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1 The Vlasov-Poisson system with a
point mass

Most galaxies can be seen as a collection of stars with gravitational interaction and a
central black hole. As a simplification, we study a model of a point mass surrounded by
particles interacting in a gravitational, non-relativistic way.

1.1 Motivation of the system

Before we look at the whole galaxy, we consider one particle with unit mass in a conser-
vative force field. Its dynamical behavior is determined by the Newtonian equations of
motion:

T =,

V= —aerff(t, x)

The variable z € R? denotes the location, v € R3 the velocity, and ¢t € I the time.
Furthermore, the conservative force field is induced by a potential Uy : I x R® — R3
with an interval I C R. Here, 0,9 = (0,9, ..., Ox,9)" denotes the gradient with respect
to z of a differentiable function ¢ : R?* — R.

To describe the galaxy as a whole, we introduce the density function f(t) = f(t,z,v) on
the phase space R3 x R3 for ¢t € I. Since we neglect collisions between particles, f has
to be constant along particle trajectories. Let (x,v) : I — R3 be the path of a particle.
This implies that

d
0= E(f(t’ x(t),v(t)))

= 0, f(t,x(t),v(t)) + O, f(t,2(t), v(t)) -
= Ouf(t, x(t), v(t) + Ou f(t, 2(t), v(t)) -

which leads to the Viasov equation:

(t) + avf(t> x(t)7 U(t)) ’ U(t)
(t) - avf(ta {L‘(t), U(t)) ' 896Ueff<t7 :E(t)),

=-

<

0=0f+0.f v—0,f0Uc.

Here, - denotes the Euclidean inner product and 0, is defined as the gradient with re-
spect to v.



1 The Vlasov-Poisson system with a point mass

It remains determine the potential Usg. Since the particles interact via gravity, their
spatial density

p(t,x) = [ f(t,x,v) dv

R3
induces the potential U given by the Poisson Equation
AU =4mp, lim U(t,xz) = 0.

|z|—o00

Here, A = A, denotes the Laplace operator on R® with respect to x. As we stated
before, the particles are surrounding a point mass with mass My > 0. In addition to the
force arising from their interaction, the particles are affected by the potential — that

is induced by the point mass, so we define Uyg := U — Ix\

Combining these equations, we obtain the following non-linear system of differential
equations, the so-called Vlasov-Poisson system with a point mass:

(9tf—|—v~amf—ax<U ]|\4|) Opf = (1.1)
AU = 4mp, ‘1|1m U(t,xz) =0, (1.2)
p(t,z) = g f(t,z,v) dv. (1.3)

A point mass with My > 0 restricts the phase space to R*\{0} x R? since we obtain a
singularity at = 0. A solution of this system represents the behavior of the collection
of particles.

Without the point mass with My = 0 the system above is well-known as the Vlasov-
Poisson system, which is already well analyzed with regard to local and global existence
for special and less special initial conditions. Besides the existence of solutions, the
stability of steady states is an interesting and extensively studied topic in the analysis
of kinetic systems.

1.2 Steady states with a centered point mass

In the thesis, we construct and study the stability of steady states. Steady states are
time-independent solutions of the system. To be more specific, we consider solutions
f = f(z,v) of the system

00 =0, (V- T0) 0uf = (1.4)

AU =4mp, lim U(z) =0, (1.5)

|z|—o00



1 The Vlasov-Poisson system with a point mass

plx) = . f(z,v) dv. (1.6)

Since galaxies have finite mass, we require finite mass and additionally compact support
for the steady states we construct. To be more precise, we consider spherically symmetric
steady states with compact support and

f(z,v) =0 for |z x v|* < Ly (1.7)
for some fixed Ly > 0, similar to [11]. This implies that
supp f C {r" < [z] < R"} x {|v| < R"}

for some 0 < r* < R*, so the collection of particles forms a matter shell.

1.3 Outline of the thesis

As mentioned before, we consider spherically symmetric time-independent solutions of
the Vlasov-Poisson system with a point mass. Hence, we first define in Chapter [2| more
precisely in Section [2.1] the concept of spherical symmetry and derive some proper-
ties of spherically symmetric functions. We define the concept of a solution for non-
differentiable functions in Section [2.2] and discuss why this definition is reasonable and
consistent with the classical concept of a solution. In Section 2.3] we deduce certain
properties of solutions and obtain some conserved quantities which are fundamental in
the following chapters. Furthermore, we define the concept of a steady states.

In Chapter |3 we construct steady states with compact support and finite mass. To do
this, we proceed analogously to [9] and transfer the method to the system with a point
mass. First, we analyze general anisotropic steady states and derive certain properties.
We use these properties in Section [3.2] and specify the class of anisotropic functions by
a separation ansatz. Due to the ansatz function, we reduce the system to an ordinary
differential equation and investigate in Section |3.3| whether and under which conditions
there exists a unique solution of the ordinary differential equation. In Section [3.4, we
determine a necessary condition for the compact support of the solution and examine
under which conditions this aspect is satisfied. Finally, in Section [3.5] we summarize in
Theorem the results and consider two examples, the so-called (generalized) poly-
tropic steady states and the (generalized) King-model.

After constructing spherically symmetric steady states, we analyze in Chapter 4| the
stability of certain steady states. For this purpose, we proceed analogously to [4] and
transfer the methods to anistropic steady states of the Vlasov-Poisson system with a
point mass. We first construct in Section a useful conserved quantity, namely the
energy-Casimir functional which is constant along spherically symmmetric solutions. In
the next Section 4.2 we consider perturbations which respect spherical symmetry and
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specify the class of perturbations. Furthermore, we introduce a map comparable to a
metric on the space of perturbations. Afterwards, we discuss in Section (.3, more pre-
cisely in Theorem [4.9] an estimate which shows that the energy-Casimir functional has
a local minimum in the steady state to be investigated and show in Theorem that
the steady stated is stable. Finally, we consider again the examples given in Chapter
and show that under additional assumptions these steady states satisfy the required
conditions and thus are stable.

Since the proof of Theorem [4.9]is not simple, we dedicate the entire Chapter [5] to prove
this result. For this purpose, we proceed analogously to [4]. We assume that Theo-
rem were false and prove in Section that there exists a function g such that the
second order variation of the energy-Casimir functional is negative. In the next Sec-
tion 5.2, we introduce the Poisson-bracket and the transport operator and show that the
second order variation of the energy-Casimir functional is positive for functions induced
by the Poisson-bracket. In order to invert the Poisson-bracket or the transport operator,
respectively, we proceed analogously to [5] and define the transport operator in a weak
sense. Furthermore, we introduce in Section the (0, E, L)-coordinates and express
the transport operator in the new coordinates. Thus, we invert the transport operator
in Section [5.4] and show that ¢ is induced by the Poisson bracket and a function hA. In
order to create a contradiction, we regularize the function A in Section [5.5| analogously
to [4] and show certain convergences. Finally, we summarize the results in Section
and show that the assumption that Theorem were false leads to a contradiction.

Since we allow non-differentiable solution, we introduce in Chapter [6] the concept of
strong Lagrangian solutions and discuss that for spherically symmetric continuous initial
conditions with cut-off quantity Ly, as described before, and compact support there exist
a unique strong Lagrangian solution. For this purpose, we proceed analogously to [6]
and transfer the argumentation to the Vlasov-Poisson system with a point mass. To
show the existence of the characteristics, we use the method in [11].



2 Spherical symmetry and the
concept of solution

As stated before, we construct and analyze spherically symmetric time-independent
solutions of the Vlasov-Poisson system with a point mass. For this reason, we first
introduce the terms spherical symmetry and solution. The last expression seems trivial,
but since we allow continuous, not necessarily differentiable functions as solutions, we
have to define this term carefully.

2.1 Spherical symmetry

Mostly, we consider functions f : R® — R or f : R3 x R3 — R. As is generally known,
functions on R? are called spherically symmetric if they are invariant under rotations (in
x). Thus, we call functions on R? x R? spherically symmetric if they are invariant under
simultaneous rotations in z and v. To be more precise, we define spherical symmetry on

R3 x R3 as follows:
Definition 2.1. A function f:R3 x R* — R is spherically symmetric (on R x R?) if
F(Az, Av) = f(z,v), (2,0) € RS x B,

for every A € SO(3). Here, SO(3) denotes the special orthogonal group of real-valued
3 X 3 matrices.

Spherically symmetric functions on R? can be identified with a one-dimensional function
in 7 := |z|. A similar behavior can be seen for spherically symmetric functions on R3 x R?
because they are related to a function on a lower dimensional set:

Lemma 2.2. Let f : R3 x R3 — R be spherically symmetric. Then there exists a unique
function f :]0,00[xR x [0, 00[— R such that

f([B,’U) = f(r,w,L)

with

for all (x,v) € R3\{0} x R3.
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Proof. Let f be spherically symmetric and (z,v) € R*\{0} x R?. Then there exists
A € SO(3) such that

Ax = res

with ez = (0,0,1)! the third unit vector in R3. Since A € SO(3) and L = r?|v|* — w?r?,
the identities (Av); = e5- (Av) = 424 = w and |Av|* = |v|* = & + w? hold. Therefore,

there exists B € SO(3) of the structure
B 0
o= (1)

VL

BAv = 0
w

with B € SO(2) satisfying

The structure of B ensures that BAx = res still holds. In summary, we obtain

f(z,v) = f(Ax, Av) = f(BAz, BAv) = f(reg, (g,o,wY).

The function f 10, 0o[xR x [0, oo[— R with f(r,w,L) = f(res, (‘/—f 0,w)") satisfies the

assertion. Finally, the uniqueness of f follows directly from the relation between f and
f. O

Remark. (a) In the following, we identify under slight abuse of notation f with f
for spherically symmetric functions on R® x R3. The same applies for spherically
symmetric functions f on R with f satisfying f(x) = f(r) for r = |z| # 0.

(b) From a physical point of view, r := |x| € [0, 00[ denotes the radius, w := ﬁ eR
the radial velocity, and L := |z X v|* = |z[*|v|* — (z - v)? € [0,00] the angular
momentum squared of a particle (x,v) € R3\{0} x R3.

(¢c) The definition off in the last step of the proof more closely shows that properties
of f like continuity or differentiability transfer to the function f. Vice versa,
continuity or differentiability of f lead to the same properties of f on the set
R3\{0} x R3.

The last step of the previous proof leads to a map which can be extended to a C*-
diffeomorphism for fixed z € R with z # 0. Additionally, this gives us the possibility
to transform integrals over spherically symmetric functions into lower-dimensional inte-
grals:
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Lemma 2.3. Fizr > 0. The map

@cosgp

T :[0,27[xR x [0, 00[— R?, (p,w, L) — VL gin

r

1s bijective, and the restriction
T :]0, 27 [ xR x]0, oo[— R*\ {(vy,v2,v3)" € R*|v; >0, vy = 0}
forms a C*-diffeomorphism with det(DT) = # In particular,
w(res, T'(p,w, L)) =w, L(res,T(p,w,L)) =1L

for ¢ € 10,27[, w € R and L > 0. Furthermore, integrals over spherically symmetric
functions f transform into integrals in (r,w, L)-coordinates via

f(:(:,v)dv:%// f(r,w, L) dL dw, x € R* withr = |z| > 0,
R3 = JrJo

/ f(x,v) dv dx:47r2/ // flr,w, L) dL dw dr.
RS JR3 o JrJo

Proof. We first show that T is bijective. Let v € R? be arbitrary. Defining w := v3 and
L :=r?(v} + v3), there exists a unique ¢ € [0, 27| such that

v\ @ oS

ve)  r \sing/’
Obviously, the parameters (p,w, L) are unique. Furthermore, the function 7" and its
restriction are well-defined. Since T is continuously differentiable, it follows that

—‘/TZ sing 0 ﬁcosgp
DT(p,w,L) = ‘/TZcosgo 0 somsing
0 1 0

with det(DT) = 5%. It remains to show how integrals convert into (r, w, L)-coordinates:
Let f be spherically symmetric. By change of variable, the previous assertions and the
proof of Lemma [2.2] imply

dv = d
[ty ao= [ freso) o

1 2 00

= _/ // f(T‘@g,T((,D,w,L)) dL dw d‘P
2r* Jo Jr Jo
T o0

:ﬁ/R/O f(ryw, L) dL dw
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for z € R® with 7 = |z| > 0 and

/ f(z,v) dv dx:/%// f(r,w, L) dL dw dy dx
R3 JR3 rR7TJrJo

:47T2/ // flr,w, L) dL dw dr. O
o JrJo

Remark. Unless specified differently, we use in the following argumentation the abbre-

viation
/g(z) dz = /R3g(z) i

for integrable functions g : R® — R.

As discussed before, the Vlasov-Poisson system with a point mass with mass My > 0
is only defined on the set R*\{0} x R?, so we consider spherically symmetric functions
on R*\{0} x R3. Obviously, the definitions and assertions above remain valid for func-
tions defined on R*\{0} x R3®. Even though we consider only solutions f defined on
R3\{0} x R3, we can transfer the following results to the case My = 0 by extending
them appropriately into x = 0.

Finally, we use these properties and define spherical symmetry on R3 x R? for functions
defined almost everywhere (a.e.). As in |12, Lemma & Definition 2.10], we obtain the
following equivalences and definition:

Lemma and Definition 2.4. Let f € L] _(R?® x R3) be a pointwise defined representa-

loc
tive. Then the following assertions are equivalent:

(i) For all A € SO(3) there exists a null set Ny C R¥XR? such that f(z,v) = f(Azx, Av)
for (z,v) € (R® x R3) \ Ny.

(ii) There exists a null set N C R*XR? such that f(z,v) = f(Ax, Av) for all A € SO(3)
and (z,v) € (R® x R3) \ N.

(iii) There exists a function f : [0,00[xR x [0,00[— R such that f(z,v) = f(r,w, L)
for a.e. (z,v) € R3 x R® with (r,w, L) as defined in Lemmal[2.3,

The function f is called spherically symmetric (almost everywhere) if these properties
are satisfied.

Proof. In [12, Lemma & Definition 2.10], the equivalence of the assertions |(i)| and
is shown. With similar arguments as in Lemma we obtain the equivalence of the

assertions and . O
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2.2 Concept of a solution

After spherical symmetry, we turn to the concept of a solution of the Vlasov-Poisson
system with a point mass. We first look at smooth solutions and afterwards generalize
the concept of a solution based on these assertions.

At first, we have a closer look on the Poisson equation. We introduce the term induced
density and induced potential:

Definition 2.5. Let f: R® x R® — R be integrable. The induced density p; is defined
by
p(x) = [ f(z,v) dv, =R
R3

A function f: R*\{0} x R* — R leads to an induced density p; defined on R*\{0}.

Definition 2.6. Let p € LL _(R?) with R3 5 y — 29 integrable for a.e. = € R®. The

loc |Jj—y|

induced potential is defined by

p(y) 3
= — d R°.
U,(x) /Rg P— Yy, T €

If p = py for some function f, we denote Uy :=U,,,.

With these definitions, we can solve the Poisson equation for smooth solutions with
compact support and obtain the following properties, as discussed in [10, Lemma P1]:

Lemma 2.7. Let p € CL(R?). Then U, is the unique solution in C*(R*) of the Poisson
equation

AU =4rp, lim U(z) = 0.

|z|—o00
Furthermore, the induced potential has the following properties:

(a) The derivative of U, has the form

VU @) = [ =at) dy. xR

(b) The estimate
EXIPRIEE
IVUollse < cpllplly llolloo
is satisfied for 1 < p < 3 with ¢, independent of p. In particular, ¢, = 3(27r)%.

(¢) The identities U, = O(%) and VU, = (’)(#) hold for |z| — oo.

|z
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Proof. Since p € C!(R3), the density p satisfies p € L' N L>®(R3) and is Holder con-
tinuous. Thus, the induced potential U, solves the Poisson equation and is the unique
solution in C?*(R?). Furthermore, it is shown in [2, Lemma 4.1] that VU, has the struc-
ture as stated in [(a)] The other properties are proven in [10, Lemma P1], or more
detailed in [8, Lemma 2.3]. O

If we consider the Poisson equation in the sense of distributions, the induced potential
still remains the solution of the Poisson equation, and under certain conditions we obtain
similar properties as in Lemma [2.7}

Lemma 2.8. Let p € Ll (R3) with R® 5 y — % integrable for a.e. x € R3. Then the
induced potential U, is locally integrable and solves

AU, = 47p in D'(R?).
Furthermore, the following assertions hold:

(a) The distributional derivative of U, exists with

VU, (x) = / z __;/|3p(y) dy for a.e. x € R3,

and VU, € Li, (R* R?).

loc

(b) If p € L' N LP(R3) with p > 3, the induced potential U, is continuous on R®
with im0 U(x) = 0. If additionally p > 3, the induced potential U, is once

continuously differentiable, and U, € W*4(R?) for all ¢ > 3 with VU, € L*(R?).

(¢c) The estimate in Lemma [2.7[(b) remains true for p € L' N L¥(R3), i.c., for
1 < p <3, there exists a constant c, independent of p with c¢; = 3(27r)§ such that

P 1-Pk
IVUplloe < epllpllp llolloo *-

(d) For p € L'(R3) with compact support, the assertion in Lemma stays valid,
ie., U, = (’)(‘%') and VU, = O(ﬁ) for |x| — oo.
Proof. As proven in |7, Theorem 6.21], the induced potential U, € L} (R?) solves the
Poisson equation in the sense of distributions, and VU, has the particular form given
in [(a)| with VU, € LL (R%R3). If p € L' N LP(R?), we obtain that U, € C(R?) with
limg| 00 Up(x) = 0 for p > % and that U, € C*(R?) for p > % The corresponding proof
is discussed more detailed in the proof of Lemma [2.15

Furthermore, if p € LI(R?), the Hardy-Littlewood-Sobolev inequality implies that the
induced potential and its derivative has the integrability U, € L"(R?) and VU, € L*(R?)
with r = (% —2)tand s = (% — )t for 1 < g < 3 respectively 1 < ¢ < 3. If we allow
p € L' N LP(R?) with p > 3, this implies U, € W*? with ¢ €]3, 00|, so assertion |(b)|is

10
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proven.

In the proof of the assertions @ and in Lemma % it is only used that p has a
compact support and p € L'(R?) to show the assertion |(c). Moreover, p € L* N L>=(R?)
is sufficient for the proof of assertion @, so each proof can be transferred literally for
each case. O

In the following chapters we consider spherically symmetric continuous densities. Under
these conditions, we are able to show that the induced potential solves the Poisson
equation in the classical sense:

Lemma 2.9. Let p : R¥\{0} — [0,00[ be continuous and spherically symmetric with
p € LY(R®) and ||p||; > 0. Then the induced potential U = U, has the form

4 T o0
U(r) = il s%p(s) ds — 47T/ sp(s) ds
T Jo T
with
: m(r) '
Ulr)=—5=, m(r)=4n [ s°p(s) ds,
r 0
and
" m(r)
U'(r)=-2 3 +d4mp(r), r>0.

Furthermore, U solves the Poisson equation with U € C*(R3\{0}).

The conditions in Lemma [2.9 can be weakened by allowing non-continuous densities,
but later we only consider continuous ones.

Proof. Standard calculations and the fundamental theorem of calculus yield the claimed
representations of U, U’, and U”. Having a closer look on U”, we recognize that

!

U'(r) = —2% +4np(r), r>0.

and

!/

1 U
AU = = (r?U") = 2—+ U" = 4rp. O

r

After analyzing the Poisson equation, we turn to the Vlasov equation. Since we allow
continuous, but not necessarily differentiable functions, we have to find a more general
description of the Vlasov equation that the classical one.

Let f € CY(I x R¥\{0} x R?) be a smooth solution of the Vlasov-Poisson system with
a point mass with an interval I C R. Let (¢,z,v) € I x R*\{0} x R? be arbitrary, and
let (X, V)(-,t,z,v): I — R*\{0} x R3 be the solution of the characteristic system

T =",

11
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@_—@(w&@ A%)

]

with (X, V)(t,t,z,v) = (x,v). As a smooth solution, the function f satisfies the Vlasov
equation, so it follows with Z = (X, V') that

%(f(s, Z(s,t,x,v))) = 0 f(s, Z(s,t,x,v)) + Ouf (s, Z(s,t,x,0)) - X(s,t,2,0)

+ 0, f(s,Z(s,t,z,v)) - V(s,t,x,v)

<@ﬂaxw»+®f@wﬂgwy—@fgwﬂai%(U(’) A%))
0

Il
»
&
|

(z,0)=(X,V)(s,t,z,v)

for s € I. This implies that f is constant along characteristics, i.e., the solutions of
the characteristic system. While the Vlasov equation is only defined for differentiable
functions, we can determine whether a function is constant along characteristics with-
out demanding differentiability. Therefore, we can use this observation to generalize the
concept of a solution of the Vlasov equation.

Finally, we define the term solution:

Definition 2.10. A function f : I x R¥\{0} x R®> — [0,00[ with I an interval is a
solution of the Vlasov-Poisson system with a point mass if the following assertions are
satisfied:

(i) The induced density p = py and the induced potential U = Uy exist, and U solves
the Poisson equation

AU =4mp, lim U(t,z) =0.

|z| =00
in the classical sense.

(ii) For all (t,z,v) € I x R3\{0} x R3 with |z x v|* > 0, there exists a unique solution
Z(- t,xz,v) : I — R3\{0} x R® of the characteristic system

T =,

o:—@(w&@ A%)

]

with Z(t,t,x,v) = (z,v). Then Z(-,t,x,v) is called a characteristic and Z the
characteristic flow.

(iii) The function f is constant along characteristics, i.e., for (t,x,v) € I x R3\{0} x R3
with |z x v|*> > 0,

f(s, Z(s,t,x,v)) = f(t,x,v), se€l.

12



2 Spherical symmetry and the concept of solution

This definition is only reasonable if it generalizes the classical concept of a solution.
Therefore, we have to show that for smooth functions the definition of classical solutions
similar to |10, Definition, p.393] and Definition are equivalent.

Remark. In (10, Definition, p.393], the boundedness of 0,U set in condition (iii) en-
sures that the characteristic flow exists globally. In our setting, this conditions is not
enough to quarantee the existence of the characteristic flow. That is the reason why we
require instead of condition (iii) that the characteristic flow Z (-, t,x,v) : I — R3\{0} xR?
exists for allt € I and (x,v) € R3\{0} x R with |z x v|* > 0.

First, we analyze the characteristic flow. Analogously to the Vlasov-Poisson system
without a point mass, we obtain similar properties as in [10, Lemma 1.2]:

Lemma 2.11. Let I be an interval and U € C%*(I x R3\{0}) spherically symmetric.
Furthermore, for everyt € I and (x,v) € R*\{0} xR? with |x xv|* > 0 assume that there
exists a unique solution Z(-,t,x,v) : I — R3\{0} x R?® of the associated characteristic
system

b= —0, (U(s,m) MO)

-
with Z(t,t,x,v) = (x,v). Then the following assertions hold:

(a) The characteristic flow Z : I xIx{L > 0} — {L > 0} is continuously differentiable
with {L > 0} := {(x,v) € R¥®\{0} x R} L(z,v) = |z x v|* > 0},

(b) For every s,t € I, the map Z(s,t,-): {L >0} — {L > 0} is a C'-diffeomorphism
with inverse Z(s,t,-)"' = Z(t,s,-). In addition, the map is measure preserving,
1.€.,

0Z

detg(s,t,x,v) =1, s,tel, z=(r,v)€{L >0}
Proof. The fact that Z is well-defined follows by Lemma [2.13| below where we see that L
is conserved along characteristics. The characteristic flow is continuously differentiable,
since the right-hand side of the characteristic system is continuous in ¢ and continuously
differentiable in (z,v). Furthermore, we require the uniqueness of the solutions of the
characteristic system, which implies Z(r, s, Z(s,t,z,v)) = Z(r,t,z,v) for r,s,t € I and
(r,v) € {L > 0}. As a result, we obtain Z(s,t,-)"! = Z(t,s,-) for s,t € I, so it
follows directly by [(a)] that Z(s,t,-) is a C'-diffeomorphism on {L > 0}. To prove the
property that Z is measure preserving, we calculate the first derivative of the Jacobian
determinant with respect to s € [ for fixed t € I and z = (z,v) € {L > 0}. As discussed
in [10],

d 0z

£det 5(3715, z) = (div.G)(s, Z(s,t,2)), s€l,

13



2 Spherical symmetry and the concept of solution

with G the right-hand side of the characteristic system, i.e.,

for s € I and (z,v) € R*\{0} x R®. For more detail, we refer to [8, Lemma 2.4]. Since G
is free of divergence, this shows that det %—f(-, t, z) is constant. In particular, this implies
that

07 oz
deta(s,t,x,v) —deta(t,t,x,v) =1, sel. ]

Since the characteristic flow (X, V)(s,t,-) is a C'-diffemorphism on {L > 0} for fixed
s,t € I, the above lemma leads to the desired equivalence of classical solutions and
solutions in the sense of 2. 10k

Lemma 2.12. Assume that the conditions as in Lemma hold. Furthermore, let
f e CHI xR3\{0} x R®). Then f is constant along characteristics if and only if f
solves the Viasov equation.

Proof. As shown before,
d
ds

M
- <8tf<87 JZ,’U) + 8xf(5,$’, U) *U = 8vf(8a :L‘,U) : 81’ (U(S,l’) ))

|z]

(f(s, Z(s,t, 2,0)))

(z,0)=(X,V)(s,t,x,v)

on {L > 0}. Since (X, V)(s,t,-) is a C'-diffemorphism {L > 0}, the equivalence holds
on {L > 0}. If the Vlasov equation is satisfied on {L > 0}, the regularities of f and U
yield the assertion on R*\{0} x R3. O

In conclusion, we have shown that classical solutions are also solutions in the sense of
Definition [2.10] so our definition of solutions of the Viasov-Poisson system with a point
mass is reasonable.

2.3 Conserved quantities and steady states

In order to complete the proof of Lemma [2.11], we collect some useful conserved quanti-
ties:

Lemma and Definition 2.13. Let U : I x R3\{0} — R be a spherically symmetric
with I C R an interval such that the characteristic flow Z exists on {L > 0}. Assume
that U is once differentiable with respect to x. Then the angular momentum squared

L(z,v) = |z x v|?, (z,v) € R\ {0} x R?,

18 constant along characteristics.

14



2 Spherical symmetry and the concept of solution

If U is additionally time-independent, the particle energy
My

_|7,

Bl v) = %W +U(2) (2, 0) € RO\{0} x R,

15 also constant along characteristics and spherically symmetric with

1 L M,
E L)=-w*+ — - = .
(ryw, L) SW T+ 52 +U(r) o (ryw, L) €]0, 00[xR x [0, 00]
Proof. Let t € I and (z,v) € {L > 0}. Since U(t) is spherically symmetric, 0,U(t,z) =
U'(t,r)% for z € R*\{0}. With the abbreviation (X, V)(s) = (X, V)(s,t,z,v), this leads

to

%(X(s) X V(s)) = X(s) x V(s) + X(s) x V(s)
=V (s) x V(s) - 0, (U(t, X (s)]) — p?fg)y) ég’ x X(s) =0
If U(t,z) = U(x) is time-independent, this yields
d . M, .
—(B(X(5), V(5)) = V(s) - V(s) + 0, <U(m) . W) X
MO M() o
— V()0 (U(x) - |$—|) gt <U(m) - H) V) =0

Since L = r?|v[* —w?r?, we obtain |v|* = & +w?, so the rewriting of the particle energy

into (r, w, L)-coordinates and the spherical symmetry follow directly. O

Since solutions of the Vlasov-Poisson system with a point mass are constant along char-
acteristics, we obtain similar to |10, Lemma 1.3] the following properties:

Remark 2.14. Let U € C%*(I x R3\{0}) be a spherically symmetric with I C R an
interval such that the characteristic flow Z exists on {L > 0}. Assume that 0 € I and
that f: I x R3\{0} x R? — [0, 0o[ is constant along characteristics with f(0) = f. Then
f has the structure

o

f(t,x,v) = f((X7 V)(()?tvx?U))

fort € T and (x,v) € R3\{0} x R® with (z,v) € {L > 0}. Furthermore, the following
holds:

(a) The support has the property
supp f(t) = Z(t,0,supp f), t€ I,

z'fsuppf c {L > 0}.

15



2 Spherical symmetry and the concept of solution

(b) The LP-norm is invariant under solutions for every p € [1,00], i.e.,
LFOllp = 171yt 1.

(c) The induced density can be estimated by

o0l < (%ﬂzﬁ(w); Il = (7 >); 11

with P(t) := sup{|v||(x,v) € supp f(t)} and q € [1,00] such that % + é =1. We
denote + := 0. In particular, equality holds for p = 1. If supp f C {L > 0} is
compact, then P(t) < oco.

Proof. Since f is constant along characteristics, we obviously obtain the structure f (¢, x,v) =
FUX,V)(s,t,2,v)) for t € I and (z,v) € R¥\{0} x R? with L(z,v) > 0. This implies
the formula for the support of f in @ According to Lemma , the characteristic
flow is a measure preserving C'-differomorphism, so the change of variables yields @
since {L = 0} is a null set. Assertion follows directly from Holder’s inequality. Note
that assertion [(a)] implies

P(t) = sup{[v|[(z,v) € supp f(1)} = sup{|V (£, s, 2)||z € supp f(s)}, L€,

if suppf c {L > 0}. ]

If the solution of the Vlasov-Poisson system with a point mass is appropriately integrable,
the induced potential is additionally differentiable in ¢:

Lemma 2.15. Let f : [ x R*\{0} x R® — [0,00[ be a solution of the Vlasov-Poisson
system with a point mass with I an open interval. Assume that fi= f(0) € L*n LP(IRY)
with compact support suppf C {L > 0} for some p €]3,00]. Then the induced potential
U is once continuously differentiable in (t,z) € I x R® with

// cuf(t,y,u) dudy, tel, xR
Iﬂc—y|3

Proof. Let f be a solution as required and a < 0 < b with J := [a,b] C I. According to
Remark [2.14] the induced density p(t) is bounded in L?(R?) independently of ¢ on [a, b]
because

o), < CPs@)|fll, < C(P)a | fllpe € [a,b]

with - +2 = 1. As in Remark|2.14} P(t) is defined by P(t) = sup{[v||(z, v) € supp f(t)},
and We denote P* = sup{|v||(z v) E supp f(t), t [a bl}. Note that the support
supp f C {L > 0} is compact by assumption, so Remark I@ yields

P* = sup{|v||(z,v) € supp f(t), t € [a, 0]}

16



2 Spherical symmetry and the concept of solution

— sup{|V(£,0,2)||z € supp f, ¢ € [a, 5]},

Since the characteristic flow Z is a measure preserving C!-diffeomorphism, as shown in
Lemma [2.11, we obtain P* < oo.

Analogously to the proof [2, Lemma 4.1], we require w € C*(R) with 0 < w < 1,
0<w <1and w(s)=0for s <1and w(s)=1for s > 2. Let € > 0 be arbitrary. We

define
x—y| €

// o () @y

Since the characteristic flow is continuously differentiable according to Lemma [2.11]
U. € CY(I x R?) holds with

0= [ (e (7)o (P20 e
//(|x— o R )

‘<(t787y? ) y / ‘55'—4((15707?!,71” ;
_ .
d$_X@8wa X@ﬁwwW}< . f(y,v) dv dy

// (’x—yP ' (|$;y|> - 5|i:3yJ|2 cow' (’x;y’))f(t,y,v) dv dy

for t € I and x € R®. Using that supp, ,)esupp 1) V] < P* and [|p(t)[], < C(P*)s for
t € J, some lines of calculations and estimates yield

and

q

IQWQ—U@MSCWUM<C@ﬁ‘T%Q
|0:U(t, 2) = V(t,2)| < Cllp(t)]l, < C(P)
0U-(t,2) = V(t,2)| < Cllp(t)ll, < C(P*)

(1

3
e
3

g

as € — 0 with

Vit z) = // ﬁf(t,y,u) du dy.

// cuf(t,y,u) dudy, teJ, xR
|z — W

Note that p > 3 and thus ¢ < 3. Since U, 0,U and 0;U are continuous and converges
uniformly on J x R3, the limiting functions U, V and V are continuous as well. In
particular, V = 9,U and V = 9,U. Since a < 0 < b with J = [a,b] C I are arbitrary,
the assertions hold on I x R3, so the proof is complete. O

17



2 Spherical symmetry and the concept of solution

After having introduced the concept of a solution, we now consider time-independent
spherically symmetric potentials. Under suitable conditions, we can show that the char-
acteristic flow exists on {L > 0}:

Lemma 2.16. Let U € C*(R3\{0}) spherically symmetric with 0,U bounded on R*\{0}.
Assume that limp, oo U(z) = 0. Then for all t € R and all (z,v) € R¥\{0} x R? with
|z x v > 0, there exists a unique solution Z(-,t,x,v) : R — R3\{0} x R® of the
associated characteristic system

with Z(t,t,x,v) = (x,v).

Proof. Let (t,%,9) € R x {L > 0} arbitrary. The right-hand side of the characteris-
tic system is continuously differentiable and thus locally Lipschitz continuous. By the
Picard-Lindelof theorem, there exists a maximal solution (z,v) : I — R3\{0} x R? on
an open interval I =|t;, ;[ with —oo < t; <t <ty < oo such that (z,v)(f) = (&,0).

As shown in Lemma [2.13] the angular momentum squared L and the particle energy
E are constant along characteristics. Furthermore, E is spherically symmetric with
E(z,v) = E(r,w,L) = tw*+ L + U(r) — 22 for (z,v) € {L > 0}.

Assume that there exists a sequence (t) Clt1, to] with r(tx) — 0 and t, — t12 as k — 0.
Then it follows that

L(tx)
27‘(tk)2

E(r(0), w(0), L(0)) = E(r(te), w(tr), L(t)) = 1w(lfk)2 +

> + U(r(t)) -

r(tr)

L(0) M,
> ———1—-2——r(t U(r(ty)) — k—

> st (1 22y @) Vi) om, v
since L(0) > 0 by assumption, which leads to a contraction. Therefore, there exists a
radius Ry > 0 such that r(t) > Ry for all ¢t €]ty, t5].

Inserting (x,v)(t) into the right-hand sight of the characteristic system gives an expres-
sion which is bounded on every compact subset J C I. Hence, the characteristics exist
on [ =R. O]

The purpose of this work is to construct steady states and study their stability. For this
purpose, we define time-independent solutions as steady states:

Definition 2.17. A function f : R3\{0} x R* — [0,00] is a steady state (of the

Vlasov-Poisson system with a point mass) if f : R x R*\{0} x R* — [0, 00[ defined
by f(t,z,v) = f(z,v) is a solution of the Vlasov-Poisson system with a point mass in

the sense of Definition [2.10.

We are now in the position to start constructing steady states.

18



3 Steady states with compact
support and finite mass

In this section, we aim to construct steady states with compact support and finite
mass. In Lemma [2.16] we have shown that the characteristic flow exists on R for
U € C*(R3\{0}) spherically symmetric with 9,U bounded and lim, ., U(r) = 0. For
this reason, we first fix a steady state f such that f solves the Vlasov equation pro-
vided that the characteristics exist. Thus, this ansatz leads to a semi-linear Poisson
equation for U that we have to solve. Then we verify that U satisfies the conditions of
Lemma [2.16], so the characteristic flow actually exists as in Definition [2.10]

In this chapter, we proceed analogously to [9] which shows among other things the ex-
istence of anisotropic steady states of the Vlasov-Poisson system without a point mass
with compact support and finite mass.

3.1 Anisotropic steady states

First, we construct a solution f of the Vlasov equation. Since we are looking for functions
which are constant along characteristics, we use two conserved quantities, namely the
particle energy E and the angular momentum squared L as described in Definition [2.13}
Let U : R? — R be spherically symmetric and once differentiable with respect to z. We
assume that the corresponding characteristic flow exists. Let ® : R x [0, oo[— [0, co[ be
at first general. We define f : R3\{0} x R® — [0, o[ by

F(z,0) i= D(B(z,v), L(z,0)), (2,v) € RA\{0} x R, (3.1)
so [ obviously solves the Vlasov equation.

Remark. In [4], the ansatz function ® only depends on the particle energy E. Since E
only depends on |x| and |v|, there is no preferred direction in (x,v). That is the reason
why ansatz functions with ® = ®(E) are called isotropic. In the following, we require
an ezxplicit dependence of L, so in this case the ansatz function ® = ®(E, L) is called
anisotropic.

Inserting this ansatz into the Poisson equation leads to the semi-linear Poisson equation

1 M,
AU = 47?/ iy (§|v|2 +U - |—° |z x v|2) dv, lim U(z) =0, (3.2)
R3
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3 Steady states with compact support and finite mass

As discussed in [9] and thus in [1], solutions U € C?*(R3) of the semi-linear Poisson
equation (3.2) with My = 0 are necessarily spherically symmetric. That is the reason
why we also require U to be spherically symmetric.

It is necessary that steady states of the form (3.1)) have cut-off energies:

Lemma 3.1. Let U € C(R3) be spherically symmetric with lim,_,., U(r) = 0. Further-
more, we assume that f = ®(E, L) has compact support. Then there exists a cut-off
energy Fy € R such that

®(E,L)=0, E> Ey, (3.3)
holds for every L > 0.

Proof. Since the function f has compact support, there exist a radius R > 0 such that
|v|, |z| < R for all (x,v) € supp f, so it follows

1, My 1,
[ —_ < J— =
E(z,v) 2|"U| +U(x) = 2R ~|—‘r;|12>éU(y) Ey

for (z,v) € supp f. Since U is continuous with lim, ., U(r) = 0, the function U is
bounded on R?, and F is continuous. The intermediate value theorem implies

1
E((0,0,R),v) = } 0, §|v|2[, v e RS,
My
||

so the map R3\{0} x R?® 3 (z,v) — E(z,v) € R is surjective. Thus,

E(z,(0,0,R)) = [U(:c) . ,oo[, z € R\{0},

®(E,L)=0, FE > Ey,
for all L > 0. O

Similar to the necessary cut-off energy FEj, we introduce the cut-off quantity Lo > 0
which acts in a comparable way, namely let Ly > 0 with

O(E,L)=0, L< Lo,
for all E € R. If £} < 0, this implies that the support of f = ®(FE, L) has the form
supp f C {(x,v) € R*\{0} x R*|E(x,v) < Ey A L(z,v) > Lo}.

Under suitable conditions, these two cut-off quantities create a shell-like solution f = ®(E, L)
since the set on the right-hand side is compact and in particular bounded away from the
singularity:
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3 Steady states with compact support and finite mass

Lemma 3.2. Let U € C(R?) with U < 0 and limy, o U(z) = 0. Furthermore, let
Ey e R and Ly > 0 be arbitrary. Then the set

{(z,v) € R®\{0} x R*|E(x,v) < Ey A L(z,v) > L}
1s compact if and only if E1 < 0. In particular, there exist 0 < r* < R* such that
{E<E}N{L>Li}Cc{r <|z| <R} x{|jv] <R}

Proof. At first, we consider £y > 0 and L; > 0. Let (v,) C R3 with v, := %61 for
n € N. We define z,, := 2Myn?e; for n € N with n > % Here, e; := (1,0,0)" and
ez := (0,1,0)" are the first and the second unit vector in R®. Then we obtain that

L(#n, vn) = |20 X va]* = |2n|*|va]* = 4Mgn* > Ly,
M, < 1 M,

S0 o 0 o<
|z, = 202 2Myn? =

1
E(z,,v,) = §|vn|2 + U(zy,) —
for n > % Obviously, the sequence (z,) is unbounded, so {E < E\} N{L > L} is
not compact in R?® x R3 and neither in R3\ {0} x R3.

In the next step, let F; < 0 and L; > 0. First, we show that {F < E1} N {L > Ly} is
bounded in this case, i.e., that there exists a radius R* > 0 such that

lz] < R*, |v| < R*, (x,v)e{E<E}N{L>L}.

Assume that {E < Ey} N {L > Ly} is unbounded in z. Then there exists a se-
quence (z,,v,) C {E < Ei}N{L > Li} with |z,|] - oo as n — oo. Since L; <

|z |vn]? = (2 - v0)? < |20]?|vn|?, the estimate |v,|? > |anl|2 and we obtain that

Mg>1 L,

My
—m_éw+U(JIﬂ)———>0, n — oQ.

|4

Since F; < 0, this leads to a contradiction. On the other hand, we assume that
{E<E/}N{L> L} is unbounded in v. Then there exists a sequence (z,,v,) C
{E<E/}n{L> L} with |v,|] — 0o as n — oo. Analogously, we get |z,[* > |ULnl|2
for n € N and

1
E1 Z §|Un|2 + U(ZL’n)

| My 1 My
B2 fonf? + U(wa) — =2 > o2 + minU — 2
12 gl Ulen) = 7 2 gloal” Frgin U =1

— 00, "N — 00,

1
> —|vp|* +minU — |v,]
2 R3

so again the assumption yields a contradiction. Note that U € C(R3) with U < 0
and lim;| 0 U(x) = 0, so mings U exists. Therefore, the set {E < Ey} N {L > L} is
bounded, so there obviously exists the desired radius R* > 0. Furthermore, this results

in the estimate |z| > (}%—*1)2 =:7r*> 0 for (z,v) € {EF < E1} N{L > Ly}. In summary,

(E<EMN{L>L}C{r<|z| <R} x{|]v| < R*).
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3 Steady states with compact support and finite mass

The maps (z,v) — E(z,v) and (z,v) — L(x,v) are continuous on R*\{0} x R?, so the
set on the left-hand side is closed. Since the set on the right-hand side is compact in
R3\{0} x R3, the closed set {F < E1} N{L > L} is also compact in R¥\{0} x R?. [

Remark. If we have a closer look on the proof of Lemma|3.2, we notice that the proof
can be transferred for U : R3\{0} x R?® — R with —% < U(x) <0 for some M >0 and

for all x € R¥\{0} x R3.

3.2 Separation ansatz and the associated density

Using these observations, we specify the ansatz in equation ([3.1]) by choosing a separation
ansatz, i.e., we separate the dependence of F and L by considering functions & of the
form

®(E, L) = E(E)(L), (E,L)eRx|0,00],

with £ : R — [0, 00[ and ¢ : [0, 00[— [0, 00[. More precisely, we consider in this chapter
ansatz functions of the form

®(E, L) = ¢(Ey— E)(L — Lo)y,, (E,L)€Rx[0,00], (34)
with fixed Ey € R, Ly > 0 and [ > —1. Here, (), denotes

! > 0
)L iR = (0,00, ()} = v L=
LRl =gt

while [ > —% will guarantee integrability at certain points.

The crucial step is to determine whether the semi-linear Poisson equation has a
solution. For this reason, we formulate certain conditions on the ansatz function ¢
step by step and proceed analogously to [9]. First of all, we require the following two
conditions:

(V1) The function ¢ : R — [0, oo[ is measurable.
(V2) There exists 19 > 0 such that ¢(n) = 0 for n < 0 and p(n) > 0 for n €]0, 7.
While the first condition ensures that ® of the form (3.4) and thus f = ®(E, L) are

measurable, the second condition guarantees that for any chosen Ej exactly this Fjy is
the smallest cut-off energy which fulfills the condition ([3.3]).

Inserting the ansatz into the definiton of p results in the following representation:
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3 Steady states with compact support and finite mass

Lemma 3.3. Let U be spherically symmetric. Furthermore, assume that ¢ is satis-
fying |(V1) and |(V2). Then the density p induced by ¢, i.e., induced by the function
f=¢(Ey— E)(L — Ly)., has the form

Eo—U(r)+0— 29 M I +1
) = [ o) (Ba- U+ 202 —y) g
0 rooor
forr >0 with Eg — U(r) + 22 — L9 > 0, provided the integral exists, and

p(r) =0

otherwise. The constant ¢; is defined by

1
= QHSW/ (1—s)sz ds.
0

Proof. Let r > 0. We use the spherical symmetry of £ as shown in Lemma and
convert the integration in v into an integral in (r,w, L)-coordinates, as discussed in
Lemma . For the sake of clarity, we use the abbreviation £(r) := Ey — U(r) + 2,
which leads to

p(r) = /gp(Eo — E)(L — Lo)lJr dv

// (0_‘“]2_% U(>+M7>(L L), dL dw
:ﬁ/m/% 9"(5(7’)—5102 2L2) (L~ Lo)' dL duw.

After substituting 7 = # + %wQ in the L-integral for fixed w, changing the order of
integration by applying Fubini’s theorem implies

r) =27 /OO /Loo o(&(r) — 1) (21 — r*w® — L)' dr dw
— —0+lw2

27'——
= 27?/ / —7)(2r%1 — r*w? — L)' dw dr.
LO —,/2T—f

If we consider the w-integral separately, after some changes of variables and lines of
calculations we get

Lo

2r——¢ ) I I+
/ (2r°7 — r2w?® — Ly)! dw = 221 (T - —0) 2

A2
27’——L20
\V =

for 7 > £%, where we denote [, := fol(l — s)ls™2 ds. Note that the integral I; exists

because of the assumption [ > % This yields

0 I+
3 L 2
plr) = 2+ in / p(E(r) = 7) ( - —27?2) dr
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3 Steady states with compact support and finite mass

[0 Ly I3
=ar / ©(n) (5(7’) e ) dn. O
0

To ensure the existence of p, we have to impose a growth condition to ¢, so the integral
in Lemma [3.3] exists:

(V3) There exists k > —1 such that for all compact sets K C R there holds the estimate
e(n) <Cn", neK,
with C' = C(K) > 0.
As seen in Lemma , the density p induced by ¢ which satisfies the conditions
can be represented with

p(r) =g (EO —U(r) + Mo _ ﬂ) , >0, (3.5)

r 272

by using the function g : R — [0, oo[ given by

oy) = {q Joemy—m)tedn, y >0, (3.6)

0, y <0.

Since g is the same function as in [9, Equation (2.3)], we obtain the same properties:

Lemma 3.4. Let g be as defined in (3.6), and assume that ¢ satisfies the condi-

tions[(VIH(V3) Then g € C(R) N C*(]0, 00]) with

9'(y) = (l + %) ¢ /wa(n)(y —n)'"2dy, y>0.

If in addition | + k + % > 0, the function g is continuously differentiable on R.

Proof. Obviously, g € C*(]—oc, 0[). In order to verify g € C'(]0, 0o[), we show first the
differentiablity of g and then the continuity of ¢'.

Let y > 0 and 0 < h < min{¥,1} be arbitrary. By condition , there exists k > —1
and C* = C*(y) > 0 such that

on) <C", nel0y+1].
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3 Steady states with compact support and finite mass

To show the differentiability of g, we consider the right-hand and left-hand limit of the
difference quotient separately. First, we regard the left-hand difference quotient, which
leads to two integrals I; and I via

w-sy=h) _, (h / ey dy

y—h Nt (0 — b — n)ts
N /0 () (y—n) ;ly h—n) dn)
= Cl(fl + [2)

In the following, a constant C' appears and may change from line to line and depends
on y, but never on h. The integral I; vanishes as h — 0 since we obtain

4 1
< C*h™!' max s"‘/ (y —n)*2 dn
y—h

s€[g,y+1]

<Ch'*z 50, h—0.

The second integral I is more difficult to calculate. We aim to show that I, converges
to the claimed formula of ¢'(y), so we consider the following expression:

/Oy‘h N )t — ;ly —h—n)s dn — (l + %) /Oy o)y —m)'"> dn

y—h I+3 I+1
y— 2 —(y—h-— 2 1 _1
S/ w()( ) EL ) —<l+§)(y—n)l2 dn
0
+{l+3 ey —n)"2 dn
y—h
¥ — Vs — (g — h— n)t 1 L
SC*/ ) 2@/ RN (l+§) (- dn
0
y—h — Vs — (g — h—n)ts 1 L
+C*L . (y —n) S/ n)'*: (z+§> (y— )4 dn

1 v 1
+ 1+ / w(n)(y —n)"2 dn
2) Jyon
= C*Jl —+ C*J2 —+ J3.

Obviously, J3 vanishes as h — 0. The integrand of J; vanishes for any 1 € [0,%] as
h — 0. Furthermore, the integrand can be estimated for 0 < 1 < ¥ by using the mean
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3 Steady states with compact support and finite mass

value theorem. More precisely, there exists & € [y — h,y] such that

1

(y—m2—(y—h-—nts (l N %) (y — 77)"5'

K

U

Since the right-hand term is integrable, it follows by the dominated convergence theorem
that J; vanishes as h — 0. After changing the variables, we obtain:

y—h o\+E h — I+ 1
7, :L o (y —n) (y 't (H_) (v — )~

h 2
y—h o l+% o S l+%
< max Sﬁ/ (y —n) (y—h-—m'tz (l N 1) (y— )
s[4,y ¥ h 2
y h—m)ts — (y — n)ts 1 )
SC/ (y+h—=n) (y —m) _(l+_>(y+h_n)12
Lih h 2
)
<c /

2

dn

D=

dn

dn

N

dn.

+h =)t — (y — n)ts 1 B
(v n) - (v —n) —<l+§)(y+h—77)l

Again, the integrand vanishes as h — 0 and, similar to the integral J;, the integrand
can be bounded for n € [§,y] by

Bh— s — (y — p)ts 1 )

h 2
1 =1 -1
< {I+g ) lE=n)7"2 = (y+h—n)"2
<C (y+h_n)l_§7 lZ%?
B (y - 77)[7%7 _% <l< %7
y+1_ l_%v lZl7
<C " 2
Ty —m)e, ~lai<d



3 Steady states with compact support and finite mass

for some & € [y, y+h|. The integrability of the right-hand term and again the dominated
convergence theorem lead to Jo — 0 as h — 0. In summary, we have shown that

9(y) _z(y_h) — <l+%) cz/oyso(n)(y—n)lé dn, h—0.

Considering the right-hand difference quotient, we obtain
gy +h) —gly LU :
w+h) <)=61(h 1/ p()(y +h—n)"*= dn
Yy

h

h

Similar, but simpler arguments than for the integrals I; and I, result in the convergence

gy + hg —9y) (l N %> . /wa(n)(y b B

Since y > 0 is arbitrary, the function ¢ is differentiable on |0, co[ with

9'(y) = (l + %) ¢ /Oy o)y —n)""% dn, y>0,

and thus g is continuous.
In the next step, we show that ¢’ is continuous on ]0, oo[. A similar procedure to before

leads to

g (y+h)—dy) =a <l + %) (/yw o)y +h —n)'~2 dn
# [ b= = - an)

—0, h—0

and

9 W) —g'(y—h)=q (l + %) (/yyh p(n)(y —n)'"~2 dn
+ /Oyh ey —n)'"2 = (y—h—n'"?) d77>

—0, h—0,

so ¢ is also continuous. Note that the appearing integrals have a similar structure to
I, and I, which gives us the possibility to adapt the previous arguments. Summing up,

g € CY(10,00]) with ¢'(y) = (1 + 1) e [ o(n)(y — n)'~2 dn for y > 0.
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3 Steady states with compact support and finite mass

It remains taking care of the regularity in y = 0. Let 0 < h < 1. Then obviously
g(—h) —g(0) = 0 as h — 0 and

h
g(h) — g(0) = ¢ / () (h— )% dy
0
1
< clh”;/ o(n) dn—0, h—0,
0

so g € C(R) N C'(]0, 00[). We now assume that s + [+ 3 > 0. Then w =0 and

M — clhl/o p(n)(h —n)+2 dn

h
< Chl~z / n® dn=Chi*™2 50, h—0,
0

which means that g is differentiable in y = 0 with ¢’(0) = 0. The continuity of ¢’ in
y = 0 follows by

/ / 1 h 1
0 -5l = (1+5) [ etmin = an
0
h 1
< O/ (h—n)'"2 dn
0
1
= Ch”zl’*”/ s"(1—s)"2ds =0, h— D0,
0

Note that Kk > —1 and [ > —%, so the latter integral exists. This leads to the conclusion
that g € C*(R) for k + 1 + % > 0 which completes the proof. ]

Inserting the representation (3.5 into the Poisson equation, the semi-linear Poisson
equation (3.2)) takes on the form

M, L
AU = 4nr?y (E() U+ 22— —0) , lim U(r) =0. (3.7)

r 2r2 =00
In the next steps, we require l€+l+% > 0 and determine whether the semi-linear Poisson
equation has a solution and whether the steady state f = ®(E, L) with ® as in (3.4))
has compact support, as described in Lemma Assume that these two assumptions
are satisfied. Then Lemma 3.3|implies that the induced density p is spherically symmet-
ric and continuously differentiable with compact support supp p C {r* < |z| < R*}. In
this case, the solution U of the semi-linear Poisson equation is induced by the density p

and thus U € C?*(R?), as discussed in Lemma That is the reason why we search for
solutions U € C%*(R?) of the semi-linear Poisson equation.

The existence of solutions of the semi-linear Poisson equation ({3.7)) and the solution itself
depend on the parameter E, and the boundary condition limg . U(x) = 0. Since we
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3 Steady states with compact support and finite mass

require U € C?(R3?), it would be easier to parameterize the solutions by prescribing U(0)
instead of Ey. In order to introduce the new parameter U(0), we have to give up the
fixed parameter Ej and interpret the cut-off energy as a parameter given by the solution
of the semi-linear Poisson equation. More precisely: Let U € C%(R?) be a solution of
the semi-linear Poisson equation and define y(r) := Ey — U(r) for r > 0. Inserting this
expression into the semi-linear Poisson equation yields

L) = —am?g (y(r) +— - —) . y(0) = Ey — U(0).

2
Since we require U € C?*(R?) to be spherically symmetric, this implies y € C?([0, oo[)

with ¢/(0) = 0. Using these properties, integrating the above equation leads to the
equation

,__m(r)

y:_TQ ) y<0)::&7

m(r) =m(r,y) = 47?/ r2t2g (y(s) + — — —) ds, r>0,
0 s

with y := Ey — U(0). Furthermore, we obtain lim,_,., y(r) = Ej.

That means that U generates a solution y of the above equation with lim, ., y(r) = Ej.
Vice versa, a solution y of the equation generates a solution U of the semi-linear
Poisson equation:

Lemma 3.5. Let y € C?([0,00[) be a solution of the equation [3.§ with y'(0) = 0 and
lim, o y(r) =: Ey € R. Furthermore, let U := Ey —y. Then U € C?*(R3) is spherically
symmetric with

| ol My Ly
AU = ﬁ(r U = 4xreyg (EO —U(r)+ T2
lim U(x)=0.
|x|—o00

As a result, we consider equation (3.8)) and determine whether there exists a solution.

3.3 The existence of solutions

In the next step, we investigate the existence of solutions of equation (3.8|) and determine
whether they are unique and global. Furthermore, we obtain some useful properties:

Lemma 3.6. Let g € C*(R) with g(y) = 0 for y <0 and g(y) > 0 for y > 0. Further-
more, let y € R. Then there exists a unique solution y : [0,00[— R of the equation (3.8)).
In addition, y € C*([0, 00]) with y'(0) = 0, in particular y € C*(R3), and the following
properties hold:

Mg

(Cl) FOT:& S T 2Ly

the solution y is trivial, i.e., y =y on [0, 00].
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3 Steady states with compact support and finite mass

(b) Fory > —%, the solution y is constant on [0, Ro] and non-trivial on [Ry, o], i.e.,
y(r):?j, OSTSRO)
y(r) < 3?7 r > R07
with
M L Mg o
—5 T\ 3 T e y >0,
Ry = QLWOOu 33 =0, (39)

My fLo Mg Mg
2§ 20 T 1 oy <Y <0

Proof. Let us assume that y : [0, R[— R is a solution of the system (3.8) with R €]0, oo]
and analyze its properties in order to reduce the problem to an ordinary differential
equation with initial condition at some positive radius. As a solution, y is continuous
with y(0) =y, so

it (v + 73 53 ) ===
which means that there exists 0 < R* < R such that

My Lo .
y(8)+?—@<0, 0<s< R

Thus, g = 0 and thus m = 0 on [0, R*] which implies that ¥/ = 0 on [0, R*]. Since y =y
on [0, R*], it follows

My Lo

)+ ———<0, 0<s<R" 3.10

Y . 542 ) S ( )
My Loy _ Mg e o Mg .

Furthermore, supp,. . 52) = 310, SO Y =y on [0, R[ for y < — 3 In particular,

2

y : [0, 00— R with y(r) := gy is the unique and global solution for § < —;WT%.

For y > —%, we denote Ry > 0 as the maximal radius R* > 0 which satisfies the

relation (3.10). By calculating the smallest non-negative zero of y + % — 2%02, the
formula (3.9)) for the inner radius Ry follows directly. Hence, we have shown that for
2

y > —%, every solution y is constant on [0, Ro[ with y = g, so it suffices considering

the following initial value problem:

m(r i
y = :2), y(Ro) =,
r My, L
m(r) =m(r,y) = 4%/ s (y(S) +—=- —02) ds, 1> Ry.
Ro S 2s
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3 Steady states with compact support and finite mass

Similar to the previous calculations, this differential equation is equivalent to

Z/(RO) =1, Z/(Ro) = 0.

Because g is continuously differentiable on R according to the assumptions, the function

t
F 10, 00— R?, F(r,v) = <U2, —2% — 4nr?tig ( + e ﬁ))

is also continuously differentiable and thus locally Lipschitz continuous. According to

the Picard-Lindelof theorem, there exists a unique and maximal solution y € C%([Ry, R])

with R €]Ry, oc]. The initial conditions y(Ry) = 7 and y'(Ry) = 0 lead to y"(Ry) = 0,

so the solution y can be extended on [0, R[ by using y =  on [0, Rg]. In addition,

y € C2([0, R]) and in particular y € C?*(Bg(0)) with Bz(0) := {x € R®||z| < R}.

At last, it remains to show R = co. Since vy is decreasing and supps>0(% — %) = %,
the argument of ¢ is bounded by some positive constant C* = C*(Mj, Lg, y) > 0 because
M, . My, L _
y(8)+—0——§§y+max(—0——§> <C*, 0<s<R
S s>0 S S

Therefore, we obtain
0< —y(r) = i—z /07‘ sH+2g (y(s) + % _ ﬂ) ds
4_7r||9||L°o (0, C*})/T A2 s = Cr2H3-2 = Ot
0
and thus
y > y(r) :ﬁ"i"/ry’(s) sy C/ngH-l ds > § — Cr2+?
0 0

for 0 <r < R. From the standard theory of ordinary differential equations, it follows
directly R = oo, so the proof is complete. O

Even if it may not seem so at first glance, it can be easily shown that the inner radius
Ry as defined in equation is continuous in g. In the proof of Lemma [3.6], we examine
the expression y(r) + % — 2—2 which will be useful in the later argumentatlon Thus,
we summarize its properties:

Remark 3.7. In the situation of Lemma|3.6, it follows by its proof:

(a) Fory < — 2L , the inequality y(r) + Af“ — L9 <0 holds for all v > 0.
(b) Fory > — 2L , the inequality y(r) + 22 — L9 < 0 holds for all 0 < r < Ry, and
there exists 0 > 0 such that y(r) + 22 — 29 > 0 for all Ry <r < Ry + 6.
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3 Steady states with compact support and finite mass

3.4 The compact support of solutions

After showing the existence of a unique solution of the equation (3.8)) for every y € R, we
determine whether and under which conditions f has a compact support. As a reminder,
f has the form

o) = () = glol? + 1) (2 Lol

with ¢ = 0 on |—00,0] and ¢ > 0 on |0, co[ according to|(V2)| Before making statements
about the different cases, we have a closer look on the support of f. Let (z,v) € supp f.
Then we obtain

1 M,
y(r) — §|U|2 +=2%>0 A L(z,v) > L.
r

Using Ly < L < |z|?|v|?, it follows

Ly 1, , M
<2< —
In order to bound the support of f, we analyze the expression z(r) := y(r) + % — 2LTO2

for r > 0. We investigate under which conditions there exist radii 0 < Ryjn < Rmax such
that

<0, 0<7< Rupm,
2(r){ >0, Ruin <7 < Ruin +9, (3.11)
<0, 7> Rpnax

for some 6 > 0. Since y is monotonically decreasing, the limit lim, . y(r) =: Yoo €
[—o00, y] exists. Hence, the existence of Ry is equivalent to ys, < 0.

Assume that these radii 0 < Rpin < Rmax €xist. Then 2%02 > y(r) + % on |0, Ryin| and
on |Rpax, 00|, so the support of f has the property

Supp f C (BRmax \ BRmin) X vaax

With Umax = § + 52, and supp f is compact in R*\{0} x R*. Here, B := Bg(0) =

{7z € R®||z| < R} denotes the ball in R* around 0 with radius R > 0.

In order to determine whether and under which conditions the required radii exist, we
distinguish between different cases for y:

. M2
Case 1: y < — 3

As shown in Lemma @ and Remark @, y is trivial with y = y < 0 and, in
particular, z(r) = § + 2 — 29 < 0 for all 7 > 0. Therefore, f = 0 on R*\{0} x R

32



3 Steady states with compact support and finite mass

Case 2: —%<f&§0

0
As discussed in Remark [3.7[(D)] the radius Ry in (3.9 satisfies the conditions of the
desired radius Ry,,. Since y is monotonically decreasing and y < 0, we obtain y(r) < y
for r > Ry and thus y,, < y < 0. Hence, the required radius R,,., exists, and no further
conditions need to be imposed on ¢ to ensure the compact support of f.

Case 3: y >0

Like in Case 2, R, can be set as the inner radius Ry in , but now the difficulty is
to obtain y,, < 0. Hence, we proceed similarly as in [9] and set further conditions on the
function g to ensure y,, < 0. Analogously to [9, Lemma 3.1], we obtain the following
assertion:

Lemma 3.8. Let | > —L and g € C(R) be monotonically increasing with the following

2
properties:

(91) g(y) =0 fory <0 and g(y) > 0 fory > 0.

(92) There exists ¢ > 0, y* > 0 and n < 3+ 1 such that

g(y) > ey, 0<y <y

Furthermore, let y € C*([0,00[) and y > 0 with

m(r .
y = - T(Q), y(0) =y,
" M, L
m(r) =m(r,y) = 47T/ 22 <y(s) + =2 2—02> ds, r>0.
0 s s

Then, lim, o, y(r) = Yoo < 0.

Proof. In order to show Lemma we proceed analogously to [9]. First, we assume
that y., > 0. To create a contradiction, we estimate the mass function m appropriately.
Then we apply the estimate together with the fundamental theorem of calculus to the
differential equation. Since y converges to y.., a radius R > R, exists such that

M Ly y;.o

Z(T):y(r)‘FT—ﬁZ 5

TZR.

In particular, the monotonicity of g and the assumption imply

r M L T
m(r) = 477'/0 s32g (y(s) + ?0 - —0> ds > 47T/ s%72g(2(s)) ds

- 1 = -
= 4myg (y_) 3 3(7‘2”3 — R, r>R.
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3 Steady states with compact support and finite mass

With the fundamental theorem of calculus, we obtain the following estimate:

y@)ﬁ@—/lmwds

R

o Yoo 1 " 20+1 P2A+3 . —2
<4 (_) L “R d
<y W922l+3/g<8 s77) ds
=C) — CQT2l+2 — 037"_1, r> R,

with constants C; = Ci(9,1,9,Yse, R) > 0 for i = 1,...,3. Since the right-hand side
converges to —oo as r — 00 and ¥y, > 0 by assumption, this leads to a contradiction.
Thus y, < 0.

Now, it remains to prove y,, # 0. Therefore, we assume that y,, = 0. In order to create
a contradiction, we use the growth condition |(g2)| and suitably estimate the integral for
r > 0 large enough by

*

v 1 /v 1
[ Lt [T L,
y(r) 9(77) CJyr M

Note that lim, .o y(7) = Yoo = 0, s0 0 < y(r) < y* for r > 0 large enough. Thus,
calculating the right-hand side results for n + 1 # 1 in

v 1 1 enet o
lm75“52t3:1@> (y(r))' )

and forn+1{=11in

[otr=m (36s)

In the next step, we determine a lower bound of the integral on the left-hand side. First,

we have a closer look at % — 2% Obviously, the map |0, co[> 7 +— Mf — 2LT°2 is strictly
monotonically increasing or decreasing on |0, ]LM—%[ or ]]@—%, oo, respectively, with
Mg L[) MO Lo ‘ M02
su — = — - = = —.
PPro0 \ 77 7 5 ro 2r2) =k 2L,

Let R > max{]\L/[—%, Ry} with
0<y(r)<y*, r>R.

Since R > %, we obtain y(r) < z(r) and 2'(r) < y/(r) for » > R. In particular, z is

monotonically decreasing on |R, co[. The change of variable given by z leads to
y(r) 9<77) z(r) 9(77) R g(Z(S))
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s L
= /Rg<z<s>>d’ >

For further estimates, we calculate an upper bound on y’. The monotonicity of ¢ and z
on R and |R, o], respectively, yield

m(r) = 4r /07‘ s272g(2(s)) ds > 4n /RT s%72g(2(s)) ds
" A

> dmg(z(r /52”2ds:
<()) R 20+ 3

g(Z(?“)) (7”2[+3 o R21+3)

and therefore

47

Y1) < — 5 gl= () - B

for r > R. Inserting this estimate implies

z(R) r / r
/ 1 dn > _/ FAON ds > in / (s2F1 — RH3572) (s
y(r) 9(77) R g(Z(S)) 20+3 R

= Cl'f’21+2 + 027”71 — Cg, r > R,

with C; = C;(I,R) > 0 fori =1, ..., 3.

In summary, the estimates from above and below result in

v z(R) 1
Cyr?2 4 Oyrt — 5 < / ——dn+ / ——dn
)

y(r) 9(n) - g(n)
< () )T + O

for n+1# 1 and in

*

vt z(R)
017"2l+2 + 027’71 — Cg S / —dn -+ / —dT]
y(r) 9(77) y

S 1h’l (y—> —+ C4
¢ \y(r)

forn+{=1and r > R with Cy = Cy(g,y", 2(R)) > 0. In order to create a contradiction,
we multiply the inequalities with (y(r))**? and obtain

ClTZH_Z (y(r))QH-Q + CQT‘_I(y(T‘))QH_Q

< () = ) T ) Gy

for n 4+1 # 1 and

017“2l+2(y(7“))2l+2 +CQT_1(y(T))2l+2 S %ln( Yy ) (y(r))QHQ +C5(y(7‘))2l+2
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3 Steady states with compact support and finite mass

for n+1 =1 and » > R with C; > 0 independent of r for ¢ = 1,...,5. Exploiting
Yoo = 0, we adapt the inequalities and find an appropriate estimate for the expression
ry(r). Since § > 0, Remark [3.7][(b)] implies that there exists 6 > 0 such that z(r) > 0 for
all Ry < r < Ryp+ 9. The mass function m is monotonically increasing, and in particular
m > 0 on | Ry, oo[, so it follows

m(r) >m(R) >0, r>R,

which leads to the estimate

v == [ s /

for r > R. In particular, ry(r) > m(R) > 0 for r > R. Since 2/ + 2 > 0, we obtain

Ci + 02(y(r))21+2r*1 S%ﬁ((y*ynl(y(r)fu& _ (y(r>)l+37n>

+ Cs(y(r)) "
for n+1# 1 and

1

—In (y_*> (y(r))QH—Z + 05(y(r))2l+2

Gt GO < s

forn+1=1and r > R. Together with [ +3 —n > 0 and 2] + 2 > 0, the assumption
Yoo = lim, o, y(r) = 0 implies that the left-hand side converges to C; while the right-
hand side vanishes for » — oo in both cases. Since C; > 0, this is a contradiction, so
Yoo < 0. O

As shown in Lemma , we conclude y,, € [—00,0][. In addition, the limit exists in R:

Remark 3.9. Let —57¢ <y < 0. Then the limit Ey := lim, ., y(r) €]—00,0] is finite
and negative. In the sztuatzon of Lemma [3.8, we also obtain Ey < 0 for y > 0. In
particular, this is consistent with Lemma[3.3.

Proof. As discussed before, the limit lim, ., y(r) € [—00,0] exists and is negative. As a
result, a radius R > Ry exists such that z(r) = y(r) + MO — L9 <0 for all r > R. Since
g =0 on | —o00,0], the mass function m is constant on |R, 00|, i.e., m(r) = m(R) for
r > R. The monotonicity of m leads to

"m(s . "m(s
y(r) =y(0) — (2> ds =y — (2) ds
0 S Ro S
1 1
>y—m(R)| — — — > R.
> i) (1) 7
This estimate implies that lim, . y(r) >y — m}%%) > —00. O
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3 Steady states with compact support and finite mass

3.5 The existence of solutions with compact support
and examples

We determined in the previous sections which conditions on general functions g are
sufficient to ensure the existence of a unique solution y and, especially for y > 0, the
negativity of the limit y,,. It remains to transfer these conditions on ¢ to conditions on
©, so g of the form satisfies the required conditions. After that, we discuss some
examples for ¢.

We assume that ¢ is satisfying the conditions (V3). Then let the function ¢
be as defined in equation ([3.6). Obviously, g = 0 on |—00,0] and g > 0 on |0, o0].
Let k + 1+ 3 > 0. By Lemma g € CYR). According to Lemma , a unique
solution y € C?([0, 00|) exists for all § € R. In the case § > 0, we additionally have to
determine whether the conditions in Lemma |3.8| are satisfied. Lemma implies that
g is monotonically increasing, and as discussed before, the condition is obviously
satisfied. In order to fulfill the condition |[(g2)|, we impose another growth condition on

®:
(V4*) There exist 71 >0, ¢ > 0 and —1 < k < [ + 2 such that

This assumption leads to
Y +1 - 1+1
g)=c [ emy—n"2dp=C [ n(y—mn)"%dy
0 0
q 1 q
_ Oyk+l+g/ sh(1— S)H% ds — Cyk+l+g
0

for 0 < y < n;. Note that £k > —1 and | > —%, so the latter integral exists. Since
0<k+l +% < 20+ 3, the function g satisfies condition |(g2)| with 0 < n = k—i—g <3+

Finally, we summarize the results of this chapter in the following theorem:

Theorem 3.10. Let | > —3 and Ly > 0. Assume that ¢ : R — [0,00[ satisfy the
conditions |(VI)H(V3) with | + k + 5 > 0. Furthermore, let g _ M If y >0, let ¢
additionally satisfy|(V4*). Then there exists a unique solution y € C*([0, o0[) of

|

2Lg "

. m(r)

- T2 ) y(O) :y°
" M, L
m(r) =m(r,y) = 47/ s22g(y(s) + 0 55 02) ds, r>0.
0 s s

with y'(0) = 0 and Ey := lim, o, y(r) < 0.

37



3 Steady states with compact support and finite mass
Let U := Ey —y. Then U € C*(R?) and the function

o) = (Bo= Ul + 220 = Sl )l x of = L',

is a spherically symmetric steady state of the Vlasov-Poisson system with a point mass.
Furthermore, f has a compact support with supp f C (Br, \ Bry) X Buy.,.- Here, Ry :=
supp{R > Oly(r) + 2 — L9 <0, 0 <7 < R} and Ry :=inf{R > Ro|y(r) + 20 — Ly <

0, r> R} > Ry and Vpgay ==Y + ]g—g. In particular, Ry is given by

2
_ My /Lo 4 Mg y

_ Lo S
Ry = My y=0,

2 2
My [Le , Mgy My

The compact support in x has a shell-like structure with radit 0 < Ry < Ry.

Proof. We already discussed most assertion, so we first show that Ry is the largest radius
which satisfies z(r) = y(r) + 2 — L4 for 0 < r < R and that R; > Ry exists. Then

we turn to prove that f is a time-independent solution in the sense of Definition to
complete the proof.

ByRemark y(?")—l—%—;T% < 0for 0 <r < Ry andy(r)—i—@—é%% > 0
for Ry < r < Ry + 0 and for some § > 0, so Ry = min( )esupp s || Furthermore,
lim, . y(r) < 0, so there exists a radius R > Ry such that y(r) + % — QLT% < 0 for all

r > R. In particular, Ry = max(; )esupp f || €Xists.

It remains to show that f is a solution of the Vlasov-Poisson system with a point mass.
Since y € C?([0, 00[) with 3/(0) = 0 and lim, ., y(r) =: Ey €]—0c0, 0], the potential U
given by U := E; — y solves the corresponding semi-linear Poisson equation as
discussed in Lemma . In particular, U is spherically symmetric with U € C?*(R3).
Since we require k + [ + % > 0, the function ¢ is continuously differentiable on R by
Lemma (3.4l Because of the compact support of f and the relation between g and p
in Lemma [3.3] the induced density p = p; is continuously differentiable with compact
support. Since U € C?*(R3) solves the Poisson equation, it follows from the uniqueness
in Lemma that U = U;. Moreover, 0,U is bounded according to Lemma .
Therefore, Lemma[2.16/implies that the characteristic flow exists on Rx R x {L > 0}. As
shown in Lemma the particle energy E and L are constant along characteristics, so
f = ®(FE, L) obviously solves the Vlasov equation. In summary, the function f is a steady
state of the Vlasov-Poisson system with a point mass in the sense of Definition [2.10
respectively Definition [2.17] O

In the previous argumentation, we rarely used My > 0, so in just a few steps, we can
transfer almost all assertions in this chapter to the case My = 0.
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3 Steady states with compact support and finite mass

One of the two times where we used My > 0 was in the proof of Lemma[3.6] In the first
step of the proof, we showed that

M, L
j+— =<0, 0<s<R,
s s
for some R* > 0. Since sup,.o(—%¢) =0, it followsy— <0for all 7> 0and y <0.
For;&>0,Weobtauin°—2LT°2 0for 0 <r < Ryandy— 5% >0for Ry <r < Ry+0

with some 6 > 0 and Ry := 4 /2—5 Therefore, we have to dlstlngulsh between y < 0 and
y > 0.

The second time where we used My > 0 was in the proof of Lemma in the case
Yoo = 0. We used that the map |0,00[> r — % — % is monotonically decreasing on

some interval of the form |R, oo to ensure that z(r) := y(r) + 2 — L8 is monotonically

decreasing in 7 on |R, oo[. Since the map ]0, 00> r — —2LTOQ is monotomcally increasing,
we appropriately estimate 2z’ to ensure monton at a similar radius R > 0:

Lo m(r) N @

/ ! _
z('r’)—y(r)+ﬁ—— 3
1

r3

r3

S — (—m(R0+1)7‘+L0), 7‘>R0+1.

Obviously, z is monotonically decreasing on [R, oo[ with R := max{Ry + 1
Note that m(Ry + 1) > 0.

) m(Ro—i—l) }

Before we analyze the stability of steady states, we introduce two explicit families of
steady states, the so-called (generalized) polytropic steady states and (generalized) King
models:

Example 3.11 (The (generalized) polytropic steady states). Let ¢ : R — [0, 00] be
given by

with [ > —% and —1 < k <1+ % In addition, let k + 1 —i—% > 0. Then ¢ obuviously
satisfies the assumptions[(VI), [(V2), [(V3) and [[V]T)

2

Steady states induced by ¢ are called (generalized) polytropic. In particular, fory > —%

(ory > 0 in the case My = 0) there exists an associated global solution y of equation (3
with Ey = lim, .o y(r) <0 and U := Eq —y. Furthermore,

f(x,v) = (Ey— E)"(L—Lo)'., (z,0) € R®\{0} x R?,

1s a solution of the Vlasov-Poisson system with a point mass.
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3 Steady states with compact support and finite mass

Example 3.12 (The (generalized) King models). Let ¢ : R — [0, 00 be given by

p(n) = (" = 1)L

with | > —% and —1 < k <l+ % Furthermore, let k + 1 + % > 0. This ansatz function
@ satisfies the assumptions |(V1), |(V2), |(V3) and|(V4}™) with k = k.

Steady states induced by this ansatz are called (generalized) King model; choosing k = 1

corresponds to the usual ansatz for the King models. As seen before, for y > —% (or
y > 0 for My = 0) the associated solution y of the equation (3.8|) exists globally with

Ey :=1lim, o, y(r) <0 and U := Ey — y, so
flx,v) = (™" = DE(L - Ly, (x,v) € R*\{0} x R?,

s a solution of the Vlasov-Poisson system with a point mass.
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4 Stability of steady states

In the previous chapter we constructed steady states with finite mass and compact
support. In the next step, we analyze the stability of a certain class of steady states
which includes the (generalized) polytropic steady states (cf. Example and the
(generalized) King models (cf. Example under certain conditions. We proceed
analogously to [4] and apply the method in [4] to the Vlasov-Poisson system with a point
mass and to anisotrophic steady states. As discussed before, we consider anisotropic
steady states fy of the form

fo(z,v) = ®(E(x,v), L(z,v)), (x,v) € R*\{0} x R?

with suitable ® : R x [0, co[— [0, oo[. Recall that E and L are the particle energy and the
anguluar momentum squared as defined in Definition [2.13, Furthermore, we require the

induced potential Uy := Uy, to be spherically symmetric, so fj is spherically symmetric
according to Lemma

In the theory of ordinary differential equations, we can determine the stability of a steady
state in a metric space with a Lyapunov function. Lyapunov functions have a local min-
imum in the equilibrium point to be examined and are decreasing among solutions of
the ordinary differential equation. If there exists a Lyapunov function, the equilibrium
point is stable. We adapt this procedure and introduce a map similar to a metric and
construct a functional which acts like a Lyapunov function in the theory of ordinary
differential equation. More precisely, we search for a functional which is constant along
solutions of the system and has a local minimum in f;.

4.1 The energy-Casimir functional

In order to construct a functional as described before, we consider the total energy and
the Casimir functional, which are both conserved along solutions of the Vlasov-Poisson
system with a point mass.

From a physical point of view, the total energy of the system is conserved along solutions
since we only allow gravitational particle-particle interactions and gravitational interac-
tions between particles and the point mass. Before defining it, we motivate the total
energy from a physical point of view.
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4 Stability of steady states

We consider N € N particles with unit mass and a central point mass MO and t > 0.
The particle-particle interaction is given by the potential U (x,y) == Tl for z,y € R3
with x ;é Y and the interaction between particles and the point mass by the potential
Un () = T Mo for x € R3 with = # 0. Then the many-body system has the total energy

N N

D NUCES
i=1 j=1
J>1

N

HO =35l - Z

N

=3 (Gl ff—jﬁzmm—wb)
7 =1
J#i

=1

where (z;,v;) = (z;,v;)(t) denotes the location and the velocity, respectively, of the ith
particle. The total energy consists of the total kinetic energy given by the sum over
all kinetic energies and of the potential energy given by the sum over all interactions
of the particles and the point mass and by the sum over all particle-particle interac-
tions. Converting the discrete into a continuous setting, we introduce the phase density
f(t) = f(t,z,v) which denotes the amount of particles with location x and velocity v at
the time t. This turns the total energy into

H(t)—<1|v]2——+ // (|l = &) f(t, 2!, 0") dof d:v)f(t:cv)dvdx

// MZ SU(t, x))f(t,x,’u) dx dv

with U(t,x) :== [[U(|lz — a:’| (t,x’,v’) dv' dx' = Upy ) for o # 0. This leads to the
total energy of the Vlasov-Poisson system with a point mass:

Lemma and Definition 4.1. Let f : R*xR? — [0, oo| with compact support supp f(t) C
R3\{0} x R? fort > 0. Assume that f € L' N LP(R®) for some p €]3,00|. Then the
total energy is defined by

Vi [[ (GloR = 722)1e0) av ot 5 [ Uy@hoste) o

= %/ [v]2f(x,v) dv dx — 8%/ <|VUf(x)|2 —|—87r%)pf(x) dr.

In particular, all integrals are finite.

Proof. Since f € L'NLP(R®) has compact support, the induced density p; € L' N LP(R?)
has compact support. This implies that U; € C*(R®) by Lemma and that the
integrals in the definition of H(f) exist. Furthermore, U; € LP(R?) and VU; € L*(R?).
Using Friedrich’s mollification, there exists a sequence (x;) C C°(R?) such that x; — Uy
in LP(R3) and Vyx; — VU; in L*(R?). Since U; solves the Poisson equation in a
distributional sense, it follows that

. 1
/ Up(z)ps(w) do = lim / Xips dv = lim / Ax;Uy dx
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4 Stability of steady states

1
= lim — lim Ax;Uy dx

N x
:jlirgoﬂggrgo (/TRUfVXj'm dS(z) _[SRVXj'VUf dx)

1 1
= — lim —/VXj-VUf dr = —E/’VU]“(J')P d.

j—oo 47T

Because of p > 3, the induced density p is in L'NLP(R3) C LY(R3) with ¢ = (1—11—1))‘1 <3
which shows the validity of the first limit. In summary, this leads to

=[] Gof =) sy dvde+ 5 [ Ustt.2)os(a) do
= 1|U|2 _ My flz,v) dv dv — L VU () ? dz. O
// <2 || 8

The total energy is a candidate for the Lyapunov functional since it is conserved along
spherically symmetric solutions of the Vlasov-Poisson system with a point mass in the
sense of Definition 210

Lemma 4.2. Let f: I x R3\{0} x R® — [0, 00| be a spherically symmetric solution of
the Vlasov-Poisson system with a point mass with I an open interval and 0 € I. Suppose
that f := f(0) € L*NLP(R®) for some p €]3,00] and that supp f C {L > Lo} is compact
with some Ly > 0. Assume that p = py € C(I x R®). Then the total energy H(f) is
constant in time, 1.e.,

Proof. Let f be a solution as required. Since the angular momentum squared L is
constant along characteristics according to Lemma [2.13] it follows that

flt,x,v) =0, tel, (z,v) € {L <Ly}
Let @ < 0 < b be with [a,b] C I. Furthermore, let ¢ €]a,b[ be arbitrary. Since
p € C(I x R3) and p is spherically symmetric, we obtain U%%(I x R3) according to
Lemma [2.90 Thus the assumptions in Lemma [2.11] are satisfied, so the characteristic

flow X(¢,s,-) is a measure preserving C'-diffeomorphism on {L > 0}. Because {L = 0}
is a null set, it follows by the change of variables:

// 3V ‘2__+ Uft)( ))f(t,x,v) dv dx
- //L>O} 5IV1) |X( T 1Uf ) (X(t )))f(?f, (X, V)(t)) dv da

N //L>0} 51V () |X( )| + Uf (X (1 )))f(x,v) dv dx.
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4 Stability of steady states

For the reason of clarity, we write (X, V')(¢) instead of (X, v)(t, 0, z,v) for (z,v) € {L > 0}.
According to Lemma [2.15, the induced potential U is continuously differentiable on
I x R3, so the integrand is differentiable with respect to t and it follows

0= Jf (v voa. (o - )

-5 / 8u(Up(py) CX () f(z,v) dv d

=X (t)
+%/ 0(Usn) (X (1)) f (,v) dv da.

~X(t)> flz,v) dv dz

z=X(t)

Note that f has compact support and the integrand is continuous on [a,b] X supp f .
Since L is constant along characteristics and (X, V') is continuous, there exists a constant
C' > 0 such that |V (¢,0,z,v)| < C for every t € [a,b] and (z,v) € supp f. In particular,

Lo < |z xv|? = |X(t,0,2,v) x V(t,0,2,v)]* < |X(t,0,2,0)*|V(t,0,z,0)|*
§C|X(t,0,x,v)|2, (I,’U) 6Supp.]g7 te [CL,bL
so the change of integration and differentiation is valid. Obviously, the first integral
vanishes since the characteristic flow (X, V') solves the characteristic system. Accord-

ing to Lemma and the induced potential U = Uy () is once continuously
differentiable on I x R3 with

0 U ( //|x—y|3 (t,y,u) du dy

//I ttosi’ >>,3f(y,u) du dy

WUs(x) = —// |$ _yy|3 ‘u f(t,y,u) du dy

for x € R® and t € I. In particular, this leads to

and

/ OUs) (X(t,O,x,v))f(:v,v) dv dx
t 0,z,v) — X(¢,0,y,u . . .
t () U X t,0,z,v . o

_ / azUﬂt)(X(t,o,y,u)) X (1,0, 5, 0)f (g, ) du dy,
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4 Stability of steady states

so it follows that
OH(f(t)) =0, tel.

Note that we choose a < 0 < b arbitrary with [a,b] C 1. O

Since the total energy is constant along spherically symmetric solutions of the Vlasov-
Poisson system with a point mass, we examine whether the energy functional has a
minimum in fy. Let fy and f be as required in Lemma [4.2| with the induced potentials
Uy and Uy. Then we can expand the energy around the state fo:

Hr) = Hifo) + [[ (GlolP = T2) 0 = o) do da = o [V = VUG P) d

Similar approximations as in the proof of Lemma [4.1] and Green’s identity lead to
/(yVUfF — |V |?) dx = / IVU; — VU |* dx + 2/VU0 (VU; — VUy) dx

=/|VUf—VU0|2 dx—87r//U0(f—f0) dv dzx.

In summary, this yields

HH) = 1)+ [ [ (I + Vato) = T2)(F = fo) do da = o= [ 190 = T0uP (Cfl)

Notice that the factor in the linear term is the particle energy, which is introduced in
Definition [2.13] In general, the linear term does not vanish, so the total energy can not
act like a Lyapunov function. For this reason, we try to extend the functional and look
at another conserved quantity, the so-called Casimir functional:

Lemma and Definition 4.3. Let L > 0 and ¥ : [0, c0[x[0, co[— R with ¥(f, L) = 0
for f =0 or L < L. Furthermore, let ¥ be continuous on [0, 00[x|L, oo[. The Casimir

functional is defined by
~ [[ v, L) do do

for f:R3 x R® — [0, 00| provided that the integral exists. Then the Casimir functional
1s constant along the spherically symmetric solutions of the Vlasov-Poisson system with
a point mass as given in Lemma [{.2

Proof. Since L is conserved along characteristics by Lemma and the characteristic
flow is measure preserving by Lemma [2.11] the Casimir functional C(f(¢)) is obviously
constant in t. ]
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4 Stability of steady states

We combine the energy and the Casimir functional to the so-called energy-Casimir func-
tional:

He :=H+C.

Since the function V¥ is initially still arbitrary, we choose ¥ such that the linear term of
the energy-Casimir functional vanishes. We assume that ¥ = ¥(f, L) € C*°([0, co[x[0, oo])
and that He(f) and He(fo) exists. Taylor expansion of W( f, L) with respect to f around
fo leads to

Holf) = Heldo) + [ [(E+ W ) = fo) do do— o [ 190, = TO[ d
w5 [[ vt - s avds s [[ s = 1% dvds,

In the following, ¥’ denotes the f-derivative of ¥, i.e., W' = %\I/ = 0¢V. In order that
the linear term of the energy-Casimir functional H vanishes, the choice of ¥ depends on
the steady state fy which we are investigating. For this reason, we set some assumptions

on foi

(4.2)

Let ® € C(R x [0,00[). In addition, we assume that there exist Ey € R and Ly > 0 such
that

®(E,L)=0, E>EyorL< L

and limg_, o ®(F, L) = —oo for L > L. Furthermore, let ® € C?°(]—o0, Fo[x]Lg, oo[)
with

O (E,L) <0, FE < Ey,
for all L > Ly. Here, &' = %Cb = 0g®.
Let fo = ®(F, L) € C.(R*\{0} x R?) be a non-trivial spherically symmetric solution of

the Vlasov-Poisson system with a point mass. Then Uy = Uy, € C*?*(R?) by Lemmal[2.9|
Furthermore, we require that the support of fy, which has the form

1 M,
supp fo = {(m) € R\{0} x R*|E(z,v) = 5ol + Uo(x) - ﬁ < E,

A L(z,v) = |z x v|* > Lo},

is compact. In particular, the cut-off energy FEj is necessarily negative, as seen in

Lemma 3.2

We aim to choose ¥ such that
V' (fo, L) =V (®(E,L),L)=—FE, (z,v) € supp fo.

Since & :]—o00, Ey| x]0, co[— [0, 00| is continuous and monotonically decreasing in E, the
inverse with respect to E exists for all L > Ly and is continuous:
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4 Stability of steady states

Lemma 4.4. Let h : I x A — J be continuous with I and J intervals and A C R"
with n € N. Additionally, let h = h(x,z) be strictly increasing or decreasing in x
with h(I,z) = J for all = € A. Then there exists the map h;' : J x A — I with
h(h;'(y,2),2) =y and h; (h(x,2),2) =z forallz € I,y € J and z € A. Furthermore,
the map h;' is continuous.

Proof. Since the map h(-,z) : I — J is monotonic for every z € A, the inverse
h':Jx A— I exists. Without loss of generality, let i be strictly monotonically de-
creasing in x. Assume that h;': J x A — I is not continuous in (y,2) € J x A. Then
there exists a convergent sequence ((yx, 2x))keny C J X A and € > 0 with limy_,o yp = ¥
and lim;_,o 2z = z such that

\hy gk, 21) — by ' (y,2)| > e, keN.

Let w := h;'(y, z) and z := h;'(y, zx) for k € N. By the Bolzano-Weierstra$ theorem,
there exists a subsequence (2,)jen With lim;_. 2, € T U {£o0}. In particular, & :=
lim; ;o wx; € I, as we show at the end of the proof. Since & is continuous and zy, — ¥
as j — 0o, we obtain

h(z,z) =y = lim y,. = lim h(xy,, 2x,) = h(Z, 2).
j—oo Y Jj—00 7 J
Since h(-, z) is bijective, this leads to x = 7, so the sequence (xy,)jen converges to z. By
construction,

‘xkj_x|2€7 jeNa
so this leads to a contraction. Thus, s, ' is continuous in every (y,z) € J x A.

At least, it remains to show that T = lim;_ .y, € I. If inf ] ¢ I, we assume that
limj o 2, = infl. Then [x — ,2] C I holds after shrinking ¢ > 0 if necessary.
Furthermore, we obtain z;, < x — ¢ for j large enough. The monotonicity and the
continuity of h lead to the following contradiction:

y = lim y, = lim h(zy;, 2¢,) > lim h(z — €, 2,)
Jj—o0 Jj—o0 j—oo

=h(z —e,2) > h(z,2) =y.
Analogously, it can be shown that lim; ,o x3, <sup ! if sup I ¢ I. O]

We denote the inverse of ® with respect to E by &' : [0, 00[x]Lg, co[—]—00, Ey]. In
the following arguments, we need some additional technical assumptions on ® to ensure
a certain boundedness. The compact support supp fo C R3\{0} x R? implies that the
minimal energy Fin 1= Milgyy,p, £, £/ < Ep and the maximal angular momentum squared
Linax = MaXgpp f, L > Lo exist since E and L are continuous maps on R*\{0} x R3.
Let ® respectively (IDTEl satisfy the following conditions:
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4 Stability of steady states

(A1) For all k € N, there exists a constant C' > 0 such that
@' (®%'(y, L), L)| < C
forall 0 <y <kand Ly < L < L.
(A2) For all k € N, there exists a constant C' > 0 such that
@' (®%'(y, L), L)| > C
forall%SygkandLo—i—%SLngu.
(A3) For all k € N, there exists constants C , > 0 such that
C, <|®'(E,L)| < Cy
for all Eyy < E < Ey— 1 and Lo+ 1 < L < Lypay.
(A4) The map ®(E,-) is monotonically increasing for all E € R.

We will later provide examples of steady states satisfying these conditions.

To ensure that the linear term of the energy-Casimir functional vanishes, we choose ¥
by

f
U(f,L):= —/ ®. (2, L) dz, f>0, L> L,
0

and U(f, L) :=0for L < Ly or f = 0 similar to [4, Equation (2.2)]. Later in Lemma/5.1}
we examine this choice of ¥ in more detail and verify that W satisfies the conditions in
Lemma F.3]

4.2 The class of perturbations

In order to determine whether the energy-Casimir functional H¢ has a local minimum in
fo, we introduce analogously to |4] the space of perturbations and a map comparable to
a metric. We restrict the class of perturbations to perturbations which are dynamically
accessible from fy:

Definition 4.5. A function of the form f = fooT with T : R3\{0} x R? — R3*\{0} x R?
a measure preserving Ct-diffeomorphism is called dynamically accessible from fj.

Dynamically accessible functions from f; rearrange particles by a C!-diffeomorphism
T, so particles are given a new position and velocity. Since no particle disappears,
physical quantities like the total mass are unchanged. For this reason, we require T to
be measure preserving. To keep the spherical symmetry of f,, we additionally require
that the measure preserving C*'-diffeomorphism respects spherical symmetry:
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4 Stability of steady states

Definition 4.6. A function T : R¥\{0} xR* — R*\{0} xR? respects spherical symmetry
if for all (z,v) € R3\{0} x R? and A € SO(3) holds

T(Ax, Av) = (Ax', Av'),

|z" x V| = |z X vl
with (o', v") = T'(x,v).

Note that L is invariant under transformations which respect spherical symmetry.

Finally, we define the class of perturbations Dy, as the functions which are dynamically
accessible from fy and respect spherical symmetry, more precisely, we define, analogously
to [4],

Dy = {f=fooT|T:{L>0} = {L>0}isa
measure preserving C'-diffeomorphism (4.3)

which respects spherical symmetry}.

In the following, we extend f by 0 on R3\{0} x R3; since L is invariant under transfor-
mations which respect spherical symmetry and fo = 0 on {L < Ly}, this extension is
reasonable.

An example for a measure preserving C'-diffeomorphism which respects spherical sym-
metry is the characteristic flow:

Lemma 4.7. Let I be an interval and U € C%*(I x R3\{0}) be spherically symmet-
ric. Furthermore, assume that the characteristic flow Z of the associated characteristic
system exists. Then the map Z(s,t,-) : {L > 0} — {L > 0} is a measure preserving
C-diffeomorphism which respects spherical symmetry for s,t € I.

Proof. As discussed in Lemma , Z(1,t,-) is a measure preserving C'-diffeomorphism
T,t € I, so it is sufficient to show that Z(7,t,-) respects spherical symmetry for 7,¢ € I.
Let 7,t € I and A € SO(3) be arbitrary and (z,v) € {L > 0}. For the sake of clarity, we
write (X, V)(s) := X(s,t,z,v) for s € I. Since U is spherically symmetric, we obtain

(AX)(s) = AX(s) = AV (s),

2] ) TX0)
B M, AX(s)
- (‘GTU('AX(S)“ - \AX(S)I) AX()]

for s € I and (AX, AV)(t,t,z,v) = (Az, Av). Therefore, (AX, AV)(-,t,z,v) solves the
characteristic system with initial condition (¢, Az, Av). The solution of the characteristic
system is unique according to the assumption, so

(AX, AV (7, t,2,0) = (X, V)(7,t, Az, Av).
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4 Stability of steady states

The angular momentum squared L is constant along characteristics according to Lemma|2.13
which implies

X (1) x V()] = L((X,V)(7)) = L(z,v) = |z x v]*.

Because (z,v) € {L > 0} and A € SO(3) are arbitrary, the map Z(r,t,-) respects
spherical symmetry. O]

In particular, the class of perturbations Dy, is invariant under spherically symmetric
solutions of the Vlasov-Poisson system with a point mass:

Lemma 4.8. The set Dy, is invariant under spherically symmetric solutions of the
Viasov-Poisson system with a point mass, i.e., let I >t — f(t) be a spherically sym-
metric solution of the Vlasov-Poisson system with a point mass with I an interval and

f(0) =: f € Dy,. Then f(t) € Dy, for allt € 1.

Proof. Since f € Dy,, there exists a measure preserving C'-diffeomorphism 7" which
respects spherical symmetry such that f = fo0 T on {L > 0}. By Definition , the
characteristic flow exists. The spherical symmetry of the solution f leads to the spherical
symmetry of U and U € C'(I xR?) by Lemma. Note that f € C.(R*\{0} xR?) since
by assumption fy is continuous on R3\{0} x R? with compact support. By Lemma ,
Z(0,t,-) is a measure preserving C'-diffeomorphism which respects spherical symmetry
for t € 1. Since f is constant along characteristics, we obtain

o

f(tVZ) - f(07 Z(O7tvz)) = f(Z(O,t,Z))

for t € I and z € R3\{0} x R®. Therefore, f(t) can be written as the composition
F&) = foZ(0,t,-) = fooT o Z(0,t,-) for t € I. Obviously, the composition of two
measure preserving C!-diffeomorphisms which respect spherical symmetry retains these
properties, so f(t) € Dy, holds for all t € I. ]

To determine whether the energy-Casimir functional has a local minimum in fj, we need
an analogue to a metric on the space of perturbations which calculates the distance
between fy and f € Dy,. Therefore, we define

df. 00 = [ [ (VL) = W01y + B(F — o)) do do+ - [ 1V~ VOGP da

for f € Dy, and ¥ as defined above. Note that fo € C.(R*\{0} xR?) and fj is spherically
symmetric, so f € Dy, is spherically symmetric and continuous with compact support
supp f C {L > Lo}. This implies that U; € C*'(R*\{0} x R*) N L?(R?®) and furthermore
He(fo) and He(f) exist. In summary, d = d(-, fy) is well-defined on Dy, .

Since the particle energy E = E(z,v) = 1[v|*> + Up(z) — 12 depends on Uy = Uy,, the

el

whole definition of d = d(-, fy) depends on the steady state f, to be investigated, so d
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4 Stability of steady states

is not a metric in the classical sense. In Lemma [5.1] we will see that there exists some
C = C(fo) > 0 such that

If = follz + IVUy = VU||* < Cd(f, fo), [ € Dy,

This estimate guarantees that d is positive definite. With the expansion of energy
functional around fj in equation (4.1)), we see that the distance d is connected with the
energy-Casimir functional by

d(f, fo) = He(f) — Helfo) + ﬁ / \VU; — VU dz, f € Dy,. (4.4)

4.3 Stability of steady states and examples

With this at hand, we turn to the main result and show that the energy-Casimir func-
tional Hc has a local minimum in fy on the set Dy. We obtain analogously to [4)
Theorem 2.1

Theorem 4.9. There exist Cy = Cy(fo) > 0 and &g = o(fo) > 0 such that for all
f € Dy, with d(f, fo) < 8 holds

He(f) — Hel(fo) > Co|| VU — VU3

We dedicate the entire following chapter to the, not easy, proof of this result. But before
that, we assume that H, has a local minimum in fy in the sense of Theorem 4.9/ and show
the final result that provides the stability of steady states. Analogously to Lyapunov
functions for ordinary differential equations, the energy-Casimir functional is constant
along spherically symmetric solutions of the Vlasov-Poisson system with a point mass
and has a local minimum in fy, so we obtain, similar to ordinary differential equations,
the stability of fy. Analogously to [4, Theorem 2.2]:

Theorem 4.10. There ezist C = C(fo) > 0 and § = 6(fo) > 0 such that for all f € Dy,
with

d(f, fo) <6,

the spherically symmetric continuous solution I > t — f(t) with f(0) = f and f(t) €
C.(R3\{0} x R3) satisfies

d(f(t), fo) < Cd(f,fo), tel
Here, I denotes an interval with 0 € 1.

Proof. Let f € Dy, be at first arbitrary and I > ¢ — f(¢) the corresponding solution
as required in Theorem [4.10] As shown in Lemma [1.8] f(t) € Dy, for all t € I, so the
map I 5t — d(f(t), fo) is well-defined. Furthermore, it can be shown that the map is
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4 Stability of steady states

continuous:

Let s,7 € I and J C I be a compact interval with s,7 € J. According to Lemma [4.3]
the energy-Casimir functional is invariant under spherically symmetric solutions of the
Vlasov-Poisson system with a point mass, so by (|4.4])

1
[d(f(5): fo) = A(f(7), fo)l = = IV Us(s) = VUolls = [ VUyr) = Voll3]

Since f(t) € C.(R*\{0} x R3) and f(¢) is spherically symmetric, the induced density
p is continuous and p(t) is spherically symmetric for ¢ € I. According to Lemma ,
the induced potential U(7) = Uy, is twice continuously differentiable with respect to
z and U € C%(I x R®). Hence, the characteristic flow is continuous by Lemma [2.11]
and the solution f has the support supp f(t) = Z(t, 0, supp f) for t € I as discussed in
Remark . Therefore, the support of f(t) is bounded uniformly in ¢ € J. Together

with Remark [(c)] this implies

[IVUss) = VUoll2a = VU — VUoll2| < [[VUys) = VUl
< Cllp(s) = p(®)lls < ClIf(s) = f(O)]s.

Since f is continuous, the term f(7) — f(s) vanishes pointwise as 7 — s and is bounded
uniformly on J x R3, so f(7) — f(s) vanishes in L5(R®) as 7 — s by the dominated
convergence theorem. In conclusion, this convergence leads to

1
[d(f(5), fo) = A(f (1), fo)l = = IV Us(s) = VUoll5 = [[VUsr) = VUl = 0
as T — s, so the map I >t — d(f(t), fo) is continuous.

Let 09 = do(fo) and Cy = Cy(fo) be as in Theorem. We define 0 := 50(1+ﬁ)_1 >0

and C':=1+ ﬁ > 0. Now let f € Dy, with d(, fo) < 4. Since I >t — d(f(t), fo) is
continuous and & < &, there exists t* € I U {oo} such that

d(f(t)v fO) < 607 te [07t*[;

let t* be the maximal value with this property. The choice of § and C' and the estimate
in Theorem yield together with equation (4.4) to

A (0), 1) = He(F (1)) — He(fo) + 1=V Uy — VU
1

<1
_( +47TC()

)
- (1 + 4;00) (He(f) = He(fo))
)

(He(f(t) — Helfo))

(Held) — Helho) + 1190, - VEal:)
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4 Stability of steady states

1 o 1
_ (”47?00) d(f, fo) < (1+4W00>5_50

for all ¢ € [0,¢*[. This implies t* = sup I, so the proof is complete. O

As the attentive reader will have noticed, the above theorem assumes that for all f € Dy,
there exists a spherically symmetric continuous solution I 3 ¢ — f(t) with f(0) = f and
f(t) € C.(R*\{0} x R?) for t € I and an interval I with 0 € I. In the last chapter, more
precisely, in Theorem (6.2, we show that for all f € CL(R*\{0} x R3) with f(z,v) = 0
for (z,v) € R*\{0} x R? with |z X v|? < Ly with some Ly > 0, there exists a suitable
spherically symmetric solution, the so-called Lagrangian solution, which has the required
properties and exists on R.

Theorem regarding stability is only useful if there exist anisotropic steady states
fo which satisfy the assumptions. In the previous chapter, we constructed a class of
anisotropic steady states with compact support and finite mass. Two examples we
considered in the previous chapter are the (generalized) polytropic steady states and the
(generalized) King model. If we restrict the parameters appropriately, we obtain their
stability by Theorem [£.10]

Example 4.11 (Stability of the (generalized) polytropic steady states). Let k > 1 and
[ > 0. Furthermore, let Lo > 0 and Ey < 0. Analogously to Example we define

(B, L) := (Ey— E)5(L — Ly),.
Then, ® € C(R x [0, 00[) N C*°(]—00, Ey[x]Lg, 0o[) with
' (E,L) = —k(Ey — B)" (L — Ly)', E < FEy, L > Lo
and ®4' : [0, 00[x]|Lg, 0o[— [Ey, oo| with
®p'(y, L) = Fo — (L — Lo) Fyt.
In summary, this leads to
®(@5'(y. L), L) = —ky'"* (L — Lo)¥, y >0, L> L.
Conditions are obviously satisfied with arbitrary Eny, < FEo and Lyax > Lg.
Hence, Theorem shows the stability of (generalized) polytropic steady states for
1 >0, k>1, Lo >0 and Ey < 0 if fo = ®(E, L) solves the Viasov-Poisson system

with a point mass. Note that supp f = {E < Eq} N{L > Lo} is compact according to
Lemma [3.2.

If we further require k <+ %, then fo = ®(FE, L) solves the Viasov-Poisson system with

a point mass with compact support and finite mass for suitable Fy < 0 as discussed in
Example which leads to the stability of the (generalized) polytropic steady states.
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4 Stability of steady states

Example 4.12 (Stability of the (generalized) King models). Let k > 1 and | > 0. We
define, analogously to Example

B(E,L) = (%" ~ DY (L - L),

for Eq < 0 and Ly > 0 arbitrary. Obviously, ® € C(Rx [0, 00[)NC*°(]—oc0, Ey[x]Lg, 0ol)
with

(B, L) = —kePomE (B~ )" YL — Ly)!, E<Ey L> Ly,
and ®4' : [0, 00[x]Lg, 0o[— [Eo, oo| with
®71(y, L) = B, — In (y%(L — Lo)F + 1) .
This implies
o (03 (y, L), L) = —k (y FylH(L - LO)%> . y>0, L> L.

With similar arguments as in Example conditions are obviously satis-
fied for arbitrary Ewin < Eo and Lyax > Lo. Again, Theorem[4.10 yields the stability of
(generalized) King models with | > 0, k > 1, Lo > 0 and Ey < 0 if fo = ®(E, L) solves
the Vlasov-Poisson system with a point mass.

Fork <1+ %, Example shows that fo = ®(E, L) solves the Viasov-Poisson system

with a point mass with compact support and finite mass for suitable Ey < 0 and thus is
stable.
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5 Proof of Theorem 4.9

For the proof of Theorem , we apply the methods in [4] to our setting. While
many parts work analogously, some steps can be done more directly with the (0, E, L)-
coordinates as described in [5]. That is the reason why we consider the arguments in [5]
and transfer certain helpful results to our setting.

In Theorem [4.9, we claim, among other things, that H¢ has a local minimum in f;. In
one-dimensional analysis, we can detect a local minimum if the first derivative vanishes
and the second derivative is positive in the minimum point. We adapt this behavior to
our setting and have a closer look on the expansion (4.2)) of the energy-Casimir functional
He around fy. By the choice of ¥, recall

!
\Il(f,L):—/ ®. (2, L) dz, f>0, L> Lo,
0

and U(f, L) =0 for L < Ly, the linear term vanishes. Considering the quadratic term,
we define the the second order variation of He with D*He(fo) by

1 § 1
D2Hc(f0)[g] = —// \\J (fO,L)92 dv dx — —/\VUgIZ dx
2 {f0>0} 87'('

1 // 1 9 1 / 9
= — ————¢g° dvder — — [ |VU,|* dx
2 {fo>0} |<I>/(Ea L)’ 8 !

for g : R? x R® — R if the single expressions exist. To prove Theorem .9 we assume
that the assertion in Theorem were false, and as a result, we construct a function
g with D*H¢(fo)[g] < 0. Furthermore, we will show that D?*Hc(fo)[{—FE,-}] > 0 for
suitable functions. As we will later introduce, {-,-} denotes the Poisson bracket. By
showing that g = {—E, h} and with regularization, we derive a contradiction.

(5.1)

In order to calculate terms like W”( fo, L) which appears in the definition of D*H¢(fo)[g],
we examine U in more detail and establish useful identities and estimates as in [4, Lemma
3.1]:

Lemma 5.1. (a) The function ¥ is continuous on [0, 00[x]Lg, 00| and ¥ € C°(]0, 0o[x]Lg, oo[)N
C39(]0, 0o[x] Ly, o) with

\Ij/(fu L) = _q)]_El(f’ L)7

" _ 1
VD =@, 0)
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5 Proof of Theorem

(@5 (f, L), L)
(®(®5'(f, L), L))?

\I;//l(f’ L) —

for f >0 and L > Ly.

(b) The estimate V(f,L) > —Eof holds for f > 0 and L > Lo. Furthermore,
fo=®(E, L) leads to

\Ill(f(]vL) =—E on supp f07

‘;[;H(fo,L) = —ﬁ on {fo > 0}

(¢) There exists a constant C' = C(fy) > 0 such that

[ -vian+ B -l v ez [[ 17~ fP doas
for all f € Dy,. This yields
I = oll3 + IVU; = VUG[12 < Caf, fo)
for all f € Dy, with C' = max{},8r}.

Proof. We require ® € C(R x [0,00[) N C*°(]—o0, Ey[x]Lg,0]) with ® < 0 and
O (]—o0, Ey|, L) = [0, 00 for L > Ly, as stated in the previous chapter. Hence, Lemma
implies that ®3' is continuous on [0, co[x]Lg, 0o]. By the fundamental theorem of cal-
culus and the inverse function theorem, the formulas of ¥, W and ¥” follow directly and
lead to the regularity asserted in @

Since @' : [0, 00[x] Ly, oo[—]—00, Ey] and therefore ' < Ej, the fundamental theo-
rem of calculus implies that W(f, L) > —FEyf for f > 0 and L > Ly. Because of the
definition of @', the other assertions in |(b)|follow directly. According to the assumption
imposed in the previous chapter, {fo > 0} = {E < Ey} N{L > Lo} and ®'(E,L) <0
on {fo > 0}, so the expressions in [(b)] are well-defined.

In order to show the assertions in |(c)| we estimate the expression E(f — fy) accordingly.
Let f € Dy, be arbitrary. Based on the assertions in @, we obtain

E(f - fo) = —‘I’l(fO,L)(f — fo) on supp fo

and
E(f—fo) > Eof = ®5'(0,L) f = =V'(fo, L)(f — fo) on {E > Eo} N{L > Lo}

In summary, this leads to

U(f, L) = ¥(fo, L) + E(f = fo) 2 V(f, L) = ¥(fo, L) = W'(fo, L)(f — fo)
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5 Proof of Theorem

= ll_r%(\ll(f +e, L) =VU(fo+¢e L) =V (fo+e L)(f— fo))
= i (6 )/~ fo)?

with some &, 1 (x,v) between f(z,v)+e and fo(z,v)+e for (x,v) € {L > Ly} and € > 0.
Hence, we obtain 0 < &1 < || folleo + 1 for € small enough. Note that || f|le = ||follc
since f € Dy,. According to the assumption and the formula of ¥”, the infimum

1
Co= g inf{W"(£,D)|0 < f < [[flloo + 1, Lo < L < Linax} > 0

exists with L. = maXepp £, L, and it follows

W(F, L)~ W(fo, L) + E(f — fo) > im0 (6, D)(F — o) = CIf — foP

on {Ly < L < Ly} Integrating this estimate over {Ly < L < Ly« } yields the desired
expression but only with integrals over the subset {Ly < L < Lyax}. Since f € Dy,
there exists a measure preserving C'-diffeomorphism 7' : {L > 0} — {L > 0} which
respects spherical symmetry such that f = fy o T. The angular momentum squared
L is invariant under transformations which respect spherical symmetry, so f = 0 on
{L < Lo} and {L > Lpax}. Therefore, the proof is complete. O

Remark. (a) The function ¥ € C([0,00[x]|Lg,0[), so ¥ satisfies the condition in

Lemma[.35,

(b) For the expansion of the energy-Casimir functional around fo, we require the
function U which induces the Casimir functional to be C*°([0, 00[x[0, 00]). Since
f=0= foon{L < Lo} for f € Dy,, it is sufficient to demand C*°([0, oo[x]|Lg, col).
The function VU as defined above has at least the reqularity C*°(]0, co[x]Lg, 0ol).

(¢c) Lemma shows that the identity (5.1) is valid.

5.1 The construction of g

As mentioned before, under the assumption that Theorem [4.9] were false, we are able to
construct, analogously to [4, Lemma 3.2], a function g such that the second derivative
of the energy-Casimir functional is negative:

Lemma 5.2. Assume that Theorem were false. Then there exists g € L*(R®) with
the following properties:

(91) The function g is spherically symmetric.

(92) The support of g is in supp fo, i.e., supp g C supp fo.

(93) The function g is even in v, i.e., g(x,—v) = g(x,v) a.e. (z,v) € RE.
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5 Proof of Theorem
(94) The derivative VU, € L*(R®) exists with
1
8_7T||VU9||§ = 1.

(95) The second order variation of the energy-Casimir functional exists and is negative,
1.€.,

DHe(folgl = %//{fwo} V" (fo, L)g* dv dz —1 < 0.

(96) Let G = G(f, L) € C*°([0, 00[x[0, 00[) with G(0,L) = 0 = 9;G(0,L) for L > 0
and 8]%G bounded. Then

/ 0¢G(fo,L)g dv dz = 0.

Remark. In [4], the function g is interpreted as a vector tangent to Dy, in the point fj.
For more detail, we refer to [4] and in particular to [4, Remark 3.5]

Proof of Lemmal[5.9 Assume that Theorem [4.9 were false. Then there exists a sequence
(fn)nEN C Dfo Wlth

1
d(fnaf)<ﬁa TLEN,
and
1
Hel(fn) — Helfo) < 87_{__n||VUfn — VUoll3.

Note that |[VU;, — VU3 > 0 for n € N. Otherwise, He(f) — He(fo) < 0 and thus
d(fns fo) = He(fn)—He(fo) < 0 would hold which were a contradiction to Lemmal5.1][(c)]

Construction of the sequence (g, )qen
First of all, we have to manipulate (f,,) suitably to construct a sequence which converges
in a proper sense. Then we can use its limiting function to examine whether the above
conditions are satisfied.

1

In|(g4), we require g || VUy||3 = 1. Hence, we define g, in such a way that this condition

is satisfied for all n € N. Therefore, we define

- VUOHQ,

Onp -

1
= —=||VU
1
gn ‘= O__(fn_f0>7 n € N.
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5 Proof of Theorem

This implies
fn = fO + OnGn,
1
VU, [E=1, neN

To show the convergence of (o,,), we recall the proof of Lemma in which we have
shown that

U(fo, L) —V(fo, L) + E(fn — fo) > C|fu — fo]? > 0 on R*\{0} x R®.

Note that f, = f =0 on {L < Ly} and {L > Ly} With L.y := maxgupyp f, L. Hence,
it follows that

for n € N.

The existence of the weak limit ¢

We now show that the sequence (g,) converges weakly. To apply the Banach-Alaoglu
theorem and thus ensure convergence, we show that the sequence (g,) is bounded in
L*(R®). Lemma and the definition of d yield together with Equation the

following estimate:

C’// |gn|? dv dz < Ui%//(\lf(fn,l)) —U(fo, L)+ Eopngn) dv dx

1 1 ,
o1 CERORE /)
1 1
- 2 (HC(fn) - HC(fO) + _HVUfn — VU()H%)
Tn 87
1/ 1 .1 2
< 52 \ g VUn = VOOl + IV Uy, = V0ol
1
=1+ =2 (5.2)
n

for n € N. The constant C' denotes the one in Lemma , and thus it is indepen-
dent of n € N, so (g,) is bounded in L?(R%). The Banach-Alaoglu theorem yields the
existence of a subsequence of (g,) such that it converges weakly to a limiting function g
in L?(R®). Under abuse of notation, we denote the subsequence with (g,,) for the sake
of clarity.

In the next steps, we analyze whether the required conditions are satisfied.
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5 Proof of Theorem

Spherical symmetry of ¢

Let A € SO(3). Since (g,) converges weakly to g in L?(R%), the sequence g,(A-, A-)
converges to g(A-, A-) as well. By assumption, fo and thus (f,) C Dy, is spherically
symmetric, so g, = i( fn — fo) preserves the spherical symmetry. This leads to

as n — o0o. As the unique weak limit of (g,), the limiting function g has to satisfies
g = g(A-, A-) a.e.. In summary, this means that for all A € SO(3) there exists a mea-
surable set N C R® with A\(V) = 0 such that g = g(A-, A-) on N°. With Lemma [2.4]
this yields spherical symmetry of g, so is satisfied.

The support of ¢

We aim to show that suppg C supp fo = {F < Eo} N {L > Ly}. For this purpose,
let By < E1 <0 and 0 < Ly < Lo be arbitrary. As we have discussed in the proof of
Lemma [5.][(c)l f = 0 on {L < Lo} for all f € Dy,. By definition, g, also vanishes on
the set {L < Lo} which implies that

// gndvdx:// gn dv dx
{E>E1}U{L<L1} {E>E1}

E — E
< // —Ogn dv dx
(e>E1} £1 — Eo
1

< E — Ey)g, dv dz
El - EO //{'E>E0}( 0)

for n € N. The steady state fy vanishes on {E > Ey}, so f, = 0,9, on {E > Ey}.
Lemma [5.1][(b)] yields the following estimate on {E > Ey} N {L > Ly}:

\If(fn’ L) - \D(me) + Egngn = \Ij(fnaL) + Eangn 2 _EOfn + Eangn
= (F — Ey)ongn, n€N.

The inequality (5.2 leads to the estimate
// (E — Ey)g, dv dx = // (E — Ey)gn dv dx
{E>Ep} {E>Eo}n{L>Lo}
1
< — // (U(fn, L) — V(fo, L) + Eoy,gy,) dv dx
On J J{E>Eo}n{L>Lo}

< ain //(\If(fn, L) —Y(fo, L)+ Eong,) dv dx < 20,

for n € N. Since (0,,) tends to zero, we obtain the convergence

1
// gn dv dx S // (E - Eo)gn dv dzx
(B>E ) U{L<Ly} Ey—Eo JJ(g>E0)
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5 Proof of Theorem
S—El—EOU"_)O’ n — 0o.
Note that g, = J%Lfn >0on{F > Ey} U{L < Ly}, so this can be interpreted as

LigsEyuiL<ri)9n — 0 in L'(R®).

The weak convergence of g, yields

Ligspyu{L<i}9n — LpsByur<ryg in L*(R%).

This implies that

1{E>E1}U{L<L1}g = 0.

Therefore, suppg C {E < E1}N{L > Ly}. Since Ey < F; < 0and 0 < L; < Ly are
arbitrary, we obtain the assertion|(g2)} namely suppg C {E < Eo}N{L > Lo} = supp fo.

In addition to the boundedness in L?(R%), we use the L!-convergence of L{E<E N {L>L1}9n
for arbitrary £y < 0 and L; > 0 to show the boundedness of (g,) in L'(R®):

Boundedness of (g,) in L'(RS)

Let By < By <0and 0 < L; < Lg. Since fy € C.(R*\{0} x R?) is spherically symmetric,
the set {F < E1} N{L > L;} is compact by Lemma With the convergence shown
before and the boundedness of (g,,) in L*(R%), this leads to

//|gn|dvdx:// gndvdx—l—// gn dv dz
{E<E1}n{L>L:} {E>E1}U{L<L1}

By using the boundedness of the sequence (g,) in L'(R3), we next examine the condi-

tion [g1]
The condition |(g4)], i.e., & [|VU,[3 =1
In order to show the existence of VU, and the required identity, we first examine the

sequence (p,, ) of the induced densities for weak convergence and then show that the
sequence remains concentrated.

At first, we have a closer look on the kinetic energy induced by g,,. Since fo € L'NL>*(R%)
is spherically symmetric with finite mass, Lemma [2.9] implies that

* m(s <1 M
OzUo(r):—/ 3(2) dsz—HfoHl/ ?ds:_T’ r >0,

with mass M := || fo||1. As a result, we estimate the kinetic energy on the set {E > Ey}

by
Lo
—|v|*|gn| dv dz =
{E>FEo} 2
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5 Proof of Theorem

M,
_// (E — By)\gal dv dx+// (EO—U0(|x])+—O) 9] dv dz
{E>Eo} {(E>Eo} 2]
M,
g// (E — Ey)|gn| dv d:c—l—]E0|//]gn] dv d:c—l—// tt\gnl dv dx
{E>Ey} {E>Ep} 2]

for n € N with the total mass M := Mo+ M. While the first two integrals are bounded
by previous calculations, the third term is the crucial one. As already discussed, g, = 0
on {L < Lo} and |z| > ‘{fTO for all (x,v) € {L > Lo}. Let a > 0 be at first arbitrary.
Then this implies

O MO
// tt|n]0lvdzzc—// N g,| dv da
{E>Eo} || {L>Lo}n{E>Ep} ||
Mo
tt// [v||gn| dv dx
{E>Eo}n{L>Lo}

Mo
ot // (a+ |v|2) lgn| dv dz
{E>FEo}
and thus

// L o21gn] dv dx<// (E — Ey)|ga] dv d:U+|E0]//|gn| dv do
(B> By} 2 {E>Eo}
M
ot // (a+ —|U\2) |gn| dv dz, n € N.
{E>Eo}

If we choose a := 4% such that % - % = }l, this leads to

Mo
// ]U| |gn| dvda:—2<—— tt)// 02| gn| dv dz
E>Eo} 2 {E>Eo}
<2(// (E — Ey)|gn| dv da:+|E0|//|gn| dv dz + 2 Mo //!gn| dv dx)
E>E0}

for n € N. As shown before, the first term tends to zero for n — oco. Since (g,) is
bounded in L!(R%), the second and the third term are bounded independently of n € N
as well. Now, it remains to examine the kinetic energy on {E < Ey}. The support
supp fo = {E < Eo} N{L > Ly} is compact, so

1 1
J[ s avae= ] Lol do o
(B<Eo} 2 (B<Eo}n{L>Lo} 2

SC’// |gn|dvdx§0//|gn|dvdx, n € N.
{E<Eo}n{L>Lo}

In summary, the kinetic energy is bounded independently of n € N.
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5 Proof of Theorem

As a result, (p,,) is bounded in certain L? spaces: Let x € R*\{0} with p,, (x) # 0. Tt
follows by Hélder’s inequality that

2
0@l = [l ol dv< [ gl dor g [ SoPlaate o)l do
[v|[<R [v|>R

< c( (/ g, 0) 2 dv>l R /%|v\2|gn(x,v)| dv)
N N )

with R = R(z) := ([ |gn(2, ) dv)~7(f 3|v[*|gn(z,v)| dv)7 and C' > 0 independently
of n € N and z € R3\{0}. Again, Hélder’s equality yields

[t arze [ (fiatoorw) ([ St oa) o
<c (/ (g, 0)? do dx)g (//%\v|2\gn(x,v)] v dx)g

for n € N. Since the kinetic energy is bounded independently of n € N and the sequence
(g) is bounded in L' N L*(RY), the sequence (p,,) is bounded in L' N L5 (R3) and
thus in particular in Lg(RS). The Banach-Alaoglu theorem provides the existence of a
subsequence of (p,, ) which we denote again with (p,, ) such that

pgn - p* in Lg(R3)

with p* € L3(R3). In order to examine p*, let x € C=(R3) and Ey < By < 0 and
0 < Ly < Ly. Then

/p*Xd:E:hm/pgn( ) dr = lim //gna:v ) dv dx

n—oo n—oo

= lim (// gn(x7U)l{ESEﬂﬂ{LZLl}X(x) dv dx + // gn(%”)X@) dv d[L‘)
n—oo {E>E:}

= // T,V 1{E<E1}Q{L>L1}x ) dv dx = // z,v)x(z) dv du.

Note that g, — ¢ in L*(R%) and suppg C {E < Eg} N {L > Ly} is compact. Further-
more, we have shown that ff{E>E1} |gn(z,v)| dv dz — 0 as n — oo. Since x € C(R?)
is arbitrary, it follows with the fundamental lemma of the calculus of variations that

p* = pg, SO

pgn - pg ln L% (RS)
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5 Proof of Theorem

It remains to show that (p,, ) is concentrated. For this purpose, let £y < E; < 0. Then

a radius Ry > 0 exists such that Uy(R;) — ]Rw—f = F and thus

1 M,
ﬂnw:?W+wm%"7>MﬂM———zﬂ,

for (z,v) € R®\{0} x R? with || > R;. In summary, we obtain

/ !Pgn!dl'é// lgn| dv dx — 0, n — oo.
{lz|>R1} {E>E1}

This means that the sequence (p,,) remains concentrated.

By [10, Lemma 2.5], it follows
VU, — VU, in L2(R% R3).

The conditions as stated in [10, Lemma 2.5] are only almost satisfied since p,, can be
negative. Anyway, the proof remains true in every step if p,, is negative. In particular,
it is shown that VU, exists. Since we construct g, in such a way that -||VU,, |3 = 1,
the limiting function ¢ obviously retains the required property éHVUgH% =1, and we

conclude .

The second order variation of the energy-Casimir functional D?#,

In the next step, we show that the second order variation of the energy-Casimir func-
tional D?*Hc[g] is negative. For this purpose we introduce increasing sets (K;) on which
the sequence (0,¢,) convergences uniformly and increasing sets (.S,,) which fix the dis-
tance from the boundary of supp fo.

Since (g,) is bounded in L*(R®) and o, — 0 as n — oo, we observe
longnll2 < onllgnllz < Cop — 0, n — oo,

so there exists a subsequence which we denote again with (o,¢,) such that o,g, con-
vergences to 0 pointwise a.e.. Since supp fp is compact, Egorov’s theorem yields an
increasing sequence (Kj), i.e., K; C K;41 C ... C supp fo for all j € N, such that

1
vol(supp fo \ K;) < 7
and

lim 0,9, = 0 uniformly on K
n—oo

for all j € N. Furthermore, we define

Sm = {(x,v) S R3\{0} X R3 E(ZE,U) S EO _%/\L(I’U> Z L0+ %}
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5 Proof of Theorem

for m € N to fix the distance to the boundary of supp fo. Note that (S,,) is increasing
with S,, C S;41 C ... Csupp fo for all m € N.

Since S,, has fixed distance to the boundary of supp fy, the steady state f; is bounded
from below on S,,, so we can show ¢, := infg, fo > 0 for m € N: Let (z,v) € S, so
E:=E(z,v) < Ey— L and L := L(z,v) > Ly + . This leads to

1 1
fo(l’,v) = CI)(E,L) Z 0] (EO + _,LO — —) .
m m
Here, we applied that ® is monotonically decreasing in E because of ® < 0 on S,
and monotonically increasing in L by assumption [(A4)l Hence, it follows 6, > ®(Ey +
1 1
oo Ly — E> > 0.

Fix m € N and j € N. As we have shown before, the 8%||VUQ||% = 1 holds, so it remains
to show that [ (o0} U”(fo, L)g* dv dx exists and is smaller or equal than 1. Before
we can apply the Taylor expansion, we have to clarify that the conditions are satisfied.
Since ¥ € C39(]0, oo[x]Lg, 00[), the Taylor expansion yields

W(fu, L) = W(fo, L) = (o, DY~ fo) = 59" (o D) (fu — fo)?
= Mm(¥(fy +6 L) = U(fo+& L) = V' (fo+e L)(fa = fo)

— SV (ot e D) = o))

= lim 0" (fo &+ &0 — o), D) — o)
=l LU fo 2t €, D)~ o), mEN

with some 0 < ¢ = §,(z,v) < 1 for (z,v) € S, N K;. Because of the construction of

K, the sequence (0,g,) converges uniformly on Kj, so there exists ny € N such that
1

—%m < Opgn < 5 a.e. on Kj for n > ng. This implies for n > ng and 0 < € < % and

0 <& <1 that
Om, Om,
7 < 5m_€7 < fo+&ongn < fot+e+Eongn < HfOHOO"i_l

a.e. on S, N K;. Since S, N K; C supp fo C {L > Lyax}, we obtain
|‘11W(f0 + e+ &£ongn, L)|

) 1
S sup{|\1’///(Z,L)| = S z S ||f0||oo + 17 LO + — S L S Lmax} = Cm < o0
m

2

on S,, N K; for n > ng. The existence of the supremum follows from Lemma @ and
the assumption [(A2)| Inserting these assertions, we obtain for n > ny that

1
5// U (fo, L)|gn|? dv da
SmNK;
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5 Proof of Theorem

// Hm " (fo + ¢, L)| fo — fol?* dv da
Sm

QK e—0

— //5 Im(W(f, +¢e, L) —V(fo+e, L) =V (fo+e L) fu—fo)

K; €—>0

- %\Iﬂﬂ(fo +e+ go'ngm L)(fn - f0)3) dv dx

1 /
< / /S L) D)~ W o Do~ )
+ = C | — fol?) dv dx

1
- / / U)o ) 5 B — o) o d

+ C // Onlgnl?® dv dx
SmNK;

< 1~|— + - C sup\angn|// |gn|? dv du,

where we have again used equation . To make statements about g, we examine
both sides for convergence. Since (o,¢,) converges uniformly to 0 on K; and (g,) is
bounded in L?(R%), the right—hand side converges to 1. On the other hand, according to
the assumptions, V" ( fo, L) = m > 0 is bounded on S, N K because of S, N K; C

{Fnin < E< Ey— %} N{Ly+ L = < L < Linax ) with By := mingpp 5, £. Furthermore,
the boundedness of S, N K implies 1g,,nx, (¥”( fo, L))z € L' N L=(RS). The fact that
gn — g converges weakly in L*(R%) leads to

Ls,.nx, (T (fo, L)zg, — Ls,.nx, (T (fo, L))zg in L*(RY).

The lower semi-continuity of || - || implies that

1
—// V" (fo, L)|g|* dv dr < liminf - // U (fo, L)|gnl? dv dz
2 SmNK; o SmNK;

1 1
< lim (1 + — 4 ~Cpsup [ongn| // |9 |* dv dx) =1
n—00 n 6 K;

Since (&) and (S,,) are increasing sets and the integrand is non-negative, the monotone
convergence theorem applied first for j — oo and then for m — oo yields

1
—// U (fo, L)|g|* dv dx < 1.
2. Jiso>01

Together with . this shows that the second order variation of the energy-Casimir
functlonal D*He(fo)lg] = 5 ff{f0>0} U"(fo, L)g* dv dz — 1 < 0 is negative, so the condi-

tion is satisfied.
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5 Proof of Theorem

The condition [[9;G(fo,L)g dv dz =0 ((g6))
Let G = G(f, L) € C*°([0,00[x[0, 0o[) with G/(0, L) = 0 = 9;G(0, L) for L > 0 and 0;G
bounded. The Taylor expansion with respect to f yields

G(me) - G(f07L) - 8fG(f0,L)(fn - fO) + %8?G<f0 + T(fn - fO)’L)(fn - f0)2

with some 7 = 7,(z,v) € [0,1] for (z,v) € R3\{0} x R® and n € N. Integrating this
identity leads to

//(Gm, L) — G(fo,L)) dv dz

2
=0, // 0rG(fo, L)gn dv dz + % // 3G (fo+ Tongn, L)gs dv da

for n € N. Since f, € Dy,, there exists a measure preserving C’-diffeomorphism
T, :{L >0} — {L > 0} which respects spherical symmetry such that f, = fy o T,.
Note that {L = 0} is a null set. Thus, a change of variables provides

//G(fn,L) dv dx://G(fo,L) dv dv, neN.

Note that L is invariant under transformations which respect spherical symmetry. This
results in

g

/ G (fo, L)gn dv dx = —7”// G(fo +Tongn, L)gs dv dz, neN.

By assumption, 07G is bounded, and we have proven that (g,) is bounded in L*(R°).
Therefore, the integral on the right-hand side is bounded, so the convergence o,, — 0 as
n — oo provides that the right-hand side vanishes as n — oc.

Since 0;G € C([0, 00[x[0, 00[) with 9;G(0,L) = 0 for L > 0, the function 0;G(fy, L)

is bounded with compact support in supp fo. In particular, 9;G(fo, L) € L' N L>=(R%).
Since g, — g converges weakly in L*(R®) as n — oo, this yields

// 8;G(fo, L)gn dv dz — // 0;G(fo, L)g dv dz, n — oco.

In summary,

/ 0¢G(fo,L)g dv dx =0,
so the assertion is satisfied.

The construction of an even g
Finally, we have to examine whether g is even in v. With the above construction, we
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5 Proof of Theorem

are not able to determine this property, but we can manipulate g such that the resulting
function is even in v and retains the conditions we have already proven. We expand g
into its odd and even part, i.e.,

9 = Godd + Jeven

with goga(z,v) = %(g(m,v) — g(x,—v)) and Geyen = %(g(x,v) + g(x,—v)) for a.e.

(r,v) € R The function gewen is even in v and has the properties which we require:
Clearly, geven € L?*(IR%) is spherically symmetric with support in supp fo. Furthermore,
Pg = Pgeven SICE Py = [[ Goaa(+,v) dv = 0. Therefore, U, = Uy, so the condition
| VUgeen |3 = 1 remains true. It is easy to see that £ = E(z,v) and L = L(z,v) are
even in v, so fo = ®(E, L) and hence W"(fo, L) and 9;G(fo, L) are also even in v if G
has the properties required in [(g6)] This results in

1
125 [ Wil dvds
2 JJigo>01

1
=3 // U (fo, L)(|geven|” + |goaa|?) dv da + // U"( fo, L) GevenGodd dv dx
{fo>0} o0}
1 1
=5 [ ¥ Dol v et g [ @ Dlgf e
{fo>0} {fo>0}
1
=z 5// \p”<f07L)|geven|2 dv dx
{fo>0}
and

0= / 0¢G(fo, L)geven dv dx +/ 9¢G(fo, L)goda dv dz
_ / 0:G(fo. L)goven dv d.

Note that the set {fy > 0} = {E < Ey A L > Loy} is even in v. In summary, geen has
the required properties, so the proof of Lemma is finally complete. m

5.2 The Poisson bracket and the transport operator

Under the assumption that Theorem [4.9) were wrong, we are able to construct a function
g as shown in Lemma [5.2| with D?*Hc(fy)[g] < 0. On the other hand, we can show that
D?*Hc(fo) is positive on a certain class of functions, namely the ones induced by the
particle energy and the Poisson bracket, respectively, the transport operator. We first
define these terms rigorously:

Definition 5.3. The Poisson bracket {-,-} is defined by

{fa g} = axf : avg - avf : aa:g
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5 Proof of Theorem

for f,g : R3 x R® — R differentiable. We use the same definition if f and g are only
defined on R*\{0} x R3.

The transport operator T is defined by

Tf = {_Eu f}

for f:R3\{0} x R® — R differentiable. Here, E = E(x,v) denotes the particle energy
with the potential Uy induced by the steady state fy.

Note that Uy and thus E are continuously differentiable on R*\{0} x R3, so the transport
operator T is well-defined. The transport operator is related to the Vlasov equation and
the characteristics:

Remark 5.4. For f: [ x R3\{0} x R* — R differentiable with I an interval, the Vlasov
equation can be expressed with the transport operator by

Of+Tf=0f+{-E f}

=0 f +v-0uf — Oy (Uo(a:) Mo

- —> =0,
||
More generally, the following holds for h : R3\{0} x R? — R differentiable:

(X V)(5,t,,0))

= 0, WM Z(s,t,2,v)) - X(s,t,x,v) + O,h(Z(s,t,2,0)) - V(s,t,2,v)

_ (axh(:c,v) v — dyh(z,v) - O, <Uo(x) - %))
= —{E. h}((X,V)(s.t,2,0))

(z,0)=(X,V)(s,t,z,v)

for s;,t € R and (z,v) € {L > 0}.

Moreover, the Poisson bracket has some helpful properties which we will use in later
argumentation:

Remark 5.5. (a) The Poisson bracket is anti-symmetric, i.e.,

for f,g: R® — R differentiable.

(b) By the product rule, the identity

{f.gh} ={f, g}h+g{f. 1}
holds for f,g,h: R® — R differentiable.

69



5 Proof of Theorem

(c) Let f,g : RS — R be differentiable and spherically symmetric. Then {f, g} is
spherically symmetric as well.
Let A € SO(3) and fa := f(A-, A:) and ga := g(A-, A-). By assumption, f and g
are spherically symmetric, so f = fa and g = ga. Therefore, it follows
{f,9}(Az, Av) = 0, f(Az, Av) - 0,9(Ax, Av) — 0, f(Ax, Av) - 0,g9(Ax, Av)
= (A ' afo(.l’,U)) ' (A ’ ang(.T, U)) - (A ’ anA(x7 U)) ’ (A ’ @ng(l’,v))
= afo(xa U) ’ Gng(:c, U) - ava<xa U) ' a’chA(xv U)
= {fA7 gA}(xv U) = {fa g}(l’, 'U)
for all (z,v) € R® x R3.
We apply the Poisson bracket and consider the class of states f = {—F,h} = Th for

certain functions h. Analogously to [4, Lemma 3.4] and [3| Lemma 1.1], we obtain that
D?*Hc(fo)[f] is positive definite:

Lemma 5.6. Let h € C°(R3\{0} xR?) be spherically symmetric with supph C {fo > 0}
and odd in v, i.e., h(z,—v) = —h(z,v) for all (z,v) € R*\{0} x R®. Then

D*Ho(fo){—E, h}] > —%// m (p; o2 {—E, %}2 4 (% 4 %) h2> dv do

1 1 5 hY: om(r)+ M,
ﬁffm(’“’ e R K

with m(r) := 4w [ s*p(s) ds for r > 0. The integrals extend over {fo > 0}.

Proof. In order to prove Lemma , we proceed analogously to [4]. First, we estimate
the second term of D?*H¢(fo)[{—E, h}]. We take a closer look at the potential and thus
the density induced by —{ E/, h}. The definition of the Poisson bracket and an integration
by parts lead to

—/{E,h} dv:/avE-axh dv—/@mEﬁvh dv
i M,
= (ami /Uih dv + /a,,iaxi <Uo(x) - |—‘|)> h dv>
xr
=1

:Vm-/vhdvzvx-K

with K (z) := [vh(z,v) dv for z € R*\{0}. Note that h € C(R*\{0} x R?), so inte-
grating by parts and the change of integration and differentiation are permitted. Since
h is spherically symmetric, the vector field K has a specific structure which simplifies
the calculation of the divergence: Let z € R3\{0} and A € SO(3) with Az = rez and
ez := (0,0,1)%. Then it follows by Lemma [2.3| that

K(z) = /vh(:c,v) dv = /vh(Aa:,A'U) dv = /Uh(reg,Av) dv
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5 Proof of Theorem

= At/vh(reg,v) dv
VL

2 poo  poo - COSp 1
_ gt .
=A / / / ﬁsmgo h(r,w,L)2—r2 dw dL dyp

/ / / wesh(r, w, L)— dw dL dp

= At /wh(m v) dv ez = K(ﬂ%

with K (r) := [ wh(x,v) dv. Using the symmetry, we obtain that
’ T > x? 1 x?
=30 (K%)= (k0% + K - K% )

— 0K (r) + gK(m - %arwz((r)), € R\ {0}.

Since h and thus —{F, h} are spherically symmetric, Uy, := U_¢g py with
E. h
Un(z) ::/ —{ ” }(y’,v) dv dy, € R3,
r—y

is spherically symmetric as well with

Ul (r) = TQ/BT(O/{Eh}y, dvdy———/ v, K(y) dy
/a ds—47rK()—47r/wh(a:,v) dv, >0,

Note that h € C°(R3\{0} x R3) and hence r*K(r) — 0 as r — 0. Together with the
Cauchy-Schwarz inequality this yields the following estimate:

2
—/|VUh dI——/|Uh|2dSB—27T/‘/ Vv -9(E \/mdv

< 27r//(—w2<1>’(E,L)) dv/ (—#:)) dv dx.

Since ®'(E,L) < 0 on supph C {fo > 0}, the integrals exist, and the argument of
the square root and thus the integrands are non-negative. The derivative in F which
appears in the first integral transforms into one in w. More precisely,

d d 1 L M
20/ (B L) = w*—®(E. L) =w— [ ® [ Zuw?+ — — 22 [,
w (B, L) Y B (E,L) wdw( <2w+2r2 r’

d
— w-C(@(E, 1)
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5 Proof of Theorem

for (z,v) € {fo > 0}. We fix r > 0 and L > L. Then E(r,w,L) < E; if and
only if w €] — k(r, L), k(r, L)] with k(r,L) := \/Z(EO + 2 — Uy(r)) — % > 0. Since
E(r,£k(r,L),L) = Ey, the identity ®(E(r,+x(r,L),L),L) = 0 holds for L > L, and
r > 0, provided that x(r, L) > 0 exists. Integration by parts yields

—/ W2 (B, L) d / / B(E, L)) dw dL
{fo(x,-)>0} Ly J—k rL) UJ

= / / ) dw dL
Lo J—k(r,L)

/ (E,L) dv = polx), = €R\{O}.

If {fo(x,:) > 0} =0, the above identity is also valid since po(x) = 0. Hence, we obtain

that
i/\v Up|? dv < ZW//(—WZCI)/(E L)) dv/ —h—2 dv dx
87 voRl T = ’ &' (E, L)

<on //po(x)m dv da.

In summary, these arguments lead to the following estimate:

D2He(fo)[{—F, h}] = // & E T e v da - —/\VUh|2 da

> ﬂl /( ’ )||{E77h}| (i/U d:L“ 27‘ //P()( )|I,(E, [)|
- e e—— - p“ xr v axr

So far, we cannot say anything about the sign of D*H¢(fo)[{E,h}], so we rewrite
[{E, h}|* by introducing the function u given by

1
u(r,w, L) := —h(r,w,L), r>0, weR, L>0.

rw

Since h € C®(R3\{0} x R3), the auxiliary function u € C*(]0, co[xR \ {0} x [0, o0[)
as discussed before. Hence, it remains to show that p is continuously differentiable in
(r,0,L) with » > 0 and L > 0. The function h is odd in v and thus in w, so h and
its second derivative with respect to w vanish in (r,0, L). Taking this into account, the
Taylor expansion with respect to w yields

w(7,w, L) =

h
= (h(7,0, L) + 0uh(r 0, Lo + S32h(r &, L))
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5 Proof of Theorem

1 _ 1 _
= ~0,h(7.0,L) + O(|]) = ~9,h(r,0,L), (7@, L) = (0,L),

and

(7,0, L) = éawh(F L) — —h(f w, L)

7w Fw?

1 07 21 im0 Ty L La37n o Fye2
= — (Ouh(r,0.L) + O2(7, 0, Ly + SO%h(r, &1, L)i?)
1

S (h(f, 0, L) + 0uh(7,0, L)w + %aih(r, 0, L)w? + %ajjh(r, &, E)w?’)
= (~n0.0)+ %éﬁ,h(ﬁ 0.L)a? + O(Jaf"))
= O(|Jw|) — 0, (F,u‘;,f,) — (1,0, L).

w, 7) € [w,w] or &(7,w, L) € [w,w], respectively, so & — 0 as
or i =0,...,2. With similar argumentation, we can show

Note that & = &(7,
(7,w, L) — (r,0, L) fo

_ 1 1 _
Opp(7,w, L) — %&ﬂ&nh(r,O,L) — ﬁawh(r,o, L), (r,w,L)— (r,0,L),

— 1
opp(r,w, L) — %aLaTh(r,o, L), (r,w,L)— (r0,L),

The mean value theorem yields p € C*(]0, 00[xR X [0, 00[). The definition of u and the
product rule in Remark m@ lead to the identity

{E 1} = HE, rwu}|* = (rw{E, u} + p{E, rw})®

= (rw)*({E, u})* + 2prw{ B, rw{ E, p} + p*({E, rw})?

= (rw)’({E, p})* + rw{ B, rw{E, 4} + p*{E, rwH{ B, rw}

( ) ({E7 NJ})2 + {E’ NQTM{E7 TUJ}} - /ﬂrw{E’ {E’ rw}}.
Since rw = |z - v|, first term corresponds to the first term in the claimed inequality. To
examine the second term, we define ¢(z,v) := p*rw{E,rw} for (z,v) € R3\{0} x R3.
Let s > 0 be arbitrary. Since fy is a spherically symmetric steady state with U, €
C%2(I x R?), the characteristic flow Z(,0,) exists and is a measure preserving C'-

diffeomorphism on {L > 0} by Lemma [2.11] The particle energy E and the angular
momentum squared L are constant along characteristics, so we obtain with Remark

that
//{fo>0} mw’ wrrw{f,rol} dv de = //{fo>0} m
_ ] (B, q}(Z(s,0,7,5)) di di
(os0y Y(E(Z), L(2))
_ _//f0>0} = (E(Zl)’L( ))C?S( (Z(s.0,%,9))) di di
s i (s zay o0 mm) @

{E,q} dv dz

73



5 Proof of Theorem

d 1 - -
- //{f0>0} (I)’(E(Z),L(Z))q(Z(S’O’x’U» dv dz

d // 1
=—— ————q(x,v) dv dx = 0.
ds {fo>0} CD/(E, L)

Here, for the sake of clarity, F(Z) and L(Z) denotes E(Z(s,0,2,v)) and L(Z(s,0,%,7))
for (z,0) € {fo > 0}. Note that the support of q is bounded with suppq C supph
since supph C {fo > 0} is compact. Hence, @,(EL q((X,V)(s,0,-)) is bounded on
[0,T] x supp h for all T' > 0, so the change of integration and differentiation is permit-
ted. Therefore, the second term vanishes, so it remains to analyze the third term. By

calculating

(E, rw}—( ()+%)— r—v-

'
M,
= (b1 + 32 ) - bl

it follows that

— 1l B . rw}} = (0,5 - 04E,rw} - 0,8 0.{F,ru))
= v (U452 ) 2 (20 = o (0o - 22 ) 2

—era? (2 (30 +22) + (00030 - 22

Up(r) | oMo 1 Mo
2.2 2 0 /
= priw (2 " + 2 3 + Tar(rUO(r)) 3

= (2%” + Lo, emn) + %> .

r r 73

Since Uy solves the Poisson equation AUy = 4mpy and Uy and py are spherically sym-
metric, we obtain that

1), %a (U () = 250

_U(T)

2 (UY) + 1)
i)

r

(2 Up(r) +r*Ug) =

+ (9( “Uy(r))
_ U (7‘)

U/
+ AUy(r) = Oy) + 4mpy.
This results in
! 1 M,
— p2rw{E, {E,rw}} = p*riw? (2—UO(T) + ;&(TU{)(T)) + T—?’O)
U/ M, U, M,
e () i M) o (B0 )
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5 Proof of Theorem
If we collect all assertions, we finally get the desired statement:
DHe(f - = 5 [ [ gyl CEIP dvda— o [ VU d
= == —|{— vdr— — x
Ao ’ 2 /) |9(E,L)| ’ 87 "
1 1
> || ———({E,h}* -4 h?) dv d
> 5 | sy BB = (e o d
1 1 2 2 2
== _ E E E
5 [ i 0B (B ol o)

— p2rw{E, {E,rw}} — 4mpo(x)h?) dv dx

:%//m<(x-v)2{E,%}2+h2 (UOT“H%)) dv dz
:%//m ((x-v)2 {E,%thth) dv dzx.

Note that U/(r) = ™) with m(r) = 4r s $*po(s) ds for r > 0 as discussed in Lemmaﬁ,

2
so the proof is complete. O]

Lemmal5.6/says that the second order variation of the energy-Casimir functional D*Hc( fo)
is positive definite for states of the form 7h = {—FE, h} induced by smooth h. In order
to derive a contradiction, we first invert the transport operator and show that g has the
structure g = Th for some h € L*(R®). To do this, we proceed analogously to [5]. In
the most cases, the arguments in [5] can be transferred literally, so we will only have
only a look at important steps and at arguments which are not obvious at the first glance.

Since g € L*(R%) with supp g C supp fo is not even differentiable in the classical sense,
we define Th = ¢ in a weak sense. The functions g and E are spherically symmetric.
Since the Poisson bracket is spherically symmetric, as discussed in Remark [5.5 we only
consider spherically symmetric functions on g := {f; > 0} and define the transport
operator in a weak sense as in [5|, Definition 4.1]:

Definition 5.7. Let h,p € L}, (Q0) be spherically symmetric with

//Qoh'ridvdvz—//goufdvdx

for all & € C.,(Q) = {C € CH)|C spherically symmetric}. Then Th = u exists
weakly. Furthermore, the domain of the operator T is defined by

D(T) :={h € L*(Q)|Th exists weakly and Th € L*(Q)}.

In the following, we denote function spaces restricted to spherically symmetric functions
with an index 7.
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5 Proof of Theorem

5.3 The (0, F, L)-coordinates and the transport
operator

Similar to the argumentation in Remark [5.4] we define new coordinates to get a more
convenient representation of the transport operator.

We define the effective potential 1y, :]0, 00[— R as

My L

r 212

b (r) = Uo(r)

for L > Ly. Analogously to [5, Lemma 2.1], we obtain the following assertions and
quantities:

Lemma 5.8. (a) For all L > 0 there ezists a unique radius v, with

glgl[@/m(r) =1r(r) <0.

(b) For all L > 0 and v(rp) < E <0, there exist two unique radii 0 < r_(E,L) <
r, <ri(E,L) < oo such that

Yr(re(E, L) =FE.
Furthermore, the map
{(E, L) €]—00,0[x]0,00[|¢(rL) < E} > (E,L) — r+(E, L)

18 continuously differentiable.
(¢) The radius r(E, L) is bounded from above by
M + M _ Mot

E E
with M = || foll1 and Mo, := M + My for L >0 and E €|y (rr),0] and

T+(E, L) < —

(ri(E,L) —r)(r—r(E, L))

E—p(r)> L 2r2r _(E,L)r (E,L)

forallr_(E,L) <r <ry(E,L).

Via the transformation R := |X|, W := % and L := | X x V|? = const, the character-

istics (X, V) solve the system

P=w, w=-(r), L=0. (5.3)
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5 Proof of Theorem

Similar to Lemma the particle energy is constant along solution of the characteristic
system in (r,w, L)-coordinates. Let R 5 t — (r(t),w(t), L) be a global solution of the
system (5.3). Then

Yr(rr) < ¢r(r(t) < zw®)® +¢o(r(t)) = E

&~ o=

with £ = E(r(t),w(t), L) = E(r(0),w(0),
This leads to

) for t € R. We assume, ¢ (r;) < E < 0.

#(t) = w(t) = £/2E =2y (r(t)), teR.

Since 1)y, is monotonically decreasing or increasing on |0, 71| or |ry, oo[, respectively, and
Yr(rp) < ¢p(re(E, L)), we obtain

r_(E,L)<r(t)<ry(E,L), teR

Thus, the solution oscillates between r_(E, L) and r(E, L) with some period T'(F, L).
As in |5, Definition 2.2, we can derive the period function explicitly:

Definition 5.9. For L > Ly and ¢y (rr) < E < 0 the period function T(E, L) of the
steady state fy is defined by

T+(E7L) 1

T(E,L):= 2/ dr.
ro(B.L) /2B —2r(r)

Analogously to [5], the period function is bounded:

Lemma 5.10. The period function satisfies the following estimates:

1
L\ ? (M + Mp)?
Arllpollee + 3= ) < T(E,L) < 2~ 2000
(ﬂ—”pOH + T%) = ( ) ™ \/EEZ

for all (B, L) € QF" with
QF" ={(E,L) e R x [0,00[|E = E(z,v) A L = L(z,v) for some (z,v) € Q}.
In particular, there exist 0 < Cy < Cy with Cy o = C15(fo) such that
C,<T(E,L)<Cy, (E,L)eQ"

Proof. With Lemma , the first estimates can be proven analogously to [5, Equation
(2.12)] and [5, Lemma B.4]. This is why we omit their proof. These estimates implies
the existence of C9: Since supp fo = {EF < Ey} N{L > Ly} is compact with Ey < 0
and Ly > 0, the quantities Lyax := MaXgupp f, L and Fryiy 1= Milgypy, £, & exist and

Q[)E"L C [EmimEO] X [L07 Lmax]'
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5 Proof of Theorem

Furthermore, by Lemma [3.2] there exist 0 < r* < R* with
supp fo C {r* < |z| < R*} x {|]v| < R*}.
Therefore, r;, > r* for (F, L) € ng £ In summary, we obtain

1
Linax \ 2 (M + Mo)?
4rl|pollee + 370 ) < (B, L) < 2o T00)

(r*
for all (E,L) € Q& O

Analogously to [5], we use the spherical symmetry and the characteristic flow to intro-
duce the (6, F, L)-coordinates, the so-called action-angle coordinates: Let (r,w,L) €
10, 00[xRx] Ly, 00| with E(r,w,L) < Ey, and let R 5 t — (R, W)(t,r,w, L) be the
unique solution of the system:

R=W, W =-yi(R)

with (R, W)(0,r,w, L) = (r,w, L). Note that the right-hand side is continuously differen-
tiable which implies the uniqueness. Because of the relation between (R, W) and (X, V),
the solution (R, W)(-,r,w, L) also exists globally for all (r,w, L) €]0, co[xRx]Lg, col.
Furthermore, we discussed before that

r_(E,L) < R(t,r,w,L) < r4(E,L), teR.

Therefore, for all (r,w, L) €]0, 00[xRx]Lg, co] with ¥ (rr) < E(r,w,L) < Ep, there
exist 6 € [0,1] and (E, L) € Qp"" such that

(r,w,L) = ((R,W)(T(E,L),r_(F,L),0,L), L).
Since R(-,r,w, L) oscillates between r_(F, L) and r(F, L) with period T(F, L), the
map

[0, %} S0 ROOT(E, L),r (E,L),0,L) € [r_(E, L), r+(E, L]

is bijective for all (E, L) € Qf". Inserting r = R(OT(E, L),r_(E, L),0, L) with 6 € [0, }]
into the system (/5.3)) leads to

% = R(OT(E,L),r_(E,L),0,L)T(E, L)

— W(OT(E, L),r_(E, L),0, LYT(E, L) = \/2E — 205(T(E, L),
so the inverse of the previous function is given by

1 r 1
0 E, L) = —— d
(r £, L) T(E, L) /T(E,m 28— 20r(s)
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5 Proof of Theorem

and exists on [r_(E, L), ro(E, L)] for all (E, L) € QF*. Obviously, 8(r_(E, L),0, L) = 0.
Via the above transformation between (r,w, L)- and (6, E, L)-coordinates, spherically
symmetric functions can be expressed in the new coordinates: Let h € LQ(QO) be spher-

ically symmetric. By Lemma [2.2] there exists a function h with h(z,v) = h(r,w, L)
which we denote with h. Under shght abuse of notation, we define

h(0, B, L) :== h((R,W)(0,r_(E, L),0,L), L)

for a.e. (0, E,L) € [0,1] x Q¥%. A change of variables yields that

// (x,v dxdv—47r/ // h(r,w, L) dL dw dr
Qo
1
/ / / dE dL dr
Yr(r) 2F — 2¢L(T)
T+(EL 1
= 872 / // dE dL dr
QE L 2E — 2¢L(T’)
- 8#2/2 // h, E,L)T(E, L) dL dE df
0 ot

1
= 4#/ // h(0,E,L)T(E,L) dL dE db,
0 Qb

so integrals in (z,v)-coordinates convert into ones in (0, E, L)-coordinates.
Furthermore, we can investigate how parity in v behaves in varies coordinates:

Lemma 5.11. Let h € L*(Qq) be spherically symmetric. Then the following assertions
are equivalent:

(i) h = h(x,v) is even (or odd) in v.
(ii) h = h(r,w, L) is even (or odd) in w.
(iii) h(-, E,L) € L****"(]0,1[) (or h(-, E, L) € L**¥(]0,1[)) for a.e. (E,L) € Q5" with
r2ewn (10, 1)) := {y € L2(J0, 1)|y(6) = y(1— 6) for a.e. 0 €]0, 1]}
and

L*°%(10,1]) := {y € L*(]0,1))|y(8) = —y(1 — 0) for a.e. 6 €]0,1[}.

Proof. Since w = T isodd and L = |z x v|? is even in v, the first equivalence is valid.

Furthermore,

(R,W)(s,r,w,L) = (R,—-W)(T(E,L) —s,r,w,L), s€][0,T(F,L),
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5 Proof of Theorem

for all (r,w, L) € Qf with

Qb = A{(r,w, L) €]0,00[xR x [0,00][|r = r(z,v), w=w(z,v), L= L(x,v)

for some (z,v) € Qo}.
This yields
(R,W)(@,r_(E,L),0,L)=(R,-W)(1-0,r_(E,L),0,L), 6¢€]0,1],
for all (E,L) € QOE ’L, so also the second equivalence is valid. O

As mentioned before, we use these coordinates to derive a useful representation of 7T .
With Remark [5.4] we obtain for h € C}(€) that

(Th)(0,E,L)={-E,h}(X,V)(OT(E,L),z(E,L),v(E,L)))

1 d
~TE L)@(h((X, V)(0T(E,L),z(E,L),v(E, L))))
1

= E, L E, L 1[x QP F
T(E, L)aGh(97 3 )7 (67 ) )e [07 [X 0

with (E,L) :=r_(E,L)e; and v(E, L) := T\/EZL)@ for all (E,L) € QF*. Similar to [5,

Lemma 5.1], we summarize the assertion in the following lemma:

Lemma 5.12. The transport operator T has the form

(Th)(0,E, L) = (0ph)(0,E, L), 0€10,1)], (E,L)c Q"

T(E, L)
for all h € CH($y).
Analogously to [5], we can extend Lemma from C} () to D(T):

Lemma 5.13. The domain of the transport operator T is given by

D(T) ={g € L*(Q)|g(-, E, L) € H} for a.e. (E,L) e Q)"

1 1
d 0,E,L)|* df dE dL
an //Q(I)E,L T(E,L)/O' |89.g( s )| < OO}

with
Hy = {y € H'(]0,1)]y(0) = y(1)}.

For h € D(T), the transport operator T has the form

(Th)(0,E,L) =

1

for a.e. (0,E,L)€0,1] x Q)"
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5 Proof of Theorem

Note that H'(]0,1[) < C([0,1]) compactly embedded, so H} is well-defined. Besides
the additional potential induced by the point mass M,, the other difference between
our setting and the one [5] is that we consider L?(€)y) instead of the weighted L*-space

L? (). Even so, the proof in [5, Lemma 5.2] can be transferred almost literally if
T

we ignore the factor This is why we omit the proof here.

1
|®"(E,L)|"

The representations of 7 and D(T) in the (6, £, L)-coordinates allow us to examine the
kernel of the operator T : D(7) — D(T). We obtain similar to |5, Proposition 4.2] the
following representation of the kernel:

Lemma 5.14. The kernel of T is characterized by
ker(T) = {h € L2(Q)|h(z,v) = f(E(z,v), L(x,v)) for a.e. (z,v) € Qo
and for some f: R x [0,00[— R}

= {h e L3(Q)|h(8,E,L) = f(E,L) for a.e. (8,E,L)€[0,1] x Q"
and for some f : R x [0, 00[— R}.

Proof. Let h € D(T) with Th = 0. Lemma implies that h(-, E,L) € Hj with

0= (Th)(6,E,L) = (9ph) (0, B, L)

T(E,L)
for a.e. (6, E,L) € [0,1] x Q" Since H} < C([0,1]), the function h(-, E, L) is continu-

ous in § with weak derivative dgh(-, E, L) =0 for a.e. (E,L) € QOE’L. The weak version
of the fundamental theorem of calculus leads to

h(0,E,L)=h(1,E,L), 0<0<1,
for a.e. (E,L) € QF". Therefore, we define f : R x [0,00[— R with f(E,L) :=

h(1,E, L) for (E,L) € Q0" and f(E, L) := 0 otherwise. Here, h is a pointwise defined
representative. This definition yields

/ (2, 0) — f(B(z,v), L(z,v)| dv dz
— 4n? /1 //EL h(6, E, L) — h(1, E, L)|T(E, L) dL dE df = 0,

so h(z,v) = f(E(z,v), L(x,v)) holds for a.e. (z,v) € Q.
On the other hand, if h € L*(Qq) with h(8, E, L) = f(E, L) fora.e. (8, E, L) € [0,1] x Q2"

and for some f : R x [0,00[— R, Lemma implies that h € D(7) and in particular
h € kerT. O
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5 Proof of Theorem

5.4 The inverse of the transport operator

As stated before, we aim to invert the transport operator to obtain g = T h for g given by
Lemma and some h € L*(R®). The previous assertions and argumentation culminate
in the following lemma that ensures the existence of the inverse for certain functions as
described in [5, Lemma 5.5

Lemma 5.15. Let g € L?(Qq) with g L kerT. Then there exists h € D(T) such that
Th=g.
In particular,
(kerT)* = im(T).

Similar to Lemma we can transfer the proof in [5] almost literally if we neglect the

factor W}EL)'. Therefore, we omit the proof here and refer to [5, Lemma 5.5].

The proof of Lemma [5.15| as described in [5, Lemma 5.5], is constructive and shows that
for g € L2(R®) with g L kerT the function h given by

0
ho,E, L) = T(E,L)/ g(s,E, L) ds

for a.e. (6, E,L) € [0,1] x Q)" satisfies Th = ¢g. Additionally, the proof of [5, Lemma
5.5] shows the identity

1
0 :/ g(s,E, L) ds
0

for a.e. (E,L) € Q0" If g is additionally even in v, we obtain 0 = fol g(s,E,L) ds =
2 foé g(s, E, L) ds which leads to

h(1—0,E,L) = T(E, L) (/ g(s, E, L) ds + /l_eg(s, E L) ds)

1
2

0
= —T(E,L)/ g(1—s,E. L) ds

2

_ _T(E,L) (/ g(s,E, L) ds + ﬁg(s,E, L) ds>

= —h(0,E,L)

for a.e. 6 € [0,1] and a.e. (E,L) € Qp'". In summary, if g € L2(Qp) is even in v with
g L ker T, the associated function h which satisfies Th = ¢ is odd in v.
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5 Proof of Theorem

We aim to an h € L*(€) such that ¢ = Th with g given by Lemma . Obviously,
g € L%(Qp) since g € L*(R®) is spherically symmetric with suppg C supp fo. To ap-
ply Lemma [5.15] it remains to show that g 1L ker7. The kernel ker T is given by
Lemma [5.141

Let p € ker7. By Lemma [5.14) there exists p : R x [0, 00[— ]R with p(z,v) =
p(E(z,v), L(x,v)) for a.e. (z,v) € Q. Since T is bounded on QP as discussed in
Lemma | the function p satisfies § € L*(Q) ") because

00 > / Ip(z,v)|? dv dv = 4r? // |p(E, L)*T(E, L) dL dE
Qo

> 4n? me// p(E,L)|* dL dE.

Hence, there exists a sequence (5p) C C°(QF") with p, — p in L2(QFF) as k — oo, In
order to show [[ pg dv dz =0, we exploit property |(g6)| and define

f
Gulf. L) = / 5@} (0. L).L) dy.  (f,L) € 0,00

for k € N. Since p, € C®(QF") with supppe € Q5" € {E < Eg AL > Ly}, we
extend for k € N the function py(®4'(y, L), L) continuously by zero to [0, c0[?. Note
that ming,pps, L > Lo, so Gy, is well-defined and twice differentiable with

aka(.f’ L) = ﬁk(q)g‘l(fa L)aL)a

1
O = e, ). 1)

for (f,L) € [0,00[. Since f € C=(QFY) and ®3' € C*(]0, 00[x]Lg, o[), we obtain
G € C?9([0,00[x[0,00[) for k € N and G(0,L) = 0 and 9;G¢(0,L) = 0 for L > 0
and k € N. Furthermore (|®'(E, L)|)~! and pj are bounded on the compact support
supp pr C Q , so the second derivative O%Gk is bounded for £ € N. In summary, G

fulfills the condltlons imposed in in Lemma which implies

Pr(®p (f, L), L)

0= / 0¢Gi(fo, L)g dv dx = //ﬁk(E(x,v),L(x,v))g(x,v) dv dx, keN.

Since g € L?(£), we analyze the sequence (py) given by pi(x,v) := pp(E(z,v), L(z,v))
for (z,v) € R¥\{0} x R? and k& € N for convergence. Again, the boundedness of the
period function T yields that

/ Ipe(z,v) — p(z,v)]* dv do = 47° // 1pe(E, L) — p(E,L)|*T(E, L) dE dL
QO E,L

< 47? supT// px(E,L) — p(E,L)|* dE dL,
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5 Proof of Theorem

so the convergence of (p;,) implies that (p;) tends to p in L?(€p). In conclusion, we
obtain that

0= lim // 0,Gy(fo. L)g dv dx = lim //ﬁk(E(x,v), L(z, v))g(z,v) dv dz

k—o0

_ / / H(E(z,v), Lz, 0))g(x, v) dv do

_ //p(m,v)g(x,v) dv dz,

so g L kerT. Hence, the conditions of Lemma [5.15| are fulfilled, and thus there exists
h € L?(€) such that

Th = g weakly

in the sense of Definition Furthermore, g is even in v because of the condition
in Lemma 5.2} so h is odd in v as we discussed earlier.

5.5 The regularization of the inverse

Although we have shown that ¢ = Th = {—F, h} in a weak sense, we are not allowed to
apply Lemma [5.6 and use that D?*H¢[fo]({—E,-}) is positive definite to derive a contra-
diction since h € L?(€)y) is not smooth enough. Thus, we approximate h appropriately
by smooth functions.

We first create a cut-off version of A by reducing the support of h. More precisely, we
reuse the increasing sets (.S,,) from the proof of Lemma and consider 1g, h. As a
reminder, the increasing sequence (.S,,) with S,, C S,,.1 C ... C supp fo has a positive
distance to the boundary of supp fy and is defined by

1 1
S, = {(x,v) € R*\{0} x R*|E(z,v) < Ey — p” A L(z,v) > Lo + E}’ m € N.

The distance gives us some space to approximate 1g, h by smooth functions with support
in supp fo. In the following argumentation, we will switch between different coordinates,
so we define
x-v
Sy = {(r,w, L) €]0,00[xR x [0, 00[|r = |z| Aw = Tl
x

AL = |z x v|* for some (z,v) € S,,}
and
SEL .= {(E,L) € R x [0,00[|E = E(z,v) A L = L(z,v) for some (z,v) € S,,}

for m € N. The cut-off version 1g, h is useful since T (1g, h) = lg, g in the weak sense
of Definition (.7t
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5 Proof of Theorem

Lemma 5.16. For all m € N,

T(1s, h) = 1g,, g weakly,

m m

1.€., 15;/1, 157rng S L2(96> with

[ s ] st

for all € € CL ().

Proof. Since S, is spherically symmetric, obviously 1g, h,1s, g € L*(£)) are spherically
symmetric with 1gr h,1gr g € L*(Qf). Let § € CC{T(QO). The representation of 7 in
Lemma and an integration by parts yield

//{—E,g}lgmh dv dxr = //Sm{—E,f}h dv dx

4 / /S N /O (TE)(6. E.L)h(0. B, L)T(E. L) d6 dL, dE
= 472 / /S - /0 1(895)(9, E,L)h(0,E, L) df dL dE

_ 4 / /S N /0 (0. B, L)(0h)(0. E. L) db dL dEE

= —4n? //&EL /01 £0,E,L)(Th)(0,E,L)T(E,L) df dL dE
= —47? //SE ) /1 £0,E,L)g(0,E,LYT(E, L) df dL dE

/ §gdvdx——/ ¢lg, g dv dx.

Note that (R, W)(-,7_(E, L),0, L) is periodic with frequency T'(F, L). Since (-, E, L)
and also h(-, E,L) € He (]0 1[) are continuous, we obtain h(0, E,L) = h(1, E, L) and
€0,E,L)=¢(1,E,L) for a.e. (E,L) € QOE’L, so the boundary terms of the integrating
by parts vanish. O

In the next step, we fix m € N. We aim to construct spherically symmetric approx-
imations h, € C*(R3\{0} x R?) with supph, C Qg which retain the oddness in v
for n € N. Furthermore, we desire the convergences h, — 1g, h in L' N L?*(R%) and
{—E,h,} — 15, g in L*(R®). Since we require the sequence to be spherically symmetric,
it is sufficient to construct a smooth h,, = h,(r,w, L) with supp h,, C Qf which is odd in
w and with convergences h,, — 1g, h in L'NL?([0, 00| xR x [0, o0[) and {—F, h,} — 15, g
in L*([0,00[xR x [0,00[). Note that it follows by Lemma and that regularity
and convergence in L? in (r,w, L)-coordinates transfer to the same properties in (x,v)-
coordinates.
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Even though the operator T has a simple structure in the (6, F, L)-coordinates, we
prefer the (r,w, L)-coordinates in this part of the argumentation. In the (6, E, L)-
coordinates, it would be easier to construct a suitable sequence h, = h, (0, E, L) by
smoothing 1g h = (1[0’1}XS£,L}L>(0,E, L). Then both convergences h, — 1lg h in
L'N L*(R%) and {—FE, h,} — 1g, g in L?*(R%) could be shown directly. But other than
the (7, w, L)-coordinates, it would be more challenging or maybe impossible to show that
hyp = hyp(z,v) is regular enough to apply Lemma . That is the reason why we mollify
lg,,h = (1gr h)(r,w, L) by using the (r,w, L)-coordinates.

As shown in Lemma [3.2] the set S, is compact, and there exist radii 0 < r* < R* with
1 1 * * *
Sm:{EgEO——}ﬂ{LZLO—i——}C{r <|z| < R} x {|v]| < R"}.
m m

Hence there exist 0 < Ry < Ry, Wy > 0 and 0 < Ly < Ly < L, such that
S:n - [Ro,Rl] X [—W(),Wo] X [Izo,le] =: Q

With the Friedrichs mollification, we smooth the function 1g,h = (1gr h)(r,w,L) in
(r,w, L)-coordinates. For this purpose, let ¢ € C°(R?) with supp¢ C By(0), ¢ > 0
and [ ¢ = 1. Furthermore, we assume that ¢ is even in all variables, i.e., ((z1, 22, 23) =
C(|z1], |22], |23]) for all z = (21, 22, z3) € R3. We define ¢, := n*((n-) and

hon(r,w, L) := ///(15;1h)(r,w,i)§n(r — 7w —w, L — L) dL dw dr
for (r,w,L) € R® and n € N.

Since ¢ € C°(R3) with supp ¢ C B;(0), the approximate h,, = h,(r,w, L) € C2°(R?) has
the support supp h, C B1(Sy,) with B1(5},) == {(r,w, L) € R3||(r,w, L) — (F,w, L)| <
L for some (7, @, L) € S,,} for n € N. In particular, we obtain h,, € C2°(]0, co[xRx]0, 00l)
with supp h, C Q N Qp for n € N large enough. By assumption, the mollifier ¢ is even
in every variable, while the function h and thus 1g; h are odd in w. Hence, h,, retains

the parity of h and is odd in w. The function ( represents a Friedrichs mollifier, so it
follows that

hy — 1gr hoin L' N L*([0, 00[xR x [0, oc])

as n — oo. Note that ST is compact, so 15, h € L' N L?(R%). In particular, h,, — 1g,h
in L' N L?(R%) by Lemma 2.3, As discussed before, we obtain the regularity h, €
C(R*\{0} x R?), but it takes more effort to show

(=B, hy} — 1g g in L2([0, 00[xR x [0, 00])

and thus in L*(R®) as n — co.

86



5 Proof of Theorem

Some lines of straight-forward calculations show how the transport operator 7 = {—FE, -}
ca be expressed in the (r,w, L)-coordinates. Fix (r,w,L) €]0,00[xR x [0,00[. By
inserting the definition of h,,, we obtain similar to [4] that

Thy = {—E, hy} = wd,hy, — 05, (r)Dyhn,
= /(15;1h)(r,w, L) (w0, — ¥} (1)0y) ¢ (r — 7, w — w, L — L) dL dw dr
=— /(1S%h)(f,w, L) (w0r — ) (1)0g)Cn(r — 7,w — w, L — L) dL dw dr
_ /(15%11)(7:, 0, L) (@05 — 0, (7)) n(r — 70 — 0, L — L) dIL dio dF

+ [ Qs 0w, D0 = w0 = (W4) = ¥4)0)6a(r — 7w = w, L~ L) dL o dr
Tt Jom

for n € N large enough. For the sake of clarity, we write [ f dL dw dr := I e ST fdL dw dr

for integrable functions f. Note that the change of integration and differentiation
is permitted by general rules of convolutions and the Friedrichs mollification since
J € C(R3).

We consider the two integrals separately. Lemma converts the first integral .J; ,
into a Friedrichs mollification of 1, g which ensures convergence because

_ /(1S:Rh)(r,w,i)(w8r — (7)) G (r — 7w —w, L — L) dL dw dr
_ _/(1s,nh){—E,<n(r —w— L)} dL dw dr
= —/(133;1h)7'§n(r - w—-,L—")dL dw dr
— /(15519){”@ —w—-,L—")dL dw dr — 1 g
as n — oo in L2([0, 0o[xR x [0, 0]).

In the next step, we consider .J;, and show Jy, — 0 as n — oo. For this purpose,
we introduce, analogously to [4], new coordinates for fixed n € N. Let 7 = n(r — 7),

W = n(w — w) andf/:n(L—f/)_. Since r =r—LZ w=w-—2and L =L — L the

derivative 0;(,(r — 7,w — w, L — L) transfers into a derivative with respect to 7 via
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5 Proof of Theorem

The derivative 0gC,(r — 7, w — w, L — L) converts into a derivative with respect to w in
the same way. In summary, we obtain

In the next step, we analyze the first term (1s; h)(z — £) with z := (r,w, L) and Z :=
(7,w, L) for convergence:

Lemma 5.17. The convergence

(1sr h)( . _%> — 1 h in LX(R%)

is uniformly in Z € By(0).
Proof. Let € > 0. Since 1g- h € L*(R?), there exists £ € C2°(R?) with
|1sr h—¢|l2 <e.
By a change of variables, we obtain that
z
[t ) (- =) = L bl
z z z
< s m) (- =2) =€(-=2)le+llg(- =2) = €lla + s — €1l
n n n
z
= 2|15 h =€l + €( - == ) — €Lz

The mean value theorem applied to £ € C°(R?) leads to

JleG=2) e =< [ e
1

< vol(By(supp )| VE |5, n e

2
dz

z
Z— ==z
n

Note that Z € B;1(0). So, there exists ng € N with

3 ~

[(tsph) (- =) = 1sphlla = 2lLsph = Ella + 1€ (- = ) = €lla < 32

for all Z € B1(0) and n > ny. O

Now, we turn to the second term of J,,, and show that it converges uniformly:
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Iiemma 5.18. L?t Q = [Ro, Rl] X [—WO, Wo] X [io,zl] be a cubord with 0 < RO < Rl,
Wo >0 and 0 < Ly < Ly arbitrary. Then the convergence

M, L L

n(Yr(r) — ¢ (r) — = U (r)i + 27’_307: — 3ﬁf + 3
L
= =7 (r)(=7) + =

f

is uniformly in (7,w,L) € By(0) and (ryw,L) € Q asn — oco. Here, ¥ = r — -,
w=w—2andL=L—-% forneN and (7,0, L).
Proof. Let (7,w,L) € By(0), (r,w,L) € Q and (7,w, L) be as described. The mean
value theorem leads to the identity
_ . M, L My, L
n(Y(r) —¢p(r) = ”(Ué(r) tm T m Us(r) — 2 ﬁ)
L

R e A I
= —UN(E)F + 2MoES 3 + Eacie BLEST

|7 |7]

with & € [r— S r +
that

| C [%,Rl + 1] for n > Rlo and 7 = 1,...,3. Hence, this yields

) _ My. _L_ L
(W5 (F) = () + U3 ()7 — 2207 + 357 = =
[ M, L. L

4 B - i
m — 3LEF+ U (r)F — 2T_3T + SFT -5

< UG (&) = Uy (r)[[7] + 2Moléy® — r2||7| + ||

= | - Ui()7 + 205 7 +

73 -3 —4 —4))~
(r—ﬁ) _r ‘+3L|§3 — Y|

gt - )

<c(iwpe) — v + 10 =+ | (= D) T =0

with C' = C(Q, My) > 0. Since |§ —r| < |;—| < 1. we obtain & — r and 7 — L — r con-
verges uniformly. The maps ]0,00[> s — Ug(s), ]0,00[> s = s~ and ]0,00[> s — 57*
are continuous and hence uniformly continuous on [%, Ry + 1], so it follows that

M, L_ L
[n((7) — 9r) + Ui ()7 — 2705 + 357 — =

< o3& - I +1&* — 3+ (r=2) 7 =¥ +1gt - ) 0.

In particular, the above convergence is uniformly in (r,w, L) € Q and (7, w, f}) € B1(0)
as n — oo. O
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5 Proof of Theorem

In summary, Lemma and lead to the convergence of Jp ,:

Lemma 5.19. The convergences

—(1s,nh)(r,w,L)/ (— W0 + ( ") (—F) — ﬁ>6u~)><’(f,w, L) dL dw di =0

B1(0)
holds in L*(R3) with z := (r,w, L) for (r,w, L) € R3.
Proof. As discussed before, we obtain that

S = [ (s = 0)0h = (WH(7) = ¥1))a)olz — ) dL dw dr
—n [ (0)<1s;h><f,w,L>(§af—<z//L<> U,(r)) )C (7.0, L) dL dit d

Bl(O
B1(0)

with K, (z, 2) 1= w0;¢(2) — n(Y} () — ¥ (r))0a((F, w ,L)and 7 = z — Z for 2,z € R®
and n € N large enough. We define K (2, 2) := w0;((2) — (Y7 (r)(—7) + T%)@g,((f,ﬁ],i)
for z,Z € R3. Since ST, C [Ro, R1] x [=Wo, Wo] x [Lo, L1], the support of 1g: h satisfies

supp(lsr h)(- — 2) C Q with

SINz

= 2 (@05 — n((7) — v1,0)0a)C (7, @, L) dL dib d
= 2V Ku(z ) dL di di

3|t\21

3 Ry _ B B Lo
Q= {_0 Rl+1] [—Wo — 1, W + 1] x [70,2L1—|—1]
for n € N large enough and z € B;(0). Lemma shows that
K, (z,%) = K(z,%) uniformly in z € Q, % € By(0),
and Lemma [5.17| says

(15‘;”]7,)( : —E> — 1gr b in L*(R?) uniformly in Z € B;(0).
n

Note that supp ¢ € By(0), so supp K (2, -), supp Kn(z,-) € By(0) for z € Q and n € N.
Using Holder’s inequality, this leads to the following convergence:

/‘/31(0)(1%}1) (z — ;)Kn(z,é) dz — /(15&@(2)[((2,5) dz ? d-

:/)/Bw) <(15;nh)<z—§> ~ (s h)(2) ) Ful2, ) d2
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5 Proof of Theorem

2
dz

n / Qs (2,2) — K (2.2) 2
<a([] /. aane= - 10E) Kz, 2
+/@‘/181(0)(15;nh>(2)(f(n(z,5) _K(z2) 3| d:)

< 4(/@/31(0) (5 (= - %) - (15;1h)(z)‘2 d%/ K, (2, 2)[2 d2 de

B1(0)

+// (s h)(2)[? dz/ 1K, (2,2) — K(2,2)|? dz dz)
Q JB1(0) B1(0)
z

< 4(500b.cq sem e a2 P [ 1 h)(-=2) = (s
B1(0) n

2

dz

o+ SUPD. g zem o) (2 2) — K (2 )P (L )IE) =0, n— oo

Note that K, is bounded independently of n € N since K,(z, Z) converges to K(z, Z)
uniformly in Z € supp¢ and z € supp (). Furthermore, the sets supp( C B;(0) and

@ are compact. Moreover, ||(1s: h)(- — £) — (1g; h)||2 converges to zero uniformly in

Z € By1(0), so the claimed convergence is proven.

It remains to evaluate the limiting integral. Since ¢ € C2°(R?) with supp(¢ C B;(0),
integrating by parts yields
~ " ~ E N g~
(= a0n+ (i) - 5)2a)c(2) d2
~ ~ ~ F ~ 1~ 17 " ~ i ~ ~ 7 ~ 1~ T
- —/w&:((r,w,L) dF did dL + / ( " (r)(—F) — ﬁ)aﬁ,c( o, L) di di dL
~ ~ ~ F ~ 1~ 1F " ~ E ~ ~ F ~ 1~ 7T
= /8;(w)((r,w,L) dr dw dL — /8w< L(r)(=7) — —3>C( , W, L) dw dr dL =0,

so the proof is complete. O

r

Hence, we have shown that lim,,_,.{—F, h,} = 1gr g in L*([0, 0o[xR x [0, cc[) and thus
in L*(R%). In summary, for fixed m € N we have constructed a sequence (h,,) of spheri-
cally symmetric functions which are odd in v. Furthermore, h,, € C>(R3\{0} x R?) and
supp h,, C S,, for n large enough. Note that S,, C QN{E < Eo}N{L > Lo} C {fo > 0}.
In particular, h,, satisfies the conditions in Lemma for n € N large enough.

5.6 The contradiction

In order to obtain the convergence of D?*Hc(fo)[{—FE, h,}] and then exploit that the
expression is positive as established in Lemma , it remains to examine VU;_g, y for
convergence:
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5 Proof of Theorem

Lemma 5.20. Let K be a compact set in RS and f,, f € L*(R%) with supp f,,supp f C K
forn € N. Assume that f, — f in L*(R®) as n — oco. Then the gradients of the induced
potentials exist with VUy,,VU; € L*(R?) for n € N and

VU;, — VU in L*(R°).

Proof. Since K C R% is compact and f,, f € L'NL*(R?) with supp f, f,, C K, we obtain
[y fn € L* N L*(RY). Moreover, ps, ps, € L* N L*(R3), and there exists a compact set
K' C R? such that supp py,,suppp C K’ for n € N. In particular, py, ps, € L3 (R3), so
Lemma [2.§] yields that VU, VU;, € L*(R?) exist for n € N, and the Hardy-Littlewood-
Sobolev lemma (cf. [7, Theorem 4.3]) yields that

10

3 dx)?

IVUs, = VUsIE < Clog, — orlly = ([ | [ uta) = fla) ao
< c(/ (@ v) — F(z,0)|% do d:c)lGO
< C(/ | fn(2,0) — f(z,0)]* dv dx) =C|fn— fl3—=0, n— oco. O

As discussed in the previous section, {—FE,h,} — 1lg,g converges in L*(R®) with
supp h, C @ and supp(ls,,g) C S, C Q. According to Lemma the gradients
of the induced potentials VU{_g,.}, VUi, 4 € L*(R?) exist for n € N with

VU _pn,y — Uy g in L*(RO).

In summary, this culminates in the convergence

1 ,, 1
D*He(fo)[{—E.hn}] = / / V' (fo, D){—B. b} dv do — / VU de
2 JJ{fo>0) 8m
1 , 1
o5 [ WD, g dvde - o [1901,f do = D*Helf)l1s, 9
2 J J i fo>0 81

as n — oo. Note that supp{—FE, h,} C S, with S,, C {fo > 0} for n € N, so
U (fo, L) = |®'(E, L)|7" is bounded on S, and the above convergence is legitimate.

Since g € L*(R®) with suppg C supp fo, as proven in Lemma and supp fo
is compact by assumption, we obtain g € L' N L*(R%). Furthermore, the set (S,,) is

increasing with J,, oy Sm = {fo > 0}, so the monotone convergence theorem implies

lim,, o0 15,9 = ¢g in L' N L*(R®). By assumption, supp fo is compact, and thus again
Lemma yields that

1 1
D*He(fy)15,9) = = / / V' (fo, L)|Ls,. g dv de — / VUi, of? da
2 J S0 8m

1 , 1
—>—// U (fo, L)|g|? dv dx——/\VUgP dz = D*He(fo)[9]
2 JJgo>01 8
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5 Proof of Theorem

as m — Q.

Since 5-||VU,||3 = 1 by Lemma , there exists mg € N such that 15, g # 0. In
particular, we obtain 15, h # 0 because otherw1se Lemma would imply 1 Smod = 0.

Since {fo > 0} # () is an open set, the mass function m(r) and thus Uj(r) = mg) are
positive for (z,v) € {fo > 0}. Finally, we apply Lemma 5.6 and obtain that

1 1 hy, m(r) + My
D? —Eh Y>> || —————(|z-0*|{ —E P R ) dvd
Helhl-E il 2 g [[ i (|a: v||{ ,M}H - ) v do
(1), 4
h2 dv d
_2//](I>’EL 3 vt
(7) 2
1
— = //]@’EL 3 s, h* dv dz

as n — oo. Note |®'(F, L)|™! and ™ are bounded on S,, C @, so the last convergence
follows by the convergence h, — h in L?(R%). By construction, S,,, C S,, for all
m > mg. We apply all assertions about convergence which we have discussed before,
and thus we conclude

D*He(fo)[Ls,.g] = lim D*He(fo)[{—E. h }

() 1o mr), o
7}1—>I§o2//|(I>’EL 7 M AV e = |(I>’EL - Lal? do da

(r) 2
_2//|(I>’EL 3 s, h” dv dz >0, m > my.

Finally, Lemma and the limit m — oo yield the desired contradiction:

0 > D*He(fo)lg] = lim D*He(fo)[1s,.9]

1 1 m(r) 9
> 1 he dv d 0.
_2//|<I>’(E,L)| P31 Smlt QU OT >

By this, the proof of Theorem is complete.

Note that we did not use the assumption M, > 0 in this whole chapter, so the assertions
remain valid for M, = 0.
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6 The existence of strong
Lagrangian solutions

In Theorem , we claim that for all f € Dy,, as defined in (4.3), there exists a
(global) solution f of the Vlasov-Poisson system with a point mass with initial condition

f(0) = f. In the previous chapters, we consider anisotropic spherically symmetric steady
states of the form f, = ®(FE, L) with

®(E,L)=0, 0<L<Ly, E€R

for some Ly > 0. Let f € Dy,. Then there exists a measure preserving C*-diffeomorphism
T which respects spherical symmetry, as defined in Definition , such that f = fooT.
Since fj is spherically symmetric, so is f . The angular momentum squared L is invariant
under diffemorphisms which respect spherical symmetry, so

f(l.’,u) :07 OSL(]},U) SLO

Among other things, we require fo € C.(R*\{0} x R?) in the previous chapters which
vields f € C.(R*\{0} x R?).

To show the existence of solutions of the Vlasov-Poisson system with a point mass,
we consider the following two papers: In [11], the global existence of solutions of the
Vlasov-Poisson system with a point mass is shown for smooth spherically symmetric
initial conditions with cut-off Ly, whereas in [6] the global existence of so-called strong
Lagrangian solutions of the Vlasov-Poisson system with spherically symmetric initial
conditions is proven. Combining the methods from these two papers appropriately, we
can show that there exists a unique global strong Lagrangian solution of the Vlasov-
Poisson system with a point mass for suitable initial data. First, we define the term
strong Lagrangian solution analogously to |6, Definition 2.1]:

Definition 6.1. A solution f: I x R*\{0} x R® — [0, 00| of the Viasov-Poisson system
with a point mass with I an interval is called a strong Lagrangian solution if 0,U is
Lipschitz continuous in x locally uniformly in t, i.e., for all compact intervals J C 1
there exists C* > 0 such that

10, U(t,z) — 0, U(t,2")| < C*|x — 2|

for all z,2’ € R3\{0} and t € J.
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6 The existence of strong Lagrangian solutions

Combing |11}, Theorem 2.1] and |6, Theorem 2.2], we obtain the global existence of strong
Lagrangian solutions and furthermore their uniqueness:

Theorem 6.2. Let f € C.(R*\{0} x R?) be spherically symmetric and non-negative. In
addition, assume that there exists Lo > 0 such that

fz,0) =0, 0< L(x,v) < L.

Then there exists a unique continuous spherically symmetric strong Lagrangian solution
f 110, 00[xR3\{0} x R3 — [0, 00 with f(0) = f. Furthermore, f(t) € C.(R*\{0} x R3)
fort >0 and

flt,z,v) =0, 0<L(z,v) < Ly.

Proof. Analogously to [6], we define the following iteration: The Oth iterate of the
potential is given by

Us(t,z) =0, ze€R> ¢t>0.
Additionally, we define
P4(t):=0, t>0.

Assume that the nth iterate U, € C%?([0, oo[xR?) of the potential and P,_1(¢) is already
defined for ¢ > 0 and for some n € Ny. Furthermore, we assume that 0,U,(t) is
spherically symmetric for t > 0 and 0,U, is globally Lipschitz continuous in z locally
uniformly in ¢. In addition, we require that

10:Un(t)lloe < CPy4(F), 20,

with O := 4 - 3373 f||2||f||% and that P,_; and thus 8,U, is bounded on [0,7"] for
every 1" > 0.

Hence, 0,Uy, e := U,, — % is locally Lipschitz continuous in z, so there exists a unique

solution Z,(,t,z) for all t > 0 and z € R3\{0} x R? of the characteristic system

Xn = VTH Vn = _arUn,eﬁ"

with Z(t,t,z) = z. Later, we will show that the characteristics exist globally for z =
(z,v) € R3\{0} x R? with L(z,v) > 0 and ¢ > 0. Then we define the nth iterate f, is
given by

falt, 2) ==

F(Zu(0,1,2), 2= (x,v) with |z x v]2 >0,
0, else,

and the induced density by

pn(t, ) = pp.y(z) = /fn(t,:c,v) dv, xR’ t>0.
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6 The existence of strong Lagrangian solutions

We define the (n + 1)st iterate U, of the potential by

[ ealty)
lz =yl

Un—l—l(t?x) = Upn(t)(x) = dyu VS RS: t >0,

and
P,(t) == supp{|V,(s,0,2)||z € supp f, 0 < s < t}, ¢ >0.

Before we turn to the convergence of the iteration, we verify the assumptions we made
in the iteration by induction. Obviously, the iterate U, has the required properties.
Assume that U, for n € Ny has the required properties. In the following steps, we show
that the iteration is well-defined and that U, satisfies the assumptions in the iteration
as well.

Step 1: The existence of the characteristic flow Z,, on {L > 0} and the boundedness of
P,.
Since U,, € C%2([0, 0o[xR3\{0}), there exists a unique solution Z,(-,t, z) of the charac-
teristic system for every ¢t > 0 and z € {L > 0}. Similar to [11], we introduce following
quantity:

Po(t) = supp{v]|(z,v) € supp fu(s), 0< s <1, 1<k <n}

= supp{|Vi(s,0,2)||z €supp f, 0 < s < t, 1 <k <},
Riyin(t) == inf{|z[|(z,v) € supp fu(s), 0 < s <t}
= inf{|X,,(s,0,2)||z € supp f, 0 < s < t}.

By assumption,
0.0l < C4P21(1) < C3P2(1),  £> 0,

so we can literally transfer the proof of |11] and obtain

and
: Vo
R (t) > = t>0
mln( ) —_ Pn(t)’ — b

with C, = C, (I f111, | fllse> Mo, L) > 0. Therefore, there exist Coy = Co1(f, Mo, Lg) > 0
with
Pn(t) S COa Rn

min

(t) > 01, t> 0.

Note that Cp; is independent of n € N. These estimates yield that the characteristics
Zn(+,0,2) with z € supp fy exist globally. It remains to show the global existence of
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the characteristics Z,(-,0, z) for general z € {L > 0}. Hence, we fix R > 0 and replace
supp f in the definition of P, and R™. with the compact set

The same procedure as described in [11] yields constants 001 = C’O 1(fo, Mo, R) with
P,(t) < Cy and R > C4, s0 Zy(-,0, z) exists globally for z € K. Since R > 0 is
arbitrary, we obtain the global existence of the characteristics Z(-, 0, z) for z € {L > 0}.
If we repeat the whole procedure by replacing Vi (s, 0, z) and X, (s,0, z) with Vj(s,t, 2)
and X, (s,t, z) for t > 0, it follows that characteristic flow Z : [0, c0[x [0, co[x{L > 0} —

{L > 0} exists.

Step 2: The spherical symmetry of U, 1 and U,,; € C%%([0, oco[xR?).

By assumption, U,, € C%?([0, co[xR?) is spherically symmetric, so the characteristic flow
Zy, is continuous on [0, 00[x[0, co[x{L > 0} by Lemma[2.11][(a)l Therefore, f, is contin-
uous on [0, 00[x{L > 0}. Recall that f € C,(R*\{0} x R3) and f(x,v) = 0 for (z,v) €
R3\{0} x R? with 0 < L(x,v) < Lg. Since L is constant along characteristics as shown
in Lemmal[2.13, we obtain f,(t,z,v) = 0 for (z,v) € R3\{0} x R® with 0 < L(z,v) < Ly,
so fy, is continuous. We discussed in Lemma [£.7] that the characteristic flow Z,, respects
spherical symmetry, so f,, is spherically symmetric. Remark [2.14][(a)] and the fact that
supp f C {L > Lo} is compact yield that supp f,(t) = Z,(t,0,supp f) C {L > Lo}, so
fn(t) € C.(R*\{0} x R?) with supp f,, C {L < Lo} for t > 0. Thus, p, is spherically
symmetric and continuous with p,(t) € L' N L>®(R?), so U, € C%*(]0, co[xR3\{0}) is
spherically symmetric by Lemma 2.9,

Step 3: The estimate [|0,Up1(t)]lec < CpP(t) for t > 0.

As discussed in Step 2, p,(t) € L'N L°°(R3), so Lemma [2.§)[(c)] and Remark [2.14[(c)|
yield that

1 2 PR Y % o% %
IV Ol < 3203 Ion@1F o]l < 3(2m)3 (;P%ﬁ)) THLE

1

— 4353 | F | FISPAE) = C;P2(E), t>0.

Step 4: The gradient 0,U,; is globally Lipschitz continuous in z locally uniformly in
t.
As discussed in Step 2, U, 11 € C%2([0, 0o[xR3\{0}) and

4 T
OpUpi1(t,x) = Gn+1(t,7‘)§ with G (t,r) == —W/ spn(t,s) ds
0

r2

for z € R*\{0} and ¢ > 0, as discussed in [6, Equation (3.4)]. Note that G,,1(t,r) =
U 1 (t,r) for r > 0 and t > 0. We obtain the same estimate as in |6, Equation (3.5)] for
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O<u<r:

2 1
Guia 1) = Guna(t.00] < 75 [ (0,9 ds+ el 5 =
207

< = o0 leclr =l

/ s*pn(t,s) ds
0

Since P, (t) is bounded independently of ¢ according to Step 2, || pn ()]~ is also bounded
independently of ¢ by Remark [2.14][(c)] Just like in [6], it follows directly that 9,U, is
Lipschitz in x locally uniformly in ¢ by the above estimate. In particular, we obtain that
0,U, is globally Lipschitz continuous in x uniformly in ¢.

In summary, the above iteration is well-defined. Now we show that the iterates converge.
As shown in step 2, the quantities P,(t) are bounded by Cj independently of n € N and
t >0, so

P.(t) < P,(t) < Cy, t>0, neN,

Therefore, we neglect the function ) which is introduced in [6, Equation (3.6)] to bound
P, independently of n € N and use Cj instead. The constant Cy yields boundedness on
[0, 00| instead of on some interval [0, [ which simplifies the proof here slightly.

Step 5: The convergence of f,, and the limiting function f.

Let § > 0 be arbitrary. We consider the compact subset [0,d] C [0,00[. As discussed
above, the induced potential U,, € C%?([0, 0o[xR3\{0} x R3) is spherically symmetric,
so the characteristic flow Z,(¢,0,-) is a C'-diffeomorphism on {L > 0} according to
Lemma [2.11] Therefore, the change of variables used in the proof in [6] is allowed, and
we obtain analogously to [6, Equation (3.12)] that

[Gria(t) = Gu(t)]lo < C*/O 1Gn(5) = Gna(8) oo ds

and, in particular,

t
||axUn+1(t) - awUn{t)”oo < C*/ HaxUn(S) - 896Un—1(3)||00 ds
0

for t € [0,0] and n € N. The constant C* > 0 is independent of n € N and ¢ €
[0, 6], but may depend on 6. As a result, the sequence (9,U,) is a Cauchy sequence in
(C([0,8] x R3), || - ||o), O there exists a continuous map F : [0,d] x R?* — R? such that
0,U, — F converges uniformly on [0, 6] x R®. Furthermore, F is spherically symmetric

and, analogously to [6], Lipschitz continuous in z locally uniformly in ¢. As proven in [0,
Equation (3.7)],

t
|Zn+1(t707z) - Zn<t7072)’ < C/ HGnJrl(S) - Gn(S)HOO ds
0
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for n € N, z = (z,v) € R\{0} x R® with L(z,v) > 0 and ¢t > 0. The uniform
convergence 9,U, — F on [0,0] x R? yields that (Z,) and (Z,) converges to some Z
and Z, respectively, uniformly on [0,6] x {L > 0}. Since F is continuous and globally

Lipschitz continuous in z locally uniformly in ¢, there exists a maximal solution Z(-,t, z) :
I — R3\{0} x R? of the system

MOX

with Z(t,t,z) = z and I = I(t,z) an interval for z € {L > 0} and t € [0,6]. As the
uniform limit of (Z,), the limit Z also solves the above system with Z(t,t,z) = z for
z € {L >0} and 0 <t < §. The uniqueness yields Z = Z, so Z(-,t,z) exists on
[0,6] for 2 € {L > 0} and t € [0,6]. To this end, Step 1 implies [X(s,0,2)| > C}
for s € [0,6] and z € supp f. Furthermore, the characteristic flow Z is continuous on
[0,6] x [0,0] x {L > 0} as shown in [6, Lemma 3.1].

Because f € C.(R3\{0} x R3) is continuous, we obtain for ¢ € [0, 4]
f(t,z) = hm fult,2) = hm F(Za(t,0,2)) = f(Z(0,t, 2))

for z € {L > 0} and f(t, 2) := lim, 00 fu(t, 2) = 0 otherwise. Since the characteristic
flow is continuous and supp f C {L > Ly}, the limiting function f is continuous with
compact support supp f(t) C {L > Lo} for 0 <t < 4. Analogously to [6], we can show
that

n—oo

G(t,r) = lim G,(t,r) = 4—7;/ s*p(t, s) ds
= Jo

with p = py for ¢t € [0,d] and r > 0. Similar arguments as in Step 2 lead to

Fitr) = G(t.r)E = [[ 22 ptey.) doay

for t € [0,4] and z € R*\{0}. Finally, we define U := Uy by

/ FE90) oay 0<t <6 zeRe
Jr—yl

Since f is continuous with f(¢) € C.(R*\{0} x R3) for 0 < ¢ < §, Lemma [2.§|[(a)] implies
follows that 9,U = F. Furthermore, p is continuous with p(t) € C.(R*\{0}) and p(t)
spherically symmetric for ¢ € [0,4]. As discussed in Lemmal2.9, Uy € C%2([0, 5] xR*\{0})
solves the corresponding Poisson equation, so f is a strong Lagrangian solution on
[0,8] x R*\{0} x R3. Since § > 0 is arbitrary, the constructed strong Lagrangian solution
exists globally, i.e., on [0, c0[xR?\{0} x R3.

Step 6: The uniqueness
Let f be a strong Lagrangian solution of the Vlasov-Poisson system with a point mass
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satisfying f(0) = f . Then there exists & > 0 such that the solutions f and f exist on
the set [0,0]. Then we obtain with the same arguments as in Step 4, respectively, as
in [6, Equation (3.12)] the following estimate:

10.0(t) - 0.U ()]s < C / 10,0(s) — 0,0 (5)oo ds

for t € [0, 5] and C' > 0 independently of t. Therefore, Gronwall’s inequality leads to
0.U = 0,U and thus Z = Z. This yields

~ ~ ~ o

f(tv Z) = f(t7Z(t7ta Z)) = f(07 Z(()?tvz)) = f(Z(O,tZ)) = f(th)

for t € [0,0] and z € {L > 0}. Since f and f are continuous with support in {L > Ly},

we obtain f(t,z) =0 = f(t,2) for t > 0 and z = (z,v) € R®\{0} x R? with L(z,v) = 0,
so the solution is unique. O

Similar to [11, Theorem 2.1], we have shown in the previous proof in Step 1 that the
support of f(t) is bounded in x away from = = 0 by a fixed radius which is independent
of t > 0.

Remark. Let f be as described in Theorem and [ be the corresponding strong La-
grangian solution. Then there exists Ruyin = Ruin(Mo, Lo, f) > 0 such that

f(t,z,0) =0, |z| < Ruin,

fort >0 and (z,v) € R3\{0} x R?.
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