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Zusammenfassung

In dieserArb eit werdenMusterbildungsph#homenein zwei unterschiedlichen, rotieren-
den, elektrisch leitenden Flbssigleitssystemenunter dem Ein°u¥4 eines Magnetfeldes
untersucht. Es handelt sich einmal um den sog. rotierenden Annulus, der z.B. Kon-
vektionsstrukturen im Aquatorialen Bereich von rotierenden Himmelskdtpern model-
liert. In dem zweiten Beispiel gelt es um Sderstrdmungsinstabilitten, wenn einer
Fluidschicht von au¥senein Geshwindigkeitsgradien aufgeplgt wird. Neben vielen
technischen Anwendungen(Turbinen) wird dieseSituation auch dber denWind, deran
der Wasseroler’Ache der Ozeaneangreift, realisiert. Die Konkurrenz zwiscen Cori-
oliskréften, Auftriebs- bzw. Sderkraften und besondersden magnetishien KrAften,
die bisherin der Literatur fiv diesebeidenSystemepraktisch nicht betrachtet wurden,
fdhrt zu reizvollen komplexenMusterbildungsphafiomenen.

Beide Systemewerdendurch geloppelte, nichtlineare partielle Di®ererialgleichun-
gen bestirieben. Die mathematisdhen Standardmethaden zur ihrer Analyse werden
in Kapitel 1 besprachen. Der Einsatz der musterbildendenInstabilitaten als Funk-
tion der versdiedenenAuYsererKontrollparameter ist im Rahmen einer linearen Sta-
bilitAtsanalysezu charakterisieren. Im schwad-nichtlinearen Bereich werdendie resul-
tierendenMuster mit Hilfe von sog. Ordnungsparametergleicsungen,derenHerleitung
leicht verallgemeinertwurde, bestirieben. Im voll nichtlinearer Bereidh sind dann die
Grundgleichungennumeris exakt zu IAsen,wobei wir vershiedeneGalerkinmethaden
verwenden.

Unter dem\rotierenden Annulus" (Kapital 2) verstehenwir einevoninnengekéhite
Fluidschicht im Mantelbereih einesrotierenden Zylinders unter dem Ein°u¥ eines
azimuthalen Magnetfeldes. Neben der Rayleighzahl R als MaY.fiv den angelegten
Temperaturgradierten und der Prandtizahl P (das Verhdltnis von Dissipation durch
Strdmung und durch WArmeleitung), spielen die Rotationsfrequenz (parametrisiert
durch die dimensionsloseCorioliszahl ¢) und die StArke des angelegtenMagnetfeldes
(bestrieben durch die dimensionslosenagnetisdie FeldenergieQ) einewichtige Rolle.
Das Verhditnis von Q und ¢2 bestimmt z.B. die Orientierung der Konvektionsrollen
beziglich der Rotationsacise. Ausgehendvon einer aus#hrlichen Analyze des lin-
earenBereichs wird der nichtlineare Bereidh untersudt, in denman experimertell z.B.
durch VergrdvserungR vorstdst. Von besondereminteressewaren die sog. Knoten-
und Hexaroll Muster, bei denensich entlang der Rollenadise kurzwellige Modulatio-
nen ausbilden. Im Falle gro¥serPrandtizahlen P konnte Multistabilitat der Muster
nachgewieserwerden,d.h. versdiedenartigeRollenmuster stehenin Konkurrenz. Neben
rAumlich periodischen Mustern kénnensich bei gleichen AuYserefParameternsolde mit



komplexer raum-zeitlicher Dynamik ausbilden, die sogaroft einen grévsererEinzugs-
bereidh haben. Der Fall kleiner P erwiessich als noch komplizierter, da viele Bifurk a-
tionen subkritisch waren.

Im Kapitel 3 wurde das magnetistie Ekman-Couette Problem untersudit. Eine
Fluidschicht be ndet sich zwishenzwei Platten, die in entgegengesetzteRichtung mit
konstarter Gesdwindigkeit (parametrisiert durch die dimensionslos&keynoldszahlRe)
bewegt werden. Die Anordung wird um eine Achse senkretit zu den Platten rotiert,
das Magnetfeld zeigt in die gleiche Richtung. Es bildet sich im Grundzustand ein
Gesdwindigkeitsgradiert senkretit zu den Platten aus. Ohne Rotation der gesanten
Anordnung ergibt sich so eine einfade Couettestrdmung. Sieist linear stabil fiv be-
liebigeRe. Bei endlichem¢ bilden sich jedoch eine Grenzsdicht an denPlatten aus,in
der sich der Gesdwindigkeitsgardient konzerriert (\Ekman Layer"); er liegt dannin
einerEbene,die nicht parallel zur Zugrichtung der Platten ist. Die Grenzstichten wer-
denlinear instabil gegenRollenstrukturen, die stationdr seinkénnenaber aud wie eine
ebenenWelle laufen kénnen. Es werdenwieder die im Kapitel 1 besdrieben Methoden
angevendet, wobei die Existenz einer Strdmung schon im Grundzustand die Rednun-
gendeutlich komplizierter madct. Abgesehervon der Beréicksichtigung desendlichen
Magnetfeldes(Q 6 0) wurden schon bekannte lineare und nichtlineare Analysen fiv
Q = 0 deutlich erweitert durch Verbesserungder numeristhen Tedniken. Besonderes
Augenmerk wurde auf die zwei untersdciedlichen Typen (I/I 1) von laufendenWellen
gelegt,die sich sowohl in ihrer Ausbreitungsrichtung als aud ihre Frequenzunterscdei-
den. Spektakuldre Auswirkungeneinesendlichen Magnetfeldeswvurden allerdingsnicht
ende&t. Eswirkt generellstabilisierendund féhrt eherzu quartitativ en Versdiebung
von StabilitAtsgrenzen.

Esbesteh einigeHo®mung, da¥in der nAcster Zeit Experimerte in Angri® genom-
men werden, mit denensich unsereErgebnissedirekt vergleithen lassen. Mit den in
dieserArbeit entwickelten Codesstehenalle theoretischen Hilsmiitel zu ihrer Analyse
bereit.



Intro duction

As wavesupon my head the circling curl,
Soin the sacred danee weave ye and whirl.
Dance then, O heart, a whirling circle be.
Burn in this °ame - is not the candle He?

Mevlana -The Masnavi (1250 AD)

Patterns are obsened in many di®erent systemsin nature. They are seenin the
cloud streets, in sand ripples, in the morphology of plants and animals, on weather
maps, in chemical reactions[1]. In all these casesone deals with open, cortinuous
dissipative systemswhich are driven out of equilibrium by an external stress. If this
stressis larger than a certain threshold value, the symmetry of the temporally and
spatially homogeneouground state is spontaneouslybroken[1]. The resulting patterns
shaw then periodicity in spaceand/or in time.

One of the best studied examplesis the convection instability whena °uid layer is
subjected to a temperature gradiert. For instance,in a horizortal °uid layer heated
from belon and cooled from above a strip ed patterns of corvection rolls dewelop. This
scenario descrikes the famous Rayleigh- B&nard corvection (RBC), as a standard
paradigm of pattern formation [2, 3, 4, 5]. Many conceptsand mathematical tools
to analyzethe patterns have beendeweloped and tested for this case[l, 2, 6, 7].

This thesis dealswith two di®eren pattern forming systems,namely a particular
exampleof a convectioninstability and the caseof a shear°ow driveninstability. In the
‘rst part of the thesis, a variation of the standard RB C is investigated. We consider
the problem of convection induced by radial buoyancy in an electrically conducting
°uid cortained in arotating (angular frequency -) cylindrical annulus which is cooled
at the inner surface and heated from outside. In addition, an azimuthal magnetic
“eld (B) is applied for instanceby an electrical current through the cylinder axis. The
motivation of this study hascomeoriginally from the geoplysicalcontext. This setupis
hoped to capture someimportant featuresof convection patterns in rotating starsand
planets near the equatorial regions[8, 9, 10, 11]. The problem is also of considerable
interest from a more generalpoint of view in that it is concernedwith formations of
patterns in the presenceof two competing directional e®ectsjn this caserotation and
the magnetic eld.

The secondpart of the thesisis dewted to the the pattern formation by a shear
°ow betweentwo rotating and in nitely electrically conducting plateswith a magnetic
“eld perpendicularto the plates. This geometryis called the magneticEkman-Couette
layer and hasbeena basicmodel for magneticactivities at the boundary of the Earth's
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2 Introduction

liquid coreor at the tachocline in the Sun below the convection zonefor a few decades
[12 13 14, 15, 16].

To analyze the foremertioned problems, various codes and computational tools
had to be deweloped, for instance, we were able to descrike complex spatio-temporal
patterns by the direct simulations of the underlying hydrodynamic equationsfor our
problems.

The discussionof the physical details of the systemsare postponedto the intro-
ductory sectionsof the correspnding parts of the thesis. In Chapter 1, a general
formulation of the linear and nonlinear analysis, methods, which are applicable to
both pattern forming systemsin this work will be presened. The investigation of
thermal corvection in a plane layer which is a geometry equivalert to the cylindrical
annulus will be discussedn Chapter 2. The next chapter (Chapter 3) coversboth the
linear and nonlinear analysesin the caseof magnetic Ekman-Couette layer problem.
Finally, in Chapter 4, we will presen the generalconclusionson both of the systems.



Chapter 1

Mathematical Description of
Pattern Forming Instabilities

In this chapter, we describte commontheoretical methods to analyze pattern forming
non-equilibrium systemsunder an external stress, where we follow closely previous
presetnations [2, 1, 17, 18. Particular emphasiss laid on the universalfeaturesshared
by patterns in di®eren systems.

We exclusiwely study largeaspect-ratio °uid systemswherethe horizorntal extension
ofa‘uid layerin the xj y planeis much largerthan its vertical extension(zj direction).
Thus lateral boundaries are assumedto play no crucial role and as usual periodic
boundary conditionsare adopted,which leadto a corveniert descriptionof our patterns
by Fourier modesin a 2D-wave vector (q) space. This characterization appliesto the
Ekman-Couette problem where the °uid layer is betweentwo large plates with small
distanceand alsoto the rotating cylindrical annulus whenthe gapis small comparedto
the height and the radius of the cylinder. The external stress,which drivesthe system
out of equilibrium, is assaiated with a cortrol parameter R. At low valuesof R,
the systemis spatially homogenousn the two horizontal directions. Above a certain
threshold value, R = R, this basic state becomesunstable and a regular periodic
pattern in the x j y plane dewlops. Thus, the translational symmetry in the plane
is broken. The periodicity of the pattern is descrilked in Fourier spaceby the number
of non-vanishing Fourier componerts. In most casesone obsenes the nucleation of
stripes(rolls) at R, with one Fourier mode at a critical wave vector ., while squares
require two and hexagonsthree modes for their description. Note that in courting
modeswe do not distinguish betweenq and j g becausethe pair cortributes equally
to the pattern in real space. With increasingR the patterns encouner sequence®f
secondarybifurcations which lead to increasingly complex scenarioswith diminishing
degreeof symmetry.

The derivation of the basic equationsis a separateproblem. One rests on a hy-
drodynamic description with the use of Navier-Stokes equationsfor the velocity eld
supplemered, for instance, by the heat-di®usionequation in the annulus problem.
Thus, from a mathematical perspective, we have to analyzethe solution manifolds of
couplednonlinear partial di®erenial equationscombined with bifurcation analysesto
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4 Chapterl. MathematicalDescriptionof Pattern Forming Instabilities

assesghe stability of the solutions. For simplicity we usea symbolic vector notation
V for the collection of the eld variablesrelevant in the speci ¢ problem (temperature,
velocity, etc.) and introduce the following condensednotation for the full set of the
(hydrodynamic) equations:

Dg = L(R)V + N(V;V): (1.2)

@

We assumethe elds to be normalizedin suc a way, that V = 0 correspndsto the
basic (primary) unstructured state. The synmbols L and D represem linear matrix
di®erenial operators; N denotesthe quadratic nonlinear couplingsof the elds in our
systems. The solutions of Eq. (1.1) have to fulll certain boundary conditions in the
vertical direction at the con ning plates of the °uid layer, e.g. the velocity eld hasto
vanish there.

In the following sectionswe will rst discussthe linear stability of basicstate, which
determinesthe threshold R, and the critical wave vector g, of the patterns. Then we
discussthe construction of 2D-periodic solutions of Eq. (1.1) in the nonlinear regime
and their stability. Slightly above threshold, the calculationscanbe simpli ed in terms
of the weakly nonlinear analysiswhich leadsto order parameterequations. Finally, we
discussbrie®y the direct simulations of the equations.

1.1 Linear analysis

In the presen thesis we consider axially anisotropic systems. For de niteness, the
preferredaxis (e.g. the rotation axisin the annulus problem)is assumedo be parallel to
the y-axis of a Cartesiancoordinate system. The pattern forming instability is obtained
from a standard linear stability analysisof the basic(primary) stateV = 0. An ansatz
V(x;t) = e' €9%U(q;2) with x = (X;y;2) = (r;z) and g = (g;q,) diagonalizesthe
problem. From (1.1) one arrivesat the linear eigervalue problem:

,D(@! iq;@U(0;2) = L(@! ig;@;R)U(q;2): (1.2)

The eigervalues, dependon g and the cortrol parameterR. We concenrate on the
eigervalues, = ¥{q;R) + i! (q;R) with the largestreal part, determining the growth
rate ¥%and the frequency! (possiblyzero)of planformsnearonset. In our systemswith
a preferred direction (axial anisotropy) , dependsseparatelyon the two variables g2
and ¢f (in an isotropic systemsonly the rotationally invariant combination ¢ = ¢+ ¢f
appears). Furthermore complexeigervaluesappearin pairs , 1., = %8 i! .

The condition ¥{q;R) = 0 de nes the neutral surfae R = Rg(q) in the R; Q-
spacethat separatesthe exponertially growing (R > Ro(q)) from the decaing linear
modes (R < Ry(q)). The threshold R is obtained by minimizing Ry with respect
to g (equivalertly by maximizing ¥). This givesthe critical wave vector q. and the
critical frequency! . = ! o(gc; Rc). Note that in isotropic systemsq. is cortinuously
degenerateon a circle. If ! . = 0, which is the simpler and more commoncase,one has
a stationary bifurcation leadingto a stationary pattern. Otherwise onehasa Hopf (or
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oscillatory) bifurcation. Then we have two degenerateinear modes correspnding to
wavestraveling in opposite directions.

In the isotropic caseone cannot extract more information from the linear analysis,
exceptin special situations, e.g. wheretwo minima of Ro(q) coincide accidentally or
nearly coincide. Then one dealswith a codimension-2bifurcation scenariothat calls
for special treatmernt.

In an axially anisotropic systemone can further distinguish two cases. If the di-
rection of gc = (G; pc) is perpendicular to the preferred axis one speaksof transverse
rolls (p. = 0), in cortrast to longitudinal rolls wheng. = 0. On the other hand, if g, is
at an oblique angleto the preferredaxis, one speaksof obliquerolls. Then onehasan
additional spontaneously broken symmetry (chirality) and two symmetry-degenerate
directions with 8 g, (zig and zag.

Let us nally add sometechnical remarks. Eq. (1.2) can be solved by Galerkin
methods, whereone expandsU (q; z) with respectto a nite number of test functions,
which satisfy the boundary conditions in the transverse(z) direction. The operators
D; L arethus mapped on matrices, which act on the "vector" of the expansioncoez-
cients. For the resulting algebraiceigervalue problem fast e®ectiv computer routines
are available. Thus the linear properties can be obtained easily by fully automated
iterativ e procedures. The neutral curve Ry(q) asthe smallestzeroof ¥{q;R) = O for
a given q is easily constructed by standard root- nding algorithm [19]. Also for the
minimization of Ro(q) to determine gc; R. robust and powerful methods are available
[20].

In the caseof stationary bifurcations, the calculation of the neutral surfacebecomes
even more simple. It is then usefulto rewrite the linear operator in the following form
L(g) = A(q) + RB(q). Since, = 0in Eq. (1.2 the neutral curve canalternatively be
obtained asthe smallestpositive eigervalue R = Ry(q) of the linear eigervalue problem

(A(q) + RB(q))V = O (1.3)

It is interesting, that one may obtain already quite reliable analytical expressions
(one made approximation) for the growthrate ¥{q) and the neutral surfaceR(q), by
restricting to onetrial function for eac componert of U (q).

Note that Galerkin methods are much faster, more robust and easierto implemert
than the often applied shooting methods. For instance,we found the e®ortfor system-
atic parameter studiesof the linear Ekman problemto be reducedat least by a factor
of 1. In addition there is a cortinuous connectionto the nonlinear regime, wherein
generalGalerkin methods are almost exclusiwely applied.
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1.2 Galerkin analysis

1.2.1 Representation of periodic patterns

To descrike the spatially periodic nonlinear solutionsV ,,; of the problem posedby (1.1)
subject to the boundary conditions we usethe Galerkin method aswell. As a repre-
sertativ e examplefrom the annulus problem, we give the expressionfor temperature
“eld £(x;y;z;t), in the °uid layer of thicknessd con ned by platesat z = § 4, (the
other elds are represeted in a similar form):

AP . . NY d
£(xy;zt) = Eimin(t) expli (Igcx + ma,y)sin-(z+ 5): (1.4)

n=1l Im=ij M
It is clearthat £( x;y; z;t) vanishesforall x,y,tatz = § g Rolls correspndto certain
restrictions of the the expansionparameters: Transwerserolls are realizedif £ ., ~
0;for m 6 O, longitudinal rolls if £,,., ~ O;for | 6 0, while £,,., ” O;for | 6 m6 0
descriles an oblique roll pattern. Besidesrolls we will also analyze geruine three-
dimensionalpatterns in this thesis( e.g. knots and hexaplls), wherethe indices|; m
vary independerily from ead other. Injecting ansatz(1.4) and the correspnding ones
for the other elds into Eqg. (1.1), onearrivesat a systemof nonlinearOD E's in time for
the expansioncoexcients like £ |,.,. In the stationary casethe OD E becomenonlinear
coupledalgebraicequationsfor the expansioncoexcients, which are iterativ ely solved
by the Newton-Raphsonmethod. The iteration starts from weakly nonlinear solutions
(seeSec. (1.3)) and not from someeduated guessto allows automotation to a large
extert. Note that Eqg. (1.4) involvestruncations (N,M) whoseaccuracywe ched by
varying N, M.

1.2.2 Stabilit y of the rolls

To examinethe linear stability of the nonlinear solutionsV ; constructedin the previ-
ous section,we usethe ansatzV = V, + V in Eq. (1.1) and arrive at the following
equationlinear in the perturbation £V :

giV(t): L4V + N(Vn;2V) (1.5)

Here we have introducedthe symmetrizel nonlinearity

N(V1;Va) = N(Vi; V) if Vo= Vy

Eq. (1.5 is solwed by the ansatz £V = exp[, n t] £U. Consequetly Eq. (1.5
transformsinto

o U= LU+ RV +U): (1.7)
Explicitly, £U is represeted again by a Galerkin ansatz. Howewver, when examining
the stability of periodic solution V ,;, we have to allow for the possibility of new peri-
odicities, i.e. the nucleation of Fourier modeswith a wave vector s not commensurate
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to g. Thus, in closeanalogyto Eqg. (1.4) the most general(Floquet) ansatz for the
temperature part of tU readsas follows:

X nYs d
H(X;z) = exp[i s¢r] £ 1m (;s) exp[mi (q ¢r)] sin F(Z + E): (1.8)

n=l m=; M

As in the linear problem we concertrate on the leading eigervalue , ,, = % + 1!y
with the largestreal part %, . At xed ;R we have to determinethe maximum %4, of
¥ (0; R; s) with respect to s, which is obtained at s = 5. The solution V , for given
R;q is unstableif ¥, (R;q;5) > 0. The regimesof stable and unstable patterns in the
g; R spaceabove the neutral surfaceRo(q), which are separatedby the surfaceswhere
Y4 (R; g;5) passesxzero, is often called the Busselalloon after Prof. Busse,who was
the rst to investigate systematically suc stability diagramsin RBC. The Floquet
vector % is characterizedby its magnitude j5] and its orientation angle? with respect
to the orientation of the wave vector of the rolls:

5= j5j(cos? ;sin?) : (1.9)

Let us rst remind, that translational invariance involves the existenceof neutral
modes, for which at least one of the eigervaluesof Eq. (1.7), , o(S), vanishesin the
limit jsj! 0. The correspnding linear eigervectors(one for rolls and two for patterns
periodic in two directions) denotein nitesimal uniform shifts of the pattern in the peri-
odicity directions ( e.g. perpendicularto the roll axes). Becauseof re°ection symmetry
<(, o) grows quadratically at nite s from zeroin the form <(, o) = as®> + O(s%. A
longwaveinstability correspndsto the casethat , o coincideswith the leading eigen-
value, , andif a= %‘js! o > 0. The factor a dependson?. We speak of the Eckhaus
instability (modulation of the roll distance)if a> 0is maximal for2 = 0, of an zig-zag
instability (undulations alongthe roll axis) if a is maximal for @ = % and of a skewed
varicoseinstability for arbitrary angles?.

Short wavelengthinstabilities j5j ¥4 jqj do not correspond to modulated shifts of the
patterns. Sincethe modesdependon j5j and? a simpleuniversalclassi cation scheme
as in the long wavelength casedoes not exist and we will discussthese instabilities
separatelyfor our two systems.

1.3 Order parameter equations

The purely numerical Galerkin construction of periodic solution and their stability
easily hide the physical medanism. In fact, in the regime slightly above threshold
weakly nonlinear perturbation methods have been deweloped, which sene also as a
unifying conceptto extract the universalfeaturesof physically di®eren pattern forming
systems.In our caseparticular emphasiss laid on three-dimensionalperiodic patterns,
which dewelop from secondarybifurcations of rolls. The basiccalculational shemehas
beenproposedat rst for hexagonalpatterns in RB C in the non-Boussinesa@ase[2]].
Howewer, in our casestrong resonarn couplingsbetweenmodesof di®erer g turn out
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to be crucial. Thus we have adapted a calculational scheme,that hasbeenintroduced
beforein the context of electro-tydrodynamic convection in nematics[22) to our case.

In the following section (Sec. 1.3.1), we will at rst sketch the basic concepts
behind the order parameterapproad. In Sec.1.3.2we will descrike in more detail the
order parameter equation for rolls. Sec. 1.3.3is dewted to coupledorder parameter
equationsnear a codimension-2point. Finally we preser in Sec. 1.4 as a sketch the
resonanly coupledamplitude equationsrelevant in this work.

1.3.1 General calculational scheme

To present the procedurein a most transparert manner, (see[22]) we suppressthe
spatial variablesand start again from Eq. (1.1). At rst we solwe the right- and left
linear eigervalue problems:

biDUii=LUii; (110a)
,ifUiD:kUiL: (110b)

The eigervaluesare assumedto be orderedin decreasingorder with respect to their
real parts <(,i) " %: %, %, ¥%::.:.. Notethat the growth rate 3% (R) passeszero
at R = R.. The eigervectorsare orthogonal and can obviously be normalizedin sut
a way that the following relations hold:

hUiDUji = &;; hUijLU;ji = | iy, (1.11)

where the appropriate scalar product will be de ned later in detail. We assumethat
the linear operator L is normal, sothat the Ui spanthe state space.
The solution of of Eq. (1.1) is now expandedin terms of the eigervectors of the
linear problem Eq. (1.1)) :
X
V = AiUji (1.12)
i=1
wherewe con ne oursehesin practiceto a nite number (N) of terms. ThusEq. (1.2)
is transformedinto a setof N coupledODE's for the expansioncoezcients A; :

@Ai(t) = ,iAi(t) i Ui N(V;V)ii= 121N, (1.13)

wherethe nonlinear part becomesa quadratic form in the coexcients A;. It is obvious,
that Egs. (1.13 for N ! 1 areequivalert to Eq. (1.1). Thus Galerkin solutions can
be expressedn terms of the A; and vice versa.

The rst stepin deriving amplitude equationsis to singleout M active modesamong
the U;i in cortrast to the remaining passivemodeswith N , i > M. In selectingthe
active modes we are guided by physical reasoningand also from the results of the
Galerkin analysis. In any casethe modeswith small growthrates % are considered
to be active; in addition modesresponsible for resonancegseebelon) comeinto play.
The time derivativesfor the passive modeswith i > M in Eq. (1.13 are adiabatically
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neglectedsud that their expansioncoezcients are givenasA; = HJ;jN(V;V)i=,; In
other words, the dynamicsis carried by the M active modesto which the remaining
onesare slaved. =

The splitting of the con guration spaceV into the spaceV , = i“il AjU;i spanned
by the active modesand its orthogonal complemen V , can be formulated in terms of
a suitable projection operator P as follows:

V=V,+V>,"  PV+ (1l P)V; (1.14a)
hd

P= D UkihUy (1.14b)
k=1

The projection operator ful lls obviously PL = LP . Thus Eq. 1.1 can be split as:

@DV,a=LVai PN(V;V),
0=LV,j (i P)N(V;V): (1.15a)

Projecting Eqgs. (1.159 onthe U;i werecover the coupledEgs. (1.13 for the expansion
coexcients A; with zerotime derivative for the passive modes(i > M). The standard
amplitude equationsare obtained by expandingsystematicallyup to cubic orderin the
amplitudesA;; i =1;::: M.

In the caseof periodic boundary conditions the eigervector spacefalls into disjoint
classes,which are characterized by the di®eren g-vectors. Thus the indicesi have
to be understood as a kind of super index: For eat g there exists a discrete spec-
trum | (q) againwith %(q) , %2(q)::: together with the correspnding left and right
eigervectorshU(q) and U(q)i, respectively. Eigervectorsbelongingto di®eren q are
automatically orthogonal.

1.3.2 Landau Equation

In order to presen the calculational sdhemein a lessabstract manner, we focus here
on a roll pattern characterizedby a wave vector qo. We usethe following ansatz for
the nonlinear solution V in Eq. (1.1

V(r;z;t) = A(go;t)€9°%U(qe;2) + cic:; (1.16)
whereU = U(q) is the leading linear eigervector (seeEgs. (1.2, 1.109). BesidesU
we will alsoneedthe solution UY of the adjoint eigervalue problem for , = | 1(q1) (cf.
Eq. (1.100).

. D@ @U’(r;2) = L'(@ @U’(r;2) (1.17)

whereLY and DY denotethe adjoint operatorsto L and D, respectively. For arbitrary
vectorsU and V, the operator OY adjoint to O is de ned as usual by the relation

hJjOVi = hOYUjVi (1.18)
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wherethe appropriate scalarproduct is de ned as:
z
hJjVi = UYV d® (1.19)

The integration is performedover an appropriate periodicity (Wigner-Seitzcell) in the
X i y plane and acrossthe heigh of the °uid layer in the z-direction.

The amplitude A will be determinedby a systematic expansionof the solutions of
EqQ. (1.13 up to cubic orderin A. In an intermediate step, we needthe passive-mades
cortribution V, to order A? which is perpendicularto V. V, fullls the equations
(seeEq. (1.159)

0=LV,j N(V;V): (1.20)

In Fourier spaceV contains two cortributions (V, ~ Vi1 + V,), at g = 29 and
g = 0, respectively which read:

V3 (do; do) = L' *(200)jA(q0)i® N (U (qo); U (o)) (1.21)

and
VZ(do;i go) = L' (0)jA(00)i*N (U(do); U(i qo)): (1.22)

In this sectionno projectionswererequiredsinceV , and U have di®eren wave vectors
and arethusorthogonal. Inserting Eqgs. (1.16 1.21, 1.22) into Eq. (1.20 and expanding
up to O(A3) resultsin the order parameterequation for A in g-space

U (9o); DU (do)i @A(do) = hU (Go); LU (o)i A(do) + MU (Ao)iN (V5 V)i (1.23)

With the useof the de nitions

ai(q) = J(Q)iD(q)U(q)i = 1;
az(q) = hJ(q)iL (q)U(a)i; (1.24)
as(q) = U ()N (V2 (a;i a); U(@)i + hU(@)iR (V- (q;q); U q)i:

Eq. (1.23 reads nally:
@A = A i gAjPA: (1.25)

The coexcients, ~ ax(qo); a” az(q) areoften calledLandaucoe+cients after Landau
[23], who has originally introduced Eq. (1.25 to descrike second-order equilibrium
phasetransitions.

The coexcients , = ¥q;R) + il (q;R) anda " & + ia; can be complex. Near
onset¥is usually approximated as (i.e. for g %2q. and R Y4 R,)

i 1£ 2 2 2 2 2 o
Ya= &7 "0 P (Gi Gx)i Ky(yi Gy) i 2% (i GOy i Cy) (1.26)

with the relaxation time ¢, and " = BLRe the reducedcortrol parameter. The »'s
denotethe coherencdengths. They descrike the ellipsoidal cortour lines of Ro(q) near

onset, which becomecircles in isotropic systems(»;, = », = »; »; = 0). Note
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95

Figure 1.1: The vectorsq; neara codimension-2point.

that Eq. (1.295 canbe derived by a rigorousasymptotic expansionabout the threshold

The simplestsolution of Eq. (1.25 is givenasA = exp(i- t) jAj. From Eq. (1.25
we obtain easily:

@A = YiAji ajA)% - =1 ajAj” (1.27)

The bifurcation is called stationary for ! ;a = 0 and oscillatory otherwise. For a
supercritical (forward) bifurcation the condition a, > 0 is necessaryand we obtain
jAj? = % For a; < 0 the bifurcation is subcritical, sincejAj > 0 for 2 < 0. In this
case, fth- order terms in the expansionof Eq. (1.23 had to be included. Sincethe
calculation of the necessarycoezxcients is tedious and not very illuminating, we have
preferredto calculate directly the fully nonlinear Galerkin solution.

1.3.3 Coupled amplitude equations near a codimension-2 point

In the Ekman- Couette problem we will meet a codimension-2bifurcation where the
growthrates ¥{q;; R); ¥q.; R) for two di®eren wave vectorsqy, g, ful 1l the condition
%qS; Re) = %qS; Re) = 0. Thusfor any setR;qy; . nearthe critical valuesR;q$; qs
the growthrates remain near zero. For simplicity we introducethe following shorthand
notation for the amplitudes and the eigervaluesof the active modes:

A = A1(g1); B = A1(q2);
A= L1(d) = Ya@) Hitar se =L a(d2) = Ye(g2) Hile:r (1.28)
The ansatzfor V corntains two terms of the form shavn in Eq. (1.16), the rst for q;

(A) and the secondonefor q, (B). According to our generalschemewe arrive at the
following coupledamplitude equations:

@A(t) = , AA(t) i AlawjAj® i awiBj7; (1.29a)
@B(t) = ,sB(t)i BlaxjAj®i axiBj’l: (1.29b)
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Let usassume¥y > 0; ¥ Y4 0; <(ay;) > 0 (forward bifurcation). Thus the solution
jAj2= —2_: B = 0, i.e. apure roll pattern, exists. It is easyto seethat the B mode

<(au)’

can be excited aswell if the condition ¥ i %\(%) > 0is fulTled.
The calculation of the coexcients in Egs. (1.29 follows our generalscheme. We
‘nd for instance:
h [
a1 = hU(qu)j hm (V2 (as;i 91);U(an) + NV (d1:02); UG qu)) i
i

a1z = hJ(q1)j 'Q(V?((h;i d2); U(Qqz)) + 'Q(V?(QZ;i dz);U(qy)) i: (1.30a)

whereU(q;) © U1(qg,) etc.

As in Eq. (1.2)) the solutionsV, in second-order are indexed by the two wave
vectors q;; d;, which belongto the two modesin the nonlinearity R (U (q); U(q;))
when solving Eq. (1.20. In the presen caseprojectionsin the secondorder (seeEqg.
(1.159) arenot required,sinceV , is automatically orthogonalto U(q;), U(Qz). In the
following examples,this property doesnot always exist and the calculations become
much more tedious.

1.4 Patterns with resonant- modes interaction

In this section, we descrike coupled amplitude equationsfor patterns which display
morethan two basicFourier- spotsin q space.Translationalinvarianceimplies, that the
phasesof two of the complexamplitudes neededto descrilke the pattern can be chosen
to be zero. The phasesof the remaining amplitudes adjust themsehesin an ‘optimal’
way, for instanceto drive instabilities. This medanism is addressedas (geometrical)
resonane in this thesis.

In the caseof the rotating annulus we will meetdi®eren typesof resonanceswhich
are well known from the work of Prof. Busseand his co-workers [24, 25. To give a
generalimpressionwe have combined all typesin Fig. 1.2 The basicroll system(wave
vector q; ) can becomeunstable at a secondarybifurcation by the excitation of short
wavelength perturbations with wave vectorsqz.4:6

6 =S, Qs=(Q1*+S; 2= j(Qi+s (1.31)

with a short wave modulation s = (sy;sy) , i.e. s» O(q). The other modes showvn
in Fig. 1.2 are mirror symmetric with respect to the g, line. Obviously the following
resonancesre ful lled:

J1=06i d2, 1= 04i Je; 91 =07i QU3 91=0si 07 (1.32)
Ozi 02=0si 92=07i Qe dai O2= 201,05 Q3= 201: (1.33)

With the useof the generalapproad explainedin Sec.1.3.] it is straightforward to
write down the sewen coupledamplitude equationsfor the modesA1(q;);j = 1;2; ¢¢¢7.
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Figure 1.2: The vectorsq;;j = 1;2; ¢¢¢7 responsible for double resonance(seetext).
The letters denotethe correspnding amplitudes (seeEq. (1.33 below)

For eat ¢; we have to determineleadingeigervalues, 1(q;) and the corresmnding left
and right eigervectorshJ 1(q;) and U1(q;)i. In our casethe leadingeigervalues, 1(q;)
arereal,i.e, (qi) © ¥qi). The following de nitions are usedin the thesis:

A = A1(01); B = A1(02); C = A1(gs);

D := A1(q4); E := A1(gs); F := A1(gs); G := A1(a7);
Ya = ¥(d1); ¥ = %(Q2); Ye = %(ds);
Yo = %1(04); ¥ = %(0s); % = %(de); ¥e = %(a7): (1.34)

To give a demonstration for the resonancegdet us considerthe shortwave instabilities
of a roll systemwith wave vector q;, which is determined by the following coupled
amplitude equationslinear in the amplitudesB, D, F:

@B = ¥%B i auBjAcj®i “aAF i YaALALD; (1.35a)
@D = ¥%D i auDjA¢®i “41AcF i Ya2A0A0B (1.35b)
@F = %F i aaFjAd’i “61A0B i “eAgD: (1.35c¢)

Ao is an undisturbed roll amplitude. The amplitudes C, E, G ful Il analogousequa-
tions.

In fact, the most generalinteraction of seven modesshown in Fig. 1.2, which leads
to Egs. (1.35 has not beenobsenred in the rotating annulus systemin the caseof
axial rolls whereq; = (g;0). It turns out that it is suxcient to restrict oursehesto
two special casesthe subharmonicvaricose(SHV) and the knot instabilities. They
involve certain subsetsof the modesA, B, ::: which are shovn in Fig. 1.3

The detailed analysis of the correspnding amplitude equationswill be presened
in App. A.
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Figure 1.3: The vectors q;;j = 1;2;¢¢¢5 responsible for SHV (left panel, presen
section)and for knot instability (right panel, seefollowing section). The letters denote
the correspnding amplitudes.

1.5 Numerical simulations

Besidesregular, spatially periodic solutions, our systemsshav also spatio-temporal
complexpatterns. They appearin somecasesas competing attractors to the periodic
patterns or they showv up as transients, when the systemsare approading a new
state after having passeda secondarybifurcation. The complex patterns are often
characterizedby topological defects(dislocations), which presen spatial variations on
a length scaleconsiderablysmallerthan the basicwavelength, . = 2¥#=q. On the other
hand, it is sometimesimportant to describe large- aspect ratio systemswith a lateral
extensionL >> | . to capture properly modulational instabilities of rolls. Furthermore,
in particular at moderate Prandtl numbers, mean°ow e®ectsomeinto play, which are
slowly decaing in space. They are for instance responsible for spiral defect chaosin
RBC [5, 26).

One option is to solve the hydrodynamic equations directly by discretization in
space. The codesrun then on supercomputersand L < 30,  is the practical limit.
Alternativ ely one can switch to g-spacewherethe horizortal derivativesbecomemul-
tiplications with the componerts of q. Not too far from onsetthe vertical variations
are not too strong, sud that they can be resolhed by few Galerkin modes. Howeer, a
wide rangeof g-vectorsin the Galerkin ansatzis requiredto cover the di®eren length
scalesin complex pattern. The calculations are done on a grid g- spaceon discrete
interpolation points qm:y, = ¢ q (mM;n) with j NE - m;n - N; We chosetypically
¢ g = g.=k, which correspndsto L = k ,.. Furthermore k - N=6 is required to
include at least the higher harmonics with wave vector 3 ¢.. A reasonablechoice is
N = 128 k = 12 but N = 256 can easily be handled as well. It is obvious that the
direct solution of the ODE's for the Galerkin expansioncoezxcients is only possiblefor
smallN (- 10), which is not suxcient to descrike reliably complexpatterns. Howewer,
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the systemof ODE's in Eq. (1.13 (N £ N £ 3M coupled equations) has turned to

be very usefulto generatenumerical solutions of the hydrodynamic equationsfor large
systems.In cortrast to standard discretization schemesit allowsto concenrate on the

most important active modes (<(, ) not too small) which carry the dynamics of the

system,whereasthe passive modescan be adiabatically eliminated. It is crucial that

the most time consumingmanipulations can be basedon the fast Fourier transforma-
tions (FFT). With respectto time, the linear operator is diagonaland can be treated

fully implicit whereasthe nonlinear part is treated with an explicit slightly modi ed

Adams- Bashforth scheme (for further details, seeApp. B) The sdemeis very ro-

bust and allows large time steps. Due to a one-to- onecorrespndenceto the Galerkin

schemethe solutionscanbe testedby comparison.In this way, for the rst time typical

modern corvection experimerts could be reproducedin numerical simulations. It has
beeneven demonstratedthat to someextert two- dimensionalexperimertal snapshots
of patterns (temperature eld at the upper plane) can be usedto construct reliably

the full three dimensionalcorvection structure (see[18, 5]).






Chapter 2

Convection in a Rotating Ann ulus
with an Azim uthal Magnetic Field

In tro duction

Convectiondrivenby thermal buoyancyin rotating °uid layersheatedfrom below in the
presenceof a magnetic eld is a typical problem encourtered in planetary and stellar
°uid dynamics. The most commonly treated version of this problem correspnds to
the casewhen both, the axis of rotation and the direction of the imposedhomogenous
magnetic eld, are parallel to the gravity vector. The onsetof corvection in this case
was consideredby Chandrasekhar[27]. He found the surprising result that Lorentz
force and Coriolis force may courteract eat other sud that the critical Rayleigh
number for onsetof corvection is lower than in casesvhen either the magnetic eld or
the rotation rate vanishes.

For planetary and stellar application the con guration of rotation axis and magnetic
“eld direction perpendicularto eat other and perpendicularto the gravity vector could
be more important. It correspndsto the caseof corvection in the equatorial regions
of rotating spherical°uid shellswhenan azimuthal magnetic eld is imposed. Toroidal
magnetic elds in the electrically conducting coresof planetsor in the solaratmosphere
are believed to be often much stronger than the poloidal componerts which can be
measuredfrom the outside. It is thus of interest to study the properties of convection
in this situation which can alsobe realizedin laboratory experimerts through the use
of the rotating annulus con guration (seeFig. 2.1a). In this casethe certrifugal forceis
usedasan e®ectie gravity. Although the motivation for studying the rotating magnetic
annulus convection hasoriginally arisenin the geoplysical cortext, the problemis also
of interest from a more generalpoint of view sinceit is a good examplefor pattern
formation in the presenceof two competing directional e®ects. In fact, as will be
demonstratedin this thesis a large variety of corvection patterns is found already at
small valuesof the rotation and magnetic eld parametersfor moderate valuesof the
Rayleigh number. In this respect the presen study can be regardedas an extensionof
the paper by Auer et al. [24] to the casewhena homogeneousnagnetic eld is added.
A rotating annulus experimert correspnding to the paper of Auer et al. [24] hasbeen

17
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performedby Jaletzky and Busse[2§].

In Sec. (2.1) the mathematical formulation of the problem is discussed. In the
small gap approximation, the problem reducesto the caseof a horizontal °uid layer
heated from below with magnetic eld, axis of rotation, and the vertical direction
correspnding to the xj , yj and zj axis of a Cartesian system of coordinates. A
sketch of the geometricalcon guration to be consideredin this thesisis shovn in Fig.
2.1b.

The results of the linear theory for the onset of corvection which has rst been
consideredby Eltayeb [8] more than 30 years ago are discussedin Sec. (2.2). In
order to obtain simple expressionsEltayeb has usedidealized boundary conditions,
namely stress-freeconditions for the velocity eld and electrically in nitely conducting
boundariesfor the magnetic eld. In the presen study the more realistic caseof rigid,
electrically insulating boundariesis considered. The weakly nonlinear analysisand a
stability analysisof convectionrolls is descriked in Sec.(2.3). Someof the instabilities
of corvection rolls can be understood on the basis of analytical results obtained in
earlier work on the related problem of corvection in the absenceof a magnetic eld
[24, 25]. But newmedanismsof instability areintroducedby the Lorentz force. Future
researt and potential application are discussedn the concludingsection. Someresults
of this chapter have beenalready acceptedfor publication [29].

2.1 Mathematical Formulation of the Problem and
Numerical Metho ds

In the following, we refer to the situation shovn in Fig. 2.1b. We use a Cartesian
systemof coordinateswith the unit vectorsi, j, k in the direction of the x, y, zj axes.
The e®ectie gravity is provided by the certrifugal force,g = 'ZWT"RZ), its direction is
given by the unit vector k. The upper and lower boundariesare kept at the constart
temperatures T, and T,, T, > T,, respectively. We assumethe rotation rate - to be
solarge that e®ectsof ordinary gravity (j k) can be neglected[24, 25, 28]. They lead
in principle to a base®ow with cubic pro e along k, but not to a distortion of the

applied linear temperature pro le

T+ T2

z

To(2) = i (T2 Tl)a: (2.1)

The hydrodynamic equationssuitably nondimensionalizedwill depend on Rayleigh

number R, the Prandtl number P, the Coriolis parameter ¢, and the Chandrasekhar
number Q, which are de ned as:

_®(Tpj Togd®, _ _° - _ Bod?
R= 2L W8 = o= T Q= o 2.2)

where®, °, -, 1, %and, arethe coezxcients of thermal expansion kinematic viscosity,
thermal di®usivity, magneticpermeability, density and magneticdi®usivity of the °uid,
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Figure 2.1: (a) Schematic represemation of the rotating annulus. (b) The analogyto
the planar corvection (d” R, Ry).

respectively. We have usedthe thicknessd of the layer as length scale,the vertical

di®usiontime, i = t,, astime scale,@ as temperature scale,and the magnetic
imposed°ux density By as scaleof the magnetic eld. Then the basic equations of

motion for the velocity eld u, the heatequationfor the deviation £ of the temperature

from the basic pro Te To(z) and the equation of magnetic induction in dimensionless
form read as follows:

u T
pit g+u¢r U+ 25jEu=ir ! i KE+r2u+Q(i+ —b)erb; (2.3a)
ru ¢u = 0; q (2.3b)
g+u¢r £=iRktu+r %£; (2.3c)
-, @ . — 2K -
—(@b+u¢rb| béru)=i¢ru+r “b; (2.3d)
r ¢h=0; (2.3e)

whereall gradiert termsin (2.39 have beenconbined into the pressuretermr |. The
magnetic eld has beenrepreseted in the form B = B,(i + ~b) wherei is the unit
vector in the x-direction. In the following we shall focus the attention on the caseof
liquid metalswhere - is of the order 10 # to 10 °. Hencewe shall adopt in this thesis
the limit - << _ and drop the terms on the left hand side of (2.3d) and the term
multiplied by = in equation (2.39).

We useno-élip boundary conditionsfor the velocity eld and assumethat the plates
are perfectly heat conducting. Furthermore the plates are electrically insulating, i.e.
the normal componernt of the electriccurrent density j = r £ b=, hasto vanishthere.
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Thus the following boundary conditions have to be ful Tled:
u=0;, £=0; r£b¢k:0atz:§:—2L: (2.4)

The cortinuity of the magnetic eld b acrossthe boundariesdoesnot have to be taken
into accoun explicitly in the limit - << | aswill be pointed out belon. Following
earlier papers [24, 25 we assumethe idealization of an in nitely extended°uid layer
in the horizontal plane, thus we use periodic boundary conditions and i.e the X; yj
dependenceis captured by a 2D Fourier series. The agreemen betweenthe results of
those papers and the experimertal obsenations of Jaletzky and Busse[28] indicates
that the periodic boundary conditions as well as the small gap approximation are
appropriate for the rotating annulus experimert at the moderate values of ¢, to be
consideredn this study. In order to eliminate the pressureterm in (2.39 we introduce
the generalrepresemations for the solenoidalvector elds u and b, (see(2.3b) and
(2.39):

u=0u+r £(r £Ekv)+r £kw=U+ v+ "w; (2.5a)
b=b+r £( £kh)+r £kg=:b++h+ "g; (2.5b)

where overbars in U and b denote the averageover the x, yj plane of u and b.
The functions v, h and w, g describingthe poloidal and toroidal componerts of the
velocity and the magnetic eld, respectively, are uniquely de ned if the conditions
V= h=w= g= 0areimposed. After the application of the di®ererial operators +
and" on the velocity equation (2.3 we arrive at the following equationsfor v and w

5

pil gr 2e,v+ 2¢UCr)u =1 4,V 2¢@@¢ JW+ € op+ Qi trr %¢5h; (2.6a)

pit gtt W+ " Culr)u =71 %¢,w+ 2&@@(13 2V + Qi ¢r ¢ o0 (2.6b)

In addition, an equation for the mean °ow U is obtained by averagingthe velocity
equation (2.3g over the x j y plane.

A Ll 11!
. @ @ T @ i R
Pl ZUj =C,v ro=v+"w +2j£U0=—u: 2.7
@ @ @ JEU= G2 @7
The heat equation (2.3¢ can now be written in the form
g£ + (zv+ "W+ U)0r £ =1 %L + R¢ L,V (2.8)

Analogously when applying = and " on the right hand side of the magnetic equation
(2.3d), we obtain in the limit =! 0

r2¢,h=jidr¢,v; (2.9a)
r2¢,g=icr ¢,w: (2.9b)
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The meandistortion b of the magnetic eld doesnot erter the problemsinceit vanishes
in the limit - << . In writing down Egs. (2.6) and (2.8) we have introduced the
horizortal gradiert, r ,* r j k(kd ), andthe horizontal Laplacian,¢, " r & 5. In
line with (2.4, 2.5) the basicEqgs. (2.6) - (2.8) must be solved subject to the boundary
conditions @

1
—@V—W—£—g—0atz—§§. (2.10)

The equation (2.99 for h and the correspnding boundary condition can be dropped,
sinceh can be immediately eliminated from the problem by replacingr 2¢ ,h in (2.63
with i&r ¢ ,v in accordancewith (2.98). With g(z = § 1=2) = Othe conditionkr £b =
i ¢,9=0(Eqg. 2.4) isfullled automatically.

Following Eq. (1.1), Egs. (2.6) - (2.8) are written as

D%V(x;t) = LV(X;t)+ N(V(x;t);V(x;t)); L= A + RB; (2.11)

where the symbolic vector V (x;t) = (v;w;g;£;0) represems all elds in equations
(2.62.8). V(x;t) ~ 0 correspndsto the ground state. The linear operator A can be
read o®from the right-hand side of Egs. (2.6), (2.7), (2.8). The operator B assciated
with R appearsonly in the temperature equation(2.8). The linear operatorsD appears
in the left-hand sideof Egs. (2.6), (2.7), (2.8). The advection of the velocity (2.6) and
of the temperature £ (2.8) yield the quadratic nonlinearity N.

The 2D periodic solutions of Eq. (2.11), which ful'll the required boundary
conditionsat z = § % are represeted in the framework of the Galerkin method (see
Sec.(1.2) asfollows:

X
V(X;y;z;t) = Vimn (1) exp[i(lax + mayy)]fn(2); (2.12a)
n=1l Iim=i M
P AN
wW(X;y;z;t) = Wimn (t) expli(lgx + ma,y)]Sn(2); (2.12b)
n=1l Iim=i M
DAY _
g(x; y;z;t) = gmn (1) expli(lgex + mayy)]Sn(2); (2.12c)
n=1I)m=i M
DAY
E(x;y;z;t) = £ 1mn (t) exp[i(lgex + ma,y)1Sn(2); (2.12d)
n=1lIim=i{ M
X
u(z;t) = un(t)Sn(2): (2.12e)
n=1

Here, f ,(z) denotethe Chandrasekharfunctions [27] with the properties (8 %) =
&tn(83) = 0 (seeApp. B).

The summationsin the velocity expressiong2.12a- 2.129 run through all positive
integersn andthrough all integersl and m with the exceptionofthe casel = m = 0. In
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the sum (2.129 the term | = m = 0 must be included sinceit descritesthe distortion
of the meantemperature pro le. Reality of all elds requiresv;.mn = V° ;i mn, €tcC.,
wherethe star indicates the complex conjugate.

The expressiong2.12) are insertedinto Eqs. (2.6), (2.9, (2.8) and projected onto
the variousexpansionfunctions appearingin (2.12. Thus, oneobtainsa setof ordinary
nonlinear di®eretial equationsfor the coexcients Vimn (t), Wimn (t), 9mn (t) and u,(t).
Sincethe coezxcients gmn (t) are slaved to the w, (t) accordingto equation (2.9b) as:

i ICt(WImn (t)
IZq(Z + m2qj2 + n21@’

Oimn (1) = (2.13)
they can be eliminated from the beginning.

We are interestedin solutions for moderate Rayleigh number R and nd that typ-
ically truncation parametersM = 4 and N = 4 have beensuzcient to achieve already
an accuracyof about 1% in the Galerkin approad for periodic solutions. To chek the
accuracy of these solutions the truncation parametershave beenincreasedto larger
valuesin somecases.

2.2 Linear Analysis for the Onset of Convection

In Sec. (1.1), we have sketched the linear analysis of the basic state V = 0, which
yields the neutral curve Ry(q), the critical Rayleigh number R, and the critical wave
vector g, at the onset of corvection. The ensuing Galerkin schemeis basedon the
expansionsshavn in Egs. (2.12. In the linear regime only the Fourier modes with
jlj;jmj - 1 comeinto play. We will usethe notations axial for the longitudinal rolls
(Jj = 1;m = 0), zonalfor the transverserolls (I = 0;jmj = 1) and obliquefor the
generalcasejlj = jmj = 1. We have found that the onset of corvection is always
stationary, in accordancewith the ndings of Eltayeb [9] with stress-freeboundary
conditions and in the limit - << | aswell. Thusthe neutral curve Ry(q) is obtained
from a modi ed eigervalue problem (seeEq. (1.3)).

Inspectionof linearizedequations(2.6) - (2.8) shavsat rst that the Prandtl number
P drops out from the linear problem. Furthermore they are invariant against the
re°ection (z! j z) at the midplane z = 0. Thus the linear eigervectors have to be
even or odd functions of z. The ewven case(i.e. standard rolls) is realizedat onsetas
in most corvection problems.

Additional symmetriesof the linearized Egs. (2.6) - (2.8) lead to a further clas-
si cation of the linear solutions and are also usedto ched the numerical analysis.
Invariance against a re°ection at the rotation axis (x ! j x) is immediately obvious.
Furthermore under re°ections with respect to the x axis (y ! i y) the equationsare
invariant if the elds arein parallel transformed as follows :

E(x;y;2) ' E(XiY;2); vXy;2) ! v(XiY;2);
wi;y;z) b wxGiyiz); gixysz) i g%y 2): (2.14)
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Furthermore, there existsinvarianceagainstthe combined transformation ¢, ! | ¢ and
y ! jy. The symmetriesdescrited beforehold alsoin Fourier spacewhenr = (x;y)
is replacedby q = (a;q,). With the useof the reality condition V(q) = V*(i q),
oneseeseasilythat the Fourier componerts £( q) and v(q) have to bereal in g-space,
i.e. £(r;z) and v(r;z) are proportional to cos(q ¢r), whereasw and g are purely
imaginary, i.e. they are proportional to sin(q ¢r) in position space. The symmetries
imply that the neutral curve can only depend on ¢; qf whereasa mixed term / ¢ q,
is not allowed. Note alsothat the toroidal velocity potential w hasto vanish for axial
rolls.

Already the one-mode appraximation yields a very usefulanalytical expressiorfor
Ro(qg) which re°ectsthe symmetriesdiscussedeforeand which allowsto study quickly
the parameterdependencies:

_ pRB 452 (f + YB)? sin’ A
Ro(q) = R (qz) + (P + Y3)2+ QP cog A
P CAR X +q;/ft1 Ca)(f + ¥E) G,

Here,q = P ¢ + ¢ is the modulus of g and the obliquenessangle A = arctan(%)
denotesthe anglebetweenthe rolls and the rotation axis. The numerical constarts c;,
C,, C3 are combinations of certain overlap integrals of trigonometric and Chandrasekhar
functions and assumethe valuesc; = 1:0281,c, = 1:2465and c; = 5:1388. The
minimum of RRB(¢f) yields an approximate Rayleigh-B&nard (RB) threshold (¢, =
Q = 0) with ¢, = 3:0963,RRB = 172838. The well- known rigorous valuesq, = 3:116
and RRB = 170776 di®erby lessthen 1:2% from the appraximate ones. Note that Eq.
(2.15 is exact for the unrealistic free boundary conditions wherec; = 1fori = 1;2;3
holds. Howeer, the threshold values( ¢. = pl% R. = 657in the RB case)deviate
substartially from the rigorousones. Sowe seeno reasonto study stressfreeboundary
conditions at all, which have even more de cienciesin the nonlinear regime, sincethe
damping of the vorticity eld w is largely underestimated.

From (2.195 it is obvious that in the case¢ A Q the minimum of R, = Ro(qc) is
obtained for A. = 0° (axial rolls). It is interesting that the relation

+ ¢, Q (¢ + ¥8) cog A; (2.15a)

(2.15h)

Re(q) = RRB(P) + 4¢2sin? A (2.16)

which derivesfrom (2.15 for Q = 0 is mathematically rigorous if the exact neutral
curve RRB (o) for Rayleigh-B&nard corvection is chosen. In the oppositelimit, Q A ¢,
the minimum of Ry(q) is found at A, = 9C° (zonalrolls). In the intermediate regime
Q » ¢ we have obliquerolls at onset(0° < A, < 90°), for instance,A. = 55° for Q = 14
and ¢ = 8.

The generalnumerical results for R, and ¢ as function of ¢ and Q are shawvn in
Figs. (2.2 - 2.5. The critical Rayleigh number, R.(¢; Q) in Fig. 2.2 is always larger
than RRB(q.). It increasedinearly at small Q and quadratically at small ¢, in perfect
agreemeh with the analytical approximation (2.15. The modulus . = jq. of the
critical wave vector shovn in Fig. 2.3 decreasesnonotonously from the RB value
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Figure 2.3: Critical wave number, ¢, asa function of ¢ and Q.
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Figure 2.5: The transition lines between zonal rolls and oblique rolls, ¢, (Q), and
betweenoblique rolls and axial rolls, ¢,(Q), in the Qj ¢ plane (seetext).
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Figure 2.6: The variation of the critical Rayleigh number, R. in the wave vector space
q = (g;q,) for variousvaluesof ¢ and Q. The numbersin the gure correspnd to the
following parameters: (1) ¢, = 0, Q = 14,R. = 17078, q. = 3:11,A. = 90’; (2) ¢ = 10,
Q= 30,R. = 21034, g = 3:07,A. = 70; (3) ¢, = 14,Q = 42,R. = 23647, . = 2:93,
A.=50; (4) ¢ = 14,Q = 30,R. = 22652, g, = 2:87,A. = 30; (5) ¢, = 24,Q = 58,
Re = 27691, ¢ = 2:64,A. = 10°; (6) ¢ = 30,Q = 56, R, = 27350, ¢. = 2:63, A, = 0°
(7) ¢ = 34,Q=0,R,= 17078, ¢. = 3:11,A. = 0°.

(g = 3:116) to smaller valuesfor increasing¢, and Q. The critical obliguenessangle
A. as function of ¢ and Q is given in Fig. 2.4 With increasing¢ at xed Q one
obsenes a transition from zonal rolls (A. = 90°) to oblique rolls at a lower Lifshitz
point ¢, which go over to axial rolls (A. = 0°) at an upper Lifshitz point ¢y. The
transition lines betweenzonalrolls, oblique rolls and axial rolls in the Q j ¢ planeare
shavn in Fig. 2.5 (seealsothe upper and lower facesof the parallelepiped in Fig.
2.4). Apparertly, the oblique roll regionis con ned by an almost linear upper curve
and an appraximately parabolic lower curve asindicated in Fig. 2.5, i.e. ¢2 » ¢,%4Q,
seeEq. (2.159. In generalthe approximate valuesfor q., A. and R. obtained from
(2.195 deviate by lessthan 1% from the exact (humerical) ones(Figs. 2.2, 2.3). For
instance, ¢ = 84 and Q = 300,we nd R, = 6417048,q = 1:9927and an oblique
angle, A. = 1097, which compareswell with the correspnding approximate values
R, = 6459938, q. = 2:0022and A. = 13:34 from Eq. (2.15.

In the following we exemplify the neutral curve in the vicinity of g¢ = (G; gc); Re
in detail. In Fig. 2.6 we have roughly sketched cortour lines of the neutral curve Ro(Q)
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for seweral conbinations of Q; ¢. The correspnding valuesq. are at the midpoint of
the ellipses When the magnetic eld strength is increasedwe approad the zonal-roll
case,.e. g, = 0 (seecase(l)) with increasingg, the rolls becomeincreasingly oblique
(nite O;q.c ). For Q = 0 we have axial rolls (q,. = O, case(7)). Fig. 2.6 has
beengeneratedby an automated procedure,wherethe whole q,; g, regimeshovn was
scanned. It is obvious that the symmetriesdiscussedabove are perfectly reproduced,
e.g. the re°ection symmetry q, ! | qg,. The neutral surfaceRy(q) doesnot dependon
the Prandtl number P, in cortrast to the linear eigervalue spectra asfunction of q; R
sincethe time derivatives/ Pi 1 comeinto play.
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Figure 2.7: Contour plots of the growthrates ¥{q = (o;q,);R) for P = 10at R =
1.08R. for ¢ = 18, Q = 54 (left panel) and ¢, = 26, Q = 54 (right panel). g, varies
alongthe vertical axis (j 4- o - 4) and g, alongthe horizontal axis(j 4- ¢, - 0).

In Fig. 2.7 we have conceirtrated on two particular parameter combinations of Q,
¢, and show the growthrates for large P in the g plane slightly above onset(" = 0:08)
where¥{q) ¥ i Ro(q). In the left panelwe have addressedan oblique roll bifurcation:
The absolutemaxima at q. are indicated by the two crosses.There existsalsoa local
minimum for g = O with astrongly negative growthrate. An axial roll casefor relatively
large ¢, is shavn on the right panel of Fig. 2.7. The absolute maxima are located at
8§ g with q,c = O (seecrosses).

In Fig. 2.8 we shov examplesof the eigervalue spectra for small P = 0:1. On the
upper panels,the magnetically dominated casewith critical zonalrolls (g = g,c 6 0)
is addressed. Whereasfor large P the leading eigervalues are always real we nd a
small crescen regionwhere=(, (q)) 6 0. The two lower panels(Fig. 2.8c,d) are more
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interesting becausethe e®ectof low Prandtl number P = 0:1 is seenmore clearly if
we compareto the growthrates for Pr = 10in Fig. 2.7b. In both casesthe absolute
maxima are at q = 8¢ (axial rolls with g = (0;0)). Howewer, for P = 01 a
new local maximum has appearedin the growthrate (Fig. 2.8c) at g, = 0 (zonal)
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Figure 2.8: Real(left panel)andimaginary (right panel) parts of the leadingeigervalues
as function of g at R = 1.01IR, and P = O:1 for ¢ = 4, Q = 54 (a,b) and ¢ = 26,
Q = 54 (c,d).
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which is accompaniedwith a non-vanishing={(, (q)). We expect that sudt substartial
modi cations of the eigervalue spectra will play an important role for higher" values,
wherethe growthrates of modes,which are slightly negative at R, and g 6 q., become
positive and dynamically active.

2.3 Nonlinear Analysis of Roll Solutions

In this sectionwe presen results for the nonlinear properties of rolls on the basis of
the weakly nonlinear analysis and Galerkin calculations. We concertrate mainly on
the region near onsetwith small " := (R j R¢)=R.. Even there the analysisis far
from completein view of the large parameter spaceof ¢, Q and P, that hasto be
scanned. In Sec. 2.3.1 we study the horizontal averageof corvective heat transport
(the Nusselt number). This global quartity is typically recordedwhen visualization
of the patterns is not possible,by which for instance secondarybifurcations become
immediately evidert. In Sec. 2.3.2 we discussthe secondarybifurcations of rolls at
large Prandtl number P. The small- P caseis addressedn Sec.2.3.3

2.3.1 Nusselt number

The total heat current Jiot = | -cf—zf(z) is determined by the horizontally averaged
temperature gradiert. SinceJy isaconsenedquartity it canbe evaluatedfor instance
at the lower plate (z = j %). The total heat currert is the sum of the conductive heat
current Jeong = j - 126, which derives from the basic prole To(z) (seeEq. (2.1)
and the corvective part Jeony = i - &5 2£(r;z = 3).
2.472 1.434
2.4715
o-14 1.433
P=10
9 247 9 1432
2.4705 1.431
2.47 1.43
0 4 8 12 16 20 0 4 8 12 16 20 24 28
t t

Figure 2.9: The slope ° of the Nusseltnumber (seeEq. (2.18) at " = Ofor P = 10as
function of ¢ for two di®eren Q at q.: Left panel Q = 14, right panelQ = 54.

The horizontal averagecorrespndsto the g = 0 componert of £ in Fourier space.
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Figure 2.10: The slope °© of Nu as function of ¢ at q. for P = 0:1 (left), and P = 1
(right) at Q = 54.

The Nusseltnumber N u, the non-dimensionalmeasureof Jiy, is de ned as:

Nu= =
u ' R dz

AN
o E(q=0z= ) (2.17)

Near onsetNu can be calculatedvia the weakly nonlinear analysis,accordingto
£/ A%/ ". Thuswe have:

Nu=1+°" for "=(Rj R)=R;! O (2.18)

In the following we rst give somecharacteristic examplesof the slope °© of Nu at
" = 0 for various ¢;Q and P. In most caseswe obsene a supercritical bifurcation
(° > 0) but at small P subcritical bifurcations (° > 0) areidenti ed aswell.

In Fig. 2.9 at small ¢, we have zonal rolls where® grows at rst cortinuously with
¢ At the lower Lifshitz point, ¢, , an obliqueroll bifurcation takesplaceand the slope
of ° vs ¢, changesabruptly. In the oblique roll regime° decreaseshen monotonously
until at the upper Lifshitz point, ¢y, axial rolls are readed. In the axial roll regime
° is ¢- independen. As can be seenfrom the Fig. 2.9, variations of Q would modify
only the onsetand the width of the oblique roll regime. In Fig. 2.10we show the slope
° for smallerP. At P = 1 (Fig. 2.1(a) the curve looks similar to the onein Fig. 2.9,
howewer, ° variesover a much wider range. In cortrast, at small P = 0:1 a subcritical
bifurcation has appeared,sincewith increasing¢, the cubic coetcient a/ 1=° of the
Landau equation(Eg. (1.25) decreasespasseso zeroand becomegositive again (see
Fig. 2.1().

The calculation of N u for arbitrary " requiresthe fully nonlinear Galerkin solutions.
In Fig. 2.11, the Nusseltnumber Nu is shovn as function of " for di®eren q = jqj.
The basic state becomedinearly unstablefor R, Ro(q) , R¢. Thusfor q 6 g. the
onsetof corvection is shifted towardslarger”. In Figs. 2.12a,b, we concetrate on the
the Prandtl number dependenceof Nu. The curvesstart at the samevalueR = R(q),
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Figure 2.11: The Nusseltnumber N u asfunction of the " for di®eren jqgj at (a) ¢ = 8,
Q= 14and (b) ¢ = 50and Q = 10, wherethe j q j dependenceis almost invisible, at
‘xed P = 10. The wave numbersare jqj = g. = 3:0 (solid), jgj = 3:11 (dashed)and
jgj = 2:7 (dotted). Note that A = 0 is usedin the caseof jgj = 3:11 and jgj = 2:7 in
(a) and (b)

2.5
2.2 T
t=8,Q=14 e t=50,Q=10 o
2 ‘j"j./'/
1.8 e
= ¢
zZ 2 ///
//
15 / o
1.4 ) — P=1
/ -——- P=10
/
/
/
1 1
0 0.5 1 1.5 2 0 0.5 1 15 2
e e

Figure 2.12: The Nusseltnumber Nu as function of "y at ¢ = 8, Q = 14;jq.j = 3:05
(left) and ¢, = 50,Q = 10;jq.j = 3:0 (right) in the caseP = 0:1,P = 1 and P = 10.

sinceRp(q) doesnot dependon P. With increasingR, we obsene a slight splitting of
the curvesconsisten with the slopesin Figs. 2.9, 2.1(a.

For the parameters¢, = 12, Q = 54 and P = 0:1, the bifurcation is subcritical
(seeFig. 2.1(). The correspnding Nusseltnumbersin this casefor di®eren values
of g are presened in Fig. 2.13. As already discussedN u increasedinearly (° » ")
at " = 0. With decreasing" the saddle point is readied and the Nu bends badk
and increasedurther with increasing”. This subcritical character will be exploredin
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Figure 2.13: (a) The Nusseltnumber N u in the subcritical region as function of " for
di®eren jgj at ¢ = 12,Q = 54 at P = 0:1. The wave numbersare jqj = 3:2 (dotted),
j9j = qc = 3:05(solid) and jqj = 2:7 (dashed). (b) The Nusseltnumber N u asfunction
of" near” = Oforjgj = qc. = 3:05at ¢ = 12,Q = 54and P = 0:1. In both plots,
A=A =716

following chaptersin more detail alsoon the basisof numerical simulations.

2.3.2 Stabilit y diagrams of rolls at large P

In the following sectionwe discussroll solutionsand their stability for large P not too
far from onseton the basisof weakly nonlinear and Galerkin solutions.

In Fig. 2.14 we start with the stability diagram of rolls in the ¢ i " plane. Note
that we useinstead of " also", := (R REB)=RRE with respect to the standard
Rayleigh-B&nard threshold RRB (= 1708)at ¢, = 0 to descrike the distancefrom onset.
Convection exists above the neutral curve Ro(q¢). As discussedn the previoussection
we nd zonalrolls at low ¢. With increasing¢ we erter at the lower Lifshitz point
& the oblique roll regime. The critical obliquenessangle A. decreasesortinuously
from A. = 90° to A, = O° at the upper Lifshitz point ¢, then the axial roll regime
begins. The thresholdincreasesat rst cortinuouslyfor ¢ - ¢y, then it settlesdown to
a constart value. The stability diagramsin Fig. 2.14for two di®ereh magnetic eld
strengths (Q = 14; 54) are qualitativ ely similar. For Q = 54 the obliqueroll regimeis
wider, i.e. ¢ = 107, ¢y = 231 comparedto ¢, = 7:2, ¢y = 95 for Q = 14. Sincethe
axial-roll threshold increasesoughly linear with Q, the variation of ", with ¢ is more
pronouncedfor Q = 54. In order to indicate the reduction of the threshold by rotating
the roll axis, the zonalthreshold extendsinto the large~, regime. Rolls with the critical
wave vector q. are always stable againstlongwave perturbations with a Floquet vector
(1 sj<< jQc]) upto fairly largeR. Zonalrolls at small ¢, and alsorolls with relatively
large A, ¥4 9P slightly above ¢, are stable againstshortwave (j s j ¥%4j qc j) instabilities
as well. Howewer, when ¢, increasesthe stability regime becomedimited from above
by a short wavelengthinstability line (SW), which risessteeplywith decreasing, (see
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Figure 2.14: Stability diagram for rolls with the critical wave vector g in the ", ¢
planewith ", = (Rj RRB)=RRB at (a) Q = 14,P = 10and (b) Q = 54,P = 10. The
solid curve denotethe neutral curve and the dotted curve the threshold for zonalrolls.

The crossesndicate the two Lifshitz points ¢, and ¢, .The long-dashedcurve preserts
a secondaryshort wavelength instability of rolls (SW).
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Figure 2.15: Stability diagram for zonal and axial rolls at ¢ = 4, Q = 54 (left), and
¢, = 12,Q = 14 (right), respectively, with P = 10in the " j ¢ plane.

Fig. 2.14).

For ¢ < ¢y the Floquet vector s of the most destabilizing mode is essetially
perpendicular to g, with a modulus jsj % %jch. For Q = 14, the stability line joins
smaoothly the SHV bifurcation line at ¢ = ¢y (seealso similar results for Q = 0 in
[24, 25], wherej s j2 j g j and the angle betweens and q. approahes6(). At ewven
larger ¢, aknot roll bifurcation prevails where] (s;qc) = 90° andj s j» %op. ForQ = 54
the knot roll instability is dominart for all ¢ > ¢,. The instability medanismand the
bifurcating three- dimensional(3D) patterns will be discussedater in detalil.

In Fig. 2.14we have only addressedolls with q = g.. Howewer, with increasing
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", stable rolls with wave vector q 6 ¢, must exist, which di®er both in jgj and A
from the critical values. In Fig. 2.15, longwave and shortwave instability lines near
onset are given in the caseof high magnetic eld (Q = 54) for zonal rolls (¢, = 4),
along the line g = (0;q,) in the g-plane. Convection exists above the neutral curve
Ro(q) ¥ 3%(qy i @) with its minimum at R, = Ro(qc) i.e. at " = RLRe = 0. For
g, 6 q rolls are Eckhaus unstable for Ro(qy) - R - 3Ro(q,). For g, < ¢ the rolls
are in addition unstable below the long wavelength ZZ (zig-zag) instability line for
suxciently smallg,. In addition we nd a short wavelength transverseinstability line
with j s j? q. Thusif onewould X g, externally (e.g. by a temperature grid) the
primary bifurcation would lead to oblique rolls. In Fig. 2.1% we show the stability
diagram for axial rolls (large ¢) along the line q = (0;0). When exdanging g, vs.
0k the discussionof Fig. 2.15a appliesin principle. Howevwer, the stability diagramis
in addition limited from above by SHV and knot - instability lines. At the small- g
side mainly the ZZ- instability line restricts again the stability regime (note that in
an axially anisotropic systemsthe ZZ-line doesnot start at ¢k = ).

1
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Figure 2.16: Stability regionsof rolls with j g j=j g (¢) j and di®erett Aat Q = 14 and
P = 10. The crosseglenotethe lower and upper Lifshitz points, ¢., ¢y, respectively.
The circles mark crossingpoints of a shortwave instability line with the the SW line
(seeFig. 2.19 at ¢, = ¢(A) for A= 45, 53, respectively (seetext).

It is almostimpossibleto study the possiblenonlinear stable patterns exhaustively
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in the g j " space.In addition most of them will not be obsened in standard exper-
iments, where one would increaseR slowvly at xed Q, ¢ or alternatively quend to a
R > R.. We will rather discusssomefeatures,which are re°ected in our simulations,

when starting for instancefrom random initial conditions.
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Figure 2.17: (a) The stability regionsfor various roll anglesA as function of ¢ at
Q= 14,P = 10and xed q= 3:8. (b) The stability regionsfor zonalrolls A = 90° for
various valuesof gat Q = 14, P = 10.

In Fig. 2.16we shaw the stability regimeof rolls for di®eren roll angle A wherejqj
wastaken for simplicity asjqc(¢)j. Let usat rst focuson A, = 45°. The neutral curve
(not shown) starts above ", = 0 at ¢ = 0 and approadhesfrom above the neutral curve
in the oblique roll regimeat a particular g (A,), wherethe function ¢ (A) is de ned by
A. (2 (A)) ~ A.. Stable 45- rolls exist above a long wavelength instability line of the
Z Z -type, which meetsthe neutral curve at ¢ (A,) aswell. This trend is obvious, since
for instanceany deviation from A = 90° (zonal rolls) leadsfor small ", and ¢, to long
wavelength instabilities as discussedbefore. At larger ", the regime of stable 45° rolls
is limited from above by a short wavelengthinstability line (dotted) with ] (q;s) % 90°
and jsj Ya %oc. This line goescortinuously down with increasingg, aAnd meetsobviously
the short wavelength instability line SW (seeFig. 2.14a) at ¢ (A,). Proceedingto
larger ¢, the lower ZZ-line is crossedas well at a certain ¢ = ¢sz (45°) ¥ 11in Fig.
2.16 Thus45-rolls are stablein the beak-like regimebetweenthe two stability curves
(dotted lines). Analogousstability diagramscan be constructedfor any A. The upper
short wavelength line movesto larger ", with increasingA, since¢(A) decreasesvith
A and the crossingswith the short wavelength SW line at g(A) are shifted towards
larger",. In parallel the lower ZZ-line movesdown, sinceone approadiesthe critical
zonal rolls. Consequetly the crossingof the two stability lines happens at smaller
¢ = Zsz(A) and the wedge-lile stability regime grows. Note that for A | 55°, the ",
crossingpoints of the upper shortwave instability line with the SW curve at g(A) lie
outside the graph.
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Besidesthe angle A one can alsovary the modulus of g. We found that increasing
jqj would also enlargethe stability regime. This is shovn in Fig. 2.17a. Forj q j= 3.8
the 45°-rolls are long wavelength stable above the dotted line but unstable against
shortwave instabilities exceptin the rectangular region at small ¢. The main result
of these considerationsis, that stable oblique rolls can be found in a large ¢, interval
in a certain ", range, irrespective of the critical g. (¢). In particular zonal rolls are
good candidatesto be presen in a large ¢, interval. In Fig. 2.170 we shaw that their
stability region can be extended considerablytowards larger ¢, if j q ] is taken large
enough. In fact for A= 60°, and A = 9C° we obtain stable obliquerollsin ¢, ", regions
considerablylarger than thosein Fig. 2.17a.

2.3.3 Stabilit y diagrams of rolls at low P

In this section, it will be shovn that the stability diagrams change qualitatively in
the caseof small P, though the neutral curve and thus the oblique roll regimedo not
depend on the Prandtl number P asalready mertioned in Sec.2.2
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0.8 | —— backw. thres. curve (saddle node)
------------- shortwave inst. I
------------- oscillatory inst. R
04 //’/ conduction
0

0 4 8 12 16 20 24 28

Figure 2.18: Stability diagram for rolls with critical wave vector g, asfunction of the
Coriolis number ¢, for increasing”, in the caseQ = 54,P = 0:1 (for the variousstability
lines seetext).

A typical exampleis presened in Fig. 2.18for P = 0:1. At rst, the bifurcation
becomessubcritical in a fairly large ¢, interval (4 - ¢ - 21).
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Figure 2.19: Saddle-nale points of the subcritical bifurcation for P = 0:1 for various
catQ=>54andqg= qc.
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Figure 2.20: (a) Hopf bifurcation asfunction of the modulation wave number s, (see
text), at" = 1.8, = 3:11,¢, = 4,Q = 54and P = 0:1. (b) Growthrates as function

of " for ¢ = 26,Q = 54and P = 0O:1.

We have plotted a characteristicamplitude de ned asthe Fourier componert £( q¢; z =

%) of the temperature eld asfunction of " for di®eret ¢, valuesin Fig. 2.19 According
to Fig. 2.19 the smallestsaddle-node point is found around” » | 0:098for ¢max = 12
wherealsothe distanceof the neutral curve and the saddle-node curve (dashed-dotted)
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in Fig. 2.18is maximal. The saddle-node and the neutral curve approat ead other
for increasingj ¢, i ¢émax j @and crossat a lower tricritical point (¢, ' 4) and an upper
tricritical point (¢ ' 21).

The secondarybifurcations di®er also qualitatively from the large P case, (Fig.
2.14). Near onset, the zonal rolls are mainly unstable against the skewed- varicose
(Sv) instability for ¢ < 11, whereasthe knot instability dominatesat relatively high
rotation rates¢.

For suzciently large ¢, and",, an oscillatory instability is important (seethe thick-
dotted line in Fig. 2.18. In Fig. 2.20the growthrate ¥:and the correspnding Hopf
frequency! are shown for two cases.The Floquet vector s is perpendicularto g and
of the order%qc. In Fig. 2.20m, %and! are plotted asfunction of s (= (s«;0)). ¥%has
a very shallov maximum for s, © 1:8. The growthrate asfunction of " for the speci ¢
parameterset, ¢, = 26,Q = 54at the maximal Floquet vectoris seenin Fig. 2.2(. The
valuesof %increaselinearly as function of " and changesign around " = 1 consister
with Fig. 2.18 Comparing Figs. 2.2( and 2.20a, we concludethat =(33 = ! is of the
order of 10 even for relatively high rotation rates ¢. The exploration of the stability
regionin the ¢ i " plane for arbitrary ¢, A is even more tedious than in the large
P- case,becauseof the badkward bifurcation. So, we have limited oursehesto some
examples.
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Figure 2.21: Stability diagram for zonal rolls for g, near onsetat ¢ = 4, Q = 54 and
P = 01

In Fig. 2.21, longwave and shortwave instability lines are given for zonal rolls at
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P = 0:1in the gj " plane. In cortrast to the high Prandtl number case,the Sv
instability plays an important role by restricting the stable regionfrom above for fairly
small ", at g, < q.. The Eckhausinstability characterizesthe lower boundary of the
stable region similar to the earlier stability diagramsin Fig. 2.14 and prevails for
g, > g asin standard RBC. For g, < ¢ the rolls are unstable below the ZZ (zig-zag)
instability line asin the axial roll regimefor high g, (seein Fig. 2.19. In cortrast to
the axial roll case,zonalrolls are found to be stable againstthe SHV instability, but
one meetsthe knot instability for smaller ¢, values.
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Figure 2.22: Oscillatory instability as function of zonal rolls q = (0; q,) for various"
values. Sameparameterswith Fig. 2.21 (Dashed-dottedline correspndsto %= 0)

In Fig. 2.22 the leadingeigervalue, = %+ i! of the oscillatory instability, which
is already descrited in Fig. 2.21for large ¢, is plotted as function of g, for sewral "
values. According to Fig. 2.22 the growthrate ¥and the Hopf frequency! for all g,
depend on the wave number quadratically at small q,. For " = 1:2, the zonalrolls are
stable since¥%< 0. With increasing”, the oscillatory instability occursfor ¢, < g at
" = 1:.4. This behavior can also be seenin Fig. 2.21for " = 1.4. At " = 1.9, the
growthrates ¥.are already positive up to the wave number g, = 3:4. Note alsothat the
Hopf frequencied increasewith ".

In the following parts of thesis, the results on the instabilities will be addressed
in detail by direct simulations. In Sec. 2.5, the study of the stability of rolls by the
Galerkin method hasbeencomplemened by the direct simulation method. In Sec. 2.4,
we will present the simulation results of the subharmonicvaricose(SHV) and knot
instabilities.
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2.4 Subharmonic Varicose (SHV) and Knot Pat-
terns

In this chapter, we presert a rather detailed analysis of the characteristic secondary
shortwave instabilities of axial and oblique rolls at larger ¢, which have beenfor in-

stancemarked as SW in Fig. 2.14 It will turn out that the instabilities are driven
through particular resonar interactions among se\eral modes, which have been ex-
plained already in Sec. 1.4 Particular emphasiswill be laid on two special cases,
namely the SHV and the knot destabilizations. The correspnding modeshave been
indicated in Fig. 1.3 The detailed discussionscan be found in App. A. In Fig. 2.23
the SW line for ¢ > ¢, in Fig. 2.14is plotted on a larger scale. In fact the nature of
the instability changeswith increasing¢. At rst SHV instability line prevails, which

starts around " = 0:.0108at ¢ = 10 to increasealmost linearly with ¢. At ¢ = 185
the knot instability line is crossed,which determinesthe SW instability for larger ¢.

The solid line results from a rigorous Galerkin stability analysisof the axial rolls. The
circles have beencalculated with the help of the weakly nonlinear analysisaccording
to Eq. (A.26) and Eq. (A.37), respectively. Whereasthe SHYV line is reproducedwith

hight accuracyewen at larger ", the weakly nonlinear analysisof the knot bifurcation

becomedesssatisfactory when ¢, increases.
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0
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Figure 2.23: The onsetof SHV and knot instabilities as function of ¢ in the case
Q=14,P = 10,9 = g = 2:958.

In the following sectionswe will discussthe SHV and knot destabilizationsand the
resulting patterns in more detail. Though the methodology is the sameasfor rolls, the
ensuingbook-keepingproblemsseemto have discouragedother researtersin the past.
The Galerkin analysisis badked up and extendedby the direct numerical solutions of
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the full hydrodynamic equations,which allow to cover also complex spatio- temporal
patterns, which result from higher bifurcations.

2.4.1 General short wave destabilizations

In Sec.1.4we have addressed/ariousresonar shortwave destabilization medanismsof

rolls. In the oblique roll regime,the most generalsituation shovn in Fig. 1.2 becomes
important, whereq is given asqc = ¢ (cos(A); sin(Ac)) = (t;q,). In the following

we revisit asarepresermativ e examplethe caseP = 10, Q = 54 (seethe generalstability

diagramin Fig. 2.140). With increasing¢, we move alongthe neutral curve from zonal

via oblique to axial rolls , where ¢; A. as function of ¢ are plotted in Fig. 2.24 The

Lifshitz points (¢ = 106, ¢y = 232) are seenclearly. Along the oblique region, g

and A, decreasawith ¢.
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Figure 2.24: Critical roll angleA. and jq¢j asfunction of ¢ for Q = 54 Pr = 10.

Accordingto Fig. 2.25 the knot instability prevails for ¢, > ¢, wherethe shortwave
modulation s includesan angle A = 9° with q.. The SHV line (A = ] (s:q) ¥ 60°)
and jsj = jqj lies above. Below ¢ = ¢, the two lines bend upwards. Howewer, the
stability regimeis limited from above by the SW line belowv assaiated in generalwith
anglesA 6 6(°;9C°. Accordingto Fig. 2.2% the angle A decreasesvith decreasing,
until A = 60°, wherewe obsene a suddenjump to A = 12C (equivalert to A = j 60°).
At this point we have A, = 23:3°. This situation correspndsto a (generalized)hexaroll
destabilizationwith jsj = g.=2. Sinceq is at an nite anglewith respectto the preferred
¢ axis, the angles§ A are no more equivalert (which implies for the correspnding
amplitudes jBj 6 jCj). The caseA = 60° is obviously realizedwherethe cortinuation
of the SHV from larger ¢ and the SW line meetat ¢ = 213 in Fig. 2.25a. With
decreasing;, the A(¢) curve decreasesnonotonously too. When A = 9P is reached
at about ¢ = 17 we have a generalizedknot instability, which is alsore°ected in the
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Figure 2.25: (a) SW stability of rolls for g = q. (oblique for ¢, - ¢y = 232, axial for
¢, <) with g = g, for Q = 541in the ¢;" plane. For comparisonthe lines for xed
anglesA = 90P; 60°, respectively, are shovn with A = ] (qc;s). Notesdenotethe result
of weakly nonlinear analysisin the caseof knot instability. (b) The modulus of s and
the angle A alongthe SW line (for details seetext).

touching of the SW and the knot line in Fig. 2.25. At this point the roll angleis
givenasA. = 459°.

It is obviousthat the knot and the SHV patterns are strictly periodic in the plane,
since their Fourier module (for details see[30, 31]) consistsof integer conbinations
of two basis vectors. In the SHV case,a period doubling along the g direction is
involved. The more generalresonan patterns aspresened in Fig. 1.2in Fourier space
are quasiperiodic, sincetheir Fourier module cortains in generalthree incommensurate
basisvectors(e.g. q;;ges and q4). In the following we will focuson the short wavelength
destabilizationsof axial rolls for high Coriolis numbers ¢, above the upper Lifshitz point
AJ-

2.4.2 Subharmonic varicose patterns

In this section,we discussthe SHV patterns in the axial roll regime,the mode-structure
(seeFig. 1.3) isdiscussedn App. A. Consistert with the Galerkin solutionsand direct
numerical simulations, two dimensional(2D) SHV patterns f (x; y) which describe for
instancethe temperature eld at the midplane of the °uid layer can be reconstructed
from the amplitudes A, B, D in the following manner:

3

f06y) = < Aexpliau+ B (expli i+ iayli i expli i2x i i)

.3 . . .3 .
+ D (expliZx+ gyl i 1expli~x i ig,y) (2.19)
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or
3
1
f(x;y) = Acos(gxx)i 2 Bcos(%x+ Z/LS
1 1
+ D cos(?%xx + Z/A) sin(qy i Z/A) (2.20)

Note that we have included the phasesof the amplitudes accordingto Eq. (A.19).
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Figure 2.26: Amplitudes A, B, D for SHV patterns (Eq. 2.20 as function of " for
¢, = 14 (left panel), ¢, = 18 (right panel)in the caseQ = 14, P = 10. The dashedlines
denotethe oscillatory instability of the SHV patterns.

Historically, the SHV destabilization medanism has beendetectedat rst in the
rotating annulus problem for Q = 0 [25] and analyzedin a nice and clever way by
concettrating onthe modesA; B. In thelimit ¢! 0the modeD is not important. For
“nite Q, the SHV instability is shifted to nite ¢ values. The weakly nonlinearanalysis
can be considerablyre ned by the explicit inclusion of D. In addition, as explained
in App. A.l appropriate projection techniqueshave to be usedwhen calculating the
coexcients A, B, D in Eg. (2.19 by the amplitude equationsin App. A.l.

We will concettrate hereon typical examplesfor the parametersQ = 14, P = 10,
wherethe SHV and knot instabilities have beenalready shovn in Fig. 2.23 In Fig.
2.26 we have plotted the amplitudes A; B; D for di®eren ¢ valuesbelow the crosswer
to the knot instability (¢, = 185) and in Fig. 2.27 for ¢ valuesabove the crosswer.
The modesB, D bifurcate at " = "sv, where"sy increaseswith ¢ in line with Fig.
2.23 Figs. 2.26 2.27 con rm the generalexpectation that the amplitude A of the
axial rolls decreaseanve the SHV destabilization while the amplitudes B, D grow
supercritically like » "i "sv) in agreemeh with our generalanalysis (see App.
A.1). It is also evidert, that the relative importance of the mode D grows with
increasing¢,. In addition, the g- vector of the mode B, which we will parameteri%ags
q = %(1; psv) deviatesmore and more from the ideal hexaroll case(psy = prex = 3)
which is for
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Figure 2.27: Amplitudes A, B, D for SHV patterns (Eq. 2.19 as function of " for
¢, = 24 (left panel), ¢, = 28 (right panel) in the caseQ = 14, P = 10. The dashedlines
denotethe oscillatory destabilization of the SHV patterns (from Galerkin analysis).
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Figure 2.28: Amplitudes A, B, D of SHV patterns from direct simulation as function
of " for Q= 14,¢ = 14,P = 10.

instance realized for Q = 0 and small ¢. We found the values psy = apnex With

a= 0:96,0:9, 0:81,0:76for ¢, = 14,18, 24, 28, respectively. Note that in all discussions
of amplitudes, we consideronly the natural casedy = ¢ = 2:95and q, = psv in Eq.

(2.19.

According to our Galerkin stability analysisthe resulting SHV patterns are stable
against long wavelength modulations in the whole " range coveredin the Figs. 2.2
2.27. Howewer we found oscillatory amplitude instabilities at " = ",sc which have
beenmarked by the vertical dashedlines in these gures. For ¢ = 14;18;24; 28, we
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Figure 2.29: Oscillatory SHV patterns at ¢ = 14,Q = 14," = 0:1095. The teeth in

patterns oscillate in horizortal direction with small amplitude. The plots from left to
right correspnd to timest = 10,11, 12,13,14,15,16,17. The aspectratio isj = 12.
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Figure 2.30: The SHV amplitudes A, B (seeEq. 2.20mode for " > "4 as function
of time (in t,) from a simulation at " = 0:11,Q = 14, ¢ = 14and P = 10 (left panel)
and the correspnding Nusseltnumber (right panel).

have obtained the following Hopf frequencies! sy = 1:6, 2:4, 4, 6, respectively. The
oscillatory instability will leadto time dependen patterns, wherein the simplestcase
the amplitudes A, B, D oscillate about someconstart values.

We will not discusstheseinstabilities in detail, for instanceby following the previous
interesting analysisbasedon amplitude equationsfor small ¢, at Q = 0[25]. Insteadwe
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Figure 2.31: Maxima and minima of the oscillating SHV amplitude A asfunction of
"at¢=14,Q= 14,P = 10.
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Figure 2.32: Heteroclinic cycle for the axial regime. ¢ = 14,Q = 14," = 0:114 and
P = 10. The plots from left to right correspnd to timest = 33, 36:2, 365, 36.9, 37:2,
374, 37.6, 38 and 405. The aspectratio isj = 12.
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Figure 2.33: Amplitudes (left) and Nu (right) in the caseof the heteraclinic cycle at
the samesimulation asin Fig. 2.32(" = 0:114).

presen typical results of full simulations, which have beenconsisten in all caseswith
the Galerkin analysis. Typically we start from random initial conditions in the SHV
unstable regime. For instance, the amplitudes extracted from a simulation at small
" < "usc Which have beenplotted in Fig. 2.28 t perfectly the previous Galerkin result
(Fig. 2.26 for the sameparameterset (i.e for ¢, = 14,Q = 14,P = 10).

Slightly above the oscillatory instability of the SHV pattern at " = 0:1092 (see
Fig. 2.26 we obsene, in fact, periodic SHV statesin a small" range(" - 0:113). In
Fig. 2.29 we show a correspnding time sequenceof the patterns. Howewer the time
dependenceof the patterns is not strongly expressed.In any casethe subharmonic
cortribution of the mode B is easily visible, since the teeth attached to the axial
rolls repeat every secondline. Better insight to the pattern is obtained from the time
periodic amplitudesA; B; D which are constructedaccordingto Eq. (2.19 and plotted
in Fig. 2.3Q The period agreesperfectly with the Hopf frequencyat " = " ..

In Fig. 2.30 we have followed the amplitude A for " in the vicinity of " s (seealso
the vertical line in Fig. 2.26. For" - ",s the amplitude is constart (already shovn in
Fig. 2.26. For" > ", A oscillatesbetweena maximal and a minimal value (seeFig.
2.30. Theseextrema are plotted in Fig. 2.31to visualizethe pitchfork bifurcation at

- osc-

Howeer, for even slightly increasing”, the destabilization of the oscillatory SHV
pattern is revealed. In Fig. 2.32we show typical snapshotsfrom our simulations. At
‘rst, we seean axial roll pattern (left upper corner), with increasingtime (from left
to right) cortributions of the amplitude B are activated, which grows at the expense
of A until B dominatesthe dynamics. At later times A starts growing again and one
returns to the axial roll state (lower right corner), which is shifted by half a wavelength
perpendicular to the roll axis. The time dependenceinvolves abrupt changesin the
amplitude which are evidert in Fig. 2.33 wherethe amplitudes A and B are shaovn



48 Chapter2. Convectionn a Rotating Annuluswith an AzimuthalMagneticField

4 4'¢

EEEE@

Figure 2.34: Heteroclinic cyclein the co-existencaegionof SHV and knot instabilities
at ¢ = 14,Q = 14," = 0:115and P = 10. The plots from left to right correspnd to
timest = 111,1115, 1119, 112,1121, 1122, 1124, 1137, 114,1157, 116,118,1185,
119,1197. The aspectratio isj = 12.
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together with the Nusseltnumber. The Yaphaseshift betweenthe pure roll patterns
(B = 0) (seealsothe rst and last panelin Fig. 2.32 is obvious. During a relatively
short time interval (about t ¥ 37) the B mode dominates (seethe fourth and fth
panelin Fig. 2.32. Sud a scenariois typical for a heteroclinic orbit, which descrikes
in generala situation wheredi®eren attractors (A; B in our case)are regularly visited
by a system. Heteroclinic cycleshave beenstudied in earlier studies of Busseand co-
workers for the non- magnetic case[25, 32].
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Figure 2.35: Leadingtwo amplitudes asfunction of time for SHV for the sameparam-
etersasin Fig. 2.34

The time ewlution of the patterns dependssensitively on ", which becomesbvious
when we compareFig. 2.34for " = 0:115with Fig. 2.32for " = 0:114. We have
obsened a kind of mixture of rolls, SHV and knot patterns (seethird and fourth row
in Fig. 2.34. In the knot pattern (seethe following section) the teeth of neighboring
rolls match in cortrast to SHV patterns. It is not surprising that knot patterns come
into play, sincethe knot instability of axial rollsisat " = 0:0798for ¢, = 14and Q = 14.
In Fig. 2.35 we have plotted the amplitudes A, B of Fig. 2.34 In particular the curve
for A revealsan approximate time periodicity.

2.4.3 Knot instabilit y

In this section,we will presen an analysisof knot patterns, which bifurcate at " = ",
from axial rolls. The analysisis basedon Galerkin methods and full simulations. In
Fig. 2.23 we seethat the knot destabilization line "¢,(¢) is near the SHV line for
Q = 14,P = 10in the wholeinterval 10< ¢ < 28.

According to Fig. 1.3and Eg. (A.31), 2D knot patterns have the following repre-
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sertation (for details we referto App. A.2):
3

f(xy) = < A expligux]+ D (exp[igeX + igyy]
i expligxx j iayyl)i iF expligyy] ; (2.21)
or
f(x;y) = Acos(akx) i 2D sin(gx) sin(q,y) + F sin(qyy): (2.22)

In our systemwe nd D > F. The caseF = 0 descrikesthe wavy instability, which
correspndsfor small D to a phasemodulation of the axial rolls. This is evidert from
the following Taylor expansion

f0ay) = Acos(au) + o sin(ay)

Acoggx) i 2D sin(gx)sin(gy) + O (D=A)? : (2.23)

The opposite caseD = 0, F 6 0 corresppndsto a standard knot instability (g 6
q,). For Q = 0 and in the limit ¢ = 0, one nds the special caseof the cross-rollCR
instability (o = q) [24, 25. For historical reasonswe keepthe notion knot instability
in our situation for D 6 0, F 6 0. Note that our descriptionin terms of three coupled
amplitude equationsallowsto x the phasesnvolvedin the represemation Eq. (2.21),
which is not possiblewhen the wavy mode (D) is neglected. In Fig. 2.36 we show
typical knot patterns obtained from simulations for " > ", from which we can extract
the dominant amplitudesA, D, F accordingto Eq. (2.21 for " > "y,. We started from
random initial conditions. As to be expectedthe patterns have selectedin Eq. (2.21)
the critical wavenumber g = ¢ = 2:95 of the axial rolls and the critical transverse
waverumbersq, = p, at " = "y,. For instance, parameterizingthe transversewave
number aspxn, = ag (a = 1 correspndsto the CR instability), we found the values
a= 078, 0:705, 0:64, 0:605for ¢, = 14, 18, 24, 28, respectively. Thus, px, decreases
considerablywith increasing¢,. Perfect agreemen with the Galerkin results has been
achieved asin the SHV casebefore.

Represenativ e examplesof the amplitudesareshowvn in Fig. 2.37in the cases, = 14

(left panel) wherethe SHV instability precedes.To avoid the competition with the
SHV modes we have in the following focusedon ¢ = 24 where the knot patterns
bifurcate directly from the axial rolls (Fig. 2.3%). The amplitudes extracted from
simulations shavn in Fig. 2.37 agreewith the Galerkin results in Fig. 2.37c. Our
Galerkin analysis shaws that the knot patterns are at rst stable slightly above "¢,
"wn = 0:209in Fig. 2.37). This is con rmed in Fig. 2.38 wherethe amplitudes and
the Nusselt number for a simulation at " = 0:22 have settled down to a stationary
patterrb It is obvious that the knot bifurcation is supercritical, sincethe D, F grow
like» = ™ "kn.

At " = 0:38 the Galerkin analysis has revealed an oscillatory instability with a
Floquet modulation vectors = 0:2(0; pkn) (correspndingto mode F). This instability
leadsto complex pattern dynamics. One is inclined to interprete the time sequence
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Figure 2.36: Stable knot corvection patterns for ¢ = 14," = 0:08 (left plot), ¢ = 18,
" = 0:13 (middle plot) and ¢, = 18," = 0:15 (right plot). The aspectratios arej = 12
(left panel)and j = 18 (middle and right panels).
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Figure 2.37: Leading three amplitudes for knot solution asfunction of " at (a) ¢ = 14,
(b) ¢ = 24 from simulations and (c) ¢ = 24 from weakly nonlinear analysisin the case
Q = 14, P = 10 (seetext). The dashedlines denote the oscillating instabilities of

knots.

shown in Fig. 2.39as part of a periodic cycle. Howewer, in a di®eren time intervals
as shown in Fig. 2.40 we have also obsened traveling knots in the case¢ = 24 and
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Figure 2.38: Amplitudes A and D (left) and the Nusselt number Nu as function of
time for knot solution at ¢, = 24," = 0:22,Q = 14,P = 10.

Figure 2.39: Evolution of knots at " = 0:43, ¢, = 24,Q = 14, P = 10. Plots from left
to right correspndto timest = 133,134, 135, 136, 1365, 1375, 143 and 144. The
aspectratio isj = 12.

" = 0:43 during a relatively short time interval.

Consideringthe ertire simulation period in the case" = 0:43,¢ = 24,Q = 14 and
P = 10, arather chaotic time dependenceof the amplitudes and the Nusseltnumber is
seenin Fig. 2.41 Newerthelessonecanidentify globally a certain oscillation frequency
in this graph, which agreesvery well with the Hopf frequency at the onset of the
oscillatory instability in Fig. 2.37c.

We have expected, that the chaotic time dependenceswvould becomestronger at
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Figure 2.40: Knots traveling to left at " = 0:43, ¢ = 24,Q = 14, P = 10. Plots from
left to right correspnd to timest = 22,224, 228, 232, 236, 24, 244 and 24.8. The
aspectratio isj = 12.
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Figure 2.41: Amplitudes A, D (left) and N u (right) of the knot instability with respect
totimeat" = 0:43,¢,=24,Q= 14and P = 10.

larger ", but in fact it has becomein somesensemore periodic as demonstrated by
the amplitudes and the Nusseltnumber in Fig. 2.42 A typical time sequenceof the
correspnding patternsis shavn in Fig. 2.43 We have obsenedslightly perturbedrolls
(i.e. A dominart) (rst panel, rst row), patterns dominatedby D (‘rst panel,second
row) aswell asknot patterns (A, D and F nite, last panel,secondrow). Note that in
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Figure 2.42: Amplitudes A, D, F (left) and Nu (right) for knot patterns as function

oftime at " = 0:45,¢ = 24,Q= 14and P = 10.
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Figure 2.43: Knot instability at " = 0:45, ¢ = 24,Q = 14, P = 10. Plots from left to
right correspnd to timest = 529, 531, 532, 5326, 533, 534, 5346 and 536. The
aspectratio isj = 12.

this regime a stationary knot pattern does practically not exist, sincethe amplitudes
A; F are already very small (seeFig. 2.37c).

2.5 Direct Simulations

In this section, we presen represemative examplesof simulations of the basic hydro-
dynamic Egs. (2.52.9) of the rotating annulus for di®eren parameters. For details of
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the simulation codes,we referto Sec.1.5and App. B. The simulations in this section
have beenstarted either from random initial condition or from a roll pattern with a
superimposednoise. In the latter case,we are ableto con rm the stability boundaries
of convectionrolls obtained from the Galerkin code sincethe noisecortribution decgs
with time in the stableroll regime. In addition, we getinsight into the basin of attrac-
tion of di®eren competing locally stable states, when we start our simulations from
random initial condition. First we focus on the large Prandtl number P = 10 case,
beforethe P = 0:1 casewill be discussed.

2.5.1 Simulations at large P

In this section, we analyzethe patterns at large P obtained in various simulations at
di®eren parameter setswhich have beenindicated in Fig. 2.44 As already known
from Fig. 2.14 stable zonalrolls exist in the ertire ",; ¢, regimeleft to the dashedline.
This is con rmed by simulations started with random initial conditions. Indeed, as
shawvn in Fig. 2.45 zonalroll structures perfectly aligned with the magnetic eld are
obtained after a relatively short time.

To con rm the existenceof locally stable oblique rolls for small ¢, (seealso Fig.
2.16 value we disturbed a A = 45 pattern obtained from a Galerkin solution. At
“rst, we corvince ourselhesthat superimposednoisein Fourier spacewould quickly die
out. Alternativ ely, we applied a localized perturbation by reducing the corvection in
a small patch in the position space(seethe secondand third patterns in Fig. 2.46).
In this caseA = 4% rolls changedtheir orientation into A = 63° oblique roll which,
accordingto Fig. 2.16 are stable.

In the caseof moderate ¢, valueswhich are comparableto the value of Q oblique
rolls, aspredicted by linear analysisalready at onset,are indeedfound for low valuesof
"o. A typical time ewlution from random initial conditionsto an oblique roll pattern
isshavn in Fig. 2.47. A more detailed analysisof the stable regionsof obliquerolls has
beenpreserted in Sec.2.3.2 The preferredangle A of oblique rolls increasesas ", is
increased.In particular we have found a large regime of stable zonalrolls (A = 90°) to
the right of the dashedSW line in Fig. 2.44 Note that the range of stable zonalrolls
in Fig. 2.17 overlapsto considerableextert with the region¢ > ¢ wherethe stable
critical oblique rolls are found. Accordingly we expect hysteresisphenomena. This
tendencytowards zonal rolls with increasing”, hasalsobeenobsened experimertally
[28] aswell astheoretically [25 in the caseQ = 0.

To the right of the dashedline of Fig. 2.14a at valuesof ", of order unity the for-
mation of the stable zonal roll dependson the initial conditions. With superimposed
noise, this property is demonstratedin Fig. 2.48whereoblique rolls ewlve into a pat-
tern of zonalrolls with two dislocationswhich arelikely to disappear after much longer
integration times. In cortrast, whenthe time integration is started with random initial
conditions a stationary pattern of zonal rolls has not been obtained asymptotically.
Instead a spatio-temporally chaotic pattern persistsin which zonalrolls dominate only
locally as demonstratedin Fig. 2.49 Another exampleof this phenomenonis demon-
strated in Figs. 2.50 and 2.51 for a much higher value of ¢. A slightly disturbed
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Figure 2.44: Stability diagram (seealso Fig. 2.14) in the ¢ i ", planefor Q = 14
and P = 10. Simulations discussedin the text correspnd to the di®erent symbols
in the gure. Filled circlesdenotethe oblique patterns, open squaresindicate zig-zag
patterns, open triangles correspnd to knot patterns, Tled diamondsindicate spatio-

temporally chaotic convection and starsindicate the points wherecompetition between
di®eren patterns hasbeenobsened.

Figure 2.45: Zonal rolls for ¢ = 3, Q = 14,", = 0:8. The plots from left to right
correspnd to the timest = 0, 14:3, 2857 and 1143 in units of t, (seethe lled square

in Fig. 2.44). The aspectratio isj = 20. The xj coordinate increasestowards the
right and the yj coordinate is directed upwards.

zonal roll pattern recovers after sometime (seeFig. 2.50, while starting from initial
conditions we arrive at the \chaotic" attractor (Fig. 2.5J).

The co-existenceof time independen attractors and spatio-temporally chaotic ones
is a well known phenomenonin problems of pattern formation. For an example we
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Figure 2.46: Stable oblique rolls (A = 45°) for ¢ = 2, Q = 14,", = 0:31 (seealso Fig.
2.16. The plots from left to right correspnd to the timest = 0.5, 153, 198 and 31:3
(seethe lled circlein Fig. 2.44). The aspectratio isj = 20. Hereand in the following

“gures the temperature eld in the planez = 0:5 is shown.
7

Figure 2.47: Oblique rolls for ¢, = 87, Q = 14,", = 0:18 (seethe lled circle in Fig.
2.44). The plots from left to right correspnd to the timest = 0, 6:3, 126 and 50. The
aspectratio is j = 28.
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Figure 2.48: Time ewlution for ¢ = 91, Q = 14, ", = 0:65 starting from initial
conditions of oblique rolls with superimposednoise (seethe star in Fig. 2.44). The
plots from left to right correspnd to the timest = 0.7, 3:3, 5:8 and 428. The aspect
ratio isj = 22.

referto the caseof spiral defectchaosin RB corvection [33, 34, 35].

For relatively higher valuesof ¢, (> ¢y) the axial rolls becomeunstable againstthe
subharmonicvaricose(SH V) instability accordingto the Galerkin analysis. But SHV
patterns are only stable for fairly small ", (seeSec. 2.4.2. Thus a stationary SHV
pattern ewlvesto the oblique roll patterns at larger ",. An exampleis shavn in Fig.
2.52 Note that SHV instability is well expressedn the transients; the angle of the
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Figure 2.49: Time ewlution for the sameparametersasin Fig. 2.48 starting from
random initial conditions (seethe star in Fig. 2.44. The plots from left to right
correspnd to the timest = 4:83,7:17,113 and 46:7, respectively. Time is in units of
ty. The aspectratio isj = 22.

Figure 2.50: Stable zonalrolls for ¢, = 14,Q = 14,", = 1:54, Ghona = 4 (Seethe star in
Fig. 2.44. The plots from left to right correspnd to timest = 0, 0:125, 0:25 and 5.
The aspectratio isj = 20.

Figure 2.51: Time sequencdor the random initial conditions for the sameparameters
asin Fig. 2.50(seethe star in Fig. 2.44). The plots from left to right correspnd to
timest = 0, 0:44, 1:32 and 22. The aspectratio isj = 22.

oblique rolls is about A = 6C° characteristic for hexarolls which are a special caseof
SHYV instability.

In cortrast to Fig. 2.52the systemalsoexploits the knot instability which bifurcates
nearhy to arrive at the stable oblique rolls as shavn in Fig. 2.53 The knots rst
becomestrong in zonaldirection, then they loosetheir original orientation and become
like oblique rolls. After someintermediate stepswhich include somephaseshifts of
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Figure 2.52: Stable oblique rolls just above the instability line for ¢ = 10, Q = 14,
"o = 0:19 (seethe Tled circle in Fig. 2.44). The plots from left to right correspnd to
timest = 0, 1.1, 1.27,1:81, 2, 2.9, 3:6 and 655. The aspectratio isj = 20.

the rolls (seethe patterns in middle line) the pattern ewlvesinto an oblique structure.
The transition interval of the shifting processcan alsobe seenin the time variation of
two leading modes (Fig. 2.54). Here, A and B amplitudes show strong °uctuations
during the transition time.

At slightly higher value of ", a chaotic pattern is found which is dominated by a
switching badk and forth betweenthe two equivalert oblique roll systemswith angles
of A = §37 asshown in Fig. 2.55 For even larger valuesof ", the oblique rolls are
replacedby fully phase-turbulen corvection in this regime. An exampleis shown in
Fig. 2.56 We have included a graph of the power spectrum which correspndsto the
last spatial pattern in Fig. 2.56 Note that the ring- like wave vector distribution is
nearly isotropic with the approximate meanradius givenby j q. j. This feature canbe
understood on the basisof the property that the stabilizing e®ectsexertedby rotation
and by the magnetic eld in the two orthogonal directions are approximately equal.

In a region surrounding the open squaresin Fig. 2.44 stationary zig- zag patterns
have beenfound asattractors asshown, for example,in Fig. 2.57. Outside this region,
howewer, spatio-temporally chaotic convection is usually found when the simulations
are started with random initial conditions.

2.5.2 Simulations at low P

In Sec. 2.3.3 we have preserted the stability diagram and the related results for
P = 0:1 obtained with the Galerkin procedure. In this part of the thesis, we discuss
the simulations beyond the longwave and shortwave instability curvesin Fig. 2.58
Comparing the presert casewith the high- P one, additional instabilities sud as os-
cillatory obliquerolls, chaotic zonal and chaotic obliquerolls are obsenable. First, we
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Figure 2.53: Transition from an axial roll to an oblique roll pattern via the knot
instability for ", = 0:35at ¢, = 14,Q = 14,P = 10(seethe opentriangle in Fig. 2.44).

Plots from left to right correspnd to timest = 187, 19, 263, 27.5, 27.7, 281, 284,
287 and 30:7. The aspectratio isj = 12.
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Figure 2.54: Amplitudes demonstrating the transition from an axial roll to an oblique
roll pattern (A = 0, D 6 0) via knot instability for the sameparametersin Fig. 2.53
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Figure 2.55: Time ewlution of spatio-temporally chaotic oblique rolls for ¢ = 14,
Q = 14,", = 0:37 (seethe Tled diamond in Fig. 2.44. Corresmpnding times are
t = 6:66, 10, 16:7 and 30, respectively. The aspect ratio is j = 20.

Figure 2.56: Spatio-temporal pattern for ¢, = 18,Q = 14,", = 1(seethe Iled diamond
in Fig. 2.44). The last picture givesthe power spectrum of the last pattern. The plots
from left to right correspnd to timest = 8:3, 167 and 25. The aspectratio isj = 20.

Figure 2.57: Zig zagpattern ewlving from randominitial condition for ¢, = 13,Q = 14,
"o = 1:51, P = 10 (seethe open squarein Fig. 2.44. The plots from left to right
correspnd to the timest = 0:49, 3:33, 6:66 and 10. The aspect ratio isj = 20.

presen patterns of stable zonal rolls in the case¢ = 2 and ", = 0:141in Fig. 2.59
which is just below the skewed-varicose(Sv) instability line in Fig. 2.58 Note that for
this small P value, the stability region becomesquite narrow for the zonal rolls (see
alsoin Fig. 2.18. Noiseof 1% (not visible) hasbeensuperimposedon the left pattern.
It leadsto a slight undulation of the rolls (center panel) beforewe end up with stable
zonalrolls.



62 Chapter2. Convectionn a Rotating Annuluswith an AzimuthalMagneticField

Figure 2.58: Stability diagram and convection patternsin the ¢, i ", planein the case
of Q = 54and P = 0:1. Simulations discussedin the text have beendone at the
indicated points. Squarescorrespnd to zonal rolls, open (lled) diamonds indicate
oscillatory (spatio-temporally chaotic) and open ('Tled) circlescorresmpnd to the sub-
critical (oblique) corvection patterns. The threshold for the zonalrolls is indicated by
the thin solid curve.

A longwave skewed-varicoseSv instability takes place for relatively high valuesof
" asshown in Figs. 2.21, 2.18in cortrast to Fig. 2.59at the sameg¢, (= 2). A typical
form of the Sv instability is preseried in Fig. 2.6Q Strong Sv undulations of the zonal
roll pattern dewelop from the superimposednoise. Then the oblique rolls which hasa
roll angleA = j 83 is formed from a zonalroll. From the Galerkin analysis,we have
found that the nal oblique state is indeed stable above ", = 0:48. The destabilizing
angle A of the Floquet vector s is found as 55°.

In Fig. 2.61, the patterns of typical spatio- temporal chaotic zonalroll which occur
especially for slightly larger valuesof ¢, are started from random initial conditions. A
Fourier spectrum of the last pattern shows that the main wave vector is alongthe y

axis. Nu valuesalso vary randomly with time as shown in Fig. 2.62 In Fig. 2.63
starting from the zonalrolls, spatio-temporal chaotic patterns have beengeneratedat
slightly larger¢. Thesepatterns arein principle similar to the oneswhich are preserted
in Fig. 2.61

Sincewe have a subcritical bifurcation in a wide range of ¢, we have also carried
out somesimulations around the saddle- node point (seethe dashed-dottedline in
Fig. 2.58. Subcritical bifurcations are very commonin rotating systemsat low P
(see[36, 37]). In Fig. 2.64 the cornvection patterns have nite amplitudes. Note that
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Figure 2.59: Stable zonal rolls just below the Sv instability line in the case¢, = 2,
Q=54,",= 0:141and Pr = 0:1 (seethe Tled squarein Fig. 2.58. Plots from left to
right correspnd to timest = 0, 0:275and 9. Aspectratio isj = 24.

Figure 2.60: Transition from the zonalrolls to the oblique rolls via the Sv instability
in the case¢ = 2,Q = 54,", = 0:5 and Pr = 0:1 (seethe led circle in Fig. 2.58.
Plots from left to right correspnd to timest = 2, 45, 5:5, 6 7 and 9. Aspect ratio is
i = 24.

the motion of rolls are similar to the caseshaovn in Fig. 2.61 In the caseof high ¢
and", the systemgoestypically into a chaotic attractor for random initial conditions.
In addition, there exists a certain region where oscillatory rolls are also formed (see
Figs. 2.58 2.18. A typical samplefor oscillatory obliquerolls is given in Fig. 2.65
The oscillatory character is also re°ected by the Nusseltnumber Nu as a function of
time in the left plot of Fig. 2.66 The °uctuations mainly consistof two di®eren
frequencies.To determine the frequencieswe presen the Fourier analysisof the Nu
valuesin the right plot of Fig. 2.66 The high frequencyis in good agreemen with the



64 Chapter2. Convectionn a Rotating Annuluswith an AzimuthalMagneticField

FFT of the pattern

Figure 2.61: Patterns of chaotic zonalroll for ¢ = 8, Q = 54,", = 1:3and Pr = 0.1
(seethe Tled diamondin Fig. 2.58. Random initial conditions were applied. The
secondpicture of the third row give the Fourier spectrum shown to the right. Plots
from left to right correspnd to timest = 1:25, 2.5, 3:75, 5 and 6:25. Aspect ratio is
i = 20.
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Figure 2.62: Oscillating N u valuesas a function of time for the sameparametersin
Fig. 2.61
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Figure 2.63: Evolution of chaotic zonalrolls starting from zonalrolls in the case¢, = 10,
Q=154,",=0:79and Pr = 0:1 (seethe lled diamondin Fig. 2.58. Plots from left
to right correspnd to timest = 0:75, 2, 8:5 and 9. Aspectratio isj = 20.

Figure 2.64: Evolution of a typical subcritical pattern for ¢, = 16,Q = 54,", = 0:417
and Pr = 0:1 (seethe open circle in Fig. 2.58. Plots from left to right correspnd to
timest = 833,917, 100,and 108. Aspect ratio is j = 20.

Hopf frequencyfrom Galerkin calculations (! = 15).

For high ¢ values,the shortwave knot instability dominatesthe patterns and this
instability generateszonal patterns just above the neutral curve (seethin-dotted line
in Fig. 2.18. A typical transition from an axial roll to a zonal oneis represeted in
Fig. 2.67. The knot instability can be seenclearly in the transierts.

To seethe time ewlution of the axial mode A and the mode D which is responsible
for the knot instability (for details seeSec. A.2), we plotted these quartities in Fig.
2.68 First, the amplitude A increasesup to a certain point to generatean axial roll.
During this stage,D amplitude is exactly zero. When the knot instability takesplace,
there is a suddendrop in A which leadsto the destruction of the axial mode. At that
point, the °uctuations in D indicate the existenceof instability. Finally, while A goes
to zerowith small °uctuations, the formation of the zonalroll hasbeencompletedwith
the help of the nite D mode. In addition, N u values,which are constart around 1:06
for the axial rolls, rst decreaseslightly then increaserapidly during the instability up
to 1:35 for zonalrolls.

According to the stability diagram in Fig. 2.14, we do not expect a stable zonal
roll state below the (P independert) zonalneutral curveat ", = 1:.58for ¢ = 26. Thus
the generation of a stable zonal pattern at ", = 0:67 looks surprising and we have
exploredthe stability of the zonalrolls for this parameterset. We have found that the
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FFT of the pattern

Figure 2.65: Oscillatory oblique patterns for ¢, = 12,Q = 54,", = 1:47and Pr = Q.1
from the A = 45°, oblique initial condition (seethe open diamond in Fig. 2.589. The
last plot givesthe Fourier spectra of the previous pattern. Plots from left to right
correspnd to timest = 0, 6:6, 133, 20, 26:7, 333 and 40. The aspectratio isj = 20.
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Figure 2.66: Oscillating N u valuesasa function of time (left) andthe FFT of the Nu
oscillationsfor the sameparametersin Fig. 2.65

bifurcation of the zonal rolls was subcritical and thus enablesthe generationof stable
zonal rolls in this region. We have plotted a represetativ e graph of the subcritical
bifurcation at ¢ = 26in Fig. 2.69

The saddle-node point has beenfound at " = j 0:46 with respect to the neutral
curve of zonalrolls and it correspndsto the valueof ", = 0:395which is already below
the neutral curve for the axial roll. Sincethe amplitude of the zonalroll is much larger
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Figure 2.67: Generationof zonalrolls from the axial onesvia knot instability for ¢, = 26,
Q=54,",= 0:67and Pr = 0:1 (seethe Tled squarein Fig. 2.58. Plots from left to
right correspnd to timest = 33, 39, 49, 59, 5925, 595, 60, 61, 6325, 65:25, 685 and
7175. Aspectratio isj = 12.

than the amplitude of the axial roll, the simulation typically produceszonalrolls for
the random initial conditions. The lled squareon the amplitude curve denotesthe
simulation point which is givenin Fig. 2.67.

It is obvious that the bifurcation phenomenaat small P are more intriguing than
thosefor large P. In particular if experimertal results are available to comparewith,
it would be worthwhile to construct more detailed stability diagramsashasbeendone
for P = 10 (Figs. 2.16 2.17).

2.6 Concluding Remarks

Although only a small part of the parameter spaceof corvection in a rotating cylin-
drical annulus hasyet beeninvestigated,the linear and nonlinear analyseshave shavn
interesting results.

According to linear analysiswhich determinesthe onsetof convection, mainly three
di®eren periodic roll structures have beenfound: zonal, axial and oblique rolls. An
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Figure 2.68: Amplitudes A, D (above) and Nu (below) as a function of time for the
sameparametersin Fig. 2.67.

analytical model to estimate the onset of corvection (i.e. R¢; qc) has beenproposed
for future works. The critical Rayleigh number R, increaseswith increasing¢, and Q,
whereasthe critical wave number g, decreasesThe changein the inclination angle of
the rolls from A = 90° (zonal) to A = 0° (axial) under increasingCoriolis number ¢,
was found to be a smooth function of ¢,.

The secondaryinstability analysis shaved that the Prandtl number P plays an
important role for the variousroll solutions. For high P, the generalstructure which was
foundin the linear analysishasnot changedfor small" values. We have mainly obsened
generalizedshortwave instabilities as well as knot and subharmonic skewed-\aricose
(SHV) instabilities. Howewer, in the caseof low P, we have found both longwave
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Figure 2.69: Amplitude of the zonal rolls as function of " in the subcritical casefor
¢, = 26,Q = 54and P = 0:1. Note that herewe usedthe neutral curve of the zonal
rolls to determine". The lled squaredenotesthe simulation point in Fig. 2.67.

and shortwave instabilities. Among them, the skewed-varicose(Sv) instability is in
fact responsible for the transition of zonal rolls into stable oblique rolls at small ¢
whereasknot instability is seenfor relatively high ¢, and destabilizesthe axial rolls. For
intermediate ¢, (4 - ¢ - 21), the primary bifurcation hasbeenfound to be subcritical.
Similarly, the zonalrolls have alsobifurcated subcritically for high ¢, in the caseQ = 54
and well- de ned zonalrolls just above the neutral curve have beenobsened.

From the simulations, a large variety of spatio-temporal patterns have beenfound.
A comparisonwith experimertal obsenations would be of interest. Unfortunately,
there are not so many experimerts in the literature, newerthelesswe would like to
underline someexperimertal studies motivated in the geoplysical and astrophysical
relevanceof the problem. Brito and Cardin (private comnunication, 2003)have exper-
imentally realizedcorvection in an annular con guration with an azimuthal magnetic
“eld in liquid sadium. Becauseof the low viscosity of this liquid metal they had to
use high valuesof the Coriolis parameter¢, in order to achieve a certrifugal force ex-
ceedinggravity by a suzciently large factor. The large value of ¢, in their experimert
preveried them to attain a value of Q comparableto that of ¢ which appearsto be
necessaryto obtain corvection structures deviating from the axial roll structure. In
another experiment, low valuesof ¢ in certrifugally driven convection were realized
when high Prandtl number °uids are used without magnetic eld by Jaletzky and
Busse[28]. Unfortunately high Prandtl number liquids usually do not o®ertypically
high electrical conductivities which facilitate the attainment of suzciently high values
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of Q. Howewer, high Prandtl number electrolytes could evertually solwve this experi-
mertal problem. Finally an experimert on the RB cornvection in an electrolyte with
a horizontal magnetic eld without rotation hasrecerly beenperformedby Andreev,
et. al. [3§. In any case,our various codesare ready to analyzesud experimerts.



Chapter 3

Pattern Formation in Magnetic
Ekman-Couette Layer

In tro duction

The notion of the Ekman layer goesbad to a model introduced by V.W. Ekman to
explain the drift of bodies on the surfaceof a viscous®uid in a rotating frame. His
investigation was motivated by an obsenation of F. Nansenin 1893, that ice °oating
on the surfaceof the arctic oceanwould move into a direction, which di®ersfrom that
of the wind. The direction is determined by the balance of the Coriolis forces, the
shearof the °uid, andthe shearby the wind at the upper surfaceof the body. Without
rotation an external stressat the surfaceof a °uid layer would lead to a Couette °ow
with a linear pro le parallel to the stress. In the presenceof rotation the stresspro le
rotates aswell. Moreovgr the velocity eld decays exponertially on a scalegivenby the
Ekman depth Dg » 1= - where- is the rotation frequency i.e. the so-calledEkman
layer dewelops. The Ekman-Couette layer problem is consideredas a model for many
phenomenain meteorology geoplysicsand engineeringscienceg39, 40]. For instance,
engineersexploit Ekman boundary layer in rotating systemsto enhancethe e®ectivity
of enginesand turbines. One hasto understandfor instancerotating viscous°ow near
stationary or rotating disks. In this case,one obsenestwo di®eren solutions with
respect to the boundary layers, an Ekman layer on the rotating disk and a BAdewadt
layer on the stationary disk, which are separatedby a geostrophiccore. Typically with
increasingrotation rate instabilities of the basic°ow in the form of rolls appears. The
bifurcations are stationary relative to appropriate rotating systemfor relatively low
rotation rates and becomeoscillatory when the rotation increasedurther.

Earlier works on the Ekman problem have shavn that mainly two di®eren typesof
instabilities (typel and Il) becomeimportant. The typel instability is asseiated with
anin®ection point in the pro le of the velocity considerechormal to the plates, whereas
the type Il instability, appearing at lower valuesof the critical Reynoldsnumber Re,,
is related to the conmbined e®ectsof the Coriolis force and viscousstresseqd41]. The
spatial structure of both instabilities consistof traveling vorticesin the boundary layers.
Their wavelengthdependson the boundary layer thicknessand the orientation of their

71
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wavefrorts (i.e A. ) with respect to the geostrophic®ow (A is positive for type | and
negative for type Il instabilities). In addition, linear stability analysesof the °ow
betweena rotating and a stationary disk have indicated that seeral solutions sud as
the Batchelor- type one with a separatedboundary layer for high rotation rates are
possible (see[42 43, 44]). Howewer, the critical valuesfound by these authors did

not withstand later analysesand the explanation of the instability medanismwasnot
satisfactory For improved linear results and the clear description of the instabilities

we refer to the study of Ho®manet al. [45]. In a later study on the sameproblem,
an isolated solution was found describinga solitary vortex wave which doesnot seem
to bifurcate from any other known solution [46]. From the point of experimerts, there
exist plenty of experimertal studies on the stability of the Ekman-Couette layer in

the literature [47, 48, 49, 50. We refer to [51, 52, 53] for an extensiw bibliography,

especially for the investigation of the type | and Il instabilities. The ewlution of
the fore- menioned types of °ow into the nonlinear regime and higher bifurcations
have receiwed relatively lessattention in the literature. The experimertal studies of
Sdouweiler et al. [54, 55, 56] presen many di®eren scenariosfor a wide range of the
geometricalrestrictions and cortrol parameters. For a basic state of Batchelor- type
°ow, the critical instability hasthe form of annular rolls or of spiral waveswith positive
anglesdeweloping for increasingrotation rate. It is possiblethat the two boundary
layers merge at high rotation rate leading to spiral rolls with negative helicity. In

addition, structures without spatial or temporal periodicity (such as solitary wavesor
spots) wereobsened far from the rotation axis during the transition to turbulence (see
[42).

In the presen study, we concerirate on Ekman-Couette layer in the presenceof
an additional magnetic eld. In the caseof magnetic Ekman-Couette layer, the linear
properties have been explored since the late 1960s. In an interesting variant of the
Ekman layer, the so-calledHartmann layer is obsenedin electrically conductingviscous
°uids under the in°uence of an additional magnetic eld which participates in the
balance between viscous, Coriolis and electromagneticbody forces[16, 57, 58, 59|.
Berton and Loper [60, 61] have followed the establishmen of the magnetic Ekman
layer on the basis of analytical studies of an initial value problem. They descrile a
hydromagnetic \spin-up” medanismswhere the °uid moves radially outside at the
upper boundary and sinks to the lower boundary. Loper also studied the analytical
solution of a sphericalboundary problem [62]. At suzciently high Reynoldsnumber
Re the magnetic Ekman layer is unstableto 2D rolls of a critical Re. which increases
with the magneticenergy(2 Q) [16]. Oneimportant direction of the researt aims at
characterization of the stable region in the parameter space. This is for instance, of
relevancein the crystal growth processes.In a typical setting the crystals are grown
out of a rotating melt; an additional magnetic eld is helpful for stabilization [63, 64].

The magnetic activities between the mantle and the core of the earth and the
other planets have beenexploredaswell on the basisof magnetic Ekman layer models
[65, 66, 67, 68. Using realistic Ekman thicknessCupal formulated a model in 1998.
He transformed the basic equationsinto a set of 3D gealynamo equationswith the
useof mean eld appraximation [12]. Ponty and co- workers have investigatednumer-
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ically the basic dynamo processegelevant to eld generationin the solar tachocline
[13]. According to their horizortal plane layer geometry the local represemation of a
di®erenially rotating spherical°uid shell was equivalert to an Ekman layer which is
formed on the lower boundary with a strong localized spiraling shear°ow. This basic
state is easilydestabilizedeither by a corvective instability through uniform heating at
the baseof the layer, or by a purely hydrodynamic instability of the Ekman layer shear
°ow. The onsetof instability is characterizedby rolls with a horizontal wavevector in-

clined at someangleto the mean®ow direction. In somestudiesthe °uid °ow wasfound
to be stationary in an appropriately chosenmoving frame, whereit takesthe form of
a row of cats' eyes. In 1999, Desjardinset. al. have studied the nonlinear stability of
Ekman-Hartmann type boundary layersin a rotating magnetotydrodynamics®ow in a
half-spaceand alsobetweentwo con ning planes[15]. They have provenrigorously that

if the Reynoldsnumber (de ned with the Ekman depth asa characteristic length scale)
was smallerthan a certain critical value,the boundary layer was nonlinearly stable. It

was also shawvn that increasingthe normal componert of the magnetic eld leadsto

an increaseof the critical Reynoldsnumber. In a di®erert model to study of the liquid

Earth core,they haveinvestigatedthe instability of mixed Ekman-Hartmann boundary
layers[14]. The instabilities for high Re causeda critical band to exist with the certer

on the equator. Depending on the parameters,this band extendedover some45° away
from the equator. In a mostrecen study, Pariev consideredan Ekman boundary layer
formedin a di®eretially rotating, conducting, incompressible’uid near the solid end
plate limiting the axial extent of the °ow in the presenceof an axissymetric magnetic
“eld [69]. Hewasunableto nd stationary solutions,whenthe shearexceeded certain
threshold and the magnetic eld was suzciently weak.

In this thesis,we investigatethe linear and the nonlinear properties of the magnetic
Ekman-Couette layer in a simple slab geometry Although this casehas no direct
application to most of the examplesmertioned before,it will certainly shedsomelight
onthe variousmedanismsto be expected. In addition, it shouldbe possibleto compare
directly with laboratory experimerts. In fact, we recover the typical scenariosof shear
instabilities. For instanceat larger rotation rates, oscillatory bifurcations appearwhich
can be classi ed astype I, type Il. In Section 3.1, we give the set of basic equations
with the description of the geometry In Section3.2, the results of linear analysisbased
on the Galerkin method and partially on the shooting method will be preserted. Then,
the results of nonlinear analysiswill be discussedn Section3.3.

3.1 Mathematical Formulation of the Problem and
Numerical Metho ds

3.1.1 The Ekman spiral

As an appetizer we preset in this sectionthe Ekman spiral presumablythe rst exam-
ple for a °uid °ow in the presenceof rotation and external stress.In 1905V.W. Ekman
found this exact solution for the shearpro le of a rotating °uid layer in a special ge-
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ometry [70]. He consideredan in nitely deep°uid layer, werea spatially homogeneous
stressis applied to the upper surfaceof the °uid in the xj y plane. In an idealization,
the °uid layer is assumedto 1l the lower half space(z < 0) and Ekman concenrated
on stationary solutions independert of the horizortal coordinates x, y. The velocity
“eld u = (Uy;Uy;0) hasto ful'll the Navier-Stokes equation:

(3.1)

At the upper surface(z = 0) an external stressS = (Sy; 0) (for instance, produced by
the wind at the surfaceof the ocean)is balancedby the viscousstress:

O@JX' . - @ -0
@Jzzo, 0 @ forz=0: (3.2)

Forz! i1 ,uvanishes.The solutionof(3.1) with boundary conditions(3.2) is easily
obtained (e.g. for - > 0):

Sk = V2

H 1
D _ .
Uy = S;/; e*~Pe stiE + cosDiE : (3.3a)
S,De _ H . Z Z T
U, = 510 e#~Pe smﬁi cosD—E : (3.3b)

where Dg, the so-calledEkman depth, is given by Dg = P Zoltis &nore corveniert

to expressthe solution in terms of the modulus of the ow "eld U = U2+ Uy2 and
its orientation p with respectto S. Then the expression
.. SDg ,_ Sing= i COSg=
U=zjuj= P=—ePe;: tanu= ——= E . 3.4
hul 21,0 H smé + cosé (3.4)

is obtained. Eq. (3.3 tells us that the velocity u decreasesxponertially with the
depth of the °uid on the scaleDg. Furthermore p changescortinuously: At z =
0;i YDe=4; i ¥Dg=2 we nd the anglespy = j 45°;i 9(?; 45°, respectively. Thus the
°ow direction subtendsan angle of j 45° with S at the surfaceand turns like a right
handedspiral as function of depth z. For - < 0 the solution is analogous,exceptthat
we nd aleft handedspiral. Observingthe Ekman spiral directly in nature is ditcult,
sinceturbulence comesinto play. In addition, there exist se\eral additional processes
on the surfaceof a free °uid layer, sud asinertial oscillations, eddiesand geostrophic
currens.

3.1.2 Basic equations and geometry

In this thesis, we consider°uid layerswith nite depth d which are con ned between
two horizontal platesin the x j y plane. The °uid is consideredto be incompressible,
homogeneouselectrically conducting and the whole systemis rotating about an axis
perpendicular to the plates with angular velocity -. The plates are assumedto move
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Figure 3.1: Schematic represemation of the magnetic Ekman-Couettelayer. The °uid
layer Tls the spacej 1=2- z - 1=2.

with a constart velocity Uy parallel to the xj axis relative to eat other (Fig. 3.1).
Thus a velocity gradiert acrossthe °uid layer dewelops. In addition, a homogeneous
external magnetic eld B is applied parallel to the rotation axis. As indicated in Fig.
3.1 we usea Cartesian coordinate systemwith the unit vectorsi, j, k in the direction

of the X, y, zj axes. The gravity (k j k) doesnot play a role in the systemsincethe
°uid is consideredto be incompressible.

The hydrodynamic equationssuitably nondimensionalizedwill dependonthe Reynolds

number Re, the Coriolis parameter¢, and the Chandrasekhamumber Q, which are de-

‘ned as: , > o
_ o ., g Bed
Re_ Udd_o y O~ o ) Q_ %10 )

where®, 1, %and , denotethe kinematic viscosity, the magnetic permeability, density
and the magnetic di®usivity of the °uid, respectively. We usethe thicknessd of the
layer aslength scale,the vertical di®usiontime, & = t,, astime scale,and the imposed
magnetic °ux density B, as scaleof the magnetic eld. The resulting equationsare
idertical to Egs. (2.3) exceptthat herethe temperature eld £ is absen. Thus the
basic equationsof motion for the velocity eld u and for the magneticinduction b in
dimensionlesgorm read as follows:

(3.5)

gu+u¢u+2<‘,k£u=ir ' + 1 %u+ QK& b; (3.6a)
r¢u=0; (3.6b)
gb +Uu® bj b¢ru= >(r °b + kéru); (3.6¢)

r¢b = 0 (3.6d)
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where all gradiert terms in (3.68 have been combined into the pressureterm r |.
The magnetic eld in physical units hasbeenrepreseted in the form B = B¢(k + Zb)
wherek is the unit vector in the zj direction. i

Let us rst determinethe basic solutionsUq, B, of Egs. (3.6) which depend only
on z. In this situation, Egs. (3.6) reduceto

e ~d5 .
@UO i 2¢KE Ug=j QEBO' (3.7a)
d? d
@BO = EU 0- (37b)
We have no-slip boundary conditions for the velocity eld.
T . 1
u= éRel, at z=§ > (3.8)

The plates are assumedto be in nitely electrically conducting. We require B, = 0 at
z=8 % sincethe magnetic eld can not penetrate into in nitely conducting plate.
The solutions of Egs. (3.7) are now easily calculated as:

U= Uy= (Ux(2); Usy(2); 0); (3.9a)
b= Bo= (Box(2); Boy(2); 0) (3.9b)
with
Uox(z) = i asinj z cosh z + bcosj z sinh z (3.10a)
Uoy(z) = acosj z sinh z + bsinj z cosh z (3.10b)
Box(z) = a{ cosh zsinh™zj j cosjzsinjz) +
.1 1 11
B sinh 5 cosh 5 * i sini 5 cos; é) (3.10c)
Boy(z) = aYj ~cosjzsinjzi i cosh zsinh~z) +
o1 1 - 11
i sinh 5 cosh 5+ sini 3 cosi E) (3.10d)
The constarts  and j are given as
3 - 3 "
Te b Q@A T 1= RS 10+ (@4t T (1l

Furthermore, the coexcients a, a° b, b’ which depend linearly on Re are determined
by

i b‘cos% sinhzgi 1

fsinl cosh-g
aS|n2COS 2g

- Rergmel : [ 2:i1
= f sin cosr?2+co§25|nh 59 (3.12a)

3 2 2
o_ Re . — . )2 — a2 T
a = - (sinh z cosj z)* + (cosh z sinjz) (3.12b)
3 .
Re . _1 1, -1 . 1,it
= — = i =) + = i = ) :
o4 > (sinh > COS;j 2) (cosh > sinj 2) (8.12¢)
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It is certainly helpful to visualizethe mean®ow U, and B,. In Fig. 3.2, we presen
the pro les of Uy and B o betweenthe upper and lower platesfor various parametersets
¢ Q. It isevidert that the velocity componerts Uy, Uy areincreasinglyconcertrated at
the boundarieswith increasing, for constart Q values. Note alsothat U, and U, are
antisymmetric with respect to re°ections at the midplane z = 0, while the magnetic
“eld componerts B, and By, which vanish at the boundaries, are even in z. With
increasing¢, the functional form of By, By doesnot changetoo much in the certral
part (j 0:25< z < 0:25). Howewer their valuesat the boundarieschangedramatically
(seethe plots Fig. 3.2c,f). In Fig. 3.3 we presen an example of the derivatives of
Uo(z) and of Bo(z) in the caseof ¢ = 10, Q = 40. It is obvious that %BOX : %Boy in
Fig. 3.3 are proportional to j Upx i Upy in Fig. 3.2 which is consisten with the Egs.
(3.7).

In the following we concertrate on two scalar quartities to characterize U,. At
“rst, we considerthe magnitude of the shearSh (in units of Re) exerted by the °ow

at the upper boundary which is given as:
S
3 4 2 3 4 2

Sh = Rie gUOX(%) + gon(%) : (313)

Sh is plotted as a function of the rotation rate ¢, and magneticenergyQ in Fig. 3.4

Sh increasegapidly from its limit Sh = 1at ¢ = Q = 0 both with increasing¢, and Q.

Note that the curve re°ects the characteristic strchre of Ekman layer sinceSh » = ¢

in theFQ! 0 limit. With increasingmagnetic eld = Q, the shearincreasesaswell like

Sh» ° Q for low ¢. Howewer, Sh remainsalmost constart asfunction of Q in the case

of high ¢. In the caseof strong magnetic eld Q, Sh increasesalmost linearly with ¢

(seee.g. Q = 100).

Secondly we considerthe angle° betweenthe direction of the shearat the upper

boundary and the xj axis which reads:

~

A 1
]

Qe

N[

° = arctan

(3.14)

e

N[

X

@)

The angle® is plotted asfunction of ¢ and Q in Fig. 3.5. It is remarkable how rapidly
° attains the asymptotic Ekman value of 45° with increasingg, in the caseof Eq. (3.14)
for low valuesof magneticenergyQ. Howewer, this asymptotic behavior is not seenfor
high magnetic eld. In fact, the anglesdecreasecortinuously with Q. For instance,
° » 35 for (¢; Q) = (10G, 100). It is alsoobvious that ° decreasedinearly asfunction
of Q at large rotation rates.

Our main topic in the following sectionis the investigation of instabilities of the
basic solutions Ug; B, (Eq. (3.9) which lead to °ow elds which depend on x, vy, t
aswell. As usual we introduce the standard poloidal-toroidal decompositions for the
solenoidalvector elds u and b, (seeEgs. (3.6b) and (3.6d)):

u=Us+tu+r £(r £Ekv)+r £kw= U,+U+ v+ "w; (3.15a)
b=Bo+b+r £( £kh)+r £kg=:Bo+b+ th+"g; (3.15b)
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Figure 3.2: Pro les of Uy and B, asfunction of z for seweral parameter sets.

where the overbarsin U and b denote the averageof uj U, and b j B, over the
X, Yi plane. The functions v, h and w, g which descrike the poloidal and toroidal
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Figure 3.4: The modulus of the shear(Eq. (3.13) asfunction of ¢ and Q.
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Figure 3.5: The variation of the stressangle® in degreeqseeEqg. (3.14) at the upper
boundary in the ¢, Q parameterspace.

potertials of the velocity and the magnetic eld, respectively, are uniquely de ned if
the conditionsv = h = w = g = 0 are imposed. In the following we will also use
U(2) := Ug(2) + U(2) for the x | y independen parts of velocity “elds.

To simplify the analysisin the following, we shall focus our attention on the case
of liquid metals wherethe ratio » is of the order 10* to 1C°. In this limit we can drop
all terms on the left hand side of (3.69. After applying £ and" on (3.69 in this limit,
we obtain for the potertials h, g the following equations:

r2¢,h=j ker ¢,v; (3.16a)
r 2¢,9=i k¢r ¢,w: (3.16b)

It appearsthat Eq. (3.169 for h with the correspnding boundary condition has not
to be solved explicitly, sinceh can be eliminated from the problem by replacingr 2¢ ,h
in (3.68 with j k ¢r ¢ ,v in accordancewith (3.169 sincex(Qk ¢r b) » j Q % ¢ ,v.

After the application of the di®erenial operators+ and" on the velocity equation
(3.68 we arrive in the limit , >> © at the following equationsfor velocity potertials
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v, w and the magnetic potential g which are almostidentical to Egs. (2.6):

—@r 2¢,v+ 2¢udr u)=r ¢,V 2¢—@¢2w1 Uéerr 2¢,v

@ @

+%U Cr ¢,V Q%d:zv; (3.17a)
g¢2w+ "Gudr u)=r 2¢,w+ ng%vi Uere¢,w

+ gU ¢"eCov+ di:zg; (3.17b)
r2g=; P (3.17¢)

@

In addition, the equationsfor the mean°ow U and the mean magneticinduction are
obtained by averagingthe velocity (3.68 and magneticinduction equations(3.69 over
the x j y plane.

H !
@ . @ _ @

gU+ 2¢k £ U; §¢ VT 2@v+ w = @u + Q@E; (3.18a)
%m @%: o (3.18b)

In writing down Egs. (3.17, 3.189 we have introducedthe horizortal gradiert, r ,~
r i k(k¢r ), andthe horizortal Laplacian,¢, " r ¢ ,. In line with Egs. (3.8 3.19
the basicEqgs. (3.17 3.18 must be solved subject to the boundary conditions

@ @ 1
v @v w @g Oat z=8§ 5 (3.19)
The boundary conditions for v;w result from the no-slip boundary conditions for the
velocity eld u. The condition for g results from the following consideration: The
in nitely conducting boundary plates shield perfectly the magnetic eld which thus
vanishesoutside the °uid layer. Consequetly, there exist a °uctuating surfacecurrent
density j(x; y;t) on the plateswhich ful lls the following expressionsover the plate.

r £ (Bexi Bi)=10j; (3.20)

Here B¢y denotesthe (vanishing) external magnetic eld and B; the inner eld. In
other words, the electriccurrent jo = ¥{E+ u£ B) occursin the limit z! § 1=2where
u vanishesconsidering¢ , g 6 0. In addition, usingk £ rE andr of B in terms of
the magnetic potertials h; g at the boundaries,we arrive at

KEr £EB=ir ?r,h+kErmr ¢kg=0; (3.21)
r ¢8 =0 (3.22)

Thus, we end up with the condition @g= 0at z= § 3 in Eq. (3.19.
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Following Eq. (1.1), the magnetotydrodynamic equations(3.17, 3.189 are written
in a condensecdhotation as:

D%V(x;t) = LV (x;t) + N(V(x;1);V(x;t)); L = A + ReB; (3.23)

where the symbolic vector V (x;t) = (v;w;g;T) represems all elds in Egs. (3.17,
3.189. V(x;t) = 0 correspnds to the basic state. In line with the investigations
[24, 25 we assumethe idealization of an in nitely extendedcuid layer in the horizortal
plane. Thuswe useperiodic boundary conditions (i.e the x; yj dependencds captured
by a 2D Fourier series). The vertical boundary conditions are satis ed by a Galerkin
ansatzin analogyto Eq. (2.12. The represemations of v and w are identical but the
potential g requiresaslightly modi ed form. Sincewe haveto fulll @@g(z =81=2)=0
(seeEq. (3.19 the following ansatzis used:

S . d
a(x;y;z;t) = Gimn (1) exp[i(Igx + mayy)] - Sn(2): (3.24)

n=1Im=; M

Due to the strong variation of the velocity elds at boundariesz = § % for large ¢, we
have to keepin generalmore Galerkin modesthen in the RBC problemin Chap. 2,
typically we took N = 14 asan satisfactory cuto®in our calculations.

In addition to Galerkin methods, we have alsousedthe standard shooting method
to solwe the linear stability problem. Howewer the shooting method is not well suited
for systematicscansof the ¢, Q parameterspace.It becomesn fact very tedioussince
the resulting determinarts are not robust againstvariation of the parameters. However
in test of consistencythe two methods gave practically the sameresult whenthey were
compared.

3.2 Linear Analysis

In principle, we follow closelythe methods already explainedin detail in Chap. 2. The
onset of instability is stationary when ¢, is small, but oscillatory for the high ¢ (i.e
¢, > 25) ashasalsobeenfound in earlier studiesof the Q = 0 case[41, 45. In cortrast
to the RB C problem howewer the chirality is always broken sincethe critical rolls are
oblique.

To give a rst impressionof the ¢, dependenceof the critical Reynoldsnumber Re.
we have plotted a represemative example of Re; as function of ¢ in Fig. 3.6. One
obsenesthree di®eren typesof destabilization. At low ¢, the bifurcation is stationary
and the threshold curve looks almost parabolic. Above ¢, = 25the bifurcation becomes
oscillatory. At rst, we have the type | instability until fairly high ¢, (» 52), wherea
crosseer to the type |l bifurcation takesplace, which di®ersby the orientation of the
rolls.

In the following subsections,we will discussthe di®erert branches of Re. in Fig.
3.6. As in Chap. 2, we calculate the critical Reynoldsnumber Re; as the minimum
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Figure 3.6: Critical ReynoldsnumbersRe; for the onsetof disturbancesof the station-

ary modes(solid ) and modesfor type | (dotted) and type Il (dashed)asa function of
¢ in the caseof Q = 20.

of the neutral curve Ro(q) at the critical wavewvector g.. In the previous chapter
(Chap. 1) the wavevectors q have beenrepreseted asq = jgj(cos(A); sin(A)) where
A denotesthe angle of q with the positive xj axis. Becauseof the equivalenceof g
and j g we can restrict A to the interval (0 - A - %) without lossof generality. For
historical reasons,we will usein this chapter sometimesCartesian coordinates (»; ")
in the (x; y) planewherethe ~ axis is alignedwith g, i.e. the (»;") coordinate system
is rotated by an anglej A (j ¥=2 - A- Y#2) with respect to the (x;y) systemwhere
A= Aj Y#2. From now on we call A the obliquenesr orientation angle. Thus we
have q = g(cos(A+ ¥£2);sin(A+ ¥#2)) = q(j sin(A);cos(A)). In the Ekman layer
problem, jA is typically small (. 23), i.e. q is always appraximately parallel to the
yi axis and the roll axis is almost parallel to the sheardirection.

3.2.1 Stationary bifurcation at small ¢

This sectionis dewted to the stationary destabilizations of the basic solutions Eqs.
(3.9 3.10 (seeFig. 3.2) at low ¢. In Fig. 3.7a we presen the critical Reynolds
number Re;. The threshold divergesin the limit ¢ = 0 and around ¢, = 30, wherethe
type | oscillatory instability prevails (seebelow). As function of ¢, we have an almost
parabolic shape for intermediate ¢, as already visible in Fig. 3.6.  The threshold
increaseswith the magnetic energy (Q) which thus stabilizes the basic state. The
curvature of the parabola increaseswith increasingQ. For large ¢, (seee.g. Q = 20
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Figure 3.7: (a) The critical Reynoldsnumber Re; and (b) the modulus g. of the critical
wavevector g, asfunctions of ¢, and Q for the stationary case.

and 20< ¢ < 25) alinear increaseof Re(¢) takesover.

The modulus g of . is plotted in Fig. 3.7b. The most interesting point is a kind
of valley which appearsfor high Q valuesand which movestowards relatively smaller
valuesof ¢. The critical wave number ¢, increasesalong the valley with increasingQ.
Starting at small ¢, Q the critical wave number g. rst passesa local maximum before
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Figure 3.8: The critical obliquenessingleA, (i.e. A. = (90°; A.)) in radient asfunctions
of ¢, and Q for the stationary case.
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Figure 3.9: The typical ewlution of scalar functions as function of z at Re = 940,
¢ =10,Q=5,qg= 25and 2:47°.
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ertering the valley regimewhile the local maximum vanishesat large Q.

In Fig. 3.8 we show the critical obliquenessangle A.. With decreasing¢, A.
slightly decreasespassesa local maximum and decays to small values(either positive
or negative) near A, = 0. For large Q, this deca is almost linear while for Q = 0
a shallowv local minimum is shavn. For instance, for ¢ = 2 and Q = 0 we have
A= j 252°. Someselectednumerical valuesfor the critical data with respectto ¢, and
Q have beencollectedin Table 3.1.

Q=0 Q=5 Q=10
Re:. o A (deg) | Ree o A(deg) | Re. g A (deg)
=5 | 85309 2:35 | 366 | 135064 244 | 0.676| 210561 2:46 0:802
.= 10| 62419 256 0516 | 93L4 254 2349 | 141567 246 3:438
.= 15| 69738 262 6818 | 102174 248 699 | 159375 2:25 6.76
o= 20| 112873 226 1117 | 190329 1.87 9568 | 421276 157 7.047

Q=15 Q=20 Q=25
Re: o A (deg) | Ree g A (deg) | Re. o A (deg.)
=5 | 332391 2:38 1:547 | 555304 2:117 1:776 | 1079695 1:.80 1:662
.= 10| 225402 227 3896 | 401536 1.95 3724 | 912949 1.61 2922
.= 15| 284619 1.87 6073 | 659856 1.50 4:526 | 1708788 140 2979
.= 20| 993369 1.45 4:756| 2647919 1.35 2:979 | 5034224 2:33 2464

Table 3.1: Somecritical parametersof magnetic Ekman-Couettelayer problem for the
stationary roll solution.

In the following we will presen somemore detailed information about the linear
analysisof the stationary modes. First, we have plotted in Fig. 3.9the scalarpotertials
v, W, g which determine accordingto Egs. (3.15 3.16 the velocity and the magnetic
“eld. v and w vanishat the boundariesz = § % Howewer, g is nite at the boundaries
consistent with the boundary conditions Eq. (3.19. To give an impression of the
periodic roll structures, the zj pro les of stream function @v, longitudinal velocity
@w and magnetic eld strength @g are preserted in Fig. 3.10in a plane perpendicular
to the roll axis. The stationary rolls seemto cover the ertire °uid layer. Besides,the
cortour linesof magnetic eld strength @g are seento be nite at the boundaries(Fig.
3.1C@). In addition, an asymmetry alongz = O plane (i.e. middle of the layer) can be
clearly identi ed.

In Fig. 3.11 we show a represetative example(¢, = 17, Q = 10) of the eigervalue
spectra slightly above Re; in the g, i q, plane. As seenin the left plot where the
growthrates ¥are drawn, there exist a few local maxima. Among these maxima, the
highestone correspndsto the critical Reynoldsnumber Re..

Note also a local maxima near (0; q,) = (0;0) which does not a®ectthe ertire
dynamics. The angle between roll axis and yj axis, A = arctan(g.=q,), is easily
extracted from the location of the absolute maxima. In the right panel of Fig. 3.1]
the correspnding imaginary parts ! of the leading eigervalues, are plotted. The
regime of vanishing! is mainly assaiated with positive A exceptfor the narrow cone
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Figure 3.10: Contour plot represetation of (a) the stream function (@v), (b) lines

of constart velocity (@w) and (c) the magnetic eld in direction of », (i.e. =
(xsinA+ ycosA)) for Re= 116915, ;, = 10,Q = 25,A= 1.8%® and q= jqj = 2:1.
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Figure 3.11: Real (left panel) and imaginary (right panel) parts of the leading eigen-
valuesasfunction of g at Re. = 1968for ¢, = 17,Q = 10. Note that the local maximas
are denotedby crosses.g, and g, vary alongthe horizortal and the vertical directions,
respectively. The absolute maximum is at g. = 2:013. The critical roll angleis given
asA. = arctan(g=q) = 7:68.
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Figure 3.12: The maximal growthrate %at q = g, as function of Re in the caseof
¢, = 17,Q = 0 (dashedline), ¢ = 17,Q = 10 (solid) and ¢, = 23, Q = 0 (dash-dotted).
Critical valuesof parametersRe; = 7963, ¢ = 2:55and A, = 9° (dashed);Re, = 1968,
q = 2:0land A, = 7:68 (solid); Re, = 31251, q. = 1:44and A. = 9:51° (dash-dotted).
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Figure 3.13: Threshold of instabilities in the caseof A6 A. at A= 0:288,¢ = 17,
Q = 0 (left panel) and A= 0:17,¢ = 17, Q = 10 (right panel). Note that A, = 0:157
for left paneland A, = 0:134for right panel.

with nite ! .

The topology of the ¥{q) surfacechangeswith Re. For instance,in Fig. 3.12we
presen the variation of maximal growthrate ¥ for di®eren parameters. Starting at
small Re, ¥becomesositive at Re = Re,. Then ¥increasespassesa maximum and
becomesagain negative at a larger value Re, above which the basic state restabilizes.
Note that q. (i.e. ¢, A.) varies considerably as function of Re. In addition, the
stabilizing e®ectof the external magnetic eld is seenclearly whenthe two curvesfor
¢, = 17 arecompared. Moreover for relatively high ¢, (» 23) the unstableregionshrinks
asdemonstratedin Fig 3.12
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Moving away from q = (. the Re intervals of positive %in Fig. 3.13vary. In Fig.
3.13 we plotted two typical examplesof this kind. For instance, the unions of the
intervals where%> 0 for varying jgj at xed A canproducea closedregionin the Re;q
plane. For the special caseQ = 0 our results are in perfect agreemen with earlier
“ndings [49).

3.2.2 The oscillatory instabilities for high Coriolis number

In this section,we presen the oscillatory shear°ow instabilities for larger valuesof ¢..
In this case,the °ow is rather con ned to boundary layersnearthe plates. We will dis-

<
1500 |

1300
Re

1100

900

50 60 70 80 90 100

Figure 3.14: The e®ectof number of z modes(i.e. truncation parameterN) at Re; =
10847, ¢ = 74,Q = 2,0 = 2:93and A= 189° in the caseof type || instability.

tinguish betweentwo di®eren bifurcations which we call type | andtypell. They di®er
with respect to sign of the obliquenessangle A. and the modulus of g.. The oscillatory
instability correspndsto a Hopf bifurcation. Thus we have two equivalert solutions
with imaginary parts 8! . which corresppnd» exp[igcx 8 , ct] » exp[i(gex 8 ! (t)] (for
details seeChap. 1). ! . > 0 corresppndsto waveswhich will be shovn to move almost
parallel to j g. at the lower plate on which we will focuswithout lossof generality.

With respectto the numerics,we hadto usemore Galerkin modesfor the calculation
of both oscillatory instabilities (typel&I 1) to resohethe boundary layers. To exemplify
this dependenceon N we presett in Fig. 3.14the critical Reynolds number Re. for
typell instability. Accordingto this graph, N = 14is seento be suzcient for areliable
calculation of the neutral curve.

In the following paragraphs,we presen separatelythe linear analysisof the type
I/l I instabilities.
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The type | instabilit y

In this section the type | oscillatory instability which prevails at medium ¢ will be
discussed.In Fig. 3.15, we presen the critical Reynoldsnumber Re.. This quartity
‘rst decreasesvith increasing¢, up to a certain ¢, (» 50 for small Q), wherethe slope
changessign, before Re, starts slightly increasing. Re. increasesmonotonously as
function of Q.

In the presenceof a nite magnetic eld (Q 6 0) the shear’ow is stabilized and
Re. becomedarger. The critical wave number g. = jq.j is shovn in Fig. 3.1%. With
decreasing¢, this quartity decreasesrom g, = 5:47 (at ¢ = 100)to g. = 243 (at
Q = 40). Thereis only a weak Q; dependence. The critical obliquenessangle A
(betweenq andyj axis) is shavn in Fig. 3.16 It is seenthat A, is independern of Q
for high ¢ (Ac = j 7:4° at ¢ = 100). However in particular for small Q, A. increases
slightly. For high Q, the increasein A is almost linear with increasing¢, (seeQ = 40
in Fig. 3.1@). Finally the Hopf frequency! . is showvn in Fig. 3.1@. ! . decreases
at rst with decreasing¢, then passesa minimum for ¢ ' 55 and increasesagain.
This behavior is qualitativ ely the samefor all Q but quartitativ ely ! . increaseswith
increasingQ.

In addition to theseplots, we would like to add more detailed information on the
type | instability. In Table 3.2 we have comparedsomeselectednumerical data of our
investigation with earlier studiesin the literature. We have found excellen agreemefy
which shaws that our numerical Galerkin methods are trustworthy. In Fig. 3.17, we

Re G |[Ac(deg)| '

presert work | 2246852 | 5:52 | | 6:932 | 135292

Ho®mannet al. | 22446 | 55 j 6:88 13465
Lilly 2240 | 55 i 6:8 i

Table 3.2: Onsetof the type | instability at ¢ = 100and a comparisonwith the results
of Ho®mannet al. [45] and Lilly [41] in our units for a single Ekman layer in the limit

Q=0.

shaw the pro les of the scalarpotertials v, w, g asfunction of z for a particular gin the
caseof ! . > 0in analogyto Fig. 3.9in the stationary case. The graphsare not very
illuminating in detail, but shaw clearly that the instabilities are rather concenrated
near the lower plate asto be expected.

As a complemem, againin analogyto Fig. 3.10in the stationary case,we show the
scalarpotertials in the " j z planefor! . > 0in Fig. 3.18 Oneobsenesroll structures,
which are concenrated near the lower plate. (Note that the structure do not depend
on »; i.e. the coordinate perpendicular to the paper plane.)

It is obvious that, the streamlines@v, the lines of velocity @w and magnetic eld
strength @g do not have a clearzj symmetry in cortrast to the stationary solution
(Fig. 3.18. The mirror symmetric solution (z ! j z) is provided here by the j ! .
solution. Note that the streamlinesbend to the right hand- side at the lower part of
the layer; this feature doesnot changewith increasingQ.
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a)

Figure 3.15: (a) The critical Reynoldsnumber Re. and (b) the modulus ¢ of critical
wavevector, asfunctions of ¢, and Q in the caseof the type | instability.
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Figure 3.16: (a) The critical orientation angleA. in radiansand (b) the Hopf frequency

I . asfunctions of ¢, and Q in the caseof type | instability.
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Figure 3.17: A typical pro le of scalarpotertials v, w, g asfunction of z for Re = 2251,
q= 495 A= 7:62 at ¢, = 80and Q = 10.
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Figure 3.18: A typical cortour plot of the (a) streamfunction @v, (b) the longitudinal
velocity componert @w and (c) magnetic eld along»j direction, (i.e. ~ = (xsinA+
ycosA)) for ¢ = 90,Q = 25,A= | 183° andq= 3:3. (Typel, ! =1, > 0)

The type Il instabilit y

In this subsection,we presen somedetails on the type |1 oscillatory instability.
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Figure 3.19: (a) The critical Reynoldsnumber Re; and (b) the critical wave number

O, asfunctions of ¢, and Q in the caseof the type Il instability.
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Figure 3.20: (a) The critical orientation angle A. and (b) the critical Hopf frequency
W, asfunctions of ¢ and Q in the caseof the type Il instability.
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OIL 0.5 ];ﬂ 15 - 2.

Figure 3.21: A typical contour plot represemation of (a) the stream function @v, (b)
the longitudinal velocity componert @w and (c) the magnetic eld strength @g along

a coordinate axis ~ parallel to the wavevector g, (i.e. ~ = (x sinA + ycosA)) for
Re = 32877, ¢ = 95, Q = 25, A= 1146° and g = 2.08. The solution for ! = +! .
is mainly concertrated at the lower bo undary z = | 1=2, where the external stress

excitesa traveling wave to the left.

In Fig. 3.1% the critical Reynoldsnumber Re; is plotted asfunction of ¢, Q. Re;
decreasesvith increasing¢, as shown in Fig. 3.6. In particular we draw the attention
to the strong increaseof Re. with Q (the stabilizing magnetic eld). The critical wave
number g, which is shovn in Fig. 3.1% alsoincreasesas function of ¢, in the caseof
constart Q similar to type | instability. It is interesting that the wave numbersdo not
changetoo much with respectto Q. In general,q. is smallerthan the onein the type
case.The main di®erencedetweentwo oscillatory instabilities are found in the critical
valuesof the angle A. (] (qcy)) in Fig. 3.20a. The angle A is opposite in sign to
the type | angle. The magneticenergyQ hasan important impact for moderate and
high ¢ values. The A, valuesdecreasdinearly with respectto Q for high ¢, whereasA.
valuesare always constart in the caseof type | instability (seein Fig. 3.16a). A, values
decreasdrom 2177 (at Q = 0) to 1662 (at Q = 40) asfunction of Q for ¢ = 100.
Another di®erencebetweentwo instabilities can be seenfor the moderate ¢. While
A, valuesincreasein the positive direction in the caseof type I, they decreasealmost
linearly in the caseof type |l instability. The Hopf frequency! . is drawn in Fig. 3.2
asfunctions of ¢ and Q. In general,the graph looks very similar to the correspnding
onefor the type | instability (Fig. 3.1@). Here,the valuesalsoincreaselinearly with
the magneticenergyQ.

In Table 3.3, we comparesomeselectedcritical data for Q = 0 with earlier studies.
Accordingto this table (Table 3.3) our resultsfor the onsetof type |l instabilities agree
alsowell with the earlier results as already demonstratedin the type | case.
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Re: G |A(deg)| '
presett work | 110514 | 3:31| 2266 | 39158
Ho®mannet al. | 11053 | 3:3 229 3912
Lilly 1100 | 33 226 i

Table 3.3: Onsetof the type |l instability at ¢ = 100in a comparisonwith the results
of Ho®mannet al. [45] and Lilly [41] in our units for a single Ekman layer.
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Figure 3.22: Real (left panel) and imaginary (right panel) parts of the leading eigen-
valuesas function of g = (gy; ¢) at Re = 21447 for ¢ = 100and Q = 10. The two
maxima in the left plot correspnd to the type | (g = 0:714,q, = | 5:48) and I|
(o = i 1:196,q, = | 3:12) instabilities. q, and ¢ vary along the horizontal and the
vertical axes,r espectively.

The scalar potertials in “ j z planefor! > 0 are shovn in Fig. 3.21 Note the
asymmetry of the cortour lines which are concenrated near the lower boundary in
analogy to the type | instability (Fig. 3.21). The scalar function g is nite at the
boundaries(Fig. 3.21c) since2(z= §3) = 0.

In analogyto the stationary case(Fig. 3.11) we would liketo add a small discussion
on the maximal eigervaluesof oscillatory instabilities type 1&I I, sincethey a®ectthe
nonlinear features as well. We have consideredthe case(¢, = 100, Q = 10) where
Re. = 24497 for type | and Re, = 12715 for type Il. According to Fig. 3.22 the
leading eigervaluesas function of g display a complicated structure which re°ects the
presenceof both instability types. The real part (left panel) has two local maximas
which correspnd to type | and Il instabilities. It is obvious that the type | instability
is related to the upper local maxima which hasa negative A and the maximal real part
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of type | instability (34) is closeto zero. Whereasthe type |1 instability is related to
the lower local maximawith arelatively largereal part » 63(%,). Note alsothat type
Il instability has a positive A. In addition, the waverumber of the type | instability is
relatively larger than that of the type Il instability. For example,at ¢ = 100, when %
approatesto zero,type Il growthrate is already above the neutral curve (i.e. %, > 0
). In the right panel of Fig. 3.22 the imaginary parts ! of the leading eigervalues
are drawn. We nd somelocal maxima which are assaiated with nite ! on the left
panel. Note alsothat ! valueswhich correspnd to the type | instability are higher
than the onesof the type |l instability (also seeFig. 3.1 and 3.2(). The regionsof
“nite ! valuesdo not have a regular shape.

3.3 Nonlinear Analysis of Roll Solutions

In this sectionwe presen the results for the nonlinear properties of rolls on the basis
of the weakly nonlinear analysis and the Galerkin calculations. For this goal, we
concertrate mainly on the region near onsetwith small " (= (Rej Re.)=Re;). Even
there the analysisis far from completein view of the large parameter spaceof ¢, and
Q that hasto be scanned.In general,we have focusedon the stationary instabilities
which occursat relatively low ¢ values. In the caseof oscillatory instabilities (i.e. type
&1 1), we presert only someweakly nonlinear results.

First, we presen Sec. 3.3.1covering somecalculationson the NusseltnumbersN u
which are, the indicators of the horizorntal averageof momertum transport through the
boundariesin the caseof both stationary and oscillatory instabilities. The stability
diagramsand somefeaturesof the secondarybifurcations for the stationary rolls will
be discussedin Sec. 3.3.2 In Sec. 3.3.3 the weakly nonlinear analysis near the
codimension-2point will be descriked for high rotation rates ¢..

3.3.1 Nusselt number

A global characterization of the nonlinear propertiesis provided by the Nusseltnumber
N ux, Nuy asthe horizontally averageddirectional shearcomponerts at the boundaries

due to the velocity elds Uy, U,. In analogy to the thermal Nusselt number it is
usefulto single out the cortribution of the basic °ow. Without lossof generality we
can restrict ourselhesto the lower boundary and de ne:

@ij-' 1=2 @yjz-' 1=2
Nu =1+ -@&“1—~.- Ny, =1+ &~ —. (3.25)
X @JOXJ A ! y @JOy'
@ z=j 1=2 @ JZ:I 1=2

Here, U, which descrikesthe nonlinear cortributions to Ug is givenin Eq. (3.189; Ug
is givenin Eq. (3.10. For our purpose,it is corveniert to usethe directional shear
componerts N u,, Nu- in the rotated coordinate system(»; "), wherethe = axis

is aligned with the wavewvector q of the rolls. We arrive at the following de nitions:

s 122 & e= i 122

— @ z=i1=2 . = @ Jz=i1=2

NU»— 1+ @JO»'—’ NU - 1+ @o - . (326)
@ Jz=i1=2 @ Jz=i 12
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Figure 3.23: The Nusseltnumbersfor ¢ = 17,Q = 0, q= 3:1 and A= 165 asfunctions
of Re for two di®eren valuesof truncation parameterN .
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Figure 3.24: Nusselt numbers Nu for increasingReynolds number Re in the caseof
stationary instability. Solid (dashed)linesdenoteNu,, (Nu-) valuesat ¢ = 17,Q = 10,
q = 2:01, A. = 7:67 (left panel)and ¢ = 10, Q = 20, q. = 1:94, A, = 3:72 (right
panel).

At rst, wefocusonthe stationary casewherethe nonlinear solutionsare calculated
with the help of a full Galerkin analysis. In Fig. (3.23 we study the dependenceon the
truncation parameterN for ¢ = 17 and Q = 0. Apparertly, we seeonly quartitativ e
changeswith increasingN. Note the restabilization of the basic “ow (Nu = 1) at
Re = 1761which was already mertioned in Fig. 3.13
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Figure 3.25: Nusselt numbers N u,, (solid line) and Nu- (dashedline) as function of
the wave number qat ¢ = 17,Q = 12,Re = 25501 (* = 0:001), A, = 7:16° (stationary
bifurcation).
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Figure 3.26: Nusselt numbers Nu for increasingReynolds number Re in the caseof
oscillatory instabilities. Solid (dashed)lines denote Nu,, (Nu-) valuesin the caseof
(@) typel at ¢, = 60,Q = 10, ¢ = 4:38,A. = | 8:94° and (b) type Il (right panel) at
¢ =60,Q= 10,0 = 2:43, A = 143°.

Fig. 3.24 shaws the directional Nusseltnumbers N u for increasingRe in the case
of two other represetative parametersets(¢, = 17,Q = 10) and (¢ = 10,Q = 20).
It is obvious that the curvesare globally similar. In Figs. 3.24 3.26 Nu- < 1, thus
the mean®ow cortribution due to the rolls reducesthe basic stress. In cortrast, Nu,
can have both signs. The Nusselt numbers depend on the wavewector q of the roll
solutions. In Fig. 3.25we shav a represemative examplewith varying wavenumber
q at xed A= A.. It is clearthat for a certain g, Nu- and N u, have extrema which
correspnd roughly speakingto maxima of the amplitudes.
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In the following we presert someexamplesof the Nusseltnumbersfor the oscillatory
instabilities of type | and I1. The results are obtained from a weakly nonlinear analysis
strictly valid nearonset. In Fig. 3.26 we shav two represemativ e samples.The global
characteristicsof the N u curvesdi®er qualitativ ely for increasingRe from the onesin
the stationary case(Fig. 3.24. For instance,in the »j direction (i.e. along the roll
axis), the shear rst increasegust beyond the onset of instability, then it decreases
with increasingRe (Fig. 3.26).

3.3.2 Stabilit y diagrams of stationary rolls at low ¢

In this section,we discussthe stationary roll solutionsand their instability not too far
from onseton the basisof weakly nonlinear and Galerkin solutions. As a foreword, we
found that the primary bifurcation is always supercritical accordingto the analyses.
In Fig. 3.27, we start with the stability diagram of rolls in the qj " plane. Note
that we use" as" := (Rej Re.)=Re; with respectto Re. = Rey(¢; Q; qc) to descrile
the distance from onset. Instabilities exist above the neutral curve Reyp(¢,; Q;q). As
discussedin the previous section we have found oblique rolls with the roll axis are
nearly parallel to xj axis. The critical obliquenessangle A, varies as function of ¢,
changesfrom A, = j 3:72° to A, = 11:4%°. The threshold Re. decreasest rst then
increasedeyond a certain ¢, asfunction of ¢, parabolically. The stability diagramsin
Fig. 3.27for two di®ereh magneticenergies(Q = 10, 20) are qualitativ ely similar.

Beforethe details on the stability diagrams,we would like to comparethe linear so-
lution with the nonlinearonefor asmall”. In Fig. 3.28 we show a typical cortour plot
of the streamfunction and the lines of constart velocity alongthe roll axis which holds
for" = 0:02,¢ = 12,Q = 14in both linear (upper panel) and nonlinear (lower panel)
cases. The plots do not di®er so much since” is relatively small. An antisymmetric
featurewith respectto the midplane (z = 0) which hasalready mentioned in the linear
regime (see,for instance, Fig. 3.10 is obsenable alsoin the nonlinear case. Besides,
in the lower panel of Fig. 3.28 the e®ectof nonlinear disturbanceto the typical roll
solution is seenclearly. The stream function and the lines of constart velocity change
mostly at the middle of the planes(z = 0) due to the nonlinear disturbance of the
basic state. There exist a strong gradiert at the middle of the layer and this gradiert
destroys the linear properties. Note alsothat the stream function @v and the lines of
constart velocity @w presene their asymmetric feature with respectto z = 0 plane
near the onset.

For the stability diagrams, we have also consideredthe caseof varying jq. at
“xed critical angle A.. At Tst we conceltrate on the caseof Q = 10. As shown in
Fig. 3.27a, we have obsenred both longwave and shortwave instabilities on the qj Re
plane. Longwave instabilities were mainly found for small ". For q < q, a zig-zag
instability occurs. The standard Eckhaus instability curve is very closeto the zig-
zag instability for small g. The stable region is restricted from above for all q by a
skewed-varicoseinstability which occursaround" = 0:25 for q= q.. For fairly high",
shortwave instabilities take place. For increasing” one rst hits the curve of a cross-roll
instability. Then, an oscillatory instability occursfor q> q.
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Figure 3.27: Stability diagram in the stationary casefor (a) ¢, = 17,Q = 10,A= A, =
7.7, (b) ¢ = 17,Q = 20,A= A. = 4:0¢".

Fig. 3.2 shaws the stability diagram for a relatively strong magnetic energy
Q = 20 where the critical angleis given as A. = 4:06°. According to Fig. 3.27,
both longwave and shortwave instabilities destabilizethe stationary rolls. Similar to
Fig. 3.27a, the longwave instabilities are located near the neutral curve, whereasthe
stability balloon is boundedfrom above by a shortwave instability at relatively high .
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Figure 3.28: Contour plot of the stream function @v (left panel) and the longitudinal
velocity componert @w (right panel) along the roll axis for the linear modesat onset
(upper panel)andfor the nonlinearsolution (lower panel)at small” = 0:02(Re = 2100)
for ¢ = 12,Q = 14,A= 493 and q= 2:23
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Figure 3.29: The real part %2and the imaginary part ! of the Ieading eigen/alue as
function of " = ReR& (Re. = 1968)at (a)¢, = 17,Q = 10,q= 21, A= A = 7.7
and (b) ¢ = 17 Q= "20, q= L:55and A= 4°. Dash-dotted lines correspnd to %= 0

The stable regionis mainly limited from belowv by a skewed-\aricoseinstability. Zig-
zagand Eckhausinstabilities shaw their typical featuresas also seenin Fig. 3.27a.

A high frequencyoscillatory instability around " = 0:34 closesthe stability balloon
from above, which we will discussin more detail. First, we addressthe Q = 10 case
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asin Fig. 3.27a. The real and imaginary parts of linear eigervalue for the fastest
growing mode as function of Re have beenplotted in Fig. 3.2%. The growthrate %
becomegositive around” = 2:09;the Hopf frequencyis found as! = 375. Addressing
the oscillatory instability in Fig. 3.27 (Q = 20), the onset has beendetermined as
Re = 13080for g = 1:55 (Fig. 3.2%). The Hopf frequencyin this casehas a value of
about ! = 8500.
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Figure 3.30: Amplitudes A (typel) and B (typell) for (a) ¢, = 48,(b) ¢ = 51atQ =0
and for (c) ¢ = 51,(d) ¢ = 58at Q = 10.

3.3.3 Weakly nonlinear analysis near the codimension-2 point

As already mertioned before, in relatively high rotation rates (¢, & 25), there exist
oscillatory instabilities which are classi edastypes| and II. We have only performed
weakly nonlinear analysis near onset. At moderate ¢, (» 50) a codimension-2 point
betweentwo oscillatory instabilities exists (seealso Fig. 3.6), for the codimension-2
point the type | and Il solutions coexist at the sameRe; value in the ¢, i Q plane.
For our calculational method in terms of the weakly nonlinear analysis around the
codimension-2point, we referto Sec.1.3.3 Accordingto our calculations,the primary
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bifurcations are always supercritical. In Fig. 3.3Q the amplitudes of type | (A) and
Il (B) instabilities are plotted asfunction of Re. In Fig. 3.30a, the type | instability
precedeghe type Il instability with increasingRe, whereasfor larger ¢, we have found
the opposite case(seeFig. 3.3M). For nite Q we have a similar scenario,however
the codimension-2point is shifted to larger ¢. For example,the codimension-2point
isaround ¢, = 56 for Q = 10. For (¢; Q) = (49; 0), there exist the prediction of a mixed
state of type I/l | modes(both A and B nite) in Fig. 3.3 [45]. We have determined
the coezcients of the coupled amplitude equationsand have beenunable to con rm
this prediction. In parallel we have made simulations in this caseand found no mixed
stateseither.

3.4 Numerical Simulation of the Ekman-Couette
P atterns

In this part, we will presert somerepreserativ e patterns from our simulations and dis-
cusstheir featuresfor di®eren parametersetsin the caseof stationary and oscillatory
instabilities. According to the linear analysis,we always have oblique rolls which have
a relatively small orientation angleA (6°) to the direction of the mean°ow. To resohe
this anglewe have performedmost simulations on a 256£ 256 grid in the x j y plane.
The computational e®ectis fairly large, sinceat least 12 Galerkin modesare necessary
in the zj direction to resole the Ekman layers.

In the patterns preserted below, the vertical componert of the velocity eld (i.e.
v(X;y;z;t)) at di®eren vertical positions z is shovn. The Xj coordinate increases
towards the right and the yj coordinate is directed upwards. First, we focus on the
small rotation rates 2 < ¢ < 25;the ¢, > 25 case(i.e. oscillatory instabilities) will be
discussedater.

3.4.1 Simulations at low ¢

At small rotation rates ¢, we have found stationary roll structures from the Galerkin
analysisin Sec.3.3.2(seeFig. 3.27a). This is con rmed in Fig. 3.31, wherewe arrive
at a stationary pattern aswell, starting from randominitial conditionsat low ". In Fig.
3.32 it is shawvn that the directional shearcomponerts Nu,, Nu- at z = 0:4 become
time independert.

In the following, we shav somefurther simulations to con rm the stability diagram
in Fig. 3.27

In Fig. 3.33 we demonstratefor " = 1:74, q = 1:8 the transverseinstability which
takesplacefor the relatively high " valuesaccordingto Fig. 3.27a. In pattern, we see
somemodulations alignedin the samedirection with the roll axis. In the regionwhere
the stationary rolls are oscillatorily unstable against transversemodulations, we have
found stable traveling wave with an oriertation asin the type | case. An exampleis
shown in Fig. 3.34
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Figure 3.31: Typical stationary obliqueroll patterns from random initial condition for
¢=17,Q=10," = 0:.01, (Re, = 1968),g= ¢ = 2.0land A= 7:7° at z = 0:4 (see

Fig. 3.27a). The plots from left to right correspnd to the timest = 0, 0:03, 0:23 and
0:6. The aspectratio is|j = 26.
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Figure 3.32: Time ewlution of the NusseltnumbersN u for the sameparametersasin
Fig. 3.31in units of t,.

Figure 3.33: Transwerseinstability for ¢ = 17,Q = 10," = 1.74 (Re. = 1968),g= 1.8

and A = 3:43 (seeFig. 3.27a). The plots from left to right correspnd to the times
t = 0:0112,0:0113,0:0114and 0:0116. The aspectratio is | = 34.
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Figure 3.34: Oscillatory instability for ¢ = 17, Q = 10, " = 255, q = 22 and
A =  36:8° (seeFig. 3.27a). The plots from left to right correspnd to the times
t = 0:193,0:195,0:197 and 0:199. The aspectratio is | = 28.
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Figure 3.35: Leadingtwo amplitudesin the caseof oscillatory instabilities. Parameters
areasin Fig. 3.34

In Fig. 3.35we shaw the leading amplitude A for the correspnding wave number
g = 3:22(j 0:8; 0:6). The frequency! o of the wave is very nearto the Hopf frequency
of the oscillating rolls. Superimposedto the traveling wave we have also obsened a
periodic motion in yj direction. The correspnding amplitude B of this mode is shovn
in Fig. 3.35 Note that the frequencyof B is fairly small and correspndsto a very
small wave number (q= 0:31).

3.4.2 Simulations in the traveling wave regime

The most interesting simulations have beenfound for the oscillatory states which bi-
furcate at moderate and high rotation rates ¢. In this section,the simulations of the
type I/l | instabilities will be presentied for various parameter sets. We would like to

emphasizehat we shav the patterns for ! > 0, which are concenrrated nearthe lower
plate. The traveling wavesare descrited ascos(gyx + ¢y + ! t) in our simulation code
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Figure 3.36: Rolls of type | travelsin positiveyj direction from random initial condi-
tion for ¢ = 80,Q = 40," = 0:02, (Re. = 31878), 0. = 4:89,A. = j 8 and! . = 1526
at the planez = j 0:4. The plots from left to right correspnd to the timest = 1:480,
1:484,1:488and 1:492. The aspectratio is j = 10.
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Figure 3.37: The amplitudes of the leading modes (at g. and 2q.) as function of time
for the sameparametersin Fig. 3.36

with ¢¢ > Oandjq,j >> joyj. In this casethe instability typesof the traveling rolls are
identi ed by the help of ,. The wavescorrespndto type| instability haveq, < 0 and
practically move in positive yj direction, but in the caseof type Il instability, g, > 0
and the wavesmove in negative yj direction. First we start with the typel instability
patterns which have a negative oriertation angle A with
q = ij gj(sin(A);cos(A) = (a:;q,). In Fig. 3.36 a typical traveling wave resulting
from a type | instability is shown for relatively high Q. The pattern is recordednear
the lower boundary pla te, and the rolls move in positiveyj direction. As function of
time, the optical cortrast of the patterns alsochange,asshavn in the secondplot. The
leading amplitudes have beenplotted in Fig. 3.37 It is obvious that the amplitudes
for the leadingtwo modesare time periodic. The secondmode is the higher harmonic
s ince the frequencyhasdoubled.

In the caseof type Il instability, atypical time ewlution with a positive orientation
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Figure 3.38: Typell instability rolls travelingin negativeyj direction. Randominitial
condition for ¢ = 60,Q = 0," = 0:01," = 0:01, (Re. = 11353), g = 2:52, A, = 16:4°
and! . = 3083 at the planez = 0. The plots from left to right correspnd to the times
t = 0:122,0:124,0:126,0:128,0:13 and 0:132. The aspectratio isj = 24.

Figure 3.39: Rolls arising from the type Il instability in a rotated coordinate system
aligned with g, which travel in negative yj direction for ¢ = 60, Q = 10," = 0:01,
(Re. = 14739), o = 2:43, A. = 1467 and ! . = 353 at the plane z = 0:4 (seeSec.
3.2). The plots from left to right correspnd to the timest = 0:167,0:171,0:176,0:18,
0:184and 0:189. The aspectratio isj = 20.
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Figure 3.40: The amplitudes of the leading modes (at g. and 2q¢.) as function of time
for the sameparametersin Fig. 3.38 Time is in the units of t,

Figure 3.41: Transwerseinstability of the type Il rolls for ¢ = 80, Q = 20," = 0.7
(Rc = 14887) at z = 0:4 plane. Note that the type Il rolls move in negative yj
direction. The plots from left to right correspnd to the timest = 0:04, 0:124,0:142,

0:148,0:154and 0:158. The aspectratio isj = 26.

angleis shovn in Fig. 3.38 Here, the rolls travel in negative yj direction. Sincewe
start with a random initial condition, there exist somedislocations at the beginning.

We have alsoperformedsomesimulations in the caseof type Il instability usingthe
rotated coordinate system(»; *) alignedwith g.. Onehasonly to adapt the direction of
the mean®ow in our codes,sincethe hydrodynamic equationsare rotationally invariant.
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Figure 3.42: Nu valuesas function of time for the sameparametersduring the insta-
bility in Fig. 3.41

Accordingto Fig. 3.39 the patterns move downward to the left for ¢ = 60and Q = 10.
In Fig. 3.40we have plotted the two leading modes. The secondmode (B) is a higher
harmonic and thus also much wealer in amplitude than the leading mode near Re..

In Fig. 3.41, a transverseinstability of the type Il state has been presenied for
" = 0:7. The simulation starts with ideal type Il rolls with the orientation angle A =
A. = 17, after sometime a destabilization of the state is seen. The destabilizing angle
of the instability hasbeenfound asA = 57°. The wave number decreasesonsiderably
to g= 1:1 after the instability. Accordingto Fig. 3.42 the directional N u componerts
are not constart with time becauseof the secondaryinstabilities. For relatively low
Re, we have obsened that the Nusseltnumbers are constart for pure type Il rolls.

3.5 Solitary Vortex Solutions

Besidethe periodic solutions, which follow the bifurcation sequencdrom the initial
state, we have also found stationary solitary vortex solutions. We dewte this section
to somefeaturesof this solution.

The solitary vortex solutions exist in a parameter region di®erent from the spa-
tially periodic patterns. The phenomenonof the solitary wave forms hasalready been
obsened in experimertal studiesfor last two decades.We suggestthe readertwo of
the latest studiesby Sdouweiler et al [71] and Serreet al. [72). In their studies, the
spots and other solitary forms wereobsened in a stator- rotator disc geometryat suzx-
ciertly large Re. Thesesolutionsare not asseiated with a destabilization of the basic
state. Theoretically they have beenfound for the presen geometryby Busseand his
co- worker [46].

To investigate this type of solution, we have in principle useda stationary stan-
dard Galerkin scheme. We have neglectedall coexcients and correspnding equations
satisfying the truncation condition N + M > N, (seeEq. (2.12d), whereN; is a nat-
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Figure 3.43: The solitary vortex solutionin the " j zj planefor (1) Re= 2610,¢ = 10,
Q=9,A= 057 (2) Re= 1980,¢, = 70,Q = 1, A= 303. (a) The linesof & and
(b) constart »j componert of the velocity.

ural number which hasbeenset equalto 10 or higher in the computations. Whene\er
signi cant changeswith respect to the results obtained for Ny + 2 have beennoticed,
higher valuesof N up to N; = 16 have beenusedin the calculations.

To provide an overview for the reader,sometypical cortour plot represemations of
the solitary wavesare showvn in the “ j z planefor various parametersetsin Fig. 3.43
We have used periodic boundary condition in the ~ direction. The integral interval
L- is parameterizedby a wave number q accordingto L- = 2¥&q Note that there
exist only one vortex in the entire ~ direction in ead plot. The solitary solutions
are in fact independen from the integration interval L-. According to Fig. 3.43 the
streamlinesexhibit lesssmaoth behavior for relatively higher magnetic energy Q for
small Reynoldsnumbers Re. Comparing Figs. 3.431,2) it is obvious that the solitary
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vortices are much more localized at high ¢. To show the e®ectof horizortal spacing
(L-), we plotted Fig. 3.44 When the horizontal distancel- hasbeenincreased,the
solitary characteristic of the vortices becomesnore obvious.
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Figure 3.44: The e®ectof the modi cation of the integral interval L- to the generation
of solitary vortex solutions. Streamlinesof the solitary vortex solution in the ” | zj
plane for (1) Re = 2020,¢ = 70,Q = 25,9 » 1=L- = 0:2, A= 30:3°, (2) the same
parametersexceptq» 1=L- = 0:6. (a) The lines of % and (b) constart »j componert
of the velocity.

In the following, we will rst addressthe shearcomponerts for di®eren parameter
sets. Secondly someother characteristicsof the solitary vortex will be pointed out. In
the last part, a short sectionon stability analysiswill be preserted.

3.5.1 The directional Nusselt nhumbers

In this part, we will presen somefeaturesof the shearfrom the solitary vortex struc-
tures. For the mathematical details of the directional shear,we refer to the Sec.3.3.1
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At rst wewould like to start with a represemativ e graph which shows the e®ectof the
truncation parameterN, (Fig. 3.49. In this graph, we have calculatedthe componerts
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Figure 3.45: The componerts of the Nusselt numbers Nu, (upper lines) and N u-
(lower lines) for ¢, = 10,Q = 9, A= | 572 and Re = 2000. The solid, dotted and
dash-dottedlines show the resultsfor the truncation parametersN; = 14, N; = 10and
N¢ = 8, respectively.

of Nu asfunction of q» Li We denotedthe 1D spacingalongthe ~ direction with
L- which determinesthe horizortal distanceof the cellin which the solitary wave forms
were obsened. It is clear that, for suxciently large q values, an isolated wave form
shaws a linear dependenceon q sincethe fraction of spaceoccupied by the solitary
vortices increaselinearly by g. This behavior can not be seenfor the other roll solu-
tions sudh as standard stationary Ekman rolls and oscillatory rolls (seealsoFig. 3.25.
In Fig. 3.45 the linear dependenceof the Nusselt numbers on the wave number q
changesslightly by the truncation parameterN,. Note alsothat N; = 14isin principle
suzcient for the investigation of the solitary vortex motions.

In Fig. 3.46 we have plotted the componerts of Nu for increasingRe in the case
¢, = 17and Q = 0. The behavior of the Nu curvesare ertirely di®eren then the case
of both stationary and oscillatory instabilities. The solitary vortices always give two
di®eren valuesfor eady Nu componerts at a certain Re. Howewer stationary Ekman
solutions give well de ned curvesand they always have only one value for eah of the
N u componerts for certain Re values. With decreasingRe, the shearincreaseaup to a
certain point in both directions, then it decreasesintii meetinga turning point. They
never cometo Nu, = Nu- = 1 point for low Re in cortrast to the stationary and
oscillatory solutions.

In Fig. 3.47, the directional N u valuesas function of Re are drawn for a nite Q
(= 9). Herewe have also plotted the Nu componerts for standard stationary Ekman
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Figure 3.46: The NusseltnumbersN u,, (dashed)and N u- (solid) asfunction of Re for
¢=17,Q=0,A= 165° and q= 3:1.
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Figure 3.47: The directional NusseltnumbersN u,, and N u- for stationary Ekman rolls
(dashedlines) and for the solitary vortex solutions (solid lines) in the case¢, = 10,

Q=09,q= 06, A= 974

rolls (dashedlines). In principle, the magnetic eld doesnot changethe global features
of the shearat the boundariessince the curves are very similar to the onesin Fig.
3.46 Besides,the directional componerts of the shearare much higher (N u,, ¥ 1:35,
Nu- ¥ 0:75) than the onesin the stationary case(N u,, ¥4 1:05, Nu- ¥4 0:9).

In Fig. 3.48the directional Nusseltnumbers N u,, and Nu- are shavn as function
of the orientation angle A, for which the localized solutions were found, in the case
¢ = 25and Q = 6:3. It is seenthat the exerted shearson the plates give an elliptical
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Figure 3.48: The directional N u componerts as function of the orientation angleA in
the caseRe = 1820,Q = 6:3, ¢ = 25,9 = 0:9. Filled (open) circles correspnd to
solutions of the upper (lower) branch.

curve asfunction of A. The point is that there is always only onesolitary vortex in the
interval 0- "~ - %/ over which the shearhasbeenaveraged.

3.5.2 The onset of the solitary vortex solutions

In this section,we will mainly discussthe onsetof the solitary vortex solutionsin the
caseof nite magneticenergy Q. Initially , we would like to emphasizethat the same
terminology which was usedin the linear stability analysisfor the determination of
Re. is considered,here. We have scannedRe valuesfor certain ¢ and wheneer we
have found a localized structure for a Re value, we have reconstructed our solution
for lower Re. A represemative ¢ | Re plot is shavn to determine the onset of the
solitary vortex solution in the caseQ = 6:25 (Fig. 3.4%). For small ¢, Re. curve
decreaseslp to a certain ¢, (» 25), then the onsetincreasesand occursat higher Re
for high ¢. Comparing our ndings with the literature, this global feature was also
found by Ho®mannand Busse[46] in the caseof Q = 0, but, for instance, our onset
for (¢; Q) = (100, 6:25) is slightly higher than their resultsfor (¢; Q) = (100G 0). Thus,
we concludethat the onsetof solitary vortex solution increasesy Q.

In Fig. 3.4%, the orientation anglesA. which correspnd to the critical valuesin
Fig. 3.4% are shovn asfunction of ¢. For low ¢, A. Tst increasesalmostlinearly, then
it producesa local minima around ¢, = 50. For high rotations, it cortinuesto increase,
again.

For three di®eren Q value, we have calculatedthe critical ReynoldsnumbersRe as
functions of the oriertation angle A in Fig. 3.50. It is clear from the graph that the
A valuesare very important for the generationof the solitary structures, in fact, one
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Figure 3.49: (a) Critical Reynolds numbers Re. for the existenceof solitary vortex
solutionsand (b) the correspnding orientation angleA; in the caseof Q = 6:25.

1200 0.23
a) b) +— Re=1670
0.21 o @ Re=1700
1000 L — LR =-m Re=1750
0.19 _
Re f e i .
800 0.17 e w
.
\ L
/.
0.15 > .
600 e F
0.13 .f*.”*/(. ......... s "
400 =R
0.11
0 0.2 0_'f4 0.6 08 1.2 1.3 1.4 lq5 1.6 1.7 1.8

Figure 3.50: (a) Reynoldsnumbers Re as function of the critical orientation angle A
for seweral Q valuesin the caseof ¢, = 25. (b) The rangeof anglesA for which solitary
vortex solutions exist as function of g in the case¢, = 25and Q = 6:25.

cannot nd solitary rolls for an arbitrary angle. In addition, Re valuesas function of
A'indicate parabola-like curves,but the widths of the curvesshrink with increasingQ.
Note alsothat the critical orientation anglesA; (i.e. the minimal points of parabolas)
skip to lower anglesand the onsetReynoldsnumber increaseswith increasingQ.

In Fig. 3.5, the relation betweenA and g is drawn. There exist a nite range of
A which increasesasthe parameterq decreases.

3.5.3 Stabilit y analysis of the solitary vortex solutions

In this section, we will presern the stability analysis of the solitary vortex solutions
with the help of Galerkin method. As already discussedn the previous parts of the
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thesis (seein Chap. 1), the growthrates % can be obtained from the solution of an
eigervalue problem which includesthe in nitesimal disturbancesfor a given stationary
solitary vortex solution.
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Figure 3.51: Growthrates % as function of s, in the caseRe = 730,¢ = 25,Q = 9,
q= 0:6and A= 14:3°. the upper (lower) solutions. Growthrates with vanishing( nite)
imaginary parts are denoted by solid (dashed) lines for the (a) upper and (b) lower
solution branches.

It is found that asa consequencef the solitary nature, the solitary vortex solutionsare
not sensitive to changesin the waverumber g. Thus, the dependenceon the Floquet
parameters, (disturbancecomponert parallel to the roll axis) is much moreinteresting.

Typical examplesof the growthrate % as function of s, from the stability analysis
are showvn in Fig. 3.51in the case¢, = 25,Q = 9. The largest ¥are characterizedby
vanishingimaginary parts ! and exhibit two maximaat s, = O and at a nite value of
S, which increaseswith Re. This behavior is mainly found for the upper branch of the
solution characterizedby a higher value of N u,, than the lower branch. The maximum
of 3%at the nite value of s, exceedshe onesat s, = 0O for lower valuesof Re and ¢,
while the opposite property is found for the larger valuesof Re and ¢, For the lower
brandh, on the other hand, the growthrate ¥.appearsto read its highestvalue always
at a nite value of s, which is higher than zero, but it increaseswith decreasingRe.
As Re reathesthe minimum value of about 7262 the growthrate spectra of the upper
and lower branch approad ead other as must be expected for reasonsof cortin uity.
While the upper solution exhibits a higher amplitude than the lower solution, it still
appearsto be always unstable even though the growthrates are usually much smaller
than for the lower solution.
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3.6 Concluding Remarks

In this chapter of the thesis, we have investigated for the rst time linear and non-
linear properties of the Ekman-Couette layer in the presenceof an external magnetic
“eld perpendicularto the layer. For increasingCoriolis number ¢, a stationary steady
instability rst occurs, then two di®eren types of oscillatory instabilities which are
characterizedas type I/l | take placefor ¢ > 25. The critical parametershave been
determinedasfunctions of ¢, and the magnetic eld energyQ with the help of Galerkin
methods. Critical valuesof the Reynolds number Re., wave number g, and the ori-
ertation angle A; are in good agreemen with the earlier results in the caseof the
convertional Ekman-Couette layer problem for Q = 0 [41, 45. We have obsened that
the onsetof instabilities increaseswith increasingQ. This stabilizing e®ectof the mag-
netic eld hasalsobeenobsenedin many other comparablesystemssuc as magnetic
Rayleigh-B&nard corvection and magnetotydrodynamic convection [27, 8, 73, 3§].

According to stability analysis of the stationary roll solutions, there exist long-
wave and shortwave instabilities. Modulational instabilities have beenobsened slightly
above the neutral curve, while the shortwave transverseand the oscillatory instabilities
take place for relatively higher ". In the caseof oscillatory instabilities, we have ex-
ploredthe vicinity of codimension-2point wherethe typel and |l instabilities compete.
The codimension-2point occurs at higher ¢, for increasingQ. We could not nd any
mixed state wheretwo instabilities interact with ead other aspredictedfor Q = 0[45].

Complemettary to the Galerkin analysisfor the rst time direct numerical simula-
tions have beencarried out for the stationary and oscillatory instabilities with the use
of di®eren parametersetswhich are in good agreemeh with the Galerkin analysisfor
this problem.

From a Galerkin analysis,a solitary localizedvortex solutionshave beenfound even
below the onsetof stationary and type Il instabilities. Unfortunately, neitherfor Q = 0
nor for nite Q we have beenableto nd stable solutionsfor the solitary vortices.






Chapter 4

General Conclusion

Our goal was to investigatethe pattern formation phenomenain two di®eren rotat-
ing °uid systemsunder the in°uence of the magnetic eld. Initially , we focusedon
the mathematical tools and methods, which were intensely usedin the exploration of
two pattern forming systems,detailed in Chapter 1. The periodic roll solutions and
their stability analysiswere descriled. In addition, we mertioned the order parameter
equations as well as the considerationsand the solutions of the complex amplitude
equations. The analytical badkground on the resonat- modesinteractions which gov-
ern the subharmonicvaricoseand knot instabilities in rotating annulus problem was
then explained. In addition, the basicconceptsof the direct numerical simulation were
presened.

We dewted Chapter 2 to the cornvection problemin the rotating cylindrical annulus
under the in°uence of azimuthal magnetic eld. Asa rst step,aone-male appraxima-
tion was consideredto obtain the critical Rayleigh number R and critical wave vector
g as function of the Coriolis number ¢, and magnetic energy Q. The results werein
good agreemenh with the exact values of critical parametersobtained from Galerkin
analysis. In a further step, nonlinear roll solutions were constructed and their stabil-
ities beyond the neutral curve " = RiR—CRC > 0 were examinedfor selectedsetsof ¢; Q.
Both longwave and shortwave instabilities for q 6 g, were found. In the caseof high
Prandtl numbersP, the stableregionsof rolls with di®eren roll anglesA wereidenti ed
in ¢ " plane. A multi-stabilit y of the patterns were proven, i.e. various role patterns
were in a competition. Besidethe spatially- periodic patterns, a complicated space-
time dynamism in a large parameter region was found. Among the instabilities, we
focusedon the subharmonicskewed-varicose(SH V) and knot instabilities since both
instabilities were not exploredfor the nite valuesof Coriolis number ¢, and magnetic
energyQ in the literature, yet. Both the stability diagramsand the amplitudes of the
instabilities were con rmed by a number of patterns producedby the direct numerical
simulations.

In Chapter 3, the magnetic Ekman-Couette layer was investigated, theoretically.
Using similar analytical methods asin the previous chapter, the basic equationswere
solved as an eigervalue problem under the appropriate boundary conditions. For low
and high valuesof Coriolis number ¢, we found stationary and oscillatory instabilities,

121
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respectively. The critical ReynoldsnumbersRe;, wave numbers g, and the orientation
anglesof rolls A. were obtained from the linear analysisfor di®eren ¢; Q sets. The
onset of instabilities increasedwith the magnetic energy Q. Our results were in a
good agreemenh with the earlier resultsfor Q = 0 [41, 45. According to the nonlinear
analyseson the stationary Ekmanroll solutions,we found both longwave and shortwave
instabilities for nite Q. Longwave instabilities sud as Eckhaus, zig-zag(ZZ) and
skewed-varicose (Sv) dominated for small ". In addition, an oscillatory shortwave
instability was obsened for relatively high ". In the caseof oscillatory instabilities
at high ¢, we carried out a weakly nonlinear analysisat the vicinity of codimension-2
point. The codimension-2point increasedto higher ¢ valuesfor increasingQ. We
could not nd a mixed state of two oscillatory instabilities (i.e. type I/l 1). The direct
simulations for both steady and oscillatory instabilities produced interesting patterns
for the rst time in this problem. For relatively higher", subharmonicmodeswerealso
obsened from simulations. In addition, somelocalized and unstable solitary vortex
structures which did not bifurcate from the standard Ekman roll solutionswere found
and someof their featureswere determinedfor nite Q.

Sincethe lack of experimertal studieson both of the problems,we could not com-
pare our results directly with experimerts at the momert. A number of codes are
available for future researbesto comparethe results of theory with the results of
experimerts whene\er experimerts are planned.



App endix A

Coupled Amplitude Equations for
the SHV and Knot Iinstabilities

In this appendix we will discussin detail the subharmonicvaricose(SHV) and the
knot instability of axial rolls, which have beenalready mertioned in Sec. 1.4 (seealso
Fig. 1.3). The presenation follows closelystandard routes (seee.g. [24, 25, 32))

A.1 Subharmonic varicose instabilit y

The subharmonicvaricose(SH V) patterns, which result from the SHV instability of
axial rolls (q; = (;0)), correspnd to the special choices, = (=2) with s = (sy; s,)
in Eq. (1.3). If in particular s, = 73q is chosenthe vectorsq;;j = 1,2;3 spana
hexagonand in this casethe notion \hexaroll* pattern has beenintroduced. Since
Js = i gz andg; = j g, onecanidentify: F! C% G! B"in the generalresonance
conditions (1.33. Thus we restrict ourselesin generalto the modesA; B; C; D; E
in this subsection(seeFig. 1.3 left panel).

The main featuresof the SHV instability appear already when consideringonly
the modesA; B; C, which leadsto the following coupledamplitude equations([24)]):

h i

@A = %A | "1B°C°i A anjAj’+ anjBj? + a3jCj? ; (A.la)
h i

@B = ¥B i ,AC"| B ayjAj’ + axnjBj? + ax3jCj® ; (A.1b)
h i

@C = %Ci "3A°B"| C as;jAj?+ agjBj® + asjCj? : (A.1c)

The additional resonancecouplings/ ~ betweenthe modesin quadratic order (in
comparisonwith the non-resonanh coupledamplitude equations(1.29) are character-
ized by purely imaginary coexcients “j; j = 1;2;3in the caseof the rotating annulus,
whereasthe a; are real. The calculation is simpli ed, sincecertain coexcients have
the samevalues,due to the axial symmetry in our system:

Ye = ¥, 2= "3 @y = agy; @12 = @z, 8x2 = 8gz; Az = ag! (A.2)
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The calculation of the coexcients “; is straightforward. According to our general
schemewe obtain, for instance,for “ ;:

“1= (@) N UG g2); U ga))i (A3)

where we use the notation U(q;) := Ui(qj)i. The calculation of most of the cubic
coexcients is straightforward as well. For instance a;; is found in Eq. (1.30. The
coexcient a;, cortains one cortribution al,, whosecalculation is not problematic:
h [
al, = (@A) N(U(G2);V2(aui a2)) + R(U(a1); Vo (dz2ii G2) it (A4)

The remaining cortribution al}, is given as:

aiy = U (A)iR (U (i 92); V2 (a1 02))i: (A.5)

Becauseof q; + g, = | g3 we have to restrict the second-order solution V-, (q1;d>)
to the subspaceorthogonalto U (j qs3) by a suitable projection, as explainedin Sec.
1.3.1 It is obvious that otherwise a;, would cortain a cortribution, that is already
consideredexplicitly in the term / ;.

The axial symmetry of our systemallows symmetric solutionsjBj = jCj which gov-
ernthe SHV patterns, alsoaccordingto our numerical results. As already mertioned,
due to translational invariancetwo phasesof the amplitudes can be arbitrarily chosen
and we take A; B to bereal and positive. It will turn out that C is purely imaginary.
To determinethe SHYV instability from Eq. (A.1) only the terms linear in the B; C
have to be kept:

@B = ¥%B i ,C°Ayi anBAS3; (A.6a)
@:u = "’VQCE + ,2AoB i agchAS: (A6b)

It is obvious that perturbations Opr do not cortribute in linear orderin B;C. The
amplitude A isthusgivenasAg = ¥a=a; (seeEq. (A.1a)). Egs. (A.6) are solved
with the ansatz: B = X,exp(%) and C = Xzexp(%). In a compact vector-matrix
notation the resulting eigervalue problem readsas:

H T n . , Tu 1 M 1
¥, Xo _ i a1jAoj? i 2A0 X2 _. M X> (A7)
X3 “2A0 Yo i anjAoj? X3 ' X3 '
We de ne the new variables,
K:= ¥% i CujAcj% d:=j 2jAq; (A.8)

and arrive at the secularequation (ki %2 d?>= 0of Eg. (A.7), which yields two real
roots % = §jdj + k andthus:

You = | 2jAo+ Y i anAl: (A.9)

The condition, ¥y > 0 descritkesthe SHV instability regime of rolls and the SHV
threshold at R = Rsy where % (R) passeszero. The non- normalized eigervector
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X of Eq. (A.7) for the largesteigervalue, %= ¥y and the correspnding orthogonal
adjoint X 54 are given as:
H X, o L T H X, Ty

X = X = 7 Xad = X 5 =(% i) (A.10)
with X 54 ¢X = 2 (hermitian scalarproduct).

Egs. (A.1) can be solved without ditcult y in the nonlinear SHV regime(B; C -
nite). Herewe sketch only the weakly nonlinearanalysiswhich starts with the following

ansatz: m q TR |

B 1

co =Asi | (A.11)
At rst, the correction of the roll amplitude A, in the SHV| state is obtained by
linearizing Eq. (A.1a) about Ag (A! Ag+ A) up to the order O(jBj?;jCj?):

0= %A 3anAd+A| a1,A0jBj®i aisAoj Cj*i "1B"C” (A.12)
A simple calculation leadsto (C" = iB):

o 2apAgtiy
A= jAs]t == oo

=: jAsnj?Ca: (A.13)
We foundi “; alwaysto be positive. Thusca < 0 asit shouldbe. Up to order O(A2,,),
Egs. (A.6) canbe written as

H B 1
M e N =0: (A.14)

Here, the vector N, which includesall cubic terms, reads:

o . , 1
H 22,0 AgBFA + a5, jBj?B + a,3jCj?B + ", C A

N S 28, AgCT4A + a5, |BJ2C™ + 253 Ci2C™ | ~,B#A

(A.15)
ReplacingC® by i B = i Asy the amplitude is determined from the sohability condi-
tion:

0= Xaqg ¢(M AgyX) i Xaq CN: (A.16)

Usingthe symmetries(A.2) and inserting A (A.13) oneobtainseasilyfor the amplitude

Ashy:
ez . Yan

Ca(2 @A+ i72)+ ax+ a3z Ngy

A, = (A.17)
Herewe have exploited the relation X ;¢ (M X) = 2%y . From the necessaryondition,
Asn 2 > 0the bifurcation to hexarollsat R = Rgy is supercritical if Ngy > 0 (¥4 > 0
for R > Rsy), while it would be subcritical for Nsy < 0. We found in most cases
Nsy > 0 sincej ¢y 12 > O prevailed in Ngy. Dueto ¥y » R Rsh, Agy? starts
linearly in Rj Rsy aswell.
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The analysispreserned above is suzcient to capture the basicSHV medanismand
becomesexactin the limit ¢! 0. Howewer, it is lesssatisfactory from a quartitativ e
point of view in our system,sincefor nite magnetic eld the SHV instability appears
at nite ¢: The SHV onsetwas shifted in somecasesbhy 15% and more comparedto
exactvalue. A closerlook hasrevealedthat additional resonarn couplingsto the vectors
J4;0s shown in Fig. 1.2 are important. We arrive at a generalizationof the previous
three coupledamplitude equations(A.1), which contain additional, in particular cubic
resonamn coupling terms.

- 3 . £ . .2 . .2 . .2 . .2 - .ZQ
@A = %A A apjAj”+ ap)Bj° + a3jCj° + awjDj“ + ass|E]j

i 1uB°CYj '12£BE i "13CD i Ya1A"B°D | %,A°C°E; o (A.183a)
@B = ¥%B i B axnjAj®+ anjBj* + ajCj® + anjDj* + asiEj?

i ’zlAuCn i ,ZZEAEG i 1/,2_1AEADD i ngCDEu; o (A18b)
@C = %C i C agjAj* + apjBj* + asjCj® + agDj’ + agsiEj°

i “a1A°BT '32£\Dni Ya1A"A"E | Y2,BD'E; 5 (A.18c)
@D = %D i D ayujAj’ + aujBj? + ausjCj* + awujDj* + ausiEj?

i "mnAC®j Y,AAB | ¥4,BC°E; (A.18d)

£ o)

@E = %E | E asjAj® + asjBj® + as3iCj* + assjDj? + assiEj?

i 51AB° wB,AAC | %,B°CD: (A.18e)

We focus on the solutions of Eg. (A.18) which dewelop from the secondarySHV
instability of axial rolls. Then solutions with jBj = jCj and jDj = JEj prewalil, the

phasesare xed by the resonanceterms/ “;; %. The optimal choice for the SHV
instability turns out to be:
C°=iB; E’=iD; withreal B>0;, D<O: (A.19)

The coezxcients are calculated as before, typically projectionsin the secondorder so-
lutions have to be performed. For instancewhen calculating %2 the cortribution:
Ya = MU (d2)iN (Ua(i 1)V (i 01;0a) : (A.20)

is problematic. Becauseof | q; + g4 = | gz we have to discardin V- (d1;i q4) the
componert parallel to V (j g3) to avoid double courting.

To calculatethe SHV growth rate ¥, on the basisof Eq. (1.395 only the linear
termsin B;C;D; E haveto be kept. Eliminating C;E with C° = iB;E"=iD (A.19)
we end up with:

YauB = ¥%B i i 21A0B | i 22A0D | axBAZ; YaDA3; (A.21a)

YsuD = ¥ D i i 41A0B | auDA3| Y41A0°B; (A.21b)

where A3 = ¥,=q;, as before. The quadratic equation for ¥y resulting from Eq.
(A.21) is easily solved. With the help of the abbreviations:

M= ¥ i a2Afi i 210 Mz = i 22A00 Ya1Aj; (A.22)

M= ¥ i anAd M= i ahoi YaiAj; (A.23)
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we arrive at

mi;+m
11 22
2

M1+ Moy

You = 2

(

)2 MpiMy+ MMy (A.24)

Note that the m;; arereal in our casesincethe " 's are purely imaginary.
Since¥p < ¥ in our casea satisfactory approximation for ¥y is obtained by
adiabatically neglectingthe time derivative of D in Egs. (A.21):

_ i"41A0+ 1/211A(2) B =
Yo i anh} '

cp B; (A.25)

which leadsimmediately to the following expressionof ¥y :
Yen = Yo i a1A5i 1A 21+ 220p) i YaCoAj: (A.26)

Even if two rst terms in Eq. (A.26) are negative the remaining ones, which make
useof di®eren resonancemedanism, give positive cortributions, which prevail above
R = Rsy. In particular the term / % leadsto a considerableimprovemen of the
previous expression¥sy (A.9), wherethe terms/ %;” ,, were missing.

The weakly nonlinear analysis of the stationary solutions of Egs. (A.18) follows
closely the previous detailed analysis for the simpler model (A.1). The quadratic
correction+A / B? to A, is obtained from Eq. (1.3%) as:

_ Ao [2a15 + 2a14iCpj2 + Co[Ya1 + Ya2li Coli "12i 1 13+ i 11

+A
i 2Ya

B2 =: cy B?

(A.27)
Furthermore the following correction+D / B3 to D derivesfrom Eq. (1.3D):

D = & [2a41CAA0 + auz + Au3 + jCpj?(Aus + aus) + Yaz] + 2Y21Ca A0 + i 4Ca B3

Yo i anhj
= B3 (A.28)

Finally, the expansionof Bj equation Eq. (A.18b) to cubic order in B leadsto the
Landau equation:

£7
0= ¥%yuB | asyB3) B= 21 (A.29)
asH
with the cubic coexcient
gy = 2aApCa + A+ A3+ (824 + 3-25)1'0Dj2 + 1/,2_ASC§)

+ 1" p1Ca+ 1 2CACp + i'zonCS) + 2% AgCaCop + Y2233 (A.30)

The SHYV bifurcation is forward if agy > 0.

In general, we found the weakly nonlinear analysis of the SHV instability very
helpful for the construction of fully nonlinear\ SHV" solutionsvia Galerkin methods
(seeChap. 2).
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A.2 Coupled amplitude equations for knots

The knot patterns correspnd to the special choice of s = (s4;sy) with s, = 0 in
Eq. (1.3). In this casethe generalmode couplings presened in Fig. 1.2 simplify
considerablyas demonstratedin Fig. 1.30. Sinceq, = i q7;0s = | ge We can identify
C;B with F®;G"” and in addition G with F” (g7 = j gs !). Thus we can restrict
oursehesto the amplitudesA; D; E; F in Fig. 1.2 and arrive at the coupledamplitude
equations:

- 3 . £ - .2 - .2 . .2 . .2D
@A = %A A ajAj°+ aDj° + ais)Ej° + agejFj

i "1EF ’12F°£Di “BADE; 5 (A.31a)
@D = ¥%D i D aynjAj*+ aujDj? + assiEj? + aseFj?

i “41AF j 1/a1A£AE°i YVa,FFE; o (A.31b)
@E = %E i E ajAj®+ assjDj? + ass]Ej* + aselEj?

i “51AF 7 Vgl:%ADni YeoF"F°D; o (A.31c)
@F = %F i F aqjAj® + asjDj? + asjEj° + asejFj°

i 61AD i “6AE"| Y F°DE": (A.31d)

As alreadyobsenedin the re ned analysisof the the SHV instability (cf. Egs. (1.35)
we nd resonan couplings betweenthe modesin quadratic order » “~ and in cubic
order » ¥ The calculation of the coexcients in Eq. (A.31) follows the generalsctheme
discussedefore. In particular double-courting of modeshasto be avoidedby suitable
projections on the spaceperpendicular to the modesA; C; D; F, when calculating the
guadratic terms.

We will con ne ourselesat rst to the calculation of the onsetof the knot insta-
bility, i.e. we keeponly the termslinearin the D, E, F .

Y%unD = %D anDAZ| “sFAqi YaE°A3; (A.32a)
Yan E = %E | asiEA3[ “51AcF" i Y1A3D”; (A.32b)
Yan F = %F i aaFAJi “61AcD i “e2AcE™ (A.32c)

The amplitude A in Egs. (A.32) hasbeenreplacedby Ag = P ¥Ya=ay1, Sinceperturba-
tions of A in Eq. (A.31) do not cortribute in linear order. Egs. (A.32) can be studied
with increasingdegreeof complexity. In a previousstudy of the knot instability [24] the
specialcaseE = D = 0 (\cross-roll instability") wasconsidered.The linear growthrate
of knot solutions is then givenas%n = % i a1 A%. In our casethis appraxima-
tion has no merits, sincewe obsene the knot bifurcation at valuesof R where ¥ is
strongly negative. In an alternative approat we might restrict oursehesto coupled
equationsfor D and E. This correspndsto the wavy appraximation discussedrst in
the cortext of the inclined layer [74], wherethe resonanceterms/ % are exploited.

Howeer, the generalcaseis simpleaswell. It turns out that D = j E holds (D real)
and we have to solwe the eigervalue problem:
Y%nD = %D | auDA3| “saFAo+ Y4DA3; (A.33a)

Y% nF = %F i aaFA]i "e1DAg+ DA (A.33b)
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The fact that both D and F modesbecomeimportant for higher ¢, as already been
mertioned in [25]. The linear eigervalue problem (A.33) is easily solved with the help
of following abbreviations:

mq1 = ?Vm i a41AS+ ]/alAS, Mi2 = | ,41A0 (A34)
M2 = % i 861A5 Ma1 = i Ao+  62A0; (A.35)

Y n is given by the right hand side of Eq. (A.24).
Since¥% ¢ ¥ anexcellert approximation to ¥ n canbe obtainedby adiabatically
eliminating the amplitude F using Eq. (A.33b):

E = (Ce1i “62)A0

D= ¢ D: A.36
Y% i apAl (A.30)

Y n 1S now immediately obtained from Eqg. (A.33a) asfollows:
Yan = Yo i mC Ao+ (Yari an) Al (A.37)

The coezxcients “41;c= are imaginary and their real product is negative in our case.
Consequetly the inclusion of the resonanceerms/ ~4;;%; reducesin our casesub-
startially the threshold of the knot instability in comparisonto the pure wavy roll
ansatz (¥ n = ¥ + Y21 A3). In fact we will typically meet situations where %y > 0
despite¥p < 0.

The weakly nonlinear analysisfollows closelythe SHV casein the previoussection.
The quadratic correction+A / D? to A, is obtained (seeA.31a) as:

_ Ao[2as+ asejcrj?i %li (1t "12)

+A
i 2%a

D?=: ca D? (A.38)

Furthermore the following correction+F / D3 to F derivesfrom Eq. (A.31d):

2 Ao+ + + icei?+ Y +caCe1i
+F = Cr (2861CAA0 + Qg4 + A5 aesJCFJ2 81Cr) + Ca(Ce1i “62) D3 = C,(:3)D3:
3/1: i aele
(A.39)
Finally, the expansionof Bj equation(A.31b) to cubic orderin B leadsto the Landau
equation: .
— . 3 2 _ 23N
0=%nDj axknD°) D= — (A.40)
aK N
with
KN = 2a41A0Ca + Auq + g5 + AugiCrj°
+ " 41CaCe + '41AOC|(:3)i 2Y21A0Ca i 1/320|2:5 (A.41)

The knot bifurcation is forward if axy > O.
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App endix B

Numerical Details of the Simulation
Pro cess

The basicconceptsand numerical elemens of our simulation code have beendesigned
in Bayreuth over the last decade. The code has beensuccessfullyapplied to various
convection systems(seee.g. [75 32 5]). For our purpose,we had to include the
magnetic eld e®ectsfor the rotating annulus. Major modi cations were required in
the Ekman-Couette problem. The new codeswere tested in detail by comparisonto
Galerkin calculation.

B.1 The Galerkin modes

In this thesis, we considerspatially extendedsystemsin two horizorntal directions (X,
y), which are boundedby plates in the vertical direction (z). Certain boundary con-
ditions have to be ful Tled at the plates which are guararteed by Galerkin expansions
with respect to the appropriate test functions. For most elds we usedtrigonometric
functions S,(z) = sin[n¥%{z + %)], which vanish at the plates (i.e. at z = §1=2 in
reducedunits). For the poloidal velocity potertials which vanish together with their
derivativesat z = § 1=2 we usethe Chandrasekharfunctions C,,(z), which are de ned

asfollows: - _

cosh ,z cos ,z
— —; n=1,35;:); B.1

cosh; : cosi ( ) (B.1)

Cn(2) =

sinh ,z  sin .z

sinh3 , ° sin; ,

Cn(2) = (n=2,4,6;:): (B.2)
Here , are determinedasthe roots of the equations,

tanh =2+ tan =2= Ofor odd n; coth =2 cot =2= 0 for evenn:

In the horizontal x, y direction we use a pseudo-sgctral method which involves
FFT's (Fast Fourier Transforms).
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B.2 The Adams-Bashforth time integration scheme

Accordingto Eg. (1.13 the hydrodynamic equationscan be written as
@Ai = ,iAii < UjNa(t) > : (B.3)
Here, N,(t) is an abbreviation for N,(U;; U;). Using the ansatz,
Ai(t) = exp[, it]Ai(t) (B.4)

and eliminating the linear term in Eq. (B.3) the following equationis found after time
integration:

Z t+ dt
Ai(t+dt) | Ai(t) = | d expli ,it9 < UijN(t9 > dt® (B.5)

t

In a next stepthe term < U;jN,(t9 > is appraximated by the leadingterms of a Taylor
expansionaround t; the derivation is discretized. Thus we arrive at

Zt+dt
A dyi AO=1 el
b < ViNa) > § < ViNa(ti d)>
< VijNo(t) > +(t% t) N2(t) > No(tj dt)

0.
i dt® (B.6)

After performing the time integration (Eq. B.6) readsas

f(t+ d = expliddA®) i 1%

expl, id] 1+-idt L 2+‘it < VijNa(t) > |
]/le.rl 1 1'|' s | 1 s | ,!)2
- 1+,idt i (hi)zdtexp(,idt) < VijNo(ti dt) > : (B.7)

Eq. (B.7) is written as
Ai(t+dt) = Ai)Kin i K < VijN2(t) > § KZj, < VijNo(t | dt) >

wherethe coetcients K, = exp[, idt] and the nonlinear ewolution coe+cients K 'jin,

(i = 1;2) in the curly brackets have beenintroduced. Thesecoezcients are calculated
onceat the start of the simulation. Note that we have suppressedhe qij dependence
in all termsin this reduction.

We can summarizethe time integration processby the help of a °ow chart:
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starting solution A:
determination of

— t=1t+dt

Inhm =< UjV, >

P
A(t + dt) = Kjip CA()
+K L. ¢lnhm(t) -

nlin
+K 2, ¢lnhm(t dt)

B.3 Construction of the elds

In the simulation code, the complexexpansioncoezcients A;(q;t) with the correspnd-
ing linear eigervectors Ui, (q) include the whole information. For instancethe Fourier
coezcients of the temperature eld £( x;z;t) read

X

£(g;z;t) = Aj(a,z,1)Ui(q;2): (B.8)
j

Here j runs over the 3N eigervectors. From the temperature, Fourier coexcients
£(x;z;t) are constructedin real space:
3 X

£(x;z;t) =< £(q;z;t)exp(igx) : (B.9)
q

An analogousexpansionholdsfor the other elds, too. Nearonsetthe "elds are mostly
determinedby the dominant eigervectors,(i.e for j = 1) in Eqg. (B.8).

Typically we usegrey-scaleplots for the “elds at constart vertical coordinate z as
function of x, y. In somecaseswe shav also cortour plots in the x j z plane.
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