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Deutsche Zusammenfassung

Einf whrung

Stabilisierung eines vorgegebenen Gleichgewichts odez Werfolgung einer Referenzbahn
ist eine der lau gsten Zielsetzungen in der Regelungstheorie. Bei vieleler dabei betrach-
teten Prozesse kommt hierzu noch die Einhaltung verschieg®tigster Beschmnkungen
sowie die Forderung, das gegebene Ziebgilichst gut zu erreichen und mit Hilfe von digita-
ler Technik umzusetzen. Eine Methode, die diese Vorgaberiedien kann und mittlerweile
auch weit verbreitet ist, siehe z.B. [16], ist die sogenamimodellpmdiktive Regelung, die
im Englischen auchmodel predictive control(MPC) oder receding horizon control(RHC)
genannt wird.

Der Grundgedanke dieser Regelungsmethode ist auch im ménsbhen Handeln wiederzu-
nden, beispielsweise bei der Lebensplanung oder einer Atahrt zum Supermarkt. Bei-
de Probleme sollen dabei bemglich einer individuellen Beurteilung, etwa meglichst sicher
oder meglichst schnell, geplant und umgesetzt werden. Zudem swil aktuelle Umstande
und auftretende Hindernisse beachtet werden. Die Umsetayirder urspringlichen Ziele
erfolgt aber in der Regel nicht oder zumindest nicht genau swie es geplant war. Grund
hierfer ist, dass jeder Mensch einen individuellen Planungshaant beachtet, frihere Pla-
nungen von Zeit zu Zeitiberdenkt und die verfolgte Strategie anpasst. So kann e8zvor-
kommen, dass man bei der Neuplanung feststellt, dass auf @Gcuder aktuellen Umsiande
die alte Planung nicht mehr umsetzbar oder auch nicht mehr ¢imal ist, in den betrach-
teten Beispielen etwa durch siclendernde Lebensumsinde oder eine Baustelle, die man
zuvor nicht bedacht hat. Dieser Prozess der Augtirung der zum Planungszeitpunkt opti-
malen Strategie und die Anpassung dieser Strategie wiedeltsich wahrend der gesamten
Dauer des Problems.

Abstrahiert man dies von den angegebenen Beispielen, soilergich die Grundstruktur
eines derartigen Reglers, die aus den drei folgenden Sdkerntbesteht:

Schritt 1: Auf Basis eines Modells des zu

kontrollierenden Prozesses wirdiber einen T Pradiktionshorizont
endlichen Zeithorizont eine Vorhersage der ,
. . Eingang T 1
Entwicklung des Zustandes dieses Systems — | | optimale Steuerung
— —y |

getro en. Mit Hilfe eines sogenannten Ziel-

fe——> : /,——

ses Funktional unter Einhaltung problemin- '
harenter Beschankungen eine Steuerung bestimmt, die auf dem betrachtet@eithorizont
minimale Kosten verursacht.

|
oder auch Kostenfunktionals wird dieser Ent- | T /
wicklung, auch Trajektorie genannt, sowie T - Sy S
der verwendeten Steuerung ein bestimmter , 1 L 8 ! //: Lo
Kostenwert zugeordnet. Nun wird @r die- *_f,r L
I I I I

pré{jiziert(% Traje‘(torie
I I I
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Schritt 2: Die resultierende Steuerfunktion liegt be-

T Pradiktionshorizont reits in digitaler Form vor, das heit es handelt sich
1 f um eine seickweise konstante Funktion, die zu den
o e vorgegebenen digitalen Schaltpunkten Spnge auf-

] weisen kann. Diese Funktion ist allerdings nureir den
o :_'—\ o . ) :

158 b betrachteten Optimierungshorizont de niert, somit al-
gg L so r eine Implementierung auf unendlichem Hori-

183 e zont ungeeignet. Nun wird lediglich das erste Steuer-
E® | | : | | element dieser Funktion, die sich auch als Folge von

I I I I I

Steuervektoren darstellen dsst, am zu kontrollieren-
den Prozess implementiert. Alle weiteren Steuervektorenenden verworfen.

Schritt 3: Anschlie end wird der sich

durch die Systemdynamik und des im- T | Pradiktionshorizont
plementierten Steuerelements ergeben- _ 1

Eingang
de Zustand des Prozesses zum darau ol- —_—

—_— |

|

genden Abtastzeitpunkt gemessen und
an den Reglerubergeben. Durch Ver-
schiebung des internen Rxdiktionshori-
zonts um ein Abtastintervall kann so-  ,,cang
mit der beschriebene Prozess wiederholt —___|
werden. Eine iterative Anwendung die-

ser Schritte ergibt eine sogenannte geschlossene Reggdket

Damit gehert die modellpradiktive Regelung zur Klasse der modell{basierten Regelgs-
verfahren, die im Gegensatz zu hegmmlichen Verfahren wie etwa PID [147,148,222,223]
oder adaptiven Reglern [72,129,132] das Regelgesetz nighsschlie lich auf Basis des
aktuellen oder vergangener Zuande entwirft.

In der Literatur unterscheidet man lineare und nichtlineae modellpmdiktive Regelung. Im
linearen Fall wird dabei versucht, die bsung des linearen Modells der Systemdynamik so
zu manipulieren, dass zum einen die linearen Besahkungen eréllt werden, zum anderen
aber auch ein gewhltes quadratisches Kostenfunktional minimiert wird. Dé theoretischen
Grundlagen solcher Regler gelten als weitestgehend ersdsien [160,167] und auch in der
industriellen Anwendung sind Implementierungen mittlereile weit verbreitet [16, 54].

Im Gegensatz zum linearen Fall sind viele der theoretische@rundlagen nichtlinearer
modellpradiktiver Regler noch nicht ausreichend erforscht. Hierzeahlen unter anderem
die Robustheitsanalyse derartiger Verfahren gegeber Sworungen sowie die Entwicklung
ausgangsbasierter modellpdiktiver Regler. Ein Uberblick zu bisherigen Ergebnissen in
diesem Bereich ndet sich in [5,39,49,160,167]. Da das Haapgenmerk dieser Arbeit
jedoch auf den Stabilimts{ und Suboptimalitatsaspekt sowie einer e zienten Implemen-
tierung liegt, sei insbesondere auf die Arbeiten [4,39,802,126] und [53,58] verwiesen.

ter I

1
er

ti

emen

|

Steuervektor

mpl

It

Betrachtete Systeme
In dieser Arbeit werden unterschiedliche Arten von Kontrdsystemen betrachtet. In der

theoretischen Analyse des modellpdiktiven Regelungsverfahrens werden zeitdiskrete Sy-
steme der Form

x(n+1) = f(x(n);u(n))
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verwendet, wobei der Zustandk und die Steuerungu Elemente aus beliebigen metri-
schen Raumen X bzw. U sind. Jedoch sind die betrachteten Beispiele { wie auch real
Anwendungen des Reglers { in Form von zeitkontinuierlicheModellen

x(t) = f(x(1); u()

gegeben. Da die Aufgabenstellung eine digitale Umsetzungrdsteuerung verlangt, d.h.
dass eine Umsetzung eines Steuerwertes lediglich zu fesgegebenemquidistanten Zeit-
punkten meglich ist, sind lediglich seickweise konstante Steuerfunktionen implementier-
bar. Durch die aquidistanten Umschaltpunkte wird das sogenannte Abtasiijer T de -
niert.

numerische Um auch zeitkontinuierliche Systeme mit
Approximation Hilfe des #ir zeitdiskrete Systeme ent-
worfenen Reglers stabilisieren zuganen,
wird die Lesung des zeitkontinuierlichen
Systems auf das AbtastgitterT restrin-
giert. Dadurch erhalt man ein sogenann-
seitkontinuierlicher tes digitales Kontroll- oder Abtastsystem

Prozess der Form

xr(n+1)= f(xr(n);u(n)):

Y . .
In diesem Zusammenhang stelft( ; ) die
Losung des digitalen 9 (i)

Optimalsteuerungs- Lesung eines zeitkontinuierlichen Modells
problems zum (n + 1)sten Abtastzeitpunkt dar.

Mit x1(n) und u(n) sind sowohl Anfangs-
werte fer den nten Abtastzeitpunkt als auch die seickweise konstante Steuerung gegeben,
wodurch, solange die Bedingungen des Satzes von Carathagdafellt sind, eine Lesung
des zeitkontinuierlichen Systems de niert ist, siehe z.B210]. Diese Umwandlung eines
zeitkontinuierlichen in einen zeitdiskreten Prozess etldt es, die bemtigte Steuerung oh-
ne Stabilitatsverlust far das zeitdiskrete System zu berechnen [170], es aber ineam
zeitkontinuierlichen Prozess zu implementieren [171].

Beitrag der Arbeit

Die Herleitung hinreichendera posteriori und a priori Kriterien fur die Stabilitat der
resultierenden geschlossenen Regelkette stellt das Kdeneent dieser Arbeit dar. Hier-
bei werden die aus der Literatur bekannten Modi kationen de Ursprungsproblems wie
zusatzliche Endpunktbeschankungen [126] oder Erweiterungen des Kostenfunktionalswu
lokale Endgewichtsfunktionen [38,39, 160] explizit nichterwendet, sondern direkt die in-
dustriell genutzte Klasse modellpadiktiver Regler betrachtet, vgl. [16].

Diese Kriterien erlauben zudem eine Abseltizung der Regelgte im Vergleich zum best-
meglichen (aber praktisch kaum berechenbaren) Regler mit andlichem Zeithorizont.
Die zugelorige Kenngme e wird als Suboptimali&tsgrad bezeichnet. Zwar sind Subopti-
malitatsabsclmtzungen aus der Literatur bekannt, siehe etwa [22, 150, 1803], jedoch
erlaubt die hergeleitete Abschtzung eine quanti zierende Aussageber den Verlust der
Regelaite, die durch die Endlichkeit des betrachteten Zeithorizats entsteht.

Zur Berechnung des Suboptimaldtsgrades werden zudem Algorithmen vorgestellt, die
zur Laufzeit des modellmdiktiven Regelungsalgorithmus auswertbamd und keinen oder
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vergleichsweise geringen Mehraufwand aufweisen. Die dzstellten Resultate wurden in
den bereits vee entlichten Artikeln [97,98] beschrieben. In der vorliegnden Arbeit wer-
den diese jedoch detailliert bewiesen und um entsprecheralgorithmische Umsetzungen
sowie das Konzept verschiedener Suboptimalisgrade erweitert. Zudem wird die An-
wendbarkeit der vorgestellten Algorithmen in numerischeBeispielen nachgewiesen.

Im Weiteren werden diese Absatzungen verwendet, umadaptive modellpadiktive Rege-
lungsverfahrenzu entwickeln. Hierzu werden die zur Rechenzeit auswertlear Suboptima-
lit atsabscmtzungen herangezogen, um iterativ eine Horizomthge zu bestimmen, die eine
untere Schranke ér die Regelaite garantiert. Ziel der hierzu entwickelten Algorithmen st
dabei sowohl eine schnelle, aber auch miteglichst geringem Mehraufwand behaftete An-
passung des geshnlichen modellpadiktiven Regelungsverfahrens. Bei der numerischen
Untersuchung dieser Algorithmen zeigt sich, dass dieser gatz deutliche Verbesserungen
der Rechenzeit mit sich bringt.

Der praktische Teil dieser Arbeit umfasst das Softwarepake®CC2! (Predictive Com-
puted Control 2), das sowohl eine numerisch e zient gestaltetdmplementierung eines
gewohnlichen wie auch eines adaptiven modelladiktiven Regler enthalt. Hierzu wird das
modulare Konzept dieser Implementierung vorgestellt sowvilnteraktion und Probleman-
passungen der Teilalgorithmen von theoretischer und prakther Seite her analysiert. Die
prasentierte Implementierung wurde in den bereits verentlichten Artikeln [93{96,99] zur
Lesung von numerischen Beispielen verwendet, wird im Rahmedrieser Arbeit allerdings
zum ersten Mal mit allen Erweiterungen vorgestellt.

Gliederung der Arbeit

Entsprechend der Dreiteilung der Beitage dieser Arbeit gliedert sich auch deren Darstel-
lung in drei Abschnitte. Hierbei beinhalten die Kapitel 1 { 4 Grundlagen und Konzept
der modellpmdiktiven Regelung sowie die theoretischen Resultate. Ined Kapiteln 5
und 6 werden genutzte numerische Algorithmen vorgestellind die entwickelte Software
detailliert beschrieben. Der letzte Teil der Arbeit, zusai€mengefasst in Kapitel 8, bein-
haltet zum einen die numerischen Untersuchungen der Implemtierung selbst, aber auch
des Zusammenspiels der verschiedenen Teilkomponentenisawmerische Ergebnisse der
vorgestellten theoretischen Resultate. Hierzu werden die Kapitel 7 angegebenen Bei-
spiele verwendet, die den Anforderungen der numerischen tersuchungen entsprechend
gewahlt sind.

Im Einzelnen beinhalten die Kapitel dabei Folgendes:

a In Kapitel 1 werden Grundbegri e der Systemtheorie eingehrt und die betrachte-
ten zeitdiskreten und zeitkontinuierlichen Systeme formale niert. Da der theoreti-
sche Teil der Arbeit auf der Verwendung zeitdiskreter Konwllsysteme basiert, wird
zudem die Verbindung der zeitkontinuierlichen Systeme mitler digitalen Imple-
mentierung der zu berechnenden Regelung zu dem Begri eingdigitalen Kontroll-
systems verschmolzen. Im weiteren Verlauf wird der Begri €ler Stabilitat eines
dynamischen Systems auf Stabilisierbarkeit und semigldbpraktische Stabilisier-
barkeit von Kontroll- und digitalen Kontrollsystemen erwatert. Hierfer wird die

Lhttp://www.nonlinearmpc.com
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Qo

Qo

Qo

Qo

Aquivalenz der drei gebauchlichen Charakterisierungen, d.h. det- De nition so-
wie der Darstellung mittels Vergleichsfunktionen und Kontol{Lyapunov Funktio-
nen, gezeigt. Abschlie end wird zudem nachgewiesen, dasster entsprechenden
Voraussetzungen einefr ein approximiertes zeitdiskretes Kontrollsystem berémne-
tes Reickkopplungsgesetz im zugrunde liegenden kontinuierleh Prozess umgesetzt
und dennoch die Stabiliat des geschlossenen Regelkreises garantiert werden kann.

Im folgenden Kapitel 2 wird einleitend ein kurzerberblick uber die Entwicklung
der Steuerungs- und Regelungstheorie gegeben. Dies wirdiiget, um ausgehend
von einem kontinuierlichen optimalen Steuerungsproblenu&unendlichem Zeithori-
zont zumachst das digitale Gegensick mit unendlichem Zeithorizont zu de nieren.
Dieses Problem ist zugleich der Ma stab, an dem wir in Kapite3 die Gete des
modellpradiktiven Regler messen. Zuschst wird jedoch die Problemstellung eines
modellpradiktiven Reglers sowie die asungsbegri e der o enen und geschlossenen
Regelkette formal de niert. Am Ende dieses Kapitels wird zdem ein Vergleich zwi-
schen dem modellpdiktiven Regler und den Alternativen des PID Reglers, des
Lyapunov basierten Reglers sowie des adaptiven Reglers agen.

In Kapitel 3 werden diverse a posteriori und a priori Subopthalitetsabschmtzungen
fur modellpradiktive Regler entwickelt und entsprechende Berechnurggorithmen
vorgestellt. In diesem Zusammenhang wird au erdem das Koept verschiedener
Suboptimalitatsgrade eingafhrt. Die Hauptvorteile dieser gegember aus der Lite-
ratur bekannter Abschatzungen sind, dass sie zur Laufzeit des Algorithmus aus-
gewertet werden lbnnen und zudem eine quanti zierende Abs@izung des ma-
ximalen Verlusts gegember dem Regler mit unendlichem Zeithorizont, also dem
bestmeglichen Regler, erlauben. Zudem wird gezeigt, dass diedeséhatzungen auf
den Fall der praktischen Stabilimt erweiterbar sind. Weiterhin erneglichen diese
Abschatzungen eine Stabiliatanalyse industriell gebauchlicher modellprmdiktiver
Regler, da sie ohne die aus der Literatur bekannten Modi kadnen der Problem-
stellung auskommen. Ein entsprechender Vergleich natteren Stabilitats- und Sub-
optimalit atsresultaten bildet dabei den Abschluss dieses Kapitels.

Kapitel 4 widmet sich der Nutzung der Suboptimaliatsabscmtzungen aus Kapitel 3,
um die starre Problemformulierung des modellgdiktiven Reglers anzupassen. Hier-
bei werden zwei komplememstre Ziele verfolgt, die aus praktischer Sicht jedoch eine
eindeutige Reihenfolge aufweisen: Stab#it und Laufzeit. Der freie Parameter ist
dabei die Horizontknge, die als Vielfaches der Abtastzeit des digitalen Syste auf
beide Ziele ma geblichen Ein uss hat. Mit Hilfe der Suboptmalitatsabschtzungen
werden Algorithmen entwickelt und bewiesen, die die Staliiat des geschlossenen
Regelkreises garantieren und gleichzeitig den lsigten Rechenaufwand raglichst
minimal halten. Zudem wird in diesem Zusammenhang das Kongeder Suboptima-
lit atsgrade auf den adaptiven modell@diktiven Regler erweitert und entsprechende
Abschatzungen #ir Stabilit &t und praktische Stabilitat bewiesen.

Kapitel 5 widmet sich der Theorie der Diskretisierungs- un@®ptimierungstechni-
ken, die in der Implementierung eines im Verlauf dieser Arlteentstandenen modell-
pradiktiven Reglers Verwendung nden. Hierzu werden die vatandige und rekur-
sive Diskretisierung sowie die rekursive Diskretisierungnit Mehrzielknoten formal
de niert und die Konsequenzen dieser Methoderuf den modellpmdiktiven Reg-
ler analysiert. Desweiteren werden Grundlagen der nichtieare Optimierung vorge-
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stellt, sowie Modi kationen und Unterschiede der verwenden Routinen diskutiert
und Auswirkungen auf den modellpadiktiven Regelalgorithmus aufgezeigt.

In Kapitel 6 wird die Implementierung des entwickelten modé&r adiktiven Reglers
beschrieben und untersucht. Das Kapitel kann als grundlegeée Einfehrung in das
Programmpaket verstanden werden. Dabei bietet es nicht nwgine Ubersicht eber
die wichtigsten enthaltenen Funktionen, sondern zeigt abhadas Zusammenspiel der
verschiedenen Algorithmen. Hierbei wird insbesondere adfe Optimierungsalgo-
rithmen, die Methoden zur losung der zugrunde liegenden Systemdynamik und die
notwendigen Verbindungskomponenten in dem hierarchiscind modular gestaltete
Implementierungskonzept des Programmpakets eingegangen

Die abschlie enden Kapitel 7 und Kapitel 8 beinhalten Untesuchungsbeispiele und
Ergebnisse des implementierten Regelungsverfahrens. Bakind die Beispiele in
Kapitel 7 so gewahlt, dass hiermit drei grundlegende Fragen analysiert waen
kennen. Das erste Beispiel, eine eindimensionale ewheleitungsgleichung, dient
dazu, den Einuss von Systemeigenschaften wie &e und Steifheit auf die Lei-
stungskhigkeit einzelner Komponenten des Regelalgorithmus zusten. Weiter wird
das bekannte invertierte Pendel betrachtet, das es erlaulie Parameter des mo-
dellpradiktiven Reglers und deren Wechselwirkungen zu veransciiahen. Diese Un-
tersuchung des Regelungsproblems, die aufgrund der Komptat des Algorithmus
nicht vollstandig darstellbar sein kann, versteht sich als Anleitung zuAnpassung
eines modellpadiktiven Reglers #ir andere Probleme. Zuletzt wird ein Folgeproblem
verwendet, um Standardsituationen eines modellpdiktiven Reglers zu generieren.
Dies erlaubt eine genaue Untersuchung der theoretischengébnisse aus den Ka-
piteln 3 und 4. Hierbei wird die Anwendbarkeit der Suboptimbt atsabschtzungen
gezeigt sowie ein Vergleich zwischen einem ge#wlichen modellprmdiktiven Regler
und einem adaptiven modellpadiktiven Regler gezogen, wobei die Vorteile der vor-
gestellten Algorithmen deutlich werden. Abschlie end weten die Ergebnisse dieser
Arbeit kurz zusammengefasst und ein Ausblick auf egliche weitere Forschungen
gegeben.



Summary

Within the proposed work we consider analytical, conceptiml and implementational
issues of so called receding horizon controllers in a sangfjitata setting. The principle of
such a controller is simple: Given the current state of a sysin we compute an open{loop
control which is optimal for a given costfunctional over a »d prediction horizon. Then,
the control is implemented on the rst sampling interval andthe basic open{loop optimal
control problem is shifted forward in time which allows for aepeated evaluation.

The contribution of this thesis is threefold: First, we proe estimates for the performance
of a receding horizon control, a concept which we calliboptimality degree These estimate
are online computable and can be applied for stabilizing aseWas practically stabilizing
receding horizon control laws. Moreover, they not only ale for guaranteeing stability of
the closed{loop but also for quantifying the loss of perforance of the receding horizon
control law compared to the in nite horizon control law. Ba®d on these estimates, we
introduce adaptation strategiesto modify the underlying receding horizon controller in
order to guarantee a certain lower bound on the suboptimajitdegree while reducing the
computing cost/time necessary to solve this problem. Wit this analysis, the length
of the optimization horizon is the parameter we wish to adaptTo this end, we develop
and proof several shortening and prolongation strategieshweh also allow for an e ective
implementation. Moreover, extensions of our suboptimaiitestimates to receding horizon
controllers with varying optimization horizon are shown. last, we present details on our
implementation of a receding horizon controllePCC22 (P redictive Computed C ontrol 2)
which is on the one hand computationally e cient but also albws for easily incorporating
our theoretical results. Since a full analysis of such a canotler would exceed the scope
of this work, we focus on the main aspects of this algorithm ung di erent examples. In
particular, we concentrate on the impact of certain choicesf parameters on the computing
time. We also consider interactions between these parameteto give a guideline to
e ectively implement and solve further examples. Moreovemwe show applicability and
e ectiveness of our theoretical results using simulationsf standard problems for receding
horizon controllers.
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Chapter 1

Mathematical Control Theory

Mathematical control theory is an application{oriented aea of mathematics which deals
with the basic principles underlying the analysis and desigof control systems In this
context the term control systemis used in a very general way:

A systemis a functional unity which processes and assigns signalsdéscribes
the temporal cause{and{e ect chain of the input parameter ad the output
parameter.

The term control is used for the in uence a certain external action | the input to a
system | has on the behavior of a system in order to achieve a c&in goal. The state
of a system which can be sensed in any way from outside is cadltee output of a system.
Coming back to the input, the information obtained from the aitput can be used to check
whether the objective is accomplished.

Commonly such a system is visualized using a block diagram. itWin such a diagram
processing units are represented by boxes while assignnsesate shown as arrows indicating
the direction of the signal.

a Flow of Information a Figure 1.1: Schematic representation of a con-
trol system with input and output parameter

—— > System |——>
Input Output

A standard example in control theory is the inverted pendulm, i.e. a pendulum which one
seeks to stabilize in the (unstable) upright position, sedso Figures 1.2a{l.2c. Since it is
simple enough to intuitively understand its behaviour, weefer to this example throughout
this thesis. Additionally, we can check subjectively/heustically whether a control law
is reasonable and accurate for this example using our phyaiéntuition. Unlike Figures
1.2a{l1.2c may indicate, we aim at developing a control law vidh stabilizes the underlying
example not onlylocally, but for a large set ofinitial values. That is, for the inverted
pendulum, we consider initial positions far away from the ujght position, e.g. the stable
downward position.

For general systems, however, we focus on the following asise

" Developing a notation describing the long{term behavior ath properties of a system
" Designing methods to calculate control laws depending onithanalysis

" Giving insight to the acchievable goals using these methods

1
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upright position which shall be ing away from the upright posi- Pendulum back into the upright
stabilized tion position

In particular, we focus on (sub{)optimal digital control by studying the so calledreceding
horizon control approach and its interaction with the system under control. By now,
theory of receding horizon control has grown rather maturetdeast for the linear case,
see e.g. [69, 140, 160,167]. As shown in [15, 16], methodsampmute such a control are
widely used. However, this eld is still very active as it is ot always clear why these
methods actually work out ne. Moreover, the problem of nding a (sub{)optimal digital
control is not arti cial but application{oriented and ther efore has to be solved according
to xed technological bounds. Using E.D. Sontags words [2]t0

While on the one hand we want to understand the fundamentahiiations
that mathematics imposes on what is achievable, irrespgetiof the precise
technology being used, it is also true that technology maylwa uence the
type of question to be asked and the choice of mathematicableio

In control theory the questions to be asked are clear. Howeyehis does not hold for
the mathematical model which shall be used in the context ofigital control, that is
whether to usedierential or di erence equations In the literature, both models are
used at present, see e.g. [4,39,50,59,68,117] and [49,B7,@2, 160, 167] for receding
horizon control settings using di erential and di erence guations respectively. Here, we
consider so calledsampled{data systemg a mixture of both concepts. In particular,
our examples are given as di erential equations, that is icontinuous{time, whereas the
numerical implementation as well as the analysis of our cawtler design relies ordiscrete{
time systems, i.e. using di erence equations. The aim of this cpter is to rigorously de ne
these two models.

To this end, we introduce fundamental concepts and terminogly which both discrete and

continuous{time systems have in common in Section 1.1. In gecular we give a general

de nition of a control system, its inputs and its outputs. In Section 1.2 these terms are
speci ed for the control systems in both continuous and disete{time. Moreover we show

their relation in terms of digital control. Last, in Section1.3 we characterize the stability

concept which we consider to be the desireable property ofetlsystem under control. The

development of such a control law will be outlined in the fatwing Chapter 2.
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1.1 Basic De nitions

The fundamental di erence between discrete{time and comiuous{times systems is char-
acterized by the treatment of time. To handle both within oneconcept we rst introduce
the notion of a time set.

De nition 1.1 (Time set)
A time setT is a subgroup of R; +).

Later we shall either considef = Z or T = R for discrete and continuous{time systems
respectively. Using this time concept we think of a state of aystem at a certain time in
the time set T as an element of some set which may change to another elemertading
to some internal scheme and external force. To state this foally we require some more
de nitions:

De nition 1.2  (State and Control Value Space)

The set of all maps from an intervall T to a setU is denoted byU' = fuju:l ! Ug
and called theset of control functions We refer to U as the control value or input value
space

Moreover, the setX denotes thestate space
For our later purposes we think ofX being a subset of some metric space.

De nition 1.3  (Transition map)
A transition mapisamap' :D- ! X where

D. (;sxu)j, 2T, x 2 X;u2 ubi )
satisfying' (; ;x; )= x. Here, 2 Ul ) denotes theempty sequence

De nition 1.4  (Admissability)
Given time instances: 2 T, < ,acontrol u?2 Ul ) is calledadmissiblefor a state
x2 Xif(;;%xu)2D.

Using these de nitions we introduce a system we aim to analgz

De nition 1.5  (System)
Atupel =( T;X;U;")is calledsystemif the following conditions hold:

" For each statex 2 X there exists at least two elementss 2 T, < , and some
u 2 UL ) such that u is admissible forx. (Nontriviality)

"~ 1f u2 UL ) is admissible forx then for each 2 [; ) the restriction u; := uj. )
of u to the subinterval [; ) is also admissible fox and the restriction u; := uj;. )
is admissible for' (; ;x;u 1). (Restriction)

" Consider::; 2T, < < .Ifu;2Ul )andu, 2 Ul ) are admissible andk
is a state such that' (; ;x;u 1) = X1, " (; ;X 1;Uz) = Xp, then the concatenation

up;, t27[; )
U, t21[; )

is also admissible fox and we have' (; ;x;u )= X. (Semigroup)

u=
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De nition 1.6  (System with Outputs)

If is a system and additionally there exist a setY called measurement{valueor output{
value spaceand a maph : X ! Y called measurementor output map then =
(T; X;U;" Y;h)is called asystem with outputs

Comparing this de nition of a system to the reality of a plant we identify x 2 X as the
state of the plant, e.g. the angle of the inverted pendulum and itselocity. Note that the
state is only a snapshot. The transition map allows us to préct future states x(t) 2 X
for all t 2 T telling us how the system evolves. Theontrol or input valuesu 2 U are
exogenous variables and can be used to manipulate the futwevelopment of the plant.
Last, y 2 Y representmeasurementor output values Throughout this thesis, we deal
with the case of all states being measurable, that i = X and h is bijective.

De nition 1.6 also allows for unde ned transitions, i.e. wken the input u is not admissible
for the given state. While for di erential/di erence equations this phenomenon is called
a nite escape time, it might correspond to a blowup of the plat in reality. Hence,
we only consider those tupel { ;x;u ) such that u is admissible forx. Whenever the
time instances and are clear from the context we also refer to the pairx(u) as the
admissible pair

Given an initial state x( ) = Xo and a control functionu() 2 Ul: ) we can fully describe
the development of the state in time and call the resulting sotion a trajectory.

De nition 1.7  (Trajectory)
Given a system , aninterval | T and a controlu() 2 U' we callx 2 X' a trajectory
on the interval | if it satis es

x()="0::x()uj;Hy) 87 21 <

In order to analyze the long{time behaviour of a system, we ed to consider time tending
to in nity.

De nition 1.8  (In nite Admissability)
Given a system and a statex 2 X, an element ofUl’ 1) is called admissiblefor x if
every restriction uj;. ) is admissible forx and each >

Based on these general de nitions we now specify the systems are going to deal with.

1.2 Control Systems

The following section deals with continuous{time and dis@te{time systems. Throughout
this thesis we use dierent time sets, in particular we conder T = Ny for analytical
purposes while all our examples are continuous in time, thas T = R. Since there
exist fundamental di erences between these two settings,ewintroduce continuous{time
and discrete{time systemsseparately. Moreover, we de ne the notion of @ampled{data
system For the receding horizon control scheme stated in Chapter, the sampled{data
concept allows us to treat continuous{time examples in a digete{time setting.

Remark 1.9
In the following, the setU := fu: T! Ug denotes the set of all controls. Moreover, we
consider X and U to be subsets oR" and R™, m;n 2 N, respectively.
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De nition 1.10 (Discrete{time Control System)
Consider a functionf : X U! X. A system ofn di erence equations

Xo(i +1) = F(xu(i);u@@); T2 No (1.1)

is called adiscrete{time control system Moreover x,(i) 2 X is called state vectorand
u(i) 2 U control vector.

Existence and uniqueness of a solution of (1.1) is shown fgieasily. Using an induction,
we obtain a unique solution in positive time direction for a ertain maximal existence
interval | if (Xo;u) with Xo 2 X and u 2 U' is an admissible pair.

If the system (1.1) is independent of the controli then it is called dynamical system:

De nition 1.11  (Discrete{time Dynamical System)
Consider a functionf : X ! X. The system ofn di erence equations

x(i +1):= f(x(i)); i 2 No (1.2)
is calleddiscrete{time dynamical system

Despite of the lack of a control, we are interested in discreftime dynamical systems and
its properties. In particular, the control law u resulting from the receding horizon control
setting of Chapter 2 is a function of the statex, a so called(state) feedback Applying

this control to (1.1) we obtain a system of type (1.2). The ainof the receding horizon
control law (or any other control law) is to induce certain poperties like stability for the

resulting dynamical system.

Before discussing properties of solutions of (1.1) or (1.8 explain the context in which
the continuous{time examples need to be seen. To this end, wle ne a control system
in continuous{time and the corresponding dynamical system

De nition 1.12 (Continuous{time Control System)
Consider a functionf : X U ! X. A system ofn rst order ordinary di erential
equations

w = 2a®=fOub); 2R (1.3)

is called acontinuous{time control systemor dynamic of the continuous{time control
system

De nition 1.13  (Continuous{time Dynamical System)
Consider a functionf : X! X. A system ofn rst order ordinary di erential equations

x(t) := %x(t) = f (x(1)); t2 R (1.4)
is called acontinuous{time dynamical system
Example 1.14
The mentioned pendulum example is given by
x(t) = y(t)
y(t) = |9 sin(x() d y(t)? atan(10000 y(t))

4.0 y(t) N 2.0 atan(2:0 y(t))
1:0+4:0 y(t)%:0
with gravitational constant g = 9:81, length| = 1:25, dragd = 0:007 and moment
m = 0:197.
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In order to be able to talk about a trajectory of (1.1), (1.2),(1.3) and (1.4) according to
De nition 1.7, the additional information on the starting p oint is needed:

De nition 1.15 (Initial Value Condition)
Consider a pointxg 2 X. Then the equation

X(0) = Xo (1.5)

is called theinitial value condition.

251

20F

Figure 1.2: Vector eld of the pendulum and
some solutions given by Example 1.14
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If in the case of (1.4)f () satis es the so calledLipschitz condition
kf (x) f(y)k Lkx yk (1.6)

for some constantL 2 R* for all x and y in some neighborhood ok,, then we can
guarantee existence and uniqueness of a solution on someeivél, see e.g. Chapter 10
of [228] or Chapter 3 in [129].

Theorem 1.16 (Local Existence and Uniqueness)

Let f () satisfy the Lipschitz condition(1.6) for all x;y 2 B,(Xo) := fx 2 R"jkx Xok <
rg. Then there exists some > 0 such that the equation(1.4) together with (1.5) has a
unique solution on[0; ].

In the context of continuous{time control problems, one carshow that even for rather
simple problems the optimal control function is discontinaus. Hence, considering only
the set of continuous control functions appears to be too $tt for our purposes, see
Chapter 10 in [210]. In the case of the previously mentionedverted pendulum such a
control is obtained if one considers the pendulum to point @enwards with angular speed
zero and wants to start the swing{up. If the control is boundd, then one starts with
maximal acceleration and at some point one has to change thigrs of the acceleration to
avoid overshooting the upright position.

Moreover, thesemigroup propertystated in De nition 1.5 is violated by a concatenation
of two continuous functions ifU is restricted to the class of continuous functions. The
class of measureable function, however, meets the desaiilvequirements.

De nition 1.17 (Measureable Functions)
Consider a closed interval =[a; R.

() Afunction g:1! R™ is calledpiecewise constanif there exists a nite partition of
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(i) A function g:1 ! R™ is called (Lebesque-)measureabli there exists a sequence
of piecewise constant functiong : I ' R™, i 2 N, such that _Iilm g (x) = g(x) for
il

almostallx 2 I.

(i) A function g:R! R™ is called(Lebesque-)measureabléfor every closed subinter-
val | =[a; R the restricted function gj, is (Lebesque-)measureable.

(iv) A function g: R! R™ is calledlocally essentially boundedf for every compact
interval 1 R there exists a constantC 2 R, C > 0, such thatku(t)k C for
almost allx 2 I.

According to the changes within the right hand side of a contl system we have to adapt
our theory concerning the existence and uniqueness of sabums. To this end we refer to
the theorem of Caratheodory, see [210] for details.

Theorem 1.18 (Caratheodory)
Consider the setting of De nition 1.12 and a control systemadisfying (1.5) and the
following conditions:

() U:=1fu:R! Ujuis measureable and locally essentially bounded
(i) f:X U! Xis continuous.

(i) Forall R 2 R, R > 0there exists a constanMg 2 R, Mr > 0 such thatkf (x; u)k
Mg holds for allx 2 R" and allu 2 U satisfyingkxk R and kuk R.

(iv) For all R 2 R, R> 0 there exists a constant.r 2 R, Lg > 0 such that
kf (xg;u)  f(Xp;u)k  Lrkxy X5k
holds for allx;; X, 2 R" and allu 2 U satisfyingkx:k R, kx,k R, kuk R.

Then, there exists a maximal interval = ( min; max) R, 02 J, for all xo 2 X and
all u 2 U such that there exists a unique and absolutely continuousdtion X, (t; Xo)
satisfying
YA t
Xu(t;Xo) = Xo+  f(Xu(;X0);u( ))d (1.7)
0

forallt2 J.

So far we have shown the existence and uniqueness of solugidar all four types of
systems. Here, we use the following notation for solution$ these systems:

De nition 1.19  (Solution)

The unique function x,(t; xo) of (1.1) (or (1.3)) emanating from initial value xo 2 X is
called solution of (1.1) (or (1.3)) fort 2 T.

If f() is independent of the controlu then the unique solution of (1.2) (or (1.4)) with
initial value xo 2 X is denoted byx(t; xo) fort 2 T.

In this thesis, we consider discrete{time control systemsotcompute a control strategy
while the underlying examples are continuous in time. The iarconnection between these
two settings is calledsampling
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De nition 1.20 (Sampling)

Consider a control system (1.3) and a xed time gridl' = ftg;t1;:::gwith tg=0and t; <
ti+1 81 2 No. Moreover, we assume that the conditions of CaratheodoryEheorem 1.18
hold and u is a concatenation of control functionss; 2 U with u(t) = u;(t) 8t 2 [t;; tj+1).
Then we de ne the sampling solutionof (1.3), (1.5) inductively via

X1 (t; Xo; U) == Xy, (t ti; X7 (ti; Xo; U)) 8t 2 [ti;ti+1): (1.8)

using (1.7). The time distance ; := tj;; t; is calledsampling periodand its reciprocal
. Lis calledsampling rate

Note that considering (1.8) instead of the class of controlrpblems (1.3), (1.5) is not a
restriction since the concatenation of control functions;; 2 U can be any element ofJ.
Upon implementation of controllers, digital computers arenowadays used to compute
and implement a control action. Since these computers work a nite sampling rate and
cannot change the control signal during the correspondin@pling period, technology
in uences the mathematical modelling of the problem. Condering digital controllers, it
appears natural to use piecewise constant control functisn This gives us the following:

De nition 1.21  (Sampling with zero{order hold)
Consider the situation of De nition 1.20 with constant contol functions u;(t) ¢ 8t 2
[ti;ti+1). Then Xt (t; Xo; u) is called sampling solution with zero{order hold

Remark 1.22

Note that other implementations are possible and have alseb discussed in the receding
horizon control literature, see e.g. [59]. Throughout thighesis, however, we consider our
continuous{time examples to be treated in a sampling withragorder hold fashion, see
also Section 2.4.

Now we can derive a discrete{time system (1.1) from a contious{time system (1.3).

De nition 1.23  (Sampled{data System)
Consider the sampling solution with zero{order holc+ as given by De nition 1.21. Then
we call the discrete{time system

Xu(i; X o) := X1 (tj; Xo; U) (1.9)

with u(i) := uj and f (X, (i; Xo); u(i)) == Xu@)( i;Xu(i; Xo)) sampled{data systenor digital
control systemand x,(i; X o) is called sampled{data solutionfor all i 2 No.

Note that by now we have de ned six kinds of systems, i.e.

discrete{time | continuous{time
Control system De nition 1.10 | De nition 1.12
Dynamical system De nition 1.11 | De nition 1.13
Sampled{data system| De nition 1.23 | De nition 1.21

Table 1.1: Schematic presentation of the systems under catexation

By de nition, every dynamical system can be considered as rspled{data system and
also every sampled{data system can be seen as a continuousf control system. Hence,
if a dynamical system shows certain properties, then thereists a sampled{data system
and a continuous{time control system withu 0 having identical properties.

Here, we are looking for the converse, i.e. we seek contrav$éanducing certain properties.
In control theory, so calledopen{loop and closed{loop control lawsare considered.
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De nition 1.24  (Open{loop Control Law)
Consider the setting of De nition 1.10, 1.12, 1.21 or 1.23. Aunction u : T! U based
on some initial conditionx, is called anopen{loop or feedforward control law.

De nition 1.25 (Closed{loop or Feedback Control Law)
Consider the setting of De nition 1.10, 1.12, 1.21 or 1.23. Aunction F : X ! U is called
a closed{loopor feedbackcontrol law and is applied by settingu( ) := F(x()).

De nitions 1.24 and 1.25 also show the two main lines of workiicontrol theory which
sometimes have seemed to proceed in di erent directions buthich are in fact comple-
mentary.

The open{loop control is based on the assumption that a goodadel of the object to be
controlled is available and we wish to modify/optimize its lehaviour. The corresponding
techniques have emerged from the classical calculus of @#ions and from other areas of
optimization theory. This approach typically leads to a cotrol law u( ) which has been
computedo ine before the start of the system like a preprogrammed ight pla.

a Flow of Information a

Reference

Control Plant —>

Figure 1.3: Schematic representation of an open{loop
control system

In particular, one computes the functionu( ) based on the initial conditionsx, and the
vector eld f (; ) and applies it blindly without taking available measuremats into ac-
count. The result is the so calledbpen{loop solution Considering the discrete{time case
exemplarily, the resulting trajectory

x(n+1)= f (x(n);u(n)) (1.10)

emanating from the initial value x(0) = xo with open{loop control u( ) is called open{loop
solution, see also Figure 1.3 showing the block diagramm for the opégp setting.

In reality, unknown perturbations and uncertainties may ocur which are not accounted
for in the mathematical model used in the open{loop approacHf this is the case, then ap-
plying an open{loop control lawu( ) over a long time horizon may lead to large deviations
of the state trajectory.

The second line of work is the attempt to integrate these aspes about the model or
about the operating environment of the system into the contl law. The central tool is
the use offeedbackcorrecting deviations from the desired behavior, i.e. we plement a
control u( ) depending on the actual state of the system, i.e.

x(n+1)= f (x(n);u(x(n))) : (1.12)

Using the closed{loop control( ), we call the trajectory (1.11) emanating from the initial
value x(0) = xq closed{loop solution The closed{loop situation is visualized as shown in
Figure 1.4. Note that implementing the feedback controllerequires the states of the
system to be continuously monitored and the control law to bevaluatedonline.
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a Flow of Information a

Reference

M_—>{ Control >  Plant

Y

Figure 1.4: Schematic representation of an closed{loop d¢wool system

Today, it is widely recognized that these two broad lines déavith di erent aspects of the
same problem. In particular, the open{loop methods may be ad to a priori compute a
\guiding path" to the desired target whereas closed{loop ntbods are applied online to
prevent deviations from a path.

Considering a closed{loop control law, mathematically theunderlying control system
turns into a dynamical systems since the feedback law( ) is a function of the state
X. Hence, we start by de ning properties of dynamical system§lL.2), (1.4) and giving
necessary and su cient criteria for these properties. Nextwe extend these properties
and criteria to control systems (1.1), (1.3). In the last stp, we consider sampled{data
systems according to De nitions 1.21 and 1.23. At the samentie, we relax the considered
properties by allowing for a small deviation. This is neceasy since due to the technical
lower bound on the sampling rate we cannot expect a piecewisenstant control to exist
such that the system under control exhibits the standard staility property. Since small
deviations need to be acceptable in reality as well, this extsion is also reasonable.

In the following, we focus on certain properties of solutiaof such systems, that istability
and controllability.

1.3 Stability and Controllability

When treating control problems it is our central task to steea system into a certain state
and keep it there. Hence, we are interested in the long term Hviour of solutions.

As mentioned before we start by introducing the so callestability property. There exist
a lot of references on this property, most of them in the clasal dynamical systems
literature, see e.g. [30,107] for a bibliographical surveyJsually, one treats equilibrium
points and characterizes their stability properties in thesense of Lyapunov.

Roughly speaking an equilibrium point is considered to bstableif all solutions starting
at nearby points stay close to this point, otherwise it is cé&d unstable. Moreover, it is
called asymptotically stableif all solutions starting at nearby points not only stay neaby
but also tend to the equilibrium point as time tends to in nity.

These notions are de ned properly in Section 1.3.1. Additimally, the concept of compar-
ison functions is introduced and it is shown how stability ca be expressed using these
functions. Moreover, Lyapunov's method is presented to tewhether stability or asymp-
totic stability can be guaranteed for a given system.

In Section 1.3.2, we extend the stability property by the camollability property which
essentially says that there exists at least one control forhich stability of an equilibrium
can be guaranteed. Again, this is shown in the context of corapson and Lyapunov
functions.

Finally, we modify the stability and controllability property by some"-ball in Section 1.3.3.
This is necessary for our analysis of the receding horizomtwller in Chapter 3 since the
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stability property may hold or be established for an equilidum of the continuous{time
control system but may be lost by digitalization.

1.3.1 Stability of Dynamical Systems

Within this section, we rst de ne and characterize stability properties of a given system.

Motivated by our aim to examine digital control systems, th&is sampled{data systems

of the form (1.9), where we are interested in control sequess which can be applied as
piecewise constant function in the sampled{data setup, we@ugsider the discrete{time case
(1.2) only. For stability results concerning the continuosg{time problem (1.3) we refer,

among others, to [127,154,214].

We start o by de ning stability of an equilibrium for discre te{time dynamical systems

(1.2) which naturally arise if we consider closed{loop sysmns.

De nition 1.26  (Equilibrium)
A point x? 2 R" is called anequilibrium of a dynamical system (1.2) if&(i;x?)  x? holds
for all i 2 No.

For reasons of simplicity we assume’ = 0 in the following. This is no loss of generality
since forx” 8 0 one can use the transformed systerh(x) := f (x + x*) which is a shift of
the solution but does not a ect its long term behaviour.

De nition 1.27  (Stability)
The equilibrium point x? = 0 of a dynamical system (1.2) is called

" stableif, for each” > 0, there exists a real number = (") > 0 such that
kxok =) k x(i;xg)k " 8i 2 Np
" asymptotically stableif it is stable and there exists a positive real constant such
that
_Iilm X(i;Xg) =0
il
for all initial values xq satisfying kxok r. If additionally r can be chosen arbitrary
large, thenx? is calledglobally asymptotically stable
" unstableif it is not stable.

E.D. Sontag (re)introduced a di erent but intuitive approach to characterize stability
properties in [208] which is by now a standard formalism in otrol theory, see also
[106,107] for earlier references. To this end we de ne soledlcomparison functions

De nition 1.28 (Comparison Functions) ~ A continuous non-decreasing function :
Ry ! Ry satisfying (0) =0 is called classG function.

" Afunction :R ¢! R oisofclassK if it is continuous, zero at zero and strictly
increasing.

~ A function is of classK; ifitis of classK and also unbounded.

~ A function is of classL if it is strictly positive and it is strictly decreasing to zeo
as its argument tends to in nity.
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Figure 1.5: Comparison functions of clas§, K and L

" Afunction R ¢ R g! R gisofclasskL if for every xed t 0 the function
(;t) is of classK and for each xeds > 0O the function (s; ) is of classL.

Using comparison functions we can characterize our prevegtability concepts in a dif-
ferent way. In particular, these functions allows us a geortrecal inclusion of the solution
emanating from a given initial value (1.5) by terms of an uppebound for the worst case.
For a proof of the following theorem stating this property waefer to [129].

Theorem 1.29 (Stability)
Considerx(i; X o) to be the solution of(1.2) and to exist for alli 2 Np.

(i) An equilibrium x? =0 is stable if and only if there exists a neighborhoddl(x?) and
a function 2 K; such that

kx(i; X o)k (kxok)
holds for allxy 2 N (x?) and alli 2 No.

(i) An equilibrium x? =0 is asymptotically stable if and only if there exists a neighb
hoodN (x?) and a function 2 KL such that

kx(i; X o)k (kxok; 1)

holds for allxy 2 N (x?) and alli 2 No. Moreoverx” is called globally asymptotically
stable if and only ifN (x?) = R".
If a dynamical system possesses more than one equilibriurheh we are also interested

in sets of initial values such that the solution emanating ffm any point in this set tends
to a unique equilibrium.

De nition 1.30 (Basin of Attraction)
We de ne the set

D(x?) = fxo2 R"jx(i:xo) ! x*asillg
to be the basin of attraction of an equilibrium of a dynamical system.

Remark 1.31

The concept of the basin of attraction is of particular integst for the inverted pendulum.
Due to its 2 {periodicity there exist in nitely many equilibria and, as we will see in
Section 8.3.2 considering the resulting closed{loop salu (1.11) of the receding horizon
controller, the equilibrium to be stabilized depends masasly on the initial value and other
parameter of the controller.
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In order to analyze the stability of an equilibrium of a dynanrcal system (1.2) A.M.

Lyapunov published the idea to examine an auxilliary functin in 1892. In particular, this

function allows us to analyze the development of a dynamicalystem along the vector
eld de ning the di erential equation instead of solving the di erential equation itself,

see [149].

According to the discrete{time case under consideration,axde ne the so called_yapunov
function for dynamical systems of type (1.2):

De nition 1.32  (Lyapunov Function)

Let x* = 0 be an equilibrium point for (1.2) and N R" be a neighborhood of’.
Let V : N I R be continuous. If there exist functions ;; >, 2 K; and a function
W : N I R which is locally Lipschitz satisfyingW (x) > 0 for all x > 0, W(x) = 0 for
x 0 and

(kxk) V() a(kxk) (1.12)
V(X)) V() W(V(X) (1.13)

forall x 2 N . Then V() is called alocal Lyapunov function Moreover, ifN = R", then
V() is called global Lyapunov function

Using a physical interpretation, one can think of this auxllary function as a positive mea-
sure of the energy in the system with a minimum at the equilidum point x”. Mathemat-
ically this function replaces the Euclidean distance used iDe nition 1.27 and Theorem
1.29 by a nonlinear distance. Hence, one can demonstratelslity of the equilibrium if
this distance is strictly decreasing along the trajectorgeof the system.

Theorem 1.33 (Asymptotic Stability)
An equilibrium x? = 0 is asymptotically stable if and only if there exists a functi V()
satisfying the conditions of De nition 1.32.

For a proof of this theorem we refer to Chapter 2 of [20] or Chégr 1 in [214] in the
discretef{time case, for the continuous{time case a proof given in Chapter 4 of [129]
respectively.

In the literature, one often assumed/( ) to be di erentiable, see e.g. [43, 105,129, 155].
Di erentiability, however, is too strigent if we consider the dynamical system to be the
outcome of a control system with discontinuous feedback. bhis case, we cannot expect
the Lyapunov function to be smooth, cf. [41, 207].

1.3.2 Stability of Control Systems

Until now we have only considered dynamical systems. Now wetend the stability con-
cepts stated in De nition 1.27 and Theorems 1.29, 1.33 to digete{time control systems
(1.1) assuming the control function to exist for any initialvalue. Moreover, we assume
the solution of a control system (1.1) to exist for all time. Mte that the control is not
expected to be unigue, and hence the solutiox, (t; xo) may not be uniquely de ned as
well. Thus, we have to consider the case of more than one sabut emanating from an
initial value X,.

Again, we are interested in the long time behaviour of (1.1),e. equilibrium points and
stability properties, cf. De nitions 1.26 and 1.27. Since @& additional parameter can be
set arbitrarily, we distinguish between independent and muced properties. Similar to
the previous Section 1.3.1, we present all de nitions and salts in the discrete{time form
of system (1.1). Therefore, we consider the set of contrdls= UV,
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De nition 1.34  (Stability Concepts for Equilibrium Points)
Consider a control system (1.1).

(i) A point x? 2 R" is calledstrong or robust equilibriumif x,(i;x?) = x? holds for all
u2U andalli 2 No.

(i) A point x? 2 R" is calledweakor controlled equilibriumif there exists a control law
u 2 U such that x,(i;x?) = x? holds for alli 2 Np.

This de nition naturally induces two concepts of stability and asymptotical stability,
robustness and controllability. Both concepts depend on hinterpretation of u within the
di erence equation (1.1), i.e. to be an in uencable externlacontrol or some disturbance
within the system.

De nition 1.35
The equilibrium point x? = 0 of a control system (1.1) is

A

strongly or robustly stableif, for each” > 0, there exists a real number = (") > 0
such that for all u 2 U we have

kxok =) k xu(i:xo)k " 82 Ng (1.14)

strongly or robustly asymptotically stablef it is stable and there exists a positive
real constantr such that for allu 2 U

iI'ilm Xu(i;Xg) =0 (1.15)

holds for all Xy satisfying kxok  r. If additionally r can be chosen arbitrary large,
then x” is calledglobally stronglyor robustly asymptotically stable

weakly stableor controllableif, for each” > 0, there exists areal number = (") > 0
such that for eachxg there exists a controlu 2 U guaranteeing

kxok =) k Xy(i;xo)k " 8i 2 Np: (1.16)

weakly asymptotically stabler asymptotically controllableif there exists a control
u 2 U depending onxg such that (1.16) holds and there exists a positive constant

r such that
_Ililm Xu(i;X0) =0 8kxok 1 (1.17)
If additionally r can be chosen arbitrary large, thex” is calledglobally asymptoti-
cally stable
Remark 1.36

In the case of strong asymptotic stability, the implementetbntrol does not a ect the
stability of the system. Still, one in general obtains bette@esults imposing a control
method such as, e.g., receding horzizon control. From thengputational point of view,
strong asymptotic stability is interesting if one has to cader signi cant measurement
or discretization errors. In the context of our receding horon control scheme, such a
property allows for using rather large tolerances in the dptization as well as in the
solution of the dierential equation system which may sigrgantly reduce the required
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computing time, see also Section 8.3.

The concept of weak stability or weak asymptotical stabyliton the other hand, is more
general. It naturally leads to the question how to compute antrol law such thatx? is
weakly stable, and, in particular, how to characterize theuality of a control law which is
our main goal in Chapters 2 and 3.

Within our implementation of the receding horizon controldr we consider a compromise
which is problem dependent, i.e. we allow for errors duringe computation but limit the
range of these errors to obtain stability of the closed{loppee Section 8.3 for details.

Here, we considem in the control context and focus on the question how to nd con
trols such that stability can be guaranteed. In order to deMep su cient conditions for
stability we rst forward the equivalent concepts from the gevious section, that is the
characterization via comparison functions and the use of Bpunov functions.

Theorem 1.37 (Stability Concepts)
Consider a control system(1.1).

(i) An equilibrium x? = 0 is strongly asymptotically stable or robustly asymptotidg
stable if there exists an open neighborhobd of x? and a function 2 KL such that

kxy (i; X o) K (kxok; 1)
holds for allxo 2 N, u2 U and alli 2 No.

(i) An equilibrium x? =0 is weakly asymptotically stable or asymptotically conttable
if there exists an open neighborhodd of x” and a function 2 KL such that for
everyXo 2 N there exists a control lawu 2 U such that

kxy (i; X o) K (kxok; 1)
holds for alli 2 No.

In the continuous{time case a proof can be found, e.g., in Cpter 4 of [129]. Since the
proof is similar in the discrete{time setting we omit it here Moreover, this characteriza-
tion can be extended if one takes disturbances into accounthis leads to the ISS and
ISDS concept, see, e.g., [208] and [89, 118] respectively.

Similar to the extension of the concept of stability towardscontrollability in De nition
1.35, Lyapunov functions can be de ned for control systemslhe main di erence lies in
considering a minimizing control in the neighborhood of theonsidered state.

De nition 1.38 (Control{Lyapunov{Function)

Consider an equilibriumx? = 0, a control system (1.1) withf (0;0)=0and N R" to
be a neighborhood ofk’. Then a continuous functionV : N ! R is called acontrol{
Lyapunov function if there exist functions ; 1; , 2 K; such that for all x 2 N there
exists a control functionu 2 U such that the inequalities

(k) V) o(kxk) (1.18)
iQLV(Xu(lixo)) V (Xo) (Xo) (1.19)

hold for all x 2 N nf x?g.
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Using De nition 1.38 the characterization of the stability concepts is similar to dynamical
systems, see Proposition 1.33. For a proof of the followingability theorem we refer to
Chapter 7 in [127] in the discrete{time case, for the contimus{time case see Chapter 5
of [210].

Theorem 1.39 (Asymptotic Stability)
Consider a control system(1.10) wheref (0;0) =0, N R" to be a neighborhood of’
and a continuous functionvV : N ! R.

(i) An equilibrium x? = 0 is strongly asymptotically stable or robustly asymptotidg
stable if (1.18) and

supV (xu(1;X0))  V(Xo) (Xo)

u2U

hold for all xo 2 N .

(i) An equilibrium x? =0 is weakly asymptotically stable or asymptotically conttable
if for all xo 2 N there exists a controlu 2 U such that (1.18), (1.19) hold.

The converse of this theorem as shown in [118] is more deleaind related to the existence
of stabilizing feedbacks, see [11,41,209]. In the contiusftime case, (1.19) is sometimes
replaced byDV (x)f (x;u) < O for someu 2 U where DV () denotes the derivative of
V(), see, e.qg., [42,127,132,207,210]. Here, however, we domamt to assume thatV ()
is di erentiable. Apart from this di erence, on can also treat disturbances in the context
of control{Lyapunov functions, see, e.g., Chapter 3 in [72Jr Chapter 3 in [89].

In any case, all converse Lyapunov results are computatidihadi cult. A systematic way

to build a control{Lyapunov function is called backsteppingand pursued, among others,
in Chapter 3 of [132] and Chapter 5 of [72]. Yet, there existsongenerally applicable
method which can be used as a guideline in the search for a qoifiLyapunov function
or even a Lyapunov{function. For many systems, physical imght plus a good amount
of trial and error is typically the only way to handle this mater. Still, there are many
heuristics that help in this context, see, for instance, [B).

Remark 1.40

The stability property is referred to as Feedback{stabiktion when the reference signal
is constant. Here, we suppose the equilibriux¥ = 0 to be this reference signal. How-
ever, one can also consider time{varying signalse;( ) 2 R" evolving with respect to a law
g:R! R"whichis then called tracking. As a result, the correspondjrLyapunov function
is time{varying as well. For further details on tracking weefer to [72,132,135,136, 233]
and references therein.

In the following, we only consider the case of constant reéeice functions. Results, how-
ever, are expected to be generalizable to the time{varyirase.

1.3.3 Stability of Digital Control Systems

Now, we focus on digital control, i.e. sampling with zero{ater hold as stated in De nition
1.21. We already mentioned that this setup naturally occure one wishes to implement
a control law using a digital computer, see the end of Sectidn2.

Nowadays, the use of a digital computers has become standandcontrol applications.
Reasons for that are the exibility in programming, in particular compared to analogous
circuits, but also the availability of preimplemented contollers and cost reasons. Yet, we
are forced to consider the following setup:
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Figure 1.6: Schematic representation of an open{loop digitcontrol system
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Figure 1.7: Schematic representation of an closed{loop d&j control system

As shown in Figures 1.6 and 1.7, the contral is updated by some law only at the sampling
instants t,, n 2 No. The output of this law, the vector u(t,), is then fed into the system
as a control and held constant on the intervaltf; t .1 ). In the following chapters, our aim
is to develop such a law inducing certain properties of the selting closed{loop system.
Here, we focus on de ning properties which suit our controlask of stabilizing a given
point x”.

Note that according to De nitions 1.21 and 1.23 the controlu can be described as a
piecewise constant function or as a sequence of control \edu

Remark 1.41

(i) As usual, we assume the premises of Caratheodory's Theor 1.18 to be ful lled which
hence guarantees a unique solution, to exist on each sampling intervalt,;tn+1).

(ii) If u is in feedback form, we assume that the computation vfcan be done quickly
relative to the length of the sampling intervals. Otherwiséhe model must be modi ed to
account for the extra delay.

The easiest way to construct a digital controller is to rst design a continuous{time con-
troller for the continuous{time plant ignoring sampling, and then discretize the obtained
controller for digital implementation [8,40, 70, 134].

The brute force approach to do this is calledEmulation where one implements the con-
troller

ur(t) = u(ty); 8t2[th;ths1); th=n T; N2 Np (1.20)

in (1.3) and then samples as fast as possible, i.e. takiigto be as small as possible.
Resulting controls may look as shown in Figures 1.8(a){(c).

Remark 1.42

Designs such as the mentioned Emulation, the Tustin or math pole-zero discretizations

[134] are fairly simple which is the reason why this concepadalso been extended to other
areas of interest, e.g. networked control systems, see [15&9].

Yet, emulated controllers are required to have appropriat®bustness with respect to the
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(b) Control using sampling with T =1

(c) Control using sampling with T =1=2

Figure 1.8: Continuous{time control and corresponding enfation

sample and zero order hold implementation in order to preser stability [117]. Typically,
stability is obtained by su ciently reducing the sampling eriod. However, due to hardware
limitations on the minimum achievableT this approach is often not feasible even in the
linear case [7,125]. Therefore, the sampling error needs be considered in the design of
the controller.

Remark 1.43

There also exist advanced controller discretization corus which ease the xed discretiza-
tion by an optimized one. Here, one computes \the best disttzation" of the continuous{
time controller in some sense, see e.g. [7,40].

In this work, however, we focus on equidistant time grid§ = TNg, i.e. ;= T for all

i 2 Ng in De nition 1.23.

Due to this restriction to piecewise constant functionsir on an equidistant time grid T,
we cannot assume that there exists a control revealing theadtility property stated in
De nition 1.35, see also Remark 1.42. Hence, we ease the cdered stability concept
to allow for a stabilized set instead of a stabilized point. Mreover, we consider weak
stability exclusively, see De nition 1.34.

De nition 1.44  (Semi{global practically asymptotic Stability)
Consider a digital control system (1.9) wherd (0; 0) = 0. Assume that for given pair of
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real{valued numbers (; ),0< < < 1, there exists a constant'’ > 0 and afamily
of piecewise constant functionsiy : R! U for T 2 (0;T?(; )] depending on the initial
state X such that for all " 2 (0;"?) the following conditions hold:

(1) Stability:
For all "> there exists a (") > 0 such that

kxok () ) Kk Xu(i;xo)k " 8i 2 No: (1.21)

(2) Boundedness:
For all r 2 (0; ) there exists a nite real number (r) > 0 such that

kxok 1 ) k xy(i;xo)k (r) 8i 2 No: (1.22)

(3) Convergence:
Forallr 2 (O; )and"> there exists a nite time T(r;") 2 N such that

kxok ) Kk xu(iixo)k " 8i T(r:") (1.23)

Then an equilibrium x? = 0 is called (; ) semi{globally practically asymptotically stable

Figure 1.9: Semiglobal practically asymptotic stability m the sense of De nition 1.44

Next we forward the characterization concepts from the présus sections to the semi{
global practically asymptotic case.

Proposition 1.45 (Stability Characterization using Comparison Functions)
Consider a control system(1.9) wheref (0;0) = 0 and a pair ( ;; ,) of real{valued
numbers such thaD< ;< ,< 1 holds. An equilibriumx? =0 is (; ) semi{globally
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practically asymptotically stable with = , and := , for a family of piecewise
constant functionsur : R! U for T 2 (0; T?] depending on the initial valuex, if there
exists a function 2 KL such that the inequality

kxy(i;xo)k  maxf (kxok;i); 20 (1.24)
holds for all initial valuesx, in the open ballB® (x?) and for all i 2 N.

Proof. The proof is similar to the one given in Section 3 of [142] folislurbed dynamical
systems. Suppose there exists a function2 KL such that (1.24) holds. Hence, by (1.24),
there exists a lower bound ; for " and an upper bound ; for ("). This allows us to
choose & {function 1( ) satisfying

n - 1, . ",
() M= N0
forall , " ¢ :=sup (;0)( 1 ). Consequently, we dene = ,, = ,<"
and (") :=max( »("); 1). Using these de nitions we now show that the conditions of
De nition 1.44 hold.

Stability condition (1) is satis ed since (kxgk; ) 2 L for xed initial values ( xo;0) and
hence for alli 2 Ny we have

_Ililm (kxok;i) =0:
Moreover, the continuity of and the boundedness af 2 (0; )=(0; ;) implies
maxf (krk;i); 20 8i 2 No:

to be bounded. Hence, we can conclude that a solution of (1.8)also bounded giving
condition (2).
Condition (3) follows from conditions (1) and (2). To show tlis suppose that there exists

no nite time instant T(r;") forr 2 (0; )=(0; 1), "> := 5. Sincer is bounded
and therefore maX (krk;i); »gis bounded as well, it follows that

tI'ilm (krk;i) >"> 5= 0 8i 2 Ng;
holds which contradicts theKL {property of . O

Similarly, the semi{globally practically asymptotic stahlity can be described using Lyapu-
nov{functions. In the considered context, however, De niibn 1.38 for control{Lyapunov{

functions is not appropriate. While in (1.19) strict monotaicity along a solution is
assumed, the convergence condition (3) in De nition 1.44 mgebe violated in the target

area. This leads to the following relaxation of De nition 138:

De nition 1.46 (Semi{global practical Lyapunov{function)

Consider a digital control system (1.8) wheré (0; 0) = 0. A family of continuous functions
Vr:R"! R} for T 2 (0;T?]is calledsemi{global practical family of sampling Lyapunov{
functions if there exist functions ; 1; > 2 K; such that

(kxk)  Vr(x)  a(kxK) (1.25)

holds for all T 2 (0; T?] and all x 2 R" nf0g. Moreover, for a given pair of real{valueed
constants (1; 2), 1> »> 0, there exists a constanily( 1; ») > 0 such that

liJgLVT(XT(T;XO;U)) V1 (Xo) T (Xo)+ 2 (1.26)

holds for all T 2 (0; To] and all xg 2 B°1(0).
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Within this de nition the left hand side of (1.26) is depending on the sampling parameter
T. For this reason, we consider representation (1.8) instead (1.9) of the digital control
system.

Proposition 1.47 (Stability Characterization using Lyapunov functions)

Consider a control system(1.8) wheref (0;0) = 0. An equilibrium x? = 0 is semi{globally
practically asymptotically stable for a family of piecewesconstant functionsur : R! U
for T 2 (0;T?] depending on the initial valuex, if there exists a family of semi{global
practical Lyapunov{functionsV; : R"! R{ for all T 2 (0; T?] for the point x°.

Proof. Considerx( ) to be the trajectory of (1.8) with initial value xo 2 R. Therefore by
De nition 1.46

inf Vr (x7(T;%o; 1)) Vr(Xo) T (Xo)+ 2

holds for all x(tp) 2 Bol(O) with ;; , > 0. Moreover, we have

liJanLVT(xT((i+1)T;xT(iT;x0;uT);u)) V (X1 (iT; Xo; UT)) T (X7(IT;Xo;ur)) + >

wherext (iT; Xo; ut) is given recursively by the initial valuex(to) = Xo and the minimizer
sequenceaut (i) = arginf V(X1 ((i + 1) T; x1(iT; Xo; ut); u)). Then, using (1.25), we obtain
u2uU
Inf Vr (X7 (T Xo; u)) Vi(xo) T ' (Vr(x0) + 2
inf Ve (xr (Tixr (Tixosur)iu) - Vr(xr(Tixoiur)) T 5 (Vr(xr(Tixo un))) + 2

Vr(Xo) T 2 H(Vr (X)) + o2
T 2 M(Vr(xo) T M (Vr(X)) + 2) +

Hence, we can recursively de ne

Vo := Vr(Xo) ; Vii= T~(vi )+Vvi 1+ 2
) Vr(Xr(iT;Xo;UT)) Vi

with ~():= ( ,%())and T 2 (0;1].
Now, our aim is to prove the existence of a mapping: R R R! R such that

Vr (X7 (iT; Xo;ur))  9(Vr(Xo);iT; 2)
and moreover that
g(Vr(x0);iT; 2) =max  (Vr(Xo);iT); 2

holds with some function 2 KL .
To show the existence of, we identify

g(V(X0);iT; 2)= Visr = T~(vi)+vit+ 2

Since ) is a Ky function, i.e. continuous, zero at zero and strictly incresing, andy,
can be written as self{concatenation of ) which is applied to a xed value V (xg) and
modi ed by linear additive terms, g is a continuous function. Additionally, we know that,
due to the positive semide nitness oW ( ), zero is a lower bound of the sequencs;}izn, -
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From the K property of ~( ) we can also conclude that the sequencs;)i.n, iS bounded
from above, i.e.

Iimvyy M<1;

il
and obtain the sequence to be well{de ned and to exist for all2 No.
Due to the K{property of ~() there exists aT > 0 such thaty; T~(v;) 2 K for all
0<T < T andalli2 Ng. Now we de ne
KV (X1 (iT;Xo;ur))k ~1 2

(Ve (xo);iT) = 2 T

0; else

Hence, by the previous argumentation, we obtain( ;t) 2 K.

Moreover, if KVr (X7 (iT;Xo;ur))k> ~ * 2 | we get

(Ve (Xo); (i +1)T) (Ve (x0);iT) Vieie Vi=Vvi T~(V)+ - v

= 2 T~(w)<O0

using (1.26). This shows that (r; ) is strictly monotonely decreasing. This property is
not lost if we choose

— supv; + o kVr (Xt (iT;xo;ur))k  ~1 2
(Vi (x0): IT) := - j+1 2 TAXT 0, Ur T
0; else

Additionally, using the de nition, we have (0;iT) 0. Adding a KL {function =, i.e.
“:= 7+ = the previously stated properties are preserved and we génl; “(;t) =0
and "2 KL .

In the context of Proposition 1.45, we set ; ;= ;and ,:= 1 £ . For this choice
we get

Xo 2 R" igLVT(xT(T;xo;u)) Vi(xg) O B ,(0)
u

and forward invariance of the seB ,(0). The correspondingKL {function for the state
1

isgiven by = ™ and hence Proposition 1.45 shows the assertion. O
Having proved these conditions for semiglobally practidgl asymptotic stability we now
embed our examples into this setting. To this end, we presemésults from [170, 171]
showing that the stability property of De nition 1.44 (and Propositions 1.45, 1.47) can
be extended fromT = NgT, T > 0 xed, to the full time axis T = R, see Theorems
1.50 and 1.51 below. As a result, we obtain that the system doaot exhibit unbounded
oscillations in between two sampling points;;tj., 2 T.

Considering an example one may face the problem of using apgmations of the digital
control system (1.9) instead of the exact system. To coverithissue, we have to show that
properties which are derived for such an approximation alseold for the exact system.
Such errors can be caused by the discretization of the systemodelling uncertainties,
delays, inaccurate implementation of the control or many dter factors. Since we con-
sider examples given as continuous{time control systems ésolve these problems using
numerical solution methods for integration and optimizan, we inevitably induce such
an approximation error.
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Here, we denote the approximation of the digital control sysm by
X@ (i +1;%0) = @ (xy(i; x0); u(i)) (1.27)

according to De nition 1.23 and show that if the approximate system exhibits the de-
sired semiglobally practically asymptotic stability progerty and satis es certain consis-
tency conditions, then the exact digital control system is lao semiglobally practically
asymptotically stable. This has been shown in [170] using éhfollowing consistency de -
nitions.

De nition 1.48 (One{step Consistency)

The family (ur;f®) is said to be one{step consistent with ;f) if, for each compact
setA R", there exists a clas¥; {function and a real{valued constantT? > 0 such
that

kf (xu(i;x0);u(i)) @ (xu(isx0);u(iDk T (T) (1.28)
holds for allx 2 A and all T 2 (0; T?).

De nition 1.49 (Multi{step Consistency)

The family (ur;f®) is said to be multi{step consistent with (ur;f) if, for each real{
valued constants ;L; > 0 and each compact seA R", there exists a function
Ry Ry ! R{[flg and areal{valued constantT? > 0 such that

kf (xu(i;xo0);u() @ (xu(izo);u(iNk — (T) (1.29)
holds for all Xo; zg 2 A satisfyingkxy,  zpk and
“0;T)
holds for allk X and all T 2 (0;T7).
Then, according to [170], the following holds:

Theorem 1.50 (Stability of the Exact Digital Control System)

Consider 2 KL and( ;; ») to be the bound and constants stated in Proposition 1.45
for an approximation (1.27) of a digital control system(1.9) and a family of piecewise
constant functionsur : R! U for T 2 (0;T?] depending on the initial valuex, and

N R" to be a neighborhood of the origin.

(1) Then the exact digital control systen(1.9) is semiglobally practically asymptotically
stable for the family(ur;f @) if the following holds:

(a) The family (ur;f ®) is multi{step consistent with (ur;f).

(b) There exists a real{valued constanf > 0 such that the approximated digital
control system (1.27) is semiglobally practically asymptotically stable for the
family (ur;f®).

(2) Suppose the following conditions hold:

(a) The family (ur;f ®) is multi{step consistent with (ur;f).
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(b) There exists a semiglobal practical family of Lyapunowrictions V; according
to De nition 1.46 for the family (ur;f ®) and for all compact set¥A R"nf0g
there exist real{valued constant$; T > 0 such that the Lipschitz condition

r(x)  Vr(y)i Mkx  yk

holds for allx;y 2 A and all T 2 (0; T).

Then the exact digital control systen{1.9) is semiglobally practically asymptotically
stable for the family(ur;f ®).

In order to show semiglobal practically asymptotic stabity of the sampling solution with
zero order hold, see De nition 1.21, we can utilize resultsf §171] showing equivalence
of the mentioned stability property of the exact sampled{dta system and the sampling
solution with zero order hold. Although this is not shown forthe semiglobal practical
case, the stated proof in [171] can be extended to cover thssue.

Theorem 1.51 (Stability of the Sampling Solution with Zero Order Hold)

Consider a sampling system with zero order hold according e nition 1.21 and the
corresponding exact sampled{data systerf1.9). The sampling system with zero order
hold is(; ) semiglobally practically asymptotically stable for atl 0 if and only if the
following holds:

(1) The exact sampled{data system is semiglobally practigaasymptotically stable.

(2) The sampling solution is bounded overF, that is, there exists a function 2 K,
such that

kxt(t; Xo; Wk (kxt (ti; Xo; U)K) (1.30)
holds for allt 2 [t;;t; + T) and all xo 2 B°(0).

Now we have shown how our numerical examples are embeddedhwmtthe theoretical
background of digital control systems in Theorem 1.50. Toteer with Theorem 1.51 we
have seen that, given stated conditions, if the stability psperty can be generated for the
approximated digital control system, then the exact systenl.9) and the sampling system
in continuous{time (1.8) inherit this property. Our aim in t he following chapters is to
derive a method to compute a control law which introduces thdesired stability property.
Moreover, we develop and discuss conditions for this methagliaranteeing semiglobal
practically asymptotic stability.
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Model Predictive Control

In this chapter we focus on design methods of control laws fgiven nonlinear control sys-
tems. Again, we distinguish between open{loop and closedfip controls, see De nitions
1.24 and 1.25 and the explanations thereafter. The design thed we aim to describe lies
somewhere in the middle of these two concepts, i.e. it is bdsen an open{loop control
computation but implements it in a closed{loop fashion. Oumpproach to introduce this
technique is close to the conceptual ideas which led to its\ddopment.

We start with a historical review on control in Section 2.1. Thereafter, we introduce
the concept ofoptimal control for continuous{time control problems and the de nitions
of constraints and cost functionals in Section 2.2. In particular, we discuss how the
stability property of the underlying system is replaced by tie implicit construction of the
cost functional. In the following Section 2.3 we use thesertes in the context of digital
control. For the considered setup we derive an initial chacéerization of a control which
exhibits desired properties, that is to minimize a user de ed cost and to satisfy given
restrictions. Since the calculation of the mentioned condt is computationally expensive or
even unsolvable, we focus on the so callesteding horizon controlapproach in Section 2.4.
The resulting control problem, its properties and an implemntation of a solution method
are the main issue of this thesis. We conclude this chapter tivia short classi cation
of other important control design techniques in Section 2.&nd discuss advantages and
disadvantages of the receding horizon control method.

2.1 Historical Background

First of all, we have to mention that the stability concept canot only be found in control
theory and its applications, but it also occurs in nature. Togive an example, we refer
to predator{prey{relationships between two or more specg[71,221] which occasionally
exhibit convergent development towards an equilibrium siacthat birth and death rate
are equal. In this thesis, we focus on controller design capds for arti cial applications
which aim at establishing such a property.

The evolution of control theory can be divided into four majo periods:

The rst period dates back to 6000 BC when irrigation was usefbr the probably rst time
in Mesopotamia and Egypt. At that time, barley was grown in aeas where the natural
rainfall was insu cient to support such a crop [1] and the cottrol mechanism was handled
by humans. In contrast to that, one can nd automatic closedfoop controls in roman
aqueducts where water levels are kept constant through thes@ of various combinations
of valves [166] where no human action is necessary during thygeration process.

25
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Back then, control was more try{and{error than actually understood. This was still
the case in modern control theory which started during the 1f@ century when Chris-
tiaan Huygens (1629{1695) and Robert Hooke (1635{1703) dgsed pendulum clocks.
Huygens' contributions arose out of his interest in develapg accurate clocks for use in
navigation. Huygens idea and main contribution was to avoidhe jumps in the motion
caused by the escapement mechanism of a clock. To this end, developed a conical
pendulum (1673). The resulting speed control design was (irably) the rst published
design of a control which was intended to eliminate the o setSince he was working prior
to the invention of the calculus, he did not exactly understad the way it worked at least
in a mathematical sense.

Hooke also invented a conical pendulum (1666{1667), but headh not published much
detail before Huygens' book on clocks appeared in 1673; hecalvorked on applications
of this pendulum to govern the speed of an astronomical teteype (1674) and on spring{
restored yballs (1677). During the 18th century, these wer used for speed control of
windmills. The idea is to synchronize the yball with the windmill. Then the centrifugal
force due to the angular velocity causes the attached balls tise. These balls are linked
to the sails such that an upward movement a ects the positios of the sails.

Yet, Huygens' and Hooke's idea of speed control did not becenpopular until James
Watt (1736{1819) adapted it to yball governors of steam enmes. Here, the speed of the
engine is to be regulated despite of a variable load. In pacttilar, a steady{state error
can appear which leads to variations of the integral feedbaddea in order to deal with
this problem.

The rst attempt to systematically analyze the governor wasmade by George Biddell Airy
(1801{1892) in his works on dynamical control theory [2, 3hiwhich he gave a \good"
governor for an astronomical telescope. The rst complete athematical analysis of a
governor and its properties was published by James Clerk Marll (1831{1879) in 1868,
see [157]. Because of this work which deals with erratic bef@ur as well as the e ects
of integral control, he is called the founder of control they. Additionally, it gave rise to
the rst wave of theoretical research in control.

For more details about this period we refer to [74,75, 161].

The second period began in the early 1900s and was characed by a strict mathematical

treatment of control processes and properties in many apgpétions. In particular, one has
to mention the work of Aurel Boreslav Stodola (1859{1942) ahMax Tolle (1846{1945)

about controlling turbines and piston force machines [21212,217]. Tolle's book can
be seen as the rst systematic textbook in control theory. Ao at the same time Adolf
Hurwitz (1859{1919) and Edward John Routh (1831{1907) deleped characterizations
of stability of linear systems, see [199].

In the upcoming 1930s Karl Kepfmaller (1897{1977), Harry Nyquist (1889{1976) and

Hendrik Wade Bode (1905-1982) (among others) analyzed dtezal circuits and raised

the theory of feedback ampli ers to guarantee stability andappropriate responses of
their devices [25,26,133,176]. Their work is up till now theasis of frequency design.
Moreover, analog computers appeared almost at the same timad were immediately

used for controlling purposes.

Around the year 1940 the third period started. At that time, Adolf Leonhard (1899{
1995) and Winfried Oppelt (1912{1999) published their workvhich made control theory
a uniform, autonomous and systematic engineering sciencet]]. Additionally, Rudolf
Oldenbourg (*1911) and Hans Sartorius (*1913) as well as Hank Wade Bode gave the
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rst complete mathematical analysis of the dynamics of autmatic controls in [27,177].
These so-called classical approaches were limited for thesh part by their restriction
to linear time{invariant systems with scalar inputs and ouputs. Only during the 1950s,
control theory began to develop powerful general technigsi¢hat allowed treating multi-
variable time{varying systems, as well as many nonlinear pblems. At the end of World
War I, Norbert Wiener (1894{1964) introduced the term \cybernetics" for control the-
ory and related areas [230]. These years were dominated bwtitical control treated
by Norbert Wiener [229, 231], digital control [219] by John @& Truxal (1923{2007) and
nonlinear control by Robert Lien Cosgri [46]. Moreover, tle techniques of control units
were widely uni ed and the concepts for pneumatic and eleainic PID controller were
developed [23].

The last period began by 1960 when \modern" control theory arted to evolve. It is
characterized by the use of electronic calculating machisi¢o solve complex problems.
The use of machines made it possible to introduce optimal dool methods such as the
maximum principle by Lew Semjonowitsch Pontryagin (1908{1988) et al. [181] ithe
Soviet Union as well as thadynamic programming principleby Richard Bellman (1920{
1984) [17] in the United States. The concept of these moderptonal control methods
required a new notation, the so calledstate space notation which was (re)introduced
by Rudolf Kalman (*1930) in [122] and particularly useful inhis work on ltering [123].
Moreover, the state space notation allows for handling multariable systems. These, in
turn, caused mathematically rather complex problems to beonisidered which resulted in
high computational and numerical costs.

Also in the 1960s, digital computers were used in digital cool systems [137,138]. These
so called process computers allowed the handling of large aserement data and were
able to take over the optimal guidance of the whole processo@h, they were standard in
monitoring, logging and controlling processes. Howeveremtralizing attempts to integrate
all these functions in just one unit stayed unsatisfactory rad risky.

From 1960 onwards, also mathematical control theory evoldemassively entering many
di erent elds such as control of partial di erential equations, see e.g. the works of Hector
Fattorini (*1938), Jacques{Louis Lions (1928{2001) [145&nd Fredi Tmltzsch (*1951)
[57,218], which is computationally extremely demanding @anmany analytical questions
are still unanswered. Also distributed systems as well asldged systems are considered
using tools from functional analysis, see e.g. the works obhs [146] or Jack Hale (*1928)
[110] respectively.

In [31,115,119], Roger Brockett (*1939), Alberto Isidori®1942) and Hector Sussmann
(*1946), among others, treated nonlinear control systemsegmetrically using Lie groups
and identi ed control problems in both the Lagrangian and Haniltonian framework.
Moreover, passivity methods for stabilization as well as thcontrollability problem were
considered by Brockett. Starting in the 1990s, a more condesited interest in developing
the theory of mechanical control systems occured which wasnsing from two directions.
On the one hand, the interest in understanding the role of egtnal forces and constraints
arose in the theoretical research community, see e.g. [2A4). And secondly, coming from
the application side, a focus was put on stabilization and gaivity techniques for mechan-
ical systems [9,178]. For further details on the historicalevelopment of mathematical
control theory see also [32,153].

Mathematical control theory also in uenced engineering sences, for example the al-
gebraization of frequency{domain analysis [122] is by nowasdard. The frequency{
domain approach was and is still extensively used in powelfdecentralized processes
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which are controlled by microprocessors. This was possidl®em 1975 onwards due to
their cheap availability. Yet, for security reasons, thessystems were closed so no user
could implement controllers which are dierent from the insalled classical PID con-
troller [147,148,222{224]. This was overcome around 1998 and sittten many ex-
tensions have been implemented. Among these dfazzy controllers see e.g. [124,236],
which were rst introduced 1965 by Lot Zadeh (*1921) in his work [235], neuronal
networks as seen in [55,113,120, 19Tlyapunov function basedand adaptive controllers
cf. [12,72,129,132,165,220], antbdel predictive controllerssee e.g. [4,16,76,140,160,167].

In the following, we focus on the last mentioned controlleyso calledmodel predictiveor
receding horizon controllers Since this design technique is derived from optimal contrro
we start by de ning necessary terms in the context of continous{time control. Then, we
show the equivalent for our considered setting of digital atrol systems before we state
the main idea and mathematical description of the recedingadhnizon control approach.
Concluding, we compare the presented receding horizon canitidea to its main com-
petitors, the PID controller as well as the Lyapunov functio based controller and the
adaptive controller.

2.2 Continuous{time Optimal Control

From the historical development in control theory we can seé@at, prior to the last period,
the goal for designing control laws is to obtain desired prepties of the system, e.g.
stability. For these laws, the e ectiveness is a matter of th experience of the developer
and one does not know whether the chosen implementation istaally the best one.

To overcome this issue, we introduce the so calledst functional and (possibly nonlinear)
constraints. Note that the constraints are additional conditions which may depend on
any of the parameters of the system. Yet, they implicitly exat within the prior controller
designs where the controller is constructed to avoid violaig the now explicitly considered
boundaries which allows to neglect them during the procesarr.

Using the cost functional instead of the experience of a déoper, we are not longer in
the position to choose tuning parameters of the control lawAs a result, we cannot avoid
considering the mentioned bounds within the control law.

The cost functional, on the other hand, allows us to abstrafst implement the task we want
to achieve, e.g. stabilizing a given point or a trajectory ominimizing energy consumption.
In particular, we do not model the control itself as for examie in the PID approach, but
implicitly de ne it via our goal. The cost functional itself corresponds to introducing a
new, higher layer within the control system which governs #problem and simultaneously
eases the mathematical formulation of our objective.

Hence, we traded the ease of designing the control law for safering constraints. Since
these constraints already existed before the change of theoplem formulation and re-
quired a good knowledge of the systems in order to design arpappriate control law, the
incurred trade{o appears to be fair.

Here, we de ne constraints via the set of admissible states.

De nition 2.1  (Admissible set)
We refer to the nonempty setX R" as theset of admissible statesMoreover, we call a
solution to be admissibleif x,(t;xg) 2 X holds for allt 2 T.
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Note that similarly U~ R™ implies the control to be constrained. For numerical purp@s,
we always think of the setX as a set being bounded by some functions which may depend
on the actual state and/or the control.

De nition 2.2  (Vector of Constraints)
Considers 2 N with s 1.

(1) Given a set of mappings : R" R™! R, k2f1;:::;sg, we call the inequalities
G(Xu(t;xo);u(t)) 0, 82T (2.1)
mixed constraints
(2) For a set of mappingsss : R"! R, k2f1;:::;sg, the inequalities
c(Xu(t; %)) O; 8t2T (2.2)
are calledpure state constraints
(3) Givensy;s;;S2N,s:=sp,+s,andc:R" R™! RS with

Ce(Xu(t; Xo0);u(t)); k=1;:::;Sm;

G (u(txo):u(D) = c(Xu(t; X0)); K= sp+1;:::;8;

we call
c(Xy(t;xo);u(t)) O 8t2T (2.3)
the vector of constraints

Here, T can be any set, hence the admissible set and the constrainezttor are de ned
for discrete{time systems

Xu(n+1):= f(xy(n);u(n)); n2N; Xu(0) = Xg

as well as for continuous{time systems

Xy(t) = %xu(t) = f (Xu();u(t)); t2R; Xu(0) = Xo

We now focus on the continuous{time cas& = R.

The rst aspect, the cost functional, allows us to incorporte the desired property of the
system directly into the problem. Typical goals are to stallize a givensetpoint x” which
is also calledregulation, or track a provided reference trajectoryXes( ).

This functional points out solutions, i.e. control functiois u 2 U, which ful Il this task
at best in the sense of the cost functional. Hence, it can beeseas a measure of the
quality or performance of a solution. Since we utilize regating as well as tracking type
examples, we de ne the cost functional in the more generalacking form.

De nition 2.3  (Costfunctional)
ConsiderL : R U ! R; to be a continuous nonnegative function andi 2 U to
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be a given control function which uniquely de nes a solutiorx,( ; ) of (1.3), (1.5) and
Xref : R! R" to be a given function. The functionald : R" U ! R given by

A
Ji (Xo;u) = L (Xu(t;Xo)  Xrer(t); u(t)) dt (2.4)
0

is called in nite horizon cost functional. In this context, the function L( ; ) is called
running cost and X.¢( ) denotes thereference function If there exist constraints and the
solution x ( ; Xo) violates one of these at some point in time, then we sét (Xq;u) := 1 .

Remark 2.4

By setting Xi() X’ we obtain the setpoint form of the functional. In the followip
Chapters 3 and 4, the setpoint form witlx? = 0 will be the basis of our analysis, see also
Remark 1.40.

Given this functional we seek a minimizing functioru and obtain the following problem:

Find u(xe; ) := argmin J; (Xo;Uu)
u2u
y/
ST. J1 (Xo;u) = L (Xu(t;X0)  Xrer(t); u(t)) dt
0
xu(t) = f(xu(txo);u(t)); 8t2R
Xu(0;Xo) = Xo (OCP; )
Xu(t;Xg) 2 X 8t2 R
uit) 2 U 8t2 R

Since our main focus lies on digital control, we do not go intmore detail on solving such
a problem. Results concerning this topic can, among otheise found in [77,181,190,191].

2.3 Digital Optimal Control

We now turn our focus on so calledampled{data systems
Xu(N; Xp) := X1 (th; Xo; U)

according to De nition 1.23. In contrast to the continuous{ime setting of the previous
section, we are going to deal with discrete{time control sysms and hence we have to
adapt the problem description.

Since the general structure of the control is known in advaegi.e. the points of disconti-
nuity are xed, we can derive the digital optimal control prdblem directly from problem
OCP; . In particular, we are looking for a piecewise constant comtl which minimizes a
given cost functional. This control law can be fully chara@rized by a control sequence, i.e.
by an element ofuN?, instead of a control function. Considering the case of satep{data
systems, this allows for incorporating the sampling aspeatto the control design.

Since we can describe a piecewise constant control functiosing an element of the set
UNe, we can minimize the cost functional over this set. Moreovewe can make use
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of De nition 1.23 to rewrite the solution of the control sysem as an element inX"e,
This allows us to map the state trajectory and control functn on the discrete{time grid
T = (t)i2n, representing all sampling instants.

Now, we modify the considered cost functional from De nitio 2.3 and restate it using
only the discrete{time representation of the control systa.

De nition 2.5 (Costfunctional)

Given a continuous nonnegative functiod : R® U ! R{, a reference functionxs :
No ! R" and a given control sequenca 2 UNe which uniquely de nes a solutionx,( ; )
of (1.10), the functionalJ : R"™ UNe ! R given by

b
Ji (Xg;u) == I(Xu(isx0)  Xrer(i); u(i)) (2.5)

i=0

is called thein nite horizon cost functional. Moreover, the functionl( ; ) is called stage
cost

Remark 2.6
The cost functional (2.4) is a special case 0f(2.5) since we can choose

tis1

I(Xu(i;%0)  Xeer(i); u(i)) = L(xr(Exoiu)  Xeet(t); u(t))dt:

ti
whereX¢( ) represents a continuous{time version of the reference sigin

Given the cost functional (2.5), we seek a sequenae2 UNe which minimizes J; (Xo; )
given an initial value Xo. This de nes a nonlinear distance which is also called the omal
value function.

De nition 2.7  (Optimal Value Function)
We de ne the optimal value function via

Vi (Xo) = uiznlleoJl (Xo; U): (2.6)

Remark 2.8

For reasons of simplicity, we assume that the minimum with spect tou 2 Ue is attained
in (2.6). Moreover, we consider the initial time to be xed which alles us to consider
the optimal value function(2.6) to be autonomous, see also Remark 1.40.

The function (2.6) can be used to formulate the so calle@ptimality Principle which was
rst stated by Bellman in 1957, see [17]. Geometrically it s that one can split up
the distance along an optimal state trajectory. Additionaly, we have that endpieces of
optimal trajectories are again optimal.

Theorem 2.9 (Bellman's Optimality Principle)
Supposeu’ minimizes the cost functional(2.5) for a given initial value x, 2 X and a
referencex.( ) such that all constraints are satis ed. Then, for allm 2 Ny we have

xXn
Vi (%)= I(xur(iiX0)  Xer(i);u’(i)) + Vi (xur(M;Xo)): (2.7)
=0
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Using this principle we can characterize an optimal controlNote that this control depends
on the choice of the cost functional and hence we can only gaatee optimality for this
particular choice.

Theorem 2.10 (Optimal Feedback Law)
Given an initial value X, 2 X and a referencex.s( ), the mapping de ned via

u’(n) ;= (xu(N; Xo)) :=ar9221ian1 (Xv(L; Xu(n;Xx0))) + 1(Xu(N;X0)  Xrer(N); V)G (2.8)

minimizes (2.5) and is called optimal feedback or in nite horizon control ha.

Proofs of Theorems 2.9 and 2.10 can be found in Chapter 8.121(] using a discrete{time
setting which is equivalent to the sampled{data setting casidered here.

Similar to the continuous{time optimal control problem OCP, , we can summarize the
digital or sampled{data optimal control problem SDOCR .

Find u(xo; ) := argmin J; (Xo;U)
u2UNo
X
ST. J]_ (X(); U) = I(Xu(l; XO) Xref(i); U(I))
i=0
Xa(i +1;%0) = f(xu(i;Xo);u(i)) 8i 2 No (SDOCP;, )
Xu(0;%X0) = Xo
Xu(i;Xo) 2 X 8i 2 Ng
u(i) 2 U 8i 2 Ng

Note that Theorem 2.10 o ers a possible solution method forhe digital stabilization
problem. However, we do not follow this path since it is oftehard, if not impossible, to
compute the value functionV; () which is necessary to compute the feedback. To avoid
the burden of solving this problem, we circumvent the compation of a closed solution
and consider the so called receding horizon control apprdaimstead.

2.4 Receding Horizon Control

The concept of receding horizon control (RHC), also called adel predictive control
(MPC) or moving horizon control (MHC), is not a very new one. h 1963 Anatoli Propo
described such a controller for the linear case [189] and 86 Ernest Lee and Lawrence
Markus stated the RHC procedure as it widely used today, se&39].

The fundamental idea of RHC is to solve the optimal control psblem SDOCR for the
current system state only on a nite horizon ofN sampling instants. Such a control can be
computed using e.g. methods from nonlinear optimizationes Chapter 5, but the solution
is unfeasible for the in nite horizon control problem sincet is not an in nite sequence.
For this reason it needs to be prolongated, e.g. by usingdefault valueu(n) 2 U for all
sampling instances > N . Within our implementation of the receding horizon contrder
we use the default value

u(n):=0 8n > N: (2.9)



2.4 Receding Horizon Control 33

The resulting in nite control sequence, however, does notimmize the in nite cost func-
tional (2.5) and, in particular if the system under control s unstable, it may not even be
stabilizing.

To solve this problem, only the rst part of the resulting input signal is applied open{
loop to the system until the next recalculation instant. Forthis point in time the optimal
control problem is solved for the new state of the system. Hes, an often intractable
problem is replaced by a series of tractable ones.

In [139], this method is described as follows:

One technique for obtaining a feedback controller synthesfrom knowledge
of open-loop controllers is to measure the current controlrpcess state and
then compute very rapidly for the open-loop control functia. The rst portion
of this function is then used during a short time interval, aer which a new
measurement of the process state is made and a new open-loapl| function
is computed for this new measurement. The procedure is theapeated.

Within the literature, one usually distinguishes betweenihear and nonlinear receding
horizon control. Linear RHC refers to control schemes basexh linear dynamics of the
system, a linear or quadratic cost functional and linear catraints of the state and control
variables. In contrast to that nonlinear model dynamics, nolinear contraints on process
variables and a non{quadratic cost functional are charactsstics of nonlinear RHC. Linear
receding horizon control is by now widely used in industriapplications, see [15,16,54,73,
76,167]. Moreover, much is known about theoretical and imgrhentation issues as shown
in the survey articles [140, 160, 167] and references therei

For nonlinear receding horizon control, the situation is fudamentally di erent. Similar
to linear RHC its development was driven by industry, not by aademia. Reasons for
the great need in industry are in particular tighter envirormental regulations, quality
speci cations and higher productivity demands which are imgeneral nonlinear. Since op-
erating points close to those constraints o er the highestuiput in terms of the chosen
cost functional, linear models cannot be used instead. 3$tithere exists a large amount
of software and applications of this method, see e.g. [15, 5], although its theoreti-
cal background is not completely understood. Especially ¢hcompensation of naturally
occuring delays and the design of robust nonlinear RHC areegt open questions. On
the other hand, there exists quite a range of results for cainh setups, for more de-
tails we refer to [5, 6,59, 60,62, 68, 69] for the continuousfie case, [49, 91,160, 193] for
the discrete{time case. Stability and robustness issues bbth cases are also discussed
in [4,39,50,61,87,95,102,126].

This thesis extends results for nonlinear receding horizatontrol by introducing a per-
formance index for the quality of the closed{loop solution.For this performance index,
several online evaluatable methods are derived and their ectiveness has been shown
using numerical experiments. In a second step, the standardceding horizon control
concept itself is extended via adaptation algorithms whiclaim at guaranteeing a certain
performance index. These procedures have also been impleteé and numerical sim-
ulations have shown that a signi cant decrease in the requed computing time can be
expected by using these methods.

Now, we introduce the concept of receding horizon control meformally and thereafter
we schematically compare the general implementation of $ua controller and other con-
ventional ones. The intention of this section is to provide raintuitively understandable
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basis for the stability and suboptimality analysis in Chapér 3 and its extension towards
adaptive receding horizon control in Chapter 4. For overviegs on RHC results we refer
to [5,39,49,160, 167].

As stated before we now modify the digital control problem SOCP; by \cutting o "
the end of the in nite horizon. In particular, we consider tre cost functional (2.5) but
truncate it after a certain point N in time. In order to de ne this functional properly,
we rst need to de ne the state trajectories and possible cdrol sequences which we are
going to consider. Since both are computed in an open{loop mzer, see De nition 1.24,
we refer to them as open{loop trajectories and open{loop ctyols.

De nition 2.11  (Finite Open{loop Control)
Consider the time setl , ;= f0;:::;N 1g. Afunctionuy :1,! U based on some initial
condition X, is called a nite open{loop control law.

For notational purposes, we usely (Xo;1) to represent thei-th control value within the
open{loop control sequence corresponding to the initial itze X, when it is necessary to
distinguish between two or more di erent open{loop contra.

De nition 2.12  (Finite Open{loop State Trajectory)

Xuy (i +1;%X0) = T (Xuy (I X0); Un (X0 1)) (2.10)

emanating from the initial condition x,, (0; Xo) = Xo using a nite open{loop control law
uy according to De nion 2.11, is called annite open{loop state trajectory or open{loop
solution.

The interval of interest is given byl = f0;:::;Ng Ng for the state trajectory. Note
that the sequence of control values cannot be de ned as a mapg from | , to U since it
only containsN and not N + 1 elements. To this end, we introduced the set,.

De nition 2.13  (Finite Costfunctional)

Given a continuous nonnegativestage costfunction | : R U! R; and a given control
sequenceuy 2 U'v which uniquely de nes a solutionx, of (1.10), the functional J :
R" U'v! R given by

&
In (Xosun) = [(Xuy (15 X0)  Xrer(i); Un (1)) (2.11)

i=0
is called thereducedor nite horizon cost functional.

Remark 2.14

The form of the cost functional in(2.11) is also termed Lagrangian form. Within the
receding horizon control scheme it is also possible to use tho called Mayer term, i.e.
JIn (Xo; un) = F(Xu, (N; X0)), which represents a function of the end point of the trajeatp

Xy, ON the nite horizon. This term is often considered for stabity reasons, see [39,117,
160] and the discussion in Section 3.4. Moreover, a mixturd these two forms can be
used which is then called a cost functional of Bolza{type. line following, we focus on
the Lagrangian form only.

Similar to the in nite horizon problem SDOCP; , the cost functional de nes a nonlinear
distance. In Chapter 3, we use this distance to analyze stdiby and suboptimality.
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De nition 2.15 (Finite Optimal Value Function)
The function
Wy (Xo) := inf  JIn(Xo;un): (2.12)
Un 2UN

is called nite optimal value function.

Again, we assume that the minimum with respect taly 2 U'v is attained and the initial
time is xed, see Remark 2.8. Moreover, we obtain Bellman's gimality Principle to
hold in the nite case, cf. [18].

Theorem 2.16 (Bellman's Optimality Principle)
Consideru? to minimize (2.11) for a given initial value xo, 2 X satisfying all constraints.
Then

X
W (Xo) = I(xu2(i;X0)  Xrer(1);U7(0)) + Vi m(Xu?(M; X)) (2.13)

i=0
holds for allm 21 .

The nite optimal value function also points out minimizing controls which we are going
to use in the receding horizon control setting.

De nition 2.17  (Minimizing open{loop Control)
The function uy : 1, ! U satisfying

Un (Xo; ) = argmin Jy (Xo; Un ) (2.14)
un 2UN

is called minimizing open{loop control

The computation of (2.14) requires us to solve the followingroblem:

Find uy (Xo; ) = argmin Jy (Xo; Uyn)
un 2UN
IX 1
ST. In(Xo;un) = I (Xuy (5 X0)  Xrer(1); Un (Xo; 1))
i=0
Xuy (i +1;%X0) = F (Xuy (i; X0); Uun (X0 1)) 8i 21 (SDOCPy)
Xuy (03 %0) = Xo

Xuy (5X0) 2 X 8i 21
un (Xo;1) 2 U 821,

Schematically this can be described as shown in Figure 2.1.

The underlying digital control system is simulated over a r1ite horizon using a model of the
system under control. The resulting trajectory is used to geerate an open{loop control
which minimizes the given cost functional. At the same timelbconstraints of the process
have to be satis ed on the simulated nite horizon. Since tts internal computation is
usually done iteratively, we represent it as an internal fefback loop in Figure 2.1 which
illustrates this setup graphically.
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Reference
Xo
“| discrete—time Trajectory \:n
> Model +
< 1 Minimizer <
Uun
Control sequence
A /
Cost functional Constraints

Figure 2.1: Schematic representation a receding horizonntwller

In order to obtain an in nite control sequence from this seting we use the following

iterative procedure:

Step 1: First, we solve the
problem SDOCR, for a given
initial value xj for the n-th it-
erate of the procedure. As a
result, we obtain a prediction
of the trajectory on the consid-
ered time horizon and the out-
put of the RHC block in Figure
2.1, the minimizing control se-
quenceuy 2 UNv,

Horizon of length N T

Horizon of length N T
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| | IuN XUN()
| sl | P
| T :_:_l /
|
: -T- | |~ |/
| | /I/ T\\_I//
| | |
:()Ak I///I | l_!_:
X | | | |
\:\___,4’/ | | | : : t
—

Figure 2.2: Step 1 of the RHC algorithm
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Step 2: Now, the rst element of the
RHC output sequenceu(Xp; ) is trans-
mitted to and implemented by the ac-
tuator, see also Figure 2.5. The re-
mainder of this control sequence can be
dropped or reused as an initial guess for
the control in the case that an iterative
solver is employed to calculate the so-
lution of SDOCPy.

Figure 2.3: Step 2 of the RHC algorithm
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Step 3: In the last step, we ob- X Horizon of length N T
tain a new measurement or es- 1
timate of the current state x at |
the end of the sampling period. n(O) T
At this point, a new control value — —
has to be computed and applied.
Hence, the statex is transmit-

ted to the receding horizon con-
troller, again see Figure 2.5, and Ot
we can dene a new problem X !

of type SDOCR, with a shifted ~ — +T——1 |

optimization horizon and initial N n+ln+2

n+1l

value xg™ = X. Figure 2.4: Step 3 of the RHC algorithm
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Hence, we obtain an in nite control sequence from this setig by de ning a feedback
law n as the recurrent implemention of the rst element of the optinal control sequence
un . Using Bellman's principle of optimality for the optimal vaue function Vy (), we can
formally de ne the following:

De nition 2.18 (Closed{loop Control)
Given an initial value xo 2 X and a referencex,( ), the function  : X! U satisfying

n(Xo) i= argminfVy 1(Xo) + [(Xo  Xref(0); un (0)g (2.15)

un 2U [0]

is calledclosed{loopor receding horizon feedback contravhere we use the short notation
Ujo] = Un (Xo; 0).

The computation of such a closed{loop control on the in nitetime interval can be done
by solving the following in nite sequence of nite optimal @ntrol problems, the so called
receding horizon control problem

Find n(X(n)) = up
ST. u(x(n); ) = argmin Jy(x(n);un)
un 2Up
W 1
In(x(n);un) = I (Xuy (i5x(N)); un (X(N);1))
: =0 o (RHCn)
Xuy (I +1;x(n)) = f (xg (i5x(N)); un (x(n);1)) 8i 21,
Xuy (O;x(n)) = x(n)

Xuy (bx(n)) 2 X 8i 21y
uy (x(n);i) 2 U 8i 21,

Remark 2.19
Within the problem (RHG) the initial values x(n) represent external data/measurements
which have to be provided to the algorithm, see also Figuréd.2.
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Using the control law (2.15), we obtain the following solubn:

De nition 2.20 (Closed{loop Solution)
The trajectory

X y(n+1;x0)= T (x ,(N;X0); n(X (N;X0))) (2.16)

emanating from the initial value x  (0;Xo) = Xo with closed{loop control 5 according
to (2.15) is calledclosed{loop solutionof the problem RHG,.

Remark 2.21
Using the closed{loop control we can rewrite the optimal wad function on a nite horizon
by

y( 1

W(xo) = I(x(); ~ i(x(1)) (2.17)

i=0
wherex(0) = xg andx(i+1) = f (x(i); ~ i(x(i))). Note that di erent to the closed{loop
solution (2.16) we now use the recomputed optimal contro, ; in a receding horizon fash-
ion. In this case, the closed{loop solution is identical tohe open{loop solutionx,, ( ; Xo)
since by principle of optimality endpieces of optimal solohs are again optimal.

Note that the optimal control problem SDOCR, cannot be solved instanteously in prac-
tice. Hence, the initial value used as basis point of the optization is in general a
prediction of the current state or an estimate calculated bm available measurements.
Due to the time delay caused by the computation, it may be nessary to postpone clos-
ing the control loop and to implement more than the rst elemat of the control sequence.
Considering Bellman's principle of optimality (2.13), we an also characterize the rstm
elements of the control sequencgy for m 21 .

De nition 2.22  (m{step closed{loop Control)
The function y :Ng! U'(" satisfying

( - i

nm (X0) 3= @IGMIN° Wiy m 10X (MXa) + 10X 0 (X0} Un ()
i 2V i=0 om 1
(2.18)
is calledm{step closed{loopor m{step receding horizon feedback controllThe parameter
m is called thecontrol horizon.

Remark 2.23
Such a feedback can be useful for several situations:

(1) The computing time necessary to solve the optimizationgblem SDOCR, is larger
than the sampling time and parallel computations are not rezable.

(2) If the system is exponentially controllable or nite tine controllable, then the perfor-
mance of the control may be improved using longer control mons, i.e. m> 1. In
some cases, one can also obtain stability if the control hoon is enlarged, cf. [99].

(3) In the context of networked control systems, delays or gage dropouts naturally
lead to situations which force us to utilize larger controldrizons. In this case,
the implemented control horizon is unknown prior to computian and one has to
consider this parameter to be variable along the closed{ipsee e.g. [101].
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However, one has to keep in mind that the robustness of theoalklpm concerning distur-
bances may be lost due to update delays within the control.law

Within the continuous{time setup of the plant, we can implenent the de ned receding
horizon controller in the following fashion:

a Flow of Information a

Actuator > Plant > Sensor

Y

RHC
«—— Reference

Figure 2.5: Schematic representation of the usage of a rewggdhorizon controller

Using the technical terms we just introduced, we can now statthe contribution of this
thesis more precisely: First, we prove estimates for the germance of the control in the
following Chapter 3, a concept which we cakbuboptimality degree Within this analysis,
we focus on the casen = 1, however, we also expect these results to hold for incress
control horizon lengths. Secondly, based on these estimgteve introduce strategies to
adapt the optimization problem SDOCR, in order to guarantee a certain lower bound on
the suboptimality degree while reducing the computing codime, see Chapter 4. Last,
the chosen implementation of the receding horizon contrell in the PCC2?! (Predictive
Computed Control 2) package is described in Chapters 5 and 6. The depa&mty of the
required computing time on certain parameters within the nmerical implementation is
discussed in Chapter 8 using the examples from Chapter 7 andaynalso be used as a
guideline to e ectively implement and solve further examps.

Remark 2.24
To simplify our notation in the following chapters, we use nsubscript for the used con-
troller and no second argument corresponding to the initisdtate to denote the state by

X() = x (;Xo) if these components are clear from the context or ¥() is used as a
basis of our calculations only.

2.5 Comparing Control Structures

Having introduced the fundamental terms and the strategy ofeceding horizon control,

we now discuss advantages and disadvantages of this methodpared to other standard
control schemes.

Lhttp://nttp://www.nonlinearmpc.com
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2.5.1 PID Controller

In contrast to the state space or time domain setting which weonsidered until now,
the proportional{integral{derivative (PID) controller is designed in the frequency domain
using the Laplace transform (see e.g. [67])
A
F(s)= f(t)e S'dt=: L[f (1)]
0

and retranslated to the time domain using the inverse tranefm
cFil
1 St 1
f(t) = > F(s)e'ds=: L “[F(9)]
. c il
wheres 2 C denotes the state of the system in the frequency domain. Hense adapt
the standard notation used to design controllers in the fragency domain. The function
f () denotes the development of the deviation of the state of theystem for the refer-
ence trajectory. Moreover, we only give a short glance at tfendamental setup of PID
controllers. For further details we refer to [147,148,22224].

De nition 2.25 (PID Controller)
The function G¢ : C! C satisfying

1
Ge(s) = K 1+ — + Tps
C() R T|S D

is calledPID transfer function in the frequency domain. The corresponding time domain
control is given by
K 2 @
= K + =R + KrTy—
u(t) rE(T) T, e( )d R d@te(t)
0
wheree(t) := x(t) Xrf(t) denotes the deviation of the state from the desired referee.

The parameterK g, T) and Tp represent the ampli cation factor, the integral and deriva
tive time respectively and can be used to set the resulting bavior of the system. Hence,
an appropriate choice of these parameters causes the cldkeap system to be stable.

Remark 2.26
Due to device{related restrictions, theD {element cannot be implemented exactly. Instead,
a retarded DT {element is used giving

1 S
Ge(s)= Kp 1+-—+T
c(s) = Kr Ts P1+Ts

with T 1.

In order to obtain the digital control problem a sample{and{hold elements used. Math-
ematically, we rst apply an impulse function to the continuous{time signal where the
impulse instants are located at the sampling instants. Theesulting signal

b3 b3
fsample(t) = f (t) (t kT) = f (kT) (t kT):
k=0 k=0
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is calledsampling signal Next, we apply a holding element which is a square impulse of
width T and height one, i.e. we apply the Emulation design (1.20), #t is

frhoa(t)= (t) (t T):

Applying the Laplace transformation to both parts we obtain

P
Fsampie(S) = L[f sample(t)] = f (kT)e ¥Ts;
k=0
1 e Ts

Fhod (8) = L[froa(t)] = S

Combined, we obtain the Laplace transform of step functiorthat is

1 e X kTs
Fr (S) = Fnold (S) Fsample(s) = T f (kT)e
k=0

and can apply the PID method to this input.

A typical implementation of PID controllers in applications is done in a very hierarchical
setup as shown in Figure 2.6, see also [16]. It also shows howe@eding horizon controller
ts into this hierarchy and it intuitively explains the adva ntages of RHC in comparison to
PID controllers. This structure is not a new one, in fact is wa described in the 1970s/80s,
see e.g. [188,194].

One can see that both concepts reveal the same high level optzation concerning the

whole plant as well as plant units, but also an identical lodafoundation at each ma-

chine is used. The latter represents a decentralized coritreystem controlled by local

PID controllers. For large plants, this is necessary on thene hand to compensate for
disturbances, and one the other hand because the higher leeemputations still show

too long computation latencies. On top of the hierarchy, the is always a plant{wide

optimizer which determines the optimal steady{state settigs for the single plant units.

Note that such a controller could, again, be a receding hodm controller supervising all

other controllers. However, this as well as the local optimation is in general done by
humans.

In between these layer the designs di er. The main task of théynamic constraint control
part is to compute paths from one constrained steady{stateot another one. Such a
path should ful Il certain requirements like energy e ciency or other economical criteria.
However, during this transition one has to minimize possiblviolations of constraints. In
the classical setting, Figure 2.6 shows the interaction oflP algorithms, lead{lag (L/L)
blocks and high/low select logic units to accomplish this &k. It is particularly di cult to
design an appropriate control structure to satisfy all conbl requirements. This is exactly
the setup RHC has been designed for, so the entire dynamic stmint control part can be
done using this algorithm. The possible sampling times of hRHC algorithm, however,
are large and the method is computationally demanding compad to the PID controller.
Still, its ability to explicitly consider nonlinear dynamics, constraints and the possibility
to design ones interests, i.e. the goals of the local optireiz in a cost functional makes
RHC the algorithm of choice.
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Figure 2.6: Hierarchy of control system functions in a typi&l processing plant. Conven-
tional structure is shown at the left; RHC structure is shownrat the right

2.5.2 Lyapunov Function Based and Adaptive Controllers

Another class are so called.yapunov function based controllets In contrast to a PID
controller, these controllers are designed in the state spa by an appropriate choice of
a Lyapunov function for the system. For simplicity of exposion, we only consider the
continuous{time control{a ne case

xXn
x(t) = fo(x() +  Fix(®)ui(t): (2.19)

i=1

Note that we can use for example the Emulation technique digssed in Section 1.3.3 to
apply a resulting continuous{time controller in the consiéred digital setting as well.
The controller is de ned as follows:

Theorem 2.27 (Lyapunov Function based controller / Sontag's formula)
ConsiderV : R"! R; 2 CY(R) to be a control Lyapunov function according to De nition
1.38 satisfying

@\x)

u2Ukuk  (kxk) @t

f (x;u) (X) (2.20)

for a function 2 K and x” = 0 to be the target equilibrium. Moreover, we suppose the

derivative 2% to be Lipschitz continuous ifx & 0. Then, the i-th component of the




2.5 Comparing Control Structures 43

asymptotically stabilizing control functionu : R" R"! R™ is given by

ui(x(t)) = Ki(x(t)):=  a(x);kB(x)k?* B(x)” (2.21)
where
( a2,
(@b=  wtmp 10>0 (2.22)
0; if b=0

and a(x) := 21 4(x), B(x) = ZLI[f1(x);::1;fm(x)]. The control function u is called

Lyapunov function based feedback or minimum norm feedback.

Implementing this controller, the resulting time derivative €3 is strictly negative along
the closed{loop trajectory, hence the stabilizing propeyt of controller (2.21) follows di-
rectly according to Lyapunov arguments, see e.g. [143] fompeoof.

The class ofadaptive controllersis closely related to the class of Lyapunov function based
controllers. The concept of an adaptive controller is quitsimple: It uses identi cation
and parameter estimation algorithms to obtain a process oighal model, i.e. an adaptive
controller is able to adapt itself if external signals occuor properties of the process under
control change. In a second step, a preprogrammed controltesign algorithm is used to
recompute the parameter of the controller itself.

The development of this class of controllers began aroundé(® the same time as receding
horizon control was introduced, see e.g. [12,163,165, 20]some early reviews regarding
mainly the continuous{time case without digitalization. Snce 1970 adaptive controllers
for digital control systems have become popular. This led ta change in the description
technique, that is the discrete{time setting was considedealmost exclusively. For more
details we refer to [13,232].

Similar to Chapter 1, we distinguish between two main concép an externally in uenced
(direct) adaptive controller and an(indirect) adaptive controller with feedbacksee Figures
2.7 and 2.8 respectively.

Adaptation L Signal

Law
th

Reference
———> M— ] Control —“/—) Plant

Y

Figure 2.7: Schematic representation of an externally in@nced adaptive controller

An adaptive controller is called externally in uencable ifinternal changes of properties
can be detected using measurable external signals, the telaship between these signals
and the control law is known and this adaptation can be implesnted as a control.

The missing backlink between the process output and the adapion law is the main
di erence to an adaptive controller with feedbackThis setup is particularly useful if the
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Adaptation [€ —
Law

M { Control Ll “/—> Plant

Y

Reference

Figure 2.8: Schematic representation of an adaptive contter with feedback

internal changes can indeed not be detected directly and hato be recognized indirectly
using the output of the plant. Here, one can utilize processienti cation algorithms to
obtain the changing properties. The distinguishing mark oén adaptive controller with
feedback is the second loop which superimposes the closedfi control.

Since the receding horizon controller is representing a sitastate feedback law, we focus
on the adaptive controller with feedback here. For these, ather distinction is made by
the Lyapunov{basedand estimation{baseddesigns which is more fundamental.

Within the Lyapunov{based approach, a reference model.; in continuous{ or discrete{
time is used to derive a Lyapunov function for the deviation fothe state

e(t) = x(t)  Xeer(t)

and for the deviation of the system parameters. For reasons ofrrglicity, we restrict
ourselves to the linear and continuous{time case. For a lagg class of systems, this is
done e.qg. in [132].

De nition 2.28 (Adaptive Controller)
Consider the reference model

Xer(t) = Am Xrer(t) + By u(t)
of the time{depending plant
x(t) = AD)x(t) + B(Du(t)
and the Lyapunov function
V(e(t) = e(t)" Pe()+H[(An  A)) Fa(Au  AM)IH(Bm  B(1) Fe(Bm  B(1)]

for this plant where P is the solution of Ay, P + PAy = Q. Then, the plant model is
adapted by the adaptation law

Alt) = Fo P e(t)x()”
B(t) = Fy *Pe(t)u(t)”

and the adaptive controller is computed according to (2.21)
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In this case, stability follows by the same Lyapunov argumés as for the Lyapunov based
controller since the resulting time derivative% is strictly negative along the closed{loop
for the adapted linear control system, see [132]. Again, alpgability to digital control
systems can be obtained using the Emulation technique of Sea 1.3.3. For purely
discrete{time settings, we again refer to [13,232].

These design techniques are known for quite some time but wtal mainly unapplicable.
This changed during the 1990s when thbacksteppingechnique to design the required
Lyapunov function was developed, see [72,132] for an ovewi

The estimation{based design leads to so calledodular designscf. [132,180, 187]. Here,
the estimation of the parameter of the plant and the calculabn of the parameter within
the controller via optimization routines are separated. Fofurther details, we again refer
to [132].

Upon implementation, Lyapunov function based controlleras well as adaptive controllers
are used on the same level as PID controllers, see Figure 2@ompared to a PID, an
adaptive controller exhibits better results since it utilzes past information to t the new
situation.

Considering the receding horizon controller, both Lyapunofunction based controllers
as well as adaptive controllers o er a cheaper computationfdhe control vector and
hence allow for smaller sampling period$. Moreover, the adaptive controller can be
implemented without knowledge of a good model of the systens & is required for the
RHC approach. However, to compensate for unexact parametelues, the optimization
within the RHC can be extended to cover this issue, see e.g2]@or output feedbacks
using RHC or [204] for general numerical data tting methods

Lyapunov function based controllers as well as adaptive ciallers also show an applica-
bility disadvantage: Both the adaptation formula and the esmation of the parameter of
the plant require signi cant analytical e ort to design the control Lyapunov function or
the estimator respectively. Until now, is not clear how to castruct these auxiliary func-
tions for general nonlinear systems. Moreover, we expectetmeceding horizon controller
to be superior to the adaptive controller designs if an estiation method of the systems
parameters is added to it due to their ability to incorporatepast and future information
within the control law without requiring a control Lyapunov function.
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Chapter 3
Stability and Optimality

The presented receding horizon control scheme is based orequence of nite time optimal
control problems, the stability property de ned in Section1.3.3, however, is stated for an
in nite horizon. The central question we are going to consigr in this chapter is whether
the proposed method is able to establish the stability propty stated in De nition 1.44.
This manner has been treated before in a number of papers, seg. [52,126,205], and some
su cient conditions have been derived to guarantee stabily. For most of the commercial
RHC settings used in industry, however, these conditions dwt apply, see [16]. Moreover,
it is not possible to quantify the maximal trade{o between the in nite horizon control
(2.8) and the receding horizon control (2.15) in terms of theost functional (2.5), a
parameter which we calldegree of suboptimality

Here, we develop techniques to overcome these lacks. In 8tB.1 we derive su cient
conditions for stability conditions for asymptotically stabilizable systems which can be
checkeda posteriori. Additionally, we give an estimate on the degree of suboptiafity
in this case. In the following Section 3.2 we show how staliylican be guaranteed and
the degree of suboptimality can be computea priori, that is at runtime of the pro-
cess. These methods are generalized to practically asymiptally stabilizable systems
in Section 3.3. The parameter of interest in this context ishte horizon lengthN of the
sequence of subproblems. On the one hand, we expect bettesutes, i.e. a higher degree
of suboptimality, if the parameter N is enlarged. On the other hand, since the resulting
computing cost rises signi cantly, we want to choose it as safl as possible. Techniques
to appropriately adapt this parameter will be the aim of the éllowing Chapter 4.

In the remaining Section 3.4 of this Chapter we present the meoned previous works on
this topic and classify all results.

3.1 A posteriori Suboptimality Estimation
According to our de nition of the receding horizon control poblem RHG, in Section 2.4,
we deal with discrete{time nonlinear systems

Xo(N+1) = f(xu(M;u();  xu(0) = Xo

on arbitrary metric spacesX and use nite horizon optimal control problems without
terminal costs or terminal constraints in our RHC setup, th&is we consider only cost
functionals of the form

D( 1
JIn (Xo; ) = [(Xu(i; X0); u(i)) (3.1)

i=0

a7
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which is commonly used in industrial receding horizon conttlers.

For these schemes, we present techniques for estimating tlegree of suboptimalityonline
and along the closed{loop trajectory Like in [92,102], our approach is based on relaxed
dynamic programming but relies on the computation of a \chaacteristic value” at each
time instant n along the closed{loop trajectoryx(n) and the actual estimate can then be
computed from the collection of all these -values.

Remark 3.1
Since we deal with NMPC schemes without terminal costs, wanaase the observation

Vu (X)  W(X) Vi(X) (3.2)
forall M, N 2 N with M N.

The motivation for this work is twofold: on the one hand, we epect the trajectory based
estimates to be less conservative than the global estimatderived, e.g., in [92,102,205],
because in these references the worst case over the wholéesspace is estimated. Here,
however, we only use those points of the state space which a&ually visited by the
closed{loop trajectory. On the other hand, these trajector based estimates can be used
as a building block for RHC schemes in which the optimizatiohorizon is tuned adaptively,
similar to adaptive step size control in numerical schemesrfdi erential equations, see
Chapter 4 for details.

The main idea of our task is to reduce the computing time necasy to obtain

Un (Xo; ) :=argmin Jy (Xo; Un)
un 2Up

in every step of this RHC setup. At the same time, we want to belde to guarantee a
certain degree of suboptimality | and implicitly stability | of the closed{loop solution

x(n+1) = f(x(n); n(x(n))); x(0)= Xo; N2 No (3.3)
n(X(n)) = argmin fVy 1(x(n+1))+ I(X(n);un)g (3.4)
un 2U

compared to the in nite horizon solution (1.1), (2.8) with u(n) = (x(n)). Within this
work, the parameter of choice is the horizon lengtiN since computational costs grow
more than linear in this variable and, as known from many applations, largeN induce
better performance and stability.

In order to develop such an adaption strategy, the most imptant ingredient we require
is an estimate on the suboptimality of the feedbacky () for the in nite horizon problem
which can be evaluated without signi cant additional compuwational costs. More precisely,
if we de ne the in nite horizon cost corresponding to () by

b3
Vit (xo):=  1(x(n); n(x(n))); (3.5)

n=0

then we are interested in upper bounds for this in nite horien value, either in terms of
the nite horizon optimal value function Vy () or in terms of the in nite horizon optimal
value function V; (). In particular, the latter gives us estimates about the dege of
suboptimality of the controller () in the actual step of the RHC process.
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The main tool we are going to use for this purpose is a ratherraightforward and easily

proved \relaxed" version of the dynamic programming prin@le. This fact has been used
implicitly in many papers on dynamic programming technique during the last decades.
Recently, it has been studied by Lincoln and Rantzer in [14492].

Here, we use the estimate given in Proposition 2.2 of [102]:

Proposition 3.2 (Global a posteriori Estimate)
Consider a feedback lawy : X ! U and a functionVy : X! Rj satisfying the inequality

W) WE v+ (X (X)) (3.6)
for some 2 [0;1] and allx 2 X. Then for all x 2 X the estimate
Vi(x) ViVXx) Vi(x) (3.7)
holds.

The drawback of this Proposition is the fact that we require .6) to hold for allx 2 X. To
avoid this computational burden, we consider only those pats in the state spaceX which
are visited by a trajectory (2.15), (2.16). As a result, we dhain the following adaption of
Proposition 3.2:

Proposition 3.3 (Trajectory based a posteriori Estimate)
Consider a feedback lawy : X ! U and its associated trajectoryx( ) according to (2.16)
with initial value x(0) = xo 2 X. If there exists a functionVy : X! R} satisfying

Wn(x(n))  Ww(x(n+1))+ 1 (x(n); n(x(n))) (3.8)
for some 2 [0;1] and alln 2 Ng then
Vi(x(n) Vi)  Vi(x(n) (3.9)

holds for alln 2 N.

Proof. The proof is similar to that of [192, Proposition 3] and [102Proposition 2.2].
Rearranging (3.8) and summing oven we obtain the upper bound

I§(l
I(x(); n(x(0)) Ww(x(n)  Wn(x(K)) W (x(n)):

j=n

Hence, takingK ! 1  gives us our assertion since the nal inequalityVy (x(n))
V1 (x(n)) follows by (3.2). O

Remark 3.4

In the formulation of Proposition 3.3 we have that depends on the pointx(n) only,
while in Proposition 3.2 it depends on alk 2 X. Hence, we expect to be a less conser-
vative approximation of the degree of suboptimality.

Yet, the degree of suboptimality is valid only along the closed{loop trajectory, i.e. we
cannot guarantee this estimate to hold in a neighborhood dfet closed{loop trajectory.
We like to mention that the degree of suboptimality is dirdgtevaluated along a closed{
loop solution. Therefore, we can compute the degree of suboplity even along disturbed
closed{loop solutions using identical methods. In this wigrhowever, we focus on systems
without disturbances like modelling errors, external fogs, communication or measure-
ment errors.
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Remark 3.5

If Proposition 3.3 holds with > 0 for a given trajectory, we can conclude asymptotic
stability of this trajectory if the stage costi( ; ) is positive de nite and proper since by
(3.8) V() is a Lyapunov function for the closed{loop system, see al€®2]. The positive
de niteness ofI( ; ) can be replaced by a detectability condition, see [87].

To distinguish between values from Propositions 3.2 and 3.3, we introduce the folling
notation:

De nition 3.6  (Global/Local/Closed{loop Suboptimality Degree)

(1) The value :=maxf | (3.6) holds for allx 2 Xgis calledglobal suboptimality degree
(2) If x(n) 2 X is xed, then the maximal value of satisfying (3.8) is calledlocal
suboptimality degree

(3) The value :=maxf | (3.8) holds for alln 2 Nog is calledclosed{loop suboptimality
degreefor the considered trajectory.

According to De nition 4.29 we always have

global closed{loop local -

Since all values in (3.8) are available at runtime, can be computed online along the
closed{loop trajectory and thus (3.8) yields a computatioally feasible and numerically
cheap way to estimate the degree of suboptimality of the tragtory. Moreover, using
suitable controllability assumptions, one can show that ! 1asN !1 | cf. [92,102].

Remark 3.7

The knowledge of can in principle be used to adapt the optimization horizoN online
by increasingN if the computed {value is too small, see also Algorithms 4.14, 4.21, 4.23
and 4.29 which are designed for this purpose.

For our programming, we consider the following algorithm t@ompute , see also Section
6.2.2.1 for the actual implementation and Section 8.4.1 fatumerical results.

Algorithm 3.8 (Computing a posteriori Suboptimality Bound)

Input: min | Closed{loop suboptimality estimate
Wy (X(n)) | Value function in the previous step
Wy (X(n + 1)) | Value function in the actual step
[(x(n); n(x(n))) | Initial stage cost in the previous step

Q) If Vw(x(n))  Wn(X(n +1)): Print warning \Solution may be unstable"

— Vn (X(n) Vn (x(n+1))
(2) Set = = r i oW

(3) Set in :=minf .in; gand terminate

Output: mn | Closed{loop suboptimality estimate
| Local suboptimality estimate for the past step

In order to use Algorithm 3.8, we requiréVy (x(n + 1)) for the computation of for the
state x(n).
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Remark 3.9

At time n, the value ofVy (x(n + 1)) can in principle be obtained by solving an addi-
tional optimal control problem, see also Section 6.2.2.1rfthe actual implementation and
Section 8.4.1 for numerical results. Proceeding this wayptvever, essentially doubles the
computational e ort and may thus not be feasible in real{tira applications. Yet, our
numerical results indicate that this e ort pays o during the closed{loop runtime of the
adaption algorithm, see Section 8.5. Additionally, one caot expect that the value of
x(n+1) is known exactly in advance, e.g. due to disturbances as veslimeasurement or
modelling errors.

If we wanted to use only those numerical information which iseadily available at time

n, then we would have to wait until time n + 1 before the quality of the MPC feedback
value n(x(n)) can be evaluated. In other words, (3.8) yields aa posteriori estimator,

which is an obvious disadvantage if is to be used for an online adaptation oN at time

n. In the next section we present an alternative way in order testimate

3.2 A priori Suboptimality Estimation

This section aims at reducing the amount of information nessary to give an estimate of
the degree of suboptimality of the trajectory (3.3), (3.4) nder consideration. In partic-
ular, we are interested in ignoring all future information,i.e. we try to avoid the use of
Wy (X(n + 1)) in our calculations. Of course, this yields a more consative estimate in
general.

The following estimates are similar to certain results in [12], where, however, they were
de ned and used globally for alix 2 X. In order to make those results computable without
using a discretization of the state spac¥ or analytical a priori information, we formulate
and prove alternative versions of these results which can lised along trajectories.

Lemma 3.10
Consider N 2 N, a receding horizon feedback lawy () and its associated closed{loop
solution x( ) according to (2.16) with initial value x(0) = Xq. If

Wx(n+1)) Wy 1(x(n+1)) (@ )Ix(n); n(x(n))) (3.10)
holds for some 2 [0;1] and alln 2 Ng, then Vy () satis es (3.8) and
Vi (x(n) Vv (x(n)  Wn(x(n) Vi (x(n)) (3.11)

holds for alln 2 Ng.

Proof. Using the principle of optimality, i.e. Theorem 2.9 form = 1, we obtain
W (x(n) = I(x(n); n(x(n)))+ W 1(x(n+1))

Sk )+ e+ D) (@ I N (x())
= WXx(n+21)+ 1| (x(n); n(x(n)))

Hence, (3.8) holds and Proposition 3.3 guarantees (3.11). O

In order to shorten notation, the following assumption cordins the main ingredients for
our results.
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Assumption 3.11
For givenN 2 N, N 2, there exists a constant > 0 such that the inequalities

Va(Xuy (N 2;x(n))) ( +D)Valxuy (N 2x(n))) (3.12)
Vi(Xuy (N ki x(n))) ( +D)Ixe (N kix(n)); k(Xuy (N k;x(n)))) (3.13)

given by (2.10).

Remark 3.12

We would like to point out thatx( ) in Assumption 3.11 is the closed{loop trajectory which
is the outcome of the RHC algorithm, i.e. equation§.15), (2.16). In contrast to that,
Xuy (3 X()) represents the open{loop solutions coming fror(2.10), (2.14) which are also
known in every single step of this algorithm. Note that tho$e&o values are not identical
in general, see Figure 3.1 for a schematic interpretation.

X(1) = xuy (1;x(0))

P
P
—_—

I
—
—
—

—

-
P
—
—
—_

-
——
P
P
-

X(3) = Xuy (1:x(2))

)

X(4) = Xuy (1;%(3))
X(5) = Xuy (1;x(4))

Figure 3.1: Dierence between open{loop and closed{loopdfectory

Remark 3.13

Note that in order to obtain Vi(x,, (N  2;x(n))) in (3.12), one has to solve another
optimal control problem, in this case a so called one{stepginlem, see e.g. [96]. Compared
to the computation ofVy (x(n+1)) the computing time of a one{step problem is negligible.

Proposition 3.14
ConsiderN 2 and assume that Assumption 3.11 holds for thié. Then

(+DN 2
(+DV 2+

TV (x(n) W a(x(n))

holds for alln 2 Ng.

since all our calculations using the open{loop trajectory@ned by (2.14), (2.10) refer to
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the xed initial value x(n).
Setr:= N k. First, we prove

Vie a(f (xuy (B); k(Xuy (R)))) 1 (Xuy ()5 k(Xuy (R))) (3.14)

forall k 2 f3;:::;Ngand all n 2 N. Using the principle of optimality and Assumption
3.11, we obtain

Vie a(f (Xuy (R); (Xuy (M) = Ve(Xuy (R))  1(Xuy (R); k(Xuy (R)))

O D)1 ()] K () 1O (R (X ()
= | (Xuy (R); «(Xuy (R)))

We show the main assertion by induction ovek = 2;:::;N. For notational reason, we
use the abbreviation

+1 k 2
k= ( +(1)k 2)+ R (3.15)
and prove
KV (Xuy (R)) Vi 1(Xuy (R)): (3.16)

Now we choose the initial value of the open{loop trajectorx,, (0) = x(n) with n being
arbitrary but xed.
For k = 2 we obtain (3.16) via

@15 1

(3.12)
Vo(Xuy (N 2)) ( +DValxyy (N 2)) =7 —Va(xyy (N 2)):

2
For the induction stepk ! k + 1, the following holds:

Viuy (R)) = Vi a(f (ko () k(X (R)))) + 1(xuy (M) k(Xuy (R)))

(3.14) 1
1+ Vie 1(f (Xuy (R); k(Xuy (R))))
+ 1 m [(Xuy (R); k(Xuy (R)))
(3.16) 1
k 1+ . Vie(f (Xuy (1) k(Xuy (9))))
Pl T 10 (), ()
k
= T Ot () O (R 10K () (e ()
- k + ka+1(XuN(H))
with
+1 a5  ( +1)k 2 +1 _ o (+DR T @y
k+k_(+1)k2+ k1 L (k2 T 41)k 14 kT k+1-

(+l)k 24 k1
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Hence, (3.16) holds true. If we choode= N then we getn-= 0. Inserting this in (3.16)
we can usexy, (0) = Xy, (0;x(n)) = x(n). Sincen was chosen arbitrarily we obtain the
assertion

W X(M) = Ve Oy 0)) Vi (X (0)) = Vo a(x(n) 8N 2 N:

Using this technical construction, we are now prepared to pve our rst main result:

Theorem 3.15
Consider > OandN 2 N, N  2such that( +1)N 2> N holds. If Assumption 3.11
is ful lled for these and N, then the estimate

y ) ( +1)N 2 N
Vit (x(n)  Wx(n) Vi(x(n) with = (+DN 2 (3.17)
holds for alln 2 N.
In particular, the inequality
Vir(x(n)) Vi (x(n)) N
Vi (x(n)) (+pNn = N

holds for the relative di erence betweeiv, M (x(n)) and V; (x(n)).
Proof. From Proposition 3.14 we get

( +1)N 24 N1 N 1

W (x(n)) W 1(x(n)) 1 W a(x(n)) = L >Wn 1(x(n))

( +N 2 (+1
Consideringj = n 1 we obtain
N 1
WX( +1)) W a(x( +1)) WVN 1(x(j +1))
N W (P G)s NG N P alf (Xay (05X(1)); N (Xuy (05%(1)))))
(+DN 2 (+DN 2

where we used the de nition of the open{loop solution from (20) with xo = x(j ) similar
to the proof of Proposition 3.14. Hence, we can use (3.14) tvik = N and get

Wx( +1) W 1(x(G +1)) W'(XUN O:x(1))5 N (Xuy (0;%(1)))
N

= —(x(); NXG))):

(+DN 2
Consequently, the assumptions of Lemma 3.10 are ful lled thi
B N B ( + 1) N 2 N
(+DF 2 (DN 2 319
and the assertion holds. O

Theorem 3.15 immediately leads to our second suboptimaligstimation algorithm:

Algorithm 3.16 (Computing a priori Suboptimality Bound)
Input: min | Closed{loop suboptimality estimate
W (x(n)) | Value function in the actual step
N | Length of the horizon
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(1) Compute Va(xyy, (N 2x(n))

e Va(Xuy (N 2x(n)))
(2) Set := Vl(xuz(N 2;x(n))) 1

(3) For k from 3to N do

e Vic(Xuy (N kix(n)))
(32) Set ~'= T ) oy (N Kx@) L

(3b) Set :=maxf ; ~g

N _(+1)N2 N

(4) Set =1 (+n)N 2 7 (+1)N 2

(5) If < 0: Print warning \Solution may be unstable"

(6) Set min :=minf .,; gand terminate

Output: mn | Closed{loop suboptimality estimate
| Local suboptimality estimate for the actual step
| Characteristic of the problem

Hence, Algorithm 3.16 allows us to compute from the inequalities (3.12), (3.13) and the
assumption in Theorem 3.15 at each time instamt and to evaluate according to (3.17).

[—N22——n=3 N=4 —— N=5]

Remark 3.17
Note that the condition( +1)N 2 N o
stated in Theorem 3.15 is automatically
checked in step (5). Analyzing the func-

-254

tion
f()=( +pn~ 2 N 0 5]
on R* n fOg reveals the existence and
uniqueness of a root of (). Moreover, 759
f () is strictly monotonely decreasing for
{values larger than this root, see also 100

Figure 3.2: Development of the functiorf ()
de ned to check applicability of Theorem 3.15

Figure 3.2. Hence, if < 0 holds true,
then there exists noe > satisfying
(e+1)N 2 eN and we are unable to
apply Theorem 3.15.

In contrast to computing  directly from (3.8), we obtain a criterion for the quality of
n (X(n)) depending on the data available at timen (cf. Remark 3.26) and the solution
of the optimal control problem of lengthN = 1 with initial value x,, (N  2;x(n)).
Furthermore, if I( ; ) is independent ofu, the control value is not needed at all and thus
can be computed only from the data available at time. In either case, we obtain an
a priori estimate which is available before the current step is actiha carried out.

Remark 3.18

Intuitively, this result states that if the instantaneous wnning cost contains su cient

information about the optimal value function, then the redting controller is suboptimal.
Here, we can say tha¥y () andI( ; ) contain \su cient" information if we obtain > 0

from Proposition 3.3 by using(3.18) and there exists some> 0 such that the inequalities
(3.12) and (3.13) hold.
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Now, our aim is to weaken the previous relation (3.18) betwee and . To this end,
we ease condition (3.12) which is required to establish thaduction anker in proof of
Proposition 3.14 only. This leads to the following relaxatin of Assumption 3.11:

Assumption 3.19
ForgivenN,No2 N, N Ny 2, there exists a constant > 0 such that the inequalities

VNO(XUN(N+1N0;X(H))) (e 10 (N X )5 axuy (N 5ix () (3:29)

Vi(Xuy (N K x(N)))
+1

I(xuy (N ki x()); k(Xuy (N ki x(n)))) (3.20)

is given by (2.10).

Remark 3.20

Assumption 3.19 generalizes Assumption 3.11 as well as [LB2sumption 4.6] in which
No = 2 was used. In the numerical example shown in Section 8.4, wdl\gee that
a judicious choice ofNy can considerably improve our suboptimality estimates. Sm
Assumptions 3.11 and 3.19 are fairly close, the correspondi Algorithms 3.16 and 3.23
are implemented in just one routine, see Section 6.2.2.2 fdetails.

Using these relaxed conditions, we can reformulate Proptisn 3.14 in the following way:

Proposition 3.21
Consider N No 2 and assume that Assummption 3.19 holds for these constants.
Then the inequality

(+DN N
( +1)N No+ N Nop+1

W (X(n)) W 1(x(n)) (3.21)

holds for alln 2 Np.

Proof. Using the notation of the proof of Proposition 3.14, we agaide ne X, (j) =

(+1)k M

k= ( +1)k No+ Kk No+l (3.22)

According to the changes in our assumptions, we have to shosvthat (3.16) holds true
for the induction anker only, i.e. k = Ng:

(3.19) . .
Wno(Xuy (N No)) ( +1)j=fpax I(Xuy (N )5 5 a(Xuy (N ])))

Yo
( +1) Ixu (N j);j aXuy (N 1))
j=2

@22 1
=7 —W, 1(Xuy (N No)):

No

exactly the index set of assumption (3.20). Hence, we can ube same induction step as
in the proof of Proposition 3.14 showing the assertion. O
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Using this proposition, we adapt Theorem 3.15:

Theorem 3.22
Consider > OandN, No 2 N, N Ng such that( + 1)N No > N No*2 ho|gg, |f
Assumption 3.19 is ful lled for these , N and Ny, then the estimate

( +1)N No N Np+2

Vit (x(n)  Ww(x(n) Vi(x(n))  with ( +1)N No

(3.23)

holds for alln 2 N.
In particular, the inequality

ViN(x(n)) Vi (x(n) N No+2
Vi (X(n)) ( +:|_)N No N Nog+2

(3.24)

holds for the relative di erence betweeiv, ¥ (x(n)) and V; (x(n)).

Proof. Using the same steps as in the proof of Theorem 3.15 we get

N Np+l

WVN 1(x(n))

W (X(n)) W 1(x(n)) (+1

from Proposition 3.21. Considering = n 1, we obtain
N Np+l

mvl\I 1(F (Xuy (05x()); N (Xuy (0; (1))

Wx( +1) W 1(x(j +1)) (+1

using our standard de nition of the open{loop solution. Now we can use (3.14) which

and get

N No+2

Ww(x( +1)) W a(x( +1)) ml(x(j); N (X(1))):

Hence, the assumptions of Lemma 3.10 are ful lled with
N Nop+2 ( + 1)N No N Np+2

T (v w

(3.25)

and the assertion follows. O

Similar to Theorem 3.15, we obtain a third algorithm to compte a suboptimality esti-
mate:

Algorithm 3.23 (Computing a priori Suboptimality Bound)

Input: min | Closed{loop suboptimality estimate
W (x(n)) | Value function in the actual step
N | Length of the horizon
No | Length of the comparison horizon

(1) Setlnax = 0.

(2) Forj from 2 to N do
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(2a) Computel(xyy (N j;x(n)); j 1(Xuy (N ;X (Nn))))
(2b) Setlmax = maxflpa; [(Xuy (N j;x(N)); j 1(Xuy (N jix(N)) 9

(3) Set = Woluw (N Nox(m) 4

Imax

(4) For k from Ng+1to N do

e Vic(Xuy (N kix(n)))
(43) Set ~= NI oo N Kx@y L

(4b) Set :=maxf ; ~g

N Ng+2 _ (+1)N No N Ng+2
(+pN No & (+nN No

(5) Set =1

(6) If < O: Print warning \Solution may be unstable"

(7) Set min :=minf .ih; gand terminate

Output: mn | Closed{loop suboptimality estimate
| Local suboptimality estimate for the actual step
| Characteristic of the problem

For the actual implementation and results of this algorithm we refer to the Sections
6.2.2.2 and 8.4.2 respectively.

Using the relationship between and the tupel ( , N) from Theorem 3.22 for xed Ng,
we can see from Figure 3.3 which combinations &f and values actually guarantee
stability and a certain degree of suboptimality. Moreoverpne observes that in order to

obtain stability of the closed{loop, i.e. 0, we require
2In( ") e -
N N°+In( D () h( ;N o) (3.26)
to hold.
Remark 3.24

The relationship (3.26) is analyzed in detail in Section 4.3.1 and allows us to derie
suitable prolongation strategy, see also Remark 3.7.

Remark 3.25
Note that

2 In( +1) 2 In( )+2In( +1)
( +1) ( In( +21)+In( ))?

is independent ofNg. Hence, since for all —  0:.01 we obtainhq ;N ) > 1 for
xed Ng 2 [2;N], we can use the positive de niteness and strict monotonigiof h{ ; Ng)
to conclude thath( ; Ng) grows unboundedly and stronger than linear. Additionallywe
obtain that N grows less than quadratic since for 5:7 we havehq ) < for all

More precisely, we can show that( ;N o) approximatesf( ) :=2 In( ) as tends to
in nity since

@@h(iNo)=

 h(:Ng _ .  No . 21n( )
MmO - "M 23O T T ROm 0 Y
. L o 22
= Illrln n( +1) () |I!I‘1n -1 - Illrln >— =1t

+1
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Figure 3.3: Relationship between and ( , N) for Ng =2

This, however, turns out to be twice the rate stated in [92] drup till now the origin of
this multiplicative constant is unclear.

Remark 3.26
Assumption 3.19 involves both the state of the closed{loapjéctory x() from (3.3) at
time n and the open{loop trajectoryx,, ( ;x(n)) from (2.10) starting in x(n). Both are
available in the receding horizon control scheme at time once the nite horizon opti-
mization problem with initial valuex(n) is solved. From these, the optimal value functions
on the left hand sides of the inequalitief3.19) and (3.20) can be derived using Bellman's
optimality principle by summing up the running cost along é\tails" of the optimal tra-
jectory Xy, (;x(n)). The only values which are not immediately available are tleentrols

i 1(Xuy (N J;x(n))) in (3.19) which need to be determined by solving an additional op-
timal control problem with horizonj Ng 1. Since typically Ny is considerably smaller
than N, this can be done with much less e ort than computingy (x(n+1)) . Furthermore,
these control values are not needed at alllif; ) is independent ofu.

Remark 3.27

Another way of numerically computing suboptimality estimas is presented in [205] for
linear nite dimensional system. The main di erence to our gproach is that the condition
in [205] is veri ed by computing numerical approximationsd the optimal value functions,
which is feasible only for low dimensional linear systemsthafeasible in our nonlinear
setting on arbitrary metric spaces.
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3.3 Practical Suboptimality

In general, one cannot expect that the conditions presentad Sections 3.1 and 3.2 hold
in practice. This is due to the fact that in many cases the disete{time system (3.3)
is obtained from a discretization of a continuous{time sysim, e.g. sampling with zero
order hold, cf. Section 1.2 for the theoretical and Section.Efor an implementational
background. Hence, even if the continuous{time system ismoollable to a xed point x ,
it is likely that the corresponding sampled{data system is mly practically stabilizable at
X . In addition, numerical errors in the optimization algorithm may become predominant
in a small neighborhood ok .

Here, we extend results from [102] which treat this problemlapally by combining them
with results from the previous Section 3.2 for the non{pradtal case to relax the necessary
conditions.

If a system is only practically asymptotically stabilizabé and one uses a positive de nite
stage cost( ; ) with respect to the desired equilibriumx in the rst component such that
I(x;u) =0ifand only if x = x , then itis impossible to calculate a control sequence which
stearsl( ; ) to zero. Moreover, Assumptions 3.11 and 3.19 do not hold smV,( ) grows
unboundedly fork ' 1 and Proposition 3.3 cannot be applied in general for practdly
stable systems. This is due to the possibility tha¥/ ( ) may not be monotonely decreasing
close tox . Hence, this result has to be adapted to be applicable in th&tuation.

One way to do this is to modify the stage coslk( ; ) to be positive de nite with respect
to a forward invariant stabilizable neighborhoodN of x . However, the computation of
N and hence the design df( ; ) may be di cult if not impossible.

Still, even with the original I( ; ) and in the presence of sampling and numerical errors,
one can expect a typical receding horizon controller to drvthe system towards a neigh-
borhood ofx and practically stabilize the closed{loop system, i.e., tdrive the system
towards a small neighborhood ok , see also [103]. Hence, an intuitive idea is to \vir-
tually" cut o and shift the value function vertically as shown in Figures 3.4 and 3.5.
This allows us to solve the original optimal control problenbut interpret the resulting
trajectory and control values in the context of a modi ed cosfunctional.

Here, we shift the stage cost( ; ) and henceV () using a constant” which enables us to
obtain estimates for the original problem similar to our preious results, cf. Proposition
3.3 and Theorems 3.15 and 3.22. More importantly, we want tchoose the constant’
such that the relaxed Lyapunov inequality (3.8) holds outsie the \zero region" of the
shifted stage cost and value function. Hence, our estimatesn be directly applied to
points in this region which are visited by the trajectory.

Proposition 3.28
Consider a feedback lawy : X! U and its associated closed{loop trajectory( ) accord-
ing to (3.3). Assume there exists a functioiy : X ! Rj satisfying the inequality

Wn(x(n)  Ww(x(n+1)+min £ (I(x(n); n(x(n)) "):lx(n); n(x(n)) "g (3.27)
for some 2 [0;1], some" > 0 and alln 2 Ng. Consider a discrete{time interval

holds for alln 2 | and set := Vy(x(n,+1)). Then, for the modi ed stage cost

I(x(n); n(x(n))) := max fI(x(n); n(x(n))) " 0g; (3.28)
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Figure 3.4: Example of a value function Figure 3.5: Example of a value function
where the origin is asymptotically stable  which is cut o and shifted vertically to zero

and the corresponding value function
7 N )QZ T . .
Vit (x(n) = I(x(G); ~n(x(G)) (3.29)
j=n
using the controller (), the estimate
V" (x(n) - Vi (x(n)) Vi (x(n)) (3.30)
holds for alln 2 I.

Proof. From the de nition of I(; ) and | we obtain

() W) = maxf () wx(m) *):0g
O () Ve (x(n+ 1)

forn 2 1. Thus, summing overn gives us

_ Xz
V" (x(n) = I(x(); ~n(x(G)) Wn(x(n))

j=n

which implies the assertion sinc&) (x(n)) Vi (x(n)) follows by (3.2). O
Figure 3.6 illustrates a possible situation of Propositio3.28.

If (3.27) is satis ed, then inequality (3.30) is true for allsubintervals| = fng;:::;nyg of
No on whichl(x(n); n(x(n))) " holds, implying that on | the corresponding trajectory

behaves \almost" like an in nite horizon optimal one. In patticular, x(n) approaches
x and thus the sequence df ; )-values repeatedly (possibly in nitely often) enters and
leaves the set [0']. In Figure 3.6 the arrows at the bottom indicate the intervds on which
the trajectory is approximately optimal.
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1(x(n); u(n))
A

A
Y

Figure 3.6: lllustration of Proposition 3.28

When leaving [Q"] the possible growth ofVy () is bounded by" due to (3.27). Thus,
oncel(x(n); n(x(n))) has entered [Q"] for the rst time, the state of the system remains
in a neighborhood ofx de ned by a sublevel set ofV () whose precise shape, however,
cannot be easily determined a priori, see also [102, RemarR and Example 5.10].
Similar to De nition 3.6, Proposition 3.28 induces the folbwing declarations:

De nition 3.29 (Global/Local/Closed{loop Practical Suboptimality Degree)

(1) The value :=maxf | (3.27) holds for allx(n) 2 Xgis called(semi{)global practical
suboptimality degree

(2) If x(n) 2 X is xed, then the maximal value of satisfying (3.27) is calledlocal
practical suboptimality degree

(3) The value = maxf | (3.27) holds for alln 2 Nog is called closed{loop practical
suboptimality degree

Implementing Proposition 3.28, we see tha¥y (x(n+1)) is needed to compute the charac-
teristic . Hence, it can only be applied a posteriori or at a high addiinal computational
cost, see Remark 3.9.

Within our implementation, see Section 6.2.2.3, we consid#éhe following algorithm:

Algorithm 3.30 (Computing a posteriori practical Suboptimality Bound)

Input: min | Closed{loop practical suboptimality estimate
Wy (X(n)) | Value function in the previous step
W (x(n+1)) | Value function in the actual step

| Truncation constant

(1) 1 1x(n); n(x(n))) <™:

Print \Practical stability region reached", set =1 and terminate
(2) Else

(2a) If Vy (x(n))  Vn (X(n + 1)): Print warning \Solution may be unstable”

o Vi (x(n)) Vi (x(n+1))
(2b) Set = “im: oy "

(2c) Set nin :=minf .ih; gand terminate

Output: mn | Closed{loop practical suboptimality estimate
| Local practical suboptimality estimate for the past step
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For results of Algorithm 3.30 and a comparison to the outcomef Algorithm 3.8, we refer
to Section 8.4.3.

Similar to Lemma 3.10, we can use the following observation:

Lemma 3.31
Consider N 2 N, a receding horizon feedback lawy () and its associated closed{loop
solution x( ) according to (3.3) with initial value x(0) = Xq. If

Wx(n+1)) W ax(n+1)) maxf@d )Ix(n); n(x(n))+ “" g  (3.31)
holds for some 2 [0;1], some" > 0 and alln 2 [0O;ng] Np, then
V" (x(n) W (x(n))
holds for alln 2 [0; ny] with V, ™ () according to (3.29).

Proof. Using the principle of optimality we obtain

Ww(x(n) = I(x(n); n(X(n))+ W 1(x(n+1))
T v )+ Ve (x(n + 1)
maxf (1 MN(x(n); n(x(n))) ™" g
= minf (I(x(n); ~n(x(n))) ");lx(n); n(x(n)) "g+ Vn(x(n+1)):
Hence, (3.27) holds and Proposition 3.28 guarantees the es®on. O

Similar to the non{practical case, we can state su cient couditions to establish our prac-
tical suboptimality estimate.

Assumption 3.32
For a givenN 2 N, N 2 there exist constants , " > 0 such that the inequalities

Va(Xuy (N 2)) maxf( +)Valxy, (N 2))+(1 )%

Vi(xuyy (N 2))+ "9 (3.32)
Vi (Xuy (N K)) maxfl(xy, (N K); «(Xuy (N K))+(k 1)
( +DIXuy (N K); k(Xuy (N K))+(K 1)"g (3.33)

hold for all k 2 f3;:::;Ngand alln 2 [0;ng] Np using the abbreviationx,, (j) =
Xuy (J; X (n)) for the open{loop solution given by (2.10).

By choosing” = 0 we obtain that this assumption is a direct relaxation of Asumption

3.11. From a geometrical point of view, this relaxation is aertical shift of the running

cost and simultaneously of the optimal value function, see(32) and (3.33) respectively.
As a result, this allows us to avoid violations of the relaxedlyapunov inequality (3.8) if

the parameter" is chosen appropriately. Hence, we persue a similar apprbaas in the

previous section.

Proposition 3.33
ConsiderN 2 N and assume that Assumption 3.32 holds for this. Then

[ (+pt 2 Vi N") ;W N*™
min N ey W 7 (W (x(n)) ) s W (x(n))
W 1(x(n) (N 1)

holds for alln 2 [0;ng]  No.
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Proof. In order to prove the assertion, we show that given Assumptin3.32 for Vi (),

k = 2;:::;N, Assumption 3.11 holds for a modi ed optimal value function®( ) and
Proposition 3.14 guarantees our assertion.
Again, we use the abbreviatiorx,, (j) := Xy, (J;x(n)), j =0;:::;N, since all our calcu-

lations using the open{loop trajectory de ned by (2.14), (210) refer to the xed initial
value x(n) with n 2 [0;ng]  No.
Now, we consider the stage cost

Mx;u) = I(x;u) " (3.34)
which gives us the following dependency
Be(x) = V(x) K" (3.35)

for arbitrary x and u. Using (3.33), we obtain

G (N K) ) maxt( + DI (N K o (N KD +(K 1)
g (N K): g (N K+ (K 1)g K
= maxf( +D (I (N K G (N K) ")
oy (N K Oy (N K)) "G
“2) maxf( + DM (N K) k(g (N K));
Moy (N K Oy (N K)))g

for ¥( ) wherek 2 [No; N] is arbitrary. Hence, we can see that Assumption (3.13) haid
using either =0 or from Assumption 3.32. Thus, the induction step in the proof
Proposition 3.14 can be utilized here as well.

The induction anker can be shown using (3.32)

®o(xu, (N 2)) & maxf Vi(xy, (N 2))+ " ( +1D)Vi(xy (N 2))+(1 )'g 2
= maxfVixyy (N 2)) " ( +)Va(xoy (N 2)) ( +1)"g

=7 maxf@(xu, (N 2))( +1)®ux (N 2))a:
Hence, we proved that (3.12) holds for either =0 or  from Assumption 3.32 for&( )
and I{ ; ). Therefore, according to Proposition 3.14, we can concled
. (3.16)
minf (B(xu (N K)); ®(Xuy (N K))g e 1(xuy (N K)):
Last, inserting (3.35) and choosink = N proves the assertion. O

Theorem 3.34
Consider and N 2 N such that( +1)N 2> N holds. If Assumption 3.32 is ful lled
for these , N and some" > 0O, then the estimate

NG L

VY (x(n)) Vi (x(n)) with ( +1N 2

(3.36)

holds for alln 2 [0;ng] N with V, " () according to (3.29).
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Proof. Using Proposition 3.33 we obtain
N 1

W(X(n) W a(x(n)) " max W(VN 1(x(n)) (N 1)");0 @ (3.37)

Now we use a construction similar to the proof of Theorem 3.1%\gain, the abbreviation
Xuy (1) := Xuy (5 x(n)), ] =0;:::;N denotes the open{loop trajectory de ned by (2.14),
(2.10).

First we obtain the inequality

Vie 1(f (Xuy (1) k(Xuy (M)))) (k1) maxf (I(xu, (R); k(Xuy (1)) ");0g
(3.38)

form:= N kandk2f3;:::;Ng. This is can be shown using Assumption 3.32 and the
principle of optimality

Vie 1(F (o (0); 1Ok () = Veku () 1 (g (R); - (Xen ()
O maxt (D)1, (); kO ) (K 1)

I(Xuy (R); k(X (R)) + (k- 1)"g  1(Xuy (R); k(Xuy (R)))
= maxf (I(xu, (7); «(Xuy (R))) " 0g+(k 1)'g

Coming back to our construction, we considgr = n 1 in (3.37) with xg = X(j):

WX( +1)) W u(x( +1))

N 1
max W(VN 1(x( +1)) (N 1));0
N 1
= max W (W 1(f (Xuy (0); n(Xuy (0)))) (N 1)");0

Inserting (3.38) with k = N reveals

N

Wx( +1) W x(G +1) " Wmaﬁ('(x(i); k(Xuy (1)) ") 0g:

Now we can identify this inequality with (3.31) where

N ( + 1) N 2 N
= L S = L (3.39)
and hence Lemma 3.31 provides the assertion. O

According to Theorem 3.34, the following algorithm compute a practical suboptimality
bound

Algorithm 3.35 (Computing a priori practical Suboptimality Bound)

Input: min | Closed{loop practical suboptimality estimate
W (X(N)) | Value function in the actual step
N | Length of the horizon

| Truncation constant
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(1) Set =0
(2) Compute Vi(xu, (N 2 x(n)))
(3) If Va(xuy (N 2:x(n))) > Vi(Xuy (N 2:x(n))) + " or Va(xu, (N 2Zx(n))) >":

— Vo(xupy (N 2x(n)))  Vi(Xupy (N 2x(n))) "
Set = . Vi(xuy (N 2;x(r:\‘))) "

(4) For k from 3to N do

(4a) If Vil(xuy (N K5x(n)))  1(Xuy (N Kix(N)); k(Xuy (N k;x(n)))) > (k 1)"
or I(xy, (N k;x(n)); «(Xuy (N Kk;x(n)))) >":

Set ~:= Vic(Xup (N kix () 1(xupy (N Kix(n)); k(Xup (N kix(n))) (k. 1)"
) [(Xup (N Kx(n)); k(Xup (N Kix(n)))) "

Set :=maxf ; ~g

(5) If =0: Print \Practical stability region reached”, set =1 and terminate

i 1N2 N
6) set = LR

(7) If < O: Print warning \Solution may be unstable”

(8) Set min :=minf .,; gand terminate

Output: min | Closed{loop practical suboptimality estimate
| Local practical suboptimality estimate for the actual ste p
| Characteristic of the problem

Remark 3.36

In Step (3) can only be computed if the maximum occurs in the rst argumemnf the
right hand side of (3.32). Similarly, in Step (4) is set only if the maximum is attained
in the second argument 0f3.33). This allows us to determine whether the practical region
has been reached by checking for the parameteto be zero. In case of Algorithm 3.30, we
are able to use the characterization of the region directlgee Figure 3.6. Here, however,
the condition relates the optimal value function of subpr@ms and running costs to the
cutting parameter".

Since in our numerical examples results using Assumptionl3. instead of Assumption
3.11 are signi cantly better, cf. Section 8.4.2, we want to @apt this more general case
to cover practical stability as well. Note that one cannot us the same argumentation to
relax the previous result due to the necessary positive dateness of the modi ed stage
costI{ ; ) in the proof of Proposition 3.21.

Assumption 3.37
For a given N, No 2 N, N No 2 there exist constants , " > 0 such that the
inequalities
n
Vo0, (N NoY) - max 10 (N 0)i 5 2k, (N )+

..... 0 0
( +DIe (N j)s g akee (N ) +C +1 0 No )" (3.40)

Ve (N K) maxti(x, (N K); kg (N K+ (K 1)
(+DIey (N K wxu (N K)+(k  1)g (3.41)
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hold for all k 2 fNg+ 1;:::;Ngand alln 2 [0;ng] Ng where the open{loop solution
Xuy (1) = Xuy (i x (Nn)) is given by (2.10).
Again, one can see that Assumption 3.32 is a special case ofétaption 3.32 by setting
No = 2.
Proposition 3.38
ConsiderN;Ng 2 N, N No 2, and assume that Assumption 3.37 holds for these
constants. Then

( +1)N No

min (FDN Nox N o (Mn(X(n))  N™);Wn(x(n)) N©

W a(x(n)) (N 1)
holds for alln 2 [0;ng]  No.

Proof. Note that I{ ; ) and %( ) may become negative. Hence, in the proof of Proposi-
tion 3.14, the construction showing the induction anker to dld cannot be applied here.

assume those terms to be nonnegative.
According to the changes in our assumptions, we only need tooge the induction anker.
Using (3.35) and (3.40) we obtzelin

o (Xuy (N No)) [hax. I(Xay (N )55 2k (N )+ 7
)
( +DIXu (N j); g axey (N ) +(C +1 No )" No"
( o
max [( +DIXuy (N )5 5 2o (N NI+ +1 0 No )%
j=2
Xo )
[xuy (N ) 5 aXey (N DI+ " No”

j=2
which can be reformulated given the de nition of the optimalvalue function as
n

¥no(Xuy (N No)) max ( + D)W, 1(Xxuy (N No))+( +1  No )%

0
W 1(Xuy (N Ng)) + " No"
n
= max ( +1)%, (X, (N Ng))+( +1 Ng)"+(Nog 1)( +1)"
0
Bno 1(Xuy (N Ng))+ "+ (Ng 1) No"

n 0]
G2 max ( +1)% 1(Xuy (N No)); ¥y, 1(Xuy (N No))

Now, we can conclude our assertion analogously to the prodfRroposition 3.33. O

Theorem 3.39
Consider > OandN, Ng 2 N, N Ng such that( + 1)N No > N No*2 phog|ds, |f
Assumption 3.37 is ful lled for these , N, Ng and some" > 0, then the estimate
_( +1)N No N Np+2

( +1)N No
holds for alln 2 [0;ng]  No with V, " () according to (3.29).

V" (x(n)) Vi (x(n)) with (3.42)
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Proof. Using Proposition 3.38 we obtain

N No+l

W(X(n) W a(x(n)) " max (+D" N (W a(x(n)) (N 1)");0 : (3.43)
Now, we use the same construction as in the proof of Theoreni3. Similarly, we use the
abbreviation x,,, (j) := Xu, (;x(n)), ] = 0;:::;N, since again all our calculations using
the open{loop trajektory de ned by (2.14), (2.10) refer to he xed initial value x(n) with
n2[0;ng] No.
We considerj = n  1in (3.43)

W(X( +1)) W u(x(G +1))

N No+2
max W(VN 1(x( +1)) (N 1));0
N No+2
= max m (W 1(f (Xuy (0); n(Xuy (0)))) (N 1)");0

with xo = X(j ). Inserting (3.38) with k = N gives us

WX(G +1)) W ux(G+1) "

N Np+2
max i, MaxT (10, (O): k(xuy (00)) )3 0950
N Nop+2
= Wmaxf(l(xa); k(Xu, G)))  ™);0g:

Hence, we obtain our assertion using Lemma 3.31 with
N Np+2 ( + 1)N No N Nop+2

D R T (D

(3.44)

O

To compute the practical suboptimality estimate given by Tlkeorem 3.39, we use the
following algorithm, see also Section 6.2.2.4 for the impientation and Section 8.4.4 for
numerical results.

Algorithm 3.40 (Computing a priori practical Suboptimality Bound)

Input: min | Closed{loop practical suboptimality estimate
W (X(N)) | Value function in the actual step
N | Length of the horizon
No | Length of the comparison horizon

| Truncation constant

(1) Setlmax =0, =0
(2) Forj from 2 to N do

(2a) Computel(xy, (N jix(n)); j 1(Xuy (N jix(n))))

(2b) Setlmax = maxflma; I(xuy (N jix(n)); j 1(Xu (N jix(N)))) g
(3) If Vng(Xuy (N Ng)) >l max + " and Imax > (No 1)
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VNO(XUN (N No)) Imax "
Imax (NO 1)"

Set =
(4) For k from Ng+1to N do

(4a) If Vic(xuy (N ki x(n)))  1(%uy (N K;x(N))5 k(Xuy (N kx(N)))) > (k1)
and I(xyy, (N k;x(n)); k(Xuy (N k;x(n)))) >":
Set ~'= Vic(Xupy (N Kix(n)))  1(Xuy (N kix(n)); k (Xuy (N kix(n))) (k1)
" I(Xuy (N Kx(n)); k(Xuy (N kix(n))) "
Set :=maxf ; ~g

(5) If =0: Print \Practical stability region reached”, set =1 and terminate
+1)N N N Ng+2
(6) Set = LB oo

(7) If < 0: Print warning \Solution may be unstable"

(8) Set min :=minf .,; gand terminate

Output: min | Closed{loop practical suboptimality estimate
| Local practical suboptimality estimate for the actual ste p
| Characteristic of the problem

Assumption 3.19 represents su cient conditions separatglfor eachNg. This allows us to
choose the best resulting suboptimality estimate. Algoritmically, we can call Algorithm
3.40 for variousNg, see also Section 6.2.2.4. The computational costs, howewese
dramatically if the parameter Ny is increased since a larger number of long optimal control
problems have to be solved.

Remark 3.41
In some references, an inequality of the form

V(x) (%)

for some function : X! R{, all k2 N and all x 2 X is imposed in order to conclude
stability or practical stability of the RHC closed loop, cfe.g. Assumption 4 in [87]. Note
that Assumption 3.19 ts into this framework while Assumptin 3.37 is more general.

3.4 Other Stability and Suboptimality Results

In the past 20 years di erent possibilities to guarantee staility of the closed{loop system
have been proposed which can be divided in three classes.

The rst class is characterized by an additionalterminal point constraint connecting
every initial value to the desired equilibrium point by a feaible trajectory over the open{
loop horizon, see e.g. [37,126,158, 159, 162]. Additiogalive obtain a rst estimate for
suboptimality of the receding horizon controller.

A relaxation of this approach is the so calledjuasi{in nite horizon method. Here, the
terminal constraint regards a closed connected set. To coepsate this, the cost func-
tional is modi ed by adding a Mayer term F( ), see also Remark 2.14, which in principle
overestimates the remaining in nite time cost correspondg to the terminal state, see
e.g. [38,39,68,117,164]. In this setting, the concept imiverse optimality as described
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in [22,150,160,173] can be utilized to qualify a resultinguotroller to be optimal in some
sense.

Last, a suboptimality estimation approach using observalily and controllability condi-
tions has been proposed in [87,92,100,102] which turns oatlie checkable using a small
linear program.

Here, we rst describe the two endpoint{based stability appoaches as well as the term
of inverse optimality shortly. Thereafter, we state the commollability{based result and
conclude by discussing conceptual advantages and disadeages as well as correctness of
these methods compared to our proposed stability results &ropositions 3.3, 3.33 and
Theorems 3.22, 3.39.

3.4.1 Terminal Point Constraint

In 1988, a rst stability result for nonlinear receding horzon control was established
in [126] using the idea of a moving terminal seX;. For linear system, this has been
shown earlier in [215,216]. For simplicity of exposition, consider the origin to be the
desired equilibrium. The key idea is to add @aerminal point constraint

Xuy (N;x) =0 (3.45)

to the problems RHG, and SDOCR, respectively. Basically, if a trajectory is feasible
for the underlying open{loop problem SDOCR, then the equilibrium x? = 0 is reached
within the considered time horizon.

To show stability we assume the following:

Assumption 3.42 (1) The constraint setX is closed.
(2) The dynamic of the systemf : R" U! R" is continuous andf (0;0) = 0.
(3) The stage costl : R" U! Ry is lower semi{continuous and(0; 0) = 0.
(4) There exists a clas¥K; {function L; such that
1 u)  La(k(x; u)k)
holds for all (x;u) 2 R" U.

Theorem 3.43 (Stability using a Terminal Point Constraint)

Consider the problems RHE and SDOCR, with additional terminal point constraint
(3.45) respectively. Suppose Assumption 3.42 to hold. ¥ is chosen such that problem
SDOCR, exhibits a feasible solution, thev; (Xp), V; N (Xo) and Wy (Xo) are nite and
satisfy

Vi (Xo) ViV (Xo) Vn(Xo): (3.46)

Within this context, another remarkable property of the prdolem SDOCR, can be ob-
served | that is, the value of the nite horizon cost function al converges to the value of
the in nite horizon cost functional. To show this we requirethe following:

Assumption 3.44 (1) The origin is contained inX U.
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(2) There exists a clas¥K; {function L, such that
[(x;u)  Lo(k(x;u)k)
holds for all (x;u) 2 R" U.

Theorem 3.45 (Convergence of the Costfunctional using a Terminal Point @hstraint)
Consider Assumptions 3.42 and 3.44 to be satis ed and 0 to be a given real constant.
Moreover, we assume, to be chosen such that problem SDOgPogether with (3.45)
possesses a feasible solution. Then, there exists a horimgthN = N(;x ) such that
forall N N the problem SDOCR together with (3.45) exhibits a feasible solution and
the estimate

W (Xo) Vi (Xo)+ (3.47)

holds. Moreover, there exists a radius > 0 and a horizon lengthN = N( ) such that
(3.47) holds for allN N and all xq 2 B,(0).

For proofs of Theorems 3.43 and 3.45 we refer to [126].

Remark 3.46

In 1982 | even earlier than [126] | the method of using the value function of a nite hori-
zon optimal control problem as a Lyapunov function to estai stability of continuous{
time systems employing a terminal equality contraint has dxe presented in [37]. Unfor-
tunately, it stayed unnoticed and unextended until 1989 i1%8, 159].

3.4.2 Regional Terminal Constraint and Terminal Cost

In 1998 a second idea was proposed in [39] relaxing the teralipoint constraint (3.45)
to a regional terminal constraint

Xuy (N5 X) 2 (3.48)

respectively for problems RHG and SDOCR, . Additionally, the cost functional in both
problems is modi ed by adding a Mayer termF () de ned on this terminal set, that is

D( 1
In(Xuy) = I (Xuy (15 X); Un (Xuy (05%);1)) + F (Xyy (N;X)): (3.49)
i=0

This approach is also termedquasi{in nite horizon NMPC . In [39], this approach was
formulated for continuous{time systems. Here, we give a disete{time equivalent, see
also [160].

More precisely, the following condition are assumed to appl

Assumption 3.47 (1) X is closed and contains the origin.
(2) For a given local feedbaclu; () we haveu; (x) 2 U for all x 2 .

(3) The set is forward invariant for f (; ) under us (), i.e. f(x;us(x)) 2 for all
X2 .
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(4) The Mayer term F () is a local Lyapunov function, i.e.
F(f(us(x) FX)+ I(xus(x)) O
holds for eachx 2 .

Then stability of the resulting closed{loop system can be shvn.

Theorem 3.48 (Stability using Terminal Costs)

Consider the problem RHG with modi ed cost functional (3.49) and additional constraint
(3.48). Suppose that Assumption 3.47 holds and the stated problexhikits a feasible
solution for a setXy of initial values xo. Then the resulting closed{loop solutior(2.16)
is asymptotically stable for all initial valuesxg 2 Xy .

For corresponding assumptions and a proof in the continuofiisne case, we refer to [38,39].
For the discrete{time setting, a proof can be found in [160].

3.4.3 Inverse Optimality

In the previous Sections 3.4.1 and 3.4.2, we dealed with thlsility aspect of the closed{
loop solution (2.16) only. Now, we aim at nding a feedback adrol u(x(n)) which
stabilizes the system

x(n+1)= f (x(n);u(x(n))) ; x(0) = Xq
while minimizing the cost

b
Ji (xeu) = T(x(i);u(x(i)) : (3.50)

i=0

This issue has been considered earlier, see e.g. [22].

Within our analysis of the receding horizon controller in Sgtions 3.1 { 3.3, we obtained
a parameter characterizing the degree of suboptimality of the closed{bp solution
regarding the in nite horizon optimal solution. In the inverse control problem see e.g.
[22,150,160,173], a Lyapunov function is given. Then, thénais to determine whether
a control law u( ) is optimal for a cost of the form (3.50). This leads to the soatled
L4V {control for control{a ne systems studied, among others, n [116, 131].

In order to apply this idea to the receding horizon controlle we need the following
assumptions:

Assumption 3.49
Supposer () to be modeled implying the existence of a closed s€t, R" and a control
law uy such that the following conditions hold:

(1) For all xo 2 Xy there exists a feasible controliy (o) 2 U.

(2) If the initial value Xq is contained in Xy, then the subsequent state along the
trajectory stays in this set, i.e.f (Xo; n(Xo)) 2 Xn -

(3) For all xg 2 Xy the Mayer term F () is decreasing in one step at least by the size
of the stage cost, that is

F(Xuy (N;un (X(1)))  F(Xuy (N;UN(X0))) T (Xo; Un (X0)) :
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In particular, condition (3) revealsF () to be decreasing along the closed{loop trajectory.
Note that F () is not necessarily a local control Lyapunov function as inegtion 3.4.2 to
exhibit such a characteristic, see also [117]. This propgrtan be used to establish the
following result shown e.g. in [150,173].

Theorem 3.50 (Inverse Optimality)
Consider a problem RHG with cost functional (3.49) such that Assumption 3.49 holds.
Then there exists a set of initial valueX, R" and a functionL : R" U! R{ with

L(x;un (X)) (X un (X)) 8x 2 Xo (3.51)

such that for allxq 2 Xg the resulting closed{loop controller () minimizes the modi ed
cost functional

s
J1 (Xo; nN)= L (x  (i;X0); ~(X(i))) : (3.52)

i=0

3.4.4 Controllability{based Suboptimality Estimates

In [92], a controllability assumption based on the running ast I( ; ) instead of the tra-
jectory is imposed to obtain an estimate for the trade{o betveen the in nite horizon
optimal control (2.8) and the receding horizon control law Z.15):

Assumption 3.51
There exists a functionW : X ! Rj and constants#;C > 0 and 0 < 1 such that for
all x 2 X we have:

(1) I(x;u) #W (x) holds for allu 2 U.
(2) There exists a control sequenca’ 2 U such that
l(x(n);u?’(n)) C "W(x) (3.53)

holds along the solutionx(n) de ned by (2.10) with u() := u’() emanating from
the initial value x(0) = Xo.

Using this assumption, we retrieve a connection to our resslifrom Theorem 3.15, see [92]
for a proof:

Theorem 3.52
Suppose Assumption 3.51 to hold. Then Assumption 3.11 holgih
C
= — 1 .54
) (3.54)
and the suboptimality degree can be computed for alk 2 X according to (3.17).

Using a di erent controllability assumption, one can de nea linear program to compute
the degree of suboptimality. In [99,100,102], the followgnsetting was analyzed:

Assumption 3.53
Given a function 2 KL o, for each initial value xq 2 X there exists a control function
un (Xo; ) 2 U satisfying

|(Xuy (Xo;);un (X0 M) (I7(X0); N) (3.55)

for all n 2 No.
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Here, a continuous function : R ¢ R o! R g is of classkL ¢ if for eachr > 0 we
have limy;  (r;t) =0 and for eacht 0 we either have (;t) 2K, or (;t) O.
Using Assumption 3.53, forany 0 and anyN 1 one de nes the values

D( 1
Bn(r) = (r;n) (3.56)
n=0

as well as

n = 1(Xuy ()5 Un (Xuy (0); 1))
Vi (Xuy (0))

with uy (; ) de ned by (2.14). This allows to show the following, see [92or a proof:

Proposition 3.54

Suppose Assumption 3.53 holds and consider a horizhn 1 within problem RHG;
using a m{step feedback(2.18) with m 2 f1;:::;N 1g. Assumeuy(Xo; ) 2 U to
be a minimizing control of problem SDOCE with initial value xo 2 X. If , > 0,
n=0;:::;N 1, holds, then we have

D( 1
n Bn k(k); k=0;:::;N 2 (3.57)
n=k

and if furthermore > 0 we obtain

X 1
nem* By j(jem); J=0;::5; N m L (3.58)
n=0

Proposition 3.54 can be seen as necessary condition for quioality of the m{step MPC
feedback law .. In order to obtain su cient conditions as shown in [92], we equire
the following:

Theorem 3.55

Consider 2 KL o, a horizon N 1 within problem RHG, using a m{step feedback
(2.18)with m 2f1;:::;N 1g and assume that all sequences > 0, n=0;:::;N 1
and values > 0 fullling (3.57), (3.58) satisfy the inequality

X 1 ) 1
n n (3.59)

n=0 n=0

for some 2 (0;1]. Then, for each optimal control problem SDOCR satisfying Assump-
tion 3.53, the inequality

Vi(x) Viv(x) W(x)
holds for allx 2 X.

Combining Proposition 3.54 and Theorem 3.55 allow us to foutate the linear program
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NP 1
n
Minimize := inf n=0
0N 1 nP 1
n
n=0
i 1
ST. nem+ By j(jem); J=0;:0N m 1
n=0
D(l
n By k(k); k=0;::5;N 2
n=k

to compute the suboptimality estimate .

3.4.5 Subsumption of the presented Approaches

Considering Theorem 3.43, the stated Assumptions 3.42 areotivated by establishing
stability only, in particular there is no direct connectionbetween the physical plant and
the introduced terminal point condition (3.45). This resuls in a modi cation of the prob-
lem which does not represent the original one in general, l@nthe resulting controls
and the closed{loop trajectories of these two problems mokkely deviate. Additionally,
the necessary computing e ort is high since the required hiaon length N must be cho-
sen large such that existence of a feasible solution of thetiomization problem can be
guaranteed.

The approach used in Theorem 3.48 relaxes this issue by egiag the terminal constraint
region. Hence, feasible trajectories are obtained for sigrantly shorter horizon lengths
N. Moreover, the additive terminal cost can be justi ed as andver-)approximation of
the anticipated costs on the in nite horizon. Still, the strictly monotone decrease i (),
see Assumption 3.47(5), needs to be established. Moreowitre resulting closed{loop
trajectory again deviates from the original one since by aduy the additional constraint
and modifying the cost functional the optimization problemexhibits a di erent solution
in general.

The setting considered within Proposition 3.3 | and related statements thereafter |
represents the majority of industrially implemented receidg horizon controllers, see e.g.
[16,54]. In order to establish these results, no further agsptions changing the optimal
control problem have to be made. Therefore, the resulting ntols can be regarded as
correctly computed. Moreover, no additional (analytical onumerical) e ort is necessary
to obtain a suitable endcost term and no terminal set is requed. According to these
arguments, our results can be regarded as superior compatedhese settings.

The estimates from Section 3.4.4, however, are based on tle#valued relaxed Lyapunov
inequality (3.6). They correspond to a RHG problem formulation which is identical to
our setting from Sections 3.1 { 3.3 and hence have to be regatias correctly computed
as well. Yet, it appears to be dicult to obtain the required parameters and functions
of Assumptions 3.51 or 3.53 for general nonlinear problemdence, this methodology is,
at least until now, restricted to a smaller class of problemsompared to our approach.
Moreover, we expect our results to be less conservative @ribhe estimates are not required
to hold for the whole state spacé&X but only those points which are visited by the closed{
loop trajectory (2.16).

As mentioned before, the primary assertion of Theorem 3.48 the stability property of
the closed{loop. Still, it also o ers an estimate for subopmality via V; ¥ (Xo)  Vn(Xo)
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but the optimal control problems corresponding toVy () and V; () dier due to the
introduction of the terminal point constraint in the nite h orizon problem. As a result,
we can not establish the inequalityVy (x) Vi (X) to obtain an upper bound in terms
of V1 (). Such a bound can be set up using Theorem 3.45 but until nowehe exists no
common formula to compute the required horizon lengtN . Hence, the method proposed
in Section 3.4.1 is suitable to obtain some bound on the cost the closed{loop, but it
cannot be employed to develop an quantitative suboptimalitproperty.

Using the inverse optimality concept stated in Theorem 3.58llows us to show optimality
of the closed{loop regarding the cost functiondl ( ; ). Additionally, the robustness prop-
erty of the in nite horizon controller carries over to recedhg horizon controller. However,
the function L( ; ) is in general unknown or computationally costy since it ragjres the
solution of two optimization problems, see e.g. [160,173Vloreover, since the closed{loop
controller is optimal for a di erent cost functional, we cane.g. utilize [92, Theorem 6.4]
to obtain an upper bound onV, ™ (). However, this result reveals no quantitative esti-
mate with respect toV; () which makes it unapplicable for our adaption strategies ithe
following Chapter 4.

The methods proposed in Sections 3.1, 3.2 and 3.3 allow for @rgutation of the in-
troduced suboptimality degree relating the costs of the closed{loop to the costs of
the in nite horizon control. Since the corresponding algathms can be applied along
the closed{loop trajectory without signi cant additional e ort, they are well suited to
develop algorithms to locally guarantee a lower bound on thiparameter. As a result,
we additionally obtain stability of the closed{loop. Morewer, the basic Proposition 3.3
gives rise to further theoretical insight of the receding h@on control problem, that is,
among others, to compute stability and performance bound®(] or to show improved
performance of the closed{loop considering longer contdobrizons [99].
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Adaptive Receding Horizon Control

Using the suboptimality estimates from the previous Chapte3, our aim is to develop an
automatic adaptation strategy in order to reduce the compuihg time necessary to solve
the receding horizon control problem.

The main idea is to accelerate the calculation of the open{tp control uy given by (2.14)
in every step of the receding horizon controller setup. At # same time, however, we
want to guarantee a certain degree of suboptimality 2 [0; 1) of the solution (3.3), (3.4)
compared to the in nite horizon solution (1.1), (2.8) with u(n) = (x(n)). This aim
renders our desired algorithm to be close to step size coritimethods of ODE solvers
like Runge{Kutta{Fehlberg, Dormand{Prince or Radau. Yet, the parameter of choice is
di erent: From the literature we know that longer optimization horizonsN (apart from
numerical di culties) lead to improved closed{loop solutions. The parameteN also has
a major impact on the computing time of each open{loop contidaw uy. Therefore,
designing strategies to adapt the horizon lengttN according to the problem and the
state of the system is a natural choice.

In order to develop such an adaptation strategy, we utilizehe a priori and a posteriori
estimates given in the previous Chapter 3. These estimatelosv us to quantify the degree
of suboptimality which is the comparison criterion we inted to use to develop shortening
and prolongation strategies for the optimization horizorN .

So far, we have seen that the existence of ™~ is a su cient condition for this pur-
pose if the horizon lengthN is not changed. Yet, the resulting lower bound™ does not
hold true for the whole trajectory if we vary N along the closed{loop solution. There-
fore, we extend the result of Proposition 3.3 and 3.28 to ourctual setting in Section
4.1. In the following Section 4.2, we develop a basic adapi@an algorithm from the a
posteriori result of Propositions 3.3. This scheme is extdad in Section 4.3 using the a
priori suboptimality estimate of Theorem 3.22. In the nal Sction 4.4, we consider the
practical suboptimality estimates of Proposition 3.28 and’heorem 3.39 to cover the case
of practically asymptotically stabilizable systems.

4.1 Suboptimality Estimates for varying Horizon

In the previous Chapter 3 we assumed the optimization horimoN to be xed for all
iterates of the receding horizon controller and developedlacal suboptimality estimate
for this controller. Now, our aim is to vary the optimization horizon of the receding
horizon controller along the closed{loop solution 2.16. Ne that Algorithms 3.8, 3.23,
3.30 and 3.40 can still be applied for every point along theaded{loop if the optimization

77
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horizon is known. The stability proofs of Propositions 3.3rad 3.28, however, do not hold
since the terms in the telescope sum argument do not cancelt @ach other in general.
Here, we generalize the results for xed optimization horan N from Propositions 3.3
and 3.28. To this end, we assume that if there exists a horizéength parameterN such
that (N) ~ holds, then the controller shows a bounded guaranteed pemitance if the
horizon length is increased, i.e.

Assumption 4.1

Given an initial value x 2 X and a horizon lengthN < 1 such that () guarantees
local suboptimality degree (N) —, — 2 (0;1), we assume that fof§ N, N < 1,
there exist constantsC;; C > 0 such that the inequalities

16 N() Gl g (X)) (4.1)
N & (9 @2)

hold where (I€) is the local suboptimality degree of the controller () corresponding
to the horizon length I§.

Remark 4.2
In order to t the context of varying optimization horizons, we intuitively extend our
notation from Chapters 2 and 3 by adding the used optimizatidnorizon as an argument,
i.e. (N) denotes the variable from Chapter 3 with horizonN. Moreover, since the
resulting closed{loop control now depends on a sequefiisg);,n We denote such a control
law by (n;)-

The aim of Assumption

4.1 is to allow for non{

monotone developments of 11 ______________________________

the suboptimality degree X
() if the horizon length X ‘

is increased. Still, we want %o X, .

to guarantee that if a cer- — F----- e il

tain suboptimality degree X X

— 2 (0; 1) holds for a hori- X X > N

zon length N, then the es-

timate does not drop below

zero if the horizon length is

increased.

Figure 4.1: Possible development of the suboptimality de-
gree () depending on the horizon lengthN

Remark 4.3

Since I(x; (x)) may tend to zero if€ is increased, we obtain thatC, is in general
unbounded. The special cadgx; (X)) =0, however, states that the equilibrium of our
problem has been reached and can be neglected in this context

Given Assumption 4.1, we obtain stability and a performancestimate of the closed{loop
in the context of changing horizon lengths similar to Propaton 3.3.
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Theorem 4.4 (Stability of Adaptive RHC)

Consider — 2 [0;1) and a sequencéN;)i2n,, N; 2 N, where N? = maxfN;j i 2 Ng,
such that the receding horizon feedback law;) de ning the closed{loop solution(2.16)
guarantees

Vi (X(1)) Vi (X(+ 1)+ T (x(1); w; (X(0))) (4.3)

for all i 2 Np. If additionally Assumption 4.1 is satis ed for all pairs ofinitial values and
horizons (x(i); N;), i 2 No, then we obtain

Vi (x()  ViM(x(n) Ve (x(n)) Vi (x(n)) (4.4)
to hold for alln 2 Ny where ¢ := min %_
PN, ¢

Proof. Given a pair (x(i); N;), Assumption 4.1 guarantees (N;) Cle (R) for & N;.

Now we choosd® = N? within this local suboptimality estimation. Hence, we obtén

_ @9 (N7,
(Ni) o

using the relaxed Lyapunov inequality (4.3). Multiplying ly the stage cost(x(i); n, (x(i))),
we can conclude

S0 )
_ Wne(X(0) - Wne(x(+1)) o -
RO IRN0) D o)
Ci)(V 2(x(1))  Vne(x(i +1)))
c@® N N

T(x(@); ~ (x(0)))

using (4.3) and (4.1). Summing the running costs along theaded{loop trajectory reveals

X
e IxG) w () Ve (x(D)  Wne(x(K +1))

j=i

where we de ned ¢ = 2rpin ]%_. SinceVy»(X(K +1)) 0 holds, we can neglect it
n2[i;::;K )
in the inequality. Taking K to in nity reveals
X

VM) = e imIxG); o (xG)) e (x()):
j=i

Since the rst and the last inequality of (4.4) hold by the principle of optimality, the

assertion follows. N

Remark 4.5

Comparing Proposition 3.3 and Theorem 4.4, we see th@d.3) is only a su cient condi-
tion for guaranteeing the suboptimality degree if the horizon length is xed. Here, the
bound ¢ may become very small depending @ and C; from Assumption 4.1 but in our
numerical experiments no such case occured, see also Sec8&.4 for numerical results.
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Similar to Proposition 3.28, we can extend Theorem 4.4 to theractical case:

Theorem 4.6 (Practical Stability of Adaptive RHC)

Suppose™ 2 [0;1) and " > 0 are xed. Consider a sequencéN;)i2n,,» Ni 2 N, where
N? = maxfN;j i 2 Ng, such that the receding horizon feedback lawy,, de ning the
closed{loop solution(2.16) guarantees

Wi (X(0) - U (x(@ + 1)) +min £7(1(x(0); ~ (x(0)) ") HxA); (X)) g (4.5)

for all i 2 Ng. Consider a discrete{time intervall := fng;:::;n,g. Let ny, ny 2 N,
Ny < ny, for which the inequalityl(x(i); n,(x(i))) " holds for alli 2 | and set :=
Wn2(x(nz + 1)) . If additionally Assumption 4.1 is satis ed for all pairs ofinitial values
and horizons(x(i); N;), i 2 I, then we obtain

cV, M (x(n) - Ve (x(n)) Vi (x(n)) (4.6)

to hold for alln 2 | where ¢ := _rylin %_ andl(x(i); w, (x(i)), V, ™" (x(n)) are de ned
J n ~l

in (3.28) and (3.29) respectively and ,:=fi21ji ng.

Proof. The proof combines Proposition 3.3 and Theorem 4.4. From thu nition of 1( ;)

and | we obtain

TA(x(i); o (x(0)) = max f(x(); n(x(0) ") ;0g
(N?)

fori 2 1. Similar to the proof of Theorem 4.4, we obtain— (Ny) =0 from
Assumption 4.1. Hence, we have

A ) max A0 w ) )50
ch
ﬁ (M2 (x(1)) Vi (x(i +1)))
using (4.5) and (4.1). Thus, summing over and de ning ¢ = jn;lin %_ gives us
X2

V™M x(m)= ¢ TxG) w(xG))  Vwe(x(n)

j=n
which implies the assertion sinc&/-(x(n)) Vi (x(n)) follows by (3.2). O

Now, we are ready to design adaptive algorithms based on owrchl suboptimality esti-
mates from the previous Chapter 3.

4.2 Basic Adaptive RHC

A basic version of an adaptive receding horizon controlleARHC) can be implemented
using Proposition 3.3. Note that this proposition represda an a posteriori estimate.
However, the necessary data can be obtained by solving twonsecutive optimal control
problems using a forward prediction of the state trajectory

A basic assumption we require is the existence of a nite ha@on length parameterN

guaranteeing stability with suboptimality degree greatethan —, i.e.
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Assumption 4.7

Given — 2 [0;1), for all xo 2 X there exists a nite horizon lengthN = N (Xg) 2 N such
that the relaxed Lyapunov inequality (3.6) holds with (N)  ~ for all horizon lengths
N N.

Regarding Theorem 4.4, we rst x the lowest tolerable subopmality degree — 2 [0; 1),
then we compute a suitable horizon length parameteX such that ~ holds for
from (3.8) and last implement the resulting control valueuy . More formally, we use the
following algorithm:

Algorithm 4.8 (A posteriori Adaptive Receding Horizon Control (ARHC))

Input: - | Fixed suboptimality bound
N | Length of the horizon
x(n) | Initial value of the plant

(1) Compute Vy (x(n)), Vn (X(n +1))
(2) Compute (N) by calling Algorithm 3.8
3 If (N)>
Shortening Strategy
(4) Else:

Prolongation Strategy

(5) Goto (1)

Output: (N) | Local suboptimality estimate
x() | Closed{loop trajectory

In order to shorten the actual horizon length, we present twquite similar strategies which
are based on the following conclusion.

Lemma 4.9 (Shortening Strategy)
Consider an optimal control problem(2.10), (2.14) with initial value xo = x(n), N 2 N
and — 2 [0; 1) to be xed. Suppose there exists an intege2 No, 0 <N such that

W i(Xuy (F +15%0)) + T (Xuy (i5X0); N i(Xuy (5X0))) W i(Xuy (15 X0)) 4.7)

holds true for all0 i i wherexy, (i;Xo) is de ned by (2.10). Then the rst (i + 1)
elements of (2.14) can be implemented with local suboptimality degree

Proof. Consider the optimal control problem with xed horizon lengh parameter N em-
anating from the given initial value. Usingi 0,i i, the open{loop trajectory (2.10)
and (4.7) we conclude that (3.9) holds true for any optimal adrol problem with horizon
length N i and initial value x, (i; Xo). Hence, the assertion follows. O

The idea of Lemma 4.9 is not only to allow for a shortening of #hcurrent optimization
horizon and to guarantee Assumption (3.8) to hold. It also reals an computationally
cheap algorithm which implementsi 2 f 0;:::ig elements of the open{loop control se-
guenceuy ( ; Xe) and checks (3.8) to hold iteratively for the correspondindporizon length
N i along the resulting solution.
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Reformulating Lemma 4.9 we obtain the following two slighyl di erent algorithms:

Algorithm 4.10 (A posteriori Simple Shortening Strategy)

Closed-loop strategy:
Input: - Fixed suboptimality bound

I

N | Length of the horizon
|
|

un (X(n); ) Open{loop control
Wy (X(n)) Value function
W (x(n+1)) | Predicted value function

(1) Implement uy (x(n); 0), obtain x(n+1) and setn:= n+1
(2) Setuy(x(n);Kk) := uy(x(n  1);k+1)forall k2f0;:::;N 29
B)IfN 2:

(3a) SetN =N 1

(3b) Compute Vy (x(n + 1))

(3c) Compute (N) by calling Algorithm 3.8

Bd) If (N)<

SetN =N +1
Setuy (X(n); N 1) to default value according to (2.9)

Else
Setuy (X(n); k) := un+1(X(n);k) forall k21 0;:::;N 19

Local suboptimality estimate

Output: (N) |

N | New length of the horizon
I
|

x(n) New initial value
un (x(n); ) Shifted open{loop control on new horizon
Algorithm 4.11 (A posteriori Simple Shortening Strategy 2)
Mixed closed{loop open-loop strategy:
Input: - | Fixed suboptimality bound
N | Length of the horizon
(N) | Local suboptimality estimate
un(x(n); ) | Open{loop control
W (X(N)) | Value function
W (x(n+1)) | Predicted value function

(1) While (N) > —do
Compute N and (N) by calling Algorithm 4.10

Output: (N) | Local suboptimality estimate
N | New length of the horizon

x(n) | New initial value

un(x(n); ) | Open{loop control on new horizon

Note that in both algorithms we supposex,, (x(n);]) to be the outcome of (2.10) with
Xo = X(n). The second strategy opens up the closed{loop for€ 1) steps while using the
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rst strategy the general problem structure remains the sam. Hence, the rst strategy is
in general more robust with respect to perturbations. The send strategy, on the other
hand, allows for an increased computing time to solve e.g.dlsuccessive optimal control
problem ifi 1.

Remark 4.12

If we consider anm{step feedback as in De nition 2.22, these two strategiesrtéde adapted
quite easily by shifting the horizonim times in Step (1) of Algorithm 4.10 and adapting
the new horizon length ttN  m.

Note that we have to solve one additional optimal control priolem in every step of Algo-
rithm 4.10. This can not be avoided since the initial poinx(n + 1) is already shifted in
time and hence is not identical to the basis of the predictedalue function in general.

Remark 4.13

In order to speed up the algorithm, we can reuse the endpiedetlee control of the rst
optimal control problem as initial guess for the second optal control problem, see also
Section 8.3.3 for impact of the initial guess. Additionallywe can use synergy e ects in
two consecutive receding horizon control steps since in thdaptation algorithm the second
optimal control problem of the old step is (apart from deviains of the initial value of the
state) identical to the rst problem in the actual RHC step.

The prolongation of the optimization horizon is a quite di cult task. One strategy for
this is straight forward but computationally expensive. Y& it can be applied to any
optimal control problem satisfying Assumption 4.7.

Algorithm 4.14 (A posteriori Simple Prolongation Strategy)
Suboptimality guaranteeing approach:

Input: - | Fixed suboptimality bound
(N) | Local suboptimality estimate
N | Length of the horizon
(1) Seti =0

(2) While (N) < —do
(2a) Seti =i+1
(2b) Compute Vy+i(x(n)) and Vy+i(x(n + 1))
(2c) Compute (N) by calling Algorithm 3.8
(3) SetN := N +i
(4) Implement uy (x(n); 0)

(5) Obtain x(n+1)and setn:=n+1

Output: (N) | Local suboptimality estimate
N | New length of the horizon
x(n) | New initial value

Lemma 4.15 (Prolongation Strategy)
Consider an optimal control problem(2.10), (2.14) with initial value xo = x(n) and N 2
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N. Moreover, ™ 2 [0; 1) is supposed to be xed and Assumption 4.7 to be satis ed. Then
Algorithm 4.14 terminates in nite time and computes a horien lengthN such that the
rst element of the open{loop control (2.14) can be implemented with local suboptimality
degree.

Proof. According to Assumption 4.7, there exists a nite horizon lagth N such that
un (x(n);0), N N, can be implemented with local suboptimality degree. Hence, the
while{loop in Algorithm 4.14 will terminate at latest after i = N N steps satisfying the
stopping criterion and the assertion follows. O

4.3 Modi cations of the ARHC Algorithm

This section aims at reducing the computing time necessary tobtain a horizon length
which guarantees a certain degree of suboptimality. Similar to Section 3.2, we want to
ignore all future information, i.e. to avoid the use oWy (x(n + 1)) in our calculations. To
this end, we use thea priori estimate which we derived in Section 3.2 using Assumption
3.19 and Theorem 3.22. While this estimate is slightly moreaservative than the estimate
from Proposition 3.3 it is also computationally less demanmayg if the value Ng is small.
Since no knowledge o¥y (x(n + 1)) is required, we can reformulate Algorithm 4.8 in the
following way:

Algorithm 4.16 (A priori Adaptive Receding Horizon Control)

Input: - | Fixed suboptimality bound
N | Length of the horizon
No | Fixed internal length of subproblems
x(n) | Initial value of the plant

(1) Compute Vy (x(n))
(2) Compute (N) by calling Algorithm 3.23
3 If (N)>—:
Shortening Strategy
(4) Else:
Prolongation Strategy
(5) Goto (1)

Output: (N) | Local suboptimality estimate
x() | Closed{loop trajectory

Remark 4.17
Here, we only use the more general result of Theorem 3.22 lohea Assumption 3.19 and
do not discuss the special casé, = 2 of Theorem 3.15 and Assumption 3.11.

Similar to the changes made in Algorithm 4.8, we can modify lbema 4.9 to match to the
conditions of Assumption 3.19.
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Lemma 4.18 (Shortening Strategy)
Consider an optimal control problem(2.10), (2.14) with initial value x, = x(n) and
N;No 2 N, N No 2. Moreover — 2 [0;1) is supposed to be xed inducing some
() via (3.23). If there exists an integeri 2 Ng, 0< i<N  Np 1 such that there exist

i < (N i) satisfying

Vio(uy (N Noixa) (i +2) max 10w, (N 5iXo)i j a(ku, (N [ix0)) (4.8)

Vig (Xuy (N kis%0)) (i # D) H(Xuy (N KisXo0)s 1 (Xuy (N i3 X0))) (4.9)

forall ki 2f Ng+1;:::;N igandall0 i i wherex,,(i;Xo) is given by(2.10) with
Xo = X(n), then the rst (i + 1) elements of the open{loop controliy (Xo; ) de ned by
(2.14) can be implemented with local suboptimality degree

Proof. Since (4.8), (4.9) hold fori = 0, Theorem 3.22 guarantees that the local subopti-
mality degree is at least as large as. If i > 0 holds, we can make use of the open{loop

(4.9), we obtain our assertion for the optimal control prol®@m with initial value x,, (i;Xo)
and horizon lengthN i via Theorem 3.22. Hence, sincewas arbitrary, this holds for
alli i and concludes the proof. O

Now we use Lemma 4.18 to adapt our shortening strategies:

Algorithm 4.19 (A priori Simple Shortening Strategy)
Closed-loop strategy:
Input: - | Fixed suboptimality bound
N | Length of the horizon
un(x(n); ) | Open{loop control
W (X(N)) | Value function

(1) Implement uy (x(n); 0), obtain x(n+1) and setn:= n+1
(2) Setuy (x(n);K) ;= uy(X(n 1);k+1)forall k2f0;:::;N 29
(3) f N Ng:

(3a) SetN =N 1
(3b) Compute (N) by calling Algorithm 3.23
(Bc) If (N)< ™
SetN := N +1
Setuy (X(n); N 1) to default value according to (2.9)
Else
Setun (X(n); k) := un+1(X(n); k) forall k21 0;:::;N 19

Output: (N) | Local suboptimality estimate
N | New length of the horizon
x(n) | New initial value
un(x(n); ) | Open{loop control on new horizon

Again, we can implement Lemma 4.18 in a mixed closed{loop aéoop fashion as shown
in Algorithm 4.11.
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Algorithm 4.20 (A priori Simple Shortening Strategy 2)
Mixed closed{loop open-loop strategy:

Value function

Input: - | Fixed suboptimality bound
(N) | Local suboptimality estimate
N | Length of the horizon
un(x(n); ) | Open{loop control
|

Wi (x(n))

(1) While (N)> —andN Ng do

Compute N and (N) by calling Algorithm 4.19

Output: (N) | Local suboptimality estimate
N | New length of the horizon
x(n) | New initial value
un(x(n); ) | Open{loop control on new horizon

To prolongate the horizon, we can use an approach which is gsi@an to Algorithm 4.14 but
based on the estimates from Theorem 3.22 and Assumption 4.7.

Algorithm 4.21 (A priori Simple Prolongation Strategy)
Suboptimality guaranteeing approach:

Input: - | Fixed suboptimality bound
N | Length of the horizon
(N) | Local suboptimality estimate
(1) Seti =0

(2) While (N) < —

(2a) Seti =i+1
(2b) Compute Vy+i(x(n))
(2c) Compute (N) by calling Algorithm 3.23

(3) SetN := N +i
(4) Implement uy (x(n); 0) given by (2.14)

(5) Obtain x(n+1)and setn:=n+1

Output: (N) | Local suboptimality estimate
N | New length of the horizon
x(n) | New initial value

Note that nite termination and the guaranteed local suboptmality degree — can be
concluded by Lemma 4.15 directly.

4.3.1 Fixed Point Iteration based Strategy

Since the shortening strategies based on both tlzeposteriori and the a priori estimates
can be implemented without any additional computational eort, we do not have to re ne
them. In contrast to that, the prolongation strategies, cf.Algorithms 4.14 and 4.21, may
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result in solving a nite but unknown number of optimal control problems. To reduce
the number of optimal control problems to be solved to guardaee a local suboptimality
degree of at least”, we analyze equation (3.23) more closely.

If we consider— 2 [0; 1), we obtain a lower bound forN from (3.23) by

2In( (N)) In(2 7).
In( (N)+1) In( (N))°

Sincex(n), No and — are xed, the right hand side of (4.10) is in fact a function ofN.
Moreover, we want the horizon lengthN 2 N to guarantee local suboptimality degree
~— but also to be as small as possible due to the computing time gessary to solve the
corresponding optimal control problem. Hence, we seek a fmmn length N satisfying

N Ng+ (4.10)

2In( (N)) In2 )
In( (N)+1) In( (N))

i.e. a xed point of the function ( ). During our numerical experiments we experienced
that the mapping ( ) overestimates the required adaptation of the horizon letig in
most cases. In particular, if the actual horizon lengtiN needs to be enlarged, then ()
is typically larger than the required minimal horizon lengh to guarantee suboptimality
degree™. Similar, if N can be shortened, then (N) is too short in general. Yet, we
experienced that if the mapping is applied iteratively, tha the distance between two
iterates is shrinking in many cases, i.e.

N=(N)== Ng+

(4.11)

JCC N CN)j JON)  Nj 2[0;1)8N  No: (4.12)

In the following Theorem 4.22 we show that we can use the mapgi ( ) to iteratively
compute a sequencelN;)i2n, Which converges to such a xed point if it satis es (4.12):

Theorem 4.22. Consider N;No 2 N, N No 2, and — 2 [0;1) to be xed and
(N) to minimally satisfy Assumption 3.19. If for a givermn 2 Ng there exists a constant
2 [0;1) such that the function ( ) de ned in (4.11) satises (4.12) and ¥(N) N

for all k 2 N, then there exists a solutiorN? 2 N with N? = ( N?) and ¥(N)! N°?,

k!1 . If additionally Assumption 4.1 holds and\? is used as horizon length for the

actual step of the RHC problem, then the resulting solutiorxtabits local suboptimality

degree (N?) .

Proof. Since (N) satis es all requirements of Theorem 3.22, we can estimatevia (3.23).
In order to guarantee a certain degree of suboptimality we have to show

( +1)N No N Nop+2
(+D)N

- (N)=

This can be solved folN giving

2In( (N)) In(1 )

N No+ o+ In( (N)

= ( N):
Due to (4.12) we have

if(N) KRN ON) NG (4.13)
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Since 2 [0;1) the right hand side of (4.13) tends to zero. Hence, thereists an index
k 2 N such that ¥ %j( N) Nj < 1. Dening the sequence of optimization horizons

via (ND)ian, = ( '(N))i2n, We obtain NG = N®  Ng for all ik k. Hence, the
sequence | M)y, is converging andN? = ( N?) holds forN? = N®,
ChoosingN = N?, the local suboptimality degree satises (N)  — by construction

of ( ). Hence, a new initial value can be obtained by implementinghis controller
in a receding horizon fashion. Since this procedure can bepépd along the resulting
trajectory, i.e. forall n 2 N, asymptotic stability of the closed{loop follows by Assumpon
4.1 and Theorem 4.4. O

If the assumptions of Theorem 4.22 A

hold true then an implementation ~fF-------———-—— -~~~ ___ x

of the xed point iteration provides X

a reasonable prolongation strategy. X :

Note that, in general, we cannot a XX :

priori check whether () satises — [~~~ T TTRI TR TR St It

(4.12). Moreover, an algorithm de- T T T X

rived from Theorem 4.22 may show X N N * N N = ( NT N

bad performance as shown in Fig- ! 2 3

ure 4.2, i.e. the resulting horizon Figure 4.2: Possible outcome of the iteration de ned

length N may be chosen too large. in Theorem 4.22

To this end | and to avoid over-

shoots | we bound the change in the horizon length from above rad below.

Due to the integer property of the horizon length, this maximal change is implemented

dynamically using an additional variable 2 N, > 1. From our numerical experience,
= 5 seems to be a suitable choice, yet, this variable should lseosen depending on the

considered problem, see also Section 8.5.

Algorithm 4.23 (A priori Fixed Point Prolongation Strategy)
Suboptimality guaranteeing approach:
Input: - | Fixed suboptimality bound
(N) | Characteristic of the problem
(N) | Local suboptimality estimate
N | Length of the horizon
| Maximal allowable change in horizon length

(1) Set sewa =1
(2) While (N) <~ do
(2a) Compute ( N) according to (4.11)
(2b) Set previous ‘= acwal @Nd Nprevious := N
(2c) SetN :=maxfminfN + ; ( N)g;:N  ;Nogand acta := N Nprevious
(2d) If  acwal > previous: Print warning \Iteration may diverge"
(2e) Compute Vy (x(n))
(2f) Compute (N) and (N) by calling Algorithm 3.23

(3) Implement uy (x(n);0) given by (2.14)

(4) Obtain x(n+1)and setn:= n+1




4.3 Modi cations of the ARHC Algorithm 89

Output: (N) | Local suboptimality estimate
N | New length of the horizon
x(n) | New initial value
Remark 4.24

Within our implementation, the choice of is xed. Yet, numerical simulations indicate
that the \best" choice of depends on the occuring horizon length, i.e. larger horizons
allow for larger choices of .

Remark 4.25

Theorem 4.22 can also be utilized to shorten the horizon. Hewer, the computation

of N? requires nonnegligible e ort. Hence, this strategy shouldnly be considered when
(N) < 7. Yet, the result of step (2c) of Algorithm 4.23 may be a suit&choice for the

optimization horizon in the subsequent optimal control pobem.

4.3.2 Monotone Iteration

As indicated by the discussion of Theorem 4.22, no check whet the function ( )
satis es (4.12) could be derived yet. The aim of this sectiois to provide a reasonable
alternative to the prolongation strategy of Algorithm 4.23 Similar to the previous Section
4.3.1, we want to develop an iteration procedure which guamtees local suboptimality
estimate ()  for a given suboptimality bound ™ after a nite number of iteration
steps. Here, we design this procedure by guaranteeing) to be monotonely increasing
during the iteration process.

More formally, our aim is to develop an iteration operator () which generates a sequence
of optimization horizons (N @) via

N = ( NO)
such that the suboptimality estimate

( (N(i))+1)N“) No (N(i))N(U No+2 NG N

((NO)+ 1NN

(NO)

(N(I)) = W

=1 (N®)2

(4.14)

is monotonely increasing along this sequence wheréN (V) satis es Assumption 3.19.
Moreover, we want to compute a horizon lengtitN? such that (N?) — holds.

Since we require the given lower bound to be satis ed by an element of this sequence,
we want to generate an increase of at least  (N®)in () to obtain N? during the
iteration process.

Lemma 4.26 (Monotonicity of the Suboptimality Estimate)
SupposeN; Ny 2 N, N No 2, —21[0;1)andO <1 (N) are given and
Assumption 3.19 holds. Suppose there exists a consté&nt O such that (N) # (N)
holds for
13
N N
(N) i 2In(#)

2 0
%'” T w2 &7
N EN°+ n@# (N) In@# (N)+1) % (4.15)
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then (N) as de ned in (4.14) satis es
(N)  (N)+ (4.16)

Proof. In order to show (N) (N)+ we use (4.14) on both sides of (4.16) which
gives us

N No

R R L m
and is equivalent to
' N N N
2 (N) 2 (N) ’
" w1 N Tyt

If we have (N) # (N), then we can overestimate the left hand side and obtain
|

§ #(N) TN
N2 ———— # (N)? :
(N) (N) +1 (N) # (N)+1
Hence, it su ces to show
# (N N No N N Npo
# (N)+1 (N)+1
to guarantee (4.16). This inequality is equivalent to
|
N No '
N N In N (N 2 In(#)
# (N)+1 (N)+1 (N)2
since# > 0. By negative de niteness of In ##(I\(I,;I-i-)l , the latter is equivalent to
0 1
N No
(N)
%In NPT W 2In(#)§
N° Ng+ :
0 In(# (N)) In(# (N)+1)
Since the last inequality holds by assumption (4.15), the aertion follows. O
As a result of Lemma 4.26, we obtain the iteration operator
2 0 NN 13
Ny T o
%h’l (N)+1 (N)2 n( )§
N):= 8Ng+ 4.17
(N) g 0 In(# (N)) In(# (N)+1) % (4.17)

Remark 4.27

In the special case =0, we can simplify the expressioif4.17) to

(N No(n( (N)+1) In( (N))+2In(#)
In(# (N)+1) In(# (N))

(N):= N+ (4.18)

Since raam—nGay > 1 holds, we obtain( N) > N if we assume# 1. Moreover,

increasing results in an enlarged value( ) and hence we obtain( N) > N for (4.17)
as well if# 1 holds.
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Remark 4.28

In Lemma 4.26, we only assum# > 0. Hence, we can see fronf4.17) that a decrease in

the horizon length is possible during the iteration. Withirour implementation, however,

we exclude this possibility by allowing fét 1 only.

Obtaining a suitable approximation oft is probably the most tricky part of this prolonga-

tion method. One possibility to overcome this issue is to sel the problem SDOCR

for all initial values x 2 X and all N No and compute the corresponding values
(). Such a method, however, is computationally very demandingor our implemen-

tation as ghown in Algorithm 4.29 below, we iteratively uptiathe value of# by setting

#:=max # % separately for each step in the receding horizon control pealure,
cf. Steps (2f) and (1) in Algorithm 4.29 respectively. This mthod is not only computa-
tionally cheap and gives us a lower bound fér it also moderates a possible overshoot of
the iteration operator ( ) de ned in (4.17).

The used lower approximation, however, also leads to a cans¢iveness of the algorithm
since the fundamental idea of this strategy is based on a priknowledge of this value.
Yet, from our numerical experience this approximation woskwell and the values af stay
fairly small, i.e. upon termination of one call of Algorithm4.29 we usually havé 2 [2; 3].

Still, this small change may obstruct the prolongation.

Considering Assumptions 3.19 and 4.7, we construct the f@lVing algorithm from Lemma
4.26. Similar to Algorithm 4.23 we add a security parameter 2 N, > 1, to avoid
overshoots which may be caused by the conservativeness & guboptimality estimates,
see also Figure 4.2.

Algorithm 4.29 (A priori Monotone Prolongation Strategy)
Suboptimality guaranteeing approach:

Input: - | Fixed suboptimality bound
N | Length of the horizon
(N) | Local suboptimality estimate
(N) | Characteristic of the problem
| Maximal allowable increase in horizon length
(1) Set#:=1

(2) While (N) <~ do

(2a) If (N) — holds true

Set =7 (N)
(2b) Compute ( N) according to (4.17)
(2c) SetNprevious :== N and N :=minfN + ; ( N)g
(2d) Compute Vy (x(n))
(2e) Compute (N% and (N) bg/ calling Algorithm 3.23
(2f) Set# := max #; -

! (Nprevious)
(3) Implement uy (x(n); 0) given by (2.14)

(4) Obtain x(n+1)and setn:= n+1




92 Chapter 4: Adaptive Receding Horizon Control

Output: (N) | Local Suboptimality Estimate
N | New length of the horizon
x(n) | New initial value

Last, we show that Algorithm 4.29 terminates in nite time revealing a horizon lengthN
which guarantees the local suboptimality bound-.

Theorem 4.30 (Monotone lIteration)
Suppose Assumptions 3.19 and 4.7 hold. Then Algorithm 4.28tputes a horizon length
N which guarantees local suboptimality degreéN )

Proof. Due to the stopping criterion of the while{loop, we always hae > 0. Hence, by
Remark 4.27, we can conclude that the horizon lengtN is increasing in every step of
the while{loop due to# 1. Since Assumption 4.7 guarantees the existence of a nite
horizon lengthN 2 N, N < 1 , such that (N) ~ holds forallN N, Algorithm 4.29
terminates in nite time. Last, (N) — is guaranteed by the stopping criterion of the
while{loop. O

Note that we do not assume () in (4.10) to be computed in a speci c way but only to
satisfy Assumption 3.19. Hence, our iteration proceduresa ful lls our aim of deriving a
horizon lengthN such that (N) ~ holds if it is based on any characteristic () ()
In particular, this allows us to use our a priori practical esmates from Theorems 3.34
and 3.39.

4.3.3 Integrating the a posteriori Estimate

The prolongation strategies presented in Algorithms 4.23na 4.29 are based on the char-
acteristic (). Hence, they are not readily applicable if we want to base #ém on thea
posteriori estimate of Proposition 3.3 since the value of( ) is unknown from the utilized
Lyapunov inequality (3.8).

Yet, given a xed horizon length N, we know the connecting formula (3.23) relating the
known suboptimality estimate (N) and the desired characteristic (N), that is

N Npo N Npo+2 N No+2
ny= (DD (N) _, () (1)
( (N)+1)N No ( (N)+1)N No
Now, our rst aim is to show that this relation is a bijective mapping:
Lemma 4.31 (Bijectivity)
GivenN;Ng 2 N, N; Ny 2, the mapping :[0;1)! (1 ;1]dened by
XN No+2

is bijective.
Proof. In order to show bijectivity, we use continuity of ( ) on [0;1 ) and (0) =1 and
limy; (x)= 1 to show surjectivity. In order to obtain injectivity, we show that ( )
is strictly monotone on [Q1 ), i.e. forallx 2 [0;1 ) and "> O we have (x) > (x+").
Using (4.20) in this last inequality, we have to show

XN No+2 (X+ ")N No+2

XFDN Mo & (x+ "+ DN No
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to hold true. This is equivalent to

(x+"+1)N Noo (x4 "N No+z
(X+1)N No XN No+2

and reformulating this expression gives us

N No

< 1+ —
X+1 X

N Nop+2
1+

which holds true forx > 0 sinceN Ng 0. Last, consideringx = 0, we see that
(") < 1lforall"> 0 and hence the assertion follows. O

As a conclusion from Lemma 4.31, we can invert the mapping )X. Back in our subop-
timality estimate context, Lemma 4.31 shows that if a compwd suboptimality degree
(N) is available, then there exists a unique characteristic(N). Since the function ()
is twice continuously di erentiable on [Q 1 ), the nonlinear equation (4.19) can be solved

using Newton's method, see e.g. [51]. The resulting iterah is given by

(k)(N)N Ng+2
(NN o

1

N Np+l

(N Ng+2+2 K(N))

KDY= B(N)+

oo (4.21)
T (N
Remark 4.32
Here, we do not follow the approach to evaluat€N) via Algorithm 3.23 since the ad-
ditional computational e ort of using Newton's method is l&w compared to solving an
optimal control problem required to check Assumption 3.19ioreover, computing (N)
using Algorithm 3.23 gives us a more conservative estimat&ioh renders this approach
impractical.

Remark 4.33

However, it is not clear which value should be chosen. On theedhand, we might want
to approximate the smallest possible characteristi§N) > 0 by settingN, := 2 within the
Newton iteration (4.21). On the other hand, formulas(4.11) and (4.17) which are used to
compute the new horizon length logarithmically depend o(N ). Here, we face the problem
that the logarithmic part of nominator of (4.17) which depends on (N) also depends on

= (N)? < 0 which generates a vertical asymptote fad := ( (N)). Hence, small
values of (N) might lead to drastically overestimate the minimal requigehorizon length
which guarantees the local suboptimality bound Within our implementation we always
consider Ng = 2 and handle the overshoot by setting appropriately. Note that using
formula (4.11) we do not face this problem since the logarithmic parts depgean (N)
only.

Upon initialization of the Newton method (4.21), we can de® ©(N) := 1 or, if we use
it during the run of the receding horizon control algorithm,we can also set © (N) of the

current iteration to the computed approximation of (N) for the last step of the receding
horizon controller.

Remark 4.34

Since we do not expect the characteristic(N) to vary massively along the closed{loop,
the reuse of information from previous steps of the receditngrizon control algorithm is
convenient. For numerical results concerning the values of ), we refer to Section 8.4.
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In order to use the a posteriori estimate of Proposition 3.3 ithin Algorithms 4.23 and
4.29, we have to additionally comput&/y (x(n+1)), estimate (N) according to Algorithm
3.8 and approximate (N) via the Newton iteration (4.21). This gives us the followig:

Algorithm 4.35 (A posteriori Fixed Point Prolongation Strategy)
Suboptimality guaranteeing approach:
Input: - | Fixed suboptimality bound
(N) | Characteristic of the problem
(N) | Local suboptimality estimate
N | Length of the horizon
| Maximal allowable change in horizon length

(1) Set sowa =1
(2) While (N) < —do
(2a) Compute (N) via the Newton iteration de ned in (4.21)
(2b) Compute ( N) according to (4.11)
(2¢) Set previous :=  actual @Nd Nprevious == N
(2d) SetN :=maxfminfN + ; ( N)g;:N ;N ogand acwa := N Nprevious
(2€) If acual > previous: Print warning \lteration may diverge”
(2f) Compute Vy (x(n)) and Vy (X(n + 1))
(2g9) Compute (N) by calling Algorithm 3.8

(3) Implement uy (x(n); 0) given by (2.14)

(4) Obtain x(n+1)and setn:= n+1

Output: (N) | Local suboptimality estimate
N | New length of the horizon
x(n) | New initial value

Algorithm 4.36 (A posteriori Monotone Prolongation Strategy)
Suboptimality guaranteeing approach:
Input: - | Fixed suboptimality bound
| Length of the horizon
| Local suboptimality estimate
(N) | Characteristic of the problem
| Maximal allowable increase in horizon length

(1) Set#:=1
(2) While (N) < —do

(2a) Compute (N) via the Newton iteration de ned in (4.21)
(2b) If (N) — holds true
Set =~ (N)
(2c) Compute ( N) according to (4.17)
(2d) SetNprevious := N and N :=minfN + ; ( N)g
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(2e) ComputeVy (x(n)) and Vy (x(n + 1))
(2f) Compute (N) by calling Algorithm 3.8
n 0

(2g9) Set# := max #; ——N)

! (Nprevious)

(3) Implement uy (x(n); 0) given by (2.14)

(4) Obtain x(n+1) and setn:= n+1

Output: (N) | Local Suboptimality Estimate
N | New length of the horizon
x(n) | New initial value

For a comparison of the presented methods we refer to Secti8rb. Yet, we may expect
these methods to show poor performance in the context of saleg{data systems, see
also the discussion at the beginning of Section 3.3. To coveractical stability we next
incorporate our practical suboptimality estimates from Poposition 3.28 and Theorem
3.39 into our adaptation algorithms.

4.4 Extension towards Practical Suboptimality

In this section, we extend Algorithms 4.8 and 4.16 to the praical stability case described
in Section 3.3.

Comparing Propositions 3.3 and 3.28, we see that Algorithm.8 can be adapted by
replacing the computation of (N) via Algorithm 3.8 by a call of Algorithm 3.30. In

particular, this requires us to de ne a tolerance level in (3.27) for the deviation of the
stage cost characterizing the violation area of the relaxdd/apunov inequality.

Algorithm 4.37  (Adaptive practical horizon length control)

Input: - | Fixed suboptimality bound
" | Tolerance level
N | Length of the horizon
x(n) | Initial value of the plant

(1) Compute Vy (x(n)), Vn (X(n +1))
(2) Compute (N) by calling Algorithm 3.30
(3) It (N)>"orl(x(n); n(x(n))) <":
Shortening Strategy
(4) Else:
Prolongation Strategy
(5) Goto (1)

Output: (N) | Local suboptimality estimate
x() | Closed{loop trajectory
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Moreover, we can still use the same ideas for shortening aneblongation strategies as in
Section 4.2. From the discussion of Proposition 3.28 we kndiat on subintervals | the

trajectory behaves \almost" like an in nite horizon optimal one. This allows us to obtain
extensions of Lemma 4.9 and 4.15 for the practical case:

Lemma 4.38

Consider an optimal control problem(2.10), (2.14) with initial value xo = x(n) and N 2

N. Moreover, — 2 [0;1) is xed. Consider" > 0 to be chosen such that there exists an
indexi 2 No, 0 1<N such that

minf= (I(xy, (5X0); ~n i(Xuy (5X0))) ") 1(Xuy (5X0); ~ i(Xuy (5X0))) "0
W i(Xuy (5X0)) W i(Xuy (i +15X0)) (4.22)

holds true for all0 i 1 wherex,, (i;Xo) is de ned by (2.10). Then the rst (i + 1)
elements of(2.14) can be implemented with local practical suboptimality degr—.

Lemma 4.39
Consider an optimal control problem(2.10), (2.14) with initial value xo = x(n) and N 2
N. Moreover, — 2 [0;1) and " > O are supposed to be xed and Assumption 4.7 to be
satis ed. Then, Algorithm 4.14 with Step (2c) replaced by

(2c) Compute (N) by calling Algorithm 3.30
terminates in nite time and computes a horizon lengtiN such that the rst element of
the open{loop control (2.14) can be implemented with local practical suboptimality degr

Proof of Lemma 4.38 and 4.391f I(; ) > ", the result follows directly from Lemma 4.9.
In the other case, there is nothing to show since(N i) can be chosen independently
of Ww i()andlI( ;). O

Hence, the modi cation of Algorithms 4.10, 4.11 and 4.14 \ig suitable shortening and
prolongation strategies for the practical case if we replacthe calls of Algorithm 3.8 by
calls of Algorithm 3.30.

The extension of the modi ed ARHC algorithm 4.16 which is basd on the a priori sub-
optimality estimate from Theorem 3.22 to the practical casean be obtained similarly.
Here, we substitute Algorithm 3.23 by Algorithm 3.40.

Algorithm 4.40 (Adaptive practical horizon length control)

Input: - | Fixed suboptimality bound
" | Tolerance level
N | Length of the horizon
No | Fixed internal length of subproblems
|

Initial value of the plant

(1) Compute Vy (x(n))

(2) Compute (N) by calling Algorithm 3.40

(3) It (N)>"orl(x(n); n(x(n))) <":
Shortening Strategy
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(4) Else:
Prolongation Strategy
(5) Goto (1)

Output: (N) | Local suboptimality estimate
x() | Closed{loop trajectory

In order to shorten or prolongate the optimization horizonwe use the following results:

Lemma 4.41

Consider an optimal control problem(2.10), (2.14) with initial value xo = x(n) and
N;Nog2 N, N Ng 2. Moreover,~ 2 [0;1) is supposed to be xed inducing() via
(3.23). If there exists ani 2 Ng, 0< i<N Ny 1 such that there exist; < 7(N i)
satisfying

n
Vo (Xuy (N No; Xo)) j:rzr-l-% [(Xuy (N J5X0); j 1(Xuy (N Jix0))) +
,,,,, 0 0
(it DI (N jixo0); j a(Xuy (N Jixo)))+( i+1 No )" (4.23)
Vi Ouy (N Kisx0)  maxti(xuy (N KisXo)i ko (Xuy (N kisXo)) + (ki 1)
(it DI (N Kiixo); k(Xuy (N kisxo))+(ki i 1)'g (4.24)
forall ki 2fNo+1;:::;N igandall0 i i wherexy, (i;Xo) is given by(2.10) with

Xo = X(n), then the rst (i+1) elements of(2.14) can be implemented with local practical
suboptimality degree".

Lemma 4.42
Consider an optimal control problem(2.10), (2.14) with initial value xo = x(n) and N 2
N. Moreover, — 2 [0;1) and " > 0 are supposed to be xed and Assumption 4.7 to be
satis ed. Then, Algorithm 4.21 with Step (2c) replaced by

(2c") Compute (N) by calling Algorithm 3.40
terminates in nite time and computes a horizon lengtiN such that the rst element of
the open{loop control (2.14) can be implemented with local practical suboptimality degr

Proof of Lemma 4.41 and 4.42 Similar to the proof of Lemma 4.38 and 4.42, we distin-

guish the cases$(; ) >" andlI(; ) ". Forthe latter one, ; can be chosen freely, hence
the corresponding suboptimality estimate (N) is equal to one. In the rst case, the
result follows directly from Lemma 4.18 which concludes thgroof. O

Hence, the algorithmical extension to the practical case g the a priori estimate from
Theorem 3.22 reduces to replacing the calls of Algorithm 3y calls of Algorithm 3.40
in Algorithms 4.19, 4.20 and 4.21.
The more sophisticated prolongation strategy presented itheorem 4.22 relies on inequal-
ity (3.26). In particular, the horizon length is obtained byutilizing inequalities (3.19) and
(3.20) for (') within the iteration procedure. Since in Assumption 3.37Hese inequalities
are extended to the practical case leaving the relation (B untouched, we can replace
Step (2f) in Algorithm 4.23 by

(2f") Compute (N) and (N) by calling Algorithm 3.40
Then the following holds:
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Theorem 4.43. ConsiderN;Ng2 N, N Ny 2,and™ 2 [0;1)to be xed and (N) to

minimally satisfy Assumption 3.37. If for a givem 2 Ng there exists a constant 2 [0; 1)

such that the function ( ) de ned in (4.11) satis es (4.12) and X(N) Ny for all

k 2 N, then there exists a solutiolN? 2 N with N?= ( N?)and K(N)! N’ k!1

If additionally Assumption 4.1 holds andN ? is used as horizon length for the actual step

of the RHC problem, then the resulting solution exhibits klgractical suboptimality degree
(N

Proof. Similar to the proof of Theorem 4.22, we obtain () from the de nition of () in

Theorem 3.22 and the requirement

( +1)N No N Nop+2
(+DN N

- (N)=

Moreover, we obtain existence of the xed poinfN? = ( N?) by arguments of the proof

of Theorem 4.22. ChoosindN = N7, the local practical suboptimality degree satis es
(N)  — by construction of ( ). Applying this procedure along the resulting closed{

loop, practical asymptotic stability follows by Assumption 4.1 and Theorem 4.6. O

Considering the strategies of Theorem 4.30 in the practicahse, there is nothing to show
since this strategy is based on an arbitrary estimate () satisfying Assumption 3.37.
Hence, we may use Algorithm 3.40 instead of Algorithm 3.23 thin the implementation
of Theorem 4.30 in Algorithm 4.29.

Concluding, we have obtained algorithms which reasonablypmpute a horizon lengthN
such that the suboptimality bound — holds for the given initial value x(n). Moreover,
checkable su cient conditions have been derived which areomputable online. Still,
minimality of the resulting horizon length N cannot be guaranteed. Within this thesis,
however, we will not perform any further investigation of tlis issue.



Chapter 5

Numerical Algorithms

In the previous Chapters 2 { 4, we stated the receding horizocontroller, analyzed its
stability and suboptimality properties and derived adaptdion methods for this type of
controller. In all parts, we assumed that the minimizing ope{loop control (2.14) is at
hand. The aim of this chapter is to link the theoretical part & the receding horizon
controller from Chapters 2 { 4 to our implementation and the btained results presented
in Chapters 6 and 8 respectively.

To this end, we now de ne the mathematical terms which we redre in the implemen-
tation of the receding horizon controller and outline sevat algorithms. We rst state
a discretization technique in Section 5.1 which is not onlyugable to convert a possibly
continuous{time optimal control problem into a optimization problem in standard form,
but also ts the needs of a fast receding horizon controllerThe fundamental idea of the
discretization technique, however, is closely related tché optimization methods which
we use in our implementation. To show these connections, weepent required basics of
nonlinear optimization theory in Section 5.2. In both sectins, we establish links to theory
and practice of the receding horizon controller to illustree interactions of both parts.

5.1 Discretization Technique for RHC

In Section 2.4, we stated the discrete{time receding horimocontrol problem RHG, to
be of Lagrangian form which suited our analytical purposes iChapters 3 and 4. Since
within the literature also Bolza type cost functionals are onsidered, cf. Section 3.4 and
references therein, our implementation also covers thispest. In particular, we consider
the generalized problem

Find n(x(k)) = up
ST. upn 17 = argmin Iy (X(K); un)
un 2Up
b( 1
In(x(k);un) = I (Xuy (1% (K)); un (X(K); 1))
i=0
+F (X (N3 X(K))) (RHC)
Xu (+15%(K) = F (xuy (X (K)); un (x(K); 1)) 8i 21
Xuy (0 x(K)) = x(k)
Xuy (Ex(K)) 2 X 8i 21
Un (Xuy (O;x(K));1) 2 U 8i 21y

99
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Note that all our examples stated in Chapter 7 are continuo§gme models and therefore
do not meet the discrete{time form of problem RHE. The aim of this section is to state
and motivate the discretization technique used within ourmplementation PCC2?! of a
receding horizon controller. Moreover, we show how to traftsm every problem in the
sequence RHE to meet the standard form of nonlinear optimization

Minimize F(x) over all x 2 R"
ST. Gj(x)=0; I 2E

Hi(x) O i 21 (NLF)

which is required by the minimization procedures used withiour implementation. The
theoretical issues of nonlinear optimization are treatechithe following Section 5.2 whereas
realizations are addressed in Sections 6.2.4 and 6.3 cosesiny discretization and opti-
mization respectively.

Within the receding horizon control setting, we make use ohe prede ned sampling grid
given by the sampled{data system, see De nition 1.23.

De nition 5.1  (Sampling Grid)

Consider a problem RHG . Given a sampling instantk in discrete{time and correspond-
ing instant ty in continuous{time, we denote thesampling grid of all sampling instances
of the problem SDOCR, with initial time ty by

Te=ftdth o tlg= it + Tyt + NTg (5.1)

Similar to Section 2.4, we de ne the set$ = f0;:::;Ngandl, = f0;:::;N 1gto be
the superindex sets of the open{loop sampling instanty from De nition 5.1. Thus, we
can de ne

Xuy (I+13x(k)) := ( Xuy (5% (K)); un (Xuy (X(K); 1) (5.2)

foralli21,where : R" R™! R"Iis an operator representing a solution method for
the underlying di erential equation (1.3).

The approximation issue that is the mismatch between the exact discrete{time syste
and the numerical approximation, and its e ect on stability of the resulting closed{loop
are treated in Section 1.3.3. This allows us to apply the comjped control to the con-
sidered plant. In particular, if we can guaranteestability and suboptimality as described
in Chapter 3, then the plant inherits these properties if thaequirements on the approx-
imation are satis ed. For details on the solvers which we us® implement the operator
( ;) in (5.2), we refer to Section 6.4 and references therein.

For the rest of this chapter, we assume the di erential equadn to be solved exactly.

1Webpage: http://http://www.nonlinearmpc.com
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5.1.1 Full Discretization

Now our aim is to obtain an optimization problem in standard érm NLP. The dynamic
(5.2) itself does not meet the standard form for constraintsHowever, it can be rewritten
as

Xuy (F+15x(K))  ( Xuy (X (K)); un (Xuy (X(K)5 1)) =0 8 21, (5.3)
Xuy (0;x(K))  x(k) =0 (5.4)

and we obtain a set of equality constraints. Moreover, equan (5.2) allows us to evaluate
the constraints

Xuy (5x(k)) 2 X 8i 21
un (x(k);i) 2 U 8i 21 :

Here, we assume&X and U to be characterized by a set of functiongj : R R™ ! R,
1 2Eg=f0;:::;rgg, and h; :R" R™! R,i21y="f0;:::;ryg such that

g(x;u)=0 8i2E,
hi(x;u) 0 8i2ly

holds for all feasible points. Evaluating these function aéach sampling point, we obtain
the sets of equality and inequality constraints5( ) and H( ),

Gi v+ (%) = G (Xuy (X (K));un (x(K);]))  8i 2Egij 21« (5.5)
Hi (e j (%) 1= 0 (Ruy (X (K)) s un (x(K)3 1)) 8 21n;j 21 (5.6)

with uy (X(k);N) :=0 2 R™ and optimization variable
X = Xy (0;x(K)) 75 %y (N5 x(K)) ™ un (x(K); 0) 5 un (x(K); N 1) T (5.7)

The constraint functions G( ) and H () are already given in standard form. Now, we can
combine the equality constraints de ned in (5.3), (5.4) and5.5) to obtain

[0 (Xuy (5% (K)) s un (X(K); ] ))]izEg;j 21 «
G(X) = @ [xy, (i +1;x(K)  ( Xuy (i X (K)); Un (Xuy (X(K); D] 15y, A
Xuy (0;x(K))  x(k)

H() = [hi (%uy (X (k) un (XCK) ) D] 21 2

and the corresponding set& and |, i.e.

1

E=10:::;(rg+ n) (N+1)g and | =f0;:::5;rn (N+1)0:
Using the optimization variable (5.7) allows us to rewrite he cost function
F(X):= In(X(K);un): (5.8)

Hence, we can combine the cost function (5.8) and the congtres (5.3), (5.4), (5.5), (5.6)
to obtain a discretized optimal control problem in standardform NLP.

De nition 5.2  (Fully discretized Optimal Control Problem)
Consider a single optimal control problem of the sequence RE. The corresponding
nonlinear optimization problem in standard form NLP given ly
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Minimize ~ F(x)  overallx 2 R"(N+D* mN

ST. Gj(x)=0; i2E
Hi(x) 0 i 21

where

X = Xuy (0;X(K))™ 5200 Xy (N3 X(K))™ 5 Un (X(K); 0) 22 s u (X(K); N 1) 7
F(x) = g)N (x(K); un)
[0 (Xuy (5 X (K)) 5 Un (XCK); )]y 21
G(X) = @ [xy (i +1;x(K)  ( Xuy (i; X (K)); Un (Xuyy (X(K); D] 15 ,A
Xuy (0;%(K))  x(k)
Hx) = [hi (Xuy G5 % (K)); un (XCK); I DD, 20

1

is calledfully discretized optimal control problem

Note that there are (7 (N +1)+ m N) optimization variables and ((rg+ rn+ n) (N +1))
constraint functions which renders the optimization proldm to be quite large. Hence,
every step of our receding horizon problem is di cult to sole in real{time, that is starting
the optimization at time instant ty, the result must be computed latest at time instant of
implementation ty,; fora xed j 1.

5.1.2 Recursive Discretization

As we will see in the following Section 5.2, the main computanal cost within every step
of the receding horizon control problem is caused by the calation of the Jacobian of
the constraints. Here, the combined vector&( ) and H( ) have to be di erentiated with
respect to the optimization variable. Since the constraistg( ; ) and h;( ; ) are given by
the plant model, we cannot in uence their quantity. Hence, w focus on analyzing the
optimization variable and the dynamic of the system to reduge the arising computational
e ort.

Remark 5.3

Not all constraints within the combined vector&( ) andH () have to be considered for the
optimization since in most cases only a few of them are \ac&V, cf. De nitions 5.14 and
5.22. This allows us to circumvent recomputing all derivates in every step, see Section
5.2.3. In particular, the implemented optimization routires use the so called BFGS update
formula to reduce the computational e ort even further, se§ection 5.2.4.4 for details.

Here, we exploit the fact that | due to implementation reasons of the sampled{data
setting, cf. De nition 1.23 | equations (5.3), (5.4) are always satis ed. Hence, the set of
equality constraints can be reduced to

G(x) = [9 (Xuy (5% (K)); un (X(K); ) Dizg,s 21 (5.9)

scheme, the state trajectory (5.2) only depends on the givanitial value x(k) and the
control sequencely (x(k); ) 2 U'v only. In particular, the valuesx,, ( ;x(k)) can only be
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changed by modifying the control sequencey (x(k); ). This allows us to outsource the
dynamic of the system from the optimization and solve the ureflying continuous{time
control system (1.3) in a parallel manner. As a result, the dpnization variable is reduced
to

X = un(x(K):0) ;i un (X(K)N 1) (5.10)
Hence, we obtain the following smaller optimization probla:

De nition 5.4  (Recursively discretized Optimal Control Problem)
Consider a single optimal control problem of the sequence RE. The corresponding
nonlinear optimization problem in standard form NLP given ly

Minimize F(x) overallx 2 R™N
ST. Gij(x)=0; I 2E
Hi(x) O; 121

where

X = un(X(K);0);:irun(X(K);N 1) 7
F(x) = In(X(k); un)
G(x) = g (Xuy (5% (K)); un (X(K); ] D]z, 521
HO) = [ (Xuy (X (K)); un (X (K)5 1))z 20

is calledrecursively discretized optimal control problem

As a result, the dimension of the optimization variable is @uced from o (N +1)+ m N)
to (m N) and the number of constraints from ((g+ rn+n) (N+1))to ((rg+rn) (N +1).
Hence, we expect this problem to be solved faster than the ffiutiscretized optimal control
problem from De nition 5.2.

5.1.3 Multiple Shooting Method for RHC

Another aspect of a discretization of a receding horizon cwal problem is the availability

of a target information, i.e. the equilibrium x? or the tracking signal X,e( ) which shall

be stabilized is known in advance. This information can be lized to speed up the opti-
mization routine and even shorten the optimization horizorby adding multiple shooting
nodes to the problem, see Section 8.3.4 for numerical result

Here, a multiple shooting node is a state value at a xed sampl instant which can be
set arbitrarily and acts as an additional control value.

De nition 5.5  (Multiple Shooting Node)

Consider the optimal control problem of the sequence RHCcorresponding to the initial
sampling instant k. We call the i-th element of the state vectorx,, (j; x (k)) at a xed
sampling instant j a multiple shooting nodeif this part of the state vector is added as
an optimization variable. The vector of multiple shooting nodess denoted bys, :=
(X1;:::;Xs) where x; corresponds to thei-th multiple shooting node. Moreover, the
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indices of the multiple shooting nodes and the vector of shtimg nodes via

Xuy (&i); X(K)) ¢y = Xi (5.11)
are refered to asshooting index functions

Remark 5.6

In our implementation, the notation for positions in the tine gridt; and the number of the
shooting horizon index () dier by one. This is due to an e cient memory allocation
and the fact that the rst position in the time grid correspods to the initial value which
is xed by de nition of the receding horizon control problemHence, no shooting node can
be set for this time instant and the shooting horizon index mecorresponds tot; in the
time grid.

Moreover, it does not make sense to de ne the last state vedio be a shooting node since
no further control will be applied to this vector. Hence, sitg a shooting node to this
time instant would only increase the required computing ties and is therefore not allowed
in our implementation.

Using multiple shooting nodes we may improve the initial gues of the optimization vector,
i.e. by presetting this value to the target valuex® or X.(j ), see Figure 5.1 for a schematic
representation and Section 8.3.4 for numerical results.

Y

<
-«

Optimization Horizon

Figure 5.1: Resulting trajectories for initial guesau using no multiple shooting nodes
(black), one shooting node (red) and three shooting nodesl(ie)

Clearly, the initial guess reveals a trajectory which is cker to the optimum. This, in
turn, eases the optimization.
Yet, if we introduce such a multiple shooting node into the reursively discretized optimal
control problem from De nition 5.4, we cannot guarantee ecations (5.3) to hold auto-
matically. Hence, we have to add those equations which areected by adding multiple
shooting nodes, that is

h [

i (Xuy (&0) - Lx(K))s un (xuy (x(K); &) 1)) ) =0 . (5.12)

to the equality constraint function G( ). Moreover, we have to extend our optimization
variable (5.10) by the vector of multiple shooting nodes, to enable the optimization



5.1 Discretization Technique for RHC 105

routine to deal with the additional constraints (5.12). As aresult, we obtain the following
optimization problem:

De nition 5.7  (Recursively discretized Optimal Control Problem with Shoting Nodes)
Consider a single optimal control problem of the sequence RE. The corresponding
nonlinear optimization problem in standard form NLP given ly

Minimize F(x) overallx 2 R™mN*s
ST. Gi(x)=0; i 2E
Hi(x) O; 121

where
x = un(X(K);0) ;i un(x(K);N 1)
F(x) = v (x(k); un)
[0 (Xuy (5% (K)) 5 un (X(K); I D]i2g, 21 i
i (X (&1 Lx(K))T un (xuy (x(K);&0) 1)) )

H() = [hi (xuy (X (K))sun (XK) i D2t 2

Gx) = @"

is calledrecursively discretized optimal control problem with mufile shooting nodes

The possible improvement of the initial guess of the optimaion vector induces addi-
tional s optimization variables and constraints compared to the ojization problem of
De nition 5.4. Thus, a decrease in the computing time cannobe guaranteed but the
numerical problem may become easier.

Remark 5.8

Note that the technique of using multiple shooting nodes kit a recursively discretized
optimal control problem represents a mixture of both full @hrecursive discretization.
In particular, the full discretization can be obtained if te state values for all sampling
instants and all state dimensions are considered as mulgpshooting nodes.

Remark 5.9

As mentioned before, the use of multiple shooting nodes majoa us to shorten the
optimization horizon N, see also Section 8.3.4, which may compensate for the adfial
control variables and constraints. Still, a balance betweemproving the initial guess of
the control and the number of multiple shooting points neetts be found.

Remark 5.10

Within the receding horizon control setting, we usually cander the positions of the mul-
tiple shooting nodes to be xed in a single optimal control pblem of the sequence RHC
Yet, the number of nodes as well as the index functi@h) and () may vary, see Sections
6.1.1.2 and 6.2.4 for the function de nition and the discratration respectively.
Background for such an adaptation may be that information abt the previous optimal
control can be used to improve the rst initial guess of the &l optimization problem,
see Remark 5.9 and Section 8.3.3 which may be unnecessarydamsecutive problems.
Hence, the number of shooting points should be reconsidereevery step of the receding
horizon control problem.
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5.2 Optimization Technique for RHC

In Section 2.4 we saw that in every single step of the RHC algthm a nite optimal
control problem has to be solved to obtain the minimizing cdrol sequence. Using one
of the disretization techniques stated in the previous Sdon 5.1, we obtain a nonlinear
optimization problem. Within this section, we treat the gereral problem of minimizing a
nonlinear objective functionF (') subject to nonlinear equality and inequality constraints
G() and H(), that is we consider the problem

Minimize F(x) over all x 2 R"
ST. Gi(x)=0; i2E (NLP)
Hi(x) 0 i 21

wherex is ann{dimensional parameter vector. Similar to Section 5.1 we dete the index
sets ofG( ) and H( ) by E and | respectively.

One of the most e ective methods for solving nonlinearly catrained optimization prob-
lems is the so calledsequential quadratic programmingpproach (SQP) which iteratively
solves the problem by generating quadratic subproblems.

This approach is mainly used in two di erent frameworks, thetrust{region or the line
search variant, and is appropriate for small and large probins. In particular, SQP
methods show their strength if one wants to solve problems tisigni cant nonlinearities
in the constraints.

Remark 5.11

Another well known approach to solve the problem NLP are sdled interior point meth-
ods. Although our implementation contains a wrapper of thaterior point method IpOpt ?,
we do not present any details here since this part of the impientation has not been tested
extensively yet and rst results showed poor performance farms of the computing time.
For these reasons, we focus on the implemented SQP methNd®QLPand e04wdé, see
also Section 6.2 for details on the integration of these metks in our receding horizon
controller.

In this chapter we show how SQP methods work in general whesedetails on the used
implementations and their di erences are described in Seoh 6.3.

There are two types of SQP methods. In the IQP approach, a geaé inequality{
constrained quadratic program is solved at each iterationyith the twin goals of comput-
ing a step and generating an estimate of the optimal active seEQP methods, however,
decouple these computations. They rst compute an estimatef the optimal active set
and then solve an equality{constrained quadratic programa nd the step.

The idea behind the SQP approach is to solve the problem NLPeitatively by

(1) approximating the problem at the current iterate x¥) using a quadratic program-
ming subproblem and then

(2) use the minimizer of this subproblem to de ne a new iteras x(**1) .

2Webpage: https://projects.coin-or.org/Ipopt
3Webpage: http://www.math.uni-bayreuth.de/ ~kschittkowski/nlpglp.htm
4Webpage: http://www.nag.co.uk


https://projects.coin-or.org/Ipopt
http://www.math.uni-bayreuth.de/~kschittkowski/nlpqlp.htm
http://www.nag.co.uk

5.2 Optimization Technique for RHC 107

The rst challenge here is to design a quadratic subproblem

o 1
Minimize f1(x®))+ f5(x(9)>d® + Qd(k)>f3(x(k))d(") over all d 2 R"

ST. f4x®)>d® + f5x0) 0 (QP)

which o ers a good search directiord® 2 R" for the nonlinear optimization problem. In
particular, we have to suitably de ne the functionsf; : R"! R, f,:R"! R" andfjs:
R" ! R" " characterizing the cost criterion and the constraint fundgbnsf,:R"! RP "
andfs:R"! RP wherep is the number of equality and inequality constraints.

5.2.1 Analytical Background

We derive the subproblem QP using the rst order necessary wditions for NLP, the
so called Karush{Kuhn{Tucker (KKT) conditions. To this end, we require some basic
de nitions from optimization theory. In particular, we only worry about points satisfying
all constraints, the so called feasible points.

De nition 5.12  (Feasible Points)
We call a pointx 2 R" feasibleif G;j(x) =0 holds for alli 2 E andH;(x) Oforalli 21 .
The setX = fx 2 R"j x is feasiblg is calledfeasible set

These feasible points form a subset iR" and we are interested in minimizers of the
function F () over this set.

De nition 5.13  (Minimizer)
Consider a feasible poink® 2 R". Then we callx?

(1) local minimizer if there exists a neighborhoodN (x?) R" such that F(x?) F(x)
holds for allx 2 X \N

(2) strong local minimizerif there exists a neighborhoodN (x?)  R" such that F (x?) <
F(x) holds forallx 2 X \N , x 6 x°.

(3) global minimizerif F(x?) F(x) holds for allx 2 X .
(4) strong global minimizerif F(x?) < F (x) holds for allx 2 X , x 6 x°.

Moreover, we need to distinguish between inequality consiints which are satis ed with
equality, i.e. which aretight or active, and those allowing for further relaxation.

De nition 5.14  (Active Set)

The active setA (x) at any feasible pointx consists of the equality constraint indices from
E together with the indices of the inequality constraintsi 2 I where H;(x) = 0 holds,
that is

AX):=E[fi2l]j Hi(x)=0g: (5.13)
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Remark 5.15

For simplicity of exposition, we assume that indices withithe active setA (x) represent
exactly one constraint. For example, this can be acchieveg $orting the indices: Ifp;
and p, are the number of constraints of the set&(x) and | (x) respectively, then the rst
p; indices within the setA (x) can be identi ed with thep; indices of setE. Thereafter,
the indicesp, + i withi 2 fj 21 (x)] Hj(x) = 0g are contained in the setA(x). Note
that this is also the numbering of constraints within the udeSQP implementations, see
also Section 6.3.

Before stating the KKT conditions we introduce aconstraint quali cation. Conditions
like this are often used in the design of algorithms to guaréee that the linearized ap-
proximation to the feasible set captures the essential shamwf X .

De nition 5.16 (Constraint Quali cations)
Consider a feasible poink and the active setA(x). If F(), G() andH () are continuously
di erentiable and

(1) the elements of the gradient set

[r xGi(X)]i2a (x) (5.14)
are linearly independent and there exists & 2 RP n f0g such that

r yGi(x)v=0 (5.15)
r yHi(x)v> 0 (5.16)

holds for alli 2 A (x), then we call x regular.

(2) the elements of the gradient set

[r xGi(X)]izA (x)[ [r xHi(X)]izA (x) (5.17)
are linearly independent we calk normal or strongly regulat

Condition (1) of De nition 5.16 is also calledMangasarian{Fromowitz condition(MFCQ),
see [151], while (2) is referred to dmear independence constraint quali cation(LICQ),
cf. [175]. There also exist other constraint quali cationsuch as theSlater condition, see,
e.g., [77,196]. The proposed conditions, however, can bereeasily checked analytically
and numerically. In the following we assume the stated LICQamndition to hold.
Moreover, we introduce theLagrangian of the problem NLP which represents the energy
of the system regarding the present constraints.

De nition 5.17  (Lagrangian)
Considerx 2 R" and 2 RP. The functionL : R" RP! R,

L(x; )==Fx) ~ () 1260 . (5.18)

is called Lagrangian of the nonlinear optimization problem NLP. The components fo
are called theLagrange multipliers

Now we are ready to state the rst order necessary condition®r a local minimum of
the problem NLP shown, e.g., in [64,80,175]. These condit® are also the basis of the
algorithm which we present to solve the problem NLP.
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Theorem 5.18 (KKT | 1st Order Necessary Conditions)
Considerx” 2 R" to be a local minimizer of NLP. If x” is regular, then there exists a
Lagrange multiplier vector ? with components 7, i 2 E [| , such that the conditions

rL(x’; 9)=0; (5.19)
Gi(x’)=0; 8i 2 E; (5.20)
Hi(x?) O 8i21; (5.21)

20 821 ; (5.22)
Hi(x))=0; 8i 21 : (5.23)

are satis ed at (x?; 7). Moreover, the multiplier vector ? is unique if x? is normal.

Geometrically speaking, if forx? the set of active contraintsA (x?) is the empty set, then
the standard results for unconstrained problems can be ajpgd. If, however, there exists
at least one active constraint, then for any point satisfyig the equality and inequality
constraints any small deviation such that the point is stillfeasible causes a raise in the
cost function, i.e. the gradient of the Lagrangian is a negae linear combination of the
outward normal vectors of the active constraints.

Yet, the KKT conditions are not su cient to check whether a candidate x? is a local
minimizer.

De nition 5.19  (Critical Points)
Points x? satisfying the KKT conditions for a Lagrange multiplier are calledcritical or
KKT point .

In order to see if a critical point actually is a local minimier, su cient conditions have to
be checked. Within numerical optimization second order cditions have become standard
but require the function to be at least twice di erentiable. Here, we concentrate on this
standard case which is shown, e.g., in [64,80,175]. Firstder su cient conditions, see
e.g. [114,156], are not considered in the following.

Theorem 5.20 (2nd Order Conditions)
Consider a feasible, normal pointx’ 2 R". Moreover, F(), G() and H() are twice

continuously di erentiable in a neighborhoodN (x?). We de ne the cone
8
< ryHi(x?)v. 0 i2AKX%);if =0 =
Cx?):= V2R |1 Hi(x)v=0;i 2A(XD:; if (>0 (5.24)
' r«Gi(x?)v=0; i 2A(X?) ’

(1) Consider a local minimizerx? of problem NLP. Then there exists a unique Lagrange
multiplier vector 2 RP satisfying

i 0, 8i2A()\I and i =0; 8i62A4x) (5.25)
rL(x’; )=0; (5.26)
vir 2 L(x% )v 0; 8v2C(x*)nfog: (5.27)

(2) Consider a Lagrange multiplier vector 2 RP such that the conditions
i 0, 8i2A(X)\I and i =0; 8i62AxX°) (5.28)
rL(x’; )=0; (5.29)
vir 2L(x%; )v>0; 8v2 C(x°)nfOg (5.30)
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hold. Then there exist constants; 2 R, ¢ > 0and > 0 such that the inequality
F(x) F(?)+ ckx x°k? (5.31)
holds forx 2 C(x?) wherekx x’k

(3) Consider a Lagrange multiplier vector 2 RP such that (5.28) | (5.30) and the
strict complementarity condition hold, i.e.

>0 8i2A(X)\I : (5.32)
Then the assertion of (2) holds true and the representatiorf €(x?) reduces to

C(x?) = Ker(fr «Gi(x))ji2AX)g[fr yHi(x))ji2A(X)g):

Remark 5.21

The second order su cient conditions may be used to analyzée sensitivity of optimal
solutions regarding disturbances. Yet, for the RHC settinilpis requires a large amount of
data which has to be saved and would result in an improvemehthe already closed{loop
nature of the RHC feedback only if the time instant of computan and implementation
are not identical and if measurement errors occured in the raptime.

Geometrically, we obtain a quadratically increasing lowdsound in the Lagrangian and the
cost function from Theorem 5.20(2) for all neighbouring pats of a candidatex? within
the cone C(x?) which is su cient for a local minimizer. Theorem 5.20(3) adiitionally
states that a relaxation of any active inequality constraihleads to a further decrease
of the cost function. The reduction is characterized by the agrange multiplier vector

which can be interpreted as the shadow price of the corresgbng constraints. Since
the Lagrange multipliers of all inactive constraints are ze, it also motivates local search
algorithms which consider active constraints only.

De nition 5.22  (Active Constraints)
Considerx? to be feasible andA (x?) to be the active set. Then we call

(Gi)iza (x?)
(Hi)iza (x?)

the setor vector of active constraintsand ny = ]JA(x?) the numberor dimension of active
constraints. Moreover, we denote the corresponding Lagrange multipligector by A.

A(X?) = (5.33)

The active set allows us to simplify the feasible cone.

Lemma 5.23
If x? is a normal optimal solution, then the coneC(x?) is given by

C(x?) = Ker (r yA(x?)): (5.34)

Proof. The assertion follows directly from the normality propertyand the de nition of
C() in (5.24). O

Due to the constraint of the positive de niteness of the Hessn of the Lagrangian on the
coneC(x?) and due to the usually high dimension of the nonlinear optimation problem,
the su cient conditions stated in Theorem 5.20 cannot be cheked without further ado.
Here, we show how these conditions can be veri ed numerigall To this end, we need
some technical results:
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De nition 5.24  (Kernel of the Jacobian)
Consider a matrix H 2 R" " "a such that its columns are an orthogonal basis of
Ker (r yA(x?)), i.e.

r yYA(x’)H =0: (5.35)

Then we callH the kernel of the Jacobiamf the active constraints.

Lemma 5.25
If x? is normal then we have

rank(r yA(x?)) = na: (5.36)
Proof. The assertion is a direct conclusion of the normality of?. O

Lemma 5.26
If H is the kernel of the Jacobian of the active constraints and is normal, thenH has
full column rank, that is

rank(H)=n na: (5.37)
Proof. Sincex” is normal we have rank( yA(x?)) = na and the assertion follows by the
de nition of H. N
Lemma 5.27

If H is the kernel of the Jacobian of the active constraints and2 Ker(r A(x?)) where
x? is normal, then there exists a vectow 2 R" "~ such that

v =Hw: (5.38)
Proof. Follows directly from De nition 5.24 and Lemma 5.26. O

De nition 5.28 (Projected Hessian)

ConsiderH to be the kernel of the Jacobian of the active constraints¢? to be normal
and letr 2 L(x?; ?) denote the Hessian of the Lagrangian. Then we de ne tharojected
Hessianor reduced Hessiarof the Lagrangian as

r 2 LP(x%; )= H>r 2 L(x’; ")H: (5.39)

Now we can reformulate the su cient condition (5.30) of Theoem 5.20.

Theorem 5.29 (2nd Order Su cient Conditions)
Considerr 2 LP(x?; ?) to be the projected Hessian of the Lagrangian amd to be normal.
Then condition (5.30) is equivalent to

wr 2 LP(x?; Hw> 0 (5.40)
to hold for allw 2 R" "A nfQ0g.

Proof. The equivalence is clear from Lemma 5.23 and the de nition dhe projected
Hessian. O
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Using Theorem 5.29, the veri cation of (5.30) is reduced to aheck on positivity of the
smallest eigenvalue of 2 L(x”; ?) provided H is known. To compute the missing matrix
H, we need another technical lemma.

Lemma 5.30
If x” is normal then there exists ERQ decomposition whereR 2 R" " is triangular and
has full row rank andQ 2 R" " is orthogonal, that is

r yA(x?) = RQ: (5.41)
Proof. Clear since rank( xA(x?)) = na. O

Lemma 5.31
Considerx? to be normal andR; Q as in Lemma 5.30. ThenR and Q can be partitioned
such that

R=[R;j0] Q= 8; ; (5.42)

Moreover, we can de ne

H:=Q; (5.43)
as the kernel of the Jacobian of the active constraints.
Proof. The existence of the partition matrices is clear by dimensmarguments and Lemma

5.30. Moreover, we have

AKOH = RQQ; =R o8 QG =[RijO] 4 =0

which shows the assertion. O

Note that the matricesQ; and R; are uniquely de ned which is not true forQ,. However,
due to similarity of the projected Hessian to various baseg the kernel of the Jacobian of
the constraints kerf¢ yA(x?)) the eigenvalues of ,,LP(x?; ) stay unchanged in (5.39).

5.2.2 Basic SQP Algorithm for Equality Constrained Problem S

In order to derive an algorithm to solve the problem NLP, we st consider the simpler
equality constrained problem

Minimize F(x) over all x 2 R"

ST. A(¥)=0: i2A(X) (ECNLP)

of NLP whereA( ) and A( ) denote the active set and vector of active constraints acating
to De nitions 5.14 and 5.22 respectively. Moreover, we assie F (), G() and H( ) to be
twice continuously di erentiable.

The KKT conditions for this problem are

r«L(x; #)

M )= A(X)

=0: (5.44)
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This is a standard problem for nonlinear equation system sar. If we apply Newton's
method to this problem, see e.g. [51], then the resulting itation is given by

w (k+1) x(K)

(K) ro L(x®; A®
AK+D) = A My AM(X(k)i A ) <L )

A (5.45)

Hence, if su cient conditions for locally quadratic convegence of the resulting sequence
are fullled, we are able to numerically compute a solution fothe problem ECNLP,
see [51, 213] for a convergence analysis. Since we assufgll G() and H() to be
twice continuously di erentiable, we only have to check whiier the Jacobian of (5.44) is
invertible.

Theorem 5.32 (Regularity)
Consider x” to be normal and a minimizer ofF (). Moreover, assumex’ to satisfy the
su cient conditions from Theorem 5.20. Then the matrix

r2L(x? %) r AX%)”

is regular.
Proof. Consider (;w) 2 R"* "4 such that Ag(v”;w”)> = 0. Then, we obtain
(v :0)Aq \Yv =(Vr 2 L(x%; ) vr A(XY)) \Yv =Vvr2L(x’ v=0

sincev™r yA(x?)” = 0. Due to the positive de niteness ofr 2 L(x?; ?) on the kernel
of the Jacobian of the active constraints in Theorem 5.20, s€Theorem 5.29, we have
v = 0. Hence, we see thatAy(v”;w”)> = 0 and r ,A(x?)>w = 0 are equivalent and
obtain w = 0 sincer ,A(x?) has rankna due to the normality of x?. Concluding, we have
Ao(v;w?)> =0 if and only if (v;w) = (0;0) and the assertion follows. O

Instead of Newton's iteration we can derive an iterative métod for solving the problem
NLP dierently. To this end, we replace the cost function in poblem ECNLP by its
Lagrangian and approximate it by an equality constraint qudratic program (ECQP). In
particular, we use a quadratic approximation of the cost furtion F () and linearize the
active constraintsA( ).

S 1
Minimize F(x®)+ r ,F(x®)>d® + éd(")>r 2 L(x®; A")d®  over all d® 2 R"

ST. Ai(x®)+ r A (x®)>d® =0; i 2 A(x®) (ECQP)

Note that we can replacer 4F(x®)>d® by r ,LP(x®); A®)>d® since the linearization
of the equality constraints makes these two choices equigat.

Now we can utilize the necessary and su cient conditions firm Theorems 5.18 and 5.20
respectively to obtain a basic SQP algorithm.

Lemma 5.33
If &) denotes the Lagrange multipliers corresponding to the aptl solution d® of
ECQP, then we have

>
r 2 L(x®; ®yd® + ¢ F(x®) = AL AW (5.47)
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Proof. Direct conclusion of Theorem 5.18. O

Lemma 5.34
Consider x” to be a normal optimal solution of problem ECNLP. Moreover,ssume the
actual iterate x® to be close to the optimunx? and A", d® as in Lemma 5.33. Then

x®  x? d® (5.48)
A2 (5.49)
can be used as approximations ¢k”; ?).

Proof. The assertion follows directly from the construction of EC® as a local Taylor
expansion in a neighborhood of the optimal solution. O

Lemma 5.35
Given an iterate x(¥), then the corresponding Lagrange muItipIierA(k) and the search
direction d® ful Il the linear equation system

r2.Lx®; Ay Aty T dY rxF)

rAKX®) 0 AW T Ax) (5:30)
Proof. The resulting linear equation system is a combination of thinearized constraints
of problem ECQP and (5.47). O
Lemma 5.36

Consider x” to be normal and a minimizer ofF (). Moreover, assumex’ to satisfy the
su cient conditions from Theorem 5.20. Then there exists a mighborhoodN of x? such
that there exists a unique solution 0{5.50).

Proof. Given x” to be a normal minimizer ofF (), the matrix Aq is invertible as shown
in Theorem 5.32 and the assertion follows. O

The resulting iterate (d®; A(k)) can therefore be calculated either as solution of problem
ECQP or as iterate generated by Newton's method applied to ¢hoptimality conditions
of problem ECNLP. The sequence of solution iterates of the giolem ECQP de nes the
socalled SQP framework. While Newton's method is useful fthe convergence analysis,
practical algorithms and extensions to the inequality consained case NLP can be de-
rived using SQP. In particular, SQP methods avoid computinghe Hessian of the cost
function and utilize update techniques instead, see Seatic.2.4.4, which makes them
computationally advantageous.

The simplest form of an SQP algorithm, the so called EQP algitihm, is motivated by
Lemma 5.35.

Algorithm 5.37  (Basic local EQP Algorithm)
Input:  (x©; ©@) | Pair of initial values

(1) Setk:=0
(2) While convergence test is not satis ed
(2a) Compute F(x®), r ,F(x®), r 2 L(x®; ®) r Ax®) and A(x®))
(2b) Solve ECQP via (5.50) to obtaind® and A™
(2c) Setxk+D) = x() 4+ ¢k
(2d) Setk = k+1
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Output: (x®; &) | Locally optimal pair

The quadratic problems ECQP are by now well known and there ests a wide variety of
algorithms to solve these problems. Among them are direct pppaches such as Gaussian
elimination as shown e.g. in [51,213] or symmetric inde rét factorization, cf. [34, 84],
the Schur complement method and the null{space method as &a e.g. [79] and [10,
82] respectively as well as iterative methods, i.e. precatidned conjugate gradient or
projected conjugate gradient algorithms, see e.g. [14,261].

Since the optimization problem resulting from the discretiation of optimal control prob-
lem within the receding horizon control problem possibly edains inequality constraints
as well, our next aim is to incorporate this aspect in the SQRdmework.

5.2.3 Extension to Inequality Constrained Problems

If we consider inequality constraints in Algorithm 5.37, tlis leads to the so called IQP
algorithms. These methods dier only in treating quadratic subproblemsnstead of the
entire problem which is why we generalize the problem ECQP QP

L 1
Minimize F(x®)+ r (F(x®)>d® + éd(k)>r 2 L(x®; &hd®  over alld® 2 R

ST. Gi(x®) + r ,G;(x®)>d® = 0; i 2E (QP)
Hi(x®) + r yHi(x®)>d® 0, 21

The SQP algorithm can then be rewritten by exchanging the clafor solving the ECQP
problem by computing the solution of the problem QP:

Algorithm 5.38 (Basic Local IQP Algorithm)
Input: ~ (x©; ©@) | Pair of initial values

(1) Setk:=0
(2) While convergence test is not satis ed
(2a) Compute F (x®), r (F(x®), r 2 L(x®; ®) r  G(xH), G(x®), r ,H (xK)
and H (x)
(2b) Solve QP to obtaind® and ®)
(2c) Setx®*D) = x(*) 4+ gk
(2d) Setk = k+1

Output: (x®; ®) | Locally optimal pair

Note that until now we have not speci ed how the problem QP carbe solved. Similar to
the equality constrained case, there exists a wide varietyf algorithms designed for this
purpose. These algorithm can be assigned to two classederior point and active set
methods

All such algorithms are based on the KKT conditions which arsu cientif r 2, L(x®); &)
is positive semide nite. Hence, we face two sources of di dties of Theorem 5.20: If the
Hessian is not positive de nite then there may exist more thaone solution which in par-
ticular does not have to be a minimum. Secondly, there may etidegenerate Lagrange



116 Chapter 5: Numerical Algorithms

?

multipliers 7 = 0 where i 2 A (x°) or the active constraint gradients may be linearly
dependent. In this case, a factorization may not be possibte the algorithm is unable to
decide whether the constraint is active and repeatedly swies this assignment.

Remark 5.39

Since we focus on SQP algorithms in our implementation, seemark 5.11, we do not
present any analytical background for interior point mettas here. For further details on
this class of solvers, we refer to [175,227].

Note that, given the described setup, if the SQP method caneéatify and does not change
the optimal active set, then it acts like a Newton method for ppblem ECQP and converges
(locally) quadratically. Su cient conditions for this beh aviour are proved in [195]:

Theorem 5.40 (Robinson)

Considerx’ to be a KKT point and ? to be a corresponding Lagrange multiplier. More-
over, we suppose the conditions of Theorem 5.20(3) to holddgix®; () to be su ciently
close to(x?; ?). Then there exists a local solution of problem QP whose aetisetA (x())
is the same as the active s&%(x?) of problem NLP.

Remark 5.41

For the real{time applicability of the receding horizon caimol problem this corresponds to
nding a good initial guess of the control to speed up the optization process, see also
Section 8.3.3 for numerical results.

For reasons of simplicity, we only consider the convex casémoblem QP here, for the
nonconvex case we refer to [85]. Moreover, we consider theecgiven by Algorithm 5.38,
in particular this means that the derivatives of the problemNLP are not recomputed.
The main challenge considering QP problems is the proper mecation of the set of
active constraints. If these were known in advance, we coudghply Algorithm 5.37 for the
equality constrained problem.

The fundamental idea used in active{set methods is similamtthe simplex method, see
e.g. [172]. First, we consider a so callegorking setW®) which contains some of the
inequality and all equality constraints. All constraints within the working set are then
treated as equality constraints and the resulting quadrati problem is solved. Here, we
require that the gradients of the constraints contained intie working set are linearly
independent, even if the full set of active constraints at tat point has linearly dependent
gradients.

Solving the described problem may lead to two cases: Eithend actual iterate x¥) is a
local minimizer, or we compute a ste®). We rst consider the second case and have
to face the problem that we neglected the inactive inequajitconstraints. Hence, the
new iterate xk*D := x®) + d&) may not be feasible and the step length may have to be
shortened. To this end, we introduce a step length parameterf®) 2 [0; 1]. Note that for
the constraints contained in the working seWW® | this problem does not occur along the
search direction since the equality constraints are linean d®.

Our next task is to derive a suitable step length %) such that

x(k+D) = 5 () 4 (K gk) (5.51)

is feasible and ) is as large as possible. To this end, we consider all constitai which
are not contained in the working seW®_ If r ,H;(x®)d® 0 holds fori 62 W, then
we have

Hi(x®) + 1 Hi(x®)” (x® + 00d0)  Hi(x®)+ 1, Hi(x®)"x® 0
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by the feasibility assumption ofx); and hence &) 0 can be chosen freely. In the case
r Hi(x®)> d® < 0, we obtainH;(x®) + r H;(x®)> (x® + ®d®) 0 only if

(k) Hi(x(k)) r xHi(X(k))>X(k)
r o Hi (x®)> d®

holds true. In order to maximize the decrease in the cost futhon we de ne

. Hi®) 1 Hy (x®) x®
i62WK) ;1 Hi (x(0))> dk) <0 r XHi(X(k))> d(k)

© :=min 1; (5.52)

Note that ) =0 is possible since there might exist an active constraint lich is not an
element of the working seW® and exhibits r ,H;(x®)>d® < 0. Moreover, we call the
constraints H;(x®) for which the minimum is achievedblocking constraintsand denote
the set of blocking constraintsy

(

)
cWi= jaw® M= Hj(x®) r  Hj(x®)>x®

T 09) g (5.53)

If & can be chosen to 1, we can continue to the next iterate. IfK) < 1, however,
we know that at least one constraint is active fox(*1) which is not contained inW®).

Hence, we construct a new working sat <*3 py adding one of the blocking constraints.
This can be done in an iterative manner until we reach a point” which minimizes the
quadratic objective function over its current working setW?. Note that for such a point
x?, we haved’ = 0 and the optimality conditions are satis ed by construction of the
working set. Hence, we obtain the Lagrange multiplier? for all i 2 W ? such that

X
rHi(x?)” 7= 1 2L(x% %7 r (F(x?) (5.54)

i2w ?

holds according to Lemma 5.33. This multiplier can be exterd to a complete one by
de ning the multipliers corresponding to those constrairé not contained inW? to be
zero. In particular, we obtain a search direction il¥) is nonzero and the value of the
cost function is descending if the second{order su cient aaditions hold, i.e.

Theorem 5.42 (Decrease along Search Direction)
If d® is nonzero and conditions(5.28){ (5.30) hold, thenF () is strictly decreasing along
the direction d®.

Proof. From conditions (5.28){(5.30) and Lemma 5.36 we know thati®¥) is the unique
solution of the actual problem ECQP. Sincal®) = 0 is feasible by de nition but must
exhibit a larger cost function value, we compare these two Istions and obtain

1
Ed(k)>r 2 | (x®; 0)gl) 4+t F(x0)d® < 0;

Due to convexity the quadratic term is positive and hence xF (x%))d®) < 0 holds. Last,
testing the search direction shows the assertion since

(k)2
Fx®+ 0gly= F(x0)+ O F(x®)dl + > d®>r 2 L (x®; 0)d® < F (x()

holds if ) is chosen su ciently small. O
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Next, we analyze the multipliers corresponding to the ineglity constraints contained

in the working set. If these multipliers show nonnegative gn, then all KKT conditions

are satis ed. If moreoverr 2, L(x®; () is positive semide nite, we know from Theorem
5.20 and our convexity assumption thak” is actually a global minimizer.

The more interesting case comes up if one or more of the multggs * are negative.
Hence, a further decrease in the cost function can be obtathé these constraints are
removed from the working set. Note that until now we have onlyised knowledge from
the equality constrained context shown in Section 5.2.2. I#s we drop one of the active
constraints and we have to show that the solution at the nexttérate is feasible.

Theorem 5.43 (Feasibility)

Consider x¥ to be normal for the equality constrained problem with worlg setWw®
and assume j(k) < 0 for somej 2 W ®_ If d® s the solution of the equality constrained
problem with working seW ) nfj g, then d is a feasible direction for thg -th constraint,
i.e. 1 xH;(x®)>d® 0 holds. If d® additionally satis es the second{order su cient
conditions, thenr yH;(x®)>d® > 0 is true and F() is decreasing along the search
direction d®.

Proof. Since d®) solves problem ECQP, the linearity property of the consided (lin-

earized) constraints guarantee that there exists multipdir ~*) for alli 2 W ®, i 6 j such
that

X
FH () 90 = 2 (0 ) (x4 g ¢ (x®)

i2W (K):i6]

holds. Sincex) is normal, we can use (5.54) to obtain

X
rxHix®)y (0 Oy G Hi®y 9= 2 L (x®; 00)d®: (5.55)

i2w (K):i6]
Taking the inner products with d®) we have
d07r L H(x®)” = d07r 2 L(x®; 0)g®

and the assertion follows.

If the second{order su cient conditions hold, then r 2 L(x®); ®) is positive de nite.
Moreover, the last inequality reveals a strikt descrease i) 6 0. If this was the case,
then we would obtain ; =0 from (5.55) which contradicts our choice of and completes
the proof. O

Remark 5.44
In practice, not just any index is chosen but the one correspding to the most negative
Lagrange multiplier ; which is motivated by sensitivity aspects.

Now we combine all these steps to thactive{set algorithm for convex QP

Algorithm 5.45  (Active{Set Algorithm for Convex QP)
Input: x© | Feasible optimization vector

(1) Setw©@ A (x©@)

(2) While not terminated
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(2a) Solve ECQP with constraint setw ()
(2b) If d =0
Compute Lagrange multipliers ? satisfying (5.54) with w? = W)
If 7 Oforalli2W®\I : Setx?:= x) and terminate
Else: Setj := argmin 7, x(*D := x(0, wk+D .= W nfjg
j2w Oy

Else
Compute ® from (5.52) andC¥) from (5.53)
Set x(k*D) = x(k) 4 (K gk
If W 6 ;: Setwd == W [f jg,j 2C®
Else: Setw &+ = wk)

Output:  x? | Optimal solution

This algorithm allows us to maintain the linear independere property of constraints
which are contained inW ). In particular, if the gradients of the active constraints @ the
initial value are linearly dependent, then we can consider subset of linear independent
constraints. During the iteration we may encounter blockig constraints. The normals of
these constraints, however, cannot be represented by a Bmeombination of the normals
of the constraints contained in the working seW ¥ i.e. linear independence is preserved
if one constraint is added. Last, the deletion of a constrairffrom the working set W&
does not lead to linear dependency of the remaining constnanormals.

Remark 5.46

The details of Algorithm 5.45 show the importance of a goodtial guess for the optimizer
and hence also for our receding horizon control problem. Farbad guess, repeated updates
on the working set are required which causes the step lengttbé¢ shortened. In turn, this
leads to an increase of the number of SQP steps.

Remark 5.47

The receding horizon control problem o ers us additional aicture which allows us to
speed up the optimization process. In particular, consideg the n{th problem in the
sequence of optimal control problems, the result of tile  1){th problem reveals a good
initial guess for the n{th problem. Hence, reinitialization of one the routinesNLPQL®r
e04wdcwith default values should not be considered, see also $ec8.3.3.

Additionally, we can supply knowlegde of the target to thetimpizer by utilizing multiple
shooting nodes, see Section 5.1.3, which may also help tantdg the correct working set
W? faster. In this case, we hope to at least cancel out the addital e ort of computing a
larger gradient of the cost function and a larger Jacobian tifie constraints if the number
of required SQP steps is reduced, see also Section 8.3.4 famerical results.

Theorem 5.48 (Finite Termination)
If the problem QP is strictly convex then Algorithm 5.45 ternates in a nite number of
steps.

Proof. If we haved® = 0, then the current point x) is the unique global minimizer of
the cost function F () for the working setW®), see discussion after Theorem 5.42. »f¥)

is no solution of problem NLP, then there exists at least oneagative Lagrange multiplier.
Hence, Theorems 5.42 and 5.43 show existence of a feasildg stito a search direction
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such that the cost function decreases once the corresporgliconstraint is dropped. Since
the step length satises &) > 0, we obtain a strict decrease and hence the previous
working setW®) is never regarded again since® already was the global minimizer for
this set.

Moreover, the algorithm visits a point such thatd®) = 0 at least every n{th iteration. To
show this, we rst consider an iteratej such that d) 6 0. Hence, we either have () =1
and reach the minimizer of the cost function on the current wiing set WU) such that
di*Y) =0 holds, or a constraint is added to the working seWW (). The second case may
occur repeatedly but after at mostn added constraints the working set containa linearly
independent vectors. Hence, the only possible solution iset zero solution.

Concluding, we have that the algorithm at least periodicayl nds the global minimum
of the cost function on the current working set and thereaftenever vists this set again.
Since the number of working sets is nite, the algorithm loca@s a minimizer for a current
working set such that the optimality conditions from Theoren 5.20 for problem NLP are
satis ed and terminates in nite time. O

The algorithms NLPQLRNnd e04wdcwhich we use in our implementation of the receding
horizon controller are two di erent types of such active{se methods, i.e. aline search
method and atrust{region variant. The general procedures of these two methods are dis
cussed in Sections 5.2.5 and 5.2.6 respectively. In the daling Section 5.2.4, we describe
four implementation aspects which are by now standard for nsbsolvers includingNLPQLP
and e04wdc Details of the algorithmsNLPQLRENd eO4wdcare discussed in Sections 6.3.2
and 6.3.3 which also deal with their integration in our packge PCC2.

5.2.4 Implementation Issues

Until now we focused on the basic ideas of SQP algorithms andva the iteratively gen-
erated subproblems are solved. For these subproblems, hegre we can in general not
guarantee that conditions like feasibility, LICQ or conveiky hold. Here, we introduce
techniques to work these issues. Later, we use the obtainedolkvledge in the two main
categories of practically implemented SQP methods, i.e. nk search and trust{region
methods, see Sections 5.2.5 and 5.2.6.

5.2.4.1 Merit Function

As we have seen in Section 5.2.3 for the active{set methods;capting the new iterate
xk*D .= x®) + dk) as proposed in step (2c) of Algorithm 5.38 may cause the coostve
problem to be infeasible. Amerit function incorporates the violation aspect within a new
objective which shall be decreasing along the iterates ofdloptimization process. To this
end, it uses a measure of the constraint violation to decidehwther a trial step should
be accepted. Here, the main implementations of line searchdcatrust{region di er: For
the latter one the merit function determines if the step is amepted or rejected and if the
trust{region radius needs to be adapted. In contrast to thgtthe merit function controls
the steplength itself within the line search setting.

Remark 5.49

For the receding horizon controller, this may result in di @ent points in the control se-
quence spactN to be visited by the optimization routine. Hence, if stoppincriteria such
as computing time termination or maximal iteration numbersare considered | which we
use within our implementation | then results for the methodsNLPQLRNnd eO4wdcmost
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likely deviate. Note that no method is preferable in genesihce the steps of the optimizer
depend on the initial guess of the control.

Moreover, the optimization methodNLPQLRnd e0O4wdcmay end up in di erent local
optima since they only converge locally. But even if the samptimum is identi ed within
every step of the receding horizon control algorithm dedoed in Section 2.4, the closed{
loop solutions are most likely not identical since the all@a optimization tolerance leads
to errors in the control. Still, if the system is stabilized y the controller, the di erence
between the solutions stays bounded due to the feedbackreaitithe control.

In the literature, several merit functions are considerecg.g. the non{di erentiable func-
tion

E(x; )= F(X)+ KA(X)ky (5.56)
is used in [112,184] while
E(x; )= F(x)+ %X)k%: (5.57)

iIs chosen in [200, 201]. Typically only active constraintsra considered. This leads to
the introduction of a vector of slack variabless 0 such that inequality constraints are
converted to equality constraints via

H(x;s):= H(x) s=0

and are hence also contained in the active set. Here, we arengoto consider the merit
function (5.56). In particular, we have to show that the seah direction d¥) of Algorithm
5.37 is also a direction of decrease for the merit function.

Theorem 5.50
Considerd® and ®) calculated according to Algorithm 5.37. Then the directical deriva-
tive of E(x®); &) in direction d® is given by

D EBx®; Wy, d® =y F(x®)>dk KA (xM)k, (5.58)
and
D E(X(k); (k));d(k) dk> ¢ )2(X|_(X(k); (k))d(k) ( ) g k¥, )kA(X(k))kl
(5.59)
holds.

Proof. Using the Taylor expansion we obtain

B(x® + d ®; (y p(x®, K r yF(x®)y?d® +  2kd®k?
+ OrA®)+ 1 AXE) AWK, ORAXK)k,:

Since by (5.50) we have ,A(x!)d® = r ,F(x®) the two inequalities

E(X(k)+ d - (k)) E(X(k); (k)) rXF(X(k))>d(k) (k)kA(X(k))kl + 2kdk) k2
E(X(k)+ d (- (k)) E(X(k); (k)) rXF(X(k))>d(k) (k)kA(X(k))kl 2kdK k2
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hold. Hence, we can take ! 0 and the assertion (5.58) follows. Hence, we obtain
D(B(®; ®);d®) =

= dk>r iXL(X(k); ©yd® + glo>p Ax®)> & KRAX©)ky:

where &) is the Lagrangian multiplier vector corresponding to the irate x¥). Now we
can replace

d(k)>r XA(X(k))> (k+1) — r XF(X(k)) (k+1) kr XF(X(k))klk (k+1) kl
in the last equality which shows (5.59) and concludes the pot O

As we can see from (5.59), this decrease condition holds ietparameter &) is chosen
su ciently large. For the choice of &) we de ne a piecewise quadratic model d&( ; )

by

Q (k)(d(k)) = F(X(k)) +r XF(X(k))> dk) + Ed(k)>r )2(X|_(X(k); (k))d(k) + OMm (d(k))

whereM (d®) = kA(x®) + r (A(x®)d®k, and

1 if d®>r §XL(x(">; Ndk) > 0
0 else

This choice of allows us to consider non positive de nite matrices 2 L(x®; ®)) as
well. The parameter () is chosen su ciently large such that

Q w(0) Q w(d®) © M@ M(@d¥) (5.60)

holds for some 2 (0;1). From the de nition of the model of E( ; ) and the linearized
constraints of the problem NLP with slack variables vectos we obtain that
rxF(x®)>d® + Sd®>r 2 L (x®; (9)dk)

(1 KA(X®)k

(k) (5.61)

is su cient for (5.60) to hold.

5.2.4.2 Maratos E ect

Imposing a merit function may also obstruct the optimizatim algorithm. This phe-
nomenon is called theMaratos e ect, see [152,186]. If no measures are taken, it slows
down the considered method by rejecting steps which else neafjood progress towards a
solution and by preventing superlinear convergence. Hense mention two strategies for
avoiding the Maratos e ect:

(1) a second{order correction of the search direction
(2) a nonmonotone strategy which allows for an increase ind¢hmerit function

These two approach di er signi cantly: The second{order carection aims at improving
the merit function and hence the satisfaction of the constrats of the original problem.
The nonmonotone strategy tries to enhance feasibility andptimality at the same time
by allowing for temporary increases in the merit function.



5.2 Optimization Technique for RHC 123

The second{order correction termd® of the search direction can be obtained as the
minimum{norm solution of the equation

rAX®)E0 + Ax® + dW) = 0;
that is
a0 = r JAxY) 1 A  AX®)? 1A(x(") + d®): (5.62)
A correction algorithm can then be implemented straight faward:

Algorithm 5.51  (Second{order Correction Algorithm)

Input: x () | Current optimization vector
d® | Search direction
2 (0;0:5) | Decrease parameter
1; 22(0;1), 1< , | Search parameter

(k) =1 | Step length parameter

While not terminated
FE x®+ Wgk: & g xK: K + ®p g xK: K gk -

Setx®*D = xK) + gk and terminate.
Else if ) =1:
Compute % according to (5.62)
FE x®+dk+do: 0 B x®: 0 1 ©Wp B x®: 6 gk -
Setx®*D = x® + d&) + ¥ and terminate.
Else: Choose new ¥ 2 [, ®); , ()]
Else: Choose new ¥ 2 [, &); , (]

Output: x®&* |  Enhanced solution

Within this algorithm, the second{order correction term isneglected if no reduction in
the merit function is achieved. In particular, no intermedate solutions alongd® + §®

are searched since there is no guarantee for a decrease inmniezit function along this

direction.

In practice, this strategy turns out to be very e ective and the additional computing costs
are compensated by the improved e ciency and robustness.

In many cases, the decrease along the merit function is unbte, i.e. due to round{
o errors, calculation errors in the gradient approximations or other error sources. To
compensate these e ects, a nonmonotone strategy can be usidcontrast to the second{
order correction, these algorithms allow for an increase tife merit function for a certain
amount of steps, typically 5 or 8. For reasons of simplicityve allow for one increase only
before a su cient decrease must be attained. The hope is fohé subsequent steps to
more than compensate the temporary increase in the merit fation.

Similar to the second{order correction algorithm, the so ded watchdogalgorithm is
straight forward:
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Algorithm 5.52 (Nonmonotone Strategy { Watchdog Algorithm)

Input: x(K) | Current optimization vector
d® | Search direction
2 (0;0:5) | Decrease parameter
|

(k) Step length parameter

While not terminated
FE x®+ dk: 0 g xk: 0 1+ p B x®: K gk -

Setxk*D = x(k) +  (Kdk) and terminate
Else:
Compute search directiond®*D) from xk+b
Find &*Y such that
B xk) 4 (D) gkeD . () B (kD). (K)

+ (k+1)D E X(k+l); (k) ;d(k+l)

and setxk+2 = xk+1) 4 (k+1) g(k+1)

If B xkD: (0 g x0: K

orE xk2: kg xK: K + p B xK: K -4k -
Setk := k+ 1 and terminate

Else if E xk2: (W > g x®: & .
Find & such that

E x® 4 (k. 0 p k. 0 L p g 0. 0 g

holds, setx(k*3) := x® + (Kgk) K := k+2 and terminate
Else
Flnd (k+2) SUCh thatE X(k+2) + (k+2) d(k+2) ; (k) E X(k+2) : (k) +
(k+2) D E X(k+2); (k) ;d(k+2) hO|dS,
set xk+3) = xk+2) 4 (k+2) gk+2) "} -= k + 2 and terminate

Output: x®* | Enhanced solution

Note that both algorithms compute the step length &) without solving the one{dimen-
sional optimization problem along the search direction asipenalty methodsand hence
their computing costs are signi cantly lower. For further cetails on the mentioned penalty
methods we refer to [19, 64, 83].

5.2.4.3 Inconsistent Linearization

Since we are using a rst order Taylor approximation of the Jeobian of the constraints,
deviations from the manifold de ned by those constraints ma occur and need to be
treated, e.g. by projecting the resulting solution such thiathe constraints are satis ed.

One possibility to circumvent this di culty is to state the p roblem NLP as a so called
[ {penalty problem
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Minimize F(x)+ ® " (vi+w)+ ® " t;  overall (x;v;w;t) 2 R"2e*m
i2E i21
ST. Gi(X)=v; w; i2E
Hi(X) ti; i 21
v,w;t 0

Note that there always exists a solution to this problem whit allows us to simultaneously
keep track of the feasibility and the optimality issue, seelso [64] for details. However,
as shown in [175], the solution corresponds to the solutiori our basic problem only if
certain additional conditions are ful lled:

Theorem 5.53

Suppose tha” is a solution of thel,{penalty problem for all — 0. If x? is feasible
for the problem NLP then it satis es the KKT conditions of Therem 5.18 for the problem
NLP.

5.2.4.4 Hessian Quasi{Newton Approximation

Within the proposed SQP algorithms the calculation of the Hgsian of the cost function
causes large computing costs. The fundamental idea to re@uthis cost is to replace the
computation of r 2 L(x®; &) by an approximation B and was rst proposed in [48].
To this end, we de ne

QW (M) := F(xM) + r ,L(x®; Wy>dk + }d(k)> B (K) g(k)
’ 2

and match the gradients ofQ( ) at step k + 1 to the last two iterates x and xk V), j.e.
rdQ(k)( (k Dk l)): r XL(X(k); (k)) Bk (k gk 1) — XL(X(k l); (k 1)):

Setting stk Y := xK  xk D gndyk V.= L(x®; &)y r  L(xk D; & D)this can
be rearranged to the so calledecant equation

Bgk = yk 1. (5.63)
Note that this gives us a positive de nite matrix B ) if and only if the curvature condition

holds. Again, we start with the convex case of the optimizath problem and try to
renderB® to be positive de nite and symmetric. Hence, we obtaim(n+ 1) =2 degrees of
freedom within this matrix while the curvature condition (5.64) states onlyn conditions.
The same holds true if we consider the matrixi ® := B& * and hence we are looking
for the matrix H which is closest to the matrixH& . This reveals the optimization
problem

Minimize H H& D overallH 2 R" "
ST. H=H"
Hy® D= gk
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If we considerB and B 1 in this problem, we obtain the DFP (Davidon{Fletcher{

Powell) updating formula see [48,66]. Here, we present ti&FGS (Broydon{Fletcher{

Goldfarb{Shanno) formula[33, 63,81, 206] since it shows better performance.

Within the stated minimization problem we choose the weiglatd Frobenius normkAky
PP

kKW 12AW =2k wherek kg is de ned askAkZ = aZ . This allows for an easy and
i=1j=1

scale{invariant optimization. The weighting matrix W is set via

2., 3,

w=4 le—(x(k Dy Dk D (k 1))d 5

0

; (5.65)

that is the average HessianHence, the weighted Frobenius norm is non{dimensional and
the unique solution of the optimization problem

sk Dyl > ®D g y( Dglk 1> gk Dgk 1>

k) .= +
HY Id yk D>gk D yk D>gk D y(k D>gk 1)

(5.66)

is independent of the units of the problem. Note that any normand any matrix W
satisfyingWy® 9 = sk 1) can be chosen instead of the stated ones. The resulting BFGS
formula (5.66), however, has shown to be computationally ecient and e ectively self{
correcting with respect to bad estimates of the Hessian. Taast the iteration, the initial
guessH @ is usually taken as a multiple of the identity matrix. Moreoer, a scaling can
be used before the rst update of the approximation is done,a. by de ning

a ._ y(0)>s(0)

which aims at an eigenvalue approximation of 2 F (x©).
The BFGS update can then be summarized as follows:

Algorithm 5.54 (BFGS Update)

Input: x(K) | Current optimization vector

x(k 1) | Preceding optimization vector
r yF(x®) | Current gradient of the cost function
r yF(x D) | Preceding gradientof the cost function
Hk D | Preceding inverse of the Hessian

If k=0:
SetH© :=1d

Else:

Setsk D= xk xk Dandy® D=y L(x®; ®) r ,L(x&D; K1)
If k=1:

Compute H® according to (5.67)
Compute H® according to (5.66)

Output: H® | Updated inverse of the Hessian
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Remark 5.55
There also exists a version of the BFGS formula which uses tapproximation of the
HessianB &) instead of H®) via

Bk Dk gk D>gk 1 yk Dyk 1>

k) = gk 1 +
B B dk D>Bk Dgk D y(k D>gk D

(5.68)

If this formula is used within Algorithm 5.54, then the compation of the search direction
viaB®dk = r [ F(x®; &) can be accelerated by using updates on the Cholesky factors
of B,

If we replace the correct Hessian by the BFGS approximatiom iour SQP algorithms 5.37
and 5.38, we can still guarantee convergence. For a proof veder to [35,182].

Theorem 5.56 (Convergence)
ConsiderH ® to be positive de nite and symmetric for alk 2 No. Moreover, we consider
x© 2 R" such that the level set

L:=fx2R"jF(x) Fx%)g
is convex and there exists positive constantg; ¢, such that
ckxk? 71 2 L& X cokxk?

holds for allx 2 R" and ® 2 L with corresponding Lagrange muItipIierA. If the Hessian
in Algorithms 5.37 and 5.38 is replaced by the BFGS update aating to Algorithm 5.54
then the resulting sequencgx®),.y, converge to a minimizerx” of F ().

If additionally the Hessian is Lipschitz{continuous in a nigghborhood of this minimizer
x?, then the convergence rate is superlinear.

In order to guarantee

Bk Dgk Dgk D>gk 1) y(k Dy(k 1)>

k - gk =pgk D +
H B B sk D>Bk gk 1) s(K 1)>y(k 1)

to stay positive de nite during the iteration we use an intepolation of the two latest
matricesB® 1 and B®). To this end, we de ne

rkk 1) = (k 1)y(k 1)+(1 (k 1))B(k Dglk 1)

with safeguarded scalar

( . (k 1>k 1)
. s y .
«1n_ L f g vy 02
= 0gsk D> gk Dgk 1 . else (5.69)
SK D>B(K Dgk I gk D>y(K D

Within the BFGS formula (5.66) this results in replacing thegradient di erence y* V) by
the interpolant r¢ 9 je.

Bk Dgk Dgk D>gk 1) pk Dpk 1>

0 = gk 1 4 :
B B sk D>B(k Dgk 1) sk D>k D

(5.70)

Moreover, we obtainB®) and henceH® to be positive de nite since s Y>yk 1) =
0:2stk D>pk gk D > 0 holds due to the de nition of & 1 in (5.69), see also [184].
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Still, if the Hessian of the Lagrangian is not positive de rnie, the damped BFGS update
ultimately fails. If no update can be found which is positivede nite, then the update
should be skipped. To obtain a skipping criterion, the curvarre condition (5.64) is consid-
ered and whenevek D>yk D < with = & D@ Hdk Y>Bk Dk I holds for a
preassigned constant 2 (0; 1), then the curvature is considered to be not su ciently pos
itive and the update is skipped. Not updating the approximabn of the Hessian, however,
leads to poor performance sincB () cannot capture important curvature information.

Remark 5.57

Another possiblity to deal with an inde nite Hessian is the called SR1 method, see
e.g. [44] for its use in line search and [128] for a trust{regnh implementation. Since
both NLPQLRnNnd eO4wdcuse the BFGS update, we do not present any details on the SR1
method here.

Remark 5.58

The computational e ort can be reduced even further by apjg reduced Hessian Quasi{
Newton approximations. These methods only consider thelmsgonal subspace of the range
space ofA® since d® is inuenced by r 2 L(x®; ®)) on this space only, see e.g. [21]
for further details.

5.2.5 Line Search SQP

The implementation issues shown in Section 5.2.4 indicatiedt there exists a large number
of possible implementations of SQP algorithms. Here, we trgonsider the so calledine
search SQP algorithmwhich, in a basic version, contains the following charactstic steps:

Algorithm 5.59 (Line Search SQP Algorithm)

Input:  (x©@; ©) | Initial pair
2 (0;0:5) | Decrease parameter
Setk =0

While convergence test is not satis ed

(1) Evaluate F (x®)) and A(x®)

(2) Compute Hessian

(3) Evalutate r ,F(x®) and r ,A(x®)

(4) Compute d® by solving the problem QP with corresponding multiplier )
(5) Setd =" ®

(6) Choose ™ such that (5.61) holds for =1

(7) Find ® satisfying

e x® + gl). (k) g xk. K 4  p g x®. & -4k

(8) Setx* D) = x() + ()gk) — (k+1) .= (k) 4 (Kg

Output:  x? | Optimal solution
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A theoretical overview for line search SQP can be found e.q [64,175] whereas ideas of
the algorithm and convergence results are, among others,sdebed in [111,183].

Within this basic version, we can utilize the algorithms of &ction 5.2.4 to speed up the
optimization process. In particular, we can implement Steg2) as an update formula,
see Section 5.2.4.4. Steps (7) and (8) can be replaced by eitthe Watchdog Algorithm
5.52 or the Second{order Correction Algorithm 5.51. Moreev, if the linearization of the
constraints in Step (3) causes an inconsistency we can switto a | {penalty problem
formulation, see Section 5.2.4.3.

Remark 5.60

Due to the Quasi{Newton nature of the SQP methods, the gradie are not computed
completely in every iteration of the while loop, see also 8ea 6.3. Hence, the computa-
tional e ort is reduced further. Note that both implementabns NLPQLRnd e04wdco er
this possibility.

5.2.6 Trust{Region SQP

In contrast to line search algorithms, the class of trust{rgion methods does not require
the Hessian or its approximation to be positive de nite. In prticular, they show good
progress even in presence of Hessian and Jacobian singtiéesi Trust{region variants are
studied, e.g., in [36,225], see also [28,85] for literatuserveys and [234] for a convergence
analysis.

The trust{region problem considers the standard QP problenincluding an additional
regional constraint (:

L 1
Minimize F(x®)+ r (F(x®)>d® + éd(kPr 2 L(x®; &Hd®  over alld® 2 R

ST. Gi(x®)+ r ,G;(x®)>d® = 0; i 2E
Hix®) + r (Hi(x®)y>d® 0 i 21
kd® k (k)

This additional constraint may cause the problem to be infesble even if there exists a
solution satisfying all other constraints. Yet, we have to &ep in mind that we are only
dealing with linearizations of the constraints and these caonly be trusted in a certain
neighborhood of the linearization point. Hence, there is n@ason to satisfy the linearized
constraints exactly except the trusted region permits it. mstead, our aim has to be the
improvement of the feasibility and at the same time the impreement of the solution of
the problem NLP. Here, we give a short glance at relaxation dnl;{penalty methods.
Since none of our used SQP solver uses lter methods, we skipsttopic here and refer
to [65] and references therein.

The relaxation approach considers the problem ECQP and moes the constraints by a
relaxation vector r®, that is

Ai(xS) + 1 A (x®)>d® = ri(k);

and by adding the trust{region constraint. The vectorr¥) is chosen to allow for a consis-
tent solution even for a reduced radius of the trusted regiorA radius r ) guaranteeing
these properties can be obtained by setting

r = r AW + A(xK) (5.71)
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wherev(¥) is the minimizing solution of

Minimize kr yA(x®)v® + Ax®)k  8v 2 R" (5.72)
ST. kvWk, 0.8 ®

The safeguard factor B guarantees existence of a consistent solution of the redaixprob-

lem. Hence, the resulting problem exhibits consistent camgints and can be solved by
any of the algorithms mentioned in Section 5.2.2. The meriuhction is chosen according
to the Euclidean setting of the additional trust{region corstrained,

E(x®@; ®y:= F(x®)y+ ®Wkr  AX)d® + AxM)k,
Furthermore, the ratio

) = E(x®0; 0 Bx® + dk: ®
Q w0 Qw

concerning the di erence in the merit function (characterzing the decrease) and the aug-
mented quadratic model problenQ « (d®)) as de ned in Section 5.2.4.1 considering the
Euklidean norm (characterizing the feasibility) is used tadecide whether a step is ac-
cepted.

Di erent to the relaxation approach, the I,{penalty methods consider and modify the
problem QP. As shown in Section 5.2.4.3, two additional tersnare added to the cost func-
tional such that the optimization similarly keeps track of he feasibility aspect. Moreover,
a trust{region constraint is taken into account. Hence, thd;{penalty problem is written
as follows:

(5.73)

Minimize F(x®)+ r ,F (x®9)> d® + %d(kPr 2 | (x®); (0)g®
+ X (v + W) + * t;  overall @®;v;w;t) 2 R"2e*
i2E i2l
ST. Gi(x®)+ r ,G(x®)yd®W = v, w;; i2E
Hi(x®) + r o Hi(x®)>d® ¢ 21
v;w;t O
kd® k (k)

Similar to the relaxation approach we use the ratio® from (5.73) to determine whether a
step is accepted or the trusted region needs to be adapted. relehowever, thel; function

X X
B(x®; )= F(x®)+ jGi(x®)j + maxf0; H;(x®¥)g
i2E i2l
is used as merit function within this setting.
Summing up, a trust{region algorithm takes the following geeral form:

Algorithm 5.61 (Trust{Region SQP Algorithm)

Input:  (x©@; ©) Initial pair
© Initial trust region radius

2 (0;1) Acceptance parameter

I
I
"> 0 | Optimality parameter
|
2 (0;1) | Contraction parameter
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Setk =0
While convergence test is not satis ed

(1) Evaluate A(x®) and r (A(x®)
(2) Solve problem (5.72) forv(®)
(3) Compute r® from (5.71)

(4) Compute Hessian

(5) Compute d® by solving the problem QP with additional constraint kd®k
) with corresponding multiplier "®

(6) Evalutate F(x®) and r ,F (x®))

(7) If kr yF(x®) r (AX®)>"®k <" and kKAX®)k, <":
Setx? := x® and terminate

(8) Choose ™ such that (5.61) holds

(9) Compute & according to (5.73)

10) If ® >
Setx*&*D) = x®) + dk) gnd D sych that (*D ) holds
Else
Setx*&*D) .= x) gnd &+ gych that &+ kd®k holds
Output:  x? | Optimal solution
Remark 5.62

Accoring to numerical comparisons, trust{region SQP variat and line search methods are
equally e cient in terms of the number of function and gradiat evaluations, see e.g. [56].

Remark 5.63

For our receding horizon controller setting, the line sealcvariant of Algorithm 5.59, i.e.
NLPQLPis in most cases superior concerning computing times. Theason for this is
simple but can be easily overlooked: While in Algorithm 5.58e computation ofF (x())
and A(x® ) as well asr «F(x®) andr ,A(x®)) are performed in Steps (1) and (3), in
Algorithm 5.61 we computeA(x®) andr ,A(x®)) in Step (1) andF (x®¥) andr F (x®)
in Step (6). In standard nonlinear optimization, this is irrelevant. However, the structure
of the receding horizon control problem o ers synergy e estin evaluating the underlying
dynamic of the system in the rst case since variations in theontrol vector can be used
in the di erence quotient to compute bothr F (x® ) andr (A(x™).

5.2.7 Classical Convergence Results

Here, we are not going to state the whole convergence theorpieh has been derived for
SQP methods over the last 25 years. For a rather general conyence result we refer to
the survey [45]. Instead, we present a selection of classicanvergence result. To this
end, we now state a condition under which a standard SQP mettlon any case identi es
a KKT point of the nonlinear program.
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Assumption 5.64
Consider an SQP algorithm to satisfy the following assumpihs:

(1) The SQP method computes the search direction by solvingné problem QP.

(2) Within the cost function of problem QP the Hessiarr 2, L(x®); ®))is replaced by
some symmetric, positive de nite and bounded approximatio B (.

(3) The iterate xk*V) := x® + (K dM) js de ned according to Algorithm 5.51.
(4) The problem QP is feasible in each step and exhibits a boded solutiond®).
(5) The penalty parameter %) is xed for all k and su ciently large.
(6) F(), G() and H( ) are continuously di erentiable.
(7) The multipliers &) are bounded.

Then the following convergence result proved in [185] apet:

Theorem 5.65 (Global Convergence)
Consider Assumptions 5.64 to hold and the sequences$® N, and x®) + k) N 1O
remain in a closed, bounded and convex subseR3f Then all limits points of the sequence

k - -
x () «2n, &re KKT points of the nonlinear problem NLP.

Next, instead of establishing global results, we aim at obiaing local convergence of the
SQP methods. To this end, we consider the following situatiofor the standard SQP
Algorithm 5.37, i.e. without inequality constraints:

Assumption 5.66
Considerx” to be a local solution of problem NLP such that the following @nditions hold:

(1) F() and G() are twice di erentiable in a neighborhood ofx” and their second
derivative is Lipschitz continuous.

(2) At x? the LICQ holds, see De nition 5.16.
(3) The second{order su cient conditions hold at (x*; ?), see Theorem 5.20.

Theorem 5.67 (Quadratic Convergence using Newton Methods)
If Assumptions 5.66 hold andx©; ©) is su ciently close to (x”; ?), then the sequence
of pairs (x®); &)) given by Algorithm 5.37 converges quadratically {&”; 7).

Proof. Since given the stated assumption Algorithm 5.37 is identt to the Newton iter-
ation the assertion follows directly. O

Remark 5.68

This convergence result also holds true for the inequalityrestrained problem if the working
set W? of the optimal valuex’ has been reached (and remains unchanged) aHd ) is
twice di erentiable.

The following result from [29] allows us to substitute the Hesian of the Lagrangian by
an approximation as shown in Section 5.2.4.4 and obtain sufirear convergence.
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Theorem 5.69 (Superlinear Convergence using Quasi{Newton Methods)

Suppose Assumptions 5.66 to hold and that the seque(x®))..n, generated by Algo-
rithm 5.37 converges using quasi{Newton approximated Hisss B). Then we obtain
superlinear convergence ofx®),,y, to x? if and only if

PO BM 2| (x% ?) (xkD  x()

kI!I{n oD Xk =0 (5.74)
holds for the Hessian approximatio ) where
h [
PO = 1d r ,AX®) r A ARt Ax®) (5.75)

Hence, we can substitute the quasi{Newton approximation ahe Hessian of the cost
function F () by the BFGS update formula. Due to the results from Section.2.4.4 we still

obtain a good approximation and convergence of the iteratemmputed by our scheme.
This follows immediately by the positive de niteness of theterates B according to
the damped BFGS update. More formally, we obtain the follomig result directly from

Theorem 5.69 and the properties of the BFGS formula shown ire&ion 5.2.4.4:

Theorem 5.70 (Superlinear Convergence using BFGS)

Suppose Assumptions 5.66 to hold amd2, L(x?; ?) and B are symmetric and positive
de nite. If additionally the norm di erences kx” x@k andkr 2, L(x?; ?) Bk are

su ciently small and (5.74), (5.75) hold for the BFGS Hessian approximationg5.70),

then the sequencéx®),,n, converges superlinearly to”.
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Chapter 6

Numerical Implementation

In order to make the description of the receding horizon cortl implementation PCC2!
(Predictive Computed Control 2) intuitively understandable we will consider our sandard
example, the inverted pendulum, and explain the software pkage in detail, that is we
relate

" analytical backgroundshown in Chapters 1 { 4,
" numerical algorithmsdescribed in Chapters 3 {5

and show reasons for the chosen way of implementing these huats.

Here, we focus on the implementation of th®CC2 software, the conceptual background
for the chosen class de nitions and explain their functiorldy. Using the examples from
Chapter 7, a detailed comparison of the selectable methodspresented in Chapter 8.

In the following Section 6.1 we motivate the structure of ourmplementation of a receding
horizon controller in the PCC2 package which is divided in three major parts. This
corresponds to the topics considered within the subsequeBections 6.2, 6.3 and 6.4.
The setup of the receding horizon controller itself is diseged in Section 6.2. Since
the controller automatically discretizes continuous{tine problems, this issue is reviewed
within this section as well. Moreover, we show three di erdnmplementations connecting
the optimization routine shown in Section 6.3 and the di eratial equation solvers as
presented in Section 6.4 to this discretization.

Last, within Section 6.5, we give an overview on thBCC2 package in a tutorial way. To
this end, we illustrate the general setup by implementing th inverted pendulum example
from Section 7.2 and a receding horizon controller for thisxample.

6.1 Programming Scheme of PCC2

The numerical implementation of the receding horizon contt algorithm is organized hier-
archically. The package is separated in three major partshé receding horizon controller
itself, minimization algorithms and methods to solve the underlying dynamic of the system
see Figure 6.1.

lWebpage: http://www.nonlinearmpc.com
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Minimization Routine Figure 6.1: Hierarchy of the implemented
control algorithm

Differential equation solver

To this end, several C++ classes and libraries have been ingohented. Within this
programming structure, the receding horizon controller iplementation is designed inde-
pendently of the minimizer and the di erential equation sober. This allows for modular
and exchangable subcomponents rendering the program elband extendable.

The de nition of a control problem is handled outside this herarchy. To this end, apro-
totype modelhas been introduced which forces the user to implement nesasy functions
like the dynamic of the system or the cost functional in a xedout intuitive way, see e.g.
Listings A.1 and A.2. Hence, controller and model are indepdent classes which allows
for reuse of models in di erent controller setups and vice vea.

Main
Program
I

Discretization

Example

Differential equation manager

Figure 6.2: Structure of an implemented program

Note that here, motivated by model inherent properties sucls the time set, dimension-
ality or sti ness, the model de nes the type ofdi erential equation solver to be used and
the con guration of this solver. Hence, a suitable choice of solver and parameters needs
to be obtained only once and can be reused for other contraligettings. Still, the class
structure allows the main program to change the con guratio of the solver if necessary.
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An appropriate choice of theminimization routine and its parameters, however, is depend-
ing on the size of the discretization, i.e. the dimension ohé model and its restrictions,
but also the horizon length chosen in the controller desigrHence, it seems reasonable to
de ne this component within the main program.

The discretization of the optimal control problem is done automatically by the eceding
horizon controller once the sampling instants are xed. Here, no further work has to be
done by the user. The connecting link between the discretidg@roblem, the minimization
routine and the di erential equation solver is establishedby a so calleddi erential equation
manager Since our three implementations di er in terms of speed, aaracy, practicability
and reliability, the choice is left to the user.

6.1.1 Class Model

According to the hierarchy of the program as shown in Figure.B, an example has to be
de ned before setting up the receding horizon control probm. To this end, an example
class has to be derived from the claddodel and the user has to provide functions with a
strict function header which are given by virtual functionswithin the classModel For ease

of notation and to make our software intuitively understan@ble, we choose the standard
control systems nomenclature in our implementation as well

6.1.1.1 Constructor / Destructor

The constructor method of an example does not only allocatde internal variables of
the class itself, but it also speci es and constructs th©deSolveand OdeConfig objects
| that is the di erential equation solver object and its con guration object | to be
used for this particular example. This is convenient sincene main program may be
used for several examples without having to worry about a dable choice of the ODE
solver routine. In particular, the size and sti ness propeies of every single example
are di erent and the ODE solver should be selected carefullyror further details on the
correlation between size, stiness and computing times ohé implemented routines we
refer to Sections 8.1.1 and 8.1.2.

The OdeConfig object enables the user to specify all internal variables tfie di erential
equation solver objectOdeSolve see also Section 6.4.2. Most importantlyabsolute and
relative tolerancecan (and should) be set here. For their impact on computinges see
Section 8.1.3.

Last, parameters of the control system can be set within theoastructor. This enables us
to de ned parametrized example classes, e.g. to analyze siinity or robustness aspects.
For an illustrative example and the usage of the constructpsee Section 6.5.1.

Within the destructor, the OdeSolve and OdeConfig objects as well as all internally
allocated variables have to be deleted.

6.1.1.2 De ning the Control Problem

In order to use an example to setup a receding horizon contrasing the packagedPCC2,
it has to meet the standard form de ned by the claséModel In particular, the cost func-
tional, the dynamic of the system, the box constraints as weas the constraint function
need to be de ned:

Function Description
dglfunction Dynamic of the system
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Function Description

objectiveFunction Integral part of the cost functional

pointcostFunction Discrete part of the cost functional

getObjectiveWeight Weighting between both parts of the cost funcH
tional

restrictionFunction Constraint functions

getControlBounds Box constraints of the controlu

getModelBounds Box constraints of the statex

getDefaultState Default initial value

getDefaultControl Default value of the control

getMaxShootingDataLength | Maximal number of multiple shooting points

getShootingDatalLength Number of used multiple shooting points

getShootingDatalnfo Specifying multiple shooting point positions

eventBeforeMPC Update possibility before next RHC iterate

Table 6.1: Required functions within a clas$lodel object

The cost functional can exhibit both integral and discrete parts

y( lZ+l
In(Xuy) = L (Xuy (3X);un(x); ) d
i=0 t;
D( 1
+ | (Xuy (i3 X); Un (X)5 1)) + F (Xyy (tn; X))
i=0

which have to be implemented in the corresponding functionsbjectiveFunction and
pointcostFunction . The discrete part of the cost functional implementation ca be used
to simulate a Mayer{term, but it is also possible to introdue a weighting of some or all
points within the time grid t. The rst partimplements an integral form, i.e. a Lagrangia
cost functional, if the underlying dynamic of the system isigen by a di erential equation.
In the discrete{time case, i.e. if the system is given by a derence equation, this term is
a sum of equally weighted costs caused by the state of the st at the grid points.
These two parts of the cost functional can be used at the samiene. To this end, aweight-
ing between both functions has to be de ned within the methodyetObjectiveWeight |,
see also Figure 6.3.

arbitrary weighting
- continuous—time - /

discrete—time

Figure 6.3: Weighting of the cost functionals

The non{constant restrictions are de ned usingrestrictionFunction where restrictions
at every grid point can be implemented. These restrictionsdve to meet the standard
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form in nonlinear optimization f (t;x;u) 0, see also De nition 2.2, and may consist
of pure state constraints as well as mixed state and controbustraints and can also be
time{dependent.

Remark 6.1
Note that without adapting the time grid itself violations fothese restrictions cannot be
recognized and avoided in between two gridpoirttsand t;.; .

The methods getControlBounds and getModelBounds are implemented to supply the
box constraintsfor state and control variables by de ning two vectors in edt method.

In order to initialize the optimal control problem in the main program, the user is required
to set initial conditions for the state. Again, this has to be done in the main program,
either manually or by utilizing the default stateimplementation getDefaultState

Remark 6.2

There exists no method within the cladglodel to set initial conditions automatically. Rep-
resenting a model, that is a mathematical description of theehaviour of an application,
it is independent of the actual state. Hence, measurementtaaconcerning the current
state of the system must be provided to the controller by theeznal program, i.e. the
main program.

Similarly, a default vector of the control can be provided to the controller. To this
end, the method getDefaultControl  of the classModel may be used. Last,multiple

shooting nodescan be speci ed using the three method&etMaxShootingDatalength

GetShootingDatalength and getShootingDatalnfo . The rst two get{routines are nec-

essary to distinguish between the number of actually used@hting nodes and the maximal
number of shooting nodes. The second one is required by theeding horizon control
algorithm to allocate the maximal necessary memory. The lasoutine reveals for which
state of the system and time instant (as multiples of the santipg time) a shooting node
IS set.

Setting the values of each multiple shooting node may be regted before restarting the
optimization within the RHC algorithm. For this purpose, the methodeventBeforeMPC
can be used and has to be modi ed to t this task. Note thateventBeforeMPCalso allows
for other changes within the model, e.g. switching the righband side of the di erential

equation or the cost functional.

6.1.2 Setup of the Libraries

As mentioned before, the software package is structured ieweral C++ libraries. This
allows us to update parts of the software without having to reompile the whole package.
Each package is equipped with a version checking mechanisime, compilation and in-
stallation of parts of the package can be carried out only ifllerequirements of the update
are satis ed. Currently, the following libraries are used:

Name Content

libbtipopt Wraparound for the minimizer IpOpt!

libbtmbutils Collection of useful tools like automated storing of data,ime
measurements and exception debugging manager

libminprog Parenting library for all minimization routines

libmpc2 Main library containing all routines necessary within the e-
ceding horizon control algorithm, but also all di erentialequa-
tion manager classes and the discretization class
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Name Content

libodesol2 Wraparound of all implemented ODE solvers

libsqpf Wraparound for the minimizer NLPQLP3

libsgpnagc Wraparound for the minimizer e0O4wdc from the NAGC Ii-
brary*

Table 6.2: Libraries contained within thePCC2 package

Table 6.3 displays the classes of the di erent libraries.

Library Class Library Class

libbtmbutils | BitField libbtipopt | Btlpopt
Code NLPProblem
Dataltem libminprog | GaussNewton
DataQueue MinProg
DebugMaster libodesol2 | DoPri
DebugMasterFile DoPri5
DebugMasterFileTextStream DoPri853
DebugClient DoPriCon g
OptimalDi Euler
RTClock OdeCong
SaveData OdeFunction
Uuid OdeSolEx

libmpc2 CacheOdeManager OdeSolveFirst
ControlClipboard OdeSolve
ControlSequence Radau
Cycle Radau5
Discretization Radau5913
IOController Radaucon g
IOdeManager Radau5913Con g
IOInterface RecurseSequence
Model libsgpf SgpFortran
MPC libsgpnagc | SqpNagC
SimpleOdeManager
SuboptimalityMPC
SyncOdeManager

Table 6.3: Classes within thePCC2 libraries

Within these libraries several external sources are usedorHurther details of the corre-
sponding codes, we refer to stated webpages.

Remark 6.3

Moreover, various exception classes are included in eachtbése libraries which can be
used to either automatically handle di erent error situatbns or to provide a full error
report to the user.

lWebpage: https://projects.coin-or.org/lpopt

2Webpage: http://www.unige.ch/  -hairer/software.html

3Webpage: http://www.math.uni-bayreuth.de/ ~kschittkowski/nlpglp.htm
4Webpage: http://www.nag.co.uk
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The following sections deal with the implementation and irgraction of the major classes
within the package. The clasBtlpOpt has not been optimized and tested extensively
yet. Hence, no description of its implementation is given he.

6.2 Receding Horizon Controller

The receding horizon controller is contained in the libraribmpc2 and implements
Figure 6.2. It allows for a user de ned choice of algorithmg,e. minimization routine

and di erential equation solver, and con guration of the caresponding objects. The
implementation itself handles the interaction required teolve the problem RHG quietly

and allows the routine to be used as a black box in a larger sei. In this section, we
explain the \ingredients" of this controller and the connetion of its classes.

6.2.1 Class MPC

The classMP® ers the possibility to construct and solve the sequence afptimal control
problems with sampling and zero order hold

Find n(Xx(tk)) = upg
ST. upn 13 = argmin Jy (X(t); un)
UN2UN
DK 1 i+1

In (X(t); un ) L (Xuy (5% (t)); un (X(t); ) d

i=0
t

D( 1
+ 1 Xy (U X)) Un (X(t); 1)+ F (X (5 X(8)))
i=0
Xuy (1) f (Xuy (X (t)); Un (X(te); 1)) 8t 2 [th;th]
Xuy (05 X(t)) X(tk)
Xuy (GX(6)) 2 X 8t 2 [t ty]
un (X(t); t) G2U  8t2[thth,

To this end, the user has to implement the example in a claddodel object, to specify a
choice of algorithms from all lower levels of the hierarchyna to setup a main program,
see Section 6.1.1 for further details and Section 6.5 for dlustrative example.

Note that within the class MPCthis problem is still in its original form, i.e. if the user
supplies a continuous{time model with piecewise constanbntrol on some given time grid
mathematically and numerically more challenging part of agtinuous{time systems but
we like to mention that it is also possible to implement dis@te{time systems.

To generate and solve the receding horizon control probleragveral procedures are re-
quired for

" Initializing a class Discretization  object

~ Solving the discretized version of the optimal control prdem using a supplied
optimization routine and a di erential equation solver
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~ Shifting the problem forward in time
Moreover the class contains procedures

" to set parameters within the optimal control problem itself e.g. the dynamic of the
system or the cost functional, and

"~ to adapt the number of switching points within the control function, i.e. to change
the length of the horizon.
6.2.1.1 Constructor

Within the constructor method the receding horizon problems de ned. This requires
the user to create a clasModel object

Model * object _model = new InvertedPendulum ();

Listing 6.1: Constructing call of a classModel object

which in turn implicitly de nes a suitable di erential equation solver and its con guration,
cf. Listing 6.37. Moreover, the calls

IOdeManager * object_odemanager = new SimpleOdeManage();

Listing 6.2: Constructing call of a classdOdeManagerobject

btmb:: MinProg:: MinProg * object_minimizer = new SqgpFortran ();

Listing 6.3: Constructing call of a classMinProg object

btmb:: MPC2 MPC* mpc_problem = new MPC( INF );
mpc_problem->reset ( object odemanager, object_minimiz er,
object_model, HORIZON );

Listing 6.4: Constructing call of a classMP@Dbject
are used to construct objects from lower level classes of therarchy, i.e.
" a model of the exampleobject_model , see Section 6.1.1,
" a minimization routine object_minimizer , see Section 6.3.1, and
" a di erential equation managerobject_odemanager, see Section 6.2.5,

have to be handed over to the clasBiP@bject. Additionally, the size of the problem, i.e.
the length of the horizonHORIZOMNust be known by the controller.
Note that all other problem speci cations, that is

" the dynamic,

"~ the cost functional,

" the restriction functions and
" shooting nodes and values

as well as the dimension of the state vector and the control et®r are given by the class
Model object object_model .
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Remark 6.4

Multiple shooting nodes and values are treated as optimimat variables within this setting.
Internally, these variables are combined to one optimizati variable of the discretized
problem, see Section 6.2.4 for further details and Section38 for the computational
impact of multiple shooting nodes.

Finally, some valueINF can be supplied which internally sets the value ofL  for the
optimization routine. If this is not stated explicitly, the default value 10 will be used.
Coming back to the mathematical setting, the constructor mi#od generates an optimal
control problem of the form

Find Oy = argmin Jy (Xo; Un)
Un 2UN
D( 1 Z+1

ST. In(X(t);un) L (Xuy (5% (1));un(x(t); ) d

i=0 t,
D( 1
+ T (Xuy (5 x(1); un (X(1)5 1)) + F(Xyy (tnsX(1)))

i=0
Xuy (1) f (Xuy (6 X(1)); un (X(1); 1)) 8t 2 [to; tn]
Xuy (0; (1)) x(t)
Xuy (X(1)) 2 X 8t 2 [to;tn]
un (X(t); 1) G2U  8t2[titi)

where the functions can be identi ed as follows:

Function Program
Control function On u
sdatavalues
Stage cost | (Xuy;Un) | pointcostFunction
Terminal cost F(Xuy) getObjectiveWeight
Running cost L (Xuy;Un) | ODbjectiveFunction
Dynamic f (Xuy 3 UN) dglFunction
Restrictions X;U restrictionFunction
getControlBounds
getModelBounds

Table 6.4: Notation used for implementation of a RHC problem

From Table 6.4 one can see that the state trajectory,, (; ) is not used during the
construction of the classMPQbject. The classMP@bject only depends on the initial
state and the switching structure. As we will see in Section.8.1.2, this allows for using
this object as a black box in a user{de ned control setup.

Moreover, one can see that the problem de ned in a clab4P®@bject is not yet discretized.
Hence, at this point we consider the control functiomu to be piecewise constant on some
time grid T. Additionally, this time grid is not xed since the memory allocation only
depends on the number of switching points, i.eHORIZONL, and does not specify the
values of these points.
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6.2.1.2 Initialization

As seen in the construction of a classPbject, the time grid is not yet xed, i.e. the
switching structure of the piecewise constant control furtion is unknown by now. Calling

mpc_problem->allocateMemory ( t, u );
mpc_problem->initCalc ( t, u );

Listing 6.5: Initializing a classMP@bject

allocates and initializes a prede ned clas$MPCobject with a time grid t supplied by
the user. Moreover, an initial guess of the control sequencehas to be supplied. Note
that using this procedure, these two arrays can be changed ay time during the RHC
iteration process.

The standard setup in the literature for the time discretizéion is to use an equidistant
grid, see e.g. [16,95,134].

u

Horizon of length N

Figure 6.4: Setting up the time grid and initial guess of theantrol

However, since in some applications this is not a desirealfesature, the time grid can be
de ned as an arbitrary strict ascending sequence

t =[to;ty;::tn]; to<ti<:i:i<ty;

The switching structure of the receding horizon control prolem can be modi ed after
every step of the RHC algorithm. Moreover, one does not have tare about numerical
errors by choosing this structure since the underlying dieential equations are solved
using an adaptive step sizing algorithm which is independenf the chosen step length
and not some kind of Runge{Kutta scheme such that the choicfo; = tj;; t; may
become critical. This o ers the possibility to test severalswitching structures before
implementing one control value.

We like to mention that sampling points within the overlappng time intervals in two
consecutive receding horizon control steps do not have toiccide at all. However, from
a numerical and, in particular, from an optimization procedre point of view, consecutive
time grids with coinciding sampling points are a very desieble feature. In this case, the
outcome of the previous optimal control problem | in general| represents a good initial
guess for the control in the following optimal control prol#m. Hence, this turns out to be
a possible implementation for supplying a new initial guessfter shifting the time grid,
see also Section 6.2.1.5.

Of course any initial guess can be used by changing Finding such an initial guess for the
control, however, is a hard task and massively in uences th@mputing time necessary to
solve the discretized optimal control problem, cf. Sectio8.3.3. Moreover, if the supplied
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guess is not close to the optimal solution, the optimizationoutine may converge to some
local optimum since we use local minimization methods to s@ this problem only.
However, one may use external information, if available, tonprove or ease the search
for an optimal solution. This can be done for any control vales within the discretized
optimal control problem. Here, it is particularly useful to subsequently reset the values
of the multiple{shooting nodes which are also controls in # discretized problem and
included in u. A more sophisticated analysis of this topic can be found ineStions 8.3.3
and 8.3.4.

Remark 6.5

Since equidistant time grids with xed sampling period are standard in model predictive
control we consider this setup exclusively. In particularve use the term horizon length
H = N T instead of the switching structure of the control. Howeveall routines can
also be applied for an arbitrary discretization.

6.2.1.3 Resizing the Horizon

Since the possiblity to adapt the length of the optimizationhorizon is required by the
adaptation algorithms presented in Chapter 4, i.e. to sho&n or prolongate the horizon,
a method to deal with this matter is implemented within the cassMPCThis procedure
can be used either manually in themain program or in an automated manner within an
adaptive receding horizon control algorithm by calling

mpc_problem->resizeHorizon ( 17, H_NEW );

Listing 6.6: Resetting the length of the optimization horibn

where the rst variable is used as new quantity of grid points In the case of an pro-
longation of the horizon, additional grid points are added quidistantly at the end with

grid diameter H_NEWNternally, this leads to a destruction of the discretizedproblem
which is due to memory requirements and a new object of thispe with correct values
IS constructed.

Remark 6.6

Note that memory allocation at this point is not strictly dyamic. A classMPQbject is
initialized with a maximal size of the horizon length whichannot be extended further.
This is due to the optimization of the code towards speed whiequires a certain setup of
the used memory.

To extend the horizon even further, the claddP®bject must be destructed and a new one
with extended maximal horizon length must be created.

The equidistant setting of grid points in the prolongation ase can be adapted by set-
ting the array t. Alternatively, a di erent array can be supplied to a classMPbject
mpc_problemusing the initialization routine described in Section 6.24..2.

Remark 6.7

Concerning the impact of the horizon length on the computirigne necessary to solve the
discretized optimal control problem, this feature is partularly useful if one can somehow
calculate the minimal stabilizing horizon length, espediif this lower bound varies during

the iteration process. For an analysis of this issue we refés Section 8.3.2 for numerical

results concerning the horizon length and to Section 8.5 whideals with our adaptation

strategies.
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6.2.1.4 Starting the Calculation

Since it is likely that the initial value of the actual optimal control problem has to be
rede ned, e.g. in the case when an external observer is used $tate estimation as shown
in Figures 6.5, 6.6, this value can be set to an externally cqmted one before starting
the optimization routine.

a Flow of Information a

Y

> | 31— 51 Actuator > Plant >{ Estimation

RHC <

Figure 6.5: Schematic representation of the usage of a rewggdhorizon controller

Horizon of length N

Figure 6.6: Evaluation of the optimal control problem and s#ing initial value

In order to solve the optimal control problem the procedure

mpc_problem->calc ( x );

Listing 6.7: Solving the underlying optimal control problen of the RHC problem

has to be called where external resets of the state vectocan be handed over directly to
the classMP®@bject. On exit, this call causes the results, i.e. the cordl sequenceug, to
be stored in the arrayu. Additionally, as long as the classMiPbject is not destructed,
the values of the internally predicted trajectory as well ashe cost functional values can
be extracted if necessary.



6.2 Receding Horizon Controller 147

6.2.1.5 Shift of the Horizon

The time shift of the optimization horizon, that is the recedng horizon step of the RHC
method, see Step 3 in Section 2.4, is carried out via

mpc_problem->shiftHorizon ( x, next_u, H_NEW, mstep );

Listing 6.8: Executing the shift within the RHC scheme

Here, the user can choose between three di erent variants thiis shift. The call

mpc_problem->setConfigShiftHorizon( H_NEW, method,
reltolerance, abstolerance, tolerancevector );

Listing 6.9: Con gurating the shift within the RHC scheme

can be used to change the con guration of the clagdP®©bject where the di erent variables
have the following:

Variable Description

H_NEW Step length of the added sampling intervals at
the end of the actual optimization horizon

method Decision variable

= 0: Shift of the control sequence bymstep
sampling intervals and copying the last
mstep entries for the new sampling inter-
vals (default)

=1: Shift of the control sequence bymstep
sampling intervals and optimization of the
last mstepentries for the new sampling in-
tervals

= 2: Successive (fori from 1 to mstep - 1)
shift of the control sequence by one san
pling interval and re{optimization of the
last HORIZON - mstep + entries for the
new in uencable sampling intervals

reltolerance Value or vector of relative tolerances of the dif;
ferential equation solver used for implementing
the shift

abstolerance Value or vector of relative tolerances of the dif
ferential equation solver used for implementing
the shift
tolerancevector Decision variable allowing to supply tolerance
values (olerancevector = 0, default) or vec-
tors (tolerancevector = 1)

Table 6.5: Con guration parameters of RHC scheme shift

Remark 6.8
Supplying the parametereltolerance , abstolerance and tolerancevector allows the
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user to distinguish between accuracy of the di erential egtion solver used for optimiza-
tion and the one used for simulation. Note that, if these vada are not identical, the
outcome of the simulated implementation of the control is igeneral not identical to the
predicted trajectory within the optimization.

The parameterH_NEVWg used to add a total ofmstep new sampling instants at the end
of the optimization horizon with sampling distanceH_NEW.e. the subsequent control
problem possesses the time grid

ti = tiimstep 120N mstepg;
tn mstepri = tn mstept i H_NEW i 2f1:::;mstepy:

In order to change this equidistant setting, a rede nition & the variable t in the main
program can be used.

Calling the method shiftHorizon causes the internally predicted state value at time
instant tysep to be stored inx. In case of external disturbances, model uncertainties or
if an observer is used to estimate the state vector, this pradion should be reset by a
corrected vector before starting the next optimization, s Section 6.2.1.4. Additionally,

copied tonext_u.

Here, we like to point out that shifting the horizon does not noly a ect the internal time
grid. Within this implementation, the control sequence is ifted as well. Depending on
the parameteroptimize , di erent control vectors are the result of such a shift:

" If methodis set to zero (default), the last control vector of the unsliied problem is
copied such that in the shifted problem the lastmstep control vectors are identical.
This method is computationally e cient and still o ers a good initial guess for the
subsequent optimization problem, at least if the trajectoy at the end of the horizon
is close to the optimum.

For the second choice, i.emethod= 1, the initial guess of the option method= 0
is used and an additional optimization problem considerinthe last mstep control
vectors is generated and solved. Even fonstep being small, the additional compu-
tational e ort is not negligible. Yet, signi cant reductio n of the computing times for
solving the subsequent optimization problem can be expemieed, see Section 8.3.3.

The third implementation is computationally demanding sirte a whole series of large
optimization problems have to be solved. Yet, it has shown te of good use if large
control horizonsmstep are considered. In this case, the optiomethod= 2 allows us
to subsequentually keep track of a good initial guess for tHellowing optimization
problem.

6.2.1.6 Destructor
A classMP®bject can be destroyed by using the destructor

delete mpc_problem;

Listing 6.10: Destructing call of a clasVP®Dbject

which deletes the internally allocated minimization prol#m but leaves all supplied data
untouched. Hence, the last open{loop control sequenaeas well as the initial state vector
x can still be accessed and used for other purposes.
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6.2.2 Class SuboptimalityMPC

The class SuboptimalityMPC is derived from the classMPCand contains the methods
described in Chapter 3 to obtain stability and suboptimaliy results. In particular, all
methods from classViPGre inherited such that a RHC controller utilizing the additonal
estimation methods can be implemented identically. Hencenly the class name within
the construction/destruction of the object needs to be repked:

btmb:: MPC2 SuboptimalityMPC * mpc_problem = new
SuboptimalityMPC ( INF );
delete mpc_problem;

Listing 6.11: Constructing/Destructing call of a classSuboptimalityMPC object

Moreover, internal variables are set to default values. Theneaning and usage of these
variables are explained within the description of the estiation procedures.

6.2.2.1 A posteriori Suboptimality Estimate
Calling the method

mpc_problem->aposterioriEstimate ( x, alpha );

Listing 6.12: Calculating according to Proposition 3.3

leads to an evaluation of Proposition 3.3 using Algorithm 8.to compute the suboptimality
degree = alpha.

To this end, the values ofV (x(n)) and V(x(n + 1)) as well asl(x(n); n(x(n))) must be
known. In this implementation, these values wilhot be computed by the procedure within
every step. Instead, the previous optimal value functio (x(n 1)) and the corresponding
rst stage costl(x(n 1); n(x(n 1))) are stored within a classSuboptimalityMPC object
mpc_problemand V (x(n)) is computed by the procedure by gostoptimal evaluation of
the cost function i.e. no additional optimization is required. To this end, he variable x
can be used to incorporate measurement or prediction errofdence, this setting is purely
a posteriori. Internally calculating the optimal nite horizon cost V(x(n)) gives us, as a
byproduct, the stage cost(x(n); n(x(n))) and both are used to replace the stored values
of the last step, see also Section 6.2.3.3 below for furthestdils.

Remark 6.9

This setup can be extended to analyze the suboptimality ofacalledm{step feedback, see
e.g. [99,100], by storing a sum of the stage costs. This is impented within the method
mstepAposterioriEstimate , see Listing 6.13.

mpc_problem->mstepAposterioriEstimate ( x, alpha, m );

Listing 6.13: Calculating similar to Proposition 3.3 for anm{step feedback

The internal boolean variablesingle can be used to obtairocal or closed{loopsubopti-
mality results. If is to be computed for every single point of the trajectory, th variable
single is set to the default value true. Ifsingle is set to false by calling

mpc_problem->setSingle ( false );

Listing 6.14: Setting the internal variablesingle
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the minimal along the points under consideration is the result of this nlkod. Note
that the variable alpha must not be changed within the calling program.

Remark 6.10

The underlying problem has to meet the form which is the basfsProposition 3.3. Hence,
the user must check the implemented cost functioradjectiveFunction and the additive
discrete{time cost functional pointcostFunction de ned within the classModel object
used by a clasSuboptimalityMPC object.

6.2.2.2 A priori Suboptimality Estimate

In contrast to Section 6.2.2.1 using Algorithm 3.8, we now cgpute an estimate = alpha

a priori based on Algorithm 3.16. In particular, it is not necessaryof this procedure
to store any past data of the classSuboptimalityMPC problem since all values can be
computed based on the actual initial valuex and the calculated optimal control sequence
u which is available within a classSuboptimalityMPC object mpc_problem

In order to obtain Vk(xy, (N  k;x(n))) and I(xy,, (N k;x(n)); k(Xuy (N k;x(n))))

for all k 2 f Ng;:::;Ng, it suces to solve the dynamic of the problem using the pre-
computed optimal control sequencas. However, to retrieve the value ofl(x,, (N
LEx(); j a(Xuy (N J;x(n)))) forall j 2f2;:::;Nog we have to solve a whole series of

optimal control problems. This requires the user to call theoutine

mpc_problem->aprioriEstimate ( x, alpha, gamma, NO );

Listing 6.15: Calculating according to Theorem 3.22

where x is a possibly updated estimate of the current state. Interrily a series of new,
smaller optimal control problems and their discretizatios are generated. To solve the
resulting minimization problems, another instance of theupplied optimization routine
object_minimizer and of the di erential equation managerobject_odemanager need to
be generated.

Again, the internal boolean variablesingle can be used to obtain the local suboptimality
estimates by setting it to true and the closed{loop suboptimality estmate if single is
set to false.

Last, the variable NOwhich speci es the shortened optimal tail to be consideredithe
analysis needs to be set by the user.

Xuy (1:x(N))

_________ s N0:4
————————— o N0:3
g N0:2

Xuy (3;x(N))

Xuy (4;%(N))
Xuy (55 %(N))

Figure 6.7: Schematic representation of solution \tails" sed within the a priori subopti-
mality estimation of Theorem 3.22 forN =5
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Remark 6.11

this procedure to be not negligible considering the commgitime. Hence, in the context
of time{critical applications, only small values ofNOshould be used, see also Section 8.4
for numerical tests of this routine and the impact of the paraeter NOand Section 8.5 for
results in the adaptive receding horizon control setting.

6.2.2.3 A posteriori Practical Suboptimality Estimate

Similar to the routine for the non{practical case, the call

mpc_problem->aposterioriPracticalEstimate ( x, alpha );

Listing 6.16: Calculating according to Proposition 3.28

computes the suboptimality degree = alpha according to Proposition 3.28, i.e. Al-
gorithm 3.30. Here, we use the same setup as in Section 6.2.far storing past data,
supplying the actual state vectorx and in uencing the output to be alocal or closed{loop
estimate via the internal boolean variablesingle .

Di erent to the non{practical case, the internal variable epsilon is utilized for cutting

the stage costs. This variable is set tepsilon = " =10 ® and can be reset using

mpc_problem->setEpsilon ( 1E-10 );

Listing 6.17: Setting the internal variableepsilon

In general, its magnitude should be of the size of the optimsl tolerance of the under-
lying class MinProg object object_minimizer . However, this rule of thumb only holds
if the tolerances of the classOdeSolve object used by the clasdOdeManagerobject
object_odemanager are lower than the optimality tolerance of the minimizer.

The underlying problem has to meet the form used within Propsition 3.28. To this end,
the implemented cost functionalobjectiveFunction and the additive discrete{time cost
functional pointcostFunction de ned within a class Model object object_model used
by a SuboptimalityMPC object must be reviewed.

Remark 6.12
Similar to the non{practical case, an extension tan{step feedbacks is implemented within
the methodmstepAposterioriPracticalEstimate , cf. Listing 6.13.

6.2.2.4 A priori Practical Suboptimality Estimate

The a priori practical estimate uses the same extension asetla posteriori estimate from
the previous Section 6.2.2.3. Hence, the call

mpc_problem->aprioriPracticalEstimate ( x, alpha, gamma , NO )

Listing 6.18: Calculating according to Proposition 3.39

from Listing 6.15 uses the internal variablepsilon to cut the stage cost. Here, Algorithm
3.40 is implemented to compute the estimate = alpha. Similar to Section 6.2.2.2, the
values ofl(x,, (N j;x(n)); j 1(Xuy (N J;Xx(n)))) have to be obtained via a series of
new smaller optimal control problems. These problems are igrated, discretized and
solved by instances of the objects created within the cla&iboptimalityMPC object.
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Similar to Section 6.2.2.2, the variableNO speci es the shortened optimal tail and the
booleansingle is utilized to distinguish betweenlocal and closed{loop suboptimality
results.

6.2.3 Class AdaptiveMPC

The classAdaptiveMPCimplements the optimization horizon adaptation strategie de-
scribed in Chapter 4. Since the corresponding Algorithms@8..4.10, 4.14, 4.16, 4.19, 4.21,
4.23, 4.29, 4.37 and 4.40 are based on the suboptimality estites from Chapter 3 it is
derived from the classSuboptimalityMPC implementing these estimates.

In particular, all methods from the classMPGre inherited such that a receding horizon
controller utilizing the additional estimation methods can be implemented identically. The
methodscalc and shiftHorizon , however, are replaced to suit the adaptivity algorithms
from Chapter 4. Similar to the constructor of a classSuboptimalityMPC object, all
headers are identical such that only the class name within ¢hconstruction/destruction
of the object needs to be replaced:

btmb:: MPC2AdaptiveMPC * mpc_problem = new AdaptiveMPC ( INF
);

delete mpc_problem;

Listing 6.19: Constructing/Destructing call of a classAdaptiveMPCobject

6.2.3.1 Starting the Calculation

In order to obtain an open{loop optimal control satisfying aprede ned suboptimality
bound —, by calling

mpc_problem->setConfigAdaptiveMPC ( alphabound, estima te,
implementation, NO, sigma );

Listing 6.20: Calculation call for a classAdaptiveMPCobject

the used suboptimality boundalphabound= " is set and the user chooses the subopti-
malty estimation method and the implementation of the adapdtion algorithm by de ning
the parameterestimate and implementation . Optionally, the con guration parameter
NO= Ny of the a priori estimation method and the maximal stepsigma = can be set.

Variable Description
alphabound Lower suboptimality bound ~ to be satis ed
estimate Suboptimality estimation method

0: No estimation, standardVIPC calcand shiftHorizon
methods are applied

1. A posteriori estimate according to Proposition 3.3

2: A posteriori practical estimate according to Proposit
tion 3.28

3: A priori estimate according to Theorem 3.22

4: A priori practical estimate according to Theorem 3.39
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Variable Description
implementation Adaptation strategy

0: No adaptation applied

1: Simple shortening strategies 4.10, 4.19 and prolonga-
tion strategies 4.14, 4.21 depending on the choice |of
the suboptimality estimation method

2: Simple shortening strategies 4.10, 4.19 and xed
point strategy 4.23 for prolongation

3: Simple shortening strategies 4.10, 4.19 and monotope
strategy 4.29 for prolongation

NO Auxilliary parameter Ng required by suboptimality esti-
mates according to Theorems 3.22 and 3.39

sigma Auxilliary parameter  required by Algorithms 4.23 and
4.29

Table 6.6: Con guration parameters of a clas®daptiveMPCobject

Once a classAdaptiveMPCobject is con gured, the method

mpc_problem->calc( x );

Listing 6.21: Calculation call for a classAdaptiveMPCobject

can be called to start the optimization and adaptation proces. Due to the general struc-
ture of the receding horizon controller implemented in thd?CC2 package, this call is
not identical to the algorithms described in Chapter 4 sinceéhe computation and im-
plementation of control sequences are separated. For theglementation, the method
shiftHorizon can be applied, see also Section 6.2.3.4.

6.2.3.2 Implemented Strategies

The di erent strategies of Algorithms 4.8, 4.16, 4.37 and 40 using the simple shortening
and prolongation strategies of Algorithms 4.10, 4.14, 4.hd 4.21 are implemented in the
private method calcSimple , simpleShortening and simpleProlongation respectively.

Here, the con guration parameterimplementation is used to choose a particular method.

Remark 6.13

Algorithms 4.11 and 4.20 which represent a mixed closed{og®op strategy, are not im-
plemented separately. To obtain results for these algortls, a repeated call otalc and
shiftHorizon can be used due to the principle of optimality. In this caseha endpiece
of the previous optimal control problem is identical to thecdual (shifted) optimal control
problem. Hence, if the original solution was optimal, catig calc does not change the
solution and a call ofshiftHorizon implements the actual rst component of the control
vector.

The more sophisticated prolongation strategies of Algohims 4.23 and 4.29 are imple-
mented in the private methodscalcSimpleFixpoint and calcSimpleMonotone. Note
that these implementations are designed to allow for shorteng the horizon only by the
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shortening strategies 4.10 and 4.19. Again, the parametenplementation is used to
start the chosen methods.

Remark 6.14

The adaptation algorithms of Chapter 4 in methodsalcSimple , calcSimpleFixpoint
and calcSimpleMonotone are separated from the required calls to the suboptimalitgte
mates of Chapter 3 since they are designed independently eTatter ones are implemented
in method calcAlpha described in the following Section 6.2.3.3.

6.2.3.3 Using Suboptimality Estimates

The parameterestimate de nes the estimation method to be used by a call of the privat
method calcAlpha , i.e. a posteriori, a priori or the corresponding practicavariants, see
also Propositions 3.3 and 3.28 and Theorems 3.22 and 3.39.

In order to use the a priori methods from clasSuboptimalityMPC, no additional com-
putations to call these methods are required since these rhetls rely on the actual state
vector x only, see Sections 6.2.2.2 and 6.2.2.4. The required calls emplemented in the
private method aprioriCalculatedEstimate

The a posteriori methods on the other hand have to be based onfture state vector
which holds true at the rst sampling instant in the actual time grid. The private method
predictedAposterioriEstimate computes this value and solves the required additional
shifted optimal control problem. Moreover, the call to the gosteriori estimation method
aposterioriEstimate  or aposterioriPracticalEstimate is executed in this method
and the computed suboptimality estimatealpha = is set.

6.2.3.4 Shift of the Horizon

Within our implementation of an adaptive receding horizon entroller, we replace the
shift strategy shiftHorizon described in Section 6.2.1.5 if an a posteriori estimate is
used, i.e. ifestimate 2 f 1;2g. Here, we use the already acquired information of solving
the predicted shifted optimal control problem, see also S&m 6.2.3.3. This allows us |

if no errors and state estimation errors occur | to reduce theadditional e ort for the
adaptation strategy to zero since the predicted shifted ophal control problem is identical
to the now actual one and no reoptimization is necessary.

In any other case, calling

mpc_problem->shiftHorizon( x, H_NEW );

Listing 6.22: Shifting call for a classAdaptiveMPCobject

calls the routine previously described in Section 6.2.1.9ote that, in either case, the
calls are identical.

6.2.4 Class Discretization

The classDiscretization  can be used to create a clad3iscretization  object which

transforms a possibly continuous{time optimal control prblem into a discrete{time one.
Although this class can also be used outside a clag®’@bject, the underlying problem

still has to meet the speci cations mentioned in Section 6.2.

Since we focus on solving a receding horizon control problewe restate the discretization
in this context, i.e. we transform the optimal control probem from Section 6.2.1 to a
discrete problem of the following form:
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Here, the functionsl;( ; ) correspond to the integrated Lagrangian ternmL( ; ) plus the
summation termI( ; ) which is to be evaluated at the sampling instants, i.e.

T+1
iGGu) == L(x( );u( )d + 1(x(ti); u(ti)): (6.1)

ti
The classesMP@nd Discretization  are handled separately since one claB4Pbject
may use discretizations of several optimal control problesnor several discretizations of
one optimal control problem.
Within the class Discretization ~ we use the recursive discretization technique with mul-
tiple shooting nodes, see Sections 5.1.2 and 5.1.3. Hence obtain a discretized optimal

control problem stated in De nition 5.7 which is given in standard form for nonlinear
optimization

Minimize  F(x) 8x 2 R"

ST. Gi(x)=0; i 2E
Hi(x) O i 21
with optimization variable
>
X:= UgpiilUn 1Sk

Remark 6.15
Even if the underlying dynamic within a clas§P®bject is already given in discrete{time,
the discretization step is still necessary for memory allaigon purposes.

6.2.4.1 Constructor / Destructor

Similar to a classMP@bject, a classDiscretization  object is set up by calling

btmb::MPC2:: Discretization * problem = new btmb::MPC2::
Discretization ( object_odemanager, object _minimizer,
object_model, length_horizon, infinity );

Listing 6.23: Constructing call of a clas®iscretization  object

Due to the separation of the discretization from the recedm horizon control problem
itself, the memory allocation necessary to handle variatdeand constraints is done within
this object. Background for this is the consideration of a gsibly continuous{time optimal
control problem in a classMPMbject and a discrete{time transformation within a class
Discretization  object. The resulting optimization problem is of the geneladorm
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Minimize  F(x) 8x 2 R"
ST. Gj(x)=0; 12 E
Hi(x) O i 21

Moreover, no computation of any kind is performed during tls construction. In partic-
ular, it does not make sense to calculate any trajectory with a classDiscretization
object itself since it cannot compute an optimal control sagence. This is the job of the
supplied classMinProg object. Hence, a clas®iscretization  object makes use of an
classSgpFortran, SgpNag@©r BtlpOpt object from one of the subclasses of clagsnProg,
see Section 6.3.1, to solve this task. To this end, it managdse necessary memory and
provides procedures for the clagslinProg object to compute the cost functional, its gra-
dient and the restriction function as well as the Jacobian ahe restriction function.

6.2.4.2 Initialization
The initialization method of the classDiscretization  object is implemented identically
to a classMP@bject and supplied for external use of this class only.

6.2.4.3 Calculation

After creating and initializing a classDiscretization  object, the underlying minimiza-
tion method from classMinProg can be called to solve the minimization problem. De-
pending on the choice of the minimizer the procedure

problem->calc ( x );

Listing 6.24: Calculation call for a clas®iscretization  object

executes this calculation. Here, a cladSiscretization  object supplies the mentioned
private methods for computing thecost functional its gradient and the restriction function
as well as theJacobian of the restriction function at the discretization instances to the
classMinProg object. This de nes the abstract minimization problem staed in Section
6.2.4.1.

For solving the abstact optimization problem, this resultsn the following:

A classDiscretization  object de nes the abstract optimization problem by settingfunc-
tion pointers for the cost function, restrictions and the dyamic of the control problem.
Then, the method calc triggers the minimization routine to start the optimization. In
turn, the corresponding method of a clasMinProg object calls a classdOdeManagerob-
ject to evalutate all required functions. Then, the classOdeManagerobject passes the
function pointers and required evaluation data over to the icerential equation solver
which is a classOdeSolveobject.

Once all evaluations are done, the minimization routine coputes a new set of optimiza-
tion variables. Since the implemented minimization methogl are iterative solvers, the
predescribed process is repeated within every step untiléhminimization is terminated.

Remark 6.16

The advantage of this setting is not only the modularity of éhconsidered components of
the algorithm, but also the separation of the allocated mermo In particular, once all
required objects are initialized, no further allocation ordeletion of memory is triggered
| except for user modi cations. This allows for an e ective allocation of the memory
regarding the subproblems and increases the performancehaf computation.
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Figure 6.8: De nition of the abstract optimization problem

Here, the vectorx represents the initial value for the state trajectory to be ontrolled.
This allows us to implement the receding horizon controlldndependently from the actual
state and time of the plant. This is necessary since we cannatpect the optimal control
to be computed instantaneously, i.e. we have to use some kinflexternal prediction to
a future state when the computed control will be applied.

T Optimization horizon
=< > : : : : : -t T
Sensor S . . . . . .
Sending measurement - g?ax :
Controller C —&=———== = ————————————— = S = :
: © Computational time ‘¢ : Sending new control sequence
Actuator A — - - - ' } '
Implementing new control sequence
Figure 6.9: Timescale of the closed{loop system
Remark 6.17

The timescale in Figure 6.9 indicates that the calculatingrgcedure calc can/should be

initialized with a prediction of the state vectorx at the implementation time instant. In

order to be applicable, this time instant should correspond one of the sampling instants
after the new control sequence has arrived at the actuator.

Remark 6.18
Since the receding horizon control algorithm relies on an ot initial state, the usage

of estimation procedures, sensor data or other input meth®ds possible and allows the
software to be used as a black box within a control setting.
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6.2.4.4 Other functions

The functions to compute the cost functional, its gradient ad the restriction function as
well as the Jacobian of the restriction function are for intanal use of minimization object
object_minimizer of classMinProg only. Calling these functions results in solving a
series of di erential equation problems using a clas®deSolve object. The sequencing
of this series of calls is organized by class I0deManager @tig which we treat in the
following Section 6.2.5. For further details of the interaiton of the classes, see Section
6.2.4.3.

6.2.5 Class IOdeManager

The purpose of the classOdeManageris to cover three implementations for calculating
the values of the cost function, the constraints and their desatives required by a class
MinProg object. The derivatives need to be computed with respect tovery component of
the optimization variable (5.7). This allows for a simple daition and approximation of
the derivative of some functionf () with respect to all components o via the di erence
quotient

fx+t v) f(x) f(x+tv) f(Xx)
t t

D.f (x) = lim_ (6.2)

wherev 2 RN™+s kyk=1andt 2 R.

Remark 6.19

In the receding horizon control context, we think of () being either the cost functional
or one of the restriction functions. Moreover, the stepletig t should be chosen depending
on the used computer, i.e. its oating point ability. Note tlat given an optimal control
problem, the computation of the dierence quotient(6.2) may be sensitive if di erent
discretizations are used to compute(x + t v) andf (x). To circumvent this problem, we
additionally implemented a synchronized computation, s&ection 6.2.5.3 below.

Within the context of optimizing a discretized optimal contol problem, the function
values to be computed are depending on the state of the systand the control. Since
the state of the system is not contained in the optimization ariable (5.7), neither the
cost function and the restrictions nor their derivatives ca be evaluated.

Now, we use the additional information on the initial state 6the systemxq. This infor-
mation is provided by the user to the classMP@bject by calling the calc method. By
this method, the information is passed over to the clad3iscretization  object de ning
the abstract optimization problem and hence the clasklinProg object. Within the class
IOdeManagerobject called by the minimization routine of classMinProg, this allows us
to call a di erential equation solver of classOdeSolveto solve the dynamic of the system
using this initial value x, and the optimization variable x.

Hence, a clasdOdemanagerobject provides a link between the classelinProg and
OdeSolveto solve an optimal control problem.

Using the predescribed methodology, we can evaluate all teepd functions f () and,
using the di erence quotient (6.2), all derivatives.

For the implementation of such adi erential equation manager derived from the class
IOdeManager we have to keep the following in mind:

(1) Memory requirements: A naive implementation is to compte and store all necessary
values, i.e. the trajectories for nominal and varied paranter sets. Such a strategy,
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however, requires a rather large storage capacity even fonall systems. Considering
large di erential equation systems like a discretization ba PDE, this may exceed
hardware limitations.

(2) Speed: Every evaluation of a functiori ( ) possibly triggers a call of the di erential
equation solver. Hence, if the number of function evaluatns is not reduced on
implementation, many calculations have to be performed wth makes this part
computationally expensive.

(3) Correctness: The Lagrangian part of the cost function Isto be evaluated along the
trajectory. To this end, an identical discretization has tobe used for the evaluation
of this integral and the dynamic of the problem, see also [1ir a detailed analysis.
The same holds for the derivative of a functiorf (), that is for the two required
evaluations off () the same discretization grid should be considered.

Remark 6.20

The Lagrangian part of the cost function is appended to the ymic of the system within
the classDiscretization  object. Since this new dynamic is handed over to the class
IOdeManager the rst part of the correctness requirement is ful lled fo all deduced classes
of classlOdeManager Appending the cost function is convenient since in the mimiza-
tion routines of classMinProg, every evaluation of the cost function at the current iterat

is accompanied by an evaluation of the restriction functien

Moreover, the clasDiscretization  object combines the optimization variable according
to (5.7).

Within the receding horizon control setting, the Jacobian bthe constraints has the fol-
lowing general structure:

Optimization variables

Control vectors Shooting nodes

Constraints

Constraints

Shooting nodes

Figure 6.10: Structure of the Jacobian of the constraints

The number of function evaluations is growing quadraticall in the horizon length N.
Moreover, a recomputation of these values has to be perforthavithin a large number
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of the iteration steps of the minimization routine. Hence, @& e cient implementation
is required for the receding horizon controller. For computg time comparisons of the
di erent I0deManagersubclasses see Section 8.2.

Remark 6.21
Note that the dimension of the constraints may also depend on the optimization procedure
since not all methods treat box constraints as nonlinear csinaints.

6.2.5.1 Class SimpleOdeManager

The classSimpleOdeManagers a straight forward implementation of a interface descriéd
in the previous Section 6.2.5 which calculates all functiovalues by solving the di erential
equation on the whole optimization horizon for the given omtization variable. To utilize
an object of this type within the receding horizon controllg it can be constructed/de-
structed by calling

IOdeManager * object _odemanager = new SimpleOdeManager;
delete object_odemanager;

Listing 6.25: Constructing/destructing call of a classSimpleOdeManagebbject

For memory purposes, this method is e ective since no interediate results are stored.
However, it is not computationally e cient since many identical calculation steps are re-
peated, see also Table 6.7. Moreover, the correctness asgeacerning the discretization
used to compute the derivatives is not satis ed.

Method Description

comdgl| Attaches the Lagrangian part of the cost func-
tion to the di erential equation system

calcObjectiveFunction Calculates the value of the cost function for a

xed set of optimization variables considering
the appended di erential equation of the dy-
namic, the summation term and the terminal
cost term, see Section 6.2.4
calcObjectiveFunctionGrad Computes the gradient of the cost function with
respect to all optimization variables
calcRestrFunction Calculates the values of all restrictions for al
sampling instances and a xed set of optimizat
tion variables
calcRestrFunctionGrad Computes the Jacobian update

Table 6.7: Calculation methods within classSimpleOdeManager

Remark 6.22
Since all derivatives are computed within the Jacobian ofeltonstraints, the QP iteration
of the optimization routine is actually a Newton method witbkomplete BFGS{update.

6.2.5.2 Class CacheOdeManager

To utilize the advantages of the quasi{Newton approach badeon a reduced Hessian
approximation in the QP iterations, a classCacheOdeManageaibject calculates only the
required function values. An object of this class is consteted/destructed via



6.2 Receding Horizon Controller 161

IOdeManager * object_odemanager = new CacheOdeManager,
delete object odemanager;

Listing 6.26: Constructing/destructing call of a classCacheOdeManagabject
In particular, it considers two aspects:

(1) The array needc of the optimization method is used to identify the columns irthe
Jacobian of the constraints which have to be recomputed.

(2) Repeated function evaluations for identical optimizabn variables are avoided.

The implementation of the second aspect is a simple but veryeetive reordering of
calculations. Considering the control vectors and the muftle shooting nodes separately,
we note that changing thej -th value in this part of the optimization vector does not a ect

trajectory and store it. Then, the gradient of the cost funcional and the required columns
of the Jacobian of the constraints are calculated startingdm the end of the vectors of
control vectors. This is repeated for the vector of shootingodes. In Figure 6.11, we
indicated the proposed method by thick black arrows.
Using the illustration of Figure 6.10, the algorithm compués the Jacobian update by
solving the dynamic of the control system in the top to bottonorder of the arrows within
Figure 6.11. Here, the aspect (1) is integrated, i.e. only éhrequired updates within
the Jacobian are actually computed. Within Figure 6.11, thee are indicated in blue.
Since we have stored the nominal trajectory, one solution difie di erential equation is
su cient to compute one column of the Jacobian which yields he implementation to be
computationally e cient.

Optimization variables

Control vectors Shooting nodes

>

Constraints

Constraints

Shooting nodes

Figure 6.11: Sequence of calculations within a cla€acheOdeManagearbject

The methodology of theCacheOdeManages split up in several methods:
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Method Description

comdgl Attaches the Lagrangian part of the cost func-
tion to the di erential equation system

compareCache Compares actual set of time set, initial values
and control values to previous calls of the class
OdeSolveobject

calcCache Calculates the value of the cost function whent

ever a combination of time set, initial values ang
control values has not been handled yet

calcCacheDerived Calculates the value of the cost function when
ever a combination of time set, initial values and
optimization variables has not been handled ye

—F

calcObjectiveFunction Utilizes the compareCache and calcCache
methods to compute the value of the cost func-
tion

calcObjectiveFunctionGrad Utilizes the compareCachge calcCache and
calcCacheDerived methods to compute the
gradient of the cost function with respect to all
optimization variables

calcRestrFunction Utilizes the compareCache and calcCache
methods to compute the value of the restriction
function at one sampling instant
calcRestrFunctionGrad Computes the Jacobian update for columns in
dicated by the array needc of the optimiza-
tion routine using the methodscompareCachg
calcCache and calcCacheDerived

Table 6.8: Calculation methods within classCacheOdeManager

Remark 6.23

Class CacheOdeManageobjects are not as robust as clasSimpleOdeManagerobjects
regarding the correctness issue. We experienced probleniih this class if the derivatives
of the Jacobian are small and changes in the optimization paneter sets result in changes
of the function value which are lower than the tolerance léw& the di erential equation
solver.

6.2.5.3 Class SyncOdeManager

Within the class SimpleOdeManageand the classCacheOdeManagederivatives are com-
puted by separately solving two di erential equations bas# on the nominal and an ap-
propriately changed set of parameters. This may lead to twa drent discretization grids.
Moreover, if the change between the resulting two traject@s is smaller than the tolerance
of the step{size controller, then the approximation of the drivative might be useless.
The class SyncOdeManageris designed to cope with this problem. The fundamental
principle is to combine several (one plus the number of optigation variables) copies of
the di erential equation system and solve it by one call of tk classOdeSolve object.
The resulting discretization grid is identical by de nition such that the correctness issue
is satis ed. Similar to the classSimpleOdeManageiand CacheOdeManagesbjects, the
calls
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IOdeManager * object_odemanager = new SyncOdeManager;
delete object odemanager;

Listing 6.27: Constructing/destructing call of a classSimpleOdeManagenbject

construct and destruct such a manager.

Within this class, the cacheing principle of clas€acheOdeManagds applied to avoid
repeated calls of the di erential equation solver for idental optimization parameter sets.
However, since the di erential equation system is enlargethe computational advantage
Is reduced.

Method Description

comdgl| Combines di erential equation systems and the
Lagrangian part of the cost function to compute
the gradient of the cost function

diffcomdgl| Combines di erential equation systems and the
Lagrangian part of the cost function to compute,
the Jacobian of the constraints

compareCache Compares actual set of time set, initial values
and control values to previous calls of the class
OdeSolveobject

calcCache Calculates the value of the cost function whent

ever a combination of time set, initial values and
control values has not been handled yet

calcCacheDerived Calculates the value of the cost function when
ever a combination of time set, initial values ang
optimization variables has not been handled ye

—F

calcObjectiveFunction Utilizes the compareCache and calcCache
methods to compute the value of the cost func-
tion

calcObjectiveFunctionGrad Utilizes the compareCache and

calcCacheDerived methods to compute
the gradient of the cost function with respect
to all optimization variables

calcRestrFunction Utilizes the compareCache and calcCache
methods to compute the value of the restriction
function at one sampling instant
calcRestrFunctionGrad Computes the Jacobian update for columns in
dicated by the array needc of the optimization
routine using the methodscompareCacheand
calcCacheDerived

Table 6.9: Calculation methods within classSyncOdeManager

Concluding, the usage of the di erent implementations dep®ls on the considered exam-
ple:

" A classSimpleOdeManagebpbject is e cient in terms of the internal usage of mem-
ory. However, due to unnecessary di erential equation sadv calls, it is computa-
tionally costy and may exhibit correctness problems.
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" A class SyncOdeManageobject is designed to treat the correctness aspect. The
internal combination of the di erential equation systems ad the resulting e ort to
compute the update of the Jacobian are treated e ciently butthe inherent repeated
calculation of the nominal trajectory cannot be avoided. Mieover, combining the
dynamics results in longer solution times of the di erentihequation, hence it is in
general slower than a clasSimpleOdeManagepbject.

Implemented for speed, a clas€acheOdeManagesbject outruns the other imple-
mentations concerning the calls of the di erential equatio solver and shows only
small memory allocations. However, robustness problems ynaccur and have to be
kept in mind.

6.3 Optimization

Within every step of the receding horizon control method, amptimal control problem

has to be solved, see Section 2.4. Using tlRCC2 package this is done by calling
a classMinProg object to solve the abstract minimization problem de ned bya class
Discretization  object, see Section 6.2.4 for details.

In the following, we describe the purpose, implementationna setup of the optimization

routines implemented within the PCC2 package.

6.3.1 Class MinProg

Within the implementation of PCC2 we used two di erent methods for nonlinear pro-
gramming, so called active{set sequential quadratic progmming (SQP) methods and
interior point (IP) methods. The classMinProg is contained in the library libminprog
and parents these solvers which are contained in the classsgpFortran, SqpNagGnd
BtipOpt, i.e. the libraries libsqpf , libsgpnagc and libbtipopt . It presents a general
interface between the discretized version of the optimal ool problem given by the class
Discretization  and the requested form of an optimization problem within theclasses
SqgpFortran, SqgpNag@nd BtlpOpt, i.e. it represents anabstract optimization problem
see also Figure 6.8 for the interconnection of the classesnieg this problem.

Remark 6.24
The classBtlpOpt containing a wraparound for the interior point methodpOpt has been
implemented but is not yet optimized. For this reason, thidass is not presented here.

6.3.1.1 Constructor / Destructor

Due to its parenting nature, aMinProg object is usually constructed by creating a class
SqgpFortran, SgpNag@r BtlpOpt object. This automatically initializes the compatible
parts of these solvers. Any of the calls

btmb:: MinProg:: MinProg * object_minimizer
btmb:: MinProg:: MinProg * object_minimizer
btmb:: MinProg:: MinProg * object_minimizer

new SqgpFortran
new SqpNagC;
new BtipOpt ;

Listing 6.28: Constructors of a clas$SqgpFortran/ SgpNagBtlpOpt object

can be used for this purpose. Similarly, the destruction ofush an object also removes
the classMinProg object.
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6.3.1.2 Initialization / Calculation

The memory allocation for the internal minimization routine structures is handled upon
initialization of a class MinProg object. In particular, the cost function and restriction
function structures are created and initialized with the correct function poiners of the
classModel provided by the calling clasDiscretization  object.

Additionally, the parenting class MinProg o ers the user the possibility to add a third
stopping criterion to the optimizers. The rst two criteria are standard in all implemented
minimization routines and check whether a point satis es te KKT conditions of Theorem
5.18 or if a maximal number of iterations has been reached,esalso Sections 6.3.2 and
6.3.3 below. Here, a timing criterion is introduced which &ws the user to stop the
optimization process at real{time instantt, + CT wheret, is the real{time instant of
the start of the optimization, C > 0 is a scaling factor andT represents the sampling
time of the receding horizon controller. Hence, if a contrahall be implemented at the
time instant To + T, the user may set the factorC < 1 to guarantee termination of the
optimization before the real{time instantto + T.

6.3.2 Class SgpFortran

The classSgpFortran contains the C++ wraparound of the FORTRAN77 SQP solver
NLPQLP of K. Schittkowski, see also [47,202]. It is included the library libsqgpf and
the code is linked as external source in the C++ class.

The abstract optimization problem for this method is given i

Minimize  F(x) 8x 2 R"
ST. Gj(x)=0; 12 E
Hi(x) O i 21

and the method uses the merit function

X . 1X 2
B )=F( AN A —

i2J i2K

(6.3)

with J .= E[fi:121 ;Hi(x) —JJg K :=(E[l )nJ and penalty parameter controlling
the degree of constraint violation. These parameters are @éen to guarantee a decrease
in the merit function.

The optimization routine itself implements a modi cation o an active{set line search
method, see Section 5.2.5, allowing fdrparallel function calls. The stability and con-
vergence issues of this algorithm have been treated in [4KJoreover, it contains a non{
monotone line search, i.e. an increase within the merit fuhion is allowed. For further
details, see Section 5.2.4.2. The update of the Jacobian bktconstraints is computed
using a reduced Hessian approximation, see Section 5.2.4.4

Implementations of active{set line search methods are knowto show good performance
even for large{scale optimization problems with many optimzation variables, cf. [203].
Within our receding horizon controller setting, this metha shows outstanding perfor-
mance for small optimization problems. For a detailed comping time analysis we refer
to [88].
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6.3.2.1 Constructors

There exist two constructors for a clas§qpFortran object, that is

btmb:: MinProg:: MinProg * object _minimizer = new SqpFortran ;
btmb:: MinProg:: MinProg * object_minimizer = new SgpFortran (
dimension_x, f, g, dimension_G, dimension_H, df, dg);

Listing 6.29: Constructors of a clas§qgpFortran object

The rst one is the standard constructor which we use within he main programm of
PCC2. The second one, however, is optional and can be used for thiparty codes to
utilize this class. This constructor automatically calls he initialization routine which
needs to be done manually in the rst case.

The header of the second constructor already indicates thaithin this class the standard
nomenclature of nonlinear optimization is used, see alsodhde nition of the abstract
optimization problem in Section 6.3.1 which is inherited byhe classSqpFortran.

In particular, the function pointer f denotes the cost function andy the equality and
inequality constraints. Note that for the usage of NLPQLPg requires an internal ordering
of the constraints, i.e. the rst dimension_Gelements are the equality constraints which
are followed by thedimension_Hinequality constraints. Moreover, the function pointerdf
represents the gradient of the cost function andg the Jacobian of the (active) constraints.

6.3.2.2 Initialization

The SQP routine NLPQLP is con gured using default values foall user setable options.
Similar to the second constructor of this class, the initi@ation method is executed by
calling

object_minimizer->init ( dimension_x, f, g, dimension_G,
dimension_H, df, dg);

Listing 6.30: Initializing call of a classSgpFortran object

where the standard notation of nonlinear optimization appés as explained at the end of
the previous section.

The problem speci cations are handled by the initializatio routine of classMinProg, see
Section 6.3.1.2. Hence, we do not have to worry about handiirthe discretization and
the function pointers anymore within this class.

Remark 6.25

The initialization of class MinProg is written for any kind of optimization problem. Hence,
if a standard optimization problem shall be solved outsidercstandard receding horizon
control setting using an object of clasklinProg object, the user can simply supply the size
of the problem as well as cost function, restrictions and tinelerivatives respectively.

Additionally, the routine allocates the memory used by the QP algorithm NLPQLP. To
this end several constants need to be set, that is

Variable Default Description

dimension_x Number of optimization vari-
ables

dimension_G Number of constraints

dimension_H Number of equality constraints
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Variable Default Description

nmax dimension_x +1 Row dimension of the Hessian
of the cost functional

mmax nrest +1 Row dimension of the Jacobian
of constraints

mnn2 nrest +2dimension_x + 2 Number of Lagrangian multi-
pliers

lwa Onrest + d%nmaﬁe+33nmax'r200 Size of working double array

lkwa nmax+ 10 Size of working integer array

lactive 2nrest +10 Size of logical array of active
constraints

Note that in our implementation the readily setable constanl which characterizes the

Table 6.10: Constants within the classSqgpFortran

number of parallel line searches is taken to be one.

Variable

Description

X

gvaluel
gvalue2

df
dg

Initially, the rst column of x has to contain starting values for the
optimal solution. On return, x is replaced by the current iterate.
In the driving program the row dimension ofx has to be equal to
nmax

On return, f contains the cost function values at the nal iterate
X.

On return, g contains the constraint function values at the nal
iterate x. In the driving program the row dimension ofg has to be
equal to mmax

gvaluel is used to store the undisturbed values of the constraint
to compute the Jacobian.
Similarly, gvalue2 is used to store the disturbed values of the cor
straints.

df contains intermediate gradients of the objective function

dg is used to store gradients of the active constraints at a cugnt

iterate x. The remaining rows are lled with previously computed
gradients. In the driving program the row dimension oflg has to
be equal tommax

u contains the multipliers with respect to the actual iteratestored in
the rstcolumn of x. The rst nrest locations contain the multipli-

ers of the nonlinear constraints, the subsequedimension_x loca-
tions the multipliers of the lower bounds, and the naldimension_x

locations the multipliers of the upper bounds. At an optimalso-
lution, all multipliers with respect to inequality constraints should
be nonnegative.

The elements of the diagonal matrix of the LDL decompositionf
the quasi{ewton matrix are stored in the one-dimensional aay d.

n
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Variable Description

c On return, ¢ contains the last computed approximation of the Hes
sian matrix of the Lagrangian function stored in form of an LIL

decomposition. ¢ contains the lower triangular factor of an LDL
factorization of the nal quasi-Newton matrix (without dia gonal
elements, which are always one). In the driving program, theow

dimension ofc has to be equal tonmax

wa Working double array
kwa Working integer array
active Logical array of active constraints

Table 6.11: Memory allocation within classSgpFortran

Last, some variables for the optimization routine QPSOLVE eed to be set. Note that
these values massively in uence the con guration and hendke result of the optimization.

Variable Default Description

I 1 Number of parallel systems, i.e. function calls during ling
search at predetermined iterates

accuracy | 106 Final accuracy of the optimizer, its value should not be
smaller than the accuracy by which gradients are com-
puted.

accql 108 This constant is used by the QP solver to perform e.g.

testing optimality conditions or whether a number is con-
sidered as zero. Ificcql is less or equal to zero, then th¢
machine precision is computed and subsequently mulij

A} %4

plied by 10%.

stepmin accuracy | Steplength reduction factor, recommended is any value
in the order of the accuracy by which functions are com-
puted.

maxfun 20 This variable de nes an upper bound for the number of

function calls during the line search (e.g. 20).maxfun
must not be greater than 50.

maxit 100 Maximum number of outer iterations, where one itera;
tion corresponds to one formulation and solution of the
guadratic programming subproblem, or, alternatively, one
evaluation of gradients.
max_nm 0 Stack size for storing merit function values at previous
iterations for non-monotone line search (e.g. 10). In case
of max_nm* 0, monotone line search is performedmax_nm
should not be greater than 50.
tol_nm 101 Relative bound for increase of merit function value, if ling
search is not successful during the very rst step. Must
be nonnegative.
Igl true If Igl = true , the quadratic programming subproblem is
to be solved with a full positive de nite quasi-Newton ma-
trix. Otherwise, a Cholesky decomposition is performe
and updated, so that the subproblem matrix contains only
an upper triangular factor.

4

j®N
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Variable Default Description
iprint 0 Speci cation of the desired output level.

iprint = 0: No output of the program.

iprint. = 1: Only a nal convergence analysis ig
given.
iprint = 2: One line of intermediate results is

printed in each iteration.

iprint = 3. More detailed information is printed
in each iteration step, e.g. variable, constraint and
multiplier values.

iprint = 4: In addition to 'IPRINT=3', merit
function and steplength values are displayed durin
the line search.

]

(o3}

iout
mode

Integer indicating the desired output unit number
The parameter speci es the desired version of NLPQLP

o

mode= 0: Normal execution (reverse communicar
tion!).

mode= 1: The user wants to provide an initial guess
for the multipliers in u and for the Hessian of the
Lagrangian function inc and d in form of an LDL
decomposition.

Table 6.12: Input parameter of the clas$SgpFortran

6.3.2.3 Calculation

After creating and initializing a classSgpFortran object, the abstract optimization prob-
lem de ned by the classDiscretization  within the class MinProg can now be solved by
calling

object_minimizer->calcMin( x, fx, lb, ub);

Listing 6.31: Calculation call to a classSqpFortran object

Within the receding horizon control procedure this call isriggered by the functioncalc
of a classDiscretization  object.

This command causes the routine NLPQLP to be executed solgnhe abstract opti-
mization problem iteratively. In turn, this routine repeatedly demands calculations of
the values of all functions, that is cost function and restations, and all derivatives, i.e.
gradient of the cost function and Jacobian of the restrictios. These values are supplied
by a classlOdeManagerobject, see Section 6.2.5 for details.

Upon termination, the ag IFAIL is set automatically. Here, the following outcome may
occur:
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Value Description

IFAIL = 2 Compute gradient values with respect to the variables stode
in X, and store them indf and dg. Only derivatives for active
constraints active[j] = true need to be computed. Then
call NLPQLP again.

IFAIL = 1 Compute objective function and all constraint values subjs
the variable x and store them inf and g. Then call NLPQLP
again.

IFAIL =0 The optimality conditions are satis ed.

IFAIL =1 The algorithm has been stopped aftemaxit iterations.

IFAIL =2 The algorithm computed an uphill search direction.

IFAIL =3 Under ow occurred when determining a new approximatior
matrix for the Hessian of the Lagrangian.

IFAIL =4 The line search could not be terminated successfully.

IFAIL =5 Length of a working array is too short. More detailed errot
information is obtained with iprint > 0.

IFAIL = There are false dimensions.

IFAIL =7 The search direction is close to zero, but the current iterat
is still infeasible.

IFAIL = The starting point violates a lower or upper bound.

IFAIL = Wrong input parameter.

IFAIL =10 Internal inconsistency of the quadratic subproblem, divien
by zero.

IFAIL > 100 The solution of the quadratic programming subproblem has
been terminated with an error message antFAIL is set to
IFQL+ 100, where IFQL denotes the index of an inconsistent
constraint.

Table 6.13: Error ags of NLPQLP
Remark 6.26

As mentioned at the end of Section 5.2.6, the sequence of eatibns is important for
the speed of the minimizer. The implementation diLPQLBemands a recomputation of
parts of the variabledf and dg if IFAIL= 2. This allows us to use information in the
di erential equation managers of clasdOdeManagerto simultaneously computedf and

dg.

6.3.3 Class SgpNagC

The classSqpNagGs, similar to the classSqpFortran, a wraparound of the procedure
nag_opt_nlp_solve (e04wdg¢ of the Numerical Algorithms Group.

This method implements a modi cation of a trust{region SQP #gorithm, see Section 5.2.6
for the general setting and [78] for details. The algorithmsi designed to cope e ciently
with large{scale optimization problems and few optimizatin variables. In [88], it has been
shown that given such a situation, a clasSqpNag®bject outruns a classSqpFortran
object in terms of speed. The algorithm itself distinguishe between certain types of
constraints, that is box constraints, linear constraints ad nonlinear constraints. This has

2Webpage: http://www.nag.co.uk
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been introduced for reasons of computing e ciency. Moreoveupper and lower bounds
have to be assigned for every constraint. Hence, the abstragptimization problem for
this method is given by

Minimize F(xb 8x % R"
X
ST. | @ Ax A
C(x)
where A 2 R™ ™ is a constant matrix and C : R" ! RP represents the nonlinear

constraints. The constraints are internally transformed® G(x) 0. The merit function
used by this algorithm is given by

1 X
E(x )=FX+ ~(G(xX) s)+ > (Gi(X)  s)? (6.4)

i=1

where is a penalty vector ands the vector of slackness variables. The penalty vector
is updated using the linearly constrained least{squares @blem

Minimize k ki 8 2R’
ST. rEe(x ) %d(k)B(k)d(k)

de ning a penalty vector ? such thatr E (x; ) 2d®B W d® for any ? i.e. the
directional derivative is su ciently negative to ensure a dcrease in the merit function
(6.4). The required decrease in the penalty vector to ensuo®nvergence is implemented
by setting

if <4(7+ )

i(7+ ) else

“=maxf ;g wherej= P

is set to one at start and is doubled whenever strict monotocity of k_i ko, either
decreasing or increasing, after at least two consecutiveeps is violated which prohibits
oscillation in the penalty vector and ensures !
The minimization itself is implemented as a trust{region S®, see Algorithm 5.61, using
areduced Hessian BFGS updatand awatchdog algorithmsee Sections 5.2.4.4 and 5.2.4.2
respectively. Moreover, it contains arelastic mode to deal with inconsistent linearizations,
see Section 5.2.4.3.

6.3.3.1 Constructors

In order to be easily exchangable within thd®CC2 program, the constructors

btmb:: MinProg:: MinProg * object _minimizer = new SgpNagC;
btmb:: MinProg:: MinProg * object_minimizer = new SqpNagC(
dimension_x, f, g, dimension_G, dimension_H, df, dg);

Listing 6.32: Constructors of a clas$SqgpNag®bject

and the initialization routine
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object_minimizer->init ( dimension_x, f, g, dimension_G,
dimension_H, df, dg);

Listing 6.33: Initializing call of a classSgpNag®bject

of classSgpNagGand classSqpFortran objects are identical, see Sections 6.3.2.1 and
6.3.2.2 for details.

6.3.3.2 Initialization

Again, pointers to the problem details such as cost functi@h and its gradient, constraints
and the corresponding Jacobian as well as their parametereaset by the clasMinProg,
see Section 6.3.1.2.

The optimization routine of a classSqgpNag®bject, however, requires a di erent memory
setup than a classSgpFortran object which has to be provided according to the discretized
problem. Hence, the following variables are declared andadated within the initialization
routine:

Variable Description

nctotl Number of optimization variables

X Initially, X contains an initial guess for the optimal solution. On
return, x is replaced by the current iterate.

f On return, f contains the cost function values at the nal iterate
X.

g On return, g contains the nonlinear constraint function values at
the nal iterate Xx.

b, ub Ib must contain the lower bounds,ub the upper bounds for all

the constraints. Here, the rst n elements of each array must con
tain the bounds on the variables, the nexn, elements the boundg
for the general linear constraints (if any) and the nexp elements
the bounds for the general nonlinear constraints (if any). @ spec-
ify a non-existent upper/lower bound, setlb[j-1] bigbnd
where bigbnd is the optional argument In nite Bound Size of
the procedure. To specify thg {th constraint as an equality, set
Ib[-1] = ub[j-l] = awhereja < bigbnd.

ccon If there exist nonlinear constraints thenccon[i-1] contains the
value of thei{th constraint function C;(x).
cjac This array contains the Jacobian matrix of the nonlinear costraint

functions at the nal iterate, i.e. cjac]i][j] represents the partial
derivative of the i{th constraint function with respect to the j{th
variable.

clambda The values of the QP multipliers from the last QP subproblem i@
stored within this variable.

grad Represents the gradient of the cost function at the last itete.

hess This array contains the Hessian of the Lagrangian at the naésti-
mate.

gvaluel gvaluel is used to store the undisturbed values of the constraints
to compute the Jacobian.

gvalue2 Similarly, gvalue2 is used to store the disturbed values of the con-

straints.
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Variable Description

state Must not be modied in any way by the user since it containg
internal information required for functions in this algorthm.

comm This variable is a communication structure with a generic piater.
It can be used to communicate double and integer pointers witno
casting.

fall The structure fail is an NAG internal error structure which can

be used to identify errorcodes delivered by a routine. It céains
the 5 members:

code refers to a xed error or warning code.

print needs to be set before calling a routine refering fail
If it is set to Nag_Truethe error messagenessagess printed,
Nag_False otherwise.

messagecontains the error text.

errnum may deliver additional information about the warning
or error.

(*handler)(char*,int,char*) handles errors.

Table 6.14: Variables and arrays within the clasSqpNagC

Moreover, the integer arrayistate needs not to be set if a cold start of the routine
is performed. In case of a warm start, it needs to contain exg@tions whether the

constraints are active as shown in Table 6.15. Note that theaviable istate contains all

restrictions in the same sequence as ib and ub.

istate | Description

0 Constraint is not expected to be active.
1 Constraint is expected to be active on lower bound.
2 Constraint is expected to be active on upper bound.

3 Constraint is an equality constraint.
Table 6.15: Setting expectation of active constraints in assSgpNagC

On exit of the procedure, this variable contains all informigon about whether a constraint
is active or not. This can be read out using the identi cationshown in Table 6.16.

istate | Description
-2 Lower bound is violated by more than .
-1 Upper bound is violated by more than .
0 Both bounds are satis ed with more than .
1 Lower bound is active (to within ).
2 Upper bound is active (to within ).
3 Both bounds are equal and are satis ed (to within ).

Table 6.16: Obtaining information about active constrains in classSqgpNagC
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where is an internal value.

6.3.3.3 Calculation

Similar to class SgpFortran the optimization problem is solved using a clasSqpNagC
object by calling

object_minimizer->calcMin ( x, fx, Ib, ub, rpar, ipar);

Listing 6.34: Calculation call to a classSgpNag®bject

Within our receding horizon control procedure, this funcon is called by the methodcalc

of a classDiscretization  object.

Similar to classSgpFortran, this method causes the SQP algorithm to be executed, see
Section 6.3.2.3 for details. On exit, the variabl&il contains either the code for successful
termination of the algorithm or the resulting error code, that is

Code Description

NW_TOO_MANY_ITER Maximal number of iterations reached
NE_ALLOC_FAIL Internal error: memory allocation failed
NE_ALLOC_INSUFFICIENT Internal memory allocation was insu cient
NE_BAD_PARAM Basis le dimensions do not match this problem
NE_BASIS FAILURE Error in basis package

NE_DERIV_ERRORS User-supplied function computes incorrect con-

straint or objective derivatives
NE_EO4WCC_NOT_INIT | Initialization function nag_opt_nlp_init has not

been called
NE_INT Error in problem setup
NE_INT_2 Error in problem setup
NE_INT_3 Error in problem setup

NE_INTERNAL_ERROR Internal Error occurred, set option Print File and
examine output

NE_REAL_2 Error in problem setup

NE_UNBOUNDED Problem seems to be unbounded
NE_USER_STOP User-supplied function requested termination
NE_USRFUN_UNDEFINED User-supplied function not de ned
NW_NOT_FEASIBLE Problem appears to be infeasible

Table 6.17: Error codes of e04wdc

Internally, the algorithm repeatedly calls functionsconfun and objfun which in our
receding horizon controller setting are linked back to a ctgIOdeManagerobject, a class
Model object and a clasOdeSolveobject, compare Figure 6.8.

Function Description

confun User-supplied function to evaluate the constraints
and the Jacobian of the constraints of the problem

objfun User-supplied function to evaluate the cost funct
tion and its gradient

Table 6.18: Functions of e04wdc
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As mentioned at the end of Section 5.2.6, these computatiorzsse in a bad order in
the receding horizon context since the gradient of the costiriction and the Jacobian of
the constraints are computed separately. Note, however, dha classCacheOdeManager
or SyncOdeManageobject may compensate for this since previous evaluation$ the
dynamic of the system are stored.

6.4 Di erential Equation Solver

Since the receding horizon controller is designed to solveequence of shifted optimal con-
trol problems resulting from a discretization of the dynana of the system, its restrictions
and the corresponding cost functional, the values of the & of the system at the dis-
cretization points must be known. To compute these valuesj drential equation solvers
can be used. The solver, in turn, require initial states of th states and all parameters of
the dynamic. In our receding horizon controller context, tese values correspond to the
optimization variable (5.10) and the initial values (5.4).

The implemented di erential equation solvers are contairge in the library libodesol2 .
For ease of implementation, the con guration of a solver shuid be stored separately which
induces the classe®deSolveand OdeConfig

6.4.1 Class OdeSolve

The di erential equation solvers are parented by the clas©deSolve In the current
version, the following methods are implemented:

Shortcut Name and Order of Convergence

DoPri5 explicit Runge-Kutta method of order 5(4)

DoPri853 explicit Runge-Kutta method of order 8(5,3)

Radaub implicit Runge-Kutta method of order 5

Radau5913 implicit Runge-Kutta method of variable order (switches
automatically between orders 5, 9, and 13)

RecurseSequence Implements discrete{time systems

Euler explicit Euler method

Table 6.19: Classes derived from clagddeSolve

Within the PCC2 package, objects of this class are constructed by clag®del objects.
Yet, they can also be constructed using one of the calls

new btmb:: OdeSol2:: DoPri5 ;

new btmb:: OdeSol2:: DoPri853

new btmb:: OdeSol2:: Radaub ;

new btmb:: OdeSol2:: Radau5913;

new btmb:: OdeSol2:: RecurseSequence ;
new btmb:: OdeSol2::Euler ;

OdeSolve * object_solver
OdeSolve * object_solver
OdeSolve * object_solver
OdeSolve * object_solver
OdeSolve * object_solver
OdeSolve * object_solver

Listing 6.35: Constructing call of a clasDdeSolveobject

and destructed by calling the corresponding destructor ohe chosen class

delete object_solver;

Listing 6.36: Destructing call of a clas©DdeSolveobject
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Internally, the class OdeSolvemanages the common functions of all subclasses, i.e.

Function Description

reset( func, config ) Sets dynamic and con guration of the
object

resize( dimension ) Changes the dimension of the dynamic

refreshConfig Adopts all changes within the
OdeConfig object

calc( t, rpar, ipar ) Solves the dynamic with terminal time
t and parameter setgpar and ipar

assertMemory Allocates the required memory

assertConfig Submits changes of con guration

assertvalidDGL( dgl ) Allows subclasses to check whether ja
newly added di erential equation system
can be solved

abstractCalc( t, rpar, ipar ) Abstract method which is modied by
the subclasses and called by thealc
method

Table 6.20: Functions managed within clas®deSolve

which are inherited or replace by the subclasses. Additiolhg all shared parameters

Variable Description

dimension Dimension of the dynamic

func Function structure of type OdeFunction representing
the right hand side

config Con guration object of classOdeConfig

t Current time instant

y Current state vector

paramdata Structure of type ODEPARAMSsave the parameter of
the di erential equation system

did Return value of the called method:

did = 1: Successful computation

did = 2: Successful computation interrupted by

output

did = 1: Inconsistent input

did = 2: Maximal number of steps too small
did = 3: Minimal step size too small

did

4: Problem appears to be sti
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Variable Description
iout Outputparameter:
iout 1: Output of the state vector for every
accepted step
iout = 0: No output but dummy function re-
quired
rtol Relative tolerance
atol Absolute tolerance
rtol_vec Vector of relative tolerances
atol_vec Vector of absolute tolerances
itol Distinguishing parameter for tolerances:
itol =0: rtol , atol are scalar
itol 0: rtol , atol are vectors
solout Function pointer for continuous output
initial_value_set Boolean to check for supplied initial value
work Working array of double values
lwork Size of the working arraywork
iwork Working array of integer values
liwork Size of the working arrayiwork

Table 6.21: Parameters managed within clagddeSolve

are contained inside this parenting class. Within our recéag horizon controller setting,
these values are set by the clasdodel object which initialized such anOdeSolveobject,
either directly or indirectly using an classOdeConfig object.

6.4.2 Class OdeCong

The classOdeConfig can be used to construct an object to set up a given di erentia
equation solver from classOdeSolve It is purely for con guration purposes and no
calculations of any kind are done by the methods of such an elgjf.

Since not all di erential equation solver derived from clas OdeSolve reveal the same
parameters, the clas©deConfigis parenting the classe®opriConfig , RadauConfigand

Radau5913Configand manages the following shared parameters:

Variable Default Description

rtol 10 © Relative tolerance

atol 10 © Absolute tolerance

rtol_vec Vector of relative tolerances

atol_vec Vector of absolute tolerances

max_steps 10/ Maximal number of integra-
tion steps

ss_facl 0:2 Security factor representing
the lower bound in the relative
change of the step size
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Variable Default Description

ss_fac2 10 Security factor representing
the upper bound in the relative
change of the step size

max_stepsize Length of interval Largest allowable step size
initial_stepsize Calculated numerically | Initial step size
safety factor 0:9 Security factor

Table 6.22: Parameters of clas®deConfig

Note that the classRecurseSequencedoes not contain any parameters since it deals with
discrete{time systems. Within the subclasses, the remairg parameters are stored.

Variable | Default | Description

DoPri5 and DoPri853 (requires DoPriCon g)

stiff_teststeps 1000 Allowed number of steps to test for sti -
ness of the dynamic

beta 0:04 Stability parameter of the step size control

Radau5and Radau5913 (requires RadauCon g)

enable_hessenberg | 0 Uses Hessenberg transformation if set to (1

newton_steps 7 Maximal number of Newton steps

jac_step 0:001 Step size bound for the Jacobian to be re-
computed

strat Gusta son Step size control strategy (Gusta son or
Classic)

sf facl 1.0 Lower bound for the relative change in the
step sizesf_facl Qe

sf_fac2 1.2 Upper bound for the relative change in the
step sizefe=x  sf_fac2

Radau5913 (requires Radau5913Con g)

isValidStage true Validity check variable

0s_inc 0:002 Lower bound for contraction to increase
the order of the solver

0s_dec 0:8 Upper bound for contraction to decrease
the order of the solver

os_facl 0:8 Order is only decreased ibs_facl ';”ﬁ

os_fac2 1.2 Order is only decreased if;ﬁ os_fac2

S_min 3 Minimal number of stages

S_max 7 Maximal number of stages

s_first 3 Choice of stages on initialization

Table 6.23: Parameters of clas®deConfig

All these parameters can be changed to adapt the solver usitige set{ and get{ methods
of the class. For numerical results regarding those paranees which exhibit a major
impact on the computing time, see Section 8.1.
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6.5 Getting started

After explaining the setup and interaction of the main classs in the PCC2 package, we
now show how to implement an example. Here, we focus on explag the essential parts
required in the main program and the example class. A compkfrogram is contained
in Appendix A. Note that the program requires the libraries

" libmpc2 (containing the RHC procedures, the discretizatio and odemanager),
" libodesol2 (providing ODE solvers),

libbtmbutils (for basic functions like timing or saving data) and

" libsqpf (chosen minimization routine)

to be compiled appropriately such that the classes can be dse

6.5.1 An Example Class

Since the classModel de nes an abstract example, see Section 6.1.1, we have to de a
class derived from the clasdModel to de ne our example. Here, the constructor has the
form

InvertedPendulum :: InvertedPendulum ()
btmb:: MPC2 Model ( new btmb:: OdeSol2:: DoPri853(),
new btmb:: OdeSol2:: DoPriConfig (),

4,
i
1,
4)
{
setDoubleParameter ( 0, 0.007 );
setDoubleParameter ( 1, 1.25 );
setDoubleParameter ( 2, 9.81 );
setDoubleParameter ( 3, 0.197 );
getOdeConfig()->setTolerance ( 1E-10, 1E-10 );
}

Listing 6.37: Constructor of an example of a clagglodel object

de ning the OdeSolveand OdeConfig objects and setting the size of the problem, in order
of appearancedimension of the state dimension of the control number of restrictions
and number of model parameters

The destructor is given by

InvertedPendulum ::~ InvertedPendulum ()

{
delete getOdeSolver();

delete getOdeConfig();

Listing 6.38: Destructor of an example of a clagglodel object
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Next, we have to de ne all functions stated in Table 6.1. Thalynamics of the control
system as described in (7.8) { (7.11) within our example class implemented via

void InvertedPendulum ::dglFunction ( double t, double * x, double
* u, double * dx )

{
dx[0] = x[1];
dx[1] = - params[2] * sin ( x[0] ) / params[1l] - u[0] * cos (
x[0] ) - params[0] * atan ( 1.0e3 * x[1] ) * x[1] * x[1] -
(40 * x[1] / ( 1.0 + 4.0 * x[1] * x[1] ) + 2.0 * atan (
2.0 * x[1] ) / Pl ) * params]3];
dx[2] = x[3];
dx[3] = u[O];
}

Listing 6.39: Implementation of the dynamic of the system

The cost functional (7.12) needs to be separated into two functions,

double InvertedPendulum ::objectiveFunction ( double t, double * x
, double * u )
{
double sinxpi = sin ( x[0] - PI );
double cosy = cos ( x[1] );
double temp = ( 1.0 - cos ( x[0] - PI ) ) * ( 1.0 + cosy *
cosy );
return 1.0e-1 * pow ( 3.51 * sinxpi * sinxpi + ( 4.82 *
sinxpi + 2.31 * x[1] ) * x[1] + 2.0 * temp * temp + 1.0 * X
[2] * x[2] + 1.0 * x[3] * x[3], 2.0 );
}
Listing 6.40: Implementation of the Lagrangian part of the ast functional
and
double InvertedPendulum ::pointcostFunction ( int length, int
horizon, double * t, double * x, double * u )
{
if ( length < horizon )
{
return 0.0;
}
else
{

double * lastx = &x[ ( horizon - 1 ) * 4],

double sinxpi = sin ( lastx[0] - PI );

double cosy = cos ( lastx[1] );

double temp = ( 1.0 - cos ( lastx[0] - PI ) ) * ( 1.0 +
cosy * cosy );

return pow ( 3.51 * sinxpi * sinxpi + ( 4.82 * sinxpi +
2.31 * lastx[1] ) * lastx[1] + 2.0 * temp * temp + 1.0
* pow ( lastx[2], 2.0 ) + 1.0 * lastx[3] * lastx[3],
2.0 );
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Listing 6.41: Implementation of the Mayer part of the cost factional

Here, the discrete part of the cost functional implementatin simulates a Mayer{term.
These two parts are weigthed equally using theeighting method

void InvertedPendulum ::getObjectiveWeight ( double & obj weight,
double & pointcost_weight )

{
obj_weight = 1.0;
pointcost_weight = 1.0;

Listing 6.42: Weighting of the two cost functional parts

Even if there are no non{constantrestrictions, we have to de ne the corresponding func-
tion

void InvertedPendulum ::restrictionFunction ( double t, double * x
, double * u, double * fx )

{

}

Listing 6.43: Implementation of the non{constant restrictons

The box constraints (7.15) and (7.16) are set within the metids

void InvertedPendulum ::getControlBounds ( double * Ib, double *
ub )
{
Ib[0] = -5.0;
ub[0] = 5.0;
}
Listing 6.44: Implementation of the constant control restictions
and
void InvertedPendulum ::getModelBounds ( double * Ib, double * ub
)
{
Ib[0] = -INF;
Ib[1] = -INF;
Ib[2] = -5.0;
Ib[3] = -10.0;
ub[0] = INF;
ub[1] = INF;
ub[2] = 5.0;
ub[3] = 10.0;
}

Listing 6.45: Implementation of the constant state restritons

The default initial value for the inverted pendulum is de ne in
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void InvertedPendulum ::getDefaultState ( double * x )
{

x[0] = 0.0;

x[1] = 0.0;

x[2] = 0.0;

x[3] = 0.0;
}

Listing 6.46: Setting default initial values of the state

and similarly the default control vector is given in

void InvertedPendulum ::getDefaultControl ( double * u )
{

u[0] = 0.0;
}

Listing 6.47: Memory allocation and de nition of the initial guess for the control

Here, we use two multiple shooting points which are situatedn the rst dimension of
the state at sampling instants 13 and 15. The correspondingriction are given by

int InvertedPendulum ::getShootingDataLength ( int horizon )
{
return 2;
}
int InvertedPendulum ::getMaxShootingDatalLength ( int maxhorizon )
{
return 2;
}
void InvertedPendulum ::getShootingDatalnfo ( int horizon, btmb::
MPC2 STARTDATA sdata )
{ sdata[0].horizontindex = 13;
sdata[0].varindex = O;
sdata[l].horizontindex = 15;
sdata[l].varindex = O;
}

Listing 6.48: De nition and setting of the multiple shooting nodes

To set the values of these points, we use the function

void InvertedPendulum ::eventBeforeMPC ( int horizon, double * t,
double * x, double * sdatavalues )

{

3.1415;

3.1415;

sdatavalues[0]
sdatavalues|[1]

Listing 6.49: Automated resets before each step in the RHCgalrithm




6.5 Getting started 183

6.5.2 A Main Program

The control problem itself is de ned within the main program, cf. Figure 6.2. According
to the mentioned hierarchy, aminimization routine derived from the classMinProg and
a linking di erential equation manager method from classilOdeManagerare required to
construct an object of classMPC

Remark 6.27

The di erential equation solver object and its con guration are prede ned by the con-
structor of the example derived from the claddodel, see Listing 6.37. Hence, only the
optimizer, the manager and the example must be known at thiage.

Model * object _model = new InvertedPendulum ();

IOdeManager * object_odemanager = new SimpleOdeManage();

btmb:: MinProg:: MinProg * object _minimizer = new SqgpFortran ();

InvertedPendulum * object_modelspecify = ( ( InvertedPendulum
* ) object_model );

btmb:: MPC2 MPC* mpc_problem = new MPC( INF );
mpc_problem->reset ( object odemanager, object _minimiz er,
object_model, HORIZON );

Listing 6.50: De nition and Initialization of a class MP@bject

The construction of the controller object from classViP@on gures the minimizer object
implicitly using standard values, e.g. for optimality toleance and iteration bounds. These
settings may be speci ed within the main program via

SgpFortran * object_minimizerSpecify = ( ( SgpFortran * )
object_minimizer );

object_minimizerSpecify->setAccuracy ( 1E-8 );

object_minimizerSpecify->setMaxFun ( 20 );

object_minimizerSpecify->setMaxlterations ( 1000 );

object_minimizerSpecify->setLineSearchTol ( 0.1 );

Listing 6.51: Con guration of a classMinProg object

Since the example does neither providaitial values for the state, nor atime grid for the
discretization nor aninitial guess of the optimal control, these arrays have to be de ned
within the main program. Here, the user can utilize methodsnede ned in the classMPC
and the classModel objects to avoid segmentation faults.

double * u, * next_u, * t, * x;

next_ u = ( double * ) malloc ( sizeof ( double ) *
object_model->getDimensionControl() );

x = ( double * ) malloc ( sizeof ( double ) * object_model->
getDimension() );

object_modelspecify->getDefaultState ( x );

mpc_problem->allocateMemory ( t, u );

mpc_problem->initCalc ( t, u );

Listing 6.52: Memory allocation of the state, control and tne variable

Setting appropriate values may now be performed using extel sources. For simulation
purposes, as in our example, the default methods of the exalmmlass can be used.
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for ( int i = 0; i < HORIZON; i++ )
{
object_model->getDefaultControl ( & u[i * object_model->
getDimensionControl() ] );

Listing 6.53: Setting initial state and control values

Moreover, the initial time grid needs to be set

for ( int i = 0; i < HORIZON + 1; i++ )
{

t[i] = i * H_ NEW;
}

Listing 6.54: Implementation of the time grid

Now, the computation of an optimal control given the time grid and the initial values
reduces to the command

try
{
mpc_problem->calc ( x );
}
catch ( btmb:: MinProg:: sqpException e )
{
cout << e.what() << endl;
}

Listing 6.55: Solving the optimal control problem

where the try-and-catch block reveals possible errors or méngs produced by the under-
lying instances. Thetime shift is done via

mpc_problem->shiftHorizon ( x, next_u, H NEW, mstep );

Listing 6.56: Calling the receding horizon step

and resulting values can be stored using an additional claSaveDataobject from the
library libbtmbutils  or transmitted to the actuator implementing the control sighal at
the plant.

SaveData * save = new SaveData ( object_model->getDimension()
, Object_model->getDimensionControl() );

save->save2Files (t, x, u );

Listing 6.57: Saving results using internal routines of a agsSaveDataobject

Finally, the allocated memory should be freed and all objestshould be destructed.
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Examples

Within our analysis of the receding horizon controller andts performance, we consider
three types of problems. First, shown in Section 7.1, a onéfdensional heat equation is
presented. In Chapter 8, we use this problem to demonstratée in uence of the chosen
di erential equation solver on the computing time. In particular, computing tolerance,
sti ness of the dynamic and of the number of dimensions are osidered, see Section 8.1.
Moreover, using this benchmark problem, the di erent linkng methods of the minimiza-
tion and the di erential equation solver are tested in Sectin 8.2.

Our second model is the inverted pendulum on a cart problem wdh we describe in Section
7.2. Using this particular example, we show that our implenmation of the receding

horizon controller PCC2 is real{time applicable in Section 8.3. Moreover, the e et of

the chosen optimality tolerance, the number of steps withithe optimization routine and

the length of the optimization horizon are discussed. Addinally, the in uence of the

initial guess of the control and of the multiple shooting knts is depicted.

Our last model is a sampled{data redesign problem. Here, werive a continuous{time
feedback for an arm{rotor{platform model, see Section 7.3The resulting trajectory is
then used as a reference for the receding horizon control plem to design a sampled{data
control law. These tracking type problems allow for a wide véety of optimization horizons
N since close to the reference very small horizons are su ctefor tracking. However,
if the trajectory under control is far from the reference, tien usually large horizons are
required. Hence, this type of problem is well suited for angting the suboptimality
degree of the resulting closed{loop control. Additionallyit allows us to e ectively test
adaptation strategies for the horizon length. These issuese treated in Sections 8.4 and
8.5 respectively.

7.1 Benchmark Problem | 1D Heat Equation

In order to analyze how the speed of elements of the packag€C2 depend on the size
of a problem, we consider the one{dimensional heat equation

4y(xt) w(xt)=u  y(xt)2 =[0 ;1]
with distributed control, Dirichlet boundary conditions
y(x;t) =0; x2 = f0;1g

and variable sti ness parameter .

185
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Remark 7.1

During the development of PCC2 more di cult partial di erential equations have been
treated as well, see e.g. [88]. Here, we choose this simplanegle since all e ects of size
and sti ness on the computing time can be experienced.

For our implementation we use the initial values
y(x;0)= (x 0:5)?+0:25 (7.1)

We solve this partial di erential equation by applying the method of lines, see e.g. [130].
For this purpose, we discretize the state space using the gt

Gy = —— i=10:::;M 19 (7.2)

with gridwidth w=1=M 1) andM 3. The resulting system of ordinary di erential
equations is given by:

y(Xi+1it)  2y(Xi;t)

i=1: y(xi;t) = h2 + Ui (t) (7.3)
=2 M 1 y(xi:1) = Y(Xi+1;t) ZY(:Zi;t)"'Y(Xi 1;t)+ui(t) (7.4)
i=M: y(xi;t) = zy(Xi;t)rTz A, ui(t) (7.5)
In order to analyze the implemented optimization routineswe use the cost functional
D( 1
JIn (Xoj u) = [(x(i);u(i)) + F(X(N)) (7.6)

i=0

R

with stage costl(x(i);u(i)) = kx(t)k3dt and terminal cost F(x(N)) := kx(ty)Ka.
t

Additionally, the set of restrictions

Rp:=fxi() Oki2fl, ;pgg with Rg=; (7.7)

is considered where the number of restrictions2 Ny is variable.
Results using this example can be found in Section 8.1 and 8.2

7.2 Real{time Problem | Inverted Pendulum on a
Cart

Our second example is the standard \inverted pendulum on a & problem shown in
Figure 7.1. This problem has two categories of equilibriahe stable downright position
and the unstable upright position. Here, the task is to stalize one of the unstable upright
equilibria.

Our aim using this problem, however, is not only to stabilizean upright position but
also to compute the control online. Therefore, the calculain of a control, which shall
be applied at a sampling instantt; = to + iT, has to be nished before the real{time
trear €qualst;. In Section 8.3, we analyze the impact of all modi able parasters of the
receding horizon controller and illustrate how these paraaters can be adjusted to speed
up the solution process.
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Figure 7.1: Inverted Pendulum on a Cart

\

The dynamic of the inverted pendulum on a cart can be expresseia the system of
ordinary di erential equations

X3 (t) = xa(t)
Xo(t) = Igsin(xl(t)) i(l—sz(t)sz(t)j u(t)cosxi(t)) krsgniz(t))

X3(t) = Xa(t)
X4(t) = u(t)

with parametersg = 9:81, | = 1:25, k. = 0:007 andkr = 0:197. Here,x,() denotes
the angle of the pendulumx,( ) the angular velocity of the pendulum,x;( ) the position
and x4( ) the velocity of the cart. Within this system the second equion is numerically
problematic for an adaptive di erential equation solver:

_ 9. ke . . _
Xo(t) = Ism(xl(t)) | ﬂgsz_(t); P(t)cqgal(t)} rRSQT{]{Xz(t)i-

non di 'able measurable discontinuous

Hence, this di erential equation causes a reduction of therder of consistence of the
di erential equation solver to O(n) at points where the right hand side is not di erentiable.
Moreover, stability of the solver is lost at the discontinuly points.

Since we are going to use a receding horizon controller, i&.sample{and{hold strategy
for the contol u( ), we do not have to modify the term concerning the control sce within
the receding horizon controller setting the points of disetinuity are known in advance
and can be added to the discretization grid. Hence, the ordef consistence is preserved
although u( ) is discontinuous.

For both other terms we use smooth approximations which allo us to mimic the be-
haviour of the original equation but retain the oder of constence of the dierential
eqguation solver:

X1(t) = xa(t) (7.8)

Xo(t) = lgsin(xl(t)) kl—Larctan(1000<2(t))x§(t) u(t) cosxy(t))

dax;(t) N 2 arctan(bxx(t))
1+ 4(ax,(1))?

R (7.9)
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X3(t) = Xa(t) (7.10)
X4(t) = u(t): (7.11)
For this system the upright unstable equilibria are given byhe setS = f((k+1) ; 0;0;0)” j k 2

2Zg. To develop a cost functional we make use of the geometry ofetldynamic of the
system. To stabilize an arbitrary point of this set, we conder the cost functional

b( 1
JIn (Xo;u) :=0:1 [(x(i);u(i)) + F(x(N)) (7.12)

i=0
where the stage costs are given by

W1
[(x(i);u(i)) :=0:1 3:51 sin4(t) )2 + 4:82 sinfxy(t) )Xo(t) + 2:31x,(1)?

ti
+2 (1 cos() ) (L+cosa()?d) 2+ xs()2+ xu()? dt (7.13)
and the terminal cost is de ned via
F(X(N)) := 3:51sinfkq(ty) )2 + 4:82 sinf1(tn) YXo(tn) +2:3(ty )2 (7.14)
+2 (1 cosfa(ty) ) (L+cos(a(tn))?) ”+ Xa(t)?+ Xeltw)?
Moreover, we impose constraints on the state and the contreéctors by de ning

X:=R R [ 55 [ 1010] (7.15)
U:=[ 55 (7.16)

Figure 7.2: Contourplot of the cost func-
tional (7.12) considering only x; and
X>. The minima of this function are
((k+1) ; 0;0;0), k 2 2Z whereas points
(k; 0;0;0), k 2 2Z are local maxima
located at the downward stable equilib-
ria.

Remark 7.2

Note that every point in the setS is treated equally by this cost functional. Hence, the
outcome of the receding horizon control problem is dependion the initial value xq of
the system, but also on the optimization horizoN . While the rst dependency is due to
the periodicity of the cost functional, the latter one folls from possible changes of the
optimum if di erent horizon lengths are considered.
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7.3 Tracking Problem | Arm-Rotor-Platform Model

In contrast to the inverted pendulum example, we constructhte control problem for the
arm{rotor{platform model as illustrated in Figure 7.3 as a dgital redesign problem. The
redesign approach consists of the two separate steps of ¢arding a continuous{time
feedback for the continuous{time plant without considerabn of sampling e ects and
modifying the resulting control law to be applicable in the @jital setting.

Within this work, we described the so called emulation desigpreviously in Section 1.3.3,
see also [8,40,70,134]. For the present example, we follbe dptimization based approach
proposed in [173,179]. To this end, we require the following

(i) A continuous{time control law u = u(x) can be designed which (globally) asymp-
totically stabilizes the continuous{time closed-loop syem x(t) = f (x(t); u(x(t)))

(i) The control law is implemented in a sample{and{hold fakion, i.e. u(t) = u(ty) =
const for allt 2 [t;t+1), kK 2 N wheret, = KT are the sampling instances.

Now, our aim is to use the continuous{time control law to redgign it in a digital way.
For the receding horizon control setting described in Chapt 2, this can be done straight
forward by incorporating the continuous{time closed{loopsystem as a reference trajectory
for the state of the system within our receding horizon contdler setup. To this end, we
use the tracking cost functional (2.4)

4
Ji1 (Xo;u) := L (Xu(t;Xo)  Xrer(t); u(t)) dt:
0

Minimizing this function causes our algorithm to compute aampled{data feedback law
which keeps the solution of the digitally controlled systenx,( ;Xo) as close as possible
to the reference systenk,;( ). In particular, we do not consider the continuous{time
control law to be re{evaluated for the predicted digitally ontrolled state trajectories at
the sampling instances on the optimization horizon duringhte optimization. Instead, we
compute the continuous{time closed{loop trajectoryx,.;( ) on the entire horizon once and
try to compensate for the sampling e ects using an optimizadn of the digital control.

Remark 7.3

The emulation approach requires some robustness with rege the sampling error caused
by the discretization. Since this error depends on the lehgbf the sampling interval, the
typical way to treat this issue is to su ciently reduce the smpling period, see also Remark
1.42. Since the receding horizon controller takes the sammgl e ects directly into account
and minimizes the resulting deviation, we expect not onlytter results but also larger
sampling periods than using the Emulation approach.

Remark 7.4

For our implementation the redesign idea results in doubbinthe di erential equation sys-

tem if no closed formula for the reference trajectory can bemputed. Hence, this may
cause increased computing times for our di erential equain solver. Upon implementa-
tion, however, this approach turned out to be very e ectivaree the given reference tra-
jectory allowed for a signi cant reduction of the optimizabn horizon, see e.g. [121, 226]
for tracking results and [88] for standard implementation.
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The following theorem is proved in [173] and shows that thisesdesign approach recovers
the asymptotic stability property of the continuously contolled system up to a practical
region, compare also De nitions 1.35 and 1.44. Moreover,ithproperty is obtained in a
sub{optimal way in the sense of Theorem 3.50.

Theorem 7.5
Suppose that the following conditions hold:

A

The running costl( ; ) (and the terminal costF ()) are continuous;

" U is bounded;
The continuous{time systemx(t) = f (x(t); u(x(t))) is globally asymptotically stable;

There existsro > 0and 2 K with

I(y;u) max max kf(x;u)k; (kyk) 8kyk ro;
kxk 2kyk

f(;) andu() are locally Lipschitz in their arguments;

The value function is such that for some 2 K; we have thatV(y) (kyk) for
ally = (x7;%x)” 2 R,

Then, there exists a function 2 KL such that for each pair of strictly positive real
numbers( ; ) there existsN; 2 Z ; such that for ally = (x”;X)” 2 B (0) and
N  N; the solutions(2.16) satis es

ky(t)k maxf (ky(O)k;t); g 8t O

Remark 7.6

Di erent to the emulation design, the optimization based gpoach is designed to incor-
porate and automatically compensate the intersampling err Hence, also long sampling
periods may be considered without loosing stability if thequirements for the system and
the receding horizon controller stated in Theorem 7.5 hold.

Here, we start by de ning the system under control, and then erive a continuous{time
control law which allows us to track a given function. Hencethe arm{rotor{platform
model in the receding horizon control implementation is a ddole tracking example since
rst the continuous{time control law tracks some given extenal signal. Secondly, the
redesigned digital control law tries to keep the state traories close to the continuously
controlled ones.

Within this example, we consider a robot arm (A) which is drien by a motor (R) via a
exible joint. This motor is mounted on a platform (P) which is again exibly connected
to a xed base (B). Moreover, we assume that there is no vertd force. This system
has ve degrees of freedom. Three of those degrees are for phatform, translational
positions x and y as well as rotational position . The fourth degree is the rotational
position of the motor and last the rotational position of the arm itself. As shown in
Figure 7.3 all coordinates are de ned relative to the xed bae and all angles are measured
with respect to the x{axis of the base B.

In order to design a continuous{time static state feedback evfollow the approach shown
in Chapter 7 of [72]. Our design goal is to stear the system s$uthat the position of the
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A

Y

|
|
X
Figure 7.3: Graphical illustration of the ARP problem

arm relative to the platform, i.e. the angle = , tracks a given reference signal.
Note that this task is not simple since both connections of & rotor are exible. Here,
we assume that the reference signal and its derivatives aradwn and available to the
controller. Moreover, we assume that the relative positiaand velocities (), (= ),

( )and (_ ) are supplied to the controller.

Using the Lagrange formulation we obtain the model
h [

Mx mr °*sin()+ 2cos() + bx+kx=0 (7.17)
h [

My mr °cos()+ 2sin() + by+ky=0 (7.18)

[*+mr[ xsin()+¢ycos()]+ bs(— _+ ks( )=0 (7.19)

Je b(— _+ ks )t h(_ J=u (7.20)

D*+b_+ks hh(_ = w (7.21)

To compute the stabilizing control law we assume that the re@ttional motion of the plat-
form is not present. This simpli cation is justi ed since the rotational spring constant
ko of the platform/base connection is large and the viscous @tion coe cient b, of the
rotor/platform connection is small in comparison toks.

Due to this assumption we can neglect (7.21). We use the changf coordinates

0 1 2 30 1
1 sin( ) 0( ) cos() 0 0 X 0
_ 0 sin 0 cos X mr -
% zﬁ_gcos() 0  sin() 0 é%ng’V% 1§ (7.22)
4 0 cos() 0 sin( ) y 0

with inverse transformation

1
sm( ) cos()

% § g cos() Slr(])() sw?() COS()é% 2+T/Ir_

cos() 0 sin( ) 4
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Now, we can di erentiate (7.22) using (7.17), (7.18). Hengave obtain the following rst
set of di erential equations:

0 1 2

30 0

B 0 1 - 1 0

EEERERT R XIS
3 - 0 0 1 3 M 0
4 0 - W 4 ke

Moreover, we get
mr )2 mr)?2 mr
| (M) L QS+Q((M) ¥ V(kl i+b.l. 2): k3 + b3_ (723)

by reformulating (7.19) using the changed coordinates. Hee, by (7.20), (7.23) we obtain
the second set of di erential equations:

30 1 0 1 0
0 0O O O
_ O
%M 21&;2%%%%% Boku
a4 as & @& a _ 0 0 I
Renaming the coordinates (1; 2; 3; 4;; +~; _) =: (X1;:::;Xg), the model can be de-
scribed by the di erential equation system
Xa(t) = Xa(t) + Xe(t)xs(t) (7.24)
o) = ) L)+ xelt)xalt M b et (7.25)
Xo(t) = mxl( ) mxz( ) + Xe(t)Xa(t) M2 Xg(t) .
X3(t) = Xe(t)Xa(t) + Xa(t) (7.26)
W= XX k) k() + ok (7.27)
Xs(t) = Xa(t) (7.28)
Xe(t) =  auxs(t) aXe(t) + aixz(t) + asxs(t) pixa(t) p2xa(t) (7.29)
X7(t) = xs(t) (7.30)
X5() = axs(0)+ aske(t)  anc(t) (as + axs(t) + Ju(t): (7.31)

In order to design the feedback law, we shorten notation by deng the vectors and
matrices

[ (1= xa(t) x2(t) Xs(t) Xa(t)

T- T-
)

[ ]:= xs(t) Xe(t) x7(t) Xs(t)

0 0
CI)( ]t-)l Xe(t) y mrb
FoO] = B Hy & o £ Bl = B X §
ke b mrkl
0 OO . XG(::)) M 0 M 1 0 0 0 iﬂz 0 . 1
1 1 1 0
a2 a a (st ae) 0 O 1
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Hence, equations (7.24)-(7.31) can be rewritten as

[(O] =[F (xe()] [ (O] +[G(xe(t))] (7.32)
[LO1=[A] [ OI+[E] [ O]+ [B] [ul: (7.33)

Moreover, we introduce the row vectorq] :
matrices the following shortcuts are used:

pr p2 0 O . Within the vectors and

_ kgM _ k3 _ mr

N (e %3 P 2"
_ M2 bi(mr)? _ b _ mr

2T MM () ®73 P27 N
_ b _h

BEMT (mr)? =7

For this particular example, we use the parameter data showin Table 7.1:

M 5.0 | Total mass of arm, rotor and platform
m 0.5 | Mass of arm
r 0.3 | Distance from the A/R joint to arm cener of mass
I 0.06 | Moment of inertia of arm about A/R joint
J | 0.005| Moment of inertia of rotor
D 0.5 | Moment of inertia of platform
ki, | 64.0| Translational spring constant of P/B connection
k, | 3600| Rotational spring constant of P/B connection
k3 8.0 | Rotational spring constant of A/R joint
1.6 | Translational friction coe cient of P/B connection
12.0| Rotational friction coe cient of P/B connection
0.04 | Rotational friction coe cient of A/R connection
0.007| Rotational friction coe cient of R/P connection
Table 7.1: Parameters of the arm{rotor{platform model

FPESE

Here, we follow the approach shown in Chapter 7 of [72] and abs® not to track (t) =
Xs(t) but the modi ed output

(t) = xs(t) ala—;zas[XG(t) asx+(1)] : (7.34)

Remark 7.7
The chosen output (t) is close toxs(t) since we havea; 140 a, a3 07.

This output has relative degree 4, that is the controlu(t) appears explicitly within the
fourth derivative of (t):

{t) = xq(t) % axs(t)  aXe(t) + axy(t) [p] [ (V)]
= ala—;zasxe(t) aL agxs(t) + apxa(t) o] [ (V)] (7.35)
“(t) = ﬁ arxs(t)  axe(t) + ax(t) + asxa(t) [p] [ (1]
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25— a()+ axe(®) [ [F (xe(O)] [ (O] +[G(xs(t)]
1 &ag
= A () ax® Bl [ )
—2— ax® o] [FOe(O)] [ 01+ [Glxs()] (7.36)
1 &ag
Ot = a alazag aXe(t) @  aixs(t) aXe(t) + aix7(t) + agxs(t)
Pl L] +axa(® ] [FOe(O) [ 0]+ [G(xe(W)]
e A axs() X))+ axs(t) [l [ (1)
@Rxs(1) @Exs(1)
P e T e

arxs(t)  aXe(t) + awxs(t) + asag(t) [p|]| [ (O]

+[F(xe()] [[F(xe()] [ (O] +[G(xe(t)]]

1

2
= a; Xel(t) Xal(t
o aa & X0 %)

+ aiXs(t)  axXe(t) + arx7(t) + asxs(t) [p] [ (1)]

@Fxs(1) @Exs(1)
a(az as)+ as[p] @x(t) [ (O] + @x(0)
el + adp] [FOGM)]  [F (O] [ O]+ [Gxe()] (737)
Gz & () e+ e+ ax(® B[]

auxs(t)  asXs(t) + aux7(t) + (s + ag)Xs(t) + Jiu(t)
+ axe(t) @ awXs(t)  aXe(t) + axz(t) + asxs(t) [l [ ()]
+ arxg(t) + ag anxs(t) + asxe(t) auxs(t) (as+ ae)Xs(t) + Jlu(t)

[Pl [F(xe(N] [ (O]+[G(xe(O)]]

a(az as)+ aslp] @g);ig)) [ O+ @&ig))

+2  agxs(t)  agxe(t) + axs(t) + asxg(t) [p] [|(t)]

@Rxs(t))

[P @x(1)

[[F (xe(N] [ (O] +[G(xe(t)]]
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@HKxg(1))
@x(t)

aiXs(t)  axXe(t) + arxs(t) + asxs(t) [|0|]I [ (1]

@Gxe(1))
@x(t)

[ O]+

+  afp] + agpl [F(xe(1))]

+[F(xe(t)] [[F(xe()] [ (O]+[G(xe(t)]]

e Al A+ () axa® (Al [ (U]
o ama a)t (@t sl k] [F o)
@) | o, @)
@x(1) @x(t) !
r2adpl SR IFOGOI [ O+ [60a(0)]
+ aXs(t) + asXe(t) asxz(t) (as + ag)xs(t) + Jlu(t) |
ai+ ag a(az ag)+ as[p] @g);?t(;)) [ O]+ @g);?t(;))

+  afp+ agfp] [F(xe(t))] [F(xe(D)] [[F(xe(t)] [ (O]+[G(xe(D)]]
+  a(xe(t) xe(t)) [Pl [[F(Xe()] [ (O]+[G(xs(t))]] ’

@RXs(t)) @ Gxs(1))
@x(t) @x(t)

[ (O]+

ai(a; ag)+ azlp] (7.38)

Note that the coe cient of u()is anein () and vanishes only for large values of( ).
Therefore, the model has relative output degree four with spect to the output variable

() over the expected operating range of( ). Hence, we can solve (7.38) fau( ) and
obtain the control law

J ..
U(t) — hh 1 h i

2 T @Rxs(1) T @Gxe(1)
a1 + a3[p] @%?t) [ (t)] + @%it)

aiXs(t)  aXe(t) + arx7(t) + asxg(t) [p] [ ()]

al+ aap(a,  ag)+ (a1 + azagz)[p] + as[p] [F (xe(1))]

@FRxs(1)) @@ (1))
@x(b) @x(1) ,

@Rxs(1)) '
@x(1) [[F (xe()] [ (O] +[G(xs(t)]]

asxs(t) + asxs(t) auxs(t) (as+ ag)xs(t)

[ (O] +

+ 2as[p]
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@HKXxs(t)) @ @xe(1))
@x(t) @x(t)

au[p] + ag[p] [F(xe()]  [F(xe()] [F (xe()] [ (O] +[G(xe(t)]]
ar(xe(t) xs(t)) [Pl [[F(xe(t)] [ (O]+[G(xe(D)]]

@HKxg(1)) @Gxe(1))
@x(t) @x(t)

aZ + ag ai(a; ag) + ag[p]

[ O]+

[ (O]+

ai(a; az)+ ag[p]
+(ar  aag)v(t) (7.39)

wherev(t) is the external command signal. Here, we think of this comma signal as a
reference for the modi ed output (7.34) for thecontinuously controlled systemTo obtain

the required continuous{time control law, we combine (7.39and (7.38) and obtain the
chain integrator ® (t) = v(t). This allows us to desigrnv(t) such that () asymptotically

tracks any given reference signales( ) by de ning

viy:= @) Q) Q) ) ()
(L) er() ol () rer(D) (7.40)

with design parametersg; 2 R, ¢ 0. Here, we set ¢; ¢;; C;; ¢3) = (10000; 350Q 500 35)
to obtain short transient times.

In order to obtain the sampled{data control law, we double tke dynamic of the system
and use the derived continuous{time control law (7.39) todker with (7.40) to obtain
the reference trajectoryX.s( ). In Section 8.4, we analyze the suboptimality estimates
described in Chapter 3. Within this analysis, we consider tw cost functionals for the
computation of the sampled{data control, that is

)(\I Ztj+1
J(Xo;u) = Xsu(t; X0)  Xsrer(t)jdt: (7.41)
IE
and
)(\I Ztj+1
J(Xo;u) = kxu(t;Xo)  Xrer(t)kadt (7.42)
j=0 i

The latter one is the standard functional to minimize the delation between the digitally
controlled systemx( ) and the continuously controlled systenx( ). The rst cost func-
tional inherits the design task of the continuous{time feeldack, that is to stear the system
such that the position of the arm relative to the platform tracks a given command signal.
Within the receding horizon controller setting we de ne thesampling time T = 0:2 and
X the initial value to

X(to) = (0,;0;0;0; 10, 0; 0; 0) (7.43)

for both the continously and sampled{data controlled systas to make our results com-
parable.



Chapter 8

Numerical Results and E ects

Having described the mathematical and implementational kkground of our receding
horizon controller in the previous chapters, we now state andiscuss numerical results of
both the elements of the controller and their interaction.

In particular, we analyze the impact of thecomputing tolerancessti ness of the dynamic
and of thenumber of dimensionn the computing time of a di erential equation solver of
classOdeSolvein Section 8.1 using the modi able one dimensional heat eqgtian example
from Section 7.1. In the following Section 8.2 we present tds concerning the di erent
classlOdeManagerobjects and show their in uence adink between the minimization and
di erential equation solver on the computing time.

Thereafter, we change our goal from a complete analysis to aideline for developing a
stabilizing and yet fast receding horizon controller. To tls end, we consider the real{
time inverted pendulum example stated in Section 7.2 and psent e ects of the main
parameters of the receding horizon controller in Section3.that is the chosenoptimality
tolerance the number of steps within the optimization routingthe length of the opti-
mization horizon and the in uence of theinitial guess of the controland of the multiple
shooting nodes

Having shown how a setup of a standard receding horizon coolfier should look like, we
use oursuboptimality estimatesfrom Chapter 3 to analyze the stability and the degree of
suboptimality of such a controller in Section 8.4. Here, wetilize our third example, the
arm{rotor{platform model presented in Section 7.3, sincet$ redesign nature allows us to
create di erent standard situations which a receding horian controller usually faces. In
the last Section 8.5 we make use of this possibility and de reconstant setpoint tracking
and a switching setpoint tracking scenario. For both settigs, we compare the di erent
adaptation strategiesstated in Chapter 4 where we consider the standard recedingrizon
controller as our benchmark. Moreover, we state results ftine parameter required in the
closed{loop suboptimality estimate of Theorems 4.4 and 4#&hd draw some conclusions.
Throughout this chapter, all the shown data has been compueon a machine with 2
Dual Core AMD Opteron 265 processors with 1800MHz each usittie fortran compiler
G77.

Remark 8.1

We also examined di erent compilers, that is GFortran and F7, and experienced de-
viations from the computing times using the G77 compiler. kMa@ver, our experiments
indicate that non of the mentioned compilers is preferabla igeneral since the deviations
in the computing times seem to appear randomly.

197
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8.1 Comparison of the Di erential Equation Solvers

The chosen ordinary di erential equation solver (short ODEsolver) of classOdeSolveis
the subroutine within the RHC algorithm which is called the nost, i.e. to compute the
value of the cost function, the values of the restrictions ahtheir derivatives respectively
which are required by the optimization routine of clas$linProg, see Chapter 6 for details
on the interaction of the classes. Hence, it is probably the @st crucial part of the RHC
algorithm and needs to be chosen carefully.

We consider the explicit ODE solver DoPri5 and DoPri853 as Wes the implicit methods
Radau5 and Radau5913, see [108,109], which are implemeritethe derived subclasses
DoPri5, DoPri853, RadauSand Radau5913of classOdeSolve

There are three aspects which have a major impact on the contmg time necessary to
solve a given ODE over a xed interval and therefore have to bkept in mind:

" stiness of the considered ODE
" dimension of the problem
" chosen tolerances (absolute and relative) of the solver

In this section, we consider the one dimensional heat equati stated in Section 7.1 and
compare the implemented solver with respect to these issues the interval | = [0; 1]
where the control is set to zero. Since computing times aret@f very small and may
be in uenced by background processes, the presented datac@mputed as the mean over
2000 iterations.

8.1.1 E ect of Stiness

First, we analyze the impact of sti ness on the computationitme by varying the sti ness
parameter 2 [0:01; 100] within the line discretization (7.3) { (7.5) of the one @mensional
heat equation. To make results comparable, we consider = 25 lines.

Figures 8.1 and 8.2 show calculation times for 2 [0:01;100] in milliseconds. We rst
analyze the nonsti case.

A
0.5ms B e e R

025ms F—-—+——=4——— — — —

Sy
>

0.05 0.06 0.07 0.08 0.09 0.1 0.5 1.0

Figure 8.1: Graph of the computing times of the ODE solver rdines DoPri5 (red),
DoPri853 (green), Radau5 (blue) and Radau5913 (black) fomsll sti ness parameter
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From the numerical experience and the data it is clear that anof the explicit methods
should be chosen if the system is nonsti. However, we canncobnclude which of the
explicit solvers is preferable. DoPri853 is the more soptiated one but its advantage of
adapting the order of accuracy might be lost if the integratin interval is small. Hence, if
an application appears to be nonsti, both methods should beested.

tA
m0ms F—-————=—-—————— —

5ms - -—————"—"—"—"—"—"—"—"7T - ———————————————— ===

f——
1

Y

Figure 8.2: Graph of the computing times of the ODE solver rdines DoPri5 (red),
DoPri853 (green), Radau5 (blue) and Radau5913 (black) foarge sti ness parameter

Similarly, an implicit solver should be chosen if the probla is sti. For DoPri5 and
DoPri853 the computational cost grows rapidly, cf. Figure 2. In contrast to the nonsti
case, we can explicitly recommend the usage of Radau5913e&icomputation times are
signi cantly smaller compared to Radau5. This was also commed by our numerical
experiments using the implemented receding horizon contier.

8.1.2 Curse of Dimensionality

We now X the sti ness parameter =1 and analyze the computing times necessary to
solve the problem (7.3) { (7.5) for di erent space discretiations. Here, we consider the

interval 1 =[0;0:1]. Since the computing times vary massively we present that in two

gures.

Analyzing Figure 8.3, we observe that for lower dimensionsx@icit solvers should be
preferred. Furthermore, Figures 8.3 and 8.4 also indicatat there exists aM such that

the implicit solvers Radau5 and Radau5913 show a better perfance ifM M.

Moreover, we can compare the computing times fal = 25 concerning the sti ness of
a problem presented in the previous Section 8.1.1 to thosengouting times for varied
number of dimensions of the problem. We observe the followgnIf we increase/decrease
in the sti ness parameter then the separating boundVl decreases/increases. Hence, an
implicit solver should be chosen if the dimension of a syster large and the problem
appears to be sti. Conversely, explicit methods are prefable if the dimension of a
system is small and the problem not considered to be sti. Inry other case, one should
test the methods against each other.
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t

A
0.15ms

0.1ms

0.05ms

Figure 8.3: Graph of the computing times of the ODE solver rdines DoPri5 (red),
DoPri853 (green), Radau5 (blue) and Radau5913 (black) foower dimensions
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Figure 8.4: Graph of the computing times of the ODE solver rdines DoPri5 (red),
DoPri853 (green), Radau5 (blue) and Radau5913 (black) foidher dimensions

System nonsti System sti
Dimension small Explicit Solver Test
Dimension large Test Implicit Solver

Remark 8.2

For every newly derived clas$/lodel problem various tests should be run using the opti-
mization routines as well. In particular, one has to keep in imd that using the control
parameteru within our problem RHG,, the optimization may cause a uncontrolled nons-
ti system, that is a system which is nonsti foru 0, to become sti for certain choices
of the control. Here, the internal exceptions can be used tactimvent this problem by
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exchanging or adapting the di erential equation solver.

8.1.3 E ects of absolute and relative Tolerances

From the previous Section 8.1.2, we know that if the number afimensions is large and
the tolerances are xed, then the implicit solvers Radau5 ah Radau5913 show better
performance than the explicit methods DoPri5 and DoPri853.Here, we focus on the
question which solver or type of solver should be preferretiwe vary tolerance values.

Remark 8.3

Increasing numerical tolerances is non standard in optimadontrol since the structure of
the resulting control function massively depends on the wdatrajectory. In particular if
we consider constraints, switching points of the control ngavary since we may incorrectly
compute those time instances when a trajectory hits a boumga

Since the switching structure of the control is known a priarfor our problem RHG,
we can neglect the structural issue of the resulting contréunction. Moreover, we focus
on satisfying possibly existent constraints at the samplon instances only. Hence, if we
consider slightly tighter bounds, we may ease the need of hlg accurate solutions of the
di erential equation system.

Remark 8.4

Even if we choose to solve the di erential equation systeming a classOdeSolobject with
extremely small tolerances, the calling claddinProg object will in almost no case satisfy
all constraints exactly, see e.g. Sections 6.3.2.2 and @2 for details on the methods
SgpFortran and SqpNagQespectively.

Within the RHC setting, our aim is to speed up the solution of derential equation system
and hence the solution of every single optimization problem the receding horizon control
process by enlarging the tolerance levels of the di erenti@quation solvers. Yet, as a side
e ect, the search direction of the SQP routine may deviate,ampare Algorithms 5.59 and
5.61, and we have to keep in mind that this possibly leaves thautput to be far from
optimal.

Remark 8.5

From our numerical experience, the inherited error in the sach direction becomes domi-
nant if the solution is already close to the optimum. Hencehe tolerance of the di erential
equation solver should match the tolerance of the optimiat routine to obtain acceptable
results.

If one primarily aims at stabilizing a system, it often su ces to choose quite large opti-
mization tolerances which allows us to speed up the compiaatsigni cantly by increasing
the tolerances of the di erential equation solver. For exephary results of this connection,
see Section 8.3.1.

In the following, we analyze the impact of variations in the ¢lerances of the ODE solvers
on the computing times. Again, we use the example of a disciz#d one dimensional heat
equation, cf. (7.3) { (7.5). Moreover, the dependency of theesulting computing times

on sti ness and dimension of the system are considered.

From Figure 8.5 we can see that for large tolerances the imgti solvers are faster than

the explicit ones. For very small tolerances we observe th#te computing time nec-

essary to solve the problem increases dramatically for Ragaand Radau5913. For the
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2.5

Time

Tolerance

Figure 8.5: In uence of number of dimensions and tolerancendhe necessary computing
time of the ODE solver routines DoPri5 (red), DoPri853 (gre®), Radau5 (blue) and
Radau5913 (black)

explicit DoPri methods, however, the e ort stays almost thesame. Yet, considering higher
dimensions leads to a change in favor of the implicit solvevgithin the ranking.

Similar e ects can be observed if we vary sti ness instead dhe size of the problem, see
Figure 8.6 . Here, we again xM = 25,

In particular, the explicit solvers show almost constant amputing times if the tolerance
level is enlarged. However, the e ort for implicit solvers dcreases signi cantly. Moreover,
we make the same observation as in Section 8.1.1, that is fary small explicit and for
large implicit solvers are preferable.

Since implicit methods are designed for treating sti di erential equations, this is what
we expected to happen. Surprisingly, we also see that eventime nonsti case, implicit
solvers may outrun explicit ones if the tolerance levels amhosen large.

However, in our examples we cannot say in advance which ODBw& is the best. Since
we deal with control systems the controll in uences the sti ness property. Hence, solving
the optimal control problem (RHCy) de ned in Section 2.4 might change a nonsti system
associated to the initial guess into a sti one for the outcom of the optimization. This
phenomenon is not a problem in simulations but for real{timeapplications it has to be
avoided since it may render the available computing time todinsu cient. Moreover, u
depends on the current state and we may face regions in the tgtaspace which are sti .
This can be explicitly tricky if the equilibrium one tries to stabilize is contained in such a
region. Possible solutions are an automated change of théveo or of the tolerance levels.
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8.2 Comparison of Di erential Equation Manager

The aim of the following section is to show the impact of the dérent implemented links
between optimization routines and di erential equation stver, the so called di erential
eguation manager, on the computing time. To this end, we coler the setting of a single
SQP step and ten consecutive steps and discuss the resultsvall as the implementational

background.
Here, we again utilize the discretized one dimensional heatjuation (7.3) { (7.5) stated
in Section 7.1 with = 1. To make the dierential equation managers from class

IOdeManagercomparable, we use the di erential equation solver Radau’9 exclusively
and x the absolute and relative tolerances to 10'°.

8.2.1 E ects for a single SQP Step

In the following Figure 8.7, we consider computing times fasne SQP step using a class
SqgpFortran object, i.e. we stop the minimizer after computing the graéint of the cost
function and the Jacobian of the constraints once.

SimpleOdeManager CacheOdeManager
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Figure 8.7: In uence of number of dimensions and horizon lgth on the necessary com-
puting time of the I0OdeManagerclassesSimpleOdeManager(blue), CacheOdeManager
(red) and SyncOdeManagefgreen) for an initial SQP step

The optimization horizon is given byH = N T whereT =0:1is xed for this comparison
while the parameterN and M characterizing the optimization length and the dimension
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of the system are varied. Here, we start by analyzing the ungstrained case, i.e. we set
p=0in (7.7).

For the initial step of the SQP routine we can see that the claxCacheOdeManageamject
outruns both the SimpleOdeManagemland the SyncOdeManageobject. Moreover, com-
putations using the SyncOdeManageobject are clearly the slowest ones. In Table 8.1, we
display the absolute and relative computing times of all treelOdeManagerobjects where
N =10 is xed.

M Simple Cache Sync Cane | Smpe s
3 | 2.9588 1.6732 18.9482 1.76 6.40 11.32
4 | 4.9362 2.7603 63.3587 1.79 | 12.84 | 22.95
5 | 10.2527 | 5.0513 224.0629 | 2.03 | 21.85 | 44.35
6 | 16.1331 | 7.5556 520.8210 | 2.14 | 32.28 | 68.93
7 | 228421 | 10.6945 | 958.7065 | 2.14 | 41.97 | 89.64
8 | 31.9308 | 14.3154 | 1777.4462 | 2.23 | 5567 | 124.16
9 | 37.6704 | 19.9755 | 2929.4702 | 1.88 | 77.76 | 146.65

10 | 47.9160 | 254729 | 4354.8941 | 1.88 | 90.88 | 170.96

11 | 60.5290 | 32.0525 | 6253.1095 | 1.88 | 103.31 | 195.09

12 | 74.4925 | 39.1798 | 8946.3031 | 1.90 | 120.10 | 228.34

13 | 89.6633 | 46.7690 | 12225.0225| 1.92 | 136.34 | 261.39

14 | 105.7580 | 55.2267 | 16360.8011| 1.91 | 154.70 | 296.25

15 | 123.1933 | 64.8654 | 20925.7137| 1.90 | 169.86 | 322.60

16 | 165.9090 | 77.7999 | 31561.0758| 2.13 | 190.23 | 405.67

17 | 1945727 | 90.6133 | 2.15 | |

18 | 225.3715| 106.7261 | 2.11 | |

19 | 260.4182 | 120.3044 | 2.16 | |

20 | 299.1995 | 136.9109 | 2.19 | |

Table 8.1: Comparison of calculation times for one SQP step

Here, one can see the advantage of a claSacheOdeManageybjects which in principle
halves the computing time required by a clasSimpleOdeManagenobject. This is due to
the reuse of precomputed trajectory values which results i triangular structure of the
computations shown in Figure 8.8. Within this gure, we dispay those state values which
are recomputed with a modi ed control to evaluate the di erexce quotient (6.2) of the
cost function.

A classCachOdeManageabject uses the fact that only endpieces of the control are nvad
and hence the frontpieces of the trajectories are not compad again.

Note that here the unconstrained case is considered and hento Jacobian of the con-
straints has to be computed. Once this matrix is required asell, we expect a class
CacheOdeManagerbject to outrun a classSimpleOdeManagembject by more than a
factor of two since apart from evaluating the fraction of thedi erence quotient (6.2) no
recalculation of the trajectory has to be performed. Withina classSimpleOdeManager
object, however, the evaluation of a single column of the Jalsian requires a complete
recalculation of the trajectory of the system.

Moreover, we observe that the performance of the claSyncOdeManageobject is poor
in the unconstrained case. The additional e ort is caused bthe coupling of the systems
dynamics which results in a signi cant increase of the comping time necessary to solve
the resulting di erential equation, cf. Section 8.1.2.
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Figure 8.8: Computing structures of a classCacheOdeManage(left) and a class

SimpleOdeManagebbject (right)

Now, we add costraints to the problem and re{evaluate all dat Here, we choose the set
of constraints (7.7) with p = M while leaving the rest of the problem unchanged. The
following Table 8.2 shows calculation times foM = 10:

N Simple Cache Sync bmpe
3 11.2973 4.0352 81.4827 2.43
4 36.3457 7.6900 415.5835 4.72
5 54.6212 10.6218 765.1625 5.14
6 76.7315 13.8552 1312.8389 5.53
7 102.5981 18.4680 2114.3480 5.55
8 132.1269 23.8587 3116.4190 5.53
9 166.1137 30.8212 4330.0736 5.39

10 202.7110 37.3903 5985.3090 5.42

11 243.7564 46.0038 7839.1500 5.30

12 289.4485 55.3483 10110.5106| 5.23

13 337.3657 64.6308 12529.8389| 5.22

14 388.8956 75.0318 15596.5177| 5.18

15 445.1079 86.3597 19276.9178| 5.15

16 511.7867 96.5668 23837.6270| 5.30

17 570.9604 | 109.4915 | 27727.1883| 5.21

18 638.9876 | 124.1468 | 33215.7455| 5.15

19 713.0454 | 139.2447 | 39145.8085| 5.12

20 789.6375 | 155.5406 | 46003.3345| 5.08

Table 8.2: Comparison of calculation times for one SQP ste @ constrained problem

We observe that theCacheOdeManageibject shows outstanding performance compared
to both the SimpleOdeManagerand the SyncOdeManageobject which is what we ex-
pected. Moreover, the acceleration factor of th€acheOdeManageobject relative to
the SimpleOdeManagenbject seems to be stay between 5 andS5which has also been
observed in other examples as well.
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Remark 8.6

If the horizon length N and the dimension of the systenM are small, then a class
SyncOdeManageobject may exhibit smaller computing times than a claSsmpleOdeManager
object. However, this link between minimizer and di erendl equation solver is originally
designed for analytical purposes only, see Section 6.2.508 details.

8.2.2 E ects for multiple SQP Steps

Until now we analyzed one step of the SQP method only. Since BQoutines use several
steps based on the same dynamic but for changing control vabies, already computed
state values may reoccur. Hence, since a claGacheOdeManagenbject exploits this
property of the problem, we expect this method to show an evdpetter performance if
consecutive steps are considered.

In the unconstrained case the updated control is usually chged in every component
after each SQP step since no bounds have to be satis ed. Hentdee computing times
are a multiple of the computing times required for a single ep for the selected class
IOdeManagerobject. This is illustrated in Figure 8.9 where we display malts for the
setting we used in Figure 8.7 but execute ten steps of the SQRethod SgpFortran.
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Figure 8.9: In uence of number of dimensions and horizon Igth on the necessary com-
puting time of the I0deManagerclassesSimpleOdeManager(blue), CacheOdeManager
(red) and SyncOdeManagefgreen) for ten SQP steps

Again, we obtain the same tendency as from Figure 8.7, i.e. dlclassCacheOdeManager
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object outruns both other objects and a&SimpleOdeManageobject shows better perfor-
mance than a classSyncOdeManageobject.

However, if we impose constraints similar to Section 8.2.ile. using the set of constraints
(7.7) with p = M, we expect the classCacheOdeManagaand SyncOdeManageobjects
to exhibit computing times which are much lower than the muliple computing time of
a single step of the SQP algorithm. Still, we have to keep in mil that a consecutive
execution of several SQP steps generates problems which ac identical and hence
the computing times for each single step vary in general. Fdhis setting, the results
are contained in the following Table 8.3. Moreover, we compathe resulting computing
times for the constrained and unconstrained case.

We rst observe that the computing times in the constrained ase are lower than in the
unconstrained case although we additionally have to compaitthe Jacobian of the con-
straints. Taking a closer look at the outcome of the optimiz#on in each step, we see that
large control values are considered in the unconstrainedseawhich results in a reduction
of the costs for the rst sampling points but leads to large dé@ations from the desired
equilibrium for the state at the last sampling points. Morewer, the di erential equation
becomes sti in this region. Since the clasSyncOdeManagesbject combines all sampling
intervals, this slowdown a ects all parts of the horizon whth explains the observed bad
performance. For the clasSimpleOdeManageand CacheOdeManag@bjects, comparing
the unconstrained and the constrained case we obtain that¢hreduced computing times
caused by the nonsti ness of the system compensate for thediional cost for calculation
the Jacobian of the constraints only for small horizons. 3ki one has to keep in mind that
the Jacobian of the constraints grows quadratically in the drizon lengthN . Hence, for all
classlOdeManagerobjects, there exists some horizon lengtN such that the computing
times for the constrained problems are larger than in the uoostrained case. For a class
SimpleOdeManagenbiject, this can be observed in Table 8.3.

If we compare the displayed measurement for one and ten SQR[s$, we observe the in-
crease in the computing times of the classimpleOdeManageis quite small. As mentioned
in Section 6.2.5.1, theSimpleOdeManageclass transforms the active{set Quasi{Newton
approximation of the optimization method to a Newton methodwith full BFGS{update.
For this particular example, this results in just two evaludgions of the Jacobian matrix
while for both CacheOdeManageand SyncOdeManageeight evaluations of the reduced
Hessian and one of the complete Jacobian are performed. Mmrer, we observe that
the increase in the computing time for the clas€acheOdeManagemnd SyncOdeManager
objects is growing inN but smaller than eight. This is due to two sources: for one,
the computational e ort for obtaining the Jacobian is redued by recomputing required
updates of parts of the matrix only, see also Section 6.2.5.2nd secondly, the reuse of
known information on the state trajectory speeds up the comytation.

From this analysis, we see that the clas€acheOdeManagesigni cantly improves the
speed of the computing process and is therefore preferablélere, we again remind
that class CacheOdeManagenbjects are not as robust as clasSimpleOdeManageror
SyncOdeManagenbjects regarding the correctness issue, see also Sectigh562.

Remark 8.7

For higher dimensions or longer horizons, the method used thye classSyncOdeManager
requires too much memory such that swaping memory becomeauaidable. Once this
happens, the computing times explode.



unconstrained case, 10 SQP steps constrained case, 10 SQP steps constrained case, 1 SQP step
N Simple Cache Sync Simple Cache Sync Simple Cache Sync
3 13.1505 4.7632 1099.1316 18.3812 4.4733 84.9232 11.2973 4.0352 81.4827
4 70.4794 42.1296 2663.7205 50.6497 14.9453 501.6929 36.3457 7.6900 415.5835
5 97.3493 76.7835 5058.5770 87.5432 22.2208 1170.0020 54.6212 10.6218 765.1625
6 102.1465 | 105.3355 8687.7953 131.0241 34.1699 2301.1349 76.7315 13.8552 1312.8389
7 266.2635 | 140.0757 | 14140.9442 224.0904 67.8548 4902.5388 102.5981 | 18.4680 2114.3480
8 344.7292 | 178.4512 | 21212.2974 315.7195 69.3653 9892.6243 132.1269 | 23.8587 3116.4190
9 433.9290 | 222.1279 | 29828.8681 427.1371 | 113.8952 | 10684.1498 | 166.1137 | 30.8212 4330.0736
10 533.4967 | 270.0599 | 41553.8968 582.0995 | 160.4895 | 19638.1373 | 202.7110 | 37.3903 5985.3090
11 637.8299 | 319.2618 | 55705.3349 664.8787 | 195.3231 | 25244.7710 | 243.7564 | 46.0038 7839.1500
12 610.8299 | 379.4902 | 72414.2295 701.0420 | 246.7882 | 31704.9278 || 289.4485 | 55.3483 10110.5106
13 881.6595 | 381.5603 | 91061.1325 | 1084.7242 | 296.2977 | 45384.2946 | 337.3657 | 64.6308 12529.8389
14 757.3996 | 502.1227 | 112645.7515| 1127.8375| 366.6607 | 49624.3013 | 388.8956 | 75.0318 15596.5177
15 1025.8416 | 523.1227 | 140511.9187| 1279.1668 | 427.6893 | 58659.8644 || 445.1079 | 86.3597 19276.9178
16 1314.0926 | 644.8333 | 171741.8670| 1382.2241| 476.2329 | 82156.4235 | 511.7867 | 96.5668 | 23837.6270
17 1479.4552 | 717.2727 | 200889.4977| 1542.8805| 541.2652 | 81396.7569 | 570.9604 | 109.4915 | 27727.1883
18 1652.7445 | 797.0910 | 239424.4523| 1680.0273 | 659.3980 | 91415.9953 | 638.9876 | 124.1468 | 33215.7455
19 1835.9452 | 885.4684 | 283490.5182| 2311.3047 | 822.9271 | 146763.2249| 713.0454 | 139.2447 | 39145.8085
20 2028.6359 | 978.0781 | 332925.6442| 2633.1941 | 909.0864 | 184021.5298| 789.6375 | 155.5406 | 46003.3345

labeuey uonenb3 jenuaia Ig Jo uosuedwo) z'8

Table 8.3: Comparison of calculation times for ten SQP stepd the unconstrained and constrained problem and for one SQfep of the
constrained problem

60¢
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8.3 Tuning of the Receding Horizon Controller

In this section, we characterize the impact of the main paraeter of the controller on the
computing time, that is the tolerance of the optimization routineas well as thetolerances
of the di erential equation solver the length of the horizon the stopping criteria of the

optimization method, the initial guess of the control and the choice of thenultiple shooting
nodesas depicted in Figure 8.10. Our aim in this section is not to @& a complete analysis
which might be impossible due to the complexity of the probha. Instead, we consider
the real{time problem of the inverted pendulum on a cart desibed in Section 7.2 and
show how the receding horizon control algorithm can be tuned

The following sections are governed by one issue each and @oé sorted deliberately but
can be seen as a guideline for the tuning. Moreover, these g@aueters are not (or at least
not only) sorted by their impact on the computing time. Note that the parameter also
depend on each other as shown in Figure 8.10. Hence, some paat@rs may have to be
considered repeatedly.

We start by considering the tolerances of Horzon length <——— Shooting nodes
the minimizer and the dierential equa-
tion solver in Section 8.3.1. Since these
algorithms cause the major computational
cost, we aim at choosing large tolerances.
However, this may lead to di culties, even
instability, since the allowed errors inter-
act in the receding horizon controller set-
ting. For the parameters, a good compro-
mise between speed and accuracy cannot Tolerances <> Stopping criterion
be rigorously described in a mathematical
way, hence we can only describe how such
a compromise should look like.

In Section 8.3.2, we consider the horizon

length as the parameter of choice. We investigate the di erees of closed{loop solutions
and closed{loop costs for di erent horizon lengths. Sincéne size of the discretized optimal
control problem depends massively on this parameter, we wato choose the horizon
length as small as possible.

The following Sections 8.3.3 and 8.3.4 deal with di erent @&cts of the initial guess prob-
lem of the control. Since there exist no methods for computina good initial guess of
the optimization variable, we shortly describe various heistics in Section 8.3.3. There-
after, we change the discretization of the optimal control foblem by introducing multiple

shooting points in Section 8.3.4, see also Section 5.1.3. efb additional optimization

variables may allow us to improve the initial guess and evereduce the minimal length
of the optimization horizon. Yet, di culties such as instability of the closed{loop may

occur if one uses this approach which we discuss as well.

Last, since we aim at real{time applicability of the controler, we also consider the e ects
of stopping criteria of the optimization method. This issues treated in Section 8.3.5 where
we analyze the impact of a low number of maximal iterations dhe optimization method
on the resulting closed{loop behaviour on the one hand, and a time dependent break
of the optimization. Both methods are motivated by the goal breal{time applicability
of the controller but may cause unwanted e ects.

Initial guess

Figure 8.10: E ects and interaction of im-
plementation parameters on the computing
time
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8.3.1 E ects of Optimality and Computing Tolerances

Within this section, we analyze the impact of the user depemaht choices of tolerance
values for the optimization routine and for the di erential equation solver on thestability
of the closed{loop systenon the one hand, and on theesulting computing timeon the
other hand. To this end, we use the grid of parameter

(tolsop; tolope) 2 10 8,10 7;:::;10 1¢?

and generate a sequence of receding horizon controllers.emhwe compute the closed{
loop solution (2.16) on the interval [Q50] with sampling lengthT = 0:1, initial value
Xo =(2;2;0;0) and tolppe =10 10

Remark 8.8

In this section, we use the following strategy to obtain a if@me implementable reced-
ing horizon controller: We combine suitable cost functiotg one for the swing{up which
induces enough potential and kinetic energy in the systermdaone for stabilization pur-
poses. Here, we only consider the second and more interegtipart and use the initial
value xg = (2;2;0;0) for our receding horizon controller. Note that if we startedn the
downward position(0; 0; 0; 0), then the horizon would have to be chosen larger thdn= 65
given a good initial guess to obtain a stabilizing control.ugh a long horizon, however, is
not real{time solvable by now.

Remark 8.9

Since we analyze the impact of stopping criteria in Section335 separately, we display
and discuss summarized computing times only.

Note that stability of the resulting closed{loop trajectgr depends massively on the horizon
lengthN . Hence, we consider di erent horizon lengths in this sectioas well. For a more
detailed discussion of the e ects of the horizon length, wefer to Section 8.3.2.

Here, we consider the simple criterion of the closed{loop sts to distinguish between
stable and unstable closed{loop trajectories. In order toédeasily comparable, the follow-
ing gures are generated using identical colorbars for botthe closed{loop costs and the
computing times. In Figure 8.11, we start with the limit case N = 15 and N = 16 for
the optimization horizon.

Comparing the costs folN =15 and N = 16 in Figures 8.11(a) and (c), we can estimate

loop trajectories forN = 15. Yet, the corresponding computing times folN = 15 shown
in 8.11(b) are higher than the required times folN = 16 displayed in 8.11(d). This
di erence is due to the instability of the closed{loop forN = 15.

Remark 8.10

Here, we do not display the corresponding solutions for akkoeding horizon controller
settings. For a particular choice of the pai(tolsgp; tolope ), however, thex;( ) trajectories
are shown in Figures 8.16, 8.17, 8.18 and 8.19.

Figures 8.11(c) and (d) allow us to conclude that tolerancesVels may be eased without
changing the closed{loop behaviour or closed{loop cost sigcantly while the computing
times are lowered. A standard initial setting for (togp;tolope) is the pair (10 ;10 8)
which here results in a total computing time of 843s. For (tokgp; tolope) = (10 3;10 %),
this is reduced to 7479s saving approximately 25% of the computing time.
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Figure 8.11: Comparison of closed{loop costs and computitighes for the limit cases of
optimization horizons N and various optimization and di erential equation solver bler-
ances

Remark 8.11

The tolerance level of the di erential equation solver shédinot be chosen larger than the
tolerance level of the optimization routine. In any other e, the search direction may
be heavily corrupted by errors in the numerical di erence aients used to compute this
vector and the optimization iteration may be unable to diseer a point satisfying the KKT
conditions of Theorem 5.18 with accuracy less than . For this reason, we consider
only tolerance pairs satisfying tagJop  tolope for our analysis.

In Figures 8.12 and 8.13, the optimization horizorN is increased further. Similar to
our previous analysis of the impact of the horizon length, seSection 8.2, this results in
enlarged computing times.

We also experience an improvement in the closed{loop cost fiolope = 10 2 in Figure
8.12(a) and additionally for tolope = 10 ! in Figure 8.13(a). This corresponds to receding
horizon controllers which now stabilizes the system in an wight equilibrium. Hence,
enlarging the horizon, i.e. increasing the complexity of el optimal control problem in
the receding horizon control process, may enable us to eagethe tolerance parameter.
For the setting here, the e ects on the computing time almostancel out. ForN = 17,
we obtain a total computing time 10243s for our standard choice (t@bp;t0lope) =
(10 °;10 8) which can be improved by 18% to 8353s for (tokop; tolope) = (10 %10 2).
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Figure 8.12: Comparison of closed{loop costs and computitighes for optimization hori-
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Figure 8.13: Comparison of closed{loop costs and computitighes for optimization hori-
zonN =20 and various optimization and di erential equation soler tolerances

For N = 20, the corresponding times are 1869s in the standard case and:@12s for
(tol sop; tolope) = (10 2;10 2), i.e. a decrease of 53%. Yet, the computing time for
N = 16 is the smallest one. This tendency can also be experiedc®r other example
which leads to the general guideline to choose the lowest opization horizon possible
which still guarantees stability of the closed{loop. Note hat this is exactly the idea of
the adaptation strategies presented in Chapter 4.

Last, the two examples shown in Figures 8.14 and 8.15 illuate that the parameter
(tol sgp; tolope ) should be chosen carefully due to their e ects on the closgdop.

Here, Figure 8.14(a) shows that for some pairs (i@p;tolope ) the closed{loop costs are
signi cantly higher. If we analyze the corresponding closiloop trajectories, the system
is driven to the downward position (Q0; 0; 0) for tolsgp = 10 2, tolsop = 10 2 and all
considered values for t@Jpe . All other pairs, however, do \mainly" stabilize the pendulm
in an upright position. However, these positions vary in twovays. For one, thexy()
trajectory does not converge to the same upright position. #d more importantly, once
an upright position is reached, it may be switched to anothempright position. Here, the



214 Chapter 8: Numerical Results and E ects

NN @
s o &
()
L =)
[
et

L
B

- A\

i i i i
0 5 10 15 20 25 30 35 40 45 50
SQP Tolerance ODE Tolerance Time

(a) Closed{loop cost (b) x1() trajectories

Figure 8.14: Exceptional closed{loop costs fol = 25 and various optimization and
di erential equation solver tolerances

) : A WL

i Al AR R WY §
° LWL
-10 \

35 = \
hos -15

30

25 -20

20 25

. \

10 o

° 7350 5 10 1‘5 20 2‘5 30 35 40 45 50

SQP Tolerance ODE Tolerance Time
(a) Closed{loop costs (b) x1() trajectories

Figure 8.15: Exceptional closed{loop costs fol = 30 and various optimization and
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observed closed{loop costs arise due to the repeated trdimis upright positions. For
the controller shown in Figure 8.15(a) the situation is evemvorse since such a random
behaviour of the closed{loop solution is obtained for all esidered pairs (tokop; tolope ).
The reason for this unpredictable behaviour can be found iruoimplementation: Since the
closed{loop trajectory is always computed with accuracy tgoe = 10 1° and the open{
loop trajectories are computed with di erent tolerance leels of the di erential equation
solver, the solutions deviate slightly. If the pendulum islose in the upright position, then
this deviation may shift the closed{loop state vector to theother side of this position.
Now, the initial guess of the control points in the wrong diretion and the optimization
routine identi es a di erent upright position as the local optimum since it can be reached
by one swing{over before the end of the optimization horizois reached.

Remark 8.12

There are di erent ways to cope with this problem. For examg) additional constraints
can be added once a trajectory is close to one target in orderdxclude other target points.
Alternatively, the initial guess of the control may be chaed on start of the optimization.
A third and very sophisticated possibility is to add shootinpoints and set their values to
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the desired target. This is less restrictive than adding cstmaints and incorporates the
aspect of modifying the initial guess at the same time.

Hence, as a general guideline, the tolerance levels of bottetoptimization routine and
the di erential equation solver should be chosen as large a®ssible without compromis-
ing stability of the closed{loop. For analytical reasons, e accuracy of the di erential
equation solver toppe should not be chosen larger than tghp, cf. Remark 8.11. For the
considered inverted pendulum example, the choice (tk;tolope) = (10 #;10 #) appears
to be appropriate since the additional accuracy does not cs@l a signi cant increase in
the computing times.

8.3.2 E ects of the Horizon Length

As we have seen from the previous Sections 8.2 and 8.3.1, tlwizon length must be
chosen as short as possible to reduce the required computtimge. However, the problem
may become unstable if the horizon length is too short. Herge consider the inverted
pendulum example from Section 7.2 and, as in Section 8.3.1e wompute the closed{
loop solution (2.16) on the interval [50] with sampling lengthT = 0:1 and initial value
Xo =(2;2;0;0) but x the tolerance levels to tolope = 10 * and tolsgp = 10 *.

As expected, the desired upright equilibrium is not stabihied for small horizon lengthN
as shown in Figure 8.16.

Downright Upright Downright Upright Downright
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x,(0)
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6 Horizon length

Time

Figure 8.16: Comparison of closed{loop trajectories;( ) for optimization horizons N
which are too small

For larger optimization horizons, the controller suddenlstabilizes the upright equilibrium

( ; 0;0;0) as shown in Figure 8.17.

As shown in Section 8.3.1, there exists a range of optimizati horizonsN such that
the corresponding receding horizon controller almost randhly switches the point to be
stabilized, see also the discussion after Figure 8.15 foretiheason of this behaviour and
Remark 8.12 for methods to avoid this e ect. In Figure 8.18, edisplay the corresponding
X1( ) trajectories.

The phenomenon of repeatingly switched target point is notestricted to the small range
of optimization horizons N considered in Figure 8.18, but can also be experienced for
some larger optimization horizond\N as shown in Figure 8.19.
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Figure 8.17: Comparison of closed{loop trajectories;( ) for various small optimization
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Figure 8.18: Exceptional \almost" stable closed{loop tragctoriesx,( ) for various opti-
mization horizonsN

Within this gure, green represents the current state to be lose to an upright position
whereas red corresponds to the downward position. Here, weepent these results for
reasons of completeness, for our task of real{time applidhty of the receding horizon
controller, we stick to short horizons.

As a guideline, we obtain the set of interes§ for the optimization horizon N. This set
is bounded from below by the minimal optimization horizon with stabilizes the closed{
loop system and from above by those horizons which exhibit wanted estimation e ects.
Unfortunately, it is a priori not clear if S is nonempty and in many cases we have to
deal with the mentioned estimation e ects. Moreover, obtaiing this set is heuristic and
until now it is based on tria{and{error. For our inverted pendulum example, we obtain
S:=116,:::;240.
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Figure 8.19: Comparison of closed{loop trajectories ( ) for various optimization horizons

8.3.3 E ects of Initial Guess

The problem of obtaining a good initial guess of the optimizeon variable appears twice
in the receding horizon control setup and needs to be addredsin two ways:

First, as known from standard optimization theory, the optmization routine requires an
initial guess which is su ciently close to the optimum of the discretized rst optimal
control problem. Unfortunately, there does not exist a gemal recipe to develop such a
control guess which is why we leave it to the user to supply thest initial guess.

Remark 8.13

An initial guess can be obtained heuristically, e.g. by kntedge and intuition of the
considered problem. Di erent to that, in the case that a stalizing continuous{time control
law u( ) is known, then the emulated version of the contrak () according to (1.20) can
be used as an initial guess. Another way of improving this tsnitial guess is by using
multiple shooting nodes which we consider in the followingcion 8.3.4.

We also like to mention that combining the solutions of cor@give but shorter optimal
control problems does not only not provide a good initial gee but also destabilizes the
system in most cases. This can be seen directly from Figurd 8. If the rst optimization
horizon is chosen too small, then the trajectory of the rstmtimal control problem does not
converge to the desired equilibrium. Hence, the initial wa# for the consecutive optimal
control problem is even further away from this equilibriumral the resulting control is
highly unlikely to suit the stabilization task.

The second issue arises during the shift of the optimal cooirproblem. Similar to the rst
point, an initial guess is required for the new (shifted) diretized problem. But now, we
can exploit the structure of the receding horizon control oblem and reuse the computed
optimal solution of the previous problem as an initial guessf the actual problem by using
its endpiece and append a suitable control vector to its end.

Considering the structure of the problem, our implementatin contains three di erent
strategies to obtain the required new control vector, see &®n 6.2.1.5 for details. Here,
we exclusively consider the caseptimize = 0 and optimize = 1. The option optimize =

2 is designed fom{step feedback laws and only of academic use since it causelarge
additional computational e ort.
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To compare these two strategies, we consider the invertedrieilum problem with horizon

In Table 8.4, the summarized results from this experiment ardisplayed where the closed{
loop solution has been computed 200 times each to obtain eddle computing times.

N optimize =0 optimize =1

taverage tmax tmin V5o’\(‘) taverage tmax tmin Vsol\cl)
16| 5.7127 | 44.4997| 2.9918| 9.4096 || 4.5451| 76.1882| 2.8862| 11.6181
17| 7.0676 | 345.6728 3.2172| 9.1515| 3.9272| 46.0116 | 3.1527| 9.2273
18| 6.6571| 46.9765| 3.4768| 11.0712| 5.0737| 42.4183 | 3.5139| 14.9645
19| 8.1253| 200.7184 3.7279| 9.1481 | 6.6153| 307.3953 3.6240| 13.8994
20| 8.1175| 84.6425| 4.0064| 9.5446 || 6.6531| 55.9213| 3.8609| 17.6396
21| 9.1212| 80.4660| 4.2891| 9.2145 || 8.1731| 59.8523| 4.1438| 18.5700
22| 9.3382| 88.1437| 4.6020| 10.2978|| 9.3808| 53.1171| 4.5159| 23.5261
23| 9.6738| 67.6229| 4.9009| 10.9821|| 8.3203| 56.2793| 4.7123| 24.9199
24| 10.2203| 68.8702 | 5.2126| 13.7050| 6.2717| 68.5017 | 5.0568| 14.9428

Table 8.4: Comparison of shift routines

From Table 8.4 we obtain that the procedure using an optimizeon (optimize = 1) instead
of a simple copy of the last control vector @ptimize = 0) reduces the average computing
time in every step of the RHC scheme by approximately 15%. Notthat the resulting
closed{loop costs are signi cantly higher. Here, this doeasot correspond to a repeated
change of the point to be stabilized but is due to solutions sking around the optimum
which is induced by the overshoot of the added optimization.

8.3.4 E ects of Multiple Shooting Nodes

In the case of long optimization horizondN, solving the discretized optimal control prob-
lem SDOCR, becomes hard since the initial guess is di cult to obtain in gneral and
usually renders the state trajectory to be far from optimal. Additionally, the endpieces
of the state trajectories are sensitive to changes of the dool at the beginning of the
optimization horizon.

However, if we consider a setpoint regulation problem, seeeRark 1.40, we have not
used the information on the target point within the optimizaion process yet. In partic-
ular, de ning multiple shooting points, see De nition 5.5, within endpieces of the state
trajectories allows us to reduce the sensitivity of the solion trajectory on initial con-
trols. Moreover, we can improve the initial guess of the corl by setting these multiple
shooting nodes to the value of the target setpoint.

Remark 8.14

Setting multiple shooting nodes to the target value allows to utilize local knowledge of
the system, i.e. a local feedback. Hence, the trajectory emaéing from this shooting node
remains close to the target and the optimization is eased.

For the inverted pendulum example, the most critical trajetory component is the angle of
the pendulumx4( ). In the following, we illustrate the e cient use and e ect of multiple
shooting nodes for this variable for several reasons:

First of all, de ning every sampling point in every dimensio of the problem to be a
sampling point slows down the optimization process signiantly due to the enlarged
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dimension of the optimization variable, see also Section15. Hence, this number should
be chosen as small as possible.

Secondly, for slow parts of the system, that is state trajeoties which do not change
their values quickly, the use of shooting points may obstriiche optimization since it is
possible that there does not exist a control which links twoansecutive shooting nodes. In
this case, the optimization routine wastes iteration stepg8ying to adapt the value of the
shooting nodes and is often unable to nd a solution. Howevesetting sampling points
to be multiple shooting points may result in signi cantly improving the initial guess of
the control. Still, one has to keep in mind that this causes # optimization variable to be
enlarged. Hence, computation of the gradient of the cost fation as well as the Jacobian
of the constraints require additional e ort. Therefore, a lalance between improving the
initial guess of the control and the number of multiple shoang points must be found.
And nally, the use of multiple shooting nodes may also leada unstable solutions even
if the problem without shooting nodes is stable.

Remark 8.15
For our inverted pendulum example, the full discretizatioleads to unstable solutions while
Figure 8.17 shows that we can stabilize the system fér 16 using no shooting nodes.

In the following, we consider the horizonN = 15, 16 and 17 and solve the resulting
receding horizon control problems on the interval [®0] while setting one shooting node
to a variable position&1) on the sampling grid of the rst state dimensionx,( ), that is
&1)2f0;:::;N 2g, and the corresponding initial value tox, = . Here, the computing
times are obtained by repeatedly solving each problem 200ngs.

(a) x1() trajectories (b) Closed{loop costs and computing times

Figure 8.20: Results for a varying single shooting node foohzon lengthN = 15

As we can see from Figure 8.20(a), the state trajectory is $idized if we add a shooting

Hence, using a single shooting node, we are now able to stakilthe problem for a reduced
optimization horizon N.

Remark 8.16
Note that the notation for positions in the time grid and the umber of the shooting horizon
index di er by one, see Remark 5.6 for details on this issue.

In Figure 8.20(b) the caused closed{loop costs and the reged computing times of the
di erent problems are displayed. Here, we can identify thetable solutions via the sig-
ni cantly reduced closed{loop costs which again serves asiroindicator for stability in
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the case of two varying shooting nodes. Additionally, we sdbhat the computing costs

are falling if the shooting horizon index of the shooting naglis close to the end of the
optimization horizon.

As mentioned earlier, adding shooting nodes may also lead itestability of the closed{

loop. Such a situation is shown in Figure 8.21.

(a) x1() trajectories (b) Closed{loop costs and computing times

Figure 8.21: Results for a varying single shooting node foohzon lengthN = 16

loop. Moreover, &1) 2 f 0;2g causes the controller to stabilize the upright position
( ; 0;0;0) while for &1) 2 f 1,7;8;:::;14g this changes to (; 0;0;0). Hence, by our
numerical experience, the e ect of stabilizing a chosen etjbrium by adding a shooting
node can only be conrmed if&1) is set to a time instant in the last third of the time
grid. This also holds true for Figure 8.22 which illustrateshe results forN = 17.

Note that although the optimization variable has been enlayed by using a single shooting
node, the computing times stay almost unchanged.

(a) x1() trajectories (b) Closed{loop costs and computing times

Figure 8.22: Results for a varying single shooting node foohzon lengthN =17

Remark 8.17
Note that adding shooting nodes to a problem may cause theimogation routine to sta-
bilize a di erent equilibrium. For our inverted pendulum eample the choice of setting
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X1 = highlights the upright position( ; 0;0;0) in the set of equilibrium points. Hence,
this power has to used carefully since other choices may fesin lower closed{loop costs
and computing times.

Next, we add a second shooting node to our receding horizonntol problem. Since
our implementation expects the time indices of these points be in ascending order, see
Section 5.1.3, the following Figures 8.23 and 8.24 show @dfoop costs and computing
times only for feasible combinations&1); &2)) 2f 0;:::;N  2g2.

Similar to the case with just one shooting node, the problemaa be stabilized for a
reduced horizonN = 15 as shown in Figure 8.23. Again, we see that | apart from a fev
exceptions | the time indices of the shooting nodes should beontained in the last third
of the time grid.

For this example every added shooting node increases the gating times by around
10 15%. From our numerical experience and the de nition of themimization variable
in Problem 5.7 we know that this percentage evolves indirdgtproportional to the actual
size of the optimization vector.
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(a) Closed{loop costs (b) Computing times

Figure 8.23: Results for two varying single shooting noderfborizon lengthN = 15

From Figures 8.24 (and 8.21, 8.22 respectively) to we see tlihis proportion is reduced
as the horizon lengthN is increased. The smaller increase corresponds to the reeldic
percentage of shooting node variables in the total number optimization variables and
the constant number of equality constraints.

Moreover, we see that the closed{loop is stable for most comhtions (&1); &?2)). How-
ever, there are some exceptions which give us another niceitigtical insight: As Figures
8.24(a) and (c) show we obtain unstable closed{loops onlyrf&1) &2) 2, i.e. if the
two consecutive shooting nodes are close to each other in &m

All mentioned points strengthen the following heuristic:

" Keep the number of shooting nodes as small as possible
~ Place the shooting node in the last third of the time grid
" Choose the time distance between two shooting nodes su cidy large

If these three issues are considered in the presented ordlen it allows us to reduce the
computing time by
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(c) Closed{loop costs forN =17 (d) Computing times for N =17

Figure 8.24: Results for two varying single shooting noderfborizon lengthN = 16;17

" improving the initial guess which results in a lower numberfaequired optimization
steps and by

"~ reducing the optimization horizon.

Remark 8.18
If the horizon length N is reduced further, there exists no setting of multiple shinag
nodes which allows us to stabilize the closed{loop for thergocular example.

Remark 8.19

Within the receding horizon control context, we also have twonsider that information
about the previous optimal control can be used to improve thtial guess of the actual
optimization problem. Hence, the number of shooting poinésould be reconsidered in every
step of the receding horizon control problem. To this end,aHunction eventBeforeMPC()
can be used, see Section 6.1.1.2. Here, however, we neithange the number nor the
positions of the implemented shooting nodes.

8.3.5 E ects of Stopping Criteria

Our last setscrew to be analyzed is the stopping criterion défie optimization routine. At
present, there exist three di erent criteria in our implematation of the receding horizon
control algorithm which can be used for this purpose. Theseeathe already discussed
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tolerance level of the optimizer, a maximal number of iterans and a time dependent
method. Since we discussed the tolerance level before int®ec8.3.1, we do not consider
this method again here. Note that the tolerance level and maxal iteration stopping
mechanism are incorporated within the optimization routirs itself and therefore always
present while the latter method is supplementary imposed ithe receding horizon control
setting.

Here, we focus on the breaking method via xing a maximal nundr of iterations of the
optimization routine. There are several reasons for this ofce: Most importantly, if we
use the time dependent method to stop the optimization, thelgorithm is no longer deter-
ministic since random events in the background of the CPU ietfere with the calculation
and the closed{loop trajectories may vary drastically. Semndly, all e ects can be noticed
in the xed case as well. Note that in both cases, the optimizeon can be terminated by
the tolerance level criterion as well.

The following Figure 8.25 shows results for our setting of éhinverted pendulum example.
In particular, we consider the set of interesting horizon frgths N 2 S = f16;:::;24g

= 1 is excluded since it corresponds to evaluating the gradieof the cost function and
the Jacobian of the constraints only, i.e. no actual computeon of a search direction is
performed.

(a) Closed{loop costs (b) Computing times

Figure 8.25: Closed{loop costs and computing times for varis maximal numbers of SQP
iterations and horizon lengthsN

From Figure 8.25 we obtain that ifmaxiter is chosen to be small, hermaxiter 2 f 2; 3g,
then the closed{loop system does not converge towards an ight position which corre-
sponds to the large closed{loop costs displayed in Figure28(a). Moreover, if the horizon
N is chosen large, the maximal number of iteration is requirettd be larger than for small
horizons. For our example andN = 16 the receding horizon controller usingnaxiter =4
stabilizes the closed{loop in an upright position. FOIN = 24, however, maxiter = 7 is
required.

Hence, the parameteN should be chosen as small as possible to accelerate the rexed
horizon control algorithm: For one, small horizon lengthsequire less SQP steps in the op-
timization and therefore the computing time is reduced, sdeigure 8.25(b). Additionally,
the dynamic of the system can be solved faster as shown in Sewt8.3.2.

Remark 8.20
The time dependent breaking criterion may be critical upomiplementation since a priori
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it is not clear how many iterations can be executed by the aptkation routine. Moreover,
the optimization routines allow for increases in the cost fiction to compensate for the
Maratos e ect, see Section 5.2.4.2. Hence, even if a numbef iberations is performed,
the actually best computed solution may still be the initigblution.

This also holds for the maximal number criterion. Here, hower, we can choose the max-
imal number of iterations to be larger than the allowed numbef trial steps. Hence, the
outcome of the optimization is either an enhanced solution the optimization algorithm
is unable to improve the initial guess even if no additionatdaking criterion is imposed.

Remark 8.21

Note that in this work we do not compare the di erent implemead optimization routines

NLPQLPeO4wdcand IpOpt. For the rst two methods, a comparison can be found in
[88]. These results con rm that in case of a large{scale omtiization problem with only

few optimization variables the metho@04wdg i.e. a classSgpNag®bject, shows better
performance than the routineNLPQLP~or real{time applications, however, mainly small
optimization problem are considered. For these problemsckssSqpFortran object shows
outstanding performance, see also Remark 5.63 for details.

8.4 Suboptimality Results

From the previous Section 8.3 we know how a receding horizamntroller can be con gured
to stabilize the system under control and at the same time toh®w low computational
costs. Yet, at runtime we do not know if the resulting closedfop is controlled to the
desired equilibrium and if yes, how large the additional codor using the truncated
optimization horizon N is compared to the in nite one. Our aim in this section is to shw
and check the applicability of the suboptimality estimatesof Propositions 3.3, 3.28 as
well as Theorems 3.15, 3.22, 3.34 and 3.39 which are desigfeedhis purpose. In order
to illustrate our results from Chapter 3, we consider the dital redesign problem of the
arm/rotor/platform (ARP) model as shown in Section 7.3.

Note that, in contrast to the previous Section 8.3 which aimgor speed of the receding
horizon control algorithm, we now want to compute a suboptimlity estimate  which
characterizes the decrease of the functiow ( ) along the closed{loop trajectory in the
nonlinear distance de ned by the stage codf( ; ).

Here, we use the best numerically possible
Reference solutions and we x the absolute and rela-

Basic reference

10

tive tolerances for the solver of the di er-
ential equation to 10 1° and set the opti-
mality tolerance of the SQP solver to 108.
Additionally, we de ne the length of the
open{loop horizon within the receding hori-
zon control algorithm to N = 10 and con-
sider the reference functiorv(t) = sin(t).
] Last, if not stated di erently, we consider
0 s 10 55 the cost functional (7.41)

t

xg-values

Figure 8.26: Reference function of the arm{ VR A
rotor{platform model J(Xo;u) = Xsu(tXo)  Xsrer(t)jdt:
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The correspondingxs{component of the trajectory is shown in Figure 8.26. We likeo
point out that the basic assumptions

W(X) Wl v+ (X n(X)

or

Wn(x(n)) W (x(n+1))+min £ (I(x(n); n(x(n))

") 1x(n); n(x(n))) g
of Propositions 3.2 and 3.28 respectively do not rely on thedhition V() as in De nition
2.15, that is

W (x(n)) == inf JIn(X(N);un):
uy 2UN

Within this section, we implicitly make use of this freedom bchoice. In particular, we
compute Vy (x()) and 1(x(); ~(x())) numerically along the trajectory and use these
approximations in the suboptimality estimates.

In the following Section 8.5, we relax the tolerance leveld both the optimizer and the
di erential equation solver and show applicability of the siboptimality estimates within
the adaptation strategies presented in Chapter 4.

8.4.1 A posteriori Suboptimatity Estimate

Starting with our a posteriori estimate from Proposition 33 we obtain the data shown in
Table 8.5 for the arm{rotor{platform example using stated stting of the receding horizon
controller:

n Wy (X(n)) [(x(n); n(x(n))) Violation
0 0.99999631 0.55917846 0.47991166

1 0.99998840 0.07926857 0.06836975

2 0.99991231 0.01089961 0.00890766

3 1.00000000 0.00199273 0.00169242 (KKT)
4 0.99739334 0.00030002 0.00023833

5 0.99630676 0.00006231 0.00005041

6 0.80184613 0.00001209 0.00000816

7 -0.1941001 0.00000555 0.00000077 (3.8)
8 1.00000000 0.00000569 0.00000047 | (3.8), (KKT)
9 0.76238278 0.00000450 0.00000206

10 0.56527463 0.00000293 0.00000042

Table 8.5: values from Proposition 3.3

Note that the values ofVy (x(n+1)) which are needed to calculate from Proposition 3.3
are obtained at no cost in the ( + 1)th step of the receding horizon controller. According
to this, can be computed after the second step of the controller for éhrst time.
Moreover, violations of the relaxed Lyapunov inequality (B8) as well as errors coming
from our optimization routine which are indicated by (KKT) are displayed in Table 8.5.
In our simulation, the exact -values from Proposition 3.3 are close to one for the rst
iteration steps indicating that the feedback is almost in rite horizon optimal. However,
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from iteration step six onwards the values become smaller deven negative which shows
that optimality is lost here. One possible reason for this ithat here the values of\y ()
are close to the accuracy of the optimization routine and théolerances of the solver
of the dierential equations, hence numerical errors becoendominant. Nevertheless,
the measured values of in conjunction with the values of V() show that the closed{
loop system behaves \almost optimal” until a very small neigborhood of the reference
trajectory is reached which is exactly what we expected to paen, see the introduction
of Section 3.3.

Remark 8.22

One has to keep in mind that the minimal is giving an estimate for the degree of
suboptimality along the trajectory. Here, we mentioned all values to show the progress
within the calculation.

Remark 8.23

Although it is not our primary interest one can observe the inence of the choice of the
cost function using the calculated values. To show this we test the second cost functional
(7.42)

)(\I Z tj+1

J(Xo;u) = kxu(t;Xo)  Xrer(t)kadt

j =0 tj

which gives us the estimates for, stated in Table 8.6.

This di erence can also be illustrated by plotting the tragtories of the statexs( ) and its
tracking referencex.¢( ). Note that the estimate is the degree of suboptimality for a xed
cost functional and hence it has got no meaning for di erentrees. This is due to the fact
that we cannot qualify one resulting receding horizon cootrlaw to be superior since the
usage of di erent stage cost$( ; ) results in uncomparable closed{loop cos¥ (). Still,
one can see that the closed{loop trajectory using the rst nming cost converges faster to-
wards the tracking signal and we also obtain largervalues and particularly small values
of the optimal value functionVy ().

Although the observed di erences between the suboptimaéstimate and the value func-
tion Vy(x(0)) may give us an intuition of how to construct cost functionalsvhich are
appropriate for our control task, a design method is not at hd.

n 2 W (X(n)) I(x(n); n(x(n)))
0 0.99999631 || 0.99985713| 5044.50874629| 4389.32095396
1 0.99998840 | 0.99940034| 655.81491586 626.11058543
2 0.99991231 | 0.99181745 30.07978235 27.39755105
3 1.00000000 | 0.89245119 2.90641322 1.28994349
4 0.99630676 || 0.87663185 1.75520163 0.78653864
5 0.96778356 || 0.86449625 1.06569680 0.46395693
6 0.80184613| 0.88072356 0.66460777 0.28546064
7 -0.1941001 0.87676324 0.41319585 0.17505245
8 1.00000000| 0.81896807 0.25971630 0.09739556
9 0.76238278 || 0.82787192 0.17995245 0.07273550
10 || 0.56527463| 0.84014543 0.11973677 0.05141013

Table 8.6: Comparison of values from Proposition 3.3 for di erent cost functionals
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Figure 8.27: Comparison of trajectories for cost functiotsa (7.41) and (7.42)

xg-values

10

Reference

Costfunctional (7.41)
Costfunctional (7.42)

8.4.2 A priori Suboptimality Estimate

Now we compare our results from Proposition 3.3 and Theoreml3 to see how conserva-
tive the a priori estimate actually is. Again, we display erors of the optimization routine
by (KKT) and additionally indicate violations of Assumption 3.11 in this table.

n (Prop. 3.3) (Theorem 3.15) (Ass. 3.11) | Violations
0 0.99999631 0.99997706 0.46683396

1 0.99998840 -264.92387 19.8500131

2 0.99991231 -2182.4879 50.5375020

3 1.00000000 -1214.4208 38.6167593 (KKT)
4 0.99739334 -1068.8198 36.4481006

5 0.99630676 -139.27856 15.2657865

6 0.80184613 -571.23289 27.5835655

7 -0.1941001 -565.22399 27.4561781 (3.12)
8 2.53347027 -300.29165 20.9219290

9 0.76238278 -19.854158 7.52312945

10 0.56527463 -132.33098 14.9583235

Table 8.7: Comparing results from Proposition 3.3 and Theem 3.15

As shown in Table 8.7, almost none of the computed local sultopality values
tive. Hence, for this example, the a priori estimate from Tharem 3.15 is too conservative
and we are unable to guarantee stability of the closed{loopystem if we consider the
inequalities from Assumption 3.11 required for Theorem 31

iS posi-



228 Chapter 8: Numerical Results and E ects

Remark 8.24

If one prolongates the optimization horizon one may expecttter results. However, nu-
merical experiments have shown that is growing signi cantly if N is enlarged since the
trajectory is much closer to the steady state and computatial errors come into play.

Unfortunately, (3.18) cannot be used to directly recognize this interaction.

Conversely, if the horizon length is too short, there may nbe enough extractable infor-
mation about stability and suboptimality within the openflop solution.

If we apply Theorem 3.22 for varioudNo we expect better results due to the theoretical
background stated in Section 3.2. This can be con rmed by nuenical experiments. Here,
we compare our results from Proposition 3.3 and Theorems 3.&nd 3.22 in Table 8.8.

N0=2 N0=5 N0=9

g~ wWNEFE OS

0.99997706
-264.92387,
-2182.4879
-1214.4208
-1068.8198

-139.27856

0.46683395
19.8500134
50.5375029
38.6167594
36.4481006

15.2657861

0.99998313
0.99452510
0.99960136
0.40089028
-1159.3136

-168.69106

0.24294141
0.69188060
0.41987289
2.07184767
36.4481004

15.2657865

0.99644951]
0.99118052
0.99453994
0.98784725
0.98790473

0.89210579

0.16030633
0.22081641
0.18641408
0.24749807
0.24707919
0.55107453

Table 8.8: Comparing results from Theorem 3.22 for various,

From Table 8.8 one can clearly see that the enhanced a priostenate given by Theorem
3.22 is by far not as conservative as the a priori estimate @n by Theorem 3.15 which
does not even guarantee stability. Compared to results for&position 3.3 we obtain very
good estimates. Table 8.7 also shows that one cannot spediybest” No. However,
since all necessary values are computable or can be estindagasily, one can use a simple
maximization to obtain the \best" possible estimate .

Remark 8.25

Using a maximization over all possible values Nf, is applicable for academic use since we
do not have to care about computing times. If, however, we aanreducing the computing
time for the receding horizon controller by applying our agé#ation strategies presented in
Chapter 4, this time issue becomes critical if the a priori @mates are used, see Section
8.5 below.

8.4.3 A posteriori practical Suboptimality Estimate

In Table 8.5 we observed that our estimates deteriorate whehe values ofVy (x(n)) or
[(x(n); n(x(n))) are very small, implying that optimality of the trajectories is lost in a
small neighborhood of the reference solution. Note that thiis also true for Tables 8.7
and 8.8 which we truncated for reasons of clarity. One can gnépeculate whether this is
due to sampling or due to numerical optimization errors, magikely the e ect is caused
by a combination of both. In either case, one would expect tobtain better estimates
when considering practical optimality.

In this section, we apply Proposition 3.28 to our setting offte receding horizon controller
for the arm{rotor{platform model and obtain the following values for for horizon length
N =10and" =10 ©.
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n W (x(n)) 1(x(n); ~(x(N)))
0 0.99999840 0.55917846 0.47991166
1 1.00000000 0.07926857 0.06836975
2 1.00000000 0.01089961 0.00890766
3 1.00000000 0.00199273 0.00169242
4 1.00000000 0.00030002 0.00023833
5 1.00000000 0.00006231 0.00005041
6 0.91383624 0.00001209 0.00000816
7 1.00000000 0.00000555 0.00000077
8 1.00000000 0.00000569 0.00000047
9 1.00000000 0.00000450 0.00000206
10 1.00000000 0.00000293 0.00000042
Table 8.9: values from Proposition 3.28

Here, we do not compare results for suboptimality and praaal suboptimality since it
is clear from the inequalities that the estimates for practial suboptimality always yield

better

values.

We also like to point out that for n =7 and 8 we havel(x(n); n(x(n))) <". Since this

corresponds to the choseri-region we have

= 1 by de nition. For n = 9, however,

we leave the"-region but the optimization routine takes us back there in oly one step.
Hence, using the notation from Proposition 3.28, we obtainb intervals |, = f0; 6g and
I, = f9g for this example.

Remark 8.26
If one wants to obtain a feasible and in some sense optiriala nonlinear optimization

problem can be generated where the constraints are given(By27) and the cost function
can be chosen freely. Note that this optimization problem ggowing during the receding
horizon control process since starting from the second itgron for every single iteration

one nonlinear constraint has to be added.
We like to point out that the choice of the cost function is dical for the optimization

itself since in general

is forced to be 1 wherea$ is almost 0. Hence, since numerical

errors occur within the receding horizon control algorithmit is sometimes rather tricky

to obtain any result di erent from 1 and O respectively.

Remark 8.27

Again, note that the values of are computed separately for each point. To obtain the
closed{loop suboptimality estimate, the minimum of the cqmted local suboptimality es-
timates has to be considered.

8.4.4 A priori practical Suboptimality Estimate

Last, we compare the results from Theorem 3.39 and all the ptieusly mentioned results.

n (Prop. 3.3) (Theorem 3.22) (Prop. 3.28) (Theorem 3.39)
0 0.99999631 0.99998316 0.99999840 0.99999994
1 0.99998840 0.99982736 1.00000000 0.99999822
2 0.99991231 0.99899284 1.00000000 0.99894664
3 1.00000000 0.99775792 1.00000000 0.99995965
4 0.99739334 0.98790477 1.00000000 0.99999651




230 Chapter 8: Numerical Results and E ects

n (Prop. 3.3) (Theorem 3.22) (Prop. 3.28) (Theorem 3.39)
5 0.99630676 0.96963602 1.00000000 0.99999264
6 0.80184613 0.97978377 0.91383624 0.99999198
7 -0.1941000 -0.6194016 1.00000000 1.00000000
8 1.00000000 -300.29165 1.00000000 1.00000000
9 0.76238278 0.97854192 1.00000000 0.99967378
10 0.56527463 0.91644361 1.00000000 1.00000000

Table 8.10: Comparing results from Propositions 3.3, 3.2&d Theorems 3.22, 3.39

In Table 8.9 we used the same setting as in Section 8.4.3. Tongmute the results for
Theorem 3.39 we solved all possibM{subproblems and took the maximal value of .
We may have stated the results for eacN separately but this will give us no more insight
information than we already obtained in the non-practical ase.

Remark 8.28

If exact solutions are at hand then the a priori estimate is\ahys more conservative than
the a posteriori estimate. In Table 8.9, however, this is ndhe case for the practical a
posteriori and a priori suboptimality estimates fom = 6 due to numerical errors. Since
we deal with numerical approximations such deviations caminbe prevented.

We observe that using the practical a posteriori or a priorigimates from Proposition 3.3
or Theorem 3.39, we can guarantee stability of the closedfip by combining our local
suboptimality estimates to a closed{loop suboptimality eimate. For the a posteriori and
a priori estimates of Proposition 3.28 and Theorem 3.22, hewer, this is not possible since
negative values occur. These may be due to numerical errors which ocai runtime
but it is also not clear whether the system is asymptoticallystabilizable using a class of
piecewise constant control functions. For an adaptation gbrithm as proposed in Chapter
4, this is critical since negative values of cause a prolongation of the optimization
horizon.

Remark 8.29

If conditions (3.6) or (3.27) can be satis ed in every step of the receding horizon control
algorithm, then they may also be used as a stopping criterifor the optimization routine.
Unfortunately, we observed that the applicability assunim does not hold in general. One
possibility to circumvent this problem is to apply our adagtion strategies from Chapter
4 which are designed guarante3.6) or (3.27) to hold. Advantages and disadvantages of
this stopping criterion in comparison to other criteria hae not been tested by now.

8.5 Adaptivity

Knowing the properties and weaknesses of our suboptimaligstimate from Chapter 3
and the previous Section 8.4, we again consider the arm{ra{platform model described
in Section 7.3 in numerical experiments to analyze our adagdion strategies of Chapter
4 within this last section. This example is appropriate for his test since, using tracking
examples, one requires long optimization horizons to harmdihe transient behaviour while
close to the desired equilibrium short horizons are su ciento stabilize the system.

To this end, we design simulation settings of the ARP model i®ection 8.5.1 which are
typical for a RHC application. For these situations, we sta¢ results and computing times
for a standard receding horizon controller with minimal but xed optimization horizon
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which still guarantees a xed suboptimality degree . These results serve us as benchmark
for our adaptation strategies. Starting with our simple impementation in Section 8.5.2
and the more sophisticated xed point and monotone prolondgen strategies in Section
8.5.3, we present trajectories and computing times for oulompetitive adaptive reced-
ing horizon controller implementation. Last, in Section &.4, we use Theorems 4.4 and
4.6 to interpret the local suboptimality estimates along tle closed{loop solution. More-
over, we draw some conclusions concerning the practicatyilof the considered adaptation
strategies.

8.5.1 Setup of the Simulations

For our simulation, we create two di erent reference funconsv( ) of the form (7.40) for
the continuous{time controller. The resulting two simulaions are typical for a receding
horizon controller setting.

(1) Constant setpoint tracking: The problem is initializedfar from the desired equilib-
rium. Hence, the continuous{time controller causes a typa transient behaviour
of the reference state trajectoryx,e( ). Here, we consider the reference function
vi(t) 0, compare Figure 8.28(a).

(2) Switching setpoint tracking: Upon initialization, the problem is operating at the
desired setpoint. During the runtime, this setpoint is chaged several times. The
recovery times are not equidistant and the switching timesra not required to be
sampling instances. For our simulation, we consider the s¥ence function

10, t 2 [0:5)[ [9; 10)

V(0= 0 t2[59)][ [1015)

see also Figure 8.28(b).

> > t
0 5 0 5 9 10 15
(a) Reference functionvy(t) (b) Reference functionv,(t)

Figure 8.28: Typical tracking functions for a receding hozon controller

For these two situations, we now develop reference valuesngsa standard receding hori-
zon controller without adaptation of the optimization horizon.

Considering the rst situation, we use the horizon lengtiN = 6 which guarantees a local
suboptimality degree™ = 0:5 and is minimal, i.e. choosingN < 6 results in a closed{
loop suboptimality degree < —. Here, we measure the local suboptimality degree
by using the practical a posteriori estimate of Propositior8.28. Moreover, we set the
tolerance levels of both the minimizer and the di erential quation solver to 10° and
the truncation constant of the running costs to" = 10 °. For this setup of the receding
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horizon controller, we obtain the results and computing tires displayed in Table 8.11
for our rst simulation setting which serve us as a benchmaritor the di erent adaptive
receding horizon controller implementations.

t [s] Xs;ret (1) Xs(t) Time [10 °s]
0.00 10.00000 | 10.00000 | 1.00000 124.97
0.20 -3.31615 -0.61539 | 0.99984 85.67
0.40 -5.82954 -7.14547 | 1.00000 32.77
0.60 -1.82597 -1.52865 | 1.00000 47.82
0.80 -0.24045 -0.26322 | 1.00000 25.24
1.00 0.03912 0.05703 | 1.00000 24.48
1.20 0.01567 -0.00547 | 1.00000 20.50
1.40 -0.01729 -0.01245 | 1.00000 10.26
1.60 -0.01926 -0.02112 | 1.00000 23.01
1.80 -0.00666 -0.00550 | 1.00000 23.50
2.00 0.00678 0.01020 | 1.00000 20.38
2.20 0.01538 0.01804 | 1.00000 4.94
2.40 0.01660 0.01688 | 1.00000 18.81
2.60 0.01023 0.00800 | 1.00000 20.14
2.80 -0.00077 -0.00356 | 1.00000 17.74
3.00 -0.01088 -0.01316 | 1.00000 9.17
3.20 -0.01504 -0.01501 | 1.00000 4.71
3.40 -0.01178 -0.00954 | 1.00000 18.86
3.60 -0.00363 -0.00157 | 1.00000 19.26
3.80 0.00515 0.00664 | 1.00000 17.30
4.00 0.01087 0.01206 | 1.00000 4.92
4.20 0.01137 0.01069 | 1.00000 8.55
4.40 0.00664 0.00524 | 1.00000 18.67
4.60 -0.00099 -0.00173 | 1.00000 9.18
4.80 -0.00771 -0.00792 | 1.00000 18.60
5.00 -0.01026 -0.00984 | 1.00000 8.61

628.52

Table 8.11: Results for a standard RHC in a steady state sittian

Remark 8.30

Within this and the following tables, we only show resultsrfthe statexs( ) since the aim
of the receding horizon control law is to keep the distangg( ) and Xs..¢( ) as small as
possible.

From the computing times (and the suboptimality estimate ) we can see that the tran-
sient phase of the state trajectory is computationally denmrading. Here, computing times
are usually larger than 30ms. Once the state trajectory isate to the steady state given
by vi( ), the computing times shrink drastically. This indicates hat only small adjust-
ments have to be made during the optimization process whichay allow us to reduce the
length of the optimization horizon in this time phase of the antrol process.

Remark 8.31
Here, we only display the rst 26 steps of the receding horiza@ontrol process. The aim
of the considered exemplary setting, however, is to analyhke impact of using adaptation
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algorithms on computing times for long{term applicationsHence, we do not consider the
time interval [0; 5] for our comparison of the standard receding horizon contier and the
various adaptive implementations but the larger intervd0; 50]

For our second standard situation, we consider a similar $igtg for the receding horizon
controller. Again, we set' = 10 ° and both optimality and di erential equation solver tol-
erances to 10°. Given the reference function,( ), we can guarantee local suboptimality
degree— = 0:5 for a horizon lengthN = 6 using the standard receding horizon con-
troller without adaptation of the horizon length. For this setting, we obtain the following
benchmark results:

t [s] Xs;re (1) Xs(t) Time [10 °s]
0.00 10.00000 | 10.00000 | 1.00000 117.60
0.20 -1.58301 1.36121 | 0.99978 86.50
0.40 0.86187 -0.67806 | 1.00000 56.09
0.60 7.53857 7.92565 | 1.00000 27.86
0.80 9.72219 9.69652 | 1.00000 26.71
1.00 9.99944 | 10.01864 | 1.00000 24.26
1.20 9.97356 9.95028 | 1.00000 21.36
1.40 9.94905 9.95711 | 1.00000 541
1.60 9.94825 9.94541 | 1.00000 6.94
1.80 9.95790 9.95897 | 1.00000 16.66
2.00 9.96823 9.96937 | 1.00000 16.62
2.20 9.97513 9.97506 | 1.00000 6.63
2.40 9.97666 9.97625 | 1.00000 8.00
2.60 9.97242 9.97088 | 1.00000 7.97
2.80 9.96432 9.96343 | 1.00000 15.79
3.00 9.95634 9.95693 | 1.00000 8.48
3.20 9.95256 9.95304 | 1.00000 8.58
3.40 9.95453 9.95589 | 1.00000 4.38
3.60 9.96052 9.96216 | 1.00000 9.11
3.80 9.96726 9.96654 | 1.00000 9.60
4.00 9.97188 9.96909 | 1.00000 7.89
4.20 9.97270 9.96988 | 1.00000 7.78
4.40 9.96951 9.96747 | 1.00000 4.19
4.60 9.96384 9.96317 | 1.00000 7.45
4.80 9.95851 9.95952 | 1.00000 7.87
5.00 9.95617 9.95820 | 1.00000 83.69
5.20 8.23689 8.07522 | 1.00000 51.24
5.40 3.63383 3.74642 | 1.00000 43.14
5.60 0.70561 0.67299 | 0.98167 21.23
5.80 -0.01646 -0.02819 | 1.00000 41.15
6.00 -0.06209 -0.05688 | 1.00000 23.70
6.20 0.01084 0.00917 | 1.00000 12.86
6.40 0.02821 0.03045 | 1.00000 22.75
6.60 0.00426 0.00231 | 1.00000 23.38
6.80 -0.01988 -0.02589 | 1.00000 24.05
7.00 -0.03267 -0.03846 | 1.00000 21.37
7.20 -0.03075 -0.03546 | 1.00000 9.43
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t[s] Xs;ref(t) Xs(t) Time [10 °s]
7.40 -0.01394 | -0.01482 | 1.00000 20.34
7.60 0.01013 0.01285 | 1.00000 21.60
7.80 0.02806 0.03249 | 1.00000 20.46
8.00 0.03036 0.03430 | 1.00000 17.94
8.20 0.01864 0.02039 | 1.00000 11.11
8.40 0.00116 0.00078 | 1.00000 22.41
8.60 -0.01458 | -0.01669 | 1.00000 22.99
8.80 -0.02307 | -0.02697 | 1.00000 21.15
9.00 -0.02087 | -0.02422 | 1.00000 81.88
9.20 1.73013 1.93590 | 1.00000 54.71
9.40 6.50679 6.37147 | 1.00000 27.32
9.60 9.38915 9.41591 | 1.00000 3.23
9.80 9.92415 9.95285 | 1.00000 11.44
10.00 9.93538 9.92177 | 1.00000 10.68
10.20 9.93837 9.93994 | 1.00000 83.06
10.40 8.24106 8.16091 | 0.99142 74.01
10.60 3.95424 3.95015 | 1.00000 20.75
10.80 0.82267 0.83935 | 1.00000 42.20
11.00 0.07257 0.03354 | 1.00000 44.22
11.20 -0.08727 | -0.07722 | 1.00000 42.61
11.40 0.00089 | -0.00799 | 1.00000 13.15
11.60 0.05221 0.05321 | 1.00000 5.50
11.80 0.02750 0.02721 | 1.00000 40.26
12.00 -0.01136 | -0.01213 | 1.00000 40.19
12.20 -0.04392 | -0.04059 | 1.00000 22.05
12.40 -0.05830 | -0.05940 | 1.00000 10.06
12.60 -0.04345 | -0.04732 | 1.00000 35.16
12.80 -0.00432 | -0.00537 | 1.00000 24.83
13.00 0.03525 0.03666 | 1.00000 38.96
13.20 0.05172 0.05341 | 1.00000 12.77
13.40 0.04277 0.04109 | 1.00000 5.34
13.60 0.01957 0.01880 | 1.00000 37.44
13.80 -0.00830 | -0.00772 | 1.00000 23.60
14.00 -0.03170 | -0.03311 | 1.00000 21.28
14.20 -0.04034 | -0.04609 | 1.00000 5.33
14.40 -0.02832 | -0.03037 | 1.00000 20.29
14.60 -0.00138 0.00257 | 1.00000 22.54
14.80 0.02426 0.02836 | 1.00000 22.64
15.00 0.03476 0.03936 | 1.00000 21.10

0.98167 1946.72

Table 8.12: Results for a standard RHC in a switching steadyage situation

For this example, we can clearly identify the switching ingtnces of the reference function
V,( ) from the values ofxs.ef( ) and xs( ). Additionally, we observe drastical increases
in the computing times once a switch in the reference functiooccurs. Similar to the
rst example, calculation times during the transient phase are signi cantly larger than
during the recovery phases. Moreover, we only experiencebeptimality estimates
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which are smaller than one during these phases. These twotfadicate that during
the transient phase an adaptation algorithm will in generahave to increase the length
of the optimization horizon. For the recovery phases, we egpt the horizon length to be
shortened since by the low computing times we can concludeathonly minor changes of
the open{loop control are made by the optimization routine.

Remark 8.32

In contrast to the rst situation which deals with long{term aspects of the comparison
of standard and adaptive receding horizon controllers, thisecond one is designed to ex-
hibit advantages and disadvantages of the presented adambastrategies given a speci ¢
switching of steady states. In particular, we want to clagfwhether the additional e ort
for enlarging the optimization horizon pays o during shoening phases.

8.5.2 Simple Shortening and Prolongation

Having the benchmark results using the standard receding hpon controller for both
situations stated in the previous Section 8.5.1, we now pes# results for receding horizon
controllers which are based on

" the simple shortening and prolongation strategies 4.10,14L using the a posteriori
estimates of Propositions 3.3 or 3.28 or on

~ the simple shortening and prolongation strategies 4.19, 24. using the a poriori
estimates of Theorems 3.22 or 3.39.

In either case, we use a setup of the receding horizon conkeolwhich is | apart from the
adaptation of the optimization horizon | identical to the be nchmark standard receding
horizon controller, i.e. we set both the optimizer and di eential equation solver tolerances
to 10 ® and the truncation constant of the running costs to" = 10 °. Moreover, we
initialize the controller with a horizon length N =6 and set™ = 0:5.

Reference Proposition 3.3 Proposition 3.28

t Xs:ref(t) Xs(t) Time N Xs(t) Time | N
[s] [10 39] [10 3g]

0.00| 10.00000| 10.00000f 0.99996| 498.72| 6 | 10.00000 0.99997| 489.29| 6
0.20| -3.31615|| -0.61541| 1.00000{ 161.96| 5| -0.61541 1.00000| 163.14| 5
0.40| -5.82954|| -7.14043| 1.00000 90.85| 4| -7.14043| 1.00000[ 91.81| 4
0.60| -1.82597|| -1.52993| 1.00000 48.48| 3| -1.52993| 1.00000{ 48.55| 3
0.80| -0.24045|| -0.26170( 0.93143 20.66| 2| -0.26170| 0.93871| 20.23| 2
1.00| 0.03912| 0.04677| 0.70421 594| 2| 0.04677| 0.73161f 6.01| 2
1.20| 0.01567| -0.00454| 0.73270 6.40| 2| -0.00454| 0.81033] 6.07| 2
1.40| -0.01729| -0.00049| 1.00000 15.14| 3| -0.00049| 1.00000, 15.45| 3
1.60| -0.01926| -0.03437| 0.72729 10.35| 2| -0.03437| 1.00000, 10.29| 2
1.80| -0.00666| -0.00367 1.00000 10.03| 3| -0.00367| 1.00000 2.54| 2
2.00| 0.00678|| 0.00804| 1.00000f 164.93| 8| 0.00698| 1.00000;] 2.38| 2
2.20| 0.01538|] 0.01636| 1.00000f 383.49| 12| 0.01695| 1.00000; 2.28| 2
2.40| 0.01660) 0.01607| 1.00000f 658.44| 16| 0.02079| 1.00000; 2.35| 2
2.60| 0.01023|| 0.00996| 1.00000f 261.27| 16| 0.01574| 1.00000] 2.37| 2
2.80| -0.00077|| -0.00012| 1.00000f 375.33| 17| 0.00424| 1.00000; 2.30| 2
3.00| -0.01088|| -0.00983| 1.00000f 344.48| 18 | -0.00807| 1.00000; 1.44| 2
3.20| -0.01504| -0.01444| 1.00000f 316.03| 17 || -0.01508| 1.00000; 2.19| 2
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Reference Proposition 3.3 Proposition 3.28
t Xsref(t) X5(t) Time N Xs5(t) Time | N
[s] [10 39] [10 39]
3.40| -0.01178|| -0.01174| 1.00000f 347.72| 18 || -0.01276| 1.00000; 2.27| 2
3.60| -0.00363|| -0.00497| 1.00000f 440.56| 19 || -0.00483| 1.00000; 2.13| 2
3.80| 0.00515| 0.00330| 0.99327| 322.08| 18| 0.00370| 1.00000; 2.19| 2
4.00| 0.01087|| 0.00931| 1.00000{ 258.22| 18| 0.01108| 1.00000; 2.15| 2
4.20| 0.01137|| 0.00987| 1.00000{ 423.02| 19| 0.01331] 1.00000] 2.31| 2
4.40| 0.00664|| 0.00609| 1.00000{ 1878.04| 24| 0.00940| 1.00000; 2.28| 2
4.60| -0.00099|| -0.00059| 0.77468| 2106.05| 28| 0.00133| 1.00000; 2.22| 2
4.80| -0.00771| -0.00638| 0.97135| 1327.45| 30| -0.00684| 1.00000; 2.07| 2
5.00| -0.01026| -0.00805| 0.51607| 2780.64| 34 || -0.01109| 1.00000; 2.18| 2
13215.00 872.38

Table 8.13: Results for the ARP model using Algorithms 4.8,.40, 4.14 based on estimates
of Propositions 3.3 or 3.28 given a steady state situation

Considering the results based on the practical estimate ofréposition 3.28, we observe
exactly those results we expected: During the transient pka the required computing
times are large and due to the additional optimal control prblem to be solved to obtain
the required suboptimality estimate (N), these computing times exceed those of caused
by the standard receding horizon controller. Yet, we also ¢&in that the optimization
horizon N is shrinking during this phase such that fot  0:8 the required computing
times of the adaptive receding horizon controller in each egp are smaller than those of
our benchmark, cf. Table 8.11.

The results which are computed using the estimate of Propdisin 3.3, on the other hand,
show not only large horizons but also large computing timesvioreover, this implemen-
tation of the adaptive receding horizon controller fails tayuarantee a local suboptimality
degree™ = 0:5 on the complete considered interval [80]. Since it is not clear whether
the sampled{data problem is asymptotically stabilizable ad since we use numerical ap-
proximations to solve the optimal control problem, we canrtcexpect this approximation
to reveal good results.

Remark 8.33

Note that the optimization horizon is not shrinking taN = 1 which we explicitly excluded
for our controller. From an analytical point of view this shald not be a problem, cf.
Propositions 3.3 and 3.28. During our numerical tests, hower, N = 1 in almost every
case leads to instability of the closed{loop. Unfortunatglthis instability does not appear
in our suboptimality degree (N) for several iterations and stays therefore uncompensated.
If we exclude the casdl = 1, however, this problem never occured during our tests of the
algorithm.

Coming to our a priori estimates of Theorems 3.22 and 3.39, vagain use an identical
setup of the controller as in the benchmark case. Here, we alyg considerNg = N 1
which has shown to be an e ective choice during our test runs.

Reference Theorem 3.22 Theorem 3.39
t Xs:ref(t) Xs(t) Time | N Xs(t) Time | N
[s] [10 39] [10 39]
0.00| 10.00000|| 10.00000[ 0.98802| 462.29| 6 || 10.00000 0.98803| 443.22 6\
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Reference Theorem 3.22 Theorem 3.39
t Xsref(t) X5(t) Time | N X5(t) Time | N
[s] [10 39] [10 39]

0.20| -3.31615|| -0.61789| 0.99760| 223.42
0.40| -5.82954| -7.14123| 0.99663| 75.28
0.60| -1.82597| -1.52114| 0.99002| 22.15
0.80| -0.24045| -0.27003| 0.94674 9.85
1.00| 0.03912| 0.05914| 0.83568, 10.23
1.20| 0.01567| 0.00837| 1.00000, 23.92
1.40| -0.01729| -0.01208| 0.98841] 18.83
1.60| -0.01926| -0.01468| 1.00000; 17.91
1.80| -0.00666| 0.00158| 1.00000, 10.77
2.00| 0.00678|| 0.00267( 1.00000 7.01
2.20| 0.01538|| 0.01609| 0.53451 2.66
2.40| 0.01660| 0.01823| 0.56256 3.51
2.60| 0.01023|| 0.01043| 0.69038 3.23
2.80| -0.00077|| 0.00131| 0.77679 3.13
3.00| -0.01088|| -0.01106( 0.75806 7.03
3.20| -0.01504|| -0.01547| 1.00000, 79.67
3.40| -0.01178|| -0.01009| 1.00000, 59.27
3.60| -0.00363|| -0.00596| 1.00000| 16.63
3.80| 0.00515|| 0.00487| 1.00000 7.87
4.00| 0.01087| 0.01307| 0.58641 3.50
4.20| 0.01137|] 0.00945| 0.91588 2.47
4.40| 0.00664| 0.00613| 1.00000; 41.79
4.60| -0.00099| -0.00094| 1.00000; 20.30
4.80| -0.00771]| -0.00840| 1.00000 9.88 -0.00761| 1.00000 3.10
5.00| -0.01026|| -0.00960( 1.00000 5.61 -0.01396| 1.00000; 5.19
1138.29 864.83
Table 8.14: Results for the ARP model using Algorithms 4.16}.19, 4.21 based on esti-
mates of Theorems 3.22 or 3.39 given a steady state situation

-0.61789| 0.99760| 222.94
-7.14123| 0.99670] 76.17
-1.52114| 0.99116| 22.27
-0.27003| 0.95112| 9.87
0.05914| 1.00000; 10.36
0.00837| 1.00000; 8.83
-0.00713| 1.00000{ 9.18
-0.01796| 1.00000[{ 7.19
-0.00530| 1.00000[{ 3.61
0.00391| 1.00000; 3.50
0.01178| 1.00000; 3.10
0.02103| 1.00000; 5.40
0.01329| 1.00000; 3.68
-0.00119| 1.00000[ 3.41
-0.00834| 1.00000{ 3.21
-0.01799| 1.00000{ 6.97
-0.01399| 1.00000[{ 3.58
-0.00425| 1.00000{ 3.43
0.00037| 1.00000; 2.45
0.00973| 1.00000; 2.89
0.01680| 1.00000; 5.31
0.00958| 1.00000; 2.75
-0.00233| 1.00000{ 2.68
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Compared to the a posteriori estimates, the a priori estimat designed for the non{
practical case shows better performance. However, it is @alanable to compute a closed{
loop solution with guaranteed local suboptimality estimag@ — = 0:5 on the complete
considered interval [050].

Using the practical estimate of Theorem 3.39, we observe tithe computing times during
the transient phase are larger than in Table 8.11 for standdrRHC but smaller than using
the a posteriori estimate, cf. Table 8.13. Since the additi@l computational cost for the
a posteriori estimate originate from solving twice as manypdimal control problems as in
the standard case and the a priori estimate is designed to nack this e ort, this reduction
is not surprising. More surprisingly, the smallest optimiation horizon for this problem
is N = 3. One reason for this choice may be that the estimate foNy = 2 is very
conservative, see also Tables 8.7 and 8.8. Due to this (intaf) choice of the algorithm,
the computing times once the state trajectory is close to theesired steady state are larger
than using the a posteriori estimate. Still, the total compting time for this exemplary
setting as displayed at the bottom of Tables 8.13 and 8.14 shdahat the a priori estimate
reveals an e ective adaptation strategy.
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Since our second situation, the switching setpoint trackmy is based on the same model,
we can expect that the non{practical estimates exhibit an aabtation algorithm with
poor performance. Hence, we only consider the practical imsate of Proposition 3.28
and Theorem 3.39. In order to be comparable to the benchmarksults of the standard
receding horizon controller, we use an identical setup, i.eve set the tolerances levels to
10 8 and " = 10 °. Moreover, we initialize the controller with a horizon lenth N = 6
and set™ =0:5.

Reference Proposition 3.28 Theorem 3.39

t Xsref(t) X5(t) Time | N X5(t) Time | N
[s] [10 3s] [10 3s]

0.00| 10.00000/| 10.00000| 0.99996| 479.44| 6 | 10.00000 0.98611| 461.94| 6
0.20| -1.58301| 1.36119| 1.00000{ 183.19| 5| 1.36494| 0.99721| 226.10| 5
0.40| 0.86187| -0.67151| 1.00000; 93.82| 4| -0.66782| 0.99585 111.68| 4
0.60| 7.53857|| 7.92313| 1.00000; 50.43| 3| 7.92586| 0.97686| 51.73| 3
0.80| 9.72219| 9.69712| 0.92963] 20.93| 2| 9.69940| 0.96025] 21.43| 3
1.00| 9.99944| 10.00726| 0.71314 6.66| 2| 10.02277| 1.00000; 64.88| 5
1.20| 9.97356| 9.94931| 0.77431 6.11| 2| 9.94895| 1.00000] 24.25| 4
1.40| 9.94905| 9.96907| 1.00000, 12.08| 3| 9.96158| 1.00000 9.50| 3
1.60| 9.94825|| 9.92436| 1.00000 9.53| 2| 9.94130| 1.00000 3.06| 3
1.80| 9.95790| 9.95685| 1.00000 1.68| 2 || 9.95880| 1.00000 3.56| 3
2.00| 9.96823|| 9.96938( 1.00000 2.46| 2| 9.97193| 1.00000 3.36| 3
2.20| 9.97513|| 9.97495| 1.00000 2.21| 2| 9.98037| 1.00000 6.17| 3
2.40| 9.97666| 9.97737| 1.00000 2.17| 2| 9.97848| 1.00000 3.50| 3
2.60| 9.97242| 9.97457| 1.00000 2.25| 2| 9.97291| 1.00000 3.51| 3
2.80| 9.96432|| 9.96671| 1.00000 2.22| 2| 9.97117| 1.00000 2.30| 3
3.00| 9.95634| 9.95817| 1.00000 2.13| 2| 9.96476| 1.00000 2.33| 3
3.20| 9.95256| 9.95322( 1.00000 2.07| 2| 9.95871| 1.00000 2.27| 3
3.40| 9.95453|| 9.95402( 1.00000 2.05| 2| 9.95675| 1.00000 2.15| 3
3.60| 9.96052|| 9.95945| 1.00000 2.09| 2| 9.95946| 1.00000 2.82| 3
3.80| 9.96726| 9.96635| 1.00000 1.30| 2 || 9.96503| 1.00000 2.83| 3
4.00| 9.97188| 9.97156| 1.00000 1.31| 2 || 9.97066| 1.00000 2.74| 3
4.20| 9.97270] 9.97339| 1.00000 1.96| 2| 9.97382| 1.00000 2.12| 3
4.40| 9.96951| 9.96956| 1.00000 2.25| 2| 9.97315| 1.00000 2.25| 3
4.60| 9.96384| 9.96349| 1.00000 2.08| 2| 9.96904| 1.00000 2.26| 3
4.80| 9.95851 9.95928| 1.00000 7.09| 2| 9.96354| 1.00000 9.39| 3
5.00| 9.95617|| 9.95638| 0.93036| 41.44| 3| 9.95937| 0.96739] 69.25| 4
5.20| 8.23689|| 8.08290| 0.98630| 27.94| 2| 8.07478| 0.96229| 44.74| 3
5.40| 3.63383|| 3.72689| 0.97849 8.94| 2| 3.74030| 0.85671] 21.44| 3
5.60| 0.70561|| 0.65233| 0.98991 7.41| 2| 0.66903| 0.53104| 15.28| 3
5.80| -0.01646|| -0.02347| 0.91672 2.68| 2| -0.01702| 1.00000; 29.51| 4
6.00| -0.06209|| -0.06160( 1.00000 3.02| 2| -0.05325| 1.00000; 20.65| 3
6.20| 0.01084| 0.01625| 1.00000, 16.65| 3| 0.00363| 1.00000 450 3
6.40| 0.02821|| 0.03695| 1.00000 10.69| 2| 0.03232| 1.00000 7.02| 3
6.60| 0.00426| 0.01318| 1.00000 2.69| 2| 0.00506| 1.00000 3.69| 3
6.80| -0.01988|| -0.01674| 1.00000 1.52| 2 || -0.01771] 1.00000 3.53| 3
7.00| -0.03267|| -0.03111| 1.00000 2.20| 2 || -0.02647| 0.84307 3.27| 3
7.20| -0.03075|| -0.03365( 1.00000 2.77| 2| -0.03341| 1.00000 6.35| 3
7.40| -0.01394|| -0.02124| 1.00000, 16.65| 3| -0.01641| 1.00000 8.42| 3
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Reference Proposition 3.28 Theorem 3.39
t Xsref(t) X5(t) Time | N X5(t) Time | N
[s] [10 39] [10 39]
7.60| 0.01013|| 0.01130( 1.00000 9.58| 2| 0.01331] 1.00000 4.08| 3
7.80| 0.02806| 0.03258( 1.00000 2.46| 2| 0.02421| 1.00000 3.39| 3
8.00| 0.03036| 0.02818| 1.00000 2.33| 2| 0.02748| 1.00000 6.39| 3
8.20| 0.01864| 0.02064| 1.00000 2.31| 2| 0.01860| 1.00000 6.83| 3
8.40| 0.00116| 0.00695| 1.00000 2.44| 2| -0.00075| 1.00000 3.50| 3
8.60| -0.01458|| -0.00871| 1.00000 2.34| 2| -0.01093| 1.00000 3.38| 3
8.80| -0.02307|| -0.01903| 1.00000 5.98| 2| -0.01590| 1.00000 7.70| 3
9.00| -0.02087|| -0.02000] 0.93499| 43.98| 3| -0.02035| 0.97887| 72.43| 4
9.20| 1.73013| 1.92919| 0.97768| 35.27| 2| 1.93631| 0.97696| 46.92| 3
9.40| 6.50679|| 6.38804| 0.95393 9.36| 2| 6.37470| 0.89778] 28.79| 3
9.60| 9.38915|| 9.43669| 0.99774 3.11| 2| 9.41498| 0.98502| 13.70| 3
9.80| 9.92415|| 9.94472| 1.00000 3.55| 2| 9.95211| 1.00000; 10.46| 3
10.00| 9.93538| 9.92173| 1.00000 9.31| 2| 9.92691| 1.00000] 17.32| 3
10.20| 9.93837| 9.93531| 0.56752 8.81| 2 || 9.94172 0.70144| 24.46| 3
10.40| 8.24106| 8.18114| 0.94721 8.90| 2| 8.15265| 0.61188| 19.71| 3
10.60| 3.95424| 3.98536( 1.00000, 27.96| 3| 3.95759| 0.97954| 46.89| 4
10.80| 0.82267| 0.84555| 1.00000, 25.45| 2| 0.84762| 0.87465 51.46| 5
11.00| 0.07257|| 0.03571| 0.81082] 15.52| 3| 0.02282| 0.99208| 34.82| 4
11.20| -0.08727|| -0.07157| 1.00000, 109.04| 6 || -0.06908| 1.00000{ 10.67| 3
11.40/ 0.00089|| -0.01035| 1.00000, 45.99| 5| -0.00059| 1.00000 442 3
11.60| 0.05221| 0.04969| 1.00000, 21.89| 4| 0.04750| 1.00000 7.99| 3
11.80| 0.02750| 0.03031| 1.00000 16.03| 3| 0.02493| 1.00000 8.63| 3
12.00| -0.01136|| -0.01327| 1.00000 5.55| 2| -0.01433| 1.00000 3.62| 3
12.20| -0.04392|| -0.04314| 1.00000 2.23| 2| -0.03997| 1.00000 3.52| 3
12.40| -0.05830|| -0.05803( 1.00000 2.86| 2| -0.05222| 1.00000 7.44| 3
12.60| -0.04345|| -0.04973| 1.00000 16.71| 3| -0.04089| 1.00000 8.72| 3
12.80| -0.00432|| -0.00509| 1.00000 6.58| 2| -0.00053| 1.00000 891| 3
13.00| 0.03525| 0.03709| 1.00000 2.50| 2| 0.03616| 1.00000 3.97| 3
13.20| 0.05172|| 0.04796| 1.00000 2.22| 2| 0.05222| 1.00000 6.61| 3
13.40| 0.04277|| 0.04587| 1.00000 2.45| 2| 0.04176| 1.00000 7.65| 3
13.60| 0.01957|| 0.02729| 1.00000, 13.59| 3| 0.01631| 1.00000 8.06| 3
13.80| -0.00830|| -0.00651| 1.00000 5.03| 2| -0.01018| 1.00000 3.53| 3
14.00| -0.03170|| -0.03354| 1.00000 2.37| 2| -0.02858| 1.00000 3.52| 3
14.20| -0.04034|| -0.03894| 1.00000 3.09| 2| -0.03610| 1.00000 7.26| 3
14.40| -0.02832|| -0.03178| 1.00000 2.97| 2| -0.02684| 1.00000 8.48| 3
14.60| -0.00138|| -0.00984| 1.00000 2.92| 2| 0.00110| 1.00000 7.79| 3
14.80| 0.02426| 0.01445| 1.00000 2.36| 2| 0.02440| 1.00000 3.87| 3
15.00| 0.03476| 0.02829| 1.00000 1.62| 2| 0.03471] 1.00000 6.48| 3
0.56752| 1484.05 0.53104| 1771.40

Table 8.15: Results for the ARP model using Algorithms 4.161.19, 4.21 based on

mates of Theorems 3.22 or 3.39 given a switching steady staiguation

esti-

From Table 8.15 we obtain that almost all observations madedm Tables 8.13 and 8.14
carry over to the second situation. The remarkable di erene here is that the total time
required by the a posteriori based adaptation algorithm isigni cantly lower than for the
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one based on the a priori estimate.

Apart from this di erence we see that both implementations eact quickly to the changed
circumstances and enlarge the optimization horizon once avitch in the function v,( )
occurs. Moreover, these prolongations are small for eithef the estimates and the op-
timization horizon is reduced just as in the case of the rstxemplary setting. Still, we
have to keep in mind that a prolongation fromN = 3 to N = 6 requires in total four
calls of computing the underlying suboptimality estimate (N), N 2 f 3;4;5;69. Hence, a
large number of optimal control problems need to be solved.oTeduce the corresponding
computational e ort, we now analyze more sophisticated ptongation strategies.

8.5.3 Fixed Point and Monotone Iteration

In the previous Section 8.5.2 we observed that prolongatirte optimization horizon is

computationally costy. To deal with this issue, we introdued prolongation strategies
which compute a horizon lengthN which guarantees a given lower suboptimality bound
— 2 (0;1) in Sections 4.3.1, 4.3.2 and 4.3.3. Here, our hope is thaing these strategies
not only reduces the number of optimal control problems to bsolved during the iteration

process of the prolongation strategies, but also that thestrategies do not signi cantly

overestimate the required horizon length. If such an overgwates occurs, then the com-
puting times necessary to obtain the suboptimality degree (N) explode which is the

reason for introducing upper bounds on the increase of the optimization horizon.

For the given two typical situations described in Section 8.1, we now use the prolon-
gation strategies of Algorithms 4.23 or 4.29 instead of thensple prolongation strategy

of Algorithm 4.21 in our adaptive receding horizon controdir to compute a closed{loop
solution.

Remark 8.34

Since in the constant setpoint tracking setting no prolongans occur, we skip the close
analysis of results for this situation here. Yet, we state sumarized results for this example
in Table 8.18 at the end of this section.

We analyze results for our second standard situation usingé a priori estimate of Propo-
sition 3.28. Similar to the previous Section 8.5.2, we setl&ances levels to 1¢ and
" =10 °. Moreover, we initialize the controller with =5, horizon length N = 6 and set
— = 0:5 which renders our results comparable to the benchmark rdtsufrom Table 8.11
and the results of the simple adaptation strategy from Tabk8.13 and 8.14.

Reference Fixed Point Strategy Monotone Iteration Strategy
t Xsref(t) X5(t) Time | N X5(t) Time | N
[s] [10 3s] [10 3s]
0.00| 10.00000/| 10.00000 0.98716] 444.39| 6 | 10.00000 0.98716| 448.09| 6
0.20| -1.58301|| 1.36494| 0.99791| 219.32| 5| 1.36494| 0.99791| 219.44| 5
0.40| 0.86187| -0.66782| 0.99940| 109.17| 4| -0.66782| 0.99940, 108.75| 4
0.60| 7.53857|| 7.92586| 1.00000; 50.86| 3| 7.92586| 1.00000, 50.69| 3
0.80| 9.72219|| 9.69940| 1.00000; 20.90| 3| 9.69940| 1.00000, 20.69| 3
1.00| 9.99944| 10.02277| 1.00000 13.05| 3 || 10.02277| 1.00000{ 12.97| 3
1.20| 9.97356| 9.94058| 1.00000, 10.06| 3| 9.94058| 1.00000 9.95| 3
1.40| 9.94905| 9.95398| 1.00000 8.47| 3| 9.95398| 1.00000 8.38| 3
1.60| 9.94825| 9.94354| 1.00000 6.86| 3| 9.94354| 1.00000 6.81| 3
1.80| 9.95790| 9.95718| 1.00000 3.35| 3| 9.95718| 1.00000 3.33| 3
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Reference Fixed Point Strategy Monotone Iteration Strategy
t Xsref(t) X5(t) Time | N X5(t) Time | N
[s] [10 39] [10 39]
2.00| 9.96823|| 9.97071| 1.00000 6.06| 3| 9.97071| 1.00000 6.00| 3
2.20| 9.97513| 9.97672| 1.00000 2.56| 3| 9.97672| 1.00000 2.56| 3
2.40| 9.97666| 9.97765 1.00000 6.06| 3| 9.97765| 1.00000 6.00| 3
2.60| 9.97242|| 9.97410( 1.00000 3.40| 3| 9.97410| 1.00000 3.38| 3
2.80| 9.96432|| 9.96488| 1.00000 2.43| 3| 9.96488| 1.00000 2.39| 3
3.00| 9.95634| 9.96113| 1.00000 2.21| 3| 9.96113| 1.00000 2.20| 3
3.20| 9.95256| 9.95633| 1.00000 1.47| 3| 9.95633| 1.00000 1.45| 3
3.40| 9.95453|| 9.95461| 1.00000 2.11| 3| 9.95461| 1.00000 2.09| 3
3.60| 9.96052|| 9.95736( 1.00000 2.20| 3| 9.95736| 1.00000 2.18| 3
3.80| 9.96726| 9.96304| 1.00000 2.22| 3| 9.96304| 1.00000 2.20| 3
4.00| 9.97188| 9.96871| 1.00000 1.54| 3| 9.96871 1.00000 151| 3
4.20| 9.97270| 9.97212| 1.00000 2.00| 3| 9.97212| 1.00000 1.99| 3
4.40| 9.96951| 9.97174| 1.00000 2.09| 3| 9.97174| 1.00000 2.06| 3
4.60| 9.96384| 9.96763| 1.00000 2.14| 3| 9.96763| 1.00000 2.13| 3
4.80| 9.95851 9.96221| 1.00000 9.30| 3| 9.96221| 1.00000 9.28| 3
5.00| 9.95617|| 9.95820| 1.00000 93.09| 5| 9.95820| 1.00000] 93.59| 5
5.20| 8.23689|| 8.07627| 1.00000 80.09| 4| 8.07627| 1.00000] 79.78| 4
5.40| 3.63383|| 3.74506| 1.00000 26.89| 3| 3.74506| 1.00000] 27.37| 3
5.60| 0.70561|| 0.66530( 1.00000 8.90| 3| 0.66530| 1.00000 8.88| 3
5.80| -0.01646|| -0.02483| 1.00000 11.84| 3| -0.02483| 1.00000; 11.74| 3
6.00| -0.06209|| -0.04484| 1.00000 10.56| 3| -0.04484| 1.00000; 10.47| 3
6.20| 0.01084| 0.01071| 1.00000 4.23| 3| 0.01071| 1.00000 422 3
6.40| 0.02821|| 0.02928| 1.00000 6.64| 3| 0.02928| 1.00000 6.58| 3
6.60| 0.00426| 0.00533( 1.00000 3.63| 3| 0.00533| 1.00000 3.61| 3
6.80| -0.01988|| -0.01728| 1.00000 3.57| 3| -0.01728| 1.00000 3.53| 3
7.00| -0.03267|| -0.02483| 1.00000 3.28| 3| -0.02483| 1.00000 3.25| 3
7.20| -0.03075|| -0.03130( 1.00000 6.27| 3| -0.03130| 1.00000 6.19| 3
7.40| -0.01394|| -0.01565| 1.00000 8.11| 3| -0.01565| 1.00000 8.15| 3
7.60| 0.01013|| 0.01293| 1.00000 3.96| 3| 0.01293| 1.00000 402 3
7.80| 0.02806| 0.02449| 1.00000 2.62| 3| 0.02449| 1.00000 2.62| 3
8.00| 0.03036| 0.02815| 1.00000 6.25| 3| 0.02815| 1.00000 6.21| 3
8.20| 0.01864| 0.01894| 1.00000 6.69| 3| 0.01894| 1.00000 6.65| 3
8.40| 0.00116|| -0.00088| 1.00000 3.45| 3| -0.00088| 1.00000 3.41| 3
8.60| -0.01458|| -0.01086( 1.00000 3.29| 3| -0.01086| 1.00000 3.28| 3
8.80| -0.02307|| -0.01584| 1.00000 7.47| 3| -0.01584| 1.00000 7.48| 3
9.00| -0.02087|| -0.02021| 0.99994| 175.81| 6| -0.02021| 0.99957| 61.21| 4
9.20| 1.73013| 1.93424| 1.00000f 134.34| 5| 1.93630| 1.00000] 46.25| 3
9.40| 6.50679|| 6.38096| 1.00000 55.31| 4| 6.37466| 1.00000] 28.19| 3
9.60| 9.38915|| 9.41895| 1.00000 21.66| 3| 9.41499| 1.00000] 13.49| 3
9.80| 9.92415|| 9.94756| 1.00000 10.96| 3| 9.95210| 1.00000; 10.24| 3
10.00| 9.93538| 9.92633| 0.84837, 19.56| 3| 9.92690| 1.00000 17.09| 3
10.20| 8.20383|| 8.09010( 1.00000, 26.37| 3| 9.94172| 1.00000 23.99| 3
10.40| 3.87739|| 3.87063| 1.00000, 20.53| 3| 8.15263| 1.00000 19.34| 3
10.60| 0.78059| 0.83502| 1.00000, 25.91| 3| 3.95760| 1.00000 24.84| 3
10.80| 0.22849|| 0.16371| 1.00000, 27.73| 3| 0.84434| 1.00000f 15.61| 3
11.00/ 0.01671| 0.05055| 1.00000 15.39| 3| 0.03000] 1.00000{ 11.52| 3
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Reference Fixed Point Strategy Monotone Iteration Strategy
t Xsref(t) X5(t) Time | N X5(t) Time | N
[s] [10 39] [10 39]
11.20| -0.01193|| -0.02744| 1.00000, 10.06| 3 || -0.05878| 1.00000{ 11.27| 3
11.40 0.03573|| 0.03096| 1.00000 7.23| 3| -0.00103| 1.00000 445 3
11.60| 0.03929| 0.03435| 1.00000 9.85| 3| 0.05418| 1.00000 891| 3
11.80/ 0.01125|| 0.00754| 1.00000 8.38| 3| 0.02844| 1.00000 8.79| 3
12.00| -0.01994|| -0.02310( 1.00000 3.56| 3| -0.01625| 1.00000 8.07| 3
12.20| -0.04373|| -0.04052( 1.00000 3.53| 3| -0.04474| 1.00000 3.42| 3
12.40| -0.04791| -0.04467| 1.00000 8.08| 3| -0.06046| 1.00000 7.28| 3
12.60| -0.02611|| -0.02528| 1.00000 9.07| 3| -0.04282| 1.00000 9.10| 3
12.80| 0.01051| 0.01362( 1.00000 4.01| 3| 0.00036| 1.00000 8.51| 3
13.00/ 0.03800| 0.03371| 1.00000 3.56| 3| 0.03599| 1.00000 3.87| 3
13.20| 0.04255| 0.03903( 1.00000 6.43| 3| 0.05213| 1.00000 6.53| 3
13.40| 0.02953| 0.02928| 1.00000 8.36| 3| 0.04164| 1.00000 7.51| 3
13.60| 0.00818|| 0.00533| 1.00000 7.89| 3| 0.01638| 1.00000 8.03| 3
13.80| -0.01481|| -0.01612| 1.00000 3.41| 3| -0.01021| 1.00000 3.46| 3
14.00| -0.03119|| -0.03015| 1.00000 3.39| 3| -0.02850| 1.00000 3.46| 3
14.20| -0.03246| -0.03444| 1.00000 8.09| 3| -0.03582| 1.00000 7.15| 3
14.40| -0.01634| -0.01765| 1.00000 9.01| 3| -0.02671| 1.00000 831 3
14.60/ 0.00803| 0.01090( 1.00000 3.94| 3| 0.00105| 1.00000 7.63| 3
14.80| 0.02559| 0.02233| 1.00000 3.35| 3| 0.02443| 1.00000 3.84| 3
15.00/ 0.02861| 0.02585| 1.00000 7.90| 3| 0.03462| 1.00000 6.33| 3

0.84837| 1866.56 0.98716| 1617.99

Table 8.16: Results for the ARP model using Algorithms 4.16}.19 and Algorithms 4.23
or 4.29 based on estimates of Theorem 3.39 given a switchingasly state situation

Before we state a complete comparison of all adaptation mettis, we use our practical

a posteriori estimate of Proposition 3.28 within these morsophisticated prolongation
strategies by utilizing Newton's method as described in S&mn 4.3.3. This gives us the
following data:

Reference Fixed Point Strategy Monotone Iteration Strategy
t Xs:ref(t) Xs(t) Time | N Xs(t) Time | N
[s] [10 39] [10 39]
0.00| 10.00000/| 10.00000 1.00000{ 482.50| 6 || 10.00000 1.00000; 471.51| 6
0.20| -1.58301| 1.36119| 1.00000; 184.79| 5| 1.36119| 1.00000; 183.16| 5
0.40| 0.86187| -0.67151| 1.00000; 94.85| 4| -0.67151| 1.00000; 94.40| 4
0.60| 7.53857|| 7.92313| 1.00000; 50.93| 3| 7.92313| 1.00000; 50.39| 3
0.80| 9.72219| 9.69712| 1.00000] 20.80| 2| 9.69712| 0.97629| 20.56| 2
1.00| 9.99944| 10.00726 1.00000 6.68| 2| 10.00726| 0.93421 6.61| 2
1.20| 9.97356| 9.94931| 1.00000 6.18| 2| 9.94931| 1.00000 6.15| 2
1.40| 9.94905| 9.96907| 1.00000 3.43| 2| 9.96907| 1.00000 3.42| 2
1.60| 9.94825|| 9.93649| 1.00000 3.16| 2| 9.93649| 1.00000 3.15| 2
1.80| 9.95790|| 9.97901| 1.00000 3.01| 2| 9.97901| 1.00000 2.99| 2
2.00| 9.96823|| 9.98603( 1.00000 3.03| 2| 9.98603| 1.00000 3.01| 2
2.20| 9.97513|| 9.98900( 1.00000 2.92| 2| 9.98900| 1.00000 291\ 2
2.40| 9.97666| 9.98903( 1.00000 3.03| 2| 9.98903| 1.00000 297\ 2
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Reference Fixed Point Strategy Monotone Iteration Strategy
t Xsref(t) X5(t) Time | N X5(t) Time | N
[s] [10 39] [10 39]
2.60| 9.97242|| 9.98366( 1.00000 2.89| 2| 9.98366| 1.00000 2.88| 2
2.80| 9.96432|| 9.97427| 1.00000 2.80| 2| 9.97427| 1.00000 2.77| 2
3.00| 9.95634| 9.96454| 1.00000 2.26| 2| 9.96454| 1.00000 2.25| 2
3.20| 9.95256| 9.95845| 1.00000 2.30| 2| 9.95845| 1.00000 2.25| 2
3.40| 9.95453|| 9.95750( 1.00000 2.25| 2| 9.95750| 1.00000 2.24| 2
3.60| 9.96052|| 9.96141| 1.00000 2.10| 2| 9.96141| 1.00000 2.08| 2
3.80| 9.96726| 9.96793| 1.00000 2.04| 2| 9.96793| 1.00000 204 2
4.00| 9.97188| 9.97293| 1.00000 2.14| 2| 9.97293| 1.00000 212| 2
4.20| 9.97270] 9.97424| 1.00000 2.16| 2| 9.97424| 1.00000 2.15| 2
4.40| 9.96951| 9.97142| 1.00000 2.22| 2| 9.97142| 1.00000 221\ 2
4.60| 9.96384| 9.96577| 1.00000 2.13| 2| 9.96577| 1.00000 2.12| 2
4.80| 9.95851] 9.95996| 1.00000 7.05| 2| 9.95996| 1.00000 7.04| 2
5.00| 9.95617|| 9.95680| 1.00000f 75.09| 4| 9.95680| 1.00000; 75.21| 4
5.20| 8.23689|| 8.07466| 1.00000 41.92| 3| 8.07466| 1.00000] 41.56| 3
5.40| 3.63383| 3.74436| 1.00000 22.30| 2| 3.74436| 0.97020] 22.27| 2
5.60| 0.70561|| 0.66432 1.00000 3.67| 2| 0.66432| 0.93042 3.64| 2
5.80| -0.01646|| -0.03230( 1.00000 5.97| 2| -0.03230| 1.00000 6.01| 2
6.00| -0.06209|| -0.07331| 1.00000 5.90| 2| -0.07331| 1.00000 592| 2
6.20| 0.01084| 0.00027( 1.00000 3.27| 2| 0.00027| 1.00000 3.29| 2
6.40| 0.02821|| 0.03661| 1.00000 2.66| 2| 0.03661| 1.00000 2.68| 2
6.60| 0.00426| -0.00639( 1.00000 2.44| 2| -0.00639| 1.00000 244\ 2
6.80| -0.01988|| -0.02585| 1.00000 2.40| 2| -0.02585| 1.00000 2.38| 2
7.00| -0.03267|| -0.03726( 1.00000 2.83| 2| -0.03726| 1.00000 2.85| 2
7.20| -0.03075|| -0.03794| 1.00000 2.91| 2| -0.03794| 1.00000 2.93| 2
7.40| -0.01394|| -0.02486( 1.00000 2.98| 2| -0.02486| 1.00000 299\ 2
7.60| 0.01013|| -0.00327| 1.00000 2.90| 2| -0.00327| 1.00000 291\ 2
7.80| 0.02806| 0.01609( 1.00000 2.40| 2| 0.01609| 1.00000 241\ 2
8.00| 0.03036| 0.02337( 1.00000 1.49| 2 || 0.02337| 1.00000 1.50| 2
8.20| 0.01864| 0.01789| 1.00000 2.20| 2| 0.01789| 1.00000 2.18| 2
8.40| 0.00116| 0.00339( 1.00000 2.34| 2| 0.00339| 1.00000 241\ 2
8.60| -0.01458|| -0.01215| 1.00000 2.22| 2| -0.01215| 1.00000 2.22| 2
8.80| -0.02307|| -0.02117| 1.00000 5.88| 2| -0.02117| 1.00000 6.25| 2
9.00| -0.02087|| -0.02169| 1.00000f 100.98| 5| -0.02169| 1.00000; 102.64| 5
9.20| 1.73013|| 1.93557| 1.00000 60.63| 4| 1.93557| 1.00000] 61.24| 4
9.40| 6.50679|| 6.37381| 1.00000 21.52| 3| 6.37381| 1.00000] 21.73| 3
9.60| 9.38915|| 9.40940| 1.00000, 14.62| 2| 9.40940| 1.00000] 14.74| 2
9.80| 9.92415|| 9.95993| 1.00000 8.60| 2| 9.95993| 1.00000] 79.39| 5
10.00| 9.93538| 9.95569| 0.64306 8.77| 2| 9.94343| 0.96083| 98.39| 4
10.20| 8.20383| 8.13191| 1.00000 8.80| 2| 8.10270| 0.75029] 50.73| 4
10.40| 3.87739|| 3.90372( 1.00000 8.26| 2| 3.87779| 1.00000; 61.33| 3
10.60| 0.78059| 0.80230( 1.00000 6.24| 2| 0.83116| 1.00000;] 31.53| 2
10.80| 0.22849| 0.16078| 1.00000 6.51| 2| 0.17868| 1.00000 6.59| 2
11.00/ 0.01671| 0.06359| 1.00000 6.52| 2| 0.05029| 1.00000] 54.75| 5
11.20| -0.01193|| -0.03681| 1.00000 3.42| 2| -0.04120| 1.00000; 16.53| 4
11.40, 0.03573| 0.04643| 1.00000 3.26| 2| 0.03899| 1.00000 9.40| 3
11.60 0.03929|| 0.01836( 1.00000 2.40| 2| 0.04169| 1.00000] 10.23| 2
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Reference Fixed Point Strategy Monotone Iteration Strategy
t Xsref(t) X5(t) Time | N X5(t) Time | N
[s] [10 39] [10 39]
11.80/ 0.01125| 0.00254| 1.00000 2.30| 2| 0.01018| 1.00000 1.48| 2
12.00| -0.01994|| -0.02183| 1.00000 2.18| 2| -0.02085| 1.00000 211| 2
12.20| -0.04373|| -0.04439| 1.00000 2.62| 2| -0.04287| 1.00000 2.65| 2
12.40| -0.04791|| -0.05163| 1.00000 2.84| 2| -0.05014| 1.00000 2.86| 2
12.60| -0.02611|| -0.03587| 1.00000 2.97| 2| -0.03539| 1.00000 3.01| 2
12.80| 0.01051|| -0.00444| 1.00000 2.94| 2| -0.00395| 1.00000 3.02| 2
13.00/ 0.03800| 0.02382( 1.00000 2.41| 2| 0.02432] 1.00000 245| 2
13.20| 0.04255| 0.03471| 1.00000 2.34| 2| 0.03515| 1.00000 2.32| 2
13.40| 0.02953|| 0.02887( 1.00000 2.32| 2| 0.02918| 1.00000 2.38| 2
13.60| 0.00818|| 0.01206( 1.00000 2.33| 2| 0.01222| 1.00000 2.37| 2
13.80| -0.01481|| -0.00948| 1.00000 2.27| 2| -0.00941| 1.00000 2.32| 2
14.00| -0.03119|| -0.02685| 1.00000 2.25| 2| -0.02685| 1.00000 2.25| 2
14.20| -0.03246| -0.03176| 1.00000 2.77| 2| -0.03177| 1.00000 2.80| 2
14.40| -0.01634| -0.02027| 1.00000 2.90| 2| -0.02023| 1.00000 287\ 2
14.60/ 0.00803|| 0.00081| 1.00000 2.43| 2| 0.00091| 1.00000 240\ 2
14.80| 0.02559| 0.01866( 1.00000 2.27| 2| 0.01880| 1.00000 2.28| 2
15.00/ 0.02861| 0.02602( 1.00000 2.25| 2 || 0.02614| 1.00000 224 2

0.64306| 1348.87 0.75029| 1692.62

Table 8.17: Results for the ARP model using Algorithms 4.161.19 and Algorithms 4.23
or 4.29 based on estimates of Proposition 3.28 given a swital steady state situation

Summarizing our results for both situations we obtain the fowing Tables 8.18 and
8.19. Note that in case of Table 8.18, we consider the intetj®; 50] to obtain long{term

conclusions.
Adaptive RHC Computing times in [10 3s]

Implementation Estimate | max | min | ? | ?01) | ? 150

Standard RHC | 85.67| 4.71| 4.66| 63.29| 3.95

Simple Prolongation| Prop. 3.28| 163.14| 1.12| 2.54| 80.93| 1.26
Simple Prolongation| Thm. 3.39 | 222.94| 1.14| 2.67| 82.81| 1.37

Fixed Point Prop. 3.28| 164.56| 1.35| 2.80| 81.59| 1.52

Fixed Point Thm. 3.39 | 225.58| 1.23| 2.82| 83.40| 1.50

Monotone Prop. 3.28| 162.18| 1.33| 2.82| 80.70| 1.55

Monotone Thm. 3.39 | 221.39| 1.17| 2.79| 82.28| 1.50

Table 8.18: Comparison of RHC results in a steady state sittian

For our rst situation, the constant setpoint tracking, we observe that all six adaptive
receding horizon controllers show an improved performaneo®mpared to the standard
receding horizon controller. Upon intialization, the rst RHC iterate is compromised by
the startup of the minimizer which is why we exclude this stefrom our considerations.
Still, the rst few iterations are computationally more expensive if we use the adaptation
strategies. For this example, the cost for the rst RHC stepise by about 250% if we use
the a posteriori estimate and by about 200% if the adaptatioms based on the a priori
estimate. During the transient phase [01) of this example, this reduces to approximately
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130% for all strategies, i.e. the shortening of the optimizian horizon slowly starts to
pay o. Once the solution is close to the steady state, the av@ge computing times of
the adaptive receding horizon controller are 60{70% lowehan in the standard case.
Comparing the dierent implementations, we see that the imfementations using the
simple prolongation strategies of Algorithms 4.14 and 4.2%hibit lower computing times
once the trajectory is close to the steady state. Considegrnthe underlying estimations,
the a priori estimate of Theorem 3.39 shows better performaa than the a posteriori
estimate of Proposition 3.28 for the xed point and monotonestrategy. However, this
does not hold for the simple strategy.

Hence, at least for this example, the simple strategy comtad with the a posteriori
estimate from Proposition 3.28 shows best performance. Fargeneral example, the
"best\ adaptation strategy (among the presented ones) is nalear. This is due to two
di erent and model inherent properties:

A

If, for example, the minimal optimization horizon which guaantees at least local
suboptimality degree— 2 (0;1) is large, then the a posteriori estimates becomes
more e cient since only one additional optimal control prodem needs to be solved.
If, however, some knowledge oN, can be used, then the a priori estimate may be
the better choice.

Secondly, if large jumps within the minimal length of the opimization horizons
occur, then the xed point and monotone strategies start to py o .

For the rstissue, it is currently unknown how a good parametr Ny can be characterized.
The second issue, however, corresponds to the appropriat®ice of the parameter . In
particular, bounds the increase of the optimization horizon for both thexed point and
the monotone strategy. From numerical results, we know thahis parameter is required
since the prolongation formulae typically overestimate th required optimization horizon
if the current suboptimality estimate is much smaller than—.

For our second standard situation, the switching setpointracking problem, we choose

= 5 since according to the outcome of the simple strategies rimgger jumps occur
during the simulation. For a detailed comparison of the coasponding experiments, the
data is contained in the following Table 8.19.

Adaptive RHC Time in [10 3s] Horizon length
Implementation Estimate max | min ? max | min | ?
Standard RHC | 86.50| 3.23| 23.14|| 6 6 |6

Simple Prolongation| Prop. 3.28| 183.19| 1.30| 13.37|| 6 2 |2.39
Simple Prolongation| Thm. 3.39 || 226.10| 2.12| 17.46| 6 3 321
Fixed Point Prop. 3.28| 184.79| 1.49| 11.55| 6 2 225
Fixed Point Thm. 3.39 || 219.32| 1.45| 18.96|, 6 3 |3.19
Monotone Prop. 3.28| 183.16| 1.48| 16.28| 6 2 243
Monotone Thm. 3.39 || 219.44| 1.47| 15.60|| 6 3 |3.13

Table 8.19: Comparison of RHC results in a switching steadyade situation

We obtain that, similar to the rst experiment, the adaptive receding horizon controllers
require much larger computing times on initialization of tke problem. Again, we exclude
the rst RHC step from our considerations since it is compromsed by the startup of the
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minimizer. From the average horizon length, however, allsiimplementations operate
with much smaller optimization horizons in general. The pay can be seen from the
average computing times required by these methods. For théetting, we again obtain
that all six adaptive receding horizon controllers outrun e standard implementation.
Conclusions about e ectiveness of the suboptimality estiate and the implementation
methods, however, are problematic.

Here, we obtain the best result if we consider the xed point q@longation strategy of
Algorithm 4.23 combined with our a posteriori estimate fromProposition 3.28. Yet, the
worst outcome uses the same implementation but our a priorstmate from Theorem
3.39. This mismatch is most probably related to the contragbn requirement (4.12) of
the xed point strategy and we experienced this problem forther examples and settings
as well. The monotone strategy of Algorithm 4.29 uses moreiation steps than the xed

point iteration which is con rmed by other numerical experments. Yet, using the a priori
estimate, the average computing time of the simple implemttion is improved for this

setting.

In general, the ability of these more sophisticated stratégs to outrun the simple method is
directly proportional to the minimal horizon length N at those closed{loop points where
enlarging jumps of the horizon length are required to sustaithe local suboptimality
degree™, and to the size of these jumps. Hence, these two parametervaao be used
to de ne the bound Moreover, two e ects need to be waged to optimally set this
bound: For one, an increase of the optimization horizon by erleaves the optimal solution
relatively untouched, hence the computing time is fairly s@il. If the optimization horizon
is increased by a large number (relative to the current lengtof the horizon), then the
solution of the new optimal control problem is costy. For ths reason, the choice of the
prolongation method is problem dependent.

8.5.4 Computing the Closed{loop Suboptimality Degree

Using the computed values for both the constant setpoint anthe switching setpoint

tracking example from the last sections, we now want to drawoaclusion on the closed{
loop. To this end, we compute the closed{loop suboptimalitdegree from the local data

according to Theorem 4.6. Note that we can restrict ourselseto those time instances
wherel(; ) >" holds, i.e. when the state trajectory is outside the practal area around
the target.

The following Tables 8.20 and 8.21 show the correspondingwas ¢ for both situations

and all previously discussed adaptive receding horizon d¢amiler implementations, see
Sections 8.5.2 and 8.5.3.

Remark 8.35

Here, we setN? = 6 and recompute each open{loop solution for identical baseimis
along the closed{loop trajectory. This allows us to considical information as described
in Theorem 4.6 and we do not have to compu® and C for all x 2 X.

Adaptive RHC
Implementation | Estimate

C| C C

min max min max

All strategies
All strategies

Prop. 3.28
Thm. 3.39

0.97029
0.99710

0.99981
1.04115

0.99406
1.00043

1.05840
1.05140

0.50017
0.50360

Table 8.20: Values ofC;, C and . of Theorem 4.6 for the setpoint stabilization example
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Remark 8.36
For the constant setpoint tracking situation, we combineché results for the dierent
adaptation algorithms apart from the suboptimality estinteon since we obtained identical

results down to the state trajectory level.

Adaptive RHC C C c
Implementation Estimate min max min max
Simple Prolongation| Prop. 3.28| 0.99595| 1.12821|| 1.00000| 1.05063|| 0.44318
Simple Prolongation| Thm. 3.39 | 0.88244| 1.14606| 1.00102| 1.83214| 0.47516
Fixed Point Prop. 3.28| 1.10786| 1.10786| 1.00000| 1.00000| 0.45132
Fixed Point Thm. 3.39 || 0.94800| 1.53346| 0.98164| 1.64574| 0.33668
Monotone Prop. 3.28| 0.96389| 1.17606| 1.00000| 1.10885| 0.42918
Monotone Thm. 3.39 || 0.88354| 2.03629|| 0.98564| 1.83608|| 0.25354

Table 8.21: Values ofC,, C and . of Theorem 4.6 for the tracking example

Note that according to Theorem 4.6, ¢ is given by combinations ofC,(') and C® for

i 2 1, while Tables 8.21 and 8.21 show minimal and maximal value$ @, and C .

For both situations, we observe that using the a priori estimte from Theorem 3.39 exhibits
satisfactory closed{loop suboptimality estimates whileasults based on the a posteriori
estimate from Proposition 3.28 show very good performancédeed, the minimal local
suboptimality degree™ = 0:5 is almost completely carried over to the closed{loop sub-
optimality degree. In either case, the presented adaptatiostrategies guarantee stability
of the closed{loop, show a good local and closed{loop subopality degree and still o er
lower computing times than the standard receding horizon otroller implementation.

Concluding, in Chapters 5 and 6 we presented an implementati of a receding horizon
controller described in the earlier Chapter 2. In Sections.B and 8.2 we showed that
this implementation is e cient and illustrated the interaction of various components of
the method in Section 8.3 using a real{time example. In Seon 8.4 we observed that
our practical suboptimality estimates from Chapter 3 are aplicable in the context of
adaptation strategies for the optimization horizon. Moreweer, we saw in Section 8.5 that
these methods interact nicely with our presented adaptatiostrategies from Chapter 4.
In total, we presented an e cient and stability guaranteeirg receding horizon algorithm.
Future work concerns many parts of this method. Probably thenost important point is
to improve the a priori estimate presented in Theorem 3.39 by more detailed analysis
of the parameterN, and to develop other e ciently computable suboptimality egimates.
By this, we hope to reduce the required computing time signcantly. Moreover, develop-
ment and investigation of alternatives to prolongate or shten the optimization horizon
will be an issue. In particular, combinations of iterates maallow for further insight of
the process under control. Upon implementation, the integtion of the suboptimality
estimate into the optimization routine, e.g. as a breaking rierion, will be a eld of
interest. Furthermore, extensions to cover partial di eratial equations are planned.
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Appendix A

An Implementation Example

The following program code represents an implementation tfie inverted pendulum on
a cart problem, see Section 7.2, withirCC2.

#include "InvertedPendulum.h"

#include <odesol2/dopri853.h>
#include <iostream>
#include <cmath>

using namespace std;

#define Pl 3.141592654
#define INF 1.0E19

InvertedPendulum :: InvertedPendulum ()
btmb:: MPC2 Model ( new btmb:: OdeSol2:: DoPri853(),
new btmb:: OdeSol2:: DoPriConfig (),

4,
1,
i
4)
{
setDoubleParameter ( 0, 0.007 );
setDoubleParameter ( 1, 1.25 );
setDoubleParameter ( 2, 9.81 );
setDoubleParameter ( 3, 0.197 );
getOdeConfig()->setTolerance ( 1E-10, 1E-10 );
}
InvertedPendulum ::~ InvertedPendulum ()
{
delete getOdeSolver();
delete getOdeConfig();
}

void InvertedPendulum ::dglFunction ( double t, double * x, double
* u, double * dx )

249
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dx[0] = x[1];

dx[1] = - params[2] * sin ( x[0] ) / params[l] - u[0] * cos (
x[0] ) - params[0] * atan ( 1.0e3 * x[1] ) * x[1] * x[1] -
(4.0 * x[1] / ( 1.0 + 4.0 * x[1] * x[1] ) + 2.0 * atan (
2.0 * x[1] ) / Pl ) * params][3];

dx[2] = x[3];

dx[3] = u[O];

}

double InvertedPendulum ::objectiveFunction ( double t, double * x
, double * u )
{
double sinxpi = sin ( x[0] - PI );
double cosy = cos ( x[1] );
double temp = ( 1.0 - cos ( x[0] - PI ) ) * ( 1.0 + cosy *
cosy );

return 1.0e-1 * pow ( 3.51 * sinxpi * sinxpi + ( 4.82 *
sinxpi + 2.31 * x[1] ) * x[1] + 2.0 * temp * temp + 1.0 * X
[2] * x[2] + 1.0 * x[3] * x[3], 2.0 );
}

double InvertedPendulum ::pointcostFunction ( int length, int
horizon, double * t, double * x, double * u )

{

if ( length < horizon )

{
}

else

{

return 0.0;

double * lastx = &x[ ( horizon - 1 ) * 4],

double sinxpi = sin ( lastx[0] - PI );

double cosy = cos ( lastx[1] );

double temp = ( 1.0 - cos ( lastx[0] - PI ) ) * ( 1.0 +
cosy * cosy );

return pow ( 3.51 * sinxpi * sinxpi + ( 4.82 * sinxpi +
2.31 * lastx[1] ) * lastx[1] + 2.0 * temp * temp + 1.0
* pow ( lastx[2], 2.0 ) + 1.0 * lastx[3] * lastx[3],
2.0 );

}

void InvertedPendulum ::getObjectiveWeight ( double & obj weight,
double & pointcost_weight )

{
obj_weight = 1.0;
pointcost_weight = 1.0;
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void InvertedPendulum ::restrictionFunction ( double t, double * x
, double * u, double * fx )
{
}
void InvertedPendulum ::getControlBounds ( double * Ib, double *
ub )
{
Ib[0] = -5.0;
ub[0] = 5.0;
}
void InvertedPendulum ::getModelBounds ( double * Ib, double * ub
)
{
Ib[0] = -INF;
Ib[1] = -INF;
Ib[2] = -5.0;
Ib[3] = -10.0;
ub[0] = INF;
ub[1] = INF;
ub[2] = 5.0;
ub[3] = 10.0;
}
void InvertedPendulum ::getDefaultState ( double * x )
{
x[0] = 0.0;
x[1] = 0.0;
x[2] = 0.0;
x[3] = 0.0;
}
void InvertedPendulum ::getDefaultControl ( double * u )
{
uf0] = 0.0;
}
int InvertedPendulum ::getShootingDataLength ( int horizon )
{
return 2;
}
int InvertedPendulum ::getMaxShootingDataLength ( int maxhorizon )
{
return 2;
}
void InvertedPendulum ::getShootingDatalnfo ( int horizon, btmb::
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MPC2 STARTDATA sdata )

{
sdata[0].horizontindex = 13;
sdata[0].varindex = O;
sdata[l].horizontindex = 15;
sdata[l].varindex = O;

}

void InvertedPendulum ::eventBeforeMPC ( int horizon, double * t,
double * x, double * sdatavalues )

{

sdatavalues|[0]
sdatavalues[1]

3.1415;
3.1415;

Listing A.1: Header le of the Inverted Pendulum example usig PCC2

#include "InvertedPendulum.h"

#include <odesol2/dopri853.h>
#include <iostream>
#include <cmath>

using namespace std;

#define Pl 3.141592654
#define INF 1.0E19

InvertedPendulum :: InvertedPendulum ()
btmb:: MPC2 Model ( new btmb:: OdeSol2:: DoPri853(),
new btmb:: OdeSol2:: DoPriConfig (),

4,
1,
i
4)
{
setDoubleParameter ( 0, 0.007 );
setDoubleParameter ( 1, 1.25 );
setDoubleParameter ( 2, 9.81 );
setDoubleParameter ( 3, 0.197 );
getOdeConfig()->setTolerance ( 1E-10, 1E-10 );
}
InvertedPendulum ::~ InvertedPendulum ()
{

delete getOdeSolver();
delete getOdeConfig();
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void InvertedPendulum ::dglFunction ( double t, double * x, double

{
dx[0] = x[1];
dx[1] = - params[2] * sin ( x[0] ) / params[l] - u[0] * cos (
x[0] ) - params[0] * atan ( 1.0e3 * x[1] ) * x[1] * x[1] -
(4.0 * x[1] / ( 1.0 + 4.0 * x[1] * x[1] ) + 2.0 * atan (
2.0 * x[1] ) / Pl ) * params]3];
dx[2] = x[3];
dx[3] = uf[0];
}
double InvertedPendulum ::objectiveFunction ( double t, double * x
, double * u )
{
double sinxpi = sin ( x[0] - PI );
double cosy = cos ( x[1] );
double temp = ( 1.0 - cos ( x[0] - PI ) ) * ( 1.0 + cosy *
cosy );
return 1.0e-1 * pow ( 3.51 * sinxpi * sinxpi + ( 4.82 *
sinxpi + 2.31 * x[1] ) * x[1] + 2.0 * temp * temp + 1.0 * x
[2] * x[2] + 1.0 * x[3] * x[3], 2.0 );
}
double InvertedPendulum ::pointcostFunction ( int length, int
horizon, double * t, double * x, double * u )
{
if ( length < horizon )
{
return 0.0;
}
else
{
double * lastx = &x[ ( horizon - 1 ) * 4],
double sinxpi = sin ( lastx[0] - PI );
double cosy = cos ( lastx[1] );
double temp = ( 1.0 - cos ( lastx[0] - PI ) ) * ( 1.0 +
cosy * cosy );
return pow ( 3.51 * sinxpi * sinxpi + ( 4.82 * sinxpi +
2.31 * lastx[1] ) * lastx[1] + 2.0 * temp * temp + 1.0
* pow ( lastx[2], 2.0 ) + 1.0 * lastx[3] * lastx[3],
2.0 );
}
}

void InvertedPendulum ::getObjectiveWeight ( double & obj weight,

{

* u, double * dx )

double & pointcost_weight )

obj_weight = 1.0;
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pointcost_weight = 1.0;

}

void InvertedPendulum ::restrictionFunction ( double t, double * x
, double * u, double * fx )

{

}

void InvertedPendulum ::getControlBounds ( double * Ib, double *
ub )

{
Ib[0] = -5.0;
ub[0] = 5.0;

}

void InvertedPendulum ::getModelBounds ( double * Ib, double * ub

)

{
Ib[0] = -INF;
Ib[1] = -INF;
Ib[2] = -5.0;
Ib[3] = -10.0;
ub[0] = INF;
ub[1] = INF;
ub[2] = 5.0;
ub[3] = 10.0;
}
void InvertedPendulum ::getDefaultState ( double * x )
{
x[0] = 0.0;
x[1] = 0.0;
x[2] = 0.0;
x[3] = 0.0;
}
void InvertedPendulum ::getDefaultControl ( double * u )
{
u[0] = 0.0;
}
int InvertedPendulum ::getShootingDataLength ( int horizon )
{
return 2;
}

int InvertedPendulum ::getMaxShootingDataLength ( int maxhorizon )

return 2;
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void InvertedPendulum ::getShootingDatalnfo ( int horizon, btmb::
MPC2 STARTDATA sdata )
{
sdata[0].horizontindex = 13;
sdata[0].varindex = O;
sdata[l].horizontindex = 15;
sdata[l].varindex = O0;
}
void InvertedPendulum ::eventBeforeMPC ( int horizon, double * t,
double * x, double * sdatavalues )
{
sdatavalues[0] = 3.1415;
sdatavalues[l] = 3.1415;
}
Listing A.2: Implementation le of the Inverted Pendulum usng PCC2
#include <iostream>
#include <cmath>
#include <iomanip>
#include <cstdio>
#include <unistd.h>
#include <cstdlib>
#include "InvertedPendulum.h"
#include <mpc2/mpc.h>
#include <mpc2/simpleodemanager.h>
#include <sqpf/sqpfortran.h>
#include <btmbutils/exception.h>
#include <btmbutils/rtclock.h>
#include <btmbutils/optimaldiff.h>
#include <btmbutils/savedata.h>
#define HORIZON 50
#define ITERATIONS 1000
#define H_NEW 0.1
#define INF 1.0E19
using namespace btmb:: MPC2
using namespace btmb:: SqpFortran;
using namespace btmb:: Utils ;
using namespace std;
int  main()
{
OptimalDiff ::calc();
Exception ::enableDebugMessage ( true );
/I --- Setting up MPC ---

Model * object _model =

new InvertedPendulum ();
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IOdeManager * object_odemanager = new SimpleOdeManage();
btmb:: MinProg:: MinProg * object_minimizer = new SqgpFortran ();
InvertedPendulum * object _modelspecify = ( ( InvertedPendulum

* ) object_model );

btmb:: MPC2 MPC* mpc_problem = new MPC( INF );
mpc_problem->reset ( object odemanager, object _minimiz er,
object_model, HORIZON );

/I --- Setting up optimizer ---
SgpFortran * object_minimizerSpecify = ( ( SgpFortran * )
object_minimizer );
object_minimizerSpecify->setAccuracy ( 1E-8 );
object_minimizerSpecify->setMaxFun ( 20 );
object_minimizerSpecify->setMaxlterations ( 1000 );
object_minimizerSpecify->setLineSearchTol ( 0.1 );

/I --- Memory Allocation ---

double * u, * next u, * t, * X;

next u = ( double * ) malloc ( sizeof ( double ) *
object _model->getDimensionControl() );

x = ( double * ) malloc ( sizeof ( double ) * object_model->
getDimension() );

object_modelspecify->getDefaultState ( x );

mpc_problem->allocateMemory ( t, u );

mpc_problem->initCalc ( t, u );

/I --- Initial Values ---
for ( int i = 0; i < HORIZON; i++ )
{
object_model->getDefaultControl ( & u[i * object_model->
getDimensionControl() ] );

}
for ( int i = 0; i < HORIZON + 1; i++ )
{
tfi] =i * H_NEW;
}
/Il --- Setting up output ---

SaveData * save = new SaveData ( object_model->getDimension()
, object _model->getDimensionControl() );

/I --- MPC lteration ---
mpc_problem->resizeHorizon ( 17, H_NEW );
int mstep = 1;
for ( int j = 0; j < ITERATIONS; j++ )
{
RTClock timer;
try
{

}

mpc_problem->calc ( x );
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catch ( btmb:: MinProg:: sgpException e )
{

}

save->save2Files ( t, x, u );

cout << e.what() << endl;

mpc_problem->shiftHorizon ( x, next_u, H NEW, mstep );

}

/I --- Free variables ---
delete object _odemanager;
delete object_minimizer;
delete object _model;
delete mpc_problem;
free (t);
free (u );

return O;

Listing A.3: Main function using the Inverted Pendulum exanmple usingPCC2
Note that the program requires the libraries
" libmpc2 (containing the RHC procedures, the discretizatio and odemanager),
" libodesol2 (providing ODE solvers),
" libbtmbutils (for basic functions like timing or saving data) and
" libsqgpf (chosen minimization routine)

to be compiled appropriately such that the classes can be dse




258 An Implementation Example




Glossary

RHC

f(;)
Ji ()

L(;)
I(5)
T

u()
u(Xo; )
u’()

Un (Xo; )
ur()
V()

Vi ()

W ()
Vr()
X,(,)

X1 (; Xo; U)

Xu()

Xu( ;XO)

Degree of suboptimality

Degree of suboptimality for horizonN

Auxilliary characteristic for degree of suboptimality
Auxilliary characteristic for degree of suboptimality fa- horizon N
Index set for open{loop control in RHC optimization
Index set for open{loop states in RHC optimization
RHC closed{loop control law

m{step RHC closed{loop control

Control value space

State space

Vector of constraints

State constraint

Mixed constraint

Terminal cost function

Dynamic of the system

In nite horizon cost functional

Finite horizon cost functional

Continuous{time running cost function
Discrete{time running cost function

Sampling time

Open{loop control law

Closed{loop control law for initial value x,

Optimal feedback control law

RHC open{loop control law

Sample and hold control law

Lyapunov function

In nite horizon optimal value function

Finite horizon optimal value function

Sampling Lyapunov function

State trajectory

Equilibrium or target values

Initial value xg 2 X

Continuous{time sampling solution with sampling time T, initial
value X and control function u

Trajectory for control sequenceu( )
Trajectory for control sequenceu( ) and initial value xq
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Xl(Ja)( » Xo)
X N ( ;XO)

Xref( )
Xuy (3 Xo0)

Approximated open{loop trajectory for control sequenceu() and

initial value Xxg

RHC closed{loop solution with control function y(; ) and initial

value Xq
Reference trajectory
RHC open{loop trajectory

()
(k)

A(X)

L(:)

NLP

Step length in search directiord®)

Radius for trust{region algorithm

Decrease parameter for optimization routine
Contraction parameter for trust{region

Index mapping of dimension for a shooting node
Langrange multiplier

Index set of active constraints atx

Index set of equality constraints

Set of discretized equality constraints

Index set of inequality constraints

Set of discretized inequality constraints
Feasible set of optimization variables

Projected Hessian of the Lagrangian of NLP
Solution operator of a ODE solver

Sampling grid

Optimality threshold for optimization

Index mapping of time step for a shooting node
Merit function

Set of active constraints atx

BFGS approximation of the Hessian of the constraints
Search direction of optimization algorithm

Cost function

Set of equality constraints

Set of inequality constraints

Lagrangian of the NLP

Vector of multiple shooting nodes

Optimization variable

ECQP
QP
ECNLP
NLP
OCP;
QP
RHCy
RHCR
SDOCP,
SDOCPy

Problems

Equality constrained QP

Quadratic Program

Equality constrained NLP

Nonlinear optimization problem

Continuous{time in nite horizon optimal control problem
Quadratic subproblem

RHC optimal control problem

RHC optimal control problem with Bolza type cost functional
Sampled{data in nite horizon optimal control problem
Sampled{data nite horizon optimal control problem
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SQP Sequential quadratic program

System Theory

~—
N—r

ClassK; comparison function
ClassKL comparison function

Set of all classG functions

Set of all classKL functions

Set of all classK functions

Set of all classK; functions

Set of all classL functions

Set of real numbers

Time set

Control value space

Set of all control functionsu: 1! U
Set of all control functionsu:T! U
State space

~—
N—r

-

=

XCcCcCcHOr XXM
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