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ABSTRACT

Additive codes may have better parameters than linear codes. However, still very few cases are known
and the explicit construction of such codes is a challenging problem. Here we show that a Griesmer type
bound for the length of additive codes can always be attained with equality if the minimum distance
is sufficiently large. This solves the problem for the optimal parameters of additive codes when the
minimum distance is large and yields many infinite series of additive codes that outperform linear
codes.
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1 Introduction

For a finite set A, called alphabet, a code C of length n and minimum distance d is a subset of A"
such that any two elements, called codewords, differ in at least d positions. Given parameters 7,
d, and the alphabet size ##, the aim is to maximize the code size #C. For some prime power
g consider the finite field IF; as alphabet. An [n,k,d]; code C is a k-dimensional subspace of
the vector space IF; with minimum distance d. The number of codewords is given by #C = g*.
We also say that C is linear over IF,, since C is linearly closed, i.e., for every u,v € C and every
a, b € IF, we have au + v € C. The parameters of an [n, k, d], code C are related by the so-called
Griesmer bound [50, 107
g
n> {_ﬂ =: gq(k, d). (1)
i 11
Interestingly enough, this bound can always be attained with equality if the minimum distance
d is sufficiently large and a nice geometric construction was given by Solomon and Stiffler [107].

If a code C is additively closed for alphabet A = ¥, i.e., u +v € C forall u,v € C, we say that
C is additive over IF,. There indeed exist parameters 7, d, g such that each linear code C; with
length 7, minimum distance d, and alphabet [F, satisfies #C; < #C, for a suitable additive code
C, with length n, minimum distance d, and alphabet IF,. In this situation some authors say that
additive codes outperform linear codes. Typically k := log, #C; is fractional, so that no [n, k, d],
code can exist. Indeed, very few cases where additive codes outperform linear codes and k is
integral are known. In [37] an additive code with length n = 21, minimum distance d = 18,
alphabet A = Fy, and size 9° is given. However, the largest linear code with length n = 21,
minimum distance d = 18, and alphabet A = IF, has size 92. More precisely, the largest n such
thatan [n,3,1n— 3]y code existsis n = 17 [8]. So, no [21, 3, 18]y code exists. Instead of maximizing
the size of the code we can also minimize its length while fixing the other parameters. In [51]
several additive codes over IF, that outperform the best known linear codes were constructed
using cyclic codes. E.g. for length n = 63 and minimum distance d = 45 size 4° can be achieved
while the existence of an [63, 5,45]4 code is unknown. Recently, in [85] four infinite series and
five sporadic examples of additive codes, with size 4* and alphabet IF,, that outperform linear
codes with the same length and minimum distance were constructed.

There is some renewed interest in additive codes due to applications in the construction of
quantum codes, see e.g. [38,139,/49) 89].

The aim of this paper is to show that a Griesmer type bound for additive codes, see [7, Theo-
rem 12] or Lemma [14{for details, can always be attained with equality if the minimum distance
d is sufficiently large. This explains the mentioned four infinite series and gives many more
such examples. The underlying construction generalizes the Solomon-Stiffler construction and

will be formulated in geometric terms. For relatively small minimum distances the problem of



the determination of the optimal parameters of additive codes is widely open and a challenging
research direction, as it is for linear codes. Here we restrict our considerations to linear and
additive codes over finite fields. However, similar questions also arise for codes over chain
rings, see e.g. [71].

For other constructions attaining the Griesmer bound for linear codes we refer e.g. to [9,
36, 160, 61, 68]. For constructions of additive codes with good parameters we refer e.g. to
[2, 51}, 52 93] 99]. Many constructions are based on cyclic codes or generalizations thereof,
see e.g. [53,1101]. For bounds and constructions of codes over general alphabets we refer e.g.
to [23, 24]. Additive codes have e.g. applications in quantum information [31} 72, (104, 108],
computer memory systems [34, 35], deep space communication [55], storage systems [18} [19],
secret sharing [74], and distance-regular graphs [102].

The remaining part of this paper is structured as follows. In Section 2| we introduce the
necessary preliminaries. In Section 3| we generalize the Solomon-Stiffler construction for linear
codes to additive codes. Our main result is Theorem [ stating that a Griesmer upper bound for
additive codes can always be attained with equality if the minimum distance d is sufficiently
large. We list some parameterized series of improvements for additive codes over linear codes
in Table[2} More extensive data is moved to appendices [Bland[C] Relations between our problem
and linear equation systems over Z are outlined in Sectiond Results on optimal additive codes
for small parameters are summarized in Section 5 Our generalization of the Solomon-Stiffler
construction involves a rather strong technical assumption which is relaxed in Appendix |Al A
relation of some bounds for additive codes to divisible codes is briefly outlined in Appendix D}
Additive two-weight codes are considered in Appendix[E} Examples of additive codes that have
been found by computer searches are stated explicitly in Section [F|

2 Preliminaries

In this section we collect the necessary preliminaries. Le., we introduce the coding theoretic
notation in Subsection 2.1| and the geometric notation in Subsection Basic constructions
and bounds are summarized in Subsection None of this is essentially new. However, since
different notions have been used in the literature and in order to keep the paper self-contained,
we provide short proofs or explanations. In Subsection [2.4{we formalize the idea of asymptotic

results which hold when the minimum distance is sufficiently large.

2.1 Coding theoretic notation

Let IF, denote the finite field with g elements, where q = p' is a prime power. We call the prime

p the characteristic of IF,. An additive code C of length n over the alphabet A = IF; is a subset



of IFZ such that u + v € C for all u,v € C. It turns out that each code C that is additive over IF,
is linear over some subfield IF, < IF,,i.e,, au + v € Cforallu,v € Cand all a, € IF, [6,7]. So,
we use the notation [n,7/h, d]g‘ for an additive code C that is linear over IF, and has length n,
minimum distance d, alphabet A = F,, and size q", where r € IN. We also call k = v/h € Q the
dimension of C, so that #C = #A* and an [, k, d]}/ additive code is an [n, k, d], linear code. Note
that k can be fractional.

An [n,k,d], linear code C can be defined as the rowspace of a k X n matrix with entries in
IF,, called a generator matrix for C. Similarly, an [n,7/h, d]Z additive code C can be defined as the
IF;-space spanned by the rows of an r X n matrix G with entries in IF, again called a generator
matrix for C. Let B be a basis for [F: over [F; and write out the elements of G over the basis 8
to obtain an r X 7k matrix G with entries from IF,. Here we assume that the columns of G are

grouped together into n groups of h columns and say that Gisa subfield generator matrix for C.

Example 1. Write Fy ~ F[w]/ (w* + w + 1) and consider the linear code C with generator matrix
0111 1
101 w o)

It can easily be checked that C is a [5,2,4]s code. If we interprete C as an [5,4/2, 4:]31 additive code a
generator matrix is e.g. given by

01 1 1 1
0
G 0w W W .
1 0 1 w «?
w 0 o o* 1
Here we have
00 10 10 10 10
—~ |00 01 01 01 01
G =

10 00 10 01 11
01 00 01 11 10

choosing the basis B = (1, w) and using w* = 1 + w.

Given a subfield generator matrix G for an additive code C, the column space of each block
of h columns defines an IF,-subspace of dimension at most h. By X¢(C) we define the multiset of
the n subspaces spanned by the n blocks of 1 columns of G in this way. We say that C is faithful
if all elements of X¢(C) have dimension / and unfaithful otherwise. This is indeed a property of
the code C and does not depend on the choice of a generator matrix G or the choice of a basis B,
see e.g. [7], so that we also write X(C). We remark that a linear code C, i.e. an additive code with
h = 1 is unfaithful iff an arbitrary generator matrix for C contains a column consisting entirely

of zeroes. An unfaithful additive code for h = 2 is given in Example
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Given a linear code C the weight of a codeword c € C is the number of nonzero entries in c,
i.e. there is exactly one codeword of weight zero and besides that the minimum possible weight
equals the minimum distance of the code[[| We call C A-divisible if the weight of each codeword
is divisible by A € IN. The maximum weight of C is the maximum of the weights of the codewords
of C. We say that C is a t-weight code if only ¢t different nonzero weights occur. one-weight
codes are repetitions of simplex codes, i.e. exactly those codes that attain the upper bound from
Lemma see Theorem 2| A linear code C is projective if the minimum distance of its dual
code is at least 3, i.e., if each pair of columns of a generator matrix of C is linearly independent.
In geometric terms the latter property means that each point in the corresponding multiset of
points has multiplicity at most one, see the subsequent subsection. Projective two-weight codes

have received at lot of attention, see e.g. [30, 32].

Lemma 1. ([40, Corollary 2]) Let 0 < wy < w, be the two nonzero weights of a projective linear code
over IF,. Then, there exist positive integers u, t such that wy = up' and w, = (u + 1)p', where p is the

characteristic of IF,.

A similar statement also holds for nonprojective two-weight codes, see [113, Theorem 3] and
[84]. General two-weight codes were e.g. studied in [28]. If Cis an [n, k], code where all nonzero
weights are contained in {w;, . .., w;}, then we also speak of an [n, k, {wy, . . ., wt}]q code. Thereis a
vast literature on linear codes with few weights, but rather little seems to be known for additive
codes with few weights, see e.g. [93]. We remark that a faithful projective i — (n,7,s, u); system
with type o[r] - Zf;ll &;[i], see Definition [1| and Definition where t of the &; are nonzero,
corresponds to an additive (t + 1)-weight code. In Section [3) we give constructions for such
codes. A few more observations on the special case of additive two-weight codes are given in
Section [E|in the appendix.

2.2 Geometric notation

The set of all subspaces of IF, , ordered by the incidence relation C, is called (r — 1)-dimensional
projective geometry over IF, and denoted by PG(r — 1,4). Employing this algebraic notion of
dimension instead of the geometric one, we will use the term i-space to denote an i-dimensional
vector subspace of IF;. To highlight the important geometric interpretation of subspaces we will
call 1-, 2—, and (r — 1)-spaces points, lines, and hyperplanes, respectively. For two subspaces S
and S’ we write S < S’ if S is contained in S’. Moreover, we say that S and S’ are incident iff S < §’
orS > 5. Let[i], := f’;%ll denote the number of points of an arbitrary i-space in PG(r — 1, g) where
r > i. By convention we set [0], := 0. We have the following obvious but useful observations.

IThe same is true for additive codes, see [6, Lemma 3].



Lemma 2. For b > a > 1 we have

[aly[b = 11, [a = 1];[b]; = g"~ - [0~ al,, ()

using the convention [0], = 0, and

ged([al,, [b];) = [ged(a, b)], - 3)

A premultiset of points M of PG(r — 1, q) is a mapping from the set of points of PG(r — 1, ) to
Z. The value M(P) is called the multiplicity of M. We extend this notation additively to each
subspace S via M(S) = Y.p.s M(P). So, the cardinality of M equals M(V), where V denotes
the ambient space. For a hyperplane H the number of points of M in H is given by M(H). If
M(P) € N for each point P, we say that M is a multiset of points. For each subspace S we denote
its characteristic function by xs, i.e. xs(P) = 1if P < S and xs(P) = 0 otherwise.

Multisets of points can be generalized as follows, cf. [7, Definition 4].

Definition 1. A projective h—(n,,s), system is a multiset S of n subspaces of PG(r — 1, q) of dimension
at most h such that each hyperplane contains at most s elements of S and some hyperplane contains exactly
s elements of S. We say that S is faithful if all elements have dimension h. A projective h — (n,1,s),
system S is a projective h — (n,1,s, u), system if each point is contained in at most u elements from S
and there is some point that is contained in exactly u elements from S.

Note that the elements of S span the entire ambient space PG(r — 1,9) iff s < n. It is well
known that a projective 1 — (n,1,s), system S with s < 1 is in one-to-one correspondence to a
linear [n, 7, n —s], code C which has full length iff S is faithful, see e.g. [109, §1.1.2] or [44]E| Each
hyperplane H that contains i elements of S corresponds to 4 — 1 codewords of weight n —i. In
general, projective h — (1, 1,s), systems (with s < n) are in one-to-one correspondence to additive

codes:

Theorem 1. [7, Theorem 5] If C is an additive [n,r/h, d]Z code with generator matrix G, then X¢(C) is
a projective h — (n,r,n — d), system S, and conversely, each projective h — (n,,s), system S defines an
additive [n,r/h,n — s]i code C.

Asmentioned before, Cis faithful iff S is faithful. Whenever the specific choice of a generator
matrix G or a subfield generator matrix Gis irrelevant, we write S = X(C) or C = X™}(S). We
also use the notion C = X~!(M) for a multiset of points M interpreting M as a faithful projective
1 - (n,1,5), system. In the case where n = s > 0 let R be the 7’ space spanned by the points of

positive multiplicity in M and consider the multiset of points M’ in PG(r' —1, ) as the restriction

2Every F,-linear code is also equivalent to a multi-twisted code [90]. There is also a relation to subsets of vector
spaces with pairwise different linear combinations, see [94, Theorem 3.1] for details and [94, Definition 3.2] for the
concept of an Sy-linear set.



of Mto K instead. We say that a (pre-)multiset of points M in PG(r - 1,q) is A-divisible for some
positive integer A iff
#M= M(H) (mod A) (4)

for every hyperplane H in PG(r — 1,g9) if r > 2 and for r = 1 iff #M = 0 (mod A). Note that M
is A-divisible iff the linear code X' (M) is A-divisible. We collect a few basic properties in the

following lemma and refer e.g. to the surveys [81,[112] for more details.

Lemma 3. Let M, M’ be two A-divisible (pre-)multisets of points in PG(r — 1,q) for r > 2. Then,
M+ M, M— M arealso A-divisible and A - M is A - A-divisible for every positive integer A. Moreover,
the characteristic function xs of every i-space S is q'~'-divisible.

Note that each projective h — (n,1,s), system S can be modified to a faithful projective
h - (n,1,< s), system &' by replacing each element S € S with dimension less than / by an
arbitrary h-space containing S if r > h. We remark that it is also possible to obtain a faithful
projective h — (1,1, s), system S’ if we choose the replacing h-spaces carefully. On the other side,
the knowledge that a projective system is unfaithful sometimes allows to deduce tighter bounds
on its parameters, see e.g. the proof of Lemma

To each faithful projective i — (1,1, s), system we can also associate a multiset of points and

a linear code over IF, with certain properties.

Definition 2. For a faithful projective h — (n,r,s, u), system S let P(S) denote the multiset of points
that we obtain by replacing each element of S by its contained [h], points.

Lemma 4. Let S be a faithful projective h — (n,1,s, 1), system. Then P(S) is a faithful projective
1-@',r,s, u), system, wheren’ = n[h], ands’ =n-[h-1], +s- g"=1. Moreover, C := X~Y(P(S)) isa
faithful g"~*-divisible linear [n’, 1, d'], code C with maximum weight at most n-q", whered’ = q"~'-(n—s).

Proof. Asanabbreviation we set S’ := $P(S). By construction we haven’ = #S§’ = #S-[h], = n[h],.
If a hyperplane H contains 0 < i < s elements from S, then H contains i - [h], + (n — 1) - [h = 1], =
n-[h—1],+i-q"" elements from &, so thats’ = n-[h — 1], + s - ¢"~'. Moreover, each hyperplane
HwithS'(H)=n-[h-1],+i- "1 corresponds to g — 1 codewords of weight g"~! - (n — i), so that

Cis qh‘l-divisible, has minimum weight d’, and a maximum weight of at most 7 - qh‘l. [

Example 2. Consider the [5,4/2,4]; additive code given by the generator matrix G from Exampleand
the corresponding projective 2 — (5,4, 1), system S. The linear [15,4, 8], code C constructed from S in
Lemmald| has e.g.

000 101 101 101 101

000 011 011 011 011

101 000 101 011 110

011 000 011 110 101
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as a generator matrix, where we group the columns into blocks of size [h], = 3 corresponding to the points
of the five lines. Here the maximum weight equals the minimum distance, i.e. every hyperplane contains

exactly one element from S.

Sometimes the stated restrictions on the weights of the linear code C in Lemma[d|can be used
to prove tailored upper bounds like e.g. 115(8, 3; 3) < 20, see Lemma

For h > 1itis an interesting question whether for a given multiset of points M in PG(r -1, q)
a faithful projective h — (n,7,s, i), system S with P(S) = M exists, see e.g. [75] for some special
cases. In general, this is a very hard problem and we can only give an “asymptotic” answer, see
Subsection [2.4 for definitions, Theorem 3| for an explicitly parameterized solution in a special
case, and Lemma [20| for a characterization based on the solvability of linear equation systems

over Z. However, in the case of existence the parameters of S can be computed from M.

Definition 3. Let M be a multiset of points in PG(r — 1, q). We say that M is h-partitionable if there
exists a faithful projective h — (n,1,s, u), system S with P(S) = M, i.e. M = Y55 xs. We also say that
S has type M.

Lemma 5. Let M be a multiset of points in PG(r — 1,q) and S be a faithful projective h — (n,1,s, u),
system with P(S) = M, then we have

n=#M/lh, )
(maXH:dim(H):r—l M(H)) - [hl; —#M - [h = 1], o
5= 7
qh_l ’ [h]q
di=n—-s= *M - maXH;inl(H)ﬂ—l M(H), -
w=,max  MP), 8)
and
#M= M(H) (mod g"™) )

for each hyperplane H in PG(r - 1, q).

Proof. Consider M as a faithful projective 1—(n’,7,s’, u’), system with s" = maxg.dim(m)=r—1 M(H),
' = maxp.gimp)=1 M(P), n’ = #M, and set ' := n’ —s’. Then, the stated formulas for the

parameters 7, s, d, u as well as condition (9) can be easily verified using Lemma {4 n

The geometric lattice PG(r—1, g) admits duality, i.e., for an i-space S we denote the orthogonal
subspace with respect to some fixed nondegenerate bilinear form by S*. The (r — i)-space is also
called dual of S and the dual S+ of a projective h — (1, 7,s, ), system S is obtained from S by

replacing each element S € S by its dual S*. Directly from the definition we conclude:



Lemma 6. The dual S+ of a faithful projective h — (n,7,s, 1), system S is a faithful projective (r — h) —

(n,1, u,s), system.

Proof. The dual of an h-space in PG(r — 1, 9) is an (r — h)-space. Let P be an arbitrary point and
H be an arbitrary hyperplane, so that P+ is a hyperplane and H* is a point. Since at most u
elements of S contain P, at most u elements of S+ are contained in P+. Moreover, equality
occurs for some point. Similarly, at most s elements of S are contained in H, so that at most s

elements of S* contain H*. Again, equality occurs for some hyperplane. n

Definition 4. By n,(r, h; s) we denote the maximum number n such that a projective h — (n, 1,s), system

exists.

Lemma?7. Let S be a projective h—(ny, 1,51, 1) , System and 8, be a projective h—(na, 1, S, i2) , System.
Then there exists a projective h — (ny + 12,1, < 51+ 82, < 1 + ), system S. If 81, Sy are faithful with
types My and My, respectively, then S is faithful with type My + M,. Moreover, if r > h, then there
exists a faithful h — (1,r,1,1), system S’

Proof. S can be constructed as the multiset union of $; and S;. If ¥ > h then §’ can be chosen as

an arbitrary single h-space in PG(r - 1,¢). n

Corollary 1. We have n,(r, h; sy + s2) > ny(r, h;s1) + ny(r, h;s2). If v > h, then we have n,(r, h;s + 1) >
ny(r,h;s) + 1.

If r < h we can consider an arbitrary number of copies of the unique r-space in PG(r - 1, g),
none lying in a hyperplane, so that 1,(r, i; s) = co by definition and we will always assume r > h

in the following.

Lemma 8. Let S be a (faithful) projective h — (n, 1, s, i)y system. Then there exists a (faithful) projective
hl - (n,rl,s, u), system S’

Proof. The vector space lFf7 isisomorphic to F; when viewed as a vector space over IF;. Under this
isomorphism, we get a map W from the i-spaces in PG(r -1, ql) to the (li)-spaces in PG(r] - 1, g).
Applying W to the elements of S for i = I gives §'. n

Corollary 2. We have ny(Ir, Ih; s) > n,(r, h; s) for all positive integers I.

The map W is called the field reduction map in [88] and indeed very widely used in Galois
geometry. A very prominent example is a Desarguesian spread of I-spaces of PG(Ir — 1, 4) as the
image of the points of PG(r -1, ql) under W. Exampleis obtained in this way and in Example
we can see the partition of the [4], = 15 points of PG(3,2) into [2], = 5 lines. By a projection
argument we can also obtain constructions from field reduction when the dimension is not
divisible by 1.



Lemma 9. We have n,(r — 1,h,s) > ny(r, h,s) for r > 2.

Proof. Let Sbe a projective h —(n,71,s), system and P an arbitrary point in PG(r — 1, q). Projection
through a point P yields PG(r—1, q)/(P) = PG(r-2, q) and S is mapped to a projective h—(n,r-1, s),
system §'. n

We remark that the elements S € S that contain P are mapped to (dim(S) — 1)-spaces S’ so
that 8’ may not be faithful even if S'is.

Example 3. Consider the faithful projective 2 — (5,4, 1), system S that corresponds to the [5,4/2,41;
additive code from Example |1} If we project S through an arbitrary point P of PG(3, 2), we obtain an
unfaithful projective 2 — (5,3, 1), system S’ consisting of four lines and one point in PG(2, 2).

Definition 5.
ny(r, 1;8) := np([r/h1,1;s) (10)

In words, 1,(r, h; s) is the size of the largest projective h — (1,7, s), system that we can obtain
starting from a linear code over [, via Theorem [T|and Lemma [§ by an iterative application of
Lemma @ Whenever 7,(r, h;s) < n,(r,h;s) we say that additive codes outperform linear codes

for the corresponding parameters, which is especially interesting if /h is integral.

2.3 Basic constructions and bounds

We start to prepare a few basic constructions of projective i — (n,1,s, ), systems.

Definition 6. A vector space partition of PG(r — 1, q) is a multiset V of subspaces with dimension at
most (r — 1) such that every point of PG(r — 1,q) is contained in exactly one element of V. We say that
V has type 1122 .. (r — 1) if exactly t; elements of V have dimensioniforall1 <i <r—1.

Example 4. The set S of all points of PG(r - 1,qh) is a projective 1 — ([r]qh,r, [r =11, 1)qh system.
Applying Lemma (8| to S gives a vector space partition of PG(rh — 1,q) of type h™ with t, = [r]y =
[rh],/[h],. Here one also speaks of a h-spread of PG(rh — 1, q), cf. Example

A set of matrices M C F™" with rk(A — B) > 6 for all A,B € M with A # B is called a
rank metric code with minimum rank distance 6. A Singleton-type upper bound gives #M <
gmaxtmnl-(min{mn}=0+1) “Rank metric codes attaining this bound are called MRD codes. They exist
for all parameters with 6 < min{m, n}, even if one additionally requires that M is linearly closed,

see e.g. [100] for a survey.

Lemma 10. For r > 2h there exists a vector space partition V of PG(r — 1,q) of type h'(r — h)! where
t, = qr—h.



Proof. Let M C ]FZX(r_h) be an MRD code with minimum rank distance & and cardinality g"".
Prepending a /i X h unit matrix to the elements of M gives generator matrices of h-spaces in
PG(r — 1, q) that are pairwise disjoint and disjoint to an (r — h)-space S. ]

Of course, this lifting type construction is well known. Another construction, based on field
reduction, is e.g. given in [10, Theorem 4.2]. For r = 2h there exists a vector space partition of
type h', i.e. a spread of h-spaces.

Lemma 11. For v > a > h with r = a (mod h) there exists a vector space partition V of PG(r — 1, q) of
r=a_q

type h'(a)! where t, = g° - ‘75[,,—_1

Proof. We prove by induction overr. Let V be the vector space partition obtained from Lemma([I0|
and let S € V be the unique (r — h)-dimensional element. If a = r — h, which is indeed the case
for all r < 3h, then V is the desired vector space partition. Otherwise we identify S with
PG(r—h—1,q) and replace S by a vector space partition of PG(r —h — 1,9) type h'ia', which exists
by induction. n

Lemma 12. For r > a > hwith r = a (mod h) let S be the set of h-dimensional elements of a vector

space partition V of PG(r — 1,q) of type h'»a' and A be the unique a-dimensional element in V. Then,

S is a faithful projective h — (ty, 1,s,1), system where t, = q" - q;,,ﬂ__ll and s = g q;;a__ll

. Moreover, each

hyperplane that contains A contains s — "™ elements from S.

Proof. Let H be an arbitrary hyperplane of PG(r — 1, ). Note that every i-space intersects H in
either [i], or [i — 1], points and that the elements of S partition the points outside of A. Counting
points yields that H contains

[r—l]q—[a—l]q—th-[h—l]q_ o 91
g1 =1 g -1 s
elements from Sif A £ H and
[r_llq_[a]q_th'[h_llq . [r_llq_qa_l _[a_llq_th'[h_l]q . a—h
g1 - g1 =59
elements from Sif A < H. [ ]

Lemma 13. (Cf. [51, Lemma 6]) Let Sy be a faithful projective h—(n1, 7, 51), system, A be an a-space such
that each hyperplane that contains A contains at most sy elements from S, and S, be a faithful projective

h—(ny,a, sz)q system. Then, we have ny(r, h; max{s; + s, 50 + 12}) > 1y + ny.

Proof. We identify A with PG(a — 1, 9) and insert S, into the subspace A of S;. n

10



In analogy with linear codes, the authors of [51, 52] speak of the “additive construction X”.

We give an application in Lemma

Next we discuss a few basic upper bounds for n,(r, 1; s).

Lemma 14. [[7, Theorem 12] Let r > h and S be a projective h — (n, 1,s), system. Then, we have
o(r g - (n=9)) <[y n <mg(r, Lin-[h =1, +5-4"7). (11)

Proof. W.lo.g. we assume that S is faithful and that we have n > s. Let n’ = [h],-n, s’ =
n-fh-1],+s-¢g"', and d’ = ¢"' - (n — s). By C we denote the [1’,1,d’], code and by S’ the
projective 1 — (1, 7,5), system constructed in the proof of Lemmaf4 The parameters of S’ give
the right hand side of Inequality and applying the Griesmer bound from Inequality (I) to
C yields the left hand side of Inequality (1T). n

Indeed, Lemma is well-known for g = h = 2, see e.g. [16, Lemma 1] or [51, Lemma 3].

Definition 7. The coding upper bound for n,(r,h;s) is the largest integer n such that [h], - n <
ng(r,L;n-[h—1],+s-q""). The Griesmer upper bound for n,(r, h; s) is the largest integer n such that
gu(rq' 1 (n=5)) < [hl; .

s Griesmer upper bound coding upper bound 15(8,2;s)
3 9 7 5
+ 12 10
5 17 17
6 22 18 18
7 25 23 23
8 30 28 28
9 33 33
10 38 36 35-36
11 43 40 40
12 44 44
13 49 49
14 54 54
15 59 57 55-57
24 94 92-94
27 107 106-107
28 110 108-110
29 115 113-115

Table 1: The Griesmer and coding upper bound for 15(8, 2; s).
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Example 5. The Griesmer upper bound for ny(8, 2;8) is 30 and the coding upper bound is 28. Le., the
Griesmer bound implies that no [93,8,46], code exists but cannot rule out the existence of a [90, 8,44],
code, so that n,(8,2;8) < 30 is the sharpest upper bound we can deduce from the Griesmer bound (for
linear codes). Howeuver, since the existence of a [84, 8, 40], code and the nonexistence of a [87,8,42], code
is known, we obtain 1n,(8,2;8) < 28. In Table 1| we list the Griesmer and the coding upper bound for
12(8,2;s) for s < 15 and all cases were either the coding upper bound is strictly less than the Griesmer
upper bound or the value of n5(8,2; s) is unknown, see [85l and [21]] for s € {3,4}. We do not display the

coding upper bound when it coincides with the Griesmer upper bound.

For the current knowledge on n,(r, 1; s) or corresponding bounds for linear codes we refer to
www.codetables.de, http://mars39.lomo. jp/opu/griesmer.htm, and http://web.mat.upc.

edu/simeon.michael.ball/codebounds.html.

Lemma 15. We have

[r]q )
[r —hl,’

1ny(r, h;8) < (12)

where the right hand side is an integer iff s is divisible by [r — h],/[gcd(r, h)],. In the case of equality each
[hlg-s

=0 elements.

point is contained in exactly u =

Proof. Let S be a faithful projective h — (n,1,s), system with n = n,(r,h;s). Since each element
S € Sis contained in [r — h]; hyperplanes and there are [r], hyperplanes in total, we conclude

[r]q's
n S [T—h]q

side of Inequality (12) is an integer iff s is divisible by [ — l,/[ged(r, I)l;. If n = {2, then
each hyperplane contains exactly s elements from S, so that each point is contained in the same
[hly's

=

. From Equation (3) we conclude ged([r],, [r — kl;) = [ged(r, h)];, so that the right hand

number u of elements by duality. Thus, we have u = n - [h],/[r], = [ ]

We remark that the Griesmer upper bound is always as least as good as this explicit upper
bound and both coincide iff the right hand side of Inequality is an integer. Of course this
bound is known, see e.g. [Z, Proof of Theorem 9]. If we know that a given projective system
is unfaithful, then we can typically improve the stated upper bound a bit, see e.g. the proof of
Lemma[37

By projection through a subspace K instead of a point P we can improve Lemma 9]

Lemma 16. (Cf. [13, Proposition 1]) Let S be a projective h — (n,1,s), system and K be an r’-space in
PG(r -1, q) containing s’ elements from S. Then, projection through K yields a projective h— (n—s’,r —

r',s—s"), system S'.

Via this projection we essentially just look at all hyperplanes that contain K and can obtain
general upper bounds by choosing a suitable subspace K.

Lemma 17. n,(r,h;s) <t +ny(r — ht,h;s —t) forall t <r/h - 1.
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Proof. Consider a projective h—(n,1,s), system with n = n,(r, h; s) and let K be a subspace spanned
by t elements of S. Applying Lemma [16/to S and K gives a projective h — (n —s’,r — 1,5 = '),
system &’ with s’ > t and v’ < ht, so that

, , , Lemmal[9 , , Corollary
ng(r,h;8) <" +ny(r—r', ;s —s') < ' +n(r—hth;s—s) < t+n(r—hths—t).

Remark 1. In [7, Theorem 9] Lemmall7is written down as an explicit upper bound for ny(r, h; s), applying
Lemma (15 to S, together with an analysis of the optimal choice of t. The bound from [7, Theorem 9]
is quite effective and it is shown that it surpasses the Griesmer upper bound in many cases, see [/,
Theorem 13]. As an example, we mention that n3(7,2;3) < 15 can be concluded from n3(3,2;1) = 13 via
Lemma or directly via [7, Theorem 9] while the Griesmer upper bound is ns(7,2;3) < 18E|

We can easily characterize asymptotically optimal projective h — (n,7,s), systems, cf. [17]ﬁ
Le., if the right hand side of Inequality is an integer, then the upper bound from Lemma

can indeed be attained.

Theorem 2. (Cf. [64] page 83], [45| Corollary 81, or [[79, Lemma 2]) For each pair of integers r > h > 1

[r], [r—h], _ (], .
a5 = Tgedtily” and [ = oot T, eXists.

a faithful projective h — (n,1,s, ), system with n =

Proof. Due to Lemma [§|we can assume gcd(r, 1) = 1. We prove by double induction on / and r.
The set of points of PG(r — 1, 9) gives an example for 1 = 1 and arbitrary r, so that we assume
h > 2 in the following. If r = h or r = 2h, then we have h = 1. If h < r < 2h, then a projective
(r — h) — (1,7, 4,5), system exists by induction and we can apply Lemma 6} If r > 2k, then we
apply Lemma [11{to construct a vector space partition V of PG(r — 1,4) of type h'(r — h)! and
denote the special (r — h)-space by A. To construct the desired example we take a u-fold copy of
“V and replace A by a projective h — (n’,r — h,s’, '), system with n’ = [r — h],, s’ = [r — 2h],, and
u' = [h],. n
Corollary 3. Let S be a faithful projective h — (n,1,s, u), system. Then there exists a faithful projective

h—(n+t-

—[r]q r,s+t- —[1’ _ h]q +t- —[h]q )
lged( ], """ Tged ], M T Tged( ], ),

system S; for each t € IN.

The parameters of the sequence S; tend towards the upper bound from Lemma In the
subsequent section we will show that the (typically) stronger Griesmer upper bound can always

be attained if s is sufficiently large.

3The Griesmer bound implies that the maximum minimum distance of an [72, 7]3-code is at most 45, which is
still the best known upper bound and there exists a [72,7,43]3-code.
4For the special case g = 2, h = 2, and arbitrary r of Theoremwe also refer to [52, Lemma 3 & Remark 1].
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We remark that for a faithful projective i — (1,7, s, i), system as in Theorem[2each hyperplane
contains exactly s and each point is contained in exactly p elements from S. The cases where
u = 1 correspond to spreads of h-spaces of PG(r — 1, ¢).

2.4 Asymptotic formulations

Definition 8. Let M be a premultiset of points in PG(r — 1,q) and V the ambient space. We say that
o[r] — M is h-partitionable over IF, if there exists a faithful projective h — (n,1,s, 1), system S with
PS)=0c-xv-—Mie o xyv— M=) sxs Wealsosay that S has type o[r] -

Lemma 18. Let M be a premultiset of points Min PG(r—1,q). If S is a faithful projective h—(n,1,s, u),
system with type o[r] — M, then we have

n = (o[rl, - #M) /[],, (13)
h — 1], - #M — [h], - ming.gim(e=r—1 MEH
. (O[r - [h - 1], [ ]qqh]irlunH.d Hy=r-1 M( )) i, (14)
#M— im(H)=r—1 M(H
di=n-s=o0q"- N dh - 1M ) (15)
q
p=0o- pdﬂ%zr}) M(P), (16)
and

#M = M(H) (17)

for each hyperplane. Moreover, we have #M = 0 (mod [ged(r, h)],) and o = Tacd (T, d(r h)] (mod gcgz];’h] )-

Proof. Using #xv = xv(H) for each hyperplane H, the stated equatlons follow from Lemma [5|

Since n € IN, Equation (3) gives #M = 0 (mod [ged(r, 1)];) and ¢ = ¢ d(r h)] [ gcc[lh(]r"h)] )-

Lemma 19. Let M be a premultiset of points in PG(r — 1,q). If x[r] — M is h-partitionable over IF, for

x € {o,0’} then
(m.&).m_m
[ged(r, )],

is h-partitionable over IF, for all t > 0 and we have 0 = ¢’ (mod

(mod ]

[y Uy
[ged(r )]

h . o
Proof. Due to Theoremwe have that % -[r] is h-partitionable over IF,, so that we can apply

Lemma(7} The second statement is obviously true if o = ¢’, so that we assume ¢’ > o w.l.o.g. Let
S be a faithful projective i — (1, 7,s), system with type o[r] — M and &’ be a faithful projective
h—(n',1,5"), system with type o’[r] — M. Then, we have

[r],

Zan’—nz(a’—a)-m,
q
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which implies 0 = ¢’ (mod ) by Equation H n

[gcd(f ml;

For those situations where we are not interested in the smallest possible value ¢ such that

o[r] — Mis h-partitionable over [F, we introduce the following notion:

Definition 9. Let M be a premultiset of points in PG(r — 1,q). We say that x[r] — M is h-partitionable

over I, if there exists an integer o such that o[r] — M is h-partitionable over IF,.

By using linear algebra we can decide whether %[r] — M is h-partitionable over IF, for some
premultiset of points M in PG(r — 1,49). To this end we utilize the incidence matrix between

points and h-spaces in PG(r — 1, ) and the set of solutions of a linear equation system over Z.

Definition 10. Foreach1 < h < rlet [Z]q denote the number of h-spaces in PG(r — 1, ). The incidence

vector of a faithful projective h—(n, 1,5, 1), system S is a column vector x € N whose entries xxk €N
equal the number of occurrences of h-spaces K in S. Similarly, the incidence vector of a premultiset M
in PG(r — 1, q) is a column vector x € ZI" whose entries xp € Z. equal the point multiplicity M(P) for
every point P in PG(r — 1,q). We say that an a-space A and a b-space B are incident if either A < B
or A > B. Let A*b™ € {0, 1}[‘:]4X[’Z]q be the incidence matrix between the [;]q a-spaces A and the [Z]q
b-spaces B in PG(r — 1,9), i.e., the entries of A**™ are given by A’} b”’ = 1if A is incident with B and

b;
A = 0 otherwise.

The notion [Z]q extends [r],, counting the number of points or hyperplanes in PG(r — 1, g),
since [r], = [I]q =/ 1] When working with those incidence matrices and incidence vectors for
PG(r — 1, 9) we will always assume a fixed, but arbitrary, enumeration of the h-spaces for each

1<h<r.

Lemma 20. Let M be a premultiset of points in PG(r — 1,q) and z its incidence vector. Let v be the
incidence vector of xv for the ambient space V. Then, *[r] — M is h-partitionable over I, iff there exists

h h
Uy wztho——(mod Ltly

T — 1 Lhrg . v — _ :
[ged(r)]g = [gcd(r)], [gcd(r,h)]q) and A" - x = ov — z admits a

a unique integer 0 < 0 <

solution x € Z[’Z]fi.

Proof. If S is a faithful projective h — (n,7,s, 1), system with type o’[r] — M, then let x" € N,
denote the incidence vector of S. Due to Theorem [2| there exists a faithful projective h —
m [r] and v € INY its incidence vector. Now let y be the

(14 o an
[ged(r )], foro:=o0"-y- [gcd(rh)] ’

(n',1,8", '), system 8’ with type

unique integer such that 0 <o < which also implies uniqueness

for o. Lemma gives #M = 0 (mod [ged(r, h)],) and 0’ = = o d ; h)] (mod [gcc[l(]th)] ), so that also

[y

gede ) Since AV . x" = ¢'v — z we have AV¥" - (x' — iy - v') = ov — 2, so that
el

o= [ngT (mod

wesetx:=x"—y-v' € zl;,
For the other direction we assume that x € Z[h]ﬂ is a solution of A" . x = gv — z with

the stated constraints for 0. If x € IN[ZLI, then the corresponding faithful projective system has
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type o[r] — M (noting ¢ € IN). Otherwise we let y < 0 be the minimum entry of x. Let §” be
the faithful projective h — (n”,r,s”, u”), system with type ¢”[r] that consists of all h-spaces in
PG(r—1,9)anda € N its incidence vector. With this we set x” := x — y-ae€ N and consider
the corresponding faithful projective system with type (¢ —y - ¢”) - [r] - M. n

Admittedly, Lemma[20]is not a very strong characterization result and looks rather technical.
However, using the Smith normal form we can characterize solvability of linear equation systems
over Z. In order the keep the paper self-contained we give a brief exposition in Section 4] In
Section |3) we consider a special class of premultisets of points M that are parameterized by
parameters ¢, ..., &1, which are connected to the Griesmer bound and the Solomon-Stiffler
construction. Theorem gives an explicit characterization of all parameters ¢, ..., €,; such that
*[r] = Mis h-partitionable.

3 A generalization of the Solomon-Stiffler construction

In [107] Solomon and Stiffler constructed [n, k, d], codes with n = g,(k,d) for all parameters
with sufficiently large minimum distance d. Here we want to show the generalization that the
Griesmer upper bound for n,(r, hi; s) can always be attained if s is sufficiently largeﬂ

Using a specific parameterization of the minimum distance d the Griesmer bound in Inequal-

ity (1) can be written more explicitly:
Lemma 21. Let k and d be positive integers. Write d as

k-1

d=oq"" - Z eq !, (18)

1=

where 0 € INg and the 0 < ¢; < q are integers for all 1 <i < k — 1. Then, Inequality (1) is satisfied with
equality iff

n = olk], -

k-1
eililg, (19)

i=1

which is equivalent to

S

-1
n—d=olk-1],- Y eli-1], (20)

i

Il
—_

Remark 2. Given k and d Equation always determines o and the &; uniquely. This is different for
Equation given k and n —d = s. Here it may happen that no solution with 0 < &; < g — 1 exists.

By relaxing to 0 < €; < q we can ensure existence and uniqueness is enforced by additionally requiring

>This property is the reason why we speak of the Griesmer upper bound in Definition [7| when referring to
Lemma T4 which is just an application of the Griesmer bound.
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¢j =0 forall j <iwhere ¢; = q for some i. The same is true for Equation given k and n. For more

details we refer to [47, Chapter 2] which also gives pointers to Hamada’s work on minihypers.

Lemma 22. Let Sy, ..., S; be a collection of subspaces of PG(r — 1, q) such that exactly €; subspaces have
dimension i for 1 <i <r—1and V be the r-dimensional ambient space. If

MZG'XV—ZXS,» (21)
i=1
is a multiset of points, i.e., if we have M(P) € IN for all points P, then M corresponds to a projective
1-(n,1,<s,< 0), system with

r— r—1

1
n:a-[r]q—Zej-[j]q and s:a-[r—l]q—Z€j~[j—1]q. (22)
=1

j= j:l

Proof. Since#xv = [r],and #xs, = [j],if S; has dimension j, we haven = #M = a~[r]q—2;;% ei-lly-
For each hyperplane H we have xv(H) = [r — 1], and xs,(H) € {[] - 1], [j]q} if S; has dimension

j, so that M(H) SU'[V—l]q_Z;: ei-[j—1l; u

Given parametersk, d, and g, the Solomon-Stiffler construction consists of choosing ¢, .. ., €x-1,
and o as in Equation (I8). If ¢ is sufficiently large then a list of subspaces Sy, ..., S; (going in
line with €3, ..., &-1) can be chosen such that M as in Equation , where r = k, is a multiset of
points. With this, the linear code C corresponding to M is an [, k, d], code with n = g,(k, d).

For a construction of a general faithful projective h — (n,7,s), system S with n > s we aim
to reverse Lemma 4 where we have associated a linear code C to S. To this end we consider a
g"!-divisible linear [1’,, d'], code C with maximum weight at most 7 - g"!, where n’ = (], - n
and d’ = g"! - (n — s). If we can partition the multiset of points M = X(C) associated with C
into the multiset union of h-spaces, we obtain a faithful projective h — (n,1,s’), system, where
we hopefully have s" = s (or s" < s). There are a few technical obstacles to overcome. The
existence of a suitable partition of a given multiset M of points into h-spaces is formalized in
Definition Here M is described by parameters o and ¢5, ..., &,-1. In Lemmawe show how
to compute the parameters of a possible faithful projective h — (n,7,s, i), system from this data
and deduce necessary conditions for the existence of a partition for the parameters ¢, ..., &_;.
An additional condition for o is concluded in Lemma B0l In Theorem Bl we show that these

conditions are also sufficient.

Definition 11. Let 0 € N, ¢1,..., &1 € Z, and let V denote the r-dimensional ambient space PG(r —
1,q). We say that a faithful projective h — (n,,s), system S has type o[r] — Y2} eili] if there exist
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subspaces S1 < - -+ < S,_1 with dim(S;) = i and

r—1
ZXSZO"XV—Z&"XS,»- (23)
SeS i=1

We say that o[r] — Y.iZ| &[i] is h-partitionable over IF, if a faithful projective h — (n,1,5), system with

type o[r] - thll ¢ili] exists for suitable parameters n and s.

Note that all chains §; < --- < §5,_; are isomorphic, so that the notion of being h-partitionable
does not depend on the choice of the subspaces Sy, ...,S,-;. However, the chosen restriction
usually causes rather large values of o and does not cover the full generality of the Solomon-
Stiffler construction. On the other hand, a more general definition causes several technical
complications as we will briefly outline in Appendix[Al

Next we give a few constructions.

Lemma 23. Forr > a > hwithr =a (mod h) and o € Ny, we have that o[r] — o[a] is h-partitionable
over IF,.

Proof. If a > h, then Lemma [12] yields the existence of a faithful projective h — (n,7,s), system
S with type [r] — [a] and we can use o copies thereof. For a = h we replace S by a spread of

h-spaces of PG(r — 1, q9) where we remove an arbitrary element. n

Lemma24. For1 < j<handr>2h+1-j
[l [=1-Tr=h=1+1- ([l - 1)-[r—h-1] (24)

is h-partitionable over IF,.

Proof. Let A be an (r — h — 1)-space and B > A be an (r — h — 1 + j)-dimensional subspace of
PG(r - 1,q9). By Kj,...,K; we denote the [ := [j], (r — h)-spaces with A < K; < B. For1 <i <
let V; be a vector space partition of PG(r — 1,9) of type h'i(r — h)! where the special (r — h)-space
coincides with K;, see Lemma([I0} The desired faithful projective & —(,7,s), system is then given

by the union of the t;, h-dimensional non-special subspaces of the [ vector space partitions V;. m

For h = 2 the construction of Lemma [24] is stated as construction L* in [85], see also [16),

Lemma 3].

Lemma 25. If o[r] - Zf;ll &li] and o'[r] — Z;l ¢![i] are h-partitionable over IF,, then (o +0”) - [r] —
Zf;ll (ei + eg) - [i] is h-partitionable over IF,.

Proof. Fix some subspaces S; < --- < 5,1 as in Definition Let S be a faithful projective
h - (n,1,s, 1), system with type o[r] — Zf:—ll gi[i] and &’ be a faithful projective h — (n’, 1,5, u’),
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system with type o’[r] - Y-} ¢/ ![i], then the multiset union of the elements of S and &’ is a faithful
projective h — (n +n’,r,s +5', u + '), system with type (o + ') - [r] - Zi:l (el + '51‘) [7]. |

Lemma26. Forr > h > 2withr =1 (mod h) we have that [h=1,-[r]+¢""*-[1], ([, - 1)-[r]-q-[h—1],
and ([h]q - 1) -[r] + [h] — q - [h — 1] are h-partitionable over IF,.

Proof. Let us first consider the case r = h + 1. Let S be the faithful projective h — (1,7, s, i), system
that consists of all h-spaces that contain point S; (as in Definition , so that n = [h],;. Then S, is
contained in [/], elements and every other point is contained in [l — 1], elements, i.e. S has type
[(h—1],-[r] + g"1 - [1]. Let S’ be the faithful projective h — (1, 1,5, u’), system that consists of all
h-spaces that do not contain S;,_; (as in Definition , so that S’ has type ([h]q — 1) [r1-g-[h-1].
Adding S, (as in Definition to 8’ gives type ([h]q - 1) [rl+[h]—q-[h-1].

If r > h + 1, then Lemma 23|shows that o[r] — o[h + 1] is h-partitionable for each 0 € IN, so
that the statement follows from Lemma 25 [ ]

We remark that the first construction of Lemma 26|is also described in e.g. [17, Theorem 4]
and [52, Lemma 10] for ¢ = h = 2. Geometrically it is the smallest covering of the set of points
of PG(r — 1, 9) by lines.

From Lemma 8} based on field reduction, we conclude:
Lemma 27. If o[r] — Y.I—} &i[i] is h-partitionable over IE,, so is ofrl] + Yo el

If o[r] - Z;;ll &[] is h-partitionable over [F,, then we can compute the parameters of a cor-
responding faithful projective h — (1,7,s, i), system S as well as of its dual S* from this data.
Moreover, we obtain some necessary conditions on the parameters 1, ..., ,_1. Later on we will
see in Theorem [3| that they are also sufficient for the existence of S for a sufficiently large o

satisfying an additional modulo constraint, see Lemma |30, So, Lemma |5/specializes to:

Lemma 28. If S is a faithful projective h — (n,r,s, ), system with type olr] — Y= &[il, then we have

r—1
n= [o[r]q &ili] ]/[h (25)
i=1
j—1
s = max [51 - eiqi_h] , (26)
<j<r pa
where
r—1 h-1 ‘
Sy = [o[r —hl,; - Z gli—h], + Z aql_h[h - i]q] /[hl,, (27)
i=h i=1
and
j-1
U= rlnax (o ei]. (28)
<]<r P



Moreover, ¢; is divisible by "~ forall 1 <i < h—1and

r—1
&lil, =0  (mod [ged(r, h)],). (29)

i=1

The dual S* of S is a faithful projective ' —(n, 1, 1, 5), system with type o’ [r] - Y./- e![i], whereh’ = r—h,
o' =sy,and &) = &;-q" " forall1<i<r-1

Proof. Let M be the multiset of points covered by the elements of S and §; < --- < 5,1 be
subspaces as in Definition |11} Since M has cardinality

r—1
U[r]q - gi[i]q
i=1
and one h-space contains [1]; points, we conclude Equation (25).
For an arbitrary point P let 1 < j < r denote the minimal integer such that P £ S;, where we
set j = rif P < S,_;. With this we have

MP)=0-) &, (30)

which implies Equation (28).
For an arbitrary hyperplane H let 1 < j < r denote the minimal integer such that S; £ H,

where we set j = rif H = S,_;. Counting points gives

] -1 r—1 r—1 ]'_1
M) = olr =11, = ) &ilily = Z [i =1l = olr—1]; - Z eli=1l,- ) eq™.
i=1 i=j i=1 i=1

The number s; of elements of S contained in H is given by (M(H) -n-[h- 1]q) /4", so that

r—1 j-1 -1
i=1 i=1 =1 !
r—1

= (o- (Ul = 1)y = = 147g) = ) e (Ul = 1, = T 1]q[i]q)] /(g7 - H,)

=1

I
——
Q
—
~
|
=
e

=
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This verifies Equation and yields

j-1
Sj=51— Z &g (31)
i=1

for2 < j < r,whichimplies Equation (26). Sinces; € Nfor 1 < j < r, we can recursively conclude
that ¢; is divisible by ¢"~ fori = 1,...,h — 1. By Equation (3) we have gcd([r]q, [h]q) = [ged(r, b)],,
so that Equation implies Equation (29).

By Lemma || S* is a faithful projective 1’ — (1, 1,5, 1), system for i’ := r — h. If x elements
of S are contained in a hyperplane H, then x elements of S* contain the point H*. Note that
(S,-1)" < -+ < (S1)" are the subspaces asin Definitionfor St and thatwe have dim((Si)L) =r—i
forall 1 <i < r - 1. For every hyperplane H # S; we have H* £ (S1)*, so that ¢’ = s;. For every
integer 1 <i <r-1wehave

& =Si—Sm =eq ",
which is equivalent to ¢/ = &,_;g" 7. n
Corollary 4. If all &; are nonnegative, then s = sy and u = o (using the notation from Lemma28).

Corollary 5. If S is a faithful projective h—(ny, 1, s,), system with type (G +t o h)]q) [r]- Y ei[il,

where ¢1 =---=¢€y_1 =0and ¢y, ..., -1 € N, then we have
ny=t- _ [y +|o[r], - 3 eilila | /1] (32)
: [ged(r, h)], T ”
[r—h] -
sp=1t- [ngTh‘;] ( - h], - ZZ:}; &li - h]q) /1A, (33)
and :
ny — & "to-qg" y e-q" (34)
[gcd(r 1, !

i=h

Next we show that the conditions for ¢y,..., &1 imply the corresponding conditions for

I4 ’
PR

system or its dual.

when defined formally, i.e. without assuming the existence of a faithful projective

Lemma 29. Let q be a prime power, v > h > 1, €1,...,&-1 € Z such that ¢"~ divides ¢; for all
1<i<h-1land

r—1

Z &lil, =0 (mod [ged(r, h)],).
i=1

Setting ' :=r—hand ¢, :=¢,_;-q" 7 for 1 <i<r—1,wehave ¢,...,¢/_, € Z, q" divides ¢ for all
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1<i<h-1,and
r—1

elil; =0 (mod [ged(r, i)],). (35)
i=1
Proof. First we observe that ¢/ = ¢,; - " " is an integer and divisible by 4"~ forall 1 < i < It'.
ForallW+1<i<r-1wehavee =¢,;-q" " €Zsincel<r—i<r—h —-1=h-1and ¢, is
=g
In order to verify Equation we observe g := gecd(r,h) = ged(r, 1), so that it suffices to
show & - [i]; + &, - [r —i]; =0 (mod [g],) forall1 <i<r—1.

For i/ > i we have

h—r+i

divisible by g

e [ily+ e [r—ily = e (¢l + [r—il;) = i ], =0 (mod [g],).

For i > I’ we have

& iy +eri-[r—ily=q" e (il + [r =il 47) = 4" e, [1]; =0 (mod [g],).

Lemma [19|specializes to:

Lemma 30. If x[r] — Zf:—ll &[i] is h-partitionable over [F, for x € {0, 0"} then

r=1
g+t &ili
( [ged(r, h)]q) — 1l
is h-partitionable over IF, for all t > 0 and we have 0 = ¢’ (mod [gcgzyh)] )-

In other words, if o[r] = Y} &[i] is h-partitionable over IF,, then o’[r] - Yo &li] is k-
partitionable over I, for all ¢’ > o if the latter yields an integer in Equation (25). For those
situations where we are not interested in the smallest possible value o such that o[r] - Zf:—ll &ili]

is h-partitionable over IF, for given parameters ¢y, ..., &, we introduce the following notion:

Definition 12. We say that *[r] — Z;l &[i] is h-partitionable over IF, if there exists an integer o such
that o[r] — Z;l ¢[i] is h-partitionable over .

Lemma 31. If x[r] — Y./} &[] is h-partitionable over IF,, so is x[r] + Yo el

Proof. Fix some subspaces S; < -+ < S,_; as in Definition Consider a faithful projective
h — (n,1,s), system S with type o[r] - Zf;ll ¢i[i] for a suitable 0. Let S’ be the faithful projective
h—(n',r,8"), system with type o’[r] that consists of all i-spaces of PG(r — 1,4) and let y’ be the
maximal number of occurrences of an element in S. Then, y’ copies of &’ give the desired

partition after removing the elements of S (with their respective multiplicity). n
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It is an interesting problem to determine for which parameters ¢;,...,¢,-;1 we have that
*[r] — Zf;ll ¢i[i] is h-partitionable over IF,. Clearly we need r > h and Z?;ll le;] = 0if r = h.
Additionally we have the packing condition and that ¢; has to be divisible by 4"~ for all
1<i<r-1,see Lemma[]28 These conditions are indeed sufficient.

Lemma 32.

(i) Let %x[r] — Zf;ll &[] be h-partitionable over F;, h < a < jwitha = j (mod h), €/ = ¢ for all
1<i<r-1withi¢a,j}, e; =¢;j+1,and €, = &, — 1. Then, x[r] - Z;l ¢![i] is h-partitionable

over ]Fq.

(ii) If %[r] — Z?;ll &[] is h-partitionable over IF,, then *[r + th] — Zf;ll &[i] is h-partitionable over F,
for all integers t > 1.

Proof. Let S be a faithful projective h — (n,1,s), system with type o[r] - Y-} &i[i] for a suitably
large 0. Fix some subspaces S; < --- < S,_; as in Definition By &’ we denote the faithful
projective h — (', 1,5"), system with type o’[r] — Y-} &[i] that arises as the multiset union of the
elements of S and the set of all h-spaces in PG(r — 1, g).

By Lemma 23 [j] — [a] is h-partitionable over [F,, so that we identify S; with PG(j — 1,4) to
construct a faithful projective h — (n”, r,s”), system 8" with type O[r] + [j] - [4]. Since &’ contains
every h-space in PG(r — 1, q) at least once and §” contains every h-space in PG(r — 1,9) at most
once, removing the elements in §” from the elements of &’ gives a faithful projective system
with type o’[r] — Yo ¢[i], which shows (i).

Lemma 23| yields the existence of a faithful projective h — (n"”,r,5"’), system & with type
o[r + th] — o[r]. Fix some subspaces S <--- < S’ , | asin Definition Embedding S'in S; and
taking the multiset union with the elements of S’ gives a faithful projective system with type
olr + th] = Y- &[i], which shows (ii). n

Theorem 3. Let g be a prime power,r > h > 1, g := gcd(r, h), and ¢4, . .., €,—1 € Z such that qh‘i divides

giforall1 <i<hand
r—1

Y e lil;=0 (mod [gly). (36)

i=1
r—1
Then *[r] — Z_Z'i &[i] is h-partitionable over IF,.
Proof. We prove by induction over h. The statement is obvious for 1 = 1, so that we assume
h > 2 in the following.
Due to Theorem *[r] + [h], - [i] is h-partitionable over IF, for eachh +1 <i < r -1, so that

also *[r] — [h], - [i] is h-partitionable over IF, for each h +1 < i < r — 1 by Lemma Using
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Lemma 25| we can assume ¢; > 0 forall 7 +1 < i < r — 1 since these operations do not violate
Equation (36).

By iteratively applying Lemma (i) witha = j—h we can assume ¢; = 0 forall 21 < j <
r — 1 because these operations do not violate Equation since [j], = [a]; mod [h],. Due to
Lemma [32}(ii) we can additionally assume r < 3k noting that we still have ged(r, h) =

If 2h < r < 3h, then by using Lemma [25( with Lemma 24| we can assume ¢; = 0 for all
r—h < i <r—1, since these operations do not violate Equation (36). Due to Lemma [32}(ii) we
can additionally assume r < 2k noting that we still have ged(r, h) =

For h <r <2hwehavel < r—h < h and we let S denote the desired faithful projective
(n,71,s), system with type o[r] — 2;;11 ¢i[i]. Using Lemma [29|and Lemma 28/ we can deduce the
existence of S* for a sufficiently large value of o from the induction hypothesis.

It remains to consider the case r = 2h where g = h. Since gcd(r -1, h) = 1 we can conclude the
existence of a faithful projective h — (n’, r —1,5), system &’ with type t[r—1] - Y127 &i[i], for some
suitably large integer t > —¢,_1, from the previous part of the proof. By applying Lemma 28| to

S’ we conclude
r=2

glil, = tr—1], (mod [h],) (37)

i=1

from Equation (25). From Equation (36) we conclude

N

r—

eilily = —eralr -1l (mod [h]y), (38)

Il
—_

so that
(t+e&-q) [r=1];,=0 (mod [h],).

Since ged(r — 1,h) = 1 Equation implies t + ¢,1 = 0 (mod [h];), so that Theorem [2| yields
that (t +¢&1) - [r — 1] as well as O - [r] + (t + &,_1) - [r — 1] are h-partitionable over FF,. From
Lemma [31|we conclude the existence of a faithful projective h — (n”,,s"”), system 8" with type
o”’[r] = (t + &-1) - [r — 1]. Fix some subspaces 5; < --- < S,; as in Definition for PG(r - 1,9).
Embedding &’ in S,_, such that S; < --- < §S,., are the subspaces as in Definition and
taking the multiset union with the elements from §” gives a faithful projective system with type
o"[r] = i eilil: .

Note that the stated conditions only ensure that f[7] —ril ¢i[i]is h-partitionable if t is sufficiently
large. Relatively small values of t can sometimes riilled out by some kind of “dimension

arguments”, see the example in Remark[13]

Example 6. We want to explicitly show that x[8] — [7] — [6] — [5] — [4] — [3] is 2-partitionable over
IF, going along the lines of the proof of Theorem 3| In our situation we start with r = 8, h = 2 and
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already have ¢; > 0 for all 1 <i < r —1, so that we start by reducing to the situation where &; = 0 for all
2h <i <r-1,i.e., we need to show that *[8] — 3[3] — 2[2] is 2-partitionable over IF,. By reducing r
by multiples of h it remains to show that %[4] — 3[3] — 2[2] is 2-partitionable over IF,. From Lemma
we know that [4] — [2] and 3[4] — [3] — 2[1] are 2-partitionable over IF,, so that it remains to show
that %[4] + 6[1] is 2-partitionable over IF,. Here we do not reduce r by h since we need r > h. Indeed,
*[2] + 6[1] is not 2-partitionable over IF,. So, we are in the situation r = 2h and first try to determine a
t such that t[3] + 6[1] is 2-partitionable over IF,, where we have h < r < 2h. Via duality we need to show
that x[3] + 3[2] is 1-partitionable over IF,. Clearly, we can construct a faithful projective 1 - (9, 3,9, 3),
system S with type 0[3] + 3[2]. By Lemma[28/S* is a faithful projective 2 - (9, 3,3, 9), system with type
3[3]+6[1], i.e. we have t = 3. More directly, S* arises by taking each line in PG(2, 2) that contains point
S1 (as in Definition three times. From Theorem [2Jwe know that 0[4] + 3[3] is 2-partitionable over TF,.
Since PG(3, 2) contains 35 lines we conclude that 105[4] — 3[3] is 2-partitionable over IF,, so that also
105[4] + 6[1] is 2-partitionable over IF,. Since [4] — [2] and 3[4] — [3] — 2[1] are 2-partitionable over IF,
we conclude that also 116[4] — 3[3] — 2[2] is 2-partitionable over IF,. From Lemma |32|we get that also
116[8] — 3[3] — 2[2] and 116[8] — [7] — [6] — [5] — [4] — [3] are 2-partitionable over IF,. Lemma |30|yields
that o[8] — [7] — [6] — [5] — [4] — [3] is 2-partitionable over IF; for all o > 116 with ¢ =2 (mod 3).

Remark 3. When we apply the constructive proof of Theorem 3| to compute o such that o[r] — Y=} &
is h-partitionable over IF,, the obtained value will usually be rather huge, so that we refrain from stating
explicit upper bounds.

For the case of Example[6|we remark that Lemma[24|also shows that 3[8] —[7] - 2[5] is 2-partitionable
over IF,, so that Lemma [32)implies that 3[8] - [7] — [5] — [3] is 2-partitionable over IF,. Since [8] —[6] and
[8] — [4] are 2-partitionable over F, by Lemma|23|, Lemma|25|implies that 5[8] —[7] — [6] — [5] — [4] - [3]
is 2-partitionable over F,.

Definition 13. For integersn > s >1,r > h > 1, and a prime power q let the surplus be defined by

O(n,1,s,h,q) ==n-[h], - gq(r, 7' (n- s)). (39)
So the surplus is negative iff n is larger than the Griesmer upper bound for n,(r, k; s).

Lemma 33. Letn > s >1,r > h > 1 be integers and q be a prime power. If O(n,1,s,h,q) > 0, then there
exists a faithful projective h — (n +t- [ga[i%, r,s+t- [gchh")]) system S; for all sufficiently large t.

Proof. Settingd’ := ¢q"!-(n—s)and n’ := gq(r,d’)y wehave [h], > O(n,1,5,h,q) = n[h],—n" > 0. Due
to Lemmawe can choose integers o, ¢1,...,&-1, withoc >0and 0 < ¢; <gforall1 <i<r-1,

such that
r—1

=o0q" th (40)

i=1
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and
r—1

n = olrl, - ) elily. (41)
i=1
Since d’ is divisible by qh‘l wehave¢; =0foralll1 <i<h-1. Lett:=0(n,r15,hq),0 :=0+T7,
‘=& t1q,and €l = ¢ foralll <i<r-2,sothate] € Nforalll <i<r-1and ¢} =0 for
all1 <i<h-1. Note that

&

r—1
d/ — G/qr—l _ Z 8l/‘qi—l (42)
i=1
and
r—1
nlhl, =n"+1=0'[r], - eilil,, (43)
i=1
so that )
Z elil, =0 (mod [ged(r, h)],). (44)

i=1

[ged(rm)]y )
5, Equation (42), and Equation (#3) we compute

the stated parameters of S;. n

From Theorem[3jand Lemma we conclude that‘a’ +t- &) [r] —Zf:—ll ¢[i]is h-partitionable
g

over IF, for all sufficiently large t. From Corollary

For other results and notions of asymptotically good additive codes we refer e.g. to [103].

Example 7. Let g =2, v =8 h=2,n=30,and s = 8§, so that d' = qh‘l -(n—3s) = 44. In order
to compute n’ := g»(8,44) we determine parameters o, €1,...,&y, so that Equation is satisfied,
where 0 < ¢1,...,&7 < 2. Here the unique solution is given by 0 = 1, ¢y = €5 = ¢35 =1, and ¢; = 0
otherwise. Via Equation we can compute n’ = [8], — [7], — [5]2 — [3]2 = 90, so that the surplus
is given by 0(30,8,8,2,2) = n[h], —n" = 0. Applying Theorem shows that x[8] — [7] — [5] — [3] is
2-partitionable over IF,. As mentioned in Remark 3[8] — [7] — [5] — [3] is 2-partitionable over IF,, so
that n,(8,3;8 + 21t) > 30 + 85t forall t > 2.

Remark 4. The series of projective systems in Example[7|attains indeed the Griesmer upper bound. In
general we can start with any set of parameters that do not violate the Griesmer bound in Lemma 14 and
obtain a series of projective systems that tend towards the upper bound in Lemma

Remark 5. The proof of Lemma 33| provides a more general construction. Starting from parame-
ters o, ¢€1,...,¢&-1 obtained from Equation and Equation we can modify to any nonnegative
parameters o', e1,...,€,_, satisfying equations (42), and the conditions from Theorem 3| where
Condition is automatically satisfied, see e.g. Example|8}

Example 8. Let ¢ = 2, v =9, h =3, n =55 and s = 7, so that d' = qh‘1 -(n—s) = 192.
In order to compute n’ = g,(9,192) we determine parameters o, €1,...,€s, so that Equation is
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satisfied, where 0 < €1,...,e3 < 2. Here the unique solution is given by 0 =1, ¢ = 1, and ¢; = 0
otherwise. Via Equation we can compute n’ = [9], — [7], = 384, so that the surplus is given
by 0(55,9,7,3,2) = n[h], —n’ = 1. We have that x[9] — [7] is not 3-partitionable over FF, since
Condition is violated. Here we use the surplus to modify *[9] — [7] to *[9] — 2[6] (instead of
*[9] — 2[8]). Since 2[3] — 2[2] is 1-partitionable over Fg we have that 2[9] — 2[6] is 3-partitionable over
IF,, see Lemma Thus, we have n(9,3;7 + 9t) > 55 + 73t forall t > 1.

The reason for the modification of the initial parameters o, ¢1, . . ., £,-1 in the proof of Lemma
is not only to satisfy Condition but also to obtain the “right” n as shown in the following

example:

Example 9. Let q =2, r =7, h =3, n=13,and s = 2, so that d' = qh‘l -(n—s) = 44. In order
to compute n’ = ¢»(7,44) we determine parameters o, €1,..., €, S0 that Equation is satisfied,
where 0 < €3,...,&8¢ < 2. Here the unique solution is given by 0 = 1, €5 = ¢35 = 1, and ¢ = 0
otherwise. Via Equation we can compute n’ = [7], — [5]> — [3]o = 89, so that the surplus is given by
0(13,7,2,3,2) = n[h],—n’" = 2. Hereit happens that x[7]—[5]—[3] is 3-partitionable over IF, nevertheless
the surplus is positive. However Lemma [28|implies that whenever o[7] — [5] — [3] is 3-partitionable over
IF,, then we have 0 = 3 (mod 7) so that we obtain faithful projective 3 — (49 + 127t,7, 6 + 15t), systems
for sufficiently large values of t instead of the desired faithful projective 3—(13+127t,7,2+15t), systems.

Theorem 4. For all sufficiently large s we have that n,(r, h;s) attains the Griesmer upper bound, see
Definition [7}

. [rn [r—H]
PT’OOf. Let S; = m m
ni[hl, > gk(r, gt (n; — si)) while (n; + 1) - [1], < gk(r, gt (ni+1- si)). Let 0, €14, ..., &1, € N
with ¢;; < g forall1 < j <r—1Dbe uniquely defined by

—ifor0<i< and n; be the Griesmer upper bound for n,(r, 1; 5;), i.e.

r—

1
di=q - (mi-s)=0;-qd7" - Z g, (45)
=

so that

r—

1
8y(rd) = 0;- [y = ) &ji- ilys (46)
i=1

]:
using Lemma and O(n;,1,s;,h,q) > 0. Similarly, let o, ei/i, € 4, € IN with 5},1' < g for all

1 < j <r—1Dbe uniquely defined by
r=1

d =g =g = ) a7 @)

=]
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so that
r—1

grd)) = o -1l = ) €l [, (48)
j=1
and O(n; + 1,7,s;,h,q) <0. Now, lets;; :=s;+t- % and n;; := nﬁt-%, so that Lemma
implies
d. ':qh_l.(n._s.): G+t& .qr_l_ig..qi_l (49)
it . it it 1 [ng(T, h)]q - 1 7
(rd-)zt-L-[h]+a--[r]—r_1£---['] (50)
gq o [ng(r/ h)]q 7 : 7 ]:1 i’ ] v
[h] r—i ]
v h-1 R . 9 L1 1, 4i-1
di’t =g +diy (‘71 +t —[gcd(r,h)]q) q ‘ e-q, (51)
i=1
and
g(rd’)—t-L{h]+o"[r]—r_ls’-[j] (52)
W) = Tged (g, T i

Thus we have
O(nit, 1,8i1,h,q) = O(n;, 1,8, h,q) >0 and O(n;y + 1,7,5;4,h,9) = O(n; + 1,7,s;,h,9) <0,

i.e. the Griesmer upper bound for n,(r, k;s;;) is given by n;, for all t € N. Lemma [33|yields the

existence of a faithful i —(n;4,7,5;;) ; System Si for all sufficiently large ¢. [

The proof of Theorem {4f suggest the following algorithm to determine explicit formulas for
[r=hlg

ny(r, h; s) assuming that s is sufficiently large. For all 0 < i < TRt

compute the Griesmer

upper bound n; for n,(r, h; s;) where s; = [gZi_(f,];)]q —i. Then we have
[r — hl, ) [r]; ( [r]; )
n\r,ht - —————— —i|=t- - - n; 53
"( [ged(r )], led (], ~ \Tged(r b, 3

for all sufficiently large ¢t. As an example we mention:

Proposition 1. (Cf. [51] Table 1],[52, Table 11]) For all sufficiently large t we have
o 1y(7,2;31f) = 127+

ny(7,2;31t — 1) = 127t - 5;

ny(7,2; 31t — 2) = 127t - 10;

ny(7,2;31t = 3) = 127t - 15;

1,(7,2; 31t — 4) = 127+ — 20;

ny(7,2;31t = 5) = 127t - 21;

ny(7,2; 31t — 6) = 127t — 26;

ny(7,2; 31t — 7) = 127t — 31;
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1ny(7,2; 31t — 8) = 127t — 36;
ny(7,2; 31 — 9) = 127+ — 41;
my(7,2; 31t — 10) = 127t — 42;
ny(7,2; 31t — 11) = 127t — 47;
ny(7,2; 31t — 12) = 127t — 52;
n,(7,2; 31t — 13) = 127t — 55;
m(7,2; 31t — 14) = 127t — 60;
1ny(7,2; 31t — 15) = 127t — 63;
15(7,2; 31t — 16) = 127t — 68;
m(7,2; 31t — 17) = 127t — 73;
1n,(7,2; 31t — 18) = 127t — 76;
1ny(7,2; 31t — 19) = 127t — 81;
1n5(7,2; 31 — 20) = 127t — 84;
m(7,2; 31t — 21) = 127t — 87;
1ny(7,2; 31t — 22) = 127t — 92;
1,(7,2; 31t — 23) = 127t — 95;
n5(7,2; 31t — 24) = 127t — 100;
(7, 2; 31t — 25) = 127t — 105;
1ny(7,2; 31t — 26) = 127t — 108;
n,(7,2; 31t — 27) = 127t — 113;
ny(7,2; 31t — 28) = 127t — 116;
1n5(7,2; 31t — 29) = 127t — 121;
1,(7,2; 31t — 30) = 127t — 126,

In [52] the stated formulas of Proposition I were indeed shown to be true for all + > 2 and
n2(7,2;31 — i) was determined for all i € {0,...,31}\{19,24, 25}, referring to [83] for i = 18 and
[51] for the previous state of the art. The final three missing cases were resolved in [85]. Having
Theorem@ at hand, the determination of 7,(r, ;; s) can be reduced to a finite set of cases for s for
each given list of parameters g, r, and 5, as the results of Griesmer [50], Solomon and Stiffler
[107] imply for h = 1 a.k.a. linear codes. For the ease of the reader we collect such results in
Section |C|in the appendix and mention that it is an important and difficult task to determine
n4(r, h; s) for the remaining small values of s, even for h = 1. We try to summarize the current
state of knowledge for small parameters, as we are aware of, in Section 5]

As observed in Remark [4] the upper bound of Lemma [15can be reached asymptotically, i.e.

we have (1 1:5) - [r -]
n,(r,h;s) - [r—
m — 121 (54)
5—00 S - [r]q
for all parameters. Thus, we have
ng(r, h;8) > n,(r, h; s) (55)

for all sufficiently large s whenever r/h is not an integer, i.e., additive codes outperform linear

codes for large enough s if /h is fractional. For the case r/h € IN we provide:
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=i,

g r h i spi=t- Tecdt, i ng(rh;sie) ng(rh;sie) —ny(r,h;sip)
2 8 2 13 21t -13 85t =55 2
2 8 2 14 21t -14 85t—60 2
2 8 2 18 21t -18 85t—-76 2
2 8 2 19 21t -19 85t —-81 2
3 6 2 7 10t =7 91t -67 3
3 6 2 8 10t - 8 91t-77 3
3 6 2 9 10t -9 91t-87 3
2 9 3 5 9t -5 73t—43 2
2 9 3 6 9t -6 73t =52 2
2 9 3 7 9t -7 73t-59 4
2 9 3 8 9t -8 73t —68 4
4 6 2 9 17t -9 273t-149 4
4 6 2 10 17t =10 273t-166 4
4 6 2 11 17t =11 273t-183 4
4 6 2 12 17t —12 273t -200 4
4 6 2 13 17t -13 273t-213 8
4 6 2 14 17t - 14 273t-230 8
4 6 2 15 17t =15 273t —-247 8
4 6 2 16 17t =16 273t —-264 8

Table 2: Parameterized series of improvements for additive codes.

Theorem 5. For all sufficiently large t we have the following improvements of additive codes over linear

codes listed in Table 2l and the tables in Section

The four series of improvements for 71,(8, 2; s) were already mentioned in [85]. For (g,7,h) =
(2,10,2) we refer to Table[7] An example for & = 4 is given by Table [9] which also shows that

ng(r,h;si¢) — g (1, h;5;¢) does not need to be a power of the characteristic of IF,. An example

for g = 5 is given by Table 8 In Theorem [9] we will determine the parameterized series of

improvements 1,(6, 2;s) > 1,(6,2;s) for all field sizes g. It turns out that there are g(g — 2) series

and the improvement is divisible by g.

nq(r/ h/ S) ﬁq(r/ h/ S)

g r h s
2. 82 9
2 8 2 10
2 8 2 11
2 8 2 14
2 8 2 27
3 6 2 3
3 6 2 8

33
35-36
40

54
106-107
21
66—68

31
34
39
50
103
17
65

Table 3: Sporadic improvements for additive codes.
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In the introduction we have mentioned the improvement 13(6, 2; 3) = 21 over 13(6,2;3) = 17
from [37]. Corollary 3 yields n3(6,2;10t —7) > 91t — 70 for all t > 1. Note that we have
n3(6,2;10t —7) = 91t — 70 for all t > 2. In Table We collect the known sporadic improvements
where n,(r, h;s) > n,(r, h;s) which are not part of a parametric series of improvements. So e.g.
we do not mention 1,(8,2;23) = 89 > 87 = n,(8, 2;23) since Corollary gives 1,(8,2;21t - 19) =
85t — 81 for t > 2, which is contained in Table 2l The data for (g,7,h) = (2,8,2) descends from
[85].

g v h s ngrh;s) nyrh;s)
2 10 2 18 64-68 62-66
2 22 2 26 56-90 55-74

Table 4: Temporary sporadic improvements for additive codes.

Sometimes one can construct additive codes which have better parameters than the best
known linear codes. The lower bound 1,(70, 2;40) > 47 and the lower bounds listed in Table

were obtained in [51].

4 Linear equation systems over Z and the Smith normal form

For each field F the Gauss-Jordan algorithm computes the set of all x € F" satisfying Ax = b
for a matrix A € F"™" and a vector b € F". The Hermite normal form [62] of A is a triangular
matrix and the Smith normal form (SNF) [106] for A is a diagonal matrix. Both allow to solve
linear equation systems over Z and can be computed efficiently, see e.g. [29]. For a brief
introduction into the underlying theory we refer e.g. to [97, chapters 4,5]. Known results and
general techniques to (theoretically) compute SNFs for incidence matrices, e.g. in PG(r — 1,7),
are surveyed in [105]. Here we want to show the relation to our topic in an informal way by

merely considering examples.

Theorem 6. Let A be a nonzero m X n matrix over a principal ideal domain R. There exist invertible
m X m and n X n-matrices S, T (with entries in R) such that

ap 0 0 ... 0 ...0
0 a, O
0 0 :
SAT =1 : a, , (56)
0 0 ... 0
0 0 ... 0
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a; divides ayq for all 1 < i < v, and the o; are unique up to multiplication by a unit (in R).

The right hand side of Equation is called the Smith normal form (SNF) of matrix A. The
elements a; are called the elementary divisors, invariants, or invariant factors. The matrices Sand T
can be algorithmically obtained by recursively applying invertible row and column operations
to A till it reaches the desired diagonal form.

Example 10. Let

115 7
2 8 10 20
A=|3 3 45 51
17 5 13
2 2 40 44

and M be the Z-module generated by the rows of A. The Smith normal form of A is given by

10 0 O
06 0O
D:=SAT=(0 0 30 0f,
00 0O
00 0 O
where
1 0 0 0O
1 -1 -6 1
-2 1 0 00
0 1 -1 1
S=1-3 0 1 0 0| and T=
0 0 0 1
1 -1 0 1 0
0O 0 1 -1
1 0 -1 01
We have

M = {(zl,zz, z3,21) €ZY 2, =0 (mod 1),z =0 (mod 6),z3 =0 (mod 30),z4 = O}
for the Z-module M’ generated by the rows of D and

M = {(21,22,23,24) eZ*: 2z =0 (mod 1),-z + 2z, =0 (mod 6),

—621 — 2, + 24 =0 (mod 30),z1 + 2o + 23 — 24 = ()},

Equivalently, the linear equation system DTx = b = (by,...,bs)" has solutions over Z. iff b, is divisible
by 6, b is divisible by 30, and we have by = bs = 0. The full set of solutions is given by

{(xl,...,x4)T €Z4 X = bl/l,xz = b2/6,X3 = b3/30}
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Proposition 2. Let A € Z"™" and D = SAT its SNF. Then D% = b has a solution & € Z" iff b; = 0
(mod a;) forall1 <i <rand b; = 0 for all v < i < n. The set of all solutions is given by

{(jll---/xm)T eZ" . X = Ei/O{iVl <i< }"}

Moreover, we have A™x = b with x € Z" iff D" = b with % € Z"", where b = T"band ™ = xS,

Remark 6. The case of some zero rows in the SNF of a matrix, see Example is typical for our
situation of the incidence matrix A%, since there are more h-spaces than points in PG(r — 1,q) when
r—1>h> 1. So, there exist h-spaces S1, ...,S; and integers x1, ..., x;, not all equal to zero, such that
M= Y x; - xs, is the empty multiset of points, i.e. M(P) = 0 for every point P. In the literature such
solutions are known as (subspace) trades, see e.g. [I78ll. In PG(3,2) each set of pairwise disjoint lines
can be completed to a line spread, so that there clearly exist two different line spreads L1 = {L,...,Ls},

Ly ={L,...,Lio} with 2?21 XL = 2326 XL;-

Example 11. Let B be the incidence matrix between lines and points in PG(2,3) and T be the column

transformation matrix of the Smith normal form of B, i.e.

1001001001000 1000000 0-2-1-1-2 -3
1000100010100 0100000 -1-1-1-2-1-11
1000010100010 0010000-2 0-1 0 0-11
0100100101000 0001000-2 0-2-1 0 -7
0100011000100 0000100 0-2-2 0-1 -3
0101000010010 0000010-1-1-2-2-2 -3
B=]oo10010011000 and T =|oooo0o011-1-13-3-3 7
0011000100100 0000000 1 0 0 0 0 -3
0010101000010 0000000 0 1 0 0 0 -3
1110000000001 0000001 0 0 0-1-1 -7
0001110000001 0000000 0 0 0 1 0 -3
0000001110001 0000000 0 0 0 0 1 -3
0000000001111 0000000 0 0 0 0 0 1

Here five invariant factors of B equal 3, the last equals 12, and the first seven equal 1. So, for z =
(z1,...,213) € ZPBb we have z € M := {xTB = Z[3]3} iff

275 +z3+2z4 +2z¢ +2z7+25 = 0 (mod 3),
Z1+ 22+ 25+ 226+ 227429 = 0 (mod 3),
221 +2zp+ 223+ z4+25+2 = 0 (mod 3),
271 + 20+ 224 + 26 + 2210+ 211 = 0 (mod 3),
Z1+ 22y + 225 + 26 + 2210 +212 = 0 (mod 3),
Zp+23+224+2z;+2z10+213 = 0 (mod 3),
123: zi = 0 (mod 4),

i=1

where we have broken up the condition of the last column of T modulo 12 into two conditions modulo 3

and modulo 4, respectively.

Example 12. Let C be the Z3-code of the incidence matrix between lines and points in PG(2,3) B as in
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Example[11} Generator matrices of C and its dual code C* are e.g. given by

1000010100010
0100010220102
0010010010222

1000010102202
0100010220102

0010010010222
1020120211
0001020 0 and 0001020122100 |/
0000120210120 0000120210120
0000001110001

0000001112220
0000000001111

respectively. Clearly, we have dim(C) + dim(C*) = [3]; = 13 since C and C* are vector spaces. Now

consider the incidence matrix
0110110110111

0111011101011
0111101011101
1011011010111
1011100111011
1010111101101
B,: 1101101100111
1100111011011
1101010111101
0001111111110
1110001111110
1111110001110
1111111110000

between affine planes and points in PG(2, 3). By C" we denote the corresponding Zs-code and observe that
every row of B’ is orthogonal to every row of Bw.r.t. Z/3Z, i.e. C' € C*. By e.g. computing the Hermite
normal form of B’ we can verify dim(C’) = 6, so that indeed C' = C*. In the context of Example[T1]|this
means that we can replace the six mod 3-conditions by B’z = 0 (mod 3), which corresponds to thirteen
single mod 3-conditions. Of course we can also select six of these such that the corresponding rows of

B’ generate C'.
Theorem 7. (E.g. [33, Theorem 3.1].) The invariant factors of AV are all p-powers except the last,

which is a p-power times [h],, where p is the characteristic of IF,.

The part [h], of the last invariant factor has an easy explanation. Let Sy,...,S; be a list of
h-spaces in PG(r — 1,4), x1,...,x € Z, and M = Zi’:l X - Xs; be a premultiset of points. Then
clearly, #M has to be divisible by [h], since each h-space consists of [i], points. For the other
invariant factors and their multiplicities we refer to [33, Theorem 3.3]. A corresponding basis
over the p-adic integers is described in [33] Section 5] and [33] Theorem 7.2]. For a more geometric
description, using (generalized) Reed—Muller codes, we refer to [3]. If the field size g itself is a
prime, then the additional conditions on the premultiset of points M are equivalent to M(A) =0
(mod ¢"™1) for all affine subspaces A of codimension 1, i.e., for all A that can be written as H\K
where H is a hyperplane of PG(r — 1,4) and K < H is a (r — 2)-space. It can be checked easily
that those conditions are equivalent to M(H) = #M (mod ¢"!) for every hyperplane H, i.e.,
g"1-divisibility. If g is a proper p-power, then those conditions are only necessary and there are
turther conditions arising from so-called subfield subcodes (or Baer subspaces in geometrical
terms), see [3, Subsection 5.8]. Except the first condition M =0 (mod [k],) all conditions are
also satistied for the set of all points of the ambient space V = PG(r — 1, ), so that we can also

apply them to M directly when studying o - xv — M for some o € IN.
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Given these reformulations one can turn the conditions from Lemma [20|into fairly explicit
ones and decide whether x[r] — M is h-partitionable over FF, for a given premultiset of points M
in PG(r — 1,9). However, determining the smallest o € IN such that o[r] — M is h-partitionable
over [F, is a significant and hard challenge. One example is given by partial spreads of h-spaces.
To this end let A,(r, 2h; h) denote the maximum number of h-spaces in PG(r — 1, q) such that each
point is covered at most once. For a given partial spread ¥ let M denote the set of uncovered
points. In our notation ¥ is a faithful projective h — (#P, 1,5, 1), system with type 1 [r] - M,
where #£ and s can be computed from M via Lemma In the other direction we have the
conditions #M = [r], (mod [h],]), M(P) < 1 for every point P, and M(H) = #M (mod 4"') for
every hyperplane H of PG(r — 1,4). As an example we state 129 < A,(11, 8;4) < 132 [80]. There
cannot be a partial spread of 133 solids (4-spaces) in PG(10, 2) since there is no 8-divisible set of
52 points in PG(10, 2) while there are 8-divisible sets of cardinality 67, see e.g. [65] 67]. So, the
open question is whether [11] — M can be partitioned into 132 solids for one of these choices
for M. Another example is given by 244 < A3(8,6;3) < 248. If A5(8, 6;3) = 248, then the set M
of uncovered points has to be the unique 9-divisible set of points with cardinality 56 over IF3,
which is known as the Hill cap [63], see e.g. [65, Section 6] for more details.

Definition 14. Let p be a prime, | be a positive integer, and B € R™" a matrix where R = Z or
R = Z/p'Z. The (linear) Z,-code C of B is given by the row span of B w.r.t. Z[p'Z. The matrix B is
called a generator matrix of C. The dual code C* consists of all row vectors that are orthogonal to all
elements in C (w.r.t. Z/p'Z). We also call C* the Z.,-kernel of B.

Example 13. Let B be the incidence matrix between planes and points in PG(3,2) and T be the column

transformation matrix of the Smith normal form of B, i.e.

101010101010100 10000 0 0 0-1 0 0-1-3-3-13
100110011001010 01000 0-1-1-1-1-1-3-1-1 —6
101001010101100 00100-1 0-1 0-1-1-3-1-2-20
100101100110010 00010-1-1 0 0 0-1-1-3-2-27
010101011010100 00011-1-1-1 0 0-1—4-5-2-41
011001101001010 00000 1 0 0 000 0-1 0 —6
010110100101100 00000 0 1 00 00 0-1-1 —6

B=]o11010010110010 and T =|o0000 00100 0 0-1-1-13
110011001100001 00001 0 0 0 1 0 0-3-4-1-34
110000110011001 00000 0 0 0 1 1 0-1-2-1-13
001100111100001 00000 0 0 0 0 1 1-1-2-2-13
001111000011001 00000 0 0000010 0 —6
111100000000111 00000 0 0 000 1 0 0-1-13
000011110000111 00000 0 00 00O0O0O0 1 -6
000000001111111 00000 0 00 00O0O0O0 0 1

Here six invariant factors of B equal 2, three equal 4, the last equals 28, and the first five equal 1. Generator
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matrices for the Z4-code C of B and its dual code C* are e.g. given by

1700101100110010 1700101101001101
010101010101011 010101010101011
001100110011110 001100110011110
000200020002020 000200020002020
000011110000111 000011111111000
000002020000022 000002020000022
000000220000002 000000220000220
000000000000000 and 000000000000000
0000000071111 11 000000002002202
000000000202022 000000000202022
000000000022002 000000000022220
000000000000000 000000000000000
000000000000222 000000000000000
000000000000000 000000000000000
000000000000000 000000000000000

with invariant factors [1,1,1,1,1,2,2,2,2,2,2,0,0,0,0] and [1,1,1,1,2,2,2,2,2,2,0,0,0,0], which
we abbreviate as 1°2°0* and 1*2°0°. The rows of the stated generator matrix for C* correspond to ten

mod 4-conditions, where six can be rewritten to mod 2-conditions.

5 Small parameters

In this section we want to collect results on 7,(r, i; s) for small parameters. For results for g = 2
and g = 3 we refer to Subsection |5.1}and Subsection respectively. Here we start with some
parametric results. As mentioned before, we have n,(r, h;s) = oo for r < h, so that we assume
r > h + 1 in the following. We are especially interested in the integral cases where r/h € IN.

Ignoring the degenerated case r = h, the first interesting case r = 2/ can be completely solved:

Theorem 8.

[24],
[,

Proof. The lower bound follows from Theorem 2|and the upper bound from Lemma n

ng(2h, h; s) = Tig(2h, h; s) = s=(q"+1)-s (57)

Clearly we have n,(3,1;1) = 1. For odd q the upper bound 1,(3, 1;2) < g+1 was shown in [25]
and an oval (conic) in PG(2, q) shows 1,(3,1;2) > g + 1 for all field sizes q. Segre [98] has shown
that all examples attaining 7,(3,1;2) = g + 1 are equivalent for odd g, cf. [69]. For even g each
faithful projective 1 — (g + 1, 3, 2), system can be extended to a faithful projective 1 - (4 + 2, 3, 2),
system, which is called hyperoval. The upper bound 1,(3,1;2) < g + 2 follows from the Griesmer
bound, as shown below when setting t =1,i=¢q - 1.

Proposition 3. We have
(3, L+ Dt —i)=[3], - t—[2),-i= (g +q+1)-t—(q+1)-i (58)

for0<i<1,t>landfor2<i<gq,t>2.
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Proof. The statement for 1,(3,1; (g + 1)t), i.e. i = 0, follows from Theorem Let n;; = [3],t — [2],i
and s;; = [2];t —[1];i for 0 < i < gand t > 1. Since d;; := ny; — s;; = g*t — qi we can apply
the Solomon-Stiffler construction if we can find i lines in PG(2, q) that cover each point at most
twice for 2 < i < g or at most once for i = 1. By duality and using 7,(3,1;2) > g + 1 this is indeed
possible. For t > 1 and 1 < i < g the Griesmer bound, see Lemma 21, shows that the length of

n’ of each [1’, 3,d’], code with minimum distance
d=d;+1=my+1)-s,;=t-¢—->1(-1)-q-(q-1)-1
is at least
t-[Bly—(G-1)-[2],—(g—1)-[1]; = [Blt = [2]4i + 2 > ny,
ie. ny(3,1;(g+ 1)t —1i) <[3], -t —[2], - i follows from the Griesmer upper bound. [ ]
We remark that Lemma [15(implies

3]
[3 - 11,

3,15 + D i) < e = -ai- [ 59)

g+1

for0 <i<gandt > 1, whichis tight iff i = 0,1. Fort =i =1 the qz lines of PG(2,q) that
are disjoint to an arbitrary but fixed point yield a projective faithful 2 — (4%,3,1,9) ; System
whose dual is a projective faithful 1 — (4%, 3,9, l)b7 system. The determination of 1,(3,1;s) is
a challenging problem for 3 < s < g — 1 and was solved completely for g < 9 only, see e.g.
http://mars39.lomo. jp/opu/griesmer.htm. In Table 5| we summarize the known values for
g < 9. We remark that in all cases 1 — (n,,(3, 1;s),3,s, 1>q systems do exist, see http://web.mat.

upc.edu/simeon.michael.ball/codebounds.html.

Lemma 34. We have 1,(6,2; (> + 1)t — i) = (q4 +q*+ 1)t —(*+1)iforall0<i<g®andall t > 2.

[r—hl,
[ged(r )],

=g*+¢*+1 = 3>+ 4+ 1. For the lower bounds we refer to Proposition Due to

Proof. With § := g*> we compute ged(r,h) = 2, [ged(r, )], = g+ 1, =g*+1=4+1,and

[7]q
[ged(r )],

Theoremwe can assume 1 <i < g% Letn;; := (q4 +q*+ 1)1‘ —(@+Diand s = (> + 1)t -1,
so that

(nip+1)—sy=t-F—-@G-1)-§-(G-1)-1

Sincet-[3];—(i—1)-[2];—(§ - 1)-[1]; = n;; +2 Lemmayields n;3, LG+t —i) <GP +4+1)
t—(G+1)iforl <i<ig. n

Theorem 9. Let 0 <i < g*and i = aq — b where a,b € N and b < q — 1. For each t > g* + g we have

14(6,2; (q2 + 1t —1i)= (q4 + q2 + 1)t — (q2 +1)i + max{a —2,0} - g (60)
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5 n 3/ 1/S GUb a
q s ny3,1;5) Gub gap g : a( 29) i gz
i ; 411 411 6 36 41 5
3 7 7 7 49 49
8 57 57
3 1 1 1
2 4 5 1 g8 1 1 1
3 9 9 2 10 10
3 15 19 4
; B 4 28 28
: ; é é 5 33 37 4
3 9 11 2 6 42 46 4
7 49 55 6
4 16 16 ; o>
5 21 21 . oo
5 1 1 1
2 6 7 1 9 1 1 1
2 10 11 1
X b - : 3 17 21 4
5 e . 4 28 31 3
2 é? ?13 5 37 41 4
7 1 1 1 6 48 51 3
2 8 9 1 7 55 61 6
8 65 71 6
) o : 9 81 81
- 2> & 10 91 91

Table 5: Griesmer upper bounds and exact values for 1,(3,1;s) for1 <s<g+1land g <9.
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and ny(6,2; (q* + 1)t — i) = 14(6,2; (4* + 1)t — i) + max{[i/q] — 2,0} - q.

Proof. First we note a = [i/q], so that the second part follows from Lemma 34|and Equation (60).
Due to Theorem 2l we can assume 1 < i < g°. Let n;; := (q4 +g9% + 1)t —(g*+1)i and s;; :=
(7> + 1)t — i, so that n;; = 114(6,2;s;;) for all t > 2 by Lemma and

- (i +D)=sy)=t-° (-1 -@-1-F-@G-1-q. (61)
For 1 <i < q we have
t6l, — (i — 14l - (g - DBl - (g - DI2] = t[6], — i[5l + g+ 3 =ni(g + 1) + 2> niu(g + 1),
so that Lemma 21| gives 1,(6,2;s;:) < n;;. For g + 1 <i < 2q we have
g-((y+D)=sy)=t- @ g =(i-9-1)-¢-@-1)--@@-1) g
and
t6l, — [5l; — (i —g -4l - (g - DBl - (g - DI2] = t[6], —i[4l; + g+ 2 =nix(g + 1) + 1 > nip(g + 1),

so that Lemmagives 14(6,2;5i;) < . For 1 <i < 2q we have 1n,(6,2;s;:) > 14(6,2;5;1) = 1.
So far we have shown n,(6,2;s;;) = n,(6,2;s;;) = n;; + max{fa — 2,0} -gfora <2,ie. 0 <i <2g,
and t > ¢* +q> 2.

For3<a4<gq,0<b<q-1,andi=aq—-bwehave

q-((ni,t+(a—2)q)—si,t)=t-q5—(a—l)-q4—(q—l—b)-qS—(q+2—a)q2

and

t-[6l,—@-1)-[5],-(g—-1-"D)-[4], - (g+2-a)[3], t-[6], —i4]; + (@ —2)q(q + 1)

(i +(@=2)q) - (g +1).

By Theorem 2/ we have that (g + 1)[3] is 2-partitionable over IF,. Lemma 24{shows that [6] — [4]
and (g + 1)[6] — [5] — q[3] are 2-partitionable over IF,. Consider the corresponding constructions.
Taking (a — 2) copies of the first, (7 — 1 — b) copies of the second, and (a — 1) copies of the third
construction shows that t[6] — (2 —1)[5] — (9 — 1 —b)[4] — (9 + 2 — a)[3] is 2-partitionable over IF, for

t=@+1)@a-1)+(@+1-by=ag-b+a=i+a<qg*+q.
Since [6] is 2-partitionable over IF, by Theorem 2| we have n,(6,2;s;;) > n;; + (a — 2)q for all
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29+1<i<g*andallt > g* + q. For the upper bound we consider

g-((y+@=-2g+ 1) =sy)=t-g°—(@a-1)-q"'-(g-1-b)-¢ (@ +1-a)g* - (- 1)q

and
t-[6l,—@-1)-[5];,-(g-1-b)-[4]; - (@ +1-a)[3], - (9 - D[2],
= t-[6],-i[4]l,+(@-2)q@@+ 1) +q+2=(mn+@-2)g+1)-(g+1)+1
> (nig+@-2)q+1)-(q+1),
so that Lemma gives 1,(6,2;s;) < njy + (a — 2)q. ]

Theorem 10. We have ny(h +1,h;8) = s- [h + 1], ny(h + 1,h;8) = s - (qh + 1), and ng(h +1,h;s) —
ng(h +1,h;s) = s - qlh — 1], which is positive for h > 1.

Proof. For ny(h +1,h;s) the upper bound follows from Lemma|l5{and a construction is given by

choosing each h-space s times. The value of 1,(h + 1, h; s) follows from Theorem ]
Proposition 4. For even h we have n,(h+2,h;s) = [h[er]zq]‘l s =[h/2+1]p-sforalls € N. Let h = 2h' +1
where ' € Ns1. We have

[h+2],+q

ng(h+2,l;(q+ V)t —i) = [h+2], -t - i=[h+2lyt—(q- W +1p+1)-i  (62)

2],
for0<i<1,t>landfor2<i<gq,t>2.

Proof. The statements for n,(h + 2, h;s) with even h and for n,(h + 2, h; (g + 1)t) with odd & follow
from Theorem [2, so that we assume /1 = 2h’ + 1 for a fixed i’ € IN;; and i > 1 in the following.

Let
[h+2];,+q

ng; = [h + 2]qt - [2]q

di=[h+ 2t (g [0 + 1z +1) - (63)

and
s,i=(@+1)t—1 (64)

for0<i<gandt>1. Lemmayields the existence of a faithful projective 2—(‘7}7;—_7’3, h+2,%, 1)

system where all elements are disjoint to a special 3-space A. Taking s, ; copies thereof and embed-
ding the dual of a faithful projective 1 - ([3]qt —(g+1);,3,(g+ 1)t - i)q system from Proposition
into A gives a faithful projective 2 — (n;;, h + 2, %, St,i)q system S;; fort > 2 ort =i =1 since

qM— 3 qh+2+q2_q_1

T s+ (131t - (g + Di) = [h+2],- £ - s [+ 2], +q

l:[h+2]qt+Tl
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So, the dual S}, of S;; yields ny(h +2,h;s:;) > ny; for0<i<1,t>1landfor2<i<gq,t>2. Let

dpj = qh_l (i = s1) = qh_l : (qz[h]qt —q-[+1]p- i) = ([h]qt - qi[h']qz) : qh” —i q”,

so that
g7 g+ 1= 1) = (It =gl ]2) -4 == 1) - = (=D - "

So, fort > 1and 1 < i < g the Griesmer bound, see Lemma shows that the length of n’ of
each [, h + 2,d’], code with minimum distance d’ = d;; + q"!is at least

(1ot = qill 1) - T+ 21, = (= 1) - [+ 1]y — (g = 1) - [H]

[h+ 2]yt - [h], — ¢°ill ] - [h], — q(q + D[l ]2 — (ig — D[R],

[, - ([ + 20t = (gl + 112 + 1) - i) + (i + DAL, — q(q + Dilk ]z
= [hly-n + [y = 1> [R]; - ny,

i.e. the Griesmer upper bound from Definition@ is ng(h +2,h;5,;) < ny 4, see Lemma |

We remark that Lemma [15(implies

. (1], . . i
ng(h+2,h; (g + 1)t —1i) < @-((q+1)t—z) =[h+2]t—q-[(h+1)/2]p i~ LI"‘J
forodd h,0<i<g,and t > 1, which is tight iffi = 0,1, see Propositionfor h=1.

Proposition 5. For odd h > 3 we have n,(h + 2,h;1) = W =q® [(h- /2] + 1.

Proof. The dual of a faithful projective h — (n,h +2,1, i), system is a faithful projective 2 — (1, h +
2, u,1), system, i.e. a partial line spread in PG(h + 1, g), so that [10, Theorem 4.1, 4.2] yields the

stated formula. |
Proposition 6. Bounds for n,(5,3;s), where 1 < s < g + 1 and q < 9, are summarized in Table 6}

Proof. Forq <s < g+1werefer to Proposition@and fors=1 Propositionyields n,(5,3;1) = g°+
1. Asin the proof of Proposition@we can use Propositionto deduceny(5,3;s) > g°s+14(3,1;5).
If not stated otherwise we use this lower bound with the values from Table 5l The dual of a
faithful projective 3 — (1,5, s, 1), system is a faithful projective 2 — (1,5, i, s), system S. Due to
Lemma [ P(S) is g-divisible. By Lemma B M := s xy — P(S) is also g-divisible with cardinality
#M = s[5], — n[2], and maximum point multiplicity at most s, where V' is the 5-dimensional
ambient space. So, nonexistence results for g-divisible multisets of points in PG(4,q) with
suitable cardinalities and maximum point multiplicities can imply upper bounds for 1,(5, 3; s).

As a example we will use the fact that there is no 3-divisible multiset of points in PG(4, ) with

cardinality 6 and maximum point multiplicity at most 2, which can be verified by exhaustive
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g s ny5,3s) Gub gap
21 9 9
2 20 20
3 31 31
3 1 28 28
2 58 59 1
3 90 90
4 121 121
4 1 65 65
2 134 134
3 201 203 2
4 272 272
5 341 341
5 1 126 126
2 256 257 1
3 386 388 2
4 516 519 3
5 650 650
6 781 781
7 1 344 344
2 694 695 1
3 1044 1046 2
4 1394 1397 3

Table 6: Griesmer upper bounds and values for 1,(5,3;s) for1 <s <g+1and g <9.
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14(5,3;5)

Gub

1744
2094
2450
2801

1748
2099
2450
2801

513

1034
1551-1555
2076
2593-2597
3114-3118
3633-3639
4160

4681

513
1034
1555
2076
2597
3118
3639
4160
4681

O O NNANUTH WONRRNOOONNUIEA WN RN O UGllwn

10

730
1468-1469
2204-2208
2944-2947
3682-3686
4422-4425
5158-5164
5897-5903

6642
7381

730
1469
2208
2947
3686
4425
5164
5903
6642
7381




enumeration or proven theoretically, see Lemma Thus, we have 13(5,3;2) < 59 since
2-[5]5-59-[2]; =6.

Using the software package LinCode [27] we have shown by exhaustive enumeration that
the following multisets of points do not exist:

e There is no 3-divisible multiset of points in PG(4, 3) with cardinality #M = 6 and maxi-
mum point multiplicity at most 2.

e There is no 4-divisible multiset of points in PG(4, 4) with cardinality #M = 13 and maxi-
mum point multiplicity at most 3.

e There is no 5-divisible multiset of points in PG(4, 5) with cardinality #M € {20, 21, 22} and
maximum point multiplicity at most 4.

e Thereisno7-divisible multiset of points in PG(4, 7) with cardinality #M € (35,36, 37, 38,42, 43,44, 45,4

and maximum point multiplicity at most 6.

In Table | we have marked the corresponding improved upper bounds for 1,(5,3;s) in bold
font. For more details we refer to Section Dl n

So far we have tried to determine parametric formulas or bounds for n,(r,1;s) for small
parameters of r and / in terms of s. We may also consider the situation for fixed small values of

s. Since ny(r, h;s) = oo for r < h we assume r > h + 1 in the following.
Lemma 35. We have n,(r,h;s) = s for hs <.

Proof. Let S be a faithful projective h — (n,7,s), system with n = n,(r,h;s). The span of n
elements from S has dimension at most n#, i.e. all elements of S are contained in a hyperplane
of PG(r - 1, 9). |

So, we will mostly assume s > r/h in the following, i.e. s = 2 is the first interesting case.

Theorem 11. We have n,(3h,h;2) = n,(3h, h;2), i.e. ny(3h,h;2) = q" + 1if g is odd and n,(3h,h;2) =
g" + 2 for even q.

Proof. Let S be a faithful projective h — (1, 3h; 2), system with n = n,(3h, h;2). Any two elements
of S span a 2h-space since otherwise we find three elements contained in a hyperplane. Denote

the number of hyperplanes with i elements from S by 4;. Double-counting yields the equations

ag+a,+a, = [3I’l]q, (65)
ay +2a, = n-[2h], and (66)
o, = .0, (67)
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so that the second equation minus twice the third equation gives
a; = n[h]q-(qh+2—n).

Since a; is nonnegative, we have 1,(3h,h;2) < qh +2. Ifn= qh + 2, then a; = 0. However, the
corresponding code would be a projective two-weight code with weight difference 2¢"~!, which
is not a power of the characteristic of IF, if g4 is odd - contradiction to Lemma (1| from [40].
Ovals and hyperovals in PG(Z, qh) give the corresponding constructions for odd g and even g,

respectively. n
We remark that n3(6, 2;2) = 10 was shown in [7] by exhaustive enumeration.

Remark 7. Let S be a faithful h — (n,lh;1 — 1), system with n = n,(lh, h;1 — 1) for some | > 2. If there
exist i elements of S that span a subspace S of dimension strictly less than hi for some 1 < i < I, then
adding any further | — i elements yields the existence of a hyperplane with at least | elements, which is
a contradiction. Thus, the dimension spanned by any subset of elements of S is congruent to 0 modulo
h. In [21} Proposition 3.1] is was shown for ¢ = h = 2 that this conditions ensures that S can be
obtained from a faithful projective 1 — (n, ;1 — 1), system by the subfield construction. The existence
of non-Desarguesian spreads of h-spaces for q > 2 or h > 2 shows that further conditions are needed in
order to conclude linearity, cf. [6, Theorem 13] and [1ll. For characterizations of Desarguesian spreads
we refer to [95]]. So, it is an interesting question, whether ny(lh, h;1 — 1) > ny(lh, h;1 = 1) is possible for
I>3.

Lemma 36. For each odd prime power q we have
n,(5,2;2) <q* +q+ 1. (68)

Proof. Consider a faithful projective 2 — (1,5, 2, u), system S and denote the number of hyper-
planes that contain i elements from S by a;. We will show p = 1if n > g> + 2. The dual S* is a
faithful projective 3 — (1, 5, u, 2), system. Note that two planes (3-spaces) in PG(4, q) intersect in
at least a point. If S* contains a plane with multiplicity 2, then we have n = 2. If §* contains
two elements E;, E, such that their intersection is a line L, then the elements in S*\{E;, E,} need
to intersect E; outside of L, so that n < ¢* + 2.

If n > ¢* + 2, then the elements of S form a partial line spread, i.e. we have u = 1. Double-

counting gives

ag+ay+a, = [5], (69)
ay +2a, = n[3];, and (70)
2a, = nn-1). (71)
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If n > [3],+1, thena; <0, whichisimpossible. If n = [3],+1 = g>+g+2,then we havea; =0, so
that the corresponding code is a projective two-weight code with difference 24 of the occurring
nonzero weights. However, the weight difference of a projective two-weight code has to be a
power of the characteristic of IF,, see Lemma 1| or [40, Corollary 2], which gives a contradiction
if g is odd. n

Remark 8. Forq = 2 avector space partition of PG(4, 2) of type 2°3 gives a faithful projective 2—(8,5, 2),
system (which is unique) and there also exists a faithful projective 2 — (6,5,2), system that contains a
pair of lines intersecting in a point. For q € {3,5} there exist a faithful projective 2 — (q* + 2,5, 2), system
that contains a pair of lines intersecting in a point. For g = 3 the maximum size n of a faithful projective
2—(n,5,2), system is 12 = ¢* + q [7].

A subclass of special interest are so-called MDS codes attaining the Singleton bound with
equality, see e.g. [6][7]. Many of these codes fall into the class of Reed-Solomon codes, but there

are also other constructions see e.g. [7, Remark 27] and [70].

Proposition 7. We have n,(6,2;9) < q-(q* — q + 1). If S is a faithful projective 2 — (n,6,q, 1), system
attaining equality, then we have y = 1 and each 4-space contains either 0 or q elements from S and each
subset of elements of S spans an even-dimensional subspace.

Proof. 1f L, L, are two different elements in S that intersect in a point, then let 7 be the 3-space
spanned by L;, L, and consider the projection of S through 7, see Lemma [9} so that Lemma
givesn < (q—2)-(*+g+1)+2=4q-(4*—g—1). Thus, if n > q- (4> —q—1), then we have
u =1 (noting that the case L; = L, leads to even stronger upper bounds for n). Assuming u =1,
let S’ be the projection of S through L, so that 8’ is a faithful projective 2 — (n —1,4;q9 — 1, u’),
system. Lemma [15gives #S' =n—-1< (g*+1)- (9 — 1), so that #S = n < g- (4> —q + 1). In the
case of equality we have u’ = g—1and &’ has type (9 — 1) - [4]. Moreover, &’ is faithful, i.e., any
subset of elements of S spans an even-dimensional subspace. If S is an arbitrary 4-space that
contains an element L from S, then projection through L yields that the elements of S\{L} cover
(9—1)- (9 +1) points from S. Since no subset of elements from S spans a 5-space, every element

of S that intersects S is fully contained in S, i.e., S contains exactly g elements from S. n

Remark 9. A (multi-)set S, of 2-spaces in PG(5, q) with cardinality q(q* — q + 1) such that each 4-
space contains either 0 or q elements from S is a special case of a so-called perp-system, see [37] for
details. They do indeed exist for even field sizes q [37, Lemma 5.1]. The construction is based on
maximal arcs in PG(2,¢%) — Denniston arcs to be more precise [41] — i.e. the corresponding codes are
linear over 2. For odd q we cannot obtain such examples from maximal arcs in PG(2, q%) [4l], so that
1,(6,2;9) < q-(q> —q+1). For q = 3 an example attaining the upper bound from Proposition E was
found by a computer search, see [37, Example 2], and for odd q > 3 no such example is known.
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5.1 Additive codes over the binary field

As mentioned before, we have n,(r, h;s) = oo for h < r, so that we assume r > h + 1. For n»(3,2;s)
we refer to Theorem [10and for n,(4, 2; s) we refer to Theorem

Theorem 12. ([16l]) We have

o 1(5,2,7t) =31t fort > 1;

o 15(5,2,7t—1) =31t -5fort > 1;

o 15(5,2,7t=2) =31t -10fort > 1;

o 115(5,2,7t =3) =31t -15fort > 1;

o 1y(5,2,7t —4) =31t =20 fort > 1;

o 15(5,2,7t =5) =31t =23 fort > 1;

o 15(5,2;7t —6) =31t — 28 for t > 2 and n(5,2;1) = 1.

Proof. Lemma 35| gives 11,(5,2;1) = 1. The other upper bounds follow from the Griesmer upper
bound. Due to Corollary [3|it suffices to give a construction for the first elements of the seven
sequences. Theorem 2| gives 1n,(5,2;7) > 31. Lemma [23| shows that [5] — [3] is 2-partitionable
over IF,, so that 115(5,2;2) > 8. From small linear codes we conclude 1,(5,2;3) > n,(5,2;3) = 11,
ny(5,2;4) > n,(5,2;4) = 16, and n,(5,2;5) > n,(5,2;5) = 21. From Lemma we conclude that
3[5] — [4] — 2[2] is 2-partitionable over IF,, so that also 3[5] — [4] is 2-partitionable over IF, and
ny(5,2;6) > 26. Corollarygives n,(5,2;8) = ny(5,2;2) +ny(5,2;6) > 34. [

Remark 10. Forr > 2h Lemma|23|gives that [r]—[r—h] is h-partitionable over IF,, so that nq(r, h; q"Zh) >
q""". From the Griesmer upper bound we can conclude that indeed nq<r, h; qr‘Zh) =q" Forr > 2h
with r = 1 (mod h) Lemma |26| gives that [h — 1], - [r] + g"' - [1] is h-partitionable over IF,, so that
nq(r, m1+[h=1],- Lo qr‘h‘ih) >1+[h—1],- X" g™ From the Griesmer upper bound we
can conclude that this lower bound is indeed tight.

Theorem 13. ([16| Theorem 1]) We have n,(6,2;s) = n,(6,2;s) for all s, i.e.

o 15(6,2;5t) =21t fort > 1;

ny(6,2;5t —1) =21t =5 for t > 1;

ny(6,2;5t —2) =21t — 10 for t > 1 and n,(5,2;3) = 9;
1(6,2;5t = 3) =21t =15 for t > 1;

ny(6,2;5t —4) = 21t - 20 for t > 1.

Proof. The lower bounds follow from n,(6,2;s) > 1,(6,2;s) and Corollary 3| The upper bound
12(6,2;3) <9 was shown in [21, Section 4.2]. All other upper bounds follow from the Griesmer
upper bound. n

Theorem 14. ([85]; cf. [51), Table 11,152} Table 1I]) We have
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ny(7,2;31¢) = 127t for t > 1;

ny(7,2;31t — 1) = 127t = 5 for t > 1;

ny(7,2;31t —2) = 127t = 10 for t > 1;

ny(7,2;31t = 3) = 127t = 15 for t > 1;

ny(7,2; 31t — 4) = 127t = 20 for t > 1;

ny(7,2;31t = 5) = 127t = 21 for t > 1;

15(7,2;31t — 6) = 127t — 26 for t > 1;

my(7,2;31t = 7) = 127t = 31 for t > 1;

1n5(7,2;31t — 8) = 127t — 36 for t > 1;

n5(7,2;31t = 9) = 127t — 41 for t > 1;

n5(7,2;31t — 10) = 127t — 42 for t > 1;

n5(7,2;31t — 11) = 127 — 47 for t > 1;

n5(7,2;31 — 12) = 127t = 52 for t > 1;

ny(7,2;31t — 13) = 127t — 55 for t > 1;

ny(7,2; 31t — 14) = 127t — 60 for t > 1;

ny(7,2; 31t — 15) = 127t — 63 for t > 1;

ny(7,2; 31t — 16) = 127t — 68 for t > 1;

ny(7,2;31t — 17) = 127t = 73 for t > 1;

ny(7,2; 31t — 18) = 127t — 76 for t > 1;

ny(7,2;31t — 19) = 127t — 81 for t > 1;

ny(7,2; 31t — 20) = 127t — 84 for t > 1;

ny(7,2; 31t — 21) = 127t — 87 for t > 1;

ny(7,2;31¢ — 22) = 127t — 92 for t > 1;

n5(7,2;31t — 23) = 127t — 95 for t > 1;

15(7,2; 31t — 24) = 127 — 100 for t > 1;

15(7,2; 31t — 25) = 127t — 105 for t > 1;

15(7,2; 31t — 26) = 127t — 108 for t > 2 and n,(7,2;5) = 17;
1n5(7,2; 31t — 27) = 127t = 113 for t > 2 and n,(7,2;4) = 12;
15(7,2; 31t — 28) = 127t — 116 for t > 2 and n5(7,2;3) = 7;
15(7,2; 31t — 29) = 127t — 121 for t > 2 and n5(7,2;2) = 2
ny(7,2; 31t — 30) = 127t — 126 for t > 1.

4

Proof. Lemma [35] gives 15(7,2;1) = 1 and n5(7,2;2) = 2. Theorem ] yields 1,(7,2;31t) = 127t
for t > 1. In [21] n2(7,2;3) < 7 was shown. The coding upper bound implies 1,(7,2;4) < 12
and n,(7,2;5) < 17. All other upper bounds follow from the Griesmer upper bound. Due to
Corollary 3|and Corollary [1|it suffices to gives constructions for s € {3,...,13, 15,21, 25, 26, 30}.

Constructions for s = 3,4 were given in [21] and for s = 5 we can use 1n,(7,2;5) > 1,(7,2;5) = 17.

For s € {6,7,12,13} examples were found using ILP searches, see [85]. For s = 9 an example is

given by a vector space partition of PG(6,2) of type 2%°3!41. For s = 15 an example is given in

[52, Example 2]. For s € {8,10,11,21,25,26,30} examples can be easily constructed using the

general tools provided in Section 3| see Proposition [10|for the details. |
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Theorem 15. ([85]) For s > 30 the Griesmer upper bound for n,(8,2;s) can always be attained. For all
s € Ny withs #2,3,7,8 (mod 21) and s ¢ {9,10,11,14,15,24,27} we have n,(8,2;s) = n,(8,2;s).

More concretely:

o 15(8,2,21) =85t fort > 1;

o 15(8,2;21t—1) =85t =5 for t > 1;

o 15(8,2;21 —2) = 85t — 10 for t > 1;

o 15(8,2;21t —3) =85t —15fort > 1;

o 15(8,2;21t —4) = 85t — 20 for t > 1;

o 15(8,2;,21t - 5) =85t - 21 fort > 1;

o 15(8,2;21t — 6) = 85t — 26 for t > 2 and n,(8,2;15) € {55,56,57};

o 15(8,2,21t-7) =85t =31 fort > 1;

o 15(8,2;21t —8) =85t —=36 fort > 1;

o 15(8,2;21t —9) = 85t — 41 for t > 1;

o 15(8,2;21t — 10) = 85t — 42 for t > 2 and n,(8,2;11) = 40;

o 15(8,2;21t — 11) = 85t — 47 for t > 2 and n,(8, 2;10) € {35, 36},

o 15(8,2,21t —12) =85t =52 for t > 1;

o 15(8,2;21t — 13) = 85t = 55 for t > 3, n5(8,2;8) = 28, and ny(8,2;29) € {113,114,115});
o 15(8,2;21t — 14) = 85t — 60 for t > 3, n2(8,2;7) = 23, and n,(8, 2;28) € {108, 109,110},
o 15(8,2;21t — 15) = 85t — 63 for t > 3, n2(8,2;6) = 18, and n,(8,2;27) € {106,107},
o 15(8,2;21t — 16) = 85t — 68 for t > 2;

o 15(8,2;21t — 17) = 85t — 73 for t > 2 and n,(8,2;4) = 10;

o 15(8,2;21t — 18) = 85t — 76 for t > 3, 15(8,2;3) = 5, n5(8,2;24) € {92,93,94};

o 15(8,2;21t —19) = 85t — 81 for t > 2 and ny(8,2;2) = 2;

o 15(8,2;21t —20) = 85t — 84 for t > 1.

Proof. Lemma 35 gives 1,(8,2;1) = 1 and n5(8,2;2) = 2. Theorem 2] yields n,(8,2;21t) = 85 for
t > 1. In [21] n2(8,2;3) < 5 and n,(8,2;4) < 10 were shown. The coding upper bound implies
12(8,2;6) < 18, ny(8,2;7) < 23, n,(8,2;8) < 28, n5(8,2;10) < 36, n,(8,2;11) < 40, and 1,(8,2;15) <
57. All other upper bounds follow from the Griesmer upper bound. The lower bound 1,(8, 2;s) >
1,(8,2; s) matches the upper bound for all s € {5, ...,48}\{9,10, 11, 14, 15, 23,24, 27, 28, 29, 44, 45}.
For s € {9,10,11, 14, 23,27,45,49, 50} we refer to [85] for explicit examples obtained using ILP
searches. For s = 50 also the tools from Section 3| can be used, see Proposition [11] for the
details. For s € {15,24, 28,29} the lower bound 1,(8,2;s) > 1,(8, 2;s) still gives the best known
construction. With this, all remaining constructions can be obtained using Corollary 3| and
Corollary n

A few further constructions and upper bounds for 1,(r,2; s) can be found in the literature:
e 1,(14,2;7) < 11 [13];
e 1,(9,2;5) < 11 [13], [14];
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n,(15,2;8) < 13 [13]];
n,(10,2;6) < 14 [11];
1,(28,2;14) < 17 [15];
n,(35,2;18) > 22 [15].

For n,(4, 3; s) we refer to Theorem for n,(5, 3; s) we refer to Proposition @ in combination
with Table [f} and for 11,(6, 3; s) we refer to Theorem [§]

Theorem 16. We have
o 15(7,3;15t) =127t for t > 1;
o 1y(7,3;15t = 1) =127t =9 for t > 1;
o 15(7,3;15t - 2) =127t =18 for t > 1;
o ny(7,3;15¢t = 3) = 127t = 27 for t > 1;
o 1y(7,3;15t — 4) = 127t — 36 for t > 1;
o 15(7,3;15t - 5) =127t — 45 for t > 1;
o 15(7,3;15t — 6) = 127t =54 for t > 1;
o 1y(7,3;15t -7) =127t =61 fort > 1;
o 15(7,3;15t - 8) =127t =70 for t > 1;
o 15(7,3;15t - 9) =127t =77 fort > 1;
o 15(7,3;15t - 10) = 127t —= 86 for t > 1;
o 15(7,3;15t - 11) =127t =95 for t > 1;
o 15(7,3;15t —12) =127t =104 for t > 1;
o 1(7,3;15t - 13) =127t =111 for t > 1;
o 15(7,3;15t — 14) = 127t =120 for t > 2 and n,(7,3;1) = 1.

Proof. Lemma gives 1(7,3;1) = 1. Theorem [2| yields n,(7,3;15) = 127. All other upper
bounds follow from the Griesmer upper bound. The lower bound n,(7, 3; s) > 1,(7, 3; s) matches
the upper bound for s = 9. For s € {3,5} examples have been found using ILP searches, see
Section [F} For s € {2,6,13,14} the constructions from Section 3| can be used, see Proposition
for the details. With this, all remaining constructions can be obtained using Corollary 3| and
Corollary 1} [

Remark 11. We have n,(7,3;2) = 16 and it is not hard to show that any projective 3 — (16,7,2, u),
system S is indeed faithful and we have u = 1, i.e. S is a partial plane spread of cardinality 16 in PG(6, 2).
Those have been classified in [66] and there are exactly 37 + 3988 = 4025 isomorphism types. For more
details on the equivalence of linear or additive codes we refer e.g. to [l].

Lemma 37. We have n3(8, 3; 3) < 20.
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Proof. Assume that S is a faithful projective 3 — (21, 8, 3), system and C := X~!(S) is the linear
code that corresponds to the multiset of points covered by the elements of S. By Lemmal4] C is
a [147,8,{72,76, 80, 84}], code.

If a plane S would be contained at least twice, then #S < 2 + [8 — 3],/[8 — 6], < 13 —
contradiction. If two different planes S;,S, € § intersect in at least a point then projection
through S; gives a 3 — (20, 5,2), system &’ by Lemma where S, is projected to a line or
a point, i.e. 8’ is unfaithful. Let S’ € &’ be an element of dimension at most 2, so that S’ is
contained in at least 7 hyperplanes of PG(4,2). These hyperplanes contain at most one other
element from &’. Since every hyperplane contains at most two elements from S'\{S’} we have

7-1+24-2

#S8' -1< — <19,
B 3

which is a contradiction. Thus, no two elements of S intersect in a point and the linear code
C is projective. Let A; denote the number of codewords of weight i in C. From the first three
MacWilliams identities we compute Agy, = 234 — Ay, Agy = 3A7, — 609, and Az = 630 — 3A7,.
Let ¢ € C be a codeword of weight 84 and C’ be the corresponding residual codef]so that C’
is a projective [63, 7, {30, 32, 34, 36, 38}], code. Using the software package LinCode [27] we have
verified by exhaustive enumeration that there is a unique such code and a generator matrix is

given by

111111111111111111111111000000001111000000001110000000001000000
111111111111111100000000111111110000111100000001110000000100000
000000001111171117111711111111111110000000011110000001110000010000
000011110000111100001111000011111111111111110000000001110001000 |.
011100110011000100010011000100110111011100010110110110110000100
101101010101011100100101001001010001000101111011011011010000010
000110100110101101100001011011011010001100101110100111100000001

The corresponding weight enumerator is given by
1+76x +31x% + 200,

With this we can compute the number A; of codewords of weightiof Cas Ay, = 183, Az = 51—y,

Ago = 2y, and Agy = 21 — y, where 0 < y < 20. Plugging A7, = 183 into the previous equations

gives Agy = 51, Agy = —60, and Ay, = 81, which is a contradiction since Agy cannot be negative.
If C does not contain a codeword of weight 84, then we have Ag, = 0, so that Ay, = 234,

®Our coding theoretic proof of 13(8,3;3) < 20 is rather concise and we did not introduce all used concepts
properly. However, all of this is quite standard when the aim is to show the nonexistence of certain linear codes
see e.g. [26] or [54, Chapter 3].
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Ago = 93, and Ay = =72, which is a contradiction since A7, cannot be negative.

We remark that an [147, 8,{72,76, 80, 128}], code exists and the coding upper bound gives
ns(8,3;3) < 21.

Theorem 17. We have

ny(8,3;31t) = 255t for t > 1;
ny(8,3;31t —1) =255t -9 for t > 1;
ny(8,3;31t —2) = 255t — 18 for t > 1;
1,(8,3; 31t — 3) = 255t =27 for t > 1;
ny(8,3;31t —4) = 255t — 36 for t > 1;
ny(8,3;31t — 5) = 255t — 43 for t > 1;
ny(8,3; 31t — 6) = 255t =52 for t > 1;
ny(8,3;31t —7) = 255t — 59 for t > 1;
ny(8,3; 31t — 8) = 255t — 68 for t > 1;
n2(8,3;31t —9) = 255t =75 for t > 1;
n2(8,3; 31t — 10) = 255t — 84 for t > 1;
ny(8,3;31t —11) =255t =91 for t > 1;
ny(8,3;31t — 12) = 255t — 100 for t > 1;
ny(8,3;31t — 13) = 255t — 109 for t > 1;
ny(8,3;31t — 14) = 255t — 118 for t > 1;
ny(8,3;31t — 15) = 255t — 127 for t > 1;

ny(8,3; 31t — 16) = 255t — 134 for t > 2 and n,(8, 3;15) € {119,

15(8,3;31t — 17) = 255¢ — 143 for t > 1;
ny(8,3; 31t — 18) = 255t — 150 for t > 1;
ny(8,3;31t —19) = 255t =159 for t > 1;

n2(8,3; 31t — 20) = 255t — 166 for t > 2 and n,(8,3;11) € {87,...

15(8,3;31t — 21) = 255¢ — 175 for t > 1;
15(8,3;31t — 22) = 255¢ — 182 for t > 1;
15(8,3;31t — 23) = 255¢ — 191 for t > 1;
15(8,3; 31+ — 24) = 255t — 200 for t > 1;
15(8,3; 31 — 25) = 255t — 209 for t > 1;
15(8,3; 31 — 26) = 255t — 218 for t > 1;
15(8,3; 31t — 27) = 255t — 223 for t > 1;

ny(8,3; 31t — 28) = 255t — 232 for t > 2 and n,(8, 3;3) € {18, ..

n2(8,3; 31t — 29) = 255t — 241 for t > 2 and n,(8, 3;2) = 10;
ny(8,3; 31t — 30) = 255t — 250 for t > 2 and n,(8,3;1) = 1.
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Proof. Lemma 35 gives 15(8,3;1) = 1. Theorem [2]yields 1,(8, 3;31) = 255. From Lemma [17]and
ny(5,3;2) = 9 we conclude 1,(8,3;2) < 10. Lemma gives 1n,(8,8;3) < 20. All other upper
bounds follow from the Griesmer upper bound. The lower bound 7,(8, 3; 5) > 15(8, 3; s) matches
the upper bound for s € {2,9}. For s € {3,5,6,7,10, 19, 20,22} examples have been found using
ILP searches, see Section[F| For s € {4,21,25,30,41} the constructions from Section[3|can be used,
see Proposition 15| for the details. With this, all remaining constructions can be obtained using
Corollary 3|and Corollary ]

Remark 12. By a heurisic search we have constructed more than eighty thousand [132,7,{64, 68,72,76}],
codes. After extending six thousand of these codes we have found a unique [133, 8, {64, 68,72, 76}], code.
The corresponding (multi-) set of points allows to choose only between 15 and 17 planes instead of 19.

Remark 13. Assume that S is a faithful projective 3 — (n, 8, 3), system that matches the upper bound
n2(8,3;11) < 89 =: n. The linear code C corresponding to the multiset of points M covered by the
elements of S, see Lemma 4, would be a 4-divisible [623,8, > 312], code. In Proposition |15|we showed
that (7t — 4) - [8] — [7] — [4] is 3-partitionable over F, for all t > 3. Plugging in t = 1 we easily see
that 3[8] — [7] — [4] is 1-partitionable over [F,, which is essentially the Solomon—Stiffler construction
for the code linear C. However, this code is ruled out due to the condition on the maximum distance in
Lemmad] Framed differently, if H = Sy is the hyperplane that is removed (according to the notation in
Definition [T1), then we have M(H) < (3 — 1) - [7], = 254. However, each element of S intersects H
in at least [2], = 3 points, which yields the contradiction 3 - 89 = 267 > 254. Thus, we conclude that
3[8] — [7] — [4] is 3-partitionable over IF, nevertheless all conditions of Theorem (3| are satisfied. Such
“dimension arquments” are quite common in nonexistence proofs of vector space partitions of a certain

type, see e.g. [46]].

Theorem 18. We have
o 15(9,3;9t) =73t fort > 1;
® (9,39t -1)=73t-9fort > 1;
o 15(9,3,9t —2) =73t =18 for t > 2 and ny(9,3;7) € {49, ...,55};
e 15(9,3;9t —3) =73t - 27 for t > 2 and n,(9, 3;6) € {42, ...,46};
e 15(9,3;9t —4) =73t — 36 for t > 2 and ny(9, 3;5) € {33, ...,37};
e 15(9,3;9t —5) =73t —43 for t > 7, ny(9,3;4) = 28, and n,(9,3;13) € {101, ...,103};
e 15(9,3;9t —6) =73t —52 for t > 8, 1n2(9,3;3) € {15,...,19}, and n(9, 3;12) € {92, ...,94};
e 15(9,3;9t —7) =73t =59 for t > 10, n2(9, 3;2) = 10, and n,(9,3;11) € {83,...,87};
o 15(9,3;9t —8) =73t — 68 for t > 11, n5(9,3;1) = 1, and n,(9, 3;10) € {74,...,78}.

Proof. Lemma [35] gives 15(9,3;1) = 1. Theorem 2] yields 15(9,3;9) = 73. We have n,(9,3;2) <
n2(8,3;1) = 10. The coding upper bound implies 15(9,3;3) < 19 and n,(9,3;4) < 28. More
precisely, in [26] d < 33 for each [73,8,d], code was shown, so that d < 66 for each [140,9,d],
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code and 1,(9, 3;3) < 20. In [111] the nonexistence of a [56,7,26], code was shown, so that no
[104,8,50], and no [203,9,99], codes exist. With this, we conclude 7,(9,3;4) < 29. All other
upper bounds follow from the Griesmer upper bound. For lower bounds for 1,(9, 3;9t — i) for
i € {5,6,7,8} and large t we refer to Proposition All other lower bounds are obtained from
15(9,3;5s) > ny(9, 3; s). [

As already remarked in Table 2, we have n,(9,3;9t — i) > n(9,3;9t — i) for all i € {5,6,7,8}
and sufficiently large . We conjecture that the lower bounds on t from Proposition [16/ can be

lowered substantially.

5.2 Additive codes over the ternary field

As mentioned before, we have n,(r, h;s) = oo for h < r, so that we assume r > h + 1. For n3(3,2;s)
we refer to Theorem [I0]and for n13(4, 2; s) we refer to Theorem

Theorem 19. We have

o 15(5,2,13t) = 121t for t > 1;

o 115(5,2;13t - 1) =121t =10 for t > 1;

o 1n5(5,2,13t —2) =121t - 20 for t > 1;

o 15(5,2;13t —3) = 121t — 30 for t > 1;

o 1n3(5,2;13t —4) =121t - 40 for t > 1;

o 15(5,2;13t = 5) = 121t = 50 for t > 1;

e 135(5,2;13t —6) =121t — 60 for t > 1;

o 15(5,2;13t - 7) =121t — 67 for t > 1;

o 15(5,2;13t — 8) = 121t — 77 for t > 2 and n3(5,2;5) € {41, ...,44};

o 13(5,2;13t —9) = 121t — 87 for t > 2 and n3(5,2;4) € {33,34};

o 15(5,2;13t —10) = 121t =94 for t > 1;

o 13(5,2;13t — 11) = 121t — 104 for t > 2 and n3(5,2;2) = 12;

o 135(5,2;13t - 12) = 121t = 114 for t > 2 and n3(5,2;1) = 1;
Proof. Lemma gives n3(5,2;1) = 1 and n3(5,2;2) =
enumeration. The other upper bounds follow from the Griesmer upper bound. Fors € {9, 10, 20}
the lower bound 13(5, 2; s) > 113(5, 2; s) matches the upper bound. Theorem 2| gives 13(5,2;13) >
121. Lemma [23| shows that [5] — [3] is 2-partitionable over FF;, so that n5(5,2;3) > 27. From
Lemma 24 we conclude that 4[5] — [4] — 3[2] is 2-partitionable over IF;, so that also 4[5] — [4] is
2-partitionable over F3 and n3(5,2;12) > 111. Via ILP searches we found the following lower
bounds: n3(5,2;4) > 33, n3(5,2;5) > 41, n3(5,2;7) > 61, n3(5,2;8) > 71, and n3(5,2;11) > 101, see
Section[F The other lower bounds follow from Corollary [3|and Corollary ]

12 was shown in [7] by exhaustive

Theorem 20. We have
o 15(6,2;10t) =91t for t > 1;
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o 15(6,2;10t —1) = 91t — 10 for t > 1;

o 15(6,2;10t — 2) = 91t — 20 for t > 2 and n3(6,2; 8) € {66,

o 15(6,2;10t — 3) = 91t — 30 for t > 2 and n3(6,2;7) € {55,

o 15(6,2;10t — 4) = 91t — 40 for t > 2 and n3(6,2;6) € {48,49};

o 13(6,2;10t — 5) = 91t — 50 for t > 2 and n3(6,2;5) € {37,...,41};

o 15(6,2;10t — 6) = 91t — 60 for t > 2 and n3(6,2;4) € {28,...,31};

e 13(6,2;10t —7) = 91t — 67 for t > 8, n3(6,2;3) = 21, n3(6,2;13) € {112,113}, and n3(6,2;23) €

{203, ...,206};

e 15(6,2;10t — 8) =91t — 77 for t > 2 and n5(6,2;2) = 10;

e 13(6,2;10t —9) =91t — 87 for t > 2 and n3(6,2;1) = 1.
Proof. Lemma 35 gives n3(6,3;1) = 1 and Theorem [11| gives n3(6,2;2) = 10. The coding upper
bound yields n3(6,2;3) < 21, n3(6,2;6) < 49, n3(6,2;8) < 68, and n3(6,2;13) < 113. The other
upper bounds follow from the Griesmer upper bound. For s € {9,14,...,19} the lower bound
n3(6,2;s) > n3(6, 2;s) matches the upper bound. Theorem gives n3(6,2;10) > 91 and n3(6,2; 3) >
21 was shown in [37]. For the three series of improvements n5(6, 2; 10t — i) > n3(6,2; 10t — i) for

68}
61};
1
1

ey
ey

i € {7,8,9} we refer to Proposition Via ILP searches we found the following lower bounds:
ns(6,2;8) > 66, n3(6,2;11) > 95, and n3(6,2;12) > 105, see Section [F. The other lower bounds
follow from 15(6,2;5) > 713(6, 2;s), Corollary 3} and Corollary n

We remark that the function 713(6, 1;s) is only partially known.

References

[1] S. Adriaensen and S. Ball. On additive MDS codes with linear projections. Finite Fields
and Their Applications, 91:102255, 2023.

[2] E. Arrieta Arrieta. A go-up construction and applications. PhD thesis, University of Puerto
Rico, 2021.

[3] E. Assmus Jr and J. Key. Polynomial codes and finite geometries. In W. C. Huffman and
R. A. Brualdi, editors, Handbook of Coding Theory, volume 2, pages 1269-1343. Elsevier
Amsterdam, The Netherlands, 1998.

[4] S. Ball, A. Blokhuis, and F. Mazzocca. Maximal arcs in Desarguesian planes of odd order
do not exist. Combinatorica, 17(1):31-41, 1997.

[5] S. Ball and J. Dixon. The equivalence of linear codes implies semi-linear equivalence.
Designs, Codes and Cryptography, 90(7):1557-1565, 2022.

[6] S.Ball, G. Gamboa, and M. Lavrauw. On additive MDS codes over small fields. Advances
in Mathematics of Communications, 17(4):828-844, 2023.

54



[7] S. Ball, M. Lavrauw, and T. Popatia. Griesmer type bounds for additive codes over finite
fields, integral and fractional MDS codes. Designs, Codes and Cryptography, pages 1-22, to
appear. arxiv preprint 2406.08916.

[8] M. Barnabei, D. Searby, and C. Zucchini. On small {k; g};-arcs in planes of order g*. Journal
of Combinatorial Theory, Series A, 24(2):241-246, 1978.

[9] B. Belov, V. Logachev, and V. Sandimirov. Construction of a class of linear binary codes
achieving the Varshamov-Griesmer bound. Problemy Peredachi Informatsii, 10(3):36—44,
1974.

[10] A. Beutelspacher. Partial spreads in finite projective spaces and partial designs. Mathe-
matische Zeitschrift, 145:211-229, 1975.

[11] J. Bierbrauer, D. Bartoli, G. Faina, S. Marcugini, and F. Pambianco. The nonexistence of
an additive quaternary [15, 5, 9]-code. Finite Fields and Their Applications, 36:29-40, 2015.

[12] J. Bierbrauer and Y. Edel. A family of 2-weight codes related to BCH-codes. Journal of
Combinatorial Designs, 5(5):391-396, 1997.

[13] J. Bierbrauer, Y. Edel, G. Faina, S. Marcugini, and F. Pambianco. Short additive quaternary
codes. IEEE Transactions on Information Theory, 55(3):952-954, 2009.

[14] J. Bierbrauer, S. Marcugini, and F. Pambianco. A geometric non-existence proof of an
extremal additive code. Journal of Combinatorial Theory, Series A, 117(2):128-137, 2010.

[15] J. Bierbrauer, S. Marcugini, and F. Pambianco. Additive quaternary codes related to
exceptional linear quaternary codes. IEEE Transactions on Information Theory, 66(1):273—
277,2019.

[16] J. Bierbrauer, S. Marcugini, and F. Pambianco. Optimal additive quaternary codes of low
dimension. IEEE Transactions on Information Theory, 67(8):5116-5118, 2021.

[17] J. Bierbrauer, S. Marcugini, and F. Pambianco. An asymptotic property of quaternary
additive codes. Designs, Codes and Cryptography, 92:3371-3375, 2024.

[18] M. Blaum, J. Bruck, and A. Vardy. MDS array codes with independent parity symbols.
IEEE Transactions on Information Theory, 42(2):529-542, 1996.

[19] M. Blaum, P. G. Farrell, H. C. van Tilborg, V. Pless, and W. Huffman. Array codes. In
W. C. Huffman and R. A. Brualdi, editors, Handbook of Coding Theory, volume 2, pages
1855-1909. Elsevier Amsterdam, The Netherlands, 1998.

55



[20] A. Blokhuis. On the size of a blocking set in PG(2, p). Combinatorica, 14:111-114, 1994.

[21] A. Blokhuis and A. E. Brouwer. Small additive quaternary codes. European Journal of
Combinatorics, 25(2):161-167, 2004.

[22] A. Blokhuis, A. E. Brouwer, and H. A. Wilbrink. Blocking sets in PG(2, p) for small p, and
partial spreads in PG(3, 7). Advances in Geometry, 2003.

[23] G. T. Bogdanova, A. E. Brouwer, S. N. Kapralov, and P. R. Ostergérd. Error-correcting
codes over an alphabet of four elements. Designs, Codes and Cryptography, 23:333-342,
2001.

[24] G.T. Bogdanova and P. R. Ostergérd. Bounds on codes over an alphabet of five elements.
Discrete Mathematics, 240(1-3):13-19, 2001.

[25] R. C. Bose. Mathematical theory of the symmetrical factorial design. Sankhya: The Indian
Journal of Statistics, pages 107-166, 1947.

[26] 1. Bouyukhev, D. B. Jaffe, and V. Vavrek. The smallest length of eight-dimensional binary
linear codes with prescribed minimum distance. IEEE Transactions on Information Theory,
46(4):1539-1544, 2000.

[27] 1. Bouyukliev, S. Bouyuklieva, and S. Kurz. Computer classification of linear codes. IEEE
Transactions on Information Theory, 67(12):7807-7814, 2021.

[28] P. Boyvalenkov, K. Delchev, D. V. Zinoviev, and V. A. Zinoviev. On two-weight codes.
Discrete Mathematics, 344(5):112318, 2021.

[29] G.H. Bradley. Algorithms for Hermite and Smith normal matrices and linear Diophantine
equations. Mathematics of Computation, 25(116):897-907, 1971.

[30] A. E. Brouwer. Two-weight codes. In W. C. Huffman, J.-L. Kim, and P. Solé, editors,
Concise Encyclopedia of Coding Theory, pages 449—-462. Chapman and Hall/CRC, 2021.

[31] A.R. Calderbank, E. M. Rains, P. M. Shor, and N. J. Sloane. Quantum error correction via
codes over GF(4). IEEE Transactions on Information Theory, 44(4):1369-1387, 1998.

[32] R.Calderbank and W. M. Kantor. The geometry of two-weight codes. Bulletin of the London
Mathematical Society, 18(2):97-122, 1986.

[33] D.Chandler, P. Sin, and Q. Xiang. The invariant factors of the incidence matrices of points
and subspaces in PG(n, q) and AG(n, q). Transactions of the American Mathematical Society,
358(11):4935-4957, 2006.

56



[34] C.Chen. Symbol error-correcting codes for computer memory systems. IEEE Transactions
on Computers, 41(02):252-256, 1992.

[35] C.-L.Chen and M. Hsiao. Error-correcting codes for semiconductor memory applications:
A state-of-the-art review. IBM Journal of Research and Development, 28(2):124-134, 1984.

[36] H.Chen. Griesmer and optimal linear codes from the affine Solomon-Stiffler construction.
arXiv preprint 2406.10825, 2024.

[37] F.D. Clerck, M. Delanote, N. Hamilton, and R. Mathon. Perp-systems and partial geome-
tries. Advances in Geometry, 2:1-12, 2002.

[38] R. Dastbasteh and P. Lisonék. New quantum codes from self-dual codes over [Fy. Designs,
Codes and Cryptography, 92(3):787-801, 2024.

[39] R. Dastbasteh and K. Shivji. Polynomial representation of additive cyclic codes and new

quantum codes. Advances in Mathematics of Communications, 19(1):49-68, 2025.

[40] P. Delsarte. Weights of linear codes and strongly regular normed spaces. Discrete Mathe-
matics, 3(1-3):47-64, 1972.

[41] R. H. Denniston. Some maximal arcs in finite projective planes. Journal of Combinatorial
Theory, 6(3):317-319, 1969.

[42] J. W. Di Paola. On minimum blocking coalitions in small projective plane games. SIAM
Journal on Applied Mathematics, 17(2):378-392, 1969.

[43] L. A. Dissett. Combinatorial and computational aspects of finite geometries. PhD thesis, Uni-
versity of Toronto, 2000.

[44] S. Dodunekov and J. Simonis. Codes and projective multisets. The Electronic Journal of
Combinatorics, 5:1-23, 1998.

[45] S. El-Zanati, G. Seelinger, P. Sissokho, L. Spence, and C. V. Eynden. On A-fold partitions
of finite vector spaces and duality. Discrete Mathematics, 311(4):307-318, 2011.

[46] S. El-Zanati, G. Seelinger, P. Sissokho, L. Spence, and C. Vanden Eynden. On partitions
of finite vector spaces of low dimension over GF(2). Discrete Mathematics, 309:4727-4735,
20009.

[47] P. Govaerts. Classifications of blocking set related structures in Galois geometries. PhD thesis,
Ghent University, 2003.

57



[48] P. Govaerts and L. Storme. On a particular class of minihypers and its applications. I. The

result for general q. Designs, Codes and Cryptography, 28:51-63, 2003.

[49] M. Grassl. Algebraic quantum codes: Linking quantum mechanics and discrete mathe-
matics. International Journal of Computer Mathematics: Computer Systems Theory, 6(4):243—
259, 2021.

[50] J. H.Griesmer. A bound for error-correcting codes. IBM Journal of Research and Development,
4(5):532-542, 1960.

[61] C. Guan, R. Li, Y. Liu, and Z. Ma. Some quaternary additive codes outperform linear
counterparts. IEEE Transactions on Information Theory, 69(11):7122-7131, 2023.

[52] C. Guan, J. Lv, G. Luo, and Z. Ma. Combinatorial constructions of optimal quaternary
additive codes. IEEE Transactions on Information Theory, 70(11):7690-7700, 2024.

[53] C. Giineri, E Ozdemir, and P. Sole. On the additive cyclic structure of quasi-cyclic codes.
Discrete Mathematics, 341(10):2735-2741, 2018.

[54] S. Guritman. Restrictions on the weight distribution of linear codes. PhD thesis, Delft Univer-
sity of Technology, 2000.

[55] M. Hattori, R. J. McEliece, and G. Solomon. Subspace subcodes of Reed-Solomon codes.
IEEE Transactions on Information Theory, 44(5):1861-1880, 1998.

[56] O.Heden. A maximal partial spread of size 45 in PG(3, 7). Designs, Codes and Cryptography,
22(3):331-334, 2001.

[57] O. Heden, ]J. Lehmann, E. Néstase, and P. Sissokho. The supertail of a subspace partition.
Designs, Codes and Cryptography, 69(3):305-316, 2013.

[58] T. Héger and Z. L. Nagy. Avoiding secants of given size in finite projective planes. arXiv
preprint 2409.14213, 2024.

[59] D. Heinlein, T. Honold, M. Kiermaier, S. Kurz, and A. Wassermann. Projective divisible
binary codes. In The Tenth International Workshop on Coding and Cryptography, pages 1-10,
2017. arXiv preprint 1703.08291.

[60] T. Helleseth. A characterization of codes meeting the Griesmer bound. Information and
Control, 50(2):128-159, 1981.

[61] T. Helleseth. New constructions of codes meeting the Griesmer bound. IEEE Transactions
on Information Theory, 29(3):434-439, 1983.

58



[62] C.Hermite. Sur l'introduction des variables continues dans la théorie des nombres. Journal
fiir die reine und angewandte Mathematik, 41:191-216, 1851.

[63] R. Hill. Caps and codes. Discrete Mathematics, 22(2):111-137, 1978.
[64] J. W. P. Hirschfeld. Projective geometries over finite fields. Oxford University Press, 1998.

[65] T. Honold, M. Kiermaier, and S. Kurz. Partial spreads and vector space partitions. In
M. Greferath, M. O. Pavéevi¢, N. Silberstein, and M. A. Véazquez-Castro, editors, Network
Coding and Subspace Designs, pages 131-170. Springer, 2018.

[66] T. Honold, M. Kiermaier, and S. Kurz. Classification of large partial plane spreads in
PG(6,2) and related combinatorial objects. Journal of Geometry, 110:1-31, 2019.

[67] T. Honold, M. Kiermaier, S. Kurz, and A. Wassermann. The lengths of projective triply-
even binary codes. IEEE Transactions on Information Theory, 66(5):2713-2716, 2019.

[68] J. Y. Hyun, N. Han, and Y. Lee. The Griesmer codes of Belov type and optimal quaternary
codes via multi-variable functions. Cryptography and Communications, 16(3):579-600, 2024.

[69] G. Jarnefelt and P. Kustaanheimo. An observation on finite geometries. Den 11te Skandi-
naviske Matematikerkongress, Trondheim, pages 166-182, 1949.

[70] L. Jin, L. Ma, C. Xing, and H. Zhou. New families of non-Reed-Solomon MDS codes.
arXiv preprint 2411.14779, 2024.

[71] L. Jose and A. Sharma. On eisenstein additive codes over chain rings and linear codes
over mixed alphabets. arXiv preprint 2412.09923, 2024.

[72] A. Ketkar, A. Klappenecker, S. Kumar, and P. K. Sarvepalli. Nonbinary stabilizer codes
over finite fields. IEEE Transactions on Information Theory, 52(11):4892-4914, 2006.

[73] M. Kiermaier and S. Kurz. On the lengths of divisible codes. IEEE Transactions on Infor-
mation Theory, 66(7):4051-4060, 2020.

[74] J.-L.Kim and N. Lee. Secret sharing schemes based on additive codes over GF(4). Applicable
Algebra in Engineering, Communication and Computing, 28(1):79-97, 2017.

[75] J.-L. Kim, K. E. Mellinger, and V. Pless. Projections of binary linear codes onto larger
fields. SIAM Journal on Discrete Mathematics, 16(4):591-603, 2003.

[76] A. Kohnert. Constructing two-weight codes with prescribed groups of automorphisms.
Discrete Applied Mathematics, 155(11):1451-1457, 2007.

59



[77] T. Korner and S. Kurz. Lengths of divisible codes with restricted column multiplicities.
Advances in Mathematics of Communications, 18(2):505-534, 2024.

[78] D.S.Krotov. The minimum volume of subspace trades. Discrete Mathematics, 340(12):2723—
2731, 2017.

[79] D.S. Krotov and L. Y. Mogilnykh. Multispreads. arXiv preprint 2312.07883, 2023.

[80] S.Kurz. Packing vector spaces into vector spaces. The Australasian Journal of Combinatorics,
68:122-130, 2017.

[81] S. Kurz. Divisible codes. arXiv preprint 2112.11763, pages 1-105, 2021.
[82] S.Kurz. Vector space partitions of GF(2)®. Serdica Journal of Computing, 16(2):71-100, 2022.

[83] S. Kurz. Computer classification of linear codes based on lattice point enumeration. In

International Congress on Mathematical Software, pages 97-105. Springer, 2024.
[84] S. Kurz. Non-projective two-weight codes. Entropy, 26(4):1-19, 2024.

[85] S. Kurz. Optimal additive quaternary codes of dimension 3.5. arXiv preprint 2410.07650,
2024.

[86] S.Kurz, L. Landjev, and A. Rousseva. Classification of (3 mod 5) arcs in PG(3, 5). Advances
in Mathematics of Communications, 17(1):172-206, 2023.

[87] I. Landjev and A. Rousseva. Divisible arcs, divisible codes, and the extension problem for
arcs and codes. Problems of Information Transmission, 55(3):226-240, 2019.

[88] M. Lavrauw and G. Van de Voorde. Field reduction and linear sets in finite geometry. In
G. Kyureghyan, G. L. Mullen, and A. Pott, editors, Topics in Finite Fields, volume 632 of
Contemporary Mathematics, pages 271-293. Amer. Math. Soc Providence, RI, 2015.

[89] Z. Li, R. Li, C. Guan, L. Lu, H. Song, and Q. Fu. Ternary quantum codes constructed
from a class of quasi-twisted codes. IEICE Transactions on Fundamentals of Electronics,
Communications and Computer Sciences, 2024.

[90] S. Mahmoudi and K. Samei. Every [F,-linear code is equivalent to a multi-twisted code.
Advances in Mathematics of Communications, 19(2):560-571, 2025.

[91] K. Momihara. Certain strongly regular Cayley graphs on Fye. from cyclotomy. Finite
Fields and Their Applications, 25:280-292, 2014.

[92] E. L. Nastase and P. A. Sissokho. The complete characterization of the minimum size

supertail in a subspace partition. Linear Algebra and its Applications, 559:172-180, 2018.

60



[93] D. Panario, M. Sahin, and Q. Wang. Additive codes with few weights. Cryptography and
Communications, 16:1077-1102, 2024.

[94] V. C. G. Pantoja, J. H. Castillo, and C. A. T. Solarte. S;-sets and linear codes over IF,. arXiv
preprint 2411.19413, 2024.

[95] S. Rottey and J. Sheekey. A geometric characterisation of Desarguesian spreads. Journal
of Algebraic Combinatorics, 46:455-474, 2017.

[96] A.P.Rousseva. On the structure of (t mod g)-arcs in finite projective geometries. Annual of
Sofia University St. Kliment Ohridski. Faculty of Mathematics and Informatics, 103:5-22, 2016.

[97] A. Schrijver. Theory of linear and integer programming. John Wiley & Sons, 1998.

[98] B. Segre. Ovals in a finite projective plane. Canadian Journal of Mathematics, 7:414-416,
1955.

[99] S. Sharma and A. Sharma. On some special classes of additive codes over finite fields. PhD
thesis, IIIT-Delhi, 2024.

[100] J.Sheekey. MRD codes: constructions and connections. In K.-U. Schmidtand A. Winterhof,
editors, Combinatorics and finite fields: Difference sets, polynomials, pseudorandomness and
applications, volume 23, pages 255-286. de Gruyter, 2019.

[101] M. Shi, S. Chu, and F. Ozbudak. Additive cyclic codes over . Journal of Algebra and its
Applications, 2024.

[102] M. Shi, D. S. Krotov, and P. Solé. A new distance-regular graph of diameter 3 on 1024
vertices. Designs, Codes and Cryptography, 87:2091-2101, 2019.

[103] M. Shi, R. Wu, and P. Solé. Asymptotically good additive cyclic codes exist. IEEE
Communications Letters, 22(10):1980-1983, 2018.

[104] P. W. Shor. Scheme for reducing decoherence in quantum computer memory. Physical
Review A, 52(4):R2493, 1995.

[105] P.Sin. Smith normal forms of incidence matrices. Science China Mathematics, 56:1359-1371,
2013.

[106] H.J.S.Smith. Onsystems of linear indeterminate equations and congruences. Philosophical
Transactions of the Royal Society of London, 151(1):293-326, 1861.

[107] G. Solomon and ]J.J. Stiffler. Algebraically punctured cyclic codes. Information and Control,
8(2):170-179, 1965.

61



[108] A. Steane. Multiple-particle interference and quantum error correction. Proceedings
of the Royal Society of London. Series A: Mathematical, Physical and Engineering Sciences,
452(1954):2551-2577, 1996.

[109] M. Tsfasman and S. Vladut. Algebraic-Geometric Codes. Mathematics and its Applications.
Springer Dordrecht, 1991.

[110] G. Van de Voorde. On sets without tangents and exterior sets of a conic. Discrete Mathe-
matics, 311(20):2253-2258, 2011.

[111] H. C. van Tilborg. A proof of the nonexistence of a binary (55,7,26) code. TH-Report
79-WSK-09, Technische Hogeschool Eindhoven, 1979.

[112] H. Ward. Divisible codes — a survey. Serdica Mathematical Journal, 27(4):263-278, 2001.

[113] H.N. Ward. An introduction to divisible codes. Designs, Codes and Cryptography, 17:73-79,
1999.

A Generalized type of a faithful projective system

Since Definition [11]is too restricted to cover the full generality of the Solomon-Stiffler con-
struction we provide a generalization and analyze its implications for corresponding theoretical

results in this section.

Definition 15. We say that a faithful projective h — (n,1,s), system S has generalized type o[r] —
Zj;ll &ili] if there exist subspaces Ty, ..., T with #{1 <j<I| dim(T]-) = i} =gl for1 <i<r—1and

!

Z Xs=0"Xv— Z sgN(edim(r))) * XT;/ (72)

SeS i=j

where sgn denotes the sign function. We say that o[r] — Zf;ll ¢i[i] is weakly h-partitionable over
IF, if a faithful projective h — (n,r,s), system with generalized type o[r] — YIo1 &ild] exists for suitable
subspaces Ty, ..., T; and parameters n, s.

While the notion of being h-partitionable over IF, does not depend on the choice of the
subspaces Sy, ..., S,_1, the notion of being weakly h-partitionable over IF, can depend on a careful
selection of the subspaces Ty, ..., T;. Evaluating # M, miny M(H), minp M(P) in Lemma [18{(and
an application of Equation (2)) yields:
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Lemma 38. If S is a faithful projective h — (n,7,s, 1), system with generalized type o[r] — Yot eld,
then we have

r—1
n= [O[r]q - Si[i]q) /[ (73)
i=1
and
r—1
glil;, =0  (mod [ged(r, h)],). (74)
i=1
If additionally all &; are nonnegative, then
r—1 h-1
s < (o r—hl, - Z gli—hl; + Z eiqi_h[h - i]q] /[h); and u<o. (75)
i=h i=1

From Lemma 8} based on field reduction, we conclude:
Lemma 39. If o[r] — Z;;ll ¢i[i] is weakly h-partitionable over F, so is o[rl] + Zl —; &l
Lemma [19)implies:

Corollary 6. If x[r] — Y./-} &,[i] is weakly h-partitionable over IF, for x € {0, 0"} then

r—1
o+t- €ilt
( [ged(r, h)]q) — L]
is weakly h-partitionable over I, for all t > 0 and we have o = 0’ (mod % :

For those situations where we are not interested in the smallest possible value ¢ such that

o[r] — Mis weakly h-partitionable over IF, we specialize Definition @

Definition 16. We say that x[r] — Z;l &[i] is weakly h-partitionable over I, if there exists a 0 € IN
such that o[r] — Zf;ll &[] is weakly h-partitionable over I,

Lemma 40. If x[r] — M is h-partitionable over F;, so is x[r] + M.
Corollary 7. If x[r] — Zl 1 €ili] is weakly h-partitionable over IF,, so is x[r] + Z &l

It is an interesting, but possibly very hard, problem to determine for which parameters
&1,...,&-1 wehave that x[r] — Zf:—ll ¢i[i] is weakly h-partitionable over [F,. Clearly we need r > h
and Y- le;| = 0 if r = h. Additionally we have the packing condition , see Lemma 38, For
h = 1 this condition is trivially satisfied and we indeed have that *x[r] — Z,tll gi[i] is weakly

1-partitionable over IF, for all parameters.

Lemma 41. Let x[r] — Z &[] be weakly h-partitionable over IF,.
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(i) Ife; > Oforall 1 < i < h—1, then there exists a q"~'-divisible multiset of points My in PG(r—1,9)
with cardinality #M, = Y17 & [i],.

(ii) Ife; < Oforall 1 <i < h—1, then there exists a g"'-divisible multiset of points My, in PG(r—1, q)
with cardinality #M, = — Y7 e/[il,.

Proof. Let S be a faithful projective i — (n,7,s), system of generalized type o[r] - Z;l &[i] for
suitable parameters and T3, ..., T; denote the subspaces as in Definition The multiset of
points covered by the elements of S is given by

I

M=oxy - Z sgN(Edim(r)) * XT/

i=1
where V denotes the r-dimensional ambient space PG(r — 1, ), so that M is g"!-divisible by
Lemma In case (i) Lemma 3| implies that also My := Y. gimry<no1 X1, i 4" '-divisible.
For case (ii) we consider the py-complement M of M, defined by M%(P) = u — M(P) for

every point P, for a suitably large © € N. Applying Lemma [3| yields that M as well as
Mz = Eiict:dim(ry<ia X1, 18 "' -divisible. "

Remark 14. The possible lengths of q"~'-divisible codes over F, have been completely characterized
in [73| Theorem 1]. The condition in Lemma (41| is only necessary and far from being sufficient. The
distribution of the &; with i < h is not used at all. E.g. for h = 3 and q = 2 there exists a 4-divisible
multiset of points Mwith cardinality 7. However, M has to equal the characteristic function of a 3-space,
see e.g. [I77, Corollary 41, so that (e3,€1) = (2,1) is impossible. Partitions of A-divisible multisets of
points into subspaces are e.g. briefly discussed in [181, Section 10.1], [82l] and have e.g. applications for
the so-called supertail of a vector space partition [57,92]].

If the &; with i < h have different signs the cardinality ¥~} &lil, is not sufficient to conclude claims
on the nonexistence. E.g., we will see later on that x[r] — q - [2] is 3-partitionable over IF, if r > 3 and
r £ 0 (mod 3), so that x[r] —q - [2] + (§* + q + 1) - [1] is weakly 3-partitionable over I, by replacing
one 3-space by its g* + q + 1 points, while there clearly is no g*-divisible multiset of points of cardinality
—q- 2+ (@ +q+1)-[1], =1

B Parameterized series of additive codes that outperform linear

codes

In this appendix we want to extend Table2jon parameterized series of improvements n,(r, i; s) >

11,(r, ;s) for additive codes in the integral case r/h € IN. By Theorem [4 we just need to compare
the Griesmer upper bounds for nq(r, h; % t— i) andﬁq(r, h; % t— i) = nqh(%, 1;[r/h - 1]qh t— i)
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[r=hl,

g v h i spyi=t- e~ M (r,hsie) ng(r,h;si) — 1y (7, 1;5i4)
2 10 2 13 85t —13  341t-55 2
2 10 2 14 85t—-14  341t-60 2
2 10 2 18 85t—18 341t-76 2
2 10 2 19 85t—-19 341t-81 2
2 10 2 34 85t —34 341t-140 2
2 10 2 35 85t —-35 341t-145 2
2 10 2 39 85t -39 341t-161 2
2 10 2 40 85t —40 341t-166 2
2 10 2 45 85t —45 341t-183 2
2 10 2 46 85t —46 341t-188 2
2 10 2 50 85t —50 341t-204 2
2 10 2 51 85t =51 341t-209 2
2 10 2 53 85t =53 341t-215 2
2 10 2 54 85t —54 341t-220 2
2 10 2 55 85t —-55 341t-223 4
2 10 2 56 85t —56 341t-228 4
2 10 2 58 85t —58 341t -236 2
2 10 2 59 85t —59 341t-241 2
2 10 2 60 85t —60 341t—-244 4
2 10 2 61 85t —61 341t-249 4
2 10 2 66 85t —66 341t —-268 2
2 10 2 67 85t —67 341t-273 2
2 10 2 71 85t —71 341t-289 2
2 10 2 72 85t —72 341t-294 2
2 10 2 74 85t —74 341t-300 2
2 10 2 75 85t —-75 341t-305 2
2 10 2 76 85t—76 341t-308 4
2 10 2 77 85t -77 341t-313 4
2 10 279 85t —-79 341t-321 2
2 10 2 80 85t —-80 341t-326 2
2 10 2 81 85t —81 341t-329 4
2 10 2 82 85t —82 341t-334 4

Table 7: Parameterized series of improvements for additive codes withg =2, =10, and h = 2.
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[r—h],
[1]q
Here we just list the cases of all such i for small parameters g, 7, and h. Since n,(h, h;s) = s and

intermsoft €e Nforall ) <i<

. This can be easily done by a small computer program.

ny(2h, h;s) = ny(2h, h;s) for all s € IN, see Theorem |8 improvements can only occur if r/h > 3.
The case (r,h) = (6,2) is completely settled in Theorem [9] There are exactly g(q — 2) parametric
improvements for each field size q. So, especially none for g = 2. As shown in [16], cf. Sub-
section we even have n,(6,2;s) = 1,(6,2;5). The parametric improvements for n,(6,2;s) are
already stated in Table 2lwhen g € {3,4}. For g = 5 we refer to Table 8| Since there would be at
least 35 parametric improvements for g > 7 and we have an analytic solution in Theorem 9} we

abstain from listing further tables for 1,(6, 2; s).

[r-H],

g r h i sy:=t- TG, ~ i ng(rhsiy) ng(rh;sip) —ng(r,h;si)
5 6 2 11 26t —-11 651t-281 5
5 6 2 12 26t —-12 651t-307 5
5 6 2 13 26t—-13 651t—-333 5
5 6 2 14 26t—-14 651t—-359 5
5 6 2 15 26t—-15 651t—-385 5
5 6 2 16 26t —16 651t —406 10
5 6 2 17 26t —17 651t —-432 10
5 6 2 18 26t —18 651t —-458 10
5 6 2 19 26t—-19 651t—-484 10
5 6 2 20 26t —20 651t-510 10
5 6 2 21 26t —-21 651t-531 15
5 6 2 22 26t —22 651t =557 15
5 6 2 23 26t —23 651t -583 15
5 6 2 24 26t —-24 651t—-609 15
5 6 2 25 26t —25 651t—-635 15

Table 8: Parameterized series of improvements for additive codes with g =5, =6, and h = 2.

Parametric improvements for 1,(8, 2; s) are contained in Table 2|and for n15(8,2; s) we refer to
Table [11{and Table [12] The latter are so numerous that we do not give further tables for larger
tield sizes. Parametric improvements for 71,(10,2; s) are listed in Table

For h = 3 Table 2| contains the parametric improvements for 1,(9, 3;s) and for 1n3(9, 3;s) we
list them in Table For n4(9, 3; 65t — i) there are parametric improvements for all 13 < i < 64
and for n,(12,3;73t — i) there are parametric improvements for all i € {5,...,8} U {14,...17} U
{23,...,26} U {32,...,35} U {37,...,44} U {46,...,53} U {55, ...,62},U{64,...,71}. The only other
case being reasonably small to be fully included are the parametric improvements for n,(12, 4; s),
see Table [0l

The collected data suggests:

(g, h) # (2,6,2) there exist infinitely many s € IN with n,(r, h;s) > ny(r, h; s).

Conjecture 1. For each prime power q and r,h € IN with r > 3h, h > 2, r = 0 (mod h) and
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[r=h],

g r h i sy:=t- Tecdtil, ~ i ng(rhysi) ng(r,hsiy) —n, (v, h;sip)
2 12 4 7 17t -7 273t-117 2
2 12 4 8 17t -8 273t—-134 2
2 12 4 9 17t -9 273t—-147 6
2 12 4 10 17t =10 273t—164 6
2 12 4 11 17t —11 273t-179 8
2 12 4 12 17t —-12 273t—196 8
2 12 4 13 17t =13 273t—-213 8
2 12 4 14 17t —14 273t-230 8
2 12 4 15 17t =15 273t—-245 10
2 12 4 16 17t =16 273t—-262 10

Table 9: Parameterized series of improvements for additive codes withg =2,r =12, and h = 4.

g r h i sp:i=t- % —i ng(rh;siy) ng(rh;si) =1, (1 h;si)
3 9 3 10 28t —10 757t-274 6
3 9 3 11 28t —-11 757t—-302 6
3 9 3 12 28t —12 757t-330 6
3 9 3 13 28t—-13 757t—-355 9
3 9 3 14 28t—-14 757t-383 9
3 9 3 15 28t—15 757t—411 9
3 9 3 16 28t—-16 757t—439 9
3 9 3 17 28t —17 757t —-467 9
3 9 3 18 28t —18 757t—-495 9
3 9 3 19 28t—-19 757t-517 15
3 9 3 20 28t —-20 757t-545 15
3 9 3 21 28t—21 757t-573 15
3 9 3 22 28t —22 757t —-598 18
3 9 3 23 28t —23 757t—626 18
3 9 3 24 28t —-24 757t -654 18
3 9 3 25 28t —-25 757t —-682 18
3 9 3 26 28t—26 757t—-710 18
3 9 3 27 28t —27 757t—-738 18

Table 10: Parameterized series of improvements for additive codes withg = 3,7 =9,and h = 3.
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[r=h],

g r h i sy:=t- T, ~ L M (r,h;sir) ng(r,h;si) —1g (v, 5 5)
3 8 2 7 91t—-7 820t—-67 3
3 8 2 8 91t—-8 820t-77 3
3 8 2 9 91t-9 820t—-87 3
3 8 2 17 91t —-17 820t—-158 3
3 8 2 18 91t - 18 820t—168 3
3 8 2 19 91t —-19 820t-178 3
3 8 2 27 91t —-27 820t—-249 3
3 8 2 28 91t —-28 820t—259 3
3 8 2 29 91t —29 820t—-269 3
3 8 2 34 91t —-34 820t-310 3
3 8 2 35 91t—-35 820t—-320 3
3 8 2 36 91t—-36 820t—330 3
3 8 2 37 91t —-37 820t-337 6
3 8 2 38 91t —38 820t—347 6
3 8 2 39 91t -39 820t-357 6
3 8 2 44 91t —-44 820t-401 3
3 8 2 45 91t —45 820t-411 3
3 8 2 46 91t —46 820t—421 3
3 8 2 47 91t —47 820t—-428 6
3 8 2 48 91t —48 820t —438 6
3 8 2 49 91t —49 820t—448 6
3 8 2 54 91t —-54 820t—-492 3
3 8 2 55 91t—-55 820t-502 3
3 8 2 56 91t -56 820t—-512 3
3 8 2 57 91t - 57 820t-519 6
3 8 2 58 91t —58 820t—-529 6

Table 11: Parameterized series of improvements for additive codes with g =3,r =8, and h =2

—part 1.
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Looking at the data one might also conjecture that the improvement n,(r, h; s) — n,(r, h; s) is
always divisible by the characteristic p of IF, when r/h € IN and s is sufficiently large. It is
also conspicuous that the improvements seem to come in blocks of consecutive values of s with
equal improvement n,(r, ;) — n,(r, h; s). So far it seems that the length of those blocks is always

divisible by the field size g, but this might also be an artifact due to too few observations.

[r-h],

g r h i sy:=t- Tt~ i ng(r,hsiy) ng(rh;sip) —ng(r,h;si)
3 8 2 59 91t-59 820t-539 6
3 8 2 61 91t —61 820t —-553 3
3 8 2 62 91t —62 820t-563 3
3 8 2 63 91t -63 820t-573 3
3 8 2 64 91t -64 820t-580 6
3 8 2 65 91t —65 820t-590 6
3 8 2 66 91t —66 820t—-600 6
3 8 2 67 91t - 67 820t-607 9
3 8 2 68 91t -68 820t-617 9
3 8 2 69 91t -69 820t-627 9
3 8 2 71 91t -71 820t—-644 3
3 8 2 72 91t -72 820t—-654 3
3 8 2 73 91t -73 820t—-664 3
3 8 2 74 91t -74 820t-671 6
3 8 2 75 91t -75 820t -681 6
3 8 2 76 91t-76 820t—-691 6
3 8 2 77 91t —-77 820t -698 9
3 8 2 78 91t -78 820t-708 9
3 8 2 79 91t -79 820t-718 9
3 8 2 81 91t -81 820t-735 3
3 8 2 82 91t -82 820t-745 3
3 8 2 83 91t —-83 820t-755 3
3 8 2 84 91t -84 820t-762 6
3 8 2 8 91t -85 820t-772 6
3 8 2 86 91t -86 820t—-782 6
3 8 2 87 91t -87 820t-789 9
3 8 2 88 91t —-88 820t-799 9
3 8 2 89 91t -89 820t-809 9

Table 12: Parameterized series of improvements for additive codes with g =3,r =8, and h =2
— part 2.

While it is interesting to know that the Griesmer upper bound can always be reached, see The-
o e .. _r=nl, . — L r=hlq .
orem@ and thatinfinitely many parametricimprovements nq(r, h; o t— ZE> nq(r, h; T t— z)

do indeed exist, explicit lower bounds on t would be desirable. In Section |[C|we compute such
lower bounds for t in a generic manner by using a few basic general constructions. The import

and very hard problem of determining n,(r, /i; s) for relatively small values of s remains widely
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open. We provide a few general results in Section [5|and study the cases of field sizes g = 2 and
g = 3 in Subsection5.T|and Subsection 5.2} respectively.

C Generic results

The aim of this section is to determine n,(r,1;s) for small parameters g, r, and s explicitly,
assuming that s is sufficiently large. As upper bound we will always utilize the Griesmer upper
bound, which can be reached due to Theorem ] For the corresponding lower bounds we will
use a few basic general constructions, see Theorem |2, Lemma 24] Lemma 26, and Lemma

With these we will show that o[r] — 21:11 ¢;[i] is h-partitionable over IF, for suitable parameters

. [r—hgq
7 [ged(rh)]q

- i) will then follow from
Corollary [3|and Corollary 1] (which we will not mention explicitly in the subsequent proofs).

o and ¢1,...,&-1. The stated general results for nq(r,h
All those reasonings may be automated so that we speak of generic results. We will restrict
ourselves to small parameters, not treating those that are covered by the general results from
Section 5} Especially we restrict to field sizes g € {2,3}. Cf. the results for n,(r, ; s) for q € {2,3}
and small values of s in Subsection [5.1]and Subsection 5.2} respectively.

Proposition 8. The Griesmer upper bound for n,(5, 2;s) is attained for all s > 2, i.e. we have
o 15(5,2;7t) = 31t for t > 1 via 3t - [5];
n2(5,2;7t = 1) = 31t = 5 for t > 1 via 3t - [5] — [4];

o 15(5,2,7t —=2) =31t - 10 for t > 1 via (3t — 1) - [5] + [2] — 2[1];
o 15(5,2;,7t = 3) =31t =15 for t > 1 via (3t — 1) - [5] — 2[3];
o 15(5,2;7t —4) = 31t — 20 for t > 1 via (3t — 2) - [5] + 2[1];

]

o 15(5,2;7t —5) = 31t — 23 for t > 1 via (3t — 2) - [5] — [3];

o 15(5,2;7t — 6) = 31t — 28 for t > 2 via (3t — 2) - [5] — [4] — [3].
Proof. By Theorem 2| we have that 3[5], [4], and [2] are 2-partitionable over [F,. Lemma
shows that [5] — [3] and 3[5] — [4] — 2[2] are 2-partitionable over IF,. By Lemma 26 we have that
2[5] + [2] = 2[1] and [5] + 2[1] are 2-partitionable over [F,. So, also 3[5] — [4] is 2-partitionable

over IF,. [ |

Proposition 9. The Griesmer upper bound for n,(6, 2;s) is attained for all s > 8, i.e. we have
o 15(6,2;5t) =21t fort > 1 via t - [6];
n2(6,2;5t —1) =21t =5 fort > 1via t- [6] — [4];
n(6,2;5t —2) =21t =10 for t > 1 via t - [6] — [4] + [3] + 2[1];
ny(6,2;5t —3) =21t =15 for t > 3via t - [6] — 3[4];
ny(6,2;5t —4) = 21t — 20 for t > 1 via (t — 1) - [6] + [2].
Proof. By Theoremwe have that [6], [4], and [2] are 2-partitionable over IF,. Lemma 24|shows
that [6] — [4] is 2-partitionable over [F,. By Lemma we have that [3] + 2[1] is 2-partitionable

over [F,. [ ]
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Proposition 10. The Griesmer upper bound for n,(7,2;s) is attained for all s > 24, i.e. we have

Proof. By Theorem 2]we have that 3[7], 3[7] -
shows that [7] —

[6] -

ny(7,2;31t) = 127t for t > 1 via 3t - [7];
n2(7,2;31t — 1) = 127t =5 for t > 1 via 3t - [7] -
ny(7,2; 31t = 2) = 127t =10 for t > 1 via 3t - [7] -
ny(7,2; 31t — 3) = 127t — 15 for t > 1 via 3t - [7]
ny(7,2; 31t — 4) = 127t — 20 for t > 1 via 3t - [7] -
ny(7,2;31t — 5) = 127t — 21 for t > 1 via 3t - [7] -
ny(7,2; 31t — 6) = 127t — 26 for t > 1 via 3t - [7] —
ny(7,2;31t —7) = 127t = 31 for t > 1 via 3t - [7] -
ny(7,2; 31t — 8) = 127t — 36 for t > 2 via 3t - [7] —

[
- 3[4];
2[5] + 2[1];

[4];

4];

[6];

[6

[6
6

I
1-
1-
[6] -
]

[4];
2[4];

[5] -

ny(7,2;31t —9) = 127t — 41 for t > 1 via (3t — 1) - [7] + 4[1];

ny(7,2;31t — 10) = 127t — 42 for t > 1 via (3t — 1) -
15(7,2;31t — 11) = 127t — 47 for t > 1 via 3t — 1) -
ny(7,2;31t = 12) =127t =52 for t > 1 via (3t - 1) -
n(7,2;31t = 13) =127t =55 for t > 1 via (3t - 1) -
1y(7,2; 31t — 14) = 127t — 60 for t > 2 via (3t — 1) -
15(7,2;31t — 15) = 127t — 63 for t > 1 via (3t — 1) -

ny(7,2;31t — 16) = 127t — 68 for t > 1;

ny(7,2; 31t — 17) = 127 — 73 for t > 2 via (3t — 2) -
ny(7,2;31t — 18) = 127t — 76 for t > 2 via (3t — 1) -
ny(7,2;31t — 19) = 127t — 81 for t > 2 via (3t — 1) -
n2(7 2;31t —20) = 127t — 84 for t > 1 via (3t — 2) -
2(7,2;31t —21) = 127t — 87 for t > 1 via (3t — 2) -
7,2;31t = 22) =127t =92 for t > 2 via (3t - 2) -
7,2;31t = 23) =127t =95 for t > 1 via (3t - 2) -

na
na
na
ns
na
na
na
na

AAAAAAAAAA

na

[5] and 3[7] - [6]

7,2;31t — 24) = 127t — 100 for t > 2 via (3t - 2) -

7,2;31t = 25) =127t — 105 for t > 2 via (3t - 2) -
7,2;31t = 26) = 127t — 108 for t > 2 via (3t - 2) -
7,2;31t = 27) =127t =113 for t > 2 via (3t - 2) -
7,2;31t —28) = 127t — 116 for t > 2 via (3t — 2) -
7,2;31t —29) = 127t — 121 for t > 2 via (3t — 2) -
7,2;31t = 30) = 127t — 126 for t > 1 via 3t - [7] —

7]+
7] -
7] -
7] -
7] -
7] -

—_—————
e bl b — — —

7
7
7

7

7

7
7
7
7

7
7

[7] -
[7]1 -
[7]1 -
[7]+
[7]1 -
[7]1 -
[7]1 -

[7]
[7]
[7]
[7] -
[7]
[7]
(2]

+[2] -

- 2[3];

[4] +

(2] - 2[1];

2[1];

[5]+2[1];

[5
5

- 2[5];

[6] -
[6] -
[6] -
2[1);
[3];
[4]
[5];

—[5]
-

5
5
6
6
— [6]
6

2].

=
[5] -

[4]
[5] -
[5] -

_[ ]_
- 2[4];
]1-13]
[6] — [4]

- [5];
— [6] - [5]

[3];
4] -

[3];

- 2[3];
[3];

[4] - [3];

[3];

[4];

3];
4] - [3];

5] - [4];

[2], and [4] are 2-partitionable over [F,. Lemma
— 2[4] are 2-partitionable over IF,. By Lemma [23|[7] —
—2[1] and [7] + 2[1]

2]

[4] are 2-partitionable over IF,. By Lemma [26{we have that 2[7] +

are 2-partitionable over IF,. So, also 3[7] — [6] and 3[7] — 3[4] are 2-partitionable over IF,. [ ]

Proposition 11. The Griesmer upper bound for n,(8, 2;s) is attained for all s > 260, i.e. we have
o 15(8,2,21t) =85t fort > 1 via t - [8];
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o 15(8,2;21t — 1) =85t -5 for t > 1 via t - [8] — [4];

o 15(8,2;21t —2) =85t —10 for t > 2 via t - [8] — 2[4];

o 15(8,2;21t - 3) =85t =15 fort >3 viat-|[

o 15(8,2,21t —4) =85t —=20fort > 1viat-|[ ]

o 15(8,2,21t - 5) =85t -21 fort > 1viat-| ]

o 15(8,2;21t —6) =85t —26 fort > 2via t - [8] — [6] — [4];

o 15(8,2,21t—-7) =85t =31 fort >3 viat-| ]

o 15(8,2;21t —8) =85t —36 fort >4 viat-| ]

o 15(8,2;21t—9) =85t —41 fort >3 viat-|

o 15(8,2;21t —10) = 85t — 41 fort > 2 via t - [8] — 2[6];

o 15(8,2;21t — 11) = 85t — 47 for t > 3 via t - [8] — 2[6] — [4];

o 15(8,2;21t —12) =85t =52 fort > 3viat-[8] — [7] — [5] + 2[1];

o 15(8,2;21t —13) =85t =55 fort > 3 via t - [8] — [7] - [5] — [3];

o 15(8,2;21t —14) =85t — 60 for t > 4 via t - [8] — [7] — [5] — [4] - [3];

o 15(8,2;21t —15) = 85t — 63 for t > 3 via t - [8] — 3[6];

o 15(8,2;21t —16) = 85t — 68 for t > 4 via t - [8] — 3[6] — [4];

o 15(8,2;21t —17) =85t =73 for t > 4 via t - [8] — 1[7] — [6] — [5] + 2[1];

o 15(8,2;21t - 18) =85t =76 fort > 4 via t - [8] — [7] — [6] — [5] — [3];

o 15(8,2;21t —19) =85t =81 fort > 5via t-[8] — [7] — [6] — [5] — [4] — [3]);

o 15(8,2;21t —20) = 85t =84 for t > 1 via (t — 1) - [8] + [2].
Proof. By Theorem [2]we have that [8], [6], and [4] are 2-partitionable over IF,. Lemma 24 shows
that [8] — [6] and 3[8] — [7] — 2[5] are 2-partitionable over [F,. By Lemma [23|[8] — [4] and [5] — [3]
are 2-partitionable over IF,. By Lemma 26 we have that [5] + 2[1] is 2-partitionable over F,. m

Proposition 12. The Griesmer upper bound for n,(9,2;s) is attained for all s > 156, i.e. we have
o 15(9,2;127t) = 511t for t > 1 via 3t - [9];
o 15(9,2;127t — 1) = 511t = 5 for t > 1 via 3t - [9] — [4];
o 15(9,2;127t — 2) = 511t — 10 for t > 1 via 3t - [9] — 2[4];
e 15(9,2;127t — 3) = 511t = 15 for t > 1 via 3t - [9] — 3[4];
o 15(9,2;127t — 4) = 511t — 20 for t > 2 via 3t - [9]-4[4];
o 15(9,2;127t — 5) = 511t — 21 for t > 1 via 3t - [9] - [6];
o 15(9,2;127t — 6) = 511t — 26 for t > 1 via 3t - [9] — [6] — [4];
o 15(9,2;127t — 7) = 511t — 31 for t > 1 via 3t - [9] — [6] — 2[4];
o 15(9,2;127t — 8) = 511t — 36 for t > 2 via 3t - [9] — [6] — 3[4];
o 15(9,2;127t — 9) = 511t — 41 for t > 2 via 3t - [9] — [6] — 4[4];
o 15(9,2;127t — 10) = 511t — 42 for t > 1 via 3t - [9] — 2[6];
o 15(9,2;127t — 11) = 511t — 47 for t > 1 via 3t - [9] — 2[6] — [4];
o 15(9,2;127t — 12) = 511t — 52 for t > 2 via 3t - [9] — 2[6] — 2[4];
o 15(9,2;127t — 13) = 511t — 55 for t > 1 via 3t - [9] — [7] — [5] — [3];
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15(9,2; 127t —
15(9,2; 127t —
15(9,2; 127t —
(9, 2; 127t —

15(9,2; 127t —
15(9,2; 127t —
15(9,2; 127t — 21)
15(9,2; 127t —

15(9,2; 127t —
15(9,2; 127t —

1,(9,2; 127t —
15(9,2; 127t —
1m5(9,2; 127t —

15(9,2; 127t —
15(9,2; 1274 —
1,(9,2; 127t —
15(9,2; 127+ —

15(9,2; 127t —
15(9,2; 127t —

15(9,2; 127t — 41) =

15(9,2; 127 — 42) =
43) =
44) =
1(9,2; 127t — 45) =
15(9,2; 127t — 46) =
47) =
48) =
49) =
15(9,2; 127t — 50) =
1,(9,2; 127t — 51) =
52) =

15(9,2; 127t —
15(9,2; 127t —

15(9,2; 127t —
1,(9,2; 127t —
15(9,2; 127t —

15(9,2; 127t —

14) =
15) =
16) =
17) =
15(9,2;127t — 18) =
19) =
20) =
= 511t - 85 for t > 1 via 3t -
22) =
15(9,2; 127t — 23) =
24) =
25) =
15(9,2; 127t — 26) =
15(9,2; 127 — 27) =
28) =
29) =
30) =
1,(9,2; 127t — 31) =
15(9,2; 127t — 32) =
33) =
34) =
35) =
36) =
15(9,2; 127t — 37) =
38) =
39) =
15(9,2; 127t — 40) =

511t - 60 for t > 2 via 3t -
511t - 63 for t > 1 via 3t -
511t — 68 for t > 2 via 3t -
511t - 73 for t > 2 via 3t -
511t - 76 for t > 2 via 3t -
511t — 81 for t > 2 via 3t -
511t — 84 for t > 2 via 3t -

[9] -
[9] -
[9] -
[9]
[9] -
[9] -
[9]
[9] -
511t =90 for t > 1 via 3t - [9] —
511t - 95 for t > 1 via 3t - [9] —
511t - 100 for t > 2 via 3t - [9
511t — 105 for t > 2 via 3t - [9
511t — 106 for t > 1 via 3t - [9
511t =111 for t > 1 via 3t - [9
511t — 116 for t > 2 via 3t - [9
511t - 121 for t > 2 via 3t - [9
511t — 126 for t > 2 via 3t - [9
511t — 127 for t > 1 via 3t - [9
511t — 132 for t > 2 via 3t - [9
511t — 137 for t > 2 via 3t - [9
511t — 140 for t > 2 via 3t - [9
511t — 145 for t > 2 via 3t - [9
511t — 148 for t > 2 via 3t - |
511t — 153 for t > 2 via 3t - [9
511t — 158 for t > 2 via 3t - [9
511t — 161 for t > 2 via 3t - |
511t — 166 for t > 2 via 3t -

9

9
[9] -

]
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-

511t =169 fort > 1 via (3t - 1) -
511t - 170 for t > 1 via (3t — 1) -
511t - 175fort > 1 via (3t — 1) -
511t — 180 for t > 2 via (3t — 1) -
511t — 183 for t > 1 via (3t — 1) -
511t - 188 for t > 2 via (3t — 1) -
Bt-1)-
(
(
(
(
(

511t — 191 for t > 1 via

511t - 196 for t > 2 via (3t — 1) -
511t — 201 for t > 2 via (3t - 1) -
511t — 204 for t > 2 via (3t — 1) -
511t — 209 for t > 2 via (3t — 1) -
511t — 212 for t > 2 via (3t — 1) -
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[3];

[3];
[4] -

I;
[3];

I;

[5] -
[5] -

[3];

[3];

[7] - [5] - [4] -
(7] - 2[5];

[7] = [6] - 2[3];

- 3[6] — 2[4];

[7] - [6] - [5] -
[7] - [6] - [5] -

—4[6];

[8];

[8] — [4];

[8] —2[4];

— [8] — 3[4];
[8] — 4[4];
[8] — [6];

[8] — [6] — [4];
[8] — [6] — 2[4];
[8] — [6] — 3[4];
6[6];

[8] —2[6];
[8] —2[6] — [4];
[8] —2[6] — 2[4
[8] - [71-[5] -
[8] = [7]1-[5] -
[8] — 3[6];
[8] —3[6] — [4];
[8] —3[6] — 2[4
[8] = [7]-[6] -
[8] = [7]1-[6] -
[9] - [2] + [1];
[9] + [1];

[9] —2[3];
[9] - [4] - 2[3];
[9] - [5] - [3];
[9] - [5] - [4] -
[9] —2[5];
[9] - [6] - 2[3];
[9] —[6] — [4]
[9] —[6] - [5] -
[9] —[6] — [5] -
[9] — [6] — 2[5];

[4] -

[4] -

[3];

- 2[3];

[3];

[3];
(4] -

[3];

[3];



15(9,2; 127t —
15(9,2; 127t —
15(9,2; 127t —
(9, 2; 127t —

15(9,2; 127t —
15(9,2; 127t —

1,(9,2; 127 —

1,(9,2; 127t —

1,(9,2; 127t —
15(9,2; 127t —
15(9,2; 127t —

15(9,2; 127t —
15(9,2; 1274 —
15(9,2; 127t —
15(9,2; 1274 —

15(9,2; 127t —
15(9,2; 1274 —
15(9,2; 127t — 79)
1,(9,2; 127t —

15(9,2; 127t —

1,(9,2; 127t —

15(9,2; 127t —
1,(9,2; 127t —
15(9,2; 127t —

15(9,2; 127t —

53) =
54) =
55) =
56) =
15(9,2; 127t — 57) =
58) =
59) =
15(9,2; 127t — 60) =
61) =
15(9,2; 127t — 62) =
63) =
1(92,2; 127t — 64) =
1(9,2; 127t — 65) =
15(9,2; 127t — 66) =
67) =
68) =
69) =
15(9,2; 127t — 70) =
15(9,2; 127t — 71) =
72) =
73) =
74) =
75) =
15(9,2; 127t — 76) =
77) =
78) =
=511t — 321 for t > 2 via (3t — 1) -
80) =
1,(9,2; 127t — 81) =
82) =
83) =
1,(9,2; 127t — 84) =
15(9,2; 127t — 85) =
86) =
87) =
88) =
1(9,2; 127t — 89) =
15(9,2; 127t — 90) =
91) =

511t — 215 for t > 1 via
511t — 220 for t > 2 via
511t — 223 for t > 1 via
511t - 228 for t > 2 via
511t — 233 for t > 2 via
511t — 236 for t > 2 via
511t — 241 for t > 2 via
511t — 244 for t > 2 via
511t — 249 for t > 2 via
511t — 254 for t > 2 via (3t — 1) -
511t - 255 for t > 1 via (3t —1) -
511t — 260 for t > 2 via (3t — 1) -
511t — 265 for t > 2 via (3t — 1) -
511t — 268 for t > 2 via (3t — 1) -
511t — 273 for t > 2 via (3t — 1) -
511t - 276 for t > 2 via (3t — 1) -
511t — 281 for t > 2 via (3t — 1) -
511t — 286 for t > 2 via (3t — 1) -
511t - 289 for t > 2 via (3t — 1) -
511t — 294 for t > 2 via (3t — 1) -
511t —297 fort > 2 via (3t - 1) -
511t — 300 for t > 2 via (3t — 1) -
511t - 305 for t > 2 via (3t — 1) -
511t — 308 for t > 2 via (3t — 1) -
511t =313 fort > 2 via (3t - 1) -
511t =318 fort > 2 via (3t - 1) -

(

(

(

(

(

(

(

(

(

(

(

(

(

3t—1)-

3t—1)-
3t—1)-
3t—1)-
3t—1)-
3t—1)-

o~ o~ o~ o~ o~ o~ o~ o~ o~

511t — 326 for t > 2 via (3t — 1) -
511t — 329 for t > 2 via (3t — 1) -
511t - 334 fort > 2 via (3t — 1) -
511t - 339 for t > 1 via (3t - 2) -
511t — 340 for t > 1 via (3t - 2) -
511t — 343 for t > 1 via (3t - 2) -
511t — 348 for t > 2 via (3t - 2) -
511t — 351 for t > 1 via (3t — 2) -
511t — 356 for t > 2 via (3t - 2) -
511t - 361 for t > 2 via (3t - 2) -
511t — 364 for t > 2 via (3t - 2) -
511t - 369 for t > 2 via (3t — 2) -
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3t—1)-[9

3t—1)-[9

3t—1)-[9

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[
[
[
[
[
[9
[
[
[
[
[

9
9
9

9
9
9
9
[
9
9
9
9
9
9

9

9
9
9
9
9
9
9
9
9

1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
1-
]
1-
1-
1-
1-
1-
1-
1-

]
]
]
]
]
]_
]
]
]
]
]

- [71- 3]
—[7] - [4] - [3];
- [71-1[5)
—[71-[5] - [4)
- [7]1 - [5] - 2[4];
[7]—[6] - [3];
—[7]1-[6] - [4] -
—[7]1-[6] - [5];
= [7]-[6] - [5] -
— [7] - 4[5];
= 2[7];
1-18]-2[3];
[8] — [4] - 2[3];
[8] —[5] - [3);
[8] —[5] - [4] -
[8] — 2[5];
[8] — [6] — 2[3];
2[7] - 3[5];
[8] —[6] - [5] -
[8] —[6] — [5] -
[8] — [6] — 2[5];
[8] - [71 - [3L;
[8] - [7]1 - [4] -
[8] - [7]1 - [5);
[8] = [7] - [5] -
3[7] - 2[5];
[8] - [7]1 - [6] -
[8] = [7] - [6]
[8] - [7]—[6] -
[8] = [7] - [6] -
[2] + 2[1];
+ 2[1];
[3];
[4] - [3];
[5];
[5] - [4];
[5] - 2[4];
[6] — [3];
[6] — [4] - [3];

[3];

[4];

[3];

[3I;
[4] -
[3];
[4];
[3];
_ [4] _
[5];
[5]

5

[3];

[3];
4

- [4];



e 1,(9,2;127t -
e 1,(9,2;127t -
e 1,(9,2;127t —
® 1,(9,2;127t —
® 1,(9,2;127t —

95)

e 1,(9,2;127t —
e 1,(9,2;127t —
e 1,(9,2;127t —
® 1,(9,2;127t —
e 1,(9,2;127t —

o 1,(9,2;127t —
o 1,(9,2; 127t —
o 1,(9,2; 127t —

92) = (
93) = (
94) = (

=511t - 383 for t > 1 via (3t — 2) -
96) = (
e 1,(9,2,127t - 97) = (
e 1,5(9,2;127t — 98) = (
e 15(9,2;127t — 99) =
e 1,(9,2;127t — 100) =
e 1,(9,2;127t —101) =
e 15(9,2,127t — 102) =
e 1,(9,2;127t — 103) =
e 15(9,2,127t — 104) =
e 15(9,2,127t — 105) =
e 15(9,2;,127t — 106) =
e 15(9,2,127t — 107) =
e 15(9,2,127t — 108) =
e 1,(9,2,127t — 109) =
e 1,(9,2,127t — 110) =
111) =
112) =
113) =
114) =
115) =
o 15(9,2,127t — 116) =

511t - 372 for t > 2 via (3t - 2) -
511t — 377 for t > 2 via (3t — 2) -
511t — 382 for t > 2 via (3t - 2) -

511t — 388 for t > 2 via (3t - 2) - [9
511t — 393 for t > 2 via (3t - 2) - [9

511t — 398 for t > 2 via (3t — 2) -
511t — 403 for t > 3 via (3t - 2) -

511t — 509 for t > 1 via 3t - [9]

511t — 404 for t > 2 via (3t - 2) -
511t — 409 for t > 2 via (3t - 2) -
511t — 414 for t > 2 via (3t - 2) -
511t — 419 for t > 3 via (3t - 2) -
511t — 424 for t > 3 via (3t - 2) -
511t — 425 for t > 2 via (3t - 2) -
511t — 428 for t > 2 via (3t - 2) -
511t — 433 for t > 2 via (3t - 2) -
511t — 436 for t > 2 via (3t - 2) -
511t — 441 for t > 2 via (3t - 2) -
511t — 446 for t > 2 via (3t - 2) -
511t — 449 for t > 2 via (3t - 2) -
511t — 454 for t > 2 via (3t - 2) -
511t — 457 for t > 2 via (3t - 2) -
511t — 462 for t > 2 via (3t - 2) -
511t — 467 for t > 3 via (3t - 2) -
511t — 468 for t > 2 via (3t - 2) -
o 15(9,2;127t — 117) = 511t — 473 for t > 2 via (3t — 2) -
o 15(9,2,127t — 118) =
o 1,(9,2;127t — 119) =
e 15(9,2,127t — 120) =
o 1,(9,2;127t — 121) =
o 1,(9,2;127t — 122) =
o 15(9,2,127t — 123) =
124) =
125) =
126) =

511t — 478 for t > 2 via (3t — 2) -
511t — 483 for t > 3 via (3t - 2) -
511t — 488 for t > 3 via (3t - 2) -
511t — 489 for t > 2 via (3t - 2) -
511t — 494 for t > 2 via (3t - 2) -
511t — 499 for t > 3 via (3t - 2) -
511t — 504 for t > 3 via (3t - 2) -

511t — 510 for t > 1 via 3t - [9] —

2].

[9] - [6] -
[9] - [6] -
[9] - 4[5];
O - [7);
9 - [7]-
9 - [7]-
9 - [7] -
9 - [7] -
9] - [7]-
91 - [7] -
9] - [7]-
9] - [7]-
[9] - 3[6] -
91 - [7] -
[9] - [8] -
[9] - [8] -
[9] - [8] -
[9] - [8] -
[9] - 2[7] -
[9] - 8] -
[9] - [8] -
[9] - [8] -
[9] - [8] -
[9] - [8] -
[9] - [8] -
[9] - [8] -
[9] - [8] -
[9] - [8] -
[9] - 3[7] -
[9] - [8] -
[9] - [8] -
[9] - [8] -
[9] - [8] -
- 2[2];

[5];
[5] -

[4];

[4];

].
4];

4[4];

6] — [4];

6] — 2[4];
1-[51-2[3];
[5] — 2[4];
2[6];

31;
4] -
5];
5] -
2[5];
[6] —
[6] —
[6] —
[6] —

2[4
3
[
[6];
[
[
[6

[3];

—_ ———

[4];

[3];
[4] -
[5];
[5] -

[3];

[4];

7);
71 - [4];
7] -2[4];
71-1[5] -
[5] - 2[4];
7]1-[6];
71 -[6] -
7]1-3[5];
71 -[6] -

[
[
[
[ 2[3];

[4];

,_,,_,,_,,_,

[51-2[3];

Proof. By Theorem [2l we have that 3[9], [8], [6], and [4] are 2-partitionable over [F,. Lemma

shows that [9] —

[7]1 - 1[5, [7]1 - 3], [8] -

[7] and 3[9]
[6], [8] -

— [8]
[4], and [6] -

have that [5] + 2[1] and 2[5] + [1] are 2-partitionable over IF,.
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— 2[6] are 2-partitionable over [F,. By Lemma 23([9] - [5],
[4] are 2-partitionable over [F,. By Lemma 26| we



Proposition 13. The Griesmer upper bound for n,(10, 2; s) is attained for all s > 396, i.e. we have
341t fort > 1 via t - [10];
15(10,2; 85t — 1) =
n>(10,2; 85t — 2) =
1,(10,2; 85t — 3) =
n,(10,2; 85t — 4) =
n,(10,2; 85t — 5) =
1n,(10,2; 85t — 6) =
1,(10,2;85t = 7) =
n,(10,2; 85t — 8) =
n,(10,2; 85t —9) =
1n,(10,2; 85t — 10) =
1,(10,2; 85t — 11) =
n,(10, 2; 85t — 12) =
1(10,2; 85t — 13) =
1>(10,2; 85t — 14) =
n,(10,2; 85t — 15) =
n,(10, 2; 85t — 16) =
1,(10,2; 85t — 17) =
1n,(10,2; 85t — 18) =
n,(10, 2; 85t — 19) =
n,(10, 2; 85t — 20) =
15(10,2; 85t — 21) =
n>(10,2; 85t — 22) =
n,(10, 2; 85t — 23) =
n,(10, 2; 85t — 24) =
15(10, 2; 85t — 25) =
1n,(10,2; 85t — 26) =

1,(10,2; 85¢) =

1,(10,2; 85t — 28) =
15(10,2; 85t — 29) =
1,(10, 2; 85¢ — 30) =

15(10,2; 85¢ — 31)

n,(10,2; 85t — 32) =
n,(10,2; 85t — 33) =
n,(10,2; 85t — 34) =
n,(10,2; 85t — 35) =
n,(10,2; 85t — 36) =
n,(10,2; 85t — 37) =

341t =5 fort > 1 viat-[10] -

341t - 10 fort > 2 via t -
341t —15fort >3 via t-
341t - 20 fort >4 via t -
341t - 21 fort > 1viat-
341t - 26 fort > 2 viat-
341t - 31 fort >3 viat-
341t - 36 fort >4 via t-
341t — 41 fort > 5viat-

341t — 42 fort > 2 via t -
341t — 47 fort > 3via t -
341t - 52fort >4 viat-
341t - 55 for t > 3 via t -
341t - 60 fort >4 viat-
341t - 63 fort >3 viat-
341t - 68 fort >4 viat-
341t - 73 for t > 5via t -
341t - 76 fort >4 viat-
341t — 81 fort > 5wviat-
341t -84 fort >4 viat-
341t - 85fort > 1 viat -
341t -90 fort > 2 via t -
341t - 95 fort > 3via t -
341t —100 for t > 4 via t - [10] -
341t — 105 for t > 5via t - [10

341t — 106 fort > 2 via t -
1,(10,2; 85t — 27) = 341t — 111 for t > 3via t -
341t — 116 for t > 4 via t -
341t — 121 fort > 5via t -
341t - 126 fort > 6 via t -
=341t - 127 fort > 3 via t -
341t - 132 fort >4 via t -
341t — 137 fort > 5via t -
341t - 140 fort > 4 via t -
341t — 145 fort > 5via t -
341t — 148 for t > 4 via t -
341t — 153 fort > 5via t -

[10]
[10]
[10]

[10]

[10] -
[10] -
[10] -

[10]
[10]

[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -

[10
[10
[10
[10
[10
[10
[10
[10
[10
[10
[10
[1
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[10] -

[10] -

[4];

- 2[4];
- 3[4];
—4[4];
[10] - [6]
[10] - [6] -
- [6] -

[6] —

[6] —

6],
6

6
6

- 2[6]

1-

[7
[7
[7] -
[7] -
[7]1 -
[7]1 -
[7] -
[7]1-
[8];
[8] -
8]
]
]

]
]

]
]

1-1[8
1-18
1-18
1-18
1-1[8
1-1[8
1-18
1-18]
1-1[8
1-18
1-18
1-18
1-1[8
0] - [8]

]_

]

]_
]_
]_
]_

]_

[4];
2[4]);
3[4];
4[4];

2[6];
—2[6] -

[4];
— 2[4];
[5] - [3];
[5] - [4] -
2[5];
[6] —2[3];
2[5] - 2[4];
[6] - [5] - [3];
[6] — [5] — [4] -
[6] - 2[5];

[3];

[3];

[4];

— 2[4];

- 3[4];
— 4[4];
- [6];
[6] —
[6] — 2[4];
[6] — 3[4];
[6] — [5] -
—2[6];
— 2[6] —
—2[6] —2[4];
[7] - [5] - [3];
—[71-[51 - [4] -
= 3[6];
— 3[6] —

[4];

[4] - 2[3];

[4];

[3];

[4];



n,(10,2; 85t — 38) =
n,(10,2; 85t — 39) =
n,(10,2; 85t — 40) =
n,(10,2; 85t — 41) =
1,(10,2; 85¢ — 42) =
n,(10,2; 85t — 43) =
n,(10,2; 85t — 44) =
n,(10,2; 85t — 45) =
n,(10,2; 85t — 46) =
1,(10,2; 85t — 47) =
n,(10,2; 85t — 48) =
n,(10,2; 85t — 49) =
n,(10,2; 85t — 50) =
n,(10,2; 85t — 51) =
1,(10,2; 85t — 52) =
n,(10,2; 85t — 53) =
n,(10,2; 85t — 54) =
n,(10,2; 85t — 55) =
n,(10,2; 85t — 56) =
1,(10,2; 85¢ — 57) =
n,(10, 2; 85t — 58) =
n,(10,2; 85t — 59) =
n,(10,2; 85t — 60) =
1,(10,2; 85t — 61) =
n,(10,2; 85t — 62) =
n,(10,2; 85t — 63) =
=341t -260fort >4 via t -
n,(10,2; 85t — 65) =
n,(10,2; 85t — 66) =
n,(10,2; 85t — 67) =
n,(10,2; 85t — 68) =
n,(10,2; 85t — 69) =
n,(10,2; 85t — 70) =
1,(10,2; 85t — 71) =
n,(10,2; 85t — 72) =
n,(10,2; 85t — 73) =
n,(10,2; 85t — 74) =
n,(10,2; 85t — 75) =
n,(10,2; 85t — 76) =

15(10, 2; 85t — 64)

341t — 158 fort > 6 via t -
341t — 161 fort > 5via t -
341t — 166 fort > 6 via t -
341t - 169 fort >5viat -
341t - 170 for t > 2 via t -
341t - 175 fort > 3 via t -
341t - 180 fort >4 via t -
341t - 183 fort > 3via t -
341t - 188 fort >4 via t -
341t — 191 for t > 3 via t -
341t - 196 fort > 4 via t -
341t — 201 fort > 5via t -
341t — 204 for t > 4 via t -
341t - 209 for t > 5via t -
341t - 212 for t > 4 via t -
341t - 215 fort > 3 via t -
341t - 220 fort > 4 via t -
341t - 223 fort >3 via t -
341t - 228 for t > 4 via t -
341t — 233 fort > 5via t -
341t - 236 fort >4 via t -
341t — 241 fort > 5wvia t -
341t —244 fort > 4 via t -
341t — 249 for t > 5via t -
341t — 254 fort > 6 via t -
341t — 255 for t > 3via t -

341t - 265fort >5viat -
341t — 268 for t > 4 via t -
341t - 273 fort > 5via t -
341t - 276 fort > 4 via t -
341t - 281 fort >5viat-
341t — 286 fort > 6 via t -
341t — 289 for t > 5via t -
341t =294 fort > 6 via t -
341t — 297 fort > 5via t -
341t - 300 fort > 4 via t -
341t - 305 for t > 5via t -
341t - 308 for t > 4 via t -
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[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -
[10] -

8
[8
8
[8
2
2[8

[9
[9
[9

1-
1-
1-
1-
8];
1-

1-
1-
1-
2[8
2
2[8
[9] -
[91 -

2[8] -
9] -

1-
8] -
1-

9
9] -
9] -
9] -

9] -

[
[
[
[
[
[
[
[
[9

3[6] -

[7] -
[7] -

4[6];

[4];

[4] -
[5] -

[5] -
[6];
[6] -
[6]

[6] -

[6] -
2[6];

- [71-
- [71-

- [71-15

- [7]-
- [7]-
- [71-
- [71-
[7] -
[7] -

2[4]);

[6] -

[6] -

2[3);
[3];

[4] -

5

6
6
6

[3
[4
[
[
[5
[
[
[
[6

IF
1-
IF
1-
1-
1-
1-
1-
1-

4[6],

—[4];
—2[4];

—[8] -

—[8] -

—[8]

[5] -
[5] -
- 2[7];
- [8] -
—[8] -
—[8] -
—[8] -
- [8] -
- [8] -
—[8] -
—[8] -

[
[6
[

[6
[6]
[
[
[

[4];
- 2[4];
[5] -
[5] -

— [5] —
— [5] —
- 2[5];
7]1-1[3];

7] -
7] -

[5] -
[5] -

[3];

[4] - [3];

[3];

[3];

[4] - [3];

[3];

[4];
2[4];
[3];
[4] -
[5];
[5] -

[3];

[4];

[3];

[4] - [3];

1-2[3];
] —
]
]

[4] - 2[3];
[3];

[4] - [3];

[4] -
[5];

[3];



o 1,(10,2;85t — 77) = 341t — 313 for t > Swvia t - [10] — [9] — [8] — [7] — [5] — [4];
o 1,(10,2; 85t — 78) = 341t — 318 for t > 6 via t - [10] — [9] — [8] — 2[6] — 2[5];
o 115(10,2;85t —79) = 341t — 321 for t > Swvia t - [10] — [9] — [8] — [7] — [6] — [3];
e 115(10,2; 85t — 80) = 341t — 326 for t > 6 via t - [10] — [9] — [8] — [7] — [6] — [4] —
o 115(10,2; 85t — 81) = 341t — 329 for t > Swvia t - [10] — [9] — [8] = [7] — [6] — [5];
o 1,(10,2;85t — 82) = 341t - 334 for t > 6 via t - [10] — [9] — [8] — [7] — [6] — [5] -
e 1,(10,2; 85t — 83) = 341t — 339 for t > 1 via (t — 1) - [10] + 2[2];
e 15(10,2; 85t — 84) = 341t — 340 for t > 1 via (t — 1) - [10] + [2].
Proof. By Theorem 2l we have that [10], [8], [6], and [4] are 2-partitionable over [F,. Lemma
shows that [10] - [8] and 3[10] — [9] — 2[7] are 2-partitionable over IF,. By Lemma 23] [10] - [6],
[8] —[6], [6] —[4], [9] = [7], [7] = [5], and [5] — [3] are 2-partitionable over F,.
By Lemma we have that [5] + 2[1] is 2-partitionable over IF,. [ ]

[3];

[4];

Proposition 14. The Griesmer upper bound for n,(7,3;s) is attained for all s > 12, i.e. we have
o 15(7,3;15t) = 127t for t > 1 via 7t - [7];
o 15(7,3;15t = 1) =127t =9 for t > 1 via 7t - [7] - [6];
o 15(7,3;15t - 2) =127t =18 for t > 1 via (7t = 1) - [7] + [3] — 2[2];
o 1,(7,3;15t — 3) = 127t — 27 for t > 1 via (7t — 1) - [7] — 2[5];
o 15(7,3;15t — 4) = 127t — 36 for t > 2 via (7t — 1) - [7] — [6] — 2[5];
o 1,(7,3;15t = 5) = 127t — 45 for t > 1 via (7t — 2) - [7] — [5] — 2[4];
o 15(7,3;15t — 6) = 127t — 54 for t > 2 via (7t — 1) - [7] — 4[5];
o 1,(7,3;15t = 7) = 127t — 61 for t > 1 via (7t - 3) - [7] — [5] — [4];
o 15(7,3;15t = 8) = 127t = 70 for t > 2 via (7t — 3) - [7] — [6] — [5] — [4];
o 15(7,3;15t = 9) = 127t = 77 for t > 1 via (7t — 4) - [7] — [5];
o 1,(7,3;15t — 10) = 127t — 86 for t > 2 via (7t — 4) - [7] — [6] — [5];
o 15(7,3;15t = 11) = 127t = 95 for t > 1 via (7t - 5) - [7] — 2[4];
o 15(7,3;15t — 12) = 127t — 104 for t > 2 via (7t = 5) - [7] — [6] — 2[4];
o 15(7,3;15t = 13) = 127t = 111 for t > 1 via (7t — 6) - [7] — [4];
o 1,(7,3;15t — 14) = 127t — 120 for t > 2 via (7t — 6) - [7] — [6] — [4].

Proof. By Theoremwe have that 7[7], [6], and [3] are 3-partitionable over IF,. Lemmashows
that [7] - [4], 3[7] — [5] — 2[3], and 7[7] — [6] — 6[3] are 3-partitionable over IF,. By Lemma 26| we
have that 6[7] + [3] — 2[2] is 3-partitionable over F,. |

Proposition 15. The Griesmer upper bound for n,(8, 3; s) is attained for all s > 72, i.e. we have
o 15(8,3;31t) = 255t for t > 1 via 7t - [8];
o 1,(8,3;31t — 1) =255t = 9 for t > 1 via 7t - [8] — [6];
o 15(8,3;31t —2) = 255t — 18 for t > 2 via 7t - [8] — 2[6];
o 1,(8,3;31t — 3) = 255t — 27 for t > 3 via 7t - [8] — 3[6];
o 1,(8,3;31t — 4) = 255t — 36 for t > 2 via 7t - [8] — 4[6];
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4

- [4];

4

- [5];

o 15(8,3;31t —5) = 255t — 43 for t > 3 via (7t — 1) - [8] — [5] — [4
o 15(8,3;31t — 6) = 255t = 52 for t > 1 via (7t — 1) - [8] — [6] — [5
o 15(8,3;31t —7) =255t = 59 for t > 3via (7t — 1) - [8] = [7] = [5
-
-

d b bd e

o 15(8,3;31t —8) =255t — 68 for t > 2 via (7t —1) - [8] = [7] - [6
o 15(8,3;31t —9) = 255t — 75 for t > 3 via (7t - 2) - [8] — [4];

o 15(8,3;31t — 10) = 255¢ — 84 for t > 1 via (7t — 2) - [8] — [6] — [4];
o 12(8,3;31t — 11) = 255¢ — 91 for t > 3 via (7t — 2) - [8] — [7];

o 12(8,3;31t — 12) = 255¢ — 100 for t > 2 via (7t — 2) -
o 12(8,3;31t — 13) = 255¢ — 109 for t > 3 via (7t — 2) -
o 12(8,3;31t — 14) = 255¢ — 118 for t > 3 via (7t — 3) -
o 12(8,3;31t — 15) = 255¢ — 127 for t > 1 via (7¢ — 3) -
o 15(8,3;31t — 16) = 255t — 134 for t > 3 via (7t — 3) -
o 15(8,3;31t — 17) = 255t — 143 for t > 2 via (7 — 3) -
o 12(8,3;31t — 18) = 255t — 150 for t > 3 via (7t — 4) -
o 12(8,3;31t — 19) = 255¢ — 159 for t > 1 via (7t — 4) - [8] — [6] — 2[4];
o 12(8,3;31t — 20) = 255¢ — 166 for t > 3 via (7t — 4) - [8] — [7] — [4];

[8] - [7] ~[6];
[
[
[
[
[
[
[
[
o 15(8,3;31t — 21) = 255t — 175 for t > 2 via (7t — 4) - [8] — [7] — [6] — [4];
[
[
[
[
[
[
[
[
[

8] — [7] - 2[6];
8] — [5] — 2[4];

8] — 4[5];

8] - [7] - [5] - [4];

8] —[7] - [6] - [5] — [4];
8] — 2[4];

o 15(8,3;31t — 22) = 255t — 182 for t > 4 via (7t — 4) - [8] — 2[7];

o 15(8,3;31t — 23) = 255t — 191 for t > 1 via (7t - 5) - [8] — 2[5];

o 15(8,3;31t — 24) = 255t — 200 for t > 2 via (7t = 5) - [8] — [6] — 2[5];

o 15(8,3;31t — 25) = 255t — 209 for t > 3 via (7t - 5) - [8] — [7] — [5] — 2[4];
o 115(8,3;31t — 26) = 255t — 218 for t > 4 via (7t — 5) - [8] — 3[6] — 2[5];

o 15(8,3;31t —27) = 255t — 223 for t > 1 via (7t — 6) - [8] — [5];

o 15(8,3;31t — 28) = 255t — 232 for t > 2 via (7t — 6) - [8] — [6] — [5];

o 15(8,3;31t — 29) = 255t — 241 for t > 3 via (7t — 6) - [8] — [7] — 2[4];

o 15(8,3;31t — 30) = 255t — 250 for t > 4 via (7t — 6) - [8] — [7] — [6] — 2[4].

Proof. By Theorem [2 we have that 7[8], 7[4], [6], and [3] are 3-partitionable over IF,. Lemma
shows that [8] — [5], 3[8] — [6] — 2[4], and 7[8] — [7] — 6[4] are 3-partitionable over [F,. By
Lemma 26 we have that 6[8] + [3] - 2[2] is 3-partitionable over IF,. Moreover, Lemma 26|implies
that [5] + 2[1] is 2-partitionable over IF,. With this, the corresponding dual shows that 2[5] + [4]
is 3-partitionable over IF,, so that also 2[8] + [4] is 3-partitionable over IF,. [ ]

Proposition 16. The Griesmer upper bound for n,(9, 3; s) is attained for all s > 663, i.e. we have
® 15(9,3,9t) =73t fort > 1viat-[9];
® 15(9,3,9t—1)=73t -9 fort > 1viat-[9] - [6];
o 115(9,3;9t—2) =73t - 18 fort > 2 via t - [9] - 2[6];
e 15(9,3;9t —3) =73t - 27 fort >3 viat-[9] - 3[6];
o 15(9,3;9t —4) =73t - 36 fort > 4 via t - [9] — 4[6];
o 15(9,3;9t —5) =73t -43 fort > 7 via t - [9] — [8] — [5] — [4];
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e 15(9,3;,9t - 6) =
® 1,(9,3,9t-7) =
e 15(9,3;9t - 8) =

73t —52 for t > 8 via t - [9] — [8] — [6] — [5] -
73t =59 fort > 10 via t - [9] — [8] — [7] — [5];
73t — 68 for t > 11 via t - [9] — [8] — [7] — [6] — [5].

Proof. By Theorem Q we have that [9] and 7[5] are 3-partitionable over IF,. Lemma [24/ shows

[4];

that [9] - [6], 3[9] — [7] — 2[5], and 7[9] — [8] — 6[5] are 3-partitionable over IF,. By Lemmawe
have that 2[5] — 2[1] is 2-partitionable over [F,. With this, the corresponding dual shows that
5[5] — [4] is 3-partitionable over IF,. [ ]

Fori € {5,6,7,8} this gives four infinite series of improvements 1,(9, 3,9t — i) > 1»(9, 3, 9t — i)
for sufficiently large t € IN, see Table

Proposition 17. The Griesmer upper bound for n3(5, 2;s) is attained for all s > 22, i.e. we have
o 15(5,2;13t) = 121t for t > 1 via 4t - [5];
o 1n5(5,2;13t — 1) = 121t — 10 for t > 1 via 4t - [5] — [4];
o 13(5,2;13t — 2) = 121t — 20 for t > 2 via 4t - [5] — 2[4];
5] +

o 15(5,2;13t — 3) = 121t — 30 for t > 1 via (4t — 1) - [5] + [2] — 3[1];

o 15(5,2;13t —4) = 121t — 40 for t > 1 via (4t — 1) - [5] = 3[3];

o 13(5,2;13t — 5) = 121t — 50 for t > 3 via (4t — 1) - [5] — 2[4] + [2] - 3[1];
o 13(5,2;13t — 6) = 121t — 60 for t > 3 via (4t — 1) - [5] — 2[4] — 3[3];

o 135(5,2;13t = 7) = 121t — 67 for t > 1 via (4t - 2) - [5] — 2[3];

o 15(5,2;13t — 8) = 121t — 77 for t > 2 via (4 — 2) - [5] — [4] — 2[3];

o 13(5,2;13t —9) = 121t — 87 for t > 3 via (4t — 2) - [5] — 2[4] — 2[3];

o 15(5,2;13t — 10) = 121t — 94 for t > 1 via (4t — 3) - [5] — [3];

o 13(5,2;13t — 11) = 121t — 104 for t > 2 via (4t — 3) - [5] — [4] — [3],

o 13(5,2;13t — 12) = 121t — 114 for t > 3 via (4t — 3) - [5] — 2[4] - [3].

Proof. By Theorem [2| we have that 4[5], [4], and [2] are 2-partitionable over [F;. Lemma
shows that [5] — [3] and 4[5] — [4]
3[5] + [2] — 3[1] and [5] + 3[1] are 2-partitionable over Fs. [ ]

— 3[2] are 2-partitionable over [F;. By Lemma 26/ we have that

Proposition 18. The Griesmer upper bound for n3(6,2;s) is attained for all s > 90, i.e. we have
e 15(6,2;10t) =91t fort > 1 viat - [6];

e 13(6,2;10t — 1) =91t — 10 for t > 1 via t - [6] — [4];

[6]
o 15(6,2;,10t —2) =91t =20 for t > 2 via t - [6] — 2[4];
e 15(6,2;10t —3) =91t — 30 for t > 3 via t - [6] — 3[4];
o 13(6,2;10t —4) =91t — 40 for t > 4 via t - [6] — 4[4];
o 15(6,2;10t —5) =91t — 50 for t > 5via t - [6] — 5[4];
e 15(6,2;10t —6) =91t — 60 for t > 6 via t - [6] — 6[4];
o 15(6,2;,10t —7) = 91t — 67 for t > 8 via t - [6] — 2[5] — 2[3];
e 13(6,2;10t —8) =91t =77 fort > 9 via t - [6] — 2[5] — [4] — 2[3];
o 15(6,2,10t —9) = 91t — 87 for t > 10 via t - [6] — 2[5] — 2[4] — 2[3].

Proof. By Theoremwe have that [6], [4], and 4[3] are 2-partitionable over [Fs.
that [6] — [4] and 4[6] — [5]

Lemma 24|shows
— 3[3] are 2-partitionable over IFs. [
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D g-divisible multisets of points

In Proposition[6|we have used nonexistence results for g-divisible multisets of points in PG(4, g)

with maximum point multiplicity at most s to conclude upper bounds for 1,(5, 3; s), see Table 6}

n/r{1 2 3 4 5
2/1 0 0 0 O
3]0 1 0 0 O

Table 13: Number of nonisomorphic 2-divisible spanning multisets of points in PG(r — 1, 2) with
cardinality n.

We have used the software package LinCode [27] to enumerate g-divisible codes over IF,,
which are in one-to-one correspondence to spanning multisets of points. The obtained enumer-
ation results for g € {2,3,4,5,7} are given in tables

n/r 4

_— = = = O N
— -0 O O W
OO OO O

SO R O R

IO~ W
_ o o oo

Table 14: Number of nonisomorphic 3-divisible spanning multisets of points in PG(r — 1, 3) with
cardinality 7.

The results for g = 2 in Table [13|can be easily verified theoretically. For g = 3 one can show
that a 3-divisible multiset of points with cardinality 6 is given by 3xp + 3 for two points P and
Q that may coincide:

Lemma 42. There is no 3-divisible multiset of points in PG(v — 1, 3) with maximum point multiplicity

2 and cardinality 6.

Proof. Let M be a 3-divisible multiset of points in PG(v — 1, 3) with cardinality #M = 6, so that
M(H) € {0,3,6} for every hyperplane H. Due to e.g. [81, Lemma 7.7] not all points can have
multiplicity at most one. Let r denote the dimension of the span of the points with positive
multiplicity M(P) > 0. Let M’ denote the embedding in a corresponding r-space which is
isomorphic to PG(r — 1,4), so that M'(H) € {0,3} for every hyperplane of PG(r — 1,4). The
following observation can be easily verified: If r < 2 or we have M(P) > 3 for some point then
M =6)por M =3xp+3)xp for some point P’. So, let P be a point with multiplicity M'(P) = 2.
Since M'(H) < 3 we have M'(Q) <1 for every point Q # P, so that there are exactly four points
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of multiplicity one and r = 3. However, for some point Q with multiplicity M(Q) = 1 the four

lines through Q each have multiplicity 3, so that #M =1 +4 -2 = 9 # 6 — contradiction. n

n/r|{1 2 3 4 5
411 0 0 0 0
5/0 1.0 0 0
8/1 1 0 0 O
910 1.1 0 0
10/0 1.1 1 0
1211 2 2 0 O
13/(0 23 10
14(0 1 5 3 1
15/0 1 3 6 2

Table 15: Number of nonisomorphic 4-divisible spanning multisets of points in PG(r — 1, 4) with
cardinality 7.

The possible cardinalities of 4'-divisible multisets of points over [F,, where I € IN, have been
completely characterized in [73| Theorem 1]. In our situation / = 1 there exists a g-divisible
multiset of points with cardinality n in PG(r — 1, g), where r is sufficiently large, iff n can be
writtenasn =a-q+0b-(g+1)witha,b € N. If n > ¢g°> — g this is always possible and 4 — g — 1
does not admit such a representation. The union of 2 g-fold points and b lines gives a g-divisible
multiset of points and the question arises if there are other examples. For cardinality 4> there is
e.g. the affine plane, i.e. xg — x; for some plane E and some line L < E. In tables[I3]{17 we mark
those entries which contain examples that do not consist of unions of g-fold points and lines in
bold font and briefly discuss the obtained additional constructions in the following.

There is a unique spanning 4-divisible multiset of points in PG(2,4) that has cardinality 12
and maximum point multiplicity at most 3. It is a doubled oval with an automorphism group
of order 138240.

There is a unique spanning 5-divisible multiset of points in PG(2, 5) that has cardinality 23

and maximum point multiplicity at most 4. A corresponding matrix is given by

11111111111111111110100
00000011223333333441010 |-
01133311441112333231001

This object is also known as a (strong) (3 mod 5) arc in PG(2,5) and a nice picture can be found
in [96]. By [87, Theorem 10] it is in one-to-one correspondence to a (9, 1)-blocking set in PG(2, 5)
with line multiplicities contained in {1, 2,3, 4}, i.e., (trivial) blocking sets containing a full line

are excluded. It is well known that the projective triangle is the only possibility over FFs, see
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e.g. [20, 42]. In general (t mod g) arcs are the combinatorial objects that characterize when
linear codes are extendable without increasing the minimum distance, which can be utilized for
nonexistence results for linear codes with certain parameters, see e.g. [86].

There is a unique spanning 5-divisible multiset of points in PG(3, 5) that has cardinality 24

and does not consist of a union of four lines. A corresponding matrix is given by

111111111111111111101000
000000112233333334410100
011333002200033343440010 |
101013012401301333300001

Although, cardinalities of g-divisible multisets of points in PG(4,q) whose cardinalities are
multiples of g + 1 do not play a role in the context of Proposition |6, they are interesting from
another point of view. A maximal partial line spread is a set of lines which covers each point
at most once and which cannot be extended by a further line without destroying this property.
The set of points that are not covered by some given partial line spread L of PG(r — 1,g), called
holes, form a g-divisible set of points M in PG(r — 1,q) with cardinality [r], — #£L - [2],. The
property that £ is maximal is equivalent to the property that M does not contain a full line in
its support (set of points P with M(P) > 1).

n/r|1 2 3 4 5
5/1 0 0O 0 O
610 1 0O 0 O

10(1 1 0O 0 O
110 1 1 0 0
1210 1 1 1 0
15(1 2 1 0 0
16|10 2 3 1 0
1710 1 4 3 1
1810 1 3 5 2
2001 4 2 1 0
2110 3 9 5 1
2210 2 14 18 6
2310 1 109 27 18
2410 1 64 35 29

Table 16: Number of nonisomorphic 5-divisible spanning multisets of points in PG(r -1, 5) with
cardinality n.

Theorem 21. ([48, Theorem 13]) Let M be a q"-divisible multiset of points with cardinality 6[r + 1],
in PG(v — 1,q) wherev > r. If g > 2and 1 < 6 < ¢, where q + ¢ is the size of the smallest nontrivial
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blocking sets in PG(2, q), then there exists (r + 1)-spaces Sy, ..., Ss such that

5

M= Z XSir
i=1

i.e., M is the sum of (r + 1)-spaces.

There are two 7-divisible spanning multisets of points in PG(2,7) with cardinality 39 and

maximum point multiplicity at most 6. Generator matrices are given by

111111111111111111111111111111111100100 111111111111111111111111111111111100100
000000000111111111122233344455566611010 | and | 000000000111111111122233344455566611010 |.
000335566000023555504412255611405522001 001444666000344455513400022244401315001

As the previous example, it can be obtained from a (12, 1) blocking set in PG(2,7). Again one
example is given by the projective triangle and there is another (sporadic) example, see e.g. [22].
There are seventeen 7-divisible spanning multisets of points in PG(2, 7) with cardinality 47 and
maximum point multiplicity at most 6. Clearly, we can start from one of the two stated examples
for cardinality 39 and add the points of a line. However, there are several other examples. In
[56] a maximal partial line spread in PG(3,7) of cardinality 45 and a corresponding 7-divisible
set of points of cardinality 40, that is not the union of five disjoint lines, was constructed.

The described computer enumeration results imply that each 7-divisible multiset of points
M in PG(4,7) with cardinality at most 38 can be written as the sum of characteristic functions
of lines and seven-fold points. By restricting the maximum point multiplicity to six we can

slightly extend the outlined computer enumerations of linear codes to conclude:

Proposition 19. Let M be a 7-divisible multiset of points in PG(4,7) with maximum point multiplicity
at most 6. If #M < 38 or #M € {41, ...,46}, then there exist lines Ly, . .., L; such that M = Zi‘:l XL;-

For small dimensions r the g-divisible multisets of points in PG(r — 1, ) can be easily charac-
terized. In PG(0, g) the ambient space itself is just a point so that the only g-divisible multisets of
points are given by m - q - xp for any m € IN and the unique point P. Now let M be a g-divisible
multiset of points in PG(1, g). If P is a point with multiplicity M(P) > g, then M — gxp is also
a g-divisible multiset of points in PG(1, g), so that we can assume M(P) < g — 1 for all points
P wlo.g. In PG(1,q) hyperplanes coincide with points, so that M(P) = #M (mod q) for every
point P, so that all points have the same multiplicity and M consists of copies of the entire
ambient space, which is a line. Thus, for r < 2 we have that g-divisible multisets of points in
PG(r — 1,q) are given as the union of g-fold points and lines. As already mentioned, in PG(2, q)
we have the affine plane with cardinality 4*> and maximum point multiplicity one.

For a given multiset of points let p; denote the number of points of multiplicity i and 4; denote

the number of hyperplanes with multiplicity i. By double-counting we obtain:
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n/r|1 2 3 4 5
711 0 O 0 0
80 1 0 0 0

1411 1 0 0 0
150 1 1 0 0
160 1 1 1 0
211 2 1 0 0
2210 2 3 1 0
2310 1 4 3 1
2410 1 3 5 2
2801 5 3 1 0
2910 3 10 5 1
300 2 15 19 6
3110 1 12 29 19
3210 1 8 43 32
351 7 11 4 1
36 |0 6 34 32 7
3710 3 56 124 57
3810 2 57 329 261
3910 1 41 584 973
400 1 18 720 3639

Table 17: Number of nonisomorphic 7-divisible spanning multisets of points in PG(r — 1, 7) with
cardinality 7.
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Lemma 43. Let M be a multiset of points in PG(r — 1, q), where r > 3, and S an arbitrary (r — 2)-space.
For the q + 1 hyperplanes Hy, . .., H, that contain S we have

q
Y M(H) = #M+q- M(S). (76)
i=0

Moreover, we have

#M #M
Y pi=Ir, a; = Irl,,
i=0 i=0
#M #M
Z ipi =#M-[r-1], ia; = #M-[r—1],, and

i=1 j=

(2 v 50) - £6)

i=2

[y

<

g

Lemma 44. Let M be a multiset of points in PG(r — 1,q), 1 <s <r -2, and S an arbitrary s-space. If
each hyperplane H > S satisfies M(H) > x, then we have #M > gx — (g — 1) - M(S).

Proof. Since each s-space is contained in [r — 5], hyperplanes and each (s + 1)-space is contained
[r=slg-(x=M(S))
[r—s-1],

[r —sl,/[r — s — 1], > q yields the stated inequality. n

in [r — s — 1], hyperplanes, double-counting points yields #M > M(S) + . Using

We can easily check that divisibility is preserved by projection through a point:

Lemma 45. Let M be a (spanning) A-divisible multiset of points in PG(r — 1,q), where r > 2. For an
arbitrary point P let M’ be the multiset of points obtained from M by projection through P. Then, M’
is a (spanning) A-divisible multiset of points in PG(r — 2, q) with cardinality #M — M(P).

The multiplicities of the lines through P w.r.t M are in one-to-to correspondence to the point

multiplicities w.r.t. M’.

Lemma 46. Let M be a multiset of points in PG(r — 1, q) with cardinality #M < [3],, wherer > 3. If P
is a point with positive multiplicity, then there exists an (r — 2)-space S with M(S) = M(P).

Proof. For r = 3 the statement is trivial, so that we assume r > 3. Let T be a subspace with
maximum possible dimension satisfying M(T) = M(P) and dim(T) < r—2. If dim(T) = r—2 we
are done. Otherwise consider the [r —dim(T)], > [3], subspaces that have dimension dim(T) +1
and contain T. Since there are at most [3], points with positive multiplicity we conclude the
existence of a subspace T" > T with dim(T") = dim(T + 1) and M(T") = M(T) = M(P) -

contradiction. u
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Proposition 20. Each 7-divisible multiset of points in PG(4, 7) with cardinality 42 has maximum point
multiplicity at least 7.

Proof. Let M be a spanning 7-divisible multiset of points in PG(r — 1,7) with cardinality 42
and maximum point multiplicity at most 6. Due to the classification of g-divisible multisets of
points in PG(0, g) and PG(1, ), we can assume r > 3. Since no 7-divisible multiset of points with
cardinality 41 exists over [F;, see e.g. [73, Theorem 1], we can use Lemmato conclude M(P) # 1
for all points P in PG(r - 1, q) Using the notation from Lemma 43| we state py + 2?=2 pi = [rl7,
Yo, ipi=42,and p; = 0fori=1ori>7. Let Q be a point with positive but minimum possible
positive multiplicity, i.e. M(Q) > 2. From Lemma 4] we conclude M(Q) € {2, 3}.

Let us first consider the case r = 3 and M(Q) = 2. All eight lines through Q have multiplicity
exactly 7, see Equation (76), and either contain a point with multiplicity 5 or a point with
multiplicity 3 and another point with multiplicity 2. Thus, we have p; + ps > 8. If ps > 8, then
we have p5 = 8, p» = 1, and p; = 0 otherwise. However, considering the eight lines through a
point of multiplicity 5 gives a contradiction. Thus, we have p; > 1 and let R denote point of
multiplicity 3. From the eight lines through R, seven have multiplicity 7 and one has multiplicity
14, so that ps < 1 and p; < 4 (using p; = 0), which contradicts p; + p5 > 8.

Assume M(Q) = 2 and let M’ denote the projection of M through Q, so that M’ is a
spanning 7-divisible multiset of points in PG(r — 2,7) with cardinality 40 and without a point
with multiplicity 1, see Lemma[45 From our computer enumeration we know that M’ is the sum
of the characteristic functions of five lines. Since M does not contain a point with multiplicity 1,
we have M" =2 x;, +3- x1, for twolines L, L,. If L; = L, then we have r = 3, which we already
have excluded before. If |L; N Ly| = 1, then we have r = 4 and M(L) € {2,4,5,7} for every line L
that contains Q, so that no point has multiplicity 4 or 6. Seven of these lines have multiplicity 4,
one has multiplicity 7, and seven have multiplicity 5, so that 8 <p, <9,7<p3 <8,0<ps <1,
and p3 +ps = 8.

If P5 is a point with multiplicity 5, P; a point with multiplicity 3, and L the line spanned by P
and Ps, then L cannot contain a point with multiplicity 2, so that M(L) € {8,11,14, 17,20, 23, 26}
using Equation and the 7-divisibility of M. If M(L) = 26, then M -3 - x, would be a
7-divisible multiset of points in PG(3,7) with cardinality 21 and maximum point multiplicity at
most 6 — contradiction. If M(L) € {8,17,20, 23}, then Equation cannot be satisfied. So, there
exist three lines L], L/, L} through Ps with M(L}) = M(L}) = 11, M(L}) = 14, and all seven points
of multiplicity 3 are contained on L7 UL/ UL}. Thus, no hyperplane H > L] can satisfy M(H) = 14,
so that Equation cannot be satisfied — contradiction. It remains to consider the case p, = 9,
ps = 8,and ps = O0for |L; N L,| = 1. Let L’ be a line spanned by two points of multiplicity 3, so that
L’ does not contain a point of multiplicity 2. From Equation we conclude M(L’) € {12,18,21}.

7 Alternatively, one can consider the eight hyperplanes through an (r — 2)-space with multiplicity 1. We remark
that there is some research on sets without tangents [110] and generalizations thereof [58].
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If M(L’) = 21, then L’ consists of seven points of multiplicity 3. Let L” be a line spanned by the
unique point of multiplicity 3 outside of L” and a point of multiplicity 3 on L’. As before, we
conclude M(L"”) € {12,18, 21}, which is impossible since there are only two points of multiplicity
3onL”. If M(L") = 18, then L’ consists of six points of multiplicity 3. Since all eight hyperplanes
through L’ have multiplicity 21, we have p; > 6 + 8 = 14, which is a contradiction. So, all lines
contain either 0, 1, or 4 points of multiplicity 3, so that p; =1 (mod 3) — contradiction. It remains
to consider the case |[L; N Ly| = Owherer =5,p, =9, p; = 8, and ps = 0. Moreover, each line L that
contains a point of multiplicity 2 satisfies M(L) € {2,4,5}. For a plane © we can use Lemma
and the 7-divisibility of M to deduce M(n) € {0,2,3,4,5,7,10,11,12,14,18,19,21,26,28}. If
M(m) = 10, then we have M(H;) = 14 for 0 <i < 7, so that p, > 16 — contradiction. If M(n) = 3,
then we have M(H;) = 7 for seven hyperplanes, so that p, > 14 — contradiction. If 7= contains a
point P; of multiplicity 3 and M(m) < 19, then there exists a line P; < L < 1t with multiplicity 3.
Since each plane through L has multiplicity at least 5, each hyperplane H > L has multiplicity at
least 3+2-8, i.e., multiplicity at least 21. This excludes the cases 7 € {5,7,11}. Now let L directly
be some line with multiplicity 3, which exists since p3 > 1 and p, + p3 < [4];. Since each plane
7 > L has multiplicity at least 12, we have M(H) > 3 + 9 - 8 > 35 for each hyperplane H > L -
contradiction.

In the following we have M(Q) = 3, so that p, = 0. If M(P) € {5,6} for some point P,
then each hyperplane H > P satisfies M(H) > 14, so that Lemma @44 gives a contradiction.
Thus, we have p; = p» = p5s = ps = 0, p3 = 2 (mod 4), and p; = 0 (mod 3). If M(P) = 0
(mod 3), then % - M would be a 7-divisible multiset of points in PG(r — 1,7) with cardinality
14 and maximum point multiplicity at most 2 — contradiction. Thus, we have p,; € {3,6,9} and
ps € {2,6,10}. From Lemma @]we conclude the existence of (r — 2)-spaces S3, Sy with M(S;3) =3
and M(S,) = 4. Applying Equation to S; yields that seven of the eight hyperplanes through
S; have multiplicity 7, so that p, > 7. Similarly, applying Equation to S, yields that six of
the eight hyperplanes through S, have multiplicity 7, so that p; > 6 — contradiction. n

Corollary 8. If M is a 7-divisible multiset of points in PG(4,7) with cardinality 42, then there exist
points Py, ..., Pg so that M = 21'6:1 7 Xxp;-

Proposition 21. Each 7-divisible multiset of points in PG(4,7) with cardinality 43 has maximum point
multiplicity at least 7.

Proof. Let M be a spanning 7-divisible multiset of points in PG(r — 1,7) with cardinality 43
and maximum point multiplicity at most 6. Due to the classification of g-divisible multisets of
points in PG(0,q) and PG(1, ), we can assume r > 3. Since no 7-divisible multiset of points
with cardinality 41 exists over F;, see e.g. [73, Theorem 1], we can use Lemma [45| to conclude
M(P) # 2 for all points P in PG(r — 1,¢) F]

8 Alternatively, one can consider the eight hyperplanes through an (r — 2)-space with multiplicity 2.
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Assume M(P) # 1 for all points P for a moment. If P¢ is a point of multiplicity 6, then there
exists a (r—2)-space S, of multiplicity 6, see Lemma[46] Since there are no points of multiplicity 1
or 2, all eight hyperplanes through S¢ have multiplicity at least 15 — contradiction. If P; is a point
of multiplicity 3, then there exists an (r — 2)-space S3 of multiplicity 3, see Lemma 46 All eight
hyperplanes through S; have multiplicity exactly 8. Since there are no points of multiplicity 1
or 2, we have ps > 8, so that ps = 8 and p; = 1. However, considering the eight hyperplanes
through an (r — 2)-space Ss of multiplicity 5 yields a contradiction. Since #M is not divisible by
4, there exists a point Ps and an (r — 2)-space S5 of multiplicity 5. Since each point with positive
multiplicity has multiplicity at least 4, all eight hyperplanes through Ss have multiplicity at
least 5 — contradiction. Thus, there exists a point P; of multiplicity 1. By M’ we denote the
projection of M through P;. From Lemma |45 we conclude that M’ is a spanning 7-divisible
multiset of points in PG(r — 2, 7) with cardinality 42. From our previous enumeration we know
that M’ = Zle 7 xo, for some points Qy, ..., Qs. If S5 is an (r — 2)-space with multiplicity 3, then
all eight hyperplanes through S; have multiplicity 8. If S4 is an (r — 2)-space with multiplicity
4, then seven hyperplanes through S; have multiplicity 8 and one has multiplicity 15. If S5 is
an (r — 2)-space with multiplicity 5, then at least six hyperplanes through S5 have multiplicity 8.
Either there are two with multiplicity 15 or one with multiplicity 22. Since there is no 7-divisible
multiset of points in PG(4, 7) with cardinality 35 and maximum point multiplicity at most six,
M cannot contain a full line in its support, i.e., every line through a point with multiplicity 1
has either multiplicity 1 or contains at least one point with multiplicity at least 3.

Assume r = 3 for a moment. If L is a line with M(L) > 15, then we have M(L) = 22 and
L consists of four points of multiplicity 5 and 2 points of multiplicity 1. Considering the eight
lines through a point of multiplicity 5 on L yields py = 0, p5s = 4, and p3 < 7, so that ap = 1.
Using Lemma 43| we conclude 7a;5 = 3p3 — 16, which gives a contradiction. Using a; = 0 for

i > 15, Lemma 3| gives
3p3 + 6}?4 + 10]95 5

7
Assume that L is a line consisting of three points of multiplicity 5 and five points of multiplicity

a5 =

0. Considering the lines through a point Ps with multiplicity 5 on L gives ps + ps = 5. The two
points with multiplicity at least 4 outside of L span a line L’ that meets L in a unique point,
which gives a contradiction if we consider a different point of multiplicity 5 on L. Thus, no such
line exists and we have p5 < 3. Now assume that L is a line consisting of two points Ps, P, of
multiplicity 5, one point P, of multiplicity 4, one point P; of multiplicity 1, and four points of
multiplicity zero. Considering the lines through Ps yields p4 + ps = 5 again and the two points
with multiplicity at least 4 outside of L span a line meeting L in Ps. Applying the same argument
to P, gives a contradiction, so that ps € {0, 1}. If P5 is the unique point of multiplicity 5, then the

two lines of multiplicity 15 through Ps both contain exactly two points of multiplicity 4 and none
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of multiplicity 3, so that p, = 4, p3 < 6, 215 = 2, and Lemma {43|yields a contradiction. If py > 0
and ps = 0, then the unique line of multiplicity 15 through a point of multiplicity 4 consists of
three points of multiplicity 4, three points of multiplicity 1, and two points of multiplicity zero,
so that ps = 0 (mod 3) and p; < 7. With this we conclude a, < 9 and a;5 < 3, so that Lemma
yields a contradiction. If p4 + p5 = 0, then we have a;5 = 0 and Lemma |43|yields a contradiction
again. So, we can assume r € {4, 5} in the remaining part.

Let Ps be a point of multiplicity 5 and M” be the projection of M through Ps. From
Lemma 45 we conclude that M” is 7-divisible with cardinality 38. From our previous computer
enumeration we conclude the existence of three lines L’, L, L’”” and two points P’, P”" such that
M = xp+xp+ X +7- xp +7- xpr. Either we have L’ = L” = L' or there exists a point P with
M”(ﬁ) € {1,2}. In the latter case let L > Ps be the corresponding line with M(L) € {6,7}, so that L
contains at least one point with multiplicity 1. Since each line through a point with multiplicity
1 has a multiplicity that is congruent to 1 modulo 7, we conclude L’ = L”” = L"”. So, for any line
L > Ps we have M(L) € {8,12,15,19,22}. Since lines through a point of multiplicity 1 have a
multiplicity that is congruent to 1 modulo 7 and hyperplanes that contain a point of multiplicity
3 have multiplicity 8, we conclude M(L) € {8,15,19,22}, each line Ly > Ps with M(Ly9) = 19
consists of exactly three points of multiplicity 5, and each line Ly, > Ps with M(L;,) = 22 consists
of exactly two points of multiplicity 5. In both cases the line has to contain a point of multiplicity
4 which is contained in a hyperplane with multiplicity at least 22 — contradiction. Thus, we
have M(L) € {8,15}. However, then we conclude P’ < L’ and P” < L', which contradicts r > 4,
so that P5 cannot exist and we have ps = 0.

It remains to consider the cases where r € {4,5} and the maximum point multiplicity is 3
or 4. Let S be an arbitrary (r — 2)-space. For every hyperplane H > S we have M(H) = 8 if
H contains a point of multiplicity 3 and M(H) € {8,15} if H contains a point of multiplicity 4.
Since every line that contains a point of multiplicity 1 has a multiplicity that is congruent to 1
modulo 7, Lemmagives M(S) €{0,1,3,4,6,7,8,12,15,22,29}. If M(S) = 12, then seven of the
eight hyperplanes through S have multiplicity 15 and one has multiplicity 22, so that S cannot
contain a point of multiplicity larger than 1. This is impossible, so that we have M(S) # 12. If
M(S) € {15,22,29}, then S cannot contain a point with multiplicity larger than 1, which is only
possible if S contains a full line in its support — contradiction. If M(S) = 7, then S consists of a
point P; of multiplicity 3 and a point P, of multiplicity 4. However, not all hyperplanes through
S can have multiplicity 8, so that M(S) # 7. If S contains both a point of multiplicity 3 and 4,
then M(S) = 8, which is impossible. Thus, we have p; - p; = 0. If P, and P} are two different
points with multiplicity 4, then the line L spanned by P, and P} has multiplicity 8, so that r = 4.
Let m > L be a plane with multiplicity 15 and P; < 7 be a point with multiplicity 1. Then
the two lines (P, P;) and <P;, P1> have multiplicity 8 and 7t contains 7 points of multiplicity 1.
Considering another line through two points of multiplicity 1, not being equal to P;, in 7 yields
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a contradiction. If P, is the unique point with multiplicity 4, then considering the lines through
a point of multiplicity 1 yields a full line in the support of M — contradiction. Thus, we have
ps = 0 and the maximum point multiplicity of M equals 3. Considering the lines through a
point of multiplicity 1 we conclude p; > 6. Let 7 be the subspace spanned by three points of
multiplicity 3, so that M(nr) > 9 and dim(rr) < 3. Thus, we have r = 4 and 7 is a hyperplane,

which is also impossible. n

We remark that it is indeed possible to show that each 7-divisible multiset of points M
in PG(r — 1,9) with #M < 38 or #M € {41,42,43} can be written as the sum of characteristic
functions of seven-fold points and lines, without using any computer enumerations. Also the
full characterization for cardinalities #M € {39, 40} is doable by hand. The question is whether
such results can be obtained in a more elegant (and general) way than indicated in the proof of

Proposition

E Additive two-weight codes

As mentioned at the end of Subsection (projective) linear two-weight codes have received
a lot of attention in the literature. So, here we collect a few basic observations on additive two-
weight codes in the geometric framework. To this end, a faithful projective h—(n, 7, {sy, ..., 84}, 1)q
system S is a faithful projective h — (1,7, min{sy, .. ., s,}, ), system where the number of elements
of § that are contained in a hyperplane H of PG(r — 1,9) is contained in {sy,...,s,} for each
hyperplane H. So, for a = 2, each hyperplane contains either s; or s, elements of S. We are
interested in the possible parameters of such combinatorial objects. For r = h each hyperplane
contains none of the elements of S. The other cases where s, is not attained by at least one
hyperplane, i.e. additive one-weight codes, are characterized in Theorem |2 I IL.e. for r > h there

_ My _lr=hly Iy _
[ged(rh)]g” 5= l [ng rl;” [ng(?’h)] Forr = h +1

we can choose 0 < I < [h + 1], h-spaces with multiplicity s; and the other ([h +1], - l) h-spaces

exists a positive integer [ such thatn = [ - and p=1-

with multiplicity s, > s; for all 51,5, € IN, so that n = s;[h + 1], — (s2 — 51). In general we have:
Lemma 47. Let S be a faithful projective h — (n,1,{s1,...,5:}), system and S’ be a faithful projective
h— ', rds),...,8,}), system, then S U S’ is a faithful projective

h—(n+n’,r,{si+s} : 1Si£a,1$]’$b})q

system.

So, choosing a = 1 and b = 2 e.g. gives constructions for two-weight codes using Theorem 2|
Another variant is to embed an example from Theorem [2| for PG(r’ — 1, ) in PG(r — 1, q), where
r > 1, and choose it as §’'.
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For a given faithful projective h — (1,7, {s1, ..., 5s,}), system S we can also consider the /-fold
copy of § for I € IN, which is a faithful projective h — (In, {Isy, ..., Is,}), system. So, one might
assume that S is a set of h-spaces and no subset of S partitions the points of the %-fcld
copy of the ambient space PG(r — 1, ¢) as in Theorem

For r = 2h we can consider a partial spread ¥ of h-spaces in PG(2h — 1, 9), i.e. a set of h-
spaces with pairwise trivial intersection. Due to the existence of a spread of h-spaces we have
constructions for all 1 < #P < ¢" + 1. Le. faithful projective i — (1, 2k, {0, 1}), systems exist for all
1 <n < ¢"+1. Using copies of a spread of h-spaces and Lemma we can conclude that faithful
projective h — (n,2h, {s1, 5»}), systems exist for all 51,5, € IN.

For r = 2h+ 1 and h > 2 we have that [2h + 1] — [ + 1] and [h—1]q-[2h+1]+qh‘1-
[1] are h-partitionable over IF,, see Lemma 23| and Lemma so that projective faithful h —

(4"*1,2h+1,{0, q})q and h - ([2h], - ¢", 20 + 1, {[], - 1, [h]q})q systems do exist for all i > 2.

n S1 S n S1 S n S1 S n S1 S n S1 S
1 0 1}11 2 3, 5 1 521 3 522 2 6
6 0 2| 8 0 4|13 1 5|20 4 526 2 6
§ 0 2|16 0 4|17 1 5|21 4 5[20 4 6
7 1 3|10 2 421 1 5|24 0 6|22 4 6
9 1 3|12 2 4|15 3 5|10 2 6|24 4 6

1 1 3,14 2 4|17 3 5|14 2 6

10 2 3|16 2 4|19 3 5|18 2 6

Table 18: Parameters of additive two-weight codes in PG(4, 2) for s; < s, <7.

In Table[18|we have collected all feasible parameters of sets of 1 lines in PG(4, 2) such that each
hyperplane contains either s; or s, lines, where s; < s, < 7. Note that Theoremyields asetof 31
lines in PG(4, 2) such that each hyperplane contains exactly 7 lines. Since the span of two lines
is at most 4-dimensional, the only possibility for {s;,s,} = {0, 1} is a single line. The previously
stated general constructions explain the cases (1, s, s2) € {(8,0,2), (11,2, 3),(16,0,4), (5,1,5)}. So,
there is much to explore.

Remark 15. In [83] it was shown that no projective [66, 5, {48, 56}14 code exists. The question whether
such a two-weight code exists if we only assume additivity instead of linearity over IF, remains open. A
projective [198,10, {96, 112}], was constructed in [ 76]E| So, can the corresponding set of 198 points in
PG(9, 2) be partitioned into 66 lines such that each hyperplane contains either 10 or 18 lines?

By double-counting we can infer some necessary existence conditions via linear equation

systems. To this end let x,, denote the number of hyperplanes of PG(r — 1, q) that contain exactly

A generator matrix can be obtained from http://www.tec.hkr.se/~chen/research/2-weight-codes/
search.phpl
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s; elements of a putative faithful projective h — (1,7, {s1, ..., st})q system S. Counting the number

of hyperplanes gives

x,, = [1],. (77)

1

t
i=1

Double-counting the incidences between elements of S and hyperplanes yields

Si+ X5, =1n-[r—hl,. (78)

t
i=1

In order to double-count the number of incidences between pairs of elements of S and hyper-

planes we let y; denote the number of pairs of elements of S whose span has dimension i. With

i (‘f;_) x =)yl (79)

this, we compute

where we additionally have

2h
Z yi = (Z) (80)

Of course, all occurring variables have to be nonnegative and integral. If S is a set of lines, i.e.

h = 2, the linear equation system simplifies to

x51 + sz = [r]q/

$1Xs, + S2X5, = nfr — 2],

S S» n r—
(21)-x51+(2)-x52:(2)-[r—4]q+q 4-]/3.

In Table[I9|we collect all parameters where the equation system for x,,, s;,, and y3 has nonnegative
integer solutions but no corresponding additive two-weight code in PG(4,2) exists, where
we restrict the parameters to s; < s, < 7 and sets of lines. If not stated otherwise those
nonexistence results have been obtained by integer linear programming (ILP) computations
directly modelling faithful projective systems (or the multiset of covered points) with given

parameters.

The example attaining 13(6, 2; 3) = 21 from [37], mentioned in the introduction and improving
n3(6,2;3) = 17, is quite exceptional and corresponds to an additive two-weight code over [Fy that
is not linear. As mentioned in Remark J]it is a special case of a so-called perp-system, see [37] for
details. An example of a perp-system is a (multi-)set S, of 2-spaces in PG(5, q) with cardinality
q(¢* —g+1) such that each 4-space contains either 0 or g elements from S. They do indeed exist for
even g or g = 3, see Remark [0} From each perp-system we get a two-weight code [37, Theorem
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n si Sy n si Sy n si Sy n si Sy n si Sy
2 0 2|12 0 4|14 2 5|18 1 6|26 5 6
4 0 2113 1 4|17 2 5|15 3 6
3 0 3|16 1 4] 6 0 618 3 6
12 0 3, 5 0 5|12 0 6|18 4 6
131 3/20 0 518 0 6|26 4 6
4 0 4,9 1 5|13 1 625 5 6

Table 19: Parameters of nonexistent additive two-weight codes in PG(4,2) for s; <s, < 7.

2.2]. For 8, the corresponding projective [18, 6, {8,12}], code is unique, see e.g. [59], and can
be obtained from the unique projective [6, 3, {4, 6}]s code, i.e. a hyperoval in geometric terms.
With respect to S; we remark that there are at least six nonisomorphic projective [84, 6, {54, 63}]5
codes, see e.g. [12} 43] for constructions. Not all of these sets of points can be partitioned into
lines. The dual of S, is a set of g(4*> — g + 1) 4-spaces that each point is contained in 0 or g of
these 4-spaces. Another example would be a set S’ of 22 6-spaces in PG(9, 2) such that each
point is contained in either 0 or 2 elements. The uncovered points correspond to a projective
[330,10, {160, 176}], code. There exist more than 1700 nonisomorphic such two-weight codes,
see e.g. [43]76,91]. So far it is not known whether some of these point sets can be partitioned
into 4-spaces. There also exist projective [110, 5, {80, 88}]4 codes, see e.g. [43], and the question
arises whether some of the corresponding sets of points can be partitioned into lines.

F Computer searches

In this section we list the examples that we have found by computer searches. Faithful projective
systems can be easily modeled as ILPs. To reduce the search space we prescribe subgroups of
the automorphism group. Alternatively we can try to partition suitable multisets of points.
Those multisets of points can again be modeled as ILPs and we may prescribe subgroups of
the automorphism group. Alternatively we use the database of best known linear codes (BKLC)
in Magma or enumerate suitable linear codes using LinCode [27]. For each case we give a list of

generator matrices for the subspaces.

0010000 \ (0110000 (0100000 ( 1000011\ (1000010 (1000110 ( 1001001\ (1000001 \ ( 1000111
n,(7,3;3) > 23: | 0001110 |, | 0001001 |, | 0000101 |, { 0010010 |, | 0110001 ), [ 0010101 |, { 0111011 ), | 0100011 |, { 0100110

0000001 /" \ 0000011 /” \ 0000010 /” \ 0001110 /” \ 0001001 /” \ 0001000 )” \ 0000100 ) \ 0000111 )" \ 0001100
1000001 1000011 1000010 | { 1000100 1001100 \ (1001000 \ { 1010100 1100100 \  { 1010010 1100111
0100111 0101101 0100010 ), [ 0101110 |, ( 0100001 0100100 ), [ 0100001 0010011 0101011 0010110
0010001 0011110 /* \ 0011011 0011100 /* \ 0011001 0010011 0001101 0001011 0000100 /* \ 0001100
1010110 \ ( 1011010\ (1000000 ) { 1000000
o110101 ), [ 0110010 |, { 0101000 |, | 0101001 ).

0001000 /” \ 0000110 /” \ 0010100 }* \ 0010111
0100011 \ (0100110 (0100011 (0101100 (0100110 (1000011 (1000100 (1000001 { 1000110
n,(7,3;5) > 41: | 0010110 ), | 0010011 |, | 0011010 |, { 0010101 |, | 0011100 ), [ 0010001 |, { 0010101 ), | 0010100 |, { 0010010
ooo1111 )" \ 0001000 /” \ 0000100 /” \ 0000010 /” \ 0000001 /” \ 0001011 )” \ 0001010 /” \ 0001101 /” \ 0001001
1000010 | ( 1000101 1001010 \ (1000101 1001011 1001001 1000110 1000011 1001110 1000111

0011000 ), [ 0100001 0101000 ), [ 0100100 |, { 0100010 |, { 0100001 0100101 0101101 0101001 0101011

0000101 0001110 /” \ 0000111 0001100 /* \ 0000110 /" \ 0000011 0011011 0011010 /* \ 0010101 0011101
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1001100 1000001 1000101 1000010 1001000 1000100 1010011 1011000 1010010 1010001
0101010 0110010 0110001 0110100 0111010 0110101 0100101 0101011 0100101 0101010

0011001 0001011 0001010 0001001 0000101 0001101 0001100 0000110 0001110 0000111
1010100 1010011 1011011 1010110 1010111 1010101 1100001 1101011 1100010 1100100
0101001 ), { 0110100 |, { 0110010 |, { 0110011 |, { 0110001 ], | 0110110 |, { 0010100 ), | 0010010 ), { 0010111 |, | 0011110 |,
0000011 0001010 0000101 0001011 0001101 0001001 0001000 0000100 0001111 0000001
1101000 1000000

0010001 0100000 .

0000010 0010000

01000101 \ (01001111 01001010\ (10011010 { 10100101\ (10010110 (10001110 { 10001001
n,(8,3;3) > 18: | oo101101 ), | 00100001 |, { 0oto0101 ), { 00100000 |, | 00010000 |, { 00110000 ), [ 01010011 |, | 01100101

ooo11111 /* \ 00011011 /* \ 00010011 /* \ 00000111 )* \ 00001110 /* \ 00001001 /* \ 00101001 }* \ 00010111
10000111 \ (10010001 \ (10110010 \ (10010010 { 10110001\ (10100011 (10100001 (11000101 (11001111 (11001010
01011111 |, [ 01110100 ), { 01101100 |, | 01110000 , { 01100000 ], | 01010000 |, { 01011000 ), | 00100110 |, [ 00100010 ), { 00101010 |.
00111110 /” \ 00000010 /* \ 00000001 /) \ 00001011 }* \ 00000110 /” \ 00001101 }* \ 00000011 /” \ 00010101 /) \ 00011101 }” \ 00010001

10011000 \ (10100010 \ { 10010001\ (10000001 \ (10000011 /10000100 (10001100 { 10000110
n,(8,3;5) > 37: | ooto1011 ), [ oooto110 |, { 00110111 ), { 01000011 |, | 01000010 |, { 01001100 ), [ 01001000 |, | 01001101

00000101 /* \ 00001111 }* \ 00001010 /* \ 00010001 /* \ 00110011 }* \ 00010011 ) \ 00110010 /" \ 00011100
10001101 \ { 10001010\ 10000101 \ (10000010 ) { 10001000\ (10001011 (10001111 (10000111Y (10001110 {( 10001001
01001011 |, [ 01000101 ), { 01001111 |, | 01000001 |, { 01000100 |, | 01000110 |, { 01001010 ), | 01010011 |, 01101000 ], | 01010100
00111000 /* \ 00011111 }” \ 00111010 ) \ 00100010 }* \ 00100001 /” \ 00100100 /” \ 00100101 /” \ 00101111 ) \ 00011010 /” \ 00110101
10010110 \ { 10100101\ (10011111 (10010011 10110010\ (10010111 (10110111 (10011100 { 10111000\ { 10101001
01000111 |, [ 01001110 ), { 01001001 |, [ 01100111 |, | 01011000 |, | 01100000 |, { 01010000 ), | 01100100 |, { 01011100 ), | 01110000 |,
00101100 /" \ 00011000 /* \ 00110100 /) \ 00001011 }* \ 00000110 /” \ 00001110 /” \ 00001001 /” \ 00000010 /" \ 00000001 /” \ 00000111
10100001 \ (10100100 \ (11000111 11001010\ (11000101 { 01000000\ { 10000000\ { 10000000\ { 11000000
01110100 |, [ 01111000 ], | 00010101 ), { 00111011 |, | 00100110 |, | 00101101 ), { 00100000 |, | 00100011 |, | 00100111
00001101 /" \ 00000011 }* \ 00001000 /* \ 00000100 /" \ 00001100 }* \ 00011011 /” \ 00010000 /" \ 00010010 /* \ 00011110

01000100\ (01001100 (01001000 \ (10001001 \ { 10000111 10000111\ (10001011 { 10001100
15(8,3;6) > 46: | 00101101 ), | 00100110 |, { 00101011 ), | 01000110 |, | 01001101 |, { 01010001 ], [ 01110011 |, { 01010100

00010110 /* \ 00011011 /* \ 00011101 )* \ 00010101 )* \ 00111111 }* \ 00001010 /" \ 00000101 }* \ 00000011
10001000 \ 10001110\ (10010000 \ ( 10101110\ { 10010110\ (10100111 (10011000 (10100101 (10011111 { 10100100
01111100 |, [ 01001011 ), { 01000010 |, [ 01000001 |, { 01000001 |, | 01000011 |, { 01000101 ), | 01001111 |, { 01001011 ), | 01000110 |,
00000010 /* \ 00101010 /” \ 00100111 ) \ 00011110 }* \ 00101111 ) \ 00011010 /* \ 00100010 ) \ 00010001 /* \ 00100111 /” \ 00011110
10011110\ (10011001 \ ( 10011111\ 10011100\ { 10010101\ (10101100 (10010100 { 10100011\ { 10010001\ { 10100001
01000010 |, [ 01000011 ], { 01001010 |, | 01001101 |, | 01010100 |, | 01101111 |, { 01010110 ), | 01100010 |, 01011000 ), | 01100110 |,
00110101 /” \ 00111001 /” \ 00110011 ) \ 00111001 }* \ 00100001 /” \ 00010011 }” \ 00100101 ) \ 00011111 }” \ 00100011 /” \ 00010010
10010000 \ ( 10100011\ 01010100\ (10010010 \ { 10010011\ (10011000 [ 10000110 (10000100 { 10010100\ { 10110110
01011100 |, [ 01101011 ), { 00100000 |, | 01010001 |, { 01011101 |, | 01011010 |, | 01100010 ), { 01101000 |, [ 01110101 ), { 01100101
00100001 /" \ 00010011 /" \ 00001000 /) \ 00111010 }* \ 00110001 /” \ 00110010 /* \ 00001111 )” \ 00000001 /” \ 00001111 /” \ 00001010
10101000 \ (01000000 \ { 01000000\ 01000000\ ( 10000000\ { 10000000 { 11000000\ { 11000000
01011010 |, [ 00001001 ], { 00100000 ), { 00101110 |, | 00001000 |, | 00100110 ), { 00001011 |, | 00101001 |.
00000101 /* \ 00000111 }* \ 00010000 /* \ 00011001 /) \ 00000100 /* \ 00011101 /” \ 00000110 ) \ 00010111

01000110\ { 11000110\ 01001000\ (11001011 { 01000010\ (11001010 (01001101 { 11000000
n,(8,3;7) > 55: | oo101101 ), | 00100011 |, { 00101010 ), [ 00100100 |, | 00110011 |, { 00100001 ), [ 00111101 |, { 00101000 |,

00010111 /* \ 00011001 /* \ 00011011 )* \ 00010101 /* \ 00001010 /* \ 00000101 /" \ 00000010 }* \ 00000001
01010111 ) { 11000101\ (01100000 \ { 11000010\ (01100101 \ { 11000101\ { 10000110\ (10100000 { 10000011 (10101111
00100010 |, [ 00010001 ], { 00010100 |, [ 00110000 |, { 00010010 |, | 00110100 |, { 00100000 |, | 01000011 |, { 00101111 ], | 01001110
00001111 /" \ 00001000 /* \ 00001111 )” \ 00001000 }* \ 00001101 /” \ 00001001 /* \ 00010110 )” \ 00010000 /* \ 00011101 /” \ 00011000
10001111\ (10100100 \ (10001000 \ (10101110 ) { 10011011\ (10100101 (10011010 (10110101 { 10100011\ { 10000000
00101011 |, [ 01001000 ), { 00111001 |, | 01000100 |, { 00100001 |, | 00010011 |, { 00110000 ), | 01010101 |, { 01011011 ), | 01000111 |,
00011100 /" \ 00011010 /” \ 00000010 ) \ 00000001 }* \ 00000111 /” \ 00001100 /” \ 00000111 /” \ 00001100 / \ 00000110 /” \ 00010111
10010000 \ (10000010 \ 10010010\ (10001101 \ (10011111 (10000100 [ 10010101\ (10011001 (10110101 { 10001100
01000000 |, [ 01001010 ), { 01000001 |, | 01001110 |, { 01001001 ), | 01011101 |, | 01000010 ), { 01011001 |, [ 01100000 ), { 01000101
00101100 /" \ 00011100 /” \ 00100101 /” \ 00010010 }* \ 00100111 /” \ 00000011 /* \ 00001110 )” \ 00000011 /” \ 00001110 /” \ 00101110
10001111\ (10001010 10001001 \ (10000011 \ { 10001110\ (10001011 (10001110 (10010101 ) { 10010001\ { 10101001
01001011 |, [ 01000011 ), { 01001101 |, | 01010010 |, { 01010000 |, | 01011000 |, [ 01010100 ), { 01000111 |, [ 01011111 ), { 01100111
00101001 /* \ 00111110 }* \ 00110101 ) \ 00100100 }* \ 00101110 /" \ 00100111 }* \ 00111100 ) \ 00110100 /” \ 00101100 /” \ 00010110
10010100 \ (10000001 \ { 10000100\ 10000110\ (10000101 { 10010010\ { 10101011
01011011 ], | 01100001 |, { 01100110 ), | 01100011 |, { 01101010 |, [ 01101001 ), { 01110000 |.
00111100 /* \ 00000100 /* \ 00001011 /* \ 00011110 /* \ 00010010 /* \ 00000100 /” \ 00000110

00100110\ (11101010 \ (00100001 \ (11100101 (01000111 (01000010 (01000011 (11001011
1,(8,3;10) > 80: | ooo10111 |, | oootoo11 |, [ ooortooo |, | oootooot |, { oo100t01 |, { 00101001 |, { 00100011 |, { 00101110 |,

00001010 /* \ 00000101 /" \ 00000011 /* \ 00001110 /* \ 00001011 /* \ 00000110 /* \ 00011001 /* \ 00011110
01001100  { 11001000\ (01001111 (11001010 { 01001100\ (11000110 (01001001 \ ( 11001111\ (01011001 [ 11000011
00100011 |, [ 00100110 ), { 00100010 |, [ 00101000 |, { 00100100 |, | 00100110 |, { 00100111 ), | 00101011 |, | 00101010 ), | 00010101 |,
00010000 /" \ 00011110 }” \ 00010110 ) \ 00010001 }* \ 00010100 /” \ 00010010 /” \ 00011111 /” \ 00011100 /) \ 00000101 /” \ 00001101
10000100 \ { 10100100 \ (10001010 \ (10100001 \ { 10000010\ ( 10100111\ (10010001 \ { 10100010\ (10010101 { 10110101
00101110 |, [ 01000010 ), { 00101001 |, [ 01000101 |, | 00110111 |, | 01000001 |, { 00100101 ), | 00010101 |, | 00110011 ), | 01010011 |,
00010010 /* \ 00010111 /” \ 00010001 ) \ 00011011 }* \ 00001011 /” \ 00001010 /* \ 00001111 )” \ 00001000 /” \ 00001111 /” \ 00001000
10010100 \ ( 10110010\ (10010001 \ (10110001 \ { 10101000\ (10000111 /10000100 (10000101 { 10010100\ { 10000110
00110110 |, [ 01010001 ), { 00111101 |, [ 01010110 ), | 01010001 |, | 01000011 |, { 01000001 ), | 01000100 |, [ 01001101 ), | 01001000 |,
00001001 /" \ 00001011 }” \ 00000011 /” \ 00001110 }* \ 00000100 /* \ 00001001 /* \ 00001100 /” \ 00011001 /) \ 00100010 /” \ 00011111
10011111\ (10001001 \ (10011000 \ ( 10010010\ { 10110001\ (10010101 \ { 10111100\ (10011000 { 10110100\ { 10000111
01000011 |, [ 01010100 ), { 01001010 |, [ 01010100 ], { 01100011 |, | 01011001 |, { 01100110 |, | 01011010 |, 01100001 ), | 01000110 |,
00100100 /” \ 00000010 /” \ 00000001 /” \ 00001100 /" \ 00000110 /" \ 00000010 /* \ 00000001 /” \ 00000101 /” \ 00001101 /” \ 00100000
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10000001 \ 10000110\ (10000111 (10001101 { 10000011\ (10001100 (10001100 (10001000 (10001111 { 10001111
01000100 ], [ 01000110 |, | 01001000 ), | 01001110 |, [ 01000010 ), { 01000000 |, 01000101 |, | 01000111 ), { 01001111 |, [ 01010010
00101100 /* \ 00101101 ) \ 00101000 /” \ 00100001 /" \ 00110100 /” \ 00110010 /* \ 00110101 ) \ 00111101 /” \ 00111110} \ 00100001
10001000 | { 10000000 \ (10011100 \ { 10000000\ { 10010000\ ( 10010000\ [ 10010110\ { 10100000\ (10100011 (10011011
01011111 ), | 01010111 |, | 01000000 ), { 01010000 |, [ 01000000 ), { 01011101 |, | 01011110 |, | 01101001 ), | 01100100 |, [ 01010000
00101101 /” \ 00110110 /* \ 00111111 /” \ 00111010 }” \ 00110101 /” \ 00100000 }* \ 00100000 /" \ 00010000 /” \ 00010000 /" \ 00111011
10011100 \ { 10000001 \ { 10000000 \ { 10000100\ { 10001110\ (10001010 \ (10000110 { 10000010\ 10010011\ { 10100001
01011110 |, [ 01100011 ), { 01100100 |, [ 01101000 ), | 01100101 |, | 01101010 |, | 01110101 ), | 01111010 |, | 01100111 ), 01110100
00110010 /” \ 00010011 /” \ 00010011 /” \ 00011010 /" \ 00010100 /” \ 00010111 }” \ 00001101 ) \ 00000111 /” \ 00001001 / \ 00001010
10101000 \ { 10101001
01111011 |, | 01110011
00000111 /" \ 00000100

00100100 \ (11100111 (00101010 (11100100 (00110100 { 11100010\ { 01000101 { 01000101

15(8,3;19) > 155: | 00010011 ), { 00010010 |, | 00010010 ), { 00010101 |, | 00001100 ], | 00001000 |, | 00100100 |, | 00100110 |,

00001001 /” \ 00001011 /” \ 00000111 }* \ 00001100 )/ \ 00000011 /” \ 00000110 ) \ 00001110 ) \ 00001101
01000000 \ { 11000000\ { 01000110\ (11001010 { 01000101\ (11000110 (01001001 { 11000100\ (01001101 [ 11001011
00100000 ], [ 00100000 |, | 00100011 ), { 00100011 |, [ 00101000 |, { 00101101 |, 00100000 |, | 00101011 ), { 00100101 |, | 00101001
00010000 /" \ 00010000 /) \ 00011110 /” \ 00011110 )" \ 00010001 /” \ 00010100 /” \ 00010001 ) \ 00010000 /” \ 00010001 /) \ 00011101
01001100 \ { 11000101 \ { 01001001\ (11001010 \ { 01001100\ { 11000101\ 01010011\ { 11000001\ { 01010011\ [ 11010100
00100100 ], { 00100110 |, | 00101001 ), { 00101011 |, | 00101010 |, | 00100110 ), { 00100001 |, [ 00011101 ), { 00110100 |, | 00110110 |,
00010010 /” \ 00010010 /” \ 00011011 /” \ 00011011 }” \ 00011100 /” \ 00010101 ) \ 00000100 ) \ 00000010 /” \ 00001011 ) \ 00001010
01010110 \ (11010011 ) (01010111 (11010110 { 01101000\ (01110001 \ (11000001 \ { 10000010\ ( 10100001\ [ 10000011
00110010 ], [ 00110010 |, | 00110101 ), { 00110001 |, [ 00000110 |, { 00000100 |, { 00001100 |, | 00100101 ), { 01000001 |, | 00100111
00001111 /" \ 00001000 /) \ 00001011 /” \ 00001010 /" \ 00000001 /” \ 00000011 }” \ 00000010 ) \ 00010101 /” \ 00011101 ) \ 00011100
10100100 \ { 10000100 \ { 10100101\ (10000111 ) { 10101000\ ( 10000010\ (10101101 (10001000 { 10100001\ { 10001110
01001110 ], { 00100001 |, [ 01000010 ), { 00101110 |, | 01001100 |, | 00101111 |, { 01000001 |, [ 00101110 ), { 01000100 |, | 00101100 |,
00011100 /* \ 00011111 ) \ 00011111 /” \ 00010110 /" \ 00010111 /” \ 00011000 /” \ 00011000 ) \ 00010100 /” \ 00010111 ) \ 00010110
10100010 \ (10000100 \ 10100110\ (10001001 \ { 10001010\ (10000110 [ 10010001\ (10000010 { 10011010 { 10000100
01000111 ),  oo110111 |, | 01000010 ), { 01001000 |, [ 01001001 |, | 01000111 ), { 01000011 |, [ 07000001 ), { 01000001 |, | 01000010 |,
00010110 /” \ 00001111 /" \ 00001000 /” \ 00000011 /" \ 00000101 /” \ 00010011 /” \ 00101100 ) \ 00011000 /” \ 00101111 ) \ 00011111
10011011 \ 10000110 \ (10010100 \ (10000011 \ (10011111 (10001110 (10011000 (10001011 (10010100 [ 10000000
01000010 ], 01001111 |, | 01000011 ), { 01001110 |, | 01001110 |, | 01000111 ), { 01000111 |, [ 01001011 ), { 01001010 |, | 01000000 |,
00100001 /" \ 00010001 /" \ 00101000 /” \ 00011100 )" \ 00100111 /” \ 00010110 }” \ 00101100 ) \ 00011000 /” \ 00101010 /" \ 00100000
10000101 \ (10000111 (10000111 \ 10001101\ { 10001100\ (10001010 (10001101 { 10000000\ (10000000 { 10000001
01001010 ], { 01001000 |, | 01001011 ), { 01000000 |, [ 01000110 |, | 01001111 |, { 01001101 |, { 01000000 ), { 01000100 |, | 01000100 |,
00100010 /" \ 00100100 /” \ 00100111 /” \ 00100010 /" \ 00100011 /” \ 00100010 /” \ 00101001 ) \ 00110000 /” \ 00110001 /" \ 00111110
10000101 \ 10001011\ (10001100 \ (10001001 \ (10001111 (10000011 \ (10000001 \ (10000100 \ { 10000010\ [ 10001110
01001101 ], { 01000100 |, | 01000110 ), { 01001110 |, [ 01001000 |, | 01010010 ), { 01011111 |, [ 01011101 ), { 01011001 |, | 01010100 |,
oot11101 }” \ oot10101 /* \ oo111101 /” \ 00111001 }* \ 00111001 /” \ 00100111 }” \ 00100010 ) \ 00100001 /” \ 00101111 /" \ 00100110
10001110\ 10001001 \ (10000110 (10011100 ) { 10000110\ { 10010000\ { 10000001\ (10011001 { 10000101\ [ 10010100
01010001 |, [ 01011111 ), | 01010001 |, | 01000011 |, { 01010110 |, | 01000011 |, | 01011100 ), | 01001111 |, [ 01011101 ), { 01001101
00101100 /* \ 00101111 /” \ 00111111 ) \ 00110111 }* \ 00111111 /" \ 00111011 }* \ 00110011 ) \ 00111000 /” \ 00110110 /” \ 00111010
10000001 \ (10010101 \ (10001010 \ (10010110 { 10001101\ (10011001 \ (10001011 (10011110 (10001100 { 10010001
01011011 ), [ 01001111 |, [ 01010110 ), { 01000101 |, [ 01010000 |, | 01001001 ), { 01011000 |, [ 01001010 ), { 01011110 |, | 01000110 |,
00111100 /* \ 00111100 /) \ 00110001 /” \ 00111100 /" \ 00110110 /” \ 00110011 /” \ 00110010 ) \ 00110101 /” \ 00110101 ) \ 00111010
10011110 \ 10011100\ (10011110 (10011011 { 10010101\ (10011000 (10010000 (10010010 { 10010011\ [ 10101010
01011010 ), [ 01011010 |, [ 01010101 ), { 01010111 |, | 01011011 ), | 01011010 ), { 01010101 |, [ 01011010 ), { 01011111 |, | 01101101 |,
00101110 /” \ 00100011 /” \ 00101101 /” \ 00101001 /" \ 00101000 /” \ 00101110 }* \ 00101011 ) \ 00100101 /” \ 00101000 ) \ 00011010
10101100 \ (10101010 \ (10101001 \ (10100001 \ (10101110 (10101000 \ (10100011 (10100000 { 10010100\ [ 10010110
01100100 ], 01100110 |, | 01100111 ), { 01100110 |, [ 01101010 |, { 01100011 |, { 01100001 |, | 01100010 ), { 01010101 |, | 01011111
00011101 /” \ 00010100 / \ 00010100 /” \ 00011011 )" \ 00011001 /” \ 00011110 /” \ 00010111 ) \ 00010111 /” \ 00110011/ \ 00110011
10010101\ (10011001 \ (10011101 \ 10011101\ { 10011001\ (10011101 (10011101 { 10000000\ (10000101 (10000011
01011011 ), [ o1010111 |, | 01010000 ), { 01010110 |, [ 01010101 |, { 01010100 |, { 01011110 |, | 01100000 ), { 01100101 |, | 01101101
00111100 /* \ 00110101 /) \ 00110001 /” \ 00110010 }* \ 00111001 ) \ 00111110 }* \ 00111111 ) \ 00010000 /” \ 00011010 /" \ 00010011
10001000 \ { 10001000 \ (10001100 \ (10001111 { 10001000\ (10000111 { 10001001\ (10010110 (10010010 { 10110001
01100011 |, [ 01100010 ), | 01100101 |, | 01101101 |, | 01101010 |, | 01110110 |, | 01110010 ), | 01101110 |, [ 01110001 ), { 01110011
00011001 /” \ 00011010 /" \ 00011110 /” \ 00010011 )" \ 00011011 /” \ 00001010 /” \ 00000110 ) \ 00000001 /” \ 00000101 / \ 00001101
10010011 \ (10110011 (10011010 10110101\ (10100110 [ 10100111 (10101100
01111001 |, [ 01110101 ), | 01111011 ), { 01111101 |, | 01100001 |, | 01100011 ), { 01100100 |.
00000101 /” \ 00001101 /” \ 00000100 /" \ 00000010 /* \ 00001001 /" \ 00001001 /” \ 00000001

01000101\ { 01001010\ (01000101 (01000110 (01001101 { 01000100\ { 01001100 { 01000001

1,(8,3;20) > 164: ( 00010000 |, | 00110000 |, { 00100000 ), { 00100010 |, | 00100010 |, { 00100110 ), [ 00100110 |, | 00101111

00001010 /” \ 00000101 /” \ 00001111 )” \ 00010001 /” \ 00010001 /* \ 00011101 )” \ 00011101 ) \ 00011010
01000011\ { 01000010\ { 01000101\ (01001111 { 01000100\ (01001100 (01001011 (01001000 (01001000 [ 01001010
00101111 ),  ooto1111 |, [ oo101100 ), { 00101100 |, | 00101101 |, | 00101101 ), { 00100010 |, [ 00100110 ), { 00101101 |, | 00101100 |,
00011010 }” \ 00011010 /” \ 00011000 /” \ 00011000 /" \ 00011011 /” \ 00011011 }” \ 00010001 ) \ 00011101 /” \ 00011011 ) \ 00011000
10000111\ 10001110\ (10001001 \ { 10000000\ { 10000000\ ( 10000101\ (10001111 (10000101 (10001111 { 10000100
00100111 ],  ootoo111 |, [ oo100111 ), { 01000000 |, [ 01000000 |, | 01000011 ), { 01000010 |, [ 01001101 ), { 01001011 |, | 01001110 |,
00011110 /* \ 00011110 /” \ 00011110 ) \ 00011110 }* \ 00111001 /” \ 00011011 )" \ 00110110 /” \ 00010101 ) \ 00111111 /” \ 00010111
10001100 \ (10001101 \ (10001011 \ 10001001\ { 10000111\ (10000111 (10001000 { 10000101\ (10000110 { 10000001
01001001 ], [ 01000011 |, [ 01000010 ), { 01001110 |, [ 01001001 |, | 01010001 ), { 01110011 |, [ 01010010 ), { 01110001 |, | 01011100 |,
00111110 }” \ 00011100 /" \ 00111000 /” \ 00010101 }” \ 00111111 )” \ 00001011 }” \ 00000110 ) \ 00001110 /” \ 00001001 / \ 00000010
10000010 \ 10010001 \ (10110011 ) (10011001 \ (10110111 (10010011 (10110010 (10010010 { 10110001\ { 10000000
01111000 }, { 01000110 |, | 01001011 ), { 01001000 |, [ 01000100 |, | 01010010 ), { 01110001 |, [ 01010100 ), { 01111010 |, | 01000000 |,
00000001 /” \ 00001011 /” \ 00000110 /” \ 00000111 ) \ 00001110 /” \ 00001001 /” \ 00000111 ) \ 00001011 /” \ 00000110 ) \ 00100111
10000110 \ (10001010 \ (10001000 \ { 10001010\ { 10001110\ (10000010 \ (10000001 \ { 10000010\ { 10000001\ (10000111
01000001 ], [ 01000001 |, [ 01000111 ), { 01000110 |, 01000111 |, | 01010010 ), { 01100001 |, [ 01010110 ), { 01101101 |, | 01010110 |,
00100100 /* \ 00101101 ) \ 00101001 /” \ 00101010 /" \ 00101010 /” \ 00100000 /* \ 00010000 ) \ 00100000 /” \ 00010000 /" \ 00100011
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10001110 \ (10000101 \ (10001111 { 10001000\ (10000100 10001000\ [ 10000100\ { 10001011\ /10000110 [ 10000011
01101111 ), | 01010011 ), | 01101011 |, [ 01010100 |, { 01100011 |, { 01010100 ], | 01101000 |, [ 01011001 |, [ 01100101 |, { 01010011
00010010 }” \ 00101110 /" \ 00011001 /” \ 00100101 /* \ 00011111 }” \ 00101000 /” \ 00010100 /” \ 00100011 /” \ 00010010 /* \ 00110000
10000011 \ (10001010 \ { 10001100\ (10001100 { 10001001\ 10001101\ [ 10010100\ { 10101111\ [ 10010111\ [ 10101101
01011011 |, | 01010110 |, | 01010010 ], { 01010100 ), | 01011010 |, | 01011111 |, { 01000111 ), | 01001110 |, | 01001001 |, { 01000111
00110000 /” \ 00110111 /" \ 00111010 ) \ 00111100 /" \ 00110001 /* \ 00110001 /” \ 00100001 /” \ 00010011 /* \ 00100001 /* \ 00010011
10010110 \ 10101100\ { 10010010\ (10101001 \ { 10011101\ { 10100110\ 10011000\ (10100110 { 10011100\ [ 10100111
01001101 ], | 01001011 ), | 01001010 |, [ 01000101 |, { 01000010 |, { 01000001 ], | 01001000 |, [ 01000100 |, [ 01001001 |, { 01000111
00100010 /" \ 00010001 /" \ 00101100 /) \ 00011000 /" \ 00100110 /* \ 00011101 /” \ 00100011 )” \ 00010010 /* \ 00100101 )* \ 00011111
10011100 \ 10101100\ (10010111 { 10011000\ (10011101 [ 10011010\ 10011011\ [ 10011101\ { 10011000\ { 10011110
01001000 ], | 01000100 ), | 01001111 |, [ 01000110 |, { 01000011 |, { 01001001 ), | 01001110 ), | 01001100 |, | 01001100 |, { 01001110
00101000 /" \ 00010100 /" \ 00110100 /” \ 00110011 /* \ 00111011 )” \ 00110010 /” \ 00110010 /” \ 00110001 ) \ 00111100 ) \ 00111010
10010110 \ 10101011\ ( 10010010\ { 10100011\ { 10010011\ /10100001 \ { 10010100\ 10101000\ { 10011011\ { 10100110
01010101 ], | 01101001 ], | 01011010 |, [ 01100111 |, | 01011100 |, { 01101011 ), | 01011110 ), [ 01101101 |, | 01010000 |, { 01100000
00101011 /” \ 00010110 /” \ 00100011 /” \ 00010010 /" \ 00100001 )* \ 00010011 /” \ 00101000 /” \ 00010100 /” \ 00100000 /* \ 00010000
10011000 \ (10100000 \ { 10010011\ /10010110 \ { 10010010\ { 10010000\ { 10010100\ { 10011101\ { 10000001\ { 10000100
01010001 ], { 01100111 ], | 01010110 |, [ 01010111 |, | 01011110 |, { 01011110 ), | 01011011 ), [ 01010000 |, | 01100100 |, { 01100010
00101000 /" \ 00010100 /” \ 00110010 ) \ 00111101 /* \ 00110001 /* \ 00111100 /” \ 00111100 /” \ 00110000 /" \ 00000011 /* \ 00001101
10001010 \ ( 10010111\ (10110110 { 10011001\ (10110101 10100010\ (10100111 { 10101001\ /10101110 { 10100001
01100011 ], | 01110010 ), | 01100001 |, [ 01110100 |, { 01101100 |, { 01000110 ], | 01000101 |, [ 01010011 |, [ 01011000 |, { 01100011
00000111 /" \ 00001100 /" \ 00001000 /” \ 00000011 /* \ 00000010 /* \ 00001101 /” \ 00001001 /” \ 00000100 /” \ 00000001 /* \ 00001110
10100011 \ 11010000\ (11110000 { 11010011\ { 11110010\ [ 11000111\ 11001110\ 11000001\ { 11000011\ { 11000010
01100101 ], | 00001010 ], [ 00001010 |, [ 00001000 |, { 00001000 |, { 00100100 ], | 00100100 |, [ 00101011 |, [ 00101011 |, { 00101011
00001101 /)" \ 00000101 /" \ 00000101 /" \ 00000100 /" \ 00000100 }* \ 00011100 /” \ 00011100 /” \ 00010110 /) \ 00010110 /* \ 00010110
11000110 \ (11001101 \ (11000001 \ { 11000011\ { 11000010\ { 11001001\ (11001011 { 11100001\ { 11100000\ { 01000000
00101001 |, | 00101001 |, | 00101110 |, { 00101110 ), | 00101110 |, [ 00100100 |, { 00101001 ), | 00001000 |, [ 00001010 |, { 00000010
00010111 )" \ 00010111 /" \ 00011001 ) \ 00011001 /* \ 00011001 /* \ 00011100 /” \ 00010111 )” \ 00000100 /* \ 00000101 /) \ 00000001
01000000 \ { 10000000 \ { 11000000\ 11000000\ (10010101 \ (10011111 { 10010101\ /10101010 10011111\ (10100101
00100001 ], | 00001011 ], | 00000010 |, [ 00001001 |, | 01011101 |, { 01010000 ), | 01010001 ), [ 01100110 |, | 01010101 |, 01100000
00010011 /" \ 00000110 /" \ 00000001 /” \ 00000111 /* \ 00111111 }” \ 00111010 /” \ 00101010 /” \ 00010101 /* \ 00100101 )* \ 00011111
10010101\ (10011111 (10010101 (10101010 { 10011111\ { 10100101
01011101 ], { 01010000 ], | 01010001 ), | 01100110 |, [ 01010101 |, | 01100000 |.
oo111111 }” \ 00111010 /” \ 00101010 /” \ 00010101 /” \ 00100101 /" \ 00011111

00000100 \ (00001100 { 00001000\ { 00001000\ /00001000 { 00100001\ [ 11100110\ { 00101010

1,(8,3;22) > 180: | 00000010 ), { 00000010 |, | 00000100 ], { 00000100 |, | 00000110 ], | 00011000 |, { 00010010 |, | 00011011

00000001 /” \ 00000001 /” \ 00000010 /” \ 00000011 ) \ 00000001 /* \ 00000101 /* \ 00001101 /* \ 00000101
11100010 \ (01000001 \ (01000010 \ { 01000000\ { 11001110\ (01000011 { 11001010\ { 01000101\ (11001010 01000100
00010101 |, | 00100011 |, | 00100101 |, { 00100110 |, | 00100000 |, { 00100110 ], { 00101110 |, | 00100100 |, | 00101101 |, { 00101110 |,
00001101 /" \ 00001010 /" \ 00001010 ) \ 00010101 /* \ 00010011 /* \ 00011110 /” \ 00010011 /” \ 00011010 /* \ 00010010 /* \ 00010011
11001011 \ (01000100 \ (11001001 \ /01001111 { 11000000\ (01001101 \ (11001111 { 01001000\ (11001110 01001010
00100010 |, | 00101111 |, | 00100010 ], { 00100001 |, | 00101000 |, { 00100101 |, { 00101001 ), | 00101011 |, | 00100100 |, { 00101011
00010111 /" \ 00010110 /" \ 00011000 /) \ 00011110 /" \ 00011111 )* \ 00011001 /” \ 00011101 )” \ 00010000 /* \ 00011010 )* \ 00010101
11000010 \ (01001010 \ (11001000 \ /01010110 \ { 11000110\ (01010100 ( 11010010\ { 01011110\ (11010111 /10000010
00100101 |, | 00101000 |, | 00100101 |, { 00100001 |, | 00010101 |, | 00110111 |, { 00110111 |, | 00110010 |, | 00110110 ], { 00100100 |,
00011010 /” \ 00011101 /" \ 00010100 /" \ 00001011 /* \ 00001010 /” \ 00001101 /” \ 00001001 /” \ 00000001 / \ 00001111 ) \ 00010111
10101111\ (10000100 \ { 10101111\ { 10000010\ (10100101 10000011\ [ 10100100\ { 10000111\ [ 10101000\ [ 10000111
01000001 |, | 00100011 |, | 01000010 ], { 00100001 |, | 01000001 |, { 00100111 |, { 01001110 |, | 00101001 |, | 01001100 ], { 00101000 |,
00010010 /” \ 00010110 /" \ 00011110 /” \ 00011001 /" \ 00011111 )” \ 00011100 /” \ 00011100 /” \ 00010001 /” \ 00011011 ) \ 00010100
10101010 \ (10000110 \ { 10101001\ /10001101 \ { 10101001\ { 10001110\ { 10100010\ { 10000100\ { 10100101\ [ 10010100
01001100 |, | 00101110 |, | 01000011 |, { 00100000 |, | 01001001 |, { 00101100 ), { 01000111 |, | 00110011 |, | 01000010 ], { 00100011 |,
00010100 /” \ 00010101 /" \ 00010111 /” \ 00010000 /" \ 00010000 }* \ 00010110 /” \ 00010110 /” \ 00001101 /” \ 00001001 /* \ 00001110
10101011 \ (10010101 \ (10100001 \ (10010111 (10111011 10101001\ (10100001 \ { 10000010\ { 10000100\ [ 10000101
00011001 |, | 00100111 |, | 00010100 ], { 00110111 |, | 01010000 |, 01011011 |, { 01010110 |, | 01000110 |, | 01000001 ], { 01000100 |,
00000111 /" \ 00001111 /" \ 00001000 /) \ 00001110 /" \ 00000111 }” \ 00000100 /” \ 00001100 /” \ 00001011 ) \ 00001011 ) \ 00010011
10010001 \ (10000000 \ { 10010101\ { 10000100\ (10011011 10000001\ [ 10011001\ { 10000110\ /10010101 [ 10000011
01001101 |, | 01000000 |, | 01000000 ], { 01000101 |, | 01000010 |, { 01001111 ), { 01001111 ), | 01001011 |, | 01000011 |, { 01001110 |,
00100010 }” \ 00011010 /" \ 00100000 ) \ 00011000 /" \ 00101101 )* \ 00010011 /” \ 00101000 /” \ 00010111 /) \ 00101010 /* \ 00011100
10011111\ (10001110 \ (10011000 \ (10001111 { 10010010\ { 10001100\ { 10010010\ { 10000001\ { 10010100\ [ 10001010
01001110 |, | 01000111 |, | 01000111 |, { 01000011 |, | 01001000 |, { 01000111 |, { 01000110 |, | 01011001 |, | 01001110 ], { 01011001 |,
00100111 /)” \ 00010110 /" \ 00101100 /" \ 00011000 /" \ 00101110 }* \ 00011111 /” \ 00101100 /” \ 00000010 /” \ 00000001 ) \ 00000110
10011101 \ (10010000 \ (10110000 \ { 10000001\ (10000110 10000000\ [ 10000101\ { 10001000\ /10001000 \ [ 10001011
01000101 ], | 01010011 ), [ 01101101 |, [ 01000010 |, { 01001100 |, { 01001100 ], | 01001010 |, [ 01000011 |, [ 01000001 |, { 01001111
00000011 /" \ 00000110 /" \ 00000011 /” \ 00100011 /* \ 00100011 )” \ 00101010 /” \ 00101101 )” \ 00100110 /) \ 00101100 ) \ 00100101
10001111\ (10001010 \ { 10001011\ { 10000100\ (10000010 (10000111 (10000001 \ { 10000110\ [ 10000111\ [ 10001011
01001001 ], | 01001000 ), | 01001001 |, [ 01000110 |, { 01000111 |, { 01000110 ], | 01001010 |, [ 01001100 |, [ 01001011 |, { 01000101
00100000 /” \ 00101011 /" \ 00101010 /” \ 00110000 /" \ 00111010 }* \ 00111101 /” \ 00110010 /” \ 00110101 /) \ 00111100 ) \ 00110100
10001101 \ (10001101 \ (10001111 /10000011 \ { 10000001 \ { 10000000\ { 10000110\ { 10001000\ [ 10001110\ [ 10001110
01000000 ], | 01001011 ], | 01001001 |, [ 01010010 |, { 01010101 |, { 01011011 ), | 01011000 ), [ 01010100 |, | 01010001 |, { 01011000
00111100 /” \ 00111111 ) \ 00111101 ) \ 00100111 /* \ 00100110 /* \ 00101011 /” \ 00101111 /” \ 00100110 /* \ 00101100 /* \ 00100001
10001001 \ (10001010 \ { 10000000 \ { 10010000\ { 10000011\ { 10011100\ { 10000101\ { 10011110\ { 10000101\ 10011100
01011011 |, | 01011101 |, | 01010000 ], { 01000000 ], | 01010100 |, { 01001110 }, { 01010110 ), | 01001101 |, | 01010010 |, { 01001101
00101110 }” \ 00101111 /" \ 00110000 /” \ 00110000 /" \ 00110101 }* \ 00111111 /” \ 00110010 /” \ 00110010 /" \ 00111011 )* \ 00111011
10001101 \ ( 10010111\ (10001000 \ { 10011011\ (10001000 (10011001 (10001111 { 10011101\ /10010000 \ [ 10010111
01010011 |, | 01001001 |, | 01010001 |, { 01000100 ], | 01010101 |, { 01000100 |, { 01011010 ], | 01001000 |, | 01010000 |, { 01010011
00110001 /” \ 00110001 /” \ 00111101 ) \ 00110110 /" \ 00111000 /* \ 00111001 /” \ 00110110 /” \ 00110110 /* \ 00100000 /* \ 00101011
10011000 \ 10011001\ (10011101 (10011110 (10011111 /10010001 \ { 10100000\ (10100110 { 10100011\ { 10101010
01011001 ], | 01010000 ), | 01011010 |, [ 01010110 |, { 01011100 |, { 01011110 ], | 01100000 |, [ 01100010 |, { 01101000 |, { 01101011
00100010 /" \ 00100010 /" \ 00100100 ) \ 00101001 /* \ 00101001 /” \ 00100111 /” \ 00010000 /” \ 00011010 /" \ 00011100 )* \ 00010001
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10101100 10100101 10101011 10100011 10010000 10010111 10010000 10010011 10011110 10011101
01100100 01101111 01101100 |, { 01101110 |, { 01010000 ], { 01010011 |}, { 01010101 |, | 01011110 |, | 01010110 |, { 01011010 |,
00011011 00010001 00010010 00011011 00110000 00110001 00111010 00110111 00110010 00110110

( )’( ),

10011100 10011010 10000000 10000111 10001001 10001100 10001100 10001001 10001011 10001101
01011110 |, { 01011101 |, { 01100111 ], { 01101010 |, { 01100111 |, { 01100000 |, | 01100101 |, { 01100001 ], { 01100100 ], { 01100101 |,
00110100 00111000 00010010 00010001 00010000 00010100 00010111 00011101 00011101 00011001
( ),( ).

10001110 10001010 10000010 10000101 10011011 10010001 10110101 10010100 10110010 01000110
01101011 01101000 01110011 |, | 01110001 |, { 01100011 ],{ 01110110 |, { 01110110 |, { 01110111 |, | 01111010 |, 88(1)({(1)(1)(1)8 ,

00010001 00011011 00001001 00001001 00000101 00001011 00001010 00001000 00000100

10100001
01100100
00000010

10101000
01101011
00000101

n3(5,2;2) 2 12: ({60t ). (Gor20 ), (01020 )r Cotton)s Conaot )» Cotooz )» Cotirz )s Canaro )» (ot )s (1312), Cootat )
(o010 )-

15(5, 2;4) = 33: (Gooor ). (gotoo )» Cootio)r (00132 )» Cootor )r (oot ) (o102 )» (o6 )» Corozo )» Covan ) Cotton )
(ot122)r (01210), Cor220)» Conono ) (aort )r Contoz ) (oviz2), Coniid)» Conaia ) ozt )» Condor )r (61612)r Cotoza )s
(10201) (10220) (10222) (10202) (10211) (11002) (11011) (12002) (12001

01102 /» \ 01100 /» \ 01112 /» \ 01222 /» \ 01221 /» \ 00121 /» \ 00120 /» \ 00102 /» \ 00111 /*

13(5,2;5) = 41: (o001 ), (G010 )» (50120 )» (60123 ), (aodto )» (ootta ) (oo )» Caota1 s Coaont ) Coonz )» (otona ),
( 10020 ) ( 10000 ) ( 10012 ) ( 10011 ) ( 10022 ) ( 10001 ) ( 10010 ) ( 10101 ) ( 10100 ) ( 10102 ) ( 10122 ) ( 10110 ) ( 10122
01001 /» \ 01120 /» \ 01110 /» \ 01121 /» \ 01111 /- \ 01222 /» \ 01222 /- \ 01020 /» \ 01102 /7 \ 01122 /» \ 01102 /» \ 01201 /» \ 01210 /~

Cotooa )s (161 ) (01622 ), otz )» Conta )» Cotizo)s Contzz ) (o106 ) (o112 )s Coott )» Caorzz )» Caotoa s (ooas )

(got01), (210 ). (63td )» (a6ods )-

13(5,2;7) 2 61: (gorto ) (oontz ), (Gotoz)r ootz )» (o160 )» Caodon )» Cooton )r (o012 )r Coonz0)s (oonz6 ) (ootz2 )
(aoot0), Coaor2) (onooz ), ottt ): Cononr )» Coroo )» Coror2)s Caroat ) Convor )» Cottoz)» Contoz )r Conrz ) (orana ),
Corao1 ) (01230), (61020), (01020 )» Coragn ) Cotaoo)» Cotaan ), (avian ) Coniin)s Cotrin )» Conzat)s Cotago ) (ovon ).

(or200)s (a1610) (1612), (01632 )» Coton ) Cottzo)s (oniz ), (o1303) (onz10)s (o122t )» Caonon )» Cooto )s (oot )

Cootn1 ), Cootaa ) Cooott): Cooano )» Cadron ) Codnta ), Cadnzr ). Coiar )» Cagort )» Cadors ) ( odgor )-

13(5,2;8) 2 71: (Gort1 ), (oor20), G0tz )r (Goti2)» Cagoto )» Caoron )» Caotoz )» Cootoo )» (oonzo0)s (oonz2 ) ootz )
Cooort )» Coaoan ) (ono00 ), otz )» Conagn )» Cororo)s Corro2 ), Coror ) Convar )r Comizz )» Conzrz )r Corzno ) Covari ),
(orz21 ), (or212), (on221), Conont )» Cononz )» Corozn )s Cornoo ), (orino ) Comnzz)r Conant )» Cona22 )s Coraon ) Conato ),

(o223 ), (a0 ) (1600), Cotont )» Conazo )» Coraea )s Cono ) (orino ) oton)s Cottor )» Corzo)» Cottra ) (ot ),

(ota02)s (a1302), (on221)s (01200 )» Conzio )» Caotoo )s Conto ) Cooton ) ootz )r Cootiz )» Cagott )» Cadoot )s ooz ).
( 12002 ) ( 12000 ) ( 12001 ) ( 12000 ) ( 12000 ) ( 12012 ) ( 12102 ) ( 12201
00012 /- \ 00110 /» \ 00111 /- \ 00121 /- \ 00122 /- \ 00110 /- \ 00012 /- \ 00010 /*

n3(5,2;11) 2 101: (Goont ), (Gooro ) (aonaz ) (oontz ) (ooro ) (oonzz ) (Goz0)r (Gotz3)» (oot )r (Gotio)s
(dor2 ), Cagorz )» Caoror )» Cootto ) Coonr ) Cooroz ) (0126 ) Coonzo ) Cavonn )» Cavoro )» Cagorz )» Caoanz )» Coont )»
( 10011 )’ ( (1)0012 )’ ( 10010 )’ ( 10022 ), ( 10002 )’ ( 10000 )’ ( (1)0010 )’ ( 10011 )’ ( 10010 )’ ( 10021 )’ ( 10020 )’ ( (1)0021 )’ ( 10021

01000 1011 01020 01002 01110 01120 1111 01112 01120 01101 01112 1121 01122 /7

(ora02 ), (oot ), (on22), Cotzon )» Conata )» Cotant s Conai ), (anoat ). Conoor )r Cotoor )» Cotadz )» Cotton )s (otao ).

(otm2)s (otiz2), (onan)r Conanz)r Conaon )» Cotado)s Corano)s (01212), (on216)s Cotdon )» Cotorz )» Coret )» (oot ).

( 10222 ) ( 10222 ) ( 10202 ) ( 10200 ) ( 10210 ) ( 10211 ) ( 10210 ) ( 10220 ) ( 10220 ) 10201 ) ( 10200 ) ( 10210 ) ( 10211
01012 /» \ 01022 /» \ 01111 /» \ 01122 /- \ 01110 /» \ 01110 /» \ 01120 /» \ 01100 /~ \ 01120 /» ( 01200 /7 \ 01222 / \ 01201 /» \ 01211 /-
(or220)» Cotzg0)» Conzio)» Corz12)r (o012 ) Cooton ) oot02 ), (oot ) (oot ) Coor2 )r Caoron )r Caoron )» Coovat )s

Coort1), Coador ) Covont )» Catona )» Caoron ), Codnta ), (adnoz ) Coonaz)» (anoz )» Cadnzn ) Codoon ) Codoon ) (oot )
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13(6, 2;8) 2 66: (og1020 )» (odonon ) (oorztz )» Cotoiz1 )» Coonion ) Cotoona )» (abvato ) (odorat )r Cooto )» (otorzs )
(101011) (100110) (102002) (102000) (102011) (100020) (100002) (100111) (102202) (100100) (100010) (100200
000122 /7 \ 010200 /- \ 012210 /» \ 011221 /» \ 012200 /» \ 011012 /» \ 012111 /- \ 011121 /» \ 011021 /» \ 011222 /» \ 012120 /» \ 011001 /7

(otva01 ) Cottons ) Covat2 ), Coatan ), Cotaoen )» (ot )r (ottino )» (095112 )» (630101 )» (636202 )» (692293 )» (050252 )

(0226 ). Cototao ) Caotono )» Coior )» Cotidio )» otz )» (ovaion )» (07101 )» Cootnna )» (91220 )» (0012 )» (661292 )

( (1)02220 )/ ( (1)02010 )’ ( 102112 )’ ( 120002 ), ( 102121 ), ( 102222 ), ( (1)02210 ), ( (1)02202 )’ ( (1)02221 )/ ( 102201 )/ ( (1)10102 )/ ( 102102

12020 10221 010120 001012 010201 011202 10001 10111 10211 011200 01120 012122 /7
( 102001 ) ( 110112 ) ( 120021 ) ( 110110 ) ( 111010 ) ( 121022 ) ( 121012 ) ( 122201
012000 /7 \ 001200 /- \ 001221 /» \ 001220 /» \ 000101 /- \ 000112 /» \ 000120 /- \ 000012 /*

n3(6,2;11) = 95: (Gotoi0 ), (oodon ) (ootoot ) Cootons ) (aorran ), Cooorto)» Condons ) Cooont ) Caotioo )
(100220) (100021) (102221) (100002) (101111) (100100) (100010) (100102) (101121) (100121) (102201) (100110
001110 /7 \ 010020 /- \ 010002 /- \ 010120 /» \ 010012 /» \ 010021 /~ \ 012221 /- \ 010121 /- \ 012201 /» \ 010112 /» \ 011122 /7 \ 010212 /7

(509902 )» (676501 )- (o739 ), (ofoa0n ). (antzor )» (696300 )- (o72a1 ) (oisng ) Cottonn )» (659053 )» (618311 ) (633015 )

( 100112 ), ( 101122 )’ ( 100202 ), ( 101101 ), ( (1)00200 ), ( 101112 ), ( 100001 ), ( 102222 )’ ( (1)00122 ), ( (1)01120 ), ( 100121 ), ( 102201

011212 011202 011102 011221 11222 011010 012111 012100 12012 11012 012211 012110 /»
100222 ) ( 101100 ) ( 101012 ) ( 101212 ) ( 101022 ) ( 101210 ) ( 101001 ) ( 102022 ) ( 101000 ) ( 101021 ) ( 102021 ) ( 102000
012011 /- \ 012120 /- \ 010100 /- \ 010010 /~ \ 010122 /- \ 011120 /» \ 010201 /» \ 012212 /» \ 010210 /- \ 010220 /» \ 010022 /- \ 011112 /~

oto001 )» (07222 ), (610701 )» (012202 )» (0221 )» Cations ) (otidto ) Cotaont ) Cotizon )» Coion )» (012020 )» (oo )

( 102011 )’ ( 101002 ), ( 101011 ), ( 102020 )’ ( 101022 )’ ( 102001 )’ ( 102012 )’ ( 102121 )’ ( 102120 )’ ( (1)02101 )’ ( 102102 )’ ( (1)02112

010100 012002 012120 010212 012210 012112 011000 011110 010010 10111 012200 10211 /7
(102111) (102122) (102100) (102112) (110202) (110221) (110212) (110211) (112002) (120101) (122002) (120202)
011111 /7 X 011022 /7 \ 012000 /- \ 011220 /~ \ 001022 /» \ 001210 /7 \ 001102 /- \ 001221 /- \ 000121 /- \ 001000 /- \ 000100 /» \ 001111 /~
( 121001 ) ( 122020)
000010 /7 \ 000001 /*

n3(6,2;12) > 105 (gooora ), Covorto ) (ootora ) Cooiara)s (ootioa)s Cooiizo ) (oorizs ), Catrana )r (a61620 ),
(122000) (010220) (120112) (011000) (011010) (120100) (012102) (120000) (100011) (101202) (100020) (101011
000102 /- \ 001111 /» \ 001022 /- \ 000120 /» \ 000111 /- \ 001101 /» \ 000011 /- \ 001211 /» \ 000112 /- \ 010012 /» \ 001002 /- \ 010002 //

(001220, (000122 )» (ao1931 ) Cototas )» (603222 ). Cofoord )» (ootaos )» (ataozo ) (o0ita )» (oootat ) (ofosa0 ) (600001 )r

(otazot ) Caboioo ) Caoooso )» Coosa )» Cotoat ) Cotons )» (otdaoo )» (016251 )» (o712 )» (636001 )» (056610 )» (0560081 )s

(otio13)» (3610 )» Coovort )» Cotozio ) Caotozs )» (of6ata )» (67302 )» Coosono ) Cotomoe ) Cofots )» (650 )» (oftico )

(aoriao) Cotvart ) Cotitas ), (odz226 ), (oo )» ootz )» (oot )» (65000 )» Cdot2o0 )» (679101 )» (055166 )» 53260 )»

012219 )» (16022 )+ (639322 )» (691902 )» (052322 ). (682393 )- (581626 ), Cotdan ) Cotiozs ) Cotaois )» (otiaod )r (oonss )

(oti222), (071220 )r (o12039 ) Cotaont ): (o511 ) Cofaio ) (o231 )r (otion ) (o3a9at )r (69221 ) Cofasto ) (Gotazt )s

(ofasa )- Coototo ) (otaang ) Cottnna)r (673291 ) Coftoat )s (ovarid )r (antots ) Codtang)r (%011 ) Cofao0s )» (ooo1o1 )

99



	Title page
	Introduction
	Preliminaries
	Coding theoretic notation
	Geometric notation
	Basic constructions and bounds
	Asymptotic formulations

	A generalization of the Solomon–Stiffler construction
	Linear equation systems over Z and the Smith normal form
	Small parameters
	Additive codes over the binary field
	Additive codes over the ternary field

	Generalized type of a faithful projective system
	Parameterized series of additive codes that outperform linear codes
	Generic results
	q-divisible multisets of points
	Additive two-weight codes
	Computer searches

