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Abstract

This cumulative thesis studies the topological transport of colloidal particles
subject to an external magnetic field that changes its direction along a loop. The
paramagnetic colloidal particles respond by moving on top of periodic magnetic
patterns. I investigate five physical questions for various different situations
using Brownian Dynamics simulations. The simulations are corroborated by
experiments from other members in my group. I show how to build an adiabatic
topologically protected discrete time crystal with three colloidal particles that
interact via dipolar interactions and reside on a flower shaped periodic pattern.
I extend this motive to various space time crystallines structures. I discuss the
difference between a topologically protected and a geometric form of transport.
I show how the transport changes from topological toward geometrical as a
function of the particle number in an ensemble of several colloidal particles per
unit cell. Dipolar interactions enforce the assembly of n colloidal particles into
a biped. I developed a topological protected polyglot programming of the biped
walking on square patterns that lets bipeds of different length simultaneously
walk into different predefined directions. I analyze the walking on square and
hexagonal patterns with the center of mass gauge and the instantaneous center
of rotation gauge, which allows me to decompose the motion into passive and
active components. Finally at non-adiabatic speeds of driving I show how
hydrodynamic interaction suppresses passive motion, stalls single colloidal
particles unless still active bipeds assist their passive motion.
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Kurzdarstellung

Diese kumulative Dissertation untersucht den topologischen Transport von
kolloidalen Teilchen, die einem externen Magnetfeld ausgesetzt sind, das seine
Richtung entlang einer Schleife andert. Die paramagnetischen kolloidalen Teil-
chen reagieren darauf, indem sie sich auf periodischen magnetischen Mustern
bewegen. Ich untersuche finf physikalische Fragen flir verschiedene Situatio-
nen mit Hilfe von Brownian-Dynamics-Simulationen. Die Simulationen werden
durch Experimente anderer Mitglieder meiner Gruppe untermauert. Ich zeige,
wie man einen adiabatischen, topologisch geschutzten diskreten Zeitkristall
mit drei kolloidalen Teilchen baut, die tiber dipolare Wechselwirkungen inter-
agieren und sich auf einem blumenférmigen periodischen Muster befinden. Ich
erweitere dieses Motiv auf verschiedene kristalline Raum-Zeit-Strukturen. Ich
diskutiere den Unterschied zwischen topologisch geschutztem und geometri-
schem Transport. Ich zeige, wie sich der Transport als Funktion der Teilchenzahl
in einem Ensemble von mehreren kolloidalen Teilchen pro Einheitszelle von
topologisch zu geometrisch verandert. Dipolare Wechselwirkungen erzwingen
den Zusammenbau von n kolloidalen Partikeln zu einem Zweibeiner. Ich habe
eine topologisch geschiitzte polyglotte Programmierung fiir Zweibeiner, wel-
che auf quadratischen Mustern laufen, entwickelt. Das polyglotte Programm
zwingt Zweibeiner unterschiedlicher Lange gleichzeitig in verschiedene vor-
definierte Richtungen zu laufen. Ich analysiere das Laufen der Zweibeiner
auf quadratischen und sechseckigen Mustern in der Schwerpunkts- und der
instantanen Drehzentrumseichung, mit der ich die Bewegung in passive und ak-
tive Komponenten zerlegen kann. Schliefilich zeige ich bei nicht-adiabatischen
Steuergeschwindigkeiten, wie die hydrodynamische Wechselwirkung die pas-
sive Bewegung unterdruckt und die Bewegung einzelner kolloidaler Partikel
unterdrickt, wenn sie nicht von aktiven Zweibeinern beim Laufen unterstiitzt
werden.
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Chapter 1

Introduction

When I was young I was fascinated by magic. A magician would take his wand,
waver with the tip of his wand, make a mysterious spell and make things happen
that took me away in the world of wonders[1]. Now that I am adult, of course I
would explain those wonders in a different way. From a perspective of physics
we might discard this magic as fake, however, from a mathematical point of
view, the phenomena described is clearly topological[2]. We might describe
the tip of the wand as moving on a closed curve. To better distinguish an open
curve from a closed curve, we call a closed curve a loop. So the tip of the wand
moves on a closed curve. The spell of the magician, of course, is solely made
for dramatical reasons and does not affect the outcome of the phenomenon at
all. So the mathematical heart of the mystery is that the response of the rest of
the world to this closed loop is not a closed loop, but a real change to what was
before. Mathematical speaking, we replace the word mysterious by the word
topologically non-trivial.

Imagine me as a kid trying to repeat the spell, mimicking the motion of my
magical hero, albeit, since I was a kid at that time, on a smaller scale.

It didn't work!

Why didn't it? We may answer this question in a way a physicist would: Lets
try experiments with kids at each stage of development. The small kid is un-
successful, mathematical speaking the loop is topological trivial, we could as
well shrink the loop to a point (it is zero-homotopic) and the effect on the rest
of the world would be the same: no change! At which scale of a human, or at
which scale of the size of the loop, does the magic work for the first time? This
is when a topological transition occurs, we are at a tipping (bifurcation) point,
and once this point is enclosed by the loop, suddenly it works, our spell changes
the world as compared to what it was before the loop started. The loop is no
longer topologically trivial, but topologically non-trivial.
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Why would I tell you this little anecdote? Well, in the present work I will show
that there is a topological non-trivial system, a magnetic colloidal model sys-
tem[3], that is real, where all the wonders described above work according to
the laws of physics. I must admit, the system is real to my fellow experimental
friends in Thomas' group, but somewhat virtual to me, since I only had the
honor to simulate the response of the colloids to the topological non-trivial
loops designed by me to change the colloidal world and make my experimental
fellows (Mahla, Anna, Farzaneh, Jonas, Jonas, Thomas, Thomas and Thomas)

happy.

I will not hand my wand over to you. The wand is part of my world, that I call
the control space C. The name control space is for obvious reasons. The loop
in control space controls the response of the rest of the world. The rest of
the world is in a different space. I will describe different colloidal worlds, and
depending on the complexity of the colloidal world (the number of different
degrees of freedom), the other world will have various different dimensions
and aspects. In simple circumstances I just call the colloidal world (the plane
where the colloids move) the action space A. In more complex situations I will
divide the colloidal world into degrees of freedom of further spaces, and the
colloidal world then consist of a product space A ® Tp of action space .A and
transcription space Tp.

Since my loop, lets call it £, causes an effect in the colloidal world A ® 7;,
there must be an interaction between my wand (living in C) and the colloidal
world (in A). I will have to describe the interaction of my wand with the colloids
in the entire world, i.e. in the product space C ® A, respectively in C ® A® 7.

If you want to be a good magician: Never tell anyone about the details of your
wand. Well, I am a physicist, and therefore let me tell you about the physical
nature of my wand. The wand I use to interact with the magnetic colloids is
a homogeneous external magnetic field Ho. What else should it be? The col-
loids are, as mentioned before, paramagnetic colloids, or to be more precise
core shell colloidal particles of diameter 2.8 ym with a core filled with a lot
of superparamagnetic magnetite and maghemite grains and a shell made of
polystyrene[4]. Maybe I should also tell you that the surface of the colloids is
functionalized with carboxylate groups, that dissociate when put into water
and thus render the colloidal surface negatively charged. In most of the cases
described in this thesis my external field is very large (of the order of a few
1000 A/m), hence the exact strength of the field does not matter, only the orient-
ation of the field does. My control space of the external field is thus the surface
of a sphere. As topology is what matters here, if you look up the topological



properties of a spherical surface you will realize that the topology of a sphere
is trivial. The sphere has genus g = 0, i.e. the sphere is a surface having no hole.
An example of a topological non-trivial surface is a torus of g = 1 that has a
hole. Any loop L on a sphere is topologically trivial, it is zero-homotopic and
we can continuously deform the loop to a single point on the sphere without
the loop ever leaving the surface of the sphere during the deformation. Not
so for a torus. A torus is topologically non-trivial and a loop on a torus that
winds around its hole is topologically non-trivial loop. It cannot be deformed
into a point without leaving the surface of the torus during the deformation.
It is funny that of all possible choices of (two-dimensional) control spaces we
ended up with the only one, a sphere, that is topologically trivial.

Well, actually the control space is not a sphere. It is a punctured sphere. There
are specific orientations of the external magnetic field for which I will lose
deterministic control in my simulations, and my fellow experimentalists will
have a probabilistic outcome of the motion of the colloids. For full control of
what is going on, we forbid the encounter of a loop with those problematic
points, and here we go, the punctured sphere is topologically non-trivial. Some-
times it is important to know what to do, sometimes it is even better knowing
what not to do. The problematic points on the sphere are few, if the colloidal
world is sufficiently simple. One of the tasks I had in my PhD-work was figuring
out sufficiently simple, but topologically non-trivial colloidal worlds, that allow
the computation of those problematic points in my control space. It is then
straightforward to predict which loops in control space will cause a topologically
non-trivial response for the colloids. These are the loops that wind around one
or more of the problematic points.

I have described to you the physical nature of my world, the control space C.
Lets talk about the colloidal world. You already know the physical properties of
the colloidal particles. Let me tell you about the colloidal world and of course
about its topological properties. The colloidal particles, as proper colloidal
particles, are immersed into a liquid, my fellow experimentalists use water as
the liquid. For me the only important thing about the liquid is its viscosity. The
embedding of the colloids into the liquid renders the system an overdamped
system and I can use Brownian dynamics simulations that neglect inertial
effects for describing their response to the topological non-trivial loops of
control space. In fact, the colloidal particles are non-proper colloidal particles.
They sediment in the liquid (proper colloidal particles wouldn't sediment). In
order to prevent them from sedimenting for ever, there is a lower surface, where
the sedimentation of the colloids abruptly stops. It does not stop when the
colloids touch the surface, but it stops a few nanometers above this surface. My
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fellow experimentalists cover the surface with a negatively charged electrolyte
if the surface is not negatively charged in the first place. The colloidal particles
are repelled from the surface when approaching closer than the Debye length of
our ultrapure water and therefore hover above the surface. This trick prevents
the adhesion of the particles to the surface, and thus renders our colloidal
particles into obedient servants, following each command given by my external
loop, by laterally moving into the desired position above the surface.

How can I tell the particles, where to go? Well, I have forgotten to tell you, that
the surface is not only negatively charged but below a spacer layer of photores-
ist there is a thin (nanometer) ferrimagnetic exchange bias film. The magnetic
layer is made from gold and cobalt sputtered onto a substrate by yet another
set of experimentalists from Poznan. After magnetization the films have a net
magnetization perpendicular the the film surface. I am delighted the folks
from Poznan provided us with those films and you will therefore find them
as coauthors on the publications appended to this thesis. Well, they did not
provide us with their magnetic films. Prior to the arrival of the films in Bayreuth,
the films made a little detour via Kassel, where there is a collection of further
experimentalists, who also appear on the publications in this thesis. The Kassel
experimentalists bombarded the film with Helium ions, not everywhere, but
only on specific areas that where not blocked by a photolithographically applied
mask. The bombarded regions of the film become vulnerable to remagnetiz-
ation (the bombardment with ion lowers their coercive field) and the Kassel
experimentalists remagnetize the bombarded regions such now the blocked
regions are magnetized in one direction and the non blocked regions are mag-
netized the other way[5-8]. The film is now a magnetic pattern with up and
down magnetized domains of the area Agomain ~ (5 pm)>2.

In Bayreuth my fellow experimentalists cover the film with regions of up and
down magnetized domains with a photoresist. This serves as a spacer and
blurs the magnetic field experienced by the colloidal particles into a field that
is significantly smoother than the field right at the magnetic film surface.

In figure 1.1 you can see a scheme of the control space C of the external field
together with a typical loop applied to the system. To the right, you see a scheme
of the magnetic film, the spacer, and the sedimented colloidal suspension on
top of it.

So far I have told you everything about the experimental system. Wait! I forgot
to tell you about the choice of the pattern imprinted into the mask used to
bombard the film in Kassel. The masks have been designed in Bayreuth, some
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Figure 1.1: Scheme of the control space C and of the action space .A.

of them by my predecessor Johannes Loehr and some of them by me as well
as by Anna one of my fellow experimentalists. The design of the pattern is
super important. The choice of pattern defines the location and the amount
of problematic points in my world, the control space C. It is obvious that I
wanted to have a say, which patterns to prepare. I made a variety of stupid
choices of patterns, but luckily not all the choices I made were bad. Some of
the choices worked quite well and let me and my experimental fellows explore
some physically interesting topological transport problems.

In figure 1.2 I present a few good and some bad choices of patterns together with
the problematic points in control space. You will realize that periodic patterns
in figures 1.2a-c seem to be particularly simple what concerns the problematic
points in control space. Periodic systems are characterized by just one unit
cell. By identifying opposite boundaries of the unit cell of a periodic pattern,
the whole pattern becomes topologically a torus, a mathematical trick that I
stole from solid state physics. As already mentioned, a torus is topologically
non-trivial. More complex patterns cannot be more trivial than a periodic
system and many of them can be described topologically with a torus of higher
dimension (A two dimensional torus is the product of two one dimensional
circular spaces, an n dimensional torus is the product of n circular spaces). Well
organized patterns such as the five fold symmetric quasi crystalline pattern in
figure 1.2d produces a dense mess of problematic points in control space. The
good patterns with simple control space have been used for the publications
appended to this thesis.
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Figure 1.2: The bifuraction points (blue) on control space C for different patterns.
For periodic patterns (a-c), the boundary of a unit cell is drawn in
red.

The discovery of a good pattern, however, is not all I needed to find. There
are a multitude of topologically non-trivial loops causing non-trivial transport
behavior, the colloidal particles can remain separated at low density, but they
assemble to more complex structures like bipeds, or into demixed droplets if
using magnetite nanoparticle solutions that do not mix with another majority
liquid. All of these variations cause a multitude of interesting physics problems.
My thesis will focus on four major systems:

- single particle systems on periodic patterns
- topological transport of bipeds built from a finite set of colloids

- the topological transport of three individual colloidal particles per unit
cell that remain separated even when residing in one unit cell, and

the behavior of a macroscopic assembly of colloidal nano-particles

Physical interesting questions arise when proper balancing the different forces
atwork in the system. There is a pattern potential, that describes the interaction
of single colloidal particles with the internal magnetic field created by the
magnetic pattern. Since we superpose this field with the external magnetic field
from my control space, this potential parametrically depends on the orientation
of the external magnetic field. When we have the colloidal particles separated
from the pattern by an elevation of the order of the domain size, the colloidal
potential takes the simple form

V o Hc - Hp



where Hp, is the field generated by the pattern. Compare this simple potential
with the spin orbit interaction

VxL-S

of electrons in a semiconductor. The spin orbit coupling was the first interac-
tion used by Kanel9, 10] to explain topological non-trivial motion of electrons
in a semi conductor. The similarity in the mathematical structure of both in-
teractions explains why many of the effects known in topologically non-trivial
electronic systems can be directly transferred to colloidal systems.

Colloidal particles are solid and there is an excluded volume interaction, van
der Waals interaction plus short range electrostatic repulsion. For reasons
of simplicity these interactions are modeled via a Weeks-Anderson-Chandler
potential[11]. We can use such simplifications since we are not interested in
the details occurring when colloids come close to each other, other than the
excluded volume effect.

A third interaction is the dipolar interaction of the colloids. The colloids them-
selves produce a dipolar magnetic field for one particular colloidal particle
such that the magnetic moments of other dipoles are attracted or repelled
from the first colloidal particle, depending on the relative orientation of both
dipoles with respect to their separation vector. Since the magnetic moments
of the particles are induced dipolar moments, the moments in turn depend
on the magnetic field at the location of the dipole. In general this produces
a convoluted self consistency problem between the dipole moments and the
magnetic fields. When the dipolar interaction is weak and if the external field
from my control space is strong, the magnetic moments can be treated as if
only the external field were present.

Finally, the colloids experience fluctuating and hydrodynamic forces from the
liquid they are immersed into[12]. Within the framework of Brownian dynamics,
those forces are described by a hydrodynamic friction force into the direction
opposing the particle velocity and a random force. Both forces must obey the
fluctuation dissipation relation. The thermal forces and hydrodynamic forces
play an important role in some of the examined systems but are irrelevant in
other problems.

My Brownian dynamics simulation program allows to toggle or tune all these
interactions and it automatically creates trajectories of the colloids subject to
the controlloops. The speed of the loop in control space determines the strength



Chapter 1: Introduction

of the hydrodynamic friction forces. A particular simple response of the colloids
to our loop arises when adiabatically driving the loop at such a low speed that
the result after a loop no longer depends on the time schedule with which we
drive the loop. In this particular case, the change after the application of the
loop is purely geometrical, it depends on the path of the loop but no longer on
the time schedule. In my simulations I can tell whether the driving is adiabatic
or not by looking for speeds that no longer alter the outcome significantly. The
control loops within my simulation program can afterwards be automatically
transferred to the wave generators that drive the real system investigated by
my fellow experimentalists in Bayreuth.

Actually, my system cannot always be driven adiabatically. My system is non-
ergodic, which means that there are one or more minima per unit cell of the
colloidal potential generated by the pattern depending on the position of the
external field in control space. The minima are generically separated by po-
tential ridges much higher than the thermal energy and transitions from one
minimum to a neighboring minimum are impossible. Since there may be a
different number of minima in one region of control space than in another
region, there are fences separating the regions of more minima from those
with less.

The posts of those fences are hammered into control space exactly at our
problematic points. The potential somehow prefers to have as little stationary
points (minima, saddle points and maxima) as possible and fences always are
curved into the excess regions, as if they were deformed by the balance of
Laplace like pressure into the excess region and a fence tension (Segments
of grand circles of the control space of course are straight and non curved).
You can tell from the fence curvature on which side of the fence there are
more stationary points than on the other side. If you cross a fence from an
excess minimum region to the lower minimum number region, a minimum
disappears via the collision with a saddle point. The collision partners change
if you switch the segment of a fence at a problematic point. As the problematic
points are right on a fence, in many cases it is necessary to cross a fence in
order to circulate around a problematic point and cause topologically non-trivial
motion. The transport is only adiabatic if you cross the fence with particles
occupying minima that survive the crossing. Otherwise you temporarily loose
control when the particle relaxes to a new minimum position.

You actually don't loose control because the relaxation into the new minimum

is topologically protected and can be continuously deformed in an adiabatic
motion by deforming the path in control space in a way such that you cross the

10



right but not the wrong neighboring fence segment. Note that the topological
protection of an irreversible loop works only for one direction of the loop. The
reversed loop is topologically protected by another adiabatic loop, such that back
and forth driving of an irreversible loop does not necessarily cause transport
into opposite directions.

You see that my control space has been decorated with quite some collection
of geometrical objects, the areas, the fences, and the problematic points.

A lot of my work depended on the race who would have interesting results
first, me in the simulations, or my fellows in their experiments. The results
presented in the publications appended to the thesis are difficult to disentangle
into results achieved by me or the experimentalists. They are rather a true
result of the synergy occurring due to this form of collaboration.

Creating the simulation program and transferring the results to the experiments
has been one task of my PhD work. It is probably a standard kind of program
adapted to our needs. The real fun of the work was the search for interesting
physical questions that might be attacked with this system and being able to
solve them together with my experimental friends. In the following, I will raise
but not solve those physical questions, but rather refer you to the solution
presented in the different publications.

1






Chapter 2

Time crystals

I am son of clock makers, so I know how a clock works. A mechanical clock
stores the energy used to run it in a spring, there is a harmonic oscillator in
a clock running at its eigen-frequency. The escapement is used to keep the
oscillator running at constant amplitude and thus not change its oscillation
frequency. It also sets into a ratchet like motion a gearbox that then transfers
the motion to the clock hands. While the harmonics oscillator of a mechanical
clock oscillates at an eigenfrequency of typically a few Hz, the hour hand needs
half a day to return to its position. The response of the hour hand is thus a
subharmonic response to the driving oscillator. These things are quite old and
they date back to the 17th century[13].

How suprised I was to learn that one of the most famous physicists, Nobel laur-
eate Franck Wilczek, terms such a machine with a new name, i.e. a discrete time
crystal[14-16]. A discrete time crystal is a system where the system response
to a periodic drive is subharmonic such that the discrete time translation sym-
metry of the problem is spontaneously broken[17]. Franck Wilczek is interested
in the topic of discrete quantum time crystals[18-20]. The question I posed
myself is: Can we produce a discrete time crystal using our colloids? The answer
is in a way simple and positive in another way it is not so easy and quite complex.
Consider any nonlinear system, in which it is quite ordinary to have a higher
order harmonic response[21]. Run the system adiabatically and if the response
is still with a higher harmonic response, redefine the response coordinates
into driving coordinates and redefine the responding system into the driving
system. Such redefinition of cause and result is allowed in the quasistatic re-
gime since then there is a reciprocity relation such that enforcing the motion
in the responding system without touching the drive causes the same motion
in the drive as if we would enforce its motion. With the redefinition of driving
and responding system, we immediately have a system the has subharmonic
instead of higher harmonic response. Our reasoning implies that our system
looked upon from the product space C ® .4 must have a stationary manifold that
is topologically nontrivial. The stationary manifold is those points in product

13
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space, where neither the coordinates in one or the other subspaces .4 and C
experiences any force, while the coordinates in the other space are enforced
to keep constant. If you have found a curve on this stationary manifold where
the projection of the curve in one space has a different period than the period
in the other space you are done and have a time crystal. In our publication 1,
I show how the use of a flower shaped sixfold pattern and a tuning of all the
interactions at work in the proper way creates a system for which I can gen-
erate such topologically non-trivial manifold. The topology of a manifold of
a manybody system[22-25], involving more than three colloids however, can
become quite complex. What is new compared to the clocks is that the clock of
my parents does not work in a quasistatic way. The ratchet effect in the escape-
ment makes the clock an irreversible device, which can only move forwards
but not backwards. In the discrete time crystal, the new result is that my time
crystal's response is time reversal invariant, which is a direct consequence of
the adiabatic driving. I close this section with a quote from Krzysztof Sacha[26,
27], available on SciPost Physics as comment to our time crystalline work[28]:

This work touches on an important problem of what we mean by
classical time crystals. In the formation of quantum-time crystals,
spontaneous breaking of the time translation symmetry is the key
element. In classical mechanics the consequences of time trans-
lation symmetry are not that dramatic as in the quantum case.
For example, time independent systems possess the continuous
time translation symmetry, but any solution of classical equations
of motion breaks this symmetry unless we consider a trivial situ-
ation of a particle at rest. Thus, breaking of the time translation
symmetry in the classical case is not as surprising as spontaneous
breaking of such a symmetry in the quantum many-body case.
When we switch to periodically driven classical systems, especially
many-body systems, then stable periodic evolution of the systems
is highly nontrivial because it is related to ergodicity breaking. The
present interesting work is related to such an important problem.

(Krzysztof Sacha, 1.5.2022)

14



Chapter 3

Adiabatic driving, geometrical
physics and topological
transitions

Geometrical physics is a way to look at solutions to physical problems that
works once an outcome of some manipulation depends on the path of the
modulation, but not at the speed, with which one drives the system through
this path[29]. The physics depends on the geometry of the path, the dynamics
are less relevant. Geometrical physics thus appears in all branches of physics,
and often can be regarded as a gauge theory. The time schedule of driving
through the path is one gauge, a different timetable another gauge. The physics
however is gauge invariant.

Examples of gauge theories span from quantum field theories for elementary
particles[30], electrodynamics[31], over low Reynolds number hydrodynamics,
(Frank Wilczek, our nobel laureate and inventor of time crystals has been busy
here as well[32, 33]), over the equation for Dirac electrons in a two-band semi-
conductor[34], toward the Foucault Pendulum of classical mechanics[35, 36].
According to Emmi Noether, an invariance of a system with respect to a change
of the gauge is associated with a conserved quantity[37]. In electromagnetism,
the result of the gauge freedom of the vector potential is the conservation of
the charge, for the Dirac electrons, the conserved quantity is the Hall resistance.
For low Reynolds number swimmers, the conserved quantity is the area in
the abstract and multidimensional shape space of our low Reynolds number
swimmers, and for the Foucault Pendulum it is the area enclosed by the path
the Foucault pendulum moves during a day.

There are conserved quantities that continuously change when you continu-
ously change the parameter of the system. For example, the angle of precession
of the pendulum plane per revolution of the earth changes continuously with
the latitude on earth where the Foucault pendulum is located. The area en-

15
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closed by a loop is a geometric quantity. Imagine a loop around the equator,
lying in the xy-plane of a sphere of radius one, centered at the origin. We want
to continuously move the center of the sphere in the xy-plane together with
the sphere and the loop, without the loop ever touching the origin. This is
easy! You first rotate the loop on the sphere about the origin such that the loop
now lies in the yz-plane and now you move the sphere in the x-direction. At
no time there is any chance of the loop hitting the origin. The task, however,
becomes impossible if you require that for symmetry reasons the loop and
the center of the sphere have to remain in the xy-plane during the process.
In the first case the winding number of a loop about the origin is a non-well
defined quantity, while in the second example the winding number about the
origin is a well defined integer, a topological invariant, that may not be changed
continuously.

We thus can distinguish geometric conserved quantities from conserved quant-
ities that are symmetry protected topological invariants. In the quantum Hall
effect, the Hall-resistance is proportional to the product of fundamental phys-
ical constants and the Chern number, a specific topological invariant[38, 39].
The Hall resistance at zero temperature as a function of an external magnetic
field therefore can take on only integer value multiples of the resistance quan-
tum. At finite temperature the symmetry protection of the topological invariant
becomes more and more broken and one observes a more and more continu-
ous behavior of the Hall-resistance with the field. The Hall resistance becomes
a geometric quantity and is no longer a topological invariant. The reason for the
change from topological versus geometrical behavior are thermal excitations
that break the symmetry and with it the topological protection[40].

How can we move from a topological protected transport of colloids toward a
geometric transport in our colloidal system?

The answer to this question is given in my publication 2, where again via simu-

lations and by experiments by my coauthors, we (the authors) show you that
the answer differs from the one of the quantum Hall system.

16



Chapter 4

Polyglot programming

I have told you that a topological transition is invoked once I deform the loop in
control space such in the end it winds around one of the problematic points.
What if I want to have different topological classes of transport without moving
the loop to wind around a problematic point? Well, if the mountain won't
come to Mohammed, Mohammed must go to the mountain! Can we move the
problematic point into the fixed loop? Indeed we can. If we have an assembly of
colloidal particles the problematic point can depend on the conformation of the
assembly. If dipolar interactions between our beads are strong, they assemble
into a biped, a stick of n colloids that has two ends that we call the two feet.

The dependence of the problematic points on the biped length was discovered
by Mahla, my experimental coworker. We worked out the location of the prob-
lematic points as a function of the length and orientation of the bipeds. Sym-
metry helps here and enslavement of the biped orientation to the external field
simplifies the matter such that bipeds on square patterns can be understood in
great detail. For a fixed loop we can sort bipeds of different length into different
topological classes and transport them simultaneously in different ways.

If we do not fix the loop but search for the loop that sorts the bipeds into de-
sired topological classes, one has to invert the problem. The inversion of the
problem was my idea. As you might know in the meantime my strengths are
my computer skills. So sometimes I scroll through the internet and encounter
crazy ideas of computer scientists. One such crazy idea is the programming
of complex polyglot programs. A polyglot program is a computer code that
can be compiled with different computer languages. The usual polyglot can be
compiled by several computer languages to perform the same task. On Stack
Exchange 1 ran across a polyglot challenge to write a code that can be compiled
for n computer languages and returns the number i for the ith computer lan-
guage amongst the n different languages[41]. Challenge: who can write the
code with the highest number n of languages? The challenge is ongoing, when
submitting our polyglot paper 3, the record lay at 258 different languages. Time
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Chapter 4: Polyglot programming

has progressed and while writing my thesis 2 years later, n has increased to
377 computer languages. The funny part of the polyglot program the result for
each of the languages is different.

Could we do something similar, i.e. program a loop that results in n predefined
different moves of bipeds of n different length? The answer is yes and n can be
large (not as large as in the challenge) if the moves are adapted to the specific
abilities of different length bipeds. Larger bipeds walk with larger step width
for simple loops. When we want the bipeds to move in a way not particularly
accommodated to the skills of the bipeds, things become more involved. If you
want to know how to make bipeds write different letters simultaneously or if
you want to know how to use such polyglot programming to control addition
polymerization reactions of bipeds, you will find out how far we got in the task
of predefining the path of bipeds and looking for the loop in control space to
robustly perform the desired task in my publication 3.
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Chapter 5

Gauge dependent and gauge
invariant aspects of topological
walks

In chapter 3 I have told you that adiabatic driving renders the physics a geomet-
ric property, with a freedom of choice that is called a gauge. I also told you that
a control loop in control space transports bipeds in a topological protected way.
What exactly is transported in a biped? Define a specific reference point within
(or not within) the biped, and observe its motion. The choice of reference point
is a gauge. We can choose the center of mass in the middle of the biped as ref-
erence point. This is in fact a good choice for the topological description as you
will find out when reading publication 4. The choice lets us easily emphasize
the topological aspects of the problem.

If you have ever actively walked, however, you know that the description of
walking is not particular well described when focussing on your belly. Your feet
seem much more appropriate to describe a walking motion. You as I, probably
have two feet. Which foot of the two should one choose as a reference point?
Simple! The foot that is on the ground! But we swap the foot that is on the
ground while walking. Sometimes it is the left foot, later it is the right foot. Well,
choose a more abstract point of reference, that is not fixed to the body. Choose
the instant center of rotation. The instant center of rotation oscillates between
the left and the right foot, remains on one foot while it is grounded and hops to
the other foot via a path no longer on your body while you ground your second
foot and raise the first.

The path from one foot toward the other while swapping the grounded foot is
an interesting geometric property characterizing the way of walking. If you are
walking on solid ground the path is the direct connection between the two feet.
If you are however also sliding like on ice you will be translated by the sliding.
A translation of the body is a rotation of the body about a center of rotation far
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Chapter 5: Gauge dependent and gauge invariant aspects of topological walks

away. So sliding will be visible in the path through how far the path between the
feet moves away from the actual walker. If you are sliding down into a potential
minimum on a slippery slope I would call such motion a passive motion as
compared to your walking that is active. With the path of the instant center of
rotation during one loop, we therefore have a measure to divide the motion
into active and passive components.

The total motion remains gauge invariant. If we go back to another gauge,
another reference point will be transported by the same translation over the
period of the loop. The decomposition into active and passive motion is some-
thing that holds only within the instant center of rotation gauge. I wonder
whether the current focus on active matter can be gauged away.

You will read more details about gauge dependent and gauge invariant aspects
of walking bipeds on various patterns in my publication 4.
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Chapter 6

Non-adiabatic walking

You might be a little confused about whether active motion is actually active
motion with what I wrote in the end of chapter 5. Remember that gauge invari-
ance is due to the adiabatic character of the motion. As soon as our bipeds walk
faster since we increase the speed of the loop in control space, our colloidal
bipeds and any other physical entity will experience hydrodynamic resistance,
especially when put in a dissipative environment such as a viscous liquid. Low
speeds are topologically protected against change and cannot change from
the adiabatic motion result if the hydrodynamic perturbation is weak. The
result is, as we already learned, a topological invariant and therefore an integer.
Hydrodynamic forces however can change the topological class of motion once
they are strong enough. Most common in our system is the ignorance of a
winding number of the loop about a problematic point in control space that is
close to the loop.

When the result depends on the speed, the behavior ceases to be gauge invariant
and one gauge, the instant center of rotation gauge, becomes the one grabbing
the physics much better than the others. The distinction between active and
passive motion suddenly becomes highly relevant. Passive sliding motion
is suppressed by the hydrodynamic forces much more than active walking
motion.

Single colloids only slide and do not walk. In contrast to bipeds of more than one
colloidal spherical particles single colloids lack the two feet of the other bipeds.
Spherical single particles move entirely passive. It is the passive motion that is
rendered topologically trivial first. If hydrodynamic forces begin to matter at
higher driving speeds, only active motion of non-single-particle bipeds remain.
It is similar to humans where babies are not yet able to walk. That is why we
help and carry babies from one place to the other when they are young. We
assist the babies in their desire to move from a point A to a point B.

Can we, adult bipeds, I mean bipeds of length longer than one single particle,

21



Chapter 6: Non-adiabatic walking

assist single colloidal particles to move by a non-trivial unit vector of the lattice?
We (the authors of the paper) will show in publication 5 how young adults,
i.e. doublet bipeds consisting of two colloidal particles, firmly grab a baby biped
such that it doesn't fall off while carrying it, and carry them along with the
doublet walking. A doublet will have a maximum number of babies it can carry.
Interesting stuff happens when a young adult is overloaded with babies he has
to carry along. I will not tell here what, you better read my publication 5.
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Chapter 7

Brownian dynamics simulations
of magnetic colloidal particles
on magnetic patterns

In the previous chapters, I introduced you to the real magnetic colloidal particle
systems above magnetic patterns. I hope to have convinced you that this system
isaneat model system to study a rich variety of fundamental transport problems
that are all related to topology. The fundamental questions can be studied
of course with experiments. To my opinion, they must also be studied with
simulations. Both ways of attacking the theoretical understanding of the motion,
whether one investigates with experiments like my experimental fellows or
with simulations like myself, can cause synergistic effects such that finding
good physical problems and their solutions can be achieved faster as compared
to working alone.

The separation of tasks is clear, the merit of who is responsible for which part of
understanding is convoluted and should not be disentangled in the publications
that are shared with my experimental fellows. I will append the five publications
that I participated during my PhD work after this extended abstract in part II,
write about details of my simulation program in part III and summarize the
major answers to the questions posed here in part IV.
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Publication 1

Adiabatic and irreversible classical
discrete time crystals

SciPost Physics 13, 091 (2022)

Adrian Ernst, Anna M. E. B. Rossi, & Thomas M. Fischer

Experimental Physics X, Department of Physics, University of Bayreuth,
95447 Bayreuth, Germany.

This paper introduces time crystalline edge states that are related to the edge
states that I found during my master’s thesis[42]. However, it did not show any
time crystalline behaviour which is the main focus here.

My Contribution

I had the original idea of creating a time crystalline system using more than
one particle per unit cell on a periodic magnetic pattern. For designing and
optimizing the different specialized patterns used in the paper we carried out
various simulations and experiments. I did simulations and Anna Rossi did
experiments, whereas the guidance of the project via the interpretation of the
respective results was done together. The further theoretical understanding
of the system and the writing of the paper was done in collaboration with all
three authors.
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Adiabatic and irreversible classical discrete time crystals

Adrian Ernst, Anna M. E. B. Rossi and Thomas M. Fischer*
Experimental Physics X, Universitdt Bayreuth, 95440 Germany

* thomas.fischer@uni-bayreuth.de

Abstract

We simulate the dynamics of paramagnetic colloidal particles that are placed above a
magnetic hexagonal pattern and exposed to an external field periodically changing its
direction along a control loop. The conformation of three colloidal particles above one
unit cell adiabatically responds with half the frequency of the external field creating a
time crystal at arbitrary low frequency. The adiabatic time crystal occurs because of
the non-trivial topology of the stationary manifold. When coupling colloidal particles
in different unit cells, many body effects cause the formation of topologically isolated
time crystals and dynamical phase transitions between different adiabatic reversible and
non-adiabatic irreversible space-time-crystallographic arrangements.
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1 Introduction

1.1 Time Crystals

Time crystals [1,2] are non-equilibrium [3] periodically driven quantum [4,5] or classical [6,7]
systems with subharmonic response [8,9]. Discrete time crystals [10-14] are systems coupled
to a power supply with a driving frequency that is a higher harmonic of the intrinsic frequency
of the isolated few body system. The eldest scientific report of such subharmonic response are
the parametric oscillations observed by Michael Faraday in the crispations of a singing wine
glass [15]. Such parametric resonance phenomena have been well described with Mathieu’s
differential equation. Later on discrete time crystals have been realized with phase modulated
atomic de Broglie waves or cold atoms [ 16-23]. Time crystals are also found in an interacting
spin chain of trapped atomic ions [5], in a disordered ensemble of about one million dipolar
spin impurities in diamond at room temperature [24], in molecular spin systems [25], in an
ordered spatial crystal [8], and in a superfluid quantum gas [26]. Recently the possibility of
continuous time crystals has been also reconsidered [27,28]. Here we report on a dissipative
classical system [29] that lacks an intrinsic frequency such that the driving can be with arbitrary
low frequency and the response is always at half the driving frequency:

Wresponse — wdrive/z . (D

As we show, the reason for such behavior lies in the non-trivial topology of the stationary
manifold. In previous work, we have used such non-trivial topology for mesoscopic magnetic
colloidal systems [30-35] and macroscopic magnetic systems [36,37] to transport magnetic
particles across a periodic pattern. This shows that the topological discrete time crystals shown
in this work are intimately connected to other classical [38-44] and quantum mechanical
[45,46] topological transport phenomena.

2 Adiabatic response

2.1 Action-, control-, and product-space, and the stationary manifold

The generalized coordinates H; of the drive vary in control space C, while the generalized
coordinates x 4 of the few body system vary in what we call the action space A (see Fig. 1a) and
c). The coordinates H. in control space (in the colloidal example of section 3 the direction of
an external magnetic field) can be manipulated externally and the coordinates in action space
x 4 (in section 3 the positions of the colloidal particles) respond to the external modulation.
We impose a periodic variation of the coordinates in control space with its trajectory forming a
loop L. For nonzero response, the potential energy U(x) must couple the driving coordinates
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Figure 1: a) Control space C, with fence points F, (blue) and a trivial (cyan) and
non-trivial (yellow/magenta) driving control loop L. b) The stationary manifold M
in our example is a two dimensional manifold in a three dimensional curved space
C ® A. We can visualize the stationary manifold only by deforming it in a way that
preserves its topology such that it fits into Euclidian space. Such deformed version is
shown in b). Because of the symmetry S 4 to each (bright and dark green) region in C
there are two corresponding regions of minima with the same color on the stationary
manifold M in C ® A and two regions of red color that are maxima. Minima (green)
together forming M, and maxima (red) forming M of the stationary manifold are
separated by fence lines F,, (blue). Staying on M it is not possible to reach the
lower bright green region from the upper without passing through one of the two
dark green regions. A trivial loop L in C causes a trivial loop £, (cyan) in M
that does not leave the bright green region. The two symmetric paths y (magenta)
and S 4y (yellow) that connect the two different bright green regions of M via a
dark green region are concatenated to form a non-trivial closed loop L4, that is
projected into £-? in control space and £ 4 in action space. ¢) Action space A is a
non simply connected space and the loop £ 4 circulates around a hole of .A. Points
on opposite sites of action space share the same potential U(H¢,x 4) = U(He, S 4X 4).
The yellow/pink non-trivial loop £ », in b) can neither be continuously deformed into
a point nor into the cyan trivial loop but can be continuously deformed into one of
the fences F .

to the coordinates in action space. The pair of both coordinates x = (H¢, x 4) therefore varies in
the product space C® A'. For a fixed value of the driving coordinate dH./dt = 0, i.e. vanishing
frequency of the driving modulation wg,y. = O, the action coordinates remain stationary when
residing on the stationary manifold M = {x € C ® A|V 4U(x) = 0} c C ® A. The stationary
manifold is the set of coordinates x for which all forces in action space vanish. The gradient
V 4 denotes the partial derivative with respect to x 4. Here we show that for quasistatic driving
(Wgrive — 0) it is the topology of the stationary manifold that determines the subharmonicity
(equ. 1) of the response in A.

2.2 Dissection of the stationary manifold

We call F, = {x € M|eigenvalue[V 4V 4U(x)] = 0} ¢ M the fence on M. The fence dis-
sects M into regions M;,i = 0,1...dim A of different index of the Hessian of the potential,
V 4V 4U(x). The index i counts the number of linearly independent directions that are unsta-
ble. In the stable stationary manifold, M, the index is zero and all forces in the vicinity of

'The product space C ® A is defined as the set of coordinates {x = (H¢,x 4)|He € C and x4 € A}
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the stable manifold drive the action coordinates back to the stable stationary manifold. In Fig.
1b the stable manifold M, is colored in green, while the unstable manifold M/ is colored in
red. In the adiabatic limit wy;,. — O kinetic energy terms and dissipative loss terms become
negligible and the response of the system follows a path on the stable stationary manifold M,
that is independent of the speed of driving as long as we do not hit the fence. When staying
inside M, the response of a system to periodic driving is solely determined by the topology
of the stable stationary manifold. If we drive the system across the fence, the action coordi-
nates become unstable. Irreversible processes independent of the driving coordinates H, then
let the action coordinates x 4 leave the stationary manifold and relax back via C ® A into the
interior of the stable stationary manifold M.

2.3 Projection of paths on the stable manifold into loops in control space

Let ¢ : C® A — C with ne(Hp,x4) = He denote the projection from product space into
control space and 7 4 : C ® A — A with 7 4(H¢,x 4) = x4 denote the projection from product
space into action space. Suppose there is a two fold fix point free symmetry operation S 4
(Sf4 = 1) acting on the coordinates in the action space such that U(H.,x4) = U(Hg, S 4X4)
and S 4x 4 # x4 for all points x4 € A, then the potential is invariant under the symmetry op-
eration. If the stationary manifold M, is path-connected we can choose a path y ¢ M from
any point (He,x 4) € M, to its symmetry partner point (Hg,S 4x4) € M, and concatenate
it with its symmetry partner path S 4y to form a loop (a closed path) £, = (S4y)*y € M,
(here x denotes the concatenation of two paths see Fig. 1b). We note that y is a path but not a
loop (magenta in Fig. 1b). Because of the symmetry S 4 in contrast to the path y its projection
Le = me(y) = me(S 47) into control space C is a loop. The projection ﬁé =LexLo=mc(Layg)
is a loop circulating twice along the same path in C and causing a closed loop response
L4 = m4(Ly,) that closes only after the second circulation of L. The requirement that
there is no fixed point x; for which S 4x% = x’; may be only fulfilled if A is not a simply
connected space (in the example of Fig. 1c A is a circle). The loop £ 4 thus circulates around
a hole of A. For this reason also its preimage £ ,, must circulate around a hole in M. If C is
a simply connected space (in Fig. 1a C is the surface of a sphere and thus simply connected)
then £2 = m¢(L ) must circulate around something other than a hole. In fact £, must cir-
culate around the cusps 5. of the fence Fr = mo(Fry). The cusps B (bifurcation points) of
the fence F, are points in C where the components of tangent vector t = (tg,t4) = (0,t4) to
the fence F, in the tangent control space vanishes. The punctured control space C/B; is no
longer simply connected and any loop £, C C/B, with non vanishing winding number around
one of the cusps H? € B, c F; c C of the fence, causes a half frequency adiabatic response
loop L 4 in action space.

In Fig. 1, we depict the three spaces C, a deformed version of C ® .4 with a deformed but
topologically equivalent version of the stationary manifold M, and .A. We draw the different
loops and paths in the three spaces to visualize the arguments made in this section. We use
these arguments in section 3 to construct a colloidal adiabatic time crystal.

3 Mesoscopic system

3.1 The colloidal model

Let us use the knowledge from section 2 to suggest an example of a classical adiabatic discrete
time crystal. Our model system consists of a two-dimensional mesoscopic hexagonal magnetic
pattern made of up- and down-magnetized domains, see Fig. 2. Such patterns can be pro-
duced experimentally using e.g. exchange bias films [47, 48]. The pattern, that is covered
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A polymer spacer
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Figure 2: Scheme of the control space C that is the set of possible orientations of the
external magnetic field H, that we parametrize with the spherical coordinates ¥,
and @, measured with respect to the north direction perpendicular to the magnetic
film. Within C we periodically and adiabatically apply a loop L. that we either apply
to an ensemble of 3 paramagnetic colloidal particles in one unit cell (red colloids,
here shown for a flower shaped domain in the a-conformation) or to 3 paramagnetic
colloidal particles per unit cell (blue colloids, here shown for flower shaped domains
in the Q-conformation). In both cases the particles are placed on a spacer above a
periodic hexagonal magnetic pattern with primitive unit vectors a; and a, consist-
ing of flower shaped annular up magnetized domains within a counter magnetized
surroundings. The equilibrium conformation of the colloids in the flower shaped
domains for an external field perpendicular to the magnetic film is an equilateral
triangle that can take on two different orientations with corners centered in direc-
tion of the lobes of the flower. A time crystalline phase where the colloids respond
in a subharmonic way by switching the two orientations after each driving period
requires a topologically non-trivial control loop L.

with a spacer, creates a two-dimensional magnetic potential that acts on an ensemble of para-
magnetic colloidal particles. The colloidal particles sediment due to gravity onto the spacer.
An electrostatic levitation from this spacer by roughly the Debye length ensures the mobility
of the colloidal particles in action space .A. The potential is a function of the positions x 4 € A
of the particles in action space .4, which is the plane parallel to the pattern in which the para-
magnetic particles are located. We treat the paramagnetic colloidal particles as being confined
to action space. A uniform time dependent external magnetic field H.(t) € C is also applied to
the system. Hence, the total potential depends parametrically on the direction of the superim-
posed external magnetic field. Our control space C is a sphere parametrized with coordinates
¥c and .. In practice we only use the northern polar region of C where the second Legendre
polynomial P,(sin;) < 0 of the tilt angle of the field is negative and thus lateral dipole-dipole
interactions are always repulsive. The paramagnetic particles move in action space .4 when
we adiabatically modulate the total potential by changing the direction of the uniform external
field in control space.

Our two dimensional magnetic hexagonal lattice with primitive unit vectors a; and a, is
built from an arrangement of up and down magnetized domains of a magnetic film. The prim-
itive unit cell of the lattice is a six fold symmetric Cg hexagon containing a down magnetized
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matrix that is interrupted by a flower shaped annular up magnetized domain, see Fig. 2. The
flower shaped annular domain respects the Cg symmetry of the Wigner Seitz cell, but breaks
the continuous rotation symmetry around the central down magnetized domain. We use two
different orientations of the flower shaped annulus, that are related by rotating the flower by
271/12, while keeping the unit cell fixed. In the a-conformation the lobes of the flower are
located in direction of the primitive unit vectors of the lattice, whereas in the Q-conformation
the lobes of the flower are located in direction of the primitive reciprocal unit vectors of the
reciprocal lattice.

The total magnetic field is the sum of the pattern H, and the external He contributions.
The potential energy of one paramagnetic particle in the total magnetic field H = H, + He
assumes the form U o< —H¢(t) - H,(x 4,2) [30] if we apply an external field larger than the
pattern field H¢(t) > Hp,(x4,2). For elevations of the particles above the pattern larger than
the modulus a of the primitive unit vector, i.e. 2 > a, the potential assumes a universal shape
independent of the elevation and independent of the shape of the up magnetized domain.
The purpose of the spacer (Fig. 2) is thus to render the potential close to universal such
that only the symmetry and not the fine details of the pattern are important. We therefore
distinguish thick spacers that render the potential universal from thinner spacers. The case
of the flower shaped domain for thinner spacers in the Q-conformation topologically deviates
from the universal high elevation case. The behavior in the Q-conformation thus is more subtle
and will be discussed in subsection 5.3.

3.2 Brownian dynamics simulations

We use Brownian dynamics to simulate the dynamics of paramagnetic colloidal particles. The
particles are subject to the single particle potential U from the interference of the external
magnetic field with that of the magnetic pattern and they are coupled via dipolar interactions
with a pair potential with magnetic moments enslaved to the external magnetic field H, (for
quantitative details see appendix A). We use inertia free over-damped equations of motion
that include a friction force proportional to the particle velocity together with a random force
that fulfills the fluctuation dissipation theorem. The particles are confined to the two dimen-
sional action space and the integration of the equations of motion is done using a simple Euler
algorithm.

4 Breaking the time translational symmetry

4.1 Conformations of three particles in a unit cell

In the simulations we place three paramagnetic particles on top of the spacer above the flower
shaped annulus domain. The paramagnetic particles are coupled via strong repulsive dipolar
interactions. We then switch on a time dependent homogeneous external field Hq(t).

When the external field points north Ho = He, the single particle potential has a six fold
symmetry. The competition of the single particle potential with the repulsive dipolar inter-
actions lets the paramagnetic particles position themselves in form of an equilateral triangle
with corners in the direction of every second lobe of the flower shaped domain (see Fig. 3a).
Because of the C¢-symmetry of the pattern there are two conformational choices for the ori-
entation of the equilateral triangle. One stable conformation is obtained from the other by a
Cg-rotation operation. Hence the symmetry operation in action space introduced in section 2
for the particular model of section 3 takes on the form of a S 4 = C¢-rotation. The conforma-
tions obtained by a Cy,-rotation of the stable conformation results in another stationary but
unstable conformation in which the particles occupy a saddle point of the total energy.
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single particle
potential

Figure 3: The competition of the single particle pattern potential and the dipole-
dipole interaction can lock the orientation of the three particle conformation to the
lobes of the single particle pattern potential a), or lock the edge of the triangle of
three spheres that experience a reduced dipolar interaction (yellow) to the orienta-
tion of the lateral component of the external field b). For both forms of locking there
are two possible conformations. One conformation is converted to the other via an
inversion operation at the center of the domain. ¢) The third form of locking is with
the triangle corner opposite to the lateral component of the external field H.. This
single conformation has no symmetry partner conformation and it is favored for high
tilt angles of the field and for weak dipolar interactions.

4.2 Different ways of locking the orientation of three particles

The dipolar interaction between paramagnetic particles is highly anisotropic. This becomes
apparent in Fig. 3b when we redirect the external field H; by tilting it slightly from the north
pole. The repulsion between paramagnetic particles is then reduced when two interacting
paramagnetic particles of the triangle are separated in a direction of the in plane component
of Hy. The three paramagnetic particles thus must find a compromise conformation that is
either a preference to orient themselves with respect to the single particle potential as shown
in Fig. 3a, or to orient two of the three colloidal particles with respect to the in plane external
field direction, see Fig. 3b. The preference for the single particle potential becomes stronger
when the tilt of the field is small. In such situation the triangle orientation remains locked to
the single particle potential as we turn the azimuth of the external magnetic field. Contrary to
this, for high tilt angles one edge of the triangle remains locked to the in plane external field
direction as we turn the azimuth of the magnetic field. We thus find two topologically distinct
classes (cyan respectively yellow/magenta) of loops in control space as shown in Fig. 1a. Both
classes of loops consist of starting with an external magnetic field direction at the north pole,
tilting the field at constant azimuth, then rotating the azimuth at fixed tilt and returning to
the north pole by reducing the tilt at fixed azimuth. The determination to which class the
loop belongs is made by the winding numbers of the loop around the six bifurcation points
chg € Be = F¢ C C that for strong dipolar interaction are identical to the fences in control
space and thus are a Goldstone mode. The position of the bifurcation points changes with the
dipolar interaction strength and with the elevation.
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Figure 4: Color-coded equilibrium orientation of the triangle of paramagnetic col-
loids in action space as a function of the external field orientation in C. Circulating
the (blue) fence point F twice with a purple and yellow loop L2 causes the sub-
harmonic time crystalline loop £ 4 =y 4% CgY 4 in action space A shown in the lower
part of the figure together with the three particle conformation. Highlighted particle
configurations are stationary for a magnetic field pointing north. Those at the begin-
ning and at the end of y 4 or Cgy 4 are stable for the magnetic field pointing north.
Those stable at the magnetic field of the cut would be unstable for the magnetic field
pointing north. Two video clips of the trivial and non-trivial dynamics are provided
with the videos adFig4trivial and adFig4nontrivial.

The continuous symmetry of the Goldstone mode becomes broken when dipolar interac-
tions are much weaker than the single particle potential. The potential has a C¢ symmetry only
for the external field H; pointing north. For weak dipolar interactions the symmetry broken
parts of the single particle potential at finite tilt of the external field H, dominate near the bi-
furcation point. What has been a fence point develops into a fence line surrounding the region
around the bifurcation point in control space. Inside the fence it is energetically advantageous
to orient the triangle with a corner antiparallel to the external field, see Fig. 3c. In contrast to
the former conformations there is no symmetry partner conformation to this third conforma-
tion. Entering such a fenced region kills all attempts to construct a time crystal. The dipolar
interaction therefore must be sufficiently strong to enable us constructing a time crystal.

4.3 Topologically trivial and non-trivial loops

For the rest of section 4 we assume that the dipolar interaction is strong. A loop not winding
around a bifurcation point is a trivial loop causing the conformation to respond with the same
period as the driving loop. In contrast a loop winding around a bifurcation point adiabatically
connects one stable triangle conformation to the distinct orientation rotated by 27t/6 and the
conformation of the paramagnetic particles responds with half the frequency of the frequency
in control space.
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4.4 A three body time crystal

In Figure 4 we show the color coded equilibrium orientation ¢ 4(¢c,U¢) of the triangle of
the paramagnetic colloids in action space .4 as a function of the external field orientation,
expressed with the spherical angular coordinates (¢.,¥.) in control space. We define the

% mod 27/ 3) as the angle modulo 27t/3 between
the vector from the triangle center to the corner r4 farthest from the triangle center and the
primitive unit vector a; of the periodic lattice. The corners closer to the triangle center are r;
and r,. The parameters of the simulations are as listed in table 1 of appendix A. The triangle
orientation ¢ 4(¢¢,¥c) is a double valued function and there are two leaflets of orientations.
Both leaflets are glued together at the light/dark green cuts where the orientation is continuous
when switching the leaflet at the cut. The non-trivial purple loop L. starts on the first blue
leaflet and switches onto the second brown leaflet where it returns to the original external field
orientation while the orientation ¢ 4 follows the open path y 4 to a different orientation than
at the beginning of L., the second yellow revolution of £ concatenates the path y 4 in A with
CeY 4 such that the concatenation £ 4 = y 4 * CgY 4 is a subharmonic loop causing a discrete
time crystalline response. The non-trivial behavior occurs whenever one circulates around the
fence F, in control space. For trivial control loops with vanishing winding numbers around
each of the six fence points, the response in action space remains trivial, causing no time
crystalline behavior. On the arxiv we provide two videos (adFig4trivial and adFig4nontrivial %)
of Brownian dynamics simulations of trivial and non-trivial control loops together with their
trivial and non-trivial response. Albeit being stored on the arXiv these videos are an integral
part of this work.

An external field that points into the direction of a bifurcation point may be viewed as a
loop of infinitesimal radius around the bifurcation point, for which each possible orientation is
taken. The orientational degree of freedom becomes a Goldstone mode [49] at the bifurcation
point, where it obeys a generalized statistical mechanics Noether theorem [50]. As already
mentioned the continuous symmetry of the Goldstone mode becomes broken when dipolar
interactions are much weaker than the single particle potential.

orientation angle ¢ 4 = (arccos

5 Breaking the space and time translational symmetry

The control loops of the homogeneous external field in control space of section 4 had a discrete
time translational symmetry that was broken by the dynamics of the paramagnetic particles.
If we arrange several magnetic annular domains into a periodic pattern, the magnetic field of
the potential has a discrete translational symmetry in space. In this section we use Brownian
dynamics simulations to show that there are ways to break or not break some or all of the
discrete symmetries, once we fill some of the neighboring flower shaped annular domains
with three paramagnetic particles in a periodic manner. We use two different orientations of
the flower shaped annulus, that are related by rotating the flower by 27t/12, while keeping
the unit cell fixed (see Fig. 5). In the a-conformation the lobes of the flower are located in
direction of the primitive unit vectors of the lattice, in the Q-conformation the lobes of the
flower are located in direction of the primitive reciprocal unit vectors of the reciprocal lattice.
The dipolar interaction is long range and anisotropic and there are intercellular interactions
between the paramagnetic particles of neighboring annular domains. We have to distinguish
the behavior of flowers in the a- and in the Q-conformation, if working at lower than universal
elevations. Note that the differences between both patterns become irrelevant at universal

2supplementary videos, are provided in the ancillary directory https://arxiv.org/src/2203.04063/anc. These
videos are essential for understanding the dynamics of our time crystals.
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@-conformation

]“ trans

b

Figure 5: The two configurations of paramagnetic particles in red and blue within
a unit cell for an external magnetic field H, pointing north (normal) to the pattern
in the a-conformation and in the Q-conformation. Intercellular dipolar interactions
lead to a splitting of the energy. We distinguish cc, c¢b, bc, and bb bonds in the a-
conformation and trans and cis bonds in the Q-conformation. The energy splittings
cause many body interactions that induce various kinds of spatio-temporal order.

elevations. We can continuously move from the a- toward the Q-conformation by joining
both conformations at a universal height. In subsections 5.2 and 5.3 we will show that the
a-conformation suppresses the space-time crystalline behavior in the bulk, but not the time
crystalline response at the spatial edge of the crystal, while the Q-conformation supports a
bulk-space-time crystalline response.

5.1 Space-time crystalline order

The magnetic pattern has primitive unit vectors a and primitive reciprocal unit vectors Q. To-
gether with the period T = 27/ wy,;e Of the external magnetic field loop in control space, we
can define 4-vectors r* = (t,r) and primitive unit vectors a* in space-time. A trivial response
of the paramagnetic particles is when the reciprocal (angular frequency, wave vector) lattice of
the response is the same as the reciprocal lattice of the drive (wesponses Qresponse) = (©drive> Qetrive)-
Depending on the strength of the intra- and inter-cellular dipolar interactions, on the confor-
mation of the flower shape annular domain, and on the elevation of the paramagnetic particles
above the pattern we find different disordered phases. For example we find orientation dis-
ordered time crystalline phases, for which the orientation order parameter O = cos(3¢ 4)
between neighboring unit cells is completely uncorrelated (O(r* +a*)0(r*)) = 0 for any prim-
itive unit vector a* of the space-time lattice. Here ¢ 4, denotes the orientation angle of one
of the three particles in a unit cell. We find frozen disordered phases, for which the orienta-
tion order parameter between neighboring unit cells is uncorrelated (O(r* + a4D)O(r4)) =0 for
the disordered primitive unit vector a4D direction but completely correlated (anticorrelated)
(o(r* + aﬁ)O(r“)) = =+1 along the frozen lattice direction aﬁ of the space-time lattice. The
time translational symmetry of those frozen disordrered phases is not broken if all primitive
unit vectors, having a non-vanishing time component, are positively correlated frozen prim-
itive unit vectors. These phases thus are not discrete time crystalline phases. In any other
case the order is either a disordered time crystalline frozen space or a disordered space sub
harmonic time crystalline order.

We also find completely ordered phases that are correlated (anticorrelated) in any of the
space-time lattice directions. If the primitive unit vectors can be separated into primitive unit
vectors along time and primitive unit vectors along space, we find non time crystals for which
the order parameter correlation along the time direction is positive. Depending on the correla-
tion in space we find positively correlated order of neighboring cells in which case the order is
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ferromagnetic and neither the time nor the space translational symmetry is broken, or we find
at least one anticorrelated space direction in which case the order is antiferromagnetic and the
space translational symmetry is broken with an ordered primitive unit cell twice the size of a
primitive unit cell of the driving lattice. If the order is antiferromagnetic in the direction of
time we get a time crystal again with a unit cell twice the size of the primitive unit cell of the
driving lattice. For a spatially ferromagnetic time crystal the primitive time unit vector of the
order is double the primitive time unit vector of the drive. For a spatially antiferromagnetic
time crystal the primitive unit vectors of the lattice are no longer separable into spatial and
time-like unit vectors but they point along the diagonals between space and time similar to a
sodium chloride structure in a spatial crystal.

Given the multitude of crystalline structures in space it should not surprise us that we also
find a multitude of different more or less complex space-time structures. Next, we will show
how to attain some of those structures in our colloidal model system.

5.2 Topologically isolating time crystals

The dipolar interaction is long range and anisotropic. Hence we can change the time crystalline
behavior by filling unit cells of the pattern in an anisotropic way. We must avoid weak dipo-
lar interaction because under such circumstance the regions where the unique conformation
shown in Fig. 3c is adopted connects all bifurcation points and can no longer be circulated.
When the dipolar interaction is moderate the inter-cellular interactions do not matter and
the colloidal particles in one cell respond independently of those in the other cell. We hence
find a time crystal with frozen spatial disorder. For the a-conformation at stronger dipolar
interactions the degeneracy of the two distinct triangular conformations is broken and we can
distinguish three types of bonds between neighboring cells (see Fig. 5). A cc-bond with two
corners of neighboring triangles facing each other has a higher energy than the lowest en-
ergy bb-bond where two triangular bases face each other. A bc-bond has intermediate energy.
Strong dipolar interactions can therefore also destroy the subharmonic response in ensembles
of filled cells. The a-conformation is therefore not a good conformation for time crystals if all
the flower shaped domains are occupied.

We consider fillings of cells such each filled cell has only bonds to filled neighboring cells
where the bonds form an angle of 27t/3 or 47t/3. Filled cells form a Kagome lattice (see Fig. 6)
consisting of Kagome Wigner Seitz cells built from two filled (green and yellow) unit cells and
one empty (gray) unit cell of the magnetic pattern. Under these conditions each filled cell is ei-
ther a b-bonding or c-bonding cell exposing the same type of bond toward each of its occupied
neighbor cells. When the splitting of bond energies due to intercellular dipole interactions are
pronounced, a bb-bond cannot be converted into any other bond. This domination occurs for
external fields that point in the surroundings of the single cell fence points in control space,
where the symmetry of the continuously degenerate Goldstone mode can be easily broken by
the intercellular dipole interactions. The inter-cellular dipole interaction perturbed fences in
control space thus no longer coincide with the single cell unperturbed fence points but form
closed curves F'(z;), that contain bifurcation points and that depend on the type i = 1,2 of
the filled cell in the Kagome lattice as well as the number g; of filled neighboring cells. Inside
the fence of one cell only one minimum, namely the b-bond orientation of the triangles of the
cell, exists and whenever crossing inside to this unique region the space-time crystal no longer
responds with half the driving frequency.

For intermediate intercellular dipolar interaction strength, the same loop can enter the
interior of the fence for one unit cell but not for another unit cell. In such cases one still finds
a triangle in one cell responding with half the driving frequency and the triangle in the other
cell responding with a trivial loop. The dynamics of the trivial responding cell is no longer
adiabatic: When a c-bonding triangle is driven inside the unique b-bonding fenced region an

11
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oop

a)

Figure 6: A complex topologically isolated space-time crystal in the a-conformation:
a) A counterclockwise (clockwise) loop L in control space C circulates the solid
yellow Fc-edge fences, but cuts through the solid green F edge-fences as well as
through all dashed bulk fences.  b) Snapshot of a space-time crystal of a hexagonal
pattern with a Kagome-lattice of filled cells including the spatial edge of the lattice
at the time when the loop is at the north pole. The space-Wigner-Seitz-cell of the
Kagome lattice consists of two (green and yellow) filled cells and one empty (gray)
cell. At the spatial edge (there is no edge in the direction of time) of the Kagome-
ribbon, filled cells have a reduced z = 2 configuration number. The bulk cells as well
as the green edge cells relax into a spatial antiferromagnetic order of only b-bonding
cells when the loop returns to the north-pole. The response of the yellow edge cells
is subharmonic in time and the spatial disorder is frozen repeating in time with every
second loop. We have depicted one edge-space-time Wigner-Seitz-cell and one bulk-
space-time Wigner-Seitz-cell onto the Kagome lattice to show the dynamics of the
triangle conformation. The sequence of conformations in the yellow edge cell is time
reversal invariant, while the sequence of conformations in all other cells are not time
reversal invariant. Two space-time-Wigner-Seitz edge cells can be packed side by side
in space or with a symmorphic translation by one lattice vector in space and half a
primitive vector in time creating the frozen disordered topological time crystalline
edge wave in a). On the arXiv two video clips of the dynamics are provided with the
videos adFig6clockwise and adFig6counterclockwise.

irreversible ratchet jump of the triangle from the no longer stable c-bonding toward the b-
bonding orientation occurs. The jump cannot be undone by backing up on the loop across the
fence into the twofold orientation region outside the fenced region.

The response of the conformation of three colloidal particles in a particular unit cell i then
depends on the configuration number z;, i.e. the number of neighboring cells being also filled
with three colloidal particles. The time crystalline topological response is robust for small
configuration numbers z < 2. However the response changes for colloidal particles sitting
in a bulk cell z = 3 or at an arm-chair edge cell z = 2 of a Kagome lattice. For intermediate
dipolar interaction strength bb-bonds are converted to bb-, bc-, and cb-bonds rather than into
cc-bonds, because only one of the edge cells responds as a subharmonic time crystal, while all

12



Scil SciPost Phys. 13, 091 (2022)

bulk cells and the other edge cell show trivial harmonic responses. Note that at the edge of
a Kagome lattice the translation symmetry normal to the edge is explicitly broken, while the
translation symmetry in time parallel to the edge is only broken due to the time crystalline
response of the colloids inside the lattice. Within the bulk of the filled Kagome-lattice we
distinguish 2 different filled (z = 3) unit cells depending on the two possible directions of the
neighboring cell triple. At an arm-chair edge of the Kagome lattice the configuration number
of the outermost two cells reduces to z = 2. Each of these two cells have a somewhat different
fence in control space for each of their possible configuration number. A triangle subject to a
magnetic field H tilted into a certain direction is displaced from the center of a flower in the
same direction. If the tilt is toward a neighboring filled cell, then the unique b-bonding fenced
region is larger than when the tilt is pointing away from the filled cell. For the same region
in control space therefore the unique fenced region alternates in size as we move from one to
a neighboring cell that has its bonds into the opposite directions. It is then easy to create a
time crystal where e.g. only one of the edge cells has subharmonic response while the other
cells respond in a trivial irreversible way. We can use these results to form an irreversible, i.e
non-time reversal invariant, non-time bulk crystal, with time-crystalline edge states where the
response in time and in space is quite complex.

In Fig. 6 we show the response of Kagome-lattice ribbon of two filled (green and yellow)
cells and one empty (gray) cell to a control loop L, that consist of three sections. The control
loop starts at the north pole (position 1) and moves at constant azimuth cpé (measured with
respect to the a; direction) toward the tilt angle 47'“* (position 2) where it turns to the final

azimuth (pé (position 3) before it returns to position 1 (the north pole). The values of wé,

cpé, and 97** are chosen (simulation parameters see table 1 in appendix A) such that the loop
circulates around the (yellow) numerically computed F.-edge-fences, but cutting through the
green F.- edge-fences with the 12, and 31-sections of the loop. The loop also cuts through all
the bulk fences but avoids unique regions inside the yellow edge-fences causing the adiabatic
subharmonic response of the yellow edge cells, The triangles of paramagnetic particles in all
bulk cells and in the green edge cells, however, perform a ratchet jump from a c-orientation
toward a b-orientation whenever the particles in these cells are in the unstable c-orientation
prior to the fence passing segment resulting in a trivial harmonic response to the loop. The
irreversibility of the dynamics in the bulk cells and in the green edge cells becomes appar-
ent when we reverse the driving loop causing the irreversible triangles of the time crystal
to follow a sequence of orientations that is not the reversed sequence of the forward loop
L A([,C_z) # (L A(ﬁcz))_l. Adiabatic response is time reversal invariant, while irreversible
non-adiabatic motion is not. On the arXiv we show with the videos adFig6clockwise and ad-
Fig6counterclockwise the full dynamics of the topological insulating time crystal shown in Fig.
6 for the counterclockwise £ as well as for the clockwise £~! driving loops.

The behavior of the irreversible cells is synchronized for all cells. Bulk cells and the green
edge cells are all b-bonding when the loop returns to the north pole. The adiabatic (yellow)
edge cells follow a subharmonic response whatever the initial order of the adiabatic cells were
in the beginning. The adiabatic cells therefore are generically spatially disordered but time
crystalline frozen as a function of time. The trivial edge cells and all bulk cells are spatially
ordered in an antiferromagnetic order. It is an antiferromagnetic crystal with topologically
protected time crystalline edge states.

5.3 Time crystalline phase transitions

In the Q-conformation at lower than universal elevation paramagnetic colloidal particles in
neighboring unit cells can be arranged in either the trans-conformation (bond direction cross-
ing the primitive unit vector connecting the neighboring cells) or in the cis-configuration (bond
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Figure 7: Stroboscopic development of a chain of honeycomb cells filled with three
colloidal particles each. The initially ferromagnetic ordered time crystal undergoes a
topological transition towards an antiferromagnetic time crystal. Space-time Wigner
Seitz cells of the various orders are shown at the bottom. The spatial order in each
cell is abbreviated by a blue or red arrow as indicated. A video clip of the dynamics
is provided with the video adFig7

domain wall

parallel to the cell connecting primitive unit vector) see Fig. 5. The trans-conformation has a
lower energy than the cis-conformation. Hence, an antiferromagnetic ordering of the triangles
along a row of unit cells is preferred. Neither a ferromagnetic nor an antiferromagnetic order-
ing suppress the time crystalline subharmonic behavior since in contrast to the behavior in the
previous section, intercellular bonds between colloidal particles before and after an adiabatic
driving cycle remain equivalent. In Fig. 7 we show the evolution of a ferromagnetic time
crystal at time zero towards an antiferromagnetic time crystal for the simulation parameters
listed in table 1 of appendix A. One row of neighboring cells along the a;-direction are filled
with three particles each. The originally ferromagnetic time crystal remains in the ferromag-
netic time crystalline order for a typical correlation time until a few antiferromagnetic time
crystalline nuclei are formed. These nuclei grow and two more stable antiferromagnetic time
crystalline ordered phases (of the same order but connected via a non-symmorphic translation
that is part of the unbroken but not of the broken symmetry) separated by space like domain
walls appear. They thus replace the old order with the new antiferromagnetic time crystalline
order. The transition from the ferromagnetic towards the antiferromagnetic ordering is irre-
versible. In contrast to the time crystalline order in the a-conformation the space-time-bulk of
the antiferromagnetic time crystal shows fully adiabatic response, and a forward or backward
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loop £ or £, ! results in a sequence of orientations that are the time reversed version of the
other. A video clip of the full dynamics is shown in the video adFig7.

The dipolar interaction couples the particles and broadens the one dimensional fence F,
to a two dimensional object of control space. Here the intercellular dipolar interactions are
strong enough to destroy the path connection of the ferromagnetic and antiferromagnetic con-
formations on M. We can hence distinguish the fences F Mt of the antiferromagnetic and

the ferromagnetic stable conformations and the path disconnected subsets /\/lg’f of the stable
stationary manifolds enclosed by those fences. The only way to dynamically move from the
ferromagnetic region ./\/lg toward the antiferromagnetic region Mg is by driving the system
toward the ferromagnetic fence ./ = m(F ™ {;) where a ratchet jump from F | s viaC® A

into the lower potential subsection Mg occurs. In our simulations the control loop L circles
around the ferromagnetic fence 7./ by almost touching it such that the thermal fluctuation
forces eventually drive the system across the fence. The persistence time of the ferromagnetic
phase therefore sensitively depends on the proximity of the loop to the ferromagnetic fence as
well as on the never truly adiabatic speed in passing this sensitive section of the loop. Once
in the antiferromagnetic time crystalline phase one cannot return to the ferromagnetic con-
formation because there is no point of the antiferromagnetic fence that has a higher potential
than the corresponding point of the ferromagnetic stable manifold M)(;. The antiferromagnetic
phase therefore persists.

6 Conclusion

We have shown that the topology of the stationary manifold embedded in the product space
of the external control variables and the quasistatic response variables determines whether
a time crystalline driving is possible or not. Small thermal or quantum fluctuations will not
change the topological phenomena since these are robust against weak perturbations. As
long as transition or tunneling rates between the distinct minima are tiny, the time crystalline
behavior will prevail also for a quantized version of the model. The essential requirement for
the adiabatic time crystal to work is the non-ergodicity, i.e. the population of only one of the
well separated minima. For these type of topological time crystals the quantum respectively
classical nature of the phenomenon seems to be of minor importance. On a mesoscopic scale,
proper cooling, necessary for any motor, whether in a quasi-equilibrated reversible cycle or
driven far from thermal equilibrium is not a problem such that over heating [51-56] of the
time crystal can be prevented. A rich variety of topologically induced non-time crystalline and
time crystalline phases can be found both in the bulk or at the edge when playing with the
competition of intra- and intercellular dipolar interactions between the paramagnetic colloidal
particles of the many body ensemble.
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A Numerical details and parameters

The pattern magnetic field at the elevation z above the pattern reads

(xA+zez—xi4) v
HP(XA:Z)_J 47T((XA_X14)2 +ZZ)3/2MZ(X_A)d X_A’ (2)

where

+M.e, if [x q —a—ryé&| <rg
for one lattice vector a
and one normed primitive

M.(x4)e; = ) lattice vector €; (i = 1..6)

; (3

—M,e, else

is the magnetization of the thin magnetic film with M, the saturation magnetization, r,; = 0.2a,
rx = 0.19a, and &; = a;/a(Q;/Q) are normed vectors in the direction of the primitive unit
vectors of the direct (reciprocal) lattice for the flower domains in the a-conformation (Q-
conformation).

The single particle potential is

U= _MOHP(XA)Z) -m, (4)
with m = y,¢;VH; the magnetic moment of the paramagnetic particle with volume V and
effective magnetic susceptibility y,r¢. The dipolar interaction reads

to (X4 — x;‘)zm2 —3((x4—x,)- m)?
Udipol = 4_1T |X —x |5 :
AT %A

)

We use dimensionless units of length normalized to the lattice constant a, of the mag-
netic field normalized to the effectively attenuated magnetization M,¢; = 7(Q)M,e~ &
of a fictive universal pattern at elevation z with M, the saturation magnetization of the
real pattern, Q = 4m/+/3a the modulus of the primitive reciprocal unit vectors, and
r(Qq) = f Wz e!QuxaN (x 4)d>x A/MS‘/;aZ ~ 0.3 the leading reciprocal lattice Fourier coef-
ficient of both patterns, where the Fourier integral is taken over the Wigner Seitz cell WZ
of each pattern. Units of energy are normalized to uoM Sza3 and non dimensional effective
magnetic susceptibilities .V / a®. Our control loops start a the north pole and move at con-
stant azimuth ¢ (’3 (measured with respect to the a, direction) toward the tilt angle 97'“* where

they turn to the final azimuth cpé before they return to the north pole. In table 1 we list the
parameters used to compute the time crystals shown in Figs. 4, 6, and 7.

Table 1: Simulation parameters

% z/a v lC apé 97" | conformation
Figure 4 1.64107! universal | —90° | —30° | 23° a, single cell
Figure 6 | 1.0910~2 | universal | —37° | 37° | 20° a
Figure 7 6.5107! 1/3 71.7° | 124° | 33.2° Q

All integrations were performed numerically using an Euler algorithm. Loops were fol-
lowed adiabatically by reducing the speed of modulation to values that do no longer affect the
outcome.
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The question of how a dissipative geometrical transport system changes towards a topological transport
system is important to render a fragile transport into a robust transport. We show how a macroscopic
magnetic topological transport of solid state spheres changes to a geometrical transport of ferrofluid
droplets, when instead of a solid state object, soft matter is transported. The key difference when
comparing solid objects with fluid droplets is the possibility to split a ferrofluid droplet into two droplets.
It is shown how this fundamental difference also fundamentally changes the transport properties.
Hence, experimentally and theoretically the transport on top of a periodic two-dimensional hexagonal
magnetic pattern of (i) a single macroscopic steel sphere, (i) a doublet of wax/magnetite com-
posite spheres, and (iii) an immiscible mixture of ferrofluid droplets with a perfluorinated liquid is
analyzed. The transport of all these magnetic objects is achieved by moving an external permanent
magnet on a closed modulation loop around the two-dimensional magnetic pattern. The transport
of one and also that of two objects per unit cell is topologically protected and characterized by
discrete displacements of the particles as we continuously scan through a family of modulation loops.
The direction and the type of transport are characterized by the winding numbers of the modulation
loops around special objects in control space, which is the space for the possible directions of the
external magnetic field. The winding numbers necessary for characterizing the topological transport
increase with the number of particles per unit cell. The topological character of the transport is
destroyed, when transporting a large collection of particles per unit cell, like it is in the case of a
macroscopic assembly of magnetic nanoparticles in a ferrofluid droplet for which the transport is
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DOI: 10.1039/c9sm01401b geometrical and no longer topological. To characterize the change in the transport from topological
to geometrical, we perform computer simulations of the transport of an increasing number of

rsc.li/soft-matter-journal particles per unit cell.

periodically driven system, the transport of particles over a

1 Introduction

period then is proportional to the geometric quantity of the

When a system is driven adiabatically, its state changes slower
than any relaxation time. The state of a classical system then
follows the same path independently of the speed of driving.
If driven adiabatically at different speeds, the state of a quantum
system also follows the same path up to the global dynamic
phase’ of its wave function that cannot be measured. Measurable
quantities are geometrical in the adiabatic limit, since they can be
deduced from the path without the knowledge of a particular time
table with which one drives the system along this path. For a
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loop of the driving field.>™* For example, autonomous low
Reynolds number swimmers propel by a distance proportional
to the area of the driving control loop in shape space.®
Adiabatic quantum two-band electrons propel by an amount
proportional to the area enclosed by the SU(2), respectively
SO(3) = SU(2)/Z, matrices of the periodic control loop induced
by the external field."”

The area of a loop is a geometric quantity that continuously
changes when the driving control loop is altered. When sym-
metries or other conditions constraint the driving loop, the
geometrical properties might become discrete global properties,
called topological invariants. Then, the transport no longer
changes continuously with the loop since families of loops
share the same topological invariant. The transport changes
discretely between two families of loops with different values of
the topological invariant.” The transport is robust because it is

Soft Matter, 2019, 15, 8543-8551 | 8543
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topologically protected. For example, in a nucleus one nucleon
must rotate by multiples of 2n when it propels by one lattice
constant above the lattice of the crystallized nucleons that form
the rest of the nucleus.®

Understanding how a system changes from geometrical
towards topological is important. With this knowledge we can
change a fragile, geometric transport into a robust topological
transport. For example, in the quantum Hall effect steps
between the plateaus in the conductivity can be created either
by lowering the temperature or by using clean systems with
fewer impurities.” Both methods decrease the probability of
exciting unoccupied bulk Landau levels and thus make the
system topological. For many quantum and classical systems,"*™">
the transition from geometric towards topological transport can
be understood via the amount of dissipation occurring due to the
scattering between states. It has, however, been shown that there
exist non-Hermitian quantum and dissipative classical topological
transport systems,'®® where it is precisely the dissipation that
causes the topological character of the transport. For these
systems the transition from topological towards geometrical must
be different.

The purpose of this work is to show how topological transport
phenomena also play a role in soft matter systems. We show
experimentally and with computer simulations that a macro-
scopic topological magnetic particle pump,>* which transports
paramagnetic or soft magnetic particles across a magnetic lattice,
is topological when transporting a small number of particles per
unit cell. The transport is robust for the modulation loops of
a driving homogeneous external field that share the same
topological invariant. Subclasses of modulation loops appear
for a loading with two or more particles per unit cell, increasing

(a)

doublet

(c) :

Soft Matter

the number of discrete steps. However, for loadings with a
macroscopic ensemble of magnetic nanoparticles, such as a
ferrofluid droplet, the topological nature of the transport is
destroyed and becomes geometrical.

2 Topogeometrical pump

The system consists of a two-dimensional hexagonal magnetic
pattern made of up- and down-magnetized magnets, see
Fig. la. The pattern creates a two-dimensional magnetic
potential that acts on paramagnetic objects located above the
pattern at fixed elevation. The potential is a function of the
position x4 € A of the paramagnetic object in action space A,
which is the plane parallel to the pattern in which the objects
are located. A uniform external magnetic field is also applied to
the system. Hence, the total potential depends parametrically
on the direction of the superimposed external magnetic field.
Paramagnetic objects, such as soft magnetic spheres and
ferrofluid droplets move in action space when we adiabatically
modulate the total potential by changing the direction of the
uniform external field.

Our two dimensional magnetic hexagonal lattice is built
from an arrangement of NbB-magnets”" (Fig. 1a). The arrange-
ment is such that the primitive unit cell of the lattice is a sixfold
symmetric Cs hexagon with corners centered within the smaller
magnets, see Fig. 1b. Each unit cell thus contains one large
magnet and two small magnets. The total magnetic field is the
sum of the pattern Hj, and the external He,, contributions

H =H,, + Hex. (1)

Galden ferrofiuid  (€)

—steel sphere [©) o9 ]
spacer

/

magnets

external magnets

g S external magnets

Fig. 1 Experimental setup: (a) top view of the hexagonal magnetic pattern. The inset is a close view of the transported steel sphere. (b) Scheme of the
position and the orientation of the magnets. The silver areas in the sample (red areas in the scheme) are magnetized up. The black (green) areas are
magnetized down. One unit cell is emphasized in full colors. The vector Q; is one of the primitive reciprocal lattice vectors. (c) Side view of the pattern
and the compartment holding either one steel sphere, two wax spheres, or Galden and a ferrofluid. (d) Schematic of the goniometer and the external

magnets surrounding the sample. (e) A photo of the setup.
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The potential energy of a paramagnetic object in the total magnetic
field H is proportional to the square of the magnetic field

U(xa) oc —H?, (2)

and it can be decomposed into a discrete Fourier series of
contributions from reciprocal lattice vectors.'”** The Fourier series
of the potential evaluated in a plane above the pattern and parallel
to it is the square of the Fourier series of the magnetization of the
pattern augmented by the external field. As a function of elevation,
the higher Fourier coefficients are attenuated more than those
with lower reciprocal vectors. At the experimental elevation (com-
parable to the length of the unit cell of the pattern), only the
“universal” contributions to the potential from the lowest non-zero
reciprocal lattice vectors remain relevant.'”** The purpose of the
spacer (Fig. 1c) is thus to render the potential universal such that
only the symmetry and not the fine details of the pattern are
important.

We either place one steel sphere or two spheres consisting of a
mixture of wax and magnetite on top of the spacer. Alternatively,
we fill a closed compartment with a mixture of a nonmagnetic
fluid (Galden) and an aqueous ferrofluid, immiscible with the
Galden. The choice of particles and ferrofluids to be transported
is made in a way as to suppress dipolar interactions and fingering
instabilities®»** that are known to govern the behavior of ferro-
fluids at stronger magnetic fields. The magnetic pattern with the
transported paramagnetic object on top is then placed in the
center of a goniometer. Both, a sketch and an actual picture of
the setup are shown in Fig. 1d and e, respectively. The gonio-
meter holds two large NbB-magnets that generate the external
field. The magnets are aligned parallel to each other and create
an external magnetic field of magnitude poHey = 45 mT that
penetrates the two-dimensional pattern, the steel sphere, the
wax/magnetite spheres, and the ferrofluid droplets. The dipolar
interactions between two wax/magnetite spheres or between
ferrofluid nanoparticles are weak compared to the interaction
with the pattern and the external field.

The gradient of the magnitude of the external field at the
position of the transported objects VHeyt & Mexelext /R is at
least two orders of magnitude smaller than that of the magnetic
field of the pattern VH, ~ (M; + M;)/a. Hence, the field created
by the external magnets is effectively uniform. The two external
magnets can be oriented to produce an arbitrary direction of
the external magnetic field with respect to the pattern. A laser
pointing along H., is mounted on the goniometer, see Fig. 1e,
to create a stereographic projection of the instantaneous external
magnetic field direction on the recording plane.

3 Topologically nontrivial transport
loops

The parametric dependence of the potential acting on a para-
magnetic object (eqn (2)) was studied in detail in ref. 17. The
potential has a hexagonal symmetry and the number of minima
per unit cell of the potential can be one or two, depending on
the orientation of the uniform external field. The set of possible

This journal is © The Royal Society of Chemistry 2019
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orientations of the external field forms a sphere that we call the
control space C (see Fig. 2b). Two minima exist in the excess
region of C (see Fig. 2b) in which the orientation of the external
field is roughly antiparallel to the magnetization M, of the silver
magnets in Fig. 2a. Only one minimum of the potential exists
for the orientations of the external field roughly parallel to the
magnetization of silver magnets (see the green region of the
control space in Fig. 2b). The boundary in C between the excess
region and the region of one single minimum is a closed curve in
C that we call the fence F. The fence consists of twelve segments
(red and blue in Fig. 2b) meeting in twelve bifurcation points.
These bifurcation points (B.,, and Byp,) are located in the
southern hemisphere of C on longitudes running through the
directions +a; and +Q; (i = 1, 2, 3) of the primitive unit vectors
of the direct and reciprocal lattice, respectively (see Fig. 2a
and b). The fence segments are of two types +Q-segments
(red segments in Fig. 2b) and —Q-segments (blue segments in
Fig. 2b).

We reorient the external magnets by moving along a closed
reorientation loop that starts and ends at the same orientation.
(See the black point in Fig. 2b marked as the starting point
between Q, and the a; longitude in the southern unique
minimum region.) As a result of the reorientation loop of the
external field, the steel sphere, the wax/magnetite spheres, and
the ferrofluid droplets move above the magnetic lattice. A motion
of the steel sphere is topologically trivial when the sphere
responds to a closed reorientation loop with a closed loop on
the lattice. Not every closed reorientation loop causes such a trivial
response of the steel sphere. There are topologically nontrivial
trajectories, where the steel sphere ends at a position differing
from the initial position by one unit vector of the magnetic lattice.
Nontrivial closed reorientation loops in control space are those
loops that have loop segments in both the excess region and the
region of the unique minimum."”*" Here, the reorientation loop
enters the excess region with a longitude ¢enyy between the Q,
and the —a, directions and exits the excess region between the Q,
and the a; longitudes at ¢ = 4.41/6. The schematic reorientation
loops in control space are depicted in Fig. 2b.

3.1 Single steel sphere transport

We have reported in ref. 17, 21 and 22 how the transport of a
single paramagnetic particle changes as we move the entry
longitude 4.411/6 < ¢engy < 8.57/6 of the reorientation closed
loop. Here we briefly repeat the findings which are important
for this work. The steel sphere adiabatically returns to its initial
position (performs a closed loop above the lattice) if the
reorientation loop enters and exits the excess region via the
same fence segment. As an example of such a loop we have
drawn the loop a in Fig. 2b for which ¢enery = Pexit = 4.41/6. The
sphere also returns to the same position when the reorientation
loop encloses only the bifurcation point B,, or the two bifurca-
tion points B,, and B_p, in C such as in the case of loops b-e
(57/6 < Genery < 77/6 and ¢eyie = 4.41/6) in Fig. 2b. However, as
the modulation loop encloses B,, the motion is no longer
adiabatic. Instead, an irreversible ratchet jump occurs as the
modulation loop exits the excess region through the fence.

Soft Matter, 2019, 15, 8543-8551 | 8545
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&

E

Lemniscates for a particular position in C
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g ..a ferro fluid
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o0 Q splitting points

@ +Q fence points

two magnetite spheres
splitting points

Fig. 2 Orientation of the pattern, the corresponding orientations of the external field in control space and the different events occurring for single steel
spheres, wax/magnetite-doublets, and ferrofluid droplets upon the family of modulation loops applied in the experiments. (a) Direction of the primitive
unit vectors a;, a,, and asz of the direct lattice and direction of the primitive unit vectors Q;, Q,, and Qs of the reciprocal lattice. (b) Control space of the
hexagonal lattice. Theoretical fences between the region of one unique minimum (green) and the excess region for paramagnetic objects are shown as
red (+Q segments) and blue (—Q segments) lines. The experimental fence data from the single steel spheres are shown as red and blue spheres. The
experiments are performed with modulation loops (a—i) that start at the big black circle (starting point) and enter the excess region in the south of C along
a longitude between the Q; and the —a, longitudes through either a red or blue fence segment. The loops exit this region and return to the starting point
through the red fence along a longitude between az and Q,. We also used the time reversed loop —i of the loop i. We measure the transport of
paramagnetic objects on the pattern as a function of the entry longitude that we continuously vary as a function of the azimuthal angle ¢en,. The
experimentally color coded spheres show the measured splitting location of the ferrofluid droplets and of wax/magnetite doublets, see the legend. The
color decodes the different sizes of the split objects according to egn (3). The same color coding with the droplet areas replaced by the subareas of
the theoretical lemniscates is used for the background in the excess region. The unit vector n is normal to the pattern. (c) Two unit cells with experimental
ferrofluid droplets at a Q-splitting line for ¢enyry = T (top). Two unit cells of the pattern with theoretical lemniscates (equipotential lines through saddle
points), computed from the magnetic potential for an external field in the excess region (middle). Two unit cells with experimental ferrofluid droplets at
an a-splitting line on the loop g for ¢entry & 7.51/6 (bottom). The dashed arrows point at the corresponding orientations of the external field in C. A video
clip clarifying the details of this figure is provided in the ESIt (adfig2.mp4).

A ratchet occurs if the entry and the exit fence segments are of
different types. The motion is always adiabatic if the control
loop enters and exits the excess region via the same type of
fence segments, either +Q-segments or —Q-segments."”*' Here,
the motion of the steel sphere returns to adiabatic when
enclosing the third bifurcation point B_,, (loops f-i 7n/6 <
Qenery < 97/6 in Fig. 2b) with a total displacement of the sphere
by one unit vector —a,. Since this reorientation loop is adiabatic,
the time reversed loop (e.g the inverse loop —h with
41/6 < (enay < 51/6 and 7m/6 < ¢eye < 8M/6) transports into
the opposite, i.e. the a, direction compared to the direct loop. We
have measured the position of the fence in control space via the
ratchet jumps of the steel sphere. The blue and red spheres in
Fig. 2b are the experimental data of these measurements.

3.2 Ferrofluid droplet transport

In Section 3.1, we described the limiting case of one particle
being transported. Here, we describe the opposite limit, namely

8546 | Soft Matter, 2019, 15, 8543-8551

the transport of a macroscopic ensemble of particles. The
particle numbers in between describe the transition from
topological towards geometrical and they are discussed in
Sections 3.3 and 3.4. To mimic the transport in a system with
hundreds of tiny particles per unit cell, we consider the motion
of ferrofluid droplets. Hence, the transported object can no
longer be considered a point particle. To understand the
motion, we need to consider the equipotential lines around
the minima of the total magnetic potential that drives the
motion. In Fig. 3 we collect images that show the motion of a
ferrofluid droplet along some of the control modulation loops
displayed in Fig. 2. The loops enclose from zero up to four
bifurcation points. At the starting point, the steel sphere and
the ferrofluid droplets reside above the central magnet of the
unit cell. The sphere/droplet moves away from this location as the
external magnetic field enters into the excess region of C.
Nothing special occurs when the external field crosses the fence,
and nothing particular happens to the single steel sphere as the

This journal is © The Royal Society of Chemistry 2019
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Fig. 3 Dynamics of the ferrofluid droplets subject to the modulation loops a-i, and —i of Fig. 2. In each image we overlay an image of the droplet before
the entry into the excess region (brown), at the splitting line (purple) and after recombination at the end of the loop (turquoise). The different
images correspond to different loops depicted in Fig. 2b with loOp @ dentry = Pexit = 4.41/6, lOOP C Pentry = 5.51/6, Peyit = 4.41/6, lOOP € Pentry =
6.51/6, peyit = 4.41/6, lOOP g Pentry = 7.51/6, Pexit = 4.41/6 lOOP i Pentry = 8.51/6, eyt = 4.41/6 and the inverse loop —i Pentry = 4.41/6, pexic = 8.51/6. For
loops a and ¢, two trivial modes coexist. In loops e and g, a transport mode into the —a, direction coexists with a trivial mode. In loop i, a transport mode
in the —a, direction coexists with a transport mode into the —az direction. The control loop of —i is the inverse of loop i with two transport modes along
a, and az. The red arrows show the transport directions during the splitting of the brown droplet towards the purple droplets. The green arrows show the
motion of the two purple droplets as they rejoin into the turquoise droplet. The blue arrow shows the adiabatic motion upon closing the loop in control
space by returning to the starting point. The displacement after one control loop is the coexistence of the two displacements A, and A_ of the two split
droplets. The black arrows are sketches of the motion of the droplets. The scale bar is 1 mm. A video clip showing the motion of the droplets is provided

in the ESIt (adfig3.mp4).

field moves deeper into the excess region. The ferrofluid droplet,
however, deforms into a dogbone-like shape and eventually splits
into two smaller droplets when the modulation loop crosses a
droplet splitting line in C. Some of the shapes of such droplets are
shown in Fig. 2c. Their shape and size agree very well with the
shape and size of the lemniscates, which are simply the equipo-
tential lines of the colloidal potential passing through the saddle
point between both minima (see Fig. 2c). The two separated
ferrofluid droplets reside in a region above the two different
minima, where the potential is in the excess region of C. The
droplets are in general transported into different directions.
When the modulation loop is closed (returns to the starting
point), the two split ferrofluid droplets must return to either the
original position above the same central silver magnet or to an
equivalent position in a different unit cell. The transport over one
period is therefore the coexistence of two different types of
transport directions. The total transport is the sum of the two
coexisting displacements, weighted with the two areas of the
droplets when they split.

The splitting of a ferrofluid droplet occurs either in an
adiabatic way (a-splitting) or irreversibly (Q-splitting). Both
types of splitting are schematically represented in Fig. 4. The
ferrofluid droplet covers a certain area A of action space when the
external field enters the excess region of C. A “minor” excess
minimum and an excess saddle point are created in the magnetic
potential upon the entry of the external field into the excess region."”

This journal is © The Royal Society of Chemistry 2019

The equi-potential line passing through the excess saddle point
is a lemniscate that first winds around the preexisting “major”
minimum, then passes through the saddle point, and next winds
around the minor excess minimum. Hence, the lemniscate
defines a closed curve of area L = L, + L_ where each of the
two sub areas, L, and L_, surrounds a minimum of the potential.
At the fence in C, the sub lemniscate area of the minor minimum,
Ly = 0 (L_ = 0) for a —Q-fence segment (+Q-fence segment)
vanishes. At the fence L. = 0 or L_ = 0 and the area occupied by
the ferrofluid droplet can be either larger A > L. + L_ or smaller
A < L_ (A < L,) than that of the preexisting major minimum.

In the case A > L, + L_ (a-splitting), which occurs if the loop
enters the excess region of C close to a B, bifurcation point, the
ferrofluid droplet assumes the shape of an equipotential line
containing both minima (see Fig. 2¢ bottom and Fig. 4a). When
the loop enters deeper into the excess region of C, the area of
the lemniscate grows (Fig. 4(al) and (a2)). At the point where
the area of the lemniscate is the same as the area of the droplet,
L = L% = A, both lemniscate subareas LY and L? are fully filled
with a ferrofluid (Fig. 4(a3)). When the area of the lemniscate
grows beyond that of the droplet, L > A, then the droplet splits
into two droplets of areas A, = L} and A_ = L? (Fig. 4(a4)). The
areas of both droplets do not change until the droplets coalesce
again, i.e. no further splitting occurs. The splitting is reversible
if the control loop is reversed and crosses the splitting line
L? = A at exactly the same point.
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Fig. 4 Schematics of the a-splitting (a) and the Q-splitting (b) of a
ferrofluid droplet. In each case a unit cell (hexagon) with the droplets
(red) and the lemniscates (blue) is represented for four different orienta-
tions of the external field along a control loop that enters the excess
regions of C near a B,-bifurcation point (al)-(a4) and a B_p-bifurcation
point (bl)-(b4). The loop segments of both loops in control space are
indicated in the control space in the center of the image. The positions of
the large (small) magnets in the unit cell are shown in light (dark) gray.

@ droplet areas @ leminiscate areas

In Fig. 2b we have color coded the splitting ferrofluid
droplets with a normalized RGB-color given by the triplet

(RGB) = (A, (A +4)/24) ()
uc

where Ayc is the area of the unit cell, and the factor eight
accounts for the fact that the maximum subarea of a lemniscate
is one eighth of the area of the unit cell (see Fig. 4(b4)). We have
also color coded the excess region of C in Fig. 2b with the same
criterion but replacing the subareas A, with the subareas of the
lemniscates L. Hence, the color of the experimental data
points at the splitting lines in Fig. 2b matches the color of
the control space only if A, = Ly, ie., if the subareas of the
theoretical lemniscates and those of the droplets are equal.
In Fig. 2b, the color of the experimental a-splitting points is
darker than the background, indicating that the experimental
droplets split later than predicted by the theory. This is pre-
sumably because adhesive forces of the droplet prevent early
splitting. The color discrepancy of the data below the B_,
bifurcation points is likely due to scattering in the magnetiza-
tion of the NbB magnets forming the pattern. The finite size of
the pattern and the elevation of the particles above the pattern
also have an effect on the experimental measurements.

In the case A < L_ (—Q-splitting), which occurs if the control
loop enters the excess region close to a B_p bifurcation point,
the ferrofluid droplet assumes the shape of an equi-potential
line surrounding only the preexisting major minimum but not
the excess minor minimum. We show in Fig. 2c top the picture of
a droplet just after a —Q-splitting (see also Fig. 4b). The largest
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areas of L_ occur if the external field points at the south pole and
at the B_p bifurcation points of C. Hence, a locally minimal
area L™™ occurs for external fields pointing along a longitude
that connects the south pole and one of the B_p bifurcation
points. The subarea L_ of the preexisting minimum of the
lemniscate shrinks as the control loop moves from the fence
towards the south pole (Fig. 4(b1)). At some point, the subarea
of the lemniscate L_ equals that of the droplet L? = 4 (provided
that L™ < A < L_), Fig. 4(b2). There, the fluid completely fills
the subarea L2 while the other subarea L. is completely empty.
When the major area of the lemniscate shrinks below the
droplet area, i.e. L. < A, then the droplets split into two
droplets of areas A_ = L_ and A, = A—L_ (Fig. 4(b3)). The fluid
in L_ is expelled from the droplet through the saddle point and
flows down the path of the steepest descend into the basin of
the minor excess minimum. The areas of the droplet change
until the decrease of L_ stops, Fig. 4(b4). The splitting process
is irreversible and both droplets cannot be rejoined in a
reversible way since the fluid in the excess minimum cannot
flow up the path of the steepest descent back into the preexist-
ing minimum.

We have placed +Q-splitting experimental points at the
location where the splitting starts. The points are colored
according to eqn (3) with A, being the subareas when the
interchange of fluid between A, and A_ stops. The agreement
with the theoretical prediction given by the areas of the
lemniscate (colored background) is excellent.

The splitting lines L* = 4, L° = A and L? = A are the segments
of a closed curve that are joined at the fence of C. For A > L™,
any closed curve of a modulation loop in C that penetrates the
excess region deep enough must also pass the splitting curve.
A nontrivial modulation therefore causes nontrivial transport
that is the coexistence of two topological displacements
weighted with the two split areas of the droplet. The splitting
areas A_ and A, continuously change along the splitting lines.
Avideo clip (adfig3.mp4) showing more details of the ferrofluid
transport is provided in the ESL¥}

3.3 Doublet transport

We have experimentally studied the transport of two particles
per unit cell. The area A enclosed by the two wax/magnetite
spheres is smaller than the local minimum area, i.e. A < L™,
Hence, in contrast to the ferrofluid droplet, the Q-splitting
cannot occur for these doublets. Both the ferrofluid droplet
and the doublet exhibit a-splitting. A measurement of the
a-splitting line L* = A is shown for the wax/magnetite doublets
in Fig. 2b. The doublets are transported together within the
major minimum if the control loop enters the excess region in
the vicinity of the By bifurcation point. If the loop enters the
excess region in the vicinity of the B, bifurcation point, then
a-splitting occurs and both spheres are separated. One sphere
is transported within the major minimum and the other one
within the minor minimum. Two transport directions coexist.

Hence, depending on ¢cney there are two different transport
modes for the doublets: (i) no splitting and (ii) a-splitting. The
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transition from one transport mode towards the other transport
mode occurs at the doublet bifurcation points Bgoubler that are
the intersections of the fence with the a-splitting line L = A for
doublets. Since the spheres have the same size, the areas of the
a-splitting transport are equal A_ = A, = A/2. Hence, the
experimental data points for doublet a-splitting all have
the same color, see eqn (3) and Fig. 2b. The color is darker
than the theoretical background color of the lemniscates.
Hence, splitting occurs later in the experiment than predicted
by the theory, presumably due to the dipolar attraction between
the two spheres as well as due to friction with the bottom
surface. Like the transport of a single sphere, the transport of
doublets is discrete and therefore topological.

Net displacement. We next analyze the net displacement
after the completion of one entire control loop for all three
types of objects: single spheres, doublets, and ferrofluid droplets.
For all objects, we define the vector of the net displacement

v doublet
A steel sphere

Paper

A as the area averaged sum of the two possible displacements.
That is

CAAL A A

A_ A++A, k) (4)

where A are the net displacement vectors of the two minima in
one control loop. Hence, A, are always lattice vectors and
A moves along a straight line between the two lattice vectors.
In Fig. 5a, we plot the net displacement of all magnetic
objects as a function of ¢enery for a family of loops with ¢eyie =
4.47/6 (loops similar to those in Fig. 2b). A video of the motion
is presented in the ESIt (adfig5.mp4). The net displacement is
zero when the loop encloses no bifurcation point. The displace-
ment moves along the straight lines connecting the sequence of
lattice vectors 0,—a,, —as, a;, and 0 (see the gray arrows in the
center of Fig. 5a). The areas A, and A_ are continuous functions
Of Penery for the ferrofluid droplet. In contrast, the transported
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Fig. 5 Experimental and simulated displacements for the set of modulation loops characterized by ¢entry. (@) Experimental measurements of the net
displacement A of the steel sphere, the wax/magnetite doublet, and the ferrofluid droplets as a function of ¢eney for a family of loops with ¢eyic = 4.4n/6.
The displacement changes correspond to the four gray arrows shown in the center of the image. The four gray shaded regions correspond to the arrows
of the same color in the inset. The displacement is a discrete function of ¢eney for the steel sphere and the wax/magnetite spheres but a continuous
function for the ferrofluid droplets. The jumps in the displacement occur when the loop crosses the bifurcation points in control space (the position of
the bifurcation points is indicated with vertical dashed lines). A video of the motion of a steel sphere, a wax magnetite doublet, and ferrofluid droplets
subjected to two different control loops is shown in the ESIt adfig5.mp4. (b) Net displacement of a collection of n = 2, 3, 4, and 5 particles, as indicated,
for the same family of control loops as in panel (a) according to computer simulations.
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areas A, for one steel sphere (a wax/magnetite doublet) can
only be integer multiples n = 0,1 (n = 0,1,2) of the area of one
sphere. Contrary to the ferrofluid transport, the sphere and
doublet net displacement change discretely with @engy-
The number of discrete steps for the doublets is twice that
of a single steel sphere. Hence, the transport of one or two
spheres is topological while the transport of the ferrofluid is
geometrical.

3.4 Multiparticle transport

What is the minimum number of particles required for having
geometrical transport? To address this fundamental question,
we have simulated the transport of multiple spheres using
overdamped Langevin dynamics (note that inertial effects are
negligible). Each unit cell is filled with exactly n particles. Each
particle is subject to the magnetic potential

U(x4, Hext (1)) o¢ —Hexi(7) - Hp(x4), (5)

where H.,(?) is the external field at time ¢ and Hp(x4) is the
magnetic field, created by the pattern at the position of the
particle x4 in action space A, see ref. 22 and 23.

The particles interact via the purely repulsive Weeks-Chandler—
Andersen potential

P(r) = 48(6)12_(%)6%) F<2/6g

0 r>2/6g

: (6)

where r is the distance between the particles, ¢ fixes our unit and
energy, and ¢ is the effective particle length that we fix to o/a = 0.2
which is the same as in the experiments (transport of single
spheres). We integrate the equations of motion with a time step
d#/T = 10>, with T being the period of a modulation loop. As the
transport is topological the detailed features of the simulated
particles are of minor importance and the behavior will not change
using somewhat different parameters for the simulations. Fig. 5b
shows the net displacement of n = 2, 3, 4, 5 spheres. The number of
plateaus in the displacement of n particles per unit cell is 7 times
the number of plateaus of a single sphere. This is true provided
that each unit cell is filled with precisely n particles since the results
depend on the initial distribution of particles among the different
unit cells. Our simulation results suggest therefore that if precisely
the same number of equally sized ferrofluid particles could be
deposited in each droplet, one would still observe topological
transport, albeit with very fine splitting. However, if there is
dispersion in the size of particles, the occupation of the unit cells,
the number of plateaus and splittings might be significantly
increased because the number of different geometrically distin-
guishable ways to split the droplets into subdroplets is increased.
For broad dispersions of sizes we would expect that the transport is
topological with a step size that scales with an other power than the
inverse of the occupation of the site. Here, we have investigated
only the case of monodisperse particles.

Note that the experimental ¢eney and the ¢eney in the
simulations of the doublet bifurcation points (at which the net
displacement jumps) differ (Fig. 5a and b). In the experiment, the
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spheres do not only interact via excluded volume interactions, but
are also subject to long range dipolar interactions. We tried to
minimize the effect of dipolar interactions by using the wax/
magnetite composite spheres. We have understood the transport
properties under simple conditions, however an in depth under-
standing must also include studies of how the transport changes
with polydisperse particle sizes, varying the occupation of unit
cells, and with stronger dipolar interactions.

4 Conclusions

We have studied experimentally and with computer simulations
the transport of paramagnetic particles on top of a magnetic
lattice, driven by a uniform and time-dependent external magnetic
field. The external field performs periodic closed loops. We have
shown that increasing the number of particles within the unit cell
of the lattice changes the transport from topological towards
geometrical.

The transport as a function of a parameter that continuously
characterizes a family of control loops is discrete for low
particle densities and continuous for a macroscopic number
of particles per unit cell (ferrofluid droplet). More possibilities
to split or disjoin soft matter assemblies increase the number
of bifurcation points in control space with more transport
modes in action space that are separated by finer steps. It is
the number of possibilities that eventually changes the trans-
port from topological to geometrical.

A ferrofluid is a colloidal suspension of nanoparticles.
Rendering the transport of this soft matter system as robust
as the solid particle transport, the magnetic pattern must be
downscaled to the nanometer range. In such downscaling
studies, we have already shown the topological nature of the
transport of a colloidal dispersion of micron-sized magnetic
colloids."”**
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Appendix

Here we provide some details of the experimental setup. The
magnetic hexagonal lattice (Fig. 1a) consists of large (I) and
small (s) cylindrical magnets of height # = 2 mm, diameters
dy = 3 mm and dg = 2 mm, and remanences p,M; = 1.19 T and
UoMs = 1.35 T, with u, being the permeability of free space. The
resulting lattice with two primitive lattice vectors of length
4.33 mm is mechanically metastable in zero external
magnetic field. Therefore, we need to fix the metastable
arrangement with an epoxy resin placed in the voids and in
the two dimensional surroundings of the pattern. The pattern
is then stable also in the presence of an external field. The
pattern is put on a support and covered with a transparent
PMMA spacer of thickness z = 1-1.5 mm (Fig. 1c). It may be
sprayed with PTFE to suppress wetting with the ferrofluid

a =
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droplets. Additionally, a white illuminated foil can be placed
underneath the PMMA.

We either place one steel sphere of diameter 2r = 1 mm or
two spheres of diameter 2r = 0.5 mm consisting of a 10:1
weight percent mixture of wax and magnetite on top of the
spacer. Alternatively, we place two fluids, a nonmagnetic fluid
(Galden) and an aqueous ferrofluid immiscible with the Galden
at a volume ratio Galden/ferrofluid of 152 : 1, on top of the PTFE
and close to the compartment with a transparent lid.

The goniometer is set up at an angle of 45 degrees to ensure
that the relevant motion is not affected by the restrictions
of motion of the goniometer caused by the support. The two
large NbB-magnets that generate the external field have a
diameter d. = 60 mm, a thickness f. = 10 mm, and
a remanence of joMey = 1.28 T and they are separated by a
distance 2R = 120 mm.
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Detailed control over the motion of colloidal particles is relevant in many applications in
colloidal science such as lab-on-a-chip devices. Here, we use an external magnetic field to
assemble paramagnetic colloidal spheres into colloidal rods of several lengths. The rods
reside above a square magnetic pattern and are transported via modulation of the direction of
the external magnetic field. The rods behave like bipeds walking above the pattern.
Depending on their length, the bipeds perform topologically distinct classes of protected
walks. We design parallel polydirectional modulation loops of the external field that com-
mand up to six classes of bipeds to walk on distinct predesigned paths. Using such loops, we
induce the collision of reactant bipeds, their polymerization addition reaction to larger bipeds,
the separation of product bipeds from the educts, the sorting of different product bipeds, and
also the parallel writing of a word consisting of several letters. Our ideas and methodology
might be transferred to other systems for which topological protection is at work.
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time-dependent energy landscape can transport objects
with different properties into different directions. This is
the basic idea behind any sorting process, including
sieving. On a microscopic level, an optical lattice can be used to
sort particles based on the strength of the interaction between the
particles and the lattice sites!. Ratchets? can also be used for the
directed transport of distinct microscopic objects. Simultaneous
sorting of heterogeneous materials can be achieved with particles
driven through periodically modulated energy landscapes®. In
general, these mechanisms do not allow to precisely control the
direction of the transported objects.

The simultaneous transport of colloidal assemblies that can be
adapted to requirements such as the presence or absence of col-
loidal cargo would allow to switch between multiple tasks on lab-
on-the-chip devices. To this end, depending on their intrinsic
properties, colloidal assemblies need to respond differently to an
externally given command. The analog in computer science is
known as a polyglot, a program that can be simultaneously
compiled and executed in different languages. Typically, the
polyglot performs the same task in all valid languages. However,
much more powerful polyglots can be coded to perform different
and independent tasks for each language®. A current of electrons
is the only computational element in computer science. The
ability to execute commands in parallel gains relevance if several
computational elements are used. For example, in biochemistry
the nodes of a metabolic network trigger different reactions in
parallel. Other areas that would benefit from using parallel
commands include the parallel computing with entangled quan-
tum states®8, with DNA oligonucleotides®14, and with soft
matter devices!® such as membranes!®, reaction-diffusion com-
puters!’,  microfluidic  computers!®!® and  colloidal
computers?0-21,

Here we develop a parallel polydirectional command for the
robust transport of colloidal rods above magnetic patterns.
The parallel polydirectional command addresses simultane-
ously and independently the transport of rods of different lengths,
and it is hence more efficient than multiplexing, which addresses
one command at a time. We provide a fully explained parallel
polydirectional command ultimately based on topological
protection.

Results
Experimental setup. Paramagnetic colloidal particles (diameter
2.8 um) immersed in water are placed on top of a two-
dimensional magnetic pattern. The pattern is a square lattice of
alternating regions with positive and negative magnetization
relative to the direction normal to the pattern, see Fig. la. A
uniform time-dependent external field of constant magnitude is
superimposed to the nonuniform time-independent magnetic
field generated by the pattern. The external field induces strong
dipolar interactions between the colloidal particles which respond
by self-assembling into rods of 2-19 particles.

The orientation of the external field changes adiabatically along
a closed loop (Fig. 1b). Despite the field returning to its initial
direction, single colloidal particles can be topologically trans-
ported by one-unit cell after completion of one loop?23. The
transport occurs provided that the loop winds around specific
orientations of the external field. In particular, around those
orientations given by the unit vectors of the square magnetization
pattern?3. Colloidal rods formed by several particles can also be
transported. The rod aligns with the external field since dipolar
interactions are stronger than the buoyancy. Hence, if the
external field is not parallel to the pattern, one end of the rod
remains on the ground while the other one is lifted. As a result,
the rods walk through the pattern, see Brownian dynamics

b,
Oy

Fig. 1 Schematic of the colloidal transport. a A square magnetic pattern
with lattice vectors a; and a, is magnetized with regions of positive (white)
and negative (black) magnetization parallel to the vector normal to the
pattern n. Spherical colloidal particles (blue) are placed on top of the
pattern immersed in water. Due to the presence of a strong homogeneous
external field, some colloids self-assemble into rods of different length
(green and red). b Our control space C, is a sphere that represents all
possible directions of the external field He,:. The direction of the external
field varies in time performing a closed loop L£,. The colored arrow tip on
the loop corresponds to the orientation of the external field depicted in

a. The orientation of the bipeds (b, bs, and b) is parallel to He,:. If the loop
winds around special directions (yellow and pink equatorial circles),
colloidal rods move as bipeds one-unit cell after completion of one loop (a).
The topological properties of control space depend on the length of the rod,
allowing the design of parallel polydirectional loops that move rods of
different lengths simultaneously along different directions. Here, the loop
transports bs-bipeds with five colloidal particles by Ar(Ls) = a; (green
arrow in a), be-bipeds with six colloidal particles by Ar(L) = a, (red arrow
in @), and does not transport single colloids b;.

simulations in Supplementary Movie 1. For this reason, we refer
to the rods as bipeds?4-28.

Parallel polydirectional loops. To transport the bipeds, the loop
also needs to wind around special orientations of the external
field. Surprisingly, these special orientations depend on the length
of the bipeds, see Fig. 1b. Bipeds of different length fall into
different topological classes such that their displacement upon
completion of one parallel polydirectional loop can be different in
both magnitude and direction. A sketch of the process is shown in
Fig. 1. As it is the case for single colloids, the biped motion is
topologically protected and hence robust against perturbations.
As we show next, it is possible to design parallel polydirectional
loops that simultaneously and independently transport bipeds of
different lengths.

For example, parallel didirectional loops can be used to
simultaneously transport bidisperse bipeds into two different
directions. Fig. 2a shows the experimental trajectories of a set of
bipeds of lengths bs and be, with b, = nD and D the diameter of
the colloidal particles.

Parallel tridirectional loops can be used to initiate the
polymerization addition reaction of two bipeds of different
lengths by setting them on a collision course and letting the
product of the polymerization be transported into a third
direction. In Fig. 2b we show experimental trajectories of biped
educts of lengths b; and b, polymerizing to a product biped of
length blO‘

In Fig. 2c. bipeds of lengths b, b;, by, bs, and by are driven by
a complex parallel tetradirectional loop that simultaneously
programs the bipeds to write the letters T, E, T, R, and A,
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No collision

Fig. 2 Experimental trajectories of bipeds driven by parallel
polydirectional loops. a parallel didirectional loop of robustness p = 0.16
and compaction ¢ =1/2 transporting several bipeds bs into the a;-direction
and bipeds b into the a,-direction. b parallel tridirectional loop of
robustness p = 0.3 and compaction ¢ = 7/8 setting two bipeds b3 and two
bipeds b, on a collision course. One pair of bipeds collides and polymerizes
to a longer biped byg that is then transported into a third direction. The non-
colliding bipeds continue their motion. ¢ Parallel tetradirectional loop of
robustness p = 0.2 and compaction ¢ =30/54 commanding bipeds of five
different lengths {bs, b, by, bs, bio} to simultaneously write four different
letters. The biped b, is topologically equivalent to the biped b3 and hence
writes the same letter (T). d Parallel pentadirectional loop of robustness
p =0.11 and compaction ¢ =5/6 commanding a biped b, and a biped b, to
polymerize with two colliding bipeds bg and then separate as they form a
biped bg and a biped byo. e Parallel hexadirectional loop of robustness p =
0.06 and compaction ¢ = 4/8 transporting six bipeds of different lengths
into six different directions. The color of both bipeds and trajectories
indicates the time progress of one control loop (see bottom colorbar). A
square region of the pattern of diagonal 2a ~ 22 pm is sketched in each
panel to indicate the scale and the relative orientation.

respectively. Note that bipeds of lengths b, and b; perform the
same trajectory (letter T). As we show below the reason is that b,
< b3 < a with a = 11 um the lattice constant of the pattern. Both b,
and b; bipeds respond in the same way to the parallel
polydirectional loop despite being at different locations. The
parallel polydirectional loop does not address the location of the
bipeds but only their shape.

We use a parallel pentadirectional loop for the quality control
of a competing polymerization addition reaction, Fig. 2d. The
loop initiates the addition of a b, and a bg biped as well as the
addition of a b, and a bg biped. Both, the b, and the b, bipeds are
set on a topologically nonequivalent collision course with b
bipeds. The products of the addition polymerization reactions are
a bg and a by, biped that are topologically distinct and can be
separated from each other as well as from the transport direction
of the educts.

In Fig. 2e we plot the trajectories of six bipeds of different
lengths after completion of several parallel hexadirectional loops

Fig. 3 Control and transcription spaces. a Polydirectional control space C,.
Each point on the sphere represents the orientation of the external field.
Commands are given as closed loops L. b Polydirectional transcription
space 7, contains all unidirectional transcription spaces 7, that are
concentric spheres of radius b,,. Each point in 7, represents the orientation
of a biped of length b,. One point in C, is transcripted into a ray in 7 .
The unidirectional loops L5 (green) and L, (red) wind around different
fence lines and they pass on different sides of the (pink) F,- and (yellow)
F,-line as can be seen in the magnified inset.

that transport all six different bipeds consistently into six different
directions.

Supplementary Movies 2-6 show walking bipeds with tracked
experimental trajectories as well as the driving parallel polydirec-
tional loops. The details of the parallel polydirectional loops are
provided in Supplementary Note 1 and Supplementary Figs. 1-3.
Supplementary Movie 7 shows the trajectories of the tetradirec-
tional command, panel Fig. 2¢, according to Brownian dynamics
simulations. The agreement between simulations (Supplementary
Movie 7) and experiment (Supplementary Movie 4) is excellent.

Theory. As we show next, the reason we can independently and
simultaneously transport up to six different particles is topolo-
gical protection. Let Hy(f) be the uniform time, ¢, dependent
external field, and H, = Vy the spatially nonuniform and time-
independent magnetic field generated by the pattern, with y(r)
the magnetostatic potential of the pattern, and r = (r,,z) the
position vector with components r 4 in the plane parallel to the
pattern and z normal to it.

Control space. The polydirectional control space C, is the surface
of a sphere, Fig. 3a, which represent all possible orientations of
Hey.. Parallel commands are given in the form of closed loops £,

in Cp'

Transcription space. The orientation of the (dipolar) biped is
locked to that of the external field with the northern foot being a
magnetic north pole and the southern foot being a south pole. Let
b,, denote the vector from the northern foot to the southern foot
of a biped of length b,, Fig. 1a. The southern (northern) foot is on
the ground if Hey, points into the south (north) of C,. When Hey
crosses the equator of C,, the biped is parallel to the pattern and
the transfer between the feet occurs. Given the one-to-one cor-
respondence between the biped orientation b, and that of the
external field, we use b, to define unidirectional transcription
spaces 7 ,, given by the surface of a sphere of radius b,,. Each point
on 7, corresponds to an orientation of a biped of length b, and
there exists a one-to-one mapping between C,, and 7. All uni-
directional transcription spaces 7, can be jointly represented in a
polydirectional transcription space 7 ), as concentric spheres of
radius by, Fig. 3b. One point in polydirectional control space C, is
simultaneously translated into a ray in polydirectional tran-

scription space 7 .. The intersection between the ray and each
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unidirectional transcription space is a point that indicates the
orientation of the rod. The entire modulation loop £, in C, is
transcripted into a cone with arbitrary cross-section in 7,;,. The
intersection between 7, and the cone is £,,, the modulation loop
for bipeds of length b,

Topological classes. A biped is subject to a total potential
dominated by —Hcy - H,, the coupling between the external and
the pattern fields?223. This coupling leads to an effective biped
potential V,, proportional to the difference in magnetostatic
potential at the two feet. That is,

Vn(rvbn) x 1//(1‘ + bn/z) - l/’(r - bn/z)v (1)

with the biped centered at r. Note V,, depends explicitly on Hy
via the one-to-one correspondence between b,, and H,,. Trans-
port of a biped b, after completion of one modulation loop £,
occurs provided that £, winds around fences, which are those
orientations b,, for which the potential is marginally stable?3, i.e.,
the set of biped orientations for which VV,=0 and
det(VVV,) = 0. For the present square pattern, both conditions
are fulfilled along two perpendicular lines in 7, running
through the origin (b, =0) and parallel to the lattice vector
directions. The biped potential is periodic and invariant under the
simultaneous transformation b, — b,, + a; and r — r + a;/2 with
a; i=1{1, 2}, a lattice vector, cf. Eq. (1). The same periodicity in
T o1y applies therefore to the fences, which form a square grid of
two mutually perpendicular sets of parallel lines separated by one
lattice vector, F, and F,, see Fig. 3b. The fences lie in the
equatorial plane of 7, (the plane of biped orientations parallel
to the pattern). In each unidirectional transcription space 7, the
fences are points on the equator. Winding around a single fence
line of F; transports the biped by one lattice vector =a;
depending on whether the loop winds in the same (4) or opposite
(—) sense than the axial fence vector. Note that fence lines and
lattice vectors are rotated by ninety degrees, cf. Figs. 1 and 2. After
completion of a loop £,, a biped b, is displaced by

Ar(L,) = w,(L,)a, + wy(L,)a, (2)

where w, = (w!, @?) is the set of winding numbers of £, around

the fences F, and F,. Two bipeds b, and b,, of lengths smaller
than the lattice constant a fall in the same topological class since
for both of them there exist only two fence lines. Hence, any
parallel polydirectional loop £, in C, is transcripted into mod-
ulation loops £, and £, that have the same set of winding
numbers, i.e., W, = W,,. However, two bipeds where at least one
length is larger than the lattice constant, can be transported
independently since it is always possible to find a parallel poly-
directional loop in C, that is transcripted into two loops £, and
L,, with different winding numbers. That is, there exists a parallel
polydirectional loop for which b, and b,, fall into different
topological classes. Examples of such loops are shown in Fig. 3.

Polydirectional degree. Theoretically and provided that no more
than one biped is shorter than the lattice constant, it is always
possible to find a parallel polydirectional loop £, that transports a
collection of bipeds of different lengths independently. We call
the number of simultaneously controlled lengths the degree of the
parallel polydirectional loop. In Fig. 2 we have shown parallel
polydirectional loops of degrees 2-6.

Robustness. The limitations in practice arise due to several fac-
tors such as the precision of the orientation of the field or
deviations due to colloidal polydispersity. Let A(L,) be the
minimum Euclidian distance from the unidirectional loop £, and

all the fences in 7 .
of the robustness of the transport of a biped b,; the larger value of
A, the more robust the transport is. We define the robustness of a
parallel polydirectional loop of degree I transporting a set of
bipeds of lengths {b,;, . . . , b,} as the minimum value of all
individual distances to the fences, i.e.,

Then A(L,) provides a direct measurement

p(L,) = ZminfA(L,, ), (L, )} (3)

where the prefactor 2/a normalizes the robustness such that 0 < p
< 1. The robustness decreases with the polydirectional degree, see
values in Fig. 2. Experimentally the transport with parallel hex-
adirectional loops £, of robustness as low as p=10.06 is still

reliable.

Compaction. The parallel polydirectional loop is more efficient
than multiplexing. That is, addressing sequentially each com-
mand, understood as the transport of one biped by one-unit
vector. Using parallel polydirectional commands, a single com-
mand corresponds to a fundamental loop crossing the equator of
C, twice. We define the compaction c of a target transport as the
ratio of the number of parallel polydirectional commands
required and the number of commands in multiplexing. We have
implemented a program that optimizes the driving loop by
reducing the number of commands, while fulfilling the desired
robustness requirements for a given set of target bipeds and
displacements. The more robustness we require the less compact
the parallel polydirectional loop is. One needs to find a com-
promise between compaction and robustness. Both the compac-
tion and the robustness are indicated in Fig. 2.

Even though we have not designed tasks that are prompted to
be compacted, we achieve a compaction of up to 1/2 and much
better values can be obtained for suitable tasks. An example with
compaction ¢ = 1/72 and robustness p = 0.02 is shown in Fig. 4
and Supplementary Movie 8, where thirteen bipeds of different
lengths between b, and by, are transported into roughly the same
direction but with different magnitudes of the total displacement,
which are in all cases commensurate with the lattice constant a.

b1s bie b1s

Fig. 4 Experimental trajectories of bipeds with lengths between b, and
bqo. The bipeds are driven by a fundamental loop on a pattern with lattice
constant a~ 7 pm The color of each of the thirteen bipeds and their
trajectories indicates the time progress of the repeating control loop (see
colorbar). The biped b4 shares the same winding number with the biped bg.
The biped byg shares the same winding number with the biped bg. The low
robustness, p = 0.02, causes discrepancies between the theoretically
computed and the experimentally observed winding numbers for the bipeds
by3 and bys. The compaction of the loop is ¢ =1/72. A square region of the
pattern of diagonal 2a is sketched for scale and to indicate the relative
orientation.
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The modulation loop is shown in Supplementary Fig. 4. Although
the robustness is low, the experimental and theoretical winding
numbers agree with each other. Only for b;; and b5 the
experimental values slightly deviate from the expected winding
numbers (error Aw = +1). Despite this deviation, the modulation
can still be used to separate the bipeds but it can no longer be
used to steer the bipeds independently into any direction since
that requires an exact matching of experimental and theoretical
winding numbers.

Discussion

The complete and simultaneous control over a collection of dif-
ferent objects that we have shown here would be much more
difficult to achieve using the ratchet effect. To highlight the dif-
ferences, consider the transport of stochastic on-off ratchets?, in
which a periodic biased potential consisting of two nonequivalent
minima is repeatedly switched on and off. The potential none-
rgodically confines a particle to a local minimum during the on-
phase. When the potential is switched off, the particles can freely
diffuse. Effective ratchet-like transport occurs by adjusting the
duration of the off-period, since the diffusive time to escape from
each potential minimum depends on the escape direction. A
ratchet always needs a finite characteristic frequency, determined
by the intrinsic dynamics of the system. It is very difficult to
adjust several frequencies for different species such that the
ratchet effect can work simultaneously for particles of e.g., dif-
ferent shapes. In our approach, which is conceptually closer to a
Thouless pump?® than to the ratchet effect, we also have a
potential that is biased by the external magnetic field. However,
we avoid ratchet effects and we do not have an off-period. The
bipeds always stay in their local minimum to which they are
nonergodically confined. Transport occurs solely due to the
parametric dependence of the potential on the external field and
the enslaved biped direction. Particles follow adiabatically the
local minimum at any time during the modulation. Hence, the
transport is not the result of a smart choice of dynamic para-
meters but due to the complexity of the parametric dependence of
the topology of the potential on the external field. The transport
occurs in the adiabatic limit of vanishing driving frequency. Since
the topology is robust, the transport is also robust and feasible in
a finite range of frequencies.

Nevertheless, high modulation frequencies must be avoided
due to a broadening of the fences. This broadening has almost no
effect when manipulating one or two biped lengths, but it makes
it very difficult to prescribe the motion of a collection of bipeds
due to the occurrence of ratchets. These two-dimensional ratchets
lead not only to flux reversal but also to a directional locking into
new directions®. Another reason to avoid high modulation fre-
quencies is the shape of the rods. The straight shape of the bipeds
is due to the dipolar interactions, but the bipeds are quite flexible.
High modulation frequencies alter the shape of the rods, chan-
ging therefore the topological properties of the transport. This
limitation can be alleviated using rigid anisotropic colloidal par-
ticles instead of an assembly of colloidal beads.

We have restricted here to rod-like colloidal particles. Elon-
gated enough particles will behave in a similar fashion indepen-
dently of the precise shape. We expect particles with significant
different shapes, e.g., L- or triangular-like colloidal particles, to
have completely different topological properties such that it might
be possible to control their transport independently.

In summary, using topological protection we have developed a
colloidal parallel polydirectional command which delivers an
unprecedented control over the simultaneous motion of a col-
lection of colloidal particles. The parallel polydirectional com-
mand addresses individually but simultaneously the motion of up

to six colloidal bipeds of different lengths. Brownian diffusion
does not play any role in our system since the external energy is
very large compared to the thermal energy. Hence, it would be
possible to construct a macroscopic analog of the system using
e.g., an arrangement of NbB-magnets3?. Downscaling the system
from the meso- to the nanoscale is challenging since thermal
fluctuations might play a role, broadening the fences and facil-
itating therefore ratchets.

The parallel polydirectional command paves the way to
exciting new applications in colloidal science such as e.g., the
automatic quality control of chemical reactions and the parallel
computing with colloids. Using directional interparticle interac-
tions, such as in the case of patchy colloids?!, it might be possible
to program the assembly of colloids into clusters of complex and
predefined shapes that are then transported to the desired
direction. Moreover, our methodology and ideas for the simul-
taneous control of objects that belong to different topological
classes can be transferred to other systems for which topological
protection is at work.

Methods

Pattern. The pattern is a thin Co/Au layered system with perpendicular magnetic
anisotropy lithographically patterned via ion bombardment3233, The pattern
consists of a square lattice of magnetized domains with a mesoscopic pattern lattice
constant of either a =11 pm or a =7 um, see a sketch in Fig. 1a. The magnetic
pattern is spin coated with a 1.6 um polymer film that serves as a spacer.

External field. The uniform external magnetic field has a magnitude of Hey = 4
kA m~! (smaller than the coercive field of the magnetic pattern) and it is generated
by three computer-controlled coils arranged around the sample at 90°.

Preparation of the initial states. Paramagnetic colloids are dispersed in water and
placed above the magnetic pattern. Without external field the colloids are dispersed
mainly as single particles above the pattern. Application of the external field leads
to the assembly of random length and random position rods above the pattern. A
glass capillary with tip diameter of a few micron attached to a micro manipulator is
used to change the length and position of the bipeds to the desired relative initial
arrangement while the external field remains in the equatorial plane.

Visualization. The colloids and the pattern are visualized using reflection micro-
scopy. The pattern is visible because the ion bombardment changes the reflectivity
of illuminated regions as compared to that of the masked regions. A camera
records video clips of the bipeds.

Compacted parallel polydirectional loop. To find the loop £, for given target
displacements w,,;, ..., W, for a set of target lengths b,,;, ..., b,;, we start by
calculating all fence points for each target length. Then, we transcribe the fence
points back to control space C,, by rescaling. All fence points in C, lie on the
equator (see Fig. 1b yellow and pink circles) and hence they differ only by the
azimuthal angle of the external field. For every neighboring fence azimuthal angles
we choose one intermediate azimuthal angle between them. These intermediate
points are then transcribed to each of the unidirectional transcription spaces of the
target set of bipeds and we calculate their minimum distance A to the fences. The
intermediate points having transcriptions with A smaller than a fixed threshold are
discarded. Every pair formed by two of the non-discarded points defines a fun-
damental parallel polydirectional loop. Every fundamental parallel polydirectional
loop causes a unidirectional displacement for every target length and hence can be
represented as a displacement in a 2/-dimensional vector space of the [ target
lengths. As the target displacements can be represented in this vector space, the
parallel polydirectional loop £,, can be found as an integer linear combination of
fundamental parallel polydirectional loops, i.e., by solving the resulting system of
linear equations. Note that only an integer number of every fundamental loop is
valid as a solution since only integer winding numbers are possible. If the selected
threshold for the robustness is too large, it may be impossible to find an integer
solution, but there is always a solution if we sufficiently reduce the minimum
robustness. There exist an infinite number of parallel polydirectional loops
decoding the same displacements and the one found by solving the linear system of
equations is just one of them, not necessarily the most compact. Therefore, we
obtain a compaction of this parallel polydirectional loop by searching for pairs (and
triplets) of fundamental loops in the parallel polydirectional loop that can be
replaced by a single fundamental loop having the same net displacement. This is
repeated in an iterative scheme until no further compaction of the loop is found.
See Supplementary Movie 9 for a detailed visual explanation of the algorithm.
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Computer simulations. All parallel polydirectional loops considered here have
been also implemented in computer simulations and the colloidal transport mat-
ches that found experimentally. Compare, for example, the experimental and
simulated trajectories shown in Supplementary Movies 4 and 7, respectively. We
simulate the system using overdamped Brownian dynamics. The equation of
motion is integrated in time using the standard Euler algorithm. Colloidal particles
are modeled as point particles interacting via a Weeks-Chandler-Anderson and a
dipolar interparticle potential. Each point particle is subject to the colloidal single
particle potential proportional to —Hey - Hp(r).

Fences. We express the magnetostatic potential as a Fourier series, see refs. 2223,
The Fourier modes decay exponentially such that at sufficiently high elevations
only the first mode contributes (the spacer forces the colloids to be at high ele-
vations). The fences are found by simultaneously solving the equations VV,=0
and det(VVV, = 0), which for the case of a square pattern is straight forward. See
the example for point particles (bo) in ref. 23.

Data availability
All the data supporting the findings are available from the corresponding author upon
reasonable request.
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SUPPLEMENTARY NOTE 1

We describe here the parallel polydirectional loops used to control the simultaneous motion of bipeds shown in
both Fig. 2 of the main text and the Supplementary Movies. In all cases, the loops are shown in polydirectional
transcription space Tpoly. The loops transport a set of I bipeds of lengths b1, ..., by;. Supplementary Fig. 1 shows the
loops that control the motion of the parallel didirectional command ! = 2 (a), the parallel tridirectional command
I =3 (b), the parallel pentadirectional command [ =5 (c), and the parallel hexadirectional command [ = 6 (d). The
parallel tetradirectional loop | = 4 is depicted in Supplementary Fig. 2.

In both figures we plot a top view of the equatorial plane in 7ply, the cuts of the target unidirectional spheres
Tnis ..., Tny with the equatorial plane (colored concentric circles), the fences F; with ¢ = 1,2, and the rays in 7,01y that
are transcribed into 7,1y from the equatorial crossings of the parallel polydirectional loop £, in control space C,. A
fundamental parallel polydirectional loop £, in C, can wind in the clockwise (-) or counterclockwise (+) direction
around the fence points within the smaller enclosed area. In Supplementary Fig. 1 and Supplementary Fig. 2 we show
tables next to each equatorial plane indicating whether the loop winds clockwise (red) or counterclockwise (blue).

Up and down triangles are drawn at the intersections of the fences with the unidirectional transcription spheres.
Triangles are up (down) if the scalar product of the tangent vector of the ray toward the triangle with the tangent
vector of the fence is positive (negative). Taking the difference of up triangles and down triangles on a unidirectional
arc inside a fundamental cone and multiplying with the winding sense of the fundamental loop gives the winding
number of the particular unidirectional fundamental loop L,; for the chosen target length b,;. Hence, the winding
numbers can be read directly from the equatorial plots. In addition, all winding numbers are listed in the tables.

In Supplementary Fig. 3 we show a complex heptadirectional loop. We aim the reader to decipher the associated
winding numbers and trajectories.

Finally, in Supplementary Fig. 4 we show a complex undecasorting loop with a table comparing the experimental
and theoretical winding numbers.
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Supplementary Fig. 1. Modulation loops in transcription space 7po1y. Top view of the equatorial plane of 7po1y showing
the fences F1 and F», the unidirectional transcription spaces (concentric circles) 7p; with ¢ = 1, ...,1 and [ the number of different
bipeds transported by the loop, and the modulation loops of a the parallel didirectional command, b the parallel tridirectional
command, c the parallel pentadirectional command and d the parallel hexadirectional command. A table indicating the winding
numbers around each fence and the compaction of the loop are also depicted for each case. The procedure to read the loops is
as follows. Pick the first fundamental loop 1 and determine its orientation (+£1 for mathematical positive respectively negative
sense). For example, loop 1 of the parallel didirectional command (parallel hexadirectional command) has negative (positive)
orientation. Next, subtract the number of pink-down triangles from that of pink-up triangles on the b,,, arcs of the fundamental
loop 1 and multiply it with the orientation of the loop to obtain the a;-displacement of the ni-biped during the loop 1. Repeat
same procedure with the yellow triangles to obtain the as-displacement. Repeat this for the other lengths b,, — by, to obtain
all unidirectional displacements. Count the total number of fundamental loops of the polydirectional command and compare
it with the number of nearest neighbor displacements needed if multiplexing. To each polydirectional command we provide
a table with the winding numbers of the fundamental loops as well as the sum of the concatenated complex polydirectional
command for comparison. Fundamental loops with positive (negative) orientations are marked as blue (red) in the table.
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Supplementary Fig. 2. Modulation loop in transcription space Tpo1y for the parallel tetradirectional command.
The loop induces a set of | = 5 bipeds to write the word TETRA as shown in Fig. 2c of the main text and the Supplementary
Videos. Each letter is written in six different steps. Each equatorial plane shown in the figure represents one of these steps, as
indicated. See caption of Fig. 1 for a complete explanation on how to read the fundamental loops. The word TETRA appears
when the bipeds are ordered as bs, bz, b2, bs, b1o.



— ray crossing the equator from north to south
— ray crossing the equator from south to north ny=1

—> F Fo =

Supplementary Fig. 3. Parallel heptadirectional command. The loop encrypts seven letters, each one with six steps.
Each equatorial plane contains the fundamental loops of one step. All fundamental loops have positive orientation here. The
procedure to read the loops is the same as that explained in the caption of Fig. 1. The encrypted word appears when the bipeds
are ordered as b1, bio, bs, b13, b1s, bi2, bio, bs. The compaction of the loop is ¢ = 30/54 (see caption of Fig. 1 for an explanation
on how to calculate the compaction). If you find a robust parallel heptadirectional command with less fundamental loops
encoding the same word, please let us know!
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Supplementary Fig. 4. Modulation loops in transcription space Tpoly. Top view of the equatorial plane of Tpoly showing
the fences F1 and Fa, the unidirectional transcription spaces (concentric circles) 7p; with ¢ = 1, ..., 13 of the thirteen different
bipeds transported by the loop, and the modulation loops of parallel undecasorting command. A table indicating the theoretical
winding numbers around each fence and the experimentally observed winding numbers of the motion illustrated in Fig 4 of the
main text are listed for a comparison. Discrepancies in winding numbers occur for the bipeds b1z and b15, which are marked
in red in the table. An incomplete locking between Hgy¢ and b1z due to nonadiabatic effects could be the reason for observed
differences for the bi1s-biped, for which 713, F2 and L3 almost fall on top of each other. The dotted transcription space is a
transcription space for biped size bis.3 > b1s, that would contain an extra crossing of the fence F1, shown as transparent pink
triangle demonstrating that a 2 % increase in length of the biped could explain the discrepancies between experiment an theory
for the bis-biped.



Description of Additional Supplementary Files

Supplementary movie 1.mp4 Brownian dynamics simulation of a b5 biped subject
to the loop presented in figure 1 and figure 3. The foot of the biped must slide into the
position that commensurate with the lattice when the control loop of the external field

passes close to a fence point.

Supplementary movie 2.mp4 Reflection microscopy recording of the experiment of
the didirectional command in figure 2a. To the right we show the motion of the exter-
nal field in control space and the equatorial plane of the polydirectional transcription
space.

Supplementary movie 3.mp4 Reflection microscopy recording of the experiment of
the tridirectional command in figure 2b. To the right we show the motion of the exter-
nal field in control space and the equatorial plane of the polydirectional transcription
space.

Supplementary movie 4.mp4 Reflection microscopy recording of the experiment of
the tetradirectional command in figure 2c. To the right we show the equatorial plane
of the polydirectional transcription space. The tetradirectional command consists of six
complex loops that are repeated three times and they have different rays in the equatorial
planes.

Supplementary movie 5.mp4 Reflection microscopy recording of the experiment of
the pentadirectional command in figure 2d. To the right we show the equatorial plane
of the polydirectional transcription space.

Supplementary movie 6.mp4 Reflection microscopy recording of the experiment of
the hexadirectional command in figure 2e. To the right we show the equatorial plane of
the polydirectional transcription space.

Supplementary movie 7.mp4 Brownian dynamics simulation of the tetradirectional

command shown in figure 2c. Corresponding experiments are shown in Supplementary
Movie 4.

Supplementary movie 8. mp4 Reflection microscopy recording of the experiment of
the undecasorting command in figure 4. To the right we show the equatorial plane of the
polydirectional transcription space. At the end of the movie we show that the bipeds are
indeed self assembled bipeds that depolymerize to monomers and dimers if we switch off
the external field.

Supplementary movie 9.mp4 Visual explanation of the algorithm to find a com-
pacted loop with the desired transport directions.
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Paramagnetic colloidal spheres assemble to colloidal bipeds of various length in an external magnetic
field. When the bipeds reside above a magnetic pattern and we modulate the direction of the external
magnetic field, the rods perform topologically distinct classes of protected motion above the pattern.
The topological protection allows each class to be robust against small continuous deformations of the
driving loop of the external field. We observe motion of the rod from a passive central sliding and rolling
motion for short bipeds toward a walking motion with both ends of the rod alternately touching down
on the pattern for long bipeds. The change of character of the motion occurs in form of discrete
topological transitions. The topological protection makes walking a form of motion robust against the
breaking of the non symmorphic symmetry. In patterns with non symmorphic symmetry walking is
reversible. In symmorphic patterns lacking a glide plane the walking can be irreversible or reversible
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1 Rolling, walking, and limping

Rolling is a process where a wheel winds around its axis and
thereby translates on a support. If the propulsion distance of
the wheel matches the wheel circumsphere the rolling is with a
non-slip condition. Otherwise the rolling is with slip. Walking
is generically a symmetric process differing from rolling. A
walker progresses in steps by moving his feet and depending on
the number of feet we call the walker a biped, triped, quadruped
etc. A human is an example of a biped, where both feet of a
walking person perform alternating steps. The spatial period of
the walk of a biped is two steps, - not one step —, since the
conformation of a person is restored after two steps and
the conformation after an odd number of steps is related to
the conformation after an even number of steps by a non-
symmorphic group operation (a half period translation followed
by a reflection known as a glide plane). The non-symmorphic
symmetry can be broken in a trivial manner for example by

“ University of Bayreuth, Physics, Universitdtsstr. 30, 95447 Bayreuth, Germany.
E-mail: Thomas.Fischer@uni-bayreuth.de
b mstitute of Molecular Physics, Polish Academy of Sciences,
ul. M. Smoluchowskiego 17, 60-179 Poznar, Poland
¢ Institute of Physics and Center for Interdisciplinary Nanostructure Science
and Technology (CINSaT), University of Kassel, Heinrich-Plett-Strasse 40, D-34132
Kassel, Germany
+ Electronic supplementary information (ESI) available. See DOI: 10.1039/
d0smo01670e

This journal is © The Royal Society of Chemistry 2021

passive aspects of the topological walks.

breaking one of our legs in which case we start limping and the
broken leg functions differently than its non-broken mirror
image partner.

We may view symmetric walking as a symmetry reduced
form of rolling and limping as a symmetry reduced form of
walking. For a rolling wheel all orientations of the wheel are of
equivalent importance. A full rotation of the wheel passes
through all equivalent orientations of the wheel in a continuous
way. For a symmetric walker the symmetry of the motion is
reduced to a two fold discrete symmetry as compared to the
continuous symmetry of the wheel. The symmetry is further
reduced when the walker limps.

A subtle, albeit psychologically undesirable way of breaking
the non-symmorphic symmetry of a symmetric walker is by
letting him walk on a periodic structure with a period of the
pattern commensurable with his step width. If the pattern has
the period of one step but lacks the mirror symmetry of the
non-symmorphic group operation of our two-step-periodic
walker, we expect one foot to perform in a symmetry broken
way compared to the other foot. One example of such walking
is the motor protein Kinesin. It accomplishes transport by
walking with its two heads (not its two feet) along a micro-
tubule. The microtubule is a chiral periodic structure that lacks
mirror symmetries such that we expect differences between the
two heads even when the two heads walk in a “hand-over-
hand” mechanism, where the kinesin heads step past one
another, alternating the lead position.>?

Soft Matter, 2021, 17, 1663—1674 | 1663
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A subtle way to allow for symmetric walking on a periodic
pattern is to use a pattern with primitive unit vectors of two
steps. If the space group of the pattern is non-symmorphic,
containing the non-symmorphic group operation of our walker,
the walker can still walk in a symmetric way.

If instead we use a symmorphic pattern containing only
symmorphic group elements the walker is expected to walk in a
symmetry-broken way. Its left foot has to step onto a position
that is not related by a symmetry operation to the position the
right foot steps upon.

A further way of breaking the symmetry of a walker exists for
driven systems, where the walker responds to external com-
mands. If those commands lack a non-symmorphic symmetry
in time our walker will perform a walk lacking the non-
symmorphic glide symmetry.

2 Robust walking

Rolling and walking are both usually generated by a cyclic
change of certain parameters that control and drive the motion.
These parameters can be as diverse as certain signals of
the spinal chord for walking humans®® or walking animals,®
the concentration of complementary DNA-strands as well as
temperature in DNA-bipeds,” or the geometric shape for geo-
metric swimmers at low Reynolds numbers.®® We can thus define
a control space C that is the space of possible parameters that
might occur while we drive the motion. For robust walking the
result of a slightly perturbed loop in control space C must result in
a successful sequence of walking steps albeit the disturbance of
the loop. For robotic walkers mathematical algorithms such as
Lyapunov function based control algorithms or control barrier
functions are employed to guarantee safe walking.'® Another
powerful way of ensuring such robust behavior is the use of
topological invariants."'* If the control space C is a not simply
connected space the winding number w(L¢) of a loop £ around
the holes in control space constitutes a topological invariant.
A walk on a pattern is a topological walk if the number of steps
Ngep = mw(Le) on the pattern is a non zero but low integer
multiple (m = £1, +2,...) of the winding number irrespective of
the details of how precisely and with which speed the loop in
control space winds around a hole.

This robustness includes perturbations that break the non-
symmorphic symmetry. When the walking is topologically
robust, then the stronger foot of the walker must consistently
make up for its weaker partner in order to secure the commen-
surability with the period of the pattern. The robustness,
however, also holds when we extend the two fold symmetry
of a walker to the continuous symmetry of a rolling wheel.
The space of orientations of a wheel is a not simply connected
space and thus topological invariants can be used to control
their motion on a pattern. In this work we morph the topolo-
gical sliding rolling of a colloidal wheel into the topological
equivalent motion of self assembled colloidal rods that either
slide and roll or walk on symmorphic and non-symmorphic
magnetic lattices. We show the topological robustness of the

1664 | Soft Matter, 2021,17, 16631674
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transport by successively deforming the wheel into a biped and
by continuously changing the character of the motion from
rolling toward walking. Topological transitions toward larger
bipeds with discretely increasing step widths occur as the self
assembled biped grows longer.

3 Experimental setup

We illustrate the richness of biped motion using a square mag-
netic lattice (Fig. 1a)**** with a glide plane and a magnetic
hexagonal lattice (Fig. 1c) containing no glide plane. We study
experimentally and with computer simulations the character of
the biped motion. In the experiments, paramagnetic colloidal
particles (negatively charged COOH-functionalized paramagnetic
Dynabeads M-270 of radius R = 1.4 um and effective magnetic
susceptibility y.¢ = 0.6) assembled to a rod of n = 2-11 particles
move above a thin Co/Au layered system with perpendicular
magnetic anisotropy lithographically patterned via ion
bombardment.”>*” The pattern consists of a square (hexagonal)
lattice of magnetized domains with a mesoscopic pattern lattice
constant ¢ & 7 um, see a sketch in Fig. 1a and c. The whole
pattern is magnetized in the tz-direction normal to the film.
The magnetic pattern is spin coated with a 1.6 um polymer film
that serves as a spacer. The paramagnetic colloidal particles are
immersed in water. A uniform time-dependent external magnetic
field He(f) of constant magnitude (He = 4 kA m™") is super-
imposed to the non-uniform and time-independent magnetic field
generated by the pattern Hy,. The external field Hex(t) is varied on
the surface of a sphere and hence the topology of our control space
C is that of a punctured sphere (certain bifurcation or fence points
are removed from the sphere which renders the sphere not simply
connected, see Fig. 1b and d). We perform periodic modulation
loops L of the external field in control space C to drive the system.
The external field is strong enough to cause the paramagnetic
particles to assemble into a rod because of induced dipolar
interactions between them. The two ends of the rod are the two
feet of our self assembled biped. The dipolar interactions are
stronger than the buoyancy of the biped causing the biped to align
with the external field, which generically lifts one foot of the biped
from the ground while the other foot remains on the ground.
Note that the locking of the orientation of the biped to the external
field with the continuous variation of the external field causes
each foot to always keep its magnetic character, ie. the northern
foot located at ry being a magnetic north pole and the southern
foot at rg being a south pole. The vector b = rs — ry denotes the
northern foot to southern foot vector of the biped. The locking of
the biped orientation b to the external field He, allows to inter-
changeably use the sphere of biped orientations or the sphere of
external field orientations as the control space. The southern foot
will be on the ground when the external field points into the south
of C. The northern foot will be on the ground when the external
field points into the north of C. The transfer of support between the
two feet occurs when the external field is within the tropics of C.
The external magnetic field has negligible lateral gradients
and the position of the biped is governed by the field gradients

This journal is © The Royal Society of Chemistry 2021
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Fig. 1

northern foot
southern foot
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zero order
fence
point

.a2

(a) Square ((c) hexagonal) magnetic pattern with up (white) and down (black) magnetized regions, characterized by the primitive unit vectors

a; (yellow) and primitive reciprocal unit vectors Q; (magenta). Colloids (magenta) assemble into a rod that functions as a biped with feet at both ends.
The biped walks across the pattern as we apply modulation loops of the external magnetic field. The external field and thus the orientation b varies on the
surface of a sphere (b and d). The walk depends on how the modulation loops in control space wind around the fence points (segments) in control space
(b and d) that in general vary with the length b of the biped. We show a typical fundamental loop L. (purple) that causes different topologically protected
transport for small and larger bipeds. Fence points for the square lattice in (b) are the points pierced by the cyan and blue arrows. For the hexagonal lattice
in (d) segments of fence lines are depicted in red and blue and they meet in bifurcation points where the curvature of the fence diverges.

of the magnetic pattern. These gradients decay exponentially
with the distance from the pattern. Therefore, the location of
the walker is with the grounded foot sitting within a local
minimum of the colloidal potential (a foothold). The transfer of
support is accompanied by a release of the lifting foot from the
minimum of the colloidal potential and a sliding of the touch-
ing down foot into a new minimum (foothold). Generically, the
transfer of support will be associated with frustration as
the length b = 2(n — 1)R of the biped will not match with the
distance between consecutive minima.

4 Topological rolling transport of
single spheres

Let us refer to the two-dimensional space the walker steps upon
as action space 4. Special closed modulation loops in control

This journal is © The Royal Society of Chemistry 2021

space C induce open walks in action space A. In ref. 24, 25 and
28 we demonstrated how the bulk rolling of single colloidal
spheres (point particles) above magnetic lattices with different
symmetries is topologically protected. We summarize here the
main aspects of the sphere transport and refer the reader to
ref. 24, 25 and 28 for a complete description. For each lattice
symmetry there exist special fundamental modulation loops of
H., in C that induce transport of colloids in .A by a primitive
lattice vector a; These fundamental loops share a common
feature, they wind around special objects that lie in C>*>28
roughly in the direction of a primitive reciprocal unit vector
perpendicular to the primitive lattice vector a; of the transport.
A sphere does not walk because it is isotropic and has no foot. It
adiabatically slides or rolls*® on an externally controlled time
scale and for very particular non trivial loops on a square lattice
and in half of the non trivial loops on hexagonal lattice it
irreversibly slides on a faster intrinsic time scale. The character

Soft Matter, 2021, 17, 1663—1674 | 1665
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of the transport thus is that of a wheel rolling with slip between
the wheel and the ground.

In the simplest case, a square lattice, the control space is
characterized by just four zero order ‘‘fence” points on the
equator lying along the directions of the primitive reciprocal
lattice vectors,** see Fig. 1b. For a hexagonal lattice the objects
are fence segments connecting bifurcation points in C, see
Fig. 1d. We call a modulation loop encircling one of these
objects a fundamental loop Lo,. Each of these fundamental
loops induces adiabatic transport in the sense that a single
colloidal particle follows a minimum of the colloidal potential
at any time. Hence, the position of the particle in A parame-
trically depends on the position of the external magnetic field
in C. All modulation loops discussed in what follows can be
viewed as concatenations of fundamental loops. The motion of
a sphere is an adiabatic motion if the loop is encircling the
object without cutting through it.

5 Theory of adiabatic topological
walks

Because the transport of a colloidal sphere is topological it is
robust to perturbations. Mathematically the surface of a colloi-
dal sphere is a manifold of genus g = 0 and it is topologically
equivalent to a biped. In theory we may continuously distort the
shape of a sphere into that of a biped. In experiments this
distortion is achieved by an assembly of a discrete number of
spheres into a biped rod rather than by continuously distorting
a colloidal particle. If the perturbation introduced by this
change of shape is not too strong the result of a control loop
must be the same no matter whether the object is a sphere or a
biped. Longer bipeds fall into topological equivalence classes
that are different from that of a point particle.
We may write the pattern magnetic field as™*

H, = V{ (1)

where

P(r) oce”9 Z exp(irs - R} - Q) (2)

n=1

is the magnetic potential and depends on the position r =
(r4,z) that we have split into a lateral vector r4 in action space
A and the normal component z. Making use of the periodicity
of the pattern, topologically action space is equivalent to a
torus. A path leading from one unit cell to a neighboring unit
cell becomes a path that winds around the torus once. The
vector Q; denotes one of the N lowest non vanishing reciprocal
lattice vectors of the 2D-lattice and Q = 2n/a its modulus. The
lattice is invariant under a 2D rotation Ry by the angle 2r/N and
the other N — 1 equivalent reciprocal lattice vectors are
obtained by successive rotations Q,+; = Ry-Q,, The projection
of the pattern magnetic field onto the external field and
averaged over the biped is the biped potential

Viiped o€ ¥(rs) — Y(rx) (3)
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where rs and ry are the positions of the southern and the
northern foot of the biped. The vector b = rg — ry denotes
the northern foot to southern foot vector of the biped. When
the external magnetic field is strong compared to the pattern
field the orientation b is locked to the direction of the external
field b|Hex. We may thus choose the vector space of b as
control space. In the limit » « a the biped potential reduces to
a point particle potential

Vpoint oc b'I-[p oc Hext'Hp (4)

5.1 Gauges

We have discussed the topological properties of Vi in ref. 24,
25 and 28.

We would like to write the position of both feet as a sum of
an absolute position and a conformational position

I's/N = Tabs + l'con,S/N (5)

such that the conformation position after the period T of a
closed fundamental control loop L is restored

rconf,S/N(T) = l‘con,S/N(O) (6)

and the translation Ar,,s = a; by lattice vector over a period is
blamed onto the absolute position r,,s. The decomposition
eqn (5) carries a gauge freedom. We will make use of two choices
of gauge. The center gauge simply choses the absolute position to
be the center of the biped r = r,ps = (rs + £y)/2 and the conforma-
tional coordinates as rqon s/n = £b/2. This choice of gauge is useful
since it splits the position into a vector r = (r4, z) in action space
and a vector b in control space. An alternative choice of the
absolute position is the instantaneous center of rotation:

Tabs = Ficr (7)

such that
dricg = db-Vpricr = 0 (8)

exactly if
db-Vb|ricg — 15| = db-Vp|ricr — In| = 0 9)

We call this gauge the walker gauge because eqn (9) will hold
whenever the biped foot remains within a non moving foothold
such that either rcg = 15 Or ricr = In. Eqn (8) and (9) state that
the edge ricr of the triangle defined by rs, ry and r;cr can only
translate if the triangle changes its shape. In particular, the
walker does not translate when one foot is grounded. The only
translational motion of an ideal walker dricg jdeal = Ptransterd(t —
transfer)d? occurs when the instantaneous center of rotation long-
itudinally moves from one foot to the other by the momentary
vector byanster during the transfer of support. The walker gauge
shows how essential is the lift of one foot from the non moving
foothold and the grounding of the next foot for effective walking.
The center of an ideal walker in contrast moves on a circle around
the grounded foot while one of the feet is grounded. It does not
move when the grounding is transferred between the feet. The
motion of the biped center and the instantaneous center of
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rotation for a general ideal or non ideal walker are quite different.
Nevertheless, the motion of both points over a period is the same
and thus gauge independent because of eqn (6). We decompose
the motion of the instantaneous center of rotation into a long-
itudinal and transversal component.

We anticipate the longitudinal component of the motion as
the autonomous walking component of the motion. The trans-
versal component arises if a foothold is moving. This motion is a
passive transport of the walker with the foothold. The walker
gauge is useful to decompose the motion into walking and passive
advection. Note, however, that the decomposition into walking
and advection in contrast to the full motion is gauge dependent.

6 Adiabatic walks on square patterns
6.1 Walkers gauge

In Fig. 2a we show the driving loop £_g, !(A¢) in the control
space C of a square pattern. The loop clockwise circulates the

Paper

fence point of —Q, direction with an azimuthal width of A¢. In
Fig. 2b we plot simulated trajectories on square patterns of the
southern (blue) and northern (red) foot together with the
instantaneous center of rotation ricg that we color in green
when the motion is longitudinal (along b), orange when it is
transversal, and white when it is a mixture of longitudinal and
transversal motion. Two trajectories are shown. One for a small
biped of length b = 0.6a and one of a large biped of length b =
2.8a. The long biped longitudinally autonomously walks, while
the smaller biped also shows some passive mixed sliding of the
foothold (white part of the instantaneous center of rotation
trajectory).

In Fig. 2c we plot experimental trajectories of the southern
(blue) and the northern (red) foot of various bipeds assembled
from colloidal spheres of radius R = 2.8 um on a square pattern
of lattice constant @ = 7 pm. We also plot the trajectory
instantaneous center of rotation (green). All bipeds are subject
to the loop £_g, ! (A¢) of width A¢ = 65°. A video clip of bipeds

81 .
® = walking
74 Ap=200 ® Ap=65 = sliding 4
L4 = total
6 _
© 54 |
\5 4 - o e |
> 34 . -
2 5 " i
14 . - 4
8 " o
0 = % 4
=1 r . !
0 1 2 3 4
b sin(A¢/2) / a

Fig. 2 (a) Control spaces of bipeds of lengths b = 0.5a, 1.05a, 2.1a with a fundamental loop £,Q2_1(A¢) of width A¢ = 70°. Fence lines are drawn in gray
and black. (b) Simulated trajectories of both feet (blue and red) and the instantaneous center of rotation rcr for a biped of length b = 0.6a and b = 2.8a.
Longitudinal moves of the instantaneous center of rotation are shown in green, transversal moves in orange and mixed moves in white. (c) Experimental
trajectories of the feet (blue and red) of bipeds assembled from 3—-11 colloidal spheres of radius R = 2.8 pm on a square pattern of lattice constanta = 7 um
are shown together with the path of the instantaneous center of rotation (green). We also overlay a microscope images of the final biped position of the
11-particle biped. Two consecutive footholds of the southern foot for each walker are marked in orange. (d) Plot of the simulated and experimentally
determined total, longitudinal and transversal displacement of the instantaneous center of rotation subject to the loop of width A¢ = 70° for the simulations
and A¢ = 65° and A¢ = 200° for the experiments. Videoclips of bipeds subject to the same loop are shown in the Supplementary movie adfigure2. mp4.
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of different lengths subject to this loop are shown in the video
clip adfigure2.mp4. In Fig. 2c bipeds consisting of 3-11 colloidal
particles are shown. Two consecutive footholds the southern foot
steps upon are marked in orange to emphasize the step width of
our walkers. We also overlay a microscope image of the final
biped position for the 11-particle biped. The instantaneous
center of rotation alternates between the southern and the
northern foot. In Fig. 2d we plot the simulated and experimen-
tally determined total, longitudinal and transversal displace-
ment of the instantaneous center of rotation as a function of
the length b of the biped. The displacement is shown for a loop
of width A¢ = 70° for the simulations and A¢ = 65° and A¢ =
200° for the experiments. The total simulated displacement
induced by the control loop is a primitive unit vector for small
bipeds and increases by two lattice constants when the biped
length times the sine of half the azimuthal loop width b, sin(A¢/
2) = na is an integer multiple of the length of the unit vector. The
experimental displacement shows similar behavior, however also
even displacements are observed when b, sin(A¢/2)/a is close to
an integer. Presumably this occurs because the control loop is
not entirely symmetric around Q, such that the two higher order
fences pass through the loop at slightly different biped sizes.
Comparing the simulated and experimental total displacement
we find excellent agreement.

We also depict the longitudinal and transversal displace-
ment of the instantaneous center of rotation. The longitudinal
displacement Ar; = a,2b sin(A¢/2)/a is proportional to the biped
length b and increases continuously with the length of the
biped. The transversal displacement does not exceed the length
of a primitive unit vector Ar, = 2a,(bsin(A¢/2)/a — round
[bsin(A¢/2)/a]). If we decompose the experimental displace-
ment into longitudinal and transversal displacement we find
the experimental longitudinal component to be systematically
lower than the longitudinal component of the simulations.
The experimental transversal component shows some trend
to follow the discontinuous behavior of the transversal simulated
component. We believe this relatively poor agreement to arise
from the fact that in contrast to the total displacement the
individual displacements are not topologically protected, but are
susceptible to weak perturbations such as imperfections of the
lithographic pattern, misalignments between the control loop and
the pattern, and the deviation of the colloidal biped from an
idealized paramagnetic line.

6.2 Center gauge

For a better understanding of the topology of the motion the
center gauge is more useful and the potential in this gauge
reads (see eqn (3)):

Voipea ¢ ((r + b/2)) — (Y(r — b/2)) (10)

with the biped centered at the position r. The biped potential is
periodic and invariant under the simultaneous transformation
b - b+aandr — r+a/2 where a is a primitive lattice vector.
The biped potential reverses sign Vyipea — —Vbipea When one
reverses the biped vector b — —b. The fence is the set
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F = {(rAab)|vAVbiped =0 and det(VAVAVb,-ped = 0)} Its
projection into C is the set F¢ = {b|(r4,b) € F for somer4}.

In Fig. 2a we construct the projection of the fence onto the
spherical control space of a biped of finite length b on a square
pattern from that of a colloidal sphere (a point particle see
ref. 24). For convenience we show the control space of a biped
of length b as a sphere of radius b. Pieces of three such spheres
are shown in Fig. 2a. As for point particles zero order fences lie
along the b, and b, coordinates. Because the biped potential is
periodic in b with period a these zero order fences repeat as
higher order fences every lattice vector (gray and black lines in
Fig. 2a). The minima near the black fences are displaced from
the minima near the gray fences by half the lattice vector.
For small bipeds b < a the control space is topologically
equivalent to that of a point particle. Larger biped control
spaces are cut also by higher order fences displaced from the
origin and are therefore topologically different from small
biped control spaces with more fence points on the equator.
Each winding of a control loop around one of the fences
adiabatically propels the biped by a unit vector perpendicular
to the fence. The fundamental loop £_g, !(A¢) in Fig. 2a
winds clockwise around the central fence along the —b, axes
for all biped sizes but also around the black displaced fences
parallel to the b,-axes for the b = 2.1a bipeds. The b = 2.1a
bipeds therefore are propelled three times as fast as the small
bipeds. Much alike human beings bipeds with longer legs move
faster than smaller bipeds. The increase in speed however
happens in discrete steps as the speed is topologically enforced
to be a multiple of a lattice vector per cycle.

The walker gauge may shed some light on what part of the
motion is true walking and what part is sliding. In contrast to
the gauge independent description in terms of winding num-
bers the decomposition into active and passive motion relies on
a gauge and does not survive a gauge transformation.

7 Selective combinations of
fundamental loops

The control space of the square lattice in Fig. 2a contains fence
points at the positions

na T
—+m.

= arcsin
¢.7: nm b 2

(11)

with m =0, 1, 2, 3,... and n an integer. For bipeds larger than
the lattice constant (b > a) fundamental loops around these
new n # 0 fence points will not transport small bipeds, but only
bipeds of the proper length. Moreover, the azimuthal position
for the higher order fences depend on the biped length

d

(% # 0), allowing to adiabatically transport larger bipeds
that fall into the appropriate length range. In Fig. 3a, we show
the complex loops in control space that transport small bipeds
into the —x-direction and bipeds consisting of four colloids of
biped length b = (4 — 1)2R into the +x-direction. In Fig. 3b the

four colloids are transported in the +y-direction perpendicular
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Fig. 3 (a) Control space for a biped consisting of four colloids (b = (4 — 1)2R)
together with a loop encircling the zero order y-fence in the positive and
the 1st order x- and y-fences in the negative sense. Bipeds consisting of
four colloids are transported in the +x-direction while single colloidal
particles are transported in the —x-direction. We show an overlay of
microscope images of the same bipeds at different times with the different
times color coded from yellow toward red. (b) The same control space as
in (A) subject to a loop encircling the zero order y-fence in the positive and
the 1st order x- and y-fence in the negative sense. Bipeds consisting of
four colloids are transported in the +y-direction while single colloidal
particles and doublets are transported in the —x-direction. An overlay of
microscope images of various bipeds is provided using the same color
coding as in (A). Videoclips showing the complementary motion of
different bipeds subject to the complex loops in this figure are shown in
the Supplementary movie adfigure3.mp4.

to the single colloid transport direction. A video clip showing
the complementary motion of different bipeds subject to
these complex loops are shown in the Supplementary movie
adfigure3.mp4. The longer the biped the more fence points
exist in control space and the more directions of motion can
be invoked by the proper combination of fundamental loops. A
protocol how to exploit the fence pattern in a systematic way
can be found in ref. 30.

8 Topological effects of hydrodynamic
friction

The topological protection of the walker is based on the fact
that the grounded foot of the walker remains within its local
foothold as long as we do not approach the equator of control
space where the transition of the foothold of the left toward the
right foot occurs. For this the instantaneous center of rotation
must remain with the grounded foot.

In a low Reynolds number fluid hydrodynamic friction
opposes the rotation of a biped with the external field. The
hydrodynamic friction of a rotating stick is minimal when the
instantaneous center of rotation is centered in the biped rather
than in one of its feet. Increasing the speed of the control loop
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therefore causes competition for the instantaneous center of
rotation between the biped center and the biped feet.

When the hydrodynamic forces exceed the pattern forces,
which happens especially when the biped foot to foot vector
endpoint is close to one of the fences, one may lose an integer
number of steps per loop. The Mason number M =
n2nf /uyxeiHexHp (With 5 the shear viscosity of the fluid and
1etr the effective magnetic susceptibility of a colloidal particle)
is a dimensionless measure of the driving frequency f=7 " of a
loop. In Fig. 4a, we plot Brownian simulation data of the
number of steps of a biped versus its effective length b
sin(A¢/2)/a and wversus the dimensionless frequency
M(b/a)’*. The topological protection of an integer number
of steps of the biped also holds when the driving is not
adiabatic. However, the faster the driving the lower the number
of biped steps per loop.

The experimental data in Fig. 4b shows odd and even steps
and roughly follows the simulations. The lack of detailed
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Fig. 4 (a) Brownian dynamics simulations of the displacement of the

biped as a function of the Mason number and the effective length of the
biped. (b) The experimental data of a biped of length b/asinA¢/2 ~ 2.1
versus the frequency of the driving (red circles) and the simulated data for
the same effective length versus Mason number.
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agreement may be easily understood as we have neglected the
presence of the solid support as well as hydrodynamic interactions
between the colloidal beads in the simulations. However, the
topological locking to integer steps seems to be a robust feature
of the dynamics also at higher frequencies.

9 Symmorphic hexagonal pattern
9.1 Control space

In Fig. 5a we plot the fence (red and blue) in the Wigner Seitz
cell (cyan) of a hexagonal lattice as a function of b. In theory we
could in principle also change the length of the biped such that
our control space is augmented by one dimension. In the
experiments the biped length will be fixed and the control
space is the cut of a sphere of radius b with this augmented
control space. In Fig. 5a fence areas are bordered by bifurcation
lines (yellow, magenta, and cyan) with the bifurcation lines
meeting in topological transition points that are located in the
center and at the corners of the Wigner Seitz cell. A cut of
the periodically continued fence with a sphere of radius b
constitutes the control space C of a biped of fixed length b.
In Fig. 5b we show the normalized spherical control spaces for
(b=0.33a,b, = a/V/3,0.7a) and b, = a. If the fence segments of
two bipeds can be continuously deformed into each other
without changing the number of bifurcation points the bipeds
exhibit equivalent transport behavior. The behavior of the
bipeds changes at the topological transition lengths
by = a\/(n> + nm + m?)/3, where n and m are integers.

If we project the bifurcation lines of Fig. 5a to the plane b, = 0 we
obtain the projected fence lines in Fig. 5c. The yellow line segments
between the topological transition points are along the lattice
vectors and the magenta (cyan) segments are parallel to the positive
(negative) reciprocal lattice vectors when folded into the Wigner
Seitz cell. The cyan segments are anti parallel to the positive
reciprocal lattice vectors. The circle of biped length b cuts through
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theses segments and the number N, (No) of yellow (magenta or
cyan) segments cut exactly once are the number of bifurcation
points of type B, and By in the northern fence in Fig. 5b.

9.2 Stationary manifold

For a fixed length of the biped the stationary manifold M =
{(ra,b)|V4Vbipea =0} C C® A can be shown to be a manifold
of genus g = N, + No — 5 that is cut into three pieces M, and
M_ of genus g, =g_ = (N, — 2)/2 and, M, of genus g, = Np — 3,
where the stationary points are maxima, minima, respectively
saddle points of the biped potential. The holes in C ® A and in
M are inherited from the holes of A (a torus). A loop £¢ C C in
control space has several preimage loops La;, C M, (i = 1,
2,...,m), (m=4, 5, or 6) on M. If one of these loops entirely lies
in M_ and winds around holes in M_ the loop will be
projected into action space as a minimum loop £4 C A that
winds around the torus and therefore adiabatically transports
the biped. Fundamental loops in control space that enter and
exit the region north of the fence via fence segments of the
same color (red or blue) cause adiabatic transport. A preimage
loop that winds around holes of M_ but crosses over to M,
also transports but in form of a ratchet. Fundamental loops in
control space that enter and exit the region north of the fence
via fence segments of different color cause ratchet transport.
At fixed biped length b one form of adiabatic transport changes
to another form of adiabatic transport only via an intervening
ratchet. The adiabatic speed of a longer biped can be higher
once we insert more bifurcation points of type 3, into a fence in
control space and this happens the first time for » > a beyond
the lowest fence in Fig. 5b and c.

9.3 Response to loops in action space

The hexagonal pattern lacks a glide plane and the fence is no
longer located at the equator but in the northern hemisphere,
and the number of minima of the potential per unit cell of the

(a) Fences (red and blue) within the Wigner Seitz cell (cyan) of a hexagonal lattice with unit vectors a; and a,. Bifurcation lines (yellow, cyan and

magenta) are lines where the curvature of the fences diverges. The bifurcation lines meet at topological transition points located in the center and at the
corners of the Wigner Seitz cell. (b) Fence segments and bifurcation points on the control space C of the external field obtained from figure (a) by cutting the
fence with a sphere of radius b = 0.33a (upper fence), b, = a/+/3, b = 0.7a, and b; = a (thinnest fence) and projecting it to a unit sphere. Topologically nontrivial
loops must wind around one of the bifurcation points of the biped. There are modulation loops that circle around a bifurcation point of a biped of one but not
the other length. (c) Projection of the bifurcation lines of figure (a) in an extended zone scheme onto the plane b, = 0 together with cuts (black) of the spheres
from (b) with this plane. Topological transitions in the biped behavior occur when ever the radius moves across one of the topological transition points.
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lattice differs depending on whether the external field is north
or south of the fence. For this reason, even if we apply a loop
that extends as much to the north as to the south of control
space, the motion of the biped is a limping motion. We see this
in Fig. 6 by the instantaneous center of rotation (green) meeting
the southern (blue) foot within a southern foothold (bubble)
and the northern (red) foot within one of the two (white)
interstitials between three bubbles. When the motion is adiabatic
the northern foothold can hold the northern foot at its location
while we exit the region of control space north of the fence. In
contrast, for a ratchet the northern foot of the biped prior to
crossing the fence is in a vanishing foothold and therefore
irreversibly jumps to the remaining foothold in the other inter-
stitial when we exit the northern region. Simultaneously the
southern foot jumps above the southern foothold (bubble). During
the jump the orientation of the biped is fixed and therefore the
instantaneous center of rotation moves away from the northern
foothold far above the magnetic pattern before it returns to the
northern foot after the jump. The northern foot stays with the
remaining northern foothold only for the short period of the loop
from the fence to the equator. The southern foot touches down to
the southern foothold when we cross the equator, and the
adiabatic propulsion caused by the northern segment of the loop
in control space is booked in the walker gauge by a transfer of the
instantaneous center of rotation from the northern to the southern
foot. In Fig. 6a we show the control space of a biped of length
b = 1.4a with 36 red and blue fence segments north of the equator.
A symmetric loop around —Q; enters and exits the north of control

a)

Fig. 6
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space via a red fence segment and thus causes an adiabatic walk
simulated with Brownian dynamics to the right of Fig. 6b.
A different asymmetric loop in Fig. 6a enters the north of C via a
blue segment and exits via the same red fence segment as the
symmetric loop. Upon entry the northern foot resides in a foothold
that vanishes upon exit through the red fence and therefore jumps
to the remaining foothold, i.e. the remaining foothold in which the
southern foot of the adiabatic loop had stayed in through the
entire northern part of the adiabatic loop. The net motion is —2a;
for the symmetric loop and —a, — a; for the asymmetric loop.

In Fig. 6c we show the experimental trajectories of two
bipeds of length b = 1.2a subject to an asymmetric and a
symmetric loop, the first performing a ratchet motion, the
second an adiabatic motion. Ratchet jumps are visible as a
motion of higher speed, with both feet making parallel dis-
placements such that the relative orientation of the feet remain
the same. Note that the adiabatic trajectories are mirror sym-
metric such that it is not possible to tell the direction of the
motion from the trajectories. The ratchet trajectories in con-
trast are chiral and the direction of the motion can be told from
this chirality. The direction is with the southern foot jumping
into the bubble not out of the bubble. Similarly, the direction
can be inferred from the northern foot jumping from the
foothold that is the center of curvature of the arc segment of
the southern foot toward the foothold that is not a center of
curvature of an arc segment of the southern foot. In the video
clip adfigure6.mp4 the motion of the two experimental bipeds
can be followed in full detail. The computation of the

outhern
soytherm

(a) Control space and fence of a biped of length b = 1.4a with an asymmetric control loop causing a ratchet and a symmetric control loop causing

adiabatic transport. (b) Simulated trajectories of the northern and southern foot and the instantaneous center of rotation of the same biped for the
asymmetric and for the symmetric loop. In the ratchet trajectories brighter colors of the trajectories label the regions of higher speed when the ratchet
jumps occur. (c) Experimentally measured ratchet and adiabatic trajectories of the feet of the bipeds of lengths b = 1.2a and b = 1.2a respectively.
The trajectories are colored with brighter colors where the velocity is higher. Videoclips of the two experimental bipeds are shown in the Supplementary
movie adfigure6.mp4.
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instantaneous center of rotation from the motion of the two
feet is rather sensitive to noise in the measurements and led
to results dominated by the noise for these experiments. We do
not show the instantaneous centers of rotation of the two
experiments for this reason.

10 Discussion

The bipeds studied in this work are rigid bipeds having no
joints. For these bipeds it is straight forward to compute the
winding numbers of the driving loops in control space. Some of
the objects one winds around are fixed and do not move with
the size of the biped. Higher order objects arising from the
periodicity of the problem as a function of the biped vector b
move in control space as the length of the biped grows. Part of
the motion is therefore topologically protected independently
of the size, others only beyond a certain size and only if one
adapts the modulation loop to the increasing size.

Robotic bipeds have joints and other internal degrees of
freedom of the conformation of a biped. Which of our findings
of this work remain true when dealing with colloidal bipeds
that have joints? The answer of course is that everything
remains topologically protected if the conformation of a biped
with joints does not deviate too strong from that of a rigid rod.
In Fig. 7 and in the Supplementary movie adfigure7.mp4 we
show the motion of a colloidal biped on a square lattice that is
deformed by viscous and magnetic stress®* by a loop enclosing
the vicinity of the equator. The shape of the biped at large
Mason number alternates between an S-shaped conformation
(stage 6 in Fig. 7) and its chiral mirror image (stage 4 in Fig. 7).

Fig. 7 Overlay of nine microscope images of a shape changing flexible
colloidal rod at different times of the driving loop. The shape changing rod
performs a topologically protected non-adiabatic walk on the pattern. A
videoclip of the biped is shown in the Supplementary movie adfigure7.mp4.
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The same biped returns to a straight rod shape as the external
field direction moves along the longitudinal sections of the
loop. The non-adiabatic walking motion of these bipeds
remains locked to a unit vector of the lattice, which proves
that also flexible bipeds are topologically protected.

Once the flexibility of a biped becomes substantial we expect
them to morph into magnetic filaments the propulsion of which
has been studied in great detail.***® The propulsion of magnetic
filaments and bipeds are similar as they both are examples of
geometric motion, Ze. a motion, where the global displacement
only depends on the conformational path of the filaments or
bipeds and not on the speed with which the conformational path
is taken. Apart from these similarities the process of motion of
filaments starkly differs from the motion of bipeds. For a filament
to swim one must attach it to a larger particle that breaks the
mirror symmetry between the two ends. A mirror symmetric
filament would not be able to swim in a bulk low-Reynolds
number liquid. Our bipeds are mirror symmetric and they can
only walk by interacting with the magnetic pattern to which they
intermittently bind but then detach. In the case of filaments the
propulsion is a geometric propulsion which is not topological. If
one perturbs the driving magnetic field the motion of the
filament deviates from the original path, while in our topological
system a small perturbation of the driving magnetic field perturbs
the path of the motion but not the total displacement after
completion of the closed but perturbed modulation loop.

It is not important whether the particles are paramagnetic or
ferromagnetic since only the direction of the external magnetic
field not its magnitude enters into the topology of the biped
potential. We have not tried ferromagnetic colloids, but we
anticipate them to behave in the same way, if we could keep
them in a biped-shape and prevent the formation of closed rings.

A decrease of the scale will render thermal fluctuations more
important and will broaden the bifurcation points into local
regions that must be avoided in control space for the transport
to remain robust. The robust biped motion control might be
relevant for lab-on-the-chip applications.

11 Conclusions

The adiabatic walking step width of self assembled paramag-
netic colloidal rods on a periodic magnetic lattice is topologi-
cally locked to be commensurate with the magnetic lattice.
For this reason driving loops can be classified by winding
numbers around fences (bifurcation points with fence seg-
ments) in control space. The walking is robust against a variety
of static, adiabatic, and dynamic perturbations of the system.
While the description of the absolute motion of the biped is
gauge invariant, the decomposition into an active and a passive
motion is gauge dependent.
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Appendix

We use Brownian dynamics to simulate the motion of the
bipeds on top of the magnetic pattern. Each biped consists of
N particles where each particle sees the magnetic potential

2n
V (x4, Hext (1), 2) o¢ —Hext (1) - Hp(x4)e ™70, (12)

where He(t) is the external field at time ¢, Hy(x4) is the
magnetic field created by the pattern at a fixed height z, above
the pattern at the position of the particle position x4 in action
space A and z is the distance of the particle from the pattern.
The equation of motion is then given by

é’.‘/\(l‘) = _VAV(xAvHexl(t)vz) + ’7(1)7 (13)

where ¢ is the friction coefficient and 7 is a Gaussian random
force with a variance given by the fluctuation-dissipation
theorem. We use a constant value of ¢ which neglects all
hydrodynamic interactions between the particles. The equation
is then integrated in time ¢ with a standard Euler algorithm. To
restore the rigid shape of the biped and the enslavement of the
orientation b to the external magnetic field Hey(£), after every
simulation step the center x. of the biped is determined by the
mean position of all particles

1
N 4

i=1

xe(1) =~ 3 xi(1) (14)
and its direction b by the direction of the external field Hey,.

The new position for every particle is calculated as

xi(1) = xe(t) + (2i — (N + 1))HI:xt Hex (1), (1)
i=1,...,N.

The particles are then shifted the same amount along an axis
perpendicular to the pattern such that the lowest particle has
the distance z, from the pattern. We use a time step dt in the

T . .
range from T 2 x 10* to 2 x 10°, where the period T is

proportional to the arc length S of the modulation loop in
control space C.
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Single and double paramagnetic colloidal particles are placed above a magnetic square pattern and
are driven with an external magnetic field processing around a high symmetry direction of the pattern.
The external magnetic field and that of the pattern confine the colloids into lanes parallel to a lattice
vector of the pattern. The precession of the external field causes traveling minima of the magnetic

Received 15th November 2019, potential along the direction of the lanes. At sufficiently high frequencies of modulation, only the

Accepted 8th January 2020 doublets respond to the external field and move in direction of the traveling minima along the lanes,
DOI: 10.1039/c9sm02261a while the single colloids cannot follow and remain static. We show how the doublets can induce a

coordinated motion of the single colloids building colloidal trains made of a chain of several single

rsc.li/soft-matter-journal colloids transported by doublets.

1 Introduction

Biomimetics is used to implement biological functions to
artificial devices, fulfilling tasks in a non biological environment.
Well known examples are artificial swimmers'™> and active
systems” that can be used to e.g. transport a load. Microscopic
dynamics can also be inspired by large scale transport systems
such as trains. A railroad train is powered either by a separate
locomotive or by multiple units of self propelled equally
powered carriages. In nature the motility of family members
of animals trailing behind each other is neither concentrated in
the animal heading the trail nor is it distributed equally
amongst family members. Young goslings trailing behind
one of their parents need less but not zero power to follow
their more powerful mother goose.”> When elephants travel
they walk in a line placing their youngest in between the
grownups with a grownup at the head and at the tail. In the
spirit of other bioinspired magnetic colloidal dynamics'™%7
we generate a biomimetic train of a collective ensemble of
paramagnetic colloids. Single colloids are too weak to move on
their own along the line and must be assisted to move by
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pushing of the train with a larger paramagnetic colloidal
doublet. The train is confined to an effectively one dimensional
lane created via a colloidal potential which is generated by the
combination of a magnetic square pattern and an external
magnetic field. The power of each unit in the train is generated
by modulating the external field on a control loop. Colloidal
trains can only move above a square lattice if a sufficiently flat
potential valley is created by orienting the external field roughly
in direction of a primitive unit vector of the square magnetic
pattern.

In contrast to other magnetically actuated motions that are
either coupled via elastic bonds' or consist of particles in
intimate contact”*®” our particles are well separated individuals
that can couple and decouple from the colloidal train and thus
switch between individual and collective behavior.

2 Setup

We illustrate the doublet assisted motion of a train of single
colloids using a square magnetic lattice,>® Fig. 1(a). In the
experiments, single paramagnetic colloidal particles or doublets of
particles move on a plane above a thin Co/Au layered system with
perpendicular magnetic anisotropy lithographically patterned
via ion bombardment.®** The pattern is a square lattice of
magnetized domains with a mesoscopic pattern lattice constant
a ~ 7 pum, see a sketch in Fig. 1(a). The pattern is magnetized in
the £z-direction, normal to the film. The pattern is spin coated
with a 1.6 pm polymer film that serves as a spacer between
the pattern and the colloids. The paramagnetic colloidal

This journal is © The Royal Society of Chemistry 2020
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Fig. 1 Schematic of the setup. (a) Single and double spherical colloidal particles are placed on top of a lithographic magnetic square pattern (lattice
constant a ~ 7 um) of up (white) and down (black) magnetized domains along the z-axis. An isolated single colloid (gray) does not move at the
modulation frequency applied in the experiments. Doublets are able to respond to the external field and can also induce motion of single colloids. The
color (blue, green, and orange) of the doublet and of the singlet represents the position at three different times (t;,to, and tz) during the modulation loop.
(b) Magnetic potential U created by the pattern and the external potential for four different times (t;, i = 1,2,3,4) during one modulation loop (red, blue,
green, and orange) of the external field. The ratio between the large and the small barriers of the potential is AU/6U = 10. (c) Each point in control space C
(gray sphere) corresponds to a different orientation of the external field. The experimental modulation loop is highlighted in purple. The loop winds
around a fence point (cyan) of control space. The colors of the four potentials in (b) and the coloring of the moving colloidal positions (a) correspond to

the four colored points on the loop in control space.

particles (diameter 2.8 pm) are immersed in water. A uniform
time-dependent external magnetic field He, of constant magnitude
(Hexe = 4 KA m™") is superimposed to the non-uniform and
time-independent magnetic field generated by the pattern H,
(Hp, ~ 1 kA m™"). The external field is strong enough such that
some of the paramagnetic particles self-assembly into doublets
due to induced dipolar interactions between the single colloidal
particles. The doublets then align with the direction of the
external field. Our control space C is the surface of a sphere
that represents all possible orientations of the external field.
We vary the external field He.(f) with time ¢ performing
periodic closed modulation loops in C.

Both H, and H,, create a potential U oc —HeHp. The
potential is a periodic function of the position of the colloids in
the magnetic lattice and it depends parametrically on the
orientation of the external field in control space C. At every
time during the modulation loop, the colloids are attracted
toward the minima of the potential. Full details about the
computation of U and the motion of single colloids are given
in ref. 8 and 9. Here, we briefly explain the points relevant to
the present study. For a square lattice, there exist four special
points (fence points) in C. The four points represent four
directions of Hey which are parallel and antiparallel to the
lattice vectors of the square pattern. If the modulation loop of
H. in C winds around one of the fence points, then the
minima of the potential move one unit cell above the square
pattern.®® The motion is topologically protected, with the set of
winding numbers around the fence points defining the topo-
logical invariants.

If Hey points in the direction of a fence point, the magnetic
potential U is effectively one-dimensional with valleys along
the direction perpendicular to Hey. For example, let the lattice
vectors of the magnetic pattern point along x and y, Fig. 1(a).

This journal is © The Royal Society of Chemistry 2020

The magnetic potential U exhibits deep valleys along x,
Fig. 1(b), when He, points along —y, Fig. 1(c). If Hey, slightly
deviates from the direction of a fence point, see modulation
loop in Fig. 1(c), then secondary minima of U appear along the
direction of the valleys, Fig. 1(b). The variation of the potential
along the valley 6U is much smaller than in the transversal
direction AU. In our experimental setup, we find AU/6U =~ 10.
Modulating the external field directions along a loop that
encloses a fence point, Fig. 1(c), causes the minima of U to
travel by one unit vector of the lattice upon completion of the
loop. The frequency of the loop w can be chosen such that
single colloids cannot follow the potential minimum on their
own but doublets move in direction of the traveling minima. If
a doublet is on a collision course with a single colloid, then the
doublet can render the single colloid mobile and drive it
through the potential valley, Fig. 1(a).

3 Results

In Fig. 2 we plot the speed of an isolated single colloid and
that of an isolated doublet versus the driving angular frequency
o of the modulation loop in C. At low frequencies, lower than
the topological critical frequency w;, the motion is adiabatic
and topologically protected. Singlets and doublets follow
the potential minimum at all times. Hence, the displacement
caused by a loop is topologically locked to the primitive lattice
vector and particles move at the topological speed given by the
lattice constant a times the frequency, i.e., v, = wa/2n. However,
at higher frequencies > w; the speed drops below v;, mostly
due to viscous and adhesive forces impeding the motion. For
singlets, the speed decreases with increasing frequency until
the critical frequency . is reached. At w. the isolated single

Soft Matter, 2020, 16, 1594-1598 | 1595
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Fig. 2 Scaled magnitude of the velocity of singlets (orange squares) and
doublets (blue circles) as a function of the scaled driving frequency. The
black solid line is a fit of the singlet velocity using the generalized Adler
eqn (1). The vertical lines indicate the scaled experimental frequency wexp
and the topological frequency w; below which the motion is topologically
protected.

colloids stop moving. The speed of the singlets is well described
by a generalized Adler equation'?

1 if o < o

. 1_¢@—WM@M—@%+w%)

(e — ) w?

if oy <w< o

0 if > o,
1)
The force due to the potential acting on a doublet is roughly
twice the force acting on a single colloidal particle. The viscous
friction on the doublet, however, is less than twice the friction
of a single colloid because of hydrodynamic interactions.'®
Hence, the doublet can still move at frequencies higher than
the critical frequency of the singlets, and we have a regime

Paper

where the doublet moves while the singlet is at rest. The
experiments are performed at an angular frequency of
o = 525" > w,, such that singlets do not move, and doublets
move with a speed of roughly one eighth of the topological
speed (va/ve & 0.125), see Fig. 2.

In Fig. 3 we show a time sequence of microscope images
showing the dynamics of the colloids. We distinguish single
colloids (red) that are immobile from colloidal trains (green,
cyan and yellow) consisting of one, two, and three doublets at
the tail, and of one up to five single colloids at the front of the
trains. The singlets and doublets in a train are well separated
from each other by a primitive unit vector of the lattice. All
trains move into the positive x-direction with the doublets
pushing the singlets. Nothing particular happens to the cyan
train with one doublet and one singlet moving through the field
of view at the doublet speed vq. The green train with one
doublet and three singlets moves with half the doublet speed,
Fig. 3(a) and (b), collects two further singlets, Fig. 3(c), and
stalls, Fig. 3(d), until the two singlets close to the pushing
doublets form a second doublet, Fig. 3(e). This increases the
power of the train such that it resumes to move, Fig. 3(e) and (f)
at the doublet speed. In Fig. 3(g) a third doublet is formed
leaving only one singlet in the green train before it exits the
field of view. Interestingly, when the green train passes the red
singlets (sitting on the next track to the right) the front
immobile red single colloid is mobilized and performs a single
translation by one unit vector in the positive x-direction,
compare the position of the red colloids next to the green train
in Fig. 3(e) and (f). The yellow train originally consists of one
doublet and two singlets, Fig. 3(a). It collects two further
singlets, Fig. 3(b) and (c), and then moves as one doublet and
four singlets train at a relatively slow speed v & 0.15v4 through
the image. No further doublets are formed from the singlets of
the yellow train as it moves. In Fig. 4 we plot the speed of a train
as a function of both the number of singlets in front of the train
and the number of doublets at its tail. A train with no doublet is
immobile and a train with more than one doublet can push up

Fig. 3 Time sequence of microscope images of the pattern illustrating the motion of colloidal trains. Each train has been artificially colored differently.
The images correspond to the times (a) t =0s, (b) t =85, (c) t=13s(d) t=15s(e)t=17s(f) t =23 s(g) t = 25 s and (h) t = 30 s. The period of one
modulation loop is 2n/weyp = 0.12 s. Scale bar is 20 pm. A sketch of the pattern has been superimposed in (e). A video clip recorded at twenty frames
per second showing the motion of trains and the non motion of singlets is provided in the ESI+ (adfig3a.mp4). A second video clip (adfig3b.mp4) recorded
at sixty frames per second shows a time-resolved slow motion of the doublet during the course of a few modulation loops.

1596 | Soft Matter, 2020, 16, 1594-1598
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Fig. 4 Speed of the train (scaled with the speed of a doublet vy) versus the
load, i.e. the number of singlets in the train ng. Data for different numbers
of doublets in front of the train: nq = 0 (orange), nq = 1 (blue), ng = 2 and 3
(yellow).

to five single colloids at the unloaded doublet speed. For one
doublet we see a gradual transition from motion at the doublet
speed vq for trains with up to two singlets toward no motion for
trains with five singlets.

Remarkably, none of the trains ever derails. This is due to
the special properties of the confining colloidal potential which
are inherited from the square pattern. In Fig. 5 we show the
colloidal motion on a glass slide with no magnetic confining
pattern. Doublets also move when performing a modulation
loop without the magnetic pattern (albeit not by a unit vector)
and singlets are generically at rest. However due to the absence
of the confining potential, when one doublet moves onto a
singlet, the singlet does not stay on track but is pushed to the
side to let the doublet pass.

So far we have shown the coordinated motion of colloids in
one direction. However, by changing the global orientation of
the driving loop (winding around other fence points in C) we
can force the doublet to move along any of the four symmetry
directions of the magnetic pattern. Hence, the doublet-induced
motion of single colloids can potentially be used to arbitrarily

Fig. 5 Time sequence of microscope images showing a doublet (green)
moving a singlet (green) out of its way. The other single colloids (red)
remain at rest. Scale bar is 10 um. The images correspond to the times
(@t=0s,(b)t=2s,and (c) t = 4 s. A video clip of the event recorded at
twenty frames per second is provided in the ESIf (adfig5.mp4).

This journal is © The Royal Society of Chemistry 2020
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Fig. 6 Surface cleaning. (a) Schematic of the trajectory of a doublet.
Sequence of microscope images showing the cleaning of an area from
single colloids (orange) by meandering doublets (blue) taken at times t = 0
(b), t =2 min (c), and t = 6 min (d). The scale bar is 20 pm. A video clip of the
event is provided in the ESIt (adfigb.mp4).

set the position of the singlets across the pattern. A step in this
direction is shown in Fig. 6 where a complex modulation loop is
programmed to clean the surface of singlets.

4 Discussion

Our colloidal trains are immersed into a low Reynolds number
liquid where the propulsion of shape changing objects is
governed by the area enclosed by the loop in shape space of the
object."*"® Swimmers are able to move by changing their shape.
In contrast, our biomimetic colloidal trains are driven by the
shape of the potential created by the pattern and the external
field which creates the topological nature of this classical non-
adiabatic phenomenon. We have shown in ref. 8, 9, 16-20 that, like
other classical topological transport phenomena,” >’ there exist
similarities with quantum mechanical topological transport.”**°

5 Conclusion

We described the magnetic coupling between well separated
colloids that self assemble a colloidal train consisting of magne-
tically driven colloidal doublets acting as the locomotive of the
train and colloidal singlets acting as less powerful carriages. A
magnetic pattern below the colloidal train provides two
perpendicular sets of periodic railway tracks that can be accessed
alternatively and that guide the trains. We showed how we can
manipulate the colloidal singlets on those tracks via the doublets
using magnetic modulation loops that wind around specific
directions with a supercritical frequency. We achieve superior
coordinated control over a large ensemble of single colloidal
particles. Our work adds a new avenue toward the transport of
colloidal particles with potential applications on lab on the chip
devices and on drug delivery on colloidal carriers.

We demonstrated how long range many-body interactions
between the well separated colloidal particles can help sustain

Soft Matter, 2020, 16, 1594-1598 | 1597
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the topological nature of the transport up to higher frequencies
of driving. Such speeding up comes in handy for lab-on-the-
chip applications such as transporting loads from one place of
a chip to another. Whether the doublet-induced motion of the
singlets is caused by direct superadiabatic non-equilibrium
interparticle interactions®® or mediated by hydrodynamic inter-
actions constitutes the subject of future studies.
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Chapter 8

Simulations

In all five publications of this thesis I have simulated the overdamped motion
of magnetic colloidal particles. Here I summarize the most important details
about these simulations. A common way to simulate a colloidal dispersion
is the use of the Langevin equation[44]. It incorporates Brownian motion of
particles caused by interactions with the medium they are surrounded with. It
can be written as
d?r _dr
mos = —fa +n(t),

where m is the mass of a particle, ¢ is a dampening factor describing the Stoke’s
friction of the particle and 7(t) is a random force with Gaussian probability
distribution, with a variance given by the fluctuation-dissipation theorem,
representing the Brownian motion. Because the experiments are performed
in an overdamped regime, we can neglect the left inertial part of the equation
and obtain the differential equation for Brownian dynamics

dr

at
In our case we have to add an additional magnetic force -VV on the particles,
SO q

r

— = -=-VV +n(t),
I n(t)
where V is a sum of potentials originating from interactions as described in
the following.

n(t).

We distinguish between two types of interactions. Pattern-particle interactions
only act on the particle depending on its position and time, whereas particle-
particle interactions also depend on the position all the other particles. The
program flow of the simulation is shown in figure 81. After initialization, every
simulation step consists of calculation of all the pattern-particle, interparticle
and random forces, subsequent integration, and storing the results every n
steps. After every step it is checked if a stop condition is fulfilled, otherwise the
next step is executed.
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Chapter 8: Simulations

Initialization

Calculate Brownian Calculate particle-pattern Calculate particle-particle Calculate
random force magnetic force dipole force Weeks-Chandler-Andersen force
A L—— | I | I

no

Save current positions 2

Integration with Euler method
every n steps

‘ Check if simulation has finished ‘f

yes
End

Figure 8.1: Schematic representation of the program flow.

8.1 Pattern representation

The magnetic field of the pattern does not depend on time and can therefore be
computed before starting the simulations. For the patterns used in the experi-
ments, it can be calculated for use in the simulations in different ways. If the
distance between a periodic pattern and the particles is large compared to the
pattern’s period length, higher orders of the Fourier series of the pattern field
can be neglected and the magnetic field of symmetric patterns can be approx-
imated by the universal magnetic potential[3]. If the pattern is not periodic or
the distance to the pattern is small, one can calculate the magnetic field at one
point by direct integration. Because this is a numerically expensive calculation,
the values are precalculated on a grid and interpolated either with linear or
cubic spline interpolation when needed in the simulations. The precalculation
is performed by a convolution of the pattern magnetization with a kernel which
only depends on the height above the pattern. For periodic patterns this can be
done using fast Fourier transform.

8.2 Pattern-particle interactions

The pattern field can now be used to calculate the magnetic force between
particles and pattern. We make use of an effective particle potential being
calculated as

Upp X — (Hpat + Hext)2

where Hpgat is the magnetic field of the pattern and Hext is an external magnetic
field, both taken at the particle’s position. We make use of an homogeneous
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8.3 Dipole-dipole interactions

magnetic field, so that Hext (t) depends only on time, whereas Hpat(r) depends
only on the location of the particle. As a consequence, the effective particle
potential varies with space and time.

The external field is of constant magnitude and we vary only its direction.
Because in our case the external field is much stronger than the pattern field,
the particle is magnetized in direction of the external field, so the potential can
be approximated as

Upp(r,t) o< —Hpat(r) - Hext(t).

8.3 Dipole-dipole interactions

There is not only magnetic interaction between the pattern and the particles,
but also between a pair of particles. This pair dipole interaction potential is

3(m-r)r - [rl’m
Ugq(r) =m’ -
aa(r) 4rlrld

for a particle with dipole moment m’ where r is the vector to another particle
with dipole moment m.

8.4 Excluded volume interactions

As the dipole-dipole interactions can be attractive, we need a repulsive force to
keep them separated to model the spherical particles used in the experiments.
This force is derived from the Weeks-Chandler-Andersen potential, a modified
Lennard-Jones potential[11]. It depends only on the distance r between two
points and can be written in the form of

1€((9)?-(9)°+1) r<2
Uweal(r) = {O ' gl

=19

where ¢ is a measure of the minimum distance between the dipoles and ¢ a
characteristic energy determining the “hardness” of the modeled particle. As it
is O for larger distances, it has to be calculated only below a certain distance,
speeding up the simulations. We have to use such a soft potential, because
a hard sphere potential leads to numerical instability when using Brownian
dynamics simulations.
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Chapter 8: Simulations

8.5 Thermal random force

We use a Mersenne Twister random generator[45] that generates random
numbers ry and ro in the interval [0, 1). The random force acting during one
time step ¢t is then given by

2kBT6t cos(2mrs)
=y ()

sin(27ry)

such that the force distribution is Gaussian with a variance fulfilling the fluctu-
ation dissipation theorem.

8.6 Particle Initialization

The particle’s positions were initialized using custom programs for every case.
For the bipeds the first particle was placed at the minimum z-position, the other
particles were then stacked above in direction of the initial external magnetic
field.

To initialize the timecrystals, the simulation for a unit cell was run isolated
and the particles then repeatedly placed by shifting the positions by lattice

vectors.

Further specific details on the simulations are given in my publications, re-
spectively.
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Chapter 9

Transcription Matrix

In publication 3 I wrote a program that finds a complex loop transporting bipeds
of different lengths along predefined paths. The problem of finding the paths of
different bipeds for a particular loop is a simple geometric problem. However,
the inverse problem is more involved. A short version of its solution is given in
publication 3. Here comes the extended version of this problem.

Finding the right modulation for transporting bipeds of different lengths in the
directions we want them to move is not easy. In the case of periodic fourfold
symmetric pattern with the experiments performed at universal height, the
fence consists only out of points at the equator of the control space.

The n different lengths of the bipeds we are using are given by
B = {bl,bg, ..., bnk
We then define
db = Lb/aj

needed for calculating the number of 4(2d}, + 1) fence points for a specific b,
where |... | indicates rounding towards O. This leads to the set Dy, which is

(m)

used to define the azimuthal positions of the fence points ¢, at the equator
¥ = 7/2 of the control space:

Dy, =1{0,1,...,dp}

o™ — farcsin(+i - afb) + ma/2|i € Dy}, m = 0,1,2,3.
where R7"T1/2 - a1 denotes the resulting transport direction when encircling one

of the the fence points (¥ = 7/2, ¢) with (¢ € @ém)) in the mathematic positive
sense. The vector a; is the primitive unit vector of the pattern and R/, is a
rotation matrix by the angle 7/2.

Fence points in the unidirectional transcription space arise from cuts of fence
lines in the polydirectional transcription space as dicussed in my publication 3
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where they form a grid of fence lines characterized by grid numbers. We can

(m)

combine the azimuthal coordinates ¢, of all fence points for all biped lengths
in B and for all grid numbers into the set:

oo U Un
m=0,1,2,3 beB

Neighboring fence coordinates are separated by

0d(d1, d2) = P2 = 1.

To rule out loops with low robustness ¢4 < 2A, we define the set of neighbors
with sufficient clearance:

S ={(¢1.02) 1 (o1 < P2) A (64(P1, P2) > 2A8) A (P1, 02 € (Pr U{27}))
ANPp € Pp: ¢y < b < o)}

Our trial loops in control space are allowed to cross the equator exactly between
these neighbors and the set of allowed crossing azimuthal coordinates is:

be ={(¢1 + #2)/21 (91, ¢2) € S}

The set of allowed trial loops

Lyial = {Le(dg, du) | (g, pu € Pe)}

with loops L (¢4, ¢u) that start at the north pole, cross to the southern hemi-
sphere at the coordinate ¢4, cross back to the northern hemisphere via the
coordinate ¢y, and return to the north pole. For each loop L (¢4, ¢u) and each

biped b € B and fence point coordinate ¢ € @ém) we define the winding num-

ber Wém) (Le(bg, du), @) around this particular fence point. The displacement

of a biped of length b is then given by
Arp(Le(9g, du)) Z Z Wb EC b, du), O)RY /2 " al
qSe@bm)

We sort all loops in L) into a numbered set of loops L, 1 = 1..|Lyyig)| We
can now write a matrix containing all resulting integer trial displacements in
units of a as

Arp,(Lea)  Arp(Leo) - Arp (Lejpy))
1R—1 Arp,(Le1)  Arpy(Leo) - Arb2(£cr‘Ltrial|)
a a : : :

Ary (Lep) Aty (Le2) - Aty (Lo )
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The resulting matrix has |Liyy; | columns and 2|B| rows.

Our target integer displacement in units of a for each biped is

target
Arb1 g

target
r g

We are looking for a target loop

target target target

AW 2 ILtrial
EC,target - Ec,l * 'CC,2 oo Ecv|Ltrial|

that is a concatenation of all trial loops L ; with integer winding numbers
W}arget that produces our target displacement Ar™amM The target winding

numbers are the solutions to the equation

lR . wiarget _ l Artarget (9.1)
a a

where
target
w

%arget
target __ 2

térget

|Ltrial|
Since the vector components of w'3'8e! are winding numbers, the solution to
the previous equation must be with a vector w'aget ¢ 7/Luial that contains
only integer vector components. Since the entries of R/a and Art®'8¢Y/q are
all integers, det(R/a)R™! - Artar8et — det(R/a)w' @8 contains only integer
numbers such that there is always a rescaled solution of the target motion on
a larger scale. The solution on the smallest scale is det(R/a)w'@t/gcd where
gcd is the greatest common divisor of all integer entries.

As this solution of equation (9.1) using linear algebra generally does not give
an optimal integer solution to the problem, it requires the formulation of a so
called Integer Linear Program (ILP) which is a linear optimization problem with
integer solutions[46, 47]. Any ILP can be written in the form

max{c’ - x|(A - x <b) A (x > 0)}
xXeZn
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where cT is a transposed vector containing the objective coefficents, A a coeffi-

cent matrix forming the linear conditions together with the coefficient vector
b and x is the solution. All inequalities are applied component-by-component.
To write our optimization problem for finding the lowest number of loops in
this form we will first describe it in a non-standard form and then transform it
to the form above to show that it is indeed an ILP.

The condition we have to fulfil is equation (9.1) from above so we can write our
optimization problem as

|Ltrial |

min wi|(R-w=Ar)A(w>0
min 3 2w ) A (w > 0)

To convert the equal sign to the general inequality form, we can create a matrix
A out of R and a vector b out of Ar. If we have an example equality u = v, we can
make a set of two inequalities (u < v, -u < -v) describing the same condition.
We can do the same for R and Ar and get

oo ().

To minimize instead of maximize the number of loops every objective coeffi-
cientis -1
ci=-1,1i=1,...,

Lirial | .

Now we have our problem in our desired form

max{c’ - wl(A-w <b) A (w>0)}
wezn

and can be passed to a standard ILP solver such as GLPK[48]. This software
uses a variety of heuristic algorithms to find an optimal integer solution in a
short time.

108



Part IV

Summary






Summary

This cumulative thesis studies the topological transport of colloidal particles
on top of periodic magnetic patterns for various different situations. My part
of this collaborative work was the simulation of the colloidal motion and the
computation of bifurcation points and fences on various patterns of different
symmetry. Some of my simulations have not yet been verified by experiments,
but most of them have been proven to be correct. I have investigated several
interesting aspects of the topological transport of colloids:

On a hexagonal magnetic pattern with flower shaped, upward magnetized
domains three particles per unit cell adiabatically respond by performing a
topological rearrangement within one flower shaped domain. If the dipolar in-
teractions between the paramagnetic colloidal particles are of the right strength,
there are 6 bifurcation or fence points in the control space such that a trivial
loop with zero winding number causes a trivial i.e. harmonic response of the
three particle conformation. If however one winds around one of the fence
points, a subharmonic response of the particle conformation with a response
period of double the driving period occurs no matter at which adiabatic fre-
quency the system is driven. When we arrange three particles per unit cell in a
periodic spatial way, we discover all kinds of space-time crystalline responses.
We distinguish the flower shaped domains by the orientation of the lobes of the
flower. Orientations of the lobes in the direction of the primitive unit vectors
suppresses time crystalline response, while orientation of the lobes toward
the primitive reciprocal unit vectors of the lattice supports the formation of
space time crystals. In the first case, time crystals might be totally suppressed
in the bulk but supported at the edge. In the latter case we observe topological
transitions from a ferromagnetic toward an antiferromagnetic time crystalline
order.

In simulations of an increasing number of particles per unit cell in a related
hexagonal magnetic pattern, we can show that the number of bifurcation points
in control space increases with the number of particles per unit cell. In the
thermodynamic limit with an infinite number of particles per unit cell, we find
a geometric behavior of the transport displacement per loop, while for small
number per unit cell the transport behavior is with topological steps. The step
width of the transport decreases with the number of particles while the step
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number per loop increases. This is a very different way of loosing the topological
aspects of the transport as compared to the topological steps in the Quantum
Hall effect that changes toward geometrical due to thermal excitations.

In a strong external magnetic field, single colloidal particles assemble into
bipeds due to dipolar interactions. The bipeds are rods of n = 2 — 18 beads that
walk across a square pattern with their two ends, which for obvious reasons
we call their feet. Since the biped orientation is enslaved to the external field,
the control space together with their fence points and bifurcation points are
transferred to the polyglot transcription space of the end to end vectors b of the
bipeds, a three dimensional Cartesian space built from concentric spherical
shells for the individual bipeds of fixed length. Fence points from a single bead
are transferred to fence lines along the by and by axes in polyglot transcription
space and they are periodically continued with the period of the lattice in action
space. Control loops are transferred into control cones. The intersection of such
a cone with a spherical shell of radius of a particular biped length is the tran-
scribed loop for that particular biped. The winding numbers of the transcribed
loop around the transcribed fence lines defines the translation of the walking
biped in action space. The geometric simplicity of this construction allows the
inversion of the relation between control loop and the translation of a selected
set of bipeds. For any desired set of translation of loops, my computer code
can find a compact and robust loop that will cause these desired translations.
We have preprogrammed several tasks on the computer and shown that the
bipeds are transported exactly the way as wanted if the set of biped lengths is
almost two orders of magnitude less than the number of computer languages
in the polyglot challenge. The walking of bipeds on fourfold and sixfold lattices
can be described in different gauges. We used the center of mass gauge for
understanding the topology of the problem and the instantaneous center of
rotation gauge to decompose the motion into passive sliding and active walking.
The active walking is a continuous function of the length of the biped, while
the passive sliding is discontinuous. The walking of bipeds on square patterns
is adiabatic, while on hexagonal patterns irreversible ratchet jumps interrupt
the adiabatic character of the walking for half of the possible driving loops.
At higher speeds, the biped walking remains topological but with some of the
windings no longer being executed. Ultimately, at very high speeds of driving
the walking of the bipeds ceases completely. Passive motion stops prior to act-
ive motion when driving at non-adiabatic speeds. Single colloids stop moving
if not assisted by active bipeds. When the load of one biped pushing several
single colloidal particles through a Goldstone valley surmounts the pushing
capacity of a biped, single colloidal particles right in front of the pushing bipeds
are compressed to form further bipeds that help pushing.
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