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Abstract Subspace codes are the q-analog of binary block codes in the Hamming metric. Here
the codewords are vector spaces over a finite field. They have e.g. applications in random linear
network coding [150], distributed storage [197, 198], and cryptography [93]. In this chapter we
survey known constructions and upper bounds for subspace codes.
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1 Introduction

An important and classical family of error-correcting codes are so-called block codes.
Given a non-empty alphabet Σ and a length n ∈ N>0, a block code C is a subset of Σn.
The elements of C are called codewords. For c, c′ ∈ Σn the Hamming distance is given
by

dH(c, c
′) = #

{
1 ≤ i ≤ n : ci ̸= c′i

}
, (1.1)

i.e., the number of positions where the two codewords differ. With this, the minimum
Hamming distance of a block code C is defined as

dH(C) = min
{
dH(c, c

′) : c, c′ ∈ C, c ̸= c′
}
. (1.2)

By convention we formally set dH(C) = ∞ if #C < 2, i.e., dH(C) > m for each integer
m. If the alphabet Σ is a finite field (or a ring), we can call a block code C linear if it
is linearly closed and additive if it is additively closed. While there is a lot of research
on block codes with #Σ > 2, we want to consider the binary case Σ = F2 = {0, 1}
only. Alternatively we may represent the codewords c ∈ Fn

2 as subsets of {1, . . . , n} via
Sc := {1 ≤ i ≤ n : ci = 1}, so that

dH(c, c
′) = #Sc +#Sc′ − 2 ·#(Sc ∩ Sc′). (1.3)

By A(n, d) we denote the maximum possible cardinality of a binary block code C with
length n and minimum Hamming distance at least d. The determination of A(n, d) is
an important problem that has achieved wide attention but is still widely open. I.e.,
except for a few special cases only lower and upper bounds for A(n, d) are known, see
e.g. [1, 172, 180, 203]. For a vector c ∈ Fn

2 the Hamming distance dH(c,0) between c
and the all-zero vector 0 ∈ Fn

2 is called the Hamming weight wt(c) of c, counting the
number of non-zero entries. Note that additive and linear block codes indeed contain
0 ∈ Fn

2 as a codeword, while this does not need to be the case in general. A block code
C where each codeword has the same Hamming weight, say w, is called constant weight
(block) code. The corresponding maximum possible cardinality is denoted by A(n, d, w).
For bounds and exact values for A(n, d, w) we refer the reader e.g. to [41, 192, 196] and
the citing papers.
The aim of this chapter is the study of so-called subspace codes. One way to introduce

these codes is to consider them as q-analog of binary block codes, i.e., the codewords are
subspaces of the vector space Fn

q .
q-analogs

Many combinatorial structures are based on the subset lattice of some finite set U , which
is mostly called “universe”. If we replace the subset lattice with the subspace lattice of
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1 Introduction

a #U-dimensional vector space V over Fq, then we obtain a q-analog, see e.g. [12, 20,
69, 219] for examples. The elements of U correspond to the 1-dimensional subspaces of
V , t-subsets correspond to t-subspaces, and the union of two subsets corresponds to the
sum of two subspaces. In Section 2 we will introduce the q-binomial coefficient

[
n
k

]
q
that

corresponds to the binomial coefficient
(
n
q

)
. See also Section 4 where we mention the

q-Pochhammer symbol.
Endowed with a suitable metric, see Section 2 for details, the maximum possible sizes

Aq(n, d) of subspace codes in Fn
q with minimum distance at least d can be studied. If

all codewords of a subspace code C have the same dimension, say k, we speak of a
constant dimension code and denote the corresponding maximum possible cardinality
by Aq(n, d; k). More precisely, here we want to survey known lower and upper bounds
for Aq(n, d) and Aq(n, d; k) cf. [123]. Besides being a generalization of classical codes,
another motivation comes from e.g. random linear network coding, see [25, 106, 150].

The remaining part of this chapter is structured as follows. First we introduce nec-
essary preliminaries in Section 2. Due to their close connection to constant dimension
codes rank metric codes are discussed in Section 3. In Section 4 we survey upper bounds
for Aq(n, d; k) and lower bounds, i.e. constructions, in Section 5. The special parameters
A2(7, 4; 3), i.e. the first open case where A2(n, d, k) has not been determined so far, is
treated in Section 6. In Section 7 we summarize the currently best known lower bounds
for constant dimension codes for small parameters. Mixed dimension subspace codes are
the topic of Section 8. We close with a few remarks on related topics in Section 9.
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2 Preliminaries

For a prime power q > 1 let Fq be the finite field with q elements. By Fn
q we denote

the standard vector space of dimension n ≥ 1 over Fq. The set of all subspaces of Fn
q ,

ordered by the incidence relation ⊆, is called (n−1)-dimensional (coordinate) projective
geometry over Fq and denoted by PG(n − 1, q), cf. [218]. It forms a finite modular
geometric lattice with meet U ∧W = U ∩W and join U ∨W = U + W . The graph
theoretic distance

dS(U,W ) = dim(U +W )− dim(U ∩W ) (2.1)

in this lattice is called the subspace distance between U and W . By Pq(n) we denote the
set of all subspaces in Fn

q and by Gq(n, k) the subset of those with dimension 0 ≤ k ≤ n,

i.e.,
⋃̇n

k=0Gq(n, k) = Pq(n). The elements of Gq(n, k) are also called k-spaces for brevity.
Using geometric language, we also call 1-, 2-, 3-, 4-, and (n − 1)-spaces points, lines,
planes, solids, and hyperplanes, respectively. An (n− k)-space is also called a subspace
of codimension k, i.e., a hyperplane has codimension 1. A subspace code C is a subset of
Pq(n), where n ≥ 1 is a suitable integer. If C ⊆ Gq(n, k), i.e., all elements U ∈ C have
dimension dim(U) = k, we speak of a constant dimension code (CDC). A subspace code
C that is not a constant dimension code is also called mixed dimension (subspace) code
(MDC).

Exercise 2.1. Verify that the subspace distance dS is a metric on Pq(n) and satisfies

dS(U,W ) = dim(U) + dim(W )− 2 · dim(U ∩W ) (2.2)

= 2 · dim(U +W )− dim(U)− dim(W ). (2.3)

The minimum subspace distance dS(C) of a subspace code C is defined as

dS(C) = min{dS(U,W ) : U,W ∈ C, U ̸= W},

where we formally set dS(C) = ∞ if #C < 2, i.e., dS(C) > m for each integer m.
The maximum possible cardinality of a subspace code in Fn

q with minimum subspace
distance at least d is denoted by Aq(n, d). For constant dimension codes with codewords
of dimension k we denote the maximum possible cardinality by Aq(n, d; k). Note that
the subspace distance between two k-spaces satisfies dS(U,W ) = 2k−2·dim(U∩W ) = 2·
dim(U+W )−2k, i.e., it is an even non-negative integer. For each subset T ⊆ {0, 1, . . . , n}
we denote by Aq(n, d;T ) the maximum possible cardinality of a subspace code C in Fn

q

with dS(C) ≥ d and dim(U) ∈ T for all U ∈ C, so that e.g. Aq(n, d; k) = Aq(n, d; {k}).
Mostly we omit curly braces for one-element sets. If C ⊆ Gq(n, k) with d(C) ≥ d, then
we also speak of an (n, d; k)q–CDC. From Equation (2.2) we conclude that the dimension
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2 Preliminaries

of the intersection of two codewords in C is at most k − d/2 and also the minimum
subspace distance is determined by the maximum dimension of the intersection of a pair
of different codewords.1

Exercise 2.2. Let B be a non-degenerated bilinear form on Fn
q and

U⊥ =
{
x ∈ Fn

q : B(x, y) = 0∀y ∈W
}
,

i.e., U⊥ is the orthogonal complement of U with respect to B. Show dim(U⊥) = n −
dim(U) and dS(U

⊥,W⊥) = dS(U,W ) for all U,W ∈ Pq(n).

As an implication we remark

Aq(n, d;T ) = Aq(n, d; {n− t : t ∈ T}) (2.4)

and
Aq(n, d; k) = Aq(n, d;n− k), (2.5)

so that we will mostly assume 2k ≤ n. Under this assumption the maximum possible
subspace distance between two k-spaces is 2k, i.e., we have Aq(n, d; k) = 1 if d > 2k and
0 ≤ k ≤ n. If n < 0, k < 0, or k > n, then we set Aq(n, d; k) = 0, which allows us to
omit explicit conditions on the parameters n, d, and k in the following. For Aq(n, d;T )
we use the same type of conventions. Using geometric language, an (n, 2k; k)q–CDC is
also called partial spread or partial k-spread, to be more precise. Note that for a partial
k-spread C of cardinality at least 2 we have n ≥ 2k.

Given a CDC C we also call C⊥ :=
{
U⊥ : U ∈ C

}
the dual code.

As a representation for a k-space U ∈ Pq(n) we use matrices M ∈ Fk×n
q whose k rows

form a basis of U and write U = ⟨M⟩. In this case we say that M is a generator matrix
of U . If the underlying field is not clear from the context we more precisely write ⟨M⟩Fq

for the row span of M .

Definition 2.3. Let C be a subspace code in Fn
q . We call a set of matrices G a generating

set of C if #C = #G and C = {⟨G⟩ : G ∈ G}.

In other words a generating set of a subspace code consist of a corresponding set of
generator matrices.
For U,W ∈ Pq(n) we have

dim(U +W ) = rk

((
GU

GW

))
,

where rk(X) denotes the rank of a matrix X and GU , GW are generator matrices of U
and W , respectively. Inserting into Equation (2.3) gives

dS(U,W ) = 2 · rk
((

GU

GW

))
− dim(U)− dim(W ). (2.6)

The number of k-spaces in Fn
q can be easily counted:

1The same is true for the minimum dimension of the sum of two different codewords. The dimension
of the sum of triples of codewords was e.g. considered in [18] as another invariant of a CDC.
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2 Preliminaries

Exercise 2.4. Show that there are exactly
∏k−1

i=0

(
qn − qi

)
generator matrices (or ordered

bases) for a k-space in Fn
q and that each such k-space admits

∏k−1
i=0

(
qk − qi

)
different

generator matrices, so that

#Gq(n, k) =
k−1∏
i=0

qn−i − 1

qk−i − 1
. (2.7)

As further notation we set
[
n
k

]
q
:= #Gq(n, k), which is called q-binomial or Gaussian

binomial coefficient since they are the q-analog of the binomial coefficient
(
n
k

)
counting

the number of k-element subsets of an n-element set.

Exercise 2.5. Consider
[
n
k

]
q
as a function of q on R>0 using Equation (2.7) and show

lim
q→1

[
n

k

]
q

=

(
n

k

)
for all integers 0 ≤ k ≤ n.

Exercise 2.6. Show
[
n
k

]
q
=
[

n
n−k

]
q
and

[
n
k

]
q
= qk

[
n−1
k

]
q
+
[
n−1
k−1

]
q
=
[
n−1
k

]
q
+ qn−k

[
n−1
k−1

]
q

whenever the occurring Gaussian binomial coefficients are well defined.

For lower and upper bounds for
[
n
k

]
q
we refer to the beginning of Section 4, see e.g. In-

equality (4.3).
Applying the Gaussian elimination algorithm to a generator matrix G of a k-space U

gives a unique generator matrix E(G) in reduced row echelon form. Since E(G) = E(G′)
for any two generator matrices G and G′ of U , we will also directly write E(U). By
v(G) ∈ Fn

2 or v(U) ∈ Fn
2 we denote the characteristic vector of the pivot columns in

E(G) or E(U), respectively. These vectors are also called identifying or pivot vectors. If
U ∈ Gq(n, k), then wt(v(U)) = k, i.e., the identifying vector of a k-space consists of k ones
(and n− k) zeroes. Slightly abusing notation we use G1(n, k) := {v ∈ Fn

2 : wt(v) = k}.

Example 2.7. For

U =

〈
1 0 1 1 1 0 1 0 1
1 0 0 1 1 1 1 1 1
0 0 0 1 0 0 0 1 0
0 0 0 0 0 1 1 0 1


〉
∈ G2(9, 4)

we have

E(U) =


1 0 0 0 1 0 0 0 0
0 0 1 0 0 0 1 1 1
0 0 0 1 0 0 0 1 0
0 0 0 0 0 1 1 0 1


and v(U) = 101101000 ∈ F9

2.
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2 Preliminaries

Consider MU = E(U) and MW = E(W ) in Equation (2.6). Since the union of the
pivot positions in E(U) and E(W ) has cardinality

dH
(
v((U), v(W )

)
+ dim(U) + dim(W )

2
,

we have have

2 · rk
((

E(U)
E(W )

))
≥ dH

(
v(U), v(W )

)
+ dim(U) + dim(W ),

so that applying Equation (2.6) gives

dS(U,W ) ≥ dH
(
v(U), v(W )

)
, (2.8)

cf. [77, Lemma 2].

Exercise 2.8. Let q > 1 be a prime power, u,w ∈ Fn
2 , and

dH(u,w) ≤ d ≤ min

{
wt(u) + wt(w), n− wt(u) + wt(w)− dH(u,w)

2

}
with d ≡ 0 (mod 2) be arbitrary. Construct subspaces U ∈ Gq

(
n,wt(u)

)
and W ∈

Gq
(
n,wt(w)

)
with dS(U,W ) = d.

Note that v(U) depends on the ordering of the positions. By Sn we denote the sym-
metric group on {1, . . . , n}. Let π ∈ Sn be a permutation and M ∈ Fk×n

q be a matrix.

By πM ∈ Fk×n
q we denote the matrix arising by permuting the columns of M according

to π. For a subspace U ∈ Gq(n, k) we denote by πU the k-space ⟨πE(U)⟩. Note that
⟨πG⟩ = ⟨πE(U)⟩ for every generator matrix G of U .

Exercise 2.9. Show dim(U) = dim(πU) and dS(U,W ) = dS(πU, πW ) for all U,W ∈
Pq(n) and π ∈ Sn.

Example 2.10. Consider the two 2-spaces

U =

〈(
1 0 0 0
0 1 0 0

)〉
, W =

〈(
1 0 2 1
0 1 0 1

)〉
in P3(4). We have v(U) = 1100 ∈ F4

2 and v(W ) = 1100 ∈ F4
2, so that dH

(
v(U), v(W )

)
=

0 < 4 = dS(U,W ). For the permutation π = (13)(24) we have v(πU) = 0011 ∈ F4
w and

v(πW ) = 1100 ∈ F4
2, so that dH

(
v(πU), v(πW )

)
= 4 = dS(U,W ).

Exercise 2.11. Let U,W ∈ Pq(n) be arbitrary. Show the existence of a permutation
π ∈ Sn with dS(U,W ) = dH

(
v(πU), v(πW )

)
.

In other words, we have dS(U,W ) ≥ dH
(
v(πU), v(πW )

)
for all π ∈ Sn and there exists

a permutation attaining equality.
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2 Preliminaries

Definition 2.12. Let C ⊆ Gq(n, k) be a CDC. The pivot structure of C is the subset
V := {v(U) : U ∈ C} ⊆ G1(n, k) of binary vectors that are attained by pivot vectors of the
codewords. By Aq(n, d; k;V) we denote the maximum cardinality of a CDC C ⊆ Gq(n, k)
with minimum subspace distance at least d whose pivot structure is a subset of V.

In order to describe specially structured subsets of G1(n, k) we denote by(
n1

k1

)
, . . . ,

(
nl

kl

)
the set of binary vectors which contain exactly ki ones in positions 1 +

∑i−1
j=1 nj to∑i

j=1 nj for all 1 ≤ i ≤ l. The cases of at least ki ones are denoted by
(
ni
≥ki

)
and the

cases of at most ki ones are denoted by
(
ni
≤ki

)
. Also in this generalized setting we assume

that the described set is a subset of G1(n, k), where n =
∑l

i=1 ni and k =
∑l

i=1 ki, i.e.(
n1

≤ k1

)
,

(
n− n1

≥ k − k1

)
⊆ G1(n, k).

For two subsets V,V ′ ⊆ Fn
2 we write dH(V,V ′) for the minimum Hamming distance

dH(v, v
′) for arbitrary v ∈ V and v′ ∈ V ′.

Exercise 2.13. Let V =
(
m
k

)
,
(
n−m
0

)
and V ′ =

(
m

≤k−d/2

)
,
(
n−m
≥d/2

)
be two subsets of G1(n, k).

Verify dH(V,V ′) = d.

Our counting formula for k-spaces in Equation (2.7) can be refined to prescribed pivot
vectors. To this end, let the Ferrers tableaux T (U) of U arise from E(U) by removing
the zeroes from each row of E(U) left to the pivots and afterwards removing all pivot
columns. If we then replace all remaining entries by dots we obtain the Ferrers diagram
F(U) of U which only depends on the identifying vector v(U).

Example 2.14. For the subspace U from Example 2.7 we have

T (U) =


0 1 0 0 0

0 1 1 1
0 0 1 0

1 0 1

 and F(U) =

• • • • •
• • • •
• • • •
• • •

.

The partially filled k × (n − k) matrix T (U) contains all essential information to
describe the codeword U . The entries in T (U) have no further restrictions besides being
contained in Fq, which is reflected by the notation F(U). Indeed, every different choice
gives a different k-dimensional subspace in Fn

q . So, the pivot vector v(U) and the Ferrers
diagram F(U) of U both partition Gq(n, k) into specific classes. As indicated before,
these classes are not preserved by permutations of the coordinates. If n is given, v(U)
and F(U) can be converted into each other.2 So, we also write v(F) for a given Ferrers
diagram and F(u) for a given vector u ∈ Fn

2 .

2The only issue occurs for pivot vectors v(U) starting with a sequence of zeroes corresponding to the
same number of leading empty columns in the Ferrers diagram. The latter, or their number, may not
be directly visible.
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2 Preliminaries

Denoting the number of dots in F(u) by #F(u) we can state that the number of
wt(u)-spaces in Fn

q is given by q#F(u).

Exercise 2.15. Show that for u ∈ Fn
2 we have #F(u) =

∑n
i=1 ui ·

∑n
j=i+1 (1− uj).

For two k-spaces with the same pivot vector Equation (2.6) can be used to relate the
subspace distance with the rank distance of the corresponding generator matrices:

Lemma 2.16. ([210, Corollary 3]) For U,W ∈ Gq(n, k) with v(U) = v(W ) we have
dS(U,W ) = 2dR(E(U), E(W )).

As we will see later on, a different kind of codes is closely related to subspace codes.
For two matrices U,W ∈ Fm×n

q the rank distance is defined as dR(U,W ) = rk(U −
W ). As observed e.g. in [88], dR is indeed a metric on the set of (m × n) matrices
over Fq with values in {0, 1, . . . ,min{m,n}}. A subset M ⊆ Fm×n

q is called a rank
metric code (RMC) and by dR(M) := min {dR(A,B) : A,B ∈M, A ̸= B} we denote the
corresponding minimum rank distance. As a shorthand, we speak of an (m × n, d)q–
RMC. We call M additive if it is additively closed and linear if it forms a subspace of
Fm×n
q . In Section 3 we will summarize more details on RMCs that actually are part of the

preliminaries and relevant for the later sections.

For the sake of completeness, we mention a few standard notations that we are using in
the following. The sum of two sets A and B is given by A+B := {a+ b : a ∈ A, b ∈ B}.
For a ∈ A we also use the abbreviation a+B for {a}+B.

Definition 2.17. (Packings and partitions)
A packing P = {P1, . . . , Ps} of a set X is a set of subsets Pi ⊆ X such that Pi ∩Pj = ∅
for all 1 ≤ i < j ≤ s, i.e., the subsets Pi are pairwise disjoint. The number of elements
s is also called the cardinality #P of P. If additionally ∪si=1Pi = X, then we speak of a
partition.

For packings or partitions of CDCs or RMCs we will need a stronger condition than
pairwise disjointness in some applications.

Definition 2.18. (d-packings and d-partitions of codes)
A packing P = {P1, . . . , Ps} of a CDC C is called d-packing if dS(Pi) ≥ d (and Pi ⊆ C)
for all 1 ≤ i ≤ s. Similarly, a packing P = {P1, . . . , Ps} of a RMCM is called d-packing
if dR(Pi) ≥ d (and Pi ⊆ M) for all 1 ≤ i ≤ s. If the packings are partitions, then we
speak of a d-partition in both cases.
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3 Rank metric codes

Since rank metric codes (RMCs) are closely related to subspace codes, we summarize
several facts on ranks of matrices and rank metric codes that will be frequently used
later on in this chapter. For a broader overview we refer to e.g. [89] and the references
mentioned therein.
Via Equation (2.6) the subspace distance between two spaces U,W ∈ Fn

q is linked to
the ranks of certain matrices. I.e., if GU and GW are generator matrices of U and W ,
respectively, then we have

dS(U,W ) = 2 rk

((
GU

GW

))
− rk(GU )− rk(GW ). (3.1)

So, we summarize a few equations and inequalities for the rank of a matrix. First note
that the operations of the Gaussian elimination algorithm do not change the rank of a
matrix, which also holds for column permutations.

Exercise 3.1. Show that for compatible matrices we have

rk(M) = rk(M⊥);

rk(M) ≤ rk
((
M M ′)) ≤ rk(M) + rk(M ′);

| rk(M)− rk(M ′)| ≤ dR(M,M ′) = | rk(M −M ′)| ≤ rk(M) + rk(M ′);

rk



M1,1 M1,2 . . . M1,l

0 M2,2 . . . M2,l
...

. . .
. . .

...
0 . . . 0 Ml,l


 =

l∑
i=1

rk(Mi,i) for l ≥ 1.

Lemma 3.2. (Singleton bound for rank metric codes – e.g. [88])
Let m,n ≥ d be positive integers, q > 1 a prime power, andM⊆ Fm×n

q be a rank metric

code with minimum rank distance d. Then, #M≤ qmax{n,m}·(min{n,m}−d+1).

Codes attaining this upper bound are called maximum rank distance (MRD) codes.
More precisely, (m×n, d)q–MRD codes. They exist for all (suitable) choices of parameters,
which remains true if we restrict to linear rank metric codes, see e.g. the survey [207]. If
m < d or n < d, then only #M = 1 is possible, which can be achieved by a zero matrix
and may be summarized to the single upper bound

#M≤
⌈
qmax{n,m}·(min{n,m}−d+1)

⌉
=: AR

q (m× n, d). (3.2)
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3 Rank metric codes

Delsarte–Gabidulin codes [47, 56, 88, 199]
A linearized polynomial (over Fqn) is a polynomial of type f0x+f1x

q+· · ·+fn−1x
qn−1

with
coefficients fi ∈ Fqn . The q-degree of a non-zero linearized polynomial is the maximum i
such that fi ̸= 0. A rank metric code can be described as a set of linearized polynomials.
By Lk,q,n we denote the set of linearized polynomials of q-degree at most k− 1 over Fqn .
Now dimFq (Lk,q,n) = nk, and since every non-zero element of Lk,q,n has nullity at most
k − 1 it has a rank of at least n − k + 1. Thus, Lk,q,n gives an (n × n, n − k + 1)q–MRD
code. Via puncturing or shortening, see e.g. [207], (m×n, d)q–MRD codes can be obtained
for the cases m ̸= n. One might say that Delsarte–Gabidulin codes are the rank metric
analogue of Reed-Solomon codes.

In [214, Section IV.A] RMCs were related to CDCs via a so-called lifting construction,
cf. Subsection 5.1. Given a matrix M ∈ Fk×m

q its lifting is the k-space
〈(
Ik M

)〉
∈

Gq(k+m, k). By lifting a given RMCM we understand the CDC C arising as the union of
the liftings of the elements of M. If U arises from lifting M and U ′ arises from lifting
M ′, then we have dS(U,U

′) =

2 rk

((
Ik M
Ik M ′

))
− rk

((
Ik M

))
− rk

((
Ik M ′)) = 2 rk

((
Ik M
0 M −M ′

))
− 2k

= 2 rk(Ik) + 2 rk(M −M ′)− 2k = 2dR(M,M ′),

cf. Lemma 2.16, so that dS(C) = 2dR(M). A CDC obtained from lifting an MRD code is
called lifted MRD (LMRD) code yielding:

Theorem 3.3. (Lifted MRD code – [214])

Aq(m+ k, d; k) ≥ AR
q (k ×m, d/2) = qmax{m,k}·(min{m,k}−d/2+1).

In some applications the ranks of the codewords of a RMC have to lie in some set R ⊆ N0.
Each (m×n, d)q–RMCM, where rk(M) ∈ R for eachM ∈M, is called (m×n, d;R)q–RMC.
The corresponding maximum possible cardinality is denoted by AR

q (m× n, d;R). For a
non-negative integer l we also use the notations ≤ l and [0, l] for the set R = {0, . . . , l}.
More generally, we also write [a, b] for the interval of integers {a, a+ 1, . . . , b− 1, b}.
The number of matrices of given rank r in Fm×n

q is well known and its determination
can be traced back at least to [163]. Clearly, these numbers yield the exact values of
AR

q (m× n, 1;R) for minimum rank distance 1.

Proposition 3.4.

AR
q (m× n, 1;R) =

∑
r∈R

[
m

r

]
q

·
r−1∏
i=0

(
qn − qi

)
=
∑
r∈R

[
n

r

]
q

·
r−1∏
i=0

(
qm − qi

)
.

Corollary 3.5.

AR
q (m× n, 1;≤ 1) =

(qn − 1) (qm − 1)

q − 1
+ 1.

10



3 Rank metric codes

If a MRD code M is additive, then its rank distribution is completely determined by
its parameters:

Theorem 3.6. (Rank distribution of additive MRD codes – [56, Theorem 5.6],
[207, Theorem 5])
The number of codewords of rank r in an additive (m × n, d)q–MRD code is given by
aq(m× n, d; r) :=[

min{n,m}
r

]
q

r−d∑
s=0

(−1)sq(
s
2) ·
[
r

s

]
q

·
(
qmax{n,m}·(r−d−s+1) − 1

)
(3.3)

for all d ≤ r ≤ min{n,m}.
Clearly, there is a unique codeword of rank strictly smaller than d – the zero matrix,

which has to be contained in any additive rank metric code. This may be different for
non-additive MRD codes.

Example 3.7. For n = m = 4 and d = 2 the rank distribution of an additive (4×4, 2)q–
MRD is given by

aq(4× 4, 2; 0) = 1,

aq(4× 4, 2; 1) = 0,

aq(4× 4, 2; 2) = q8 + q7 + 2q6 + q5 − q3 − 2q2 − q − 1

=
(
q2 + q + 1

) (
q2 + 1

)2
(q + 1)(q − 1),

aq(4× 4, 2; 3) = q11 + q10 − q8 − 3q7 − 3q6 − q5 + q4 + 2q3 + 2q2 + q

=
(
q3 − q − 1

) (
q2 + 1

)2
(q + 1)2(q − 1)q, and

aq(4× 4, 2; 4) = q12 − q11 − q10 + 2q7 + q6 − q4 − q3

=
(
q5 − q4 − q3 + q + 1

) (
q2 + 1

)
(q + 1)(q − 1)q3.

Of course, these five terms add up to AR
q (4× 4, 2) = q12.

Lemma 3.8. For each R ⊆ N0 we have

AR
q (m× n, d;R) ≥

∑
r∈R

aq(m× n, d; r).

The easy observation in Lemma 3.8 is implicitly contained in e.g. [232].

Example 3.9. From Example 3.7 and Lemma 3.8 we directly compute

AR
q (4× 4, 2; 0) ≥ 1,

AR
q (4× 4, 2;≤ 1) ≥ 1,

AR
q (4× 4, 2;≤ 2) ≥ q8 + q7 + 2q6 + q5 − q3 − 2q2 − q,

AR
q (4× 4, 2;≤ 3) ≥ q11 + q10 − 2q7 − q6 + q4 + q3, and

AR
q (4× 4, 2;≤ 4) ≥ q12,

i.e., A2(4 × 4, 2; 0) ≥ 1, A2(4 × 4, 2;≤ 1) ≥ 1, A2(4 × 4, 2;≤ 2) ≥ 526, A2(4 × 4, 2;≤
3) ≥ 2776, and A2(4× 4, 2;≤ 4) ≥ 4096.

11



3 Rank metric codes

Exercise 3.10. Let m,n, d be positive integers and R ⊆ N0. Show

(1) Aq(m× n, d; 0) = 1;

(2) Aq(m× n, d;R) ≤ 1 if R ⊆
[
0,
⌊
d−1
2

⌋]
;

(3) Aq(m× n, d;R′) ≤ Aq(m× n, d;R) if R′ ⊆ R; and

(4) Aq(m× n, d;R) = Aq(m× n, d) if [0, n] ⊆ R.

In order to exploit the inequality dR(M,M ′) ≥ | rk(M)− rk(M ′)| we define a metric d
on subsets of non-negative integers. Specializing the usual metric on R we set d(s, s′) =
|s − s′| for all s, s′ ∈ N0. With this, we set d(S) = min{d(s, s′), s, s′ ∈ S, s ̸= s′}
and d(S, S′) := min{d(s, s′) : s ∈ S, s′ ∈ S} for any two arbitrary subsets S, S′ ⊆ N0.
Actually we use the two later constructs for any metric, i.e., we also use the notations
dS(C, C′) and dR(M,M′) for the minimum subspace distance between two subspaces
from two different CDCs and for the minimum rank-distance between two matrices from
two different RMCs.

Lemma 3.11. Let M be an (m × n, d;R)q–RMC and M′ be an (m × n, d;R′)q–RMC. If
d(R,R′) ≥ d ≥ 1, thenM∪M′ is an (m×n, d;R∪R′)q–RMC of cardinality #M+#M′.

Example 3.12. The union of a (4×3, 2;≤ 1)q–RMC and a (4×3, 2; 3)q–RMC is a (4×3, 2;≤
3)q–RMC.

(m×n, d;R)q–RMCs with R = {r} are also called constant rank codes and their relation
to constant dimension codes has e.g. been studied in [94, 95].

Lemma 3.13. [95, Proposition 3]

AR
q (m× n, d1/2 + d2/2; r) ≥ min {Aq(m, d1; r), Aq(n, d2, r)}

Example 3.14. From Lemma 3.13 we can conclude

AR
q (4× 4, 2;≤ 1) ≥ AR

q (4× 4, 2; 1) ≥ Aq(4, 2; 1) =

[
4

1

]
q

= q3 + q2 + q + 1

and

AR
q (4× 3, 2; 1) ≥ min {Aq(4, 2; 1), Aq(3, 2; 1)} =

[
3

1

]
q

= q2 + q + 1.

Proposition 3.15. [95, Corollary 4] If 1 ≤ r ≤ min{m,n}, then we have

AR
q (m× n, r + 1; r) =

[
min{m,n}

r

]
q

= Aq(min{m,n}, 2; r).

Further lower bounds for AR
q (m× n, d; r) can be concluded from the pigeonhole prin-

ciple. To this end we use the following partitioning result for MRD codes.

12



3 Rank metric codes

Lemma 3.16. (Parallel MRD codes – [78, Lemma 5])
For d′ > d > 0 there exists an (n × m, d)q–MRD code M that can be partitioned in
α := AR

q (n×m, d)/AR
q (n×m, d′) RMCsMi with dR(Mi) ≥ d′ for 1 ≤ i ≤ α.

Let M be a linear (n ×m, d)q–MRD code that contains a linear (n ×m, d′)q–MRD M′

as a subcode. With this, the set {M +M′ : M ∈M} is such a partition described in
Lemma 3.16, cf. Lemma 5.66. In terms of Definition 2.18 we also speak of a d′-partition
ofM.

Exercise 3.17. Prove the following statements in order to deduce Lemma 3.16.

(1) Let M be an (n × m, d)q–RMC. For each matrix M ∈ Fn×m
q also M +M is an

(n×m, d)q–RMC with the same cardinality #M.

(2) Let M be an additive (n ×m, d)q–RMC and M,M ′ ∈ Fn×m
q be arbitrary matrices.

We have M +M = M ′ +M iff M ′ −M ∈ M and (M +M) ∩ (M ′ +M) = ∅
otherwise.

(3) Let M be an (n × m, d)q–RMC that contains an additive (n × m, d′)q–RMC as a
subcode, where d′ ≥ d. Then, {M +M′ : M ∈M} is a set of (n ×m, d′)q–RMCs
M1, . . . ,Ms, where s ≥ #M/#M′ and dR(Mi,Mj) ≥ d for all 1 ≤ i < j ≤ s.
Moreover, ∪si=1Mi is an (n×m, d)q–RMC of cardinality s ·#M′.

(4) Use the Delsarte–Gabidulin MRD-codes to show that for any positive integers m and
n there exists a chain of linear m × n–MRD-codes M1 ⊆ M2 ⊆ . . . such that Mi

has minimum rank distance i for all 1 ≤ i ≤ min{n,m}.

Remark 3.18. Note that there are examples of MRD codes with minimum rank distance
d which cannot be extended to an MRD code with minimum rank distance d + 1, see e.g.
[205, Section 1.6] and [43, Example 34]. In [206, Theorem 9] it was shown that every
binary additive MRD code with minimum rank distance n − 1 contains a binary additive
MRD code with minimum rank distance n as a subcode.

Lemma 3.19. For each R ⊆ N0 we have

AR
q (m× n, d;R) ≥ max

1≤d′≤d

AR
q (m× n, d)

AR
q (m× n, d′)

·
∑
r∈R

aq(m× n, d′; r).

Proof. LetM′ be a linear (n×m, d′)q–MRD code that contains a linear (n×m, d)q–MRD
M as a subcode. ByM1, . . . ,Mα we denote the α := AR

q (m×n, d′)/AR
q (m×n, d) cosets

M +M ofM inM′. By the pigeonhole principle there exists an index 1 ≤ i ≤ α such
that #{M ∈Mi rk(M) ∈ R} ≥ 1

α ·#{M ∈M
′ : rk(M) ∈ R}.

Example 3.20. From Theorem 3.6 we compute aq(4× 4, 1; 1) = q7+ q6+ q5+ q4− q3−
q2 − q − 1, so that

AR
q (4× 4, 2; 1) ≥

⌈
aq(4× 4, 1; 1)

q4

⌉
= q3 + q2 + q1 +

⌈
q4 − q3 − q2 − q

q4

⌉
=

[
4

1

]
q

.
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Due to Proposition 3.15 this lower bound is tight. Note that rk(M ′ −M) ≤ rk(M) +
rk(M ′) implies AR

q (4×4, 2;≤ 1) = AR
q (4×4, 2; 1). For AR

q (4×4, 2;≤ 2) and AR
q (4×4, 2;≤

3) Lemma 3.19 yields a weaker lower bound than Lemma 3.8.

Removing the coset 0 +M = M from the consideration yields a slightly different
variant of Lemma 3.19:

Lemma 3.21. For each R ⊆ N0 we have AR
q (m× n, d;R) ≥

max
1≤d′<d

1

AR
q (m× n, d′)/AR

q (m× n, d)− 1
·
∑
r∈R

(
aq(m× n, d′; r)− aq(m× n, d; r)

)
.

Corollary 3.22. (Cf. [174, Proposition 2.4]) If m ≤ n and r < d, then we have

AR
q (m× n, d;≤ r) ≥ max

1≤d′<d

1

qd−d′ − 1
·
∑

1≤i≤r

aq(m× n, d′; i).

Example 3.23. We compute

aq(5× 5, 1; 0) = 1,

aq(5× 5, 1; 1) = q9 + q8 + q7 + q6 + q5 − q4 − q3 − q2 − q − 1,

aq(5× 5, 1; 2) = q16 + q15 + 2q14 + 2q13 + q12 − q11 − 2q10 − 4q9 − 4q8

−2q7 − q6 + q5 + 2q4 + 2q3 + q2 + q,

aq(5× 5, 1; 3) = q21 + q20 + 2q19 + q18 − 3q16 − 4q15 − 5q14 − 3q13 + 3q11

+5q10 + 4q9 + 3q8 − q6 − 2q5 − q4 − q3,

aq(5× 5, 1; 4) = q24 + q23 − q21 − 2q20 − 3q19 − 2q18 + q17 + 3q16 + 4q15

+3q14 + q13 − 2q12 − 3q11 − 2q10 − q9 + q7 + q6,

aq(5× 5, 1; 5) = q25 − q24 − q23 + q20 + q19 + q18 − q17 − q16 − q15,

+q12 + q11 − q10,

aq(5× 5, 2; 0) = 1,

aq(5× 5, 2; 1) = 0,

aq(5× 5, 2; 2) = q11 + q10 + 2q9 + 2q8 + 2q7 − 2q4 − 2q3 − 2q2 − q − 1,

aq(5× 5, 2; 3) = q16 + q15 + 2q14 + q13 − 3q11 − 4q10 − 6q9 − 4q8 − 2q7 + q6

+3q5 + 4q4 + 3q3 + 2q2 + q,

aq(5× 5, 2; 4) = q19 + q18 − q16 − 2q15 − 3q14 − 2q13 + q12 + 3q11 + 5q10

+4q9 + 2q8 − q7 − 2q6 − 3q5 − 2q4 − q3, and

aq(5× 5, 2; 5) = q20 − q19 − q18 + q15 + q14 + q13 − q12 − q11 − 2q10 + q7 + q6.

So, choosing d′ = 1 in Lemma 3.21 gives AR
q (5× 5, 2;≤ 3)

≥ 1

q5 − 1
·

3∑
r=1

(aq(5× 5, 1; r)− aq(5× 5, 2; r))

=
(
q4 + q3 + q2 + q + 1

)
·
(
q9 + q7 − q6 − q5 − q4 − q3 + q2 + q + 1

)
· q3

= q16 + q15 + 2q14 + q13 − 2q11 − 3q10 − 3q9 − q8 + q7 + 2q6 + 3q5 + 2q4 + q3.

14
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We remark that Lemma 3.8 gives only

AR
q (5× 5, 2;≤ 3) ≥ q11 + q10 + 2q9 + 2q8 + 2q7 − 2q4 − 2q3 − 2q2 − q.

Sometimes we want to control the possible ranks of submatrices of the elements in a
RMC. By suitably choosing the RMCsMi this is e.g. possible via:

Lemma 3.24. (Product construction for rank metric codes)
Let l ≥ 1 and n̄ = (n1, . . . , nl) ∈ Nl. For 1 ≤ i ≤ l let Mi be a (k × ni, d)q–RMC. With
this,

M =
{(

M1 . . . Ml

)
: Mi ∈Mi ∀1 ≤ i ≤ l

}
is a (k × n, d)q–RMC with cardinality #M =

∏l
i=1#Mi, where n =

∑l
i=1 ni.

Proof. It suffices to show dR(M) ≥ d. To this end let M =
(
M1 . . . Ml

)
and M ′ =(

M ′
1 . . . M ′

l

)
be two different codewords in M. Since M ̸= M ′, there exists an index

1 ≤ i ≤ l with Mi ̸= M ′
i , so that dR(M,M ′) = rk

((
M1 −M ′

1 . . . Ml −M ′
l

))
≥

rk (Mi −M ′
i) = dR(Mi,M

′
i) ≥ dR(Mi) ≥ d.

As abbreviation we write M =M1 × · · · ×Ml for an RMC obtained by the product
construction. Another variant can be used to combine several RMCs to an RMC with a
larger minimum rank distance.

Lemma 3.25. (Diagonal concatenation of rank metric codes)
LetM1 be a (k1×n1, d1)q–RMC,M2 be a (k2×n2, d2)q–RMC, and M1

1 , . . . ,M
s1
1 , M1

2 , . . . ,M
s2
2

arbitrary enumerations ofM1 andM2, respectively. Then.

M =

{(
M i

1 0k1×n2

0k2×n1 M i
2

)
: 1 ≤ i ≤ min{s1, s2}

}
is a ((k1 + k − 2)× (n1 + n2), d1 + d2)q–RMC with cardinality #M = min {#M1, #M2}.

Proof. Let G =

(
M1 0
0 M2

)
and G′ =

(
M ′

1 0
0 M ′

2

)
be two different elements inM. By

construction, G ̸= G′ implies M1 ̸= M ′
1 and M2 ̸= M ′

2, so that dR(G,G′) =

rk(G−G′) = rk

((
M ′

1 −M1 0
0 M ′

2 −M2

))
= rk(M ′

1 −M1) + rk(M ′
2 −M2) ≥ d1 + d2,

i.e., dR(M) ≥ d1 + d2.

We remark that the iterative application of Lemma 3.25 results in a (k × n, d)q–RMC
M with cardinality min{#Mi : 1 ≤ i ≤} given (ki × ni, di)q–RMCs Mi for 1 ≤ i ≤ l,

where l ≥ 1, n =
∑l

i=1 ni, d =
∑l

i=1 di, and k =
∑l

i=1 ki.
Sum-rank metric codes

In the following we want to consider restrictions on the ranks of different submatrices
of a rank metric code. It turns out that those restrictions fit into the framework of
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sum-rank metric codes that were already used for space-time coding, see e.g. [67, 191].
For positive integers t, m1, . . . ,mt, n1, . . . , nt consider the product of t matrix spaces

Π :=
t⊕

i=1

Fmi×ni
q

and define the sum-rank of an element X = (X1, . . . , Xt) ∈ Π as

srk(X) :=
t∑

i=1

rk(Xi). (3.4)

Exercise 3.26. Show that the sum-rank induces a metric on Π via (X,Y ) 7→ srk(X−Y ).

Definition 3.27. A subset M ⊆ Π is called a sum-rank metric code (SRMC) and by
dS-R(M) := min {dS-R(A,B) : A,B ∈M, A ̸= B} we denote the corresponding mini-
mum sum-rank distance. We call M additive if it is additively closed and linear if it
forms a subspace of Π. By Ar

q(m1×n1, . . . ,mt×nt, d) we denote the corresponding max-
imum possible cardinality for minimum sum-rank distance d. If we additionally require
that the sum-ranks of the elements inM have to be contained in a set R ⊂ N0, then we
denote the corresponding maximum possible cardinality by Ar

q(m1×n1, . . . ,mt×nt, d;R).

In the following we will state two explicit construction for SRMCs and refer to e.g. [42]
for further results.

Lemma 3.28. Let M1 be an (m1 × n1, d;R1)q–RMC and M2 be an (m2 × n2, d; R2)q–
RMC. Then, there exists an (m1 × n1,m2 × n2, d;R1 +R2)q–SRMC with cardinality #M =
#M1 ·#M2.

Proof. Let M = {(M1,M2) : M1 ∈M1,M2 ∈M2}, so that #M = #M1 · #M2.
Consider arbitrary elements (M1,M2) , (M

′
1,M

′
2) ∈ M with (M1,M2) ̸= (M ′

1,M
′
2). If

M1 ̸= M ′
1, then we have

dS-R
(
(M1,M2), (M

′
1,M

′
2)
)

= dR(M1,M
′
1) + dR(M2,M

′
2)

≥ dR(M1,M
′
1) ≥ dR(M1) ≥ d.

If M1 = M ′
1, then we have M2 ̸= M ′

2 and

dS-R
(
(M1,M2), (M

′
1,M

′
2)
)

= dR(M1,M
′
1) + dR(M2,M

′
2)

≥ dR(M2,M
′
2) ≥ dR(M2) ≥ d.

Lemma 3.29. LetM1 be an (m1 × n1, d1;R1)q–RMC andM2 be an
(
m2×n2, d2; R2

)
q
–

RMC. Then, there exists an (m1 × n1,m2 × n2, d1 + d2;R1 +R2)q–SRMC with cardinality
#M = min {#M1,#M2}.
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Proof. LetM1
1 , . . . ,M

s
1 be an arbitrary numbering of the elements ofM1 andM1

2 , . . . ,M
r
2

be an arbitrary numbering of the elements ofM2. With this we set

M =
{(

M i
1,M

i
2

)
: 1 ≤ i ≤ min{s, r}

}
,

so that #M = min {#M1,#M2}. Let (M1,M2) ∈ M be an arbitrary element. By
construction we have rk(M1)+rk(M2) ∈ R1+R2. Let (M

′
1,M

′
2) ∈M be another element

with (M1,M2) ̸= (M ′
1,M

′
2). Then, we have M1 ̸= M ′

1 and M2 ̸= M ′
2, so that

dS-R
(
(M1,M2), (M

′
1,M

′
2)
)

= dR(M1,M
′
1) + dR(M2,M

′
2)

≥ dR(M1) + dR(M2) ≥ d1 + d2.

Lemma 3.30. For M1,M
′
1 ∈ Fm1×n1

q and M2,M
′
2 ∈ Fm2×n2

q we have

dR(M1,M
′
1) + dR(M2,M

′
2) ≥

∣∣rk(M1)− rk(M ′
1)
∣∣+ ∣∣rk(M2)− rk(M ′

2)
∣∣ .

Example 3.31. Applying Lemma 3.29 to a (3 × 3, 1; 0)q–RMC and a (3 × 3, 2; 0)q–RMC
yields a (3 × 3, 3 × 3, 3, 0)q–SRMC M1 of cardinality 1. Applying Lemma 3.29 to a (3 ×
3, 1; 1)q–RMC and a (3× 3, 2; 2)q–RMC yields a (3× 3, 3× 3, 3, 3)q–SRMCM2 of cardinality

min
{
AR

q (3× 3, 1; 1), AR
q (3× 3, 2; 2)

}
≥
[
3

1

]
q

·
(
q3 − 1

)
= q5 + q4 + q3 − q2 − q − 1.

Applying Lemma 3.28 to a (3× 3, 3; 3)q–RMC and a (3× 3, 3; 0)q–RMC yields a (3× 3, 3×
3, 3, 3)q–SRMC M3 of cardinality q3 · 1 = q3. From Lemma 3.30 we conclude that M =
M1 ∪ M2 ∪ M3 is a (3 × 3, 3 × 3, 3,≤ 3)q–SRMC, so that AR

q (3 × 3, 3 × 3, 3,≤ 3) ≥
q5 + q4 + 2q3 − q2 − q, i.e., AR

2 (3× 3, 3× 3, 3,≤ 3) ≥ 58 for q = 2.

We remark that Example 3.31 will be explicitly used in the construction for a CDC

considered in Example 5.85.
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4 Upper bounds for constant dimension
codes

In this section we want to survey upper bounds for Aq(n, d; k) and variants thereof. For
other surveys on upper bounds for constant dimension codes we refer e.g. to [126, 143].
A relatively good and simple upper bound is given by the so-called anticode bound, see
Theorem 4.13:

Aq(n, d; k) ≤

[
n
k

]
q[max{k,n−k}+d/2−1

d/2−1

]
q

.

Using the probabilistic approach one can show that the upper bound can be asymptot-
ically attained if either k or n− k stays constant when n tends to infinity.

Theorem 4.1. (Asymptotic value – [85, Theorem 4.1], cf. [36])

lim
n→∞

[
n
k

]
q[max{k,n−k}+d/2−1

d/2−1

]
q
·Aq(n, d; k)

= lim
n→∞

[
n
k

]
q[max{k,n−k}+d/2−1

d/2−1

]
q
·Aq(n, d;n− k)

= 1

Besides the two exact values A2(6, 4; 3) = 77 and A2(8, 6; 4) = 257 obtained by ex-
tensive integer linear programming computations [120, 133], all currently best known
upper bounds for Aq(n, d; k) are obtained from the the improved Johnson bound in The-
orem 4.42 if d ̸= 2·min{k, n−k}. A key ingredient is a classification result for the possible
cardinalities of qk−1-divisible multisets of points and the necessary background is briefly
presented in Subsection 4.4. Since the (improved) Johnson bound is recursive, the case of
partial k-spreads, i.e. Aq(n, 2 ·min{k, n−k}; k), has to be treated seperately. In principle
all currently known upper bounds for partial k-spreads are implied by non-existence re-
sults for qk−1-divisible sets of points, see e.g. [154] for a survey. We summarize the major
parametric upper bounds in Subsection 4.3. Before we survey q-analogs of the classical
upper bounds for binary constant weight codes in Subsection 4.1 and other approaches
from the literature in Subsection 4.2, we state estimates for q-binomial coefficients and
the ratio between the best known lower and upper bounds.

A relatively good and simple lower bound is given by the construction of lifted MRD

codes in Theorem 3.3:

Aq(n, d; k) ≥ q
max{k,n−k}·

(
min{k,n−k}−d

2+1
)
. (4.1)

In [148, Lemma 4] the bounds 1 < q−k(n−k) ·
[
n
k

]
q
< 4 were shown. The corresponding

proof itself and associated remarks actually give a refined upper bound.
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4 Upper bounds for constant dimension codes

q-Pochhammer symbol
The q-analog of the Pochhammer symbol is the q-Pochhammer symbol

(a; q)n :=
n−1∏
i=0

(
1− aqi

)
(4.2)

with (a; q)0 = 1 by definition. In the theory of basic hypergeometric series (or q-
hypergeometric series), the q-Pochhammer symbol plays the role that the ordinary
Pochhammer symbol plays in the theory of generalized hypergeometric series. It can
be extended to an infinite product (a; q)∞ =

∏∞
i=0

(
1− aqi

)
. Setting a = q this is an

analytic function of q in the interior of the unit disk and can also be considered as a
formal power series in q, whose reciprocal is the generating function of integer partitions,
see e.g. [226, Chapter 15].
Here we specialize the q-Pochhammer symbol to (1/q; 1/q)n =

∏n
i=1

(
1− 1/qi

)
and

state the bounds

1 ≤

[
n
k

]
q

qk(n−k)
≤ 1

(1/q; 1/q)k
<

1

(1/q; 1/q)∞
≤ 1

(1/2; 1/2)∞
≈ 3.4627, (4.3)

see [126, Section 5].

Exercise 4.2. Show that the sequence (1/q; 1/q)∞ is monotonically increasing with q
and approaches (q − 1)/q for large q.

Exercise 4.3. Show lim
a→∞

[a+b
b ]

q

qab
= 1

(1/q;1/q)b
for each b ∈ N≥0.

q 2 3 4 5 7 8 9 11 16 32 64 128 256 512
1/(1/q; 1/q)∞ 3.46 1.79 1.45 1.32 1.20 1.16 1.14 1.11 1.07 1.03 1.02 1.01 1.004 1.002

Table 4.1: Approximate values of 1/(1/q; 1/q)∞ for selected field sizes.

In [148] it was observed that the Singleton bound impliesAq(n, d; k) ≤ 4·q(n−k)·(k−d/2+1)

for 2k ≤ n, i.e., LMRD codes are at most a factor of four (2 bits) distant to optimal codes.
Using the q-Pochhammer symbol this estimate can be slightly improved. A further
improvement is possible using the anticode bound.

Proposition 4.4. ([126, Proposition 7])
The size of an LMRD code divided by the size of the Singleton bound in Theorem 4.9
converges for n→∞ monotonically decreasing to

(1/q; 1/q)k−d/2+1 > (1/q; 1/q)∞ ≥ (1/2; 1/2)∞ > 0.288788.

Proposition 4.5. ([126, Proposition 8])
The size of an LMRD code divided by the size of the anticode bound in Theorem 4.13
converges for n→∞ monotonically decreasing to

(1/q; 1/q)k
(1/q; 1/q)d/2−1

≥ q

q − 1
· (1/q; 1/q)k ≥ 2 · (1/2; 1/2)∞ > 0.577576.
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4 Upper bounds for constant dimension codes

The largest gap of the latter estimate is attained for d = 4 and k = ⌊n/2⌋.

Corollary 4.6.

lim
q→∞

[
n
k

]
q[max{k,n−k}+d/2−1

d/2−1

]
q
·Aq(n, d; k)

= 1

While we prefer to state most statements on bounds for Aq(n, d; k) without restrictions
for the involved parameters, we mention some easy relations. Due to Aq(n, d; k) =
Aq(n, d;n − k), see Equation (2.5), we may assume 2k ≤ n. Since the codewords of
an (n, d; k)q–CDC are contained in Gq(n, k), we have Aq(n, d; k) ≤

[
n
k

]
q
. For minimum

subspace distance d = 2 this upper bound is tight, i.e., C = Gq(n, k) is an (n, 2; k)q–CDC
with cardinality

[
n
k

]
q
. So, for d it suffices to consider even values between 4 and 2k

only, i.e. we especially can assume k ≥ 2 and n ≥ 4. Since the maximum size of a code
with certain parameters is always an integer and some of the latter upper bounds can
produce non-integer values, we may always round them down. To ease the notation we
will mostly omit the final rounding step.

4.1 q-analogs of upper bounds for binary constant weight codes

Here we want to study the q-analogs of the classical upper bounds for binary constant
weight codes before we briefly discuss other approaches from the literature in Subsec-
tion 4.2.

Grassmann graph
The vertices of theGrassmann graph Jq(n, k), named after Hermann Günther Graßmann,
are the

[
n
k

]
q
k-spaces in Fn

q where two vertices are adjacent when their intersection is

(k − 1)-dimensional. Grassmann graphs are q-analogs of Johnson graphs and distance-
regular1.

Note that dim(U ∩W ) ≥ k − t is equivalent to dS(U,W ) ≤ m− k + 2t. The fact that
the Grassmann graph is distance-regular implies a sphere-packing bound. To this end we
count k-dimensional subspaces having a “large” intersection with a fixed m-dimensional
subspace:

Exercise 4.7. Show that for integers 0 ≤ t ≤ k ≤ n and k − t ≤ m ≤ n we have

#

{
U ∈

[
V

k

]
| dim(U ∩W ) ≥ k − t

}
=

t∑
i=0

q(m+i−k)i

[
m

k − i

]
q

[
n−m

i

]
q

,

where V = Fn
q , W ≤ V , and dim(W ) = m.

1A distance-regular graph is a regular graph such that for any two vertices v and w, the number
of vertices at distance j from v and at distance k from w depends only upon j, k, and the distance i
between v and w.
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4 Upper bounds for constant dimension codes

Theorem 4.8. (Sphere-packing bound – [148, Theorem 6])

Aq(n, d; k) ≤

[
n
k

]
q

⌊(d/2−1)/2⌋∑
i=0

qi2
[
k
i

]
q

[
n−k
i

]
q

We remark, that we can obtain the denominator of the formula of Theorem 4.8 by
setting m = k, 2t = d/2− 1 in Exercise 4.7 and applying

[
k

k−i

]
q
=
[
k
i

]
q
. The right hand

side is symmetric with respect to orthogonal complements, i.e., the mapping k 7→ n− k
leaves it invariant.

By defining a puncturing operation one can decrease the dimension of the ambient
space and the codewords. Since the minimum distance decreases by at most two, we can
iteratively puncture d/2 − 1 times, so that Aq(n, d; k) ≤

[n−d/2+1
k−d/2+1

]
q
=
[n−d/2+1

v−k

]
q
since

Aq(v
′, 2; k′) =

[
v′

k′

]
q
. Considering either the code or its dual code gives:

Theorem 4.9. (Singleton bound – [148, Theorem 9])

Aq(n, d; k) ≤
[

n− d/2 + 1

max{k, n− k}

]
q

In [230, Example 2.2.8] a Singleton polynomial was used to conclude the anticode
bound from Theorem 4.13, which is different to the bound in Theorem 4.9.

Comparison between the Sphere-packing and the Singleton bound
Referring to [148] the authors of [143] state that the Singleton bound is always stronger
than the sphere packing bound for non-trivial codes. However, for q = 2, n = 8, d = 6,
and k = 4, the sphere-packing bound gives an upper bound of 200787/451 ≈ 445.20399
while the Singleton bound gives an upper bound of

[
6
4

]
2
= 651. For q = 2, n = 8, d = 4,

and k = 4 it is just the other way round, i.e., the Singleton bound gives
[
7
3

]
2
= 11811

and the sphere-packing bound gives
[
8
4

]
2
= 200787. For d = 2 both bounds coincide and

for d = 4 the Singleton bound is always stronger than the sphere-packing bound since[
n−1
k

]
q
<
[
n
k

]
q
. The asymptotic bounds [148, Corollaries 7 and 10], using normalized

parameters, and [148, Figure 1] suggest that there is only a small range of parameters
where the sphere-packing bound can be superior to the Singleton bound.

Exercise 4.10. Show that the sphere-packing bound is strictly tighter than the Singleton
bound iff q = 2, n = 2k, and d = 6.

Anticode bounds
Given an arbitrary metric space X, an anticode of diameter e is a subset whose elements
have pairwise distance at most e. For every association scheme, which applies to the
q-Johnson scheme in our situation, the anticode bound of Delsarte [55] can be applied.
As a standalone argument we go along the lines of [2] and consider bounds for codes on
transitive graphs. By double-counting the number of pairs (a, g) ∈ A · Aut(Γ), where
g(a) ∈ B, we obtain:
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4 Upper bounds for constant dimension codes

Lemma 4.11. ([2, Lemma 1], cf. [3, Theorem 1’])
Let Γ = (V,E) be a graph that admits a transitive group of automorphisms Aut(Γ) and
let A,B be arbitrary subsets of the vertex set V . Then, there exists a group element
g ∈ Aut(Γ) such that

|g(A) ∩B|
|B|

≥ |A|
|V |

.

Corollary 4.12. ([2, Corollary 1], cf. [3, Theorem 1])
Let CD ⊆ Gq(n, k) be a code with (injection or graph) distances from D = {d1, . . . , ds} ⊆
{1, . . . , v}. Then, for an arbitrary subset B ⊆ Gq(n, k) there exists a code C∗D(B) ⊆ B
with distances from D such that

|C∗D(B)|
|B|

≥ |CD|[
n
k

]
q

.

If CD ⊆ Gq(n, k) is a CDC with minimum injection distance d, i.e., D = {d, . . . , v}, and
B is an anticode with diameter d− 1, we have #C∗D(B) = 1, so that we obtain Delsarte’s
anticode bound

#CD ≤

[
n
k

]
q

#B
. (4.4)

The set of all elements of Gq(n, k) which contain a fixed (k − d/2 + 1)-dimensional

subspace is an anticode of diameter d − 2 with
[n−k+d/2−1

d/2−1

]
q
elements. By duality, the

set of all elements of Gq(n, k) which are contained in a fixed (k + d/2 − 1)-dimensional

subspace is also an anticode of diameter d − 2 with
[k+d/2−1

k

]
q
=
[k+d/2−1

d/2−1

]
q
elements.

Frankl and Wilson proved in [86, Theorem 1] that these anticodes have the largest
possible size, which implies:

Theorem 4.13. (Anticode bound – [228, Theorem 5.2])

Aq(n, d; k) ≤

[
n
k

]
q[max{k,n−k}+d/2−1

d/2−1

]
q

Codes whose size attain the anticode bound are called Steiner structures. The reduc-
tion to Delsarte’s anticode bound can e.g. be found in [81, Theorem 1].

Since the sphere underlying the proof of Theorem 4.8 is also an anticode, Theorem 4.8
is implied by Theorem 4.13. For d = 2 both bounds coincide. In [231, Section 4] Xia and
Fu verified that the anticode bound is always stronger than the Singleton bound for the
ranges of parameters considered by us. In [230, Example 2.2.8] a Singleton polynomial
was used to conclude the anticode bound, so that one may speak of Singleton (type)
bound. Other names used in the literature are Wang-Xing-Safavi-Naini bound and
packing bound.
Mimicking a classical bound of Johnson on binary error-correcting codes with respect

to the Hamming distance, see [141, Theorem 3] and also [221], the following upper bound
was obtained:
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4 Upper bounds for constant dimension codes

Theorem 4.14. (Johnson type bound I – [231, Theorem 2])

If
(
qk − 1

)2
> (qn − 1)

(
qk−d/2 − 1

)
, then

Aq(n, d; k) ≤
(
qk − qk−d/2

)
(qn − 1)

(qk − 1)
2 − (qn − 1)

(
qk−d/2 − 1

) .
However, the required condition of Theorem 4.14 is rather restrictive and can be

simplified considerably.

Proposition 4.15. ([126, Proposition 1])
For 0 ≤ k < n, the bound in Theorem 4.14 is applicable iff d = 2min{k, n − k} and
k ≥ 1. Then, it is equivalent to

Aq(n, d; k) ≤
qn − 1

qmin{k,n−k} − 1
.

In other words, Theorem 4.14 is equivalent to a rather simple upper bound for partial
spreads, see Subsection 4.3.
Let C be a CDC in PG(n−1, q). For each point P and each hyperplaneH in PG(n−1, q)

consider the subcodes CP := {U ∈ C : P ≤ U} and CH := {U ∈ C : U ≤ H}. A little
counting argument gives:

Theorem 4.16. (Johnson type bound II – [231, Theorem 3], [81, Theorem 4,5])

Aq(n, d; k) ≤
[n]qAq(n−1, d; k−1)

[k]q
=

qn−1
qk−1

·Aq(n−1, d; k−1) (4.5)

Aq(n, d; k) ≤
[n]qAq(n−1, d; k−1)

[n−k]q
=

qn − 1

qn−k − 1
·Aq(n− 1, d; k) (4.6)

Type II Johnson bounds for binary constant weight codes
In [141, Inequality (5)] the upper bounds A(n, d;w) ≤ ⌊n/w · A(n − 1, d;w − 1)⌋ and
A(n, d;w) ≤ ⌊n/(n−w) ·A(n−1, d;w)⌋ for binary constant weight codes were obtained.
Of course both bounds can be applied iteratively. However, the optimal choice of the
corresponding inequalities is unclear, see e.g. [178, Research Problem 17.1]. The bounds
in Theorem 4.16 are the q-analog of the mentioned bounds for constant weight codes.

While e.g. the authors of [81, 143] stated that the optimal choice of Inequality (4.5)
or Inequality (4.6) is unclear too, there is now an explicit answer for CDCs:

Proposition 4.17. ([126, Proposition 3]) For k ≤ n/2 we have⌊
qn − 1

qk − 1
Aq(n− 1, d; k − 1)

⌋
≤
⌊

qn − 1

qn−k − 1
Aq(n− 1, d; k)

⌋
,

where equality holds iff n = 2k.

Exercise 4.18. Consider the dual code to show that Inequality (4.5) and Inequality (4.6)
are equivalent.
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4 Upper bounds for constant dimension codes

Knowing the optimal choice between Inequality (4.5) and Inequality (4.6), we can
iteratively apply Theorem 4.16 in an ideal way (initially assuming k ≤ n/2):

Corollary 4.19. (Implication of the Johnson type bound II)

Aq(n, d; k) ≤

⌊
qn−1
qk−1

⌊
qn−1−1
qk−1−1

⌊
. . .

⌊
qn−k+d/2+1−1
qd/2+1−1

Aq(n−k+d/2, d; d/2)

⌋
. . .

⌋⌋⌋

We remark that this upper bound is commonly stated in an explicit version, where

Aq(n−k+d/2, d; d/2) ≤
⌊
qn−k+d/2−1

qd/2−1

⌋
is inserted, see e.g. [81, Theorem 6], [143, Theo-

rem 7], and [231, Corollary 3]. However, better bounds for partial spreads are available
now, see Subsection 4.3.

Comparison of the Johnson bound with the previous bounds
It is shown in [231] that the Johnson bound of Theorem 4.16 improves on the anticode
bound in Theorem 4.13, see also [15]. To be more precise, removing the floors in the

upper bound of Corollary 4.19 and replacing Aq(n− k+ d/2, d; d/2) by qn−k+d/2−1
qd/2−1

gives

k−d/2∏
i=0

qn−i − 1

qk−i − 1
=

∏k−1
i=0

qn−i−1
qk−i−1∏k−1

i=k−d/2+1
qn−i−1
qk−i−1

=

[
n
k

]
q[n−k+d/2−1

d/2−1

]
q

, (4.7)

which is the right hand side of the anticode bound for k ≤ n− k. So, all upper bounds
mentioned so far are (weakly) dominated by Corollary 4.19, if we additionally assume
k ≤ n − k. We will slightly improve upon Theorem 4.16 in Theorem 4.42 where we
replace the possible rounding down by a tighter variant based on divisible multisets of
points.

4.2 Other upper bounds for constant dimension codes

As a possible improvement of known upper bounds [2, Theorem 3] was mentioned in
[143, Theorem 8], cf. [126, Theorem 8].

Theorem 4.20. (Ahlswede and Aydinian bound – [2, Theorem 3])
For integers 0 ≤ t < r ≤ k, k − t ≤ m ≤ n, and t ≤ n−m we have

Aq(n, 2r; k) ≤

[
n
k

]
q
Aq(m, 2r − 2t; k − t)∑t

i=0 q
i(m+i−k)

[
m
k−i

]
q

[
n−m

i

]
q

.

As Theorem 4.20 has quite some degrees of freedom, we partially discuss the optimal
choice of parameters. For t = 0 and m ≤ v − 1, we obtain Aq(n, d; k) ≤

[
n
k

]
q
/
[
m
k

]
q
·

Aq(m, d; k), which is the (n−m)-fold iteration of Inequality (4.6) of the Johnson bound
(without rounding). Thus, m = n − 1 is the best choice for t = 0, yielding a bound
that is equivalent to Inequality (4.6). For t = 1 and m = n − 1 the bound can be
rewritten to Aq(n, d; k) ≤ Aq(n − 1, d − 2; k − 1). For t > n − m the bound remains
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4 Upper bounds for constant dimension codes

valid but is strictly weaker than for t = n − m. Choosing m = n gives the trivial
bound Aq(n, 2r; k) ≤ Aq(m, 2r − 2t; k − t). For the range of parameters 2 ≤ q ≤ 9,
4 ≤ n ≤ 100 and 4 ≤ d ≤ 2k ≤ n, where q is a prime power and d is even, the situation
is as follows. If d ̸= 2k, there are no proper improvements with respect to Theorem 4.16.
For the case d = 2k we have some improvements compared to most easy upper bound
Aq(n, 2k; k) ≤ ⌊(qn − 1)/(qk − 1)⌋ while the tightest known upper bounds for partial
spreads, see Subsection 4.3, are not improved.

Research problem
Verify that the upper bounds of Theorem 4.20 are implied by other known upper bounds
or find specific parameters where this is not the case.

Linear programming bounds
Every association scheme gives rise to a linear programming upper bound, see e.g. [55].
For linear codes this relation can be expressed via the so-called MacWilliams identities.
General introductions can e.g. be found in [58, 217]. Explicit parametric upper bounds
can be commonly obtained via this approach. Examples for linear codes are given in
e.g. [34] and [35, Section 15.3]. For binary block and constant weight codes we refer
e.g. to [181]. The Delsarte linear programming bound for the q-Johnson scheme was
obtained in [57]. In [15] it was shown that a semidefinite programming formulation2,
that is equivalent to the Delsarte linear programming bound, implies the anticode bound
of Theorem 4.13 (cf. [234]), the sphere-packing bound of Theorem 4.8, the Johnson type
I bound of Theorem 4.14, and the Johnson type II bound of Theorem 4.16. Numerical
computations indicate that it is not better than the anticode bound. Indeed, it was finally
shown in [202, 230] that the optimal solution of the linear program in Theorem 4.21 is
given by the anticode bound. In [230, Example 2.2.8] a Singleton polynomial was used
to conclude the anticode bound.

Theorem 4.21. (Linear programming bound for CDCs – e.g. [234, Proposition
3])
For integers 0 ≤ k ≤ n and 2 ≤ d ≤ min{k, n− k} such that d is even, we have

Aq(n, d; k) ≤ max
{
1 +

k∑
i=d/2

xi

∣∣∣ k∑
i=d/2

−Qj(i)xi ≤ uj ∀j = 1, 2, . . . , k and

xi ≥ 0 ∀i = d/2, d/2 + 1, . . . , k
}

(4.8)

with

uj =

[
n

j

]
q

−
[

n

j − 1

]
q

, (4.9)

vi = qi
2

[
l

i

]
q

−
[
n− 1

i

]
q

, (4.10)

2Due to the property of the symmetry group of (Fn
q , dS), i.e., two-point homogeneous, the symmetry

reduced version of the semidefinite programming formulation of the maximum clique problem formulation
collapses the Delsarte linear programming bound for the q-Johnson scheme.
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Ei(j) =
i∑

m=0

(−1)i−mq(
i−m
2 )+jm

[
k −m

k − 1

]
q

[
k − j

m

]
q

[
n− k − j +m

m

]
q

and (4.11)

Qj(i) =
uj
vi
Ei(j). (4.12)

The iterated application of the Johnson bound of Theorem 4.16 rounded down to
integers in each iteration can improve upon the anticode bound. In Subsection 4.4 and
Subsection 4.3 we will present further upper bounds that improve upon the anticode or
Johnson bound. Adding corresponding constraints to our linear programming formula-
tion of Theorem 4.21 of course gives tighter bounds.

Research problem
Find additional inequalities for the linear programming approach and improve at least
one of the known upper bounds for Aq(n, d; k).

As mentioned in the introduction, semidefinite programming bounds for A(n, d) and
A(n, d;w) were quite successful in recent years, see e.g. [223]. The same is true for MDCs,
i.e., upper bounds for Aq(n, d), see [15, 122]. For CDCs currently no improvement via
semidefinite programming is known, see the blog entry

https://ratiobound.wordpress.com/2018/10/11/.

For related literature into this direction we refer to [63, 168].
Another rather general technique to obtain upper bounds for the maximum clique

sizes of a graph is to use p-ranks of adjacency matrices.

Lemma 4.22. (E.g. [140, Lemma 1.3])
Let G be a graph with adjacency matrix A and Y be a clique of G, then

|Y | ≤
{

rankp(A) + 1 if p divides |Y | − 1,
rankp(A) otherwise.

Some numerical experiments suggest that the resulting upper bounds are rather weak
for CDCs. We e.g. haveA2(4, 4; 2) ≤ 5, A2(5, 4; 2) ≤ 19, A2(6, 4; 2) ≤ 49, A2(6, 4; 3) ≤ 223,
and A2(6, 6; 3) ≤ 19.

Integer linear programming formulations for Aq(n,d;k)
The exact determination of Aq(n, d; k) can be formulated as an integer linear program
(ILP). To this end we introduce binary variables xK ∈ {0, 1} for each k-space K ∈
Gq(n, k) and maximize their sum

∑
K∈Gq(n,k)

xK subject to the constraints∑
K∈Gq(n,k) :S≤K

xK ≤ 1 (4.13)

for all S ∈ Gq(n, k − d/2 + 1), which guarantee the minimum subspace distance. This
ILP can be solved directly for rather small parameters only. However, it was the basis
for the determination of A2(6, 4; 3) = 77 and the classification of the corresponding five
optimal isomorphism types in [133]. The determination of A2(8, 6; 4) = 257 and the
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4 Upper bounds for constant dimension codes

classification of the corresponding two optimal isomorphism types required a tailored
approach with relaxations to subconfigurations, see [120] for the details.3

The inequalities (4.13) can be tightened by adding∑
K∈Gq(n,k) :W≤K

xK ≤ Aq(n− w, d; k − w) (4.14)

for all w ∈ Gq(n,w), where w ∈ {1, . . . , k − 1}, and by∑
K∈Gq(n,k) :K≤A

xK ≤ Aq(a, d; k) (4.15)

for all A ∈ Gq(n, a), where a ∈ {k + 1, . . . , n − 1}. The LP relaxations of inequalities
(4.14) and (4.15) yields the following explicit bounds:

Aq(n, d; k) ≤

[
n
w

]
q[

k
w

]
q

Aq(n− w, d; k − w) ∀w ∈ {1, . . . , k − d/2}, (4.16)

Aq(n, d; k) ≤

[
n
w

]
q[

k
w

]
q

∀w ∈ {k − d/2 + 1, . . . , k − 1}, (4.17)

Aq(n, d; k) ≤

[
n
a

]
q[

n−k
a−k

]
q

∀a ∈ {k + 1, . . . , k + d/2− 1}, and (4.18)

Aq(n, d; k) ≤

[
n
a

]
q[

n−k
a−k

]
q

Aq(a, d; k) ∀a ∈ {k + d/2, . . . , n− 1}. (4.19)

We remark that the ILP approach can also be used to construct CDC’s of large cardi-
nality. To restrict the search space typically a subgroup of the automorphism group of
the CDC is prescribed, see e.g. [149].

If the presence of certain automorphisms is assumed, then for many cases improved
upper bounds can be concluded from the LP relaxation. It is also possible to deduce
parametric bounds from this approach, see e.g. [116, Section 10].
We close this overview mentioning that CDCs containing a lifted MRD code as subcode

allow tighter upper bounds on their cardinality, see [78, 117, 155]. We remark that many
of the currently best known constructions for CDCs involve a lifted MRD as a subcode, see
Section 5. In [161, Section 4] the underlying techniques have been extended to infer
upper bounds for CDCs arising from other specific constructions from the literature.

Research problem
Provide more specialized upper bounds for subcodes appearing in constructions for CDCs
in the literature (or Section 5).

3The intermediate upper bound A2(8, 6; 4) ≤ 272 was determined in [128].
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4 Upper bounds for constant dimension codes

4.3 Upper bounds for partial spreads

Assume, as before, k ≤ n−k. An (n, 2k; k)q–CDC is also called partial spread or partial k-
spread to be more precise. Those CDCs attain the maximum possible subspace distance,
which is equivalent to the geometric description that the pairwise intersection of the
k-spaces is trivial, i.e., 0-dimensional. In principle all currently known upper bounds for
partial k-spreads are implied by non-existence results for qk−1-divisible sets of points, see
Lemma 4.47. However, determining the possible lenghts seems to be a hard problem, see
e.g. [154] for a survey. Here we just list several parametric bounds from the literature.

Applying the Johnson bound of Theorem 4.16 to the parameters of a partial spread
yields

Aq(n, 2k; k) ≤
[n]q
[k]q
·Aq(n− 1, 2k; k − 1) =

[n]q
[k]q

since Aq(n−1, 2k; k−1) = 1. An easy direct geometric justification comes from the fact
that PG(n − 1, q) contains [n]q points and each k-space contains [k]q points. Spelling
out the q-factorials and rounding down we obtain

Aq(n, 2k; k) ≤
⌊
qn − 1

qk − 1

⌋
. (4.20)

In the following we review improved classical bounds for partial spreads from the liter-
ature. Other surveys can e.g. be found in [135, 218]. In the subsequent Subsection 4.4
we will briefly introduce a contemporary approach based on qk−1-divisible (multi-) sets
of points. It will turn out that all upper bounds of this subsection can be obtained from
non-existence results for qk−1-divisible sets of points in PG(n−1, q), where n is assumed
to be sufficiently large.
An (n, 2k; k)q–CDC of cardinality [n]q/[k]q is called a k-spread (or just spread). A

handy existence criterion is known from the work of Segre in 1964.

Theorem 4.23. (Existence of spreads – [204, §VI])
PG(n− 1, q) contains a k-spread iff k is a divisor of n.

Exercise 4.24. Write n = tk + r with 1 ≤ r ≤ k − 1 and t ≥ 2. Verify

Aq(n, 2k; k) ≤
⌊
qn − 1

qk − 1

⌋
=

qtk+r − qr

qk − 1
+

⌊
qr − 1

qk − 1

⌋
=

t−1∑
s=0

qsk+r = qr
[
t

1

]
qk
.

Definition 4.25. (Deficiency of partial k-spreads in PG(n− 1, q) – cf. [30])
The number σ defined by

Aq(tk + r; 2k; k) =

t−1∑
s=0

qsk+r − σ,

where 0 ≤ r ≤ k − 1 and t ≥ 2, is called the deficiency of the partial k-spreads of
maximum possible size in PG(tk + r − 1, q).4

4This makes sense also for r = 0: Spreads are assigned deficiency σ = 0.
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4 Upper bounds for constant dimension codes

Deficiency of a partial k-spread P in PG(n− 1, q)
If P is a partial k-spread in PG(n−1, q), where n = tk+ r with 0 ≤ r ≤ k−1 and t ≥ 2,
then the deficiency of P is defined as

∑t−1
s=0 q

sk+r −#P in several papers. I.e. the value
σ is just a lower bound for the deficiency of a given partial spread and there is some
interest in the possible deficiencies of inclusion-maximal partial spreads.

Theorem 4.26. ([30, 31], cf. [64, Theorem 2.7(a)])
The deficiency of a maximal k-spread in PG(n− 1, q), where k does not divide n, is at
least q − 1.

We remark that we indeed have

Aq(tk + r, 2k; k) ≥
t−1∑
s=0

qsk+r − (qr − 1) (4.21)

for all k, t ≥ 2 and 0 ≤ r ≤ k − 1, see e.g. [30] or Exercise 5.32. So, the cases “r = 0”
and “r = 1” are completely resolved.

Theorem 4.27. ([151, Theorem 4.3]) We have

A2(tk + 2, 2k; k) ≤
t−1∑
s=0

2sk+2 −
(
22 − 1

)
(4.22)

for all k ≥ 4, t ≥ 2.

Theorem 4.28. (k sufficiently large, the asymptotic case – [184, Theorem 5])
We have

Aq(tk + r, 2k; k) ≤
t−1∑
s=0

qsk+r − (qr − 1) (4.23)

for all k > [r]q, t ≥ 2.

Theorem 4.29. ([152, Theorem 2.9],[135, Theorem 9],[135, Corollary 7])
For integers r ≥ 1, t ≥ 2, u ≥ 0, and z ≥ 0 with k = [r]q + 1− z + u > r we have

Aq(tk + r, 2k; k) ≤
t−1∑
s=0

qsk+r − (qr − 1) + z(q − 1). (4.24)

Setting z = 0 in Theorem 4.29 gives Theorem 4.28.
For a long time the best upper bound for partial spreads was given by Drake and

Freeman:

Theorem 4.30. ([61, Corollary 8]) If n = kt+ r with 0 < r < k and t ≥ 2, then

Aq(n, 2k; k) ≤
t−1∑
i=0

qik+r − ⌊θ⌋ − 1 = qr · q
kt − 1

qk − 1
− ⌊θ⌋ − 1 =

qn − qr

qk − 1
− ⌊θ⌋ − 1,

where 2θ =
√
1 + 4qk(qk − qr)− (2qk − 2qr + 1).
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4 Upper bounds for constant dimension codes

Example 4.31. If we apply Theorem 4.30 with q = 5, n = 16, k = 6, and r = 4, then
we obtain θ ≈ 308.81090 and A5(16, 12; 6) ≤ 9765941.

Theorem 4.32. ([135, Theorem 10],[152, Theorem 2.10]) For integers r ≥ 1, t ≥ 2,
y ≥ max{r, 2}, z ≥ 0 with λ = qy, y ≤ k, k = [r]q + 1 − z > r, n = kt + r, and

l = qn−k−qr

qk−1
, we have

Aq(n, 2k; k) ≤ lqk +

⌈
λ− 1

2
− 1

2

√
1 + 4λ (λ− (z + y − 1)(q − 1)− 1)

⌉
. (4.25)

Using Theorem 4.32 with q = 5, k = 6, n = 15, r = 3, z = 17, and y = 5 gives
A5(15, 12; 6) ≤ 1953186. Choosing y = t we obtain Theorem 4.30. Theorem 4.32 also
covers [183, Theorems 6,7] and yields improvements in a few instances, e.g.A3(15, 12; 6) ≤
19695.
A few further parametric upper bounds have been mentioned in [152]. For t ≥ 2 we

have

� 24l + 1 ≤ A2(4t+ 3, 8; 4) ≤ 24l + 4, where l = 24t−1−23

24−1
;

� 26l + 1 ≤ A2(6t+ 4, 12; 6) ≤ 26l + 8, where l = 26t−2−24

26−1
;

� 26l + 1 ≤ A2(6t+ 5, 12; 6) ≤ 26l + 18, where l = 26t−1−25

26−1
;

� 34l + 1 ≤ A3(4t+ 3, 8; 4) ≤ 34l + 14, where l = 34t−1−33

34−1
;

� 35l + 1 ≤ A3(5t+ 3, 10; 5) ≤ 35l + 13, where l = 35t−2−35

33−1
;

� 35l + 1 ≤ A3(5t+ 4, 10; 5) ≤ 35l + 44, where l = 35t−1−34

35−1
;

� 36l + 1 ≤ A3(6t+ 4, 12; 6) ≤ 36l + 41, where l = 36t−2−34

36−1
;

� 36l + 1 ≤ A3(6t+ 5, 12; 6) ≤ 36l + 133, where l = 36t−1−35

36−1
;

� 37l + 1 ≤ A3(7t+ 4, 14; 7) ≤ 37l + 40, where l = 37t−3−34

37−1
;

� 44l + 1 ≤ A4(4t+ 2, 8; 4) ≤ 44l + 6, where l = 44t−2−42

44−1
;

� 45l + 1 ≤ A4(5t+ 3, 10; 5) ≤ 45l + 32, where l = 45t−2−43

45−1
;

� 46l + 1 ≤ A4(6t+ 3, 12; 6) ≤ 46l + 30, where l = 46t−3−43

46−1
;

� 46l + 1 ≤ A4(6t+ 5, 12; 6) ≤ 46l + 548, where l = 46t−1−45

46−1
;

� 47l + 1 ≤ A4(7t+ 4, 14; 7) ≤ 47l + 128, where l = 47t−3−44

47−1
;

� 55l + 1 ≤ A5(5t+ 2, 10; 5) ≤ 55l + 7, where l = 55t−3−52

55−1
;
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4 Upper bounds for constant dimension codes

� 55l + 1 ≤ A5(5t+ 4, 10; 5) ≤ 55l + 329, where l = 55t−1−54

55−1
;

� 56l + 1 ≤ A5(6t+ 3, 8; 4) ≤ 56l + 61, where l = 56t−3−53

56−1
;

� 56l + 1 ≤ A5(6t+ 4, 8; 4) ≤ 56l + 316, where l = 56t−2−54

56−1
;

� 75l + 1 ≤ A7(5t+ 4, 10; 5) ≤ 75l + 1246, where l = 75t−1−72

75−1
;

� 76l + 1 ≤ A7(6t+ 2, 8; 4) ≤ 76l + 15, where l = 76t−4−73

76−1
;

� 84l + 1 ≤ A8(4t+ 3, 8; 4) ≤ 84l + 264, where l = 84t−1−83

84−1
;

� 85l + 1 ≤ A8(5t+ 2, 10; 5) ≤ 85l + 25, where l = 85t−3−82

85−1
;

� 86l + 1 ≤ A8(6t+ 2, 8; 4) ≤ 86l + 21, where l = 86t−4−83

86−1
;

� 93l + 1 ≤ A9(3t+ 2, 6; 3) ≤ 93l + 41, where l = 93t−1−92

93−1
;

� 95l + 1 ≤ A9(5t+ 3, 10; 5) ≤ 95l + 365, where l = 95t−2−93

95−1
.

Actually, each improved upper bound for Aq(n, 2k; k) for specific parameters implies a
parametric series of upper bounds.

Lemma 4.33. ([135, Lemma 4])
For fixed q, k and r the deficiency σ is a non-increasing function of n = kt+ r.

4.4 Upper bounds based on divisible multisets of points

A multiset M of points in PG(n− 1, q) is a mappingM : Gq(n, 1)→ N0. For each point
P ∈ Gq(n, 1) the integer M(P ) is called the multiplicity of P and it counts how often
point P is contained in the multiset. IfM(P ) ∈ {0, 1} for all P ∈ Gq(n, 1) we also speak
of a set instead of a multiset (of points). We call a multiset of points ∆-divisible iff the
corresponding linear code C is ∆-divisible, i.e., if the weights of all codewords in C are
divisible by ∆. Note that this is equivalent to

M(H) ≡ #M (mod ∆) (4.26)

for every hyperplane H, where M(H) is the sum of the multiplicities of the points
contained in H and #M is the sum of the multiplicities over all points. The set of
points of a k-space, the multiset of points of a multiset of k-spaces, and the set of holes
of a partial k-spread are qk−1-divisible. Here we briefly state upper bounds for Aq(n, d; k)
that can be concluded from non-existence results of ∆-divisible multisets of points. For
an introduction we refer e.g. to [121, 135].
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4 Upper bounds for constant dimension codes

For each integer r and each dimension 1 ≤ i ≤ r + 1 the qr+1−i-fold repetition of an
i-space in PG(v − 1, q) is a qr-divisible multiset of points of cardinality qr+1−i · [i]q. So,
for a fixed prime power q, a non-negative integer r, and i ∈ {0, . . . , r}, we define

sq(r, i) := qi · [r − i+ 1]q =
qr+1 − qi

q − 1
=

r∑
j=i

qj = qi + qi+1 + . . .+ qr (4.27)

and state:

Lemma 4.34. For each r ∈ N0 and each i ∈ {0, . . . , r} there is a qr-divisible multiset
of points of cardinality sq(r, i).

As a consequence of Lemma 4.34 all integers n =
∑r

i=0 aisq(r, i) with ai ∈ N0 are
realizable cardinalities of qr-divisible multisets of points. Note that the number sq(r, i)
is divisible by qi, but not by qi+1. This property allows us to create kind of a positional
system upon the sequence of base numbers

Sq(r) := (sq(r, 0), sq(r, 1), . . . , sq(r, r)).

Exercise 4.35. Show that each integer n has a unique Sq(r)-adic expansion

n =

r∑
i=0

aisq(r, i) (4.28)

with a0, . . . , ar−1 ∈ {0, . . . , q − 1} and leading coefficient ar ∈ Z.

Algorithm
Input: n ∈ Z, field size q, exponent r ∈ N0

Output: representation n =
r∑

i=0
aisq(r, i) with a0, . . . , ar−1 ∈ {0, . . . , q − 1} and ar ∈ Z

m← n
For i← 0 To r − 1

ai ← m mod q

m← m−ai·[r−i+1]q
q

ar ← m

Here m mod q denotes the remainder of the division of m by q.

Example 4.36. The S2(2)-adic expansion of n = 11 is given by 11 = 1 · 7 + 0 · 6 + 1 · 4
and the S2(2)-adic expansion of n = 9 is given by 1 · 7 + 1 · 6 − 1 · 4, i.e., the leading
coefficient is −1.

Exercise 4.37. Compute the S3(3)-adic expansion of n = 137 and determine the leading
coefficient.

Theorem 4.38. (Possible lengths of divisible codes – [145, Theorem 1])
For n ∈ Z and r ∈ N0 the following statements are equivalent:
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4 Upper bounds for constant dimension codes

(i) There exists a qr-divisible multiset of points of cardinality n over Fq.

(ii) There exists a full-length qr-divisible linear code of length n over Fq.

(iii) The leading coefficient of the Sq(r)-adic expansion of n is non-negative.

So, the Sq(r)-adic expansion of n provides a certificate not only for the existence, but
remarkably also for the non-existence of a qr-divisible multiset of size n. As computed
in Exercise 4.37, the leading coefficient of the S3(3)-adic expansion of n = 137 is −2, so
that there is no 27-divisible ternary linear code of effective length 137. If q = pm is a
proper prime power then also the possible cardinalities of pr-divisible multisets of points
over Fq are of interest when r is not divisible by m. To that end [145, Theorem 1]) was
completed in [162].

Sharpened rounding

Definition 4.39. For a ∈ Z and b ∈ Z\{0} let ⌊⌊a/b⌋⌋qr be the maximal n ∈ Z such that
there exists a qr-divisible Fq-linear code of effective length a− nb. If no such code exists
for any n, we set ⌊⌊a/b⌋⌋qr = −∞. Similarly, let ⌈⌈a/b⌉⌉qr denote the minimal n ∈ Z such
that there exists a qr-divisible Fq-linear code of effective length nb − a. If no such code
exists for any n, we set ⌈⌈a/b⌉⌉qr =∞.

Note that the symbols ⌊⌊a/b⌋⌋qr and ⌈⌈a/b⌉⌉qr encode the four values a, b, q and r.
Thus, the fraction a/b is a formal fraction and the power qr is a formal power, i.e. we
assume 1530/14 ̸= 765/7 and 22 ̸= 41 in this context.

Exercise 4.40. Compute ⌊⌊765/7⌋⌋22 and ⌊⌊1530/14⌋⌋41. Verify

⌊⌊0/b⌋⌋qr = ⌈⌈0/b⌉⌉qr = 0

and

. . . ≤ ⌊⌊a/b⌋⌋q2 ≤ ⌊⌊a/b⌋⌋q1 ≤ ⌊⌊a/b⌋⌋q0 =
⌊
a
b

⌋
≤ a/b ≤ ⌈a/b⌉ = ⌈⌈a/b⌉⌉q0 ≤ ⌈⌈a/b⌉⌉q1 ≤ ⌈⌈a/b⌉⌉q2 ≤ . . .

Lemma 4.41. ([145, Lemma 13])
Let k ∈ Z≥1 and U be a multiset of k-spaces in PG(n− 1, q).

(i) If every point in P is covered by at most λ elements of U , then

#U ≤ ⌊⌊λ[n]q/[k]q⌋⌋qk−1.

(ii) If every point in P is covered by at least λ elements in U , then

#U ≥ ⌈⌈λ[n]q/[k]q⌉⌉qk−1.

An improvement of the Johnson bound from Theorem 4.16
Instead of rounding down the right hand side of Inequality (4.5) we can use the sharpened
rounding from Definition 4.39:
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Theorem 4.42. ([145, Theorem 12])

Aq(n, d; k) ≤
⌊⌊
[n]q ·Aq(n− 1, d; k − 1)

[k]q

⌋⌋
qk−1

.

With n′ = n− k + d/2, the iterated application of Theorem 4.42 yields

Aq(n, d; k) ≤
⌊⌊

[n]q
[k]q
·
⌊⌊

[n−1]q
[k−1]q

·
⌊⌊
· · ·⌊⌊

[n′+1]q
[d/2+1]q

·Aq(n
′, d; d/2)

⌋⌋
qd/2−1

· · ·
⌋⌋

qk−3

⌋⌋
qk−2

⌋⌋
qk−1

.5

Example 4.43. So far, the best known upper bound on A2(9, 6; 4) has been given by the
Johnson bound (4.5), using A2(8, 6; 3) = 34 from [68]:

A2(9, 6; 4) ≤
⌊
[9]2
[4]2
·A2(8, 6; 3)

⌋
=

⌊
29 − 1

24 − 1
· 34
⌋
= 1158.

To improve that bound by Theorem 4.42, we are looking for the largest integer n such
that a qk−1-divisible multiset of size

M(n) = [9]2 ·A2(8, 6; 3)− n · [4]2 = 17374− 15n

exists.
This question can be investigated with Theorem 4.38. We have S2(3) = (15, 14, 12, 8).

The S2(3)-adic expansion of M(1157) = 17374 − 15 · 1157 = 19 is 1 · 15 + 0 · 14 + 1 ·
12 + (−1) · 8. As the leading coefficient −1 is negative, there is no 8-divisible multiset
of points of size 19 by Theorem 4.38. The S2(3)-adic expansion of M(1156) = 34 is
0 · 15 + 1 · 14 + 1 · 12 + 1 · 8. As the leading coefficient 1 is non-negative, there exists a
8-divisible multiset of points of size 34. Thus, we have

A2(9, 6; 4) ≤
⌊⌊
[9]2
[4]2
·A2(8, 6; 3)

⌋⌋
23

= ⌊⌊17374/15⌋⌋23 = 1156,

which improves the original Johnson bound (4.5) by 2.

Lemma 4.44. ([145, Lemma 17]) The improvement of Theorem 4.42 over the original
Johnson bound (4.5) is at most (q − 1)(k − 1).

The sharpened rounding in Theorem 4.42 can also be evaluated parametric in the field
size q.

Proposition 4.45. ([145, Proposition 2]) For all prime powers q ≥ 2 we have

Aq(11, 6; 4) ≤ q14 + q11 + q10 + 2q7 + q6 + q3 + q2 − 2q + 1

= (q2 − q + 1)(q12 + q11 + q8 + q7 + q5 + 2q4 + q3 − q2 − q + 1).
5Expressions of the form ⌊⌊a

b
· c⌋⌋qr should be read as ⌊⌊a·c

b
⌋⌋qr .
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As a refinement of the sharpened rounding from Definition 4.39 we introduce:

Definition 4.46. For a ∈ Z and b ∈ Z \ {0} let ⌊⌊a/b⌋⌋qr,λ be the maximal n ∈ Z such
that there exists a qr-divisible multisets of points in PG(v−1, q) for suitably large v with
maximum point multiplicity at most λ and cardinality a− nb. If no such multiset exists
for any n, we set ⌊⌊a/b⌋⌋qr,λ = −∞.

With this we can sharpen the almost trivial upper bound (4.20) for partial spreads,
see e.g. [121, 135] for the details.

Lemma 4.47. Let U be a set of k-spaces in PG(v−1, q), where 1 ≤ k ≤ v, with pairwise
trivial intersection. Then, we have

#U ≤ ⌊⌊[v]q/[k]q⌋⌋qk−1,1. (4.29)

So, for 2 ≤ k ≤ n/2 we obtain the upper bound Aq(n, 2k; k) ≤ ⌊⌊[n]q/[k]q⌋⌋qk−1,1. In
contrast to ⌊⌊a/b⌋⌋qr there is no known efficient algorithm to evaluate ⌊⌊a/b⌋⌋qr,λ in general.
In other words, the determination of the possible cardinalities of qr-divisible multisets
of points with maximum point multiplicity λ is a hard open problem, see e.g. [138]. For
a survey of partial results for λ = 1 we refer to [121].

Example 4.48. In e.g. [158] it was shown that no 24-divisible set of 131 points exists
in PG(v − 1, 2). This implies A2(13, 10; 5) ≤ 259 since a partial 5-spread in PG(12, 2)
of cardinality 260 would give a 24-divisible set of 131 holes (i.e. uncovered points). With
this, Theorem 4.42 e.g. yields A2(14, 10; 6) ≤ 67349.

Nevertheless, several parametric bounds for qr-divisible sets of points (where λ = 1)
are known, see [135]. And indeed, all upper bounds for partial spreads presented in
Subsection 4.3 can be deduced from Lemma 4.47. Some partial results for qr-divisible
multisets of points with restricted point multiplicity larger than 1 have been obtained
in [147].

The tightest known upper bounds for CDCs
Assume k ≤ n− k. All currently known upper bounds for partial k-spreads are implied
by Aq(n, 2k; k) ≤ ⌊⌊[n]q/[k]q⌋⌋qk−1,1, see Lemma 4.47, and non-existence results for qk−1-
divisible sets of points. For d < 2k all currently known upper bounds for Aq(n, d; k)
are implied by the improved Johnson bound in Theorem 4.42 except A2(6, 4; 3) = 77
and A2(8, 6; 4) = 257, which are obtained via extensive ILP computations, see [133] and
[120], respectively.
In [119] it was observed that also a combinatorial relaxation of a CDC C ⊂ G2(8, 4) with

minimum subspace distance 6 has a maximum possible cardinality strictly less than 289,
which is the upper bound for A2(8, 6; 4) that can be obtained by Theorem 4.42. Possibly
the notion of generalized vector space partitions from [119] allows further theoretical
insights.

The dominance relation between the upper bounds is just a snapshot
The clear picture on the dominance between the different known upper bounds for CDCs
might just reflect our fragmentary knowledge and may change with time. While we
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4 Upper bounds for constant dimension codes

currently do not know a single upper bound for Aq(n, 2k; k) that cannot be obtained via
a non-existence result for qk−1-divisible sets of points, there are indeed known criteria
to show that certain qk−1-divisible sets of points cannot coincide with the set of holes of
a partial k-spread.

Research problem
Find a computer-free proof of A2(6, 4; 3) < 81 or A2(8, 6; 4) < 289.

36



5 Constructions for constant dimension
codes

In this section we want to review lower bounds for Aq(n, d; k), i.e., constructions for
constant dimension codes. Our aim will to be to make the underlying ideas as clearly
as possible, to show up the relations between different constructions from the litera-
ture, and to highlight potential for further improvements. To this end, we introduce
a classification scheme to get a quick, rough picture of the different constructions. We
will also try to decompose the, sometimes quite involved constructions, into smaller and
easier components. While we want to trace the evolution of different constructions and
their successive improvements, we will also have a closer look at the underlying dis-
tance analysises and possibilities to add further codewords. In some cases we so obtain
improvements over the existing literature.
Common components are constant dimension codes (of smaller size), abbreviated by

C, and rank metric codes, abbreviated by R. A matrix description of a subspace code V
is a dissection of a rectangle into sub rectangles describing the structure of a generating
set for V, i.e., the structure of generator matrices for codewords in V. As an example
we consider the following matrix description for V:

C R

The meaning is that we assume the existence of a CDC C and a RMCM so that{(
A M

)
: A ∈ G,M ∈M

}
is a generating set of V, where G is a generating set of C. Note that we need matrices
representing the constant dimension codes in the components, since we want to end up
with a generating set of matrices in the end. The fact that the matrices in G andM must
have the same number of rows is indicated by common vertical border edge between the
two cells. However, we do not assume that the rectangle dissection is true to scale. I.e.,
while the two cells have the same width, we do not assume that the matrices in G and
M have the same number of columns. Of course the parameters of C andM determine
the parameters of V. E.g. we are interested in a lower bound for the minimum distance
and the cardinality of V as well as whether V is a CDC. The details then are subject to
a theorem. In our example the construction principle is called Construction D in [212]
and the details can be found in Theorem 5.1.
By 0 we denote a rectangular all-zero matrix and by I a unit matrix, which gives us

the extra condition that the corresponding rectangle has to be a square in the dissection.
Since an identity matrix generates a CDC of cardinality 1, we can specialize our example
to:
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I R

This construction is known under the name of lifted MRD codes assuming that the involved
RMC is of maximum possible size, see Theorem 3.3.
Another, almost trivial, specialization of our initial matrix description is:

C 0

Since we may permute columns arbitrary, it is equivalent to the description:

0 C

Such a subcode will be useful if combined with others only. So, we will also consider
the combination of different matrix descriptions by listing them one underneath the
other. An example, corresponding to the linkage construction in Theorem 5.7, is given
by:

C R

0 C

Here we align the vertical lines such that they reflect the relationship between the matrix
sizes involved in the different subcodes. As an example, the improved linkage construc-
tion, see Theorem 5.12, is described by:

C R

0 C

I.e., the length of the second CDC can be strictly larger than the length of the used RMC.
While those matrix descriptions are useful, not all constructions from the literature

can be described that way.
For other surveys on constructions for constant dimension codes we refer e.g. to [139,

143].

5.1 Lifting, linkage, and related constructions

In this subsection we briefly survey the so-called linkage construction with its different
variants. The starting point is the same as for lifted MRD codes. Instead of a k × k
identity matrix Ik (or Ik×k) we can also use any matrix of full row rank k as a prefix for
the matrices from a rank metric code.

Theorem 5.1. (Lifting construction / Construction D – [212, Theorem 37])
Let C be an (n1, d; k)q–CDC andM be a (k × n2, d/2)–RMC. Then

W :=
{〈(

G M
)〉

: G ∈ G,M ∈M
}
,

where G is a generating set of C, is an (n1 + n2, d; k)q–CDC with cardinality #W =
#C ·#M.
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Proof. For all G ∈ G and all M ∈ M we have k ≥ rk(
(
G M

)
) ≥ rk(G) = k, so that

dim(W ) = k for all W ∈ W, i.e., W is a CDC with codewords of dimension k.
Now let G,G′ ∈ G, M,M ′ ∈M be arbitrary, U = ⟨G⟩, U ′ = ⟨G′⟩, W =

〈(
E(U) A

)〉
,

and W ′ =
〈(
E(U)′ A′)〉. If G ̸= G′, then we have U ̸= U ′ so that

dS(W,W ′) = 2 · rk
((

G M
G′ M ′

))
− 2k ≥ 2 · rk

((
G
G′

))
− 2k = dS(U,U

′) ≥ d.

If G = G′, then we have U = U ′ and M ̸= M ′ so that

dS(W,W ′) = 2 · rk
((

G M
G M ′

))
− 2k = 2 · rk

((
G M

0k×m M ′ −M

))
− 2k

= 2 rk(G) + 2 rk(M ′ −M)− 2k = 2dR(M,M ′) ≥ d.

This generalized lifting idea was called Construction D in [212, Theorem 37], cf. [102,
Theorem 5.1]. Note that if C contains two codewords U,U ′ with distance dS(U,U

′) = d
and M contains an element M with rk(M) ≤ d/2, which is the case if #M > 1,
then we have dS(W,W ′) = d for W =

〈(
U,M

)〉
, W ′ =

〈(
U ′,M

)〉
. If M contains two

elements M,M ′ with distance dR(M,M ′) = d/2 and C at least one element U , then
we have dS(W,W ′) = d for W =

〈(
U,M

)〉
, W ′ =

〈(
U,M ′)〉. So, the assumptions

on the minimum distances of C and M are tight, i.e., they cannot be further relaxed
besides degenerated and uninteresting special cases. Moreover, the parameter m is the
only degree of freedom that we have if we want to end up with an (n, d; k)q–CDC in the
end, i.e., the formulation is as general as possible (assuming the corresponding matrix
description).
Choosing C and M as large as possible and using the parameterization m = n1 and

n = n1 + n2, we conclude:

Corollary 5.2. (C.f. [212, Theorem 37])

Aq(n, d; k) ≥ Aq(m, d; k) ·AR
q (k × (n−m), d/2) (5.1)

We find it convenient to split [212, Theorem 37] into Theorem 5.1 and Corollary 5.2
since we will use Theorem 5.1 in other contexts where we assume further conditions for
M. The matrix description of construction D in Theorem 5.1 is given by

C R

Directly from the construction we read off:

Lemma 5.3. The pivot structure of a CDC obtained via construction D in Theorem 5.1
is a subset of

((
n1

k

)
,
(
n2

0

))
.

Corollary 5.4.

Aq

(
n, d; k;

(
m

k

)
,

(
n−m

0

))
≥ Aq(m, d; k) ·AR

q (k × (n−m)n, d/2) (5.2)
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5 Constructions for constant dimension codes

Besides being recursive, the lower bound in Corollary 5.4 is very explicit and the only
subtlety is a good choice of the free parameter m. Since the parameter space is rather
small one may simply loop over all 1 ≤ m ≤ n− 1.

In [153] it was analyzed which codewords can be added to a subcode obtained via
construction D in Theorem 5.1 without violating the minimum subspace distance.

Lemma 5.5. Let C be a CDC obtained via construction D in Theorem 5.1 with parameters
(n1, n2, d, k) and U ∈ Gq(n1, k) with generator matrix G and pivot vector v. We have
dS(C, U) ≥ d, i.e. C ∪ {U} is an (n1 + n2, d; k)q–CDC, if one of the following equivalent
conditions is satisfied:

(a) dH
( ((

n1

k

)
,
(
n2

0

))
, v
)
≥ d;

(b) at least d/2 of the k ones in v are contained in the last n2 positions;

(c) rk(G1) ≤ k − d/2, where G1 ∈ Fk×n1
q , G2 ∈ Fk×n2

q with G =
(
G1 G2

)
; and.

(d) dim(U ∩ E2) ≥ d/2, where E2 is the n2-space spanned by the unit vectors ei with
n1 + 1 ≤ i ≤ n1 + n2.

While the listed conditions are only sufficient in general, in some sense, they are indeed
also necessary if our only information on C is its matrix description or the pivot structure
from Lemma 5.3.

Corollary 5.6.

Aq(n, d; k) ≥ Aq

(
n, d; k;

(
m

k

)
,

(
n−m

0

))
+Aq

(
n, d; k;

(
m

≤ k − d/2

)
,

(
n−m

≥ d/2

))
See e.g. Exercise 2.13 for the corresponding distance analysis.
While the lower bound in Corollary 5.6 is very handy and indeed an essential ingredient

for many good constructions in the literature, the second summand gives no hint how
to construct corresponding subcodes.

Theorem 5.7. (Linkage construction – [212, Corollary 39], [103, Theorem
2.3])
Let C1 be an (n1, d; k)q–CDC, C2 be an (n2, d; k)q–CDC, and M be a (k × n2, d/2)–RMC.
Then, W :=W1 ∪W2 is an (n1 + n2, d; k)–CDC of cardinality #C1 ·#M+#C2, where{(

G M
)
: G ∈ G1,M ∈M

}
is a generating set of W1, {(

0k×n1 G′) : G′ ∈ G2
}

is a generating set of W2, and G1,G2 are generating sets of C1, C2, respectively.

The matrix description of the linkage construction is given by:

C R

0 C
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5 Constructions for constant dimension codes

The properties of the subcodesW1 andW2 may be directly concluded from Theorem 5.1.
The “linkage property” dS(W1,W2) ≥ d follows e.g. from Lemma 5.5.(d) and d ≤ 2k.
The latter also implies the observation

Aq

(
n, d; k;

(
m

≤ k − d/2

)
,

(
n−m

≥ d/2

))
≥ Aq(n−m, d; k).

Example 5.8. For n1 = 4, n2 = 4, d = 6, and k = 4 choose C1 = C2 = {⟨I4⟩}, and M
as a (4× 4, 3)q–MRD code in Theorem 5.7. Since #C1 = #C2 = 1 and #M = q8 we have
#W1 = q8, #W2 = 1, and #W = q8+1, so that Aq(8, 6; 4) ≥ q8+1. We remark that this
is still the best known lower bound for all field sizes q and that A2(8, 6; 4) = 28+1 = 257
was shown in [120].

We remark that the verbal comparison of [103, Theorem 2.3]), [212, Corollary 39],
and other similar variants in the literature with Theorem 5.7 are a bit involved due
to different parameterizations and additional conditions that exclude cases where other
constructions with competing code sizes are known.

Exercise 5.9. Show:

(a) if n1 < k, then #W1 = 0; if n2 < k, then #W2 = 0;

(b) if 2k ≤ n1+n2 ≤ 3k− 1, then the optimal choice is n1 = k, so that W1 is an LMRD

code, cf. the additional condition 3k ≤ n1 + n2 in [212, Corollary 39] noting that
for 2k > n1 + n2 one may consider the orthogonal code;

(c) if C1, C2, andM have minimum distance d1, d2, and dr, respectively, then we have
d1 ≥ d, d2 ≥ d, and dr ≥ d/2 for d = min{d1, d2, 2dr}, cf. [103, Theorem 2.3].

Corollary 5.10.

Aq(n, d; k) ≥ Aq(m, d; k) ·AR
q (k × (n−m); d/2) +Aq(n−m, d; k)

Since the matrix descriptions of two subcodes in Theorem 5.7 are just column permu-
tations of

C R

we can use Lemma 5.5.(d) to directly conclude a sufficient condition for the addition of
further codewords to a CDC constructed via the linkage construction:

Lemma 5.11. Let C be a CDC obtained via the linkage construction in Theorem 5.7
with parameters (n1, n2, d, k), E2 be the n2-space spanned by the unit vectors ei with
n1 + 1 ≤ i ≤ n1 + n2, and E1 be the n1-space spanned by the unit vectors ei with
1 ≤ i ≤ n1. If dim(U ∩ E1) ≥ d/2 and dim(U ∩ E2) ≥ d/2 for U ∈ Gq(n1 + n2, k), then
C ∪ {U} is an (n1 + n2, d; k)q–CDC.

Since we actually have dS(W1,W2) ≥ 2k in Theorem 5.7 it can be easily improved if
d < 2k:
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5 Constructions for constant dimension codes

Theorem 5.12. (Improved linkage construction – [126, Theorem 18])
Let C1 be an (n1, d; k)q–CDC, C2 be an (n2+k−d/2, d; k)q–CDC, andM be a (k×n2, d/2)–
RMC. Then, W := W1 ∪ W2 is an (n1 + n2, d; k)–CDC of cardinality #C1 · #M + #C2,
where {(

G1 M
)
: G1 ∈ G1,M ∈M

}
is a generating set of W1, {(

0k×(n1−k+d/2) G2

)
: G2 ∈ G2

}
is a generating set of W2, and G1,G2 are generating sets of C1, C2, respectively.

The matrix description of the improved linkage construction is given by:

C R

0 C

The “linkage property” dS(W1,W2) ≥ d follows e.g. from Lemma 5.5.(b).

Corollary 5.13.

Aq(n, d; k) ≥ Aq(m, d; k) ·AR
q (k × (n−m); d/2) +Aq(n−m+ k − d/2, d; k)

Clearly, the lower bounds that can be obtained with Theorem 5.12 are at least as large
as those from Theorem 5.7.
Also using Lemma 5.5.(d), we can adjust Lemma 5.11 to the improved linkage con-

struction:

Lemma 5.14. Let C be a CDC obtained via the improved linkage construction in Theo-
rem 5.12 with parameters (n1, n2, d, k), E2 be the n2-space spanned by the unit vectors
ei with n1 + 1 ≤ i ≤ n1 + n2, and E1 be the n1 − k + d/2-space spanned by the unit
vectors ei with 1 ≤ i ≤ n1 − k + d/2. If dim(U ∩E1) ≥ d/2 and dim(U ∩E2) ≥ d/2 for
U ∈ Gq(n, k), then C ∪ {U} is an (n1 + n2, d; k)q–CDC.

Exercise 5.15. Let W be a (12, 6; 4)q–CDC constructed via the improved linkage con-
struction in Theorem 5.12 with m = 6. Determine all v ∈ G1(12, 6) such that for every
U ∈ Gq(12, 6) with pivot vector v we have dS(W, U) ≥ 4.

A different variant of the linkage construction exploits Lemma 5.5.(c), i.e., we ensure
that the generator matrices of the additional codewords have rank at most k − d/2 in
their first n1 columns to deduce the “linkage property” dS(W1,W2) ≥ d:

Theorem 5.16. (Generalized linkage construction – [48, Lemma 4.1 with
l = 2])
Let C1 be an (n1, d; k)q–CDC, C2 be an (n2, d; k)q–CDC, M1 be a (k × n2, d/2)–RMC, and
M2 be a (k × n1, d/2;≤ k − d/2)–RMC. Then, W := W1 ∪W2 is an (n1 + n2, d; k)–CDC
of cardinality #C1 ·#M1 +#C2 · M2, where{(

G1 M1

)
: G1 ∈ G1,M1 ∈M1

}
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is a generating set of W1, {(
M2 G2

)
: G2 ∈ G2,M2 ∈M2

}
is a generating set of W2, and G1,G2 are generating sets of C1, C2, respectively.

The matrix description of the generalized linkage construction is given by

C R

R C

so that the linkage construction is contained as a special subcase. See also [110, Theorem
2].

Corollary 5.17. We have Aq(n, d; k) ≥

Aq(m, d; k) ·AR
q (k × (n−m); d/2) +Aq(n−m, d; k) ·AR

q (k ×m, d/2;≤ k − d/2).

The right hand side can be attained as the cardinality of an (n, k; d)q–CDC W constructed
by the generalized linkage construction in Theorem 5.16.

Using Lemma 5.5.(d) we can directly conclude a sufficient condition for the addition
of further codewords to a CDC constructed via the generalized linkage construction:

Lemma 5.18. Let C be a CDC obtained via the generalized linkage construction in The-
orem 5.16 with parameters (n1, n2, d, k), E2 be the n2-space spanned by the unit vectors
ei with n1 +1 ≤ i ≤ n1 +n2, and E1 be the n1-space spanned by the unit vectors ei with
1 ≤ i ≤ n1. If dim(U ∩ E1) ≥ d/2 and dim(U ∩ E2) ≥ d/2 for U ∈ Gq(n1 + n2, k), then
C ∪ {U} is an (n1 + n2, d; k)q–CDC.

Theorem 5.16 has a lot of predecessors in the literature that cover special subcases and
also alternative proofs. As indicated, Theorem 5.16 is just a special case of [48, Lemma
4.1]. In Subsection 5.1.1 we will consider variants and generalizations of Theorem 5.16.
However, for none of these an explicit strict improvement over Theorem 5.16 is known.
See also e.g. [46, 167] for further variations of the linkage construction.

5.1.1 Variants of the generalized linkage construction

In its original formulation of the generalized linkage construction in [48, Lemma 4.1],
the approach was extended to l ≥ 2 subcodes Wi. Here we decompose the result into
a few sub statements. Combining Construction D (Theorem 5.1) with the product
construction for rank metric codes (Lemma 3.24) yields:

Lemma 5.19. Let l ≥ 2 and n̄ = (n1, . . . , nl) ∈ Nl. For 2 ≤ i ≤ l let Mi be a
(k × ni, d)q–RMC and C be an (n1, d; k)q–CDC with representation set G. With this, let{(

G M2 . . . Ml

)
: G ∈ C,Mi ∈Mi∀2 ≤ i ≤ l

}
a generating set and W be the generated subspace code. Then, W is an (n, d; k)q–CDC

with cardinality #W = #C ·
l∏

i=2
#Mi, where n =

l∑
i=1

ni.
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The corresponding matrix description is given by

C R . . . R

where the unique CDC-component may be permuted to each of the l ≥ 2 positions.

Theorem 5.20. Let l ≥ 2 and n̄ = (n1, . . . , nl) ∈ Nl. For 1 ≤ i ≤ l let Ci be an
(ni, d; k)q–CDC and Gi a corresponding representation set. For 1 ≤ j < i ≤ l let Mj

i be

a (k × ni, d;≤ k − d/2)q–RMC and for 1 ≤ i < j ≤ l let Mj
i be a (k × ni, d)q–RMC. With

this, let{(
M1

i . . . M i−1
i Gi M i+1

i . . .M l
i

)
: Gi ∈ Gi,M j

i ∈M
j
i ∀1 ≤ j ≤ l, j ̸= i

}
be a generating set for the subcode Wi, where 1 ≤ i ≤ l. Then, W = ∪li=1Wi is an

(n, k; d)q–CDC, where n =
∑l

i=1 ni.

Proof. For 1 ≤ i ≤ l the subcode Wi is an (n, d; k)q–CDC with cardinality

i−1∏
j=1

#Mj
i ·#Ci ·

l∏
j=i+1

Mj
i

by Lemma 5.19. Let

H =
(
M1 . . .Mi−1 G Mi+1 . . .Ml

)
be an arbitrary element in the generating set of the subcode Wi and

H ′ =
(
M ′

1 . . .M ′
i−1 G′ M ′

i+1 . . .M ′
l

)
be an arbitrary element in the generating set of the subcodeWj , where 1 ≤ i < j ≤ l are
arbitrary. Set H̄ =

(
G Mj

)
and H̄ ′ =

(
M ′

i G′) and note rk(H) = rk(H ′) = rk(H̄) =
rk(H̄ ′) = k, so that dS(⟨H⟩ , ⟨H ′⟩) ≥ dS(

〈
H̄
〉
,
〈
H̄ ′〉). Since rk(M ′

i) ≤ k − d/2 we can
apply Lemma 5.5.(c) to deduce dS(Wi,Wj) ≥ d, so that dS(W) ≥ d.

The corresponding matrix description is given by

C R R . . . R

R C R . . . R
...

. . .
. . .

. . .
...

R . . . R C R

R . . . R R C

Corollary 5.21.

Aq(n, d; k) ≥
l∑

i=1

i−1∏
j=1

AR
q (k × nj ,

d
2 ; k −

d
2)

 ·Aq(ni, d; k) ·

 l∏
j=i+1

AR
q (k × nj ,

d
2)


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We remark that in the original formulation of [48, Lemma 4.1] the rank metric codes
Mj

i ; where 1 ≤ j ≤ l and j ̸= i, are assumed to be subcodes of a (k×ni, d/2)q–RMCMi,
which is not necessary and may make a difference if l ≥ 3 only. However, currently none
of the best known codes uses Theorem 5.20 or [48, Lemma 4.1] with l ≥ 3. Actually, the
parameter l in Theorem 5.20 can be recursively reduced to 2, so that we finally end up
with Theorem 5.7:

Exercise 5.22. Let W be an (n, d; k)q–CDC constructed via Theorem 5.20 with l ≥ 3.
Set

� n̂i = ni for all 1 ≤ i ≤ l − 2, n̂l−1 = nl−1 + nl;

� Ĉi = Ci for all 1 ≤ i ≤ l − 2;

� M̂j
i =M

j
i for all 1 ≤ i, j ≤ l − 2, i ̸= j;

� M̂l−1
i =Ml−1

i ×Ml
i for all 1 ≤ i ≤ l − 2;

� Ĉl−1 to the CDC obtained from the generalized linkage construction in Theorem 5.16
using Cl−1, Cl,Ml−1

l , andMl
l−1; and

� M̂j
l−1 =M

j
h for all 1 ≤ j ≤ l−2, where h∈{l−1, l} maximizes #M1

h×· · ·×M
l−2
h .

Show that we can apply Theorem 5.20 with the above components to obtain a CDC Ŵ
with #Ŵ ≥ #W.

In principle it is not necessary that the matrix description of the generalized linkage
construction has a grid-like structure.

Theorem 5.23. ([118, Theorem 26]) Let C1 be an (n1, d; k)q–CDC, C2 be an (n2+t, d; k)q–
CDC, M1 be a (k × n2, d/2)–RMC, and M2 be a (k × (n1 − t), d/2;≤ k − d/2 − t)–RMC.
Then, W :=W1 ∪W2 is an (n1 + n2, d; k)–CDC of cardinality #C1 ·#M+#C2 ·#M2,
where {(

G1 M1

)
: G1 ∈ G1,M1 ∈M 1

}
is a generating set of W1, {(

M2 G2

)
: G2 ∈ G2,M2 ∈M2

}
is a generating set of W2, and G1,G2 are generating sets of C1, C2, respectively.
The corresponding matrix description is given by

C R

R C

so that Theorem 5.23 generalizes the improved linkage construction in Theorem 5.12.
However, currently no single case where Theorem 5.23 yields strictly larger codes than
Theorem 5.12 and Theorem 5.16 is known.

Corollary 5.24.

Aq(n, d; k) ≥ Aq(m, d; k) ·AR
q (k × (n−m), d/2)

+Aq(n−m+ t, d; k) ·AR
q (k × (m− t), d/2;≤ k − d/2)
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5.2 The Echelon–Ferrers construction and their variants

The basis for the Echelon–Ferrers or multilevel construction from [77] is Inequality (2.8),
i.e. dS(U,W ) ≥ dH

(
v(U), v(W )

)
.

Theorem 5.25. (Multilevel construction – [77, Theorem 3])
Let S ⊆ G1(n, k) with dH(S) ≥ d. If Cv ⊆ Gq(n, k) is an (n, d; k)q–CDC whose codewords
have pivot vector v for each v ∈ S, then C = ∪v∈SCv is an (n, d; k)q–CDC with cardinality∑

v∈S #Cv.

Suitable choices for the Cv are also discussed in e.g. [77] and we will do so in a moment,
see Example 5.29. The set S is a binary code with minimum Hamming distance d
and sometimes called skeleton code. By Aq(n, d; k; v) we denote the maximum possible
cardinality M of an (n, d; k)q-CDC where all codewords have pivot vector v, so that
Theorem 5.25 gives the lower bound

Aq(n, d; k) ≥
∑
v∈S

Aq(n, d; k; v), (5.3)

where dH(S) ≥ d. Actually the notion Aq(n, d; k; v) is a special case of our notion
Aq(n, d; k;V) for arbitrary subsets V ⊆ G1(n, k). And so also Theorem 5.25 can be
generalized:

Theorem 5.26. ([161, Theorem 2.3])
Let V1, . . . ,Vs be subsets of G1(n, k) with dH(Vi,Vj) ≥ d for all 1 ≤ i < j ≤ s. If
CVi ⊆ Gq(n, k) is an (n, d; k)q–CDC with pivot structure Vi for each 1 ≤ i ≤ s, then
C = ∪1≤i≤sCVi is an (n, d; k)q–CDC with cardinality

∑
1≤i≤s#CVi.

We call S = {V1, . . . ,Vs} a generalized skeleton code, see [161]. For constructions that
fit into the context of Theorem 5.26 we refer e.g. to [111, 161].
Given a Ferrers diagram F with m dots in the rightmost column and l dots in the

top row, we call a rank-metric code CF a Ferrers diagram rank-metric (FDRM) code if
for any codeword M ∈ Fm×l

q of CF all entries not in F are zero. By dR(CF ) we denote
the minimum rank distance, i.e., the minimum of the rank distance between pairs of
different codewords.

Definition 5.27. ([212])

Let F be a Ferrers diagram and CF ⊆ Fk×(n−k)
q be an FDRM code. The corresponding

lifted FDRM code CF is given by

CF = {U ∈ Gq(n, k) : F(U) = F , T (U) ∈ CF}.

Lemma 5.28. ([77, Lemma 4])

Let CF ⊆ Fk×(n−k)
q be an FDRM code with minimum rank distance δ, then the lifted FDRM

code CF ⊆ Gq(n, k) is an (n, 2δ; k)q–CDC of cardinality #CF .
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Example 5.29. For the Ferrers diagram

F =
• • • •
• • • •
• • • •

over F2 a linear FDRM code with minimum rank distance dR = 3 and cardinality 16 is
given by

CF =

〈0 1 0 0
0 0 1 0
0 0 0 1

 ,

1 0 0 0
0 0 1 1
0 0 1 0

 ,

0 1 1 0
1 0 0 1
0 1 0 0

 ,

0 0 0 1
1 1 0 1
1 0 1 0

〉 ⊆ F3×4
2 .

Via lifting we obtain a CDC with pivot structure {(1, 1, 1, 0, 0, 0, 0)} showing

A2(7, 6; 3; (1, 1, 1, 0, 0, 0, 0)) ≥ 16.

Since dH
(
(1, 1, 1, 0, 0, 0, 0), (0, 0, 0, 1, 1, 0, 1)

)
= 6 we have

A2(7, 6; 3) ≥ A2(7, 6; 3; (1, 1, 1, 0, 0, 0, 0)) +A2(7, 6; 3; (0, 0, 0, 1, 1, 0, 1)).

The Ferrers diagram for pivot vector (0, 0, 0, 1, 1, 0, 1) is
•
• with e.g.

{(
0
1

)}
as a

possible FDRM code. The corresponding lifted codeword has generator matrix0 0 0 1 0 0 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1

 .

Since A2(7, 6; 3) = 17, see e.g. the partial spread bound in Theorem 4.26, we have

A2(7, 6; 3; (1, 1, 1, 0, 0, 0, 0)) = 16

and A2(7, 6; 3; (0, 0, 0, 1, 1, 0, 1)) = 1.

Lifted FDRM codes CF are exactly the subcodes Cv needed in the Echelon-Ferrers con-
struction in Theorem 5.25. In [77, Theorem 1] a general upper bound for (linear) FDRM
codes was given. Since the bound is also true for non-linear FDRM codes, as observed by
several authors, denoting the pivot vector corresponding to a given Ferrers diagram F
by v(F) and using Lemma 5.28, we can rewrite the upper bound to:

Theorem 5.30.
Aq(n, d; k; v(F)) ≤ qmin{νi : 0≤i≤d/2−1},

where νi is the number of dots in F , which are neither contained in the first i rows nor
contained in the last d

2 − 1− i columns.
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5 Constructions for constant dimension codes

If we choose a minimum subspace distance of d = 6, then we obtain

A2(9, 6; 4; 101101000) ≤ 27

due to
◦ ◦ ◦ • •
◦ ◦ • •
◦ ◦ • •
◦ • •

• • • • •
◦ ◦ ◦ •
◦ ◦ ◦ •
◦ ◦ •

• • • • •
• • • •
◦ ◦ ◦ ◦
◦ ◦ ◦

.

where the non-solid dots are those that are neither contained in the first i rows nor
contained in the last d

2 − 1− i columns for 1 ≤ i ≤ 3.
While it is conjectured that the upper bound from Theorem 5.30 (and the corre-

sponding bound for FDRM codes) can always be attained, this problem is currently
solved for specific instances like e.g. rank-distances δ = 2 only. For more results see
e.g. [14, 13, 72, 173] and the references mentioned therein.

Example 5.31. We choose a generalized skeleton code S with vertices
((

4
0

)
,
(
7
4

))
, 00010000111,

00010100011, 00011000011, 00011000110, 00100001011, 00100001101, 00100001110, 00100100101, 00100100110, 00100101001,

00101000101, 00110000110, 00110101000, 01100010001, 10000101100, 10001001001, 10011100000 10100000011, and 10100110000,
so that

Aq(11, 4; 4) ≥ q21+ q17+2q15+3q14+4q13+ q12+ q11+ q9+2q7+2q6+ q5+Aq(7, 4; 4),

see [161, Proposition 3.1].

While the upper bound from Theorem 5.30 can always be attained for minimum
subspace distance d = 4, the determination of a “good” (generalized) skeleton code is
still a tough discrete optimization problem.1 In [157] several new (generalized) skeleton
codes improving the previously best known lower bounds for Aq(n, d; k) are given. We
remark that it is also possible to compute upper bounds for the cardinalities of CDCs that
can be obtained by the Echelon–Ferrers construction and to perform those computations
parametric in the field size q, see [83]. There are many other papers with explicitly
determine (generalized) skeleton codes and heuristic algorithms to compute them, see
the citations of [77]. For greedy-type approaches we refer to e.g. [113, 208, 209].
For the case of partial spreads, i.e. for d = 2k ≤ n, the determination of a good

skeleton code for the Echelon–Ferrers construction is rather easy. Note that the condition
dH(v, v

′) ≥ d = 2k for v, v′ ∈ G1(n, k) means that the ones of v and those of v′ have to
be disjoint, so that A(n, 2k; k) ≤ ⌊n/k⌋. By choosing vi ∈ G1(n, k) such that the k ones
are in positions (i− 1)k + 1, . . . , ik for 1 ≤ i ≤ ⌊n/k⌋ the upper bound can be attained
and all corresponding Ferrers diagrams are rectangular, so that we can use MRD codes.

Exercise 5.32. Show Aq(n, 2k; k) ≥ qn−qk(q(n mod k)−1)−1
qk−1

for 2k ≤ n.

1Note that it generalizes the computation of A(n, d; k).
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5 Constructions for constant dimension codes

We remark that a more general construction, along similar lines and including explicit
formulas for the respective cardinalities, has been presented in [216], see also [92]. For
another approach how to select the skeleton codes via so-called lexicodes see [210].
Consider the following three Ferrers diagrams

◦ ◦ ◦ • • •
◦ • • •
• • •

,
◦ • • •
• • •
• • •

, and
• • •
• • •
• • •

,

where we have marked a few special dots by non-solid circles. For minimum rank distance
dR = 3 corresponding FDRM or lifted FDRM codes can have a cardinality of at most q3 in
all three cases (and this upper bound can indeed be attained). So, we can remove the
non-solid circles from the diagrams without decreasing the upper bound. Or, framed
differently, we can used this free extra positions to add a few more codewords. The single
non-solid circle in the middle diagram is called a pending dot, see [78] for the details.
This notion was generalized to so-called pending blocks and the four non-solid circles in
the leftmost diagram form such a pending block. For details we refer to [211, 212, 222].
Explicit series of constructions using pending dots are e.g. given by the following two

theorems.

Theorem 5.33. (Construction 1 – [78, Chapter IV, Theorem 16])

Aq(n, 2(k − 1); k) ≥ q2(n−k) +Aq(n− k, 2(k − 2); k − 1)

if q2 + q + 1 ≥ s with s = n− 4 if n is odd and s = n− 3 else.

Theorem 5.34. (Construction 2 –[78, Chapter IV, Theorem 17])

Aq(n, 4; 3) ≥ q2(n−3) +
α∑

i=1

q2(n−3−(q2+q+2)i)

if q2 + q + 1 < s with s = n− 4 if n is odd and s = n− 3 else and α =
⌊

n−3
q2+q+2

⌋
Explicit series of constructions using pending blocks are e.g. given by the following

two theorems.

Theorem 5.35. (Construction A – [212, Chapter III, Theorem 19, Corollary
20])

Let n ≥ k2+3k−2
2 and q2 + q + 1 ≥ ℓ, where ℓ = n − k2+k−6

2 for odd n − k2+k−6
2 (or

ℓ = n− k2+k−4
2 for even n− k2+k−6

2 ). Then Aq(n, 2k−2; k) ≥ q2(n−k)+
∑k−1

j=3 q
2(n−

∑k
i=j i)+[n− k2+k−6

2
2

]
q
.

Theorem 5.36. (Construction B – [212, Chapter IV, Theorem 26, Corollary
27])
Let n ≥ 2k + 2. Then we have Aq(n, 4; k) ≥

⌊n−2
k

⌋−1∑
i=1

(
q(k−1)(n−ik) +

(q2(k−2) − 1)(q2(n−ik−1) − 1)

(q4 − 1)2
q(k−3)(n−ik−2)+4

)
.
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5 Constructions for constant dimension codes

5.3 The coset construction

The starting point for the so-called coset construction introduce in [127] was [78, Con-
struction III] leading to the lower bound A2(8, 4; 4) ≥ 4797. The corresponding generator
matrices have the form (

G1 φH(M)
0 G2

)
whereG1 ∈ Fk1×n1

q andG2 ∈ Fk2×n2
q are generator matrices of (n1, d; k1)q- and (n2, d; k2)q–

CDCs, respectively. The matrixM ∈ Fk1×(n2−k2)
q is an element of a (k1 × (n2 − k2), d/2)q–

RMC and the function φG2 maps M into Fk1×n2
q by inserting k2 additional zero columns

at a set S of positions where corresponding submatrix of G2 has rank k2.

Definition 5.37. Let M ∈ Fk×n
q be arbitrary and S a subset of {1, . . . , n}. By M |S we

denote the restriction of M to the columns of M with indices in S.

For one-element subsets we also use the abbreviation M |i = M |{i}.

Example 5.38. For M =

(
1 0 1 0 1
1 1 1 0 0

)
∈ F2×5

2 and S = {1, 3, 5} we have M |S =(
1 1 1
1 1 0

)
.

Definition 5.39. Let G ∈ Fk2×n
q of rank k2 and M ∈ Fk1×(n−k2)

q be arbitrary. We

call function φ : Fk1×(n−k2)
q → Fk1×n

q an embedding function compatible with G if there
exists a subset S ⊆ {1, . . . , n} of cardinality k2 such that φ(M)|S = 0k1×k2 and rk(G|S) =
rk(G) = k2.

In order to indicate the dependence on H we typically denote embedding functions
compatible with G by φG. As an abbreviation for the function value φG(M) we also
write M↑G or M↑, whenever G is clear from the context or secondary. A feasible and
typical choice for φG is to choose the index set S as the set of the pivot positions in
E(G).

Example 5.40. For G =

0 1 1 0 1 0
0 1 1 1 1 0
0 0 0 0 0 1

 and M =


1 0 0
0 1 0
1 0 1
0 1 1

 we have

E(G) =

0 1 1 0 1 0
0 0 0 1 0 0
0 0 0 0 0 1


so that v(G) = 010101 and S := {1 ≤ i ≤ 6 : v(G)|i = 1} = {2, 4, 6}. For the embedding
function φG compatible with H defined via the index set S we have

φG(M) =


1 0 0 0 0 0
0 0 1 0 0 0
1 0 0 0 1 0
0 0 1 0 1 0

 .
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5 Constructions for constant dimension codes

Lemma 5.41. Let G ∈ Fk2×n
q with rk(G) = k2 and φG : Fk1×(n−k2)

q → Fk1×n
q an embed-

ding function compatible with G. Then, we have

rk

((
φG(M)

G

))
= rk(G) + rk(M) = k2 + rk(M) (5.4)

for all M ∈ Fk1×(n−k2)
q and

rk

 l∑
i=1

λi · φG(Mi)

G

 = rk(G) + rk

(
l∑

i=1

λi ·Mi

)

= k2 + rk

(
l∑

i=1

λi ·Mi

)
(5.5)

for all l ∈ N, and λi ∈ Fq, Mi ∈ Fk1×(n−k2)
q with 1 ≤ i ≤ l.

Proof. Let S ⊆ {1, . . . , n} be the subset in Definition 5.39 corresponding to φG and
[n]\S = {1, . . . , n}\S. Note that we have φG(M)|S = 0k1×k2 and φG(M)|[n]\S = M for

all M ∈ Fk1×(n−k2)
q . Since rk(G|S) = rk(G) = k2 we have

rk

((
φG(M)

G

))
= rk

((
0k1×k2 M
G|S G|[n]\S

))
= rk(M) + rk(G|S) = rk(G) + rk(M),

i.e., the first equation is valid (using rk(G) = k2).

Set M =
∑l

i=1 λiMi ∈ Fk1×(n−k2
q and M ′ =

∑l
i=1 φG(Mi) ∈ Fk1×n

q . Since φG(M) =
M ′ the second equation directly follows from the first.

Lemma 5.42. (Product construction for constant dimension codes) Let C1 be
an (n1, d; k1)q–CDC, C2 be an (n2, d; k2)q–CDC, M be a (k1 × (n2 − k2), d/2)q–RMC, and
G1, G2 be generating sets of C1, C2, respectively. For each G2 ∈ G2 we denote by φG2 an

embedding function Fk1×(n2−k2)
q → Fk1×n2

q compatible with G2. With this,{(
G1 φG2(M)

0k2×n1 G2

)
: G1 ∈ G1,M ∈M, G2 ∈ G2

}
is the generating set of an (n1 + n2, d; k1 + k2)q–CDC W with cardinality #C1 ·#M·#C2.
Proof. Let W ∈ W be an arbitrary codeword with generator matrix

H =

(
G1 φG2(M)
0 G2

)
.

Since rk(H) = rk(G1) + rk(G2) = k1 + k2 we have dim(W ) = k1 + k2. Let W ′ ∈ W be

another codeword with W ′ ̸= W with generator matrix H ′ =

(
G′

1 φG′
2
(M ′)

0 G′
2

)
. Set

R := rk



G1 φG2(M)
0 G2

G′
1 φG′

2
(M ′)

0 G′
2


 = rk




G1 φG2(M)
G′

1 −G1 φG′
2
(M ′)− φG2(M)

0 G2

0 G′
2 −G2



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5 Constructions for constant dimension codes

and note that

rk

((
G1

G′
1 −G1

))
=

dS(⟨G1⟩ , ⟨G′
1⟩)

2
+ k1 ≥

d

2
+ k1

rk

((
G2

G′
2 −G2

))
=

dS(⟨G2⟩ , ⟨G′
2⟩)

2
+ k2 ≥

d

2
+ k2.

Since dS(W,W ′) = 2 ·(R− k1 − k2) it suffices to show R ≥ k1+k2+
d
2 in order to deduce

dS(W,W ′).
If G1 ̸= G′

1 we have

R ≥ rk

 G1 ⋆
G′

1 −G1 ⋆
0 G2

 = rk

((
G1

G′
1 −G1

))
+ rk(G2) ≥ d/2 + k1 + k2.

If G1 = G′
1 and G2 ̸= G′

2 we have

R ≥ rk

G1 ⋆
0 G2

0 G′
2 −G2

 = rk(G1) + rk

((
G2

G′
2 −G2

))
≥ d/2 + k1 + k2.

If G1 = G′
1 and G2 = G′

2 then we have M ̸= M ′ so that rk(M −M ′) = dR(M,M ′) ≥
d/2 and

R ≥ rk

G1 ⋆
0 φG2(M

′)− φG2(M)
0 G2

 = rk(G1) + rk

((
φG2(M

′)− φG2(M)
G2

))
= k1 + k2 + rk(M −M ′) ≥ k1 + k2 + d/2.

Thus we have dS(W) ≥ d and the stated cardinality follows from the distance analysis.

The corresponding matrix description is denoted by

C R↑
0 C

where R↑ indicates a RMC whose length is increased by addition additional zero columns
according to a CDC sharing the same positions of the final code.

While the conditions on the components C1, C2, and M in the product construction
in Lemma 5.42 are rather demanding, one advantage is that the three code sizes are
multiplied. The other is that we can combine several such subcodes to a larger CDC:

Theorem 5.43. (Coset construction – [127, Lemma 3, Lemma 4])
Let C1 be an (n1, d1; k1)q–CDC, C2 be an (n2, d2; k2)q–CDC, and M be a (k1 × (n2 −
k2), d/2)q–RMC, where d = d1 + d2. For a positive integer s let C11 , . . . , Cs1 be a d-packing
of C1 and C12 , . . . , Cs2 be a d-packing of C2. For j ∈ {1, 2} and 1 ≤ i ≤ s let Gij be a
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5 Constructions for constant dimension codes

generating set of Cij and Gj = ∪si=1Gij, where j ∈ {1, 2}. For each G ∈ G2 let φG be an

embedding function Fk1×(n2−k2)
q → Fk1×n2

q compatible with G. With this let{(
G1 φG2(M)

0k2×n1 G2

)
: G1 ∈ Gi1,M ∈M, G2 ∈ Gi2

}
be a generating set of a subcode W i for 1 ≤ i ≤ s. Then, W = ∪si=1W i is an (n1 +
n2, d1 + d2; k1 + k2)q–CDC with cardinality

#W =
s∑

i=1

#W i = #M ·
s∑

i=1

#Ci1 ·#Ci2. (5.6)

Proof. The subcodes W i are (n1 + n2, d1 + d2; k1 + k2)q–CDCs for all 1 ≤ i ≤ s by
Lemma 5.42, which also yields the stated cardinality of W. For arbitrary G1, G

′
1 ∈ G1,

G2, G
′
2 ∈ G2, and M,M ′ ∈M let

H =

(
G1 φG2(M)
0 G2

)
and H ′ =

(
G′

1 φG′
2
(M)

0 G′
2

)
i.e., W = ⟨H⟩, W ′ = ⟨H ′⟩ are arbitrary codewords in W.

If G1 = G′
1 or G2 = G′

2 then there exists an index 1 ≤ i ≤ s so that W,W ′ ∈ W i and
either W = W ′ or dS(W,W ′) ≥ dS(W i) ≥ d1 + d2.

If G1 ̸= G′
1 and G2 ̸= G′

2, then we set U1 = ⟨G1⟩, U ′
1 = ⟨G′

1⟩, U2 = ⟨G2⟩, U ′
2 = ⟨G′

2⟩,
so that

rk

((
G1

G′
1 −G1

))
=

dS(U1, U
′
1)

2
+ k1 ≥

dS(C1)
2

+ k1 ≥
d1
2

+ k1

and

rk

((
G2

G′
2 −G2

))
=

dS(U2, U
′
2)

2
+ k2 ≥

dS(C2)
2

+ k2 ≥
d2
2

+ k2.

Since

R := rk



G1 φG2(M)
0 G2

G′
1 φG′

2
(M)

0 G′
2


 = rk




G1 ⋆
G′

1 −G1 ⋆
0 G2

0 G′
2 −G2




= rk

((
G1

G′
1 −G1

))
+ rk

((
G2

G′
2 −G2

))
≥ d1 + d2

2
+ k1 + k2

we have dS(W,W ′) = 2 · (R− k1 − k2) ≥ d1 + d2.

The corresponding matrix description is denoted by

Ci R↑
0 Ci
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where Ci indicates that the have a sequence of CDCs and using the same superscript i
indicates how the components have to be arranged.
We remark that we may also use different RMCsMi for the construction of the subcodes
W i instead a single RMCM for all. However, since there is no obvious benefit of such a
generalization we prefer the simplicity of the stated formulation and Equation (5.6) for
the cardinality of the resulting code.

Definition 5.44. By Cq(n1, n2, d; k1, k2) we denote that maximum possible cardinal-
ity of a CDC W obtained via the coset construction in Theorem 5.43 with RMC M ={
0k1×(n2−k2)

}
, where d1, d2 are arbitrary besides satisfying d1 + d2 = d.

In other words, Cq(n1, n2, d; k1, k2) is a shorthand for the maximum possible value of∑s
i=1#Ci1 ·#Ci2 in Equation (5.6).

Exercise 5.45. Show Cq(n1, n2, d; k1, k2) = Cq(n2, n1, d; k2, k1) and Cq(n1, n2, d; k1, k2) =
Cq(n1, n2, d; k1, n2 − k2).

Since the optimal choice for the RMC M in the coset construction for a CDC W is an
MRD code, Cq(n1, n2, d; k1, k2) is indeed the essential quantity to express the maximum
possible cardinality #W:

Lemma 5.46. Let W be a CDC constructed via the coset construction in Theorem 5.43
with parameters (n1, n2, d; k1, k2) of maximum possible cardinality. Then, we have

#W = AR
q (k1 × (n2 − k2), d/2) · Cq(n1, n2, d; k1, k2)

=
⌈
qmax{k1,n2−k2}·(min{k1,n2−k2}−d+1)

⌉
· Cq(n1, n2, d; k1, k2). (5.7)

When estimating lower bounds for constant dimension codes we may also replace
the term Cq(n1, n2, d; k1, k2) by some lower bound. The matrix description underlying
Definition 5.44 can be written as

Ci 0

0 Ci

We remark that [48, Lemma 4.4] for l = 2 can be seen as a special case of this construc-
tion.
Before we state an example for the coset construction we introduce another notion

from geometry.

Definition 5.47. (Parallelisms)
A parallelism in Gq(n, k) is a 2k-partition of the (n, 2; k)q–CDC Gq(n, k). A 2k-packing
of Gq(n, k) is called partial parallelism in Gq(n, k).

In other words, a parallelism is a partition of the k-spaces in Fn
q into k-spreads. The size

of a spread in Gq(n, k) (or a k-spread in Fn
q ) is given by Aq(n, 2k; k) =

[
n
1

]
q
/
[
k
1

]
q
= qn−1

qk−1
.

Proposition 5.48. Parallelisms in Gq(n, k) are known to exist for:
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(a) k = 2, q = 2, and n even [16, 17];

(b) k = 2, all q and n = 2m for m ≥ 2 [29];

(c) k = 2, q = 3, and n = 6 [82];

(d) k = 3, q = 2, and n = 6 [131, 201].

See e.g. [79, Section 4.9] for more details. For lower bounds for partial parallelisms we
refer to [32, 71, 233].

Example 5.49. Consider the coset construction for parameters
(
n1, n2, d1, d2, k1, k2

)
=

(4, 4, 2, 2, 2, 2). To this end, let C1 = C2 = Gq(4, 2) and M be a (2 × 2, 2)q–MRD code.
For s =

[
4
2

]
q
/Aq(4, 4; 2) = q2 + q+1 let

{
C11 , . . . , Cs1

}
and

{
C12 , . . . , Cs2

}
be parallelisms in

Gq(4, 2). With this we can apply the coset construction in Theorem 5.43 to construct an
(8, 4; 4)q–CDC W2. Since #M = q2 and #Cij = q2 +1 for all j ∈ {1, 2} and all 1 ≤ i ≤ s
we have

#W2 = q2 ·
(
q2 + q + 1

)
·
(
q2 + 1

)2
= q8 + q7 + 3q6 + 2q5 + 3q4 + q3 + q2.

For the chosen parameters ni, ki, and di the other choices are indeed optimal for the
coset construction. I.e., starting from Equation (5.6) we note #M ≤ AR

q (k1 × (n2 −
k2), (d1 + d2)/2) and:

Lemma 5.50. ([127, Corollary 1])

Cq(n1, n2, d; k1, k2) ≤ min

{[
n1

k1

]
q

·Aq(n2, d; k2),

[
n2

k2

]
q

·Aq(n1, d; k1)

}

Via orthogonality the existence question for a 4-partition of Gq(6, 4) translates to
the existence question for a parallelism in Gq(6, 2), which is known for q ∈ {2, 3}, see
Proposition 5.48.

Example 5.51. Consider the coset construction for parameters
(
n1, n2, d1, d2, k1, k2

)
=

(6, 6, 2, 2, 4, 2) and assume q ∈ {2, 3}. To this end, let C1 = Gq(6, 4), C2 = Gq(6, 2),
and M be a (4 × 4, 2)q–MRD code. For s =

[
6
2

]
q
/Aq(6, 4; 2) =

[
5
1

]
q
let
{
C12 , . . . , Cs2

}
be a

parallelism in Gq(6, 2) and set Ci1 =
(
Ci2
)⊥

for 1 ≤ i ≤ s. Since Aq(6, 4; 2) = q4 + q2 + 1
we have

Cq(6, 6, 4; 4, 2) ≥
s∑

i=1

#Ci1 ·#Ci2 =
[
6

2

]
q

·
(
q4 + q2 + 1

)
,

i.e., the upper bound from Lemma 5.50 is attained with equality. Since #M = q12, the
CDC W resulting from the corresponding coset construction has cardinality 55 996 416 if
q = 2 and 532 504 413 441 if q = 3.

As conjectured in [78], Example 5.49 is just an instance of a more general result:
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Proposition 5.52. ([127, Theorem 9]) If parallelisms in Gq(n1, k1), Gq(n2, k2) exist and
d1 = d2 = 2, then we have

Cq(n1, n2, 4; k1, k2) = min

{[
n1

k1

]
q

·Aq(n2, d; k2),

[
n2

k2

]
q

·Aq(n1, d; k1)

}
.

Example 5.53. Consider a CDC W obtained by the coset construction in Theorem 5.43
with parameters (n1, n2, d1, d2, k1, k2) = (4, 6, 2, 4, 1, 3). For the components we do not
have too many choices. Since C1 ⊆ Gq(4, 1) we have s ≤

[
4
1

]
q
= q3 + q2 + q + 1. The

fact that 2k1 < d1 + d2 implies #Ci1 = 1 for all 1 ≤ i ≤ s. Similarly, the (1× 1, 3)q–RMC
M has to be of cardinality 1. The ambient code C2 has to be a (6, 3; 4)q–CDC and the Ci2
have to be (6, 3; 6)q–CDCs, i.e. partial spreads, for all 1 ≤ i ≤ s. From Equation (5.6) we
conclude

#W = #M ·
s∑

i=1

#Ci1 ·#Ci2 =
s∑

i=1

Ci2 ≤ #C2 ≤ Aq(6, 4; 3).

For q = 2 we have s ≤ 15 and A2(6, 4; 3) = 77. In [127] a 6-partition with cardinality 15
of a (6, 4; 3)2–CDC of cardinality 76 was obtained via ILP computations and its optimality
was shown, i.e., C2(4, 6, 6; 1, 3) = 76. Here indeed the maximum cardinality of

[
4
1

]
2
= 15

is indeed a limiting factor.

The packing problem of a given ambient CDC into CDCs of larger minimum subspace
distance is a hard but interesting algorithmical problem. For ambient CDCs with a specific
structure we give preliminary parametric constructions in a moment. First we consider
the compatibility with other subcode constructions and the extenability problem.
Directly from the construction we conclude:

Lemma 5.54. The pivot structure of a CDC W obtained via the coset construction in

Theorem 5.43 is a subset of
((

n1

k1

)
,
(
n2

k2

))
.

So we can directly apply the generalized Echelon–Ferrers construction:

Example 5.55. (Sequel of Example 5.49)
Let W2 as in Example 5.49, so that its pivot structure is contained in

(
4
2

)
,
(
4
2

)
. Let W1

be the (8, 4; 4)q–LMRD code of cardinality q12 and W3 =
{〈(

04×4 I4
)〉}

be an (8, 4; 4)q–
CDC of cardinality 1. The pivot structures of these two codes are given by the unique
vectors 11110000 and 00001111. Due to dH(

(
4
2

)
,
(
4
2

)
, {11110000, 00001111}) = 4 and

dH(11110000, 00001111) ≥ 4 we have

dS(W1,W2), dS(W1,W3), dS(W2,W3) ≥ 4,

so thatW =W1∪W2∪W3 is an (8, 4; 4)q–CDC of cardinality q12+
(
q2 + q + 1

)
·
(
q2 + 1

)2
+

1.

We remark that corresponding lower bound

Aq(8, 4; 4) ≥ q12 +
(
q2 + q + 1

)
·
(
q2 + 1

)2
+ 1 (5.8)

is still unsurpassed for all q ≥ 3. For q = 2 the corresponding code size of 4797 was
surpassed by CDCs of sizes 4801 and 4802, see [40] and [235], respectively.
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Exercise 5.56. Show that
〈(
04×4 I4

)〉
∈ Gq(8, 4) is the unique codeword that can be

added to the (8, 4; 4)q–CDC W1 +W2 in Example 5.55 without violating the minimum
subspace distance.

From Lemma 5.54 and Lemma 5.5.(b)) we conclude:

Lemma 5.57. (Construction D + coset construction)
Let W1 be a CDC constructed via construction D in Theorem 5.1 with parameters

(n1, n2, d, k) and W2 be a CDC constructed via the coset construction in Theorem 5.43
with parameters (n1, n2, d1, d2, k1, k2), where k1 + k2 = k and d1 + d2 = d. If k2 ≥ d/2,
then W =W1 +W2 is an (n1 + n2, d; k)q–CDC with cardinality #W1 +#W2.

The corresponding matrix description is given by:

C R

Ci R↑
0 Ci

Example 5.58. (Sequel of Example 5.53)
LetW1 be constructed via construction D in Theorem 5.1 with parameters (n1, n2, d, k) =
(4, 6, 6, 4) and W2 be constructed via the coset construction in Theorem 5.43 with pa-
rameters (n1, n2, d1, d2, k1, k2) = (4, 6, 2, 4, 1, 3). Since the “linkage condition” k2 ≥ d/2
in Lemma 5.57 is satisfied, W1 ∪W2 is a (10, 6; 4)q–CDC of cardinality #W1 +#W2, so
that

Aq(10, 6; 4) ≥ Aq(4, 6; 4) ·AR
q (4× 6, 3) + Cq(4, 6, 6, 1, 3) = q12 + Cq(4, 6, 6, 1, 3).

For q = 2, C2(4, 6, 6, 1, 3) = 76 was mentioned Example 5.53, so that #W1+W2 = 4172
can be attained. In [127] it was observed by an exhaustive computer search that an
additional codeword can be added to W, so that A2(10, 6; 4) ≥ 4173. This is still the best
known lower bound.

We remark that Construction 1 in Theorem 5.33 yields the same lower bound.
Also different subcodes constructed via the coset construction can be combined to

yield larger codes. Here the distance analysis in the Hamming metric combined with
Lemma 5.54 gives:

Lemma 5.59. (Coset construction + coset construction – cf. [127, Lemma
6])
Let W1 be a CDC constructed via the coset construction in Theorem 5.43 with pa-

rameters (n1, n2, d1, d2, k1, k2) and W2 be a CDC constructed via the coset construction
in Theorem 5.43 with parameters (n1, n2, d

′
1, d

′
2, k

′
1, k

′
2). If k := k1 + k2 = k′1 + k′2,

d := d1 + d2 = d′1 + d′2 and |k1 − k′1| + |k2 − k′2| ≥ d, then W = W1 ∪ W2 is an
(n1 + n2, d; k)q-CDC with cardinality #W1 +#W2.

The corresponding matrix description is given by:
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Ci R↑
0 Ci

Ci R↑
0 Ci

Example 5.60. Let W2 and W3 be constructed via the coset construction in Theo-
rem 5.43 with parameters (n1, n2, d1, d2, k1, k2) = (6, 6, 2, 2, 4, 2) and (n1, n2, d

′
1, d

′
2, k

′
1, k

′
2) =

(6, 6, 2, 2, 2, 4), respectively. Note that the conditions of Lemma 5.59 for the combination
of W2 and W3 are satisfied and Cq(6, 6, 4; 4, 2) = Cq(6, 6, 4; 2, 4). The maximum size of
the RMC for (6, 6, 4, 4, 2) is AR

q (4 × 4, 2) = q12 and AR
q (2 × 2, 2) = q2 for (6, 6, 4, 2, 4).

Since the conditions of Lemma 5.57 are satisfied for k2 ∈ {2, 4}, we can chooseW1 as the
(6× 6, 4)q–LMRD code of cardinality q30, so that considering the CDC W =W1 ∪W2 ∪W3

yields
Aq(12, 4; 6) ≥ q30 + Cq(6, 6, 4; 4, 2) ·

(
q12 + q2

)
.

For q ∈ {2, 3} we can use the exact value of Cq(6, 6, 4; 4, 2) determined in Example 5.51
to conclude

A2(12, 4; 6) ≥ 1 129 792 924 and A3(12, 4; 6) ≥ 206 423 645 526 099.

Mirrored coset construction
Of course one can easily adjust the coset construction in Theorem 5.43 so that its matrix
description is given by

Ci 0

R↑ Ci

instead of

Ci R↑
0 Ci

and call it mirrored coset construction. In Lemma 5.57 we then have to replace the
condition k2 ≥ d/2 by k2 − rk(M) ≥ d/2 for all M ∈ M if we use a subcode obtained
by the mirrored coset construction andM is its utilized RMC.
In Example 5.60 the advantage of choosing the mirrored coset construction for W3

with parameters (n1, n2, d1, d2, k1, k2) = (6, 6, 2, 2, 2, 4) is that we can choose a RMC of
size AR

q (4×4, 2;≤ 2) > AR
q (2×2, 2). However, in a modified version of Lemma 5.59 con-

sidering the combination of a subcode from the coset construction with a subcode from
the mirrored coset construction we have to replace the condition |k1 − k′1|+|k2 − k′2| ≥ d.
The following example shows that the ranks of the elements in the involved RMCs have
to be taken into account. The generator matrix

H =



100000 000000
010000 000000
001000 001000
000100 000100

000000 100000
000000 010000


=

(
G1 M ↑G2

02×6 G2

)
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with G1 ∈ F4×6
q , rk(G1) = 4, G2 ∈ F2×6

q , rk(G2) = 2, M ∈ F4×4
q , and rk(M) ≤ 2

fits into the shape of the coset construction with parameters (n1, n2, d1, d2, k1, k2) =
(6, 6, 2, 2, 4, 2). Similarly, the generator matrix

H ′ =



100000 000000
010000 000000

000000 100000
000000 010000
001000 001000
000100 000100


=

(
G′

1 02×6

M ′ ↑G′
1

G′
2

)

with G′
1 ∈ F2×6

q , rk(G′
1) = 2, G′

2 ∈ F4×6
q , rk(G′

2) = 4, M ′ ∈ F4×4
q , and rk(M ′) ≤ 2 fits

into the shape of the mirrored coset construction with parameters (n1, n2, d1, d2, k1, k2) =
(6, 6, 2, 2, 2, 4). However, as H ′ arises from H by swapping row three with row five and
row four with row six, we have ⟨H⟩ = ⟨H ′⟩, i.e., dS(⟨H⟩, ⟨H ′⟩) = 0.

While it is possible to suitably modify the condition in Lemma 5.59 we are not aware
of a construction of a CDC leading to the best known lower bound that involves both a
subcode obtained from the coset construction and a subcode obtained from the mirrored
coset construction. So, we refrain from going into more details.

If we want to combine the generalized linkage construction with the coset construction,
then we eventually have the restrict the maximum occurring ranks in the RMC of the coset
part, as it is the case if we combine construction D with the mirrored coset construction.

Lemma 5.61. (Generalized linkage construction + coset construction)
Let W1 be a CDC constructed via the generalized linkage construction in Theorem 5.16
with parameters (n1, n2, d, k) and W2 be a CDC constructed via the coset construction
in Theorem 5.43 with parameters (n1, n2, d1, d2, k1, k2) and RMC M. If k1 + k2 = k,
d1 + d2 = d, k2 ≥ d/2 and k1 − rk(M) ≥ d/2 for all M ∈M, then W =W1 ∪W2 is an
(n1 + n2, d; k)q–CDC with cardinality W1 +W2.

Proof. Let E1 and E2 be as in Lemma 5.18 for W1. For each codeword U ∈ W2 we have
dim(U ∩ E2) ≥ k2 ≥ d/2 and dim(U ∩ E1) ≥ k1 − rk(M) ≥ d/2, where M ∈ M is the
matrix used in the generator matrix of U .

The corresponding matrix description is given by:

C R

R C

Ci R↑
0 Ci

Example 5.62. Let W1 arise from the generalized linkage construction with parameters
(n1, n2, d, k) = (5, 5, 4, 5), so that we can assume #W1 = q20+AR

q (5×5, 2;≤ 3). LetW2

arise from the coset construction with parameters (n1, n2, d1, d2, k1, k2) = (5, 5, 2, 2, 3, 2),
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so that we can assume #W2 = AR
q (3 × 3, 2;≤ 1) · Cq(5, 5, 4, 3, 2). Due to Lemma 5.61

we can consider the CDC W1 ∪W2 to conclude

Aq(10, 4; 5) ≥ q20 +AR
q (5× 5, 2;≤ 3) +AR

q (3× 3, 2;≤ 1) · Cq(5, 5, 4, 3, 2),

which can be refined to

Aq(10, 4; 5) ≥ q20 +AR
q (5× 5, 2;≤ 3) +

[
3

1

]
q

· Cq(5, 5, 4, 3, 2)

using Proposition 3.15. For a lower bound for AR
q (5×5, 2;≤ 3) we refer to Example 3.23

and for a lower bound for Cq(5, 5, 4, 3, 2) we refer to Proposition 5.68 and Exercise 5.45
noting the computer result Cq(5, 5, 4, 3, 2) ≥ 1313 mentioned in Subsection 5.4. Plugging
in these lower bounds gives

Aq(10, 4; 5) ≥ q20 + q16 + q15 + 2q14 + q13 − q11 − 2q10 − q9 + 2q8

+5q7 + 4q6 + 7q5 + 11q4 + 15q3 + 12q2 + 6q + 2 (5.9)

and
A2(10, 4; 5) ≥ 1048576 + 130696 + 7 · 1313 = 1 188 463. (5.10)

Flawed bound in the literature
The construction for a lower bound for Aq(10, 4; 5) from [48] was flawed. Applying
Lemma 5.59 with (k1, k2) = (3, 2) and (k′1, k

′
2) = (2, 3) is possible for minimum subspace

distance 2 only. However, the lower bound from Example 5.62 is better anyway.

Example 5.63. Consider the construction from Example 5.60 again, e.g. we choose the
parameters (n1, n2, d, k) = (6, 6, 4, 6). This time we let W1 arise from the generalized
linkage construction, so that we can assume #W1 = q30+AR

q (6×6, 2;≤ 4). For the CDCs
W2 and W3, obtained from the coset construction, we have to adjust the corresponding
RMCM so that the condition k1− rk(M) ≥ d/2 from Lemma 5.61 is satisfied for all M ∈
M. For W2 with parameters (n1, n2, d1, d2, k1, k2) = (6, 6, 2, 2, 4, 2) we can chooseM as
a (4×4, 2;≤ 2)q–RMC. For W3 with parameters (n1, n2, d1, d2, k1, k2) = (6, 6, 2, 2, 2, 4) we
have to use a (2 × 2, 2;≤ 0)q–RMC, i.e., we can just use the one-element RMC consisting
of 02×2. Considering the (12, 4; 6)q–CDC W1 ∪W2 ∪W3 yields

Aq(12, 4; 6) ≥ q30 +AR
q (6× 6, 2;≤ 4) + Cq(6, 6, 4; 4, 2) ·

(
AR

q (4× 4, 2;≤ 2) + 1
)
.

Using Lemma 3.8 and Example 5.51 we conclude

A2(12, 4; 6) ≥ 1 212 418 496 + 7 204 617 = 1 219 623 113

and

A3(12, 4; 6) ≥ 209 943 770 460 426 + 10 422 814 402 = 209 954 193 274 828.
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We remark that the stated construction constitutes the best known lower bound for
(12, 4; 6)q–CDCs where q ∈ {2, 3}. For q > 3 the existence a parallelism in Gq(6, 2) is
unknown, so that we cannot apply the construction in Example 5.60 for Cq(6, 6, 4; 4, 2)
directly. In the subsequent Subsection 5.4 we study general constructions for d-packings
of CDCs and take up the construction in Example 5.63 again.

Exercise 5.64. Compute a parametric lower bound for Aq(12, 4; 6), where q ≥ 4, based
on the construction in Example 5.63 and the parametric lower bound for Cq(6, 6, 4; 4, 2)
determined in Subsection 5.4.

What are sufficient conditions for a symmetric version of the coset con-
struction?
Given the nice symmetry of the matrix description of the generalized linkage construc-
tion, the question arises if a generalized version of the coset construction with matrix

description
Ci R↑
R↑ Ci

exists?

The following example for subspace distance d = 4 shows that we need further, possibly
quite restrictive, conditions at the very least. The generator matrix

H =


1000 0001
0100 0000

0010 0100
0000 0010

 =

(
G1 M1↑G2

M2↑G1 G2

)

with G1 ∈ F2×4
q , rk(G1) = 2, G2 ∈ F2×4

q , rk(G2) = 2, M1 ∈ F2×2
q , rk(M1) ≤ 1,

M2 ∈ F2×2
q , and rk(M2) ≤ 1 as well as the generator matrix

H ′ =


0100 0000
0010 1000

0000 0100
0001 0010

 =

(
G′

1 M ′
1↑G′

2

M ′
2↑G′

1
G′

2

)

with G′
1 ∈ F2×4

q , rk(G′
1) = 2, G′

2 ∈ F2×4
q , rk(G′

2) = 2, M ′
1 ∈ F2×2

q , rk(M ′
1) ≤ 1, M ′

2 ∈
F2×2
q , and rk(M ′

2) ≤ 1 fit into the shape of the desired matrix description. Setting U1 =
⟨G1⟩, U2 = ⟨G2⟩, U ′

1 = ⟨G′
1⟩, U ′

2 = ⟨G′
2⟩ we observe dS(U1, U

′
1) = 2 and dS(U2, U

′
2) = 2,

so that dS(U1, U
′
1) + dS(U2, U

′
2) = 4 ≥ d. For

M1 =

(
01
00

)
, M ′

1 =

(
00
10

)
, M2 =

(
10
00

)
, and M ′

2 =

(
00
01

)
we have dR(M1,M

′
1) = 2 ≥ d/2 and dR(M2,M

′
2) = 2 ≥ d/2 (using the natural choice for

↑). However, both W := ⟨H⟩ and W ′ := ⟨H ′⟩ contain the 3-space generated by0100 0000
0010 1000
0000 0100


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as a subspace, so that dS(W,W ′) ≤ 2 < d. Restricting the ranks of M1, M
′
1 to be smaller

than 1 or the ranks of M2, M
′
2 to be smaller than 1, we end up with the original coset

or the mirrored coset construction, respectively.
We leave it as an open research problem to generalize the coset construction and refer

to Theorem 5.74 for a possible first step into that direction.

5.4 Constructions for d-packings of CDCs and RMCs

As already mentioned, we can separate the problem of the choice of the RMC in the coset
construction and the problem of a coset construction with matrix description

Ci 0

0 Ci

where the parts Ci correspond to d-packings of CDCs. If parallelisms are not available or
the desired minimum subspace distance is larger than 4 then we need different techniques
for the construction of the needed d-packings.
Without the relation to the coset construction the following result was obtain in [48]

in the context of the extension problem for the generalized linkage construction.

Proposition 5.65. (Cf. [48, Corollary 4.5 with l = 2])

Cq(n1, n2, d; k1, k2) ≥ min{α1, α2} ·
2∏

i=1

AR
q (ki × (ni − ki), d/2),

where αi = AR
q (ki × (ni − ki), di/2)/A

R
q (ki × (ni − ki), d/2) for i = 1, 2 and d1, d2 ∈ 2N

with d1 + d2 = d.

The underlying idea can be briefly indicated by the matrix description

I Ri 0 0

0 0 I Ri

and Lemma 3.16 mimicking parallelisms for LMRD codes, cf. [79, Section 4.9].

Lemma 5.66. (Parallel FDRM codes – C.f. [165, Lemma 2.5], [48, proof Corol-
lary 4.5])
Let F be a Ferrers diagram andM be a corresponding additive FDRM code with minimum
rank distance d. If M is a subcode of a an additive FDRM code M′ with minimum rank
distance d′ < d and Ferrers diagram F , then there exist FDRM codes Mi with Ferrers
diagram F for 1 ≤ i ≤ α := #M′/#M satisfying

(1) dR(Mi) ≥ d for all 1 ≤ i ≤ α;

(2) dR(Mi,Mj) ≥ d′ for all 1 ≤ i < j ≤ α; and

(3) M1, . . . ,Mα is a partition ofM′.
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Proof. For each M ′ ∈ M′ the code M +M ′ := {M +M ′ : M ∈ M} is an FDRM code
with Ferrers diagram F and minimum rank distance d. For M ′,M ′′ ∈ M′ we have
M ′ +M = M ′′ +M iff M ′ −M ′′ ∈ M and M ′ +M∩M ′′ +M = ∅ otherwise. Now
letM1, . . . ,Mα be the α = #M′/#M different codes M +M, which are cosets ofM
inM′ and partitionM′. Since all elements ofMi andMj are different elements ofM′

we have dR(Mi,Mj) ≥ d′ for all 1 ≤ i < j ≤ α.

Choosing F as a × b rectangular Ferrers diagram, we end up with [165, Lemma 2.5],
see also Exercise 3.17. Note that we have to choose Delsarte–Gabidulin (or some other
specific class of) MRD codes in order to ensure that an MRD code for minimum rank
distance d contains an MRD code with minimum rank distance d+1 as a subcode. In the
proof of [48, Corollary 4.5] this lemma is indirectly applied with a = ai and b = ni − ai.
Note that for minimum rank distance δ = 2 the upper bound from [77, Theorem 1], cf.
Theorem 5.30, can always be attained by linear rank metric codes. Moreover, the only
choice for δ′ then is δ′ = 1 and M′ consists of all matrices with Ferrers diagram F .
Thus,M′ is automatically linear and containsM as a subcode.

Research problem
Study the existence of “large” linear FDRM codes that contain FDRM codes of larger min-
imum rank distance as a subcode.
A first approach might be to start from a linear Delsarte–Gabidulin MRD code and to

consider linear subcodes going in line with the support restrictions of a given Ferrers
diagram F .

pivot vector size m(q,F , 2) # of cosets m(q,F , 1)/m(q,F , 2)
11000 q3 q3

10100 q2 q3

10010 q q3

10001 1 q3

01100 q2 q2

01010 q q2

01001 1 q2

00110 1 q2

00101 1 q
00011 1 1

Table 5.1: Data for Lemma 5.66 with F ∈ G1(5, 2).

Corollary 5.67.

Cq(5, 5, 4; 2, 2) ≥ q9 + q7 + q6 + 7q5 + 5q4 + 3q3 + 2q2 + q + 1

I.e., we have C2(5, 5, 4; 2, 2) ≥ 1043. Proposition 5.65 yields Cq(5, 5, 4; 2, 2) ≥ q9, i.e.,
C2(5, 5, 4; 2, 2) ≥ 512. Proposition 5.73 gives Cq(5, 5, 4; 2, 2) ≥ q9+q7+q6+q5+q4+q3+
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skeleton code size # of used cosets

{11000, 00110} q3 + 1 q2

{11000, 00101} q3 + 1 q
{11000, 00011} q3 + 1 1
{11000} q3 q3 − q2 − q − 1

{10100, 01010} q2 + q q2

{10100, 01001} q2 + 1 q2

{10100} q2 q3 − 2q2

{01100, 10010} q2 + q q2

{10010} q q3 − q2

{10001} 1 q3

Table 5.2: 4-packing scheme for Gq(5, 2).

2q2 + q + 1, i.e., C2(5, 5, 4; 2, 2) ≥ 771. In [161] the lower bound C2(5, 5, 4; 2, 2) ≥ 1313
was shown by a heuristic computer search. By an easy argument the upper bound
C2(5, 5, 4; 2, 2) ≤ 1381 was shown.

We can also use more geometric ideas.

Proposition 5.68.

Cq(5, 5, 4; 2, 2) ≥ q9 + q7 + 2q6 + q5 − q4 + 4q3 + 6q2 + 4q + 2

Proof. Let π and π′ be two planes in F5
q intersecting in a point P . Let C be an LMRD

code disjoint to π that can be partitioned into q3 partial line spreads Ci of cardinality q3.
Similarly, let C′ be an LMRD code disjoint to π′ that can be partitioned into q3 partial line
spreads Ci of cardinality q3. For 1 ≤ i ≤

[
3
2

]
q
= q2+q+1 we add one of the

[
3
2

]
q
different

lines contained in π to Ci. To ensure that no line occurs twice we only keep those lines in
C′i that intersect π in exactly a point. Let us now determine the resulting sizes #C′i. To
this end, let L be the set of the q2 lines in π that do not contain P . Since the elements
of L are pairwise intersecting in a point, there are exactly q2 partial line spreads C′i that
contain one element from L. For these, exactly

[
3
1

]
q
−
[
2
1

]
q
−1 = q2−1 elements intersect

in exactly one point. For the other q3 − q2 partial line spreads,
[
3
1

]
q
− 1 = q2 + q of its

elements intersect π in exactly a point. Since π′ contains
[
2
1

]
q
= q + 1 lines intersecting

π in a point, we can add a further line to q+1 of the latter partial line spreads C′i each.
This gives

q3∑
i=1

(#Ci)2 +

q3∑
i=1

(
#C′i

)2
=

(
q2 + q + 1

)
·
(
q3 + 1

)2
+
(
q3 − q2 − q − 1

)
·
(
q3
)2

+q2 ·
(
q2 − 1

)2
+ (q + 1) ·

(
q2 + q + 1

)2
+
(
q3 − q2 − q − 1

)
·
(
q2 + q

)2
= q9 + q7 + 2q6 + q5 − q4 + 4q3 + 6q2 + 4q + 2.
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Exercise 5.69. Improve the lower bound of Proposition 5.68 by taking the unused lines
into account. Conclude a similar bound assuming that the planes π and π′ intersect in
a line.

pivot vector size m(q,F , 2) # of cosets m(q,F , 1)/m(q,F , 2)
110000 q4 q4

101000 q3 q4

100100 q2 q4

100010 q q4

100001 1 q4

011000 q3 q3

010100 q2 q3

010010 q q3

010001 1 q3

001100 q2 q2

001010 q q2

001001 1 q2

000110 1 q2

000101 1 q
000011 1 1

Table 5.3: Data for Lemma 5.66 with F ∈ G1(6, 2).

Corollary 5.70.

Cq(6, 6, 4; 2, 2) ≥ q12 + q10 + q9 + 7q8 + 5q7 + 6q6 + 5q5 + 4q4 + 2q3 + 7q2 + q + 1

I.e., we have C2(6, 6, 4; 2, 2) ≥ 8719. Proposition 5.65 yields Cq(6, 6, 4; 2, 2) ≥ q12, i.e.,
C2(6, 6, 4; 2, 2) ≥ 4096. The upper bound from Lemma 5.50 is given by

q12 + q11 + 3q10 + 3q9 + 6q8 + 5q7 + 7q6 + 5q5 + 6q4 + 3q3 + 3q2 + q + 1,

i.e., C2(6, 6, 4; 2, 2) ≤ 13671. Due to he existence of parallelisms in Gq(6, 2) for q ∈ {2, 3}
the upper bound is indeed attained. So our packing constructions are very far from
being optimal. (For q = 2 the polynomial in Proposition 5.72 would result in 8839.)

Exercise 5.71. Improve the stated packing scheme for Gq(6, 2) for q > 2.

Proposition 5.72. For q ≥ 3 we have

Cq(6, 6, 4; 2, 2) ≥ q12 + q10 + q9 + 7q8 + 5q7 + 8q6 + 4q5 + 6q4 + 3q3 + 3q2 + q + 1.
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skeleton code size # of used cosets

{110000, 001100, 000011} q4 + q2 + 1 1
{110000, 001100} q4 + q2 q2 − 1
{110000, 001010, 000101} q4 + q + 1 q
{110000, 001010} q4 + q q2 − q
{110000, 000110, 001001} q4 + q + 1 q
{110000, 001001} q4 + 1 q2 − q
{110000} q4 q4 − 3q2

{101000, 010100} q3 + q2 q3

{101000, 010010} q3 + q q3

{101000} q3 q4 − 2q3

{011000, 100100} q3 + q2 q3

{100100, 010001} q2 + 1 q3

{100100} q2 q4 − 2q3

{100010} q q4

{100001} 1 q4

Table 5.4: 4-packing scheme for Gq(6, 2).

Proof. Let S be the solid with pivot vector 001111 in F6
q and C be an LMRD code disjoint

to S that can be partitioned into q4 partial line spreads Ci of cardinality q4. Since S ∼= F4
q

there exists a parallelism of S, so that we can add q2 + 1 additional lines to q2 + q + 1
of the partial line spreads Ci. So, we have

q4∑
i=1

(#Ci)2 =
(
q2 + q + 1

)
·
(
q4 + q2 + 1

)2
+
(
q4 − q2 − q − 1

)
·
(
q4
)2

= q12 + 2q8 + 2q7 + 5q6 + 3q5 + 5q4 + 2q3 + 3q2 + q + 1.

The lines used so far, all lines being either disjoint to S or contained in S, i.e., the have
pivot vector 110000 or their pivot vector is contained in

((
2
0

)
,
(
4
2

))
. For the remaining

pivot vectors we consider the packing scheme

skeleton code size # of used cosets

{101000, 010100} q3 + q2 q3

{101000, 010010} q3 + q q3

{101000, 010001} q3 + 1 q3

{100100, 011000} q3 + q2 q3

{101000} q3 q4 − 3q3

{100100} q2 q4 − q3

{100010} q q4

{100001} 1 q4

66



5 Constructions for constant dimension codes

yielding an additional contribution of

q10 + q9 + 5q8 + 3q7 + 3q6 + q5 + q4 + q3.

Proposition 5.73. ([161, Proposition 3.5])

Cq(n, n, 4; k, k) ≥
∑

v∈G1(n,k)

Aq(n, 1; k; v) ·Aq(n, 2; k; v)

5.5 Inserting constructions

We have seen in Subsection 5.1 that the generalized linkage construction yields CDCs with
competitive cardinalities. In Lemma 5.61 we have summarized sufficient conditions for
the combination with subcodes obtained via the coset construction. In these subsection
we want to study further variants of subcodes that can be used to improve the generalized
linkage construction. In e.g. [164, 188, 189] the authors speak of inserting constructions
cf. also [112].
Packings of RMCs constructed in Subsection 5.4 can be exploited as follows:

Theorem 5.74. (Block inserting construction I – [164, Theorem 4])
Let C1 be an (n1, d; k)q–CDC, C2 be an (n3, d; k)q–CDC,M3 be a (k1×n4, d/2; k1−d/2)q–
RMC,M4 be a (k2×n2, d/2; k2− d/2)q–RMC,M1 be a (k1×n2, d1/2)q–RMC, andM2 be a
(k2×n3, d2/2)q–RMC, where d1+d2 = d. LetM1

1, . . . ,Ms
1 andM1

2, . . . ,Ms
2 be t

2 -packings
of cardinality s ofM1 andM2, respectively. With this let{( G1 M1 0k1×n3 M3

0k2×n1 M4 G2 M2

)
: G1 ∈ G1,M1 ∈Mi

1,M3 ∈M3,

M4 ∈M4, G2 ∈ G2,M2 ∈Mi
2

}
be a generating set of a subcode W i for 1 ≤ i ≤ s, where G1 and G2 are generating sets of
C1 and C2, respectively. Then, W = ∪si=1W i is an (n1 + n2 + n3 + n4, d; k1 + k2)q–CDC
with cardinality

#W =
s∑

i=1

#W i = #C1 ·#C2 ·#M3 ·#M4 ·
s∑

i=1

Mi
1 ·#Mi

2.

Proof. Let

H =

(
G1 M1 0 M3

0 M4 G2 M2

)
be the generator matrix of an arbitrary codeword W ∈ W. Since k1 + k2 ≥ rk(H) ≥
rk(G1) + rk(G2) = k1 + k2, every codeword is a (k1 + k2)-space.
Let

H ′ =

(
G′

1 M ′
1 0 M ′

3

0 M ′
4 G′

2 M ′
2

)
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be the generator matrix of another codeword W ′ ∈ W,

R := rk



G1 M1 0 M3

0 M4 G2 M2

G′
1 M ′

1 0 M ′
3

0 M ′
4 G′

2 M ′
2


 = rk




G1 0 M1 M3

G′
1 −G1 0 M ′

1 −M1 M ′
3 −M3

0 G2 M4 M2

0 G′
2 −G2 M ′

4 −M4 M ′
2 −M2


 ,

and U1 := ⟨G1⟩, U2 := ⟨G2⟩, U ′
1 := ⟨G′

1⟩, U ′
2 := ⟨G′

2⟩.
If G1 ̸= G′

1 or G2 ̸= G′
2, then we have U1 ̸= U ′

1 or U2 ̸= U ′
2, so that

dS(W,W ′) = 2(R− k1 − k2) ≥ 2 · rk




G1 0
G′

1 −G1 0
0 G2

0 G′
2 −G2


− 2k1 − 2k2

= dS(U1, U
′
1) + dS(U2, U

′
2) ≥ d.

If G1 = G′
1 and G2 = G′

2, then we have

R = rk



G1 0 M1 M3

0 G2 M4 M2

0 0 M ′
1 −M1 M ′

3 −M3

0 0 M ′
4 −M4 M ′

2 −M2


 = k1+k2+rk

( M̃ :=︷ ︸︸ ︷(
M ′

1 −M1 M ′
3 −M3

M ′
4 −M4 M ′

2 −M2

))
,

so that it suffices to show rk(M̃) ≥ d/2 in order to deduce dS(W,W ′) ≥ d.

If M3 ̸= M ′
3 or M4 ̸= M ′

4, then we have rk(M̃) ≥ rk(M3 −M ′
3) + rk(M4 −M ′

4) ≥
min {dR(M3), dR(M4)} ≥ d/2.

If M3 = M ′
3 and M4 = M ′

4, then we have rk(M̃) = rk(M1 −M ′
1) + rk(M2 −M ′

2) =
dR(M1,M

′
1) + dR(M2,M

′
2). If M1 = M ′

1, then their exists an index 1 ≤ i ≤ s with

M2,M
′
2 ∈ Mi

2 and we have M2 ̸= M ′
2, so that rk(M̃) ≥ dR(M2,M

′
2) ≥ dR(Mi

2) ≥ d/2.
Similarly, if M2 = M ′

2, then their exists an index 1 ≤ i ≤ s with M1,M
′
1 ∈ Mi

1 and

we have M1 ̸= M ′
1, so that rk(M̃) ≥ dR(M1,M

′
1) ≥ dR(Mi

1) ≥ d/2. If M1 ̸= M ′
1 and

M2 ̸= M ′
2, then we have rk(M̃) ≥ dR(M1,M

′
1) + dR(M2,M

′
2) ≥ dR(M1) + dR(M2) ≥

d1/2 + d2/2 = d/2.

The matrix description of the block inserting construction I is given by

C Ri 0 R

0 R C Ri

Corollary 5.75. Let W be a CDC constructed via the block inserting construction in
Theorem 5.74 with parameters (n1, n2, n3, n4, d, k1, k2), where d1, d2 with d1+d2 = d are
arbitrary, of maximum possible cardinality. Then, we have

#W ≥ Aq(n1, d; k1) ·Aq(n3, d; k2) ·AR
q (k1 × n4,

d
2 ;≤ k1 − d

2) ·
AR

q (k2 × n2,
d
2 ; k2 −

d
2) ·A

R
q (k1 × n2, d/2) ·AR

q (k2 × n4, d/2) · α,
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where

α = max
d1,d2 : d1+d2=d

min

{
AR

q (k1 × n2, d1/2)

AR
q (k1 × n2, d/2)

,
AR

q (k2 × n4, d2/2)

AR
q (k2 × n4, d/2)

}
.

Example 5.76. LetW be a CDC constructed via the block inserting construction in Theo-
rem 5.74 with parameters (n1, n2, n3, n4, d1, d2, k1, k2) = (3, 3, 3, 3, 2, 2, 3, 3) of maximum
possible cardinality. Then, we have

#W ≥ q12 ·AR
q (4× 4, 2;≤ 2) ≥ q20 + q19 + 2q18 + q17 − q15 − 2q14 − q13

using Lemma 3.8.

Note that the upper rank bounds for the matrices inM3 andM4 are not necessary
in the proof of Theorem 5.74

Lemma 5.77. (Generalized linkage construction + block inserting construc-
tion)
Let W1 be a CDC constructed via the generalized linkage construction in Theorem 5.16
with parameters (n′

1, n
′
2, d, k) and W2 be a CDC constructed via the block inserting con-

struction in Theorem 5.74 with parameters (n1, n2, n3, n4, d1, d2, k1, k2). If n
′
1 = n1+n2,

n′
2 = n3+n4, d = d1+d2, and k = k1+k2, then W =W1∪W2 is an (n′

1+n′
2, d; k)q–CDC

with cardinality #W = #W1 +#W2.

Proof. Let

H =

(
G1 M1 0 M3

0 M4 G2 M2

)
=:

(
P1

P2

)
be the generator matrix of an arbitrary codeword W2 ∈ W2, U1 := ⟨P1⟩, U2 := ⟨P2⟩, and
E1, E2 be the special subspaces forW1 as in Lemma 5.18. Since dim(W2∩E1) ≥ dim(U1∩
E1) ≥ rk(G1)−rk(M3) ≥ d/2 and dim(W2∩E2) ≥ dim(U2∩E2) ≥ rk(G2)−rk(M4) ≥ d/2
we have dS(W1,W2) ≥ d by Lemma 5.18.

Example 5.78. The CDC obtained from the block inserting construction I in Exam-
ple 3.8 is compatible with a CDC obtained from the generalized linkage construction with
parameters (n1, n; 2, d, k) = (6, 6, 4, 6), so that

Aq(12, 4; 6) ≥ Aq(12, 4; 6) ≥ q30 +AR
q (6× 6, 2;≤ 4) + q12 ·AR

q (4× 4, 2;≤ 2).

However, as mentioned after Example 5.76, the effort for the more complicated coset
construction pays off, see Example 5.63.

As a special case of the block inserting construction in Theorem 5.74 we mention:

Proposition 5.79. ([165, Proposition 2.1])
LetM3 be a (k1 × n4, d/2; k1 − d/2)q–RMC,M4 be a (k2 × n2, d/2; k2 − d/2)q–RMC,M1

be a (k1 × n2, d1/2)q–RMC, and M2 be a (k2 × n3, d2/2)q–RMC, where d1 + d2 = d. Let
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M1
1, . . . ,Ms

1 andM1
2, . . . ,Ms

2 be
t
2 -packings of cardinality s ofM1 andM2, respectively.

With this let{(
Ik1 M1 0k1×n3 M3

0k2×n1 M4 Ik2 M2

)
: M1 ∈Mi

1,M3 ∈M3,M4 ∈M4,M2 ∈Mi
2

}
be a generating set of a subcode W i for 1 ≤ i ≤ s. Then, W = ∪si=1W i is an
(n1 + n2 + n3 + n4, d; k1 + k2)q–CDC with cardinality

#W =
s∑

i=1

#W i = #M3 ·#M4 ·
s∑

i=1

#Mi
1 ·#Mi

2.

Corollary 5.80. Let W be a CDC constructed via Proposition 5.79 with parameters
(n1, n2, n3, n4, d, k1, k2), where d1, d2 with d1+d2 = d are arbitrary, of maximum possible
cardinality. Then, we have

#W ≥ AR
q (k1 × n4,

d
2 ;≤ k1 − d

2) ·A
R
q (k2 × n2,

d
2 ; k2 −

d
2) ·

AR
q (k1 × n2, d/2) ·AR

q (k2 × n4, d/2) · α,

where

α = max
d1,d2 : d1+d2=d

min

{
AR

q (k1 × n2, d1/2)

AR
q (k1 × n2, d/2)

,
AR

q (k2 × n4, d2/2)

AR
q (k2 × n4, d/2)

}
.

Example 5.81. Let W be a (12, 4; 6)q–CDC obtained via the block inserting construction
in Theorem 5.74 with parameters (n1, n2, n3, n4, d1, d2, k1, k2) = (4, 2, 2, 4, 2, 2, 4, 2). Let
M4 = ⟨02×2⟩, so that we can assume

#W ≥ q12 ·AR
q (4× 4; 2 ≤ 2) ≥ q20 + q19 + 2q18 + q17 − q15 − 2q14 − q13.

Example 5.82. Let W be a (12, 6; 6)q–CDC obtained via the block inserting construction
in Theorem 5.74 with parameters (n1, n2, n3, n4, d1, d2, k1, k2) = (3, 3, 3, 3, 2, 4, 3, 3). Let
M3 = M4 = ⟨03×3⟩ and choose M1 = M2 as (3 × 3, 2)q–MRD codes, so that we can
assume #W ≥ q9.

In [164, Theorem 5] another inserting construction being compatible with the gener-
alized linkage construction and the block inserting construction I was proposed as block
inserting construction II. We give a slight generalization under the same name.

Theorem 5.83. (Block inserting construction II – cf. [164, Theorem 5], [165,
Theorem 2.7])
Let M be a (k1 × n1, k2 × n3, d/2;≤ k1 + k2 − d/2)q–SRMC, C1 be an (n2, d; k1)q–CDC,
and be a C2 be an (n4, d; k2)q–CDC. With this, let{(

M1 G1 0k1×n3 0k1×n4

0k2×n1 0k2×n2 M2 G2

)
: G1 ∈ G1, G2 ∈ G2, (M1,M2) ∈M

}
be a generating set of a subspace code W, where G1 and G2 be generating sets of C1 and
C2, respectively. Then, W is an (n1 + n2 + n3 + n4, d; k1 + k2)q–CDC with cardinality
#C1 ·#C2 ·#M.
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Proof. Let

H =

(
M1 G1 0 0
0 0 M2 G2

)
be the generator matrix of an arbitrary codeword W ∈ W. Since k1 + k2 ≥ rk(H) ≥
rk(G1) + rk(G2) = k1 + k2, every codeword is a (k1 + k2)-space. Let

H ′ =

(
M ′

1 G′
1 0 0

0 0 M ′
2 G′

2

)
be the generator matrix of another codeword W ′ ∈ W,

R := rk



M1 G1 0 0
0 0 M2 G2

M ′
1 G′

1 0 0
0 0 M ′

2 G′
2


 = rk




G1 0 M1 0
G′

1 −G1 0 M ′
1 −M1 0

0 G2 0 M2

0 G′
2 −G2 0 M ′

2 −M2


 ,

and U1 := ⟨G1⟩, U2 := ⟨G2⟩, U ′
1 := ⟨G′

1⟩, U ′
2 := ⟨G′

2⟩.
If G1 ̸= G′

1 or G2 ̸= G′
2, then we have U1 ̸= U ′

1 or U2 ̸= U ′
2, so that

dS(W,W ′) = 2(R− k1 − k2) ≥ 2 · rk




G1 0
G′

1 −G1 0
0 G2

0 G′
2 −G2


− 2k1 − 2k2

= dS(U1, U
′
1) + dS(U2, U

′
2) ≥ d.

If G1 = G′
1 and G2 = G′

2, then we have

R = rk



G1 0 M1 0
0 G2 0 M2

0 0 M ′
1 −M1 0

0 0 0 M ′
2 −M2


 = k1 + k2 + rk(M ′

1−M1) + rk(M ′
2−M2),

so that rk(M ′
1 − M1) + rk(M ′

2 − M2) ≥ dR(M1,M
′
1) + dR(M2,M

′
2) ≥ d/2 implies

dS(W,W ′) ≥ d.

Corollary 5.84. Let W be a CDC constructed via the block inserting construction II in
Theorem 5.83 with parameters (n1, n2, n3, n4, d, k1, k2) of maximum possible cardinality.
Then, we have

#W ≥ Aq(n2, d; k1) ·Aq(n4, d; k2) ·AR
q (k1 × n1, k2 × n3,≤ k1 + k2 − d/2).

Example 5.85. LetW be the (12, 6; 6)q–CDC obtained via the block inserting construction
II in Theorem 5.83 with parameters (n1, n2, n3, n4, d, k1, k2) = (3, 3, 3, 3, 6, 3, 3) of maxi-
mum possible cardinality. Since Aq(3, 6; 3) = 1 we can assume #M≥ Aq(3×3, 3×3, 3,≤
3) ≥ q5 + q4 + 2q3 − q2 − q using Example 3.31 for the later estimation.
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We remark that the variant of the block inserting construction II in [164, Theorem 5]
gives a subcode of cardinality q5 + q4 + q3 − q2 − q, i.e., q3 codewords less.
Note that the upper rank bounds for the matrices inM are not necessary in the proof

of Theorem 5.83

Lemma 5.86. (Generalized linkage constr. + block inserting construction I,II)
Let W1 be a CDC constructed via the generalized linkage construction in Theorem 5.16
with parameters (n′

1, n
′
2, d, k), W2 be a CDC constructed via the block inserting construc-

tion I in Theorem 5.74 with parameters (n1, n2, n3, n4, d1, d2, k1, k2), and W3 be a CDC

constructed via the block inserting construction II in Theorem 5.83 with parameters
(n1, n2, n3, n4, d, k1, k2). If n′

1 = n1 + n2, n′
2 = n3 + n4, d = d1 + d2, k = k1 + k2,

k1 ≥ d/2, and k2 ≥ d/2, then W = W1 ∪ W2 ∪ W3 is an (n′
1 + n′

2, d; k)q–CDC with
cardinality #W = #W1 +#W2 +W3.

Proof. From Lemma 5.77 we conclude that W ′ := W1 ∪ W2 is an (n′
1 + n′

2, d; k)q–CDC
with cardinality #W ′ = #W1 +#W2. So, let

H3 =

(
M1 G1 0 0
0 0 M2 G2

)
=:

(
P1

P2

)
be the generator matrix of an arbitrary codeword W3 ∈ W3, U1 := ⟨P1⟩, U2 := ⟨P2⟩, and
E1, E2 be the special subspaces forW1 as in Lemma 5.18. Since dim(W3∩E1) ≥ dim(U1∩
E1) = rk(G1) = k1 ≥ d/2 and dim(W2 ∩ E2) ≥ dim(U2 ∩ E2) = rk(G2) = k2 ≥ d/2 we
have dS(W1,W3) ≥ d by Lemma 5.18.

Now let

H2 =

(
G′

1 M ′
1 0 M ′

3

0 M ′
4 G′

2 M ′
2

)
be the generator matrix of an arbitrary codeword W2 ∈ W2. Observe that the pivot

vector v(H3) of H3 is contained in
((

n1

k1

)
,
(
n2

0

)
,
(
n3

k2

)
,
(
n4

0

))
. Since rk(M1) + rk(M2) ≤

k1 + k2 − d/2 we have dH(v(H3), v(H2)) ≥ d, so that dS(W3,W2) ≥ d.

Example 5.87. Let W1 be a CDC constructed via the generalized linkage construction in
Theorem 5.16 with parameters (n1, n2, d, k) = (6, 6, 6, 6), W2 be a CDC constructed via the
block inserting construction I in Theorem 5.74 with parameters (n1, n2, n3, n4, d1, d2, k1, k2) =
(3, 3, 3, 3, 2, 4, 3, 3), and W3 be a CDC constructed via the block inserting construction II
in Theorem 5.83 with parameters (n1, n2, n3, n4, d, k1, k2) = (3, 3, 3, 3, 6, 3, 3). Then,
considering the (12, 6; 6)q–CDC yields

Aq(12, 6; 6) ≥ q24 +AR
q (6× 6, 3;≤ 3) + q9 +Aq(3× 3, 3× 3, 3;≤ 3)

≥ q24 + q15 + q14 + 2q13 + 3q12 + 3q11 + 3q10 + 3q9 + q8 − q7 − 2q6

−2q5 − 2q4 − q3 − 3q2 − 2q

using AR
q (6 × 6, 3;≤ 3) ≥

[
6
3

]
q
·
(
q6 − 1

)
+ 1 = q15 + q14 + 2q13 + 3q12 + 3q11 + 3q10 +

2q9 + q8− q7− 2q6− 3q5− 3q4− 3q3− 2q2− q from Lemma 3.8 and the lower bound for
Aq(3×3, 3×3, 3;≤ 3) from Example 3.31. For q = 2 we e.g. have A2(12, 6; 6) ≥ 16865672.
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5 Constructions for constant dimension codes

5.6 Combining constant dimension codes geometrically

So far we have combined generating sets of CDCs and matrices of RMCs in order to obtain
generating sets of CDCs. Now we want to describe a different possibility how smaller CDCs
can be combined to larger CDCs. In [49] the authors combined several (6, 4; 3)q-CDCs to
show Aq(9, 4; 3) ≥ q12+2q8+2q7+ q6+ q5+ q4+1, which improves upon the previously
best known lower bound Aq(9, 4; 3) ≥ q12 + 2q8 + 2q7 + q6 + 1, which was obtained
from the improved linkage construction. In [159] the mentioned lower bound was further
improved to Aq(9, 4; 3) ≥ q12 + 2q8 + 2q7 + q6 + 2q5 + 2q4 − 2q2 − 2q + 1. Here we want
to present the generalization of this approach as introduced in [48]. The idea is to use a
CDC C ⊆ Gq(k + t, k) and an s-space S outside of PG(k + t − 1, k), i.e., we want to use
PG(k + t − 1, q) × S ∼= PG(k + s + t − 1, q) as ambient space of the resulting CDC. For
each codeword U ∈ C we consider the (k + s)-space D := U × S ∼= PG(k + s− 1, q). In
D we can choose an (k+ s, d; k)q–CDC that contains U as a specific codeword and whose
codewords intersect S in at most a certain dimension. More precisely, we assume that
we have a list of choices for the chosen CDC in D.

Definition 5.88. An (n, d, k)-sequence of CDCs is a list (D0, . . . ,Dr) of (n, d; k)q-CDCs
such that for each index 0 ≤ i ≤ r there exists a codeword U ∈ Di and a disjoint
(n− k)-subspace S such that dim(U ′ ∩ S) ≤ i for all U ′ ∈ Di, where r = k − d

2 .

We remark that an LMRD code gives an example for D0 and for Di, with i ≥ 1, we can
take D0. Another possibility is to start with an arbitrary (n, d; k)q-CDC, pick the special
subspace S, and remove all codewords whose dimension of the intersection with S is too
large.
Assume that U and U ′ are two different codewords of C andD = U×S andD′ = U ′×S

are the corresponding (k+s)-spaces into which we insert codewords from a (k+2, d; k)q–
CDC. If U and U ′ have a relatively large dimension of their intersection, so have D and
D′. In order to guarantee a minimum subspace distance of at least d between a codeword
in D and a codeword in D′, we can reduce the allowed dimension of the intersection of
the codewords with S. To this end we introduce:

Definition 5.89. A list (C0, . . . , Cr) is called a distance-partition of an (n, d; k)q–CDC C,
where r = k − d

2 , if C0, . . . , Cr is a partition of C and
⋃i

j=0 Cj is an (n, 2k − 2i; k)q–CDC
for all 0 ≤ i ≤ r.

A trivial distance-partition of an (n, d; k)q–CDC C is given by (∅, . . . , ∅, C). A subcode
C′ ⊆ C with maximal subspace distance d = 2k is called a partial-spread subcode. Given
such a partial-spread subcode C′, if d < 2k, then (C′, ∅, . . . , ∅, C\C′) is a distance-partition
of C.

Lemma 5.90. ([48, Lemma 5.3]) Let (C0, . . . , Cr) be a distance-partition of a (k +
t, d; k)q–CDC C and (D0, . . . ,Dr) be a (k + s, d, k)-sequence, where r = k − d

2 . If A is an
(s, d; k)q–CDC, then there exists a (k + s+ t, d; k)q–CDC C′ with cardinality

#C′ = #A+

r∑
i=0

#Ci ·#Dr−i.
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5 Constructions for constant dimension codes

Here A is a CDC that we can insert into the special subspace S and the combination of
codewords in Ci with CDC Dr−i ensures that the subspace distance between a codeword
of the resulting CDC in D and a codeword in D′, using the notation from above, has a
subspace distance of at least d. For more details we refer to the proof of [48, Lemma
5.3].

As examples we describe the application of Lemma 5.90 for the construction of CDCs
reaching the lower bound for Aq(9, 4; 3) and Aq(10, 4; 3) presented in [159]. First we
construct a (6, 4, 3)-sequence (D0,D1). Here we choose D0 as an LMRD code of cardinality
q6 and D1 as a (6, 4; 3)q-CDC with cardinality q6 + 2q2 + 2q. The latter needs a bit more
explanation. Choose a (6, 4; 3)q–CDC D′

1 of cardinality q6 + 2q2 + 2q + 1, see [50, 133],
and assume that U and S are two disjoint codewords. Here U and S have the same
meanings as above, i.e., U is a special codeword and S is the special subspace used in
the construction of the (s + k)-space D = U × S. With this let D1 arise from D′

1 by
removing the codeword S. Since D′

1, as well as D1, is a (6, 4; 3)q–CDC every codeword of
D1 has an intersection of dimension at most 1 with S, which is what we need according
to Definition 5.88.
For Aq(9, 4; 3), we choose the CDC C needed in Lemma 5.90 as a (6, 4; 3)q–CDC with

cardinality q6 + 2q2 + 2q + 1, see [50, 133]. In order to determine a distance-partition
(C0, C1) of C, we need to find a large partial-spread subcode of C. In [49, Theorem 3.12],
it is shown that we can choose C0 of cardinality q3 − 1 if we choose C as constructed in
[50]. However, as shown in [159], the same can be done if we choose C as constructed in
[133].2 As subcode A we choose a single 3-space, so that we obtain

Aq(9, 4; 3) ≥ 1 + #C0 ·#D1 +#C1 ·#D0

= 1 +
(
q3 − 1

)
·
(
q6 + 2q2 + 2q

)
+
(
q6 − q3 + 2q2 + 2q + 2

)
· q6

= q12 + 2q8 + 2q7 + q6 + 2q5 + 2q4 − 2q2 − 2q + 1.

For Aq(10, 4; 3) we choose C as the (7, 4; 3)q–CDC of cardinality q8 + q5 + q4 + q2 − q
constructed in [132, Theorem 4]. Again we need to find a large partial-spread subcode
C0 of C. Here #C0 = q4 can be achieved, see [159]. Thus, we obtain

Aq(10, 4; 3) ≥ 1 + #C0 ·#D1 +#C1 ·#D0

= 1 + q4 ·
(
q6 + 2q2 + 2q

)
+
(
q8 + q5 + q2 − q

)
· q6

= q14 + q11 + q10 + q8 − q7 + 2q6 + 2q5 + 1.

The determination of a large partial-spread subcode is mostly the hardest part in
the analytic evaluation of the construction of Lemma 5.90. However, if C contains an
(n, d; k)–CDC that contains an LMRD code as a subcode, then it contains an (n, 2k; k)–CDC
as a subcode that is again an LMRD code, i.e., a partial-spread subcode.

Research problem
Determine large partial-spread subcodes for constructions of CDCs from the literature.

2This can be made more precise in the language of linearized polynomials. For [133, Lemma 12,
Example 4] the representation F6

q
∼= Fq3 × Fq3 is used and the planes removed from the lifted MRD

code correspond to uxq − uqx for u ∈ Fq3 , so that the monomials ax for a ∈ Fq3\{0} correspond to a
partial-spread subcode of cardinality q3 − 1.
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5 Constructions for constant dimension codes

We remark that Lemma 5.90 was used in [48] to construct lower bounds forAq(3k, 4; k),
where k ≥ 3, for Aq(16, 4; 4), and for Aq(6k, 2k; 2k), where k ≥ 4 is even.

Research problem
Use Lemma 5.90 for the construction of large CDCs for further parameters or improve
the known constructions.

5.7 Other constructions for constant dimension codes

The list of constructions for CDCs presented in the previous subsections is far from being
exhaustive. There are several constructions based on geometric concepts, see e.g. [53] for
an overview and e.g. [51, 52]. As examples we mention two explicit and rather general
parametric lower bounds.

Theorem 5.91. ([52, Theorem 3.8])
If n ≥ 4 is even, then Aq(2n, 4;n) ≥

qn
2−n +

n−2∑
r=2

[
n

r

]
q

r∑
j=2

(−1)(r−j)

[
r

j

]
q

q(
r−j
2 )(qn(j−1) − 1) +

[n
2

1

]
q2

([n
2

1

]
q2
− 1

)

+(q + 1)

n−1∏
i=1

(qi + 1)− 2q
n(n−1)

2 + q
n(n−2)

4

n
2∏

i=1

(q2i−1 − 1)

− q · |G|+ 1

using

|G| = 2

n/2−1∏
i=1

(q2i + 1)− 2q(n(n−2)/4)

if n/2 is odd and

|G| = 2

n/2−1∏
i=1

(q2i + 1)− 2q(n(n−2)/4) + qn(n−4)/8

n/4∏
i=1

(q4i−2 − 1)

if n/2 is even.

Theorem 5.92. ([52, Theorem 3.11])
If n ≥ 5 is odd, then Aq(2n, 4;n) ≥

qn
2−n +

n−2∑
r=2

[
n

r

]
q

r∑
j=2

(−1)(r−j)

[
r

j

]
q

q(
r−j
2 )(qn(j−1) − 1) + y(y − 1) + 1

+
n−1∏
i=1

(qi + 1)− q
n(n−1)

2 −
[
n

1

]
q

q
(n−1)(n−2)

2 − q
(n−1)(n−3)

4

n−1
2∏

i=1

(q2i−1 − 1)

 ,

using y := qn−2 + qn−4 + · · ·+ q3 + 1.
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5 Constructions for constant dimension codes

Riemann–Roch spaces can be used to construct CDCs, see [22, 109]. Removing and
replacing codewords of lifted MRD codes was the basis of a few specific constructions,
see [132, 133]. An entire theoretic framework for such approaches was introduced in
[4]. For MRD codes linearity plays an important and natural role. A variant of the
concept is considered in [39], see also [195]. Another well studied class are so-called
cyclic subspace codes, see e.g. [28, 45, 166, 190, 193, 194, 200]. In principle one can start
with any construction of a CDC and check if it can be extended by further codewords. This
approach was e.g. successful for the (7, 4; 3)q–CDC of cardinality 6977 constructed in [132].
Here, an extension by an additional codeword was possible, so that A3(7, 4; 3) ≥ 6978,
see [123]. However, even for moderate parameters

[
n
k

]
q
gets huge rather soon, so that

one faces algorithmical problems. In [235] the extension problem is restricted to the set
C1, C2 of codewords of two CDCs. More precisely, the problem of the determination of
the largest CDC with codewords in C1 ∪ C2 was formulated as a minimum point-covering
problem for a bipartite graph that can be solved in polynomial time. As example the
improved lower bounds A2(8, 4; 3) ≥ 1331 and A2(8, 4; 4) ≥ 4802 were obtained in [235].
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6 On the existence of a binary q-analog of
the Fano plane

For the binary case q = 2 the smallest unknown value Aq(n, d; k) is A2(7, 4; 3). Inequal-
ity (4.6) of the Johnson bound gives

A2(7, 4; 3) ≤
⌊
127 ·A2(6, 4; 2)

7

⌋
= 381

since A2(6, 4; 2) = 21 = 3 · 7 due to the existence of a 2-spread in PG(6, 2). Also
the improved Johnson bound in Theorem 4.42 cannot give a tighter bound since in a
(7, 4; 3)2–CDC C381 of cardinality 381 every point is contained in exactly 21 codewords.
Also the anticode bound yields the upper bound A2(7, 4; 3) ≤

[
7
2

]
2
/
[
3
2

]
2
= 381, so that

any line is contained in exactly one codeword of C381. If C381 exists, then it is a so-called
q-design and called binary q-analog of the Fano plane.

Exercise 6.1. Show # {U ∈ C381 : U ≤ K} = 5 and # {H ∈ C381 : U ≤ K} = 45 for
each K ∈ G2(7, 5) and each hyperplane H ∈ G2(7, 6). For each point P and each hyper-
plane H with P ≤ H show that # {U ∈ C381 : P ≤ U ≤ H} = 5.

Theorem 6.2. ([146, Theorem 1])
The automorphism group of a binary q-analog of the Fano plane is either trivial or
of order 2. In the latter case, up to conjugacy in GL(7, 2) the automorphism group is
represented by 〈

0 1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1

〉 .

For each solid S ∈ G2(7, 4) we have # {U ∈ C381 : U ≤ S} ∈ {0, 1}. For the group G
of order two in Theorem 6.2 there are exactly 15 fixpoints, i.e. points P such that the
P g = P for all g ∈ G, where P g denotes the application of the group element g to P .
These 15 fixpoints form a special solid S̄ = ⟨e1 + e2, e3 + e4, e5 + e6, e7⟩. The

[
4
2

]
2
= 35

lines in S̄ clearly are fixed by G. The other 56 fixed lines are given by L = ⟨P, P g⟩, where
P is a arbitrary point outside of S̄, so that L intersects S̄ in a point. Let B2 denote the
91 fixed lines . It is a bit more tedious to check that there are exactly 211 planes that
are fixed by G. Let B3 denote these fixed planes. Note that in C381 each fixed line must
be contained in a codeword U that is fixed by G, i.e. U ∈ B3.

Exercise 6.3. Verify

1

7
·

∑
L∈B2 :L≤S̄

∑
U∈B3 :L≤U

xU +
3

7
·

∑
L∈B2 : L̸≤S̄

∑
U∈B3 :L≤U

xU =
∑
U∈B3

xU .
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6 On the existence of a binary q-analog of the Fano plane

Since through each line there is at most one codeword, we have # (C381 ∩ B3) ≤
1
7 · 35 +

3
7 · 56 = 29. On the other hand the 35 lines in S̄ each have to be contained in

a codeword from B3, so that there exists a codeword in B3 that is contained in S̄ and
there are 28 codewords in B3 that intersect S̄ in a line each. Of course, this little insight
does not exclude the existence of a CDC C381 with G as automorphism group.

Exercise 6.4. Assume that G is a subgroup of the automorphism group of C381. Show
that the set F of fixed points with respect to G is a subspace. Determine restrictions for
the possible dimension of F for #G ∈ {2, 3, 5, 7, 31, 127}.

Research problem
Decide whether there exist 240 planes in PG(6, 2) and an automorphism π of order 5
such that all planes are disjoint to the 3-space F of points fixed by π, no two planes
intersect in a line, and each point outside of F is covered 15 times.
We remark that the “complementary set”, admitting π as automorphism, consisting

of F and 140 further planes intersecting F in a point, such that no line is covered twice
indeed exists.

In [124] A2(7, 4; 3) ≥ 333 was shown. The constructed code has an automorphism
group of order 4 isomorphic to the Klein four-group. We remark that the corresponding
code contains a subcode of cardinality 329 that admits an automorphism group of order
16.

Theorem 6.5. ([124, Theorem 1])
Let C be a set of planes in PG(6, 2) mutually intersecting in at most a point. If #C ≥
329, then the automorphism group of C is conjugate to one of the 33 subgroups of GL(7, 2)
given in [124, Appendix B]. The orders of these groups are 1121324751637281192121141161

denoting the number of cases as exponent. Moreover, if #C ≥ 330 then #Aut(C) ≤ 14
and if #C ≥ 334 then #Aut(C) ≤ 12.

Interestingly enough, it is not necessary to generate all subgroups of GL(7, 2) of order
at most 16 up to conjugacy to obtain the stated results, see [124] for the algorithmic
details. In [116, Section 10] parametric upper bounds for CDCs that admit certain auto-
morphisms are concluded. The group of order 12 mention in Theorem 6.5, that might
allow a larger (7, 4; 3)2–CDC, is given by:

G12,1 =

〈
1 0 0 0 0 1 1
0 0 0 1 1 0 1
1 1 1 1 1 0 0
1 1 0 0 1 1 0
0 0 0 0 0 0 1
0 0 0 0 1 1 1
0 0 0 0 1 0 0

 ,


1 0 0 0 0 0 0
1 1 0 0 0 1 1
1 0 1 0 1 0 1
1 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

 ,


1 0 0 0 0 1 1
0 1 0 1 1 1 1
1 0 1 1 1 0 0
1 1 0 0 0 1 1
1 0 0 0 1 0 0
1 0 0 0 0 1 0
0 0 0 0 0 1 0

〉 ∼= Z3 ⋊ Z4.

In [182] it was shown that each hypothetical (7, 4; 3)2–CDC of cardinality 380 can be
extended to a CDC of cardinality 381. Using divisible codes it was shown that either
A2(7, 4; 3) ≤ 378 or A2(7, 4; 3) = 381.

For each point P ∈ G2(7, 1) the subcode CP := {U ∈ C381 : P ≤ U} gives rise to a
2-spread CP /P := {U/P : U ∈ CP } in PG(6, 2)/P ∼= PG(5, 2). In our situation it is
called geometric if for any two spread lines L and L′, the restriction of the 2-spread to
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6 On the existence of a binary q-analog of the Fano plane

the 4-space ⟨L,L′⟩ is a 2-spread itself, i.e., 5 lines are contained. Call every point P such
that CP /P is geometric an α-point. In [220] it was shown that, even for general field
sizes q, there always exists a non-α point P̄ in a q-analog of the Fano plane. For a binary
q-analog of the Fano plane the result was tightened to the existence of at least one non-α
point in every hyperplane [114]. Recently this result was generalized to all prime or even
field sizes q in [144]. Here we want to consider a relaxation. Let C ⊆ G2(6, 3) such that

� every 5-space contains exactly five elements of C;

� every point is contained in exactly five elements of C;

� each line is contained in at most one element of C; and

� each solid contains at most one element of C.

Such sets of 5-spaces indeed exist and have cardinality #C = 45, cf. [73] for general
field sizes and the existence of induced substructures of a q-analog of the Fano plane.
We call a point P an α′ point if the five elements of C that are incident with P span a
5-space (and not the entire 6-dimensional ambient space). Using an ILP formulation of
the problem one can computationally show that the maximum number of α′ points in a
fixed 5-space lies between 15 and 22. The total number of α′ points lies between 19 and
44.

Research problem
Determine the maximum number of α′ points.
For certain infinite fields a “q-analog of the Fano plane” indeed exists, see [224]. In

PG(6, q) the existence question or the maximum possible size Aq(7, 4; 3) of a CDC with
these parameters is still widely open.
From the improved Johnson bound we conclude

Aq(8, 4; 4) ≤
⌊⌊ [8]q

[4]q
·Aq(7, 4; 3)

[4]q

⌋⌋
q3
.

If we cannot improve upon Aq(7, 4; 3) ≤
[
7
2

]
q
/
[
3
2

]
q
, then this upper bound is equivalent to

Aq(8, 4; 4) ≤
[
8
3

]
q
/
[
4
3

]
q
, i.e., the anticode bound. For q = 2 we obtain A2(8, 4; 4) ≤ 6477.

However, if such a code C of cardinality 6477 exists, then for each point P the set of
codewords of C that contain P would be a binary q-analog of the Fano plane.
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7 Lower bounds for constant dimension
codes

In this section we summarize the currently best known lower bounds for constant di-
mension codes. For subspace distance d = 2 we can choose C = Gq(n, k), so that
Aq(n, d; k) =

[
n
k

]
q
. In general we have Aq(n, d; k) = Aq(n, d;n − k). Thus we assume

4 ≤ d ≤ 2k, d ≡ 0 (mod 2), and 2 ≤ k ≤ n/2. For the dimension of the ambient space we
restrict our consideration to 4 ≤ n ≤ 9 and a few selected triples (n, d, k). We also treat
the case d = 2k, i.e. the case of (partial) k-spreads separately. If n ≡ 0 (mod k), then
k-spreads indeed exist and we have Aq(n, 2k; k) = [n]q/[k]q, see Theorem 4.23. For the
cases where n ̸≡ 0 (mod k) we have used the Echelon–Ferrers construction to conclude
a general lower bound in Exercise 5.32, see also Inequality (4.21):

Aq(tk + r, 2k; k) ≥
t−1∑
s=0

qsk+r − (qr − 1),

where k, t ≥ 2 and 0 ≤ r ≤ k − 1. The only known improvement is

A2(3t+ 2, 6; 3) ≥
t−1∑
s=0

23s+2 − (22 − 1) + 1,

for arbitrary t ≥ 2, see [68]. For upper bound for partial spreads much more can be
said, see Subsection 4.3. For small parameters the known lower and upper bounds
coincide. E.g. we have Aq(4, 4; 2) = q2 +1, Aq(5, 4; 2) = q3 +1, Aq(6, 4; 2) = q4 + q2 +1,
Aq(6, 6; 3) = q3+1, Aq(7, 4; 2) = q5+ q3+1, and Aq(7, 6; 3) = q4+1. For Aq(8, 6; 3) the
exact value is known for q = 2 only. In the following we will discard the partial spread
case and assume d < 2k.
For the smallest parameters we have

Aq(6, 4; 3) ≥ q6 + 2q2 + 2q + 1, (7.1)

see [133, 50] for constructions. We remark that the lower bound is tight for q = 2 [133].
For Aq(7, 4; 3) a lower bound for general q was given in [132, Theorem 4]. For q = 2
an improved lower bound was found via extensive ILP computations in [125] and for
q = 3 it was observed that a theoretical construction can be extended by one further
codeword, so that we have

Aq(7, 4; 3) ≥ q8 + q5 + q4 + q2 − q, A2(7, 4; 3) ≥ 333, A3(7, 4; 3) ≥ 6978. (7.2)
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The constructions for Aq(6, 4; 3) and Aq(7, 4; 3) from [133] and [132] can be described
within the framework of the so-called expurgation-augmentation method, see [4], where
specially selected codewords are removed from a lifted MRD code in order to allow the
augmentation with more codewords than removed before.
Construction 1, see Theorem 5.33 or [78, Chapter IV, Theorem 16] gives

Aq(8, 4; 3) ≥ q10 +

[
5

2

]
q

= q10 + q6 + q5 + 2q4 + 2q3 + 2q2 + q + 1. (7.3)

For q = 2 the improved lower bound A2(8, 4; 3) ≥ 1326 was found via the prescription
of automorphisms.
The lower bound

Aq(8, 4; 4) ≥ q12 +
(
q2 + q + 1

)
·
(
q2 + 1

)2
+ 1

= q12 + q8 + q7 + 3q6 + 2q5 + 3q4 + q3 + q2 + 1 (7.4)

is attained by several constructions. One example is the coset construction of Theo-
rem 5.43, see Example 5.55 for the details. We remark that the stated lower bound
is tight if we additionally assume that a lifted MRD is contained as a subcode, see e.g.
[78]. For q = 2 this bound gives 4797 as the maximum possible size under this extra
assumption. Nevertheless a construction showing A2(8, 4; 4) ≥ 4802 is known [235]. It
is obtained by extending an (8, 4; 4)2–CDC with cardinality 4801, found in [40] via the
prescription of automorphisms, by a single codeword.
For the skeleton code {1111000, 00001111} the Echelon–Ferrers construction give the

lower bound
Aq(8, 6; 4) ≥ q8 + 1. (7.5)

In other words, a corresponding code consists of a lifted MRD code and another codeword.
For q = 2 it was shown in [120] that the lower bound is indeed tight and that there are
exactly two isomorphism types of CDCs attaining the maximum possible cardinality 257.
The geometric combination of CDCs described in Subsection 5.6 yields the lower bound

Aq(9, 4; 3) ≥ q12 + 2q8 + 2q7 + q6 + 2q5 + 2q4 − 2q2 − 2q + 1, (7.6)

see also [48]. For q = 2 the tighter bound A2(9, 4; 3) ≥ 5986 was obtained in [40] via the
prescription of automorphisms.
The pending dots construction gives A2(9, 4; 4) ≥ 37265 and

Aq(9, 4; 4) ≥ q15 + q11 + q9 + 4q8 + 5q7 + 3q6 + 2q5 + 3q4 + 2q3 + 2q2 + q + 1 (7.7)

for q ≥ 3. Interestingly enough, for q ≥ 5 we get a tighter lower bound by reverting the
Johnson upper bound from Theorem 4.16, cf. [232],

Aq(n, d; k) ≥

⌈(
qk+1 − 1

)
Aq(n+ 1, ; k + 1)

qn+1 − 1

⌉
. (7.8)
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7 Lower bounds for constant dimension codes

Research problem
Improve the tightest known lower bound for Aq(9, 4; 4) (and q ≥ 5) in a constructive
manner.
For Aq(10, 4; 5) an improved lower bound is described in Example 5.62. In Exam-

ple 5.31, see also [161, Proposition 3.1], an improved lower bound for Aq(11, 4; 4) is
presented. For Aq(12, 4; 6) improved lower bounds are obtained in Example 5.60, Exam-
ple 5.63, and Exercise 5.64. For Aq(12, 6; 6) and especially A2(12, 6; 6) ≥ 16865672 we
refer to Example 5.87.
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8 Constructions and bounds for mixed
dimension subspace codes

Most parts of this chapter are devoted to lower and upper bounds for CDCs. The analog
questions for MDC are also of interest while so far less intensively studied. Here we
restrict ourselves to the subspace distance and refer to e.g. [142, 213] for the injection
metric. In the classical situation of block codes in the Hamming metric there are back
and forth relations between constant weight codes and their unrestricted versions, i.e.,
inequalities involving both A(n, d; k) and A(n, d) are known. A few, very easy and
natural, observations on the relation between Aq(n, d; k) and Aq(n, d) (or Aq(n, d;T ) in
general) are already known, see e.g. [134]. The inequality Aq(n, d;T ) ≤ Aq(n, d;T

′) for
T ⊆ T ′, mentioned in the preliminaries in Section 2, e.g. directly implies Aq(n, d; k) ≤
Aq(n, d). In the other direction we can choose T ⊆ {0, 1, . . . , n} such that the differences
between the occurring dimensions are sufficiently large with respect to a given minimum
subspace distance d.

Theorem 8.1. (Dimension layers – [134, Theorem 2.5])

n∑
k=0

k≡⌊n/2⌋ mod d

Aq

(
n, 2⌈d/2⌉; k

)
≤ Aq(n, d) ≤ 2 +

n−⌈d/2⌉∑
k=⌈d/2⌉

Aq

(
n, 2⌈d/2⌉; k

)

We remark that this constitute the best bound for Aq(n, d) that does not depend on
information about the cross-distance distribution between different “dimension layers”[
V
k

]
and

[
V
l

]
.

Lemma 8.2. ([134, Lemma 2.4])
For 1 ≤ δ ≤ k ≤ ⌊n/2⌋ the inequality

Aq(n, 2δ; k)

Aq(n, 2δ; k − 1)
> qn−2k+δ · C(q, δ)

holds with C(q, 1) = 1 and C(q, δ) = 1 − 1/q for δ ≥ 2; in particular, Aq(n, 2δ; k) >
q · Aq(n, 2δ; k − 1). As a consequence, the numbers Aq(n, 2δ; k), k ∈ [δ, v − δ], form a
strictly unimodal sequence.

The bounds of Theorem 8.1 coincide for d = 1 where we have

Aq(n, 1) =
n∑

k=0

Aq(n, 2; k) =
n∑

k=0

[
n

k

]
q

. (8.1)
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8 Constructions and bounds for mixed dimension subspace codes

For minimum subspace distance d = n we have Aq(n, n) = 2 for odd n and Aq(n, n) =
Aq(n, n; k) = qk + 1 for n = 2k, see [134, Theorem 3.1] and also [91, Section 5] or [90].
In the latter case of an even dimension of the ambient space the maximum number of
codewords qk +1 can only be attained if all codewords have dimension k, i.e., the codes
are k-spreads.

Theorem 8.3. (Dimension layers are optimal for d = 2 – [134, Theorem 3.4])

(i) If n = 2k is even then

Aq(n, 2) =
∑

0≤i≤n
i≡0 mod 2

[
n

i

]
q

.

The unique (as a set of subspaces) optimal code in PG(n − 1, q) consists of all
subspaces X of Fn

q with dim(X) ≡ k mod 2, and thus of all even-dimensional
subspaces for n ≡ 0 mod 4 and of all odd-dimensional subspaces for n ≡ 2 mod 4.

(ii) n = 2k + 1 is odd then

Aq(n, 2) =
∑

0≤i≤n
i≡0 mod 2

[
n

i

]
q

=
∑

0≤i≤n
i≡1 mod 2

[
n

i

]
q

, (8.2)

and there are precisely two distinct optimal codes in PG(n − 1, q), containing all
even-dimensional and all odd-dimensional subspaces of Fn

q , respectively. Moreover
these two codes are isomorphic.

If n = 2k is even then Aq(n, n − 1) = Aq(n, n; k) = qk + 1 and Aq(n, n − 1) =
Aq(n, n− 1; k) = qk+1+1 if n = 2k+1 ≥ 5 is odd, see [134, Theorem 3.2]. Note that we
have to exclude the case Aq(3, 2) = q2 + q + 2, see Theorem 8.3. The case of subspace
distance d = n− 2 ≥ 3 is much more involved and only partial results are known:

Theorem 8.4. ([134, Theorem 3.3])

(i) If n = 2k ≥ 8 is even then Aq(n, n − 2) = Aq(n, n − 2; k), and the known bound
q2k+1 ≤ Aq(n, n−2; k) ≤ (qk+1)2 applies. Moreover, Aq(4, 2) = q4+q3+2q2+q+3
for all q, A2(6, 4) = 77 and q6 + 2q2 + 2q + 1 ≤ Aq(6, 4) ≤ (q3 + 1)2 for all q ≥ 3.

(ii) If n = 2k + 1 ≥ 5 is odd then Aq(n, n − 2) ∈ {2qk+1 + 1, 2qk+1 + 2}. Moreover,
Aq(5, 3) = 2q3 + 2 for all q and A2(7, 5) = 2 · 24 + 2 = 34.

Note that the bounds for A2(n, n − 2) with odd n were already established in [69,
Theorem 5] and A2(5, 3) = 18 in [81, Theorem 14]. Further constructions for Aq(5, 3) =
2q3 + 2 are discussed in [54, 100, 101]. The subspace codes attaining the upper bound
A2(7, 5) = 34 were classified up to isomorphism in [136]. For k ≥ 3 it was shown in [134]
that subspace codes attaining the upper bound Aq(n, n − 2) ∈ {2qk+1 + 1, 2qk+1 + 2}
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8 Constructions and bounds for mixed dimension subspace codes

for n = 2k + 1 have to consist of qk+1 + 1 codewords of dimension k and also qk+1 + 1
codewords of dimension k+1. For dimension k the codewords form a partial k-spread of
maximum cardinality Aq(2k+1, 2k; k) = qk+1+1 and for dimension k+1 the codewords
form the dual of such a maximum partial k-spread in PG(2k, q). Some authors also
speak of a doubling construction.

Research problem
Does a doubling construction exist for k ≥ 4 or for k = 3 and q ≥ 3?

Also the proven non-existence of a doubling construction is of interest, since it would
yields an improve upper bound for Aq(2k, 2k − 2; k).

The previous results imply that Aq(n, d) is determined for all n ≤ 5:

Aq(3, 2) = q2 + q + 2, (8.3)

Aq(3, 3) = 2, (8.4)

Aq(4, 2) = q4 + q3 + 2q2 + q + 3, (8.5)

Aq(4, 3) = q2 + 1, (8.6)

Aq(4, 4) = q2 + 1, (8.7)

Aq(5, 2) = q6 + q5 + 3q4 + 3q3 + 3q2 + 2q + 3, (8.8)

Aq(5, 3) = 2q3 + 2, (8.9)

Aq(5, 4) = q3 + 1, and (8.10)

Aq(5, 5) = 2. (8.11)

ILP formulations for the exact determination of Aq(n, d) and bounds for A2(n, d),
where n ≤ 8, are provided in [129]. In [80] an LP upper bound for Aq(n, 3) was pre-
sented. Another LP upper bound for the general case Aq(n, d) can be found in [2]. For
upper bounds based on semidefinite programming we refer to [15, 122]. The Johnson
upper bound for CDCs from Theorem 4.16 was adjusted to MDCs in [137]. There also the
refinement using results for divisible codes is discussed. A few general lower bounds for
MDCs are surveyed in [143].

n/d 1 2 3 4 5 6 7 8

1 2
2 5 3
3 16 8 2
4 67 37 5 5
5 374 187 18 9 2
6 2825 1521 108–117 77 9 9
7 29212 14606 614–776 334–388 34 17 2
8 417199 222379 5687–9191 4803–6479 263–326 257 17 17

Table 8.1: Exact values and bounds for A2(n, d).

Research problem
Improve a few lower or upper bounds for A2(n, d), see Table 8.1.
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9 Variants of subspace codes

In this section we want to briefly discuss topics that are closely related to the concept
of subspace codes. For block codes the (Hamming) weights of codewords as well as
the minimum Hamming distance are important invariants. For linear codes one may
also consider the cardinality of the support of the 2-dimensional subcode spanned by
two codewords (which have to be linearly independent). This idea can of course be
generalized and leads to the notion of generalized Hamming weights for linear codes,
see e.g. [115, 130, 229]. For networks and subspace codes the notion was generalized in
[186] and [18], respectively. The latter considered the dimension of the span of triples of
codewords.

Research problem
Study the distribution of combinations of the span and the intersection for triples and
quadruples of codewords in CDCs.

Having a minimum subspace distance of at least d for a given CDC C ⊆ Gq(n, k)
is equivalent to the property that the dimension of the intersection of two different
codewords is at most k − d/2. In other words, every (k − d/2 + 1)-space is contained in
at most one codeword. A natural generalization of CDCs is to ask for subsets C ⊆ Gq(n, k)
such that every t-space is covered at most λ times, see e.g. [74, 75]. One may also ask
for subsets C ⊆ Gq(n, k) such that every t-space is covered at least once (or at least λ
times), see e.g. [70].
Instead of PG(n − 1, q) as ambient space we can also consider subspace codes over

different geometries over finite fields, see e.g. [227]. For first results into this direction
we refer to e.g. [96, 97, 98, 99, 107]. For affine spaces we refer to [187].

Research problem
For Aq(n, d; k) with d < 2k and 2k ≤ n almost all of the tightest known upper bounds
are implied by the improved Johnson bound in Theorem 4.42, which is based on divisible
codes. Develop a similar theory of divisible codes and generalize the approach of the
improved Johnson bound to the settings of the paper mentioned above.
In Subsection 9.1 we briefly consider equidistant subspace codes and flag codes in

Subsection 9.2.

9.1 Equidistant subspace codes

Partial k-spreads or CDCs minimum subspace distance d = 2k, where n ≥ 2k, are a special
class of so-called equidistant subspace codes. These are subspace codes where any two
different codewords have the same distance. Another special class of equidistant codes
are so-called sunflowers where all codewords pairwise intersect in the same subspace,
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9 Variants of subspace codes

say of dimension t. For the classical set case “q = 1”, i.e. equidistant block codes in the
Hamming metric, we refer the interested reader e.g. to [59, 87, 108, 215, 225]. Of course,
geometers have already studied the case q ≥ 2, see e.g. [19, 33, 65, 66].
By Bq(n, t; k) we denote the maximum number of k-spaces in PG(n− 1, q) such that

the intersection of each pair of different k-spaces has dimension exactly t. We also speak
of t-intersecting equidistant codes of k-spaces in PG(n− 1, q).

Exercise 9.1. Show that Bq(n, t; k) = 1 for t < 2k−n and that the maximum cardinality
of a sunflower is Aq(n− t, 2(k − t); k − t) if t ≥ 2k − n.

Theorem 9.2. ([76, Theorem 1])
If C in Gq(n, k) is a t-intersecting equidistant code with

#C ≥
(
qk − qt

q − 1

)2

+
qk − qt

q − 1
+ 1,

then C is a sunflower.

For 2k > n we obtain Bq(n, t; k) = Bq(n, n − 2k + t;n − k) by duality. So, optimal
codes can also be duals of sunflowers and it remains to restrict to the cases where 2k ≤ n.

Exercise 9.3. Show Bq(n, 1; 2) = [n− 1]q, B2(3, 1; 3) = 1, B2(4, 1; 3) = 1, B2(5, 1; 3) =
9, B2(n, 1; 3) = A2(n− 1, 4; 2) for n ≥ 7, and that all values are attained by sunflowers
or the dual of a sunflower.

Sunflower codes and their properties have e.g. been investigated in [21, 24, 37, 60, 104,
176, 177]. Under additional assumptions sunflower codes and their duals can be shown to
be the maximal possibilities [179]. In general it seems to be easier to determine Bq(v, t; k)
if q gets larger, see e.g. [33], so that we here focus on the binary case q = 2. Cf. the
remark in the third paragraph of the first section in [38] on the “unusual property” of
F2 in our context. In [23] B2(6, 1; 3) = 20 > 9 was proven, i.e., the optimal equidistant
codes for these parameters are not given by sunflowers or their dual codes.
An m×n equidistant rank metric code over Fq with rank distance d is a setM of m×n

matrices over Fq such that for each pair of different M,M ′ ∈M we have dR(M,M ′) = d.
As an example, the five matrices

0 0 0 0
1 0 1 1
1 1 1 1
0 0 0 1

 ,


0 1 0 1
1 1 1 0
0 0 0 0
0 0 1 0

 ,


1 0 1 1
1 0 1 1
0 1 0 1
0 1 1 0

 ,


1 0 0 1
1 0 1 1
1 1 0 1
1 0 1 1

 ,


0 1 1 0
0 1 0 1
1 0 0 1
1 0 1 0


span a linear 4 × 4 equidistant rank metric code over F2 with rank distance 3. By [62,
Theorem 6] there cannot be six such matrices. By prepending a suitable unit matrix,
i.e. by lifting, we obtain an equidistant subspace code in general. So, our example gives
B2(8, 1; 4) ≥ 32. We remark that several linear 4× 4 equidistant rank metric codes over
F2 with rank distance 3 and cardinality 25 exist and that their lifted versions allow the
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9 Variants of subspace codes

addition of further codewords. By a computer search up to 8 additional codewords can
be found easily, so that B2(8, 1; 4) ≥ 40.

Research problem
Determine the exact value of B2(8, 1; 4).

Another example is given by the four matrices1 0 0
0 0 0
1 0 1

 ,

0 1 1
1 1 1
0 1 1

 ,

1 0 0
1 1 0
1 0 0

 ,

0 0 0
0 1 0
0 1 1

 ,

which span a linear 3× 3 equidistant rank metric code over F2 with rank distance 2. By
[62, Theorem 6] there cannot be five such matrices. Note that this gives B2(6, 1; 3) ≥ 16.
In [76] an equidistant code with these parameters was stated by explicitly listing 16
codewords. There it was mentioned as a counter example to a conjecture attributed to
Deza, i.e., if a t-intersection equidistant code of k-subspaces in PG(v − 1, q) has more
than

[
k+1
1

]
q
codewords, then it is a sunflower. In [38] the author determined, using an

exhaustive MAGMA search, that there are exactly 1176 binary linear 3× 3 equidistant
rank metric codes over F2 with rank distance 2 and dimension 4. Under conjugation
by GL(3, 2) they fall into 12 orbits, which are explicitly listed. An example of a binary
linear 4 × 4 equidistant rank metric code over F2 with rank distance 3 and dimension
5 as well as a linear 5 × 5 equidistant rank metric code over F2 with rank distance 4
and dimension 6, found by a heuristic search using MAGMA, is also stated there. By
[62, Theorem 6] the dimension is extremal in both cases. However, the resulting lower
bounds B2(8, 1; 4) ≥ 32 and B2(10, 1; 5) ≥ 64 have not found their way into the literature
on equidistant subspace codes. With respect to the two latter bounds we mention the
example 

0 0 0 0 1
0 0 1 1 0
1 1 1 0 1
1 1 0 1 0

 ,


1 1 1 1 0
1 0 0 0 0
1 1 1 1 0
0 0 1 0 1

 ,


1 0 0 1 1
1 0 1 0 0
0 0 1 1 1
1 0 0 0 1

 ,


0 1 1 0 1
0 1 0 1 0
0 1 1 0 1
0 1 0 1 1

 ,


1 0 0 1 1
0 1 0 0 0
1 0 0 0 1
0 1 0 1 0

 ,


1 0 0 1 1
0 0 0 0 1
1 1 0 1 1
0 1 0 0 0

 ,

which shows B2(9, 1; 4) ≥ 64, see also [62, Example 1]. By [62, Theorem 6] there cannot
be seven such matrices.
According to [27] the problem of determining lower and upper bounds for rank-k-

spaces in Fqm× n has been studied by matrix theorists, group theorists, and algebraic
geometers, see his list of references and [38, 105].

We remark B2(11, 1; 5), B2(12, 1; 6) ≥ 64 since corresponding linear equidistant rank
metric codes can be found easily. However, [62, Theorem 6] might allow even linear
equidistant rank metric codes of cardinality 27.
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9 Variants of subspace codes

Research problem
Study linear equidistant rank metric codes and their extendability to equidistant sub-
space codes.
Linear equidistant subspace codes have e.g. been studied in [26]. Instead of restricting

the dimension of the pairwise intersection of codewords to a single dimension one might
also allow e.g. two possible intersection dimensions, see [175].

9.2 Flag codes

A full flag in PG(n − 1, q) is a sequence of nested subspaces with dimensions from 1
to n − 1. If not all of these dimensions need to occur, we speak of a flag. (Full) flag
codes are collections of flags. The use of flag codes for network coding was proposed
in [170]. In [169] the author argues that subspace coding with flags can be ranged
between random linear network coding, using constant dimension codes, and optimized
routing solutions, whose computation is time-consuming. The interested reader can find
more details on this e.g. in [84, 169, 170, 171]. For special multicast networks network
coding solutions also lead to hard combinatorial problems, see e.g. [44, 75] for so-called
generalized combination networks.
The set of all subspaces in PG(n− 1, q) is turned into a metric space via the injection

distance

dI(U,W ) = dim(U +W )−min{dim(U), dim(W )}
= max{dim(U),dim(W )} − dim(U ∩W ) (9.1)

as it is the case for the subspace distance. Note that for U,W ∈ Gq(n, k) we have
dI(U,W ) = dim(U +W )− k = k − dim(U ∩W ).

Definition 9.4. A flag is a list of subspaces Λ = (W1, . . . ,Wm) of PG(n− 1, q) with

{0} < W1 < · · · < Wm < Fn
q .

The type of Λ = (W1, . . . ,Wm) is the set of dimensions

type(Λ) := {dim(Wi) | 1 ≤ i ≤ m} ⊆ {1, . . . , n− 1} .

Let
F(n, q) := {Λ | Λ is a flag in PG(n− 1, q)}

denote the set of all flags in PG(n− 1, q) and for T ⊆ {1, . . . , n− 1} let

FT (n, q) := {Λ ∈ F(n, q) | tpye(Λ) = T}

be the set of all flags of PG(n− 1, q) of type T .

As noted in [170], the intersection of two flags is again a flag and the set of all flags
in PG(n− 1, q) forms a simplicial complex (with respect to inclusion).
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9 Variants of subspace codes

Definition 9.5. Let Λ = (W1, . . . ,Wm) and Λ′ = (W ′
1, . . . ,W

′
m) be two flags of PG(n−

1, q) of the same type T = {k1, . . . , km} with ki = dim(Wi) = dim(W ′
i ) for all 1 ≤ i ≤ m.

Then, the Grassmann distance is defined as

dG(Λ,Λ
′) :=

m∑
i=1

dI(Wi,W
′
i ) =

m∑
i=1

(
ki − dim(Wi ∩W ′

i )
)
.

So, for m = 1 the Grassmann distance corresponds to the injection distance, i.e., half
the subspace distance, betweenW1 andW ′

1. For U,W ∈ Gq(n, k) we have 0 ≤ dI(U,W ) ≤
min{k, v − k}, so that we set

m(n, T ) = (min{k1, n− k1}, . . . ,min{km, n− km}) ,

where T = {k1, . . . , km} ⊆ {1, . . . , n − 1} with k1 < · · · < km. If T = {1, . . . , n − 1} we
just write m(n) instead of m(n, T ). Denoting by xi the ith component for each vector
x ∈ Rn we state

dG(Λ,Λ
′) ≤

∑
i

m(n, T )i

for all Λ,Λ′ ∈ FT (n, q). As mentioned in [170, Remark 4.5] we have 1 ≤ dG(Λ,Λ
′) ≤⌊

(n/2)2
⌋
for two distinct flags in PG(n − 1, q). A flag code C of type T is a collection

of flags in PG(n − 1, q) of type T . The minimum distance dG(C) is the minimum of

dG(Λ,Λ
′) over all pairs of distinct elements Λ,Λ′ ∈ C. By Af

q (n, d;T ) we denote the
maximum possible cardinality of a flag code C of type T in PG(n − 1, q) that has min-
imum Grassmann distance at least d. The case of full flags, i.e. T = {1, . . . , n − 1},
is abbreviated as Af

q (n, d). The dual of a flag Λ = (W1, . . . ,Wm) in PG(n − 1, q) of
type T ⊆ {1, . . . , n − 1}, denoted by Λ⊤, is given by

(
W⊤

m , . . . ,W⊤
1

)
. Since we have

dI(U,W ) = dI
(
U⊤,W⊤) for each U,W ∈ Gq(n, k), for some arbitrary integer k, the

minimum Grassmann distance d(C) of a flag code of type T in PG(n− 1, q) is the same
as d

(
C⊤
)
, where C⊤ :=

{
Λ⊤ | Λ ∈ C

}
. Moreover, we have

type
(
C⊤
)
= {n− t | t ∈ type(C)} ,

so that Af
q (n, d;T ) = Af

q (n, d;n− t).

The arguably easiest case for the determination of Af
q (n, d;T ) is minimum Grassmann

distance d = 1, where Af
q (n, 1;T ) = #FT (n, q). If T = {k1, . . . , km} with 0 < k1 < · · · <

km < n, then we have

Af
q (n, 1;T ) =

[
n

k1

]
q

·
m∏
i=2

[
n− ki−1

ki − ki−1

]
q

(9.2)

and

Af
q (n, 1) =

n∏
i=2

qi − 1

q − 1
. (9.3)

For the maximum possible minimum Grassmann distance d =
⌊
(n/2)2

⌋
we have:
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Proposition 9.6. ([160, Proposition 2.4])
For each integer k ≥ 1 we have

Af
q (2k, k

2) = qk + 1

and for each integer k ≥ 2 we have

Af
q (2k + 1, k2 + k) = qk+1 + 1.

We remark that the case n = 2k of Proposition 9.6 was also proven in [7], where the
authors also give a decoding algorithm and further details. In [160, Proposition 2.6] the
exact value

Af
q (4, 3) =

[
4

1

]
q

= q3 + q2 + q + 1 (9.4)

was determined. In Table 9.1 and Table 9.2 we present the current knowledge on Af
2(n, d)

from [160]. Research on bounds and constructions for flag codes currently is quite an
active research field, see e.g. [5, 6, 7, 8, 9, 10, 11, 160, 185].

n/d 1 2 3 4 5 6

2 3
3 21 7
4 315 105 15 5
5 9765 3120–3255 465 155 31 9

Table 9.1: Bounds and exact values for Af
2(n, d) for n ≤ 5.

Research problem
Find improved lower and upper bounds for Af

q (n, d).

n/d 1 2 3 4 5 6 7 8 9 10 11 12

6 615195 205065 29295 9765 1953 567 63 21 9
7 78129765 26043255 3720465 1240155 248031 72009 8001 2667 1143 127 41 17

Table 9.2: Upper bounds for Af
2(6, d) and Af

2(7, d) (tight bounds in bold).
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and Maŕıa Ángeles Vázquez-Castro, editors, Network Coding and Subspace De-
signs, pages 131–170. Springer, 2018.

[136] Thomas Honold, Michael Kiermaier, and Sascha Kurz. Classification of large
partial plane spreads in PG(6, 2) and related combinatorial objects. Journal of
Geometry, 110(1):1–31, 2019.

[137] Thomas Honold, Michael Kiermaier, and Sascha Kurz. Johnson type bounds
for mixed dimension subspace codes. The Electronic Journal of Combinatorics,
26(3):21 pp., 2019.

101



Bibliography

[138] Thomas Honold, Michael Kiermaier, Sascha Kurz, and Alfred Wassermann. The
lengths of projective triply-even binary codes. IEEE Transactions on Information
Theory, 66(5):2713–2716, 2019.

[139] Anna-Lena Horlemann-Trautmann and Joachim Rosenthal. Constructions of con-
stant dimension codes. In Marcus Greferath, Mario Osvin Pavčević, Natalia Silber-
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algebra uq(ŝl2). Linear Algebra and its Applications, 596:117–144, 2020.

[169] Dirk Liebhold. Flag codes with application to network coding. PhD thesis, RWTH
Aachen, 2019.

[170] Dirk Liebhold, Gabriele Nebe, and Angeles Vazquez-Castro. Network coding with
flags. Designs, Codes and Cryptography, 86(2):269–284, 2018.

[171] Dirk Liebhold, Gabriele Nebe, and Maŕıa Ángeles Vázquez-Castro. Generalizing
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