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ABSTRACT

We present techniques that allow for predicting energy transfer in multichromophoric systems based on density-functional-theory calcula-
tions in real-time. Our work respects that the time-dependent density is the basic quantity in density-functional theory. In the approach that
we discuss here, the simulations are done for a complete multimolecular system, i.e., do not require an a priori decomposition into subsys-
tems. Yet, our analysis tools allow one to reliably extract energy-transfer times between different regions or constituents of the multimolecular
system, the structure of transition densities, and the relative degree of excitation of constituents. We demonstrate our approach by analyzing
the excitation-energy transfer between six bacteriochlorophyll molecules from the B850 ring of the light-harvesting complex 2 of the purple
bacterium Rhodoblastus acidophilus. Our analysis shows that energy is transferred through this system on a time scale of ~45 fs. The spectral
analysis reveals that mainly two supermolecular excitations drive the energy transfer in this system.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0279181

I. INTRODUCTION

The real-time-propagation approach to time-dependent
density-functional theory (TDDFT)' ° is excellently suited for
calculating excitations of large electronic systems. It benefits from
the good ratio of accuracy to computational cost that generally
distinguishes density-functional-theory approaches,” and it scales
favorably with the number of electrons.'” A possible downside of the
real-time approach is that it directly yields only the time-dependent
density n(r, t). Whereas quantities such as excitation energies, oscil-
lator strengths, and information about the nature of an excitation'!
can be obtained directly in explicitly linearized calculations such as
the Casida approach,'” all observables must be computed explicitly
from n(r,t) in real-time DFT. In this paper, we demonstrate how
observables and information about excitation-energy transfer can
be obtained from real-time calculations, and we employ these
techniques for understanding energy transfer in biological light
harvesting.

Being able to understand and predict excitation-energy trans-
fer is extremely relevant because such transfer processes play an
important role in most energy-converting materials. e Paradigm

examples are light-harvesting systems. Independent of whether they
are biological”’*” or manmade,”””* organic light-harvesting systems
typically rely on transferring excitation energy between different
molecular units. Being able to calculate and simulate such a process
from first principles can contribute decisively to our understand-
ing of how light harvesting can be efficient. However, for biological
systems in particular, the computational challenge is huge. Such sys-
tems typically comprise many chromophores, and the latter are held
in place by a protein scaffold that can itself be decisive for directing
the flow of energy and charge.””® Therefore, the relevant parti-
cle numbers are often in the thousands, and TDDFT remains the
paradigm first-principles approach that allows for studying systems
of such size.

One of the light-harvesting systems that has found particu-
lar interest in the past is the light-harvesting 2 (LH2) complex
of purple bacteria,”””” " schematically depicted in Fig. 1. Its elec-
tronically active part consists of two rings of bacteriochlorophyll
a (BCL) molecules, the B800 ring and the B850 ring, which are
shown in Fig. 1 surrounded by the protein scaffold. The carotenoids
are not explicitly discussed in this paper. The LH2 complex acts as
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FIG. 1. Schematic illustration of the LH2 complex of Rhodoblastus (Rbl.) aci-
dophilus (strain 10050) with protein scaffold (gray) and BCL chromophores. The
carotenoids have not been depicted for clarity. The six B850 BCLs that are
investigated here are highlighted in yellow. (Generated with VMD.55)

an antenna that captures light and transfers the energy with out-
standing quantum efficiency to neighboring complexes, which then
channel the energy to the reaction center. Understanding the rea-
sons for and the nature of this efficiency has been a long-standing
challenge, and the question has been raised, e.g., whether quan-
tum coherence plays a role in this context.” " In the past, valuable
insight has been gained in different ways, e.g., by using model
Hamiltonians or via simulations that split the system of interest
into subunits, such as individual molecules, and then describe the
physics, such as energy transfer, by taking into account specific
couplings.m‘ll‘“‘l’» 7Y On the one hand, such models can be stud-
ied with low computational cost and can be extended step by step to
better describe and, ultimately, understand a system’s properties. On
the other hand, one is restricted to the respective model’s limitations
and underlying assumptions, e.g., the validity of a system’s decom-
position into its building blocks. In particular, in the B850 ring, the
chromophores are very tightly packed. Therefore, instead of consid-
ering the B850 ring as 18 separate molecules with some couplings,
it is more natural and adequate to treat the whole B850 ring as one
large system. This type of description, which complements the exist-
ing models, is what we are aiming for with the techniques that we
present in this paper.

Our approach is based on treating the multimolecular system
of interest as one complete quantum mechanical system without
introducing any a priori division into subsystems. The effects of
electronic coupling and quantum mechanical coherence within the
multimolecular system are thus intrinsically fully included in the
calculation. We balance the computational effort by combining the
real-time propagation with a representation on a real-space grid
that covers a volume constructed from the union of atom-centered
spheres (cf. Sec. S1 of the supplementary material for radii). This
allows for a very efficient parallelization of the calculations over both
the set of orbitals and the space grid, thus enabling routine calcula-
tions for thousands of electrons. From the calculation, we obtain the
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time-dependent density (or spin densities) of the entire system. With
the techniques that we present in this work, we can extract infor-
mation about the electronic excitations of the whole system, e.g.,
excitation energies and strengths, just from the time-dependent den-
sity. However, one can also extract information about certain parts
of the system: One can, e.g., analyze which part of a system is excited
at which point in time and, thus, track how excitation energy is being
transferred through the system. We demonstrate this for a part of the
B850 ring of the LH2 complex of Fig. 1. The nuclear coordinates are
held fixed in the present simulations, and we discuss the justification
for this approximation in the course of our paper.

Our paper builds on several earlier works. Reference 71 intro-
duced the real-time real-space code BTDFT that we use here, and
it also introduced the idea of accurately obtaining excitation ener-
gies and oscillator strengths from the time-dependent density by
fitting the calculated dipole signal to its analytically derived form.
This analysis was restricted to one specific form of excitation, the
so-called boost.”” In the present work, we extend this technique to
more general excitations, we show how to analyze signals in different
regions of space, and we combine our analysis with the evaluation
technique of Ref. 73 for increased efficiency. Although other super-
resolution techniques exist,” "’ our method excels at disentangling
clustered, spectrally close-lying excitations and their transition den-
sities without further approximations or assumptions. Regarding the
energy-transfer model, Refs. 78 and 79 developed and validated the
theoretical setup for the LH2 complex that we use here for study-
ing excitation-energy transfer between six BCLs from the B850 ring.
In the energy-transfer calculations of the present work, we rely on
the density-based measures of excitation energy and the molecule-
specific real-space subgrids that were introduced in Ref. 80. Based
on these measures, we derive further quantities that are useful for
analyzing the electronic excitations in supermolecular systems, e.g.,
a measure for the occupation of a molecule’s excited state.

Our paper is outlined as follows: We review the equations of
TDDFT and some established techniques for evaluating real-time
simulations in Sec. II. Section III introduces our new techniques for
extracting detailed information about electronic excitations from the
time-dependent density. These are then used in Sec. IV to analyze
excitation-energy transfer between six bacteriochlorophylls from the
B850 ring. We demonstrate how the excitation energy spreads in
space and time through the system after an initial excitation, and
we find that after about 45 fs, the energy has wandered through the
entire system. Our article closes with a summary and conclusions in
Sec. V. In the supplementary material, we present technical details
(Sec. S1) and extensive derivations of the presented equations (Sec.
$2). We also explain the Python®'~*’ evaluation script BTevalSpec.py
(Sec. S3) that is a valuable tool in the analysis of real-time simula-
tions and is now available on GitHub.** Finally, we show additional
details of the presented calculations (Sec. S4).

Il. OVERVIEW: REAL-TIME DENSITY FUNCTIONAL
THEORY AND ESTABLISHED EVALUATION
TECHNIQUES

A. Review of basic real-time DFT equations

In real-time Kohn-Sham (KS) TDDFT, the electronic exci-
tation of a system is described by the time-dependent electron
density,
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n(rt) =33 lpi(r )P (1)

o=1l j=1

where N, denotes the number of electrons with spin ¢. The time-
dependent KS orbitals ¢, are the solutions of the time-dependent
KS equations,

L0 [
lha(Pja: _%V +Uext+71ch,o[n] Pjos (2)

hs o [1]

where we omitted the space and time arguments for clarity of the
notation. hgs,s constitutes the effective single-particle Hamiltonian
of (TD)KS theory. vex is the external potential, which in our work
consists of three parts. The first part is the potential generated by
the atomic cores in the system, i.e., we describe the valence electrons
explicitly, whereas core electrons and nuclei together are described
by pseudopotentials’®” (cf. Sec. S1 of the supplementary material
for technical details). The second part is the electrostatic potential
by which we approximately take into account the chromophores’
protein environment, as detailed in previous work.”® The third
part is the time-dependent potential that models the excitation.
As usual,””’*" light is described as a classical electric field in the
dipole approximation. viy denotes the sum of the Hartree and
exchange-correlation (xc) potential of (TD)KS theory.

The xc contribution must be approximated in practical calcula-
tions and has a strong influence on both the accuracy and the com-
putational expense. When charge-transfer excitations are of interest,
one must generally use an xc approximation that can describe these
reliably, e.g., an optimally tuned range-separated hybrid.*” These
functionals have been demonstrated to describe the charge-transfer
excitations that play a role in the bacterial reaction center with useful
accuracy.”””""”’ They come, however, with a substantial computa-
tional cost. In the present study, we can use the less sophisticated
yet more efficient time-dependent (adiabatic) local-density approx-
imation (TDLDA) for three reasons. First, we are predominantly
interested in excitation-energy transfer, i.e., an observable that is
less sensitive to shortcomings of the xc approximation than charge
transfer. Second, an important aim of the present paper is to intro-
duce methods that allow for the extraction of detailed information
from real-time simulations. For introducing the methods, it is not
decisive which xc approximation is used. We here use TDLDA as a
convenient choice, but the introduced methods are independent of
the xc approximation. That is, in future work, they can be combined
with other, more advanced xc functionals. Third and finally, we
have demonstrated in detail in earlier work’®”” that in the descrip-
tion of the chromophores of the B850 ring, which we study here,
the electrostatic potential of the protein environment shifts the spu-
rious charge-transfer excitation energies away from the energetic
range that is most relevant for the excitation-energy transfer in the
B850 system. Therefore, qualitatively reliable results can be expected
based on the TDLDA for the special system we study here.

The real-time approach that we use to solve the whole set
of TDKS equations propagates the orbitals from Eq. (2) hand-in-
hand with the time-dependent density from Eq. (1) and the TDKS
potential (vext + Vnxc[#]) on an equidistant real-space grid with grid
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spacing Ax using small time steps At. The initial state for the solu-
tion of Eq. (2) is the ground state of the system described by the
ground-state (GS) density n®® and the KS orbitals (pjc(',s.

This real-space and real-time approach has been used
in the context of biological systems and light-harvesting
questions, ”’*757*5594%5 byt most of the first-principles work
in this field relies on the explicitly linearized Casida equations,'?
which decompose an electronic excitation into a superposition of
particle-hole transitions. However, real-time (and real-space) prop-
agation has important advantages. The first is that it requires only
the set of N occupied orbitals, but no virtual ones. For large systems,
this can lead to a significant gain in computational efficiency. The
real-space grid has the additional advantage that computational
steps are reduced to operations involving sparse linear systems.
This allows for efficient parallelization and, therefore, good parallel
scaling behavior with increasing system size. Finally, a real-space
grid weights the whole simulation space equally and allows one to
systematically converge the grid spacing until the desired accuracy
is reached. These properties make grid-based real-time TDDFT an
ideal and flexible tool for studying large electronic systems.

B. Review of established techniques for calculating
observables in real-time DFT

Strictly speaking, the only physical quantity that real-time DFT
directly yields is the time-dependent density. Therefore, special eval-
uation methods are required to extract further desired physical
information. In this subsection, we first review some established
techniques for calculating observables from the time-dependent
density before discussing new approaches in Sec. I11.

The first response observable of general interest is the
dipole spectrum or absorption cross section. To compute it,
one traditionally”'*’>” applies a so-called boost to the system’s
ground-state (GS) orbitals,

9io(r,t = 0) = e 5 (r). (3)

The boost is an instantaneous, spectrally broad perturbation. In
essence, it corresponds to an instantaneous transfer of momen-
tum to the orbitals. In the limit of a weak excitation, it mimics a
delta-shaped electric field pulse (cf. Sec. III B). The boost vector k
describes its strength and direction. After the boost, the orbitals are
propagated without a further time-dependent external potential. For
t > 0, the induced electron-density fluctuation 6n = n — 7% and the
induced dipole moment,

du(t) = —e /r on(r,t)d’r, 4)
oscillate with the system’s excitation frequencies w; in the form
du(t) =2 Ajp; sin (wjt) W, (1), (5)
=1 e —

=a;

cf. Sec. 3.1 of Ref. 71. W{ denotes a window function that models
the finite free propagation time. Its value is 1 within 0 <t < T'and 0
otherwise. Equation (5) shows that each excitation contributes to the
signal with a vector amplitude a; that is the product of the transition
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dipole p; = —e(j|#/0) from the ground state |0) to the excited state |j)
and the scalar amplitude

Aj= —%k-yj (boost), (6)

where e is the elementary charge and p; is determined only up to a
minus sign [6p in Eq. (5) is invariant under this transformation]. In
general, Aj measures the strength with which an excitation is excited
by the external perturbation. If one chooses the direction of the
transition dipole moment so that A; > 0, one can identify 4; = |(j|y
(t=0))| = |¢j| with ¢; from Eq. (15) in Ref. 71, where |y(t =0))
is the wave function after the perturbation. Through the latter
restriction of the transition-dipole direction, the general formalism
presented in Sec. S2 of the supplementary material becomes more
transparent.

The analytical form of Eq. (5) allows one to extract excitation
energies and transition dipoles (or oscillator strengths) from a spec-
tral analysis of the numerically evaluated dipole moment [Eq. (4)].
The imaginary part of the Fourier transform (denoted by F in the
following, cf. Sec. S2 A of the supplementary material) of Eq. (5)
yields the absorption cross section with spectral lines at the exci-
tation energies and heights proportional to the oscillator strengths
(since |aj] o< s o< f;),

sin[(w —w;)T] sin[(w + w;)T]
w— w;j

i {Fou)(@)} = 3 a X0
j=1

W + w;j

If we neglect the w + w; contributions in the latter equation, which
produce spectral lines at w < 0, Eq. (7) essentially corresponds to
Eq. (23) from Ref. 71 with the following differences: (i) Here, we do
not take the trace, (ii) we do not introduce the oscillator strengths,
and (iii) we use a different minus-sign convention for the Fourier
transform for convenience (i.e., we here use e for the t — w
transformation, whereas in Ref. 71 we use e+i“’t). The latter ulti-
mately leads to a global minus sign in Eq. (7) compared to Eq.
(23) from Ref. 71. The artificial sine-cardinal line shape in Eq. (7)
results from the finite propagation time and leads to side peaks
that make a quantitative analysis by purely visual inspection dif-
ficult unless a long propagation time is employed. To damp side
peaks or even get a smooth line shape, one can multiply dp(t) with a
window function such as a decaying exponential e~ with a proper
n > 0. In turn, however, the latter broadens the main peaks even
more. As a solution, different advanced evaluation schemes have
been developed”"”*”*”" to improve the quality of the spectra while
reducing the required propagation time. In Sec. I1I B, we extend the
methods from Ref. 71, which allow the quantitative analysis of clus-
tered spectral peaks, revealing their excitation energies, transition
dipoles, oscillator strengths, and transition densities.

A second class of observables, which is particularly interest-
ing for investigating energy-converting materials, aims at observing
energy-transfer dynamics with temporal and spatial resolution. To
this end, Ref. 80 discussed in detail different measures of excitation
energy. Following this work, we here use

ei(r,t) = [ (r,1)]% ®)

g0 (1) = /V o En(nnd'r ©)
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as measures for the electronic excitation-energy density and the exci-
tation energy per volume, respectively. The idea behind Eq. (9) is
that the energy-density measure ¢;(r,t) is integrated over a finite
volume V¥, e.g., the volume associated with a particular energy-
accepting molecule. If one wants to analyze excitation-energy trans-
fer through a system, then one divides the space that the system
occupies into different volumes V¥ that do not overlap and together
cover all space, i.e.,

vOAv® _g  for 1#k (10)

and
Uv®=r>
1

Thus, ¥, 521) = SERS). In this paper, we choose volumes that we can
assign to the BCL molecules that build the LH ring. In this way, we
can analyze how the excitation energy in the LH system is distributed
over the separate molecules (details in Sec. TV A).

Since the energy measure of Eq. (8) is directly derived from the
induced density fluctuation, it oscillates rapidly with the excitation
frequencies.”” However, only the emerging low-frequency beating
signal contains the relevant energy-transfer information. Therefore,
it is helpful to smooth the signals using a Fourier filter.*” We denote

the filtered observables as €, and ?g), respectively.

I1l. IMPROVED REAL-TIME EVALUATION TECHNIQUES

In the following, we introduce further tools for extracting infor-
mation from real-time simulations. In particular, we aim at (i)
extracting detailed information about how an excitation is spatially
distributed within a system and (ii) covering cases in which the
excitation is not a boost but a general time-dependent dipole field.

A. Evaluating the spatial distribution of excitation
energy as a function of time

A situation that frequently occurs in practice is that one is inter-
ested in the excitation-energy transfer in a system that consists of
many similar molecules. Examples are films of organic semiconduc-
tor molecules’” or the antenna complexes built from BCL molecules,
as we study them in the present work. When the considered system
consists of M molecules that are reasonably similar to each other and

that define the molecular volumes V(l), ?fll) can be interpreted as a
time-resolved molecular excitation energy.’’ In this case, one can
approximate the probability of finding the system in a state in which
molecule [ is excited by

BYUO)

— 11
ARARI() v

pi(t) =

The latter allows one to evaluate an inverse participation ratio' "
(IPR) as a measure for the time-dependent delocalization of the
excitation energy over molecular units via the definition

1

PRI = S (]

(12)
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In the limiting cases of full localization (p, = 1 for one specific / and
0 otherwise), the IPR assumes 1. In the case of full delocalization
(p;=1/M for all I), the IPR assumes M. From a real-time sim-
ulation perspective, this is an easy-to-evaluate measure with a
straightforward interpretation that does not require a spectral
analysis.

B. Evaluating dipole signals as a function of frequency

We now look at situations where the excitation is not a boost
but a weak perturbation with a scalar potential V(r)h(t) that acts
in a finite time interval —T. < t < 0 on the ground state with a mul-
tiplicative V € R and time profile & € R. Furthermore, we assume
that the system of interest is built from several molecules. Then, one
can record the dipole moment in each of the molecular volumes V),
and one can write the equivalents of Egs. (4) and (5) for each V¥,

Sy(l)(t) = —e/ r On(r, t)d’r (13)
v
and
sul” (1) =23 A sin (wjt + ¢;) Wy (1). (14)
NN

-a®
7

The superscript (I) carries over to the amplitude vectors a;l) and

the transition dipoles ,u]@, which are the molecular contributions to

ajand p;, ie., y; = Zly]@. Compared to Eq. (5), each excitation in
Eq. (14) further gains a specific phase e which can be determined

from the argument of the spectral profile &1 = F[h] of the external
perturbation at the respective excitation energies,

¢; = arg [h(w;)]. (15)

For a boost excitation, all phases ¢, equal 0, but they assume finite
values when the excitation is not a boost. The scalar amplitudes
A; are the product of the modulus of the spectral profile || at the
excitation energies and the overlap integral between the respec-
tive transition density n; = (j|#|0) and the spatial profile V of the
excitation,

Aj= 2 [mVEr i) 1o

In the case of an electric field in dipole approximation with V = V-
= —¢E - r and constant E, the amplitudes reduce to

A= —%E-yj (@) (E - field). (17)
The derivation of the above equations for this general case is long
and fraught with detail. Therefore, we here focus on the results
and report the detailed derivation in Sec. S2 of the supplementary
material. [There, we also discuss perturbations that are of a more
general form than the separable product V(r)h(t) that we look at
here]. We note in passing that the known result for the case of
a boost excitation, Eq. (6), results from Eq. (17) for the potential
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Vh(t) = VP h(t) = —hk - rd(t), i.e., we thus showed that the boost
excitation can be written as a time-dependent potential.
Computing the Fourier transform of Eq. (14) leads to

F[(Sy(l)](w) =y Ajy}l) [eii‘p"Lg(w +wj) - e Ly (w- wj)], (18)
=1

where the line shape function L{ is given by

Ly (w) = iF[WOT] _ 1-cos(@T) . isin EUwT).

w

(19)

For a boost, the imaginary part of Eq. (18) reduces to Eq. (7).
Inserting Eq. (17) into Eq. (18) yields the key equation that
allows us to accurately obtain energies and transition dipoles via a
fit to F[6u"]. The simulation and evaluation procedure for how to
do this is the following: After computing the system’s ground state,
one starts to propagate under the influence of an excitation such as
an electric field with a given amplitude, frequency, and time profile
with duration T.. In the subsequent free propagation 0 < < T, one
records 6;1(1) according to Eq. (13) in M volumes V that are, e.g.,
associated with the different molecules. From the Fourier transform
of the latter, one gains 6M scalar spectra from (i) M spatial regions,
(ii) three spatial vector components (x, y,z), as well as (iii) real and
imaginary parts (factor 2). To these spectra, we simultaneously fit
(1+3M) parameters for each excitation: one energy w; and 3M

components ofy@ ora

; ;7 respectively. The fit is done by increasing
the number of excitations [index j in Eq. (14)] one by one or in small
batches. Error and significance measures are used to ensure the qual-
ity of the fit (cf. Secs. S3 C and S3 F of the supplementary material).
Despite the large number of fit parameters, this whole procedure
leads to very good results also for closely lying excitations since the
fit parameters must be consistent over all spectra. We developed
scripts that allow the fit to be done semi-automatically with mini-
mal manual adjustment; cf. Sec. S3 H of the supplementary material
for examples.

Of course, excitations that are not excited by the initial per-
turbation (e.g., if their transition dipole is orthogonal to the field
polarization) cannot be seen and require a further, complementary
simulation with a different external-field polarization. Excitations
with zero oscillator strength, on the other hand, can be made visi-
ble with a perturbation that breaks dipole symmetry, e.g., one that is
spatially localized.

After fitting the excitation spectrum, one can also obtain the
transition densities by generalizing the procedure described in
Ref. 71. In essence, one can write the analogs of Eqs. (14) and (18)
for the whole density by replacing the induced dipole moment by
the induced density and the transition dipoles by the transition
densities #j,

Nex
on(r,t) =25 Ajn;(r)sin (wjt + ¢;) W (£), (20)

=1

Nex ) )
F[én](r,w) = " Ajnj(r) [eﬂ‘b’Lg(w +wj) - (w- wj)].
j=1
(21)
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After the fit to the spectrum, the number of excitations Nex and the
values of wj, A;j, and (/)j are known. After evaluating the Fourier-

transformed density at the excitation energies F[on](r,w;) for
j=1,...,Nex (which can be complex valued for a general exter-
nal excitation), one can use Eq. (21) to disentangle the set of
F[6n](r,w;) and retrieve the proper (real-valued) transition den-
sities n; without further fitting. The derivation of the equations is
reported in Sec. S2 C of the supplementary material, together with a
description of the script BTevalSpec.py in Sec. S3 that we use for the
evaluation of the fits. This script is now publicly available on GitHub.
An example is given in Sec. S3 H of the supplementary material.

IV. B850 ENERGY TRANSFER FROM A REAL-TIME
PERSPECTIVE

We now use the techniques described above to analyze exci-
tation energy transfer within a part of the B850 ring of the LH2
complex of Rbl. acidophilus (strain 10050).”"**

A. Setup and simulation parameters

For these simulations, we used the crystal structure that we first
used in Ref. 78 and which was determined by Cogdell et al.”® at a
resolution of 1.85 A. The naming scheme and orientation in the
coordinate system follow the INKZ!" structure, which shows one
third of the complete ring. The ring consists of three repeat units
with six BCLs each. The latter are called B301 to B306. After com-
pleting the ring by 120° and 240° rotations around the z-axis, we
get three symmetry representations, which we denote by the suffix
“a” (original), “b” (120°), or “c” (240°). In the present work, we

0fs

| Excitatior'n\

FIG. 2. Snapshots of &; (iso value 0.04 a.u.) at four different times after the excita-
tion. The ellipses indicate the regions of high excitation-energy content. One can
see that the excitation energy spreads from right to left. See the main text for
details. (Partly generated with VMD.5%)
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consider the BCLs B306¢ and B301a-B305a. For brevity of notation,
they are called B1-B6 in the following. B1-B6 make up one third of
the B850 ring, as highlighted in Fig. 1 and shown in the top panel of
Fig. 2. These BCLs build three a/f dimers, of which B1, B3, and B5
are B and B2, B4, and B6 are a BCLs.

The BCLs B2-B4, i.e., B301a-B303a, were already used in ear-
lier work, and we prepared the system in analogy to Sec. II A of
Ref. 78. We truncated the phytyl tails of the BCLs and replaced them
with a methyl group each, and we explicitly took into account the
histidine residues that coordinate the central Mg atoms of the six
BCLs. We cut these histidine residues off from the protein back-
bone between the respective Cq and Cp and saturated them each
with an H-atom. Earlier work showed’”® that one can describe the
BCLs’ Q-band excitations reasonably well by including the histi-
dine residues explicitly while describing the rest of the protein, the
other chromophores within the LH2 complex, and the LH2’s envi-
ronment by an electrostatic potential, as detailed in Sec. II B of
Ref. 78. Thus, the whole simulation system consists of the six BCLs
(without phytyl tails), their coordinating histidine residues, and the
electrostatic environment potential. In the following, unless stated
otherwise, we treat one BCL and its coordinating histidine residue
as a unit.

We excite the system by applying an electric dipole field that
extends through the entire simulation domain,

VE(r, ) = ey /g borsin[@F(t+THIf(E+T)  (22)
0

—— ——
=E =h(t)

with polarization p = (2,-1,0)/+/5, light intensity I = 10” W/cm?,
and energy hw® = 0.1270 Ry ~ 1.728 V. The envelope

t/T,, t € [0;T[,
3 1, te [Tr§ T, - Tr[a
f= 1-[t=(T.-T)]/T,, te[T.—TsT.], @)

0, else

describes a pulse shape with a total duration of T, = 10 fs composed
of a T, = 1 fs ascending ramp followed by a T, — 2T, = 8 fs plateau
and a final T, =1 fs descending ramp. Thus, the field simulates
a weak incident laser pulse with linear polarization. Its excitation
energy is close to the Qy excitation energies that we found’® for the
single BCLs at this level of theory, and the spectral width of the pulse
covers the whole range of coupled Qy excitations of the complex. We
chose the polarization such that B1 and B2 are excited the strongest,
and B5 and B6 only weakly, by approximately matching the polar-
ization to the transition dipole of B1 and B2. The arrow at the top
of Fig. 2 indicates the polarization vector. The spectral profile of the
excitation is shown in Fig. 11 of the supplementary material.

For analyzing the results, we split up the whole simulation space
into six volumes, one for each BCL-histidine residue unit. The vol-
umes are labeled by a superscript (), and observables are recorded
in these volumes as explained in Sec. III A. For our purposes, it was
sufficient to define the volumes in the following way: For each grid
point, we determined the atom closest to it. We then assigned that
grid point to the molecular area to which the atom belongs. How-
ever, if required, one can also use more elaborate methods’ ™! to
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define a decomposition. Further numerical details are given in Sec.
S1 of the supplementary material, along with additional technical
information about the evaluation.

B. Excitation energy transfer analyzed in real time

Figures 2-4 visualize the first set of central results. They show
how excitation energy spreads through the system as a function of
time. The excitation starts at 0 fs, i.e., the external field acts from 0
to 10 fs. The panels of Fig. 2 show snapshots of &, i.e., a measure for
the excitation-energy density, between about 10 and 40 fs, ie.,
shortly after the external perturbation ended. Figure 2 is com-
plemented by Fig. 3, which shows the evolution of the excitation

energies of BCL dimers as measured by ?El) , but here evaluated not
for one unit’s volume, but for a pair of BCLs. The arrows in Fig. 3
mark the positions at which the snapshots of Fig. 2 have been taken.

During the excitation period, the excitation energy increases
steeply on B1-B4 (Fig. 3). B1 and B2 are the most excited since
their Qy transition dipoles best match the polarization of the exter-
nal field. The top snapshot of Fig. 2 shows the situation directly
after the external perturbation has ended. Thereafter, the excita-
tion energy spreads rapidly over B3 and B4 (~15-32 fs) toward B5
and B6 (>32 fs) on a 40-50 fs time scale. The latter time interval
expresses the uncertainty, especially in defining the starting time for
the spreading of the energy, which can already start at the beginning
of the initial excitation period. Thus, the upper bound is likely the
more accurate and relevant value.

The IPR curve in Fig. 4 shows a delocalization that initially
varies between 4 and 5 BCL units during the first 30 fs, followed by a
localization toward 2 BCL units for later times. The initial variations,
especially during the excitation period, should not be overinter-
preted due to the approximate character of the probabilities defined
in Eq. (11). The IPR, thus, suggests a delocalization over about 4.5
BCL units during the first 30 fs, which is in line with Figs. 2 and 3.
The following localization can be explained by the finite extent of
the simulation system that we truncated beyond B6. Figures 2 and 3
both show that the energy starts localizing on B5/B6 for ¢ > 30 fs,

B1 + B2
B3 + B4 ——
B5 + B6
20 -
516 -
]
b
o 12 -
= Excitation
Se
w8
4 +
0 1 1 1 1 .
0 10 20 30 40 50

Time [fs]

FIG. 3. Each line depicts 5,.(1’) for a pair of BCLs as indicated in the upper left
corner. One can see excitation energy transfer from B1/B2 over B3/B4 to B5/B6.
Arrows on the time axis correspond to the snapshots in Fig. 2. The ellipses high-
light the largest contributions of BCL pairs to the excitation energy at those time
stamps and connect to the ellipses in Fig. 2. The external perturbation is active for
the first 10 fs.
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Excitation
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FIG. 4. Evolution of the excitation’s IPR as a measure for the excitation’s delocal-
ization over BCL units. Arrows on the time axis correspond to the snapshots in
Fig. 2.

which explains the decreasing IPR. For even longer propagation
times, this truncation even leads to a backward reflection of the exci-
tation energy. This artificial dynamics is, however, not shown in our
figures.

On the time scale of ~50 fs that we study here, the frozen nuclei
approximation is expected to be very well justified due to the rel-
atively low velocity. Therefore, it is not expected that, e.g., nuclear
movement would break the electronic coherence on this short time
scale. However, future work that aims to study the full B850 ring and
longer time scales will need to take the nuclear motion into account.

C. Excitation energy transfer analyzed
in frequency space

The real-time evaluation of energy-transfer signals is very intu-
itive. However, a complementary analysis in frequency space can
also be instructive, as it can reveal information about the aggregate’s
electronic excitations that drive the observed energy transfer, as well
as the molecular contributions to these excitations. To this end,
we recorded the single BCLs’ contributions to the induced dipole
moment by integrating over the respective volumes [ =1,...,6, cf.
Eq. (13). From these, we obtained spectra and, ultimately, pre-
cise values for excitation energies, strengths, and transition dipoles
as described in Sec. III B and as further detailed in Sec. S4 of
the supplementary material. We summarize the resulting values
for energies fiwj, phases ¢;, and amplitude vectors a](l) in Table I
(Sec. S4) of the supplementary material.

Our evaluation reveals five excitations in the energy range from
1.6 to 1.8 eV, in which one expects the coupled Qy excitations. We
label the latter by o with j € 1,2, 3,4,5 in ascending energetic order.
The spectrum is shown on the left-hand side of Fig. 5, i.e., on the
vertical axis from top to bottom. Red lines mark the excitation
energies. The continuous black curves result from broadening the
spectrum with a Gaussian with a width of 0.005 eV as a guide to the
eye. Each of the six BCLs contributes to each of the five excitations
with its own dipole response. The strength of each contribution is

given by the molecular amplitude vectors aj(l).
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FIG. 5. Vertical axis: Excitation spectrum of the 6 BCL system. One can see five
excitations oj, j = 1, . . ., 5, with energy increasing from top to bottom, and with the
peak heights reflecting the oscillator strengths £. To the right of each excitation, the
structure of the BCL system is indicated by black dots marking the positions of the
BCL molecules (the full molecular structure is indicated once to the right of o1).
Red arrows visualize the dipole amplitude aj(') with which this BCL contributes to
the given excitation. Pale red arrows visualize the total dipole amplitude, a;, for
the given excitation. Oscillator strengths and vectors of the excitations below the
vertical dashed black line, i.e., o3—0s, are scaled up by a factor of 4.

Figure 5 visualizes the contribution of each BCL molecule to
each excitation in the following way: The molecular structure of the
BCL system is shown to the right of 1, i.e., at the top of the figure.
For the other excitations, only the central Mg atom of each BCL is
shown to the right of the excitation’s position on the energy axis for
clarity of the visual impression. The saturated red arrows show the

ARTICLE pubs.aip.org/aipl/jcp

)

projection of the molecular dipole amplitude aj(l onto the xy plane

for each BCL. The total dipole amplitude vectors a; = Y5, aj(l) are
shown as pale red arrows. The latter are parallel to the respective
excitation’s transition dipole since a; o< 5 cf. Eq. (14). For better
visualization of the excitations with low oscillator strengths, i.e., 03
to 05, we scaled their oscillator strengths and arrow lengths up by a
factor of 4. The polarization of the initial perturbation is shown in
the top right corner.

The five excitations lie between 1.642 and 1.782 eV, i.e., span
an energy range of about 0.14 eV. For comparison, the Qy excitation
energy of a single B850 BCL with the same level of theory lies within
this range, e.g., 1.753 eV for B3 (B302a).”® The first two excitations
at 1.642 and 1.687 eV are associated with the largest response and
are completely delocalized, with all BCLs contributing significantly.
Visually inspecting the transition densities (shown in Sec. S4 B and
Fig. 12 of the supplementary material) reveals that the supermolecu-
lar excitations can qualitatively be described as superpositions of the
BCLs” Qy excitations. As expected from an (imperfect) J-aggregate,
the lowest-energy excitation o, shows a constructive superposition
of all BCL contributions, i.e., all BCLs are in phase. The situation is
different for o,: The contributions of B5 and B6 to the second exci-
tation, i.e., the amplitudes ags) and agﬁ), are almost opposite to how
B5 and B6 contribute to o;. For the given exciting field, i.e., for the
chosen external perturbation of Eq. (23), both 01 and o, contribute
significantly to the total dipole signal. This is seen from the compara-
ble lengths of the pale red arrows in Fig. 5. However, whereas o1 has
the larger oscillator strength, o5 is excited more efficiently since its
polarization and frequency better match the external perturbation.
As a side remark, we note that the excitation energies of 01 and o, are
lower than that of a single B850 BCL (~1.76-1.77 eV for B2-B4’% at
the given level of theory), i.e., we see a net red shift of the absorption,
as expected from an effective J-aggregate.”

The remaining three excitations at 1.732,1.741, and 1.782 eV
show an overall weaker response with mixed contributions mostly
from B1-B4. Therefore, 03 to o5 hardly participate in the energy
transfer to B5-B6. Another interesting observation is that the dipole
contributions of the same BCL to different excitations are, in general,
not perfectly parallel to each other (compare the arrow directions
for a single BCL vertically for different excitations). A good exam-
ple is BI. It contributes, among others, to excitations o, and o5,
but the respective vectors’ directions are significantly different. This
means that the supermolecular excitations that we see cannot be
described well as simple superpositions of the Qy excitations of the
single BCLs. If the latter were the case, then the dipole contribu-
tions of a given BCL to different excitations would be parallel. To
support this argument, we show and discuss the transition densi-
ties in Sec. S4 B of the supplementary material. Finally, we note that
an exciton model would predict six excitations from the coupled Q,
excitations of the six BCLs. Indeed, in a simulation with orthogonal
external-field polarization (shown in Sec. $4 C of the supplementary
material), we find a sixth excitation at 1.725 eV. The latter qualita-
tively resembles o5 but is localized on B5 and B6 with a transition
dipole that is almost orthogonal to the polarization of the external
field that was used in the simulation discussed in this section. Hence,
it is not excited in the simulation discussed above and, therefore,
is neither visible in the spectrum nor participates in the observed
energy transfer.
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Putting together the above observations, the following picture
emerges: The energy transfer that we saw in the time domain in
Sec. IV B is primarily driven by just the two excitations o1 and o5.
This can be concluded for two reasons: (i) a large dipole amplitude
at one site in frequency space also corresponds to a potentially large

value of ?gl) in time-space at the same site, and (ii) only 0; and o,
have significant contributions from B5 and B6. We thus conclude
that the energy difference between 01 and 0, determines the energy-
transfer time scale in the presented setup. Since both o; and o, are
considerably excited, we see a substantial energy transfer.

To clarify the former statements, we rephrase them in a thought
experiment and ignore o03-o5 for simplicity. At some point in
time after the initial excitation, o1 and o, interfere constructively
on B1-B4 and destructively on B5-B6, which corresponds to an
energy concentration on B1-B4. The superposition of two exci-
tations results in a beating signal.'’””> Half a beating period after
the energy was concentrated on B1-B4, i.e., after T05"/2 = 7/(w;
— w1) ~ 45 fs, the superposition is reversed. Thus, the energy is then
concentrated on B5-B6. In Fig. 3, this situation occurs at the end of
the shown time interval at about 50 fs. At this point in time, B5 has
reached its highest level of excitation.

Since the energy difference between o, and o, is only about
50 meV, small variations of this setup, e.g., due to changes in the
simulation or due to environmental effects,””'"*'"" can have a sig-
nificant influence on the time scale of energy transfer. Furthermore,
it is clear that this type of energy transfer is reversible, as the beating
signal keeps repeating. The irreversible “downbhill energy transfer”
that drives photosynthesis results from the interplay with the nuclear
degrees of freedom, as discussed in the Conclusions.

V. CONCLUSIONS

The work that we presented in this paper has two aims. On
the one hand, we presented techniques for extracting observables
from real-time propagation calculations, with a particular focus
on excitation-energy transfer. These techniques can be applied in
combination with any quantum mechanical approach that yields
the time-dependent density. We showed that combining evalua-
tions in time space and frequency space can yield complementary
insights and allows for unraveling even complicated dynamics in
multichromophoric supermolecular systems.

On the other hand, we used our techniques to study excitation
energy transfer in a system of six BCL molecules, B1-B6, that form
a fraction of the B850 ring of the LH2 complex of purple bacteria.
In these calculations, we relied on TDDFT in real-time on a real-
space grid. After an initial excitation of 10 fs length that was chosen
to mostly excite B1 and B2, the analysis in real-time revealed a rapid
delocalization of the excitation energy within the 6-BCL system on a
time scale of 40-50 fs and a delocalization over about 4.5 BCL units.

We complemented this analysis in real time with an analysis
in frequency space, decomposing the dipole response into separate
contributions from the six BCLs for each of the five electronic exci-
tations that we found. The first, dominant excitations, o; at 1.642 eV
and o, at 1.687 eV, contribute with a similar magnitude to the dipole
response. The decomposition into molecular contributions reveals
that o1 and o, also predominantly drive the energy transfer from
B1-B4 to B5-B6. Using the energy difference between o, and o3,
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we could thus estimate the energy-transfer time scale from B1-B4
to B5-B6 to be about 45 fs, which is in good agreement with the
time-space analysis.

Finally, we want to put these calculations into the broader con-
text of excitation-energy transfer in light-harvesting systems. First,
it is clear that due to the approximations that we made, e.g., with
respect to the description of the exchange—correlation effects, the
truncation of the system, and the approximate environment poten-
tial, our results, e.g., the obtained excitation energies, cannot be
compared quantitatively to experimental numbers. However, as dis-
cussed in Sec. I, one can expect that qualitatively our simulations
capture the correct physics. Second, the processes that we study here
focus on the quantum mechanically coherent electronic excitation
dynamics. Due to the clamped nuclei, no dissipation is present in
our simulations. On the time scale of a few tens of femtoseconds that
we discuss here, neglecting the nuclear motion appears justified. It
is, however, obvious that with clamped nuclei, the concentration of
excitation energy that we observe on B5 and B6 after about 50 fs will
redistribute again at later times. Yet our simulations clearly reveal a
mechanism that is a relevant first step in excitation-energy transfer:
The superposition of electronic excitations leads to beating signals
in analogy to the beats that one observes in coupled oscillators.
The resulting constructive and destructive interference concentrates
excitation energy in certain localized regions of space on the time
scale that is set by the beat. When nuclear motion, or more gener-
ally speaking, the effects of an environment, change the structure
of the system on a similar time scale, then the nuclear or environ-
mental effects can break the original beating signal and lead to the
localization of the excitation energy. In this sense, our simulations
yield a first-principles estimate for the time scale that is relevant for
the first step of excitation-energy transfer. A relevant field of future
work is to go beyond the clamped nuclei approximation. This can be
achieved, e.g., by coupling classical nuclear motion with propagation
of the real-time Kohn-Sham equations or by taking environmental
effects into account via stochastic TDDFT.'?”

SUPPLEMENTARY MATERIAL

In the supplementary material, we present numerical details for
the presented simulation in Sec. S1, the theory of the spectral eval-
uation methods in Sec. S2, details about the implementation of the
BTevalSpec.py script (which is available on GitHub), together with
selected examples in Sec. S3, and details on the evaluation of the
6-BCL simulation in Sec. $4.
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