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Abstract

Let J be the Jacobian variety of a “nice” curve C'/k. In this thesis we compute the
Cassels-Tate pairing for Selmer groups of various isogenies on Jacobians of various
types of curves. The main aim of the thesis is to use the Albanese-Albanese definition
of the pairing to obtain an algorithm.

We start with computing the Cassels-Tate pairing on S (E/k) x S@(E/k), where
E/k is an elliptic curve. Furthermore, this provides an alternative proof that the pair-
ing defined by Cassels is the same as the Cassels-Tate pairing.

Next, we generalize our method for computing the Cassels-Tate pairing to S (.J/k),
where J is the Jacobian variety of an odd-degree hyperelliptic curve. Furthermore,
we give a conditional algorithm (conditioned on if a set of ternary quadratic forms
have a global solution) inspired by the elliptic curve case. We use our conditional al-
gorithm to compute the Cassels-Tate pairing in various cases including genus 3 and 4.

Apart from the above, we compute the Cassels-Tate pairing on (1 — (;)-Selmer
groups corresponding to the curves of the form y? = 2! + A and use it compute some
examples.

At last we discuss the computation of the Cassels-Tate pairing on Selmer groups
of Richelot isogenies and (3, 3)-isogenies (when the kernel is isomorphic to (Z/3Z)?* as
a Galois module) on genus 2 Jacobians. We end this thesis with some discussion on
computation of the pairing for the case of “True descents”, and some future problems.
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Introduction

Given a “nice” curve C' over a number field k£, computing the set of k-rational points
C(k) is one of the fundamental problems in Arithmetic Geometry. If C is not a
rational curve, then this problem usually turns out to be hard. Mordell’s conjecture
(now a theorem due to Faltings) implies that C'(k) is finite, if the genus g of C' is
larger than 1. One of the ways to compute C'(k) is to compute k-rational points on
the Jacobian variety Jo ~ Pic”(C), which is a principally polarized abelian variety.
The Mordell-Weil theorem for an abelian variety A/k implies that

Ak) = A(k)ions © Z74,

where 14 is the algebraic rank associated to A/k and A(k)ios is a finite abelian group.
Therefore, computing k-rational points on J¢/k naturally requires the knowledge of
TJje-

On the other hand, methods exist to bound the size of C'(k) just by knowing
over k and the number of points over a prime of good reduction. One such method
is using Chabauty-Coleman which says that when r;, < g, p is a prime of k above a
rational prime p > 2¢g and additionally if p is a prime of good reduction for C', then

#C(k) < #C(ky) + 29 — 2,

where C' is the reduction of C mod p and k, is the residue field of the completion k.
There are many variants of Chabauty’s method available (for details see [Cor]) and all
require knowledge of 7, or at least that the Selmer-rank is sufficiently small (as in the
case of [Stol7b]) . Moreover, one obtains better bounds if r;, < g — 2 (see [Sto06]),
and uniform bounds only in terms of the degree d := [k : Q] and g if r;, < g — 3 (see
[Sto19] when C' is hyperelliptic and [KRZB15] for general C'). Dimitrov, Gao and
Habegger [DGH21] have been able to uniformly bound the number of the points on
C/k in terms of g, ;. and d, providing a uniform bound on #C'(k). However, these
bounds are astronomical and given a concrete curve will be inefficient. Nonetheless,
we observe that r;, plays a crucial role in computing C(k).

Jacobians naturally are the next class of abelian varieties after elliptic curves
(abelian varieties of dimension 1) to be considered. Furthermore, Matsusaka’s theo-
rem implies that every abelian variety over k is a quotient of the Jacobian of some

11
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curve. Hence, computing the algebraic rank of a Jacobian is of independent impor-
tance to the verification of the BSD (Birch and Swinnerton-Dyer) conjecture (both
weak and strong versions) in higher dimensional cases. If the weak BSD conjecture
holds for a Jacobian variety J, then r; can be obtained by computing the order
of vanishing of the L-function L(J/k,s) at s = 1. In order to verify the strong
BSD conjecture (that connects the leading term of the L-function with the geomet-
ric and arithmetic invariants) it is important to have an idea about the size of the
Tate-Shafarevich group and the Cassels-Tate pairing can be used to capture visible
elements in the Tate-Shafarevich group, thus giving us information on its size. Here
visible elements are the elements of the Tate-Shafarevich group that pair non-trivially
under the Cassels-Tate pairing.

The focus of this PhD thesis is mainly to obtain better bounds on r ;. using descent
methods. Let J be a Jacobian and ¢ : J — A be an isogeny (surjective and finite
homomorphism). Let G} be the absolute Galois group of k and J[¢] be the kernel of
¢. Taking Galois cohomology (both locally and globally) on the exact sequence

0— J¢g| »J—A—0,

one obtains

0 — A(k)/oJ (k) — S(J/k) — TL(J /k)[¢] — 0,
where S (J/k) = ker(H'(Gy, J[¢]) — [IH(Gy,,J)) is the ¢-Selmer group and

1(J/k) == ker <H1(Gk, J) — [THY(Gy,, J)) is the Tate-Shafarevich group of J/k.

Both Selmer and Tate—Shafare\U/ich groups compute deviations from certain local-
global principles and characterize geometric objects. The Selmer group is provably
finite; hence, one may obtain an upper bound on 7 (also on r4) by using #S®, for
example, in the case when ¢ is the multiplication by n isogeny. There are various
algorithms known to compute the Selmer groups in various cases and we will discuss
a few of them in this thesis.

Cassels and Tate (Cassels for elliptic curves and Tate for abelian varieties) defined
a pairing, called the Cassels-Tate pairing (CTP)

(s yor - T(J/k) x (] /k) = Q/Z,

such that nIII(J/k) is the exact annihilator of III(J/k)[n]. The pairing is in general
anti-symmetric and non-degenerate on the maximal non-divisible quotient of III(.J /k).
In particular, if III(.J/k) is finite (as is conjectured), then (-, -)cr is a perfect pairing.
One can pull back (-, -)cr to define a pairing (that we again call Cassels-Tate pairing)

(-, et : S™(J/k) x S™(J/k) — Q/Z,

such that (a,b)cr = 0 for all b € SW(J/k) <= a € Im(S")(J/k)) € S™(J/E).
From the following commutative diagram one concludes that r; can be bounded in
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terms of ker((-,-)cr).
J(k)/n2J (k) —— S™)(J/k)

! J

T(k) /nJ (k) —— SO(J/k).

There are various definitions of the CTP known for principally polarized abelian
varieties and algorithms for computing the CTP have been given in various cases. We
mention a few cases in §2.6. Attempts to compute the CTP have been mainly via the
Weil-pairing definition and the homogeneous space definition of the CTP. Using the
Weil-pairing requires one to work with fields of n? torsion points k(J[n?]). On the
other hand, using the homogeneous space definition requires one to work with explicit
equations for homogeneous spaces represented by the n-Selmer elements. The com-
plication is clear in both cases. In the case of the Weil-pairing definition, [k(J[n?]) : k]
is generally very large compared to the field of definition of 1-cocycles representing
n-Selmer elements. Similarly for the homogeneous space definition, the explicit equa-
tions representing homogeneous spaces can be very complicated and cumbersome to
work with.

This work is the first attempt to obtain an algorithm to compute the CTP using
the Albanese-Albanese definition that requires one to work with the group of divisors
on C', i.e., the group of formal sums of points on C', therefore, avoiding to work
with complicated equations of homogeneous spaces. Another advantage can be not
to expand the fields over which one needs to perform the arithmetic beyond the
field of definition of our starting 1-cocycles representing the Selmer elements being
paired, therefore, avoiding the expansion to k(J[n?]). We make this definition effective
in various cases, avoiding both the hurdles coming from the Weil-pairing and the
homogeneous space definitions of the pairing. The major challenge is trying to obtain
a 2-cochain € with values in Gy, such that de = n, where 7 is a 3-cocycle constructed
in the definition of the CTP, and 0 is the coboundary operator. Apart from bounding
the rank, computing the Cassels-Tate pairing is of independent interest, i.e., one can
use the CTP to “visualize” elements in III(J/k) (two Selmer elements which pair
non-trivially necessarily represent non-trivial elements in III(.J/k)).

The organization of this thesis is as follows: In Chapter 1 we discuss the prelimi-
naries and the background relevant to the thesis.

We introduce the Cassels-Tate pairing in Chapter 2 via three different definitions
for Jacobian varieties and discuss the previous work on its computation. We then
extend the two Galois—equivariant pairings (between principal divisors and degree
zero divisors) used in the Albanese-Albanese definition so that they are defined ev-
erywhere, rather than only on divisors with disjoint support. This helps us avoid
some complications which arise from the assumption used in the original definition,
which demands that the lifts of certain elements of Pic"(C%) to Div?(C5) have disjoint
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support.

In Chapter 3 we use the Albanese-Albanese definition to obtain the CTP (previ-
ously obtained due to Cassels [Cas98]) on S (E/k) for an elliptic curve E/k. This
is the first attempt to compute the pairing using Albanese-Albanese definition.

In Chapter 4 we generalize the techniques used to compute the CTP in the case
of elliptic curves to S@(J/k) for the Jacobian J of an odd-degree hyperelliptic curve
of any genus. Furthermore, we discuss a conditional algorithm inspired by the elliptic
curve case and show that the condition (empirically) is a mild one for genus 2 and
becomes stronger as the genus increases. We also discuss some examples.

In Chapter 5 we discuss the computation of the CTP for (1 — (;)-isogeny Selmer
groups on the Jacobians of curves of the form y?> = 2! + A for A € Z and l-odd.
Furthermore, in §5.5 we consider a conditional case where we can avoid inverting
a local point under the (1 — (;)-isogeny. We also provide some examples for the
computations.

We conclude this thesis by discussing the computation of the CTP on (2,2)-
isogeny and (3, 3)-isogeny Selmer groups in Chapter 6. For (3, 3)-isogenies we provide
a method for computing the global part of the pairing only.

The Magma programs checking the examples in the thesis and implementations of
some of the algorithms can be found at https://github.com/highshukla/thesis codes.


https://github.com/highshukla/thesis_codes

Chapter 1

Background and Preliminaries

1.1 Notation

Throughout this thesis, for the sake of simplicity, we assume that our base fields
are of characteristic 0 unless stated otherwise even though most of the results can
be extended to positive characteristic fields with suitable assumptions. Furthermore,
if at some point we are working with positive characteristic fields, then we assume
that they are perfect unless stated otherwise. In this section, we will list some of the
notations which will be common throughout.

We denote by Z, the set of positive integers. For a perfect field k, let k denote
a fixed algebraic closure of k, G, := Gal(k/k), and Gy, := k. For a number field k
and a place v of k, we denote its completion at v by k,, and for each completion we
fix an embedding k& < k,. This induces an embedding Gy, < Gj. Let k2* denote
the maximal unramified extension of k,, and let £, denote the residue field associated
to k,. We have the natural identification Gal(k™ /k,) ~ Gal(€,/€,). If k is a number
field, then let Cl(k) denote the class group of k.

For an algebra A over k and for each n > 1, we denote by u,(A) :={¢: (" =
1} € A*, the nth roots of unity contained in A and A := A ® k, i.e., the extension
of scalars to k.

Let G be a group and M a G-module, i.e., an abelian group with a G-action
compatible with the group operation. Then, by M¢, we denote the submodule fixed
by G. For a G-set (a set with an action of group G on it) A and a G-module M, let
M?% denote the set

{m:m: A — M is a continuous map}.

Here, the continuity of maps is considered with respect to the topology on A and M,
which in many cases will be discrete. M# is clearly an abelian group and becomes
a G-module under the natural action g-m : P~ gm(g~'P). If M is a Gy-module
and K is an algebraic field extension of k, then M(K) := M%<, If ¢ : M — M’
is a homomorphism between abelian groups M and M’, then we denote ker(¢) with

15



16 CHAPTER 1. BACKGROUND AND PRELIMINARIES

M{[@)]. For a Gy-module M, let k(M) := (k)ker(Gr=Aut (M) Note that k(M) is a Galois
extension of k with Gy = ker(Gr, — Aut (M)). When £ is a global field and v a
place of k, we define M, to be the module M viewed as G, -module.

Let 0, C*"(G, M), Z"(G, M), B"(G,M) and H*"(G, M) denote the coboundary
map, the group of continuous n-cochains, n-cocycles, n-coboundaries and n-cohomology
classes, respectively, with respect to the bar resolution (for definitions and details
see §1.3). For a cochain z € C'(Gy, —) we will denote its restriction to C*(Gy,, —)
by z, using the fixed embedding G, — Gi. To simplify notation, we will denote
CH(G}, Gy) by C¥(k), and similarly for the groups of cocycles and cohomology classes.
If L/k is a finite Galois extension, then we denote C*(Gal(L/k), L*) by C*(L/k) and
similarly for the groups of cocycles and cohomology classes. Let Br(k) ~ H?(k) denote
the Brauer group, and Br(L/k) ~ H?(L/k) denote the relative Brauer group.

We will write the group structure on the cochains/cohomology classes additively,
even when they take values in a multiplicative group. However, after the evaluation of
cochains at certain arguments, we will use the group operation of the corresponding
G-module. For example, if x,y € C!(k), then we use + to denote their addition
z == x + y as cochains, but for o € Gy, z(0) € Gy, will be written as z(o)y(c), using
the group operation of Gy,.

We call a variety V over k “nice” if V' is a projective, geometrically irreducible, and
smooth variety defined over k. Unless stated otherwise we assume throughout that V'
is a nice variety. Let L/k be a field extension; then, we denote the base change of V' /k
to L by Vi. Let k(V%) be the field of rational functions on Vi and k(V) = (E(VE))Gk
(see Remark 1.2.1 for why k(V'), i.e., the field of rational functions with coefficients
in k is exactly the Gj, invariant subfield of k(V%)). A curve X/k will be a “nice
variety” of dimension 1 defined over k. Let Div(X7), Div'(X%), Princ(Xz), Pic (X%)
and PiCO(XE) denote the standard objects, i.e., the group of divisors, the group of
degree 0-divisors, principal divisors on X3 (i.e. supported on closed points of X3),
the Picard group, and the degree zero component of the Picard scheme associated
to Xz, respectively. Similarly, Div(X), Div’(X), Princ(X), Pic(X), and Pic’(X)
denote the above mentioned objects supported on closed points of X /k. In partic-
ular, Pic (X) = Div(X)/Princ(X) and Pic’(X) = Div’(X)/Princ(X). Note that
Div(X) = Div(X3)% and Princ(X) = Princ(X)%. However, in general Pic (X) #
Pic (X7)% and the deviation from equality is characterized by the period-index 0b-
struction (see [PS97, §3] for details). Furthermore, the elements of the group Pic (X3)
denote the k-rational points of the Picard scheme and the action of G}, on both is
compatible. Since we will be mostly working with the points on the Picard scheme,
we deviate from the standard notation and use the same notation for both. In the
next section, we talk about the above mentioned objects more precisely for general
“nice” varieties V' /k.
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1.2 Geometric Preliminaries

In this section, we assume that k is algebraically closed unless stated otherwise. Let
V' /k be a nice variety. Let W C V be an irreducible codimension 1 subvariety of V.
Then W formally defines a prime divisor on V. The group generated by all (W), i.e.,
the group of the formal sums of the form

> nyw (W),

Wprime divisors on V

where ny € Z, and ny = 0 for all but finitely many prime divisors W, is called

the group of Weil divisors on V' denoted by Div(V). If V /k, W /k are nice varieties

and D € Div(V x W), then we define the transpose divisor ‘D of D to be divisor

on W x V that is the image of D under the identification V x W = W x V. There

is a well defined homomorphism deg : Div(V) — Z, given by > ny (W) — > nw
W W

when V is a curve. Let Div’(V) = ker(deg). In general, Div’(V) is the group of

divisors algebraically equivalent to 0 [Lan83, III §1]. Let f € k(V)*. Then one can

define a divisor associated to f denoted by div(f) as > ordy (f)(W), where ordy (f)
W

is defined as valuation of f in the field of fractions of the discrete valuation ring Oy
where Oy is the structure sheaf of V' [Har77, II §6]. A divisor D € Div(V) is called
a principal divisor on V, if D = div(f) for some f € k(V). The set of principal
divisors forms a subgroup of Div"(V) [Lan83, III §1] denoted by Princ(V). One has
the following exact sequence

0— k™ = k(V)* — Princ(V) — 0. (1.2.1)
For non-algebraically closed base fields k& we have the following remark:

Remark 1.2.1. Using Hilbert’s Theorem 90 and that H*(Gy, EJr) = 0 for any number
field &, one can show that the exact sequence (1.2.1) holds for any nice variety defined
over k ([Sil09, Exercise 1.12]). One uses the fact that the ideal of an affine patch of
the variety I(V) C k[X1, ..., X,], is isomorphic to a direct sum of k" as a Gy-module.

We now state the following useful lemma called the moving lemma.

Lemma 1.2.2. [Lan83, VI, §4, Lemma 3] Let k be a not necessarily algebraically
closed field, and V' be a “nice” variety over k. Let D be a k-rational divisor and S be
a finite set of smooth points of V. Then there exists a function f € k(V) such that
no point in S lies in the support of D + div(f).

We now give the definition of an abelian variety and in the following two sub-
sections discuss two very important examples of abelian varieties, i.e., Picard and
Albanese varieties associated to a “nice” variety V.
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Definition 1.2.3. A projective, geometrically irreducible and smooth variety A/k
with continuous surjective morphism

+:AXxA— A and an isomorphism ¢: A — A

along with a specified point O is called an abelian variety denoted by the 4-tuple
(A, +,0,0), if +(_,0) = +(0, ) =id on A and +(P,¢«(P)) = +(«(P),P) = O,
for each point P € A. We will drop +,¢, and O from the notation in order to ease
it. One can show using the theorem of the cube [Lan83, III §2 Theorem 1, 2| and
the completeness of A that under these conditions (A, +, ¢, O) forms a commutative
group variety.

We will from now on write the evaluation of the map the 4+ on an abelian variety A
as P+ instead of +(P, Q) for points P, () € A and «(P) as — P for simplicity. A finite
surjective morphism of abelian varieties which is also a group homomorphism is called
an isogeny. Examples of isogenies include the multiplication by n maps. If ¢ : A — B
is an isogeny, then recall from §1.1 that A[¢] denotes the kernel of ¢ considered as a
map on A(k). When k is not algebraically closed, then A[¢] = ker(¢ : A(k) — B(k)).
This is a finite abelian group, therefore by the structure theorem of finite abelian
groups, there exists a unique sequence of integers ny, ..., n, with n;|n;1, n; > 1 such

that Al¢p| ~ @ Z/n;Z. Hence, ¢ is called an (ny,na, ..., n,)-isogeny.

1.2.1 Picard variety

We have another exact sequence
0 — Princ(V) — Div(V) — Pic (V) — 0, (1.2.2)

where the quotient Pic (V') is the Picard group associated to V. Since Princ(V') C
Div?(V), one can safely define the quotient Pic (V) := Div®(V)/Princ(V), which is
the algebraically equivalent to zero part of the Picard group. It is possible to give a
variety structure on Pic?(V) if V is nice, and so it is called Picard variety associated
to V. As remarked before we will abuse the notation and denote both the Picard
variety, and the algebraically equivalent to zero part of the Picard group by Pic’(V)
because we will be mostly working with points on the Picard variety. The Picard
variety is an abelian variety with the group structure induced by the natural group
structure on Pic’(V). Furthermore, if k is not algebraically closed, then the Picard
variety is defined over k, and its k-rational points are given by elements of Pic®(V%).

1.2.2 Albanese variety

One can associate another abelian variety to V', called the Albanese variety, denoted
by the pair (Alb(V'), ¢v.p,), where ¢yp, : V. — Alb(V) is a morphism such that
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ov.p, = 0, and is called the Albanese morphism. The Albanese morphism depends on
the choice of a base point /) € V (k). The Albanese variety is universal in the sense
that for any rational map g : V' — B, where B is an abelian variety, there is a unique
homomorphism g, : Alb(V) — B, and P € B such that g = g,o¢y p, + P. For a proof
that Alb(V') always exists see [Lan83, Theorem 11, IT §3|. Furthermore, there exists
an n € Zy such that Alb(V) is the image of the natural map ¢y p, (V)" — Alb(V)
given by (P, P,,...,P,) — >, P,. In view of the above, we obtain the following
exact sequence

0—Y(V)— Z°V) = Alb(V) — 0, (1.2.3)

where Z(V') is the group of 0-dimensional algebraic cycles on V' (roughly one can

think of it as a free abelian group supported on the points of V), Z°V) is the

subgroup of degree zero 0-dimensional cycles, and ) (V') denotes the kernel of the map

Z0(V) — Alb(V) defined by > np(P) — > npoy.p,(P). We will usually denote the
P P

Albanese variety by Alb(V) instead of a pair. The universal property of the Albanese
variety implies that Alb(A) ~ A, when A is an abelian variety, via P — [(P) — (O)],
for P € A.

Remark 1.2.4. Both Alb(V) and the Picard variety are defined over k even if k
is not algebraically closed. Note that the field of definition of the morphism ¢y p,
depends on the choice of Py; hence, if V (k) # (), then the morphism V' — Alb(V') can
be defined over k.

Remark 1.2.5. Let k be a number field and V' /k, and W /k be two “nice” varieties.
Let ¢ : V — W be a rational map defined over k. Then we have natural maps
¢, = AIb(V) — Alb(W) and ¢* : Pic’(Wy) — Pic®(V%) induced from the natural
maps on Z°(V%) and Div’(V%) such that ¢, and ¢* are defined over k. Furthermore,
Pic?(Alb(V);) ~ Pic®(V%). The Picard variety Pic”(Az) of an abelian variety A is
also called the dual abelian variety and is denoted by A.

Furthermore, for the case of a “nice” curve X, the Picard and the Albanese vari-
eties are canonically isomorphic because both Z°(X) and Div’(X) are supported
on points of X and the universal property of the Albanese variety implies that
Y(X) = Princ(X). The Albanese variety associated to a curve is called its Jaco-
bian variety and is denoted by Jx or Jac (X). We will drop the dependence of Jy or
Jac (X) on X when it is clear from the context. We will identify Jx with Pic°(X).
The Jacobian varieties are self-dual and under sufficiently nice conditions one can get
an embedding X — Jy defined even over the non-algebraically closed base field k,
for example, if Div!(X) := {D € Div(X) | deg(D) = 1} # (). We will discuss this in
slightly more detail in §1.2.4.
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1.2.3 Correspondences

Definition 1.2.6. Let V and W be “nice” varieties. Then a correspondence of V'
and W (for us) is a divisor on V' x W. In general, one can give the definition for a
d-dimensional algebraic cycle.

Example 1.2.7.

o Let X be a codimension 1 subvariety of V. Then X x W is a correspondence on

V x W. Similarly, V' x X is a correspondence if X is a codimension 1 subvariety
of W.

« If Disa correspondence on V x W, then ' D, called the transpose correspondence,
is a correspondence on W x V.

o Let p; and ps be the projection morphism from V xW to V and W, respectively.
Then p}(D;) is a correspondence on V' x W, where Dy, Dy are divisors on V
and W, respectively. One can identify the group generated by divisors D on V
under the map pj with Div(V') and similarly for W. Hence, we can identify the
group generated by p with Div(V) x Div(W). Such correspondences are called
fibral correspondence in case when V' and W are curves, and the group of fibral
correspondences is denoted by Fib(V x W) ~ Div(V) x Div(WV).

o A correspondence D is prime, effective or principal, respectively, if D is a prime,
effective or principal as a divisor on V' x W.

Let V' and W be nice varieties, let v € V(k) be a point on V, and let D €
Div(V x W) be a correspondence such that {v} x W is not contained in D. Then (D)
is a divisor on W, where ¢} is the pull-back homomorphism induced by the morphism
iy : W =V x W defined by w + (v, w). Concretely, this is basically restricting the
divisor D to the first coordinate v whenever we can. We denote this by D(v). One
can extend this linearly to define a partial map D : Z(V') — Div(W) whenever this
makes sense. By the definition of algebraic equivalence, we have D(v) € Div®(WW),
for v e ZO(V).

Applying the above construction with V' and W replaced by abelian varieties A and
B, respectively, we have by [Lan83, I11,§3, Corollary 2] that D(v) € Princ(B) for every
b € Y(A); hence, by the moving lemma 1.2.2, the partial map Ap : Z°(A) — Div®(B)
given by v — D(v) induces a homomorphism Ap : A — Pic(B). Recall that
the universal property of the Albanese variety implies that Alb(A) ~ A via P +—
[(P) — (O)], so for D € Div(A x B), one obtains homomorphisms \p : A — Pic"(B)
and \ip, : B — Pic?(A).

Now we recall the definition of the dual of an abelian variety.
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Definition 1.2.8. An abelian variety B is called the dual abelian variety of A denoted
by 21\, if there exists a divisor P € Div(A x B) with the property that the maps
Aip : B — Pic%(A) and A\p : A — Pic?(B) given by b — ["P(b) — “P(O)] and
a — [P(a) — P(O)], respectively, are isomorphisms. The divisor P is called the

Poincaré divisor or the Poincaré correspondence. Theorem 1.2.10 implies that the
Pic (AxB)
Pic (A)xPic(B) "

Proposition 1.2.9. [Lan83, IV, §4, Theorem 10] For every abelian variety A, a dual
abelian variety A (unique up to isomorphism) ezists along with the Poincaré class P.

isomorphisms Atp and Ap depend only on the correspondence class in

An ample divisor D on A defines an isogeny Ap : A — A given by a tx(D)—D,
where ¢, : A — A is the translation by a map defined as P +— P+ a. Such an isogeny
Ap is called a polarization. If k is not algebraically closed, then D is allowed to be in
Div(Az) but Ap must be defined over k. If the polarization is an isomorphism, then
it is called a principal polarization. Note that we have abused the notation by using
Ap for polarization arising from an ample divisor and for the homomorphism induced
by a correspondence D on V x W, for some nice varieties V' and W. However, given
D € Div(A) one obtains a divisor +*(D) € Div(A x A), where + : Ax A — A is
the addition operation on A. In this sense, A «(p) defines the same homomorphism
as the polarization Ap; hence, the abuse of notation is justified.

Let Ay and Ay be the Albanese varieties of V' and W, respectively, with mor-
phisms ¢y : V — Ay and ¢y : W — Ay, and Picard varieties identified with ;1; and
71; . Here we have dropped the dependence on the choice of basepoints in the defini-
tions of ¢y and ¢y in order to simplify the notation. We now discuss the connection
between Div(V x W) and Hom(AV,Z;). Let D' = (qﬁl\x ow)*(D) € Div(V x W),

hence, D’ defines a well-defined homomorphism Ay, — Ay via the following diagram:

DiV(AV X Aw) DLAD) HOHI(AV,Z;)

l(¢v><¢w)*(D) H

Div(V x W) 2722 Hom(Ay, Aw).

The following theorem discusses some properties of the maps in the above diagram.

Theorem 1.2.10. [Lan83, VI, §2, Theorem 2| Call correspondences D, D’ € Div(V x
W) for nice varieties V- and W equivalent, if D and D' differ by a divisor of the form
VXY + X x W+ div(f), for some divisor X on V', some divisor Y on W, and
fek(VxW)*. The group of correspondence classes can be identified with
Pic (V x W)
Pic (V) x Pic (W)’
and we have the following isomorphism of groups:
Pic (V x W)
Pic (V) x Pic (W)

= Hom(AV,Z;).
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Moreover, if V. and W are replaced with their Albanese varieties Ay and Ay, then

we have the following commutative diagram.

Pic (VxW) D= i
Pic (chgx;ic()W) = Hom(Ay, Aw)

(v X¢>w)_1(D’)T l

Pic (Ay x Aw) D—An —_
Pic(AV)ZPiC‘(/‘;lW) . HOIn(Av,Aw).

Since we are going to be mainly dealing with curves, we recall some properties of

correspondences when V' and W are “nice” curves. Recall that Div(X) ~ Z(X) for

a curve X. For a prime correspondence C' on V' x W we have

C'\* C
Div(V) P Div(C) 2% Div(w),

where p; is the projection map on ith component as before.

Proposition 1.2.11. [Smi05, Theorem 3.3.12]
Let V' and W be nice curves. Then the following hold:

o There is a well-defined map

¢ : Div(V x W) — Hom(Jy, Jw), Zn Ci Zn, pSH o (p§),,

which induces a well defined surjective homomorphism
¢ : Pic (V X W) — HOIIl(Jv, Jw)

with kernel as the image of Fib(V x W) inside Pic (V x W). Identifying the
image of Fib(V x W) with Pic (V') x Pic (W)

Pic (V x W)
Pic (V) x Pic (W)’

HOHI(Jv, Jw)

i.e., Hom(Jy, Jw) measures how far Pic (V x W) is from Pic (V') x Pic (W).

There is a composition law on correspondences which in case when V = W
translates to the composition on endomorphisms. In other words, under the
above mentioned composition law on correspondences we have the following ring
isomorphism

Pic (V x V)/Fib(V x V) = End(Jy).

o In particular, the diagonal correspondence Ay = {(v,v) : v € V'} induces the

tdentity map on Jy .
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1.2.4 Jacobians of curves

Let C'/k be a “nice” curve of genus g > 0. Then J¢ is an abelian variety of dimension
g (this is also true for g = 0 in which case Jo = 0). Recall that Jo is identified with
Pic?(C). Therefore, we would like to get hold of points on J¢ in terms of the points
of C. If k is not algebraically closed and C' is defined over k, then J is also defined
over k. Furthermore, if D is a k-rational divisor on C' of degree 1, then the map
ap : C; — Pic?(C%) defined by P+ [(P) — (D)] is an embedding of C' in Jo defined

over k.

Proposition 1.2.12. [Sto, Corollary 4.14] Identify Jo with Pic®(C), and let Q be a
point in Jo(k). Then there is an effective divisor Dg with deg(Dg) < g such that
[Dg —deg(Dg)D] = Q. Furthermore, if k is not algebraically closed, D is k-rational,
and deg(Dg) is minimal possible, then D¢ is k-rational.

One can extend ap to a map of sets C — Jo, which also turns out to be

a morphism of varieties, where C") is the r-symmetric product of C, obtained by

quotienting out the natural action of the symmetric group on r-points, S, on C".
T

The map ap : C") — Jg is given by (Py,... P,) — > ap(P;). Let © be the image
i=1
of C9=Y inside J. We have the following proposition:

Proposition 1.2.13. [HS00, Theorem A.8.1.1]

o Ifr <g, then the image of C") is a dimension r subvariety of Jc.
e O is an ample divisor on Jc.

For a more complete construction of the Jacobian variety and why it is defined
over the base field see [Lan83, III, §2, Lemma 5, Theorem 8, 9, and 10]. Since O is
an ample divisor, recall from §1.2.3 that one can define a polarization \g : Jo — j;
via P — [t5H(0) — O] = [©_p — O], where ©_p is the translate of © under the ¢_p
map. The following proposition tells us more about \g.

Proposition 1.2.14. [Lan83, VI, §3, Theorem 3] The polarization \g is principal
and a Poincaré divisor on Jo X Jo, by identifying Jo with Jo using Ag, is given by

Moreover, if k is not algebraically closed and Q) € Pico(JE) is rational over an ex-
tenston K of k, then the point P such that () is represented by ©_p — O is also
K -rational, provided © is K-rational.

Recall from theorem 1.2.10 the isomorphism between correspondence classes and
homomorphism groups of Albanese varieties. For a curve C' the following proposition
states concretely the homomorphism Ap induced by P as in the above proposition.



24 CHAPTER 1. BACKGROUND AND PRELIMINARIES

Proposition 1.2.15. Let P € Div(Je X J¢) be the Poincaré divisor as in Proposition

— A71
1.2.14. Then the homomorphism \p : Jo — Jo = Jo induced by P is the identity
map. In particular, the homomorphism id induced by the correspondence class of

A € Div(C x C), where A as before is the diagonal correspondence, is the same as
Ap.

Proof. Let P € Div(Je x Je) be the Poincaré divisor as above. For P € Jo, we have
[P(P) —P(0)] = [©_p — O] € Pic’(Js). However, the map A\g' : Jo 5 Jo maps
the class of divisor ©_p — © to P. Hence, the correspondence class of P maps to
id € Hom(J¢, J¢), which is the image of the class of A correspondence on C'x C. [

1.2.5 Mumford representation on odd-degree hyperelliptic Jacobians

In this section we assume that the base field k is not necessarily algebraically closed.
Let C : y* = f(z) be an odd-degree hyperelliptic curve, i.e., deg(f) = 2g + 1, of
genus ¢, and view C as a curve in the weighted projective space P?(1, g+ 1,1). Then

there is a unique point at infinity denoted by co on C' and given by (1:0:0) in the

2
(1,g+1,1)"

every point in Jo(k) by an effective divisor of degree at most g.

weighted projective space P By Proposition 1.2.13 one can uniquely represent

Definition 1.2.16. A divisor D on C% is said to be a divisor in general position if

D is effective, co ¢ Supp(D) and D # P + «(P), for any point P € C(k), where
t: C'— C' is the hyperelliptic involution given by (z,y) — (z, —y), and the order >
is defined pointwise.

We now define the Mumford representation of points on an odd—-degree hyperel-
liptic Jacobian.

Definition 1.2.17. [Sto, Lemma 4.16]

Let D be a divisor in general position on the odd—degree hyperelliptic curve. Then
there are unique polynomials a, b such that

e a is monic with deg(a) = deg(D),

deg(b) < deg(a),

f=0b mod a,

Let P = (z,y) € C(k). Then

P € Supp(D) <= a(z) =0 and b(x) = y.

Furthermore, vp(D) is the multiplicity of x as a root of a.
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The pair (a,b) is called the Mumford representation associated to a divisor D in
general position.

Now if we can represent every point on J as a divisor in general position of degree
at most ¢, then every point on .J can be presented using the Mumford representation.
The following theorem states this precisely.

Proposition 1.2.18. [Sto, 4.17] Let C'/k be an odd-degree hyperelliptic curve with
Jacobian J and P € J(k) be a point. Then there is a unique divisor in general position
D with deg(D) < g such that P = [D — deg(D)oo]. Additionally, the uniqueness of
D implies that D is k-rational. In particular, there exists a Mumford representation

(a,b) for P with a,b defined over k[T].

For working with odd-degree hyperelliptic curves we will be mainly using the
Mumford representation of points.

1.3 Group Cohomology

In this section we recall some relevant definitions and results related to group coho-
mology and in particular Galois cohomology. Let G be a topological group, i.e., a
group with a topology defined such that the group operations: — : G — G (given by
g— —g),and + : G x G — G (given by g1, go — g1 + g2) are continuous maps.

Example 1.3.1.

1. Groups with discrete topology.

2. Let I be a partially ordered index set and GG; be a sequence of finite groups with
morphisms f;; : G; — G, if 7 > 1. Moreover, if m,n, o0, p are such that p > n,
p > o0, n >m,and o > m, then the composition fi, © fop = fimn © fup- Then

the inverse limit G; = [[G; C ][] G; is called a profinite group. Examples
- el
1
are absolute Galois groups of number fields and Z,. Profinite groups have a
topology coming from the subspace topology of the product space [] G;, with
icl
a basis of open sets as left or right cosets of finite index subgroups of Gj.

3. The groups GL,(R), SL,(R) under their usual topology.
For a topological group G' and a G-module M with discrete topology we define

Definition 1.3.2. For each n > 1, define the set C"(G, M) of n-cochains to be the
group of continuous maps m : G* — M. In particular, C°(G, M) = M.
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For each n > 0, we define the maps 9, : C"(G, A) — C""}(G, A) by

am(gb s 7gn+1) = glm(g27 s 7gn+1)

+ Z(_:l)im(gla oo Gi15 iGit1s Git2s - - - Gnr1) MG, Gn)
i=1

One can directly check that 0, o 0,41 = 0. Therefore, we obtain a chain complex
0= MBcye,MyB e ms... . (1.3.1)

Given a complex computing the deviation from exactness is a natural thing to do.
This motivates following definitions

Definition 1.3.3.
1. The group Z"(G, M) of n-cocycles is defined as ker(0,,).

2. A cocycle z is called a normalized cocycle if z(id,...,id) = 0.
3. The group B™"(G, M) of n-coboundaries is defined as Im(0,_1).

4. The group H"(G, M) := Z"(G, M) /B"(G, M) of n-cohomology classes computes

the deviation of the chain complex (1.3.1) from exactness.

Definition 1.3.4. We will say that a definition (property) which is stated (holds
true) for cohomology classes holds at the level of cochains or cocycles, if the definition
(property) can be made (remains true) when the cohomology groups are replaced by
the corresponding group of cochains/cocycles. We will use the acronym ATLOC for
this.

Remark 1.3.5. Throughout this section we will keep track of which definitions /
propositions work at the level of cochains / cocycles, and will give the definition
explicitly in terms of cochains / cocycles whenever / wherever possible.

Example 1.3.6.

1. One can easily check that Z°(G, M) = MY. Furthermore, if G has a trivial
action on M, then H'(G, M) = Hom(G, M).

2. Every cohomology class can be represented by a normalized cocycle. This fol-
lows from the definition of cocycles in odd dimension, and for even dimensions
shift the given cocycle x € Z?"(G, M) by the coboundary Oy, where

y(g) = x(id,...,id),
——_——

2n times

for all (2n — 1)-tuples g € G*" 1.
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3. If f : M — M is a map of G-modules, then we obtain a push-forward
of f, fo : C"(G,M) — C"(G,M’), for each n > 0, defined canonically by
(@) (g1, -5 90) = f(x(g1,...,9,)). Tt is immediate from the definitions that
f« commutes with 0, and therefore induces a map f, : H"(G, M) — H*(G, M").

For a subgroup H of G, and for each n > 0, we have a natural map called the
restriction homomorphism resf : C"(G,M) — C"(H, M), via m m}Hn. If H
is a normal subgroup of GG, then we obtain the inflation homomorphism infg JH
C"(G/H, M%) — C"(G, M) explicitly given by

(inf(m))(g1, - gn) = m(g1H, ..., g H).

One can directly verify that both res and inf take cocycles to cocycles and cobound-
aries to coboundaries. We denote the induced maps at the level of cohomology classes
also by res and inf, and for n > 0 and H a normal subgroup of G, inf and res fit in a
complex called inflation-restriction sequence as follows

H™(G/H, M%) 2 H"(G, M) 3 H"(H, M). (1.3.2)

One can define an action of G on the group of C"(G, ) via a map called conju-
gation homomorphism turning it into a G-module. Let H be a subgroup of G, let N
be a H-submodule of M, and let g € G. Then we have a map

g« : C"(H,N) = C(gHg ", gN),  g(m)(ggrg ..., 999"") = gm(g1,- .., gn).

It is a direct computation to show that conjugation commutes with the 0 operator,
and therefore induces an action on the cohomology classes which we will again denote
by g., for g € G. Let g € G, and let M be a G-module. Then g, is the identity map on
H™(G, M). This is easy to see for dimension 0, and for higher dimensions, it follows by
dimension shifting (see §1.3.2 for details). In particular, for a normal subgroup H of
G, H acts trivially on H"(H, M), and we obtain a valid action of G/H on H"(H, M).
In view of the above definition and for n > 0, one can refine the complex (1.3.2) to
obtain the following, which we again call the inflation-restriction sequence

H™(G/H, M%) 2 H™(G, M) 53 H"(H, M4/ (1.3.3)
The following proposition gives a condition when the above sequence is exact.

Proposition 1.3.7. [NSW08, Proposition 1.6.6, 1.6.7]

1. The complex (1.3.3) is always exact in dimension 1. The exactness holds also
at the level of 1-cocycles.

2. If H'(H, M) = 0, for all 0 < i < n — 1, then the compler (1.3.3) is eract.
Moreover, this does not hold at the level of cocycles. Assuming that for 0 <11 <
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n—1, H(H, M) = 0, one can extend (1.3.3) to a five term exact sequence given
by

0 — H™(G/H, M°) X 1n(G, M) S °H(H, M)/ 55 Hnt(G/H, MS) 2 1 Y(G, M),

where the map tg : H"(H, M)/ — H"*Y(G/H, M%) is called the transgression
map.

3. In particular, we always have the five term exact sequence in dimension 1. The
injectivity of the map inf : HY(G/H, M*) — HY(G, M) follows from A% ~
(AH)G/H‘

4. The transgression map in dimension 1 is concretely given as follows. Let s :
G/H — G be a continuous section of the quotient G — G/H such that s(id ) =
id. Note that s can be chosen to be continuous because the quotient map 1is
an open map. Let x be a I-cocycle representing a class in H'(H, M )G/ and

define y € CY(G/H, M) by

§(9)«(x)(h) — x(h) = hy(9)) — y(9),

for g€ G/H and h € H. Extend y to define a cochain y: G — M, by defining
y(s(g)h) = y(g) +s(g)x(h), forge G/H and h € H. Then dy € Z*(G/H, M*)
and tg([z]) is given by [Dy].

If H is a finite index subgroup of G and M a G-module, then one can define a

norm map M — M% given by m + Y. gm. Such a map can be defined for all
geG/H
dimensions. Since res is induced by the inclusion H < G, the map induced on the

cochains in the opposite direction is called corestriction. Let R be a system of right
coset representatives of G/H, and r : G — R be the map that maps an element
g to the corresponding right coset representative in R and ¢ : G — H be defined
by g = gr(g)~"
resolution in [NSWO08, §1.5.4] we get the following definition of the corestriction map

. Now using the definition of the corestriction map in the standard

in the bar resolution (which is what we are working with).

Definition 1.3.8. Let H be a subgroup of finite index inside G. Then corestriction
is a homomorphism cor% : C*(H, M) — C"(G, M) explicitly given by

corfy()(g1, - gn) = > _ g 'w(c(ggr), . clggr - gim1) elgg - g1),
geR

cc(ggr - .gn_l)_lc(ggl e Gn))-

Remark 1.3.9. The above explicit definition of the corestriction morphism at the
level of cochains depends on the choice of coset representatives. The definition be-
comes independent for O-cocycles and only for cohomology classes in higher dimen-
sions.
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Definition 1.3.10. Let M and M’ be G-modules. Then M ® M’ is also a G-module
with the natural action g- (zr®y) =g -2 ® g-y. Then cup product U : CP(G, M) x
C1G,M") — CPT(G, M ® M) is defined by

TUY(Gr - Gpr G1s - Gy) = (G, 9p) @G- Gpy(g1, -, 9)-

One can check that U respects the 0, and 0, operators; hence, induces the cup
product at the level of cohomology classes which we will again denote by U. Let
B : M x M’ — N be a bilinear map of G-modules. Then by the universal property of
the tensor products one defines a pairing map Up : CP(G, M) x C1(G.M') — CPTI(N)
induced by the cup product and B. We will represent the induced map on the
corresponding cohomology classes also by Ug. The following proposition states the
interplay between all the above defined maps.

Proposition 1.3.11. [NSW08, Proposition 1.5.2-1.5.7]
The following hold ATLOC unless specified otherwise:

1. Dores =reso 0.

2. 0o cor = coro 0.

3 9o0g. = g.o0.

4. Forx € CP(G, M) and y € C1(G,M"), d(xUy) = dx Uy + (—1)Px U dy.
5. For H a finite index subgroup of G, cor ores = [G : H].

6. For H and U closed subgroups of G with H being finite index in G we have
restcor$ (z) = Z corgmgHg_lreng;’ﬂgflg*(z), (1.3.4)
geER

where R is a system of double coset representatives of G = | | UgH, and z €

geER
Ci(H, A) (U denotes the disjoint union). This is known as the double-coset
formula .
7. For any g € G, and a subgroup H of G, g. oresf = 1"engfqg_1 o gy, and if H 1is

. . . G _ G
finite index in G, then g, o cory; = COT -1 O G-

8. Forx € CP(G,M) and y € CI(G, M), we have res(x) Ures(y) = res(x Uy).

9. For a finite index subgroup H of G, x € HP(G, M), and y € HY(H, M), = U
cor(y) = cor(res(z) Uy).

10. Let f : M — M’ be a homomorphism of G-modules. Then the maps res, cor,
inf, 0 and g, commute with f,.
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11. Let f : M — M’ and g : N — N’ be maps of G-modules. Then we have
fo(@)Ug(y) = (f @ g)s(zUy), where fRg: M@ N — M'® N' is the natural
map defined by m @ n — f(m) @ g(n).

12. We have
(CL) Hq(G7 @ Ml) = @ HQ(G, Ml)
i€l il

(b) HY(G, I M;) ~ [ HYG, M;).

iel iel
Furthermore, these isomorphisms are explicit ATLOC.

13. Let K C H C G be a sequence of subgroups of G. Then cor% ocorfl = cor$ and

K

rest ores = res5. If H and K are normal in G, then 1nfg/K o mfg = inf/y.

The following proposition states a condition when part 9 of the above proposition
holds at the level of cochains.

Proposition 1.3.12. Let H be a subgroup of G and R a system of right coset repre-
sentatives of H in G. Recall the mapsr: G — R and c: G — H from the Definition
1.3.8. Let x € CP(G, M) be such that for all g € R and 04,...,0, € G

g H(x(c(gor), ... clgoy - op 1) te(gor - 0,) = x(01,...,0,).
Then fory € C1(H, M) we have cor(res(x) Uy) = x U cor(y).
Proof. The quantity cor(res(z) Uy)(o1,...,0p,71,...,7,) is given by

Zg res(z) Uy)(c(gor),...,c(goy - 1o1) te(gor -+ 7,))

geR
= Zg c(gor), ... clgor - op1) " e(gor - 0,))@
geR
c(goy - op)ylc(gor---op) telgor 1), ... c(gor - Tg1) 'e(gor -+ 7))
=x(01,...,0,) @010y
O r(gor---0,)  ylelgor -~ 0,) te(gor ), elgor - Tem) e(gor - 7)).
geR

The last equality follows from our assumption on the cochain xz. Note that r(g1g2) =
7(r(g1)g2). Let ¢’ :==r(go1---0,). Then

y(elgor--op)lelgor- 1), elgor - Ty1) " e(gon - 7))
y(r(gor---op)mir(gor--- n) . r(gor - $Tg-1)Tqr (9o -+ 'Tq)_l)
= y(g'nr(gn) . r(gm- Tg-1)Tgr (g1 - 'Tq)_l)

y(e(g'm)s - elg e ga) el 7y).
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Therefore,
cor(res(x) Uy) (o1, ..., 0p, 1, ..., Ty)
/—1 / / —1 /
:‘T(Ula'-wap)@al"'o-p <Zg y(C(ng),...7C<ng~--Tq_l) C(ng"'Tq))>
J'e€R
= (xUcor(y)) (a1, ..., 0p,T1,y. .., Ty)

1.3.1 Tate cohomology

Many interesting things happen when G is a finite group. In this case one can define
cohomology groups for any dimension n € Z. This is done by extending the cochain
complex (1.3.1) in the negative dimension. The extension below becomes more natural
if we interpret the negative cohomology groups as homology groups with respect to
the G-module M. The non-triviality is that the construction of group cohomology and
group homology can be combined together in a nice way when G is finite. However,
we stick to the essential and useful/direct definitions without motivating them too
much.

For n € Z.g, let C"(G, M) := { continuous maps f : G — M}, and define
Op : C"(G, M) — C"Y(G, M) as

e 0(2)= Y g

geqG

o O5(x) = Y (g7 'z(g9) — z(g)).

geG

e Forn < -3

On(@)(91, - 920) = Y 197" 2(g, 01, 9-n2)
geG

—2—n

+ Z (_1)2‘%(917 R Jgi—lvgvgilagi-i-la <o 7g—n—2)
=1

+ (=) 21,y gon2, 9)]

One can verify explicitly that this extends the chain complex (1.3.1) for all n € Z;
hence, we obtain the groups of cocycles, coboundaries, and cohomology classes for
this new chain complex and denote them by Z*(G, M), B*(G, M) and H"(G, M) for
n € Z. The cohomology groups thus obtained are known as Tate cohomology groups.
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Example 1.3.13.
1. We have H*(G, M) = H"(G, M) when n > 1.

2. H(G,M) = MS%/Ng(M), where N : M — M is the norm map sending
m Y. g-m.
geG
3. HY(G, M) = My, /Ia(M), where My, := {m € M : Ng(m) = 0} and Iy C
Z|G] is the augmentation ideal defined by {>_ ngg | > n, =0}.
geG geG
4. HY(G,Z) = 0, and H*(G,Z) = Z/|G|Z, with trivial G action.

In particular, if G is a cyclic group, then one can show the following useful result.

Proposition 1.3.14. Let G be a cyclic group, and let M be a G-module. Then for
n € Z we have
H"(G, M) ~ H""*(G, M).

The isomorphism above can be given explicitly between H™'(G, M) ~ HY(G, M)
ATLOC via m +— z,,(g) = m, where m € My, and g is a generator of G. The general
case follows by a technique known as dimension shifting (see section 1.3.2); hence, in
order to give an isomorphism ATLOC explicitly, one will need an explicit version of
dimension shifting, which we will see later.

1.3.2 Dimension shifting

Dimension shifting is an important technique in cohomology using which one can
transfer /define maps for higher dimensional cohomology groups intrinsically using the
definitions in the lower dimensions but for larger modules. This uses cohomological
triviality of certain modules known as induced modules in every dimension, and the
long exact sequence of cohomology groups obtained from a short exact sequence.

Lemma 1.3.15. Let 0 — M — M — M" — 0 be a short exact sequence of G-
modules. This gives a long exact sequence of cohomology groups as follows

0 M/G y MG M//G

S 5 —

HY(G, M) > » H'(G, M") =2 HY(G, M) —— -~

where for each n > 0, d,, called the connecting morphism, is defined ATLOC by
On(z) = 0(Z), where & € C"(G, M) is a lift of the cocycle x € Z"(G, M"). Since 6,
takes coboundaries to coboundaries, and different lifts of x will change 6,(x) by an
n + 1 coboundary, one concludes that 9, is well defined on cohomological classes.
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Remark 1.3.16. [Ser79, Appendix to VII] One can define dimension 0 and 1 co-
homology sets in a similar way when M is not necessarily an abelian G-module. In
this case the cohomology sets are not groups for dimension greater than 0 but just
pointed sets, i.e., a set with a distinguished element, which in this case is the class of
the trivial cocycle.

Ifo—- M — M — M"”" — 0 is an exact sequence of non-abelian topological
G-modules, then we get a long exact sequence of pointed sets

0 — HYG, M) — HYG, M) — HY (G, M") > ... — HY(G, M"),

where H(G, ) are still groups. Furthermore, if the image of M’ in M is contained
in the center, then the above exact sequence extends to dimension 2 as follows

0— HYG, M') = --- — HY(G, M") 2 H2(G, M").
Note that M’ is abelian here, therefore, H*(G, M’) is also a group.

For simplicity of notation we will drop the subscript in the connecting morphism
whenever clear from the context.

Definition 1.3.17. Let M be a G-module. Then we define the induced module
Indg(M) of M with respect to G as {m | m : G — M is continuous}. The action of
G on Indg(M) is naturally given by (¢'.f)(g) = ¢'f(¢'"'g). Moreover, if G is finite,
then Indg(M) ~ M ® Z|G] via z — Y z(0) ® 0.

oceG

One immediately gets the following exact sequence
0— M — Indg(M) — Ja(M) — 0,

where Jg(M) is the cokernel of the inclusion M — Indg(M). Applying lemma
1.3.15, for n > 0 one connects H"(G, M) with H* (G, Jg(M)) using the following
proposition

Proposition 1.3.18. H*(G,Indg(M)) = 0 for all n > 0, and Indg(M)® ~ M.
Moreover, if G is finite, then H"(G,Indg(M)) = 0 for all n € Z.

We give an explicit proof of the above proposition here, i.e., we explicitly construct
an n — 1 cochain for every given n-cocycle for n > 1. This is obtained by diagram
chasing between the standard and the bar resolutions via explicit isomorphisms and
inverses. However, one can give a more conceptual proof of the above proposition (see
[INSWO08, Proposition 1.3.6, 1.3.7]), and combined with a conceptual treatment of Tate
cohomology using the standard resolution (see [Ser79, VIII, §1]) this immediately
yields the proposition for all n € Z.
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Proof. Let n > 0, and f € Z"(G,Indg(M)). Then we have (0f)(g) = 0 for g € G.
Let b(g1,-+ ,9n-1)(9) = 9f(97 ", 91, ,gn_1)(id). Then b € C" (G, Indg(M)). We
now explicitly check that 0b = f,

[y

ab(Qh R gn) =01~ b(927 o 7gn) + <_1)kb(917 sy GGk, - - - 7gn)
=1

+ <_1)ib(gla cv s 9n—1
(0b(g1, - - 92))(9) = g1b(g2, - - -, 9) (91 '9)

n—1

+ 3 (=1 (g1, - G- - 90)(9) + (1) (g1, - gu1)(9)

3

o

= g197'9f (97" 91,92, - - -, 9)(id)

n—1

) (=D gf (g g1 GrGrrrs - ga) (i)

k
+ (_1)Tlgf(g71,g17 s 7gn71)(id>
=9f(97" 91,92, .-, gn)(id)

n—1

+ Z(_l)kgf(gilagla s Gk Gk41s - - - 7gn)(1d)

=1

+((=D"gf(g " g1, gn1)) (id)
=—90f) (g™ g1, 90)(d) +g(g7" - (f(91,- -+, 90)))(id)
= f(g1,---,92)(9).

If f € Indg(M)%, then f(gh) = gf(h) for all h, g € G; hence, the map Indg(M)¢ —
M sending f +— f(id) is an isomorphism. O

As a corollary we obtain the following.
Corollary 1.3.19. If n > 0, then H" (G, Jo(M)) %~ H™(G, M), and § : M ~
Indg(M)¢ — HY(G, M) is surjective. If G is finite, then H* (G, Ja(M)) 2 H"(G, M)

for all n € Z. Moreover since Jo(M) ~ Jg[Z] @ M, one obtains isomorphisms
o" HI (G, Jo(Z)®" @ M) = HY(G, M) for ¢ >n > 0.

The next proposition discusses the interplay between various maps defined above.

Proposition 1.3.20. [NSW08, Proposition 1.5.2,3.4,5]

The maps cor, res, inf, g, and push forwards are functorial and commute with the
dimension shifting morphism §.

Remark 1.3.21. The above proposition implies that all these maps arise from di-
mension 0 and their properties can be directly checked from dimension 0.
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Proposition 1.3.22. Let G be a finite group of order N. Then NH"(G, M) = 0.

Proof. Consider the sequence M Indg(M) = M, where i sends m ~ (g — m) and
7 is given by f+— > f(g). One easily checks that the maps i and 7 are G-module

geG
homomorphisms and 7 o7 = N. Taking cohomology one gets m, o7, = N,, however
H™"(G,Indg(M)) = 0. O

We now discuss one of the crucial results in group cohomology called Shapiro’s
Lemma. Let H be a finite index subgroup of G, let R be a system of coset rep-
resentatives of G/H, and let M be an H-module. Then we define the induced G-
module of M with respect to H as Indg(M) == @ M(g). Interpreting IndZ (M)

geR

as the set of maps R — M, one can represent an element m of Indg (M) by a for-

mal sum of the form as m = ) my(g). Now the action of ¢’ € G is given by
g€ER
g -m =73 ggr(99")t - my(r(gg’)), where r : G — R is the map taking g € G to
geG

its right coset representative as in the definition of the corestriction morphism. If M
is a G-module, then there is a canonical isomorphism between Indg (M) and the set
of continuous maps x : G/H — M considered as a G-module with its natural action
(¢ -x)(9H) = g'x(g"'gH). This is given by m — x, where x(g~ ' H) = r(g)m, ). We
now state Shapiro’s Lemma.

Lemma 1.3.23 (Shapiro’s Lemma). For alln > 0, we have a canonical isomorphism
sh: H"(G,Indg (M)) 2% H"(H, M),

where T : Indg(M) — M s the natural projection map onto the component corre-
sponding to H in R.

Remark 1.3.24. The module IndZ (M) can be defined generically without the as-
sumption that H is a finite index subgroup as Indg (M) = Indg(M)" which also
justifies the use of similar notation. However, when H is of finite index in GG one can
show that the two definitions match.

Proposition 1.3.25. Let R be a set of representatives for cosets of H in G, let
M be an H-module, and let A = Ind2(M). Then by Shapiro’s Lemma we have
sh: HY(G, A) = H{(H, M), where the isomorphism is given by the composition w,ores.
The inverse of sh is given by the composition cor o v, where v, is the map induced by
the natural inclusion of H-modules v : M — A.

Proof. We prove this for dimension 0 and then the proof follows from dimension
shifting, since ¢, m,, cor, res and sh are compatible with dimension shifting. In
dimension 0, for a € A%, sh : a — ay;, where ay; is the component of a corresponding
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to M in the decomposition A ~ @ M(o), whereas cor o ¢, : d — > d(g), for
oER geR

d € M*. In case when M is a G-module considered as an H-module, we identify
IndZ (M) with the G-module of continuous maps « : G/H — M as before. Then the

maps corot,(d) = > gdand 7, ores will correspond to x +— z(H). One can easily
geG/H
check that cor o ¢, osh and sh o cor o ¢, are identity on A and M. respectively. O

We prove a version of the above for Galois cohomology in the next section.

1.3.3 Galois Cohomology

In this section we recall some useful facts about Galois cohomology. Recall that we
have already restricted ourselves to perfect fields. Recall from the previous section
that profinite groups are topological groups. The absolute Galois group of a perfect
field k£ can be viewed as a profinite group via

Gal(k/k) = lim Gal(K /),
K/k

where the inverse limit is taken over all finite normal extensions K /k. We have the
following criteria for a group to be a profinite group

Proposition 1.3.26. Let G be a Hausdorff group. Then the following are equivalent:
1. G is the inverse limit of finite discrete groups.

2. G is compact and the identity element has a basis of neighbourhoods consisting
of subsets which are both open and closed.

3. G is compact and totally disconnected.

The following proposition shows that for a profinite group G, cohomology groups
can be viewed as direct limits of cohomology groups of finite groups.

Proposition 1.3.27. Let G be a profinite group and M be a G-module. Then

HY(G, M) ~ lim H"(G/U M),
U<G
[G:U]<o0
where the direct limit is taken with respect to the inflation maps.
Using the above, if z € C"(G, M), then we say x factors through a normal sub-
group U of G if x = inf(y) for some y € C*(G /U, MY). Moreover, if G is G}, then we
say x factors through a finite normal extension K /k, if x factors through G.

Proposition 1.3.28. Let K/k be a finite Galois extension. Then
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1. H(Gal(K/k), K™) =0 for all n > 1; hence, H”(Gk,?r) = 0.

2. HY(Gal(K /k), K*) = 0 for all Galois extensions K /k. Therefore, H'(Gy, G,) =
0.

3. We have the inflation-restriction exact sequence in dimension 2 for K /k Galois.
0 — H2(Gal(K /k), K*) X H2(Gy, Gr) S H2(Gg, Gy ) OHE/R),
4. HY(Gal(K /k),GL,(K)) = 0 for n € Z,, where the action of Gal(K/k) on
GL,(K) s point-wise.
Proof. Let I' := Gal(K /k).

1. Using the normal basis theorem, there is a basis of K /k such that Indp (k™) ~
K™; hence, the result follows from Proposition 1.3.18 and 1.3.27.

2. In this case the proof is explicit i.e. given a l-cocycle z we construct an
explicit O-cochain y € K* such that 0y = x. Consider the endomorphism

b:= > x(9)(g) of K/k. Linear independence of automorphisms implies that
gel

there exists t € K such that b(t) # 0 (in fact at least one the basis elements of
K /k will work as t). The 1-cocycle relation implies that b(t)/o(b(t)) = z(o) for
o € I". Choose y = 1/b(t).

3. This follows from 1.3.7 since H (G, Gy,) = 0.
4. [Ser79, X §1, Proposition 3.
0

Using the fact that res, cor, ¢, 7, are well behaved under inflation maps ([NSWO08,
Proposition 1.5.5]), we can show that the following holds.

Corollary 1.3.29. Let K be a finite extension of k, let D be a G g-module, and let
A be a finite Gy /Gk induced Gy-module with respect to D. Then

HY(Gy, A) ~ H(Gg, D).

Proof. Since A is finite, the kernel of the natural map G) — Aut(A) (U say) is a
normal subgroup of Gy, of finite index. This corresponds to a normal extension L of
k. Clearly K C L. Consider the inverse system of finite degree normal extensions of
k containing L, Iy, := {L': L C L'}. Noting that G, acts trivially on A, we have the
commutative diagram (inf, sh commute with dimension shifting):

Hi(Gal(L'/k), A) —2— H!(Gal(L'/K), D)

linf linf

H(Gal(L"/k), A) —2 H(Gal(L"/K), D).
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Taking the direct limits with respect to inflation maps on both sides we get

Hi(Gh, A) ~ lim  HY(Gal(L'/k), A) ~ lim H/(Gal(L'/K), D) ~ H(Gx, D).
Gal(L' /k), Gal(L' /k),
L,GIL L/EIL

]

If k is a global field, then for each place v of k we have an inclusion map k < k,.
Once we fix such an inclusion, then this induces an inclusion Gy, — Gj. Therefore, if
M is a Gi-module, then the restriction map to the image of Gy, in G, induces a map,
called the localization map , at a place v of k, H*(Gy, M) — H"(G,, M) which we will
denote by res,. Under the embedding Gx, — Gy, Gy, can be considered as a closed
subgroup of Gy, (G, is Hausdorff and Gy, is compact). Let L be a finite extension of ,
and wy, ..., w,, be all the distinct places of L above v with w; being the one induced
by the fixed embedding k < k,. There is a g; € G}, corresponding to each w; such
that w; is induced by the composite embedding g; : k — k < k,. If L = k(6,), then
g; correspond to those embeddings of L < k which map 6, to one of its G}, conjugates
that is not a Gy, -conjugate. This implies that {g1,. .., gm} is a system of double coset

representatives of Gy with respect to Gy, and Gy, i.e., Gy = | | G, 9:Gr. Further,
i=1

note that G Lu, C G}, fixes the extension g;L, and therefore G Lu, = Gr, N g:Grg; !

Using the double coset formula (1.3.4) and part 7 of Proposition 1.3.11 we have the

following remark.

Remark 1.3.30. Let k, L, w;, g; be as above. Then

(corg’z(z)) = resg Vo corG ZcorG o resG Y10 (gi)«(2). (1.3.5)

1.3.4 Brauer Groups

Definition 1.3.31. A central simple algebra A over k is a simple (no non-trivial
two-sided ideals) associative algebra (possibly non commutative) with unity over k
such that its center is isomorphic to k. Consider the category of all finite dimensional
central simple algebras over k£ and denote it C'S Ay.

There are various equivalent definitions for a finite dimensional algebra over k to
be a central simple algebra. The following proposition states a few of them.

Proposition 1.3.32. [Pool7, Proposition 1.5.2] Let A be a finite dimensional possibly
non-commutative algebra over k. Then the following statements are equivalent.

1. There exists an n € Z, such that A® k ~ M, (k) as a k-algebra.
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2. There exists a finite field extension L/k such that A ® L ~ M,(L), for some
n e Z+.

3. A is a finite dimensional central simple algebra over k.

4. There is a k-algebra isomorphism A ~ M,.(D), for some r € Z, and a finite
dimensional central division algebra D over k. Moreover, v, D are unique for
every algebra A.

Let A and B be central simple algebras. Then we say that A ~ B, if there are
positive integers m and n such that M,,(A) ~ M,(B) as k-algebras. Equivalently,
A ~ B, if there exists a division algebra D and positive integers m and n such that
A ~ M, (D) and B ~ M,(D) as k-algebras. Furthermore, we say that a central
simple algebra A/k is split over a field extension K /k, if A ® K ~ M,(K) over K.
We now consider the set C'SAy/~. Let A be a central simple algebra over k. Then
one can define A°PP by redefining multiplication in A by a-b = ba. It can be checked
that the map A — A°PP respects extension of scalars and ~. Furthermore, if A and
B are central simple algebras then A ® B is also a central simple algebra. This leads
to the following definition.

Definition 1.3.33. The set C'SAy/~ can be given a group structure with the class
of split central simple algebras over k as the identity element, opp as the inverse and
® as the group operation. This group is called the Brauer group over k. We denote

it by Br(k).
It can be shown using the Skolem—Noether theorem that, for each r» > 1,

central simple algebras of dimension r?

— H' (G}, PGL,(k)),
as pointed sets. In fact this map of pointed sets is a bijection. Now using non-abelian
Galois cohomology (remark 1.3.16) on the exact sequence

1 — Gy — GL.(k) = PGL,(k) — 1,

and Proposition 1.3.28 we have the injection of pointed sets H'(Gy, PGL,(k)) <

H2(k); i.e., for each central simple algebra A over k of dimension r?

, one gets a 2-
cocycle v4 with values in G,,. It can be shown that every 2-cocycle gives rise to a
central simple algebra over k, and this leads to an isomorphism Br(k) ~ H?*(k) as
abelian groups [Ser79, X §5]. The following proposition states a few properties of this

isomorphism.

Proposition 1.3.34. [Pool7, Proposition 1.5.13]
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1. The isomorphism Br(k) ~ H?(k) is functorial, i.e., for L/k a field extension of
k, the following diagram

Br(k) — = H2(k)

l[A} —[ARL] lres

Br(L) —— H?*(L)
commautes.
2. If char(k) { n, then Br(k)[n] ~ H*(Gy, pin)-

3. The inflation-restriction ezxact sequence in dimension 2 implies that H*(L/k) ~
ker(Br(k) = Br(L)).

1.3.5 From cocycle to algebra

Since we will be mostly working with cocycles throughout this thesis, it makes sense
to get an explicit inverse for the isomorphism Br(k) — H?*(k) ATLOC. Let L/k be
a finite extension of fields and v € Z*(L/k) be a 2-cocycle. Let A ~ @ Lu, be

oceG
an L-algebra defined by the relation u,u, = (o, 7)uy,-. Then we have the following

theorem.

Theorem 1.3.35. [Jac96, Theorem 2.6.8] Assume that vy is a normalized 2-cocycle.
Then 0v(o,id,id) = 1 implies that v(o,id) = v(id,o) = 1. Let A be the algebra
defined above. Then A is a central simple algebra whose associated 2-cocycle is 7.

Remark 1.3.36. Theorem 2.3.17 in [Jac96] mentions explicitly how to obtain the
central simple algebra as a subalgebra of M, (L) associated with a Brauer factor set
that is same as the 2-cocycle v in the previous theorem considered in the standard
resolution.

1.3.6 Facts on Brauer groups and class field theory

In this section we recall some important results on Brauer groups of some fields, class
field theory and arithmetic duality theory.

Proposition 1.3.37. [Pool7, Proposition 1.5.34, 1.5.36]

1. Let k be the function field of a curve over an algebraically closed field. Then
Br(k) = 0.

2. If k is a finite field, then Br(k) = 0.

3. If k is a local field, i.e., K is a finite extension of R,Q,, or F,((t)), then
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(a) There is an injection, inv : Br(k) — Q/Z, called the invariant map whose

mage 1s
\7)7,  if k=R,
0 if k=C,
Q/z, if k is nonarchimedean.

(b) If L is a finite extension of k, then the diagram

Br(k) 2 Q/Z

lres l[L k]

Br(L) -2 Q/Z
commutes.

4. If L/k is a finite extension of a local field k and v € H?(k), then inv o cor(y) =
inv(y), where inv on left and the right sides are the local invariant maps on
Br(k) and Br(L), respectively.

5. Let k be a global field, and for each place v of k, let inv, be the local invariant
map Br(k,) ™ Q/Z as above. Then the following sequence, called the Albert-
Brauer-Hasse-Noether sequence, is exact

S invy
0 — Br(k) » @ Br(k,) "= Q/Z — 0. (1.3.6)

Furthermore, if L is a finite extension of k, then the following diagram

S invy
0 —— Br(k) ——— @ Br(k,) —— Q/Z —— 0

lres D P resw l[L:k]
v owly > invy
0 —— Br(l) — §PBr(Ly) — Q/Z —— 0

v wlv
commutes.

From the above proposition, it is clear that for a local field k£, and an extension
L/k of degree n, H*(L/k) ~ Z/nZ. We recall some maps from local /global class field
theory.

Proposition 1.3.38. [Neu99, V, Theorem 1.4] Let k be a local field and L be a finite
abelian extension of k. Then there is an isomorphism (—,L/k) : k* /Npp(L*) ~
Gal(L/K), called the local Artin reciprocity map, and the following statements hold.
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1. If L is an unramified extension, then the class of any uniformizing element
of k is mapped to the Frobenius element in Gal(L/k).

2. The finite index open subgroups N of k* are in an inclusion-reversing one-one
correspondence with the finite abelian extensions of k.

3. Let L and L' be two finite abelian extensions of k. Then Npp i (LL') = N/ (L)N
NL’/k(L/) cmd NLﬁL’/k:(L M L/> = NL/k(L)NL’/k(L/)

Assume p,, C k£ and fix a primitive nth root of unity (,. Then we have a finite
extension L of k such that Ny (L) = k™ (we can choose L = k(k'/™); this is a finite
extension because there are finitely many classes mod nth powers in a local field).
This implies that £~ /(k*)" ~ Gal(L/k). At the same time Kummer theory implies
that HY(Gy, i) == k> /(k*)™. Therefore, we get a pairing

(_§_> : (kk:w g <kk:>" =ty (a0) (%) = (a, k(b"™) [R) (1) /017,

where p is the maximal ideal of the local field k. Furthermore, one can construct

a pairing using the cup product and the bilinear pairing u, X @, — @, given by
(€%, ¢%) — (% on cohomology groups as follows

Hl(Gk‘uu”n> X Hl(Glﬂﬂn) - HQ(G/W/“LTL & Mn) = H2(Gk,ﬂn) = Br(k)[n]
We obtain the following commutative diagram [Neu99, V,§3]:

v (5)

k

(kx)n X (kx)n > Mn
|~ J- \ (1.3.7)
H' (G, i) X HY(Gy, pin) —2 Br(k)[n] —2 1.

In the above diagram, for g € Br(k), the map (v is given by (™ (g) = (invig)

Therefore, for a 2-cocycle v € Z2(Gy, pt,) which can be written as a cup-product
of two 1-cocycles x, and Y in Z'(Gy, pin) corresponding to elements a, b € k*,
C,ilnv(m) = (“71’) Here [] is the class of v in H?(k). As a consequence of the sequence
(1.3.6), one can extend the definition of the Hilbert symbol to a global field when
the characteristic of the global field does not divide n. Therefore, the dependence of
the symbol on p the maximal ideal of the localization is emphasized in the notation.
However, sometimes we will use (a, b);, or (a,b), to denote the Hilbert symbol. Given
any 2-cocycle it is not always easy to compute the invariant map on the class it
represents because the invariant map is defined on the cohomology class not on the
cocycles. We will later see a way to be able to compute the invariant map given a
cocycle. Note that this can be done in principle due to the existence of the inflation-
restriction exact sequence in dimension 2. We state some useful properties of the
Hilbert symbol in the following proposition.
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Proposition 1.3.39. [Neu99, Proposition 3.2]
() = () (%)
7) = ( ) ().
<= a is a norm from the extension k(3/b).
( )
)= () 1

. If (f) =1 for all b € k¥, then a € (k*)".

(5
- (%
(

= |2
—_ —
||

ab
p

I
”lm

We have the following useful proposition for computing the invariant map and the
Hilbert symbol of certain cocycles.

Proposition 1.3.40. If di,ds € k), then the 2-cocycle z given by (o,7) — 1 if

o(\dy) = Vdy or T(\/dy) = Vdy, and (0,7) — dy, if 0(\/dy) = 7(Vdy) = —/dy

represents the class of the quaternion algebra (dy,ds) in Br(k,).
Proof. [Ser79, §XIV.2, Proposition 5| implies that the cocycle

so,7) = {1, if o(v/dy) = Vd; or 7(\/dz) = V/da,
T —1, otherwise.

represents the class of quaternion algebra (dy,ds). Now it can be checked that z =
x — 0y where

(O‘) ._ {17 if U(\/d_2> = \/d_27
T g eVE) =V

1.3.7 Twisted powers of Galois modules and Poitou-Tate duality

Definition 1.3.41. Let A be a finite Gj-set (i.e. there is a group homomorphism
G — Perm (X), where Perm (A) is the group of permutations of A), and M be a
(GG-module. Then we can define

A= {maps | m: A — M},
called the twisted power of M w.r.t. A.

The elements of M* can be represented as formal sums of the form > a,(s) with
SEA

as € M. Under the natural action of G}, given by (o - m)(P) = om(c~1P), M? is a
Gr-module. One can show the following properties.
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Proposition 1.3.42.
1. (M2 ~ (MY)2, where XV is the Cartier dual of the Gy-module X.

2. (G = T (Gp)% =~ I L,
orbits orbits
finite extension corresponding to the orbit A;. To see how one associates a

finite field extension with each orbit A; note that each orbit is finite and has a
transitive action of Gy, so we have a finite extension L; of k corresponding to
A; such that G, stabilizes an element of A,.

where A; is a Gp-orbit of A and L; is the

3. The following generalization of Hilbert’s Theorem 90 holds. We have H' (G}, G2) =
0.

In the view of the above one can consider A as a finite étale scheme with L :=
klx]/{f(z)) as the ring of global sections of the structure sheaf, where f = [] f; and

orbits

fi is a defining polynomial of the extension L;. Moreover HY (G, i, (L)) =~ L*/(L*)".
We have the following important result known as the Poitou-Tate duality.

Theorem 1.3.43. [NSWO08, Theorem 8.6.7] Let k be a number field, and let A be
a finitely generated (as a Z-module) Gy-module, and AY = Hom(A, G,,). For any
Gr-module M, let

T (M) = ker(H/(Gy, M) ““% T] H (G, M)).

Then there is a perfect pairing
pt : II'(AY) x IIT*(A) — Q/Z.
Theorem 1.3.44. Let k be a number field. Then H3(k) = 0.

Proof. This is a direct consequence of Galois cohomology applied on the exact se-
quence
15k =5T—C—1,

where I is the idéle group of k and C is the idéle class group of k, along with [NSWO08,
Proposition 8.1.7, 8.1.20]. [

1.4 Covering spaces and descent

One of the fundamental problems in arithmetic geometry is to determine the set X (k)
of k-rational points on a variety X /k given by some explicit equations. Another,
important and equally (presumably) fundamental problem is to answer the following
question.
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Question 1.4.1. Let X /k be a “nice” (projective, smooth, geometrically irreducible)
variety. Is the set X (k) empty?

Obviously, when £ is a number field, and X (k,) = 0 for at least one place v of k,
then one concludes that X (k) = (). A Problem arises when X (k,) # 0 for all places v
of k. Note that for each place v of k, the problem if X (k,) = () is decidable. This is
true even if all the places are considered together. We say that X /k satisfies the Hasse
principle, if X (k,) # 0 for all places v of k implies X (k) # (). The varieties defined by
non-degenerate quadratic-forms are famous examples of varieties satisfying the Hasse
principle. For cubics and beyond many counterexamples to the Hasse principle are
known.

However, one can also use a different technique known as descent. Let 7 : C' — X
be a finite étale, geometrically Galois covering of X defined over k i.e. C and 7
both are defined over k. Geometrically Galois means that the extension k(C)/k(X)
is Galois. The Galois group G := Gal(k(C)/k(X)) which is isomorphic to the group
of deck transformations of C' over X is a group scheme with a well defined action of

Gy.

Definition 1.4.2. A twist of 7 is defined to be a covering 7’ : C' — X defined over k
such that there is an isomorphism ¢ : C' — C’ defined over k such that the following
diagram commutes.

C —— X

o

Two twists 7' and ©” of 7 are called equivalent if there is an isomorphism ¢ :
C" — " defined over k such that the corresponding natural diagram commutes. Let
Twists(7) be the pointed set of all the equivalence classes of twists of 7 with the class
of m being the distinguished element. If o € Gy, then given a twist 7’ : C" — X with
an isomorphism ¢ : C' — C’, we get an automorphism of C' which is a deck transfor-
mation of C'/X as (0¢)~! o ¢, i.e., we get a map & : G, — Deck(w). One can show
that £ is a 1-cocycle. Therefore, we get a map {all twists of 7} — Z'(Gy, Deck()),
and it can be shown that the induced map Twists(r) — H'(Gy, Deck(m)) is well de-
fined. Furthermore, note that H!(Gy, Deck(r)) is a pointed set because there is no
guarantee that Deck(w) is abelian group. We have the following useful theorem in
regards to the Twists(m).

Theorem 1.4.3. [Stol7a]

1. The map of pointed sets Twists(mw) — H'(Gy, Deck(w)) is an isomorphism.

2. Let P € X(k). Then there is a unique twist 7' : C' — X of m such that
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P e n'(C(k)). In particular,

Xtk = |] ),

7’ € Twists ()

where the LI denotes the disjoint union. If w is ramified, then the existence part
still holds but the uniqueness part fails.

The use of the above theorem is immediate, i.e., if none of the twists of 7 have
k rational points, then X (k) = (). However, we just saw that one of the necessary
conditions for a variety to have a k-rational point in case of a global field k is that
it has k, rational point for every place v of k. So we are interested in the classes
in Twists(7) which have points everywhere locally or which are everywhere locally
soluble, also abbreviated as ELS in literature.

Definition 1.4.4. We define the Selmer set of m (denoted by S(™) as the subset of
Twists(m) which are ELS.

Immediately, we conclude that X (k) = 0, if S(™ = (. Selmer sets are useful
mainly because of the following result.

Proposition 1.4.5. S\™ is finite and in principle computable.

Proof. Let S be the set of places of bad reduction of X, C' and w. Clearly, S is
finite. Since 7 remains unramified for a place of good reduction v, the fiber over
any point in X (k,) lies in C'(k2"). Clearly, if the twist is ELS, then the restriction
of &, (restriction of £ € H'(Gy, Deck(m)) to H' (G, , Deck(m))) to Gy is trivial, this
is because if 7’ : ¢/ — X is a twist of m, then n’ has a good reduction at v, and
therefore every fiber over X (k,) lies in C’(k™). Hence, the isomorphism over k, is
actually defined over k;". Therefore,

S™ c HY(G}, Deck(r); S) := {¢ € H' (G, Deck(n)) | (resy)un:(§) =0V v ¢ S},

where (res,)n, : H'(Gy, Deck(m)) — H'(Gjar, Deck(m)) is the usual restriction map.
It is a well known fact that H'(Gy, A; S) is finite for a finite module A because there
are only finitely many extensions of bounded degree unramified outside a finite set of
primes. ]

1.5 Selmer groups and rank bounds

In this section, we assume that the base field £ is a number field. Let A, B be abelian
varieties over k and ¢ : A — B be an isogeny defined over k. Then ¢ is a finite,
étale and geometrically Galois covering of B with the set of deck transformations
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isomorphic to the abelian group A[¢] the kernel of ¢. Using the above theory we have
S ¢ HY(Gy, A[¢]). We have the following analogue of the Kummer sequence

0%A[¢]%A3>B—>O.

Taking Galois cohomology both locally and globally we get the following diagram

0 o BB S HY(G, Alg]) ——— HA(G, A)g] —— 0

l - l];[ resv\ ll:[ resy

0 — [] 5kl —— [[HY(Gy,, Al¢]) — [TH(Gk,, A)[g] — 0

kv

In view of the previous section we have S(*) = ker(a). One has the following exact
sequence for every isogeny ¢ called the ¢-descent sequence

B(k)
0— A — SO(A/k) — TII(A/k)[¢] — 0,

where III(A/k) = ker(H (G, A) — [[H*(Gg,,A)) is called the Shafarevich-Tate

group associated to A/k.

One of the most interesting isogenies (that are always available) is the multipli-
cation by n map, [n], for n > 2. It is enough to understand the S (A/k), since
for any isogeny ¢, there is an n such that A[¢] C A[n] and one has the natural
map S (A/k) — SM™(A/k) induced by the above inclusion A[¢] — A[n]. The
kernel of the map S®)(A/k) — S(™(A/k) could be determined by studying the cok-
ernel of the map A(k)[n] — (A[n]/A[¢])“*. Furthermore, for m,n coprime we have
Smm(A/k) ~ S (A/k) x S™(A/k). This implies that it is enough to consider iso-
genies whose kernel is contained in A[p"| for some prime p and n € Z,. One can
make this n unique by looking at the maximum order of an element in the kernel of
the isogeny. Therefore, we look at the descent sequence for p™, and we obtain

#AP") (k) - pa < #SPI(A/E).
When n = 1, then we have the following interesting result:

Proposition 1.5.1. [Stol7a] Let A be an abelian variety over a number field k and
p be a prime number.

1. Let v be a finite place of k. Then

. Alk) \ i [y : Qu]dim(A)  ifv|p
dim, (PA(/%)) =d Fp(A(kv)[p]) * {0 else.
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If v is an infinite place of k, then A(k,)/pA(k,) = 0, if either v is complex or
p is odd. If v is real and p = 2, then

dimg, (2’35:3)) = dimg, (A(k,)[2]) — dim(A).

2. If v is a finite place of k such that v{p and v is a place of good reduction of A,
then the image of A(k,) is exactly

inf(H' (Gal(k2" /k,), A[p])) = ker(res : H'(Gy,, A[p]) — H'(Gjar, Alp])).

3. Let S be the set of places of bad reduction of A, the infinite places and the places
above p. Then we have

SP(A/k) = {€ e HY(Gi, A[p]; S) | V v € S : res,(€) € Im(6,)},
where 9, is the connecting morphism in Galois cohomology at the place v.

Proof sketch. The proof of the above proposition follows from the fact that for a
finite place v of k, the group A(k,) contains a subgroup of finite index isomorphic to
Z([f”:Q“]dlm(A). Here ¢ is the characteristic of the residue field of k,. Using the snake

lemma on the diagram

Qg]dim(A

0 7l ) Ak, > T > 0
I - b
0 Z([Ikvi(@q]dim(A) I A(kv) s T ’ 07

and the fact that dimg, (T'[p]) = dimg,T'/pT" for a finite abelian group 7', one can
deduce the result. When p = 2 and v is a real place, we use the fact that A(R) has a
finite index subgroup isomorphic to (R/Z)4m(A),
[
There has been a lot of work on the computation of Selmer groups for various
isogenies on Jacobians of curves. The idea usually is to get a good description of
HY(Gy, J[p]) where J is the Jacobian variety associated to a nice curve. It is usually
done by connecting H'(Gy, J[#]) to the group HY(Gy, pun(L ® k)) or HY(Gy, (L @
k)/pin(k)) for some étale algebra L related to ¢ and some suitable n. In the latter
case we call the image of S?(J/k) inside H'(Gy, u(L ® k)/pn(k)) the fake-Selmer
group and in the former case we call it the true-Selmer group. The case of p-descent
for a prime p on elliptic curves is always a true descent. The case of 2-descent on
odd-degree hyperelliptic Jacobians is a case of true descent. The following theorem
explicitly describes the group H'(Gy, J[2]), where J is an odd-degree hyperelliptic
Jacobian.
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Proposition 1.5.2. [Sto, §5, Lemma 5.2, 5.6] Let C : y*> = f(x) be an odd-degree
hyperelliptic curve over k, J be its Jacobian variety, and A = k[T]/{(f(T)). Then

HY(Gy, J[2]) ~ ker (N : A% /(A)2 = & /(k*)?)

where N is the map induced by the norm map A* — k*.

Let 0 be the image of T in A, i.e., a root of f in A. Let P = (a,b) be a point
on J given by the Mumford representation, with d = ged(a, f). Then, the connecting
morphism 6 : J(k)/nJ(k) — HY(Gy, J[2]) is explicitly given by

(a,0) = (=1)%/ D (a/d)(0) ((~1)*5Dd(0) + (~1)* =D (f/d)(0)) .

Note that we have the identification A ~ Y gnd A o A So any element of
HY (G}, J[2]) can be represented by a deg(f)-tuple by (a(e;)); with a € A* and e; are
all roots of f in k.

There has been significant progress on the computation and implementation of
various Selmer groups in the last three decades. We quickly mention here a few
of them. Poonen and Schaefer [PS97] compute the A-Selmer groups, where A\ =
1 — ¢ is the isogeny on the Jacobians Jo of degree [-cyclic cover, C' of P'. If a
model of C is given by y' = f(x), then they give a homomorphism z — T which is
the composition Jo/A\Jo < SW(Jo/k) — AX/EX(A*)! where A := K[T]/{f(T)).
Furthermore, they provide necessary and sufficient conditions for z—T to be injective.
Stoll and van Luijk [SvL13] gave an embedding of the A\-Selmer group inside another
group which is easy to handle. Schaefer [Sch96], studied the connections between the
Selmer groups and class groups. Stoll in [Sto01] gave an efficient implementation of
computing 2-Selmer groups for Jacobians of hyperelliptic curves. Schaefer and Stoll
[SS04] gave a way of computing the p-Selmer group of an elliptic curve for a prime
p. In [BPS16], the authors give a way of performing n-descent on an isogeny with
exponent n on an abelian variety. However, all these methods are constrained by the
class groups computations and therefore, become impractical for not so large values
of the exponent of the isogeny.
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Chapter 2

Cassels-Tate Pairing

The Cassels-Tate pairing (CTP for short) was defined by Cassels for the case of elliptic
curves, and generalized by Tate to the case of abelian varieties. Let A/k be an abelian
variety with dual A. Then the CTP is a pairing

(-, yer : LI(A/k) x LI(A/k) — Q/Z,

which is non-degenerate on the maximal non-divisible quotients of the groups III(A/k)
and III(A/k). If A : A — A is a polarization, then we define a pull-back pairing on
II(A/k) x III(A/k), that we again denote by (-, -)cr, via (a,d’)or = (a, A(a))cr. It
was shown by Tate that if the polarization A is induced by a k-rational divisor, then
the induced pairing on III(A/k) x III(A/k) is alternating. For general principally
polarized abelian varieties A/k, Flach [F1a90] showed that the pulled back pairing,
(-,)cr on II(A/k) x III(A/k) is anti-symmetric. If TII(A/k) is finite (as is conjec-
tured), and A is principally polarized, then #II1(A/k) is a square, when (-, -)cr is
alternating. Poonen and Stoll [PS99] later showed that the deviation of CTP from
being alternating for a principally polarized abelian variety A/k can be characterized
by whether A is induced by a k-rational divisor or only by a k-rational divisor class.
However, the criterion for deciding whether #II1(A/k) is a square or not is more
complicated; see [PS99, §6.

In what follows, we assume that k is a number field and A/k is principally polar-
ized, i.e., there exists a k-rational polarization A : A — A In [PS99] the authors gave
various examples where the pairing fails to be alternating. They also provide various
definitions in the same paper. In this chapter, we review three different definitions
of the Cassels-Tate pairing. The authors mention in [PS99, §3] another definition
called the Albanese-Picard definition, however, for the case of curves the Albanese
and the Picard varieties are identified. Furthermore, we will focus on one of the
definitions, the Albanese-Albanese definition, more than the others, as we will use
this definition to make the Cassels-Tate pairing effective in various cases in the later
chapters. Furthermore, we will review these definitions in the cases when A/k is a
Jacobian variety of a nice curve C'/k of genus g. Recall from section §1.2.4 that Jo
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is a principally polarized abelian variety with principal polarization defined using the
© divisor, which is the image of C’ég ) inside Pic%(C%), that we have identified with
Jc. Note that all these objects are defined over the base field k.

Before moving further, we need definition of some pairings that will be useful
later.

2.1 Some pairings

Let V/k be a nice variety. Then the moving lemma (Lemma 1.2.2) implies that one
can always find a representative of the class of D € Div(V%) in Pic (V%) avoiding a
given finite set of points. Let V /k and W /k be nice varieties and D € Div(V; x W)
be a divisor. Reca/ll_@m §1.2.3 and Theorem 1.2.10 that there is a homomorphism
Ap : AIb(V) — Alb(W) induced from the homomorphism Ap : Z°(V%) — Pic®(W5)
with Y(V%) C ker(Ap). Let v € Y(V%), and o € Z°(W5). Then D(v) = div(f) for
some f € k(W). Define D(v,tv) by linearly extending the evaluation of f on points

w € W(k), outside poles and zeros of f, i.e., if v = > wvp(P) such that vp =0
Pew (k)
for all but finitely many P and when f(P) =0 or oo, then

D(o,w):= [[ r(P)~.

PeWw (k)

Recall the definition of *D from §1.2.3. Similarly using ‘D one can define *D(w, v),
where tv € V(W) and v € Z°(V%). This gives partially defined pairings:

(o1 s (V) x Z2°(Wp))" = G and ()5 1 (2°(V5) x V(W)™ = Gy, (2.1.1)

defined as (b,10); := D(b,tv) and (b, 1), = "D(tv,v), where the superscript L rep-
resents that the v and tv are chosen in a compatible way, i.e., a function with divisor
D(v) does not have a zero or a pole at the points in Supp(to) while defining (-, -); and
vice versa for (-,-)s. One can always do this using the moving lemma, i.e., Lemma
1.2.2. One checks that the above defined pairings are Galois equivariant.

In the case when b represents a point in Alb(V)(k)[n], then no € Y(V). Let

v and w represent points in Alb(V)(k)[n] and Alb(W)(k)[n], respectively. Using
D e Div(V x W) one defines the following map.

Definition 2.1.1.
epm : AI(V)(R)n] x Ab(W)(R)[n] = s (F),

given by
D(nv,t0)  (nv, o),

€D,n(vaw) = tD(U,?’Lm) = <07nm>27

where v and to are some lifts of v and w to 0-cycles such that everything makes sense.
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It is shown in [Lan83][VI, VII] using Lang reciprocity that the above map is well-
defined, bilinear and Galois-equivariant and depends only on the correspondence class

of D.

Definition 2.1.2. In the case when V = A and W = 121\, the pairing defined above
using the Poincaré divisor is non-degenerate and is called the Weil pairing associated
to an abelian variety. It is denoted by e,.

However, we know that Pic®(V) ~ Pic?(A) ~ A, where A := Alb(V). Therefore,
we would like to define the pairing using divisors and 0-cycles on V4. This gives rise
to what is called as Albanese-Picard definition of the Weil pairing. Identify A with
Pic (V).

2.1.1 The Albanese-Picard definition of the Weil pairing

Let V, A and A be as above and P be a Poincaré divisor on A x A. Fixing a base

point Py € V(k), one has the map ¢y, p, : V(k) — Alb(V)(k). We have the morphism

~ id ~
Ve x Ag Rk Az x Az. Pulling back the divisor P we obtain a divisor Py €
Div(Vix Az). Let D € Div®(V%). Then the divisor D represents a point on A(k). Now
choose a 0-cycle z € Z°(Az) summing up to the class of D in Az. Since [D]—z € Y(Az)
and the Albanese variety of an abelian variety is itself, “Py([D] — 2) € Princ(V). In
fact, as we have identified Pic?(Az) with Pic®(V4%), by [Lan83] [IV, §4] we have that
D —'"Py(z) = div(fp..) € Princ(V%). Furthermore, if v € Y(V%), then one defines a
pairing

[ (V(V) x DiVO(VE))L — Gy, via (b, D)~ fp.(0)Po(v,2), (2.1.2)
where z and v have been adjusted so that everything is defined. In [PS99, §3.2], the
authors show that [-, -] is a well-defined pairing, i.e., independent of the choices made.
One has the natural pairing on (Z°(V5) x Princ(V;))" given by (b, div(f)) — f(v).
To define [v, div(f)], one can choose z = 0, which implies that

[0, div(f)] = f(v).

For a divisor D € Div’(V4) such that [D] € Pic’(V4)[n], let f.p € k(V)* be such
that div(f,p) = nD. In view of the above, one can define the Weil-pairing as follows:

Definition 2.1.3.

evin : AR)[n] x A(R)[n] = jun,

an(U>
[nv, D]’

(0,D) —

The following proposition shows that the above pairing is independent of the
choices made.
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Proposition 2.1.4. The map ey, is a well-defined pairing, i.e., independent of the
choices made.

Proof. If we shift v with a y € Y(V%), then the discrepancy is given by

_ fan(®)  fap()  fun(n)
evnl9, D) = [y, D] [9,nD]  fup(n)

since definition 2.1.3 is clearly bilinear and nD € Princ(V). Next, if we shift D by
div(f), then again the discrepancy is given by
f(o)" Sl f(o)"

evn(v,div(f)) = [no,divf]  n[o,divf] flo)n -

=1,

Proposition 2.1.5. [BPS16, §4.3, 4.4]
The following hold.

1. If ¢ - V = V' is a morphism of nice k-varieties, v € Y(V;), and D' € DiVO(VE/),
then [¢.(v), D'] = [0, ¢*(D’)].

2. Let A = AIb(V). Then under the identification of A(k) with Pic?(V%) the

PAITINGS €V, €An, € defined in definitions 2.1.5 and 2.1.2 are equal.

2.1.2 Pairings in case of Jacobians

Recall from §1.2.4 that when V is a nice curve C'; the Albanese and the Picard varieties
Jo are canonically identified, and Je (k) 2 Pic%((Jc)z). Therefore, using Proposition
2.1.5 we compute the Weil pairing using the Albanese-Albanese definition. Recall
that A € Div(Cy x Cf) induces the same homomorphism as P € Div((Jo X Jo)z),

i.e., id € Homg(Jo x Jeo). Hence, the pairing ea,, : Jo(k)[n] x Jo(k)[n] — wy, is
the same as the one defined by ep, : Jo(k)[n] x Jo(k)[n] = p,. If p and q are two
elements of Div’(C5) representing elements of Jo[n] with disjoint supports, then the

Weil-pairing is given as follows.

Definition 2.1.6. Let p, q be as above, and f,,, fnq be functions such that div(f,,) =
np and div(f,q) = nq. Then the pairing e, , is given by

A(np,q)  fup(q)

a9l 1) = T3t =

where all the quantities are well defined.

We will drop the abelian variety from the notation of the Weil pairing whenever
it is clear from the context.
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2.1.3 Extension of the pairings (-,-); and (:,-); for Jacobians

In this section we extend the two pairings (-,-); in Equation (2.1.1) to be defined
entirely on Princ(C%) x Div?(C%) and Div®(C5;) x Princ(Cy) using the A divisor on
C% x Cf, such that they are Galois equivariant. Such an extension will simplify the
computation of the CTP in later chapters.

Choose uniformizers tp for P € C(k) for the local rings Op such that the map
P — tp is Galois-equivariant, and consider the Galois-equivariant pairings

(-,)1: (Princ(Cf) x Div®(Cf)) = G (2.1.3)
(-,)2: (Div’(C%) x Prine(Cy)) — Gy (2.1.4)

defined as follows.
(div(f), Dy = [ (78" (P,
P
and
(D, div(f))z = [ [ (=1 (fep ) (),
P
The above pairings are well-defined and extend the partially defined pairings in Equa-
tion (2.1.1). Next we show that the two pairings defined above agree on the diagonal
Princ(C%) x Princ(Cy).
Proposition 2.1.7. Let (-, )1 and (-, )2 be as above. Then (-,-)1 = (-, -)2 on Princ(C%) x
Princ(CY).
Proof. Define the tame symbol at P for two nonzero functions f and ¢ as follows:
fvp (9)

— (_1\V Yup(g)
[fa Q}P — ( 1) pifJvr gvp(f)

We have

UP( ) vpl(g
(div(f),div(g)) H 1)er(vets ( - ) ()

<diV(f), v(g))e 4 (gt;P@)) (P)orh)
vp(9)
_ yorrte) (17 _ _
=T (555) ) = Tifale =1
P P
The last equality is a consequence of strong Weil reciprocity [Wei38]. O

The following corollary shows that the Weil pairing can be defined using the above
modified definitions of (-,-); and (-, )s.

Corollary 2.1.8. Let P,Q € Jo(k)[n] be represented by degree 0 divisors p and q,

respectively. Then
<np7 q> 1

<]3, TLC[)Q

eJC,n(Pv Q) =
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Proof. Let P,Q € Je(k)[n] be represented by degree 0 divisors p and q, respectively.
Using the moving lemma 1.2.2, we can choose functions fp and fg such that the
divisors p 4 div(fp) and q + div(fg) have disjoint support. We have

(np +ndiv(fp),q +div(fo))
(p +div(fp),nq + ndiv(fg))s
_ (np,gh
~ {p,nq)2

ion(P Q) = (Definition 2.1.6)

(Proposition 2.1.7)

]

Using Proposition 2.1.7 one can show that the Weil pairing (Definition 2.1.6) can
be defined using the modified definition of (-,-); and (-, -)s.

2.1.4 e, for hyperelliptic Jacobians

In this section, we give an explicit definition of the 2-Weil pairing for hyperelliptic
d

Jacobians. Let C' : y?> = f(x) = Y. fiz' be a hyperelliptic curve over k of genus
i=1

g = [(d — 1)/2] with Weierstrass points T} := (e;,0), where e; € k are the roots of

f When d is even, then we denote by D, the divisor (O,) + (O_), where O, =

(1, %/ fog+2,0). When d is odd, then we denote by D the divisor (O). Any point P
2n
is represented by a divisor of the form Dp — nD,,, where Dp = > (F;) in case d is

i=1
n

even, and Dp = > (P;) when d is odd, for some P; € C(k). If P is a 2-torsion point,
i=1
then P; in the support of Dp are taken from the Weierstrass points. The following

proposition gives a formula for the 2-Weil pairing in the case of hyperelliptic curves.

Proposition 2.1.9. Let P and @) be two points of J( k)[2] represented by Dp —nDay,
2n

and Dg — mDes,, where Dp = > (P;) and Dg = Z(QZ) and d is even. If d is odd
i=1

and for some n € Z, deg(Dp) = 2n — 1, then set Dp = Dp + Dy, (similarly define

Dq). Otherwise, set D, == D,. Therefore, P = [Dp — 2nDy] (similarly for Q), and

(P Q) ( ) (Supp(DP)ﬁSupp(DQ))

Proof. We start by assuming n,m = 1. We prove the proposition in this case and
then extend the result using the bilinearity of the Weil pairing to prove the above. We
have 2Dp — 2D, = div(z — z(P;)(z — 2(F2))) when deg(Dp) = 2, and 2Dp — 2D, =
div(x — z(P1)), when deg(Dp) = 1 (similarly for Q). Choose uniformizers (z — e;)/y
at a Weierstrass point (e;,0) and z9/y at O,,0_ and O depending on if d is odd
or even. For every other point R, we choose © — z(R) as a uniformizer. It is clear
that if Dp = Dy, then es(P,Q) = 1 and the proposition holds. So we assume that
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Dp # Dg. The evaluation of (x — x¢)(x — () at Do yields the same value for all
T, T} € k, and cancels out while computing the pairing because vp_ (z — o) (z — z})
is even. Furthermore, vg(x —e¢;) is even for all R € Supp(De,). Hence, (Dp,2Dg)s =
(2Dg, Dp);. Using the definitions of (-,-); in §2.1.3

AL @@ = (b)) it Py Py ¢ {Q1 Qa} =,
(2Dp, D)1 = § 5= (2(P1)) (w(P1) — 2(Py)) .iegz}(x(@?) 2(Py)).
if Q, =D,
This implies that
(P.Q) = {1_1 ii Supp(Dp) N Supp(ilQ)::Q?:

when d is even or d is odd and deg(P) and deg(Q) are even. Doing a similar compu-
tation as above shows the following. If d is odd, then (x — xo) has an order 2 pole at
oo for all xy € k. If deg(Dp) = 1 = deg(Dy), then

(P Q) ( )#SUPp(DP)ﬂSupp(DQ)

If deg(Dp) =1 and deg(Dg) = 2, then using bilinearity of the Weil pairing, we have
ea(P, Q) = —1 <= Supp(Dp) C Supp(Dg) as Dg = [?Q, or equivalently

(p Q) ( )#SUPP(DP)ﬂSupp(DQ)

In the general case one can write [?* as a sum of divisors of degree 2 with disjoint
supports. Let Dp = > D; — nDy with Do, = Dy, if d is even and 2D, if d is odd,

i=1
and D; of degree 2 for each i and possibly at most one for one i, D; # D;. Similarly,

we write Dg = Y. D! — mD4,. The pairing is then the product of (—1) taken

i=1
Z #(Supp(D;) N Supp( D’ (|_| D;N D, ) <Supp( )N Supp(D'))
many times. O

2.2 The homogeneous space definition

We identify J(k) with Pic’(Cy), and J with Pic®(J;) using \e. Let a,a’ € III(J/k),
and X be a locally everywhere soluble homogeneous space of J over k representing
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a. Now Pic’(X7) is canonically isomorphic to Pic®(J) ~ J(k) as a Gj-module.
Applying Galois cohomology to the exact sequence

0 — Princ(X3) — Div?(X3) — Pic%(X3) — 0,

we have that a’ corresponds to an element of H'(Gy, Pic’(X%)), and therefore gives
rise to an element b of H?(Gy, Princ(X7%)). Using Galois cohomology on the following
exact sequence
0=k — k(X)* = Princ(X3) — 0,

one can lift & to an element f’ of H%(Gy, k(X)) since H3(k) = 0 (Theorem 1.3.44).
Let v be a place of k. Since, a’ is locally trivial, f is in the kernel of the map
H%(Gy,, ko (X)*) — H?(Gp,, Princ(X7-)). Hence, it corresponds to the image of an
element ¢, € H*(k,). ¢, can be computed by evaluating f on any local point @, €
X (k,) that avoids the poles and zeros of f/.

Definition 2.2.1. Recall the local invariant map on local Brauer groups from Propo-
sition 1.3.37. In view of the above, the homogeneous space definition of the CTP is
given by

<a, a')CTﬂg = Z iHVU(CU).

v

2.3 The Weil pairing definition

Let ¢,¢' € II(J/k)[n]. Let a,a’ € S™(J/k) be lifts of ¢,t', respectively, to the n-
Selmer group interpreted as elements in H'(Gy, J[n]). Let a,o’ € Z'(Gg, J[n]) be
lifts of a, d’, respectively. Let 8 € C'(Gy, J[n?]) be a lift of . Using the connecting
morphism, 6 : H'(Gy, J[n]) — H%(Gy, J[n]) in the long exact cohomology sequence of
the following exact sequence:

0 — J(k)[n] — J(k)[n?] = J(k)[n] — 0,

we obtain n := d(a) Vo' = 9BV o' € Z3(k), where V is the cup-product induced
by the Weil-pairing e, : J[n] x J[n] = p,. Since H3(k) = 0 (Theorem 1.3.44), let
e € C*(k) be such that de = 7.

This is the global part of the pairing. We now use the local triviality of a. For
every place v of k, recall that z, represents the localization of a cochain x. There
is a point Q, € J(k,) such that 0Q, = o, = np,. Let P, € J(k,) be such that
nP, = Q,. This implies that 3, — P, € CY(Gy,, J[n]). We obtain a 2-cocycle
Yo = (Bv - 8Pv) \ O‘; — &y € Zz(kv)'

Definition 2.3.1. Let 7, be as above and ¢, be the class represented by =, in Br(k,),
then the Weil pairing definition of the Cassels-Tate pairing is given by

(t,terwp = Zian(Cv), (2.3.1)

v
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where recall that inv, is the local-invariant map on the Br(k,).

2.4 The Albanese-Albanese definition

We now explain the Albanese-Albanese definition of the Cassels-Tate pairing on
II(Jo/k) with respect to the diagonal correspondence A € Div(Cy x Cr) using stan-
dard notations for Galois cochains, cocycles, as defined in §1.1 and §1.3.3. We will
write the group structure on these objects additively also when they take values in
a multiplicative group. Let a,a’ € III(J/k), represented by 1-cocycles «, o/, respec-
tively, with values in J(k). Lift a,a’ to cochains a, &', respectively, with values
in the group Div’(C;). The Galois equivariant pairings (,-); and (-, -), induce the
cup-products U; and Uy at the level of cochains. Using the long-exact cohomology
sequence associated to the exact sequence

0 — Princ(Cy) — Div?(C) — Pic?(Cf) ~ J — 0,

we obtain 1-cocycles da and da’ in Z*(Gy, Princ(Cy)). Let n == daU; o’ — a Uy da’ €
C3(k). Note that the cup products in 7 make sense. It is easy to see that 7 is in fact
a 3-cocycle:

on=0%aUyd +0aU; 0d — 0aU, 0d’ + a Uy 0%a’ =0, (2.4.1)

since 9% = 0 and the pairings are compatible on Princ(C%) X Prine(Cf) by Proposition
2.1.7. By Theorem 1.3.44, H3(k) = 0 for any number field k. Hence, there exists a
2-cochain ¢ € C?(k) such that n = 9e.

Formally, 7 looks like d(aU; a’), but aUa’ does not make sense, since we cannot in
general pair the values of a and a’, so we can understand ¢ as a substitute for a U; o’
with i € {1,2}.

We now make use of the fact that a is everywhere locally trivial. Let v be a place
of k. Then a, = 9, for some B, € J(k,). We lift 8, to an element b, of DivO(C’E).
Then a, — db,, takes values in the group of principal divisors, and the same is true of
Jal, so we can define

Y = (a, — 0b,) Uy al, — b, Uy dal, — &,
Interpreting € as a U; @', 7, looks formally like —0(b, U; a)), but again, b, U; a,
does not make sense. We have that ~, is a 2-cocycle with values in o
Oy, = da, Uy @, — (a, — 9b,) Uy dal, — db, Uy O, + b, Uy 9%a,, — da, Uy a, + a, Us O,
= —(a, — 9b,) Uy da. + (a, — db,) Us da,, = 0.
Here we again need to use that the two pairings are compatible. So 7, represents
some ¢, € H*(k,) = Br(k,). Recall the local invariant map inv, : Br(K,) — Q/Z.

In view of the above, the Albanese-Albanese definition of the CTP on II(Jo/k) X
I(Jo/k) is given as follows:



60 CHAPTER 2. CASSELS-TATE PAIRING

Definition 2.4.1. For a,a’ € II(J¢), we have:

<CL, a,>CT,AA = Z invv(cv).

v

We now show that the above definition is independent on the choices made in
defining it.

Proposition 2.4.2. The pairing defined in Definition 2.4.1 is well-defined.
Proof. We enumerate through all the choices made to establish the proposition.

1. Changing € by a cocycle ¢ € Z%(k). This changes 7, by subtracting ¢, where ¢
represents z € Br(k), so the value of the pairing changes by — > inv,(z,) = 0

(by part 4 of Proposition 1.3.37).

2. Changing a by a cochain § with values in principal divisors. Replacing a by
a+ f, n changes by adding 0f Uy @’ — f Uy Oa’ = O(f Uy ). The equality follows
from the compatibility of the pairings (-, -); and (-, )2 on Princ(C%) x Princ(CY).
Therefore, € changes by addition of f Us @', but 7, remains unchanged.

3. Changing a’ by a cochain f with values in principal divisors. Replacing a’ by
a+f, n changes by adding daU; f —aUs 0f = 0aUs f — a Uy Of = d(aUs f) (using
the compatibility of the pairings). Hence, € changes by addition of a U, f, and
therefore v, changes by

(av - abfu) Ul fv - bv U2 afv — Oy U2 fv = (av - abv) U2 fv - bv UQ afv — Oy UZ fv
- _a(bv Ua fv)7

SO ¢, is unchanged.

4. Changing « by a coboundary Ok, with x € J(k). Lift Ok to a cochain 0, with
t € Div’(Cy) representing k. This changes a by adding ¢ and 1 by adding
—0tUy da’ = —0(8 Uy 0a’). So we can subtract €U da’ from e to correct for that.
Then -, changes by nothing.

5. Changing o by a coboundary 0k, k € J(k). Now lift Ok to a cochain 0%, with
£ € Div’(Cy) representing x. This changes o’ by adding 9¢ and 7 by adding
da Uy 0t = 9(Ja Uy £). So we can add da U; £ to ¢ to correct for that. Then 7,
changes by

(Clv — 8bv) Ui 8?1, — 8Clv Usg t= (Clv — (%U) U 8&, — 8% Ui £ = 8((&] — 0bv) Ui E),

¢, is unchanged.
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6. Changing b, by a principal divisor f, changes v, by
—0f, Uy ' — §, Ug 9a’ = O(f, Uz a)),
which implies that ¢, remains unchanged.

7. Consider changing (3, by adding a point s, € J(k,). Lifting k, to &, €
DiVO(CE), and changing b, by adding ¢,, changes ~, by

—8&, U Cl; — Ev Us 8&;

Note that ¢, takes values in principal divisors, as k, € J(k,). Further, we have

ol = 0p,, for some [, € J(k,) by the local triviality of «/. Lifting ] to b, we
have § := a/ — 0b! takes values in principal divisors and Oa! = 0f,, therefore

—0, Uy a) — €, Uy 0d’ = =08, Uy f, — Ok, Uy Ob] — &, Uy OF,
= —0t, Us f, — 0%, Uy Ob, — &, Uy OF,
= J(0%, Uy b)) — O(t, Ua 1),

which implies that ¢, remains unchanged. It is worth noting here that this is
the only place where the local triviality of a is used.

]

One can extend the above definition of the CTP to define a not well-defined pairing
on II(J/k) x H(Gy, J) which is the same as the CTP when the second argument
is from III(J/k). We denote this map also by (-,-)cr for obvious reasons. In this
regard, we have the following remark.

Remark 2.4.3. The analogous map (-,-)cr : II(J/k) x H'(Gi, J(k)) = Q/Z is
well-defined up to the choice of j,, i.e., changing 5, to 8, + K, for some k, € Jo(k,)
changes the value of the pairing. Let ¢, € Div’(Cy-) be a lift of x,. Then by part 7
of the previous proposition, the change in the value of the pairing at the place v is
given by —inv,([0¢, Uy a + &, Us Od. ).

2.5 Equivalence of definitions

We show the equivalence of the Albanese-Albanese definition with the Weil pairing
definition first.
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2.5.1 Equivalence with the Weil-pairing definition

Proposition 2.5.1 ([PS99, Proposition 34]). Let a,d’, o, o, 3,a’ be as in the Weil
pairing and Albanese-Albanese definitions of the CTP. Let s be a lift of B to degree-0
divisors. Then ns is a lift of o to degree-0 divisors. If we take another lift a of o
to degree-0 divisors, then | := a — ns takes values in principal divisors. Define 1,
Na, Na to be the 3-cocycles obtained in the Weil pairing definition, Albanese-Albanese
definition using a as a lift, Albanese-Albanese definition using ns as a lift of «, re-
spectively. If €, €4, and é, are the 2-cochains trivializing 1., N, and n,, respectively,
then one can choose ¢,,¢e, such that:

Ew—Ea=—5Uyna —fU; d.
Proof. We have:

Nw — Mg := OBV o — Ons Uy a + ns U, Od’
=n0s U a’ — 0s Uy na’ — Ons Uy a’ 4+ ns Uy Od’
= —0s Uy na’ + 5 Uy Ond’
= —0(s Us na')

Hence, we can choose €, such that ¢, — £, = —s Us na’. Since a = ns + f, we can
choose ¢, such that ¢, = £, +fU; a’. Combining with relation between ¢,,, £, we have:

Ew—Ea=—5Uyna —fU; d.

O

To see that the Weil-pairing and the Albanese-Albanese definitions are equivalent,
we now consider the local part. Keeping the notation as in the previous proposition,
let v be a place of k and +,, and 4,, be the local 2-cocycles obtained during the
local parts of the Weil pairing, and the Albanese-Albanese definition with ns as a
lift of a, respectively. Let P,,Q, € Jc(k,) be such that dQ, = o, and nP, = Q,,
P, € DiVO(CH) be a lift of P,, and q, = np, be a lift of ),. Then

Yo — Yv.a = (B — OP,) V ay — (ns, — 0q,) Ur a, + q,, Uz Oa, + s, Us nat),
= (ns, — Onp,) Uy a, — (s, — 9p,) Us na, — (ns, — 0q,) U a,

+ q, Uz Oa) + 5, Uz na,

= 8pv Us TLCI{U + gy U2 8a; = 8pv Us na; + Py Us n@a; = 8(pv Usg na;)

Therefore, [Vyw] = [Yv.a) € Br(k,), and (a,d")crwp = (a,d’)cr, a4.
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2.5.2 Equivalence with the homogeneous space definition

Showing equivalence with the homogeneous space definition requires a bit more work.
We will briefly introduce the Albanese-Picard definition for a nice variety V /k with
Albanese variety A/k and Picard variety A’/k. The procedure is very close to the
one for the Albanese-Albanese definition, but the cup product U; is induced by the
pairing (2.1.2), and U, is induced by the natural pairing (Z°(V%) x Princ(V%))* —
Gm. We denote this by (-,-)cr,.ap : HI(A/k) x II(A'/k) — Q/Z. Similarly to part
1 of Proposition 2.1.5, we have the following functoriality for the Albanese-Picard
definition of the CTP.

Proposition 2.5.2. [PS99, Proposition 31] Let V/k be a nice variety and A =
AIb(V). Fiz a point Py € V(k). Then the Albanese morphism ov- : Vi — Ay induces
k-rational isomorphisms ¢, : A — Alb(A) and ¢* = Pic®(Az) — Pic(V5). Here we
have dropped the dependence on V' in ¢, and ¢* in order to simplify the notation. Let

a € UI(A/k), and o’ € T (Pic’(A/k)). Then
(a,¢"(a))cr,ap = (P«(a),d’)cr,ap,
where the C'TP on the LHS is with respect to V and on the RHS is with respect to A.

Let J be a Jacobian variety, let a and o' € III(J/k), and let X be a principal
homogeneous space of J corresponding to a. Then Alb(X) ~ J. By Proposition 2.5.2,
it suffices to show that (a,a’)cr ap = (a,d')cr ns, where the LHS is with respect to
X. We may take a, the lift of a to C'(Gy, Z°(X3)), to be OP, for some P € X (k) (here
a is interpreted as an element in H'(Gy, Alb(X)(k)). Choose @’ € C'(Gy, Div’(X%))
representing a’. Then da’ = f' € Z*(Gy, Princ(X%)). The element ¢, € Br(k,) is
obtained by evaluating f/ at the k,-rational point @, of X. In the Albanese-Picard
definition, we may choose b, = P, — Q, € ZO(XE). Therefore,

n=0aUd —aUdd =—-0PUf =d(—PU[).

Hence, we may take e = —PU f’, and 7, can be shown to be @, U f, which is exactly
the class of ¢, from the homogeneous space definition.

Hence, from now on we will drop the subscripts WP, AA, and HS from the
notation of the CTP and use (-, -)cr only.

2.6 Previous computation of the CTP

In the realm of elliptic curves, the CTP on S®(E/k) was computed by Cassels [Cas98]
using explicit models for 2-coverings representing elements of the 2-Selmer group and
a combination of the Weil-pairing definition and the homogeneous space definitions.
In [Bea00], Beaver computed the CTP on ¢-Selmer groups on elliptic curves, where
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¢ is an isogeny of degree 5. Later Cassels’s approach was generalized by Swinnerton-
Dyer [SD13], Fisher and Newton [FN14], and Fisher and van Beek [FvB18] to compute
the CTP on S@(E/k) x SE")(E/k), SV (E/k) x S®)(E/k), and for Selmer groups of
isogenies of odd prime degrees, respectively. Using an approach of Donnelly based on
the homogeneous space definition of the CTP, Fisher [Fis22] has given another way
of computing the CTP on S (E/K) x S®(E/K). Fisher also has an approach based
on the homogeneous space definition for S®)(E/K) x S®(E/K) (unpublished). In
the next chapter we will use the Albanese-Albanese definition of the CTP to compute
it, following the manuscript [SS23].

The story is rather far from complete for the Jacobians of higher genus curves.
Jiali Yan, in her PhD thesis [Yan21b], [FY23], [Yan2la] gave algorithms to compute
the Cassels-Tate pairing on [2] and (2,2)-isogeny Selmer groups, assuming all the
Weierstrass points of the genus 2 hyperelliptic are defined over k [Yan2lal], and on
S@®)(J/k), assuming that the twisted Kummer surface has a k-rational point [FY23].
In all the above cases, the authors used one or both of the Weil-pairing definition and
the homogeneous space definition of the CTP to obtain an algorithm. The algorithm
obtained in [F'Y23] (though conditional) seems to be very efficient in practice. In
Chapter 4 we give an algorithm to compute the CTP on the 2-Selmer groups of odd-
degree hyperelliptic Jacobians. In Chapter 5 and 6 we obtain algorithms to compute
the CTP on various isogenies on the Jacobians of certain types of curves.

The major obstacle in obtaining an algorithm using the Albanese-Albanese defi-
nition is to compute e € C?(k) trivializing n € Z3(k). We overcome this by showing
that computing ¢ is equivalent to computing some 1-cochains e € C!(k) for some
2-cocycles E € Z?(k) such that de = E, where each E is obtained using 7. The
advantages of our methods are

1. Computing the pairing involves only computations in the Galois cohomology of
number fields, with minimal reference to the geometry of the Jacobian variety.

2. Computing the pairing does not involve dealing with any explicit equations for
principal homogeneous spaces of J.

3. We do not need to extend to any larger field extension (for example to the field
of definition of n*-torsion points as required in the Weil pairing definition) than
already required for the definition of the Selmer elements when represented as
1-cocycles.

4. One can even compute the pairing in the case of certain isogenies for Jacobians
of higher genus curves.

The disadvantage of our current method is that trivializing 2-cocycles representing
the trivial class in the Brauer group of a number field is known to be a computation-
ally hard problem, and not using any information on the geometry of the Jacobian
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variety and its principal homogeneous space implies that the algorithms become in-
efficient very quickly as the degree of the field of definition of kernel of the isogeny
in question grows. Omne can certainly hope to get more efficient algorithms if one
combines the cohomological computations with the information on the geometry of
principal homogeneous spaces.
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CHAPTER 2. CASSELS-TATE PAIRING



Chapter 3

The CTP for elliptic curves

In this chapter we compute the CTP on 2-Selmer groups of elliptic curves using the
Albanese-Albanese definition of the pairing. This chapter is based on the manuscript
[SS23] (joint work with Michael Stoll). The CTP on 2-Selmer groups of elliptic curves
has been computed before by Cassels himself using explicit descriptions of elements of
the 2-Selmer group [Cas98]. However, it was not clear to Cassels whether the pairing
computed by his method is indeed the CTP. It was proven later in [FSS10] using
abstract methods that the pairing which Cassels computed is indeed the CTP. By
computing the CTP using the Albanese-Albanese definition we give a more explicit
proof of this result. On the other hand, to the best of our knowledge this is the first
attempt to make the Albanese-Albanese definition of the CTP explicit.
We set some notations useful for this chapter beforehand.

3.1 Notation

Throughout this chapter F will be an elliptic curve over a number field k given by

the equation
Yi=f(X)=X*+cX +d,

where ¢,d € k, and E[2] will denote the Gj-module E(k)[2]. Let ey, es, e3 € k be the
roots of f, let T; == (e;,0) for ¢ € {1,2,3}, and let Ty := 0o be the unique point at
infinity. Recall the definition of M* from Definition 1.3.41 for a finite G},-—set A and
a Gy—module M. For A = {T1,T,, T3} we have

py = ER] @ (~1)(Th) + (=1)(T2) + (=1)(T3));

the inclusion £[2] < x4 is induced by the Weil pairing (§2.1.4), P — >, e2( P, T)(T).
Let L = k[X]/{f(X)) be the étale algebra associated to A. Then

H'(Gk, E[2]) = ker (N: L*/(L*)? — kx/(kx)2) , (3.1.1)
where N denotes the map induced by the norm map from L to k.

67
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The elements of L*/(L*)? can be represented by elements of L*, which can be
written in the form 8 = I+ 10 + 150%, where ly, 1,15 € k and 0 is the image of z in L.
We set B; = lo + lie; + lze? € k(e;)*. Under the identification L — L =2 Eg, 3 is then
mapped to (B1, B2, 53).

If 3 represents an element a of H'(Gy, E[2]) via (3.1.1), then (3583 € (k*)?. Fix

3
square-roots v/3; of B;, for 1 < i < 3, and consider the formal sum Y /B;(T;) €
i=1

L* = G2. This element is a square root /B of 3 € L* considered as an element of
G2. The 1-coboundary o + o+/B/+/B then takes values in p2 because j3 is fixed by
G and represents

(3.1.2)

The cocycle Y, is associated to a 1-cocycle representing a via (Z/27)> — E|[2] sending
3 3
> ai(T;) — > a;T; and the identification s = Z/27 as Gp-modules.
i=1 i=1

Note that pd ~ @ py', where A; are the Gy, orbits of A. This induces an

orbits
isomorphism Z'(Gy, p5) ~ @ ZY(Gy, "), so xa(0) factors through the orbits of
orbits
A, e, xo(0) = D Xai(o), where x,; corresponds to a y, when the support A
orbits

3
is replaced by a Gp-orbit A; of A. We associate with > a;(T;) € ug the triple
i=1
(a1, as,a3) € us, and henceforth we will use this representation for the elements of
4. Write 0 for the triple (1,1,1) and ¢ for the triple with 1 in the ith position, and
—1 elsewhere. The action of G}, on the triples in 3 is induced from the action on y5'.

If (z1, 2, 73) is a triple representing an element of (15)“*, then define the product
<

[]x; to be the product taken over one representative i of each Gy—orbit on A (note
i
that z; = z; when ¢ and j are in the same orbit).

In the general case, Gal(k(y/B1,v/B2)) =~ S3 x C2, where Sz acts via permutation
on the set {ey, es, e3}, and the two copies of the cyclic group of order 2, i.e., Cy act
by flipping the sign of /5 and /s, respectively. Throughout this chapter we work
under the assumption that we are in a fairly generic setting, i.e., we assume that
Gal(k(v/B1,VB2)) =~ H x N C S3 x C3, with H C S3 and N C C%, and the above
holds for every 2-Selmer element we will consider.

In the following subsection we recall another definition of the CTP, which we call
Cassels’ pairing, that was given by Cassels in [Cas98].
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3.1.1 Cassels’ pairing

Let a,a’ € S®(E/k) be represented by 3 = (81,52, 03) and ' = (B}, B85, B%) as
discussed above, and for pairwise distinct 1 < 4,7,k < 3, define quadratic forms in
variables (Uy, Uy, Us, T) by

Hi(Ul, UQ, Ug,T) = (ﬁij — ka‘i)/(ej — ek) + T2, (313)

where T'; == U; + Use; + Use?. Note that (Uy,Us, Uz) — (I'y, g, ') is just a linear
change of coordinates, and H; is defined over k(e;). Any two of these quadratic forms
define the same projective curve D, in P? with coordinates Uy, U, U3, T. Choosing

J, k € {1,2,3} cyclically for a given i € {1,2,3} we get Z(e] — ex)H; = 0. Hence,

any two of the H; define the same genus 1 curve D, over k The curve D, has points
for every completion k, of £ and is a 2-covering of E representing a. For details, see
[Cas98, §2|. Since D, has a point on the affine patch 7" # 0 locally everywhere, each
H; has a non-trivial solution over k,(e;) for every place v of k, and therefore each
H; has a solution over every completion of k(e;). This implies that there is a point
qi = (@ W wg 1) or (F;‘j : I, 1) defined over k(e;) satisfying: H; = 0 for
each 7, which is a consequence of the local-global principle for quadratic forms. Let
L;(Uy,Us, U3, T) over k(e;) for 1 < ¢ < 3 be a linear form such that L; = 0 is the
tangent to H; at q;.

If g, is a point defined on D, over k,, then the Cassels’ pairing [Cas98, Lemma
7.4] is defined as follows:

) Cas = HH Ve (e1)- (3.1.4)

In [Cas98], Cassels showed that the above definition gives a well-defined pairing and
is independent of the choices made.

3.1.2 Some useful formulas

We now recall some equations which will be useful later. Let P = (z,y) on E/k.
Then

(3.1.5)

P4+T — (eiﬂf +ejer —ei(e; +er) —(ej —e)(ex — ei)y) 7

(z —e) ’ (x —e;)?

where {i,7,k} = {1,2,3}. Using the fact that the line through P and T; passes
through —P — T; and Equation (3.1.5), we deduce that

(P +T;) — e _ (ej —e;)(ex —e;) _ _y(:I:P + T5)
z(£P) —¢; (2 — e;)? y(£P)

(3.1.6)
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We also deduce from (3.1.5) that

2(EP+T)) —e; = (z _(;’“Z(ecj)_ ). (3.1.7)

which, along with the fact that the line passing through P+ T; and T}, passes through
—P + T}, gives

y(EP +Ti)(@(£P) —ex) _ (Bd+2ce)(x—ex) _ (x— er)*(e; — ei)‘

Y(EP)(@(EP +T;) —er) ez —e)(x —ej)(e; —ep) y?
(3.1.8)

3.2 Computing the CTP on S?(E/k) x HY(Gy, (T1))

In this section we compute the CTP on S*(E/k) x H'(G}, (T1)) (in the sense of
§2.4), assuming that e; € k, ie., [k(E[2]) : k] < 2. Remark 2.4.3 implies that
the value of the CTP thus obtained depends on the choices made during the local
part of the computation. Therefore, it is one of the possible values of the CTP on
S@(E/k) x H'(Gy, (T1)). Henceforth, we will always assume 1 < 4,5,k < 3, and if
any subset of 7, j, k appear together in an expression, they will be pairwise distinct.
We use the notation from §3.1 during the process.

We begin with an explicit description of a € S@(E/k) and o’ € H'(Gy, (T})) ~
k*/(k*)?, represented by the triple (81, 32, 33) and 3/ € k*, respectively. Let the
1-cocycles o and o representing a and a’, respectively, be as follows:

E7 if X(O) = ‘7 B T17 if XI<J) =—-L

Here x = x. (as defined in Equation (3.1.2)), but we have dropped the subscript for
simplicity of notations. Further, x/(c0) == o(v/B) /3, for a fixed square root /3’ of
g

The next two subsections are dedicated to the computation of the CTP when a, a’
are as above.

3.2.1 Global computation

Lift o, @’ to 1-cochains a, @’ with values in Div°(Ey) as follows:
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We have:
0 = div(1), if y(o)=0or x(r)=0,
da(o.7) = 2Ty — 2(Ty) = div(z — e;), if x(0) =1, o-x(1) =1,
(T) +(Ty) = (Th) = (Ty) = div(;%), it x(0) =7, o-x(r) = 7.
(3.2.1)

Similarly, for a’ we have:

90’ B 0 = div(1), if /(o) =1 or X'() =1,
a (O’, T) o 2(T1) — Q(TO) = diV(J} — @1)7 if X,(U) _ X/(T) — 1

Let tp denote a unifomizer at a point P € E(k). We assume tr, = z/y, iy, =
—(x —¢;)/y and tp = © — x(P) at all other points P ¢ E[2]. The map defined by
P — t,, is Galois-equivariant. It is not hard to check that (div(f), D); = (D, div(f))2,
where div(f) and D appear in the values taken by da, da’, a, and a’. In what follows,
we write (f, D); for (div(f), D); in order to simplify the notation. Therefore,

Pla—e)T) o
(x — 6,~)$2/y2(T0) - ( i ])( i k:)»
(=, (1) = () = ¢, <_fve—> ;Q/(;j()m = (¢j — 1),

g e —e)a—e)T)
(y/(:c k)?(T’l) (T0)>1 ZE/(ZL'—Gk)(O) ( J 1)7

—y(r —e)/y(x — ex)(T)
z/(z — e)(O0)

(z =€), (i) — (To))r =

{y/(x —ep), (T) = (To)r = = -1

For i # j, we set s;; == e; —e;, and s; = s;;8;. For o,7,p € Gy, the cup product,
(Oa Uy o')(o,7,p) (resp. (a Uy 0d’)(o,7,p)) via the pairing (-,-); (resp. (.,.)2) is
(Oa(o,T),01(a)(p)))1 (resp. (a(o),o(da}(T, p)))2) using Definition 1.3.10. Therefore,
for pairwise distinct 1, j, k,

(1, it x(o)=0o0rx(r)=0orx(p) =1,
S1, if X(U) = /1\7 g - X(T) = /1\7 X/(p) = _17
' . _ . _ T _
(aa Uy a)/(0_7 T, p) _ ) S if X((7> J, O X(T) Jy X (p) 1, (3'2'3)
) : (x( ),U'X(T))Z(iz)A or s _
St i iyt X P ==L,
_17 lf (X(O'),O' X(T)) = (ku}\)v X/(P) = _17
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and
1, if x(o)=0or x'(1)=1or X'(p) =1,
(a Uy 0a) (0,7, p) = 81, if x(o) = /1\7 X' (1) =x'(p) = -1, (3.2.4)
Sj15 if x(0) :}7 X'(1) =x'(p) = -1

We want to find a 2-cochain € such that de = n = da U; @’ — a Uy 0d’ which (as
we will later see) will require us to express certain elements as norms. Since D, is
locally everywhere soluble, using the discussion in §3.1.1 we have a global solution
qi = (I : T 0 1) to Hy(Tyy : T = 1) = 0 over k(ej,ex), for 1 < i < 3, where H;
are as in Equation (3.1.3) and we assume I'j; and I}, to be conjugates over k(e;) if
e; and ey, are. We would like to express s;; as norm from k(v/fB1, v/f2) to an index 2
subfield of k(v/B1,v/B2). Therefore, we define the quantities

pik =Bl + VBl and  pi = pipik. (3.2.5)

Remark 3.2.1. Let q; be as above, and ¢ € G}, be such that o(e;) = e, then we
can assume that the solution of the conic Hj, = 0 is q = o(q;). Writing 0 € G,
as 050, where o5 € Gygp) is such that x(o) = x(o5), and x(o,) = 0, we have

U(I%‘j) = Us(pa-ia-j) and o(p;) = o (Hpa~z‘o~l> = 05(Poi),

I

where for indices j, k, 0 - j = k if o(e;) = ey.

If z is an n-cochain that only depends on the value of y and x’ on its arguments,
then we will interchangeably use (o1, . .., 0,) with z(x(o1), X'(01), - - -, X(0n), X' (0n))
and drop the dependence on x(o;) or x'(0;), if « is independent of x(o;) or x/(o;),
respectively, for some 1.

We now resume the computation of e € C?(k) such that 9e = n. If e € C?(k)
is only dependent on x(7), x'(7) and x’(p), then we use (7, p) interchangeably with

e(x(7), X' (1), x'(p)). We have

/

~o(e(x(1), X' (1), X'(p)) e(x(o), X (), X'(Tp))
0T 0) = 0 lor) (o)X () 2 (@) XX (@) (7))

is dependent on (o), x(7), X'(¢), X'(7), xX'(p), and action of ¢ on the image of .

The following proposition gives one ¢ such that de = 7.
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Proposition 3.2.2. Let € € C*(k) be as follows:

(

1, if or x(r)=1,

X' (T)x' (p)=1,
R or X'(p)=1
p1, if x(r)=1, X()=1, X(p) = -1,
e(r,p) =4 Up,  if x(1) =0, X(7) = =1, X(p) = -1, (3.2.6)
plj, Zf X(T) :/j’ X/(T) = 17 X/(p) = _17

l/plj’ Z'fX(T) = /k\a X/(T) =—1, X/(p) =—1,

\

where p;;, p; are as defined in Equation (3.2.5) and 1,7,k are pairwise distinct, then
Oe =1.

Proof. 1f x'(p) = 1, then

e 0D ) NN )
T = o o) ) sl X)) T
Therefore, we assume that x’(p) = —1 and observe that

1 _ e(x(7),1,-1)
£(0,-1,-1) e(x(r),~1,-1)’

P = (3.2.7)

for all values of x(7). Using this for x'(p) = —1 and x'(¢) = 1 we have:

OE(X(T)v_l 1) E<X(U)7171)

0z (o7, —T, 1) e(x(@), L, 1)

x’(T):—l(O-’ 7 p> - = (aa Ui Cl/)(O', T, p)F(O')7

where

4!
I'(o) = .
)= o) (o) L -1
Remark 3.2.1 implies that o(p;) = o4(p1) and therefore, I'(0) depends only on x (o).
Therefore, it is enough to show that I'(0) = 1/a U 0d'(x (o), =1, —1), for 0 € Gipp)
(see Appendix (table 3.1) for explicit verification).

Now we show that Os V(o)== Oe Y (e)=—1" If X'(¢) =—=1and x'(7) = 1, then we
have:
9e(o,7. p) = oe(x(7),1,-1) e(x(0),—1,-1)  oe(x(7),1,-1) e(x(o),1,-1)

€(X(UT>, _17 _1) 5(X(0>7 _17 1) N 5(X(UT)7 17 _1) 5(X(U)7 _17 1)
()=t (r)=1 (T T2 P)-
(using (3.2.7))
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If X'(1) = X'(¢) = —1, then we have
oe(x(1),—1,-1) _ oe(x(1),—1,-1)
E(X(O’T),l,—l) 5(X<0)7_17_1) g(X( )7_17_1) E(X(0>717_1>
V(o)=L (r)=—1(T T P)-
(using (3.2.7))

Oe(o,7,p) =

What is left now to show is that if x/(c) = 1, then

(o,7,p) =0aUd (x(o), x(1), —1). (3.2.8)

5)6|X( =1 (o,7,p) =
We observe that
o(e(x(7): X'(7): X' (p)) = ase(o - Xx(7), X'(7), X' (p)); (3.2.9)

Remark 3.2.1 implies (3.2.9) as the values of € are multiplicative combinations of p;;

X' (7)=

and o(p1;) = 0s(p1s.j). This implies (assuming x'(o) = 1):
— UE(X(T)vlv_ ) ( (0)717 )
X' (1)=1x'(p)=—1 e(x(o7),1,—1)
ose(o - x(7), 1, —1)e(x(0), 1, —1)
e(x(o)o - x(1),1,-1) ‘

Therefore, for 0,7 € Gy such that x(o) = i and x(r) = o7t . j, respectively,

de(o, 7, p)

(=1 (p)= (0,7,p) takes the same value, which is similar to da U a’. Hence,
it 1s enough to verify Equation (3.2.8) assuming 0,7 € Gygp) along with x'(0) =
1 =x(r) =1 and x'(p) = —1 (see Appendix (table 3.2) for explicit verification).

O

The next subsection is dedicated to the local part of the computation of the CTP
using € obtained from the global part.

3.2.2 Local computation

We recall the assumption that 77 (therefore, ') is defined over k,. Using the local
triviality of «, for each place v of k there exists a P, = (1,,y,) € F(k,) such that
dP,(0) = (¢ — 1)P, = (o). This implies that for o € Gy, o(P,) = P,, if x(¢) =0,
and o(P,) = P,+T;, if x(0) = i. Hence, P, is defined over a subfield of k,(v/B1, v/[2)-
If P, € E[2], then 2P, = O, 3, € (L®k,)* is a square and a, is trivial, and therefore
P, can be chosen to be O € FE. In this case, choosing the lift b, of P, = O as
0 € Div’(E;) we obtain 7, = —¢,. Hence, in what follows we assume P, ¢ FE[2].
Lifting P, to a degree zero divisor b, = (P,) — (1p), we have
0 = div(1), if x(0) =0
yv(l’*ei)
. Y™ Ty —e; . o
(1)) = (P, + T) + (P) — (To) = div (ﬁ) » ifx(o) =i
(3.2.10)

(a, —0b,)(0) =
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For 1 <7 <3, let z,,, 0,, and w,; denote the quantities z, — e;, xyje_ and —0,;/pjk,

respectively. This gives:

1, if x(7)=0 or x'(p)=1,
(8, = 0b,) Uy ay(r.p) = § o DO 0= (3.2.11)
Zy,15) it x(n=7, x'(p)=-1,

where using equations (3.1.6) and (3.1.8) we have

<y o yux(f—_:ll)> (_x_yq)

(x —z(P,+Th))

Zy,11 = (Tl) X (To) = Ty,
’ r—x(P,+T yo(z—e1) 7
(z— (P, + 1)) (v - 2=2) (a/y)
and
(v-==2) )
Ty—€j xr—2X i
Zo1j = (T1) x (To) = —0Ou i
T \Ere T (- =) o
Further,
1, if X'(7) =1or X' (p) =1,
b, Uy 94 (T, p) = . 3.2.12
2 av(T p) xv,l, if X’(T) = X/(p> = —1, ( )
and v, = (a, — 0b,) Ud, — b, Uda, — g, is given by:
( _ X(1)=0, X'(1)x'(p)=
L if or x(r)=1, (T)x()
N or x (P)*l
131;,1/2917 lf X(T) = 17 X( ) = 1 X/( )
Yo = R P1/Tu1, if x(1)=0, ¥(r) = -1, X'(p) = (3.2.13)
Wy ks if X(T) :}7 X/(T) = 17 X/(p) = _17
Vewer, — if x(r) =k, ¥ (1) = -1, X'(p) = -1,

where j, k # 1 are distinct.

We discuss some properties of w,; in order to determine the class ¢, in Br(k,)
represented by 7,. Here we digress from the assumption that e; € k,. Note that w, ;
can be defined independently of this assumption. For o € Gy, , satisfying x(o) = ?

and o], = =id, and using Equation (3.1.6) we have
i) =0 (o) = A T ] = hu =
o Ty iDjk pik(x(Py +T;) —€)  XuiPjk ot

(U(ij) = —O0sPojok = _pjk-)
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This implies that w,; € ky(v/5;). Further, if o € Gy, , with (o) =

id (e, o, o
tion (3.1.7)

O\Wyi) =0 = .
() (xv,ipjk) o(pjr)(@(Py + Tj) — €;) Yo Wo i

(o (Pir)pik = ;)
Assuming f3; is not a square in k,(e;), we have Normy, (. /z) /. (e;) (Wo.i) = 1. Also, if
i) =

ko(B[2) —
is the non-trivial element of Gal(k,(v/5;)/k.(53;))), then using Equa-

—y(P, +T}) _ T TeaPie 1

o € Gy, is such that (o) = 0 then we have: o(w,;) = w,; if o(e e;. Using
Hilbert’s Theorem 90, we have a h,,; € k,(E[2],v/5;), such that w,; = hy;/hy;, where
x + T, represents the non-trivial automorphism of k,(v/3;) over k,(e;). We choose
h,; to be 14w, ; € k,(v/B;), and define:

51)71' = hv,ihv,i = (2 —Fm—i- ww-) € kv(ei)x. (3214)
In view of the above we have the following remark:

Remark 3.2.3. Let 0,; € k,(e;)* be as above. Then o(d,;) = d,; if o(e;) = e; for
3

o € Gy. Therefore, we get: [] d,; € k0 and 6§, ; = 9, j0ux € ku(ei)™.
i=1

Returning to our discussion in the case when e; € k,, we have: 9, , € k). We
shift ~, by the coboundary 0§, where:

]" lf X/(T) - 1)
W=V hshas, i) = -1 (3:2.15)
If v ==, — 0&,, then we have:
1, if X'(7) =1or X'(p) =1,
/
V(7. p) = x , N ot (3.2.16)
ekl i X)) =X () = -1

and that 7/ also represents the class ¢, € Br(k,). The Proposition 1.3.40 implies
that ¢, is the class of the quaternion algebra (0/, ;, ') and therefore (—1)2ms(e) =
(5’:},17 B,)kv'

We now express d,; in terms of z(Q,), and y(Q,), where @, := 2P, € E(k,).
322+ ¢ 2

2y, ) = (2o — &) = (@0 —ex)

3 2
1
= Z ( E 0v,i> - gv,igv,k - Hv,iev,j =
i=1

oQ) - = (

(Gv,j + ev,k - ev,i)2 .

B~ =
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There exists w,; € k,(e;)*, such that (x(Q,) —e;) = Biwii; hence, 0,; = wm\/ﬁ_j +
wuk\/m and

Ovi _wu,j\/ﬁ_j + Wy VB

pie  Ui/Bi+TiVBr

Here w,; are chosen to be conjugates over k, if e; are. Therefore,

Jpi =2 (1 _ Pl Bkw”"“r’:> —2 <1 4 Dl ij”’jr;> . (3217
’ B;(I5)? = Bi(I'7)? Skj

wv,i = —

A value of (a,a’)or (depending on the choices made above) is then given by the
following theorem.

Theorem 3.2.4. In view of the above discussion and the choice of the point P, made
above, one of the values of CTP on (a,a’) € S*(E) x H'(G}, (T1)) is equal to:

(a,a)er = (01, 8,

v

3.3 Computing the CTP on S®(E/k) x S?(E/k)

Our main aim in this section is to prove the sufficiency of the computation done in
the previous section.

3.3.1 Corestriction method

Let a’ € S?(E/k) be represented by the 1-cocycle o/ which corresponds to the triple
(B, 5%, B) as in section 3.1, and we drop the subscript in x, and call it x’. Note
that this x’ is not the same as the one in the previous section. We choose a lift of o/
to C1(Gy, DivP(Ey)) as:

, 0, if Y'(0) =0,
(o) = (1) + (Tk) — 2(T0), if x'(o0) =7

The following lemma implies that a’ can be written as a sum of corestrictions of
certain cochains.

Lemma 3.3.1. Let @ be as above, and let Ay, ..., A, be different orbits of A with
representatives T, ..., T, forn <3. Then

n

a = Z cor(t;),

i=1
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where each t; € CY(Gi(e,), DVP(Ex)) is given by:

(o) = {0’ VARG
(T,) = (To),  ifo(\/B) = =/,

and the corestriction of t; is taken with respect to the groups Gy, and Gj,.

Proof. Let T, = P, 1, ... P, be the points in the orbit of 7; and let 8! =b;1,..., b,
be the Gj-conjugates of 5] in {01, 85, B5}. Let {id = 71,72, ..., ik, } be represen-
tatives of the right cosets of Gy, with TM(PZ-J-) =Tifor 1 < j <k and 75 -

(Z \ /bi,l(Pi’l)> =Y /bii(P;;). To see that such a choice of coset-representatives is
=1 =1

possible we note that any o € Gy such that o(P) = T; for some P € A; has the form
050, (as in Remark 3.2.1), and so 0, has the required property. Let ¢, be the maps
as in the definition of the corestriction map (Definition 1.3.8). Then ¢(7;j0) € G,

therefore, r(7;;0) "1 (\/Bl) = \/bio-1.j, where (i,071 - j) = (i,1) if 071(P,;) = P,;. By
Definition 1.3.8 and the definition of t;,

E coer(el) E E 7, ti(c(i 0

- ZZ@ ("(b—b)> ((Py) — (),

where ¢ : s — Z is such that g(1) = 0 and g(—1) = 1. Now using the definition of
: & o(/hrg13)
X' (Equation (3.1.2)) we have y'(0) = Z Z (0)(Pi;), where x| (o) = TNV ity

bi

denotes the value of x'(0) at P; ;. Therefore, Z Coer(e (t;) =d. O

We show that our choice of lift a of o, and our choice of right-coset representatives
as in the proof of the Lemma 3.3.1, satisfy Proposition 1.3.12.

Proposition 3.3.2. Let k be a number field or its localization at a prime, a be
as before, choose the set of right-coset representatives R of Gi(e1) in Gy such that
x(g9) =0, for all g € R, as in the Lemma 3.3.1. Then

g~ 0(a)(c(go), c(go)"e(goT)) = da(o, 7).

and

g a(c(go)) = a(o),

for g € R, and 0 and 7 in Gy.
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Proof. Recall the definition of r : G — R, and that ¢ : G — H is given by ¢(o) =
or(o)~!. We first show the second equality in the above proposition. We have

g 'a(c(go)) = g ta(gor(go) ") = alg™" - x(gor(go)™))

=a(g™" - (x(90)(g90) - x(r(90)™")) = a(x(0)) = a(o).
Now we prove for the part of the proposition involving da. Let o and 7 be in G}, and
g € R. Let ¢ :=r(go). Then

g~ '0(a)(c(go), c(go) ' e(gor)) = g~" (alc(go)) + c(go)a(c(go)'e(gor)) — a(c(goT)))
97" (ga(o) — ga(or) + gogta(c(g'T)))
alo

(0) + oa(r) —a(or) = d(a)(o, 7).

]

Lemma 3.3.1 along with the Proposition 1.3.11 immediately gives us the following
corollary.

Corollary 3.3.3. Let a,a’ € SP(E/k) and o, o, a and @ be as in the definition of
CTP. Assume the notations of Lemma 3.3.1 and that o' is chosen as in Lemma 3.3.1.

n
G
Thenn:=0aU;d —alUsda’ = > corG:<6i)m, where

i=1

= 8resGk(e')( ) Ui t; — k(el)< ) Us (9’% S Zs( ( ))
In particular, if e; € C*(k(e;)) are such that Oz; = n;, then e € C?(k) such that 9e =1

n
Gy
can be chosen to be ;COTGk<ei)(€i)'

Thus we reduce the case of computing the ¢ for a,a’ € S?(E/k), to the case of
computing &; which we have already done in Proposition 3.2.2 by setting k as k(e;)
and T as T;.

n
Considering the local part of the computation we have: v, = > v;, where

— b, Uy 0 (corgz(%) (Q))v — (corgz( )(51)> .

v

Y = (a0 = 06,) Uy (corlt (1))

By the double coset formula (Equation (1.3.5)),

(coer() ) E coerH tiw,

wlv

v

where J£i,w = reSG:EEﬂw ((gz w) ) € Cl(Gk(ei)wa <(Tl,w) - <T0)>>7 Giw € Gk corresponds
to the valuation w of k(e;) above v, and e; 4, T;., are g;,, conjugates of e;, T}, respec-
tively. Concretely,

tiw(o) = {0’ it o(\/Blw) = /Biuw
" (Tiww) — (To),  if o(\/BLw) = —/Bros
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where 3, = giw(5;)-
Similarly, applying the double coset formula for ¢; we get:

(Coer(e > Zcorak(e o St

wlv

One can choose b, such that ob, = b,, for all o € Gy, such that x(o) = 0. Hence,

¢
/ ko
Vi =2 COLGY | Yiws where

wlv

e o
Vi = (resGk(e 2 (a) — resGZ(E”” (8[%)) Ut i — resGk( )”( v) U2 Oty — €1 (3.3.1)
The following proposition shows that ; ., is a 2-cocycle.

Proposition 3.3.4. v;,, € Z*(k(e;)w).

Proof. Using Og; = n; we have
Miw = resGk(e M ha Ut — resg:(e”w aU, 0,
— resohew (g5, w) <8resg:<e")a Up t] — resgk(e”a Us 8‘(;)
Gh(ei)w

Chgu (e;)
Crter)u
= resg, 7 (O(a = (giw)«®)) UL £, — resgr V" (a = (giw) @) Uz 01 .
((giw)« commutes with res, U and 9)

So, if (giw)«(a) = a, then 0v;,, = 0. Note that a(7) only depends on x(7), therefore
we can equivalently write a(x(7)) instead of a(r). We have oa(x(7)) = a( X(7)).
To see this, recall the definition of x(7); hence, if x(7) = 7, then ox(t)=0-7.

Now for o € Gy,

((giw)«(a)) (o) = gz’,wa(g;ulﬁgi,w) (by definition)
= Giwt(X (9500 Giw)) = (GiwX (i Giw))

= a(x(995,0)X(9iw) ™) = a(x(0)oX(9i0) X (giw) )
(x is a 1-cocycle)

Recall from the proof of Lemma 3.3.1 or from Remark 3.2.1 that g;,, can be chosen
such that x(g;) = 0 via the decomposition o = o0, for 0 € G. Making such a
choice for g;,,, we have

((giw)«()) (0) = a(x(0)ox(giw) X (giw) ") = al(x(0)) = a(o). O

The above proposition together with part 4 of Proposition 1.3.37 implies that

n

invkv([%]) = Zindv % v Z Z MV, (e ) % w])

i=1 =1 wlv
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where [z] represents the cohomology class of the cocycle z, i.e., the contribution from

a place v of k in the CTP is the sum of contributions from Gy, —orbits of A. If for a

place v of k, and m < 3, Ay,..., A, are the Gy, —orbits of A with A; represented by

T;, then from the above computation and §3.2.2 we get d; , € k,(e;)* such that the

local contribution at v in the CTP is [](6; ,; Bi). (e;)- Therefore, we have the following
i=1

theorem.

Theorem 3.3.5. We have

( o CT_HH zv?ﬁ ky(ei)s

where i runs through the Gy, —orbits of A.

The following corollary says that we only need to consider contribution to the
CTP from finitely many places.

Corollary 3.3.6. Let S, be the set of finite places v of k such that either of o,
ol (the localizations at v of cocycles representing a, a’ (resp.)) do not factor through
an unramified extension, together with the places such that € takes at least one value
with non-trivial valuation. Then

(_ H H 1,07 z
VES, o =1
where © runs through Gy, —orbits of A.

Proof. This is a special case of Lemma 4.3.19, where it is proven more generally. [

3.3.2 Exact formula for the CTP

In order to compute a exact formula for the CTP, we express the formula for the CTP
obtained in Theorem 3.3.5 in terms of the Hilbert symbols (4, , /3) kv(e ) instead of d, ;.

Remark 3.2.3 implies that there is a d, = [][ 4., € k) such that H dvoui € (k)%
Previously, we expressed the CTP in terms of the Hilbert symbols (9;, ;, ﬁ )k (es)- Recall

the definition of || from section 3.1. By Theorem 3.3.5, if ¢, denotes the class of 7,
in Br(k,), then

<& <&

(—1)Pmle) — H((;;z?B{)k @) = L1 BDkuten (G s Bkoten

i
o

H d25:”,ﬁ kv (es) — H(dv(sv,ia Bz{)kv(ei)

7

= H dwﬁ ku (e) H((Sv zaﬁ )kv (es)

7
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Here 0, ; = 0,0, is as in Remark 3.2.3. We now show that H( vy B ko(e) = L.

Here we use the fact that if L is a finite extension of k, and z € k:X

v

2z € L*, then
(2,2")r = (2, Normp g, (2'))r,. Using this we get:

<& <&

H(dwﬁz{)kv(ei) = H(dv,NOkav(ei)/kv (Bi) ke, = (do, B85k, =
Therefore,

(_1>2<a,a/>cT — H H<5”’i’ 51{)19(61')‘ (332)

One verifies that the above equation looks similar to the expression in Equation (3.1.4)
for the Cassels’ pairing. The following theorem shows that the pairing (-, -)cas is the
same as (-, -)cor, using the expression for §,; (Equation (3.2.17)).

Theorem 3.3.7. For a,a’ € S?(E/k), we have
<CL7 a/>Cas = <CL, a/>CT'

Proof. Recall q; :== (I'}; : T, : 1) is a global point on Hy(I';, T, T) (as in Equation
(3.2.5)). Then

3
8H¢ 0H;

(9Fk 0H;
T—
<Z Ui, (@ ) or, (Z U, ) 17 (@)
((I'y,T'9,T'3) is linear change of coordinates from (Uy, Us, Us))
OH; OH; OH;

= I 50 (00 + TGt (0 + 757 @)

defines the tangent line at q,. Let q, = (wy1 : Wy2 : Wy 3 : 1) be the point on D, (in
(I'y : Ty : '3 : T') coordinates) corresponding to @, (as in the previous section). Then

(5krkwu E— 5jr;wv,j)

Li(a) =2+
J

Using the expression for d,; in Equation (3.2.17), and py; = /Bl's + B;17;, we have
dvi = Li(q,), so the pairing (-,-)cas defined in Equation (3.1.4) is the same as the
Cassels-Tate pairing.

[



3.4. APPENDIX

Let o, 7, p € G, be such that /(1) = x'(p) =

Let o, 7, p € G, be such that x'(p) = —1, X'(7) = 1 and /(o) = 1. If x(0)

then

3.4 Appendix

1, then we have:

x(0) 1/T(0) aUdd(o,—1,—1)
O .
P1
1 olpp] _ 51
- U(pf))lp2~
J o = S0 Sj1

Table 3.1: 1/I'(0) = aUdd'(0,—1,—1).

Je(o, 7, p) =

055(0 : X(T)a 17 _1)

e(o-x(1),1,-1)

=1=0aUd (o,7),

and if y(7) = 0, then

Oe(o,7,p) =

e(x(o), 1,

5<X(0)7 1’ -

—1)

=1=0aUd (o,71).

1)

The following table symbolically verifies all the other possible cases:

X(U) o - X(T) ag(X(J)a ag- X(T)a _1) X, (0)=x, (1)=1

1 1 Us(p1)p1 =851

J J 0s(P1j)P1Lj = 51

/j\ L 0s(P1k)P1j - 1

v p1

1 ]f O’s(Zif;)pl = Sj1

k, 1 O's(zijplk — Skl

Table 3.2: 0e X,(T):LX,(p):_l(a, T,p) =0aUd (0,7, p).
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Chapter 4

The CTP for odd degree
hyperelliptic Jacobians

In this chapter we discuss how to compute the CTP for the multiplication-by-2
isogeny on Jacobians of odd-degree hyperelliptic curves. Furthermore, we discuss
a conditional algorithm to compute the pairing, taking motivation from the case of
S®)(E/k) where E/k is an elliptic curve discussed in the previous chapter. We will
see some empirical evidence that the condition on which our conditional algorithm
depends seems to be very weak for genus 2 odd-degree hyperelliptic curves and seems
to become stronger as the genus increases.

Let k be a number field, and let C' : y?> = f(z) be an odd-degree hyperelliptic
curve, with Jacobian variety denoted by J ~ Pic?(C). Let 6,...,6; € k be all the
roots of the polynomial f. Without loss of generality one can assume that f is monic
and f(x) € Ofz]. Let T; := (6;,0) denote the Weierstrass points in C'(k), and let
Ty be the point at infinity. In what follows, we will denote J(k)[2] by J[2] in order
to simplify the notation. Recall from §1.2.4 that one can embed C' < J using the
k-rational point Ty via P — [(P) — (Tp)].

In the next section we discuss one of the crucial steps used in the computation
of the CTP for the case S (J/k) using the Albanese-Albanese definition. This is

mainly an abstraction of arguments from Lemma 3.3.1 and §3.3.1.

Acknowledgements

I thank Michael Stoll, Timo Keller, Jiali Yan, Tom Fisher, Claus Fieker and Peter
Schneider for various helpful discussions relevant to this chapter.

4.1 Corestriction method

Our aim in this section is to express the elements of H'(Gy, J[2]) as a sum of core-
strictions of some special elements. Recall the definition of the G-module IndZ (M)

85
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from Lemma 1.3.23 for an H-module M and H C G of finite index. Let p be a prime
such that p, C k%, and A := || A,; be a finite Gj-set where A; are the Gy-orbits in

orbits

A. Choose a representative P; for each orbit A;. Then ,uﬁ ~ P ,uﬁi and

orbits
. Gr(p, .
e = a2 (o).
Let ¢ : uépi} — uﬁi be the natural inclusion map of Gy p,-modules. By Proposi-
tion 1.3.25 and Corollary 1.3.29,

@ HY (Gip,y, nlF) ~ @ HY (G, ) ~ W (G, ),

orbits orbits

where the isomorphism on the left is given by cor o, in each component of the direct
sum at the level of cohomology classes, and on the right is given by the sum map.
In particular, we can choose the representative elements of H!(Gy, ,uﬁ) as elements in

T R(R)™/ (R(R))"

From this point onwards, we fix A := {T3,...,T;}, with orbits A; represented by
T;. If A denotes the étale algebra associated to A, then A = k[T]/(f(T)) ~ @ k(6;).

orbits

Therefore, by Proposition 1.5.2, an element a € H' (G}, J[2]) is represented by a tuple
!
(d,...,d;)) € G, such that d; € k(6;)*, [[ d; € (k*)? and if 6;,0; are conjugates,
i=1

m?’

then d;, d; are chosen to be conjugates as d; is the value of an element of A* considered
as a polynomial at 6;. In view of the above, we have the following proposition.

Proposition 4.1.1. Identify po with Z/27. The map w : J[2] — pb given by
w(P) :=ey(P,_) : A — s, where ey is the Weil pairing on J[2], is injective, and can
be viewed as lift of elements of J[2] to Div’(Cy) by lifting 0,1 € Z/27 as 0,1 € Z,
respectively; i.e., the composition J[2] = p2 = J[2] is the identity, where 7 : u5 —
J[2] is the sum map. In other words, 5 ~ J[2] @ ker(w), and so, H'(Gy, us) ~
HY(Gy, J[2]) ® H (Gy, ker(nr)), i.e., the induced morphisms on cohomology classes w,
and m, are injective and surjective, respectively.

Proof. The elements of A span J[2] as a Z/27Z module; i.e., w : (Z/27Z)> — J[2] is
surjective with kernel of order 2 generated by the constant 1 map (P +— 1 € Z/2Z
for all P € A). We have the exact sequence

0— (1) = us = J[2] = 0. (4.1.1)

The non-degeneracy of the Weil pairing implies that w is an injection. We can extend
wto w : opy — py, viaw. If P = (P)+ (R) + ...+ (P, € (Z/2Z)", for
P, € A, then eo(P,T,,) = 1if mis odd and T,, € {P,, P»,..., P,} or m is even and
T, ¢ {P,Ps,...,Py,}, and ex(P,T,) = —1 otherwise. This is because ey(7;, 1) = 1,
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if i = j, and eo(7},7;) = —1 otherwise (Proposition 2.1.9). Further, ker(w) = (1).
Adding 1 to P, if necessary, we may as well assume that m is odd. Therefore,

oP)= Y UL+ Y (D@)= Y (L)€ (m)™

Tj€Supp(P) T;¢Supp(P) T;¢Supp(P)

Therefore, m(w(P)) = 7(P), so w(w(n(P))) = n(P). O
We obtain a commutative diagram:

> cor
TZ‘ i orbits
D Hl(Gk(ei)aué }) — D Hl(Gk(ei),MzA) o, Hl(Gk7M2A)

orbits orbits
l l l’rr*
Tx T

D H'(Gr, ((T) — (To)])) —— D HY(Gre,, J12]) —— HU(Gy, J[2]),

orbits orbits

(4.1.2)
where the left 7, map is induced by the isomorphism given by (7;) — [(T;) — (Tp)]-
In view of the diagram above, we have the following corollary.

Corollary 4.1.2. If a € H'(Gy, J[2]), then there exist 5; € Zl(Gk(oi),,uéTi}), such

that
a= [Z cor(m(ﬁi))] .

orbits

Proof. We have T, ow, is identity map on the cohomology classes and H! (G}, uQAi) il
m

H'(Gp, 147) is an isomorphism.

Since the CTP only depends on the cohomology class, we will choose a 1-cocycle
representing an element a € H'(Gy, J[2]) as > cor o m,(8;), where f3; are as in the

orbits

above corollary. Moreover, if T; and T} are Gj-conjugates, then H'(Gyq,), ,ugTi}) ~

HY(Gy, ,uQA") o~ Hl(Gk(gé), ugT{}) in the sense that the following diagram commutes:

Hl(Gk(Gi)nugTi}> — Hl(Gk7ILL2Al>

x T : (4.1.3)

T!
HY (G, usth

where o € Gy, is such that o(T;) = T/. Concretely, we have the following remark:
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Remark 4.1.3. If d; € k(6;)* corresponds to a 1-cocycle z; in Z'(Gy,), ta'), then
od; € k(c6;)* will correspond to the l-cocycle 2z} = o.(z). If we choose a lift
3i € CH(Gko,), DIV'(Cy)) of z; as follows:

) = {o, it (V&) =d;
W @) - ), i (V) =~V

and similarly 3 for 2/, then o0,(3;) = 3, and cor((0;).3;) = cor(3;). The proof of the
last part is the same as the proof of Lemma 3.3.1.

4.2 Modified definition of the CTP for S®(J/k)

By Corollary 4.1.2, we can choose a lift a € CY(Gy, Div’(Cy)) of an element o €
72(Gy, J[2]) as > cor(t;), where t; is a 1-cochain corresponding to d; € k(6;)* given

orbits
by t;(0) = (T;) — (Tp) if o(v/d;) = —/d;, and 0 otherwise.

We now split the CTP as sum of local invariants of certain explicit Brauer group
elements over local orbits of A. This is done by mainly repeating the procedure
in §3.3.1 from Corollary 3.3.3 till Proposition 3.3.1. We choose by Corollary 4.1.2
a lift = > cor(t;) of a’. Then part 10 of Proposition 1.3.11 implies that the

orbits
Corollary 3.3.3 from the elliptic curve case also holds here and we obtain, for each

Gr-orbit A; of A, e;, n; in C?(k(6;)) and Z3(k(6;)), respectively, such that n; =
8resGk(9 "(@) Uyt — resgm '(a) Uy Ot; and Js; = n;. Let v be a place of k, let w be a
place of k(6;) above v, and let g; ., € Gy be a double coset representative with respect
to the subgroups G ,) and Gy, of G}, corresponding to w chosen similarly to §3.3.1.
For each place w of k(6;) above a place v of k, we obtain the quantities v;,, Viw as

before given by v, = Z coerw) Viw, Where

Vi = (resgw v (q) — resg:m”“’ ((%U)> Up £ — resgw D (by) Uz Ot — €1 (4.2.1)

and ¢;,, are restrictions of ¢; to a place w|v of k(6;). Recall from the double coset

Once again, the aim is to show that ~;, is a 2—cocycle.

formula that

i = resc, U Oa UL, —Tese M a Uy OF,

Gr(9)w Gr(o,) Gro,) /
TS Gy ) ))(gzw) 3resGk da Uy t; —resg, AU ot;

= fesgk(g P (0(a = (giw)e@)) U £, — fesgw (6= (giw)«a) Uz 8,
((giaw)« commutes with res, U and 9)
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Recall the definition of U; induced by the pairings (-, -); from §2.4. We now show that
for our specific choice of lift a of «a, the following equality holds

a= (gz’,w>*(a)'

Recall that a = ) cor(t;). We have

orbits

(gra)e(@) = 3 coife L (gradelty) = Y corlly () = .

orbits orbits

The last equality above uses Remark 4.1.3. With the above choice of a, v, €
Z2(k(6;)w). Recall from part 2 of the proof of Proposition 2.4.2 that choosing another
lift of a will not change ;..

In view of the above, 7;,, denotes a class ¢;,, € Br(k(6;),). Therefore, the class
¢;» represented by v;, in Br(k,) is

Ciw = Z COTy (Ciap)-

wlv

Proposition 1.3.37 implies that inv,(c;») = Y invi,), (¢iw), and

w|v

(a,a")cr = Z Z Zinvkv(ei)w(ci,w);

v orbits w|v

where the orbits on the right hand side are taken with respect to G. The two inner
sums can be viewed as a single sum over the Gy, -orbits of A. We summarize the
above discussion in the following theorem.

Theorem 4.2.1. Ifa,a’ € S®(J), then

(a,a)or =D Y invi,(civ)

v orbits

for ¢;,, € H2(k,(60;)) as above. The inner sum is taken over Gy, -orbits of A.

The above theorem implies that one can perform the global computation restrict-
ing to the extension k(6;) corresponding to each Gy-orbit A; of A, and then perform
the local computation for each A; restricting to the extensions corresponding to each
G, -orbit of A;. One would expect this computation to be simpler because t; has
a simple form and its values are defined over the base field k(6;). Therefore, from
now on we assume that 6; € k. In the following section we describe an algorithm
to compute the CTP for a € S?(J) and o} € HY(Gy, ([(T1) — (Ty)])) in the sense of
Remark 2.4.3.
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4.3 The CTP on S®(J/k) x HY(Gy, ([(Ty) — (T)]))

Assume 6, € k, and let a € S?(J) and @} € HY(Gy, ([(T1) — (Tp)])). In this section
we give an algorithm to compute the CTP in this situation. In view of §2.4 there are
two computational bottlenecks in computing the CTP, namely:

1. Global step: Computing € € C?(k) such that de = 7.

2. Local step: Computing the local invariant map inv, on the class ¢, represented
by Y.

Recall from §3.2.1 that € was computed using solutions to quadratic forms arising in
the description of the twisted curve. A description of the twist J, of J corresponding
to a tends to be very complex even for genus 2, and the complexity increases with
the genus exponentially.

One of the possible advantages of using the Albanese-Albanese definition of the
CTP is to be able to avoid explicit equations representing the twist .J, completely.
One can solve the local step generically using [Fie09], [Prel3]. In §4.3.3 we explicitly
determine the value of the invariant map in terms of Hilbert symbols without using
the above generic algorithms. The hurdle in the global step is to compute a splitting
field for the cohomological class of 77, and then to compute the corresponding . For
obvious reasons, we would like the splitting field to be of as small degree as possible.
In the following section we explicitly solve for ¢ in the case of odd-degree hyperelliptic
curves by showing that [n] splits in the field of definition of 7, where 7 is obtained
using some specific choices for lifts a and a’ of a and o/, respectively.

4.3.1 Global computation

Since « is a l-cocycle that takes values in J[2], a always factors through a finite
extension. Therefore, one can choose a lift a of a such that a also factors through a
finite extension. Let a be such a lift of a factoring through a finite extension K /k.
Assume a] to be as follows:

(o) = {0’ ¢ oul =t
(Th) = (To), it xi(o) = —1,

where x| (0) := o(v/d')/v/d for some d' € k*, and let K’ = k(v/d'). Here we have
fixed a square root Vd of d’. We have dda)(o,7) = 0, if x,(¢) = 1 or x4(7) = 1. Let
F := KK’ and let x(o) denote the restriction 0|K of o € Gy,.

Remark 4.3.1. For o,7,p € Gy, (0a Uy a)) (0,7, p) = (0a(o,T),07d'(p))1, and (a Uy
oa’)(o,1,p) = (a(0),00d] (T, p))2, where (-,-)1, (-, )2 are the bilinear pairings which
induce the cup products. Note that n; = da U; a} — a Uy 0a] is independent of a| s
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as the values of a),0dda] are defined over k. Therefore, (o, 7, p) depends only on
x(0), x(7), X1 (1), and x|(p) (using Gal(F/k) C Gal(K/k) x Gal(K'/k)), and takes
values in K*; hence, n; can be viewed as image of an element in Z*(F/k) under the
inflation map. Therefore, we will interchangeably use n; (x (o), x(7), x1(7), X1 (p)) and
(o, 7, p). If we choose a to be a normalized 1-cocycle, then we can assume that a is
also a normalized 1-cochain. Hence, da(o,7) = 0, if x(o) or x(7) is the identity on
K.

In what follows, the aim is to show that F' is a splitting field for [r;] and find a
2-cochain €1 such that de; = ;. In order to solve for g1, we will first extract two
2-cocycles Ey and E, , representing the trivial class in Br(K’), where {id, g} is a
set of right coset representatives of G+ in G. Then we use 1-cochains e; and e; 4
satisfying de; = Ey and Ode;, = E 4, respectively, to obtain a 3-cocycle 7] that is
cohomologically equivalent to n; but has many nice properties. At last, we trivialize
7} using a variant of Hilbert’s Theorem 90 (see Proposition 4.3.8).

Consider the following 2-cochain

Ei(o,7) = n1| e CYH(K').

0,TE€EGr,x1 (p)=—1

Note that F; is the inflation of an element in C*(F/K’). The following proposition
shows that E, € Z*(K').

Proposition 4.3.2. The 2-cochain E; is a 2-cocycle with values in K*.
Proof. Since 7, is a 3-cocycle

am (Ta P, ‘9)771(07 TP, 9)771 (Uv T, p)
m (o, p,0)ni(o, 7, pb)

=1. (4.3.1)

Specializing to the case when x(0) = —1, and o, 7, p € G/, we have 1, (o, 7, p) = 1,
and x}(pf) = —1. This gives

0B\ (7, p)Er (0, Tp)

—1,
Ey(oT,p)Ey(0,7T)

and therefore, £y € Z*(K'). O

The 2-cocycle E; is constructed from 7y, and if ) € C?(k) is such that n; = ¢},
then for 0,7 € Gk and p such that x}(p) = —1,

0e\(7, p)e1 (0, 7p)
e1(o7, p)ei(o,7)

Ey(o,7) = (4.3.2)

We now make the following assumption.
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Assumption 4.3.3. Assume that, in the second arqument p, €|(7,p) only depends
on the value of x| (p) for a fized 7, and €\(1,p) = 1, if X\ (p) = 1. It can be shown
that this indeed is the case for odd-degree hyperelliptic curves. For details, see section
4.3.2 below.

In view of the above assumption, F; is trivialized by the 1-cochain

I
€1 = 61}T€GK/,X/1(p)=—1‘

This is because, if 0,7 € Ggr and x}(p) = —1, then x| (7p) = —1 and x}(7) = 1, and

using assumption 4.3.3, Equation (4.3.2) becomes

oS00 _ oeh(0)
Eilo,7) = gl (oT, p) -~ e)(oT) = 0y (0, 7).

Hilbert’s Theorem 90 implies the existence of the inflation-restriction exact se-
quence for Brauer groups. Hence, one can view E; as inflation of an element of
H?(F/K'). Therefore, we have an e; € C'(K’) such that de; = Ej, and e; can be
viewed as inflation of a 1-cochain in C'(F/K"). Note that e; only depends on O" o

Let {id, g} be the right coset representatives of Gk in Gy. Denote by {id, g} the
right coset representatives of Gal(F'/K') in Gal(F'/k) corresponding to {id,g}. For
o € Gk define

fra(@) = m(o,9,=1).
Then f1, € C(K’), and it can be viewed as inflation of an element in C'(F/K’).
Define
El,g(o-? 7-) = 77<Ua T4, _1)/77(07 g, _1)7

for 0,7 € Gk,. We show that F, ; is a 2-coboundary and therefore is a 2-cocycle.

Proposition 4.3.4. Let €| be as in assumption 4.5.3. Then

€14(7) = e1(rg, —1)/e1(g, —1)
satisfies Oe , = Ey 4.
Proof.

oeq 4(T)el ()
e14(07)
_ogi(rg, —1)gy(og, —1)e1(g, —1)
 oel(g, —1)el (g, —1)gl (o7g, —1)
ogi(rg,—1)  ei(og,—1)ei(o, —1)
~ (o, ~Def(org, 1) oei(g, 1)
=m(o,7g,—1)/m(o,g,—1) = E14(0, 7).

86/179(0', T) =
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Once again (similar to E;), one can view Ej, as inflation of an element of
Z*(F/K'). We can choose e;, € C'(K') such that de;, = F;, to be inflation of
an element in € C'(F/K’). Hence, e, takes values in F* (more precisely K*), and
factors through Gal(F/K’). Define ¢, , € C'(Gk) by

¢1,g(0) = (flyg + €1,9 + 61)(0’).
The following proposition shows that ¢, , is a 1-cocycle.

Proposition 4.3.5. The 1-cochain ¢, 4 is a 1-cocycle, and factors through Gal(F'/K'),
and has values in F*.

Proof. Since ey, ey 4, f1, are inflations of elements in C'(F/K’), so is ¢ ,. Now using
that n; is a 3-cocycle, for 0,7 € Gk,

om(7, 9, 9)m (o, 79, 9)m (o, 7, 9)
m(or,9,9)m(o,7,9?)

— Ufl’g(T()fl’g(g)ELg(a, T)E1(0,7) (definition of f1 4, Ei4)
oT

fig
= 9(f1)(0,7)0(e14)(0,7)0(e1)(0,7) = D(¢14)(0,7).

1= 8771(0-77—7979) -

]

By Hilbert’s Theorem 90, there is a ¢, , € F'* such that 0t ; = ¢1,4. For 0 € Gk
let 0, = gog™ € Ggr. We have go = 0,9.
Define a 2-cochain ¢; as follows:

ei(r,p) == q ei(7), it xi(m) =1, xilp) = -1, (4.3.3)
t17g€1’g<7'/), if X/1<T) = _17 Xll(p) = _17

where 7’ is such that 7 = 77g. Define 1] := n; — de;. Note that for fixed 0,7 € Gy,
ni (o, 7, p) depends only on x}(p). In regards to 7] we have the following proposition.

Proposition 4.3.6. nj(o,7,p) =1 on Ggr X G X Gx UG X G X Ggr.
Proof. 1If 0,7 € Gy, and x)(p) = 1, then

oei(r, Der(o, X4 (7)) -
er(om, Der (o, X, (1)) 1=mn(0,7,p).

851(0', T, p) =

If 0,7 € G and X (p) = —1, then

oe1(r,—1)e1 (o, —1) _ oey(T)er(o)
e1(or, —1)e1(o, 1) e1(oT)

Oei(o,T,p) = = Ei(o,7) =m(o,7,—1).
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If 0,7 € Gk and x}(p) = —1, then

oey (Tg7 _1>81 (07 1)

Oe1(o, 79, p) =
T = (org,—er( 1)
oty,40€1.4(T) oey 4(7)
= = o)eyq(0)ei (o) —————
t1g€14(0T)er (o) fra(@)erg(a)en >€17g(0'7')€1(0'>
m(o, 79, p)
=m(g,0,—1)E 4(0,7) =m(o,9,—1)——%
771( ) 19( ) 771( )771(0'797_1)
= 771(0-7 79, p)
[
From now on, we assume o, 7,p € Gy satisfy 0,7 € Gg and x}(p) = —1. The
following corollary is a consequence of the above proposition.
Corollary 4.3.7. If 0,7 € G and p € Gy, is such that X\ (p) = —1, then
m(og,7.p) =om(g,7,p) and ni(og.7g,p) = oni(g.79,p).
Proof. Let o, T, p be as above. Using that 7] is a 3-cocycle we have
o (g, 7 p)m(o: 97, )i (0,9, 7) _
m(og, 7, p)ni(o,9,7p) ’
/
which by Proposition 4.3.6 gives M =1
m(og,7,p)
Similarly,
o111(9: 79, )1(9, 979, )11 (0,9, 79) _ |
m(og. 79, )i (0, 9. 79p) ’
/
which by Proposition 4.3.6 gives M =1
Uil (097 79, p)
O

The above corollary implies that the values 7} (g, 7, —1) and 7|(g, 79, —1) deter-
mine 77; completely. Note that the above proof uses only that 7 satisfies Proposition
4.3.6 and that it is a 3-cocycle. We will need the following variant of Hilbert’s Theo-
rem 90 in order to trivialize 7.

Proposition 4.3.8. Recall that the set {id, g} is the set of chosen right coset rep-
resentatives of Gal(F/K') in Gal(F/k). If v € CYF/k) is such that for o,7 €
Gal(F/K"),

1. z(oT) = ogx(T)2(0),
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2. x(o7g)z(0) = oz2(79),
5. g(x(0))z(go) = x(g),

4- 9(x(0g))x(9)x(gog) = 1,

then there is a ¢ € F'* satisfying

2. 2(0g) = %< (C).
Proof. Let H := Gal(F'/K’) and consider the endomorphism ¢ of F' given by

¢ = Zx Tg+z ng

TeEH

Since x takes values in F'*, division by z(7g) is justified in the above expression. By
linear independence of automorphisms, there exists a b € F' (one of the basis elements
of F' over K’ could be chosen as b; see Remark 4.3.12), such that ¢(b) # 0. Therefore,

b
o56(b) Z og2(T)0o575(b) + Z M(QT()) (by properties 1 and 2 of z)
TEH TEH 9

— o | Zatonionyn + 3 T

TEH TEH t g) )
o)
This gives z(0) = agd()é( Similarly,
go(b) = Z gx(7)gTrs(b) + %Tg (E)) (by properties 3 and 4 of x)
2 2 5a(rg)

_ g73(b)

=2(9) | D L=+ #(g79)g7:9(b)
TEH .I'(gT) TEH

(by §739 = (139%)5 and g7z = (75)59)

= z(7) Z “"Z 2(735°)(759%)5(0)

TeH TeH

o(b)

This gives z(g) = ( ) By property 4, for o0 € G,

¢(b)(399)5(0(b)) _ gogg(¢(b))
¢(b)go(b) go(b)

gr(og) =

Il
QI

VR

<

QI
=
>
=
~
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This implies that z(cg) = go(¢(b))/#(b). Now choose the ¢ in the proposition to be
o(b). O
Define f{ , € C'(k) by
fig(@) :=1m(g,0,-1).
First note that f] , can be viewed as inflation of an element in C'(F/k). We have the
following proposition regarding f; .

Proposition 4.3.9. The 1-cochain fi , satisfies the hypothesis of Proposition 4.3.8.

Proof. Assume that p € Gy is such that x}(p) = —1. If 0,7 € Gk, then

g (0,7, p)i (9,07, P (9,0, 7) _ fig(o7)

, =1.
T]i(gO', T, 0)773(97‘77 Tp) Ugf{,g(T)f{,g<O-)

Similarly, the properties 7, (g, 0, 79) = 1,(g, 0, p) and

g1 (o, 7, p)n\ (9,079, p)n\ (9,0, 79)

-1
m(go, 79, p)ni(g,0,7gp)
give % = 1. Furthermore,
»g
g1:(g. 79, p)n1 (9,979, p)11(9,9,7G) ) ) )
= 1,50 gf1 ,(19)f1,4(9)f1,(979) = L.
(g2, 79, p)7,(9. 9, Tgp) A
Similarly,
99, 7, P9, 97, P19, 9,7) _ | 9T fieleT)
(9% 79, p)n1 (g, 9, Tp) ’ fi4(9)

O

The above computation implies that there exists a 1, € F such that f] (o) =
c1g/04(c1y) and fi (0g) = go(ciy)/c1y, for o € Ggr. Define

/

(7, p) = {1, if x1(7) =1or xj(p) =1,
1\ T .
m(erg), i xi(T) = Xi(p) = -1,

where 7" € G is such that 7 = 7'g.

Proposition 4.3.10. We have 0| = 7.

Proof. One can check that 7] matches e/ on G X Ggr X Gy and Gy X Gy, X Gr.
In what follows we assume p € Gy, is such that x| (p) = —1. For 0,7 € Gk we have
oel(rg,—1)el(0,1) o7(c1g)

a " = = = 1 = / .
81 (07 Tg7p) 6,1/(0'7'9, —1)8/1/(0', _1) O'T(Cl’g> 771(07 Tgap>
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Similarly,

0el(og,7,p) = o(0e)(g,7,p)) (.- 0¢7 is 3-cocycle satisfying Proposition 4.3.6)
gei(r, —1)el (g, —1)) ( Clg ) )
=0 =0 =0 T
(G terg)) =7 i)
=o(m(g,,p)) =m(og, 7. p). (definition of ¢; )

Computing 0¢7(cg, Tg, p) we have
0l (cg,79,p) = 0(0e{(g,7g,p)) (.- D€y is 3-cocycle satisfying Proposition 4.3.6)

. ( g (rg, —1)e"(g,1) ) . (M) — ofl,(r9)

5/1/(97_9a _1)5/1/(.9’ _1> 1,9

(definition of ¢y 4)

=o(n(9,79,p)) = m(og,79,p).
O

As a consequence of the above, we get the following corollary.
Corollary 4.3.11. 9(g1 +¢7) = 1.

Therefore, computationally the global part boils down to trivializing £y, E 4 and
finding t; 4, c1,4. One can use following remark in order to find ¢, 4, ¢; 4:

Remark 4.3.12. Let L be a finite Galois extension of k, a € C*(L/k), and {by,...,b,}
be a set of basis elements of L as a vector space over k. The map

T, = Z a(g)g

g€Gal(L/k)

is a k-linear map, and if for all 4, Tu(b)) = 0, then Ta(> aibi) = 3> a;Tu(bi) = 0.
Hence, at least one of Y «a(g)g(b;) # 0. .
g€Gal(L/k)

Finding e; such that de; = E; and e; 4 such that Oe; , = E; ; are the bottleneck
steps of this algorithm in terms of time complexity. There are algorithms which can
be used for this purpose for example [Fie09] for local fields and [Prel3] in general, if
an effective version of Hilbert’s Theorem 90 exists.

4.3.2 Removing Assumption 4.3.3

We now will show that Assumption 4.3.3 is always satisfied for odd-degree hyperel-
liptic curves. We have the following commutative diagram of Gy-modules

I 2 g —— 0
j j (4.3.4)
J J

0 > J[2]

(2]

\
7

0 > J[2] :

b
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Taking Galois cohomology we have

e HY (G T[]~ HY(G, T[2]) — s H2(Gh, J[2]) —— -

! | |

S HYGh ) — s HYM(G, ) —2 (G J[2]) —— -

| | [

o TIHY (G ) 25 THY G )~ TG J[2]) —— o

(4.3.5)

If IT12(J[2]) = 0, then loc*(J[2]) is injective, and for an element a € S®)(.J/k) we

have §(a) = 0. Hence, there is a b € H' (G, J[4]) such that [2],(b) = a. In particular,

using the construction of the map ¢, given a 1-cocycle a representing a, one can

choose a 1-cocycle B € Z'(Gy, J[4]), such that [2],8 = a. The following proposition

shows that loc*(J[2]) is injective. The case when all the 2-torsion points are defined
over k is present in [Yan21b, Lemma 1.8.6].

Proposition 4.3.13. Let C, J, f and A be as before. Then the map

loc*(J[2]) : HX(Gy, J[2]) = [ [ HA(Gh,. J12)),

18 injective.

Proof. By Proposition 4.1.1, J[2] @ uy ~ pb as Gy-modules, where A is the Gj-set
of roots of f. Therefore, II?(J[2]) = 0 <= I?*(u5) = 0 (. II%(ug) = 0). Note
that (u5')Y = (uy)? ~ 5 as Gy modules. Finiteness of p5* implies that II*(u3') is
finite for all i. By Poitou-Tate duality (Theorem 1.3.43), there is a non-degenerate
and perfect pairing

pt : I (pg') x W2 (') — Q/Z,

which implies that II'(us) ~ II?(us). We have I (p5) = 0 < I (pg) =
0 <= II%(u5) = 0. By [BPS16, Lemma 8.2], III' (1) = 0. Therefore, loc*(J[2]) is
injective. O

One can also prove the above proposition using Proposition 1.3.25 and Corollary
1.3.29 and the Albert-Brauer-Hasse-Noether sequence, but the above proof is neat and
possibly easy to generalize to other cases. The following corollary removes Assumption
4.3.3:

Corollary 4.3.14. There exists an &) € C*(k) such that 9| = n; and such that for
a fized o, €\ (0,7) depends only on X\ (7), and €\ (o, 7) =1, if X\ (1) = 1. Concretely,
one such €} is given by s U2a} + fU a}, where s,§ are as in Proposition 2.5.1.
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Proof. By Proposition 4.3.13, one can choose the lift 8 of a to C*(Gy, J[4]) to be in
Z'(Gy, J[4]). Hence, €, can be chosen to be the trivial 2-cochain (constant map to
1). By Proposition 2.5.1, ¢} = s U 2a} 4 f U a} which clearly satisfies ¢} (o, 7) = 1, if
X1 (1) =1, and for a fixed o, €| (o, 7) only depends on x/ (7). O

4.3.3 Local computation

Let v be a place of k. Following the proof of Theorem 4.2.1, we can restrict the base
field to the field over which one of the representative points of a local orbit of A is
defined. Therefore, without loss of generality, we assume that 6; € k,. Let w be the
place of F' above v under the fixed embedding k < k,. Let F,, be the completion of
F with respect to w, and k,, K,, and K| be the completions of the images of k, K,

and K' inside F,, respectively. Let P, € J(k,) and b, be as in the definition of the
CTP. We want to find the class associated to 7, in Br(k,).

Y = (@, — Ob,) Uay, — b, Uday, — &1,

In order to avoid dealing with the cases K| C K, and K/ ¢ K, separately, we
abuse notation slightly and let x (o) denote the restriction of o € Gy, to F,, (instead

of U|Kw) and X{(7) :== 7 (\/d1,,) / /1., where di , is the image of Vd in K.

Note that v;, takes values in K and factors through Gal(F,/k,). For a fixed
o € Gy,, 71.0(0,7) depends only on x(7); hence, we once again interchangeably use
Y0 (x(0), X1 (7)) and 71 ,(0, 7). The following proposition implies that v, , encodes a
1-cocycle in ZI(GK{U,I@_UX).

Proposition 4.3.15. One can view 71, as image of an element of Z*(F,/k,) under
inflation. Define I'y (h) := y14(h, =1), for h € Gk, . I'1, defined above is a 1-cocycle
in Z'(K!,), and can be viewed as inflation of an element in Z'(F,/K.).

Proof. Since 71, is a 2-cocycle,
9171.0(925 93)71,0(915 9293) = V1.0(9192, 93)V1,0(91, 92)-
Assuming that g1, g, € Gk, , and g3 € Gk, , we have
N7 (X(92), =Dr10(X(91), —1) = 1.0(X(9192), —1), s0 Iy (0,7) = L.
O

Hilbert’s Theorem 90 implies the existence of a wy, € L* such that I'y,(h) =
h(wy ) /wie. In fact, by Proposition 4.3.12, one can explicitly compute wy,, given
Y1,- Choose representatives {id, g} of left cosets of G, in Gy,. For h € Gg; and
g ¢ Gk, the equation

9710 (R 9)10(9: R9') = 11090, ) 11,0(9, h)
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combined with x/(h) = 1 gives
Vl,v(gha _1> = 971,1](}% _1)’71,1)(9) _1)

hwi 4
= I (g, -1). (4.3.6)

g1

By Proposition 4.3.12, one can assume that the w;,, which trivializes I'y,, is
in K,, C F,, because 71, (and therefore, I'; ,) takes values in K. Therefore, the
action of G on w;, can be described in terms of a! K (this is true whether or not
K, NK!, =k,). Now consider the 1-cochain &; , € CY(Gy,, FX) given by

1, it xi(r) =1,
f1,(7) = b
W10, if xj(r) = —1.

We have
1, if Xi(p) =1,
014(T,p) =  Twip/wie =T1(7), if Xi(7) =1, Xi(p) = —1,
TWiw * Wi, if X/1<7_) =-1, Xll(p) = -1

Let 71, = 7, — 081 Then for 7 € Gk, p € Gy, we have 71 (7,p) = 1, and if
7 ¢ Gk, then 7 = g7/, for some 7" € G, . Using Equation (4.3.6)

Vl,v(ngap) o gT’wl,v ")/1,1)(97 _1) _ ")/1,1)(97 _1)

/
M\ T, = = .
b ( p) ng(wl,U)va gwl,v gT/(wl,v)wl,v g(wl,v)wl,v

Note that 77 (7, p) is independent of x(7) and depends only on x}(7) and x/(p), and

5y, e Jol9: 1) (4.3.7)

’ g(wl,v)wl,v
depends only on the choice of coset representative g and w; ,,. Hence, by the condition
that 7], is a 2-cocycle we have 4, € k,*. To see this, let g1, g2, g3 ¢ Gk7,. Then

91(1.0(92, 93))71.0(91, 9298) = 1.0(9192, 93)71 (915 G2), SO 91016 = 010

On the other hand, assuming ¢, € Gk and g, g3 ¢ Gk, gives

91(71.0(92, 93))71.0 (91, 9298) = 11.0(9192, 93) 71 0(915 G2), SO 9101,y = 014,

therefore, 01, € k. Now the class ¢, ,, represented by 7] , (therefore, by 71 ,) in Br(k,)
is the class of quaternion algebra (6, d}). We have (—1)%2ve(c1) = (§, . d}),, where
(+,+)» denotes the Hilbert symbol over k,.
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4.3.4 An explicit n,

We assume 6; € k. We continue to use the notation from the previous section except
for x. We fix an order of the roots 6y,...,6; of f, and correspondingly of T7,...,T;
in A. A lot of this section is a natural generalization of the definitions made in §3.1
and §3.2.1.

If a € SP(J/k), then a maps to an element of H'(Gy, u5') via w, (defined in
section 4.1). Therefore, we choose the cocycle « representing w,(a) as follows. Using
the identification H'(Gy, pu5) ~ A*/(A*)?, where recall that A is the étale algebra
associated to the defining polynomial f, we choose a 1-cocycle x, € Z'(Gy,us),

Xal(0o) = U(é\/d_z(ﬂ))/(éx/d_z(ﬂ)) and d; € k(0;)* are as in Proposition 1.5.2

with the property that ﬁ d; € (k*)2. Since m, o w, is the identity morphism on
cohomology classes, we thl represent a by m.(x,). As in §3.1, for each element
m of u5, we associate an element in pb with ith entry being m(7T;). Under this
association, the values of x, will map to the [-tuples having exactly an odd number
of 1’s. Denote the tuple with 1 at i1,...,4; and —1 at other places by ili.\,it,
and by 0 the tuple with 1 everywhere. There is a natural action of G on these

I-tuples, coming from the action on A. Under 7 the element of u5' represented by
t

ir,. .. 4 will map to Y>I(T;,) — (Ty)]. However, from the proof of Proposition 4.1.1,

n=1

the element represented by ili.\,z't is in the image of the point P € J[2] represented
t
by the divisor >  ((7;,) — (Tb)) which is the same as the point > [(T;,) — (Tp)]-
] n=1

Therefore, we can choose a € Z'(Gy, J[2]) representing a to be

t

Oé(O') - Z[(En) - (TO)]’ if Xa(o-) = ili‘\aih
and the lift a of « as
a(0) = Y ((13,) = (T), i xal0) = ir,-. i 0.

We define a(o) = 0, for x,(c) = 0. Recall the definition of a} from §4.3.1. We note
that a factors through the field K = k(y/dy, ..., /d;) with Gal(K/k) C C4™' x S;_1,
where S;_; is the symmetric group acting on the set {T5...T;}, and Cs is the cyclic
group of order 2. Here for 1 <1¢ < [—1, the ith copy of C acts by \/d; 11 —> _\/TH-
Since we are going to compute symbolically, we assume that Gal(K /k) ~ C5 ™t x S;_;.
If o € Gal(K /k), then ¢ = 0,0, where 0, € S;_; and o, € C5*; hence, x,4(0,) = 0.
Since x, is a 1-cocycle, Xxq(0s) = Xa(0). For simplicity of notation we set x = Xa.
The subscripts s and p denote the sign part and the permutation part of an element
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o € Gal(K /k) considered as an element in C4 ! x.S;_;. Recall the action of G} on pb-
tuples. For 0,7 € Gal(F'/k), o - x(1) = 0, - x(7), and oa(7) = o,a(7) = a(c - x(7)) =
a(op - x(7)). We have

da(o,7) = oa(r) + a(o) —a(oT)
= oa(x(7)) + a(x(0)) —alx(o)op - x(7))
= a(ap - x(7)) + a(x(0)) — alx(@)o, - x(7)).

Clearly Oa(o,7) depends only on x(o) and o, - x(7). Let {x(0)} be the set associ-

ated to the tuple y(o) and with 0 associate the set {1,...,l}. Then {x(c)x(7)} =

{x(@)}n{x(m)}) U ({x(a)} U{x(7)})¢, where ¢ is the complement of a subset * of

{1,...,1}. Noting that a(x(c)) = > ((T}) — (Tp)) when (o) # 0, we treat the
i€{x(o)}

cases of x(0) = 0 or () = 0 or x(0) = 0, - x(7) separately. If x(c) or x(r) is 0,

then da(o, 7) = 0 and if x(0) = 0, x(7), then da(o, 7) =div( [[ (x—6;)). In case

ie (@)
X(0) # o, - x() and x(0) # 0 # o,x(7),

. Y
da(x(0),0,x(1)) = Y _((T)=(To))=2 Y (1)~ (Tv)) = div T =6
= Ak if (x(0)) Z
o x()} i {ox(r)}
Summarizing the above, we obtain
(div(1), if  x(o)=0or x(r) =0,
div| J[ (z- 91)> : if x(0) =0 - x(1) #0,
i€{x(o)}
da(o,7) =
div W , if 0 x(0) # o - x(1) £ 0.
i¢{x(o)}
\ i¢{o-x(7)}
Similar to the elliptic curve case,
0 = div(1), if X1(7) =1 or xi(p) =1,
aa,1<7_> p) = . — di — b, if / o _
2Th) = 2(To) = div(z —6:),  if  xi(p) =xi(7) = -1

Choose the uniformizers tp at a non-Weierstrass point P on C' as z—z(P), as (z —
0;)/y at a Weierstrass point T; with i # 0, and 29/y at Ty. Then, (JaU;a))(o,7,p) =1
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if X'(p) = 1. If X'(p) = —1, then

(1, if x(o) =0 or x(r) =0,
IT s, if x(o) =0-x(1), 1 ¢ {x(0)},
ie{x(0)}
si [T su if x(o) =0-x(7), 1 € {x(0)},
i£1
ie{x(0)}
daUai(o,T,p) = '
1 — if (o) # 0 - x(r), 1¢ {x(0)} U{o - x(7)},
i¢{x(0)}
i¢{ox(T)}
i#1
T if (o) #0-x(1), 1€ {x(0)}U{o x(1)},
it {x(0)}
\ i¢{o-x(7)}

where s;; := 6, — 6;, and s; := [] s;;. In the above expression for da Uy d/(o, 7, p), we
J#i
assume that y (o) and x(7) are not 0 except for the first case. Similarly,

(1, if X(0) =0or xj(r) = Lor Xj(p) =1,
I s, if 1¢ {x(0)}, x(0) #0, xXi(T) = Xi(p) = —1,
aUod|(o,7,p) = i)
si 1 s, if 1 € {x(0)}, x(0) #0, xi(7) = xi(p) = —1.
i€ (o)

\

We have the following useful lemma for finding a 1-cochain that trivializes a 2-
cocycle representing the trivial class in the Brauer group of a number field, given that
it factors through a nice extension.

Lemma 4.3.16. Let L/k be a finite extension of fields with G = Gal(L/k). Let
H, N be subgroups of G with N normal in G. Assume that G ~ N x H, and write
g = nh for each element g € G withn € N and h € H. Let E € Z*(L) represent
the trivial class in Br(L/k) with the property that res2(E) =0, E(g,¢') = E(n,n}),
where nj, = hn'h™t, and E restricted to G x HU H x G is trivial. Then there is
e € C(L) such that

1. e(g) = e(n), for g=nh € G,
2. he(n') =e(n},) for eachn’ € N and h € H,

and Oe = F.



104CHAPTER 4. THE CTP FOR ODD DEGREE HYPERELLIPTIC JACOBIANS

Proof. If there is an e € C!(N, LX) satisfying only the second property above, and
de = resX (E), then we extend e to define a 1-cochain (also called e) in C*(G, L*) by
e(nh) = e(n). Now

/
de(nh,n'h") = (] = = Oe(n,ny) = E(n,n},) = E(g,9').

Therefore, the rest of the proof is trying to prove the existence of such an e.

Let e : G — L* be a l-cochain such that de = E. Then E(h,n’) = 1 is
equivalent to e(hn') = he(n)e(h), and E(h,h’) = 1 is equivalent to saying that
e(hh') = he(lW)e(h'). Then resZ(e) is a 1-cocycle. Hence, by Hilbert’s Theorem
90, there is a b € L* such that e(h) = h(b)/b.

Using E(nh,n') = E(n,n},),

i (he(n’)) _ e(nhn’)e(n) _ e(nhn’) _ nnye(h)
e(n},) e(nn})e(nh)  e(nnj))ne(h) ne(h)

This implies that

he(n')  mye(h)  hn'(b)b e(n') \  e(ny)
o)~ e(h) ‘nub)h(b):‘h(n'(b)/b)‘ |

Now €/(n) == e(n)b/n(b) is an element of C*(N, L*) such that de’ = resd(F) and
¢’ satisfies the second property in the statement of the proposition. Hence, by the
first part of the proof, ¢’ can be extended to give a l-cochain ¢” € C!(L*) such
that d¢” = E. We can choose our e in the proposition to be ¢’ which proves the
proposition. O

Remark 4.3.17. In the general setup £ and E) 4 defined in §4.3.1 satisfy the above
property as Gal(F/K') ~ C5™ x S;_;. Hence, one can reduce the case of computing
e; and e;, such that de; = Ey and deyy = E4 4, to only computing e; and e,
such that de, = res “””E This can be done by symbolically defining the algebras
corresponding to the general symbolically defined cocycles E; and FE;, and then
specializing them.

Recall the conjugation homomorphism on n-cochains from §1.3.3. The following
remark is regarding o, on the 2-cochain da U af (*, %, —1).

Remark 4.3.18. Let E := daUd/ (%, *, —1) and o € Gal(F'/k) be such that y(o) =
Then F is invariant under o,. This is because 0, (F) = o.(daUa))Uo.((Th) — (Ty ))

00.(a)U((T1) = (Tv)). Now, 0.(a)(7) = oa(o~'70) = oa(o™"-x(7)) = a(x(7)) = a(7).
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4.3.5 Prime bounds

Let a,a’ € S@(J/k) be represented by d,d" € A* as before, and let  be the corre-
sponding e. Let

Saar ={v | v is a place of k of bad reduction of C' or ord,(¢(o, 7)) # 0 for some o, 7}

U {places above 2 and oo}.

In this regard, we have the following lemma.

Lemma 4.3.19. Let v ¢ S, be a place of k. Then (0;,,d;), =1 for each Gy, -orbit
of A.

Proof. We prove that (1,,d}), = 1, assuming 0; € k. If d| is a square, then there is
nothing to prove. Hence, we assume that dj is not a square in k,. Recall the definition
of 61, = % from Equation (4.3.7). We show that ~, , factors through k" for
v & S, and ord,(71,(g, —1)) is even. Hence, w; , € (k)*)* and ord,(d1,) =0 mod 2
for v ¢ S, . Recall that S?(J/k) C HY(Gy, J[2]; S), where S is the set of primes of
bad reduction of C' (Proposition 1.4.5). If d = (ds, ..., d;), then ord,(d;) =0 mod 2
for the place w above k,(6;) for each i. Furthermore, the set primes of bad reduction
of C contains the set of ramified primes of the component fields of the étale algebra
A; hence, F'/k is unramfied at v. In particular, if we choose b, to be defined over F),,
then v;, factors through Gal(k:*/k,).

If v ¢ S, o, then the values taken by €1 have a trivial valuation at v, i.e., are units

in Op, (recall from §4.3.1 that &; factors through F'*). Let
2= (ay — 9by) Uy ((T1) — (T)) € C'(ky).

We show that z(g) and b, Us div(z — 6;) have even valuations at v and therefore,
71.0(g, —1) has even valuation. We have

0z = da, Uy ((Th) — (Tp))

which is the localization of the global 2-cocycle daU, ((11)— (1)) at v (we will consider
such 2-cocycles later again in Chapter 6 to give easier proofs of global computations).
Recall from the previous section that one can choose a such that the values taken
by 0a, Uy ((T1) — (1p)) are multiplicative expressions in s;;. Hence, the values of
Oa, Uy ((Th) — (Tp)) are units. In particular, for g € Gj,,

(9a, Uy ((Th) — (Tv)))(9, 9) = (92)(g,9) = 9(2(9))z(9)-

Hence, z(g) is a unit.
(I-1)/2
Without loss of generality, one can choose b, = > ((P.,) — (1p)). Consider
i=1

the field F,(P;,) (this may be a ramified extension), and let w be the unique place
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of F,(P;,) above v with uniformizer m,. Let P, = (x;,v;). If ord,(y;) = k;, then
ordy, (f(z;)) = 2k;. If k; = 0, then ord,,(x; —61) = 0 and so is the case with conjugates
of z;, and the contribution from the orbit of the divisor (P;,)—(7p) in b, Usdiv(z—6;)
is a unit. Therefore, we assume that k; # 0. If k; < 0, then ord,(x; — 6;) = ... =
ord, (z; — 0;) and 2|ord,,(z; —01). A similar argument for conjugates of x; shows that
the contribution from the orbit of the divisor (P;,)— (1p) in b, Usdiv((z —6;)) has an
even valuation. Lastly, if k; > 0 and 7, |x; — 6y, then 7, { z; —6; for j # 1. Otherwise,
Tw|s1; but v is a prime of good reduction of f. Hence, ord,(z; — 61) = 2k; and so
is the case with the conjugates of (P;,) — (Tp). Therefore, ord, (b, Uy div(z; — 6y)) is
even. ]

In view of the §4.3.4 and the above lemma, we have the following corollary.

Corollary 4.3.20. Let a,a’ € S?(J/k) and S, . be as above. Then

(_1)<ava'>CT = H H((Si,v7di)k'v(9i)'

vES, s orbits

4.3.6 Algorithm

The following is pseudocode that states the key steps of an algorithm to compute the
CTP, based on the above computations. Here we have identified S®(J/k), where J is
the Jacobian of an odd-degree hyperelliptic curve C' : y? = f(z), with a subgroup of
A*/(AX)?, where A is the étale algebra A = k[z]/{f). The input elements d,d € A*
represent the 2-Selmer elements a, a’, respectively.

Algorithm 1 Compute the CTP between a,a’ € S (.J/k) represented by d,d’ €
A*.
Require: d,d € A*.
Ensure: Value of (—1){®)er in variable CT.
1: CT +1 > Value of CT.
2: LocalPoints < | ]. > List storing P, indexed by S, o .
3: forv e S, do
Find Q, € J(k,) such that §(Q,) = a,. > a € CY(Gy, J[2]) is as in §4.3.4.
K, < ky(\/d,) and P, + %QU € J(K,). » Computed using Stoll’s algorithm.
for T € J[2] and T ¢ J(k,)[2] do > Adjust P,.
if (P, +7T) = «, then
P, < P, + T, and exit the inner loop.
end if
10: end for
11: LocalPoints[v] < P,.
12: end for
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13: K < k(v/d). © Adjoining v/d means adjoining v/dy, . .., V/d;, where (dy, ..., d))
is as in §4.3.4.

14: for 6 € {Factors of f} do

15: kg < klz]/(0) and 6; < a root of 6.

16:  dj < d'(61) and K’ < ko(~/d}).

17: Compute 2-cocycles By, By, € Z*(KK'/K'), using §4.3.4.

18: Solve for ey, e, € CH(KK'/K') such that de; = Ey and de; , = E1,. > One
can use generic algorithms available in Magma to obtain e; and e; 4. Lemma
4.3.16 can be used to obtain e; and e; , with nicer properties.

19: Compute 1-cocycle ¢ 4 and solve for a Hilbert’s Theorem 90 element ¢, ,.

20: Compute 1-cochain fj ; and solve for ¢; 4, using Remark 4.3.12.

21: for v € S, do

22: for w € {Places of k(f) above v} do

23: 01w ¢ Image of §; under the embedding ky < (kg),, and d} ,, <+
d'(01.).

24: Compute €14, and 71 . > By Equation (4.2.1).

25: Compute I' 4, w1, and 01,,. > By Proposition 4.3.15 and Equation
(4.3.7).

26: CT «+ CT- ((51711,, dl,w)(ke)u;)

27: end for

28: end for

29: end for

30: return CT.

4.4 A conditional but simpler algorithm

In this section we give a simpler algorithm to compute the CTP for odd-degree hy-
perelliptic curves, conditioned on the existence of global solutions to certain ternary
quadratic forms. Since checking if a ternary quadratic form has a global solution is
equivalent to computing a finite number of local Hilbert symbols, it is not an expen-
sive check. The simplicity of the algorithm lies in reducing the time complexity for
the global step and being able to explicitly write down e; such that de; = n; (as
defined in the previous section) using the solutions to these quadratic forms. The
motivation for doing so clearly comes from the case of elliptic curves in the previ-
ous chapter. However, unlike the case of elliptic curves, where the twisted curve is
given by the vanishing of a pencil of ternary quadratic forms (§3.1.1), the equations
describing a twist (corresponding to a 2-Selmer element) of the Jacobian of a genus
g > 2 hyperelliptic curve are not necessarily ternary quadratic forms. Before moving
ahead, we prove the following important lemma.

Lemma 4.4.1. Let L/k be a finite extension with G = Gal(L/k) ~ C3 with gen-
erators gy, -+ ,gn. Let E € Z*(L/k) be a 2-cocycle representing the trivial class in
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Br(L/k) such that E takes values in k* and E(g,h) = E(h,qg) for all g,h € G. Let
b; € L* be such that E(g;,9;) = gi(b;)b; and g;(b;) = —b; for j # i. Then the 1-cochain
e: G — L* given by
t
t(t=1) ml_:[1 bim
e(gi - 9i) = (1) 7 3 :
I1 E(Qimagz’mﬂ e Giy)

m=1

satisfies e = E.

Proof. First we check that the definition of e makes sense i.e. if g = [] g; for some
ies

S C {1,---n}, then e(g) does not depend on the ordering of elements in S. We

first show that e is well defined up to swaping of two consecutive elements in a given

expression of g. Let g = g;, - - - g;, and say we swap g;,, and g;,,,,. From the expression

of e(g), we get that

e(Giy - 9i,)  E(Gis Ginsr 7 9i) E(Giirs G Gi)

(G GimirGim i) EGivuirs GimGimsa i) EGin Giro *** Gi)
(E is a 2-cocycle)
_ E(GinGini1s Gimia "+ 9i) E(Ginns Giyr)
E (i1 Gims Gimo "+ 9Gis) E(Gina 15 i)
Hence, e is independent of the order. Let 0 = 01 -0, and 7 = 01 -+ - Oy Tyt - -+ Ts
be two elements of G with o;,7; € {g1,...,9n} and {711,..., 7} N{o1,...,00} = 0.
We have

=1

oe(r)e(o)

de(o,7) = = (1T [ elon)oie(on).

e(Omi1 O¢Tomgr -

+ 8(851) —|—m(t— 1) + (s . m)t . (S+t72m)(;+t72m71) _ 2(m(5+t) —m2)
E<0m+17 Om+42 " O0tTm41 """ Ts) e E<0ta Tm+1 Ts)

E(oy,02-+-04) -+ E(0y-1,00)E(01,02 - 75) - E(0m, Ting1 + -+ 7o)

(0E(g,9,h) = 1)

_ E(Omy1,Omi2 OtTmg1 -+ Ts) - B(04, Tngr - -+ T)
E(oy, 00+ -0y) - E(0y_1,0¢)

E(o1,0109Ts) ++ E(Opmy OmTma1 "+ Ts)
E(Ulaal) e E(Umaam)

Applying repeatedly OF(h, g, ghh') =1,

E(Omt1, Omt2 - OtTg1 -+ Ts) -+ B (04, T -+ Ts)
E(op,0mir1 -+ 0¢) - E(04-1,0%)
E(oy- - 0m,T)E(02,01) - E(0p, 01 Opm_1)

de(o, 1) =

E(01702 . .O—t) .. 'E(O—m—lao—m . .O—t)
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The expression e(oy -+ 0,,) = €(00m—1 -+ 01) implies that
E(oy,01) - E(om, 01 0m-1) = E(01,02- - 0p) -+ - E(0p—1,0m).
Combining this with 0F(0;, 0441 Om, Oyt - 0) = 1, we obtain

E(0m+170m+2 ©0tTm41 " 'Ts) T E(UtaTerl : "TS)E(Ul ce Um>T)

Oe(o,7) =
elo,7) E(Opm, Omy1 -+ 0¢) -+ - (041, 0¢)
E(0'2"'0'm70-m+1"'0't).“ E(0m70m+1"‘0t)
E(o1+OmyOmy -+ 0r) E(0m-10m,Omi1- - 0t)

(canceling out the cascading product)
_ E(Omt1,Oms2 OeTimg1 - Ts) - B0y, Tmy1 - T5) E(01 -+ O T)

E(Om+170m+2 : "Ut) ) "E(th,Ut)E(Ol Oy Ol * -o't)
(cOE(omyr - 0n,01 0, T) = 1)

— E(0m+170m+2"'UtTm+1"'TS)"'E(Ut,Terl...TS) E(U 7—)
E(0m+1> Om+2 " Ut) T E(Ut—la Ut)E(Um-H O, Tl " " 7-5) !

(" OE(04,0441 Op Ty - -+ Ts) = 1 for i > m)

= E(o, 7).
[l

We begin with the assumption that KNK’ = k and Gal(F/k) ~ (CL'xS;_1) x Cy,
and compute symbolically and explicitly. The general case will just be restriction of
the generic output of the following computations to a subgroup of (C3™! x S;_1) x Cy.
Further, for o € Gal(F/K') we have ¢ = 0,0, with o, € C5' and 0, € S,
considering S;_; and CL™' as subgroups of Gal(F/K') ~ CL™' x S;_;. In this case
note that x(o) = x(0,) and x(0) =0 if o € Sp_.

Define the affine plane curve

Clj . dﬂi? — dlfUJZ + 9]' — 01 = O,

where u; and v; are coordinates, for 2 < j < [. Note that A\ {7} forms a Gj-set.
Fix representatives of orbits of A\ {T1}. If C}; has a k(6;)-rational point (u;,v;),
and T} # Tj is in the orbit of T}, then for all o € G}, such that o(7}) = T}, the point
(0(u2),0(ve)) is a point satisfying the conic Cyj, (note that (o(u;),o(v;)) € k(6) is
the same point for all o € G}, such that o(7j) = T},). Hence, for each T} in the orbit
of Tj, let (ug,vx) := (0(u;),0(v;)) for some o € G, with o(13) = T},. In this way we
define u;,v; € k(6;) for all j # 1 (assuming that each C4; has a solution over k(6;)).

Define
plj = \/ d1Uj + \/ dej,
for all j # 1, and p; := [] py;-
J#1
In view of the above discussion, we have the following useful observation.
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Remark 4.4.2. Let 0 € Gy, be such that o(7};) = T}. Then o(p1;) = 0s(p1x), and

o(p1) = o5 <lea-l) = os(p1)-

1£1

Assumption 4.4.3. We assume that for all j # 1, the curves Cy; have solutions
(uj,v;) with the property that if 06; = Oy, then (uy,vy) = (ou;, ov;).

Let g; # id be the element of (gs,...,q) = Gal(K/k(J[2])) ~ CL! such that
9;(\/dj) = \/d; and g;(v/dy) = —\/dy for k # j, in other words x(g;) = 7. Note
that ny(o, 7, p) = da Uy @) (o, 7, p) when x|(0) = xj(7) = —x1(p) = 1. Therefore, for
0,7,0 € Ggr, 0(0a Uy ay(—1))(o,7,0) =1, i.e., daU; aj(—1) is a 2-cocycle factoring
through Gal(K /k) ~ C4 ' x.S;_;. One can check that this is £ from §4.3.1, and that
E, = E, 4, with g such that g|K = id and x}(g) = —1. Lemma 4.3.16 implies that
there is a 1-cochain e; € C'(Gal(K /k(J[2])), K*) such that de; = rengiggzg‘][Q}))El,
e1(0s0,) = e(os) and o,eq(7s) = e1(0, - 75). We have Ey(g;,9;) = s1; = gj(p1j)p1; for
each j # 1. Furthermore, gx(p1;) = —p1; for j # k and E; takes values in k(J[2])*
and Ey(o,7) = Ey(7,0) for 0,7 € Gal(K, k(J[2])). Lemma 4.4.1 implies that there
exists e; € CY(K /k(J[2])) such that e;(g;) = p1i, and

t(t—1)

ey ---9i) =(=1) 7 — :
II Za(ghnvgun+1"'g%)

m=1

t
H Pli,
m=1

for 2 < i <,
The following

Since ¢, ..., generate a subgroup Gal(K/k(J[2])) and x(g;) =

for any o there is a subset S, C {2,...,{} such that x(o) II

1
= 1.
€S,

proposition gives an €; such that de; = 7.

Proposition 4.4.4. Let €1 be as follows:

er(rp) = 4 €90 9a) if x(r) = mli[ i X4(1) =1 X4(P) = =1, gy )

g fm ) = 1L T Xi(7) = =1, i) = 1.

\
Then we have Oe1 = 1.
Proof. The proof will proceed similar to the proof of Proposition 3.2.2. Note that

e1(7, p) only depends on x(7), x}(7) and x}(p); hence, we will interchangeably use
e1(x(7), x1(7), X1(p)) for e1(r, p). We first check that the 1-cochain Jey(x,1,—1) =
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E,. All we need to check is that e;(x) = €1(x, 1, —1) satisfies 0, - e1(7) = e1(0, - x(7)
This follows form the fact that o,E1(7,p) = Ei(0, - x(7),0,7pps) (Remark 4.3.18
and that e;(g;, . ..g;,) is independent of the ordering of g;,,...,g;. Hence, de; =
E; = daU; ((Th) — (Tp)) (Lemma 4.3.16). Noting that &1(0, —1,—1)/e1(0, 1, —1) =
£1(0,—1,—1) = 1/py, the proof of Proposition 3.2.2 implies that it is enough to prove

).
);

(Oe1 —m)(o,1,p) = 1 assuming x)(0) = 1. Let 0,7, p be such that yj(oc) = 1 and
X1(7) = X1(p) = —1 (the case when x)(7) =1 is equivalent to de; = E;). Then

U<81(X<T>7 -1, _1))€1<X(0)7 1, 1)
51(X<0)Up x(7), =1, =1Dei(x(o), 1, 1)
C posl), L —D= (@), 1, - )
os(pr)er(x(o)op - x(7), 1, =L)er(x(0), 1, —1)?

Y41
= Ei(x(0), 05 - X(T))o's(pl)el(X(U)’ L-1

Oey(o,7,p) =

If x(o) =gi; -+ ¢s,, then oy, = g;, -+ - g;, and

P
Usp1€1<gi1 s git)2

m=1

¢ 2
( IT E1(Givs Gipys - - - gz-t))
— (_1 It—2t

Piiy - - - P14 Giy <p1i1> - Giy (put).

Note that whether 1 € {x(o)} or not depends on whether ¢ is even or odd, respectively.
Assume that ¢ is odd. Then the expression of da U a} implies

S1 1
El(gi1agi2 o 'git)El(gizagia* o 'git) a— =L

Therefore,

D1 1 1

os(pr)ei(Giy -+ 9i)?  Sin1cSin " au oy (x(o), —1,—-1)
When t is even,
P1 1 1 B 1
os(p1)ei(gi -« - gi,)? 11 ' 51 Sl Sigl ~ auod(x(o),—1,—-1)

Therefore, Oe (0, T, p) = f&;ii—m =m(o,7,p).

4.4.1 Assumption 4.4.3 is not very strict

In this section, we discuss empirical evidence for the fact that assumption 4.4.3 is
good enough to compute the kernel of the CTP on I[2] x II[2] in most cases. For
this purpose, we say that a € S®(J/k) is good, if the tuple (di, ..., d;) corresponding
to a satisfies Assumption 4.4.3.
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Definition 4.4.5. An odd-degree hyperelliptic curve C'is said to be a good curve if the
subgroup of S (J/k) generated by the good elements and the image of J(k)/2.J(k)
is of index at most 2.

In [PS99] the authors show that (-,-)cr is an alternating pairing if C' has a k-
rational point. In our case C' always has a k-rational point Ty. Therefore, it is
enough to compute the CTP on H x S®)(J), for an index 2 subgroup H of S®(.J).
LMFDB [LMF24] mentions 1207 genus 2 curves with analytic rank 0 that admit an
odd degree model, with at least 2 extra 2-Selmer group generators. All these curves
are good. Furthermore, there are only the following 2 curves

y? = 82° — 722" + 642> + 1722 — 162 — 4,
y? = 82° + 722 + 14023 — 1032% — 4z,

where the subgroup generated by good elements is of index 2, and for every other
curve the extra part of the 2-Selmer group is generated by good elements.

Furthermore, in the family of curves y? = 2° + A (which will be the focus in the
next chapter), every curve is a good curve for |A| < 2000. The following theorem
proves that every curve is good in a certain family.

Theorem 4.4.6. Let p be a prime, let C, = y* = x(x? — p?)(x* — 4p?), let J, be its
Jacobian variety, and let T), be the image of J,[2] inside S (J,/Q). Then S®(J,)/T,
is generated by good elements.

This theorem will be discussed in a work (joint with Tim Evink), where we com-
pute the CTP explicitly for this family, and show that the rank bounds are equivalent
to the ones obtained via visualization. We will not discuss this here in this thesis.

Naturally, every element of the 2-Selmer group of an elliptic curve is good, and
therefore every 2-Selmer element of a curve in the family of elliptic curves, E, : y* =

2

x(2? — p?), for p an odd prime, is good. Note that this is a subfamily of the famous

congruent number family. Let p be a prime number, and let ¢ > 2. Define the
g

hyperelliptic curve C,, , : y* = z [[ (2% — i*p?). Then in view of the previous theorem
i=1

and the case of elliptic curves, it is a natural question to ask whether, for a fixed
g > 3 and varying primes p, the curves C,, are good? Unfortunately, experiments
show that as the genus increases, the good curves in this family seem to become scarce
very fast. For example, if p < 2000, then for g = 3 there are around 74% good curves.
For g = 4, there are around 30% good curves, and for g = 5, we could not find any
good curve. Genus 2 seems to be the sweet spot in this regard.

4.5 Algorithm, implementation and examples

All the computations in the following section and later were performed using the
Magma computer algebra system. For computing half of a point, we used the algo-
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rithm in [Sto17b, §5]. I thank Michael Stoll for providing me with an implementation
of this algorithm over global fields, that was later modified to incorporate the com-
putation over local fields. I also thank him for providing me with a more efficient
program for checking whether a given odd-degree hyperelliptic curves is good. This
was used in the previous section to get the empirical data.

Remark 4.5.1. The current implementation works over any number field under
the assumption that at least one of the elements being paired is good. Apart from
the global bottle-neck of solving norm equations, the current implementation uses a
non-sophisticated mechanism for finding local points corresponding to the 2-Selmer
elements. Hence, sometimes it is a bit slow and may fail in finding them. One idea
will be to extract the image of J(k,)/2J(k,) from the 2-Selmer group computation,
which we anyway have to perform, and feed it inside the algorithm directly.

4.5.1 Algorithm for good elements

Here we provide pseudocode for an algorithm assuming that a € S@(J/k) is a good
element. The code mimics Algorithm 1 for most parts.

Algorithm 2 Compute the CTP between a,a’ € S (.J/k) represented by d,d’ €
A*.

Require: d,d" € A* such that d represents a good 2-Selmer element.

Ensure: Value of (—1){®)er in variable CT.

1: M <« 2-dimensional list of size [ x [ indexed by roots of f with entries as (0, 0).
2: > M0y, 05] will store solutions to the conic (d(6;)u? — d(6s)v?)/(01 — 0s) +1 = 0.
3: for ¢ € {Factors of f} do

4: kg < k[z]/(0) and 0; < a root of § in ks.

5: for 0" € {Factors of f over ky} and 0'(0;) # 0 do

6: ko < kolz]/(0) and Oy < a root of €' in ky .

7 if M][0,,05] # (0,0) then

8: Compute (u,v) such that d(6;)u® — d(fs)v* = 0 — 0; and uv # 0.

9: M[‘gl, 02] — (’LL, U).
10: Assign to M at Galois conjugates of the pairs (61, 6,), the corre-

sponding Galois conjugate of (u,v).

11: end if
12: end for
13: end for
14: CT «+ 1 > Value of CT.
15: LocalPoints < | ]. > List storing P, indexed by S o.

16: for v € S, do
17: Find Q, € J(k,), such that 6(Q,) = a,,. > a € CY(Gy, J[2]) is as in §4.3.4.
18: K, < k,(\/d,), P, + %Qv € J(K,). > Computed using Stoll’s algorithm.
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19: for T € J[2] and T ¢ J(k,)[2] do > Adjust P,.
20: if (P, +7T) = «, then

21: P, < P, + T, and exit the inner loop.

22: end if

23: end for

24: LocalPoints[v] < P,.

25: end for

26: for 6§ € {Factors of f} do
27: kg < k[z]/(0) and 0, < a root of 0, d} < d'(0,).
28: for v e S, do

29: for w € {Places of k() above v} do

30: 01w < Image of §; under the embedding kg < (kg),, and dj ,, <
d'(01,)-

31: Compute 1,4, and 7,4, as in Equation (4.2.1) using the row in M cor-
responding to 6 .

32: Compute I'1 4, w1, and d1,,. > By Proposition 4.3.15 and Equation
(4.3.7).

33: CT«+ CT- ((51711}, d17w)(k0)w

34: end for

35: end for

36: end for

37: return CT.

4.5.2 Example of genus 2 (when f splits completely)

It is not hard to check that the curves C), arise as quadratic twists of C y? =
z(2® —1)(2* —4) by £p. We show that rky, (ker((-,)cr)) is same as rky, (S® (J/ky)),
where J is the Jacobian of C' and k, = Q(y/£p), depending on the class of p mod 24.
Hence, it makes more sense to compute the CTP for J over £,,.

Example 4.5.2. Let p := 1777 and k, := Q(,/p). Then the group S®(J/k,)/T, is
generated by

{(1/2(~ /B +25),1/2(— /B +89), 1/2(—/B + 39), 1/2(—/B — ), 1/2(—/ + 39)).
(11/2(/F + 61), 1/2(y/B + 43), 1/2(y/5 — 89),1/2(/F — 43)),

(1/2(~/P +39). 1,1/2(—/ + 41),1/2(~ /B + 25), 1/2(~/F — 7)),
(1,1/2(—+/p+43),1,1/2(y/p — 39),1/2(\/p + 25))},

and all these elements are good. The elements above are represented by tuples
(dy,...,ds) corresponding to the elements in the étale algebra k[T|/(f(T)). Com-
puting p;;, we obtain that one needs to compute the CTP at primes of k, above

{2,3,5,7,11,17,31,37,43,97,271, 2579, 22541, 132371} U {oo}.
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The primes apart from {2, 3, 1777, co} appear because of the values of p;; for different
values of 2-Selmer elements. We need to compute the CTP at the places above the
primes of bad reduction. If we denote the above generating set for the extra 2-Selmer
group by «;, for i € {1...4}, we obtain the following matrix

Mcr =

O = = O
_ o O =
_ o O =
O = = O

where the (i, j)-entry of Mot is (u, a;)cr. We obtain rkg, (Mer) = 2, so tk(J,/Q) <
2.

Example 4.5.3. Let p := 409 and k, = Q(,/p). Then the group S®(J/k,)/T, is
generated by

{<1/2<_\/]3 - 3)7 17 1/2(_\/]_7 + 5)7 1/2(_\/]_) - 11)) 1/2(_\/5 - 19))7
(1,1/2(=vp+29),1/2(=V/p+21),1/2(=/p +5),1/2(=v/p = 3)) },

The primes that may give a non-trivial contribution to CTP are above

{2,3,53,167,359,409} U {0},

01
Mo =
. (1 0)

has Fo-rank 2, so rk(.J,/Q) = 0. This one cannot get simply by using a visualization

and

argument.

g
Recall that C,, is the curve given by y* = z [[(2* — #*p?). In the next two

(2
sections, we consider curves of genus g higher than 2.

4.5.3 Example of genus 3

Example 4.5.4. Consider the curve Cr; 3. The group 8(2)(J7173/Q)/T7173 is generated
by

{(71,2130,1,2,3,1,5), (142, 71,3,1,2, 3, 1),
(71,213,142, 71,3,1,2), (142,71, 71,142, 2,2, 1)},

where T7173 = J71,3 [2]
The non-trivial contribution to the pairing may come from the primes

{2,3,5,7,11,17,19,23, 41,47, 67,149, 167, 269, 4933} U {0},
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depending on which two elements are being paired. We obtain that

Mcr =

= O O
— o O O
o o O =
S O ==

has Fo-rank 4, so rk(J713/Q) = 0.

Next we give an example of computing the CTP for a hyperelliptic genus 3 curve
where the defining polynomial f is not completely split.

Example 4.5.5. Consider the curve C' : y? = (x —p)(z* — p?)(2* — 2p), with p = 179.
The group S®(Jo/Q)/Jc(Q)[2] is generated by

{(358, 7V/358 + 179, —7v/358 + 179, —9V/179 + 179, 9v/179 + 179, 2/—179, —21/—179)
(1,V358 + 19, —v/358 4 19, =2, =2, (—v/—179 + 11)/2, (V=179 + 11)/2) }.

One can check computationally that the first element is a good 2-Selmer element. The
non-trivial contribution to the pairing may come from the primes

{2,3,5,7,11,13,17, 19,23, 29, 59, 79, 89, 101, 179, 751, 839, 977, 5227} U {0},

depending on which elements corresponding to the local factors are being paired. We

obtain that
0 1
M. =
. (1 0)

has Fo-rank 2, so rk(J¢/Q) = 0 and Jo(Q) = Jo(Q)[2].

Example 4.5.6. Consider C : y* = x(z® — p)(2® — 2p), with p = 97. The group
S@(Je/Q)/Jc(Q)[2] is generated by

{(1,-1,-1,-1,-1,-1,-1),
(97, ﬁ) C3W7 §§W7 17 ]-7 1)7
(1, —V/97 — 18, — V97 — 18, —(2V/97 — 18, -1, -1, -1)}.

One can check computationally that all the three elements ares good 2-Selmer ele-
ments. The non-trivial contribution to the pairing may come from the primes

{2,3,5,11,13,17,29, 31, 37,41, 43, 97,131
179,757,997, 1579, 2069, 2099, 3433, 5407, 8839, 9461, 13619, 78167,
254027, 310229, 5347301, 7540909, 2319939481, 91230796032263161} U {o0},
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depending on which elements corresponding to the local factors are being paired. We
obtain that
011
Mer=11 0 1
1 10
has Fo-rank 2; hence, rk(Jo/Q) = 1 and Jo(Q) ~ Jo(Q)[2] x Z.

4.5.4 Examples of genus 4

Example 4.5.7. Consider the curve C734. One can show that Cr34 is a good curve
with S(Q) (J7374/Q) /T73’4 generated by

{(73,1,73,1,1,73,1,73, 1),
(1,73,1,73,1,1,73,1,73)},

where T7374 = J73,4(@)[2].
The non-trivial contribution to the pairing may come from the primes

{2,3,5,7,73,97} U {oo},

depending on which two elements are being paired. We obtain that

01
Mep =
(1)

has Fo-rank 2, so rk(.J734/Q) = 0.

Here we give an example of computing the CTP for a hyperelliptic genus 4 curve
where the defining polynomial f is not completely split.

Example 4.5.8. Consider the curve C': y*> = (z—p)(z* —p?)(z* —4p?), with p = 137.
The group S®(Jo/Q)/Jc(Q)[2] generated by

{(1,1,1,1,1,1,1, -2, -2),
(—1955, —2v/274 — 31,42v/274 — 31,3V137 — 411, —3V/137 — 411,
3v/—137 — 411, -3/ —137 — 411, 3,3) }.

One can check computationally that the first element is a good 2-Selmer element.
The non-trivial contribution to the pairing may come from the primes

{2,3,5,7,17,23,137,139, 193, 389, 2447} U {0},

depending on which elements corresponding to the local factors are being paired. We

obtain that
0 1
M. =
. (1 0)

has Fo-rank 2; hence, rk(Jo/Q) = 0 and Jo(Q) = Jo(Q)[2].
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Chapter 5

The CTP for the Jacobian of
yr=zl+ A

In this chapter we look into a special class of hyperelliptic curves of the form Cjy :
y? = 2! + A, for A € Z and [ an odd prime. There is a distinguished point at
infinity (denoted by T, as in the previous chapter) defined over @, which we use
to embed C4(k) into its Jacobian J4(k) via P ~— [(P) — (Tp)]. Fix an Ith root of
unity ¢;. Then there is a natural automorphism of Cy defined by (z,y) — ((z,v).
This induces an automorphism of Jy4, also denoted by (;. This choice of notation is
justified since the automorphism 1+ ( + ...+ Cl’l is trivial on J4. This is because

it D= (P)+(P)+...+(P)is a d1v1sor not involving Ty, with ¢ < (l —1)/2,
-1

representing a point on J, (recall Definition 1.2.16), then Z ¢/(D) = div H (y —v;),
=1

where y; is the y-coordinate of P;. Therefore, Z[(] C End(J 4). Then )\ =1-¢
is an endomorphism on J, defined over k = Q((;). Fix a square root /A of A in
E, and let L == k(v/A). We will denote the group J(k)[A] by Ja[\]. Further, the
prime ideal (1 — ¢;) is the only prime ideal above [ in the maximal order Z[(;| of
Q(¢) and (I) = (A\)!"'. Hence, #J4[\] = [ and is generated by the image of the

point P = (v/A,0) in J4. The group J4[)\] is defined over Q, but its elements need
not be rational points. Let SM(J4/k) be the Selmer group of A. Note that C,
can be viewed as a cyclic l-cover of P! via the map (z,y) + y on the affine patch.
From the works of Schaefer [Sch96] and Poonen-Schaefer [PS97], we have a handle on
SU=¢)(Jo/k), where C is a n-cyclic cover of P, Stoll in [Sto98], using this explicit
representation of A-Selmer group for the curves of the form C'4, obtained explicit
values of tkg, (S™(J4/k)) in terms of F; ranks of ker(N : CI(L)[l] — Cl(k)[l]), where
Cl(*) represents the class group of a number field *, under the following assumptions
on A.

Assumption 5.0.1. [Sto98, Assumption 1.2, 1.3]

119
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We say that A € Z lies in the [-Stoll set if A satisfies the following two assumptions:
1. l{ A, and A is not a square in F}*.
2. For every prime p | 2A and a prime p of Z[] above p, A is not a square in k.

These assumptions force the local restriction maps H' (Gy, Ja[\]) — HY (G, , Ja[A])
to be trivial at all places v of k outside {A}. The analysis proceeds by getting ex-
plicit elements in the image of Ja(ky)/AJa(ky) inside HY(Gy,, Ja[)\]), and explicitly
computing the kernel of the localization map H'(Gy, Ja[A; {\}) — HY(Gk,, Ja[A]),
where HY (G, Ja[)\]; S) for a subset S of places of k is the subgroup of elements that
is represented by cocycles which factor through k)" for all places v of k outside S.

We know that SW (J4/k) € HY(Gy, Ja[A]). Since the order of Gal(L/k) and Ja[)]
are coprime to each other, we have H/(Gal(L/k), Ja[\]) = 0 (Proposition 1.3.22).
Therefore, using the inflation-restriction-transgression (part 2 of Proposition 1.3.7)
exact sequence we have:

HY Gy, Ja[N) =3 HY (G, Ja[\) /92 ~ker (N : L* /(LX) — &</ (kX))

where N is induced from the norm map: L* — k*. We work with the image of

HY (G, Ja[A]) inside H' (G, Ja[A]), which is enough since taking restriction multiplies

the value of the pairing by 2, which acts invertibly on %Z/Z. Ford € L* and 0 € G,

define x4(0) == o(v/d)/vd. Note that x4 takes values in g;. Identifying jy with Z via
z

G = 1, we may assume that x4 takes values in .

5.1 Global computation

Let a, a’ € SM(J,/k) represented by d,d’ € L*, respectively. Then a 1-cocycle a,
representing a, can be chosen as

a(o) =1i[(P)— (Tp)], if xalo) =1, 0<i<[—1.

Similarly, we can define o’ depending on Y4 representing the class a’. For simplicity
of notation, we drop the subscripts in x4 and Yz, and denote them by y and y/,
respectively. Since the CTP is an alternating pairing on II(J4/L)[l], we can assume
that L(vd) N L(Vd') = L; ie., d # d* mod ((L*)"), for all z € Z. We take the
following lift of a to C(G, DivP((Ca)z))

a(o) =i(P) —i(Ty), if x(o)=1, 0<i<l—1.
Taking the coboundary gives

da(o,7) =div((y — \/Z)n), if x(o) =1, x(7) =7, and n = [(i + 7)/l],
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where [-] denotes the greatest integer function. Similarly, we choose a lift a’ €
CHGL,Div'((Ca)z)) of o' as above; then

0d' (o, 7) = div((y — VA, if X' (0) =i, X'(7) = j, and ' = [(i + j)/I].
We choose the uniformizer as z(=1/2/y at T,. If Q is a Weierstrass point, then
we choose y as a uniformizer at (). Choose z — z((Q)) as a uniformizer at all other
Q € C4. The map Q ~ tg, where ¢ is the chosen uniformizer at Q € C4(k) as
above, is Galois equivariant. In what follows, we will use the letter k also as an index.

However, this will be clear from the context, if it represents a field or index. Further,

for f = (y — VA)" and D = k(P) — k(Tp),

. (ED] Ly
)= e o ™ (577) = Dantre

where (-, -); and (-, -)5 are the modified pairings defined on Princ((Cya)z) x Div?((Cs)z)
and Div?((C4)z) x Princ((C4)z), respectively, as in §2.1.3. We obtain

daud(o,m,p) = (2VA)™, if x(0) =i, x(7) =4, X'(p) = k. n=[(i +)/1]
and
aUod (o,7,p) = VAT if x(o) =i, X' (1) =4, X'(p) =k, v’ =[k+5)/1].

From now on we will assume, for o,7,p € G and 0 < 4,5,7, k <1 —1, x(o) = 1,
x(r) =7, X'(r) = j', X'(p) = k, n = [(i +j)/l], and n" = [(j' + k)/l]. Then
n:=0aU; a —alyda’ € Z3(L) is given by

10,7, p) = (VA

Let K = L(V/d), K’ = L(V/d'), and F :== L(Vd,V/d'). Let 0y, 0} be the generators
of Gal(K' /L), Gal(K'/L), respectively, such that x(o9) = x'(0) = 1. Note that n can
be viewed as inflation of an element in Z3(F'/L). Furthermore, n(o, 1, p) = n(o’, 7, 0')
if x(0) = x(0') and x'(p) = X'(p'). Hence if x(0) =i, x(7) = j, X'(7) = j" and
X'(p) = k, then we will interchangeably use (o, T, p) and 7(i, j,j’, k). Here we have
identified T‘F with its image in Gal(F/L) ~ (Z/IZ)*.

Remark 5.1.1. In view of the above, we have

7](07 T, /0) = 77(’57 (]7 0)? k)n(i7 (07 jl)? k)

The rest of this section is dedicated to solving for e € C*(L) such that 9z = 7.
Computation of € is done in two steps. First, we show that there is ¢’ € C*(L) such
that ¢’ = n and that & has some special properties. Next, we use these properties
of &’ to compute ¢ explicitly.
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Proposition 5.1.2. For a € SMN(J4/k), there is a g € HY(Gy, Ja[N?]) such that
Mg = a, where \, is the map induced by .

Proof. Using the Galois cohomology and localization on the lower row of the following

diagram
0 —— Ja[\| —— Ju[N?] —— J4[\] —— 0
H j j : (5.1.1)
0 —— JA ] JA A > JA > 0
we have

HY(Gr, Ja[\2]) —2 HY(G1, Ja[]) —2— H2(G1, Ja[N])

| | |

Hl(GLa‘]A) #) Hl(GanA) #) H2<GL7JA[)‘]) (512)

| | |

[THY(GL,, Ja) = [THY(GL,, Ja) —2— [[HX(Gy,, Ja[N).

Since Ju[A] ~ Z/IZ as G-module and y; C L, the Albert-Brauer-Hasse-Noether
exact sequence implies that the map loc?(J4[\]) : H3(GL, Ja[A]) — [TH2(GL,, Ja[N])

is injective. Hence, if a € S (J4/k), then §(a) = 0 and there is a g € HY(G,, J4[\?])
such that A\,g = a. O

We now look at the interaction of A with the Galois equivariant pairings (-, -);, and
(-,)a. Let f € k(C4)* and D € Div?((C4)z) be such that Supp(div(f))NSupp(D) =
and Supp((. div(f))NSupp(D) = 0. Then Adiv(f) = div(f) — . (div(f)) = div(f) —
div(( f) = div(f) — div(f o ¢ '). We have

(D, div(f o)) = (div(fo ), D)1 = (div(f), " D),

as

[T sep®= I sy,

PeSupp(D) PeSupp((;,' D)
This implies that (Adiv(f), D), <div(f) AD)y, where A := 1 — (. Similarly,
(D, \div(f))s = (AD, div(f), 2. Note that A is defined over k.
Lemma 5.1.3. Let n be as before. Then there is a 2-cochain &' such that 0g' = n with
the property that &' (x,0) =1, if X'(0) =0, and €'(o,7) = &'(o,7"), if X'(7) = X' (7).

Proof. Proposition 5.1.2 implies that there is a v € Z' (G}, Ja[\?]) and a 2z € J4[)]
such that A\.(y) = a + 0z. Let Z € Ja4[\?] be such that A\Z = 2. Then \(y) =
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a4+ 0M(2) = a + M\0Z. Therefore, possibly after shifting v by a coboundary, we
assume that A,y = a. Let g € C'(Div®((C4)z)) be a lift of v such that g and (.(g)
take values with support disjoint from the support of the values taken by a’. This
is always possible by the moving lemma (Lemma 1.2.2). Note that \.g is a lift of «
to a l-cochain with values in Div’((C4)z), and the values taken by \.g have disjoint
support to the ones taken by a’. Now with the choice of lifts as above

0 = 0Ag U @ — A\gUs da’ = \.0g Uy @' — g Us ON,a’
= 9g Us Aa’ — g Uy ON0' = (g Uy M),

The second to last equality above is because X*(a’ ) takes values in principal divisors.
Note that g Uy A.a’ has the property that gUs A/ (0, 7) = g Uy A0, 7'), if \/(7) =
X'(7"), and g Uy S\*a’(a, 7) = 1,if /(1) = 0. If a is any other lift of «, then we have
a = A\.g+ f, where f is a 1-cochain with values in Princ((Cy4);). This changes i’ by
d(f Uy o) and hence we choose £ to be g U, Ao’ + f U; o’. Note that ¢ satisfies the
conclusion of the lemma. O]

Similarly to n, we will interchangeably use €’(o,7) and €¢'(0, k) for 0,7 € G, and
X'(7) = k. Now using £ we will construct a “nice” e explicitly such that de = n. The
process is very similar to the one in §4.3.1. If 0,7 € Gx and \'(p) = k, then define
Ey € CQ(K,) by

Eyx(o,7) =n(o, 7, k).

Proposition 5.1.4. We have E), € Z*(K'), for each 0 < k <1 — 1. Furthermore, E},
represents the trivial class in Br(K').

Proof. Let o,7,p € Gk and x'(0) = k. Then

on(t, p,0)n(o, 7p,0)n(o, 7, p)
n(ot, p,0)n(o, 7, pb)
o UEk(Ta p)Ek(Ua 7—:0) _
= Buor. B OBTe)
(n(o,7,p) =1 and x'(pf) = k)

Therefore, Ey, € Z*(K'). Let ¢, € C*(K') be defined as €, (o) = €'(o,k). For
o, 7 € Ggr,

1=0n(o,7,p,0) =

_ _oe'(r,k)e' (o, k) _ oep(r, k)ep(o k)
Ek<0-7 7—) - 77(0» T, k) - E/(O'T, k)EI(O', O) - 62(0’7’, k’) - aek(ga T)‘

Therefore, Ej) represents the trivial class in Br(K’). O

Note that Ej can be viewed as inflation of an element in Br(F/K’). Therefore,
there is e, € C!(F/K’) such that de; = Ej,. Explicitly, Ej, is given by

Ey(o,7) = VA, x(o) =i, x(r) = j, n=[(i+))/1].
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Since Ey = kFj, we can assume e, = ke;. Let 09 € Gal(F/K') be the generator of
Gal(F'/K') such that x(o¢) = 1. The triviality of F; implies that there is ¢ € K*
such that 2vA = Ng/1(c). Hence, we choose e; to be given by

| ]j’ if X(J) =Y
e1(o) = 1_:[006"(1/’3)7 if y(o) =1, i > 1.

Identifying Gal(F'/L) with Gal(K /L) x Gal(K’/L), for each 0 < m,k <1—1, we
can define f,,, € CY(K’) as fx(0) =n(o,0,m, k) and

Fm,k = fm,k +ex +em — €(m+k) mod I-
If 0,7 € G and p,0 € G, are such that x(p) =0, x'(p) = m, and x/'(f) = k, then

an(r, p,)nlo, 7p,0)n(o, 7, p)
n(or, p,0)n(o, 7, pf)
~on(7,0,m, k)n(o, 7,m, k)n(o,7,0,m)
~ n(oT,0,m, k)n(o,7,0,(m+k) mod )
on(t,0,m, k)n(o, 7,0, k)n(c,0,m, k)n(c,7,0,m)
n(or,0,m, k)n(o,7,0,(m+ k) mod ()
(by Remark 5.1.1)

12877(0-77—71070) =

_ O fone(T) frng(0) Eg (0, T)Ep (0, T)
fm,k(UT)E(m+k) mod l(O‘, 7-)

= 0F,, (0, 7).

This implies that F,,; € Z'(K’). Since F,,; takes values in K* and factors through
Gal(F/K') ~ Gal(K/L), we can view F,,; as image of an element in Z'(K/L)
under the inflation map. By Hilbert’s Theorem 90 there is a ¢,,, € K* such that
Otm ik = Fik. We choose ¢, to be 1 whenever F), ; is the trivial cocycle. By our
choice of ey, and the fact that f,, (o) = (2¢/A)m+HR/Ux(@)

Foni(0) = Fus(0)en(o) 070 = (23 AP el ) "

If m+k > 1, then F,,4(c0) = (2/A)X9el () and otherwise F,, (o) = 1. We choose
tmg =t if m 4+ k > 1, where ¢ is such that 0t(c) = (2v/A)X()el (). In other words,
tm.k can be chosen to be tlm+R)/1 for 0 < m, k < I—1. Using the following proposition
one can explicitly write ¢.

Proposition 5.1.5. Let 0 < m,k < [ — 1 be such that m + k > [, and oy be the
generator of Gal(K /L) such that x(0o) = 1. Then Fpi(0) = (2/A)Xel (o), and

-2
we can choose t such that Ot = Fy, . as t = [] o} (717).
i=0
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Proof.

HO’O = = N(e)t/c
_ 2\0/1— — 2V Ad (o).

In view of the above, define

(7, p) = tmper(r) = Tk ()Y =m, X' (p) =k, 0<mk<1—1.
(5.1.3)
Then e(7, p) depends on x(7), x'(7) and x'(p) and therefore, we will interchangeably
use £(x(7), X' (1), x'(p)) with e(7, p). The following proposition shows that de = 7.

Proposition 5.1.6. We have 0c = 1.

Proof. Note that 0s(o, T, p) depends only on x(o),x (o), x(7), X' (7), X' (p). Assume
that x'(0) =n, X'(1) = m and x'(p) = k with 0 < n,m,k <1 — 1. For simplicity of
notations let m + k :== (m + k) mod [. Then

De(o,7. p) = oe(x(7),m, k)e(x(o),n,m+ k) _ o(tmrer(7))emrr(0)t, mrs
e(x(o7), m+n k)e(x(o),n,m) ek (0T)em(0)tnm
 o(tmaer(r))el (o)t ) o (tmuer(r))el (o
t[(m+n+k)/l ( ) (0‘) (n+m)/1] elf(a'r)ean(a)t[(m+k)/”
- oer(1)eni5(0) _ [ fmrrm oey(T)em7(0)
= Fi(0) o
er(oT)en (o) e th er(oT)en (o)

(by the definition of F, )
= fumk(0)Ek(o,T) (E) = Oey,)
=n(x(0),0,m, k)n(x(o), x(1),0,k) = n(x(c), x(7),m, k) = n(o, 7, p).

The second to last equality follows from Remark 5.1.1. [

Remark 5.1.7. One can generalize the above computation to the Selmer group of
any isogeny on a Jacobian with cyclic kernel. Note that we will need to generalize
the argument from Proposition 5.1.2 and Lemma 5.1.3. This can be done by using
an argument similar to Proposition 6.1.3.

Remark 5.1.8. The methods used in this section along with the ones from §4.3.1
can be generalized to compute the global step of the CTP for the case of A\-Selmer
group on Jacobian of any degree l-cyclic cover C of P! such that the covering map
7 : C — P! is ramified at co. See §7.1.1 for more.
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5.2 Local computation

Let v be a place of L, and fix an embedding L < L,. Let K, be the completion of
the image of K inside L, under the above embedding. Since « is locally everywhere
trivial, there exists a 3, € Ja(L,) such that 98, = a,. In particular, for all ¢ € G,
such that x(o) =0, 08, — 8, = a,(c) = 0. Therefore, 8, € Ja(K,). Since Cyx(k) # 0,
by Proposition 1.2.13, there is a divisor Dg, of minimal degree such that Dg, is defined
over K, and [Dg, — deg(Dg,)(1p)] = B,. One can augment Dg, by adding a multiple
of (Tp) to ensure that deg(Dg,) = (I — 1)/2, which we assume from now on.
(1—1)/2 _
Let Dg, == > (Py), where Py, = (Tiy, Yin) € Ca(Ly), for 1 < i < (I —1)/2.
i=1

Choose b, = Dy, — 51(Ty) as a lift of B, to Div’((C4)z). We have a, — 9b, €

CY(Gy,, Princ((C4)5)) given by

0 = div(1), if x(o) =0,
(a, = 0by)(0) = § . l . . . .
i(P) + Z (Pw) = (0Pu)) — i(Ty) = div(fs), if x(o) =1.

B (5.2.1)

where f; € L(C4). We have

«%—0MMh%xmﬂ:{l ﬁ;wﬂzomx%ﬂz?

(fis (P) = (To))]  if x(0) =i and X'(7)

Note that for ¢ € G, 0P = P. Therefore, if Gal(K,/L,) is generated by og, then
(1-1)/2
(o)) le(fz) = Z(P) + Z ((UOPm;) — (O’nganv)) — Z(To), and diV(fi+1) — diV(O'(]fi> =
n=1
i—1

div(f1). Therefore, we can choose f; to be [] of fi. Recall that (-,-); is well defined

n=0
up to the scaling of f; by a constant. Similarly,

n

(I-=1)/2

(b, U 0)(0,7) = | ] (o= VA |

i=1

where x'(0) = 4, X(1) = j, and n’ = [(i + j)/I|. Therefore, ~, = ((a, — 0b,) Uy
a, — b, Uy 0al, — €,) (0, 7) depends only on x (o), x'(0) and x'(7). Hence, we will use
Yo(x(0), X (o), X' (7)) interchangeably with ~, (o, 7).

If for all z, d # d* mod (L})!, then define for each 0 < k < [ — 1 a l-cochain
Gy € CHK!) by Gi(o) = v,(x(0),0,k). Noting that £,(x(c),0,k) = e¥(x(0)) we
have Gy, = kG;. The abuse of notation (Gj as a 1-cocycle and Gy, as the absolute
Galois group of k) must be noted here. However, the use will be clear from the
context. The following proposition shows that GGy is a 1-cocycle and so is Gj.
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Proposition 5.2.1. Let Gy, v, be as above. Then Gy € Z'(K!) and thereis a g € K
such that 0g = GY.

Proof. Note that ~, takes values in K and can be viewed as the inflation of an
element in Z*(F,/L,). Using the isomorphism Gal(F,/K!) ~ Gal(K,/L,) we can
view (1 as inflation of an element in C'(K,/L,). If G is a 1-cocycle, then Hilbert’s
Theorem 90 implies the existence of g.

Now we show that Gy € Z'(K}). Using that =, is a 2-cocycle, for 0,7 € G,

1=0y,(0,1,1) = j:(va(i 37 E 1; = 0G4(0,T).

]

Therefore, for 0 < k <1 —1, G(0) = (fi, (P) — (Ty))y /ex(o), where x(o) = i. Tt
is easy to check that 7,(0,7) = Gi(o) when X'(7) = k and x/(0) + x/(7) < [. Now
consider the 1-cochain ¢ defined by &(0) = g%, if X/(0) = k. It is easy to see that
0¢(t, p) only depends on x(7), xX'(7) and x'(p); hence, we will interchangeably use
IE(x(7), X' (1), X (p)) with 0&(T, p). Let o, T € G, be such that x(o) =1, X'(0) = J,
and x/'(7) = k. Then

o = FEXOEX(©@) _ oEGER) _00)'s _ (o
MmN ey T xGm e gm

If j+k <, then (v, — 9§)(i, j, k) = 1. Otherwise, (v, — 9¢)(i, j, k) = &,, with

1 T G1(o})
N - (—1)/2
clt 1;[1 (y<an) - \/Z) N(g)t 1;11 (y(PmJ) - \/Z)
Tl 1T ot (7o)
- (I=1)/2 ’
N(g)t TI (y(Pu) = VA)

where F} == (f1,(P) — (Tp))1 and N : K — LY is the norm map. Since v, — 0¢ is a
2-cocycle, one can easily check that d, € L) by evaluating d(vy, — 9¢) at (1,1 —1,1).
Therefore, (lmv” el = (5,,d),, where (-,), represents the generalized Hilbert
symbol of order [ defined using the pairing in Diagram 1.3.7.
On the other hand, if K, = K, then one can view v, as the inflation of an element
in Z*(K!/L,); hence, we will interchangeably use 7, (o, 7) with v,(x'(c), X'(7)). The
following proposition computes inv,([7,]) for this case.
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Proposition 5.2.2. Let v, be as above, and let ¢ € CY(K'/k) be defined by

L if X'(1) =0,

€)= { i o
nyv(nal)a ZfX(T):Z,lﬁzgl—l.
n=0

Then 0¢(T, p) only depends on x'(T) and X'(p), and

1, if X'(7) =1, X'(p) =74, i+j <,

- o T, — -1
(v §)(7.p) 8, = [ 7(n,1) € L%, otherwise,
n=>0

where 0 < i,j <1—1. Hence, (lmv”(%] (0y,d")y, where (-, -), denotes the generalized
Hilbert symbol of order | and |7, is the class of 7, in Br(L,).

Proof. Let ,p € G, be such that x'(7) = ¢ and x/(p) = j. One can check that the
proposition holds if 7 or 7 is 0. If 0 < i+ j < [, then

Yo(4,5) H o%(n,1) H Yo(n,1)

Wo(r. )€ +7) _ ach
z+] 1
o€ (7)&(7) Ho (1)
- Y (n 1, 1)y, (i, 1) 1 _
Z]H %zn—i—l) j+i—1 =1
=0 [T 7(n1)

(7, is a 2-cocycle)

Ifi+4 7 > 1, then

j—1 i1
'Yv(iaj) 1:[0‘771)(”7 1) UO’Yv(n, 1)

(T p)E(+]) _
i+j—1-1
0'5( )5( ) JI;IO ,Yv(n, 1)
i—1
= (i) H% n+i, )i, n) ngovv(n, 1)
b WHlOl%(n,l)
i1 jHi—1 B
U Yo(n, 1) 1__[ G I
= jti-i-1 — = H%(n, 1).
My

This finishes the proof. n
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We have
(fi,(P) = (To)r

—1)/2 D/
ex(i) (t II (P — ﬂ)))

If we choose g = 1 (because G; = 0) in the case when K, = K/, then in both the
cases, i.e., whether or not K, = K/, the expression for 9, is same. Furthermore,
0y = Aydgiop whenever K, K| # L, where

-1 i—1 ;
[T IT ot'(c) , og' (F1)
dglob = % and A, = =1 "2:0 ) (5.2.2)

In view of the above, we have the following proposition.
Proposition 5.2.3. The quantity dgon @s in L*. Therefore, A, € L.

Proof. We have

T I ogte) ¢ T1 1T ool
UO(églob) = 70 ( t) - 5 \/Zt — Oglob,

where the last equality follows from Ny /1, (c) = 2v/A. O

Remark 5.2.4. If we choose t to be as in the Proposition 5.1.5, then 040, = 1 and
the above proposition trivially follows. Furthermore, we will in practice choose t to
be like this because this way we avoid local computation at any new places other than
those having a non-trivial valuation at ¢ or above primes dividing 2/A. In the case
when K, = L, we can choose (3, as 0 on J,, and we obtain ¢, = 1/t. If K] = L,,
then (0,,d')r, = 1.

9 .
We now obtain an expression for Fj. Let C; :=y — > m;x" be such that
i=0

(P) = ()(To) + 3 (Pu) + 3 (e(Pa) = div(Cy).
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Since (0,v/A) € Supp(div(C,)), mg = vA. Therefore, f; can be chosen to be
C1/ H(x Tjy). We have F} = M . Now using that 0 and og(x;,), 2, for 1 <i <

O'O(xw)

=0 i=1

5.3 The prime bound

Recall that SM(J,/k) € HY(GL, Ja[A]; S), where S is the set of primes in L above
primes dividing 2/A. Therefore, for d € S™(J4/k) and any place v ¢ S, v,(d) = 0
mod [ and L,(v/d) is the unramified extension of degree 1 or I. Hence, we have the
following proposition.

Proposition 5.3.1. Let d € SM(J4/k) andv & S be a place of L, such that K, # L.
Then we have L,(v/A,) is unramified.

Proof. All we need to show is [|v,(A,). Note that x € O <= Ng,/,(7) € OF .
We have

1

Ni, /e, (F1) = Zdlvao )5 (P) = (To))r = (div(y = VA), (P) = (Ty))1 = Vo

Therefore, I} € Oy . In what follows, we assume that the points (;,, ¥iv) are defined
over K, for each 7. One can use arguments similar to the ones in the proof of Lemma
4.3.19 to reduce to this case by analyzing the orbits of the set { Py, ..., Py_1)/20}. Let
ord,(x;y) = k;. Then ord,(y;, — \/Z) = ord, (Y + \/Z) = k;l/2, if k; < 0 and either
ord, (Yi, — \/Z) or ord, (Yi, + \/Z) is k;l, if k; > 0. In either case, ord,(y;, — \/Z) =0
mod [. Since K, is unramified above L,, we can choose the uniformizers for K, and
L, to be the same and therefore, L,(v/A,) is unramified. ]

As a consequence of the above, we obtain the following corollary.

Corollary 5.3.2. Let a,a’ € SN (J4/k) be represented by d,d’ € L* and S be the set
of places of L above 2lA. Then

Cll(a,a Jer _ H((Sv, d,)Lv 1_[(,”31@,(15)7 d,_l)LU-
veS vgS
Moreover, if A lies in the [-Stoll set, then

Cll(a,a/)cT _ (6A>d,)LA H(Trgrdv(t)’d/fl)Lv'
EN
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Proof. The only places we need to care about are v ¢ S. If v is split in K, then
K, = L, and Remark 5.2.4 implies that (d,,d )., = (1/t,d")r,. If v is inert in
K, then Proposition 5.3.1 implies that (d,,d)r, = (dgiob,d’)r, and ord,(dgon) =
ord,(1/t) + (I — 1)ord,(c)/2 = ord,(1/t) mod I. O

Remark 5.3.3. In particular, if we choose t to be as in Proposition 5.1.5, then
dgiob = 1, for a place v ¢ S of L that remains inert in K. The above corollary can be
refined as

d(a,a/)cT _ H(ém d/)LU H (mc])rdv(t)j dlil)Lv-

ves v spﬁ?ssin K

In order to compute A,, we require to compute the local point 5, € Ja(K,).
Vishal Arul in [Aru20] has given an algorithm to divide a point in the image of C4 in
Jaby (1—=¢). It Q, :=>_ Qu, for n < g, is a divisor representing the local point on

J(k,) such that Q, mafis 1to the A-Selmer element a under the connecting morphism,
then on can use Arul’s algorithm to compute P/, € Ja(L,) such that (1—()P,, = Qyy
and use this to obtain the value for A,. However, if A lies in the [-Stoll set, then in
[Sto98, §6] it has been explicitly shown that the curve spans the local image at A;
hence, using the corresponding elements of the A\-Selmer group one can compute the

inverse image under A-isogeny using Arul’s algorithm.

5.4 Algorithm

In this section we give pseudocode of an algorithm for computing the CTP between
two elements a,a’ € SN (J4/k) represented by d,d’ € L*, respectively. Let

Saar =S U{v | vis a place of L below a place w of K with ord,(c) # 0}.

Algorithm 3 Compute the CTP between a,a’ € SW(J4/k) represented by d,d’ €
L*.
Require: d,d € L*.
Ensure: Value of ((;){*%)cT in variable CT.
1: CT « 1. > Value of CT.
2: LocalPoints < | ]. > List storing P, indexed by places of L above primes
dividing 2[A.

3: for v € {places of L above primes dividing 2/A} do
4: Find @, € J(k,), such that 6(Q,) = a,.
5: K, < L,(Vd,), P, + %Qv. > Computed using Arul’s algorithm.
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Adjust P, via P, — P, + T for some T € J[)] such that P, = «,.
LocalPoints[v] < P,.

: end for

: Compute ¢ such that N 7, () = 2v/A and t using Proposition 5.1.5.
10: for v € S, do

11: if v € {places above primes dividing 2lA} then

12: Compute Gy, g and A,. > Using Proposition 5.2.1 and Equation (5.2.2).
13: CT=CT- (6,,d)p,.

14: else

15: CT = CT - (x7™® @1y, . > Using Corollary 5.3.2.
16: end if

17: end for

18: return CT.

In the following section we show that one can avoid the local computation under
certain conditions entirely and use that to compute an example.

5.5 A special case of computation

In this section we will discuss a case where one does not need to compute the local
point Py € J(K,), such that Py, = «,, i.e.,the global computation is enough to
compute the local values. We will need the following explicit version of trivializing a 3-
cocycle in Z3(G, M), for a cyclic group G and a G-module M, given that H' (G, M) =
0.

Proposition 5.5.1. Let (g) = G be a cyclic group of order N and v € Z3(G, M).
Recall that every odd-dimensional cocycle is normalized by definition. Assume that

HY(G, M) = 0. Then the theory of Tate cohomology for cyclic groups implies that

H3(G, M) = 0 (Proposition 1.3.14), and there is a 6 € C*(G, M) such that 00 = +.
N-1

One such 6 can be obtained as follows. Let ¢, € M be such that dcy = > v(g9, 9%, 9)
7=0

and
j—1

0(g', ') =ncy+ > (g’ 9" ),
k=0

where 0 < 4,7 < N —1 andn = [%} € {0,1}. Then 00 = ~.

Proof. We first show that a ¢, satisfying the hypothesis of the proposition exists.

N-1
Consider the 1-cochain f, : (g) — M defined by f,(¢") = > v(¢'.¢’,9). Now we
7=0
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have

N-—1
gkvggg

||
2@
LL

itk it+j

(Vg™ 7, 9) + (g5, ¢ ) — (g, 9. 9) — v(d". g, &)

J=0

T

= (g™ = (") + D (1" g ) = (e g o))

J

Il
=)

= fg(giJrk) - fg(gk)

This implies that f, is a 1-cocycle and there is a ¢, € M such that f,(¢") = g'c, — ¢,.
Note that

00(g".g, 9") = g'(0(g’. g")) + 0(g", ") = 09" g") — 0(g", &)
We divide the proof into 4 cases depending on the possible values of [(j + k)/N] and

[(i +5)/N].
Case 1: j+k < N and i+ j < N.

n=0
k—1 J
i+J+k ;
—{ } (Zv (9", g" g) (nggg>
n=0
k—1
=> (g™, 9" )+ ¢ g™ = (g 9 9) — (g, g7))
n=0
jHk—1 Jj—1
+ Y (9" 9) (Zv (g, g" g)—(Zv(gl,g"?g))
n=0 n=0

(v is a 3-cocycle)

Jj+k—1 k—1
=7(g.g". g") + > g g"9) - (Zv(gz,g”",g)>

n=0
7j—1
- <Zv(gﬂg”,g)) =49, 9").
n=0

Case 2: j+k < Nandi+j5 > N.
In this case we have ¢/ = ¢/ N and i+ j - N+ k < N as j+k < N and
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i+ 7+ k > N. Therefore,

k—1 Jjt+k—1
00(g' g, g") =g+ > _gv(g g% 9)+ Y (g g"9)
n=0 n=0

k—1 j-1
- (Zv(g”j,g",g)> - (Z 7(929’%9)) ,

which is the same as the computation in the previous case.
Case 3: j+k>Nandit+j < N.
Once again we have i + j+k > N and ¢ + j + kK — N < N. Therefore,

k-1 G+k—N—1
00(g'. g g") = (g'cy —co) + D _ gV g%+ Y. g'.g"9)
n=0 n=0

- (i 7(9”@9%9)) - (iv(g’}g",g)>

N—-1 k—1
=Y g g+ > (g g 9) + (g g g = (g g )
n=0 n=0
jrk—N—1
g g g+ D ghg"a) <Zv (9", g" g)
n=0
j—1
o (Z 7(927971,9)) (fo(g") = g'cg — ¢4)
n=0
N-1 Jj+k—N-1 k—1
=g g, g+ D) g+ D WG e) =Y e gy
n—j n=0 n=0
N— Jt+k—1 k—1
=g’ ¢, ") +ngg )+ > e gng) =D e g g
n=j n=N n=0
=g ¢, g").

Case 4: j+k>Nandi+j> N.
In this case we get

k—1 J+k—N-1
88(9179%96:(gzcg_cg)+2979 g" 9 + Z 79 g" 9
n=0 n=0

k—1 7j—1
- (Zv(gi+j7g",g)> - (Z v(gi,g”,g)) :

n=0

Hence, the computation in this case is the same as in the previous case. Il

We make the following assumption.
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Assumption 5.5.2. Let d,d representing Selmer group elements a and o', respec-
tively, be such that dy = d\ul, for some uy € LY ; i.e., d/d" € U = ker(SM(J/k) —
L3/(LX)).

In this regard, we have the following proposition.

Proposition 5.5.3. Assume that d and d' satisfy Assumption 5.5.2, and A lies in
the 1-Stoll set. Then (0x,d')r, = (dgiob, d’) L

N

T

Proof. Since the pairing is alternating on the [-part of I1I(J4/k), we have Cll (ddjer _
[1(6y,d)r, = 0. Since A lies in the [-Stoll set, Corollary 5.3.2 implies that the only

pvlace we need to compute the local point 3, is A\. If ' = d, then one finds that n
factors through Gal(K /L) = (o), which is cyclic. Hence, applying Proposition 5.5.1
to compute € on 7 gives us f, = 1. This is because f, takes values that are powers
of 2v/A € O}, which is not a unit. However, values taken by fy must have norm 1, so
fy = 1. This implies that ¢, = 1 and ¢ such that de = 7 takes values which are powers
of 2¢/A. Therefore, the valuation of values taken by ¢ is trivial everywhere other than
places above primes of bad reduction. Hence, Cll<d’d>CT = (0x,d)p, = (0r,d)p, = 1.
Note that £(¢,g) = n(¢‘,id, g) = 1. Hence, dy = A,. This implies that (Ay,d')r, =
1.

Note that the contribution to the value of the CTP at A when d,d’ satisfy the
Assumption 5.5.2 is exactly (Jgion, d')r,, since A, in this case is the same as the A,
in the case when d = d'. O

We summarize the computation of the CTP in the following corollary.

Corollary 5.5.4. Let A be an element of the 1-Stoll set, let d,d’ € SN (J/k) satisfy
Assumption 5.5.2, and let

Saa = {places p of L | p # X, ordy(c) # 0, for some prime q of K above p}.

Then
Cl(d,d’)CT = H (5g10bt7 d,)Zpl

pEded/

Proof. From Proposition 5.5.3 and Corollary 5.3.2, we have

¢t = [T on )5 TI0 ) =TT aonts )z

pF#A pF#A pAN
p is split in K/L

= 11 Gawt,d)z).

pESd,d/
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The above computation implies that if Assumption 5.5.2 is satisfied and A is
an element of the [-Stoll set, then one can completely avoid computing at A. This
is helpful because computing Hilbert symbol of order [ at A can be complicated.
However, sometimes solving for N Ly L = 2v/A is easier if d € U. In this case, one
would like to rather compute the Hilbert symbol (1/¢,d");, and use Remark 5.3.3 as
t is not an element of L.

Remark 5.5.5. If A lies in the 3-Stoll set, then we have rkg, (F4(ky)/AEA(ky)) = 1,
and therefore Assumption 5.5.2 is always satisfied. Furthermore, [Sto98, Lemma 5.4]
implies that rkg, (U) = rky, (ker(N : CI(L)[I] — CI(k)[l])).

5.6 Examples

We use the theory from the previous section to compute the CTP for in two cases,
firstly where 2-Selmer group computation is enough to obtain the rank, and secondly
where it is not.

5.6.1 Chs

Let Cs3 be the curve give by the equation

y? = 2° +23.

A Selmer group computation shows that S (Jys/k) ~ (5%)2 and is generated by

d = (=5 —5¢3)V23—-10¢2 —10¢2+21 and d’' := (5¢3+5¢2+5)v/23—10¢2 —10¢2—31
in L*. One checks that in Ly, dy = (d})* mod (L)®. We have

505¢ == ((113794¢2 — 81381¢2 + 120615¢; — 11033)v/23+
546016¢2 — 390192¢2 + 578641¢; — 52880))(Vd)*+
(—29334¢2 — 14881¢2 — 8961(s — 33059)v/23+
—141252¢3 — 71412¢2 — 43010¢; — 158646))(Vd)*+
(—833¢2 + 5072¢2 — 3565¢5 + 4536)v/23+

—3405¢3 + 24368¢2 — 17216(; + 22388))(V/d)>+
(1347¢2 + 63¢2 + 768¢s + 897)v/23+

5762¢2 — T72¢2 + 4248(5 + 3052))Vd+

(—224¢2 — 623¢2 — 87¢5 — 521)V/23+

—936¢2 — 457¢2 — 1103(5 — 644)),

A~~~ N I~ I~ I~

where ¢ € K = L(d'/®) is such that N, (c) = 2v/23. The primes in Ok in the
support of the fractional ideal (¢) are some primes above 2,23,101. Computing ¢ we
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get, the prime ideals of O in the support of the fractional ideal (¢) are primes above
2,5,23,101, 10040981, 64739112698544079629106251382620961. There is exactly one
prime ideal p of Oy, above 101 such that (¢) and () have non-trivial valuation at some
of the primes above p of Ok. In this case p splits and if px is a prime above p of O,
then the valuation of () at px is a multiple of 5. Note that the ideals (10040981)
and (64739112698544079629106251382620961) are coprime to (c¢). Therefore, if q is
a prime ideal of O above them, then vq(dgont) = 0, where 103030101, is

(—19841321740¢2 4 13107227660¢2 — 518150299105 + 33935425165)v/23
4+ (—144881960000¢2 4 118898270530¢Z — 311590100680(5 + 142162447835).

Hence, the only prime we need to compute is the prime p above 101. Therefore, ¢
contributes nothing and we get C55<d’d/>CT = (5g10b,d’)zpl = (7r,d’)‘zp = (5! Hence,
rk(Jo3/Q) = rk(Jo3/k) = 0. This result can also be obtained via a 2-Selmer group
computation. We give another example where computing S (.J/k) or SN (J/k) do
not provide better bounds.

5.6.2 (g

Let Cgo be the curve given by the equation
y* = 2" + 62.

One checks that 62 lies in the 5-Stoll set. We have SW(J/k) ~ (dy,dy) ~ (Z/57)?,
where d; = —4y/62 — 32 and dy = (—T4¢ — 74¢2 — 38)v/62 — 7¢3 — 7¢2 — 655. One
checks that d; is a 5th power in L,. Hence, we do not need to compute the local
points. We obtain

¢ = (1/20(G2 + 8 + G5)V/62 + 1/20(8¢3 — 55¢2 — 4G; + 14))¥/d,”
+ (1/20(=7¢2 — 6¢2 — 6¢s — 9)V62 + 1/10(11¢2 + 30¢2 + 15¢5 + 31)) v ar
- (1/10(~C3 =3¢ + G5 — 1)V/62 + 1/10(—13¢3 — 9¢2 — 7¢; — 22)) {/d;”
+ (1/10(7¢2 + 3¢ + 3¢5 + 6)V62 + 1/5(28¢2 — 9¢2 + T¢s + 9)) V/dy
+1/5(=2¢2 + 5¢2 — 3¢5 + 1)V62 + 1/5(—13¢2 + 35¢2 — 14¢5 + 23);

¢ is an algebraic integer with norm 2v/62, so only the prime ideals above 620 can
have a non-trivial valuation. Computing ¢ gives us one prime in L above each
of the 461,102386941 and 81650544064891053102449482498259234648801 appearing
with valuation —1 in the fractional ideal (¢) (all the ideals above the above primes in
L are inert in K). Computing at each of them we get a contribution of 3/5, 4/5 and
4/5, respectively. At A, since the contribution is (1/¢,ds)r,, we check that ¢ is a norm

from Ly(§/d3) and therefore, the contribution is trivial. Therefore, (7 (ddier — ¢



138 CHAPTER 5. THE CTP FOR THE JACOBIAN OF 3?> = 2! + A

By a 2-Selmer group computation over Q, and by checking that the 2-Selmer group
over Q is not killed on base change to k, one obtains that 4 divides #I1I(.J/k)G(*/@)

Furthermore, d; is invariant under the Galois action of L/Q. This implies that
(Z)27.)* x (Z/57)* C I(Js2/Q). To see this, one uses the fact that

S(5)(J62/k)Gal(k/Q) ~ S<5)(<]62/@)7

which follows from the fact that [L : Q] = 8 is coprime to 5; see [Pat24, §1.1] for
details. Since Jga(k) = Jo2(Q) = 0, (II(Jo2/k)[5]) ¢ */Q = 11 (Js,/Q)[5]. Since the
CTP is alternating on the 5-part of III,

(Z)27 x Z./5Z)* C 1 (Jg2/Q).

Remark 5.6.1. Computing the CTP on III(Js2/Q)[2], takes a very long time as we
are trying to solve norm equation over a degree 40 extension. However, one computes
the CTP on the A-Selmer group faster to compute the rank of Jg».



Chapter 6

Descent using some isogenies and
the CTP

In this chapter we consider some isogenies on genus 2 Jacobians with kernel a maximal

isotropic subgroup with respect to the Weil-pairing. Throughout this chapter, let

C : y?> = f(x) be a genus 2 curve over k and let J be its Jacobian variety, where
6

f = > a;x". Recall the definition of Dy, = (O1) + (O_) from §2.1.4. Specifically,
i=0

we look at maximal isotropic subgroups of J[2] and J[3] with respect to e; and ej as
Gr-modules. Since the Weil pairing is alternating, we naturally have that (P) C J[p]
is an isotropic subspace, for every P € J[p|. Recall that rkg, J[p] = 4. Hence, if
M cC Jp] is a Gg-submodule of F,-rank 2 such that e,(P, Q) = 1, for all P,Q € M,
then M is maximal isotropic in J[p|, so [Moo, Proposition 11.25] (choose A = 2Ag
and f : J — J/M the quotient map) implies that J/M is a principally polarized
abelian variety, and we have the following exact sequence of Galois modules

0— M — Jp — M’ —0,

with rkg, (M) = rkg,(M"). Using M =~ (Z/pZ)* as an abelian group, we call the
corresponding isogeny ¢, : J — J/M a (p, p)-isogeny. A (2,2)-isogeny is also known
as Richelot isogeny. Since J/M is a principally-polarized abelian surface, J/M is
isomorphic to the Jacobian of a genus 2 curve or to a product of elliptic curves. In
[CF96, §9], the authors characterize all the genus 2 curves such that their Jacobians
admit a (2,2)-isogeny, and in [Fly94], the author has developed explicit descent via
the Richelot isogeny. For p = 3, the results have been more limited. In [BFT14]
the authors characterize the genus 2 curves whose Jacobians admit a (3, 3)-isogeny
corresponding to a maximal-isotropic subgroup M =~ (Z/37Z)? as a Gp-module, and
in [BF'S23], the authors extend this to the case when M ~ Z /37 x u3 as Gp-module.

The organization of this chapter is as follows: We first review the explicit char-
acterization of curves corresponding to (2, 2)- and (3, 3)-isogenies and then look into
explicit descent procedure using which we compute the CTP for these two isogenies.

139
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6.1 Richelot isogeny

Let M ~ (Q1,Q2) C J[2], where Q; = (T;) + (T!) — Do and T;,T! are Weierstrass
points given by (0;,0) and (6., 0), respectively. Since e3(Q1, Q2) = 1, using Proposition
2.1.9 we obtain {71, T} N {Ts, T3} = (. This implies that f factors as a product of
quadratic polynomials (not necessary monic) Q1Q2Q3 over k(M ), where we abuse the
notation slightly and denote the point (); and the polynomial corresponding to the
z-coordinates of points 7; and T/ by @;. In this regard the polynomial Q)3 represents
the point Q1 + ()>. The interpretation of (); will be clear from the context. Recall
that Aut ((Z/27)?) ~ Ss, so generically Gal(k(M)/k) ~

We saw in the previous section that J/M is isomorphic to the Jacobian J of a
genus 2 curve C (say) or to a product of elliptic curves. We assume that J/M is
isomorphic to the Jacobian of a genus 2 curve. Recall from §1.2.3, Proposition 1.2.11
that the map ¢ : J — J arises from a correspondence of curves, i.e., an element
in Pic (Cf x CE) Let M be the kernel of ¢. Then the q§ Weil pairing shows that
M ~ Hom(M, y3) ~ Hom(M,Z/27Z). Hence, k(M) = k(M). Another way to see the
above is the following. The Weil pairing implies that .J[2]/M ~ J[¢] as a Gj-module.
Since the points T; 4+ T}, for i # j generate J[2|/M, an explicit computation shows
that for all o € Gy, o(T; + 1) — (T; +T;) € M, and that for o € G}, such that
O"k(M) #id, o(T,+T;)— (T,+T;) ¢ M. Hence, k(M) = k(M). We work over k(M) as
our base field to write the expressions for €' which will turn out to be Gal(k(M)/k)-
equivariant. Let Q; .= f;X? 4+ ¢; X + h;, bjj = Res(Qs, Q;), bi = bijbik, 6; = disc(Q;)
and A = det(F), where Res(_, ) is the resultant of two polynomials, and the ith
row of F is (f;, gi,h;). Similarly, define Q1 := Q2Q% — QsQ), and cyclically Q, and
Qg, l;ij = Res(@i, Qj), l;Z and 51 The following proposition summarizes some facts
about curves whose Jacobians admit a Richelot isogeny.

Proposition 6.1.1. [CF96] Let ¢, 6,C.C, J,J, Qi, bij, b, 6, QZ,AJ, bi, 0:, A be as
above and A # 0. Then C is given by the equation Ay? = H Qi, and the corre-

spondence class giving rise to the Richelot isogeny can be represented by the vanishing
locus D of the polynomials Qu(2)01(#) + Qalw)Qa(8), 4 — Qu()Qu (@), where ,7
are the coordinates corresponding to C. Since C' and C have the same form and
Q1 = Qg@é — QgQ’Q (up to scaling such that product of the scaling factors for Qq,
Q2, and Q3 is a square) and similarly, for Qo and Qs3, one gets a correspondence
associated to the isogeny qZA> which is given by D?.

Furthermore, there is an explicit embedding J — P given by P+ (vg : ... : v5)
such that the translations by points ()1, Q2 and Q3 are given by the 16x16 matrices
M, = b Diag(1y, Iy, — 14, —14), My = boDiag(ly, —1I4, 14, —14), M3 = %MlMQ, re-
spectively, where Iy is the 4 x 4 identity matriz. Then the map 7 : P — P given
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by
) . 2. ) 2 . 2. ) a2 )
(Vo :vo.tps) > (V5 1 ... T VU3 S UL & ... UgU7 I Vgt ... D UUIY & Vlg & o ..t V12U15),

satisfies the property that T(M (v)) = 7(v), for all v in P¥. Moreover, there exist
explicit 16 X 16 matrices N, N and U such that ¢ = N1 and ¢ UNT.

Let W be the set of Weierstrass points of C'and W' = {{T; + T/} | 1 < i < 3}.
Similarly, define W, W’ w.r.t C. Recall the definition of twisted powers (1.3.41).
Let Ly and Ly be the constant —1 maps in pY and ), respectively, let Ny, :
i — pp be the natural map m — [[m(P), and let (uy), = ker(Ny). Then
J[2] ~ (ugv)o J1w. Let ¢ : (1Y )o — py" be the map m +— m/, where m/({T;,T!}) =
m(T;) +m(T}). Then ¢ is a homomorphism with ker(¢)) = 1. We have

~

Im() ~ (), /p" =~ (1), /1w) / (ugvl/ﬂw') ~ J[2]/J[¢] = J[4].

Concretely, Im(¢)) ~ (m;;), where m;;({T},T,}) = 1 if k ¢ {i,j} and —1 otherwise.
There is a natural action of S3 on W’ and one checks that the transposition (i, j) has
no action on ms;, therefore under the identification of Im(v) with J o, m;; must map
to T}, for pairwise distinct ¢, 7, k.

The following theorem gives us information about the group H*(Gy, J[2]).

Theorem 6.1.2. [SvL13] Let J be as above, and let A == k[z]/(f(x)). Then
HY(Gr, J[2]) = HY(Gr, (n3") o /Lw) 2= T/m(A*)u(k),

where ' := {(a,t) € A* x k™ | Nyjp(a) = t*} and w: A - T and ¢ : k* — T are
the maps 0 — (62, N4/x(0)) and 6 — (6,0%). Furthermore, the connecting morphism
J(k)/2J(k) — T/m(A*)u(k*) is given by Py + Po — Do — ((x(P1) — T)(z(Ps) —
T)),acy(P)y(P,)), where T is a root of f in A.

Combining the above theorem with previous discussion, we have the commutative

diagram
J(k)/2J (k) —— HY Gy, J[2]) —— T/m(A*)u(k>)

l l@z’ lNA/K )
J(k) /(T (k) —— HY(Gy, J[g]) —— K*/(K*)*
where K C k[T]/(f(T)) is the degree 3 étale subalgebra fixed by the transposi-
tion swapping 74,77, and the vertical rightmost N,k is the norm map with respect
to this transposition. This implies that the connecting morphism J(k)/¢(J(k)) —
HY (G}, J(¢)) is given by
[P1+ Py = Doo] = Nuyic(z(P1) = Th)(2(F) — Th)
= (z(P) = T)(x(R) — Th)(z(P) = TY)(2(P2) — T7)
= Qu(x(P1))Qu(x(P2))/ 1,
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where recall that for 1 <1 < 3, f; is the leading coefficient of the polynomial @);. Since
we are only looking at the image modulo squares, we can safely define the connecting
morphism by [Py + P, — Do) = (Qi(P1)Q:(P,))3_ ;. Note that, in the above discussion
one can interchange C' and C due to their symmetry and we will arrive at similar
expressions.

The map J[¢] — Y composed with the map u¥" — J[#] given by m
3 .
S m({T;, T/})Q; is the identity on J[¢], so J[¢] @ Ly ~ Y. Note that " ~ p)’
i=1
via m; — mj, where m; is a map with —1 at {7;,7/}, and 1 otherwise, and 7y

~ ~

is as defined above. We have J[¢] ~ Im(+)), and py" =~ Im(¢)) & Ly. Therefore,
J[¢] — M‘Q/V,7 and H1<Gk7 J[gb]) — Hl(G/m/“LIQ/V/)

We are in the situation of the corestriction method from §4.1.

6.1.1 Computation of the pairing

Let a, a’ denote elements of S(*)(J/k) denoted by the triples (dy, d, d3), (d, db, dy), re-
spectively, where d; and d; are conjugates if (); and @); are, and similarly for d}, d}, dj.
Recall the definition of y and x’ from the case of elliptic curves. Using the corestric-
tion method as in the case of elliptic curves, we assume that (), is defined over k. Let
X = o(dy)/dy € g for o € G. We choose a lift a of a as follows

0, if x(o) =0,
a(o) = (T)) 4+ (T)) — Doo, if x(0) =74,

and
/ 0, it xj(o) =1,
OV =N (1) + (T)) - Duey  if Xi(0) = —1.

Using the corestriction method for the global step, we only need a method to compute
e1, such that de; =1y == daU a} — aU daj. We have

(0 = div(1), if x(o)=0or y(r) =0,
2T;) + 2(T!) — 2D = div(Qi(2)),

PO =N (1) + () + (1)

H(T) ~ (T3) — (T}) - Da = div(g¥y).

~
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Similarly, for af,

0 = div(1), if X'(o)=1or X' (1) =1,

Ody (0, 7) = 2(Ty) + 2(T)) — 2Do = div(Q1), if  X(o)=x(r)=-1

Choose the uniformizers tp at the points P € C(k) as tr, = (0; — 0))(z — 6;)/y,
too, =teo = 12%/y, and t, = x — z(P) otherwise. Once again we have (-,-); = (-, )2
for the functions appearing in the expressions for da and da). Using the above, we
obtain

((Q1, (Th) + (T}) — D)1 = b1 f3 15, {(Qi, (Tj) + (T}) — Doc)r = bij [,
(y/Qr, (T1) + (T7) = Doc)r = bij fi,  (y/@1, (T1) + (T7) — Doc)1 = 1.

The expressions for da U a} and a U da) are given by

(1, it x(0)=0o0rx(r)=0o0rxj(p) =1,
bififs,  if x(0)=17, o-x(1) =1, X(p) = 1,
2 : . T ) —
((9Cl Ul Clll)(U,T,p) — bl]fk’ lf X(U) j’ g X(T) .]7 X(p) 17 (611)
bife, f Uy atmetn s X (o) = =L,
1, it (x(0),0 - x(7)) = (k. 7), X'(p) = —1,
\
and
L, if x(0) =0 or x'(r) = Lor X'(p) = 1,
2 £2 : T ) _
(a UQ aafl)(0.7 7_7 p) — blf2 f3a 1f X(J) - 17X (7—) - X (,0) - 17 (612)
byfe, if x(0) = 3. X' (1) = X'(p) = —1.

In order to solve for €1, we would like to apply the method developed in §4.3.1.
However, for the method to be applied we want a version of Assumption 4.3.3 for
the Richelot isogeny. Note that we required Assumption 4.3.3 only to show that
the two cocycles F; and E;, are cohomologically trivial. Recall the definition of
fields K and K’ associated with the a and a). In what follows, we show that the 2-
cocycles Ey and E 4 extracted from 7, are indeed cohomologically trivial in a simpler
way. Recall that By and Fy;, € Z*(K') are defined by E;(o,7) == ni(o,7,—1) and
Ei4(0,7) =m(o,79,—1)/m(0,g,—1), where g € Gy, is chosen such that x}(g) = —1.

Proposition 6.1.3. The I-cocycles Ey and Ey , represent the trivial class in H*(K').
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Proof. Eyi(o,7) = (Oa(o,7),a(=1)); = (Qa(o,7), (T1) + (T]) — Ds)1. Hence E; =
JaU ((Th) + (T7) — D). Similarly, Ey , = da U ((T1) + (1) — Do), where a(o) =
a(og) — a(g). Since H?(K') satisfies the local-global principle, for each place v of K,
Ey, = 0a,U((T1) +(T]) — D) represents the trivial class in Br(K), and similarly for
E, 4. Since a is locally trivial, there is a point P, € J (k,) represented by a degree-0
divisor b,, such that P, witnesses the local triviality of the 1-cocycle representing a,.
The 1-cochain a, — 0b, takes values in principal divisors. Let ey, = (a, — 0b,) Uy
((T1)+(T7) = Do), and e1,(0) == {(a, = 9by)(0g) = (ay =9y ) (g), (T1) + (T1) — Do ))1-
Then ey, = da U ((T1) + (1) — Ds) = E4, and

dery(o,7) = ((a, — 9b,)(0g) — (a, — Ib,)(9)+
o((a, — 0by)(79)) — o((ay, — Ib,)(g))
— (a, = 9b,)(07g) + (a, — 9b,)(g), ((T1) + (T7) — D)1
= (9a Uy ((Th) + (1) — Doo)) (0, 7) = (E19)u(0, 7).

Therefore, £y and E; ; are cohomologically locally everywhere trivial. Il

Hence, one can compute €; such that ds; = n; using the method developed in
§4.3.1.

Remark 6.1.4. One can prove results similar to the ones in section §4.3.2 for the
case of Richelot isogeny using the diagram

J¢] —— 0
|
J

We now look into the local computation. Let v be a place of k and let P, € J(k,)
be such that 0P, = «,, where « is the 1-cocycle representing a whose lift is a.
Computing ¢(P,) € J(k,) can be achieved by computing J(k,)/2J(k,), which has
been implemented in many computer algebra systems for fake 2-descent. For the

¢

¢

\
7

> 0

computation of P, from ¢(P,), we use Proposition 6.1.1. Recall the embeddings of
J and J in P via the coordinates v; and ¥;, the 7 map, and the matrix N from
Proposition 6.1.1. We have ¢(P,) = N7(P,) (here P, and ¢(P,) are represented as
points in P'®), so N7'(¢(P,)) = 7(P,). Using the definition of the 7 map, one sees
that if we fix vy, vy, vs, V12, then we fix all the other v; for a given ¢(FP,), and there
are at most 8 choices available since 0P, = —dP,. Hence, one can easily invert an
element in the image of ¢ and gg locally.

Combining all this, and using the theory of §4.3.3, we have the following theorem

Theorem 6.1.5. Let d and d' representing a and o' be as before, and for each place
v of k, let ky; be the extension of k, corresponding to the Gy, -orbit i of W’'. Then
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for each place v of k, and each Gy, -orbit i of W', there is an algorithm to compute
dvi € ks such that
(_1)2<a,a/>CT — H H(5Ui7 dz)km

Remark 6.1.6. The pseudocode for the algorithm mentioned in above theorem is
almost same as the one from Algorithm 1, so we do not repeat it here.

6.2 (3,3)-isogeny

In this section we look into the (3, 3)-isogeny. First we recall some known theory about
curves whose Jacobians admit (3, 3)-isogeny. Recall from the previous discussion that
if J admits a (3, 3)-isogeny ¢ with kernel M, then the abelian variety J = J/M is
the Jacobian of a genus 2 curve (say O) or a product of two elliptic curves. In this
section, we assume that .J is the Jacobian of a genus 2 curve, and that M ~ (Z)37.)?
as a G-module.

Proposition 6.2.1. [BFT14, Lemma 1, 3] Let C' be a genus 2 curve given by y* =
cf(x), where deg(f) = 6 and ¢ € k*, Dy and Dy be effective divisors of degree 2
and D, be as before such that Di — Dy, and Dy — Do, represent distinct points T
and Ty (resp.) of order 8 on J. Then we can assume that Dy, Dy and Dy have
pairwise disjoint supports. Furthermore, under the above assumption, there exist
cubic polynomials G1 and G over k, A\, Ao € k* and monic quadratic polynomials
H, and Hy with ged(Hq, Hy) = 1 over k such that

cf(z) = G2+ \\H? = G2 + \, Hj,

and D; can be taken as (xa,Gi(xa)) + (T2, Gi(zi2)), where z;; are roots of H; for
i,j €{1,2}.

We denote by g¢; the leading coefficient of GG; above and by A a fixed cube root
of A\1/Ag. Since disc(f) # 0, ged(H;,G;) = 1. We have (G — G2)(Gy + G2) =
No(Hy — NH1)(Hy — N(3Hy ) (Hy — M3 Hy ), so G1 — G does not vanish on z;;. We have
3D; — 3Dy, = div(y — G;(z)) and

<y - Gz((L’), Dj - Doo>1 = <DJ - Doo,y - Gz>2 = c3res(Gi - Gj7 H])/)\z

This gives

Aores(Go — Gy, Hy)
T1,15) = .
(T, T2) Mres(Gy — G, Hy)
The following proposition gives the condition when M = (T}, T5) is maximal isotropic
with respect to the Weil pairing.

Proposition 6.2.2. [BFT14, Lemma 5] We have e3(11,T5) is trivial if and only if
none of the polynomials Hy — )\C§H2 divide G9 — G1.
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From now on we assume that gz C k. This implies that M ~ MY ~ (Z/37)?,
where M is the kernel of the dual isogeny gg . J — J. The moduli space of principally
polarized abelian surfaces with a maximal isotropic subgroup isomorphic to (Z/3Z)*
as Gg-module is of dimension 3. The following theorem allows us to generically
and explicitly construct curves whose Jacobians have a maximal isotropic subgroup
isomorphic to (Z/37Z)2.

Theorem 6.2.3. [BFT14, Theorem 6, 13| Let J be the Jacobian of a genus 2 curve C
admitting a (3, 3)-isogeny ¢ with J[¢] =~ (Z/3Z)*. Then generically C' can be obtained
as a specialization of curve Crgy = G?(r,8,t) + Ni(r, 8,8)H; (1, 8,1)3, fori € {1,2,3,4}
over k(r, s, t), where G;, H;, and \; are rational functions in k(r, s, t)*. Furthermore,

J is also the Jacobian of a suitable explicit specialization of a curve C.s over k(r,s,t)
given by Crg = G2(r,s,t) + Ni(r, s, ) H3(r, 5,t) fori € {1,2,3,4}.

We now describe the connecting homomorphism, i.e.,

J() /BT (k) — H'(Gy, J18]) ~ H'(Ch. (2/32)7) =~ ((,f)> -

Lemma 6.2.4. [BFT14, Lemma 18] Let J be the Jacobian of a curve such that J
admits a (3,3)-isogeny ¢ with a trivial Galois action on J[¢]. Then the map

TSI () = <<:—>)

is induced by the partial map
<x7y) S C = (y - Gl(x)v Yy— G2(‘T>)

Let a € S (J/k), be represented by (di,ds) € k* x k*. Fix a cube root dl-l/3 of
d;. We fix a third root of unity (3, and identify u3 with Z/3Z via (3 — 1. Define
Xi(o) = a(di/g)/d;/g, for 0 € Gj, and assume that x; takes values in Z/3Z via
the above identification. We choose a 1-cocycle « representing a as a; + ao, where
a;(0) = jT; if x;(c) = j. If d’ is another element in the ¢-Selmer group represented
by (d},d}), then similarly define y/, o}, and /.

6.2.1 Computation of the pairing

In this section we only discuss the global part of the pairing and describe a method
for obtaining e such that 0c = 7 (¢ and 7 are same as in the definition of the pairing
in §2.4). Choose the lift a of « as a; + ay, where a;(0) = j(D; — D), if x;(0) = j,

and similarly define a; and o’ for o/. We have .= daUa’ —aU dda’ = ) n;;, where
.3

nij = 0a; U a) — a; U daj. Define n; := n1; + 12;. We have
Oa;(o,7) = div((y — Gy)"),
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where n = [(xi(0) + xi(7))/3] and [.] is the greatest integer function. Similarly,
od, (o, 7) = div((y — Gi)™),

where n/[(x;(0) + xi(7))/3].

Let tp be a uniformizer at P € C(k). Choose tp as (v — #)/y when P is a
Weierstrass point (6,0), as 2% /y when P is in the support of Dy, as (x — z(P))(x;; —
xip) if P = (x;1,Gi(z;1)), where x4, 20 are roots of H; as before, and z — z(P)
otherwise. Recall that

(y = Gi, Dj = Doo)1 = (Dj — Dog,y — Gi)a = ’res(Gi — Gy, Hy) [\,
and
A2
—Gi,Di — Doo)1 = (Di — Do,y — Gi)o = ——————.
b h=A Y )2 dres(Gy, H;)

We obtain

)\% nk—n'j
(0,7, p) = (m) 7

where x;(0) = j, xi(p) = k, n = [(xi(0) + xi(7))/3] and n" := [(xi(7) + xi(p))/3],
and

res(G; — Gy, Hj)nk/\?,l i)

I'GS(Gj - Gi, Hl>n’l)\?k ’

whete i(0) = 1, X4(p) = by = [(xi(0) + xa(r))/3] and ' := [(3;(7) + (9} /3],
Now we will look into a method very similar to the one in §4.3.1 to compute

g; such that Js; = ;. Let K = k(d}/g,dé/g), and K| = k;(d;l/g). Then n; factors

through the extension F; := KK and n;(o, 1, p) = ni(o’, 7', p') if a!K = o’!K, T!K =

K = 4 Kl

interchangeably write n;(o, 7, x}(p)) and 7;(o, 7, p). Choose the representative g; of

cosets of Gal(F/K]) in Gal(F/k) such that x}(¢g;) = j. Define the 2-cochains in

C*(K)

77ij((77 T, p) =

T ’ 5 and p Since n; only depends on X} in its last coordinate, we will

Eij(o,7) =mni(o,7,9;) and E; (o, 7) = ni(0,79;,9%)/1:(0, 9j, gk).

In what follows we do not give exact proofs as they are very close to the ones done
before.

Proposition 6.2.5. The 2-cochains E; j and E; ;. are 2-cocycles in Z*(K!) and rep-
resent the trivial class in H*(K]).

Proof. We prove it only for Fj ;; because Ej ; is obtained by replacing g; by id and
gr by g;. Define a(o) == a(og;) —a(g;). Then E; ;, = 0aU (k(D; — D)), so we have
OF; j = 0. The proof of the cohomological triviality of E; ;x and E¥%,j is similar to
the proof of the Proposition 6.1.3. O]
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Hence, there are 1-cochains e; ; and e; ;, factoring through Gal(F'/K}). Here the
indices are considered modulo 3.

Now construct 1-cochains f; ;. and ¢; ;1 in C*(K7) given by fi ;i r(c) = ni(o, 95, gr)
and

Viju(0) = fijr + €ijr — €ij — €ijin-

The following proposition shows that 1; ;; is a 1-cocycle.

Proposition 6.2.6. Let 1); ;. be as above. Then 1; ;1 is a 1-cocycle, and there exists
tz’,j,k € F'* such that 1/Ji,j,k(0'> = U(ti,j,k)/ti,j,k-

Proof. Similar to the proof of Proposition 4.3.5. m

One can choose ¢; ;1 = 1 when k = 0 or j = 0 as ¢, ;; = 0 in both the cases.
Similarly to Equation (4.3.3), define a 1-cochain ¢} € C?(k) as

(1, p) = tijreijn(T),
where xi(7) = g;, Xi(p) = g, and 7’ € G is such that 7 = 7'g;.

Proposition 6.2.7. Let n; = n; — 0g;. Thennj(o,7,p) =1, if (0,7,p) € Gxr X Gy X
G U G X G X Ggr, and if 0,7 € Ggr and p € Gy, be such that xi(p) = k, then
T’:(O-gja T, p) = Jng(gj77—7 gk) and nz{(agj)Tghgk) - O-nyll(gj77—gl7gk)-

Proof. The proof is similar to the proof of Proposition 4.3.6 and Corollary 4.3.7. [

Let 0, = grog,' for o € Gal(F/K!). We will need the following variant of
Hilbert’s Theorem 90 which is similar to Proposition 4.3.8.

Proposition 6.2.8. Let g, be as before and let f € CHK/K]) be such that, for
o, 7€ Gal(K/K]),

flor) = f(o)og, f(7).
Then there is a ¢ € K* such that f(o) = c¢/oy,(c).

Proof. The proof is similar to the standard proof of Hilbert’s Theorem 90. Let H; =
Gal(K/K!) and consider the endomorphism

¢ = Z f(T)7g.

TEH,;

By linear independence of automorphisms, there exists an element b in K such that
¢(b) # 0 and 0,4, ¢(b) = ¢(b)/f(c). Choose c in the proposition to be ¢(b). O
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Define ], € CH(K/K]) as

fi/,j,k:(o-) = 77;<9J7 g, gk))

for o € Gxs. One can check that f] ;. satisfies the hypothesis of Proposition 6.2.8, so
there exists ¢; ;5 € K such that, for ¢ € G, one has fj ;. (0) = ¢ijx/0y,(cijx). Let

y L if X () =id or xi(p) = id,
€ (7—7 p) T ’ . ’ . /
m(cijr), i Xi(7) = j and x;(p) =k,

where 7' € G is such that 7 = 7'g;.

Proposition 6.2.9. Let n/ == n; — 0s]. Then for (0,7,p) € G X G, X G U Gy X
G x Gy U Gy x Gy X Ggr, ni(0,7,p) = 1. Furthermore, 1 € Im(inf : Z3(K!/k) —
73(k)).

Proof. The proof is similar to the one of Proposition 6.2.7. m

Since K]/k is cyclic of degree 3, one finds €/ using Proposition 5.5.1. The local
part of the computation also follows a similar approach as in §4.3.3. Currently, the
only bottleneck we are left to tackle in explicitly computing the pairing is to compute
for each place v the point P, € J(K,) such that P, = a,. Since ¢(P,) € J(k,),
this reduces to obtaining an algorithm for computing a point in the preimage of the
isogeny qZA> We summarize the above discussion in the following theorem.

Theorem 6.2.10. Let a,a’ € S (J/k) be represented by (dy,ds), (d},d}), respec-
tively. Assume that there is an oracle that for each place v computes a point in the
preimage of a point under (13 Then for each place v of k, there is an algorithm to
compute 0,; for i € {1,2} such that

@ = TG )i, (u2: di)s,

v

where (x,y)x, represents the cubic Hilbert symbol of x,y € k).

Let S, .» be the union of the set of places v of k£ above 3, of the set of places of k
where C or C' has bad reduction, and the set of places of k where at least one value
taken by ¢ has a non-trivial valuation. One can prove a version of Lemma 4.3.19 for
the case of (3, 3)-isogeny and show that for v ¢ S, ,/, the value of (a,a’)ctr = 0. The
following is pseudocode for the algorithm mentioned in the above theorem.
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Algorithm 4 Compute the CTP between a,a’ € S (J/k) represented by (dy, ds),
(dy, dy) € (k).
Require: (di,dy), (d},d,) € (k*)2.
Ensure: Value of ((3)/*)cT in variable CT.
: CT 1. > Value of CT.
: LocalPoints < [ |. > List storing P, indexed by v € S, ».
for v € S, do
Find @, € J(k,), such that §(Q,) = a,. > o € ZY(Gy, J[§]) represents a.
K,  ko(¥/dy,¥/d3) and P, € ¢—(Q,) such that OP, = a. > Computed
using the oracle.
LocalPoints[v] <— P,.
end for
K k(V/di, V/dy).
Compute E; 1, E; 1, €;1 and e; ;1 for i € {1,2} and j € {1,2,3} as in Proposi-
tion 6.2.5. > E;p =kE;; and F, ;, = kE; ;1. Hence, one can choose e, = ke;
and e; ;1 = ke;j1.
10: Compute ¢; ;1 and ¢; j as in Proposition 6.2.6 and 6.2.8.
11: for v € S, do
12: Compute 1-cocycles I'; (o) = v,:(0,gx) for i € {1,2} and k& € {1,2,3},
where 'Yv,i(o—v gk) = ((av - abv) Uy a{i,v — b, Uy aaim - 52’,1})(07 gk’)-
13: Compute 0,1 such that 90,,1 =1 .

ANl A > e

14: Choose 0, ;1 = Gf7i’1 and compute ¢, ; € k as in the Theorem 6.2.10 using a
computation similar to the one in §5.2. > Note that 90, = 'y k-
2
15: CT «+ CT- [0, d))g,-
i=1
16: end for

17: return CT.




Chapter 7

Conclusion

It was remarked in [PS99] that the Albanese-Albanese definition of the CTP can
lead to simpler computation of the pairing for Jacobian varieties, as we need to work
only with the divisors on the curve. This thesis can been viewed as an attempt to
do so. Omne of the main motivations of this thesis was to see what can be done if
we completely avoid any reference to an explicit description of homogeneous spaces
while computing the pairing. The 2-cocycles representing the trivial class in the
Brauer group, that appeared while computing € in various cases are in fact related
to the principal homogeneous spaces represented by corresponding Selmer elements.
Hence, it is definitely possible to obtain more efficient algorithms if we work with
explicit equations of homogeneous spaces. In the next section we summarize what
has been achieved during the course of this thesis and some generalizations that were
obtained later and are not a part of this thesis. Thereafter, we see a few natural
questions both of theoretical and computational nature arising from this work.

7.1 What’s new

7.1.1 The CTP on 2-Selmer groups
The first problem we answer is the following.

Problem 7.1.1. Use the Albanese-Albanese definition to compute the CTP on
S@(E/k) for an elliptic curve E/k.

Though this is not a new result in itself, computing the pairing does provide us
with insights that become useful in the higher genus cases. Using our computations
along with explicit equations of curves representing the twist, we are able to obtain
the same formulas as Cassels in [Cas98].

Next, we answer the following generalization to the previous problem.

Problem 7.1.2. Use the Albanese-Albanese definition to compute the CTP on
S®)(J/k) of an odd-degree hyperelliptic Jacobian J/k.

151



152 CHAPTER 7. CONCLUSION

We answer this question in Chapter 4. In essence, we show that the computation
of the CTP is computationally not harder than trivializing matrix algebras, i.e.,
the problem of finding an explicit isomorphism ¢ : A — M,(k), given a central
simple algebra A/k. This is done by showing that the 3-cocycle n; € H3(F/k) (recall
the definition of F' for §4.3.1) represents the trivial class, and the trivializer £; is
constructed via trivializing some 2-cocycles that represent the trivial class in the
relative Brauer group Br(F/K’). Abstractly, one can view this as showing that
m = infgzigf(/,’%(e), for some e € H3(K’/k), and e is obtained via tg o res on a
2-cocycle representing the trivial class in the relative Brauer group Br(L/k), where
recall that tg is the transgression homomorphism in dimension 2. Furthermore, taking
inspiration from the case of elliptic curves, in §4.4 we show that the 2-cocycles can be
explicitly written as 2-coboundaries using solutions to a set of quadratic forms, and
empirically show that for genus 2 curves the condition is not very strict. We use our
conditional algorithm to compute the pairing in various examples.

One can view Theorem 4.2.1 and Corollary 4.3.20 as a generalization of [Cas98,
Lemma 7.4]. It is important to note that we have avoided any reference to the ex-
plicit equations of homogeneous spaces represented by the 2-Selmer elements to be
paired, while doing the above computations. However, using explicit descriptions of
homogeneous spaces, might improve the efficiency of the algorithm significantly. In
fact, in [F'Y23] the authors do achieve this along with using other efficient techniques,
in the case of 2-Selmer groups associated to genus 2 Jacobians. However, the tech-
niques that make their algorithm efficient are not so easily generalizable to higher
genus Jacobians. To the best of my knowledge, this is the first attempt to compute
the CTP on 2-Selmer groups of higher genus hyperelliptic curves.

In the following two subsections we comment on two generalizations and state
some results that could be obtained but are not a part of this thesis.

The case of superelliptic curves

Let [ be a prime and f € k[x] be a squarefree polynomial of degree d coprime to .
Assume that g C k*, and let A be the set of roots of f and C := y' = f(x). Then
the genus of C'is (I —1)(d —1)/2 and as in the case of Chapter 5, the automorphism
¢ ¢ (x,y) — (x,Qy) induces an isogeny A = 1 — (; on Jo defined over k. Let

N : u® — 1 be the norm map given by m — [] m,. Then the following is a split
PeA
exact sequence

0_>JC[/\]—>PJ[AL/~LZ_>17

similar to §4.1. One can generalize §4.1 and §4.3.1 to show the following theorem for
superelliptic curves of the above form.

Theorem 7.1.3. Let C/k be a superelliptic curve as above, and let A = k[x]/{f(z))
be the étale algebra corresponding to f. Let \ be the 1 — (; endomorphism as before,
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and denote the A\-Selmer elements a,a’ by elements z, 2’ € A* J(AY)*, respectively. If
we write z = (z1,...,2q) and similarly for z', then for each place v of k and each
G, -orbit A; of A, there is an explicitly computable 6;, € k,(P;)*, where P; is a
representative of A;, such that

Cll(a,a/>CT — H H (51'71,, le')va

v orbits

where (-, +), is the generalized Hilbert symbol.

Remark 7.1.4. The only hurdle in computing 9, is computing a local point P, €
Jc(k_v) such that 0P, = «,, where «, is a 1-cocycle representing a. This is something
that we will discuss in §7.2. As far as the global part of the pairing is concerned, we

have an algorithm to compute .

When the twisted Kummer surface has a rational point

Let a,a’ € WI(Je/k)[2], where Jo is the Jacobian of a curve of genus 2 (here we
assume that the defining polynomial of the curve C' is of even degree). Assume that
the twisted Kummer surface K, of the twist .J, corresponding to a’ of J has a k-
rational point (). Then there is a k-rational point () (abusing the notation slightly) on
the Kummer surface K¢ of Jo corresponding to Q). The authors in [F'Y23] work under
this assumption and show empirically that one can expect to find twisted Kummer
surfaces with a k-rational point that generate the 2-Selmer group. What we claim
here is that this case can also be handled by our methods in §4.3.1.

Let Q be a lift of Q on Jo. If Q is defined over k. Then there is nothing
to do. Therefore, we assume that Q is defined over a quadratic extension K’ =
k(y/m) of k. Let P € Jo(k) such that OP = resgf’(o/), where o is a 1-cocycle
with values in Jo[2] representing P. Note that 2P = Q. Let Gal(K'/k) = (g).
The inflation-restriction sequence at the level of 1-cocycles in dimension 1 implies
that o/ — 0P € Im(infggl(K,/k)). In particular, if ¢ € G}, such that o|,, = g, then
(o) —o(P)+ P = @, with Q" € Jo(K’). Hence, one can represent a’ with the
following 1-cocycle

O//(O'> — {07 if O—(\/m) = \/m7
QI7 if U(\/ﬁ) = _\/m

o is a 1-cocycle implies that ¢(Q') = —Q'. At the same time, ¢(Q) = —Q, since it
is a lift of a k-rational point on K¢. Let o € Gy, restrict to g over K'. Then

2Q — Q) =2d/(0)—20(P)+2P=0= Q' — Q € Jo(K")[2].

In fact,

9@ -Q)=—-(Q -Q)=Q -Q=Q Qe Jo(k)2.
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One can view the above as mapping a point ) € Ko (k) to a point Q' € Q + Jo(k)[2].
If Jo(k)[2] = 0 (which is the generic case), then @ = Q'. Otherwise, we need check
which of the Q" € Jo[2](k) gives us a 1-cocycle o that is locally everywhere trivial.
This is an easy check, as we only need to do it above 2, the primes of bad reduction of
C, and the infinite primes. For each such place we only need to compute R € Jo(K))
such that g(R) — R — Q' € 2Jc(K). This is because if g(R) — R — Q' = 2Q", then
writing 2Q" = Q" — g(Q"), g(R+ Q") — (R+ Q") = @'. In particular, R can be
chosen from the class Jo(K]})/2Jo(K]). There are fast algorithms to compute the
local group Jo(K))/2Jc(K)) due to efficient 2-Selmer group implementations (see
[Sto01]).

In particular, representing a’ by o we find ourselves in the case §4.3.1 and §4.3.3.
One bypasses §4.3.2 using an analogue of Proposition 6.1.3. Up to the hurdle of
computing P, € Jo(k,) such that 0P, = «,, we have the following theorem.

Theorem 7.1.5. Let a,a’ € S®(Jo/k) and m € k* be as above. Assume that there
is an algorithm that for each place v of k can compute half of a point Q, € 2J(k,).
Then, for each place v of k, there is an algorithm to compute 9, € k) such that

<_1)<a:a/>CT _ H((SU’ m),.

v

One can view the above as a rather inefficient generalization of [F'Y23] to higher
genus hyperelliptic Jacobians.

7.1.2 The CTP for other isogenies

The next two chapters 5 and 6 were an attempt to compute the pairing for various
isogenies including two isogenies of odd degree. To the best of our knowledge this was
the first attempt to compute the CTP for any odd degree isogeny on higher genus
Jacobians.

The following problem can be viewed as a special case of §7.1.1.

Problem 7.1.6. Compute the CTP on A-Selmer group of Jacobians of the curves of
the form 32 = 2! + A, with A € Z.

We answer this question in generality. In fact, the method used to compute € can
be used to compute ¢ for any cyclic isogeny on a Jacobian. We show in Corollary 5.3.2
that we only need to compute the local trivializer, P, € J A(k;_v) such that 0P, = ay,,
at the place A\ for the [-Stoll set. In order to avoid the computation of the local
trivializer P, and compute some examples, we use an assumption that the A\-Selmer
element is trivial. For [ = 5, this is the case when the class group of L = Q((s, \/Z)
has 5-torsion. In, particular, for genus 2, we are able to compute the CTP whenever

there are elements coming from non-trivial 5 torsion in C1(L). The implementation is
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done in Magma. We also implement the A-Selmer group computation when A is an
element of the [-Stoll set. This is because the in-built function PhiSelmerGroup(),
is extremely inefficient due to its generic nature. Using the explicit local points at
A computed in [Sto98], one can significantly speed up the computation. In fact, for
Jg2, we use this to compute the algebraic rank, whereas our algorithm to compute
the CTP on 2-Selmer groups in Chapter 4 seems to be inefficient.

In Chapter 6 we compute the global part of the pairing, i.e., compute ¢ for the
Richelot and (3, 3)-isogeny on genus 2 Jacobians. For the Richelot isogeny, we also

outline an algorithm to compute the local point P, € J(k,) such that 0P, = «,.

7.2 Zukunftsmusik

In this section we state a few questions that arise naturally from the thesis.

7.2.1 True descent

Let k£ be a number field, and let C'/k be a curve with Jacobian variety J/k. We recall
the definition of true descent setup as defined in [BPS16].

Definition 7.2.1. A true descent setup is the data (n,A, D), where A is a finite
étale k-scheme, i.e., A := Spec (L) for some étale algebra L and D € Div(C x A)
such that nD = div(f) € Princ(C x A).

Hilbert’s Theorem 90 implies that f can be chosen in a way that specializing f
at any P € A one obtains fp € k(C)* in a Gi-equivariant way. As a consequence of
the conditions on D and A one obtains a map

¢ H' (G, Jn]) — H' (G, py) = L /(L)".

We assume that the map ¢ above is an injection. There are non-trivial examples
of the above available, e.g., p-descent on elliptic curves, 2-descent on odd-degree
hyperelliptic curves, (1 — (;)-descent on degree I-cyclic covers of P! ramified at oco.

One can ask the following question regarding computation of the CTP in a true
descent setup.

Question 7.2.2. How can one compute the CTP using the Albanese-Albanese defini-
tion on the Selmer group corresponding to a true descent setup (n, A, D) of a curve

c?

If a,a’ are the two elements of the Selmer group being paired, then using the
methods developed in §4.3.1 and Chapter 6, one obtains a 3-cocycle i’ from the 3-
cocycle n, that factors through the field of definition K’ of 1-cocycle o’ representing
a’. However, our contention is that if the Selmer group is coming from a true descent
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set up, then it should be possible to make choices of Hilbert’s Theorem 90 elements
that are required during the reduction such that 7’ is trivial cocycle.

For the local part of the pairing, one can ask the following question (whose answer
is probably yes).

Question 7.2.3. Let ¢ : A — Jo be an isogeny of degree n. Then [BPS16, Lemma
7.1] implies that if v is a prime of k such that the Tamagawa numbers c,(A) and
co(Je) are coprime to n, and residue characteristic of k, does not divide n, then
6y (Jo(ky)) = HY(Gal(k™ /k,), A[Yb]). Can we show an analogue of Lemma 4.3.19 for
v satisfying the above condition, and also show that the values taken by € have trivial
valuation at v?

7.2.2 Algorithmic questions

We state some natural algorithmic questions that arise from this thesis.

Problem 7.2.4. Give an algorithm to compute the CTP for 2-Selmer groups of
even-degree hyperelliptic curves unconditionally.

Problem 7.2.5. Recall from §7.1.1 that one can extend the method of computing
CTP in §4.3.1 to the case of p-cyclic covers of P! with ramification at oo over k
containing p,,. However, a hurdle to obtaining an algorithm is that in the local step
where one needs to find a point P, € J(k,) for a place v of k which witnesses the
triviality of the 1-cocycle representing the (1—(,)-Selmer element, that algorithmically
amounts to solving the following problem: Given a point () in the image of 1 — ¢,
find the point P such that (1 — (,)(P) = Q. In p = 2 case, Stoll in [Stol7b] gives an
algorithm to compute half of a point, given that one exists. Vishal Arul in [Aru20]
solves the above problem when () is in the image of the Abel-Jacobi map.

A probably simpler problem would be to invert an element in the image of (1—¢,)

isogeny over local fields, where the theory of formal groups is available.
The following problem is a generalization of the above.

Problem 7.2.6. Let v : A — B be an isogeny of abelian varieties A and B over k.

Let v be a place of k and P € B(k,). Then compute @ € A(k,) such that ¥(Q) = P.

The following problem asks if we can avoid solving the above two problems while
computing the CTP.

Problem 7.2.7. Write an expression for the class ¢, € Br(k,) obtained during the
local part of the CTP just using the local point (), on the abelian variety. In essence,
we want something in the direction of the case of 2-Selmer groups of elliptic curves.
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7.2.3 Arithmetic statistics with the CTP

It would be interesting to study if one can determine the average size of ker((-,-)cr)
on S@(E/Q). One of the toy examples to attack is the family of elliptic curves given
by the equation of the form y? = z(z? + ax + b) with a,b € Z. This family exhibits
an isogeny ¢ of degree 2, and explicit formulas for the CTP on S®)(E/Q) are known.
The idea would be to estimate the average size of the kernel of the CTP in this case
first.
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