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Composition Variables and Partial Specific

Quantities

Almost the same nomenclature as in the book by de Groot and Mazur [16] is used. Compo-

sition variables and partial specific quantities will be abbreviated as follows:

K number of components in the mixture
mp total mass of component k !

m=>y my total mass

Ny total number of particle of component k
N => N total number of particles

Vi volume occupied by species k
V=>V volume

p=m/V => pg total mass density

pr = my/V mass density of component k 2
n=N/V=> ng total number density

ng = N /V number density of component k

My, = my /Ny = pi./ng molecular mass of component k !

ek = my/m = pg/p weight fraction of component k

xp = Nip/N =ng/n mole fraction of component k

o = Vi)V = vppp volume fraction of component k

U internal energy

u=U/m specific internal energy

oU

up = (m)p,T,ml,---,mk—lykarl7---mK partial specific internal energy of component k

'Note that in the book by de Groot and Mazur [16] my and My are defined reversely.
20nly (K —1) mass densities pj are independent, since, for given temperature 7" and pressure p an equation
of state px = f(p, T, p1,...pr—1) holds in (local) thermodynamic equilibrium.



2 Composition Variables and Partial Specific Quantities
S entropy
s=S8/m specific entropy

oS

S = | 59—
k (8mk )p7T,m1,...,mk,1,mk+1,...

H=U-+pV
h=H/m
_ (OH
hy = (3—M)P7T7m1,~~~,mk717mk+1,~

g=G/m
_ (.0G
Pk = (Wk)p,fml,~~~7mk717mk+1,~

oV

Ve = \a—
k (8mk)p7T7m17~~~7mk717mk+17~~

MK

k
! _ (0G _
e = BN p N Ny N = M

MK

partial specific entropy of component k

enthalpy
specific enthalpy

partial specific enthalpy of component &

Gibbs free energy
specific Gibbs free energy
chemical potential of component k

chemical potential of component k per particle

specific volume

partial specific volume of component k



Chapter 1
Introduction

The interest in transport coefficients of multicomponent liquid mixtures is rooted both in
their relevance for technical applications and in their fundamental importance for a better
theoretical understanding of fluids. During the last decade especially the number of publi-
cations on the Soret effect [60, 93], also known as the Ludwig-Soret effect, thermal diffusion,
or thermodiffusion, has constantly been growing. This off-diagonal effect accounts for the
occurrence of mass diffusion that is not driven by a concentration but rather by a temper-
ature gradient. Even though the phenomenon was discovered by Ludwig already in 1856,
it is still poorly understood at the microscopic level. There exists, however, a successful
thermodynamic phenomenological theory [16], which relates the mass diffusion flux J in a

binary mixture to the gradients of temperature and concentration by
J = —pDVe¢ — pDre(l — ¢)VT. (1.1)

c is the concentration of component 1 in weight fractions, p the density, and T" the tempera-
ture. Of course, the magnitude of the mass diffusion coefficient D and the thermal diffusion
coefficient Dp can only be be determined from a microscopic theory. Nevertheless a deep
understanding of the thermodynamic phenomenological theory is indispensable, since all mi-
croscopic theories have to be in agreement with thermodynamics. There are comprehensive
textbooks on irreversible thermodynamics by de Groot and Mazur [16] and by Haase [40],
which treat all classes of irreversible phenomena in a very general way. However, as the
underlying concepts are sometimes rather complex, it is difficult and time consuming for a
reader who is mainly interested in the Soret effect, to find the relevant information. Further-
more, since thermal diffusion is only one irreversible phenomenon among many others, these
books do not treat it to the last detail. We will therefore give a brief overview of the aspects
of the thermodynamic phenomenological theory being important for the description of diffu-
sion and thermal diffusion. Our considerations are based on the above mentioned books, but
go beyond them in some cases. To mention only two examples, the differences between irre-
versible and reversible mass transfer between the two homogenous phases of a heterogenous
system or the invariance of transport coefficients against shifts of entropy or enthalpy zero
and its consequences have not been considered in Refs. [16, 40] and will be treated in detail.

Moreover, we will briefly discuss recent literature work, where thermodynamic principles
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have not been correctly incorporated.

The rest of the thesis deals with the measurement of heat, mass, and thermal diffusion.
Eq. (1.1) is not suitable for the interpretation of time-resolved experiments. Usually, the

heat equation for the temperature 7',
pe,0T =V - [kVT] + Q, (1.2)
and the extended diffusion equation for the concentration ¢,
&=V - [DVe+ (1 — ¢)DpVT], (1.3)

are used for the description of coupled heat and mass transport in binary liquids. Here ¢,
is the specific heat at constant pressure, s the thermal conductivity, and @ a source term.
The derivation of Egs. (1.2, 1.3) is not as trivial as it might appear at first glance. Strictly
speaking, they only hold if the center of mass velocity ¢ vanishes. It will be shown, that
Egs. (1.2, 1.3) can also be used in case of non-zero ¥, if all gradients are small and second
order terms may be neglected. For that purpose we will generalize the considerations of

Ref. [16] to non—isothermal systems.

Although the concept expressed by Egs. (1.2, 1.3) appears rather simple, experiments that are
not hampered by artifacts are not easily conducted. Especially unwanted convection caused
by the unavoidable temperature gradients is a major obstacle, and microgravity experiments
have been conducted [101] to overcome this problem. Over the years a certain body of
experimental data for the Soret coefficient had been accumulated but hardly any values had
been cross-checked by another group, and if so, agreement was not guaranteed [51]. In 2003
the results of a measurement campaign with five participating laboratories utilizing different
experimental techniques were published and reliable Soret coefficients could be established

for three equimolar reference systems [75].

Challenged by the experimental difficulties a number of methods have been developed, which
all have certain strengths and weaknesses. A popular classical method is based on the
determination of the degree of separation of the fluid components that can be obtained
in a thermogravitational experiment. This method has a long history and a large amount
of the thermal diffusion data accumulated in the literature has been obtained with this
technique [18, 58, 63, 26, 27, 28]. A comprehensive description can be found in the book
by Tyrell [98]. Nowadays mainly annular thermogravitational columns are used [9] and in
some experiments the space between the two cylinders is filled with a porous medium [14].
Another recent development in this field are thermogravitational columns with laser Doppler
velocimetry as optical detection [25, 76]. As all thermogravitational methods are based on
the interplay of thermodiffusion and convection, the interpretation of the measurements is

necessarily complex. The amount of material needed is substantial and can be a problem



in case of expensive isotopic or biological samples. Additional complications arise in case of

negative separation ratios.

Another method where flow and thermal diffusion are combined is thermal field flow frac-
tionation (TFFF), which mainly aims at the separation of polymers and colloids in dilute
solution [87]. It is neither suitable for higher concentrations nor, because of their rapid

diffusion, for small molecules.

Methods that allow for minute sample volumes and small temperature gradients are typically
based on optical techniques, either for detection or both for detection and generation of the

temperature gradients.

In an optical beam deflection experiment a diffusion cell is heated from above and cooled
from below. The concentration gradient induced by the temperature gradient is detected by
deflection of a laser beam which passes through the cell in a direction parallel to the top
and bottom plates. The time dependence of the deflection angle contains a fast contribution
stemming from the temperature and a slow contribution from the concentration gradient.
Beam deflection is caused by changes of the refractive index of the liquid associated with the
nonuniform temperature and concentration. Optical beam deflection was already used by
Meyerhoff and Nachtigall, who employed a Schlieren technique [67, 66], and later by Giglio
and Vendramini [36, 37|, by Kolodner et al. [54], Zhang et al. [116, 117], and Piazza et
al. [74]. Since the diffusion length, the distance between the two plates, is of the order of a
few millimeters to one centimeter, establishment of equilibrium is rather slow, especially for
systems with small diffusion coefficients such as polymers and systems close to the critical

point.

In holographic grating experiments (thermal diffusion forced Rayleigh scattering, TDFRS)
light is used not only for detection but also for heating of the fluid. A holographic interference
grating is written into the sample. An added dye absorbs and thermalizes the energy of the
light field and a temperature grating builds up. The temperature gradients of the temperature
grating give rise to thermal diffusion, and a secondary concentration grating is generated.
Both the temperature grating and the concentration grating are accompanied by a refractive
index grating, which can be read by Bragg diffraction of a readout laser beam. Thyagarajan
and Lallemand were the first who observed the Soret effect with forced Rayleigh scattering
in the binary liquid mixture CSy/ethanol [97]. Later, Pohl studied a critical mixture of 2,6—
lutidine/water with the same technique [77]. By using heterodyne detection schemes [52] high
sensitivity is achieved and TDFRS has successfully been applied to a broad class of systems
ranging from small molecules [17, 111, 70] to polymer solutions of arbitrary concentration
[84, 45, 83, 108, 15, 50|, colloidal suspensions [94, 69], and critical polymer blends [34, 33].

Another all-optical technique for heating and detection is the thermal-lens method, where the
signal is derived from the defocusing of a laser beam transmitted through a slightly absorbing

sample. The suitability of the method has been demonstrated in recent experiments [2, 3, 86],
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but convection problems are not easily avoided with this technique.

For some special systems, where fluorescent labels can be attached to large molecules such
as DNA, Duhr and Braun have demonstrated a further optical method for the study of
thermal diffusion [22, 24]|. By local heating with an infrared laser and fluorescence detection
of the concentration distribution, Soret coefficients of aqueous colloidal solutions could be

determined within microfluidic devices.

When comparing all these techniques, TDFRS has a number of indisputable advantages. The
micrometer diffusion length within the grating reduces the diffusion time to the millisecond
range, which is easily accessible and about six orders of magnitude faster than in case of
macroscopic diffusion cells. In particular for systems with small diffusion coefficients of
the order of 10719 cm? /s, such as binary glass formers [84] or critical polymer blends [34],
diffusion times can still be kept within the range of seconds. In a thermal diffusion cell they
would already exceed a week, which is hardly feasible. Another major advantage is that only
a single Fourier component, the one of the grating vector ¢, contributes to the signal, which
makes its interpretation particularly simple and even allows for a deconvolution into multiple
decay functions for e.g. determination of the molar mass distribution in polymer analysis
[53]. Due to the short diffusion lengths, the thin samples and the orientation of the fringes
of the grating parallel to the direction of gravity, convection problems can easily be avoided.
Being all-optical, the method is non-invasive and ideally suited for remote sensing without
direct contact to the sample. The sample volume can be below 1 uL.. Furthermore it should
be mentioned that this technique is not restricted to the determination of mass and thermal
diffusion but also allows for the measurement of heat conduction in liquids and solids. In
fact, the first holographic grating experiments by Eichler et al. [30] and Pohl et al. [78] in
1973 aimed at the measurement of heat conduction. Whereas Eichler et al. determined the
thermal diffusivity of methanol, glycerin and ruby crystals, Pohl et al. studied heat transport
in inorganic crystals at low temperatures. Later the method has been used to determine the
anisotropic thermal conductivity in liquid crystals [46, 95] and sheared polymer melts [102],

to mention only two examples.

There remain, however, unresolved questions and experimental problems of the holographic

grating technique. T'wo of them will be treated in this thesis.

The first one is related to the correct analysis of the detected diffraction efficiency. When
treating the problem in one dimension, an analytical expression for the time dependent
diffraction efficiency is easily found [8]. The thermal diffusivity Dy, = x/(pc,), the mass
diffusion coefficient D, and the thermal diffusion coefficient D7 are obtained from a fit of
the model to the measured diffraction efficiency. Most holographic grating experiments are
interpreted in terms of this one-dimensional description and heat flow into the cell walls and
a nonuniform temperature distribution along the optical axis are usually neglected. This is,

however, only permissible, if the grating period d is much smaller than the sample thickness /.



If this assumption is not fulfilled, the influence of the heat conducting walls must be taken into
account. A few attempts have been undertaken to incorporate the effect of heat conducting
walls on the measurement of the thermal diffusivity. The influence of three-dimensional
temperature profiles on the determination of mass diffusion and of the Soret effect, however,
which requires normalization of the amplitude of the concentration grating to the one of the
temperature grating, has not yet been considered. Nagasaka et al. [68] used Green’s functions
to determine the systematic errors of the measured thermal diffusivities evaluated according
to the one-dimensional model. Different aspects of the experiment, like heat conducting walls
or a finite beam diameter, were treated independently and the resulting errors were added
up. Wang et al. [105, 106] developed a complex three-dimensional model which depends on
a large number of parameters and also takes the spatial profile of the heating laser beam into
account. We will develop a reasonably simple, practically applicable, two-dimensional model
to account for heat conducting walls in transient grating experiments for the measurement of
both heat and mass transport. The model will be verified by experiments over a wide range

of grating periods d and sample thicknesses [;.

Having solved the problem of heat diffusion into the windows, we are still facing fundamental
experimental difficulties. A significant drawback of the holographic technique is related to the
generation of the temperature grating within the sample. For optical heating of the usually
transparent samples with a laser, a small amount of dye has to be added. This has to be
inert and should not give rise to additional signal contributions. While this requirement can
usually be fulfilled for organic liquids, it imposes a severe problem to the study of aqueous
systems, where suitable dyes are rare. In this respect, contact heating techniques, like optical
beam deflection in a diffusion cell, have clear advantages. Additionally, they do not require

an expensive laser source.

Ideally, one would combine the short diffusion length and the single ¢ value of the TDFRS
technique with the advantages of a diffusion cell. A direct down-scaling approach is, however,
not viable, since the deflected laser cannot be focused down to the required diameter over
a distance sufficient to accumulate an appreciable deflection angle. Putnam and Cahill
[81] have designed a handy, miniaturized micron-scale beam deflection apparatus that no
longer relies on two parallel plates but rather employs two heated metal strips sputtered
onto a glass substrate. While this approach leads to significantly shorter equilibration times
than the conventional parallel plate diffusion cell, some drawbacks like the multiple Fourier

components contributing to the signal, remain.

We will present a new transient grating technique that avoids many of above disadvantages.
Its key component is a regular array of strips of indium tin oxide (ITO) with 10 gm width and
10 pm spacing on one inner window of the cuvette. It can be heated electrically in order to
create a periodic temperature modulation which acts, in the same way as in holographic grat-
ing experiments, as a source term for the build—up of a superimposed concentration grating.

With such a setup most advantages of TDFRS, like the small sample volume, the insensi-



8 Chapter 1 Introduction

tivity to convection, short equilibration times, one single Fourier component contributing to
the signal, and optical readout by Bragg-diffraction, are retained. They are combined with
the major advantages of the beam deflection cell, namely the avoidance of a dye and an
expensive writing laser. Similar to holographic grating experiments with very thin sample

cells, heat conduction into the walls plays a major role and will be treated in detail.



Chapter 2
Thermodynamic—Phenomenological Theory

At first we will give a brief overview of the thermodynamic—phenomenological theory of
diffusion and thermodiffusion based on the books by Haase [40] and by de Groot and Mazur
[16]. The two fundamental laws of thermodynamics are the first law or law of conservation of
energy, and the second law or entropy law. Since the description of non—equilibrium processes
must also be built upon these two laws, these laws will first be formulated in an appropriate
way. Then the phenomenological equations can be derived from the entropy law or, more
specifically, from the entropy production. Also some own results and comments on recent

literature work will be included.

Furthermore we will discuss the issue of different reference velocities. Existing models will
be modified and extended to become suitable for the description of non-isothermal, multi-
component mixtures. We will show, under which conditions simple evolution equations for
temperature and composition variables can be obtained. These evolution equations are nec-
essary for the interpretation of our heat, mass and thermal diffusion experiments of Chaps. 3
and 4.

Contrary to Haase and de Groot and Mazur, who present more general treatments of non—
equilibrium thermodynamics, we will in particular focus on the precise formulation of all

aspects directly related to the Soret effect.

2.1 Entropy Production and Phenomenological Equations

2.1.1 First Law and Definition of Heat

For a closed system, which may exchange heat but not matter with its surroundings, the

first law of thermodynamics reads

dE = dQ + dW. (closed system) (2.1)
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dFE is the change of the total energy FE, which is the sum of internal energy U, potential

energy Epq; and kinetic energy Fiin,
E =U + Epot + Eiin, (2.2)
in an infinitesimal state change. d(@ is the heat supplied to the system and

AW = dW; + dWaiss + dWo = — > _ Lidl; + dWesss + dW, (2.3)

)

is the work done on the system during the same infinitesimal state change. Here, the L; and
l; denote the work coefficients and work coordinates, respectively. dW; contains the reversible
deformation work (—pdV with pressure p and volume V') as well as reversible electrification
and magnetization work done on the entire system. In the following electrification and

magnetization work will be excluded and
dW; = —pdV (2.4)

will be used throughout. dWy;ss or dW, is the work related to dissipative effects (friction,
turbulence or plastic flow during deformation, hysteresis phenomena during electrification
or magnetization, electric conduction due to external sources of current, etc.) or to forces,
respectively, which accelerate the entire system. For internal state changes (dE = dU,
dW, = 0) in closed systems it follows from Eqs. (2.1, 2.2, 2.3)

dU = dQ + dW; + dWgss- (closed system) (2.5)

In open systems the terms work and heat are ambiguous, as has been demonstrated by means
of simple examples [39]. To overcome this difficulty we follow Haase [40], who uses Eq. (2.3)
also for open systems. This means that the work in an open system is that work which would
be done on the system if it was closed. Furthermore we define the heat absorbed by an open

phase from the surroundings during an infinitesimal state change as follows

K
dQ = dE — dW = hydemy. (2.6)
k=1

hy is the partial specific enthalpy of species k in the K—nary mixture. d.my is the infinitesimal
increase of the total mass my of substance k due to external causes, i.e not by chemical
reactions inside the phase but by exchange of matter with the outside world. For zero

transfer of matter Eq. (2.6) reduces to the first law of thermodynamics in closed systems
(Eq. (2.1)).
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For internal state changes (dE = dU,dW, = 0) the first law in open systems is thus given by

K
dU = dQ + dW, + dWaiss + > hgdemy. (2.7)
k=1

If no dissipative, electrification and magnetization effects are present, Eq. (2.7) further re-

duces to
K

dU = dQ — pdV + Y _ hydemy,. (2.8)
k=1

On the basis of the last equation we can see that the definition of heat for open systems
according to Eq. (2.6) is physically meaningful. We consider a homogenous fluid mixture of
constant temperature and under constant pressure to which is added more liquid of the same

temperature, the same pressure, and the same composition. From Eq. (2.8) follows

K K
dQ = dU +pdV — Y hgdemy, = dH — > hpdemy, = 0, (2.9)
k=1 k=1

where H = U + pV is the enthalpy of the system. This result is felt to be reasonable. It

would not have been obtained for another definition of heat.

2.1.2 Entropy Production

Irreversible processes are usually characterized by the entropy balance equation

dsS dS. dS;
e -t 2.1
dt dt + dt’ (2.10)
and the relation is
L >0 2.11
20, (211)

where the equality sign is valid for the reversible limiting case. (dS./dt) denotes the rate of
increase of the entropy of the system by exchange of heat and matter with the surroundings
and is called entropy flow. The entropy production (dS;/dt) is the rate of increase of entropy

of the system due to processes which occur inside the system.

The total rate of increase of the entropy of the system (dS/dt) and the entropy flow (dS./dt)
can be positive, negative, or zero, according to the direction and quantity of the heat and mass
fluxes through which the system is connected to the surroundings. The entropy production
(dS;/dt) on the other hand is never negative and disappears only in the reversible limiting
case. For stationary non-equilibrium states there results (dS;/dt) = —(dS./dt) > 0 and
(dS/dt) = 0.

Following Haase [40], the entropy flow and the entropy production will be derived for homoge-

nous, heterogenous (discontinuous), and continuous systems. In all three cases the entropy
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balance equation is calculated with the help of the Gibbs relation on considering mass and

energy balances.
Strictly speaking, the Gibbs relation

K
TdS = dU + pdV — > pupdmy, (2.12)
k=1

with T" and ui being the temperature and the chemical potential of component &, only holds

for thermodynamic equilibrium, where the entropy is a state function
S=8U,V,mqy,...,myg) (thermodynamic equilibrium) (2.13)

and can be calculated from the values of the state parameters U, V, my, ..., mg. The
important assumption of non—equilibrium thermodynamics is that each volume element of

the system is in a state of local equilibrium with

5 _ 5 <U m %) (local equilibrium), (2.14)

v v\Wwvry

although the macroscopic state is a non-equilibrium state. Then the Gibbs relation

S U K mi
() = o(8) - Somna(2) o
holds for each volume element of the system.

2.1.2.1 Entropy Production in Homogenous Systems

In a homogenous open system the mass balance of each of the K components of the mixture
is given by )

dmy = demy + dimy = demy, + Y vg;d¢; k=1... K. (2.16)

j=1

The increase of the total mass mj of component £ may be due to mass exchange with the
surroundings (demy) or due to internal causes (d;my). The internal causes are r chemical
reactions inside the system with v;/Mj, and (; the stoichiometric number and the extent of
the j—th chemical reaction, and thus v};d(; the production of species k in the reaction j. M,
is the molecular mass of component k.! Since mass is conserved in each separate chemical

reaction we have

M=

vgj =0 j=1...m (2.17)
k=1

LIf only one (r = 1) chemical reaction (2 Ha + O2 — 2 H20) takes place in the ternary mixture of hydrogen
(k = 1), oxygen (k = 2), and water (k = 3), the stoichiometric numbers are as follows: vi1/M; = —2
(hydrogen), vo1 /M2 = —1 (oxygen), vsi1/Ms = 2 (water).
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The energy balance is given by Eq. (2.8) which, strictly speaking, represents a definition
of heat d@Q for an infinitesimal state change in an open phase without electrification and

magnetization and without dissipative effects.

K
dU = dQ — pdV + Y _ hypdemy,
k=1

In order to calculate the entropy flow and the entropy production, mass and energy balance
Egs. (2.16, 2.8) have to be inserted into the Gibbs relation (2.12)

K
TdS = dU + pdV = _ pupdmy,
k=1
Using
TSk = hk — Uk, (218)
and defining the affinity of reaction j by?
K
Ay == vkjuk (2.19)
k=1
one obtains
K r
TdS =dQ+ T spdemi + Y Ajd(;, (2.20)
k=1 j=1

where si is the partial specific entropy of component k. If Eq. (2.20) is compared to the
general form of the entropy balance equation Eq. (2.10)

@ _deS . d;S
dt  dt = dt
one can identify the entropy flow
deS _ 1dQ EK: demy (2.21)
i~ Tt~ '
and the entropy production
diS 1« d¢;
=) A2 >0. 2.22
d T 24 dt ~ (222)

The inequality in Eq. (2.22) is valid for an actual (irreversible) path of the reaction, the
equality for the reversible limiting case. The entropy flow Eq. (2.21) includes the “heat flow”
(dQ/dt) and the “flows of matter” (d.my/dt), which pass from the surroundings into the

homogenous system under consideration. In closed systems, the terms with the mass flows

2Note that in the book by de Groot and Mazur [16] the affinity is defined with the opposite sign.
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temperature 7"
volume V'’
internal energy U’

phase’

pressure p’
masses mj,
entropy S’

temperature 17"
volume V"
internal energy U”

phase”

pressure p”
masses mj,
entropy S”

chemical potential y,  partial specific enthalpy hj,

chemical potential pj  partial specific enthalpy hj,

Figure 2.1: Heterogenous (discontinuous) system which consists of two homogenous subsystems
(phase’ and phase”)

drop out, and one obtains the well known relation dS > dQ /T, where the equality holds for

reversible processes.

2.1.2.2 Entropy Production in Heterogenous (Discontinuous) Systems

The heterogenous system is shown in Fig. 2.1. It consists of two homogenous subsystems —
phase’ (temperature 7", pressure p/, volume V', masses m/, internal energy U’, entropy S,
chemical potentials 1, partial specific enthalpies hj , partial specific entropies s ) and phase”
(T, p", v",mi, 0", 8", uy, hy, s}) — that can exchange mass and heat. The total system
shall be closed, so that mass exchange only takes place between the two subsystems. For
simplicity chemical reactions are excluded. Then the mass balance of the k—th component

of the K—mary mixture reads:

dmj, = —dmj, k=1...K (2.23)
dmj, (dm}) is the increase of the mass mj. (m}) of component k in phase’ (phase”).
The energy balance of phase’ is given by Eq. (2.8)
K
dU' = d.Q' + d;Q' — p'dV’' + > hjdmi, (2.24)

k=1

if no electrification, magnetization, dissipative effects or interfacial phenomena are present.
d.Q' is the heat supplied to phase’ from the surroundings of the total system. d;Q’ is the
heat that flows from phase” to phase’. Accordingly one finds for phase”:

K
dU" = d.Q" + diQ" — p"dV" + > hjdm}, (2.25)

k=1

The energy balance of the total system is given by

dU = dQ + dW (2.26)
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with
dQ = d.Q +d.Q" (2.27)
aw = —pav’' —p"dv". (2.28)
On the other hand one has
dU = dU' +dU", (2.29)

from which follows with Egs. (2.24) — (2.28)

K K
4;Q + ) hidmy + d;Q" + > hidmj = 0. (2.30)

k=1 k=1

The Gibbs relations of phase’ and phase” are

K
T'dS' = AU’ +pdV’ =) pydmi, (2.31)
k=1
K
T"dS" = dU" +p"dV" = pjdm. (2.32)

The change of entropy of the total system dS can be calculated by inserting the mass balance
(2.23) and the energy balances (2.24, 2.25) in the Gibbs relations

dS =ds' +ds" = d;?, + d;f;?,” + (% ~ W) (4,0 + Z Pidm,)

!/ "

K
RO 59

k=1

Here the relation (2.30) has been used. From comparison of Eq. (2.33) to the general form
of the entropy balance equation Eq. (2.10)

s _ d.S  d;S
dt  dt dt

one obtains the entropy flow
deS _ id/Q’e n ing
dt T dt ™" dt

(2.34)

and the entropy production

4;S K 11 S
i = (o ;hkjk) (77— 79) - 2 I~ ) 20 (2.35)
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where Jg = (d;Q'/dt) is the heat flux from phase” to phase’ and J, = (dm) /dt) the mass
flux from phase” to phase’. The inequality sign in Eq. (2.35) is true for actual (irreversible)
processes in the system, the equality sign for reversible limiting cases. Apart from the trivial
case in which the phase boundary is impermeable to matter and heat (J;, = Jg = 0) the
entropy production only disappears for 7" = T"” and p) = ). From the inequality sign in

q. (2.35) follows that for pj = ) heat flows from the box with higher temperature to the
box with lower temperature. For 77 = T” matter flows from the box with higher chemical

potential to the box with lower chemical potential.

Comments on recent literature work We will now deal with a special case of the
discontinuous system displayed in Fig. 2.1. Mass and heat are exchanged between the two
subsystems, but their pressures p’ and p” and their temperatures 77 and T" shall be kept
constant. According to Eq. (2.28) the work done on the total system is given by

K
AW = —p/dV’ —p"dV" = = "(p'v}, — pvf))dm), (2.36)
k=1

with v} and v} the partial specific volumes of component k in phase’ and phase”. As pressure

and temperature are kept constant, the entropy change of phase’ is

K
= Z sh.dmy,. (2.37)
k=1
From comparison to Eq. (2.21) it follows
d;Q +d.Q =0 (2.38)
In the same way one obtains for phase”
d.Q" + d;Q" = 0. (2.39)
With the help of Eq. (2.30) the relation
K
deQ +deQ" = —(diQ + diQ") = > _(hj, — hy)dmy. (2.40)
k=1

is found. Replacing d;Q’ in Eq. (2.35) according to Eqgs. (2.38, 2.40) and using h} = p+1"s],
yields

N

T'd;S = —[ TC,Q,” + Z ”dmk] — ") = 3" — pif)dml > 0. (2.41)
k=1
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T'd;S is the dissipation function. It can also be interpreted in terms of dissipated work. As

will be shown below (page 17), the heterogenous systems performs the work
AWyey = dW —T'd; S, (2.42)

if the masses are exchanged reversibly between the two subsystems. Here dW is given by
Eq. (2.36).

Although Dhont [19, 20, 21] considers exactly the same discontinuous system with K = 2,

he obtains a different result. His expression for the reversible work reads

2
?
AWiey = (ph — p)dmiy + (i — piy)dmly = > " (pj, — p)dmy, (2.43)
k=1

Obviously both, dW and the first term of the dissipation function Eq. (2.41) are missing in the
description of Dhont. The first term of the dissipation function, however, is quite important
and should not be neglected. It vanishes only in the absence of temperature gradients
(T" = T") and expresses the often forgotten fact that heat flows all the time through the
system thus permanently producing entropy. Dhont uses a relation dF’ - AWy — SdT, which
he derives by relating the reversibly exchanged heat to the reversibly exchanged entropy by
dQreY ~ TdS. This is, however, only true for closed homogenous systems, where no particles
are exchanged with the surroundings (see Eq. (2.21)). At this point it should also be stated
that all interpretations of thermodynamic potentials in terms of maximum work ((AF)r),
maximum non expansion work ((AG), r), exchanged heat ((AH),) are not necessarily true

for open systems, where the first law is no longer given by dU = d@Q + dW'.

Work for reversible mass exchange In the literature reversible heat and mass exchange
is hardly ever treated. To our knowledge, reversible mass exchange between two subsystems
at different temperatures has only been considered by Dhont [19, 20, 21], who obtained
Eq. (2.43) by relating the change in free energy to the reversible work. Since this procedure is
not necessarily correct for open systems, we will now explicitely calculate the work performed,
if heat and mass are reversibly exchanged between the two subsystems of Fig. 2.1 [44].
Again p’, p”, T' and T"” shall be kept constant. We will assume T’ < T". The heat d.Q"
is supplied to the heterogenous system from the hot thermal bath and the mass dm) is

reversibly transfered from phase” to phase’.

1. First phase” is brought in contact with a particle reservoir of pure substance 1 with
temperature 7", chemical potential xf, and pressure p” — 7" with 7" being the osmotic
pressure of components 2, ..., K in phase”. This particle reservoir will be called system
A with volume Vy, entropy S4, total mass m 4, specific entropy sq4 = S4/ma4, specific

enthalpy hga, and specific volume vg = V4/my. The mass dm/ can be moved from
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phase” to the particle reservoir without any dissipative effects.

. After separating system A from phase”, it is first isothermally expanded or compressed

and then adiabatically expanded to be converted into system B, which has temperature
T" < T", chemical potential p}, and pressure p'—n’. 7’ is the osmotic pressure of species
2,... K in phase’. Further state parameters of system B are Vg, mp = ma, Sp, $B,

hg, vp.

In the next step system B is brought in contact with phase’. dm/ can be reversibly

transfered from system B to phase’.

The total heat supplied to the heterogenous system from the hot thermal bath at 7"
is d.Q". Part of this heat has already been used in steps 1 and 2. The remaining heat
dQ’ can now be used to drive a reversible heat engine between the hot thermal bath
(T") and the cold thermal bath (7”). The performed work is given by [5]

T/
AW, = —dQZ(l - W) (2.44)

The corresponding works and heats are:

(a)

heat and mass exchange between phase” /phase’ and particle reservoir (steps 1 and 3):

Phase” and system A as well as phase’ and system B are heterogenous systems where
pressures and temperatures are kept constant within the subsystems. Therefore they
may be described by Egs. (2.36)— (2.40). For step 1 it is found

awy = p'vfdm} (2.45)
dwt = —(p" — 7")vadm), (2.46)
d.Q7 +d.Qf = (ha—h{)dm}, (2.47)
and accordingly for step 3
dwy = —p'vidm) (2.48)
AW = (p — 7 vgdm)} (2.49)
0Qy+ deQF = (B — hg)dm. (2.50)

isothermal expansion/compression and adiabatic expansion of particle reservoir (step
2):

The particle reservoir is first isothermally (7") expanded or compressed until its entropy

is equal to Sp. In a second step it is adiabatically expanded until its temperature equals
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T’. During these two processes it exchanges the heat

AQs = T"(Sp — Sa). (2.51)

with the thermal bath of temperature 7” and it performs the work

AWy =

AU — AQs
(w1 = p)ma = (0" =7 Wp + (p" = 7")Va+ T'Sp — T"Sa — AQs
(wy — pyma — (' =7\ + (p" —7")Va+ Sp(T" = T"). (2.52)

Here the first law for closed systems and U = um — pV + T'S have been used. The

contributions of the mass dm} to AQ2 and AW, are

dWs
dQ2

= [y — i) = @' =7+ (" = 7")va + sp(T" = T")|dmy  (2.53)

T"(sg — s4)dm]. (2.54)

reversible heat engine between thermal bathes at 7" and 77 < T (step 4):

Already in step 1 and step 2 heat has been extracted from the hot thermal bath (7").

There remains

dQ) = d.Q" — d Q7' — deQf — dQ>. (2.55)

By inserting Eqs. (2.47, 2.54) into Eq. (2.55) and by using

one obtains

Wl =hg—T"sy=h]—T"s] (2.56)

dQ = d.Q" + T"(s{ — sp)dm]. (2.57)

Hence, according to Eq. (2.44) the heat engine performs the work

deQ”

Wi = ==

(T —T') — (s — sp)(T" — T')dm), (2.58)

and supplies the heat

T/

dQ) = —dWy - dQ} = —d.Q" =

—T'(s) — sp)dm} (2.59)

to the cold thermal bath (T”).
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Now we have to sum over steps 1-4. The total work performed can be obtained from
Egs. (2.45, 2.46, 2.48, 2.49, 2.53, 2.58)

AW™ = AW + dW{ + dWs + dW5 + dWE + dW,
deQ//
=~} — p"o})dm + [T 4 s{dmd | (T = 1) + (= iy} (2.60)

in perfect agreement with Eqgs. (2.36, 2.41, 2.42).
The heats exchanged with the hot (7”) and cold (7”) thermal baths are given by

erov,hot _ deQiA + dtel/ +dQs + dQZ — deQ// (261)
erev7 cold _ dQﬁl + deQ/s + dle? — dte _ (dWrCV — dW) (2.62)

as can be shown with the help of Egs. (2.55, 2.50, 2.59, 2.40, 2.38, 2.60, 2.36, 2.56) and by
using pf = hp —T'sp. deQ' is the heat exchanged between the heterogenous system and the
cold thermal bath in the irreversible process. From Eq. (2.42) and from the positive sign of

the dissipation function it follows that
—dQ™V M = —,Q + (AW —dW) = —d.Q' —T'd;S < —d.Q'. (2.63)

If the two subsystems reversibly exchange heat and mass, less heat is supplied to the cold
thermal bath (7”) than for irreversible heat and mass transfer. This heat difference is con-
verted into work in the reversible case. The change in internal energy is independent of the

path of the process, since it is merely determined by the initial and the final state.

2.1.2.3 Entropy Production in Continuous Systems

In a continuous system, intensive quantities such as density, pressure, temperature, concen-
tration, etc., depend on the space—coordinates in a continuous manner. The mass balance of

each of the K components of the mixture is thus given by a continuity equation
Iy,

5 =~V (orti) + ;ykjjj k=1.. K, (2.64)

where pr, = my/V is the mass density of component k, v is the velocity of component k,
vj/Mj, is the stoichiometric number and vy;J; the production of k per unit volume in the
j—th chemical reaction. Summing Eq. (2.64) over all substances k and using Eq. (2.17) one

obtains the law of conservation of mass

o 5
% = —V - (p?) (2.65)
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with the total density
K K me m
k=1 k=1

and the center of mass velocity

K
= Z _;k = Ckﬁk, (267)

k=1

SRS

where the total mass m = > my, and the weight fractions ¢;, = my/m have been introduced.

The energy balance for a volume element of a continuous system arises from the concept of
heat, since such a space element represents an open region. We have seen in Sec. 2.1.1 that
it was meaningful and useful to define the heat dQ) supplied to a single open phase for an
infinitesimal state change using Eq. (2.6). Then the corresponding change of internal energy
is given by

K

dU = dE — dBin — dEpey = dQ + Y _ hidemy, + dW — dEign — dEjpoy. (2.68)
k=1

The conversion of Eq. (2.68) to continuous systems reads

K K 3

dpu - . - o - oL . v
(gt 2 (put) ==V - (Jg+ > i)+ > Ju-Fo—pV -7 = > Mijo -, (2.69)
k=1 k=1 i,5=1 J
dU
- :>dQ+Z£(:1 hrdemy, = dW —dEyin—dEpot =-viscous flow

where u = U/m is the specific internal energy and jQ is the heat flow®, which is defined by
this equation. Furthermore

Tk = pr(U — D) (2.70)
is the mass flow of component k, ﬁk the force per unit mass exerted on component £, II;; the
viscous pressures, v; the three components of ¥ in a rectangular coordinate system, and x; the
three cartesian space coordinates. The brackets and arrows show which terms in Eq. (2.69)
correspond to which terms in Eq. (2.68). This is not immediately obvious for the expressions

containing work, kinetic energy and potential energy. For a derivation see Ref. [40].

From the Gibbs relation (2.15) we obtain for the local rate of increase of the entropy density

in the volume element

(2.71)

T ot

Ops) _ 1(pu) 1<~ Opx
ot T ot _Tkz_:l“’“

where s = S/m is the specific entropy.

3In the book by de Groot and Mazur [16] j@ is called reduced heat flow ( _:;)
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Just in the same way as for homogenous systems (Sec. 2.1.2.1) and heterogenous systems
(Sec. 2.1.2.2) the entropy balance equation is derived by inserting mass balance (2.64) and
energy balance (2.69) in the Gibbs relation (2.71). If the following relations are used

— /’[/k . — l l —
V<?) = th<T) + T(V,uk)T (2.72)
K
Vp = Z (Y )T (Gibbs Duhem relation) (2.73)
k=1
Tsy = hg— g (2.74)
K K
Tps = > prlhe — ) =pu+p—>_ prlin, (2.75)
k=1 k=1
one obtains 5
(;:) +V - (pst) ==V -Js+o0 (2.76)
with the entropy flow
qszj—QJriSkjk (2.77)
T k=1 ‘

k=1 k=1
T 3
1 1 avi
N4, - =S 1 >0, 2.

where the affinity A; has been defined by Eq. (2.19). The entropy flow has its analog in
Eq. (2.21) for the entropy flow in homogenous systems. Three of the terms in Eq. (2.78)
have already been encountered in homogenous (Sec. 2.1.2.1) and heterogenous (Sec. 2.1.2.2)
systems. The first part of Eq. (2.78) including heat (jQ) and mass (J;) fluxes is analogous
to the entropy production in a discontinuous system (Eq. (2.35)), where chemical reactions
are excluded. Entropy production because of chemical reactions () A;J;/T) also appears
in homogenous systems (Eq. (2.22)). Only the terms concerning external forces (Fj) and
viscous flow (II;;) have not been considered before. The inequality sign in Eq. (2.78) is valid
for the actual irreversible course of the processes inside the volume element. The equality
sign holds for the reversible limiting case, i.e. if the thermodynamic equilibrium conditions

are satisfied within the system.
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Alternative expressions for the local entropy production are

- T €<i>_l§:_)[(ﬁ ) _ﬁ}_FiZT:A.J._iZs:H..% (2.79)
g = Q T T k bk)T k szl 7 Tij:1 ”83:]- .

=1
S AN =N IR 1 o
P TJS.V<T)—TZ k.[(wk)_Fk]Jr?ZAij—?Znija—xj (2.80)
j=1

h,j=1

which follow from Eq. (2.78) with Eq. (2.72) or with Eqs. (2.74, 2.77), respectively.

2.1.3 Phenomenological Equations and Onsager Coefficients

It is known empirically that for a large class of irreversible phenomena and under a wide range
of experimental conditions the irreversible flows are linear functions of the thermodynamic
forces [16]

Ji =Y LyX;, (2.81)
J

where J; and X; are any of the cartesian components of the independent fluxes and ther-
modynamic forces appearing in the expression for the entropy production, which is of the

form

o=> JiX; (2.82)

The quantities L;; are called phenomenological coefficients or Onsager coefficients and the
relations (2.81) will be referred to as the phenomenological equations, Onsager equations
or linear laws. From the requirement o > 0 follows that all diagonal elements are positive
L;; > 0, whereas the off-diagonal elements must satisfy conditions of the form L;Lyp >

%(Lik + LM)2. Furthermore the Onsager Reciprocal Relations imply L;i = Ly;.

In the following the phenomenological equations (2.81) will be given in explicit form for con-
tinuous systems without chemical reactions and viscous flow phenomena. Relations between
the Onsager coefficients and the experimentally accessible diffusion coefficients and heat con-
ductivities will be deduced for binary liquids. The dependence of Onsager coefficients on the
choice of enthalpy or entropy zero will be discussed. Finally, an expression for the Soret
coefficient in dilute solutions will be derived, which will be compared to the result of Duhr
and Braun [24].
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2.1.3.1 Phenomenological Equations

If we exclude chemical reactions and viscous flow phenomena and if we replace the K-th

diffusion current Jg in the entropy production (2.79) by

K-1
Je=-Ydi (2.83)
k=1
we obtain
1 1 K-1
o = —ﬁJQ'VT—TZJk'[{v(/‘k_NK)}T_Fk_‘_FK]’ (2.84)
k=1

which contains only independent fluxes and forces. Hence the phenomenological equations

read
= VI ", V(= px)br — Fi + Py
Jo = —Lagmg — > L T (2.85)
k=1
= VT "~ V(= pr)}r — Fo+ Fy
J = —Lin—ZLik T i=1...K—1 (2.86)
k=1

with Onsager reciprocal relations Lg; = L, and L, = Ly;. An important special case of
Eqs. (2.85, 2.86) is a binary mixture (K = 2) in the absence of external forces (Fy = Fy = 0)

— -

> vr V(g — po)}r

Jo = ~Lermy - quM (2.87)
- vT Vi(u —

J = _quW _ LHM’ (2.88)

where L1 >0, Lyg > 0, L1g = Lg1, and L11Lgq — L%q > 0.* In mechanical equilibrium

K

Vp=> ppFi (2.89)
k=1

pressure gradients vanish in the absence of external forces and from the Gibbs Duhem relation

(2.73) follows
. 1 =

V(i — p2)tpr = 5(%1)7@ (2.90)

4L117 Lig, Lg1 and Ly are the phenomenological coefficients used by de Groot and Mazur [16] (see also
footnote 3).
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Therefore instead of Egs. (2.87, 2.88) one may write

7 VT (ﬁlll)p,T

Jgo = _quﬁ — quc27T (2.91)
7 VT (jul)pT

J = —-Liyyg— — Lj1—=—. 2.92
1 1972 11 T ( )

Egs. (2.87, 2.88) are based on the expression (2.79) for the entropy production o. Alterna-
tively o from Eq. (2.78) or from Eq. (2.80) may be used as a starting point. Using Eq. (2.78)

the phenomenological equations for a binary liquid in the absence of external forces read

- — 6T — Ml — /1,2

Jo+ (i =ho)Ji = gy — 1V ( - ) (2.93)
> VT = (1 — p2
Jl - _llqﬁ - lllV( T ) (294)

with 117 >0, lgg > 0, l1g = lg1, and l11lgq — l%q > 0. Starting from Eq. (2.80) one obtains

- - - VT V(111 —
TJs = Jo+T(s1—s2)Ji = —T°— — 5TM (2.95)
7 VT Vi — o)
2

with @ >0,v>0, 6 =BT, and ay — 32T > 0.0
Of course all descriptions Eqs. (2.87, 2.88), Egs. (2.93, 2.94), and Egs. (2.95, 2.96) are equally

valid and any of the sets of Onsager coefficients may be used. It will turn out, however, that
L1, and L, are invariant against shifts of entropy or energy zero. In contrast, I, and l4

depend on choice of enthalpy zero and 8 and - depend on choice of entropy zero.

2.1.3.2 Relation between Onsager Coeflicients, Diffusion Coefficients and Heat

Conductivities

The experimentally accessible coefficients are the heat conductivity in the uniform state kg
(Ve = 0), the heat conductivity in the stationary state soo (J1 = 0),% the Dufour coefficient
D", the heat of transport @7, the thermal diffusion coefficient Dy, and the diffusion coefficient

Sa, B, 7, and § are the phenomenological coefficients as introduced by Landau [57]. Landau uses the
abbreviation p = p1 — p2. Landau’s heat flow ¢ is related to Jg by ¢ = Jg + (h1 — h2)J1.

5The heat conductivity A of de Groot and Mazur [16] corresponds to o, whereas Landau’s « [57] is identical
t0 Koo
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D. They are defined by

7 = O s,
Jo = —koVT — - TD
Q Ko p1 ( By )p’ Ve
= —kVT + Q1) (2.97)
J = —pDﬁcl — pclchTﬁT. (2.98)

By comparing Egs. (2.87, 2.88), Egs. (2.93, 2.94), and Egs. (2.95, 2.96) to Egs. (2.97, 2.98) one
obtains the following relations between phenomenological coefficients, diffusion coefficients

and heat conductivities

1
Foo = g <qu -

Li
L1y

b= ﬁf;ﬁ<g—g>pf - Plclﬁ<g—gll)pf N £<g—gll>ﬂf =0 (2:100)
+

):%(@—%)z’y—ﬂ%ﬂ) (2.99)

Ly lig—lii(hy —ha)  ard(u1 — p2) B
Dy — Lo _ g _ Q[ ) Z 2.101
et pT? pT? p[ or L,cl P (2.10)
D" = Dr (2.102)
oJ 15} Dy
ro= — T — 2.1
Ql €1 ( 801 )p,T D ( 03)
Ko = Koo+ pc12QiDr > Koo (2.104)

Here Eq. (2.72), Eq. (2.90)" and

= = Opi = O = O =
Vi = (Vi ( ) VT = ( ) v ( ) VT 2.105
Hi (Vu)r + 0T /) erp Oc1/p,T at 0T /erp ( )
have been used. The inequalities L;; > 0 and L;; Ly, — L?k > 0 imply Koo > 0, kK9 > 0 and
D > 0. From the reciprocal relation L;, = Ly; follows D” = Dp. The thermal conductivity

for the uniform state kg is larger than the thermal conductivity for the stationary state rqo.

2.1.3.3 Invariance against Shifts of Enthalpy or Entropy Zero

It has already been noted, that not all Onsager coefficients are invariant against shifts of
enthalpy or entropy zero. Most authors, however, seem to be unaware of this fact, and only
in Ref. [62] there is one sentence mentioning the problem. Therefore we will now explain
in detail the reasons and consequences. Firstly, one has to calculate the derivations of the

chemical potentials and the partial specific enthalpies appearing in Egs. (2.100, 2.101) from

"Landau’s result [57] for D is recovered by replacing ¢ ' [dpu1/dci]p,r by [Op/dci]p,r in Eq. (2.100).
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the Gibbs free energy of mixing

AC:mix — G(p7T7m17m2) - G(l)(va7m1) - Gg(p7 T7 m2)
= m(alm®.T.e) = 0. T)] + ol pa(p, Tocr) = (. 7)) (2:106)

G is the Gibbs free energy of the mixture, GY the Gibbs free energy of pure component i,
m; the total mass of component ¢ in the mixture, u; the chemical potential of component 4
in the mixture, ,u? the chemical potential of pure component i, and m = mj + mo the total
mass. AGnpix can be obtained from an equation of state and is invariant against shifts of

enthalpy or entropy zero.

With ¢; = 1 — ¢; and Eq. (2.90) follows

O(AGix
m(p,Tycr) — pa(p, Tye1) = {(Tl/m)LT +u1d(p, T) — uS(p,T)  (2.107)
and thus

1 (Om 0 —p2)] [9*(AGix/m)

o (861 )p,T - [ ey L;,T N [ oc? ]p;r (2.108)
0 — 82 AG(mix
{ (M(?T M2)Lm = s = { (aclaT/m)]p — (s? = 53) (2.109)
C [0(AGmi/m)] o [0*(AGum/m) 0

hl h2 o |: 8C1 :|p7T T|: 8018T i|p t (hl h2) (2110)

Here s; and h; are the partial specific entropy and enthalpy of component ¢ in the mixture,
and sg and hg are the specific entropy and enthalpy of the pure substance . s? and h? depend
on choice of entropy or enthalpy zero and therefore [0(p1 — p2) /0T ., and (hy — hg) also do.
Note that component 1 and 2 generally have different zero points of entropy and enthalpy.
The measurable coefficients ko, D, and D7, in contrast, have to be invariant under shifts of
enthalpy or entropy zero. This has the following consequences for the Onsager coefficients
(cf. Egs. (2.99-2.101)): L1y = l11 = o', L14 and Ly, do not depend on the choice of enthalpy
or entropy zero. li, and [y depend on the choice of enthalpy zero. 3 and v depend on the
choice of entropy zero. In particular, by inserting Eq. (2.109) into Eq. (2.101) 3 is found to
be of the form

B =a(s) —s9) + A, (2.111)

where AS does not depend on entropy zeros.

It is instructive to consider the experiments that correspond to the terms appearing in
Eq. (2.109):

2 .
M = —51 + S92 + 8(1] — 80 (2112)

- d
81+ 89 an 9,07 ) 2
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experiment 1 = (s; — s9) experiment 2 = (s; — sy + 59 — s9)

my = Am, my = 0,

my,ma, p, T my,ms, p, T
, T
A B 7
Ami; = Am \L
Amy = —Am

my + Am, mg — Am,| my =0, mg = Am,

A paT B va

my + Am ;mg — Am, p, T

Figure 2.2: Experiments corresponding to the two terms of (2.112).

The first term of (2.112) is related to an experiment in an open system, to which an amount
Am of substance 1 is added and from which an amount of Am of substance 2 is removed

(see Fig. 2.2, experiment 1). The entropy change of the system is given by
ASPN = (51 — s9)Am. (2.113)

According to Eq. (2.21) the entropy change of the open system cannot be directly related to
the heat exchanged with the surroundings. Therefore AS°P" is not a measurable quantity.
Accordingly the term —(s; — s2) depends on the choice of the zero point of entropy.

The second term in (2.112) corresponds to an experiment in a closed system consisting of two
subsystems. At the beginning subsystem A contains the masses m‘f‘ = myq, m’24 = me and
subsystem B contains the masses m¥ = Am, m¥ = 0. At the end of the experiment A has
m{* = my + Am, ms = my — Am and B has mP? = 0, m& = Am (see Fig. 2.2, experiment
2). The entropy change of the total system is made up from the entropy changes of the two
subsystems

At = ASA 4 ASP = (51— 59)Am + (s§ — s3) Am. (2.114)

If the experiment is performed reversibly, the entropy change AS°*®d can be measured
by measuring the heat exchanged with the surroundings. This is in agreement with the

invariance of (—s1 + s + s — s9) against shifts of entropy zero.
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2.1.3.4 Expression for the Soret Coefficient of a Dilute Solution

The Soret coefficient S is the ratio of the thermal diffusion coefficient Dp and the diffusion
coefficient D. From Egs. (2.100, 2.101) follows

Dr O(p1 — p2) p I -1
_Dr _ 4 ory , 2.11
ST D {[ oT ]p,cl * Oé}{CI(aCl)p,T} ( 5)
For ideal mixtures or dilute solutions with ¢; — 0 one has [57]
8,&1 kT
- = — 2.116
( 861 )p TC1 M1 ’ ( )

where M7 is the mass of one particle of component 1. With the definition
AS* = (s1 — 89+ 89 — s9) M, (2.117)
Eq. (2.115) becomes

COAST MBS AST My A

AS* is the change of entropy for the experiment 2 sketched in Fig. 2.2, where one particle of
substance 1 is added to subsystem A and M; /M, particles of substance 2 are withdrawn from
subsystem A. Af has been introduced in Eq. (2.111). Both AS* and AS/« are invariant

against shifts of entropy zero.

Duhr and Braun [23, 24] derived for a solute-solvent system

AS
=—— 2.11
ST kT ) ( 9)
where AS is the solvation entropy. Here the solute (component 1) is assumed to be highly
diluted in the solvent (component 2). If we identify AS with AS* from Eq. (2.117), it follows

from comparison to Eq. (2.118)

?

BLa(s)—s9), AsZ0 (2.120)

in the model of Duhr and Braun. This implies

- ?

Ji = oV (i1 — p2) + (3 = )VT] = aV(p1 — pg — p + 1) (2.121)

In thermodynamic equilibrium one has VT = ﬁ,u = 0. In the description of Duhr and
Braun, both the non—equilibrium and the equilibrium stationary states are characterized by
the same condition 6(;11 — pg — p + 1Y) = 0, regardless whether temperature gradients are

present or not. This might be questionable.
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According to Ref. [24] the solvation entropy is given by

AS = AgWyd) 4 Aglionic) — A(Ashydr _ Do, ADH>, (2.122)
4eeyT

where S1d) and Sonic) are the entropy of water hydration and the entropy of ionic shielding,
A is the surface of one particle of component 1, Asyyq, = AS(bydr) /A is the particle area
specific hydration entropy, g is the vacuum permittivity, ¢ is the dielectric constant, 3 =
1+ %g—% = 2.3, oo is the effective surface charge density, and Apy is the Debye length. Duhr
and Braun measured the Soret coefficients of single DNA and polystyrene beads in aqueous
solutions and analyzed the dependence on salt concentration, i.e. on Apy, on temperature T,
and on molecule size A. They found a good agreement between experimental data and their
model Egs. (2.119, 2.122). However, it might be possible to explain their data just as well
by Eq. (2.118) with AS* = AS from Eq. (2.122), if appropriate assumptions about AS/«
are made. For example one could conclude from Fig. 3(a) in Ref. [24], that A3/a does not
depend on the Debye length Apy. We are not sure, whether A3 = 0 and thus 8 = a(s} — s9)

necessarily follows from the data presented in Ref. [24].

To summarize, the following questions come up from the model of Duhr and Braun: Does
B = a(s? — s9) hold? Or equivalently: Are non-equilibrium stationary states characterized
by the condition ﬁ(ul — po — pu§ + ) = 0? Answers can be given, if Onsager coefficients
are calculated from diffusion and thermal diffusion data by Egs. (2.100, 2.101). For that
purpose the derivations of the chemical potentials have to be calculated from an equation
of state according to Egs. (2.108, 2.109). The answer to above questions is “No” in case of
polymer blends, as was recently shown by Voit [104]. He obtained Onsager coefficients for
poly(dimethyl-siloxane) /poly (ethyl-methyl-siloxane) over a wide concentration range from
diffusion and thermal diffusion data by using the Flory Huggins theory. The expression
AB/a = (B/a + s9 — ) was found to depend on concentration and to be of same order of
magnitude as AS*/M; in Eq. (2.118). In a next step Onsager coefficients of simple mixtures
and polymer solutions should be evaluated, as for these systems there exist both, reliable
diffusion and thermal diffusion data (simple mixtures: e.g. Ref. [110]; polymer solutions: e.g.
Ref. [82]), as well as successful equations of state (simple mixtures: Peng—Robinson equation
of state [79], Soave Redlich Kong equation of state [79]; polymer solutions: cubic equation

of state [59], perturbed hard sphere chain equation of state [38]).

In case of polymer solutions, another important argument should be mentioned in this con-
text. It can be shown theoretically and experimentally, that the Onsager coefficient L1 = oT
depends on hydrodynamic interaction, whereas the thermal diffusion coefficient Dy as well
as the Onsager coefficient L1, do not (see Ref. [11, 87, 117, 85] and Sec. 2.2.5). According to
Eq. (2.101) and with the help of Eq. (2.109), 3 can be expressed in terms of Lj, as follows

L
B=a(s; — s2) + % (2.123)
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L4 does neither depend on entropy zeros nor on hydrodynamic interaction. If 3 = oz(s(l) — sg)

was valid, L1, oc @ would follow, which contradicts both, experimental and theoretical find-

ings.

2.2 Reference Velocities
2.2.1 Reference Velocities and Diffusion Currents
In chapter 2.1 the diffusion flow was always given by
Je=pu(—7) k=1...K, (2.124)

where U was the center of mass velocity. Because of

K
> Jk=0 (2.125)
k=1

only K —1 diffusion flows are independent. Sometimes it is more convenient to use a diffusion
flow [40]

-

Ji = pr(vy — U%) k=1...K (2.126)

with an arbitrary reference velocity

K
7= axly (2.127)
k=1

and

K
> ap=1. (2.128)
k=1

From Eqgs. (2.126, 2.127, 2.128) one obtains the following relation between the fluxes:

Q

K
SRR =0 (2.129)

=1k

(%)

For aj, = ¢, one has v = ¥ and J; = Ji. The three other important reference velocities are:

1. the mean volume velocity

K K

gVl = Z PrUKUE = Z b1 U (2.130)

k=1 k=1

with weights ar = prvr = ¢r. v and ¢y, are the partial specific volume and the volume
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fraction of component k in the mixture. The corresponding diffusion flows
YN = pp(Tp — 7V k=1...K (2.131)

are related to each other by

Z vp Yo = (2.132)

2. the velocity vk of species K with weights a = drx. Hence

JE = p (O — k) k=1...K—1 (2.133)
are independent and
JE = 0. (2.134)

3. the mean molar velocity

ol Z LT (2.135)

with weights ay, = x; = Ni/N (mole fraction of species k). The fluxes

Jol = pp (T — 7™ k=1...K (2.136)
fulfill the relation
K jmol
E
> 3 =0 (2.137)
k=1

where M, is the molecular mass of component k.

Conversion from a reference velocity 7% to a second velocity #° is often necessary. The

transition from the diffusion current

Jja = pj(’L_;j - ﬁa) (2.138)
to the second diffusion current
JE = p(t, — 7°) (2.139)
is realized by [16]
K-1 by . K-1
[+ (ancse —a) L] o= ST BRI =1 K1, (2.140)
k=1 bie Ck k=1

where ay, (by,) are the weights corresponding to 7* (#%) according to Eq. (2.127). The proof
of Eq. (2.140) is found by expressing both fj“ and J_,;b in terms of the set of independent
velocities ¥, ¥, ..., Uk (this is done with the help of Eqgs. (2.126, 2.127)) and by identifying
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the coefficients of these velocities. Three special cases of Eq. (2.140) shall be considered.

1. binary mixture (K = 2): Using a1 + as = by + by = 1, Eq. (2.140) reduces to

. 1—5b . .
Jo = [1 + (ag 2 _(1- a2)) c—l] i — (2.141)
2 1 ba
Important examples are
Jvol = pavs j’lrel _ ¢2 j’lrol (2142)
and
T 2 7y 1 _ 7vol __ 7vol __ 7rel
J=——J""=—J] J =cy JiC. 2.143
YT g pU2 <Z5 ! ( )

2. transformation from center of mass velocity to mean molar velocity: Taking into ac-

count N M
=i Gl (2.144)
> Ni o Y a/M;
one obtains from Eq. (2.140)
K—1 K1 o
Jmol — [jwcj(———)} —]<8]> j=1...K 1, (2.145)
k=1 €K Gk P A
where the abbreviation
(8/8616) = (8/8619)p,T7617~~~70k71,Ck+17~~~CK71' (2'146)
has been introduced. Accordingly the inverse transformation is given by
ok /1 0c;
Tk <—J> Jml i1 K -1 (2.147)
Cl axk
k=1
with
(a/axk) = (8/8$k)p,Tﬂﬂl,~~~7Ik717rk+17~~~961<71' (2'148)

3. transformation from center of mass velocity to mean volume velocity: With pr = cpp
it follows from Eq. (2.140)

K-1
=2 C
Jyol = [(%k + (pKUK_k — PkUk) J} T
1 CK Ck
K-1
= i+ pi (o —v)| Ty =1 K -1 (2.149)

B
Il

1
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With the help of

dp 2 OV 2
- = = — V. — U 2150
8Ck <8mk)p,T,ml,...,mk,l,mk+1,...,mK,1,m p ( k K) ( )
and
dp;  O(pcj) dp (2.150) .
20— = pojpte; oL BE [5- (v — k=1...K-1 (2151
9o, ~ 0e, ~Pomtame p|djk+pji(vK —v) j (2.151)
the conversion relation (2.149) takes the simple form
K—1
- 1 8p- -
Jyl = Ny} j=1...K —1. 2.152
; ]; Py L j (2.152)
Then the inverse transformation is given by
K-l g,
T J 7ol .
J = Zpa—kak j=1...K—1, (2.153)
k=1
with
(8/8pk) = (8/8pk)P7T,P17---7Pk—17pk+17~~~PK—1 (2-154)
and )
(93 /0p1) = — [0 + 5 (=~ 1) . (2.155)
P VK

Up to now we have discussed different reference velocities, which are not necessarily equal
to zero. All descriptions are equally valid, and any of the reference velocities can be chosen.
The transformation from one reference velocity to a second reference velocity according
to Eq. (2.140) does not involve any problems. The situation is more complicated, if the
vanishing of a reference velocity is considered. In general it is not possible to conclude from
the vanishing of one reference velocity that also all other reference velocities are equal to
zero. Remember that the reference velocities are generally complicated functions of space
and time

v =TY7rt). (2.156)

2.2.2 Prigogine’s Theorem

According to Eq. (2.79) the local entropy production without chemical reactions and viscous

flow phenomena is given by

o= Jg-V(2) ~ 23 oul— ) [(Tmr - ], (2157)



2.2 Reference Velocities 35

where jk = pr(Ux — U) has been used. Thus o depends on the center of mass velocity .
For mechanical equilibrium Prigogine [80] has shown that the center of mass velocity ¢ in

Eq. (2.157) can be replaced by any other velocity .
1y 1<
o=Jg- V<T> -7 ;pk(vk IE [(V,uk)T — Fy, (2.158)

The proof of this theorem follows from the equality

K
> ok [(ﬁﬂk)T - Fk} =0, (2.159)
k=1

which can be derived by combining the mechanical equilibrium condition (2.89) with the
Gibbs Duhem relation (2.73).

It should be noted that ¢y can take any value. For example by choosing ¥ = 0 one obtains
T [(ﬁﬂk)T - ﬁk], (2.160)

where
JJ& = p k=1...K (2.161)

is the mass flow in the laboratory reference frame. It is, however, not possible to derive
phenomenological equations from Eq. (2.160). This can only be done, if 0 = > J; X; con-
tains independent fluxes J; and forces X;. The fluxes qulab in Eq. (2.160) do not fulfill this

requirement since they are related by
K
> g = pi. (2.162)
k=1

Eliminating the K—th mass flow J, [l{ab from Eq. (2.160) does not solve the problem, because
then the resulting entropy production is no longer of the form o =3 J; X;.

Phenomenological equations can only be written down for vy = v%, where v® is a reference
velocity as given by Eqs. (2.127, 2.128). Then the linear homogenous relation (2.129) between
the diffusion fluxes jk“ = pi (U —U?) allows to express the entropy production in the required
form. More specifically, eliminating the K—th diffusion flow px (Ux — U*) from Eq. (2.158)

and using the abbreviation

X = [(ﬁﬂk)T - ﬁk} - Z’;:;Z [(ﬁﬂK)T - ﬁK} (2.163)
(2.159) KZ_:I <5ik + ;}’:ZJ [(Wi)T - ﬁ] (2.164)

i=1
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one finds .
o=Jgy- ( ) Z jo. X, (2.165)
k:

which contains only independent fluxes and forces. Hence the phenomenological equations

read
> X
Jo = anqF — Z L=t (2.166)
K-1 >
- VT Xg .
k=1
where Lg,, L, and Lj are the Onsager coefficients corresponding to the reference velocity
. Onsager’s reciprocity law states L = Lg; and L = Lg;. For ay = ¢ one has v = 0,
qu = Lgg, L = Lig, Ljj, = Lix and the phenomenological equations (2.85, 2.86) from

Sec. 2.1.3.1 are recovered.

The Onsager coefficients corresponding to v (L&, L&, L) are related to the Onsager

ag> ig
coefficients corresponding to ¢/ (Lé’q, LZI;, Lb) by
_ b
Log = Ly (2.168)
K—1 K—1
Ly = Li=) BYLy=3 BiL, (2.169)
J=1 j=1
K-1
4 = > B LyBY, (2.170)
Jl=1

where BZ‘-’jb has been defined in Eq. (2.140). Egs. (2.168)—(2.170) are easily derived from
Eq. (2.140) and

XP=>"ByXy 1=1.K-1, (2.171)

where X o and )Z'lb are given by Eq. (2.164) and by the corresponding formulae with b in-
stead of a. Note that Eq. (2.164) and Eq. (2.171) are only true for mechanical equilibrium

(Eq. (2.89)).

An important special case of Egs. (2.170)—(2.171) is a binary mixture with

a - as - - 1 = - b
Liy = szn, Bu=g% Ji=00 Xi= (V) - Bl = 280 (2172)

The concluding remarks of Sec. 2.2.1 can be similarly repeated here: In mechanical equi-
librium symmetric Onsager coefficients can be introduced for any reference velocity and the

corresponding phenomenological equations are all equally valid. The transformation from
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1 a a
one set of Onsager coefficients (L, L,

sager coefficients (Lé’q, L};, L;}C, reference velocity @) is easily performed with the help of

Egs. (2.168)—(2.170). Only the fluxes in the laboratory reference frame jklab = piU are

Lf,., reference velocity ¢®) to a second set of On-

problematic. Even though the entropy production might be expressed in terms of Eab,

phenomenological equations cannot be written down for these fluxes.

Frictional formalism At the very end of this section we would like to mention the fric-
tional formalism of non—equilibrium thermodynamics and the relation between friction coef-
ficients and Onsager coefficients. According to Ref. [103],® in the absence of external forces
and temperature gradients, multicomponent diffusion can be described by the general friction

equations

K
S Fpi@ =) =~ (Vpipr  i=1...K (2.173)
7j=1

and the entropy production

K
1 L
0 =55 E fiipip; (T — T;)2. (2.174)

i,j=1

The symmetric friction coefficients f;; can be related to the Onsager coefficients LZ-‘“,;31 as

follows
L‘rel
fl = _%ﬂ ik=1...K—1 (2.175)
1 K-1
fri = fik=——>_ fuipk i=1...K—1. (2.176)
PK 1

Egs. (2.173)—(2.176) follow from the Gibbs Duhem relation (2.73) and Egs. (2.165, 2.167)
with J_;rd = p;(U; —Uk) and )Ziml = (ﬁ/,l/i)p:[“, if the symmetry f;r = fi; is taken into account.

For a binary liquid (K = 2) it is found from Egs. (2.174, 2.176)

T caq T

fo = B -2 (2.177)
p2 Ly o Ly

To = j’lrel)zlrol — (j’lrol)2/Lﬂzl — f12,01p2(?71 - 1)3)2 (2178)

with j’lrel = p1 (171 — ?)_é)

8Vink [103] uses the number density nr = Ni/V instead of the mass density pr = mi/V and accordingly
the chemical potential per particle uj, = M.
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2.2.3 Definition of Diffusion Coefficients

Most generally, thermal diffusion coefficients D;’;!, barodiffusion coefficients D;"" and mutual

diffusion coefficients D;;’y may be defined by
J* = -DMVT - DS Vp—ZD AV i=1...K—1, (2.179)

where J:-“ = p;(U; — U%) is the mass flux with an arbitrary reference velocity (a = mass, vol,
rel, mol, ...; see Sec. 2.2.1) and y, is a composition variable (yx = pg, ¢k, Tk, -..). This is
the generalization of Eq. (XI.51) from Ref. [16] to non-isothermal, non-isobaric systems. It
is, of course, possible to relate these diffusion coefficients to the Onsager coefficients Ly, L,

Lf., which have been introduced in the last section by Egs. (2.166, 2.167). From the Onsager
reciprocal relations one thus obtains symmetry relations between the diffusion coefficients.
However, we will not discuss this subject here, but will concentrate on transformations

between reference velocities and composition variables.

The transition from one composition variable y; to a second composition variable z; in the

presence of temperature and pressure gradients is realized by

= 82[ = 82[ = P 821 =
Va = (a_T)p,{yi}VT—'_ (a—p)T{yi}Ver ]; <a—yk>P7T7y17~~~7yk71,yk+1,m,yx71vyk. (2.180)

For example, ﬁpl (gradients in mass density) can be evaluated from ﬁck (gradients in weight

fraction) by
K-
Vo= —paVT + pikVp + Z _p l=1...K—1, (2.181)
= oy
with the thermal expansion coefficient a = V=1(OV/OT)p.m,....ms , the isothermal compress-

ibility £ = =V 1OV /D) ms ...my, and (0/cy) from Eq. (2.146).°
The diffusion coefficients DZ b Db “ and DZ.I;Q’Z, which are defined by

—»

JP=—D}iNT — D} Vp — ZD;’l’Z Va, (2.182)

can be related to the diffusion coefficients Dlazy ) Day and DY from Eq. (2.179) with the

oIn [61] Vpr = 3(8p1/8ci)Vei is used, although thermal diffusion phenomena are studied. The obtained
results are only true for mixtures with negligible thermal expansion.
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help of Eq. (2.140) and Eq. (2.180):

oy ab| bz bz (92 ]
bir = ; By [ D} + ; D3 (5 )t (2288)
K—1 K—1 02
Dflyy — Bab|:DbZ Dbz( ) ] 21 4
o . 2. Di Op / T} (2.184)
7=1 =1
R 0z
DY — B“bDbZ< ) 2.185
ik jl ayk pTyh SYk—1Yk+15- YK —1 ( )

Conventional choices of reference velocities % and composition variables y; are: the center
of mass velocity ¥ combined with weight fractions ¢, the mean volume velocity 7™°! together
with mass densities pg, and the mean molar velocity in combination with mole fractions zy.
In the absence of pressure gradients it is practical to introduce diffusion coefficients D; r,
Dik, D}, Djy, Dir, Dij as follows:

K-1
Ji = —pcickDirVT —p Y DipVey i=1...K—1, (2.186)
k=1
jmol K-1
= —nawgDir VT —n Y DV i=1...K—1,  (2187)
i k=1
K-1
JiVOl _ _pi¢K Di,T VT — Z Dikvpk i=1...K —1, (2.188)
k=1

Here J:-m"l /M; is a particle diffusion flux and n = N/V the total number density. The prefac-
tor of the thermal diffusion coefficients n z;zx in Eq. (2.187) has been chosen in agreement
with the result of Ghorayeb and Firoozabadi [35]. They have shown that the expression
na;(1 — x;) D}, which is used in Refs. [48, 100], is only correct for binary systems.

With the help of Eq. (2.145) and Egs. (2.183, 2.185) the relation between the diffusion
coefficients D;'i 7> D and D; 1, Dy, is easily found.

(8:”@) (%) (2.189)

&Tk

*

ik

|
M =

7l

>_A

(8‘”) Direjck, (2.190)

MH

Dirrizk =
1

<.
Il

where (0/0ci) and (0/0xy) have been defined by Eqs. (2.146) and (2.148).

The transition from diffusion coefficients D; 7, Dj, to D; 7, D;j, is more complicated, because
in the presence of temperature gradients the mass density can change alone due to the

thermal expansion of the medium. From Eq. (2.152) and the general conversion formulae
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Eqgs. (2.183, 2.185) one obtains

Dy = > (%)m(%) (2.191)
[7(—1 9 K-1 Ic
Di,Tpi¢K = 2 (8—2?;) |:Dj7TCjCK +ak§::1Dﬂ(8—p;>pk}' (2.192)

Here the abbreviation (0/0py) from Eq. (2.154) has been used and
K-1 K—1

0 Ocy (0
(8_;5>p,{pz =1 %<ﬁ>n{cl~} T i

)

Cl
Pk

(—apr) (2.193)

&)

=1

has been taken into account. The thermal expansion coefficient v has been introduced

before.10

For binary mixtures (K = 2) all diffusion coefficients can be expressed in terms of the general
binary diffusion coefficients D and D7 from Sec. 2.1.3.2. Using (0x1/d¢1) = z122/(c1c2) and
(0p1/0c1) = p*vg = p1¢2/(c1ca) it follows from Egs. (2.189)-(2.192)

61’1 661
Dy, = D =Dy =D 2.194
H <861> 11(633‘1) 1 ( )
N Jx1\ ¢ ¢
Dir = (8—011> :Ei ;2 Dir =Dir = Dr (2.195)
op1 Jcy
11 (801) 11 <3P1> 11 ( )
. 1 apl 861
D7y = m (8—01) |:’D1,T(3102 + oD (8/) > ] Dr + ¢2D. (2.197)
Hence the three fluxes from Egs. (2.186)—(2.188) are given by
J_i = —pcieeDr VT — pDﬁcl (2.198)
7mol
i = —nzixeDr VT —nDVxy (2.199)
My
J' = —pido DrVT — praD VT — DVpy. (2.200)

The term pyaD VT in Eq. (2.200) must not be neglected for small Soret coefficients Sy :=
Dr/D. For example in mixtures of organic liquids one typically has Sy ~ +(1...10) x
1073/K [51, 112] and a ~ 1 x 1073/K [64]. Hence ¢2Dr and aD are of same order of

magnitude. Some authors define the Soret coefficient of dilute solutions in a different way

Y = —D[Vp 4+ ;1 SEVT) (e < 1,¢9 ~1). (2.201)

9The second term on the right hand side of Eq. (2.192) is missing in Eq. (64) in Ref. [61].
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St = Dp/D and S} are related by
Sk = S+ o (2.202)

In ideal gases « is simply given by 1/T" and S} — S = 1/T is sometimes called the ideal gas
contribution [24, 113] to the Soret coefficient. This is, however, rather misleading, since it
originates from thermal expansion and has nothing to do with thermal diffusion. Actually,
p1 18 not the most appropriate composition variable in the presence of temperature gradients.

x1 or c¢1, which are not affected by thermal expansion, are preferable.

According to Egs. (2.198, 2.199) the diffusion coefficients in a binary mixture do not change,
if the mass flux fl, the total mass density p and the weight fractions ¢; are replaced by the
particle diffusion flux J°!/M;, the total number density n and the mole fractions z; [72].

The corresponding reference velocities, however, are generally not identical (7' # v™°).

Again we repeat, that any reference velocity v or composition variable y; may be used for
the description of the problem and transition to another reference velocity #® or composition
variable z is always possible. The transformation of the corresponding diffusion coefficients
is especially simple in case of binary mixtures, but of course also possible for multicomponent

mixtures.

2.2.4 Evolution Equations

Up to now we have derived equations, which relate a flux (mass or heat flux) to the gradients
of the composition variables ﬁyl, ceey ﬁyK_l and the temperature gradient vT. (The pres-
sure is assumed to be constant.) These equations do not allow for determination of the space—
and time—dependent composition and temperature fields y; (7, t), ..., yx—1(7,t), T (7, t). For

this one needs evolution equations

a . — - = — —
a_ytz = f(yb' < YK-1, VY1, VYK -1, Aylv .- 'aAyK—h T,VT, AT7 Ua7v) (2203)
or - - = o =
5 = flyis - yrk—1, Vyi, -, Vyg—1, Ayp, ..., Ay, T, VT, AT, 7%,7), (2.204)

where the reference velocity ¥ and the center of mass velocity ¢ have to be determined

separately. Under certain conditions the evolution equations (2.203, 2.204) take a very simple

form
O K-1
% = DJYAT + Y DAy, (2.205)
k=1
or
= Dy AT. (2.206)

ot
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Eq. (2.205) and Eq. (2.206) are often called extended diffusion equation and heat equation.
In this section we will derive the general evolution equations (2.203, 2.204) and will discuss
under which conditions they simplify to Eqgs. (2.205, 2.206).

2.2.4.1 General Evolution Equations for Composition Variables

According to Eq. (2.64) the time derivative of the mass density of component k is given by

B . Lo
% = V() = -V I k=1...K, (2.207)
if chemical reactions are excluded. Onsager equations cannot be derived for the fluxes in the
laboratory reference frame (cf. Sec. 2.2.2). Therefore jklab in Eq. (2.207) has to be replaced
by Jit = pi(@, — 5°)
apk . = Ta = —a _
If J_,;“ is expressed in terms of Vp1, ...Vpr_1 (Eq. (2.179) with yx = pr and Vp = 0), the

general evolution equation for the mass density pj is obtained:

K-1
0 = a,p a,p = —q
Tk =V [DEEVT + Y DY =V () k=1 K -1 (2.209)
j=1
From Eq. (2.208) and
dp =
- __v. 2.21
B V- (p?) (2.210)
follows
e _ 2<@>:1%_ﬂ_@
ot ot\ p p Ot p2 ot

lre = = B}
:—;[V'Jka—l—v-(pkﬁa)—ckv'(pﬁ)] k=1...K -1  (2211)

The general evolution equation for the weight fractions is thus given by

K-1

= a,c a,C lre —a = —

\E [DRZTVT + E Dy ch] — ;[V (expt?) — e, V- (p0)], (2.212)
i=1

8ck

1
ot p
where Eq. (2.179) with g = ¢; and Vp = 0 has been used.

The general evolution equation for the mole fractions is found from Eq. (2.208) and

on _ = —mol
i =V - (nv™). (2.213)
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One obtains

Oz, _ 2<%>_L%_%0_n
ot ot\n/) Mgn ot n?ot
_ lrs j];a = —a = —mol o
= —E[V'm+v-(nkv)—xkv (nv )] k=1...K—1. (2.214)

nk = Ni/V is the number density of particles of component k. Replacing J—,;a according to
Eq. (2.179) with y;, = z3 and Vp = 0 yields

K-1
8$k 1 = a,T a, T 12 —a = —mol
AL [Dk,TVT—ir ;:1 Dy ij] - [v (T — 2p V- (nd™N]. (2.215)

2.2.4.2 Extended Diffusion Equations for Composition Variables ...

...in case of vanishing reference velocities It can sometimes be argued that a certain
reference velocity 0% vanishes (see Sec. 2.2.4.3 below). Then the composition variables solve

the so called extended diffusion equations.

In case of vanishing mean volume velocity 7V°' = 0 it follows from Eq. (2.208) and Eq. (2.188)

K-1

ap; L. . . .

8’;’ = VT =V | pibx Dir VT + > :DikVpk} i=1...K—1. (2.216)
k=1

For small gradients p; = p; 0, ¢k =~ ¢K,0, Di 1, and D, can be taken as constant. Here yy, o
denotes the equilibrium value of the composition variable 3. Hence the extended diffusion

equation for the mass density p; reads

K-1

9p; .

a[; = pio dx0Dir AT + Y Dyplpy i=1...K—1. (2.217)
k=1

If the center of mass velocity ¥ vanishes it is found from Eq. (2.211) and Eq. (2.186)

K-1
a ] 1 = - 1 — - N
a—‘;’ = V- J=-V- [pcicKDi,TVTer > :D,-chk] i=1...K -1 (2.218)
p p
k=1

In isothermal, isobaric systems it follows from vanishing center of mass velocity that §p =0
(cf. Eq. (2.253) below) and one obtains

%__%ﬁ.ji:_ﬁé):6.[212)%%4 i=1.. K1 (2.219)

For small gradients (p ~ po, ¢t = cro) Eq. (2.218) simplifies to the extended diffusion
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equation for the weight fractions ¢;

K-1
ot ’ ’ ’ k=1

For vanishing mean molar velocity Eq. (2.214) and Eq. (2.187) can be combined to

K-1
1= . .
= -V [nmixKDfTVT+n ) jD;kv;Uk] i=1...K 1 (2.221)
/”L 9
k=1

ot n

Lo (2

In the absence of temperature and pressure gradients the number density is uniform as a

consequence of vanishing mean molar velocity and one has

K-1

Lo (B o (B e (S piea] i1k am
! ! k=1

In case of small gradients n ~ ng, z; = %0, Tx =~ Tk,0, D;T, and D, are approximately

constant and the extended diffusion equation for the mole fractions x; is obtained

K-1
8 .
% = zirkoDir AT+ Y DjAz, i=1...K 1. (2.223)
t k=1

...in case of small perturbations In case of non—zero reference velocities, it is still
possible to derive simple evolution equations, if temperature and concentration gradients are

kept small and appropriate composition variables and fluxes are chosen.

For small deviations from equilibrium, the temperature gradient VT and the gradients of the
composition variables ﬁyk are small. Taking into account the phenomenological equations
also the fluxes j];a and the particle velocities ¥ are found to be small. One may then introduce
an € < 1 by

§T~6, §yk~5, j];aNE, U, ~ €, Ua:Zakﬁkwe (2.224)

and neglect all terms of the order £2.

Setting J¢ = Jj, and 7% = ¥ in Eq. (2.211) yields

861@ 1 — - — . — -
5 = —;[V-Jk—l-v-(pkv)—ckv-(pv)
e (M _lie o _ N
¥ (p) ShVp—iVe k=1 K- (2.225)

For small gradients the second order terms jkﬁp and 7 Ve, can be neglected and the weight
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fractions solve

aCk j]; K-1
It ~ —V- <?> =V [Cch'ij VT + ; 'Dkivcz}
K-1
~ ok 0Drr AT+ Y DrilAci  k=1...K-1, (2.226)
i=1

where Eq. (2.186) has been used.

Similarly one obtains for the mole fractions from Eq. (2.214) with ﬁf = ﬁmd and 7% = g™l

% - _%[ﬁ‘ (;Mi:l> +§'(nk5m°1)—$k6'(”ﬁmd)]
7Fmol 1 jl;mol .

= k —mol
v (an> LA C (2.227)

Again for small gradients the terms qumdﬁn and 7™°'Vzy, are of order £2 and therefore
negligible. With Eq. (2.187) there results

7mol K-1

dxy, = = R -
K-1
~ wporko D AT+ > DiAw;  k=1...K—1. (2.228)
i=1

By replacing ﬁ“ and 7% in Eq. (2.208) by j;gVOI and 7V°! an evolution equation for the mass
density is obtained
Ipy

- = VTN =V (¥ k=1...K—1. (2.229)

Here the situation is more complicated than for the weight fractions Eq. (2.225) and for the
mole fractions Eq. (2.227). According to Eq. (2.224) the terms V - (p;7*°!) and V - J_,;VOI are
of same order of magnitude. In Sec. 2.2.4.3 we will derive (Eq. (2.248) below)

- T
V- (ppt¥) = pkaaa—t + second order terms, (2.230)

where « is the thermal expansion coefficient. Hence, if all gradients are small and second

order terms can be neglected, the evolution equation for the mass density is given by

8pk = >vol 8T
— ~ -V J - — k=1...K—1. 2.231

Only in case of steady temperature the second term on the right hand side of Eq. (2.231)
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can be dropped. Then a simple diffusion equation is obtained with the help of Eq. (2.188)

K-1
apk =  Tvol _ & = -
ot V-7 =V [PWK Dy VT + ; Dkzvpz]
K-1
N pro k0 Der AT + Y Dy Ap; k=1...K—1.  (2.232)
i=1
To resume, it could be shown that
dcy, -k
— =~ -V .= Eq. (2.22
- v () (Eq. (2.226))
oxy, o jl;mol
— =~ -V- Eq. (2.22
w ~ V() (Ba. (2228)
apk = . 7vol or

are simultaneously valid, if second order terms may be neglected. No additional assumptions
about the reference velocities @, 7™°!, and 7V°! are necessary. This means, for small gradients,
Eq. (2.226), Eq. (2.228), and Eq. (2.231) also hold in case of non zero reference velocities.

Note that Eq. (2.228) immediately follows from Eq. (2.226) because of

7mol K-1 T K-
;?3\4 = 3 (%ﬁ’“) % (Eq. (2.145)) and ax’f Z (%ﬁ’“) i (9.933)
i=1 v =1 i

with the abbreviation (0/0¢;) from Eq. (2.146). Similarly, with the help of

K— b=g K—
Jel = ;(6%)% (Eq. (2.152)) and 8”’“ g(g?:)%—apkaa—]; (2.234)

Eq. (2.231) can be directly obtained from Eq. (2.226).!!

2.2.4.3 Conditions for Vanishing of a Reference Velocity

The normal components of all velocities vanish at the boundary of the vessel. Therefore the
reference velocity U vanishes everywhere, if V x7%=0and V-7 = 0. Many diffusion
experiments are performed in the absence of convection with VXt =0fork=1...K and
hence V x 7% = 0. We will consider in the following only convection—free situations, where

it follows 7% = 0 from V - 7% = 0.

"Tn Ref. [61] all effects due to thermal expansion have been neglected (o = 0). px(z,t) is obtained by
solving (8px/0t) = —V - JY°'. From pi(x,t) the weight fractions are calculated according to c(z,t) =
ck0+ >, (0ck/0pi)|pi(x,t) — pio]. Tt is stated that another solution ¢, (x,t) would have been obtained from
solving (9cx /0t) = —V - (Jx/p). This is not correct and can be easily disproved by means of Eq. (2.153).
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By combining arguments of Agar [1] and Kirkwood et al. [49], we will derive a general
expression for V - 7% Note that de Groot and Mazur [16] also treated the problem of

vanishing reference velocities. They derived the following equations

K
v.gvl = Z(pka—tk—i-pkkaUk) (2.235)
k=1
= 1 8p L=
V.o = —;(aﬂjvp) (2.236)
V.gmel = —1(@+6molﬁn) (2.237)
n\ ot ’

and followed that 7V (7 or #™°!) vanishes, if the partial specific volumes (the mass or particle
density) are (is) uniform and constant in time. They considered, however, only isothermal
systems. In the presence of temperature gradients, partial specific volumes and densities are
space—dependent merely due to thermal expansion. Nevertheless reference velocities can also

vanish in non—isothermal systems.

From Eq. (2.208) it follows that
eV -0 = - 5V =V - JE k=1...K. (2.238)

Eq. (2.238) may be simplified with the help of

K K

— ka (dpk)p = Zpk (dvy)p = adT, (2.239)
k=1 k=1

which is found from
K K
Y dk=> pror=1 (2.240)
k=1 k=1

and

K

(dV), = VadT + Y vpdmy, = [d(ivkmk)}p _
k=1 k=1

K
my(dvg)p + Z vpdmy.  (2.241)
k=1

I\

By multiplying Eq. (2.238) by v, summing over all components, and using the relations

(2.239, 2.240) one obtains the general expression

. T .
V.5t = a%—t +aiVT + 8¢ (2.242)

with
K
2@:—ka€.ﬁa:_€.[zvkﬁa]+z A (2.243)
k=1
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1

—mol

Before we discuss Eqgs. (2.242, 2.243) for the reference velocities ¢¥°', ¥, and 7™, we can

draw a few general conclusions which hold for an arbitrary reference velocity:

e For time-dependent temperature the reference velocities do not vanish. (97/0t) as

well as U are then of first order ~ e, where € has been introduced in Eq. (2.224).

e For steady temperature the reference velocity vanishes (is of first/second order), if ¥

vanishes (is of first/second order).

e The term a#®VT is not important. For steady temperature and vanishing ¥ ¢ one has
V.- 7% = ai*VT. (2.244)

with the solution v = 0 due to the boundary conditions. Otherwise, if ¥ is of order

n, then aVT is of order n 4+ 1 and can be neglected for small gradients.

e If all diffusion currents j];a = J2€, of the individual species lie in one spatial direction

and if the system is isothermal, % = v %€, can be calculated from Eq. (2.242) by

xX
6“:/ % dr, (2.245)
—-L

where z = —L is the bottom of the cell.
Mean volume velocity Eq. (2.243) can be simplified by using Eq. (2.132)

K
vl =Y V. (2.246)
k=1

Y Vol and, in case of steady temperature, also 7V°! vanishes, if
(a) the partial specific volumes are uniform with 61};€ = 0. This occurs in isothermal dif-
fusion experiments where the partial specific volumes do not depend on concentration.
Examples of such systems are liquid mixtures where volume changes of mixing can be

neglected.

(b) the partial specific volumes are independent of concentration and have all the same tem-
perature dependence with oy = v,;l(avk /OT)p 1c;y = . Then »vol vanishes according
to Eq. (2.132), if

duy,

VU = —2 VT = VT 2.24
Vg aT \Y% avpV ( 7)

is taken into account.
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(c) all diffusing species have identical partial specific volumes (v; = v = p~! for i =
1...K). This is because of Eq. (2.150) a special case of (b). In this case also the center

of mass velocity vanishes (cf. page 49).

(d) all diffusing species have identical partial molar volumes, which is again a special case

of (b). Then also the mean molar velocity vanishes (cf. page 50).

Otherwise X ¥°! is a second order term ~ &2 with ¢ from Eq. (2.224). Hence, for stationary
temperature distributions, also #7¥°! is of second order ~ 2 and may be neglected if compared

to U, ~ €.

For time dependent temperature one obtains

- oT
V-gvel = Oor + second order terms. (2.248)
In isothermal, one-dimensional systems V%! = v'°' &, may be evaluated with the help of

Eq. (2.245) [49]. Especially simple results are obtained for a binary mixture with

o

Evol — Jvol
L oz

vol
_|_J2vol% _ <1+ ﬂﬂ)!]vol% . Jl vy . D 8p1 ovy

Ox vapa) Y Bx T povs Ox  povg Oz Oz

Here Egs. (2.132, 2.239, 2.240, 2.200) have been used. Then the mean volume velocity and

the flux in the laboratory reference frame are given by

T D 8p1 61}1
vol
= — ——————dux. 2.2
v _, pau2 Oz Ox v (2.250)

8p1 T D 8p1 ovy
Jlab o — - gyl vol — _p=2 — . 2.251
! Loy oz ! _1, p2u2 Ox Ox v ( )

Center of mass velocity With J_,;“ = Jj, Eq. (2.243) becomes

S==> V- Jp (2.252)

Y and, in case of steady temperature, also ¥ vanishes, if

e all species have the same partial specific volume (v; = v for ¢ = 1... K). Then ¥ is
equal to zero because of Eq. (2.125). Examples for such systems are isomer mixtures

or isotopic mixtures with not too different molecular masses.

Otherwise X as well as ¥ are first order terms which may not be neglected.

In case of vanishing center of mass velocity it follows from Eq. (2.150) and Eq. (2.210)

Vp = —apVT, % =0 (T =0), (2.253)
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i.e. only in isothermal (and isobaric) experiments the density is uniform.

With the help of Eq. (2.149) the mean volume velocity can be related to the center of mass

velocity
K-1

pe(@— ¥ = JYol — Jp = Z pr(vK — vi)J;. (2.254)
i=1

Obviously it follows from ¢ = 0 (which is equivalent to vx —v; = 0) that also vVOl = 0. The

converse is, however, not true: In general one may not conclude v = 0 from vV = 0.

Mean molar velocity Setting jk“ =J; ymol in Bq. (2.243) yields

(2.255)

E mol _ Z v M 6

1

Y™l and, in case of steady temperature, also 7™°! vanishes, if

e all components of the mixture have the same partial molar volume (v; M; = v Mg for
i=1...K —1). This is fulfilled in diffusion experiments in perfect gases. In this case
ymol vanishes according to Eq. (2.137).

Otherwise ™! as well as 7™ are first order terms, which may not be neglected.

An analogous derivation as in Eq. (2.254) yields: From #™°! = 0 it follows &V = 0.

Dilute binary systems In dilute binary systems all reference velocities are approximately
identical, as can be seen from Eq. (2.127) with K =2, a3 < 1, and as ~ 1

U = quU] + agly =~ Us. (2.256)
Using
Jla = pl(_’l — 17[1) ~0 (,01 < 1) (2.257)
Jyt = pa(Ua —10%) ~0 (U ~ 0y) (2.258)
in Eq. (2.243) yields
Y4~0 (0% >~ Uy, p1 < 1). (2.259)

Hence for steady temperature all reference velocities in dilute binary systems are negligible
if compared to ¥;. For time-dependent temperature one obtains from Eq. (2.242)
- oT

V 7%~ OZE (17a ~ 172, P1 < 1) (2260)
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2.2.4.4 Summary of Sections 2.2.4.1-2.2.4.3

1. Generally the reference velocities do not vanish. With the small ¢ from Eq. (2.224)

! 2 or 7¥°! ~ & depending on whether the

one typically has ¥ ~ ¢, 7™ ~ ¢, and 7" ~ ¢
temperature gradients are stationary (~ €2) or not (~ €). Nevertheless, even for non—
zero reference velocities simple diffusion equations can be derived, if the temperature
and concentration gradients are assumed to be small. They read (cf. Eq. (2.226),

Eq. (2.228), Eq. (2.231))

> K-1
0 = (]
% ~ V- (_’“> ~ crock0Drr AT+ Y DpiAci k=1...K -1
P i=1
Oy, . Jmol . K-1 .
=~ -V (nkMk> ~ a0tk oD AT + ; DAz, k=1...K-—1
dp oT e oT
k = 7vol
— &~ =V -J/% - — = Dy AT Dy Ap; — —
5 KT PR Pr,0®K,0 Der AT + 22:; ki AP PRO O
k=1...K —1.
and are all simultaneously valid. For a binary mixture (K = 2) one has according to

Eqs. (2194)*(2197) DH = DTI = D11 = D and DI,T = D>1k,T = DI,T - QD/¢2 = DT.
For multicomponent mixtures with K > 2 the relations between the diffusion coefficients are
given by Eqs. (2.189)—(2.192).

2. If the mean volume velocity is zero (e.g. in isothermal systems without volume

changes of mixing), the mass density solves according to Eq. (2.216)

K—1
B Lo . . .
9Pk _ —V.JkVOI:V'|:Pk¢KDkTVT+ZDkiVPi] k=1...K —1.
ot ’ P
In general one may not conclude from 7¥°! = 0 that also @ = 0. The evolution equation for

the weight fractions in case of vanishing mean volume velocity is given by Eq. (2.211) with
7 = ¥ = 0 and jk“ = jk""l from Eq. (2.188)

K-1

dc 1= = = R =

Bt =5V [mon Dr VT4 Y D] + %9 - (o), (2:261)
i=1

3. If the center of mass velocity is zero (e.g. in isomer mixtures or isotopic mixtures
with not too different molecular masses and stationary temperature distribution), it follows

that also the mean volume velocity is zero and the corresponding fluxes agree jk""l = Ji.
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Then the two diffusion equations Eq. (2.218) and Eq. (2.216)

K-1

) 1o - 1o 3 .

% - —;V-Jk:;v-[pcchDvaVT+pZDkchi} k=1...K—1
i=1

9 K-1

Lr = V- J=V- ok D VT =Y DuVp)| k=1, K -1,

ot : 2

are simultaneously valid. Since all partial specific volumes are identical for vanishing center
of mass velocity, it results (9p;/0cg) = (dcj/Opr)~" = pdji and cx = ¢x. Therefore the
relations (2.191, 2.192) simplify to

Dii = Dui (2.262)
o K-1

Dy, = Dpr+— Dripi- 2.263

T T RO ; iPi ( )

2.2.4.5 Heat Equation

The evolution equation for the temperature is found by differentiating the specific entropy

s(T, ¢, p) with respect to time:
ds ¢, 01 dc adp
14 k
= =57t E —_—— — . 2.264
ot T ot : 1Sk ot p Ot ( )

Here the specific heat at constant pressure c, has been introduced and the Maxwell relation
(05/0p)1 4e;y = — @/p has been used. With the help of Eqgs. (2.64, 2.65, 2.70, 2.76, 2.77) one
finds

a . . - T
p% = V- -J,— pU Ve, + Z I/ijj (2'265)
j=1
O _ 1. g o4 ﬁT—i(sﬁ Jr + sup¥Veg + 663) (2.266)
pat = T Q 7270 k k kP k T PEVE VSE |, (2

k=1

where s = ) sici has been used. If Egs. (2.265, 2.266) are inserted into Eq. (2.264) the

general heat equation

K r
orT L. 9 1 - - =
pcpE =-V-Jg+ aTa—Zt) +oT + TJQVT -T g [pkkask + Sk E ijJj] (2.267)
k=1 j=1

second order terms
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is obtained.'? The temperature increases not only if heat flows into the system, but also
if irreversible processes occur within the system. The heat flux term V- jQ is, however,
usually much more important than the second order terms of Eq. (2.267), which are related

to irreversible processes. For constant pressure

T Lo
pcp%—t =-V-Jg (2.268)

holds to very good approximation. The heat flow jQ in a binary mixture is given by

Eq. (2.97). In liquids the Dufour effect is in general negligible and one has

—

Jo = —koVT = —kooVT = —kVT, (2.269)

where x is the heat conductivity. Combining Eq. (2.268) and (2.269) yields the well known

heat equation
or = -
Pepar = V- (kVT). (2.270)
In the presence of external heat sources, a source term has to be included in the heat equation
yielding
or = - .
Pepar = V- (kVT) + Q. (2.271)

For small deviations from equilibrium, £ may be assumed to be approximately constant and
with the definition of the thermal diffusivity

Dy = - (2.272)
PCp
one obtains )
oT Q
= Dy, AT + = 2.273
o th + . ( )

We would like to emphasize that two approximations were necessary for the derivation of the
heat equation: Both, the temperature increase due to irreversible processes and the Dufour

effect, have been neglected.

2.2.5 Thermodynamic Driving Forces

The derivation of thermodynamic driving forces is closely related to the issue of different
reference velocities. To deduce the actual hydrodynamic friction force on a diffusing particle,
both, the relative flux and the flux in the laboratory reference frame have to be considered.
In particular, relations between these fluxes are needed. In isothermal diffusion experiments
one typically has #¥°! = 0 and the flux relative to the mean volume velocity is identical to

the flux in the laboratory reference frame (see Sec. 2.2.4.3). Hence the conversion formulae

2Eq. (2.267) is equivalent to Eq. (4-6.20) in Ref. [40] as can be seen with the help of Eq. (2.70) and Eq. (2.79)
and by noting (¢,/T) VT — (o/p)Vp = 3 exVsy and (Vug)r = Vhy — T Vsy.
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from Sec. 2.2.1-2.2.2 can be used.

2.2.5.1 Diffusion Coefficient

First we will derive relations for the diffusion coefficient by considering the generalized forces
appearing in the dissipation function. Then we will consider external forces, which allow a
clearer definition of friction coefficients. An expression of the diffusion coefficient in terms of
these friction coefficient will be obtained. Finally, the thermodynamic driving force, which
is actually exerted on a particle during diffusion, will be calculated. For simplicity we will
consider only binary mixtures. The binary diffusion coefficient D as introduced by Eq. (2.98)
depends on concentration and temperature, but not on concentration gradients or tempera-
ture gradients. Hence the same D is measured, irrespective whether temperature gradients
are present or not. Therefore we may derive an expression for D by considering an isothermal

experiment.

Definition of generalized friction coefficients A generalized friction coefficient may
be introduced with the help of Eq. (2.167)

X = L@ -5 =~ ff (- ), (2.274)
Lll

where X{* is the generalized force from Eq. (2.172). The diffusion coefficient can be related
to the generalized friction coefficient with the help of Egs. (2.100, 2.172, 2.274)

p-21 1(8‘“) =2 iml(a’”)ﬂ. (2.275)

a2 17" \op o~ a2 7 oy
Here
Oy ¢2 (Op1 122 (O
— 2 (2L = - 2.276
<501 >:n,T P 2 <5Pl >:U,T c1c2 <59€1 >:n,T ( )

has been used, which follows from (9p1/dc;) = p*va = poa/ca and (0x1/0cy) = x122/(c1C2).
Special cases of Eq. (2.275) are

1 0 —a —V0
D= g, O =Tese) (2277
¢ O o
D = Filpl(a—pi)pm (T = T, az = 1) (2.278)
v 0 ‘o
D = _f122p1<—8l;i>pT (frz = £/ p2). (2.279)

fi2 has been introduced in the context of the frictional formalism (cf. page 37) and can
be related to LI with the help of Eq. (2.177). Eqgs. (2.277), (2.278) and (2.279) are the
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results of Schmitz [88], Berne and Pecora [7], and Vink [103], respectively.!> Of course
all these descriptions are equally valid. However, the physical significance of the different
friction coefficients is not clear. Only in the dilute limit all reference velocities and all friction

coefficients are identical (cf. Eq. (2.256)). By using

: 0 , 0
oG, o] = i [ (550), ) = 72 (2250
Eq. (2.275) simplifies to

kT

D =
M f7

(xg,ag — 1). (2.281)

Eq. (2.281) is a well known result, which has already been found by Einstein [31, 32]. For
a brief summary of Einstein’s argument see Ref. [99]. Accordingly, in the dilute limit f{*M;

can be identified with the Stokes friction coefficient
ffMl = 67T?’]Rh71 (xg, as — 1), (2.282)

where 7 is the viscosity of the mixture and Ry, ; the hydrodynamic radius of species 1.

At finite x1, and in particular for x; — 1, the interpretation of the friction coefficients
becomes difficult. Moreover, a friction coefficient f§ for species 2 cannot be introduced by
means of Eq. (2.274), as there exists only one independent generalized force in a binary

mixture.

Friction coefficients from consideration of external forces We will now propose an
alternative way to introduce friction coefficients. We will consider a homogenous mixture in
the absence of temperature gradients (c1, ¢, T’ constant), where the external forces ﬁl and
F, are exerted on particles of species 1 and 2. The resulting flux can be evaluated according
to Egs. (2.164, 2.167)

L L't /0w = = L = = =

A () ] i st
T X1 T 9 )t p— Iy T vi(p1F1 + poFa) — Fy

Ly = = L

_ B Bl =

T (P2 F1 — v1p2Fy) T

—.

rel __
JIT =

[prd2FL — pa1 ] (2.283)

Here the mechanical equilibrium condition (2.89) and (9u1/0p)c, 7 = v1 have been used.

Generally the frictional force on a particle p is given by

F’;rict — _ﬁ;Xt — _fpgpy (2284)

13Note that these authors use molar rather than specific quantities: Wy = Mipa, vy = vaMa, fSchmitz =
My, fBerne = Mifi® /Na, fvink = fiaMi M.
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if an external force ﬁ;Xt is exerted on p and if p moves with constant velocity v,. f, is the
friction coefficient, which is defined by this equation. With the help of Eq. (2.284) we will
now introduce friction coefficients f{ and f4 for the two species of the binary mixture. First
we assume Fy = 0. Since F} is a force per unit mass, the force on one particle of species 1 is
M, Fy. In the laboratory reference frame, this force is reduced due to a flow of particles 2 in
the opposite direction, which is caused by the walls of the system. Hence we have to set up
Eq. (2.284) in a reference system, that moves with Us:
I

!/
M Fy = fi(0) — T) = p—iJfCl (2.285)

Comparison of Egs. (2.283, 2.285) yields

T
Vg 2.286
f 1 1 I lrfl b ( )
In the same way the friction coefficient f4 for species 2 can be introduced. Assuming Fi=0

and choosing a reference frame that moves with ¥}, one obtains

/
MyFy = f3(Us — ¥1) = —%J{d (2.287)
and ,
T
f5=Mp—21 (2.288)
Li{ p2o1

f1 and f} are related to each other by

,  Mapapy ,,  ¢ox1 ,  Movy ,

= = = 2.289
2T Migipy'' ' Myvy! ( )
Egs. (2.100, 2.172) yield
p1 My (&n) p1 (8//1)
D— datl e i 2.290
7 \opJor = Fi\op S (2:290)
with pf = Myp;. From Eqgs. (2.276, 2.73) there results
/ / / /
p(Q4) g (Oh) (O O (O (2.201)
Op1/pT Q2 \Ox1/pT o "\Ox2/pT  dox1 “\Op2/pT
Because of Egs. (2.289, 2.291) the obtained expression for D is symmetric with
p1 (Opy p2 (O
p=PL(omy P2 (0K 2.292
fi <8p1 )p,T f3 <8p2 )p,T (2.292)



2.2 Reference Velocities 57

For ideally dilute solutions (p; — 0 or p2 — 0) one obtains with the help of (2.280)

kT

D=

where f! can be identified with a Stokes friction coefficient

fl=6mRy;  (pi—0,i=1,2). (2.294)

Actual hydrodynamic friction force on a diffusing particle In the absence of external
forces, pressure and temperature gradients, Egs. (2.133, 2.164, 2.167, 2.286, 2.131, 2.142,
2.132, 2.289, 2.73) yield

f_{j’rel o f_{ L (6//1 )P,T

N — ) = — (V) = —— UL — X vl (2,295
f1( 1 2) o1 1 o T ( Ml)p, bo 147 ( )
! !
A -y = D N9 e (G, R (2:296)
P1 P1
— —V ) TV /U TV x = ~
Aoy = Lpeo LU e _ TG (T (2:207)
P2 P22 T2

Obviously, the generalized forces are not the correct driving forces for the corresponding
fluxes: Whereas X, is the driving force for the relative flux J7®, X[ is the driving force
for the flux jl"OI. The result is, however, sensible: The actual hydrodynamic friction forces
on particle 1 and 2 are given by fih and fivs. If the mean volume velocity vanishes, these
forces are equal to —(Vu!)pr (cf. Eq. (2.296)) and —(Vb), 7 (cf. Eq. (2.297)). A uniform
body force —(ﬁll,LQ)p:[“ /v2 per unit volume acting on particles of component 1 and 2 alike does
not produce relative motion of particles of species 1 and 2. In agreement with Eq. (2.295)
the relative flux can be obtained by assuming that each particle of species 1 is acted on by

a modified force

—

(6,“1):0,T I (V2)p,r (2.73) _(6//1)17,7“

M1 vl — AL
U1 (o ®2

(2.298)

and that particles of species 2 are force free. A similar reasoning can be found in Ref. [6].

Other authors have come to other conclusions [88, 90].

Relation between chemical potential and osmotic pressure In all formulae derived
for the diffusion coefficient Eqs. (2.277, 2.278, 2.279, 2.290) there appears p1(9u1/9p1). This

expression can be related to the osmotic pressure, which is defined according to

m(p2, T, p1) = p(p2, T, p1) — po(p2, T). (2.299)
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po is the pressure of the pure substance 2. Alternatively m can be written as a function of p,
T and pq:
7(p, T, p1) = p — po(p2(p, T, p1),T) (2.300)

In the literature, both expressions (0w /0p1)., 1 [90, 55, 115, 73] and (07 /0p1)p,r [88, 82, 13,
96] are found. Sometimes wrong formulae are used [88, 96] and many of the used relations
only hold for incompressible fluids [82, 13, 115, 73]. Therefore we will now give a review of
relations between the derivations of the chemical potential and the osmotic pressure with

respect to p1. We will explicitely point out, if incompressibility has been assumed.

From Egs. (2.299, 2.300) and by taking into account the Gibbs Duhem relation (2.73) the

derivations of the osmotic pressure m with respect to p; are obtained

<g_;>ﬂﬂ - (%)M (2.301)

G = e G g o)y

where v is the specific volume of pure component 2. Expressions (2.301) and (2.302) may

be related to each other by

0 0 9 0 9 (%2),, 7,0
(8_;1)p,T B (8—;>u2,T N (a_;)plj(a_;)mj(ai;)pﬂ = ZTK)T(a_;h,T (2.303)
Here o o 1
<8—u2)m$ = <8—uz)pﬂ 0 (2.304)

has been used, which follows from Eq. (2.299). For incompressible fluids one has

8/142 ~ 8”2 o ) )
<8—p>pl,T - ( dp >C1,T = b2 (incompressible) (2.305)

and Eq. (2.303) simplifies to

or vy / OT . .
<a—m>va =0 <8—p1)u2 T (incompressible). (2.306)
If there are no volume changes upon mixing (v9 ~ v7) one obtains
or on
— == incompressible, vJ & vy). 2.307
(8p1)p,T <ap1>p2,T ( P 2 2) ( )

In a similar way the derivations of the chemical potentials (Op1/0p1)u,, 7 and (Op1/0p1)pT
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can be related to each other

9 ) 9 i )
G = )™ (50) (50 e Gt

i

Ok (B )pr
(apl)p,T [1 o a%z)plj]- (2.308)

5}

—~
Q

The second equality sign follows with the help of the Gibbs Duhem relation (2.73). For
incompressible fluids Eq. (2.308) reduces with the help of

s — (O o (Oui . |
¢Z = pPiU; = pl< 8]9 )017 ( ap >p1, (lncompr6551ble) (2309)
to
O o _ _
apy ble), 2.310
(E?pl )“2 T ¢2 (apl >p7 (incompressible) ( )

which is used in Refs. [115, 73].

Finally, we will derive a general relation between chemical potential and osmotic pressure,
which also holds for compressible fluids. With the help of the Gibbs Duhem relation (2.73)
and Eq. (2.309) one finds

o o 0 0 ¢2 (O
(aicll)p,T - _z_? (3—/:12>p,T - Z—i(({)i;)qj(a—:;)mj B /Tf(a—fl)f‘?’f (2'311)
Now the weight fractions ¢; can be replaced by the mass density p; according to
()0 - (), cos
0 0 0
<8—51>H2,T - (3—51)% (3—2)u27T (2:313)
0 0 0 9

Ge)rGo)r = (G )aGp) = i 239

where k and Kogm

"o (852) 1(%@)% (2.315)

fosm = (aaij)mj (88;;1)”27 (2.316)

are the isothermal and osmotic compressibility. Inserting Eqgs. (2.312)—(2.314) into Eq. (2.311)
yields ) N N 3 N

<0zi>p, m%m)“ﬂ m(am)%f (2.317)

In Ref. [55] Eq. (2.317) has been derived in a slightly different way.
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2.2.5.2 Thermal Diffusion Coefficient

We will show, that the force acting on a thermodiffusing particle cannot be derived by
considering the effects of external forces. This is only possible for isothermally diffusing
particles (see Sec. 2.2.5.1).

Eq. (2.86) for a binary mixture reads

ji qu VT - %[(Vﬂl)’[ - (ﬁug)T — ﬁl + FQ] (2.318)
In Sec. 2.2.5.1 we have seen that M,-(ﬁ,u,-)p;p can be interpreted as the thermodynamic
force which acts on one particle of species ¢ during isothermal diffusion. Hence the question
arises, whether such a force can also be found for a thermodiffusing particle. With the
help of Eq. (2.318) one may calculate the force, which brings a thermodiffusing particle to a
standstill. If we assume a homogenous mixture (¢; constant), where a force F} is exerted on

the particles of component 1 and ﬁg = 0, we obtain

= qu ~ Lup/0m = Opo - ~
o= VI [(3}))01, Vp_(ap)q, Vp - B
B qu L11 <Z52 Fstop _ Lig e
- I+ = F1 Lo = R = ¢2TVT (2.319)

where Egs. (2.89, 2.309) have been used. This “standstill-force” ﬁlswp , however, is not the
force which acts on a moving thermodiffusing particle. As a flow field induced by external
forces is influenced by backflow effects, the Onsager coefficient L‘rel depends according to
Egs. (2.285, 2.286) on hydrodynamic interaction. Then, because of Eq. (2.172), also Li;
does. On the other hand L4, D7, and the thermophoretic velocity are insensitive to backflow
effects, as was shown theoretically [11] and experimentally [85]. Consequently, also the
force acting on a moving thermodiffusing particle has to be independent of hydrodynamic

interaction, i.e. independent of Lqy.

We think that the flow field around a thermodiffusing particle (particle p of component 1)
is conceptually different, depending on whether p is moving or not. According to arguments
of Anderson [4], Semenov [91], and Wiirger [114], no macroscopic flow field (i.e. |G| ~ r~3)
arises in case of moving thermodiffusing particles. This is plausible since the net force
on each volume element is equal to zero. Note that the same situation is encountered in
electrophoresis. If p is stopped by an external force, it still generates the same flow of species
2 over its surface as if it was moving. This leads to a macroscopic flow field (i.e. || ~ 771)

and therefore the “standstill-force” F;" depends on hydrodynamic interaction.

It should be mentioned that isothermal diffusion phenomena are different. Fickian diffusion is
analogous to sedimentation, where a net force is exerted onto a volume element thus leading

to a macroscopic flow field (i.e. |v| ~r~1).
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2.2.6 Equations for the Analysis of Transient Grating Experiments

In the presence of temperature gradients the reference velocities generally do not vanish
(cf. Sec. 2.2.4.3). The applied gradients in transient grating experiments are, however, very
small (VT ~ 1mK/10 um). Therefore Eq. (2.226) may be used for the description of our
thermal diffusion experiments (cf. Sec. 2.2.4.2). In the following only experiments on binary
mixtures will be considered so that Eq. (2.226) simplifies to

de o - -
5= V- [DVe+e(l —¢)Dp VT
with ¢ = ¢; and 1—c = cy. Here the general binary diffusion coefficients Dy 7 = D7 and Dy =
D have been used (cf. Egs. (2.194, 2.195) and corresponding explanations). Since second
order terms may be neglected just as well in the evolution equation for the temperature,
heat transport in transient grating experiments is described by the heat equation Eq. (2.271)

o - , = :
ey = V- (kVT)+ Q.

Thus Egs. (1.2, 1.3) from Chap. 1 have been derived.
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Chapter 3

Boundary Effects in Holographic Grating

Experiments

In this chapter we develop a reasonably simple two-dimensional model to account for heat
conducting walls in transient grating experiments for the measurement of both heat and
mass transport. Specifically, we show that the signal generated by the temperature grating
depends on only three dimensionless parameters, which results in a significant reduction of
the dimension of the parameter space when compared to the very detailed model of Wang
and Fiebig [105] and Wang, Fiebig and Wu [106]. In the framework of our practically
applicable model, the measured apparent thermal diffusivity can be related to its true value
by simply finding the zero of an analytic function, instead of the much more time consuming
task of solving a set of coupled partial differential equations (PDEs). In binary liquids
the complex two—dimensional temperature profile also requires a two—dimensional treatment
of the concentration distribution. The normalized heterodyne diffraction efficiency of the
concentration grating, however, remains unaffected as long as signal contributions from the
temperature grating within the wall are negligible. We have performed experiments to test
our model over a wide range of both grating periods d and sample thicknesses [, and found
an excellent agreement between theoretical predictions and experimental data. Furthermore,
our model yields the same results for the pure temperature signal as the complex, three—
dimensional model of Wang et al., which proves that it contains, despite its simplicity, all

relevant aspects of the problem.

3.1 Heat and Mass Diffusion Analysis

Our model for the description of coupled heat and mass transport in multicomponent liquids

is based on the heat equation (Eq. 1.2)
pe,0T =V - [kVT] + Q

and the extended diffusion equation (Eq. (1.3)) for the concentration ¢ (weight fractions)

dc=V-|DVec+c(l—c) DTﬁT] .
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In case of transient holographic grating experiments, the source term is given by the absorbed
laser power density, Q = al, with I being the light intensity within the holographic grating
and « the optical absorption coefficient. Before we treat the two dimensional problem of

heat flow into the walls, we briefly review the one-dimensional model.

3.1.1 One-dimensional Model

A simple experiment is the following [111]: A holographic grating is written into the sample
until the steady state is reached. At the time ¢ = 0 the writing beams are switched off.

Ip(1 1 1<0
I(xz,t) = Io(1 4+ cosqz) O(—t) = 00( +cosgz) . tiO (3.1)

The sample absorbs energy from the light field and the temperature 71" evolves according to
PsCp O = /{sﬁgT + al (3.2)

where p, is the density of the sample, ¢, the specific heat at constant pressure, ks the
thermal conductivity, which is assumed to be constant, and « the absorption coefficient.

The resulting temperature change can be written as

T(x,t) = To(t) + Ty(t) cos gz. (3.3)
To(t) describes the overall sample heating. T} is the amplitude of the temperature grating
and can be detected by the read-out laser beam. For ¢ > 0 it is given by

aIO

T, = > exp(— Dy sq*t). (3.4)

Dy, s = ks(pscps) ! is the thermal diffusivity of the sample.

For a binary liquid the spatial and temporal evolution of the concentration distribution ¢(7, ¢)
is obtained by solving the diffusion equation (Eq. (1.3)) in one dimension. Since temperature
and concentration changes in our transient grating experiments are generally only very small,
the diffusion coefficients D and Dy can be taken as constant and ¢(1—c¢) can be approximated

by co(1 — ¢p), where ¢ is the average concentration:
drc = DO2c + Drco(1 — ¢9)0*T (3.5)
In analogy to Eq. (3.3) we split the concentration into two parts.

c(z,t) = co + ¢4(t) cos gz (3.6)
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¢q is the amplitude of the concentration grating and is the experimentally relevant variable.
For a switching—off experiment as it is given by Eq. (3.1), the concentration grating amplitude
decays exponentially.

aIO
2

cq = —S1co(1 — cp) (D5 — D)_1 (Dth,s exp(—D q2t) — Dexp(—Dyps q2t)) (3.7)

Kksq

Here we introduced the Soret coefficient Sp = Dp/D.

Both the temperature grating and the concentration grating give rise to a refractive index

grating which acts as an optical phase grating on a probing laser beam.
0 0
n(z,t) — ng = ngy(t) cos gz = [ <a—;>c’p Ty(t) + <6_Z>T,p cq(t)} Ccos qx (3.8)

n is the refractive index at the readout wavelength. The respective contrast factors are
the temperature derivative of n at constant composition and pressure, (0n/97T).p, and the

concentration derivative of n at constant temperature and pressure, (8n/ 8c)T7p.

For experiments conducted within the weak modulation depth limit the heterodyne diffrac-
tion efficiency (pe; is simply proportional to the refractive index modulation depth n, and
the sample thickness /5 [52].

Chet X Ngls (3.9)

Chet 1s the experimentally measured quantity. For the switching—off experiment (3.1) it decays

according to

Chet olols [( On >C,p exp(—Dip, s q2t) —

ksq? L\OT
a J—
<8_Z>T,pSTCO(1 —¢0)(Din,s — D) ! (Dth,s exp(—D ¢*t) — D exp(—Dyp,s q2t)>} , (3.10)

as follows from Egs. (3.4, 3.7, 3.8, 3.9).

3.1.2 Two-dimensional Model

Under realistic experimental conditions, systematic deviations from the one-dimensional
model occur due to heat loss into the windows. To take this into account we propose the

following model:

Fig. 3.1 shows the coordinate system for analysis. The region |z| < [5/2 is of sample material,
which has thermal conductivity x,, density p,, heat capacity ¢, and thermal diffusivity
Dy s = ms(pscp7s)_1. For simplicity we suppose the sample to be infinitely extended in
x—direction. This is a good approximation, if the x—dimension L, of the cuvette is much
larger than the grating period d = 27 /q. In our experiments we have L, = 3.5mm and
d=>5—50pum.
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z
wall
+h
sample X
_ls
2
wall

Figure 3.1: The coordinate system

The regions |z| > I5/2 are of wall material Ky, pw, Cpws Dihw = Kw(PwCpw) *. The approxi-
mation of infinite wall thickness is valid, if the penetration depth of the temperature grating
into the wall is very small compared to the thickness of the cell wall. In our case the pene-

1

tration depth is of order ¢+ = 1 — 8 um and the thickness of the cell wall is [, = 1.25 mm.

There is no y—dependence.

In our model we postulate that the infinite area of sample is heated by two laser beams of

uniform intensity, i.e. we consider the following switch—off experiment

Io(1 <0
I(z,z,t) = Ip(1 + cos qz) O(—t) = o(1 + cosgz) . (3.11)
0 >0

In practice however, the heated area corresponds to the diameter of the heating laser beam
w of a few millimeters. Moreover, the intensity distribution of the laser is not uniform but is
a rotationally symmetric Gaussian (TEMgy mode). Above all, the admixed dye absorbs the
energy from the light field according to Beer’s law, leading to an exponential decay exp(—az)

of the intensity, where « is the absorption coefficient.
Il (z,y, 2, t) = Iy exp(—2(x? + %) /w?) exp(—az) (1 + cos qz) O(—t) (3.12)

Further difficulties might arise, if the overlap length zy of the two beams in z—direction is of
same order of magnitude as the sample thickness [ [92, 10, 29]. Nevertheless Eq. (3.11) is a
good approximation for our experiments. The diameter of the laser w =~ 3mm is very large
compared to the grating period d = 27/q ~ 5 — 50 um. Typically, the absorption coefficients
are small o = 2/cm. For the thickest used cuvette with sample thickness /3 = 200 ym this
leads to exp(—ads) = 0.96. Finally we use thin cuvettes with /5 < 200 pm and the two beams
intersect at small angles sinf < 0.0515, so that zy/l; < 1 holds.

As the sample is infinitely extended in xz—direction, the intensity distribution (3.11) leads to
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temperature and concentration fields of the form

T(xz,z,t) = To(z,t) +Ty(z,t)cosqx (3.13)
c(x,z,t) = co(z,t) +cq(z,t) cosqx. (3.14)

The evolution equations for the amplitude T}, of the temperature gratings within the sample
and the wall and for the amplitude ¢, of the concentration grating are given by the heat

equations

psCps 0Ty = ks(—* + 0T, + alob(—t) 2| < 1s/2 (3.15)
PuCpaw 0Ty = ku(—¢" + 02)T, 2| > 15/2 (3.16)

and the extended diffusion equation
Orcq = D(—q* + 02) cq + Dreo(1 — co)(—¢* + 02T, || < s/2. (3.17)
The boundary conditions

T (2] —» o) — 0 (3.18)
D (ach)lzlzls/z, = —DTC(](l — Co) (aqu)‘z‘:ls/2, (319)

and the matching conditions

Ty(lal =1s/27) = Ty(l2| =1s/27) (3.20)

follow from continuity of temperature and heat flux and from vanishing mass flux into the

wall. For solid-liquid interfaces the contact resistance is in general negligible [65].

The two-dimensional generalization of Eq. (3.9) is

Chet(t) = (het,T,s(t) + (het,c(t) + (het,T,w(t)
ls/2

n, /W on, /
T,(z,t) dz + ) d
x (a:r)w L2 alz,1)dz <ac)T,p _ZS/QCq(Z ) dz

+ (%)c,p[/_lsm Ty(z,t)dz + /oo Ty(z,1) dz] (3.22)

—0o0 ls/2

Not only the temperature and concentration gratings in the sample with respective contrast
factors (Ong/0T).,p and (Ons/0c)rp, but also the temperature grating in the wall with con-
trast factor (On, /0T )., contribute to the heterodyne diffraction efficiency. However, the

contribution of the wall (xer 74, (t) is usually negligible as will be discussed later.

Before we proceed with the analysis, we would like to recapitulate the models of Nagasaka
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et al. [68] and Wang et al. [105, 106] to make the differences to our model clear. Nagasaka
et al. solve the three-dimensional heat equation in an infinite composite solid, where the
region z > 0 is of sample material and the region z < 0 is of wall material. Since they
use the method of Green’s functions, they need the initial temperature distribution in the
sample and the wall. They assume the initial temperature to be zero in the wall and periodic
with wave vector ¢ and space-independent amplitude ATy in the entire sample region z > 0.
Wang et al. solve the three-dimensional heat equation in a rectangular parallelepiped of
sample material. They consider the Gaussian intensity profile of the heating laser, but not
the exponential decay exp(—az) of the intensity due to absorption. The effect of the walls is
accounted for in time dependent boundary conditions, which relate the temperature at the
boundary to the heat flux into the wall. They do not motivate these boundary conditions,
but to our knowledge they hold for infinite composite solids with heat generated only in the

plane of separation at a constant rate per unit time (see Eq. 2.15 (9) in Ref. [12]).

3.1.3 Stationary Solutions

The stationary solutions are found by solving Eqgs. (3.15)—(3.17) setting 0,1, = Oicq = 0
and 6(—t) = 1 and taking into account the boundary and matching conditions (3.18)—(3.21).
This corresponds to the situation where the grating has been switched on at ¢ = —oo and

the observation is made at ¢t = 0 immediately before the laser is switched off.

Ty(z,t=0) = 2{102 <1 — cosh(gz) [z—i sinh %ls + cosh %ls} 1), |z| < 1s/2 (3.23)
Ty(2,t=0) =
00 4 [”— sinh 2 4 cosh %] T ep(—qllz| = 1/2), |2 > 1/2 (3.24)
Kw( K 2 2 ’ s
cq(z,t=0) = —Srco(l —cp) Ty(z,t =0), |z| <ls/2 (3.25)

Eqgs. (3.23, 3.24) are plotted in Fig. 3.2 for the binary mixture of tetralin-dodecane with
a concentration of 50wt % of each component at 25°C' (ks = 0.13W/mK), quartz glass as
wall material (k,, = 1.38 W/mK) and different sample thicknesses (I; = 200 pm, 100 gm, and
10 um) and grating periods (d = 25 ym and 50 um). aly/ky = 5K /pm? has been chosen
according to typical experimental conditions. Both for increasing grating period d and for
increasing sample thickness [, the amplitude of the temperature grating 7; increases. The
penetration depth of the temperature grating into the wall is independent of sample thickness
ls and increases with increasing grating period d. For thick samples (15 = 200 ym and 100 gm)
T; is nearly constant throughout the sample and its plateau value does not depend on the
sample thickness. The temperature grating in the wall is negligible. The value T,(z = 0)
for d = 50 pm is approximately four times larger than T,(z = 0) for d = 25 um. This is
in accordance with Eq. (3.4) of the one-dimensional model, which predicts Tj, q~2. For

ls = 10 pm, however, dramatic deviations occur. The amplitudes are smaller than expected
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T (z,t=0) [mK]

z/um

Figure 3.2: Stationary amplitude Ty(z,t = 0) of the temperature grating for ks/k, = 0.09 and
aly/kw = 5HpK/pm? as given by Egs. (3.23, 3.24). The different line styles stand for the differ-
ent grating periods d = 25 um and 50 ym. The curves are labeled with the sample thickness I in
micrometers.

from T}, oc ¢~2 because of heat loss into the wall. Furthermore the temperature within the
sample no longer reaches a plateau and the temperature grating within the wall cannot be

neglected.

The temperature distribution in the sample is given by Eq. (3.13). In the stationary case
its periodic part T, cos(gz) can be evaluated from Eqs. (3.23, 3.24) as shown in Fig. 3.3. To
facilitate comparison with Fig. 3.2 the parameters x/k, = 0.09 and aly/ky, = 5 pK/pum?
are the same in both figures. The contour lines in Fig. 3.3 reveal the penetration of the
temperature grating into the cell wall. The thick solid grid lines for d = 25 ym and d = 50 ym

correspond to the curves for the 10 um cuvette in Fig. 3.2.

For the stationary heterodyne diffraction efficiencies Cpet7,ss Chet,er Chet, 7w as defined in
Eq. (3.22) follows for t =0

o ans 2aldy qls . qls Rs . qls qls -1
ChetT,s(t =0) <8T)c,p e ( 5 sinh 5 [Hw sinh 5 + cosh 5 } ) (3.26)
ong on\ -1
ot =0) = — a 1— st = 2
Chet.e(t = 0) (% >T,p (aT)c,p,sSTCO( 0) Chet 1ot = 0) (3.27)
B Ony 200y . . qls ks ., qls qls1—1
Chet, Tw(t =0) o (8—T)c,p e sinh 5 [a sinh 5 + cosh 7] ) (3.28)

Eqgs. (3.26, 3.28) allow us to estimate the contribution of the temperature grating of the wall
Chet,T,w to the heterodyne diffraction efficiency. In Fig. 3.4 this has been done, again for
the sample tetralin-dodecane, (50wt %, T' = 25°C') and quartz glass as wall material. In
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experimentally investigated range

10
5 - | typical experiment
10 E |
E I
6 i : I I I
100.01 0.1 1 10 100
d/l

Figure 3.4: Ratio of the stationary heterodyne diffraction efficiencies of the wall (et 7, and the
sample Cper,1,s as given by Egs. (3.26, 3.28) against the ratio of grating period to sample thickness
d/ls for ks/kw = 0.09, (Ony, /0T )cp = 9.72 x 1079 /K, (Ons/0T)., = —4.39 x 104 /K.

the experimentally investigated range d/l; ~ 0.025 — 5 the contribution of the wall Cpet 74
does not exceed 1% of the contribution of the sample (per7s. Typical experiments are
performed at d/l, ~ 0.05, corresponding to Chet, 7w/ Chet, 7,5 < 10~*, and any signal stemming
from the wall can safely be neglected. Fig. 3.5 shows the dependence of the stationary

1005 T — T T — T 3
5 10 __=~ ]
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W : - ]
= i - —— K /K=o ]
%2} // S w
$10%F -7 A — K,/ k,=0.09 -
N £~ 7 -.K /k =0 ]
~ : 7 S w :

2 5| 7 i
Elo E /'/ E
NS t/, ]
./. T

4 .

-4 L L R R | L L R R |
10 ¢ 10 100 200
g /um

Figure 3.5: Normalized stationary heterodyne diffraction efficiency Cner,1,s/Chet,7,s(ls = 200 pm)
(3.26) as a function of sample thickness [, for grating period d = 10 um. (ks/kyw = o0: perfectly
insulating walls, xs/k, = 0.09: sample tetralin—dodecane, 50 wt %, T' = 25°C' and wall quartz glass,
ks/Kw = 0: good approximation for sample tetralin-dodecane, 50 wt %, T = 25°C' and wall sapphire
with ks/ky = 0.004)



3.1 Heat and Mass Diffusion Analysis 71

heterodyne diffraction efficiency Chet7s(t = 0) (3.26) on the sample thickness /s for grating
period d = 10 pm. (pet1,s has been normalized on its value at Iy = 200pum. In a one
dimensional model one would expect a linear decrease of the heterodyne diffraction efficiency
with decreasing sample thickness [, according to Eq. (3.9). In case of perfectly insulating
walls ks/ky = oo this is still true for the two—dimensional model. Otherwise, heat flows
into the cell walls. The thinner the sample the more important becomes this effect and the

heterodyne diffraction efficiency decreases faster than linear with decreasing I.

3.1.4 Time Dependent Solutions
3.1.4.1 Decay of the Temperature Grating

The objective is to solve the evolution equations (3.15, 3.16) for the amplitude T,(z,t) of
the temperature grating for arbitrary times ¢ > 0. The initial condition is given by the
steady state solution (3.23, 3.24), the boundary and matching conditions by Eq. (3.18)
and Egs. (3.20, 3.21). From Tj(z,t) the experimentally relevant quantities Cper75(t) and
Chet, T.w(t) can be evaluated according to Eq. (3.22).

Analytical solutions For d/l; — 0 and d/l; — oo analytical expressions for the hetero-
dyne diffraction efficiencies Cher,75(t) and Cpet,1.4(t) as defined in (3.22) have been found by
using the Laplace transformation method. If d/l; — 0 (thick samples) they are given by

Chet,T,s(t)
(het,T,s (t = 0)
Chet Tw(t) 1—

Chetran(t=0) e < m Y erf y/Dunsg?t) + )
bDip o q°t)
eXP( th q < \/m —erf CL — Dth s q2t> +0 (exp( qls )) (330)

where a = (D — Dth,s)lig(/ﬁDthM — /{iDth’s)_l and b = (k2 — K%U)Dt}hs(lithh,w —
k2D s)"t. Note that erfv/at/\/a is real also for negative a. Eq. (3.29) corresponds to
the result of the one-dimensional model (see Egs. (3.4, 3.8, 3.9)). The time evolution of the

heterodyne diffraction efficiency of the wall is complicated, but of no importance as

Shet.15(t = 0) (3"8/3T)Cvp_[<1 )ql “w] oofor o 2T o (3.31)
Rs

ettt =0)  (010/0T)e, 2 ke 5~ d

— exp(—Dys ¢*t) + O(d/ls) (3.29)

X

Hence, in the limit d/l; — 0 all diffracted intensity comes from the sample and not from the

wall (see also Fig. 3.4).
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The case d/ls; — oo (infinitely thin samples) leads to

€ St
Qli}l;—?s(:)m — erfey/Dypwg?t +  O(ly/d) (3.32)

Chet, 7w (t)

Oarat=0 exp(—Dinwq’t) + O(ls/d) (3.33)
and
Gera(t=0)  (9ny/OT)e d. 7,
— A ) for Ls _ a4
Gl =0)  Onufol), 2 2 a Y (3:34)

i.e. the contribution of the sample to the heterodyne diffraction efficiency is negligible for

d/ls — oo and all signal is generated by the wall.

Numerical solutions For other values of d/ls we solved the PDE (3.15, 3.16) with initial
condition (3.23, 3.24), boundary condition (3.18) and matching conditions (3.20, 3.21) nu-
merically. It is preferable to perform the simulations on scaled equations. Therefore we get
results for the dimensionless temperature Tq = kw@?(aly)™! T, that depends on the scaled
time ¢ = Dip ¢*t, the scaled space coordinates & = gz, 7 = ¢z and the dimensionless
parameters Kg/Kw, D s/Dinw and d/ls. The experimentally relevant quantities Cper 75(t)
and Cpet 7.0 (t) as defined in Eq. (3.22) can be calculated from the scaled temperature T, q as

follows
s . s o -
Chetrs)  _ Jo? Ty(Z Dy g®t)dZ _ 2= Jo? Ty(Z, Dunw ¢°t) d2 (3.35)
Chet,T,s(t - 0) fo% Tq(gj t = 0) dz % — sinh %[:—; sinh % + cosh %]_1
Cret () Jik Ty(2, Donw 4°t) d2 Jik Ty (2, Donw 4°t) dZ 5.36)
Chet,rw(=0) [aix Ty(2,t = 0) d? ~ sinh % [Z= sinh % + cosh %]_1 7 '
2 w

where the steady state solutions (per7,5(t = 0), Chet,7,w(t = 0) and Tq(é, t = 0) are given by
Egs. (3.26, 3.28) and Egs. (3.23, 3.24). Remember that the ratio of the two normalization
factors, Chet,7,w(t = 0)/Chet,1,s(t = 0), is plotted in Fig. 3.4 for the system tetralin-dodecane

and quartz glass as wall material.

Figs. 3.6 and 3.7 show the simulated normalized heterodyne diffraction efficiencies (3.35) and
(3.36). Also plotted are the analytical solutions (3.29, 3.30) and (3.32, 3.33). In Fig. 3.6 the
results of the simulations are shown for typical experimental parameters rs/k,, = 0.1 and
Dip, s/ Dip oy = 0.1. Fig. 3.6(a) shows the results for the heterodyne diffraction efficiency of
the sample’s temperature grating. For d/l; = 0 it decays exponentially with time constant
Tih = (Dinsq?)™" according to Eq. (3.29). For increasing d/l; it decreases faster. The
temperature grating in the sample does not only decay because of heat diffusion in x-direction,

but also because of heat flux into the wall. Remarkably, the heterodyne diffraction efficiencies
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of the sample’s temperature grating for not too large d/ls > 0 can still be described very well
by exponential functions exp(—t/7,) with time constants 73, < (Dth,sqz)_l. For example,
exponential fits of the function (her,7.5(t)/Chet,1,s(t = 0) yield for d/ls = 0.5

. 1 e St
9.06 and Chet.1,5(t)

- Dth,wq2 B 1.104 Dth,sq2 Chet,T,s(t = O)

— exp(—t/7y)| < 0.0053 (3.37)

Tth

and for d/ls; =5

188 1 and | Chet,T,s(1)
Dth,wq2 5.32 Dth,sq2 Chet,T,s(t = 0)

Tih = —exp(—t/m,)| < 0.0077. (3.38)
Note that the same exponential fit will later be employed for the evaluation of the mea-
sured heterodyne diffraction efficiency. As the experimental data contain additive noise, the
absolute rather than the relative error is the relevant quantity in Egs. (3.37) and (3.38).
It is obvious that for very large values of d/ls, in particular for d/l; — oo, an exponen-
tial fit of Chet7.5(t)/Chet,7.s(t = 0) does not make any sense. However, large values of d/I
are experimentally irrelevant. We confirmed that in the experimentally investigated range
d/ls =~ 0.025 — 5 an exponential description of the simulated heterodyne diffraction efficien-
cies of the sample’s temperature grating works very well with deviations below 0.01, which

is smaller than the typical noise amplitude (cf. Egs. (3.37, 3.38)).

The decay of the temperature grating in the wall is presented in Fig. 3.6(b). The simulated
results for d/ls = 0.5 and d/l; = 1 are very well approximated by the analytical solution
(3.30) for d/l; = 0. Differences between the three curves cannot be resolved in the plot.
For our experiments the heterodyne diffraction efficiency of the wall’s temperature grating

is negligible, as has been shown in Fig. 3.4.

Under certain conditions, e.g. if the thermal diffusivity of the sample is much higher than
the one of the wall, the heterodyne diffraction efficiencies might evolve in a quite complicated
manner. Fig. 3.7 pictures the case rkg/ky = 0.1 and Dy, /Dy, = 10. For d/l; = 5 and
d/ls = 10 the heterodyne diffraction efficiencies of the sample’s temperature grating display
a bimodal behavior (see Fig. 3.7(a)). The temperature grating in the sample decays because
of heat diffusion in z-direction and because heat is transported into the wall. In the case
Dy, 5/ Dty = 10 heat cannot diffuse very effectively inside the wall. There comes a time
when the temperature in the wall is higher than the temperature in the sample and heat
will flow back from the wall into the sample. This leads to the second slow mode in the

heterodyne diffraction efficiency of the sample’s temperature grating.

Calculation of the apparent thermal diffusivity D¢p qpp  As we have seen in Fig. 3.6(a),
the heterodyne diffraction efficiencies of the sample’s temperature grating for not too large
values of d/ls can be approximated by exponential functions. To analyze our experimental

data, it would be sufficient to know the time constants 74, = (Dt;wppqz)_1 of these exponen-
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tial functions. Knowledge of the exact temperature distribution Tj(z, t) is not necessary. Also
the heterodyne diffraction efficiency of the wall’s temperature grating is of no importance for

our experiments.

A least square fit of exp(—Dth’appqzt) to the function (et 1,5(t)/Chet,1.s(t = 0) with Dy app

as adjustable parameter requires

2
o0 e S t P
f(Dih,app) = /0 (Qﬁh+(’t(:)0) — exp(—Dth,appqzt)> dt = minimum. (3.39)

This is equivalent to finding Dy, oy, such that

. 2 f(]oo Chet,T,s(t) eXp(_Dth,appq2t) dt 1

+ = minimum. 3.40
ghet,T,s (t = 0) 2 Dth,app q2 ( )

Even though we do not know (pet1,5(t), we can evaluate

fooo Chet,T,s(t) eXp(_Dth,appqzt) dt (3.22) fés/2 fooo Tq(Z, t) exp(—Dth’appq%) dt dz

Chet,T,s(t = 0) fés/z T,(2,0)dz

f(fS/2 Tq(z, Dipapp q2) dz
folS/2 Ty(z,t = 0)dz

(3.41)

T,(z,p) denotes the Laplace transformation of Tj(z,t). A Laplace transformation reduces a
PDE to an ordinary differential equation (ODE). Therefore the Laplace transformation of
the PDE (3.15, 3.16) can be easily solved. For z < [;/2 the solution is

- aly Ks . - qlg qls1-1 1
T,(2,p) = 1 — cosh [— h s 4 cosh —] S
e(z,p) e <[ cosh(gz) . sinh = + cos 5 T Dthp‘q

Jl—l—W’;qgcosh( 1+

p
Dth,s qz) ] )
1+ Dthps q? sinh < 1+ . qls) + 1+ Dt}p q? cosh < L+ Dthps q? %)

Rw Dth,s q2 2 v, w

(3.42)
From Egs. (3.40), (3.41), (3.23) and (3.42) follows that Dy, qpp has to fulfill the condition

9(Dih app) = minimum (3.43)
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Figure 3.8: Solutions of Eq. (3.45) for Dy s/Dinw = 0.1 and ks/ky = 0.1. Also plotted are the
results for Dy app = (i ¢*) "1 according to Egs. (3.37) and (3.38). The z— and y—coordinates are
given in parenthesis.

with

1 ql sinh %=
g(x) = - - 3 _8 - Ks . ql 5 2 ql N
x 2 = sinh %5* + cosh %3

\/751nh< L+ pi §S> D
e T g s ([T 5 ) + T ot (/1 5 % )

Eq. (3.43) leads to the conditional equation

99

=0, 3.45
ax w:Dth,app ( )

which relates Dy, qpp to the parameters q, ls, Dy s, Dipw, Ks, and ky,. Note that the ra-
tio Dypapp/Din,s respectively Dy app/Din . only depends on the dimensionless parameters
Dy, s/ Dih s ks/kw and gls. In a typical experiment Dy 4, is measured and then the un-

known parameter, e.g. Dy, s, is determined such that Eq. (3.45) is fulfilled.

Fig. 3.8 shows the solutions of Eq. (3.45) for Dy, s/ Dy = 0.1 and kg/ky = 0.1, i.e. for the
same parameters as in Fig. 3.6(a). For d/l; — 0 the apparent thermal diffusivity tends to
the true thermal diffusivity of the sample, Dy, qpp/Din,s — 1. The earlier results (3.37) and
(3.38) for Dypapp = (1enq®) ! at d/ls = 0.5 and d/l; = 5 are indicated by filled diamonds.

The dashed line shall remind us, that for too large values d/ls an exponential fit of the
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heterodyne diffraction efficiency Cher,7.5(t)/Chet,7,s(t = 0) is no longer a good approximation.
Nevertheless, the behavior of Dy, app/Din.s for d/ls — oo is in accordance with Eq. (3.32).
An exponential fit exp(—agx) of the function erfc\/x leads to ag = 2.213, corresponding to
Di.app/ Din.s = 22.13 in Fig. 3.8,

The conditional equation for Dy, o, (3.45) is an important result, since solving Eq. (3.45) nu-
merically is a much simpler task than simulating the PDEs (3.15, 3.16) with initial condition
(3.23, 3.24), boundary condition (3.18) and matching conditions (3.20, 3.21). Eq. (3.45) can
be used to analyze experimental data under the conditions, that the measured temperature
signal decays approximately exponentially, the contributions of the wall to the heterodyne
diffraction efficiency is negligible (can be checked by comparison of Eq. (3.26) and Eq. (3.28)),
and the approximations of our model are valid (infinite extension in z—direction, infinite wall
thickness, no y—dependence, laser intensity given by Eq. (3.11), no contact resistance be-
tween sample and wall). Under these premises the measured temperature signal is equal to
Chet,1,5(t), it decays with time constant 7, = (Dth,appq2)_1 and Dyp, qpp can be determined
according to Eq. (3.45).

3.1.4.2 Decay of the Concentration Grating

The concentration distribution c,(z,t) evolves according to the extended diffusion equation
(3.17) with initial condition (3.25) and boundary condition (3.19). To solve this problem the
complete knowledge of T;(2,t) is necessary. However, we are actually not so much interested
in the concentration distribution c4(z,t). The relevant quantity is the measured heterodyne

diffraction efficiency of the concentration grating (pet (t) as defined in Eq. (3.22).

To obtain an evolution equation for (hes.(t) we integrate the extended diffusion equation
(3.17) over the sample thickness (|z| < [5/2). Taking into account the boundary condition
(3.19) and the definitions of the heterodyne diffraction efficiencies (3.22) we arrive at

ong Ong\ 1
atChet,c = _Dq2Chet,c - <8—Z>Tp ( a,’;—, >chT qch(l - cO)Chet,T,s' (346)

Eq. (3.46) is solved by

Chet,c(t) = Chet,c(t - O) exp(—Dq2t) -

8713 ans -1 2 ! / 2 ! /
(F2),, (57, Pra*eal — ) /0 Cretro(#) exp(=D g*(t — 1)) df', (3.47)

where (pero(t = 0) is given by Eq. (3.27).

Further simplification of Eq. (3.47) is not possible without knowledge of (pet 7,5(t). In general
we do not have an analytical expression for (ue75(t), so that we do not have an analytical
expression for (pet o(t) either. Making certain assumptions about Chet 75(t), however, allows

us to obtain analytical approximations to Eq. (3.47).
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If the heterodyne diffraction efficiency of the sample’s temperature grating (pe7,s can be

approximated exponentially

Chet T,5(t) = Chet.1.5(t = 0) exp(—Dipapp ¢°1), (3.48)

Eq. (3.47) simplifies to

Chet,c(t) = Chet,c(t = O)(Dth,app - D)_l (Dth,app eXP(—D q2t) -D exp(_Dth,app q2t)> . (349)

But we can get an approximate solution for (e .(t) even without knowing precisely the time
evolution of Chet75(t). Whensoever the temperature signal evolves fast on the timescale of
the concentration signal (Dy, > D), the second term in Eq. (3.47) can be neglected and we
get to

Chet,c(t) = Chet,c(t = O) eXP(—Dq2t)- (350)

In the case Dy, > D the concentration signal (3.50) decays exponentially always with the
same time constant 7 = (Dg¢?)~!, independent from the ratio grating constant to sample
thickness d/I.

3.1.4.3 Decay of the Total Heterodyne Diffraction Efficiency

The heterodyne diffraction efficiency is defined in Eq. (3.22). For realistic experimental
parameters the heterodyne diffraction efficiency of the wall is negligible (see Fig. 3.4) and
Eq. (3.22) reduces to

Chet(t) = Chet,T,s(t)+Chet,c(t)- (351)

In the experimentally investigated range d/l; ~ 0.025 — 5 the heterodyne diffraction effi-
ciencies of the sample’s temperature grating can be approximated exponentially. Then the
heterodyne diffraction efficiencies (et 7,5 and (per,c are given by Eqgs. (3.48, 3.49). Inserting
Egs. (3.48, 3.49) into Eq. (3.51) leads to

Chet(t) = (het,T,S(t = 0) eXp(_Dth,app qzt) +
ghet,c(t = 0)(Dth,app - D)_l <Dth,app eXp(_D qzt) -D eXp(_Dth,app q2t)>

= Chet,1,s(t =0) [exp(_Dth,app 7’t) — (%?)T’p (E;Zf)c_; Stco(1 = co) x

(Dihapp — D)_1 (Dth’app exp(—D q2t) — D exp(—Dip, app q2t))] . (3.52)

Eq. (3.52) is identical to the equation of the one-dimensional model (3.10), except that the
thermal diffusivity of the sample Dy, s has been replaced by the apparent thermal diffusivity

Dy qpp- This leads to the important result that neglected heat loss into the wall results
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in a wrong thermal diffusivity Dy, 4pp, Whereas the correct values are still obtained for the
collective diffusion coefficient D, the thermal diffusion coefficient D, and the Soret coefficient

Sp. For a one—component system with ¢ = ¢p = 1 Eq. (3.52) simplifies to

(het(t) = Chet,T,s(t) = Chet,T,s(t = 0) eXp(_Dth,app q2t)' (3'53)

Egs. (3.52) and (3.53) will be used as working equations to analyze the experimental data.

3.2 Experimental Technique and Sample Preparation

Experimental technique The holographic grating setup has been described in detail
elsewhere [109, 53]. An argon ion laser (488nm or 515.5nm) was used for writing and a
HeNe laser (632nm) for readout of the refractive index gratings in a heterodyne detection
scheme. The coherent superposition of the diffracted and the reference wave was detected
with a single-mode optical fiber connected to a photomultiplier tube. The temperature was
controlled by a circulating water thermostat and set to 25°C for all experiments. The contrast
factor (On/0c)r, was determined with an Abbe refractometer. (0n/0T)., was determined

interferometrically as described in Ref. [111].

Sample preparation The pure substances toluene, tetralin and dodecane have been pur-
chased from Merck, Acros and Aldrich, respectively. The purities of the chemicals are in
excess of 98%. Sample preparation is done in a similar way as for light scattering experi-
ments. An inert dye (quinizarin) is added to the pure substances for optical absorption at
the writing wavelength, but ideally not at the readout wavelength. While absorption at A,
is not a principal problem, it results in avoidable sample heating. The absorption coefficient
at the writing wavelength was o ~ 2cm™!. For the experiments with binary mixtures, these
solutions were mixed with equal weights. The liquids were filled into thoroughly cleaned and
dried cuvettes, discarding the first filling. After the second filling the cuvettes were closed
with Teflon plugs and sealed with Parafilm. Before and after each measurement the cuvette
was weighed. No weight loss was observed in any experiment. Cuvettes with layer thick-
nesses of s ~ 200, 100, 50, or 10 um (Hellma) and self made sapphire cells with Iy = 112 or
119 pm were used. For the (On/0T).,, measurement cuvettes with a path length of 10 mm

(Hellma) were employed.
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3.3 Results and Discussion

3.3.1 Measurements on Pure Toluene

One—component systems with ¢ = 1 are suitable to study the decay of the temperature grat-
ing. As they cannot exhibit concentration modulations, the time evolution of the heterodyne

diffraction efficiency can be related directly to the time evolution of the temperature grating.

In a first step we investigated toluene at T' = 25°C in cuvettes of two different wall materials,
quartz glass and sapphire. Quartz glass is frequently used for optical experiments. At
T = 25°C and under normal pressure it has a thermal conductivity &, = 1.38 W/mK and
a thermal diffusivity Dy, ., = 84.8 x 107%cm?/s [71]. However, if a good heat coupling
between the sample and the thermal bath is desired, sapphire, having a very high thermal
conductivity, is a much better choice. Under the same conditions as above, T' = 25°C and
normal pressure, its thermal conductivity and thermal diffusivity are k,, = 40 W/mK and
Dy = 1300 x 10~* cm? /s [56).

To study the influence of the cell wall, we varied the sample thickness [; as well as the
grating period d. We used quartz glass cuvettes of thicknesses I, = 12, 55, 100, and 200 ym
and sapphire cuvettes of thicknesses Iy = 112 and 119 um. The thickness was measured
interferometrically by counting the interference fringes in a spectrometer. The accuracy was

generally better than 1%. The grating period was varied from d ~ 5 ym up to d ~ 50 um.
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Figure 3.9: Results for toluene at T' = 25°C: plotted are the relative deviations (D¢, app—Dih,s)/Din,s
of the measured thermal diffusivity value Dip qpp from the reference value Dyp, o = 8.8 X 10~*cm? /s
against the ratio of sample thickness to grating period d/l;. Different symbols refer to different sample
thicknesses [;. Filled symbols are for quartz and open symbols for sapphire cells.

The experimentally measured decay of the heterodyne diffraction efficiency after switching
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of the laser has been fitted to the working equation (3.53). The results for Dy, 4, are shown
in Fig. 3.9. The x and y axes represent, respectively, the ratio of grating period to sample
thickness d/l, and the relative deviation of the experimental value Dy, 4, from the reference
value Dy, = 8.8 X 10~* cm? /s, which was obtained from the extrapolation for d/l; — 0. The
theoretical curves have been calculated from (3.45) using Dy, s/Dip = 0.10, Kg/Ky = 0.10
for quartz glass and Dy, s/Dyp = 0.007, Kg/ky = 0.004 for sapphire. The experimentally
measured values, both for quartz glass and sapphire, are described very well by the theoretical
curves. As the theory predicts, Dy, qpp only depends on the ratio d/l. In the range d/ls <1
the measured thermal diffusivity Dy, opp is almost independent from the wall material and
the results for sapphire cannot be distinguished from the results for quartz glass. For larger
values of d/ls, however, the temperature grating decays significantly faster in a sapphire
cuvette, because of the more efficient heat transport into the wall. Regrettably no sapphire

cells have been available for this parameter range.

40 T T T T T T T T T T T T ' ..I..I.:
35 ' 3
30 1. =12um . [
_- IS:55 pm L E
25 -~ 1.=100 pm .
— 1,5200 pm

4 2
D [10 'cm’/s]
N
o

S~ K =0.14 W/mK
D,,.=8.8 10 ‘cm’/s

0.1 1 10 100
K, [W/mK]

[ BLELELELIN BLEL LB L L L L LI L L L L

=Y

Figure 3.10: Determination of the thermal conductivity x5 and the thermal diffusivity D s of toluene
using the results for toluene in quartz glass cuvettes (grey symbols in Fig. 3.9). Each single experiment
yields a curve Dy, s(ks). All curves of all different experiments intersect in the same point, which
gives us the searched properties ks and Dy, s of toluene.

In Fig. 3.9 the theoretical curves have been evaluated from the ratios Dy, s/Dyp 0 and Kg/ Ky,
which requires knowledge of the thermal conductivity x5 and the thermal diffusivity Dy, o
of the sample. The usual situation, however, is different: The properties of the sample are
unknown and shall be determined by analyzing the experimental data. This has been done in
Fig. 3.10 for the measurements of toluene in quartz glass cuvettes (grey symbols in Fig. 3.9).
One single experiment gives us a value for Dy, o, at a certain d/l;. From that we can
calculate a curve Dy, 5(ks) using Eq. (3.45), provided that we know the parameters x,, and

Dy 4y of the wall. Then the true thermal conductivity s and thermal diffusivity Dy, ¢ of
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the sample correspond to one point of the curve Dy, s(ks). To determine rg and Dy, 5, we
have to calculate at least two curves Dy, s(ks) from two experiments at different d/l5 and
find their point of intersection. This works especially well, if we use one experiment with
small d/ls =~ 0.1 and one experiment with large d/l; ~ 5. For toluene we found in this way
Dy, s = 8.8 x 10~*cm?/s and ks = 0.14 W/mK.

We would like to point out an important difference between the generally applied one—
dimensional and our two—dimensional model. Assuming a one-dimensional model, one single
experiment is sufficient to determine the thermal diffusivity of the sample Dy, ,. The thermal
conductivity kg, however, cannot be extracted from the experimental data. With our two—
dimensional model, in contrast, at least two experiments at different d/I; are required, but
they yield both Dy, s and ks. From the intersecting curves in Fig. 3.10 it can be seen that
Dyj, s can always be determined with a high accuracy, whereas a precise measurement of «
requires at least one measurement with a large value of d/ls. For small d/l,, as employed for
typical experiments, any reasonable assumption about s leads to a good approximation to
the true Dy, 5.
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Figure 3.11: Comparison of our results for toluene in quartz glass cuvettes to the experimental and
theoretical data obtained by Wang et al. [105, 106]. The axes are as in Fig. 3.9.

Fig. 3.11 compares our results for toluene in quartz glass cuvettes to the results obtained by
Wang et al. [105, 106]. The meaning of the axes is the same as in Fig. 3.9. The experimental
technique of Wang et al. differs only slightly from ours, but their theoretical model is much
more complicated. They performed a three—dimensional numerical simulation on a PDE.
The simulation parameters are the grating period d, the sample thickness I,, the absorption
coefficient «, the thermal diffusivities of the sample Dy, ; and of the wall Dy, ,, the thermal
conductivities of the sample x4 and the wall x,,, the pulse duration time ¢;, of the pulsed laser,

and some more. So many parameters, however, do not seem to be necessary, as can be seen
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in Fig. 3.11. If plotted against the ratio d/ls, the results of all their simulations for toluene
(Fig. 8 in [106]: d = 50 um, s varied, o = 0.2mm ™}, ¢, = 800 us; Fig. 9 in [106]: d varied,
Iy =0.5mm, o = 0.2mm™", #; = 800 ps; Fig. 3 in [105]: d = 50 um, [, varied, @ = 0.8 mm ™",
t, = 1200 ps; Fig. 6 in [105]: d varied, I; = 0.5mm, o = 0.8 mm ™1, #; = 1200 us) coincide, at
least within the resolution of the plot, on one single curve. Furthermore they are in very good
agreement with results from our model, which depend only on the dimensionless parameters
d/ls, Dip, s/ Dip oy and kg /ks and have been obtained in a much simpler way, namely by finding
the zero of Eq. (3.45). Moreover, Wang’s experimental data (Fig. 4 in [105]: d = 50 um, I,
varied, & = 0.8mm™*, t;, = 1200 us; Fig. 7 in [105]: d varied, I, = 0.5mm, o = 0.8 mm™!,
tp, = 1200 us) is described very well by our theory. Unfortunately Wang et al. performed
experiments and simulations only up to d/l; = 0.5, so that it is not possible to compare the
results over a wider range of d/ls, where deviations from the one-dimensional model become

more pronounced (Fig. 3.9).

3.3.2 Measurements on Binary Systems

Binary systems feature both a temperature and a concentration grating. We studied the
binary mixtures of tetralin—-dodecane and of tetralin—toluene at ¢ = 0.5 and T' = 25°C. The
same quartz glass cuvettes of thicknesses I, = 12, 55, 100, and 200 um as for toluene were

used and the grating period was varied from d ~ 10 yum to d = 50 pm.

Fig. 3.12 shows four experimental curves measured for the system tetralin—dodecane at differ-
ent sample thicknesses [; and grating periods d. They correspond to zero power of the writing
laser and have been obtained by extrapolation of five experimental curves at different laser
powers between P = 50mW and P = 800mW to P = 0. This extrapolation is important for
comparison of cuvettes with different sample thicknesses to exclude effects of sample heating.
The normalized heterodyne diffraction efficiency (pet(t)/Chet(t = 0) has been plotted against
the reduced time D ¢?t, where the collective diffusion coefficient D = 6.5 x 1076 cm? /s of
the system tetralin-dodecane has been obtained by fitting Eq. (3.52) to the experimental
data (see Fig. 3.14). The fast and slow process correspond, respectively, to the decay of
temperature and concentration grating. Whereas the temperature grating decays faster with
increasing d/ls, the concentration grating decays according to Eq. (3.50) always with the
same time constant 7 = (Dg?)~!. Other than heat, mass cannot be transported into the cell
walls. Therefore the integrated property (pet. as defined in Eq. (3.22) cannot decay faster
than with 7 = (Dg?)~!, even if the dependence of the concentration distribution c,(z,t) on 2
is very complicated and mass fluxes in z—direction are present. The ratio of the amplitudes of
concentration and temperature signal Cper o(t = 0)/Chet,1,s(t = 0) is, according to Eq. (3.27),

independent of grating period d and sample thickness [;.

Fitting all the other experimental curves extrapolated to zero laser power to the working

equation (3.52) yields the apparent thermal diffusivity Dy qpp (Fig. 3.13), the collective
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Figure 3.12: (a) Measured decay of the heterodyne diffraction efficiency (pet(t)/Chet(t = 0) against
the reduced time D ¢?t for the system tetralin-dodecane at different sample thicknesses [, and grating
periods d = 27/q. The collective diffusion coefficient D = 6.5 x 1076 ¢cm? /s is the same for all curves.
Also plotted are the least—squares fits of Eq. (3.52) to the experimental data (solid lines). (b) Residuals

| (ny/0T)ey, | (9n4/00)7, |
tetralin-dodecane | —4.39 x 1074/K 0.117
tetralin-toluene —5.15 x 1074/K 0.045

Table 3.1: Contrast factors for the binary systems tetralin—dodecane and tetralin—toluene, 50 wt %,
T = 25°C. The values for tetralin-dodecane are from Ref. [111].
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Figure 3.13: Results for the binary systems tetralin-dodecane (grey symbols) and tetralin—toluene
(white symbols), 50wt %, T = 25°C: The relative deviations (Dip app — Din,s)/Din,s of the exper-
imental value Dy qpp from the reference value Dy, s = 8.0 x 10~%4cm? /s for tetralin-dodecane and
Dy s = 8.4 x 107* em? /s for tetralin—toluene are plotted against the ratio of grating period to sample
thickness d/l;. Different symbols refer to different sample thicknesses I.

diffusion coefficient D (Fig. 3.14) and the Soret coefficient St (Fig. 3.15). To calculate the
latter, the contrast factors (Ong/0T).,p, and (Ons/dc)r, had to be measured (Tab. 3.1).

In Fig. 3.13 the relative deviation of the experimental value Dy, 4y, from the reference value
Dihs (Dins = 8.0 x 1071 em?/s for tetralin-dodecane and Dy, s = 8.4 x 107 cm?/s for
tetralin—toluene) is plotted against the ratio of grating period to sample thickness d/ls. The
theoretical curves have been evaluated from Eq. (3.45) with kg/ky = 0.09, Dyp, s/ Dy, oy = 0.09
for tetralin-dodecane and ks/ky = 0.09, Dy 5/ Dip oy = 0.1 for tetralin-toluene. In the range
d/ls <5 they differ less than 0.8% and cannot be distinguished within the resolution of the

plot. The agreement between theory and experiment is excellent for both systems.

Figs. 3.14 and 3.15 show the measured collective diffusion coefficients D and Soret coefficients
St against d/ls. As already seen in Fig. 3.12 the concentration signal (pes, does not depend
on d/ls and therefore all experiments yield the same collective diffusion coefficients D and
Soret, coefficients S7. Small deviations are only observable for the system tetralin—toluene at
d = 51.84 um, corresponding to a very small scattering angle of 0.36°, and [y = 55 and 12 pym.
However, it should be pointed out that, compared to the dramatic increase of the apparent
thermal diffusivity Dy, pp, these deviations are only minute. The system tetralin-dodecane,
in contrast, does not show any dependence of D and St on d/l; and behaves in perfect

agreement with the predictions of our model.
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Figure 3.14: Results for the binary systems tetralin-dodecane (grey symbols) and tetralin—toluene
(white symbols), 50 wt %, T" = 25°C: Measured collective diffusion coefficients D against the ratio of
grating period to sample thickness d/l;. Different symbols refer to different sample thicknesses I.
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Figure 3.15: Results for the binary systems tetralin-dodecane (grey symbols) and tetralin—toluene
(white symbols), 50wt %, T = 25°C: Measured Soret coeflicients St against the ratio of grating
period to sample thickness d/[,. Different symbols refer to different sample thicknesses [;.
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3.4 Conclusion

For thin samples or large grating periods heat conducting walls become important in transient
grating experiments. The heat loss into the cell walls leads to a nearly exponential decay
of the temperature grating with a time constant 74, = (Dihapp %) ™F < (Dihs 4°) ™1 Dinapp
and Dy, ¢ are the apparent and the true thermal diffusivities of the sample. The experimental
results can be reproduced theoretically by solving the two—dimensional heat equations for
the sample and the wall on condition that the temperature and the heat flux is continuous
over the interface. Even though it was not possible to solve these PDEs analytically, a
conditional equation (Eq. (3.45)) could be found, which relates the ratio Dy app/Dinw t0
the three dimensionless parameters d/ls, ks/ky and Dy /Dy . d is the grating period,
ls is the sample thickness, r,/,, is the thermal conductivity of the sample and the wall,
respectively, and Dy, ,, is the thermal diffusivity of the wall. Whereas simulation of the
PDEs requires substantial computational effort, the conditional equation (3.45) allows for
easy determination of the parameters of the sample from the measured Dy, qp,. For this
purpose the thermal diffusivity Dy, ,, and the thermal conductivity &, of the wall should
be known. If the thermal conductivity ks of the sample is also known, the true thermal
diffusivity Dy, s can be directly evaluated from the apparent thermal diffusivity Dy gpp-
For small ratios of grating period to sample thickness d/l; < 0.5, as employed for typical
experiments, the dependence of Dy, qpp On ks is weak. Any reasonable assumption about
ks will lead to a good approximation for the true Dy, ;. In case of unknown x,, one single
experiment is not sufficient to evaluate the thermal diffusivity of the sample Dy, ;. From two
experiments at different grating periods d or sample thicknesses [5, however, Dy, ; as well as
ks can be determined. For a precise determination of k4 at least one measurement should be

performed at a large d/ls, where Dy, 4p, depends stronger on k.

Other than the temperature signal, the concentration signal is not affected by deviations from
one—dimensional heat conduction. The complicated temperature distribution in the sample
Ty(z,t) cos(gx) leads to a complicated concentration distribution ¢,(z,t) cos(qx), where mass
fluxes in z—direction are present. Experimentally observable, however, is only the integrated
property fisli 32 cq(z,t)dz. As mass cannot flow into the cell wall, this quantity can only
decay by diffusion in z—direction. Therefore, independent from sample thickness and grating
period, the concentration signal decays with 7 = (Dg?)~!, where D is the collective diffu-
sion coefficient of the sample. The ratio of the stationary amplitudes of concentration and
temperature signal can be evaluated analytically (Eq. (3.27)). It is proportional to the Soret
coefficient St and independent from sample thickness and grating period. Thus, neither the
time constant of the concentration signal nor its normalized amplitude depend on grating
period or sample thickness. In transient grating experiments the walls significantly influence

heat transport, but they have no effect on the measurement of mass transport.
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Chapter 4

Optical Diffusion Cell with Periodic Resistive
Heating

We have developed a new instrument for the measurement of heat, mass and thermal diffusion
in liquids [43]. In the following the design of the sample cell with two interdigitating arrays
for heterodyne readout will be described and the mechanism for signal generation will be
analyzed in detail. From the time dependent diffraction efficiency the thermal diffusivity,
the thermal and the Fickian diffusion coefficient and the Soret coefficient can be obtained.
Similar to holographic grating experiments with very thin sample cells (cf. Chap. 3), heat
penetration into the wall plays a major role and requires a detailed treatment. The suitability
of the approach is demonstrated with measurements on reference systems. Stability issues

of this prototype instrument will also be discussed.

4.1 Experimental Setup and Principles of Measurement

4.1.1 Setup

The basic idea of the new method is explained in Fig. 4.1. We have built cuvettes that have
a grating of conducting, transparent strips of indium tin oxide (ITO) on the inner side of
one of their windows. The distance between two strips is d’ = 20 um but only every other
strip is current—carrying. By flipping the switch the other set of strips is connected to the
voltage source (1...10V). The distance between two current—carrying strips as well as the
grating period of the resulting temperature grating is d = 2d’ = 2w/q = 40 yum. In this way
the diffraction of the ITO-grating of period d’ can be easily separated from the diffraction
of the temperature grating. Having different grating periods the two gratings diffract at
different angles (see Fig. 4.5). Of course another possibility to separate the diffraction of
the two gratings would be to switch on and off only every other strip and do not care
about the other set of strips. However, if the electric current flows alternately through the
two sets of strips, only the periodic part of the temperature field is switched, whereas the
overall heating stays nearly constant. This is a major advantage as will become clear later

(Sec. 4.3.2). Furthermore, this technique allows to double the signal amplitude.
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Figure 4.1: Sketch of the cell: A grating of transparent conducting strips (ITO) is on the inner side
of one of the windows. When heated by an electric current I a temperature grating will build up in
the sample. Only every other strip is current—carrying. This allows to separate the diffraction of the
ITO-grating from the diffraction of the temperature grating.

Fig. 4.2 shows the design in detail. All structures have been made by photolithographic
processes (see Sec. 4.1.2). First an ITO—pattern resembling interdigital electrodes has been
sputtered onto the window. Each of the 150 ITO-strips is 3mm long, 10 um wide, li;, =
175nm high and has an electrical resistance of about 15k). Two sets of strips exist: set
1 and set 2. Set 1 is in electrical contact with the electrode 1, set 2 with the electrode 2
(see Fig. 4.2(a)). In a second step two layers of polyimide, an insulating and very resistant
polymer, have been applied on the substrate. These layers are 5 to 10 um thick and have holes
of 10 um x 50 pm. Fig. 4.2(b) shows their shape and position relative to the ITO-structure.
Finally two 200 nm thick layers of chromium have been vapor deposited onto the insulating
layers, as can be seen in Fig. 4.2(c). As illustrated in Fig. 4.3 the holes in the insulating layers
and the chromium electrodes on top of them serve to contact independently all strips of set
1 and all strips of set 2. In that way the strips of one of the sets can be current—carrying,
whereas no electric current passes through the other set of strips. The lateral dimensions of
the ITO-electrodes are given in Fig. 4.2(a).

To switch between strips of set 1 and strips of set 2 a fast electronic switch (Tgwiten == 1 pus)
was built, which can be controlled by a PC. The window with the strips is of soda lime
glass, the opposite window is of sapphire (high thermal conductivity 40 W/(mK)) to keep
the overall sample heating small. The thickness of the windows is [,, = 1 mm. The soda lime
glass window has lateral dimensions 2mm x 2mm, the sapphire window 16 mm x 10 mm.
The two windows with a spacer of [; ~ 100 um in between have been sealed with a solvent—
resistant glue (Torr Seal, Varian) to form a cuvette. Two boreholes in the sapphire window

allow filling of the cuvette and can be closed by Teflon plugs. Four wires with banana plugs
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Figure 4.2: Multilayer-structure of ITO-strips, insulating layers and chromium layers on the cuvette
window. Two sets of strips exist that can be alternately connected to the voltage source. The picture
to the right below is a scanning electron microscope micrograph (SEM).

have been attached to the four electrodes by conductive lacquer (see Fig. 4.4).

The experimental setup is shown in Fig. 4.5. Readout of the refractive index gratings is
done similar to laser-induced transient grating experiments. A HeNe laser (633 nm) is used
as reading laser and a heterodyne detection scheme (see Sec. 4.1.3) is employed. The co-
herent superposition of the diffracted and the reference wave is detected with a single-mode
optical fiber connected to a photomultiplier tube. The phase between diffracted and refer-
ence wave is adjusted and stabilized by an active phase tracking mechanism as described
in Ref. [52]. Typically, experiments have been averaged over 1000-2000 cycles. The con-
trast factors (On/dc)r, and (On/O0T)., can be determined with an Abbe refractometer and

interferometrically as described in Ref. [111].

4.1.2 Fabrication of Multilayer Structures

The ITO and the chromium structures have been patterned by lift of processes using an
image reversal resist (TI 35ES MicroChemicals). Cleaning of the substrates, spin coating,
soft baking, reversal baking, developing and stripping was performed according to the data
sheet of the TI 35ES. A custom-built photo mask with anti reflective chrome on soda lime
glass has been purchased from Photronics. The coated substrates have been exposed in a
EVG 620 (EV Group) mask aligner. AZ 400 K (MicroChemicals) was used for developing.
The ITO (ITO-target, Balzers, no reactive sputtering) was RF-sputtered using a Balzers
BAS 450, operating at a sputtering power of 400 W and a sputtering rate of 7nm/min in an
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(a) Scanning electron microscope (SEM) micrograph visualizing the layer composition: A trapezium has been cut
into the multilayer structure with a focused ion beam (FIB, ZEISS 1540 XB). For explanation compare to Fig. 4.3(b).
It should be noted that the quality of the vapor deposited chromium layers was not always as bad as here (see Fig. 4.2
right below and Figs. 4.8(a,b)). Anyway, as long as the chromium layer makes contact with the ITO electrode, holes

in the chromium layer do not matter. +-----------——-___
chromium

polyimide

2 1
strip B

1: ITO-strips of set 1
— .area | 2: ITO-strips of set 2

(b) Schematic sketch of the multilayer structure explaining the SEM picture above (Fig. 4.3(a)).

Figure 4.3: Sectional view of the multilayer structure illustrating the function of the holes in the
insulating layer
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Figure 4.4: Photograph of the cuvette: the two windows with a spacer in between have been sealed
to form a cuvette. The ITO strips are on the upper side of the lower window. The window above has
two boreholes to allow filling of the cuvette. Four wires with banana plugs are attached to the four
electrodes by conductive lacquer.

633 nm PMT
/’ ; single mode fiber
iezo
oo P
Ereference
:WCIVG
orobing — _EI ————— Oth order
laserbeam g~ | Ist order
sampie (réfractive index grating)
1st order (ITO grating)

Figure 4.5: Sketch of experimental setup. A HeNe laser (633nm) is used for readout of the refractive
index grating in a heterodyne detection scheme
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100 pm

Figure 4.6: Light microscope picture of structured photo resist TI 35ES just before ITO-sputtering:
Each strip is 10 pm wide. Two alignment marks can be seen.

argon atmosphere of pressure 2 - 1073 mbar. A Balzers Ba 510 coating unit with a residual
pressure of 1075 mbar was used for electron beam physical vapor deposition of chromium (Cr
granulate, > 99.9%, umicore) at a rate of 3 A /s. Finally the resist was stripped with technical
acetone. Fig. 4.6 shows the structured TI 35ES resist after exposure and development ready

for ITO-sputtering.

The insulating layers have also been structured by a photolithographic process. The photo-
sensitive polyimide (HD 4000, HD MicroSystems) was processed according to the data sheet.
Again the EVG 620 mask aligner was used for exposure. A negative exposure mask was
prepared from a positive mask (Photronics, see above) in the same manner as the chromium
layers except for using TI 35ES this time not as a negative, but as a positive resist. The
initial idea was to use SiOy or Al,Og for the insulating layers. In this case a positive exposure
mask would have been needed and was therefore bought. However, these materials resulted
in very holey layers when sputtered and did not serve as insulators. The exposed polyimide
was developed with cyclopentanone (Fluka, > 99%) and rinsed with a symmetric mixture of
cyclohexanone and «y—butyrolactone (both Fluka, > 99% and > 98%). It was never possible
to develop the polyimide completely, but the residues were always thinner than ~ 150 nm
and could be removed by Os plasma edging in an Anatech SP 100 plasma system (Anatech
Ltd.). The applied plasma power was 80 W, the pressure was approximately 0.5 Torr and the

exposure time 15 min.

Many problems occurred during the fabrication of the multilayer structures. Initially the
mask aligner was not correctly set up and wedge error compensation did not work. There-
fore the substrate on the chuck of the mask aligner was tilted in relation to the mask (see
Fig. 4.7(a)). This leads to a very non—uniform UV-intensity distribution on the substrate.
The left side of the substrate and the mask are in contact as desired. The gap between

substrate and mask to the right leads there to a smaller exposure dose due to reflection



4.1 Experimental Setup and Principles of Measurement 95

illumination

A:mask
<maskholder

substrate
chuck
(a)
Figure 4.7: Mask aligner with wedge error: (a): Sketch of mask aligner: The substrate on the chuck
is tilted in relation to the mask, (b): Resist after exposure and development: The exposure dose on

the right side was too small and developing leads to peeling of resist structures. Each strip is 10 um
wide. Moreover interference fringes can be seen.

losses. Therefore an adequate developing time could not be found. Whereas the resist in
Fig. 4.7(b) is not completely developed on the left hand side, it is overdeveloped on the
right hand side. Moreover interference phenomena at a thin air wedge lead to a modulated
intensity distribution known as Newton rings. This modulates the thickness of the developed
resist irrespective of the microstructures. The resulting interference fringes can also be seen
in Fig. 4.7(b). The structures in Fig. 4.7(b) is a 2cm x 2cm array of 10 ym wide strips with
20 um distance, which has been initially used to find the correct process parameters. Later

always the pattern explained in Fig. 4.2 and shown in Fig. 4.6 was used for the ITO-strips.

Further problems with fabrication of the multilayer structures are listed in Fig. 4.8.

4.1.3 Heterodyne Detection

A distinction between homodyne and heterodyne detection must be made in optical scattering
and diffraction experiments. Without careful treatment of the background, there is always
the risk of mixed or unknown coherence conditions and the determined diffusion coefficients
may be off by a factor of two. According to Ref. [52] heterodyne detection is superior to

homodyne detection in situations as considered here.

The intensity I as seen by the detector contains both homodyne and heterodyne contributions

I = |E;+ Ewge® + E. >+ E2,
= E}+EX+E}+E}

€ mc

+ 2F FEper cos ¢ + 2EE¢ cos 0 + 2E, o E. cos(f — ¢). (4.1)

E is the electric field amplitude of the diffracted beam, also called signal. E. > 0 is the
coherent electric field amplitude of the background intensity. It originates from unavoidable

scratches or dust particles on the cuvette windows. Fes > 0 is the electric field amplitude
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(c) (d)

Figure 4.8: Some problems encountered during fabrication of multilayer structures:

(a): Since the polyimide is not completely developed, the chromium electrode is not in contact with
the ITO-strip. This multilayer structure could not be used for experiments. Asin Fig. 4.3 a trapezium
has been cut into the multilayer structure with a focused ion beam.

(b): Zoom of (a)

(¢): Because of the problem described in (a,b) the remaining polyimide was removed by plasma
edging. Here plasma edging was over done and the ITO strips were burnt. This multilayer structure
could not be used for experiments, as the resistance of the burnt ITO-strips is too high.

(d): Sometimes stripping of the ITO-sputtered substrates was difficult. pm-sized particles of ITO,
which are not part of the desired structure, sticked to the substrate and electrically contacted ITO-
strips of set 1 and set 2. In principle, the multilayer structure can still be used for experiments, as
merely the amplitude T, of the resulting temperature grating is reduced. By reducing T} at constant
total heating, however, unwanted transient heating effects become visible in the detected heterodyne
diffraction efficiency at the expense of the real signal (see Sec. 4.3.2). Therefore these defects should
be avoided.

All pictures are SEMs.

Mag= 116 KX
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of the reference beam. Fj,. is the incoherent electric field amplitude of the total background
intensity. ¢ is the phase shift between the signal Fs and the reference F,¢f, 0 is the phase shift
between the signal F; and the coherent background E.. The phase of Ej is arbitrarily chosen
to zero. The phase of the reference ¢ may be adjusted by means of a piezo mounted mirror.
Other than ¢ the phase 6 cannot be properly controlled, as it depends on a randomly selected
local oscillator on the cuvette window. Even though it may be changed by readjusting some
mirrors, it cannot be set to an arbitrary value. For convenience the proportionality factor be-
tween E? and I is set to unity. Spom = E2 is the homodyne and Syt = 2B Eyef +2EE.. cos 0
is the heterodyne signal. The total background I¢ = E%. + E? + E% .+ 2E, ot Ec cos(0 — ¢)

depends on ¢.

Part of the heterodyne signal S|, = 2E FE,cf can be separated if two measurements with
¢=0and ¢ =,

Iy—o = EZsin?0+ B2, + (s + Eccosf + Erep)? (4.2)

Ijymrw = E2sin®0+ B2+ (Es+ Eccos — Erer)?, (4.3)
are combined according to

(I¢:0 - I¢:7T)/2 =2F,FELef + Il;, =0 = Sflet + Il;, $=0> (4.4)

where I} = 2E,tE, cos(f — ¢). The heterodyne signal S}, as determined from Eq. (4.4) is
robust against non ideal phase jumps 7 4+ § or against a non ideal adjustment of the phase
shift ¢ = ¢ # 0, since

(Ip=g0 — Lp=gotn+5)/2 = Spet(cos ¢ + cos(¢o +0)) /2 4+ (I, y—py + Iy, g=go45)/2-  (4.5)

Merely the amplitude of ], is reduced and the background value changes, but the expression

Is—po — Ip—po+r+s remains free of homodyne contributions.

In Sec. 4.2 we will solve the differential equations always for switching on processes: No
current has been flowing for t < 0, at ¢ = 0 the voltage is switched on and for ¢ > 0 the strips
of set 1 are current—carrying. The corresponding electric field amplitude of the diffracted
beam is given by

Eoft=on(t) = EOsetla(y), (4.6)

where E2*"! is the signal produced by strips of set 1 in the stationary state and

a(t) = </Otg(t') dt’) </OOO g(t')dt'>_1, (4.7)

with g(t) being the linear response function. The experiments, however, have been actually

conducted in a slightly different way. The voltage was not switched on and off, but was
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switched between strips of set 1 and strips of set 2. E; evolves according to
E(t) = EY(1—a(t) + ESat) (48)

if the voltage is switched over from strips of set ¢ to strips of set j at ¢ = 0 . There is always
a slight asymmetry and strips of set 1 do not produce the same signal as strips of set 2. Only
for a perfectly symmetric cuvette both sets of strips would generate the same signal with
EYsett — _E252 T be able to compare the experimental data (switching set 1 <> set 2) to
the theoretical results of Sec. 4.2 (switching off — on), the function a(t) has been extracted

from the measured intensities 1 (};02, 1 (});f, 5);01 and [ 2;} via
a(t) = [y(t)/y(t — o) +1]/2, (4.9)
where the purely heterodyne y(¢) has to be evaluated according to

1—2 1—2 2—1 2—1 1—2 2—1
y(t) :( =0 -1 = = “¢=0 + 1, :7r)/2 = Shet ~ “het - (410)
Remember that the motivation for this apparently complicated procedure is to keep the
average heat insertion into the sample time invariant in order to avoid transient heating

effects.

Of course all the above considerations implied Fyf, E. and Fj,. to be constant. If they drift
slowly in time, y(t) contains contributions of unknown time dependence and cannot be used
to calculate «(t). Unfortunately, we were not able to reduce all (thermal) drift effects to zero.
A slight drift of F,ef could be directly observed by blocking the probing beam and otherwise
performing the experiment as usual (see Sec. 4.3.2). Nevertheless, for lack of alternatives, all

data were analyzed according to Egs. (4.9, 4.10) knowingly accepting some artefacts.

Figure 4.9: Possible signals I4—¢ and I4—, in a heterodyne detection scheme, where the reference
is provided by a local oscillator on the cuvette window (laser—induced grating experiments): left:
E.> E?, right E. < E?

ERI

Despite of all similarities with laser—induced grating experiments we apply slightly different

heterodyne detection schemes depending on whether the temperature grating is generated
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optically or electrically. In laser induced grating experiments the reference wave may be
provided by scratches on the cuvette window and the phase jump of m can be realized by
shifting the phase of the diffracted beam. No extra reference beam is needed [52]. The result
(1) in Ref. [52] is recovered from Eq. (4.1), if E. in Eq. (4.1), is set to zero and FEye is
identified with the electric field amplitude generated by the local oscillator on the window

(Eret — E¢). Then, if we assume the following time dependence for Fy
Ey = E°(1 —2¢7Y7), (4.11)

two scenarios E. > EY and E. < EY are possible. The corresponding intensities Iy—p and

I4—, are shown in Fig. 4.9.

With the new technique the phase 8 between the diffracted beam and the local oscillator on
the cuvette window cannot be controlled. A reference wave has to be provided by splitting
off part of the readout beam, which is then aligned parallel to the diffracted signal beam (see
Fig. 4.5). The phase ¢ of this reference is controlled by means of a piezo mounted mirror. For
this detection scheme and with E, from Eq. (4.11) many possibilities for the signals Iy—o and
I4—, can be observed, depending on the values of E%, E., Bt and 0 (Fig. 4.10). Situations
as EX < —EY or ES > EY lead according to Eq. (4.4) to a small Sye; and should be avoided
by adequate adjustment.

4.1.4 Sample Preparation

The pure substances toluene, dodecane, tetralin and isobutylbenzene have been obtained
from Merck, Aldrich, Acros and Aldrich. The purities of the chemicals are in excess of 98%.
Sample preparation is done in the same way as for light scattering. Other than for laser
induced grating experiments no dye has to be added to the sample. For the experiments
with binary mixtures, the solvents were mixed with equal weights. The liquids were filled

into the thoroughly cleaned and dried cuvette. The cuvette was sealed with Teflon plugs.

4.2 Heat and Mass Diffusion Analysis

We use a similar model for the description of the experiment as in Sec. 3.1. However, the

source term () in the heat equation (Eq. (1.2))
pe,dT =V - [kVT] + Q,

is now given by the electrical power density. In case of a binary liquid also the extended

diffusion equation (Eq. (1.3)) is needed, which describes the spatial and temporal evolution
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Figure 4.10: Possible signals I,—o and /4— in a heterodyne detection scheme, where an extra reference
beam is used (new technique). E} and E. are defined according to Ef = FE.cosf + Fy and
E; = E;cos) — Eyes. The first column (first row) shows the four possible curve shapes for I;—
(Iy=r) and the corresponding conditions for B} and E? (E; and E?). They can be combined in ten
different ways resulting in ten different scenarios.

(a) also possible: Iy—g < Iy—, for all t, (b) also possible: Iy—g > Iy—, for all ¢



4.2 Heat and Mass Diffusion Analysis 101

of the concentration ¢ of component 1 (weight fractions)
dye =V - [DVe+ (1 — ¢)DpVT].

In the following we will take the thermal conductivity x, the mass diffusion coefficient D, the
thermal coefficient D7, and ¢(1 — ¢) = ¢o(1 — ¢p) as constant, which is reasonable for small

concentration and temperature changes.

4.2.1 Evolution Equations

Fig. 4.1 shows the coordinate system for analysis. The region —I; < z < 0 is of sample
material, which has thermal conductivity ks, density p,, heat capacity ¢, and thermal
diffusivity Dy, s = ks(pscps) L. The region 0 < z < I, is of soda lime glass (Kw, Puw, Cpaw,
Dip oy = /iw(pwcp,w)_l). For simplicity, we suppose the sample to be infinitely extended in 2—
direction and to be heated by an infinite number of infinitely thin (l;;, — 0) ITO-strips. This
is a good approximation, if the grating period d is much smaller than the z—dimension of the
heated area L, but much larger than the thickness of the ITO-strips li, and if, additionally,
lito is much smaller than the sample thickness I, and the window thickness [,,, respectively.
In our case, we have L, = 3mm, d = 40 um, lit, = 175nm, Iy = 100 um, and [,, = 1 mm. As
the thermal conductivity of sapphire is very high (40 W/(mK)), the temperature at z = —I;
is, by good approximation, given by the temperature of the thermal bath. There is no y

dependence.

We expand the electrical power density per unit area S(z) = Q(m) lito and the temperature

and concentration fields in a Fourier series with ¢ = 27/d.

4Sp: kd— ¢ <z <kd+$, k=0,1,2,

S(z) = (4.12)
0 : else
= S [1 +2 Z sin 2514 cos kqx (4.13)
= Sp+ Sgcosqx + Szqcos2qr + ... (4.14)
T(z,2z,t) = Tp(z,t) +Ty(z,t) cos gz + Toq(z,t) cos 2qx + . .. (4.15)
c(z,z,t) = co(z,t) +cq(z,t) cos gz + caq(z, t) cos 2qz + . .. (4.16)

In our experiment we detect first order diffraction (see Fig. 4.5) and therefore only the first

Fourier coefficients Tj, and ¢, are experimentally relevant.

Considering all approximations mentioned above, T, and ¢, initially being zero

Ty(2,t =0) =c4(2,t =0)=0 (4.17)
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evolve according to

OT, = Dus(—¢*>+0)T, —1,<2<0 4.18)
T, = Dipw(—¢*+0*)T, 0<2<ly (4.19)

and
drcqg = D(—q* + 0%) cq + Drco(1 — co)(—¢* + 92) T, —ls<z<O0. (4.20)

The boundary conditions

Ty(z=1ly) = Tyz=-l5)=0 (4.21)
DO.cql=z,, = —Drco(l—cp)0;Tg|s=,, Where zg, =0, -1l (4.22)

and the matching conditions

T,(z=0") = Tu(z2=07) (4.23)
tw 0z Tgl,mor +5¢ = s 02 Tyl .0~ (4.24)

with S, = #So follow from continuity of temperature and heat flux and from vanishing

mass flux into the windows.

4.2.2 Refractive Index Grating and Heterodyne Diffraction Efficiency

Both the temperature grating and the concentration grating give rise to a refractive index

grating
n(z,z,t) =no(z,t) + ng(z,t) cos qr + nog(z,t) cos 2qx + . . ., (4.25)

which acts as an optical phase grating on a probing laser beam. n(x,z,t) is the refractive
index at the readout wavelength. For experiments conducted within the weak modulation
depth limit the first order heterodyne diffraction efficiency (je; is simply proportional to the
refractive index modulation depth n, [29] or, in case of z—dependent n,, to the integral over

ng along the z—direction:

Chet(t) = Chet,7,5(t) + Chet.c(t) + Chet, 7w (t) (4.26)
O On, 0 An, Ly o,
h /—ls <8—T)Cvaq(z’ t) dz + /—ls < oc >T7pcq(z’ t) dz + /0 <8—T>qu(Z’ t) dz

Not only the temperature and concentration gratings within the sample with respective

contrast factors (Ons /0T, and (Ons/dc)r,p, but also the temperature grating in the window

with contrast factor (On,,/0T), contribute to the refractive index grating and, thus, to the
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Figure 4.11: Stationary amplitude of the temperature grating for [, = 100 ym in the case of optical
and electrical heating, if the same power is absorbed in both experiments (Sy = ﬁsq = adply).

heterodyne diffraction efficiency.

4.2.3 Stationary Solutions

The stationary solutions (t — oco) can be found by solving Eqs. (4.18- 4.20) setting 0,1 =
Orcqg = 0 and taking into account the boundary and matching conditions Eqs. (4.21-4.24).

The solutions are especially simple for g, l,, — oo.

Sq

1
Ty(z,t — o)

CQ(Zat - OO)

el

q Ky + Ks
—Steo(l — c)Ty(2,t — 00)

(4.27)

(z<0) (4.28)
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Here we introduced the Soret coefficient Sp = Dp/D. The approximation of infinite window
and sample thickness is valid, if the penetration depth of the temperature grating is small
compared to the thicknesses of sample and window. In our experiment the penetration
depth is of order ¢! = 40 um/(2w) = 6 um and the sample and window thicknesses are
ls = 100pm and [, = 1mm. In Fig. 4.11 the stationary amplitude of the temperature
grating T, (z,t — o0) given by Eq. (4.27) is compared to the amplitude resulting from optical
heating in a laser induced grating experiment. The latter is given by Eqs. (3.23, 3.24), if
t = 0 and z are replaced by ¢t — oo and z—1s/2. (In Sec. 3.1 the stationary state corresponds
to t = 0, since switching off experiments have been considered there. Moreover different
coordinate systems (Figs. 3.1 and 4.1) are used in Sec. 3.1 and in this section.) In our new
experiment the sample is heated electrically at its boundary z = 0, whereas in a laser induced
grating experiment the sample is heated optically in the volume —I; < z < 0 with power
density Q(z) = aly(l + cos(qx)). « is the absorption coefficient of the sample and I the
intensity of the laser that generates the holographic grating. For Sy = alyls the same power
is absorbed in both experiments and a sensible comparison between optical and electrical
heating is possible. ‘f{—ﬁ) = 5uK/pm?, Iy = 100 um, kg/kyw = 0.1 and d = 40 ym correspond
to typical experimental conditions. In Figs. 4.11(a) and 4.11(b) the influence of the grating
period d is studied for ks/k, = 0.1. In the optical experiment Tj(z,t — oo0) depends in a
complicated way on d (cf. Sec. 3.1.3). For small d the maximum value Tj(z = —l5/2,t — 00)
is proportional to d?, for very large d proportional to d. Moreover Ty(z,t — o0) changes
its shape with increasing d markedly. While it is nearly constant throughout the sample
for small d, it strongly varies within the sample for larger d. In the electrical experiment,
in contrast, all T;(z,t) can be scaled to lie on a common curve by Z = ¢z, T, q = q1y for
any d = 2m/q. To study the role of the heat conductivity of the window k, the values
kw = 0 (perfectly insulating walls), k., = 0.5 (dense flint, an optical glass with very small
Kw) and kK, = 1.4 (fused silica, an optical glass with very large k,,) have been considered
in Figs. 4.11(c) and 4.11(d). In the optical experiment the shape of Tj(z,t — oo) changes
with k. Its maximum value Ty (2 = —ls/2,t — 00) is scarcely affected by .. Again, in the
electrical experiment all T;(z,t) can be scaled to lie on a common curve by Ty = (Fuw+ ks )Tq.
The amplitude T} (z,t — o) grows with decreasing k., according to (ky, + s)~*. One might
have the idea to use an optical glass with small k,,, e.g. dense flint, to maximize T, and thus
the heterodyne diffraction efficiency. It is, however, not clear, whether a small k,, has any
real advantage. With decreasing k,, also unwanted transient heating effects increase. They
lead to a thermal drift of the heterodyne signal and thus to erroneous values for diffusion and
Soret coefficients (see Sec. 4.3.2). Hence we have chosen soda lime glass irrespective of its
thermal conductivity k,, because it is superior to dense flint and many other optical glasses

concerning cost and chemical resistance.

According to Eq. (4.26) the heterodyne diffraction efficiencies are obtained from integration
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of Eqgs. (4.27, 4.28):

ong S 1
Chet,T,s(t - OO) X (OT >cp q_g o TR (429)
ong\ S 1
Chet,T,w(t - OO) X ( oT )p q_g I (430)
Ong Ong\ —1
Gueelt = 00) = ~(G2) (G ). Sreo(t = co)Cherrslt — 00)  (4.31)

It is instructive to compare the heterodyne diffraction efficiencies of the temperature grat-
ing achievable by electrical heating (ﬁle'mT’ s (Eq. (4.29)) and by optical heating ng"ﬂ s ina
laser induced grating experiment (Eq. (3.26)). For ks/k, = 0.1 and d/l; = 0.4 one finds
(ZEP;‘T’ s/ Cffe'tm s = 9.4 alyls/Sy. This means that 5.4 times more power has to be absorbed in
the new experiment to obtain the same heterodyne diffraction efficiency as in the laser in-
duced grating experiment. In laser induced grating experiments the power density is usually
aly ~ 5-10W/m3. For U = 1V the same power is absorbed in the new experiment with
So = aldyls = 500 %, for U = 2.2V the same heterodyne diffraction efficiency is obtained
with Sy = 5.4 alyl; = 2700 % The applied voltage U can be related to the power density

per unit area Sy by U = 3mm+/Sy - 200 €.

4.2.3.1 Stationary Solutions for lj;, 7% 0

Temperature grating in the stationary state for li;o 7 0 In case of not negligible

thickness Ui, of the ITO strips the stationary temperature distribution T'(z, z) solves

Oulk(x,2)0, T (x, 2)] + 0. [k(x, 2)0.T(x, 2)] + Q(x, 2) = 0, (4.32)
where
Ks : within sample
k(r,z) = Kito : within ITO-strips (4.33)
| kw : within window
Ks : 2 < —lito
= ns-i-2mto + 2(l€itjr—lis) %, (2;}_)1’ cos[(2i + 1)2qz] : —lio < 2 <0 (4.34)
\ Fw : 2>0
: 4Qo : within heated ITO-stri
and Oz, 2) = Qo within heate strips (4.35)
0 . elsewhere
0 : z < —lito
— - * oo sin(nk/4) .
= Qo+2QoX 2, —p/p coskqr : —lig <z <0 . (4.36)

0 : z>0
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If the approximations of infinite window and sample thickness [,,,l; — co and infinite exten-

sion in z—direction remain valid, T'(z, z) has to satisfy the following boundary conditions
0:T (7, 2)|z=0 = 0T (2, 2)|3=a2 = T(x,2 — o0) = T(2,2 — —00) = 0. (4.37)

For simplicity the ambient temperature has been set to zero. The temperature T'(z, z) for

x < 0 and x > d/2 can be obtained by symmetry considerations
Td/)2+x,2)=T(d/2—x,z), T(x+d,z)=T(z,z2). (4.38)

We define
AT (z,2) =T (z,2) — To(x, 2), (4.39)

where Ty(z, ) is the solution of
Ok, 2)0, To(x, 2)] + 0. [k(z, 2)0. To(z, 2)] + Qo = 0. (4.40)
Note that Tp(z, z) is a function of = with period d' = d/2 = 7/q. AT(x,z) solves
Oulk(x, 2) 0, AT (2, 2)] + 0. [K(x, 2)0. AT (2, 2)] + Q(z,2) — Qo = 0 (4.41)

AT(z,z) is periodical with period d = 27w /q and can therefore be expanded in a Fourier

series.
AT (z,z) = Tog(2) + Ty(2) cos(qz) + Trg(z) cos(2qx) + ZT“I Jcos(igx)  (4.42)

Inserting Eq. (4.42) in the heat equation (4.32) and considering the boundary conditions
(4.37) one finds

Tiy(2) = Aje % (i >1) (4.43)
z < —lito: Tog(2) =0, Ti(z) = Bie'® (i >1) (4.44)

N
v
o
53
9
—~
™
N—
Il

o o

where A; and B; are determined by the requirement of continuity of temperature and heat
flux at z = 0 and z = —lj;,. Unfortunately, calculation of A; and B; was not possible, since a
solution for AT (z, z) within —lj;, < z < 0 could not be found because of problems with the
convergence of the Fourier series. If AT(x, z) is expanded in one single Fourier series within
—lito < z < 0, the second derivative of this Fourier series with respect to x does not converge
to 02AT(z,z). Three Fourier series within the heated ITO-strips (0 < z < d/8), the sample
(d/8 < x < 3d/8) and the “cold” ITO-strips (3d/8 < x < d/2) are also no solution to the
problem, as they do not converge to the actual value of the temperature at © = d/8 and
x = 3d/8.
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Figure 4.12: Lowest Fourier coefficients Tj4(z) as defined in Eq. (4.42). For lis/d = 0.001 they have
been calculated numerically. The analytical approximation (4.45) valid for small l;;, is also shown.
(ks/Bw = 0.1, Kito/Kw = 10, d = 40 pm)
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Figure 4.13: Lowest Fourier coefficients T;4(z) as defined in Eq. (4.42) for liyo/d = 1. Within sample
and window Tj,(z) decays exponentially o exp(+igz). The amplitudes A; and B; as well as the
solution within —lis, < z < 0 have been determined numerically. (ks/ky = 0.1, Kito/kw = 10,
d = 40 pm)
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Figure 4.14: Lowest Fourier coefficients Tj,(z) as defined in Eq. (4.42). For liso/d = 1000 they have
been calculated numerically, for l;;, — 0o an analytical solution (4.46) has been found. (ks/k.w = 0.1,
Kito/Kw = 10, d = 40 pm)

Only for Iy, — 0 and for [, — 0o analytical solutions could be found. For l;;, — 0 one
obtains by combination of Eq. (4.27) and Eq. (4.36)

e}

_ 2Qolie 1 sin(mk/4) gl
AT(z,z) = PER—— ; k2 ) e cos(kqz). (4.45)

In this case the k—th Fourier coefficient of AT (x, z) originates from the k—th Fourier coefficient
of Q(x, z). For ljy, — oo the z—dependence within —lit, < z < 0 can be neglected and one

obtains

—32%/(2Kit0) + d?(13/ks + 8/Kito) /384 o 0<xz<d/8
AT(z) = Qo{ (x—d/2)?/(2ks) — d2(14/ks + 1/kio) /384 d/8 < x < 3d/8
(x —d/2)?/(2kit0) — d?(11/ks + 4/kit0) /384 = 3d/8 <z < d/2
2Q0 — Kito cos(mk/2)\ cos(mk/4)
= 1) (1 -
>{ () )

PRito 2 k2

4
+_
m

1— (I:tso _ 1) cos(7;k7/2)] Sin(zf/él) } cos(kqa). (4.46)

Other than for l;;, — 0 here there exists no direct relation between the first Fourier coefficient
of AT (x)

_ 4v2Qo 1 1

T,
q "

zﬁito_ﬁs} :@[ 1 jmw—ﬂas] (4.47)

. . 2 . .
Rito 4 RsRito q Rito 4 RsKito
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and the first Fourier coefficient of the heating Qq cos(qr). The temperature distribution

arising from Qq cos(qx) is given by

cos(qz)/kito + (1/Ks — 1//%0)/\/5 : 0<z<d/s

q_2q cos(qz) /ks : d/8<ax<3d/8
cos(qz) /kito — (1/Ks — 1/Kito)/V2 : 3d/8 < x < d/2
Qq Kito + Ks
= ———cos(qr)+

q2 2/€ito"€s ( )

Qq Kito — K 2 (—1) {COS[(4j + 1)gz]  cos[(4) + 3)qx]} (4.48)

% TKitoKs = 27+1 454+ 1 45 4+ 3 ’ ’

Its first Fourier coefficient )

%[ 1 2+7r/<aito—/<;8] (4.49)
q2 Rito 2m RsKito

is not equal to Ty as given by Eq. (4.47): This means, that T} is not only generated by Qq
but also by the Qiq’s with ¢ > 1.

For arbitrary values of lit, the temperature distribution AT'(x,z) can be evaluated numer-
ically. Numerical solutions for ks/ky = 0.1, Kito/kw = 10 and d = 40 ym are shown in
Fig. 4.12 (lito/d = 0.001), Fig. 4.13 (litx/d = 1) and Fig. 4.14 (lito/d = 1000). In Fig. 4.12
and in Fig. 4.14 also the analytical solutions (4.45) and (4.46) for /iy, — 0 and Iy, — 00
have been plotted. Obviously lit, — 0 is a good approximation for li,/d = 0.001. For
lito/d = 0.005, which corresponds to our experimental situation, the relative deviations be-
tween the numerical solution and the analytical approximation for negligible l;;, are smaller
than 0.2% within the sample (z < 0). Within the window (z > 0) the relative deviations
reach values up to 3.5%, which is however of no importance, since the heterodyne diffraction

efficiency of the window is negligible in typical experiments (see Sec. 4.2.4.3).

Refractive index grating for lito 7 0 In case of negligible thickness of the ITO layer
lito — 0 the amplitude of the refractive index grating n, only depends on 7j, and the higher
Fourier harmonics do not need to be considered. For li;o # 0 this is no longer true. If no
concentration modulations are present, the refractive index distribution within —lj;, < 2 <0

is given by

Nito + (ONito/OT )ep T(x,2) :  within ITO-strips

n(z,z) =
ns + (0ns /0T )ep T(x, 2) : within sample

(4.50)

nito and ng are the refractive indices of the ITO-strips and of the sample at the readout
wavelength at ambient temperature. Remember that the ambient temperature has been set
to zero. Therefore T'(x,z) is the difference between the actual temperature at (x,z) and

the ambient temperature. n(z,z) can be evaluated in a Fourier series. The first Fourier
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coefficient of n(x, z) within —lj, < z < 0 is given by

n(z) = (©Omio/0T)cy 2+ (Ons/0T)en
(Oito/OT)ep — (I /OT). Z

™

2% + 1 ( Tlak41)q(2) + T(4k+3)q(2)), (4.51)

where the Tj,(z) have been defined in Eq. (4.42). According to Eq. (4.51) higher Fourier

harmonics of T'(z, z) contribute to n4(z) and thus to the heterodyne diffraction efficiency

_lito

0 (ONito /0T )ep + (0N /OT)

Gt~ e o< | onaomhp Ty [ . L7, (2
0 ito or c,p 0 s 8T c
(Onito/O0T) 7T — (Ons/ p22k+1< 4k+1)q(z)+T(4k+3)q(z)>}dz
+ / O [T )y Ty (=) d2 (4.52)
0

For lit, — 0 the second integral in Eq. (4.52) tends to zero, as the temperature is admittedly

maximum but nevertheless finite within —lj, < z < 0.

4.2.4 Time Dependent Solutions
4.2.4.1 Temperature Grating

For I4,1,, — oo analytical albeit complicated solutions of Eqs. (4.17, 4.18, 4.19, 4.21, 4.23,
4.24) have been obtained in the following way. The solution T,(z,p) of the Laplace-trans-

formed problem is easily found

— S e\/ q +p/Dth, s
Ty(z,p) = — 2<0 (4.53)

P ks\/q* + p/Dip.s + kw/@* + P/ Dinw -

e —V4a 2+p/Dthwz
z>0. (4.54)
Rs\/{ +p/Dths+"€w\/q +p/Dthw

Now the inverse Laplace transforms of Eqs. (4.53, 4.54) have to be calculated. This will be

Tq(z,p)

@|01

first done for the case z = 0 . The Laplace transform of the temperature at z = 0 can be

written as

- S

K
T(I(Z = 0,]9) = 2 { =
\/ Dth 1 + Dth,sq2

Kskay 1

Rw
> . (4.55)
7% p+ Dyng? <\/1 e \/1 + 5t > }




4.2 Heat and Mass Diffusion Analysis 111

where
~ Dth w Dth s
1/k = ’ ’ 4.56
/ \/’{%u Dth,s - K’g Dth,w ( )
Dy, = Dip,s Dinw(Kay = K2) (4.57)
t — . .
K/%U Dth,s - ’{g Dth,w

For typical parameters of window and sample & and Dy, are real and positive. However,
all results presented here are also valid for imaginary & and negative Dy,. The temperature

T4(z,t) is real and positive in any case. Since

1
(p+a)y/1+p/b

= ft) = e \/% erfiy/(a — b)t = e_“t%erf\/ (b —a)t. (4.58)

holds for b > 0 and real a, the inverse Laplace transform of Eq. (4.55) is given by

Ty(z=0,t) = m{ﬁw erfy/ Dip wq?t — ks erfy/ Dy, sq°t
b Dot (52 Dy it ) — et (22 Dot )] } (450

erfx is the error function and erfiz = erf(iz)/i is the imaginary error function. erfix is real

for real z. For z > 0 one has
T,(z,p) = Ty, (z=0,p)e”V P+P/Dinw 2, (4.60)

and therewith, using the Faltung theorem

_L]
4Dth,w(t_7—)

2/T Dy (t —7)3/2

The fraction in Eq. (4.61) is the inverse Laplace transform of e~V *P/Ptnw? In the same

manner one finds for z < 0

z exp[ e_Dth,w qz(t_T)

t
Ty(z,t) = /0 Ty(z=0,7) dr z>0. (4.61)

_ 22 1 ,—Dus?(t-1)
4Dth,s(t_7—)] € -

2 7TDth7s (t—7)3/2

—z exp]

t
Ty(z,t) = / Ty(z=0,7) dr z<0. (4.62)
0
The integrals in Egs. (4.61, 4.62) have to be solved numerically. In Figs. 4.15 and 4.16 this has
been done for typical parameters ks/rky = 0.1, Dyp s/ Dip oy = 0.1, d = 40 pm, Sy = A‘;T—@So,
So/kw = 500 uK/pum. The temperature evolves fastest at z = 0 and for increasing |z| more

and more slowly. As Dy, s/Dyp.y = 0.1 the temperature in the sample T,(—|z|,t) always
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Figure 4.15: Time dependent amplitude of the temperature grating Ty (z,t) at various positions z for
typical parameters ks/Ky = 0.1, Dip s/Dipw = 0.1, d = 40 pm, S, = 47‘/55’0, So/kw = 500 uK/um

evolves slower than the temperature in the window T, (+|z|,t). Only for very long times

Ty(z,t — 00) becomes symmetrical with respect to z = 0.

Integration of Egs. (4.61) and (4.62) over z leads to the heterodyne diffraction efficiencies
Chet,T,s and Cpet 7.y as defined in Eq. (4.26).

Dth wq )

0Ny t Dth
Chet,T,w(t) X (a—T)p/O Tq(Z = 0, T (t = 7_) dr (463)

ans t \/76 Dth .sq
Chet,T,s(t) o <8T)c,p/0 Ty(z=0,7) ) dT. (4.64)

Again the integrals in Eqgs. (4.63, 4.64) have to be solved numerically to obtain (per 7 s(t)
and Cpet7(t). This has been done for various samples (toluene: Figs. 4.17, 4.19; dode-
cane: Fig. 4.17; air: Fig. 4.18; binary mixture of isobutylbenzene and dodecane (¢y = 0.5):
Fig. 4.22) and will be discussed in Sec. 4.3.

4.2.4.2 Concentration Grating

With the temperature T;(z,t) being known we could now solve the extended diffusion equa-
tion (4.20) for the concentration distribution ¢,(z,t) with initial condition (4.17) and bound-
ary condition (4.22). However, we are actually not so much interested in ¢,(2,t). The rele-

vant quantity is the measured heterodyne diffraction efficiency Cpet . as defined in Eq. (4.26).
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Figure 4.16: z dependent amplitude of the temperature grating T, (z,t) at various times ¢ for typical
parameters Ks/Ky = 0.1, Dip s/Dipw = 0.1, d = 40 pm, S, = 47‘/550, So/kw = 500 uK/pum

To obtain an evolution equation for (het ., we integrate Eq. (4.20) over the sample region

(—ls < z < 0). Taking into account the boundary condition (4.22) we arrive at

Oong Ong\ —1
atChet,c = _Dq2Chet,c - (8—Z>Tp( a,’;—, )chqucO(l - CO)Chet,T,s' (465)

Eq. (4.65) is solved by

__(9ns Ongs\~1 2 ! 1, —Dg>(t—t') 141
Chet,c(t) = —( 9% >T’p< o7 )C’pDTq co(1 — co) /_OO Chet,T.5(t)e dat’, (4.66)

which can be simplified to
Chet,e(t) = Chet,e(t = 00)[1 — P71, (4.67)

if the temperature signal evolves fast on the timescale of the concentration signal (Dy, s > D).
For our experiments Eq. (4.67) is a good approximation and will be used throughout this
chapter, since typically Dy, ; ~ 1073 cm? /s and D = 1075 cm?/s for small molecules and less

for polymeric or colloidal systems.

4.2.4.3 Total Heterodyne Diffraction Efficiency

According to Eq. (4.26) the total heterodyne diffraction efficiency is given by

Chet(t) = Chet,T,s (t) + Chet,T,w (t) + Chet,c(t)-
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The heterodyne diffraction efficiencies of the window’s and the sample’s temperature grat-
ing, Chet,7w(t) and Cper75(t), are given by Egs. (4.63, 4.64) with (4.56, 4.57, 4.59). The
heterodyne diffraction efficiency of the concentration grating (pet(t) follows from Eq. (4.67)
with (4.29, 4.31). In general the contribution of Cxet 7, to the total heterodyne diffraction
efficiency is negligible,

Chet(t) = Chet,1,s(t) + Chet,e(t), (4.68)

since the contrast factor of the window (soda lime glass) (9n,,/0T), = 2.8 x 1076/K [89]
is much smaller than the contrast factors of most samples. Organic solvents typically have
(Ons/OT)cp = —5 x 1074/K [111]. There are only few exceptions to this rule, like water
around 4 °C or the sample air with (9ns/9T), = —0.87x107% /K. In case of a one-component

system with ¢ = 1 one has (jer,c = 0 and

Chet(t) = Chet,T,s(t) + Chet,T,w(t)' (469)

For pure organic liquids the heterodyne diffraction efficiency of the window can be neglected
and Eq. (4.69) further reduces to

ghet(t) = ghet,T,s (t) (470)

The adequate equation for analysis of experiments on binary liquids is Eq. (4.68). It contains
the known parameters ¢, Ky, Dy and the unknown parameters of the sample kg, Dy, s,
D, St = Dr/D, (0ns/0T).p and (Ons/0c)rp. The parameter S, enters linearly and is
therefore of no importance as only normalized signals are studied. In principle, it would be
possible to fit the experimental data by Eq. (4.68) to obtain xg, Dy, 5, D and Sy = Dr/D, if
the contrast factors (Ong/0T )., and (Ong/0c)rp, have been determined separately. This is,
however, difficult due to the complicated expression (4.64) for Cper 1,5(t). Moreover, in many
cases heat diffusion is not of interest and only mass and thermal diffusion phenomena shall
be studied. We have found that a reasonable parameterization of the temperature signal is
obtained by [1 — e~(#/71)”], which is much casier to handle than the full expression (4.64).

Therefore the following working equation

Chet(t) = Chet,T,s(t — OO)[l _ e—(t/Tth)B] + (het7c(t N OO)[l o e—Dth]
= Chets(t — oo)(l e ) g — e_qut]) (4.71)

with fit parameters 7y, 8, D and A = (9ns/0c)r,p (Ons/OT ).} ST co(1 — ¢o) will be used
for analysis of the thermal diffusion experiments. 7, and (§ are discarded, since they have
no direct physical meaning. From the remaining fit parameters one obtains the diffusion
coefficient D, the thermal diffusion coefficient D7, and the Soret coefficient Sy = Dp/D, if
(Ons/0T).,p and (Ong/dc)T,p are known.
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4.2.5 Sample Heating

The first term Sy in Eq. (4.14) causes overall heating of sample and windows. For one-
dimensional heat transport along the z—axis the corresponding stationary temperature dis-
tribution Ty(z,¢ — o0) is linear within the sample and the windows. For simplicity the
ambient temperature is set to zero. At z = —I; — [, and z = [, one has radiation boundary
conditions Fr,, 0,1y + HTy = 0 with H being the convection heat transfer coefficient. At
z = 0 heat is produced and therefore ky, 0, Tp|,—o+ + So = ks 0z To|.—o— holds. Within this

model the following stationary temperature distribution is obtained:

soaa lS . .
Ty = Sy CCd <C’sap + 2t ) —ls — ly < z < —ls (window: sapphire) (4.72)
Rw, sap
SO a l
T d ( sap + Z + > —1s < 2 <0 (sample) (4.73)

Csa + =
Ty = So% <C’50da I > 0 <z <l (window: soda lime), (4.74)

K, soda

where Csap H,! + lw/’{w,sapy Csoda = H_

sap soda

+ lw/Ew, soda a0d C' = Caap + Csoda + ls/Ks.
Kw,soda ad Ky, sap are the thermal conductivities of soda-lime glass and sapphire. Elsewhere
in this chapter Ky, soda is called ky, and Ky, sap is approximated to be infinite. H,, and Hgoqa
are the convection heat transfer coefficients at z = —l; —[,, and z = [,,. They depend on the
surface geometry, on the nature of motion of the surrounding air (free or forced convection)
and on the airs thermodynamic and transport properties. According to Ref. [47] typical
values for free convection of gases are H = 2...25W/(m?K). In our experiment we have
ls =100 pm, I, = 1mm, ks = 0.1 W/(mK), Ky soda = 1.12W/(mK), Ky sap = 40 W/(mK)
and therewith I //13 ~ lw/Kw, soda = 1073 Km?/W and 1, /K, sap = 2.5 - 1075 Km?/W. Thus
one has H-: H7! > ls/Ks, lw/Ew, saps lw/ Kw, soda and Eqs. (4.72, 4.73, 4.74) simplify to

sap’ ““soda

Ty ~ ﬁ for all z. (4.75)
With Sy = 500W/m? and Hgap = Hsoda = 10 W/m2K one obtains from Eq. (4.75) Ty =
25 K. Obviously this overestimates the overall heating. The one-dimensional model does not
describe correctly the situation. In the experiment only an area of Apeated = 3mm X 3 mm
is heated, whereas the total surface of the cuvette is approximately 5cm?. Lateral heat
transport within the cuvette and emission over the entire cuvette surface result in smaller
warming of sample and windows than predicted by Eq. (4.75). A rough estimation for the
actual T can be obtained as follows. Because of ]i[s.(m,];[;)daL > s /Es, lw/Kw, sap, lw/ Fw, soda
the temperature rise Ty can be approximated to be constant within sample and windows.
Then, Ty can be related to Sy via

SOAhcatod = /;q d_A ~ HsapTOAsap + HsodaTOAsoda7 (476)
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where jq is the heat current. The integral in Eq. (4.76) has been evaluated using the radiation
boundary condition. Instead of the entire cuvette surface only its front Ag,p, = 1.6cm x 1cm
and its back side Agqa = 2cm X 2cm need to be considered thanks to its small thickness of
2.1mm. Using again Sy = 500 V\/'/m2 and Hgap = Hgoqa = 10 W/mzK one finds a reasonable
Ty ~ 0.5 K. Temperature rises of the same order of magnitude have been reported for laser

induced grating experiments [52].

Huge convection heat transfer coefficients up to H = 20kW/(m?K) can be reached if a
liquid e.g. water flows over the surface of the cuvette [47]. In such a case the thermal

contact resistances H-! and H_!

sap soda are negligible. If we additionally assume iy sap — 00 and

K soda = Kw, We obtain from the one-dimensional model (4.72, 4.73, 4.74)

l
R —
T, = H_W(ZS + 2) —1s < 2 <0 (sample) (4.77)
s, Is
o = ff_olsﬁj(lw - 2) 0 < 2 <l (window: soda lime). (4.78)

To(z =0) = % ~ 0.25K (4.79)

I
and the heat flux through the window and through the sample are equal because of

FoOeToloco _ Fs bw g (4.80)

Kuw0:Tolz>0 K ls
The parameters for evaluation of Eqgs. (4.79) and (4.80) Sy = 500 W/m?, [, = 1mm,
ls = 100 um, ks ~ 0.1W/(mK), K, = 1.12W/(mK) have been chosen according to typi-
cal experimental conditions. Because of lateral heat transport the actual temperature rise in
case of negligible thermal contact resistances Hsap_1 and Hyog, ! will be one to two orders
of magnitude smaller than predicted by Eq. (4.79). However, H ! ~ 0 is hardly achievable
as an optical experiment with water flowing permanently over the surfaces of the cuvette is

not easy to design.

4.3 Validation of the Method

4.3.1 Measurement of Heat Diffusion

One—component systems, which cannot exhibit concentration modulations, are suitable to
study the build—up of the temperature grating. To verify the theoretical predictions of

Sec. 4.2.4.1 we studied in a first step pure toluene, pure dodecane and an empty cuvette.
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Fig. 4.17 shows the results for dodecane and toluene. The theoretical curves have been
calculated from Egs. (4.63, 4.64) using the following parameters: dodecane: Dy, ; = 7.89 -
1074 em?/s, ks = 0.13W/mK [107, 111]; toluene: Dy s = 8.8 - 1074 em?/s, ks = 0.14 W/mK
[42]; soda-lime glass (crown glass): ky = 1.12W/mK, Dy, = 57.7 - 107 cm?/s [89]. As
can be seen in Fig. 4.17(a), the heterodyne diffraction efficiency of the window (per 7w (t)
is negligible if compared to the heterodyne diffraction efficiency of the sample (per7s(t).
Chet,T,5(t) rises much faster than an exponential curve with time constant 7, = (Dth78q2)_1.
To be able to compare the time evolution of (per7,5(t) and Cher, 71 (t) they have been normal-
ized to unity in Fig. 4.17(b). As expected from the values of the thermal diffusivities, the
heterodyne diffraction efficiency of the sample evolves slower than the heterodyne diffraction
efficiency of the window. Since dodecane and toluene have similar thermal diffusivities and
heat conductivities, also the corresponding heterodyne diffraction efficiencies are similar. In
particular Cper 7, (t) of dodecane and toluene cannot be distinguished within the resolution
of the plot. Also shown in Fig. 4.17(b) are the experimental data on toluene and dodecane.
The experiments have been performed using voltages between 1 and 2 V. The measured het-
erodyne diffraction efficiencies (pet(t) did not depend on the applied voltage and were very
reproducible. Moreover they are perfectly explained by theory. As can be seen in Fig. 4.17(a)
the signal from the window Cper7.(t) is negligible and one expects Cher(t) = Cher,7,s(t) — in

excellent agreement with the experiment.

In case of an empty cuvette, however, the heterodyne diffraction efficiency of the window
is no longer negligible. The contrast factors of air (9ns/0T), = —0.87 x 107¢/K and
of soda-lime glass (9n,,/0T), = 2.8 x 1079/K are of same order of magnitude. Again,
Chet,T,5(t) and Chet 7. (t) have been calculated from Egs. (4.63, 4.64). The parameters for
air Dy, s = 1530 - 1074 em?/s and ks = 0.02W/mK have been taken from Ref. [41]. Note
that % as defined in Eq. (4.56) is purely imaginary for the sample air. Even so Tg(z,t) is
real, since & lerfi(z/k) = —(Im &) terf(z/Im &) for & = i Im&. The results for Cper7.5(t),
Chet, 7w (t) and Cper(t) = Chet,1,5(t) + Chet,7w(t) are shown in Fig. 4.18(a). Due to the huge
thermal diffusivity of air Dy, s = 1530-10~* cm? /s the heterodyne diffraction efficiency of the
sample Cper1,5(t) evolves faster than that of the window Cpet 7.4,(t). Although the stationary
heterodyne diffraction efficiency of the wall is larger than the stationary heterodyne diffrac-
tion efficiency of the sample (Chet,7,w(00) > |Chet,1.5(00)]), at very short times ¢ < 0.007 ms
one has Cnet7w(t) < [Chet,r,s(t)]. Accordingly Cpet(t) = Chet,1,s(t) + Chet(t) is negative
at very short times and positive for longer times. In Fig. 4.18(b) the measured heterodyne
diffraction efficiencies for the sample air are compared to the normalized analytical results
from Fig. 4.18(a) above. Because of the small contrast factors, the experimental signals were
extremely small. To be able to detect a signal a voltage of U = 10V had to be applied. For
long times the measured heterodyne diffraction efficiencies did not reach plateau values, but
drifted slowly and irreproducibly away. This drifting can be explained by transient heating of

the whole cuvette (see Sec. 4.3.2), which is pronounced for U = 10 V. But also on short times
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(b) Experimentally determined total heterodyne diffraction efficiency (per of pure dodecane and pure
toluene. Also shown are the normalized theoretical diffraction efficiencies from Fig. 4.17(a) above.

Figure 4.17: Heterodyne diffraction efficiencies for the samples dodecane and toluene
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(b) Experimentally determined total heterodyne diffraction efficiency (pet using an empty cuvette. Also
shown are the normalized theoretical diffraction efficiencies from Fig. 4.18(a) above.

Figure 4.18: Heterodyne diffraction efficiencies for the sample air
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the agreement between measured and theoretically predicted (pe: is very poor. Strangely,
the experimental total heterodyne diffraction efficiency (.; seems to be better described by
the theoretical heterodyne diffraction efficiency of the window (pes 7. Possibly, convection
inhibits build—up of the temperature grating within the empty cuvette, whereas the temper-
ature grating within the window evolves in almost the same manner as in a convection—free
situation described by Egs. (4.63, 4.64). Then one has (her,7.5(t) ~ 0 and Cper(t) = Chet, 1w (t)-

To summarize, build—up of the temperature grating in organic liquids can be very well ex-
plained by our theory. For the sample air problems have been encountered. However, the
main goal of our apparatus is to study processes in liquids and understanding of these pro-

cesses is absolutely satisfactory.

4.3.2 Thermal Stability of the Heterodyne Signal

In Fig. 4.19 three types of experiments on pure toluene at a voltage of U = 2V are com-
pared: switching on and off strips of set 1, switching on and off strips of set 2 and switching
between strips of set 1 and strips of set 2. The experimentally obtained heterodyne diffrac-
tion efficiencies are compared to the theoretical prediction of Sec. 4.3.1. For ¢t < 10ms
the agreement between experiment and theory is very good in all cases. For longer times,
however, an unwanted and irreproducible drift of the heterodyne signal appears in the ex-
periments where only one set of strips is switched. Obviously, transient heating of sample
and cuvette causes considerable phase drifting of the involved beams Fj, E.e? and FE,.e'®
and thus becomes visible in the measured intensity. The degree of perturbation by thermal
drift effects depends on the uncontrollable phase 6 of the local oscillator, which explains the
unreproducibility of the experimental curves. These drift effects vanish almost completely,
if the voltage is switched between strips of set 1 and strips of set 2. Only by introducing
this alternate switching concept, long time instabilities due to fluctuating thermal load of
the entire sample are suppressed and measurement periods characteristic for mass diffusion

become accessible.

The heterodyne diffraction efficiencies in Fig. 4.19 have been calculated from the measured
intensities Iy—g and I4—, according to Eqgs. (4.9, 4.10). The averaged I4—¢ and Iy—, are
shown in Fig. 4.20. Switching occurs at ¢ = 0, t = 337.5ms and t = 675ms. As has
been already seen in Fig. 4.19, signal drifts are almost completely suppressed for alternate

switching. Furthermore the signal amplitude is twice as high as for switching on and off.

Diffusion processes in binary systems have similar time constants 7 ~ 50ms as the time
constant of the transient heating effects. This makes analysis of the corresponding heterodyne
diffraction efficiencies complicated, as the two processes cannot be separated. Fig. 4.21 shows
the measured intensities Iy—g and Iy—, for the symmetric mixture of tetralin and dodecane
(co = 0.5) at U = 1.5V, where the voltage has been alternately switched between strips of

set 1 and strips of set 2. Other than for one-component systems, one cannot tell from this
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Figure 4.19: Normalized heterodyne diffraction efficiency of pure toluene at U = 2 V. Three different
types of experiments are compared: switching on and off strips of set 1, switching on and off strips
of set 2 and switching between strips of set 1 and strips of set 2
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Figure 4.20: Measured intensities Jy—o and I4—, for pure toluene at U = 2 V. Three different types
of experiments are compared: switching on and off strips of set 1, switching on and off strips of set 2
and switching between strips of set 1 and strips of set 2
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Figure 4.21: Measured intensities I4—¢ and I4—, for the symmetric mixture of tetralin and dodecane
(co =0.5) at U = 1.5 V. The voltage has been switched alternately between strips of set 1 and strips
of set 2. In a second step the probing beam has been blocked and only the reference beam has been
recorded while otherwise performing the experiment as before.

data whether transient heating effects disturb the signal. However, by blocking the probing
beam and otherwise performing the experiment as usual, thermal drift effects can be directly
observed. As can be seen in the inset, the intensity of the reference beam shows a slight time
dependence with a time constant of about 50 ms

| Bret|* | By |* + €[l — &7/ 00m2)] (4.81)
even for alternate switching. For switching on and off only one set of strips the amplitude e
increases by a factor of 5 to 10. The recorded intensity |Eic¢|? is a coherent superposition of
the transmitted light and the scattered light from scratches or dust on the cuvette window.
The phases of these local oscillators drift with respect to each other due to transient heating
effects, which explains the time dependency in Eq. (4.81). Further examinations revealed
that the amplitude ¢ depends quadratically on the applied voltage € < U?, i.e. linear on the
heating power. Since the signals stemming from the temperature and concentration grating
also increase quadratically with increasing U, the degree perturbation of the heterodyne

signal by thermal drift effects does not depend on the applied voltage.

As has already been mentioned, it was not possible to completely eliminate all transient
heating effects. Because the cuvette is slightly asymmetric, the thermal load is not exactly
identical for both sets of strips and a slight long—time drift of the signal also remains for alter-

nate switching. This can further be reduced by averaging over repeated minor readjustments
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Figure 4.22: Normalized heterodyne diffraction efficiencies of the symmetric mixture IBB-dodecane
(co = 0.5g/g). For details on data analysis and fitting refer to text.

of some mirrors, which result in random variations of the phase angle 6.

4.3.3 Measurement of Mass and Thermal Diffusion

Having discussed and understood heat diffusion processes in Sec. 4.3.1, we will now test the
applicability of our new technique for measurements of diffusion and thermal diffusion. We
have chosen the three binary mixtures of dodecane, isobutylbenzene (IBB) and tetralin at
a concentration of ¢y = 0.5g/g, as their Soret, diffusion and thermal diffusion coefficients
already have been determined in a benchmark test [75] and are well known. All measurements

have been performed at room temperature T = 25°C.

Fig. 4.22 shows the normalized heterodyne diffraction efficiency of IBB—dodecane as obtained
from two different experiments. The fast and the slow process correspond, respectively, to
the build—up of the temperature and the concentration grating. In addition, irreproducible
contributions from transient heating effects are contained in the slow mode (see Sec. 4.3.2).
These drift effects cannot be treated quantitatively and are ignored in the analysis. The
slow mode is identified with (pet and fitted by Eq. (4.67). The fast mode can be described
theoretically by evaluating the heterodyne diffraction efficiency of the sample’s temperature
grating Cper.1.s from Eq. (4.64) using Dy s = 7.7 x 107* cm?/s and ks = 0.14 W/mK. How-
ever, in this section we are not interested in heat diffusion, but only in mass and thermal
diffusion. Therefore, instead of complex calculations according to Eq. (4.64), the temperature
signal can simply be fitted to [1 — e_(t/Tt’L)ﬁ], as has already been explained in Sec. 4.2.4.3. A

very good agreement between the measured temperature signal, the calculated heterodyne
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| (9n/0T) ey 104K | (9n/80)7,

IBB-dodecane (co =0.5g/g) —4.51 0.0628
tetralin-IBB (co =0.5g/g) —4.74 0.0544
tetralin-dodecane  (¢p = 0.5g/g) —4.39 0.1170

Table 4.1: Contrast factors from Ref. [111]

diffraction efficiency and this fit function is found in Fig. 4.22. Four fit parameters are in-
volved: 7y, and 3 are discarded. The two other fit parameters A and 7, = (Dg?)~! yield St
and D, if the contrast factors (Ong/0T).,, and (Ons/dc)r,, are known.

Fig. 4.23 shows the obtained fit parameters A and 7. = (Dg?)~! for the system IBB-
dodecane. The scatter around the mean value is caused by thermal drift effects. The error
bars represent standard deviations. The measurements have been performed using voltages
of U =15V and U = 2V. Again, no dependence on U was found. The amplitude A of the
signal varies slowly from experiment to experiment, which can be explained by a slow drift
of the uncontrollable phase 6 defined in Eq. (4.1). The arrows indicate that some mirrors
have been readjusted to alter the phases of the involved beams before performing the next
experiment. This leads to an abrupt change of A. The time constant of the slow mode 7.
shows a slightly different behavior than A. It varies stronger and faster from experiment to
experiment. Moreover, pronounced jumps after readjusting the mirrors cannot be observed
for 7.. Our experimental results are compared to the values for A and 7., which are expected

from the benchmark [75]. Agreement is found within the errors.

For the two other mixtures, tetralin—IBB and tetralin—dodecane, mean values of A and 7.
have been obtained in the same way by averaging over approximately 80 experiments, where
each experiment has been averaged over approximately 2000 cycles. From these mean values
the coefficients Sy, D, and Dp = SpD have been evaluated and are listed in Tab. 4.2 under
“electrical heating”. Contrast factors have been taken from Tab. 4.1. For comparison also
the benchmark results [75] and the results obtained from laser induced grating experiments
(optical heating) [111] are given in Tab. 4.2. Within the errors all coefficients agree. However,
the experimental errors in case of electrical heating are larger than for optical heating, where
transient heating effects can be reduced to zero. Since transient heating effects make an
additive, non multiplicative contribution to the signal, they become less important for larger
signals. Therefore the smallest errors are found for the system tetralin-dodecane. Here the
amplitude of the signal is rather large (A = —0.63) and contributions of transient heating
effects become almost negligible. The “most difficult” mixture is tetralin—-IBB with A = —0.1.
Even though thermal drift effects can lead to larger as well as smaller signal amplitudes,
generally they seem to lead to an overestimation of St and an underestimation of D. These
two effects cancel out in the thermal diffusion coefficient Dy = Sy D, which is in very good

agreement with the benchmark values.
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Figure 4.23: Obtained fit parameters A and 7. = (Dg?)~! for the system IBB-dodecane (co =
0.5g/g). A and B refer to the respective experiments in Fig. 4.22. The arrows indicate readjustment
of some mirrors. The values expected from the benchmark test [75] are also included.

IBB-dodecane || tetralin-IBB || tetralin-dodecane

co=05g/g || co=05g/g co=05g/g

opt. heating 9.94+0.6 8.4+0.7 6.26 £ 0.09

D [107% ecm?s7Y] benchmark 9.5+0.4 85+0.6 6.21 + 0.06
el. heating 8.8+ 0.9 7.5+ 1.4 6.3 +0.2

opt. heating 3.95 £ 0.08 3.46 £ 0.07 9.45 £ 0.09
Sr [1073 K™Y benchmark 3.9+0.1 3.3+0.3 9.5+0.5
el. heating 42407 3.640.9 9.54 0.4
opt. heating 3.94+0.2 29+£0.2 5.9+£0.1
Dr[1078 em?s7'K~!] | benchmark 3.7+£0.2 2.8 4+0.1 5940.3
el. heating 3.74+0.7 2.740.8 6.04+0.3

Table 4.2: Comparison of results for the coefficients D, St and Dr as determined from laser induced
transient grating experiments [111] (optical heating), in the benchmark [75] and by the new technique

(electrical heating)
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Figure 4.24: Normalized heterodyne diffraction efficiency for pure water, pure ethanol and a ethanol-
water mixture. Unexplained effects occur and neither heat nor mass diffusion can be determined from
these curves. Pure toluene, in contrast, still behaves as expected.

An important advantage of the new technique is that no dye needs to be added to the
sample. This is particularly interesting for aqueous systems, where inert dyes are difficult
to find. We therefore tried to measure pure water (milli pore, 18 M2), pure ethanol (Merck,
> 99.9%), and an ethanol-water mixture (ethanol: ¢y = 0.4g/g). As can be seen in Fig. 4.24,
a strange, unexplainable albeit reproducible behavior was found. Build—up of a temperature
grating and a concentration grating cannot be identified in these curves. In between, we
made measurements on pure toluene to test the cuvette and correct temperature signals
were obtained. Obviously, polar liquids cause additional unexpected problems, which might
be explained by electrochemical reactions at the ITO electrodes. Potentially, this can be

prevented by covering the ITO strips with a thin and inert protective layer.

4.4 Conclusion

We have developed a new instrument for the measurement of heat, mass, and thermal dif-
fusion based on electrical heating of ITO strip arrays on a micrometer scale and optical
readout by diffraction. The measurement process and signal generation have been analyzed
in detail. An analytical solution of the time dependent, two dimensional heat equation was
found, assuming sample and window to be semi-infinite. It describes correctly the build—up
of the temperature grating as has been checked experimentally for the pure liquids dodecane
and toluene and for the binary symmetric mixture of IBB and dodecane. Hence, the new

technique is well suited for the determination of thermal diffusivities of liquids.
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Mass and thermal diffusion have been measured in the three “benchmark mixtures” IBB—
dodecane, tetralin—IBB, and tetralin-dodecane. The experimental data have been analyzed
by fitting of a simple working equation (4.71), which has been derived by solving the two—
dimensional extended diffusion equation. The obtained fit parameters yield the Soret coeffi-
cient S7, the diffusion coefficient D and the thermal diffusion coefficient Dy = SpD, if the
contrast factors (On/0c)r,, and (On/0T)., are known. Sr, D, and Dy could be determined
correctly for all mixtures within the experimental errors. The errors are, however, larger
than in laser—induced grating experiments. Responsible for this are transient heating effects
of similar time constants as (Dg?)~!, which disturb the signal in an unreproducible manner
depending on the particular, uncontrollable phase relation between the involved beams. The
thermal drift of the heterodyne signal could not be completely eliminated, but still reduced
by keeping the average thermal load on sample and cuvette approximately constant during
the experiment. This has been achieved by switching the voltage alternately between two
sets of strips instead of switching on and off only one set of strips. Asymmetries of the
cuvette, which lead to unbalanced thermal loads of the two sets of strips, remain a problem.
Construction of a more symmetric cuvette would further reduce transient heating effects and
allow for a more precise determination of S7 and D. Up to now polar liquids cannot be
measured in our cuvettes. The reason is still not clear, but possibly electrochemical effects
occur at the ITO-electrodes, which could be inhibited by a thin protective layer over the

ITO-strips. More work is needed to clarify and resolve this problem.
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Chapter 5
Summary

In the first part of Chap. 2 we have given a brief review of the thermodynamic—phenomeno-
logical theory relevant for a correct description of the Soret effect. It comprises the formu-
lation of the first law in open systems, the calculation of the entropy production, and the
derivation of the phenomenological equations. This section is based on the books by de Groot
and Mazur [16] and by Haase [40] and contains also some own results. We have explicitely
derived a relation between reversible work and dissipation function, if heat and mass are ex-
changed reversibly and irreversibly between the two homogenous phases of a non—-isothermal
heterogenous system. Moreover we have discussed in detail, whether Onsager coefficients are
invariant against shifts of enthalpy or entropy zero. Furthermore some comments on recent
literature work have been made, since thermodynamic principles are not always correctly

incorporated.

The aim of the second part of Chap. 2 was to obtain evolution equations for the composition
variables (extended diffusion equation) and the temperature (heat equation), which allow
for the interpretation of the time-resolved experiments of Chaps. 3 and 4. The derivation
of the extended diffusion equation is closely related to the issue of different reference veloc-
ities. Therefore general diffusion fluxes relative to arbitrary reference velocities have been
introduced, phenomenological equations have been derived for these fluxes with the help of
Prigogine’s theorem, and general diffusion coefficients have been defined by generalizing the
considerations of Ref. [16] to non—isothermal systems. With this preparatory work done, we
could show that an extended diffusion equation holds, if a certain reference velocity is zero,
or, if all gradients are small and second order terms may be neglected. Existing models have
been extended and modified to obtain the conditions for vanishing of a reference velocity in a
non-isothermal multicomponent system. Furthermore an evolution equation for the temper-
ature, the heat equation, has been derived. Finally the problem of thermodynamic driving
forces has shortly been treated. Even though it seems to have little relation to reference
velocities and evolution equations, interesting results for the actual hydrodynamic friction
force acting on a diffusing particle could be found by using the relations previously derived

in this section.

In Chaps. 3 and 4 we have treated the measurement of heat, mass and thermal diffusion in

transient grating experiments.
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In Chap. 3 we have presented a two-dimensional model to account for the role of heat con-
ducting walls in the measurement of heat transport and Soret effect driven mass transport
in transient holographic grating experiments. Heat diffusion into the walls leads to non-
exponential decay of the temperature grating. Under certain experimental conditions it
can be approximated by an exponential function and assigned an apparent thermal diffu-
sivity Dip app < Dins, Where Dy, ¢ is the true thermal diffusivity of the sample. The ratio
Dih, app/ Din,s depends on only three dimensionless parameters, d/ls, kg/kw, and Dy, s/ Dyp 1y -
d is the grating period, [ the sample thickness, x5 and k,, the thermal conductivities of sam-
ple and wall, respectively, and Dy ,, the thermal diffusivity of the wall. If at least two
measurements are performed at different d/I5, both Dy, s and ks can be determined. Instead
of costly solving partial differential equations, the unknown parameters can be obtained by
finding the zero of an analytic function. For thin samples and large grating periods, heat con-
duction into the walls plays a predominant role and consequently the concentration grating
in binary mixtures is no longer one-dimensional. Nevertheless, the normalized heterodyne
diffraction efficiency of the concentration grating remains unaffected and the true mass and
thermal diffusion coefficient and the correct Soret coefficient are still obtained from a simple
one—dimensional model. All theoretical predictions have been tested by experiments on pure
and binary liquids over a wide range of grating periods and sample thicknesses. Excellent

agreement has been found in all cases.

A new transient grating technique for the measurement of heat, mass and thermal diffusion
in liquids has been introduced in Chap. 4. Similar to holographic grating experiments, a
temperature grating is created in the sample. Thermal expansion transforms the temperature
into a refractive—index grating, which is read by diffraction of a readout laser beam. In a
multicomponent mixture an additional concentration grating is formed by thermal diffusion
driven by the temperature gradients of the temperature grating. Differently to laser induced
dynamic grating experiments we use Joule heating instead of optical heating. For that
purpose we have built cuvettes which have a grating of transparent conducting strips on the
inner side of one of their windows. If heated by an electric current a temperature grating will
build up in the sample. Both, the heat equation and the extended diffusion equation, have
been solved in two dimensions to allow for quantitative data analysis. Our apparatus and
method of analysis have been validated by measurements of heat, mass and thermal diffusion
in pure and binary liquids. Heat diffusion can be correctly determined as was shown for pure
toluene, pure dodecane and the symmetric mixture of isobutylbenzene-dodecane. Mass and
thermal diffusion was studied in the three symmetric mixtures of dodecane, isobutylbenzene
and tetralin. The obtained diffusion and Soret coefficients agree with the literature values
within the experimental errors. Uncompensated transient heating effects limit the resolution

of the experimental technique.
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Deutsche Zusammenfassung

Der erste Teil des zweiten Kapitels gibt einen kurzen Uberblick iiber die thermodynamisch—
phédnomenologische Theorie, und zwar vor allem im Hinblick auf Diffusion und Thermo-
diffusion. Er umfasst die Formulierung des ersten Hauptsatzes in offenen Systemen, die
Berechnung der Entropieproduktion und die Herleitung der phinomenologischen Gleichun-
gen. Obwohl dieses Unterkapitel auf den Biichern von de Groot und Mazur [16] und von
Haase [40] basiert, enthélt es doch auch einige eigene Ergebnisse. So wurde beispielsweise
sowohl reversibler als auch irreversibler Warme— und Massenaustausch zwischen den zwei
homogenen Phasen eines nicht isothermen heterogenen Systems untersucht. Daraus konnte
der Zusammenhang zwischen reversibler Arbeit und Dissipationsfunktion explizit hergeleitet
werden. Weiterhin wurde ausfiihrlich diskutiert, ob Onsager Koeffizienten invariant gegen
Verschiebungen des Enthalpie- und Entropienullpunktes sind. Mit Hilfe dieser eigenen Re-
sultate wurden Widerspriiche zu thermodynamischen Gesetzen in kiirzlich erschienenen Pub-

likationen gefunden.

Das Ziel des zweiten Teils des zweiten Kapitels war es, Entwicklungsgleichungen fir die
Kompositionsvariablen (erweiterte Diffusionsgleichung) und fiir die Temperatur (Wéarme-
diffusionsgleichung) zu erhalten, die eine Auswertung der zeitaufgelosten Experimente aus
den Kapiteln 3 und 4 erméglichen. Um die erweiterte Diffusionsgleichung herzuleiten, muss
man als erstes die Problematik verschiedener Referenzgeschwindigkeiten verstanden haben.
Deswegen wurden zunéchst verallgemeinerte Diffusionsfliisse relativ zu beliebigen Referenz-
geschwindigkeiten eingefiihrt, fiir die man dann zum einen phanomenologische Gleichungen
mit Hilfe des Theorems von Prigogine herleiten und zum anderen verallgemeinerte Diffu-
sionskoeffizienten definieren kann. Dazu wurden die Betrachtungen aus Ref. [16] auf nicht
isotherme Systeme verallgemeinert. Mit dieser Vorarbeit konnte gezeigt werden, dass erwei-
terte Diffusionsgleichungen gelten, wenn eine bestimmte Referenzgeschwindigkeit null ist,
oder wenn alle Gradienten klein sind und Terme zweiter Ordnung vernachlissigt werden
konnen. Existierende Modelle wurden erweitert und modifiziert, um die Bedingungen fiir das
Verschwinden einer Referenzgeschwindigkeit in einem nicht isothermen, multikomponentigen
System zu erhalten. Auflerdem wurde eine Entwicklungsgleichung fiir die Temperatur, die
Wiérmediffusionsgleichung, hergeleitet. Der letzte Abschnitt des Unterkapitels behandelt
die sogenannten thermodynamischen Krafte. Obwohl sie anscheinend wenig mit Referenz-
geschwindigkeiten und Entwicklungsgleichungen zu tun haben, konnten interessante Ergeb-
nisse fiir die tatsichliche hydrodynamische Reibungskraft auf ein diffundierendes Teilchen

aus den zuvor hergeleiteteten Beziehungen gewonnen werden.



131

Kapitel 3 und 4 befassen sich mit der Messung von Warme—, Massen— und Thermodiffusion

in transienten Gitterexperimenten.

In Kapitel 3 wurde ein zweidimensionales Modell vorgestellt, um den Einfluss von warmelei-
tenden Kiivettenwénden auf die Messung von Warme— und Massentransport in transienten
holographischen Gitterexperimenten zu berticksichtigen. Warmediffusion in die Wénde fiihrt
zu einem nicht exponentiellen Abfall des Temperaturgitters. Unter bestimmten experimen-
tellen Bedingungen kann er aber durch eine exponentielle Funktion mit einer apparenten ther-
mischen Diffusivitat Dy, 4pp < Dy, s angenahert werden. Dy, ¢ ist die tatsachliche thermische
Diffusivitét der Probe. Das Verhéltnis Dy, qpp/ Din,s héngt nur von drei dimensionslosen Pa-
rametern, d/ls, Ks/Ky, und Dy, /Dy, o, ab. d ist die Gitterperiode, I die Probendicke, &,
und k,, die Wéarmeleitfdhigkeiten von Probe und Wand und Dy, ,, die thermische Diffusivitat
der Wand. Wenn mindestens zwei Messungen bei verschiedenen d/l; durchgefiihrt werden,
konnen sowohl Dy, ¢ als auch s bestimmt werden. Dazu ist keine aufwéndige Simulation
von partiellen Differentialgleichungen nétig, da die unbekannten Parameter aus der Nullstelle
einer analytischen Funktion berechnet werden konnen. Fiir diinne Proben und grofle Gitter-
perioden wird die Warmediffusion in die Wéande sehr wichtig und das Konzentrationsgitter
in einer bindren Mischung ist folglich nicht mehr eindimensional. Die normierte hetero-
dyne Beugungseffizienz des Konzentrationsgitters bleibt davon jedoch unbeeinflusst und die
wahren Soret— und Diffusionskoeffizienten kénnen weiterhin aus einem einfachen eindimen-
sionalen Model ermittelt werden. Alle theoretischen Vorhersagen wurden durch Experimente
an einkomponentigen und bindren Fliissigkeiten tiber einen grofien Bereich von Gitterperio-

den und Probendicken getestet. In allen Fallen war die Ubereinstimmung hervorragend.

Eine neue transiente Gittermethode fiir die Messung von Warme—, Massen— und Thermo-
diffusion in Fliissigkeiten wurde in Kapitel 4 entwickelt. Ahnlich wie bei holographischen
transienten Gitterexperimenten wird ein Temperaturgitter in der Probe erzeugt. Die thermi-
sche Expansion wandelt dieses Temperaturgitter in ein Brechungsindexgitter um, das durch
Beugung eines Leselaserstrahls ausgemessen werden kann. In einer mehrkomponentigen Mi-
schung bildet sich wegen der Thermodiffusion, die durch die Gradienten des Temperaturgit-
ters getrieben wird, ein zusétzliches Konzentrationsgitter aus. Anders als in holographischen
transienten Gitterexperimenten wird die Probe bei der neuen Methode nicht optisch sondern
elektrisch geheizt. Dazu wurden Kuvetten konstruiert, die ein Gitter aus transparenten und
leitfahigen Streifen auf der Innenseite eines Fensters haben. Wenn diese Streifen durch einen
elektrischen Strom erwarmt werden, entsteht ein Temperaturgitter in der Probe. Sowohl
die Warmediffusionsgleichung als auch die erweiterte Diffusionsgleichung wurden in zwei Di-
mensionen gelost, um die Messdaten quantitativ auswerten zu kénnen. Durch Messungen
von Warme—, Massen— und Thermodiffusion in einkomponentigen und binéren Fliissigkeiten
konnte bestétigt werden, dass unser neues Messgerat in Verbindung mit der vorgeschlagenen
Auswertemethode korrekt funktioniert. Warmediffusion wurde in reinem Toluol, reinem Do-

dekan und in der symmetrischen Mischung aus Isobutybenzol und Dodekan richtig bestimmt.
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Massen— und Thermodiffusion wurde in den drei symmetrischen Mischungen aus Dodekan,
Isobutybenzol und Tetralin untersucht. Die gewonnenen Massen— und Thermodiffusionskoef-
fizienten stimmen innerhalb der Fehler mit den Literaturwerten iiberein. Nicht kompensierte

transiente Aufheizungseffekte limitieren die Auflésung der Technik.
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