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ARTICLE INFO ABSTRACT

Communicated by Y. Tian Kernel-based regularized risk minimizers, also called support vector machines (SVMs), are known to possess

many desirable properties but suffer from their super-linear computational requirements when dealing with

fg{:ﬂ:{leamn large data sets. This problem can be tackled by using localized SVMs instead, which also offer the additional
Consistency ¢ advantage of being able to apply different hyperparameters to different regions of the input space. In this

Kernel methods
Support vector machines
Big data

paper, localized SVMs are analyzed with regards to their consistency. It is proven that they inherit L - as well
as risk consistency from global SVMs under very weak conditions. Though there already exist results on the
latter of these two properties, this paper significantly generalizes them, notably also allowing the regions that
underlie the localized SVMs to change as the size of the training data set increases, which is a situation also
typically occurring in practice.

1. Introduction

Kernel-based regularized risk minimizers based on a general loss
function, which are also known as (general) support vector machines
(SVMs), play an important role in statistical machine learning, which
is due to two main reasons: First, they are known to possess many
desirable theoretical properties such as universal consistency, statistical
robustness and stability, and good learning rates [1-5]. Secondly,
they are the solutions of finite-dimensional convex programs [6] and
empirically observe good performance [7,8] — at least if the data set is
not too large. For large data sets, SVMs however suffer from their com-
putational requirements growing at least quadratically in the number
of training samples, with regards to both time and memory [9-11].

There exist different approaches to circumvent this problem, one of
them being the use of localized SVMs, which implement the idea of not
computing one SVM on the whole input space but instead dividing this
input space into different (not necessarily disjoint) regions, computing
SVMs on each of these regions, and then joining them together in order
to obtain a global predictor. In addition to the computational advantage
this approach offers, it can also yield improved predictions as it adds
flexibility by allowing for differing underlying hyperparameters being
chosen in the different regions. In Section 3.1, we discuss these advan-
tages in more detail, as well as briefly mentioning some of the different
approaches for circumventing the computational challenges.

Note that there exist many different approaches on how to divide
the input space into regions and thus also on how to compute a
localized SVM. The main goal of this paper is not to propose and
analyze a new method of computing localized SVMs, but instead to
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derive new theoretical results which are as general as possible and
therefore applicable to many of the different existing methods. As we
therefore do not focus on any specific way of localizing the input space
and as training and testing times of course depend on the method
chosen for localization, the empirical analysis of these computation
times is not the main focus of this paper. Some computation times for
different amounts of regions are however still given in Example 4.6, and
we also give a quick review on some existing analyses of computation
times for localized SVMs based on different localization methods in
Section 3.1.

To be more specific on the theoretical results derived in this paper,
we prove that localized SVMs are risk consistent as well as L ,-consistent
under certain mild conditions. Notably, we also allow for the regional-
ization, which underlies a localized SVM, to change as the size of the
data set increases. This is natural to allow for because the regionaliza-
tion is often not predefined but instead data-dependent in practice (cf.
Section 3.1 and also Remark 3.1) and might for example become finer
as the size of the data set increases.

Because of SVMs being defined as minimizers of some regularized
risk function, risk consistency is the natural type of consistency to
consider, and there already exist some results on risk consistency
respectively learning rates (which imply risk consistency) of localized
SVMs, see [12-15] among others. However, all of these in some as-
pects offer considerably less generality than the result we derive (see
Section 4 for more details). On the other hand, L ,-consistency is of
interest as it compares functions themselves instead of their risks, and,
to our knowledge, there do not exist any results on L ,-consistency of
localized SVMs so far.
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The results derived in this paper build on those from [16], where a
general connection between risk consistency and L ,-consistency was es-
tablished and this connection was used to obtain results on consistency
of non-localized SVMs. This paper now transfers these results to the
case of localized SVMs. The aforementioned generality of also allowing
for regionalizations of the input space that change as the size of the
data set increases however evokes the challenge that it is not possible to
obtain consistency of localized SVMs directly from that of non-localized
ones. For this reason, we use from [16] only those results that concern
the general connection between risk consistency and L,-consistency,
but not those on consistency of non-localized SVMs. To overcome the
added difficulty that comes from the changes in the regionalization,
parts of the deviations that are investigated for proving consistency
are bounded in a suitable way by according deviations for functions
that do not depend on the regionalization (see especially the proof of
Lemma A.2).

The paper is organized as follows: Section 2 contains some general
prerequisites as well as a formal definition of SVMs, whereas the
localized approach is described in more detail in Section 3. The main
results can be found in Section 4, and finally, Section 5 gives a short
summary.

2. Prerequisites

Before introducing localized SVMs in Section 3.2 and stating our
results about their consistency in Section 4, we first need to define the
underlying (non-localized) SVMs in more detail as well as state some
additional prerequisites.

Given a training data set D,, := ((x,¥}), ..., (x,, ¥,)) € (X X Y)" con-
sisting of independent and identically distributed (i.i.d.) observations
sampled from some unknown probability measure P on a space X x Y,
we aim at learning a function f : X — R. More specifically, we denote
by (X,Y) a pair of random variables with values in X x Y distributed
according to P, and the goal is to estimate certain characteristics of the
conditional distribution P(- | X) of Y given X. We impose the following
standard and not very restrictive assumptions on the underlying space
X x Y throughout this paper:

Assumption 2.1. Let X be a complete separable metric space and
let Y C R be closed. Let X and Y be equipped with their respective
Borel c-algebras By and By. Let P € M,(X xY), where M;(X X V)
denotes the set of all Borel probability measures on the measurable
space (X X Y, BXXJJ)'

Notably, Y C R guarantees that the conditional probability P(- | X)
does indeed uniquely exist [17, Theorems 10.2.1 and 10.2.2], because
Y is Polish [18, p. 157].

Which exact characteristics of P(- | X) are to be learned is deter-
mined by the chosen loss function, which is a measurable function
L:XxYXR - [0,0). For example, estimating the conditional mean
function can be approached by using the least squares loss, and con-
ditional quantile functions can be estimated by using the pinball loss.
L(x,y, f(x)) quantifies the loss associated with predicting f(x) while the
true output belonging to x is y, and the goal is to find a predictor whose
expected loss is as small as possible. To this end, we call

Rpp(f) =Ep [L(X,Y, f(X))]
L-risk (or just risk) of a measurable function f, and
R p :=inf{Rp(f) | f: X » R measurable}

Bayes risk. We call a measurable function f; , achieving R, p(f] ;) =
R’ » a Bayes function.
A sequence (f,),cy is called risk consistent if

RL,p(fn) - RzP >

n— oo,
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in probability, and it is called L,-consistent for some p € [1, c0) if
(I

in probability, where PX denotes the marginal distribution on X asso-
ciated with P. For the latter consistency property, we always assume
Z,p to P¥-almost surely (a.s.) uniquely exist. As mentioned in the
introduction, the notion of L ,-consistency does directly depend on the
difference between the functions instead of on the difference between
their risks, which additionally depends on the loss function and the
conditional distribution of Y.
As P is unknown, it is not possible to minimize R, p directly and
one instead has to use the empirical risk

-0, n— oo,

‘LP(PX)

Ryp, (1) i=Fp, (LY, FOON = 1+ 3 L0k i £
i=1

where

n
1
D" = ; Z 6(",%‘)
i=1

is the empirical distribution corresponding to D,,, with §,, ,,, denoting
the Dirac measure in (x;, y;). In order to avoid overfitting, a regulariza-
tion term is added to this empirical risk, which results in the empirical
SVM being defined as the solution of the minimization problem

SLp,ak =arg inf Ryp (F)+ SN - m

Here, 1 > 0 controls the amount of regularization and H is a reproducing
kernel Hilbert space (RKHS) over X. Each such RKHS is associated with
a kernel on X, which is a symmetric and positive definite function
k:XxX — R. We call k bounded if ||k||,, := sup,cr Vk(x,x) < oo0.
We refer to [19-21] for a detailed introduction of kernels, RKHSs and
their properties.

By the empirical representer theorem [cf. 2, Theorem 4.2], such
empirical SVMs always take the form

n
Lo,k = 2wk x)

i=1
for some q,...,, € R. In practice, these unknown coefficients are
obtained by solving a suitable convex optimization program, see for
example [2, Section 9.2].

The goal of Section 4 is to derive L,- respectively risk consistency of
localized versions of such SVMs as the size n of the data set increases.
As an intermediate step in the according proofs, we additionally need
the theoretical SVM

Srpak i=arg f'g‘; Rip()+ AL ()]

As a last part of these prerequisites, we need to specify some
properties of loss functions. We only investigate loss functions which
are convex — by which we mean convexity in the last argument of
L - and additionally distance-based. The latter is a property that is
satisfied by most of the typical loss functions for regression tasks, but
not necessarily by those used in classification tasks. However, some
distance-based losses are also popular choices in classification tasks,
like for example the least squares loss, cf. [22, Section 1.4].

Definition 2.2. A loss function L: X X Y XR — [0,00) is called
distance-based if there exists a representing function y: R — [0, o)
satisfying w(0) = 0 and L(x,y,7) = w(y —1) for all (x,y,1) € X x Y X R.

Let p € (0,00). A distance-based loss L: X x Y xR — [0, o) with
representing function y is of

(i) upper growth type p if there is a constant ¢ > 0 such that

w(r) <c(rl”+1) VreR,

(ii) lower growth type p if there is a constant ¢ > 0 such that

wr)zclrl? -1 VreR,
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(iii) growth type p if L is of both upper and lower growth type p.

Since the first argument does not matter in distance-based loss
functions, we often ignore it and write L: Y xR — [0,00) and L(y,?)
instead.

For example, the aforementioned least squares loss and pinball loss
are of growth type 2 and 1 respectively. Depending on the growth type
p, our results require that the averaged pth moment of P is finite, which
guarantees that there exists a function in H that has finite risk. This
averaged pth moment is defined as

1/p 1/p
1PI, = ( [ [ oraeoineto) - ( [pe )

thus making the moment condition |P|, < co slightly more restrictive
when dealing with loss functions of a higher growth type. In the def-
inition of the averaged pth moment, |P(- | x)|, denotes the pth moment
of P(- | x), where for an arbitrary distribution Q on Y this pth moment
is defined by

1/p
1Ql, = (/ Iyl"dQ(y)> .
Yy

3. Localized approach

As mentioned in the introduction, SVMs, while possessing many
desirable theoretical properties, suffer from their super-linear (with
respect to the size of the training data set) computational requirements
when dealing with large data sets. There exist different approaches to
reduce this computational complexity, one of them being localization.
Section 3.1 gives a quick overview of some existing approaches as well
as an introduction of the idea behind and the additional advantages of
the localization approach. Section 3.2 formally defines localized SVMs
and states requirements which the underlying structure, like the regions
and the applied kernels, need to satisfy.

3.1. Overview of localized and other approaches

Approaches to reduce the computational complexity of SVMs in-
clude using twin SVMs [23-27], online learning approaches such as
stochastic gradient descent [28-32], as well as algorithms approximat-
ing the kernel matrix via column subsampling [33-36], and random
feature approximations of the kernel [37-41], with [42] comparing the
last two approaches. Additionally, there are also methods combining
multiple of these approaches [43,44].

Closer to the localized approach are methods that decompose the
available data set into m € N subsets and train m “small” SVMs
on these subsets instead of a single “large” one on all of D,, which
can substantially reduce the training time as well as required stor-
age space because of the aforementioned super-linear computational
requirements of SVMs. This can for example be done by means of
distributed learning [45-50], which randomly splits D, into subsets,
trains an SVM on each such subset, and then averages the resulting m
SVMs in order to obtain the final predictor.

In the localized approach, one also trains SVMs on subsets of D,,
but the split of D, is now obtained in a spatial way — based on some
regionalization of the input space X — instead of randomly. Following
early theoretical investigations of such localized approaches [51,52],
different methods for obtaining the required regions have been exam-
ined. These include decision trees [53-56], k-nearest neighbors (kNN)
methods [14,57-60], as well as variants of k-means [61,62]. In compar-
ison to distributed learning, this has the disadvantage that, no matter
which method of regionalization is chosen, the process of regionalizing
the input space clearly also takes some time for large data sets — albeit
considerably less time than just training an SVM on the whole data set
-, thus making the computational gain of such a localized approach
in the training phase smaller than that of distributed learning. On the
other hand, the evaluation of the resulting predictor for a test sample
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can actually be significantly faster in localized approaches than it is in
distributed ones: Whereas one has to evaluate each of the m different
SVMs (and then average the results) in distributed learning, it suffices
to evaluate the one SVM belonging to the region of the test sample in
localized learning (if the regions do not overlap).

Several of the referenced publications on localized SVMs also in-
clude experimental analyses of how much the respective methods of
localization reduce the computation time in comparison to regular
SVMs. For example, Chang et al. [54] compared their decision tree
based localized SVMs DTSVM (among some other approaches) to reg-
ular SVMs on different medium-size data sets (ca. 10,000 to 500,000
samples, using about two thirds of them for training) and observed
drastic reductions in training time, especially for the larger ones among
these data sets. Depending on how the training of SVMs was imple-
mented, the training time for the largest data set was reduced by
a factor of almost 3,700 or even 5,800 [54, Figures 5 and 10]. At
the same time, DTSVM exhibited comparable or even increased test
accuracy over regular SVMs [54, Figures 6 and 11] and also drastically
reduced testing time [54, Table 4]. Additionally, they also took a look
at some large-size data sets (ca. 600,000 to 5,000,000 samples), for
which they could not perform a comparison with regular SVMs because
of them requiring an excessive amount of training time and memory,
but showed that DTSVM is able to still perform well on such large-
size data sets. Similarly, Segata and Blanzieri [59] compared different
variants of their kNN based localized SVMs with regular SVMs on
different data sets containing ca. 50,000 to 1,000,000 data samples
and also observed decreased training and testing times (by factors
ranging up to ca. 100 for the variant FaLK-SVM, which was the one
observing the highest test accuracy) as well as comparable or even
increased test accuracy [59, Tables 5-7]. Gu and Han [62] perform
similar comparisons for their k-means based localized SVMs CSVM
(as well as for some other approaches), however only for data sets
containing only ca. 3,000 to 60,000 training samples — which were
however very high-dimensional, consisting of up to 784 features. Even
for these rather small data sets, CSVM exhibits training times that are
considerably lower than those of regular SVMs (called “kernel SVM”
in their tables), by factors of up to almost 130, while at the same time
yielding comparable test accuracy [62, Tables 2 and 3]. In all of these
three publications, the library LIBSVM [63] was used for computing
SVMs. Thomann et al. [11] on the other hand, used their own library
1iquidSVM [64] and looked at very large training data sets of up to
almost 10,000,000 samples. They showed that localized SVMs based on
the Voronoi partition approach that is built into 1iquidSVM can be
computed in few hours and yield good test accuracy (as with the large-
size data sets used by Chang et al. [54], it was of course not feasible to
also compute regular SVMs for such large data sets in order to compare
them). Additionally, by using not only a single but instead multiple
machines, they succeeded in obtaining good results in just a little over
one day of combined training and testing time even for an enormous
training data set consisting of 32,000,000 samples in 631 dimensions —
whereas among the other data sets used in the four papers mentioned
in this paragraph, there was none that had more than 54 dimensions
and at the same time more than 240,000 samples.

Even though the exact training and testing time depends on the
method chosen for localization as well as on the exact implementation
and therefore differs between these publications, they all observed a
drastic reduction compared to the computation time of regular SVMs.
In addition to this computational gain, localizing the SVM approach
can also yield advantages regarding the quality of prediction — compared
to distributed learning as well as regular SVMs: Whereas the underly-
ing true function, which one aims to estimate, can of course exhibit
discontinuities, SVMs based on a continuous and bounded kernel such
as the commonly used Gaussian RBF kernel are always continuous
(and bounded) themselves [3, Lemma 4.28]. This can lead to SVMs
not accurately modeling the true function near such discontinuities,
but instead greatly oscillating and overshooting — an effect that is also
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Localized SVM

= = true function
localized SVM

Fig. 3.1. A global SVM (left plot) and a localized SVM (right plot; splits between the regions at x = 3 and x = 6) fitted to the same data which was generated according to
the plotted true function and some normally distributed error. The global SVM (slightly) overshoots at the discontinuity at x = 3 and oscillates too much for x < 6 because the
underlying hyperparameters have to be chosen in a way that also allows for a reasonably good fit for x > 6, where the true function oscillates very quickly. The localized SVM

does not exhibit these problems and yields a considerably better fit overall.

known from Fourier series, where it is called the Gibbs phenomenon,
cf. [65]. Additionally, in global learning approaches like SVMs, the
complexity of the predictor is usually controlled globally by a very
small amount of hyperparameters. Hence, an accurate prediction can be
difficult for such global approaches if the complexity and variability of
the true function, or that of the conditional distributions P(Y | X = x),
greatly differ between different areas of the input space X, even if
the true function does not exhibit any discontinuities. Both of these
problems can be overcome by the use of localized methods, as a good
regionalization can split the input space into separate regions at (or
at least close to) discontinuities and such that the complexity and
variability do not change too much throughout the individual regions,
see also Fig. 3.1.

This intuition of localized SVMs also being able to improve reg-
ular SVMs with regard to the quality of prediction gets affirmed
by Blaschzyk and Steinwart [12], who, in the case of using the hinge
loss for classification, derived learning rates exceeding those known
for regular SVMs. Whereas most of the papers on localized SVMs men-
tioned in the preceding paragraphs focus on the experimental analysis
of a specific method of localization, [12] constitutes an example of a
paper deriving theoretical results and additionally not requiring any
special method of localization (instead only requiring the resulting
regionalization to satisfy some conditions which are often quite mild).
There are several papers taking a similar approach and also deriving
learning rates for such localized SVMs, with [11] also using the hinge
loss and [15,66] investigating least squares regression.

Whereas learning rates of course also imply (risk) consistency,
they always require additional assumptions regarding the unknown
probability measure P because of the no-free-lunch theorem [67], and
most of the mentioned papers for example additionally require X to
be contained in some ball and Y to be bounded as well. We however
take an approach similar to Dumpert and Christmann [13], Dumpert
[68], Kohler and Christmann [69], who allowed for even more general
regionalizations as well as more general kernels and loss functions
and did not impose any restrictive assumptions regarding P, and who
then proved that localized SVMs are risk consistent (which we in some
aspects considerably generalize in Section 4), statistically robust with
respect to the maxbias as well as the influence function, and totally
stable with respect to simultaneous changes in not only the probability
measure but also the regularization parameter, the kernel and the
regionalization. We derive results on L,- as well as risk consistency in
Section 4.

3.2. Prerequisites regarding localized SVMs

Before stating our results in Section 4, we first have to formally
define localized SVMs as well as to specify the mild assumptions which

we need to impose upon the regionalizations in order to be able to then
derive our results.

As already mentioned, we actually allow for regionalizations that
change with n. For n € N, we define the regionalization ¥, as &, :=
(X 1seee s Xy, fOrsets X, ..., X, , . We further denote &, (x) := (Xe
X, | x € X) forall x € X and n € N, and assume the following three
conditions to hold true:

R1) X,,... ,X,,’mn C X complete (as metric spaces) and measurable
such that X = |/ X,, for all n € N.

(R2) 3 spax € N such that |&,(x)| < s, forall x € X and n € N.

(R3) The sequence (&X,),cy is stochastically independent of the se-
quence (D,),cy of training data sets.

Remark 3.1. Condition (R3) might seem restrictive at first glance
because it seemingly constitutes a restriction to only using regionaliza-
tions whose construction does not take the observed data into account.
However, one can easily circumvent this restriction by randomly par-
titioning the whole data set into not only the usual three parts —
namely a training data set D,, a validation data set and a test data
set — but four parts instead, where the fourth part is a regionalization
data set. This way, the regionalizations can be chosen data-dependently
without violating (R3). By putting only a relatively small part of the
available data into the regionalization data set — because one reason for
regionalizing is to just reduce the subsequent training time of the SVMs,
for which no “perfect” regionalization is necessary —, this procedure
does not substantially reduce the amount of data available for training,
validating and testing.

Note that (R1) tells us that, for every n € N, the regions need not
necessarily be pairwise disjoint but can instead also overlap — as long as
(R2) is satisfied, that is, as long as the number of regions overlapping
does not exceed some global constant s, in any point x € X. If the
regionalization does not change with n, then (R2) is trivially satisfied

for spax = my.

Remark 3.2. By [70, Lemma 1.6.4 and Theorem 1.6.12], any subset
of a separable metric space is a separable metric space again if it is
equipped with the metric of the original space. Hence, Assumption 2.1
being satisfied for X implies it also being satisfied for the regions &, ,,
neNandie(l,....,m,}.

In order to define local SVMs on the different regions, we need to
have a probability measure on each of these regions. It suggests itself
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to define these measures by restricting P. Forn € Nand i € {1, ...
we define the local measure P,; on X, ; x Y by

amﬂ}!

1
P, = PP
0 , else.

Ply xy »if P&, x¥)>0

This obviously only is a probability measure if P(X,; X Y) > 0, but we
will see that we can mostly ignore the regions with P(X,; x V) = 0 for
our results. We denote

Iy pi={i€{l,....m,} | P(X,; xY) >0}

and i, 1= |Iy p| for n € N. Similarly, we define the local empirical
measures D, ; by

1
D,y (X, xY) “Dax,xy

0 , else,

,if D, (X,

n,i

xXY)>0
D .:=

n,i

such that (if D,(X,; x Y) > 0) they are the empirical probability
measures associated with the subsets D,; := D, n(X,; X Y) of D,, for
which we denote d,; :=|D,,]|.

As mentioned before, one of the goals behind this localized ap-
proach is to increase the method’s capability to accurately learn a
function whose complexity and variability differ between different
areas of the input space, by separating these areas into different regions.
Since a principal mechanism for controlling the complexity of an SVM
is the choice of the regularization parameter and of the kernel (respec-
tively the hyperparameters of the kernel), one should therefore also
be allowed to choose different regularization parameters and kernels
in the different regions. We hence have, for each n € N, a vector of
regularization parameters A, := (4,;,....4,,, ), with 4,; > 0 for all
i€{l,...,m,}, and a vector of kernels k, :=(k, ;. ..., k,,, ), where k,;
is a kernel on X, ; for each i € {1,....m,}.

Based on the regularization parameters, kernels and a loss function
L, one obtains from (2) SVMs

fL~Pn,is}‘n,i’kn,i X, >R, neN,iell,..,m,},

which we call local SVMs on X,;. If P,; is the zero measure, the
above SVM is undefined and we just define it as the zero function,
JLp, 4k, =0, in this case. Analogously, we define the local empirical
SVMs

fL,an,lwk 1 X, o R, neN,iell,..,m,},

ni

asin (1), with fp ., .,  =0if D, ; is the zero measure.

Since we want to combine these local SVMs in order to obtain a
global predictor on &, we first need to extend them in a way such that
they are defined on all of X. That is, for all functions g: ¥ - R on
X C X, we define the zero-extension § : X — R by

. e
8(x) := {0

Now, all that is left to do in order to obtain our global predictors, is
to equip the local SVMs with weight functions which pointwisely con-
trol the influence of each local SVM in areas where two or more regions
overlap. We only impose the following three standard assumptions for
weight functions on them:

JifxeX®,

, else.

(W1) w,;: & — [0, 1] measurable for all i € {1,...,m,} and n € N.
W2) Y™ w,;(x)=1forall x€ X and n € N.

(W3) w,;(x)=0forall x¢&,; and all i € {1,...,m,} and n € N.
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Our global predictor f1p; i x,, which we call localized SVM even
though it is not necessarily an SVM itself, is then defined by

m,

Srpahx, - X >R, xm Z Wy (x) - fAL,P,,_,,An‘,.,knT,- (x) 3)

i=1
for n € N. Analogously, we define the empirical localized SVM

mn

fL,D,,ﬂ,,vk,p-’Y,, X - R, X = Z wn,i(x) : fL,D,,V,le

i=1

n,i vkn.[ (X) (4)
for neN.

Finally, before stating the consistency results for localized SVMs in
Section 4, we introduce the concept of families of kernels of type f which
will be needed in those results.

Definition 3.3. Let I be an index set such that 0 € I. For kernels k()
and constants " € (0,c0), r € I, we say that k := (k?),, is a family
of kernels of type B := (f),¢, if, for all r € I,

@A) H® 2 HO, where H" and H© are the RKHSs associated with
k™ and k© respectively, and
@) 11f e <2 Ifllgo for all f € HO.

Remark 3.4. By [21, Theorem 2.17] (see also [19, Part 1.7] and [20,
Section 4.5] for related considerations), condition (i) from Defini-
tion 3.3 already implies that there exists some " € (0, ) such that
(ii) is satisfied as well. Hence, every family of kernels satisfying (i) will
also be a family of kernels of type g for suitable f. Furthermore, the
same theorem also yields that the two conditions from Definition 3.3
are equivalent to

(iii) ()2 - k" — kO is a kernel,

for which reason families of kernels of type f are equivalently charac-
terized by (iii) holding true for all r € I.

Example 3.5. Letd € N, X C R? non-empty and I be an index set such
that 0 € I. For r € I, define k") as the Gaussian kernel with bandwidth
r® € (0, ), that is,

2
) N _||x—x ”2 ’
k7 (x,x") 1= exp( —(},(r))Z Vx,x € X.

By [3, Proposition 4.46], the conditions from Definition 3.3 are satisfied
with g0 := (y @ 7y )72 if y O > sup,py oy 7.

Hence, every family (k”),c;, 0 ¢ J, of Gaussian kernels with
bounded bandwidth can be turned into a family of kernels of type
B = YOy, o, T := J U {0}, by choosing k® as the Gaussian
kernel with bandwidth y© = sup,; y®.

We introduced these families of kernels of type f since we will
require all kernels k,;, n €N, i € {1,...,m,}, used in the local SVMs to
come from the union of # € N such families k™, ..., k). To be more
specific, k¥, j =1, ..., ¢, will consist of kernels on X and each k,; will
be the restriction of such a kernel to &,; x X, ;. That is, we will have
ky; = kUor)|y _»  for some jo € {1,...,7} and ry € IU0), where 1U0)
denotes the index set of the Jjo-th family. Based on this, we introduce
the additional notation f,; := Y00 and kiof 1= kW00 x,, (in case
of ambiguity regarding j, and r,, any of the options ma& be chosen),
which will be needed later on.

Note that the concept of families of kernels of type g also allows for
infinite index sets (see also Example 3.5). This will lead to the kernels
ky;;n €N, i€ (l,...,m,}, being allowed to be chosen from an possibly
infinite set of kernels.

4. Consistency of localized SVMs

In the following, we first derive L ,-consistency (Section 4.1) and
afterwards risk consistency (Section 4.2) of localized SVMs as defined
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in Section 3.2. To our knowledge, there do not exist any results on L,-
consistency of localized SVMs so far, and whereas there do exist results
on their risk consistency, our result significantly generalizes those
in several ways. Before stating the results, we impose the following
assumptions, which we assume to hold true throughout this section:

Assumption 4.1.

* Let L:YXR — [0,00) be a convex, distance-based loss function
of growth type p € [1, o).

s Let &, = {X,,....&,, }, n €N, be regionalizations satisfying
(R1), (R2), (R3), and let w,;, n€ Nand i =1,...,m,, be weight
functions satisfying (W1), (W2), (W3).

clet # € N and let, for j = 1,....¢, k¥ := (kU"), ;i) be
a family of uniformly bounded and measurable kernels of type
BY = (U),c;» on X with separable RKHSs (HU"),. ;i) such
that HU-0 ¢ L,,(PX) dense. Let, forallneNand i € {1,...,m,},

km,.e{kW) IV je{l,...,f},rel(j)}.

* Assume |P|, < co and sup,enjies, p IPuil, < 0.
’ n>

n,i|p
Remark 4.2. The condition sup,ey e, , Py il, < oois disadvanta-

geous in that it requires knowledge about all regionalizations &, n € N.
Because

Mﬁ=/|wumwmmgwmwmz
ni xeX
forallneNandi e Iy p (and analogously also |P|Z < supyex IPC | x)|£),
it however suffices if sup,cy [P(- | x)|, < 0.

On the other hand, even though the finiteness of |P|, does already
imply the finiteness of [Pl forallneNandi€ Iy p because

MM=/|wwm@ﬁw=

ni

1
PX(Xn,i) ./n‘i el X)lg e
1

ST 1
P (X))

- [ IPC X1 dPY () = ———
/x ’ P¥(x, )
|P|, being finite is not sufficient to guarantee sup,cy s, , IP
as can be seen from the following example: "
Let PX := 1/(0,1) and P(- | X = x) := U'(0,x"'/2) for all x € (0, 1),
where U'(a, b) denotes the uniform distribution on (a, b). Then, we have

1 L
|P||:/ /ﬁy\/;dydx:l<oo,
0 0

but for &, | := (0, i), n € N, we obtain

1 L
|Pn,1|1=/0n/0ﬁy\/;dy~ndx=\/;,

which yields SUPseN,iely, p [Pl = 0.

Hence, the condition sup,cp ;e Iy, p [P,;l, < oo is not superfluous
in itself and cannot just be erased without adding a replacement like
supyex |PC | X)|, < co.

IPIZ,

n,ill, < 0,

4.1. L,-Consistency of localized SVMs

The subsequent theorem shows that localized SVMs are indeed
L ,-consistent under Assumption 4.1.

Theorem 4.3. Let Assumptions 2.1 and 4.1 be satisfied. Let f; p ; k. x,
n € N, be defined as in (4) and assume that f z,p is PX-as. unique. Define
py ==max{p+1,p(p+1)/2}. Further choose p; =max{2(p-1)/p.p— 1}
if p> 1 and p; € (0, c0) arbitrary if p = 1. If the regularization parameters
satisfy A,; € (0,C) foralln e Nand i € {1,...,m,} for some C € (0, ),
as well as

max ﬂs,i)‘n,i -0 %)

icly, p
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and

- ()

min
i€ly, p fflpz

as n — oo, then

. . _ . e oo
nlggo”fL,Dn,g",kn,xn vaP“LP(PX) =0  in probability P*®.

Theorem 4.3 yields that localized SVMs can indeed be guaranteed to
asymptotically achieve the goal of learning the Bayes function /7 ,, i.e.
the best predictor as measured by the applied loss function, arbitrarily
well in the sense of the L,-norm. This guarantee is given under weak
assumptions, which for the most part only concern entities that can
be chosen by the person computing the localized SVM, and which
can therefore be ensured to hold true.! Notably, the conditions that —
directly or indirectly — concern the regionalization and therefore also
the way this regionalization is obtained, can be ensured for most of the
methods mentioned in Section 3.1, with the exception of some of the
kNN methods, which do not satisfy (R2).

In the following, Example 4.4 and Remark 4.5 take a look at how
conditions (5) and (6) simplify in certain situations that might occur
in practical applications of localized SVMs. Afterwards, Example 4.6
empirically shows how the convergence guaranteed by Theorem 4.3
takes place. For this, we look at simulated data rather than real world
data sets because for real world data sets the Bayes function would be
unknown and it would therefore not be possible to accurately estimate

”vaDm’lnfkann - fL’PHLp(PX).
Example 4.4. If p = 2, like for the popular least squares loss, we have
p;‘ =3 and p§ =1 and condition (6) therefore becomes

If p = 1, like for the pinball loss or the e-insensitive loss, we have p} =2
and p; can be chosen arbitrarily small. Hence, condition (6) relaxes
even further in this case, becoming

Aﬁ ,'dn,i

min ——— — o0
i€ly,p m

for an arbitrarily small 6 > 0.

Remark 4.5. In some special cases, we can slightly simplify the
conditions regarding the regularization parameters in Theorem 4.3:

If one only allows for a finite amount of kernels to choose from
(instead of a finite amount of families of kernels of type g), it is
obviously possible to view each of these kernels as its own family of
kernels with index set I¥) = {0} and gU-® = | for all j € {1,...,#}, and
thus simplify (5) by eliminating g, ; from it.

Additionally, if the regionalization &, does not change with n, then
m, is constant and we can erase it from (6).

Hence, if both of these hold true (finite amount of kernels and
constant regionalization), the conditions regarding the regularization
parameters are exactly the same as in [16], where Lp—consistency of
non-localized SVMs was derived, with the only difference being that
the conditions obviously need to hold true for each region now instead
of only globally.

1 The most notable exception to this is the so-called moment condition from
the last part of Assumption 4.1, which is however fundamentally necessary for
the existence of a function f € LP(PX ) with finite risk [cf. 3, Lemma 2.38(iii)]
and therefore also necessary for even having a P¥-a.s. unique Bayes function
that lies in L,(P¥).
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Table 1

Estimated values of ’|fL,D,,J~,.,k,.-r\’,, - sz”

L,(PY)
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for the regression problem Fried-

man 1 with different training set sizes n and different amounts of underlying

regions.

, #Reg. 1 3 5 10 20 40 100

600 | 1.14 134 139 157 176 - -

2,000 | 095 1.02 1.08 108 125 139 -
6,000 | 0.87 088 0.88 085 093 1.00 1.16
20,000 | 079 074 074 068 071 072 0.81
60,000 | 070 0.66 0.63 058 059 057 0.62
200,000 | - ~ 054 050 050 046 048
600,000 | - - ~ 044 044 040 0.40
2,000,000 | - - - - - 034 033

Example 4.6. We used R Statistical Software [71, v4.2.2] to perform
median regression (that is, we used the 0.5-pinball loss function in our
SVMs) on synthetic data generated according to the regression problem
Friedman 1 from the library m1bench [72] as described by Friedman
[73]. Here, the input space X is 10-dimensional and each component
of the input is uniformly distributed on [0, 1], with however only 5 of
these components actually influencing the output y via the function

f(x) = 10sin(zx; xp) + 20(x3 — 0.5) + 10x, + 5xs,

from which the value of y is obtained by adding an N'(0, 1)-distributed
error, which yields that f 21: is PX-a.s. unique and coincides with f.
We proceeded by generating a regionalization data set of size
10,000, based on which we used a k-means approach to partition X
into 3, 5, 10, 20, 40 and 100 regions. For each of these regionalization
choices, we then used 1iquidSVM [64] with the 0.5-pinball loss
function to compute according localized SVMs for different training
set sizes ranging from n 600 to n 2,000,000. Additionally, we
did the same computations for a regular SVM (i.e. one based on a
single global region). We used fixed Gaussian RBF kernels not changing
with n. By Example 4.4, Theorem 4.3 then guarantees convergence of
to 0 whenever 4,; tends to O slower than

P
HfLA,DN,L,,,k",X” fip e

d;‘.l/ ? (because m, is constant for each fixed regionalization). For this
reason, we chose some constant ¢; > 0 on each region X; (for each
regionalization) and then used 4,; = ¢; -d;J.l/ 3

To empirically verify the postulated convergence, we collected esti-
mations of the resulting values of “ SLD,anknt, — 1p L% (based on
1,000,000 test data points generated according to Friedman 1 without
the random errors in order to obtain evaluations of the Bayes function

z,P) in Table 1.2 It can be seen that — no matter the number of
regions — the convergence does indeed seem to take place. For small
n, having only a small amount of regions yields better results than
having more regions. This is plausible because the number of training
points in the individual regions gets too small in the latter case. As n
however increases, the localized SVMs that are based on larger numbers
of regions quickly catch up or even overtake those that are based on
fewer regions, which supports the idea of increasing the number of
regions as n increases in practice.

This idea also gets supported by Table 2, where we collected the
according computation times (training and testing times combined).®
The table shows that computation times indeed drastically decrease as
the number of regions increases, also recall the analyses of computation
times referenced in Section 3.1.

2 The missing values in the table are due to the according localized SVMs
not having been computed - either because of having too few data points in
the different regions or because of having so many data points in a single
region that the calculations become exceedingly memory-intensive.

3 Because of us not computing a new regionalization for each n but instead
using regionalizations that are fixed independently of n, the computation times
do not include the time needed for computing the regionalization, which was
however negligible for the simple k-means approach that was used. The time
needed for assigning training and test points to the different regions on the
other hand is included in the stated computation times.

4.2. Risk consistency of localized SVMs

Now, we can turn our attention to risk consistency of localized
SVMs. To our knowledge, the only existing results which explicitly
examine risk consistency of localized SVMs are those by Hable [14,
Theorem 1] and Dumpert and Christmann [13, Theorem 3.1], both of
which are in certain aspects considerably less general than the sub-
sequent Theorem 4.7: Dumpert and Christmann [13] only considered
Lipschitz continuous (shifted) loss functions, whereas we take a look
at distance-based loss functions, thus covering a different subset of all
loss functions, notably also including the popular and not Lipschitz
continuous least squares loss. Additionally, Dumpert and Christmann
[13] assumed a fixed regionalization and fixed kernels on the differ-
ent regions, which stay the same independently of the size n of the
underlying data set. We however also allow for regionalizations which
change with n (cf. Section 3.2), since the regionalization is oftentimes
not predefined in practice but instead might change when new data
points are added to the data set — for example, becoming finer when
n grows. We also allow for kernels that change with » and that are
chosen from an possibly infinite set of kernels — for example, Gaussian
kernels whose bandwidth decreases as n increases (cf. Example 3.5).
Thus, we significantly generalize the investigations by Dumpert and
Christmann [13] in these aspects. Hable [14] on the other hand only
allows for a bounded output space Y and only considers the special case
of the regionalization stemming from some k-nearest neighbor method.
Whereas this approach implicitly also allows for regionalizations which
change with n, this makes our Theorem 4.7 applicable to a much wider
array of localization methods — even though the k-nearest neighbor
approach described by Hable [14] is not one of them because it can
lead to condition (R2) from Section 3.2 being violated, thus making
our result and that of Hable [14] applicable to different situations.

Apart from that, the oracle inequalities by Meister and Steinwart
[15], Thomann et al. [11], Miicke [66], Blaschzyk and Steinwart [12]
of course also imply risk consistency if the different parameters in these
results are chosen accurately. However, these oracle inequalities are
only valid for the least squares respectively the hinge loss, whereas
we aim at deriving a much more general result which is applicable for
the considerably larger class of convex, distance-based loss functions.
Additionally, these oracle inequalities require stricter conditions than
our consistency results, like for example X being contained in a ball of
fixed radius, Y being bounded, the kernels all being Gaussian kernels,
and also additional requirements regarding the regionalization.

In the subsequent theorem, we derive such a general result on the
risk consistency of localized SVMs. Condition (7) in that theorem is
slightly more restrictive and complicated than its counterpart (6) in
the result on L ,-consistency. However, the additional factor /1:?] can be
eliminated from (7) in several important special cases, thus weakening
and simplifying this condition again: If the loss function is of growth
type p = 1, one directly obtains p; = 0, and if the regionalizations
underlying the localized SVMs partition & or f; , is P¥.a.s. unique, the
special cases (i) and (ii) of the theorem also yield similar relaxations.
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Table 2
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Computation times (training plus testing) in seconds for the regression problem

Friedman 1 with different training set sizes n and different amounts of underlying

regions.

W 1 3 5 10 20 40 100
600 | 12 7 7 5 6 _ _
2,000 | 29 13 11 8 7 8 -
6,000 | 85 31 21 14 10 9 12
20,000 | 537 95 61 33 21 15 14
60,000 | 1,481 466 167 92 50 29 24
200,000 - - 1,028 398 172 100 54
600,000 - - - 2,410 743 388 175
2,000,000 - - - - ~ 3821 1,103

Theorem 4.7. Let Assumptions 2.1 and 4.1 be satisfied. Let frp ;. & x,»
n € N, be defined as in (4). Define Py max{p + 1,p(p + 1)/2} and
p; r=max{p—1,p(p—1)/2}. Further choose py =max{2(p— 1)/p,p— 1}
if p> 1 and p; € (0, c0) arbitrary if p = 1. If the regularization parameters
satisfy A,; € (0,C) forallne Nand i € {1,...,m,} for some C € (0, ),
as well as max;e , , By An; — 0 and

¥
/lnj/lnlld
min ——— - © @)
i,jely p D5
n i

as n — oo, then

,,IHEORL,P(fL,Dn,/I,,.k,.,XM) =Rl in probability P*.

If some additional conditions are satisfied, it is possible to slightly relax
assumption (7) regarding the regularization parameters:

@@ If, for all n € N, the regionalization &, is a partition of X, then it
suffices if (7) is satisfied for pt := max{2p, p*} and p; :=0.
@ If f; s PX.a.s. unique, then it suffices if (7) is satisfied for Py =0

If p = 1, the cases (i) and (ii) can be ignored since they do not yield
an actual relaxation because pj = 0 then also holds true in the general
case. Furthermore, the possible relaxations mentioned in Remark 4.5
are obviously also valid for Theorem 4.7.

Example 4.8. We look at the regression problem Friedman 1 the same
way as we did in Example 4 6 notably also choosing the regularization
parameters as 4,; = ¢; ? for constants ¢;. Theorem 4.7 yields that
R1p(fLD, dpknit,) ~ R* converges to zero because the special case
(ii) of that theorem tells us that condition (7) coincides with (6) in
the situation of this example, and the latter condition was explained
to be satisfied for this choice of 4,; in Example 4.6. Table 3 shows
the resulting values of R} p(f; p, 1, k,.%,) — R} p from which it can be
seen that the postulated convergence "does indeed take place and that it
does so considerably faster than that of “ FLo,apkn, — I1

Example 4.6.% ’PHLI(PX)

5. Discussion

In this paper, the L,- and risk consistency of localized SVMs has
been investigated, as localized SVMs can offer reduced computational
requirements as well as advantages regarding the quality of the pre-
dictions over non-localized SVMs (cf. Section 3.1). We saw that it is
possible to derive both types of consistency of localized SVMs under
very mild conditions on the underlying probability distribution as well
as the applied regionalization and the kernels used in the different local
SVMs. Notably, we even allowed for regionalizations which change as

4 The missing values in the table are due to the according localized SVMs
not having been computed - either because of having too few data points in
the different regions or because of having so many data points in a single
region that the computation becomes exceedingly memory-intensive.

the size n of the data set increases — in contrast to [13], where risk
consistency of localized SVMs had already been examined, but only for
non-changing regionalizations and kernels and for a different subset of
loss functions. Hence, we added another entry to the list of properties
that localized SVMs inherit from non-localized ones. This further justi-
fies applying localized SVMs to learning problems, especially to those
in which non-localized methods struggle, like in big data scenarios or
if the function which one wishes to estimate contains discontinuities
or exhibits greatly differing complexity and variability across different
areas of the input space.
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Appendix A. Auxiliary results

In this section, we prove auxiliary results that are needed in the
proofs of Theorems 4.3 and 4.7. In both these results, the difference
between f; p, ;. k,x, and /], is examined - the L,-norm of the differ-
ence in the former and the difference between the rlsks in the latter. In
both cases, we do not examine this difference directly, but instead plug
in the theoretical localized SVM f; p; i » as an intermediate step
and then examine the difference between fp 3 «, x, ad frp 2, &, %,
as well as that between fyp; «, x, and f} ;. The lemmas from this
section deal with these differences.

As the assumptions needed for these lemmas are slightly weaker
than those needed in the theorems from Section 4 (and additionally
differ between these lemmas), Assumption 4.1 is not assumed to hold
true in this section, but we will instead explicitly list the required
assumptions in the lemmas.
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Table 3
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Estimated values of R, p(f, p 1,,x,)—R; p for the regression problem Friedman
1 with different training set sizes n and different amounts of underlying regions.
: MReg | 3 5 10 20 40 100
600 0.31 0.39 0.41 0.49 0.58 - -
2,000 0.24 0.26 0.28 0.28 0.36 0.41 -
6,000 0.21 0.21 0.21 0.20 0.23 0.25 0.31
20,000 0.18 0.16 0.16 0.14 0.15 0.15 0.18
60,000 0.15 0.14 0.13 0.11 0.12 0.10 0.12
200,000 - - 0.10 0.09 0.09 0.08 0.08
600,000 - - - 0.07 0.07 0.06 0.06
2,000,000 - - - - - 0.05 0.04
Lemma A.1. Let Assumption 2.1 be satisfied. Let L: Y XR — [0, c0) <8 .c¢- (1 +p7 1+ CZ_LIM . A;Epfl)/z)
be a convex, distance-based loss function of upper growth type p € [1, ). ~G-1)/2
3 ; <é - A A.5
Let frpa,k,k, ad frp i, k,x, " € N, be defined as in (3) and (4) p.Lpk "M (A.5)

such that the underlying regionalizations and weight functions satisfy (R1),
(R3), (W1), (W2), (W3) and sup,,eN,EIX b IP,,,IP < oo. Assume that, for
all neNandie{l, m,}, k,; is a bounded and measurable kernel on

 with separable RKHS mis such that SUP,en ey, » [|kuill o < 0. Define
p1 :=max{p+ 1, p(p + 1)/2}. Further choose Py = mdx{2(p -1)/p.p-1}
if p> 1 and p; € (0, c0) arbitrary if p = 1. If the regularization parameters
satisfy A,; € (0,C) foralln e Nand i € {1,...,m,} for some C € (0, ),
as well as

(A1)

as n — oo, then

=0

. S oo
oll_er) in probability P™.

llm ‘fLD ke &,

Proof. To shorten the notation, we will denote fp,; = frp, 4, .,
and fp ,; = fLp, 4,4, foralln€Nandie{l,..,m,}, as well as
K 1= SUDsenery, p | k,,y,||oo and p 1= sup,enery, , |P,”-|p throughout this
proof.

Because applying (W1) and (W2) yields

mn
|70, 2, O = L2 2, O] = | 2 100 - (F, 00 = Fra))
< an,m |/, 00 = fpn,<x>| < X (7, i) = o)
for all » € N and all x € X, we obtain
— < £

”fL,Dn,A,,,k,,,x" SLpa,kp, |LN(PX) S gnax ”fD",nt Jeai||, N
= - . . - . A2

20 o, Fod g, <5 5 Vo = Fonil, B2

for all n € N, with the last inequality holding true because of [3,
Lemma 4.23]. Hence, we start by fixing ann € Nand ani € Iy p
and investigating the corresponding difference on the right hand side
of (A.2).

First, note that employing [3, Lemma 4.23, equation (5.4) and
Lemma 2.38(i)] yields

”fP.n,[”oo ”anl”H = ||k,,,||

with ¢, ,, € (0, 0) denoting a constant depending only on p, L, p and
K, but not on 4.

Assume now without loss of generality that d,; > 0 (which by (A.1)
has to be satisfied for n sufficiently large), i.e. that f, ,; is indeed
an empirical SVM and not just defined as the zero function. We know
from [3, Corollary 5.11] that there exists a function 4, ; : X,; x ¥ - R
such that

”fD i anl
and, for s :=p/(p— D),

7l s®,i) <8 -cp- (1 + |Pn,i|£_1 + ||fP,n,i||ao)

-1/2 (A3)

< kil Ry, (02317 <cpppuin;

(A.4)

% HEDW [hn,id)n,i] _]EP,,J [hn,i(pn.i”H

ni

where we employed (A.3) in the second and 4,; < C in the third step,
and where ¢; € (0, 0) and Eprpx € (0,00) denote constants depending
only on L respectively p, L, p and «.

Assume without loss of generality that p; < 1if p = 1. Then, we can
apply [3, Lemma 9.2] with g :=p/(p—1)if p>1and q := 2/p; ifp=1,
which leads to ¢* := min{1/2,1-1/q} = min{1/2,1/p} = (p+ D/2p}),
to the functions A, ;®, ;, n € N: First of all, with the help of (A.5) we
obtain

q 1/q
” l",ii ni ” : IEP ” l",ii ni ”
q ni H,;

<lknille - 17 I <

n,[“Lq(Pn‘,) SKCpLpr Ay

where we employed that, for all (x,y) € X,; x Y,
”hn,i(-xa y)(pn,i(x)”?{n" = Ihn,i(xv y)lq : ||(Dn,i(‘x)||‘;-lnJ
= Ry e DN ke (e, )92 < [y G 91 K|

by the reproducing property, cf. for example [2, Definition 2.9]. Hence,
we obtain for all € > 0, by combining this Lemma 9.2 with (A.4),

)

<P (Dn‘, € @, x V) By, [y @ni] =By, [n,@,]], =

q
1
<c, - ( ) <c . <—
= "q q.p.L.p.x /2 ¢
Ani €y

with ¢, € (0,00) and ¢, p; € (0,00) denoting constants depending
only on ¢ (which means only on p in the case p > 1) respectively g, p,
L, p and «.

With this, we can now return to investigating the whole global
predictors with the help of (A.2): For all e > 0 and n € N, we have

13

'S

i .
P <Dn,i € (X,; X Py ||fDn,n,i = Somi "

n,i

K

k| hnPuill,

ni

q*
)’n,igdn,[

P <Dn eXxY): ||fL,Dn,A,,.k,[.X,, = fLPAy k.

>&
L @) =

[1D,11 = dyss s 1Dy, | = o, )
<p" " mg — > £
<P <Dn EXXY) i ||fD fp” foy =k
[1D511 = dyss s 1Dy, | = o, )
dy i . £
2 B <D € Xy x V00 | foni = Fona|,, 25

iel;(”_p

q

<c m max —1

=CqpLpx Mn" D72 - s
i€ly, p /1(”,;? ) Edg,

and it remains to further investigate the right hand side:
If p > 1, we obtain (g4")™" = (p— 1)/p) - max{2,p} = p}. if p=1, we
analogously obtain (gq*)~' = »5/2)-2=pj. Thus, we have
~1/(aq")

q 94"
m,
= max “ =
i€ly, p
ni n,i ni

_ 1
- ma: _— R L —
M ielep (A(ﬂfl)/qu* 2rD/Qa) 4
n,i i

(A.6)
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which by assumption converges to 0 as n — oo. Hence, the whole right
hand side of (A.6) converges to 0, which completes the proof. []

Lemma A.2. Let Assumption 2.1 be satisfied. Let L: Y xR — [0, o0) be
a convex, distance-based loss function of upper growth type p € [1, o).
Let £ € Nand let, for j = 1,....¢, k¥ := (kU"), ;) be a family
of measurable kernels of type pY) = (BU).c,;» on X with RKHSs
(HY"), ey such that HUO C Lp(PX) dense. Assume that |P|, < oo.
Let frpa, k,x,, " € N, be defined as in (3) such that the underlying
regionalizations and weight functions satisfy (R1), (R2), (W1), (W2) and
(W3), and such that

kyi € (K97 x wx ti €L E)relV)

foralln € Nand i € {1,...,m,}. If the regularization parameters satisfy
Ai>0forallneNandie(l,...,m,} as well as max B2 Ay = 0

i€ly, p
as n — oo, then

. — *
JLIgRL_p(fL,p,An,k",XH) =Rip-

Proof. Define the inner risk Cp py) as

Crpem® = / L(y,t)dP(y | x) Vxe X, teR
y
and denote by

VxeX

s e
CLpcw 7= Inf Cppeo(®)

the minimal inner risk at x. We will use these in order to split the risk of
a given function (and the Bayes risk) into an outer integral with respect
to PX and the inner risk.

First, we however show that all risks appearing in the assertion are
finite: [3, Lemma 2.38(1)] yields R p(0) < co as well as R, p (0) < o0
for all n € N and i € Iy p (with the latter holding true “because
[P,l, < o by Remark 4. 2) Since R} , < R p(0) by definition, we
obtain the finiteness of RZP. Furthermore,

Rrp(fLpa,k,x,) = / Ly, frp.a,kyx,) dP(x, )

XXy

</ an,u) LO Frp, 00, G AP, D)
XXY = ’

mn

y / LG fip, i, VAP, )
X, i XY o

i=1 N
PR

icly, p

IA

X”si xXJ)- RL,Pn_, (fL’Pn.i'An,i'kn,i) ’

where we applied (W1), (W2) and the convexity of L in the second and
its non-negativity as well as (W1) and (W3) in the third step. In the last
step, we employed that &, ; X Y is a P-zero set for i & I p, leading to
the according P-integrals be1ng 0.Since Ryp (fLp, 4,1k, < ReLp,,0)
for all i € I p by the definition of f;p Ani;kni’ and since we already
saw that R p (0) < oo, the finiteness of R YLWP(Y SLpa,k,x,) follows for
alneN.
With this, we can now write

Rpp(fLpapkp,)~ Rip

/ (CL P10 SLPA, ke, () — CZP(V)) dP¥ (x)

/ an:(x) Crpc |x)(fL Py ey () = dP¥ (x)

LWM)

/ CLEU L8y D = Ch iy ) X )

= Z <P(X”vi xJY)- RLan.i(fL'Pn,iv’{ankn.l) - /X Cz P(-]x) dPX(X)) >

i€ly, p

(A7)
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where we applied [3, Lemma 3.4] in the first, (W1), (W2) and the con-
vexity of L in the second, and (W1), (W3) and Cpp(fLp, 4,k —
CZ PO > 0 for all x € X (by the definition of C )) in the thlrd step
In the flnal step, we once more used that P(X, >< y) Oforigl x,p-
If we define 1, := max; I, 0 Bri Ay as well as k,, € (kU0
j € {l,....¢}r € IV} such that k,;

7{5101) e (kU0 : je(l,....¢}) ~n(?i Xk = kf;, we can further
analyze the right hand side of (A.7) by noting that, for all » € N and
ie I‘anp’

= k,; and analogously

X, i XXy i

Rip, (FLp, i aidns)

ni

2
s RL~PnJ‘(fL’Pn,l’An,i’kn,i) + i ”fL P isdnis H.
i
2
<Rip . 0)+ A, 0
RN IWOLEE U]
2
2
<R 0)+ P A, 0
LP,; (fL’Pn,i’ﬂn,izin‘i%ki,_i)) By Ani fL,Pn,,-,ﬂm Ik 0o
R 2
< I L. L. P
= RLanJ(fL,P,/l,,,kflO; ‘Xn,l) + ﬁn.t }"L,l fL,P,/l,,,kLO? Xpi qo
i
. 2
< R 5 70 + l . = (0
= LPnJ(fL,P,An,kf”? )+ A fL,P,/l,,,ka.) Fui|| yo
n,i
3 2
<R 7 70 ‘ +4,- -
LPy, (fL,P,A,,,k;J) 2, + A fL,P,A,,,k(,) 70
i

Here, we employed the definition of f; p, i and f O as

L PIY 1 ﬁz
the minimizers of the respective regularlzed rlsks (combined’ with 'the

0 0
fact that fLP o zin,kf’f € H() C H,; and that fLP/l k(O)‘X S H()

by [20, Theorem 6]) in the second and in the fourth step, and again [20
Theorem 6] in the last step. Furthermore, the third step holds true
because

Ifllg,, = min |lgllg < min |igllg  <pB,;- min [gllz0 =P8, Ifl o0
Hui ™ ity Hui = 2 0. Hyg = P A0 a,; i Hy;
&l =/ 8|x,,; =/

forall f € H (?,.) , where we once more applied [20, Theorem 6] and that
Al ch,,.
Plugglng this into the right hand side of (A.7), we obtain

2
ni || g©
n,i

fipi a0
X
_/ C;P( |x)dP (x)>
X’l

RL,p(fL.P,A,,,k,,,X,,) -R;

<) <P<Xn,,-xy>~(RL,pnv,(fmmkm)

i€ly, p

Xn,i) + Z" :

2

Fip,2©

i

+ /X (CL,pc.x)(fLypylm,-c(m(x))—c:,P(‘|X)> dPX(x))

n,i

> <P(X,,,,- xY)- 4,

50)
iely, p H,;

m,

)

j=1i=1

n

(P(X,,J xY)- 4,

"ﬁﬂ%wwuw>

+/ (CL,P('IX)(fL,P,Z,,,k(f»O)(x)) _Cz,pm)) dPX(")>
X

ni

2
”HW’)

4
< 2 Smax (ln A kG0

+Rpp(frpi, ko) = Rzp> , (A8)
j=1

with the third step holding true because of the summands being non-
negative and the final step employing that, for all j € {1,...,1},

D /X (CLpnLpa,x00 () = € py ) P¥)
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= /X Z ﬂxn’i(x) . (CL,P(<|X)(fL,P,Z,,,kUv0>(x)) - Cz,P(<\x)) dPX(X)
i=1

R )

by (R2), and analogously Z | P(X,; X ) < Spax.

Now, by [3, Lemma 2.38(1)] L is a P-integrable Nemitski loss of
order p. Hence, for all j € {1,...,!/}, we know from [3, Theorem 5.31]
that

< Smax ° <RL,P(fL,P,Z,,,k(/v0)) -

R*

LPHGO T fellrﬁlnfj.o) Rip()=R

P<o<>

and [3, Lemma 5.15] then yields that

. 3 2 %
lim 7, oo ¥ RLEULps 000) = Ry p =0
because 1, — 0 as n — oo. Thus, the whole right hand side of

(A.8) converges to 0 as n — oo and we obtain the assertion because
Rrp(fLpi,kpx,)~Ryp20 by the definition of R}, O

Lemma A.3. Let Assumption 2.1 be satisfied. Let L: Y XR — [0, o0)
be a convex, distance-based loss function of upper growth type p €
[1,00). Assume that |P|, < oo. Let frp, x,x, ad fLp, 1, k2, " €
N, be defined as in (3) and (4) such that the underlying regionaliza-
tions and weight functions satisfy (R1), (R3), (W1), (W2), (W3) and
SUPseN,iety, p [P, < co. Assume that, foralln e Nand i € {1,...,m,},
k,; is a botnded and measurable kernel on X, ; with separable RKHS H,,
such that SUPeNiely, p |knill, < co. Define p1 :=max{p+1,p(p+1)/2}
andp; 1= max{p—1 p(p 1)/2}. Furtherchoosep2 1= max{2(p—1)/p, p—1}
if p> 1 and p; € (0, 00) arbitrary if p = 1. If the regularlzauon parameters
satisfy A,; € (0,C) forallneNand i € {1,. .} for some C € (0, ),

as well as
A0,
) ‘nllin — — o0 (A.9)
ILjE ~
J€lx, p e
as n — oo, then
Jim R p(fLD, 4y k) = RLPU L2, ky,)| =0 in probability P*.

If additionally, the regionalizations X,, n € N, are partitions of X, then it
suffices if (A.9) is satisfied for p; = max{2p, p*} and py =0

Proof. Assume, for all n € Nand i € I p, without loss of generality
that d,,; > 0 (which by (A.9) has to be satlsﬁed for n sufficiently large),
such that the respective local empirical SVM f; p ; ., . is indeed an
empirical SVM and not just defined as the zero function. To shorten the
notation, we denote fp, = /Srp 1, k,.&,> SD,n 1= SLD, dykp Xy fP,n,i =

JLp, ik A4 S i = SLD, ks forallneNandie{ camy},
as well as k 1= sup,,eN,e,X » [|k,,,||w, p = [Pl, V SUDenery, P| nil,
and 1, := min,,; Y p throughout this proof. Additionally, note that

Lemma A 1is apphcable in the situation of this lemma (in the base case
as well as in the special case of the regionalizations being partitions
of &) as (A.9) in combination with 4,; € (0,C) for all » € N and
Jj €{1,...,m,} implies the validity of (A.1).

We start by proving the main assertion before turning our atten-
tion to the special case of the regionalizations being partitions of X
afterwards.

By applying [3, Lemma 2.38(ii)] with ¢ := p, we obtain

[RLp(fp, )

1
<ep <wv-wﬁn,mawhn

= Rpp(fpa)l

(A.10)

-1
L,(PY)

1>%hw—&n

L,@%)’

where ¢, ; € (0, ) denotes a constant only depending on p and L.
We can further analyze the right hand side of this inequality by
noting that

el _ex) < ie(l

11
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= max ”fP’H”Lm(PX) =

-1/2
max c AT
icly ely p.L.p.x n,i

with the first inequality following from (W1) and (W2), similarly to

(A.2), and the last one analogously to (A.3), with cprpx € (0,00)
denoting a constant depending only on p, L, p and . Hence,
- e 1 -(p-1/2 _ -1 (o
”an”p PX)_”fP"|L ®X) — ,E,A‘jx 1‘:pr An'ip ngk'A'n(p ])/2. (All)
Similarly, we obtain
p-1
”fD K (PX = (”fP,n”Ln(pX + ”fD,,,n - fP.n L (PX)>
— —1 — —
S R PR w L ”fD =t Lt (A.12)

where we applied (A.11) in the last step.
Plugging (A.11) and (A.12) into (A.10) then yields

[RLp(fp,n) = Rrp(fpn)l
-1
- - 1 /2 1

scva.<,,p + @7 D AT g "fD = fon L(PX)+1)

.”fD""' ~Jra L")
=¢,r- ((p”“if{"”/z +@T 41 c!’;llM + Zf{"”/z)

F—(p-1)/2 -1
. A”(p " HfD,,.n = fou L,(%) . ||fD,, an L,(%) )
x F—(-1)/2

SChrpx” (Anp / '”fDn.n_fP,n ) +||fD n an ) > »

where we employed 1,
in the last step.

We know from Lemma A.1 that the second summand on the right
hand side converges to 0 in probability as n — c. Hence, we only need
to further investigate the first summand. For this, we can proceed in
exactly the same way as in the proof of Lemma A.1 and only need to
additionally consider the factor Z;(” b2, By doing this, we obtain for
alle >0

< Cand ”fDn,n_fP,n”Lp(pX) < ”fD,,,n_fP,n ”LW(PX)

. 3=(=-D/2
p" <Dn eEXxY) A, . ”fDn,n — fon L®%) >€
| IDn,II = dn,l’ tre |Dn,mn| = dn,mn>
F(p—1)/2
n n . ej"l
<P D, e@xP)": S ”fDn,n,i “Senilly 2
| |Dn,1| = dn,l’ tees |Dn,mn| = dn,m,,)
F(=1)/2
d,; _ [
< Z P <Dn,i € (X, X Y)ni HfD,,,n,i = foni g Z n—>
i€ly, p i K
q
~ 1
< CqpLpwc M . (A.13)

max | ————
i€ly, p /15,”_])/21;”:'1)/25513,.

analogously to (A.6), with ¢, ,; ,. € (0,00) denoting a constant de-
pending only on ¢, p, L, p and k. Here, as in the proof of Lemma A.1,
q:=p/p—=1ifp>1,q:= 2/p; if p=1, and ¢* :=min{1/2,1-1/q} =
min{1/2,1/p} = (p + 1)/2p}) = (p — D/(2p}).

Because (¢q*)"! = 2 (cf. proof of Lemma A.1), we furthermore

obtain
4 o 99"
m"l
= n} — -0, n— oo,
i€ 3 1P
R s

by assumption. Hence, the whole right hand side of (A.13) converges
to 0, which yields the main assertion.

As for the special case of the regionalizations being partitions of X:
If &, is a partition of X, then the conditions (W2) and (W3) imply that
w,; =1y forallie{l,...,m,}. Hence, we obtain

_ 1
M </1(p—1)/2/1<p+1)/2dq

IRLp(fp,n) = Rep(fpn)l
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:/ L
XxY

% D, (), ni (0 | AP, )
i=1

- L)Y 1y (O)fpn dP(x,
/X A E RSEYNE) R

¥

i=1

L(y, fpi(x)) dP(x, y)

/X,,J xY

L fip, i) 4P, ) — /

X, i XY

< Z P(Xn,ixy)"RL,P (fD nt LP (anl
ieIme

< max )RL,P Up,mi) = Rip,, (o) (A14
i€y, p n,i n n,i

in this case. In the third step, we applied that X,; x Y is a P-zero set
forall i ¢ Iy p, leading to the according P-integrals being 0.

The argument of the maximum on the right hand side of (A.14) can,
for each i € Iy, p, be examined in the same way as we previously
examined the difference on the left hand side for proving the main
assertion. A difference appears in (A.11), where we now have

”me| = ”antI }“_(p_l)/z

n,i

P~ 1

L(PX L (PX)_ oL

That is, we can omit the final step of bounding this with the help of 1,
because we are now not interested in max;¢ I, p 12l Lo ®X) but only
in || ol @Y for a specific i.
By applylng this to the subsequent steps of our proof, we obtain
[Rpp(fp,n) = Rrp(fpnl
< max [Rpp, (5,00 = Reip, (fou)
iElp i D,

- . -(-1/2 _

< p.L.pk l.g}i:; (An,i “fD,,.n.i fP,n.i L”(PX + ||fD i anl L (PX)>
< -(p-1/2

S Cprpn” <ig}gifp (An.i : "fD,,,n,i — fpni LM(P:’)> + ”fD w— fon L (Px)>

where the second summand on the right hand side converges to 0 in
probability by Lemma A.1.
As for the first summand, we can derive

. -(p-1)/2
P'| D, e(Xx)": T <,1MP / ” So,mi = Toni

>
Lwﬂ’i‘,n) =

| |Dn,1| = dn,l’ s |Dn,mn| = dn,m

n

1

< N
p q
j'n,i Edn,i

Cap Lk m, - ierr]l;xp
analogously to (A.13). Finally, we obtain convergence to 0 of the right
hand side, and thus the assertion, because

*
q ~p; qq9
- 1 m,
m, rrllax T = rr])ax -0, n— oo,
i€ly p i€ly, p »
P\ Ay iy Ald,

by assumption, where we applied that p/q* = p; since p} = max{2p, P?}
now. []

Appendix B. Proofs

Proof of Theorem 4.3. We can split up the difference, which we wish
to investigate, as

"
”fL,D,,,/l,l,k,,,X,, - fL!p”LP(PX)

+ “fL,P,l,,,k,, X,

< HfL,Dn,/l,,,k,,,Xn - - fzyp”Lp(Px) .

(B.1)

nllL,@X)

Because HfL,Dn,/ln,k,l,Xn ol @) <

, we know from Lemma A.1 that the

”fL,D,,,A,,,k,,,Xn Mo @)
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first summand on the right hand side converges to 0 in probability as
n — 00.

Thus, only the second summand remains to be examined: From
Lemma A.2, we obtain

lim R, p(f1p4,k,%,) =R}
n—oo

We further know for all n € N that f; p; & », € LP(PX ) because

<

”fL'P'l"’k"’X" L) Lo®) = i) niAniskni || 1 (@X)

< max < max ||k ” <o
X TLp ik |, ) LE,X P|| ni fLPm},mkm i,

by (W1), (W2) and [3, Lemma 4.23], similarly to (A.2). Employing [16,
Theorem 3.2 and Remark 3.3] then yields convergence to 0 (as n —
o) of the second summand on the right hand side of (B.1), which
completes the proof. []

Proof of Theorem 4.7. We start by proving the main assertion and
the special case (i): We can split up the difference, which we wish to
investigate, as

IR Lp(f LD, k) — Rpl
SR Lp(fLD,apdnt,) = Rp(fLpa, kp) + 1RLp(SLpa k) — RZP' .
(B.2)

The assertions then follow directly by applying Lemma A.3 to the first
and Lemma A.2 to the second summand on the right hand side.

As for the special case (ii): If f * isPX-a.s. unique, the assertion fol-
lows directly from Theorem 4.3 and [16, Theorem 3.4], which is appli-
cable because f* Ip€ LP(PX ) (cf. [16, Remark 3.3]) and f LDy Ak, €
Lp(PX) for all n € N (cf. proof of Theorem 4.3). []
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