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ABSTRACT

Density functional theory (DFT) is a cornerstone of modern electronic structure theory. In the Kohn-Sham scheme, the many-electron
Schrodinger equation is replaced by a set of effective single-particle equations. Thus, the full complexity of the quantum mechanical many-
particle effects is mapped to the exchange-correlation potential vy (r). Almost all DFT calculations done in practice rely on approximations to
Uxe(r). However, numerical representations of the quasi-exact vxc(r) can be obtained from quasi-exact densities by inverting the Kohn-Sham
procedure. This inverse Kohn-Sham scheme is an important source of insight into exact DFT. Here, we review the inverse Kohn-Sham
problem and explain in detail several aspects of why Kohn-Sham inversion is intrinsically difficult. We then present several inversion schemes
and discuss their pros and cons, specifically addressing the effects of statistical uncertainties that are inevitable in quantum Monte Carlo
reference densities. We use these schemes to obtain representations of vk (r) that correspond to the ground-state densities that have become
available from accurate diffusion Monte Carlo calculations on real space grids for the Li, and N, molecules, and the C atom. In the latter,
the highest occupied orbital has a nodal line and the exchange-correlation potential goes to a different asymptotic value in this direction.
As an outlook, we discuss the possibility of interlacing quantum Monte Carlo and Kohn-Sham theory by using the quasi-exact Kohn-Sham
determinant to fix the nodes in a diffusion Monte Carlo calculation.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license

(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0281993

I. INTRODUCTION

DEFT is one of the most frequently used theories for calculat-
ing the electronic structure of molecules and solids. The accuracy of
any DFT calculation depends decisively on the approximations that
are chosen for the exchange (x) and correlation (c) functionals Exc
and vy, respectively. While the existence of the exact Eyc and vxc is
guaranteed, and while many successful approximations have been
developed, gaining insight into the properties of the exact function-
als continues to be a challenge as their general form is not explicitly
known. Inversion, i.e., constructing the numerically quasi-exact vy
from a very accurate density that has been obtained by some other
means, typically an accurate wavefunction calculation, is an impor-
tant way of obtaining insight into the properties of the exact vx..' ™
As the true inverse I is nothing else than the functional derivative
of the true xc energy functional I = §Ey./dn, inversion is at the same
time an indirect way of revealing properties of the true Exc. There-
fore, inverting the Kohn-Sham problem is of considerable interest
in DFT.

Furthermore (allowing ourselves a brave look into the future),
if one would have inversion schemes that were so reliable that they

could be automated, then such schemes could pave the way for
machine learning of the Hohenberg-Kohn map or more precisely
the map between the true density and the auxiliary Kohn-Sham
(xc) potential: with a reasonable number of quasi-exact densities
that exist from calculations with various wave function based meth-
ods, and their inverted xc potentials, sufficient training data might
be available to machine-learn the potential-density map. From the
inverted density, one would have access to the exact orbitals and
other quantities such as the non-interacting kinetic energy density
7. With those variables, one could locally estimate the xc potential,
e.g., from a machine-learned function vxc(#4, Vs, T) in some of the
variable parameterizations that are common for meta-GGAs. This
could complement the learning of ex, cf. Refs. 28 and 29.

In this article, we revisit the Kohn-Sham inversion problem.
We first discuss it on general grounds, then discuss the pros and
cons of algorithms that can be used for inversions, and finally,
present quasi-exact vy potentials of molecules that were obtained
from inverting the densities from accurate Quantum Monte Carlo
calculations. In an outlook, we discuss the possibility of com-
bining Kohn-Sham inversion with diffusion Monte Carlo (DMC)
calculations.
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Il. THE KOHN-SHAM MAP

The Hohenberg-Kohn theorem® (HKT) establishes a one-
to-one correspondence between density n and potential v up to
a constant. Therefore, any Kohn-Sham potential directly leads to
a unique density and, in principle, any density must also lead
to a unique (up to a constant) Kohn-Sham potential. For the sake
of clarity, we omit spin indices here and in the following whenever
it is reasonable, even though some expressions might genuinely be
spin-resolved. Since the Hartree and the external potential (given
the particle number) have their own one-to-one mapping with the
density in finite systems, the potential-density-map not only con-
nects the Kohn-Sham potential with the density but also with the xc
potential itself. Thus, we use the symbols for forward and inverse
maps for the Kohn-Sham as well as the xc potentials. The (for-
ward) map from potential to density is numerically rather simple,
requiring the solution of the Kohn-Sham equations for all orbitals
contributing to the density,

Flvge] = n. (1)
The inverse map,
I[n] = vxe (2

although guaranteed to exist and be unique by the HKT, is a much
more intricate and difficult to realize mapping. It belongs into the
class of inverse problems’! and is ill-posed,’”> where well-posedness
requires the existence of a solution, its uniqueness, and the contin-
uous dependence on the initial conditions. A general approach to
inverse problems is based on regularization strategies,’’ e.g., some
well-chosen transformation of the input data (in our case the den-
sity), and restrictions on the possible outcomes (the xc potential), to
arrive at a well-posed problem or at least render the inverse prob-
lem less ill-posed. With too little regularization, the ill-posedness is
still present, while too much regularization puts an unnecessary bias
onto the inverted potential. Between these limiting cases, there usu-
ally is an optimal range for the regularization and often much effort
has to be spent to find it. Determining the corresponding potential
for a given density (or given spin-densities) is a challenging task.
Conversely, the quality of any candidate potential can readily be
evaluated by its density’s difference to the target density since the
forward map is realized with high accuracy at low computational
cost. The HKT guarantees the one-to-one correspondence mathe-
matically, based on the variational principle by an energy difference.
The classical proof” of the HKT exploits that analytically one can
identify an infinitesimal energy difference. In the numerical pic-
ture, the guaranteed one-to-one correspondence becomes volatile
to the point where it breaks down because all real numerics work
with a limited precision. A simple, well-known example for the
non-uniqueness of the potential in a finite-precision numerical real-
ization is the following: take any molecular potential-density pair
and add any positive function of small spatial extent to the origi-
nal potential in the far asymptotic region. The additional repulsive
potential does not alter the density in a numerically noticeable way
because in the far asymptotic region, the density already has decayed
to a number that is negligible in a calculation with finite numeri-
cal precision. Thus, the density corresponding to the manipulated
potential will be identical to the original density within numerical
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accuracy, disproving the uniqueness of the potential to density map
in a numerical representation. Analytically, however, the manipu-
lated potential is linked to a new density that differs from the original
density, even if only ever so slightly.

Revisiting the proof of the HKT with the intention to allow
for differing (spin-)densities and Kohn-Sham Hamiltonians yields
insight into the degree of uniqueness that the HKT guarantees. With
this strong form of the HKT,”” * our aim is to probe variations of a
given potential and the corresponding variations of the density to
make the consequences of differing potentials with similar densi-
ties more transparent. For any two Kohn-Sham potentials that share
the same external potential, vks, and Vkss» and their correspond-
ing densities, n, and 1, the argument of the HKT is based on the
non-positive quantity,

T= f(UKSo — ks ) (10 — ng) dr < 0. 3)

Here and in the following, integrals without explicitly noted bound-
aries denote volume integrations over the functions’ full domain. If
the two potentials are not equal, vkss # Vkss» then J has to be strictly
negative, J < 0, due to the variational principle.””” Identical den-
sities would contradict a negative J, hence n, # n,’,, uniqueness is
guaranteed, and the HKT follows. When the density (or potential)
of one density-potential pair approaches the density (or potential)
of the other pair, the absolute value of J decreases until it vanishes
in the limiting case of identical densities (or potentials up to a con-
stant). ] is at least quadratic in the density-potential variation since
a linear variation in density (or potential) induces a linear varia-
tion in the potential (or density). Equation (3) allows quantifying
the limitations on the numerical realization of the uniqueness of
the potential-density map. While the proof of the HKT starts from
a given potential, J treats density and potential equally and allows
assessing the consequences of small differences in the density. With
the numerical resolution restricted to a small positive number ¢, rep-
resenting, e.g., the floating point precision, one has J < —e. In this
line of thought, any two numerical densities with J € [—-¢,0] cannot
be distinguished from each other. While e might be very small, the
exponentially decaying asymptotic tail of the density difference in
Eq. (3) allows for significant variations in the potentials.

Splitting the Kohn-Sham potential in is constituents, allowing
the external potential to cancel, and carrying out spin summation in
the Hartree part, the fraction of ] corresponding to the xc potential
is extracted,

7= [(on=vit)(n-n') re > [ (esco = vl (= ) &

=Ju+ Z Jxco. (4)

The Hartree contribution is a positive quantity Ji; > 0, which can
be seen by the relation —47n = V2vy and the first Green identity.
Ju plays a role in many inversion methods and has repeatedly been
identified”"" " as a relevant quantity. The above-mentioned argu-
ments also transfer to J,. and show that xc potentials for densities
that agree within numerical resolution can differ significantly, e.g.,
in regions of low density.

A weaker form of ambiguity of potential-to-density map stems
from the Coulomb singularity at the nuclei. In the presence of a
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Z[|r - R| divergence for a nucleus at R with charge Z, the value of
the xc potential at the exact location of the nucleus becomes irrele-
vant. Although those points build a null set, the Coulomb divergence
dominates in the close vicinity of the nuclei and renders the values
of the xc potential less important in those regions. Thus, the forward
map is rather insensitive to variations of the potential at the nuclei.
For example, the xc potential associated with generalized gradient
approximations (GGAs) typically diverges at the nuclei, yet GGAs
can successfully predict energies and other observables.

However, the same consideration for the inverse map yields a
very different picture: a small variation of the density at the nuclei
typically results in a very large variation in the potential. In order
for the density to correspond to a molecular Hamiltonian, it has to
satisfy the cusp condition,

d
Bl P
die ni(

€) =22, 5)

with a separation vector € = r — R and |¢| being the distance between
the nucleus and some coordinate r, where 7 is the density spheri-
cally averaged with respect to the nucleus’ position. This fixes the
density to an exponentially decaying form, with an exponent pro-
portional to Z. If the density does obey the cusp condition, but with a
slightly different exponent Z # Z, the xc potential has to account for
this deviation, as the external potential has a fixed singularity Z/|e|.
As a consequence, the xc potential will develop a singularity of the
type (Z — Z)/|e|. Thus, even for tiny deviations Z — Z # 0, the spa-
tial form of the inverted xc potential will be massively affected: small
variations of the density yield diverging differences in the potential.
The inversion is thus ill-posed: while the forward map is straight-
forward, the inverse map is sensitive to small changes in the density
and many candidate potentials produce densities very close to the
reference density.

Numerically realizing an inversion, therefore, requires one to
handle the ambiguity in the potentials as good as possible. With
ambiguity, there is no predetermination of some characteristics of
the xc potential. This seemingly unfavorable aspect of inversion can
be reinterpreted as an advantage because it ultimately allows the user
to select those characteristics. This is part of the regularization that is
necessary to handle inverse problems. Since the regularization influ-
ences the inversion outcome, inversion schemes have to be chosen
carefully. Figure 1 illustrates how different inversion methods that
start from the same density can yield different inverted potentials.
For example, the asymptotic behavior of the xc potential is known
to be —1/|r| from analytic considerations;””*’ therefore, this exact
property can be incorporated into the inverted potential manually.
This is often realized with the Fermi-Amaldi potential,lx‘l :

v,f? = -N"'oy, 6)

or other prototype xc potentials with correct asymptotic decay. This
example paradigmatically reveals pros and cons of regularization
strategies: For many systems, the Fermi-Amaldi potential imposes
the proper far-asymptotic structure in a stable and efficient way.
However, for systems in which the highest occupied orbital has a
nodal surface, the xc potential goes to different asymptotic constants
in different directions’' "’ and this feature is not captured by the

Fermi-Amaldi potential. Thus, we see here an example for the fact

ARTICLE pubs.aip.org/aipl/jcp

xc-potentials

FOR
Uxe \
L
=)
—
O N O\
| Uxc Uxe S

densities

FIG. 1. Ambiguity: a schematic sketch of the mapping from xc potential space to
density space. The true map from the potential vy to density n is indicated by the
solid line. Any inversion (dashed lines) starts from the numerical approximation
or representation 71 of the true density n. Using different inversion methods, the
approximate density 7 maps back to different inverted potentials 1‘;500), .. .fzx(f).
While the differences in the density domain might appear small, the differences
between the inverted potentials can be large. In other words, a "small basin” in
density space can map to a “large basin” in potential space. Conversely, distinct
potentials can result in visually very similar densities. The question arises how to
measure or quantify the distinctness of densities in contrast to the distinctness of
the corresponding potentials.

that regularization techniques might need to be chosen suitably and
specifically for the system of interest.

The ambiguity in the domain of the potentials, on the one hand,
simplifies the development of Ey. functionals: while tailored varia-
tions in the xc energy functional result in desired variations in the
energy (and less considered variations in the xc potential), the den-
sity might remain almost unchanged. This offers a path to lower
the functional driven error*’ of a density functional approximation,
without having to worry too much whether one might increase the
density-driven error. On the other hand, it also imposes a challenge:
there is no universal, straightforward strategy of Exc-construction for
improving cases in which density-driven errors are the limiting fac-
tor. Therefore, such strategies have to be developed specifically for
each class of functionals, as successfully exemplified in recent years
for, e.g., meta-GGAS"'® and range-separated hybrids."”**

With a substantial part of the mathematical rigor of the HKT
hidden in numerically inaccessible features of the density, numerical
realization of the inverse may be beyond reach in many cases. With
these limitations in mind, let us examine the use case of inversions,
namely, the generation of xc potentials from high-quality densities.
Such densities most of the time originate from a method other than
DFT, i.e., coupled cluster, Moeller-Plesset perturbation theory, con-
figuration interaction, Quantum Monte Carlo methods, or newly
emerging machine-learning techniques,”’ to only name a few. Those
densities might be very reasonable approximations to the true den-
sity, but are rarely ever exactly equal to the true density for two
reasons. In any of the methods, there remains some conceptual con-
vergence error. This can be, e.g., the truncation of an expansion
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in Slater determinants or the fixed node approximation in DMC.
Another error is given by the numerical representation, most often
due but not limited to a finite basis set. Any inverted xc potential can
only refer to the (highly accurate but approximate) numerical den-
sity, which will be called the reference density from here on. While
the errors in the reference densities might be negligible for almost
all applications, inverse problems are pathologically susceptible to
numerical errors of the input data,’! i.e., the reference density. We
will discuss this in detail for the case of the statistical fluctuations in
DMC densities. In order to reproduce the slight inaccuracies of the
reference density, the inverted potential tends to build up spurious
features, in some cases to an extent where the inverted potential is
useless.

In addition to the inverse problem being ill-posed, the v-
representability problem can also prevent one from being able to
solve the inversion problem. Even when the exact interacting den-
sity is non-interacting v-representable, its numerical representation
might not be. In such a case, all the criteria for well-posedness,
i.e., existence, uniqueness, and stability of the solution, might be
violated. The same applies if the exact density itself is not non-
interacting v-representable. In the following, however, we always
assume that the densities that we feed into the inversion are
non-interacting v-representable.

l1l. INVERSION TECHNIQUES

The problem of inverting the Kohn-Sham map has been
addressed many times and with various methods. Reference 1 was
among the first to propose an iterative scheme that updates an ini-
tial potential with feedback from the difference of the current and
the reference density. Reference 3 devised an extrapolation scheme
to yield an inverted potential in the limit that the Hartree poten-
tial of the reference and the inverted density be identical, i.e., Ji; = 0.
The work in Refs. 50 and 51 retrieves the inverted potential from the
comparison of a suitable DFT energy density with the corresponding
wave function energy density. Many more approaches to the inverse
problem eXiSt.l 11,15,16,19,21-25,52

In the following, we present iterative schemes to improve some
initially guessed xc potential by repeated application of an update
rule until convergence. While our reference density is denoted by n,
the Kohn-Sham density of the current iteration is denoted by n‘”,
or n’ if the precise number of the iteration step does not matter. We
consider update rules that can be written as

ol = ol 4 eAveo[nD, 1], ?)

where ¢ is some feedback strength to manipulate the speed of

4 . . . .
convergence and Avx[n',n] aims to improve the potential with
information from the current and reference densities, #n’ and #,
respectively. Thus, one typically works with an iterative scheme of
the type,

U)EB) g n(()‘O) = Avxca[n(0)> f’l] = ’U)Eég = (8)

Any iterative update scheme has an intrinsic starting point depen-
dence via the initial xc potential U)EE ) Two different starting poten-
tials can converge to different self-consistent inverted potentials with

an almost identical density, as schematically illustrated in Fig. 2.
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FIG. 2. Starting point dependence: when the inversion is based on iterative
potential updates, the initial xc potential can introduce a significant bias into the
converged inverted potential. An important example is features in the asymptotic
region of the target xc potential corresponding to the reference density. Typically,
these cannot be uniquely reconstructed.

Since the inverted potential is almost invariant under changes of
the potential in low-density regions, as discussed in Sec. II, the
asymptotic behavior of the initial density is practically left unaltered
throughout the iterations.

However, solving the inverse problem with an update rule
method has an important technical advantage. Most update rules
fit into existing DFT codes with little effort, as the update of the xc
potential in the inverse problem is computationally very similar to
the update of the xc potential in a self-consistent forward problem.
This is applicable to update rules that fall into the class of LDAs,
GGAs, and even meta-GGAs, where we denote an update rule as
“falling into the LDA, GGA, or meta-GGA class” when the update
procedure requires only knowledge of the density, or density and
gradient, or in addition also the kinetic energy density, respectively.

The decisive quantity of the update rule is the update functional
Avxc[n',n]. It should provide corrections to the potential so that the
current density n’ is changed in such a way that it gets closer to
the reference density n. The optimal update functional is the inverse
response function X_l,

Su(r) = /X_l(r,r')én(r') a’r, )

which, however, is generally not known as an explicit functional of
the density. A successful update functional needs to satisfy several
challenging requirements. First, the density spans a wide range of
values, often over several orders of magnitude, while the xc potential
has a very limited range of values (confined in the interval [-10,1]
a.u. for the potentials found in this work). Second, the update func-
tional has to convert the input densities to physically reasonable
potential updates. For efficient updates, this requires the update
functional to have some incorporated knowledge of the non-locality
of the Kohn-Sham equations, i.e., how a variation of the potential
alters the density. The more of this knowledge is implemented into
an update rule, the better it can predict reasonable potentials.
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A common idea’"" is the a priori determination of the direc-
tion of the update Avxc,,[n',n]. Imagine that at some point r, the
value of the current density n’(r) is less than the value of the refer-
ence density n(r). For the densities to align, the update to the current
potential should be negative since a more negative potential attracts
more density, and thus increases n'(r). If Avxc has this property
globally, i.e., Avy.[n',n](r) < 0 when n’(r) < n(r) and vice versa for
all r, we call Ay, sign-consistent. Sign-consistency is not a necessary
requirement for an update rule to be successful since the Kohn-Sham
equations themselves and the normalization of the density are non-
local operations. Thus, even if the update rule is sign-inconsistent,
the Kohn-Sham scheme can (by the semi-local Laplacian, the con-
voluting non-local Hartree potential, and normalization) decrease
the density in the next iteration at some point despite the potential
being decreased at the same point. Usually (in our experience), the
sign-consistency helps accelerate convergence and update rules with
a large violation of the sign-consistency tend to give less accurate
results.

Many choices for update rules can be found in the
literature.”>""***"71°">* In the course of the research that led to
this paper, we have tested many update rules, but in the follow-
ing, we focus on a few ones because they appeared as particularly
advantageous to us.

To start with, the Hartree potential offers a special access to
the inversion procedure. Up to a constant, the Hartree potential has
a unique relation to the density since the Poisson equation grants
uniqueness for given boundary conditions. If the Hartree potentials
of two densities align, the densities must be equal. Furthermore,
since the Hartree potential readily converts a density to a physical
potential, the update,

AvEER = vu[n'] - vn[n] (10)

is well-known in inversion.

The update is connected to the minimization of J; from Eq. (4),
where J plays the central role of a minimizing functional in the inver-
sion method devised by Zhao, Morrison, and Parr.” The Hartree
update to the potential is arbitrarily smooth™ due to the inte-
gration of the density, i.e., it does not inherit any possible cusps
from numerical artifacts of the reference density. Its non-locality
usually accelerates convergence, but simultaneously violates sign-
consistency. While the Hartree update is locally sign-consistent in
a large portion of the density’s domain, at points of rapid density
changes, including the nuclear cusps, the smoothing character of the
Hartree potential prevents it to resolve sharp details. The Hartree
potential at a nuclear cusp is smooth and of quadratic order with the
distance to the nucleus.

From a multipole expansion of the Hartree potential, one can
infer that the update has the form of a dipole potential in the
asymptotic domain, AvEa® — p - #/|r|* with some vector p. There-
fore, slight changes in the asymptotic regions are possible with the
Hartree update without “overwriting” an already existing —1/|r|
behavior from the initial xc potential. The Hartree potential has
no spin dependence as it models electrostatic repulsion from elec-
trons independent of the spin. However, for an update rule in the
inversion of a spin-polarized system, utilization of spin-dependent
Hartree potentials, vy, = vu[#s], is advantageous since the density
feedback is resolved separately in each spin channel. Furthermore,
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the one-to-one correspondence due to the Poisson equation only
holds per spin channel in the spin polarized case.
Another conceptually very transparent update rule*” is

AU,ZEN =1l — n,. (11)

It can be understood as deriving from Eq. (9) under the approxima-
tion that the inverse response function is purely local. In Eq. (11),
the update to the potential at some point in space stems only from
the density difference at this point. This update is sign-consistent
and needs to gain any non-local character from repeated updates
that include non-locality from the Kohn-Sham equations into the
inverted potential. A serious limitation of this update rule is how it
handles the asymptotic region: since Avoe decays exponentially, as
does the density, the update is unable to alter the potential in the
asymptotic and even near-asymptotic regions. Yet, not only in the
asymptotic region, but quite generally the update does not map the
wide range of density values to moderate xc potential values. This
also seriously affects the nuclear region for the following reason: in
an all-electron calculation, the density is largest at the nuclei and
it usually changes its value at the nuclei significantly from iteration
to iteration in a self-consistent calculation, e.g., due to normaliza-
tion. The density differences in Eq. (11) at the nuclei inherit the large
magnitude of these changes and map it to the potential update. This
leads to large spikes in the potential at the nuclei, easily overshooting
the optimal update. In the subsequent iteration, the overshooting is
corrected for with maybe an even larger overshooting in the oppo-
site direction. This results in oscillations in the iterative scheme and
often also introduces characteristic wiggles in the potential near the
nuclei that may not be restricted to just the close vicinity of the
nuclei. To prevent such behavior, the feedback strength € has to be
lowered, even if the update would need strong feedback elsewhere,
e.g., in the asymptotic domain. Modifications to scale the update by
multiplication with powers of the distance, |r|(n}, — #,), in spherical
systems, or in general some local weight w(r)(n; — n,), to coun-
teract the imbalance from nuclear to asymptotic density values, are
presented in Ref. 53. While these can help improve the update, and
while the update can work well for soft-featured model potentials, '’
we have not found sufficient relieve from the above-mentioned dis-
advantages in the all-electron atomic and molecular calculations that
are the focus of our present work.

To address the above-mentioned issues, we introduce a weight-
ing of the density difference with the inverse Hartree potential,

w(r) = vlf [n]. Due to its smoothness and its strong tendency to
follow the magnitude of the density, the Hartree potential is an
optimal candidate for a weight function, without the necessity for
the user to optimize parameters. In regions of high density (and
thus a large Hartree potential), absolute density differences ng, — 1,
become large, even if the relative density differences are small. The
Hartree-weighting reduces such density differences to smaller val-
ues, improving the update at, e.g., the nuclei. For large relative
density differences at small absolute difference, e.g., in the asymp-
totic domain, the weighting instead increases the feedback. One
could argue that a weighting that accomplishes the same and is yet
simpler is the inverse density w(r) = n~'(r). However, this weight-
ing becomes problematic in the asymptotic region of finite systems:
There, the density decays exponentially, and thus, the potential
update (ng —ns)/n, is likely to eventually diverge exponentially.
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The potential update resulting from the “density over Hartree”
approach is

A
DoH _ Mg — Ho
Avyy = B

vy[n] .

(12)

The scaling parameter f allows for adaptation of the method, affect-
ing the damping at the nuclei and the asymptotic behavior, in
analogy to the parameter in Ref. 53. For the purpose of this work,
we only present results with = 1 for the DoH rule.

Another approach that yields reasonable potential updates
is utilizing some density functional approximation with potential
vxc[n]. The update then reads Avyes = —(Vxco[#y ] — Vxco[Ns]). For
the exact xc potential function, this update would remove the poten-
tial of the current density 7, and substitute it with the exact target
potential vxs[74]. Since the xc potentials of many reasonable den-
sity functional approximations try to resemble the exact potential,
one can utilize them in the inversion process. This approach also
maps density values to corresponding potential values of reasonable
magnitude. Unfortunately, many density functionals yield potentials
that have spurious features (e.g., GGAs close to the nucleus). Fur-
thermore, it has been argued that some recent developments in DFT
have led to better ground-state energies, but did not necessarily lead
to improved densities.”® Therefore, and because it is numerically
straightforward, we only use the local density approximation here.
It yields the update rule,

At = (05[] — vy " []). (13)

For the sake of transparency, we employ only the exchange part of

the LDA v-P* = —A,n7 in our update rule. The one-third exponent
decreases large densities and enhances lower densities and thus is
useful for mapping the density scale to the potential scale. While
strictly local and sign-consistent, oscillations at the nuclei are still
possible, yet typically much smaller than in the DEN update.

Our final update rule combines the inverse Hartree weight with
the updates from the LDA with some adjustments. Apparently, the
density to the power of one third as in the exchange-only LDA is
a good mapping of density values to potential values since in self-
consistent LDA calculations, the xc potential shows a range of values
in good agreement with the values of the true xc potential. When
dividing the LDA potential (differences) by the Hartree potential,
this property is lost. Therefore, we introduce exponents at the poten-
tials via a parameter 8 and tailor the expression such that it yields the
LDA update for 8 = 0. The resulting, unmodified update essentially
combines LDA and Hartree in the form

,E,?A[n;”(Hﬁ) _ U?A[%”(Hﬁ)
vyln]
The prefactors involved in vi}? A ie., A, and the factors related to
spin scaling for polarized densities, only introduce a global prefactor
for the potential update, which unnecessarily scales with  and forces
the user to adapt the update strengths ¢ when varying . We have
found the update rule to be more consistent across different systems,
i.e., requiring less system-specific adjustment, without the scaled
prefactors. Since the Hartree potential is usually larger than the xc
potential, the above-mentioned update has the tendency to show

(14)
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globally lower amplitudes for larger 8. We, therefore, also divide the
Hartree potential in the denominator by the particle number N. The
resulting “LDA over Hartree” update is given by

n;(Hﬁ)B _ na(1+ﬁ)/3

NFv[n]

LoH

Avye = (15)

We denote the method by LoH(8) to state the value used for f. Thus,
LoH(0) is equivalent to the LDA-based update rule. The LoH(1)
update does not directly resemble the DoH update, but it corrects the
exponents of the densities in the numerator of Eq. (12) to 2/3 when
using a denominator with the non-exponentiated Hartree poten-
tial. The LoH rule is sign-consistent. It damps the density feedback
at the nuclei and improves the decay of the update in the asymp-
totic region by weighting and adjusting the density values with a
power law. The parameter 3 can be chosen in a relatively large
range without affecting the results too much. At the same time, the
dependence on S originates from the interplay of numerator and
denominator, and therefore, the effects that changing beta has on
the update rule’s asymptotic behavior are somewhat subtle and not
always straightforward to foresee.

We illustrate the update rules in Fig. 3, where the updates Avxc
in the course of an inversion of the reference xKLI density (with ini-
tial LDA potential and the update rule HAR) at iteration 200 are
plotted. The updates Avyc of course differ in absolute magnitude;
therefore, we normalize them by division by their largest absolute
value. The HAR update rule is not sign-consistent but follows the
sign of the density difference roughly. The sign-consistent rules
share nodes with the difference of the current and the reference den-
sity. The update rules HAR, LDA, and LoH are able to update the
inverted potential in the asymptotic regions, contrary to the expo-
nentially decaying DEN and DoH rules. The rule LoH(0), which is
equivalent to the LDA update, has a reduced exponential decay (by a
factor of 1/3) and gets magnified in the asymptotic region due to
the inverse Hartree weight, which renders it capable of adjusting
the asymptotic regions. The LoH rules of varying parameters show
that small values for 8 enforce a preferable scaling in the asymp-
totic region. Larger values of  have fast exponential decay (with
values of >3 even faster than for DEN or DoH) and focus on
corrections to the regions around the nuclei. On the other hand,
low values of f map the orders of magnitude of the density to an
increasingly low range of potential values. A reasonable range of f3
is, therefore, [0,3], while values in the interval ] —1,0] still yield a
sign consistent update, but tend to become less efficient as they do
not take into account the density any more as 8 — —1. In Fig. $4 of
the supplementary material, we show the same graph for a reference
density including numerical artifacts.

It is possible and in general also a good idea to combine the
above-mentioned update rules instead of using a single one. We
use different update rules combined together in one calculation, but
sequential application is also possible. Since each rule can use its own
feedback strength ¢, cf. Eq. (7), we are free to assign feedback para-
meters to the ingredient rules separately. This defines a large space
of parameters to explore and we explain which choices we took in
the following. Since the Hartree update reaches out to the asymptotic
regions, has non-locality included, and has superior smoothness, it is
our base ingredient. Experience has shown that a feedback strength
of exar = 0.5 is often a good choice. On top of the HAR rule, one
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FIG. 3. Visualization of the effects of the different update rules discussed in Sec. /1.
The upper panel shows the update rules DEN, HAR, DoH, and LoH(0), while the
lower panel shows the update rule LoH () for different values of 8. The density
difference is apparent from the DEN method. The density n” for evaluating the
update rules was taken from the 200th update cycle of an inversion based on the
HAR method for N, with the QVIC-A reference density. The nuclei are at the posi-
tions £1.037 ay, i.e., the plot was deliberately chosen to show one nucleus and the
asymptotic region. The initial xc potential is the LDA potential from a standard self-
consistent DFT calculation. The reference density is the self-consistent density of
a DFT calculation with the exact exchange functional within the Krieger-Li-lafrate
(XKLI) approximation.®” The update potentials A, have been normalized to their
maximum value on the plotted interval for easier visual comparability.

can put any of the other above-presented update rules. For exam-
ple, we denote by “HAR+DEN” an inversion in which the HAR
rule was used in combination with the DEN rule, i.e., U,Eé;l) = §3
+ eqarAVEAR 4 enpnAVPEN. Due to the large values of density dif-
ferences, we choose a feedback strength of € = 0.1 for every rule but
HAR. Note that by naive combination of update rules, their effects
on the potential could cancel each other, thus slowing or even pre-
venting convergence. However, if feedback strengths and rules are
chosen carefully, the advantages of the different rules can be com-
bined, leading to better convergence. The label HAR + LoH(0.5),
e.g., corresponds to an update rule of Avye, = 0.5AvHAR 4 0. 1AM
with § = 0.5. While we have defined the update rule LDA in Eq. (13),
we do not report any results for this rule since it is equivalent to
LoH(0) up to a constant factor.

This concludes our discussion of the update rules and their spe-
cific properties. In Sec. S2 of the supplementary material, we address
further technical details of the iterative scheme. The iterative scheme
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for the inversion consists of two major choices: the initial xc poten-
tial and the update rule. Both affect the converged inverted potential
and thus might be seen as biases or constituents of the regulariza-
tion strategy. A third choice are the implementation details of the
inversion procedure. While they are more likely to decide about the
stability of the inversion, i.e., whether and how fast convergence
is achieved, they usually have less impact on the final converged
potential.

For obtaining the results that we present in Sec. VI, we chose
the update rules in view of the specific task of inverting QMC densi-
ties, as explained in Sec. V1. This implies that special care was taken
to ensure compatibility with statistical fluctuations in the reference
density. As a general rule, a smoother reference density, e.g., one
that admits to accurately take numerical derivatives, allows for more
sophisticated update rules, for example, those of Refs. 19, 50, 51,
and 54, while with less regular reference densities, one might have
to restrain oneself to pure HAR updates.

Finally, we mention in passing that one might think about
Kohn-Sham inversion from a different perspective. Instead of think-
ing in terms of iterative updates, one might try to exploit that even
a relatively large change in vy typically still leads to a linear den-
sity response. As we have not yet tested this alternative approach in
practice, and as understanding it requires a detailed analysis of the
Kohn-Sham equations, we defer this topic to Secs. S.3 and S.4 in the
supplementary material, which also contains Refs. 58-61.

IV. MEASURING INVERSION QUALITY

It is known from earlier work on Kohn-Sham inversion
that significantly different xc potentials can map to very similar
densities.””*> However, in the inversion process, the given reference
density is the only reference point available for deciding about the
quality of the inversion. Therefore, one has to find a measure of
“distinctness” or “closeness” of two densities in order to define a
criterion for the quality of the inverted xc potential. We here uti-
lize two standard norms: on the one hand, the integrated absolute
density difference,

Di[n®,n] =% ﬂnff") 1| &re0,2N], (16)
(2
and on the other hand, the infinity norm,
Doo[n(k), n]= max‘n((,k)(r) - ng(r)‘. (17)

We additionally also used the Wasserstein or Kantorovich-
Rubinstein metric®”®*  Wj[n,n']. It quantifies the minimal
Euclidean transport of probability density that is necessary to
align two given densities. In this way, it defines a measure of
closeness beyond points-wise arguments. The measure is explicitly
tailored toward comparing probability densities. We calculate the
Wasserstein distance with the Python optimal transport library
POT.

Although two xc potentials for a given system typically show
a much larger deviation from one another than two densities, it is
often not helpful to compare potentials based on the metrics D; and
Doo due to the ambiguous constant offset in the potential. Even if
one calculates the above-mentioned metrics with an offset minimiz-
ing the metric, the above-discussed ambiguities in the asymptotic
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domains and at the nuclei limit the usefulness of comparing poten-
tials in real space. Fortunately, the potential rather directly gives
rise to electronic properties such as the eigenvalues, energies, and
other observables that can be obtained from the Kohn-Sham Slater
determinant. Comparing those indirect observables instead of the
potentials themselves filters out features of the potential that are not
relevant for the actual physical interpretation. The inspection of the
Kohn-Sham eigenvalues is an elegant way to assess how different
features in the xc potential affect the orbitals and their energies.

For two potentials v and v

1)

1

, one can compare their respective
), by the metric,

(£ ) - (0 -} a®

This metric compares the distance from one eigenvalue to the next
for the two spectra and is invariant under a global potential offset.
To make the metric comparable for systems with different numbers
of electrons, we divide by the particle number.

As a particularly relevant observable, one could consider the
HOMO eigenvalue because in exact DFT, it equals the negative of
the ionization potential, I = —enomo. With the eigenvalues being
sensitive to a constant offset in the potential and, therefore, being
connected to the asymptotic behavior of the xc potential and its
high ambiguity, one cannot expect that the HOMO eigenvalue that
one obtains from a potential that has been found by inversion is
as such close to the ionization potential. For example, an inversion
initialized by the xc potential of an LDA calculation will typically
not exhibit the true —1/|r| behavior for |r| — co. The final inverted
potential will show some mixture of decay types, stemming from
the initial LDA potential in the far asymptotic domain, while in
the near asymptotic domain, the update rule will have changed the
potential’s shape. Thus, the potential offset is hard to quantify, and
therefore, the HOMO eigenvalue typically does not directly reflect
the ionization potential.

However, one can define a further measure of inversion qual-
ity. Assume that the true xc potential corresponding to the refer-
ence density would be known. Then, one can exploit that for two
potential-density pairs, (vxc, ) and (vg,n'), direct evaluation of ]
from Eq. (3) is possible, i.e., one can calculate

Jee[Vser Vie] = Y /(vxcg — Vyeo ) (10 — 115 &r (19)

eigenvalues, (s((no)) and (efj

No
o000 L §

o i=1

Evaluating J,. with an approximating potential-density pair and
the true pair indicates how close the pairs approach each other.
The metric scales quadratically with the distance of the pairs and
reaches zero for identical pairs within the limitations discussed in
Sec. 1L

One cannot directly apply the metric J,. to a general inversion
process since the true xc potential is of course not known initially.
However, one can follow Ref. 54 and “abuse” the discriminator ],
by inserting the xc potentials of the last two iterations together with
the current density and the reference density to define a spatially
resolved convergence indicator,

Geo(1) = (v (1) = o8 (1) (m (1) - P (1)), 20)

with the integrated metric,
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Ze= % [leo &' and Z2 = maxGa(r). @D
5 , T

The inserted new potential and the reference density do not corre-

spond to each other, i.e., the reference density does not stem from

the potential v}gff b, Therefore, there are no rigorous bounds for Zy.

such as J,. < 0. Although Z,. is a convenient number to monitor the
inversion iteration, it comes with some caveats. First, a large con-
stant potential offset from one iteration to the next might spoil the
interpretation of Zy.. Second, Zy. can become zero even though the

density difference does not vanish. This case will be encountered if

the inversion cycle reaches a stationary state with ’U)Eé(; D

to limitations of the update rules.

= U,Efg due

V. SIMPLE INVERSE PROBLEMS

The aim of inversion techniques is to generate the Kohn-Sham
potential that reproduces a given accurate reference density, and
the aim of our paper here is to find the potentials that reproduce
the ground-state densities that were recently obtained in quantum
Monte Carlo (QMC) calculations on real-space grids.*’ It has been
demonstrated that the grid approach has the advantage of allowing
for a very systematic convergence—a property that is hard to achieve
with the otherwise typically used localized basis sets. However, doing
all-electron calculations on real-space grids is non-trivial, as the
potential and the orbitals vary rapidly close to the nuclei, requir-
ing high spatial resolution with many grid points in these regions.
Therefore, the QMC calculations of Ref. 43 used a special pro-
late spheroidal coordinate system exploiting azimuthal symmetry, in
which the points of a two-dimensional grid are densely packed close
to the nuclei.® Consequently, our inversions must work on the same
grids.

Therefore, before inverting the QMC densities, we first test how
well the inversion schemes can be realized in general and on this
special grid structure. Such a test can excellently be carried out by
doing a quasi-trivial inversion. For example, one can do a standard
DFT calculation with an approximate vy, e.g., LDA, to find the
LDA ground-state density. Then, one can use the inversion schemes
with this LDA density as the reference density. Ideally, the numer-
ical inversion should then lead exactly back to the original LDA
potential. By comparing the potential obtained by inversion with the
original LDA potential (which is not used during the inversion pro-
cess), one can directly assess the accuracy of the inverted potential by
comparing the two potentials in real space and by using the measures
of Egs. (18) and (19).

A challenging system even for this type of seemingly simple
inversion is the carbon atom. Its spin polarized density is deter-
mined by four spin-up electrons with the configuration (1s2s)2p*
and two spin-down electrons with (1s2s). The density obtained in
an xKLI calculation shows a non-spherical asymptotic decay with
a non-vanishing asymptotic constant along the nodal line of the
HOMO orbital. As a result, the potential builds up a ridge along
the nodal axis.'”***"**°%” The LDA xc potential does not show
such complicated features, and therefore, the xc potentials of LDA
and xKLI are very different. With a reference xc potential (xKLI)
exhibiting the correct o< 1/r asymptotic decay, an asymptotic ridge,
inter-shell bumps, and quadratic behavior at the nucleus on the one
hand, and an initial xc potential (LDA) with exponential decay, no
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asymptotic ridge, and cusps at the nuclei on the other hand, one can
set up an extraordinarily difficult inverse problem. In such a situa-
tion, one does not expect to recover the reference potential (xKLI)
exactly since an asymptotic nodal ridge lies beyond the update rules’
capabilities and also beyond the general limitations of the inversion
mentioned in Sec. IL.

With these prerequisites in mind, we inverted the xKLI den-
sity (reference density) with an initial xc potential from an LDA
calculation as a “worst case test.” Figure 4 shows results for the
HAR, HAR+DEN, HAR+LoH(0), and HAR+LoH(1) update rules
that were introduced in Sec. III. Table I lists the corresponding
inversion metrics. In these calculations, the HAR update rule uses
spin-resolved Hartree potentials. As expected, from the initial LDA
potential, no update rule converges to the xKLI potential, but the
updates lead to an intermediate potential that holds some features
of the LDA and some of the xKLI potential. For example, as a
consequence of how the update rules are constructed and how the
initial potential was chosen, no inverted potential is quadratic at
the nucleus. The inter-shell bump, where the density takes values of
about 7 x 1072, is partially generated by all update rules. However,
it has a local maximum only for HAR+LoH(0) and a saddle point
for HAR+LoH(1). The nodal ridge in the target xKLI potential is not
recovered by any update rule (not shown), as expected. Despite these
quite noticeable differences in the real-space visualizations of the
inverted xc potentials, the density differences in Table I are rather
small. As a further test, we, therefore, look at the Kohn-Sham eigen-
values. Figure 5 shows that in the energy range studies here, the
visible differences between the xc potentials do not influence the
eigenvalues very much. A somewhat larger difference is seen only
for the lowest occupied eigenvalue, which is explained by the dif-
ferent potential structure at the nuclear position. Otherwise, while
the LDA eigenvalues differ decisively from the xKLI ones, the eigen-
values from the inverted potentials are quite similar to the xKLI
eigenvalues in the examined energy range. Comparing the differ-
ent inversion schemes, we find that while the HAR and HAR+DEN
rules show inferior density metrics, they lead to reasonable spectral
properties, with slightly worse eigenvalues for HAR. The updates
from HAR+LoH(1) as well as HAR+LoH(0) further improve the
inversion for the density metrics and the eigenvalue metric.

The above-mentioned methodology might be called an inverse
crime,””*" i.e., evaluating the forward map with the same numerical
methods that the inverse map relies on. In our case, the above-
mentioned study is solely dedicated to the numerical understand-
ing of the inverse map. In the following, we apply the inversion
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FIG. 4. “Simple” inversions for the carbon atom. The reference density originates
from a standard DFT calculation using the exact exchange functional in the KLI
approximation (potential given by the solid black line). The initial potential is the
self-consistent LDA potential (dashed blue line). Different update rules are exam-
ined, with their xc potentials indicated by the lines of different colors and dash
styles. The inverted potentials resemble only some of the features of the target xc
potential. The upper insets zoom in on the nucleus and the location of an inter-shell
bump.

procedure to densities from a different numerical approach. From
comparing the inversions for the carbon atom to the inversions
that we did for the dimers Li, and N, we learned that the HAR
method discriminating spin channels is more accurate for truly spin
polarized systems, i.e., the carbon atom, than the HAR method that
uses the spin-averaged potential. However, when we calculate the

TABLE I. Metrics of a “simple” inversion for the carbon atom: The self-consistent xKLI density was chosen as the reference
density, and various inversions were performed starting from the xc potential of a self-consistent LDA calculation. The iterative
improvements to the potential tend to be non-monotonic in the inversion process. Thus, we store the potential corresponding
to the density that most closely resembles the reference density. The iteration in which this optimal density occurred is denoted

as the optimal iteration.

Method Dy x 1073 Doo x 1072 W, x 107° Jxe X 107° Optimal iteration
HAR 6.28 13.4 4.52 -20.9 254
HAR+DEN 4,97 3.45 4.32 -11.7 184
HAR+LoH(0) 3.09 9.32 1.98 -6.71 373
HAR+LoH(1) 3.13 5.48 3.01 —-5.43 399
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FIG. 5. Comparison of the eigenvalue spectra (Hartree units) obtained in “simple”
inversions for the carbon atom. The self-consistent xKLI density was chosen as
the reference density, and various inversions were performed starting from the
xc potential of a self-consistent LDA calculation. Left of the respective ticks that
denote each inversion method are the corresponding spin-up eigenvalues and
right of it are the spin-down eigenvalues. The full lines correspond to occupied
eigenvalues and the dashed lines to unoccupied ones. The eigenvalues of the
xKLI calculation are marked with thin horizontal lines to ease the comparison with
the eigenvalues from the inverted potentials. Note that the HOMO eigenvalues in
the up-channel are doubly degenerate.

inversions for the spin unpolarized systems Li; and N, with two
independent spin channels, a spin-resolved Hartree potential update
decreases the accuracy slightly. Therefore, we used the spin-resolved
HAR method only with truly spin polarized systems.

VI. QMC DENSITY INVERSION

The reference densities of this section stem from QMC calcula-
tions, more precisely from fixed-node diffusion Monte Carlo with a
single determinant Slater-Jastrow trial wave function and the bin-
ning method to calculate the density, extrapolated to reduce the
mixed estimator bias. We use the densities published in Ref. 43. As
those densities are given on grids that are so large that they are infea-
sible for efficient inversion, we describe an interpolation scheme
for reducing the size of the grids in Sec. S1 of the supplementary
material.

The key challenge in inverting the QMC densities is the pres-
ence of statistical noise. This noise is point-wise in the density and,
while unnoticeable to the bare eye for most regions of space, the
asymptotic domain and the vicinity of the nuclei are particularly
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affected by noise. As discussed above for the example of an incor-
rect nuclear cusp, even tiny numerical artifacts might have a severe
impact on the inverted potential. Therefore, we use the regulariza-
tion scheme of Ref. 43 to remedy the critical statistical fluctuations of
the density at the nuclei by invoking the cusp condition;" for details,
cf. Sec. S1 of the supplementary material.

We have inverted seven different reference densities from QMC
calculations. The QMC method requires starting orbitals. For the
densities that are labeled “QMC-A” in the following, we chose DFT
orbitals from the LDA functional in the Perdew-Wang parameteri-
zation.”’ For the densities labeled “QMC-B,” we chose Kohn-Sham
exact exchange orbitals with the potential in the KLI approximation.
The systems under study are the nitrogen molecule (with a bond
length of 2.0743 from Ref. 71), Li, (with a bond length of 5.051 from
Ref. 71), and the carbon atom. In addition, we calculated another
density based on LDA orbitals for Li, labeled “QMC-C.” This den-
sity is entirely analog to the “QMC-A” density, but with different
statistical fluctuations, i.e., a different seed for the random number
generator for the QMC calculation. We carried out inversions with
initial xc potentials from self-consistent LDA and xKLI calculations
as well as from the Fermi-Amaldi potential. We have conducted
inversions for every reference density, every initial potential, and
every update rule of Sec. I1I with values § = -0.1,0.1,0.25,0.5,1, 2,
and 3 for the LoH update. However, only a subset of the results is
reported here.

To begin with, we inspect the metrics of the inversions for the
nitrogen molecule in Table I comparing different update rules and
initial xc potentials.

TABLE II. Metrics of inversion for the N, molecule. Inversions were performed for the
density QVC-B. The entry marked by an asterisk, HAR+LoH(1), is an example of a
very successful inversion, as shown in Fig. 6. The rule HAR+LoH(0.5)[xKLI], marked
by t, is an example of an almost instable inversion attempt. The inversion procedure
did not converge with the same “soft” parameters as the other inversions; cf. Sec. S2
of the supplementary material. While for further analysis this HAR+LoH(0.5)[xKLI]
inversion attempt should be discarded, it is not generally impossible to carry out
successful inversions for the combination HAR+LoH(0.5)[xKLI].

Method 08 Dy x 107 Doo x 107" W3 x 10™° Zye x 1077
HAR FA 148 5.94 1.65 -6.2
HAR+LoH(0.0) FA  11.1 6.38 081  -10.2
HAR+LoH(1.0) FA  11.1 5.90 1.01 -72
HAR+DEN FA 97 297 0.83 -5.3
HAR LDA 165 8.32 147 -196
HAR+LoH(0.0) LDA 13.8 8.10 115 -22.3
HAR+LoH(1.0) LDA 127 7.22 121 -141
HAR+DEN LDA 112 3.59 1.06 -92
HAR XKLL 9.7 6.33 1.83 -13
HAR+LoH(-0.1) xKLI 7.9 6.20 1.27 -23
HAR+LoH(0.0) xKLI 7.6 6.11 1.24 21
HAR+LoH(0.25) xKLI 7.6 6.02 1.41 -2.0
HAR+LoH(0.5)f xKLI  10.1 6.32 2.15 -7.6
HAR+LoH(1.0)* xKLI 6.6 527 1.29 -15
HAR+LoH(2.0) xKLI 7.9 472 1.46 -25
HAR+LoH(3.0) xKLI 7.9 413 1.55 -25
HAR+DEN XKL 10.0 3.73 1.91 -6.1

J. Chem. Phys. 163, 104101 (2025); doi: 10.1063/5.0281993
© Author(s) 2025

163, 104101-10

T2 :00:60 9202 AenN 80


https://pubs.aip.org/aip/jcp
https://doi.org/10.60893/figshare.jcp.c.7993403
https://doi.org/10.60893/figshare.jcp.c.7993403
https://doi.org/10.60893/figshare.jcp.c.7993403
https://doi.org/10.60893/figshare.jcp.c.7993403

The Journal

of Chemical Physics

-5
E
4 &
-3 3
f=s
o]
-2 S
)
-1 X
6
S
o
Gl
>
- 0 2 4 6 ’Z;b\’b
Intermolecular z-axjs [a.u] k

FIG. 6. Three-dimensional representation of the inverted xc potential of the nitro-
gen molecule in a plane through the molecular axis. The reference density QMC-B
was inverted with the update rule HAR+LoH(1) starting from an initial xKLI poten-
tial. Despite the stochastic fluctuations in the reference density, the inverted
potential has experienced enough regularization to be smooth. The inter-shell
bumps are clearly visible around the nuclei. Note the inverted axis for the potential.
The coloring was chosen to resolve the key features of the potential.

One of the nicest inversions for nitrogen is generated by
HAR+LoH(1)[xKLI], i.e, an inversion using the update rule
HAR+LoH(1) and an initial xc potential from the xKLI approxi-
mation. It is illustrated in Fig. 6. The inverted potential features the
inter-shell bumps and the correct asymptotic decay, inherited from
the xKLI potential. It is smooth and shows no artifacts even in the
vicinity of the nuclei. The inverted density matches the reference
density with up to D;/N < 0.05% of the electron density correctly
located. The inversion converged to Zy < 2 x 1077, This qualifies
this specific inversion as a success. Nevertheless, other inversions
show similar metrics albeit with different features in the potential.
One example is HAR+LoH(0)[xKLI], which is shown as part of
Fig. 7. This inversion leads to numerical artifacts in the asymptotic
domain. Another example is HAR+DEN[FA], shown as a part of
Fig. 8. Here, the inversion leads to yet larger deviations and much
larger fluctuations at the nuclei, but still comparable metrics.

Table II highlights some of the features of the update meth-
ods. Comparing the influence of the different starting potentials, we
see that the overall best results are reached with the xKLI poten-
tial. The Fermi-Amaldi potential is still a good starting potential.
The LDA shows inferior metrics. These findings are in line with
straightforward expectations: xKLI is the best starting point because
its potential already includes important features of the exact poten-
tial, such as proper inter-shell bumps and asymptotics (cf. Fig. 7).
The Fermi-Amaldi potential misses many of these features, but still
has the proper asymptotics (cf. Fig. 8). LDA is limited by its incorrect
asymptotic behavior.

The differences between the different update rules are less pro-
nounced, except for HAR and HAR+DEN. The rule HAR does
not fully recover the density. We attribute this to breaking sign-
consistency on a relatively large scale, imposing a strong regular-
ization on the inversion. Its metrics reflect its limitations, while the
resulting inverted potentials are smooth; see Figs. 7 and 8. With
direct density feedback, the rule HAR+DEN excels to minimize
the metric Do compared to even the best other update rules. The
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FIG. 7. Different inverted xc potentials for the density QVC-B of the N, molecule.
Starting from the exchange-only Kohn-Sham potential in the KLI approxima-
tion (xKLI), the inverted potentials were generated by the update rules HAR,
HAR+DEN, HAR+LoH(0), and HAR+LoH(1). See the main text for a detailed
explanation of the different panels.

Do metric is most affected by the density deviations at the nuclei,
where the density takes its maximum values. Therefore, HAR+DEN
best resembles the density at the nuclei. This may come at the
cost of introducing artifacts in the inverted potential and lower
accuracy for other properties such as eigenvalues. For the case of
HAR+LoH(0.5)[xKLI], which is marked with a dagger in Table II,
the iterative inversion updates almost diverged; see Fig. S5 of the
supplementary material. From the metric Do, alone, one would
hardly recognize the failure of this inversion. This observation high-
lights the importance of looking at different metrics to monitor the
success of an inversion. The metrics D; and W clearly mark this
specific inversion as a problematic outlier.

The parameter 3 in the rule LoH offers a way to continuously
switch between different limiting cases: On the one hand, low values
of  lead to smoothness of the resulting xc potentials at the cost of
slightly unresolved density differences. Higher values, on the other
hand, lead to a more accurate restoration of the reference density,
yet at the cost of sacrificing regularity in the xc potential and pos-
sibly introducing artifacts. For the inversions started from the xKLI
potential (with the exception of the outlier), the update rule LoH(p)
shows monotonously decreasing Do with increasing f3, bridging
from the rule HAR to HAR+DEN. The different LoH rules improve

J. Chem. Phys. 163, 104101 (2025); doi: 10.1063/5.0281993
© Author(s) 2025

163, 104101-11

T2 :00:60 9202 AenN 80


https://pubs.aip.org/aip/jcp
https://doi.org/10.60893/figshare.jcp.c.7993403

The Journal

of Chemical Physics

inter-atomic inter-shell
bond bump

nucleus

xc-potential [a.u.]

—— FA(initial)
—— HAR

---- HAR+DEN
—— HAR+LoH(0)
-------- HAR-+LoH(1)

2 4 6 8
intermolecular z-axis [a.u.]

FIG. 8. Same as in Fig. 7, with the difference that here the inversions were started
from the Fermi—Amaldi (FA) potential.

upon HAR and HAR+DEN in the Wasserstein metric W5. The met-
ric D; has a minimum for HAR+LoH(1) with maximum values for
HAR and HAR+DEN, indicating a “sweet spot” for the parameter
Bw~ 1

A visualization of some of the inversions is given in Fig. 7 for
the case of starting from the Kohn-Sham exchange only potential in
the KLI approximation and in Fig. 8 for the case of starting from the
Fermi-Amaldi potential. Both figures have four panels to allow for a
detailed comparison. The lower main panel gives an overall impres-
sion of the potentials that are reached by the different inversion
calculations. The three inset panels at the top of each figure show
magnifications of the three spatial regions that are particularly chal-
lenging for the inversion: the nucleus, the inter-atomic bond region,
and the inter-shell bumps at the transition to the asymptotic region.
The two latter regions are challenging because there the density is
relatively low, yet the potential has pronounced features. The former
is challenging for the reasons discussed in Sec. II.

First, let us look at the large panel showing the overall poten-
tials. Comparing Figs. 7 and 8 reveals that the two initial potentials,
xKLI and Fermi-Amaldi, each visualized by a full black line, differ
substantially. Nevertheless, in both cases, the inversion procedures
converge to potentials that are overall very similar. In the course
of the inversion, substantial changes are made to the initial poten-
tials. These are especially large and easy to see for the Fermi-Amaldi
case: while the initial potential in Fig. 8 is relatively structureless,
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with the only significant features being the minima at the nuclear
positions, the inverted potentials show many more features. The
inter-atomic bond region has been lowered significantly, and two
local maxima have appeared in it. Furthermore, at about z » +1.7 ay,
the two inter-shell bumps have appeared in the inverted potentials.
Exactly the same features appear in the inverted potentials shown in
Fig. 7. This demonstrates that these are genuine features of the quasi-
exact vy and not remnants of the initial potentials; i.e., the iterative
updates succeed in bringing out decisive features of the exact vy
independent of the initial potential.

Next, let us look at the insets for the nuclear regions, i.e., the top
left panels in Figs. 7 and 8. As discussed in Sec. II, the practical rele-
vance of obtaining a good representation of vy at exactly the nuclear
position is very limited because the total Kohn-Sham potential at
this point is completely dominated by the diverging external poten-
tial. Nevertheless, it is interesting to see how the different update
rules cover this region. The HAR+DEN update leads to a diverg-
ing potential with strong wiggles in the vicinity of the nucleus. The
potentials generated by the other update rules approach the nuclear
position more regularly, with the pure HAR update leading to the
smoothest potential.

The superior smoothness of the HAR update is also seen when
looking at the inter-atomic bond region, i.e., the top-middle pan-
els in Figs. 7 and 8. The inverted potentials obtained with all other
rules show significant wiggles in this region. If one would have done
just one inversion, it would have been tempting to disregard these
wiggles as numerical artifacts. However, when comparing the results
from the different update rules and initial potentials, one realizes
that these wiggles, although not exactly identical in the different
calculations, share surprisingly similar characteristics throughout.
The explanation for this observation lies in the nature of the target
density: Stemming from a QMC calculation, it contains inevitable
statistical noise, and the accurate representation on a real-space grid
captures this noise in detail, cf. Ref. 43. Thus, what we see here is
an example for the sensitivity of the Kohn-Sham inversion: when
one requests that the inversion should reproduce the target den-
sity with great accuracy, the inverted potential builds up wiggles
to reproduce the statistical fluctuations of the QMC density. These
fluctuations also explain the slight asymmetry that is observed. As
discussed previously, the HAR update is not particularly accurate
and fails to reproduce the target density with high accuracy. Here,
one might see this as an advantage because the HAR update, there-
fore, yields a smooth potential. Due to this smoothness, one can
recognize the build-up of a small repulsive bump in the xc poten-
tial at z = 0 in Fig. 7, i.e., for the HAR[xKLI] inversion. This bump
cannot be identified from any of the other inversions due to the
pronounced wiggles.

Inspection of the top right panels in Figs. 7 and 8 shows that
as such the outer inter-shell bump is a very stable feature appear-
ing with a similar shape in all inversions. It is better captured by
the inversions that start from the xKLI potential because the latter
by itself already features an inter-shell bump. In addition, here, the
statistical character of the QMC target density has some influence
on the inverted potentials, but the effect is much weaker than in the
inter-atomic bond region.

In order to elucidate the influence of statistical noise in the
target density further, we now turn to the Li, molecule. For this sys-
tem, we performed a series of identical inversions with two different
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target densities, called QMC-A and QMC-C. Both these target den-
sities are ground-state densities of Li, obtained from QMC calcula-
tions that were identical except for a different seed in the random
number generator that was used to generate the (quasi) random-
numbers that enter the QMC calculation. In other words, both
densities were generated to represent the same physical reality, but
they differ in the statistical noise that they contain. Such differences
can manifest, e.g., in features such as a “bump” in the density in the
far asymptotic region due to a statistical outlier in a QMC run.

The question that we want to address here is whether the sta-
tistical differences will lead to different inverted potentials. Based
on the insights obtained so far, one expects the following general
trends: the pure Hartree update HAR should yield a smooth poten-
tial since it averages over the fluctuations. The updates incorporating
local density feedback are bound to show larger dependencies on the
noise, yet will also lead to densities that are closer to the reference
density.

inter-atomic inter-shell

bond bump
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nucleus
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FIG. 9. Inverted xc potentials obtained for the Li, molecule for two different refer-
ence densities, QMIC-A and QMC-C. Both were obtained from the same type of
QMC calculation, and the densities differ only in their statistical fluctuations. The
xc potentials generated with the update rules HAR, HAR+DEN, and HAR+LoH(1)
are shown, in each case starting from the Fermi-Amaldi potential. The potentials
resulting from the HAR update are not distinguishable by the eye in the main plot.
The results from the HAR+DEN updates differ only marginally from the ones from
the HAR update, with differences mainly visibly in the high-density regions. While
the HAR+LoH(1) updates are much more “noisy,” their corresponding densities
are also closer to the reference density; see the metrics in Table |l and Fig. 10.
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In Fig. 9, we compare the inverted potentials for the rules HAR,
HAR+DEN, and HAR+LoH(1) and essentially find these expecta-
tions confirmed. The potentials resulting from the HAR updates are
visually indistinguishable despite the different statistical noise in the
reference densities. Slight differences are visible only right at the
nuclei. The rule HAR+DEN does not improve much over HAR, as
the effect of the density feedback is rather weak for Li,. The rule
HAR+LoH(1) exhibits a stronger dependence on the noise point-
wise, but conserves the qualitative overall features of the potential. It
thus becomes clear that the ability of an update rule to locally adjust
the potential via direct feedback from the density is advantageous
for reference densities that are free of numerical artifacts, but can
become a disadvantage in the presence of noisy reference densities.
It is, however, reassuring to see that by comparing the outcome of a
few different inversion calculations, one can identify which features
of an inverted potential are due to statistical fluctuations in the refer-
ence density. Thus, such artificial details can be distinguished from
the true characteristic features of the potential.

The just made observations and conclusions are further sup-
ported by Table III. The metrics for the corresponding inver-
sions using the two different reference densities are close to each
other, e.g., HAR+LoH(1) reaches Do = 1.96 - 1072 for QMC-A and
Doo = 1.88 - 1072 for QMC-C. In the Wasserstein metric W, there
is essentially no difference between the reference densities QMC-
A and QMC-C. This indicates that the numerical artifacts of the
reference densities, despite having some influence on the inverted
potentials, mostly influence less relevant, auxiliary characteristics of
the inverted xc potentials that have little physical meaning.

One can additionally assess the consequences of the different
fluctuations in the reference densities by checking how they mani-
fest in the eigenvalues that correspond to the inverted xc potentials.
For the non-trivial inversions, i.e., for the case that we have here in
which the reference xc potential is not known, it is not possible to
measure the quality of the eigenvalues with respect to a reference
spectrum, as done previously in Fig. 5. However, one can compare
the eigenvalues that are obtained from the different inverted poten-
tials. Figure 10 shows the eigenvalues for the inverted potentials of
Fig. 9 and Table III. Clearly, the eigenvalues are in overall good

TABLE IlI. Metrics of the inversion of two QMC densities, QUC-A and QMC-C, for
the Li, molecule. The densities differ only in their statistical fluctuations. The numer-
ical representations of vy obtained with update rules HAR, HAR+DEN, HAR+DoH,
HAR+LoH(0), and HAR+LoH(1) are shown. In each case, the Fermi-Amaldi potential
was used as the initial potential.

ref-den. Method Di x 1072 Deo x 1072 W5 x 107™* Zye x 107°
QMC-A HAR 7.59 2.28 1.23 —4.07
QMC-A HAR+DEN  7.12 1.73 1.21 —4.47
QMC-A HAR+DoH  7.52 2.15 1.23 -5.32
QMC-A HAR+LoH(0) 3.64 2.08 0.92 -3.14
QMC-A HAR+LoH(1) 4.77 1.96 1.07 -3.49
QMC-C HAR 8.63 221 1.24 -3.80
QMC-C HAR+DEN  7.71 1.77 1.21 -3.67
QMC-C HAR+DoH  6.58 2.03 1.17 -3.24
QMC-C HAR+LoH(0) 2.90 1.95 0.89 -7.04
QMC-C HAR+LoH(1) 4.26 1.88 1.06 -4.32
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FIG. 10. Plot of the Kohn-Sham eigenvalues obtained from the potentials shown in
Fig. 9. The eigenvalues have been shifted such that the lowest spin up-eigenvalues
align. While originating from different xc potentials, the eigenvalues are remarkably
similar. The update rules with a direct local feedback introduce a slight asymmetry
in the spin channels due to picking up statistical fluctuations in the spin densities.
However, despite the relatively noisy xc potentials from the HAR+LoH(1) update,
the resulting eigenvalues are visually almost indistinguishable from the ones that
result from the smoother xc potentials that are found with the HAR and HAR+DEN
rules.

agreement. Thus, the wiggles and spikes seen in Fig. 9 hardly affect
the Kohn-Sham spectrum. It is thus reassuring to see that artificial
fluctuations in vy below a certain magnitude do not seem to result
in noticeable physical consequences.

The finding that the physically meaningful quantities depend
only relatively little on the artifacts present in the inverted xc poten-
tial can to some extent be explained by the effect of averaging over
the fluctuations. Consider the reference density to be the true den-
sity, no, with an additional scalable artifact-density, n = ng + An,.
Then, within the linear approximation to the forward Kohn-Sham
map, the corresponding true xc potential is vyco = Vxc + AVxca. From
the Hellmann-Feynman theorem, one can conclude that the eigen-
values obey €;(1) = €io + A{@i|vxca|@i). Thus, the artifact contribu-
tions to the potential are averaged over the orbital’s density, thus
canceling out to some extent. Even without the linear approxima-
tion to the forward map, the true density response, cf. Eq. (2) of the
supplementary material, also averages fluctuations of the potential
in the overlap integrals (@;|vxca|@;) of the response function.

Our discussion so far has focused on the statistical fluctua-
tions that are a typical and unavoidable feature of densities that
are obtained from QMC calculations. We have seen that the conse-
quences of such fluctuations tend to be relatively mild for physically
relevant quantities such as eigenvalues. However, densities can also
be affected by non-statistical and systematic errors. These can result,
e.g., from limited basis sets or limitations in the ansatz for the wave
function such as including only a limited number of configurations
in a configuration-interaction expansion. Such limitations can lead
to systematic deviations that might have a more pronounced impact
and might be harder to identify as the systematic errors might lead
to smooth yet erroneous features in the inverted potentials.

A smooth feature that is, as extensively discussed above, diffi-
cult to accurately obtain from inversions is the asymptotic behavior
of vx. For systems that have a nodal plane or line in the density of
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the highest occupied orbital, the asymptotic properties of vy have
found particular interest: the Kohn-Sham exchange potential on
the nodal surface goes to a different asymptotic constant than the
potential in directions outside the nodal surface, as explicitly demon-
strated both for approximations to the exact exchange potential*’
and the exact exchange potential.*’ The question of whether such
features are also found in the combined exchange and correlation
potential has been raised.'” Here, we contribute to answering this
question via inversions based on the QMC densities for the carbon
atom from Ref. 43. Figure 11 depicts the xc potential obtained by
inversion using the HAR+LoH(1) iterative update. The upper panel
shows the initial XKLI potential together with the inverted poten-
tial corresponding to the QMC reference density, both along two
directions: once along the nodal line of the highest occupied orbital
(denoted by 0°) and once outside of the nodal surface (denoted by
90°). One can clearly see that the initial xKLI potential goes to dif-
ferent asymptotics in the two directions, and the inverted potential
shows almost the same features. As the iterative updates are not very
efficient in improving the asymptotic region, as discussed above, we
show in the lower panel the same type of plots, but with the LDA
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FIG. 11. xc potential obtained for the carbon atom by using the HAR+LoH(1)
update rule on a reference QMC density (cf. the supplementary material). In the
upper panel, the xKLI potential was used as the starting potential for the iterative
updates, and in the lower panel, the LDA potential was used. The starting poten-
tials are also depicted. All potentials are shown as a function of the distance from
the nucleus for two different directions: 90° denotes a direction in which the den-
sity is dominated by the highest occupied orbital, whereas 0° denotes a direction
in which the highest occupied orbital has a nodal line, i.e., vanishes.
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potential as the starting point. One can see that the LDA, as expected,
does not yield a faithful representation of the far asymptotic region
and the iterative updates are not perfectly efficient in improving the
asymptotic region. However, one can also clearly see that even when
starting from the asymptotically wrong LDA, the iterative updates
generate the intershell bump and introduce the same features in the
region where the potential goes over into the asymptotic domain
as observed in the calculations starting from the xKLI. Therefore,
our calculations without doubt demonstrate that the non-vanishing
asymptotic constants are not only a feature of the exchange-only
potential but also prevail in the total xc potential.

As a final piece of insight into the sometimes cumbersome
process of finding the xc potential corresponding to a given den-
sity, we show the evolution of the inversion over the course of the
repeated application of update rules in Sec. S2 of the supplementary
material.

VIil. OUTLOOK: COMBINING DIFFUSION MONTE
CARLO AND KOHN-SHAM INVERSION

Given the technical challenges associated with Kohn-Sham
inversion, one might wonder whether it is worth the effort, i.e., what
can be learnt from quasi-exact Kohn-Sham quantities? Their impor-
tance lies in a better understanding of DFT because they allow us to
distinguish between features that are intrinsic to Kohn-Sham theory
on the one hand, and features that are (only) consequences of certain
xc functional approximations, on the other hand. One example in
this respect is the Kohn-Sham eigenvalues. Although Kohn-Sham
eigenvalues other than the highest occupied one do not have a
rigorous physical meaning, quasi-exact eigenvalues revealed that
occupied eigenvalues from the exact xc potential are very reasonable
approximations to relaxed ionization energies.” Insight from inver-
sion can also drive the development of improved xc approximations.
An example in this respect is related to the xc derivative discontinu-
ity: Inversion revealed that the failure of semilocal approximations
to properly describe strong-field ionization is closely related to the
missing xc derivative discontinuity® and incorporating the latter
leads to significant improvements.'""'

In the following, we point out an additional, new direction in
which inversion might play a role beyond DFT. The accuracy of
DMC calculations is decisively determined by the Fermionic nodal
structure of the initial trial wavefunction. The most direct approach
is to use one Slater determinant as the trial wave function. The
Hartree-Fock Slater determinant or a Slater determinant built from
approximate Kohn-Sham, e.g., LDA, orbitals are common choices,
and this choice then fixes the nodal structure. The question of
whether there are functionals that yield better nodal structures is a
relevant one.”

Thinking further, one can try to exploit that the Slater deter-
minant built from the exact Kohn-Sham orbitals is the one unique
Slater determinant that corresponds to the exact density. One might
use this “density-exact” determinant as the initial trial wave func-
tion in a DMC calculation. Typically, however, the exact density and
orbitals are not known a priori. Therefore, one can think about iter-
atively interlacing DMC and Kohn-Sham inversion: First, perform a
Kohn-Sham calculation using some xc approximation, e.g., LDA or
xKLI. Build a Slater determinant from the resulting occupied orbitals
and use it as the input to a QMC calculation. The latter generates a
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density. Compute by inversion the Kohn-Sham potential that cor-
responds to this QMC density. From this potential, calculate the
set of occupied Kohn-Sham orbitals that yields the QMC density.
Use these orbitals to build a new Slater determinant, and use this
determinant as the trial wave function in a second DMC calculation.
Iterate this procedure to search for consistency between the QMC
and the Kohn-Sham systems. This would yield a self-consistently
determined nodal structure.

We performed a first step toward exploring this idea by going
through the just described cycle once. Our test cases for this “second-
order DMC scheme” were Li; and N,. We first did a Kohn-Sham
calculation with the xKLI potential using the previously mentioned
prolate spheroidal coordinate system’”” with a 181 x 181 grid. The
resulting orbitals were then used in a QMC calculation: first, a vari-
ational QMC calculation was performed to optimize the Jastrow
parameter,*’ and a subsequent DMC calculation used the optimized
trial wave function. The QMC density was obtained following the
previously described refinement procedure. The refined density on
the 181 x 181 grid was interpolated to a smaller gird (103 x 103) to
allow for efficient Kohn-Sham inversion. For the inversion, we used
the HAR update rule, as our main focus in these exploratory calcula-
tions was stability and smoothness of the potential. The inverted xc
potential was then extrapolated to the 181 x 181 grid. On this grid,
we again solved the Kohn-Sham equations, keeping the xc potential
fixed while iterating the Hartree potential and the orbitals to self-
consistency. With the resulting orbitals, a second DMC calculation
was carried out, yielding the second-order DMC results.

The energy (in Hartree units) of the first DMC calculation for
Li, using the xKLI orbitals is —14.99143(4). The energy from the
second order DMC scheme is —14.991724(6). For N, the corre-
sponding numbers are —109.516 86(3) and —109.516 77(4), respec-
tively. We thus see that the second-order scheme leads to a slightly
lower energy in the first case and a slightly higher energy in the
second. However, the differences in both cases are in the range
of the time step error. Therefore, from these first calculations, no
clear answer emerges whether the iteration between DMC and the
inverted Kohn-Sham system leads to an improvement. Further-
more, it must be kept in mind that it is a common feature of
self-consistent iterations to not show monotonous improvements
in the first steps. Due to the significant numerical challenges that
are associated with Kohn-Sham inversion, converging the DMC-
Kohn-Sham iteration is by no means trivial and convergence is not
guaranteed. However, our exploratory calculations here show that
first steps in this direction can be taken, and Kohn-Sham inversion
might lead to insights not only into DFT but also into DMC.

VIIl. SUMMARY AND CONCLUSION

In this article, we first discussed on a conceptual level the
challenges that are associated with inverting the Kohn-Sham map,
starting from numerically generated densities, and then looked at the
advantages and limitations of specific computational realizations of
the inverse Kohn-Sham map. Our particular focus was on schemes
that use iterative updates to converge from an initial guess to a
numerical representation of the vy that reproduces a given reference
density. We introduced a new update rule that is based on density
feedback with a power law weighted by the inverse Hartree poten-
tial. For the inversion of the all-electron ground-state densities that
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we studied, this rule proved very successful. We investigated differ-
ent iterative update rules in combination with different choices for
the initial potential. Starting from a potential that incorporates the
correct asymptotic behavior greatly benefits the iterative inversion.
Therefore, the Fermi-Amaldi potential is a better starting point than
the potential of (semi-)local approximations, such as the LDA, and
the xKLI potential is a better starting point than the Fermi-Amaldi
potential because it captures the inter-shell bumps and the nodal-
surface features of the exact vx. To assess the quality of the results,
we monitored various metrics that either give insight into density
differences or highlight quantities of physical relevance, e.g., the
Kohn-Sham eigenvalues.

As the Kohn-Sham inversion problem is ill-posed, one can
hardly propose one specific inversion scheme that will universally
work for all sorts of systems and reference densities. However,
important elements for a general strategy to successfully realize the
Kohn-Sham inverse map can be identified.

First, one should carefully analyze the reference density and be
aware of possible limitations and artifacts. For example, when statis-
tical noise is present, as in the case of our QMC densities, one has to
expect artificial features in the inverted potential if one forces very
close agreement with the reference density. Another typical limita-
tion can be an erroneous asymptotic decay of the reference density,
e.g., when it was generated by a Gaussian basis set. In such a case, one
can expect possibly smooth but artificial features in the long-range
part of the inverted vyc.

Second, based on the character of the reference density, one
should choose a set of update rules that are compatible with this
character, e.g., when statistical noise is present, it is advisable to use
update rules with a certain amount of regularization. As a general
rule of thumb, the HAR+LoH(1) rule is a good choice for many
situations.

Third, the chosen update rules should be used in combina-
tion with different initial guesses for the potential that is used to
start the iterative inversion. In the choice of the initial potential,
one should take into account whether particular regions are of spe-
cial interest, e.g., the nuclear positions or the far asymptotics, and
choose the initial guess such that it already represents these regions
reasonably.

Fourth, for the different combinations of initial potentials and
update rules, a series of stable inversions should be calculated and
different metrics for monitoring the success of the inversions should
be used.

In the course of calculating these inversions, and by comparing
the results from the different calculations, one typically gains some
experience, which features in the obtained vy, are physical and which
are artifacts. Any inverted potentials that are outliers with respect
to the ensemble of the other inverted potentials should be viewed
with caution. If some inverted potential shows qualitatively differing
features, and the origin thereof is not explained by the construction
of the update rule or the initial potential, the features might actually
be artifacts.

In our experience, this strategy in practice allows one to cope
with the ill-posedness of the inverse Kohn-Sham map, and follow-
ing these rules, Kohn-Sham inversions can continue to contribute
important insights into exact DFT, and allow us to benefit from con-
tinuing successes in the generation of accurate densities.””"””” We
took a first step into a possible new direction where Kohn-Sham
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inversion may lead to insights by exploring an iteration between
DMC and the Kohn-Sham system.

SUPPLEMENTARY MATERIAL

In the supplementary material, we discuss the numerical rep-
resentation of the QMC densities, we provide details about the
computational realization of iterative inversion strategies, analysis
of the forward Kohn-Sham map that helps gain further insight into
properties of the inverse map, and a further idea for how the inverse
map might be realized.
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