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Abstract

This theoretical thesis studies many-body systems of interacting particles in and out
of equilibrium. To rationalize the physics of many-body systems it is necessary to
coarse grain their large number of degrees of freedom. By coarse graining the degrees
of freedom of all except one particle, an exact one-body force balance equation re-
solved in space and in time arises. In systems made of anisotropic particles, the force
balance equation is complemented with an exact one-body torque balance equation.
The force and the torque balance equations contain several contributions such as
internal, external, and transport terms, that together determine the physics of the
system at the one-body level. This includes for example the dynamical evolution of
the one-body fields, such as the density and the velocity profiles, in non-equilibrium
systems.

Using computer simulations we study many-body systems of isotropic and aniso-
tropic particles following Newtonian, Langevin and Brownian dynamics. We sample
all terms contributing to the one-body balance equations and use the results to for-
mulate accurate approximations to the unknown contributions, such as the internal
force field. Besides this, we also develop computer simulation methods based on
the exact one-body force and torque balance equations. These methods allow us
to find the external force that generates the desired time evolution, as well as to
improve the sampling efficiency of the orientational distribution function in systems
of anisotropic particles.

First, we develop a custom flow method for molecular dynamics simulations of
isotropic particles. Custom flow is based on the force balance equation and it finds
numerically the external force field that generates the desired, prescribed, dynam-
ics of the system. For given space and time resolved density and velocity profiles,
custom flow finds iteratively the space and time resolved external force field that
generates such one-body kinematic fields. Beyond its practical applications in com-
puter simulations, custom flow also demonstrates numerically the fundamental map-
ping between the internal force field and the one-body kinematic fields postulated
in power functional theory. We demonstrate the validity of the method with sev-
eral test cases which include a slow-motion dynamics of a non-equilibrium process
and the complete prescription of the time evolution between two equilibrium states.
We also show that custom flow can be used together with thermostat algorithms
designed to control the temperature.

We use custom flow to investigate in detail the unknown contributions to the
one-body force balance equation, namely the internal force field and the momentum
transport term, the latter is given by the divergence of the kinetic stress tensor.
With custom flow we design two model flows: a pure shear flow and a pure bulk
(compressible) flow. In both cases the current factorizes into temporal and spatial
parts, being the temporal part common to both flows. Moreover, the density profile
remains stationary during the whole time evolution. These imposed flow character-
istics help us to rationalize and to construct accurate approximations for both the
internal force field and the transport term.

We demonstrate that the internal force field contains superadiabatic contribu-
tions that are generated by the flow, and are hence genuine non-equilibrium forces.
The superadiabatic forces can be split into structural and viscous components, de-
pending on their behaviour upon flow reversal. Moreover, we unambiguously demon-
strate that the acceleration field contributes to generate the superadiabatic forces,



in agreement with the predictions of power functional theory. The behaviour of the
kinematic stress tensor in non-equilibrium is rather complex. We split it into an
idealized term that is generated by the velocity profile only, and an excess term that
contains the velocity fluctuations. A detailed analysis shows that the excess term
contains also viscous and structural components.

Beyond isotropic systems, we also study systems with orientational degrees of
freedom. Based on the one-body torque balance equation for many-body systems of
interacting anisotropic particles, we develop a torque sampling method to measure
with high efficiency the orientational distribution function in computer simulations.
The method samples the torques acting on each particle, and uses them to construct
the orientational distribution function via the exact torque balance equation. We
demonstrate the advantage of the torque sampling method by testing it against the
traditional counting method in several model situations. We consider cases that
differ in the overall density, the dimensionality, the type of dynamics, the type of
orientational order, and the interparticle interaction potential. In all cases torque
sampling delivers better results than the counting method. Moreover, the accuracy
in torque sampling is independent of the angular resolution of the bin. Hence, it
is possible to sample the orientational distribution function with arbitrarily small
angular resolutions.



Kurzfassung

In dieser theoretischen Dissertation untersuchen wir Vielteilchensysteme, bestehend
aus miteinander wechselwirkenden Teilchen, im Gleichgewicht und im Nichtgleich-
gewicht. Um die Physik von Vielteilchensystemen verstandlich darzustellen, ist es
notwendig die grofle Anzahl an Freiheitsgraden zu reduzieren. Integriert man iiber
alle Freiheitsgrade bis auf die eines Teilchens, ergibt sich eine exakte Gleichung fiir
das Einteilchenkraftegleichgewicht abhéngig von Raum und Zeit. In Systemen mit
anisotropen Teilchen ergibt sich zuséatzlich zum Kréaftegleichgewicht noch eine ex-
akte Gleichung fiir das Drehmomentengleichgewicht. Die Gleichungen fiir Kréfte-
und Drehmomentengleichgewicht beinhalten mehrere Beitrdge, wie interne und ex-
terne Terme sowie Transportterme, die zusammen die Physik des Systems auf dem
Einteilchenniveau bestimmen. Dies beinhaltet zum Beispiel die Zeitentwicklung der
FEinteilchenfelder, wie Dichte- und Geschwindigkeitsprofil, in Nichtgleichgewichtssys-
temen.

Wir verwenden Computersimulationen, um Vielteilchensysteme isotroper und
anisotroper Teilchen zu untersuchen. Die Teilchen bewegen sich geméfl Newton-
scher, Langevin und Brownscher Dynamik. Wir samplen alle Terme, die zu den
Einteilchengleichgewichtsgleichungen beitragen, und verwenden die Resultate, um
genaue Naherungen fiir die unbekannten Beitrage zu formulieren, zum Beispiel fiir
das interne Kraftfeld. Desweiteren entwickeln wir Methoden fiir Computersim-
ulationen basierend auf den Gleichungen fiirs Krafte- und Drehmomentengleich-
gewicht. Diese Methoden erlauben es uns das externe Kraftfeld zu bestimmen, das
eine gewilinschte Zeitentwicklung der Dichte und des Stromes generiert, sowie die
Samplingeffizienz der Orientierungsverteilungsfunktion in Systemen mit anisotropen
Teilchen zu verbessern.

Als Erstes entwickeln wir eine custom flow Methode fiir Molekulardynamik Simu-
lationen isotroper Teilchen. Custom flow basiert auf der Gleichung fiirs Kraftegleich-
gewicht und findet numerisch das externe Kraftfeld, das die gewiinschte Dynamik
des Systems generiert. Fiir gegebene, in Raum und Zeit aufgeloste, Dichte- und
Geschwindigkeitsprofile findet custom flow iterativ das zugehorige, in Raum und
Zeit aufgeloste, externe Kraftfeld. Uber die praktische Anwendung in Compu-
tersimulationen hinaus zeigt custom flow numerisch die fundamentale Abbildung
zwischen dem internen Kraftfeld und den kinematischen Einteilchenfeldern, welche
von der Powerfunktionaltheorie vorausgesagt wird. Wir validieren die Methode mit
mehreren Testféllen, welche eine verlangsamte Dynamik eines Nichtgleichgewichts-
prozesses und eine komplett vorgeschriebene Zeitentwicklung zwischen zwei Gleich-
gewichtszustdnden beinhaltet. Ferner zeigen wir, dass custom flow zusammen mit
Thermostatalgorithmen verwendet werden kann, welche die Temperatur in einem
System kontrollieren.

Als Néchstes benutzen wir custom flow, um die unbekannten Beitrdge zum
Kriftegleichgewicht detailliert zu untersuchen. Diese Beitrdge sind das interne
Kraftfeld und der Impulstransportterm, wobei letzterer durch die Divergenz des
kinetischen Spannungstensors gegeben ist. Wir designen mit custom flow zwei Mo-
dellfliisse: einen reinen Scherfluss und einen reinen kompressiblen Fluss. In beiden
Fallen faktorisiert der Strom in einen zeitlichen und einen ortlichen Teil, wobei der
zeitliche Teil fiir beide Fliisse gleich ist. Ferner bleibt das Dichteprofil fiir die kom-
plette Zeitentwicklung stationar. Diese vorgegebenen Flusseigenschaften helfen uns
das interne Kraftfeld und den Transportterm zu verstehen und genaue Naherungen



zu konstruieren.

Wir zeigen, dass das interne Kraftfeld superadiabatische Beitrage beinhaltet, die
durch den Fluss erzeugt wurden und daher Nichtgleichgewichtskrafte sind. Abhéngig
vom Verhalten der superadiabatischen Krafte bei Flussumkehr konnen diese in struk-
turelle und viskose Komponenten aufgespalten werden. Desweiteren zeigen wir ein-
deutig, dass das Beschleunigungsfeld zur Erzeugung der superadiabatischen Kraft
beitragt, wie von der Powerfunktionaltheorie vorhergesagt. Das Verhalten des kine-
matischen Spannungstensors ist im Nichtgleichgewicht komplex. Wir teilen ihn in
einen faktoriesierten Term, der nur vom Geschwindigkeitsprofil erzeugt wird, und
einen Exzessterm, der die Geschwindigkeitsfluktuationen beinhaltet, auf. Eine de-
taillierte Analyse zeigt, dass der Exzessterm auch viskose und strukturelle Kompo-
nenten enthalt.

Uber isotrope Systeme hinausgehend betrachten wir Systeme mit Orientierungs-
freiheitsgraden. Basierend auf der Einteilchengleichung fiirs Drehmomentengleich-
gewicht von Vielteilchensystemen wechselwirkender anisotroper Teilchen entwickeln
wir eine Samplemethode, um die Orientierungsverteilungsfunktion mit hoher Ef-
fizienz in Computersimulationen zu messen. Die Methode sampled die auf jedes
Teilchen wirkenden Drehmomente und nutzt sie, um die Orientierungsverteilungs-
funktion mithilfe der Gleichung fiirs Drehmomentengleichgewicht zu berechnen. Wir
zeigen die Vorteile der auf Drehmomente basierenden Samplemethode auf, indem wir
sie mit der traditionellen Zahlmethode fiir mehrere Modellsituationen vergleichen.
Wir betrachten Félle, die sich in der Dichte, der Dimensionalitit, der Art der Dy-
namik, der Orientierungsordnung und dem Wechselwirkungspotential unterscheiden.
In allen Féllen liefert die auf Drehmomenten basierte Samplemethode bessere Re-
sultate als die Zahlmethode. Ferner hiangt erstere nicht von der Winkelauflosung
des Rasters ab, was es ermoglicht die Orientierungsverteilungsfunktion mit beliebig
kleinem Winkelabstand zu samplen.
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1 Introduction

To understand the physics of many-body systems it is necessary to reduce the
amount of information provided by the huge number of degrees of freedom of the
system. By integrating out over the degrees of freedom of all but one particle, it
is possible to formulate exact one-body force and torque balance equations. These
balance equations can then be used to understand the equilibrium and dynamical
properties of many-body systems at the one-body level.

This thesis is devoted to the study of many-body systems of interacting particles
at the one-body level. We develop methods based on the one-body force and torque
balance equations. In particular, custom ow for molecular dynamics (MD) [1, 2]
and reduced variance sampling of the orientational distribution function [3]. The
methods help us to analyse the internal interactions and transport processes on the
one-body level, including memory e ects [2, 4].

This introductory chapter starts by discussing the many-body dynamics of iso-
tropic and anisotropic particles. We show how to integrate out degrees of freedom
to reduce the description of the system to one-body elds that are governed by exact
force and torque balance equations. We also summarize the alternative approach
of continuum mechanics, which uses symmetry arguments and approximations to
obtain the relevant one-body equations of motion. One goal of this work is to
describe the one-body dynamics using the framework of power functional theory [5],
which we introduce in this chapter. Furthermore, several methods and techniques
related to the work done in this thesis are also described. We recapitulate force
sampling methods with reduced variance [6, 7], and explain the custom ow method
for Brownian dynamics [8]. We also discuss memory e ects in various frameworks,
and introduce brie y the role of thermostats in many-body computer simulations.

1.1 One-body description of many-body systems
1.1.1 Anisotropic particles

In order to understand and theoretically describe a physical system, one needs to
isolate the relevant physical e ects and nd the corresponding variables that generate
and control those e ects. Therefore, it is advisable to start with a simple model of
the system and identify its basic e ects. To later reach an accurate and realistic
description, one can add properties to the basic model and check its agreement with
the real physical system.

The simplest type of interacting particles are isotropic particles, i.e. particles
with spherical symmetry, that interact with each other based solely on their relative
distance. In Refs. [1, 2] we investigate many-body systems of isotropic particles
interacting via the Weeks-Chandler-Andersen potential [9], i.e. only the repulsive
interaction of the Lennard-Jones potential. Even this, arguably simple, particle
model creates complex dynamical behaviour on the one-body level. In nature, most
particles additionally interact with each other depending also on their relative ori-
entation. Examples range from relatively simple molecules such as water and air
molecules (excluding inert gases) to complex proteins and liquid crystals. There-
fore, it is necessary to go beyond simple (isotropic) particle models and develop the
appropriate theoretical descriptions and methods by incorporating the orientational
degrees of freedom of the system [3].

Particle anisotropy plays a major role in colloidal science. In Fig. 1 several



Figure 1. (a) Colloidal particles of di erent shapes created with photo litography.
The white scale bar indicates a length of 3m . Adapted with permission from Ref.
[19]. Copyright © 2007 American Chemical Society. (b) Patchy colloids with mul-
tiple interaction sites created with colloidal fusion. The white scale bar indicates a
length of 1 m . The insets show the uorescent patches of the particles. Reproduced
with permission from Ref. [20]. Copyright © 2017 Springer Nature. (c) Di erent
stages of producing banana shaped colloidal particles. The white scale bar indicates
a length of 10m . Reprinted with permission from Ref. [21]. Copyright © 2020
AAAS.

examples of anisotropic colloidal particles are shown. The microscopic interaction
potential determines the collective behaviour such as the self assembly of colloidal
particles [10]. The interaction between colloidal particles can be anisotropic due to
the particle shape, see e.g. Fig. 1 (a) and (c), but also due to directional bonding,
see Fig. 1 (b). One example of the latter are patchy colloids. These are particles
with designated sites on their surface, called patches, through which patchy colloids
interact with each other. An overview of dierent types and models is given in
Ref. [11]. Patchy colloids can be used to construct simple models for water [12] or
silica [13]. The particle core can be represented by a hard sphere and the interaction
sites for hydrogen or valence bonds are patches on the surface with the respective
geometry. Another example of anisotropic particles are proteins, which have com-
plicated structures built of hundreds of amino acids. It is very time consuming to
simulate the structures formed by the vast amount of occuring proteins. Instead,
one can use simple models by approximating the shape of the protein as a hard body
and the interaction sites with patches [14, 15].

Another important class of anisotropically shaped particles are liquid crystals
which often possess a rich phase behaviour [16]. Liquid crystal particles can have
either an elongated or a disk-like shape. They form several bulk phases characterized
by their positional and orientational order. In a nematic phase, for example, the
particles exhibit orientational order while having no positional order. In a smectic
phase there is orientational order and additionally positional order in one spatial
dimension along which the particles form layers. Liquid crystals have several appli-
cations as displays [17] and in pharmacy as drug delivery systems [18].

In hard systems, the structure formed is purely determined by the shape of the
particles. For example, in Ref. [22] the optimal packing of superdisks is investigated.
Superdisks are described byjx1j2d + jx,j2 1 with the coordinates x; and the
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deformation parameterd (for circlesd = 1). Ref. [23] investigates the highest packing
fraction of Platonic and Archimedean solids. Hard kites form orientationally ordered
phases with di erent symmetries of the orientation eld depending on the packing
fraction and their interior angles [24]. A 2d uid of hard right isosceles triangles self
assembles into larger clusters forming liquid-crystal phases with tetratic and octatic
ordering [25, 26].

1.1.2 Many-body dynamics

In this thesis, we make use of three many-body simulation techniques: molecular
dynamics (MD), Langevin dynamics (LD), and over-damped Brownian dynamics
(BD). In the following we summarize each technique and provide their respective
many-body equations of motion.

Molecular dynamics . In MD, a system of N anisotropic particles with uniaxial
symmetry (i.e. the particles are rotationally symmetric around an orientational unit
vector u) with mass m and inertia tensor | is characterized by the Hamiltonian H
given by

. X 1 1
R pYuipt ™) = opf+ i 1T pi + Vea(risun) + U™ ul):

(1)

Here, the sum runs over all particles in the system withr; and p; the position
and the momentum of particle i, respectively. Furthermore, u; and p}{ are the
orientation vector and the canonical angular momentum of particlei, respectively.
The canonical angular momentum is given by

pi' = u I )
The angular velocity of particle i is given by
i=up uj: (3)

The overdot indicates a time derivative. Calculating the cross product! ; u; using
Eg. (3) and exploiting the Gra mann identity with u; u; = 0 (which follows from
the vanishing time derivative of u; u; = 1) we obtain

ui ="' uj: 4)

The external potential Vex: and the total potential energy U in Eqg. (1) depend in
general on both position and orientation. We use here the shorthand notation for
positions rN = rq;ro;ry and for orientations uN = uq;us;:;un. A detailed
derivation of the Hamiltonian and the angular canonical momentum exploiting the
rotational symmetry around u; is provided in Appendix C.

Hamilton's equation of motion for the spatial degrees of freedom are then given

by
= Hi. (5)

= 1. (6)



Hence, using the Hamiltonian in Eq. (1) we obtain the translational equations of
motion for particle i

R
r_l._ 51 (7)
p; = fi; (8)

with f; = r j(Vext + U) the force on particlei due to external r ;Vex and internal
r ;U contributions. Here, r ; denotes the derivative with respect tor;. Hamilton's
equation of motion for the orientational degrees of freedom are given by

dpY
o= &L ©
du;
gu = d—”t: (10)

Calculating the corresponding derivatives in Egs. (9) and (10) and multiplying by
u; , we arrive at the equations of motion for the orientational degrees of freedom

Ui Ql-u = ti; (1)
up pi =1t (12)
with tj = u; r y, (Vexx + U) the torque on particle i due to external and internal

contributions. Here, r , is the nabla operator acting on the components of the
orientation vector u; of particle i. Note that the angular momentum L; = u; p{’

is perpendicular to the canonical angular momentum. We focus here on rotation-
ally symmetric particles around an axisu;. In Ref. [27] a general derivation of the
equations of motion for a rigid body with arbitrary shape is given. In molecular dy-
namics, the particles are not subject to friction or stochastic processes and therefore
follow deterministic trajectories. In Refs. [1, 2, 4] we use the velocity-Verlet algo-
rithm [28] to propagate the particles in time and space according to the many-body
equations of motion.

Langevin dynamics . LD can be viewed as an extension of MD. The particles
are immersed in a solvent that is only implicitly described by a friction force and a
stochastic force. The equation of motion for the translational degrees of freedom of
the i-th particle in LD is

my; = fi v+ £ (13)

with  the translational friction coe cient against the implicit solvent and ;"2 the
stochastic force that models collisions between the particles and the molecules of
the solvent. Here, we choose a scalar independent of the orientation since we use
LD only in equilibrium situations. If one is also interested in dynamical properties,
the friction can be generalized to a second rank tensor that depends on the particle
orientation.

For the orientational degrees of freedom we obtain for particle the equation of
motion

| 1=t !+ tand: (14)

with  the rotational friction coe cient and t/2"¢ a stochastic torque due to the
implicit solvent.



Both the stochastic force and torque have no drift and the strength of the uc-
tuations is determined by uctuation dissipation theorems [29]:

H2di = 0; (15)
Hndfandi =2 kg T g (t t91; (16)
htandi = 0; (17)
e =2 kg T(1 uiu) w (8 t9; (18)

with t the time, kg the Boltzmann constant, T absolute temperature, i the Kro-
necker delta, () the Dirac delta distribution, and 1 the identity matrix. To humer-
ically evolve the system in time, we use the integrator presented in Ref. [30] which
adds friction to the velocity-Verlet algorithm.

Overdamped Brownian dynamics . Starting from LD and taking the over-
damped limit, i.e. vanishing inertial forces as compared to frictional forces, yields
BD. The equations of motion for the i-th particle are

vi=fi + firand; (19)
el ti+tirand; (20)

with the same de nitions of the random force and the random torque as those
provided in Egs. (15)-(18). We use the Euler algorithm to propagate the particles
according to the many-body equations of motion (19) and (20). Recently, an e cient
adaptive BD algorithm has been developed [31].

1.1.3 From many-body equations of motion to one-body force and torque
balance equations

At the many-body level we have access to the degrees of freedom of each particle.
In order to make sense of such an amount of information, we need to reduce it to
a level that we can understand without losing the relevant information to describe
the physics. To this end, we focus here on one-body quantities that are de ned by
averages, see e.g. Ref. [32]. In molecular dynamics, the average is calculated as:

z z 7z @z
hi= dr™ dp™  du™  dp"N (rN;pNiu™ it (21)

with the integrals spanning the whole phase space and the superscrig denot-
ing all particles, i.e. drN = dridr,:::dry. The many-body probability distribution
(rN;pN;uN:pUN:t) is normalized to one
Z Z Z VA
darN o dpN  du™  dpUN (N pN UM pUNs ) =1 (22)

The time evolution of the many-body probability distribution is governed by the
Liouville equation

X
0% 8 8 0 s

@ .
@ ©

=0: (23)



one-body quantity Q G
density 1
current J Vi

angular current Ji (.

kinetic stress tensor MvV;Vi

angular kinetic stress tensor I Vil
coupling tensor C vil
force density F f;
torque density T ti
internal force density Fint r iU
external force density Fext | I iVext
internal torque density Tint Iﬁi U
external torque density Text | RiVext

Table 1: De nition of one-body quantities via Eq. (24). The dyadic product between
two vectors a and b is indicated by ab. Note that all one-body quantities Q(r; u;t)
depend on a generic positiorr and orientation u, as well as explicitly on time.

This gives us the tools to de ne microscopically resolved one-body quantities via
* +

X
Q(r;u;t) = g (r r)(u u) ; (24)
|
with  the Dirac delta distribution and ¢ a generic property of particlei such as its
velocity. The resulting one-body quantity has therefore the units of density times
the units of g. In Table 1 the de nitions for several one-body quantities relevant
for our work are given. In simulations, the average denoted byhi is sampled over
di erent initial microstates (in MD, LD, and BD) and also over di erent realizations
of the thermal noise (in LD and BD). In equilibrium and in steady state, we can
also average over time.
From these averages useful balance equations can be constructed. The continuity
equation, fcir example, can be obtained by time deriving the one-body density

o X L@@ ) drror) @(u uj) du u)
{ruin= O T a au ) at

+

(r i)

(25)

The generic variablesr and u do not depend on time. Furthermore, we can rewrite
the partial derivatives acting on the Dirac distribution as the Nabla operator r and
the di erential operator on the unit sphere r ;. Hence, we obtain
* + * +
X X
= r(r i) (u upyv, U ro(uou) (r ri) @ (26)

The Nabla operator acting on the generic positionr can be pulled out of the average
since the integrals in the averagehi depend on all particle positions but not onr.
Furthermore, making use of Eq. (4) we arrive at
* + *
X
= (rri) (u ujvi (ioou) rg(uou) (roor)

+

(27)



Using the de nition of the current J(r;u;t), see Table 1, and changing the order of
the triple dot product yields

* +
X
=r J (Ui r o) ti(uow)(rorg) (28)

Due to the Dirac distribution on the orientations there is only a contribution to
the average provided thatu = u; and hence, we can pull the rotation operator
R =u r , outof the average and obtain

*X +
=r J R Lo (u o) (ror) (29)

Finally, inserting the de nition of the angular current J, (r;u;t), see Table 1, we
arrive at the continuity equation

= r J R J: (30)
We are particularly interested in the one-body force and torque density balance
equations. Time deriving the current yields the force density balance equation for
MD [5, 33]

ML= Fex + Fint + 1 mR C: (31)

Analogous steps compared to the derivation of the continuity equation need to be
performed. A detailed derivation is provided in Appendix A. Here, Feyx is the
external force density, Fiy; is the internal force density, is the kinetic stress tensor,
and C is the coupling tensor, see Table 1.
We split the kinetic stress tensor into a factorized term g(r;u;t) = mwv
with the velocity eld v = J= and the remaining excess contribution exc(r;u;t) =
id- Hence, we can rewrite the force density balance as

The force balance equation relates the current to the forces acting on the system
and the momentum transport present in the system. The current is obtained by the
time integral over the whole history of forces and momentum transport. Note that
for anisotropic particles there is in general also a coupling between the momentum
and the angular momentum via the coupling tensorC.

The corresponding one-body torque density balance equation in MD for the
orientational degrees of freedom follows by time deriving the angular current [3]

L 1=Teq+Tiw r r CL1 R | I (33)

A detailed derivation is provided in Appendix B. Here, T ¢4 is the external torque
density, T iy is the internal torque density, and | is the angular kinetic stress tensor,
see Table 1. The torque balance equation relates the angular current to the torques
acting on the system and the angular momentum transport present in the system.
The angular current is obtained by the time integral over the whole history of forces
and momentum transport. The angular momentum is coupled to the momentum
via the coupling tensor C.



Equilibrium . Next, we derive the equilibrium one-body force and torque den-
sity balance equations starting from the non-equilibrium equations (31) and (33). In
equilibrium there is no time dependence. Furthermore, the currents vanish, i.eJ =0
and J, = 0, and the coupling tensor also vanishes,C = 0, since the velocity and
the angular velocity are uncorrelated in equilibrium. Hence, we conclude that in
equilibrium

O=Fext + Fint + 71 : (34)
O0=Text + Tint R vl (35)

Moreover, in equilibrium it is possible to simplify the momentum and the angu-
lar momentum transport terms  and , respectively. We use the equipartition
theorem [34] given by

@l
@b

with by the j -th component of a vector appearing in the Hamiltonian, such as e.g. the
momentum and the canonical angular momentum. For nite systems there might
be small temperature di erences depending on the selected statistical ensemble [35].
Only in the thermodynamic limit the di erent ensembles lead to identical results.
Using the Hamiltonian given in Eq. (1), and the equipartition theorem, Eq. (36), for
the components of the momentum

b kksT; (36)

- @ - pk
Pop = P * (37)
PP E
mvivk = keT; (38)
and for the canonical angular momentum
* +
: P S
pu;J é.;;k - pu;J(Ikm) 1pu;m - (39)
%« M=1 +
Pk = ke T; (40)
m=1

where we have used the two representations of the rotation energy described in
Appendix C. Hence, using Eq. (38) to rewrite the kinetic stress tensor in Eq. (34)
we arrive at the equilibrium one-body force density balance equation

O0=Fext+ Fim kgTr : (41)

Using Eq. (40) to rewrite the angular kinetic stress tensor in Eq. (35) we obtain the
equilibrium one-body torque density balance equation

O=Tex+ Tint ksgTR: (42)

Brownian dynamics . In BD, the non-equilibrium one-body force density bal-
ance equation is given by [5]



Compared to MD, the transport term, r , reduces to the ideal diusive part,
ks Tr , in BD for both equilibrium and non-equilibrium situations.
For orientational degrees of freedom in BD we have additionally the non-equilibrium
one-body torque density balance equation [3] given by

rdt = Text + Tint kBTFQ : (44)

In MD, the force density balance equation (31) links the forces acting in the
system to the time derivative of the current, mJ. Therefore, the current can be
expressed as a time integral over the history of all forces that have acted in the
system and shows hence the inertia present in the system. In BD, the force density
balance equation (43) links the forces acting in the system to the instantaneous
current owing in the system, J, via the friction coe cient. The same observation
holds for the torque balance equations in MD and BD. Hence, no inertial e ects are
present in BD systems.

1.1.4 Navier-Stokes equation

Particle-based simulations, like MD, can be used to investigate systems with up
to millions of particles [36, 37]. However, the length and time scales accesible in
computer simulations of such systems is still small for certain situations, such as for
example water ow in a pipe, wind in the atmosphere, and boiling water in a pot.
To describe these larger systems a continuum description is valuable. In continuum-
based approaches one considers volume elements much larger than the particle length
scale. To derive balance equations one exploits conservation laws. For example, mass
and momentum conservation lead to the continuity equation and the force balance
equation, respectively. In MD we can derive an exact force balance equation (32) that
describes conservation of momentum and is based on microscopically resolved one-
body elds. These one-body elds are directly accessible in computer simulations
and can be used to model the internal force eld and the momentum transport.

Both approaches, particle-based and continuum-based, describe the same physics.
Hence, the particle-based description of the one-body force balance equation should
yield for large length and time scales the corresponding momentum conservation law
of the continuum description. The particle-based approach can be used to nd new
phenomena on small scales that are beyond the continuum description and also to
validate existing approximations in the continuum description.

The Navier-Stokes equations are a prominent example of a continuum descrip-
tion. They are used in numerous applications to simulate the time evolution of
the coarse-grained velocity and pressure elds of uids. The air around rotor blades
from helicopters [38] and airplane turbines [39] can be studied with the Navier-Stokes
equations. Deep learning algorithms were used for analyzing air ow around di erent
shapes of airfoils [40]. Furthermore, gas ow in the context of micro devices [41]
and in human lungs [42] was investigated. Water ows were studied for land slides
[43], and a dam break [44]. Further examples include the modi ed Navier-Stokes
equations applied to shock waves [45].

The most general form of the force density balance equation in the continuum-
based picture is the Cauchy momentum equation. Detailed derivations based on
energy balance and symmetry arguments are given in Refs. [46, 47]. The Cauchy
momentum equation in its conservation form is given by

g{#)+ r o (~w)=r ~+-~g (45)



with the mass density ~ the velocity eld w, the Cauchy stress tensor~, and body
accelerationsg. The mass density in our one-body description would correspond
to m and the body accelerations would befe,;=m. The velocity elds v and v
correspond to the same physical elds but our one-body eldv is microscopically
resolved in contrast to the coarse grained eldw. There are several de nitions of the
stress tensor in atomistic simulations, which give not necessarily the same results as
the Cauchy stress [48].

There are e orts to nd a formal link between the many-body description and the
continuum description [49]. In Ref. [50] the classical Boltzmann equation is derived
as a limiting case of a system of hard spheres following Newtonian dynamics. From
this mesoscopic description of the Boltzmann equation of a tagged patrticle the heat
equation can be derived [51].

Comparing the Cauchy momentum equation (45) and the exact one-body force
balance equation (32) we observe some similarities. The left hand side of both
equations has the same structure. Also on the right hand side the external force
density Fex Of Eq. (32) corresponds to g in Eq. (45). Since both equations express
the momentum conservation,F iy + r in Eq. (32) corresponds tor ~ in Eq. (45).
In both approaches their exact forms are unknown. Hence, approximations must be
found. In the case of the Cauchy momentum equation, physical assumptions about
the Cauchy stress tensor need to be made. In Ref. [52] the following assumptions
are made to arrive at the Navier-Stokes equation: (i) the relationship between stress
and strain of shear has to be linear, (ii) in isotropic uids the stress tensor has to
be symmetric. Applying these assumptions to the Cauchy stress tensor we obtain

~=  rv+(rw)t g(r w1l pl+ (r wi; (46)

with  the dynamic viscosity, the bulk viscosity, p the pressure, and the superscript
t indicating the transposition of a second rank tensor. Inserting this expression for
the Cauchy stress Eq. (46) into Eqg. (45) leads to the well-known Navier-Stokes
equation
£C’D~\7°)+r (~vw)=T1 p+ v+
ot

Looking back at the one-body force balance equation (32) we also need to approx-
imate the internal force and the excess kinetic stress tensor. However, in contrast
to the continuum approach, we can sample these objects directly in particle-based
computer simulations, see Sec. 1.1.3 and use the result to construct accurate ap-
proximations.

We perform many-body simulations and sample the internal force directly. As we
see below, custom ow allows us to tailor the dynamics and the form of the velocity
eld [1]. To isolate shear e ects, we study a ow with r v=0andr v 60
with constant density in time and space. To isolate bulk e ects we study a ow with
r v=0andr v 60 with a density prole constant in time. Our analysis in
Ref. [2] revealed that the acceleration eld plays an important role in the internal
force eld. Directly comparing our results with the Navier-Stokes equation is di cult
because the length of our system is of the order of a few particle sizes and the volume
elements of the coarse grained velocity eld in the continuum approaches are on a
much larger length scale. It would be interesting to nd a formal link between both
approaches.

% + 1 (r w+-~g (47)
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1.1.5 Power functional theory

Density functional theory (DFT) is a well established variational framework to de-
scribe inhomogeneous many-body systems in equilibrium. DFT was rst introduced
for quantum systems [53, 54] and later adapted to classical systems [55]. A widely
used extension of DFT to describe time dependent systems is dynamical density func-
tional theory (DDFT) [56, 57]. In DDFT one assumes that the equal-time two-body
correlation function out of equilibrium has the same properties as its equilibrium
counterpart. This implies that the internal force due to interparticle interactions
in non-equilibrium is the same as that of a reference equilibrium system with the
same instantaneous density pro le as the non-equilibrium system. This constitutes
an adiabatic approximation that disregards all the genuine non-equilibrium internal
forces, see Ref. [58] for a recent perspective discussing the limitations of DDFT.

Power functional theory (PFT) [33, 59, 60] is a formally exact variational prin-
ciple able to incorporate the superadiabatic force contributions that go beyond the
equilibrium adiabatic contributions. Hence, PFT is formally able to describe non-
equilibrium many-body systems accurately. In a recent review by Schmidt [5], PFT
and background information is laid out comprehensively.

PFT was rst introduced for overdamped Brownian particles [59]. The central
object is the power functional R¢[ ; J] that depends functionally on the one-body
density and on the one-body current pro les. Minimizing the functional

Rt[; J]

NGO (48)

with respect to the one-body currentJ while keeping the one-body density and the
history of both, i.e. at times t°< t , unchanged yields the physical density and current
elds at the current time t. Setting the functional derivative to zero in Eq. (48) gives
by construction the exact one-body force balance equation (43) in BD. The power
functional itself can be split into several contributions

Ri[; J]= Ptid + P+ Bg + Fee X (49)

Here, we nd three exact terms: (i) the ideal dissipative intrinsic contribution P,
related to the friction force against the solvent, (ii) the time derivative of the ideal
free energy ki responsible for the ideal gas diusion, and (iii) X; containing all
external contributions. Furthermore, we have two excess terms due to interparticle
interactions that are not exactly known and hence need to be approximated. The
time derivative of the excess free energ¥exc relates to the adiabatic, i.e. equilibrium-
like, contribution of the interparticle interactions. This contribution has been inves-
tigated extensively in the framework of DFT and there are excellent approximations
available in the literature, such as for example fundamental measure theory for hard
spheres [61]. The remaining contributionP, ®*¢ contains all superadiabatic, i.e. gen-
uine non-equilibrium, contributions due to interparticle interactions. In general, the
structure of P,®*¢ can have a complex dependence on both, and J, incorporating
non-local memory e ects in space and time.

In BD simulations, the superadiabatic internal force can be obtained via the adi-
abatic construction [62]. Using custom ow [8] an equilibrium reference system with
the same instantaneous density pro le as the non-equilibrium system can be con-
structed. Subtracting the adiabatic internal force of the reference system from the
internal force of the non-equilibrium system yields the superadiabatic force [62]. Us-
ing the adiabatic construction, the superadiabatic forces of several non-equilibrium
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systems have been investigated. In Ref. [63] a 2d sheared system, investigated on the
Focker-Planck level solving numerically the many-body Smoluchowski equation and
also using BD simulations, exhibits a superadiabatic viscous internal force working
against the ow eld and a superadiabatic structural internal force perpendicular
to the ow direction sustaining a density gradient. In Ref. [64] a change of vari-
able from J ! r v with respect to the minimization of the power functional was
performed. The use ofr v is advantageous since it incorporates by construction
the Galilean invariance of the system. Furthermore, an approximation of P, ¢*¢ for
viscous contributions in the lowest order of the velocity gradient is constructed. In
Ref. [65] a 2d system made of two particle species that di er only on their value of
the buoyant mass is subject to an external force and exhibits lane formation. This
demixing of particles is driven by a superadiabatic structural internal force. The
particles exhibit also a superadiabatic viscous internal force working against the ow
eld. In Ref. [66] a systematic analysis of complex ows reveals that superadiabatic
forces can in general be classi ed as structural and viscous and obtained by many-
body simulations. Furthermore, approximations of the power functional based on
powers ofr v are constructed.

PFT has been also used to describe the motility induced phase separation of
active Brownian particles. In Ref. [67] an approximation for the excess part of the
power functional is constructed based on the one-body density and current pro les
and is tested against BD simulations. In Ref. [68] PFT is generalized to particles with
orientational degrees of freedom and the steady state properties of active Brownian
particles are studied. In Refs. [69, 70] the superadiabatic internal force in a system of
active Brownian particles is split into four contributions. In particular, a "quiet life"
term favors the motility induced phase separation. Furthermore, a self contained
theoretical power functional description of the system is provided and compared to
BD simulations. Further calculations yield a positive interfacial tension supporting
the observed stability of the phase separation [71]. Additionally, sum rules for the
interface polarization are proven [72].

Recently, superadiabatic internal forces of a colloidal gel former subject to an
external shear force are investigated in the framework of PFT [73] using BD simu-
lations with an e cient adaptive integration scheme [31].

On the two-body level of correlation functions, the van Hove function is an
important object. It describes how likely it is to nd two particles at di erent times
separated in space by a given vector. Within the framework of PFT for BD, a
dynamical test particle theory for the van Hove function of a bulk system consisting
of one patrticle species is developed in Ref. [74]. In Ref. [75] the two-body dynamics of
a dense Brownian liquid is investigated and superadiabatic contributions identi ed.
Further investigations of the van Hove function in a hard sphere and Lennard-Jones
liquid show also superadiabatic e ects that can be theoretically described within the
framework of PFT [76, 77].

Recently, Noether's theorem applied to functionals in statistical mechanics yields
exact identities from translational and rotational symmetries [78]. Exploiting the
symmetries of a classical many-body system vyields also sum rules for the global
force variance [79]. There is also a quantum mechanical description of PFT [60] in
which superadiabatic forces have been shown to contain contributions due to the
acceleration eld [80].

In this thesis, we are particularly interested in the application of PFT to Newto-
nian particles [33]. There, the central object is the power rate functionalGy[; v;a]
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that depends functionally on the one-body density, velocity, and acceleration elds.
Minimizing the functional

Gi[; v;a]

A =0; (50)

Vv
with respect to the acceleration eld a = v while keeping the one-body density and
velocity elds as well as the history of all three elds constant yields the physical
elds, , v, a, at the current time. This minimization principle is equivalent to
the original one given in Ref. [33] where the dependence is ah rather than on a.
Furthermore, calculating the functional derivative in Eq. (50) gives by construction
the exact one-body force balance equation (31). The power rate functional can be
split into three contributions

Gil; vial= G+ G Xy (51)

Here, Gtid generates via functional di erentiation the left hand side of the force
balance equation (32). The excess par;**¢ contains all contributions related to
interparticle interactions and momentum transport e ects of the particle velocities
uctuating around the velocity eld v. The last part, X, contains the external
contributions. Our work in Ref. [2], which is part of this thesis, makes use of
computer simulations to demonstrate that the one-body internal force eld, which
follows by functional di erentiation of G,**¢, depends on the one-body velocity and
acceleration elds beside the one-body density. Hence, we validate with particle-
based computer simulations that the functional G;**¢ carries a dependency on the
one-body acceleration eld. Furthermore, we give explicit expressions for the viscous
internal force and the corresponding functional generator for shear and bulk ows
including temporal memory e ects.

1.2 Theoretical approaches and simulation techniques in many-
body systems

1.2.1 Force sampling methods with reduced variance

This thesis is largely based on results from particle-based computer simulations.
With the growth of computational power in the last decades, it has become possible
to simulate many physical systems. The widespread use of computer simulations in
research makes it necessary to develop e cient algorithms and methods to save time
and reduce energy consumption.

Several works have been recently devoted to the development of equilibrium
methods to sample one-body quantities (e.g. the density prole) with reduced-
variance in particle-based computer simulations. See e.g. the review by Rotenberg
[7] that explains the shortcoming of the traditional histogram-based counting meth-
ods and presents some alternatives based on sampling the force. The main limitation
with the traditional counting of events methodology is illustrated in Fig. 2 for the
orientational distribution function. The orientational distribution function describes
the probability of nding a particle with a certain orientation. With increasing the
number of bins, one needs more sampling steps over di erent microstates to Il the
histograms of the counting method and therefore to obtain an accurate pro le for
the orientational distribution function.

To the best of our knowledge, the rst equilibrium sampling method with re-
duced variance appeared in the context of sampling the one-body electron density
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Figure 2: lllustration of the bin size dependence using the counting method. Panels
a) and b) show the top view of the upper half unit sphere, which represents all
possible orientations of a uniaxial particle. The hemisphere is divided into bins:
forty in a) and eighty in b). The orange dots represent the particle orientations of a
given microstate. The cyan color indicates bins with at least one particle with this
orientation. Note that signi cantly less area is covered by occupied bins (cyan) in b)
than in a). In c) a system of rods is illustrated schematically and the orientational
distribution function is shown schematically for the counting method on the left
with more statistical noise than the torque sampling method on the right.

in quantum Monte Carlo simulations [81, 82]. For classical systems, an estimator
for the radial distribution function and the one-body density using the force acting
on the particle was proposed in Ref. [83]. This work was extended to sample 3d
charge and polarization densities with better accuracy [84]. Another approach for
sampling the one-body density more accurately is force sampling, based on rewrit-
ing and integrating the exact one-body force balance equation to eliminate the ideal
gas uctuations [6]. In Ref. [6] it is shown that spurious small negative densities
can occur in force sampling in regions that the particles rarely visit, e.g. close to a
hard wall. To remedy this artifact the use of optimal linear combinations of reduced
variance estimators is fruitful [85].

To further prot from methods with reduced statistical noise, the mapped-
averaging framework was developed [86]. This framework uses approximate theoret-
ical results to derive an ensemble average with less statistical noise. The mapped-
averaging framework can be used to derive the previously mentioned force sampling
methods and it has the potential to improve other existing methods. Usually, sam-
pling the internal interactions is the key ingredient in reduced-variance sampling
methods. This is di cult in hard systems, even though event driven simulations can
be used to sample the force via the momentum transfer of each collision averaged
over time. Alternatively, the mapped averaging framework can be applied to hard
sphere systems in which a direct sampling of the forces is not feasible Ref. [87].

In this thesis, we develop a reduced variance method to sample the orientational
distribution function [3], illustrated in Fig. 2 ¢). The method is conceptually related
to the force sampling method in Ref [6] which we summarize in the following. The
starting point is the exact one-body force balance equation in equilibrium given by
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The equilibrium one-body force density balance equation (52) is the same in MD,
BD, and LD. Separating the ideal di usive term and formally applying the inverse
nabla operator r ! leads to the following expression for the one-body density in
terms of the force densities

= o+ Ly 1 (Fext + Fint): (53)

0 kBT ext int) -

The constant g is xeq?such that the one-body density is normalized to the total
number of particles, i.e. dr (r) = N. Integrating the sampled external and internal
force densities allows us to obtain the density pro le via Eq. (53) with less statistical
noise compared to the counting method. For systems inhomogeneous only along one
spatial dimension, the inverse nabla operator reduces to a simple integral in space.
For higher dimensions, a line integral, the electrostatic form of the inverse nabla
operator, or minimization of a cost function based on the force balance equation
with respect to the one-body density can be used [6] to obtain the density pro le
via Eg. (53).

In Ref. [3] we develop an equilibrium sampling method for anisotropic particles to
sample the orientational distribution function with better statistical accuracy than
the traditional counting method. Instead of the force density balance equation, we
use the exact one-body torque density balance equation, see Eq. (42). We demon-
strate that using torque sampling the statistical noise in the sampled orientational
distribution function does not depend on the bin size. The torque sampling method
outperforms the traditional counting method and it is particularly useful in systems
that require small bin sizes.

1.2.2 Custom ow

In many-body computer simulations one propagates the particles in space and time
according to the forces acting on each particle. The external force, which is in
general time dependent, is usually prescribed. Furthermore, the particles interact
not trivially with each other due to a given inter-particle interaction potential. The
forces acting on the particles generate di erent many-body trajectories for each
initial microstate and each realization of the thermal noise (the latter only in LD
and BD). Averaging over an ensemble of di erent realizations (initial microstate
and thermal noise) yields the corresponding one-body density and current elds.
Their respective one-body dynamics, i.e. space and time dependence, are in general
unknown beforehand.

We are interested in solving the inverse problem to have full control over the
ow, which facilitates the systematic analysis of the one-body internal force and
transport terms contributing to the force balance equation. The time-evolution of
the one-body density and that of the current are prescribed, and we want to nd the
corresponding external force generating the desired dynamics. This inverse problem
can be solved with the iterative custom ow method, rst introduced for BD [8].

To construct the iteration scheme in BD, one starts with the exact one-body force
balance equation (43) and solves for the external force

fext = kg Tr In fint + V: (54)

The density (r;t) and the velocity v(r;t) proles are prescribed and are hence
known. The only unknown term to determine the corresponding external force is
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Figure 3. Custom ow BD simulations of N = 30 particles interacting via the
WCA potential [9] in a 2d box with a side length of 10 and periodic boundary
conditions. The length and time scale are given by and , respectively. Pro les
are averaged over 19 di erent trajectories. Three cases, that start in equilibrium
with a homogeneous density pro le, are displayed. In all cases four times are shown:
1= =0:08 (violet), ,= =0:48 (yellow), 3= =1:0(green), and 4= =2:2 (blue).
a) external eld switched on at t = 0. b) speed up dynamics of the one-body density
of a) using custom ow. c) one-body current o set compared to a) using custom
ow. Reprinted with permission from Ref. [8]. Copyright © 2019 by the American
Physical Society.

the internal force fi; (r;t). The idea behind custom ow is to construct the external
force iteratively by sampling the internal force at iteration i and calculating, based
on Eg. (54), the external force for the next iteration i + 1. That is

6 =keTr In - £+ v (55)

int

This iteration is repeated until convergence is achieved. The iteration time step
with which the external force is resolved in time, t, is in general larger than the
integration time step of the simulation. The initial external force at each iteration
can be set to that in an ideal gas. That is, usingfi; = 0 in Eq. (54).

Using custom ow, arbitrary ow patterns and density distributions can be con-
structed provided that they are compatible with the continuity equation (30). In
Fig. 3 an example of custom ow in BD is shown. The rst row (a) is a standard
simulation with a xed external force (a3) which is switched on at t = 0. The
second row (b) uses custom ow to speed up the dynamics of the original density
(al) by a factor of two. Hence, as dictated by the continuity equation, the current
(b2) is twice as large as in (a2). Furthermore, the external force (b3) is now time
dependent. The third row (c) has the same time evolution of the density as in (al).
However, the current (c2) has now an o set ofJg = = 0:5 compared to (a2) and
hence uses also custom ow to nd the corresponding external force. Here, and
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are the length and time scales, respectively. The external force (c3) is also time
dependent.

Solving this inverse problem, is useful even at the level of individual particles. It
allows to e.g. independently and simultaneously move particles that have di erent
shapes [88] or di erent magnetic properties [89].

Having full control over the ow allows us to study the viscous and the structural
components of the internal force eld [66]. The special case of having no ow and
hence, being in equilibrium, is used to construct the adiabatic potential to separate
adiabatic and superadiabatic contributions of the internal force in BD [65].

In this thesis we develop a custom ow method for Newtonian dynamics [1].
The goal is the same as in BD, i.e. to prescribe the time-evolution of the one-body
density and current and then nd the corresponding external force. The underlying
dynamics, however, is di erent since we have inertia and in general complex mo-
mentum transport e ects. The development of custom ow for MD has allowed us
to study systematically viscosity, transport, and memory e ects in bulk and shear
ows [2, 4].

1.2.3 Memory e ects

Memory e ects occur in most physical systems. That is, the state at the present
time depends on what happened in the past. This is very general, e.g. presently |
am writing this thesis and this depends on the research that | have done in the past
years. Memory e ects play a role in, for example, optics [90], batteries [91], granular
materials [92], and polymers able to remember di erent shapes [93].

In the following, we focus on memory e ects that occur by integrating out degrees
of freedom. One successful approach to deal with memory e ects in many-body sys-
tems is the Mori-Zwanzig projection operator formalism [94, 95]. Originally used in
statistical mechanics to coarse-grain the complex many-body dynamics using fewer
degrees of freedom. This coarsening procedure introduces memory e ects, friction,
and uctuating forces. The Mori-Zwanzig formalism was applied in di erent areas
with complex dynamics in need of coarse graining. In Ref. [96] the formalism is ex-
tended towards general relativity in order to coarse-grain the universe in cosmology.
In Ref. [97] the Mori-Zwanzig formalism was applied in the context of large eddy
simulations. Also in climate models the formalism was successfully used [98]. The
arising uctuating forces in the Mori-Zwanzig formalism are often assumed to be
delta-correlated. In Ref. [99] equations with non-Markovian uctuating forces are
derived. Using these projection techniques yields a generalized Langevin equation
for a stationary underlying dynamics and can also be used to nd a generalized
Langevin equation for non-stationary underlying dynamics [100]. In both cases nu-
merical iterative methods were developed to reconstruct the memory kernel using
many-body simulations [101, 102].

In general memory e ects can be non-local in space and time. In the following,
we focus on the one-body level of many-body systems with memory e ects arising
due to integrating out degrees of freedom. In Ref. [103] memory e ects in BD are
investigated by applying a prede ned external eld that jumps in space and time
favoring a step shear velocity eld. A sketch of the system with the time evolution
of the external eld and the corresponding response of the current in BD and MD is
shown in Fig. 4 (a) and 4 (b), respectively. The BD current reacts instantaneously
to the applied forces due to the absence of inertia. The current jumps to a value
compatible with the amplitude of the external force. Due to memory e ects in
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Figure 4: lllustration of the time evolution of a system with an applied external step
shear force (orange solid) and the corresponding amplitude of the system response
(blue dashed) for a)J for BD and b) J for MD.

the internal force, the current relaxes to a steady value. When the external force
is switched o at time T, the current jumps to a negative value compatible with
the internal interaction opposing the former external eld until the memory e ects
decay. In MD there is inertia and the current is the time integral over all forces
applied to the system in the past. Hence, the steady state current builds up slower
than in BD until dissipation is compensated by the external driving. When the
external eld is switched o it takes time to dissipate the energy of the ow. This
happens while also the internal interaction and the momentum transport are subject
to memory e ects. Hence, it is di cult to distinguish between inertial and memory

e ects in such situations.

Memory kernels non-local in time and additionally non-local in space have been
used to describe the internal force using the framework of PFT in over-damped
Brownian systems. We use a slightly di erent approach in Refs. [2, 4] for MD
systems. Instead of prescribing the external force, we prescribe the time-evolution
of the velocity eld and the one-body density and nd the corresponding external
force using custom ow [1]. This allows us to decrease the velocity eld to zero
fast and not having to wait for the viscous forces to reach a vanishing velocity eld.
Forcing the velocity eld to vanish quickly isolates signals in the internal force and
the kinetic stress tensor that come solely from memory e ects. This helped us to
identify the acceleration dependence of the one-body internal force in shear and bulk
ows [2, 4].

1.2.4 Thermostats

In some applications it is desirable to simulate many-body systems at a controlled
temperature, e.g. to study temperature dependent processes, to remove heat dissi-
pated from the ow in non-equilibrium systems, and to match experimental condi-
tions. In these cases a thermostat controlling the temperature is helpful. In Ref. [1]
we implement and test a thermostat alongside custom ow in MD. Furthermore,
custom ow can be used, as demonstrated in Ref. [1], to investigate the possible ef-
fects that thermostats have on the one-body level, especially on the one-body force
balance equation. In Ref. [2] the dissipated energy of the ow is negligible and hence
requires no thermostat. Furthermore, the use of a thermostat would complicate the
analysis on the level of the one-body force balance due to new terms originating from
the thermostat. Especially, the kinetic stress tensor, which we investigate in Ref. [4],
containing the velocity uctuations would be a ected. Nevertheless, using custom
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ow with a thermostat might be fruitful to investigate the e ect of keeping the tem-
perature constant on the momentum transport, as described by the divergence of
the kinetic stress tensor.

Several thermostats have been developed to modify the many-body dynamics in
order to keep the temperature constant, see an overview in Ref. [104]. First of all, we
need to de ne what temperature is in this context. In equilibrium the temperature
is well de ned by the equipartition theorem, Eq. (36), which relates the average
kinetic energy in the system to the thermal energy. However, de ning a temperature
in non-equilibrium is not straightforward [105]. One possibility in MD is to modify
the equilibrium de nition by subtracting the kinetic energy of the ow from the
total kinetic energy. There are several algorithms to keep the desired temperature
constant in computer simulations. Most thermostats rely on velocity scaling in one
way or another. In Ref. [106] the velocity rescaling originates from stochastic forces
on the particles enforcing the correct temperature. In Ref. [107] the system is coupled
to an external heat bath. A more elaborated approach is presented in Ref. [108] that
has a smoother rescaling and recovers the two aformentioned algorithms as limiting
cases. Also LD and BD, introduced in Sec. 1.1.2, keep the temperature constant
by construction. A closely related approach is dissipative particle dynamics that
additionally conserves momentum [109]. Since the approaches to create a thermostat
are di erent, they might also lead to di erent results [110]. This is especially the
case in e.g. ultra conned ows with high shear rates [111]. For highly con ned
systems it also makes a di erence whether the thermostat acts on the uid or on
the con ning wall when comparing simulations to experimental results [112].

19



2 Overview of the publications

In the following we give an overview of the publications contributing to this cumu-
lative thesis [1{3]. The publications have in common the development of methods
and theoretical approaches for a better understanding and characterisation of many-
body systems using one-body elds. We focus especially on the exact one-body force
and torque balance equations. The publications are interconnected and cover several
physical aspects of many-body systems, including equilibrium and non-equilibrium,
isotropic and anisotropic interactions, inertial and overdamped dynamics, see Fig. 5.
In the rst publication [1] we introduce the numerical custom ow method derived
from the non-equilibrium one-body force balance equation in MD. The method al-
lows us to prescribe the one-body dynamics of the density and of the ow. Fur-
thermore, we provide test cases as a proof of concept, including the addition of a
thermostat alongside custom ow.

Publications [2] and [4] (to be submitted) rely on custom ow to provide clean
bulk and shear ows in order to study memory and inertial e ects of the one-body
internal force eld and the momentum transport in the non-equilibrium one-body
force balance equation in MD. In Ref. [2] we focus on the internal interactions and
show that the acceleration eld is required to properly model the internal force eld.
Reference [4] (to be submitted) focuses on momentum transport and the interplay

Figure 5: lllustration of the connections and di erences between the works derived
from this thesis: MD custom ow method [1], applying custom ow to design bulk
and shear ows and investigate the contribution of the acceleration eld to the inter-
nal force [2] and the momentum transport [4] (to be submitted), and torque sampling
[3]. All works make use of many-body simulations with information reduced to the
one-body level and are based on either the one-body force or the one-body torque
balance equations.
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of all terms contributing to the one-body force balance equation.

Lastly, we introduce a numerical method for anisotropic particles based on the
exact equilibrium one-body torque density balance equation that improves the sam-
pling accuracy of the one-body orientational distribution function [3]. We also pro-
vide several test cases to show the advantages of torque sampling compared to the
traditional counting method.

2.1 Custom ow in molecular dynamics

In this publication [1] we develop a numerical iterative method to prescribe the
time evolution of the one-body density and the one-body current of a many-body
system following Newtonian dynamics. Controlling the one-body density, velocity,
and acceleration elds is convenient to e.g. study memory e ects and to systemat-
ically construct approximations for the one-body inter-particle force eld and the
momentum transport via an approximate power functional [2, 4].

The custom ow method generates the desired time evolution of the input elds
by iteratively adjusting the external force in an iteration time step which is usu-
ally larger than the integration time step. The adjustment reduces iteratively the
di erence between the target and sampled elds during each iteration time step. Re-
peating the iteration scheme for every time step leads to the desired time evolution
of the system.

We provide several test cases as a proof of concept. We rst prescribe an ex-
ternal force which is constant in time and obtain the corresponding dynamics of
the one-body elds by averaging over a set of simulations that di er on the initial
microstates. Then, we use custom ow to slow down the sampled dynamics of the
one-body density. The resulting complex time-dependent external force eld of the
slow motion system produces the same one-body dynamics of the density pro le and
additionally the one-body current pro le has half the original amplitude as dictated
by the continuity equation. Furthermore, we demonstrate the validity of the custom
ow method in presence of thermostats. We propose that the thermostat should act
on the kinetic energy of the velocity uctuations rather than on the total kinetic
energy. Otherwise, the kinetic energy of the ow due to the velocity eld would
be altered. As a last example we demonstrate the use of custom ow to generate
arbitrary one-body dynamics provided that they are compatible with the continu-
ity equation. In this case we grow peaks in the one-body density prole xing the
one-body current up to a constant which we choose such that the integrated current
vanishes. Hence, when the density peak is fully grown the one-body current van-
ishes everywhere. At this point the input elds are all time-independent, but the
one-body momentum transport and the internal force eld still change with time.
This clearly illustrates the occurrence of memory e ects and also shows the potential
of custom ow to isolate memory e ects from the time-evolution of the one-body
density and current pro les.

2.2 Shear and bulk acceleration viscosities in simple uids

Here, we use the custom ow method for MD [1] to investigate superadiabatic con-
tributions to the one-body internal force eld, especially in rapidly changing ows
[2]. Custom ow allows us to create pure bulk f v =0and r v 60) and pure
shear  v=0andr v 60) ows with prescribed time evolution. Having full
control over the ow prole and the density pro le is essential to investigate sys-

21



tematically the superadiabatic internal force eld originating from the inter-particle
interactions. Both ows have a time independent one-body density and a time de-
pendent current. Furthermore, the velocity eld factorizes in a time dependent part
and a space dependent part. As a consequence, the velocity and the acceleration
elds have in each ow the same spatial dependence. The time dependent part of
the velocity eld is such that its amplitude rst increases, then stays constant during

a time interval, later decreases until it vanishes, and nally stays zero afterwards.
We show that the viscous suepradiabatic internal force depends linearly on both the
velocity and the acceleration eld. Therefore, the superadiabatic internal force can
be split into a spatial and a time dependent part. The space dependent contribution
is the same for the velocity and the acceleration elds. This allows us to investigate
the dependence on the velocity and the acceleration elds by looking only at the
time dependent part.

For the bulk ow, the time dependent part can be easily described using the
velocity and the acceleration pro les together with a simple memory kernel. The
time dependent part of the internal force shows an overshoot compared to the steady
state value when increasing the amplitude of the velocity pro le and an undershoot
below zero when decreasing the amplitude of the velocity eld to zero. Using sym-
metry arguments we demonstrate that the acceleration eld is responsible for this
behaviour. It would be possible to use only the velocity eld and construct a com-
plex memory kernel with a negative tail. However, this would imply an unphysical
negative viscosity.

For the shear ow no such over- and undershoot appear. This might be due
to longer memory times associated to shear-like deformations. The internal viscous
force can be approximated reasonably good using only the velocity eld. However, we
could con rm the presence of the acceleration eld in the internal viscous force using
a modi ed ow. Instead of decreasing again the current in amplitude, we propagate
the spatial structure with a constant drift velocity in the positive direction while
keeping the amplitude constant. Describing the viscous force using only the velocity
eld results in a phase shift in the theoretical prediction of the viscous internal
force as compared to the sampled data. Incorporating the acceleration eld yields,
however, an accurate description of the internal viscous force.

This work shows the relevance of the acceleration eld to describe the internal
viscous force in rapidly changing ows accurately. We argue that using both the
velocity and the acceleration elds constitutes an accurate and more physical alter-
native to the description of the internal force than using complex memory kernels
and only the velocity pro le.

2.3 Reduced-variance orientational distribution functions from torque
sampling

In many-body computer simulations it is possible to sample the orientational distri-
bution function (ODF) by dividing the set of orientations (here given by the surface
of the unit sphere) into bins and counting how often the particles visit each bin. By
decreasing the bin size, this traditional counting method either produces signi cant
statistical noise or requires a substantial increase of the sampling time. We develop
in Ref. [3] a method to sample the ODF in many-body systems of anisotropic par-
ticles in equilibrium taking advantage of the exact one-body torque density balance
equation. The ODF is obtained by sampling the one-body torques and integrating
them appropriately. This circumvents the ideal gas uctuations and hence reduces
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the statistical noise in the sampled pro le of the ODF.

To demonstrate the advantages of the torque sampling method compared to the
counting method we consider several systems. First, we perform Langevin dynamics
simulations of rectangles in a two dimensional box with periodic boundary condi-
tions. We investigate a system with low packing fraction and an external potential
favoring one orientation. We show visually for several sampling times the smoother
pro les obtained by the torque sampling method compared to the counting method.
Furthermore, we investigate the error of each method as a function of the bin size.
The error of the torque sampling method is independent of the bin size, whereas the
error of the counting method diverges for bin sizes approaching zero. With torque
sampling it is therefore possible to sample the ODF with arbitrarily high angular
resolution. Second, we investigate a system with moderate packing fraction favor-
ing tetratic order, i.e. there are two favored orientations (directors) orthogonal to
each other. Additionally, the particles are subject to an external potential favoring
orientations along only one of the directors. The resulting ODF has two peaks with
di erent amplitudes. Again, the torque sampling method delivers more accurate
pro les than the counting method. This particular case shows that the complete
ODF might be required to fully characterise the orientational order of the system
since sampling only the nematic and the tetratic order parameters would not provide
enough information. Last, we perform overdamped Brownian dynamics simulations
of Gay-Berne particles in a three dimensional box. The particles are subject to an
external potential favoring orientations along the polar axis. The torque sampling
method provides better accuracy than the counting method, especially close to the
pole since we use spherical coordinates, and hence smaller bins for smaller polar
angles.

2.4 Outlook

This thesis gives insight into some problems concerning methods and theoretical
descriptions of many-body systems on the one-body level, and it also opens new
interesting questions, some of which are described in the following.

In ongoing work [4] we investigate shear and bulk ows of isotropic particles
similar to those in Ref. [2]. We investigate all contributions to the exact one-body
force balance equation and focus in particular on the momentum transport term
given by the divergence of the kinetic stress tensor. The density pro le is stationary
and both ows can be factorized in a time and a space dependent part. This setup
allows us to investigate the response of the kinetic stress tensor to a prescribed ow
using custom ow [1]. The kinetic stress tensor has an ideal part and an excess part,
see Eq. (32) and the discussion around it. The latter contains all velocity uctua-
tions. We also split the excess contribution into viscous and structural components
depending on whether the sign changes or not under ow reversal, respectively. We
propose approximations for the spatial part of each component of the kinetic stress
tensor.

The ow in the shear case is relatively strong, and hence ow energy is dissi-
pated. This inuences the amplitude of the internal force and the kinetic stress
tensor. Despite of the strong driving of the system, the spatial dependence of the
approximations for the kinetic stress tensor are in very good agreement with the
sampled data. Examples of the kinetic stress tensor components for the shear ow
are shown in Fig. 6.

The bulk ow dissipates very little energy compared to the thermal energy that
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Figure 6: Kinetic stress tensor of a pure shear ow with homogeneous density pro le
and a sinusoidal velocity eld pointing in y-direction. Here, only the non-vanishing
components of the excess kinetic stress tensor are shown at di erent timeg =0:5
to=4 ,t3=5:5,andty =6:05 corresponding to increasing, quasi stationary, de-
creasing, and vanishing currents, respectively. The diagonal elements of the kinetic
stress tensoryy in panel a), xx in panel b) (solid lines), and zz in panel b) (dashed
lines) are structural, i.e. no sign change under ow reversal. The o -diagonal ele-
ment xy in panel c) is viscous, i.e. its sign changes under ow reversal. The solid
and dashed lines represent sampled data and the circles represent the theoretical
prediction.

is already present in the system. The structural components change slightly in
amplitude due to the dissipated ow energy. The viscous part of thexx -component of
the kinetic stress tensor shows complex behaviour changing also its spatial structure
during the time evolution of the system. A local description in space with a non-local
memory kernel in time seems to be su cient to describe the kinetic stress tensor
for a steady velocity eld. To nd a complete description in full non-equilibrium we
propose the following two routes.

" To derive an exact equation for the time evolution of the one-body kinetic
stress tensor, analogous to the derivation of the exact one-body force balance
equation. New terms will appear that need to be sampled and understood.
Splitting the equation for the dynamics of the kinetic stress tensor might also
reveal more insights.

To investigate ows with both a homogeneous and an inhomogeneous part in
the system. This setup allows for the detection and the isolation of memory
e ects in space. The internal force and the kinetic stress tensor depend on
spatial derivatives of the velocity eld that vanish in the homogeneous part
of the system. Hence, any signal of the internal force and the kinetic stress
tensor in the homogeneous region must occur due to non-local memory e ects
in space. Investigating these systems might help to nd a memory kernel
non-local in space and in time capable to describe complex ows.

It would be interesting to extend the analysis of the internal force and that of
the momentum transport from isotropic to anisotropic particles. First, one needs
to extend MD custom ow to systems with orientational degrees of freedom. Then,
one can perform an analysis similar to that done here for isotropic particles but for
anisotropic particles and focusing on the internal torques, the angular kinetic stress
tensor, and the coupling tensor linking spatial and orientational degrees of freedom.
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Similar to time deriving the kinetic stress tensor to obtain its equation of motion,
it might be interesting to do the analogue for the orientational counterpart and also
for the coupling tensor.

Finally, applying force and torque sampling simultaneously might be advanta-
geous in situations where spatial and orientational degrees of freedom in the one-
body density are coupled, such as for example if topological defects arise in the
system [113] or if there is also positional order like in smectic [114] or columnar
phases [115]. In these situations the one-body force and torque balance equations
determine the density pro le, which carries a dependence on both the spatial and
the orientational degrees of freedom, simultaneously.
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2.5

Author contributions

I am the rst author in all three publications contained in this cumulative thesis
[1{3]. | created the rst complete draft, including text, gures, and bibliography,
of all the publications. | generated, analysed, and interpreted the data in close
collaboration with my supervisors. Besides generating the rst draft, | contributed
as follows to each publication.

~

In Ref. [1] | developed the numerical iterative custom ow method for MD and
implemented the parallel MD code including custom ow for MD with ther-
mostats. | ran the test cases for the custom ow method using the developed
code.

In Ref. [2] | used the code developed in Ref. [1] to simulate shear and bulk
ows. Furthermore, | implemented a parallel BD Code including custom ow
to compare between MD and BD. | analyzed the resulting data and developed
approximate terms to the Power functional including memory and acceleration
eld contributions.

In Ref. [3] | wrote MD and LD codes for purely repulsive rectangles in two
dimensions. Furthermore, | implemented a BD code for Gay-Berne patrticles
in three dimensions. | developed the torque sampling method and tested its
advantages compared to the counting method with simulations using the afore-
mentioned codes.
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