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Abstract

The classical Katz algorithm gives an answer to the “Irreducible Recognition and Construc-
tion Problem” which asks whether a given set of local monodromy representations comes
from an irreducible and rigid ¢-adic local system. The algorithm submits perverse sheaves,
a generalization of local systems, defined over algebraically closed fields to a sequence of
middle convolution and tensor products. Dettweiler and Reiter introduced the idea to
use the reverse of this algorithm to construct rigid local systems which give rise to new
realizations of certain groups as Galois groups over Q. In this work we make the shift to
perverse sheaves defined over finite fields. This enriches the local monodromy data with
traces of geometric Frobenius elements. Using work of Katz and Laumon we study the
relation between middle convolution and Laumon’s (local) Fourier-Deligne transformation
and give explicit formulars for the changing behavior of the local monodromy and the
Frobenius data of a certain subcategory of the perverse sheaves along the individual steps
of the Katz algorithm. This provides new tools for studying the middle convolution over
finite fields and realizing new groups as Galois groups over Q.



Zusammenfassung

Der klassische Katz-Algorithmus gibt eine Antwort auf das “Irreduzible Erkennungs- und
Konstruktionsproblem”, welches danach fragt, ob eine gegebene Anzahl von lokalen Mon-
odromiedarstellungen von einem irreduziblen und starren ¢-adischen lokalen System stammt.
Der Algorithmus unterwirft perverse Garben, eine Verallgemeinerung von lokalen Syste-
men, welche iiber algebraisch abgeschlossenen Korpern definiert sind, einer Reihe von mit-
tleren Faltungs- und Tensorprodukten. Dettweiler und Reiter fithrten die Idee ein, die
Umkehrung dieses Algorithmus dafiir zu benutzen, lokale Systeme zu konstruieren, die
zu neuen Realisierungen von bestimmten Gruppen als Galoisgruppen iiber Q fiithren. In
dieser Arbeit verlagern wir unseren Fokus auf perverse Garben, welche iiber endlichen
Koérpern definiert sind. Dies bereichert die lokale Monodromiedaten mit Spuren von ge-
ometrischen Frobeniuselementen. Wir verwenden die Arbeiten von Katz und Laumon, um
den Zusammenhang zwischen mittlerer Faltung und Laumons (lokaler) Fourier-Deligne-
Transformation zu studieren, und prisentieren explizite Formeln fiir das Verdnderungsver-
halten der lokalen Monodromie- und Frobeniusdaten von einer bestimmten Unterkategorie
von der perversen Garben entlang der einzelnen Schritte des Katz-Algorithmus. Dies stellt
neue Werkzeuge zur Verfligung, die helfen die mittlere Faltung iiber endlichen Kérpern zu
studieren und neue Gruppen als Galoisgruppen iiber Q zu realisieren.
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1 Introduction

During his study of linear differential equations (especially Gaussian hypergeometric differ-
ential equations) Riemann introduced the concept of monodromy, i.e. analytic continuation
of locally defined solutions along paths in X = C\{z1,...,z,}, in particular along simple
closed loops ~y; around the singularities z; which gives rise to a set of matrices Ay,..., A,
satisfying the relation A;--- A, = 1.

These data are nowadays encoded in the term of a local system L, i.e. a locally constant
sheaf on X. A local system is called rigid if it is determined up to isomorphism only
by the conjugacy classes, i.e. the Jordan normal forms of the A;. Let k£ be a finite or
algebraically closed field. If £ is a smooth constructible Q,-sheaf on a Zariski-open
subset j: U = Pi\{z1,...,2,} — P} tamely ramified at the z;, £ is called rigid if its
monodromy representation of the tame étale fundamental group of U is determined up
to isomorphism by the induced representations of the tame inertia groups Iii . An
irreducible £ is rigid if one has for the index of rigidity (J19} 2.0.4, 3.0.1, 6.0.17])

rig(£) = (2 —r)rk(L£)? + Z dim (CentralizerAut@[ (L%i)(lfcl_)> > 0. (%)
i=1

The classical Katz algorithm ([I9, Chapter 6]) gives an answer to the Irreducible Recogni-
tion/Construction Problem which asks whether a given set of local representations Ay, ..., A,
which formally fulfills the dimension formula () comes from an irreducible and rigid local
system, and if yes, how to construct such a local system explicitly.

This is done by alternately applying certain middle convolution products and tensor prod-
ucts with rank 1 local systems to a local system associated to Aq,..., A, (or in fact by
just monitoring the effect of these operations on the local data given by the Jordan forms)
until this process results in a rank 1 local system without running into a contradiction on
the way. After that the algorithm can be executed in reverse order to construct the desired
local system. Katz uses étale local systems over algebraically closed fields k.

The goal of this thesis is to enrich the geometric approach of Katz with arithmetic data by
turning our attention to non-algebraically-closed ground fields k in positive characteristic.
We study the behavior of the traces of geometric Frobenius elements during the process
of the Katz algorithm. For this purpose it is helpful to make a transition from étale
local systems to the category of perverse Qg-sheaves Perv(X,Q,) which historically by
the general Riemann-Hilbert correspondence also is a natural environment for the study
of linear differential equations. The Katz algorithm can be extended to this context.

The knowledge of the Frobenius traces for different characteristics allows us to investigate
the perverse sheaves constructed by the reverse Katz algorithm even if they are not rigid
using Chebotarev’s density Theorem. Our research question for this thesis is as follows:



i) Find a suitable subcategory of Perv(Alqu,@g) in which one can conduct the reverse
Katz algorithm in positive characteristic while being able to monitor the Frobenius
traces.

ii) Give explicit formulas for the behavior of the Frobenius traces under middle convo-
lution and tensoring with a rank 1 sheaf.

iii) Give explicit formulas for the behavior of the local monodromy data under middle

convolution and tensoring with a rank 1 sheaf.

1.1 The right category

Let us give a short summary how the middle convolution product is defined and how it
relates to the Fourier-Deligne transformation. We regard A%Fq as an additive group scheme
with addition 7 and consider the projections

1 1 ™ 1
AL Xspecs, Ak, Al

Py pry

1 1
AL AL .

The middle convolution product K *,q L of two objects K and L in Dg(Aﬁ-q,@g) is defined
as the image of the natural map

Rm(K R L) — Rr, (KK L)

with the external tensor product K X L := pr} K @ pr} L 1} If we restrict ourselves to
a perverse sheaf in the first and to the middle extension of a Kummer sheaf (associated to
a character x: Fy — @Z) to A%Fq 3.17] in the second argument, we obtain a functor
(4.10))

MCy: Perv(Ag ,Qp) — Perv(Ag ,Q), K+ K #mia Ly.
In order to monitor the Frobenius traces and other data we look at the subcategory of the
irreducible Fourier sheaves Fourierw(Alqu,@g) in Perv(AIIFq,@[) (4.13]). It consists of the
geometrically irreducible sheaves of the form (j.£)[1] with j: U < Alqu an open subset
and £ a smooth Q-sheaf on U not geometrically isomorphic to a translated Artin-
Schreier sheaf. Restricted to F' ourierw(Alqu,@g) the Fourier-Deligne transformation %y,

for a character ¢: F, — @Z , 1' is an equivalence of categories.

The close connection between the middle convolution product and the Fourier-Deligne
transformation is described by a version of the convolution theorem (4.26)) which hold for
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irreducible Fourier sheaves K and L which satisfy the property that their middle convo-
lution product with any other perverse sheaf is in M(A%q,@g) again (Katz called it the
property P, [19, 2.6.2]). It states that if .y (K) = (j.F)[1] and Zy(L) = (j.G)[1], we
have

Fy(K #mia L) = (j«(F @ G))[1].

The other crucial ingredient is Laumon’s Principle of Stationary Phase in a version stated
by Katz (“Stationary Phase bis”, [18 7.4.2]) which we adapt to final ground fields (5.8).
It helps to effectively determine the local monodromy of a Fourier-Deligne transform
Fy(K) = (jiF')[1] of a irreducible Fourier sheaf K = (j,F)[1] tamely ramified in oo:

Ry, 2 @ made | (F,00F JFE) © Tylae 1))
zesS

where S = A]%q\U and ﬂd,(o’oo/) is a local version of the Fourier-Deligne transformation
[@19).

Thus the category we choose to work in is the full subcategory Ty (5.9) of Lisse(U,Q,),
for a dense open subset j: U — A]%q, containing all sheaves F such that

i) (j«F)[1] is in Fourierd,(AIqu,@g) and has property P and
ii) F is tamely ramified at the closed complement S of U and in co.

Then our first result is

Theorem 1. (5.11)

i) For any F in Ty which is not a translate of L, -1, the middle convolution product
MC, ((j«F)[1]) has the form (jsH)[1] with H being again in Ty .

ii) Furthermore, we can, for any x € S(F,), describe Hﬁz/’H% in terms of a Jordan
decomposition of F, /.7-'7%' )

1.2 Frobenius traces and local monodromy data

For a given sheaf F in 7y and point x € IP’IIFQ (F,), the stalk F, is a Qg-representation of
the tame fundamental group G = 7™ (n, 7,) (3.12)

Prat Gy — Autg, (F,).
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The tame inertia group I%. is topologically generated by an element -y, which can be under-
stood as a simple loop around x. We also consider a fixed preimage of the local geometric

Frobenius element Frobi""" in G%. We can extract the following local data:

If every eigenvalue of p’-  (7;) has an order dividing ¢' — 1 (x), we find a basis of 5, so
that the transformation matrix A, of pgr ) has Jordan form and the transformation

matrix By of p’ x(Frobﬁfsr;) is upper trlangular - . For every Jordan block A, ;
of A, let A\;; be the related eigenvalue and 7, ; it he correspondlng block of B,

has diagonal entries of the form f, fq', fq%, ... with fei=Ff€ Qg . We write the local
data (5.14) of F at z as the tuple

Dl,m(F) = ((rx,ia Ax,h fx,z) )ie{l,“.,nz}

and occasionally in a coarsened form

Dio(F) = ((Fags Mogs dugs Fog) )jeqrn iin)

where some Jordan blocks of the same size 7 ; and eigenvalue va,j are combined. cjm is
the number of combined blocks and f, ; the sum of the Frobenius values.

Besides that we can attach to any point x € Aﬁ,q (F,) a Frobenius trace t; ,(j.F) which is

the trace of the action of the geometric Frobenius element in Gal(Fy/F ) = n$(Spec(F ), z)
acting on F3 (3.1). How this data changes under the tensor product with a rank one sheaf
or applying MC,, is described in the following theorems.

Let F and F’ be in Ty, F' of rank 1, MC, ((5+F)[1]) = (j«H)[1] and = € A%q7t(qu).

Theorem 2. (3.2} [5.18)
i) tl,m(F® .F/) = tlyx(f) . tl,m(F,)-
ii) There exists a “correction term” c¢;(F,x) € Q; only depending on | so that

tl,w(j*H) = - tl,y(j*]:) 'tl,xfy(jiﬁ)() + Cl(fa X)

yeAL (F)

For the next theorem suppose we are in standard situation (5.13), that is, for any [ € Z>1,
holds () for any z € S(F ;) and for co € ]P’Ilpq (F 1) there is a basis so that the transformation

matrix of pt}-m('yoo) is the identity matrix multiplied with x((;—1) =: A. Let

5l,m(]:) = ((Fxm 7]7 T,59 fow) )je{l,“.,ﬁz}

12



be a coarsened local data of F at .

Theorem 3. (5.16] [5.17)

i) [fDl,x(]:/) = ((17 )‘;:,17 9/6,1)) then

Dl,iE(‘F@"r/) = ((fr,jv )\:E,jA/xJ’ dm,j? fx,jfg/v,l) )je{l,...,ﬁm}-

ii) For the sake of space we will give a less technical description than in .

e For every entry in 7517:,;(}") of the form (75 ;, A\ 71, Lzm, .]?xj) we get an entry of
Dl,x(H) Of the f07”m (Fz,j + 17 17 dw,ja X(_l)f:b,])

e For every entry in 7517:,3(]-") of the form (ry;, 1, cflvxvj, ﬁ]) we get an entry of
DZ,I(H) Of the form (Fat,j - 17 Aa dm,jv qlfm,j)

e For every other entry in ’51@(.7:) of the form (35, Xm,j, (;lvxhj, j?;,j) with (T4 j, ng*) #*
(1,1) we get an entry of Dy o(H) of the form (7o j, Az j, dajy J(Xayijs Xayi;) fa.j)-
J is the Jacobi sum.

o Besides these entries 151@(7-[) gets a last entry of the form (1,1, (E", ﬂ") to
reach the correct rank.

We will also describe how to calculate the new occurring numbers and demonstrate how to
use these results to calculate the Frobenius roots and local data in a concrete example of
constructing a smooth sheaf of rank 7 over F5 and F7 such that the associated monodromy
group is Zariski dense in (G5 using the reverse Katz algorithm ([5.22)).

13



2 Etale sheaves, Q,-sheaves and D’(X,Q))

We give some reminders on étale topology and étale sheaves on connected separated
Noetherian schemes X. We focus on the notion of Q,-sheaves (also called (-adic sheaves)
and redraw Grothendieck’s function-sheaf dictionary, i.e. an equivalence of the category of
smooth Q,-sheaves and the category of Q,-representations of the étale fundamental group
of X. Finally the construction of the triangulated category D%(X,Qy) is recalled and how
one finds the category of constructible Q-sheaves as the heart of the standard t-structure
of D(c)(Xa @E)

Our main references are [24], [10], [1I] and [21].

2.1 Etale topology and coverings
2.1.1 The small étale site

2.1 Definition. (Coverings, Grothendieck topology, sites) (|24, 1.5]) Consider a
category % and assign to every object U of ¥ a distinguished set of families of maps
(Ui — U);er. Such a family is called a covering of U. A system of those sets of coverings
is called a Grothendieck topology of € if they satisfy the following axioms:

i) For any covering (U; — U);ecr and any morphism V' — U in %, the fiber products
U; xy V exist and (U; Xy V' — V);er is a covering of V.

ii) If (U; — U);er is a covering of U, and if for each i € I, (U;; — U;)jey, is a covering
of U;, then the family (U;; — U)ier,jes, of composites is a covering of U.

iii) For any U in %, the family (U id, U) consisting of a single morphism is a covering
of U.

A category ¥ together with a Grothendieck topology is called a site.

2.2 Definition. (Presheafs and sheafs) ([24, 1.5]) Let S be a site with underlying
category 5. A presheaf of sets, abelian groups etc. on S is a contravariant functor

F:%Gs — Sets, Ab, ...

The notion of a presheaf on S is independent of the Grothendieck topology of S. A sheaf
on S is a presheaf F for which

FU) = [[Fw) = [ 7 <o Uy)
iel i,j€l
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is exact for every covering (U; — U). A morphism of (pre)sheafs is defined as a morphisms
of functors.

2.3 Definition. (Unramified and flat local ring homomorphisms) Let A and B be
local rings with maximal ideals m and n resp. and f: A — B a ring homomorphism. Let
f be a local ring homomorphism, i.e. it holds f(m)- B C n.

i) f is called unramified if f(m)- B =n and B/n O A/m is a separable field extension.

ii) f is called flat if the functor M — M ®4 B from the category of A-modules to the
category of B-modules is exact.

Let X be a separated Noetherian scheme with structure shea:lﬂ Ox. For any topological
point x € X, the unique maximal ideal of Ox , is denoted by mx , and the residue field
Ox z/mxz by k(xz). When we talk about a point € X, depending on the context
we will either refer to the actual topological point, the morphism Spec(k(z)) — X or
more generally an arbitrary morphism Spec(k) — X, for a field k, which both have the
topological point as their image in X.

2.4 Definition. (Etale morphisms of schemes) ([IT, 2.2, 2.3]) A morphism f: Y — X
of schemes is called étale if it is locally of finite type and the induced local ring homomor-
phism fy: Ox ¢y) = Oy is unramified and flat for every y € Y.

2.5 Remark. Let Et(X) be the category, whose objects are the étale morphisms Y — X
and whose arrows are X-morphisms, i.e. the commutative triangles

Note that ¢ is then also étale. Et(X) is a full subcategory of the category Sch(X) of all
morphisms Y — X (see [10, p. 19 (3)]).

2.6 Definition. (The small étale site X and étale sheaves) A familiy of X-
morphisms (¢;: Y; — Y)ier is called surjective if Y = (J; ¢i(Y;). Assigning to every
object Y — X the set of the surjective families of étale X-morphisms (Y; — Y);cr endows
Et(X) with a Grothendieck topology. Et(X) together with this topology is called the
small étale site Xet.

We define an étale sheaf on X to be a sheaf on Xg.

INote that Ox is a sheaf on the site Xgar given by the category of the Zariski open subsets of X. The
coverings are families of inclusion maps.
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2.7 Example. (The étale sheaves G,, G,, and p,) (|21, 7.3])

i) The assignment (Y — X) — Oy (Y) defines an étale sheaf of abelian groups on X.
We will denote this sheaf by G,.

ii) The assignment (Y — X) — Oy (Y)* defines an étale sheaf of abelian groups on
X. We will denote this sheaf by G,,.

iii) Let n € Z>;. The assignment (Y — X) — {a € Oy (Y) | " = 1} defines an étale
sheaf of abelian groups on X. We will denote this sheaf by u,. Thus we have an
exact sequence

0 — pn — Gy = Gy

Note that g, is also an étale sheaf of Z/nZ-modules.

2.8 Example. (The exact functors f,, f* and f; of étale sheaves) (|21, 7.1.3, 7.1.5],
[24) p. 63]) Let f: X1 — X2 be a morphism of separated Noetherian schemes.

i) For any étale sheaf F of abelian groups on X7, the assignment
(Y — X2) — .F(Y XX, X; — Xl)

defines an étale sheaf of abelian groups on Xy which we call f,F. The assignment
fe: F = fF defines a left exact functor, whose left adjoint we denote by f*, i.e. we
have an isomorphism

¢Fg.s: Hom(G, fuF) s Hom(f*G, F),

for any étale sheaf F of abelian groups on X; and G on Xs.

ii) Let j: U < X2 be a dense open subset and i: S < X the closed complement of U
in Xs. For any étale sheaf F of abelian groups on U, we have a canonical morphism

074 s i (1digo 7)o F — iai . F.

Its kernel (denoted by 5 F) is an étale sheaf of abelian groups on X7 and we have an
exact sequence
0 — )i F — juF —> iy juF — 0.

The assignment ji: F +— j1F defines an exact functor, which is left adjoint to j*.

iii) For any étale sheaf F of abelian groups on X, we define fi.F to be the sheaf associated
to the presheaf given by the assignment

(Y 5 X2) — P Flo),

16



where the direct sum runs over all étale morphisms g: ¥ — X; with Ah = f og. The
assignment fi: F — fiF defines an exact functor, which is left adjoint to f*. This
definition coincides with ii) for f being an open immersion (|10, p. 84]).

2.1.2 The étale fundamental group

Let X be a connected separated Noetherian scheme.

2.9 Galois coverings spaces of X. Consider the full ([I3, Cor.I1.4.8]) subcategory
Cov(X) of Et(X) containing all finite surjective étale morphisms Y — X, called étale
covering spaces of X. Let Z: Spec(2) — X be a geometric point, where Q is a separably
closed field.

A pointed étale covering space (Y,a) of (X, Z) is a pair consisting of an object ¥ — X
of Cov(X) and a geometric point & € Homx (SpecQ,Y) =: Y (&), the fiber over z. The
pointed covering spaces form the category Cov(X, Z), where the morphisms ¢: (Y1,a@;) —
(Ya, ag) are the X-morphisms with ¢ o a3 = as.

For an object Y — X of Cou(X) with Y connected, define the Galois group G(Y/X) =
Autx(Y). Since for any two pointed covering spaces (Y7, a1) and (Y, az) of (X, Z) with
Y1 connected, there exists at most one morphism (Y7,a1) — (Y2, a2) ([10, p. 282 (1)]), we
have

GY/X)| < [Y(2)].

We call such a connected covering space Y — X Galois if |G(Y/X)| = |Y (Z)| holds for
one (and so for every, [21], 5.5]) geometric point Z: Spec(Q2) — X.

Fix a geometric point Z: Spec(2) — X. The Galois covering spaces of X pointed in
form a filtered full subcategory Gal(X,z) of Cov(X, ) (use [10, p. 282 (1), (2)]). For any
triangle

Y; L Yz
X

in Gal(X,Z) and any o € G(Y1/X), there exists exactly one o/ € G(Y/X) with ¢’ o p =
poo. Thus the mappings G(Y1/X) — G(Y2/X), 0 — o’ make the class of groups G(Y/X)
into a projective system ordered by the objects (Y, &) of Gal(X, ).
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2.10 Definition. (The étale fundamental group) This leads to the definition of the
étale fundamental group of X with respect to the base point &

(X, T) = lim G(Y/X).
(Y,a) € Gal(X,z)

2.11 Remark. ([12, 7|) Endow the G(Y/X) with the discrete topology. Then 7¢*(X, Z)
endowed with the limit topology becomes a profinite group. Since 7$*(X, Z) is a projective
limit there is a canonical continuous surjective group homomorphism

(X, 7) — G(Y/X),

for any (Y, @) in Gal(X,Z) which has kernel 7¢*(Y, &) C n$*(X, 7).
2.12 Theorem. ([12, 7]) Let T: Spec(Q2) — X be a geometric point. The fiber functor
given by (Y — X) — Y (Z) induces an equivalence of categories

Cov(X) -~ {finite sets with continuous 7$*(X, Z)-action}.

2.13 Remark. Recall that an action of 7$*(X,Z) on a finite set M is called continuous
if the map 7§*(X,z) x M — M, (o,m) — om is continuous with respect to the discrete
topology on M. This is equivalent to every stabilizer being open in 7$'(X, z) (|26} p. 21]).

Let Y — X be a covering space of X. We will take a closer look to the construction of
the 7$* (X, Z)-action on Y (z). Following [10, p. 283 (3)] (Y, Z) is dominated by a Galois
covering (Z, &) and by using [10, p. 282 (1)] the map

Homx(Z,Y) — Y (Z)
prrpoa

is bijective. G(Z/X) acts on Homx(Z,Y) on the left. Therefore we get a left action
(X, 2) — G(Z/X) — Aut(Homx (Z,Y)) — Aut(Y (7)),

which is continuous since G(Z/X) is finite. This action does not depend on the choice of
(Z, @), because for another Galois cover (Z’,&’) we get a third Galois cover dominating Z
and Z' (by [10, pp. 282-283 (2), (3)]).

2.14 Example. (The case X = Speck) Let k be a field with a separable closure k and
a geometric point Z: Speck — Spec k, then holds 7$*(Spec k, ) = Gal(k/k), the absolute
Galois group.

Proof. Let Y — Speck in Cov(X, %) connected. Then Y = Speck’ for k’ a finite separable

extension of k in k ([24] 1.3.1]). Y(Z) is given by the different k-embeddings of k" in k. One
sees that Spec k/ — Spec k is Galois if and only if k¥'/k is a finite Galois extension. Since

Gal(k/k) = Jim Gal(k'/k) = Jim Autgpec k(Spec k'),
k' /k fin. Gal.in k k' /k fin. Gal.in k
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it is isomorphic to 7$*(Speck, ). O

2.15 Theorem. ([21], 6.7]) Let z: Spec(Q) — X and ’: Spec(Y) — X be two geometric
points, then there exists a continuous isomorphism

et - et =/
U1 (X,.Z‘) = T (X,.Z‘),
which s canonical up to inner automorphism.

Proof. (sketch) Such an isomorphism can be constructed by giving an isomorphism of the
projective systems (G(Y/X))ya)eca(x,z) and (G(Y/X))v.a"ecal(x,3)- It is continuous
by construction. O

2.16 Theorem. (|21} 6.8]) Let X' be another connected separated Noetherian scheme with
an geometric point ' : Spec(Y) — X' and let f: X' — X be a morphism of schemes, then
f induces a continuous homomorphism

(X7 — X, fod).

Proof. (sketch) Every Galois covering space Y/ — X' pointed in 7’ is also a Galois covering
space of X pointed in f oz’ and every X'-automorphism of Y” is also an X-automorphism
of Y'. O

2.2 The function-sheaf dictionary

It follows a short recap how to construct Coonst(X, Q) and Lisse(X,Qy), the categories
of constructible Q,-sheaves resp. smooth Q,-sheaves on X. This leads to the function-
sheaf dictionary, an equivalence of Lisse(X,Q,) and the category of Q,-representations of
(X, T).

2.2.1 Constructible and smooth Q/-sheaves

Let X be a connected separated Noetherian scheme, ¢ be a prime invertible on X (i.e. in
Ox) and A a Noetherian ring. Fix an algebraic closure Q, of Q.

2.17 Definition. (Constant, locally constant and constructible sheaves) Let F be
an étale sheaf of A-modules on X (see Def. [2.6)).

i) F is called constant if it is isomorphic to the sheaf F” associated to the presheaf
Y > X)— M

for an A-module M (That sheaf F will be also denoted by M).
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ii) F is called locally constant if there exists an étale covering (X; — X);er such that
F|x, is constant.

iii) F is called constructible if there are finitely many locally closed subsets X; — X
so that X can be expressed as the disjoint union X = II;X; and for each j the
restriction F|x; is locally constant and its stalks are finitely generated A-modules.

2.18 Definition. (Constructible and smooth A-sheaves) Let A be a complete discrete
evaluation ring, 7 a uniformizer and let £ > 0 be the characteristic of A/7A. Let £ =
(Lr,ur)rezs, be a projective system

0Ly g, &

of étale sheaves of A-modules on X. Set A, := A/x"A for any r € Z>;.
i) L is called a constructible A-sheaf on X if for any r € Z>q,

a) "L, =0 and L, is a constructible sheaf of A,-modules,

b) and w,; induces an isomorphism £, = L1 ®4p,., Ay

r+1

ii) A constructible A-sheaf £ = (£,) on X is called smooth if L, is locally constant, for
any r € Zzl'

iii) A constructible A-sheaf £ = (£,) on X is called flat if, for any r € Z>1, L, is flat,
i.e. any stalk of £, is a flat A,.-module.

iv) For two contructible A-sheaves £ = (£,) and £ = (£,) and for any r € Zs; the
mapping _ _
Hom(L,41,Lr41) — Hom(L,, L), @+— @ ® A,

is a morphism of A-modules. By defining the morphisms between £ and L to be

Homy (L, L) := Jim Hom(L,, L)
TEZZI

the constructible (resp. smooth) A-sheaves on X form an abelian category we denote
by Const(X,A) (resp. Lisse(X,A)) (see [17, Thm 5.2.3]).

2.19 The categories of constructible and smooth F-sheaves. Let E be a finite field
extension of Qy in Q, with valuation ring A (then A is the integral closure of Z, in E and
complies with the conditions in Definition [2.18)). We define the category Const(X, E) of
constructible E-sheaves on X as the localization of Const(X,A) with respect to the full
subcategory of torsion sheaves.

That is, it has the same objects as Const(X,A) and the morphisms between two con-
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structible E-sheaves £ and L are given by

Hompg(L, L) := Homp (L, L) @ E.

This has the consequence that any torsion element of Const(X,A) is a zero object in
Const(X, E) and any object in Const(X, F) is isomorphic to a torsion free constructible
A-sheaf.

A constructible E-sheafis called smooth if it is isomorphic to a smooth A-sheaf in Const(X, E).
Those sheaves form the full subcategory Lisse(X, E). (see [11, p. 559|)

2.20 The categories of constructible and smooth @g-sheaves. For two finite field
extensions £ DO F O Qg in Q, with valuation rings A and A and uniformizers m and 7 resp.
and ramification index e we have a functor

¢,z Const(X,A) — Const(X, A), (Lr)rezs, ¥ (Lr)rezs,

with /jr = Lg @), /~Xr for any r € Z>; with s € Z satisfying (s — 1)e < r < se since then
we have N

TTANA=m°A.
By [11], p. 561] ¢, is also a functor Const(X, E) — Const(X, E). We define the category

of constructible Qy-sheaves on X as the direct limit over all finite field extensions of Q
with respect to these functors

Const(X,Qy) = lim Const(X, E).
E/Q, fin.

This means that any object £ of Const(X, Q) is represented by an object £’ of Const(X, Er)
for some finite field extensions E, OfNQg with valuation ring A,s. The morphisms between
two constructible Qy-sheaves £ and L are given by

Homg, (£, £) := Homp(pa.a(L), 6a,a(L)) @6 Q,

where F is a finite field extension of Q; in Q, containing both E, and Ez and A its
valuation ring. A constructible Q,-sheaf is called smooth if it is isomorphic to a Q,-sheaf
represented by a smooth F-sheaf for some finite field extension E of Q. Those sheaves
form the full subcategory Lisse(X, Q).

2.21 Definition. (Constant smooth A-sheaf) Let A be as in Definition [2.18 We say
that a smooth A-sheaf £ on X is constant if there exists a finitely generated A-module M
so that £ is isomorphic to the projective system of constant sheaves (M ®a Ay)rez.,, we
also denote by M. -

2.22 Definition. Let £ be a smooth Q-sheaf on X and £ = (L}),cz., be a repesentative
of £ in Lisse(X, E.) for some finite field extension E. of Q, in Q, with valuation ring A.
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i)

ii)

iii)

iv)
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(Constant smooth Q-sheaf) We say that £ is constant if there exists a finite
dimensional E-vector space V with a A-lattice M C V so that £ is isomorphic to
M (as an Ez-sheaf). Since this definition is independent of the choice of Ez and M,
we say in this case L2V ®p, Q.

(Stalk of a smooth Q,-sheaf) Let z: Spec(Q) — X be a geometric point of X.
Then the family of stalks (L )r6221 is a projective system of finitely generated

7,
A-modules with projective limit

Ly = lm L ;.

T‘EZZl
The stalk of £ at 7 is defined to be the finite dimensional Q,-vector space

E@ = ﬁlj ®AL @g.

(Rank of a smooth Q-sheaf) Since in our case X is connected, the dimension of
Lz is independent of the choice of the geometric point Z. We call this dimension the
rank tk(L) of L.

(Tate twist of a smooth Q-sheaf) Let n € Z>1 and i € Z>o. We define Z/nZ(3)
to be the étale sheaf of Z/nZ-modules on X associated to the presheaf defined by

Y = X) +— (Y = X) ®znz - Qzmz n(Y — X)

(see Example [2.7)). Moreover define Z/nZ(—i) to be the étale sheaf of Z/nZ-modules
on X associated to the presheaf defined by

(Y = X) — Hom(Z/nZ(i)|y, Z/nZ|y).

Now let r € Z>; and ¢ € Z. Note that £ is in particular an étale sheaf of Z/{"Z-
modules. We define £!(i) to be the étale sheaf on X associated to the presheaf
defined by

(Y = X) — LY = X) @gpog Z/IZE) (Y = X),

The Tate twist L(i) of £ by i is then defined as the smooth Q,-sheaf represented by
the Eg-sheaf (L£.(1))rez.,. For i,j € Z we have the relation L£(i)(j) = L(i + j) ([21}
8.0.3]). B



2.2.2 Q/-representations

Let X be a connected separated Noetherian scheme of finite type over a finite or an
algebraically closed field k. Let ¢ be a prime invertible on X and fix an algebraic closure

Qy of Q.

2.23 Definition. (/-adic topology) (|21, 8.0.5]) Let E be a finite field extension of Qy
in Q, with valuation ring A and V a finite dimensional E-vector space. Then there exists a
finitely generated A-module M so that we have an isomorphism M ®p F % V. The l-adic
topology on V is defined in such a way that, for any v € V,

{’U + (,O(KTM QA E) ’ re ZZO}

is a family of open neighborhoods of v (this topology is independent of the choice of M). In
particular the finite E-vector space Endg (V) is equipped with an ¢-adic topology. Consider
the inclusion

Autg(V) — Endg(V) x Endg(V), o+ (0,07%).

Autg (V') becomes a topological group by putting the product topology on Endg (V) x
Endg (V) and the subspace topology on Autg (V).

2.24 Definition. (Q,-representations) (|21} 8.0.5]) Let Z: Spec(£2) — X be a geometric
point. A Qy-representation of n$*(X, Z) is given by a finite dimensional Q-vector space V
an a group homomorphism

p: X, T) — Autg, (V)

so that there exist a finite field extension E of Q, in Qy, a finite dimensional E-vector
space Vg so that V & Vi ®@p Q and a continuous group homomorphism pg: 7$*(X, z) —
Autg(VE) so that p = ¢ o pg with ¢ being the obvious homomorphism

AutE(VE) — Aut@e (VE XE @5) = Aut@e(V).

2.25 Theorem. ([11} 10.1.24]) Let T: Spec(Q) — X be a geometric point of X. Then the
assignment L — Lz induces an equivalence of categories

Lisse(X,Qy) — {Q-representations of 75" (X, z)}.

2.26 Remark. Let Z: Spec(2) — X be a geometric point of X and £ be a smooth
Qg-sheaf on X. We describe how the m§*(X, z)-action on Lz is obtained:

Let £ = (L} )rez>, be a repesentative of £ in Lisse(X, Er) for some finite field extension
E; of Q; in Q, with valuation ring A,. Let U — X be an étale neighborhood of Z and
o € %X, ). Since Gal(X,T) is a projective system (see Construction ,

(U xxY)yega(x.z)

23



is also a projective system of étale neighborhood of z on which o induces a compatible
system of X-automorphisms oy. Thus we can choose an arbitrary Y € Gal(X,Z) and
compose

L) — LU xx V) D) (U xx V) — £,

Taking the direct limit over all étale neighborhoods U of Z we obtain an automorphism of
finitely generated Ag-modules £ ; — L) ; and finally an automorphism of finite dimen-

sional Q,-vector spaces Lz — Lz (see Definition [2.22).

2.27 Remark. Let X’ be another connected separated Noetherian scheme of finite type
over k with a geometric point Z': Spec(Q') — X’ and let f: X’ — X be a morphism of
schemes. Let ¢g: n§* (X', 7) — n§"(X, f o Z’) be the group homomorphism from Theorem
[2.16] Due to the construction of the involved functors the following diagram commutes:

Lisse(X,Qy) —=— {Q-representations of n*(X, f o ')}
i f* ip = popy

Lisse(X', Q) —— {Q,-representations of 7$*(X’ ')}

2.3 The triangulated category D’(X,Q,)

Let X be a connected separated Noetherian scheme of finite type over a finite or an
algebraically closed field k. Let ¢ be a prime invertible on X and fix an algebraic closure

Qy of Q.

2.3.1 How to construct D%(X, Q)

The category D%(X,Q,) is not defined via the derived category of Lisse(X,Q,) in the
original sense. Instead the construction uses steps similar to the definition of Lisse(X, Q)
above. This section is based on [I pp. 71-75]. First we fix some notation regarding
cochain complexes.

2.28 Definition. (The categories K(X), D(X), KT(X) and D" (X))

i) We denote the category of the cochain complexes

2 .1 d-! o &
K: -« Y5 k1'%, KO % gt 5

of étale sheaves of abelian groups on X by K(X) (i.e. d""!'od’ = 0 for any i € Z)
and the derived category of the category of étale sheaves of abelian groups on X by
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D(X). For i € Z, we denote the i-th cohomology sheaf of such a K by #(K),
which is the sheaf associated to the presheaf ker d*/im d*~.

ii) Furthermore we define K+ (X) as the full subcategory of K(X) of complexes K
bounded below, i.e. K* =0, for almost all i < 0, and D*(X) as the full subcategory
of D(X) of complexes K cohomologically bounded below, i.e. s#*(K) = 0 for almost
all i < 0. For an object K of K(X) the usual translation by n € Z steps is denoted
by K[n], i.e. K[n]' = K*",

The field Qy is the direct limit of all finite extension fields E of Qy inside Q,, whereas E is
the localization of its valuation ring A, which is the projective limit of the rings A,:

Lim loc. li _
A —E Al g 2.0,

The construction of D%(X,Q,) in order to be a triangulated category follows the same
pattern. We start with the projective system of categories (ch’tf(X, Ay))rez., defined as
follows. )

Let E be a finite field extension of Q; in Q, with valuation ring A and uniformizer 7 and
let Ay := A/7"A for any r € Z>1.

2.29 Definition. (The categories D’(X,A,) and ch’tf(X, Ar))

i) Let D(X,A,) be the derived category of the category of étale sheaves of A,-modules
on X. Let D®(X, A,) denote its full subcategory of cohomologically bounded objects
K, ie s(K) = 0 for almost all i € Z and D%(X,A,) its full subcategory of
cohomologically bounded objects with constructible cohomology sheaves.

ii) We finally define ch’tf(X, A;) as the full subcategory of objects in D%(X, A,) that

are quasiisomorphic to bounded A,-flat complexes K, i.e. K® are flat sheaves of
A,-modules, for any i € Z, (see Definition [2.18)) and zero, for almost all i € Z.

2.30 Remark. ([20, I1.5, pp. 94-96]) The categories Dgtf (X, A,) are triangulated, equipped
with triangulated transition functors

DY (X, Arp1) — DYyyp(X,A,), K— K®F A,

r4+1

and their “limit category” D%(X,A) defined as follows is also triangulated since X is of
finite type over a finite or an algebraically closed field ([I1], 10.1.21]).

2.31 Construction of the categories D%(X,A), D’(X, E) and D2(X,Q,).

i) Let D%(X,A) be the category whose objects are families (Kr,ur)rezs, so that for
any r € Z>1, K, is an object in Di’tf(X7 A,) and wu, is an quasiisomorphism K, —

K1 @F ,, A in DY (X, Ay).

25



ii)

iii)

26

A morphism between two objects (K,n,ur)rez21 and (IN(T,ﬂT)TGZZI in D2(X,A) is a
family (f;)rez., with f. € Homeff(X,Ar)(K“ I~(7«) for any r € Z>1 so that

Uy L
KT KT+1 ®Ar+1 Ar
lfr ifr+1®kr+lIdAT
~ U ~ I
Kr KT+1 ®Ar+1 Ar

is a commuting diagram.

The category D2(X, E) is defined as the localization of D%(X,A) with respect to
tortion ([IT, p. 560]). It has the same objects as DY%(X,A) and for two objects K
and K in D%(X, F) holds

Consider now two finite field extensions F D E D Qy inside Qg (with valuation rings
A and A as well as uniformizers 7 and 7 resp.) with ramification index e. Just like
in Definition [2.20] we have a functor

QZ)AT\: ch)(Xv A) — DS(X’ K)v (KT)TGZzl — (KT)TGZzl

with I?T = K, ®/L\S KT for any r € Z>1 with s € Z satisfying (s — 1)e < r < se since
then we have B
T ANA=m°A.

Because ¢, 5 also is a functor D4(X, E) — DJ(X, E) ([I1, p. 561]), we can take the
direct limit over all finite field extensions of Q, with respect to these functors which
we will denote by
DX, Q) = lm DYX.E).
E/Qq fin.

Just like in Const(X,Qy) any object K of D%(X, Q) is represented by an object K’
of DY(X, Ex) for some finite field extensions Ey of Qg with valuation ring Ag. The
morphisms between two elements K and K of D%(X,Q,) are given by

Homp, g, (K, K) == Hompy(x. ) (66, A (K'), a A (K') @ Qy,

where F is a finite field extension of Qy in Q, containing both Ex and Ef and A its
valuation ring.

For i € 7Z, the i-th cohomology sheaf of an object K in D%(X,Q,) with representative
K' = (K])rez,, is defined as the projective system (K ) := (#"(K]))rez., which



is by [20, II 5.5] a constructible Q-sheaf on X.

2.32 Connection between Const(X,Q,) and D%(X,Q,). (|20, 11.6.4, p. 106])
We have the standard t-structure on D%(X,Q,) given by the two full subcategories

D=(X,Qy) :={K € DX(X,Q) | #'(K) =0, i >0},
D=%(X,Q,) :={K € D%(X,Q,) | #(K) =0, i <0}.

Its heart defined by
DO(X)@[) = DSO(Xv@K) N DEO(X7@€) = {K € Dg(X>@€) ‘ %Z(K) = 07 7/7é O}

is equivalent to the category Const(X,Q,) by the assignment K ~ #°(K). The right
inverse functor of s#°(—) is the Deligne operator Del defined in [20, 11.6.2], which maps
an object £ in Const(X,Qy) to a complex Del(£) concentrated in degrees —1 and 0 with

A1 (Del(L)) =0, #°[Del(L)) = L.

For L being represented by L' = (L])rez., with £ flat, for any r € Z>1, then Del(L) is
represented by the inverse system of complexes

(0. —0—= L, —0— .. ez,

concentrated in degree 0. Therefore we introduce the notation £[0] := Del(£) (“the sheaf
L placed in degree 0”) and L][i] := Del(L)[d], for any i € Z.

2.33 Remark. As mentioned above the category D?(X,Q,) is triangulated. For K =
(Kr)rezs,, L= (LT)r6221 and M = (MT)r6221 a triangle

K—L-—M-— K[1] := (Kr[l])rez21
in D2(X,Qy) is distinguished if, for any r € Z>1, the triangle
K, — L, — M, — K,[1]

is distinguished.

2.3.2 Grothendieck’s six operations

Let f: X — Y be a morphism of connected separated Noetherian schemes of finite type
over k. For any r € Z>; we consider the derived functors of f,, f*, fi (see Example ,
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- ® —, Som (|11, 6.4])

Rf.: DYX,A,) — DY, A),

f*: DY(Y,A,) — Db(X,A,),

Rfi: DYAX,A;) — DY, A,)
—@f —: DYX,A,) x DY(X,A,) — Db(X,A,),
Rstom(—,—): DY(X,A,) x D’(X,A,) — DY(X,A,)

and the right adjoint of Rj

Due to our assumptions on f, it is compactifiable over k by Nagata’s theorem ([5]). Thus
by [11}, 10.1.17, p.560, p. 562] we can use the above functors to obtain the exact functors

Rf.: DYX,Q,) — DX(Y,Q), K +— (Rf. K )rezoys
£ DAY, Q) — DUX,Q), K+ (f*K})rezs,,
Rfi: DYX,Q) — DYY,Q), K r— (RAK])rez.,,
flo DAY, Q) — DYX,Qp), K+— (f'K])rez.,,
DX, Q) x DA(X, Q) — DUX,Q), (K,K)— (K, @" K])rez.,,

DY

X,Q) x DY(X,Qy) — DUX,Q), (K,K)+— (RAom(K], K]))rez.,,

Ritom(—,—):

for representatives K' = (K )rez., and K = ([?;)7”6221' In the same way using [11}
10.1.18] we obtain functors

fe: Const(X,Q) — Const(Y,Qp), L+— (fuL))rezs,,
F*: Const(Y,Qp) — Const(X,Qy)s £ (FLi)rezn,
s Const(X. Q) — Const(¥. Q). £—> (L0)ree
—® —: Const(X,Qy) x Const(X,Qy) — Const(X,Qy), (£,L)— (L, & L})rez,,
Hom(—,—): Const(X,Qy) x Const(X,Q;) — Const(X,Qy), (L, L) — (RAom(L,L)))rezs,,

for representatives L' = (£])rez., and L= (Z’/f'>7’6221'

2.3.3 The Grothendieck group

Let X be a connected separated Noetherian scheme of finite type over a finite or an
algebraically closed field k. Let ¢ be a prime invertible on X and fix an algebraic closure

Qy of Q.
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2.34 Definition. (Additive mapping, Grothendieck group) (|16, 1.1]) Let € be a
triangulated category and (G,+) an abelian group. A mapping f: ob(%) — G is called
additive if, for any distinguished triangle

K — K — K" — K'[1]

in ¥, holds
FE) = f(K') + f(K").

All additive mappings f: ob(%) — G form an abelian group, which depends functorial on
G. This functor is representable by an abelian group K(%), the Grothendieck group of €,
and a universal additive mapping

[-]: ob(¥) — K(%),

i.e. every additive mapping f: ob(%) — G factors into [-] and a group homomorphism
K(¢)— G.

2.35 Proposition. ([16, 1.2| and [22], 0.8])

i) For K, K', K" € ob(%¢) with K 2 K' ® K" we have [K| = [K'] + [K"] (in particular
[K] =[K'] for K2 K').

Let K(X,Q) denote the Grothendieck group of D%(X,Q,) and let K be in D2(X,Qy).
i) We have [K[i]] = (=1){[K], for any i € Z.
i) The tensor product @ in DY%(X,Qy) induces a product - in K(X,Q,) and for a

morphism f: X — Y of connected separated Noetherian schemes of finite type over
k, the functors Rfi and f* induce group homomorphisms

fii K(X,Qp) — K(Y, Q) and f*: K(Y,Q,) — K(X,Qy).

iv) [K] = (1) (K)[0]).

1EL
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3 Arithmetic and geometric local data for constructible
sheaves

3.1 Frobenius traces

Let p be a prime, ¢ be a power of p and let X be a connected separated Noetherian scheme
of finite type over F,. Fix an algebraic closure F, of F,. Let £ be a prime different from p
invertible on X and fix an algebraic closure Q, of Qy.

For any | € Z>1, the set X(F) of the F-points of X is the set of all morphisms
Spec(F,) — X.

3.1 Definition. (Frobenius trace) Let | € Z>1, x: Spec(F,) — X be a closed F -
point of X and Z: Spec(Fq) — X a geometric point located at x, i.e. there is a commuting
diagram

SpecF,

| N

SpecF Z X.

Take a sheaf £ in Const(X,Q,) and pull it back via z. We obtain a smooth sheaf on
Spec(F ) which by Theorem and Lemma corresponds to a Qy-representation
Gal(F/Fy) = 7§ (Spec(Fy),7) = Autg (Lz).

The group Gal(F,/ qu) is a profinite group topologically generated by the geometric Frobe-
nius element Frobifom which is defined as the inverse of the arithmetic Frobenius element

Frobglrith: F, —F, ar— a?
We denote the image of Frobi,eom in 7§* (Spec(F 1), Z) by Frob§®™. Then the characteristic

polynomial
Xiw(L) = det(1 — t - p(Frobf™™)) € Q1]

of p(Frob$®™™) is well defined and independent of the choice of z. The trace t; (L) of
p(Frobg® ™) is defined as the negative of the coefficient of x; ,(£) at the first power of ¢.

Proposition iv) allows us to extend the trace additively to the Grothendieck group
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and to obtain a group homomorphism (see [22 p. 136])

K(X,Q) — Qp, [K]— tio([K]) = ) (-1)' - ti0(7 (K)).

1EL
For any K in D%(X,Qy) let t,,(K) := t,,([K]) be the Frobenius trace of K at x.

3.2 Proposition. ([22 1.1.1]) Let | € Z>1, * € X(Fy), Y be a scheme like X and
[ X =Y and g: Y — X be two Spec(F,)-morphisms.

i) For a distinguished triangle
K — K — K" — K'[1]
in D%(X,Q,) we have
to(K) = tio(K') + 10 (K").

i) For any K in DY(X,Qy) we have

te(K) =Y (=1)'t12 (A (K)).
1€EZ
i) For any K1, Ko in DY(X,Qy) we have

t o (K1 @ Ko) =t (K1) -t 2(K2).

i) For any K in D%(X,Q,) we have

tio(9°K) = tigea(K) and i (RAK) = Y t,(K).
yeY (F )
foy=x

3.2 Local rings

Let in the following R be a local ring with maximal ideal m, residue field ¥ = R/m and
field of fractions €. Let p > 0 be the characteristic of k and g = #k.

3.3 Definition. (Henselian and strictly Henselian ring) ([11l p. 95|)
i) R is called Henselian if for any monic polynomial f € R[t] and any factorization
f = gh of the image of f in k[t] into relatively prime monic polynomials in k[t], there

exist uniquely determined polynomials g and h in R[t] such that f = gh and g and
h are the images of g and h in k[t], respectively.
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ii) If R is Henselian and k is separably closed, we say R is strictly Henselian or strictly
local.

3.4 Remark.

i) (LT, pp. 102-105]) There exists a Henselian ring R" called the Henselization of R
with a local and faithfully flat canonical homomorphism R — R". The maximal ideal
of R" is mR" and the induced homomorphism R/m — R"/mR" is an isomorphism.

ii) (JII, p. 111]) Fix an embedding a: k < k into a separable closure. There exists
a strictly Henselian ring R* called the strict Henselization or strict localization of
R relative to a with a local and faithfully flat canonical homomorphism R — RS
The maximal ideal of R"* is mR" and the induced homomorphism R!*/mR!* is
k-isomorphic to k.

3.5 Definition. (Henselian and strictly Henselian trait) S = Spec(R) is called a
trait if R is a discrete valuation ring. If R is additionally (strictly) Henselian then S is
called a (strictly) Henselian trait.

3.6 Strict Henselization of a Henselian trait. Let S = Spec(R) be a Henselian trait,
n = Spec(€?) its generic point and s = Spec(k) its closed point. Choose a geometric point
n: Spec(Q) — S factorizing over 7. Let k'/k be a finite separable extension. Following
[11, 8.1.2] there exists a finite unramified extension {'/Q contained in ©, such that the
integral closure R’ of R in ' has a residue field k-isomorphic to k’. Define the unramified
closure of ) in Q as

QUr .— h%m Q/,

Q' /Q finite, unram.

whose corresponding discrete valuation ring is

RY = h& R

Q//$ finite, unram.

Its residue field & is a separable closure of k and R"" is the strict Henselization RIS of R with
respect to the embedding a:: k — k (see |11, pp. 413-414]). We denote the corresponding

geometric point by 5: Spec(k) — S and set 7z = Spec(2"") and S(5) = Spec(R"").
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Spec(Q)
UG Ss) Spec(k)
n s
Spec(Q) Spec(R) Spec(k')
n = Spec(Q2) S s = Spec(k).

In the following we will refer to a Henselian trait as the quintuple (S, 7, s, 17, ).

3.7 Example. (Henselization of a scheme) Let X be a scheme and x: Speck, — X
be an arbitrary point of X with residue field k(x) and local ring Ox ;. Note that there is
an embedding k(z) < k,. Consider a Henselization R = (OX@)h of Ox . and let R, be
the ring extension of R with respect to k(x) < k, which we constructed in [3.6] Since R,
is integral over R it is Henselian as well. We call the Henselian trait X,y := Spec(R;) the
Henselization of X in x.

Choose a geometric point Z: Speck, — X located at . The strict Henselization of X,
with respect to the corresponding embedding k; < k, is denoted by X z).

Spec(Qy)

Nz = Spec(£2y)

In the following we will refer to the Henselization of X at z as the quintuple (X (), 0z, Sz, Nz, 5z )-
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Let € be a finite extension of €. Recall that a finite extension Q”/€Y is called tamely

ramified if its ramification index e := % is not divisible by the characteristic p of k.

3.8 Proposition. ([II, p. 414]|) Let Q be the field of fractions of a strictly Henselian
discrete valuation ring R with a uniformizer ™ and residue field k with characteristic p.
Then the following are equivalent:

i) " is a tamely ramified extension of .

ii) Q" is isomorphic to Q[t]/(t" — ) for a positive integer n relatively prime to p.

3.9 Galois group, inertia group, tame fundamental group. Let the notation be as
in [3.60] We call the groups

G=n{'(n7) (= Gal(Q/Q))
and I :=7"(ns7n) (= Gal(2/Q"))

the Galois group of S and the inertia group of S respectively. We have the natural exact
sequence

1 — I — G- Gal(Q“/Q) — 1. (%)
The finite unramified extensions €’ of € in are obtained by adjoining a (#k’ — 1)-th
root of unity ¢’ to  (see [4, 7.11]). Hence Gal(2*" /) is a procyclic group topologically
generated by a projective tuple of morphisms sending those roots ¢’ to their ¢-th power.
We call this element the local arithmetic Frobenius element Froblagéfg since it is the image
of the arithmetic Frobenius element via the natural isomorphism Gal(k/k) = Gal(Q% /)
from [4, 7.10].

Take a uniformizer 7w of R“" and, for any positive integer n relatively prime to the charac-
teristic p of k, a primitive n-th root {/7 of 7 in Q. Define the tamely ramified closure of

Qin Q as
o= Qi/a,
(n,p)=1
which is the maximal tamely ramified extension of Q"" (see [3, Cor. 1.8.2]) and the Galois
group Gal(€2/Q) is the kernel of the canonical homomorphism
0 Gal(QQ/Q"") — Jim Un (2Y7) =1 A
(n.p)=1
coming from the morphisms
— o W)
Y
One sees immediately that Gal(2/QY") is a procyclic group isomorphic to A. Its topo-
logical generator is a projective tuple of morphisms s := (/7 = (o {/T)np=1 With

Gal(Q/Q") — 11, (") := {a € Q" | a" =1},
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(Ca)(np)=1 € A and (Cn) = pn(Q7), for any n € Zx relatively prime to p. I fits into an
exact sequence

1—>P—>IL>A—>1,

with 6 being the composition of the isomorphism I = Gal(2/Q%") and #'. The group
P := ker@ is called the wild part of I and the quotient I' := I/P = A the tame inertia
group of S. Since P € ker 7 the sequence (x) leads to a further exact sequence

11— Gt 75 Gal(QW/Q) — 1
with the tame fundamental group of S
7l (n 7)== G' := G/P = Gal(Q" /).

3.10 Remark. Let n € Z>; be relatively prime to p. Therefore ¢ is invertible in (Z/nZ)*
and thereis a v € Z>1 so that ¢ = 1 mod n. Thus there is an m € Z>; so that ¢" —1 = mn.
There exists a primitive (¢” — 1)-th root of unity ¢ € Q*". Thus (™ is a primitive n-th
root of unity. This means that Q%" contains all n-th roots of unity, they are fixed by the
element g and the local arithmetic Frobenius element Frobﬁféfg sends them to their g-th

power as well.

3.11 A conjugation formula. Keep the notation from [3.9] Let 77 be the unique group
homomorphism so that the diagram

It e T Gal(Q¥/Q)

~ ~
7_//

Gal(Q¥ /QUT) — Gal(Q /Q)

commutes. Consider the local arithmetic Frobenius element Frob?orét’g € Gal(2""/Q) and

take an arbitrary preimage f of it via 7 in Gal(Q"/Q). In order to simplify notation
we identify the elements of Gal(Q2!"/Q¥") with their images in Gal(Q" /Q). For any o €
Gal(Qf /QuT), the element fof~! is again in the kernel of 7/ and so in Gal(Q!"/Qur).
Since it is independent of the choice of f, this defines a group action of Gal(Q" /) on
Gal(Q! /Qu"). We will show that

Frsf~t =5
Since this equation is in Gal(Q'" /QU"), we only have to check n-th roots of m with (n,p) = 1.

Take such an n and notice that the extension Q({/7)/Q is totally ramified. Thus there

exists a preimage f, of Frobf‘(féfg via 7 in Gal(Q"/Q( /7)) and we have together with
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Remark B.10]

Favs (/) = FulGa ¥/m) = G/,
5% fu (/) = 5(¥/m) = 9 /.

So we have ﬁysﬁjl = yg9.

3.3 Local monodromy and ramification for constructible sheaves

Let k be a perfect field with characteristic p, £ be a prime different from p and g be a power
of p.

3.12 Definition. (Local monodromy, tamely ramified, pzx) (|20, p. 235]) Let X be
a projective smooth irreducible curve over k, X — X an open nonempty subscheme and
L a sheaf in Const(X, Q). Choose again an open nonempty subscheme j: U < X such
that j*L is in Lisse(U,Qy). Let z: Spec(k;) — X be a closed point of X and consider
the Henselian trait (X 4,7z, Sz, 7z, 52) With the canonical morphism ¢: X,y — X (see

Remark [3.7).

Since X is irreducible, ¢ o 7, is located at the unique generic point of X , S0 there is an
embedding j': n, — U so that the diagram

Spec(Q.)
l :
e | Mg X (x)
.
U X

commutes (here we refer to the composition of the generic geometric point with j/ again
as ).

i) In a similar way as in the Galois group 7¢*(ns, M) of )?(x) is denoted by G,
the inertia group by I, and its wild part by P,. By Theorem the stalk (7%L)q,
is a Qg-representation of 7$*(U,#,) and by Theorem we can restrict this Q-
representation to G,. This restriction is called the local monodromy of £ at x and is
denoted by pg ., (see [22, 2.2.1]).

ii) A Q-representation of G is called tamely ramified if its restriction to P, is trivial.
A sheaf in Const(X,Qy) is called tamely ramified at x if local monodromy at x is
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tamely ramified and a complex K in D%(X,Qy) is called tamely ramified at x if every
cohomology sheaf 7 (K) is tamely ramified at x.

iii) In the case that the sheat L is tamely ramified at x, we can describe the local
monodromy of £ in x as a Qg-representation of the tame fundamental group G =
T (N, 72) of X,y which we name

pi:,x: Gi — AUt@é (ﬁﬁa,)

We shorten the notation of the element V%, € Gal(Q2," /2" to v, and identify it

with its unique image in G%, as we did in We also shorten the notation of the

local arithmetic Frobenius element Frobf‘orit, %o, € Gal(Q,% /) to Fr Obfgifg and call

its inverse the local geometric Frobenius element Froblg(ffgl.

3.13 Example. (Pointed affine line) For fixed integers [,r € Z>1, let a1,...,a, €

F,. For any i € {1,...,r}, let p; € Fy[t] be irreducible and monic with p;(a;) = 0 and

z;: Spec(Fy ) — AIIFQ the closed point given by the evaluation homomorphisms Fy[t] —
Fy, t > a;. Let X :=PL = Proj(R) for R = Fyfto, 1] and X := AL = Spec(Fy[t]) with

t= % and the natural embeddings
Af, = Spec(F,[t]) = Spec(R[ty o) — Proj(R) +— Spec(Rt; ']o) = Spec(Fy[}]),

where E[ta "o resp. E[tfl]o is the subring of elements of degree 0 of the localization of
R at the polynomial ¢y resp. t; (see [13, Prop.I1.2.5]). Set U := A]}q\{xl,...,mr} =
Spec(IFq[t][; lp |) with inclusion map j: U < A]qu.

Pr

i) Fori e {1,...,r}, consider the Henselian trait ((Alqu)(aci)» N Sz;» My s Sz, ). Note that
in this case (IP’]qu)(xi) = (A]%‘q)(xi) = Spec((Fq[t] (pi))h). The canonical ring homomor-
phism Fy[t] = (Fy[t](p,))" induces a ring homomorphism

Foltllpripr] — Frac(Fqlt]p)") = Qa,

which gives us an embedding g': me; = Spec(Qy,) — U and hence an embedding
Spec(Qy,) < U we also call 7, (as we did in [3.12) so that the following diagram
commutes:
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e
Nx; N, (A%q)(azl) jz(xz)
7 l l
U L AL X.

In the case that a; € I, (i.e. p; =1t — a;), set the coordinate t' = ¢t — a;. Then by
[23, 4.10 (b)] the Henselization of Fy[t]_a,) = Fy[t']) is the subring Fy((t')) of the
ring of formal power series F[[t']], whose elements satisfy an algebraic equation over
Fy[t') ). Thus (Fg[t]p,)" = Fe{(t — az)).

ii) Consider also the F-point at infinity co: SpecF, — Spec Fq[%] induced by the eval-

uation homomorphism % — 0 and the Henselian trait ((Spec ]F'q[%])(oo), Noos Soos Toos S0 )-

Again we have (]P’Ilgq)(oo) = (Spec Fq[%])(oo) = Spec((Fq[%](%))h) and the canonical ring

1

homomorphism Fy[}] — (Fq[;](l))h which gives us the ring homomorphism
¢

Foltllpmp] — Frac(Fyl3) — FraC((Fq[%](%))h):Qoo.

The latter one induces an embedding j': 7o = Spec(Qs) < U and hence an em-

bedding Spec(2+) < U we also call 7o so that the following diagram commutes:

Spec(Qoo)

K
//—A/\
Moo | Too X(oo) E— (Spec Fq[%])(oo)
; | |
U—7 Al X SpecF,[L].

3.14 Lemma. We use the notation from and Deﬁmtion. Letl € Z>1, x € ]P’]qu (Fg)

and consider the group homomorphism
0 G — Gal(Q,"" /).

We take the element v, € GL and fiz a preimage of the local arithmetic Frobenius element

Frob™™ wig 7/ in G and call it again Frobi™™ and its inverse Frobf™™ . Letr € Zs1 and

Py Gy — Autg, (@)
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be a Qq-representation of G, so that every eigenvalue of p..(v.) has a multiplicative order
dividing ¢* — 1.

Then there exists a basis of @2, for which the transformation matriz of pL(vz) has up-
per Jordan normal form and the transformation matric of ptx(Frob?ggg) is a block upper

triangular matriz. Both matrices have the same block sizes.

Proof. Since Qg is algebraically closed, we can begin with a basis B, for which the trans-
formation matrix A of p.(v;) has Jordan normal form. We choose B in a way that A is
a block diagonal matrix with blocks Ajq,..., Apy, where, for any i € {1,...,n}, A;; has
all the Jordan blocks Aj; 11,. .., Ajinm; of a certain eigenvalue \; of A as diagonal blocks
ordered by length starting from the upper left with the shortest block.

Let B be the transformation matrix of pgs(Frobﬁgéfg) for the basis B. Consider the sub-
matrices B;j of B, for 4,5 € {1,...,n}, according to the block structure Aiy,..., A,y of A
and further, for any 4, j € {1,...,n}, the sub-matrices B;; & of B;j, for s € {1,...,n;} and
t € {1,...,n;}, according to the Jordan block structure of A;;. Denote the column vectors

of B by B, ...,05-. That is, we have the block structure

A1 Bi111 | Bi,12
At1,22 Bi121 | Bi122 B2
A — s B =
AQQ B21 BQQ

Since by [3.11| we have Frob?gifg %Frob‘?‘ri“r1 =, also BA = A” B holds.

loc,x

Part 1: Let4,j € {1,...,n},se {1,...,n;} and t € {1,...,n;}. Then

BijAjj = A”‘ql Bi]’ and
!

BijstAjju = Aiiss” Bijst (%)

due to the block diagonal structure of A. Denote the column vectors of B;j; s by Bi,...,Bm.
Then (x) implies

Aii7SSQZ/B:k = AJ/BIC +~Bk—17 for k € {27 s 7m}7 and

kk
() Az‘z‘,ssqlﬁlz AjfB.

The second line is equivalent to (Aii,ssql —Aj - 1)1 = 0. In the case i # j, the matrix
Aii,ssql —Aj-lis upper triangular with diagonal elements )\iql —Aj = A —A; # 0 and hence
of full rank. Thus 31 = 0 and inductively B;; s = 0.
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Part 2: Now let i € {1,...,n} and U; be the \;-eigenspace of A. Note that dim U; = n;.
For B = (bk)reqi,...r} take the index set I; := {ki,...,kn,} C {1,...,7} so that U; =
span((bx)ker,). Let v € U;. Since

AB Yo =B 'A%y = B~I\ %0 = N Bl = \,B 1,
U; is stable under B~!, and so under B. Thus the entries of the column vectors (Br)ker,

of B are 0 except for the rows indexed by I; which can differ from 0.

Let t € {1,...,n;—1} be the index of a certain A\;-Jordan block of A of length m = ki1 —k;
and assume we already found a basis B for which Bj; ¢ = 0, for every ¢ € {1,...,¢t -1}
and s’ € {t' +1,...,n;}. Note that for ¢ = 1 this condition is empty. We will construct a
new basis where the part Bj; « below B;; 4 is 0 as well.

Biin *
Bii = Bii 1t
0 Bii
Bii,nim

Define r; to be the highest number in Z so that the column vector [3,, intersects with the
block Bj;. We need the following preparatory result: If there is a k € {1,...,m} so that
the entries of B, 4 (1) in the tows kiy1, kep1 +1,..., i are all 0 (x* %), then the entries of
B, +k 10 the rows ki1, ki1 + 1, ..., 15 are 0 except maybe for the rows ki1, kiq2,..., kp,.

To see this let s € {t +1,...,n;}. Denote the column vectors of Bj; s+ by Bl, . ,5m. Let
us give an illustration of the condition (x * ):

Bii 1t

0 |« Brrk-1)

From (xx) follows Aii7ssql/ék+1 = )‘in—l—l + By (for the case j = 4). Since Br = 0, we have
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Bt € ker(Azi g5 — A - 1). It holds

)\l‘ql — N ql/\iql—l * 0 ql *
Au‘,ssql—/\i-lz A = .
. ql)\iq — - ql
!
N — N\ 0

Hence Bk.ﬁrl € ker(Aii’ssql — Xi - 1) = span((1,0,...,0)T), which explains the 0-entries of
Brp+k in the rows ks +1,... kg1 — 1 (resp. ks +1,...,7 if s =n;).

Since B has full rank and according to part 1 is a diagonal block matrix, also the diagonal
block Bj; has full rank. By our assumption B;; has block triangular form and so the block

Bii 1t *

* B'L'L,nzm

has full rank as well.

We know from the beginning of part 2 that the entries of the vectors B, , Bk, - ,ﬁkni in
the rows k¢, ky +1, ..., r; are 0 except maybe for the rows k¢, k41, ..., ky,. The second line
of (xx) says for j = ¢ that the first column Bl of Bjjy is in the kernel of Aii’ttql — ;-1 which
is span((1,0,...,0)T) (same argument as above). That means that the k;-th entry of Sy,
is different from 0. So we find a1, ..., a,, € Q, so that the entries of S, + Zzi:tﬂ ay B,
are 0 also in the rows ki1, kiy2,..., kn,.
We will show that there is a change of basis that substitutes the column B, of B by
B, + Zgi:tﬂ ay B, , preserves A and alters only the columns By, ..., B, , -1 of B.

Let us suppose we already performed that change of basis. The equation BA = A9 B still
holds. Following the preparatory result the entries of Sk, 11 in the rows ki1, ki1 +1,...,7
are 0 except maybe for the rows ki1, kiy2,...,kn,. Since the columns Bktﬂ,...,ﬁkni
remained unchanged after the change of basis we proceed eliminating those entries by
altering the basis until By; & = 0, for every s € {t +1,...,n;}.

It is left to show how those changes of basis look like. Let us assume we want to sub-

stitute the column By, 4 (x—1) by Br4h—1) + Dopts1 @bk, for a k € {1,...,m}. For
kK € {k,...,m}, replace the basis vector byt (k1) DY

b;cﬂr(k’fl) = by (w—1) Z av by, (1 k)
v=t+1
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and leave the other basis vectors unaffected. This alters only the columns By, (x—1), - - - Bk, y1—1
of B and the column Bkt+(k_1) as intended. Since the Jordan blocks to the right of Aj;; 4
are of equal length or longer than A;; ;s we have

for k' > 10 Aby ooy = Abkeygvn) + Y awAbg,yv_r)
v=t+1

= Nibry (k' —1) + bk —1)—1 + Z ay (Nibgy+ (k' —k) + Dby (k' —k)—1)
v=t+1

= )‘ib;ct—&-(k’—l) + b;ct—&-(k’—l)—l’

for ki/ =1: Ab;ct—i-(k’—l) = Abkz—l—(k’—l) + Z aVAka+k/_k
v=t+1

= Aibkt—&—(k’—l) + Z al,)\ibk;y+k/,k = )\ib;i‘t-‘r(k}l—l)'
v=t+1

Therefore A has the same form also for the new basis. O

3.15 Lemma. In the situation of Lemma the diagonal blocks of the transformation

matriz B of pé(Frob?géfg) are upper triangular with diagonal entries g, %, %, ... with g €
Q,\{0}. Consequently the transformation matriz of pl,(Frob{>™") is B~' which is upper

triangular as well with diagonal entries f, fq', f¢®, ... with f € Q,\{0}.

Proof. We use the notation of the proof of Lemma Let i/ € {1,...,n} and s €
{1,...,ny} and consider By 4 with entries (8:5); jeq1,..m) and A,»/,-/’ssql — Ay - 1 with

entrie~s (Qij)ijeqt,...my- We already know that B = 0, for any i € {2,...,m}. Set
9= pPu.

Bul *
B(qul)l B(u+1)2

Bi’i’,ss =

Bml co Bm(m—u) Bm(m—u—l—l)

(i-jzu)=+  (i-j=u-1)=

Assume there is a u € {1,...,m — 1} so that Bz’j = 0, for every i,7 € {1,...,m} with
i—j >wu (x). For sure () holds for u =m—1. Let 7,5 € {2,...,m} withi—j =u—1. If
we look at the (i — 1)-th row of the first line of () in the proof of Lemma [3.14] we obtain
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the equation

Bli-1)(j—1) = Q(i—1)1 B1j + -+« + Qi—1)(i-1) B(i—l)j + i1y Bij+...+ d(i—l)mij
——

——— ~————
-0 -0 —g!
; ) ~ .
= q'Bij + &gi1y(it1) Brir -t Qi—1ym Bmj = 4 Bij
H/—/ \,0./
=0 =

The first line uses the form of Ai/igssql — Ay - 1 as described in the proof of Lemma ,
the second exploits (). Therefore we have

(k) Bijzm, for any i,j € {2,...,m} with i —j=u — 1.

If u > 2, then B, = 0, thus Bij =0 foralli,j € {1,...,m} withi—j =u—1 and
assumption (*) is actually true for a u that is one smaller. By induction we obtain that
(%) is true for u = 1, that means that By s is upper triangular, and equation (*x*) gives
us the expected form of the diagonal entries. Since By s, has full rank and is triangular,

g #0. O

3.4 Kummer and Artin-Schreier sheaves

Let £ be a prime different from p invertible on X and fix an algebraic closure Q, of Q.

3.16 Definition. (The smooth sheaf £,) Let X be a connected separated Noetherian
scheme of finite type over F, that is also a commutative algebraic group scheme with
inversion ¢: X — X and multiplication m: X Xgpecr, X — X. There is an Fj-morphism
Fry: X — X which is defined to be the identity on the underlying set X and sends f +— f4
for local sections f € Ox. It is called the g-Frobenius endomorphism. We define the Lang
1sogeny as the composition

Li X — X xXspeer, X -2 X Xgpeer, X 2 X

which is a Galois covering of X. It is apparent that there is an isomorphism A between its
Galois group G(L) and X (F,). Choose a geometric point Z: Spec(2) — X and consider
the canonical group epimorphism @z: 7¢(X,z) — G(L). Furthermore, choose a group
homomorphism y: X (F,) — Q, . The composition

(X, 7) 2 G(L) 5 X(F) 25 @

has the structure of a Q-representation of 7$*(X, Z) and by Theorem is equivalent to
a smooth sheaf in Lisse(X, Q) that we will denote by £,. L, is 1ndependent of the choice
of z.
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3.17 Example. (Kummer sheaves) Consider the multiplicative group G, r, := Spec(F,[t, 1/t])
with inversion induced by ¢ +— 1/t and multiplication induced by ¢ — ¢t ®t. Then the Lang
isogeny L: Gy, 5, = Gy r, is induced by the ring homomorphism

Lo Folt, 1/t] — Fylt,1/t], t=t@te i1/t t9-1/t =111
The elements of G(L) are the morphisms G, v, — Gy, r, induced by ring automorphisms

© so that the diagram

FQ[tv l/t] Fq{t? 1/t]

A

Fylt, 1/1]

commutes. Choose a primitive (¢ — 1)-th root of unity ¢ € F; and let g be the morphism
induced by Fg[t, 1/t] — F,[t,1/t], t — (t. Then G(L) = (g¢) and we have an isomorphism

A G(L) — Gm,Fq(]Fq) = F;a g¢ — ¢
which maps an element of G(L) induced by a ring automorphism ¢ to ¢(t)/t. Now choose
a group homomorphism y: Fy — @Z . The sheaf £, in Lisse(Gy, r,, Q) defined according
to Definition is called a Kummer sheaf.

3.18 Example. (Artin-Schreier sheaves) Likewise, we consider the additive group
Gar, = Spec(Fy[t]) with inversion induced by ¢ + —t and multiplication induced by
t— t®1+1®t Then the Lang isogeny L: G,Fr, — Ggr, is induced by the ring
homomorphism

I: Flt] — Fyft], t—t@14+10t—t1014+1Q —t—t!—t.

Let g1 be the morphism induced by Fy[t] — Fy[t], t — ¢t + 1. Then G(L) = (g1) and we
have an isomorphism

~

Ar G(L) — Gup,(Fy) =Fy, g1—1

which maps an element of G(L) induced by a ring automorphism ¢ to ¢(¢) —t. Now choose
an additive group homomorphism ¢ : F, — Q, . The sheaf Ly in Lisse(Gqr,, Q) defined
according to Definition is called an Artin-Schreter sheaf.

3.19 Lemma. Notalion as in Example . For any | € Z>1 and a € F \{0} consider
the F-point x: SpecF, — Gy p, induced by t — a. Let Ly be a Kummer sheaf in

Lisse(Gpr,, Q). Then we have the Frobenius trace

) = (x (Nt (@)))
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F
with the field norm NFZZ Ky — Fy.

Proof. Consider the geometric points  and Z’ so that the diagram

Spec ﬁqz

1%

Spec F - 5 Gm,r,

commutes. Following Remark and Definition the pullback of £, via z is the
smooth sheaf associated with the QQ,-representation

- _ z o\ —
XOAO Wz 0@yt ﬁ‘ft(Spechz,:f’) AN Wft(Gm,Fq@) £, G(L) o QKX

with the canonical group epimorphism ¢z and the morphism ¢, from Theorem [2.16, Con-
sider the commuting diagram

Wq it

F i (wa) F,[t,1/t] SpecF i (wq) —= Gm,F,
IdT Tt»—mql resp. L’l lL
qu - ott Fy, [t,1/] Spec Fql < Gqu

with w, € F, being a fixed (¢ — 1)-th root of a and Z: SpecFi(ws) = G, be the
F,i(wq)-point given by t — w,. This diagram shows that the pullback of L via z is given
(up to isomorphism) by the inclusion L': SpecF,i(w,) — SpecF,. Let

oz T (Spec Fu,z') — G(L')

be the canonical group epimorphism. Since @, is a morphism of projective limits, it induces
a group homomorphism @, : G(L') — G(L) so that we have a commuting diagram

Pzl

7' (SpecF 1, 7') G(L)

(G, T) ———> G(L)

XOA

Q.

Now consider the geometric Frobenius element Frob§™ € 7{*(SpecF,z'). We are in-
terested in the image (@, o @z )(Frob8°™) = ((&, o @z )(Frob®th))=1 The element
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oz (Frob®™) € G(L') is the automorphism of coverings which is induced by the arith-

metic Frobenius element Frobzfith IF ; (wa)-

By definition ¢, is a composition of the natural inclusion G(L') — G(x o L’) and the
homomorphism G(z o L') — G(L) described in . This means that (Z, o @z )(Frob¥ith)
is the unique morphism o € G(L) so that

0 0% =T o gz (Frob®™) e G(L').

The ring homomorphism inducing the latter morphism sends ¢ to

g =1 i F
Frobarlth |]F ) (Wa) = waql = wg -waql_l = wg - et = Wy - H a? = w, - NFZZ (a).

Since N Sl (a) € gy, the morphism induced by ¢ — ¢ - N o ( ) is one and thus the only
p0851b111ty for . We conclude

a(£x) = (x 0 X0 5 0 ;) (Frobeo™)
-1
= (xo Ao By o ) (Frobg™™) = (xo Mo ) = (x (N (@)) . O

3.20 Lemma. Notation as in Ezxample m Consider the Fi-point 0: SpecF, — A%Fq

induced by t — 0 and a topological generator vo := (Yt +— (p \f) —1 of the tame inertia

group I} (see E and- i)). Let L, be a Kummer sheaf in Lzsse( mFys Qo). Then Ly
is tamely ramified at 0 and we have pﬁ 0(0) = x(Cg-1)-

Proof. Consider the geometric points 7y and 7, so that the diagram from Definition

Spec Qg

_ 1o
i J/
j/

1o = Spec §do

Gm,qu

commutes. Note that Qo = Frac (F,((t))) (see Example i)). By Remark and
Definition the pullback of £, via j' is the smooth sheaf associated with the Q-

representation

_ 2 = ©, o\ —
XoAowm 0pi: m(Spec o, M) —= 1 (Gmr, o) —= G(L) X3 @,

with the canonical group epimorphism ¢z, and the morphism ¢; from Theorem [2.16]
Consider the commuting diagram

46



=/

7

Qo () <25, [t, 1/8] Spec (1) GmpF,
IdT Tt.—wq—l resp. r J/L
QoL R [t 1/4] Spec Q) ——— Gy,

with ¢ € Qg being a fixed (¢ — 1)-th root of ¢ and j': Spec Qy(1)) — Gin,r, be the Qq(¥)-
point given by ¢t — ¢. This diagram shows that the pullback of L via j' is given (up to
isomorphism) by the inclusion L’: Spec Qg(9) — Spec Q. Let

Py 7$*(Spec Qg, ) — G(L)

be the canonical group epimorphism. Since ¢/ is a morphism of projective limits, it induces
a group homomorphism @ : G(L') — G(L) so that we have a commuting diagram

7t (Spec Qo, 7))

@j’l 427']-/

_ #i XOA
71-‘1at (Gm,]an 7]0) =

Q.

By Proposition Qo(?¥) is a tamely ramified over €, i.e. L, is tamely ramified at 0.
Thus we obtain a morphism ¢!, : 7§ (g, 79) — G(L') and the local monodromy of L,
o

is given by ptﬁ)“o =XOoAopj o 90%6.

T (10, o)

|

7§t (Spec Qo, 1)

‘Pj/l (ﬁj/l

_ ®
1§ Gz, o) ———= G(L)

XOoA —

Q.

By definition @; is a composition of the natural inclusion G(L') — G(j' o L’) and the
homomorphism G(j' o L') — G(L) described in This means that (¢ o go%é)(’yo) is the
unique morphism ¢ € G(L) so that coj’ = j'o cpf_]é (70). The ring homomorphism inducing
the latter morphism sends

t— 9 22 ¢ 0.
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Since (4—1 € Fy, the morphism induced by ¢ + (,—1? is one and thus the only possibility
for . We conclude

Pr0(10) = (xo Ao Gjropn)(v0) = (x o A (o) = x(Gg—1)- O

3.5 Nearby and vanishing cycles in D(X, Q,)

Let (S = Spec(R), n = Spec(f?), s = Spec(k), 77: Spec(2) — S, §: Spec(k) — S) be a
Henselian trait with strict Henselization S5 = Spec(R") and X a scheme over S. Apply
a base change along X — S on the diagram in Construction and get

X, J X ! X;
NN
Spec(£2) l S(s) i Spec(k)
X, X X,
AN

3.21 Nearby cycles. An Element o € G = 7$*(n, ) = Gal(Q/Q) gives rise to an element
in Aut(S(s), S) by restriction onto R" ([T} p. 504]) and an element in 75t(s, 3) by its
image in Gal(Q“"/Q) = Gal(k/k) = 7$'(s,s). By acting on one component we obtain
elements o, ¢ and oy in Aut(X5, X)), Aut(X, X) and Aut(Xs, X,) respectively:

Xﬁ X : X§
i"n l& lgs
Fpoo Xg— 21 o XX,

Consider a sheaf F;, on X,. By [II, 9.2.1] this is equivalent to considering its inverse
image JF; on X5 with the induced continuous G-action. Take an element o € G and the

~

canonical morphism ¢: Fj — 00 *Fg. Since joops = (joy )« = (6))s = 64j« ([1T) 5.2.5])
the composite

= 3* %2} - ~ ~ =
J+Fq LQ JeOne0y* Fg  —  0xJx0y" Fg

induces by adjunction a morphism ¢: 6*j.F; — j.oy* Fy. Since 05*i* = (04i)* = (i5)
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7*6* the composite

0 TG Fn D T
defines a continuous action of o on i*j,F;. We define a functor ¥, from the category of
sheaves over X, to the category of sheaves over X3 with continuous G-action by

U, (Fy) ="} Fy.

VU, extends to a functor of complexes. Since ¥, is left exact ([0, 1.3.2.3]), we get from
[1T, 6.3.4] the existence of the derived functor R¥, from D™ (X)) into the derived cate-
gory of sheaves over Xz with continuous G-action (we will call this triangulated category
D(X5,G)). The functor RV, is called the functor of nearby cycles.

3.22 Vanishing cycles. Let K be a complex in K (X). Following |11}, 6.3.4] there exists
a quasi-isomorphism K — J with J a complex in K (X) of injective sheaves and

RVY,(K,) = i*j.J5

where Jj, J and Js denote the inverse images of J on Xj, X and X5 respectively. Both J;
and i*j, Ji carry a continuous G-action and the canonical morphism ¢: J — jsj*J induces
a morphism

Ky — Jo <5 g S8 T S gy, < RU,(K,)

of complexes of 7$*(n, 77)-sheaves on X5 ([6], 1.3.3]). Its mapping cone R®,(K) := coker(¢')
defines a functor from DT (X) into D(X5, G). We call R®,, the functor of vanishing cycles.

3.23 Remark. By construction we have for any K in DT (X) a distinguished triangle in
D(X5,G)

Ry (K)

g \

Ky R, (K,).

3.24 RY, and RY, for other derived categories. Let E be a finite field extension of
Q¢ with valuation ring A and uniformizer 7. For r € Z>; set A, := A/n"A. We apply the
functors of nearby and vanishing cycles to the sheaves of A,.-modules. If we restrict X to
be finitely generated over S, the direct image functor j* has finite cohomological dimension
and we obtain the functors

R,: D*(X,,A,) — DY(Xs, A, G),
R®,: Db(X,AT) — Db(X§7AT,G)-

If we consider complexes K, in D%(X,,A,) and K in D%(X,A,), then by [20, D.7| the
complexes RV, (K,) and R®,(K) have again constructible cohomology sheaves. This fact
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allows us to induce functors

RU,: DY (X, Ar) — D2y p(Xs, Ay, G),
R(I)TI: ch)tf(X7 AT) — ch)tf(XEaAraG>v
(|20, D.8|), where ch)tf (X5, Ay, G) denotes the full subcategory of D(X5, Ay, G) of bounded
constructible complexes of finite A-T'or-dimension. Like in section we construct the
category D2(Xs, Qy, G) ([20, D.11]) and obtain the functors
RV,: D)(X,,Q,) — D%X;Q,G),
RCI)?] : ch)(Xv @ﬁ) — D}CJ(XEa@b G)

3.25 Proposition. Let f: X — X' be a proper morphism of S-schemes and K an object in
D% X,Qp). Let fo: X5 — XL be the morphism induced by f. Then we have isomorphisms

R, ((REK),) = RfWRY,(K,).
R®,(Rf«K) = RfuR®,(K).
Proof. The first isomorphism is constructed and proven in [I1, p. 507]. The second is due

to the definition of R®, and the diagram from remark

Rfs*(KE) - Rfs*R\I’n(Kn) - Rfs*R(I)n(K) L

i (1

(Rf.K)s — RV, ((Rf.K),) —> R®,(Rf. K) —— O
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4 Fourier transformation and the middle convolution product

Let X be a connected separated Noetherian scheme of finite type over a finite or an
algebraically closed field k of characteristic p. Let ¢ be a power of p and fix an algebraic
closure F, of Fy. Let £ # p be a prime invertible on X and fix an algebraic closure Q, of

Qe

4.1 Middle convolution of perverse sheaves
4.1.1 The abelian category of perverse sheaves

4.1 Definition. (The perverse t-structure and Perv(X,Q,)) ([20, IIL.1]) In section
we introduced the standard t-structure on D%(X,Q,). Now we define another t-
structure that is self-dual with respect to Verdier duality: The perverse t-structure is given
by the two full subcategories

PD=0(X, Q) :={K € DUX,Q,) | dim(Supp(#~"(K))) <1, i € Z},
PD%(X,Qp) :=={K € D%(X,Qy) | dim(Supp(#~"(Dx(K)))) <1i, i € Z},
with the Verdier dual Dx(K) = Rs#om(K, 7' (Q,[0])) of an object K in D5%(X, Q) with

structure morphism 7: X — Spec k) and the support Supp(L) of a sheaf £ in Const(X, Q)
defined as the closure of the set

{imz | z: Spec) — X geom. point with "L # 0}.
Its heart B B B
Pery(X,Qy) :="D=(X, Q) N"D(X, Q)
is an abelian category called the category of perverse sheaves on X (see [20, 111.1.1]).

4.2 Remark. An equivalent definition for K in D%(X,Q,) being perverse is that, for any
point z: Speck(z) — X and any geometric point Z located at z, holds (see |20}, I11.1.3])

A (2" K)z) =0 for i > —dim(z) and % ((2'K)z) =0 for i < —dim(x).

Let us consider some examples of perverse sheaves:

4.3 Lemma. (|20} I11.2.2]) Let X be equidimensional of dimension d. For any compler K
in D%(X, Q) with smooth cohomology sheaves holds that K is perverse if and only if K is
of the form L[d] for L in Lisse(X,Qy).

4.4 Lemma. ([20, I11.5.2]) Let j: U < X be an embedding of an open subscheme and
i: Y — X its closed complement. For any K in Perv(U,Qy), there exists (up to quasiiso-
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morphism) a unique eztension K in Perv(X,Q,) (i.e. j*K = K) such that K has neither
quotients nor subobjects of the form Ri K’ for K' in Perv(Y, Q).

This extension is called the middle extension ji. K of K and defines a functor
jie: Perv(U, Qq) — Perv(X, Qy).

4.5 Lemma. (|20, Exp. p. 153|) Let X be a smooth curve over k, j: U — X a dense
open subset and L in Lisse(U, Q). Then for the pervers sheaf L[1] holds

J(L1]) = (L[]

4.6 Definition. (Smooth locus) Let K = (j.£)[1] be a perverse sheaf as in Lemma
The maximal dense open subset j': U’ < X, so that there exists a sheaf £ in Lisse(U’, Q)
with K = (j.£")[1] is called the smooth locusf] of K.

4.1.2 The middle convolution product

Let X be also a smooth additive group scheme with addition m: X Xgpecx X — X, inversion
t: X — X and the two natural projections pry,pro: X Xgpeck X — X

4.7 Definition. (Convolution products) For two objects K and L in D%(X,Q), let
KXL:=pri K®FprsL
denote the external tensor product. Following [19 p. 45| we define the !-convolution as
K L :=Rm(KKXL)cobDX,Q)
and the x-convolution as
K #, L := Rm, (K K L) € obD’(X,Q,).

The middle convolution K *miq L of K and L is defined as the image of the natural map
KxL — K *, L.

4.8 Remark. If both K * L and K %, L are perverse then also is K *pjq L. Using the

difference map

xId
§: X Xgpeck X = X Xgpeek X —= X

one can rephrase the previous definitions like follows

K % L = Rpry (K X' L),
K *, L = Rpr,, (K X' L)

%or in French ouvert de lissité (see [22], Preuve de 1.4.2.1]).
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with
KR L :=pr} Ko 6L
4.9 Definition. (Geometrically irreducible and translation invariant) Let j: U —

A}Fq be an open subset and define U := U X SpecF, Specﬁq. Let £ be in Lisse(U, Q). We
call the sheaf j,L[1]

a) geomelrically irreducible if the Qg-representation (L|z)z of 71 (U, Z) associated to L|g
(see Theorem [2.25) is irreducible, for any geometric point Z of U (This definition is
independent of the choice of F,).

b) geometrically translation invariant if for any a € F, the sheaves 7,*(L|7) and L
are isomorphic for 7, defined by the translation isomorphism t +— t + a.

4.10 The functor MC, on Pem(Alqu,@g). Let x: Fy — Q, be a nontrivial group

homomorphism and £, the associated rank 1 Kummer sheaf in Lisse(Gy,r,, Q) (see
Example . For the inclusion j: Gy, p, < A%Fq consider the middle extension sheaf

Ly = 51 (Lx[1]) = (L) [1];

which by Lemmais an object of Perv(AIIFq ,Qp). Take another sheaf K in Perv (AIIFq , Q).

We want to show that both K * L, and K *, L, are perverse again. Let K and LX be the

inverse images of K and L, on A% . Since by |7, Thm. 1.9, Cor. 2.9] the functors used in
q

Definition are compatible with base change to F,, the sheaf K % L (resp. K, L )
is the inverse image of K # L, (resp. K #, Ly). So they have the same stalks and after
Remark . K %) Ly (resp. K *, Ly) is perverse if and only if K # L (resp. K #, L )
is. That both K L and K #, L are perverse, follows from [19] Cor 2.6.10] since L
obviously is geometrlcally 1rreduc1b1e and not geometrically translation invariant. Hence
also the middle convolution K s#myiq Ly, is in @(A%q,@g} (see Remark . This provides
us a functor

MCy: Perv(Ag , Q) — Perv(Ag,,Q), K — K #mia Ly

4.2 The Fourier-Deligne transformation of perverse sheaves

Let v: F, — @Z be a nontrivial additive group homomorphism and L, the associated
rank 1 Artin-Schreier sheaf in Lisse(Gqr,, Q) (see Example .
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4.2.1 The Fourier-Deligne transformation

4.11 Definition. (Fourier-Deligne transformation) [22 1.2] Let A%th := Spec(F,[t])
and A]}q = Spec(Fy[t']) be two copies of the affine line. Let a’ € Fy and consider the
morphisms

— idXxZ

DAL Al o pl 1 p
par s Ag , — Ap, ; X SpecFy —F Ap_; X A — Gap,,

Fo,t
with Z,: SpecF, — Alqu,t’ coming from the evaluation homomorphism at ¢’ and p coming
from the ring homomorphism Fp[u] — Fy[t] ® Fy[t'] defined by u +— t @ t’. Then Ly[1] is
in Perv(Ggr,). Define the sheaves

Ew(t . t/) = M*Ed} ln M(A%ﬁ‘q,t X A[%Tq’t/’@é) a‘nd
Lw(t . a,) = /,La/*,Cw n M(A% ta@f)'
q»

With the two projections

1 1
Ap ¢ X Ag, y

Y \r/
Al Al
Fot Fo,t’
we define the Fourier-Deligne transformation as the following functor
Fy: DU(Ak, 1, Qp) — DA, v, Qp), K — (Rpr| (pr* K @ Ly(t-1)[0]) )[1]
and by switching the roles of A%Fq’t and A%Fq,t’
Fy: DU(Ag, 1, Qo) — DUA, @), K — (Rpr, (pr'™ K @ Ly(t-¢)[0]) ) [1].

4.12 Remark. The functor %, sends simple objects of M(A%Fmt,@g) to simple ob-
jects of M(A%mt/,@g) (see [22, 1.3.2.4]) and establishes an equivalence between the
categories DZC’(A%FN,@@) and DS(A%FM,,@Z) as well as the categories M(A%q7t,@g) and
Perv <A11Fq,t/7 Qy) with quasi-inverse

a” 7, () (1)
for a: Aﬂqu,t — A%qyt defined by the homomorphism ¢ — —t (see [22] 1.2.2.3, 1.3.2.3]).

4.13 Definition. (The category Fourierq/,(AIqu’t,@g)) (|22, 1.4.2]) B
We define the category of irreducible Fourier sheaves Fourierw(AI}mt, Qy) as the full sub-
category of Perv(AIlw, Qy), whose objects are the geometrically irreducible sheaves (j.£)[1]
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for j: U — A]IFq , being an open subset and £ being in Lisse(U, Q,) not geometrically iso-
morphic to a translated Artin-Schreier sheaf. This means that E\UXF 7, is not isomorphic
q

to Ly(t-d )|UXFqu for any o’ € F, considering the base extension

U xz, Fg—> AL |

|

J 1
U Ab ..

In [22] 1.4.2] the category Fourierw(A%Fq’t,@g) is called T5.

4.14 Theorem. (|22, 1.4.2.1 (ii)]) The functor F, establishes an equivalence between
Fourier,, (Alle*q,t’ Qy) and Fourierw(A%Fqi,, Qy)-

4.15 Theorem. ([22, 1.4.3.2|) Let x: F; — @Z be a nontrivial multiplicative group ho-
momorphism and consider the sheaf Ly, in Perv(A]%q’t,@@) (defined in . Obviously Ly,
15 1n Fourierw(AHl,q,t,@g) and it holds

with j': G, v — Alqu » and G(x,v) being a geometrically constant rank 1 sheaf in
Lisse(A%q > Qq) with Frobenius trace

tl,m<G(X7¢>) = g(Xﬂb) = Z X(x>¢q(x>7

xEF;

foranyl € Z>1 and x € AIIFq (Fy1), with g :=1o Trgz,

Sums like this are called Gauss sums for which we now give some rules. Note that for a
cyclic group G the group homomorphisms G — QZ are exactly the characters G — Q@X of
G. Thus we are allowed to use the formalism of characters in the next Lemma.

4.16 Lemma. Let ¢: F, — @; be an additive and x, x': Fy — @Z be two multiplicative
group homomorphisms.

i) For ¢ and x nontrivial, 1, : x +— 1 the trivial additive and 1: x — 1 the trivial
multiplicative group homomorphisms we have

9(1a¢) =1, g(X71+) =0 and 9(17 1+) =1-gq
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i1) For v and x nontrivial we have

gOG)g(x ) = qx(-1).

iii) For v and xx' nontrivial, we have for the Jacobi sum

906 V)95 ¥)

Joox) = Y x@X(1-z)=- o)

2€F \{0,1}

Proof. Let ) and x be nontrivial. Since the characters of F, (and F; respectively) form
an orthonormal family with respect to the Hermitian product we have

= q<1+7¢q>]1<‘q = Z 14 (2)9q(x) = 1h4(0) + Z Ye(2) =1—g(1,9),

z€eF, z€Fy
0=(¢—D(1x)px = > 1(@)x(z) = ) x(z) = —g(x. 14),
z€Fy z€Fy
g(1,1) ==Y 1=1—¢

This shows i). The following calculation holds for any ¥, x and Y':

TO6X)900, ) = = D x@)X (1= 2 Wea(y) = — D x@y)x' (v — zy)eq(y)-
z,y€Ry z,y€Fy
r#1 r#1
For any y € F;* the map F;\{1} — F\{y}, a = ay is a bijection. Therefore
TO6X)g0ds8) = = D0 x(@)X (y — 2)(y).
x@GF;

T#Y

Also for any x € F) the map Fy\{r} — F;\{—z}, a+ a — = is a bijection. Thus

TO6X )90 ¥) == > x(@)X @)ty + )

xyeF;
—zFY

—- 3 X a(y) + > x( 1q(0)
,yGF xGFX

= —g06 V)90 ¥) + Y x(@)X (@)X (1)

z€Fy
= =069, ¥) = X (=1)glex’ 14). (%)
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If we set ' := x !

906 g(x ) = —x N (=1Dg(1,14) — J(x, x g(1,4)
Lig-x -1 - Y xex -

z€F4\{0,1}

=(@-Dx(-1) = > x ' '-1).

2€F \{0,1}

The map F,\{0,1} — F,\{—1,0}, a > a~! — 1 is a bijection. Therefore

g06)g ) = (a—Dx(-1) - > x ')

2€F \{~1,0}
=(g—Dx(-D+x"(-1)+g(x " 14)

= (¢ = Dx(=1) +x(=1) = gx(-1).

—
=

This is ii). However, if we assume in equation (x) ¢ and yx’ to be nontrivial, then

TG X9 ) S —906 )9, )

and by ii) we have g(xx’, %) # 0, which gives us iii).

4.2.2 The local Fourier-Deligne transformation

and assume 1 and y to be nontrivial, we obtain from equation (x)

Throughout this section we use the notation introduced in the following construction. Let

k be a perfect field with characteristic p.

4.17 Some preparatory work. Let (T,7,s,7,5) and (T",1/,5',7,5) be two Henselian
traits with uniforming elements 7 and 7’ respectively and common residue field k£ with a
fixed separable closure k, so that §: Spec(k) — T and §': Spec(k) — T’. Consider the

canonical projections pr: T xp T' — T and pr’: T x;, T" — T’ and the morphisms

it T — A,lat defined by sending t +—— ,

i T — A,lm, defined by sending ' — 7,

t1:m — Allmt defined by sending ¢ +— %,

1
ks

(BN n — A,lc’t, defined by sending '+ %
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Define the sheaves
Ly(m/7") = (ix x i1 )Ly
Lp(m'[7) = (i1 X ix)* Ly(t-t') in Lisse(n x T",Qy),
Lyp(1/mr’) = (i1 x i1 )*Ly(t-t") in Lisse(n x n',Qy),

t-t') in Lisse(T xn',Qy),

3

as well as Ly (7/7’), Ly(7'/7) and L4(1/77’) as the extensions by zero of Ly (m/7")[0],
Ly (7' /m)[0] and Ly (1/77")[0] in DY(T x T',Qy) respectively.

Let £ be a sheaf in Lisse(n, Q) and let £ denote the extension by zero of £[0] in D4(T, Q,).

Consider the right part of the diagram in section where the base change here is taken
viapr': T xT' — T

T x T (5 T x Spec(k)
T () l Spec(k)
TxT J{ T x s
pr \
T’ s

Then the vanishing cycles
RO (pr* L& Zy(n/m), ROy(pr* Lo Ty(w'/m).  Ry(pr Lo Lyl1/mr))
with respect to pr’ are objects in D%(T x Spec(k), Qp, G) for G' = 7§t (', 7).

4.18 Remark. The notation “D5(T x; i/,Q)” used by Laumon (see [22} 2.4.2]) stems
from the fact, that the category D%(T x Spec(k),Q,, G') is equivalent to

— N
DY(T x Spec(R) X1, 7/, Q)
with Deligne’s oriented product T' x Spec(k);T/(§,> 7' defined in [14] 2.3, 2.5, 3.4]. Compare
also with [I5], p. 16].

4.19 Definition. (Local Fourier transformations) [22, 2.4] We define the local Fourier
transformations as the functors

Fp 0 7, (000 g, (000 Lisse(n, Qp) — Lisse(r), Qy)
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defined by the stalks
F (L) == (R Dy (pr* L @ Ly(m/7)) 510
Fy L) = (R (pr* L& Ly(n' /7))
Fp (L) = (R Dy (pr* L @ Ly(1/77")) 414

at the geometric point sxId: Spec(k) — T'xSpec(k), which is located at sxSpec(k). Those
stalks are in the category of Qp-representations of G’ which is equivalent to Lisse(n’, Q)

(see Theorem [2.25]). Define as well

Fp 020 7, (0 g, (0949): Lisse(rf, Q) — Lisse(n, Qy)
for T and T switched.

4.20 Definition. (Slopes) The ramification group I of G = 7{*(n,7) admits a filtration
of proper closed subgroups

I=19>10 > 1) (A< X eRy)

(see [25, TV §3, p. 74], there denoted G° > G* > GY). For \ € R> define
IO = | 10+ < 10,
e>0

We identify the wild inertia group P as 1Y) Let £ be in Lisse(n, Q). P acts as a sub-
group of G = 7$*(n, 77) on the stalk L5. Let Wi,..., W, be the simple P-subrepresentations
of Ls. For any ¢ = 1,...,r there exists a unique \; € R>¢ so that

Wl =0 GfN >0 A WY = w
The set A(L) = {A1,..., A} is called the set of slopes of L.

4.21 Remark. According to this notation an £ in Lisse(n, Q,) is tamely ramified, if and
only if A(L) = {0}.

4.22 Proposition.

i) (22, 2.4.3 1) ¢)]|) The functor 91/,(0’00/) establishes an equivalence of the categories
Lisse(n, Q) and the subcategory of Lisse(n',Qy) formed by the sheaves L with A(L) C
[0,1[. The quasi-inverse is

@ Fy 00 ()

fora: T — T defined by sending m — —m.

i) (22, 3.5.3.1]) Let L in Lisse(n, Q) be irreducible and tamely ramified. Then there
exists a finite separable extension k C k1 C k and a tamely ramified rank 1 sheaf £q
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in Lisse(m,Qy) so that L = f.L1, for n = n Xx k1 and f: 91 — n be the (étale)
canonical projection. Additionally we have

Z,000 (L) = JL7,00 (L),

where 01 and oo’y is according to ki and f', G' and G’y is according to n'. If we
consider the Q,-representation Vi of G1 = Wi’t(m,ﬁ) associated to L1 this equation
takes the form

F,0%) (IndG. (V1)) = nd&) (£, (17)).

i) ([22, 2.5.3.1, 3.5.3.1]) For a multiplicative group homomorphism x: Fy — @; con-
sider the Kummer sheaves L, in LiSS@(Gqu’t,@g) as well as the pullbacks

ir Ly for iz:n— Gup,: defined by sending t— 7,
in" Ly for igp: n — Gm,,t defined by sending t— 7.

Every tamely ramified rank 1 sheaf in Lisse(n,Qy) has the form i,*L, @ L, for a
multiplicative group homomorphism x: F; — @; and an unramfied rank 1 sheaf L
and we have

§¢(O7OO/)(Z.7T*EX ® E) — yw(o,oo’) (ZW*;CX) ® ﬁ,

, - - . vial
ffw(o’(’o )(iﬂ*ﬁx) _ {z,r Ly ® ix G(x,v) for x nontrivial,

Qy for y trivial,
where G(x, ) is the geometrically constant rank 1 sheaf from Theorem [4.15

w) For L in Lisse(n, Q) unramified we have

00y = £, F,0(L) = a.L(-1).

v) (22, 2.4.3 iii) b)]) For L in Lisse(n, Q,) tamely ramified we have

Fp (L) = 0.

vi) Letr be a positive integer and ¥, be the class of indecomposable objects in Lisse(n, Q)
which are of rank r, tamely ramified, on which the inertia group I acts unipotently
and on whose I-eigenspace Gal(k/k) acts trivially. Then for any J in #Z, and L in
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Lisse(n, Q) tamely ramified of rank 1 there exist j, Jin Hr so0 that
FZ, 0T @ L) =T 0 7,05 (L),
Fy (T e L) =T @ Z,"(L).

Proof. There is only iv) and vi) left to be shown: The first statement of iv) follows imme-
diately from iii). For the second one consider

FuOL) = 7, CO(F, 0 (L))
= a.0" 7,00 (2,050 (£) (1)(-1) £ a.L(-D).

For vi) note, that there is a non-split exact sequence given by the embedding of the 1-
dimensional I-eigenspace J; of J:

0—J —J—J —0,

(0,00")

where J’ is an object in _#,_;. Since tensoring with £ and applying %, is exact, we

get

0 — 7,0 (L) — 2,0 T o L) — £, @ L) — 0. (%)
By induction hypothesis there is an object J” in _#,_1, so that ﬁw(o’m/)(J’ @L)=J"®
ﬂ’w(oml)(ﬁ). Thus there is an object J in _#, so that ﬁw(o’ool)(J QL) =J® 9¢(0’m/)(£)
(J is indecomposable because also (k) is non-split). The base case follows directly from iii)
since then J is unramified. For ﬁw(‘x”o/) the proof is exactly analogous. ]

4.3 The category of Fourier sheaves with property P

Let ¥: ), — @EX be a nontrivial additive group homomorphism and Ly the associated
rank 1 Artin-Schreier sheaf in Lisse(Gyr,, Q) (see Example .

4.23 Definition. (Property P and the category Fourierﬁ(A%mt,@g)) Let L be in
M(A]}Tq’t,@g). As introduced in [19, 2.6.2] we say that L has the property P if and
only if K s#piq L is in M(A%qi,@g), for all K in M(Aﬂl‘ﬂq’t,@g). We define the full
subcategory Foum’erZ (AIIFq,t’@Z) in Fourierw(A%Fqi, Qy) of objects L for which the inverse
image L on Alqu,t x Spec(F,) has property P.

4.24 Remark. As a consequence of [19, Cor. 2 .ﬁ.lO] middle extensions of Kummer sheaves
(see i or any sheaves in Fourierd,(A]}q »Qy) that are not geometrically translation

. - - . 7) 1 ~
invariant are in Fourier,, (AIFq,t’ Qy).
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4.25 Theorem. Let K, L in Foumerw (AL ot Qy) be tamely ramified at co. There exists a
distinguished triangle in Perv(Al F, t,Qg)

H[] — K % L — K g L 5

with a constant sheaf H in Lisse( Al F, t,Qg)

Proof. Let j1: Uy — Alqu,t and ji1: Up — Alqu,t be the smooth loci of K and L resp. and F
in Lisse(U1, Q) and G in Lisse(Us, Q) irreducible with

K = (j1«F)[1] and L = (j2.G)[1].

Then also the complexf| (F &' G)[2] = (pr} F ® §*G)[2] is irreducible on V := o(U; x Us)
with o: Al%‘q,tl,tz — A%qvtht induced by the ring homomorphism defined by ¢; — ¢; and
t =t + 2.

.
= \
U 1 o U2
U1 X UQ

Consider the inclusion
J: V. o— VU({oo} x Ak ,) =1 X C P, % Ag_,.
Following [20], IT1.5.14, I11.5.13] we have for the middle extension

A ((FRG)2)) = j(FRG),
AG(FRG)2)) = 0, fori<—2.

With the stratification S; = V and Sy = {oo} X Alqu,t of X and the perversity function
p: S+— —dim(S) (see [1, 2.1.1]) we have p(S1) = —2 and p(S2) = —1. Thus the sequence

in I, 2.1.10] has the form V' 75 X and the formula in [, 2.1.11] reads
J(FRG)2]) = m<-2Rj(F R G)[2])

with 7<_5 being the truncation functor with respect to the standard t-structure. It follows
from these two results that the complex ji, ((F K G)[2]) is concentrated in degree —2, i.e.

(FE'G)2) = (:(FR G))[2. (%)

3For the notation see Remark Note that (F X' G)[2] = F[1] K’ G[1] and that the external tensor
products are for different categories of sheaves.
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Consider the inclusions ¢, i and j and the projections pry and pry defined through the
following commuting diagram

Vv

l.)l(\
K

Allﬁ‘ t<—{oo}><A11F it

\/

Since X is an open neighborhood of {oco} x A%Fq’t and since the question can be treated
locally, we conclude from (x) that ji. (K X' L) = Rj.(K X' L) on Plqu by X A%q ;- We are in
the situation of [19] 2.7.2]. Hence we obtain

2 1
AFq,tl Wt PFq

RpTy, (Rj« (KX L)) = im( Rpro(K X' L) — Rpry, (K X' L)) = K #piq L.
Consider the adjunction triangle

(Rini* Rj (KR L)[-1] — Ri(KK' L) — Rj (KX L) L

When we apply the functor RpT,, to it we obtain the distinguished triangle

My — My — Kspq L 2

with My = K % L (see argumentation in the Proof of [19, 2.7.2]) and
My = Rpt,,((Rivi*Rj.(K & L)[-1])

B, (((G(F B G)lpocyen, 1)

= (Pra. (GuF & Olpoeyen, , ) ) 1) = A1,

with H being a constant sheaf in Lisse(Af Fo b Q). O

4.26 Theorem. Let K, L in Fourierw(Aﬁ,q’t,@g) be tamely ramified at oo.
i) Then the smooth locus of Fy(K) and Fy(L) is j': Gy, v — AIIFq e

ii) Let K and L additionally both be in Fourierg(A%q’tj@g) and let F',G' be in
Lisse(Gmr, v, Q) with

Fy(K) = (7)) and Fy(L) = (3:G")[1]
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in Foumerw( ot Q). Then the following holds:

Fyp(K #mia L) = (. (F @ G"))[1].

Proof. Assertion i) follows from [22], 2.3.1.3 i)| since K and L are tamely ramified at oco.
For Assertion ii) we consider the distinguished triangle

H[] — K+ L — K g L 25 (+)
from Theorem [4.25| with a constant sheaf H in Lisse(A%Fq’t, Qy) placed in degree —1. Using
the notation of [22, 1.4.2)] we see that the perverse sheaf H[1] is of type T» (setting s’ = 0/

and F' = H) since H is constant and Ly(t-0") = Q, by [22} 1.1.3.1]. Using [22}, 1.4.2.1 )]
we have

Fy(H[1]) = Ra.Ri, (" H)[0])(~1) = Ri,(({"H)[0] )(~1)

with i': SpecF, — AIIFM, defined by ¢’ — 0’ (this is the closed complement of j') and with

a from Remark Note that by Lemma (i H)[0] is perverse. Hence .%,(H[1]) is
only supported in 0. If we apply %, to the triangle (x) and after that restrict to Gm, Fy .t
we obtain an isomorphism

j,*ﬁw(K *) L) AN j,*ﬁw(K *mid L).

Let F, be an algebraic closure of F, and let K and L be the inverse images of K and L on
A]} X Spec(F,). By assumption both K and L have property P and by [19, Cor. 2.6.17]

hence also K #miq L has property P (kxx). Using [19, Cor. 2.10.3] this is equivalent to
Jw(K *mid L) beeing a middle extension sheaf.

Since by [7, Thm. 1.9 and Cor. 2.9] the functors used in Definitions {.7] and [1.11] are
compatible with base change to Fq, we obtain that Jw(K *mid L) is the inverse image of
F (K #miq L). Thus Z (K #miq L) is also a middle extension sheaf since the quotients and
subobjects of .Z,, (K #miq L) can be pulled back to quotients and subobjects of ﬂw(l?*midf).
Therefore the above isomorphism implies

Fp(K *mig L) = j*]’*ﬁw(K kmid L) =2 j;j'*ﬁw(K 1 L)
D FE) © FyL)-1 2 JGF © GE-1]
 JUGRLF) e (ULEI = GLF @ g
with (**) following from [22, 1.2.2.7]. O
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5 Behavior of Fourier sheaves with property P throughout
the Katz algorithm

5.1 The principle of stationary phase

Let K be in Perv(A%Fmt,@g) and K' := Z,(K) in Perv(A]}q v Q). Let j: U — A}Fq,t
and j/: U — Alqu o be the smooth loci of K and K’ resp. and set F := 2~ 1(j*K) and
F =71 j"K'). Let S := A%q’t\U and S’ := A%q +\U’ be the closed complements.

Let | € Z>1 and 2’ € §'(F,). Consider the Henselian trait ((AIqu,t’)(m’)v Nty Sty Nty 8o ) With
5.1 Spec(kyr) — (Aﬂqu,t,)(l,/) and 7, : Spec(Q) — (Alqu,t/)(:c’)' Set G := (N, ) and
let ¢': (AIIFM,)(QC/) — All%t, the embedding.

We form the vanishing cycles R®, ,(¢"*K') with respect to the identity (A%q’t,)(x/) —
(A%qvt/)(w/). The triangle in D%(Spec(F,),Q;, G,) in takes the form

R®, , (™" K')

> \

RV, (K} ),

K.
S,

where Kgx,, K;,x/ and K,%x, are the pullbacks of K’ to Spec(ky), 1. and Spec(,) respec-
tively. By [LI} 9.2.2 (iii)] we have in this case RY, , (K ) = K, which is considered as
a complex of sheaves on Spec(k,/) with G -action. Looking at the cohomology we get a
long exact sequence of Q-representations of Gy

o UKL ) = UK ) = Ry, (0K = AN KL ) —

The geometric point 7, factors over U’ and so # "1 (K] ) = A" K )g,) = Fi -
Since K’ is perverse the sequence reduces to

0= Ky )= Fp, = R, (¢"K') = (K ) = 0.

Consider now the extension pr’: ]P)Iqu,t X (Allpq,t/)(z’) — (Al}q’t/)(x/) with the embeddings
o Aﬂqu,t — IP’IIFq’t and o: Alqu,t’ — ]P’ﬂqu,t/
and the two projections

==. pl 1 1 =/ . pl 1 1
pr: Pg ; xPp y = Py, and pr: Py ; X Pg v — Pg_ -

65



Regard Ly (t - t')[0] as a sheaf in DZ(A%FM X A%q}t/,@g) and take the extension by zero
Lylt-#) 1= Rlax a'W(Lylt-#)[0]) in DE(EL , x BL o, T).
Next consider the sheaf pr*(RaiK) ® Ly (t-t')[1] as well as the vanishing cycles
R®,, (& (Pr* (RouK) @ Ly(t-t)[1])) in D2(PE, , x Spec(ky), Qp, Gar)

of its pullback to ]P)Ilﬁ‘q,t X (Aﬂ,q v )(2r) With respect to pr’ illustrated in the folowing diagram:

Py, % (AIIFM,)(@/) P, + % Spec(k)
\ 1 % B
(A, o) @) l Spec(ky)
]P)Iqu,t X (A%qvt/)(x/) ]%-mt X Sy
ﬁ\ \
@ / (Allﬁ‘mt/)(a:’) Syt
o
Plqu,t X IP)Iqu,t’ @
p
A%‘q,t’ o Pl%'q,t’ .

We want to relate these vanishing cycles to the vanishing cycles R®, , (¢ K’) from above.
Note that since 2’ # 0o’ we have ¢™* = @ Raj. It holds

RO "K'y~ R®, (F*Ra|K’ (QRcb *Rpr. (prf (R K) ® L N1
n, (¢ K') = RO, (§*RoyK') = R®, , (7™ Rpr, (P (R K) ® Ly(t-t))[1])

=~ R®, , (Rpr,@™ (pr'(RuK) @ Ly(t-1')[1]))
(2) _
= Rpt, , Ry, (7" (Pr"(RuK) @ Ly(t - )[1])),

where the equation (1) is due to [22, 1.4.1.1] and (2) follows from Prop. [3.25, whereat
pr’, is the projection IP)IIM x Spec(ky) — Spec(k,s) induced by pr’. Since by [22, 2.3.2.1

i)| the sheaf R®, , (@™ (Pr*(RouK) ® Ly(t - t')[1])) is only supported at the closed point
oo X Spec(k,), we have

R®, ,(¢*K') = (R®,_, (@™ (Pr* (R K) @ Ly(t-t)[1])))

coxId
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with 50: Spec(koo) — IP’%FQ , being a geometric point located at oo (for a detailed expla-

nation see the more general case in [5.2)). Since K’ is perverse we obtain the following
result:

5.1 Theorem. ([22, 2.3.2.1 ii), iii)]) We have an isomorphism of Q,-representations of
Gy
R, (¢ K') 2 (R0, (2 (07 (Ren ) & Tt - £) (1)) g

and for i € Z\{—1} we have

(R'®,, (8™ (Pr* (R K) ® Ly(t - 1)[1]))) ~ 0.

coxId

5.2 A decomposition of .7-"7'70&. We are also interested in a similar expression for the
closed point oo’ € IP)Iqu’t, (Fy). Consider the Henselian trait ((P%q’t,)(oo/),noo/, Soo's Too! s Soc! )
with 5. : Spec(koor) — (]P’%q,t/)(oo') and 7joer: Spec(Qoor) — (IPIIFM,)(OO/). Set Goor =
TS (Noor s Toor ) and let Pt Noo! — A%mt, be the embedding from Example ii).

Let Kj , be the pullback of K’ to Spec(Quor). By [1Il, 9.2.2 (iii)] the nearby cycles
RY,_, (¢ K') formed with respect to the identity (]P’]}q’t,)(oo/) — (Plqu,t/)(oo’) coincide with
K.,

if we view it as a complex of sheaves on Spec(ks) with Goo-action.

/

For the following calculation refer to this diagram:

]P)IIF‘I’t x (]P)]%‘q:t/)(gl) IPIIFq,t X SpeC(Em’)
_ \ % B
Spec(Qoo/) (P]%‘q,t’)(%’) l Spec( Oo/)
Joo!
]P)l%“q,t X (]P)]ll*"q,t’>(00’) IP)Iqu,t X Soo!
\ Goor 2 ﬁr\s \
N’ e (]P)I%Tq,t/)(ool) Soo/
Pn P%q,t X Plqu,t’ @’
1 pr’ 1
A]Fq’t, o IP)]Fq,t’
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Using once again [22), 1.4.1.1] for (1) and Prop. for (2) we have

K, = Ry (¢ K') = RY,_, (j3% " R K')
> R, (j22" Rov, (57" (Rouk) © Zy(t-)[1])
= Ry, (52 Bpr, & (BT (Roa K) @ Ly (t - t')[1]))
< Rpt . RY, (77" (57 (Rouk) £ Zy(¢ - )[1)
= Rpt Ry, (F" (PT" (RuK) ® Ly(t - t)[1])).
The last equation is valid due to definition of R®,_ , because the pullback
(Id X S0 )* @™ (PT* (R K) ® Ly (¢ - ')[1])

on IP’]qu’t x Spec(koor) is 0 by the definition of Ly (¢ - #'). Since by [22, 2.3.3.1 i)] the sheaf

R(I)nooL(cE’* (Pr*(RauK) ® Ly (t-t')[1])) is only supported at the closed points (S U {oo}) x
Spec(koor), we consider the diagram

]P)Iqu,t X Spec(l;:oo/) lz Sz X Spec(l%oo/)
Spec(kool)7

for any € S U {oo}, with s, = Spec(k;) and conclude

K, , = Rpt, .| P Riwis" RO, (3" (BT (RaK) @ Ly(t-1)[1]))
zeSU{oo}

Note that the complex above lives in the category Perv(Spec(k. ), Qs Goor). Since that,
only its cohomology at —1 is different from 0 and we have

Fo = NEK; ) = @ Yy udee e R0, (@ (BT (ReuK) @ Ly(t - t1)[1])) -

zeSU{oo} )

Choose an embedding F, = koor C k; C ksor. We have a Goor-action on (x), but since it
is on a scheme over k;, Gal(ky/ko) acts trivially. Thus (%) is an object in Lisse(sy X
Spec(koor ), Qp, Gexoo)- Because (x) is already a stalk, it is a Qg-representation of Gy oo
and the functor fﬁ‘lsoo/*gﬁ* is an induction to a Q,-representation of Guy:

Fro= @ wdl ((Reg, (7" (0" (Rak) @ Ly(t - £)[1]))) 1,00
z€SU{oo}
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with z: Spec(ky) — IP’IIFQ , being a geometric point located at x for any € SU{oo}. Since
koo = koo, we have no induction for = co and obtain the following result:

5.3 Theorem. ([22, 2.3.3.1 ii), iii)]) We have an isomorphism of Q,-representations of
Goor

~ P mdg~ ((R*l%w, (6'*(ﬁ*(ROé!K)®Zw(t't')[1])))m1d>
zeS

& (R0, (7" (pr"(RouK) @ Ly(t - t)[1])))

coxId

and for i € Z\{—1} and v € S U {oo} we have
(R®!, (3" (pr"(Reuk) ® Ly(t - )[1]))) 5,00 = O.

5.4 Transition to local Fourier transforms. We will investigate, under which cir-
cumstances we can relate the individual direct summands in the theorem above to local
Fourier transforms. For that purpose we start with the assumption that K is of the form
(71 F)[1] for an F in Lisse(U,Qy). Let | € Z>1. For an x € S(F ) let z: Spec(ks) — Pllw
a geometric point located at x with a factorization

Spec(k, )i>IP’,1%
Ny
IP’%FM.

Since by [0, (2.1.7.2)] the formation of the vanishing cycles is compatible with base change
to a finite extension field, we conclude

(R, (& (pr" (RonK) @ Ly (¢ - ) [1))) 114
= ((f x 1) R™'@y_, (& (pr"(Ron k) @ Ly (- )[1])));, 14
= (R™' 0y, (8" (pr" (RouK) ® Ly(t - 1)[1]))) 1 ra
where we interpret everything in the last term over k; including K, as the pullback of K

to A}%t and F, as the pullback of F to U, := U x Spec(k;). Let a, € k; be the element
associated to x (z comes from the evaluation homomorphism ¢ + a,) and set

Ly(ag - t') = pa, Lyt - t') for pg, sz y— P tka v defined by t — ay,
Lyp((t—ag) - t') = py—q, "Ly (t - ) for py_q, : IP’kxtx]P’k t,—>IP’k thP’k, v defined by t — ¢ — a,.

[22, Preuve de (3.4.2)] gives us an isomorphism

(B0, (3 (7 (Rank2) © 2t ),
13 )[ D)):?:fxld ® /.:1/,(@35 : t/)ﬁoo/

=] (R*1<I>7,OO, ((p'*( *(RanKy) @ Ly((t — ag) -
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of Qg-representations of G,xoo (Note that Ly(ag - t')5_, is seen as a finite dimensional
Qy-vector space with G,xoo-action). In the context of the diagram

Jz
Nz > (Pllcm,t)(x)

|, X

Jz 1 Qg 1
Ux Akz ,t ]P)kz ,t

we see that for the pullback F, of F, in Lisse(n,, Q) and F,, being the extension by
zero of F, [0] in DE((P; )(2)» Q) it holds that

Fo[1] = (Rjur(F [0))[1] = (7" R (F[O])) [1] = & ((jFo)[1]) = &Ko

Therefore we can use [22, 2.4.2.1 i)] where the objects F,,,, F,, (]P)l%a () and (]P’k ) (c0!)
in our notation identify with V, Vi, T and T”. Thus we obtain an isomorphism

(@ x 1d)*R®,,_, (@™ (Pr*(RouK,) ® Ly((t — ag) - t)[1])) = R®,_, (pr* Fp, @ Ly(m/7"))[2].

Note, that the vanishing cycles on the left side are taken with respect to the projection
pr': IP’}CM X (P,lgzyt,)(oo n = (]P’,l{ t/)(oo/), but on the right side with respect to the projection
pr’: (]P’}%t)(x) X (IP)}CM,)( N = (szx ) (0 /) (see Construction . In this case we have the
uniformizing elements T = t—a, and 7’ . Therefore we have Ly (7 /7") = Ly ((t—az)-t').
Since the geometric point z; x Id factors over (]P’k, (@) % Spec(koor) (xx), we get an

isomorphism of Q,-representations of Gy oo/

(R, (8" (pr" (R K) @ Ly (t - £)[1]))) 11
) ~ =
=~ (R, (& (Pr*(RuK,) ® Ly((t — ag) -t’)[l])))jfxld ® Ly(ag -t )5,
Z (7 x 1) R0, (7 (6" (RauK) @ Lo (t — az) ), 10 @ Lol ),

I

(R'®,_, (pr Fe @ Lp(n/n))) 5 1q © Lolae - g,
= F, O (Fy,) @ Lylas -)q,-

In step (%) we used [22], 1.1.3.5].

For the closed point co € ]P’Iqu ¢(Fy) we consider the diagram

Joo

Noo — (Pllﬁ‘q 71:) (00)

|, X

J 1 o 1
U AF t PFq,t

q-

70



and see that for the pullback F,__ in Lisse(neo, Q) the following holds:

Fino[1] 2= (oo 0 @) (0 ) F)[1] = (oo 0 P) K.

Define F,,__ as the extension by zero of F,_[0] in D2((PL F, ) (o0)> Q). Using [22, 2.4.2.1 iii)]
where the objects F,,_, Fp.., (Plqu,t)(oo) and (PL F, ) (cory in our notation identify with V,
Vi, T and T'. Thus we obtain an isomorphism

(@ x 1d)*R®,,_, (@™ (Pr'(RuK) @ Ly(t-1')[1])) = RD,_, (pr* Fp. @ Ly(1/77"))[2].

Since the geometric point 50 x Id factors over (IP’%FM)(OO) x Spec (koo ), We get an isomorphism

of Qg-representations of Gy

(R, (2" (P (RouK) @ Ly(t - 1)[1]))) g
= (@ x1d)*R™®,_, (¢ (0T (R K) @ Ly(t - t)[1]))) g
(qu)noo/ (Pr" Froo ® Ly(1/77))) 514
= 7, (F, ).

I

Putting both parts together we obtain the following result:

5.5 Theorem. (Laumon’s Principle of Stationary Phase)
For a dense open subset j: U — Allﬁ‘q,t with closed complement S and a sheaf F in

Lisse(U,Qy), K = (jF)[1], K' = Fy(K) with smooth locus j': U’ — A]%-q y and F =
A" K') there exists an isomorphism of Q,-representations of G

=~ @ IndGzox,oo/ (gw((],oo’) (‘Fﬁz) ®Zd)(a’x . t/)ﬁm,) @ <g.w(()c)7()C)/) (_Fﬁoo)
z€S

Here we also look at Fy, as a Q-representation of G, equivalent to the sheaf Fn. for
z € SU{oo}.

If F is tamely ramified at oo, the summands in such a decomposition are unique in the
following way:

5.6 Lemma. Let F be tamely ramified at co. Then fw(oo’ool)(fﬁw) = 0 by Proposition
v). Assume now that .7:7’700, has two decompositions

~ B Inde>' (£ ® Ly(as - t); - P Inde> (L7 @ Ly(as - t)g,,) (x)

zeS zeS

with L, and L being two Q-representations of Gyxoor with A(LL), A(L2) C [0, 1], for each
x € S. Then we have for each x € S

£/

~ .
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Proof. Let zg € S and pull both sides of (x) back to F,. Let £/, and £, be the pullbacks
of L/, and L), respectively. Assume that £} % L] . Then also £}, 2 L], . After tensoring
Ly((—ag,) - ')y, to each side of (), the equation has the form

@ ch ®Z¢(ag; ‘ t,)ﬁoo, ®£¢((—a$0) 't’)ﬁoo, = @ Eg ®Z¢(ax -t,)ﬁoo, ®£¢((—az0) 'tl)ﬁoo,
zes zes

Since by [22), 1.1.3.5] we have

Ly(ag - t/)ﬁoo/ ®Zw((—ax0) . t/)ﬁoo/ o Zw((ax — Qgy) 't/)ﬁoo/'

For = # x, this representation has slope 1 ([22, 2.1.2.8]) and, for x = xy, it is equal to Q,
(|22, 1.1.3.1]). Thus equation (x) becomes

Lo @ Loolyllaw—am) i, = Ll & @ LioLy((a—am) t)q,-
zeS zeS
TH#T0 zFT0

Since Ly((az — azy) - t');_, has slope 1 and £/ and £/ have slopes less than 1, their tensor
product has slope 1 and so does the big direct sum on both sides. The remaining direct
summands Eﬁr and Zg have slopes less than 1 and must therefore be isomorphic to each
other. Thus we have £/, = L as well. O

5.7 Transition to the middle extension. Now let us replace the assumption K =
(j1F)[1] made in[5.4 with the assumption that K is a middle extension of the form (j.F)[1]
for an F in Lisse(U, Q) that is tamely ramified at co. Again we set K' = % (K) with
smooth locus j': U’ — A]%‘mt, and F' = A7 K'). Let i: S — A[},q,t be the closed

embedding of S into Aﬂlzq’t. Clearly the following diagram (x) commutes.

T T T T T

1 0 — 0 — 0 — 0 — 0
T T T T T

0 0 — i F — i F — 0 — 0
T T T T T

-1 0 — 0 —  JF — F — 0
T T T T T

—2 0 — 0 — 0 — 0 — 0
T T T T T

Since the sequence
0 — HF — JuF — 0,0 jF — 0

is exact, the complex (jiF)[1] has the same cohomology sheaves as the vertical complex in
the middle of (x). So they coincide in the category DIC’(AFM, Qy). Therefore the diagram
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(*) takes the form of the exact sequence in DS(AFq,t,@g)
0 — (415 F)[0] — (W F)[1] — (GF)[1] — 0

Consider for any = € S the diagram

Sz X A]}q’t,
pr, pr/
2 e xldi g
Jo 1 s 1 1 1
Ne — (AFmt)(x) Y A]Fq,t X A]Fq,t’ AJF,,,t'
) pr pr’
-~ lx
@
1 1
U A]Fq,t AFq,t’

Applying the Fourier transformation to the sequence gets us for the left part

Ty (ixi*§.F[0]) = Fy (@ z'x*ix*j*]-"[o]>

€S

(R pr| (( Priigais j*]—") 0] @ Ly(t - t’)[O])) 1]
zes
(Rp (( (g X Id)4 pry"iy” juF @ Ly (t - t’)) [O])) [1]
zes

@pr, (i % 1d) 4 (pra*is" juF @ (ig x Id)* Ly (t - ¢ ))) 1]

zeS

1

1

= (@ prgg* (prx*i:c*j*f b2 ['1[1(“90 : t/))> [1]

zeS

In the last term pr’, and pr/, are the same functors since pr’, is proper. Now consider the
sequence of Q,-representations of G given by the cohomology at —1 of the stalks at ..
For the right part we get 71 (Fy(j«F[1])5,,) = F5.., and for the middle part following

.5 we get

AN TG F W) = @D WG (£ F) @ Tolar n)

zeS

where by V) ﬁw(oo,oo/)(‘/—_;?oo) = 0 since F is tamely ramified at oo. For the left part
let x € S. Since pry*iy*ju F @ Ly(ag - t') is a sheaf over s, the functor pr}, becomes an
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induction from Q-representations of G,y to Q/ -representations of G and we have

(prhe (prois 5 F @ Ly(as - ¥))),, = Indg ((pro'ia"3uF @ Lofas ), )
= d | ((27.F),, © Lolaw )5, )

Let F;, be the pullback of F to 7,. Then we have
i o F 2 0 T RF 2 iy T,

where the latter expression is the image of the specialization functor (see [6], 1.2.1.2]). By
[6, 1.2.2 ¢)] we have an isomorphism of Q,-representations of 7¢*(s,, 5;)

which seen as a Qg-representation of 7¢(n,, 7j,) is unramified and thus by iv) the same
as Fy (0,00) (}"7%) With Ly (az "), = Ly(az-t')5,, we put all parts together and obtain
the exact sequence

0 — P dg~ ,(%@v“’)(fé;)®Z¢(ax-t’)ﬁw/)
T€S

— @ IndG:’X’OO/ <ﬁ¢(0,m’)(fﬁz)®Z¢(ax.t/)ﬁw/) — ]—'7'—700, — 0.
TES

Since the local Fourier transformation is exact, we obtain the following result:

5.8 Corollary. (Katz’ Principle of Stationary Phase bisEI for finite fields)
For a dense open subset j: U — A[lgq,t with closed complement S and a sheaf F in

Lisse(U,Qy) that is tamely ramified at oo, K = (j.JF)[1], K' = Zy,(K) with smooth locus
j U — A%q v and F' = A7 (j*K') there exists an isomorphism of Qq-representations
Of Goo’

Fro = @ mdg  (#0(Fa /F) @ Lylas - Vhny, )
z€eS

Here we see Fy, as a Qg-representation of Gy for x € S.

“c.f. original version in [I8} 7.4.2]
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5.2 Middle convolution of Fourier sheaves with property P

Let x: Fy — @EX be a nontrivial group homomorphism. Choose a projective tupl of
primitive roots of unity (¢u)(,py=1- For any [ € Z>1 and = € Plqu’t(Iqu), take the topological

generator v, = (/T = Cu/7)(np)=1 of I. (considered as a subgroup of G%) and fix a

arith _ .

preimage of the local arithmetic Frobenius element Frob via

loc,x

7' G — Gal(Q,"" /).

and call it again Frobfith and its inverse Frobfo™ (see , |3.11L |3.12| and |3.14|).

loc,z

We use the notation from and Definition Let l € Z>1, v € ]P’Hl;q (Fy) and consider
the group homomorphism
7 GL — Gal(9,"" /).

We take the element v, € G, and fix a preimage of the local arithmetic Frobenius element

arith _ . i t ; : arith el geom
Frobyg., via 7' in G, and call it again Frobj,.; and its inverse Froby .

5.9 Definition. (The category Ty) Let j: U — A%qyt be a dense open subset with

closed complement S C A%Fmt. We define Ti; to be the full subcategory of Lisse(U,Qy) of
elements F such that

i) (jF)[1] is in Fourierg(AI}qyt,@g) and

ii) F is tamely ramified at the closed complement S of U and in oc.

We define a special situation we will use in the second part of Theorem which will be
used for the calculation of Frobenius and local data in Theorem

5.10 Jordan situation Let j: U — A%Fq . be a dense open subset with closed complement
S C AIIFq ¢+ Let F be a sheaf in 7y which is not a translate of £,-1. Note that, for any

t J—
l € Z>yandz € S(F,), fﬁx/}"%f = .7-",—736/.7:% is a Q-representation of G, since F is tamely
ramified at x. We suppose that, for any | € Z>1 and x € S(F), we have

Ny
t
Fiel Fip 2P I ® Indgii ((L5.)m0 ® Fri)

=1

with n, € Z>1 and, for any i € {1,...,n,},

i) k,; being a finite field extension of k, in k. of degree [ ;,

>That is, for any m,n € Z>1 with (m,p) = (n,p) = 1 and m | n, we have (" = (.
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ii) Gfm = ™€ (n, 4, 7,,i) being the tame fundamental group of the henselian trait
((A[%‘q,t)(w) X Spec(ks) Spec(kz,i)> Nxis Sxyis Nx,is 5:1:,1‘)7

iii) F,; being an unramified Q,-representation of G¢ ; of rank 1,
iv) Xai: Gm’km — @Z being a nontrivial group homomorphism

v) and J;; be an indecomposable Qy-representation of Gtx of rank 75 ; by which I; acts
unipotently and (Frob{'oo')l=i acts trivially on the I%-eigenspace of J,;, i.e. Jy; is

an object in _#, , as in Theorem vi).

11 Theorem. Let j: U — A%th be a dense open subset with closed complement S C

Aﬂl;q’t. Let F be a sheaf in Ty which is not a translate of L, 1.

76

i) Suppose we are in situation . Then MCy(K) is in FourierZZ(AIqu’t,@g) with

smooth locus U and there is a sheaf H in Lisse(U,Qy) tamely ramified at S U {oc}
with MCy (K) = (5« H)[1].

i1) Moreover, if we additionally assume the Jordan Situation there exist Q-representations

H,; of Gi so that

Nz
I ~ .
Hﬁx/Hﬁx - @Hx,zv
i=1

oranyz € S andi € {1,...,ny}. Set yo = x o Nke cdeM:XzoNkI’i. In the
Fq ; k

T

following jm s an object in /T“
Case 1: If Xgz.iXe,i and Xz are nontrivial, then we have

Hyi & Joi® Indgéi <(ﬁxz,i5€z,i)ﬁo ® Gri @ G(Xais V)io @ G(Xair V)iip @ sz)
with é“ being an unramified Q,-representation of G;ﬂ- of rank 1 with sending (Frob'¢)k:
t0 g(XaiXa,ir )"

Case 2: If Xy, s trivial, then we have

H,; = Jar,i ® (EXa;)fZO ® Indg% (Fx,z)

k) .
Tl

Case 3: If Xu,iXa,i 15 trivial, then we have

~ T - Gl
Hyi = Jpi @ G(Xas ¢)?70 ® G(x; L ¢)770 ® Indg;i (Fii)-



Proof. Let K' = .%,(K). By Theoremand Theoreml) itisin Foumerw( tluQé)
with smooth locus j': Gpp, v < Ay , and K' = (jLF)[1] for F' = 71(j ’*K’) i

LZ‘SSQ(GmJF‘q’t/,@g). Using Theorem ii) and Theorem we obtain
Fyp(MCy(K)) = Fy(K #mia Ly) = (5.F @ jily-1 @ G(x,¥))[1] = (7LH)[1]

with H' := F' ® L1 @ G(x,¥)lc,, . ,- Since H' according to the assumptions on F is
m,lqg,

obviously geometrically irreducible and not geometrically isomorphic to a translated Artin-

Schreier sheaf, the sheaf .%,(MC,/(K)) is in F ourierw(AI}q +»Qy). Hence with Theorem

also MCy (K) is in Foum’erw(AIqu +»Qp) and by (#xx) in the proof of Theorem it

is even in Fmim'erzz (A]%:mt,@g). There e>iists a dense open subset 5 U Allw with closed
complement S and a sheaf H in Lisse(U, Q) so that

MCy (K) = (j-H)[L].

From [19], 5.1.5] follows that H is tamely ramified at oo. With Corollary we get the
decomposition

= @ wdg |, (F,0 , HE) @ Lyl t)r,)

zes

But we can also calculate another decomposition:

R

Hl, = (f/ & ;fol ® G(X) w)|Gm7]Fq7t/)ﬁoo’

Noo?

1%

7'7/700/ ® (Ly-1)n @G(X, V),

¢ , o .

= | P mdg <ﬁw(0’ )(fﬁx/f%§)®£¢(a$'t/)ﬁoo’)>®<£X)ﬁ0’®G(X’w>ﬁ0’
zeS

v A% ((Z O (Fy JFE) @ (Lo, )y @ Clxes )y ) @ Ll - ¢)g

2@ | (PO F ) © (L © Gl tlay ) © ol )
z€S

In step (%) we used the stationary phase decomposition of ]:’ , for the first factor of the
tensor product. For the second factor (the Kummer sheaf) we used the equation in the
last sentence of |22, Preuve de 1.4.3.2|, and for the last factor the fact that G(x,v) is

geometrically constant. For step (xx) it is easy to see that the restriction of (Ly )z, to

Gexoor 18 (Ly, )7, With character x, = x o Nﬁl’f‘z and the same is true for G(xz,%) which
sends Frob8™ to
90X ) = = Y Xalw

loc,x
x€ky

with ¥, ;= o Tr]Fz.
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By [18, Thm. 7.4.1] the slopes of ;) (#;, /HE ) and 7,V (Fy, /FE) ave in [0, 1[.
Since Ly, ® G(xz,v) is tamely ramified at 0', the slopes of (Ly, )z, ® G(xx,¥)q, are 0 by
Remark [4.21] Thus A ﬁw(o’m/)(}'ﬁz/]‘%ﬁ) ® (Lx,)iy ® G(Xx,¢)ﬁ0,) C [0,1]. This means
we can apply Lemma|[5.6|to the two decompositions of ’H;—]oo, above and see first that S = §,
and thus U = U (this concludes the proof of i), and second that

Fy O My, M) = Ty D (Fa | F2) © (Lx )y @ G V-
With Theorem i) we obtain
Hao /Ml 2 0" 7,0 (2,00 (F, JFI) @ (L © G ¥ ) (1),

Using the form we assumed for Fj, /.7-"7% and Theorem ii), iii) and vi) we see that
7-[771/7-[,[—72 is isomorphic to

’ ’ i t
a*{gﬁw(oo ,0) (ylb(opo ) (@ nyi & ]:ndggZ ((‘C)zx,i)ﬁo ® Fmﬂ)) ® ([‘Xz)ﬁo ® G(XI, @Z))m)) (1)

i=1

~ g * oo’ oo’ Gt
= @a ﬁw( 0 <§¢(07 ) (J%i ® Indg;i ((ﬁiz,i)ﬁo ® Fl’ﬂ)) ® (Lx, ) @ G (X, "/})ﬁo) (1)
i=1 ’

~ o * oo’ T Gt oo’
= Pao 7,0 <JI ®Indgi (£,0°) ((Lg)i) © Foa) @ (L) ® G(xxﬂ/))no) (1)
i=1 ’

:ZHJ,’Z'

for objects j;“ in /T“ Set Xz := Xz © NZ:Z We consider the following cases separately:

Case 1: XXz, and X, nontrivial. Then 9¢(0’°°/) ((ﬁ;m)ﬁo) = (L5,.)70 ©@ G(Xa.is ¥) 0
by Theorem ili) and H; is isomorphic to

* oo’ T Gl >
a y’w( 70) (vaz ® Inth . ((ﬁiz,z)ﬁo ® G(X$717¢)770 ® szz) ® (EXx)ﬁO ® G(an'¢)ﬁ0> (1>

x,7

12

a* Fy, (0 <L © IndCr

x,1

((E)?x,i)ﬁo ® G()?z,ia ¢)ﬁo ® Fw,i ® (£Xz,i)770 ® G(Xﬂc,ia w)ﬁo)) (1)

1

* oo’ T Gl ~

::Fz,i

* oo’ T G, ~ ~
a ‘gﬂ)( 0) <Jx,i ® IndGi i ((LXm,i)Zm,i)ﬁO ® G(Xx,iXx,iy w)ﬁo ® GZE,i ® Fﬂm)) (1)7

12

geom
loc,x

t0 g(Xa.iXzi,¥) ! (Since ¢ and XXz are nontrivial, g(XuiXz:,?) is not 0 following

with ém being an unramified Q,-representation of Gal(k,/k; ;) of rank 1 sending Frob
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Lemma 4.16). Then G(Xz.iXa.i¥)qy @ Gei = Q. Using Theorem i), i), iii) and vi)
we proceed:

= a*ﬁ;z;(w/’o) jx,z’ ® Indg% ; (t%ﬁ(o’oo/) (([’Xz,i%z,i)ﬁo) ® é“ @ ﬁxﬂ)) W

I

a*cO}\'([)(OOI’O) <9w(0,00’) (j:r,z (9] Indg% ) <(£Xz,1‘5(vz,i)7_70 X éac,i ® ﬁx z))) (1)
= jx,i ® Indgii <(£Xz,i%z,i>770 ® éﬂc,i ® ﬁwﬂ) .

Case 2: X, trivial. Then by Theorem iii) §¢(0’°°/) ((c
isomorphic to

%)) = Qqand Hy is

ﬁ%mm(ﬁwmm%«an®wmm®mmwm>m

1

i ~ t ’
70 (Lo i (58 20 (L)) 1)

t
T © (Lo, )iy @ IndSr (Fry)

I

where we used again Theorem i), iii) and vi).

Case 3: Xg,iXe, trivial, ie. xgi = X;i According to the third step of case 1 H; is
isomorphic to

* oo’ T Gl —
a ﬂw( 0) (Jz,i ® IndG;i (G(Xz,ia¢)ﬁo ® G(Xml., )i ® Fm>> (1)
~ o 7, (0000 [T _ =1 )~ G, .
=a Hy Jui @ G(Xa @Z))no ® G(x, a¢)¢70 ® Indgii (Fzi) ) (1)
= Ja:,i ® G(X:L‘v ¢)ﬁo X G(Xx 17 1/})770 & II’ldG; i (Fl’ﬂ) )

where we used Theorem iii) and vi) for ﬁw(ool’o). O

5.12 Remark. The above Theorem shows that there is a well defined operator MC,, from
the elements of Ty which are not a translate of £, -1 into Ty given by

MCy: F e 275" MCy( (= F)[1]))-

5.3 The numerology of middle convolution and tensor product

Let x: Fy — @Z be a nontrivial group homomorphism. Choose a projective tuple of
primitive roots of unity (¢n)(npy—1- For any l € Z>1 and = € ]P’]}q ((F 1), take the topological

generator v, = (/7 = (o ¥/T)(p)=1 of I, (considered as a subgroup of G%) and fix a
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arith _ .

preimage of the local arithmetic Frobenius element Frobyg 7 via

7 GL — Gal(2," /).

arith

and call it again Frobjg.,

and its inverse FrobZ™™ (see |3.11|7 |3.12| and |3.14|).

loc,x

5.3.1 Coarsened local data

5.13 Standard situation Let j: U — A%-qt be a dense open subset with closed com-
plement S C AIIFq .- Let F be a sheaf in Ty (Definition which is not a translate of
L,-1. Suppose that, for any | € Z>; and x € S(F), every eigenvalue of p}}x('yz) has
multiplicative order dividing ¢! — 1. We additionally suppose that, for any I € Z>1 and

00 € P%q’t(qu), there is a basis so that the transformation matrix of ptﬁoo(fyoo) is the
identity matrix multiplied with x({4—1) =: A.

5.14 Definition. (Local and coarsened local data) In the situation of Lemma
with | € Z>; and z € ]P’Iquvt(qu) let A and B’ be the transformation matrices of p ()

and p!, (Frobﬁf&f) respectively with respect to the basis that is constructed in the Lemma.

Let Ay1,..., Az p, be the Jordan blocks of A and Bj y,..., B, be the corresponding
diagonal blocks of B'. We define the local data of p!, as the ny-tuple D ,(pL) with entries

Dl@,i(pi‘) = (TI,ia )\:c,ia fz,i);

for i € {1,...,ny}, with r;; being the length of A, ;, A;; the eigenvalue of A, ; and f,;
the most upper left entry of B;ﬂ- (see Lemma . We suppose that the Jordan blocks
of pl(vz) are ordered by eigenvalue with eigenvalue 1 being the last one and then with
decreasing length so that we find an m, € {0,...,n,} with

(T2, Azi) = (L,1) & i€ {my+1,...,n5}.

We call m, the number of non-(1,1)-entries of Dy,(pt). Let n, € {1,...,n,} and
M, ..., My, be a partitioning of {1,...,n;} so that, for any j € {1,...,n,} and any
il,iQ € Q//j, we have (’r"r,il, )\x,il) = (Tx,’izy )\:p,ig)- For anyj S {1,;. . ,ﬁx}, set ("A:x,j’ )‘3«"7.7') =
(Tw,is A,i), for an arbitrary i € .#;. Then we call the n,-tuple Dy ,(pl) with entries

Diaj(ph) = (Fajs Mgy dajs frj),

for j € {1,...,nz}, with de = #.M; and jz,j = Zz’e.///j fx,i a coarsening of Dy ,(pl) and

a coarsened local data of p!. Define the number m, of non-(1,1)-entries of ﬁlm(pg) in the
same manner as m, above.
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Let F be a sheaf as in standard situation [5.13l Then we call
DZ,I(‘F) = Dl,$(f’f]z) = ’Dl,ﬂi(p.t}—’m)

the local data of F at x, for | € Z>1 and x € IP’IIFq’t(Iqu), and Zsl’m(}") is a coarsened local
data of F at x if it is one of plz .

5.15 Remark. Since the local monodromy representation ptfjl, and the local geometric
Frobenius element Froblg(f: 1; are defined with respect to the generic point 1, (Definitions
B.12 and the Frobenius trace t1 o (F) of the geometric Frobenius element Frobg™
with respect to the closed point s, (Definition , we have to consider equation (%) in
if we want to compare them. This means that the trace of the action of Frob&*°™ coincides
with the trace of the action of Froblgfzgl on the fixspace of I,. In the situation above we

have therefore, for any [ € Z>; and = € Alqu +(Fg),

tl,x(j*f>: Z fm,i: Z ﬁr,j-

1<i<n,g 1<j<iia

The next Lemma follows immediately.

5.16 Lemma. Let F and F' be two sheaves as in standard situation [5.13 with F' being of
rank 1 and let | € Z>1 and x € Pﬁ;q (Fg). Let

Dio(F) = ((Fags Nogs dags fog) )jeqr, i)

be a coarsened local data of F at x and
Dl,x(f/) = ((17 A;,lv :2,1))

the local data of F' at x. Then

Dl,:v(]:® ~7:/) = (@cm Aa:,j)‘lx,b d:s,jv fa:,jfcé,l) )je{l,...,ﬁz}
is a coarsened local data of F @ F' at x.

5.17 Theorem. Suppose we are in standard situation [5.15 Let

Dia(F) = ((Fags Mas oy Jog) )jeq,oniia)

be a coarsened local data of F at x, for any | € Z>1 and x € AIIFq (Fy), with my non-
(1,1)-entries. Then there is a sheaf H in Lisse(U, Q) with (j.H)[1] = MCy ((j.F)[1]) of
rank
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‘Et = rk(H) - Z&Vx,jrw + Z Jw7a - de
j=1 j=1 j=1
=1 Ao =21

Then 7519;(7-[) is a coarsened local data of H at x with nlt entries with

o _ [me, ifdit =0,
r mz + 1, else

and, for j € {1,..., 7},

T

(1,1, d%, J7), ) if =g+ 1,
(T 1 1 d j7 ( )ij)7 Zf )‘Ij = )‘_1a
Dy s(H) = : : 2o
: 7](7{) (7' 1 )\ da:]a q fa:,]) if )\:c7j =1,
(7

Pags Mags dogs T(Xayiys Xy ) fag)s  else
with f;", A Xaji; and X, defined during the proof’| Furthermore
B (H) = (1, A7, 1k(#), 729)
is a coarsened local data of H at oo € IP’Iqu (Fy) with jNZg defined during the proof.
Proof. Let | € Z>1, x € A[}q (Fy) and
Dyo(F) = (2> Azis foi) )ief1,..nads

be a local data of F at = so that ﬁl@(}") is a coarsening of Dj ,(F) with m, non-(1,1)-
entries and partitioning 1, ..., #;, of {1,...,n,}. Then Dy, (F5, /]—}{f) with

(T ey : e =1 My @ )y B A =1,
,Dl,x,l(fm/fﬁx) ( Tz,i» )‘x ) fx z) - {(Tz,i, /\$7i7 fﬂw')v else. (*)

for i € {1,...,m.}, is a local data of the Q,-representation }"ﬁz/}',% of Gt with m,
entries. Note that the blocks of F5, with r,; = A;; = 1 vanish in F, /]—}ﬁ” This leads to

®For the computation of f/* see
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a decomposition

My
f"_]z/fé; = @ Joi @ (Efz,)ﬁo ® Fyi
i=1
so that for any i € {1,...,m,},

Jz,; 1s an indecomposable Q-representation of G¥, of rank 7!, on which 7, acts unipotently
and Froblgjsr;l acts trivially on the Ifc—eigenspace of Jy i, i.e. Jy; is an object in /T/m as in

Theorem vi). It consists only of one block and its local data is
Dl,x(*]mﬂ') = ( (7";,2‘7 L, 1) )

‘Cix,i

beginning of section both v, and ~q are chosen with the same roots of unity (Gu) (n,p)=1-

Thus we have Xzi: ks — Q, with Xz,i(C—1) = Ay ; (see Lemma . The local data is

is a Kummer sheaf on G, 5, with '02% 0(70) = A ;- Following the convention at the

’Dl,x((ﬁgz,i)ﬁo) = ( (17 )\f’c,iv 1)).

F,; is an unramified Qp-representation of G%, of rank 1 sending Frobi{e" to f, ; with local
data

Dl,:}c(Fx,i) = ( (17 1, f:::,z) )

Thus F satisfies the condition for the Jordan situation Following Theorem there
is an H in Lisse(U,Q,) with (j«H)[1] = MC,((j«F)[1]) and, for any | € Z>1, x € S(F,)
and i € {1,...,m,}, there exist Q-representations H,; of G% so that

H, /M = @Hx
=1

Set A := x((4—1). The further results of Theorem [5.11) Lemma and Lemma
provide the local data of Hg, /My,

Dl,$(Hf]z/H’II72) = ((Tg,m g,iv f;f;’,i) )ie{l,...,mx}a

for any I € Z>1, v € S(Fp) and i € {1,...,my}:
(Recall the notation x, = x o Nﬁz and X, ; = X, © N:i’ Here we have x,; = x,.)
Case 1: If X, ;x,,; and X, ; are nontrivial, i.e. if )‘gs,i ¢ {1, A~'}, then we have

(Tg,w )‘g,z‘v ;/,i) = (T;;,iv Xx,i%a:,i(cqlfl)7 g(xx,i%:c,i?w)_lg(xa:,i? w)g(%z,i’ w)fa,c,i)
= (Tlm;n )\)\{p,i, J(Xx,z‘vizz,i) :;:,7,)
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Case 2: If x, ; is trivial, i.e. A} ; =1, then we have

( Tai Ag’z? fgz) = (r/x,i7 Xx,i(quflh f:;:,z)
= (r:/p,z‘? A, fylc,z)

Case 3: If X, ;x,, is trivial, i.e. X} ;= = A7L, then we have

-1
( xz’ A,z/’w g,i) = (r/x,ﬂ 17 g(Xac,ww)g(Xm,i?w) a,;,z)
= (rhs 1, dX(=1)12.,)-

By [19, 3.3.7] the rank of # is determined by[’]

k(M) = Y rk(Fp /Fhz) — rk(Fa. ® L£y)"™)

reS

= ZZ%Z — #Le{l,. . Mmoo} | Ao = A}

zeS i=1

= NS gty — > dag | - k().
zeS | j=1 =1
Az, j=1

The last equation holds by () (left summand) and the fact that we are in standard situation
(right summand). Here “xz € S” is to be understood that we count every point only for the
field of lowest degree it exists over. If we do step () in reverse, i.e. the Jordan block with
eigenvalue 1 grow in size by 1, the local data of H at x, for any [ € Z>; and z € S(F,), is
Dl,x(Hﬁm) with

i

" " 1/
(rm-, Ao i m')> else.

" 1A,/- —lgn ‘f)\//A:1~.‘)\/A:)\—1
Dl,xﬂ'(Hﬁz) = ( glza Aglw fg,/z) = {(ra;"‘ + [ q )7 1 X, ) 1.€ z, ?

forie {1,...,mg}.
For any z € S(F,), it is possible that new blocks of size 1 and eigenvalue 1 appear in

the matrix ph, ,(72). Let nf’ be the number of blocks in pj; ,(7z). Taking everything into
account we finally get, for any [ € Z>1, z € S(F,) and i € {1,...,n}'}:

(1, '”) if i > my,
N (sz+1 1, X( )fa:z)a if >\x7i :A_la
Dl,x,z(Hﬂz) - (rmz o 1 A q f:p z) if )\x,i — 1’ (**)
(rx iy Az )i J(X:c,zv Xx,i)ij)v else.

"Note that £, has monodromy A~! at co.

84



Since for any | € Z>; and x € U(Fy), the matrix pt]_-’I(%) is the identity, every block
vanishes in step (), i.e. m; = 0, and equation (xx) also holds for z with n/ = rk(H).

Hence, for any | € Z>; and z € Alqu (F 1), we have

" " T~ T 7
nf = mg + tk(H) = > 1l = my + 1k(H) = ) dpjTay + Y daj — d j-
i=1 j=1 j=1 =1
)\x,jil )\m,j:>\71

Thus by aggregating the (1, 1)-entries (if present) we see that ﬁlm(H) as asserted above is
a coarsened local data of H in z, for any | € Z> and z € A]qu (Fyp), if we set
nll’
fl= >,
i=mg+1

d?—t /]

" :=mn, —my the number of (1,1)-entries,

ij :=1 for an arbitrary i € .,

for any j € {1,...,m,}. Let us finally consider the point co € Plqu (Fy), for any [ € Z>;.
Since we are in standard situation,

5l,oo(f) = ((17 A, rk(]:)7 fo];))

is a coarsened local data of F at co. The value of f;‘ is irrelevant to us. Since we are
only interested in the behavior of the Jordan blocks of pl;_uoo(’yoo), we can work over [,
instead of F; and make use of [9, 1.2.1 iii)]. This tells us that the blocks of Pér,w(Vm)

with eigenvalue A vanish and that p%too (7s0) has only blocks of size 1 with eigenvalue A~

This explains the asserted coarsened local data at oo with f7 = tr(pfy oo (Frobie ), for

any [ € L>q. O

5.3.2 Frobenius data

5.18 Theorem. Suppose we are in Situation of Theorem [5.17 For any | € Z>1, there
exists a number c;(F,x) € Qp (which we call “correction term”) so that, for any x €
A%mt(lﬁ‘qz), the following holds

ta(hl) = — D tiy(uF)  tra—y(GiLy) + alF,x).
yGA]}q(qu)
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Proof. By Theorem we have the distinguished triangle

H[] — K % Ly, — MCy(K) 12 (+)

with a constant sheaf H in Lisse(AI}q +»Qy). We use the notation from Remark . Any
Fi-point of A%q,tl,t is given by a pair (z1,22) € A%th (Fg) x A%Fq’t(qu). Using Proposition

[3.2] we get

iv)
(K 0 Ly) = > e (KR L) = D tga (KK L)
(xl’IQ)EA]%‘q,tl,t(Fql) yeA]%‘q,ﬁ (]Fql)

pryo(z1,z2)=a
and, for any y € Alqu,tl(Fql)v

iii) iv)

tl,(y,w) (K X’ LX) = tl,(y,a:) (prik K) 'tl,(y,x) (6*LX) = thy(K) ' tl,x—y(Lx)
D (b1 GuF)) - (i L)) = 11y GuF) - tramy (L.
Using the triangle (%) we obtain

ii i)

tl,m(j*H) = _tl,z(MCX(K)) = _(tl,x(K *1 Lx) - tl,z(H[l]))

Nabd

which gives us the assertion by setting

a(Fx) = ta(H[) 2 ~t10 (PT2 (" (F B L)) ooy ar ,))- =

q-t

5.19 The computation of f** and the correction term ¢;(F,y). Let | € Z>1. In the
situation of Theorem we can use the formula from Proposition to compute the
FH and the correction term ¢(F, x) if there is at least one xg € AIIFqJ(qu) with glv?cf] =0.
Then we have by Remark and of Theorem [5.17}

alFox) = Y. ly(eF) tiay(GiLy) + ta(iH)
yEA%q(Fql)
= Z tl,y(j*]:) 'tl,a:fy(jiﬁx) + Z X(_l)fwo,j
Yy e A]%q (]Fql ) 1§]§7’7la:0

and therefore for any = € A%Fmt(]qu):

o= aFx) — Y Gty (L) — Y (D
yehs, Fy) Xlij :S;'”i 1
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5.20 Kummer sieves. For the actual calculation of the Frobenius traces in Proposition
it is helpful to utilize the structure of the Kummer sheaf £, (used by the functor
MC,):

For any F -point = of A%F +» let az € i denote the image of ¢ by the corresponding ring
homomorphism. Remark together with Lemma tells us that ¢;0(j.Ly) = 0 since
X 1s nontrivial and therefore Ptﬁx,o (70) # 1. By using Lemma we reduce the number
of multiplications involved in the convolution process to at most ¢ — 1:

1

Z try (e F) - tl,xfy(jiﬁx) = Z by (JuF) - (X (NEZZ (am—y>)>_

yeAL (Fu) y€hg, (F)
yF
= Y x@) | Y R
UeGmy]Fq(Fq) yeKSl,z,u

F
with the sets KS; ;. = {y € A]%q (Fyq) ’ NFZZ (ag—y) = au} which we call Kummer sieves.
These sets are independent of F and x. Thus they will be computed once and reused in
every convolution step.

5.4 Example

We consider the exceptional simple algebraic group G2(Q,) whose minimal representation
has dimension 7 (|2]). It has a maximal torus (9, 1.3])

T = {diag(a, B,a8,0"%, 571, (aB) 1) | o, 8 € Q) } € Autg, (Q)).

The following Lemma gives us an interval in which the traces of the elements of T should
lie.

5.21 Lemma. Let A € Aut@g(@b with eigenvalues o, B, aff, o~ !, 71, (aﬁ)_l, 1 with
la| = |B| = 1. Then tr A € [=2,7] (the real interval).

Proof. Consider the substitutions o = €*™@ and § = €2>™®. We regard tr A as a smooth
function on [0, 1[? sending (a, b) to

e27ria+€27rib+€2ﬂ'i(a+b) +e—27ria +e—27rib +6—27ri(a+b) +1

= 2cos(2ma) + 2 cos(2mb) + 2 cos(2m(a + b)) + 1
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with

_ sin(27a) + sin(27(a + b)) sin(27a + 7b) cos(mwd)
Vird = —dr (sin(27rb) + sin(27(a + b))> -8 <sin(27rb + 7a) cos(wa)) '

From this we conclude easily:
0
vira=(g) & @0 e {0.0.0.5, (304D G} =N

Since tr A is periodic, we do not have any marginal absolute extrema, and so the absolute
extrema of tr A are

O

5.22 Computation of Frobenius traces. Let us consider the situation of [9, Theorem
1.3.1] where the reversed Katz algorithm is used to construct a smooth sheaf H(¢p,n) on
AJ\{0,1} of rank 7 with an algebraically closed field k such that the associated monodromy
group is a Zariski dense subgroup of Go(Qy).

We use the Katz algorithm with the same steps as in [9, Theorem 1.3.1], but over the finite
field K = . In order to be in standard situation we apply the Mobius transformation

t—> —t
t—2

to the coordinates to move the singularity at oo to —1 together with a scaling before every
convolution step MC, () to make the eigenvalues A ; at infinity coincide with x((;—1).

The construction is then as follows: Let p > 3 and ¢ > 3 be a power of p. Consider the
natural inclusion

jo U= A \{0,1,-1} — A,
and the embeddings jo, j1, j-1: U <= Gy, induced by the homomorphisms ¢ — ¢,
trt—1and ¢+ t+ 1 respectively. For any i € {0,1, -1}, let x;: Fy' — @EX be a group
homomorphism with A; := x;((4—1). Define the sheaf

E()\Ov A1, )\—1) = jf)kl:’xo ®jik£X1 ®ji1£){—1

in Lisse(U,Q,) which by Remark is in Ty and not a translate of £, -1, for any group
homomorphism x: Fy — @Z , if at least two of the x; are nontrivial. Let ¢, n € @Z be

8sin(2z +y — ) + sin(2z +y + y)
= sin(2z + y) cos(y) — cos(2x + y) sin(y) + sin(2x + y) cos(y) + cos(2z + y) sin(y) = 2sin(2z + y) cos(y).
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(¢ — 1)-th roots of unity so that

. 10, on, Qi 9P, ol # 1.
We define the sheaf H := Hg @ My in T7 inductively by

Ho:=F1 @My, Hi=MC, (Hi—1), Hi=Fir1@Mip1® i,

fori e {1,...,6} with

1| F M; pi(Cg—1)
1| (=1, —on, 1) | L(L,1,—n) | —pi?
2| £(1,-,1) | L(1,1,—p) | —gn?
3| £(-1,1,1) L£(1,1,-1) | —%n

4| L(1,—pm, 1) | L(1,1,=8n) | —pn

5| £(-1,1,1) L£(1,1,-1m) | -p

6| £(1,—p,1) L(1,1,—¢) | —¢

71 L£(-1,1,1) L£(1,1,-p)

8 £(1,1,-1)

where the F; are taken from [9, Theorem 1.3.1]. The M, are correction terms to reflect
the effect of the M&bius transformation. The resulting sheaf H has natural weight 6. By
a final Tate twist by log(3) we obtain a sheaf of weight 0. This Tate twist amounts to
dividing the trace values by ¢.

We calculate the case 1 where ¢ =n = 1.

Define —1 as the unique group homomorphism y: Fy — @Z with x(¢4—1) = —1. In the
present case all the p; are —1. Consequently the first occurring sheaf is

HO = .Fl ® Ml = ﬁ(—l, —1, 1) X £(1, 1, —1) = jgﬁ_l ®jfﬁ_1 ®jj1£_1.

We will give our results in tables with the following structure. In the left columns we record
the Frobenius traces t1 ;(j«-) for the points = € A[}q (F,), and in the right columns we record
(possibly a coarsening of) the local data D ,(-) for the singularities = € {0,1,—1}. In the
last column we have the correction term ¢ (-, p;) for the particular convolution step MC,, (-).

Before that we present a method that allows us to derive non-coarsened local data from

coarsened local data after every convolution step. According to the equations given in
Theorem the local data tuples for example in the second convolution step change as
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follows.

le(g=51=Df[0[t]2[3[4] 0 [ 1 [ -1 [ea]

H, 1[o]2T2]0] @L11) [@-11)] (2-1,1) [ 2

MC_1(#,) 611|111 (1-15) | 3,L,1) | (310
(1,1,2,6)

Notice that at the singularity z = 0 the monodromy matrix piAC,l(Hl),o(W) has three
Jordan blocks (—1), (1) and (1) of size 1. For the two blocks of eigenvalue 1 we only have
the coarsened local data (1, 1,2, 6) which indicates that the fixspace of I, has dimension 2
and the action of Frob{”0" on it has trace 6 (see Remark . If instead of F5-points we
do the calculations for [F5:-points, we obtain the traces for the [-th power of the monodromy
matrices because the Frobenius element is put to the [-th power. If we know n of these
traces we can calculate the first n + 1 coefficients of the characteristic polynomial of the
monodromy matrix via the Newton identities. Therefore by knowing the data

(e(@=51=2)[0 [1[2 [3 [4] 0 | 1t [ -1 [ea]

H 1 J0]6 |6 0] 21,0) [@L) @116

MC_1(H1) T4 [T 11| 11 (11,25 | 3,L,1) | (3,1,1)
(1,1,2,-14)

we get the characteristic polynomial X? — 6X + 25 with roots a = 3 + 4i and @. Thus we
can give a non-coarsened local data at x = 0:

D1o(MC_1(H1)) = ((1,-1,5), (1,1, ), (1,1,@)).
Following this example we can calculate non-coarsened local data for every occurring sheaf.

Result 1: ¢=5and [ = 1.

For the occurring variables holds o« = 3 + 44 with |a| =5, 8 = —1 + /1247 with || = 52,
v = —23 4 v/96i with |y| = 52, § = —27 + /2396 with || = 52 and |¢| = |¢| = 5°.

For space reasons we shorten our notation: Lo := jgL_1, L1 :=jiL_1, L4 := 55 L 1.
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T 0 1 |23 |4 0 1 4 c1
Lo || 0 1 [-1 |1 | 1] (1-1,1
Ly | 1 0 |1 |-1 [-1 (1-1,1)
Lyl 1 |1 -1 ]1 0 (1-1,1)
Ho || 0 0 |1 |1 [0 (1-1,1) | (1-1-1) | (1-1-1) | -1
He | 1|1 |2 |2 |-1] (21,0 (2,1-1) | (2,1-1)
Hy || 1 0212 |0 (211 (2-1,1) | (2-1,1) || 2
Hy | 6 1 |1 |1 | 1] (1-15) (3,1,1) | (3,1,1)
(1,1,a)
(1,1,cr)
Holl 5 -1 | 1 |-1 |0 (1,15) (3,1-1) | (3-1,1) | 5
(1,-1,a)
(1,-1,a)
Hall 6 [-2 | 128 | 1] (@1a | (2-1,5) | (4,1,1)
(2,1,c) (1,1,8)
(1L,1,8)
Hs || 6 5 [-12|-8 | 0 2,1,a) (2,1,5) | (4-1-1) || 4
(2,1,a) | (1-1-B)
(1,-1,-8)
Hall-210 | 2 | 13| 27|-1| (1-158) | (1,1,25) | (5,1-1)
(1,-1,5a) | (2,1,-53)
(1,1,25) | (2,1,-8)
(1,1,%)
(1,1,9)
Hyll 30 [-2 | 13]|-27| 0| (1,15a) | (1,-1,-25) | (5,-1,-1) || -9
(1,1,5ar) (2,1,8)
(1-1,25) | (2,1,8)
(1-1,%)
(1,-1,9)
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92

T 0 1 |2 ]3| 4 0 1 4 1
Hs |21 [-79| 50| 6 |-1| (2,1,25) | (2,1,-25) | (6,1,-1)
(2,1,9) | (1-1,58)
(2,17) | (1,-1,58)
(1,1,6)
(1,1,6)
Hs || -21 | 10 [-50 [-6 | 0| (2,1,25) | (2,-1,25) | (6,-1,1) | 14
(2,1,9) | (1,1,-58)
(2.17) | (1,1,-58)
(1,-1,-5)
(1,-1,-6)
He || -52 | 79| -11] 53| 1 (1,-1,125) | (3,1,25) | (7.1,1)
(1,-1,5%) | (2,1,-0)
(1-1,57) | (2,1,-0)
(1,1,8)
(1,1,¢)
(1,1,€)
(1,1,)
He || -105 | =79 | -11 | -53 | 0 || (1,1,125) | (3,1-25) | (7,-1,1) || -67
(1,1,5%) (2,1,6)
(1,1,57) | (2,1,0)
(1,-1,8)
(1,-1,¢)
(1,-1,¢)
(1,-1,¢)




T 0 1 |2 |3 | 4 0 1 4 c1
Ho|-105 | 79| 11 |53 | 1| (1,1,125) | (3,1,25) | (7,1,1)

(1,1,59) | (2,1,-6)

(1L,1,57) | (2,19

(1-1,8)

(1-Le)

(1-1,0)

(1,-1,¢)

If we divide the trace values by 5% and use the Newton identities to calculate the charac-
teristic polynomials of the Frobenius action, we receive for the non-singular points

2:
11 1017 3589 3589 1017
_ 3T 6 5 4 2
= X7 - X0 =t X0 et - e 55X+?X—1
with roots 1, a1, as, a3, a1, ae™!, az™! with |a1| = |ag| = || = 1, a3 = ajaz and
values
a1 ~ 0.531328 + 0.847166¢,
ag ~ —0.893350 — 0.449362¢,
~ —0.093978 — 0.995574x+.
> 53 57 4101 4101 57 53
_ 3T 6 5 4 2
xs = X7 Z5X0 4 5X7 4 et e X - X N
with roots 1, B1, Ba, B3, B ", B2, B~ with |B1] = |B2] = |Bs] = 1, B3 = 12 and values
7 24 .
Bl - _% - %2,
5“2 HI6VEL 12V/43 4 6VEL,
2 125 125 ’
3 —27 —16v34 124/43 4+ 634 .
= — i.
3 125 125
Result 2: ¢g=7and [l =1.
For the occurring variables holds § = —12 +/199i with || = 7% = —17+ /12217 with

ly| = 72, § = 44 + /14870i with |§| = 72 and |¢| = |¢] = 73.
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For space reasons we shorten our notation: Lo := jgL_1, L1 := jiL_1, L6 := j5 L 1.

T 0 1 2 3 4 |5 6 0 1 6 1
Lo || 0 1 1 |-1 1 | -1 [-1] (1-1,1)
Ly | -1 0 1 1 (-1 |1 |- (1-1,1)
Ls || 1 1 |-1 1 -1 |-1 0 (1,-1,1)
Ho || O 0 |-1 |-1 1|1 0 (1-1-1) | (1-1,1) | (1-1,1) | 1
Hi|l 1 |1 0 4 410 |1 (211 (2,1-1) | (2,1,-1)
Hy || -1 0 0 4 4 10 01 (2,1-1) | (2-1-1) | (2-1,1) | 0
Hy || 0 1 9 3 03[9 |1 -1-1) | 3,1,1) | (3,11
(1,1,-7)
(1,1,7)
Ho || -7 1 (-9 |-3 3 -9 01 (1,1,-7) (3,1,1) | (3-1,1) | -7
(1,-1,-7)
(1,-1,7)
Ha|ll 0 |24 | 8 [-12 | 4 |24 |-1] 17 (2-1,7) | (4,1,-1)
(2,1,-7) (1,1,8)
(1,1,8)
Hs || 0 708 |12 | 4 | 24 | 0 (21-7) (2,1,7) | (4-1,1) | 24
(2,1,7) (1,-1,8)
(1,-1,8)
Holl 15 | 24 |-15 | 53 | 75| 17 | -1 (1,-1-49) | (1-1,49) | (5,1-1)
(1,-1,49) | (2,1,-8)
(1,1,49) | (2,1,-8)
(1,1,%)
(1,1,7)
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T 0 1 2 3 4 | 5 6 0 1 6 c1
Hy |l O 24 | 15 | -3 | -75 | 17 | 0| (1,1,-49) | (1-1,49) | (5,-1,1) | -15
(1,1,49) | (2,1,-8)
(1-1,49) | (2,1-5)
(1,-1%)
(1,-19)
Hs || -15 | 39 | -184 | -112 | 64 | 104 | -1 || (2,1,-49) | (2,1,-49) | (6,1,-1)
(2,1-9) | (1-1,-75)
(2,1-7) | (1,-1,-75)
(1,1,6)
(1,1,0)
Hs || 15 | 168 | 184 | -112 | 64 | -104 | 0 || (2,1,49) | (2-1,-49) | (6,-1,1) | 72
(21,9 | (1,1,-75)
217) | (1,1-78)
(1,-1,6)
(1,-1,9)
He || 704 [ -39 | -55 | -305| 49 | 151 | -1 | (1-1,343) | (3,1,49) | (7,1-1)
(1,-1,7%) | (2,1,-9)
(1-1,77) | (2,1,-0)
(1,1,6)
(L,1e)
(1,1,0)
(1,1,0)
He || 105 | -39 | 55 | 305 |-49 | 151 | 0 || (1,1,343) | (3,1,49) | (7-1,1) | 215
(1,1,79) (2,1,-5)
(1,1,79) | (2,1,-6)
(1,-1,6)
(1,-1,¢)
(1,-1,0)
(1,-1,0)
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T 0 1 2 3 4 5 6 0 1 6 c1
H 105 | -39 | -55 305 | 49 | -151 | 1 || (1,1,343) (3,1,49) (7,1,1)

(LL7) | (21-0)

(1,1,79) (2,1,-6)

(1-1,8)

(1-1,)

(1-1,)

(1,-1,0)

If we divide the trace values by the weight 73 and use the Newton identities to calculate the
characteristic polynomials of the Frobenius action, we receive for the non-singular points

2:
55 18069 110643 110643 18069 55
— X7 6 5 4 3 2
= X7+ X0 - X7 - et X X - N
with roots 1, a1, ag, as, a171, as™!, ag™! with |ay| = |ag| = |ag| = 1, a3 = ajas and
values
a1 ~ —0.899652 — 0.436607+,
as ~ 0.842953 + 0.5379871,
az ~ —0.523476 — 0.852040z.
3:
305 2013 211731 211731 2013 305
7 5 4 3
I G i S SR R = GRE=

with roots 1, 81, B2, Bs, B17 %, Bot, B3~ with |B1| = |B2| = |Bs| = 1, B3

= (152 and values
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B1
B2 ~
B3 ~

~ —0.605568 + 0.795794z,

—0.428298 — 0.903637%,
0.978473 + 0.2063774.



1 291 2453 2453 291 1
X4:X7—§X6+FX5— = Xty = X3—?X2+?X—1

with roots 1, v1, 72, v3, 1~ 1 v2 71, 137 with [y1| = |2 = [13] = 1, 73 = 1172 and values

v1 ~ —0.874944 + 0.4842241,
Yo ~= —0.213445 — 0.9769551,
vz~ 0.659818 + 0.751426%.

151 2104 11832 11832 2104 151
o= X7 iolye 2080 ys 1898y 1SS ys 200 ye Dly

73 75 76 76 * 70 73

with roots 1, (51, (52, (53, 51_1, 52_1, (53_1 with |(51| = ‘52| = |55| = 1, (53 = 5152 and values

81 ~ —0.946979 + 0.3212954,
5y~  0.821254 — 0.570562,
83 ~ —0.594392 + 0.804176.

L
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6 Appendix

We give the MAGMA code for the program used to compute Example We will start
with the functions we will use. If they are not explained immediately, the used variables
will be described under the heading "Global variables".

I11771777777777777177777777777
// Kummer sieve //

IIILLL0777177777777777717777

// y in KummerSieve[1][x][i] s.t. (w_1)~i = N_{\IF_q}~{\IF_{q"1}}(x-y)
// 1 Integer, x,y in p-adic notation [1 .. q~1], i Integer

function f_KummerSieve(p,k,m,F,w,Z)

// build the structure of the Kummer sieve:

KummerSieve := [];

Powerw_1iLimit := p~(k)-1; // the rage of powers of w_1 here is [1 .. q]
for 1 := 1 to m do

KummerSieve[1] := [];

xLimit := p~(k#*1l);

for x := 1 to xLimit do
KummerSieve[1][x] := [1;
for i := 1 to Powerw_1Limit do

KummerSieve[1] [x] [i] := [J;

end for;

end for;

end for;

for 1 := 1 to m do

w_lPower := F[1]'1; // We £ill the Kummer sieves in the order of the powers
// of the gemnerator w_1 of \IF_{q"1}

PowerLimit := p~(k*1)-1;

Powerw_1 := 0; // the power of Norm(w_l"Power)

for Power := 1 to PowerLimit do
Powerw_1 := Powerw_1 + 1;
if Powerw_1 gt Powerw_1iLimit then Powerw_1 := 1; end if; // mod g-1
w_lPower := w_lPower * w[l]; // next higher power of w_1
Minusw_lPower := Eltseq(-w_lPower); // this -w_1"Power is for reference
xMinusw_lPower := Eltseq(-w_lPower); // this -w_l"Power increases
xMinusw_lPower_padic := Z!0; // x-w_l"Power in p-adic notation

// build x-w_l"Power in p-adic notation:
padicLimit := k*1;

for padic := 1 to padicLimit do
xMinusw_lPower_padic := p * xMinusw_lPower_padic + Z!xMinusw_lPower[padicLimit + 1 - padic];
end for;

xLimit := p~(k*1l);
for x := 1 to xLimit do // we start with x = 1

xMinusw_lPower[1] := xMinusw_lPower[1] + 1; // increase x in x-w_l"Power by 1

xMinusw_1lPower_padic := xMinusw_lPower_padic + 1; // simulate the increasing
// in the p-adic notation
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if xMinusw_lPower[1] eq O then xMinusw_lPower_padic := xMinusw_lPower_padic - p; end if;

Entry := 1;
while Entry 1t padiclimit do // every p~i-th time we have to increase
// the i+l-th entry as well
if xMinusw_lPower[Entry] eq Minusw_lPower[Entry] then

xMinusw_lPower [Entry + 1] := xMinusw_lPower[Entry + 1] + 1;
xMinusw_lPower_padic := xMinusw_lPower_padic + p~Entry;
if xMinusw_lPower[Entry + 1] eq O then
xMinusw_lPower_padic := xMinusw_lPower_padic - p~(Entry + 1);
end if;
else
Entry := padicLimit;
end if;

Entry := Entry + 1;
end while;

if xMinusw_lPower_padic eq O then
Append ("KummerSieve[1] [x] [Powerw_1], xLimit); // in the case that x-w_l"Power = O,
// we write q~1 into the sieve
else
Append ("KummerSieve[1] [x] [Powerw_1], xMinusw_lPower_padic);
end if;

end for;
end for;
end for;
return KummerSieve;

end function;

11111117777717171777717117171777
// Kummer sheaf //
11171717777717711777777711777777

function f_KummerSheaf(p,k,m,C,Z,KummerSieve,chi,d)

// chi: root of unity in C = CyclotomicField(q-1) which is the value of chi at the generator zeta of C
// d:  translation, i.e. place of the singularity, in p-adic notation [1 .. p~k]

// list of p-adic representations of the place of the singularity for different 1:
dList := [];
for 1 := 1 tom do
if d eq p~k then
Append(~dList, d~1); // only at 0 we have this annoyance

else
Append(~dList, d);
end if;
end for;
KummerTraces := []; // list for the trace lists

LocalData := []; // list for the local data tuple lists
LocalDataTuple := <>; // local data tuple
Append(~“LocalDataTuple, Z!1); // add length of blocks: <r>
Append(~LocalDataTuple, Z!1); // add numder of blocks: <r,d>
Append(“LocalDataTuple, C!1); // add eigenvalue: <r,d,lambda>

iLlimit := p~(k)-1;
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chiInv := chi~(-1);
// case: 1 =1
KummerTraces[1] := [];

Trace := chi~(Z!((p~k-1)/2));

for i := 1 to ilimit do

yList := KummerSieve[1][dList[1]][i];
Trace := Trace % chilnv;

for y in yList do

KummerTraces[1][y] := Trace;
LocalDataTupleFrob := [];
LocalTrace := C!1;
for 11 := 1 tom do // generate a list for powers of Frobenius <f~1,f"2, .. ,f"m>
LocalTrace := LocalTrace * Trace;
Append(~“LocalDataTupleFrob, LocalTrace);
end for;
LocalDataTupleHere := Append(LocalDataTuple, LocalDataTupleFrob); // <r,d,lambda,<f"1,f~2, .. ,f m>>
LocalDataly] := [LocalDataTupleHere]l; // add a list of local data tuples
// [<r,d,lambda,<f"1,£"2, .. ,f"m>>] to the local data at y
end for;
end for;
KummerTraces[1] [dList[1]] := C!0; // continue the trace function at the singularity by 0
LocalDataTupleFrob := [];
for 11 := 1 to m do // generate a list for powers of Frobenius <f~1,£°2, .. ,f"m>
Append(~LocalDataTupleFrob, C!1); // set frobenius trace = 1 at the singularity
end for;
LocalDataTupleHere := Append(LocalDataTuple, LocalDataTupleFrob);
LocalData[dList[1]] := [LocalDataTupleHere];

LocalData[dList[1]J[1][3] := chi; // set eigenvalue = chi at the singularity

// case: 1 =2 .. m
for 1 := 2 to m do

KummerTraces[1] := [];
Trace := chi~(Z!(1*(p~k-1)/2));

for i := 1 to ilLimit do

yList := KummerSieve[1l][dList[1]][i];
Trace := Trace % chilnv;

for y in yList do

KummerTraces[1] [y] := Trace;
end for;
end for;
KummerTraces[1] [dList[1]] := C!0; // continue the trace function at the singularity by 0
end for;
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return <KummerTraces, LocalData>;

end function;

1171117777117717171177711717777
// Tensor //
11711111111117171111177711171177/7

function f_Tensor(C,SheaflList)
// SheafList: list of sheaf data (exept the first, every sheaf has to be rank 1)

TensorSheafLimit := #SheaflList;
xLimit := #SheafList[1]1[2]; // this is gq=p~k
1Limit := #SheafList[1][2][1]1[1]1[4]; // this is m

for x := 1 to xLimit do // go through the points of F_q

BlockLimit := #SheafList[1][2][x];
NewFrobTraceList := [];
// prepare a list of Frobenius traces at x:
for 1 := 1 to 1lLimit do

NewFrobTraceList[1] := C!0;
end for;

for Block := 1 to BlockLimit do // go through the Jordan blocks
for TensorSheaf := 2 to TensorSheafLimit do // go through the factors

SheafList[1] [2] [x] [Block] [3]
:= SheafList[1][2] [x] [Block] [3] * SheafList[TensorSheaf] [2] [x][1][3];
// multiply the eigenvalues

for 1 := 1 to 1lLimit do

SheafList [1] [2] [x] [Block] [4]1[1]
:= SheafList[1] [2][x][Block][4][1] * SheafList[TensorSheaf][2][x][1]1[4]1[1];
// multiply the Frobenius traces

end for;
end for;

// calculate the new Frobenius trace (sum of all local traces for lambda = 1):
if SheafList[1][2][x][Block][3] eq C!1 then
for 1 := 1 to 1lLimit do
NewFrobTraceList[1] := NewFrobTracelList[1l] + SheafList[1][2][x][Block][4][1];
end for;
end if;

end for;

// write Frobenius traces:
for 1 := 1 to 1lLimit do
if x eq xLimit then
SheafList[1][1][1][x~1] := NewFrobTracelList[l]; // because the index 0 is at the end
// of the trace list
else
SheafList[1][1]1[1][x] := NewFrobTraceList[1];
end if;
end for;
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end for;
for 1 := 2 to 1lLimit do
xLimit := #SheafList[1][2]"1 - 1; // O was treated above
for x := #SheafList[1]1[2] to xLimit do // 1 .. g-1 was treated above
for TensorSheaf := 2 to TensorSheaflimit do
SheafList[1][1][1][x] := SheafList[1][1][1][x] * SheafList[TensorSheaf] [1][1][x];
end for;
end for;
end for;
return SheafList[1];

end function;

1111111177111117771111171111777
// Convolution //
1111111177111177711171171171177

function f_Conv(C,Z,Sheaf,KummerSieve,chi)
1Limit := #Sheaf[2][1][1]1[4]; // this is m

qPower := [#Sheaf[2]]; // list of powers of q: [q .. q™m]
for 1 := 2 to 1lLimit do

gPower[1] := qPower[1l-1] * qPower[1];
end for;

0ldRank := Z!0; // calculate old rank
BlockLimit := #Sheaf[2]1[1]; // note: "Block" means here group of identical Jordan blocks
for Block := 1 to BlockLimit do // go through the Jordan blocks at x=1
0ldRank := 0ldRank + Sheaf[2][1][Block][1] * Sheaf[2][1] [Block][2];
end for;
chiInv := chi~(-1);
chiMinusl := chi~(Z!((qPower[1]-1)/2)); // this is chi(-1)
// --- local data: —------—-————-——----—————
xLimit := qPower[1]; // this is q=p~k
NewRank := (xLimit - 1) * OldRank; // prepare variable for new rank

SurvivingRank := []; // added size of blocks after convolution without the new born blocks

VisibleFrob := [1; // list of Frobenius values relevant for the computation of the new born blocks

for x := 1 to xLimit do // go through the points of F_q
BlockLimit := #Sheaf[2][x];
DeathList := []; // list of blocks that vanish

SurvivingRank[x] := 0;

VisibleFrob[x] := [];
for 1 := 1 to 1lLimit do
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VisibleFrob[x][1] := C!0;
end for;

for Block := 1 to BlockLimit do // go through the Jordan blocks
case Sheaf[2] [x][Block][3]: // eigenvalue lambda
when C!1: // eigenvalue lambda = 1

NewRank := NewRank - Sheaf[2] [x][Block][2]; // for every block with eigenvalue 1
// the rank decreases

if Sheaf[2] [x][Block][1] eq 1 then
Append(~Deathlist, Block); // if we have a (1,1)-block, this block will vanish
else

Sheaf [2] [x] [Block] [1]
Sheaf [2] [x] [Block] [3]

Sheaf [2] [x] [Block] [1] - 1;
chi;

for 1 := 1 to 1lLimit do
Sheaf [2] [x] [Block] [4] [1] := Sheaf[2] [x][Block] [4][1] * qPower[1];
end for;
SurvivingRank[x] := SurvivingRank[x] + Sheaf[2] [x][Block][1] * Sheaf[2] [x][Block][2];
end if;

when chilnv: // eigenvalue lambda = chi~(-1)

Sheaf[2] [x] [Block] [1] := Sheaf[2][x][Block][1] + 1;
Sheaf [2] [x] [Block] [3] Cc'1;

for 1 := 1 to 1lLimit do
Sheaf [2] [x] [Block] [4][1] := Sheaf[2][x][Block][4][1] * chiMinusi;
VisibleFrob[x][1] := VisibleFrob[x][1] + Sheaf[2][x][Block][4][1];
end for;
SurvivingRank[x] := SurvivingRank[x] + Sheaf[2] [x] [Block][1] * Sheaf[2][x][Block][2];
else: // other value of lambda
Sheaf [2] [x] [Block] [3] := Sheaf[2][x][Block][3] * chi;
JacobiSum := C!1;
for 1 := 1 to 1lLimit do
Sheaf [2] [x] [Block] [4] [1] := Sheaf[2][x][Block][4][1] * JacobiSum;
end for;
SurvivingRank[x] := SurvivingRank[x] + Sheaf[2] [x][Block][1] * Sheaf[2][x][Block][2];
end case;
end for;
Reverse("DeathList); // begin to delete in the end lest the position of the other blocks
// that have to be deleted changes

for Block in DeathList do // delet the vanishing blocks

Sheaf[2] [x] := Sheaf[2][x][1 .. Block-1] cat Sheaf[2][x][Block + 1 .. #Sheaf[2][x]];
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end for;
end for;

// NewRank is now the real new rank

// --- correction term: -----——---—mmmm
FullRankElementsList := [1; // List of x with SurvivingRank[x] = NewRank
for x := 1 to xLimit do
if SurvivingRank[x] eq NewRank then Append(“FullRankElementsList, x); end if;
end for;
if #FullRankElementsList eq O then

"Can’t compute correction term...";

else // we need at least one x with SurvivingRank = NewRank to compute the correction term,
// take the first in FullRankElementsList

xFullRank := FullRankElementsList[1];
// we perform a convolution step at xFullRank without correction term

xFullRankTraceIncorr := []; // list of the incorrected new tracees at xFullRank for different 1
iLimit := qPower[1] - 1; // gq-1

for 1 := 1 to 1lLimit do

xLimit := qPower[1]; // q~1
01dTracelList := Sheaf[1][1];

Trace := C!0;
for y in KummerSieve[l][xFullRank][1] do // case i=1 i.e. u=w[1]"1
Trace := Trace + 0ldTracelList[y];
end for;
for i := 2 to ilLimit do // cases i=2...9-1 i.e. u=w[1]"2...w[1]"(g-1)=1
Trace := Trace * chi;
for y in KummerSieve[1l] [xFullRank][i] do
Trace := Trace + 0ldTraceList[y];
end for;
end for;
// Trace has now the value of the !-convolution
xFullRankTraceIncorr[1] := -Trace; // this is the incorrected value of the middle-convolution
end for;

// convolution step finished

104



BlockLimit := #Sheaf[2] [xFullRank];
CorrTerm := [J; // List of correction terms for different 1
for 1 := 1 to 1lLimit do
CorrTerm[1] := -xFullRankTracelncorr[l]; // correction term = correct trace - incorrected trace
for Block := 1 to BlockLimit do
if Sheaf[2] [xFullRank] [Block][3] eq C!1 then // only the blocks with eigen value 1 contribute
CorrTerm[1l] := CorrTerm[1l] + Sheaf[2] [xFullRank] [Block][4][1];
end if;
end for;
end for;
CorrTerm;

end if;

// --- frobenius traces: ---------ccmmcmommoooomoooo

NewFrobTraces := []; // list for the new trace lists
ilimit := qPower[1] - 1; // g-1

for 1 := 1 to 1llLimit do
NewFrobTraces[1l] := [J;
xLimit := qPower[1]; // q~1
01dTracelist := Sheaf[1][1];
for x := 1 to xLimit do // fast convolution
Trace := C!0;
for y in KummerSieve[1][x]1[1] do // case i=1 i.e. u=w[1]"1
Trace := Trace + 0ldTraceList[y];
end for;
for i := 2 to ilLimit do // cases i=2...q9-1 i.e. uw=w[1]"2...w[1]"(g-1)=1
Trace := Trace * chi;
for y in KummerSieve[1l][x][i] do
Trace := Trace + 0ldTracelList[y];
end for;
end for;
// Trace has now the value of the !-convolution

NewFrobTraces[1] [x] := CorrTerm[l] - Trace;
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end for;

end for;

// --- new born blocks: -------cmmmmmommeemeoooo
xLimit := qPower[1];
for x := 1 to xLimit do
if SurvivingRank[x] ne NewRank then
NewBornBlock := <>; // local data tuple
Append(~NewBornBlock, Z!1); // add length of blocks
Append("NewBornBlock, NewRank - SurvivingRank[x]); // add numder of blocks
Append(~“NewBornBlock, C!1); // add eigenvalue
NewBornBlockFrob := [];
for 1 := 1 to 1lLimit do
if x eq xLimit then
Append(~NewBornBlockFrob, NewFrobTraces[1][x~1] - VisibleFrob[x][1]);
// because the index 0 is at the end of the trace list
else
Append(~NewBornBlockFrob, NewFrobTraces[l][x] - VisibleFrob[x][1]);
end if;
end for;
Append(~“NewBornBlock, NewBornBlockFrob);
Append(~Sheaf [2] [x], NewBornBlock);
end if;
end for;
return <NewFrobTraces, Sheaf[2]>;
end function;
117111177711117771117177117777
// Newton //
111771777717777777717777717777
function f_Newton(C,IC30,IC5,Sheaf,xSet,Selfdual,Rank)
// xSet: set of x which we want to calculate the Frobenius eigenvalues at
// Selfdual: if 1 we presume that the characteristic polynomial is selfdual
// Rank: expected rank of Sheaf
PIC := PolynomialRing(IC30);
1Limit := #Sheaf[2][1][1]1[4]; // this is m
xLimit := #Sheaf[2]; // this is g=p~k
Diagonal := [];
for 1 := 1 to 1lLimit do
Diagonal[l] := C!1;

end for;

NewtonMatrix := []; // (negative) Matrix for Newton calculation for different
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Tr
Ne

fo

en

re

aces := []; // List of Frobenius traces at x for different 1 for different x
wtonRoots := []1; // List of Frobenius eigen values for different x
r x in xSet do

TracesBuild := [];
for 1 := 1 to 1lLimit do

if x eq xLimit then
TracesBuild[1] := Sheaf[1][1][x~1]/(xLimit~(Rank/2))"1;

else
TracesBuild[1] := Sheaf[1]1[1][x]/(xLimit~(Rank/2))"1;
end if;
end for;
Traces[x] := TracesBuild;

TracesBlock := Matrix(lLimit, 1, TracesBuild);
NewtonMatrix[x] := DiagonalMatrix(Diagonal);
for 1 := 1 to 1lLimit - 1 do

RemoveRow(~TracesBlock, 1lLimit - 1 + 1);
InsertBlock(“NewtonMatrix[x], TracesBlock, 1+1, 1);

end for;
// Now NewtonMatrix has its final form
NewtonCoeff[x] := Eltseq(Solution(-Transpose(NewtonMatrix[x]), Vector(Traces[x])));

if Selfdual eq 1 then
if IsDivisibleBy(1lLimit,2) then

NewtonCoeff := Prune(NewtonCoeff) cat Reverse(NewtonCoeff);
else
NewtonCoeff := NewtonCoeff cat Reverse(NewtonCoeff);
end if;
else
Reverse(~NewtonCoeff);
end if;

NewtonPolynomial := Polynomial(Append(NewtonCoeff, C!1));
NewtonPolynomialC := PIC!NewtonPolynomial;

NewtonRoots[x] := Roots(NewtonPolynomialC);

d for;

turn NewtonRoots;

end function;

1171111777717171777717117171777
// Global variables //
1117177777771771777777711777777

p := 5; // prime number

k := 1; // power of p s.t. the ground field is \IF_{q} for g=p-k

m := 4; // limit for 1, i.e. we consider the fields \IF_{q"1}, ..., \IF_{q™m}

F := [1; // list of the fields \IF_{q~1}, ..., \IF_{q"m}

w := <>; // list of generators of the fields \IF_{q~1}, ..., \IF_{gq™m}

for i := 1 to m+l do // finite fields, we go one field higher to get w_1 right in the case m=1
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Append("F, GF(p,i*k));
Append(~w, F[i].1);

end for;

wl1] := Norm(w[m+1],F[1]);

C<zeta> := CyclotomicField(p~k-1); // characters chi will be given as the value of chi at zeta
Z := Integers();

IC30<I> := ComplexField(30);

ICB<II> := ComplexField(5);

KummerSieve := f_KummerSieve(p,k,m,F,w,Z);
I117717777777777771777777771777

// Example //
L1007 777777707777717777

chi := zeta"2;

KO := f_KummerSheaf(p,k,m,C,Z,KummerSieve,chi,p~k);
K1 := f_KummerSheaf(p,k,m,C,Z,KummerSieve,chi,1);
K4 := f_KummerSheaf(p,k,m,C,Z,KummerSieve,chi,p-1);
HO := f_Tensor(C,[K0,K1,K4]);

F2 := f_Tensor(C, [K1,K4]);

F3 := f_Tensor(C,[K0,K4]);

MCHO := f_Conv(C,Z,HO,KummerSieve,chi);
H1 := f_Tensor(C, [MCHO,F2]);
MCH1 := f_Conv(C,Z,H1,KummerSieve,chi);
H2 := f_Tensor(C, [MCH1,F3]);
MCH2 := f_Conv(C,Z,H2,KummerSieve,chi);
H3 := f_Tensor(C, [MCH2,F2]);
MCH3 := f_Conv(C,Z,H3,KummerSieve,chi);
H4 := f_Tensor(C, [MCH3,F3]);
MCH4 := f_Conv(C,Z,H4,KummerSieve,chi);
H5 := f_Tensor(C, [MCH4,F2]);
MCH5 := f_Conv(C,Z,H5,KummerSieve,chi);

H6 := f_Tensor(C, [MCH5,K0]);
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