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Abstract.

Standard error estimates for one—step numerical schemes for nonautonomous ordi-
nary differential equations usually assume appropriate smoothness in both time and
state variables and thus are not suitable for the pathwise approximation of random ordi-
nary differential equations which are typically at most continuous or Holder continuous
in the time variable. Here it is shown that the usual higher order of convergence can be
retained if one first averages the time dependence over each discretization subinterval.
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1 Introduction.

A random ordinary differential equation (RODE)

d
(1.1) d—f:f(t,x,w),
with the parameter or label w denoting an element of the sample space Q of
an underlying probability space (€, A, IP), is pathwise an ordinary differential

equation [1, 4]. Simple scalar examples are the RODE with additive noise

dx
(1.2) i —x 4 cos Z(w)

and the RODE with multiplicative noise

dx
1.3 — = —xcos Z(w),
(13) dt (@)
where Z; 1s some stochastic process such as a Brownian or fractional Brownian
motion.
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Unlike ITto stochastic differential equations, which require stochastic calculus,
RODE can be formulated and analysed pathwise completely in terms of deter-
ministic calculus. Hence, in principle, an RODE can be solved numerically with
a standard deterministic numerical scheme, such as the Euler or a Runge-Kutta
scheme [2, 3]. The usual estimates of the discretization error of such schemes,
however, require sufficient smoothness of the vector field function f in both the ¢
variable as well as the « variables, but for an RODE (1.1) the function f is often
only continuous or Holder continuous in ¢ for each fixed w € Q. For example, if
the driving process Z; in the RODE (1.2) is a Brownian or fractional Brownian
motion, then its sample paths are Holder continuous but not differentiable in ¢,
so the corresponding functionf is Holder continuous but not differentiable in ¢
for each fixed w € Q. Hence, as will be shown below, the order of convergence of
the Euler or a higher order Runge-Kutta scheme applied to equation (1.2) will
be determined by the order of the Holder continuity of the sample paths of the
driving process, and is thus only of fractional order.

The aim of this paper is to show how the traditional convergence order of the
Euler and Heun schemes can be retained by first averaging the noise process or
time variable over each time step. We do this for a class of equations that is
additively or multiplicatively separable in its ¢ and x variables, thus including
equations with additive noise as in (1.2) or with multiplicative noise as in (1.3),
or with both types of noise together.

2 Estimate of the discretization error.

For conveniece we will henceforth omit the w label in (1.1) and just consider
a nonautonomous ordinary differential equation

dx
(2.1) i (t,x)
on [0,7] x IR, which we assume to have a unique solution z(t;to,zo) for t €
[to, T] with the initial condition x(tg;to, o) = ¢ for each ty € [0,T) and zy €
IRY. In particular, we assume that (¢, ) — f(t,z) is continuous on [0, 7] x IR?
and locally Lipschitz in @ uniformly in ¢ in the interval [0, T], that is, for each
R > 0 there exists an Lg such that

|f(t,l‘) - f(tay)| S LR|x - y|a Vl,ay € B[OaR]at € [OaT]

where B[0; R] := {z € R? : |z| < R}. We assume that R has been chosen large
enough so that the above solutions #(¢; tg, o) remain in B[0; R] for all ¢ € [to, T1.
For later purposes we also define Mg := max;c[o,7),reBlo;r] | f(L, ©)].

We also consider a one-step numerical scheme for (2.1)

(22) Tp4l = Tp + hn F(hnatna l‘n)

with a sequence of discretization times ¢, € [to, T] and step sizes hy,, = {41 —tn
> 0, where the increment function F' is continuous in all of its variables (h,¢, z)
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and satisfies the consistency condition
F(0,t,2) = f(t,x), vt €[0,7],z € RY.

The modulus of continuity wy(h) of f(-, ) on [0, T] uniformly in z € B[0; R]
is defined by

wilh) :=wy(h; R, T)= sup sup |f(t,x) — f(s, )]
s,t€[0,T] z€ B[0;R]
o<lomti<h
and the modulus of continuity wr(h) of F'(-, ¢, ) on, say, [0, 1] uniformly in (¢, x)
€ [0, 7] x B[0; R] is defined by

wp(h) :=wp(h; R,T)= sup sup |F(hp,t,2)— F(0,%,2)|
0<h,<h t€[0,T]
=""=" ceB[osR]
(For convenience we omit the explicit mention of the dependence on T and R).
Note that w¢(h) — 0 and wp(h) — 0 as h — 0.
THEOREM 2.1. The global discretization error of the numerical scheme (2.2)
satisfies the estimate
1
(2.3) |zn, — 2(tn;to, 20)| < [wy(h) +wr(h) + LrMRghA] L—eZLRT.
R
on the set [0,T] x B[0; R].
The proof is given in the Appendix.
The increment functions F' for the Euler and Heun schemes, respectively, are
given by

1
F(h,t,z) = f(t,z), F(h,t,z) = 3 {ft,2)+ fE+h,z+hf(t2))}
and their moduli of continuity in A are, respectively,
wp(h) = 0, wp(h) S [(1 (.Uf(h)

for some constant K; (which depends on 7" and R). Moreover, since we are
considering functions f that are just continuous or at most Holder continuous
in ¢, we also have h < Kowy(h) for some constant Ko when h is small. Then,
for the Euler and Heun schemes (and similarly for higher order Runge-Kutta
schemes), the discretization error bound has the form

(2.4) |2 — z(tnito, ®o)| < Ko rwy(h)

for some constant Kp r. The schemes thus both have “order” wg(h), although
for smoother differential equations the Euler and Heun schemes have orders 1
and 2, respectively, that is, with & and h? instead of wf(h) in the bound (2.4).
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3 The averaged Euler and Heun schemes.

We will now restrict attention to nonautonomous ordinary differential equation
with the structure of a random ordinary differential equation with additive noise
as in (1.2) or multiplicative noise as in (1.3), or both together. That is, we
consider nonautonomous ordinary differential equation (2.1) with a separable

vector field of the form f(t,z) = G(t) + ¢(t)H (x), namely

T = G0+ g H (@),

where g : [0,7] = IR has modulus of continuity wy(8) on [0,T], G : [0,T] — IR*
has modulus of continuity wg () on [0, 7] and H : R? — IR? is at least 1 times
continuously differentiable in the Euler case and at least 2 times continuously

(3.1)

differentiable in the Heun case.

Our aim is to show how we can improve on the “order” wy(h) of the Euler
and Heun schemes by first averaging the time dependent functions over each
discretization subinterval. In particular, we will replace the function ¢ (and
with similar definitions, the function () in the schemes by the singlely averaged
function

| V-l 1 N—1

(3.2) 17 EZ gt +jo,z)d th—l—jé
7=0 ]:0
or the doublely averaged function
9 N—-1 1 9 N-1 1
_(2 ) )
(83) a0 =53 2 > glt+i02) 8 = gt + jo).
i=0 j=0 1=0 j=0

over the interval [¢,¢ 4 h] for an appropriate sampling step size § = h/N. These
averaged functions are just Riemann sum approximations of the single and dou-
ble integrals, respectively,

1 ptth t+h
E/ g(s) ds, / r)drds,
t

of the function g over the interval [¢,1 + h] with approximation step size § =
(2)

h/N. For computational purposes we note that g,”;(¢) can be rewritten in the

convenient form
N-—

H

2

2
]:0

Yg(t + jo).

lQ
o

3.1 The averaged Euler scheme.

The averaged Fuler scheme with constant discretization step size h and sam-
pling step size & for the separable nonautonomous ordinary differential equation
(3.1) is

~(1 _(1
(3.4) gt = En RGNt + h gl ) (tn) H (20).



PATHWISE APPROXIMATION 5

We can rewrite this as

N-1 N-1
Tnpr = wn+ Y Gltn+70)5+ > g(tn +j6) H(wn)d
7=0 7=0
1N—l
= 3 2 (&n + hG(tn 4 j8) + hg(tn + jo) H(xn)},
7=0

which thus corresponds to averaging the conventional Euler scheme with dis-
cretization step size h over N = h/§ equally spaced time sampling points for the
same x, value.

As can be deduced from the details for the Heun case below, the local dis-
cretization error for the averaged Euler scheme is estimated by

L(h;t,z) < Kp rh (wy(8) +wa(d)) .
If we choose the sampling step size § > 0 such that
max {uy (6), wa(8)} = h,

the local discretization error will be of order 2. Hence the local discretization
error and the averaged Fuler scheme itself will be of order p = 1.

3.2  The averaged Heun scheme.

The averaged Heun scheme with constant discretization step size h and sam-
pling step size & for the separable nonautonomous ordinary differential equation

(3.1) is defined by

(35)  amy1 = wn+hG)(1)+

@I (24 hGIT () + ) (1) H ()

Note that the averaged functions involved with the second H term of the incre-
ment function here are evaluated at time ¢ rather than ¢+ A, since the latter would
correspond to averaging over the next discretization subinterval [¢ + h,t 4 2h].

We will show that the local discretization error of the averaged Heun scheme
(3.5) satisfies the estimate

L(hit,z) < C (R4 A?) (wa(8) + wy(9)) + h*) < Kp g h®
when the sampling stepsize size § now chosen such that
(3.6) max {wy(d),we(d)} = h%.

The averaged Heun scheme in this case will thus have order p = 2.
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Let (-) be the solution with initial value #(¢) = # for a fixed ¢ and #, so

z(ry=x+ /tT f(t,z(s)) ds.

We compare this solution at time 7 =t 4+ h with a single iteration of (3.4) with
hn, = H and z,= x. We estimate the local discretization error L(h;t,z) of the
averaged Heun scheme (3.5) as follows:

L(h;t,x)
= [T e st - n6o
G a0 {H@) 4 1 (54 1GE0 + halZ0n()) }
37) < /;M (G<5>_@§;g<t>) ds
| [T (s - oo e

+H (x +hGE (1) + hay) (t)H(x)) }) ds

Then we use the Taylor expansions

H(x(s)) = H(x) + H'(z)(x(s) — @) + %H”(l‘)(w(S) — )t

@)+ 1) | (G + g H () dr+ O(?)

= H(z)+ H'(z) /ts G(r)dr+ H'(z)H (z) /ts g(r)dr+ O(hz)

and
H (2 4+ hG{2 () + hlZ) () H(x))
= H(z)+ hH'(z) (G20 + 3O H(@)) + O(h?)
= H(x) + hi'(2)G{2}(1) + hg (3 () H' (2) H (2) + O(R?)
Thus

a0 {H(x) +H (x +hGEN() + hgl

N | —
=
S e
—
o~
N
—
5]
~—
~—
H/_l

9(s)H(2(s)) —
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—H'(2)g"}(1) (/ G(r)dr — %thf;(t)) +O0(h?).

)

Using a generic constant K that may change from line to line, we then obtain

[ (smteen — ko {1 (x4 06250 + na30 () }) s

/tt+h (/:g(r) dr — %hg,(fg(t)) ds
ugwh<leOﬂdr—%hG$Mﬂ)ds

< Khwy(8) + Kh? (wgy(8) + wa(8)) + Khd + Kh?,

<K

+ K

/ " (o) - 0 ar

+K + Kh3

N1 rt4(j+1)8
S ) -t a) ds

7=0 +J0
Nol o ptt+(+1)0
< S [T e -t ) ds
7=0 t+]6
Nol o ptt+(+1)0
< / wg(8)ds = Ndwy(d) = hwy(9),
7=0 t+]6

where we have used Nd = h, and
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/tt+h (/:g(r) dr — %hggg(t)) ds

N-1 i (i+1)8  pt+(j+1)8
< / / (g(r) —g(t + j3)) drds
i=0 j=0 t+id t+j6
+(i+1)d (i+1)8
/ g(r)drds
t+id
N-1 i t+(i+1)8  pt4(j+1)8
< ZZ/ [ et - gte+ )] dras
i=0 j=0 t+id t+j0
(i+1)8 (i+1)8
+K Z/ / ldrds
t+id
N-1 i t+(+1)8 pt+(G41)8 N-1 4 (i4+1)6  pt+(i+1)5
< ZZ/ / wy(8) drds + K Z/ / Ldrds
i=0 j=0 t+id t+j6 i=0 t+16 s
< %(Nz—N)é 4(8) + KN§* < %(N — N) 8%wy(8) + Khd,

and similarly for the G terms.
Returning to line (3.7) and using § < wy(d) for h and hence § small enough,
we finally have

L{hst,z) < + Khwy(9)

/t . (G(s) - Gih) ds

+KR? (wy(6) + wa(8)) + KR?

< K (h+R°) (wa(8) +wy(d) + Kh® < Kh®

with the above choice (3.6) of the sampling step size J.

REMARK 3.1. The total number of calculations required for the averaged
schemes with discretization step size h and sampling step size J lies between
those of their traditional counterparts with discretization step sizes § and h,
respectively, since the same value of the iterate z, is used on the right hand
side of the schemes for the N = h/§ intermediate sampling calculations. Besides
being possibly more stable numerically, this can often be a considerable sav-
ing in computational effort, particularly for vector differential equations, over
the traditional schemes with the smaller discretization step size J because the
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time functions that are to be averaged are often only scalar functions or scalar
functions multiplied by a constant vector.

4 Numerical examples.

In this section we illustrate the schemes by two numerical examples, and com-
pare them to the non-averaged Euler and Heun scheme.
The first example we consider is given by
dx
(4.1) — = —z + cos Wi (w)
dt
with W;(w) being a particular sample path of a Wiener process. We compute
an approximation to the solution #(¢;tg, xg,w) with tp, = 0,¢ = 1 and zg = 1,
and compare 1t to the exact solution

t
z(t;to, zo,w) = Toe™ ' + e_t/ e® cos W (w)ds,
to
which 1s also evaluated numerically but with high precision, i.e. as a Riemann
sum with one million subintervals. The sample path of the Wiener process here
is generated with the aid of the usual Box-Muller method, see [4].
Figure 4.1 shows the error at t = 1 for example (4.1).

0.08 T

‘euler —

‘heun’ ----
"averaged_euler’ ---
0.07 | "averaged_heun’

0.06 -

0.05 -

error

0.04 -

0.03 -

Figure 4.1: Example (4.1): Error at t=1 vs. timestep

The second example is

dx
(4.2) 3 = weos S5We(w)
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with exact solution

t
l‘(t;to, l‘o,w) = xpe” fto COS5WS(w)dS’
which again has been evaluated numerically with high precision in order to
estimate the accuracy of the schemes approximating the solution with ¢y = 0,
t=1and z; = 1.
Figure 4.2 shows the error at t = 1 with 2y = 1 for example (4.2).

1.2 T
‘euler —
‘heun’ ----
"averaged_euler’ ---
"averaged_heun’
1k 4
038 | B
2 o6t 1
o
04 B
02| B
0

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Figure 4.2: Example (4.2): Error at t=1 vs. timestep

Note that in both examples not only a smaller error is achieved for the averaged
schemes, but also a much more stable behaviour of these algorithms for small
time steps.

5 Appendix: Proof of Theorem 2.1.

We can rewrite the differential equation (2.1) as an integral equation. In
particular, for the sequence of discretization times ¢,, and stepsizes h, = 1,41 —1,
> 0 we have

trnt1
(twsrs to, 20) = @(tns to, 20) +/ F(t, 2(t: to, z0)) dt.
t

n

In future we just write #(¢) for this solution z(tg;to, #g). By the Mean Value
Theorem there exists 7, € [0, 1] such that
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Thus
x(tn+1) — Tp4l = x(tn) —xp+ hy [f(tn + Tnhn; x(tn + Tnhn)) - F(hnatna $n)]

Now suppose that the time steps h,, = {41 — 15, satisfy 0 < h,, < h for some h
> 0. Then the global discretization error Ey, := |z(t,) — 5] is estimated by

En+1 S En 4+ Ry, |f(tn+Tnhnax(tn+7—nhn))_F(hnatna$n)|

+hon [f(tn + Tohn, 2(tn)) — f(tn, z(tn))]
thn |f(tn, 2(tn)) = f(ta, zn)
+hn |F (0,80, 2n) — F(hn,tn, )] by consistency
< En4hoLr|e(ts + mhn) — 2(ts)| + howy ()
+hoLp |2(ty) — 2n| + howr(h)
tntTnhn
= (14~ Lp)E, +hpLlr / f(s,z(s))ds
tr
—|—hn(.Jf (h) —|—hnwp(h)
< (1—|—hnLR)En—|—hTZLLRMR—|—hn(.Jf(h)—I—hnwF(h)
< (1—|—LRh)En—|—h[LJf(h)—|—wF(h)—|—LRMRh]

With the initial value Ey = 0 the above difference inequality yields

(14+ Lgh)" —1
E, < h h h)+ LpMgph| ~——F7F—F——
< hlwg(h)+we(h) + Lr R](1+LRh)—1

1
< [wg(h) +wr(h) + Lr Mgh] EeLRnh

1
< [wg(h) +wp(h) + Lr Mgh] EezLRT,

that is, the desired estimate (2.3).
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