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Abstract

Heterogeneous computing and exploiting integrated CPU-GPU architectures has
become a clear current trend since the flattening of Moore’s Law. In this work,
we propose a numerical and algorithmic re-design of a p-adaptive quadrature-free
discontinuous Galerkin (DG) method for the shallow water equations. Our new
approach separates the computations of the non-adaptive (lower-order) and adaptive
(higher-order) parts of the discretization from each other. Thereby, we can over-
lap computations of the lower-order and the higher-order DG solution components.
Furthermore, we investigate execution times of main computational kernels and use
automatic code generation to optimize their distribution between the CPU and GPU.
Several setups, including a prototype of a tsunami simulation in a tide-driven flow
scenario, are investigated, and the results show that significant performance improve-
ments can be achieved in suitable setups.
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1 Introduction

One of the key factors limiting the accuracy and the physical relevance of climate mod-
els is the computational performance of the hardware those models are executed on.
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The current computational paradigm for numerical models of ocean and atmosphere
mostly relies on massively parallel and, in part, hybrid platforms. However, new ways
are required in order to achieve improvements in computational performance in the
time of failing Moore’s Law and more heterogeneous landscape of relevant computing
architectures.

There already exist some implementations of the shallow water equations (SWE) on
heterogeneous hardware. In Echeverribar et al. (2020), for example, a coupled 1D-2D
model for real flood cases is hybridized using a heterogeneous CPU-GPU architecture.
A different approach is taken in Chaplygin et al. (2022) for a 2D shallow water model,
where the domain is partitioned into subdomains distributed between CPUs and GPUs.
Furthermore, in Fu et al. (2017), the global SWE are solved by dividing subblocks
of patches into a CPU and an accelerator part. When considering the DG method for
general types of PDEs, there exist several approaches that utilize heterogeneous CPU—
GPU systems (Mu et al. 2013; Witherden et al. 2015; Bramas et al. 2020). However,
all of these rely on distributing the work through domain partitioning. However, to the
best of our knowledge, no works attempt to adapt the original algorithm’s numerics
to parallelize it between different architectures.

Among the most promising numerical methodologies aiming to optimize the
computational performance of PDE discretizations are adaptive schemes. They are
particularly attractive in combination with finite element and finite volume methods
and rely on adaptive mesh refinement (h-adaptivity) or local adjustment of the polyno-
mial order of the discretization (p-adaptivity). However, adaptive numerical schemes
for time dependent problems have a critical limitation when used in combination with
massively parallel (usually based on distributed memory parallelization) computing,
namely the issue of obtaining a good load balance throughout the simulation. Several
strategies of load-balancing have been proposed, e.g., (Hendrickson and Devine 2000;
Biswas et al. 2000; Teresco et al. 2006; Baiges and Bayona 2017), but they increase
the code complexity and result in additional computational overhead. This is one of
the main reasons why dynamically adaptive numerical schemes were unable to gain
a significant foothold in some communities such as numerical weather prediction or
ocean modeling.

The current work attempts to take a new approach to the load balancing issue
in connection with a p-adaptive DG method: by separating the numerical scheme
and the solution algorithm into a lower-order non-adaptive (base computation) and
a higher-order adaptive (correction computation) parts, we can execute the correction
computation on a separate hardware without influencing the load balance of the base
computation. This strategy of encapsulating the adaptive part of the numerical method
in a separate kernel offers, in addition, a meaningful way to map time-dependent adap-
tive finite element schemes to task-based programming models particularly attractive
for heterogeneous hardware architectures (see, e.g., (Bosilca et al. 2013; Garcia-
Gasulla et al. 2019)).

The tight coupling between the base and correction computations favors hardware
architectures minimizing the performance impact of communication between their
parts (e.g., CPU and GPU). This motivates the focus of our current work on integrated
CPU-GPU architectures represented by Systems-on-a-Chip (SoCs). They are well
suited for heterogeneous computing environments, which is a clear current trend,
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offer low-latency data transfer between the CPU and GPU, and tend to be energy
efficient (Geveler et al. 2016). In order to fully exploit these systems, hardware-driven
algorithm design, i.e., fundamental changes in the algorithm are necessary, and the
multiple instruction multiple data (MIMD) level of parallelism in Flynn’s taxonomy
(Flynn 1972) may become beneficial.

We begin in the next section by introducing the mathematical model and its dis-
cretization by a quadrature-free p-adaptive DG method. Section 3 details our new
approach of separating the lower-order degrees of freedom from the remainder of the
discrete solution. In Sect. 4, we explain the implementation of this approach within our
code generation framework and discuss the necessary adaptations. Numerical results
used for the evaluation of the computational performance of the proposed scheme
are presented in Sect. 5. There we also detail individual kernel execution times for
a realistic simulation setup. A short conclusions and outlook section wraps up the
manuscript.

2 Quadrature-free DG formulation of the shallow water equations

The presentation in this section closely follows (Faghih-Naini and Aizinger 2022;
Faghih-Naini et al. 2020, 2023) and is included here for completeness. The discontin-
uous Galerkin discretization of the 2D SWE used in this work was originally proposed
in Aizinger and Dawson (2002). The 2D SWE in conservative form on some domain
£2 are given by

% E+V-q=0, (H
7 0. _
0q+ V- (ag”/H) + oo+ () a+gHVE=F 2)

where & represents the surface elevation with respect to some datum (e.g., the mean
sea level), H = hjp + & is the total fluid depth (4, denotes here the bathymetry
with respect to the same datum), and ¢ = (U, V)7 is the depth integrated horizontal
velocity. Further physical quantities are the bottom friction coefficient 7y, the Coriolis
coefficient f,, the gravitational acceleration g and the body Force F'. Their values used
in the simulations are summarized in Sect. 5. For the quadrature-free formulation we
also need the auxiliary equation ¢ = u H with depth averaged velocity u = (u, v)’.
Using the notation ¢ := (£, U, V)T, system (1)—~(2) can be written in the following
compact form (cf. Faghih-Naini et al. (2020)):

dc+V-A=r, 3)
uH =gq, “4)
where
U Vv
Alc,u) = Uu—}-w Uv and
g&(H+hy)
Vu Vy 4 £
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0
ric,u) = | —tru + feV + g&dchp + Fy
—otv — feU + g&dyhy + Fy

The examples in this work use the following types of boundary conditions for the
SWE:

Land boundary: q -n = 0.

Open-sea boundary: § = S where f;‘ is a specified water elevation.

Initial conditions for the elevation and velocity are provided as &(x, 0) = &y(x) and
q(x,0) = q(x).

Given a triangulation 2 = [ §2,, we obtain the local variational formulation of
system (3)—(4) on an element £2, by multiplying with sufficiently smooth test functions
¢ and ¢, followed by the integration by parts. We use the notation (-, -), and (-, -)5,
for the L2-scalar products on elements and edges, respectively, and denote by n,
an exterior unit normal to 952,

(0. 9o, — (A, Vg, + (A -ne, Plag, = (r. g, (&)
wH, ¥)o, =(q.¥)g, - (6)

Let P?(£2,) be the polynomial space of order (i.e., the highest polynomial degree) p
on §2,. We derive the semi-discrete formulation from (5)—(6) by replacing ¢ and u with
the discrete solution ¢, u 4 and utilizing test functions ¢ 4, € P? (96)3, and ¢ 4 €
PP (£2.)?

(rea ba)g, — (A, V) g + (A $a)sa, = (r.d4)g, - @
(aHa¥a)g, = (9a.V4)g, - ®)

The edge flux A(c A,UA) - B is approximated on 02, by a numerical flux
A(c A UA, cZ, u,, n.) that depends on discontinuous Values of the solution on ele-
ment £2, (i.e., ca,u,) and its edge neighbor (i.e., ct AU A) On exterior domain
boundaries, the specified boundary conditions for the elevation or velocity are utilized
in the flux computation. In this work, we rely on the Lax—Friedrichs flux (Hajduk

et al. 2018) modified (see Faghih-Naini et al. (2020)) for our quadrature-free integra-
tion scheme, that is

-~ 1
Alea ua, el u),ne) = 5 ((Aea, ua) + Aleh, up)) - me +2(ea = ¢})),

with the following approximation of A|g for each edge E of £2,:

Mg =, max lwag, (xE) - |+ o, max J&Hao, (XE), ©)

where x g denotes the midpoint of edge E. The main computational kernels of the
above discretizations are the evaluations of the element and edge integrals in (7) and
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(8). Asin Faghih-Naini et al. (2020), given abasis ¢,; (x), i = 1, ..., K(p) of PP (£2,),
¢4 and u 4 can be represented as

3 K
calt, X)g, = (Ea, Ua, Va) (1) =Y Y clipei(x) e, (10)
j=1i=1
2 Kp)
UA(t X)), = (a, va) (0.%) =" Y uligi(x)e; (11)

j=1 i=1

with e denoting the j-th unit vector in R3 in (10) or RZ in (11).

Our implementation employs triangles. The number of basis functions K (p)
depends on the chosen polynomial approximation space; it has the following val-
ues in R%: K(0) = 1, K(1) =3, K(2) = 6, and K(3) = 10. The basis functions
employed in our implementation are hierarchical and orthonormal with respect to the
L?-scalar product on £2,.

The temporal discretization of system (7)—(8) is performed using a strong stability
preserving (SSP) Runge—Kutta method (Gottlieb and Shu 1998). In the test cases
presented in Sect. 5, we use a two-stage SSP Runge—Kutta method, known as Heun’s
scheme, given by

0
c(A) =caltn, ),
cg) = cg)) + Aut L(t,, ci(\))),

c(AZ) = %cg) + % {c(Al) + Aut L(t, + Ayt c(Al) ] ,

2
caAltutl, ) = c(A),
where 0 = 1] < 2 < -+ < feng 1S a possibly non-equidistant decomposition of the

time interval and A, := t,,41 — t,, represents the size of the n-th time step. L denotes
the spatial discretization operator specified by (7)—(8).

Our scheme relies on a dynamic p-adaptive algorithm which adjusts and limits,
if necessary, the local approximation order using an adaptivity indicator. For DG
discretizations which rely on hierarchical bases, p-adaptive (as opposed to h- and
hp-adaptive) schemes are particularly attractive due to simplicity of implementation.
Numerical results in the literature and our previous studies for p-adaptive schemes,
together with the performance measurements in Sect. 5 show savings of computational
time compared to non-adaptive schemes of similar accuracy (Kubatko et al. 2009;
Faghih-Naini and Aizinger 2022). All our dynamically p-adaptive numerical runs use
the Jump-Reconstruction-Limiting (JRL) indicator from Faghih-Naini and Aizinger
(2022) with a minor modification—namely in the left branch (p0) in Fig. 1 of Faghih-
Naini and Aizinger (2022), the reconstructed limited pl solution is accepted if its
jump is smaller than 100% (instead of smaller than 90%) of the jump of the piecewise
constant solution part.
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quadratic correction

correction

(-

Fig. 1 Schematic idea of separation approach: The solution for the non-adaptive part (left: piecewise con-
stant, right: piecewise linear) is computed for all elements on one hardware, e.g a GPU. An adaptive
correction (left: linear, right: quadratic contributions) is then applied to some elements. The latter compu-
tation can use a different hardware, e.g., a CPU

3 Algorithmic adaptation: order separation

The quadrature-free formulation utilized in our solver—when combined with hier-
archical bases—naturally separates the discrete equations for different polynomial
orders. The main idea is to evaluate the update for the non-adaptive degrees of free-
dom of the DG approximation independently from the adaptive higher-order part of
the solution. Since the quadrature-free formulation only contains product-type non-
linearities, a p-adaptive scheme for such a discretization boils down to adding and
removing terms without affecting the rest of the DG approximation. The non-adaptive
lower-order DG solution is computed for all elements, and a higher-order correction
is applied where necessary. When using the quadrature-free formulation, it is techni-
cally possible to perform the splitting also for schemes performing quadrature-based
integration; however, depending on the quadrature rules, this may not yield any per-
formance benefits.

The setups evaluated in Sect.5 include a constant non-adaptive part with a linear
correction and a linear non-adaptive part with a quadratic correction as shown in
Fig. 1. In the latter setup, it is technically possible to fix only the constant part and
compute both the linear and quadratic contributions as corrections. However, since
the constant part has a very small runtime impact, there is little performance benefit
in doing so. Therefore, we focus on fixing the entire linear part. This approach is
naturally extendable to any higher order DG discretization.

Our presentation of the separation methodology needs the algebraic representation
of element integrals, thus we repeat equation (20) from Faghih-Naini et al. (2020)
(adapted to the notation in this work) and we furthermore follow Faghih-Naini (2024).
Inserting the basis representations (10) and (11) into (7) and testing the first equation
with ¢ , = @ege1 we obtainforg € 1,..., K(p):

K(p)
e 0¢e
A(ca,un), vV = 2| Tg.ud 3./ 9 peidx | .
( (CA uA) ((peqel))ge ; [Cgl /.Qe 9x Pei x+ce1 o 8)7 PeidX

e

12)
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We assume that up to order b, the computation is done for all elements, and the
correction for order b+ 1 is only applied to some elements. Then the base computation
would involve the following:

K (b)

base 2 890611 3 a(pfll
Alca,up), V e = E : ——@e;dx . ;dx
(A1), Vpege)g, [C” /g ox ¥ “”/g oy }

e

i=1

forgel,..., K().
The correction consists of

correction

(Aca, ua), Vigegen) g

K(p)
17 g
2 eq 3 eq
= Z |:Cei /Qe TS <pe,~dx+ce,-/9 _8y (pe,-dxi|

i=K(b)+1 ¢
forgel,..., K(b)and

correction

(Alca ua). Vigegen) g,

K(p)
dp o¢
2 eq 3 eq
= ; ——@eidx ; idx
Z |:Cel /Qe ax @eidx + cy; /;Ze 3 Pei ]

i=1 Y

forqg e Kb)+1,..., K(p).

The edge integrals are separated in a similar manner, of course taking into account
the local approximation order of the current element. Note that, when computing
the coefficient A, i.e., (9), in front of the penalty term for the Lax-Friedrichs flux,
regardless of the approximation order, exclusively the constant part of the solution
is used for evaluation of the velocities and the surface elevation fields. In a similar
manner, the nonlinear bottom friction on the right-hand side uses the piecewise con-
stant solution part, instead of using the full-order approximation for computing the
velocity magnitude. This approach showed no loss in solution quality and is used in
our implementation to avoid special treatment when applying a correction.

The solution uA(t, x)|, =: u. of (8) involves solving an element-local linear
system which looks differently for different approximation orders, i.e., the higher-
order degrees of freedom can actually affect the lower-order ones. However, using a
setup with an analytical solution, we conducted convergence studies to investigate the
solution quality when omitting higher-order contributions in the lower-order compu-
tations. The studies confirmed that the convergence order and L2-differences remain
consistent. Furthermore, for the setup utilized in Sect. 5.1, we compare the differences
in the surface elevation § — &,,;, at the final time in Fig. 2, where &,,;, represents the
original scheme. The integrated scaled absolute differences, are 7.03 x 10~ for p0-1
and 2.97 x 1073 for pl-2,i.e., very small, as anticipated.
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Fig. 2 Radial dam break: difference § — &,,;, at t = 2.5s for approximation orders p0-1 (left) and p1-2
(right)

As this approach shows no loss in solution quality, in order to compute u,, using
an LU-factorization, we are now generally solving

(i)t etk on 9) seqrowom =G Dicttvarion
with

K(p.i.j)
- 1 O
(Hi’j)i,je{l ..... K(p)} /_Q Z ConPen + M | Pejeis

n=1

.....

! !
u; =u,.,
( ’>J‘6{1 Koy Y
K(p)
l+1) . 141 . B
‘i = ¢ . 1=1,2
( ! ie{l,...K(p)} /_;26 nXZ; en PenPei

1, ifi=j=1

K(p.i.}) 3, ifp<=1IAlGi=j=1)
, L, = .
prte 6, ifp<=2Al0 <=3Aj<=3)

10, if p <=3Ali <=6Aj <=06)

l+1)

C.

o Jiell, L K(p))
order ones due to orthonormality property, the lower-order system does not have to be
re-assembled when applying the higher-order correction.

Since the lower-order terms in ( are not affected by the higher-

@ Springer



GEM - International Journal on Geomathematics (2025) 16:8 Page90of25 8

4 Code generation

The new separation approach was implemented in GHODDESS' (Generation of
Higher-Order Discretizations Deployed as ExaSlang Specifications), a Python fron-
tend to the ExaStencils code generation framework (Faghih-Naini et al. 2020; Lengauer
et al. 2020; Alt et al. 2023). GHODDESS uses SymPy? (Meurer et al. 2017) to per-
form symbolic differentiation and integration. It implements the complete program
specification, including optimizations such as buffering geometric information.

ExaStencils is a highly advanced framework for generating C++ stencil codes on
block-structured grids. The parallelization and communication routines of the code are
automatically generated using OpenMP, MPI, and CUDA as backends. For automatic
optimizations, ExaStencils supplies code transformations such as common subex-
pression elimination, polyhedral loop transformations (Kronawitter and Lengauer
2018), explicit single instruction multiple data (SIMD) vectorization, and address
pre-calculation. ExaStencils provides its external domain specific language (DSL)
ExaSlang (Lengauer et al. 2020) consisting of four language layers with different
abstraction levels. Each layer is designed to provide a tailored language for the differ-
ent aspects of a problem and its corresponding solution methods. ExaSlang 4 is the
most comprehensive layer of our DSL, as it can hold the whole program specification
and makes concepts such as parallelization, domain partitioning, and data I/O avail-
able to users. For this reason, it was chosen as an intermediate target for the mapping
from the symbolic description in GHODDESS. ExaStencils’ source-to-source com-
piler, written in Scala, is then responsible for parsing the ExaSlang input, applying
code transformations, and emitting the target C++ code.

For the hardware-driven algorithm design, we extend our code generation pipeline
on different abstraction layers. The algorithmic changes to incorporate the sepa-
rated kernels described in Sect. 3 are done in GHODDESS. The symbolic program
description also contains the control flow for distributing individual kernels to spe-
cific architecture components. Executing kernels in this heterogeneous manner needs
data synchronization and bookkeeping concepts. Automating these rather technical
steps can be highly beneficial for productivity making them an ideal target for code
generation with ExaStencils.

By default, ExaStencils supplies a standard data migration method for architec-
tures with discrete memory locations for the host and device. Explicit memory transfer
statements between the discrete memory locations and data structures for their version
tracking are generated. These transfer operations, however, incur large latencies and
can impact the execution time significantly when performed at a high frequency. There-
fore integrated architectures such as the NVIDIA Jetson systems appear particularly
promising for our heterogeneous approach and excel, in addition, in the energy-to-
solution metric (Geveler et al. 2016). Since the CPU and the GPU share the same
die and the system memory, no distinct memory locations and transfer operations are
needed — thus allowing for a low-latency communication between the CPU and the
GPU. Supporting the NVIDIA Jetson systems requires specialized extensions within

1 https://i10git.cs.fau.de/ocean/ghoddess-release.
2 https://www.sympy.org.
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ExaStencils. We implemented them as distinct building blocks so that all future users
can benefit from the new code generation capabilities. The current Jetson systems
employ ARM-based CPUs, for which we replenished an existing building block for
an automatic SIMD vectorization with NEON intrinsics (Lengauer et al. 2020). The
other building blocks are memory management techniques of the CUDA platform,
namely pinned memory, unified memory access, and zero-copy memory explained in
the following.

e Pageable memory is referred to as memory which can be automatically swapped
(paged) by the operating system between the primary (usually RAM) and sec-
ondary (e.g., external drive) storage. Since GPUs cannot directly access data from
pageable host memory, data transfers to and from GPU often incur overhead from
internal copy operations to page-locked or pinned host buffers issued by the CUDA
runtime. For this purpose, CUDA offers the (de-)allocation of pinned host memory
to avoid the additional copy and increase the transfer bandwidth.

e Unified memory bundles the previously separate host and device memory alloca-
tions into a single allocation. It also obviates explicit memory transfers with an
automatic on-demand migration determined by the CUDA runtime via a page-
fault mechanism. While this model significantly simplifies the development of
heterogeneous codes, it often performs poorly due to the overhead from the fault
handling. Explicit prefetching of data can mitigate this performance penalty and
allows for fine-grained overlapping with kernel executions at the cost of additional
code complexity. Still, the complexity can be overcome by generating automated
prefetching routines.

e Zero-copy memory allows GPU threads to access host memory directly. Users
are provided with a shared virtual memory space for host and device data given by
mapping the allocated host memory to the CUDA address space. This method is
especially beneficial for systems with integrated GPUs such as the NVIDIA Jetson
architectures. While this approach does not need explicit migration requests, syn-
chronization between CPU and GPU execution is necessary for critical regions.
The required bookkeeping for this purpose is automatically generated by the ExaS-
tencils compiler.

5 Performance results

The performance measurements were carried out on two test platforms. The first one
is an NVIDIA Jetson AGX Xavier SoC (called in the following ARM-AGX), which
is a part of the ICARUS? cluster at TU Dortmund, containing an NVIDIA Carmel
Armv8.2 CPU with eight cores and an NVIDIA Volta GPU. The CPU’s frequency
was fixed at 2100 MHz in our test runs. The second test platform is a server with two
AMD Epyc 7742 processors with 64 cores each and one NVIDIA Quadro RTX 6000
GPU (called in the following AMD-RTX). There, the CPU frequency was fixed at
2250MHz. We used OpenMP for the CPU parallelization and chose the number of
threads to get similar execution times between the pure CPU and pure GPU versions of

3 http://www.mathematik.tu-dortmund.de/sites/icarus- green-hpc.
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our code: three threads on the ARM-AGX and 64 threads on the AMD-RTX turned out
to produce the best match. For the measurements presented in the following sections,
based on our exhaustive testing, we used the fastest memory management techniques
for each specific setup. On the ARM-AGX, the pure GPU code was narrowly fastest
with pageable memory, the heterogeneous one clearly with zero-copy memory. On the
AMD-RTX, pinned memory turned out to be fastest for all code variants.

The main computational kernels in our SWE code are as follows (cf. Figures 7, 8):
edge computation (cf. (7) in Sect. 2), element and right-hand-side (RHS) computation
(cf. (7) in Sect. 2), auxiliary computation u H = ¢ (cf. (8) in Sect. 2), minimum depth
control to avoid negative depths, boundary condition (BC) evaluation, the Runge—
Kutta step update, and, in dynamically p-adaptive runs, the adaptivity indicator.

We investigate the computational performance using two simulation scenarios. The
first one, a radial dam break on a randomly perturbed uniform mesh, was chosen
because of the domain simplicity and easy problem customizability. The goal of the
second test setup, a tide-driven flow in a realistic domain with a block-structured
grid (Faghih-Naini et al. 2023) consisting of several blocks, is to demonstrate the
applicability of the new approach for more complex problems. The first test problem
is used to evaluate the performance of main code kernels on ARM-AGX, to quantify
the effect of separation on the total execution time , and to evaluate which parts of
the algorithm are better suited for which types of hardware. In addition, we designed
a range of statically adaptive setups with varying fractions of higher-order elements
to compare the overhead of using a p-adaptive scheme vs. a higher-order scheme
without adaptivity. The same test—carried out on the AMD-RTX—is also employed
to illustrate the latency effect of a discrete GPU on the execution time. Finally, the
computational performance of a dynamic p-adaptive simulation is evaluated in detail
using various configurations (separated, i.e. adaptive and non-adaptive part computed
separately, unseparated, i.e. the standard approach, only CPU, only GPU, hybrid CPU
and GPU). Here we also specifically study the overhead caused by our separation
approach, which mostly boils down to transferring the solution parts between non-
adaptive and adaptive kernels. Based on the insights originating from this detailed
performance evaluation, we employ the second simulation scenario with the optimal
settings to run a more complex test problem on a realistic domain.

Since the main focus of this performance evaluation lies on the novel algorithm,
for an in-depth technical analysis of the utilization and memory throughput, which
to a large extend evaluates the performance of the ExaStencils framework rather than
that of our scheme, we refer to results in the literature. ExaStencils has been suc-
cessfully employed to accelerate codes from a wide range of applications, including
image processing, computational fluid dynamics, and molecular dynamics (Lengauer
et al. 2020). In Kuckuk and Kostler (2018), a finite volume SWE scheme on Carte-
sian structured grids implemented for GPUs was analyzed with a Roofline model
showing that the generated kernels achieved approximately 60% of the theoretical and
80% of the measured peak performance. A colored Gauss-Seidel smoother on CPUs
was investigated in Kronawitter et al. (2018) demonstrating results exceeding 84%
of the Roofline performance based on measured memory bandwidth. Furthermore,
in Angersbach et al. (2024), the performance of smoothers within multigrid solvers
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Table 1 Overview of physical quantities and their values in simulation setups

Variable Unit  Meaning Value in setup Value in setup
name Sect. 5.1 Sect. 5.2
Thf % Bottom friction coefficient 0.0001 - H 0.009 - |u|
fe i Coriolis coefficient 1.0-1073 3.19-107°
sz Gravitational acceleration 1 9.81
2
F - Body force (variable atmospheric - -

»
)

pressure, tidal potential)

1

Fig.3 Radial dam break: Analytic initial condition for surface elevation with slice at y = 2.5

was studied on CPUs with the generated kernels, including communication overhead,
consistently achieving at least 73% of the maximum measured peak performance.

The values of the physical parameters used in the simulations in this section are
listed in Table 1. In Sect. 5.1, the test problem uses a linear friction law, whereas the
setup in Sect. 5.2 uses the quadratic one.

5.1 Radial dam break

Here we consider a slightly modified dam break example from Faghih-Naini and
Aizinger (2022), which was based in turn on LeVeque (2002); Hajduk (2021). We
set 2 = [0, 5] x [0, 5] and g = 1; however, contrary to Faghih-Naini and Aizinger
(2022), a constant bathymetry 4; = 0.5 is used. On the exterior boundaries, we impose
land boundary conditions and the initial condition (see also Fig. 3) is given by

24 0.5 15@=25+0-25% " if (x —2.5)2 + (y — 2.5)% < 0.25,

1, otherwise,

Ux,y,t)=0, V(x,y,t) =0.

§(x,y,1) =
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Fig. 4 Radial dam break: Surface elevation at t+ = 0.1s. Constant (p0, top left), linear (p1, top right)
and quadratic solution (p2, second row left). Statically adaptive solution with every 32""¢ element using
the higher approximation order: constant-linear (p0O-1, third row) and linear-quadratic (p1-2, last row),
color-coding shows the local approximation order

For all performance measurements, we use arandomly perturbed uniform mesh with
2097 152 triangles. For illustration purposes, Fig. 4 (top two rows) shows the surface
elevation at ¢+ = 0.1s on a mesh with 131072 triangles for different approximation
orders and Fig. 4 (bottom two rows) the local approximation order for the statically
adaptive setup, in which every 32"¢ element is forced to use a higher order. This
particular test was selected because it is challenging for both CPU and GPU to achieve
efficient vectorization and memory accesses. In the static setups, we compute 100 time
steps with A7z = 0.00001 s and two substeps (Runge—Kutta stages) each. The execution
time is then averaged over the 200 substeps.

The surface elevation and the local approximation order for the dynamic p-adaptive
cases are shownin Figs. Sand6atr = 0.1s,7 = 1.0sand ¢ = 2.5 s. These simulations
were run for the total of 12500 time steps with Az = 0.0002s. Kernel timings were
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xl\‘\)\‘li\"‘\‘.’.‘“\\\

W

h\ mw

PPN

Fig. 5 Radial dam break: dynamic p-adaptive test. Surface elevation at r = 0.1 s (top), # = 1.0's (middle)
and t = 2.5s (bottom). p0O-1 solution with zoom-ins: p1-2. Color-coding shows the local approximation
order

averaged over all substeps to capture the variations in the adaptive part of the solution
algorithm.

In Fig. 7, we compare the unseparated setups for the piecewise constant, linear,
and quadratic solutions without adaptivity to the statically adaptive ones with 1/32 of
the elements fixed at the higher order and to the dynamically p-adaptive results. We
clearly see that, for the adaptive setups, the total execution times are much lower than
those of the non-adaptive higher-order version.

Next, we turn on our new separation approach and consider the execution times
of all kernels on the CPU and GPU (see Fig. 8 "hom." rows). To exploit further
parallelism, we utilize these results to distribute the kernels of the separated algorithm
between the GPU and CPU (see Fig. 8 "het." rows). The resulting optimal distribution
assigns the correction computation to the CPU, whereas the base computation and the
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Fig. 6 Radial dam break: dynamic p-adaptive test. Surface elevation at r = 0.1 s (top), # = 1.0's (middle)
and r = 2.5 (bottom). p1-2 solution with zoom-ins. Color-coding shows the local approximation order

remaining kernels, except for the BC computation, are run on the GPU. This outcome
is expected because GPUs generally excel at performing uniform computations across
the entire domain, such as the fixed part of the discretization, while CPUs are better
suited for non-uniform tasks, such as higher-order corrections. This setup leads to
ca. 22% speedup compared to the fastest pure (on either CPU or GPU) separated
computation and is ca. 11% faster than the fastest unseparated one.

In Fig. 9, we show the substep execution times for statically adaptive scenarios
with different ratios of higher-order elements, which are fixed during the run. Here,
we compare the unseparated and separated schemes run on the CPU, the GPU, or
with the optimal heterogeneous distribution of kernels between the CPU and GPU.
First, the overhead caused by separation is now easy to quantify in each configuration.
Furthermore, one can conclude that the CPU clearly outperforms the GPU if ca. 1/32
or more elements use the higher-order approximation, whereas the GPU is faster
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non-adaptive statically adaptive dynamically p-adaptive
start start start
substep substep substep

p e (
edge 0| 26.51 17.90 edge P edge p
) 0-1| 57.36 53.44 0-1| 39.41 27.14
comp. 1| 95.44 62.56 comp comp.
1-2|183.34 147.68 1-2|143.37 81.59
L 2 \ J \ J
felem. ( (
& el. & P el. & P
RHS RHS 0-1| 32.54 58.54 RHS 0-1[22.34 15.17
comp comp. 1.2|128.07 406.17 comp. 1.2|86.78 135.49
L § J \
( b s r
RK o 8.68 3.70 RK P RK P
sub- 119630 1087 sub- 0-1[14.42 5.51 sub- 0-1
step . - step 1-2(38.62 17.99 step 1-2
2| 73.81 23.08 L y, \
\ \L J
( 3
) CPU GPU (
P P
min o| 1.28 0.98 min min
depth 1| 213 1.32 depth ©0-1| 382 1.86 depth ©O-1| 349 1.28
1-2| 7.39 2.69 1-2| 4.61 1.65
2| 5.82 2.34 L )
\ \L J
( p s r
solving 0| 6.18 3.49 solving © solving ©
0-1| 20.14 15.49 0-1| 15.84 4.66
uwH =q 1(139.68 23.12 uH =gq wH =gq
1-2|159.02 80.71 1-2|119.72 29.85
2|759.93 114.12
L ) N J \ J
( A
)] CPU GPU ( (
P P
CBo?np (1) g'zz 8'32 CBo?np 0-1| 0.64 0.87 ?oi]p 0-1( 0.44 0.54
’ ’ 1-2| 1.04 1.51 1-2| 0.71 0.88
L 2| 131 147 | L ) L )
-
adapt.
indi-
cator
\

end sub-
step (total)

end sub-
step (total)

end sub-
step (total)

P
0-1|110.92 59.80
1-2|416.16 270.92

0-1129.47 118.87

42.31
3 3 1-2|517.70 587.11

1425.03

Fig.7 Radial dam break: Data flow and kernel execution times (in ms) on the ARM-AGX platform for the
unseparated setup. Piecewise constant, linear, and quadratic solutions (left), statically adaptive p0-1 and
p1-2 solutions (middle), dynamically p-adaptive pO-1 and p1-2 solutions (right). We highlight significantly
faster execution times (green, underlined) with a difference of more than 1/3 with respect to the slower ones
(red) (color figure online)
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edge base comp. edge correction comp. elem. & RHS elemen.t & RHS
base comp. correction comp.
0-1 hom. 21.19 17.89 0-1 hom. 43.52 50.92 m T hom. 14.41 48.45
het - 18.30 het 64.19 1] % het - 6.66 %1 het  20.04 -
1.g Pom. 87.58 62.57 ||, , hom. 88.32 127'89J hom. 44.11 97.81 hom. 42.34 340.42
het - 63.05 het  155.37 - 1-2 - 97.85 1-2 |t B1.11 _

N

(RK substep & add. B

P dist.
56.° .95
0-1 hom. 56.20 17.95
het - 19.22
1-2 hom. 168.07 60.23
het - 61.28
. J

|

min depth

p  dist. [S200E 0

hom. 3.49 1.84

~\

het - 1.85
2.6¢
1-2 hom. 7.02 2.69
het - 2.68
. l J
( solving wuH = gq )
, hom. 21.70 15.47
het - 15.42
1-2 hom. 150.02 80.70
het - 80.73
l J
( )

BC computation

hom. 0.62 0.77

0-1
het 0.98 -
9
1-2 hom. 1.09 1.44
het 1.94 -
- J

end substep (total)

CPU GPU

P

0-1 hom. 170.86 144.55
het. 127.40

1-2 hom. 588.95 714.25
het. 460.01

Fig.8 Radial dam break: Data flow and kernel execution times (in ms) on the ARM-AGX platform for the
separated statically adaptive pO-1 and p1-2 solution. The faster and slower execution times are highlighted in
green (underlined) and red, respectively, to substantiate the decision on the heterogeneous kernel distribution

if the fraction of higher-order elements is small. Additionally, we observe that all
adaptive computations are faster than the corresponding non-adaptive higher-order
computations on the CPU. For the non-adaptive GPU execution times, this is also the
case as long as 1/32 or fewer elements use the higher order. In the heterogeneous case,
for p1-2 for some fractions of higher-order elements (i.e., 1/32 and 1/64), we achieve
more than 10% speedup compared to the fastest homogeneous version.
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p0-1 pl-2

s0f 7 T 1 1,400 S Gooy 7
’ p2 (CPU)
pl (CPU), X
1 1

300 | 1 -1 1,200 |- 1 —
1 1
1 1
1 1

£ 250 ' -1 1,000 |- ' 4
1 1
~ | 1
2 ! p2 (GPUY

2 200 |- - 800 F —
< pl (GPU) :
y ' |

g 150 I 600 | 3
g . | |

* 100} | 4 a00] 9 | pl (CPU)|
. .
| 1 u 1
X p0 (CPU) - |

50 [~ : -1 200 = : -

. pl (GPU)
. PO (GPU) :
0 ! i ! ! \ 0 ! i ! ! ! !
dynamic  1/641/321/16 1/8 dynamic  1/641/321/16 1/8
fraction of higher-order elements fraction of higher-order elements
—— pure CPU separated —#— pure GPU separated het. CPU-GPU separated

—&— pure CPU unseparated —@— pure GPU unseparated

Fig.9 Radial dam break: ARM-AGX total execution time for non-adaptive, statically adaptive with different
fractions of higher-order elements, and dynamically p-adaptive setups. For p0-1, in the latter case, on average
(over the whole simulation) ca. 1/482 of the elements use the higher order and, for p1-2, the average fraction
of higher-order elements is 1/172. The horizontal lines mark the non-adaptive (p0, p1, and p2) execution
times. Constant-linear (left) and linear-quadratic (right) approximation

The values left of the vertical dashed line in Fig. 9 show the substep execution times
for the dynamically p-adaptive case (cf., Figs. 5 and 6) with the solution accuracy
enforced to be similar to that of the full higher-order solution, cf. Faghih-Naini and
Aizinger (2022). For p0-1, on average about 1/482 of the elements use the higher
order and for pl-2, the portion is 1/172. Since the dynamically p-adaptive runs are
more than twice as fast as the higher-order runs (p1 in Fig. 9 (left) and p2 in Fig. 9
(right)), these measurements confirm the advantages of p-adaptivity in general. The
heterogeneous version for pl-2 is faster than the separated homogeneous ones but
not faster than the unseparated GPU version. When comparing the p0O-1 to the p1-2
versions, one must note that the performance difference between constant and linear
computations is smaller than between linear and quadratic computations. Additionally,
the overhead caused by separating the element and edge computations is, in some
cases, so significant that it cannot be compensated by distributing the kernels and
doing the computations in parallel. Here, flexible code generation can be used to the
best advantage by easily generating configurations which provide the best performance
depending on the problem setup and the hardware configuration.

Achieving efficient heterogeneous kernel distribution is made possible due to the
CPU and the GPU sharing the memory on our ARM-AGX SoC architecture. For
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Fig. 10 Tidal flow at Bahamas: Bathymetry (left) and block-structured grid with 256 blocks of 32 elements
each. The grid used for the computations was uniformly refined four times, i.e., contains 8192 elements per
block. All units are meters

the conventional hardware with a discrete GPU (AMD-RTX in this case), memory
transfers between the CPU and GPU are a significant bottleneck difficult to amortize
by any performance benefits arising from heterogeneous kernel parallelism. For the
separated versions and p0O-1, we get reasonable substep execution times of 24.9ms on
the CPU and 16.1 ms on the GPU but 101.0ms for the heterogeneous setup. This is
similar for the p1-2 case where we get 68.1 ms, 72.4ms, and 222.2 ms, respectively.
For detailed execution times on the AMD-RTX architecture, we refer the reader to the
last column of Table 2 in Appendix A.

5.2 Tidal flow at Bahamas with water hump

Next, we consider a tide-driven flow scenario in the Bight of Abaco (Bahamas). The
simulations were started from the lake-at-rest initial conditions with an added water
column of 2 meters height—a prototypical tsunami simulation without wetting and
drying—and run for 50 min driven by the tidal surface elevation at the open sea bound-
ary. We imposed no normal flow boundary conditions at the land boundaries (see
Faghih-Naini et al. (2020) for more details on the tidal problem setup). Figure 10
shows the bathymetry (left) and the block-structured grid (BSG). The displayed BSG
contains 256 blocks with only 32 elements each for better visualization. In the com-
putations, a four times uniformly refined (via bisecting each edge) BSG with 8192
elements per block was used, that is, the total number of elements was the same as
in the uniform dam break examples. The simulations were run for 12000 time steps
with Ar = 0.25s.

Figure 11 illustrates the surface elevation at different times for the constant-linear
approximation (top) along with the corresponding local approximation orders for the
constant-linear (middle) and the linear-quadratic (bottom) discretization. In the p0-1
case, about 24.5% of the elements use order 1, and, in the p1-2 case, about 12.1% of
the elements use order 2.
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Fig. 11 Tidal flow at Bahamas: surface elevation (top row) and local approximation orders for p0-1 (middle
row) and p1-2 (bottom row) at t = 1 s (left) and r = 50 (right with zoom-in). The z-axis is scaled up by
factor 10000

Figure 12 details the kernel execution times for the unseparated and separated
setups on the CPU, the GPU, as well as for the heterogeneous kernel distribution. In
the heterogeneous case, the CPU-kernels are on the left and the GPU ones are on the
right of the corresponding bar. The total execution time is larger than the individual
ones because not all kernels can be overlapped due to data dependencies. We use the
heterogeneous kernel distribution derived in the previous section, i.e., the correction
computations are performed on the CPU, whereas the base computations and the
remaining kernels, except for the BC computation, are done on the GPU. Therefore,
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Fig. 12 Tidal flow at Bahamas: detailed kernel and total execution times for dynamically p-adaptive simula-
tion with unseparated and separated setup on the CPU and the GPU as well as with the optimal heterogeneous
distribution

the heterogeneous bar (the rightmost bar of the corresponding subplots of Fig. 12)
mostly consists of faster kernels (i.e., smaller blocks) out of separated CPU and GPU
execution times plotted in the corresponding bars. When using the CPU and the GPU in
parallel, we obtain ca. 13% speedup for the constant-linear approximation and ca. 22%
speedup for the linear-quadratic one. These results show that our approach also works
well in realistic simulation scenarios.

6 Conclusions and outlook

In this work, we proposed and tested a specially re-designed quadrature-free p-adaptive
discontinuous Galerkin scheme for the shallow water equations. Using a hierarchical
modal basis, our approach separates the lower-order degrees of freedom computations
from the rest of the discretization. Furthermore, by exploiting automatic code gener-
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ation, we distribute the computational kernels between the CPU and the GPU based
on kernel performance evaluation for specific hardware. Performance measurements
demonstrate that this approach can lead to significant performance improvements for
certain simulation scenarios if used on a hardware where the CPU and the GPU share
memory.

Since integrated architectures such as the SoC used as a test platform in our work
are often also particularly energy efficient, this is a promising approach for the future
HPC applications.

In future work, developing a detailed performance model could prove to be a worth-
while endeavor. While measuring the runtime contributions of individual kernels for
different discretization spaces provides valuable insights for practical application tun-
ing, a performance model would help to guide this optimization process. Setting up
such a performance model is challenging due to the complexity of kernels, particularly
for higher orders or intricate operations like indicator evaluation. This complexity also
limits the effectiveness of automated tools. After establishing an execution model for
each kernel, these models must then be mapped to hardware models for both CPU and
GPU, including their interconnects and, if relevant, shared memory spaces. Ideally, the
models should also encompass other factors such as CPU and GPU caching, extending
beyond the scope of individual kernel models. Existing research on CPU execution
modeling is substantial, but literature on GPU and combined CPU-GPU models is
sparse. Additionally, it is crucial to account for the impact of variations that occur at
execution time, such as changes in the adapted elements, by quantifying these effects
and adjusting the tuning approach accordingly.

A further improvement of our p-adaptive approach may include an online perfor-
mance measurement system which, e.g., could evaluate the kernel execution times at
certain time points during the simulation run and automatically re-distribute the ker-
nels as needed. Also porting our implementation to other types of SoC (e.g., integrated
Intel GPUs or the NVIDIA Grace Hopper Superchip) and comparing its performance
in the energy-to-solution metric to traditional CPU and GPU realizations of the same
numerical scheme could generate interesting insights.

Appendix A Detailed performance results

The kernel execution times for all presented adaptive measurements are detailed in
Table 2.
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Table 2 Detailed kernel execution times (in ms) for different scenarios. The partial execution times were
measured without overlap, i.e., with synchronization after the kernel calls and therefore their sums do not
not always match the total execution times

test scenario dam break | dam break | dam break | dam break | dam break | Bahamas | dam break
adaptivity strategy static, static, static, static, ynamic ynamic |static,
daptivi ic, 1/8 ic, 1/16 ic, 1/32 ic, 1/64| d i d i ic, 1/32
hardware platform ARM-AGX|ARM-AGX|ARM-AGX |ARM-AGX|ARM-AGX |ARM-AGX | AMD-RTX
kernel p distrib.
0.p homog. [ 21.6 17.6 21.6 17.9 212 179 214 17.6 20.7 17.9 904 306 41 L7
deo b heterog. — 183 — 183 — 183 — 183 — 183 — 29.8 — 84
edge base 1.p homog. | 89.1 62.6 855 62.6 87.6 62.6 90.9 622 83.7 61.7 351.3 838 147 58
“? heterog. —  63.1 63.1 —  63.1 —  63.1 —  63.1 — 815 — 231
0.1 homog. | 86.0 992 69.9 98.7 435 509 246 26.7 162 139 150.1 716 4.3 48
edge ~L heterog. |140.6 — 109.7 — 64.2 — 37.3 — 325 — 921 — 95 —
correction ; , homog. [196.0 254.0 161.4 251.9 88.3 127.9 487 655 20.5 23.5 279.9 189.5 123 12.0
~# heterog. |411.0 281.7 155.4 83.4 38.3 225.4 22.9
0.p homog. [ 9266 92 66 92 66 93 66 81 66 576 136 20 08
elem & ~% heterog. — 6.7 — 6.7 — 6.7 — 6.7 — 6.7 — 138 — 08
RHS base ; , homog. | 43.7 97.8 43.9 978 441 97.8 44.0 978 421 97.8 1855 1175 50 9.0
~? heterog. 97.9 97.9 97.9 97.9 98.0 117.1 9.1
0.q homog. [263° 962 219 962 144 485 83 245 60 72 514 466 18 45
elem & -1 heterog. | 42.0 — 30.0 — 20.0 — 13.7 — 115 — 317 — 1.8 —
RHS 1.p homog. |105.3 680.5 75.7 679.7 423 340.4 22.5 1707 88 36.9 1558 2518 3.7 3L5
correction 1-2 },.40004 127.5 — 92.8 — 511 — 20.3 — 125 — 131.8 — 3.9 —
0.q homog. [97.7 321 766 253 56.2 180 423 141 317 163 2704 322 99 43
RK -1 heterog. | — 32.8 — 26.2 — 19.2 — 15,5 — 177 — 341 — 59.4
substep & 1.p homog. |250.7  96.5 211.3 856 168.1 60.2 139.3 450 123.8 486 701 71.2 231 11.6
addition 2 heterog.| — 95.9 — 86.1 — 61.3 — 464 — 50.2 — 742 — 118.1
0.q homog. [ 36 25 37 25 35 18 35 15 29 13 71 31 05 02
. "% heterog. — 25 — 25 — 19 — 15 — 13 — 3.1 — 0.2
min depth 1.p homog. | 89 38 8.1 38 7.0 27 56 21 4.7 1.7 11.0 4.0 09 0.3
“? heterog. — 38 — 38 — 2.7 — 2.1 — 1.7 — 4.0 — 03
0.1 homog. [38.6 268 309 269 217 155 156 9.7 164 47 825 157 10 19
solving ~* heterog. 26.8 26.9 15.4 9.7 4.8 15.6 4.7
wH =q 1.p homog. |213.8 143.6 196.4 138.1 150.0 80.7 105.0 52.3 1125 29.9 3114 713 58 1L7
~2 heterog. — 143.2 — 138.3 —  80.7 — 525 — 30.0 — 713 — 145
0.p homog. [ 06 04 06 08 06 08 06 04 04 05 16 15 09 01
~1 heterog.| 1.0 1.0 1.0 1.0 0.8 1.8 12.6
BC 1.g homog. | 1215 12 15 11 14 L1 08 07 09 23 18 16 02
“2 heterog.| 2.2 — 1 — 19 — 1.9 — 1.2 — 25 25.6 —
0.7 homog. 21.1 7.4 939 612
L ~ heterog. 8.1 60.5
indicator 1.g homog. — - — 347 107 1139 69.2 S
~“ heterog. — — — — — — — — — 11.3 —  68.9 — —
0.1 homog. [2841 258.0 2348 249.4 1709 1446 1263 922 1239 744 8262 379.7 249 161
total -1 heterog. 246.7 195.9 127.4 9.6 88.1 286.5 101.0
arallel homog. .5 37. i) . 589. . 57.5 59. . . .5 . . .
p 1.2 917.5 1237.8 783.5 1220.2 589.0 714.3 457.5 459.3 432.6 310.2 2149.5 1061.0 68.1 72.4
"% heterog. 818.8 672.2 460.1 346.1 292.7 716.1 222.2
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