

Ux =
SxDE

2½º
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µ
sin

z
DE

+ cos
z
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¶
; (3.3a)

Uy =
SxDE

2½º
ez=DE

µ
sin

z
DE

¡ cos
z

DE

¶
; (3.3b)

whereDE , the so-calledEkman depth, is given by DE =
p º

­ . It is more convenient

to expressthe solution in terms of the modulus of the °ow ¯eld U =
q

Ux
2 + Uy

2 and
its orientation µ with respect to S. Then the expression

U = j u j=
SxDEp

2½º
ez=DE ; tan µ =

sin z
D E

¡ cos z
D E

sin z
D E

+ cos z
D E

; (3.4)

is obtained. Eq. (3.3) tells us that the velocity u decreasesexponentially with the
depth of the °uid on the scale DE . Furthermore µ changescontinuously: At z =
0; ¡ ¼DE =4; ¡ ¼DE =2 we ¯nd the anglesµ = ¡ 45o; ¡ 90o; 45o, respectively. Thus the
°ow direction subtendsan angle of ¡ 45o with S at the surfaceand turns like a right
handedspiral as function of depth z. For ­ < 0 the solution is analogous,except that
we ¯nd a left handedspiral. Observingthe Ekman spiral directly in nature is di±cult,
sinceturbulence comesinto play. In addition, there exist several additional processes
on the surfaceof a free °uid layer, such as inertial oscillations,eddiesand geostrophic
currents.

3.1.2 Basic equations and geometry

In this thesis,we consider°uid layers with ¯nite depth d which are con¯ned between
two horizontal plates in the x ¡ y plane. The °uid is consideredto be incompressible,
homogeneous,electrically conducting and the whole systemis rotating about an axis
perpendicular to the plates with angular velocity ­. The plates are assumedto move
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Figure 3.1: Schematic representation of the magneticEkman-Couettelayer. The °uid
layer ¯lls the space¡ 1=2 · z · 1=2.

with a constant velocity Ud parallel to the x¡ axis relative to each other (Fig. 3.1).
Thus a velocity gradient acrossthe °uid layer develops. In addition, a homogeneous
external magnetic¯eld B e is applied parallel to the rotation axis. As indicated in Fig.
3.1 we usea Cartesiancoordinate systemwith the unit vectors i, j , k in the direction
of the x, y, z¡ axes. The gravit y (k ¡ k) doesnot play a role in the systemsincethe
°uid is consideredto be incompressible.

The hydrodynamicequationssuitably nondimensionalizedwill dependon the Reynolds
number Re, the Coriolis parameter¿ and the Chandrasekharnumber Q, which are de-
¯ned as:

Re = Ud d=º ; ¿ =
­ d2

º
; Q =

Be
2d2

%¹¸º
; (3.5)

whereº , ¹ , %and ¸ denotethe kinematic viscosity, the magneticpermeability, density
and the magnetic di®usivity of the °uid, respectively. We use the thicknessd of the
layer aslength scale,the vertical di®usiontime, d2

º = tv, astime scale,and the imposed
magnetic °ux density Be as scaleof the magnetic ¯eld. The resulting equationsare
identical to Eqs. (2.3) except that here the temperature ¯eld £ is absent. Thus the
basicequationsof motion for the velocity ¯eld u and for the magnetic induction b in
dimensionlessform read as follows:

@
@t

u + u¢r u + 2¿k £ u = ¡r ¦ + r 2u + Q k¢r b; (3.6a)

r¢ u = 0; (3.6b)
@
@t

b + u¢r b ¡ b¢r u =
¸
º

(r 2b + k¢r u); (3.6c)

r¢ b = 0; (3.6d)
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where all gradient terms in (3.6a) have been combined into the pressureterm r ¦.
The magnetic¯eld in physical units hasbeenrepresented in the form B = Be(k + º

¸ b)
wherek is the unit vector in the z¡ direction.

Let us ¯rst determine the basicsolutions U 0, B 0 of Eqs. (3.6) which depend only
on z. In this situation, Eqs. (3.6) reduceto

d2

dz2
U 0 ¡ 2¿k £ U 0 = ¡ Q

d
dz

B 0; (3.7a)

d2

dz2
B 0 = ¡

d
dz

U 0: (3.7b)

We have no-slip boundary conditions for the velocity ¯eld.

u = ¨
1
2

Rei; at z = §
1
2

: (3.8)

The plates are assumedto be in¯nitely electrically conducting. We require B 0 = 0 at
z = § 1

2 sincethe magnetic ¯eld can not penetrate into in¯nitely conducting plate.
The solutions of Eqs. (3.7) are now easily calculatedas:

u = U o = ( U0x (z); U0y(z); 0); (3.9a)

b = B 0 = ( B0x (z); B0y(z); 0) (3.9b)

with

U0x (z) = ¡ asin¡ z cosh̄ z + bcos¡ z sinh¯ z (3.10a)

U0y(z) = acos¡ z sinh¯ z + bsin¡ z cosh̄ z (3.10b)

B0x (z) = a0(¯ cosh̄ z sinh¯ z ¡ ¡ cos¡ z sin¡ z) +

b0(¯ sinh¯
1
2

cosh̄
1
2

+ ¡ sin¡
1
2

cos¡
1
2

) (3.10c)

B0y(z) = a0(¡ ¯ cos¡ z sin¡ z ¡ ¡ cosh̄ z sinh¯ z) +

b0(¡ sinh¯
1
2

cosh̄
1
2

+ ¯ sin¡
1
2

cos¡
1
2

) (3.10d)

The constants ¯ and ¡ are given as

¯ = 1p
2

³
Q + (Q2 + 4¿2)

1
2

´ 1
2

; ¡ =
1

p
2

³
¡ Q + (Q2 + 4¿2)

1
2

´ 1
2
: (3.11a)

Furthermore, the coe±cients a, a0, b, b0 which depend linearly on Re are determined
by

af sin
¡
2

cosh
¯
2

g¡ 1 = ¡ bf cos
¡
2

sinh
¯
2

g¡ 1

=
Re
2

f sin2 ¡
2

cosh2
¯
2

+ cos2
¡
2

sinh2 ¯
2

g¡ 1(3.12a)

a0 =
Re
2

³
(sinh¯ z cos¡ z)2 + (cosh¯ z sin¡ z)2

´ ¡ 1
(3.12b)

b0 =
Re
2

³
(sinh¯

1
2

cos¡
1
2

)2 + (cosh¯
1
2

sin¡
1
2

)2
´ ¡ 1

: (3.12c)
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It is certainly helpful to visualizethe mean°ow U o and B o. In Fig. 3.2, we present
the pro¯les of U 0 and B 0 betweenthe upper and lower platesfor variousparametersets
¿, Q. It is evident that the velocity components Ux , Uy are increasinglyconcentrated at
the boundarieswith increasing¿ for constant Q values. Note also that Ux and Uy are
antisymmetric with respect to re°ections at the midplane z = 0, while the magnetic
¯eld components Bx and By, which vanish at the boundaries,are even in z. With
increasing¿, the functional form of Bx , By does not changetoo much in the central
part (¡ 0:25 < z < 0:25). However their valuesat the boundarieschangedramatically
(seethe plots Fig. 3.2c,f). In Fig. 3.3, we present an exampleof the derivatives of
U 0(z) and of B 0(z) in the caseof ¿ = 10, Q = 40. It is obvious that d

dz B0x ; d
dz B0y in

Fig. 3.3 are proportional to ¡ U0x ¡ U0y in Fig. 3.2 which is consistent with the Eqs.
(3.7).

In the following we concentrate on two scalar quantities to characterize U 0. At
¯rst, we considerthe magnitude of the shearSh (in units of Re) exerted by the °ow
at the upper boundary which is given as:

Sh =
1

Re

s
³ @

@z
U0x (

1
2

)
´ 2

+
³ @

@z
U0y(

1
2

)
´ 2

: (3.13)

Sh is plotted as a function of the rotation rate ¿ and magnetic energyQ in Fig. 3.4.
Sh increasesrapidly from its limit Sh = 1 at ¿ = Q = 0 both with increasing¿ and Q.
Note that the curve re°ects the characteristic structure of Ekman layer sinceSh »

p
¿

in the Q ! 0 limit. With increasingmagnetic¯eld
p

Q, the shearincreasesaswell like
Sh »

p
Q for low ¿. However, Sh remainsalmost constant asfunction of Q in the case

of high ¿. In the caseof strong magnetic ¯eld Q, Sh increasesalmost linearly with ¿
(seee.g. Q = 100).

Secondly, we considerthe angle ° betweenthe direction of the shearat the upper
boundary and the x¡ axis which reads:

° = arctan

Ã @Uy

@z j 1
2

@Ux
@z j 1

2

!

: (3.14)

The angle° is plotted as function of ¿ and Q in Fig. 3.5. It is remarkable how rapidly
° attains the asymptotic Ekman valueof 45o with increasing¿ in the caseof Eq. (3.14)
for low valuesof magneticenergyQ. However, this asymptotic behavior is not seenfor
high magnetic ¯eld. In fact, the anglesdecreasecontinuously with Q. For instance,
° » 35o for (¿; Q) = (100; 100). It is alsoobvious that ° decreaseslinearly as function
of Q at large rotation rates.

Our main topic in the following section is the investigation of instabilities of the
basic solutions U 0; B 0 (Eq. (3.9)) which lead to °ow ¯elds which depend on x, y, t
as well. As usual we introduce the standard poloidal-toroidal decompositions for the
solenoidalvector ¯elds u and b, (seeEqs. (3.6b) and (3.6d)):

u = U o + u + r £ (r £ kv) + r £ kw =: U o + u + ±v + " w; (3.15a)

b = B o + b + r £ (r £ kh) + r £ kg =: B o + b + ±h + " g; (3.15b)



78 Chapter3. Pattern Formation in MagneticEkman-CouetteLayer

�0.6 �0.3 0 0.3 0.6
U0

�0.5

�0.3

�0.1

0.1

0.3

0.5

z

U0x

U0y

t=10
Q=0

a)

�0.8 �0.4 0 0.4 0.8
U0

�0.5

�0.3

�0.1

0.1

0.3

0.5

z

U0x

U0y

t=10

Q=40

b)

�0.2 0 0.2 0.4
B0

�0.5

�0.3

�0.1

0.1

0.3

0.5

z

B0x

B0y

t=10
Q=40

c)

�0.6 �0.3 0 0.3 0.6
U0

�0.5

�0.3

�0.1

0.1

0.3

0.5

z

U0x

U0y

t=100
Q=0

d)

�0.6 �0.3 0 0.3 0.6
U0

�0.5

�0.3

�0.1

0.1

0.3

0.5

z

U0x

U0y

t=100
Q=40

e)

�0.6 �0.3 0 0.3
B0

�0.5

�0.3

�0.1

0.1

0.3

0.5

z

B0x

B0y

t=100
Q=40

f)

Figure 3.2: Pro¯les of U 0 and B 0 as function of z for several parametersets.

where the overbars in u and b denote the averageof u ¡ U o and b ¡ B o over the
x, y¡ plane. The functions v, h and w, g which describe the poloidal and toroidal
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Figure 3.4: The modulus of the shear(Eq. (3.13)) as function of ¿ and Q.
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Figure 3.5: The variation of the stressangle° in degrees(seeEq. (3.14)) at the upper
boundary in the ¿, Q parameterspace.

potentials of the velocity and the magnetic ¯eld, respectively, are uniquely de¯ned if
the conditions v = h = w = g = 0 are imposed. In the following we will also use
U (z) := U 0(z) + U (z) for the x ¡ y independent parts of velocity ¯elds.

To simplify the analysis in the following, we shall focus our attention on the case
of liquid metals wherethe ratio ¸

º is of the order 104 to 106. In this limit we can drop
all terms on the left hand sideof (3.6c). After applying ± and " on (3.6c) in this limit,
we obtain for the potentials h, g the following equations:

r 2¢ 2h = ¡ k ¢r ¢ 2v; (3.16a)

r 2¢ 2g = ¡ k ¢r ¢ 2w: (3.16b)

It appearsthat Eq. (3.16a) for h with the corresponding boundary condition hasnot
to be solved explicitly, sinceh canbe eliminated from the problem by replacingr 2¢ 2h
in (3.6a) with ¡ k ¢r ¢ 2v in accordancewith (3.16a) since±(Qk ¢r b) » ¡ Q @2

@z2 ¢ 2v.

After the application of the di®erential operators ± and " on the velocity equation
(3.6a) we arrive in the limit ¸ >> º at the following equationsfor velocity potentials
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v, w and the magneticpotential g which are almost identical to Eqs. (2.6):

@
@t

r 2¢ 2 v + ± ¢(u ¢r u) = r 4¢ 2 v ¡ 2¿
@
@z

¢ 2 w ¡ U ¢rr 2¢ 2 v

+
@2

@z2
U ¢r ¢ 2 v ¡ Q

@2

@z2
¢ 2 v; (3.17a)

@
@t

¢ 2 w + " ¢(u ¢r u) = r 2¢ 2 w + 2¿
@
@z

¢ 2 v ¡ U ¢r ¢ 2 w

+
@
@z

U ¢" ¢ 2 v + Q
@
@z

¢ 2 g; (3.17b)

r 2g = ¡
@
@z

w: (3.17c)

In addition, the equationsfor the mean°ow u and the meanmagnetic induction are
obtained by averagingthe velocity (3.6a) and magneticinduction equations(3.6c) over
the x ¡ y plane.

@
@t

u + 2¿k £ u ¡
@
@z

¢ 2v
µ

r 2
@
@z

v + " w
¶

=
@2

@z2
u + Q

@
@z

b; (3.18a)

@2

@z2
b +

@
@z

u = 0: (3.18b)

In writing down Eqs. (3.17, 3.18a) we have introducedthe horizontal gradient, r 2 ´
r ¡ k(k ¢r ), and the horizontal Laplacian, ¢ 2 ´ r 2 ¢r 2. In line with Eqs. (3.8, 3.15)
the basicEqs. (3.17, 3.18) must be solved subject to the boundary conditions

v =
@
@z

v = w =
@
@z

g = 0 at z = §
1
2

: (3.19)

The boundary conditions for v; w result from the no-slip boundary conditions for the
velocity ¯eld u. The condition for g results from the following consideration: The
in¯nitely conducting boundary plates shield perfectly the magnetic ¯eld which thus
vanishesoutsidethe °uid layer. Consequently, there exist a °uctuating surfacecurrent
density j (x; y; t) on the plates which ful¯lls the following expressionsover the plate.

r £ (B ext ¡ B i ) = ¹ 0j ; (3.20)

Here B ext denotesthe (vanishing) external magnetic ¯eld and B i the inner ¯eld. In
other words, the electric current j el = ¾(E + u £ B) occursin the limit z ! § 1=2 where
u vanishesconsidering¢ 2 g 6= 0. In addition, using k £ r£ and r of B in terms of
the magneticpotentials h; g at the boundaries,we arrive at

k £ r £ B = ¡r 2 r 2 h + k £ rr ¢k g = 0; (3.21)

r ¢B = 0: (3.22)

Thus, we end up with the condition @
@z g = 0 at z = § 1

2 in Eq. (3.19).
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Following Eq. (1.1), the magnetohydrodynamic equations(3.17, 3.18a) are written
in a condensednotation as:

D
d
dt

V (x; t) = LV (x; t) + N (V (x; t); V (x; t)) ; L = A + ReB; (3.23)

where the symbolic vector V (x; t) = (v; w; g; u) represents all ¯elds in Eqs. (3.17,
3.18a). V (x; t) ´ 0 corresponds to the basic state. In line with the investigations
[24, 25] we assumethe idealization of an in¯nitely extended°uid layer in the horizontal
plane. Thus we useperiodic boundary conditions(i.e the x; y¡ dependenceis captured
by a 2D Fourier series). The vertical boundary conditions are satis¯ed by a Galerkin
ansatz in analogy to Eq. (2.12). The representations of v and w are identical but the
potential g requiresa slightly modi¯ed form. Sincewehave to ful¯ll @

@z g(z = § 1=2) = 0
(seeEq. (3.19) the following ansatz is used:

g(x; y; z; t) =
NX

n=1

MX

l ;m= ¡ M

glmn (t) exp[i (lqxx + mqyy)]
d
dz

Sn (z): (3.24)

Due to the strong variation of the velocity ¯elds at boundariesz = § 1
2 for large ¿, we

have to keepin generalmore Galerkin modesthen in the RBC problem in Chap. 2,
typically we took N = 14 as an satisfactory cuto®in our calculations.

In addition to Galerkin methods, we have alsousedthe standard shooting method
to solve the linear stabilit y problem. However the shooting method is not well suited
for systematicscansof the ¿, Q parameterspace.It becomesin fact very tedioussince
the resulting determinants arenot robust againstvariation of the parameters.However
in test of consistencythe two methods gave practically the sameresult whenthey were
compared.

3.2 Linear Analysis

In principle, we follow closelythe methods alreadyexplainedin detail in Chap. 2. The
onset of instabilit y is stationary when ¿ is small, but oscillatory for the high ¿ (i.e
¿ > 25) ashasalsobeenfound in earlier studiesof the Q = 0 case[41, 45]. In contrast
to the RBC problem however the chiralit y is always broken sincethe critical rolls are
oblique.

To give a ¯rst impressionof the ¿ dependenceof the critical Reynoldsnumber Rec

we have plotted a representativ e example of Rec as function of ¿ in Fig. 3.6. One
observesthree di®erent typesof destabilization. At low ¿ the bifurcation is stationary
and the threshold curve looksalmost parabolic. Above ¿ = 25 the bifurcation becomes
oscillatory. At ¯rst, we have the type I instabilit y until fairly high ¿ (» 52), wherea
crossover to the type II bifurcation takesplace,which di®ersby the orientation of the
rolls.

In the following subsections,we will discussthe di®erent branches of Rec in Fig.
3.6. As in Chap. 2, we calculate the critical Reynoldsnumber Rec as the minimum
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Figure 3.6: Critical ReynoldsnumbersRec for the onsetof disturbancesof the station-
ary modes(solid ) and modesfor type I (dotted) and type II (dashed)asa function of
¿ in the caseof Q = 20.

of the neutral curve R0(q) at the critical wavevector qc. In the previous chapter
(Chap. 1) the wavevectors q have beenrepresented as q = jqj(cos(Â); sin(Â)) where
Â denotesthe angle of q with the positive x¡ axis. Becauseof the equivalenceof q
and ¡ q we can restrict Â to the interval (0 · Â · ¼) without lossof generality. For
historical reasons,we will use in this chapter sometimesCartesian coordinates (»; ´ )
in the (x; y) plane wherethe ´ axis is aligned with q, i.e. the (»; ´ ) coordinate system
is rotated by an angle ¡ Á (¡ ¼=2 · Á · ¼=2) with respect to the (x; y) systemwhere
Á = Â ¡ ¼=2. From now on we call Á the obliquenessor orientation angle. Thus we
have q = q(cos(Á+ ¼=2); sin(Á+ ¼=2)) = q(¡ sin(Á); cos(Á)). In the Ekman layer
problem, jÁj is typically small (. 23o), i.e. q is always approximately parallel to the
y¡ axis and the roll axis is almost parallel to the sheardirection.

3.2.1 Stationary bifurcation at small ¿

This section is devoted to the stationary destabilizations of the basic solutions Eqs.
(3.9, 3.10) (see Fig. 3.2) at low ¿. In Fig. 3.7a we present the critical Reynolds
number Rec. The threshold divergesin the limit ¿ = 0 and around ¿ = 30, wherethe
type I oscillatory instabilit y prevails (seebelow). As function of ¿, we have an almost
parabolic shape for intermediate ¿ as already visible in Fig. 3.6. The threshold
increaseswith the magnetic energy (Q) which thus stabilizes the basic state. The
curvature of the parabola increaseswith increasingQ. For large ¿ (seee.g. Q = 20
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Figure 3.7: (a) The critical Reynoldsnumber Rec and (b) the modulus qc of the critical
wavevector qc as functions of ¿ and Q for the stationary case.

and 20 < ¿ < 25) a linear increaseof Rec(¿) takesover.

The modulus qc of qc is plotted in Fig. 3.7b. The most interesting point is a kind
of valley which appearsfor high Q valuesand which movestowards relatively smaller
valuesof ¿. The critical wave number qc increasesalong the valley with increasingQ.
Starting at small ¿, Q the critical wave number qc ¯rst passesa local maximum before
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entering the valley regimewhile the local maximum vanishesat large Q.
In Fig. 3.8, we show the critical obliquenessangle Ác. With decreasing¿, Ác

slightly decreases,passesa local maximum and decays to small values(either positive
or negative) near Ác = 0. For large Q, this decay is almost linear while for Q = 0
a shallow local minimum is shown. For instance, for ¿ = 2 and Q = 0 we have
Á = ¡ 2:52o. Someselectednumerical valuesfor the critical data with respect to ¿ and
Q have beencollectedin Table 3.1.

Q = 0 Q = 5 Q = 10
Rec qc Ác (deg.) Rec qc Ác (deg.) Rec qc Ác (deg.)

¿ = 5 853:09 2:35 ¡ 3:66 1350:64 2:44 ¡ 0:676 2105:61 2:46 0:802
¿ = 10 624:19 2:56 0:516 931:4 2:54 2:349 1415:67 2:46 3:438
¿ = 15 697:38 2:62 6:818 1021:74 2:48 6:99 1593:75 2:25 6:76
¿ = 20 1128:73 2:26 11:17 1903:29 1:87 9:568 4212:76 1:57 7:047

Q = 15 Q = 20 Q = 25
Rec qc Ác (deg.) Rec qc Ác (deg.) Rec qc Ác (deg.)

¿ = 5 3323:91 2:38 1:547 5553:04 2:17 1:776 10796:95 1:80 1:662
¿ = 10 2254:02 2:27 3:896 4015:36 1:95 3:724 9129:49 1:61 2:922
¿ = 15 2846:19 1:87 6:073 6598:56 1:59 4:526 17087:88 1:40 2:979
¿ = 20 9933:69 1:45 4:756 26479:19 1:35 2:979 50342:24 2:33 2:464

Table 3.1: Somecritical parametersof magneticEkman-Couettelayer problem for the
stationary roll solution.

In the following we will present somemore detailed information about the linear
analysisof the stationary modes. First, wehaveplotted in Fig. 3.9the scalarpotentials
v, w, g which determineaccordingto Eqs. (3.15, 3.16) the velocity and the magnetic
¯eld. v and w vanish at the boundariesz = § 1

2. However, g is ¯nite at the boundaries
consistent with the boundary conditions Eq. (3.19). To give an impressionof the
periodic roll structures, the z¡ pro¯les of stream function @́v, longitudinal velocity
@́w and magnetic¯eld strength @́g arepresented in Fig. 3.10in a planeperpendicular
to the roll axis. The stationary rolls seemto cover the entire °uid layer. Besides,the
contour linesof magnetic¯eld strength @́g areseento be ¯nite at the boundaries(Fig.
3.10c). In addition, an asymmetry along z = 0 plane (i.e. middle of the layer) can be
clearly identi¯ed.

In Fig. 3.11, we show a representativ e example(¿ = 17, Q = 10) of the eigenvalue
spectra slightly above Rec in the qx ¡ qy plane. As seenin the left plot where the
growthrates ¾are drawn, there exist a few local maxima. Among thesemaxima, the
highest onecorresponds to the critical Reynoldsnumber Rec.

Note also a local maxima near (qx ; qy) = (0; 0) which does not a®ect the entire
dynamics. The angle between roll axis and y¡ axis, Á = arctan(qx=qy), is easily
extracted from the location of the absolutemaxima. In the right panel of Fig. 3.11,
the corresponding imaginary parts ! of the leading eigenvalues ¸ are plotted. The
regimeof vanishing ! is mainly associated with positive Á except for the narrow cone
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Q = 0 (left panel) and Á = 0:17, ¿ = 17, Q = 10 (right panel). Note that Ác = 0:157
for left panel and Ác = 0:134 for right panel.

with ¯nite ! .
The topology of the ¾(q) surfacechangeswith Re. For instance, in Fig. 3.12 we

present the variation of maximal growthrate ¾ for di®erent parameters. Starting at
small Re, ¾becomespositive at Re = Rec. Then ¾increasespassesa maximum and
becomesagain negative at a larger value Re, above which the basicstate restabilizes.
Note that qc (i.e. qc, Ác) varies considerably as function of Re. In addition, the
stabilizing e®ectof the external magnetic ¯eld is seenclearly when the two curvesfor
¿ = 17arecompared.Moreover for relatively high ¿ (» 23) the unstableregionshrinks
as demonstratedin Fig 3.12.
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Moving away from q = qc the Re intervals of positive ¾in Fig. 3.13vary. In Fig.
3.13, we plotted two typical examplesof this kind. For instance, the unions of the
intervals where¾> 0 for varying jqj at ¯xed Á canproducea closedregionin the Re;q
plane. For the special caseQ = 0 our results are in perfect agreement with earlier
¯ndings [45].

3.2.2 The oscillatory instabilities for high Coriolis num ber

In this section,we present the oscillatory shear°ow instabilities for larger valuesof ¿.
In this case,the °ow is rather con¯ned to boundary layersnear the plates. We will dis-
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Figure 3.14: The e®ectof number of z modes(i.e. truncation parameterN ) at Rec =
1084:7, ¿ = 74, Q = 2, qc = 2:93 and Á = 18:9o in the caseof type I I instabilit y.

tinguish betweentwo di®erent bifurcations which wecall type I and type II. They di®er
with respect to sign of the obliquenessangleÁc and the modulus of qc. The oscillatory
instabilit y corresponds to a Hopf bifurcation. Thus we have two equivalent solutions
with imaginary parts § ! c which correspond » exp[iqcx § ¸ ct] » exp[i (qcx § ! ct)] (for
details seeChap. 1). ! c > 0 correspondsto waveswhich will be shown to move almost
parallel to ¡ qc at the lower plate on which we will focuswithout lossof generality.

With respect to the numerics,wehad to usemoreGalerkin modesfor the calculation
of both oscillatory instabilities (type I&I I) to resolve the boundary layers. To exemplify
this dependenceon N we present in Fig. 3.14 the critical Reynoldsnumber Rec for
type I I instabilit y. According to this graph, N = 14 is seento be su±cient for a reliable
calculation of the neutral curve.

In the following paragraphs,we present separatelythe linear analysisof the type
I/I I instabilities.
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The typ e I instabilit y

In this section the type I oscillatory instabilit y which prevails at medium ¿ will be
discussed.In Fig. 3.15a, we present the critical Reynoldsnumber Rec. This quantit y
¯rst decreaseswith increasing¿ up to a certain ¿ (» 50 for small Q), wherethe slope
changessign, before Rec starts slightly increasing. Rec increasesmonotonously as
function of Q.

In the presenceof a ¯nite magnetic ¯eld (Q 6= 0) the shear°ow is stabilized and
Rec becomeslarger. The critical wave number qc = jqcj is shown in Fig. 3.15b. With
decreasing¿, this quantit y decreasesfrom qc = 5:47 (at ¿ = 100) to qc = 2:43 (at
Q = 40). There is only a weak Q¡ dependence. The critical obliquenessangle Ác

(betweenq and y¡ axis) is shown in Fig. 3.16. It is seenthat Ác is independent of Q
for high ¿ (Ác = ¡ 7:4o at ¿ = 100). However in particular for small Q, Ác increases
slightly. For high Q, the increasein Ác is almost linear with increasing¿ (seeQ = 40
in Fig. 3.16a). Finally the Hopf frequency! c is shown in Fig. 3.16b. ! c decreases
at ¯rst with decreasing¿, then passesa minimum for ¿ ' 55 and increasesagain.
This behavior is qualitativ ely the samefor all Q but quantitativ ely ! c increaseswith
increasingQ.

In addition to theseplots, we would like to add more detailed information on the
type I instabilit y. In Table 3.2 we have comparedsomeselectednumerical data of our
investigation with earlier studiesin the literature. We have found excellent agreement,
which shows that our numerical Galerkin methods are trustworthy. In Fig. 3.17, we

Rec qc Ác (deg.) ! c

present work 2246:52 5:52 ¡ 6:932 1352:92
Ho®mannet al. 2244:6 5:5 ¡ 6:88 1346:5

Lilly 2240 5:5 ¡ 6:8 ¡

Table 3.2: Onsetof the type I instabilit y at ¿ = 100and a comparisonwith the results
of Ho®mannet al. [45] and Lilly [41] in our units for a singleEkman layer in the limit
Q = 0.

show the pro¯les of the scalarpotentials v, w, g asfunction of z for a particular q in the
caseof ! c > 0 in analogy to Fig. 3.9 in the stationary case.The graphsare not very
illuminating in detail, but show clearly that the instabilities are rather concentrated
near the lower plate as to be expected.

As a complement, again in analogyto Fig. 3.10in the stationary case,we show the
scalarpotentials in the ´ ¡ z planefor ! c > 0 in Fig. 3.18. Oneobservesroll structures,
which are concentrated near the lower plate. (Note that the structure do not depend
on »; i.e. the coordinate perpendicular to the paper plane.)

It is obvious that, the streamlines@́v, the lines of velocity @́w and magnetic ¯eld
strength @́g do not have a clear z¡ symmetry in contrast to the stationary solution
(Fig. 3.18). The mirror symmetric solution (z ! ¡ z) is provided here by the ¡ ! c

solution. Note that the streamlinesbend to the right hand- side at the lower part of
the layer; this feature doesnot changewith increasingQ.
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Figure 3.15: (a) The critical Reynoldsnumber Rec and (b) the modulus qc of critical
wavevector, as functions of ¿ and Q in the caseof the type I instabilit y.
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Figure 3.17: A typical pro¯le of scalarpotentials v, w, g asfunction of z for Re = 2251,
q = 4:95, Á = ¡ 7:62o at ¿ = 80 and Q = 10.
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Figure 3.18: A typical contour plot of the (a) streamfunction @́v, (b) the longitudinal
velocity component @́w and (c) magnetic ¯eld along »¡ direction, (i.e. ´ = (x sinÁ+
y cosÁ)) for ¿ = 90, Q = 25, Á = ¡ 18:3o and q = 3:3. (Type I, ! = ! c > 0.)

The typ e I I instabilit y

In this subsection,we present somedetails on the type II oscillatory instabilit y.
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Figure 3.20: (a) The critical orientation angle Ác and (b) the critical Hopf frequency
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Figure 3.21: A typical contour plot representation of (a) the stream function @́v, (b)
the longitudinal velocity component @́w and (c) the magnetic¯eld strength @́g along
a coordinate axis ´ parallel to the wavevector q, (i.e. ´ = (x sinÁ + y cosÁ)) for
Re = 3287:7, ¿ = 95, Q = 25, Á = 11:46o and q = 2:08. The solution for ! = + ! c

is mainly concentrated at the lower bo undary z = ¡ 1=2, where the external stress
excitesa traveling wave to the left.

In Fig. 3.19a the critical Reynoldsnumber Rec is plotted as function of ¿, Q. Rec

decreaseswith increasing¿ as shown in Fig. 3.6. In particular we draw the attention
to the strong increaseof Rec with Q (the stabilizing magnetic¯eld). The critical wave
number qc which is shown in Fig. 3.19b also increasesas function of ¿ in the caseof
constant Q similar to type I instabilit y. It is interesting that the wave numbersdo not
changetoo much with respect to Q. In general,qc is smaller than the onein the type I
case.The main di®erencesbetweentwo oscillatory instabilities are found in the critical
valuesof the angle Ác (] (qc; y)) in Fig. 3.20a. The angle Ác is opposite in sign to
the type I angle. The magnetic energyQ has an important impact for moderate and
high ¿ values. The Ác valuesdecreaselinearly with respect to Q for high ¿, whereasÁc

valuesarealways constant in the caseof type I instabilit y (seein Fig. 3.16a). Ác values
decreasefrom 21:77o (at Q = 0) to 16:62o (at Q = 40) as function of Q for ¿ = 100.
Another di®erencebetween two instabilities can be seenfor the moderate ¿. While
Ác valuesincreasein the positive direction in the caseof type I, they decreasealmost
linearly in the caseof type I I instabilit y. The Hopf frequency! c is drawn in Fig. 3.20b
as functions of ¿ and Q. In general,the graph looks very similar to the corresponding
one for the type I instabilit y (Fig. 3.16b). Here, the valuesalso increaselinearly with
the magneticenergyQ.

In Table 3.3, we comparesomeselectedcritical data for Q = 0 with earlier studies.
According to this table (Table3.3) our resultsfor the onsetof type I I instabilities agree
alsowell with the earlier results as already demonstratedin the type I case.
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Rec qc Ác (deg.) ! c

present work 1105:14 3:31 22:66 391:58
Ho®mannet al. 1105:3 3:3 22:9 391:2

Lilly 1100 3:3 22:6 ¡

Table 3.3: Onset of the type II instabilit y at ¿ = 100 in a comparisonwith the results
of Ho®mannet al. [45] and Lilly [41] in our units for a singleEkman layer.

69.036

-0.000

 -237.5

 -212.5

 -187.5

 -162.5

 -137.5

 -112.5

  -87.5

  -62.5

  -37.5

  -12.5

   12.5

   37.5

   62.5

 -8.00  -5.47  -2.94  -0.41 
 -8.00 

 -5.48 

 -2.97 

 -0.45 

 2.06 

 4.58 

 7.09 

     100

     300

     500

     700

     900

    1100

    1300

    1500

    1700

    1900

    2100

    2300

    2500

    2700

    2900

 -8.00  -5.47  -2.94  -0.41 
 -8.00 

 -5.48 

 -2.97 

 -0.45 

 2.06 

 4.58 

 7.09 

Figure 3.22: Real (left panel) and imaginary (right panel) parts of the leading eigen-
valuesas function of q = (qx ; qy) at Re = 2144:7 for ¿ = 100 and Q = 10. The two
maxima in the left plot correspond to the type I (qx = 0:714, qy = ¡ 5:48) and II
(qx = ¡ 1:196, qy = ¡ 3:12) instabilities. qy and qx vary along the horizontal and the
vertical axes,r espectively.

The scalar potentials in ´ ¡ z plane for ! > 0 are shown in Fig. 3.21. Note the
asymmetry of the contour lines which are concentrated near the lower boundary in
analogy to the type I instabilit y (Fig. 3.21). The scalar function g is ¯nite at the
boundaries(Fig. 3.21c) since @g

@z (z = § 1
2) = 0.

In analogyto the stationary case(Fig. 3.11) we would like to add a small discussion
on the maximal eigenvaluesof oscillatory instabilities type I&I I, sincethey a®ectthe
nonlinear features as well. We have consideredthe case(¿ = 100, Q = 10) where
Rec = 2449:7 for type I and Rec = 1271:5 for type I I. According to Fig. 3.22, the
leading eigenvaluesas function of q display a complicatedstructure which re°ects the
presenceof both instabilit y types. The real part (left panel) has two local maximas
which correspond to type I and II instabilities. It is obvious that the type I instabilit y
is related to the upper local maxima which hasa negative Á and the maximal real part
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of type I instabilit y (¾I ) is closeto zero. Whereasthe type II instabilit y is related to
the lower local maxima with a relatively largereal part » 63 (¾I I ). Note alsothat type
I I instabilit y hasa positive Á. In addition, the wavenumber of the type I instabilit y is
relatively larger than that of the type II instabilit y. For example,at ¿ = 100,when ¾I

approachesto zero, type I I growthrate is already above the neutral curve (i.e. ¾I I > 0
). In the right panel of Fig. 3.22, the imaginary parts ! of the leading eigenvalues
are drawn. We ¯nd somelocal maxima which are associated with ¯nite ! on the left
panel. Note also that ! valueswhich correspond to the type I instabilit y are higher
than the onesof the type II instabilit y (also seeFig. 3.16b and 3.20b). The regionsof
¯nite ! valuesdo not have a regular shape.

3.3 Nonlinear Analysis of Roll Solutions

In this sectionwe present the results for the nonlinear properties of rolls on the basis
of the weakly nonlinear analysis and the Galerkin calculations. For this goal, we
concentrate mainly on the region near onset with small " (= (Re ¡ Rec)=Rec). Even
there the analysis is far from complete in view of the large parameter spaceof ¿ and
Q that has to be scanned. In general,we have focusedon the stationary instabilities
which occursat relatively low ¿ values. In the caseof oscillatory instabilities (i.e. type
I&I I), we present only someweakly nonlinear results.

First, we present Sec.3.3.1covering somecalculationson the NusseltnumbersN u
which are, the indicators of the horizontal averageof momentum transport through the
boundariesin the caseof both stationary and oscillatory instabilities. The stabilit y
diagramsand somefeaturesof the secondarybifurcations for the stationary rolls will
be discussedin Sec. 3.3.2. In Sec. 3.3.3, the weakly nonlinear analysis near the
codimension-2point will be described for high rotation rates ¿.

3.3.1 Nusselt num ber

A global characterizationof the nonlinearpropertiesis provided by the Nusseltnumber
N ux , N uy asthe horizontally averageddirectional shearcomponents at the boundaries
due to the velocity ¯elds Ux , Uy. In analogy to the thermal Nusselt number it is

useful to single out the contribution of the basic °ow. Without lossof generality we
can restrict ourselvesto the lower boundary and de¯ne:

N ux = 1 +
@ux
@z jz= ¡ 1=2

@U0x
@z jz= ¡ 1=2

; N uy = 1 +
@uy

@z jz= ¡ 1=2
@U0y

@z jz= ¡ 1=2

: (3.25)

Here,u, which describesthe nonlinear contributions to U 0 is given in Eq. (3.18a); U 0

is given in Eq. (3.10). For our purpose,it is convenient to use the directional shear
components N u», N u´ in the rotated coordinate system(»; ´ ), wherethe ´ axis
is aligned with the wavevector q of the rolls. We arrive at the following de¯nitions:

N u» = 1 +
@u»

@z jz= ¡ 1=2
@U0»

@z jz= ¡ 1=2

; N u´ = 1 +
@u´

@z jz= ¡ 1=2
@U0´

@z jz= ¡ 1=2

: (3.26)
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Figure 3.23: The Nusseltnumbersfor ¿ = 17, Q = 0, q = 3:1 and Á = 16:5 asfunctions
of Re for two di®erent valuesof truncation parameterN .
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Figure 3.24: Nusselt numbers N u for increasingReynoldsnumber Re in the caseof
stationary instabilit y. Solid (dashed)linesdenoteN u» (N u´ ) valuesat ¿ = 17,Q = 10,
qc = 2:01, Ác = 7:67o (left panel) and ¿ = 10, Q = 20, qc = 1:94, Ác = 3:72o (right
panel).

At ¯rst, we focuson the stationary casewherethe nonlinearsolutionsarecalculated
with the help of a full Galerkin analysis. In Fig. (3.23) we study the dependenceon the
truncation parameter N for ¿ = 17 and Q = 0. Apparently, we seeonly quantitativ e
changeswith increasingN . Note the restabilization of the basic °ow (N u = 1) at
Re = 1761which was already mentioned in Fig. 3.13.
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Figure 3.26: Nusselt numbers N u for increasingReynoldsnumber Re in the caseof
oscillatory instabilities. Solid (dashed) lines denote N u» (N u´ ) values in the caseof
(a) type I at ¿ = 60, Q = 10, qc = 4:38, Ác = ¡ 8:94o and (b) type I I (right panel) at
¿ = 60, Q = 10, qc = 2:43, Ác = 14:3o.

Fig. 3.24 shows the directional Nusselt numbers N u for increasingRe in the case
of two other representativ e parameter sets (¿ = 17; Q = 10) and (¿ = 10; Q = 20).
It is obvious that the curvesare globally similar. In Figs. 3.24, 3.26, N u´ < 1, thus
the mean°ow contribution due to the rolls reducesthe basic stress. In contrast, N u»

can have both signs. The Nusselt numbers depend on the wavevector q of the roll
solutions. In Fig. 3.25 we show a representativ e examplewith varying wavenumber
q at ¯xed Á = Ác. It is clear that for a certain q, N u´ and N u» have extrema which
correspond roughly speaking to maxima of the amplitudes.
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In the following wepresent someexamplesof the Nusseltnumbersfor the oscillatory
instabilities of type I and II. The resultsare obtained from a weakly nonlinear analysis
strictly valid near onset. In Fig. 3.26, we show two representativ e samples.The global
characteristicsof the N u curvesdi®erqualitativ ely for increasingRe from the onesin
the stationary case(Fig. 3.24). For instance, in the »¡ direction (i.e. along the roll
axis), the shear ¯rst increasesjust beyond the onset of instabilit y, then it decreases
with increasingRe (Fig. 3.26a).

3.3.2 Stabilit y diagrams of stationary rolls at low ¿

In this section,we discussthe stationary roll solutionsand their instabilit y not too far
from onseton the basisof weakly nonlinear and Galerkin solutions. As a foreword, we
found that the primary bifurcation is always supercritical according to the analyses.

In Fig. 3.27, we start with the stabilit y diagram of rolls in the q ¡ " plane. Note
that we use" as " := (Re¡ Rec)=Rec with respect to Rec = Re0(¿; Q; qc) to describe
the distance from onset. Instabilities exist above the neutral curve Re0(¿; Q; q). As
discussedin the previous section we have found oblique rolls with the roll axis are
nearly parallel to x¡ axis. The critical obliquenessangle Ác varies as function of ¿
changesfrom Ác = ¡ 3:72o to Ác = 11:45o. The threshold Rec decreasesat ¯rst then
increasesbeyond a certain ¿ as function of ¿, parabolically. The stabilit y diagramsin
Fig. 3.27 for two di®erent magneticenergies(Q = 10; 20) are qualitativ ely similar.

Beforethe details on the stabilit y diagrams,we would like to comparethe linear so-
lution with the nonlinearonefor a small " . In Fig. 3.28, we show a typical contour plot
of the streamfunction and the linesof constant velocity alongthe roll axis which holds
for " = 0:02, ¿ = 12, Q = 14 in both linear (upper panel) and nonlinear (lower panel)
cases.The plots do not di®er so much since" is relatively small. An antisymmetric
featurewith respect to the midplane (z = 0) which hasalreadymentioned in the linear
regime(see,for instance,Fig. 3.10) is observable also in the nonlinear case. Besides,
in the lower panel of Fig. 3.28, the e®ectof nonlinear disturbance to the typical roll
solution is seenclearly. The stream function and the lines of constant velocity change
mostly at the middle of the planes (z = 0) due to the nonlinear disturbance of the
basicstate. There exist a strong gradient at the middle of the layer and this gradient
destroys the linear properties. Note also that the stream function @́v and the lines of
constant velocity @́w preserve their asymmetric feature with respect to z = 0 plane
near the onset.

For the stabilit y diagrams, we have also consideredthe caseof varying jqcj at
¯xed critical angle Ác. At ¯rst we concentrate on the caseof Q = 10. As shown in
Fig. 3.27a, we have observed both longwave and shortwave instabilities on the q¡ Re
plane. Longwave instabilities were mainly found for small " . For q < qc, a zig-zag
instabilit y occurs. The standard Eckhaus instabilit y curve is very close to the zig-
zag instabilit y for small q. The stable region is restricted from above for all q by a
skewed-varicoseinstabilit y which occursaround " = 0:25 for q = qc. For fairly high ",
shortwave instabilities takeplace. For increasing" one¯rst hits the curveof a cross-roll
instabilit y. Then, an oscillatory instabilit y occurs for q > qc.
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Figure 3.27: Stabilit y diagram in the stationary casefor (a) ¿ = 17, Q = 10, Á = Ác =
7:73o, (b) ¿ = 17, Q = 20, Á = Ác = 4:06o.

Fig. 3.27b shows the stabilit y diagram for a relatively strong magnetic energy,
Q = 20 where the critical angle is given as Ác = 4:06o. According to Fig. 3.27b,
both longwave and shortwave instabilities destabilize the stationary rolls. Similar to
Fig. 3.27a, the longwave instabilities are located near the neutral curve, whereasthe
stabilit y balloon is boundedfrom above by a shortwave instabilit y at relatively high ".
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Figure 3.29: The real part ¾ and the imaginary part ! of the leading eigenvalue as
function of " = Re¡ Rec

Rec
(Rec = 1968) at (a)¿ = 17, Q = 10, q = 2:1, Á = Ác = 7:73o

and (b) ¿ = 17, Q = 20, q = 1:55 and Á = 4o. Dash- dotted lines correspond to ¾= 0

The stable region is mainly limited from below by a skewed-varicoseinstabilit y. Zig-
zagand Eckhaus instabilities show their typical featuresas alsoseenin Fig. 3.27a.

A high frequencyoscillatory instabilit y around " = 0:34 closesthe stabilit y balloon
from above, which we will discussin more detail. First, we addressthe Q = 10 case
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as in Fig. 3.27a. The real and imaginary parts of linear eigenvalue for the fastest
growing mode as function of Re have beenplotted in Fig. 3.29a. The growthrate ¾
becomespositive around " = 2:09; the Hopf frequencyis found as! = 375. Addressing
the oscillatory instabilit y in Fig. 3.27b (Q = 20), the onset has beendetermined as
Re = 13080for q = 1:55 (Fig. 3.29b). The Hopf frequencyin this casehas a value of
about ! = 8500.
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Figure 3.30: Amplitudes A (type I) and B (type I I) for (a) ¿ = 48, (b) ¿ = 51at Q = 0
and for (c) ¿ = 51, (d) ¿ = 58 at Q = 10.

3.3.3 Weakly nonlinear analysis near the codimension-2 poin t

As already mentioned before, in relatively high rotation rates (¿ & 25), there exist
oscillatory instabilities which are classi¯ed as typesI and II. We have only performed
weakly nonlinear analysis near onset. At moderate ¿ (» 50) a codimension-2point
between two oscillatory instabilities exists (seealso Fig. 3.6), for the codimension-2
point the type I and II solutions coexist at the sameRec value in the ¿ ¡ Q plane.
For our calculational method in terms of the weakly nonlinear analysis around the
codimension-2point, we refer to Sec.1.3.3. According to our calculations,the primary
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bifurcations are always supercritical. In Fig. 3.30, the amplitudes of type I (A) and
II (B ) instabilities are plotted as function of Re. In Fig. 3.30a, the type I instabilit y
precedesthe type II instabilit y with increasingRe, whereasfor larger ¿ we have found
the opposite case(seeFig. 3.30b). For ¯nite Q we have a similar scenario,however
the codimension-2point is shifted to larger ¿. For example,the codimension-2point
is around ¿ = 56 for Q = 10. For (¿; Q) = (49; 0), there exist the prediction of a mixed
state of type I/I I modes(both A and B ¯nite) in Fig. 3.30b [45]. We have determined
the coe±cients of the coupled amplitude equationsand have beenunable to con¯rm
this prediction. In parallel we have madesimulations in this caseand found no mixed
stateseither.

3.4 Numerical Simulation of the Ekman-Couette
Patterns

In this part, we will present somerepresentativ e patterns from our simulations and dis-
cusstheir featuresfor di®erent parametersetsin the caseof stationary and oscillatory
instabilities. According to the linear analysis,we always have oblique rolls which have
a relatively small orientation angleÁ (6o) to the direction of the mean°ow. To resolve
this anglewe have performedmost simulations on a 256£ 256grid in the x ¡ y plane.
The computational e®ectis fairly large, sinceat least 12 Galerkin modesare necessary
in the z¡ direction to resolve the Ekman layers.

In the patterns presented below, the vertical component of the velocity ¯eld (i.e.
v(x; y; z; t)) at di®erent vertical positions z is shown. The x¡ coordinate increases
towards the right and the y¡ coordinate is directed upwards. First, we focus on the
small rotation rates 2 < ¿ < 25; the ¿ > 25 case(i.e. oscillatory instabilities) will be
discussedlater.

3.4.1 Simulations at low ¿

At small rotation rates ¿, we have found stationary roll structures from the Galerkin
analysisin Sec.3.3.2(seeFig. 3.27a). This is con¯rmed in Fig. 3.31, wherewe arrive
at a stationary pattern aswell, starting from randominitial conditionsat low ". In Fig.
3.32, it is shown that the directional shearcomponents N u», N u´ at z = 0:4 become
time independent.

In the following, we show somefurther simulations to con¯rm the stabilit y diagram
in Fig. 3.27.

In Fig. 3.33, we demonstratefor " = 1:74, q = 1:8 the transverseinstabilit y which
takesplacefor the relatively high " valuesaccordingto Fig. 3.27a. In pattern, we see
somemodulations aligned in the samedirection with the roll axis. In the regionwhere
the stationary rolls are oscillatorily unstable against transversemodulations, we have
found stable traveling wave with an orientation as in the type I case. An exampleis
shown in Fig. 3.34.
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Figure 3.31: Typical stationary oblique roll patterns from random initial condition for
¿ = 17, Q = 10, " = 0:01, (Rec = 1968), q = qc = 2:01 and Á = 7:7o at z = 0:4 (see
Fig. 3.27a). The plots from left to right correspond to the times t = 0, 0:03, 0:23 and
0:6. The aspect ratio is ¡ = 26.

0 0.3 0.6 0.9 1.2 1.5 1.8
t

0.93

0.95

0.97

0.99

1.01

Nu

Nux

Nuh

Figure 3.32: Time evolution of the NusseltnumbersN u for the sameparametersas in
Fig. 3.31 in units of tv.

Figure 3.33: Transverseinstabilit y for ¿ = 17, Q = 10, " = 1:74 (Rec = 1968),q = 1:8
and Á = 3:43o (seeFig. 3.27a). The plots from left to right correspond to the times
t = 0:0112,0:0113,0:0114and 0:0116. The aspect ratio is ¡ = 34.
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Figure 3.34: Oscillatory instabilit y for ¿ = 17, Q = 10, " = 2:55, q = 2:2 and
Á = ¡ 36:8o (seeFig. 3.27a). The plots from left to right correspond to the times
t = 0:193,0:195,0:197and 0:199. The aspect ratio is ¡ = 28.
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Figure 3.35: Leadingtwo amplitudes in the caseof oscillatory instabilities. Parameters
are as in Fig. 3.34.

In Fig. 3.35we show the leading amplitude A for the corresponding wave number
q = 3:22(¡ 0:8; 0:6). The frequency! A of the wave is very near to the Hopf frequency
of the oscillating rolls. Superimposedto the traveling wave we have also observed a
periodic motion in y¡ direction. The correspondingamplitude B of this mode is shown
in Fig. 3.35. Note that the frequencyof B is fairly small and corresponds to a very
small wave number (q = 0:31).

3.4.2 Simulations in the tra veling wave regime

The most interesting simulations have beenfound for the oscillatory states which bi-
furcate at moderate and high rotation rates ¿. In this section, the simulations of the
type I/I I instabilities will be presented for various parametersets. We would like to
emphasizethat we show the patterns for ! > 0, which are concentrated near the lower
plate. The traveling wavesare described ascos(qxx + qyy + ! t) in our simulation code
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Figure 3.36: Rolls of type I travels in positive y¡ direction from random initial condi-
tion for ¿ = 80, Q = 40, " = 0:02, (Rec = 3187:8), qc = 4:89, Ác = ¡ 8o and ! c = 1526
at the plane z = ¡ 0:4. The plots from left to right correspond to the times t = 1:480,
1:484,1:488and 1:492. The aspect ratio is ¡ = 10.
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Figure 3.37: The amplitudes of the leading modes(at qc and 2qc) as function of time
for the sameparametersin Fig. 3.36.

with qx > 0 and jqy j >> jqx j. In this case,the instabilit y typesof the traveling rolls are
identi¯ed by the help of qy. The wavescorrespond to type I instabilit y have qy < 0 and
practically move in positive y¡ direction, but in the caseof type I I instabilit y, qy > 0
and the wavesmove in negative y¡ direction. First we start with the type I instabilit y
patterns which have a negative orientation angleÁ with
q = ¡j qj(sin (Á); cos(Á)) = (qx ; qy). In Fig. 3.36, a typical traveling wave resulting
from a type I instabilit y is shown for relatively high Q. The pattern is recordednear
the lower boundary pla te, and the rolls move in positive y¡ direction. As function of
time, the optical contrast of the patterns alsochange,asshown in the secondplot. The
leading amplitudes have beenplotted in Fig. 3.37. It is obvious that the amplitudes
for the leading two modesare time periodic. The secondmode is the higher harmonic
s ince the frequencyhasdoubled.

In the caseof type I I instabilit y, a typical time evolution with a positive orientation
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Figure 3.38: Type II instabilit y rolls traveling in negative y¡ direction. Randominitial
condition for ¿ = 60, Q = 0, " = 0:01, " = 0:01, (Rec = 1135:3), qc = 2:52, Ác = 16:4o

and ! c = 308:3 at the planez = 0. The plots from left to right correspond to the times
t = 0:122,0:124,0:126,0:128,0:13 and 0:132. The aspect ratio is ¡ = 24.

Figure 3.39: Rolls arising from the type II instabilit y in a rotated coordinate system
aligned with qc which travel in negative y¡ direction for ¿ = 60, Q = 10, " = 0:01,
(Rec = 1473:9), qc = 2:43, Ác = 14:67o and ! c = 353 at the plane z = 0:4 (seeSec.
3.2). The plots from left to right correspond to the times t = 0:167,0:171,0:176,0:18,
0:184and 0:189. The aspect ratio is ¡ = 20.
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Figure 3.40: The amplitudes of the leading modes(at qc and 2qc) as function of time
for the sameparametersin Fig. 3.38. Time is in the units of tv

Figure 3.41: Transverseinstabilit y of the type II rolls for ¿ = 80, Q = 20, " = 0:7
(Rc = 1486:7) at z = 0:4 plane. Note that the type II rolls move in negative y¡
direction. The plots from left to right correspond to the times t = 0:04, 0:124, 0:142,
0:148,0:154and 0:158. The aspect ratio is ¡ = 26.

angle is shown in Fig. 3.38. Here, the rolls travel in negative y¡ direction. Sincewe
start with a random initial condition, there exist somedislocations at the beginning.

We have alsoperformedsomesimulations in the caseof type I I instabilit y usingthe
rotated coordinate system(»; ´ ) alignedwith qc. Onehasonly to adapt the direction of
the mean°ow in our codes,sincethe hydrodynamicequationsarerotationally invariant.
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Figure 3.42: N u valuesas function of time for the sameparametersduring the insta-
bilit y in Fig. 3.41.

According to Fig. 3.39, the patterns move downward to the left for ¿ = 60and Q = 10.
In Fig. 3.40we have plotted the two leadingmodes. The secondmode (B) is a higher
harmonic and thus alsomuch weaker in amplitude than the leading mode near Rec.

In Fig. 3.41, a transverseinstabilit y of the type II state has been presented for
" = 0:7. The simulation starts with ideal type I I rolls with the orientation angleÁ =
Ác = 17o, after sometime a destabilization of the state is seen.The destabilizingangle
of the instabilit y hasbeenfound asÁ = 57o. The wave number decreasesconsiderably
to q = 1:1 after the instabilit y. According to Fig. 3.42, the directional N u components
are not constant with time becauseof the secondaryinstabilities. For relatively low
Re, we have observed that the Nusseltnumbersare constant for pure type II rolls.

3.5 Solitary Vortex Solutions

Beside the periodic solutions, which follow the bifurcation sequencefrom the initial
state, we have also found stationary solitary vortex solutions. We devote this section
to somefeaturesof this solution.

The solitary vortex solutions exist in a parameter region di®erent from the spa-
tially periodic patterns. The phenomenonof the solitary wave forms hasalready been
observed in experimental studies for last two decades.We suggestthe reader two of
the latest studies by Schouveiler et al [71] and Serreet al. [72]. In their studies, the
spots and other solitary forms wereobserved in a stator- rotator discgeometryat su±-
ciently large Re. Thesesolutionsare not associated with a destabilization of the basic
state. Theoretically they have beenfound for the present geometryby Busseand his
co- worker [46].

To investigate this type of solution, we have in principle used a stationary stan-
dard Galerkin scheme. We have neglectedall coe±cients and corresponding equations
satisfying the truncation condition N + M > N t (seeEq. (2.12d)), whereN t is a nat-
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Figure 3.43: The solitary vortex solution in the ´ ¡ z¡ planefor (1) Re = 2610,¿ = 10,
Q = 9, Á = 0:57o, (2) Re = 1980,¿ = 70, Q = 1, Á = 30:3o. (a) The lines of @v

@́ and
(b) constant »¡ component of the velocity.

ural number which hasbeenset equal to 10 or higher in the computations. Whenever
signi¯cant changeswith respect to the results obtained for N t + 2 have beennoticed,
higher valuesof N t up to N t = 16 have beenusedin the calculations.

To provide an overview for the reader,sometypical contour plot representations of
the solitary wavesare shown in the ´ ¡ z plane for variousparametersetsin Fig. 3.43.
We have used periodic boundary condition in the ´ direction. The integral interval
L ´ is parameterizedby a wave number q according to L ´ = 2¼=q. Note that there
exist only one vortex in the entire ´ direction in each plot. The solitary solutions
are in fact independent from the integration interval L ´ . According to Fig. 3.43, the
streamlinesexhibit lesssmooth behavior for relatively higher magnetic energyQ for
small ReynoldsnumbersRe. Comparing Figs. 3.43(1,2) it is obvious that the solitary
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vortices are much more localized at high ¿. To show the e®ectof horizontal spacing
(L ´ ), we plotted Fig. 3.44. When the horizontal distanceL ´ has beenincreased,the
solitary characteristic of the vortices becomesmore obvious.
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Figure 3.44: The e®ectof the modi¯cation of the integral interval L ´ to the generation
of solitary vortex solutions. Streamlinesof the solitary vortex solution in the ´ ¡ z¡
plane for (1) Re = 2020,¿ = 70, Q = 25, q » 1=L´ = 0:2, Á = 30:3o, (2) the same
parametersexceptq » 1=L´ = 0:6. (a) The linesof @v

@́ and (b) constant »¡ component
of the velocity.

In the following, we will ¯rst addressthe shearcomponents for di®erent parameter
sets. Secondly, someother characteristicsof the solitary vortex will be pointed out. In
the last part, a short sectionon stabilit y analysiswill be presented.

3.5.1 The directional Nusselt num bers

In this part, we will present somefeaturesof the shearfrom the solitary vortex struc-
tures. For the mathematical details of the directional shear,we refer to the Sec. 3.3.1.
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At ¯rst we would like to start with a representativ e graph which shows the e®ectof the
truncation parameterN t (Fig. 3.45). In this graph, we have calculatedthe components
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Figure 3.45: The components of the Nusselt numbers N u» (upper lines) and N u´

(lower lines) for ¿ = 10, Q = 9, Á = ¡ 5:72o and Re = 2000. The solid, dotted and
dash-dottedlines show the results for the truncation parametersN t = 14, N t = 10 and
N t = 8, respectively.

of N u as function of q » 1
L ´

. We denotedthe 1D¡ spacingalong the ´ direction with
L ´ which determinesthe horizontal distanceof the cell in which the solitary wave forms
were observed. It is clear that, for su±ciently large q values, an isolated wave form
shows a linear dependenceon q since the fraction of spaceoccupied by the solitary
vortices increaselinearly by q. This behavior can not be seenfor the other roll solu-
tions such asstandard stationary Ekman rolls and oscillatory rolls (seealsoFig. 3.25).
In Fig. 3.45, the linear dependenceof the Nusselt numbers on the wave number q
changesslightly by the truncation parameterN t . Note alsothat N t = 14 is in principle
su±cient for the investigation of the solitary vortex motions.

In Fig. 3.46, we have plotted the components of N u for increasingRe in the case
¿ = 17 and Q = 0. The behavior of the N u curvesare entirely di®erent then the case
of both stationary and oscillatory instabilities. The solitary vortices always give two
di®erent valuesfor each N u components at a certain Re. However stationary Ekman
solutions give well de¯ned curvesand they always have only onevalue for each of the
N u components for certain Re values. With decreasingRe, the shearincreasesup to a
certain point in both directions, then it decreasesuntil meetinga turning point. They
never come to N u» = N u´ = 1 point for low Re in contrast to the stationary and
oscillatory solutions.

In Fig. 3.47, the directional N u valuesas function of Re are drawn for a ¯nite Q
(= 9). Here we have also plotted the N u components for standard stationary Ekman
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Figure 3.46: The NusseltnumbersN u» (dashed)and N u´ (solid) as function of Re for
¿ = 17, Q = 0, Á = 16:5o and q = 3:1.
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Figure 3.47: The directional NusseltnumbersN u» and N u´ for stationary Ekman rolls
(dashed lines) and for the solitary vortex solutions (solid lines) in the case¿ = 10,
Q = 9, q = 0:6, Á = 9:74o.

rolls (dashedlines). In principle, the magnetic¯eld doesnot changethe global features
of the shear at the boundariessince the curves are very similar to the onesin Fig.
3.46. Besides,the directional components of the shearare much higher (N u» ¼ 1:35,
N u´ ¼ 0:75) than the onesin the stationary case(N u» ¼ 1:05, N u´ ¼ 0:9).

In Fig. 3.48 the directional Nusselt numbers N u» and N u´ are shown as function
of the orientation angle Á, for which the localized solutions were found, in the case
¿ = 25 and Q = 6:3. It is seenthat the exertedshearson the plates give an elliptical
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Figure 3.48: The directional N u components as function of the orientation angleÁ in
the caseRe = 1820, Q = 6:3, ¿ = 25, q = 0:9. Filled (open) circles correspond to
solutions of the upper (lower) branch.

curve asfunction of Á. The point is that there is always only onesolitary vortex in the
interval 0 · ´ · 2¼

q over which the shearhasbeenaveraged.

3.5.2 The onset of the solitary vortex solutions

In this section,we will mainly discussthe onsetof the solitary vortex solutions in the
caseof ¯nite magnetic energyQ. Initially , we would like to emphasizethat the same
terminology which was used in the linear stabilit y analysis for the determination of
Rec is considered,here. We have scannedRe values for certain ¿ and whenever we
have found a localized structure for a Re value, we have reconstructedour solution
for lower Re. A representativ e ¿ ¡ Re plot is shown to determine the onset of the
solitary vortex solution in the caseQ = 6:25 (Fig. 3.49a). For small ¿, Rec curve
decreasesup to a certain ¿ (» 25 ), then the onset increasesand occursat higher Re
for high ¿. Comparing our ¯ndings with the literature, this global feature was also
found by Ho®mannand Busse[46] in the caseof Q = 0, but, for instance,our onset
for (¿; Q) = (100; 6:25) is slightly higher than their results for (¿; Q) = (100; 0). Thus,
we concludethat the onsetof solitary vortex solution increasesby Q.

In Fig. 3.49b, the orientation anglesÁc which correspond to the critical valuesin
Fig. 3.49a areshown asfunction of ¿. For low ¿, Ác ¯rst increasesalmost linearly, then
it producesa local minima around ¿ = 50. For high rotations, it continuesto increase,
again.

For three di®erent Q value,we have calculatedthe critical ReynoldsnumbersRe as
functions of the orientation angleÁ in Fig. 3.50a. It is clear from the graph that the
Á valuesare very important for the generationof the solitary structures, in fact, one
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Figure 3.49: (a) Critical Reynolds numbers Rec for the existenceof solitary vortex
solutions and (b) the corresponding orientation angleÁc in the caseof Q = 6:25.
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Figure 3.50: (a) Reynoldsnumbers Re as function of the critical orientation angle Á
for several Q valuesin the caseof ¿ = 25. (b) The rangeof anglesÁ for which solitary
vortex solutions exist as function of q in the case¿ = 25 and Q = 6:25.

can not ¯nd solitary rolls for an arbitrary angle. In addition, Re valuesas function of
Á indicate parabola-like curves,but the widths of the curvesshrink with increasingQ.
Note also that the critical orientation anglesÁc (i.e. the minimal points of parabolas)
skip to lower anglesand the onsetReynoldsnumber increaseswith increasingQ.

In Fig. 3.50b, the relation betweenÁ and q is drawn. There exist a ¯nite rangeof
Á which increasesas the parameterq decreases.

3.5.3 Stabilit y analysis of the solitary vortex solutions

In this section, we will present the stabilit y analysis of the solitary vortex solutions
with the help of Galerkin method. As already discussedin the previous parts of the
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thesis (seein Chap. 1), the growthrates ¾ can be obtained from the solution of an
eigenvalueproblem which includesthe in¯nitesimal disturbancesfor a given stationary
solitary vortex solution.
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Figure 3.51: Growthrates ¾ as function of s» in the caseRe = 730, ¿ = 25, Q = 9,
q = 0:6 and Á = 14:3o. the upper (lower) solutions. Growthrates with vanishing(¯nite)
imaginary parts are denoted by solid (dashed) lines for the (a) upper and (b) lower
solution branches.

It is found that asa consequenceof the solitary nature, the solitary vortex solutionsare
not sensitive to changesin the wavenumber q. Thus, the dependenceon the Floquet
parameters» (disturbancecomponent parallel to the roll axis) is much moreinteresting.

Typical examplesof the growthrate ¾as function of s» from the stabilit y analysis
are shown in Fig. 3.51 in the case¿ = 25, Q = 9. The largest ¾are characterizedby
vanishing imaginary parts ! and exhibit two maxima at s» = 0 and at a ¯nite value of
s» which increaseswith Re. This behavior is mainly found for the upper branch of the
solution characterizedby a higher value of N u» than the lower branch. The maximum
of ¾at the ¯nite value of s» exceedsthe onesat s» = 0 for lower valuesof Re and ¿
while the opposite property is found for the larger valuesof Re and ¿. For the lower
branch, on the other hand, the growthrate ¾appearsto reach its highest value always
at a ¯nite value of s» which is higher than zero, but it increaseswith decreasingRe.
As Re reachesthe minimum value of about 726:2 the growthrate spectra of the upper
and lower branch approach each other as must be expected for reasonsof continuity.
While the upper solution exhibits a higher amplitude than the lower solution, it still
appearsto be always unstable even though the growthrates are usually much smaller
than for the lower solution.
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3.6 Concluding Remarks

In this chapter of the thesis, we have investigated for the ¯rst time linear and non-
linear properties of the Ekman-Couette layer in the presenceof an external magnetic
¯eld perpendicular to the layer. For increasingCoriolis number ¿, a stationary steady
instabilit y ¯rst occurs, then two di®erent types of oscillatory instabilities which are
characterizedas type I/I I take place for ¿ > 25. The critical parametershave been
determinedasfunctions of ¿ and the magnetic¯eld energyQ with the help of Galerkin
methods. Critical valuesof the Reynoldsnumber Rec, wave number qc and the ori-
entation angle Ác are in good agreement with the earlier results in the caseof the
conventional Ekman-Couettelayer problem for Q = 0 [41, 45]. We have observed that
the onsetof instabilities increaseswith increasingQ. This stabilizing e®ectof the mag-
netic ¯eld hasalsobeenobserved in many other comparablesystemssuch asmagnetic
Rayleigh-B¶enard convection and magnetohydrodynamic convection [27, 8, 73, 38].

According to stabilit y analysis of the stationary roll solutions, there exist long-
waveand shortwave instabilities. Modulational instabilities havebeenobservedslightly
above the neutral curve, while the shortwave transverseand the oscillatory instabilities
take place for relatively higher " . In the caseof oscillatory instabilities, we have ex-
plored the vicinit y of codimension-2point wherethe type I and II instabilities compete.
The codimension-2point occurs at higher ¿ for increasingQ. We could not ¯nd any
mixed state wheretwo instabilities interact with each other aspredicted for Q = 0 [45].

Complementary to the Galerkin analysisfor the ¯rst time direct numerical simula-
tions have beencarried out for the stationary and oscillatory instabilities with the use
of di®erent parametersetswhich are in good agreement with the Galerkin analysisfor
this problem.

From a Galerkin analysis,a solitary localizedvortex solutionshave beenfound even
below the onsetof stationary and type II instabilities. Unfortunately, neither for Q = 0
nor for ¯nite Q we have beenable to ¯nd stable solutions for the solitary vortices.





Chapter 4

General Conclusion

Our goal was to investigate the pattern formation phenomenain two di®erent rotat-
ing °uid systemsunder the in°uence of the magnetic ¯eld. Initially , we focusedon
the mathematical tools and methods, which were intensely usedin the exploration of
two pattern forming systems,detailed in Chapter 1. The periodic roll solutions and
their stabilit y analysisweredescribed. In addition, we mentioned the order parameter
equations as well as the considerationsand the solutions of the complex amplitude
equations. The analytical background on the resonant- modesinteractions which gov-
ern the subharmonicvaricoseand knot instabilities in rotating annulus problem was
then explained. In addition, the basicconceptsof the direct numerical simulation were
presented.

Wedevoted Chapter 2 to the convection problemin the rotating cylindrical annulus
under the in°uenceof azimuthal magnetic¯eld. As a ¯rst step,a one-modeapproxima-
tion wasconsideredto obtain the critical Rayleigh number Rc and critical wave vector
qc as function of the Coriolis number ¿ and magnetic energyQ. The results were in
good agreement with the exact valuesof critical parametersobtained from Galerkin
analysis. In a further step, nonlinear roll solutions were constructedand their stabil-
ities beyond the neutral curve " = R¡ Rc

Rc
> 0 were examinedfor selectedsetsof ¿; Q.

Both longwave and shortwave instabilities for q 6= qc were found. In the caseof high
Prandtl numbersP, the stableregionsof rolls with di®erent roll anglesÂ wereidenti¯ed
in ¿¡ " plane. A multi-stabilit y of the patterns wereproven, i.e. various role patterns
were in a competition. Besidethe spatially- periodic patterns, a complicated space-
time dynamism in a large parameter region was found. Among the instabilities, we
focusedon the subharmonicskewed-varicose(SH V) and knot instabilities sinceboth
instabilities werenot exploredfor the ¯nite valuesof Coriolis number ¿ and magnetic
energyQ in the literature, yet. Both the stabilit y diagramsand the amplitudes of the
instabilities werecon¯rmed by a number of patterns producedby the direct numerical
simulations.

In Chapter 3, the magnetic Ekman-Couette layer was investigated, theoretically.
Using similar analytical methods as in the previouschapter, the basicequationswere
solved as an eigenvalue problem under the appropriate boundary conditions. For low
and high valuesof Coriolis number ¿, we found stationary and oscillatory instabilities,

121
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respectively. The critical ReynoldsnumbersRec, wave numbersqc and the orientation
anglesof rolls Ác were obtained from the linear analysis for di®erent ¿; Q sets. The
onset of instabilities increasedwith the magnetic energy Q. Our results were in a
good agreement with the earlier results for Q = 0 [41, 45]. According to the nonlinear
analyseson the stationary Ekman roll solutions,wefound both longwaveand shortwave
instabilities for ¯nite Q. Longwave instabilities such as Eckhaus, zig-zag (ZZ) and
skewed-varicose (Sv) dominated for small " . In addition, an oscillatory shortwave
instabilit y was observed for relatively high ". In the caseof oscillatory instabilities
at high ¿, we carried out a weakly nonlinear analysisat the vicinit y of codimension-2
point. The codimension-2point increasedto higher ¿ values for increasingQ. We
could not ¯nd a mixed state of two oscillatory instabilities (i.e. type I/I I). The direct
simulations for both steady and oscillatory instabilities produced interesting patterns
for the ¯rst time in this problem. For relatively higher " , subharmonicmodeswerealso
observed from simulations. In addition, somelocalized and unstable solitary vortex
structures which did not bifurcate from the standard Ekman roll solutionswere found
and someof their featuresweredeterminedfor ¯nite Q.

Sincethe lack of experimental studieson both of the problems,we could not com-
pare our results directly with experiments at the moment. A number of codes are
available for future researches to compare the results of theory with the results of
experiments whenever experiments are planned.



App endix A

Coupled Amplitude Equations for
the SH V and Knot instabilities

In this appendix we will discussin detail the subharmonicvaricose(SH V) and the
knot instabilit y of axial rolls, which have beenalready mentioned in Sec. 1.4 (seealso
Fig. 1.3). The presentation follows closelystandard routes (seee.g. [24, 25, 32])

A.1 Subharmonic varicose instabilit y

The subharmonicvaricose(SH V) patterns, which result from the SH V instabilit y of
axial rolls (q1 = (q; 0)), correspond to the special choicesx = (q=2) with s = (sx ; sy)
in Eq. (1.31). If in particular sy =

p
3

2 q is chosenthe vectors q j ; j = 1; 2; 3 span a
hexagonand in this casethe notion \hexaroll" pattern has been introduced. Since
q6 = ¡ q3 and q7 = ¡ q2 one can identify: F ! C¤; G ! B ¤ in the generalresonance
conditions (1.33). Thus we restrict ourselves in generalto the modesA; B ; C; D; E
in this subsection(seeFig. 1.3, left panel) .

The main features of the SH V instabilit y appear already when consideringonly
the modesA; B ; C, which leadsto the following coupledamplitude equations([24]):

@tA = ¾A A ¡ ´ 1B ¤C¤ ¡ A
h
a11jAj2 + a12jB j2 + a13jCj2

i
; (A.1a)

@tB = ¾B B ¡ ´ 2A¤C¤ ¡ B
h
a21jAj2 + a22jB j2 + a23jCj2

i
; (A.1b)

@tC = ¾CC ¡ ´ 3A¤B ¤ ¡ C
h
a31jAj2 + a32jB j2 + a33jCj2

i
: (A.1c)

The additional resonancecouplings / ´ between the modes in quadratic order (in
comparisonwith the non-resonant coupledamplitude equations(1.29)) are character-
izedby purely imaginary coe±cients ´ j ; j = 1; 2; 3 in the caseof the rotating annulus,
whereasthe aij are real. The calculation is simpli¯ed, sincecertain coe±cients have
the samevalues,due to the axial symmetry in our system:

¾C = ¾B ; ´ 2 = ´ 3; a21 = a31; a12 = a13; a22 = a33; a23 = a32: (A.2)
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The calculation of the coe±cients ´ i is straightforward. According to our general
schemewe obtain, for instance,for ´ 1:

´ 1 = hU (q1) j N̂ (U (¡ q2); U (¡ q3)) i (A.3)

where we use the notation U (q i ) := U 1(qi )i . The calculation of most of the cubic
coe±cients is straightforward as well. For instance a11 is found in Eq. (1.30). The
coe±cient a12 contains onecontribution aI

12, whosecalculation is not problematic:

aI
12 = hU (q1) j

h
N̂ (U (q2); V ? (q1; ¡ q2)) + N̂ (U (q1); V ? (q2; ¡ q2))

i
i : (A.4)

The remaining contribution aI I
12 is given as:

aI I
12 = hU (q1)jN̂ (U (¡ q2); V ? (q1; q2)) i : (A.5)

Becauseof q1 + q2 = ¡ q3 we have to restrict the second-order solution V ? (q1; q2)
to the subspaceorthogonal to U (¡ q3) by a suitable projection, as explained in Sec.
1.3.1. It is obvious that otherwise a12 would contain a contribution, that is already
consideredexplicitly in the term / ´ 1.

The axial symmetry of our systemallows symmetric solutionsjB j = jCj which gov-
ern the SH V patterns , alsoaccordingto our numerical results. As alreadymentioned,
due to translational invariancetwo phasesof the amplitudes can be arbitrarily chosen
and we take A; B to be real and positive. It will turn out that C is purely imaginary.
To determine the SH V instabilit y from Eq. (A.1) only the terms linear in the B; C
have to be kept:

@tB = ¾B B ¡ ´ 2C¤A0 ¡ a21BA2
0; (A.6a)

@tC¤ = ¾CC¤ + ´ 2A0B ¡ a31C¤A2
0: (A.6b)

It is obvious that perturbations of A do not contribute in linear order in B ; C. The
amplitude A is thus given as A0 =

p
¾A =a11 (seeEq. (A.1a)). Eqs. (A.6) are solved

with the ansatz: B = X 2 exp(¾t) and C = X 3 exp(¾t). In a compact vector-matrix
notation the resulting eigenvalue problem readsas:

¾
µ

X 2

X ¤
3

¶
=

µ
¾B ¡ a21jA0j2 ¡ ´ 2A0

´ 2A0 ¾B ¡ a21jA0j2

¶ µ
X 2

X ¤
3

¶
=: M

µ
X 2

X ¤
3

¶
: (A.7)

We de¯ne the new variables,

k := ¾B ¡ c21jA0j2; d := j´ 2jA0; (A.8)

and arrive at the secularequation(k ¡ ¾)2 ¡ d2 = 0 of Eq. (A.7), which yields two real
roots ¾§ = §j dj + k and thus:

¾SH = j´ 2jA0 + ¾B ¡ a21A2
0: (A.9)

The condition, ¾SH > 0 describes the SH V instabilit y regime of rolls and the SH V
threshold at R = RSH where ¾SH (R) passeszero. The non- normalized eigenvector
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X of Eq. (A.7) for the largest eigenvalue, ¾= ¾SH and the corresponding orthogonal
adjoint X ad are given as:

X =
µ

X 2

X 3
¤

¶
=

µ
1
i

¶
; X ad =

µ
X 2

X 3
¤

¶ y

= ( 1; ¡ i ) (A.10)

with X ad ¢X = 2 (hermitian scalarproduct).
Eqs. (A.1) can be solved without di±cult y in the nonlinear SH V regime(B ; C ¯-

nite). Herewesketch only the weakly nonlinearanalysiswhich starts with the following
ansatz: µ

B
C¤

¶
= ASH

µ
1
i

¶
: (A.11)

At ¯rst, the correction of the roll amplitude A0 in the SH V¡ state is obtained by
linearizing Eq. (A.1a) about A0 (A ! A0 + ±A) up to the order O(jB j2; jCj2):

0 = ¾A ±A ¡ 3a11 A0
2 ±A ¡ a12 A0 jB j2 ¡ a13 A0 j C j2 ¡ ´ 1 B ¤ C¤ (A.12)

A simple calculation leadsto (C¤ = iB ):

±A = jASH j2
·

2a12 A0 + i ´ 1

¡ 2¾A

¸
=: jASH j2 cA : (A.13)

We found i ´ 1 always to be positive. Thus cA < 0 asit shouldbe. Up to order O(A3
SH ),

Eqs. (A.6) can be written as

M
µ

B
C¤

¶
¡ N = 0: (A.14)

Here, the vector N , which includesall cubic terms, reads:

N =
µ

2a21 A0 B±A + a22 jB j2 B + a23 jCj2 B + ´ 2 C¤ ±A
2a31 A0 C¤ ±A + a32 jB j2 C¤ + a33 jCj2 C¤ ¡ ´ 2 B±A

¶
: (A.15)

ReplacingC¤ by i B = i ASH the amplitude is determined from the solvabilit y condi-
tion:

0 = X ad ¢(M ASH X ) ¡ X ad ¢N : (A.16)

Usingthe symmetries(A.2) and inserting ±A (A.13) oneobtainseasilyfor the amplitude
ASH :

A2
SH =

¾SH

cA (2 a21A0 + i ´ 2) + a22 + a23
´

¾SH

NSH
(A.17)

Herewehaveexploited the relation X ad ¢(M X ) = 2¾SH . From the necessarycondition,
ASH

2 > 0 the bifurcation to hexarollsat R = RSH is supercritical if NSH > 0 (¾SH > 0
for R > RSH ), while it would be subcritical for NSH < 0. We found in most cases
NSH > 0 since¡ cA ´ 12 > 0 prevailed in NSH . Due to ¾SH » R ¡ RSH , ASH

2 starts
linearly in R ¡ RSH as well.
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The analysispresented above is su±cient to capture the basicSH V mechanismand
becomesexact in the limit ¿ ! 0. However, it is lesssatisfactory from a quantitativ e
point of view in our system,sincefor ¯nite magnetic¯eld the SH V instabilit y appears
at ¯nite ¿: The SH V onsetwas shifted in somecasesby 15%and more comparedto
exactvalue. A closerlook hasrevealedthat additional resonant couplingsto the vectors
q4; q5 shown in Fig. 1.2 are important. We arrive at a generalizationof the previous
three coupledamplitude equations(A.1), which contain additional, in particular cubic
resonant coupling terms.

@tA = ¾A A ¡ A
£
a11jAj2 + a12jB j2 + a13jCj2 + a14jD j2 + a15jE j2

¤

¡ ´ 11B ¤C¤ ¡ ´ 12BE ¡ ´ 13CD ¡ ½11A¤B ¤D ¡ ½12A¤C¤E; (A.18a)

@tB = ¾B B ¡ B
£
a21jAj2 + a22jB j2 + a23jCj2 + a24jD j2 + a25jE j2

¤

¡ ´ 21A¤C¤ ¡ ´ 22AE ¤ ¡ ½21A¤A¤D ¡ ½22CDE ¤; (A.18b)

@tC = ¾CC ¡ C
£
a31jAj2 + a32jB j2 + a33jCj2 + a34jD j2 + a35jE j2

¤

¡ ´ 31A¤B ¤ ¡ ´ 32AD ¤ ¡ ½31A¤A¤E ¡ ½32BD ¤E; (A.18c)

@tD = ¾D D ¡ D
£
a41jAj2 + a42jB j2 + a43jCj2 + a44jD j2 + a45jE j2

¤

¡ ´ 41AC ¤ ¡ ½41AAB ¡ ½42BC¤E; (A.18d)

@tE = ¾E E ¡ E
£
a51jAj2 + a52jB j2 + a53jCj2 + a54jD j2 + a55jE j2

¤

¡ ´ 51AB ¤ ¡ ½51AAC ¡ ½52B ¤CD: (A.18e)

We focus on the solutions of Eq. (A.18) which develop from the secondarySH V
instabilit y of axial rolls. Then solutions with jB j = jCj and jD j = jE j prevail, the
phasesare ¯xed by the resonanceterms / ´ i ; ½i . The optimal choice for the SH V
instabilit y turns out to be:

C¤ = i B ; E ¤ = i D ; with real B > 0; D < 0: (A.19)

The coe±cients are calculated as before, typically projections in the secondorder so-
lutions have to be performed. For instancewhen calculating ½2 the contribution:

½2 = hU (q2)jN̂ (U 1(¡ q1); V ? (¡ q1; q4)) : (A.20)

is problematic. Becauseof ¡ q1 + q4 = ¡ q3 we have to discard in V ? (q1; ¡ q4) the
component parallel to V (¡ q3) to avoid double counting.

To calculate the SH V growth rate ¾SH on the basisof Eq. (1.35) only the linear
terms in B; C; D; E have to be kept. Eliminating C; E with C¤ = i B ; E ¤ = i D (A.19)
we end up with:

¾SH B = ¾B B ¡ i ´ 21A0B ¡ i ´ 22A0D ¡ a21BA2
0 ¡ ½21DA2

0; (A.21a)

¾SH D = ¾D D ¡ i ´ 41A0B ¡ a41DA2
0 ¡ ½41A0

2B; (A.21b)

where A2
0 = ¾A =c11 as before. The quadratic equation for ¾SH resulting from Eq.

(A.21) is easily solved. With the help of the abbreviations:

m11 = ¾B ¡ a12A2
0 ¡ i ´ 21; m12 = ¡ i ´ 22A0 ¡ ½21 A2

0; (A.22)

m22 = ¾D ¡ a41A2
0; m21 = ¡ i ´ 41A0 ¡ ½41A2

0; (A.23)
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we arrive at

¾SH =
m11 + m22

2
+

r

(
m11 + m22

2
)2 ¡ m11 m22 + m12 m21 (A.24)

Note that the mij are real in our casesincethe ´ 's are purely imaginary.
Since ¾D < ¾B in our casea satisfactory approximation for ¾SH is obtained by

adiabatically neglectingthe time derivative of D in Eqs. (A.21):

D =
i ´ 41 A0 + ½41 A2

0

¾D ¡ a41A2
0

B =: cD B; (A.25)

which leadsimmediately to the following expressionof ¾SH :

¾SH = ¾B ¡ a21 A2
0 ¡ i A0(´ 21 + ´ 22 cD ) ¡ ½2cD A2

0 : (A.26)

Even if two ¯rst terms in Eq. (A.26) are negative the remaining ones,which make
useof di®erent resonancemechanism, give positive contributions, which prevail above
R = RSH . In particular the term / ½2 leads to a considerableimprovement of the
previousexpression¾SH (A.9), wherethe terms / ½2; ´ 22 weremissing.

The weakly nonlinear analysis of the stationary solutions of Eqs. (A.18) follows
closely the previous detailed analysis for the simpler model (A.1). The quadratic
correction ±A / B 2 to A0 is obtained from Eq. (1.35a) as:

±A =
A0 [2a12 + 2a14jcD j2 + cD [½11 + ½12] ¡ cD [i ´ 12 ¡ i ´ 13] + i ´ 11

¡ 2¾A
B 2 =: cA B 2

(A.27)
Furthermore the following correction ±D / B 3 to D derivesfrom Eq. (1.35b):

±D =
cD [2a41cA A0 + a42 + a43 + jcD j2(a44 + a45) + ½42] + 2½41cA A0 + i´ 4cA

¾D ¡ a41A2
0

B 3

= : c(3)
D B 3: (A.28)

Finally, the expansionof B¡ equation Eq. (A.18b) to cubic order in B leadsto the
Landau equation:

0 = ¾SH B ¡ aSH B 3 ) B =
¾SH

aSH
(A.29)

with the cubic coe±cient

aSH = 2a21 A0 cA + a22 + a23 + (a24 + a25) jcD j2 + ½2A2
0c(3)

D

+ i´ 21cA + i ´ 22 cA cD + i ´ 22A0 c(3)
D + 2½21 A0 cA cD + ½22c2

D : (A.30)

The SH V bifurcation is forward if aSH > 0.
In general, we found the weakly nonlinear analysis of the SH V instabilit y very

helpful for the construction of fully nonlinear \ SH V" solutions via Galerkin methods
(seeChap. 2).
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A.2 Coupled amplitude equations for knots

The knot patterns correspond to the special choice of s = (sx ; sy) with sx = 0 in
Eq. (1.31). In this casethe generalmode couplings presented in Fig. 1.2 simplify
considerablyas demonstratedin Fig. 1.3b. Sinceq2 = ¡ q7; q3 = ¡ q6 we can identify
C; B with F ¤; G¤ and in addition G with F ¤ (q7 = ¡ q6 !). Thus we can restrict
ourselvesto the amplitudes A; D; E; F in Fig. 1.2 and arrive at the coupledamplitude
equations:

@tA = ¾A A ¡ A
£
a11jAj2 + a14jD j2 + a15jE j2 + a16jF j2

¤

¡ ´ 11EF ¡ ´ 12F ¤D ¡ ½1A¤DE; (A.31a)

@tD = ¾D D ¡ D
£
a41jAj2 + a44jD j2 + a45jE j2 + a46jF j2

¤

¡ ´ 41AF ¡ ½41AAE ¤ ¡ ½42F F E; (A.31b)

@tE = ¾E E ¡ E
£
a51jAj2 + a54jD j2 + a55jE j2 + a56jE j2

¤

¡ ´ 51AF ¤ ¡ ½51AAD ¤ ¡ ½52F ¤F ¤D; (A.31c)

@tF = ¾F F ¡ F
£
a61jAj2 + a64jD j2 + a65jE j2 + a66jF j2

¤

¡ ´ 61A¤D ¡ ´ 62AE ¤ ¡ ½61F ¤DE ¤: (A.31d)

As alreadyobserved in the re¯ned analysisof the the SH V instabilit y (cf. Eqs. (1.35))
we ¯nd resonant couplings between the modes in quadratic order » ´ and in cubic
order » ½. The calculation of the coe±cients in Eq. (A.31) follows the generalscheme
discussedbefore. In particular double-counting of modeshasto be avoidedby suitable
projections on the spaceperpendicular to the modesA; C; D; F , when calculating the
quadratic terms.

We will con¯ne ourselvesat ¯rst to the calculation of the onset of the knot insta-
bilit y, i.e. we keeponly the terms linear in the D, E, F .

¾K N D = ¾D D ¡ a41DA2
0 ¡ ´ 41F A0 ¡ ½21E ¤A2

0; (A.32a)

¾K N E = ¾E E ¡ a51EA2
0 ¡ ´ 51A0F ¤ ¡ ½51A2

0D ¤; (A.32b)

¾K N F = ¾F F ¡ a61F A2
0 ¡ ´ 61A0D ¡ ´ 62A0E ¤: (A.32c)

The amplitude A in Eqs. (A.32) hasbeenreplacedby A0 =
p

¾A =a11, sinceperturba-
tions of A in Eq. (A.31) do not contribute in linear order. Eqs. (A.32) can be studied
with increasingdegreeof complexity. In a previousstudy of the knot instabilit y [24] the
specialcaseE = D = 0 (\cross-roll instabilit y") wasconsidered.The linear growthrate
of knot solutions is then given as ¾K N = ¾F ¡ a61 A2

0. In our casethis approxima-
tion has no merits, sincewe observe the knot bifurcation at valuesof R where ¾F is
strongly negative. In an alternative approach we might restrict ourselves to coupled
equationsfor D and E. This correspondsto the wavy approximation discussed̄ rst in
the context of the inclined layer [74], where the resonanceterms / ½ij are exploited.
However, the generalcaseis simple as well. It turns out that D = ¡ E holds (D real)
and we have to solve the eigenvalue problem:

¾K N D = ¾D D ¡ a41DA2
0 ¡ ´ 41F A0 + ½41DA2

0; (A.33a)

¾K N F = ¾F F ¡ a61F A2
0 ¡ ´ 61DA0 + ´ 62DA0: (A.33b)
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The fact that both D and F modesbecomeimportant for higher ¿ as already been
mentioned in [25]. The linear eigenvalue problem (A.33) is easily solved with the help
of following abbreviations:

m11 = ¾D ¡ a41A2
0 + ½41A2

0; m12 = ¡ ´ 41A0 (A.34)

m22 = ¾F ¡ a61A2
0; m21 = ¡ ´ 61A0 + ´ 62A0; (A.35)

¾K N is given by the right hand sideof Eq. (A.24).
Since¾F ¿ ¾D an excellent approximation to ¾K N canbeobtainedby adiabatically

eliminating the amplitude F using Eq. (A.33b):

F =
(´ 61 ¡ ´ 62)A0

¾F ¡ a61A2
0

D =: cF D: (A.36)

¾K N is now immediately obtained from Eq. (A.33a) as follows:

¾K N = ¾D ¡ ´ 41cF A0 + (½41 ¡ a41) A2
0: (A.37)

The coe±cients ´ 41; cF are imaginary and their real product is negative in our case.
Consequently the inclusion of the resonanceterms / ´ 41; ½41 reducesin our casesub-
stantially the threshold of the knot instabilit y in comparisonto the pure wavy roll
ansatz(¾K N = ¾D + ½41 A2

0 ). In fact we will typically meet situations where¾K N > 0
despite¾D < 0.

The weakly nonlinearanalysisfollows closelythe SH V casein the previoussection.
The quadratic correction ±A / D 2 to A0 is obtained (seeA.31a) as:

±A =
A0 [2a14 + a16 jcF j2 ¡ ½1] ¡ cF (´ 11 + ´ 12)

¡ 2¾A
D 2 =: cA D 2 (A.38)

Furthermore the following correction ±F / D 3 to F derivesfrom Eq. (A.31d):

±F =
cF (2a61cA A0 + a64 + a65 + a66 jcF j2 + ½61cF ) + cA (´ 61 ¡ ´ 62)

¾F ¡ a61A2
0

D 3 =: c(3)
F D 3:

(A.39)
Finally, the expansionof B¡ equation(A.31b) to cubic order in B leadsto the Landau
equation:

0 = ¾K N D ¡ aK N D 3 ) D 2 =
¾K N

aK N
(A.40)

with

aK N = 2a41A0cA + a44 + a45 + a46jcF j2

+ ´ 41cA cF + ´ 41A0c(3)
F ¡ 2½41A0cA ¡ ½42c2

F : (A.41)

The knot bifurcation is forward if aK N > 0.
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App endix B

Numerical Details of the Simulation
Pro cess

The basicconceptsand numerical elements of our simulation code have beendesigned
in Bayreuth over the last decade. The code has beensuccessfullyapplied to various
convection systems(see e.g. [75, 32, 5]). For our purpose, we had to include the
magnetic ¯eld e®ectsfor the rotating annulus. Major modi¯cations were required in
the Ekman-Couette problem. The new codeswere tested in detail by comparisonto
Galerkin calculation.

B.1 The Galerkin mo des

In this thesis, we considerspatially extendedsystemsin two horizontal directions (x,
y), which are boundedby plates in the vertical direction (z). Certain boundary con-
ditions have to be ful¯lled at the plates which are guaranteed by Galerkin expansions
with respect to the appropriate test functions. For most ¯elds we usedtrigonometric
functions Sn (z) = sin[n¼(z + 1

2)], which vanish at the plates (i.e. at z = § 1=2 in
reducedunits). For the poloidal velocity potentials which vanish together with their
derivativesat z = § 1=2 we usethe Chandrasekharfunctions Cn (z), which are de¯ned
as follows:

Cn (z) =
cosh̄ nz
cosh1

2¯ n
¡

cos̄ nz
cos1

2¯ n
; (n = 1; 3; 5; :::); (B.1)

Cn (z) =
sinh¯ nz
sinh 1

2¯ n
¡

sin¯ nz
sin 1

2¯ n
; (n = 2; 4; 6; :::): (B.2)

Here ¯ n are determinedas the roots of the equations,

tanh ¯ =2 + tan ¯ =2 = 0 for odd n; coth ¯ =2 ¡ cot ¯ =2 = 0 for even n:

In the horizontal x, y direction we use a pseudo-spectral method which involves
F F T's (Fast Fourier Transforms).
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B.2 The Adams-Bashforth time in tegration scheme

According to Eq. (1.13) the hydrodynamic equationscan be written as

@tA i = ¸ i A i ¡ < Ui jN2(t) > : (B.3)

Here,N2(t) is an abbreviation for N2(Ui ; Ui ). Using the ansatz,

A i (t) = exp[¸ i t]Â i (t) (B.4)

and eliminating the linear term in Eq. (B.3) the following equation is found after time
integration:

Â i (t + dt) ¡ Â i (t) = ¡
Z t+ dt

t
exp[¡ ¸ i t0] < Ui jN2(t0) > dt0: (B.5)

In a next step the term < Ui jN2(t0) > is approximated by the leadingterms of a Taylor
expansionaround t; the derivation is discretized. Thus we arrive at

Â i (t + dt) ¡ Â i (t) = ¡
Z t+ dt

t
exp[¡ ¸ i t0]

½
< Vi jN2(t) > +( t0¡ t)

< Vi jN2(t) > ¡ < Vi jN2(t ¡ dt) >
dt

¾
dt0: (B.6)

After performing the time integration (Eq. B.6) readsas

A i (t + dt) = exp[¸ i dt]A i (t) ¡
½

exp[¸ i dt]
¸ i

µ
1 +

1
¸ i dt

¶
¡

1
¸ i

µ
2 +

1
¸ i dt

¶ ¾
< Vi jN2(t) > ¡

½
1
¸ i

µ
1 +

1
¸ i dt

¶
¡

1
(¸ i )2dt

exp(¸ i dt)
¾

< Vi jN2(t ¡ dt) > : (B.7)

Eq. (B.7) is written as

A i (t + dt) = A i (t)K l in ¡ K 1
nl in < Vi jN2(t) > ¡ K 2

nl in < Vi jN2(t ¡ dt) >

wherethe coe±cients K l in = exp[¸ i dt] and the nonlinear evolution coe±cients K i
nl in ,

(i = 1; 2) in the curly brackets have beenintroduced. Thesecoe±cients are calculated
onceat the start of the simulation. Note that we have suppressedthe q¡ dependence
in all terms in this reduction.

We can summarizethe time integration processby the help of a °ow chart:
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starting solution A:
determination of

K l in ; K 1;2
nl in ,

Vl in

?

V1 = A ¢U

?

V2 = N2(U; U)

?

I nhm = < UjV2 >

?
A(t + dt) = K l in ¢A(t)

+ K 1
nl in ¢I nhm(t)

+ K 2
nl in ¢I nhm(t ¡ dt)

¾

t = t + dt

B.3 Construction of the ¯elds

In the simulation code, the complexexpansioncoe±cients A i (q; t) with the correspond-
ing linear eigenvectorsUl in (q) include the whole information. For instancethe Fourier
coe±cients of the temperature ¯eld £( x; z; t) read

£( q; z; t) =
X

j

A j (q; z; t)Uj (q; z): (B.8)

Here j runs over the 3N eigenvectors. From the temperature, Fourier coe±cients
£( x ; z; t) are constructedin real space:

£( x ; z; t) = <
³ X

q

£( q; z; t) exp(iqx )
´

: (B.9)

An analogousexpansionholds for the other ¯elds, too. Near onsetthe ¯elds aremostly
determinedby the dominant eigenvectors,(i.e for j = 1) in Eq. (B.8).

Typically we usegrey-scaleplots for the ¯elds at constant vertical coordinate z as
function of x, y. In somecases,we show alsocontour plots in the x ¡ z plane.
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