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ABSTRACT

Additive codes may have better parameters than linear codes. However, still very few cases are known
and the explicit construction of such codes is a challenging problem. Here we show that a Griesmer type
bound for the length of additive codes can always be attained with equality if the minimum distance
is sufficiently large. This solves the problem for the optimal parameters of additive codes when the
minimum distance is large and yields many infinite series of additive codes that outperform linear

codes.
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1 Introduction

For a finite set A, called alphabet, a code C of length n and minimum distance d is a subset of A"
such that any two elements, called codewords, differ in at least d positions. Given parameters ,
d, and the alphabet size ##, the aim is to maximize the code size #C. For some prime power
g consider the finite field IF, as alphabet. An [n,k,d], code C is a k-dimensional subspace of
the vector space Fj with minimum distance d. The number of codewords is given by #C = q-.
We also say that C is linear over IF;, since C is linearly closed, i.e., for every u,v € C and every
a, B € IF, we have au + fv € C. The parameters of an [n, k, d], code C are related by the so-called

Griesmer bound [78,172]
k-1

n> {ﬂ =: g,(k, d). 1)

i=0
Interestingly enough, this bound can always be attained with equality if the minimum distance
d is sufficiently large and a nice geometric construction was given by Solomon and Stiffler [172].

If a code C is additively closed for alphabet A = F, ie,u+tveC for all u,v € C, we say
that C is additive over IF,, see e.g. [20, 44,57, 60, [104]. There indeed exist parameters n, d, q such
that each linear code C; with length 7, minimum distance d, and alphabet IF, satisfies #C; < #C;
for a suitable additive code C, with length 7, minimum distance d, and alphabet IF,. In this
situation some authors say that additive codes outperform linear Codes Typically k := log, #C,
is fractional, so that no [, k,d], code can exist. Indeed, very few cases where additive codes
outperform linear codes and k is integral are known. In [54] an additive code with length n = 21,
minimum distance d = 18, alphabet A = Fy, and size 9° is given. However, the largest linear
code with length n = 21, minimum distance d = 18, and alphabet A = [Fy has size 92. More
precisely, the largest n such that an [n, 3, n — 3]y code exists is n = 17 [13]. So, no [21, 3, 18]y code
exists. Instead of maximizing the size of the code we can also minimize its length while fixing
the other parameters. In [79] several additive codes over [F, that outperform the best known
linear codes were constructed using cyclic codes. E.g. for length n = 63 and minimum distance
d = 45 size 4° can be achieved while the existence of an [63, 5, 45]4 code is unknown. Recently, in
[129] four infinite series and five sporadic examples of additive codes, with size 4* and alphabet
IF,, that outperform linear codes with the same length and minimum distance were constructed.

There is some renewed interest in additive codes due to applications in the construction of
quantum codes, see e.g. [55, 56| 77, 138]. In the context of MDS codes additive codes where
studied e.g. in [28] as subclasses of group codes [74], see also [26, 46, [137| [140]. In [83] Folded
Reed—Solomon codes were introduced with the property that they admit much better list-decoding
algorithms than the original Guruswami-Sudan algorithm [84]. Another subclass of additive

codes allowing improved decoding algorithms, see e.g. [174], and also obtained by some folding

!For examples of general block codes outperforming linear codes see Remarkl?}
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(or grouping) construction is given by so-called multiplicity codes [119,153]. Also the notion of
the folded Hamming distance appears in the literature, see [143]].

The aim of this paper is to show that a Griesmer type bound for additive codes, see [10,
Theorem 12] or Lemma [14] for details, can always be attained with equality if the minimum
distance d is sufficiently large. This explains the mentioned four infinite series and gives many
more such examples. The underlying construction generalizes the Solomon-Stiffler construc-
tion and will be formulated in geometric terms. For relatively small minimum distances the
problem of the determination of the optimal parameters of additive codes is widely open and
a challenging research direction, as it is for linear codes. Here we restrict our considerations to
linear and additive codes over finite fields. However, similar questions also arise for codes over
chain rings, see e.g. [110, [164].

For other constructions attaining the Griesmer bound for linear codes we refer e.g. to [14,
51, 91}, 92| [105]. For constructions of additive codes with good parameters we refer e.g. to
[4, 79, 180} [148| [159]. Many constructions are based on cyclic codes or generalizations thereof,
see e.g. [81, 161]. For bounds and constructions of codes over general alphabets we refer e.g.
to [5,133,134]. Additive codes have e.g. applications in quantum information [44, 112} 165, 173],
computer memory systems [49, 50], deep space communication [86], storage systems [26) 27],
secret sharing [114], and distance-regular graphs [162].

Other subclasses of more structured block codes, besides linear and additive codes, are e.g.
almost affine codes [167]. In Section[H|we give a brief definition and mention relations to larger
classes of block codes.

The remaining part of this paper is structured as follows. In Section 2| we introduce the
necessary preliminaries. In Section 3| we generalize the Solomon-Stiffler construction for linear
codes to additive codes. Our main result is Theorem [4] or the more explicit version in Corol-
lary [6] stating that a Griesmer upper bound for additive codes can always be attained with
equality if the minimum distance d is sufficiently large. We list some parameterized series of
improvements for additive codes over linear codes in Table 2l More extensive data is moved to
appendices [Bland [C} Relations between our problem and linear equation systems over Z are
outlined in Section 4, Results on optimal additive codes for small parameters are summarized
in Section 5 Our generalization of the Solomon-Stiffler construction involves a rather strong
technical assumption which is relaxed in Appendix|Al A relation of some bounds for additive
codes to divisible codes is briefly outlined in Appendix D] Additive two-weight codes are con-
sidered in Appendix|E| Examples of additive codes that have been found by computer searches
are stated explicitly in Section [F



2 Preliminaries

In this section we collect the necessary preliminaries. Le., we introduce the coding theoretic
notation in Subsection [2.1| and the geometric notation in Subsection Basic constructions
and bounds are summarized in Subsection None of this is essentially new. However, since
different notions have been used in the literature and in order to keep the paper self-contained,
we provide short proofs or explanations. In Subsection 2.4/ we formalize the idea of asymptotic

results which hold when the minimum distance is sufficiently large.

2.1 Coding theoretic notation

Let IF, denote the finite field with g elements, where q = p' is a prime power. We call the prime
p the characteristic of IF,. An additive code C of length n over the alphabet A = IF; is a subset
of IFZ such that u + v € C for all u,v € C. It turns out that each code C that is additive over IF,
is linear over some subfield IF, < IF,, i.e,, au + v € C for all u,v € C and all a, § € F, [9,10].
So, we use the notation [n, r/h, d]gZ for an additive code C that is linear over [F, and has length n,
minimum distance d, alphabet A = E,, and size q", where r € IN. We also call k = v/h € Q the
dimension of C, so that #C = #A* and an [, k, d]}/ additive code is an [n, k, d], linear code. Note
that k can be fractional.

An [n,k,d], linear code C can be defined as the rowspace of a k X n matrix with entries in
IF,, called a generator matrix for C. Similarly, an [n, r/h, d]Z additive code C can be defined as the
IF,-space spanned by the rows of an r X n matrix G with entries in IF:, again called a generator
matrix for C. Let B be a basis for [F: over [F; and write out the elements of G over the basis 8
to obtain an r X 1k matrix G with entries from IF,. Here we assume that the columns of G are

grouped together into n groups of h columns and say that Gisa subfield generator matrix for C.

Example 1. Write Fy ~ F[w]/ (w* + @ + 1) and consider the linear code C with generator matrix
0111 1
101 w o

It can be easily checked that C is a [5,2,4]s code. If we interprete C as an [5,4/2, 4]421 additive code a

generator matrix is e.g. given by

1 1
W @
w ?|

S = O O
g —m, & =

1
)
0 @
0 w? 1



Here we have
00 10 10 10 10

00 01 01 01 01
10 00 10 01 11
01 00 01 11 10

G=

choosing the basis B = (1, w) and using w* = 1 + w.

Given a subfield generator matrix G for an additive code C, the column space of each block
of h columns defines an IF,-subspace of dimension at most h. By X¢(C) we define the multiset of
the n subspaces spanned by the n blocks of 1 columns of G in this way. We say that C is faithful
if all elements of X¢(C) have dimension / and unfaithful otherwise. This is indeed a property of
the code C and does not depend on the choice of a generator matrix G or the choice of a basis
8B, see e.g. [10], so that we also write X(C). We remark that a linear code C, i.e. an additive code
with & = 1 is unfaithful iff an arbitrary generator matrix for C contains a column consisting
entirely of zeroes. An unfaithful additive code for i = 2 is given in Example

Given a linear code C the weight of a codeword c € C is the number of non-zero entries in c,
i.e. there is exactly one codeword of weight zero and besides that the minimum possible weight
equals the minimum distance of the code] We call C A-divisible if the weight of each codeword
is divisible by A € IN. The maximum weight of C is the maximum of the weights of the codewords
of C. We say that C is a t-weight code if only t different non-zero weights occur. one-weight
codes are repetitions of simplex codes, i.e. exactly those codes that attain the upper bound from
Lemma see Theorem 2| A linear code C is projective if the minimum distance of its dual
code is at least 3, i.e., if each pair of columns of a generator matrix of C is linearly independent.
In geometric terms the latter property means that each point in the corresponding multiset of
points has multiplicity at most one, see the subsequent subsection. Projective two-weight codes

have received at lot of attention, see e.g. [42, 45].

Lemma 1. ([58, Corollary 2]) Let 0 < wy < w, be the two non-zero weights of a projective linear code
over IF,. Then, there exist positive integers u, t such that wy = up' and w, = (u + 1)p', where p is the
characteristic of IF,.

A similar statement also holds for nonprojective two-weight codes, see [182, Theorem 3]
and [128]. General two-weight codes were e.g. studied in [40]. If C is an [, k], code where
all non-zero weights are contained in {wy, ..., w;}, then we also speak of an [n,k, {w;, .. .,wt}]l7
code. There is a vast literature on linear codes with few weights, but rather little seems to be
known for additive codes with few weights, see e.g. [148]. We remark that a faithful projective
h—(n,r,s, u), system with type o[r] - Z?:—ll &[], see Definitionand Definition where t of the ¢;

are non-zero, corresponds to an additive (t + 1)-weight code. In Section[3|we give constructions

2The same is true for additive codes, see [9, Lemma 3].
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for such codes. A few more observations on the special case of additive two-weight codes are

given in Section [E|in the appendix.

2.2 Geometric notation

The set of all subspaces of IF , ordered by the incidence relation C, is called (r — 1)-dimensional
projective geometry over IF, and denoted by PG(r — 1,4). Employing this algebraic notion of
dimension instead of the geometric one, we will use the term i-space to denote an i-dimensional
subspace of IF;. To highlight the important geometric interpretation of subspaces we will call
1-, 2-, and (r — 1)-spaces points, lines, and hyperplanes, respectively. For two subspaces S and
S’ we write S < S’ if S is contained in §’. Moreover, we say that S and S’ are incident iff S < S’ or
S§>5. Let[i], := ‘;_;11 denote the number of points of an arbitrary i-space in PG(r — 1, ) where

r > i. By convention we set [0], := 0. We have the following obvious but useful observations.

Lemma 2. Forb > a > 1 we have

[aly[b = 11, = [a = 1];[b]; = ¢"~" - [0~ al,, ()

using the convention [0], = 0, and

ged([al,, [0];) = [ged(@, D)], - 3)

A premultiset of points M of PG(r — 1, g) is a mapping from the set of points of PG(r — 1, ) to
Z.. The value M(P) is called the multiplicity of M. We extend this notation additively to each
subspace S via M(S) = Y p.s M(P). So, the cardinality of M equals M(V), where V denotes
the ambient space. For a hyperplane H the number of points of M in H is given by M(H). If
M(P) € N for each point P, we say that M is a multiset of points. For each subspace S we denote
its characteristic function by xs,i.e. xs(P) = 1if P < S and xs(P) = 0 otherwise.

Multisets of points can be generalized as follows, cf. [10, Definition 4].

Definition 1. A projective h—(n,,s), system is a multiset S of n subspaces of PG(r — 1, q) of dimension
at most h such that each hyperplane contains at most s elements of S and some hyperplane contains exactly
s elements of S. We say that S is faithful if all elements have dimension h. A projective h — (n,7,5s),
system S is a projective h — (n, 1,s, ), system if each point is contained in at most u elements from S

and there is some point that is contained in exactly u elements from S.

Note that the elements of S span the entire ambient space PG(r — 1,9) iff s < n. It is
well known that a projective 1 — (n,7,5s), system S with s < 7 is in one-to-one correspondence
to a linear [n,7,n — 5], code C which has full length iff S is faithful, see e.g. [175, §1.1.2] or



[36, 43 [65, [141], 169]F| Each hyperplane H that contains i elements of S corresponds to g — 1
codewords of weight n—i. In general, projective h—(n, 1, s), systems (with s < n) are in one-to-one

correspondence to additive codes:

Theorem 1. ([10, Theorem 5]) If C is an additive [n,r/h, d]Z code with generator matrix G, then X(C)
is a projective h — (n,r,n — d), system S, and conversely, each projective h — (n,1,s), system S defines an
additive [n, r/h, n — s]i code C.

As mentioned before, C is faithful iff S is faithful. Whenever the specific choice of a generator
matrix G or a subfield generator matrix G is irrelevant, we write S = X (C) or C = X™XS). We
also use the notion C = X~!(M) for a multiset of points M interpreting M as a faithful projective
1-(n,7,s), system. In the case where n = s > 0 let R be the ’-space spanned by the points of
positive multiplicity in M and consider the multiset of points M’ in PG(r' -1, ) as the restriction
of M to K instead. We say that a (pre-)multiset of points M in PG(r — 1, q) is A-divisible for some
positive integer A iff

#M= M(H) (mod A) 4)

for every hyperplane H in PG(r —1,q) if r > 2 and for r = 1 iff #M = 0 (mod A). Note that M
is A-divisible iff the linear code X~'(M) is A-divisible. We collect a few basic properties in the
following lemma and refer e.g. to the surveys [124} [181] for more details.

Lemma 3. Let M, M’ be two A-divisible (pre-)multisets of points in PG(r — 1,q) for r > 2. Then,
M+ M, M= M arealso A-divisible and A - M is A - A-divisible for every positive integer A. Moreover,

the characteristic function xs of every i-space S is q'~'-divisible.

Note that each projective h — (n,7,s), system S can be modified to a faithful projective
h—(n,r,< s), system S by replacing each element S € S with dimension less than h by an
arbitrary h-space containing S if r > h. We remark that it is also possible to obtain a faithful
projective h — (1,7, s), system S’ if we choose the replacing h-spaces carefully. On the other side,
the knowledge that a projective system is unfaithful sometimes allows to deduce tighter bounds
on its parameters, see e.g. the proof of Lemma

To each faithful projective i — (n, 7,s), system we can also associate a multiset of points and

a linear code over [F, with certain properties.

Definition 2. For a faithful projective h — (n,1,s, u), system S let P(S) denote the multiset of points
that we obtain by replacing each element of S by its contained [h], points.

Lemma 4. Let S be a faithful projective h — (n,1,s, u), system. Then P(S) is a faithful projective
1—(n', 1,8, u), system, where n’ = n[hly and s’ = n - [h— 1], + s - q"~1. Moreover, C := X" P(S)) is a

q"'-divisible linear [1’,r,d’], code C with maximum weight at most n - ¢"~, where d’ = q"' - (n — s).

3Every F,-linear code is also equivalent to a multi-twisted code [142]. There is also a relation to subsets of
vector spaces with pairwise different linear combinations, see [149, Theorem 3.1] for details and [149] Definition
3.2] for the concept of an Sy-linear set.



Proof. Asan abbreviation we set S’ := P(S). By construction we haven’ = #8" = #S-[h], = n[h],.
If a hyperplane H contains 0 < i < s elements from S, then H contains i - [h], + (n — 1) - [h = 1], =
n-[h—1],+i-q""! elements from &', so thats’ = n- [h — 1], + s - 4"~'. Moreover, each hyperplane
Hwith S'(H) =n-[h—1],+i-g"" corresponds to g — 1 codewords of weight 4" - (n — i), so that

Cis qh‘l-divisible, has minimum weight 4’, and a maximum weight of at most 7 - qh‘l. [

Example 2. Consider the [5,4/2,4]; additive code given by the generator matrix G from Exampleand
the corresponding projective 2 — (5,4, 1), system S. The linear [15, 4, 8], code C constructed from S in
Lemmad]has e.g.

000 101 101 101 101

000 011 011 011 011
101 000 101 011 110
011 000 011 110 101

as a generator matrix, where we group the columns into blocks of size [h]; = 3 corresponding to the points
of the five lines. Here the maximum weight equals the minimum distance, i.e. every hyperplane contains

exactly one element from S.

Sometimes the stated restrictions on the weights of the linear code C in Lemma[d|can be used
to prove tailored upper bounds like e.g. 113(8, 3; 3) < 20, see Lemma

For h > 1itis an interesting question whether for a given multiset of points M in PG(r -1, g)
a faithful projective h — (1,7, 5, 1), system S with P(S) = M exists, see e.g. [115] for some special
cases. In general, this is a very hard problem and we can only give an “asymptotic” answer, see
Subsection 2.4 for definitions, Theorem 3| for an explicitly parameterized solution in a special
case, and Lemma 21| for a characterization based on the solvability of linear equation systems
over Z. However, in the case of existence the parameters of S can be computed from M.

Definition 3. Let M be a multiset of points in PG(r — 1, ). We say that M is h-partitionable if there
exists a faithful projective h — (n,1,s, u), system S with P(S) = M, i.e. M = Y. s.s xs. We also say that
S has type M.

Lemma 5. Let M be a multiset of points in PG(r — 1,q) and S be a faithful projective h — (n,1,s, u),
system with P(S) = M, then we have

n= #M/[h]q/ (5)
(maXH:dim(H):r—l M(H)) - [n], —#M - [h—1], o
s = ,
qh_l ’ [h]q
PR #M — maXH:dhij(H):r—l M(H), -
q
b= max  MP), (8)
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and
#M= M(H) (mod qh_l) )

for each hyperplane H in PG(r - 1, q).

Proof. Consider M as a faithful projective 1—(n’,7,s’, u’), system with s" = maxg.dim(m)=r—1 M(H),
y’ = maxp.gimp)=1 M(P), n’ = #M, and set ' := n’ —s’. Then, the stated formulas for the

parameters 7, s, d, u as well as condition (9) can be easily verified using Lemma 4| n

The geometric lattice PG(r—1, q) admits duality, i.e., for an i-space S we denote the orthogonal
subspace with respect to some fixed nondegenerate bilinear form by S*. The (r — 7)-space S* is
also called dual of S and the dual S+ of a projective h — (1, 7,5, 1), system S is obtained from S
by replacing each element S € S by its dual S*. Directly from the definition we conclude:

Lemma 6. The dual S+ of a faithful projective h — (n,7,s, 1), system S is a faithful projective (r — h) —

(n,7, u,8), system.

Proof. The dual of an h-space in PG(r — 1, ) is an (r — h)-space. Let P be an arbitrary point and
H be an arbitrary hyperplane, so that P* is a hyperplane and H* is a point. Since at most u
elements of S contain P, at most u elements of S* are contained in P*. Moreover, equality
occurs for some point. Similarly, at most s elements of S are contained in H, so that at most s

elements of S* contain H*. Again, equality occurs for some hyperplane. n

Definition 4. By n,(r, h; s) we denote the maximum number n such that a projective h — (n, 1, s), system

exists.

Lemma?7. Let S be a projective h—(ny, 1,51, 1i1) , System and S, be a projective h—(n, 1, S, i2) ; Syster.
Then there exists a projective h — (n1 + 1,7, < 51 + S5, < g + ‘uz)q system S. If $1, S, are faithful with
types My and My, respectively, then S is faithful with type My + M,. Moreover, if r > h, then there
exists a faithful h — (1,1,1,1), system S’

Proof. S can be constructed as the multiset union of $; and S,. If ¥ > h then §’ can be chosen as
an arbitrary single h-space in PG(r — 1, ¢). u

Corollary 1. We have n,(r, h; sy + s2) > ny(r, h;81) + ny(r, h;s2). If v > h, then we have n,(r, h;s + 1) >
ng(r, h;s) + 1.

If r < h we can consider an arbitrary number of copies of the unique r-space in PG(r — 1, g),
none lying in a hyperplane, so that 1,(r, i; s) = co by definition and we will always assume r > h

in the following.

Lemma 8. Let S be a (faithful) projective h — (n, 1, s, i)y system. Then there exists a (faithful) projective
hl - (n,rl,s, u), system S’



Proof. The vector space lFf7 isisomorphic to IF; when viewed as a vector space over IF;. Under this
isomorphism, we get a map W from the i-spaces in PG(r -1, ql) to the (li)-spaces in PG(r] - 1, g).
Applying W to the elements of S for i = I gives §'. n

Corollary 2. We have ny(Ir, Ih; s) > ny(r, h; s) for all positive integers I.

The map W is called the field reduction map in [133] and indeed very widely used in Galois
geometry. A very prominent example is a Desarguesian spread of I-spaces of PG(Ir — 1, q) as the
image of the points of PG(r -1, ql) under W. Exampleis obtained in this way and in Example
we can see the partition of the [4], = 15 points of PG(3,2) into [2], = 5 lines. By a projection
argument we can also obtain constructions from field reduction when the dimension is not

divisible by I.
Lemma 9. We have n,(r —1,h,s) > n,(r, h,s) for r > 2.

Proof. Let Sbe a projective h—(n,7,5), system and P an arbitrary point in PG(r — 1, q). Projection
through a point Pyields PG(r-1, q)/(P) = PG(r-2, q) and S is mapped to a projective h—(n,r-1, s),
system §'. n

We remark that the elements S € S that contain P are mapped to (dim(S) — 1)-spaces S’ so
that §” may not be faithful even if S is.

Example 3. Consider the faithful projective 2 — (5,4, 1), system S that corresponds to the [5,4/2, 4]i
additive code from Example |1} If we project S through an arbitrary point P of PG(3, 2), we obtain an
unfaithful projective 2 — (5,3, 1), system S’ consisting of four lines and one point in PG(2, 2).

Definition 5.
ny(r, h;8) := ng([r/h1,1;5s) (10)

In words, n,(r, 1; s) is the size of the largest projective h — (1,1, s), system that we can obtain
starting from a linear code over I via Theorem [[|and Lemma |8 by an iterative application of
Lemma @ Whenever n,(r, h;s) < ny(r,h;s) we say that additive codes outperform linear codes
for the corresponding parameters, which is especially interesting if /h is integral.

2.3 Basic constructions and bounds

We start to prepare a few basic constructions of projective h — (n,1,s, i), systems.

Definition 6. A vector space partition of PG(r — 1, q) is a multiset V of subspaces with dimension at
most (r — 1) such that every point of PG(r — 1,q) is contained in exactly one element of V. We say that
V has type 1122 ... (r — 1) if exactly t; elements of V have dimension i forall 1 <i <r - 1.



Example 4. The set S of all points of PG(r - 1,qh) is a projective 1 — ([r]qh,r, [r— 1], 1)qh system.
Applying Lemma (8 to S gives a vector space partition of PG(rh — 1,q) of type h' with t, = [r]y =
[h],/[h],. Here one also speaks of a h-spread of PG(rh — 1, q), cf. Example

A set of matrices M C F™" with rk(A — B) > 6 for all A,B € M with A # B is called a
rank metric code with minimum rank distance 6. A Singleton-type upper bound gives #M <
gmaximn}-(mintmn}=0+1) * Rank metric codes attaining this bound are called MRD codes. They exist
for all parameters with 6 < min{m, n}, even if one additionally requires that M is linearly closed,
see e.g. [160] for a survey.

Lemma 10. For r > 2h there exists a vector space partition V of PG(r — 1,q) of type h"(r — h)! where
t, = qr—h'

Proof. Let M C ]FZX(V_h) be an MRD code with minimum rank distance h and cardinality ¢"".
Prepending a / X h unit matrix to the elements of M gives generator matrices of h-spaces in

PG(r — 1, q) that are pairwise disjoint and disjoint to an (r — h)-space S. n

Of course, this lifting type construction is well known. Another construction, based on field
reduction, is e.g. given in [16, Theorem 4.2]. For r = 2h there exists a vector space partition of

type h', i.e. a spread of h-spaces.

Lemma 11. For r > a > hwithr = a (mod h) there exists a vector space partition V of PG(r — 1,q) of
qr—a_l
g-1"

type h'n(a)! where t), = q° -

Proof. We prove by induction overr. Let V' be the vector space partition obtained from Lemmal(I0]
and let S € V be the unique (r — h)-dimensional element. If a = r — h, which is indeed the case
for all < 3h, then V is the desired vector space partition. Otherwise we identify S with
PG(r — h — 1,4) and replace S by a vector space partition of PG(r — h — 1,9) of type h'a', which

exists by induction. u

Lemma 12. For r > a > h with r = a (mod h) let S be the set of h-dimensional elements of a vector
space partition V of PG(r — 1, q) of type h'a' and A be the unique a-dimensional element in V. Then,

g1 a-h 9 -1

p . Moreover, each

S is a faithful projective h — (ty, 1,5, 1), system where t;, = q* - ands =q

hyperplane that contains A contains s — "™ elements from S.

Proof. Let H be an arbitrary hyperplane of PG(r — 1,4). Note that every i-space intersects H in
either [i], or [i — 1], points and that the elements of S partition the points outside of A. Counting
points yields that H contains

[r=1], - [a-1], -t - [h = 1], B
qh—l =14

a-h
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elements from Sif A £ H and

[r=1l,—laly=tu-[h=1l; [r=1l;—q""=la-1l;—ty-[h-1];, o
qh—l - qh—l =5—q
elements from Sif A < H. n

Lemma 13. (Cf. [79, Lemma 6]) Let Sy be a faithful projective h —(n1,1,s1), system, A be an a-space
such that each hyperplane that contains A contains at most s elements from Sy, and S, be a faithful

projective h —(ny,a, sz)q system. Then, we have ny(r, h; max{s; + s, 59 + 12}) > 1y + ny.
Proof. We identify A with PG(a — 1, 9) and insert S, into the subspace A of S;. n

In analogy with linear codes, the authors of [79] 80] speak of the “additive construction X”.

We give an application in Lemma

Next we discuss a few basic upper bounds for n,(r, 1; s).

Lemma 14. Let r > hand S be a projective h — (n, 1, s), system. Then, we have
gq(r, qh_l -(n— s)) <[h];-n< nq(r, Ln-[h-1],+s- q’H). (11)

Proof. W.l.o.g. we assume that S is faithful and that we have n > s. Letn’ = [h],-n, s’ =
n-lh-1],+s-¢g"' and &’ = ¢"' - (n —s). By C we denote the [1’,r,d'], code and by &’ the
projective 1 — (1, 7,5’), system constructed in the proof of Lemma [ The parameters of S’ give
the right hand side of Inequality and applying the Griesmer bound from Inequality (1)) to
C yields the left hand side of Inequality (11). n

Indeed, Lemmais well-known for g = h = 2, see e.g. [24, Lemma 1] or [79, Lemma 3]. The
left hand side of Inequality is also equivalent to [10, Theorem 12] for additive codes.

Lemma 15. Each [n,r/h, d]f; code satisfies

r—1 ) r—h
S gq(r’d'qh_l) _ EE) [d-qh‘l‘l-l _ g4 [%-‘ _d_i_{gq(”_h‘*'l/d)—d 19
! Pl 77 R Al v i (12)
and
_ 13

n>d- )
qr—h . [h]q

Proof. Replacing n — s by d and using the fact that n is an integer, we can rewrite the left hand
side of Inequality (T1) to the left hand side of Inequality (T2). Plugging in the definition of g,(-, )
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and using Y [d : qh‘l‘i] = d - [h], yields the remaining part of Inequality . From

r—1

r—1
h—1-i h—1-i h— —i
Z[d-q l] i:Zod.q ' d-q 1'2‘7 d- g

i=0 S _ =0 _ 1-g97 J. "]y
(], — 7], [hl;  1-¢7" g [kl
we conclude Inequality (I3). For r =  both inequalities are equivalent to n > d. n

In other words, Inequality is obtained from the sequence of reformulations
additive code —  projective h-system — multiset of points — linear code

and applying the Griesmer bound to the resulting linear code. Inequality is obtained from
Inequality by removing all roundings, see Lemma [16| for the geometric reformulation. In

Section |G| we present a geometric version of the Griesmer bound.

Definition 7. The coding upper bound for n,(r, h;s) is the largest integer n such that [h], - n <
ng(r,1;n-[h—1];+s-q""). The Griesmer upper bound for n,(r, h; s) is the largest integer n such that
gq(r, gt (n— s)) <[h],-n.

s Griesmer upper bound coding upper bound 15(8,2;5)
3 9 7 5
4 12 10
5 17 17
6 22 18 18
7 25 23 23
8 30 28 28
9 33 33
10 38 36 36
11 43 40 40
12 44 44
13 49 49
14 54 54
15 59 57 55-56
28 110 108-110
29 115 113-115

Table 1: The Griesmer and coding upper bound for 1,(8, 2; s).

Example 5. The Griesmer upper bound for n,(8,2;8) is 30 and the coding upper bound is 28. Le., the
Griesmer bound implies that no [93,8,46], code exists but cannot rule out the existence of a [90, 8,44],
code, so that n,(8,2;8) < 30 is the sharpest upper bound we can deduce from the Griesmer bound (for
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linear codes). Howeuver, since the existence of a [84, 8, 40], code and the nonexistence of a [87,8,42], code
is known, we obtain 1n,(8,2;8) < 28. In Table 1| we list the Griesmer and the coding upper bound for
12(8,2;s) for s < 15 and all cases were either the coding upper bound is strictly less than the Griesmer
upper bound or the value of n,(8,2;s) is unknown, see [129]] and [30] for s € {3,4}. We do not display
the coding upper bound when it coincides with the Griesmer upper bound. The coding upper bound
for ny(8,2;15) is 57 since a [171, 8, 84], code but no [174, 8, 86], code exists. However, Lemma {4| gives
more fine-grained information on the possible weights occurring in the linear code X (P(S)). The upper
bound on the maximum weight was used in [129] to conclude n»(8, 2;15) < 56.

For the current knowledge on n,(r, 1;s) or corresponding bounds for linear codes we refer to
www.codetables.de, http://mars39.1lomo. jp/opu/griesmer.htm, and http://web.mat.upc.
edu/simeon.michael.ball/codebounds.html.

In [129] the author refers to the coding upper bound as the weak coding upper bound
and similarly defines the strong coding upper bound by additionally assuming the weight
restrictions from Lemma {4 for the linear code. The (weak) coding upper bound for n,(8,2; 15)
is 57 while the strong coding upper bound is at most 56, see [129, Theorem 4.4]. Of course, it
can be quite a challenge to evaluate the strong coding upper bound and the results from the
literature mostly apply to the (weak) coding upper bound.

Lemma 16. We have

(i) < A0S (14)
[r—h],
where the right hand side is an integer iff s is divisible by [r — h],/[gcd(r, h)],. In the case of equality each
point is contained in exactly u = [[:ﬂz]sq elements.

Proof. Let S be a faithful projective h — (n,1,s), system with n = n,(r, h;s). Since each element
S € Sis contained in [r — k], hyperplanes and there are [r], hyperplanes in total, we conclude

[r]ys
n< o

side of Inequality is an integer iff s is divisible by [r — h],/[gcd(r, h)],. If n = [[rr_]‘;;q, then
each hyperplane contains exactly s elements from S, so that each point is contained in the same
[hys

-

From Equation (3) we conclude ged([rl,, [r — ;) = [ged(r, h)],, so that the right hand

number u of elements by duality. Thus, we have u = n - [h],/[r], = n

We remark that the Griesmer upper bound is always as least as good as this explicit upper
bound and both coincide iff the right hand side of Inequality is an integer. Of course this
bound is known, see e.g. [10, Proof of Theorem 9]. If we know that a given projective system
is unfaithful, then we can typically improve the stated upper bound a bit, see e.g. the proof of
Lemma 39 Via Theorem [I[jwe conclude that Inequality is equivalent to Inequality (13).

By projection through a subspace K instead of a point P we can improve Lemma 9]
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Lemma 17. (Cf. [21, Proposition 1]) Let S be a projective h — (n,1,s), system and K be an r'-space in
PG(r—1,q) containing s” elements from S. Then, projection through K yields a projective h — (n —s’,r —
1,5 —5"), system §'.

Via this projection we essentially just look at all hyperplanes that contain K and can obtain

general upper bounds by choosing a suitable subspace K.
Lemma 18. n,(r,h;s) <t +ny(r —ht,h;s —t) forall t <r/h—1.

Proof. Consider a projective h—(n, 1, s), system withn = n,(r, h; s) and let K be a subspace spanned
by t elements of S. Applying Lemma [17/to S and K gives a projective h — (n —s’,r — 1,5 = s'),
system &’ with s’ > t and v’ < ht, so that

, , , Lemmal[9 , , Corollary
ng(r,h;8) <" +ny(r—r', ;s —s') < ' +n(r—hth;s—s) < t+n(r—hths—t).

Remark 1. In [10, Theorem 9] Lemma (18|is written down as an explicit upper bound for n,(r, h;s), in
terms of additive codes, applying Lemma (16|to S’, together with an analysis of the optimal choice of t.
The bound from [10, Theorem 9] is quite effective and it is shown that it surpasses the Griesmer upper
bound in many cases, see [10, Theorem 13]. As an example, we mention that ns(7,2;3) < 15 can be
concluded from n3(3,2;1) = 13 via Lemmal|18|or directly via [10, Theorem 9] while the Griesmer upper
bound is n3(7,2;3) < 18. Similarly, combining Lemma |18| with n,(5,2;3) = 11 and n»(5,2;4) = 16
yields n5(7,2;4) < 12 and ny(7,2;5) < 17, which are both attained with equality. The Griesmer upper
bound only gives n,(7,2;4) < 14, so that it cannot rule out the existence of a [14,7/2, 10]% code.

We can easily characterize asymptotically optimal projective h — (n,7,s), systems, cf. [25]ﬂ
Le., if the right hand side of Inequality is an integer, then the upper bound from Lemma

can indeed be attained.

Theorem 2. (Cf. [[100, page 831, [[70, Corollary 81, or [122, Lemma 2]) For each pair of integersr > h > 1
[r]y _ _[r-h 20

lecdtrml,” ° = Tgedtrhl,” Tede T, EXists.

a faithful projective h — (n,r,s, i), system with n = and | =

Proof. Due to Lemma [§ we can assume ged(r, 1) = 1. We prove by double induction on / and .
The set of points of PG(r — 1, 4) gives an example for 1 = 1 and arbitrary r, so that we assume
h > 2 in the following. If » = h or r = 2h, then we have h = 1. If h < r < 2h, then a projective
(r —h) — (n,7,u,s); system exists by induction and we can apply Lemma @ If » > 2h, then we
apply Lemma [11| to construct a vector space partition V of PG(r — 1, 9) of type h'(r — h)! and

*The Griesmer bound implies that the maximum minimum distance of an [72, 7]3-code is at most 45, which is
still the best known upper bound and there exists a [72,7, 43]5-code.
5For the special case g = 2, h = 2, and arbitrary r of Theoremwe also refer to [80, Lemma 3 & Remark 1].
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denote the special (r — h)-space by A. To construct the desired example we take a u-fold copy of
“V and replace A by a projective h — (n’,r — h,s’, u’), system with n’ = [r — h],, s’ = [r — 2h],, and
w = [hl,. n

Corollary 3. Let S be a faithful projective h — (n,1,s, ), system. Then there exists a faithful projective

R P (e T ! )
[ged(, ], """ Tged( L, M T Tged(r ], ),

system Sy for each t € IN.

The parameters of the sequence S; tend towards the upper bound from Lemma [16, so that

e.g.
[r =

[r]q )

In the subsequent section we will show that the (typically) stronger Griesmer upper bound can

lim n,(r, h; s) - =1 (15)

always be attained if s is sufficiently large, see Theorem 4. While we do not know an explicit

analytical formula f,(r, h;s) such that
Lim (ny(r, ;) = f,(r,h;5)) = 0, (16)

we state such a result in terms of the minimum distance of [n, 7/h, d]Z codes, see Corollary @
We remark that for a faithful projective i~ (1,7, s, it), system as in Theorem[2each hyperplane
contains exactly s and each point is contained in exactly u elements from S. The cases where

p =1 correspond to spreads of h-spaces of PG(r — 1, 7).

2.4 Asymptotic formulations

Definition 8. Let M be a premultiset of points in PG(r — 1,q) and V be the ambient space. We say that
o[r] — M is h-partitionable over IF, if there exists a faithful projective h — (n,1,s, i), system S with
PS)=0-xv-—Mie c-xyv— M=) sxs Wealso say that S has type o[r] — M.

Lemma 19. Let Mbe a premultiset of points Min PG(r—1,q). If S is a faithful projective h—(n, 1, s, ),
system with type o[r] — M, then we have

n = (olrl, - #M) /[1],, (17)
. (O_[r P ) [hlqéhr_rllinmmmzr_l M(H)) 0, as)
di=n—-s=o0q"- M- minH;El(H)zr_l M(H), (19)
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p=0o- Pdrlrnll}g M(P), (20)

and
#M = M(H) (21)

for each hyperplane. Moreover, we have #M =0 (mod [ged(r, h)],) and o = Tacd (T, d(r o (mod gcgzljh)] )-

Proof. Using #xv = xv(H) for each hyperplane H, the stated equations follow from Lemma
L Uy

Since n € IN, Equation (3) gives #M = 0 (mod [gcd(r, h)];) and 0 = Tacd (T, d(r h)]q (mod edt T,

Lemma 20. Let M be a premultiset of points in PG(r — 1,q). If x[r] — M is h-partitionable over IF, for

x € {o,0’} then
(UH.&).M_M
[ged(r, M),

is h-partitionable over IF, for all t > 0 and we have 0 = ¢’ (mod ur )

[ged(r )]y 7"

Proof. Due to Theoremwe have that ——"— Tocdt T, d(r o -[r]is h-partitionable over [F,, so that we can apply
Lemma(7} The second statement is obviously true if o = ¢’, so that we assume ¢’ > o w.l.o.g. Let
S be a faithful projective h — (n,7,s), system with type o[r] — M and S’ be a faithful projective
h—(n',1,5"), system with type o’[r] — M. Then, we have

[r],

Zan’—n:(a’—a)'m,
q

which implies 0 = ¢’ (mod ) by Equation H [ ]

q
[ged(r)]q

For those situations where we are not interested in the smallest possible value o such that

o[r] — Mis h-partitionable over [F, we introduce the following notion:

Definition 9. Let M be a premultiset of points in PG(r —1,q). We say that *[r] — M is h-partitionable
over I, if there exists an integer o such that o[r] — M is h-partitionable over IF,.

By using linear algebra we can decide whether %[r] — M is h-partitionable over IF, for some
premultiset of points M in PG(r — 1,4). To this end we utilize the incidence matrix between

points and h-spaces in PG(r — 1, ) and the set of solutions of a linear equation system over Z.

Definition 10. Foreach 1 < h < r let [;]q denote the number of h-spaces in PG(r — 1, q). The incidence

vector of a faithful projective h—(n, 1,5, 1), system S is a column vector x € NUL whose entries xxk €N
equal the number of occurrences of h-spaces K in S. Similarly, the incidence vector of a premultiset M
in PG(r — 1,q) is a column vector x € ZI"w whose entries xp € Z. equal the point multiplicity M(P) for
every point P in PG(r —1,q). We say that an a-space A and a b-space B are incident if either A < B
or A > B. Let A*tm € {0, 1}[Z]qx[g]q be the incidence matrix between the [;]q a-spaces A and the [Z]L7
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b-spaces B in PG(r — 1,9), i.e., the entries of A"*™ are given by A’} brq = 1if A is incident with B and

b
A = 0 otherwise.

The notion [}] extends [r];, counting the number of points or hyperplanes in PG(r - 1,¢),
since [r], = [;]q =/ 1] When working with those incidence matrices and incidence vectors for
PG(r - 1,q9) we will always assume a fixed, but arbitrary, enumeration of the h-spaces for each

1<h<r.

Lemma 21. Let M be a premultiset of points in PG(r — 1,q) and z its incidence vector. Let v be the
incidence vector of xy for the ambient space V. Then *[r] — M is h-partitionable over IF, iff there exists

(1] _ [, Lirg v - ]
[ged(r,h)], wlth 0= [ng rh)] (m d [ng(?’,h)]q) and AV x = gv Z admZtS a

a unique integer 0 < 0 <

solution x € Z[’Z]q.

Proof. If § is a faithful projective h — (n,7,s, i), system with type o’[r] — M, then let x’ € N,

denote the incidence vector of S. Due to Theorem [2| there exists a faithful projective h —

g

(n',1,8', 1)y system 8" with type ——=-[r]and v’ € N ki its incidence vector. Now let y be the

[ged (],
unique integer such that 0 <o < [gcc[i% foro:=0"-y- [gcgl%)], which also implies uniqueness
for 0. Lemma|19|gives #M = 0 (mod [gcd(r, h)],;) and o [gcj/‘r"h)] (mod %)’ so that also

(1

o= (mod ==7r)- Since AV . x' = 0’v — z we have AY4 . (x' — y - v') = 0v — 2, so that

Igcd(rh
wesetx:=x"—y-v ' ez,

For the other direction we assume that x € ZUi is a solution of AY - x = gv — z with
the stated constraints for 0. If x € IN[;]@, then the corresponding faithful projective system has
type o[r] — M (noting ¢ € IN). Otherwise we let y < 0 be the minimum entry of x. Let §” be
the faithful projective h — (n”,r,s”, u”), system with type ¢”[r] that consists of all h-spaces in
PG(r—1,9)anda € N its incidence vector. With this we set x” := x — y-ae€ N and consider
the corresponding faithful projective system with type (¢ —y - 0”) - [r] - M. n

Admittedly, Lemma[21]is not a very strong characterization result and looks rather technical.
However, using the Smith normal form of A" we can characterize solvability of linear equation
systems over Z. In order the keep the paper self-contained we give a brief exposition in Section[4]
In Section 3| we consider a special class of premultisets of points M that are parameterized by
parameters ¢, ..., €1, which are connected to the Griesmer bound and the Solomon-Stiffler
construction. Theorem gives an explicit characterization of all parameters ¢, .. ., €,; such that
*[r] = M s h-partitionable. For a direct application of Lemma 21| we refer to Example
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3 A generalization of the Solomon-Stiffler construction

In [172] Solomon and Stiffler constructed [n,k, d], codes with n = g,(k,d) for all parameters
with sufficiently large minimum distance d. Here we want to show the generalization that the
Griesmer upper bound for n,(r, ;s) can always be attained if s is sufficiently largeﬁ

Using a specific parameterization of the minimum distance d the Griesmer bound in Inequal-

ity (1) can be written more explicitly:
Lemma 22. Let k and d be positive integers. Write d as

k-1

d=og" =) eq”, (22)

1=

where 0 € INg and the 0 < ¢; < q are integers for all 1 <i < k — 1. Then, Inequality (1) is satisfied with
equality iff

n = olkl, -

k-1
éilily, (23)

i=1

which is equivalent to
k-1
n—d=olk-1],- ) &li—1],. (24)

i=1
In Subsection we give a proof of Lemma 22| and state further details on the Griesmer

bound, including its geometric reformulation.

Remark 2. Given k and d Equation always determines o and the &; uniquely. This is different for
Equation givenkand n—d = s, cf. Remark[6l Here it may happen that no solution with0 < &; < g—1
exists. By relaxing to 0 < &; < g we can ensure existence and uniqueness is enforced by additionally
requiring €; = 0 for all j < i where &; = q for some i. The same is true for Equation given k and n.

For more details we refer to [75, Chapter 2] which also gives pointers to Hamada’s work on minihypers.

Lemma 23. Let Sy, ..., S; be a collection of subspaces of PG(r — 1, q) such that exactly €; subspaces have
dimension i for 1 <i <r—1and V be the r-dimensional ambient space. If

M=0o-xv=) " xs (25)

i=1

is a multiset of points, i.e., if we have M(P) € N for all points P, then M corresponds to a projective

®This property is the reason why we speak of the Griesmer upper bound in Definition [7] when referring to
Lemma which is just an application of the Griesmer bound.
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1-(n,1,<s,< 0), system with

r— r—1

n=o-lrl=Y &-ljly and s=o-[r=11,= Y &-[j-1l, (26)

1
=1 =1

Proof. Since#yy = [r];and #xs, = [j], if S; has dimension j, wehaven = #M = a-[r]q—Z;j &i[jly-
For each hyperplane H we have xy(H) = [r — 1], and xs,(H) € {[] - 1], [j]q} if S; has dimension
j,so that M(H) <o - [r—1], - Xy ¢+ [ - 1],. n

Given parametersk, d, and g, the Solomon-Stiffler construction consists of choosing ¢, .. ., €x-1,
and o as in Equation (22). If ¢ is sufficiently large then a list of subspaces Sy, ..., S; (going in
line with €3, ..., &-1) can be chosen such that M as in Equation , where r = k, is a multiset of
points. With this, the linear code C corresponding to M is an [, k, d], code with n = g,(k, d).

For a construction of a general faithful projective h — (n,7,s), system S with n > s we aim
to reverse Lemma 4 where we have associated a linear code C to S. To this end we consider a
g"!-divisible linear [1’,, d'], code C with maximum weight at most 7 - g"!, where n’ = [h], - n
and d’ = ¢! - (n — s). If we can partition the multiset of points M = X(C) associated with C
into the multiset union of h-spaces, we obtain a faithful projective h — (n,1,s’), system, where
we hopefully have s’ = s (or s’ < 5). There are a few technical obstacles to overcome. The
existence of a suitable partition of a given multiset M of points into h-spaces is formalized in
Deﬁnition Here M s described by parameters o and ¢, ..., 1. In Lemmawe show how
to compute the parameters of a possible faithful projective h — (n, 7,5, i), system from this data
and deduce necessary conditions for the existence of a partition for the parameters ¢, ..., &_;.
An additional condition for ¢ is concluded in Lemma In Theorem [3 we show that these

conditions are also sufficient.

Definition 11. Let 0 € N, ¢1,..., &1 € Z, and let V denote the r-dimensional ambient space PG(r —
1,q). We say that a faithful projective h — (n,r,s), system S has type o[r] — Y21 eli] if there exist
subspaces S1 < -+ - < S,_1 with dim(S;) = i and

r—

Z)(s=0')(v—i€i'}(si- (27)
=1

SeS i=

We say that o[r] — Y.I—] &;[i] is h-partitionable over IF, if a faithful projective h — (n, 1, s), system with
type o[r] — Y2} &i[i] exists for suitable parameters n and s.

Note that all chains S; < --- < S,_; are isomorphic, so that the notion of being h-partitionable
does not depend on the choice of the subspaces Sy, ...,S,-1. However, the chosen restriction

usually causes rather large values of o and does not cover the full generality of the Solomon-

Stiffler construction. More precisely, if ¢; € IN for all 1 < i < r — 1, then we need to choose
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o> Z;;ll ¢;, which is indeed the worst possible choice for the removal of the subspace. On the

other hand, a more general definition causes several technical complications as we will briefly
outline in Appendix [Al We remark that the same restriction, in terms of the Solomon-Stiffler
construction, was also used in [146].

Next we give a few constructions.

Lemma 24. Forr > a > hwithr =a (mod h) and o € N we have that o[r] — o[a] is h-partitionable

over ]Fq.

Proof. If a > h, then Lemma [12| yields the existence of a faithful projective h — (1,7,s), system
S with type [r] — [a] and we can use o copies thereof. For a = h we replace S by a spread of

h-spaces of PG(r — 1, q) where we remove an arbitrary element. |

Lemma25. For 1 < j<handr>2h+1—j
[j]q'[r]—l'[V—h—1+j]—([j]q—1)-[r—h—l] (28)

is h-partitionable over IF,.

Proof. Let A be an (r — h — 1)-space and B > A be an (r — h — 1 + j)-dimensional subspace of
PG(r - 1,9). By Ky,...,K; we denote the [ := [j], (r — h)-spaces with A < K; < B. For1 <i <
let V; be a vector space partition of PG(r — 1,9) of type h' (r — h)! where the special (r — h)-space
coincides with K;, see Lemma[I0} The desired faithful projective k- (1,7, s), system is then given
by the union of the ¢, h-dimensional non-special subspaces of the | vector space partitions V;. m

For h = 2 the construction of Lemma 25| is stated as construction .£* in [129], see also [24,

Lemma 3].

Lemma 26. If o[r] — Zf;ll &li] and o'[r] — Zl:ll ¢![i] are h-partitionable over IF,, then (o +o0”) - [r] —
Zf;ll (a + el’) - [i] is h-partitionable over IF,.

Proof. Fix some subspaces S; < --- < 5,4 as in Definition Let S be a faithful projective
h - (n,1,s, 1), system with type o[r] — Zf;ll g[i] and &’ be a faithful projective h — (n’, 7,5, 1t'),
r—1 ’

system with type o’[r] - }.;2; €![i], then the multiset union of the elements of S and &’ is a faithful
projective h — (n +n’, 1,5 + ', u + p’), system with type (o +0’) - [r] - Yo (ei + 6;) - [4]. n

Lemma27. Forr > h > 2withr = 1 (mod h) we have that [1=11,-[r]+q""*-[1], ([], - 1)-[r]-q-[h-1],
and ([h]q - 1) -[r] + [h] — q - [k — 1] are h-partitionable over IF,.

Proof. Let us first consider the case r = i+ 1. Let S be the faithful projective h— (1,7, s, i), system
that consists of all h-spaces that contain point S; (as in Definition , so that n = [h],. Then S, is

contained in [/1], elements and every other point is contained in [l — 1], elements, i.e. S has type
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[h—1],-[r] + g"1 - [1]. Let S’ be the faithful projective h — (1, 7,¢’, 1), system that consists of all
h-spaces that do not contain S;,_; (as in Definition , so that 8" has type ([h]q — 1) [r]—q-[h-1].
Adding S, (as in Definition to S’ gives type ([h]q - 1) [r1+1[h]—g-[h-1].

If » > h + 1, then Lemma 24| shows that o[r] — o[l + 1] is h-partitionable for each ¢ € IN, so

that the statement follows from Lemma 26l n

We remark that the first construction of Lemma 27| is also described in e.g. [25, Theorem 4]
and [80, Lemma 10] for g = h = 2. Geometrically it is the smallest covering of the set of points
of PG(r — 1, g) by lines.

From Lemma 8} based on field reduction, we conclude:
Lemma 28. If o[r] — Y.I-} &i[i] is h-partitionable over IF,, so is o[rl] + Y1 el

If o[r] — Zj:—ll &[] is h-partitionable over [F,, then we can compute the parameters of a cor-
responding faithful projective h — (1,7,s, 1), system S as well as of its dual S* from this data.
Moreover, we obtain some necessary conditions on the parameters ¢, ..., €,-1. Later on we will
see in Theorem 3| that they are also sufficient for the existence of S for a sufficiently large o

satisfying an additional modulo constraint, see Lemma |31} So, Lemma |5/specializes to:

Lemma 29. If S is a faithful projective h — (n, 1, s, u), system with type o[r] — YI=! &i[i], then we have

r—1
n= [a[r]q Zez[z )/[h (29)

i=

j—1
s = rlnax [sl - giqi‘h) , (30)
<J<r Py
where
r—1 h—1 .
§1 = [a[r —hl,— ) &li—h],+ Z &g "h - i]q) /Thl,, (31)
i=h i=1
and
j-1
H = max (a si] . (32)
<]<r P
Moreover, ¢; is divisible by q"~ forall 1 <i <h—1and
r—1
glil, =0  (mod [ged(r, h)],). (33)

i=1

The dual S+ of S is a faithful projective b’ —(n, 1, 1, ), system with type o’ [r] = ¥ i - e![i], whereh’ = r—h,
o' =sy,and e =& q" " forall1<i<r-1
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Proof. Let M be the multiset of points covered by the elements of S and §; < --- < 5,4 be
subspaces as in Definition|11] Since M has cardinality

r—1
G[r]q - €i [Z]q
i=1
and one h-space contains [h],; points, we conclude Equation (29).
For an arbitrary point P let 1 < j < r denote the minimal integer such that P £ S;, where we
set j = rif P < S, ;. With this we have

MP)=0c-) g, (34)
i=1
which implies Equation (32).
For an arbitrary hyperplane H let 1 < j < r denote the minimal integer such that S; £ H,
where we set j = rif H = S,_;. Counting points gives

j-1 r—1 r—1 j-1
MH) =olr-1],- ) &lil, - Z —1], =o[r— Z eli-1]1,— Y eq™
i=1 i=j i=1 i=1

The number s; of elements of S contained in H is given by (M(H) -n-[h- 1]q) /4", so that

r—1 j-1 r-1 -1
5 = (o[r—llq—Zei[i—uq— e —[o[rlq Zeu] i ]q]/q’“
q

i=1 i=1

(o ([ylr = 11, = [h = 13,17),) - Z i ([Mly[i — 11, - [ - 1]q[i1q)] /(g n1,)

i=1
j-1

_ Z €; qi—h

i=1

r—1 -
(o[r = Y eli—hl, + Z eig [ — i] ] /i)y =) eq™

i=h i=1

IS

This verifies Equation and yields

j-1
5 =81 — Z g (35)
i=1

for2 < j < r,which implies Equation (30). Sinces; € N for 1 < j < r, we can recursively conclude
that ¢, is divisible by ¢"~ fori = 1,...,h — 1. By Equation (3) we have gcd([r]q, [h]q) = [ged(r, h)] v
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so that Equation implies Equation (33).

By Lemma [6 S* is a faithful projective ' — (n,7,s, u), system for i’ := r — h. If x elements
of § are contained in a hyperplane H, then x elements of S+ contain the point H*. Note that
(S,-1)" < -+ < (51)" are the subspaces asin Definitionfor St and thatwehave dim((Si)L) =r—i
forall1 <i<r— 1. For every hyperplane H # S; we have H* £ (S1)*, so that o’ = s;. For every
integer 1 <i <r-1wehave

€ =si—sm =4,
which is equivalent to ¢/ = ¢,_;4" . ]
Corollary 4. If all ¢; are non-negative, then s = s, and y = o (using the notation from Lemma 29).

Corollary 5. If S; is a faithful projective h— (ny, 1, s1), system with type (a +t- %)- [r]- 2;;} &li],

where ey = -+~ =¢,1 =0and ¢y, ..., &1 € IN, then we have
ny=t- L +|o[r], — - &lil, 1 /[h] (36)
O dgedrml, T g
g M — 1] iez—h] /Th] (37)
T [ged(n ), T ! v
and )
h - .
Ny — = L1l g+ g =Y &g (38)

[8Cd(r ml,

i=h

Next we show that the conditions for ¢, ..., &,-; imply the corresponding conditions for
ELenes
system or its dual.

¢/_, when defined formally, i.e. without assuming the existence of a faithful projective

Lemma 30. Let g be a prime power, v > h > 1, €,...,&-1 € Z such that qh‘i divides ¢; for all

1<i<h-1and
r—1

Z &lil, =0  (mod [ged(r, h)],).
i1
Setting ' :=r—hand ¢, :=¢,_;-q" 7 for 1 <i<r—1, wehave ¢,,...,¢/_, € Z,q" divides ¢ for all

1<i<h-1,and
r—1

glil; =0  (mod [ged(r, h')],). (39)
=1
Proof. First we observe that ¢/ = ¢,; - ¢" ' is an integer and divisible by 4"~ forall 1 < i < It'.
ForallW +1<i<r-1wehavee =¢,;-q" " €Zsincel <r—i<r—h —-1=h-1and ¢, is
horti _ il
=9

divisible by ¢
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In order to verify Equation we observe g := ged(r,h) = ged(r, 1), so that it suffices to
show ¢! - [i]; + &, - [r —i]; =0 (mod [g];) forall1 <i<r-1.

For i/ > i we have

e [ily+ e [r—ily = e (¢l + [r—il;) = i ], =0 (mod [g],).

For i > I’ we have

& [ily+ ei- [r—ily =g" e, ([i]q +[r—i,- qi‘h'> =q" ", ;-[h],=0 (mod [g],).

Lemma [20|specializes to:

Lemma 31. If x[r] - Zf;ll &;[i] is h-partitionable over IF, for x € {0, 0"} then

(a+t-&)-[r]— y &ili]
[ged(r, B)], =

_

(1 )

is h-partitionable over IF, for all t > 0 and we have 0 = 0’ (mod ed0 T,

In other words, if o[r] — 2;1 ¢i[i] is h-partitionable over IF,, then o'[r] - Z;l &li] is h-
partitionable over T, for all ¢’ > o if the latter yields an integer in Equation (29). For those
situations where we are not interested in the smallest possible value o such that o[r] - Zf;ll &li]

is h-partitionable over IF, for given parameters ¢y, ..., ¢,_1, we introduce the following notion:

Definition 12. We say that *[r] — Zf;ll &[i] is h-partitionable over IF, if there exists an integer o such
that o[r] — Zf;ll &[i] is h-partitionable over TF,.

Lemma 32. If x[r] — Y./} &,[i] is h-partitionable over IF,, so is x[r] + Yo el

Proof. Fix some subspaces 5; < --- < S,_; as in Definition Consider a faithful projective
h — (n,,s), system S with type o[r] — Y./} &;[i] for a suitable 0. Let S’ be the faithful projective
h—(n',r,s"), system with type o’[r] that consists of all h-spaces of PG(r — 1, g) and let i’ be the
maximal number of occurrences of an element in S. Then, u’ copies of S’ give the desired

partition after removing the elements of S (with their respective multiplicity). n

It is an interesting problem to determine for which parameters ¢, ..., -1 we have that
x[r] = Y=} &i[i] is h-partitionable over IF,. Clearly we need r > h and Yillel = 0if r = h
Additionally we have the packing condition and that ¢; has to be divisible by ¢"~ for all
1<i<r-1,see Lemma[29 These conditions are indeed sufficient.
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Lemma 33.

(i) Let x[r] — Zf;ll &[i] be h-partitionable over IF;,, h < a < jwitha = j (mod h), ¢! = ¢ for all
1<i<r—-1withi¢{a,j}, e; =¢;j+1,and &, = ¢, — 1. Then, x[r] - Zf;ll ¢[i] is h-partitionable
over IF,.

(ii) If *[r] — Z;l &[] is h-partitionable over IF,, then *[r + th] — Z;l &[i] is h-partitionable over IF,
for all integers t > 1.

Proof. Let S be a faithful projective h — (n, 1, s), system with type o[r] — Y-} &i[i] for a suitably
large 0. Fix some subspaces S; < --- < S,_; as in Definition By &’ we denote the faithful
projective h — (n’, 1,5"), system with type o’[r] — 23;11 &;[1] that arises as the multiset union of the
elements of S and the set of all i-spaces in PG(r - 1, g).

By Lemma 24! [j] — [a] is h-partitionable over IF,, so that we identify S; with PG(j — 1,4) to
construct a faithful projective h — (n”, 1,5"), system 8" with type O[r] + [j] — [a]. Since &’ contains
every h-space in PG(r — 1, q) at least once and S” contains every h-space in PG(r — 1, g) at most
once, removing the elements in §” from the elements of &’ gives a faithful projective system
with type o’[r] - Y12 ¢[i], which shows (i).

Lemma 24| yields the existence of a faithful projective h — (n"”,r,5"’), system S with type
o[r+th] — o[r]. Fix some subspaces S} <--- < S , | asin Definition Embedding S in S, and
taking the multiset union with the elements of S’ gives a faithful projective system with type

olr + th] = Y./-{ &;[i], which shows (ii). n

i=

Theorem 3. Let g be a prime power,r > h > 1, g := gcd(r, h), and ¢4, . .., €,—1 € Z such that qh‘i divides
giforalll <i<hand

r—

1

g-[il; =0 (mod [g]y). (40)
i=1

=1
Then x[r] — I_Z'i &[i] is h-partitionable over IF,.
Proof. We prove by induction over h. The statement is obvious for i = 1, so that we assume
h > 2 in the following.

Due to Theorem *[r] + [h], - [i] is h-partitionable over IF, for eachh +1 <i < r — 1, so that
also *[r] — [h], - [i] is h-partitionable over IF, for each h +1 < i < r — 1 by Lemma Using
Lemma 26| we can assume ¢; > 0 for all 1 + 1 < i < r — 1 since these operations do not violate
Equation (40).

By iteratively applying Lemma [33}(i) with a = j — h we can assume ¢; = 0 for all 2/ < j <
r — 1 because these operations do not violate Equation since [j];, = [a]; mod [h],. Due to
Lemma [33}(ii) we can additionally assume r < 3k noting that we still have ged(r, h) = g.
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If 2h < r < 3h, then by using Lemma 26| with Lemma 25| we can assume ¢; = 0 for all
r—h < i <r—1, since these operations do not violate Equation (0). Due to Lemma [33}(ii) we
can additionally assume r < 2h noting that we still have ged(r, h) = g.

For h <r <2hwehavel < r—h < h and we let S denote the desired faithful projective
(n,1,8), system with type o[r] — Z;l ¢i[i]. Using Lemma |30|and Lemma 29| we can deduce the
existence of S* for a sufficiently large value of o from the induction hypothesis.

It remains to consider the case v = 2h where ¢ = h. Since gcd(r -1, h) = 1 we can conclude the
existence of a faithful projective h — (n’,r - 1,5"), system 8" with type t[r — 1] - Y27 &[], for some
suitably large integer t > —¢,_1, from the previous part of the proof. By applying Lemma [29|to

S’ we conclude
r—2

Y eilily=tlr= 1], (mod [4],) (41)

i=1

from Equation (29). From Equation (#0) we conclude

eilily = —eralr -1l (mod [h]y), (42)

r—2
i=1

1=

so that
(t+e-1) [r=1];,=0 (mod [h],).

Since ged(r — 1,h) = 1 Equation (3) implies t + &,.; = 0 (mod [h],), so that Theorem 2| yields
that (t +&,_1) - [r — 1] as well as 0 - [r] + (t + &,1) - [r — 1] are h-partitionable over FF,. From
Lemma 32| we conclude the existence of a faithful projective h — (n”,1,s"”), system S with type
o”’[r] = (t + &-1) - [r — 1]. Fix some subspaces S; < --- < S,; as in Definition for PG(r - 1,9).
Embedding &’ in S,_, such that S; < --- < §S,., are the subspaces as in Definition and

taking the multiset union with the elements from S” gives a faithful projective system with type
o”[r] = L5 eilil. u
r—1
Note that the stated conditions only ensure that t[r]—}_ ¢;[i]is h-partitionable if  is sufficiently
i=1
large. Relatively small values of ¢ can sometimes ruled out by some kind of “dimension

arguments”, see the example in Remark 15

Example 6. We want to explicitly show that x[8] — [7] — [6] — [5] — [4] — [3] is 2-partitionable over
IF, going along the lines of the proof of Theorem |3, In our situation we start with r = 8, h = 2 and
already have €; > 0 for all 1 <i <r —1, so that we start by reducing to the situation where ; = 0 for all
2h <i <r—1,ie., we need to show that *[8] — 3[3] — 2[2] is 2-partitionable over [F,. By reducing r
by multiples of h it remains to show that *[4] — 3[3] — 2[2] is 2-partitionable over IF,. From Lemma
we know that [4] — [2] and 3[4] — [3] — 2[1] are 2-partitionable over F,, so that it remains to show
that *[4] + 6[1] is 2-partitionable over IF,. Here we do not reduce r by h since we need r > h. Indeed,
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*[2] + 6[1] is not 2-partitionable over IF,. So, we are in the situation v = 2h and first try to determine a
t such that t[3] + 6[1] is 2-partitionable over IF,, where we have h < r < 2h. Via duality we need to show
that x[3] + 3[2] is 1-partitionable over IF,. Clearly, we can construct a faithful projective 1 —(9,3,9, 3),
system S with type 0[3] + 3[2]. By Lemma29S* is a faithful projective 2 — (9, 3,3, 9), system with type
3[3]+6[1], i.e. we have t = 3. More directly, S* arises by taking each line in PG(2, 2) that contains point
S1 (as in Definition three times. From Theorem [2Jwe know that 0[4] + 3[3] is 2-partitionable over TF,.
Since PG(3, 2) contains 35 lines we conclude that 105[4] — 3[3] is 2-partitionable over IF,, so that also
105[4] + 6[1] is 2-partitionable over IF,. Since [4] — [2] and 3[4] — [3] — 2[1] are 2-partitionable over IF,
we conclude that also 116[4] — 3[3] — 2[2] is 2-partitionable over IF,. From Lemma 33| we get that also
116[8] - 3[3] — 2[2] and 116[8] — [7] — [6] — [5] — [4] — [3] are 2-partitionable over IF,. Lemma|31|yields
that o[8] — [7] — [6] — [5] — [4] — [3] is 2-partitionable over IF, for all 0 > 116 with 0 =2 (mod 3).

Remark 3. When we apply the constructive proof of Theorem 3|to compute o such that o[r] — Y1} &
is h-partitionable over IF,, the obtained value will usually be rather large, so that we only give a rough
sketch of a relatively crude explicit upper bound. We apply several lemmas that modify the coefficients ¢;
or convert them to [h], — €, so that for each operation at most Z;l le;| + 7+ [h], times the full set of all
[,Z]q h-spaces in PG(r — 1,q) is needed. Some operations shift the ¢; along the chain to the lower indices
and we apply several lemmas, so that we multiply this number with 10r. Moving to the dual can blow
up the &; by a factor of at most q". Since we reduce the dimension of the ambient space at most r times,

we end up with

r—1 r—1
[;] . qrh -7-10r - [Z |gi| + 7. [h]q] < 101,2 . qr(h+1) . (Z |€i| + 7. qh]
q

i=1 i=1

as a sufficient lower bound for o.

For the case of Example@we remark that Lemma also shows that 3[8] —[7]—2[5] is 2-partitionable
over IF,, so that Lemma [33|implies that 3[8] —[7] — [5] — [3] is 2-partitionable over IF,. Since [8]—[6] and
[8] — [4] are 2-partitionable over F, by Lemma|24}, Lemma|26|implies that 5[8] — [7] —[6] — [5] — [4] — [3]
is 2-partitionable over IF,.

Definition 13. For integersn > s >1,r > h > 1, and a prime power q let the surplus be defined by

O(n,1,s,h,q) :=n-[h]; - gq(r, qh_l -(n— s)). (43)

So the surplus is negative iff n is larger than the Griesmer upper bound for n,(r, k; s).

Lemma 34. Letn >s>1,r > h > 1 be integers and q be a prime power. If O(n,1,s,h,q) > 0, then there

[r]q [r_h]q

weaer S L e,

exists a faithful projective h — (n +t- ) system S; for all sufficiently large t.
q

Proof. Setting d’ := ¢" - (n—s)and n’ := gq(r,d") we have O(n,1,s,h,q) = n[h]; —n" > 0. Due to
Lemma we can choose integers o, ¢1,...,&-1, witho >0and 0 < ¢ <gforall1 <i<r-1,
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such that

d=0g"-) eq! (44)

and

n' =olrl; - &ilil,- (45)

Since d’ is divisible by g" ' wehave¢; =0foralll <i<h-1. Lett:= 0(n,7,5,h,q),0" :=0 +7,

¢ =&attgande =¢ foralll1<i<r-2,sothatel € Nforalll<i<r-—1ande¢l =0 for
all1 <i <h-1. Note that B
_ U/qr— Z &/qz 1 (46)
=1
and
r—1
nlhl, =n"+1=0'[r], - eilily, (47)
i=1
so that 1
Y &lil; =0 (mod [ged(r, I)],). (48)

i=1

[ged(r )]

From Theorem[3land Lemma[31|we conclude that o + t - —o Tr]1-Xi2 11 ¢![i]is h-partitionable
B Equation (46)), and Equation (47) we compute

over I, for all sufficiently large . From Corollary[5

the stated parameters of S;. n
For other results and notions of asymptotically good additive codes we refer e.g. to [163].

Example 7. Let g =2, r =8 h=2,n=30,and s = 8, so that d' = qh‘l -(n —s) = 44. In order
to compute n’ := ¢,(8,44) we determine parameters o, €1,...,¢€7, so that Equation is satisfied,
where 0 < ¢1,...,&7 < 2. Here the unique solution is given by 0 = 1, &y = €5 = ¢35 =1, and &; = 0
otherwise. Via Equation we can compute n’ = [8], — [7]2 — [5]2 — [3]2 = 90, so that the surplus
is given by 0(30,8,8,2,2) = n[h], —n" = 0. Applying Theorem shows that x[8] — [7] — [5] — [3] is
2-partitionable over IF,. As mentioned in Remark 3[8] — [7] — [5] — [3] is 2-partitionable over IF,, so
that n,(8,3;8 + 21t) > 30 + 85t forall t > 2.

Remark 4. The series of projective systems in Example[7| attains indeed the Griesmer upper bound in
relative terms, see Inequality (I5). In general we can start with any set of parameters that do not violate
the Griesmer bound in Lemma [[4and obtain a series of projective systems that tend towards the upper
bound in Lemma

Remark 5. The proof of Lemma 34| provides a more general construction. Starting from parame-
ters g, €1, ..., €1 obtained from Equation and Equation we can modify to any non-negative
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parameters o', e},...,e,_ satisfying equations (46), and the conditions from Theorem [3| where

r—1

Condition is automatically satisfied, see e.g. Example|8}

Example 8. Let ¢ = 2, v =9, h = 3, n =55 and s = 7, so that d' = qh‘l - (n—s) = 192.
In order to compute n’ := ¢,(9,192) we determine parameters o, ¢1,...,¢&s, so that Equation is
satisfied, where 0 < €1,...,¢e3 < 2. Here the unique solution is given by 0 =1, ¢, = 1, and ¢; = 0
otherwise. Via Equation we can compute ' = [9], — [7], = 384, so that the surplus is given
by 6(55,9,7,3,2) = n[h], —n" = 1. We have that *[9] — [7] is not 3-partitionable over IF, since
Condition is violated. Here we use the surplus to modify *[9] — [7] to x[9] — 2[6] (instead of
*[9] — 2[8]). Since 2[3] — 2[2] is 1-partitionable over IFg we have that 2[9] — 2[6] is 3-partitionable over
IF,, see Lemma Thus, we have n(9,3;7 + 9t) > 55 + 73t forall t > 1.

The reason for the modification of the initial parameters o, ¢, .. ., &,_; in the proof of Lemma
is not only to satisfy Condition but also to obtain the “right” n as shown in the following

example:

Example 9. Let g =2, r =7, h =3, n=13,and s = 2, so that d' = qh‘l -(n —s) = 44. In order
to compute n' := ¢,(7,44) we determine parameters o, €1,...,¢&, so that Equation is satisfied,
where 0 < €1,...,&8¢ < 2. Here the unique solution is given by 0 = 1, €5 = ¢35 = 1, and & = 0
otherwise. Via Equation we can compute n’ = [7], — [5]> — [3]o = 89, so that the surplus is given by
0(13,7,2,3,2) = n[h],—n’" = 2. Hereit happens that x[7]—[5]—[3] is 3-partitionable over IF, nevertheless
the surplus is positive. However Lemma|29|implies that whenever o[7] — [5] — [3] is 3-partitionable over
IF,, then we have 0 = 3 (mod 7) so that we obtain faithful projective 3 — (49 + 127t,7, 6 + 15t), systems
for sufficiently large values of t instead of the desired faithful projective 3—(13+127t,7,2+15t), systems.

Theorem 4. For all sufficiently large s we have that n,(r, h;s) attains the Griesmer upper bound, see

Definition [7|and Inequality (12).

e L _ U,
PTOOf. Letsi = m—zforO <i< M

nilh], > gq(r, gt (n; - si)) while (n; +1) - [h], < gq(r, gt-(mi+1- si)). Letoj,€14,...,6-1, € N
with ¢;; <gforall1 < j <r—1Dbe uniquely defined by

and n; be the Griesmer upper bound for n,(r, 11; s;), i.e.

r—1
di=q" (n-s)=o0;-97" - Z gt (49)
=
so that :
gy d) = 0;- [y = Y &ji- [fly (50)
=1

using Lemma and 0(n;,1,s;,h,q) > 0. Similarly, let o, €€y € N with 5},1' < g for all
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1 < j <r—1Dbe uniquely defined by

r—1

d=q"+di=0,-q7" - Z &g (51)
j=1
so that 1
gq(T, d;) = U [r]q 5',1' : []]q (52)
j=1
and O(n; + 1,7,s;,h,q) <0. Now, lets;; :=s;+t- —]andn = b sothatLemma
1 rtrois ity . ’ 1 1 [gcd(rh) lt 1 [gcd(rh)] 7
implies
dip ="t (i = sip) = (Uz‘ +i- &) g7 - i g, (53)
[ged(r, )], L
dy=t —__ oy, Y el 54
1) = b+ gt -y + 01 1) = ]Zl" e Ly (54)
d,:=q""+d :(af+t-—q)- Loy el 55
it q St i [ng(T,h)]q q - it q ( )
and
(rd')—t-L-[h]m'-[r]—Hé' [j] (56)
84 it [ng(T,h)]q q i q i Jg-

Thus we have
O(nit, 1,5i1,h,q) = O(n;, 1,8, h,q) >0 and O(niy + 1,7,54,h,9) = O(n; + 1,71,s;,h,9) <0,

i.e. the Griesmer upper bound for n,(r, 1;s;;) is given by n;, for all t € N. Lemma yields the
existence of a faithful h —(n;,, 7, ;4) ; System S;; for all sufficiently large ¢. |

Building up on the techniques used to prove Theorem [}, in [127] it was shown that the
Griesmer bound for linear codes in the b-symbol metric can always be attained with equality
if the minimum distance is sufficiently large. We remark that there also exists a Griesmer-type
bound for finite quasi-Frobenius rings [164].

Corollary 6. Each [n,r/h, d];‘ code satisfies

gq(r,d . th)} _ [Zfé [d . thiw . F‘i(r —h+1,d) -

(57)

(1] [k 1],

If d is sufficiently large, given r, h, and q, then Inequality can always be attained with equality. For
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k-1
increasing minimum distance d the relative distance 6 = % tends to Lfk—]q =1- % + O(g~2) and the rate

R = & tends to zero.

Remark 6. Note that the values n,(7,2;4) = 12 and n,(7,2;5) = 17, see Theorem encode the
information that [12,7/2,8]5, [14,7/2,913, [15,7/2,1013, [16,7/2,11]3, [17,7/2,12]; codes exist and
are length-minimal w.r.t. the other parameters. Clearly, a [15,7/2,10]3 code can be obtained from a

[17,7/2,12]; code by shortening, which favors tabulating the ny(r, h; s) values. However, some inequali-
ties have a nicer representation in terms of [n,r/h, d]’; codes.

The proof of Theorem @ suggests the following algorithm to determine explicit formulas for

ny(r, h;s) assuming that s is sufficiently large. For all 0 < i < % compute the Griesmer
upper bound #; for n,(r, h; s;) where s; = % —i. Then we have
[7’ - h]q ) [r]q ( [r]q )
ng\r, it —— —i|=t- - -1 58
"( [ed(r 1), lged(r, 1, ~ \lged(r, ), 9

for all sufficiently large t. As an example we mention:

Proposition 1. (Cf. [79, Table I],[80, Table 11]) For all sufficiently large t we have
o 15(7,2;31t) = 127t;
ny(7,2;31t = 1) = 127t = 5;
ny(7,2;31t — 2) = 127t - 10;
n,(7,2; 31t — 3) = 127¢ — 15;
ny(7,2; 31t — 4) = 127t - 20;
ny(7,2; 31t — 5) = 127t — 21;
ny(7,2; 31t — 6) = 127t — 26;
ny(7,2;31t = 7) = 127t - 31,
ny(7,2;31t — 8) = 127t — 36;
ny(7,2;31t = 9) = 127t — 41;
1,(7,2; 31t — 10) = 127t — 42;
ny(7,2; 31t — 11) = 127t — 47,
ny(7,2; 31t — 12) = 127t — 52;
ny(7,2; 31t — 13) = 127t - 55;
ny(7,2; 31t — 14) = 127t - 60;
ny(7,2;31t — 15) = 127t - 63;
ny(7,2;31t — 16) = 127t — 68;
1,(7,2; 31t — 17) = 127t — 73;
1,(7,2; 31t — 18) = 127t — 76;
1ny(7,2; 31t — 19) = 127t — 81;
ny(7,2; 31t — 20) = 127t — 84;
ny(7,2; 31t — 21) = 127t — 87;
ny(7,2; 31t — 22) = 127t - 92;
ny(7,2; 31t — 23) = 127t — 95;
ny(7,2; 31t — 24) = 127t — 100;

31



m5(7,2; 31t — 25) = 127t — 105;
1ny(7,2; 31t — 26) = 127t — 108;
m(7,2; 31t — 27) = 127t — 113;
n,(7,2; 31t — 28) = 127t — 116;
n,(7,2; 31t — 29) = 127t — 121;
n5(7,2; 31t — 30) = 127t — 126.

In [80] the stated formulas of Proposition [1| were indeed shown to be true for all t > 2 and
ny(7,2; 31 — i) was determined for all i € {0,...,31}\{19, 24, 25}, referring to [126] for i = 18 and
[79] for the previous state of the art. The final three missing cases were resolved in [129]. Having
Theorem@ at hand, the determination of 7,(r, ; s) can be reduced to a finite set of cases for s for
each given list of parameters g, r, and /, as the results of Griesmer [78], Solomon and Stiffler
[172] imply for h = 1 a.k.a. linear codes. For the ease of the reader we collect such results in
Section [C|in the appendix and mention that it is an important and difficult task to determine
ny(r, h; s) for the remaining small values of s, even for h = 1. We try to summarize the current

state of knowledge for small parameters, as we are aware of, in Section 5|

[T,

g r h i sy:=t- GedwiT, ~ i ng(rh;sie) ng(r,hsie) —ng(r,h;sip)
2 8 2 13 21t -13 85t—-55 2
2 8 2 14 21t —-14 85t—-60 2
2 8 2 18 21t -18 85t-76 2
2 8 2 19 21t -19 85t—-81 2
3 6 2 7 10t -7 91t—-67 3
3 6 2 8 10t — 8 91t-77 3
36 2 9 10t -9 91t-87 3
2 9 3 5 9t -5 73t —43 2
2 9 3 6 9t—6 73t—52 2
2 9 3 7 9t -7 73t—-59 4
2 9 3 8 9t-8 73t—68 4
4 6 2 9 17t -9 273t—-149 4
4 6 2 10 17t —10 273t—-166 4
4 6 2 11 17t —11 273t-183 4
4 6 2 12 17t —12 273t—-200 4
4 6 2 13 17t - 13 273t-213 8
4 6 2 14 17t —14 273t—-230 8
4 6 2 15 17t =15 273t—-247 8
4 6 2 16 17t —16 273t—-264 8

Table 2: Parameterized series of improvements for additive codes.

As observed in Inequality (I5), cf. Remark [} the upper bound of Lemma [16|can be reached

asymptotically, i.e. we have
ng(r, h;s) - [r — hl,

lim =1 59
500 s+ [l (59)
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for all parameters. Thus, we have
ng(r, h;8) > ny(r, h; s) (60)

for all sufficiently large s whenever r/h is not an integer, i.e., additive codes outperform linear

codes for large enough s if r/h is fractional. For the case r/h € IN we provide:

Theorem 5. For all sufficiently large t we have the following improvements of additive codes over linear
codes listed in Table[2land the tables in Section

The four series of improvements for 1,(8, 2; s) were already mentioned in [129]. For (g,1,h) =
(2,10,2) we refer to Table[7] An example for & = 4 is given by Table 9] which also shows that
ng (1, ;) — ny (v, h;5;;) does not need to be a power of the characteristic of IF,. An example
for g = 5 is given by Table 8 In Theorem [9] we will determine the parameterized series of
improvements 1,(6,2;s) > 1,(6,2; s) for all field sizes g. It turns out that there are g(g — 2) series

and the improvement is divisible by g.

Lemma 35. For k = r/h € N we have
ng(r, h;8) = (1, b;8) < (k= 1) - " (61)

for large s.

Proof. First we observe that the upper bounds from Lemma [16| coincide for n,(r,;s) and
ngy(k,1;s), so that it suffices to upper bound the difference between the Griesmer bound and its

version without rounding in Inequality (I3). So, from

[k],

d'W—gqh(k,d) Sk—l
and k] k] k]
L]h . B l]h ) _ _ ) L]h B . h
k- 11, 5 1], s—-k+1)<(k-1) -1l <(k-1)-q
we conclude the statement. ]

We remark that lim_,. 11,(, h; s) — (1, h;5) = oo if r/h ¢ IN.

In the introduction we have mentioned the improvement n3(6, 2; 3) = 21 over 13(6,2;3) = 17
from [54]. Corollary 3| yields n3(6,2;10t —7) > 91t — 70 for all t > 1. Note that we have
n3(6,2;10t —7) = 91t — 70 for all t > 2. In Table We collect the known sporadic improvements
where 1,(r, h;s) > ny(r,h;s) which are not part of a parametric series of improvements. So e.g.
we do not mention 71,(8,2;23) = 89 > 87 = 1,(8, 2;23) since Corollary gives n,(8,2;21t — 19) =
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g r h s nirhs) nrh;s)
2 8 2 9 33 31
2 8 2 10 36 34
2 8 2 11 40 39
2 8 2 14 54 50
2 8 2 27 107 103
3 6 2 3 21 17
3 6 2 8 66—-68 65

Table 3: Sporadic improvements for additive codes.

85t — 81 for t > 2, which is contained in Table 2l The data for (g,7,h) = (2,8,2) descends from
[129].

g v h s ngrh;s) nrh;s)
2 10 2 18 64-68 62—-66
2 22 2 26 56-90 55-74

Table 4: Temporary sporadic improvements for additive codes.

Sometimes one can construct additive codes which have better parameters than the best
known linear codes. The lower bound 7,(70, 2;40) > 47 and the lower bounds listed in Table
were obtained in [79].

Remark 7. Let by(k,d) the minimum length of a block code with an alphabet A of size q, minimum
Hamming distance d, and code size q*, where k € Q. Clearly, we have by(k,d) < g,(k, d) for sufficiently
large d due to the existence of linear Griesmer codes. It is an interesting problem to determine parameters
where by(k,d) < g,(k,d). In [82] by(2,d) = §2(2,d) and by(3,d) = ¢»(3,d) was shown. For (q,k) = (2,2)
all optimal codes even have to be linear. There exists a binary block code of size 20, length 19, and minimum
Hamming distance 10 attaining the Plotkin bound, see e.g. [3]]. So, we have by(4, 10+15t) < g,(4,10+15¢)
and by(4,9 + 15t) < ¢2(4,9 + 15t) for all t € IN using 4-dimensional simplex codes. Given the existence
of a Hadamard matrix of order 25 + 4 [82) Theorem 37] yields the existence of some minimum distance
d with by(k,d) < ga(k,d) for k > 4. Indeed, it is well known that Hadamard matrices can be used to
construct good binary block codes, see e.g. [134]. A good recursive construction for block codes is the
Plotkin sum a.k.a. (ulu + v)-construction [150, 170l. Other parameters (k,d) with by(k,d) < g(k, d)
are e.g. given by (5,6), (5,10), (6,6), (7,6), and (8,6). Due to our incomplete information on by(k,d) it
is not know if also (6,10) and (7, 10) can be included in the previous list.
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4 Linear equation systems over Z and the Smith normal form

For each field F the Gauss—Jordan algorithm computes the set of all x € [F" satisfying Ax = b
for a matrix A € F"*" and a vector b € F". The Hermite normal form [96] of A is a triangular
matrix and the Smith normal form (SNF) [171] for A is a diagonal matrix. Both allow to solve
linear equation systems over Z and can be computed efficiently, see e.g. [41]. For a brief
introduction into the underlying theory we refer e.g. to [157, chapters 4,5]. Known results and
general techniques to (theoretically) compute SNFs for incidence matrices, e.g. in PG(r — 1,7),
are surveyed in [168]. Here we want to show the relation to our topic in an informal way by

merely considering examples.

Theorem 6. Let A be a non-zero m X n matrix over a principal ideal domain R. There exist invertible
m X m and n X n-matrices S, T (with entries in R) such that

a 0 0 ... 0 ... 0
0 a, O
0 0 :
SAT =| : a, , (62)
0 0 ... 0
0 0O ... 0

a; divides . for all 1 < i < r, and the a; are unique up to multiplication by a unit (in R).

The right hand side of Equation is called the Smith normal form (SNF) of matrix A. The
elements a; are called the elementary divisors, invariants, or invariant factors. The matrices S and T
can be algorithmically obtained by recursively applying invertible row and column operations
to A till it reaches the desired diagonal form.

Example 10. Let

115 7
2 8 10 20
A=|3 3 45 51
17 5 13
2 2 40 44
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and M be the Z-module generated by the rows of A. The Smith normal form of A is given by

10 0 O
06 0O
D:=SAT=10 0 30 0f,
00 0 O
00 0 O
where
1 0 0 00O
1 -1 -6 1
-2 1 0 00
0 1 -1 1
S=(-3 0 1 0 0| and T-=
0O 0 0 1
1 -1 0 10
0O 0 1 -1
1 0 -1 01
We have

M = {(z1,22,23,24) € Z* : 21 = 0 (mod 1),z = 0 (mod 6),23 = 0 (mod 30), 24 = 0]
for the Z-module M’ generated by the rows of D and

M = {(21,22,23,24) €eZ*: 2z =0 (mod 1),-z + 2, =0 (mod 6),
621 —23+2, =0 (mod 30),z; + 2z, + 23 — 24 = o}.

Equivalently, the linear equation system DTx = b = (b, ..., bs)" has solutions over Z. iff by is divisible
by 6, b is divisible by 30, and we have by = bs = 0. The full set of solutions is given by

{(Xl,...,X4)T €Z4 X = bl/l,xz = b2/6,X3 = b3/30}

Proposition 2. Let A € Z"™" and D = SAT its SNF. Then D" % = b has a solution & € Z" iff b; = 0
(mod a;) forall 1 <i < rand b; = 0 for all r < i < n. The set of all solutions is given by

{(fl,...,im)T eZ" : X = Ei/ai\ﬂ <i< 7’}.

Moreover, we have A™x = bwithx € Z" iff D" % = bwith % € Z", whereb = T"hand 7 = x7SL.

Remark 8. The case of some zero rows in the SNF of a matrix, see Example is typical for our
situation of the incidence matrix A", since there are more h-spaces than points in PG(r — 1,q) when
r—1>h> 1. So, there exist h-spaces S1, ...,S; and integers x1, ..., x;, not all equal to zero, such that
M= Y x; - xs, is the empty multiset of points, i.e. M(P) = 0 for every point P. In the literature such
solutions are known as (subspace) trades, see e.g. [120l]. In PG(3,2) each set of pairwise disjoint lines
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can be completed to a line spread, so that there clearly exist two different line spreads L1 = {L,...,Ls},
Lo ={Lg, ..., Lo} with Y., x1, = Xi% x1,-

Example 11. Let B be the incidence matrix between lines and points in PG(2,3) and T be the column
transformation matrix of the Smith normal form of B, i.e.

1001001001000 1000000 0-2-1-1-2 -3
1000100010100 0100000 -1 —-1-1-2-1-11
1000010100010 0010000-2 0-1 0 0-11
0100100101000 0001000-2 0-2-1 0 -7
0100011000100 0000100 0-2-2 0-1 -3
0101000010010 0000010-1-1-2-2-2 -3

B=1]o0o010010011000 and T =]o0000011-1-1-3-3-3 -7
0011000100100 0000000 1 0 0 0 0 -3
0010101000010 0000000 0 1 0 0 0 -3
1110000000001 0000001 0 0 0-1-1 -7
0001110000001 0000000 0 0 0 1 0 -3
0000001110001 0000000 0 0 0 0 1 -3
0000000001111 0000000 0 0 0 0 0 1

Here five invariant factors of B equal 3, the last equals 12, and the first seven equal 1. So, for z =
(z1,...,213) € ZPBb we have z € M := {xTB tx€ Z[3]3} iff

27y +z3+2z4 +22¢ +2z7+25 = 0 (mod 3),
Z1+ 22+ 25+ 226+ 227429 = 0 (mod 3),
271+ 22 + 223+ z4+25+2¢ = 0 (mod 3),
221 + 20+ 224 + 26 + 2210+ 211 = 0 (mod 3),
z1+22p + 225 + 2z + 2210+ 212 = 0 (mod 3),
Zp+2z3+2z4+2z;+2z19+213 = 0 (mod 3),
i zi = 0 (mod 4),

i=1

where we have broken up the condition of the last column of T modulo 12 into two conditions modulo 3

and modulo 4, respectively.

Example 12. Let C be the Zs-code of the incidence matrix between lines and points in PG(2,3) and B
as in Example[11} Generator matrices of C and its dual code C* are e.g. given by

1000010100010
0100010220102
0010010010222
0001020120211 and
0000120210120
0000001110001
0000000001111

1000010102202
0100010220102
0010010010222
0001020122100 |/
0000120210120
0000001112220

respectively. Clearly, we have dim(C) + dim(C*) = [3]; = 13 since C and C* are vector spaces. Now
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consider the incidence matrix
0110110110111

0111011101011
0111101011101
1011011010111
1011100111011
1010111101101
B =|1101101100111
1100111011011
1101010111101
0001111111110
1110001111110
1111110001110
1111111110000

between affine planes and points in PG(2, 3). By C’ we denote the corresponding Z.;-code and observe that
every row of B’ is orthogonal to every row of Bw.r.t. Z/3Z, i.e. C' € C*. By e.g. computing the Hermite
normal form of B’ we can verify dim(C’) = 6, so that indeed C' = C*. In the context of Example|[T1|this
means that we can replace the six mod 3-conditions by B’z = 0 (mod 3), which corresponds to thirteen
single mod 3-conditions. Of course we can also select six of these such that the corresponding rows of
B’ generate C'.

Theorem 7. (E.g. [48, Theorem 3.1].) The invariant factors of AV are all p-powers except the last,

which is a p-power times [h],, where p is the characteristic of IF,.

The part [h], of the last invariant factor has an easy explanation. Let Sy,...,S; be a list of
h-spaces in PG(r - 1,4), x1,...,x € Z, and M = Zizl X;i - Xs, be a premultiset of points. Then
clearly, #M has to be divisible by [h], since each h-space consists of [h], points. For the other
invariant factors and their multiplicities we refer to [48, Theorem 3.3]. A corresponding basis
over the p-adic integers is described in [48] Section 5] and [48] Theorem 7.2]. For a more geometric
description, using (generalized) Reed—Muller codes, we refer to [6]. If the field size g itself is a
prime, then the additional conditions on the premultiset of points M are equivalent to M(A) =0
(mod ¢"!) for all affine subspaces A of codimension 1, i.e., for all A that can be written as H\K
where H is a hyperplane of PG(r — 1,4) and K < H is a (r — 2)-space. It can be checked easily
that those conditions are equivalent to M(H) = #M (mod ¢"!) for every hyperplane H, i.e.,
g"1-divisibility. If g is a proper p-power, then those conditions are only necessary and there are
turther conditions arising from so-called subfield subcodes (or Baer subspaces in geometrical
terms), see [6, Subsection 5.8][] Except the first condition M =0 (mod [h],) all conditions are
also satistied for the set of all points of the ambient space V = PG(r — 1,g), so that we can also
apply them to M directly when studying o - xv — M for some o € IN.

Given these reformulations one can turn the conditions from Lemma 21|into fairly explicit
ones and decide whether x[r] — M is h-partitionable over IF, for a given premultiset of points M
in PG(r — 1,9). However, determining the smallest o € IN such that o[r] — M is h-partitionable
over IF, is a significant and hard challenge. One example is given by partial spreads of h-spaces.
To this end let A,(r, 2h; h) denote the maximum number of h-spaces in PG(r — 1, q) such that each

7In [32] a certain weight function was introduced to capture the extra conditions.
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point is covered at most once. For a given partial spread # let M denote the set of uncovered
points. In our notation # is a faithful projective h — (#P,1,s,1), system with type 1 - [r] - M,
where #P and s can be computed from M via Lemma In the other direction we have the
conditions #M = [r], (mod [I],]), M(P) < 1 for every point P, and M(H) = #M (mod 4"!) for
every hyperplane H of PG(r —1,9). As an example we state 129 < A5(11, 8;4) < 132 [123]. There
cannot be a partial spread of 133 solids (4-spaces) in PG(10, 2) since there is no 8-divisible set of
52 points in PG(10, 2) while there are 8-divisible sets of cardinality 67, see e.g. [101}[103]. So, the
open question is whether [11] — M can be partitioned into 132 solids for one of these choices
for M. Another example is given by 244 < A;3(8,6;3) < 248. If A5(8, 6;3) = 248, then the set M
of uncovered points has to be the unique 9-divisible set of points with cardinality 56 over IF;,
which is known as the Hill cap [97], see e.g. [101, Section 6] for more details. With e.g. 25095280
planes in PG(7, 3) the parameters for the Hill cap are already rather large, so that we consider
another example for the application of Lemma

Example 13. Let us consider multisets of lines in PG(4,2), so that the premultiset of points M has to
be 2-divisible. Let us choose M as a set of 10 points. Up to symmetry there are 26 choices for M, see
e.. [90I. The smallest possible spanned dimension is four and here M is given as the complement of a
projective base a.k.a. frame of a solid. In a first step we compute a solution x € Zbk of A1252.x = gv—z,
where v is the all-one vector of size [‘;’]2 = 31 and z the incidence vector of M. To this end we compute
the Smith normal form of AY*>2, i.e. integral matrices S and T such that S - A¥*>? - T is an integral
diagonal matrix. In our situation D = S - AY2>2 . T consists of 26 ones, four twos, and a six in the main
diagonal. Setting x = Tx’, v = Sv, 2’ = Sz, and multiplying our equation by S from the left we obtain
Dx’ = ov'—z'. Sinceo = #M =10 (mod 3), we choose 0 = 1 and easily solve the equations for the first
31 components of x'. The other 155—31 = 124 entries of x’ can be chosen as arbitrary integers, so that we
set them to zero. Using x = Tx" we obtain a solution x € y4H5 of our initial equation system for o = 1 by
a simple matrix multiplication. All those computations can be performed by a small GAP script using the
FinInG package [12l]. Here we only remark that the most negative entry of the computed solution x has a
value of —424. So, we consider the modified solution X := x +424-v € N and 6 = 0+ 15-424 = 6361
as corresponding multiplier for the ambient space, i.e. (o + 3t) - [5] — M is 2-partitionable over IF, for all
t € IN. Instead of setting the unspecified 124 entries of x’ to zero we can also consider them as integer
variables and replace 0 = 1 by o = 1 + 3t for another variable t € Z.. With this, an ILP model for the
minimum possible o such that o[5] — M is 2-partitionable over IF, is given by the minimization of t
subject to Tx" > 0. It turns out that 4[5] — M is 2-partionable into a set of lines over IF, while [5] — M
is not. For the latter statement we give an easy theoretical proof. To this end, let S be the solid spanned
by the points P with M(P) > 0. Each of the seven lines, for the case t = 0, intersects S it at least a point.

Since only 15 — #M = 5 points of S need to be covered, we obtain a contradiction.

As an open problem we pose the question if the described ILP model has computational

advantages when combined with the prescription of automorphism groups?
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Definition 14. Let p be a prime, | be a positive integer, and B € R™" a matrix where R = Z or
R = Z/p'Z. The (linear) Z,,-code C of B is given by the row span of B w.r.t. Z/p'Z. The matrix B is
called a generator matrix of C. The dual code C* consists of all row vectors that are orthogonal to all
elements in C (w.r.t. Z/p'Z). We also call C* the Z,,-kernel of B.

Example 14. Let B be the incidence matrix between planes and points in PG(3,2) and T be the column
transformation matrix of the Smith normal form of B, i.e.

101010101010100 10000 0 0 0-1 0 0-1-3-3-13
100110011001010 01000 0-1-1-1-1-1-3-1-1 -6
101001010101100 00100-1 0-1 0-1-1-3-1-2-20
100101100110010 00010-1-1 0 0 0-1-1-3-2-27
010101011010100 00011-1-1-1 0 0-1-4-5-2—41
011001101001010 00000 1 0 0 00 0 0-1 0 —6
010110100101100 00000 0 1 0 0 0 0 0-1-1 -6
B=]o11010010110010 and T =|oo0000 00100 0 0-1-1-13
11001100110000 1 00001 0 0 0 1 0 0-3-4-1-34
110000110011001 00000 0 0 0 1 1 0-1-2-1-13
001100111100001 00000 0 0 0 0 1 1-1-2-2-13
001111000011001 00000 0 0 000010 0 -6
111100000000111 00000 0 0 0 00 1 0 0-1-13
000011110000111 00000 0 0 0000 O0O0 1 =6
000000001111111 00000 0 000000 O0O0 1

Here six invariant factors of B equal 2, three equal 4, the last equals 28, and the first five equal 1. Generator

matrices for the Z4-code C of B and its dual code C* are e.g. given by

with invariant factors [1,1,1,1,1,2,2,2,2,2,2,0,0,0,0] and [1,1,1,1,2,2,2,2,2,2,0,0,0,0], which

we abbreviate as 1°2°0* and 1*2°0°. The rows of the stated generator matrix for C* correspond to ten

1700101100110010
010101010101011
001100110011110
000200020002020
000011110000111
000002020000022
000000220000002
000000000000000
0000000071111 11
000000000202022
000000000022002
000000000000000
000000000000222
000000000000000
000000000000000

and

1700101101001101
010101010101011
001100110011110
000200020002020
000011111111000
000002020000022
000000220000220
000000000000000
000000002002202
000000000202022
000000000022220
000000000000000
000000000000000
000000000000000
000000000000000

mod 4-conditions, where six can be rewritten to mod 2-conditions.
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5 Small parameters

While the minimum possible length of a k-dimensional linear code over I, is given by the
Griesmer bound if the desired minimum Hamming distance d is sufficiently large, the gap to
the Griesmer bound is unbounded in k [64, [155]. So, in this section we want to collect results
on n,(r, h; s) for small parameters. For results for g = 2 and g = 3 we refer to Subsection 5.1{and
Subsection 5.2} respectively. For results for (1, 1) = (5,2) we refer to Subsection[5.3] Here we start
with some parametric results. As mentioned before, we have n,(r, h;s) = oo for r < h, so that
we assume r > h + 1 in the following. We are especially interested in the integral cases where

r/h € N. Ignoring the degenerated case r = F, the first interesting case r = 2h can be completely

solved:
Theorem 8.
_ en,
ng(2h, ;) = 1, (2h, h;'s) = T (7" +1)-s (63)
q
Proof. The lower bound follows from Theorem [2|and the upper bound from Lemma n

Clearly we have n,(3,1;1) = 1. For odd q the upper bound 7,(3,1;2) < g + 1 was shown
in [35] and an oval (conic) in PG(2, g) shows n,(3,1;2) > g + 1 for all field sizes g. Segre [158]
has shown that all examples attaining 1,(3,1;2) = g + 1 are equivalent for odd g, cf. [106]. For
even q each faithful projective 1 — (g + 1,3, 2), system can be extended to a faithful projective
1-(q +2,3,2), system, which is called hyperoval. The upper bound 1,(3,1;2) < g + 2 follows

from the Griesmer bound, as shown below when setting t =1,i =4 - 1.

Proposition 3. We have
(3, L+ Dt —i) = [3], - t—[2),-i= (g +q+1)-t—(q+1)-i (64)

for0<i<1,t>landfor2<i<gq,t>2.

Proof. The statement for n,(3,1; (g + 1)t), i.e. i = 0, follows from Theorem Let n;; = [3],t — [2],i
and s;; = [2];t —[1];i for 0 < i < gand t > 1. Since d;; := n;; — s;y = g*t — qi we can apply
the Solomon-Stiffler construction if we can find 7 lines in PG(2, q) that cover each point at most
twice for 2 < i < g or at most once for i = 1. By duality and using 7,(3,1;2) > g + 1 this is indeed
possible. Fort > 1 and 1 <i < g the Griesmer bound, see Lemma 22, shows that the length of

n’ of each [1’, 3,d’], code with minimum distance
di=dy+1=my;+1)—s;=t-¢-@G(-1)-g-(q-1)-1

is at least
t- [3]q - (Z - 1) : [Z]q - (q - 1) ' [1]q = [3]qt - [2]q1 +2> Nit,
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ie. ny(3,1;(qg+ 1t —1) <[3], -t —[2], - i follows from the Griesmer upper bound. |

We remark that Lemma [16{implies

ny(3,1; (g + 1)t —i) < [3[3161]{1 ((g+ )t - z)| =[]t —qi - LI‘FLJ (65)
for 0 <i < gandt > 1, which is tight iffi = 0,1. Fort = i = 1 the ¢* lines of PG(2,9) that
are disjoint to an arbitrary but fixed point yield a projective faithful 2 — (4%,3,1,9) ; System
whose dual is a projective faithful 1 - (42, 3,9,1) ; system. The determination of 1,4(3,1;s) is
a challenging problem for 3 < s < g — 1 and was solved completely for 4 < 9 only, see e.g.
http://mars39.lomo. jp/opu/griesmer.htm. In Table 5| we summarize the known values for
g < 9. We remark that in all cases 1 — (nq(?), 1;s),3,s, 1)q systems do exist, see http://web.mat.

upc.edu/simeon.michael.ball/codebounds.html.

5 n 3/ 1/5 Gub a
q s n,3,1;5) Gub gap g : q( 29) " gz
’ ; 411 411 6 36 41 5
3 7 7 7 49 49
8 57 57
3 1 1 1
2 4 5 1 8§ 1 1 1
3 9 9 2 10 10
3 15 19 4
; B 4 28 28
' ; é é 5 33 37 4
3 9 11 2 6 42 46 4
7 49 55 6
4 16 16 : o
5 21 21 ; oo
5 1 1 1
2 6 7 1 9 1 1 1
2 10 11 1
\ oo : 3 17 21 4
5 e . 4 28 31 3
2 é? ?13 5 37 41 4
7 1 1 1 6 48 51 3
2 8 9 1 7 55 61 6
8 65 71 6
\ o : 9 81 81
- 22 & & 10 91 91

Table 5: Griesmer upper bounds and exact values for 1,(3,1;s) for1 <s <g+1landg <9.

Lemma 36. We have 1,(6,2; (> + 1)t — i) = (q4 +q*+ 1)t —(*+1)iforall 0<i<g®andall t > 2.
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[r=hl,
7 [ged(r)]y

=g*+¢*+1 =3+ 4+ 1. For the lower bounds we refer to Proposition Due to

Proof. With § := g*> we compute ged(r,h) = 2, [ged(r, h)], = g + 1 =g*+1=4§+1,and

[r]q
[ged(rh)]y

Theoremwe can assume 1 <i < g% Letn;; := (q4 +q*+ 1)t —(@+Diand s = (> +1)t—1i,
so that
(g +1) —sy=t-F—-(G-1)-4-(G-1)-1.

Sincet-[3];—(i—1)-[2];—(§ - 1)-[1]; = n;s +2 Lemmayields n;3, LG+ Dt—i) <GP +4+1)
t—(G+1)iforl <i<ig. n

Theorem 9. Let 0 < i < g*and i = aqg — b where a,b € Nand b < q— 1. For each t > ¢* + g we have
14(6,2; (q2 + 1Dt —1i)= (q4 + q2 + 1)t — (q2 +1)i + max{a - 2,0} - g (66)
and ny(6,2; (q* + 1)t — i) = 14(6,2; (4* + 1)t — i) + max{[i/q] — 2,0} - q.

Proof. First we note a = [i/q], so that the second part follows from Lemma 36/and Equation (66).
Due to Theorem 2l we can assume 1 < i < g% Let n;; := <q4 +q% + 1)t —(*+1)iand s;; :=
(> + 1)t — i, so that n;; = 1,(6,2;s;;) for all t > 2 by Lemma and

q-((ni,t+1)—sz-,t) =t-@-@(-1)-¢°-@q-1)-¢7-(@q-1)-q. (67)

For1 <i < qwehave
tlely — (i — D[4l - (g - DBl - (g - DI2] = t[6]g — i[5]g + g+ 3 = nip(g + 1) + 2> niy(g + 1),
so that Lemma gives n,(6,2;s;;) < n;;. Forq+1 <i < 2q we have
(i +D=sy)=t- ¢ ~g'~(~g-D)-F~@-1)-7~@-1q

and
t6l; =[5l — (i—q - D[4l - (9 - DI3] - (g - DI2] = tl6]; - i[4l; + g+ 2 = niy(g + 1) + 1 > n(g + 1),
so that Lemma gives 1,(6,2;s;;) < n;;. For 1 <i <2q we have n,(6,2;5s;) > 14(6,2;5;;) = 1.
So far we have shown n,(6,2;s;;) = 14(6,2;s;;) = n;; + max{a — 2,0} -gfora < 2,ie. 0 <i <2g,

and t > g* +q> 2.
For3<a4<gq,0<b<g-1,andi=aq—-bwehave

q-((y+@=-2q)=s))=t-q°—(@a=1)-q' = (@-1-b) - * - (g +2 - a)¢’
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and

t-[6l,—(@-1)-[5l,-(q-1-b)-[4l,-(@+2-a)3], = t-[6],—i[4],+@—2)q(7+1)
(i +(a=2)q) - (9 + 1),

By Theorem 2| we have that (g + 1)[3] is 2-partitionable over IF,. Lemma 25{shows that [6] — [4]
and (g + 1)[6] — [5] — g[3] are 2-partitionable over IF,. Consider the corresponding constructions.
Taking (a — 2) copies of the first, (7 — 1 — b) copies of the second, and (a — 1) copies of the third
construction shows that t[6] — (2 —1)[5] — (g — 1 —D)[4] — (9 + 2 —a)[3] is 2-partitionable over IF, for

t=@+1)@a-1)+(@+1-by=ag-b+a=i+a<qg*+q.

Since [6] is 2-partitionable over IF, by Theorem 2| we have 1,(6,2;s;;) > n;; + (a — 2)q for all
2g+1<i<g*andallt > ¢*+ g. For the upper bound we consider

g-((ny+@=-2g+1) =sy)=t-g°~(@-1)-g"'-(g-1-b)- ¢ (@ +1-a)g - (g 1)q

and
t-[6l;—(@a-1)-[5];-(q-1-0b)-[4],— (g +1-a)[3]; - (¢ - DI2],
= t-[6],-i[4l,+(@-2)q@q+1)+q+2=(ny+(@-2)g+1)-(g+1)+1
> (mig+@-2)g+1)-(g+1),
so that Lemma 22| gives 1,(6, 2;s;;) < n;; + (a — 2)q. [

Theorem 10. We have n,(h + 1,h;s) = s-[h + 1], n,(h + 1,h;8) = s - (qh + 1), and ng(h + 1, h;s) —
ng(h+1,h;s) = s - qlh — 1], which is positive for h > 1.

Proof. For ny(h + 1, h;s) the upper bound follows from Lemma|l6{and a construction is given by

choosing each h-space s times. The value of 71,(h + 1, h; 5) follows from Theorem g| n
Proposition 4. For even h we have n,(h+2,h;s) = [h[;]zq]”’ s =[h/2+1].-sforalls € N. Leth = 2h’ +1
where ' € Nq. We have

[h+2],+q

ng(h+2,l;(g+ Dt —i) = [h+2], -t - i=[h+2),-t—(q-[W +1]p+1)-i  (68)

[2],
for0<i<1,t>landfor2<i<gq,t>2.

Proof. The statements for n,(h + 2, h;s) with even h and for n,(h + 2, h; (g + 1)t) with odd / follow
from Theorem |2} so that we assume h = 2h’ + 1 for a fixed i’ € N1 and i > 1 in the following.
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Let I’l 2
_w.i:[h+2]q.t_<q.[h’+1]qz+1)-i (69)
and

sip=(q+ 1)t —i (70)

for0<i<gandt>1. Lemmaylelds the existence of a faithful projective 2— ( o f Jh+2,% 1)

system where all elements are disjoint to a special 3-space A. Taking s;; copies thereof and embed-

ding the dual of a faithful projective 1 - ([3]qt —(g+1)i,3,(g+ 1)t - i)q system from Proposition

into A gives a faithful projective 2 — (n;;, h + 2, x, si,t)q system S;; fort > 2 ort =i =1 since
qh+2_q3 qh+2+q2_q_1 [h+2]q+q

csip+ (81t = (g + 1)i) = [ +2], - - pr -i:[h+2]q-t+T-i.

So, the dual Sift of S yields ny(h +2,h;5;;) > njy for0<i<1,t>1landfor2<i<gq,t>2. Let
dig =" (i = 5i0) = " (PRl — g - W + 12 - ) = ([t = qill' 1) - 4" =i,

so that
qh—l . (ni,t +1- Si,t) = ([h]qt _ lﬁ[h']qz) . qh+1 _ (i _ 1) . qh _ (q _ 1) . qh—l

So, fort > 1and 1 <i < g the Griesmer bound, see Lemma 22 shows that the length of n’ of

each [, h + 2,d'], code with minimum distance d’ = d;; + g"!is at least

(1ot = qilh' 1) - [h+ 21, = (= 1) - [k + 1], - (9 = 1) - [H],

[h+ 2]t - [H), = il 1 - [B]g = q(q + Vil ]2 = (ig — DA,

[, - (I + 215t = (g0 + 112 + 1) - ) + (G + DI, = q(q + D)ilk ]2
[Aly - mie + [hlg — 1> [h]g - mig,

i.e. the Griesmer upper bound from Deﬁnition@ is ng(h + 2,h;s;;) < niy, see Lemma =

We remark that Lemma [16{implies

(1],
ng(h+2,h;(q+ 1)t —i) <

121,

((g+Dt=0)| = [h+2]qt—q-[(h+1)/2]qz-i—{qilw

forodd h,0 <i<g,and t > 1, which s tight iffi = 0,1, see Propositionfor h=1.

[h+2]q P

Proposition 5. For odd h > 3 we have n,(h + 2,h;1) = g° - [(h - /2] + 1.

Proof. The dual of a faithful projective h — (n,h +2,1, i), system is a faithful projective 2 — (1, h +
2, u, 1), system, i.e. a partial line spread in PG(h + 1, g), so that [16, Theorem 4.1 & 4.2] yields the
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g s ny5,3s) Gub gap
2 1 9 9
2 20 20
3 31 31
3 1 28 28
2 58 59 1
3 90 90
4 121 121
4 1 65 65
2 134 134
3 201 203 2
4 272 272
5 341 341
51 126 126
2 256 257 1
3 386 388 2
4 516 519 3
5 650 650
6 781 781
7 1 344 344
2 694 695 1
3 1044 1046 2
4 1394 1397 3

Table 6: Griesmer upper bounds and values for 1,(5,3;s) for1 <s <g+1and g <9.
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1744
2094
2450
2801

1748
2099
2450
2801

513

1034
1551-1555
2076
2593-2597
3114-3118
3633-3639
4160

4681

513
1034
1555
2076
2597
3118
3639
4160
4681
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730
1468-1469
2204-2208
2944-2947
3682-3686
4422-4425
5158-5164
5897-5903

6642
7381

730
1469
2208
2947
3686
4425
5164
5903
6642
7381




stated formula. []
Proposition 6. Bounds for n,(5,3;s), where1 <s < g+ 1and q <9, are summarized in Table@

Proof. Forgq <s < g+1werefer to Proposition@and fors=1 Propositionyields n,(5,3;1) = g°+
1. Asin the proof of Proposition@we can use Propositionto deducen,(5,3;s) > 7’s+ 1n,(3,1;5).
If not stated otherwise we use this lower bound with the values from Table Bl The dual of a
faithful projective 3 — (1,5, s, 1), system is a faithful projective 2 — (1,5, i, s), system S. Due to
Lemma @] P(S) is g-divisible. By Lemma B M := s xy — P(S) is also g-divisible with cardinality
#M = s[5], — n[2], and maximum point multiplicity at most s, where V' is the 5-dimensional
ambient space. So, nonexistence results for g-divisible multisets of points in PG(4,q) with
suitable cardinalities and maximum point multiplicities can imply upper bounds for 1,(5, 3; s).

As a example we will use the fact that there is no 3-divisible multiset of points in PG(4, q) with
cardinality 6 and maximum point multiplicity at most 2, which can be verified by exhaustive
enumeration or proven theoretically, see Lemma Thus, we have n3(5,3;2) < 59 since
2-[5]3 =59 -[2]5 = 6.

Using the software package LinCode [39] we have shown by exhaustive enumeration that

the following multisets of points do not exist:

e There is no 3-divisible multiset of points in PG(4, 3) with cardinality #M = 6 and maxi-
mum point multiplicity at most 2.

e There is no 4-divisible multiset of points in PG(4, 4) with cardinality #M = 13 and maxi-
mum point multiplicity at most 3.

e There is no 5-divisible multiset of points in PG(4, 5) with cardinality #M € {20, 21,22} and
maximum point multiplicity at most 4.

e Thereisno 7-divisible multiset of points in PG(4, 7) with cardinality #M € {35, 36, 37, 38, 42,
43,44,45,46} and maximum point multiplicity at most 6.

In Table | we have marked the corresponding improved upper bounds for 1,(5,3;s) in bold

font. For more details we refer to Section [Dl ]

So far we have tried to determine parametric formulas or bounds for n,(r, h;s) for small
parameters of r and 4 in terms of s. We may also consider the situation for fixed small values of

s. Since n,(r, h;s) = oo for r < h we assume r > h + 1 in the following.
Lemma 37. We have n,(r,h;s) = s for hs <r.

Proof. Let S be a faithful projective h — (n,1,s), system with n = n,(r,h;s). The span of n
elements from S has dimension at most n#, i.e. all elements of S are contained in a hyperplane
of PG(r -1, 7). ]
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So, we will mostly assume s > r/h in the following, i.e. s = 2 is the first interesting case.

Theorem 11. We have n,(3h, h;2) = n,(3h, h;2), i.e. ny(3h, h;2) = qh +1if g is odd and n,(3h, h;2) =
q" + 2 for even q.

Proof. Let S be a faithful projective h — (n, 3h; 2), system with n = n,(3h, h;2). Any two elements
of § span a 2h-space since otherwise we find three elements contained in a hyperplane. Denote
the number of hyperplanes with i elements from S by a;. Double-counting yields the equations

apg+ay +ay = [3h], (71)
ay +2a, = n-[2h], and (72)
o = ".[n], (73)

so that the second equation minus twice the third equation gives
a = n[h]q-(qh+2—n).

Since a; is non-negative, we have n,(3h,1;2) < ¢" + 2. If n = ¢" + 2, then a; = 0. However,
the corresponding code would be a projective two-weight code with weight difference 24",
which is not a power of the characteristic of I, if 4 is odd — contradiction to Lemma|l|{from [58].
Ovals and hyperovals in PG(Z, qh) give the corresponding constructions for odd g and even g,

respectively. n
We remark that 15(6, 2;2) = 10 was shown in [10] by exhaustive enumeration.

Remark 9. Let S be a faithful h — (n, lh; 1 — 1), system with n = n,(lh, h;1 — 1) for some | > 2. If there
exist i elements of S that span a subspace S of dimension strictly less than hi for some 1 < i < I, then
adding any further | — i elements yields the existence of a hyperplane with at least | elements, which is
a contradiction. Thus, the dimension spanned by any subset of elements of S is congruent to 0 modulo
h. In [30, Proposition 3.1] is was shown for q = h = 2 that this conditions ensures that S can be
obtained from a faithful projective 1 — (n, ;1 — 1), system by the subfield construction. The existence
of non-Desarguesian spreads of h-spaces for q > 2 or h > 2 shows that further conditions are needed in
order to conclude linearity, cf. [9, Theorem 13] and [1ll. For characterizations of Desarguesian spreads
we refer to [154l]. So, it is an interesting question, whether n,(lh, h;1 — 1) > ny(lh, h; 1 — 1) is possible for
[>3.

Lemma 38. For each odd prime power q we have

n,(5,2,2) <q* +q+1. (74)
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Proof. Consider a faithful projective 2 — (1,5, 2, u), system S and denote the number of hyper-
planes that contain i elements from S by 4;. We will show p = 1if n > ¢*> + 2. The dual S* is a
faithful projective 3 — (1,5, u, 2), system. Note that two planes (3-spaces) in PG(4, ) intersect in
at least a point. If S* contains a plane with multiplicity 2, then we have n = 2. If S* contains
two elements E;, E, such that their intersection is a line L, then the elements in S*\{E;, E,} need
to intersect E; outside of L, so that n < ¢* + 2.

If n > ¢* + 2, then the elements of S form a partial line spread, i.e. we have u = 1. Double-

counting gives

ag+ay+a, = [5], (75)
ay +2a, = n[3], and (76)
2a, = n(n-—-1). (77)

If n > [3],+1, thena; <0, which is impossible. If n = [3],+1 = ¢* + g+ 2, then we have 4, = 0, so
that the corresponding code is a projective two-weight code with difference 24 of the occurring
non-zero weights. However, the weight difference of a projective two-weight code has to be a
power of the characteristic of IF,, see Lemma 1 or [58, Corollary 2], which gives a contradiction
if g is odd. n

Remark 10. For g = 2 a vector space partition of PG(4,2) of type 2°3! gives a faithful projective
2 - (8,5,2), system (which is unique) and there also exists a faithful projective 2 — (6,5,2), system
that contains a pair of lines intersecting in a point. For q € (3,5} there exist a faithful projective
2—(q* +2,5,2), system that contains a pair of lines intersecting in a point. For q = 3 the maximum size
n of a faithful projective 2 — (n, 5, 2), system is 12 = g* + q [10].

A subclass of special interest are so-called MDS codes attaining the Singleton bound with
equality, see e.g. [9) [10]. Many of these codes fall into the class of Reed—Solomon codes, but

there are also other constructions see e.g. [10, Remark 27] and [107].

Proposition 7. We have n,(6,2;9) < q-(q> — q + 1). If S is a faithful projective 2 — (n,6,q, 1), system
attaining equality, then we have p = 1 and each 4-space contains either 0 or q elements from S and each
subset of elements of S spans an even-dimensional subspace.

Proof. 1f L, L, are two different elements in S that intersect in a point, then let 7 be the 3-space
spanned by L;, L, and consider the projection of S through 7, see Lemma @ so that Lemma
givesn < (q-2)-(°+q+1)+2=9g-(¢*—g-1). Thus,if n > g-(4° — g — 1), then we have
p =1 (noting that the case L; = L, leads to even stronger upper bounds for n). Assuming u =1,
let S’ be the projection of S through L;, so that &’ is a faithful projective 2 — (n —1,4;q - 1, '),
system. Lemma 16| gives #S' =n—-1< (g*+1)- (9 — 1), so that #S = n < g- (4> —q + 1). In the

49



case of equality we have ' = g —1and & has type (7 — 1) - [4]. Moreover, &' is faithful, i.e., any
subset of elements of S spans an even-dimensional subspace. If S is an arbitrary 4-space that
contains an element L from S, then projection through L yields that the elements of S\{L} cover
(g—1)-(g+1) points from S. Since no subset of elements from S spans a 5-space, every element

of S that intersects S is fully contained in S, i.e., S contains exactly g elements from S. n

Remark 11. A (multi-)set S, of 2-spaces in PG(5,q) with cardinality q(q* — g + 1) such that each
4-space contains either O or q elements from S is a special case of a so-called perp-system, see [54]
for details. They do indeed exist for even field sizes q [54, Lemma 5.1]. The construction is based on
maximal arcs in PG(2,¢*) — Denniston arcs to be more precise [59] — i.e. the corresponding codes are
linear over F2. For odd q we cannot obtain such examples from maximal arcs in PG(2, q%) [Z, so that
1,(6,2;9) < q-(¢* —q+1). Forq = 3 an example attaining the upper bound from Proposition [7| was

found by a computer search, see [54, Example 2], and for odd q > 3 no such example is known.

5.1 Additive codes over the binary field

As mentioned before, we have n,(r, h;s) = oo for h < r, so that we assume r > h + 1. For n,(3,2;s)
we refer to Theorem [10]and for 1,(4, 2; s) we refer to Theorem

Theorem 12. ([24l]) We have

ny(5,2;7t) = 31t for t > 1;

ny(5,2,7t = 1) =31t =5 fort > 1;

ny(5,2,7t =2) =31t =10 for t > 1;

ny(5,2;7t = 3) =31t =15 for t > 1;

ny(5,2;7t —4) =31t =20 for t > 1;

ny(5,2;,7t =5) =31t =23 for t > 1;

n2(5,2;7t — 6) = 31t = 28 for t > 2 and ny(5,2;1) = 1.

Proof. Lemma 37| gives 1,(5,2;1) = 1. The other upper bounds follow from the Griesmer upper
bound. Due to Corollary |3|it suffices to give a construction for the first elements of the seven
sequences. Theorem 2| gives 1n,(5,2;7) > 31. Lemma [24{ shows that [5] — [3] is 2-partitionable
over IF,, so that 115(5,2;2) > 8. From small linear codes we conclude 1,(5,2;3) > n,(5,2;3) = 11,
ny(5,2;4) > ny(5,2;4) = 16, and n,(5,2;5) > n,(5,2;5) = 21. From Lemma we conclude that
3[5] — [4] — 2[2] is 2-partitionable over IF,, so that also 3[5] — [4] is 2-partitionable over IF, and
n,(5,2;6) > 26. Corollarygives ny(5,2;8) > ny(5,2;2) + ny(5,2;6) > 34. [

Remark 12. Forr > 2h Lemma|24|gives that [r]—[r—h] is h-partitionable over IF,, so that nq(r, h; qr‘Zh) >
q"™". From the Griesmer upper bound we can conclude that indeed nq<r, h; qr‘”’) =q" Forr > 2h
with r = 1 (mod h) Lemma |27| gives that [h — 1], - [r] + g"=' - [1] is h-partitionable over IF,, so that
nq(r, m1+[h=1],- S qr‘h‘ih) >1+[h—1],- X" g™ From the Griesmer upper bound we
can conclude that this lower bound is indeed tight.
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Theorem 13. ([24, Theorem 1]) We have n,(6,2;s) = 1,(6,2;s) for all s, i.e.

o 15(6,2;5t) =21t for t > 1;

o 15(6,2;,5t—1) =21t -5fort > 1;

e 15(6,2;5t —2) =21t — 10 for t > 1 and n,(5,2;3) = 9;
® 15(6,2;5t-3) =21t =15 fort > 1;

o 15(6,2,5t —4) =21t — 20 for t > 1.

Proof. The lower bounds follow from 1,(6,2;s) > 1,(6,2;s) and Corollary 3| The upper bound
12(6,2;3) <9 was shown in [30, Section 4.2]. All other upper bounds follow from the Griesmer
upper bound. n

Theorem 14. ([129]; cf. [79, Table 11,180, Table 1I]) We have

o 1(7,2;31t) =127t for t > 1;

o 1y(7,2;31t = 1) =127t =5 for t > 1;

o 15(7,2;31t-2) =127t =10 for t > 1;

o my(7,2;31t—3) =127t — 15 for t > 1,

o 1,(7,2;31t —4) =127t =20 for t > 1;

o 15(7,2;,31t = 5) =127t =21 for t > 1;

o 15(7,2;31t —6) =127t =26 for t > 1;

o 1y(7,2;31t-7) =127t =31 fort > 1;

o ny(7,2;31t —8) = 127t — 36 for t > 1,

o 15(7,2;31t -9) =127t — 41 fort > 1;

o 15(7,2;,31t - 10) = 127t — 42 for t > 1;

o 15(7,2,31t —11) = 127t — 47 for t > 1;

o 15(7,2;31t —12) =127t =52 for t > 1;

o 1(7,2;31t —13) = 127t = 55 for t > 1;

o 1,(7,2;31t —14) =127t - 60 for t > 1;

o 15(7,2;,31t - 15) = 127t - 63 for t > 1;

o 15(7,2,31t — 16) = 127t — 68 for t > 1;

o 1y(7,2;31t - 17) =127t =73 for t > 1;

o ny(7,2;31t —18) = 127t — 76 for t > 1;

o 15(7,2;31t - 19) =127t - 81 fort > 1;

o 15(7,2;31t —20) = 127t — 84 for t > 1;

o 1(7,2,31t —21) = 127t - 87 for t > 1;

o 1y(7,2;31t —22) =127t =92 for t > 1;

o 15(7,2;31t —23) =127t =95 for t > 1;

o 15(7,2;31t —24) = 127t - 100 for t > 1;

o 15(7,2;31t —25) =127t = 105 for t > 1;

o 15(7,2;31t —26) = 127t — 108 for t > 2 and ny(7,2;5) = 17;
51



n5(7,2; 31t — 27) = 127t — 113 for t > 2 and ny(7,2;4) = 12;
ny(7,2; 31t — 28) = 127t — 116 for t > 2 and n5(7,2;3) = 7;
1n5(7,2; 31t — 29) = 127t — 121 for t > 2 and n5(7,2;2) = 2;
ny(7,2; 31t — 30) = 127t — 126 for t > 1.

Proof. Lemma [37] gives n5(7,2;1) = 1 and n,(7,2;2) = 2. Theorem [2| yields n,(7,2;31t) = 127t
for t > 1. In [30] n2(7,2;3) < 7 was shown. The coding upper bound implies 1,(7,2;4) < 12
and n,(7,2;5) < 17, cf. Remark All other upper bounds follow from the Griesmer up-
per bound. Due to Corollary |3] and Corollary [1] it suffices to give constructions for s €
{3,...,13,15,21,25,26,30}. Constructions for s = 3,4 were given in [30] and for s = 5 we
canuse 1,(7,2;5) > n2(7,2;5) = 17. For s € {6,7,12,13} examples were found using ILP searches,
see [129] and Section [F| For s = 9 an example is given by a vector space partition of PG(6, 2) of
type 2%°314!. For s = 15 an example is given in [80, Example 2]. Fors € {8,10, 11,21, 25,26, 30} ex-
amples can be easily constructed using the general tools provided in Section[3} see Proposition|[10]
for the details. |

Theorem 15. ([129]]) For s > 30 the Griesmer upper bound for n,(8,2; s) can always be attained. For all
s € Ny withs #2,3,7,8 (mod 21) and s ¢ {9,10,11,14,15,24,27} we have n,(8,2;s) = n,(8,2;s).
More concretely:

o 15(8,2;21t) = 85t for t > 1;
o 15(8,2,21t - 1) =85t =5 fort > 1;
o 15(8,2;21t —2) =85t — 10 for t > 1;
o 15(8,2,21t - 3) =85t - 15 for t > 1;
o 15(8,2;21t —4) = 85t — 20 for t > 1;
o 15(8,2,21t - 5) = 85t - 21 for t > 1;
o 15(8,2;21t — 6) = 85t — 26 for t > 2 and n,(8, 2;15) € {55, 56},
o 15(8,2,21t - 7) =85t =31 fort > 1;
o 15(8,2,21t —8) =85t - 36 for t > 1;
o 15(8,2,21t - 9) = 85t — 41 fort > 1;
o 15(8,2;21t — 10) = 85t — 42 for t > 2 and n,(8,2;11) = 40;
o 15(8,2;21t — 11) = 85t — 47 for t > 2 and n,(8,2;10) = 36;
o 15(8,2;21t —12) = 85t — 52 for t > 1;
o 15(8,2;21t — 13) = 85t — 55 for t > 3, n5(8,2;8) = 28, and ny(8,2;29) € {113,114,115});
o 15(8,2;21t — 14) = 85t — 60 for t > 3, 15(8,2;7) = 23, and n(8,2;28) € {108,109, 110};
o 15(8,2;21t — 15) = 85t — 63 for t > 2 and n,(8,2;6) = 18;
o 15(8,2,21t — 16) = 85t — 68 for t > 1;
o 15(8,2;21t — 17) = 85t = 73 for t > 2 and n,(8,2;4) = 10;
o 15(8,2;21t — 18) = 85t =76 for t > 2 and ny(8,2;3) = 5;
o 15(8,2,21t — 19) = 85t — 81 for t > 2 and ny(8,2;2) = 2;
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o 15(8,2;21t — 20) = 85t — 84 for t > 1.

Proof. Lemma [B7] gives n5(8,2;1) = 1 and n5(8,2;2) = 2. Theorem 2| yields n(8,2;21t) = 85t
for t > 1. In [30] n2(8,2;3) < 5 and n5(8,2;4) < 10 were shown. The coding upper bound
implies 1,(8,2;6) < 18, n5(8,2;7) < 23, n(8,2;8) < 28, n5(8,2;10) < 36, n,(8,2;11) < 40, and
12(8,2;15) < 57. The latter bound was improved to 1,(8,2;15) < 56 in [129]. All other up-
per bounds follow from the Griesmer upper bound. The lower bound 1,(8,2;s) > 1,(8,2;5)
matches the upper bound for all s € {5,...,48}\{9,10,11,14, 15,23, 24, 28,29, 44,45}. For s €
{9,10,11, 14, 23,24, 27,49, 50} we refer to [129] and Section [H for explicit examples obtained us-
ing ILP searches. For s = 50 also the tools from Section [3| can be used, see Proposition [11] for
the details. For s € {15,28,29} the lower bound n,(8, 2;5) > 1,5(8, 2;s) still gives the best known
construction. With this, all remaining constructions can be obtained using Corollary 3| and
Corollary 1} n

A few further constructions and upper bounds for n,(r, 2; s) can be found in the literature:
e 1,(14,2;7) < 11 [21]];
o 1,(9,2;5) < 11 [21], [22];
e 1,(15,2;8) < 13 [21]];
e 1,(10,2;6) < 14 [18];
e 11,(28,2;14) < 17 [23];
e 11,5(35,2;18) > 22 [23].

For n,(4, 3; s) we refer to Theorem for n,(5, 3; s) we refer to Proposition E| in combination
with Table @ and for n,(6, 3; s) we refer to Theorem

Theorem 16. We have
o 15(7,3;15t) =127t for t > 1;
o 15(7,3;15t = 1) =127t =9 fort > 1;
o 15(7,3;15t - 2) =127t =18 for t > 1;
o 15(7,3;15t = 3) =127t =27 for t > 1;
o 15(7,3;15t —4) =127t =36 for t > 1;
e 15(7,3;15t - 5) =127t — 45 for t > 1;
o 15(7,3;15t — 6) = 127t =54 for t > 1;
o 1y(7,3;15t = 7) =127t - 61 for t > 1;
o 1,(7,3;15t —8) = 127t = 70 for t > 1;
o 1,(7,3;15t —9) = 127t = 77 for t > 1;
o 15(7,3;15t — 10) = 127t — 86 for t > 1;
o 15(7,3;15t —11) = 127t = 95 for t > 1;
o 1(7,3;15t — 12) = 127t — 104 for t > 1,
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o 1y(7,3;15t — 13) = 127t — 111 for t > 1;
o 1y(7,3;15¢ — 14) = 127+ — 120 for t > 2 and ny(7,3;1) = 1.

Proof. Lemma 37| gives 1,(7,3;1) = 1. Theorem [2| yields n,(7,3;15) = 127. All other upper
bounds follow from the Griesmer upper bound. The lower bound n,(7, 3; s) > 115(7, 3; s) matches
the upper bound for s = 9. For s € {3,5} examples have been found using ILP searches, see
Section [H For s € {2, 6,13, 14} the constructions from Section 3| can be used, see Proposition
for the details. With this, all remaining constructions can be obtained using Corollary |3| and
Corollary 1} n

Remark 13. We have n,(7,3;2) = 16 and it is not hard to show that any projective 3 — (16,7,2, u)>
system S is indeed faithful and we have u = 1, i.e. S is a partial plane spread of cardinality 16 in PG(6, 2).
Those have been classified in [102] and there are exactly 37 + 3988 = 4025 isomorphism types. For more
details on the equivalence of linear or additive codes we refer e.g. to [8].

Lemma 39. We have n3(8,3;3) < 20.

Proof. Assume that S is a faithful projective 3 — (21,8, 3), system and C := X7'(8) is the linear
code that corresponds to the multiset of points covered by the elements of S. By Lemma 4| C is
a [147,8,{72,76, 80, 84}], code.

If a plane S would be contained at least twice, then #S < 2 + [8 — 3],/[8 — 6], < 13 -
contradiction. If two different planes S;,S, € S intersect in at least a point then projection
through S; gives a 3 — (20, 5,2), system &’ by Lemma where S, is projected to a line or
a point, i.e. 8 is unfaithful. Let S’ € &’ be an element of dimension at most 2, so that S’ is
contained in at least 7 hyperplanes of PG(4,2). These hyperplanes contain at most one other
element from &’. Since every hyperplane contains at most two elements from S'\{S’} we have

7-1+24-2

#§8'-1< — <19,
S B 3

which is a contradiction. Thus, no two elements of S intersect in a point and the linear code
C is projective. Let A; denote the number of codewords of weight i in C. From the first three
MacWilliams identities we compute Agy = 234 — Ay, Agy = 3A7 — 609, and Az = 630 — 3A7,.
Let ¢ € C be a codeword of weight 84 and C’ be the corresponding residual codef]so that C’
is a projective [63,7, {30, 32, 34, 36, 38}], code. Using the software package LinCode [39] we have

verified by exhaustive enumeration that there is a unique such code and a generator matrix is

80ur coding theoretic proof of 13(8,3;3) < 20 is rather concise and we did not introduce all used concepts
properly. However, all of this is quite standard when the aim is to show the nonexistence of certain linear codes
see e.g. [38] or [85 Chapter 3].
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given by

111111111111111111111111000000001111000000001110000000001000000
111111111111111100000000111111110000111100000001110000000100000
0000000011111111711111111111111110000000011110000001110000010000
000011110000111100001111000011111111111111110000000001110001000 |.
011100110011000100010011000100110111011100010110110110110000100
101101010101011100100101001001010001000101111011011011010000010
000110100110101101100001011011011010001100101110100111100000001

The corresponding weight enumerator is given by
1+76x +31x° + 20x°.

With this we can compute the number A; of codewords of weighti of Cas A7, = 183, A7 = 51—y,
Ago = 2y, and Agy = 21 — y, where 0 < y < 20. Plugging Ay, = 183 into the previous equations
gives Agy = 51, Agy = —60, and Ay, = 81, which is a contradiction since Agy cannot be negative.
If C does not contain a codeword of weight 84, then we have Agy = 0, so that Ay, = 234,
Ago =93, and Az = —72, which is a contradiction since A7, cannot be negative. [

We remark that an [147, 8,{72,76,80,128}], code exists and the coding upper bound gives
ns(8,3;3) < 21.

Theorem 17. We have
o 15(8,3;31t) = 255¢ for t > 1;
o 15(8,3;31t — 1) =255t — 9 for t > 1;
o 15(8,3;31t —2) =255t =18 for t > 1;
o 15(8,3;31t — 3) =255t =27 fort > 1;
o 15(8,3;31t —4) =255t —36 fort > 1;
e 15(8,3;31t —5) =255t —43 for t > 1;
o 15(8,3;31t —6) =255t =52 for t > 1;
o 15(8,3;31t —7) =255t =59 for t > 1;
o 15(8,3;31t —8) =255t — 68 for t > 1;
o 15(8,3;31t —9) =255t =75 fort > 1;
o 15(8,3;31t —10) = 255t —= 84 for t > 1;
o 15(8,3;31t — 11) = 255¢t — 91 for t > 1;
o 15(8,3;31t — 12) = 255¢t — 100 for t > 1;
o 15(8,3;31t — 13) = 255¢t — 109 for t > 1;
o 15(8,3;31t — 14) = 255t —= 118 for t > 1;
o 15(8,3;31t — 15) = 255t — 127 for t > 1;
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o 15(8,3;31t — 16) = 255t — 134 for t > 2 and n,(8, 3;15) € {119, ...,121};
o 15(8,3;31t —17) = 255t — 143 for t > 1;

o 115(8,3;31t — 18) = 255t — 150 for t > 1;

o 115(8,3;31t —19) = 255t = 159 for t > 1,

o 15(8,3;31t — 20) = 255t — 166 for t > 2 and n,(8,3;11) € {87, ...,89);
o 15(8,3;31t —21) =255t =175 for t > 1;

o 15(8,3;31t —22) =255t - 182 for t > 1;

o 115(8,3;31t —23) =255t - 191 for t > 1;

o 15(8,3;31t — 24) = 255t — 200 for t > 1;

o 15(8,3;31t — 25) = 255t — 209 for t > 1;

o 115(8,3;31t —26) = 255t - 218 for t > 1;

o 15(8,3;31t —27) =255t — 223 for t > 1;

o 1,(8,3;31t —28) = 255t — 232 for t > 2 and n»(8, 3;3) € {18,...,20};
o 15(8,3;31t —29) = 255t — 241 for t > 2 and n,(8, 3;2) = 10;

o 15(8,3;31t — 30) = 255t — 250 for t > 2 and n»(8,3;1) = 1.

Proof. Lemma 37 gives 15(8,3;1) = 1. Theorem [2]yields 1,(8, 3;31) = 255. From Lemma [1§ and
n2(5,3;2) = 9 we conclude 1,(8,3;2) < 10. Lemma 39| gives 1,(8,8;3) < 20. All other upper
bounds follow from the Griesmer upper bound. The lower bound 7,(8, 3; 5) > 15(8, 3; s) matches
the upper bound for s € {2,9}. For s € {3,5,6,7,10,19, 20, 22} examples have been found using
ILP searches, see Section[F| For s € {4,21,25,30,41} the constructions from Section[3|can be used,
see Proposition 15| for the details. With this, all remaining constructions can be obtained using
Corollary Bland Corollary ]

Remark 14. By a heuristic search we have constructed more than eighty thousand [132,7, {64, 68,72, 76}]»
codes. After extending nine thousand of these codes we have found two [133,8, {64, 68,72,76}], codes.
The corresponding (multi-) set of points allows to choose only between 15 and 17 planes instead of 19.

Remark 15. Assume that S is a faithful projective 3 — (n,8,3), system that matches the upper bound
n5(8,3;11) < 89 =: n. The linear code C corresponding to the multiset of points M covered by the
elements of S, see Lemma 4, would be a 4-divisible [623,8, > 312], code. In Proposition (15| we showed
that (7t — 4) - [8] — [7] — [4] is 3-partitionable over F, for all t > 3. Plugging in t = 1 we easily see
that 3[8] — [7] — [4] is 1-partitionable over IF,, which is essentially the Solomon—Stiffler construction
for the code linear C. However, this code is ruled out due to the condition on the maximum weight in
Lemma 4, Framed differently, if H = Sy is the hyperplane that is removed (according to the notation in
Definition [I1), then we have M(H) < (3 = 1) - [7], = 254. However, each element of S intersects H
in at least [2], = 3 points, which yields the contradiction 3 - 89 = 267 > 254. Thus, we conclude that
3[8] — [7] — [4] is 3-partitionable over IF, nevertheless all conditions of Theorem |3| are satisfied. Such
“dimension arquments” are quite common in nonexistence proofs of vector space partitions of a certain

type, see e.g. [71]].
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Theorem 18. We have
e 15(9,3,9t) =73t fort > 1;
° g2(9,3;9t -1)=73t-9fort>1;
o 15(9,3,9t —2) =73t —18 for t > 2 and ny(9,3;7) € {49, ...,55};
o 15(9,3;9t —3) =73t =27 for t > 2 and n(9,3;6) € {42,...,46};
o 15(9,3;9t —4) =73t — 36 for t > 2 and n(9,3;5) € {33,...,37};
o 15(9,3;9t-5) =73t - 43 for t > 7,n,(9,3;4) = 28, and n,(9,3;13) € {101, ...,103};
o 15(9,3;,9t —6) =73t =52 for t > 8, n>(9,3;3) € {15,...,19}, and n(9, 3;12) € {92, ...,94};
o 1(9,3;9t —7) =73t =59 for t > 10, (9, 3;2) = 10, and n»(9, 3;11) € {83,...,87};
e 15(9,3;9t - 8) =73t - 68 for t > 11, n2(9,3;1) = 1, and n,(9,3;10) € {74,...,78}.

Proof. Lemma 37| gives n,(9,3;1) = 1. Theoremyields 12(9,3;9) = 73. We have n,(9,3;2) <
1(8,3;1) = 10. The coding upper bound implies 1,(9,3;3) < 19 and n,(9,3;4) < 28. More
precisely, in [38] 4 < 33 for each [73,8,d], code was shown, so that d < 66 for each [140,9,d],
code and 1,(9, 3;3) < 20. In [178] the nonexistence of a [56,7,26], code was shown, so that no
[104,8,50], and no [203,9,99], codes exist. With this, we conclude n,(9, 3;4) < 29. All other
upper bounds follow from the Griesmer upper bound. For lower bounds for n,(9,3;9t — i),
wherei € {5,6,7,8}, and large t we refer to Proposition All other lower bounds are obtained
from n,(9, 3;s) > 12(9, 3; s). [

As already remarked in Table 2, we have 1,(9,3;9t — i) > n,(9,3;9t — i) for all i € {5,6,7, 8}
and sufficiently large t. We conjecture that the lower bounds on t from Proposition [16| can be

lowered substantially.

5.2 Additive codes over the ternary field

As mentioned before, we have n,(r, 1;s) = oo for h < r, so that we assume r > h + 1. For n3(3,2;s)
we refer to Theorem[I0|and for n13(4, 2; s) we refer to Theorem

Theorem 19. We have

o 13(5,2;13t) = 121t for t > 1;

o 13(5,2;,13t = 1) =121t - 10 for t > 1;
o 13(5,2;,13t —2) =121t - 20 for t > 1;
o n3(5,2;13t —3) = 121t — 30 for t > 1,
o n3(5,2;13t —4) = 121t — 40 for t > 1;
o 15(5,2;13t —5) = 121t — 50 for t > 1;
o 13(5,2;13t — 6) = 121t — 60 for t > 1;
o 15(5,2;13t —7) = 121t — 67 for t > 1;
o 15(5,2;13t —8) = 121t — 77 for t > 1;
o 15(5,2;13t - 9) =121t =87 fort > 1;
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o 15(5,2;13t — 10) = 121t — 94 for t > 1;
o 15(5,2;13t — 11) = 121¢ — 104 for t > 2 and n3(5,2;2) = 12;
o 15(5,2;13t — 12) = 121t — 114 for t > 2 and n3(5,2; 1) = 1.

Proof. Lemma gives n3(5,2;1) = 1 and n3(5,2;2) = 12 was shown in [10] by exhaustive
enumeration. The other upper bounds follow from the Griesmer upper bound. Fors € {9, 10, 20}
the lower bound n3(5, 2;5) > n3(5, 2;s) matches the upper bound. Theorem 2| gives n3(5,2;13) >
121. Lemma [24| shows that [5] — [3] is 2-partitionable over [F;, so that 1n3(5,2;3) > 27. From
Lemma 25| we conclude that 4[5] — [4] — 3[2] is 2-partitionable over I3, so that also 4[5] — [4] is
2-partitionable over IF5 and n5(5,2;12) > 111. Via ILP searches we found the following lower
bounds: n3(5,2;4) > 34, n3(5,2;5) > 44, n5(5,2;7) > 61, n3(5,2;8) > 71, and n3(5,2;11) > 101, see
Section [Hl The examples for s € {4,5} were first found in [121]. The other lower bounds follow
from Corollary 3|and Corollary ]

Theorem 20. We have

e 15(6,2;10t) =91t fort > 1;

e 15(6,2,10t = 1) =91t =10 for t > 1;

o 15(6,2;10t — 2) = 91t — 20 for t > 2 and n3(6,2;8) € {66,

e 15(6,2;10t — 3) =91t — 30 for t > 2 and n3(6,2;7) € {55,

o 15(6,2;10t — 4) = 91t — 40 for t > 2 and n3(6,2;6) € {48,49};

o 13(6,2;10t — 5) = 91t — 50 for t > 2 and n3(6,2;5) € {37, ...,41};

o 13(6,2;10t — 6) = 91t — 60 for t > 2 and n3(6,2;4) € {28,...,31};

o 15(6,2;10f — 7) = 91t — 67 for t > 8, n3(6,2;3) = 21, n3(6,2; 13) € {112,113}, and n3(6,2;23) €

{203, ...,206},

o 13(6,2;10t — 8) = 91t — 77 for t > 2 and n3(6, 2;2) = 10;

o 15(6,2;10f —9) = 91t — 87 for t > 2 and n5(6,2;1) = 1.
Proof. Lemma 37| gives n3(6,3;1) = 1 and Theorem [11| gives n3(6,2;2) = 10. The coding upper
bound yields n3(6,2;3) < 21, n3(6,2;6) < 49, n3(6,2;8) < 68, and n3(6,2;13) < 113. The other
upper bounds follow from the Griesmer upper bound. For s € {9,14,...,19} the lower bound
n3(6,2;s) > n3(6, 2;s) matches the upper bound. Theorem gives n3(6,2;10) > 91 and n3(6, 2; 3) >
21 was shown in [54]. For the three series of improvements n3(6,2; 10t — i) > n3(6,2; 10t — i) for

68},
61},
1
1

c ooy
ceey

i € {7,8,9} we refer to Proposition Via ILP searches we found the following lower bounds:
ns(6,2;8) > 66, n3(6,2;11) > 95, and n3(6,2;12) > 105, see Section [F. The other lower bounds
follow from 15(6,2;s) > 713(6, 2;s), Corollary [, and Corollary [I]} n

We remark that the function n3(6, 1; s) is only partially known. By IIP computations we have
checked that 3-divisible [196, 6, {129, ..., 147}]5- and [224, 6, {147, ..., 168}]5 codes cannot have an

element of order seven in their automorphism group.
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5.3

Additive codes for dimension 2.5

In [121] the following results for n4(5, 2;s) and n5(5, 2; s) were obtained.

Theorem 21. We have

n4(5,2;21f) = 341t for t > 1;

na(5,2;21t — 1) = 341t — 17 for t > 1;

na(5,2; 21 — 2) = 341t — 34 for t > 1;

n4(5,2;21t — 3) = 341t — 51 for t > 1;

n4(5,2; 21t — 4) = 341t — 68 for t > 1;

n4(5,2;21t — 5) = 341t — 85 for t > 1;

n4(5,2;21t — 6) = 341 — 102 for t > 1;

n4(5,2;21t — 7) = 341t — 119 for t > 1;

n4(5,2; 21t — 8) = 341t — 136 for t > 1;

n4(5,2;21¢ — 9) = 341+ — 149 for t > 1;

n4(5,2; 21t — 10) = 341t — 166 for t > 1;

n4(5,2; 21 — 11) = 341t — 183 for t > 2 and ny(5,2; 10) € {154, ...,158};
n4(5,2; 21 — 12) = 341t — 200 for t > 1;

n4(5,2;21t — 13) = 341t — 213 for t > 1;

na(5,2; 21t — 14) = 341t — 230 for t > 2 and ny(5,2;7) € {107, ..., 111};
n4(5,2; 21t — 15) = 341t — 247 for t > 2 and n4(5,2;6) € {90, .. .,94};
n4(5,2; 21t — 16) = 341t — 264 for t > 2 and n4(5,2;5) € {75,...,77};
na(5,2; 21t — 17) = 341t — 277 for t > 1;

n4(5,2; 21 — 18) = 341t — 294 for t > 2 and n4(5,2;3) € {39, ..., 42};
n4(5,2;21t — 19) = 341t — 311 for t > 2 and n4(5,2;2) € {20,21,22};
n4(5,2; 21t — 20) = 341t — 328 for t > 2.

Theorem 22. We have

ns(5,2;31t) = 781t for t > 1;
ns(5,2;31t — 1) = 781t = 26 for t > 1;
ns(5,2;31t — 2) = 781t = 52 for t > 2 and ns(5,2;29) € {719, ...,729};
ns(5,2; 31t — 3) = 781t — 78 for t > 2 and n5(5,2;28) € {693, ...,703};
ns(5,2; 31t — 4) = 781t — 104 for t > 2 and n5(5,2;27) € {667, ...,677};
ns(5,2;31t —5) =781t - 130 for t > 1;
ns(5,2;31t — 6) = 781t — 156 for t > 1;
ns(5,2;31t = 7) = 781t — 182 for t > 2 and n5(5,2;24) € {594, ...,599};
ns(5,2;31t — 8) = 781t — 208 for t > 2 and ns(5,2;23) € {568, ...,573};
ns(5,2;31t = 9) = 781t — 234 for t > 2 and n5(5,2;22) € {542,...,547};
ns(5,2; 31t — 10) = 781t — 260 for t > 1;
ns(5,2;31t —11) = 781t — 281 for t > 1;
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ns(5,2; 31t — 12) = 781t — 307 for t > 2 and ns(5,2;19) € {455, ...,474};

ns(5,2;31t — 13) = 781t — 333 for t > 3, ns(5,2;,18) € {433,...,448}, and n5(5,2;49)
{1224,...,1229};

ns(5,2; 31t — 14) = 781t — 359 for t > 2 and n5(5,2;17) € {412, ...,422};

ns(5,2;31t — 15) = 781t — 385 for t > 2 and n5(5,2;16) € {391, ...,396};

ns(5,2;31t — 16) = 781t — 406 for t > 1;

ns(5,2;31t — 17) = 781t — 432 for t > 2 and n5(5,2;14) € {330, ..., 349},

ns(5,2;31t — 18) = 781t — 458 for t > 3, n5(5,2;13) € {308,...,323}, and ns(5,2;44)
{1096, ...,1104};

ns(5,2;31t — 19) = 781t — 484 for t > 3, ns(5,2;12) € (286,...,297}, and n5(5,2;43)
{1067, ...,1078};

ns(5,2; 31t — 20) = 781t — 510 for t > 2 and n5(5,2;11) € {260, ...,271};

ns(5,2;31t —21) = 781t = 531 for t > 1;

ns(5,2; 31t — 22) = 781t — 557 for t > 2 and n5(5,2;9) € {202, ...,224};

ns(5,2;31t — 23) = 781t — 583 for t > 3, n5(5,2;8) € {176,...,198}, and ns(5,2;39)
{969, ...,979};

ns(5,2;31t — 24) = 781t — 609 for t > 3, ns5(5,2;7) € {157,...,172}, and ns(5,2;38)
{941, ...,953};

ns(5,2; 31t — 25) = 781t — 635 for t > 2 and ns(5,2;6) € {132,...,146};

ns(5,2; 31t — 26) = 781t — 656 for t > 1;

ns(5,2; 31t — 27) = 781t — 682 for t > 2 and ns(5,2;4) € {77,...,93);

ns(5,2; 31t—28) = 781t—708 for t > 3,15(5,2;3) € {50, ...,62}, and n5(5,2; 34) € {844, ...,854);
ns(5,2; 31t—29) = 781t—734for t > 3,n5(5,2;2) € {27, ...,31}, and n5(5,2; 33) € {818, ...,828};
ns(5,2; 31t — 30) = 781t — 760 for t > 3 and ns(5,2;32) € {792,...,802}.

m

m

m

m

m
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A Generalized type of a faithful projective system

Since Definition [11]is too restricted to cover the full generality of the Solomon-Stiffler con-
struction we provide a generalization and analyze its implications for corresponding theoretical
results in this section. In the other direction we state an application of this restricted Definition
to few-weight codes at the end of this section, see Lemma

Definition 15. We say that a faithful projective h — (n,71,s), system S has generalized type o[r] —
Zf;ll &ili] if there exist subspaces T, ..., T with #{1 <j<I| dim(T]-) = i} =|eilfor1 <i<r—1and

!

Z Xs=0"'Xv— Z Sgn(Edim(T]-)) " XTir (78)

SeS i=j

where sgn denotes the sign function. We say that o[r] — ¥./-{ &i[i] is weakly h-partitionable over
IF, if a faithful projective h — (n,r,s), system with generalized type o[r] — Yo} &ili] exists for suitable

subspaces T4, ..., T; and parameters n, s.

While the notion of being h-partitionable over IF, does not depend on the choice of the
subspaces Sy, ..., S,_1, the notion of being weakly h-partitionable over IF, can depend on a careful
selection of the subspaces Ty, ..., T;. Evaluating #M, miny M(H), minp M(P) in Lemma [19|(and
an application of Equation (2)) yields:

Lemma 40. If S is a faithful projective h — (n,7,s, ), system with generalized type o[r] — Yoot eld,
then we have )
n= [o[r]q -y eimq) /IR, (79)
i=1

1=

and

r—1
glil, =0 (mod [ged(r, h)],). (80)
1

i=

If additionally all &; are non-negative, then

r—1 h—-1
s < (o[r ~hly= Y eili=hly+ Y e - i]q] /), and u<o. (81)
i=h i=1

From Lemma 8} based on field reduction, we conclude:
Lemma 41. If o[r] - Z:;ll ¢;[i] is weakly h-partitionable over F, so is o[rl] + Z;;ll &li].

Lemma 20| implies:
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Corollary 7. If x[r] — Y./- &,[i] is weakly h-partitionable over IF, for x € {0, 0"} then

r—1
o+t- &ili
( [ged(r, h)]q) — i
is weakly h-partitionable over IF, for all t > 0 and we have o = ¢’ (mod %)

For those situations where we are not interested in the smallest possible value ¢ such that

o[r] — Mis weakly h-partitionable over IF, we specialize Definition 9}

Definition 16. We say that x[r] — z;;} &[i] is weakly h-partitionable over T, if there exists a 0 € IN
such that o[r] — 21:11 &[i] is weakly h-partitionable over IF,.

Lemma 42. If x[r] — M is h-partitionable over F;, so is x[r] + M.
Corollary 8. If x[r] - Zf;ll &[] is weakly h-partitionable over IF,, so is *[r] + Zf:—ll &li].

It is an interesting, but possibly very hard, problem to determine for which parameters
€1, s, 1 we have that x[r] — Z;;ll ¢i[i] is weakly h-partitionable over IF,. Clearly we need r > h
and Zl 1 leil = 0if r = h. Additionally we have the packing condition , see Lemma {40, For
h = 1 this condition is trivially satisfied and we indeed have that x[r] — Zf;ll eili] is weakly

1-partitionable over IF, for all parameters.
Lemma 43. Let x[r] — 23;11 &[] be weakly h-partitionable over IF,.

(i) Ife; > 0forall 1 <i < h—1, then there exists a q"'-divisible multiset of points My in PG(r —1,9)
with cardinality #M; = Y17 ¢; ililg-

(ii) Ife; < 0forall 1 <i < h—1, then there exists a g"'-divisible multiset of points M, in PG(r—1, q)

with cardinality #M, = — Zi:ll gilil,.

Proof. Let S be a faithful projective h — (1,7,5s), system of generalized type o[r] — Yo} &i] for
suitable parameters and T3, ..., T; denote the subspaces as in Definition The multiset of

points covered by the elements of S is given by

I
- Z sgn(Edim(ry)) * XT,
i=1
where V denotes the r-dimensional ambient space PG(r — 1,4), so that M is ¢"~!-divisible by
Lemma In case (i) Lemma 3| implies that also My := Y1 ;g dim(r)<h-1 XT; 18 g"!-divisible.
For case (ii) we consider the p-complement M of M, defined by M%(P) = u — M(P) for
every point P, for a suitably large u € IN. Applying Lemma [3| yields that M as well as
Mo = Yoicia dim(ry<ho1 XT; 18 g"1-divisible. n
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Remark 16. The possible lengths of g"~'-divisible codes over IF, have been completely characterized in
[113, Theorem 1]. The condition in Lemma |43|is only necessary and far from being sufficient. The
distribution of the &; with i < h is not used at all. E.g. for h = 3 and q = 2 there exists a 4-divisible
multiset of points Mwith cardinality 7. However, M has to equal the characteristic function of a 3-space,
see e.g. [118, Corollary 41, so that (2, &1) = (2,1) is impossible. Partitions of A-divisible multisets of
points into subspaces are e.g. briefly discussed in [124, Section 10.1], [125]] and have e.g. applications for
the so-called supertail of a vector space partition [88,145].

If the &; with i < h have different signs the cardinality '~} &lil, is not sufficient to conclude claims
on the nonexistence. E.g., we will see later on that x[r] — q - [2] is 3-partitionable over IF, if r > 3 and
r % 0 (mod 3), so that x[r] — g - [2] + (¢> + g + 1) - [1] is weakly 3-partitionable over IF, by replacing
one 3-space by its g* + g + 1 points, while there clearly is no q*-divisible multiset of points of cardinality
72+ (@ +q+1)-[1];=1

At the end of this section we want to give of an application of the technical restriction
in Definition [11] to additive few-weight codes that can be obtained from the Solomon-Stiffler

construction.

Lemma 44. Let S be a faithful projective h — (n,1,s), system with type o[r] — Zf;ll &;[i], where e; € N
forall1 <i <r—1. Then, the number of elements from S that are not contained in some hyperplane H

is given by

r—1

oq " - Z eq ™" (82)

i=j
for some integer 1 < j < r and all values are indeed attained.

Proof. Let M be the multiset of points covered by the elements of S and §; < --- < 5,4 be
subspaces as in Definition |11} First we observe that M has cardinality

_

r—

olrlg — ), &ilily,
i=1
so that 9
n=#S = (o[r]q =Y eilil, ] /], (83)
i=1

For an arbitrary hyperplane H let 1 < j < r denote the minimal integer such that S; £ H, where
we set j = ris H = 5, ;. Counting points gives

j-1 r—1 r—1 j-1

MH) =ol[r—-1], - gilily - Z [i-1], =o[r - Z[z - eig !

i=1 i=j i=1
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The number s; of elements of S contained in H is given by (M(H) -n-[h- 1]q) /4", so that

r—1 h-1 j-1
sj=|olr—hly =Y ali—hly+ Y eq ™ h—ily | /n], = ) g™, (84)
i=h i=1 i=1

see the proof of Lemma 29| for details. With this we compute n —s; = aq"h - ZZ} eiqi‘h. [

Corollary 9. Let S be a faithful projective h — (n,r,s), system with type o[r] — Z;l &ili], where
¢ € N forall 1 <i < r—1. Then, the corresponding additive code C is a t-weight code, where
t=1+#{1<i<r-1:¢ >0}

Note that Expression is attained for exactly "~/ hyperplanes, so that one can also easily
compute the weight distribution of the corresponding additive code C from the parameters o,
€1,...,&-1. Cf. [146] where the full subcode support distribution, see Section |G, was computed
for the special case h = 1, i.e. linear codes, and |¢;| € {0,1} forall1 <i<r-1. In Sectionwe

state a few preliminary observations on additive two-weight codes.
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B Parameterized series of additive codes that outperform linear

codes

[r—Hl,

g r h i sy:=t- Gedi, ~ L Mg (r,1;si0)  ng (v, h;si0) — 1 (1, 15 514)
2 10 2 13 85t—-13 341t-55 2
2 10 2 14 85t —14 341t-60 2
2 10 2 18 85t —-18 341t-76 2
2 10 2 19 85t—-19 341t-81 2
2 10 2 34 85t —34 341t-140 2
2 10 2 35 85t —35 341t-145 2
2 10 2 39 85t -39 341t-161 2
2 10 2 40 85t —40 341t-166 2
2 10 2 45 85t —45 341t-183 2
2 10 2 46 85t —46 341t -188 2
2 10 2 50 85t =50 341t-204 2
2 10 2 51 85t —-51 341t-209 2
2 10 2 53 85t —-53 341t-215 2
2 10 2 54 85t —54 341t -220 2
2 10 2 55 85t =55 341t-223 4
2 10 2 56 85t —56 341t —-228 4
2 10 2 58 85t —58 341t -236 2
2 10 2 59 85t —-59 341t-241 2
2 10 2 60 85t —60 341t—-244 4
2 10 2 61 85t —61 341t-249 4
2 10 2 66 85t —66 341t —-268 2
2 10 2 67 85t — 67 341t -273 2
2 10 2 71 85t —-71 341t-289 2
2 10 2 72 85t —72 341t-294 2
2 10 2 74 85t —74 341t-300 2
2 10 2 75 85t —75 341t-305 2
2 10 2 76 85t —76 341t-308 4
2 10 2 77 85t —-77 341t-313 4
2 10 2 79 85t—-79 341t-321 2
2 10 2 80 85t —-80 341t-326 2
2 10 2 81 85t —81 341t-329 4
2 10 2 82 85t —82 341t-334 4

Table 7: Parameterized series of improvements for additive codes with ¢ =2, = 10, and h = 2.

In this appendix we want to extend Table 2| on parameterized series of improvements

ny(r,h;s) > ny(r,h;s) for additive codes in the integral case r/h € IN. By Theorem W4 it suf-

r=hlg = kg )
T, t z) and nq(r,h, t z) =

tices to compare the Griesmer upper bounds for nq(r,h 0
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nqh(%, Llr/h=1]p -t - i) intermsoft € Nforall0 <i< % This can be easily done by a small
computer program. Here we just list the cases of all such i for small parameters g, r, and h. Since
ng(h,h;s) = s and n,(2h, h;s) = ny(2h, h;s) for all s € IN, see Theorem |8, improvements can only
occur if r/h > 3. The case (r,h) = (6,2) is completely settled in Theorem [0} There are exactly
q(q — 2) parametric improvements for each field size q. So, especially none for 4 = 2. As shown
in [24], cf. Subsection we even have 1,(6,2;s) = 1,(6,2;s). The parametric improvements
for n,(6,2;s) are already stated in Table 2l when q € {3,4}. For g = 5 we refer to Table |8, Since
there would be at least 35 parametric improvements for g > 7 and we have an analytic solution

in Theorem@ we abstain from listing further tables for ,(6, 2; s).

[r=h],

g r h i sy:=t- TgedtiL, ~ i ng(rh;sie) ng(rhsie) —ng(r,h;sip)
5 6 2 11 26t —11 651t—281 5
5 6 2 12 26t —12 651t—-307 5
5 6 2 13 26t —13 651t—-333 5
5 6 2 14 26t —14 651t—-359 5
5 6 2 15 26t—15 651t—385 5
5 6 2 16 26t —16 651t—406 10
5 6 2 17 26t —17 651t—-432 10
5 6 2 18 26t —18 651t —458 10
5 6 2 19 26t —19 651t—484 10
5 6 2 20 26t —20 651t-510 10
5 6 2 21 26t —21 651t-531 15
5 6 2 22 26t —22 651t —-557 15
5 6 2 23 26t —23 651t—583 15
5 6 2 24 26t —24 651t—-609 15
5 6 2 25 26t —25 651t—635 15

Table 8: Parameterized series of improvements for additive codes withg =5, =6,and h = 2.

Parametric improvements for 1,(8, 2; s) are contained in Table 2|and for 15(8,2; s) we refer to
Table[11|and Table[12| The latter are so numerous that we do not give further tables for larger
tield sizes. Parametric improvements for 1,(10, 2; s) are listed in Table

For h = 3 Table 2| contains the parametric improvements for 1,(9, 3;s) and for 1n3(9, 3;s) we
list them in Table For n4(9, 3; 65t — i) there are parametric improvements for all 13 < i < 64
and for n,(12,3;73t — i) there are parametric improvements for all i € {5,...,8} U {14,...17} U
{23,...,26} U {32,...,35} U {37,...,44} U {46,...,53} U {55,...,62},U{64,...,71}. The only other
case being reasonably small to be fully included are the parametric improvements for n,(12, 4; s),
see Table[9l

The collected data suggests:

Conjecture 1. For each prime power q and r,h € IN with r > 3h, h > 2, r = 0 (mod h) and
(g, h) # (2,6,2) there exist infinitely many s € IN with ny(r, h;s) > n,(r, h; s).
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[7_h]q

g r h i sy:=t- et ~ i ng(rhysiy) ng(r,hysiy) —ng(r,h;sip)
2 12 4 7 17t -7 273t-117 2
2 12 4 8 17t -8 273t—-134 2
2 12 4 9 17t -9 273t—-147 6
2 12 4 10 17t —-10 273t—164 6
2 12 4 11 17t =11 273t—-179 8
2 12 4 12 17t —12 273t-196 8
2 12 4 13 17t —13 273t-213 8
2 12 4 14 17t —14 273t-230 8
2 12 4 15 17t =15 273t—-245 10
2 12 4 16 17t =16 273t—-262 10

Table 9: Parameterized series of improvements for additive codes with g =2, =12, and h = 4.

g r h i sy:=t- % —i ng(rh;siy) ng(rh;si) =1, (1 h;si)
3 9 3 10 28t—-10 757t-274 6
3 9 3 11 28t—-11 757t-302 6
3 9 3 12 28t—12 757t—-330 6
3 9 3 13 28t—-13 757t—-355 9
3 9 3 14 28t—14 757t—-383 9
3 9 3 15 28t—-15 757t—-411 9
3 9 3 16 28t—-16 757t—-439 9
3 9 3 17 28t —-17 757t —467 9
3 9 3 18 28t —18 757t—495 9
3 9 3 19 28t—-19 757t-517 15
3 9 3 20 28t —20 757t-545 15
3 9 3 21 28t —-21 757t-573 15
3 9 3 22 28t —22 757t —-598 18
3 9 3 23 28t —23 757t —626 18
3 9 3 24 28t —-24 757t —-654 18
3 9 3 25 28t —25 757t —-682 18
3 9 3 26 28t —-26 757t—-710 18
3 9 3 27 28t —-27 757t —-738 18

Table 10: Parameterized series of improvements for additive codes withg =3,7=9,and h = 3.
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[r-h],

g r h i sy:=t- i, ~ L M (r,h;sip) ng(rh;sie) —1g (v, h;sip)
3 8 2 7 91t -7 820t—-67 3
3 82 8 91+—-8 820t-77 3
3 8 2 9 91t-9 820t-87 3
3 8 2 17 91t -17 820t—-158 3
3 8 2 18 91t -18 820t-168 3
3 8 2 19 91t-19 820t-178 3
3 8 2 27 91t =27 820t-249 3
3 8 2 28 91t -28 820t-259 3
3 8 2 29 91t -29 820t-269 3
3 8 2 34 91t -34 820t-310 3
3 8 2 35 91t -35 820t-320 3
3 8 2 36 91t - 36 820t—-330 3
3 8 2 37 91t - 37 820t-337 6
3 8 2 38 91t —38 820t—-347 6
3 8 2 39 91t -39 820t -357 6
3 8 2 44 91t —-44 820t-401 3
3 8 2 45 91t - 45 820t-411 3
3 8 2 46 91t - 46 820t-421 3
3 8 2 47 91t —47 820t —-428 6
3 8 2 48 91t —48 820t—-438 6
3 8 2 49 91t —-49 820t —-448 6
3 8 2 54 91t -54 820t-492 3
3 8 2 55 91t - 55 820t -502 3
3 8 2 56 91t -56 820t-512 3
3 8 2 57 91t -57 820t-519 6
3 8 2 58 91t - 58 820t -529 6

Table 11: Parameterized series of improvements for additive codes with g =3, =8,and h = 2

— part 1.
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Looking at the data one might also conjecture that the improvement n,(r, h; s) — n,(r, h; s) is
always divisible by the characteristic p of IF, when r/h € IN and s is sufficiently large. It is
also conspicuous that the improvements seem to come in blocks of consecutive values of s with
equal improvement n,(r, ; s) — n,(r, h; s). So far it seems that the length of those blocks is always

divisible by the field size g, but this might also be an artifact due to too few observations.

[r=h],

g r h i sy:=t- i, — ¢ Mg (r,h;sir) ng(r,h;si) —1g (v, 15 5)
3 8 2 59 91t —-59 820t-539 6
3 8 2 61 91t—-61 820t—553 3
3 8 2 62 91t - 62 820t—-563 3
3 8 2 63 91t — 63 820t—-573 3
3 8 2 64 91t —64 820t-580 6
3 8 2 65 91t—65 820t—-590 6
3 8 2 66 91t - 66 820t —-600 6
3 8 2 67 91t - 67 820t—-607 9
3 8 2 68 91t - 68 820t—-617 9
3 8 2 69 91t —69 820t —627 9
3 8 2 71 91t—-71 820t—644 3
3 8 2 72 91t—-72 820t—-654 3
3 8 2 73 91t—-73 820t—664 3
3 8 2 74 91t—-74 820t-671 6
3 8 2 75 91t —-75 820t—-681 6
3 8 2 76 91t —-76 820t—691 6
3 8 2 77 91t —-77 820t—-698 9
3 8 2 78 91t—-78 820t—-708 9
3 8 2 79 91t-79 820t—-718 9
3 8 2 81 91t —-81 820t-735 3
3 8 2 82 91t—-82 820t—-745 3
3 8 2 83 91t—-83 820t—-755 3
3 8 2 &4 91t -84 820t-762 6
3 8 2 85 91t—-85 820t-772 6
3 8 2 86 91t —86 820t—-782 6
3 8 2 87 91t —87 820t—789 9
3 8 2 88 91t —-88 820t—-799 9
3 8 2 89 91t -89 820t—-809 9

Table 12: Parameterized series of improvements for additive codes with g =3, =8,and h = 2
— part 2.

While itis interesting to know that the Griesmer upper bound can always be reached, see The-
e . _[r-h] N = (g h .
orem@ and thatinfinitely many parametricimprovements n, (r, h; qu - 1L> 1, (r, h; qu t - z)

do indeed exist, explicit lower bounds on t would be desirable. In Section |C|we compute such
lower bounds for t in a generic manner by using a few basic general constructions. The import

and very hard problem of determining n,(r, /; s) for relatively small values of s remains widely
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open. We provide a few general results in Section [5|and study the cases of field sizes 4 = 2 and
g = 3 in Subsection [5.T]and Subsection 5.2} respectively.
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C Generic results

The aim of this section is to determine 1,(r,/;s) for small parameters g, 7, and s explicitly,
assuming that s is sufficiently large. As upper bound we will always utilize the Griesmer upper
bound, which can be reached due to Theorem# For the corresponding lower bounds we will
use a few basic general constructions, see Theorem [2, Lemma 25| Lemma 27, and Lemma

With these we will show that o[r] — Z;;ll ¢;[i] is h-partitionable over IF, for suitable parameters

L _lr=hg
7 [ged(rh,)],

- i) will then follow from
Corollary 3| and Corollary [1| (which we will not mention explicitly in the subsequent proofs).

o and ¢1,...,&-1. The stated general results for nq(r,h
All those reasonings may be automated so that we speak of generic results. We will restrict
ourselves to small parameters, not treating those that are covered by the general results from
Section Especially we restrict to field sizes q € {2,3}. Cf. the results for n,(r, h;s) for q € {2,3}
and small values of s in Subsection [5.1|and Subsection [5.2} respectively.

Proposition 8. The Griesmer upper bound for n,(5, 2;s) is attained for all s > 2, i.e. we have
o 15(5,2;7t) = 31t for t > 1 via 3t - [5];
o 15(5,2,7t —1) =31t =5 for t > 1 via 3t - [5] — [4];

o 12(5,2;7t —2) = 31t — 10 for t > 1 via (3t — 1) - [5] + [2] - 2[1];
o 15(5,2;7t —3) =31t — 15 for t > 1 via (3t — 1) - [5] — 2[3];
o 12(5,2;7t — 4) = 31t — 20 for t > 1 via (3t — 2) - [5] + 2[1];

]

e 15(5,2;7t —=5) = 31t — 23 for t > 1 via (3t — 2) - [5] — [3];

e 15(5,2;7t — 6) = 31t — 28 for t > 2 via (3t — 2) - [5] — [4] — [3].
Proof. By Theorem 2| we have that 3[5], [4], and [2] are 2-partitionable over [F,. Lemma
shows that [5] — [3] and 3[5] - [4] — 2[2] are 2-partitionable over IF,. By Lemma 27/ we have that
2[5] + [2] = 2[1] and [5] + 2[1] are 2-partitionable over [F,. So, also 3[5] — [4] is 2-partitionable

over IF,. [

Proposition 9. The Griesmer upper bound for n,(6, 2;s) is attained for all s > 8, i.e. we have

o 15(6,2;5t) =21t fort > 1 via t - [6];

o 15(6,2;,5t —1) =21t —=5fort > 1viat-[6] - [4];

o 15(6,2;,5t —2) =21t -10 for t > 1 via t - [6] — [4] + [3] + 2[1];

o 15(6,2;,5t—3) =21t —15for t > 3via t - [6] — 3[4];

o 15(6,2;5t —4) =21t —20 for t > 1 via (t — 1) - [6] + [2].
Proof. By Theoremwe have that [6], [4], and [2] are 2-partitionable over IF,. Lemma 25 shows
that [6] — [4] is 2-partitionable over IF,. By Lemma 27 we have that [3] + 2[1] is 2-partitionable

over IF,. [ ]

Proposition 10. The Griesmer upper bound for n(7,2;s) is attained for all s > 24, i.e. we have
o 15(7,2;31t) = 127t for t > 1 via 3t - [7];
o 15(7,2;31t = 1) =127t =5 for t > 1 via 3t - [7] - [4];
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o 15(7,2;31t —2) =127t = 10 for t > 1 via 3t - [7] — 2[4];

o 15(7,2;31t = 3) =127t = 15 for t > 1 via 3t - [7] — 3[4];

o 15(7,2;31t —4) =127t = 20 for t > 1 via 3t - [7] — 2[5] + 2[1];

o 15(7,2;31t = 5) =127t — 21 for t > 1 via 3t - [7] — [6];

o 15(7,2;31t —6) =127t = 26 for t > 1 via 3t - [7] — [6] — [4];

o 1y(7,2;31t = 7) =127t — 31 for t > 1 via 3t - [7] — [6] — 2[4];

o 15(7,2;31t = 8) =127t — 36 for t > 2 via 3t - [7] — [6] — [5] — [4] + [2] — 2[1];
o 1(7,2;31t - 9) = 127t — 41 for t > 1 via (3t — 1) - [7] + 4[1];

o 15(7,2;31t = 10) = 127t — 42 for t > 1 via (3t — 1) - [7] + [2] = 2[1];

o 15(7,2;31t —11) = 127t — 47 for t > 1 via (3t — 1) - [7] = 2[3];

o 15(7,2;31t —12) =127t = 52 for t > 1 via (3t — 1) - [7] — [5] + 2[1];

o 15(7,2;31t —13) = 127t = 55 for t > 1 via (3t — 1) - [7] — [5] — [3];

o 15(7,2;31t — 14) = 127t — 60 for t > 2 via (3t — 1) - [7] — [5] — [4] — [3];
o 1,(7,2;31t —15) = 127t — 63 for t > 1 via (3t — 1) - [7] - 2[5];

o 15(7,2;31t —16) = 127t — 68 for t > 1;

o 15(7,2;31t — 17) = 127t — 73 for t > 2 via (3t — 2) - [7] — [6] — [4] — 2[3];

o 15(7,2;31t — 18) = 127t = 76 for t > 2 via (3t — 1) - [7] — [6] — [5] — [3];

o 15(7,2;31t —19) = 127t — 81 for t > 2 via (3t — 1) - [7] — [6] — [5] — [4] — [3];
o 15(7,2;31t —20) = 127t — 84 for t > 1 via (3t —2) - [7] + 2[1]

o 15(7,2;31t —21) = 127t — 87 for t > 1 via (3t —2) - [7] -

o 15(7,2;31t —22) =127t =92 for t > 2 via (3t - 2) - [7] —

o 15(7,2;31t —23) =127t =95 for t > 1 via (3t — 2) - [7] — [5];

o 15(7,2;31t — 24) = 127t — 100 for t > 2 via (3t — 2) - [7] — [5] — [4];

o 15(7,2;31t — 25) = 127t — 105 for t > 2 via (3t — 2) - [7] — [5] — 2[4];

o 15(7,2;31t — 26) = 127t — 108 for t > 2 via (3t — 2) - [7] — [6] —

—

[3];
o 1y(7,2;31t —27) = 127t — 113 for t > 2 via (3t — 2) - [7] — [6] — [4] - [3];
o 1y(7,2;31t — 28) = 127t — 116 for t > 2 via (3t — 2) - [7] - [6] — [5];
o 1y(7,2;31t —29) = 127+ — 121 for t > 2 via (3t — 2) - [7] — [6] — [5] — [4];

[
o 15(7,2;31t — 30) = 127t — 126 for t > 1 via 3t - [7] - [2].

Proof. By Theorem 2]we have that 3[7], 3[7] — [2], and [4] are 2-partitionable over IF,. Lemma
shows that [7] — [5] and 3[7] — [6] — 2[4] are 2-partitionable over IF,. By Lemma [7] — [3] and
[6] — [4] are 2-partitionable over IF,. By Lemma [27| we have that 2[7] + [2] — 2[1] and [7] + 2[1]
are 2-partitionable over IF,. So, also 3[7] — [6] and 3[7] — 3[4] are 2-partitionable over IF,. [ ]

Proposition 11. The Griesmer upper bound for n,(8,2;s) is attained for all s > 260, i.e. we have
ny(8,2;21t) = 85t for t > 1 via t - [8];
n(8,2;21t —1) =85t =5 for t > 1 via t - [8] — [4];
15(8,2;21t — 2) = 85t — 10 for t > 2 via t - [8] — 2[4];
n5(8,2;21t — 3) = 85t — 15 for t > 3 via t - [8] — 3[4];
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o 15(8,2;21t —4) =85t =20 fort > 1 via t - [8] — [6] + [2];

o 15(8,2;21t —5) =85t =21 fort > 1viat-[8] — [6];

o 15(8,2;21t —6) =85t —26 fort > 2via t - [8] — [6] — [4];

o 15(8,2;21t —7) =85t —-31 fort >3 viat-[8] — [6] — 2[4] ;

o 15(8,2;21t —8) =85t —36 for t > 4 via t - [8] — [6] — 3[4];

o 15(8,2;21t —9) =85t — 41 for t > 3via t - [8] — [7] + 4[1];

o 15(8,2;21t — 10) = 85t — 41 for t > 2 via t - [8] — 2[6];

o 15(8,2;21t — 11) = 85t — 47 for t > 3via t - [8] — 2[6] — [4];

o 15(8,2;21t —12) = 85t =52 for t > 3via t - [8] — [7] — [5] + 2[1];

o 15(8,2;21t —13) = 85t =55 for t > 3 wvia t - [8] — [7] — [5] — [3];

o 15(8,2;21t — 14) = 85t — 60 for t > 4 via t - [8] — [7] — [5] — [4] — [3];
o 15(8,2;21t — 15) = 85t — 63 for t > 3 via t - [8] — 3[6];

o 15(8,2,21t —16) = 85t — 68 for t > 4 via t - [8] — 3[6] — [4];

o 15(8,2;21t — 17) = 85t — 73 for t > 4 via t - [8] — 1[7] — [6] — [5] + 2[1];
o 15(8,2,21t —18) =85t =76 for t > 4 via t - [8] — [7] — [6] — [5] — [3];

15(8,2; 21t — 19) =

85t -8l fort>5uviat-

[8] -

[7]1—[6] - [5] - [4] - [3];

o 15(8,2;21t —20) =85t =84 fort > 1 via (t — 1) - [8] + [2].
Proof. By Theoremwe have that [8], [6], and [4] are 2-partitionable over IF,. Lemma 25 shows
that [8] — [6] and 3[8] — [7] — 2[5] are 2-partitionable over IF,. By Lemma [24{[8] — [4] and [5] — [3]
are 2-partitionable over IF,. By Lemma we have that [5] + 2[1] is 2-partitionable over [F,. m

Proposition 12. The Griesmer upper bound for n,(9,2;s) is attained for all s > 156, i.e. we have

15(9,2;1274) =

1(9,2;127¢t — 1) =

511t for t > 1 via 3t - [9];
511t -5 for t > 1 via 3t - [9] —

[4];

o 15(9,2;127t —2) = 511t — 10 for t > 1 via 3t - [9] — 2[4];

o 15(9,2;127t — 3) = 511t — 15 for t > 1 via 3t - [9] — 3[4];

o 15(9,2;127t — 4) = 511t — 20 for t > 2 via 3t - [9]-4[4];

o 15(9,2;127t — 5) = 511t — 21 for t > 1 via 3t - [9] — [6];

o 15(9,2;127t — 6) = 511t — 26 for t > 1 via 3t - [9] — [6] — [4];

o 15(9,2;127t —7) = 511t — 31 for t > 1 via 3t - [9] — [6] — 2[4];

o 15(9,2;127t — 8) = 511t — 36 for t > 2 via 3t - [9] — [6] — 3[4];

o 15(9,2;127t — 9) = 511t — 41 for t > 2 via 3t - [9] — [6] — 4[4];

o 15(9,2;127t — 10) = 511t — 42 for t > 1 via 3t - [9] — 2[6];

o 15(9,2;127t — 11) = 511t — 47 for t > 1 via 3t - [9] — 2[6] — [4];

e 15(9,2;127t — 12) = 511t — 52 for t > 2 via 3t - [9] — 2[6] — 2[4];

o 15(9,2;127t — 13) = 511t = 55 for t > 1 via 3t - [9] — [7] — [5] - [3];
o 15(9,2;127t — 14) = 511t — 60 for t > 2 via 3t - [9] — [7] — [5] — [4] — [3];
e 15(9,2;127t — 15) = 511t — 63 for t > 1 via 3t - [9] — [7] — 2[5];

e 15(9,2;127t — 16) = 511t — 68 for t > 2 via 3t - [9] — [7] — [6] — 2[3];
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1,(9,2; 127t —
15(9,2; 127t —

15(9,2; 127t —
15(9,2; 127t —

15(9,2; 127t —
15(9,2; 127t —

[9

[

n(9,2;127t — 27) = 511t — 111 for t > 1 via 3t - [9
12(9,2;127t — 28) = [9
29) = [9
30) = [9
31) = [9
=511t - 132 for t > 2 via 3t - [9
[9

[9

[9

[9

[

[9

[9

[

15(9,2; 127t —
15(9,2; 127t —
15(9,2; 127 —

15(9,2; 127 — 32)

15(9,2; 127t — 33) =
34) =
35) =
36) =
37) =
15(9,2; 127t — 38) =
39) =
40) =

15(9,2; 127t —
15(9,2; 1274 —
1,(9,2; 127t —
15(9,2; 127t —

15(9,2; 127t —
15(9,2; 127t —
15(9,2; 127t — 41) =

15(9,2; 127t — 42) =
43) =
44) =
45) =
15(9,2; 127t — 46) =
15(9,2; 127 — 47) =
48) =
49) =
50) =
51) =
15(9,2; 127 — 52) =
53) =
54) =
55) =

15(9,2; 127t —
1,(9,2; 127t —
15(9,2; 127t —

15(9,2; 127t —
15(9,2; 127t —
15(9,2; 127t —
(9, 2; 127t —

15(9,2; 127t —
15(9,2; 127t —
15(9,2; 127t —

17) = 511t — 73 for t > 2 via 3t -
18) =
15(9,2; 127t — 19) =
20) =
21) =
1(9,2; 127t — 22) =
1(9,2; 127t — 23) =
15(9,2; 127t — 24) =
25) =
26) =

[9]
[9] -
[9]1 -
[9]
[9] -

511t - 76 for t > 2 via 3t -
511t — 81 for t > 2 via 3t -
511t — 84 for t > 2 via 3t -
511t - 85 for t > 1 via 3t -
511t — 90 for t > 1 via 3t - [9] —
511t - 95 for t > 1 via 3t - [9] —
511t — 100 for t > 2 via 3t -
511t — 105 for t > 2 via 3t -
511t — 106 for t > 1 via 3t -

511t — 116 for t > 2 via 3t -
511t — 121 for t > 2 via 3t -
511t — 126 for t > 2 via 3t -
511t — 127 for t > 1 via 3t -

511t — 137 for t > 2 via 3t -
511t — 140 for t > 2 via 3t -
511t — 145 for t > 2 via 3t -
511t — 148 for t > 2 via 3t -
511t — 153 for t > 2 via 3t -
511t — 158 for t > 2 via 3t -
511t — 161 for t > 2 via 3t -
511t — 166 for t > 2 via 3t -

]
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
9] -
1-
1-

1-

511t — 169 for t > 1 via (3t — 1) -
3t-1)-
3t—-1)-
3t—1)-
3t—-1)-
3t-1)-
3t—-1)-
3t—1)-
3t—1)-
3t-1)-
3t-1)-
3t—-1)-
3t—-1)-
3t—1)-
3t-1)-

511t — 170 for t > 1 via
511t — 175 for t > 1 via
511t — 180 for t > 2 via
511t — 183 for t > 1 via
511t — 188 for t > 2 via
511t — 191 for t > 1 via
511t — 196 for t > 2 via
511t — 201 for t > 2 via
511t — 204 for t > 2 via
511t - 209 for t > 2 via
511t - 212 for t > 2 via
511t - 215 for t > 1 via
511t — 220 for t > 2 via
511t — 223 for t > 1 via
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[9] -

[3];

- 3[6] — 2[4];
[7] - [6] - [5] - [3];
[7]—[6] - [5] — [4] -
— 4[6];
[8];
[8] — [4];
[8] —2[4];
[8] — 3[4];
[8] — 4[4];
[8] — [6];
[8] — [6] — [4];
[8] — [6] — 2[4];
[8] — [6] — 3[4];
6[6];
[8] —2[6];
[8] —2[6] — [4];
[8] —2[6] — 2[4];
[8] - [71-[5] - [3];
[8] = [71-[5] — [4] -
[8] — 3[6];
[8] —3[6] — [4];
[8] — 3[6] — 2[4];
[8] - [7]1-1[6] - [5] -
[8] = [7]1-1[6] - [5] -
[9] - [2] + [1];
[9] + [1];
[9] —2[3];
[9] — [4] - 2[3];
[9] - [5] - [3];
[9] - [5] - [4] - [3];
[9] —2[5];
[9] — [6] — 2[3];
[9] — [6] — [4] — 2[3];
[9] —[6] - [5] - [3];
[9] —[6] — [5] — [4] -
[9] — [6] — 2[5];
[9] - [71 - [3];
[9] - [71-[4] - [3];
[9] - [7]1 - [5];

[3];

[3];
(4] -

[3];

[3];



n2(9,2;127t — 56) = 511t — 228 for t > 2 via (3t — 1) -
n(9,2;127t — 57) = 511t — 233 for t > 2 via (3t — 1) -
15(9,2;127t — 58) = 511t — 236 for t > 2 via (3t — 1) -
n2(9,2;127t — 59) = 511t — 241 for t > 2 via (3t — 1) -
12(9,2;127t — 60) = 511t — 244 for t > 2 via (3t — 1) -
n(9,2;127t — 61) = 511t — 249 for t > 2 via (3t — 1) -
n(9,2;127t — 62) = 511t — 254 for t > 2 via (3t — 1) -
15(9,2;127t — 63) = 511t — 255 for t > 1 via (3t — 1) -

P— p— p— p— p— p— p— p—

91171151 - [4)

91-171-[5] - 2[4];
9 -1[71-16]-I[3);
[
[

N —1[71-16]-[4] -

91-171-[6] - [5)

9 -171-16]-15] -

9 - [7]-4[5];
9 -2[7];

12(92,2; 127t — 64) = 511¢ — 260 for t > 2 via (3t — 1) - [9] — [8] — 2[3];

n2(9,2;127t — 65) = 511t — 265 for t > 2 via (3t — 1) -
n(9,2;127t — 66) = 511t — 268 for t > 2 via (3t — 1) -
n2(9,2;127t — 67) = 511t — 273 for t > 2 via (3t — 1) -
12(9,2;127t — 68) = 511t — 276 for t > 2 via (3t — 1) -
12(9,2;127t — 69) = 511t — 281 for t > 2 via (3t — 1) -
n2(9,2;127t — 70) = 511t — 286 for t > 2 via (3t — 1) -
n(9,2;127t — 71) = 511t — 289 for t > 2 via (3t — 1) -
n2(9,2;127t — 72) = 511t — 294 for t > 2 via (3t — 1) -
n2(9,2;127t — 73) = 511t — 297 for t > 2 via (3t — 1) -
15(9,2; 127t — 74) = 511+ — 300 for t > 2 via (3t — 1) -
n2(9,2;127t — 75) = 511t — 305 for t > 2 via (3t — 1) -
n(9,2;127t — 76) = 511t — 308 for t > 2 via (3t — 1) -
n2(9,2;127t — 77) = 511t — 313 for t > 2 via (3t — 1) -
15(9,2;127t — 78) = 511t — 318 for t > 2 via (3t — 1) -
n2(9,2;127t — 79) = 511t — 321 for t > 2 via (3t — 1) -
n2(9,2;127t — 80) = 511t — 326 for t > 2 via (3t — 1) -
n(9,2;127t — 81) = 511t — 329 for t > 2 via (3t — 1) -
15(9,2;127t — 82) = 511+ — 334 for t > 2 via (3t — 1) -
12(9,2;127t — 83) = 511t — 339 for t > 1 via (3t — 2) -
n2(9,2;127t — 84) = 511t — 340 for t > 1 via (3t — 2) -
n2(9,2;127t — 85) = 511t — 343 for t > 1 via (3t — 2) -
12(9,2;127t — 86) = 511t — 348 for t > 2 via (3t — 2) -
15(9,2;127t — 87) = 511t — 351 for t > 1 via (3t — 2) -
n2(9,2;127t — 88) = 511t — 356 for t > 2 via (3t — 2) -
n2(9,2;127t — 89) = 511t — 361 for t > 2 via (3t — 2) -
n2(9,2;127t — 90) = 511t — 364 for t > 2 via (3t — 2) -
12(9,2;127t — 91) = 511t — 369 for t > 2 via (3t — 2) -
n2(9,2;127t — 92) = 511t — 372 for t > 2 via (3t — 2) -
n2(9,2;127t — 93) = 511t — 377 for t > 2 via (3t — 2) -
n2(9,2;127t — 94) = 511t — 382 for t > 2 via (3t — 2) -
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91 - [8] - [4] - 2[3];
91 -[8]-[51-I[3)

91— [8] - [5] - [4] -

91— 1[8]-2[5];
91— [8] - [6] - 2[3];
91 -2[7] - 3[5];

91 -[8]-[6]-1[5] -

[3];

[4];

[3];

[3];

91— [8] —[6] — [5] — [4] - [3];

[
91— [8] - [6] - 2[5];
9 -I[8]-[71-13);
[
[

91 -[8]1-[7]1-1[4] -

91 -[81-171-I[5)

9N -I[8]-1[71-15] -

91-3[7] - 2[5];

91 -[8]1-[7]1-16] -
91 -8 -[7]1-16] -
9N -I[8]-1[7]1-16] -
9N -I[8]-1[7]1-16] -

9] - [2] + 2[1];

9] +2[1];

9] - [3];

9] - [4] - [3);

9] - [5];

9] - [5] - [4);

9] - [5] - 2[4];

9] - [6] - [3];

9] - [6] — [4] - [3];
9] - [6] - [5);

9] - [6] - [5] - [4];
9] - 4[5];

[3];
[4];
[3];
[4] -
[5];
[5] -

[3];

[4];



o 1,(9,2; 127t —
o 1,(9,2;127t —

e 1,(9,2;127t —
e 1,(9,2;127t —
e 1,(9,2;127t —
® 1,(9,2;127t —
® 1,(9,2;127t —

® 1,(9,2;127t —
® 1,(9,2;127t —
® 1,(9,2;127t —
e 1,(9,2;127t -
e 1,(9,2;127t -

122)

95) =
96) =

511t — 383 for t > 1 via (3t —2) -
511t — 388 for t > 2 via
o 15(9,2;127t —97) = 511t — 393 for t > 2 via
o 15(9,2;,127t — 98) =
o 1,(9,2,127t —99) =
e 1,(9,2;127t — 100) =
e 15(9,2,127t — 101) =
o 15(9,2,127t — 102) =
e 1,(9,2;127t - 103) =
104) =
105) =
106) =
107) =
108) =
e 1,(9,2;127t - 109) =
e 15(9,2;127t - 110) =
e 15(9,2,127t — 111) =
e 15(9,2,127t — 112) =
o 15(9,2;127t - 113) =
e 15(9,2,127t — 114) =
e 1(9,2;127t — 115) =
e 1,(9,2;127t — 116) =
e 1,(9,2;127t - 117) =
e 1,(9,2,127t — 118) =
e 15(9,2;127t - 119) =
e 1,5(9,2;127t — 120) =
o 15(9,2;127t — 121) =

3t—2)-

(
(
(B3t—2)-
(

511t — 398 for t > 2 via (3t — 2) -
511t — 403 for t > 3 via (3t —2) -
511t — 404 for t > 2 via (3t - 2) -
511t — 409 for t > 2 via (3t - 2) -
511t — 414 for t > 2 via (3t - 2) -
511t — 419 for t > 3 via (3t - 2) -
511t — 424 for t > 3 via (3t - 2) -
511t — 425 for t > 2 via (3t - 2) -
511t — 428 for t > 2 via (3t - 2) -
511t — 433 for t > 2 via (3t - 2) -
511t — 436 for t > 2 via (3t - 2) -
511t — 441 for t > 2 via (3t - 2) -
511t — 446 for t > 2 via (3t - 2) -
511t — 449 for t > 2 via (3t - 2) -
511t — 454 for t > 2 via (3t - 2) -
511t — 457 for t > 2 via (3t - 2) -
511t — 462 for t > 2 via (3t - 2) -
511t — 467 for t > 3 via (3t - 2) -
511t — 468 for t > 2 via (3t - 2) -
511t — 473 for t > 2 via (3t - 2) -
511t — 478 for t > 2 via (3t — 2) -
511t — 483 for t > 3 via (3t —2) -
511t — 488 for t > 3 via (3t —2) -
511t — 489 for t > 2 via (3t — 2) -
= 511t — 494 for t > 2 via (3t — 2) -
123) =
124) =
125) =
126) =

511t — 499 for t > 3 via (3t - 2) -
511t — 504 for t > 3 via (3t — 2) -

511t — 509 for t > 1 via 3t - [9]

511t — 510 for t > 1 via 3t - [9] —

2]

9 -17);

9] -1[71-[4)

9] - [7] - 2[4];

9] - [7] - 3[4];

9] - [7] — 4[4];

[9] = [7] - [6];

[9] - [7] - [6] — [4];

[9] = [7] - [6] — 2[4];

[9] - [7] - [6] — [5] — 2[3];

[9] - 3[6] — [5] — 2[4];

[9] - [7] - 2[6];

[9] - [8] - [3];

[9] - [8] - [4] - [3];

[9] - [8] - [5];

[9] - [8] - [5] — [4];

[9] —2[7] - 2[5];

[9] - [8] - [6] — [3];

[9] - [8] — [6] — [4] - [3];

[9] - [8] - [6] — [5];

[9] - [8] — [6] — [5] — [4];

[9] — [8] — 4[5];

[9] - [8] - [7];

[9] - [8] - [7] - [4];

[9] — [8] — [7] — 2[4];

[9] - [8] - [7] — [5] — 2[3];

[9] - 3[7] — [5] — 2[4];

[9] - [8] - [7] - [6];

[9] - [8] - [7] — [6] — [4];

[9] - [8] - [7] - 3[5);

[9] - [8] - [7] — [6] — [5] — 2[3];
- 2[2];

Proof. By Theorem 2l we have that 3[9], [8], [6], and [4] are 2-partitionable over [F,. Lemma

shows that [9] —
[71 =51, [71-[3], [8] -

[7] and 3[9]
[6], [8] -

[4], and [6] —

have that [5] + 2[1] and 2[5] + [1] are 2-partitionable over F,.

— [8] — 2[6] are 2-partitionable over IF,. By Lemma 24| [9] —

[51,

[4] are 2-partitionable over [F,. By Lemma 27| we

Proposition 13. The Griesmer upper bound for n,(10, 2;s) is attained for all s > 396, i.e. we have

o 1,(10,2;85¢t) =

341t for t > 1 via t - [10];
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n,(10,2;85t — 1) =
n,(10,2; 85t — 2) =
n,(10,2; 85t — 3) =
n,(10,2; 85t — 4) =
n,(10,2; 85t = 5) =
n,(10,2; 85t — 6) =
n,(10,2;85t —7) =
n,(10,2; 85t — 8) =
n,(10,2; 85t - 9) =
n,(10,2; 85t — 10) =
=341t — 47 fort > 3via t -
n,(10,2; 85t — 12) =
1,(10,2; 85t — 13) =
n,(10,2; 85t — 14) =
n,(10,2; 85t — 15) =
n,(10,2; 85t — 16) =
1,(10,2; 85t — 17) =
n,(10,2; 85t — 18) =
n,(10,2; 85t - 19) =
n,(10,2; 85t — 20) =
n,(10,2; 85t — 21) =
1,(10,2; 85t — 22) =
n,(10,2; 85t — 23) =
n,(10,2; 85t — 24) =
n,(10,2; 85t — 25) =
n,(10,2; 85t — 26) =
1,(10, 2; 85t — 27) =
n,(10,2; 85t — 28) =
n,(10,2; 85t — 29) =
n,(10,2; 85t — 30) =
n,(10,2; 85t — 31) =
1,(10,2; 85¢ — 32) =
n,(10,2; 85t — 33) =
n,(10,2; 85t — 34) =
n,(10,2; 85t — 35) =
n,(10,2; 85t — 36) =
n,(10,2; 85t — 37) =
n,(10,2; 85t — 38) =
n,(10,2; 85t — 39) =

15(10,2; 85t — 11)

341t =5 for t > 1 via t - [10] -

341t - 10fort > 2 via t -
341t —15fort > 3 via t -
341t =20 fort >4 via t -
341t -2l fort > 1viat-
341t - 26 fort >2via t-
341t - 31 fort >3 via t -
341t - 36 fort > 4 via t -
341t —41 fort >5viat -
341t — 42 fort >2wviat-

341t - 52 fort > 4 via t -
341t - 55 for t > 3 via t -
341t - 60 fort >4 viat-
341t - 63 fort >3 viat-
341t - 68 fort >4 viat-
341t -73 fort > 5via t -
341t - 76 fort >4 viat-
341t - 81 fort > 5viat -
341t -84 fort >4 viat-
341t -85fort > 1viat-
341t - 90 for t > 2 via t -
341t - 95 fort > 3 via t -

341t - 105 fort > 5via t -
341t — 106 for t > 2 via t -
341t - 111 fort > 3via t -
341t - 116 fort > 4 via t -
341t - 121 fort > 5via t -
341t - 126 fort > 6 via t -
341t - 127 for t > 3 via t -
341t — 132 for t > 4 via t -
341t — 137 fort > 5via t -
341t - 140 fort > 4 via t -
341t - 145fort > 5viat -
341t — 148 fort > 4 via t -
341t — 153 for t > 5via t -
341t - 158 fort > 6 via t -
341t — 161 fort > 5via t -

90

[10]
[10]
[10]
[10] -
[10] -
[10]
[10] -
[10] -
[10] -

341t - 100 for t > 4 via t -

[10]
[10]

[10] -

[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10
[10

[10
[10
[10
[10
[10
[10
[10
[10
[10
[10
[10
[10
[10
[1

[4];

- 2[4];

- 3[4];

— 4[4];
(6],
[6] — [4];

— [6] — 2[4];

[6] — 3[4];

(6] — 4[4];

2[6];

- 2[6] - [4];
—2[6] — 2[4];

(7] - [5] - [3];

[7] - [5] - [4] - [3];

[7] = 2[5];

[7] - [6] — 2[3];

[7] —2[5] — 2[4];

[7] - [6] - [5] - [3];

[7] - [6] - [5] — [4] -

[7] = [6] - 2[5];

(8],

[8] — [4];

[8] — 2[4];

1-1[8]-3[4];
1-1[8]—4[4];
1-[8]-[6]
1-[8]—[6] - [4];
1-1[8] - [6] —2[4];
1-1[8]—[6]—3[4];
1-1[8]—[6] - [5] - [4]
1-[8]—2[6];
1-1[8] —2[6] - [4];
1 -[8] —2[6] — 2[4];
1-[81-[71-[5] -3
1-[8]-[7]1-1[5] -
1-1[8]-3[6];

1-1[8] - 3[6] - [4];

1 -[8] - 3[6] — 2[4];
0] - [8] - [7] - [6] -

[4] -

[5] -

[3];

- 2[3];

[3];

[3];



n,(10, 2; 85t — 40) =
n,(10,2; 85t — 41) =
1,(10,2; 85t — 42) =
n,(10,2; 85t — 43) =
n,(10,2; 85t — 44) =
n,(10,2; 85t — 45) =
n,(10,2; 85t — 46) =
1,(10, 2; 85t — 47) =
n,(10, 2; 85t — 48) =
n,(10,2; 85t — 49) =
n,(10,2; 85t — 50) =
n,(10,2; 85t — 51) =
1,(10,2; 85¢ — 52) =
n,(10,2; 85t — 53) =
n,(10,2; 85t — 54) =
n,(10,2; 85t — 55) =
n,(10,2; 85t — 56) =
n,(10,2; 85t — 57) =
n,(10, 2; 85t — 58) =
n,(10,2; 85t — 59) =
n,(10,2; 85t — 60) =
1,(10,2; 85t — 61) =
n,(10,2; 85t — 62) =
n,(10,2; 85t — 63) =
n,(10,2; 85t — 64) =
n,(10,2; 85t — 65) =
n,(10,2; 85t — 66) =
n,(10,2; 85t — 67) =
n,(10,2; 85t — 68) =
n,(10,2; 85t — 69) =
n,(10,2; 85t — 70) =
1,(10,2; 85¢ — 71) =
n,(10,2; 85t — 72) =
n,(10,2; 85t — 73) =
n,(10,2; 85t — 74) =
1,(10,2; 85¢t — 75) =
n,(10,2; 85t — 76) =
n,(10,2; 85t - 77) =
n,(10,2; 85t — 78) =

341t — 166 fort > 6 via t -
341t - 169 fort > 5viat -
341t — 170 for t > 2 via t -
341t - 175 fort > 3 via t -
341t - 180 fort > 4 via t -
341t - 183 fort > 3 via t -
341t - 188 fort >4 via t -
341t - 191 fort > 3via t -
341t - 196 fort > 4 via t -
341t — 201 fort > 5via t -
341t —204 fort > 4 via t -
341t — 209 for t > 5via t -
341t — 212 for t > 4 via t -
341t - 215 fort > 3 via t -
341t - 220 fort > 4 via t -
341t - 223 fort >3 via t -
341t - 228 for t > 4 via t -
341t — 233 fort > 5via t -
341t — 236 fort >4 via t -
341t — 241 fort > 5via t -
341t —244 fort > 4 via t -
341t — 249 for t > 5via t -
341t — 254 fort > 6 via t -
341t — 255 fort > 3 via t -
341t - 260 fort >4 via t -
341t - 265fort > 5viat -
341t — 268 for t > 4 via t -
341t - 273 fort > 5via t -
341t - 276 fort >4 via t -
341t -281fort >5viat-
341t — 286 fort > 6 via t -
341t — 289 for t > 5via t -
341t =294 fort > 6 via t -
341t — 297 fort > 5via t -
341t - 300 fort > 4 via t -
341t -305fort > 5viat -
341t - 308 for t > 4 via t -
341t - 313 fort > 5via t -
341t - 318 fort > 6 via t -
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[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -

[8] - [7]1 - [6] - [5] -
[8] -

8] — 4[6];

2[8];

2[8] - [4];

[9] — [4] - 2[3];

[91 - [5] - [3;

[9] - [5] - [4] - [3);

2[8] - [6];

2[8] - [6] — [4];

2[8] — [6] — 2[4];

[9] - [6] - [5] - [3);

[9] - [6] - [5] — [4] - [3];
2[8] —2[6];

91 -[71 - [3;

[91 - [7]1 - [4] - [3L;

[91 - [7]1 - [5L

[9]1 - [7] - [5] - [4];

[9] - [7] - [5] - 2[4);

[91 - [7] - [6] - [3];

[91 - [7]1 - [6] — [4] - [3;
[9]1 - [7] - [6] - [5L;

[91 - [7] - [6] - [5] - [4];
2[8] —4[e];

3[8];

3[8] - [4];

3[8] — 2[4];

[9] - [8] - [5] - [3);

[9] - [8] - [5] - [4] - [3];
[9] - [8] — 2[7];

[9] - [8] - [6] — 2[3];

[9] - [8] - [6] — [4] - 2[3];
[9] - [8] - [6] - [5] - [3];
[9] - [8] - [6] — [5] - [4] -
[9] — [8] — [6] — 2[5];

(91 - [8] - [7] - [3L;

(91 - [8] - [7] - [4] - [3];
[9] - [8] - [7] - [5);

[91 - [8] - [7]1 — [5] — [4L;
[9] - [8] — 2[6] — 2[5];

[4] -

[3];

[3];



o 115(10,2;85t —79) = 341t — 321 for t > Swvia t - [10] — [9] — [8] — [7] — [6] — [3];
e 115(10,2; 85t — 80) = 341t — 326 for t > 6 via t - [10] — [9] — [8] — [7] — [6] — [4] —
o 1,(10,2;85t — 81) = 341t — 329 for t > Swvia t - [10] — [9] — [8] — [7] — [6] — [5];
o 1,(10,2;85t — 82) = 341t - 334 for t > 6 via t - [10] — [9] — [8] — [7] — [6] — [5] -
e 15(10,2; 85t — 83) = 341t — 339 for t > 1 via (t — 1) - [10] + 2[2];
o 15(10,2; 85t — 84) = 341t — 340 for t > 1 via (t — 1) - [10] + [2].
Proof. By Theorem 2l we have that [10], [8], [6], and [4] are 2-partitionable over [F,. Lemma
shows that [10] — [8] and 3[10] — [9] — 2[7] are 2-partitionable over IF,. By Lemma 24][10] - [6],
[8] —[6], [6] — [4], [9] = [7], [7] = [5], and [5] — [3] are 2-partitionable over F,.
By Lemma we have that [5] + 2[1] is 2-partitionable over IF,. [ ]

[3];

[4];

Proposition 14. The Griesmer upper bound for n(7,3;s) is attained for all s > 12, i.e. we have
o 15(7,3;15t) = 127t for t > 1 via 7t - [7];
o 15(7,3;15t = 1) =127t = 9 for t > 1 via 7t - [7] — [6];
o 1,(7,3;15t —2) = 127t — 18 for t > 1 via (7t — 1) - [7] + [3] — 2[2];
o 1,(7,3;15t = 3) = 127t = 27 for t > 1 via (7t — 1) - [7] = 2[5];
o 15(7,3;15t — 4) = 127t — 36 for t > 2 via (7t — 1) - [7] = [6] — 2[5];
o 15(7,3;15t = 5) = 127t — 45 for t > 1 via (7t — 2) - [7
o 15(7,3;15t - 6) =127t =54 for t > 2 via (7t = 1) - [7
o 1,(7,3;15t —7) = 127t — 61 for t > 1 via (7t - 3) - [7] — [5] — [4];
o 15(7,3;15t = 8) = 127t =70 for t > 2 via (7t = 3) - [
o 15(7,3;15t = 9) = 127t = 77 for t > 1 via (7t — 4) - [7] — [5];
o 1,(7,3;15t — 10) = 127t — 86 for t > 2 via (7t — 4) -
o 1,(7,3;15t — 11) = 127t — 95 for t > 1 via (7t - 5) - [7] - 2[4];
o 15(7,3;15t = 12) = 127t — 104 for t > 2 via (7t = 5) - [7] — [6] — 2[4];
o 15(7,3;15t = 13) = 127t = 111 for t > 1 via (7t — 6) - [7] — [4];
o 1,(7,3;15t — 14) = 127t — 120 for t > 2 via (7t — 6) - [7] — [6] — [4].

Proof. By Theorem[2lwe have that 7[7], [6], and [3] are 3-partitionable over IF,. Lemma[25[shows
that [7] — [4], 3[7] — [5] - 2[3], and 7[7] - [6] — 6[3] are 3-partitionable over IF,. By Lemma 27| we
have that 6[7] + [3] — 2[2] is 3-partitionable over F,. |

Proposition 15. The Griesmer upper bound for n,(8, 3;s) is attained for all s > 72, i.e. we have
o 15(8,3;31t) = 255t for t > 1 via 7t - [8];
o 15(8,3;31t —1) =255t =9 for t > 1 via 7t - [8] — [6];
o 15(8,3;31t —2) =255t = 18 for t > 2 via 7t - [8] — 2[6];
o 15(8,3;31t — 3) = 255t — 27 for t > 3 via 7t - [8] — 3[6];
o 15(8,3;31t —4) = 255t — 36 for t > 2 via 7t - [8] — 4[6];
o 15(8,3;31t — 5) = 255t — 43 for t > 3 via (7t — 1) - [8] — [5] — [4];
o 15(8,3;31t —6) =255t =52 for t > 1 via (7t — 1) - [8] — [6] — [5] — [4];
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ny(8,3;31t —7) = 255t = 59 for t > 3 via (7t — 1) - [8] — [7] — [5];

ny(8,3;31t — 8) = 255t — 68 for t > 2 via (7t — 1) - [8] — [7] — [6] — [5];

n2(8,3; 31t — 9) = 255t = 75 for t > 3 via (7t — 2) - [8] — [4];

n2(8,3; 31t — 10) = 255t — 84 for t > 1 via (7t — 2) - [8] — [6] — [4];

ny(8,3; 31t — 11) = 255t — 91 for t > 3 via (7t —2) - [8] — [7];

ny(8,3; 31t — 12) = 255t — 100 for t > 2 via (7t — 2) - [8] — [7] — [6];
12(8,3; 31t — 13) = 255t — 109 for t > 3 via (7t — 2) - [8] — [7] — 2[6];
15(8,3;31t — 14) = 255t — 118 for t > 3 via (7t — 3) - [8] — [5] — 2[4];
ny(8,3; 31t — 15) = 255t — 127 for t > 1 via (7t — 3) - [8] — 4[5];

ny(8,3; 31t — 16) = 255t — 134 for t > 3 via (7t — 3) - [8] — [7] — [5] — [4);
ny(8,3;31t — 17) = 255t — 143 for t > 2 via (7t — 3) - [8] — [7] — [6] — [5] — [4];
ny(8,3; 31t — 18) = 255t — 150 for t > 3 via (7t — 4) - [8] — 2[4];

ny(8,3; 31t — 19) = 255t — 159 for t > 1 via (7t — 4) - [8] — [6] — 2[4];
ny(8, 3; 31t — 20) = 255t — 166 for t > 3 via (7t — 4) - [8] — [7] — [4];
ny(8,3;31t — 21) = 255t — 175 for t > 2 via (7t — 4) - [8] — [7] — [6] — [4];
n2(8,3; 31t — 22) = 255t — 182 for t > 4 via (7t — 4) - [8] — 2[7];

ny(8,3; 31t — 23) = 255t — 191 for t > 1 via (7t — 5) - [8] — 2[5];
15(8,3;31t — 24) = 255t — 200 for t > 2 via (7t — 5) - [8] — [6] — 2[5];
ny(8, 3; 31t — 25) = 255t — 209 for t > 3 via (7t = 5) - [8] — [7] — [5] — 2[4];
ny(8,3; 31t — 26) = 255t — 218 for t > 4 via (7t - 5) - [8] — 3[6] — 2[5];
ny(8, 3; 31t — 27) = 255t — 223 for t > 1 via (7t — 6) - [8] — [5];

n,(8,3; 31t — 28) = 255t — 232 for t > 2 via (7t — 6) - [8] — [6] — [5];

ny(8,3; 31t — 29) = 255t — 241 for t > 3 via (7t — 6) - [8] — [7] — 2[4];
ny(8,3; 31t — 30) = 255t — 250 for t > 4 via (7t — 6) - [8] — [7] — [6] — 2[4].

Proof. By Theorem 2l we have that 7[8], 7[4], [6], and [3] are 3-partitionable over [F,. Lemma
shows that [8] — [5], 3[8] — [6] — 2[4], and 7[8] — [7] — 6[4] are 3-partitionable over [F,. By
Lemma [27/we have that 6[8] + [3] - 2[2] is 3-partitionable over IF,. Moreover, Lemma27]implies
that [5] + 2[1] is 2-partitionable over IF,. With this, the corresponding dual shows that 2[5] + [4]
is 3-partitionable over IF,, so that also 2[8] + [4] is 3-partitionable over IF,. [ ]

Proposition 16. The Griesmer upper bound for n,(9, 3;s) is attained for all s > 663, i.e. we have

12(9,3;9t) =73t fort > 1 via t - [9];
12(9,3;9t = 1) =73t =9 fort > 1via t - [9] - [6];
12(9,3;9t = 2) =73t =18 for t > 2 via t - [9] — 2[6];
1(9,3;9t = 3) =73t =27 for t > 3via t - [9] — 3[6];
1(9,3;9t —4) =73t - 36 for t > 4 via t - [9] — 4[6];
n(9,3;9t —5) =73t — 43 for t > 7 via t - [9] — [8] — [5] — [4];
n2(9,3;9t —6) =73t =52 for t > 8 via t - [9] — [8] — [6] — [5] — [4];
n2(9,3;9t = 7) =73t =59 for t > 10 via t - [9] — [8] — [7] — [5);
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o 15(9,3;9t —8) = 73t — 68 for t > 11 via t - [9] — [8] — [7] — [6] - [5].

Proof. By Theorem Q we have that [9] and 7[5] are 3-partitionable over IF,. Lemma [25/shows
that [9] — [6], 3[9] — [7] — 2[5], and 7[9] — [8] — 6[5] are 3-partitionable over IF,. By Lemma 27|we
have that 2[5] — 2[1] is 2-partitionable over IF,. With this, the corresponding dual shows that
5[5] — [4] is 3-partitionable over FF,. |

Fori € {5,6,7,8]} this gives four infinite series of improvements 1,(9, 3,9t — i) > 1»(9, 3, 9t — i)
for sufficiently large t € IN, see Table

Proposition 17. The Griesmer upper bound for ns(5,2;s) is attained for all s > 20, i.e. we have

o 15(5,2;13t) = 121t for t > 1 via 4t - [5];

o 1n5(5,2;13t — 1) = 121t — 10 for t > 1 via 4t - [5] — [4];

o 13(5,2;13t — 2) = 121t — 20 for t > 2 via 4t - [5] — 2[4];

o 13(5,2;13t - 3) =121t = 30 for t > 1 via (4t — 1) - [5] + [2] — 3[1];

o 15(5,2,13t —4) =121t —40fort > 1 via (4t - 1) - [

o 15(5,2,13t - 5) =121t =50 for t > 2 via (4t - 1) - [

o 13(5,2;13t — 6) = 121t — 60 for t > 3 via (4t — 1) - [5] — 2[4] - 3[3];

o 13(5,2,13t = 7) = 121t — 67 for t > 1 via (4t —2) - [

o 15(5,2;13t — 8) = 121t — 77 for t > 2 via (4t — 2) - [5] — [4] — 2[3];

o 13(5,2;13t —9) = 121t — 87 for t > 3 via (4t — 2) - [5] — 2[4] — 2[3];

o 13(5,2;13t — 10) = 121t - 94 for t > 1 via (4t — 3) - [5] — [3];

o 13(5,2;13t — 11) = 121t — 104 for t > 2 via (4t — 3) - [5] — [4] - [3];

o 15(5,2;13t — 12) = 121t — 114 for t > 3 via (4t — 3) - [5] — 2[4] — [3].
Proof. By Theorem 2| we have that 4[5], [4], and [2] are 2-partitionable over F;. Lemma
shows that [5] — [3] and 4[5] — [4] — 3[2] are 2-partitionable over IF;. By Lemma we have that
3[5] + [2] — 3[1] and [5] + 3[1] are 2-partitionable over Fs. [ ]

Proposition 18. The Griesmer upper bound for n3(6,2;s) is attained for all s > 90, i.e. we have

n3(6,2;10t) = 91t for t > 1 via t - [6];

o 15(6,2,10t —1) =91t =10 fort > 1via t - [

o 15(6,2;10t —2) =91t =20 for t > 2 via t - [ ]

o 15(6,2;10t —3) =91t =30 fort >3 via t- [ ]

o 15(6,2;10t —4) =91t —40 fort > 4 via t - [ ]

o 13(6,2;10t — 5) = 91t — 50 for t > 5via t - [6] — 5[4];
[ ]
[ ]
[ ]

e 15(6,2;10t —6) =91t — 60 for t > 6 via t -
e 15(6,2;10t —=7) =91t — 67 for t > 8 via t -
e 15(6,2;10t —8) =91t =77 fort > 9 via t -
o 15(6,2;,10t —9) =91t — 87 for t > 10 via t - [6] — 2[5] — 2[4] — 2[3].
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Proof. By Theorem[2lwe have that [6], [4], and 4[3] are 2-partitionable over IF;. Lemma[25|shows
that [6] — [4] and 4[6] — [5] — 3[3] are 2-partitionable over F;. |

Proposition 19. The Griesmer upper bound for ny(5,2;s) is attained for all s > 55, i.e. we have

n4(5,2;21t) = 341t for t > 1 via 5t - [5];

n4(5,2; 21t — 1) = 341t — 17 for t > 1 via 5¢ - [5] — [4];

n4(5,2; 21t — 2) = 341t — 34 for t > 2 via 5t - [5] — 2[4];
n4(5,2;21t — 3) = 341t — 51 for t > 3 via 5t - [5] — 3[4];
n4(5,2;21t — 4) = 341t — 68 for t > 1 via (5t — 1) - [5] + [2] — 4[1];
n4(5,2;21t — 5) = 341t — 85 for t > 1 via (5t — 1) - [5] — 4[3];
na(5,2; 21t — 6) = 341¢ — 102 for t > 2 via 5t - [5] — [4] — 4[3];

n4(5,2;21t = 7) = 341t — 119 for t > 3 via 5t - [5] — 2
n4(5,2;21t — 8) = 341t — 136 for t > 4 via 5t - [5] = 3
n4(5,2;21t = 9) = 341t — 149 for t > 1 via (5t - 2) - [
n4(5,2;21t — 10) = 341t — 166 for t > 2 via (5t - 2) -
n4(5,2;21t — 11) = 341t — 183 for t > 3 via (5t — 2) -
n4(5,2;21t — 12) = 341t — 200 for t > 4 via (5t - 2) -
n4(5,2;21t — 13) = 341t — 213 for t > 1 via (5t - 3) -
n4(5,2;21t — 14) = 341t — 230 for t > 2 via (5t — 3) -
n4(5,2;21t — 15) = 341t — 247 for t > 3 via (5t — 3) -
n4(5,2;21t — 16) = 341t — 264 for t > 4 via (5t — 3) -
n4(5,2;21t — 17) = 341t — 277 for t > 1 via (5t — 4) -
n4(5,2;21t — 18) = 341t — 294 for t > 2 via (5t — 4) -
n4(5,2; 21t — 19) = 341t — 311 for t > 3 via (5t — 4) -
n4(5,2; 21t — 20) = 341t — 328 for t > 4 via (5t — 4) -

[4] — 4[3];
[4] — 4[3];

5] -3[3];

[5] - [4] - 3[3];
[5] - 2[4] - 3[3];
[5] - 3[4] - 3[3];
[51 -2[3];

[5] - [4] - 2[3];
[5] —2[4] - 2[3];
[5] - 3[4] - 2[3];
[5] - [3];

[5] - [4] - [3;
[5] - 2[4] - [3];
[5] - 3[4] - [3].

Proof. By Theorem 2| we have that 5[5], [4], and [2] are 2-partitionable over F;. Lemma
shows that [5] — [3] and 5[5] — [4] — 4[2] are 2-partitionable over [F,. By Lemma we have that
4[5] + [2] — 4[1] and [5] + 4[1] are 2-partitionable over F,. [ ]

Proposition 20. The Griesmer upper bound for ns(5,2;s) is attained for all s > 114, i.e. we have

ns(5,2;31t) = 781t for t > 1 via 6t - [5];

ns(5,2;31t — 1) = 781t — 26 for t > 1 via 6t - [5] — [4];
ns(5,2;31t — 2) = 781t — 52 for t > 2 via 6t - [5] — 2[4];
ns(5,2; 31t — 3) = 781t — 78 for t > 3 via 6t - [5] — 3[4];

ns(5,2;31t — 4) = 781t — 104 for t > 4 via 6t - [5] — 4
ns(5,2;31t —=5) =781t - 130 for t > 1 via (6t = 1) - [

ns(5,2; 31t — 6) = 781t — 156 for t > 1 via (6t — 1) -

ns(5,2; 31t — 7) = 781+ — 182 for t > 2 via (6t — 1) -

ns(5,2; 31t — 8) = 781+ — 208 for t > 3 via (6t — 1) -

ns(5,2; 31t — 9) = 781+ — 234 for t > 4 via (6t — 1) -
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ns(5,2; 31t — 10) = 781t — 260 for t > 5 via (6t — 1) -
ns(5,2;31t — 11) = 781t — 281 for t > 1 via (6t — 2) -
ns(5,2;31t — 12) = 781t — 307 for t > 2 via (6t — 2) -
ns(5,2;31t — 13) = 781t — 333 for t > 3 via (6t — 2) -
ns(5,2;31t — 14) = 781t — 359 for t > 4 via (6t — 2) -
ns(5,2;31t — 15) = 781t — 385 for t > 5 via (6t — 2) -
ns(5,2; 31t — 16) = 781t — 406 for t > 1 via (6t — 3) -
ns(5,2;31t — 17) = 781t — 432 for t > 2 via (6t — 3) -
ns(5,2;31t — 18) = 781t — 458 for t > 3 via (6t — 3) -
ns(5,2;31t — 19) = 781t — 484 for t > 4 via (6t — 3) -
ns(5,2; 31t — 20) = 781t — 510 for t > 5 via (6t — 3) -
ns(5,2;31t — 21) = 781t — 531 for t > 1 via (6t — 4) -
ns(5,2; 31t — 22) = 781t — 557 for t > 2 via (6t — 4) -
ns(5,2; 31t — 23) = 781t — 583 for t > 3 via (6t — 4) -
ns(5,2; 31t — 24) = 781t — 609 for t > 4 via (6t — 4) -
ns(5,2;31t — 25) = 781t — 635 for t > 5 via (6t — 4) -
ns(5,2; 31t — 26) = 781t — 656 for t > 1 via (6t - 5) -
ns(5,2;31t — 27) = 781t — 682 for t > 2 via (6t — 5) -
ns(5,2; 31t — 28) = 781t — 708 for t > 3 via (6t — 5) -
ns(5,2; 31t — 29) = 781t — 734 for t > 4 via (6t — 5) -
ns(5,2; 31t — 30) = 781t — 760 for t > 5 via (6t - 5) -
Proof. By Theorem [2| we have that 6[5], [4], and [2] are 2-partitionable over [Fs. Lemma

5] - 4[4] - 5[3);

5] - 4[3];

5] - [4] - 4[3];
5] - 2[4] - 4[3];
5] - 3[4] — 4[3];
5] - 4[4] — 4[3];
5] -3[3];

[

[

[

[

[

[

[

[5] - [4] - 3[3];
[5] — 2[4] - 3[3];
[5] — 3[4] - 3[3];
[5] — 4[4] - 3[3];
[51-2[3];

[5] - [4] - 2[3];
[5] - 2[4] - 2[3];
[5] - 3[4] - 2[3];
[5] - 4[4] - 2[3];
[5] -3

[5] - [4] - [3;
[5] - 2[4] - [3];
[5] - 3[4] - [3];
[5] — 4[4] - [3].

shows that [5] — [3] and 6[5] — [4] — 5[2] are 2-partitionable over Fs. By Lemma we have that
6[5] + [2] — 5[1] and [5] + 5[1] are 2-partitionable over [Fs.

96



D g-divisible multisets of points

In Proposition 6| we have used nonexistence results for g-divisible multisets of points in PG(4, q)

with maximum point multiplicity at most s to conclude upper bounds for 1,(5, 3;s), see Table 6}

n/r|1 2 3 4 5
211 0 0 0 O
3/0 1 0 0 O

Table 13: Number of nonisomorphic 2-divisible spanning multisets of points in PG(r — 1, 2) with
cardinality 7.

We have used the software package LinCode [39] to enumerate g-divisible codes over IF,,
which are in one-to-one correspondence to spanning multisets of points. The obtained enumer-
ation results for g € {2,3,4,5,7} are given in tables

n/r 4

—_ === O N
—__ 0 O oW
[N elNolNoNalRe) |

SO R O R

OO W
_ o o oo

Table 14: Number of nonisomorphic 3-divisible spanning multisets of points in PG(r — 1, 3) with
cardinality 7.

The results for g = 2 in Table 13| can be easily verified theoretically. For g = 3 one can show
that a 3-divisible multiset of points with cardinality 6 is given by 3xp + 3x¢ for two points P and
Q that may coincide:

Lemma 45. There is no 3-divisible multiset of points in PG(v — 1, 3) with maximum point multiplicity
2 and cardinality 6.

Proof. Let M be a 3-divisible multiset of points in PG(v — 1, 3) with cardinality #M = 6, so that
M(H) € {0, 3, 6} for every hyperplane H. Due to e.g. [124, Lemma 7.7] not all points can have
multiplicity at most one. Let r denote the dimension of the span of the points with positive
multiplicity M(P) > 0. Let M’ denote the embedding in a corresponding r-space which is
isomorphic to PG(r — 1,4), so that M'(H) € {0,3} for every hyperplane of PG(r — 1,4). The
following observation can be easily verified: If r < 2 or we have M(P) > 3 for some point then
M = 6xp or M = 3xp + 3xp for some point P’. So, let P be a point with multiplicity M'(P) = 2.
Since M'(H) < 3 we have M'(Q) < 1 for every point Q # P, so that there are exactly four points
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of multiplicity one and » = 3. However, for some point Q with multiplicity M(Q) = 1 the four

lines through Q each have multiplicity 3, so that #M =1+4-2 =9 # 6 — contradiction. n

n/r|{1 2 3 4 5
411 0 0 0 0
5/0 1.0 00
8/1 1 0 0 O
910 1.1 0 0
100 1 1 1 O
1211 2 2 0 O
13/0 2 3 10
1410 1 5 3 1
15(0 1 3 6 2

Table 15: Number of nonisomorphic 4-divisible spanning multisets of points in PG(r — 1, 4) with
cardinality 7.

The possible cardinalities of 4'-divisible multisets of points over [F,, where | € IN, have been
completely characterized in [113, Theorem 1]. In our situation [ = 1 there exists a g-divisible
multiset of points with cardinality n in PG(r — 1,g), where r is sufficiently large, iff n can be
writtenasn =a-g+b-(g+1) witha,b € N. If n > g> — g this is always possible and ¢4* — g — 1
does not admit such a representation. The union of a2 g-fold points and b lines gives a g-divisible
multiset of points and the question arises if there are other examples. For cardinality 4> there is
e.g. the affine plane, i.e. yg — x; for some plane E and some line L < E. In tables[13]{17 we mark
those entries which contain examples that do not consist of unions of g-fold points and lines in
bold font and briefly discuss the obtained additional constructions in the following.

There is a unique spanning 4-divisible multiset of points in PG(2, 4) that has cardinality 12
and maximum point multiplicity at most 3. It is a doubled oval with an automorphism group
of order 138240.

There is a unique spanning 5-divisible multiset of points in PG(2,5) that has cardinality 23

and maximum point multiplicity at most 4. A corresponding matrix is given by

11111111111111111110100
00000011223333333441010 |.
01133311441112333231001

This object is also known as a (strong) (3 mod 5) arc in PG(2,5) and a nice picture can be found
in [156]. By [132, Theorem 10] it is in one-to-one correspondence to a (9, 1)-blocking set in PG(2, 5)
with line multiplicities contained in {1, 2, 3,4}, i.e., (trivial) blocking sets containing a full line
are excluded. It is well known that the projective triangle is the only possibility over s, see
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e.g. [29,162]. In general (t mod g) arcs are the combinatorial objects that characterize when
linear codes are extendable without increasing the minimum distance, which can be utilized for
nonexistence results for linear codes with certain parameters, see e.g. [130].

There is a unique spanning 5-divisible multiset of points in PG(3,5) that has cardinality 24

and does not consist of a union of four lines. A corresponding matrix is given by

111111111111111111101000
000000112233333334410100
011333002200033343440010 |
101013012401301333300001

Although, cardinalities of g-divisible multisets of points in PG(4,4) whose cardinalities are
multiples of g + 1 do not play a role in the context of Proposition |6 they are interesting from
another point of view. A maximal partial line spread is a set of lines which covers each point
at most once and which cannot be extended by a further line without destroying this property.
The set of points that are not covered by some given partial line spread £ of PG(r — 1, g), called
holes, form a g-divisible set of points M in PG(r — 1,q) with cardinality [r], — #L - [2],. The
property that £ is maximal is equivalent to the property that M does not contain a full line in
its support (set of points P with M(P) > 1).

n/r|1 2 3 4 5
5/1 0 0O 0 O
6|0 1 0O 0 O

101 1 0O 0 O
110 1 1 0 0
1210 1 1 1 0
15(1 2 1 0 0
16 |0 2 3 1 0
1710 1 4 3 1
1810 1 3 5 2
201 4 2 1 0
2110 3 9 5 1
2210 2 14 18 6
2310 1 109 27 18
2410 1 64 35 29

Table 16: Number of nonisomorphic 5-divisible spanning multisets of points in PG(r — 1, 5) with
cardinality 7.

Theorem 23. ([76, Theorem 13]) Let M be a q'-divisible multiset of points with cardinality 6[r + 1],
in PG(v — 1,q) wherev > r. If g > 2and 1 < 6 < ¢, where q + ¢ is the size of the smallest nontrivial
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blocking sets in PG(2, q), then there exists (r + 1)-spaces S1, ..., Ss such that

M= ZXS,,

5
i=1
i.e., M s the sum of (r + 1)-spaces.

There are two 7-divisible spanning multisets of points in PG(2,7) with cardinality 39 and

maximum point multiplicity at most 6. Generator matrices are given by

111111111111111111111111111111111100100 111111111111111111111111111111111100100
000000000111111111122233344455566611010 | and | 000000000111111111122233344455566611010 | .
000335566000023555504412255611405522001 001444666000344455513400022244401315001

As the previous example, it can be obtained from a (12, 1) blocking set in PG(2,7). Again one
example is given by the projective triangle and there is another (sporadic) example, see e.g. [31].
There are seventeen 7-divisible spanning multisets of points in PG(2, 7) with cardinality 47 and
maximum point multiplicity at most 6. Clearly, we can start from one of the two stated examples
for cardinality 39 and add the points of a line. However, there are several other examples. In
[87] a maximal partial line spread in PG(3, 7) of cardinality 45 and a corresponding 7-divisible
set of points of cardinality 40, that is not the union of five disjoint lines, was constructed.

The described computer enumeration results imply that each 7-divisible multiset of points
M in PG(4,7) with cardinality at most 38 can be written as the sum of characteristic functions
of lines and seven-fold points. By restricting the maximum point multiplicity to six we can

slightly extend the outlined computer enumerations of linear codes to conclude:

Proposition 21. Let M be a 7-divisible multiset of points in PG(4,7) with maximum point multiplicity
at most 6. If #M < 38 or #M € {41, ...,46}, then there exist lines Ly, . .., L; such that M = Zi.:l XL;-

For small dimensions r the g-divisible multisets of points in PG(r — 1, q) can be easily charac-
terized. In PG(0, g) the ambient space itself is just a point so that the only g-divisible multisets of
points are given by m - g - xp for any m € IN and the unique point P. Now let M be a g-divisible
multiset of points in PG(1, q). If P is a point with multiplicity M(P) > g, then M — gxp is also
a g-divisible multiset of points in PG(1, g), so that we can assume M(P) < g — 1 for all points
P wlo.g. In PG(1, q) hyperplanes coincide with points, so that M(P) = #M (mod g) for every
point P, so that all points have the same multiplicity and M consists of copies of the entire
ambient space, which is a line. Thus, for r < 2 we have that g-divisible multisets of points in
PG(r — 1, q) are given as the union of g-fold points and lines. As already mentioned, in PG(2, q)
we have the affine plane with cardinality 4> and maximum point multiplicity one.

For a given multiset of points let p; denote the number of points of multiplicity i and 4; denote

the number of hyperplanes with multiplicity i. By double-counting we obtain:
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n/r|{1 2 3 4 5
711 0 O 0 0
810 1 0 0 0

141 1 0 0 0
15/0 1 1 0 0
160 1 1 1 0
211 2 1 0 0
2210 2 3 1 0
2310 1 4 3 1
2410 1 3 5 2
2801 5 3 1 0
2910 3 10 5 1
300 2 15 19 6
3110 1 12 29 19
3210 1 8 43 32
3511 7 11 4 1
36 |0 6 34 32 7
3710 3 56 124 57
3810 2 57 329 261
390 1 41 584 973
40 |0 1 18 720 3639

Table 17: Number of nonisomorphic 7-divisible spanning multisets of points in PG(r —1,7) with
cardinality 7.
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Lemma 46. Let M be a multiset of points in PG(r — 1, q), where r > 3, and S an arbitrary (r — 2)-space.
For the q + 1 hyperplanes Hy, . .., H, that contain S we have

q
Y M(H) = #M+ - M(S). (85)
i=0

Moreover, we have

=
=

Zpi = [r]q/ a; = [T’]q,

~
1l

o
1l

o

#M
Z ipi =#M-[r-1], ia; =#M-[r—-1], and

i=1

(#’2‘4)-[r—2lq+qr‘2'[§(é)"”"] " (;)a

i=2 1=

<

g

N

Lemma 47. Let M be a multiset of points in PG(r — 1,q), 1 < s <r—2,and S an arbitrary s-space. If
each hyperplane H > S satisfies M(H) > x, then we have #M > gx — (g — 1) - M(S).

Proof. Since each s-space is contained in [r — 5], hyperplanes and each (s + 1)-space is contained
[r—s]y-(x=M(5))
[r-s-1],

[r —s],/[r — s — 1], > q yields the stated inequality. [ ]

in [r — s — 1], hyperplanes, double-counting points yields #M > M(S) + . Using

We can easily check that divisibility is preserved by projection through a point:

Lemma 48. Let M be a (spanning) A-divisible multiset of points in PG(r — 1, q), where r > 2. For an
arbitrary point P let M’ be the multiset of points obtained from M by projection through P. Then, M’
is a (spanning) A-divisible multiset of points in PG(r — 2, q) with cardinality #M — M(P).

The multiplicities of the lines through P w.r.t M are in one-to-to correspondence to the point

multiplicities w.r.t. M'.

Lemma 49. Let M be a multiset of points in PG(r — 1, q) with cardinality #M < [3],, wherer > 3. If P
is a point with positive multiplicity, then there exists an (r — 2)-space S with M(S) = M(P).

Proof. For r = 3 the statement is trivial, so that we assume r > 3. Let T be a subspace with
maximum possible dimension satisfying M(T) = M(P) and dim(T) < r—2. If dim(T) = r -2 we
are done. Otherwise consider the [r —dim(T)], > [3], subspaces that have dimension dim(T) +1
and contain T. Since there are at most [3], points with positive multiplicity we conclude the
existence of a subspace T" > T with dim(T’) = dim(T + 1) and M(T") = M(T) = M(P) -

contradiction. n
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Proposition 22. Each 7-divisible multiset of points in PG(4, 7) with cardinality 42 has maximum point
multiplicity at least 7.

Proof. Let M be a spanning 7-divisible multiset of points in PG(r — 1,7) with cardinality 42
and maximum point multiplicity at most 6. Due to the classification of g-divisible multisets
of points in PG(0,q) and PG(1,4), we can assume r > 3. Since no 7-divisible multiset of
points with cardinality 41 exists over [F;, see e.g. [113| Theorem 1], we can use Lemma (48] to
conclude M(P) # 1 for all points P in PG(r — 1,9)f] Using the notation from Lemma [46| we state
po + 2?22 pi = [rl7, Zfzz ipi =42, and p; = 0fori =1ori >7. Let Q be a point with positive
but minimum possible positive multiplicity, i.e. M(Q) > 2. From Lemma we conclude
M(Q) € {2,3].

Let us first consider the case r = 3 and M(Q) = 2. All eight lines through Q have multiplicity
exactly 7, see Equation (85), and either contain a point with multiplicity 5 or a point with
multiplicity 3 and another point with multiplicity 2. Thus, we have p; + ps > 8. If ps > 8, then
we have p5s = 8, p, = 1, and p; = 0 otherwise. However, considering the eight lines through a
point of multiplicity 5 gives a contradiction. Thus, we have p; > 1 and let R denote point of
multiplicity 3. From the eight lines through R, seven have multiplicity 7 and one has multiplicity
14, so that ps <1 and p; < 4 (using p; = 0), which contradicts p; + ps > 8.

Assume M(Q) = 2 and let M’ denote the projection of M through Q, so that M’ is a
spanning 7-divisible multiset of points in PG(r — 2,7) with cardinality 40 and without a point
with multiplicity 1, see Lemma[48] From our computer enumeration we know that M’ is the sum
of the characteristic functions of five lines. Since M does not contain a point with multiplicity 1,
we have M’ =2 x1, +3 x1, for two lines Ly, L,. If L; = L, then we have r = 3, which we already
have excluded before. If [L; N L,| = 1, then we have r = 4 and M(L) € {2,4,5,7} for every line L
that contains Q, so that no point has multiplicity 4 or 6. Seven of these lines have multiplicity 4,
one has multiplicity 7, and seven have multiplicity 5, sothat 8 <p, <9,7<p3 <8,0<ps <1,
and p3 +ps = 8.

If P5 is a point with multiplicity 5, P; a point with multiplicity 3, and L the line spanned by P;
and Ps, then L cannot contain a point with multiplicity 2, so that M(L) € {8, 11, 14,17, 20,23, 26}
using Equation and the 7-divisibility of M. If M(L) = 26, then M -3 - x; would be a
7-divisible multiset of points in PG(3,7) with cardinality 21 and maximum point multiplicity at
most 6 — contradiction. If M(L) € {8,17, 20,23}, then Equation cannot be satisfied. So, there
exist three lines L7, L), L’ through Ps with M(L}) = M(L}) = 11, M(L}) = 14, and all seven points
of multiplicity 3 are contained on L7 UL/ UL’. Thus, no hyperplane H > L] can satisfy M(H) = 14,
so that Equation cannot be satisfied — contradiction. It remains to consider the case p, =9,
ps = 8,and ps = Ofor |L; N L,| = 1. Let L’ be a line spanned by two points of multiplicity 3, so that

9 Alternatively, one can consider the eight hyperplanes through an (r — 2)-space with multiplicity 1. We remark
that there is some research on sets without tangents [177] and generalizations thereof [89].
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L’ does not contain a point of multiplicity 2. From Equation (85) we conclude M(L’) € {12,18, 21}.
If M(L") = 21, then L’ consists of seven points of multiplicity 3. Let L” be a line spanned by the
unique point of multiplicity 3 outside of L” and a point of multiplicity 3 on L’. As before, we
conclude M(L") € {12, 18, 21}, which is impossible since there are only two points of multiplicity
3onL”. If M(L") = 18, then L’ consists of six points of multiplicity 3. Since all eight hyperplanes
through L’ have multiplicity 21, we have p; > 6 + 8 = 14, which is a contradiction. So, all lines
contain either 0, 1, or 4 points of multiplicity 3, so thatp; = 1 (mod 3) — contradiction. It remains
to consider the case [L; N Ly| = 0wherer = 5,p, =9, p3 = 8, and p5 = 0. Moreover, each line L that
contains a point of multiplicity 2 satisfies M(L) € {2,4,5}. For a plane = we can use Lemma
and the 7-divisibility of M to deduce M(n) € {0,2,3,4,5,7,10,11,12,14,18,19,21,26,28}. If
M(m) = 10, then we have M(H;) = 14 for 0 <i < 7, so that p, > 16 — contradiction. If M(n) = 3,
then we have M(H;) = 7 for seven hyperplanes, so that p, > 14 — contradiction. If 7t contains a
point P; of multiplicity 3 and M(m) < 19, then there exists a line P; < L < 1t with multiplicity 3.
Since each plane through L has multiplicity at least 5, each hyperplane H > L has multiplicity at
least 3+2-8, i.e., multiplicity at least 21. This excludes the cases 7 € {5,7,11}. Now let L directly
be some line with multiplicity 3, which exists since p3 > 1 and p, + p3 < [4];. Since each plane
7 > L has multiplicity at least 12, we have M(H) > 3 + 9 - 8 > 35 for each hyperplane H > L -
contradiction.

In the following we have M(Q) = 3, so that p, = 0. If M(P) € {5, 6} for some point P,
then each hyperplane H > P satisfies M(H) > 14, so that Lemma [47] gives a contradiction.
Thus, we have p1 = p2 = p5s = ps = 0, p3 = 2 (mod 4), and ps = 0 (mod 3). If M(P) = 0
(mod 3), then 1 - M would be a 7-divisible multiset of points in PG(r — 1,7) with cardinality
14 and maximum point multiplicity at most 2 — contradiction. Thus, we have p, € {3,6,9} and
ps € 12,6,10}. From Lemma @]we conclude the existence of (r — 2)-spaces S3, Sy with M(S;) =3
and M(S,) = 4. Applying Equation to S3 yields that seven of the eight hyperplanes through
S3 have multiplicity 7, so that p, > 7. Similarly, applying Equation to S, yields that six of
the eight hyperplanes through S, have multiplicity 7, so that p; > 6 — contradiction. n

Corollary 10. If M is a 7-divisible multiset of points in PG(4,7) with cardinality 42, then there exist
points P, ..., Pg so that M = 21'6:1 7 Xxp;-

Proposition 23. Each 7-divisible multiset of points in PG(4, 7) with cardinality 43 has maximum point
multiplicity at least 7.

Proof. Let M be a spanning 7-divisible multiset of points in PG(r — 1,7) with cardinality 43
and maximum point multiplicity at most 6. Due to the classification of g-divisible multisets of
points in PG(0,q) and PG(1, g4), we can assume r > 3. Since no 7-divisible multiset of points
with cardinality 41 exists over [F;, see e.g. [113, Theorem 1], we can use Lemma {48/ to conclude
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M(P) # 2 for all points P in PG(r - 1, q)

Assume M(P) # 1 for all points P for a moment. If P¢ is a point of multiplicity 6, then there
exists a (r—2)-space Se of multiplicity 6, see Lemma[49] Since there are no points of multiplicity 1
or 2, all eight hyperplanes through S have multiplicity at least 15 — contradiction. If P; is a point
of multiplicity 3, then there exists an (r — 2)-space S; of multiplicity 3, see Lemma 49 All eight
hyperplanes through S; have multiplicity exactly 8. Since there are no points of multiplicity 1
or 2, we have ps > 8, so that ps = 8 and p3; = 1. However, considering the eight hyperplanes
through an (r — 2)-space Ss of multiplicity 5 yields a contradiction. Since #M is not divisible by
4, there exists a point Ps and an (r — 2)-space S5 of multiplicity 5. Since each point with positive
multiplicity has multiplicity at least 4, all eight hyperplanes through S; have multiplicity at
least 5 — contradiction. Thus, there exists a point P; of multiplicity 1. By M’ we denote the
projection of M through P;. From Lemma 48| we conclude that M’ is a spanning 7-divisible
multiset of points in PG(r — 2,7) with cardinality 42. From our previous enumeration we know
that M’ = Z?:l 7 xq; for some points Qs ..., Qe. If Sz is an (r — 2)-space with multiplicity 3, then
all eight hyperplanes through S; have multiplicity 8. If S, is an (r — 2)-space with multiplicity
4, then seven hyperplanes through S; have multiplicity 8 and one has multiplicity 15. If Ss is
an (r — 2)-space with multiplicity 5, then at least six hyperplanes through Ss have multiplicity 8.
Either there are two with multiplicity 15 or one with multiplicity 22. Since there is no 7-divisible
multiset of points in PG(4,7) with cardinality 35 and maximum point multiplicity at most six,
M cannot contain a full line in its support, i.e., every line through a point with multiplicity 1
has either multiplicity 1 or contains at least one point with multiplicity at least 3.

Assume r = 3 for a moment. If L is a line with M(L) > 15, then we have M(L) = 22 and
L consists of four points of multiplicity 5 and 2 points of multiplicity 1. Considering the eight
lines through a point of multiplicity 5 on L yields py = 0, ps = 4, and p; < 7, so that a5, = 1.
Using Lemma @] we conclude 7a;5 = 3ps — 16, which gives a contradiction. Using a; = 0 for

i > 15, Lemma [46] gives
_ 3P3 + 6]94 + 10]75 5

ais
7

Assume that L is a line consisting of three points of multiplicity 5 and five points of multiplicity

0. Considering the lines through a point Ps with multiplicity 5 on L gives ps + ps = 5. The two
points with multiplicity at least 4 outside of L span a line L’ that meets L in a unique point,
which gives a contradiction if we consider a different point of multiplicity 5 on L. Thus, no such
line exists and we have ps < 3. Now assume that L is a line consisting of two points Ps, P, of
multiplicity 5, one point P, of multiplicity 4, one point P; of multiplicity 1, and four points of
multiplicity zero. Considering the lines through Ps yields ps + ps = 5 again and the two points

with multiplicity at least 4 outside of L span a line meeting L in P5s. Applying the same argument

10Alternatively, one can consider the eight hyperplanes through an (r — 2)-space with multiplicity 2.
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to P, gives a contradiction, so that ps € {0, 1}. If Ps is the unique point of multiplicity 5, then the
two lines of multiplicity 15 through Ps both contain exactly two points of multiplicity 4 and none
of multiplicity 3, so that p, = 4, p3 < 6, 415 = 2, and Lemma @] yields a contradiction. If py > 0
and ps = 0, then the unique line of multiplicity 15 through a point of multiplicity 4 consists of
three points of multiplicity 4, three points of multiplicity 1, and two points of multiplicity zero,
so that py = 0 (mod 3) and p3; < 7. With this we conclude a, < 9 and 455 < 3, so that Lemma
yields a contradiction. If ps + p5 = 0, then we have a;5 = 0 and Lemma |46|yields a contradiction
again. So, we can assume r € {4, 5} in the remaining part.

Let P5s be a point of multiplicity 5 and M” be the projection of M through Ps. From
Lemma 48 we conclude that M” is 7-divisible with cardinality 38. From our previous computer
enumeration we conclude the existence of three lines L’, L, L’”” and two points P’, P”" such that
M = xp+ xp+ X +7- xp +7- xpr. Either we have L' = L” = L' or there exists a point P with
M”(ﬁ) € {1,2}. In the latter case let L > Ps be the corresponding line with M(L) € {6,7}, so that L
contains at least one point with multiplicity 1. Since each line through a point with multiplicity
1 has a multiplicity that is congruent to 1 modulo 7, we conclude L’ = L”” = L"”". So, for any line
L > Ps we have M(L) € {8,12,15,19,22}. Since lines through a point of multiplicity 1 have a
multiplicity that is congruent to 1 modulo 7 and hyperplanes that contain a point of multiplicity
3 have multiplicity 8, we conclude M(L) € {8,15,19,22}, each line Ly > Ps with M(Ly9) = 19
consists of exactly three points of multiplicity 5, and each line Ly, > Ps with M(Ly,) = 22 consists
of exactly two points of multiplicity 5. In both cases the line has to contain a point of multiplicity
4 which is contained in a hyperplane with multiplicity at least 22 — contradiction. Thus, we
have M(L) € {8,15}. However, then we conclude P’ < " and P” < L’, which contradicts r > 4,
so that Ps cannot exist and we have ps = 0.

It remains to consider the cases where r € {4,5} and the maximum point multiplicity is 3
or 4. Let S be an arbitrary (r — 2)-space. For every hyperplane H > S we have M(H) = 8 if
H contains a point of multiplicity 3 and M(H) € {8,15} if H contains a point of multiplicity 4.
Since every line that contains a point of multiplicity 1 has a multiplicity that is congruent to 1
modulo 7, Lemma@gives M(S) €{0,1,3,4,6,7,8,12,15,22,29}. If M(S) = 12, then seven of the
eight hyperplanes through S have multiplicity 15 and one has multiplicity 22, so that S cannot
contain a point of multiplicity larger than 1. This is impossible, so that we have M(S) # 12. If
M(S) € {15,22,29}, then S cannot contain a point with multiplicity larger than 1, which is only
possible if S contains a full line in its support — contradiction. If M(S) = 7, then S consists of a
point P; of multiplicity 3 and a point P, of multiplicity 4. However, not all hyperplanes through
S can have multiplicity 8, so that M(S) # 7. If S contains both a point of multiplicity 3 and 4,
then M(S) = 8, which is impossible. Thus, we have p; - p; = 0. If P, and P} are two different
points with multiplicity 4, then the line L spanned by P, and P has multiplicity 8, so that r = 4.

Let m > L be a plane with multiplicity 15 and P; < 7 be a point with multiplicity 1. Then
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the two lines (P, P1) and <le, P1> have multiplicity 8 and 7t contains 7 points of multiplicity 1.
Considering another line through two points of multiplicity 1, not being equal to P;, in 7t yields
a contradiction. If P, is the unique point with multiplicity 4, then considering the lines through
a point of multiplicity 1 yields a full line in the support of M — contradiction. Thus, we have
ps = 0 and the maximum point multiplicity of M equals 3. Considering the lines through a
point of multiplicity 1 we conclude p; > 6. Let 7 be the subspace spanned by three points of
multiplicity 3, so that M(nr) > 9 and dim(7r) < 3. Thus, we have r = 4 and 7 is a hyperplane,
which is also impossible. n

We remark that it is indeed possible to show that each 7-divisible multiset of points M
in PG(r — 1,9) with #M < 38 or #M € {41,42,43} can be written as the sum of characteristic
functions of seven-fold points and lines, without using any computer enumerations. Also the
full characterization for cardinalities #M € {39, 40} is doable by hand. The question is whether
such results can be obtained in a more elegant (and general) way than indicated in the proof of
Proposition
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E Additive two-weight codes

As mentioned at the end of Subsection (projective) linear two-weight codes have received
a lot of attention in the literature. So, here we collect a few basic observations on additive two-
weight codes in the geometric framework. To this end, a faithful projective h—(n, 7, {sy, ..., 84}, 1)g
system S is a faithful projective h — (1,7, min{sy, .. ., s,}, ), system where the number of elements
of § that are contained in a hyperplane H of PG(r — 1,9) is contained in {sy,...,s,} for each
hyperplane H. So, for a = 2, each hyperplane contains either s; or s, elements of S. We are
interested in the possible parameters of such combinatorial objects. For r = h each hyperplane
contains none of the elements of S. The other cases where s, is not attained by at least one
hyperplane, i.e. additive one-weight codes, are characterized in Theorem Le. for r > h there

_ Mg g, LMy U _
[scdrl,” 5 = ! [scd(r ), ! [gcd(r )], " Forr=h+1

we can choose 0 < I < [h + 1], h-spaces with multiplicity s; and the other ([h +1], - l) h-spaces

exists a positive integer [ such thatn = [ - and p =

with multiplicity s, > s; for all 51,5, € IN, so that n = s;[h + 1], — (s2 — 51). In general we have:

Lemma 50. Let S be a faithful projective h — (n,1,{s1,...,5:}), system and S’ be a faithful projective
h— @', rds),...,8}), system, then S U 8" is a faithful projective

h—(n+n’,r,{si+s;. : 1Si£a,1$j$b})q

system.

So, choosing a = 1 and b = 2 e.g. gives constructions for two-weight codes using Theorem 2|
Another variant is to embed an example from Theorem 2| for PG(r’' — 1, q) in PG(r — 1, q), where
r > r’, and choose it as S’. See also Corollary [9| for additive t-weight codes obtained from the
Solomon-Stiffler construction.

For a given faithful projective h — (1,7, {sy,...,5,}); system S we can also consider the [-fold
copy of S for I € IN, which is a faithful projective h — (In, {Isy, ..., Is,}); system. So, one might
assume that S is a set of h-spaces and no subset of S partitions the points of the %—fold
copy of the ambient space PG(r — 1,4) as in Theorem 2|

For r = 2h we can consider a partial spread # of h-spaces in PG(2h — 1,¢), i.e. a set of h-
spaces with pairwise trivial intersection. Due to the existence of a spread of h-spaces we have
constructions for all 1 < #P < ¢" + 1. Le. faithful projective i — (1, 2h, {0, 1}), systems exist for all
1 < n < ¢"+1. Using copies of a spread of h-spaces and Lemma we can conclude that faithful
projective h — (1, 2h, {s1, 52}), systems exist for all 51,5, € IN.

Here we either assume that the projective systems are faithful or that the size is maximal which implies
faithfulness. In general, unfaithful additive one-weight codes are interesting and not fully understood yet, see e.g.
[122]. From a geometric point of view they are called multispreads generalizing spreads.
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For r = 2h+ 1 and h > 2 we have that [2h + 1] — [ + 1] and [h—l]q-[2h+1]+qh‘1-
[1] are h-partitionable over IF,, see Lemma 24| and Lemma so that projective faithful h —
(41,20 + 1,10, q})q and h - ([2h], - ¢", 20 + 1, {[n], - 1, [h]q})q systems do exist for all i > 2.

n si Sy n si Sy n si Sy n si Sy n si Sy
1 0 111 2 3,5 1 521 3 522 2 6
6 0 2| 8 0 413 1 5|20 4 5|26 2 6
§ 0 2|16 0 417 1 5|21 4 5|20 4 6
71 3|10 2 4|21 1 5|24 0 622 4 6
9 1 3|12 2 415 3 5|10 2 6|24 4 6

1 1 3,14 2 4|17 3 5|14 2 6

10 2 3|16 2 4|19 3 5|18 2 6

Table 18: Parameters of additive two-weight codes in PG(4, 2) for s; < s, < 7.

In Table[18|we have collected all feasible parameters of sets of 1 lines in PG(4, 2) such that each
hyperplane contains either s; or s, lines, where s; < s, <7. Note that Theorem[2)yields a set of 31
lines in PG(4, 2) such that each hyperplane contains exactly 7 lines. Since the span of two lines
is at most 4-dimensional, the only possibility for {sq,s,} = {0, 1} is a single line. The previously
stated general constructions explain the cases (1, s, s2) € {(8,0,2),(11,2,3),(16,0,4), (5,1,5)}. So,
there is much to explore.

Remark 17. In [126] it was shown that no projective [66, 5, {48, 56}14 code exists. The question whether
such a two-weight code exists if we only assume additivity instead of linearity over IF4 remains open. A
projective [198, 10, {96, 112}], was constructed in [ 117]. So, can the corresponding set of 198 points in
PG(9, 2) be partitioned into 66 lines such that each hyperplane contains either 10 or 18 lines?

By double-counting we can infer some necessary existence conditions via linear equation
systems. To this end let x;, denote the number of hyperplanes of PG(r — 1, g) that contain exactly
s; elements of a putative faithful projective h — (1,7, {s1,.. ., st})q system S. Counting the number

of hyperplanes gives

xs, = [r];- (86)

1

t
i=1

Double-counting the incidences between elements of S and hyperplanes yields
t

Si+ X5, =1+ [r—hl,. (87)
i=1

In order to double-count the number of incidences between pairs of elements of S and hyper-

planes we let y; denote the number of pairs of elements of S whose span has dimension i. With

127 generator matrix can be obtained from http://www.tec.hkr.se/~chen/research/2-weight-codes/
search.phpl
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this, we compute

t 2h
Z (52) X, = Z yi - [r—il,, (88)

where we additionally have

2h
Z yi = (’;) (89)

Of course, all occurring variables have to be non-negative and integral. If S is a set of lines, i.e.

h = 2, the linear equation system simplifies to

xsl + xsz = [r]q/

S1Xs, + SoXs, = nfr — 2],

s s n "
(;)-xs]+(22)-x32:(2)-[r—4]q+q ST

In Table we collect all parameters where the equation system for x,,, s;,, and y3 has non-
negative integer solutions but no corresponding additive two-weight code in PG(4, 2) exists,
where we restrict the parameters to s; < s, < 7 and sets of lines. If not stated otherwise those
nonexistence results have been obtained by integer linear programming (ILP) computations

directly modelling faithful projective systems (or the multiset of covered points) with given

parameters.
n si Sy n si Sy n si Sy n si S n si Sy
2 0 2112 0 414 2 5|18 1 626 5 6
4 0 21183 1 4|17 2 5|15 3 6
3 0 3|16 1 4] 6 0 6|18 3 6
12 0 3, 5 0 5|12 0 6|18 4 6
131 3/20 0 518 0 6|26 4 6
4 0 419 1 5|13 1 6|25 5 6

Table 19: Parameters of nonexistent additive two-weight codes in PG(4,2) for s; <s, < 7.

The example attaining 113(6, 2; 3) = 21 from [54], mentioned in the introduction and improving
n3(6,2;3) = 17, is quite exceptional and corresponds to an additive two-weight code over IFo
that is not linear. As mentioned in Remark [11|it is a special case of a so-called perp-system, see
[54] for details. An example of a perp-system is a (multi-)set S, of 2-spaces in PG(5, ) with
cardinality g(4° — g + 1) such that each 4-space contains either 0 or 4 elements from S. They do
indeed exist for even g or g4 = 3, see Remark From each perp-system we get a two-weight
code [54, Theorem 2.2]. For S, the corresponding projective [18, 6, {8,12}], code is unique, see
e.g. [90], and can be obtained from the unique projective [6,3, {4,6}]s code, i.e. a hyperoval
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in geometric terms. With respect to S; we remark that there are at least six nonisomorphic
projective [84, 6, {54, 63}]; codes, see e.g. [19, 163] for constructions. Not all of these sets of points
can be partitioned into lines. The dual of S, is a set of g(4*> — g + 1) 4-spaces that each point
is contained in 0 or g of these 4-spaces. Another example would be a set &’ of 22 6-spaces
in PG(9, 2) such that each point is contained in either 0 or 2 elements. The uncovered points
correspond to a projective [330, 10, {160, 176}], code. There exist more than 1700 nonisomorphic
such two-weight codes, see e.g. [63] 117, [144]. So far it is not known whether some of these
point sets can be partitioned into 4-spaces. There also exist projective [110,5, {80, 88}]4 codes,
see e.g. [63], and the question arises whether some of the corresponding sets of points can be
partitioned into lines. Framed differently, the existence of an [22,2.5, {20, 22}]?1 additive code,
corresponding to strongly regular graph with parameters (1024, 330,98, 110) [151]], is an open
problem. We remark that an [20, 2.5, 18]2 code is known [121], but currently no [21, 2.5, 19]2 code

is known.
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F Computer searches

In this section we list the examples that we have found by computer searches. Faithful projective
systems can be easily modeled as ILPs. To reduce the search space we prescribe subgroups of
the automorphism group. Alternatively we can try to partition suitable multisets of points.
Those multisets of points can again be modeled as ILPs and we may prescribe subgroups of
the automorphism group. Alternatively we use the database of best known linear codes (BKLC)
in Magma or enumerate suitable linear codes using LinCode [39]. For each case we give a list of

generator matrices for the subspaces.

m2(7,2;6) 2 22: ({0010 )» (aoaorio ) (aotonoo )s (oortino ) Cootaoto ) Cootonat )» Caooooor )» Caortooo )» Cootrond ).
1001110) (1011010) (1000110) (1000001) (1000010) (1010111) (1011101) (1011000) (1100010) (1100101) (1101010
0010001 /7 \ 0000100 /~ \ 0100001 /» \ 0110001 /- \ 0110000 /~ \ 0100000 /- \ 0110101 /~ \ 0111100 /~ \ 0001011 /- \ 0001000 /» \ 0011111 /»

( 1110001 ) ( 1110100
4

0001110 0001100 /*
m(7,2;7) 2 25: (ot010)» (ooooro1 )» (agotana )» (6o11010) Cootoror ) (Gotat1 )» Coovoaor )» Caoroon )» (aotooto ).
1000101 1001111 1001010 1010111 1011110 1010110 1011101 1011011 1011001 1010100 1011100
( 0101011 )’ ( 0100110 )' ( 0101101 )/ ( 0101000 )’ ( 0100100 )’ ( 0101010 )' ( 0100101 )/ (0101111 )’ ( 0101100 )/ ( 0110001 )/ ( 0110011 /7
Cotaooto ) Coagortr ) Cooortio )» Cavoroor )» (ooootoo )-
12(7,2;12) 2 46: (goaoro )» (aoootor )» (aooonn )» Coor1ro ), Coorttor ) (ooranat )» Caoriont )» (oottoro )s Cootroor )

oooton1 )» (oootono )» Caoroor )» oraoon0 ). Cortooan ) Cortoora ) Cortoona )» Contooto ): Cotoaor )» Conoonat )» (100110 )

otoota1 )» Corotono )» (aronoor )» Corororr ). Cornoina ) Cornonto ) Connonon )» Canriono )» Corrioor )» Contaont )» Coornat )»

(oot ), Coottaon ) Caoriont )» Caotioto ) Cootaaot )» (601000 )» (Gotoron )» (o100 ): ( ootoran ) tonono ) (orttono )

(5871200) (360000 ) (6360160 )» (01060 )-

12(7,2;13) 2 51: (gagaoor )» (ao0o001 )+ (6600010 )» Cadooton )» (oooto )» Covoronn ) Caontaor )» (avorono ) Cacotoro )
(1100101) (1110011) (1010101) (1110110) (0101111) (1000011) (100011]) (1100111) (1001000) (1100010) (1000001
0001101 /- \ 0001101 /» \ 0001110 /» \ 0001111 /- \ 0010000 /~ \ 0010001 /- \ 0010010 /- \ 0010010 /~ \ 0010100 /- \ 0010101 /~ \ 0010110 /~

Cootor1 )» Coortoor ). (ootrion )» (Gornion ). (oortaon )» (Gotanio )s Coorrato ) Corooaon )» ( oroaoon ) Cotaoons )» ( 610011 )

Corooto0 )» Cotoonto ) Cororono )» Cotonoor )» Catotort )» Cototont ): (atororo ), Contooto )» (oraonon ), Contonnt )» anionro ).

Cotttono ), Cortioon ) Cottdoon ) Cortion )» (oriaono ) (ottavon ) Cotition )s (otirioo ). Cottniio )

1’12(8, 2; 9) > 33: ( 01001011 )’ ( 81000110 ), ( 01010101 ), ( 81111110 )’ ( 01001101 ), ( 81010010 )/ ( 01101110 )/ ( 01011001

00010110 0111101 00000010 0000001 00101011 0100101 00011111 00111010 /»
( 01101001 ) ( 10010000 ) ( 10110000 ) ( 10010001 ) ( 10100110 ) ( 10010101 ) ( 10100100 ) ( 10011100 ) ( 10011101 ) ( 10100000 )
00000011 /-~ \ 00000111 /~ \ 00001110 /» \ 00101010 /- \ 00010101 /» \ 00101101 /» \ 00011011 /» \ 00110110 /» \ 00111111 /» \ 00001001 /~/
( 10001000 ) ( 10000100 ) ( 10001100 ) ( 10011000 ) ( 10110100 ) ( 10101100 ) ( 11000110 ) ( 11001101 ) ( 11001011 ) ( 11010000 )
01011111 /» \ 01111010 /» \ 01100101 /- \ 01100010 /- \ 01010001 /- \ 01110011 /» \ 00011110 / \ 00111001 /~ \ 00100111 /- \ 00100001 /7
( 11100011 ) ( 11011100 ) ( 11101000 ) ( 11010010 ) ( 11010100
00010011 /7 \ 00100000 /- \ 00010000 /- \ 00110010 /- \ 00110000 /*

. . (00100101 00101100 00110010 01001100 01001010 01011000 01010001 01011100
Tl2(8, 2/ 10) > 36: ( 00001010 )/ ( 00011010 )/ ( 00001000 )/ ( 00100011 )/ ( 00110001 )/ ( 00100001 )/ ( 00111100 )/ ( 00111000 /7

(Bo0r1000 ) (Bo000111 - (60006130 )» (56152521 ) (020100 ) (60t0t060 ) (ao0o0ror ) (ao0orits ) (60000160 )» (65003511 )r

( 10000011 ) ( 10001011 ) ( 10011101 ) ( 10001001 ) ( 10010111 ) ( 10011110 ) ( 10110010 ) ( 10101110) ( 10111110) ( 10111100
s 7 s s s s s ’ 7

01011010 01011111 01001000 01110111 01100001 01101110 01010001 01111000 01100101 01101100 /~
10110011 ) ( 11000010 ) ( 11000011 ) ( 11010111 ) ( 11100010 ) ( 11101000 ) ( 11101010 ) ( 11101011
01110011 /- \ 00001100 /- \ 00101010 /» \ 00110111 /» \ 00011111 /» \ 00010001 /- \ 00010001 /» \ 00011100 /*
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1’12(8, 2; 11) > 40: (00010011 )’ ( 11110101 , (00100110 ), (00110110 ), ( 11100011 )/ (01001001 i ( 01000100 )’ ( 11011010

00001001 00001011 00001101 00001000 00000100 00000101 00011111 00100010 /~
( 01000011 ) ( 11000000 ) ( 01010100 ) ( 11010010 ) ( 01010111 ) ( 11011100 ) ( 01100011 ) ( 01100000 ) ( 11001100 ) ( 01111100
00110011 /» \ 00101110 /~ \ 00110001 /» \ 00111101 /» \ 00110111 /» \ 00110000 /» \ 00001111 /» \ 00010111 /- \ 00110000 /- \ 00000010 /~

11000110) (10000111) (10000100) (10111101) (10001000) (10010100) (10101111) (10011101) (10101101) (10101011
00000001 /7 \ 00001010 /» \ 00010001 /- \ 01000010 /- \ 00100001 /- \ 00100101 /- \ 00011101 /- \ 00101000 /- \ 00010100 /- \ 01011001 /»

(otottooo )» Catoraono ) (3601111 )» Cotoninis )» Coraotoro ) (1200110 ) Cottionio ) Coiioooo )» (oiitono ) (oviiiodi )s

(10101000) (10101110
01100010 /7 \ 01101110 /*

. . (01010000 01100001 01010011 01100010 01010001 01010011 10010110 11111000
Tl2(8, 2/ 14) > 54: ( 00100010 )I ( 00010001 )/ ( 00100000 )/ ( 00010000 )/ ( 00110000 )/ ( 00110011 )/ ( 00001001 )/ ( 00000111 /7
( 10010101 ) ( 11100010 ) ( 10010001 ) ( 11010111 ) ( 10100100 ) ( 11010100 ) ( 10100010 ) ( 11010001 ) ( 10111011 ) ( 11100110
00100110 /» \ 00011111 /» \ 00111000 /» \ 00100100 /- \ 00001100 /- \ 00001010 /» \ 00011110 /» \ 00111011 /- \ 00000101 /- \ 00001101 /~

( (1)0000001 )’ ( (1)0111010 )’ ( (1)0001010 )’ ( (1)0111000 ), ( 10001001 ), ( (1)0111100 ), ( (1)0001110 )’ ( 10111101 )’ ( (1)0010011 )’ ( (1)0111111

1011101 1111001 1010101 1111101 01011110 1111011 1011011 01110110 1000101 1001101 /~
( 10010100 ) ( 10110010 ) ( 10010000 ) ( 10110100 ) ( 10011011 ) ( 10110000 ) ( 10010111 ) ( 10001000 ) ( 10010101 ) ( 10000101
01000111 /- \ 01001100 /~ \ 01001000 /- \ 01000100 /- \ 01001011 /» \ 01000110 /- \ 01011000 /- \ 01110100 /~ \ 01011111 /» \ 01111000 /»
( 10011110 ) ( 10000111 ) ( 10011101 ) ( 10000011 ) ( 10000010 ) ( 10000110 ) ( 10001100 ) ( 10001101 ) ( 10100111 ) ( 10101001
01010111 /» \ 01111100 /» \ 01011100 /~ \ 01111010 /- \ 01100111 /» \ 01101111 /» \ 01100110 /» \ 01101001 /~ \ 01100101 /- \ 01100100 /7
( 10100110 ) ( 10101010 ) ( 10100001 ) ( 10100000 ) ( 10101011 ) ( 10101111
01101010 /- \ 01101110 /- \ 01001001 /- \ 01001110 /- \ 01001010 /» \ 01001111 /*

. . (00100001 00100000 00100101 00100110 00100011 00100010 00100100 00100111
n2(8’ 2’ 23) > 89: 00010010 /7 (00010101 )/ (00010001 4 (00010000 )/ (00011001 ’ (00011010 )/ (00011010 )/ (00011011 4

01000001) (01000111) (01000100) (01000101) (01000011 (01000000) (01000000) (01001001) (01001000) (01010110)
00010000 /7 \ 00010011 /~ \ 00010100 /» \ 00010110 /- \ 00011001 /~ \ 00011101 /» \ 00011110 /» \ 00011011 /» \ 00011101 /- \ 00001101 /~

(Bot11600 ) (80111003 )- ( Sationa )» (Botiooto ) (Boostii)- (sacantin ). (aoootoos ) (a6001010)- 0601100 ) (60003111 )r

(30011700 ) (00011200 )~ (6001060 )- (36110001 ) o0ostits )» (aaotottt )- (aooriat ) (agaotott ) (61600010 ) (6500010 )r

(otoo1000 ) Cottoroi1 )» (o5301301 )» (oftador ) Cottooono )» (o7taono1 )» Cottooron ) Codtionso ), (onaonis )» (oiiiooio )

(otriria ) Cottatono )» (othi001 )» Cottroont ) Cottaioon )» (o3d0iaio ) Cotootios ) Codooion ) (onooniti )» (ogoidiii )s

(ototiioo ) Cototi )» (oviooons )» (otioooor ) Cotionia )» (ovionson ) Cotiontao ) Cotidoort )» (onininio ) (ofatios )s

( 10110001 )/ ( (1)0110010 )/ ( (1)0110000 )’ ( (1)0110000 )’ ( 10110011 ), ( (1)0110100 ), ( 10111001 )’ ( (1)0111000 )/ ( (1)0111000 )/ ( 10111101

01100010 1100000 1100111 1110101 01111011 1111100 01110100 1110110 1110111 01110100 /7
( 11000010 ) ( 11000001 ) ( 11000111 ) ( 11001010 ) ( 11011011 ) ( 11011001 ) ( 11011010 ) ( 11011100 ) ( 11011111 ) ( 11011101

00111011 /» \ 00111101 /» \ 00111111 /» \ 00110111 /» \ 00101010 /» \ 00101101 /» \ 00101111 /» \ 00101011 /- \ 00101001 /- \ 00101110 /~
( 11011110

00101100 /-

. . (00010110 00100110 00100101 00101101 01000111 01000100 01010010 01011011

7’12(8, 2/ 24) > 94: (00001101 )/ (00010111 )/ (00011111 )/ (00011101 )’ (00001010 )l (00010100 )’ (00000101 )/ (00000111 ’
( 01000110 ) ( 01001110 ) ( 01000000 ) ( 01000100 ) ( 01001001 ) ( 01001100 ) ( 01010001 ) ( 01010011 ) ( 01010110 ( 01011100

00101011 /- \ 00101111 /» \ 00110011 /- \ 00111100 /7 \ 00111011 /» \ 00111001 /- \ 00100000 /7 \ 00101000 /- \ 00101100 /- \ 00110000 /~
( 01011000 ) ( 01100011 ) ( 01100000 ) ( 01101011 ) ( 01101110 ) ( 01110111 ) ( 10000111 ) ( 10000011 ) ( 10000000 ) ( 10000010

00111111 /» \ 00010101 /~ \ 00011100 /- \ 00010010 /7 \ 00010000 /- \ 00001000 /- \ 00001011 /- \ 00010001 /~ \ 00011111 /- \ 00011110 /~#

(a0tat10 ) (o0ottoot )- (6at00001 )» (36100010 ) (00730010 (a11t01)» (50200010 ) (o030t ) (ataotat )» (60110500 )r

(36711000 ) Cooototos )- (saortior ) (adoriono ) Catosioot ) (saoorito)- (oroooott ) Cotooists ) (oiototor )- (6501351 )s

(otoo1ot0) Cotboio00 )» (63610160 )» (oforioor ) Cotoiion )» (ororaor )- Cordotoon ) Codsoria ) (oniorto ) (oftiior )s

(otaotor ) Cotottono )» (3011510 )» (otodoror ) Cotooooot )» ( 63dadoto )» Cotortono ) Coticoon )» otiototo )» (ofioiias )s

( 10110010) ( 10110101 ) ( 10110100) ((1)0111010) ( 10111101 ) ((1)0111100 ) ( 11000011 ) ( 11000001 ) ( 11000011 ) ( 11010001
4 4 4 7 7 7 7 4 4

01100010 01100110 01101010 1101001 01101011 1101101 00001111 00011011 00011000 00001100 /7
( 11000010 ) ( 11000101 ) ( 11001001 ) ( 11001101 ) ( 11001111 ) ( 11001110 ) ( 11010111 ) ( 11011001 ) ( 11010101 ) ( 11100010 )

00100001 /7 \ 00100000 /- \ 00101000 /- \ 00101010 /7 \ 00101001 /- \ 00101110 /- \ 00100011 /- \ 00101100 /- \ 00111110 /- \ 00000110 /~
( 11100111 ) ( 11100100 ) ( 11100101 ) ( 11101000 ) ( 11101101 ) ( 11101100

00001001 /-~ \ 00010011 /- \ 00011110 /» \ 00010111 /» \ 00010100 /- \ 00011010 /*

. . (00110101 01000011 01001010 01001000 01011011 01000001 01000110 01001011

1’12(8, 2/ 27) > 107: ( 00000011 )/ ( 00011010 )I ( 00010000 )I ( 00011100 )/ ( 00000100 )l ( 00101001 )I ( 00110010 )I ( 00111101 /-

01001100 ) ( 01001101 ) ( 01010110 ) ( 01011101 ) ( 01010110 ) ( 01100000 ) ( 01100101 ) ( 01100111 ) ( 01101011 ) ( 01101101

00111111 /» \ 00111110 /» \ 00101111 /» \ 00100000 /7 \ 00110100 /- \ 00001111 /» \ 00010010 /7 \ 00011011 /» \ 00010100 /- \ 00011111 /~»
( 01101110 ) ( 10000100 ) ( 10001000 ) ( 10000001 ) ( 10001101 ) ( 10001010 ) ( 10010100 ) ( 10010101 ) ( 10010101 ) ( 10010111

00011110 /- \ 00011001 /~ \ 00101100 /- \ 00111000 /7 \ 00110011 /» \ 00111100 /- \ 00100100 /7 \ 00100100 /~ \ 00100110 /- \ 00101000 /~
( 10011111 ) ( 10010001 ) ( 10010011 ) ( 10010100 ) ( 10011000 ) ( 10011010 ) ( 10100000 ) ( 10100110 ) ( 10101010 ) ( 10110101

00100011 /» \ 00111111 /» \ 00111110 /-~ \ 00111000 /7 \ 00110000 /- \ 00110010 /- \ 00000001 /7 \ 00011101 /~ \ 00011000 /- \ 00000010 /~
( 10110011 ) ( 10110101 ) ( 10111000 ) ( 10001110 ) ( 10001101 ) ( 10000101 ) ( 10000000 ) ( 10001111 ) ( 10010011 ) ( 10011011

00001111 /7 \ 00001000 /- \ 00000101 /- \ 01000010 /7 \ 01001110 /- \ 01010001 /- \ 01011111 /- \ 01011110 /~ \ 01001111 /- \ 01000101 /~
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( (1)0011100 ), ( (1)0010010 ), ( (1)0011000 )’ ( 10011111 )’ ( 10000111 ), ( (1)0000110 ), ( 10001001 )’ ( (1)0001011 ), ( (1)0010000 ), ( (1)0010010

1000100 1011100 1010111 01011101 01101001 1110100 01110110 1111101 1100001 1100110 /7
10011001 ) ( 10010110 ) ( 10011001 ) ( 10100100 ) ( 10100110 ) ( 10101000 ) ( 10101011 ) ( 10110010 ) ( 10111000 ) ( 10111001
01100011 /~ \ 01111011 /» \ 01110000 /~ \ 01010101 /- \ 01011011 /» \ 01010000 /~ \ 01011000 /~ \ 01000111 /- \ 01000000 /- \ 01001001 //

10110001) (10110110) (10110000) (10111110) (10101110) (10100011) (10100101) (10100011) (10100101) (10101001
01010001 /- \ 01010101 /» \ 01011000 /- \ 01010010 /- \ 01100100 /» \ 01110001 /- \ 01110101 /- \ 01111110 /» \ 01111010 / \ 01111010 /~

( 10111011 )’ ( 10111111 )’ ( 10110111 ), ((1)1000100 ), ( 11001000 )’ ( 11001101 )’ ( 11000000 )’ ((1)1000110 )’ ( 11000111 )’ ( 11000001

01101100 01101010 01111110 0010111 00010001 00010110 00100010 0101101 00110011 00111010 /7
( 11000101 ) ( 11001011 ) ( 11010111 ) ( 11011101 ) ( 11011001 ) ( 11010001 ) ( 11010100 ) ( 11010110) ( 11100110) ( 11100111

00111011 /- \ 00110100 /~ \ 00100001 /- \ 00100111 /- \ 00101110 /» \ 00110101 /- \ 00110001 /- \ 00110111 /~ \ 00001001 /- \ 00010101 /~
( 11101010 ) ( 10000011 ) ( 10011110 ) ( 10101111 ) ( 10100010 ) ( 10000011 ) ( 10011110 ) ( 10101111 ) ( 10100010

00010011 /- X\ 00111001 /- \ 00101010 /- \ 01010011 /- \ 01111000 /- \ 00111001 /- \ 00101010 /» \ 01010011 /» \ 01111000 /*

. . (00010001 00010110 00010010 00010011 00010111 00010101 00010100 00100010
1’12(8, 2’ 49) > 195: ( 00001010 )l (00001001 )I ( 00001100 )/ ( 00001110 )/ ( 00001011 )I ( 00001111 )I ( 00001101 )/ ( 00001011 /»
( 00100001 ) ( 00100110 ) ( 00100011 00100111 00100101 ( 00100100 ) ( 00100010 ) ( 00100001 ) ( 00100110 ) ( 00100011
00001111 /» \ 00001101 /» \ 00001100 /- \ 00001010 /- \ 00001001 /» \ 00001110 /-~ \ 00011011 /- \ 00011111 /» \ 00011101 /- \ 00011100 /7

(B60t1010 ) (6035001 )» (60031110 )» (Boz6000t ) (Bosootio )» otaoron )» (Botoonto ) (Bosooton )» (otaoot )» (60300111 )s

(Bot01010)- (Bototos )- (Gotogson )» (Gotoisio ) (Sofotons )» (Soforisa )» (otoraon )» (Satiooio ) (Satidoo ) (Sotioson ).

01011110 (01011010) (01011100) (01011101) (10000001) (10000110) (10000011) (10000111) (10000010) (10000100)
00110100 /7 \ 00110111 /» \ 00110011 /- \ 00110110 / \ 00111011 /» \ 00111111 /» \ 00111101 /» \ 00111100 /~ \ 00111110 /- \ 00111001 /~

( 10000101 ), ( 10010001 ), ( (1)0010110 )’ ( 10010010 ), ( 10010011 ), ( 10010111 ), ( 10010101 )’ ( (1)0010100 ), ( 10001001 ), ( (1)0001110

00111010 00101010 0101001 00101100 00101110 00101011 00101111 0101101 01000010 1000001 /7
10001010 ) ( 10001011 ) ( 10001111 ) ( 10001101 ) ( 10001100 ) ( 10010011 ) ( 10010111 ) ( 10010001 ) ( 10010110 ) ( 10010010
01000100 /7 \ 01000110 /- \ 01000011 /» \ 01000111 /- \ 01000101 /- \ 01001001 /» \ 01001110 /» \ 01001100 /- \ 01001010 /- \ 01001101 /~

10010101) (10010100) (10011011) (10011111) (10011001) (10011110) (10011010) (10011101) (10011100) (10011001
01001011 /» \ 01001111 /» \ 01001001 /- \ 01001110 /- \ 01001100 /- \ 01001010 /- \ 01001101 /- \ 01001011 /» \ 01001111 /- \ 01011010 /~

Cotoioo1 )» Cotoritoo ) (3611110 ) Cototort )» Cotoriin )» (otoriion ) Cottoroto )» Cottoroor )» (ottottoo ) (701110 )s

(otsororn ) Cottorain )» (o5201101 )» (oftoooto ) Cotvoooos )» (7700100 )» Cottoorao ) Codsooor ) oraoit )» (ofiooios )s

(otttooor ) Cottiotto )» (o52%o011 )» (ofttort ) Cottaoton )» (67%00t0 )» Cotttoron ) (oatoooto )» (o¥ad00 )»  ofi0oton )s

(oft00t10)» (oftooot1 )» (oftooid1 )» (oitooion )» (oioidoto ) 6316001 )» (3616100 ) 36ionio )» (oitaooi ) (6ot )

(atotonon ) Cotioiont ), (ottorits ). (atiottor ) Cotiottoo ), (otiontio ). (ottotoos ) Coioioto ) (otitoons ) (811d0001 )r

10100010) (10100011) (10100111) (10100101) (10100100) (10100001) (10100110) (10100010) (10100011) (10100111
01110100 /~ \ 01110110 /~ \ 01110011 /» \ 01110111 /» \ 01110101 /» \ 01111010 /» \ 01111001 /» \ 01111100 /» \ 01111110 /» \ 01111011 /~

( 10100101 )’ ((1)0100100 )’ ( 10101001 ), ((1)0101110 ), ( 10101010 ), ( 10101011 )’ ( 10101111 )’ ((1)0101101 )’ ((1)0101100 )’ ( 10110001

01111111 1111101 01110010 1110001 01110100 01110110 01110011 1110111 1110101 01111011 /7
( 10110110 ) ( 10110011 ) ( 10110111 ) ( 10110010 ) ( 10110100 ) ( 10110101 ) ( 11000001 ) ( 11000110 ) ( 11000010 ) ( 11000011
01111111 /» \ 01111101 /» \ 01111100 /~ \ 01111110 /- \ 01111001 /» \ 01111010 / \ 00110010 /7 \ 00110001 /~ \ 00110100 /- \ 00110110 /~»
( 11000111 ) ( 11000101 ) ( 11000100 ) ( 11001001 ) ( 11001110 ) ( 11001010 ) ( 11001011 ) ( 11001111 ) ( 11001101 ) ( 11001100 )
00110011 /- \ 00110111 /» \ 00110101 /- \ 00111010 /~ \ 00111001 /» \ 00111100 /- \ 00111110 / \ 00111011 /» \ 00111111 /- \ 00111101 /~
( 11010010 ) ( 11010001 ) ( 11010110 ) ( 11010011 ) ( 11010111 ) ( 11010100 ) ( 11010101 ) ( 01001000 ( 01001000 ) ( 01000000
00110001 /7 \ 00110110 /» \ 00110011 /-~ \ 00110111 /7 \ 00110101 /~ \ 00110010 /- \ 00110100 /7 \ 00100000 /- \ 00101000 /- \ 00110000 /~

(50119000 ) (0007000 )~ (60613000 )» (56261000 ) (0700000 )» (60011060 )- (51050000 ) (oo11600)- (67200000 )» (51150000 )»

10111000) (10111000) (11001000) (11001000) (11010000) (11010000) (11011000 .
01101000 /7 \ 01111000 /- \ 00010000 /~ \ 00100000 /- \ 00101000 /- \ 00110000 /~ \ 00111000 /-

. . (00100010 00100001 00100110 00100011 00100111 00100101 00100100 00101010
7’12(8, 2/ 50) > 200: ( 00011011 )/ ( 00011111 )l ( 00011101 )/ ( 00011100 )’ ( 00011010 )/ ( 00011001 )/ ( 00011110 )/ ( 00010001 )/

00101001 (00101110) (00101011 00101111 (00101100) (00101101) (01000010) (01000001 (01000110) (01000011
00010110 /7 \ 00010011 /~ \ 00010111 /- \ 00010101 /7 \ 00010010 /- \ 00010100 /- \ 00001001 /7 \ 00001110 /- \ 00001011 /- \ 00001111 /»

(01000111) (01000100) (01000101 (01001010) (01001001 (01001110) (01001011 (01001111) (01001100) (01001101
00001101 /7 \ 00001010 /~ \ 00001100 /- \ 00111001 /7 \ 00111110 /» \ 00111011 /» \ 00111111 /» \ 00111101 /~ \ 00111010 /- \ 00111100 /~

01010001) (01010110) (01010010) (01010011) (01010111) (01010101) (01010100) (01100001) (01100110) (01100010
00101010 /- \ 00101001 /- \ 00101100 /~ \ 00101110 / \ 00101011 /» \ 00101111 /» \ 00101101 /» \ 00001010 /- \ 00001001 /- \ 00001100 //

01100011) (01100111) (01100101) (01100100) (10001001) (10001110) (10001010) (10001011) (10001111) (10001101
00001110 /-~ \ 00001011 /~ \ 00001111 /» \ 00001101 /- \ 00011010 /~ \ 00011001 /» \ 00011100 /~ \ 00011110 /» \ 00011011 /~ \ 00011111 /~

(aboriion ) (6001050 )» ( oagotoos )» (a00rt00 ) Cotooraio )» oagoton1 ) Cadoorit ) Cocoorion )» (atoroto )» (adtoioos )s

(86301300 )- (adt01t10 )» Codtoo1 )» Coototiii )» Coosonion )» (soozonno )» (oooroo0 )» (saoton00 ) ( saosonto ) (o000t )

(a60so111)» (ad050161 )» (a5600013 )» (o3600311 )» 63600101 )» ( 63600100 )» ( 63600010 )» ( 63600001 )» (63600130 )» (63601613 )

(otaortnn ) Cotoorion )» (otooiso0 )» (oraoioio ) Cotooroot )» (3601110 )» Cotoraons ) Cotodtaso )» (o16tiont )r (ogoriai )s

(orontion ) Cofottot0)- (63613160 ) (aitotonn ) Coftotons ) (oitorton ). (ortotiao ) Cottotort ) (ottoniat )r (o1t0%101 )s

(atartoto ) Cotottoos )- (63611500 ) (atonanio ) Cotostort ), (atotiit ). (atorion ) Cototoot ) (otoioant )r (62010500 )r
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(atotonio ) Cototoott ) (6361611 ). (atotoron ) Cototioto ), (otoitaot ) (atottton ) Cototitio ) (otoitont )r (ofottist )r

(atoriton ) (ot100% ), (6710001 )» (atiotton ) Cotiotito ), (ationont ). Cottoniat ) Coiorios ) (otitione )r (oi1t3001 )r

(at119900) Cotittite ), (ofittott ). (aritniet ). Cotittios ), (otidione)r Cotitaoos ) Cofititoo ) Cotititio)r (otitot )r

Coniiin ) Cotataion ) (ovioooto ) Cottooont )» Cotaootoo ) (ordootio ) Cottooot1 ) Cotiooita )» (ataooion ) (Gotoooos )s

(50300130 )- Codtooots )» Cootoosi1 )» Cootooior )» Csoooord )» (sofaoion )» Csorsoono )» ootsoons )» (dataonon ) (doraoio s

(oor50011)» (o0t5011)» (60396161 )» Cooticoor )» Cootaonio ) Coofioons )» Cootionis )» Cootaonon )» dotaoos ) Gotaoton )

(50011030 )- (abot001 )» (oootit0)» (oootitio)» (sooriont )r (saotiiat )» Csaotiios ) (83605000 ) (83001000 (S3100000)-

(5010000 ) (861116000~ ( Sa010000 )» (36011000 ) (00707000 )» 60101060 ) (50013000 ) (01011000 ) (61610060 )» (65011000 )»

(51910000 ) (03719000~ (63600000 )- (31001000 ) (otot0000 ) (63606060 )- (8t1otoos ) (oi1o0000)- (63601060 ) (50260000 )»

(11001000) (11010000
00111000 /7 \ 00101000 /*

0010000 \ (0110000 (0100000 ( 1000011\ (1000010 (1000110 (1001001 \ (1000001 \ ( 1000111
1(7,3;3) > 23: ( 0001110 |, 0001001 |, [ 0ooo101 |, 0010010 |, 0110001 |, [ 0010101 |, [ 0111011 |, [ 0100011 ), [ 0100110

0000001 }” \ 0000011 /” \ 0000010 /* \ 0001110 }* \ 0001001 /” \ 0001000 /* \ 0000100 }* \ 0000111 /” \ 0001100
1000001 1000011 1000010 1000100 1001100 1001000 1010100 1100100 1010010 1100111
0100111 0101101 0100010 0101110 0100001 0100100 0100001 0010011 0101011 0010110
0010001 0011110 0011011 0011100 0011001 0010011 0001101 0001011 0000100 0001100
1010110 \ { 1011010\ (1000000 ) { 1000000
0110101 |, | 0110010 |, | 0101000 ), { 0101001 |.

0001000 /* \ 0000110 /* \ 0010100 /* \ 0010111
0100011\ { 0100110\ (0100011 (0101100 (0100110 (1000011 (1000100 (1000001 { 1000110
ny(7,3;5) > 41: 0010110 ), ( 0oto011 ), ( o110t ), ( aotoion ), { ootiton ), { ootooor ), { oototor ), { oototo0 , | 0010010 |,
0001111 }” \ 0001000 /” \ 0000100 /* \ 0000010 }* \ 0000001 /” \ 0001011 )” \ 0001010 /* \ 0001101 /” \ 0001001
1000010 1000101 1001010 1000101 1001011 1001001 1000110 1000011 1001110 1000111
0011000 0100001 0101000 0100100 0100010 0100001 0100101 0101101 0101001 |, | 0101011 |,
0000101 0001110 0000111 0001100 0000110 0000011 0011011 0011010 0010101 0011101
1001100 1000001 1000101 1000010 1001000 1000100 1010011 1011000 1010010 1010001
0101010 0110010 ], { 0110001 |, [ 0110100 |, | 0111010 ), { 0110101 0100101 0101011 |, | 0100101 |, [ 0101010 |,
0011001 0001011 0001010 0001001 0000101 0001101 0001100 0000110 0001110 0000111
1010100 1010011 1011011 1010110 1010111 1010101 1100001 1101011 1100010 1100100
0101001 |, | 0110100 0110010 0110011 0110001 |, ( 0110110 0010100 0010010 |, | oo1o111 |,  oo1111o0 |,
0000011 0001010 0000101 0001011 0001101 0001001 0001000 0000100 0001111 0000001
1101000 | { 1000000
0010001 |, [ 0100000 .
0000010 /” \ 0010000
01000101 \ (01001111 (01001010 \ (10011010 { 10100101 (10010110 (10001110 { 10001001
n,(8,3;3) > 18: | oo101101 ), | 00100001 |, { 0oto0101 ), { 00100000 |, | 00010000 |, { 00110000 ), [ 01010011 |, | 01100101
ooo11111 /* \ 00011011 /* \ 00010011 /* \ 00000111 )* \ 00001110 /* \ 00001001 )* \ 00101001 }* \ 00010111
10000111 \ (10010001 \ (10110010 \ (10010010 { 10110001\ (10100011 (10100001 (11000101 (11001111 (11001010
01011111 |, [ 01110100 ), { 01101100 |, | 01110000 |, { 01100000 |, | 01010000 |, { 01011000 ), | 00100110 |, [ 00100010 ), { 00101010 |.
00111110/ \ 00000010 /” \ 00000001 /” \ 00001011 }* \ 00000110 /” \ 00001101 /” \ 00000011 /” \ 00010101 ) \ 00011101 /” \ 00010001
10011000 \ (10100010 \ { 10010001\ 10000001\ (10000011 /10000100 (10001100 { 10000110
n,(8,3;5) > 37: | ooto1011 ), [ oooto110 |, { oot10111 ), { 01000011 |, | 01000010 |, { 01001100 ), [ 07001000 |, | 01001101
00000101 /* \ 00001111 /* \ 00001010 /* \ 00010001 /* \ 00110011 }* \ 00010011 )" \ 00110010 /" \ 00011100
10001101 \ { 10001010\ 10000101 \ (10000010 { 10001000\ (10001011 (10001111 (10000111 (10001110 { 10001001
01001011 |, [ 01000101 ), { 01001111 |, { 01000001 |, { 01000100 |, | 01000110 |, { 01001010 ), | 01010011 |, 01101000 ), | 01010100 |,
00111000 /* \ 00011111 }* \ 00111010 ) \ 00100010 }* \ 00100001 /” \ 00100100 /* \ 00100101 /” \ 00101111 ) \ 00011010 /” \ 00110101
10010110 \ (10100101 \ (10011111 10010011\ (10110010 { 10010111\ (10110111 (10011100 (10111000 { 10101001
01000111 |, [ 01001110 ), { 01001001 |, [ 01100111 |, { 01011000 |, | 01100000 |, { 01010000 |, | 01100100 |, { 01011100 ], | 01110000 |,
00101100 /" \ 00011000 /* \ 00110100 /) \ 00001011 }* \ 00000110 /” \ 00001110 }* \ 00001001 /” \ 00000010 /* \ 00000001 }” \ 00000111
10100001 \ (10100100 \ (11000111 11001010\ { 11000101\ { 01000000\ { 10000000\ (10000000 { 11000000
01110100 |, [ 01111000 }, | 00010101 ), { 00111011 |, | 00100110 |, | 00101101 ), { 00100000 |, | 00100011 |, | 00100111
00001101 /" \ 00000011 }* \ 00001000 /* \ 00000100 /" \ 00001100 }* \ 00011011 /” \ 00010000 /" \ 00010010 }* \ 00011110
01000100\ {01001100\ (01001000 \ (10001001 \ (10000111 10000111\ (10001011 { 10001100
1(8,3;6) > 46: | 00101101 |, | 00100110 |, { 00101011 ), { 01000110 |, | 01001101 |, { 01010001 |, [ 01110011 |, { 01010100
00010110 /* \ 00011011 /* \ 00011101 )* \ 00010101 )* \ 00111111 /* \ 00001010 /" \ 00000101 /* \ 00000011
10001000 \ ( 10001110\ 10010000\ (10101110 (10010110 {10100111Y /10011000 (10100101 (10011111 { 10100100
01111100 |, [ 01001011 ), { 01000010 |, [ 01000001 |, { 01000001 |, | 01000011 |, { 01000101 ), | 01001111 |, { 01001011 ), | 01000110
00000010 /" \ 00101010 /” \ 00100111 ) \ 00011110 }* \ 00101111 /) \ 00011010 /* \ 00100010 ) \ 00010001 /* \ 00100111 /” \ 00011110
10011110 \ (10011001 \ (10011111 (10011100 \ { 10010101\ (10101100 { 10010100\ (10100011 { 10010001\ { 10100001
01000010 |, [ 01000011 ), { 01001010 |, [ 01001101 |, | 01010100 |, | 01101111 |, { 01010110 ), | 01100010 |, 01011000 ), | 01100110
00110101 /* \ 00111001 /* \ 00110011 ) \ 00111001 }* \ 00100001 /” \ 00010011 }* \ 00100101 ) \ 00011111 }” \ 00100011 /” \ 00010010
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10010000 10100011 01010100 10010010 10010011 10011000 10000110 10000100 10010100 10110110
01011100 |, { 01101011 00100000 01010001 01011101 01011010 01100010 |, { 01101000 ], { 01110101 ], { 01100101 |,

00100001 /” \ 00010011 /" \ 00001000 /” \ 00111010 /" \ 00110001 /” \ 00110010 /* \ 00001111 ) \ 00000001 /” \ 00001111 /) \ 00001010
10101000 \ (01000000 \ { 01000000\ 01000000\ (10000000 [ 10000000 { 11000000\ { 11000000
01011010 ], [ 00001001 |, { 00100000 |, [ 00101110 |, { 00001000 |, [ 00100110 ), { 00001011 |, [ 00101001 ).
00000101 /” \ 00000111 /” \ 00010000 /* \ 00011001 /” \ 00000100 /* \ 00011101 )” \ 00000110 ) \ 00010111
01000110\ { 11000110\ (01001000 { 11001011\ (01000010 { 11001010\ (01001101 { 11000000
n,(8,3;7) > 55: | oo101101 ), | 00100011 |, { 00101010 ), [ 00100100 |, | 00110011 |, | 00100001 |, [ 00111101 |, { 00101000 |,
00010111 /* \ 00011001 /* \ 00011011 }* \ 00010101 /) \ 00001010 }* \ 00000101 ) \ 00000010 /* \ 00000001
01010111\ (11000101 ) { 01100000\ (11000010 { 01100101\ (11000101 (10000110 { 10100000\ (10000011 [ 10101111
00100010 ], [ 00010001 |, | 00010100 ), { 00110000 |, [ 00010010 ), { 00110100 |, [ 00100000 |, | 01000011 ), { 00101111 |, [ 01001110
00001111 /" \ 00001000 /) \ 00001111 /” \ 00001000 /" \ 00001101 /” \ 00001001 ) \ 00010110 ) \ 00010000 /” \ 00011101 ) \ 00011000
10001111\ (10100100 \ (10001000 \ (10101110 ) { 10011011\ (10100101 (10011010 (10110101 { 10100011\ { 10000000
00101011 ], [ 01001000 |, [ 00111001 ), { 01000100 |, [ 00100001 |, | 00010011 |, { 00110000 |, [ 01010101 ), { 01011011 |, | 01000111 |,
00011100 /" \ 00011010 /" \ 00000010 /” \ 00000001 /" \ 00000111 /” \ 00001100 /* \ 00000111 /” \ 00001100 /” \ 00000110 /" \ 00010111
10010000 \ { 10000010 \ (10010010 \ (10001101 ) (10011111 (10000100 \ (10010101 (10011001 (10110101 { 10001100
01000000 ], [ 01001010 |, | 01000001 ), { 01001110 |, [ 01001001 |, { 01011101 |, { 01000010 |, | 01011001 ), { 01100000 |, [ 01000101
00101100 /” \ 00011100 /” \ 00100101 /” \ 00010010 /" \ 00100111 /” \ 00000011 /” \ 00001110 ) \ 00000011 /” \ 00001110 ) \ 00101110
10001111\ (10001010 \ 10001001\ (10000011 \ 10001110\ (10001011 (10001110 (10010101 { 10010001\ { 10101001
01001011 ], [ 01000011 |, | 01001101 ), { 01010010 |, [ 01010000 |, | 01011000 |, { 01010100 |, [ 01000111 ), { 01011111 |, | 01100111
00101001 /* \ 00111110 /) \ 00110101 /” \ 00100100 ) \ 00101110 /” \ 00100111 }* \ 00111100 ) \ 00110100 /” \ 00101100 ) \ 00010110
10010100 \ (10000001 \ (10000100 { 10000110\ (10000101 { 10010010\ (10101011
01011011 ), | 01100001 |, { 01100110 |}, | 01100011 |, { 01101010 |, [ 01101001 ), { 01110000 |.
00111100 /” \ 00000100 /* \ 00001011 }* \ 00011110 /* \ 00010010 /" \ 00000100 /* \ 00000110
00100110\ { 11101010\ (00100001 \ (11100101 (01000111 (01000010 (01000011 { 11001011
1,(8,3;10) > 80: | oooto111 |, | oootoot1 |, [ 00011000 |, | 0ootooot ), | ootootor |, [ oototoot |, | ootoooir ), { coto1i1o |,
00001010 /” \ 00000101 }” \ 00000011 }* \ 00001110 }* \ 00001011 }* \ 00000110 }* \ 00011001 ) \ 00011110
01001100 { 11001000\ (01001111 (11001010 { 01001100\ (11000110 (01001001 \ ( 11001111\ (01011001 [ 11000011
00100011 ], [ 00100110 |, | 00100010 ), { 00101000 |, [ 00100100 |, { 00100110 |, 00100111 |, [ 00101011 ), { 00101010 |, | 00010101
00010000 /” \ 00011110 /” \ 00010110 /” \ 00010001 /" \ 00010100 /) \ 00010010 /* \ 00011111 )" \ 00011100 /” \ 00000101 /” \ 00001101
10000100 \ { 10100100 \ (10001010 \ (10100001 \ { 10000010\ (10100111 { 10010001\ (10100010 \ (10010101 { 10110101
00101110 ], { 01000010 |, | 00101001 ), { 01000101 |, [ 00110111 |, | 01000001 ), { 00100101 |, [ 00010101 ), | 00110011 |, | 01010011 |,
00010010 /* \ 00010111 ) \ 00010001 /” \ 00011011 )} \ 00001011 /” \ 00001010 /” \ 00001111 )” \ 00001000 /” \ 00001111 /” \ 00001000
10010100 \ (10110010 \ (10010001 \ (10110001 \ { 10101000\ (10000111 /10000100 (10000101 { 10010100\ { 10000110
00110110 ], 01010001 |, [ 00111101 ), { 01010110 |, | 01010001 ), | 01000011 ), { 01000001 |, { 01000100 ), { 01001101 |, | 01001000 |,
00001001 /" \ 00001011 /" \ 00000011 /" \ 00001110 /" \ 00000100 /” \ 00001001 /” \ 00001100 ) \ 00011001 /” \ 00100010 ) \ 00011111
10011111\ (10001001 \ (10011000 \ 10010010\ { 10110001\ (10010101 { 10111100\ { 10011000\ (10110100 { 10000111
01000011 |, { 01010100 |, | 01001010 ), { 01010100 |, [ 01100011 |, | 01011001 ), { 01100110 |, [ 01011010 ), { 01100001 |, | 01000110 |,
00100100 /" \ 00000010 /" \ 00000001 /” \ 00001100 /" \ 00000110 /” \ 00000010 /” \ 00000001 ) \ 00000101 /” \ 00001101 /” \ 00100000
10000001 \ (10000110 \ (10000111 \ 10001101\ { 10000011\ (10001100 (10001100 { 10001000\ 10001111\ { 10001111
01000100 ], [ 01000110 |, | 01001000 ), { 01001110 |, [ 01000010 |, { 01000000 |, [ 01000101 |, | 01000111 ), { 01001111 |, [ 01010010
00101100 /* \ 00101101 ) \ 00101000 /” \ 00100001 /" \ 00110100 /” \ 00110010 }* \ 00110101 )* \ 00111101 /” \ 00111110 ) \ 00100001
10001000 | { 10000000 \ (10011100 \ { 10000000\ { 10010000\ { 10010000\ { 10010110\ { 10100000\ (10100011 (10011011
01011111 ), { 01010111 |, | 01000000 ), { 01010000 |, [ 01000000 |, | 01011101 ), { 01011110 |, [ 01101001 ), { 01100100 |, | 01010000 |,
00101101 /” \ 00110110 /* \ 00111111 /” \ 00111010 /" \ 00110101 /” \ 00100000 /* \ 00100000 /" \ 00010000 /” \ 00010000 /" \ 00111011
10011100 \ { 10000001 \ (10000000 \ { 10000100\ { 10001110\ (10001010 \ (10000110 { 10000010\ (10010011 { 10100001
01011110 |, [ 01100011 ), { 01100100 |, [ 01101000 ], | 01100101 |, | 01101010 |, { 01110101 ), | 01111010 |, | 01100111 ), | 01110100 |,
00110010 /” \ 00010011 /) \ 00010011 /” \ 00011010 }” \ 00010100 /” \ 00010111 }” \ 00001101 ) \ 00000111 /” \ 00001001 / \ 00001010
10101000 \ { 10101001
01111011 ), [ 01110011
00000111 /" \ 00000100
00100100 \ (11100111 (00101010 (11100100 (00110100 { 11100010\ { 01000101 { 01000101
n5(8,3;19) > 155: | 00010011 ), { 00010010 |, | 00010010 ), { 00010101 |, | 00001100 ], | 00001000 |, | 00100100 |, | 00100110 |,
00001001 /” \ 00001011 /” \ 00000111 }* \ 00001100 / \ 00000011 }* \ 00000110 ) \ 00001110 ) \ 00001101
01000000 \ { 11000000\ { 01000110\ (11001010 { 01000101\ (11000110 (01001001 { 11000100\ (01001101 [ 11001011
00100000 ], [ 00100000 |, | 00100011 ), { 00100011 |, [ 00101000 |, { 00101101 |, 00100000 |, [ 00101011 ), { 00100101 |, | 00101001
00010000 /" \ 00010000 /" \ 00011110 /” \ 00011110 /" \ 00010001 /” \ 00010100 /” \ 00010001 ) \ 00010000 /” \ 00010001 /” \ 00011101
01001100 \ { 11000101 \ (01001001 \ (11001010 \ { 01001100\ { 11000101\ 01010011\ { 11000001\ (01010011 \ [ 11010100
00100100 ], [ 00100110 |, | 00101001 ), { 00101011 |, [ 00101010 ), { 00100110 |, { 00100001 |, | 00011101 ), { 00110100 |, [ 00110110
00010010 /" \ 00010010 /" \ 00011011 /” \ 00011011 }” \ 00011100 /” \ 00010101 )" \ 00000100 ) \ 00000010 /” \ 00001011 ) \ 00001010
01010110 \ (11010011 ) (01010111 (11010110 { 01101000\ (01110001 \ (11000001 \ { 10000010\ (10100001 \ [ 10000011
00110010 ], { 00110010 |, [ 00110101 ), { 00110001 |, [ 00000110 |, | 00000100 ), { 00001100 |, [ 00100101 ), { 01000001 |, | 00100111 |,
00001111 /" \ 00001000 /" \ 00001011 /” \ 00001010 /" \ 00000001 /” \ 00000011 }” \ 00000010 ) \ 00010101 /” \ 00011101 ) \ 00011100
10100100 \ { 10000100 \ (10100101 \ (10000111 ) { 10101000\ ( 10000010\ (10101101 (10001000 { 10100001\ { 10001110
01001110 ], { 00100001 |, [ 01000010 ), { 00101110 |, [ 01001100 |, | 00101111 |, { 01000001 |, [ 00101110 ), { 01000100 |, | 00101100 |,
00011100 /* \ 0011111 ) \ 00011111 /” \ 00010110 }” \ 00010111 )” \ 00011000 /” \ 00011000 ) \ 00010100 /” \ 00010111 ) \ 00010110
10100010 \ (10000100 \ (10100110 \ (10001001 \ { 10001010\ { 10000110\ (10010001 \ (10000010 (10011010 [ 10000100
01000111 ),  oo110111 |, | 01000010 ), { 01001000 |, [ 01001001 |, | 01000111 ), { 01000011 |, { 01000001 ), { 01000001 |, | 01000010 |,
00010110 /" \ 00001111 /" \ 00001000 /” \ 00000011 /" \ 00000101 /” \ 00010011 /” \ 00101100 ) \ 00011000 /” \ 00101111 ) \ 00011111
10011011 \ 10000110 \ (10010100 \ (10000011 \ (10011111 (10001110 (10011000 (10001011 { 10010100 [ 10000000
01000010 ], 01001111 |, [ 01000011 ), { 01001110 |, 01001110 |, | 01000111 ), { 01000111 |, [ 01001011 ), { 01001010 |, | 01000000 |,
00100001 /" \ 00010001 /” \ 00101000 /” \ 00011100 /" \ 00100111 /” \ 00010110 }” \ 00101100 ) \ 00011000 /” \ 00101010 /" \ 00100000
10000101 \ (10000111 (10000111 \ 10001101\ { 10001100\ (10001010 \ (10001101 { 10000000\ { 10000000 { 10000001
01001010 ], { 01001000 |, | 01001011 ), { 01000000 |, [ 01000110 |, | 01001111 ), { 01001101 |, { 01000000 ), { 01000100 |, | 01000100 |,
00100010 /" \ 00100100 /) \ 00100111 /” \ 00100010 /" \ 00100011 /” \ 00100010 /” \ 00101001 ) \ 00110000 /” \ 00110001 /" \ 00111110
10000101 \ { 10001011\ (10001100 \ (10001001 \ { 10001111\ (10000011 \ (10000001 \ (10000100 \ { 10000010\ [ 10001110
01001101 }, [ 01000100 |, | 01000110 ), { 01001110 |, [ 01001000 |, | 01010010 ), { 01011111 |, [ 01011101 ), { 01011001 |, | 01010100 |,
oot11101 }” \ oot10101 )* \ oo111101 /” \ 00111001 }* \ 00111001 /” \ 00100111 }” \ 00100010 ) \ 00100001 /” \ 00101111 )" \ 00100110
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10001110 \ (10001001 \ 10000110\ (10011100 { 10000110\ (10010000 { 10000001\ (10011001 (10000101 { 10010100
01010001 |, | 01011111 |, | 01010001 |, { 01000011 ), | 01010110 |, { 01000011 |, { 01011100 ), | 01001111 |, | 01011101 |, { 01001101
00101100 /” \ 00101111 /" \ 00111111 }* \ 00110111 /” \ 00111111 /* \ 00111011 /* \ 00110011 /” \ 00111000 /" \ 00110110 }* \ 00111010
10000001 \ (10010101 \ { 10001010\ 10010110\ ( 10001101\ { 10011001\ 10001011\ (10011110 (10001100 { 10010001
01011011 |, | 01001111 |, | 01010110 |, { 01000101 ), | 01010000 |, [ 01001001 |, { 01011000 ), | 01001010 |, [ 01011110 |, { 01000110
00111100 /” \ 00111100 /" \ 00110001 /" \ 00111100 /” \ 00110110 /" \ 00110011 /* \ 00110010 /” \ 00110101 ) \ 00110101 }* \ 00111010
10011110 \ (10011100 \ (10011110 \ 10011011\ (10010101 { 10011000\ { 10010000\ ( 10010010\ (10010011 [ 10101010
01011010 |, | 01011010 |, | 01010101 |, { 01010111 ), | 01011011 |, | 01011010 |, { 01010101 ), | 01011010 |, | 01011111 |, { 01101101
00101110 /” \ 00100011 /" \ 00101101 }* \ 00101001 /” \ 00101000 /" \ 00101110 /* \ 00101011 /” \ 00100101 ) \ 00101000 }* \ 00011010
10101100 \ (10101010 \ { 10101001 \ (10100001 \ (10101110 \ { 10101000\ { 10100011\ { 10100000\ (10010100 { 10010110
01100100 |, | 01100110 |, | 01100111 |, { 01100110 ), | 01101010 |, { 01100011 |, { 01100001 ), | 01100010 |, | 01010101 |, { 01011111
00011101 /" \ 00010100 }* \ 00010100 /) \ 00011011 }* \ 00011001 /” \ 00011110 }* \ 00010111 /” \ 00010111 ) \ 00110011 }” \ 00110011
10010101 \ (10011001 \ (10011101 \ (10011101 ) 10011001\ (10011101 \ { 10011101 { 10000000\ { 10000101\ {( 10000011
01011011 |, [ 01010111 ), { 01010000 |, | 01010110 |, { 01010101 |, | 01010100 |, | 01011110 ), { 01100000 |, [ 01100101 ), { 01101101
00111100 /* \ 00110101 }” \ 00110001 /) \ 00110010 }* \ 00111001 /) \ 00111110 }* \ 00111111 /” \ 00010000 /" \ 00011010 }” \ 00010011
10001000 \ { 10001000\ (10001100 \ (10001111 { 10001000\ (10000111 { 10001001\ (10010110 (10010010 { 10110001
01100011 |, | 01100010 |, | 01100101 |, { 01101101 ), | 01101010 |, | 01110110 |, { 01110010 ), | 01101110 |, | 01110001 |, { 01110011
00011001 /" \ 00011010 }* \ 00011110 ) \ 00010011 }* \ 00011011 /” \ 00001010 }* \ 00000110 /” \ 00000001 /" \ 00000101 )” \ 00001101
10010011\ (10110011 \ (10011010 /10110101 (10100110 10100111\ { 10101100
01111001 |, | 01110101 |, [ 01111011 |, 01111101 ), { 01100001 ), | 01100011 |, [ 01100100 |.
00000101 /” \ 00001101 /” \ 00000100 /" \ 00000010 /* \ 00001001 /* \ 00001001 /” \ 00000001

01000101 \ ( 01001010\ { 01000101\ (01000110 (01001101 (01000100 { 01001100 { 01000001

1,(8,3;20) > 164: | 00010000 ), { 00110000 |, | 00100000 ), { 00100010 |, | 00100010 ), | 00100110 |, | 00100110 |, | 00101111 |,

00001010 /” \ 00000101 /* \ 00001111 }* \ 00010001 /* \ 00010001 /* \ 00011101 ) \ 00011101 /* \ 00011010
01000011 \ (01000010 \ { 01000101 \ (01001111 { 01000100\ { 01001100\ (01001011 \ (01001000 { 01001000 { 01001010
00101111 |, [ ooto1111 ), { 00101100 |, [ 00101100 ), | 00101101 |, | 00101101 |, { 00100010 ), | 00100110 |, 00101101 ), 00101100 |,
00011010 /" \ 00011010 /” \ 00011000 /) \ 00011000 }* \ 00011011 /) \ 00011011 }* \ 00010001 ) \ 00011101 }” \ 00011011 /” \ 00011000
10000111 \ (10001110 10001001 \ (10000000 \ { 10000000\ (10000101 ) /10001111 (10000101 (10001111 { 10000100
00100111 |, [ 00100111 ), { 00100111 |, [ 01000000 |, { 01000000 |, | 01000011 |, { 01000010 |, | 01001101 |, | 01001011 ), | 01001110 |,
00011110 /” \ 00011110 /" \ 00011110 }* \ 00011110 /” \ 00111001 /" \ 00011011 /* \ 00110110 /” \ 00010101 /) \ 00111111 }” \ 00010111
10001100 \ { 10001101\ 10001011\ (10001001 \ 10000111\ (10000111 { 10001000\ (10000101 ) (10000110 { 10000001
01001001 |, [ 01000011 ), { 01000010 |, | 01001110 ], { 01001001 |, | 01010001 |, | 01110011 ), | 01010010 |, 01110001 ), | 01011100
00111110 /* \ 00011100 /” \ 00111000 ) \ 00010101 }* \ 00111111 )\ 00001011 }* \ 00000110 ) \ 00001110 }” \ 00001001 /” \ 00000010
10000010 \ (10010001 \ (10110011 \ (10011001 \ 10110111\ (10010011 \ (10110010 (10010010 (10110001 \ { 10000000
01111000 |, | 01000110 |, | 01001011 |, { 01001000 |, | 01000100 |, { 01010010 ], { 01110001 ], | 01010100 |, { 01111010 ], { 01000000 |,
00000001 /" \ 00001011 /" \ 00000110 /" \ 00000111 /” \ 00001110 /* \ 00001001 /” \ 00000111 /” \ 00001011 /* \ 00000110 /* \ 00100111
10000110 \ (10001010 \ (10001000 \ 10001010\ (10001110 { 10000010\ { 10000001 \ { 10000010\ { 10000001\ { 10000111
01000001 |, | 01000001 |, | 01000111 |, { 01000110 |, | 01000111 |, 01010010 ], { 01100001 ], | 01010110 |, | 01101101 |, { 01010110 |,
00100100 /" \ 00101101 /" \ 00101001 }” \ 00101010 /” \ 00101010 /" \ 00100000 /* \ 00010000 /” \ 00100000 /" \ 00010000 /" \ 00100011
10001110 \ (10000101 \ { 10001111\ (10001000 \ (10000100 \ { 10001000\ { 10000100\ ( 10001011\ (10000110 { 10000011
01101111 |, | 01010011 |, | 01101011 |, { 01010100 ), | 01100011 |, { 01010100 |, { 01101000 ), | 01011001 |, | 01100101 |, { 01010011
00010010 /* \ 00101110 /” \ 00011001 ) \ 00100101 }* \ 00011111 /” \ 00101000 /* \ 00010100 ) \ 00100011 }” \ 00010010 /” \ 00110000
10000011\ (10001010 \ (10001100 \ (10001100 \ (10001001 { 10001101\ { 10010100\ ( 10101111\ (10010111 (10101101
01011011 |, [ 01010110 ), { 01010010 |, | 01010100 |, 01011010 |, | 01011111 |, { 01000111 ), | 01001110 |, | 01001001 ), | 01000111 |,
00110000 /* \ 00110111 }” \ 00111010 ) \ 00111100 }* \ 00110001 /” \ 00110001 /* \ 00100001 /” \ 00010011 ) \ 00100001 /” \ 00010011
10010110 \ (10101100 \ { 10010010\ 10101001\ (10011101 (10100110 10011000\ ( 10100110\ (10011100 { 10100111
01001101 |, [ 01001011 ), { 01001010 |, [ 01000101 |, { 01000010 |, | 01000001 |, { 01001000 }, | 01000100 |, { 01001001 ), | 01000111 |,
00100010 /" \ 00010001 }” \ 00101100 /) \ 00011000 /" \ 00100110 /* \ 00011101 }* \ 00100011 /” \ 00010010 /* \ 00100101 )” \ 00011111
10011100 \ (10101100 \ (10010111 10011000\ (10011101 (10011010 (10011011 (10011101 (10011000 [ 10011110
01001000 |, [ 01000100 ), { 01001111 |, | 01000110 |, { 01000011 |, | 01001001 |, { 01001110 ), | 01001100 |, { 01001100 ], | 01001110 |,
00101000 /" \ 00010100 /" \ 00110100 }* \ 00110011 /” \ 00111011 /" \ 00110010 /* \ 00110010 /” \ 00110001 /" \ 00111100 }* \ 00111010
10010110 \ (10101011 \ { 10010010\ 10100011\ ( 10010011\ { 10100001\ (10010100 ( 10101000\ (10011011 [ 10100110
01010101 |, | 01101001 |, | 01011010 ], { 01100111 |, | 01011100 |, | 01101011 ), { 01011110 |, | 01101101 |, { 01010000 ], { 01100000 |,
00101011 /" \ 00010110 /* \ 00100011 }* \ 00010010 /” \ 00100001 /" \ 00010011 /* \ 00101000 /” \ 00010100 /" \ 00100000 /" \ 00010000
10011000 \ (10100000 \ { 10010011\ 10010110\ (10010010 \ { 10010000\ { 10010100\ (10011101 { 10000001\ { 10000100
01010001 |, | 01100111 |, | 01010110 ], { 01010111 |, | 01011110 |, | 01011110 ), { 01011011 |, | 01010000 |, { 01100100 ], { 01100010 |,
00101000 /" \ 00010100 /* \ 00110010 }” \ 00111101 /” \ 00110001 /" \ 00111100 /* \ 00111100 /” \ 00110000 /" \ 00000011 }* \ 00001101
10001010 \ (10010111 \ (10110110 \ 10011001\ { 10110101\ { 10100010\ { 10100111\ { 10101001\ (10101110 { 10100001
01100011 |, [ 01110010 ), { 01100001 |, [ 01110100 |, | 01101100 |, | 01000110 |, { 01000101 ), | 01010011 |, 01011000 ), | 01100011 |,
00000111 /" \ 00001100 /* \ 00001000 /) \ 00000011 }* \ 00000010 /” \ 00001101 /* \ 00001001 /” \ 00000100 /” \ 00000001 /” \ 00001110
10100011 \ (11010000 \ { 11110000\ 11010011\ (11110010 (11000111 (11001110 (11000001 \ { 11000011\ { 11000010
01100101 |, [ 00001010 ], { 00001010 |, | 00001000 |, { 00001000 |, | 00100100 |, { 00100100 ), { 00101011 |, [ 00101011 ), { 00101011
00001101 /” \ 00000101 /” \ 00000101 ) \ 00000100 /" \ 00000100 /” \ 00011100 /* \ 00011100 ) \ 00010110 /” \ 00010110 /” \ 00010110
11000110 \ ( 11001101\ (11000001 \ (11000011 \ 11000010\ (11001001 \ (11001011 (11100001 ) (11100000 \ { 01000000
00101001 |, [ 00101001 ), { 00101110 |, | 00101110 |, | 00101110 |, | 00100100 |, { 00101001 J, | 00001000 |, { 00001010 ], | 00000010 |,
00010111 /” \ 00010111 )” \ 00011001 ) \ 00011001 }* \ 00011001 /” \ 00011100 /* \ 00010111 /” \ 00000100 /* \ 00000101 }” \ 00000001
01000000 \ { 10000000 \ { 11000000\ (11000000 \ (10010101 \ (10011111 { 10010101\ (10101010 (10011111 (10100101
00100001 |, | 00001011 |, | 00000010 ], { 00001001 |, | 01011101 |, 01010000 ], { 01010001 ], | 01100110 |, | 01010101 ], { 01100000 |,
00010011 /" \ 00000110 /" \ 00000001 }” \ 00000111 /” \ 00111111 /* \ 00111010 /* \ 00101010 /” \ 00010101 / \ 00100101 }* \ 00011111
10010101 \ (10011111 (10010101 { 10101010\ (10011111 { 10100101
01011101 |, | 01010000 |, { 01010001 |, | 01100110 |, { 01010101 ), { 01100000 |.
oo111111 /” \ 00111010 / \ 00101010 /* \ 00010101 /* \ 00100101 }* \ 00011111

00000100 \ (00001100 \ { 00001000\ { 00001000\ (00001000 (00100001 \ { 11100110 { 00101010

1,(8,3;22) > 180: | 00000010 ), { 00000010 |, | 00000100 ], { 00000100 |, | 00000110 ], | 00011000 |, { 00010010 |, | 00011011

00000001 /" \ 00000001 /* \ 00000010 /* \ 00000011 /" \ 00000001 }* \ 00000101 /* \ 00001101 ) \ 00000101
11100010 \ (01000001 \ (01000010 \ (01000000 (11001110 (01000011 (11001010 (01000101 { 11001010\ { 01000100
00010101 |, [ 00100011 ), { 00100101 |, [ 00100110 ], { 00100000 |, | 00100110 |, { 00101110 ), | 00100100 |, 00101101 ), | 00101110
00001101 /” \ 00001010 }” \ 00001010 /) \ 00010101 }* \ 00010011 /” \ 00011110 }* \ 00010011 /” \ 00011010 ) \ 00010010 /” \ 00010011

117



11001011
00100010
00010111

11000010
00100101
00011010

10101111
01000001
00010010

10101010
01001100
00010100

10101011
00011001
00000111

10010001
01001101
00100010

10011111
01001110
00100111

()
(i)
()
()
()
(i)
()
()
()
()
(i)
(i)
(i)
(i)
(i)
()
|

01000100
00101111
00010110

01001010
00101000
00011101

10000100
00100011
00010110

10000110
00101110
00010101

10010101
00100111
00001111

10000000
01000000
00011010

10001110
01000111
00010110

11001001
00100010
00011000

11001000
00100101
00010100

10101111
01000010
00011110

10101001
01000011
00010111

10100001
00010100
00001000

10010101
01000000
00100000

10011000
01000111
00101100

(e ). ) ). ) (. )
(G ()G (R . (G A (B . ()
(. (. ) (). () (. e
() () (. (i (. (i)
() (). ) () (i) (. )
() () (. () ) (. )
(DS T ) ) A
(5 (A Lt S (L) LA A (L)
(), () ) (. () (. s
() () () (e (. )
(. (). ) () (). ) (. )
() () (. () (). i ()
() . ) () () (. )
() (. ) (. ). ) () )
() () (. (e (. ()
<( ) () ). ) () ). (.

01001111
00100001
00011110

01010110
00100001
00001011

10000010
00100001
00011001

10001101
00100000
00010000

10010111
00110111
00001110

10000100
01000101
00011000

10001111
01000011
00011000

11000000
00101000
00011111

11000110
00010101
00001010

10100101
01000001
00011111

10101001
01001001
00010000

10111011
01010000
00000111

10011011
01000010
00101101

10010010
01001000
00101110

01001101
00100101
00011001

01010100
00110111
00001101

10000011
00100111
00011100

10001110
00101100
00010110

10101001
01011011
00000100

10000001
01001111
00010011

10001100
01000111
00011111

11001111
00101001
00011101

11010010
00110111
00001001

10100100
01001110
00011100

10100010
01000111
00010110

10100001
01010110
00001100

10011001
01001111
00101000

10010010
01000110
00101100

01001000
00101011
00010000

01011110
00110010
00000001

10000111
00101001
00010001

10000100
00110011
00001101

10000010
01000110
00001011

10000110
01001011
00010111

10000001
01011001

00000010 00000001
10001000

11001110
00100100
00011010

11010111
00110110
00001111

10101000
01001100
00011011

10100101
01000010
00001001

10000100
01000001
00001011

10010101
01000011
00101010

10010100
01001110

01001010
00101011
00010101

10000010
00100100 |,
00010111

10000111
00101000 ),
00010100

10010100
00100011
00001110

10000101
01000100 |,
00010011

10000011
01001110 |,
00011100

10001010
01011001
00000110

01001001
00100000

10001101
01000000
00111100

10001001
01011011
00101110

10001101
01010011
00110001

10011000
01011001
00100010

10101100
01100100
00011011

10011100
01011110
00110100

10001110
01101011
00010001

10100001 )
4

01001000 01001001 01000110 01000111 01000110 01001010 01001100 01001011 01000101 |,
00101011 00101010 00110000 00111010 00111101 00110010 00110101 00111100 00110100

10001101 10001111 10000011 10000001 10000000 10000110 10001000 10001110 10001110
01001011 01001001 01010010 01010101 01011011 01011000 01010100 01010001 01011000 |,
00111111 00111101 00100111 00100110 00101011 00101111 00100110 00101100 00100001

10001010 10000000 10010000 10000011 10011100 10000101 10011110 10000101 10011100
01011101 01010000 01000000 01010100 01001110 01010110 01001101 01010010 01001101
00101111 00110000 00110000 00110101 00111111 00110010 00110010 00111011 00111011

10010111 10001000 10011011 10001000 10011001 10001111 10011101 10010000 10010111
01001001 01010001 01000100 01010101 01000100 01011010 01001000 01010000 01010011
00110001 00111101 00110110 00111000 00111001 00110110 00110110 00100000 00101011

10011001 10011101 10011110 10011111 10010001 10100000 10100110 10100011 10101010
01010000 01011010 01010110 01011100 01011110 01100000 01100010 01101000 01101011
00100010 00100100 00101001 00101001 00100111 00010000 00011010 00011100 00010001

10100101 10101011 10100011 10010000 10010111 10010000 10010011 10011110 10011101
01101111 01101100 01101110 01010000 01010011 01010101 01011110 01010110 01011010 ),
00010001 00010010 00011011 00110000 00110001 00111010 00110111 00110010 00110110

10011010 10000000 10000111 10001001 10001100 10001100 10001001 10001011 10001101
01011101 01100111 01101010 01100111 01100000 01100101 01100001 01100100 01100101
00111000 00010010 00010001 00010000 00010100 00010111 00011101 00011101 00011001

10001010 10000010 10000101 10011011 10010001 10110101 10010100 10110010 01000110
01101000 01110011 01110001 01100011 01110110 01110110 01110111 01111010 00100000 |,
00011011 00001001 00001001 00000101 00001011 00001010 00001000 00000100 00011110

10101000
01100100 .
00000010

01101011
00000101

13(5,2;2) 2 12: (gaoor ) (oor20 ), (o120 )r otz ): Conzot )» Cotooz )» Conitz )r Conaro )» Corito)s (o112) Cootat ),
(aor10)

13(5,2;4) 2 34: (40015 ), (odorr ) Coton ) Coiao)» Caonor )» Cadrar )» Cadrn )» (adico )» (ot )» Covina ), (1t
( 10121 ) ( 10022 ) ( 10122 ) ( 10011 ) ( 10222 ) ( 10020 ) ( 10201 ) ( 10022 ) ( 10201 ) ( 10200 ) ( 10202 ) ( 10210 ) ( 10100
01112 /» X\ 01110 /» \ 01102 /» \ 01202 /» \ 01212 / \ 01200 / \ 01210 /» \ 01201 /» \ 01211 / \ 01100 /- \ 01122 /» \ 01101 /» \ 01222 J

(ota20): (o131 ) (otat )» Cofaa)r (aio30)- Caoona)» Coots ) Coofis)r (aotao )» (Baoon )-
13(5,2;5) 2 44: (o012 ), (oot ), (60016 )r Coorao)» Caomat )» Caonz )» Cadnon )» Contto )» (oo )» (oniaa ), (onia2 ),
(ortoo ), Conizo), Comat)s Conton)» Contiz )» Conon )s Coraot ), (onant ), (on222)» Conzon)» Conzon ): Corznn ) (onarz ),

(oza1), (o231) (1303 ), (o2 )» Contta )» Cotizo)s Coton )s (onar ) (o113 )r (ot2a0 )» (oot )» Cotto)s (o230 ),

(oot00)- Coora1 )» Coooor ) (Goo6r )» Cavono ). Cotoor )» Coronz)-
13(5,2;7) 2 61: (o110 ), (6ot12)» (aot02 ) Cootrz ), (50160 )» Coagon ) Coonor )» Caora )» (oorz0 ) Caorn )» (oonzz ),
Caooto ) Conor2)- Conooz ). Cotoat )» Conont )» Coraor )» Coror2 ), (aroat ) Convor )» Cottoz)» Contoz )» Cortrz)s (orra ),

(or201), (or220) (1020 ), Co1020)» Conago )» Cornon)s Cornan ), Conian ) Comnin)» Conrin )» Conan)s Corago s Conaod ).
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(or200), (ar610) (o1612), (01622 )» Conton)» Corizo)s Conizz ), (r202) (onzi0), Conzat )» Caonon ): Cooto ) Cootot )
11010 ) ( 11022 ) ( 11100 ) ( 11200 ) ( 12000 ) ( 12001 ) ( 12012 ) ( 12020 ) ( 12102 ) ( 12102 ) ( 12220
00111 /» \ 00102 /» \ 00011 /» \ 00010 /- \ 00100 /» \ 00111 /» \ 00121 /- \ 00121 /» \ 00011 /- \ 00012 /- \ 00001 /*

13(5,2;8) 2 71: (gort1 ), (oor20), Gtz )r (gor2)» Caooto )» Caonon )» Caoroz )» Cootoo )» Coonzo)s Coonz2 ) oozt ).
Cadott )» Caoaor )» Coton ) Cotooe ) otooo ) (o1610)- (67202), (oo )» (ation )r (otiaz )r Co2ta )» Conaio )» (oont )s
(ot2a1 ), Cotaz )» Conast )r Cotont )r Conons ) (1021 ) (oviad ) (otino ) (atiza)s Conait )r (ot23)s Coaon )» Coato )s
( 10122 ), ( 10201 )/ ( 10202 )/ ( 10200 )’ ( 10202 ), ( 10210 ), ( 10222 )/ ( 10200 )’ ( 10211 )’ ( 10211 ), ( 10210 ), ( 10220 )/ ( 10221

01222 01001 01000 01011 01020 01022 01002 01110 01100 01101 01120 01112 01111 /7

(or202), Corza2), (onz2n), (o120 )» Conzio )» Caonoo )s Contoo ) Coonon ) Coonoz ): Cooniz )» Cavort )» Caooon )s Cononz ).

(so0r3)» Caoro ). Caorat )r (o000 )r (03192 ), (63iio ) (aota ). (odono )-

n3(5,2;11) = 101: (Go0it), (Gooto ) (Gotv2), (00312)r (ootz0)r (00122 ). ootz ) (Bovzz ), (Godo ) (Gotio)s
(bott2 ), Cooor2 ), Cooton ) Cootio )» Coorar )» Caotoz )s (annz6 ), (ootzo ). Conoon)» Coooto )» Cavorz )» Caoora )» oo ).

Cotooo)s Catort ), (1020), Cotooz )» Contto )» Corto)s (ot ), (othi2), ontao)r Cottn )» Coiiz)» Contzn ) (a2 ),

(o202 ), Covo1 ), (on22), Conzon )» Conadz )» Corant s Conatt ), (anoat ). Conoor )» Cotoon )» Cotozz )» Corton )s Cotioo )
( 10111 ) ( 10112 ) ( 10121 ) ( 10100 ) ( 10111 ) ( 10121 ) ( 10122 ) ( 10121 ) ( 10122 ) ( 10200 ) ( 10201 ) ( 10202 ) ( 10212
01112 /» \ 01122 /- \ 01121 /» \ 01212 /- \ 01201 /» \ 01200 /» \ 01200 /» \ 01212 /- \ 01210 /» \ 01002 /- \ 01012 /» \ 01021 /- \ 01001 /~

(oror2 ), (or6z2), Contat ), Contzz)» Contio)» Cortio)s Cortzo ), (onioo ) Contao)r Conzon)» Cona22)r Corzon s Conani ),

(01326, (o130 )» Corzto) (01312 )» Caoon ), Cootor )» Caotoz ) gotto): Caonto)s Cootz2)r Cootoo)s Cootad ). (oorar )

Cootta ), Coagor ) Codonn )» Cotona )» Cadron )» Codrta ), (dtoa ) (odiaz)» (o162 )» Cadian )» Codoon ) Codon ) (oot )

13(6,2;8) 2 66: (31020 )» (000102 )» (o613 ) (030121 )» (aoiion )» (o80022 ) (ot ) (636921 )» (001202 )r (ofoiea )
(101011) (100110) (102002) (102000) (102011) (100020) (100002) (100111) (102202) (100100) (100010) (100200
000122 /7 \ 010200 /- \ 012210 /- \ 011221 /- \ 012200 /» \ 011012 /- \ 012111 /- \ 011121 /» \ 011021 /» \ 011222 /- \ 012120 /» \ 011001 /~

Cotra01 )» (ortoo2 )» Cottata ), Cotaiai )» (ovaoor ) Cotiina )» (071720 )» Corzina ) Cotoon )» (otonoe ) (01223 )r (0222 )s

(01226 ). Cototao )» Caotono )» Cotiora )» Cotiono )» Cottiza )» (otaio0 )» (ov3101 )» ootnia )» (691220 )» o012 )» ( 6d4292 )s

(082020 )» (056221 )» ooz )» (o053 ). Coraaor )» (051203 )» (ooaon )» Cotonn ) Cotaatt )r (51200 )» ooiiss )r (013133 ),

(012000 )» Cooran0 ) (631931 ) (gotz20 )» (adosos )» (atoiza ) (63020 ) (Gdoona )-

n3(6,2;11) = 95: (gotono ) Caodnon ) Cooroot ) Cootoar ) Coorton ), Cooonto)s Congont ) Cooonit ) Caorioo ).
(100220) (100021) (102221) (100002) (101111) (100100) (100010) (100102) (101121) (100121) (102201) (100110
001110 /7 \ 010020 /- \ 010002 /- \ 010120 /» \ 010012 /» \ 010021 /~ \ 012221 /- \ 010121 /- \ 012201 /» \ 010112 /» \ 011122 /» \ 010212 /~

(oft302 ), Cotoao1 )» (81293 ) Cotoaoa)» (7701 ) Cooao0 )r o7zt )r (aiioa0 ) Coftoo )» (679033 ) (oot )s (673040 )s

(o912 ), Cotiata ). Coftion ) Codizat ), (odt39 ), (ottono ) Cototn )» (otatos )» (o102 )» (otioia )s (69331 )r (69510 )s

(ot2o11 ) Cotaizo ) Cototoo ) Cotooto ) Cotonz )» (oiiiao )» (otozon )» (073212 )» (630210 )» (636230 )» (6022 )» 07512 )s

(otaood )- (672392 ): (otonan ) Cota09)r (690221 ) Cofioes ) (atiaio ) (ataoni ) (otizot )» (ottot ) (ofa020 ) (&91a00 )r

(otas00)- (072003 )» (aia120 ) Cotoona)r (692310 ) (ofata )r (otioos )» (aitito ) Cotooro)r (ofait ) (of2200 ) (650211 )s

(ottii1), (otions )r (onaong ) Cottzzs )r (oodasa ) Cooiato )s (ootios ) (aotast ) Coootat )» (odtoon ) (agos00 )r (63i3a1 )r
( 121001 ) ( 122020
000010 /7 \ 000001 /*

n3(6,2;12) > 105 (Gooora ), (odorto ) (ootors ) (odiata ), (Gotioa ) Coiiz ) (oomiz3 ), Catiana )r (a016a0 ),
(122000) (010220) (120112) (011000) (011010) (120100) (012102) (120000) (100011) (101202) (100020) (101011
000102 /7 \ 001111 /- \ 001022 /- \ 000120 /~ \ 000111 /» \ 001101 /» \ 000011 /- \ 001211 /- \ 000112 /-~ \ 010012 /» \ 001002 /~ \ 010002 /»

(0601290, o00122 )» (oo1951 ) Cototas )r (603222 ) Cotoord )- aotaot )» (ataozo ) (o0iata )» (odotar ) (ofosa0 ) (600001 )r

10201 )» (06100 )» Coooto )» Cooor2 )» (a1 )r Corons ) Coraoon ) Cotozi ) Coita3 ) Cotooon )» Cotooro )» (otoost )
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( 101222 ), ( 100101 )’ ( 110221 ), ( 100111 ), ( 110210 ), ( 100111 ), ( 100202 ), ( 110222 )’ ( 100211 ), ( 100210 ), ( 100010 ), ( 100021

011012 010110 001011 010210 001021 010212 011002 001000 010202 011011 011101 011100 /7
( 110100 ) ( 100012 ) ( 101210 ) ( 101202 ) ( 100201 ) ( 110102 ) ( 100112 ) ( 100121 ) ( 110000 ) ( 100101 ) ( 102102 ) ( 100122 )
001110 /- \ 011211 /» \ 011122 /- \ 012220 /- \ 011200 /- \ 001120 /» \ 012010 /- \ 012000 /» \ 001200 /- \ 012101 /» \ 012100 /- \ 012200 /~/

(012512), (010023 )» (01932 ) (otii0a)r (6332 ), (oaiaa )s (oiono )r Catian ) (odtons )r (692012 ) Cofidos ) (656111 )s

(ot1222), (071230 )» Cora025 ) Cotaoen )» (ontiat ) Cooio )» (073301 )» Cotiton ) (o125 )» (oot ) Coaato )s (Gotaat )s

(500201 )» (gosoto ) (ot6300)- (o339 ), (aiiaat )r (70st ), (otaiat ), Cottors ) Cottano)s (otoit )» (o72001 ) (dooson )-

Setting v = w? and 1 = w® we have the following FF; examples.
n4(5,2;2) = 20: (§o101), (001 (oot (Goont ) (@6t (oot ) (o1300) (ottie) (o1tee) (0tw) (60166} (00te0)
(110ww) (1a)v0v) (1v0va)) (100v1) (10000) (101va)) (1va1) (10vva)

00100 /7 X\ 00010 /7 \ 00110 /7 \01000/7 \01v01/7 \0lvwl/” \0lvlw/7 \Olvvw/*
n4(5,2;3) 2 39: (50%0) (B0001) (00030 (ot (601t )y (667100 ) (tocs ) (36170) (o) (Gt ) (ototis) (016m1)
(i), @l6st @by, (Gitan) @), (Gsrn) (Ravs ), @Rty @5en), (39man) @heao), (Bfeao) (D), (6300,
(01560 (0110} (oteao) (0tevo) (1s10) (015w} (oteoo) (Glait) (oleww) (oteve) (01611) (6Thwa) (6T000)-
14(5,2;5) = 75: (50615), (00100) (00750 (660ee) (061)r (ot (6015 (obin)r (6601 ) (G61on) (G0ten) (0011
o010 (56261 (G6te0) (66700) (600100 (ane0) (66110) (@670 (Botec) (aobre) (aorew) (66tte) (B0i6e) (%000
(01100 (01110 (015es ) (671es) (010s0) (o1a61) (037000 (atemer) (otetw) (Ot (61610) (B16te) (orvte) (Otomi)
(01000 (01111 @t (orao0) (@2t (orove) (6101 ) (02611 (6e00) (rmto) (o16ir) (ottow) (61oe) (Glosi)
(01es0) Qo) (0i6es) (0iots) (orooe) Greeny (@10) (o) Glast) (taww) (o1oit) (01100 (oroow)
(101vw) (10lww) (10wv1) (1va1) (100wv) (10111) (101vv) (10va)0

01v01 /7 \0lvvw /7 \01v00/7 \011w1/” \0lww0/7 \Olwlv/” \0Olwwl/” \0lvvv/*
14(5,2;6) = 90: (56017), (c0onw) (G0010) (00101 ) (@100 (00100 (001w1) (Cotees)r (C0t) (@0tw1) (@01 (Go1ue )
(Gorot)r (oo (Gotom) (o1t (Gotem) (Gotow) (Goto0) Coten ) (oot (bhote) (bora) (a6606) (ootow) (hooen ),
ey, (66000 (bt (Bo5eh), (300 ) (63020), (6oL, (39a60), (Gomdt)r (Bhaod), (B5aum), (6eio), (B, (3910,
(09on), (629), (0594 ), (5156 (Gromi), (o), (o), (itas ) (61, (6136, (atomn ) (Gt (Goone)s (Gt
(ot0), (635600 (Grom ), (37mae), (9959, (Grote)r (090a0), (@3568), (35050, (tcaa, (090md), (Gese), (ian) (B410),

(e (672, (o) (G151 (GT1o0) (6750), (3tmod) (670 (02d0) (G150), (G310 (697360, (Ghmisd ) (ot

(otvon) (01950) (1761 ) (arta) Glant) (leto) (omvwe) (GioTs):
n4(5,2;7) 2 107: (ga601)» (o0001) (o0116)r (oot (G0106) (orond)r (orore (01316)r (67100 (66150) (00tw0)r (aotes0)

(o010> (otov0) (61310) (atteok (Gotwn) (G150} @orto) (aibew) (01000) Gortwn) (61210) (Goton) (@oten) (cotoo)

(atovw) (0100 (orton) (om100) (Goton), (oroo) (aoror), (orun) (ataco) (o) Gorion) (6ovto) (oa6ty) (1335,
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Cotoa )s (01322), (vt )s (01213 )» Conast )» Cotaoa )s Conon )s (andat ) (onsai)s Conzso )s Coaat )r Conns s (ovng),

Corto)s (ordnn), (onr2), Coonas)r Coora )r Cansz )s Codion )s (odzo ) Conion)r Cotiaz )» Conia)» Corian s (othi3 ),

(orx22)s (o1233) (onzaa ), Conz00)» Connt )» Coaso )s Conadz ), (01320), Conaan ), Con36o )» Conaao)r Conzso ) (onisd ),

ot310)» Co1a3 )» Cootoo ), Coons ), Coonar ), Coonza)» Coonz )» Conisa)s Corms ), (onizz ), Contar)r Cotton)» Conann )

(o1332), (otao0)r (otan )r (ofaid).

ns5(5,2;8) > 176: (§of%), (go331), (o1a0), Cooond)r (06331) (adtoa ) (3odia)r (oooid ) (Sofaa)s (ooias ).
(600t ), (oot ), Coaorz ) ootz )» Caoaor )» Cotooa )s Cantoa ) (avono ) Coonn )» Cotoad): Caonoz )» Cotozt s (oonia ),

Cotodo ) Coo103 ) (oro13 ), Coonit )» Conost )» Cao123 s Coroos ) ovoos ) onon)r Cotoan )» Cotonz )» Coraoo ) (otozo ),

(o102 ), Cotos2 )» Conaor )» Contsz)r (ot ) (13 ) (61t ) (01103 ) Conads )r (onz3 )r Cotasz )r Conaz )r (oo )s
(o203 )» Cotzaa )» Conz0)» Coonaz)r (o130 ), (o1514), (6126 ) (ovsa0 )s Cotaos )» Conaia )r Cotasa )r Conaar )» (o1s4)s
Cora2e)r Cotza)r Cotoas )r Constz)r (on023 ), (onort ) (61030, Coonos )s Corta)s Corosn )» Cotata)» Cotoio )» Cotior )»
( 10143 )’ ( 10321 )’ ( 10104 ), ( 10200 )’ ( 10121 )’ ( 10420 )’ ( 10120 )’ ( 10131 ), ( 10421 )’ ( 10103 )’ ( 10300 )’ ( 10133 )’ ( 10234

01012 01110 01144 01401 01101 01402 01143 01124 01120 01232 01133 01211 01200 /7
( 10141 ), ( 10422 )’ ( 10144 ), ( (1]3020 ), ( 10142 ), ( 10100 ), ( 10102 ), ( 10210 ), ( 10120 ), ( 10340 ), ( 10122 ), ( 12022 ), ( (1)0244

01201 01444 01210 0121 01224 01323 01343 01144 01304 01012 01330 00133 1241 )7
Cotain ) (o120, (ota3s )» (o143 ) (o421 )r Conaa2 ) (03612), Coroun )» (01630 ) Conoaz )» (01622 ) (61823 )r Cotise )s

( 10334 ) ( 10203 ) ( 10323 ) ( 10320 ) ( 10201 ) ( 10433 ) ( 10214 ) ( 10243 ) ( 13010 ) ( 10240 ) ( 10312 ) ( 10200 ) ( 10212

01024 /- \ 01102 /» \ 01130 /» \ 01021 /» \ 01223 /» \ 01331 /» \ 01234 /- \ 01403 /» \ 00120 /7 \ 01204 /- \ 01024 /» \ 01310 /» \ 01311 /~

Conana )r Cotaza )r Conz0)» Con30z)r (o132 ), (1500 ) Cootao ) (o1331)s (onaat )s (adnaz)r Caonao)» Consza)» Contin )s
10242 ) ( 10344 ) ( 10314 ) ( 10322 ) ( 10341 ) ( 10320 ) ( 10324 ) ( 10333 ) ( 11030 ) ( 10313 ) ( 10441 ) ( 10312 ) ( 12032
01431 /7 \ 01343 /7 \ 01042 /- \ 01041 /» \ 01334 /- \ 01100 /» \ 01123 /- \ 01201 /» \ 00113 /7 \ 01242 /» \ 01341 /» \ 01310 /» \ 00131 //

( 10442 )’ ( 10301 )’ ( 10443 )’ ( 10300 )/ ( 10304 )’ ( 10311 )’ ( (1)0444 )’ ( 10310 )’ ( 10333 )’ ( 10330 )’ ( 11043 )’ ( 10402 )’ ( 10404

01112 01402 01210 01412 01412 01404 1121 01413 01424 01430 00100 01342 01114 /7
10401 10403 13041 13043 11012 10402 12024 13013 13302 11101
( 01432 )/ ( 01221 )/ ( 00124 )/ ( 00123 )/ ( 00121 )/ ( 01410 )/ ( 00141 )/ ( 00142 )/ ( 00013 )/ ( 00010 /*

n5(5,2;11) = 260: (o013), (aoots ) (ooora ) (oorar ) (o122 )» (ootod ) Coorsa ) (oorio ) (oodnt ) (Gaoo)s
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(60001 )» Cagorz )» Caoons )» Cooona)r Co0o12 ) Conor ) (aora )s (o013 ) Cooona )» Cagonz )» Cotoos )» Caorat )» (otoas )s

(oon3)s (arors) Coorzs)r Cotos3 )r Cooro )» Coroza )s Coonso) (onoaz ) Coonsz )r Cotoor )» Caoraa): Corosn ) Connaz ),
( 10144 ) ( 14021 ) ( 10141 ) ( 14002 ) ( 10104 ) ( 10444 ) ( 10102 ) ( 10410 ) ( 10111 ) ( 10432 ) ( 10114) ( 10403 ) ( 10121
01010 /- \ 00101 /» \ 01040 /» \ 00104 /» \ 01103 /» \ 01023 /» \ 01113 /» \ 01022 /» \ 01124 /» \ 01032 /» \ 01134 /» \ 01031 /» \ 01100 /

(otoso)s (o13), (onoan ), Connit)» Conoon ) Cotizt )r Covona ), (o1133), (onona)s (oniaz)» Cotora )» Cotao3 )s (1333 ),

(otzto)s (01333), (ovzan)s (o134 )r Conaa )r (o3 )s (onata ), (01313, (1231)s (o132 )» Cozoa)s Conta ) (ot ),

(otz0a)s (01220) (01382), (01252 )» Condoz )» Corago )s Conado ) (ov300 ), (o120 )r Cotaao)» (otasz )r Coraa )s (oradz ),

(ot530), (oraaa), (01330), (o1aad): Conazo )r Coraar )s Consz0)s (onaat ) (on310), Conaza )r Coano )r Conads ), (oraza ),

(oras1), (oraa ) (onz3), Conazs)r Consdo )r Conazo )s (onasa ), (onzz2 ), (onsa)r Condor )» Coonaa )r Corons )s Coonaa ),

(otooo ), Covroo ) (1633 ), Cooran )» Conato )» Caonon )r Conz2)s Coonan ) Condna)r Coonz )» Conoaz )r Caons s Concad ).

( 13023 )’ ( (1)0242 )’ ( 13033 )’ ( 10202 ), ( (1)0334 )’ ( 10200 )/ ( 10330 )’ ( 10212 )’ ( 10323 )’ ( (1)0214 )’ ( 10322 )/ ( 10224 )’ ( 10311

00113 1041 00143 01120 1043 01144 01030 01102 01012 1133 01020 01110 01044 /7
(ot )r (01602 ), Cottos )» Cotosa ) (o115 )r Cotoar ) (o112), Cotona )» Coitan ) Comoos )» Corzaa ) (ovsia )r (o220 )s

(otsia)s (01313), (onan), Conzns)» Conaa)» Coraoa)s Conaon ), (ov30s ) (on53a)s Conzan )» Coaat )r (oo )s (ovoa ),

(orz31), (ov52 ), (01330), Coraat)r Conana )» Conazd)s Conna ), (onzo), Condio)r Consan )» Conain )r Conaza ) (ondnz ),

Corazs )r Carar )» Coonia)» (o0izs)r Coonto ) Codnaa ) (dto2 ) (odios ) (odio )» (i )r Canao )» Conias )» (oo )s
Cortzo ) Coni32)» Contae)r Conizz)r Cottia ), Contin ) (onion ) oo ), Corann )s (oo )r Cotaon )» (o1222)» Conain )»
( 10320 )’ ( 10333 )’ ( 10332 )’ ( 10344 ), ( 10340 )’ ( 10302 )’ ( 10404 )’ ( 10304 )’ ( 10440 ), ( 10311 )’ ( 10421 )’ ( 10314 )’ ( 10430

01233 01222 01244 01200 01233 01312 01432 01343 01403 01323 01402 01342 01431 /7

(o303 ), (ovaon ), (01322, Cotzo)» Con3oz )» Coraaa )» (01333) (ovano ) (01513 )r Cotaon)» Conasa)r Conads )s (oonta ),

( 11020 ), ( 11013 ), ( 11011 ), ( 11002 ), ( 11004 ), ( (1)1043 ), ( 11040 ), ( 11031 ), ( 11034 ), ( 10403 ), ( 10402 ), ( 10410 ), ( (1)0414

00142 00100 00130 00123 00143 0111 00131 00124 00104 01130 01142 01114 1121 /7
(oo ) (o11z3), (ontz), Contza)r Contor )» Cornia)s Covann s (v2no ), (o1223)r Cotzsz )» Coaga )r Corzdo)s (o213 ),
( 10430 ) ( 10444 ) ( 10442

01221 /7 \ 01234 /7 \ 01243 /-

ns(5,2;12) = 286: (oot ), (doots ) (Got20), Cotzor ) (ovdaa), (Goisi)s (oiia)s Co1330), (Goon ) (oora ),
Covaar ) (60133 ), Conzar), Cotta )r Coonad ), (o120 ). Cotaan ), Cootzo)r Cotaon )s (0v225), Coorso )s Covoos ) (G0di )

(o013 ), (01333), Coaono ) Coonor )» Conrd ) Cagont )» Contza)s Cootan ) Coonsi)» Cootss )» Caoniz )» (oot )s (oo )

(00102 ), Cootoa ) Cootos ), (o0t32)» Caoona )» Caorra )s Cootto)s Coaono ) Coonzz)r (o132 )» Cotons )» Cadnas ) (otor3 ),

otnat ) (01013), (61430 ), (1022 ), Cononn )» Cotons )r (o432 )» Cotons )r (o124 ), (o10s2), (61521 ) (i), (ontni ),

Corz2 ), Cotrae)» Consz0 )» Cotar )r Cottao ) (o1210) (6110) (o606 )s Covaoa )» (adizs )» Cotanz )» Catrae)» (o132 )s
( 10020 ) ( 12031 ) ( 10142 ) ( 10021 ) ( 10432 ) ( 10023 ) ( 12043 ) ( 10431 ) ( 10031 ) ( 12044 ) ( 10300 ) ( 10032 ) ( 12024
01203 /7 X\ 00104 /- \ 01200 /» \ 01222 /- \ 01413 /7 \ 01222 /7 \ 00141 /7 \ 01410 /» \ 01204 /7 \ 00124 /- \ 01414 /» \ 01220 /» \ 00140 /~/

(oo122), Coroa ) Coanoo ) Conrs )r Consoa ): Caoon )» Consiz ), Coaor2) Coonaa)» Consar )» Cavaro )r Conrs ) Conoz ).

(otaos )s (ots02), (01523, (o122 )» Caica )» Cotito )r (onsz)s (odnas ) (onina)s Cooon2 )» Conaat )r Caonas ) (oiai ),

ootar )» Cotado ) Coneiz )s (ontso ), (onioz ), Consi)r Coonir )» (oo )s Cotion ) (o123 ) Coonor )r Coioe)r (ot ).

( (1)4020 ), ( 10242 )/ ( 10101 )/ ( (1)0243 ), ( (1)0330 ), ( (1)0122 ), ( 10310 )/ ( (1)0403 ), ( (1)0120 ), ( (1)0440 ), ( 10122 )’ ( 10131 )/ ( 10201

0142 01234 01024 1013 1030 1031 01223 1342 1044 1202 01044 01020 01311 /7
Conzat )r Cotoor )» Con32 )» Con3a0)r (oto00 ) (01030) (6101 ), (ooss )s Catora )s Conanz )r Cotas3 )r Coios )» Cotoon)s

(oriz2 ), (oniao)s (on0a2), Contas ) (o3 )s Canzz ), Connat ), (onian ) Conzan)» Condon )» Conrzz )» Conann ) (ondas ),
(o10), (o1322), (on510), Comaa)» Conzaz )r Corzzn )s Cono2 ), (ovam ), (o1224), Consos )» Conzan )r Conda s Conoas ),
(10142) (10111) (10221) (10100) (10323) (10114) (10421) (10110) (10112) (10121) (10203) (10202) (10131

01240 /7 \ 01420 /- \ 01212 /- \ 01314 /7 \ 01043 /» \ 01324 /7 \ 01143 /- \ 01342 /7 \ 01344 /- \ 01333 /7 \ 01210 /7 \ 01042 /7 \ 01330 //

Cotatn ), (oi301), (onoa ) Cot0a0)r Conas0)» Cotago)s (orida)s (ovaan ), (onazz)r Cotas )» Cotaa)r Conatn ) (o0 ),

(oa2 ), (01532), (1), (ondas)r Conson )» Coraoa)s Covoto)s (oraz2) (ondan)r Cotoso )» Cotos )r Corzan ) (oiaz ),
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(ora2s ), (ot6ao ), (o160a), (01633 )» Consor )» Coromo )s Cortzo ), (ors00), Contad)r Cottos )» Conooz )r Cortan ) Cotios ).

( 10321 ) ( 10424 ) ( 10423 ) ( 10410 ) ( 10220 ) ( 10220 ) ( 10242 ) ( 10204 ) ( 10441 ) ( 10243 ) ( 10203 ) ( 10241 ) ( 10202

01331 /7 \ 01232 /7 \ 01333 /7 \ 01132 /- \ 01230 /7 \ 01243 /- \ 01214 /7 \ 01304 /- \ 01213 /7 \ 01410 /» \ 01314 /7 \ 01411 /» \ 01341 /~

( 10433 ) ( 10412 ) ( 10231 ) ( 10303 ) ( 10441 ) ( 10232 ) ( 10241 ) ( 10340 ) ( 10221 ) ( 10313 ) ( 14023 ) ( 10401 ) ( 10342
01010 /» \ 01321 /7 \ 01304 /7 \ 01430 /- \ 01414 /7 \ 01312 /» \ 01343 /7 \ 01233 /» \ 01423 /» \ 01132 /» \ 00101 /» \ 01422 /» \ 01233 /~

(ooat ), (oi6s), (on6ns ) (oragn)» Conota )» Corzas )s (oniaa ), (ovors ) (onioo ) (otoos )» Cota03 )r Cotoaa)s (01233 ),

(orza0), (01313), (01343), (01312 )» Conaa )» Condaz )s Codnss ), (nias ), (onoa)s C(ordn3 )» Conrio)r Coroas ) (ovano ).

Conitz ), Cotiat ), (oi3

ns(5,2;13) = 308: (oot ), (56001 ) (ooot )» (Boots ) (ooss)» (Goots ) Cooora ) Covot ) (adon ) (doiso )
(oo130), Connso ) (on003 ), Conoos )» Conoos )» Caonsz )r Coons2 ), (oonaz ) (onsoz )r Consoz )» Consoz )r Conazs s (onas ),

(ots23 ) (i120), (1120, (otan)» Conaon ) Corao)s Conaoo )s (1133) (onis3)r (o3 )» (aonon )r Cotorz )s (ovaa ),

(60122 ), (o1a24), (6160a), (G013 )» Cor033 )» Coraaz )s (60123, (1536 ), (onooz )» (Gotor )» Cotonz)» Cor223)s (oso ).

(ota03 ), (01220) (ooora ) (o013 )» Conasz ): Caotao)s Coorai ) (ooas ) Coonoa)r Cootos )» Caoraa )r Caotst )s (ooiz3 ),

(oo133), Cootaz) Coaoro ) Cooron )» Caooto )» Caonaa )s Corona ), (orosz ) Coonzs )r Cotont )» Convao )» Coroda ) (ovsos ).

Coroas )» Cotzat)» Conoat )» Co1223), Cotoor ) (onora), (61112), (01213), (otias )s Conzan )» (oia )» Cons2 )» Conan )
otiat ) (01213), (dor2 ), (oon3a)s Conzaz )r Cadorz )r Cona3 )» (o3 )r Cotosa ) (01233 ) (odnas ) (ovaos s Condta ),
( (1)2004 ) ( 10013 ) ( 10024 ) ( 12032 ) ( (1]0303 ) ( 10031 ) ( 12023 ) ( 10301 ) ( 12041 ) ( 10300 ) ( (1)2004) ( 10302 ) ( 10010
4 7 4 7 4 7 7 4 7 4 7 7

0141 01333 01234 00120 1041 01202 00124 01413 00121 01124 0121 01122 01304 /7
(oot03 ), Cova1 ), Coanan ) (o124 )» Consor )» Caonzo )s Conaoa)s (01533) (oonzo)r (ot )» Cotast )» Consan )» (odoo ).
(orn2)s (ov522) Coanar)s Coino )» Conata)» Caoona )s Cooora ), (orao2 ) Coonoz )r (o133 )» Coaor )r Cootaa s (onsia ),
( 10020 ) ( 14002 ) ( 10110 ) ( 10023 ) ( 14023 ) ( 10112 ) ( 10021 ) ( 10322 ) ( 10031 ) ( 14043 ) ( 10242 ) ( 10102 ) ( 10222

01410 /7 \ 00104 /7 \ 01232 /7 \ 01411 /» \ 00141 /7 \ 01234 /7 \ 01440 /- \ 01023 /» \ 01423 /7 \ 00124 /- \ 01022 /» \ 01022 /s \ 01021 /~

oto10 ) (o113 )» Coroso )s Coroaz ), Carion ). Conoor )» Conroa)r Cotast )r Corzos ), (noz ), (on032 ), (01363 )» Cotaso )

( 10121 )’ ( 10143 )/ ( 10302 )’ ( 10323 ), ( 10212 ), ( 10103 )’ ( 10242 )/ ( 10120 )’ ( 10431 ), ( 10432 )’ ( 10111 )/ ( 10120 )’ ( 10121

01420 01340 01404 01433 01222 01122 01034 01243 01000 01434 01123 01114 01104/~
(ar310), Cotdon ) Cornon ), (o122 )» Cotoor ), (onzoz )» Cotdza ), (61130), Cotz31)s Conian )r Conatt s (ot ), (o),
Coraa1 ) (ots16), (or22n)r Cotons )r Conson)» Cotaso)r Conoss )s (1620) (onoan)s Contae)» Coaid )r Corzsn ) (ovsad ),
(o202 ), (01222) (01332), (01233 )» Conao )» Coran s Conara)s (oviai ) (on333)r (on243 )» Cotaon )» Coratz )s (otsns ),

10324) (10312) (10102) (10434) (10110) (10111) (10]13) (12042) (10131) (10413) (10211) (10101) (10231

01043 /7 \ 01042 /7 \ 01344 /7 \ 01021 /» \ 01343 /» \ 01342 /v \ 01341 /- \ 00122 /- \ 01320 /7 \ 01324 /» \ 01433 /» \ 01422 /s \ 01013 //

otss1 ): Conosa)r Conado)s (on320), (o1532), (onaa)r Conaa )» Conazo)s Conaa ), (ovaad ), (onazo)r Conzor )» (ot ),

(oraz1), (or6a3), (oraas ), Conras )r Conanz )» Covazn s Contos ) (ontan ), Conaoz )r Contar )» (o232 )r Corzao s (ondzz ),
( 10214 ) ( 10410 ) ( 10421 ) ( 10212 ) ( 10234 ) ( 10402 ) ( 10242 ) ( 10233 ) ( 10314 ) ( 10201 ) ( 10240 ) ( 10202 ) ( 10240
01200 /- \ 01321 /» \ 01330 /» \ 01230 /» \ 01313 /» \ 01111 /v \ 01414 /s \ 01214 /- \ 01443 /- \ 01312 /7 \ 01413 /7 \ 01314 /7 \ 01410 /7

(otozs )s (01326), (01530), (o1322)» (o113 )» Coton )» (onzdn ) (onBon ) (ondno)r Cotooz )» Conssz )r Conazs s (otisz ),

Conaon ), (ov08), (o130a), (01212 )» Conozn )» Cotoao )s Corado)s (0151 ) (o122 ), Comrad)» Conist )r Conaoa ) otz ),

otai ) (otao0 ) (oota3 )» (oo ) (otano)r Coase ) (ofaan)r (528), (67133 )r Cotaot )» (afadn )r (09538 )-

n5(5,2;14) 2 330: (Goton ), (aino)s (aoror ) (adrar ) Coorat ) (odizo ) (Gots)r Coanoa )r Coovaa)s (o6ias ),
(60104 ), (o133 )» (50152 )» (022 ), (Gotna ) (3o ) Cooss ) (o3 )r (oot )» Cotort )r Cooria )» Coass )» (00153 )s

(otoza ) Coots2), (1032), Cooisa )» Conoor )» Caoraa )» (orod3 ), (oo ) Codono)r Cootin )» Cotors )r Caotza ) (otons ).

(oo121), (otora), Coorar)s Cotoos)» Cooras ): Cotoaz )s Covond ), (ov203) (o105 )r (o1300 )» Cotoat )r Coraos )s (otoza ),

Cotnoa)s (01020) Cootoz ) Cotooz )» Conaox)» Corono)s Conoss ), (oran ) (ona3 )r Cortaa)» Contao)» Cootta ) (otiz2 ),

(o002 ), Conaa), (1533), Comist )» Conaa )» Connid s Conzan ), (antio ) Coonin)r Comtin )» Conta)r Conian ), (o232,

(otaa), (or330), (omio ), Comvan )» Conaao )r Corzss ), (onzz ), (ovaaa ), (omnad)r Conzdo )» Caonae )r Coraoa ), (onizs ),
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01232 ) (o123 ): Corooa ), (ov224), (o132 ), (o1512)» Conaiz )» Conaa )s Conooo )s (onsaz ), (onazz ), Consaa)s (omisa ),

(ots2), (oria), Conson ), Consos )r Conrza )s Coraas )s Conna2 ), (onson ), (onza)s Consos): Conago )r Cordas ), (onazd ),
( 10414 ) ( 10013 ) ( 10231 ) ( 10022 ) ( 10022 ) ( 10412 ) ( 10031 ) ( 10230 ) ( 10234 ) ( 10030 ) ( 10321 ) ( 10044 ) ( 10143
01230 /7 \ 01444 /7 \ 01323 /v \ 01420 /» \ 01431 /» \ 01321 /» \ 01401 /- \ 01413 /» \ 01003 /7 \ 01444 /- \ 01003 /» \ 01402 /s \ 01324 /7

(ongr3 ), (ot33), (61510), (01023 )» Conriz)r Cotont )» (ornd ), (onoat ) (o1010), (otozz )» (o1213): Cotoas )s (01033 ),

Cotnoa)s (01330), Conzn)s Cois )r Coman )» Cotios )» (onnz3 ), (onizs ) (omza)r otz )s Conist )r Cotsas )s (ot ),

(o153 ), (o1232), (o133, (o1223)» Conisa )» Conzat )s (onsas )s (01233 ), Conzor )r Cotaio )» Conaiz)r Conns ) (onaai ),

(ots24), (ovans), (ono1s ) (on24t)r Conazo)r Caonsa)s Consoa ), (oronz ) Consio)r Coonsr )» Conao )r Coonsa )s (onsis ),

(ota02 ), (orazs), (o1222), Conast )r Conazz )» Covaan )s Conoo)s (na2), (o1220)r Conasa)» Conagz )r Conazn ) ovaoa ),

( (1)0214 )’ ( 10114 )/ ( 10211 )’ ( 10120 ), ( 10213 ), ( (1)0124 )’ ( 10131 )/ ( 13014 )’ ( 10131 ), ( (1)0210 )’ ( 10141 )’ ( 10211 )’ ( 10142

1331 01443 01244 01422 01012 1422 01400 00140 01401 1423 01411 01423 01432 /7
(otaat )» Cotae ) Conast )» Cotoat ) (01235 ) (01630 ) (oot0s ) oz )s Canoo )» Cotoaa )» Cotion )» Coton )» (o120 )s

(ottts ), (otiao), (onten), (01283 )» Contor )» Cottan )s Contad ), (ovs ), (oos)r otz )» Coniso ) Caomis ) (otind ),

Cottza)s (o1332), (o1310), Conzo1 )» Coniaz )» Cotaao)s Conzan ) (onie ) (o143, (omid )» Cotant )» Corton )s (o0ndo ),

Cortoa)s (01333) Coonzo)r Coonsr )» Conaar )r Corzar )s Consti ), (ondos ) Contio)r Consoz )» Conana)r Coront s (ondao ).

(oot4a ), (ordzo ), Coonaz ) Conaso)r Conasa )» Caonoo )s Corzsi ), (anozo ) Coons )r Cot0s )» Cooao )r Coroaz )s (rasa ),

(oto0), Connoa), (onazn ), Comraa)r Coniiz )r Coniao)s Conza ), (onan ), Coonza)r Comron): Conait )r Coraa)s (onna3 ),

( 10342 )’ ( 10303 )’ ( 14001 )’ ( 10303 ), ( 10304 )’ ( 10300 )/ ( 10313 )’ ( 10314 )’ ( 10310 ), ( 10333 )’ ( 10324 )/ ( 10343 )’ ( 10344

01220 01300 00130 01312 01321 01334 01302 01313 01322 01313 01402 01312 01334 /7
(o133 ), (ovaao ), (onn0), Coonat )» Conaso )» Cordas )s Contdo)s (0133) (o1536)s Comrat )» Caonio ) Cadtnn )» (otai ),
(ots20)s (ora3), (or231)r Cooran )» Coorza )» Coraoa )s (ons3 ) (ootas ) Coonas)r Coooor )» Cavots )r Cooona s Codori )
( 11101 ) ( 13103 ) ( 14302 ) ( 14004 ) ( 13303 ) ( 14040 ) ( 14201 ) ( 14204

00014 /- \ 00011 /~ \ 00012 /- \ 00010 /- \ 00013 /- \ 00001 /7 \ 00012 /+ \ 00013 /*

n5(5,2;16) = 391: (Goran ), (ooraa ) (Gota2), (oonaa ) (oorra)s Cootoa)r Cooton ) Cootor ) (60133 ) (Govsa )
(oo113), Coona0) Coon13 ), (oorao )» (oor2)» Caoonz ) Cooors ) ooon ) Conorz): Cooons )» Caoora )r Cooona ), Cooora ).
(10002) (10004) (10002) (10003) (10003) (10004) (10004) (10101) (14004) (10100) (14000) (10103) (14034
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otoat ) (om0 ), (61033), (o110 )» Cotoao ) Cotiid )» Cotaon )» Comiza)s Cotost ) (oniao ) (ovoso ) (a3 ) (otoss )

on21 )» Cotoos ), Coiz ), Covona), Conos ), (o1623), Comzr )» Corads)s Connsz)s (orors ). (onnao)r Conoan )» (oot ),

(o323), (o1222) (1300 ), Conz00)» Conzan )» Corzza ), Consis ), (on2i2) (on3os)r Conzsa )r (oo )r Conit ) (onszo ),
( 10133 ) ( 10223 ) ( 10140 ) ( 10242 ) ( 10140 ) ( 10224 ) ( 10103 ) ( 10331 ) ( 10103 ) ( 10330 ) ( 10110 ) ( 10312 ) ( 10110
01240 /7 \ 01343 /» \ 01223 /» \ 01333 /7 \ 01244 /- \ 01310 /v \ 01313 /v \ 01404 /- \ 01343 /» \ 01403 /» \ 01303 /7 \ 01401 /7 \ 01333 /7

(onaoo)s (01533), (o102 ), (01333 )» Conton )» Cotaia )» (onaoa)s (153) (onoo)r Cotaos )» Cotson )r Corszs ) (otoa ),

(otaoo ), (ovaai), (orao ), (o113 ): Consta)s Cotado)s (oraon ), (o1asa ), (onos ), Cotaae)r Cotooz )r Caonss ) (otdos ).

00122 )» Cotooa ) Caotia )» (01623 ), (adtao ) Condos): Coonr )» Cotaso )s Covtos ) (andar ) Coonaz )» Concss)» Caonta )

Corort )» Caoro ) Conotz)» Coonza)r (o113 ) (oonz3 ) (61631), (odnsa)s (onons )» Caons )r Cotaao ) Caoros )» (01643 )»
( 13043 ) ( 10232 ) ( 13021 ) ( 10244 ) ( 13034 ) ( 10244 ) ( 13012 ) ( 10244 ) ( 13040 ) ( 10240 ) ( 13022 ) ( 10202 ) ( 10303
00121 /7 \ 01044 /- \ 00110 /» \ 01020 /» \ 00102 /» \ 01021 /» \ 00141 /» \ 01022 /- \ 00130 /» \ 01040 /» \ 00104 /» \ 01111 /» \ 01000 //

(ori22), Cororo) (ontzs ), Conoar )r Contso )r Corodz )s Contas)s (onoa2) Contar )r Conoos )» Contzo)r Coroaz s Conias ),

Cotoaa ), Coviat ), Concor ) Cortz2)» Conona )» Cortaa)s Conoso)s (orias ) (o102a)s Cotton)» Coonz )» Cotton ) (oo ).

Cottia)s (otcas), (ontao ), Conoat )» Conton )» Coroes )s Coniro ) (onoas ) Contia)r Cotoss )» Cotiza )r Cotono s (01316,

(ots2 ), (01224), (onsin)r Conzos)r Conatz )» Coanz s Conssn ) (onzoa ) Consor )r Conzia )» (ona2 )r Corzsa ) ooz ),

Corzat )r Cotsar )r Conzat)r Conzz)r (01330 ), (ovat ) (1) (133 ), Covna)» Conaas )» Cotaio )r Consda)» Codin )s
( 10233 ) ( 10241 ) ( 10240 ) ( 12030 ) ( 12002 ) ( 12023 ) ( 12040 ) ( 12031 ) ( 12014 ) ( 12043 ) ( 12021 ) ( 12000 ) ( 12022
01430 /7 \ 01412 /- \ 01431 /7 \ 00144 /- \ 00100 /» \ 00120 /» \ 00103 /» \ 00122 /» \ 00144 /- \ 00124 /» \ 00113 /» \ 00113 /» \ 00141 /~

(o132 ), Caras )» Caoror )» Coontz)r Coonno ) Coans2 ) (odnor ) (odnsa)s Codnzo)s Cadnan )r Coita )r Contao )» Conist )»
otz ), (0100 ), (o112), (otias ), (oniaa)r Cotioa)» Contio)» Cotian)s Cotias ) (onion ) (oniis ) (oiiaa)s (oniat )
( 10342 ) ( 10342 ) ( 10340 ) ( 10341 ) ( (1)0302 ) ( 10301 ) ( 10314 ) ( 10313 ) ( (1]0320 ) ( 10321 ) ( 10332 ) ( 10333 ) ( 10344
7 4 4 4 7 7 4 4 7 7 7 4

01100 01121 01133 01144 1201 01234 01212 01240 1201 01223 01212 01234 01223 /7
Cot2a0)s (01320 ), Cotaat )» (01325 ), (01430 ), (01344 )s (220, Coraaa)s (o0 ) (1300 )» Coraao ) (61503 )r Cotasa)s
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(o223 ), (o1a22), (o1322), Conze)r Consa)» Conazs s Conzoa ), (0123 ), (01330 ), Conaae)» (onasz )r Conass ) onsio ),

Coraas )r Conatz )r Co1s32)r Con33a)r o1z ), (01338), (61433 ) (1313)s Conaan )» Consna )r Cotaar )r Con3ao )» (oaz )s
(orzs2 ), Cotssr )» Caotoo)» Coottz)r Coonzo ) Coorao ) (oodo ) (00123 )s Coonzs )s Coonas )r Caontd )» Caonat )» Coott )»
( 11010 )’ ( 11024 )’ ( 11001 )’ ( 11044 ), ( 11033 )’ ( 11010 )’ ( 11042 )’ ( 11030 ), ( 11024 )’ ( 10403 )’ ( (1)0404 )’ ( 10410 )’ ( 10411

00143 00124 00131 00104 00104 00112 00124 00142 00142 01144 1140 01123 01124/

(otioa )» (otiaz), (onz ), Conit)s Conrio)» Conind s Covano ) (01223 ), (01243 )r (ot )» Cotato)r Cotata)s (oiaas ),

( 10412 ), ( 10422 ), ( 10424 )/ ( 10421 ), ( 10423 ), ( 10430 ), ( 10433 ), ( 10431 )/ ( 10434 ), ( 10441 ), ( 10443 ), ( 10440 ), ( 10442

01242 01211 01214 01231 01232 01204 01203 01231 01233 01200 01203 01220 01221 /7
Cotoir)r Cootao ) Cotoas )» Coonar ) (o002 )r Coora ) (oot ), (aovaa )» (oorzo ), (oo )» (6oi2 ) (ooova )s Cogons )s

(ooota ), Cooor3 ) Coaora ). Covonz )» Conazo )» Corosa )s Coonta ), (onoz ) (or2s2)r Conzod)» Conaz )r Corzan ) (onsia ),

(ots03 ), (orazs), (onazn ), Conast)r Conssn )s Conaza s Conaso)s (onzo ) Conson)r Conzan )» Conaat ), Conzio)s (onzaa),
( 10440 ) ( 10242 ) ( 10203 ) ( 10414 ) ( 10241 ) ( 10234 ) ( 10222 ) ( 10210 ) ( 10421 ) ( 10100 ) ( 10301 ) ( 10344 ) ( 10332
01311 /7 \ 01213 /» \ 01412 /- \ 01331 /7 \ 01411 /7 \ 01410 /7 \ 01414 /s \ 01413 /» \ 01341 /» \ 01432 /7 \ 01203 /7 \ 01242 /7 \ 01231 /7

(o220)s (oti3s), (on20), Cotrod)r Conrtz)» Cotnar )s (o), (01532), (on2s)r (o132 )» (oot )r Conza ) (oisaa ),

(onaz0 ), (ovaa), (01422, (o132 )» Consad): Cotaoz )s Conori )s (oonso ) (on0s3)r Coorat )» Cotooz )r Caorss )s (oot ),

(60142), Cootz0) Cootor ) (o012 )» Caoorz )» Cagon3 )» Cooota s (oaon3 ). Conora)r Cooonz )» Cotazo )r Corosa )s (oonta ),

(oot02), (orzs2), (onz0a), (01312 )r Conzan )» Conand)s Consod )s (onzs ), Conaan)r Conssi)» Conasn)r Conads ) (onao ),

(or202)s Corson ) Conzar )r Consat)r Conzso )r Conzaa ), Conann ) (01213), Condnz ), Consan )» Conann )» Conino ) (ondna ),

(orars), Covsan ), (onzz ), Conzos )r Conzaz )r Conzst )s Conzzo)s (onas ), Contao)r Comtos)r Coninz )s Corta s (onna),

01322 ) (07225 ) (01338 ) (09216 ), (05542 ), (oiaa )r (oo )r (oiaaa )r (otea )» Cotaaa )» (odasa )r (o3oz):

15(5,2;23) = 568: (gaor2), (oorz0) (o0012 ) (Gor0 ) (Goont ) Caorio ) Caoaor ) Caoono ) (ootoo)s (otood ).
01012 ) ( 10123 ) ( 01013 ) ( 10133 ) ( 01012 ) ( 10123 ) ( 10143 ) ( 01021 ) ( 10213 ) ( 01022 ) ( 10223 ) ( 01022 ) ( 10223
00110 /7 \ 01104 /» \ 00112 /» \ 01124 /» \ 00120 /7 \ 01204 /7 \ 01204 /- \ 00104 /- \ 01044 /7 \ 00114 /» \ 01144 /» \ 00123 /7 \ 01234 /7

(o201 ), Coonso ) (onoa ), (oonia)r Contaa)r Coonsa)s Conzaa ), Coonao ) (onsoa)r (Goror )» Conona )» Cortoa ), Coonas ),

(or2a2), Cooor3) Coonad ) (ooons )» Caorso )» Cooona )s Coonso)s Cooonn ) Conon2)r Cooons )» Caonos ): Cootrz ), Coon23 ),

( (1)0004 )’ ( 10010 )’ ( 10024 )’ ( 10033 )/ ( (1]0042 )’ ( 10043 )’ ( 10040 )’ ( 10044 )’ ( 10044 )’ ( 10102 )’ ( (1)0202 )’ ( 10202 )’ ( 10304

0133 00114 00140 00134 0111 00111 00122 00130 00142 00014 0011 00012 00013 /7
Cotaoz ) Cotoon ) Cotoon )» Cotona ) Cotoan ) (1623 ) (61033 ) (oooa ) (ot )» Cotoro ) Cotons )» Corosa )s (01032 )s

(ot033 ), Cotos2) (o103 ), (01623 )» Contor )» Cavona )» Cotioo ) Coaon ) Coton )» Cootst )» Cotoz )r (oot )s (othzo ),

otor )» (01163 ), Coo133 ), Cotion ), (ootz3 ), (onz3 )r Cooraa )» (orisa )s Coonos ), (ona ), Coonis)r (oo )» (aonoa )

Cortoo ) Coorgz ) Coanat )» Coonza)s Cottns ) Coonta ), (61121) Coonda)s (ot )s Coond)r Cozd)s Cator )» (01243 )s
( 12403 ) ( 10011 ) ( 12021 ) ( 10012 ) ( 12031 ) ( 10013 ) ( 12014 ) ( 10023 ) ( 12011 ) ( 10023 ) ( 12023 ) ( 10022 ) ( 12012
00011 /» \ 01202 /» \ 00111 /» \ 01203 /- \ 00121 /» \ 01222 /- \ 00131 /» \ 01201 /» \ 00143 /- \ 01211 /» \ 00143 /7 \ 01234 /» \ 00113 /~

(ov2s0) (odioa )r Cor2ia), (odidz )» Cora3) (adiiz)r (ot ), (adtoa)r (oot ), (odtaa)s Conaat )s Codza ), (otsr ).

( 13104 ) ( 10003 ) ( 13103 ) ( 10004 ) ( 13301 ) ( 10010 ) ( 13023 ) ( 10014 ) ( 13033 ) ( 10012 ) ( 13022 ) ( 10013 ) ( 13011

00011 /- \ 01311 /» \ 00012 /» \ 01331 /» \ 00014 /- \ 01322 /» \ 00101 /» \ 01321 /» \ 00141 /- \ 01333 /» \ 00121 /» \ 01343 /» \ 00131 /~

( 10020 ) ( 13030 ) ( 10031 ) ( 13000 ) ( 10031 ) ( 13040 ) ( 10034 ) ( 13043 ) ( 10031 ) ( 13002 ) ( 10032 ) ( 13042 ) ( 10040
01303 /- \ 00103 /» \ 01300 /» \ 00122 /» \ 01304 /- \ 00122 /» \ 01312 /» \ 00132 /» \ 01343 /7 \ 00122 /7 \ 01340 /» \ 00142 /- \ 01301 /~

(ootoa ), (ovaas ), Coooon ) (o123 ), Coors1 )» Coraza)s Coonda ), (oraas ), Coonnt)r Consiz )» Caonia )r Conaza ) (oo ).

(oraz0), Conna3), (o1gza), Coon3 )r Conadn )» Coonss ), Conaan ), (oonz3 ), (onass)r Coonsa )» Conaas )r Coonz ) (onasa ),

(ootr2), (orar2) Coonaa ), Conar )r Cooraa)» Coraoo )s Cororo) (oro1o ). (o1030 ), Cotose )» Coaon )» Coroso) Conoso ).

(ot00), (oroso) (o1000), Coron2)» Contoo )» Corort )» Cornzo)s (onoz3), Contao)r Conoos )» Coazz )r Corzto)s (onoza ),
( 10243 ) ( 10122 ) ( 10203 ) ( 10122 ) ( 10223 ) ( 10123 ) ( 10433 ) ( 10144 ) ( 10323 ) ( 10140 ) ( 10413 ) ( 10102 ) ( 10101
01210 /7 \ 01020 /» \ 01220 /» \ 01022 /» \ 01220 /7 \ 01043 /- \ 01230 /» \ 01032 /7 \ 01440 /7 \ 01041 /» \ 01400 /» \ 01114 /7 \ 01124 /7

Cotoro ) Comiat), (61620), Cotroz)» Conria ) Cotma s Cotnas ), (oni36), (onizo)s (omiaz )» Conizo ) Coro3)s (o336,

(or220), (onias), (or200), (omis )» Conato )» Corria)s (onsio ), (o1125), Conso0)r Comizz )» Coazo )r Consao s (onasz ),
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(otnz1), (orang ), (or20s)r Cot212)r Conaar ): Cotoao)s Coraon ), (aniao ) (on242)r (oo )» Conzzo)r Corzzn ) (anno ),

(or233), (or2a0), (o1520), Conz00)» Conado )» Corzia)s Corazo ) (onsoo ) (on5i0)r Conzor )» Conazo)r Conazo)s (1223 ),
( 10421 ) ( 10144 ) ( 10431 ) ( 10142 ) ( 10141 ) ( 10121 ) ( 10142 ) ( 10141 ) ( 10100 ) ( 10104 ) ( 10104) ( 10330 ) ( 10110
01430 /7 \ 01221 /7 \ 01440 /- \ 01231 /7 \ 01244 / \ 01410 /7 \ 01243 /- \ 01420 /» \ 01310 /- \ 01312 /» \ 01330 /» \ 01040 /» \ 01333 //

(ot ), (otsta), (01332), (o1332)» Conz0 )» Cotaos )» Conso )» (ov30), (onson)r Cotaao)» Cotaia )r Cotzao ) (o123 ),

(o330)s (01533), (01530, o131z )» Conaso )» Corago)s Consas ) (ovaag ) (ondon)r (o1353 )» Coszo)r Conatz s (i),

(otoz0 ), (oraat), (61630), Cotans)r Coton ) Cotaro)s Coriso)s (01az3) onino)r Cotasa )» Conrio)r Conaas ) (otao ),

( 10314 ) ( 10120 ) ( 10434 ) ( 10120 ) ( 10133 ) ( 10143 ) ( 10414 ) ( 10141 ) ( 10204 ) ( 10140 ) ( 10324 ) ( 10200 ) ( 10313

01210 /7 \ 01423 /7 \ 01200 /7 \ 01443 /- \ 01432 /7 \ 01403 /v \ 01430 /7 \ 01434 /- \ 01410 /7 \ 01442 /» \ 01400 /» \ 01031 /» \ 01002 /»

( 10200 ) ( 10443 ) ( 10214 ) ( 10211 ) ( 10333 ) ( 10211 ) ( 10413 ) ( 10211 ) ( 10423 ) ( 10443 ) ( 10222 ) ( 10423 ) ( 10233
01044 /- \ 01002 /- \ 01013 /7 \ 01033 /» \ 01332 /7 \ 01041 /» \ 01332 /7 \ 01042 /» \ 01332 /7 \ 01342 /» \ 01042 /- \ 01112 /» \ 01003 /~/

(orots ), (onz2), (01632), o102 )» Conoas )» Conaza s Conoor ), (oncat ) (onziz2)r Conoaa )» Conzs2)r Cortnz ), Conian ),

Cortar) Cotoon)» Cottsi ), (otcz )» Cortat ), Cononz)r Cotiza)s (1532)s Cottaa ) onioa)s Conrza)s (othiz ), (otia2 ),

Cottos ) (ova2), (oraaz), Cotaa)r (o132 )r (oo )s (oni3)s (1212 ), (oitad)s (o122 )» Cotaoz )» Cotann ) (o122 ),

(orza1)s (1302) (13243, (on302)» Conriz )» Conidz )s (on3a ) (15332 ), (o128 )r Condnz )» Conaoz )r Conada )» (01333 ),

(orzs1), (01232), (1513, (o131 )» Conoz )» Coraos )s Conzat ), (n5in ), Convoz)r Con3ia)» Contoz )r Conzan ) onizz ),

(o1z31), (o1332) (nsor ), Conanz )» Consor )» Conaza )s Conaa ), (on3an ), (onsz )r Conosz )» Conaaa ): Coronz ) onsiz ),

(owa3)s (orsi2), (onann)r Consaz )r Conaaz )s Conadn )» (ondta ), (onio ), Comzz)r Consss )r Conizz )r Coniz ), (ondaz ),
( 10244 ) ( 10240 ) ( 10242 ) ( 10303 ) ( 10323 ) ( 10300 ) ( 10413 ) ( 10403 ) ( 10311 ) ( 10311 ) ( 10313 ) ( 10312 ) ( 10413
01404 /7 \ 01431 /7 \ 01444 /- \ 01011 /» \ 01021 /- \ 01041 /» \ 01001 /» \ 01011 /» \ 01004 /- \ 01031 /- \ 01221 /» \ 01041 /7 \ 01241/

Conoza )s (oviat), (onaan ) Conoon )» Conasa )» Cottat )» Cotaon ) (oniaa) (onoon )r Cotias )» Cotor )r Corzan ) (oiiaa ),

Coriar), Coniat), Convin ), Conian )r Contar )» Conzan )s Conzaa)s (andon ) (o1308)r (o123 )» Conznt )r Coran ) (o115,

Coraa1), Cov0a), (on2n)s (o1223)r Conzsa )» Conazs s (onzs3 ) (avont ), Connt )r Consae)» Conas )r Conada ) (onasi ),

Con3ta ) Cotsar )r Conssa)r Condia)r (01523, (ontat ), (61544) (01313)s (oniz )» Conass )r Cotaos )» Condat )» (o143 )s
10420 ) ( 10430 ) ( 10430 ) ( 10331 ) ( 10410 ) ( 10342 ) ( 10430 ) ( 10340 ) ( 10344 ) ( 10402 ) ( 10400 ) ( 10401 ) ( 10433
01441 /7 \ 01411 /7 \ 01431 /7 \ 01434 /- \ 01121 /7 \ 01414 /7 \ 01341 /7 \ 01424 /» \ 01444 /- \ 01003 /- \ 01023 /7 \ 01043 /7 \ 01043 /7

(otora)s Corors), (onors ), Con2a3 ), Conaza )s Conons ), Coniz ), (onas ), Conaos )r Conas )r Conis )r Conat ) Conios ),

( (1)0444 )’ ( 10440 )’ ( 10441 ), ( 10442 )’ ( 10404 )’ ( 10410 )’ ( 10430 )’ ( 10411 ), ( 10420 )’ ( 10431 )’ ( 10440 )’ ( 10442 )’ ( 10442

1233 01103 01104 01134 01244 01223 01403 01233 01303 01214 01214 01223 01233 /7
(01323 ), (o134 )» Cotaoa )» (01423 s Coonso )» Cooono )» (adion )» Cooono )» Cogtao )» Cogizo )» (oiao )» (odiio )-

ns(5,2;24) = 594: (oot ), (56001 ) (Gooot ) (G001 ) (60013 )» (Goos ) (oot ) (Boots ) (Gots ) (oitad ),
(oot )s Cootsi ), (ov5a), (o151 )s (60162 )» (60103 )» Conozo )» (1630 ) (o133 )r Cotase)» (56103 )» Cotoss )» oat ),

( 01010 ), ( 10100 )’ ( 10003 ), ( 01010 ), ( 10100 ), ( 10444 ), ( 01010 ), ( 10100 ), ( 10223 ), ( 01011 ), ( 10113 ), ( 10220 ), ( 01023

00122 01222 01112 00131 01310 01444 00143 01432 01002 00143 01432 01000 00120 /7
(00130 ), Cov01 )» Conaon )» (01330 ) (3330 )» (00154 )r (0154, Cotooa )» (oonar ) Connn )» Cordiaa ) (0124 )r (01243 )s

Cotooo ), Coonr2), Conzn), (ooras)r Conada )r Corzzn )s Connso ) Coonso ) Coonso)r Cootso )» Coaos )» Coroos ) otoos )

Corao3 )» Cagons )+ Caont )» Cooont )» Covot ). Cootor ) ooton ) Coona1 ) Cootan )s (aorz )r Cavoto )r (oot )» (o013 )»
Coora1 ), Coorz )» Coorao )» Coorao ) Coonao ) Coor20) (60123 ), (oono3 )s Coonan )» Cooona )» Caorar )» Caodnz )» Cooton )»
( 11400 )’ ( 10042 )’ ( 11012 )’ ( 10042 ), ( 11013 )’ ( 10202 )’ ( 11004 )’ ( 10202 )’ ( 11001 )’ ( 10404 )’ ( 11001 )’ ( 13022 )’ ( 13022

00014 00131 00142 00134 00143 00012 00101 00014 00104 00014 00012 00132 00132 /7

(o133 ), (odnaa ), (on02a ), Cotoar )r Conoa )r Corona)s (onson )s (1623) (01308 )r Cotoat )» (o223 )r Cotora )s (oiaz ),

Coroaz ), (01222), (o1038), (o134 )» Conaox )» Coraoa )s Covorz ), (1503 ), (on0z1)r Cotian )» Coose)r Condsa ) (otios ),

(oor33 ), (or122) Codnar )r Cotrzz )r Catisa)» Cortaz ), Coonsi ) (antto ) Convio)r Cottza )» (ot )r Contao ) (o123 ),

Cortar), (oniai) (onvaa ), Comrzo)» Contor )» Corton )» Covoo )s Canoan ). Conio)r Conaan )» Conaze )r Corzoo )s (ovano )

(ador0), Codoro ), Coonzs ) Coons3 )r Conzsa )r Cadona )s Codnsa)s (or2r3 ), (on330)r Conzan )» Conoao )r Cadnzs s Codnas ),
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(onats ), (01d13), (onzao)r Coono)» Contza )r Corana)s Codnas ) (ons32) (onzos)r (oo )» (oo )r Corzoo)s (odns3 ),

(oto3 ), (or212) Codnoo ) Con332)r Cononz )» Conasa )s Conzsa ) (odnaz ), (onan3 )r Conzaa)» (anaz )r Conzda s (onsz ),
( 10220 ) ( 10043 ) ( 12043 ) ( 10220 ) ( 10003 ) ( 13100 ) ( 14044 ) ( 13303 ) ( 13014 ) ( 10013 ) ( 10440 ) ( 10014 ) ( 13030
01200 /7 \ 01242 /- \ 00121 /» \ 01204 /- \ 01311 /» \ 00010 /- \ 00133 /» \ 00014 /- \ 00131 /- \ 01301 /» \ 01240 /» \ 01303 /7 \ 00144 /7

(ot22), (o1510), (anio)r (ondoz)» Consia )» Cotsia )s Contad ), (odnsd ) (onon)r Cotdon)» Cotsza )r Consa )s (0023 ),

(o013 ), (ov21) (1133, (onoa)» Consoz )» Coraoz )r (ot )s (ansa2 ) (o1523)r (o133 )» Conazs )» Consas s (oo ),

(o124 ), (01932), Coonao ), Comt)» Consaa)r Caonaa)s Covaoa ), (01512), Coonoo)r Cotazn )» Caoont )» Caonsa ) (otasa ),

( 14302 ), ( 10111 ), ( (1)0010 ), ( (1)4040 ), ( 10403 ), ( (1)0014 ), ( 54032 )/ ( 10404 ), ( (1)0020 ), ( 14044 ), ( 10113 )’ ( 10021 ), ( 10021

00012 01024 1424 0102 01234 1421 0144 01232 1414 00104 01234 01410 01410 /7
(or230 ), Cotz30)» Consiz )r Conast)s (o123 ), Coonan ) (61433), Coonoa )s Covaan )s Conaas)r Caonoa)r Conoss )» (o120 )s

(00140, (01624), (1223 ), Coont )» Conaze )» Conaas ), Consna)s (onaz2 ), Coonoo)r Conios )» Caondo )r Condaz ), Connaz ),

(ora1). Cotoon )» Cotono ) (o16a2 )» Coroa ), Conoat )r Cotoaz ), (61223), Cotord)s (otia ), (o2 )s Cotira ), (otoso )

(otiso)s Coot22), (on0at ), Cotrzz)r Conata ) Cotroa)s Corno)s (01310 ), o1tz )r (otdiz )» Coass )r Cotods )s (1324 ),

Cotoat s (oto32), (1032), (01330 )» Con3io )» Cotost )» Coros ), (onosa ) (onsin)s Conzz2 )» Cotooz )r Cotosa s (otona ),

(otaod ), (ovss0), (orarz), (oranz)r Conszo)» Cornon )s Cotnon )s Concor ) Concor )r Conroz )» Cotoos )r Cortz ), (onis3 ),

Cotozn ), Conian ), Coman)r Cotons )» Conons )» Corazo)s Conaso)s (oniaa ) Conzst)r Condon )» Conroz )r Cont ) (onita ),

(oan ), (orza2), (onas), Conaat)r Condia)» Conrao)s Consia)s (on1s ), Conoa)r Conoos)r Conazo)r Corio)s Conai ),
( 10411 ) ( 10100 ) ( 10410 ) ( 10104 ) ( 10241 ) ( 10410 ) ( 10114 ) ( 10114 ) ( 10414 ) ( 10414 ) ( 12024) ( 10110 ) ( 10233
01400 /7 \ 01224 /7 \ 01401 /- \ 01222 /7 \ 01042 /7 \ 01402 /» \ 01214 /- \ 01214 /7 \ 01143 /» \ 01143 /» \ 00122 /» \ 01243 /s \ 01101 /~

(o243 ), (o1230), (01230), (on2id )» Conada )» Cotaon )» Consas ), (ovana ) (1230, Cotian )» Coagn )» Conaat )s (otoan ),

Cotonz )s (oritz), (o1343), Cotoa1 )r Conaa )r Cotos )s Consoa ), (anao ) Contzz)r Cotaan )» Cozs )r Cotaon s (ot26 ),

(ots33 ), (ortar), (1533, (01202 )» Cona2 )» Cotaon )s Corasa ), (onani ), (onazs )r Conaoa)» Coaza )r Cona s (onsa ),

Coroo ) Coa3 )r Conasd)r Co1034), Conaaa ) (onaan ), (61015), (ovonn ) (oraso )» Corozt )» Cotons )» Coniso )» (01202 )s
10223 ) ( 10122 ) ( 10433 ) ( 10231 ) ( 10122 ) ( 10123 ) ( 10134 ) ( 10433 ) ( 10130 ) ( 10232 ) ( 10133 ) ( 10234 ) ( 10130
01231 /7 \ 01421 /7 \ 01223 /7 \ 01014 /7 \ 01424 /7 \ 01443 /7 \ 01414 /7 \ 01340 /7 \ 01432 /7 \ 01443 /v \ 01431 /7 \ 01440 /7 \ 01442 /7

01303 ) (01320 ), Conatn ), Conazn ), (o1aa0), Conzo)r Conaz )r Coaz )s Conna ), (anoro ) Condoz )r Conosr )» Conzat ),

Cotoaz )s (01331) (o161 )r (o162 )» Consa)r Cotao)r (ora23 )s (61633) (o131 )s (otig)» Cotz0)r Cotizo )s otz ),

(o233 ), (oi6ao ), (onzer ), (ot6ao)» Conzod ) Cot220)s (ora3s ), (01221), Cotoa)s Cottas )r Conaoz )r Coroa )s (oitzo ),

( 10210 ) ( 10210 ) ( 10210 ) ( 10400 ) ( 10400 ) ( 10400 ) ( 10400 ) ( 10210 ) ( 10211 ) ( 10211 ) ( 12004 ) ( 10301 ) ( 10400

01120 /7 \ 01120 /» \ 01120 /» \ 01300 /» \ 01300 /- \ 01300 /» \ 01300 /» \ 01140 /» \ 01144 /7 \ 01144 /- \ 00101 /» \ 01001 /» \ 01241 /~

( 10301 ) ( 10322 ) ( 10322 ) ( 10314 ) ( 10343 ) ( 10224 ) ( 10213 ) ( 10213 ) ( 10421 ) ( 10234 ) ( 10240 ) ( 10420 ) ( 10241
01103 /» \ 01331 /7 \ 01331 /7 \ 01044 /- \ 01103 /7 \ 01243 /- \ 01401 /» \ 01401 /- \ 01431 /- \ 01233 /» \ 01203 /» \ 01033 /7 \ 01214 /~

o1 ) (o111 )s Coraoa ), (onna), (o113), (o1322)r Conssa)» Cotono)s Conrz ) (onsas ) (ondor ), Consia)r (onaaz ),

(o33), (o) (on512), Contat )» Conszo)» Conazo )s Coniza)s (onaa ), (1516, Conaie): Conont )r Conzzo s Condon ).
( 10242 ) ( 10244 ) ( 10303 ) ( 10311 ) ( 10311 ) ( 10300 ) ( 10300 ) ( 10223 ) ( 10401 ) ( 10234 ) ( 10321 ) ( 10313 ) ( 10240
01312 /7 \ 01341 /7 \ 01220 /7 \ 01220 /7 \ 01341 /7 \ 01342 /7 \ 01342 /7 \ 01424 /7 \ 01430 /7 \ 01410 /» \ 01414 /» \ 01043 /7 \ 01402 /7

(or2a1), (ovano ), (162a), Conaos )» Consa )» Corait )r Conoos )s (oniaa ) onvaa)r Cotoao ) Conito)r Cotoas ) (otiod ),

(orzi1)s Cotloz ), (o1332), (o113 )» Coora )r Cottoo)s Covon3 )s (01224), (o132 ), (onzsa)» Cotoss )r Corzaa ) (o12a ),

01203 ) (o123 )» Conisn ), (onis ), (orian ), Conzon )r Conzon )» Cotzn )s Conzat ), (anaan ), Conasn)s Conrs )r (onaza ),

(oraio ) Cottdo ). Cooiaa ) (ot ), (ofodo). (otenn ). (ontis), (49133, (4113 (6013, (5113, (513%)-

ns(5,2;37) 2 927: (go015), (abors ) (ooona)r (aotoz ) (o11%3), Coonia ) (01333 ), (oot ) (otioa ) (o01a3)s
(o120, Cootso ), (onar), Coovoa)» Convsa)» Caonnn )» Cottoo ) (oonas ) ontan)r (o0is0)» Cottaa )r (oo )s (o153 ),

(ooot2 ) Codors ) Coaor ) (ooor3 )» Caoonz )» Cagons )» (oot )s (oaor3 ). (o1ooa)» Cotooz )» Cotora )» Cotora ) (o123 ),

Conoz0), Covoat ), (o1034), Cotoao )» Conods )r Coraoz )s Conson )s (01213), (onsai)r Conzas)» Conait )r Corzso s (onsad ),
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ot2a1 ): Conar )r Corzoz ), Covson )s (ov200), (o1340)r Conaaa )» Corasn )r Corant ) (ovsz6), (on22a), Consn )» Coozz ),

(onso0 ), Corza), (onsan ), Conzs3 )r Consso )r Corzan )s Consan ), (ovas ) (ons16)r Conzoz )» Consor )» Corzia ) Consai ),
( 10031 ) ( 10042 ) ( 10031 ) ( 10042 ) ( 10031 ) ( 10042 ) ( 10040 ) ( 10004 ) ( 10041 ) ( 10043 ) ( 10040 ) ( 10004 ) ( 10041
01224 /7 \ 01311 /» \ 01230 /» \ 01341 /» \ 01241 /» \ 01321 /» \ 01200 /» \ 01340 /» \ 01203 /7 \ 01334 /- \ 01211 /» \ 01320 /» \ 01214 /~

(orsta)s (01222), (9500), (01220 )» Conaad)r Coross )s (onso)s (vai ), (01523), (ot )» Consio)r Coroaz ) (oisod ),

(onr2)s (ovaao ), (o110), (otaas )r Conans )r Coraan )s Conani ) (ovaaa ) (onana ), (otsaz)r Coaio)r Condas ), (ot ),

(ovaaz ), (ovaa2), (onaiz), (oo )r Conais ): Corant ), (onata), (o1i2), (o123 ), Consio )» Conadn )r Coniz ), (oiaza ),

Conai1 ), (o1a22), (onais), Conzo)r Conon2 )» Caonsa )s Conona ), Coomz ). (o1023 ), Coors )» Cotozs )r Caotaa )s (otozo ),

(o102 )» Cotos2 )» Caors1 )» Cotoss )r Coorzo ) (onoat ), (oonan ) (o023), Coot2a )s Conoad)r Caonia)» Coosz )» Cootsn )s
( 10114 ) ( 14003 ) ( 10113 ) ( 14021 ) ( 10113 ) ( 14010 ) ( 10120 ) ( 14012 ) ( 10120 ) ( 14001 ) ( 10120 ) ( 14043 ) ( 10124
01032 /7 \ 00131 /7 \ 01041 /» \ 00143 /- \ 01042 /» \ 00132 /- \ 01000 /~ \ 00100 /- \ 01001 /» \ 00144 /- \ 01032 /- \ 00131 /- \ 01030 /~/

(ootas ) Cotodr ): Cootss ) (o1od3 )r Caotza ), onoar )» Caonas ) (1600 )- Caonon ) (oroao ) Cooton)r Cotodz ). (60153 )

Cotoro)s Cootor ), (or01 ), ootz )» Coroa ) Caonrd )s Conod ), (oonss ) (61003 ), (60122 )» Cotaoo )» Cavtco )s (otord ).

(oott2 ), Catori ) Coorao ) Cotons)r ootz )r Cotons )s Coonaa ) (1624) Coonts )r Cotros)r Cotosa )r Cornaa ) (o130 ),

(otmo)s Covoas), (onz0), Cot0a3)r Conrdr )» Coroos )s Connda ), (anona ) Conrz)r Cotonz )» Conriz )» Cotorn ) (onzs ),

Cotoz1), (onias), (o1020), Conzs2)r Condoz )» Corzsa)s Consis)s (orn2 ), (on303)r Conano )» Conaiz)r Conzds ) (onsaz ),

(or240), (01333), (on221), (01322)r Conaa )r Conass s Conann s (01323 ), (onzoa)r Con3iz )» Conaga )» Coraon ) onana ),
( 10342 ) ( 10103 ) ( 10342 ) ( 10104 ) ( 10331 ) ( 10104 ) ( 10321 ) ( 10101 ) ( 10341 ) ( 10110 ) ( 10323 ) ( 10111 ) ( 10312
01432 /7 \ 01311 /7 \ 01410 /» \ 01311 /» \ 01410 /- \ 01333 /v \ 01400 /- \ 01340 /- \ 01442 /» \ 01301 /» \ 01412 /» \ 01301 /» \ 01412 /7

Cota03 )s (0vaa), (01323, ooz )» Conaso )r Conaaa )s Consa3 ), (onias ), (o1513)r (otaod)» Coazo )r Conda )r (oi3s ),

Coraoo )s (ovsai ), (onana), Corain )r Conda)r Cotaz )s (onasi ), (onas ) Consor)r Cotaio )» Conaas )r Cotsas ) (ovas ),

Coz31)s (onann ), (on332), (o1a33)» Conast )» Conant s Conaoo ) (oraag ) (on313)s Conaoa)» Conazn )» Condiz ) (onat ),

Coans )r Cota22 )» Condso)r Co1343)r Cotos ) (onaoo ) 61z ) (otaoa )s (onaza)s Conada )» (otasa)s Consor )» (onasn)s
( 10141 ) ( 10141 ) ( 10204 ) ( 13033 ) ( 10200 ) ( 13041 ) ( 10202 ) ( 13013 ) ( 10204 ) ( 13024 ) ( 10203 ) ( 13043 ) ( 10211
01403 /7 \ 01433 /- \ 01010 / \ 00101 /» \ 01024 /- \ 00113 /- \ 01022 /» \ 00130 /» \ 01023 /7 \ 00124 /- \ 01030 /» \ 00103 /- \ 01000 //

o100 )» Conoor )» Cooraa ), Corcoa ), (oo ), Concnz)r Coona )» Coroaz )s Coons2)s (on2 ) Coons)r Conasr )» Coonaz ),

(otoz )s Coda ) (1633 ) (0130 )» Conaa )» Caorro ) Conoon )» (odnaa ) (o161 )s (o612 )» Cotoio ) Cadton )s (01613 ),

(o123 ), (01621) Codnar ) Cot6os )» Coor22 )» Coros )r Connz ) (16a0) Covnoa)» Cotoat )» Caoraa )» Coroaz )s (odnsa ),

( (1)0200 ), ( 10322 )/ ( 10201 )/ ( (1)0320 )’ ( 10202 ), ( 10331 ), ( 10201 )/ ( (1)0323 )/ ( 10204 )’ ( 10301 ), ( (1)0200 ), ( 10324 )/ ( 10202

1101 01001 01114 1033 01110 01044 01124 1032 01122 01010 1141 01002 01142 /7
Cotors )» Cottos )» Conast )» Cottoo)r Cotoao ) (orii ) (616a3), (o1123)s Catono)» Corias )r Cotoar )» Contso)r (otoaz )s

ot1z2 ) Cotoa)s Cortta)s Canon2 ), (antiz), Conomt )» Contz2 )» Cotono )» Cortzo)s Conoa) Contar )r Conoos )» Contao )

( 10304 ) ( 10223 ) ( 10332 ) ( 10230 ) ( 10320 ) ( 10232 ) ( 10342 ) ( 10231 ) ( 10343 ) ( 10233 ) ( 10343 ) ( 10231 ) ( 10341

01041 /7 \ 01143 /» \ 01024 /- \ 01101 /» \ 01001 /» \ 01103 /» \ 01023 /» \ 01120 /» \ 01043 /- \ 01121 /» \ 01004 /» \ 01130 /7 \ 01042 //

( 10232 ) ( 10344 ) ( 10233 ) ( 10300 ) ( 10240 ) ( 10343 ) ( 10244 ) ( 10332 ) ( 10242 ) ( 10313 ) ( 10244) ( 10330 ) ( 10240
01143 /7 \ 01024 /7 \ 01144 /- \ 01030 /» \ 01102 /» \ 01012 /» \ 01101 /» \ 01001 /» \ 01114 /» \ 01033 /» \ 01111 /» \ 01000 /» \ 01134 /

Cotoan ) (o133), (1630), (o113 )r Conooa )» Conzst )r Consas ) (o1345), (o132 )s (o120 )» Coaad)r Corzaa ) (otsoz ),

(oz1a), (otsia), (01221, (01322 )r Conzon )» Corasa )s Conzio ) (ovsa2), (onz0a)r Cotsiz )r Conaaz)r Conada )s (0123 ),

o132 ) (o1a2e)r Conazs ), (onz0 ), (o1aa), (onan). Consso)» Conaza)s Condai ), Connao ) Codnor )» Cotion )» (an3o0 )

(o103 ) Caor2)» Caras )» Cooizz)r Coonnz ) Codnon ) (a2 ), Codnra)s (odnzo )s (oo )r Caonaa )» Catras )» (o613 )s
(o123 )» Caran )» Caran )» Const )r Cooroo ) Codnaa ), (6dnaa ), Codnrs)s (oot )s Cadnaz )r Canto ) Catnit )» Cotisa )s
( 12024 )’ ( 12024 )’ ( 12014 )’ ( (1]%(1)%411 ), ( 12031 )’ ( 10300 )’ ( 10304 )’ ( 10301 )’ ( 10301 )’ ( 10302 )’ ( 10311 )’ ( (1)0312 )’ ( 10313

00124 00113 00132 00132 01114 01113 01122 01140 01144 01100 1101 01114 /7

(ot ), (otdar), Conion ), Conias)r Conia )r Cotiaz )s Conias ), (onian ), Contio)s Cotize)» Cotiso)r Coniaz )s (otaa ),

(otios ), (oriat), (o122, (oo )» Conzon)s Cota0z )s Coron )s (0113), (o1313)s otz )» Conzo0 )» Cororz)s (o160,
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o213 ) (o123 ), Corzza ), Conart ), (onzan ), onaa)r Conaa )» (ot )s Conaso)s (on222), (o132)s Conaso )» (o3 ),

Corza1 ), Con2a0 )» Conzor )» Con202)r (o133 ), (onar ) (61530 ), (o245 ), Conaon )» Conanz )r Cotanz)s Consdz )» Condsa )
(ora22 ), Cotast )r Conait )r Consnt)r Conano ) (on513), (o121 ) (anzan)s Covann s Conzaz )» Cotast ), Conait )» Condio)»
( (1)0324 )’ ( 10433 )’ ( 10320 )’ ( 10442 ), ( (1]0322 )’ ( 10442 )’ ( 10331 )’ ( 10414 ), ( 10332 )’ ( 10423 )’ ( (1)0334 )’ ( 10423 )’ ( (1)0334

1322 01430 01344 01420 1341 01414 01302 01434 01324 01424 1321 01413 1341 /7

(otata)s (oi301), (oran2), (01304 )r Conas )r Conzon )s (013, (01533 ), (o133 )r (o013 )» Caonzz )r Caotz )s Cootto ),

Coot1a ), Cootos ) Coonr ), Cootoz )» Coorao )» Caonsa )s Cotaos )s (orioa ) Conos)r Cotnna)» (oni3 )r Cornao s (oo ),

( 10414 ) ( 10410 ) ( 10414 ) ( 10410 ) ( 10410 ) ( 10414 ) ( 10413 ) ( 10421 ) ( 10422 ) ( 10421 ) ( 10422 ) ( 10422 ) ( 10420

01112 /» \ 01124 /» \ 01124 /- \ 01131 /» \ 01132 /» \ 01132 /» \ 01143 /» \ 01103 /» \ 01103 /» \ 01111 /» \ 01110 /» \ 01111 /» \ 01122 J~

( 10421 ) ( 10432 ) ( 10433 ) ( 10433 ) ( 10434 ) ( 10433 ) ( 10434 ) ( 10434 ) ( 10440 ) ( 10440 ) ( 10441 ) ( 10440 ) ( 10441
01141 /» \ 01101 /» \ 01120 /» \ 01132 /» \ 01132 /7 \ 01140 /» \ 01140 /» \ 01144 /- \ 01104 /- \ 01111 /» \ 01111 /» \ 01124 /» \ 01123 J~

(oiza), (oniao), (or20a), Conzns )r Conast )s Coraar ), Covaos ), (o), (onzan)s Conzso )r Conag )r Conzzo s (onso ),

(or233), Cota2): Cotato ) (o134 )r Cotaa), (oiid)r (oo ), (61232)s Cotaan )s Cooona ) Cooota )» Codors ). (o601 )

(otnsa)s (otoao), (omao)s otz )» Cotot2)» Cotoas )s (otnai ), (ov2it), (61530, (o122 )» Coaon ) Cotizs )s (ooad ),

(o243 ), (1510), (01232, (01300 )» (01233 )» Cotaoo)s Conon s (odnso ) (o163a), Conzia)» Conaia)r Cozon ) otz ),

(o231 ), (o1522), (01243, (or332)» Conzod)» Conana)s Cora2)s (01220), Consia ), Conson)r (01232 )r Coraos ) onsaa ),

(oz10), (orsa2), (o138), Condat)r Conazz )» Conaan s (oniso)s (onzs ), (onao)r Condad)r Conasa )r Consa ) onsoz ),

Caora )» Cot3an ) Conait )r Consan)r (01330 ), (or200) (61336 ), (01233)s (onzao)s Corzad)r Cotaio)r (oo )» (o160 )»
(o102 )» Cotaoz )» Coorsa )» Coonar ), Conaat ), (onaar ), (61433), (ovao ), (ovado)s Conaz )r (otazz)» Coniz )» Convan )»
( 10333 )’ ( 10314 )’ ( 10311 ), ( 10431 )’ ( 10323 )’ ( 10412 ), ( 10330 )’ ( 11013 ), ( 10443 )’ ( 10342 )’ ( 10424 )’ ( 11040 )’ ( 11031

01133 01104 01334 01422 01314 01421 01344 00134 01420 01324 01424 00110 00103 /7
Coorat )s Coot22)s (otian ) Co1304) (01433 ), Cotaad ) (09ad)s Cotads)s (o205 ) (oizai )r Conzia ) (o1t )s (oo )s

(otoos ), (otiaa), (o1030), Cottno)» Conron)» Cotora)s Covoaz ), (oniat ) Conant)r Con30)» Cona22 )r Coraoo )s (o123 ),

Conoa1 ), (or2ad ), (1510), Con222)r Consdo )» Corzda )s Conano)s (anon ) Coonao)r Conaza)» Conzia )r Consta ), (onzan ),

o322 ) (i1 ), Conaa ), (onzas ), (or532), Conzoa)r Consiz )r Coraaz )s Conzzo ) (ovsas ) (onsod)s Conz32 )r (oo ),

(orz3a)s (or210) (on522), Consza)r Conazt )r Conaze ), (ondan ), (onao ) (onzs )r Conso)» Conaza)s Conazs ) (ondsa ),

(otana )» (oot ), (01535), Cotatt )» Conazo ) Conzdo)s Covaoo ) (01546 ) (01253), (o130 )» Cotaad)r Cotzro)s (01643 ),

Cotoz0), Codtaz), (1662 ), (oots )» Cooror )» Coraat )s (onast ), (013 ), (onzo)r Cotso )» Cotaz )r Coradz ), (i3 ),

Cortan)s (o1133) Contoa)s Con3sa)r Conaz )r Coata)s Conaai ), (134 ), Coonsa)r Cotan )» Conaze)r Conaza )s Coonto ),
( 11031 ) ( 11022 ) ( 11004 ) ( 10340 ) ( 10304 ) ( 10400 ) ( 10140 ) ( 10143 ) ( 10114 ) ( 10400 ) ( 10443 ) ( 10431 ) ( 10424
00103 / \ 00141 /- \ 00122 /7 \ 01120 /» \ 01304 /7 \ 01423 /7 \ 01444 /7 \ 01444 /- \ 01443 /» \ 01203 /» \ 01231 /7 \ 01214 /7 \ 01242 /7

o1220)» (01003 )» Coottn ), Coonas ) Coonea) Cooraz): Coorso )» Cotraz )s Coronz ), (onits ), (onozz)r Come)» Conast )

(o100 )» Cotoao ) Conrar )» Corooa)r Coontn ) Coorzs ) (ootoa ) Coorsz )s Coonso)s Connaz )r Cotonz )» (o3 )r Corozz )»
(oti34), Cotast )» Conion)» Cotoao ) Cotizt ) (oo ) (oot ) Cootas ) Cootea )» (oot )r Caonso ) Coniaz )» Codons )
( 10123 ), ( 10401 )’ ( 10130 ), ( (1]0444 )’ ( 10142 )’ ( 10432 ), ( (1)0104 ), ( 10420 ), ( 01201 )’ ( 01303 )’ ( 81400 )’ ( 01201 ), ( 01303

01113 01022 01134 1031 01100 01040 1121 01004 00011 00010 0001 00011 00010 /7

(o001 ) (oodn1 )» (oooro ) (Goaor )» (oo ) (oo )» (oooon )-

15(5,2;39) = 969: (got01 ), (o01aa ), (aoroz ) (Gotoz ) (ooroa ) Coonds)s (60133 ) (aorss ) (Gorsa ) (ootsa ),
(o0132), Coon22) Coois ), (ooror )» Cooria)» Coorra ), (oomra ), Coonso ) Coorao )r (Gorao )» Coonan ), (ooids ), Coonan ).
(o0121 ), Coona ) Coorz0 ), (oors )» Coorio ): Coons2 ), (oonz0), Coaont ) Coaono )r (goaor )» Caoorz )» Caoons )» Covora ).

Cootoa ), (o1232), Coonrt)r Cotion)» Coors )» Cortar )s Cootso ) (1153 ) Coonaz)r (otta )» Caordo ) Cortao )» (ooias ).

(otizs ), Coont2), Conti ), Cootto )» Convaa)» Caonze)s (ot ), (oonz2 ), Contao)s Coorsr )» Cotos )r Coonsa ) (otai ),

(oots3 ), (o2 ), Coonan )r Cottoz )r Caoros )» Corizs )s Coonos )s (01133 ), Coonos )» (o3 )» Caonio )» Cortaa ), Coonto ).
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Cortaa ) Caorio)» Convaz)» Coorzz)r Cottio ) (o2 ) (61130), Coonza)s (oo )» Coonsa )s (ot )» Caonsa )» (otsn )s

(oo132), Coraar) Coonar ), Cotvoz )r Coorat )» Cortoz )s Coondr ), (ontoz ) Cononz)r Cooons )» Caoarz )» Caoon )» Covorz )
( 10303 ) ( 12202 ) ( 12202 ) ( 10012 ) ( 10012 ) ( 10012 ) ( 10012 ) ( 10012 ) ( 10022 ) ( 10024 ) ( 10022 ) ( 10024 ) ( 10022
00012 /» \ 00013 /» \ 00013 /» \ 01003 /» \ 01012 /» \ 01021 /» \ 01030 /» \ 01044 /- \ 01003 /- \ 01004 /- \ 01012 /» \ 01013 /» \ 01021 /~

(oton2 )» Cotoso ) Corost )» Cotoas ) (otoao ) (1600 ) (6101 (61023, (atoza )» Coroat )» Cotoos )» Cotoos )» (olonz )s

Cotor3 ), Catoat ), (1021, (o100 )» Conaso )» Coroa )r (oroaz ), (o1208) (01512 )r (o120 )» Coaaz )r Coroon )s o2z ),

(or232), (otsa2 ), (1243 ), (01552 )» Conzos )» Corssa )s (orna ), (o151a), (01220, Con3aa)» Conost )r Consoa ) (ovs2 ),

( 10004 ) ( 10011 ) ( 10011 ) ( 10011 ) ( 10011 ) ( 10011 ) ( 10010 ) ( 10010 ) ( 10010 ) ( 10010 ) ( 10010 ) ( 10100 ) ( 14010

01304 /7 \ 01423 /7 \ 01421 /7 \ 01424 /7 \ 01422 / \ 01420 /v \ 01434 /- \ 01432 /- \ 01430 /7 \ 01433 / \ 01431 /» \ 01000 /~ \ 00100 /»

( 10100 ) ( 14021 ) ( 10101 ) ( 14032 ) ( 10101 ) ( 14033 ) ( 10102 ) ( 14030 ) ( 10101 ) ( 14042 ) ( 10102 ) ( 14003 ) ( 10113
01004 /- \ 00111 /» \ 01002 /» \ 00133 /- \ 01012 / \ 00134 /- \ 01031 / \ 00142 /- \ 01041 /7 \ 00143 /- \ 01044 /- \ 00110 /- \ 01000 //

(oot00 ), Coroas ) Coorzz)r Coton3 )r Coorza ): Coron )s Coomra)s (anort ). Coonao)» Conoat )» Caonar ): Coroso s Connoa ).
( 10121 ) ( 14012 ) ( 10120 ) ( 14024 ) ( 10121 ) ( 14030 ) ( 10120 ) ( 14014 ) ( 10124 ) ( 14003 ) ( 10124) ( 14042 ) ( 10120
01004 /- \ 00111 /» \ 01014 /- \ 00112 /» \ 01012 /» \ 00134 /- \ 01020 /- \ 00102 /» \ 01022 /» \ 00130 /» \ 01023 /7 \ 00124 /7 \ 01030 /7

(oot03 ) (1013), Coor23)r (01033 )» Coorad)» Cotont )» Cootda s (1631 ), Coonaz)r (ot032)» Caorst )» Cotoda )» (oonta ),

Cotoa ), Cootto ) (or00s ) Coor2z )» Coroz2 )» Caorso)s Coroso ) (ootas ) o105z )r Cootsr )» Cotoo )» Caotoa s (otosi ),

(oo143), (atos3), Coorar )r Conroz )r Cononz )» Cornan )s Covooz ), (onian ). Conooz)r Comaz )» Cotora )» Cornaz )s (otoad ),

Conio ) Conrdo)» Cotoat )» Cotoat)s Cottan ) Coninn ) (6von0 ) Covono)s Cotnrz )» Cotont )» Cotniz)» Coont )» Cotna3 )s
Corozz )» Cotnia)» Conoss )» Com3)r Conoar ), (onias) (61026), (otizo)s Covoaz )s Conida)s Cotost )» (oni2)» (omis2 )»
( 10443 )’ ( 10443 )’ ( 10124 )’ ( 10443 ), ( 10120 )’ ( 10442 )’ ( 10130 )’ ( 10130 )’ ( 10431 ), ( 10431 )’ ( 10131 )’ ( 10431 )’ ( 10132

01014 01014 01133 01020 01144 01030 01103 01103 01023 01023 01104 01034 01104 /»

Cotozs ), (otiao ), (or030) Conron )» Conoor )» Cotrio )s Covoda ), (omiar), (onooa ) (otiz2)» Cototo ) Cotizs )s (otad ),

Cotoz2 ) Cotoz2), (onizo)r Cotos )r Conrzo ) Cotoa3 )s (otnsi ) (ovoas ) (onaos)r Con3sa)» Coatz )r Corads )s (oiai ),

(orz21 ), (o221), (on221)s (o132 )» Conaz )» Conaza )s (onzza ) (v2ss ), (o1330)s Conzot)s Conaoa)r Coraoa ) ovos ),

(on3tz ) Conatz )r Conatz )» Conata)r Conann ) (01520), (61231 ) (1%23)s (otaao)» (o33 )r Cotata)s Conaia )r (o123
10212 ) ( 10122 ) ( 10122 ) ( 10122 ) ( 10122 ) ( 10242 ) ( 10242 ) ( 10242 ) ( 10242 ) ( 10123 ) ( 10244 ) ( 10130 ) ( 10231
01333 /7 \ 01232 /- \ 01232 /7 \ 01232 /- \ 01232 /» \ 01302 /» \ 01302 /» \ 01302 /- \ 01302 /7 \ 01244 /- \ 01310 /» \ 01201 /» \ 01323 /7
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( (1)0300 )’ ( (1)0300 )’ ( 10303 ), ( 10303 )’ ( 10300 )’ ( 10303 )’ ( 10312 )’ ( 10312 ), ( 10312 )’ ( 10310 )’ ( 10310 )’ ( (1)0312 )’ ( 10310

1111 1111 01122 01122 01134 01142 01103 01103 01103 01114 01114 1121 01134 /7
Cotaar)» (onian )» Cotior )» Cotirs ) (oiiat )r Conizs ) (oniso)» Cottan ) Coao ) Cotion ) Cottns ) (61320 )r (o2 )s

(oni2)s (o1i32), (onias ), Cotias )r Coton)» Corinz)s Cotiaa)s (oniaa), Coniaa)r Cotiso)» Convo)r Coriaz s (oi1d ),

(or1a), (or12), (on1), Conzns)r Conn )» Corazn )s (oo ) (anzz0 ), (o1220)r Conz20)» Cona20)r Corzzo s (onz3 ),

o132 ) (o132 ), Conzan ), (onsi ), (onan ) Conzsn )r Conadn )r Conada s Conads ) (onas ), (onzoa)r Conzon )s Conooa ),

( 10333 ) ( 10333 ) ( 10333 ) ( 10333 ) ( 10333 ) ( 10340 ) ( 10340 ) ( 10340 ) ( 10340 ) ( 10340 ) ( 10343 ) ( 10343 ) ( 10343

01242 /7 \ 01242 /7 \ 01242 /7 \ 01242 /- \ 01242 /» \ 01203 /- \ 01203 /» \ 01203 /» \ 01203 /- \ 01203 /» \ 01210 /» \ 01210 /» \ 01210 /~

( 10303 ) ( 10400 ) ( 10301 ) ( 10432 ) ( 10300 ) ( 10420 ) ( 10301 ) ( 10301 ) ( 10441 ) ( 10441 ) ( 10301 ) ( 10301 ) ( 10402
01303 /7 \ 01401 /» \ 01314 /- \ 01421 /» \ 01322 /7 \ 01430 /» \ 01330 /» \ 01330 /7 \ 01444 /7 \ 01444 /» \ 01331 /» \ 01331 /7 \ 01411 /~

Conat1 ), (01330) (oraza ), (01302 )» Conasa)s Condno)s (onass ), (1516, (01510, (013 )» Coaa )» Coni )» (ot ),

(otaio)s (ovato), (01333), Coron ) Con3ad)r Corazo )s (on313) (ovand ) (o1322)s Conaza)r (o132 )r Conad ) (oiao),

ot310 ) (o132 ), Conasz ), (onzar), (onan ), Conans)r Conaa)r Conao)r Conaa ), (on30 ), (onazs)r (ondiz )r (onasa ),

(01320 ), (01326) (onaan ), Conaan)» Consat )» Conaat )r (onats)s (ora1s), (1320, Conaat )r Conaas )r Corags ) Conoo ),

(oraso ), Corz00), (o1300), Cotaao): Conaao )r Coraon ), Conzon ), (onanz), (onaiz ), Consa )r Conaoz )r Conzaa ), (ondzz ),

(o1343), Cotssr)r Cootaa), Coonta )r Cootia ), Cootnd)» Coontd ), ooria)r Coonia)s Cootto)r Coordr )r Cootr ) (60163 )
( 11033 ) ( 11033 ) ( 11033 ) ( 11043 ) ( 11031 ) ( 11014 ) ( 11014 ) ( 11024 ) ( 11024 ) ( 11024 ) ( 11024) ( 11034 ) ( 11022
00102 /- \ 00102 /» \ 00102 /» \ 00103 /» \ 00132 /7 \ 00144 /7 \ 00144 /- \ 00140 /- \ 00140 /7 \ 00140 /» \ 00140 /» \ 00141 /- \ 00120 /7

(00133 ), Cootas) Cootss ) Coorss )r Cooi3a)s Caonr3 )s Coons ) Coonsz ) Coorzz)r Cootor )r Caorzo ) Caotzo)s (ooai ).
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Coot21), Coon21 ) Coorzn )r Cottnz)r Connat )» Conraa ), Coniaa), (onaa ), (oniz3)s (oniz3)r (onizz )s Corna ) (othao ),

( 10420 ) ( 10420 ) ( 10420 ) ( 10420 ) ( 10421 ) ( 10432 ) ( 10433 ) ( 10432 ) ( 10432 ) ( 10432 ) ( 10444 ) ( 10444 ) ( 10444

01102 /» \ 01102 /- \ 01102 /» \ 01120 /» \ 01124 /» \ 01104 /» \ 01103 /» \ 01131 /» \ 01131 /» \ 01131 /» \ 01110 /» \ 01110 /» \ 01110 /~

( 10440 ) ( 10444 ) ( 10400 ) ( 10400 ) ( 10402 ) ( 10403 ) ( 10404 ) ( 10402 ) ( 10402 ) ( 10404 ) ( 10411 ) ( 10414 ) ( 10414
01132 /7 \ 01133 /7 \ 01202 /v \ 01202 /7 \ 01203 /» \ 01200 /- \ 01212 /7 \ 01244 /7 \ 01244 /7 \ 01243 /» \ 01210 /» \ 01211 /- \ 01211 /~

( 10410 ) ( 10412 ) ( 10412 ) ( 10414 ) ( 10411 ) ( 10423 ) ( 10421 ) ( 10421 ) ( 10423 ) ( 10421 ) ( 10422 ) ( 10424 ) ( 10424

01222 /7 \ 01224 /7 \ 01224 /7 \ 01220 /» \ 01234 /- \ 01201 /» \ 01233 /7 \ 01233 /7 \ 01232 /7 \ 01242 /7 \ 01244 /7 \ 01241 /7 \ 01241}

( 10430 ) ( 10433 ) ( 10433 ) ( 10431 ) ( 10431 ) ( 10433 ) ( 10434 ) ( 10430 ) ( 10440 ) ( 10440 ) ( 10442 ) ( 10440 ) ( 10441
01204 /7 \ 01200 /» \ 01200 /» \ 01213 /» \ 01213 /» \ 01214 /» \ 01211 /» \ 01223 /» \ 01222 /7 \ 01222 /» \ 01221 /» \ 01231 /7 \ 01233 /7

(or230), Cotz30)r Coras6 ) Cotona)» Codora ) Cooona )r Codora)-

n5(5,2;48) > 1203: (o2 ), (60013 ), (oot ), (ootoo ) (aoroo ) Coovor ) (ooad ) (ootos ) (00122 ), (Govs )
(oor1 ), Caortd )» Cooro )» (Gov2)» Coontz ) (oorsa ) Coonsa ), Coons )s (oonza )» (oomia )r Caonor )» Caorsa )» (Gotao )»
00123 ) (oo112) (o013 ), Coon2), (00123 ), Coonar ), Coonda )» (oorat ). (oorzo ) (ootaa ) Coonzo ), (oot ), (oo ).

( 81022 ) ( 01023 ) ( 01033 ) ( 01044 ) ( 01044 ) ( 81032 ) ( 01033 ) ( 01044 ) ( 01031 ) ( 01032 ) ( 01041 ) ( 01041 ) ( (1)0000 )
4 7 7 7 4 4 7 4 7 4 7 7 4

0131 00130 00110 00103 00142 0131 00132 00120 00143 00142 00104 00143 0001

(oot )» Conoro ) Coaor2 ) Cooor2)» Caoors )» Cagons )» Caoora ) Coaon ) Coaor )» Cooono )» Cavors )» Caoona )» (oot ).

(oot )» Conora ) Coaorz ) Coooor )» Caoror )» Corton )s Coonts ), (oriz2) Coonzo)r Cottas )» Coonsz )» Contta)s Connsa ),

(o130, Caoroz )» Conriz )» Cootna)r Cotizs ) Coonar ) (110a)s (oo133)s (otizo)s Coonao )» Cotvan )» Caoonz )» (o003 )s
o012 ) (oao1 ) (oaor )» (o501 )» Cooorz )» Cadors )» Coaot )» Cotono )r (otoza ) (o1033) (ovoss ) (atona )s Cotont )
( 10041 ) ( 10041 ) ( 10041 ) ( 10002 ) ( 10033 ) ( 10003 ) ( 10022 ) ( 10002 ) ( 10033 ) ( 10003 ) ( 10022 ) ( 10002 ) ( 10033
7 7 4 4 4 7 7 4 4 4 7 7

01020 01034 01043 01204 01312 01204 01312 01210 01342 01210 01342 01221 01322 /7
Cot221)r (09523 ), (o252 )» Cotson ) (0125 )» Consz )r (01935 )r Cotaaa )» (01243 ) (onsa )» Conaos ) (01534)r Cot2ia)s

(ots1a), (01220), (15a), Conzs1 )r Consd)r Cotoaz )s Consoa ), (1203 ), (01532, Cotzor )» Cotas )» Corna ), (oisia ),

( 10044 ), ( 10010 ), ( 10042 )/ ( 10032 ), ( (1)0044 ), ( 10010 ), ( 10042 ), ( 10032 )/ ( 10044 ), ( (1)0010 ), ( 10042 ), ( 10032 )/ ( 10044

01212 01303 01220 01344 1223 01333 01231 01324 01234 1313 01242 01304 01240 /7
o145 ) (onaon )» Cotsoa ) (67302, Coson ) (o703 ), (onaza)» o1z ) (oias0 )r Consss ) (ovaa )s (ot )r (o134 ),

o121 ): (01332 ), (o), (onazo)s (o1 ), (o133, Conszo)r Conasn )s Conans ), (onaan ), (onaza)r Conz2 )» (onazo ).

(oroos ), Connz2) Conot ), Coonao )» Conoze)» Coroze ), Coontz ), (oot ). (o1023 ), Coora )» Conos2 )r Coonsn ) Conoso ),
( 14024 ) ( 10102 ) ( 10102 ) ( 14003 ) ( 14003 ) ( 10114 ) ( 10114 ) ( 14044 ) ( 14044 ) ( 10113 ) ( 14012 ) ( 10114 ) ( 14024
00103 /7 \ 01044 /7 \ 01044 /- \ 00110 /» \ 00110 /~ \ 01003 /» \ 01003 /- \ 00122 /- \ 00122 /» \ 01012 /» \ 00134 /7 \ 01020 /7 \ 00102 /7

(otoa2 ), Cootai ) (61033 ), (01053 )» Coorao ) Caorzo )s Coroas ), (oonro ) (onoat)r (o013 )» Cotaoa )» Caotza s (oodo ).

(o010 )s (otor2), (oro12 ), Coonze )» Coor3a)r Cotont )s Coons )s (01063a) Coonna)r Conodt )» Caoraa )» Cotodz )s ooz ),
14000 ) ( 14000 ) ( 10131 ) ( 10131 ) ( 14041 ) ( 14041 ) ( 10134 ) ( 14024 ) ( 10130 ) ( 14042 ) ( 10131 ) ( 14014 ) ( 10133
00132 /» \ 00132 /» \ 01001 /» \ 01001 /» \ 00144 /- \ 00144 /- \ 01000 /- \ 00100 /» \ 01012 /7 \ 00134 /- \ 01014 /» \ 00112 /» \ 01021 /~

Coront )» Caoran )» Cooran )» Cor030)r Coonos ) (01033), (021 ) (aoaa )s (o013 )» Cotora)» Caoniz)» Cototo )» Cooo )»
( 14032 ) ( 14032 ) ( 10142 ) ( 14033 ) ( 10143 ) ( 14000 ) ( 10140 ) ( 10140 ) ( 14012 ) ( 14012 ) ( 10144) ( 14030 ) ( 10104
00101 /» \ 00101 /» \ 01021 /» \ 00141 /- \ 01023 /7 \ 00124 /- \ 01030 /~ \ 01030 /» \ 00103 /- \ 00103 /- \ 01044 /- \ 00110 /- \ 01112 /~

( (1)0432 )’ ( 10104 )’ ( 10443 )’ ( (1]0104 ), ( 10420 )’ ( (1)0102 )/ ( (1)0102 )’ ( 10441 )’ ( 10441 ), ( 10102 )’ ( 10402 )/ ( 10102 )’ ( 10401

1011 01113 01022 1121 01004 1131 1131 01003 01003 01132 01014 01142 01013 /7
(ot102)r (o702)s Cotorz )» Cotora ) (o103 )r Cotoas ) (o713)s Cotoza )» (oiias ) (otozo )» Coiza ) (ovo31)s Cotiaz )s

Cotor3 ), Cotiao ), (onozo ), Comioa)» Conoss)» Conit3 )s Covona ), (o1133), Conrza)r Cotoat )» Cooat )» Cotiza ) (otoda ),

(10121) (10432) (10133) (10420) (10130) (10401) (10130) (10412) (10130) (10444) (10133) (10421) (10133
01134 /7 \ 01031 /» \ 01100 /» \ 01040 /- \ 01120 /- \ 01043 /- \ 01121 /» \ 01004 /- \ 01134 /- \ 01031 /7 \ 01140 /7 \ 01041 /7 \ 01144 /1
Corras ), Cotoso)» Coraso )» Conton)r Cotoso ) (on10), (6110) (ovosa ), Covoas)s Conind )r Cotavo ) Coniar )» Cotood)s
(ornat ), Covoaz ), (onaz ), Conons)r Conana )s Corana ), (onst)s (onsai ), (on223)r Con3sa )r Conan )s Conaza ) (onon ),
(o1322), (s ) (o1522), Conzso)r Conaso )r Corzso)s Conzin ), (onsan ), (onsan)r Conzon)r Conaiz )r Coraoa ), Consnz ),
10114 10240 10110 10110 10110 10242 10242 10242 10113 10242 10111 10111 10221

01201 )I ( 01323 )/ ( 01213 )/ ( 01213 )I ( 01213 )I ( 01331 )I ( 01331 )/ ( 01331 )/ ( 01214 )I ( 01314 )I ( 01241 )’ ( 01241 )’ ( 01321 /7
( 10221 ) ( 10123 ) ( 10123 ) ( (1]0240 ) ( (1)0240 ) ( 10121 ) ( 10214 ) ( 10122 ) ( 10242 ) ( 10123 ) ( 10231 ) ( 10120 ) ( 10211
7 4 4 7 7 7 4 4 7 7 7 4

01321 01224 01224 1311 1311 01234 01313 01232 01302 01232 01302 01242 01304 /7
Cotait ), (ovai ) Cotzat )» Coran ) (oia1 )r Conaan )r (ova0a )» Cotaon )» Coson ) ataon )» Conato ) (61542 )s Cotaia )s
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01303 )» (o120 )r Conzaz)s (01226), (o15a), (o1224), Conza)r Cotze ), Conzin ), (on5i), onsin)r Conzoz )» Conzoz ),

(orz02), Conson ), Canson ), Consor )» Conzoa )» Corasa)s Conzs6)s (onzao ) (onsan)r Consan )» Conzo )r Conzaz s (onass ),
( 10230 ) ( 10142 ) ( 10224 ) ( 10101 ) ( 10101 ) ( 10311 ) ( 10311 ) ( 10103 ) ( 10342 ) ( 10100 ) ( 10100 ) ( 10301 ) ( 10301
01332 /7 \ 01243 /- \ 01332 /- \ 01301 /» \ 01301 /- \ 01412 /» \ 01412 /- \ 01311 /» \ 01410 /7 \ 01320 /» \ 01320 /» \ 01441 /s \ 01441 /1

(ots )s (01325), (1330), (01350 )» Conasa )» Coraoo )» Coton )s (1) (1312 )s Cotaz)» Conasa )r Conss ) (ot ),
( 10112 ) ( 10332 ) ( 10332 ) ( 10113 ) ( 10330 ) ( 10113 ) ( 10113 ) ( 10342 ) ( 10342 ) ( 10122 ) ( 10122 ) ( 10324 ) ( 10324
01310 /7 \ 01443 /7 \ 01443 /7 \ 01323 /7 \ 01402 /7 \ 01341 /7 \ 01341 /7 \ 01414 /7 \ 01414 /» \ 01302 /7 \ 01302 /7 \ 01434 /7 \ 01434 /1

(otaoo ), Cotsdo ), (o1aa0), (o1aao )» Conais )r Coraoa)s Corzan ), (ovan), Conann )r Conair )» Conadt )» Condta ), (oto3 ),

( 10342 ) ( 10132 ) ( 10132 ) ( 10304 ) ( 10304 ) ( 10134 ) ( 10330 ) ( 10131 ) ( 10131 ) ( 10344 ) ( 10344 ) ( 10134 ) ( 10134

01401 /» \ 01321 /» \ 01321 /7 \ 01413 /» \ 01413 /» \ 01331 /7 \ 01411 /7 \ 01340 /7 \ 01340 /7 \ 01442 /7 \ 01442 /7 \ 01342 /7 \ 01342 J7

( 10300 ) ( 10300 ) ( 10144 ) ( 10144 ) ( 10330 ) ( 10330 ) ( 10141 ) ( 10311 ) ( 10141 ) ( 10141 ) ( 10331 ) ( 10331 ) ( 10143
01431 /- \ 01431 /- \ 01311 /» \ 01311 /» \ 01410 /» \ 01410 /» \ 01321 /» \ 01413 /» \ 01332 /7 \ 01332 /» \ 01433 /7 \ 01433 /» \ 01330 /7

(otz30), (oraas), (oraaa), (o1333)r Conaga )r Conaos ), (onat2), (onan2) (onanz ), Conanz )r Conarz )r Conazs ), (onaso ),

(01453 ), (oo ), (ovnd), (onans)s Conaaz)r Cotard)s (o), (0120 (o1s)r (o1as2 )» (otaa ): Cotit ) (otatd),
ovart ), (onarn ) Cotatt ) (61423, Cotsda)s (00331 )r (onaoa)» Cotans ) (otais )r Cotas ) (09433), Cotaia )r (01434 ),
( 10132 ) ( 10134 ) ( (1)0142 ) ( (1)0143 ) ( 10143 ) ( 10143 ) ( 10144 ) ( 10144 ) ( (1)0144 ) ( 10141 ) ( 10144 ) ( 10202 ) ( 13003
7 4 7 7 7 7 4 7 7 7 7 4

01431 01433 1401 1410 01410 01410 01410 01410 1421 01430 01433 01000 00100 /7
Cotaor )» Coaor )» Coorae)» Coonas)r Cotdoa ), Coantn ) (61620 (o620 Codtoa )» Caonoz )r Cotas )» Caoroe)» (o162 )s

(o013 ), Cardoo ) Cooroo ) (01602 )» Corcoz )» Caonss )s Coonss s (onczs ) Coons )r Condss )» Coasa )r Caonzo )s Codnzo )

Conoa1)s Connaz), (on632)r Coonst )» Condor )» Caonaa ), Congra)s Cooni2). (ondto )» Conoto )» Caonor )» Caoton )s Conors )
( 13030 ) ( 10220 ) ( 10220 ) ( 13040 ) ( 13040 ) ( 10222 ) ( 13012 ) ( 10232 ) ( 10232 ) ( 13031 ) ( 13031 ) ( 10234 ) ( 13003
00123 /7 \ 01034 /» \ 01034 /- \ 00114 /- \ 00114 /- \ 01032 /» \ 00131 /» \ 01011 /» \ 01011 /- \ 00140 /» \ 00140 /» \ 01014 /» \ 00112 /7

(otoa3 ) (odn20) (1630) (oonoa)» Concar )» Caonas )» Conaz)s (16a2) (odnsz)r (o6is2 )» Cotono)» Cadton )r (o123 ),

(oot2 )s (01624), (61624), (oonts )» Coonia )» Cotaa )s (onns ) (on6ar ) Coonas )r Cot6as )» Cooas )r Caota )s (odnai ),

Cotios ), Corios ), (1025, (01623 )» Conton ) Cotoao )s Cortva ), (arort ) Cortao)r Cotto)» Conoas )r Coroaz )s (onisi ),

Coroat )» Cottaz)» Cotos )r Cortar)r Conoon ) (ontos ) (61634), (otdos )s Cotoao)s Cortis)r Cotaza)» Contat )» Cotat )s
10343 ) ( 10343 ) ( 10212 ) ( 10330 ) ( 10211 ) ( 10211 ) ( 10300 ) ( 10300 ) ( 10214 ) ( 10303 ) ( 10221 ) ( 10341 ) ( 10222
01000 /7 \ 01000 /7 \ 01120 / \ 01043 /- \ 01133 /» \ 01133 /» \ 01020 /» \ 01020 /- \ 01142 /» \ 01013 /» \ 01100 /» \ 01040 /- \ 01112 /~

otoi1 ): Contia )r Cooza ), Contaa), (ontaa), Con032)r Conosz )» Conizt )r Covooa ), (onias ) (onoz0)r Contar )» Contat ),

(otos )» (a0 ), (ontoa ), Cottoa)s Conasa)» Cotosa)s (ortiz )s (1632), (onan)r Cotoos)» Cotao)r Coroas )s (o33 ),

(o1 ) (otora), (orota)s (ortza)r Conasr )» Cortan )s Covooa ), (onioa ) (onosa)s Cottaz )» Cottz )r Cotorn ) (otora ),

( (1)0240 ), ( 10322 )/ ( 10241 )/ ( (1)0303 ), ( 10243 ), ( (1)0303 ), ( 10241 )/ ( 10334 )/ ( 10244 ), ( 10244 ), ( 10312 ), ( 10312 )/ ( (1)0200

1121 01004 01133 1020 01134 1031 01142 01013 01140 01140 01041 01041 1203 /7
Cora03 ), Cotase)r Conasd)r Conzon)r Consao ) (onart ), (61520) (01313 ), Cotans )» Conans )r Cotast )s Coass )» (o130 )s

ot240): (o133 )r Corzon )s (o1523), (nz02 ), Consan )» Conzon )» Coraao )r Conzz ) (ansao ) (on2sd)r Consis )r (onaas ),

(o282 ), Covos), (ons04), Conzaz)r Conaio ): Conztn s Consz0)s (or223), (on333)r Conzss )» Conaso)r Conzan ) (onai ),
( 10421 ) ( 10421 ) ( 10221 ) ( 10431 ) ( 10222 ) ( 10431 ) ( 10222 ) ( 10442 ) ( 10232 ) ( 10431 ) ( 10231 ) ( 10413 ) ( 10231
01324 /7 \ 01324 /7 \ 01244 /- \ 01310 /7 \ 01240 / \ 01343 /» \ 01241 /- \ 01321 /» \ 01200 /7 \ 01340 /» \ 01212 /» \ 01303 /v \ 01220 /7

(o220, (ovsas), (ovaa), (01222 )r Conaon )» (o233 )s Consso ) (01330 ), Consar )r (01234 )» Cotats )r Cotaon )» (01533 ),

(orz12), (01312), (on512), Corans)r Conant )r Conazo)s Conza ) (onsao ) (o1223)r (o133 )» Conzza)s Consi ) (otaa ),

ot10)» Co1ao0)» Coraoo )s (orn2 ), (0125 ), (01423 ), Consan )» Coraaa ), (onaa3 ), (ondor ), Condor )r Conds )r (onazi ),

(o2 ), (ovdao ), (o1as2), Condas)r Consoa )r Conad )s (ondta ), (onzo ) (onzo)r Consn )» Conada )» Condo ) (ondos ),

(oraos ), (ordto), (onzn ), Condan )r Conaaz )r Conaaa ), (onia ), (ondoa ), Condoa ), Conanr )r (onaza )r Conaz ), (ondaz ),

(ovdao ) otz ) (odtn ), (odizs )» Cadion ) odioz )» (ot ), (6dnad)r (oo )s (odnaa)r Cotiia)s Codin ) (o613 ).

(oo130), (odns3 ), Codnan ) (o0na3 )r Cotraa )» Cadnat )» Codia ), Coanri ) Codnao)r (ot )» (oo )» Cadra )s (oot ),

(oo130), Codto ) Codtos ) (o013 )» (a0 )» Cadnan )s Codnan ), (oanva ) Coanra)s Codiia)» Cavzr )» Cadoa ) (odna3 ),

141



(adt00 ), Codnoo ) Codnss ) (oonss )r Cars )» Caonao )» Codnsz ), Coanos ) Comn)» Comiar )» (oo )r Coniso ) onisa ),

(o33 ), (onias), (onvas ), Cotios )r Contia )» Conize)s Conizo ), (anitzo ) Convzz)r Comiaz )» Conto)r Corido )s Conita ),
( 10321 ) ( 10322 ) ( 10323 ) ( 10323 ) ( 10322 ) ( 10322 ) ( 10330 ) ( 10330 ) ( 10333 ) ( 10333 ) ( 10334) ( 10334 ) ( 10334
01114 /- \ 01111 /» \ 01112 /- \ 01112 /» \ 01122 /» \ 01140 /» \ 01104 /- \ 01104 /- \ 01101 /» \ 01101 /» \ 01103 /» \ 01114 /- \ 01132 /7

(otiaz ) Cottor ) Cortaa)r Cotiaa)s (othas ) (01745), (61a0), (otiad ), (attar )» (oot )r (onata ) Conans )r (o122 )

(or222)s (o1332), (onen ), Conzan )r (o123 )r Coooz )r Conzaa)s (121), (on3a1)s (o123 )» (o133 )» Cotoa s (ondon ),

( 10320 ), ( 10320 ), ( 10321 )/ ( 10321 )’ ( 10323 )’ ( 10320 ), ( 10320 ), ( 10332 )/ ( 10332 )’ ( 10330 ), ( 10332 ), ( 10332 ), ( 10330

01213 01213 01232 01232 01230 01244 01244 01200 01200 01212 01224 01224 01241 /7
(or23), (o1243), (onz0a), (o120 )r Conzoz )» Corann s Conann s (01223 ), (o130 )r Conzs0)» Conaoa )» Conadt )s (onno ),
Coraaz ), Conatz )r Condnz )» Condnz)r (01313 ), (onasz ) (6vaza ) (0132)s (onasa s (onzad)r Cotaa)s Condaa)s (onsan)s
(oraz0 ), (orazo), (on324), Conszt)r Consza)r Conaza ), (onaza ), (ovaaa ), (o1333)r Conaon )» Conaao )r Conad ), (onzaz ),
(10314) (10314) (10314) (10430) (10430) (10430) (10430) (10324) (10324) (10324) (10402) (10402) (10402

01342 /7 \ 01342 /7 \ 01342 /7 \ 01431 /v \ 01431 /7 \ 01431 /v \ 01431 /s \ 01304 /» \ 01304 /» \ 01304 /7 \ 01423 /7 \ 01423 /7 \ 01423 /7

(o318 ) (ovada), (61320, Conaat)r Consz )r Cosa )s (on322)s (01532), (o1az0)r Cotaso )» (oo )r Conazo ) (01306 ),

( 10431 ), ( 10333 ), ( 10333 ), ( (1)0333 )’ ( 10333 ), ( 10442 ), ( 10442 ), ( 10442 ), ( 10442 )’ ( 10331 ), ( 10331 ), ( 10331 ), ( 10433

01440 01302 01302 1302 01302 01434 01434 01434 01434 01334 01334 01334 01422 /7
Cota22)r (01425, (onsaz )» Conaos ) (o513 ), Conana)r (01513), Cotaat)r Covazn ), (oo )» Co1323)r (6202 )» Cotaza)s

( 10340 ) ( 10340 ) ( 10340 ) ( 10423 ) ( 10423 ) ( 10423 ) ( 10423 ) ( 10344 ) ( 10412 ) ( 11022 ) ( 11011 ) ( 11011 ) ( 11004

01332 /7 \ 01332 /7 \ 01332 /7 \ 01433 /- \ 01433 /7 \ 01433 /- \ 01433 /7 \ 01330 /- \ 01444 /- \ 00123 /- \ 00123 /» \ 00112 /» \ 00130 /~

(oot21), Coonto) Coonto ) Coort )» Coort )» Caonoo )s Coonzs ) Coonos ) Coonos )r Coorna )» Caonin )r Coonoa ) Coonan ).
11034 ) ( 11043 ) ( 11043 ) ( 11004 ) ( 11031 ) ( 11020 ) ( 11020 ) ( 11040 ) ( 11034 ) ( 11034 ) ( 11022 ) ( 11011 ) ( 11011
00141 /7 \ 00104 /7 \ 00143 /- \ 00104 /» \ 00140 /» \ 00134 /» \ 00134 /- \ 00142 /- \ 00142 /- \ 00131 /- \ 00104 /» \ 00122 /s \ 00122 /7

(00133 ), Coot24) Coot30 ) Coot0)» Cooraz )» Coritn )s (o), (1133 ), Conraa)s Comiad)» Connit )r Cotnn s (otas ),

(otnz3), (otizo ), (oniae ), Comidz )» Conra)s Connat )s Connso)s (01103 ), Contza)s Cotro)» Conist)r Corndn ) (otos ),

Cortoa ), (otiio ), Comio)r Cotrzz)r Conaor )» Corant s Coraas ), (01233 ), Conzo0)r Cotaio )» Conaiz )r Corzza ) (oiaa ),

Corza2 ), Cagona )» Caoona )» Cooont)r (ooo10 ) Coaort ) (631 Coooor ) Coooot )» Cadons )» Cadora )» Conrae)» Cors)s
10403 ) ( 10403 ) ( 10410 ) ( 10410 ) ( 10412 ) ( 10412 ) ( 10424 ) ( 10424 ) ( 10422 ) ( 10422 ) ( 10431 ) ( 10431 ) ( 10434
01131/ \ 01131 /» \ 01110 / \ 01110 /» \ 01143 /» \ 01143 /» \ 01122 /» \ 01122 /» \ 01144 /- \ 01144 /» \ 01101 /» \ 01101 /- \ 01123 /~

on123 )r Con1o2 ), Contoz ), Coniao)s (niao ), Con2az )r Conaaz )r Cooz ), Conna ), (ovns), (onzns)s Conzsn )» Conzsn ),

( 10421 )’ ( 10433 )’ ( 10433 ), ( 10433 )’ ( 10440 )’ ( 10440 )’ ( 10440 )’ ( (1)(1]38(1) ), ( 11430 )’ ( 11430 )’ ( 11204 )’ ( 11204 )’ ( 11204 ),

01231 01203 01203 01203 01220 01220 01220 00001 00001 00011 00011 00011
(adoto)s Cadoro ) Codono ) otz10)» Conato )» Corato)s Covato)s (ovana ) (or26a)s Cota6a)» Conaga)r Corzza ) (otaaz ),
( 10411 ) ( 10411 ) ( 10442 ) ( 10442 ) ( 10442 ) ( 10442 ) ( 10430 ) ( 10430 ) ( 10430 ) ( 10430

01232 /7 \ 01232 /7 \ 01243 /7 \ 01243 /7 \ 01243 J» \ 01243 /» \ 01221 /» \ 01221 /» \ 01221 /» \ 01221 /*

ns(5,2;54) = 1354: (gonon ), (aonon ) (aoroz ) (60133 ), (o012 )r (00133 ), (oonst )s (o012 )s (oos3), (ootaa ),
(00103 ), Coona ) Coorra ), (oorao)» Cooria )» Caortz ), (oonso)s Coonto ) Coonan )r (oonar )» Coorzr )r Coonza ), (oonos ).

(dor51 ), Caorto )» Cooant )» (gooto )» (oot ) Coaort ) Coaono ) Coaoro ) (oooor )» (aooor )» Caoaor )» Caoaor )» Coooor )»
Cagort )» Caoons )» Coooro )» Coooto ) (000t ) (oaors ) (oaora ) (ooto3 ) (tizs )r (oo )r Covaa )» Cooraz )» (oo )
( 10012 ), ( 10034 ), ( 10012 ), ( 10034 )’ ( 10021 )’ ( 10041 ), ( 10021 ), ( 10041 ), ( 10024 )’ ( 10013 )’ ( 10021 ), ( 10041 ), ( 10021

00134 01131 00141 01102 00101 01101 00103 01123 00104 01134 00110 01144 00113 /7

(o2 ), Coorrn ) Contoo ) Coono)» Contaa )» Caonza )s (ot ) Coonzs ) Conar)s Coonsz )» Contia)s Coonda ) (otai ),

(oo130), (otia2), Coonar )r Cotvoz )r Coorda )» Cortso)s Coonsz ), (o), Coonos )r Conr3 )» Caonoa )r Caotos )s (otizs ),

(o123 ), Coonto ), (onvad), Coonto)» Coorio )» Corta ), Cornaa)s Coonz2) (onag)r Coona )» Caonzz ): Contto) Cotto ),

(oor3a), Conat) Coonaa ), Coonza)» Contr )r Conian ), Coonan ), (onoz ) Coonar )» Coonar )» Contoz )» Coric s (oot ).
10032 ) ( 10042 ) ( 10032 ) ( 10042 ) ( 10032 ) ( 10042 ) ( 10032 ) ( 10042 ) ( 10032 ) ( 10103 ) ( 14403 ) ( 10202 ) ( 10202
01101 /» \ 00113 /» \ 01122 /- X\ 00120 /» \ 01143 /- \ 00132 /- \ 01114 /- \ 00144 /- \ 01130 /7 \ 00012 /7 \ 00013 /7 \ 00012 /- \ 00012 /7

(oot )» Codor3) Conorz ) Cooor2)» Caoota )» Cador3 )s Cotoos ) (otoas ) (onon2)r Cotonz )» Cotoat )» Coret )» (otoss ).

Conoso) ovoss ), (o108 ), Cotoos )» Cononz )» Coroen )s Corozo) (ovoas ) (oro6a)r Cotons )r Coto22 )r Coroa ) (otoso ).

142



Cotoor ), Catoos ), Conono ). Cotonz )» Conoza )» Coront )s Conod ) (o130 ) Conoaz )r Cotoas )» Cooor )» Coroos ) Catoro ).

( 10043 ) ( 10043 ) ( 10043 ) ( 10043 ) ( 10043 ) ( 10043 ) ( 10043 ) ( 10001 ) ( 10044 ) ( 10001 ) ( 10044 ) ( 10001 ) ( 10044

01012 /» \ 01021 /7 \ 01024 /7 \ 01030 /» \ 01033 /7 \ 01042 /- \ 01044 /» \ 01203 /» \ 01334 /7 \ 01214 /» \ 01314 /7 \ 01220 /7 \ 01344 /7

( 10001 ) ( 10044 ) ( 10001 ) ( 10044 ) ( 10014 ) ( 10012 ) ( 10014 ) ( 10012 ) ( 10014 ) ( 10012 ) ( 10014) ( 10012 ) ( 10014
01231 /7 \ 01324 /7 \ 01242 /7 \ 01304 /- \ 01201 / \ 01323 /» \ 01212 /7 \ 01303 /» \ 01223 /» \ 01333 /» \ 01234 /» \ 01313 /7 \ 01240 /

( 10012 ) ( 10022 ) ( 10022 ) ( 10030 ) ( 10030 ) ( 10024 ) ( 10013 ) ( 10022 ) ( 10022 ) ( 10030 ) ( 10030 ) ( 10024 ) ( 10013

01343 /7 \ 01200 /» \ 01200 /» \ 01340 /» \ 01340 /- \ 01202 /» \ 01301 /» \ 01211 /» \ 01211 /» \ 01320 /» \ 01320 /» \ 01213 /v \ 01331 /7

( 10022 ) ( 10022 ) ( 10030 ) ( 10030 ) ( 10024 ) ( 10013 ) ( 10022 ) ( 10022 ) ( 10030 ) ( 10030 ) ( 10024 ) ( 10013 ) ( 10022
01222 /7 \ 01222 /7 \ 01300 /» \ 01300 /» \ 01224 /- \ 01311 /» \ 01233 /- \ 01233 /- \ 01330 /7 \ 01330 / \ 01230 /» \ 01341 /7 \ 01244 /7

(or2a3 ), (atsio), (ons10), Conzan )r Conaar )r Coroon )s (onsas ), (ov208) (o155 )s Conzor )» Coas )r Corona ) (ovsos ),

( 10040 ), ( 10004 ), ( 10044 ), ( (1)0010 ), ( (1)0040 ), ( 10004 ), ( 60040 )/ ( 10004 ), ( 10044 ), ( (1)0010 ), ( (1)0040 )’ ( (1)0004 ), ( (1)0040

01214 01314 01212 1303 1220 01344 1223 01333 01223 1333 1231 1324 1234 )7
Consts )r Cotzsa)r (o313 )r Conzao)r (o145 ), (o1242) (61504) (o2t )s (onsas )s Conaon )r Cotas )» Conson )s Coran )s
(ora02 ), (oraz), (o1ao0 ), (o122 )r Conaoa ): Conazo )s Covaon ), (onaon ), (onaiz ), Consos ): Conaos )r Condto ), (ovanz ).
( 10034 ) ( 10023 ) ( 10001 ) ( 10034 ) ( 10023 ) ( 10001 ) ( 10034 ) ( 10023 ) ( 10003 ) ( 10003 ) ( 10003 ) ( 10003 ) ( 10003

01402 /7 \ 01413 /7 \ 01400 /7 \ 01400 /7 \ 01411 /7 \ 01403 /v \ 01403 /7 \ 01414 /7 \ 01440 /7 \ 01440 /7 \ 01443 /7 \ 01443 /7 \ 01441 /7

otar ) Cotass )r Condas ), (ot ), (01583 ), (0123), Conen )r (ot )r (onaa ), (v20), (61016, (oo )» Caonor )

( (1)4044 ), ( 10104 ), ( 14001 ), ( 10101 ), ( 10101 ), ( 14002 ), ( 14002 ), ( 10104 ), ( (1)3(1)8% ), ( 10104 ), ( 10104 ), ( 14020 ), ( 14020

0101 01022 00130 01030 01030 00103 00103 01032 01040 01040 00104 00104 /7
(oot ): Cotosr )» Co0ra3 )» (o013 )r (01000 ) (1000 ) (60100 Coot00 ) Cotooa )s Cotoos )r Caorin )» Caorin )» Cotoas )

(oto24), Coonts) Coonis ), Cotost )r Cooraz )» Cotoar )s Coonsz ), (oroaa ) (onoaa)r Cooro )» Caoro )r Corods ) (onods )

(00122 ), Connz2), (ano00 ) Cooron )» Conota )» Corora )s Coonzs ) (oonz3 ). (onota)r Conota )» Caonnz )r Caorz ) (ono3s ),
( 10121 ) ( 14021 ) ( 14021 ) ( 10123 ) ( 14033 ) ( 10130 ) ( 14024 ) ( 10130 ) ( 14020 ) ( 10132 ) ( 10132 ) ( 14020 ) ( 14020
01033 /7 \ 00120 /» \ 00120 /» \ 01040 /» \ 00104 /- \ 01004 /- \ 00111 /» \ 01014 /» \ 00112 /- \ 01012 /» \ 01012 /» \ 00134 /7 \ 00134 /7

(oto2)s (01032), Coorao ) Coonsn )» Conads )» Cotons )s Contaa ), (ootas ) (o1032)r (otos2 )» Caor2 )r Caors3 )» aoon ).

Cotoot )s Cootaa ) Cooraa ) Coto13)r Coor2s )» Cotons )s Contaa ) (anozn ), (onoar)s Cooran )» Caoran )» Cotoat )» (ooat ),

(o012 ), Conns2), (1032), o105z )» Coor51 )» Caonst )s Connoa )s (o103 ) Comna)s Comne)» Comta)r Conoss ) (otos3 ),

Coros3 )» Coti20)» Cotoas )» Comsz)s Cotora ) (onraa ), (61030), (oo ) (otoa3 )s Cotrno)r Cotoas )» Conrzn)» (o103 )s
10112 ) ( 10112 ) ( 10112 ) ( 10431 ) ( 10431 ) ( 10431 ) ( 10112 ) ( 10441 ) ( 10124 ) ( 10124 ) ( 10124 ) ( 10424 ) ( 10424
01130 /7 \ 01130 /» \ 01130 /7 \ 01042 /- \ 01042 /» \ 01042 /- \ 01141 /» \ 01002 /- \ 01101 /» \ 01101 /» \ 01101 /» \ 01001 /- \ 01001 /~

otoor ) Conriz ): Corort ), Coniaa ), (anoz2), Comist)» Conoos )» Conrn )s Coron2 ), (anioz ). Cononz)» Conniz )» Conon )

(otn2 ), (01132) (1152, Coond )» Conona )» Cotond )» (otads ) (1036 ) (omrao)r Cotoat )» Corod )r Cotoad s (otitd),

Cotono)s (01123) (onoz1), (omiss )» Conozo )» Cotias )s (otis3 ), (01133 ), (o102 )r Cotoas)» Cotoas)r Corio ) (o1216),

(o322), (01532), (01223), (01333 )r Conasa)s Conaia )s Coraa ), (ov2aa ), (onea)r Conaad): Conoa)r Corano ) (o116,

(ot316), (01516) (01516), Conzor )» Conaza )r Coranz)s (onzos )s (01222), (o1222)r (onaz2)» (o222 )r Conzzz ) (otoo )
( 10211 ) ( 10211 ) ( 10211 ) ( 10211 ) ( 10110 ) ( 10110 ) ( 10243 ) ( 10243 ) ( 10122 ) ( 10122 ) ( 10122 ) ( 10122 ) ( 10122
01300 /» \ 01300 /» \ 01300 /» \ 01300 /» \ 01243 /7 \ 01243 /- \ 01332 /» \ 01332 /- \ 01200 /» \ 01200 /- \ 01200 /» \ 01200 /- \ 01200 /s

(or320), (or3a0) (o1330), (on3a0)» Conzao)r Conzzt ), Conzat ), (on322), (1322, Conzse)» Conata)s Conzdo ) (onss3 ),
( 10134 ) ( 10134 ) ( 10231 ) ( 10231 ) ( 10132 ) ( 10244 ) ( 10130 ) ( 10241 ) ( 10134 ) ( 10134 ) ( 10134) ( 10134 ) ( 10134
01204 /7 \ 01204 /» \ 01312 /- \ 01312 /» \ 01212 /» \ 01303 /» \ 01223 /- \ 01333 /» \ 01233 /7 \ 01233 /» \ 01233 /» \ 01233 /7 \ 01233 /7

(otz30)s (1530) (01530), (01330 )» Conaso )» Coraot )s (onzas ), (v2n ), Conann )r Cotann )» Cotan )» Cottn ) (6130 ),

(otz20)s (01330) (01530), (01320 )» Conz2 )» Cotzsz )s Conzoa )s (1302 ), (on2a0)r (01383 )» Conaon )» Conitz )s (ovoa ),

Cotaoa ), (01333), (01423, (o133 )» Conaoa )» Corao )» Conaon ), (orns) Conan )r Conann )» Conan )» Condro ) Conano ),

Corata)r Cotata)s Consan )r Conaan)s Consos ), (1423 ) (61301 ) (ovson )s Conara)s Condnz)r Cotaod)r Coaod)r (o143 )s
( 10301 ) ( 10111 ) ( 10111 ) ( 10303 ) ( 10303 ) ( 10112 ) ( 10303 ) ( 10113 ) ( 10113 ) ( 10303 ) ( 10303 ) ( 10120 ) ( 10120
01423 /7 \ 01343 /7 \ 01343 /7 \ 01403 /- \ 01403 /7 \ 01341 /7 \ 01414 /7 \ 01344 /7 \ 01344 /7 \ 01420 /» \ 01420 /7 \ 01334 /7 \ 01334 /7

( 10334 ) ( 10334 ) ( 10123 ) ( 10123 ) ( 10334 ) ( 10334 ) ( 10124 ) ( 10334 ) ( 10120 ) ( 10120 ) ( 10321 ) ( 10321 ) ( 10120

01422 /7 \ 01422 /7 \ 01333 /- \ 01333 /7 \ 01400 /- \ 01400 /- \ 01331 /7 \ 01411 /- \ 01341 /7 \ 01341 /» \ 01414 /» \ 01414 /7 \ 01344/

( 10120 ) ( 10332 ) ( 10332 ) ( 10124 ) ( 10343 ) ( 10130 ) ( 10130 ) ( 10310 ) ( 10310 ) ( 10131 ) ( 10310 ) ( 10132 ) ( 10132
01344 /7 \ 01420 /7 \ 01420 /7 \ 01344 /- \ 01420 / \ 01323 /» \ 01323 /7 \ 01402 /7 \ 01402 /7 \ 01321 /» \ 01413 /» \ 01324 /7 \ 01324 /7

(oraas)s (oros), (o1338), o1z )r Conast )» Conaat )s Conat ), (onant ), (on3a)r Conasa)s (o143 )r Condas ) (o113,

143



(ots13), (oraos ), (onaoa), Corant )» Condo)» Corana)s Consia)s (onaan ), Conaan )r Conaai)r Conae)s Conzan ) (onan ),

(oratz ), (orai3), (on324), (on324)r Conaza)r Conazs)s Conano ) (oraos ) (013 ), Conass )r (onagz )r Conas ), (onas3 ),

( 10102 )’ ( 10102 )/ ( 10113 )’ ( 10113 ), ( (1)0114 )’ ( (1)0114 )’ ( 10114 )’ ( 10114 )’ ( 10114 ), ( 10114 )’ ( 10114 )/ ( 10120 )’ ( 10120

01442 01442 01400 01402 1430 1430 01444 01444 01444 01444 01444 01402 01404 /7
(ots32)r (0732 ), (otadn )» Conain ) (ovdi ), Conadn ) (vt ), Cotaor )» (oniaa ) (onada)» Co1a3a)s (6233 )r (otad)s

(oa3 ), (01a33), (0133, Cotaor )» Conaos )r Cotaat )s (onaan ), (1ao) (o1aao)r (o1aa0)» Cotaao)r Coraao ) (otdoa ),

Cotooa ), (oot ), Coarin )r Cotons)» Coorz )» Cotont )» Conona )» (odnso ) Coonao)» Cotos2 )» Caonst )» Coross ) (ondas ).

( 13010 ) ( 13010 ) ( 10202 ) ( 10202 ) ( 13032 ) ( 13032 ) ( 10212 ) ( 10212 ) ( 13001 ) ( 13001 ) ( 10212 ) ( 13023 ) ( 10214
00120 /7 \ 00120 /» \ 01031 /- \ 01031 /» \ 00142 /- \ 00142 /- \ 01010 /» \ 01010 /» \ 00101 / \ 00101 /- \ 01014 /» \ 00112 /» \ 01013 /~»
Corons )» Caorzs )» Coora3 )» Condsr )r Condr ) (oonaa ) (60153) (oias )s Conoas )» Caonat )r Caonar )» Conaat )» (o613 )»
( 10220 )’ ( 10220 )’ ( 13013 )’ ( 13013 ), ( 10222 ), ( 10222 )’ ( 13004 )’ ( 13004 )’ ( 10224 ), ( 13021 )’ ( 10221 )’ ( 10221 )’ ( 13014

01013 01013 00123 00123 01020 01020 00102 00102 01023 00124 01040 01040 00104 /~

Codtos ) Cotear )r Codtas ) (oicz )» Conoaz ), (odnaz )» Caons )s (1600 ), Canon )s o1z )r Cotaoz )r Codas ) (66153 )

(otozs )s (odtoa), (61638), (01634 )» Cooria )» Caonna )» Conza )s (1623 ) (oonso)r Cooiso )» Cotiao ) Coroao )» (odoa ).

(ootoa ), (ordos), (or60a) Coonnr )» Caorn )» Cotao )» Contoo ) (andor ) Condor )r Coonaa )» Caoraa )r Coroza )s (otdaz ),

(oors0), Codnao ) (163a), (o165 )» Cooria)» Caonna)s Conga ), Coonai ). Conton)r Cotton )» Cooo )r Coroao ) Covioa ).

Corosa ), Coninn ), Contin)r Conoon )» Conaon )» Corizo)s Coross ), (onias ). (o10s2)r Contar )» Coaoz )» Cortaz )s (oto2a),

Cotton ), Caroan ) Contod ), Corost)r Contiz )» Coront )s Corti3)s (oriis ), (o1022)r Cor022 )» Contas)r Cortza ) Conos2 ),
( 10302 ) ( 10213 ) ( 10333 ) ( 10214 ) ( 10300 ) ( 10222 ) ( 10311 ) ( 10224 ) ( 10300 ) ( 10223 ) ( 10320 ) ( 10224 ) ( 10224
01032 /7 \ 01133 /» \ 01020 /» \ 01132 /» \ 01014 /» \ 01114 /» \ 01033 /» \ 01112 /» \ 01011 /» \ 01120 /» \ 01043 /» \ 01121 /» \ 01121 /~

Cotooa ), (otooa), (o132), (o1t32)» Conona)» Cotond)» Contan ), (onda ) (onrao ) Cotoat )» Cotos )r Coroaa )s (otios ).

Cotozs )s (o1120), (61643), Cortz2)r Conoo )» Cortas)s Conozo ) (orias ) ontza)s Cotost )» Coost )r Cortao)s (otias ).

Cotoar ), Coroar ), Contos ) Cottos )r Conasa )» Cotons )» Corinn ) (anoao ) Contiz)r Cotont )» Contso)r Coroaz )s (onias ),

(oroz0 ), Coriat ), Conoo ), Contaz)r Contaz )r Coronz )s Corors ) (onzo) (onzoa)r Consiz )» Conanz )r Corano s onsaz ),

(orz1a), (ors1a), (o1213), Consst)r Conant )r Conazo)s Conzsa s (onsoz ), (1243 ), Conssz )» Conzon )r Conadn s Conoo )

or310 ) (o123 ), Conzaa ), Conzoa ), (onsn2), Conzar )r Conazz )r Conzza s Conaoa)s (on2as ), (on243)r Consa )» Conasa ),

(otzto)s (ovsa2), (01331, (01322 )r (01332 )» (o3 )s Conna )» (ovsaa ) (o122 )r Cotson)» Cotaa )r Consaa ) (oidat ),

Cotza1 ), (o1352), (o1510), (01204 )» Conaiz )» Cotzio)s (otsaa ), (01221), (o1a1)s Cotaza )» Cotaza )r Corzds ) (o130 ),

(orz31), (01522), (0133), (or302)» Conz30)» Coraan )s Conon ), (1512), (onz10)s Conzo )» Conaz)r Consda)s (oiza0),

(otaaz ), (o1221), (1522), (o122 )r Conait )» Coaz )s Conaoo )s (1235 ), (on532 ), Conanz )» Conazo )r Conaso ) (ondss ),

o132 ) (01330 ), Conazo ), (ondaz ), (onns ), (ondzn). Consan )» Conaan )s Condan ), (ondas ), (ondzs ), Consas )r Conita ),

(o132 ), (ordzo), (on32), (o1s3a)r (ons2 )r Conad ), (onda ), (ondno ) (onzs)r Conss )» Conaza )s Cona ), (ondas ),

( 10233 )’ ( 10233 )’ ( (1)0240 ), ( 10241 )’ ( (1]0240 ), ( 10242 )’ ( 10242 )’ ( 10244 ), ( 10244 )’ ( (1)0240 ), ( 12013 )’ ( 12000 )’ ( 12011

01430 01440 1411 01424 1431 01434 01434 01432 01434 1441 00133 00140 00112 /7
(atrao ) Codton )» Cadrs1 ) Codnsi ) (odtoa )r Catios ) (odoo )» Cadton ) (o3i23 ) (oot )» Cotioz ) (o220 )» (ot )s

(ootta ), Codnta), Codnas ) Coonaa)» Catron )» Caons3 )r (odnaa)s (oanaa ) Coonaz)r (o2 )» (ot )» (oo )» (oot ),

(oota0 ), Coanr3 ) Codnoz ) Cooras)» Catroz )» Caonas )s Codnss ), Coam2 ). Coonaz)r (oo )» (oo )r Cadta )s Codnai ),

( (1)2003 )’ ( 12020 )/ ( 12014 )’ ( 10303 )’ ( 10304 ), ( (1)0304 )’ ( (1)0300 )/ ( (1)0300 )’ ( 10300 ), ( 10301 ), ( 10301 )’ ( (1)0304 )/ ( (1)0304

0132 00143 00121 01124 01120 1120 1132 1142 01142 01143 01143 1142 1142 )7
Corit )» Cottiz )» Contiz )» Coniad)r Cotiaa ), (ontaa), (na ), (oniad ), Connzo)s Contso )r Cotioa )» Conion)r Conioa)s

Conitn ) Cotiza)» Cottz2) ottt )» Conizt ), Conian)r Cotian ), (aiios )r Cotiia)s (oniis)s Cottia)s Cotiis ), (oniia ),
( 10332 ) ( 10330 ) ( 10330 ) ( 10334 ) ( 10342 ) ( 10342 ) ( 10343 ) ( 10343 ) ( 10344 ) ( 10344 ) ( 10341 ) ( 10342 ) ( 10342
01114 /7 \ 01141 /» \ 01141 /- \ 01140 /» \ 01100 /- \ 01100 /» \ 01100 /» \ 01100 /» \ 01101 /- \ 01101 /» \ 01132 /» \ 01133 /7 \ 01133 /~

Cotio ) (1305), (on1a), (o121 )r Conz20 )» Corozo )s Conzzo ) (13 ), (o154 )s Conzso )» (o120 ): Coran ) (o220,

144



o120 ) (o131 ), Corza1 ), Conai ), (onzar ), Conzat ), Conzao )» Cotaao)s Coraon )s Canzon ) onzoz)r (o162 )» (ona3 ),

( 10320 ) ( 10320 ) ( 10322 ) ( 10323 ) ( 10323 ) ( 10330 ) ( 10330 ) ( 10334 ) ( 10333 ) ( 10333 ) ( 10334 ) ( 10334 ) ( 10334

01231 /7 \ 01231 /7 \ 01242 /7 \ 01242 /- \ 01242 /» \ 01203 /» \ 01203 /» \ 01203 /» \ 01212 /» \ 01212 /» \ 01213 /» \ 01213 /» \ 01230 /~

( 10332 ) ( 10332 ) ( 10344 ) ( 10344 ) ( 10341 ) ( 10342 ) ( 10342 ) ( 10340 ) ( 10340 ) ( 10341 ) ( 10341 ) ( 10341 ) ( 10302
01242 /7 \ 01242 /» \ 01203 /- \ 01203 /» \ 01214 / \ 01214 /v \ 01214 /7 \ 01223 /7 \ 01223 /7 \ 01224 /» \ 01224 /» \ 01241 /7 \ 01312}

( 10302 ) ( 10404 ) ( 10404 ) ( 10304 ) ( 10304 ) ( 10404 ) ( 10404 ) ( 10300 ) ( 10300 ) ( 10403 ) ( 10403 ) ( 10303 ) ( 10431

01312 /7 \ 01432 /7 \ 01432 /7 \ 01314 /7 \ 01314 / \ 01421 /v \ 01421 /7 \ 01320 /7 \ 01320 /7 \ 01441 /» \ 01441 /» \ 01321 /7 \ 01413 /7

( 10310 ) ( 10412 ) ( 10312 ) ( 10312 ) ( 10434 ) ( 10434 ) ( 10311 ) ( 10311 ) ( 10430 ) ( 10430 ) ( 10314 ) ( 10314 ) ( 10430
01301 /7 \ 01412 /- \ 01300 /7 \ 01300 /7 \ 01440 /7 \ 01440 /7 \ 01344 /7 \ 01344 /7 \ 01420 /7 \ 01420 /7 \ 01342 /» \ 01342 /s \ 01431 /7

o131 ) otz )r Consza)s (ovaa0 ) (ovaao ), (o1332), (on3a)» Conae)s Conaas ), (ov331), Conant)r (o130 )» (o3so0 )

(ovaaa), (ovaas), (o1308), Con30s)r Conazs )r Conazs )s Conana s (n302), (onasd)r Coasa)r Conaio)r Conio)s (013 ),

(orasz ), (or31) (onato)r (on332)r Conaza )r Conada )s (onads ), (on3a ), (on3sd)r Conaza )r (onaz2 )r Conzan ) (onata ),

(o30), (or3a0) (o1az2), Conazz )» Coora )» Caomia ), Coomi ), (oot ). Coonr )r Coonos )» Caorr )» Cooton s Cooon )
( 11023 ) ( 11000 ) ( 11022 ) ( 11032 ) ( 11020 ) ( 11014 ) ( 11014 ) ( 11014 ) ( 11013 ) ( 11041 ) ( 11023 ) ( 11011 ) ( 11032
00101 /7 \ 00124 /- \ 00141 /- \ 00114 /- \ 00121 /7 \ 00144 /s \ 00144 /s \ 00144 /- \ 00134 /- \ 00112 /» \ 00102 /7 \ 00114 /» \ 00100 /7

(00122 ), Cootso ) Coonon ) o0tz )» (o012 )» Caors2 )s (00133 ) (ootso ) Coorao)r (oot0 )» Caorzo ) Caois3 )s Cootto ).

( 10402 ), ( 10401 ), ( 10403 ), ( (1)0403 )’ ( (1)0402 ), ( 10402 ), ( 10402 ), ( 10402 ), ( (1)0400 )’ ( (1)0400 ), ( (1)0410 ), ( (1)0410 ), ( 10413

01111 01121 01122 1122 1131 01131 01134 01134 1140 1140 1101 1101 01100 /7
Cotrio)r (ortio)s Cotnia)» Cortis ) otz )r Conrat)s (ovtao s Cotics )» (oo ) (otiza)r Cortza)s (61136 (o130 )s

(onn2), (oniz2), (omaa), Comia)» Conroa )» Cornia ), Cornia ), (onva), Conan)r Comiat )» Conia )r Conizs ) (onisz ),

(or32), Corioo), Conoo)r Coroz)» Contoz)» Cornnd ), Conina ), (ona2), Conas )r Comiaa )» Convaz )» Corzno ) (onano ),
( 10400 ) ( 10403 ) ( 10403 ) ( 10401 ) ( 10401 ) ( 10413 ) ( 10413 ) ( 10411 ) ( 10411 ) ( 10410 ) ( 10410 ) ( 10412 ) ( 10423
01224 /7 \ 01222 /7 \ 01222 /7 \ 01242 /7 \ 01242 /» \ 01214 /v \ 01214 /7 \ 01232 /7 \ 01232 /7 \ 01244 /7 \ 01244 /7 \ 01241 /7 \ 01204 /

Cotata ), (i1t ), (vt ), Conas )r Conz3t )r Conzan )s (onans )s (o105 ) (o12an)s (otan )» (o230 )r Cotzds ) (oiads ),

Cota00)s (ov200), (o120 ), (01220 )» Conz20)» Corzaz )s (ovas3 ), (ooona ) Coaona)r Cooons)» Caodro ) Cadoon )» (odora ).

(odora ), Cadort ) Covorr )» Caoono )» Caooor )-

15(5,2;58) = 1458: (o2 ), (aoots ) Cooona ) (ooni3 ) (o012 )s (ootoo)s (oo123)s (oor33)s Coo21)s Cootri ),
o013 )» Cooraa ), (o010 ), (oo133), Cooton ). Cooroz )» (oorao )» Coonzo ), (oonsa), Coonao ) Cooniz)r (Goria)» Caonoz ).
(6o132), (G0rar ), (oot ), (Gord )» (o010 ), Coont )» Caotoa ), Cootor)r (aora ), Cootio ). Coooor )» Cadoor ) (ooon )

(oot )» Codoro ) Coaoto ) Cooor2 )» Caoonz )» Cagons )» Caoots )» (oaons ) Coaona)r ooz )» Contiz )» (oot )s (ot3s ),

( 10012 ) ( 10034 ) ( 10012 ) ( 10034 ) ( 10012 ) ( 10034 ) ( 10020 ) ( 10002 ) ( 10023 ) ( 10024 ) ( 10020 ) ( 10002 ) ( 10023
00121 /- \ 01104 /- \ 00133 /» \ 01120 /» \ 00140 /- \ 01141 /» \ 00101 /» \ 01101 /» \ 00102 /7 \ 01112 /» \ 00113 /» \ 01122 /7 \ 00114 //
10024 ) ( 10020 ) ( 10002 ) ( 10023 ) ( 10024 ) ( 10020 ) ( 10002 ) ( 10023 ) ( 10024 ) ( 10020 ) ( 10002 ) ( 10023 ) ( 10024

01133 /» \ 00120 /» \ 01143 /- \ 00121 /» \ 01104 /- \ 00132 /- \ 01114 /- \ 00133 /» \ 01120 /7 \ 00144 /- \ 01130 /» \ 00140 /- \ 01141 /~

(ooto0 ), Corao ) Coonos)r Cotrzs )r Caonon )» Cortao)s Coonia ), (aoni ). Coonio)r Cotvaa )» Caoniz )» Cortin)s Coonaa ),
(or32), (o) (anvio ) Coonaa)» Convz )r Caonsn s Cornos s Coonas ) Convar )r Coonst )» Contos )r Coonas s Conad ),

(oo1a1 ), Cornoz) Coonas ), Comras)r Caonoz ): Conttz ), Coonos ), (onz3 ), Coonia)» Comis )» Caonio)r Conta ), Coonai ),

Cottoa ), Coonz3), (o1tio)s Cooiss )» Convan )» (oo )» (onia1 ), (oonso ) ontar)s (oot )» Conidz )» Cadora )» (ooot3 ),

Cooor2 )» Codors ), Conorz ) Cooon2)» Catora )» Cadons )» Canora s (oan3 ) (o100 )» otz )» Cotooz )» Coton )» Catori ).

Cotonn ) (o1023), (o1020), (01620 )» Con032 )» Coroaa )s Conosa ), (ovoat ) (01043 ), Cot6a3 )» Coaoz )» Cotorn ) (otozo ).

Conoza)s Cotos3 ) (o100 ). Cotoor )» Conona )» Corono )s (or023 ), (01024), (01032 ), (01033 )» Conoat )» Coroa ) (otons ).

( 10042 ) ( 10041 ) ( 10042 ) ( 10041 ) ( 10042 ) ( 10041 ) ( 10042 ) ( 10041 ) ( 10042 ) ( 10001 ) ( 10001 ) ( 10044 ) ( 10044

01003 /» \ 01012 /- \ 01012 /» \ 01021 /» \ 01021 /» \ 01030 /» \ 01030 /7 \ 01044 /- \ 01044 /- \ 01202 /- \ 01202 /» \ 01301 /- \ 01301 /~

( 10003 ) ( 10003 ) ( 10022 ) ( 10022 ) ( 10004 ) ( 10004 ) ( 10011 ) ( 10011 ) ( 10001 ) ( 10001 ) ( 10044) ( 10044 ) ( 10003
01201 /» \ 01201 /» \ 01323 /- \ 01323 /7 \ 01203 /» \ 01203 /» \ 01334 /- \ 01334 /- \ 01213 /» \ 01213 /» \ 01331 /» \ 01331 /v \ 01212 /7

( 10003 )’ ( 10022 )’ ( 10022 ), ( 10004 )’ ( 10004 )’ ( 10011 )’ ( 10011 )’ ( 10001 ), ( 10001 )’ ( 10044 )’ ( 10044 )’ ( 10003 )’ ( 10003

01212 01303 01303 01214 01214 01314 01314 01224 01224 01311 01311 01223 01223 /7
(o533 ), (o333 )» Conz0)r Cor220 ), (o15aa ), (01534 ) (67930 (1250 ), (onsan )» Consan )r Con2sa)s Conasa)» (osts )

(onsi3 ), (ovan), (onsn)s Consaa)r Conaza)s Cotoan )s Coran ), (ns21), (onsan)r (ot )» Conoao )r Consaz ) (oiss3 ),
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o142 )» o124z ), Conaoa ), Covsoa ), (ova00 ) (on5a0 ). Conair )r Conazo )s Coraz ) (ansao ) (01233, Cons30)» (oo ),

( 10024 ) ( 10033 ) ( 10020 ) ( 10033 ) ( 10020 ) ( 10033 ) ( 10020 ) ( 10033 ) ( 10020 ) ( 10033 ) ( 10020 ) ( 10040 ) ( 10040

01310 /» \ 01201 /» \ 01323 /7 \ 01212 /- \ 01303 /7 \ 01223 /» \ 01333 /7 \ 01234 /- \ 01313 /7 \ 01240 /» \ 01343 /7 \ 01423 /7 \ 01423 /7

( 10040 ) ( 10040 ) ( 10040 ) ( 10040 ) ( 10040 ) ( 10040 ) ( 10040 ) ( 10040 ) ( 10002 ) ( 10030 ) ( 10030 ) ( 10013 ) ( 10002
01421 /7 \ 01421 /7 \ 01424 /7 \ 01424 /7 \ 01422 / \ 01422 /v \ 01420 /- \ 01420 /- \ 01401 /- \ 01401 /- \ 01401 /» \ 01440 /s \ 01404 //

(onaos )s (ovaos), (01353, (o102 )» Conson )» Coraon )r (ona ), (606 ) (o100, Cotson )» Coaad)r Conos ) (otas ),

(onaos )s (otaa3), (orn2), otz )r Consio ) (oo )s (orns ), (ons), (onnt), Cotnt)» Conana)r (o) (oionn ),

oto21)» Coto21 ): Cotozn )s Contai ), ootar ), Coonat ): Coorar )» Cotoss )r Cootta ) (arozo ) Coonos )r Cotoao )» Cotoso )

Cotos0 ) Cotoso )» Cooros)» Cootoa)s Coonoa ) ootos ) (6100 ) (oo ) Catooa )» Cotoos )» Caontd )» Caort )» (oot )s
Caor1 )» Cotoso )» Coroso )» Cotoso)r (o1030 ), Cooros ) (60103), (00103 ) (o0103 )» Cotoas )r Caont )» Cooaa )» (ootio )s
( 10122 )’ ( 14023 )’ ( 10123 )’ ( 14001 ), ( (1)0124 ), ( (1)0124 )’ ( 10124 )’ ( 10124 )’ ( 14041 ), ( 14041 )’ ( 14041 )’ ( 14041 )’ ( 10123

01002 00133 01003 00122 1013 1013 01013 01013 00123 00123 00123 00123 01044 /7

(ovoz ) Cotoda )» Conos ), Cootio )» Caotro) Cootno)» Caorto ) (1603 )- Cotaos )» (1605 ) Cotaoa )r Coot22 ), (o012 )

(00122 ), (oo122), (61012 ), Coonss )» Conoir )» Caonao)s (onoza ) (61632) (61032 ), (ot02)» (o130 )» Caons )s (00136 ),

( 14032 ), ( 10142 ), ( 10142 ), ( 10142 ), ( 10142 ), ( 14021 ), ( 14021 ), ( 14021 ), ( 14021 ), ( 10141 ), ( 14000 ), ( 10142 ), ( (1)4033

00130 01012 01012 01012 01012 00134 00134 00134 00134 01020 00102 01021 0141 /7
Cotost )» Cotast )» Cotast )» Cotost )r Coonaa ) (oonsa ) (01s)r (001> )s (otnoa )s Cotosa )r (01103 )» Coas )» (ot )s

(orn2a)s (or032), (1032), Comro)» Conoda )» Corizn )s Covooa ), (oniaa), Conoar)r Comaz)» Conoso )r Cornan ), Conisn ),

(ot002 ), Caroa2 ), (ontoo ) Cotoao)» Conrio)» Coroas ), Cormz), (orinz), Conont )» Cotonr )» Comrza)s Corosa s Coniz6 ),
( 10432 )’ ( 10110 )’ ( 10413 )’ ( 10111 ), ( 10413 )’ ( 10112 )’ ( 10112 )’ ( 10430 )’ ( 10430 ), ( 10122 )’ ( 10401 )’ ( 10123 )’ ( 10401

01043 01141 01002 01142 01013 01140 01140 01041 01041 01112 01011 01113 01022 /7

ottt ) Conrin )r Cotao )» Catono s (onizt ), (otdoa)s Conidt)r Cotas )» (otnzs ) (o133), (o1o20)r Cotoo )» Conido )

Cotoar ), (omian) (oro62), Cotros)r Conrod)r Corosa )» Conoss ), (oniaz ). Conorz)r Cotnit )» Cotaon )» Cotriz)s Cotori ),

Cotr3a), Covoar), (onz2), Comizz )» Conona)» Cotona)s (otnds ) (atozo ) Conraz)r Cotos )» Coroa)s Corosa s (otiag )

Cotoao ) Cot13)» Conto3 )» Coto2s)r (o125 ) (on13) (61022), (oti23)s (atozn )» Conizo )r (otizo )» Cooas )» (o103 )s
otz ) (o101a), (61133 ), (otozo )s (onzzs )r Cotass )r Conaza)s Conait )r (onasa ) (01234), (1513), (i1 )s (onasa ),
( 10101 ) ( 10101 ) ( 10101 ) ( 10101 ) ( 10101 ) ( 10101 ) ( 10203 ) ( 10203 ) ( 10203 ) ( 10203 ) ( 10203 ) ( 10203 ) ( 10203
7 7 4 4 4 7 7 4 4 4 7 7

01242 01242 01242 01242 01242 01242 01304 01304 01304 01304 01304 01304 01304 /~
Cota01 ), (01533), (1202 ), (01301 )» Conaaz )» Cotarz )s (otos )s (1505 ) (01220, (o120 )» Coa20)r Cotzzo)s (o2z6),
(orz20)s (01220 ), (o152 ), (o132 )» Conaia )» Conzaa )s (onzad ), (153 ), (o1522)r Conats )» Coags )r Corads ) (ovans ),
( 10120 ) ( 10120 ) ( 10120 ) ( 10241 ) ( 10241 ) ( 10241 ) ( 10241 ) ( 10241 ) ( 10241 ) ( 10241 ) ( 10123 ) ( 10220 ) ( 10123

01203 /7 \ 01203 /7 \ 01203 /- \ 01334 /» \ 01334 /» \ 01334 /7 \ 01334 /7 \ 01334 /- \ 01334 /7 \ 01334 /7 \ 01230 /» \ 01341 /7 \ 01234 //

(o313), (or2ao ), (onzao), (01333 )r Conaaa )» Conana)s Conos ), (01235), (onsan)r Conz3 )r Conza )r Conzas ) (onsas ),

o3t ) (i1 )r Conzat ), (st ), (ovan)s Conzst)r Conast )r Cotaad)s Conzas)s (on24), (on32a)s Conse)» Conaae),

(onz24), Coraon ), (onzon ), (01323 )r Conaa )» Conzna ), Conzna ), (on2ia), (onzna)r Conana)r Conzna )s Conata ), (onsna ),
( 10234 ) ( 10234 ) ( 10234 ) ( 10234 ) ( 10234 ) ( 10234 ) ( 10142 ) ( 10230 ) ( 10142 ) ( 10213 ) ( 10103 ) ( 10103 ) ( 10344
01314 /7 \ 01314 /» \ 01314 /- \ 01314 /7 \ 01314 / \ 01314 /» \ 01240 /- \ 01343 /- \ 01241 /» \ 01321 /» \ 01301 /» \ 01301 /v \ 01412 /7

(onarz ), (otan ), (onsnn)s Cotano )» Condo)» Cotas )r (onas s (ova0 ) (o1340), (otaa0 )» Cotao)r Cordaz ) (12 ),

(oras2 ), (ovaa2), (onson ), Conaon)r Conatz)r Conatz )s Consaz ) (onao ) (on330)r Conaso )» Coaso )r Corzao ) (onasd ),

(orasz ), (oraa ), (onaza), Conaat)r Conaad ), Conatd)s Conata ), (o1512), (onazz )r Conao)» Coazo )r Corszo ) (ovszo ),

(oraa1 ), (oraa ), (oraar), Conaan )r Conast )r Conadt ), Conama ), (onann ), (onsat ), Consin )» Conana)r Conana ), onsoz ),

(orasa)s (ors1) (o1316), Con310)» Conaio )r Conaas ), (onads ), (oraas ), (onaas ), Conar )r Conaar )r Conanz ), (onans ),

Corzat), Cotast)r Conann ) Conatt )» Cotado)s (o1300)» Cotago)s (61300 ), Cotaan)s (ovad), Cotdao)r (otad), (otan ),
( 10141 ) ( 10313 ) ( 10313 ) ( 10141 ) ( 10141 ) ( 10311 ) ( 10311 ) ( 10141 ) ( 10334 ) ( 10100 ) ( 10100 ) ( 10100 ) ( 10102
01311 /7 \ 01410 /» \ 01410 /» \ 01321 /» \ 01321 /7 \ 01413 /» \ 01413 /7 \ 01342 /7 \ 01431 /7 \ 01402 /» \ 01402 /» \ 01404 /s \ 01411/~

(o123 ), (01a23), (o123, (o122 )r Conaz )» Cotaz )s (o123 ), (ovot ) (onod)r Cotaox): Cotans )r Coraas)s (oiaas ),
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(ora2s), (o1a2a), (o1za), (orazs)r Conaze)s Conadn )s Coraon ), (ovaas ) Conaio)r Corsn )» Conazn )r Conazn ) (onzi ),

(oraz1), (o), (onan ), Conson)r Conaoa )r Coraos )s (onaiz)s (o123), (o123)r (o123 )r Conaa )r Conazs ) (13 ),
( 10133 ) ( 10143 ) ( 10143 ) ( 10143 ) ( 10140 ) ( 10140 ) ( 10140 ) ( 10140 ) ( 10140 ) ( 10140 ) ( 10140 ) ( 10140 ) ( 10203
01423 /7 \ 01400 /7 \ 01400 /- \ 01402 /7 \ 01414 / \ 01420 /» \ 01420 /- \ 01420 /- \ 01420 /7 \ 01420 / \ 01420 /- \ 01420 /s \ 01004 //

(oot ) (otdoo ), Codnon ) (o162 )» Coorsa )» Cotona )» (ontz3 ) (1622), (odnso)r (o163 )» Caora )r Cotosa )» (oidaa ),

Cotosa )» Codnat), Coanar)r C(oonst )» Conoo )» Cavno )s Coroo ) (odtoo ) Condoa)s Coorir )» Coona )» Coton )s (ot ),

(oott2)s Codnra), Coantz ) (01622 )» Coorso )» Coroa )r Connsa ), (16a2) Coont )» Condsa )» Caonia )» Coroao ) Codoa ).

Cotooa ), (oot ) (1613, Coons )» Conar )» Caonao)s Conora)s Coonrz ) (01622 ), Coonso )» Coasz )» Caorsn ) (oncan ).

Caoraz ), Coaar )» Conaar )» Corcar )r (oonas ) Coonas ) (6d1s3) (onoa)s Coonnn )» Conna)r Caonz )» Conoa )» (o3 )s
Corans )» Coaa )» Conas )» Cooras)r Coonaa ) Coonaa ), (61631), (oonsa)s Conoan )» Coons )r Cotas )» Caonar )» Cot6ao )»
( 13032 )’ ( 10243 )’ ( 10243 )’ ( 10243 ), ( 13041 )’ ( 13041 )’ ( 13041 )’ ( 10243 )’ ( 13032 )’ ( 10241 )’ ( 13023 )’ ( 10242 )’ ( 13001

00104 01000 01000 01000 00100 00100 00100 01013 00123 01022 00130 01020 00102 /~

(ot623 ), (odtaa), (1631), (oonaz )» Conoat )» Caonas )» Cona )» Codtos ) Contia)s Cottas)» Conria )» Cortna ), (oiina ),

Cortia ), (oriia), (ontia), Cortas)r Conass )» Cotoss )s Conoas ) (o16as ) (o1033)r Cotoss )» Coass )r Coroas )s (otoas ).

Coris1)s Catos ), (ontz2 ), Cortaz)r Conizz )r Conizz )s otz ), (anz2), Contzz)r Contzz )» Conizz )r Conono ) (otond ).

Cotoro)s Corono) (or016), Cotono )» Conono )» Corono )» Corono ) (oraa ) (o1030), Contoz )» Cononz )» Corizo) Conizo ),

(ortso)s (ortao), (ontao ) Contzo)r Contso)r Cortdo)s Contzo)s (oroaz) (on0a2)r Corozz)r Conaaz)r Coroa s Conosz ),

(or022), (oroaz), (n012), Contio)r Conoaa)» Cortaz ), (oniaz ), (ontas ), (ontas ), Comtas )» Contaz )s Contaz ) (onias ),

( 10233 )’ ( 10333 )’ ( 10333 ), ( 10333 )’ ( 10333 )’ ( 10333 ), ( 10333 )’ ( 10333 ), ( 10333 )’ ( 10333 )’ ( 10240 )’ ( 10240 )’ ( 10240

01143 01024 01024 01024 01024 01024 01024 01024 01024 01024 01101 01101 01101 /7
Cottor ) Cottor )» Cortor )» Cottor ). Conton ) Conton ) (omoan ) Cotoen ) Caroon )» Cotoon )» Cotaor )» Coraor )» Cotoor )»
Cotoor )» Coto01 )» Cotizs )» Cotoat ) (o300 ) Consao ) (01501 ), Coraas )s (ovana ) ansna )r (o122 ) (avsii ) Co2s2)s
Cotsoz)r (01334), Conis )r (o154 ) (o513 )r Conzaa ) (01543 ), Cotaaa)» (o5t ) ansio ) Corsio ) (61505 )r Cotssa)s

10212 10411 10210 10432 10212 10443 10213 10404 10213 10213 10213 10403 10403

01213 )l ( 01331 )I ( 01223 )/ ( 01333 )/ ( 01221 )/ ( 01322 )I ( 01223 )I ( 01333 )/ ( 01233 )/ ( 01233 )/ ( 01233 )’ ( 01330 )’ ( 01330 /7

o130 ) Con20): Conads ), (onzaa), (avsmo), Conzoz)r Conson )» Conzrz)s Conas ), (onziz ). (o3 )r Conzio )» Conaaz ),

(01222 ), (01%22), (61332, (o350 )» Conatn )» Corago )s Con3s ) (o1536) (01238)r (o133 )» Cotada )» Conaoa )» (ovoa ),

Cotsia)s (ot301), (1523, Conzon )» Conada )» Cotan )» Conai )s (it ), (on520)r Cotsao)» Cotazo)r (ot ) (oo ).

(01223 ), (o1533), (01331, Conaa)» Conzan )» Corazn )s Conaoo)s (onn ) (o100 )r Cotsao)» Coaao)r Coraao)s (ovdna ),

(onsz0), (or12) (ons08 ), (01220 )» Conaaa)r Corzso)s Consar ), (onao ) (on5a3), (o123 )» Conas2 )r Conzao)s (ovas ),

1403 ) (01300 ), Coraos ), (onina), (o123 ), (o1dsz): Conaan )r Conaaz ), (onaa ), (ondaz ), (ondod ), Consor )» (onaoa ),

( 10212 ) ( 10211 ) ( 10212 ) ( 10211 ) ( 10211 ) ( 10211 ) ( 10213 ) ( 10220 ) ( 10221 ) ( 10224 ) ( 10224) ( 10223 ) ( 10224

01410 /7 \ 01424 /7 \ 01433 /7 \ 01443 /7 \ 01443 /7 \ 01443 /7 \ 01442 /7 \ 01402 /7 \ 01400 /7 \ 01400 / \ 01411 /» \ 01420 /7 \ 01434 //

( 10220 ) ( 10223 ) ( 10223 ) ( 10223 ) ( 10231 ) ( 10232 ) ( 10233 ) ( 10231 ) ( 10230 ) ( 10231 ) ( 10230 ) ( 10230 ) ( 10230
01443 /7 \ 01444 /7 \ 01444 /7 \ 01444 /7 \ 01401 /- \ 01403 /v \ 01401 /7 \ 01412 /7 \ 01421 /7 \ 01430 /7 \ 01440 /7 \ 01440 /s \ 01440 /7

(orzaz ), (ovdoa), (onon ), Condos)s Conana )r Conazs )s (oniai ), (vt ), (onat)s (otdat)» Cotaao)» Cadon )s (odon ),

(odto1), Codon ), Codtor ) Coror )» Catron )» Cadron )s Codton ), (oanto ) Codnaa)r (oo )» (a0 ) Cadnzo )s (odnz6 ).

(00120 ), Codnzo ) Coanzd ) (oon0 )» Caoro )» Caonaa )s Codnaa ), (oonaa ) Coonaa)r (oonaz)» (anaa )r Codnaa ), (odnaa ),

(ootaa), Connos ), Coanzz ) Coons )» Caonia )» Caoma )s Codnis s Coanis ) Coons )r Coonis )» Caonia )r Cadnia s Codnad ),

(oo132), Conna2) Coanzz)r Coonsz)» Caons2 )» Caonsz s Codns2)s Coanaz ) Coonzz)» Cotton )» Contoa )s Corioo ) Conits ),

(oria2). Cotis2)» Cotis ), (o2 )» Cotiao)s (omiaz)r Cotios )s (12 ), Cotiad ), (aniad), Coniad)s Cotas), (otis2 ),

(otizz), (o1is3), (oniad), Conith)» Contin )» Cotinn s (ot ), (onias ) (oniat)r (oniss )» Conia)s Coniaa ) (otisa ),

Cotios ), (otias ), Contos)r Cotios )» Contit )» Cottia)s Cotian ), (onian ) Cona6)s Cotia)» Cottoo ) Corios ) (o1 ),
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otin3 ) Conrz )r Corizn ), (oniag ), (ntao ), Cotiao)» Contao )» Cotaoa)s Corans ), (orns), (onod)s Conzat)r (ot ),

(or2a2), (or2a2), (on24a), (o1200): Conzo0 )» Corao0)s Coraoo)s (or210), (on2a)r Conzza)r Conzs0)r Corzzo ) Conari ),

( (1)0322 )’ ( (1)0322 )/ ( (1)0322 )’ ( (1)0323 ), ( 10323 )’ ( 10323 )’ ( 10321 )’ ( 10321 )’ ( 10333 ), ( 10333 )’ ( (1)0334 )/ ( 10334 )’ ( 10334

1211 1211 1211 1221 01230 01230 01241 01241 01202 01202 1222 01222 01222 /7
(ot222)r (01332 ), Cotoan )» Conaan ) (o302 )r Conaoz ) (0113), Cotans )r (01333 ) (ono3s )r (01253 ) (o133 )r (0243 )s

(ot ) (01322), (01352, (01322 )» Conszo )» Conazo)s (onazo ) (vaao ) (01325, (otaoz )» (onag2)s Conadi ) (oi03 ),

ot01 ) (01302 ) Coa0z )» (o103 ), (0130 ), Coasa)r Conssa)» Conasa)s Conasa)s (01323), (onazo)r (o132 )» (o),

( (1)0320 ), ( (1)0320 ), ( (1)0320 ), ( (1)0320 ), ( 10421 ), ( 10421 ), ( 10421 )/ ( 10421 ), ( (1)0323 ), ( 10404 ), ( (1)0330 )’ ( (1)0430 ), ( 10332

1332 1332 1332 1332 01433 01433 01433 01433 1333 01400 1313 1404 01312 /7
Consz ), Conaiz )» Conatz )r Conasz )r (onasa ) (o1as ) (613 ) (1332 (onazs )s (onsnz )r Cotasa )» (o133 )» Cotaos )s

(o1382), (on3a2), (on322), (o1322)» (ot )» Conaa ), (ondi ) (onan ), Coonao)r Coontz )» Caonoz )r Coons ) Coooz )
( 11004 ) ( 11032 ) ( 11032 ) ( 11030 ) ( 11030 ) ( 11013 ) ( 11030 ) ( 11040 ) ( 11040 ) ( 11023 ) ( 11023 ) ( 11023 ) ( 11040
00102 /7 \ 00124 /7 \ 00124 /- \ 00110 /» \ 00104 /- \ 00100 /- \ 00133 /- \ 00140 /» \ 00140 /» \ 00112 /» \ 00112 /7 \ 00140 /7 \ 00123 /7

(oot6s)s Coots2) Cootss ) Cootin )» Cooton ) Caotoo)s (o013 ) (ootas ) Cootsd)r Cootat )» Caoras )r Caotzn ) (ootsa ),

(00123 ), Cootar ) Coorrs ), (ooras ): Coora )r Caonat )s Connzi ) (oot ) Coonzn)r Coorzz )» Caon1 )r (oot )r (ootaa ),

Coot31), Coonai ) Coorra ) Coorna)» Cooraz )» Caorra)s Cotaoo ), (oriao ) Conroo)r Cotton)» Coniiz): Corto s (ot ),

Corrto)s Corito), Comaa ), Conrz3)r Conraa)s Coniza ), Connad ), (ona ), Conaa)s Conrae ), Convaa ), Cornaa), Coniad),

(onio2 ), Conts), (onnis), Contts)r Conria )s Conizs ), Conizs ), (onz3), (onz3)r Comizo)» Contoa)s Corioa ) Cotioz ),
10434 ) ( 10434 ) ( 10432 ) ( 10431 ) ( 10431 ) ( 10431 ) ( 10431 ) ( 10444 ) ( 10443 ) ( 10443 ) ( 10443 ) ( 10443 ) ( 10441
01102 /- \ 01102 /» \ 01131 /» \ 01142 /» \ 01142 /» \ 01142 /» \ 01142 /- \ 01110 /» \ 01121 /» \ 01121 /» \ 01121 /» \ 01121 /» \ 01131 /~

Cotran)s (otian ), (onian)r (o3 )r Conan )r (oo )r (oot ) (vt ), (o1t )r (o123 )» Cotaao)r Cotaa3 s (oass ),

(ot2a5), (o1233), (1243, Cozio)r Conato)» Corzto)s Corato)s (1210 ), (on2iz)r Conzze)s Cotz32 )r Conzds ) (01233 ),

(o1232), (01232), (o1208), Conz04)r Conzod)r Coraod)s Covaot )s (ov20a) Cooona ) Cooont )» Cavoto ) Caon )» (odoro ).

Cooont )» Cagoto )» Caoaor )» Coooor )» Coooor ) Codors ) (63010 Codoon ) Cadoro ) Cadoro ) Caoaor )+ Caoaor )» Cooons )»
( 13000 ) ( 13001 ) ( 14304 ) ( 14302 ) ( 14302
00014 /- \ 00014 /- \ 00011 /» \ 00011 /- \ 00011 /*

n5(5,2;59) > 1484: (Goior ), (ootoo ), (Govaa ) (50102 ), Cootas ), (6ota ) (Gots ), (oonaa ) (ooraa )r (Goaa ),
( 01003 ) ( 01003 ) ( 01003 ) ( 01003 ) ( 01030 ) ( 01030 ) ( 01030 ) ( 01030 ) ( 01010 ) ( 01012 ) ( 01012 ) ( 01012 ) ( 01012
00141 /7 \ 00141 /» \ 00141 /- \ 00141 /» \ 00122 /- \ 00122 /- \ 00122 /- \ 00122 /» \ 00101 /- \ 00103 /» \ 00103 /» \ 00103 /» \ 00103 /7

(60133), Cootaa ) (oorsa)s (oovsa)r (ooriz)» Caorra)s (oorso)s Coonr3 ) (oorao)r (Govan )» (aonor )» (oo )» (oonto ).
01021 ) ( 01021 ) ( 01021 ) ( 01024 ) ( 01020 ) ( 01023 ) ( 01024 ) ( 01024 ) ( 01024 ) ( 01033 ) ( 01032 ) ( 01033 ) ( 01042
00110 /» \ 00110 /» \ 00110 /» \ 00113 /» \ 00121 /- \ 00120 /» \ 00124 /- \ 00132 /» \ 00132 /7 \ 00120 /» \ 00132 /» \ 00131 /» \ 00132 /»

(60143 ), Caodnt )» Coodno )» (Godt )» (oaoto ) Coaor ) Coaono ) Coaoor ) (aooor )» (aoao )» Cagaor )» Caoaor )» Cooont )»
( 10000 ) ( 10000 ) ( 10000 ) ( 10000 ) ( 10000 ) ( 10000 ) ( 10000 ) ( 10000 ) ( 10000 ) ( 10002 ) ( 10033 ) ( 10002 ) ( 10033
00011 /- \ 00010 /» \ 00010 /» \ 00012 /» \ 00012 /» \ 00013 /» \ 00013 /~ \ 00014 /- \ 00014 /- \ 00101 /- \ 01101 /» \ 00113 /- \ 01122 J~

(o120 ), (or1a3), Coonsz ), Comtaa)» Cooraa )» Coiso ), Coona2 ), (oniz2 ). Coonia)» Convs )» Caonn ), Conoa ), Connss ),

(ort20), Cootso ), (onter ), Cotos )» Cooton )» Cori3 )s (atia3 ), (oot ) Coonoz )» otz )» Contiz )» Cadtio)s Cadto ).

Cortaz ), (otsd), Coonia)s Coonia)» Contss ) Cortas )s Connza ), (oot ), (ontag)r Cottao )» Caonar )» Caotan ) (otos ),

Cortoa ), Coona) Coorza)s Comiat)r Contst )r Caonss )s Coonds ) (ontzo ) Convao)r Coonan )» Caonan )» Cortoa s (otas ),

(oot0), Coonso ), Contar ), Comtat)» Caonod)» Caonoa ), Connda), (onnaa). Coonnr )» Coonit )» Contoo)» Corido)s Coona3 ),

(oor23 ), Coia ), (anvan )r Coonso )» Caonso )» Contz ), Connsz ), Coonsz ) Coonaz)r Comtia )» Contta )r Caoor2 s Cooons ),

(ooor2 ), Codors ) Coaorz ), Cooons )» Caoonz )» Caoorz )» Caoor2 ), Cooor2 ) Cooons ): Cooons )» Cavora )» Cavors ) Cotoaz ).
( 10012 ) ( 10012 ) ( 10012 ) ( 10012 ) ( 10012 ) ( 10012 ) ( 10012 ) ( 10012 ) ( 10012 ) ( 10020 ) ( 10020 ) ( 10020 ) ( 10020
01002 /- \ 01011 /» \ 01011 /» \ 01020 /» \ 01020 /» \ 01034 /- \ 01034 /- \ 01043 /- \ 01043 /- \ 01001 /- \ 01010 /7 \ 01024 /- \ 01033 /7

(otoa2 ), (avoas ), (ono0s ) Cotooz )» Conona )» Cotona )s Catona )» (121 ) (o101 )r (o100 )» Cooso )r Coroso ) (oto3a ).

Coroaz ), (ovoas ), (1043 ), Cotoos ): Corooa ) Cotons )s Cotors ) (1622) (01022 ), Cotost )» Cotast )» Coroo ) (otoso ).
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otz01)» (o133 )» Corzon )s Covo1 ), (o1523), (01523, Conanz)» Conaos )s Coranz)s (ovn2), (onsos)r Consos )» (o123 ),

(onsss ) (o223), (o1223), (o1533)r Conaza )» Conzaa)s Consi ) (orzaa ) (onzaa)r Consis )r Conana )r Corzao ) (onsas ),

(or2a0), (or2s0), (1533 ), (o135 ), Conzoa )» Conanz)s Conaos s (or20s ) (onsaa)r Consa)r Conaio)r Consa ) (onara ),

Cotzra )» Cotsia ) Consia)r Corat ), (01555 ) (01930 ) (67930 ) (o ), (ansaa)» (o232 )r Cotson )» (o251 )» (od231 )

(ons2a)s (01524), (0123, (o132 )r Conaa )» (oo )s Consoa ), (ovsaa ) (onzoa)r (o132 )» Conzio)r Consaz )s (o231 ),

( 10003 ), ( 10030 ), ( 10003 )/ ( 10030 )’ ( 10003 ), ( 10044 ), ( 10010 ), ( 10044 )/ ( 10010 )’ ( 10044 ), ( 10010 ), ( 10044 ), ( 10010

01322 01232 01302 01243 01332 01204 01312 01210 01342 01221 01322 01232 01302 /7
Cot2as)r (09532), Conaor )» (o133 ) (oo )» Co1s32)r (ova0 )» Cotaso)» Coaoo ) (1433 )» Consos ) (o131 )r Cotasa )

(org2), (orazo ), (onass ), Conssr )r Conaza )r Conas ), (onaan ), (onazn ), (onaza)r Cond)r (onazz )r Conaza ) (oo ),

(onaz0 ), (oraaa), (1352 ), Consso)r Conasa )s Conast ), Covaon ), (onon ). (onsoa ), Consos ): Conaoz ): Condo ), (onano ).

(ovano ) Cotsos )» Conaos ) (oton2 )r Caotaa ) (61023 )r Cotozs )s (61023 ), (oo )s (01623 ), (ot023 )r Coozd ), (o012 )

(oot23 ), Cootz3 ), Coonzd)r Coorat): Cotoa )» Cotos )s (onos3 s (oazz ) Coonzz)r (60132 )» Cotoor )» Cotoor ) (oot ).

(o012 ), Cootaa ) Coonaa)r Cot0t): Coorar )» Cotosz )s (onoa ) (1032) (o1052)s Cotos2 )» Cotosz ): Caotsi s (onnsi ),

(oot31), Coonsi ) Coonst)r Coonst )» Coato )» Cototo)s Cototo) Coator ) Cooror )» Cootor )» Cotaso )» Caotos ) (onosi ).

(otod1), Coroa ), (onoan ), Cotodn )» Conodr )» Caonas )s Coonss s (oonss ) Coonas )r (oonas )» Caoras )r Corono s Cotono )

(otooo s Carono ) (1000 ), Cotoon )» Caoron )» Caoro0)» (oot ) Coaao ) Cooron)r Cooron )» Coae )r Corona )s (o1032),
( 14043 ) ( 14043 ) ( 14043 ) ( 10134 ) ( 14034 ) ( 10141 ) ( 14020 ) ( 10140 ) ( 10140 ) ( 10140 ) ( 10140 ) ( 10140 ) ( 10140
00113 /» \ 00113 /» \ 00113 /» \ 01044 /- \ 00110 /- \ 01003 /- \ 00122 /- \ 01014 /- \ 01014 /- \ 01014 /- \ 01014 /» \ 01014 /- \ 01014 //

(oott2)s Cootr2), Coortz ) Coontz )» Coortz )r Caorra )s Conoas s (61633) (61053 )r (o130 )» Caor0 )» Caotzo s (otaoo )

Cotaoo ), Cotino ), (onoo)s Cotron)» Cotoo )» Coroso)s Covodo ) (vos0), (o10s0). Cotio )» Cotoad)r Cornso ) (othso ).

(ot ), Conrdo )» Conodr )» Coton)r Conon ) (oroan ), (oria1) (otind ), Catmn )» Cotnnd )» Cotado )» Cotaon )» Cotoon )s
Cotaoo ), Coniat ), Comat)» Conrat)s Conrat ), (onizt ), (6o ) ovooa ), Covooa )» Coroos )» Cotaos )» Conian )» Cotoo3 )s
10123 10441 10122 10122 10122 10122 10404 10404 10404 10404 10124 10124 10124

01102 )/ ( 01012 )I ( 01132 )/ ( 01132 )/ ( 01132 )/ ( 01132 )l ( 01014 )I ( 01014 )/ ( 01014 )/ ( 01014 )/ ( 01142 )’ ( 01142 )’ ( 01142 /7

onz ) (onrz )r Conona )s Cororz ), (anors ), Conons )r Conoia )» Corros ), Cornos ), Conias ). Connos)» Conozs )» (oo ).

(otoz3 )s (01023), (onia ), Cons)r Conria )» Cotria)s (ot ) (61032), (61032 )r (o102 )» Cotodz )» Cotoza )» (1133 ),

Cotoz1 ), (oti2a), (oniza)s Comiaa)r Conza)s Cotosa)s Conoda)s (ano3z ) (ono3z)s Comisi)» Comisa)» Connsa ) (otasi ),

Cotrsa)s (avoat ), Conoat ), Cotost )r Conost )» Coroat )» Connsd ), (1o3o) (on203)r Conzza)» Conand)r Corzao)s (01213 ),

(oiza1), (orsi ), (onan )s Conast )r Conaa)» Conana)s (onzaa ), (ovss ) (onzsd)s Conda )» Conata )r Corzan ) (onasn ),

or21 ) Conazt )r Corzna ), (onana ), (ovna ), Condnd), Conaaa)» Cotan )s Conanz ), (ovn2), (o158 )r Conss )» (oo ),

(orz24), (onni ) (onsm)s Conzsn)r Consza)s Corzan ), (onzat ), (onad ), (on316)s Conz62 )» Conzg2 )» Conzon s Conson )
( 10122 ) ( 10204 ) ( 10122 ) ( 10201 ) ( 10124 ) ( 10223 ) ( 10120 ) ( 10120 ) ( 10120 ) ( 10211 ) ( 10211 ) ( 10211 ) ( 10121
01214 /7 \ 01314 /7 \ 01224 /- \ 01311 /» \ 01222 /7 \ 01300 /7 \ 01242 /7 \ 01242 /7 \ 01242 /7 \ 01304 /» \ 01304 /» \ 01304 /7 \ 01240 //

(orzio)s (01333), (01553, (otz00)» Conaan )» Coraoa )s Conon )s (01236 ) (01236, (o120 )» Conaaa)» Conzaa)s (oias),

(o123 ), (01233) (01533), (01333 )» Conz30)» Corz30)s Conzar ), (n5an ), (onez)r (o1362)» Cotzon )» Coraon s (01333 ),

(o323 ), (ov20s ), (or208 ), Con203)» Conasa )r Conasa)s (onzsa)s (01213), (onznd )s Con3st )» Conast )r Conzzo ) (on3ad ),

(orz30), (ora1), (o1233), (on330)» Conaor )» Conanz)s Consza)s (on322), (o1azo)r Conaso )» Conas )r Conazs ) (o3 ),

(otss ), (orao2 ), (onaoz ), otz )r Condoz )r Corazo )s Conaat ), (onan ), (onzan)r Conais )r Conata )r Corno ) (onass ),
( 10111 ) ( 10111 ) ( 10310 ) ( 10310 ) ( 10113 ) ( 10113 ) ( 10310 ) ( 10310 ) ( 10113 ) ( 10113 ) ( 10113 ) ( 10113 ) ( 10332
01311 /7 \ 01311 /7 \ 01410 /» \ 01410 /» \ 01312 /» \ 01312 /s \ 01432 /s \ 01432 /- \ 01313 /» \ 01313 /7 \ 01313 /7 \ 01313 /7 \ 01404 /7

(onaos ), (ovao ), (onaoa ), Coraat)r Consia)r Cotada )s Consoa )s (oniaa ) (onsa)s (otas )» Coats )r Coraos ) (otas ).

otaor )» Cotsor )» Condor )» Covaon ), (1300 ), (onzo): Conar )» Cotadn )r Conanz)s (ovanz) (onsar)r Conaat )r Cotaat ),
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o113 ) (o1a20 ), Coraaa ), Conzan ), (onsan ), Conaia)r Conaia)r Cotana )r Consaz ), (onaai ), Conast)r Consa )» (ona ),

(ots3 ), (o133 ) (o103 ), (o103 )» Condos ): Coraos )s Conann ) (onato ) (o1336), Conaaa )» Conast )r Conzai ), Conani ),

( (1)0303 )’ ( 10144 )/ ( 10144 )’ ( 10303 ), ( 10303 )’ ( (1)0144 )’ ( 10144 )’ ( 10144 )’ ( (1)0144 ), ( 10320 )’ ( 10320 )/ ( 10320 )’ ( 10320

1411 01332 01332 01433 01433 1333 01333 01333 1333 01400 01400 01400 01400 /7
(otao2 ) Cotao2 ) Corand)» Cotana ), Cotana), (0725 ), (67a23) (12 ), (a2 )» (onadt ), Cotad )» Conaod )» (otant )s
Cotann ), (ovant ), (onza), (o1ad)r Conazo)r Cotazo )s (otas3 ), (ovaan ). Conson)r Cotata )» Cota3 )r Conat3 )s (o122 ),
( 10120 ) ( 10120 ) ( 10123 ) ( 10124 ) ( 10131 ) ( 10131 ) ( 10130 ) ( 10130 ) ( 10134 ) ( 10130 ) ( 10132 ) ( 10132 ) ( 10132

01422 /7 \ 01422 /7 \ 01421 /7 \ 01440 /» \ 01403 /7 \ 01403 /7 \ 01410 /7 \ 01410 /7 \ 01410 /7 \ 01423 /7 \ 01424 J» \ 01424 )7 \ 01424 }7

(ora2 ), (orano ), (ora0 ), Cotanz)r Conaz )r Conarz )s (onazg)s (onzn ), (onazn)s Conazr )» Conaaa)r Coroon )s (odnaa ),

Cororo)s Car61) Coaror ) Coonor )» Conazt )» Corazt )r Condei ), Coonar ) Coonar )» Coonar )» Codos )» Coroos ) Cordos ).

(o122 ), Coonz2) Coonzz ), Con6ss )» Caorzo )» Coroaz )s Coraz ), Coona2) Coonsz )» Conoto )» Caonor )r Coroza ) (on62a ),
( 13032 ) ( 13032 ) ( 10221 ) ( 10221 ) ( 10221 ) ( 13012 ) ( 13012 ) ( 13012 ) ( 10233 ) ( 10233 ) ( 13023 ) ( 13023 ) ( 10233
00113 /» \ 00113 /» \ 01030 /» \ 01030 /» \ 01030 /» \ 00103 /- \ 00103 /» \ 00103 /» \ 01001 /» \ 01001 /» \ 00144 /7 \ 00144 /7 \ 01012 /7

Cotora )r (1612), Coansa)s (oonsa)» Coorsa )» Coraaz )s (oot ) (1624 ) (oonts )r (ot6ss )» Cotass )» Cadtzo )s (odzo ),

(otoas)s (o16as), (16a2), (oota0)» Coorio ) Caorro)s Coroa ), (ovioa ) Contoa)r Cotose )» Cotase)r Corosa)s (otiss ),

(oniss ), (oras), (ontsa)s Conoao )» Conozo )» Cotozo )s Corono)s (oniaa) (onoar )s (oniaz ): Coniz ): Cortaz s oton3 ),

(otor3), Carr3) Cortoo ) Cotton)» Conton)» Coroo)s Coroso)s (oroas ) Contaz)r Cortaz)» Contiz)r Corora ) Cotori ),

Cotor1 ), Coriat ), Contar), Contan)r Contar )r Corooz )s Coronz ), (onoaz ) Concoz )» Contaz )» Conona )r Cortdo ) (onoss ).
( 10220 )’ ( 10220 )’ ( 10220 )’ ( 10220 ), ( 10330 )’ ( 10330 )’ ( 10330 )’ ( 10330 )’ ( 10222 ), ( 10222 )’ ( 10222 )’ ( 10344 )’ ( 10344

01104 01104 01104 01104 01034 01034 01034 01034 01113 01113 01113 01022 01022 /7

ot022)» Cort0)» Cotizo )s (ontzo ) (61633 ) (o16ss )r Conoas )» Cottiz )» Coitia ), (i) otz )r (oot )» Cotor )

( (1)0323 ), ( (1)0323 ), ( 10232 ), ( 10340 ), ( (1)0234 ), ( (1)0234 ), ( 10234 ), ( 10332 ), ( 10332 ), ( 10332 )’ ( 10234 ), ( 10234 ), ( 10234

1011 1011 01113 01022 1121 1121 01121 01004 01004 01004 01133 01133 01133 /7
(oto20), (1620, (1620), Cota0)» Contzo ) Corizo)s Contzo ) (o16a3 ), (01643 )r Cotoas )» Cooas )» Cortzn ) (onooa ).
Cortsa)s Cottsa)s Contsa)r Corost)s Conoat ) (onoan ), (onan ), (otdan ), Cottan)s Corooa )r Cotaoa )» Conooz )» (on204)s

10433 ) ( 10200 ) ( 10200 ) ( 10200 ) ( 10200 ) ( 10200 ) ( 10410 ) ( 10410 ) ( 10410 ) ( 10410 ) ( 10410 ) ( 10202 ) ( 10432
01312 /r \ 01211 /» \ 01211 /» \ 01211 /- \ 01211 /» \ 01211 /» \ 01320 /» \ 01320 /» \ 01320 /» \ 01320 /» \ 01320 /» \ 01210 /» \ 01342 J~

o1t )r Conaz0)r Conzst ), (onzsn ), (or524), (on24)r Conzon )r Coraan)s Conzoo s Corzao ) (on206), Conzon )» (oz00):

(otsio ) (avsio ), (o1530), (otsa0)r Consio ) Cotaoa)s (onsia)s (61520) (01220, (o132 )» Coaad)r Cotoa3 )s (o33 ),

(ozta ), (01312), (ov1), Corans)r (o132 )» Conada )s Conas s (ovsaz ) (onzaa)r Cotso )» Conaa )r Corzaa ), (oidaa ),

(orza2), (o1324), (o1510), Corsi0)» Conato )» Corano )s Consto ), (or0s) (onz0s)r Corsza)r Conaa)s (oo ) (o2 ),

(orz33), (aorzao), (01333 ), (01233 )r Conzza )» Conzsa )s Conzds ) (ansao ), (ons30)s Consso )» Conaso )r Consdo s (onsa ),

or302)» Conz10)r Conaaz ), (on2a1 ) (1522 ), (01222)r Consn )» Cotzza )s Conzzz s (0n222), (01222)r (o122 )» (oo )

(orao0 ), Corzao ), (on500), Con300)r Conaaz )r Corzaz )s Covzoa ), (onso ) (onan)r Consar )r Conasz )r Conza ), (ondan ),

( (1)0200 )’ ( (1)0200 )’ ( (1)0200 ), ( (1]0200 )’ ( 10202 )’ ( 10210 )’ ( 10210 )’ ( 10214 ), ( 10214 )’ ( 10212 )’ ( 10212 )’ ( 10212 )’ ( 10212

1441 1441 1441 1441 01442 01422 01422 01430 01433 01442 01442 01442 01442 /7
Cotaaz ) (0va3), (ot )» (0123 ), (o131 )r Consaa)s (oviaa)s Cotaas )» (o1das ) (ovas )» Cotdas ). (ovdds )r Cosa)s

(o), (01330), (01432), (ondaa)r Consaa )r Coraan ), (ona ), (ovaa ) (o120, Conso)» Cotazo)r Condan ) (ondas ),

otaa1): Co1aa0)r Conaao )s (ondao ), (o1ao ), (o1dao)r (o2 )» Canoz )r Codno ) Codnoa ) Coonas)r ooz )» (aomi )

(o104 )» Caroa)» Caroa)» Cooros ) (oonss ) (oanss ) (6d33), (o023 ) (odnas )r (adnas )r (s )» (it )» (ot )s
( 12033 ) ( 12033 ) ( 12024 ) ( 12024 ) ( 12024 ) ( 12024 ) ( 12044 ) ( 12044 ) ( 12044 ) ( 12003 ) ( 12003 ) ( 12003 ) ( 12042
00121 /» \ 00121 /7 \ 00140 /7 \ 00140 /» \ 00140 /» \ 00140 /» \ 00102 /» \ 00102 /» \ 00102 /7 \ 00142 /- \ 00142 /- \ 00142 /» \ 00142 /7

Coorrt ) Cognit ), Codrrt), (odits )» Camia ), Codins)» Cadmia ), (dnna)s (ot ), Coatan)s (ot )s Codnas ) (o6isa )
( 12001 ) ( 12001 ) ( 12021 ) ( 12021 ) ( 12021 ) ( 12024 ) ( 12030 ) ( 12030 ) ( 12030 ) ( 10300 ) ( 10300 ) ( 10303 ) ( 10303
00133 /7 \ 00133 /» \ 00140 /- \ 00140 /» \ 00140 /- \ 00130 /» \ 00130 /» \ 00130 /» \ 00130 / \ 01101 /» \ 01101 /» \ 01102 /» \ 01102 /7

(otioa ), (o1is6), (onz2), Conias): Convaa)» Cortag)s (onia3 ), (onia3 ), Comiia)s Conisn)» Conist )s Coniat ) (otiao ),
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otiz0 ) Contor ): Coriza ), (aniz2), (o135, (o3 )r Conia )r Cottno)s Cottno)s (aonino ) Comvia)s Contaz)» (ovas ),

(orz2), (ona2), (o133 ), (o120 )» Conaa0 )» Corao)s Conaao s (onzas ) Conzin)r Conzar )» Conzoz )r Coraoa s Conzon ),
( 10314 ) ( 10314 ) ( 10314 ) ( 10310 ) ( 10311 ) ( 10313 ) ( 10313 ) ( 10320 ) ( 10320 ) ( 10322 ) ( 10323 ) ( 10321 ) ( 10321
01201 /7 \ 01201 /» \ 01201 /» \ 01244 /7 \ 01241 / \ 01243 /v \ 01243 /7 \ 01204 /- \ 01204 /- \ 01200 /» \ 01202 /» \ 01212 /7 \ 01212 /7

(otor2 ), Cotata ) Conata )» Cotats)r (o5 ) (o1510) (61550 (oo )» (aioaa)» (oioaa)r (o33 )r (o123 )» (0123 )s

(o123 ), (01222), (01323), (o12a1)» Conzr )r (oo )s Conzsa ) (1538), (o154 )s (o1250)» Co1230): Condon)s (otaso ),

Cotzoa ), (01233), (01512), (01312 )» Conasz )» Conasa )r (onzaa)s (01321), (o1322)s Conae)» Conaze)r Conaas ) (o132 ),

( 10300 ) ( 10424 ) ( 10424 ) ( 10310 ) ( 10310 ) ( 10310 ) ( 10440 ) ( 10440 ) ( 10440 ) ( 10312 ) ( 10312 ) ( 10400 ) ( 10400
01332 /7 \ 01433 /7 \ 01433 /7 \ 01304 /» \ 01304 /- \ 01304 /7 \ 01423 /s \ 01423 /- \ 01423 /7 \ 01312 /» \ 01312 /» \ 01432 /7 \ 01432 /7
Corz30)r Cotaaa ) Condsi)r Corazz)r (01342 ), (o1342), (6vaan ), (ovdn ) onsta)s Conaat )r Cot3io)r Conaas )r (013220
( 10321 )’ ( 10411 )/ ( 10411 )’ ( 10322 ), ( 10322 ), ( 10322 )’ ( 10421 )/ ( 10421 )’ ( 10421 ), ( (1)0324 )’ ( (1)0324 )’ ( 10431 )’ ( (1)0431

01322 01430 01430 01334 01334 01334 01422 01422 01422 1342 1342 01431 1431 /7

(or302) (01362 ), Conazi ), (ot )r Conzia), (o131 )r Cotaia ), (vt ), Cotaat ), (avaan)s Conaa)r (1332, (o430,

(onaz0)s (01330), (o142 ), (o1352)» Consdo)r Condos )s (onso3 )s (ovaa ) (onasd)s (o130 )» Conadn )r Conioa s (01od ),

( 10340 ), ( 10340 ), ( 10423 ), ( (1)0423 ), ( 10341 )’ ( 10341 ), ( 10341 ), ( 10433 ), ( (1)0433 ), ( 10433 )’ ( 11040 ), ( 11044 ), ( 11044

01332 01332 01433 1433 01344 01344 01344 01420 1420 01420 00122 00112 00112/~
Coortz ) Coorz )» Cootoa )» Cootoa)r Cootoa ) Cootoa ) (ootoa ) Cootoo ) Contoo ) Canton ) Caron ) Caoraz )» (o012 )s

Coota2 ), Cooraz )» Cooraz )» Cootto ) Coonzo ) Cootao ) ootz ) Coor30)s Coorso)s (a01ds )r Caors )» Caorda )» (ootds )s
(00143 ), Connz3) Coonzs)r Coors )r Coorza )r Caonzs ), Coona ), Coonat ). Coonst )r Coonst )» Caonst )r Cootn ), (oot ),
11000) (11000) (11000) (11004) (11003) (11003) (11003) (11003) (10402) (10402) (10402) (10402) (10403
00111 /- \ 00111 /» \ 00111 /» \ 00134 /7 \ 00124 /- \ 00124 /s \ 00124 /- \ 00124 /- \ 01110 /» \ 01114 /» \ 01114 /7 \ 01114 /7 \ 01140 /7

(otnso)s (ot1s6), (onao), (onrdo): Conrao ) Coid)s (otnag ), (ovias), (oniz)s Cotiae)s Conizd)s Cotnas ) (othss ),

(otras ), (otias), (onigs), (omids )» Conica )» Conica )s Cotnos )s (onas ), Conzz)r Cotizz )s Coiz2 )r Cotizs ) (otion ).

Coton ), Corion ), Conon)r Conrzz)r Conrz )» Conisz s (o), (onzz), Conzz)r Cottin )» Conrn )» Contn ), (ot ),

Corrtn ), Cotrta )» Contso)» Coto)r Cotao ) (ontan ) (61203) (o205 ), (ovans )» Corana)s Cotato)r Coato )r (otas2 )s
10400 ) ( 10401 ) ( 10412 ) ( 10412 ) ( 10413 ) ( 10411 ) ( 10411 ) ( 10411 ) ( 10411 ) ( 10411 ) ( 10413 ) ( 10420 ) ( 10423
01232 /7 \ 01244 /7 \ 01204 /7 \ 01204 /- \ 01211 /» \ 01220 /» \ 01220 /» \ 01220 /» \ 01232 /» \ 01232 /» \ 01231 /7 \ 01203 /» \ 01204 /-

(orz0a ), (or221) (on221)s Con233)r Conaz )r Conaa s (ona2)s (ovzoo ) (onzia)r Conzae)r Conaia)s Cozan ), (onan ),

(o230 ) Cotais )» Conas )r Cotano)r (ota10)r (01222) (6131 (aas s (aiast )r (ota3 )r Cotaa )» Coasa )» (oo )»

(ooota)» (0014 ), Cooona )» Cooota ) Cooora )» Caodnr )r (odord ) Cadoro )» Codoor ) Cododt )» Cototo ) (oo )» (aoota )s
( 12403 ) ( 13103 ) ( 14202 ) ( 13200 ) ( 14304
00011 /- \ 00011 /- \ 00010 /~ \ 00001 /» \ 00011 /*
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G Generalized Hamming weights and geometric counterparts

The distance d we defined in the introduction, i.e. the number of positions where two codewords
differ, is called the Hamming distance. For a single codeword c in a code C with a finite field |F,
as alphabet we can define its Hamming weight wt(c) as the number of non-zero positions. With
this, we have d(ci, c;) = wt(ci — ¢) if ¢1,¢2,¢1 — ¢ € C. So, especially for linear or additive codes
the occurring distances are given by the occurring weights. The Hamming weight turns IFj into

a normed vector space Forc=(c1,...,cy) € ]F’; we call
supp(c) :={1<i<n : ¢ # 0} (90)
the support of ¢, so that wt(c) = |supp(c)|. For some linear subspace C in IFj let
supp(C) :={1<i<n:dc=(c,...,¢,) €C,c;i # 0} (91)

be the support of C and dim(C) its [F;-dimension. For two IF; vector spaces C, C’" in [Fj we write
C < C'is Cis contained in C’. With this, the fth generalized Hamming weight of a linear code C
[93][116], denoted as ds(C), is the size of the smallest support of an f-dimensional subcode of C
,1.e.

d¢(C) := min{| supp(C’)| : C’' < C,dim(C’) = f}. (92)

Le. d,(C) is the minimum Hamming distance of a linear code C. The sequence (d;(C), ..., dx(C)) is
called the weight hierarchy of a linear [n, k], code C. Clearly, we have 1 < d;(C) < --- < di(C) < n.
The generalized Hamming weights can be used to describe the cryptography performance of a
linear code over the wire-tap channel of type II [183] and to determine the trellis complexity of
the code [52, 72,73, 111]. The weight hierarchy of a linear code can be obtained from a quadratic
form over a finite field [135} 136} 139]. Also the geometric reformulation of the generalized
Hamming weights in terms of multisets of points is well known [95,[176]. Let M be a multiset
of points in PG(k — 1, q) and C its corresponding [n, k], code. Then, we have

m —d¢(C) = max {M(U) : U subspace of codimension f} (93)

forall1 < f < k. In order to keep the paper self-contained we state a brief argument and
generalize to additive codes, c.f. [11]@ Given a linear [n,k,d], code C, a codeword (a 1-
dimensional subcode) of C is obtained by left multiplication of a generator matrix G by a vector
(S IF’; Considering v as a point in PG(k — 1,4), the hyperplane v* contains the point x iff

3The notion of Hamming weight also exists for general matroids, see e.g. [109].
14Generalized Hamming weights have been also defined for so-called almost affine codes [167]. Many properties
for linear codes carry over, see e.g. [108]. For generalized weights for codes over rings we refer e.g. to [66].
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(v,x) = 0. Viewing the set of columns of G as a multiset of points in PG(k — 1,¢), thus have
that the codeword vG has weight w iff n — w points are contained in the hyperplane v*. More
generally, for a j-dimensional subspace V of IFj the codimension j subspace V- contains n — w
points if the subspace {vG : v € V} has support w, which proves equation (93). We can apply the
same argument to the subfield generator matrix G of an additive [n,7/h, d]Z code C to conclude

n—dg(C) = max {{{S € X¢(C) : S < U}| : U subspace of codimension f} (94)

forall 1 < f < k. Given Equation (94), we generalize the notion of a projective system from
Definition It

Definition 17. A projective (h, f) — (n,1,s), system, where h + f < r, is a multiset S of n subspaces of
PG(r -1, q) of dimension at most h such that each subspace of codimension f contains at most s elements
of S and some subspace of codimension f contains exactly s elements of S. We say that S is faithful if
all elements have dimension h. A projective (h, f) — (n,1,s), system S is a projective (h, f) — (n,7,s, 1),
system if each f-space is contained in at most u elements from S and there is some f-space that is

contained in exactly p elements from S.

So, a projective (h,1) — (n,1,s), system is just a projective h — (n,7,s), system and a general
projective (h, f) — (n,1,s), system corresponds to an additive [n,r/h,d f]Z code C withs =n —dy,
where d; denotes the minimum fth generalized Hamming weight of C. By [:]q we denote the

number of s-spaces in PG(r — 1, g), i.e.
s—1 i
rl q— = 1 r— 1
LL ) H -1 H [s— i, ©°)

and by n,(r, h, f;s) we denote the maximum integer n such that a projective (i, f)—(n,7,s), system

exists. Clearly we can convert any given projective (1, f)—(n, 1,5), system into a faithful projective
(h, f) = (n,1,< s), system by replacing each element U by an arbitrary h-space containing U.

Lemma 51. n,(r, h, f;51 +s2) < ny(r,h, f;51) + ng(r, h, f;55)

Proof. Consider the union of a projective (h, f) — (nq(r, h, f;s1), r,sl)q and a projective (h, f) —
(nq(r, h, f;s2),1, sz)q system. [

The upper bound for n,(n, ; s) from Lemma [16/can be easily generalized:

Lemma 52. We have
.S

/-1 _
H [r—1], %)

L [r— —z]q

ng(r,h, f;s) <
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Proof. Let S be a faithful projective (h, f) — (n,7,s), system with n = n,(r,h, f;s). Since each
element S € S is contained in [7}h] subspaces of codimension f and there are [}]q subspaces of

[7]s

codimension f in total, we conclude n < G ,1] .
fq

Considering the set of all n = [Z]q h-spaces in PG(r — 1,q) we see that the upper bound in
Lemma |52|is tight for s = [r;f ]q. Using A copies of this construction yields

. [r}h]q
Sh_}rg ng(r,h, f;s) - T s =1 (97)
g

The determination of n,(r, 1, f;s) as a function of s seems to be a hard problem, even for small
parameters, see e.g. [61] for the currently known bounds for 1,(5, 2, 2;5).

For h = 1, i.e. linear codes w.r.t. the f-generalized Hamming weight several bounds have
been obtained in the literature, see e.g. [176]. Here we single out a Griesmer-type bound to which
we devote the entire subsequent subsection. As for the special case f = 1 it can indeed always
be attained if the minimum distance d is sufficiently large. In Subsection we determine a

few exact values of n,(r, 1, f; s) for small parameters. Many of these results are from [131].

G.1 The Griesmer bound

It is well known that the Griesmer bound

k—

Z{ } : go(k, d). (98)

for the minimum length of an [n, k], codes with given minimum Hamming distance d is attained
if d is sufficiently large. Here we will show that the same is true for the fth generalized Hamming
distanceﬁ First we study the geometric counterpart. To this end, let an (n, s)-arc in PG(v — 1, 9)
denote a multiset of points with cardinality n such that each hyperplane contains at most s
points and at least one hyperplane contains exactly s points. In other words, an (n,s)-arc in
PG(v - 1,q) corresponds to an [1, v, n — 5], code.

Lemma 53. Let K be an (n,s)-arc in PG(k — 1,q), where k > 3. If H is a hyperplane with K(H) =
then we have K(S) < |[(sq+m—n)/q] = s —[(n—m)/q] < s —[(n—s)/q] for every subspace S of
codimension two.

Proof. Let S be an arbitrary hyperline and H, ..., H, the g + 1 hyperplanes through S. With this

This should be well known, but we did not find a corresponding reference.
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and K(Hy) = m we have

q
n=Y KH)-q-KES)<m+q-5-q9-K(S),
i=0
so that

K(S) < w

Note that K(S) is a non-negative integer and m < s. n

Lemma 54. Let K be an (i, Vx-1)-arc in PG(k — 1,q), where k > 3. For 1 < j < k the maximum
multiplicity of a j-space is at most y;, where

—~ {[k—j]qﬁ+l—ﬁ| — { V= Vjn }

i N P R L &)

=Vis1 —

forj=k-2,...,1

Proof. We prove by induction for j =k —2,...,1. So, let X be an arbitrary j-space and Y3,...,Y;

the [ := [k — j], subspaces of dimension j + 1 that contain X. Thus, we conclude
I
4K = Z K5 - (= 1DKX) < 1T - (= YK(X)
i=1

from the induction hypothesis, so that K(X) € Ny and #K = ; imply

K(X) < Vyfll—_lyk|

]
For e.g. a (1010, 204)-arc in PG(4, 5) we have 5 = 1010, y4 = 204, 73 = 42,7, =9, and 1 = 2.

Setting yx = n and Y1 = s we can rewrite the recursive definition of y; in Equation to

e
Bl,-1

Jk=jl;—n

Vi = =1 : (100)

For the special case m = s Lemma [54] is a generalization of Lemma We can also rewrite
Lemma [53|for [, k, > d],-codes instead of (1, < s)-arcs:
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Lemma 55. If an [n,k, > d];-code C contains a codeword c of weight w with w < —; q , then the residual

code of C with respect to c is an [n -wk-1,>d-w+ h”q-eode.

The repeated application of Lemma 55 with w chosen as the minimum Hamming distance
d implies the Griesmer bound in Inequality (98). An [n,k,d],-code whose parameters satisfy
Inequality with equality is called a Griesmer code. The corresponding (n,n — d)-arcs in
PG(k — 1, q) are called a Griesmer arcs. Next we restate Lemma [22|and provide a brief proof.

Lemma 56. Let k > 1 and d be positive integers. Write d as

k—
d=oq"" =) e, (101)

i

N

Iy
o

where 0 € Ny and the 0 < ¢; < g are integers for all 0 < i < k —2. Then, Inequality is satisfied with
equality iff

k=2
n=olkl, - ) &li+1], (102)
i=0
which is equivalent to
k=2
n—d=olk-1], &[ily. (103)
i=1
Moreover, for each integer 0 < j < k — 1 we have
k-1 k=2
{ } = olk — l, Z eli— j+1],. (104)

i=] i=]

Proof. From Equation (101) and

h-1 h-1
0<Y e <@@-1-).qd=q"-1<q"
i=0 i=0
we conclude

d k-2 ‘
"%“ — qu—l—h _ eiql—h (105)

i=h
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for all 0 < h < k— 1. With this we have

k-1 k-1 k=1 k=2
Z [ i w _ k—1-h _i—h
q

= 0)q - €iq
h=j h=j h=j i=h
k-1-j k-2 i
_ h i—h
=0 ¢"-) &) q
h=0 i=j  h=j
k2 i)
_ . h
= olk—jl, - & q
i=j  h=0
k-2

forj=0,...,k—1. The case j = 0 implies that the value for 11, such that Inequality is satisfied
with equality, is given by Equation (102). The case j = 1 gives the equivalent condition for n —d.
n

In other words a Griesmer code has parameters n and d satisfying Equation and
Equation (101), respectively. Note that each positive integer d admits a unique representation
as in Equation (10I). The parameters n and s = n — d of a Griesmer arc are specified by
Equation and Equation (103), respectively. Note that not every positive integer s admits a
representation as in Equation (103), satisfying the conditions for ¢ and the ¢;. The expressions

in (104) equal y_; and are indeed attained for Griesmer arcs.

Lemma 57. For an integer k > 3 let 0 and 0 < &; < q, where 0 < i < k — 2, be non-negative integers. If

-2

n = olk], - gli+1], (106)
i=0
and
2
s=olk-1], - &ililg, (107)
i=1
then we have
k=2
5/} =o[jly - gli—k+j+1], (108)

1]
~

i=k—j
for each (n,s)-arc K in PG(k —1,q) and for all 1 < j < k. Moreover, each j-space X with K(X) = y;
contains a (j — 1)-space Y with K(Y) = yj_1, where 2 < j < k.

Proof. First we proof Equation (108) by induction for j = k,k—1,...,1. The case j = k is
given by Equation (106) and the case j = k — 1 is given by Equation (107). Note that we have
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[a], = [b], = q°la — b], and [b], — 1 = q[b — 1], for integers 1 < b < a. With this we compute

k- k-j-2
L o (K, - [j+1]y) - z a(ﬁ+uq—ﬁ+1—k+j+u0— Y, eli+1],
Ve~ Vi _ i=k—j- =
[k—jl, -1 g-lk—j—-1],
k-j-2
k2 o Zo gli + 1],
— Uq] _ Siql_k+]+1 _ l:'—,
i:kZ—];—l k=l -1
where 1 < j <k — 2. Since
k-j-2 k—-j-2
0SZ€,Z+1 SZ 1) = (k- ) k=-j-1<[k-jl,-1
i=0 i=0
we conclude s
Vk T Vin w j o ikejl
| =0q — &ifq .
{[k—ﬂq—l .
Plugging into Equation gives
7’/\}( _5/\ . k-2
— — + . . i—k+7
7= P T oo mn) T alie ke
i=k—j—1
k=2 k=2
= oljly— Y, eali+1—k+jl=oljl— Y eli+1-k+jl,
i=k-j-1 i=k—j

so that Equation is satisfied.

For the final statement note that K|x is a (7/], <yi- 1) arc in PG(j — 1, ¢). Observe that the arc
is spanning, due to ; > -1, and the non-existence of a hyperplane Y in X with K(Y) = ¥,
contradicts the Griesmer bound, i.e., Inequality . [

For the rth generalized Hamming distance we have:

Theorem 24. (Griesmer-type bound) [94, Theorem 4], [95], Theorem 5]
For each [n, k], code and each 1 < r < k we have

k—r

vzae ¥

=1

w:%m¢y (109)

For other bounds we refer to e.g. [176]. A few auxiliary results are given as follows
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Lemma 58. For a > b we have

[al; — [a —bl; = ¢ - [],. (110)
Proof.
@-D-(-1) g¢-1
lal; = [a - D], = 7—1 =4 'qj:q - [b],-
|
Lemma 59. We have
(a) g3k, d) = g,(k,d);
(b) go(k,a-qlrly+b) =b—qlrly + gk, (a+ 1) - glrly) foralla € Nand all b € {1, ..., qlrly};
(©) gi(k,oq""[r]; + A) = olk], + gi(k, A) for all 5, A € N.
Proof. We compute
1 S S i
k,d)=4d :
st =+ Y, {[uq .A ) M gk, d),
. L aqglr]l, + b — [(a+ 1)gqlrl,
gq(k, aqrly +b) —aq[rl,—b = L { [, g - ]:21 [rl, - q/ }
= &k, (a+1)qlrly) — (a + 1)glr],,
and
r k—r k—r S o k—V[r] +A
gk, og Iy + A) = (0Tl + A) + ; {[r]q—q]
k—r A
= olk A
ol +[ o q}”
using Lemma 58 n

So, for r = 1 Inequality coincides with Inequality (1) and we have g;(k, d) = g7 (k,d-1)+1
if d is not divisible by g[r],.

A geometric construction that attains Inequality (1) for sufficiently large d was given by
Solomon and Stiffler [172], cf. Section 3. To describe the construction let ys denote the charac-
teristic function of a subspace S, i.e. xs(P) is point P is contained in S and xs(P) otherwise. We
say that a multiset of points M in PG(v - 1, g) is of type o[v] - Zf;ll ¢i[i], if there exist subspaces
Si,...,5 such that M =0 ya — 25:1 Xs; and their are exactly ¢; subspaces S; of dimension i,
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where x4 denotes the characteristic function of the ambient space PG(v - 1,4) and o, ¢; € IN for
alll<i<ov-1.

Lemma 60. Let M be a multiset of points in PG(k — 1,q) with type o[k] — Y1 &;[i], where o € N and
¢ € Nforall1 <i<k—1. Then, we have #M = n and M(U) < s, for each subspace of codimension r,
where

k-1
n = olk], - &ilil, (111)

i=1

and .
s, = olk—r], - Z eili — 1], (112)

forall 1 < r < k. Moreover, we have

k-1 r
dyi=n—s,=[rl,- [o g - Z & qi_r) - Z eilily. (113)

i=r+1 i=1

Proof. Counting points gives the equation for n. Note that each subspace of codimension r
contains exactly [k—r], points while the intersection of an i-space and a subspace of codimension r
contains atleast [i—r], pointsifi > r. Thus, we have M(U) < s, for each subspace of codimension

r, where 1 < r < k. Using Lemma 5§ we compute

k-1 r
d = n-s,=c-q"[r], - Z ei-q " Irly - Z &lil,.
i=r+1 P

Clearly, we can always use the construction M = ¢ - x4 — Yo, Xs, if 0 is sufficiently large,
which may depend on a clever choice of the subspaces S;. We remark that there is no need
to assume that the ¢; are non-negative if assume that subspaces S; of the same dimension are
equal and arranged in a chain S; < --- < 5,1, where dim(S;) = iforall 1 <i <r - 1. If the ¢; are

non-negative, then choosing o > Y.\ ¢; is sufficient.

Lemma 61. Using the notation from Lemma[60]let ¢; < g —1for 1 <i <r+j, wherel < j<k-r.

Then, we have

k-1
d, i o
=0-q "= ) &-q7. 114
| L o
Proof. Since 0 < ¢;<g-1forl <i<r+jwehave
r rej-1 j-1
0< Y elily+ Y e gy <qlrdy+ @ - DIy Y4 =[]y -7, (115)
i=1 i=r+1 i=1
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so that Equation (113) implies the statement. n

Lemma 62. Using the notation from Lemmal60]let &; < q — 1 for 1 <i < k — 1. Then Inequality
is attained for each 1 <r < k.

Proof. Using Lemma [I]and Lemma [60] we compute

[ d U= =l k-1
Z:‘ {[r]qr.qj} - Z(o'qk” - Z fz"q”j] =o-[k—r],- Z & -li—1l,,

j= j=1 i=r+j i=r+1

so that Lemma 58 and Equation (113) yield

k—r dr k-1 ‘ r ' -1 .
dr+;‘{[r]q-qf} =o0-[k], - Z gi-[z]q_zgj[llq:U-[k]q—Zgi.[z]q -

i=r+1 i=1 i=1

In other words, the Solomon-Stiffler construction and indeed every Griesmer arc is optimal
for the rth generalized Hamming weight for all 1 < r < k. For the special case when ¢; € {0, 1} for
all 1 <i < k-1 this was e.g. also observed in [146]], while it is certainly known for a longer time.
From Inequality we can also conclude the existence of Solomon-Stiffler constructions with
¢ > q for some small i which are optimal for the fth generalized Hamming weight for all f > j

but not optimal for the (j — 1)th generalized Hamming weight, where j is arbitrary.
Theorem 25. For 1 < r < klet C be an [n, k,d], code with

k-1
n=olk] - &ilily

i=r+1
and

k-1 i-1

d=0-q —Z&q ,

i=r+1

where 0 € N and ¢; € {0,...,q — 1}. Then, we have

k
4,(C) = [r], [o =) eiqf‘f]
i=r+1

and C attains the Griesmer bound for the rth generalized Hamming weight, i.e. gy (k, d;) = n.

Proof. Let M be the multiset of points in PG(k — 1, q) corresponding to C. Due to the minimum
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distance d each hyperplane contains at most

k-1
s=olk-1], - Z eili - 1],
i=r+1
points and there exists a hyperplane containing exactly s points. Lemma 54| yields that each

(k — r)-space contains at most

k-1

Sk—r = o[k =], — Z gli—rl,

i=r+1

points and that there exist at least one (k — r)-space attaining this bound. Thus, we have

k
d(C)=n—sp, =[rly- [0 g - Z eiqi‘r] (116)

i=r+1
and Lemmayields n = gi(k,d.(C)). n

As mentioned before, we have g;(k,d) = g/(k,d — 1) + 1 if d is not divisible by g[r];. So,
in order to determine n,(k, r;s) we can look at all d, that are multiples of g[r],. Equation (116]
uniquely determines the auxiliary parameters o, ¢,41, €742, ..., &1, Which then determine the
length n and the minimum Hamming distance d of the desired Griesmer code C. If 4, is large, so
is d, so that we only need to check the existence of the Griesmer codes for some small multiples
of g[r],, since Griesmer codes always exist if d is sufficiently large. Fore.g.q =3,k =5,r = 2,
and d, = 4-12 = 48 we look for an [55,5,36]; Griesmer code, which indeed exists, so that
n3(5,2;7) = 55. For the same parameters and d, = 3 - 12 = 36 we look for an [41, 5, 25]5, which
indeed exists. Since it is not a Griesmer code for d, = 4 - 12 = 48 we end up with s = 7, the cases
s = 6 needs to be considered separately.

From Inequality we can also conclude the existence of Solomon-Stiffler constructions
with ¢ > g for some small i which are optimal for the rth generalized Hamming weight for all
r > j but not optimal for the (j — 1)th generalized Hamming weight, where j is arbitrary. See

also [53, Theorem 7.1] for a closely related application of the Solomon-Stiffler construction.

In [11, Theorem 1] a linear [, k, d], code C is used to construct an additive [n,k/h, > dh(C)]Z
code. We remark that the Solomon-Stiffler construction and the Griesmer bound gives 1,(5,2; 0 -
[Bl;—€4-(g+1)—¢e3) =0-[5]; —e4-[4]; — €3 - [3]; for &4, €3 € {0,...,q — 1} and sufficiently large
o € IN. Applying the mentioned construction we obtain optimal additive codes iff ¢3 = 0. For
bounds and exact values for 2.5-dimensional additive codes over IF;, where g € {2,3,4,5}, we
refer to [24}121], cf. Subsection However, for many other parameters [11, Theorem 1] indeed
attains the Griesmer upper bound.
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Currently, we do not know a Griesmer-type bound for the fth generalized Hamming weight
of an additive code, or for n,(rh, f;s) in geometric terms. For linear codes in the so-called
b-symbol metric a Griesmer-type bound is known and it can indeed always be attained for
sufficiently large minimum distances [127]. For Griesmer-type bounds for certain subclasses of

non-linear codes we refer e.g. to [17, 147, 164].

G.2 Exact values of 1,(r, 1, f;s) for small parameters

While it is in general hard to determine the values n,(r, 1, f;;s) parametric g there is one easy

case:
Proposition 24. We have n,(f + 1,1, f;s) = s - [f + 1], for each f > 1 and each s > 1.

Proof. The lower bound is given by Lemma52|and a construction is given by a multiset of points
Min PG(f, g) with M(P) = s for every point P. [

The Griesmer upper bound for n,(r,1, f;s) is the largest integer n such that n > g{; (r,n —s).
The coding upper bound for n,(r,1, f;s) is given by s, where s, = s and s; = n,(i,1,1;s,_1) for
r—f < i <r. Inother words, the coding upper bound uses the parameters of optimal linear codes
to recursively upper bound the number of points in subspaces of codimension f - 1,...,1,0.

Example 15. For n,(7,1, 2; 21) the Griesmer upper bound is 81 and the coding upper bound is 75, where
S¢ = 39.

Corollary 11. n,(f + 1,1, f;s) is given by the Griesmer upper bound for all f > 1 and all s > 1.
From Lemma [59}(c) we directly conclude:

Lemma 63. If n,(r, 1, f;s) attains the Griesmer upper bound, then also ny(r,1, f;s + t - [r],) attains the
Griesmer upper bound for all t € IN.

In the following we determine the exact values of ny(r, 1, f;s) for all ¥ < 7. We remark that
n2(8,1,1;s) is completely known while there only partial results for 1,(9, 1, 1;s). However, the
determination of 15(8,1,1;s) is scattered among several papers, so that we do not attempt to

determine 1,(8, 1, f;s) here. However, we determine the exact values of n5(, 1, f;s) for all r < 5.

Proposition 25. We have n,(4,1,2;3t+2) = 15t+8, n5(4,1,2;3t+3) = 15t+15,and n,(4,1,2;3t+4) =
15t + 16 forall t € N.

Proof. The upperbounds are given by the Griesmer upper bound. Constructions forn,(4, 1, 2;2) >
8,1,(4,1,2;3) > 15,and n,(4,1,2;4) > 16 are given by an affine solid (type [4] — [3]), a solid (type
[4]), and a solid plus a point (type [4] + [1]), respectively. Combining those examples with ¢
copies of a solid yields the remaining upper bounds by Lemma n
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n,(4,1,2;s) construction upper bound
8 [4] - [3] Griesmer upper bound
15 [4] Griesmer upper bound
16  plus point  Griesmer upper bound

= W N w»n

Table 20: Exact values for n,(4,1, 2; s).

Corollary 12. n5(4,1, 2;s) is given by the Griesmer upper bound for all s > 2.
Proposition 25/ can be generalized:

Proposition 26. For each f > 2 and each t € N we have ny(f + 2,1, f;3t +2) = t- [f + 2], + 2/*,
no(f +2,1,£;3t+3)=t-[f + 2o + [f + 2]o, and no(f + 2,1, f;3t +4) = (t+1) - [f + 2], + 1.

Proof. Constructions for ny(f +2,1, f;2) > 2f+1 m(f+2,1,£,3) > [f + 2], and no(f + 2,1, ;4) >
[f + 2], are given by an affine (f + 2)-space (type [f + 2] — [f + 1]), an (f + 2)-space (type [f + 2]),
and an (f + 2)-space plus a point (type [f + 2] + [1]), respectively. Combining those examples
with t copies of the ambient space yields the remaining upper bounds by Lemma

The upper bounds are given by the Griesmer upper bound. More precisely, applying
Theoremwith de=@Q2t+1)-2[flagivesn > 2t +1)-2[flb + 2t + 1)+ (t+1) =t -[f +2], +2f+1
and applying Theoremwith d = (2t +2)-2[flagivesn > 2t +2) - 2[flo + 2t +2) + (t + 1) =
t-[f +2L +[f + 2. [ ]

Corollary 13. For each f > 2 we have that ny(f +2,1, f;s) is given by the Griesmer upper bound for all
s=2.

Lemma 64. For r > 5 we have ny(r,1,2;r —2) =r+ 1.

Proof. A projective base (or frame) shows n,(r,1,2;7r —2) > r + 1 (even for r > 3). From the
Griesmer upper bound we conclude n,(r—1,1,1;r—2) < r, so that we can assume that a multiset
M of at least r + 1 points contains the points spanned by the r unit vectors. Any further point
in M spanned by v € IF, then needs to have Hamming weight r — 1 or , since otherwise r — 1
points would be contained in a subspace of codimension two. The sum of two different such
vectors with Hamming weight r or r — 1 has Hamming weight strictly less than r — 1, so that we

can find » — 1 points in a subspace of codimension two. n
Note that ovoids imply 1,(4,1,2;2) > ¢* + 1.

Proposition 27. We have n5(5,1,2;7t +4) = 31t + 16, n,(5,1,2; 7t +5) = 31t + 17, n,(5,1,2;7t + 6) =
31t + 24, 15(5,1,2; 7t + 7) = 31t + 31, n2(5,1,2; 7¢ + 8) = 31t + 32, ny(5,1,2; 7t + 9) = 31t + 33, and
n2(5,1,2;7t + 10) = 31t + 40 for all t € N. Moreover, we have n,(5,1,2;3) = 6.

164



Proof. Lemma |64] yields n,(5,1,2;3) = 6. Constructions for 4 < s < 10 are given by multisets
of points with types [5] — [4], [5] — [4] + [1], [5] = [3], [5], [5] + [1], [5] + 2[1], and 2[5] — [4] -
[3], respectively. Combining those examples with ¢ copies of a 5-space yields the remaining

constructions by Lemma 51} The upper bounds for 15(5, 1, 2; s) are given by the Griesmer upper

bound for all s > 4. n

s ny(5/2;s)  construction upper bound
3 6 projective base Lemma [64
4 16 [5] - [4] Griesmer upper bound
5 17 plus point Griesmer upper bound
6 24 [5] - [3] Griesmer upper bound
7 31 [5] Griesmer upper bound
8 32 plus point Griesmer upper bound
9 33 plus point Griesmer upper bound

10 40 2[5]-[4]—[3] Griesmer upper bound

Table 21: Exact values for 1n,(5,1, 2; s).

Corollary 14. n,(5,1, 2;s) is given by the Griesmer upper bound for all s > 4.
We can generalize Proposition 27)as follows:

Proposition 28. For each f > 1 and all s > 4 we have that ny(f + 3,1, f;s) is given by the Griesmer
upper bound.

Proof. For Solomon-Stiffler constructions for [f + 3] — [f + 2], [f + 3] = [f + 2], [f + 3], and
2[f+3]-[f+2]-[f+1]givena(f+3,1,7;4) > 2/*2, ny(f+3,1, £;6) > 3-2/*1, ny(f+3,1, £;7) > [f+3]a,
and ny(f + 3,1, f;10) > 5- 2f+1, Adding points gives ny(f + 3,1, f;5) > no(f + 3,1, f;4) + 1,
mo(f +3,1,£;,8) >na(f+3,1, f,7)+ 1, and no(f + 3,1, £;9) > ma(f +3,1, £;7) + 2. For s > 10 the
lower bounds are given by ny(f + 3,1, f;5) > no(f + 3,1, f;5 = 7) + no(f +3,1,3;7).

The upper bounds are given by the Griesmer upper bound. More precisely, applying
Theoremwith dr = (4t+2)-2[flr givesn > (4t+2)-2[flo+ (2t+ 1)+ (t+2)+1 =t-[f +3]> +2f+2,
applying Theoremwith de = (4t +3)-2[flr givesn > (4t +3) - 2[fL+ 2t +2) + (t + 1) + 1 =
t-[f +3],+3-2/*1, applying Theoremwith de = (4t +4)-2[f], givesn > (4t +4) - 2[f], + (2t +
2)+(t+1)+1=t-[f+3],+[f+ 3] and applying Theoremwith df = (4t +5) - 2[f], gives
n>@4t+5)-2[fla+QRt+3)+(t+2)+2=¢t-[f+3],+5-2/L. n

So, the only non-trivial value that is not determined yet is n2(f + 3,1, f;3). The first values
are given by n,(4,1,1;3) = 5and n,(5,1,2;3) = 6.

Lemma 65. We have n,(6,1,3;3) = 8.
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s n(6,1,3;s) construction upper bound

3 8 Lemma Lemmal65

4 32 [6] — [5] Griesmer upper bound

5 33  pluspoint  Griesmer upper bound

6 48 [6] — [4] Griesmer upper bound

7 63 [6] Griesmer upper bound

8 64  pluspoint  Griesmer upper bound

9 65  pluspoint  Griesmer upper bound
10 80 2[6] —[5] —[4] Griesmer upper bound

Table 22: Exact values for 1n,(6,1, 3; s).

Proof. A feasible example is given by

10000011
01 00O0O0T1T71
00100010
00010010
00001001
0000O01QO0T1

Let Mbe a multiset of n > 9 points in PG(5, 2) such that each plane contains at most three points.
Since n5(5,1,2;3) = 6 we assume w.L.o.g. that M contains the six points spanned by the six unit
vectors. Clearly, the maximum point multiplicity is one and every additional point is spanned
by a vector x with Hamming weight at least 4. Since 1,(6,1,2;4) = 7 we assume w.l.o.g. that
M also contains the point spanned by x = (1,1,1,1,0,0)". Let two further points be spanned
by y,z € F§ . Since every plane contains at most three points we have wt(y), wt(z) > 4 and
du(x,z),du(x, y), du(y, z) > 4. If wt(y) = 4, then no such vector z exists, so that wt(y), wt(z) > 5,
which contradicts dy(y, z) > 4. [

Lemma 66. We have n,(7,1,4;3) = 11 and n,(8,1,5;3) = 17.

Proof. An example showing n,(7,1,4;3) > 11 is given by

1000000 11 10
0100000 11 01
0010000 10 10
0001000 10 O1{.
0000100 01 10
0000010 01 01
0000001 00 11

Let M be a multiset of n > 12 points in PG(6, 2) such that each plane contains at most three
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points. Since 1,(6,1,3;3) = 8 we assume w.Lo.g. that M contains the seven points spanned by

the seven unit vectors. Clearly, the maximum point multiplicity is one and every additional

point is spanned by a vector x with Hamming weight at least 4. Via a small ILP computation

we excluded n > 12. An example showing 1,(8,1,5;3) > 17 is given by

10000000
01000000
00100000
00010000
00001000
00000100
00000010
00000001

1110
1101
1010
1001
0110
0101
0011
0000

01111
11101
10011
01110
10101 |
01011
00111
11111

Again we can prescribe the eight points spanned by the unit vectors, so that any further point

is spanned by a vector x € IF5 with Hamming weight at least 4. If there is no point spanned

by a vector with Hamming weight 4, than a small ILP computations shows that the maximum

cardinality is 16. So we can additionally prescribe an arbitrary point spanned by a vector with

Hamming weight 4. Another ILP computation shows that the maximum cardinality is 17. ]

s ny(7,1,4;s) construction upper bound

3 11 Lemma Lemma

4 64 [7] - [6] Griesmer upper bound

5 65  pluspoint  Griesmer upper bound

6 96 [7] - [5] Griesmer upper bound

7 127 [7] Griesmer upper bound

8 128 plus point  Griesmer upper bound

9 129  plus point  Griesmer upper bound
10 160 2[7] —[6] —[5] Griesmer upper bound

Table 23: Exact values for n,(7,1,4;s).

Lemma 67. We have n,(6,1,2;11) =

38.

Proof. The lower bound is given by the unique [38, 6, 18], code [37], which is a Griesmer code.

A generator matrix is e.g. given by

00000100000000000000001111111111111111
00001000000001111111110000000111111111
00010000011110000111110001111000001111
00100001101110011000110110011001110011 | *
01000010110111101011011010101010010101
10000011111010110101011101001100110110

Let M be a multiset of points in PG(5,2) with at most 11 points in each solid. Considering

projections through a point and 7>(5,1,2;9) = 33 implies M(P) < 1 for every point P. Since
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n2(5,1,1;11) = 21 we have M(H) < 21 for every hyperplane H. Since 1,(6,1,1;20) = 38 we can
assume the existence of a hyperplane H* with M(H*) = 21. There are exactly two [21,5, 10],
codes, see e.g. [2, Theorem 6]. Prescribing these two possibilities for H* a small ILP computation
quickly shows #M < 38. u

We remark that the Griesmer upper bound gives 1,(6,1,2;11) < 41, while the coding upper
bound yields n,(6,1,2;11) < 39 via n(6,1,1;21) = 39. Note that the complement of a hypothet-
ical set of 39 points in PG(5, 2) points with at most 11 points per solid is a multiset of points of
cardinality 24 that blocks every solid at least four times. The union of a solid and a plane (plus

two arbitrary points) gives such an example as a multiset but not as a set of points.

Proposition 29. If s > 12 or s € {6,8,9,10}, then n,(6, 1, 2;s) is given by the Griesmer upper bound.
Moreover, we have n,(6,1,2;4) =7, 1n,(6,1,2;5) = 11, n,(6,1,2;7) = 19, and n,(6,1,2;11) = 38.

Proof. Using Lemma [64{and Lemma [@we state 112(6,1,2;4) = 7 and n,(6,1,2;11) = 38, respec-

tively. We consider the following constructions

o types t[6], t{6] + [1], t[6] + 2[1], [6] + 3[1], t[6] - [5], t[6] - [5] + [1], t[6] — [5] + 2[1], t[6] - [4],
t[6] — [4] + [1], and t[6] — [3] for t > 1;

o types t[6] — [5] — [4], t[6] — [5] — [3], and t[6] — [4] — [3] for t > 2; and
e type t[6] — [5] — [4] — [3] for t > 3.

So, it remains to provide constructions for s € {5,...,7,19}. For s = 7 we add an arbitrary point

to an example for s = 6. For s € {5, 6, 19} we provide explicit examples:

00010001011 000100001110110011
00100011100 001000011010011101
01000011001 010000011101000111

00000100111 000000100001111111
00001011111 000011000110001111

, , and
100000010111101001

10000011010

0010000001111111000001111111111000000111110000001111000000111110000001111
0000001110000111001110000011111010011001110001110011010011001110001110011
0000010110111000110010001100111101100001110001111100101100001110001111100
0100111011001001010110010101011000101010110110010101000101010110110010101

[ 0001000000000000111111111111111000000000001111111111000000000001111111111 ]
1000110011010011100100100110001001011100011010111001001011100011010111001

The Griesmer upper bound is not attained for s € {4,5,7,11} while it is for all other cases s > 3
For s € {5,7} the coding upper bound is attained. n

The stored generator matrices of [1,(6,1,2;s), 6], codes in the database of best known linear
codes (BKLC) in Magma give optimal examples for s € {5,6,11,19}. Note that for s = 6 we can
take any [18, 6, 8], Griesmer code and for s = 19 we can take any [73, 6, 36], Griesmer code.

Lemma 68. We have n(7,1,2;9) = 27 and n,(7,1,2;10) = 28.
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s n(6,1,2;s) construction upper bound

4 7 projective base Lemma

5 11 BKLC/ILP Coding upper bound

6 18 BKLC/ILP Griesmer upper bound

7 19 plus point Coding upper bound

8 32 [6] — [5] Griesmer upper bound

9 33 plus point Griesmer upper bound
10 34 plus point Griesmer upper bound
11 38 BKLC/ILP Lemma67]
12 48 [6] — [4] Griesmer upper bound
13 49 plus point Griesmer upper bound
14 56 [6] - [3] Griesmer upper bound
15 63 [6] Griesmer upper bound
16 64 plus point Griesmer upper bound
17 65 plus point Griesmer upper bound
18 66 plus point Griesmer upper bound
19 73 BKLC/ILP Griesmer upper bound
20 80 2[6] — [5] — [4] Griesmer upper bound
21 81 plus point Griesmer upper bound
22 88 2[6] — [5] — [3] Griesmer upper bound
23 95 sum construction  Griesmer upper bound
24 96 plus point Griesmer upper bound
25 97 plus point Griesmer upper bound
26 104 2[6] — [4] — [3] Griesmer upper bound
27 111  sum construction = Griesmer upper bound
28 112 plus point Griesmer upper bound
29 119  sum construction  Griesmer upper bound
30 126 sum construction  Griesmer upper bound
31 127 plus point Griesmer upper bound
32 128 plus point Griesmer upper bound
33 129 plus point Griesmer upper bound
34 136 3[6] — [5] — [4] = [3] Griesmer upper bound

Table 24: Exact values for 1,(6,1, 2; s).
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Proof. An example showing n,(7,1,2;9) > 27 is given by

000000100000000011111111111
000001000001111100000111111
000010001110111100011000011
000100010111000101111000101
001000011001001110101011100
010000001011011010110101010
100000010100110111010110001

so that adding an arbitrary point gives n,(7,1,2;10) > 28. For s = 9 the coding upper bound
is attained. Next we consider a multiset M of points in PG(6,2) such that every subspace
of codimension two contains at most ten points. Starting from 7,(6,1,1;10) = 18 we have
used LinCode [39] to enumerate the two non-isomorphic [18, 6, 8], codes. Prescribing the two
possible configurations and an arbitrary point making the span 7-dimensional, we have used
an ILP computation to conclude #M < 28. In the following we assume M(H) < 17 for each
hyperplane. Since 11,(6,1,2;7) = 19 we also assume M(P) < 2 for every point P. If there exists a
solid S with M(S) > 7, then we have #M <7 -3 + 7 = 28, so that we assume M(S) < 6 for every
solid S. We have used LinCode [39] to enumerate the four non-isomorphic [10,5,4], codes.
Prescribing the four possible configurations and two points that make the span 7-dimensional,

we have used ILP computations to conclude #M < 28. n
Lemma 69. We have n,(7,1,2;20) = 71.
Proof. An example showing n,(7,1,2;20) > 71 is given by

00000010000000000000000000000000000000111111111111111111111111111111111
00000100000000000000011111111111111111000000000000000011111111111111111
00001000000011111111100000000011111111000000001111111100000000011111111
00010000111100001111100000111100001111000011110000111100000111100001111
00100001001101110001100011001100110011001100110011001100111001100110011
01000001010110110010101101010101010101110101010101010101011010101010101
10000001111011010100110110100110010110011010011001011010001011001101001

Next we consider a multiset M of points in PG(6, 2) such that every subspace of codimension
two contains at most 20 points. Starting from 1,(6,1,1;20) = 38 we have used LinCode [39] to
construct the unique [38, 6, 18], code [37]. Prescribing the corresponding ungiue configuration
and a further point that makes the span 7-dimensional, we have used an ILP computation to
conclude #M < 71. Observing 1,(7,1,1;37) = 71 finishes the proof. [

Lemma 70. We have ny(7,1,2;22) = 82 and ny(7,1,2;23) = 83.

Proof. An example showing n,(7,1,2;22) > 82is given by each of the eleven [82,7,40], Griesmer

codes [37]. One generator matrix is e.g. given by

0000001000000000000000000000000000000000000111111111111111111111111111111111111111
0000010000000000000000001111111111111111111000000000000000000011111111111111111111
0000100000011111111111110000000111111111111000000011111111111100000000111111111100
0001000011100000011111110001111000001111111000111100000001111100001111000001111100 |,
0010000101100011100011110110011000110000111011001100011110011100110011001110001100
0100000110101100101100111010101001010011001101010101100110101101010101010110010100
1000000111010101010101011101001010010101010110100110101010110110010110011010100100

so that adding an arbitrary point gives n,(7, 1,2;23) > 83. For s = 22 the Griesmer upper bound
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is attained. Next we consider a multiset M of points in PG(6, 2) such that every subspace of codi-
mension two contains at most 23 points. Starting from 7,(6,1;23) = 34 we have used LinCode
[39] to construct the unique [45, 6,22], code [37]. Prescribing the corresponding configuration
and an arbitrary point making the span 7-dimensional, we have used an ILP computation
to conclude #M < 83. In the following we assume M(H) < 44 for each hyperplane. Since
1,(6,1,2;20) = 80 we also assume M(P) < 1 for every point P. We have used LinCode [39] to
enumerate the unique [44, 6, 21], code with maximum column multiplicity one. Prescribing the
corresponding configuration and an arbitrary point making the span 7-dimensional, we have
used an ILP computation to conclude #M < 83. In the following we assume M(H) < 43 for
each hyperplane. If there exists a solid S with M(S) > 13, then we have #M < 7-10 + 13 = 83,
so that we assume M(S) < 12 for every solid S. We have used LinCode [39] to construct the
unique [23,11, 5], code [166]]. Prescribing the corresponding configuration and two points that
make the span 7-dimensional, we have used an ILP computation to conclude #M < 83. n

Proposition 30. If s > 24 or s € {7,11,14, 16, ...,19,22}, then ny(7,1,2;s) is given by the Griesmer
upper bound. Moreover, we have ny(7,1,2;5) = 8, 12(7,1,2;6) = 12, n,(7,1,2;8) = 20, n5(7,1,2;9) =
27,12(7,1,2;10) = 28, n5(7,1,2;12) = 36, n,(7,1,2;13) = 43, n5(7,1,2;15) = 51, n,(7,1,2;20) = 71,
n,(7,1,2;21) =75, and n,(7,1,2;23) = 83.

Proof. For ny(7,1,2;9) = 27 and n,(7,1,2;10) = 28 we refer to Lemma For n,(7,1,2;20) = 71
we refer to Lemma For n,(7,1,2;22) = 82 and n,(7,1,2;23) = 83 we refer to Lemma We

consider the following constructions
e types t[7], t[7] — [6], t[7] — [5], t[7] — [4], and £[7] — [3] for t > 1;

o types t[7] — [6] — [5], t[7] — [6] — [4], t[7] — [6] — [3], t[7] — [5] — [4], t[7] — [5] — [3], and
t{7] - [4] = [3] for t > 2;

e types t[7] — [6] — [5] — [4], t[7] — [6] — [5] — [3], t[7] — [6] — [4] — [3], and #[7] — [5] — [4] — [3]
for t > 3; and

o type 7] — [6] — [5] — [4] — [3] for ¢ > 4,

as well as adding up to four additional points to those constructions. By selecting the removed
subspaces more carefully than by a chain, we can also have constructions for [7] — [4] — [3],
2[7]1-16]1-14]1-1[3], 2[7]-[5]—-[4]-[3], and 3[7] - [6] —[5]—[4] —[3], i.e. for s € {27,43,51, 67}, which
meet the Griesmer upper bound. The case s = 5 is treated in Lemma For s € {8,12,15,38}

the best known construction can be obtained by adding an arbitrary point to a construction for
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s—1. Fors € {6,7,11,13, 14, 21} we give explicit examples found by ILP searches.

000000100111
000001001011
000010010011
000100011100
001000011111
010000001101
100000011001

7

0000001000001111111
0000010001110001111
0000100110010010111
0001000011100110011
0010000010111100101
0100000101101101001
1000000011011011001

0000001000000000000011111111111111111111111
0000010000011111111100000000011111111111111
0000100001100001111100001111100000001111111

0001000110101110011100110111100011110001111

0010000011010110001111001001100100110010111
0100000111011000100101010010101001010111011
1000000100101011100110111000110100010011101

000000100000000000000000000000000000001111111111111111111111111111111111111
000001000000000000000111111111111111110000000000000000000111111111111111111
000010000000001111111000000001111111110000000001111111111000000000111111111
000100000111110001111000111110000111110000111110000111111000001111000011111
001000001001110110011011000110011000110011000110011000111001110011001100111
010000011110011010101101011010101011011101011010101001011010110101010101001
100000011010101101001110101011001001100110101011001011101100010110011010011

For s € {36,37,39} we can take [138,7,68],, [145,7,72],, and [153,7,76], Griesmer codes [180].
Fors € {6,8,12,13,15, 21} the coding upper bound is attained. All other upper bounds are given

by the Griesmer upper bound.

00000010000000000000000001111111111111111111111100
00000100000000111111111110000000000011111111111100
00001001111111000000011110000000111100001111111100
00010000000111000011101110011111000100010001111111
00100000011001001100110110100011011101110010001111
01000000101010011111000011101101001010110100010111
10000001010010100101011010110100101111011000100111

00000010000000000000111111111111111
00000100000111111111000001111111111
00001000011000011111001110000011111
00010001111001100111010110001100001
00100000101110100011011010010101110
01000001011011111001100100101000110
10000000110011101010100111000111010

The stored generator matrices of [12(7,1,2;s),7], codes in the database of best known linear

codes (BKLC) in Magma give optimal examples for s € {6,7,9,11, 13, 14, 20,21, 22,36, 37, 39}.

Lemma 71. We have ny(7,1,3;4) =9 and ny(7,1,3;5) = 19.

Proof. Examples showing 1,(7,1,3;4) > 9 and n,(7,1,3;5) > 19 are given by

and

_ O = OO OO
_ == 0 O O O
O R kR OO OO
O O O O O O

SO O~k O RO

1000000000111101101
0100000101010111001
0010000111100010011
0001000110111000110 |,
0000100011011100011
0000010100100111110
0000001010010011111

O OO R OO
COoO R R P O
SO =R OO ==
OO R R k) REk

respectively. For upper bounds are obtained by ILP computations prescribing the seven points

generated by the unit vectors in IFJ.
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s ny(7,1,2;s) construction upper bound

5 8  projective base Lemma

6 12 BKLC/ILP Coding upper bound

7 19 BKLC/ILP Griesmer upper bound

8 20 plus point Coding upper bound

9 27 BKLC/ILP Coding upper bound
10 28 plus point Lemma 68
11 35 BKLC/ILP Griesmer upper bound
12 36 plus point Coding upper bound
13 43 BKLC/ILP Coding upper bound
14 50 BKLC/ILP Griesmer upper bound
15 51 plus point Coding upper bound
16 64 [7] - [6] Griesmer upper bound
17 65 plus point Griesmer upper bound
18 66 plus point Griesmer upper bound
19 67 plus point Griesmer upper bound
20 71 BKLC/ILP Lemma 69|
21 75 BKLC/ILP Coding upper bound
22 82 BKLC/ILP Griesmer upper bound
23 83 plus point Lemma
24 96 [7] = [5] Griesmer upper bound
25 97 plus point Griesmer upper bound
26 98 plus point Griesmer upper bound
27 105 [7] = [4] - [3] Griesmer upper bound
28 112 [7] — [4] Griesmer upper bound
29 113 plus point Griesmer upper bound
30 120 [7] = [3] Griesmer upper bound
31 127 [7] Griesmer upper bound
32 128 plus point Griesmer upper bound
33 129 plus point Griesmer upper bound
34 130 plus point Griesmer upper bound
35 131 plus point Griesmer upper bound
36 138 BKLC/ILP Griesmer upper bound
37 145 BKLC/ILP Griesmer upper bound
38 146 plus point Griesmer upper bound
39 153 BKLC/ILP Griesmer upper bound
40 160 2[7]1 - [6] — [5] Griesmer upper bound
41 161 plus point Griesmer upper bound
42 162 plus point Griesmer upper bound
43 169 2[7] —[6] —[4] = [3] Griesmer upper bound
44 176 2[7] - [6] — [4] Griesmer upper bound
45 177 plus point Griesmer upper bound

Table 25: Exact values for n5(7,1,2;s) — part 1.
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s ny(7,1,2;s) construction upper bound

46 184 2[7] - [6] — [3] Griesmer upper bound
47 191 sum construction Griesmer upper bound
48 192 plus point Griesmer upper bound
49 193 plus point Griesmer upper bound
50 194 plus point Griesmer upper bound
51 201 2[7]1 = [5] — [4] — [3] Griesmer upper bound
52 208 2[7] - [5] — [4] Griesmer upper bound
53 209 plus point Griesmer upper bound
54 216 2[7]1 - [5] - [3] Griesmer upper bound
55 223 sum construction Griesmer upper bound
56 224 plus point Griesmer upper bound
57 225 plus point Griesmer upper bound
58 232 sum construction Griesmer upper bound
59 239 sum construction Griesmer upper bound
60 240 plus point Griesmer upper bound
61 247 sum construction Griesmer upper bound
62 254 sum construction Griesmer upper bound
63 255 plus point Griesmer upper bound
64 256 plus point Griesmer upper bound
65 257 plus point Griesmer upper bound
66 258 plus point Griesmer upper bound
67 265 3[7]—[6] —[5] —[4] = [3] Griesmer upper bound
68 272 3[7]1 - [6] — [5] — [4] Griesmer upper bound
69 273 plus point Griesmer upper bound
70 280 3[7] - [6] — [5] — [3]

Table 26: Exact values for n,(7, 1, 2; s) — part 2.
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Lemma 72. We have n,(7,1,3;6) = 28.

Proof. An example showing n,(7,1,3;6) > 28 is given by

0000000000001111110000111111
0000000001110001110111000111
0001111110000001110001001011
1110001110000000000011011101
0001110000001111111111000000
0110110110110110110000000000
1101101101101101100000000000

Let M be a multiset of n points in PG(6, 2) such that every solid contains at most six points. We
have used LinCode [39] to enumerate the two non-isomorphic [18, 6, 8], codes. Prescribing the
two possible configurations and an arbitrary point making the span 7-dimensional, we have
used an ILP computation to conclude #M < 25. In the following we assume M(H) < 17 for
each hyperplane. We have used LinCode [39] to enumerate the three non-isomorphic [17, 6, 7],
codes. Prescribing the three possible configurations and an arbitrary point making the span
7-dimensional, we have used an ILP computation to conclude #M < 28. In the following we
assume M(H) < 16 for each hyperplane. We have used LinCode [39] to enumerate the four
non-isomorphic [10,5,4], codes. Prescribing the four possible configurations and two points
that make the span 7-dimensional, we have used ILP computations to conclude #M <28. =

Lemma 73. We have n,(7,1,3;11) = 72.

Proof. An example showing n,(7,1,3;11) > 72 is given by

100000011011100011101001110000110011101011010001010111001001011111111100
010000010110010010011101001000101010011110111001111100101101110010000010
001000001111011001101110001100001101111010010100011101010010111001000010
000100000010001101000111101110010110111101001010100111001101111000100010
000010000000110111110111000111000011001111001101011010100010111100010010
000001000001001010001111110011101001110110100110001110110101011100001010
000000111110100111011010010001010111110100100010111010010011110000000110

Let M be a multiset of n points in PG(6, 2) such that every solid contains at most eleven points.
We have M(H) < n,(6,1,2;11) = 38 for every hyperplane H, so that #M < n5(7,1,1;38) <72. =m

Proposition 31. If s > 12 or s € {8,9,10}, then ny(7,1,3;s) is given by the Griesmer upper bound.

Moreover, we have ny(7,1,3;4) = 9, n2(7,1,3;5) = 19, ny(7,1,3;6) = 28, n2(7,1,3;7) = 35, and
ny(7,1,3;11) = 72.

Proof. For ny(7,1,3;4) =9 and n,(7, 1, 3;5) = 19 we refer to Lemma For n,(7,1,3;6) = 28 we
refer to Lemma For n,(7,1,3;11) = 72 we refer to Lemma We consider the following

constructions
o types t[7], t[7] — [6], t[7] — [5], and t[7] — [4] for t > 1;

o types t[7] —[6] — [5], t[7] — [6] — [4], t[7] — [6], t[7] — [5] — [4], and t[7] — [5] for t > 2,
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as well as adding up to four additional points to those constructions. Examples showing

n2(7,1,3;7) > 35 given by
10010101101010110101110101100001111
01010001011011000111000010101110100
00110100001001000011000111010011111
00001100111000100001001011101101101 | .
00000011111000010000100111110110110
00000000000111110000011111111000111
00000000000000001111111111111111000

For my(7,1,3;19) > 145 we can use a [145,7,72], Griesmer code [180]. The upper bound
ny(7,1,3;7) < 35is given by the coding upper bound. All other upper bounds are obtained from
the Griesmer upper bound. n

The stored generator matrices of [12(7,1,3;s),7], codes in the database of best known linear
codes (BKLC) in Magma give optimal examples for s € {5,7,19}.

s ny(7,1,3;s) construction upper bound

4 9 ILP Lemma71]

5 19 BKLC/ILP Lemma

6 28 ILP Lemma

7 35 BKLC/ILP Coding upper bound

8 64 [7] - [6] Griesmer upper bound

9 65 plus point Griesmer upper bound
10 66 plus point Griesmer upper bound
11 72 Lemma Lemma
12 96 [7] - [5] Griesmer upper bound
13 97 plus point Griesmer upper bound
14 112 [7] — [4] Griesmer upper bound
15 127 [7] Griesmer upper bound
16 128 plus point Griesmer upper bound
17 129 plus point Griesmer upper bound
18 130 plus point Griesmer upper bound
19 145 BKLC/ILP Griesmer upper bound
20 160  2[7]-[6] =[5] Griesmer upper bound
21 161 plus point Griesmer upper bound
22 176 2[7] —[6] — [4] Griesmer upper bound
23 191 sum construction Griesmer upper bound
24 192 sum construction Griesmer upper bound
25 193 sum construction Griesmer upper bound
26 208  2[7]-[5]-[4]  Griesmer upper bound

Table 27: Exact values for n,(7,1, 3; s).

Proposition 32. If s > 3, then n3(4,1,2;s) is given by the Griesmer upper bound. Moreover, we have
n3(4,1,2;2) = 10.

Proof. The upper bound n3(4,1,2;2) < 10 follows from the coding upper bound and all other

upper bounds follow from the Griesmer upper bound. The existence of an ovoid in PG(3, 3)

176



yields n3(4,1,2;2) > 10. A [27,4,18]; Griesmer code yields n15(4,1,2; 3) > 27. Note that Griesmer
[n,4,d]s codes exist for all d > 16. [

We remark that we have n,(4,1,2;2) = g> + 1 for all g > 2 [35, [152]. Moreover, we have
n4(4,1,2;3) = 31 and n5(4, 1,2; 3) = 44 [68]].

Lemma 74. We have n3(5,1,2;4) = 20.

Proof. An example showing n3(5,1,2;4) > 20 is given by

10000220001102111221
01000002221001121111
00100212202022200211 |.
00010202111222011010
00001111021120010111

After prescribing the unique [10, 4; 6]; code a small ILP computation verifies 13(5,1,2;4) < 20. m
Lemma 75. We have n3(5,1,2;6) = 38.
Proof. An example showing n3(5,1,2;6) > 38 is given by

10000012010111221202110002001212201211
01000212122122010222212210101011010111
00100201200121120102201121120200101221 |,
00010120120101221221201022020122110002
00001222222222222222010111222102221202]

After prescribing the three non-equivalent [15, 4; 9]; codes small ILP computations verify n3(5, 1,2; 6) <
38. [

Lemma 76. We have n3(5,1,2;11) = 91.

Proof. An example showing n5(5,1,2;6) > 38 is given by the [91,5, 60]; code in the database of
best known linear codes (BKLC) in Magma. After prescribing the unique non-equivalent [32,4;21];
code an ILP computation verifies n3(5,1,2;11) < 91. [ ]

Lemma 77. We have n3(5,1,2;17) = 143.
Proof. An example showing n3(5,1,2;17) > 143 is given by
,

where each pair or rows has to be read as a single row of a generator matrix. After prescribing
the two non-equivalent [32,4; 21]; codes ILP computations verify n3(5,1,2;17) < 143. []
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Proposition 33. If s > 18 or s € {7,9,10,12,13, 14, 15,16}, then n3(5,1,2;s) is given by the Griesmer
upper bound. Moreover, we have n3(5,1,2;3) = 11, n3(5,1,2;4) = 20, n3(5,1, 2;5) = 29, n3(5,1,2;6) =
38, n3(5,1,2;8) = 56, n3(5,1,2;11) = 91, and n5(5,1,2;17) = 143.

Proof. Forns(5,1,2;4) = 20 we refer to Lemmaand fornz(5,1,2;6) = 38 we refer to Lemma
Forn;(5,1,2;11) = 91 werefer to Lemmal76land for n5(5, 1, 2; 17) = 143 we refer to Lemma[77] For
s €1{7,9,12,13, 16} the existence of [55, 5, 3613, [81, 5, 5415, [108, 5, 72]3, [121, 5, 81]5, and [136, 5, 90]3
Griesmer codes yields the lower bounds. For s € {10, 14, 15} the lower bound is attained by
adding arbitrary points. Also n3(5,1,2;8) > 56 is given by adding a point. Since Griesmer
[1n,5,d]3 codes do exist for all d > 100, n3(5, 2;s) is given by the Griesmer upper bound for all
s > 18. For s € {3,4,5, 6, 11} the stored generator matrices of [#,5]; codes in the database of best
known linear codes (BKLC) in Magma yield n3(5,1,2;3) > 11, n3(5,1,2;4) > 20, n3(5,1,2;5) > 29,
n3(5,1,2;6) > 38, and n3(5,1,2;11) > 91, respectively.

The coding upper bound gives n3(5,1,2;3) < 11, n3(5,1,2;5) < 29, and n3(5,1,2;8) < 56. All

other upper bounds are given by the Griesmer upper bound. n

Proposition 34. If s > 3, then n3(5,1, 3;s) is given by the Griesmer upper bound. Moreover, we have
n3(5,1,3;2) = 20.

Proof. For n3(5,1,3;2) = 20 we refer e.g. to [98] The [81,5,54]5 and the [121, 5, 81]; Griesmer
codes give examples for n3(5,1,3;3) > 81 and n3(5,1, 3;4) > 121, respectively. n3(5,3;5) > 122
is obtained by adding an arbitrary point. The other lower bounds follow from the fact that
Griesmer [n,5,d]; codes exist for all 4 > 100. The upper bounds are given by the Griesmer

upper bound except for s = 2. n

We have 14(5,1,3;2) = 41 [67]7|and 13(6, 1,4;2) = 56 [99] "]

16Up to projective equivalence there are exactly nine different examples.
7Up to symmetry there exist two 41-caps in PG(4, 4).
18Up to symmetry there exists a unique 56-cap in PG(5, 3).
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H Almost affine codes

Let C be an [n, k], code. It is well known that for each subset S C {1, ...,n} the projection Cs of
C into any coordinate space ]F; := [ ;s IF, is again a linear code. Especially, we have that #Cs is
a power of q. Affine codes, i.e. the cosets or translates of a linear subspace of ) have the same
property that all projections have a size which is a power of the alphabet size. In [167] it was
shown that for g € {2, 3} there are no other possibilities. However, this changes if we increase

the alphabet size.

Definition 18. A block code C C ‘A" is called almost affine if it satisfies the condition
r(S) :=log,4#Cs € IN (117)

forallSC{1,...,n}.

So, for A = ¥, affine codes are almost affine codes. Note that 7(S) can be considered as a rank
function turning C into a matroid Mc [167]. In general, for each matroid M a Hamming weight
and a Hamming distance can be defined [109]. Generalized Hamming weights for almost affine
codes are considered in [108]].

A block code C is called quasi-uniform if every alphabet symbol occurs for each coordinate
in the same number of codewords. We remarks that almost affine codes are quasi-uniform [47,
Proposition 2]. A quasi-uniform code is also distance invariant, see [47] for a definition and
proof.

Since an additive code does not have to have a cardinality with is a power of the alphabet

size, they are not almost affine codes in general. However, they satisfy a relaxed version:

Definition 19. A block code C C A" is called almost subalphabet affine if there exists an integer
q > 1 such that #A is a power of q and we have

7(S) = log, #Cs € N (118)

forallSC{1,...,n}.

Clearly, r(S) can be considered as a rank function any many properties of affine codes should

transfer.
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