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Keywords: This article deals with the efficient numerical treatment of the Lamé equations. The equations
Matrix adaptivity of linear elasticity are considered as boundary integral equations and solved in the setting of
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the boundary element method (BEM). Using BEM, one is faced with the solution of a system
of equations with a fully populated system matrix, which is in general very costly. In order to
overcome this difficulty, adaptive and approximate algorithms based on hierarchical matrices
and the adaptive cross approximation are proposed. These new methods rely on error estimators
and refinement techniques known from adaptivity but are not used here to improve the mesh.
We apply these new techniques to both, the efficient solution of Lamé equations and to the
multiplication with given data.

1. Introduction

The scope of the algorithms presented in this article is the adaptive numerical treatment of the Lamé equations

—pAu(x) — (A + p)grad div u(x) = f(x) for xeQ (@9)]

describing linear elasticity on a bounded domain Q C R?, where 4 and u denote the Lamé constants. As boundary values, both
Dirichlet conditions (fixed restraints)

y(i)mu(x) =gp(x) forxeTl)p 2

as well as Neumann conditions (free bearings)
yMu(x) =gy(x) forxely 3)

are specified, where y(i)m, yim denote the Dirichlet and the Neumann trace operator and dQ =T, UT y, with T', Ty, = fi. Additionally,
we assume a positive measure of the Dirichlet part, i.e. /FD ds > 0, in order to guarantee the existence of a unique solution of the
considered problem; see [20,24,25].

The method of choice for the numerical solution of the problem described above is the Finite Element Method (FEM). The
resulting stiffness matrix is sparse. However, depending on the underlying grid, the matrices can quickly become very large. In order
to overcome this problem, sophisticated multigrid methods are frequently used nowadays. Nevertheless, the general problem remains
that there are many elements and volume grids are not very easy to handle.
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Another method reformulates the Lamé equations in the volume Q as an integral equation on the boundary 0Q is the Boundary
Element Method (BEM). Initially, BEM was not a real alternative to FEM as the former requires the discretization of a non-local
operator and thus leads to fully populated matrices. Nevertheless, depending on the situation, BEM offers many advantages. In
addition to the reduction of the spatial dimension of the problem and thus of the number of degrees of freedom, in contact problems,
for instance, it is usually sufficient to compute the stresses on the boundary, which can be accessed from the BEM relatively easily
and usually more accurately than from FEM. Furthermore, with the advent of fast boundary element methods, the computational
complexity of BEM has significantly improved.

Methods such as fast multipole method or hierarchical matrices (H-matrices) reduce the complexity by approximating the dis-
cretized operator to such an extent that BEM represents an alternative to FEM. While the fast multipole method [16,22] was physically
motivated and designed for specific problems, hierarchical matrices could be kept more general; see [17,18]. As the name hierarchi-
cal matrix suggests, this technique is based on a hierarchical partitioning of the discrete operator into suitable blocks. Each of these
blocks contains a low-rank approximation to the original block entry, with the whole matrix having only a logarithmic-linear stor-
age requirement. The re-presentations are further advantageous in connection with iterative solution methods, which involve many
matrix-vector multiplications. Hierarchical matrices offer the possibility to perform fast matrix-vector multiplications of logarithmic-
linear complexity. Employing only a few of the original matrix entries, the adaptive cross approximation (ACA) [4] has become
quite popular to construct the low-rank approximation on suitable blocks. The number of matrix entries was further reduced by
adding another level of adaptivity to ACA; see [2]. With the so-called block-adaptive cross approximation (BACA), not every block
is approximated in the same way and to the same accuracy as in ACA, but only those blocks are more accurately approximated
that lead to the greatest gain in accuracy of the solution. Keeping in mind that the number of degrees of freedom of BEM is usually
significantly smaller than in FEM, with modern techniques a logarithmic-linear complexity can be achieved for BEM, whereas a
super-linear complexity of the commonly used LU factorization applied to FEM problems cannot be avoided. Hence, at least from the
complexity point of view BEM together with fast methods for non-local operators is well-suited for the efficient numerical treatment
of Lamé equations for increasingly complex problems in the future.

The aim of this article is to adapt the ideas of BACA to the construction of an adaptive version of the matrix-vector multiplication.
As an application one could think about the multiplication of given data with an operator as it might occur on the right hand side of
a given problem.

When multiplying a partitioned matrix with a vector x, not every approximated block has the same effect on the accuracy of the
result, especially if the vector to be multiplied contains large clusters of zeros. Such a situation can for instance occur when zero
Dirichlet or Neumann boundary values are applied on large parts of the boundary. In order to exploit the structural differences in
the vector x and to detect the best blocks, error estimators and techniques known from adaptivity are used. Note that the block-wise
low-rank approximations will be successively improved without changing the hierarchical block structure or the grid.

The paper is organized as follows. Section 2 presents basic techniques for approximation using low-rank matrices. In more
detail, partitioning, cluster trees, hierarchical matrices and adaptive cross approximation are briefly discussed. In Section 3 we
introduce an adaptive scheme for an approximate computation of the matrix-vector multiplication. Furthermore, the convergence of
the investigated method and some properties of the proposed error estimator are analyzed. Since the techniques in Sections 2 and 3
can be applied in many situations, we will first discuss a general case before moving on to the boundary integral approximation of
the equations of linear elasticity in Section 4. Adapting the ideas of BACA to the case of linear elasticity, i.e. the Lamé equations,
in Section 5, we are able to compute linear elasticity in a fully adaptive manner with H-matrices. Finally, numerical examples
presented in Section 6 show a performance acceleration and a storage reduction for the numerical computation of the boundary
integral formulation of linear elasticity.

2. Approximation with low-rank matrices

We consider matrix blocks A € RM*N corresponding to suitable subdomains X,Y C Q having the representation

A=NAN
with a non-local linear operator .4 which depends linearly on the bivariate kernel function « : R¢ x R? — R. The prototype for such

an operator is

(Av)(x) = / x(x, yo(y)du,, x€Q,
Q
where y denotes the corresponding measure. The operators A : L%2(X)—> RM and Ay L%(Y) » RY are assumed to be linear. The
adjoint operator A} : RN — L*(Y) is defined as
Nz Ny =2"(0f), zeRYN, feL(Y).
These two operators are used to restrict k¥ to X X Y and apply (possibly different) discretizations. Two examples are:

1. Petrov-Galerkin method: Choosing functions y;, i=1,..., M, and ¢ »J=1...,N, with suppy; C X and supp ¢ ;, CY results in
the discretization
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A )= / Sy (x)dp, and  (Ayf); = / T, () dpy.
X Y
2. Collocation method: Choosing points x; € X, i =1,..., M, and functions ¢;, j=1,..., N, with suppp; CY leads to

AN i=fG) and (Azf)j=/f(y)(p,-(y)d/4y
Y

provided that f can be evaluated pointwise in Y.

The approximation of A with low-rank matrices can be done by approximating the bivariate function x with a degenerate

function &, i.e. there are functions 4, : X > Rand v, : Y - R,/ =1,...,k, such that
k
K(x,y) R RO 1= D u(¥)u (), xEX, yeY. @

1=1

Such an approximation automatically leads to a matrix A of rank at most k, since with

a =AMy €RM and b :=Ap, RN, I=1,..,k,

it follows

k k k
A=NAN =AY wb] =Y (Aupb] = ab],
1=1 1=1 1=1

where A is defined by (Av)(x) := fQ K(x,y)v(y)du,. The reversal of the statement is not true in general.
A matrix A € RM*N having rank k is called low- rank matrix if the condition

KM +N)<M-N

is fulfilled. Using the outer product representation, i.e. A= UVT with matrices U € RM*¥ and ¥V € RN, A requires k(M + N)
instead of M - N units of storage. Additionally, the multiplication of A by a vector x can be done with O(k(M + N)) arithmetic
operations instead of O(M - N). The best rank-k approximation is given by the truncated singular value decomposition; see [12].
The advantage of the latter method over kernel approximation (4) is its black-box nature as it relies only on the entries of A. Since
it has cubic complexity, the truncated singular value decomposition cannot be used in practice.

2.1. Partitions and cluster trees

Low-rank approximations are typically employed on suitable blocks and not for the whole matrix. In most cases the approximation
of the entire matrix is not possible at all. Therefore, the matrix A € RM*V is decomposed into blocks t x s, tc I :={1,..., M} and
scJ :={l1,...,N} at first. After that each suitable block A, is approximated with a low-rank matrix

Ay~ UVT, UeR™, ¥y eR™,

where the number k is small compared to |¢| and |s|. Let supp A; = X, and supp A, = X be the part of the geometry that corresponds
to the index sets # and s, respectively. For example, in the case of Galerkin discretizations X, denotes the union of the supports
X; :=supp @;, i €L.

A block is suitable or admissible for approximation if it satisfies the condition

min{diam X,,diam X} < gdist(X,, X,) 5)

for a given f > 0. The expression

diam X = sup |[x—y| and dist(X,Y)= inf |x—y|
x,yEX XEX,yEY
are the diameter and the distance of two bounded sets X,Y C Q. Condition (5) guarantees the existence of low-rank approximations
if A discretizes an integral representation or the inverse of second-order elliptic partial differential operators; see [5].

Given two meshes represented by the index sets I and J, a partition P of the matrix indices I X J consisting of admissible blocks
or blocks which are small can be found as the leaves of a block-cluster tree T, ;; see [18,5]. This quad-tree can be constructed
from two separate binary cluster trees 7; and T; with roots I and J, respectively. The sons S;(t) = {¢',1"} C T} of each node t € T}
(or s € T}), if they exist, satisfy ¢’ Ut =¢ and ¥ N " = @. The leaves of T, are gathered in the set L(T}) :={t €T} : S;() =@}
Applying the mapping S; recursively, a cluster tree T; can be constructed consisting of several levels TI(I), [=0,...,L, where L
denotes the depth of the tree. Once both cluster trees T} and 7; have been generated, the block-cluster tree T}, ; can be constructed
by recursively subdividing I X J by following the trees T for the rows and T; for the columns until either (5) is satisfied or the
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clusters cannot be subdivided further. As a result, the partition P consists of admissible blocks P,q, and non-admissible blocks
P, ie.

non-adm>

P :=L(Ty;) = Padm Y Pron-adm-

Note that this does not represent a refinement of the mesh. P is just a partition of the matrix index set I X J representing the
combination of two given meshes. The sparsity constant Cop (see [15]) is defined as

Cg, = Mmax { maxcg, (1), max cg, .(5)
P { ter, P77 ser, P ’
where

() i=|{sCJ 1t xs€E P},

denotes the maximum number of blocks # X s contained in P for a given cluster t € T} and

Cspe(s) i={rC T txse P}

the maximum number of blocks # X s € P for a cluster s € T;. We refer the reader to [5] for more details on the construction of
cluster trees.

2.2. Hierarchical matrices and adaptive cross approximation

In view of the construction of the partition P, the set of H-matrices with blockwise rank at most k is defined by

H(P,k) :={M eR™ : rank M, <k for all b € P},

see [17,18]. A great advantage of hierarchical matrices is the efficient matrix-vector multiplication. The product of an H-matrix with
a vector can be computed in logarithmic-linear time; see [17,18,5].

Many different methods have been developed to generate low-rank approximations on admissible matrix blocks. Replacing the
kernel function of the integral operator by truncated kernel expansions as it is described in the beginning of Sect. 4 of this article is a
common analytical approach. Examples for such expansions are the multipole expansion [22,16] or interpolating polynomials [8,9].
Other approaches such as the algebraic pseudo-skeleton method [14] work directly on the entries of the considered block. In this
article we rely on the adaptive cross approximation (ACA) (see [4]) which requires only few of the original entries to construct the
low-rank approximation. Non-admissible blocks cannot be approximated. However, they are small and can be computed entry by
entry.

In the following we concentrate on a single admissible block A,; € R of A, wheretC I :={1,...,M}andscJ :={1,...,N}.
According to this notation 4; , denotes the i;-th row, 4, ; the j;-th column and 4; ; the entry iy, ;. The following Algorithm 1
(see [4,7]) constructs two sequences {u; } C R’ and {v,} € R®. The matrix

k
Sy = 2 u,U,T
I=1

has rank equal at most k. Given €55 > 0, the remainder R, := A, — S has relative accuracy

IRl < eacall Assll £

where || - || p denotes the Frobenius norm, such that .S}, can be used as an approximation of A.
It is easily seen that the vectors u;, and v, have the representation

1
we=(Ry_y)y;, and v = W(kal)ik,y-
—Vik.jk

Remark 1. In the analysis of the error of the adaptive cross approximation, the remainder R, is associated with the best approxima-
tion error of a suitable system {&,...,&; } of functions. When selecting the row indices i,, it must be ensured that the Vandermonde
matrix [§;(x;)];; € R**k corresponding to the system in which the approximation error is to be estimated is not singular; cf. [5].
In [5], also several rules are given on how to choose a pivot i;.

In the case of kernel functions of the form «x(x,y) = o(x){(y)|x — y|~* with @ > 0 and ¢ and { depending on only one of the
variables x and y, respectively, no attention has to be paid to the choice of the row indices, because in this case a system of functions
can be specified which leads to a non-singular Vandermonde matrix with a bounded smallest eigenvalue; see [3].

The vanishing rows of the remainders R, are gathered in the set Z. If the i;-th row of R, is nonzero and therefore used as
vy, it is also included in Z as the i, -th row of the next remainder R, vanishes. The number of elements of Z usually depends
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Algorithm 1 Adaptive Cross Approximation (ACA).

Input: A, € R™, g5cp >0
Output: two sequences u, C R’ and v, C R*
Letk=1;Z=¢

repeat
find i, by an appropriate rule (more details in Remark 1)
O i=Ay
for/=1,....k—1do §; :=0, — (), v,
end for
Z:=ZUl{i}

if 7, does not vanish then

Jx 1= argmax;¢ [(5);]; vy ::(Dk)j‘k'ﬁk
=4
for/=1,....k—1dou 1=u —(v);u
end for
k:i=k+1

end if

. A (1-5) —
until [Jug 10 ll; < }—AIC:E ISl or Z =1
ACA

logarithmically on the desired blockwise precision €,¢,; see [5]. First, | Z| is to be managed for each block in the case of the matrix-
vector multiplication by an adaptive algorithm, where the quality of the approximation of the respective block of A is adapted to the
structure of the vector x to be multiplied rather than to the blockwise accuracy €,c,.

3. The adaptive matrix-vector multiplication

The goal of this section is to introduce an approximate and adaptive algorithm for the multiplication of a matrix A € RM*N by a
vector x € RN i.e.

b= Ax,

where A is the discretization of a non-local operator and b denotes the resulting vector. Since A is fully populated, the usual way
of treating such problems in our case is to approximate the system matrix by hierarchical matrices at first and then to multiply
the approximation of A by the vector x. As a result of the construction of the approximation by ACA, redundant and unnecessary
information can arise for the simple reason that ACA treats each matrix block independently such that a prescribed accuracy is
guaranteed. In order to avoid the generation of such information, we follow an adaptive strategy. Instead of the previous approach
of generating a single hierarchical matrix approximation of A, we construct a sequence of approximations A, and the resulting
vectors b, := A,x. The individual approximations are steered using a residual error estimator based on the h—h/2 strategy [13]
and the Dorfler marking technique [11]. Note that in contrast to the conventional field of application of such error estimators, no
refinement of the geometry or the grid is considered here. While the low-rank approximations of the individual blocks are successively
improved, the underlying grid structure and the underlying block-cluster tree are not changed at any time.

Of course the above procedure looks much more complex than multiplying a single approximation of A by the vector x. The
approach here aims to exploit properties of the vector x in combination with properties of A. As an example, consider the case
that x =¢;, i € {1,..., N}, is one of the canonical unit vectors of R™N. Then, the adaptive approach detects that there is no use in
computing an approximation of A with accuracy e, for blocks not containing parts of column i, while the usual approach would
first approximate every block with this accuracy and then perform the multiplication. Depending on the combination of A and x, we
expect improved memory requirements and computational time.

A reliable estimate of the error requires the existence of a more accurate approximation /ik of A than A, i.e., we assume that
the saturation assumption

by = bllz < csaellby = bl (6)

for some 0 < ¢y, < 1 is fulfilled, where b, := A, x. This kind of assumption is quite common in the area of adaptive finite element
methods. Notice that in our setting a strategy for approaching (6) is to perform sufficiently many additional ACA steps, which can
be observed in the numerical examples for the block-adaptive ACA for linear elasticity. This way of dealing with the saturation
assumption is motivated by the exponential convergence of ACA, see [5].

A natural choice (so-called look-ahead approximation) for A, is the improved approximation that results from A, by applying
a fixed number of additional ACA steps to each admissible block and by setting (A,),; = A,, for all other non-admissible blocks
tX S € P on.adm- Using the error estimator

vi= b= bl =1 Y, (A= Ayl
tXseP
which is localized with respect to blocks in P, the algorithm for the adaptive matrix-vector multiplication is summarized in Al-
gorithm 2. Following the ideas above, we thus combine the assembly of the discretized non-local operator with the simultaneous
computation of the matrix-vector multiplication. Fig. 1 shows a schematic illustration of the procedure.
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Ak
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Fig. 1. Schematic illustration of the procedure.

Algorithm 2 Adaptive matrix-vector multiplication (AMVM).

Input: System matrix A € RM*N | vector x € RV, partition P, 0 <6 < 1, exppym > 0

Output: approximation b, = A, x of b= Ax
1. Start with a coarse H-matrix approximation A, of A and set k =0.
2. Compute b, = Ayx and b, = A, x, where A, is a more accurate approximation of A than A,, i.e., we assume that the saturation assumption (6) holds.
3. a) Given 0 <6 < 1, find a set of marked blocks P, C P with minimal cardinality such that

Ve = Vi(Py) 2 0y, @)

where 7(0) := || X yepyo(Ax = AisXll and v, = 7,@) = l1by = byl
b) Use the following strategy to construct P:
(i) Sort the errors |(b;, — ﬁk),»l, i=1,...,M, in decreasing order.
(ii) Go through the ordered errors step by step starting from the top and detect the corresponding blocks in the considered row i.
(iii) Add every block 7 X s to P for which |[(4; — A,),,x,];| > (1 - 0)(c[, MN L)™'/2y, holds.
(iv) Extend P, according to (ii) and (iii) as long as condition (7) is not fulfilled.

4. Let
o (A, beP,
k+1 =
(Ap)y, bEP\Py.

5. If y;41 > €ayyy increment k and go to 2.

At first glance Algorithm 2 uses two H-matrices A; and /ik. Since they are strongly related to each other, it is actually sufficient
to store only the more accurate approximation Ak. Due to the selection criteria of P, in Algorithm 2, clusters of zero entries in the
vector x have the consequence that the associated blocks do not have to be approximated at all. Hence, this approach allows to take
into account the structure of the vector x when approximating A. In order to do this we will have to take the depth L of the cluster
tree into consideration.

Remark 2. Notice that the Algorithm 2 terminates either if in step 3 b) (iv) condition (7) is satisfied or if the list of blocks has come
to its end. In this case also (7) is valid, because the condition used in step 3 b) iii) implies |[(A; — Ak),sxs] il <(A=0)c;MN LY/ zyk
for all blocks t X s € P\ P, and thus

1/2

M
nPO=Il Y, Ae—Ax = DI D A=A, | I?

tXseP\ Py i=1 |rxseP\Py i
M 1/2
< 2 cspL Z | [(Ak - A\k)tsxs]ilz
i=1 txs€P\ Py
M 1/2
<Y Y a-ermNyT) <d-oy.

i=1 txseP\Py,iet

The newly introduced algorithm will be examined in more detail in the next steps. First, we consider the reliability and the
efficiency as two basic characteristics of the error estimator.

Lemma 1. Let assumption (6) be valid. Then y,, is efficient and reliable, i.e., it holds

CeVk < b = blly < cre?s

where coe 1= 1/(14 cg,) and ¢y 1= 1/(1 — cgp)-
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Proof. With the saturation assumption it follows
15 = blly < M1bg = byl + 1bx=bll; < i + csaellby — bl

and thus

”bk - b”2 < CrelVk>

which proves the reliability of the estimator y,. Using again the saturation assumption, we obtain
Vi = b = byl S Moy = bl + 116 = bylly < (1 + cgq)lIby — bll,
and thus

Cefiti S b = bl O

The next property of the estimator y, which has to be investigated is the estimator convergence. In order to do this, we must first
examine the behavior of the error & :=||b, — by, |l,, where b, = A, x.

Lemma 2. The error é; converges to zero for k — co.

Proof. For é, we observe

52 A n 2 A A 2 2
& =1 Agx = Ay XI5 < 1A = Ay 511115

Notice that each block 7 X s € P is either not chosen in Algorithm 2 from some index ko € N on, i.e. (A;);; = (Ay ;s for k > kg or
limy_, . (Ay),s = A,,, which follows from the fact that ACA reproduces the original matrix after at most min{|¢|, |s|} steps, see [5].
Hence, we have

1s>

lim A, = A,

k—o0

with some matrix A, € RNXN and thus lim;_, ||AkJr1 — Ak” =0.

The convergence of the error estimator y, can be proven via an estimator reduction principle, which was originally introduced
in [1] in the context of the adaptive boundary element method.

Lemma 3 (Estimator reduction). Let s > 1 and 1 — L co<1be given. Then it holds that
S

2 2, 2
Vi1 Q7+ 08

wherec; =1/s<1land ¢, =[1-s(1 — 0)21. Furthermore, lim;_, o, v, =0.
Proof. We have a closer look at the error estimator y, ;. With § > 0 and Young’s inequality it follows

2 s ST
Yier = 10uas = Opqi 13 = 1bpqy = by + by — by ll5
. AN 2
< (Ibggr = biclly + by = byyy 1)

S +8) by — by ll3 +(1 +1/6)é.
N ——

=:e?

If we split up e into the marked and non-marked blocks, from (7) we obtain the following estimator reduction:

e=llbrr = bl =11 Y (Agpr = Al

IXs€P

=l 2 (Ak+1 - Ak)txxx + Z (Ak+1 - Ak)rsxs”2
IXSE P txs€P\ Py

=l Y A=Al = rP) <A = 0)y.
txs€P\ Py

_s(1—0y?
With the choice 6 = % we get

Ve SUA+8)1 =0y +(1+1/6)¢;
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1—s(1-6)? s(1—6)?
- <l+¥>(l—9)2y,f+ <1+¥>éi
s(1—0)2 1—s(1-6)?

1, 1 5
P e ———
sk T s —ap k

The second part of the assertion is proved with Lemma 2 and the error estimator reduction principle introduced in [1]. Let £ > 0
be a number satisfying é, < E for all k. The estimator reduction principle leads to

2 2 2 2 2 2
Vi1 Serrg e Sceqleyy_y + 8 ) + 68y
_ 2.2 A2 2
=1Vt ted
k
k+1,72 k—i 52
<Mt Y Aty
i=0
o F

Cl‘

k
k+1,2 0 ! 2
§c1 y0+c2EZc1§y0+1
1=0

Accordingly, the sequence {7, },cy, is bounded and we are able to define I' := limsup, _, , yz. Using the estimator reduction principle
once more yields

I' = lim sup y,fﬂ <¢ limsupy,f +c limsupéi =cI.
k—o0 k—o0 k—o0

——
=0

Thus I' =0 and it follows
0 <liminfy, <limsupy, =I'"=0,
k=00 k—o0

which shows
lim y, =0. [
k—oo
Exploiting the reliability of the error estimator, the convergence of the adaptive matrix-vector multiplication can also be shown.

Lemma 4 (Estimator convergence). Let the requirements of Lemma 1 and Lemma 3 be valid. Then, the error ||b, — b||, of the sequence
{by } ken constructed by Algorithm 2 converges to zero.

Proof. Using the reliability of the estimator and the reduction principle leads to

b = blly < crqvk = 0 fork— 0. [
4. Boundary integral approximation of linear elasticity
4.1. Integral formulation of linear elasticity

We assume that Q C R? is a Lipschitz domain and its boundary dQ =T, UT 5, T'p N Ty =@, is partitioned into a Dirichlet
boundary I'j, and a Neumann boundary I'y.
The solution of the equations of linear elasticity, see for instance [24], can be written as
u(x) = I7y]i“tu - Wyému,
where

Vfx):= / Sx.fds,, fe[H 07,
0Q

denotes the single-layer potential and

Wa(x) := / NS Vg ds,, g€ [H'20T,
0Q

int

denotes the double-layer potential and y,

the form

u the conormal derivative. In the case of linear elasticity, the conormal derivative takes
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yimu=idivu-n+2/4n-Vu+#"Xcurl”

with the normal vector n. The fundamental solution S(x, y) := .Sk (x — y) of linear elasticity is given by Kelvin’s solution tensor
1 11+v [3—4\/ +xixj

S === . eR¥>3
K0 <8”E1—V x| gxp? >ij

for x € R3 \ {0}. Using the trace operators yé“t and y{“t, we define the single-layer operator V := yé“tV and the hyper-singular

operator D := —y:“tW. Furthermore, we are going to use the double-layer operator

(Kg)(x) = lim / rS(x, g ds,, x€0Q, gel[H' 0P

IQ\B(x)

and its adjoint

(K" )(x) = lim / rSCuNf(ds,, x€0Q, fe[H 207,

X
0Q\ B (x)

In order to solve mixed boundary value problems (cf. Sect. 1), boundary integral operators have to be defined on the respective part
of the boundary. On the Dirichlet boundary I"j, we set

Vpp : LHVA(Cp)P - [H'2Tp)P, Vppf :=(V Pl

where H='/2(T'p) = [H'/*(Tp))’ and f = |, with f € [H'/2(dQ)]° and supp / CT'p,. Using the extension § € [H'/?(0Q)]* of a
function g € [H'/2(T"y)1?, where

H'2(Cy) :={v="0l, : 5€ H'/*Q), supp 5 C Ty},
we define
Dyy : [H'AC)P - [HVAT)P, Dyyg =Dy,

with H=Y/2( N) = (AT ~)). The following two operators describe the interaction between the Dirichlet and the Neumann data.
We define the double-layer operator of the Neumann boundary

Kyp : [H'2C)P = [H'2Tp)P, Kypg =KD,
and the adjoint double-layer operator of the Dirichlet boundary
Ky [H'VATp)P » [H'V2C)P, Ky f =K Dlr,,-
Then, the boundary value problem (1) with the boundary conditions (2) and (3) has the solution
v=V@y+D-W(Ep+), ®

where i € [H'/2(3Q)]® and 7 € [H~'/2(0Q)]? denote the extensions by zero of the functions u € [H'/2(I'y)]? and 1 € [H~'/2(T'p)]%,
which are the solutions of the integral equations

1 - -
Vppt —Kypu= <§[+K)gD|FD -Vénlr,

- 1 -
Kyt + Dyt =—-Dgplr, + (EI - K’) Enlr, -
In (8) the given Dirichlet data g, € [H 1/ 2(I"D)]3 and Neumann data gy € [H -1/ 2(I“N)]3 are extended to the functions g, €
[H'/2(0Q))? and gy € [H™'/2(0Q)]%; see [24].
A stable numerical treatment of the above operators is only possible if the singularities are not too strong. Since V is weakly

singular, we do not expect any numerical problems. For D and K weakly singular representations have to be found. Using the
boundary differential operators

7] 7] L
Tij(x)t:nj(x)d_xj_ni(x)a_xi’ i,j=1,2,3, x€0Q,
and
0 7} 7}
_asl (x) :=T3(x), _052 (x) :=T5(x), _053 (x) :=Tip(x),

the double-layer operator K can be rewritten as
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1 i) 1 1 1
Ki(x) = — —_— i(y)ds, — — Tia(y)ds, +2uVTii
i) = - / o Ty 4”04 5 T ds, + 24V T

for ii € [H/2(0Q)]3. The operator D in terms of weakly singular integrals has the representation

09 0Q

+ zi//(T(x)ﬁ(x))T I (T s, ds, — 42 (VT T
i [x =yl

/ / Z Ty (00— lTk,<y)>u () ds,ds,;
see [19].

4.2. Discretization techniques

Our goal is the computation of a numerical solution of the integral equations for linear elasticity via the boundary element
method (BEM). The starting point is an admissible triangulation 7}, of the surface of the computational domain Q in regular triangles
7;,i=1,...,M, and nodes p;, j=1,..., N. Here a triangulation is called admissible, if neighboring triangles have only one common
edge or node; see [23].

On the triangulation 7, the space of piecewise constant functions 52 is given by its basis

I, xer,
rp,-(x)={ XS iy M,

0, else,

which is used for the discretization of the operator V. The operator K and parts of D are discretized using functions

1, x=pj,
y;(x) :=40, x=p forle{l,....,N}\{j}, Jj=1L...,N,
linear, else,

defining a basis of the space S }11 (I") of continuous and piecewise linear functions. We find solutions of the form

~«1) ~(1)

- < Qz> S u{2>
i)=Y |1 lo(x) and @u(x)=) a2 |y (x).
i=1| 73 =1 7®

1

J
(1) ﬁ(2) ~(3)]
J

[VDDh —KND,h][f]: i %M"‘K [gN]:. [fn] ©)
Kipn Dnna|la %MT—KT -D & | “lfn

Voo uliil=Vpp@;.0idr,. Knpnlikl =(KnpWi.@;)r,

The coefficient vectors 7 = [ﬂ), i *[3)] and i = [u are the solution of the linear system of equations

Dy plkll=(DyNwiwidr,,

fori,j=1,....,M and k,/=1,...,N.
At the end of this section we want to state representations for the operators Vpp, 5, Kypp, and Dy ,, which are more advan-
tageous for numerical calculations. Using Kelvin’s solution tensor and a suitable space for the discretization of the operators like the

space [SO(I)]3, the stiffness matrix V}, € R3M>*3M of the single-layer potential has the representation
1114y Van 0 0 Vit Via Vi3
Vi = SEI=Y GB=4v)] 0 Vay 0 |+ Vi Voo Vosll. (10)

0 0 Van Vis Va3 V33

.. 1 1
Vanlijl= Z// ] ds,ds,
T T

where

and

10
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Viglijl= //(xk |::k)(;€|lz Y ds, ds,

are M x M sub-matrices for k,! = 1,2,3. Together with the space [S! (D)P, the operator K, can be represented as

Kyp O 0 Van O 0

K= 00 Ky 0 |-| 0 v, 0 Th+]LVhTh, an
0 0 Kup 0 0 Vau tv
where
1 (x =T n(y)
Kpplijl= // ————5 v;(ds,ds,,
resuppwlr =y

i=1,....M, j=1,...,N, and

0 Top Tip
Ty:i=| =Ty 0 Tyuu|, Tuplij]:=Ty@w;R), X €7,
“Ti3p —Tpnr O

for k,1 € {1,2,3},i=1,...,.M, j=1,..., N. Finally, the matrix D), is given by

3 u Van 0 0 u Van 0 0
Dh=ZES,€h 0 Van O[S+ Ti| 0 Vay 0 |Ty
=1 0 0 Vyu 0 0V 12)
"
+4°TV, T, + ED;
with
/ / /
D}l,h D}Z.h D}3,h
.
D), := D;Lh D;z,h Doy |- 2 k,hVA.thf,h
Dyn Dy D33h
and
T5.p 0 0 Tisp 0 0
Sipi=l 0 Ty 0, Sy:= 0 Ty, 0,
0 0 Ty p 0 0 Tisp
Ty p 0 0
S3,h:= 0 Ty p 0 |1,

0 0 Ty

see [21]. Using specific restriction operators defined in [21] allows the re-presentation of the discretized operators V,, K,, and D),
with respect to the corresponding boundaries, resulting in the operators Vpp, 4, Ky p > and Dy y p-

Remark 3. Instead of the componentwise representation of the previous discrete operators, a common alternative is a blockwise
approach. The advantage of the latter is that the 3 X 3 matrix blocks can basically be computed at the costs of a single entry. The
downside of this approach is that for applying ACA the invertibility of pivot blocks has to be guaranteed. Hence, we decided to use
the componentwise approach although the method introduced in this article also can be applied to the blockwise representation.

5. The adaptive solution of Lamé equations

The adaptive matrix-vector multiplication introduced in Sect. 3 can be applied in the context of boundary element methods
when the given data vectors are multiplied by discrete integral operators on the right-hand side of the discretized integral equation.
If also the solution of the latter is to be computed, then the BACA method introduced in [2] can be employed. It combines the
adaptive construction of the H-matrix approximation of the system matrix with the simultaneous iterative solution of the system.
The individual blocks are approximated only as accurate as necessary for the prescribed accuracy and the given right-hand side
vector. The BACA was developed for the Laplace equation and is thus not adapted to the structure of the Lamé equations. In this
section, BACA will be modified to allow its application to problems from linear elasticity.

We consider the numerical solution of the linear system Ax = b from (9) with

A= Vopr —Knpn p=|/D and  x= 7
’ Inl’ il

T
KNDh DNN,h

11
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Each of the four sub-matrices of A consists again of nine sub-matrices with an associated block-cluster tree. Let P be the union of all
admissible partitions concerning the boundaries and the different operators, i.e.,

P:=P,UPgUPp,

where Py, Py, and Pp, consist of all blocks of the discretized single-layer operator V}, the discretized double-layer operator K, and
the discretized hyper-singular operator D), and denote by P4, the admissible blocks contained in P. Accordingly, cg, y, ¢sp k, and
csp,p are the sparsity constants associated with the block-cluster trees for the operators Vj, Kj, and Dj. The constructed matrix
approximation is denoted by

|4 -K
A= [ DD,k ND,k] ’

T
KND,k DNN,k

where the sub-matrices Vpp ,, Kypp, and Dy, are approximated individually. Moreover, let

A - [??D,k _’\IeND,k]
k KND,k DNN,k

be a more accurate approximation of A than A,. We assume that the saturation condition

1Akxi = Axglla < egarll Agxyc = Axellz (13)

is fulfilled for some 0 < ¢y, < 1, where x; denotes the solution of the linear system A;x;, = b. Again, a possible strategy for choosing
A, is to add a fixed number of additional ACA steps for each admissible block of A, (look-ahead approximation) and to set (A, ),, =
A, for all other blocks ¢ X s € Pyopadm-
In order to obtain some information about the error of the approximation, we use the error estimator

&= D A = Ay e, l13-
txseP
If BACA is to be applied to the saddle-point problem (9), we first have to employ the Bramble-Pasciak conjugate gradient method [10]
as the iterative solver. The difference to the case of the Laplace equation lies in the selection of the blocks to be refined. We use the
following strategy based on the representations (10), (11), and (12) of the discretized operators V},, K, and D;, where we leave
the fixed matrices T}, S} ;, S, , and S3 ;, unchanged during the whole procedure. Since the sub-matrix V), , is contained in all the
operators Vj,, K, and Dy, the refinement of V, , is implemented at first. Afterwards the refinements of V;;, i,j =1,2,3, K, , D},
and D,, follow. The approximation of a block is improved only if it has been selected. This leads to the following Algorithm 3.

Algorithm 3 Block-adaptive ACA for linear elasticity.

Input: System matrix A, right-hand side b, partition P,g,, 0<8 <1, a >0, egpcp >0
Output: approximation x, of the solution x of Ax =5

1. Start with a coarse H-matrix approximation A, of A and set k =0.
2. Given a > 0, apply the Bramble-Pasciak-CG to the linear system A, x, = b until the residual error satisfies

16— Apxll; < all(Ag —Ak)xkllz a4

(use x,_, as a starting vector; x_; :=0).
3. Given 0 < @ < 1, find a set of marked blocks M, C P,

.dm With minimal cardinality such that

E(M) 208, 15)

where E2(M) 1= Y, ca (A = A, (x,)113 and €, = &, (Pygrn)-
4. Consider the following cases for all t X s € M :
(@) If £ X s belongs to Vpp, set (Va ji1)is = (Vapidss and (V) = (7)), 1.7 = 1,2,3.
(i) If # X s belongs to Ky p, set (K pxq1)is = (KA',,V,{)IS and (Va pi41)p = (VA_,,V,(),,, V)= (17,])b, i,j=1,2,3, for all blocks b having rows associated with 7.
(iii) If £ X s belongs to Dy, set Vi j, x4 = VA‘M and V;; = Vu’ i,j=1,23.
All blocks not selected remain at the current stage of approximation.
5. If £, > €pacs increment k and go to 2.

Due to the structure of the discrete operators (see Section 4.2), the selection strategy in Algorithm 3 is such that the individual
blocks do not need to be approximated independently by ACA. For the part V}p the refinement of a block can directly be carried
over to the corresponding block in V, j, and V;;. Since the operator Dy y contains the operator V}, in the form of a multiplication
with the matrices 7}, blocks can no longer be selected directly. In this case, V}, (or at least the restriction of V}, to the Neumann part)
must be completely refined.

In the following we adapt the convergence analysis (presented in [2]) to the previous method. For the efficiency of the error
estimator or at least a lower bound on the expression ||b — Ax,||,, we refer to [2]. The reliability of the estimator follows from the
saturation assumption.

12
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Lemma 5. Let the saturation assumption (13) be valid. Then &, is reliable, i.e. it holds

l1+a(l+c o l+a(l+c
16— Axll, < M||(Ak — APxilly £4/27C, L Mé‘k’

1- Csat - Csat

where L is the maximum depth of the used cluster trees and Cg;, : = max{cg,y . Cop k- Cop p }-

Proof. The first assertion follows with condition (14) and the saturation assumption from

16— Axplly < 116 — Apxplly + (A, — Axplly + I1Agx, — Axgll
< (a4 DII(Ag = A)xglls + couell Agxy — Axgll
S(a+ 14 cga)||(Ag — Ak)xk||2 + coaellb — Axy |l

The second inequality is a result of the decomposition of the sub-matrices of A = Z[L: A into a sum of level matrices A"). Due to
the fact that the different operators have different cluster trees, a maximum level L will be chosen among these cluster trees. Then,
no more further sub-matrices will exist at a certain level. In this case, use the zero sub-matrix for the remaining levels. We observe

L 2 L
(A = Axell3 < (Z (A, - Ak)“)xknz) S LY A = A)Oxll3

I=1 =1

L
=LY DY (A=A xsl3

=1 ,eTlm SIIXSEP

L 2
<Ly y < > ||<Ak—fik>,s(xk>s||2>

SIIXSEP

L
SUCELY, ¥ D AL = Ay 3

=1 tGTI(“ SitXsEP

= 27CspL Z ”(Ak - Ak)ts(xk)s”%
tXseP

_ 2
=27C,, LE7,
since each of the three discretized operators consists of nine sub-operators, which explains the factor 27 at the end. []
Except for the inclusion of different sparsity constants and tree depths, there are no other differences in the convergence proof of

the adapted BACA method compared to BACA for the Laplace equation. For this reason, we refer to the proofs in [2] for the rest of
the convergence analysis and only state the convergence results here.

Lemma 6. Assume that A, :=lim,_, A, is invertible and « is sufficiently small. Then it holds that

2 2
Een SAE 2

where z;, converges to zero and q < 1. Furthermore, lim,;_, , & =0.
Lemma 7. The residuals r, :=b— Ax, of the sequence {x, },cn constructed by Algorithm 3 converge to zero.

At the end of this section, another field of application for AMVM will be briefly discussed. Let (Y}, Z,) = (g Na+tindpn+ ﬁh)
denote the whole approximated Dirichlet and Neumann data after having calculated the missing data (7, ), i.e.

M N
Yh:Zy,-(p[ and Zh=szy/j
i=1 j=1

with coefficient vectors y, z € R3, the solution uy, in Q can be evaluated by

M N
up(x)= Yy, / S, )@;(0)ds, — Y 2 / 7S (e () ds,,
j=1 k=1 50

0Q

for x € Q, and the stresses o(u,, x) can be computed using the derivatives

13
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Table 1

Error and time required to compute right-hand side of (9) via ACA.
N M Dinin [[6=bpcall,  time approximation
972 488 15 3.45-1077 6.9s

3888 1946 20 4431077 39.6 s
15552 7778 30 2.53-1077 235.7 s
62208 31106 40 2.17-1077 1428.6 s

M N
0, up ()= y; / 9., S(x, )9, ds, = Yz, / 0y, (1S G, VIV (y) s, (16)
=l ba k=1 3a
for i =1,2,3 together with Hooke’s law. If, for instance, the deformations are to be analyzed at several points x|, ..., x;, / €N, this

can be understood as the computation of a vector

vi= Vhy_th a7

with v = [uj,(x;)];=;_. ;- Since the two discrete operators

Vyi= / S y)p;(ds, | and W) 1= / 7y SCa Dw)ds, |-
oQ i 0Q ik
withi=1,...,/,j=1,...,M,and k=1,..., N are of collocation type, we are able to accelerate the evaluation of the deformations

and stresses with the introduced AMVM. The evaluation of the stresses using the derivatives d, uj, i = 1,2,3, can be done in a similar
way using (16).

6. Numerical results

The numerical experiments are divided into two parts. In both cases the numerical solution of the Lamé equations

—pAu(x) —(A+p)grad divu(x) =0, xe€Q, (18)

with the Lamé constants and E = 1.0(N /mm?), v =0.3 is computed. The first part deals with the quality of the error estimator in
AMVM and the numerical performance of AMVM compared to the multiplication by an approximation obtained from ACA. Then, the
numerical performance of the combination of AMVM and BACA adapted to linear elasticity (see Sect. 5) is investigated in comparison
with ACA. First calculations of linear elasticity using the ACA were carried out in [6].

The computations in this article were performed on a computer with an Intel(R) Core(TM) i7-6700HQ CPU at 2.60 GHz. All
approximation steps in the procedures are performed without parallelization. Furthermore, recompression and agglomeration tech-
niques are applied in the numerical investigations neither to ACA nor to the new methods. Recompression based on QR decomposition
as described in [5] can be applied directly for both methods resulting in lower storage requirements. However, a more detailed in-
vestigation of how agglomeration can be applied efficiently together with the new methods is required.

In the following tests, the look-ahead approximation Ak is two steps of ACA ahead of the current approximation A;, which turned
out to be enough. Notice that this number has to be adapted to the problem in general.

6.1. Quality of AMVM for linear elasticity

The qualitative investigations of AMVM are carried out on four different discretizations of the cube Q = [—1,1]? consisting of
488, 1946, 7778, and 31 106 points. The following boundary conditions are chosen

v u(x) = gp(x) 1= S(x - p)

forxel'p={xeQ:x;=1orx;=—1orx;=1}and

M ux) = gn(x) 1= 7™ S(x - p)

forx €Ty ={x€Q:x =—lorx,=1o0rx;=—1} with p=(5.0,5.0,5.0)". We compare the computational time and the storage
requirements of AMVM and ACA when computing the right-hand side of (9). The approximation of the latter will be denoted
by bayym and baca, respectively. The blockwise accuracy of ACA is chosen to be e5cs = 1070 and the admissibility parameter is
f =0.8. The parameter b, which is a parameter of the used cluster tree, denotes the minimal size of a matrix block. The results of
ACA are presented in Tables 1 and 2.

Applying the adaptive matrix-vector multiplication (AMVM) to the linear elasticity problem described in the beginning of Sect. 6
provides for § = 0.7 the results shown in Tables 3 and 4. The error ||b — byyyumll, Was kept at the same order of magnitude as ||b —
bacall, in the previous tests. On all four discretizations of the cube Q a reduction of the computational time could be achieved. The

14
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Table 2
Storage requirements for the approximations constructed by ACA.
N M Van Vi Via Vi3 Vi
MB % MB % MB % MB % MB %
972 488 3.0 83.5 3.5 95.6 3.5 96.5 35 96.4 3.4 95.5

3888 1946 19.7 34.1 23.9 41.4 23.4 40.5 23.3 40.4 23.8 41.3
15552 7778 115.6 12.5 137.6 14.9 132.7 14.4 131.3 14.2 137.7 14.9
62208 31106 870.0 5.9 993.6 6.7 930.1 6.3 900.5 6.1 974.3 6.6

N M Vs Vs Kan

MB % MB % MB %
972 488 3.5 96.1 3.5 95.6 3.6 99.6
3888 1946 23.3 40.4 238 41.3 311 53.9

15552 7778 131.4 14.2 136.2 14.8 201.1 21.8
62208 31106 911.7 6.1 970.1 6.6 1328.9 9.3

Table 3

Error and time required to compute right-hand side of (9) via AMVM.
N M binin |lb = bayymlla  time approximation
972 488 15 4.69-1077 55s
3888 1946 20 3.49.1077 299
15552 7778 30 2.81-1077 179.6 s
62208 31106 40 3.35-1077 1097.1s

Table 4
Storage requirements for the approximations constructed by AMVM.
N M VA,h Vi Via Vis Vi
MB % MB % MB % MB % MB %
972 488 2.9 79.1 3.0 84.2 3.0 84.2 3.0 84.4 3.0 84.2

3888 1946 19.3 33.5 21.3 37.0 20.9 36.2 20.8 36.1 21.3 36.9
15552 7778 114.5 12.4 124.7 13.5 120.5 13.0 119.5 12.9 124.9 13.5
62208 31106 838.6 5.7 919.5 6.2 836.8 5.7 811.9 5.5 915.2 6.2

N M V’.73 V}"& KA h
MB % MB % MB %
972 488 3.0 843 3.0 842 24 68.0

3888 1946 20.8 36.1 21.3 36.9 17.2 29.9
15552 7778 119.6 12.9 119.4 14.8 116.1 12.6
62208 31106 822.1 5.5 902.5 6.1 803.3 5.6

Table 5
Required time to compute right-hand side of (9) via ACA and AMVM using b, =
40.
N M time approximation ACA time approximation AMVM
972 488 5.4s 5.1s
3888 1946 36.9s 29.4s
15552 7778 2329s 181.9s
62208 31106 | 1428.6s 1097.1s

storage requirements of the operators V) ,,, Vi1, V12, Vi3, Vi, Va3, and V33 turn out to be slightly lower than the corresponding
approximations obtained via ACA. The main benefit is obtained for the operator K, .

Tables 1 and 3 give the impression that the logarithmic-linear complexity is not fulfilled. This can be explained by the different
parameters b ;.. Table 5 shows the approximation times for a constant b,;, and a comparable error ||b — byyymllo, Where we can
observe that the runtime approaches logarithmic-linear complexity.

Before moving on to a more realistic problem, we take a closer look at the reliability and efficiency of the error estimator. We
present the results obtained in the case of the discretization consisting of 488 points and 972 mesh elements and 7 778 points and
15552 mesh elements. We employ a rank-2 approximation to start the iterative approximation process. Fig. 2 shows that the error
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Fig. 2. Quality of the error estimator y, in the case of AMVM (top: 488 points, bottom 7778 points). (For interpretation of the colors in the figure(s), the reader is
referred to the web version of this article.)

estimator y, estimates the error ||b — b, ||, of the right-hand side reliably and efficiently, which confirms the theoretical results of the
adaptive matrix-vector multiplication presented in Sect. 3.

6.2. Beam with double-T shape: load in z-direction

The following experiments focus on the numerical solution of the Lamé equations on three discretizations of the geometry
shown in Fig. 3. The beam has a length, height and width of 2 with a central part having height and width of 1. Fig. 4 shows the
assignment of the boundary elements to Dirichlet and Neumann part. On the blue area the beam is loaded with a force of 0.1 N,
while the Dirichlet boundary is illustrated by the green area. On the remaining part of the boundary, i.e. on the gray area in Fig. 4,
homogeneous Neumann boundary conditions (ylimu(x) =0) are prescribed. The right-hand side of the system of equations which has
to be computed is obtained by multiplying the given boundary data by the respective discretized operators V,, K, and D,,; cf. (9).

We compare the approximate solution obtained from approximating the coefficient matrix via BACA and ACA, respectively.

The deformations of the beam under load in z-direction are shown in Fig. 5. The maximum absolute differences between the
deformations generated via ACA and BACA in x-, y- and z-direction are 1.2-107*, 2.4 - 10~ and 3.3 - 10~*. So, both methods ACA
and BACA give similar results.

The parameters used for ACA in Sect. 6.1 remain unchanged. Additionally, we use egpcg = 10> which denotes the accuracy of the
Bramble-Pasciak conjugate gradient method [10] during the iterative solution procedure. The results for ACA are shown in Table 6.

For BACA other parameters have to be chosen. The adaptive adjustment of the error tolerance in the Bramble-Pasciak CG is done
according to condition (14) with a = 10, see 2. of Algorithm 3. The initial value of the accuracy in Bramble-Pasciak CG is 1071, The
tolerance egacy is 107 and 6 = 0.8. The starting approximations of the respective V' operators are obtained by applying 8 (for the
two coarsest grids) and 10 (for the finest grid) ACA steps. For the operator K the respective number of steps are 4 and 6. Solving the
Lamé equations via BACA with these parameters leads after four iteration steps to the values shown in Table 7.

Compared to the results obtained from ACA, no significant differences can be observed when applying BACA to the operator V}, ;.
The V' operators require only about 70-80% of the storage needed for the approximations generated via ACA. Stronger benefits can
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Fig. 3. Discretization of double T-beam.

Fig. 4. Dirichlet boundary green and loaded Neumann boundary part blue.

Fig. 5. Deformation under loading in z-direction for ACA using a mesh with 3330 nodes and 6656 elements.
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Table 6
Storage requirements of the approximations constructed via ACA and time consumption of solving the
problem.
N M VA,h Vll VIZ V13 V22
MB % MB % MB % MB % MB
1664 834 6.9 65.2 8.3 783 8.4 79.8 83 78.7 8.4

6656 3330 44.4 26.2 56.3 33.3 56.5 33.4 54.6 32.3 56.3
26624 13314 238.7 8.8 306.5 11.3 300.8 11.1 285.3 10.6 305.1

N M Va Vs Vi3 Kyp approximation
% MB % MB % MB % time
1664 834 79.7 8.4 79.4 82 77.2 9.5 90.1 1515

6656 3330 33.3 54.6 32.3 54.0 31.9 75.2 44.9 91.2s
26624 13314 11.3 283.7 10.5 287.2 10.6 497.3 18.4 546.4s

Table 7
Storage, relative storage for the approximations constructed by BACA and time consumption of solving the
problem after applying BACA in the case of Lamé equations.

N M VA.h Vll VIZ Vl3 VZZ
MB % MB % MB % MB % MB
1664 834 6.5 61.0 68 642 68 644 68 639 68

6656 3330 40.1 23.7 41.5 24.5 41.2 24.4 40.2 23.8 41.5
26624 13314 220.3 8.1 228.9 8.5 223.8 8.3 213.2 7.9 228.8

N M Va Vs Vis Kyn approximation
% MB % MB % MB % time
1664 834 645 6.8 640 6.8 639 47 44.4  10.1s

6656 3330 24.6 40.2 23.8 40.5 24.0 27.3 16.1 48.1s
26624 13314 8.5 212.7 7.9 218.3 8.1 180.4 6.7 287.6s

be achieved for the K, operator. Here, the approximation using BACA requires only 50% (for the coarsest grid) and 36% (for the
two finest grids) of the storage needed in the case of ACA. Table 7 also shows advantages of BACA with respect to the approximation
time. While on the coarsest grid 67% of the time needed by ACA is consumed, for the second and third finest grid the time can be
reduced to 53%. Note that this is a reduction in computation time and storage requirements compared to those methods that already
have linear-logarithmic complexity.

The previous numerical example with the used parameters is still a rather academic example. Using the parameters of steel, i.e.
E =210000 N /mmz, v=0.28, and a load of 10kN leads to a maximum deformation of the beam in z-direction of 0.072 mm for
both methods on the grid with N =6656 and M = 3330. The computation time of 261 seconds for BACA is significantly reduced
compared to ACA, which required 453 seconds.

Since the saturation assumption (13) is required for the reliability of the error estimator &, this assumption is checked for the
above numerical example. Denoting

o= llAexi = Axila
. I Agx) — Axill '
for the performed iteration steps we get ¢; = 0.48, ¢, = 0.61, and c; = 0.64 for the smallest grid in the case of rank-1 updates. For
rank-2 updates these values become ¢; =0.19, ¢, =0.36 and ¢; =0.1, ¢, = 0.23 in the case of rank-3 updates.

7. Conclusion

In this article, a new method for an adaptive and approximate computation of a matrix-vector multiplication was presented for the
case of discretizations of integral operators. The goal was to adapt the approximation to the structure of the vector to be multiplied
in order to reduce the storage requirements of the matrix as well as the computational time. Techniques known from adaptive mesh
refinement were used in order to identify those blocks which are important for the error of the multiplication.

After analyzing the convergence of the adaptive method, we focused on the Lamé equations as an application example. Therefore,
the adaptation of the new method in the case of linear elasticity was discussed and performed for both approximating the system
matrix on the left-hand side and approximating the action of operators on the right-hand side. In the numerical examples, the quality
of the employed estimator, i.e. its reliability and efficiency, could be observed.
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The application of the new methods in case of a loaded beam with double-T shape resulted in less storage requirements and a
significant reduction of the computation time compared to solving the considered problem using ACA.
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