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Abstract

This thesis is devoted to the classification and moduli spaces of surfaces of general
type with p, = ¢ = 1. First we consider the case g = 2,K? = 5 (where g is the
genus of the Albanese fibre) and prove that the surfaces constructed by Catanese ([10]
Example 8) constitute a connected component of the moduli space of surfaces with
pg=q=1, K? = 5. Then we consider the case ¢ = 3, K? = 4 and give two irreducible
components of the moduli space of surfaces with p, = ¢ = 1, K 2 = 4. Finally, we
prove that the number of direct summands of the direct image of the bicanonical sheaf
under the Albanese map is not a deformation invariant, which gives a negative answer
to Pignatelli’s question [35].

Kurzzusammenfassung

Die vorliegende Dissertation beschaftigt sich mit der Klassifikation von Flachen all-
gemeinen Typs mit p, = ¢ = 1 und deren Modulrdumen. Zunéchst betrachten wir den
Fall g = 2, K? = 5 (wobei g das Geschlecht der Albanesefaser bezeichne) und zeigen, dass
die von Catanese in [10], Example 8 konstruierten Flachen eine Zusammenhangskompo-
nente des Modulraums der Flichen von allgemeinem Typ mit p; = ¢ = 1 und K 2=5
bilden. Danach wird der Fall g = 3, K? = 4 untersucht; hierbei geben wir zwei irreduzible
Komponenten des Modulraums der Flachen von allgemeinem Typ mit p, = ¢ = 1 und
K? = 4 an. Am Ende geben wir eine negative Antwort auf eine Frage von Pignatelli in
[35], indem wir zeigen, dass die Anzahl der direkten Summanden des direkten Bildes der
bikanonischen Garbe unter der Albaneseabbildung nicht invariant unter Deformationen
ist.
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1 Introduction

The classification of algebraic surfaces of general type with p, = ¢ = 1 has attracted the
interest of many authors since they are irregular surfaces of general type with the lowest geo-
metric genus. For these surfaces, by the Bogomolov-Miyaoka-Yau inequality and an inequality
by Bombieri ([3] Lemma 14), one has 2 < K? < 9. By Gieseker’s Theorem (cf. [21]), there
exists a quasi-projective coarse moduli scheme M ; (which is called Gieseker moduli space)
for these surfaces. Moreover, by the results of Moisezon [41], Kodaira [27] and Bombieri [3],
M 1 has finitely many irreducible components. The main goal of this thesis is to study M
and to determine some of its irreducible or connected components.

For such a surface S, the Albanese map f : S — Alb(S) of S is a fibration onto an
elliptic curve. Since the genus g of a general fibre of f (which is called Albanese fibre) (cf.
[17] Remark 1.1) and K2 are differentiable invariants, surfaces with different g or K2 belong
to different connected components of M, ;. Hence we can study the moduli spaces of these
surfaces according to the pair (K2, g).

Denote by M77 the Gieseker moduli space of surfaces of general type with p, = ¢ = 1,
K? = z and g = y, where x,y € NT. One important problem is the geography problem: for
which pair (z,y) is M7 nonempty?

Since we have 2 < K? < 9, we only need to bound ¢ with respect to K2. If K? = 2,
Catanese [7] and Horikawa [24] proved independently that g = 2; if K? = 3, Catanese-
Ciliberto [14] proved that g = 2 or ¢ = 3; if K? = 4, Ishida [25] proved that g = 2,3 or 4
under the assumption that the general Albanese fibre is hyperelliptic. When K2 > 5, even an
upper bound for ¢ is unknown. We do not study this problem in this thesis.

9 is nonempty, find out all of its irreducible and

Another important problem is: if ./\/l{(l2 ’
connected components.

It is relatively easy when the genus ¢ is small, so we first consider the case g = 2. By a
result of Xiao [42], one has K2 < 6.

The case K? = 2 has been accomplished by Catanese [7] and Horikawa [24] independently:
M%? is irreducible of dimension 7. The case K? = 3 has been described by Catanese-Ciliberto
[14] and completed by Catanese-Pignatelli [17]: M‘rﬁ consists of three irreducible and con-
nected components of dimension 5.

The case K? = 4 was studied by Catanese [10], Rito [38], Polizzi [37], Frapporti-Pignatelli
[20] and Pignatelli [35]. In particular, Pignatelli [35] found eight disjoint irreducible compo-
nents of Mﬁ under the assumption that the direct image of the bicanonical sheaf under the
Albanese map is a direct sum of three line bundles. It is still unknown whether Mﬁ has other
irreducible components or not.

For the case K? = 5, the only known examples were constructed by Catanese [10] and
Ishida [26]. It is possible that the surfaces with p, = ¢ = 1, K* = 5,g = 2 constructed by
Ishida [25] are isomorphic to some surfaces constructed by Catanese (see Remark 3.15). For
the case K? = 6, no example is known.

In the third part of this thesis, we analyse Catanese’s examples of surfaces with K? =
5,9 = 2 in [10] Example 8 and prove the following



Theorem 1.1. The surfaces constructed by Catanese constitute a 3-dimensional irreducible
and connected component of M??

The idea of the proof for Theorem 1.1 is the following. First we show that a general surface
in each of the two families (in [10] Example 8, case I and case II) is a smooth bidouble cover of
the Del Pezzo surface of degree 5. Moreover, we prove that the two families are equivalent up
to an automorphism of this Del Pezzo surface. Hence the images of the two families coincide
as an irreducible subset M in M?f

Then using Catanese’s theorem [8] on deformations of smooth bidouble covers and a method
of Bauer-Catanese [2], we calculate h'(Ts) for a general surface in this family and show that
it is equal to the dimension of M (which is 3). By studying the limit surface in the family,
we show that M is a Zariski closed subset of M?i hence M is an irreducible component of
M?? By studying the deformation of the branch curve of the double cover S — C C P(14)
(where V, = f*wfé’/ZB and C is the conic bundle in Catanese-Pignatelli’s structure theorem for

genus 2 fibrations), we show that M is an analytic open subset of Mi’f Therefore M is a
connected component of M?f

After that, we consider the case g = 3. In this case we have K? > 3 (cf. [24] Theorem 3.1).

The case K? = 3 has been accomplished by Catanese-Ciliberto [14, 15]: ./\/li’i’ is irreducible
of dimension 5. Moreover, the general Albanese fibre of these surfaces is nonhyperelliptic.
When K? > 4, there are many examples (e.g. see Polizzi [36] [37], Rito [38] [40], Ishida
25], Mistretta-Polizzi [34] and Frapporti-Pignatelli [20]), but we know quite little about the
irreducible or connected components of Mﬁg 3

In the forth part of this thesis we consider the case K2 = 4. Due to technical reasons, we
begin by assuming that the general Albanese fibre is hyperelliptic and the direct image of the
canonical sheaf is decomposable (by [5] Theorem 2 and Lemma 2.1, this implies that ¢ = 2).
We call surfaces with these properties surfaces of type I and denote by M their image in
Mﬁ Our third main result is the following

Theorem 1.2. M consists of two disjoint irreducible subsets My, and My, of dimension 4
and 3 respectively. Moreover, My, is contained in a 5-dimensional irreducible component of
Mﬁ and My, is contained in a 4-dimensional irreducible component of/\/li‘rf. For the general
surface in these strata the general Albanese fibre is nonhyperelliptic.

The idea of the proof for Theorem 1.2 is the following. First we prove that every Albanese
fibre of such a surface is 2-connected, which makes Murakami’s structure theorem [33] for genus
3 hyperelliptic fibrations available in our case. Then, using Murakami’s structure theorem, we
divide surfaces of type [ into two types according to the order of some torsion line bundle:
surfaces of type I; and surfaces of type Io. Moreover, we show that the subspace M, of Mﬁ
corresponding to surfaces of type I; and the subspace M, of M‘f‘;’ corresponding to surfaces
of type I are two disjoint closed subset of Mﬁ’

We then construct a family M, of surfaces of type I; using bidouble covers of B, the
second symmetric product of an elliptic curve B. We show that every surface of type Iy
is biholomorphic to some surface in M; and that dim M = 4. After that we study the

4



natural deformations of the general surfaces of type I; and show that M, is contained in
a 5-dimensional irreducible subset M/ of Mﬁ’ By computing h'(Ts) for a general surface
S € My, we prove that M/ is an irreducible component of M‘f‘;’ Using a similar method, we
show that dim M, = 3 and that M, is contained in a 4-dimensional irreducible component
M, of ./\/léll‘;’

We also remark that a general surface in M/ or M}, has a genus 3 nonhyperelliptic Albanese
fibration. (cf. Remarks 4.26 and 4.36)

Topological and deformation invariants play an important role in studying the moduli
spaces of algebraic surfaces. For surfaces S of general type with p, = ¢ = 1, Catanese-
Ciliberto (cf. [14] Theorems 1.2 and 1.4) proved that the the number v of direct summands
of f.ws (where f is the Albanese fibration of S and wg is the canonical sheaf of S) is a
topological invariant. After that Pignatelli (cf. [35] p. 3) asked: is the number vy of direct
summands of f*wg?Q a deformation or a topological invariant?

In the last part of this thesis we give a negative answer to Pignatelli’s question, i.e.

Theorem 1.3. The number vy is not a deformation invariant, thus it is not a topological
mwvariant, either.

The idea is to show that M%7 is nonempty, where M%7 is the subspace of M‘z’f corre-
sponding to surfaces with vy = 2 (see [17] Definition 6.11). Since Catanese-Pignatelli ([17]
Proposition 6.15) showed that M?’IQ cannot contain any irreducible component of Mi{’?, this
implies that surfaces with 15 = 2 can be deformed to surfaces with v5 = 1 or vy = 3. Therefore
V5 is not a deformation invariant.



Notation.

We work over the field C of complex numbers. Unless otherwise stated, we shall use the
following general notation.

Let X be a smooth algebraic surface, and D, D’ two divisors on X. We write:
Qx: the sheaf of holomorphic 1-forms on X
Tx = Homo, (2x,Ox) the tangent sheaf of X
wx = A?Qx the sheaf of holomorphic 2-forms on X
Kx (or simply K if no confusion): the canonical divisor of X (i.e. wxy = Ox(Kx))
q(X) := h'(Ox) the irregularity of X
py(X) := h*(Ox) the geometric genus of X
X(Ox) :=1—¢q(X) + py(X) the Euler-Poincaré characteristic of Ox
D =D’ if D and D' are linearly equivalent
D ~qy D"if D and D’ are algebraically equivalent
Hi(Ox (D)) (or simply H'(D)): the ith cohomology group of the sheaf Ox (D)
hi(D) := dim¢c H'(D)
|D| = the set of effective divisors linearly equivalent to D
= the projective space corresponding to H°(D)

Let S be a minimal surface of general type with p, = ¢ = 1. We write:

S’: the canonical model of §

{K}: the paracanonical system of S

t: the index of {K}

f 8 — B:= Alb(S) the Albanese map of S, which is also called the Albanese fibration
of §

F: the fibres of f, which are also called the Albanese fibres

g: the arithmetic genus of (the Albanese fibre) F

V, = *w?/"B (= f*wg’" since wp = Op)

Let B be an elliptic curve, we write:

0: the neutral element in the group law of B

11,12, N3: the three nontrivial 2-torsion points of B

B the rth symmetric product of B

E,(r,1) (where u is a point on B): the unique indecomposable rank r vector bundle over
B with determinant Op(u) (cf. [1])

Let p: B® = {(x,y)|lz € B,y € B, (x,y) ~ (y,2)} — B be the natural projection defined
by (z,y) — x +y. Set D, := {(u,z)|x € B} a section of p and E, := {(x,u — )|z € B} a
fibre of p.

We denote by MT7 the Gieseker moduli space of surfaces of general type with p, = ¢ = 1,
K? = x and g = y, where x,y € N*.



2 Preliminaries

In this section, we give some definitions and lemmas that we shall use in the following
sections.

2.1 The paracanonical map and the relative canonical map

Let S be a minimal algebraic surface with p, = ¢ =1, and let f : S — B := Alb(S) be the
Albanese map of S. By the Stein factorization and the the universal property of the Albanese

map, we know that the fibres of f are connected, thus f is a fibration. We call f the Albanese
fibration of S, and call the fibres F' of f Albanese fibres of S.

Let t be a point on B and set K &t := K+ f*(t —0) (where 0 is the neutral element of the
elliptic curve B). Since h’(K) = p, = 1 and h°(K ®t) = 14+ h' (K ©t) (by Riemann-Roch), by
the upper semicontinuity, there is a Zariski open subset U > 0 of B such that for any t € U,
h°(K @t) = 1. We denote by K; the unique effective divisor in |K @ ¢t| for any ¢ € U.

We define the paracanonical incidence correspondence to be the schematic closure Y (ob-
serve that it is a divisor) in S x B of the set {(z,t) € S x Ulz € K;}. Let mg : S x B — S and
g : S X B — B be the natural projections. We define K; as the fibre of mg|y : Y — B over
t for any t € B\ U. Note that Y provides a flat family of curves on S, which we denote by
{K} and call it the paracanonical system of S. The index ¢ of { K'} is the intersection number
of Y with the curve {z} x B for a general point = € S, which is exactly the degree of the map
msly 1Y — S.

Now we define a rational map w’ : S --» B® as follows: for a general point x € S,
w'(x) = (ti,te,---1,) such that (msly) ' (z) = {(z,t1), (x,t2), -+ (2,t,)}. We call w’ the
paracanonical map of S.

Let V,, = fowg™ and let w : S --» P(V}) be the relative canonical map of f. Since deg V; = 1
and rank V; = ¢, Vi has a decomposition into indecomposable vector bundles V; = @?:1 W;
with deg W, = 1, and deg W; = 0, HO(W;) =0 (2 <i < k).

Lemma 2.1 ([14] Theorem 2.3). We have rank W, = ¢ and rankW; = 1 (i = 2,---k).
Moreover, W; (i = 2,---k) are nontrivial torsion line bundles (see [17] Remark 2.10) and we
have the following commutative diagram of rational maps

S - e >P(‘/1)
\\\wi :eo
AN A
BW =P(W,)

where ¢ is induced by the natural inclusion: Wy — V.

Note that the divisor Y can be uniquely decomposed as Y’'+7%Z, where every component of
Y’ dominates S and 7 is a divisor on S. We shall write K; = Z+ M,, and call {M} = {M, }ep
the movable part of { K}, Z the fixed part of {K}.



Let L} .= {(M, N M;_,,u)} CSx B,and L} := {(M, N M;_,,u)} CS x B/e; =S x P!,
where ¢ : w + ¢t —u is an involution on B. Let L, := w4 L}, where 7 : S x P! — S is the
natural projection. Denote by ¢ the degree of the projection of L} onto P!, and by p the sum
of intersection multiplicities of two general curves in {M} at the base points of {M}. Then
we have

Lemma 2.2 ([14] section 3). M? = § + p.

Remark 2.3. If 1 =1, then {M} is the pencil of Albanese fibres (cf. [14] Remark 4.3(iii)); if

L = g, then the paracanonical map coincides with the relative canonical map.
Remark 2.4. By [14] Lemma 4.4 and Remark 2.3, one sees easily that M?* # 1.

Lemma 2.5 ([14] Lemma 4.7). (i) If t = 2 and w' : S ——» B® is a rational double cover,
then any fibre of the Albanese pencil is hyperelliptic;
(it) If 1 = 2 and {K} has no fized part, then we have § = 2g — 2 and K? = ju+ 2g — 2.

Remark 2.6. In Lemma 2.5 (i), if {K} has a fized part, using a similar argument, one can
show that § = 2g — 2 and M?* = p+ 2g — 2.

2.2 Normal bidouble covers

In this subsection, we recall some general definitions and properties about bidouble covers
from Catanese [8][9] and Manetti [31].

Let X be a smooth algebraic surface and let h : Y — X be a Galois cover with group
G = (Z/27)* = {1,01,09,03}. We call h a normal bidouble cover (resp. a smooth bidouble
cover) if Y is normal (resp. smooth).

Let R; be the divisorial part of Fiz(o;) = {y € Y|oi(y) = y} and D; = h(R;). By purity of
the branch locus, the Weil divisor R := Ry U Ry U Rj3 is the set of points where h is branched.

Since Y is normal and X is smooth, we have

h*Oy == OX D (@§:10X(_Li))a

where Ly, Ly, Ly are three divisors on X and Ox @ Ox(—L;) is the o;-invariant subsheaf of
h.Oy. We have

Define V to be the vector bundle &3 Ox(—L;) and denote by wy, ws, w3 fibre coordinates
relative to the three summands. Then Y is the subvariety of V' defined by six equations

w? = x;r,  wpryp = ww;. {i,7,k} ={1,2,3} (2.2)
where z; € H*(Ox(D;)).

Lemma 2.7. ([8] Proposition 2.3) A smooth bidouble cover h : Y — X is uniquely determined
by the data of effective divisors Dy, Do, D3 and divisors Ly, Lo, Ly such that (2.1) holds and
D = U;D; has normal crossings.



As Manetti [31] pointed out, these facts are also true in a more general situation where
X is smooth and Y is normal (in this case, each D; is still reduced, but D may have other
singularities except for ordinary double points)

Definition 2.8. Given a smooth bidouble cover h : 'Y — X expressed as a subvariety of
V = &2 Ox(—L;) by the equations (2.2), Y' C V is called a natural deformation of Y if it is
gwen by equations

w; = (yw; +25) (wwn + 24), wjwy, = zjwi +ywi. {i,j k= {1,2,3} (2.3)
where x; € H(Ox(D;)),v; € H(Ox(D; — L;)).

Observe that equations (2.2) take a much simpler form, and the natural way of deforming
is easier to see if one assumes one involution, say o3, to have only isolated fixed points, i. e. ,
if one assumes x3 = 0.

Definition 2.9. (cf. [9] Definition 22.4) A simple bidouble cover is a smooth bidouble cover
such that one of the three covering involutions has a fized set of codimension at least 2.

The equations (2.2) simplify then (set z; = wq, 22 = wy) to (see [9] p. 75)
2 =1, 2=, (2.4)

and a natural way to deforming them is to set

Z% =T + b122, Z; = T9 + b221. (25)

Definition 2.10. Let Dy, ..., D be divisors on a smooth surface X with defining equations
x1,..., 2. Define Qx(logDy, ... logDy) to be the subsheaf (as Ox module) of Qx(Dy 4+ -+ -+
Dy,) generated by Qx and % fori=1,... k.

Lemma 2.11. (/8] Theorem 2.16) Let h : Y — X be a smooth bidouble cover. We have

3
hi(Qy ® wy) = Qx(logDy, logDs, logD3) ® wx @ (EB Qx(logD;) ® wx(Li)).

i=1

2.3 Catanese-Pignatelli’s structure theorem for genus 2 fibrations

In this subsection, we recall Catanese-Pignatelli’s structure theorem for genus 2 fibrations
(cf. [17] [35]) -

The 5-tuple (B, Vi, 7, &, w) in Catanese-Pignatelli’s structure theorem are defined as follows:

B: any smooth curve;

Vi any locally free sheaf of rank 2 over B;

7: any effective divisor on B;



& any extension class in Exty_(O;, S?(V1))/Auto, (O;) such that the corresponding exact
sequence
0— S?*(Vi) 5 Vy— 0O, =0

yields a vector bundle V5;

w: any element in P(H(B, As ® (det V; ® Op(7))™?)), where Ag is defined as follows.
Consider the map i, : (det V})* @ S"2(V,) — S™(Va) (n > 2) defined locally by i, ((xg A
71)®? ® q) = (v(xd)v(z?) — v(zor1)?)q, where where zg,x; are generators of the stalk of V;
and ¢ is an element of the stalk of S"~%(V3) at a point. Define Ay, to be the cokernel of i,.
In particular Ag is the cokernel of is.

Now consider the map j, : Vi ® (det V1) ® Ag,—o — V1 ® As, (n > 1) locally defined by
Jn(l @ (20 A 1) ® q) = 29 ® (v(21l)q) — 21 @ (v(20l)q), Where xo, x1,q are as before and [ is
an element of the stalk of V} at a point. Define As, 1 (n > 1) to be the cokernel of j,. By
[17] Lemma 4.4, A, is a locally free sheaf on B for all n > 3. Let Ay := Op, A; := V; and
Ay :=Vj. Define A := @,50A,. Then A is a graded Op module and C := Proj(A) is a conic
bundle in P(13).

The 5-tuple (B, Vi, 7, &, w) is said to be admissible if:

(i) C has at most rational double points (simply RDP’s in the following) as singularities;

(ii) Letting A4 be the divisor of w on C (note w € P(H%(B, As ® (det V; @ Op(7))7?)) =
|0c(6) @ 7% (det Vi ® Op(7))~?|, where 74 : Proj(A) — B is the natural projection), the
double cover X of C branched over A 4 has at most RDP’s as singularities.

Catanese-Pignatelli’s structure theorem says the following

Theorem 2.12. ([17] Theorem 4.13) There is a bijection between (isomorphism classes of)
relatively minimal genus 2 fibrations and (isomorphism classes of ) admissible 5-tuples.

In more concrete terms, given an admissible 5-tuple (B, Vi, 7, &, w), we have a conic bundle
C C P(V;) and a double cover X — C branched over Ay € |Oc(6) @ 7% (det Vi @ Op(71)) 2.
Since the 5-tuple (B, Vi, 7,&,w) is admissible, X has at most RDP’s as singularities. Let
S — X be the minimal resolution of X and let f : S — B be the composition of S — X,
X — Cand C C P(V,) — B (the last map is the natural projection). Then f is a relatively
minimal genus 2 fibration. Moreover we have f.wg/p = Vi and S has the following numerical
invariants:

X(Os) = deg Vi + (b—1),
K% =2degV; +deg7 +8(b—1),
where b is the genus of B. For more details, see [17] Theorem 4.13.
Conversely, given a relatively minimal genus 2 fibraion f : S — B, we set V,, := f*w?/’%

and R := @2 V,. Let v : S — X be the map contracting all (—2)-curves of S. Note that
the genus 2 fibration f induces an involution j’ on S, which maps (—2)-curves to (—2)-curves
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and thus induces an involution j on X. Let C := X/j. Then we have C = Proj(A), where A
is defined as before.

Now we can define the 5-tuple (B, Vi, T, §,w) associated to f as follows:

B is the base curve;

Vi = fuws/s;

7 is the effective divisor on B whose structure sheaf is isomorphic to the cokernel of the
morphism S?(V;) — V4 (induced by multiplication in R);

¢ € Exty, (0, 5%(V1))/Auto, (O;) corresponds to the extension

0— S*2(V1)) > Vo — O, — 0;

w € P(HY(B, As ® (det V; ® Op(1))7?)) =2 |Oc(6) @ 7% (det Vi @ Op(7)) 2| corresponds to
the branch divisor of u : X — C.

Moreover, its associated 5-tuple (B, Vi, 7,§,w) is admissible. For more details, see [17]
Theorem 4.13.

2.4 Murakami’s structure theorem for genus 3 hyperelliptic fibra-
tions

In this subsection, we recall Murakami’s structure theorem for genus 3 hyperelliptic fi-
brations (cf. [33]). We first introduce the admissible 5-tuple (B, V;,V,", 0, 8) in Murakami’s
structure theorem and then explain the structure theorem.

The 5-tuple (B, V;,V,", 0,0) is defined as follows:

B: any smooth curve;

Vi: any locally free sheaf of rank 3 over B ;

V571 any locally free sheaf of rank 5 over B:;

o : any surjective morphism S?(Vy) — V,';

§: any morphism (V5 )®? — A4. Here V, and A, are defined as follows: letting L := ker o,
which gives an exact sequence

0— L — S*(V)) > V,h —0.

We set V, := (det V1) ® L' and define A, as the cokernel of the injective morphism L ®
S"=2(V1) — S™(V4) induced by the inclusion L — S?(V}).

Set now A := @, , A, and let S(V;) be the symmetric Op-algebra of V;. Via the natural
surjection S(V;) — A, the algebra structure of S(V;) induces a graded Og-algebra structure
on A. Let C :=Proj(A), R := A® (A[-2]®V, ) and X := Proj(R).

The 5-tuple (B, V1, V5", 0,d) is said to be admissible if:

(i) C has at most RDP’s as singularities;

(ii) X has at most RDP’s as singularities.

Theorem 2.13 (Murakami’s structure theorem, cf. [33] Theorem 1). The isomorphism classes
of relatively minimal genus 3 hyperelliptic fibrations with all fibres 2-connected are in one to
one correspondence with the isomorphism classes of admissible 5-tuples (B, Vi, Vy", a,0).

11



More precisely (cf. [33] Propositions 1 and 2), given a relatively minimal genus 3 hyperel-
liptic fibration f : S — B with all fibres 2-connected and setting V,, := f*w?/"B, we can define
its associated 5-tuple (B, Vi, V,", 0,0) as follows:

B is the base curve;

Vi = fuwsyB;

V, : the hyperelliptic fibration f induces an involution of S, which acts on V5, = f*w§/2B.
We define V," and V™ to be the natural decomposition of V5 into eigensheaves V, = V,t @V,
with eigenvalues +1 and —1 respectively;

o : S?V, — V," is the natural morphism induced by the multiplication structure of the
relative canonical algebra R = @), V;, of f;

§: (V;)®2 — V,' is the natural morphism induced by the multiplication of R.

Moreover, the associated b-tuple is admissible.

Conversely, given an admissible 5-tuple (B, Vy,V,", 0,0), we have the graded Op-algebras
S(Vi), A, R and varieties C, X. Note that C € |Op;)(2) ® 7*L7!| is a conic bundle de-
termined by o, and X is the double cover of C with branch divisor determined by § €
Home, (V5 )®%, A4) = HY(C,0c(4) @ (m|c)*(Vy )~?), where 7 : P(V;) = Proj(S(V;)) — B
is the natural projection. Let f : X — B be the natural projection and v : S — X be the
minimal resolution of X. Then f :=wvo f : S — B is a relatively minimal genus 3 hyperelliptic
fibration with all fibres 2-connected. Moreover, we have f.ws/p =V} and S has the following
numerical invariants:

X(Os) = deg V1 +2(b— 1),
K% =4degV;, —2deg L+ 16(b — 1),

where b is the genus of B.
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3 The case g=2,K?=5

In this section we analyse the two families of minimal algebraic surfaces with p, = ¢ =
1, K? = 5 and genus 2 Albanese fibrations constructed by Catanese ([10] Example 8) and
prove Theorem 1.1.

Throughout this section, S is usually a minimal algebraic surface of general type with
pg=q=1K*=5 Let f:S — B:= Alb(S) be the Albanese fibration of S and let g be
the genus of a general Albanese fibre. Set V, := f.wg), /B X is usually the Del Pezzo surface
of degree 5.

This section is organized as follows.

In section 3.1, we recall Catanese’s examples and show that a general surface in each of
the two families (in [10] Example 8, case I and case II) is a smooth bidouble cover of the
Del Pezzo surface X of degree 5; then we prove that the two families are equivalent up to an
automorphism of X. We call this family M.

In section 3.2, we calculate h!(Ts) for a general surface S in the family M and show that
the image M of M in M?f has the same dimension (which is 3) as h'(Ts). Hence the Zariski
closure M of M in M?f is an irreducible component. Moreover, we show that every small
deformation of S is a natural deformation (cf. Definition 2.8).

In section 3.3, by a geometrical approach and using Catanese-Pignatelli’s structure theorem
for genus 2 fibrations, we show that: surfaces in the family M are all surfaces with p, = ¢ =
1,K? = 5,9 = 2 such that Vi = Ejj(2,1) and Vo = Op(2-0) & Op(2-0) ® Op(2 - 0), where
0 is the neutral element in the group structure of B. Using this result, we prove that M is a
Zariski closed subset in ./\/l1 L, ie. M= M.

In section 3.4, by studymg the deformation of the branch curve of the double cover S —
C C P(V3) (where C is the conic bundle in Catanese-Pignatelli’s structure theorem for genus
2 fibrations), we show that M is an analytic open subset of ./\/l“;’f, which, combined with the
Zariski closedness of M, proves that M is an irreducible and connected component of ./\/l‘;’f

3.1 The two families constructed by Catanese

In this section, we show that a general surface with p, = ¢ = 1, K* = 5, g = 2 in each of the
two families constructed by Catanese ([10] Example 8, case I and case II) is a smooth bidouble
cover of the Del Pezzo surface X of degree 5. Moreover, we prove that the two families are

equivalent up to an automorphism of X, which is induced by a Cremona transformation of
P2

Recall that the surfaces constructed by Catanese are obtained by desingularization of
bidoubles covers over P? with branch curves (A, B, C') (in this section we use B for one of the
branch curve, but in the following sections, B always denotes the image of the Albanese map
of S). Let Py, P, P3, Py be four points in general position (i.e. no three points are collinear)
in P2, then A = A, + Ay + As, where A, is the line passing through P, and P;; B consists of
a triangle By + By + Bs with vertices P;, P», P3 and a conic B’ passing through Py, P, Py; C
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is a line.

In case I, P, does not belong to B’ and C' is a general line passing through Pj;

In case II, Py belongs to B’ and C' goes through none of the intersection points of B with
A.

Note that in both cases, the branch curves (A, B, C') have the same degrees (3,5,1) and
the four points Py, P, Ps, P, are singularities of type (0, 1,3)!. As Catanese showed, a general
surface in each family is a minimal algebraic surface with p, = ¢ = 1, K? = 5 and a genus 2
Albanese fibration.

Lemma 3.1. A general surface Sy (resp. Sa) in [10] Example 8 case I (resp. case II) is a
smooth bidouble cover of the Del Pezzo surface of degree 5.

Proof. Let o : X — P? be the blowing up of P? at the four points { P}?_;. Then X is the Del
Pezzo surface of degree 5 since the four points are a projective basis of P2.

Let E;5 be the exceptional curve lying over P; for ¢ = 1,2,3,4, and let E;; be the strict
transform of the line passing through P, P, where {i,7j,1,k} = {1,2,3,4}. Denote by C}
(resp. Cy) the strict transform of the line C' in case I (resp. case II), and denote by Q; ( resp.
()2) the strict transform of the conic B’ contained in the divisor B in case I (resp. case II).

In case I, let D1 = E12 + E13 + Egg, DQ = Ql + E14 + E24 -+ E34 + E45, D3 = Cl + E15 +
Eos+ E3s, Ly = E34+ E15+ Eos +Q1, Ly := Cy+ B3+ Eas, Ly := E34+ B+ Ey+ Faz + Eys,
then we have 2L; = D; + Dy, and Dy, + L, = L; + L; for {i,j,k} = {1,2,3}. Moreover,
D := D1 U Dy U D3 has normal crossings. Hence the effective divisors Dy, D, D3 and divisors
Ly, Ly, L3 determine a smooth bidouble cover 7' : Sl — X. One checks easily that 31 = 5.

Similarly, in case II, let D] = FEi9 + Ei3 + Fas, Dy = Qo + E1y + Eoy + Es4, D} =
Co+ Eis + Eys + Ess + Eys, L) = Eyy + FEiz + Eyz + Eis + 2By, Ly = Co + Eps + Eis,
Ly = Qo + Es4 + Eyo, then theAz effective divisors l?{, D), D} and divisors L}, L), L determine
a smooth bidouble cover 72 : Sy — X. Moreover Sy = Ss. O

Now we study the transform of branch curves under a suitable Cremona transformation of
P2. Denote by l;; (1 < i # j < 4) the line passing through P, P;. By abuse of notation, we
still denote by Cy (resp. Cs) for the line C' in case I (resp. case II), and by Bj (resp. Bj) for
the conic contained in B in case I (resp. case II).

Since {P;}}_, are a projective basis of P, we can find a coordinate system (z : y : 2) on P?
such that P, =(1:0:0),P,=(0:1:0),P5=(0:0:1),P,=(1:1:1). Then ly3 = {z = 0},
l13 = {y = O}, 112 = {Z = O}, Cl = {a1x+a2y+a3z = O|CL1 7£ O,CLQ 7£ 0,&3 # 0,(11+CL2—|—CL3 = 0}
and B} = {bjyz + byxz + bsxy = 0|by # 0,by # 0,b3 # 0,by + by + bs # 0},

Let ¢ : P? ——» P? be the Cremona transformation such that ¢ : (x : y: 2) — (yz : 22 : 2y).
Then ¢ : P, — Ly, Ljx — P, ({i,7,k} = {1,2,3}); P, — Py. Note that ¢~ 1(Cy) = {a1yz +
asrz + azry = 0la; # 0,a9 # 0,a3 # 0,a; + as + a3 = 0} is a smooth conic containing
Py, Py, Py and Py, which is exactly Bj; ¢ 1(B)) = {bi2’' + bay’ + bsz’ = 0}[by # 0,0y # 0,b3 #
0,b1+by+0b3 # 0} is a line containing none of the four points P;(i = 1,2, 3, 4), which is exactly
(5. Hence under ¢, Cy — B, By — C}.

IThis means that the respective multiplicities of the three branch curves at the point are (0,1, 3).
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Note that ¢ induces a holomorphic automorphism ® on X and ® acts as : Fyy — FEjs,
Eis — Ey (’L = 1,2,3), Ci — Qq, Q1 — Cy; and Eij — Eij (Z 7&] and 7,7 € {1,2,3}) So
®(Dy, Dy, D3) = (D}, Djy, Dy). Therefore, we have the following:

Proposition 3.2. The two families of algebraic surfaces in [10] Example 8 case I and case IT
are equivalent up to an automorphism of X.

Since the two families in [10] Example 8 are equivalent, we only need to study one of them.
From now on, we focus on the family in case I. Considering Lemma 3.1, we give the following
definition and notation:

Definition 3.3. We denote by M the family of minimal surfaces in [10] Example 8 case I.
Denote by M the image of M in M?? and by M the Zariski closure of M in M??

From the construction of the family M, it is easy to calculate the dimension of M.
Lemma 3.4. M is a 3-dimensional irreducible subset of M?f

Proof. M is a 3-parameter irreducible family: no parameter for {P;, P, P5, P,}, no param-
eter for A = A; + Ay + Az and the triangle By + By + Bj (since they are determined by
{Py, Py, P, P,}), 2 parameters for the conic B’ passing though P;, P,, Py and 1 parameter for
the line C' passing though P;.

M gives a family of surfaces S endowed with an inclusion v : (Z/2Z)* — Aut(S), which
determines the bidouble cover 7 : S — X. Since Aut(S) is a finite group, for a fixed S, there are
only finite choices for 1. On the other hand, there is a biholomorphism A : (S1, 1) = (S, 1)
if and only if there is a biholomorphic automorphism A’ of X such that the following diagram

Sy L~ 5,

-, F

X -Iox

commutes. Since Aut(X) is isomorphic to the symmetric group &5 (cf. [13] Theorem 67),
which is a finite group, we see that there are only finitely many surfaces in M isomorphic to
S. Therefore, M is a 3-dimensional irreducible subset of ./\/l‘;’f O

3.2 M is an irreducible component of M??

Let S be a general surface in M. In this section, we calculate h'(Ts) and show that M is
an irreducible component of M?f

For the convenience of calculations, we use notation a little different from section 3.1. Let
o : X — P? be the blowing up of P? at the four points Py, P», P3, Py in general position.
Denote by F; the exceptional curve lying over P; (i = 1,2,3,4), L the pull back of a line [ in
P? via o, L;; the strict transform of the line ;; passing through P, P; (1,7 € {1,2,3,4};i # j),
C the strict transform of a line [; passing through P,, and @ the strict transform of a conic
@ passing though Py, Ps, Ps.
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By Lemma 3.1, S is a smooth bidouble of X (which we denote by 7) determined by
effective divisors (Dy, Do, D3) and divisors (L, Lo, L3). Using the above notation, we have
Dy = Liy+ Loy + Lza, Dy = Q + Lig + Lo + Lis + Ey, D3 = C + By + Ey + E3. Ly =
Lip+ Ey+ Ey+Q,Ly = C+ Loy + Ey, Ly = L1 + Lig + Loz + L1y + Ey. Note Kx + Ly =
Fo, Ky + Ly =—Lys+ By — By, Kx + Ly = Ly — Es.

Since H°(Ts) = 0, by Riemann-Roch, we have —x(Ts) = h'(Ts) — h*(Ts) = 10x(Os) —
2K? = 0. Hence h'(Ts) = h*(Ts) = h°(Qs ® wg) by Serre duality. By Lemma 2.11, we have

HO(QS & CUS) = HO(W*(QS & WS))

3
= H(Qx (logDy, log Dy, logDs) @ wx) & (D H*(Qx (log D) (Kx + Ly)).

i=1
To calculate h'(Ts), it suffices to calculate h®(Qx (log Dy, log Dy, logDs)) and h®(Qx (logD;) (K x+
L;)) (i =1,2,3). The first one is easy to calculate:

Lemma 3.5. H°(Qx(logD1,logDs,logDs) @ wx) = 0.

Proof. By Catanese [8](2.12), we have the following exact sequence

3
0— QX R wx — QX(long,logDQ,long) Rwx — @OD,(KX) — 0.

i=1
Since o : X — P? is the blowing up of P? at four points, we have the following exact sequence

4
0—=Tx = 0" Tp: — @OEi(l) — 0.

i=1

Since h?(0*Tp,) = b (Tp,), h°(Tp,) = dim Aut(P?) = 8, h'(Tp,) = h*(Tp,) = 0 and h°(Tx) =
dim Aut(X) = 0, we see that H/(Qx @ wx) = H*/(Tx) = 0(j = 0,1,2). Since each D;(i =
1,2,3) is a disjoint union of rational curves whose intersection number with Ky equals -1, -2,
or -3, we have H°(Op,(Kx)) = 0, hence H°(Qx (logD1,logDs,logDs) @ wx) = 0. O

To compute h°(Qx(logD;)(Kx + L;)) (i = 1,2,3), we need the following two lemmas in

2]:

Lemma 3.6. (/2] Lemma 4.3) Assume that N is a connected component of a smooth divisor
D C X, where X is a smooth projective surface. Let M be a divisor on Y. Then

H*(Qx(log(D — N))(N + M)) = H(Qx (log(D))(M))
provided (Kx + 2N + M)N < 0.

We shall use Lemma 3.6 several times in the case where N = P! and N? < 0.
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Lemma 3.7. ([2/ Lemma 7.1 (3)) Consider a finite set of distinct linear forms
lo =y —cor,a € A

vanishing at the origin in C?. Let p : Z — C? be the blow up of the origin, let D, be the strict
transform of the line L, := {l, = 0}, and let E be the exceptional divisor.

Let Qfs((dlogly)aca) be the sheaf of rational 1-forms generated by Qf, and by the differ-
ential forms dlogl, as an Ocz-module and define similarly Q% ((logDy)aca). Then:

Q% ((10gDy)aeca) = {n € Q}CQ((dlogla)aeA)m = Yagadlogly, + w,w € QC2, Ya9a(0) = 0}.

Now we calculate h°(Qx (logD;)(Kx + L;)) (i = 1,2, 3) using a method of Bauer-Catanese
(cf. [2] Lemmas 4.3, 4.4, 4.5, 4.6, 7.1).

Lemma 3.8. H°(Qx(logDy)(Kx + Ly)) = 0.
Proof. By Lemma 3.6, we have
H(Qx (log Dy )(Kx + Ly))

= H°(Qx(logD1)(Ex))

= HO(QX(lOg(Dl — L34))(L34 + E4)) ((KX + 2L34 + E4)L34 - —2 < O)

= H°(Qx(log(Lis + Laa))(L — Ej))
By Lemma 3.7, this is a subspace V! of H?(Qp2(loglis,loglas)(1)) consisting of sections sat-
isfying several linear conditions. Choose a coordinate system (x; : x5 : x3) on P? such that
P1:(010),P2:<100),P3:(111),P4I<001) Thenll4:{x1:()},l24:
{zo = 0}. By [2] Lemma 4.5 and Corollary 4.6, any w € H®(Qp2(loglis, loglss)(1)) has the

form w = dwl (a12$2 — 9121 + a1323) + dm—xf(—am@ +an a1 + agzws) + dws(—aiz — ass) (ai; € C).

Now let w € V1. Using Lemma 3.7 for P, we get
a3 + a3 = 0.
Using Lemma 3.7 for P;, P,, we get
12 = Q921 = 0.
Since w(P3) = ai3dry + aszdrs + (—ajz — asg)drs = 0, we get
13 — A3 = 0.
Therefore, H(Qx(logDy)(Kx + Ly)) = V! = 0. O
Lemma 3.9. h°(Qx(logDs3)(Kx + L3)) = 1.
Proof. We use the same notation as in Lemma 3.8. By Lemma 3.6,
HO(Qx(lOng)(KX + Lg))
(Q2x (log(Ds)) (L2 — E3))
= HO(Q)((ZOQ(C + E1 + EQ))(LlQ)) ((KX + 2E3 + L12 — Eg)Eg =-2< 0)
= HO(Q)((ZOQ( + El))(L12 + EQ)) ((KX + 2F5 + L12)E2 =-2< O))
= H°(Qx(log(C))(L)) ((Kx +2E1 + Ly + E))Ey = =2 < 0)
= H°(Qx(log(L — E4))(L))
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which is a subspace V3 of H?(Qp2log(l4)(1)). Take a coordinate system (z1 : x5 : x3) on P?
such that Py = (0,0,1)and Iy : ; = 0. By [2] Lemma 5, any element w € H®(Qpzlog(l4)(1))
has the form w = d”“ (agxg +azws) — asdxy — azxs (az, az € C). Now let w € V3, using Lemma
3.7 for Py, we get a3 = 0, hence we have V3 = C. Therefore h%(Qx (logD3)(Kx+ L3)) =1. O

Lemma 3.10. hO(Qx(ZOQDQ)(KX -+ Lg)) S 2.

Proof. By Lemma 3.6,

=

(Qx(logD2)(Kx + L))

HO(QX(lOgDQ)( Ly + B3 — Ey))

= H°(Qx(log(Dy — L12))(Es — Ey)) (Kx +2L15 — L1+ B3y — Ey) L1y = —2 < 0)
= H(Qx(log(Dy — Ly — Ey))(Es)) (Kx 4 2B, + Es — E))E; = —2 < 0)

= H°(Qx(log(Q + Loz 4 L13)(E3))

= H°(Qx(log(Q + Las)(Lis + E3)) ((Kx + 2Ly3 + E3)Li3 = —2 < 0)

= H°(Qx (log(Q + Las)(L — Ey))

which is a subspace V2 of HO(Qpz2(log(Q + lo3))(1)). From the exact sequence
0 = Qp2(1) = Qp2(log(Q + 123)) (1) = Oy, (1) = 0,
and h'(Qp2(1)) =0 (i =0,1), we get
H"(Qp2(log(Q + 123))(1)) = H*(Og11,4(1)),

which has dimension 3.

Choose a coordinate system (z; : @9 : x3) on P? such that P, = (1 : 0 :0),P, = (0 :
1:0),P =(0:0:1). Then lsg = {x; = 0},Q = {125 + 2273 + 1173 = 0}. Note
that any element w € H%(Qp2log(Q + l23)(1)) is of the form w = (a17; + asxs + agxg)(dmill +
dﬁﬁfﬁﬁ:ﬁﬁ)) (a1, as,a3 € C). Now let w € V2 since w(P;) = 0, we get a; = 0. Therefore
h°(Qx (logDs)(Kx + Lo)) =dimV? < 2. O

On the other hand, By [8] (2.18), we have the following exact sequence (since S is of general
type, we have H%(Ts) = 0)

0= H0<T5) — HO(W*T)() — éH(](ODZ(Dz) @D ODZ<D1 — Ll)) 3} H1<T5)

i=1
3
— H'(m"Tx) = D H'(Op,(D;) & Op,(D; — L)) = H*(Ts) = H*(x"Tx) — 0.
i=1
Lemma 3.11. HO(7*Tx) = H(Tx)® H(Tx (—Ly)) ® HY(Tx(—Ls))® H(Tx (—Ls)) = 0, so
the map

R @HO(OQ( ) @® Op.(D; — L;)) — HY(Ts)

7
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18 injective. Moreover, we have
h*(Op,(D1) ® Op, (D1 — L)) = h’(Op,(D1)) = 0;

h*(Op,(D2) & Op,(Dy — Ly)) = h*(Op,(Ds))
h*(Op,(Ds) & Op,(Ds — Ls)) = h®(Op,(Ds))

2;
1

Therefore,
h'(Ts) = ¥L,h°(Op,(D:) & Op,(D; — Ly)) = 3.

Proof. By the projection formula, we have 7, (7*Tx) = Tx @ (@), Tx(—L;)). Since 7 is
an affine morphism, we have HO(7*Tx) = H(m,m*Tx) = H(Tx ® (@7, Tx(—L;))). Since
hO(Tx) = 0 and L; (i = 1,2,3) are effective divisors, we see h®(Tx(—L;)) < h%(Tx) = 0.
Hence 9 is injective and h'(Ts) > 327 h%(Op,(D;) ® Op,(D; — Ly)).
Note each D; is a disjoint union of smooth rational curves. Now the lemma follows from
ODI (Dl) = OL14(_1) D OL24(_1) D OL34(_1);
Op, (Dl - Ll) = OL14<_3) 52 OL24<_3) 52 OL34<_2>;
Do (DQ) = OL12<_1) SZ OL13<_1> SZ OL23<_1)OE4<_1> ® OQ(U;
Do (DQ - L2) = OL12<_3) D OL13<_2) D OL23<_3)0E4<_2> D OQ<_3);
ps(D3) = Op, (1) @ Op,(—1) ® Op,(—1) & Oc;
py(Ds — Ls) = Op,(=3) @ Op,(—3) ® Op,(—3) & Oc(-3). O

SRCHRCRE

Proposition 3.12. Let S be a general surface in M. Then h*(Ts) = 3 and M is an irreducible
component of M‘;’f Moreover, every small deformation of S is a natural deformation (cf.
Definition 2.8).

Proof. By Lemmas 3.5-3.10, we have h'(Ts) < 3; by Lemma 3.11, we have h'(Ts) > 3, thus
we get hl(Ts) = 3 = dim M. Hence M is an irreducible component of M??
Since h!(Ts) = 3, the map

0: @ H(Op,(Di) ® Op,(D; — Li)) — H'(Ts)

i=1

in Lemma 3.11 is bijective.
Since the natural restriction map r; : H°(Ox (D;)®Ox (D;—L;)) — H*(Op,(D;)®Op,(D;—
L;)) is surjective for each 7, the composition map

3

pi=00(> ) @PH(Ox(D;) & Ox(D; — L)) — H'(Ts)

i=1 i=1

is also surjective. Therefore every small deformation of S is a natural deformation. O
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3.3 Comparison with Catanese-Pignatelli’s structure theorem for
genus 2 fibrations

In this section, we study the 5-tuple (B, V;, 7,£,w) in Catanese-Pignatelli’s structure the-
orem for genus 2 fibrations (see [17] section 4) for the Albanese fibration of a surface S € M.
We prove that surfaces in M are in one to one correspondence with minimal surfaces satisfying
the following condition:

(*) py = q=1,K* = 5,9 = 2; after choosing an appropriate neutral element 0 for
the genus one curve B = Alb(S), Vi = Ejg(2,1),Va = Op(2-0) @ Op(2-0) ® Op(2-0) and

T =11 + 12 + 13, Where 1,15, 13 are the three nontrivial 2-torsion points on B.

First we show that a general surface S € M satisfies condition (*).
Lemma 3.13. Let S be a general surface in M. Then S satisfies condition ().

Proof. We use notation of section 3.2. The bidouble cover 7 : S — X can be regarded as two
successive double covers m; : C — X branched over Dy U D3 and my : S — C branched over
75 (DyU (DN D3)). Note that Dy U Dj is the union of a smooth fibre (over vy € P!) and three
singular fibres (over ; € P! (i = 1,2,3)) of the natural fibration g : X — P, Let y: B’ — P!
be the double cover with branch divisor v + 71 + 72 + 73. Then g(B’) = 1. Moreover, there
is a unique (singular) fibration g : C — B’ such that the following diagram

c—- X

-l

B _h_ P!
commutes. Since the general fibre F' of f := mp 0 g : S — B’ is connected, by the universal
property of Albanese map, we know that B’ = B. Moreover, C is exactly the conic bundle in
Catanese-Pignatelli’s structure theorem for genus 2 fibrations. Fix a group law for B and let
h~'4 be the neutral element 0 € B. Then 1, := h™ly; (i = 1,2,3) are the three nontrivial
2-torsion points on B. Since C has exactly three nodes on the three fibres over 1y, 1,, 13, we
know 7 =1, + 12 + 13.

Since h%(Vo(—2-0)) = h°(2Kg — 2F,) = h%(7*(2Kx + D —T')) = 3 (where T is a fibre of
g), by a similar argument as in Lemma 3.14, one can show easily that V5, = Og(2-0) & Op(2-
0)® Op(2-0).

Now we show that Vi = E(2,1). Let C — C be the minimal resolution of C, then the pull
back of each singular fibre of C is a union of a (—2) curve and two (—1) curves. Contracting
the six (—1) curves of C, we get a smooth ruled surface, which is exactly the second symmetric
product B® of B. Let A : C --» B® be the birational map above. Then we get a rational
double cover 7 := Aomy : S --» B,

Let p : B®® — B be the natural projection, let D, := {(x,u)|z € B} be a section and
E, :={(z,v—x)|x € B} beafibre of p (cf. [17] p. 1028). Then the branch divisor of 7}, consists
of: three fibres E, , E,,, E,,; four sections Dy, D, , D,,, D,,; and a bisection = 2D+ F passing

though Q; := (O,m)(i =1, 2,3)@4 = (771,772)@5 = (711,773) and Q¢ := (712,773)- Hence we have
|Ks| 2 |m5 (Do + 3By — 5{_,Qs)| = | Do| + | By, + By, + By — 50_,Q0)].
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It is easy to see that Vi = fuwg = (§ o m2)sws = pOpe) (Do) = E(2,1). O
Next we show that any surface S € M satisfies condition (x).

Lemma 3.14. Let p: S — T be a 1-parameter family of minimal surfaces with base T > 0
connected and smooth. Assume that for any 0 #t € T, §; satisfies the condition (). Then
So also satisfies condition (*).

Proof. Note that py, ¢, K?, the number of the direct summands of V; (cf. Remark 3.15 below)
and the genus g of Albanese fibre (cf. [17] Remark 1.1) are all differentiable invariants, hence
they are also deformation invariants. Therefore, Sy also has p, = ¢ = 1, K* = 5,g = 2 such
that V] is an indecomposable rank 2 vector bundle of degree 1.

Taking a base change and replacing 7" with a (Zariski) open subset if necessary, we can
assume that p has a section s : T — S, so we can choose base points g for all §; := p~1(¢)
(t € T') simultaneously, therefore we can define the Albanese map (z — f;;) forall §; (teT)
simultaneously. Thus we get a smooth family ¢ : B — T with B, := ¢~ (t) = Alb(S;) (t € T),
which also has a section induced by s. Hence we can choose the neutral element 0 for all B,
(t € T) simultaneously and assume V; = Ejg(2,1) for Sp. Moreover we have the following
commutative diagram:

§—+B8

!

Now we use the upper semi-continuity for h%(V5(—2 - 0)). Since for S; (¢ # 0), we have
hO(Va(—2-0)) = 3, we have h%(V(—2-0)) > 3 for Sy. Set B := B.

(i) If V5 is indecomposable, then Vi = F5(2b) for some point b € B (here F; is the unique
indecomposable rank 2 vector bundle over B with det F, = Og), so h®(Va(=2-0)) < 1, a
contradiction;

(ii) If Vo = W & L for some rank 2 indecomposable vector bundle W and some line bundle
L, then by the exact sequence

3
0%@03(7”)%‘/2—)07——)0

i=1
we know that degW > 2,deg L > 1. Since degW + deg L = 6, we know (degW,deg L) =
(2,4),(3,3),(4,2) or (5,1). In all cases above, we always have h®(V,(—=2-0)) < 2, a contradic-
tion;

(iii) If V4 is a direct sum of three line bundles Ly, Lo, L3, w.l.o.g. we can assume deg L1 <

deg Ly < deg L3. From the exact sequence

3
0—>@(’)B(m)—>v2—>(9T—>O

i=1

we get deg L; > 1 (1 = 1,2,3), thus (deg Ly, deg Lo, deg L3) = (1,1,4), (1,2,3) or (2,2,2).
In the first two cases, we have h(Va(—2-0)) < 2, a contradiction; in the last case, we see
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that h°(Vo(—2-0)) > 3 if and only if L; & Op(2-0) for all . Hence for Sy, we also have
Vo=05(2-0)®0p(2-0)& Op(2-0).

By the following Remark 3.15 (ii), we see 7 = n; + 12 + 13 for Sy. Therefore Sy also satisfies
condition (x). O

Remark 3.15. (i) Catanese-Ciliberto ([14] Theorem 1.4, Proposition 2.2) proved that the
number of the direct summands of Vi is a topological invariant; however, the case of Vo is
quite different, as we shall show in section 5 that the number of the direct summands of V5 is
even not a deformation invariant.

(i) If S is a surface with p, = ¢ = 1,K* = 5,9 = 2 such that Vi = Ejp(2,1), Vo =
Op(2-0)® O0p(2-0)® Op(2-0), then we can choose a suitable coordinate system (yy : ya : y3)
on the fibre of P(Vy) = B x P2 — B such that the matriz of the map oy : S?(Vy) — Vs is
diagonal (see [35] Proposition 4.5), then T = my + 1o 4+ 13 (where T is one of the 5-tuple in
Catanese-Pignatelli’s structure theorem for genus 2 fibrations) and the equation of the conic
bundle C C P(V3) is a?y? + adys + aZys = 0 (here a; € HY(Op(n;))). In particular, C has
exactly three nodes {a; = yo = ys = 0}, {as = y1 = y3 = 0}, {as = y1 = yo = 0} on three
singular fibres over 1y, m2, Ns.

(i11) By (ii) above, it is possible that two minimal surfaces Sy = Ss, but Sy and Sy have
different 7. Hence it is possible that the surfaces with p, = ¢ = 1, K* = 5,9 = 2 constructed
by Ishida [25] are isomorphic to some surfaces in M.

Now we can prove the following:
Proposition 3.16. Let S be any surface in M. Then S satisfies condition (x).

Proof. Let S be a surface in M and let S’ be its canonical model. If S” = S, then S is a
smooth bidouble cover of X. By Lemma 3.13, S satisfies condition (x).

If S” is singular, since a general surface in M has smooth canonical model, we can find a
smooth 1-parameter family p : S — T such that Sp = S and S; (¢ # 0) is a general surface in
M. By Lemma 3.14, S = &) also satisfies condition (x). O

In the following, we show that the converse of Proposition 3.16 is also true.

Lemma 3.17. Let S be a minimal surface satisfying condition (x). Then the canonical model

S" of S is a bidouble cover of X.

Proof. The Albanese fibration of S induces an involution ¢’ on S, which maps (—2) curves
to (—2) curves, thus induces an involution 7 on the canonical model S’ of S. The quotient
C := S'/i is nothing but the conic bundle in Catanese-Pignatelli’s structure theorem. By
Remark 3.15, after choosing a suitable coordinate system (y; : yo : y3) on the fibre of P(V3) =
B x P? — B, we can assume that the equation of the conic bundle C C P(V3) is

aty; + a3ys + azy; =0

(here a; € HY(Og(n;))).
There is an involution j’ on B x P? induced by the involution j, : v +— —u on B. Since
C is invariant under j’, j" induces an involution j on C. If we denote by ¢ : B — P! the
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quotient map induced by j, and denote by (z; : 25 : x3) the coordinate system on the fibre of
P! x P? — P! corresponding to (y1 : ¥2 : y3). Then the equation of X' :=C/j is

h = blx% + ngg + ngg =0

where b; € H°(Op1(1(n;))). Since the Jacobian matrix of h always has rank 1, X’ is a smooth
surface of bi-degree (1,2) in P! x P?. In particular, — K x+ is ample and K%, = 5, which implies
that X’ is the Del Pezzo surface X of degree 5.

Now we have two successive double covers 71 : C — X and 73 : S” — C. We only need to
show that the composition 7 := 7 o my : S” — X is really a bidouble cover.

Let pi,p» be the natural projection from P! x P2 to P! P? respectively and let T :=
p5Op2(1), F := piOpi(1); let py, pa be the natural projection from B x P? to B, P? respectively
and let T := P5O0p2(1), F = P;Op1(1). Denote by Ay, Ay the branch divisor of 7y, 7y respec-
tively, then Ay = (4F)|x, Ay = (3T — 2Fy)|e. To show that 7 := m; o 7y is a bidouble cover,
it suffices to show that A, is invariant under j: if so, we can lift j to an involution j on S,
hence we get a group G := {1,4,7,30 j} = (Z/2Z)* acting on S" and the quotient S'/G is
nothing but X. Therefore 7 : S — X is a bidouble cover.

Now we show that A, is invariant under j. To show this, it suffices to show that Ay, = 7*D
for some effective divisor D on X. Since Ay = 7i(3T + F)|¢, it suffices to show H°(A,) =
H°((3T + F)|x). Since H°(Ay) =2 HY((3T + F)|x) & H°((3T — F)|x), we only need to show
HO((3T = F)lx) = 0.

Using the same notation L, E; of section 3.2, up to an automorphism of X, we have
T\x =2L—-E,— FEy— E3,F|x =L — Ey. If H((3T — F)|x) # 0, then there is an effective
divisor D' = (3T — F)|x = 3L — 3E; — 3Fy — 3E3 + 3E,. Since D'Ey < 0, (D' — E4)Ey <0
and (D' — 2E,)E, < 0, 3E, is contained in the fixed part of D’. Thus D" := D’ — 3E, is also
an effective divisor. Since —Kx = 3L — Ey — Fy — E3 — FEj is ample and (—Kx)D"” = 0, we
get D" = 0, a contradiction. Hence H°((3T — F)|x) = 0.

Therefore Ay is invariant under j and consequently 7 : S” — X is a bidouble cover. U

Proposition 3.18. Let S be a minimal surface satisfying condition (x). Then S € M.

Proof. By Lemma 3.17, we only need to prove that the effective divisors (Dy, Dy, D3) and
divisors (L, Lg, L3) of the bidouble cover 7 : S — X are of the same form as in section 3.2.

We use the notation L, I;, L;;, @, C of section 3.2. By Lemma 3.17, if we denote by R,
the fixed part of the involution i on S, then Dy = (7). Ry = 5L —3E; —3FEy —3F3+ E4. Since
dim|Ds| = 2 and |Ds| contains a 2-dimensional sub-linear system L of divisors of the form
Q+L12 +L23+L13+E4, we see |D2| =L. So D2 must be of the form Q+L12+L23+L13+E4.
Since Dy is reduced, () must be the strict transform of a smooth conic, thus D, is always
smooth.

Since the branch divisor of the bidouble cover 7 : S — X is Dy U Ay, we get Dy U Dy =
Ay = 4L — 4F,. Since Dy + Dy and D3 + Dy are both effective even divisors (cf. [8] (2.1)),
we can assume Dy = 3L + Ya; E;, D3 = L + Yag; E;, where ay;,a3; are odd integers for
1 =1,2,3,4, and a4 + azgy = —4. Since D = Dy U Dy U Dj is reduced, one can easily show
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that up to an automorphism of X, Dy = Ly + Loy + L3y = 3L — Fy — Ey — E3 — 3Ey;
Ds=C+FE + FEy+ FE3 =L+ Ey+ Ey + E3 — E,, which are the same as in section 3.2.

Since Pic(X) has no nontrivial 2-torsion elements, (Lj, Lo, L3) are uniquely determined
by (D1, D2, Ds) through the linear equivalence relations 2L, = D; + Dy ({3, j, k} = {1,2,3}).
Therefore S € M.

Combining Propositions 3.16 and 3.18, we get the following theorem, which plays a crucial
role in proving the (Zariski) closedness of M.

Theorem 3.19. Fvery surface S € M satisfies condition (x). Conversely, If S is a minimal
surface satisfying condition (x), then S € M.

Proposition 3.20. M s a Zariski closed subset of M‘;’f, ie. M= M.

Proof. 1t suffices to show: if S — T is a 1-parameter connected flat family of canonical models
of algebraic surfaces with S; (0 # t € T') a general surface in M, then S € M.

Taking a base change (we still denote by T" the base curve) and the simultaneous resolution,
we get a connected smooth family S — 7" with S, (¢t € T') the minimal model of S;. Note that
for each 0 £t € T, S, is a general surface in M. By Lemma 3.14 and Theorem 3.19, we see
that Sy € M, hence S € M. O

At the end of this section, we give some remarks on the branch curve of the bidouble cover
m: 58" — X, which we shall use in the next section.

Remark 3.21. (1) The choice of (D, Dy, D3) in Lemma 3.18 is not unique (e.g. there are
two choices in section 2), but all choices are equivalent up to an automorphism of X.

(2) From Lemma 3.18, we see that each D; (i = 1,2,3) is smooth. In fact, the only possible
singularity on the branch divisor D = D1 U Dy U D3 is a node coming from B' N C (here we
use notation in section 2):

Since Kg =5, the conic B' C P? cannot have the same tangent direction with A; at P;
for any i € {1,2,3}. Otherwise we would finally get a minimal surface with K% < 5. So the
only possible singularity comes from B'NC when B’ has the same tangent direction with C at
B'NC. This is a node on S’.

When S" is singular, C is the same as before since Ay = D1U D3 is the same. In particular,
C has exactly three singular fibres. Moreover, the branch curve of the double cover wy : S — C
still has 5 irreducible and connected components: four smooth sections and a singular curve
that is algebraically equivalent to a bisection.

3.4 M is a connected component of M?%

In this section, we study the deformation of the branch curve of the double cover 7y : S" —
C C P(V3) (where C is the conic bundle in Catanese-Pignatelli’s structure theorem for genus
2 fibrations, see Lemma 3.17) and prove that M is an analytic open subset of M‘;’f, ie.

Proposition 3.22. Let Sy € M and let S be a small deformation Sy. Then S € M.

Using Proposition 3.22, now we can prove the main theorem of this paper:
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Theorem 3.23. M s an wrreducible and connected component of M?f

Proof. Since M is the image of M in M??, it is a constructible subset of M??, thus analytic
openness (Proposition 3.22) implies Zariski openness. Therefore, M is a Zariski open and
closed (Proposition 3.20) subset of M?f, hence it is a connected component of M?f O

Considering Theorem 3.19, we also have the following:

Corollary 3.24. The canonical models of minimal surfaces satisfying condition (x) constitute
an irreducible and connected component of M‘;’f

To prove proposition 3.22, we need the following two Lemmas.

Lemma 3.25. Letp: S — A be a smooth family of surfaces of general type parametrized by a
small disc A C C. Assume that for eacht € A, there is an involution oy on S; := p~1(t), which
induce an involution o on S. If the fized part Fix(og) of o9 has n connected components of
dimension 1 and m isolated points, then Fix(o.)(0 # t € A) also has n connected components
of dimension 1 and m isolated points.

Proof. Let C}, C3, ..., C§ be the n connected 1-dimensional components of Fiiz(o) and Q, ...QF"
be the m isolated points of Fiz(op). Take n+m small open subsets Uy, Uy, ..., Uy o0 S such
that U; D Cy (1 <i<n), Upy D Q; (1 <i<m)and U;NU; =0 for i # j. By choosing A
small enough, we can assume that p|y, : U; — A is surjective for i = 1,2...,n + m.

For 1 <i < n, take a point P} € Ci; forn+1<n+i<n+m,let P = Q}. Choosing
a suitable coordinate system (z,y,z) on U;, we can assume Pi = (0,0,0) and the action of
o on U; is linear. Hence the action is (i) (z,v,2) — (—z,v, 2), (ii) (z,y,2) — (-2, —y,2) or
(iii) (z,y,2) — (—z,—y,—=2). In case (iii), P§ is a singular point of p (see [6] Lemma 1.4),
contradicting our assumption that p is smooth.

In case (i), Fiz(o)NU; is of dimension 2, thus it cannot be contained in Sy since g, = oy.
In this case, Fiz(og) NU; = Cf and Fix(o) NU — A is surjective, hence there is a connected
component C* of Fiz(c) NU; that maps surjectively to A.

In case (ii), we have p*t = cz+higher order terms. Since p is smooth, ¢ # 0. At ¢t = 0,
the equation p*t = x = y = 0 has exactly one solution (0,0,0) in U;, thus P§ is an isolated
fixed point of oq. If we take A and U; small enough, p*t = x = y = 0 has one solution for any
t € A. Thus Fiz(o)NU; ={z =y =0} NU; = A is bijective.

Now assume that for 0 # ¢t € A, Fixz(oy) has n; connected 1-dimensional components and
my isolated points, then we have n; > n, m; > m. On the other hand, since we have a smooth
family ¢ := p|piz(o) : Fiz(o) = A, Fiz(oy) = ¢ (t) is smooth for each t € T. By the upper
semi-continuity, we have n; + m; = hO(OFm(Ut)) < hO(OFZ-x(JO)) = n + m. Therefore n, = n
and m; = m. O

Remark 3.26. If we replace the smooth familyp : S — A with the flat familyp’ : S" — A (here
S} :=p'7L(t) is the canonical model of S;) in the above lemma, using a similar argument, one
can show: if Fix(og) contains n smooth connected 1-dimensional components, then Fix(oy)
(0 #t € A) also contains n smooth connected 1-dimensional components.
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Lemma 3.27. Let V' be a rank 3 vector bundle over an elliptic curve B. If the total space
P(VY) (sometimes we just write P(V') if no confusion) of V' has three independent sections
s; : B — P(VY)(‘independent’ means for any fibre F' of P(VY) — B, the three points s;(B)NF
are not contained in any line in F'), then V is a direct sum of three line bundles.

Proof. Denote by V, the affine 3-space of the restriction of V to b € B. Let P} := s;(B) N V.
Choose a coordinate system (zy, ys, 2) for V, and assume P} = (z}, i, 21). Since {P}}i—123
are not contained in any line in Vj, at each point b € B, the three subspaces C(z}, i, z})
(1 =1,2,3) of V}, span V;. Thus the three independent sections s; give three sub-(line)-bundles
Ni(i =1,2,3) (N} = C(x},yi, 2)) of V, which generate V over each point b € B. Hence V is
a direct sum of three line bundles N* (i = 1,2, 3). O

Now we are in the situation to prove Proposition 3.22.

Proof of Proposition 3.22. Let p' : 8" — A be a flat family of canonical models of surfaces of
general type with S} := p'~1(0) = S}, where S} is the canonical model of Sy. Taking a base
change (for simplicity we still denote by A) and taking the simultaneous resolution, we have
a smooth family of minimal surfaces p : S — A with Sy := p~(0) = Sp.

By Lemma 3.14, for 0 # t € A, S; is a minimal surface with p, = ¢ =1, K* = 5,9 = 2 and
V1 indecomposable. In particular, S; has an involution o; induced by the Albanese fibration,
which induces an involution o} on S;. The involution o; on each S; induces an involution o’
on §'. Let C :=8'/o’, then we have a flat family p: C — A.

By Remark 3.21, Fiz(o() contains four smooth sections. By Remark 3.26, for 0 # ¢t € A
Fix(o}) also contains four smooth sections, hence the branch curve of the double cover S; —
Ci == p'(t) contains four smooth sections.

Claim: For 0 #t € A, P(V3) has three independent sections. Therefore V5 is a direct sum
of three line bundles by Lemma 3.27.

Proof of the claim: now we have a flat family p : C — A of conic bundles over elliptic
curves. Note that the smooth fibre of C; — B, is a smooth conic in F', and any three of the
four smooth sections intersect with F' at three distinct points lying on the conic, thus they are
not contained in any line in F'. So we only need to consider the singular fibres of C;. Since C
has only three singular fibres (see Remark 3.21), for 0 # ¢t € A, C; has at most three singular
fibres.

Since each singular fibre of Cy is a union of two distinct lines L}, L3, we see that for
0 # t € A, each singular fibre of C; is also a union of two distinct lines L}, L?. Note that on
Co, two of the four smooth sections intersect only with L{ and the other two smooth sections
intersect only with L3, w.l.o.g. we can assume that C},C3 intersect with Lj and Cj,C
intersect with L3. Since C} and C’g (j # i) are disjoint, using a similar argument as Lemma
3.25, for small A, sections C}!, C? do not intersect with L?, and sections C?, C} do not intersect
with L!. Hence for 0 # t € A, C}, C? intersect with L] and C?, C} intersect with L?. Thus
any three of the four sections intersect with the singular fibre L, at three points that are not
contained in any line in F. Therefore for 0 # t € A, P(14) also has three independent sections.
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We have proved that for any ¢t € A, V5 is a direct sum of three line bundles. Now we use
a similar argument as Lemma 3.14 to show that each direct summand of V5 is Op(2 - 0):

since for t = 0, h°(Va(—2p)) = 0 for any p # 0, shrinking A and using the upper semi-
continuity, we see that for 0 # ¢t € A, h®(Va(—2p)) = 0 for any p # 0. Since V5 is a direct sum
of three line bundles, this happens if and only if V5 = Og(2-0) ® Op(2-0) & Op(2-0).

Therefore for any 0 # ¢t € A, S, satisfies condition (x). By Theorem 3.19, we conclude that
S, € M. O
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4 The case g=3,K? =14

In this section, we study minimal surfaces S with p, = ¢ = 1, K* = 4 and a genus 3
Albanese fibration f: S — B := Alb(S), and prove Theorem 1.2.

This section is organized as follows.

In section 4.1, we study the relative canonical map of f. We prove that every Albanese fibre
of S is 2-connected. The main ingredient for that is Proposition 4.3, which gives a sufficient
condition for a fibre of genus 3 to be 2-connected.

In section 4.2, we restrict to surfaces of type I (cf. section 4.2), i.e. minimal surfaces with
py =q=1,K* = 4,9 = 3,0 = 2 and hyperelliptic Albanese fibrations. Using Murakami’s
structure theorem [33], we divide surfaces of type I into two types according to the order of
some torsion line bundle: type I; and type Iy (cf. Definition 4.14). Moreover, we show that
the subspace M, of Mi‘i’ corresponding to surfaces of type I; and the subspace M, of Mi‘i’
corresponding to surfaces of type I are two disjoint closed subset of Mﬁ

In section 4.3, we study surfaces of type I;. We first construct a family M; of surfaces
of type I, using bidouble covers of B, the second symmetric product of an elliptic curve
B. Then we show that every surface of type I; is biholomorphic to some surface in M; and
that dim M, = 4. After that we study the natural deformations of the general surfaces of
type I, and show that M, is contained in a 5-dimensional irreducible subset M/ of Mﬁ’ By
computing h'(Ts) for a general surface S € M, we prove that M/ is an irreducible component
of M‘f‘;’

In section 4.4, we study surfaces of type I,. An interesting fact is that every surface of
type I, also arises from a bidouble cover of B®, but the branch curve is in a different linear
equivalence class. Using a similar method to the one of section 4.3, we show that dim M, = 3
and that My, is contained in a 4-dimensional irreducible component of Mi‘i’

4.1 The relative canonical map and 2-connectedness of Albanese
fibres

Let S be a minimal surface with p, = ¢ = 1, K* = 4 and a genus 3 Albanese fibration
f:8 — B:= Alb(S). Let V,, := f*wg/"B. In this section, we prove the 2-connectedness of
every fibre of f.

As in section 2.1, let ¢ be the index of the paracanonical system of S, let w : .S --» P(V})
be the relative canonical map of f and let w’ : S --» B® be the paracanonical map of S.

Now we study the relative canonical map w of f: S — B.

Lemma 4.1. Let F' be a general fibre of f. Then |Kgs + dF| is base point free for d > 0 and
w s a morphism.

Proof. Denote by |m| the movable part of | Kg + dF| and by 3 the fixed part of |Kg+ dF|. Set
So := w(S). Denote by T' the (tautological) divisor on P(V}) such that 7.O(T) = V; and by
H the fibre of 7 : P(V}) — B.
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For d >> 0, let £ : P(V;) — P™ be the holomorphic map defined by the linear system
T + dH]|, where n = h°(T + dH). Let ¢ : S --» P" be the rational map defined by |Kg + dF|
(note that (T + dH) = h°(Vi(d - p)) = h°(Kg + dF), where p = n(H)). Then we have
|w* (T + dF')| = |¢*(Kgs + dF')| and the following diagram

5 B(V)
\\f lf
N
]P)n
commutes. Hence the indeterminacy points of w are exactly the base points of the movable
part |m| of |Kg + dF|. So we only need to show that |Kg + dF| is base point free for d > 0.

(i) If F is hyperelliptic, then the map w : S --» Sy is of degree 2. Assuming Sy ~uy 27+5H
for some f3, since Kg,m, F' are all nef divisors, we have

448d = (Ks+dF)* = m*+mz+(Ks+dF); > m® > 2deg Sy = 2(T+dH)*(2T+BH) = 4+8d+25.

It follows that § < 0 and that § = 0 if and only if Kg3 = m3 = F3 = 0. Since Kg + dF' is
effective, big and nef | by [32] Chap.I, Lemma 4.6, Kg + dF is 1-connected. Since Kg+ dF =
m + 3, we see that m3 = 0 if and only if 3 = 0. Thus 5 = 0 if and only if |m| is base point free
and 3 = 0, i.e. |Kg+ dF|is base point free. Hence it suffices to show that g > 0.

Since KE/B =Kz =4and A(f) := x(Os) — (g — 1)(9(B) — 1) = 1, we see that % =4.
By [5] Theorem 2 and Lemma 2.1, we have either « = 2 or ¢« = 3. Now we discuss the two
cases separately.

If + = 2, wlo.g. we can assume that V; = Ejq(2,1) @ N with N a nontrivial torsion
line bundle over B (see Lemma 2.1). Note that H°(2T + SH) = H(m.Opny,)(2T + SH)) =
H°(S?*(V1)(B - p)), where p = w(H) is a point on B. Since S*(Vi) = Og(m) @ Op(n) &
Op(n3) ® Eg(2,1) @ N @ N®? (here 1, 12,13 are the three nontrivial 2-torsion points on B),
we see that h°(2T + B8H) > 0 only if 3 > —1.

If 5 = —1, then |27 — H| is nonempty if and only if H = H,, :== 7*Op(n,) for i € {1,2,3}.
Since h°(2T — H,,) = h°(S*(V1)(—m;)) = 1, |2T — H,,| contains a unique effective divisor Sp.
Note that Sy is a cone over a curve C' ~gy, 2D — E lying on B® | where D (resp. E) is a
section (resp. fibre) of B — B. Hence ¢(Sy) = C is a curve. By Lemma 2.1, we have
w'(S) = gow(S) = p(Sy) = C. On the other hand, one sees easily from the definition of
the paracanonical map (cf. section 2.1) that w'(S) = B®. Hence we get a contradiction.
Therefore we have g > 0.

If © = 3, then V; is indecomposable. Since Sy ~g, 27 + SH and Sy is effective, by [15]
Theorem 1.13, we have 5 > 0.

(ii) If F' is nonhyperelliptic, then the map w : S --» Sy is birational. Assume that
So ~aig T+ BH for some «, B. Since F' is of genus 3, we have T'(oT' + fH)H = o = 4.
Since w is birational, we have

448d=(Kg+dF)?>m?> (T +dH)*(aT + fH) = o+ 2da + 5 > 4 + 8d + .

Thus we have o = 4 and 5 < 0. Moreover 5 = 0 if and only if |Kg + dF| is base point free.
So it suffices to show that g > 0.
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Recall that we have either « = 2 or + = 3. Since we only use this result in the hyperelliptic
case, we only give the proof for the case ¢ = 3.

If © = 3, then V is indecomposable. By [15] Theorem 1.13, [4T + SH| # 0 if and only if
g > —1. If B = —1, by [15] Theorem 3.2, a general element S; in |47 — H| is a smooth surface
with ample canonical divisor. Note that S — Sy is the minimal resolution of Sy. Since Sy is
irreducible, Kg, is Cartier, and K% = K2 =3 (Kg, ~" T|s,, so K = T*(4T — H) = 3),
by [28] Proposition 2.26, we have 4 = K < KZ = 3, a contradiction. Therefore we have
B> 0. O

Since the restriction map H°(S,Kg + dF) — H°(F, Ky) is surjective for d > 0 (cf.
Horikawa [23] Lemmas 1 and 2), we get the following

Corollary 4.2. |Kp| is base point free for any fibre F' of f.

Catanese-Franciosi ([16] Corollary 2.5) proved that: if C' is a 2-connected curve of genus
pa(C) > 1 lying on a smooth algebraic surface, then |K¢| is base point free. However, the
converse is not true in general, e.g. if we take C' the union of two distinct smooth fibres of a
genus 2 fibration, then |K¢| is base point free, but C' is not even 1-connected. Now we show
that the converse is true in the following case:

Proposition 4.3. Let f : S — B be a relatively minimal genus 3 fibration and let F' be any
fibre of f. If |KF| is base point free, then F is 2-connected.

To prove Proposition 4.3, we need the following four lemmas.

Lemma 4.4 (Zariski’s Lemma, [4] Chap. III, Lemma 8.2). Let F = > n,C; (n; > 0, C;
irreducible) be a fibre of the fibration f : S — B. Then we have

(i) C;F =0 for all i;

(ii) If D = Y, m;C;, then D* < 0, and D* = 0 holds if and only if D = rF for some
r e Q.

Lemma 4.5 ([16] Corollary 2.5). Let C' be a curve of genus p,(C) > 1 lying on a smooth
algebraic surface. If C' is 1-connected, then the base points of |K¢| are precisely the points x

such that there exists a decomposition C =Y + Z with Y Z = 1, where x is smooth for Y and
Oy (x) = Oy (Z).

Lemma 4.6 ([32] Chap. I, Lemmas 2.2 and 2.3). Assume that D is a I-connected divisor on a
smooth algebraic surface and let D1 C D be minimal subject to the condition D(D — Dy) = 1.
Then Dy is 2-connected and either

(i) Dy C D — Dy or

(ii) Dy and D — Dy have no common components.

Lemma 4.7 ([32] Chap. I, Proposition 7.2). Let D be a 2-connected divisor with p,(D) = 1
on a smooth algebraic surface, and let L be an invertible sheaf on D such that deg L|c > 0
for each component C' of D. If deg L|p = 1, then L = Op(x) with x a smooth point of D and
HO(L) is generated by one section vanishing only at x.
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Now we prove Proposition 4.3.

Proof of proposition 4.3. If I is not 2-connected, then either (i) F' is not 1-connected, or (ii)
F'is 1-connected, but not 2-connected. We discuss the two cases separately.

(i) If F' is not 1-connected, then F' must be a multiple fibre, i.e. F' = mF’ with F’ 1-
connected. Since KqF = mKgqF' = 4 and KqF’ is even, we see m = 2. Thus we have
KsF' =2, F"* = 0 and p,(F") = 2. Since O (F") is a nontrivial 2-torsion line bundle on
F’, by [4] Chapter II Lemma 12.2, h'(wp (F")) = h°(Op(—F")) = 0. Since x(ww (F")) =
X(Os(Ks + F)) — x(0s(Ks + F')) = £ = 1, we know h°(wp|p) = h®(wp (F')) = 1. Hence
|wr| | has a base point and so does |Kg|, a contradiction.

(ii) Assume that F'is 1-connected, but not 2-connected. Let D C F' realize a minimum of
KD among the subdivisors such that D(F' — D) = 1. Let £ := F' — D. By Zariski’s Lemma,
we have D? = £? = —1. By Lemma 4.6, D is 2-connected and either

(1) DC E or

(2) D and E have no common components.

In case (2), since DE = 1, D intersects E transversely in one point x, which must be a
smooth point of both curves. Note that Op(z) = Op(F). By Lemma 4.5, x is a base point of
| Kr|, a contradiction.

We study now case (1), i.e. D C E. Since D> = D(F — E) = —1 and Kg(D + E) = 4, we
have KgD = 1 and KgFE = 3. In particular, we have p,(D) = 1. If D is irreducible, we can
always find a smooth point = on D such that Op(x) = Op(FE) (cf. [22] Chap. IV, Ex. 1.9).
By Lemma 4.5, = is a base point of |Kg|, a contradiction.

If D is reducible, since Kg is nef and KgD = 1, there is a unique irreducible component
Cy of D such that KsCy = 1. Write D — Cy = > .., m;C; with C; distinct irreducible
curves, then we have KgC; = 0 for i > 1. Hence C; (i > 1) are (—2)-curves. Since D is
2-connected, DC; = (D — C;)C; + C? > 0. Since —1 = D?* = CyD + >, m;C;D, we have
—1> CyD = C¢+Cyo(D —Cp) > C2+2, thus CZ < —3. Since Cj is irreducible and KsCj = 1,
we get C2 = —3 and Cj is a smooth rational curve. Thus we get CoD = —1,C;D =0 (i > 1),
and consequently CoE =1,C;E =0 (i > 1).

Now let £ := Op(F), so that deg L|c > 0 for any component C' of D and deg L|p = 1.
By Lemma 4.7, we have £ = Op(z) with  a smooth point of D. Hence z is a base point of
| K| by Lemma 4.5, a contradiction.

Therefore F' is 2-connected. O

Remark 4.8. The key point in the above proof for case (ii) is that we can find a 2-connected
elliptic cycle (i.e. KsD =1,D*= —1) D C F such that D(F — D) =1 and L := Op(F — D)
satisfies the condition of Lemma 2.6. Using a similar argument, one can get an analogous
result for genus 2 fibrations, i.e.

Let F be any fibre of a relatively minimal genus 2 fibration f : S — B. If |Kp| is base
point free, then F is 2-connected.

Combining Corollary 4.2 and Proposition 4.3, we get the following

Theorem 4.9. Let S be a minimal surface with p, = q = 1, K* = 4 and a genus 3 Albanese
fibration. Then every Albanese fibre of S is 2-connected.
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4.2 Murakami’s structure theorem for genus 3 hyperelliptic fibra-
tions

In this section, we always assume S to be a minimal surface with p, = ¢ = 1, K* = 4 with
a genus 3 hyperelliptic Albanese fibration f : S — B = Alb(S). By a result of Barja and
Zucconi (cf. [5] Theorem 2) and Lemma 2.1, one has either t =g —1=2o0r =g =3. We
call S a surface of type I if + = 2; and we call S a surface of type I] if 1 = 3. We denote
by M the subspace of M‘f‘;’ corresponding to surfaces of type I and by M/, the subspace
of Mi‘i’ corresponding to surfaces of type I. Since ¢ is a topological invariant, we know that
MMy =0.

In this thesis we only study surfaces of type I. Since every fibre of f is 2-connected (by
Theorem 4.9), we can use Murakami’s structure theorem to study f.

For later convenience we fix a group structure on B, denote by 0 its neutral element and
by 11,12, n3 the three nontrivial 2-torsion points.

By Lemma 2.1, we can assume V; = Ejq(2,1) ® N, where N is a nontrivial torsion line
bundle over B. Now we use Murakami’s structure theorem to study the order of N. In the
notation we introduced in section 2.4, we have:

Lemma 4.10. [ &~ N®2,

Proof. Since det V; = N(0), we have V, = (detV}) ® L™! = N(0) ® L. From section 2.4,
we have rank L = rank S?(V;) — rank V, = 1 and deg L = (4 deg Vi + 16(b— 1) — K2) = 0,
i.e. L is a line bundle of degree 0. Hence V5 is a line bundle of degree 1.

Tensoring the exact sequence

0—L— S*(V)) = V,h =0
with N2, we get the associated cohomology long exact sequence
HY L® N?) — H'(S*(Vi) @ N?) = H' (V" @ N72) — 0.

Since h(Vo@ N72) = hO(w§?®@ f*N~2) = 5 and h%(V, @ N72) =1 (as deg(V, @ N72)=1),
we get h°(V," ® N~2) = 4. By Riemann-Roch for vector bundles over a smooth curve (cf. [4]
Chap. II, Theorem 3.1), we have h! (V" @ N=2) = h°(V,t @ N=2) — deg(V," @ N=2) = 0 (note
that deg(V,"t @ N72) = deg(V,") = deg(Vs) — deg(V, ) = 4). Since h!(S?*(V1) @ N72) > 1, we
get h(L ® N72) > 1. Since deg(L ® N~?) = 0, we deduce that L = N®? (cf. [1] Theorem
5). 0

Lemma 4.11. The exact sequence

3
0= L— S*(Vi) = (P Os(m) @ Eg(2,) @ N& L— V" =0

i=1

splits.
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Proof. From the proof of Lemma 4.10, we know that L — S?*(V}) induces an isomorphism
HYL® N—2)= H'(S*(V}) ® N7%)(#£ 0). Thus the composition map

0—L—S*V)) =L

is nonzero (here the last map is the natural projection), hence it is an isomorphism. Therefore
the above exact sequence splits. O

Remark 4.12. As in [17] Lemma 6.1/ or [35] section 1.2, since the map L®S?(Vy) — S*(V))
factors as
L® S* (Vi) — S* (Vi) ® S* (Vi) — S* (W),

Lemma 4.11 implies that the exact sequence
0— L®S*(V))— S*V) — Ay —0
also splits (see [35] section 1.2 p.5 for details). Hence the branch curve § € |O¢(4) ®
(mle)*(det Vi @ L™1) 72| comes from an effective divisor in |Opgy)(4) @ 7*(det Vi @ L) 72].
By Lemmas 4.10, 4.11 and Remark 4.12, we have

det V; = O5(0) ® N,

S* (Vi) = (D Osn) © Eo(2.1) © N & L,

i=1

Vy = detVi® L™ = Op(0) @ NV,
Lemma 4.13. L% =~ N® = Op.

Proof. Recall that V; = Ejq)(2,1) ® N, where N is a nontrivial torsion line bundle over B. By
Atiyah (cf. [1]), we have

S (Vi) = SY(E(2,1)) @ (S*(Eg(2,1)) @ N) & (S*(E)(2, 1) @ N®*) @ (Ep (2, 1) @ N¥%) @ N®*,

)
SYE(2,1)) = Op(2-0)® Op(2-0) @ Op(n +n2) ® Op(ne +n3) ® Op(ns +m),
S*(E(2,1)) = E(2,1)(0) @ Eyg(2,1)(0)
S*(E)(2,1)) = Op(m) & Op(n2) ® Op(ns).

By [1] Lemma 15, assuming that £ is an indecomposable vector bundle of rank r and
degree d over an elliptic curve B, then h°(£) =d if d > 0; h°() = 0 or 1 if d = 0. Moreover
by [1] Theorem 5, if d = 0, then h°(E) = 1 if and only if det £ = Op.

Hence we have

H(S'(V1)®@05(—2:0)®L) = H*(S*(E[g(2,1))(—2-:0)®L) = H*((OpBOs®&N,®No@BN3)RL),

where N; := Op(n; —0) (i =1,2,3).
If L®? 2 Op, then H°(S*(V}) ® Op(—2-0) ® L) = 0 and |Opv)(4) ® (Vo) =10, a
contradiction. Hence we have L®? = Op and the result follows from Lemma 4.10.
O
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Using Remark 4.12 and Lemma 4.13, we can decide now the linear systems of the conic
bundle C and the branch divisor § in Murakami’s structure theorem (cf. section 2.4):

C € |Opyi) (2) 87 L] = [Ozqvy) (D) = BHY(S2(V))), 6 € [Opuy(4) @7 (V) 2], where
Opviy(4) @ 7(Vy7) 72| = |Op(1a) (4) @ 7 Op(=2 - 0)| = P(H"(S*(V1) ® Op(=2-0))).

Now we divide surfaces of type [ into two types according to the order of N.

Definition 4.14. Let S be a surface of type I and assume Vi = E(2,1) ® N with N a
nontrivial torsion line bundle (cf. Lemma 2.1). We call S of type I, if N> = Op; we call S
of type I if N®%2 2 Op and N®* = Op.

Denote by M, the the subspace of Mﬁ corresponding to surfaces of type Iy, and by My,
the subspace of M‘f‘i’ corresponding to surfaces of type Iy. Then we have Mj; = My U My,.

Proposition 4.15. M;, and M, are two disjoint Zariski closed subsets of Mﬁ

Proof. Since N is a torsion line bundle of order 2 for surfaces of type I, and it is a torsion
line bundle of order 4 for surfaces of type I, we have M; N M, = 0. Now we show that
My, is a Zariski closed subset of M‘il. By a similar argument, one can show that M, is also
a Zariski closed subset of M1 .

By [12] Theorem 24, given two minimal surfaces of general type S, Sy with their respective
canonical models S}, S5, then S; and Sy are deformation equivalent < S| and S, are defor-
mation equivalent. Hence it suffices to show: if p: & — T is a smooth connected 1-parameter
family of minimal surfaces such that for 0 # ¢ € T, S; := p~1(t) is a surface of type I;, then
So = p~1(0) is also a surface of type I;.

For 0 # t € T, a general Albanese fibre of S; is hyperelliptic of genus 3 and V; is decom-
posable. Since the genus of the Albanese fibration and the number of the direct summands of
V1 are deformation invariants, we see that a general Albanese fibre of S is also of genus 3 and
Vi of & is also decomposable. Moreover, since a general Albanese fibre of S; is hyperelliptic,
a general Albanese fibre of &, is also hyperelliptic. Otherwise we would get a flat family of
irreducible smooth curves C' — T, whose central fibre is a nonhyperelliptic curve and whose
general fibre is a hyperelliptic curve, a contradiction.

Hence S is also a surface of type I. Since M; = M, U M;, and My, N My, = ), we
conclude that & is a surface of type ;. Therefore M, is a Zariski closed subset of Mﬁ’ O

4.3 Surfaces of type 1

In this section, we focus on surfaces of type I;. First we show that surfaces of type I, are
in one to one correspondence with some bidouble covers of B®.

4.3.1 Bidouble covers of B®

Recall that (cf. Lemma 2.7) a smooth bidouble cover h : S — X is uniquely determined
by the data of effective divisors (sometimes we also call them branch divisors) Dy, Dy, D3 and
divisors Ly, Lo, Lg such that D = Dy, U Dy U D3 has normal crossings and

2L, =D;+ Dy, Dy+Lp=L;+L; {ijk}={1,23} (4.1)
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As Manetti [31] pointed out, these facts are true in a more general situation where X is smooth
and S is normal (in this case, each D; is still reduced, but D may have other singularities
except for ordinary double points).

Let p: B® = {(2,y)|r € B,y € B, (x,y) ~ (y,2)} — B be the natural projection defined
by (z,y) — x +y. Set D, = {(u,z)|x € B} a section of p and E, := {(z,u — z)|z € B} a
fibre of p. Now we construct a family of surfaces of type I; using bidouble covers of B®.

Proposition 4.16. Let h : S" — X := B® be a bidouble cover determined by effective divisors
Dy = 2Dy, Dy = 4Dy — 2Ey, D3 = 0, and divisors Ly = 2Dy — E,,, Ly = Dy, L3 = 3Dy — E,,
such that S" has at most RDP’s as singularities. Then the minimal resolution v : S — S" of

S’ yields a surface S of type I.

Proof. Let G = (Z/2Z)* = {1,041, 04,03} be the Galois group of the bidouble cover h and let
R; be the divisorial part of Fiz(o;). Set R := Ry U Ry U R3. Then we have D; = h(R;) and
KS/ = h*KX + R

Since D := Dy U Dy U D3 = 6Dy — 2FEy, Kx = —2Dg + Ey and x(Ox) = 0, by [8] (2.21)
and (2.22), we have

1 1
K% = (2Kx + D)* = 4,x(Ogs) = 4x(Ox) + S Ex D+ g(DQ +XD7) = 1.

Moreover, for i = 1,2, one has
h'(Og) = h'(h.Os) = h'(Ox) + h'(Ox(=Ly)) + h'(Ox(—Ls) + h'(Ox(—L3)) = 1.

Since S’ has at most RDP’s as singularities and Kg is ample, we see that S is minimal,
ng = Kg, = 4, pg(S) = hQ(OS) = hQ(OS/) =1 and q(S) = hl(OS) = hl(OSI) = 1.

The bidouble cover h : S — X can be decomposed into two double covers hy : Y — X with
h1,Oy = Ox @ Ox(—Lsy), and hy : S — Y with branch curve hjD;. Note that the general
fibre of Y — B is an irreducible smooth rational curve, which intersects hjDs at 8 points.
Hence the general fibre of f' := poh : S’ — B (and also the general fibre of f := f'ov: S — B)
is irreducible and hyperelliptic of genus 3. By the universal property of the Albanese map
and of the Stein factorization, we see that B = Alb(S) and f is the Albanese fibration of S.
Therefore S has a genus 3 hyperelliptic Albanese fibration.

Since V| = fiwgs = flws, we have

W' (Vi ® Op(0 — 1)) = h®(ws @ f*Op(0 1)) = 2.

Since deg(V1) = 1, by [1] Lemma 15, Vj; must be decomposable. By [5] Theorem 2 and Lemma
2.1, we know that + = 2 and V; = Ej(2,1) ® N with N a nontrivial torsion line bundle over
B. Again by [1] Lemma 15, we get N = Og(n; — 0). Therefore S is a surface of type I;. O

Denote by M; the family of minimal surfaces S obtained as the minimal resolution of a
bidouble cover h : S" — X = B® as in Proposition 4.16, and by M, the image of M; in M.
Then we have
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Lemma 4.17. dim M; = 4.

Proof. The moduli space of B® has dimension 1. Since we have fixed the neutral element 0
for B, only a finite subgroup of Aut(B®)) acts on our data, and quotienting by it does not
affect the dimension. Since h°(Dy) = h°(2Dy) = h°(S?Ejg(2,1)) = 3 (cf. Lemma 4.13) and
hY(Dy) = h°(—2Kx) = 2 (see [7] Proposition 10), we have

dimM; =1+dim|Dy| +dim|Dy| =1+2+1=4.
U

Next we show that the converse of Proposition 4.16 is also true.
(*) For the remainder of this section, we always assume that S is a surface of type I; and
that S’ is the canonical model of S.

Proposition 4.18. S’ is a bidouble cover of B® determined by effective divisors D, =
2Dy, Dy = 4Dy — 2Ey, D3 = 0, and divisors Ly = 2Dy — E,,, Ly = Dy, Ly = 3Dy — E,,.

Since the proof is long, we divide it into three steps in the following three lemmas:

(1) (Lemma 4.19) there is a finite morphism A : S — B® of degree 4;

(2) (Lemma 4.21) the morphism & is a bidouble cover with branch divisors (Dy, Do, D3) as
stated above;

(3) (Lemma 4.22) up to an automorphism of B®), L, Lo, Ls satisfy the above linear equiv-
alence relations.

To prove (1), we first introduce the map h. Since the relative canonical map w : S — P(V})
factors as the composition v : S — S’ (the map contracting (—2)-curves) and p : " — P(V).
Let h:==popu:S --» B By Lemma 2.1, we have the following commutative diagram

§' —=~P(V})
N h !

N P

I
Y

B®)

where w = pov and w' = howv. Since w is a morphism (cf. Lemma 4.1) and the general
Albanese fibre of S is hyperelliptic, we see that p: 5" — C := u(S’) C P(V;) is a finite double
cover. Moreover C is exactly the conic bundle in Murakami’s structure theorem. Now we
prove (1).

Lemma 4.19. The map h: S' --» B® s a finite morphism of degree 4.

Proof. Since p1: S" — C is a finite double cover, it suffices to show that ¢|¢ : C --» B® is also
a finite double cover. To prove this, we need to study the equation of C C P(V}) and use the
definition of .

To get global relative coordinates on fibres of P(V7), first we take a unramified double cover
of B. Since N is a 2-torsion line bundle, we can find a unramified double cover ¢ : B — B
such that ¢*N = Op and ¢*0 = 0 + n for some nontrivial 2-torsion point n € B, where 0
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is the neutral element in the group structure of B, and such that $(0) = 0. Moreover, by
[25] Theorem 2.2 and Lemma 2.3, we have ¢*E(2,1) = Op(x) ® Og(2'), where z, 2" are two
points on B such that Op(¢.(x) — 0) = N (cf. [19] Chap. 2, Proposition 27) and 2’ = x @ n
in the group law of B.

Set F := ¢*(E(2,1) @ N) and C := ®*C. Then we have the following commutative
diagram:

C C P(E) : C CP(Wh)
w i@
X 1= P(O(x) & Op(x)) X = P(F(2,1))
| P
B 2 B
where ¢ : P(E) — P(Opz(z) ® Op(2’)) is the natural projection induced by the injection

Ox(z) ® Os(z') = E = Op(z) ® Op(z') ® ¢*N.

Note that the unramified double cover ® : P(E) — P(V;) induces an involution 7}, on
P(E). Let J := {1,T,} be the group generated by T,. Then for any divisor D on P(V}), we
have HO(P(V;), D) = HY(P(E)(®*D))”’ (the J-invariant part of HO(P(E)(®*D))).

From the commutative diagram above, to show that ¢|c is a finite double cover, it suffices
to show that |z : C — P(O3(0) ® Oz(n)) is a finite double cover.

Take global relative coordinates y; : Og(x) = E, yy : Og(2’) = E, y3: O — E on fibres
of P(E). In notation of section 4.2, we have C € |Op(v1)(2)], hence C is a J-invariant divisor
in |Op)(2)]. Therefore the equation of C C P(E) can be written as

fi = a1y; + agys + azys + auyiye + asyiys + agyays, (4.2)

where ay,a; € H°(Op(22)),a3 € H*(Op),as € H(Og(x + 2'),a5 € H*(Op(z)) and ag €
H°(Op(a")). Since the action of T, is yy + ya, Y2 = Y1, ys > y3 and C is J-invariant, we see
that T7a; = ax and T a5 = ag.

Since finite double cover is a local property, we can check this locally. Choose a local
coordinate t for the base curve B. Then (¢, (y1 : yo : y3)) is a local coordinate on P(E) and
(t,(y1 : y2)) is a local coordinate on X. The action of ¢ is locally like (¢, (y1 : y2 : y3)) —
(t, (31 : y2)). From the equation of C, to show that (|s is a finite double cover, it suffices to
show that as # 0.

If a5 = 0, then C' := {y; = y» = 0} C C. Recall that the branch divisor § of u : S’ — C
is contained in |O¢(4) ® 7 Op(=2 - 0)||c = |Opr1)(4) ® T Op(-2 - 0)||c and it is reduced.
Hence § := ®*6 is a J-invariant reduced divisor in |Opz)(4) @ T Op(=2-0 — 277)||C Since
2r=2"=2n=2-0andz+2' =0+7n#2-0, one sees casily that yi, yiy3, vy is a basis of
HO(OP(E)( ) @ 7*Oz(—2-0—2n)). Let f, be the equation of § on C. Then f, has the form
fo = bryi + boy?y2 + bsys, where by, by, bs € C.

Note that C'is contained in 4. Since the Jacobian matrix of (fy, f») at any point of C' has
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the form

P)
o asys aeys 0

0 O 0 0

which has rank 1, 0 is singular along C'. Hence 0 is nonreduced, a contradiction.
Therefore ¢ : C — B® is a finite double cover and h is a finite morphism of degree 4. [

Remark 4.20. From that above Lemma, one sees easily that fibrewise, the composition map
S' — C — BY is just: a genus 3 hyperelliptic curve 2} o conic curve in P? 25 PL.

Now we prove (2).

Lemma 4.21. The morphism h : S" — B® is a bidouble cover with branch divisors D; =
2D0, D2 = 4D0 — QEQ, D3 = 0.

Proof. As in section 4.1, we denote by H the fibre of 7 : P(V}) — B and by T the divisor on
P(V1) such that 7,O(T') = V1. Similarly, we denote by H the fibre of 7 : P(E)) — B and by T

the divisor on P(E) such that 7.O(T) = E. By Lemma 4.19, the ramification divisor of @|s
on C is defined by

(asy1 + aey2)” — das(ary; + azys + asyiys) = f1 =0

and is linearly equivalent to 27|s. Thus the ramification divisor of |c on C is linearly equiv-
alent to 27|¢ (which is the J-invariant part of 27'|). From the definition of ¢, we know that
Dy = ¢(T'). Hence the branch divisor of ¢|c is linearly equivalent to 2Dj.

Since hO((4T - 2H0)|c) = hO(QO*(4D0 - 2E0)|c) = h0(4D0 - 2E0) + h0(3D0 - QEQ) (double
cover formula) = h%(4Dy—2Ey) (cf. [15] Theorem 1.13), we get [(4T —2Hy)|c| = (ple)*|4Do —
2Fy|. Hence the branch divisor of x4 : S” — C is invariant under the involution o} of C
induced by the double cover p|c : C — B®. So o} lifts to an involution o; on S’. Note
that the double cover u : S” — C induces another involution o, on S’. Hence we get a group
G :={1,01,09,03 := 01 0 03} acting effectively on S’, and the quotient S’/G is nothing but
B®.

Therefore h : S” — B® is a bidouble cover. Moreover, the three branch divisors of h are
Dy = h(Fix(oy)) = 2Dy, Dy = h(Fix(os)) = 4Dy — 2Ey, D3 = h(Fiz(o3)) = 0. O

Now we prove (3).

Lemma 4.22. Up to an automorphism of B®, we can assume the data (Ly, Ly, L3) of h :
S"— X :=B® to be L =2Dy — E,,, Ly = Dy, Ly = 3Dy — E,,.

Proof. Since
h'(Os) = h'(Os) = h'(h.Og) = I (Ox) + 1 (Ox (= L1)) + 7 (Ox (= L2)) + h*(Ox (~Ls)) = 1

and h'(Ox) = 1, we see h'(Ox(—L;)) = 0. In particular, we have L, # —Kx. Since
2Ly = Dy + D3 = 4Dy — 2Ey, we have Ly = 2D, — E,, for a nontrivial 2-torsion point n; € B.
Since Ly + L3 = Dy + Ly = 4D, — E,,, there are three choices for (L, Ls):
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(i) Ly = Dy, Ly = 3Dy — E,;;

(11) L2 = Dm, L3 = 3D0 — E107

(iii) Ly = Dy, (j # i), Ly = 3Dy — E,,.

Now we show that for fixed (Dy, Do, D3, L) above, the three choices (i) (ii) (iii) for (La, L3)
are equivalent up to an automorphism of X = B®). The automorphism (x,y) + (z4n;, y+mn;)
on X fixes fibres of X — B and translates D, to D,,,. Hence it fixes (D, Dy, D3, L1) and
maps (Lg, L) in (i) to (Lg, L3) in (ii). Similarly, the automorphism (z,y) — (x + n;,y + 1)
fixes (D1, Do, D3, L1) and maps (Lo, L3) in (i) to (Lo, L3) in (iii).

Therefore, up to an automorphism of B®), we can assume the data (L1, Lo, L3) of h to be
Ly =2Dy—E,,,Ly = Dy, Ly =3Dy — E,,. O

Combining Propositions 4.16 and 4.18 together, we get the following

Theorem 4.23. If h : 8" — B® s a bidouble cover determined by branch divisors Dy =
2Dy, Dy = 4Dy — 2Ey, D3 = 0, and diwisors Ly = 2Dy — E,,, Ly = Dy, L3 = 3Dy — E,, such
that S" has at most RDP’s as singularities, then the minimal resolution S of S’ is a surface of
type 1. Conversely, if S is a surface of type I, then the canonical model S" of S is a bidouble
cover of B (where B = Alb(S)) determined by the branch divisors (Dy, Dy, D3) and divisors
(L1, Lo, L3) in the respective linear equivalence classes above.

The following corollary follows easily from Lemma 4.17 and Theorem 4.23.

Corollary 4.24. M, = My,. In particular, we have dim Mj, = 4.

4.3.2 Natural deformations of smooth bidouble covers

Let S be a general surface of type I;. Then we have a smooth bidouble cover i : S — X =
B® determined by branch divisors Dy = 2Dy, Dy = 4Dy — 2Ey, D3 = 0, and divisors L; =
2Dy — Ey,, Ly = Dy, L3 = 3Dy — E,,. In this subsection, we study the natural deformations
(cf. Definition 2.8) of S.

We use notation and definitions of section 2.2. Since D3 = 0, by Definition 2.9, h is a
simple bidouble cover. Let L} := Dy, L, := 2Dy, — E,, and let 21, 2, be the fibre coordinates
relative to the two summands of V := @7_,Ox(—L}). Let z; be a section of Ox(D;) with
div(x;) = D; (i = 1,2). From section 2.2 (or see [9] p. 75), we see that S is a subvariety of V'
defined by equations:

2=z, 2=, (4.3)
and a natural deformation Y of S is defined by equations
Z% = + blzg, Z; = Ty + bQZl. (44)

with b; € HO(Ox(Dl — LIQ)), by € HO(O)((DQ — Lll))
Note that h°(Ox(Dy — L)) = h°(E,,) = h®(Op(n;)) = 1. By [15] Theorem 1.13, we have
H°(Ox(Dy — L)) = H°(3Dy — 2E,) = 0, hence we always have by = 0.
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Denote by M the family of all surfaces arising as natural deformations of some general
surface of type I;, and by M the image of M] in ./\/lﬁ’ Let M/ be the Zariski closure of M]
in Mﬁ Then we have

Proposition 4.25. dim M/ =5 and My, is a 4-dimensional subspace of M.

Proof. Since there is one parameter for X = B® (see Lemma 4.17). From equations (4.4),
we see that dim M} =1+ dim |D;| + dim |Dy| + h°(Ox(D; — L)) =1+2+1+1=5 O

Remark 4.26. From equations (4.4), It is easy to see that a natural deformation' Y of S is a
bidouble cover of X if and only if by = 0 (since we always have by = 0). By Theorem 4.23, Y
has a genus 3 hyperelliptic Albanese fibration if and only if by = 0. Since dim My, < dim M/,
we see that a general surface in M| has a genus 3 nonhyperelliptic Albanese fibation.

4.3.3 h'(Ts) for a general surface S of type I,

In this section we calculate h!(Ts) for a general surface S of type I;. Note that for general
choices of Dy € |2Dy| and D, € |4Dg — 2Ey|, Dy, Dy are both irreducible smooth curves and
they intersect transversally. Hence S is a smooth bidouble cover of X := B® determined by
effective divisors (Dy, D, D3) and divisors (L, Lo, L3) as in Theorem 4.23.

By Riemann-Roch, we have h°(Ts) — h'(Ts) + h*(Ts) = 2KZ% — 10x(Og) = —2. Since
h%(Ts) = 0, we have h'(Ts) = h*(Ts) + 2 = h°(Qs ® wg) + 2. By Lemma 2.11, we have

HO(QS (059 ws) = H0<h*(QS X ws))

3
= H"(Qx(logDy, logDs, logDs) @ wx) & (P H(Qx (logDy) ® wx (Ly))).

i=1

Hence to calculate h!(Ts), it suffices to calculate h®(Qx (log D1, log Dy, logD3) and h°(Qx (logD;)®

CUX(LZ)) (Z = 1,2,3)
Lemma 4.27. Qx = Ox ® wx.

Proof. Since p : X = B® — B is a P'-bundle, by [22] Chap. III, Ex. 8.4, we have the
following exact sequence

0— Qx/p— (p*E[o}(Q, 1))(—=1) = Ox — 0.

Since
N ((P"Ep(2,1))(=1)) = Ox(=2) ® p"Op(0) = Qx/5 ® Ox,
we see (dx/p = Ox(—2) ® p*Op(0) = wy.
On the other hand, we have the exact sequence

0—>p*w3—>Qx—>Qx/B—>0

1.e.
0—O0Ox — Qx —wyxy — 0.

Since Extl(wX, Ox) = Hl(w;(l) = HI(OX(QDO—EQ)) and hl(OX(ZDO—EO)) = hl(S2(E[Q}(2, 1))(—0))

hP(S?(Ej(2,1))(—0)) = 0 (cf. proof of Lemma 4.13), we see that Qx = Ox ® wy. O
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Lemma 4.28. h°(Qx(logD,logDs,logDs) ® wx) = 1.

Proof. Let g : Y — X be the smooth double cover with ¢.Oy = Ox @& Ox(—¢), where
e = —Kx. Then Y = B x B (see [7] Proposition 4) and we have Qy = Oy @ Oy. Since (see
[8] Proposition 3.1)

H(Qy @ wy) = H(Qx (logDs) ® wx) ® H*(Qx ® wx(e))

= H°(Qx(logDy) ® wx) ® H*(Qx),

hY(Qy @ wy) = h°(Oy & Oy) = 2 and h°(Qx) = 1, we have h°(Qx(logD;) ® wx) = 1. Since
Qx(logDy)@wx C Nx(logDy,logDs, logDs) @wx, we see h°(Qx (log D1, log Dy, logD3) @wx) >
1.

On the other hand, by [8] (2.12), we have the following exact sequence

3
0— QX XRwx — QX(long,long,long) Rwx — @OD,(KX) — 0. (45)

i=1

Note that h°(Qx ® wx) = 0. Since KxD; = —2, we have h°(Op,(Kx)) = 0. Since D, is an
irreducible elliptic curve in the rational pencil | — 2K x| (cf. [7] Proposition 6), we know that
Dslp, = 0 and (Kx + Ds)|p, = 0, thus Kx|p, = 0 and h°(Op,(Kx)) = 1. Hence we have
hO(Qx (logDy,logDs, logDs3) @ wx) < 1.

Therefore we get h°(Qx (logDy,logDs,logD3) @ wy) = 1. O

Lemma 4.29. hO(Qx(ZOQDl) X (,UX(Ll)) = 0.
Proof. Consider the following exact sequences

0— Ox(—2Dy+ Ey — E,,) = Ox(Ey — E,,) = Op,(Ey — E,,) = 0

0— Qx(EQ — Em) — Qx(lOng) (059 wx(L1> — OD1<EO — Em) — 0

Since h*(Ox(—2Dg + Ey — E,,)) = h%(p.Ox(—2D0)(0 — n;)) = 0 (cf. [4] Chap. I, Theorem
5.1), h'(Ox(=2Do + Ey — E,)) = h'(Ox(Ey,)) = h'(Op(n)) = 0, h°(Ox(Ey — Ey,)) =
h2(Op(0 — n;)) = 0, we have h’(Op,(Ey — E,,)) = 0. Since moreover h°(Qx(Ey — E,,)) =
o (Ox(Ey — Ey,)) + h°(Ox(—2Dy + E,,)) = 0, we get h°(Qx (logD;) @ wx (L)) = 0. O

Lemma 4.30. hO(Qx(ZOQDQ) ®CUX(L2)) = 1.
Proof. Let g : Y — X be the smooth double cover in Lemma 4.28. Since
H(Qy @ wy (g7 L)) = H(Qx(log(D2) ® wx(Ls)) ® H*(Qx @ wx (e + La)),

h(Qx ® wx(e + Lz)) = h%(Qx(Do)) = h°(Ox(Dy)) + h*(Ox(=Do + Ev)), h*(Ox(Dy)) =
h(Eo(2,1)) = 1, h%(Ox(—Dy + Ep)) = 0 (cf. [4] Chap. I, Theorem 5.1) and h°(Qy ®
wy(9*L2)) = h%(g.(Oy & Oy) ® Ox(Ls)) = 2h°(Ox(Ls)) + 20°(Ox(—Dy + Ep)) = 2, we get
hO(Qx(lOgDQ) X CUX(LQ)) =1. ]

Lemma 4.31. hO(Qx(ZOQDg) ®CUX(L3)) =1.
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Proof. Since D3 = 0 and Ls = 3D, — F,,, we have
B(x(logDy) & wx (Ls)) = K2 (D)) = K(Ox(Dy)) + K(Ox(~Dy + Ey)) = 1.
O

Theorem 4.32. We have h'(Ts) = 5 = dim M. Therefore M is an irreducible component
of M.

Proof. By Lemma 2.11 and Lemmas 4.28-4.31, we have h°(Qs®wg) = h%(Qx (logD1, logDs,logDs)+
S h(Qx (logD;) ® wx(L;)) = 3. By Reimann-Roch and Serre duality, we have h'(Ts) =
h*(Ts)+2 = h°(Qs ®@wg) +2 = 5. By Propositon 4.25, we have h'(Ts) = 5 = dim M. Hence
M is an irreducible component of ./\/lﬁ’ O

4.4 Surfaces of type I

In this section, we study surfaces of type I,. The method is similar to that for surfaces of
type I;. We omit the proof wherever it is similar to that for surfaces of type I;.

4.4.1 Bidouble covers of B®

As before, let B® be the second symmetric product of an elliptic curve B. Let Cy, -
{(x,x +n;),x € B} (i = 1,2,3) be the (only) three curves homologous to —Kx (see [7]
proposition 7). Let 7 be a point on B such that 27 = 1y + 7.

Theorem 4.33. Let h: S" — B® be a bidouble cover determined by effective divisors Dy =
2Dy, Dy = 4Dy — E,, — E,,, D3 = 0, and divisors Ly = 2Dy — E;, Ly = Dy, Ly = 3Dy — E;
such that S" has at most RDP’s as singularities. Then the minimal resolution S of S’ is a
surface of type Is. Conversely, for any surface S of type I, the canonical model S" of S is
a bidouble cover of B® where B = Alb(S)) determined by the effective divisors (Dy, Do, D3)

and divisors (Ly, Lo, L3) above.

Proof. The proof is similar to Theorem 4.23. Note here h°(4Dy—E,,, —E,,) = H°(S*(E[g(2,1)(—n1—
n2)) = 1 (cf. Lemma 4.13). And C,, 4+ C,, is the unique effective divisor in 4Dy — E,,, — E,,]|,
which is the disjoint union of two smooth elliptic curves (see [7] proposition 7).

Remark 4.34. By Theorem 4.33 and using a similar calculation to Lemma 4.17, we have

dim My, =1+dim|Dy| +dim|Dy| =1+2+0 = 3.

4.4.2 Natural deformations of smooth bidouble covers

Let S be a general surface of type I5. Then we have a smooth bidouble cover h : S —
X = B® determined by branch divisors Dy = 2Dy, Dy = 4Dy — E, — E,,,D3 = 0, and
divisors Ly = 2Dy — E., Ly = Dy, L3 = 3Dy — E.. In this subsection, we study the natural
deformations of S. The method is the same to that of section 4.3.2.

42



We use notation and definitions of section 2.2. Since D3 = 0, by Definition 2.9, A is a
simple bidouble cover. Let L} := Dy, L, := 2Dy — E, and let 21, z5 be the fibre coordinates
relative to the two summands of V := @7_,Ox(—L}). Let z; be a section of Ox(D;) with
div(z;) = D; (1 = 1,2). From section 2.2 (or see [9] p. 75), we see that S is a subvariety of V'
defined by equations:

2=z, 2=, (4.6)

and a natural deformation Y of S is defined by equations
Z% = + blzg, Z% = T9 + bQZl. (47)

with b; € HO(Ox(Dl — L/Q)), by € HO(O)((DQ — Lll))

Note that h%(Ox(Dy — L})) = h°(E,) = h°(Op(7)) = 1. By [15] Theorem 1.13, we have
HY(Ox(Dy — Ly)) = H°(3Dy — E,,, — E,,) = 0, hence we always have by = 0.

Denote by M. the family of all surfaces arising as natural deformations of some general
surface of type I, and by M, the image of M} in Mﬁ’ Let M}, be the Zariski closure of M}
in Mﬁ’ Then we have

Proposition 4.35. dim M), = 4 and M, is a 3-dimensional subspace of MY,

Proof. Since there is one parameter for X = B® (see Lemma 4.17). From equations (4.7),
we see that dim M} = 1+ dim | D | + dim |Dy| + h°(Ox(D; — L)) =1+2+0+1=4. O

Remark 4.36. From equations (4.7), It is easy to see that a natural deformation'Y of S is a
bidouble cover of X if and only if by = 0 (since we always have by = 0). By Theorem 4.33, Y
has a genus 3 hyperelliptic Albanese fibration if and only if by = 0. Since dim My, < dim M5,
we see that a general surface in M} has a genus 3 nonhyperelliptic Albanese fibation.

4.4.3 h'(Ts) for a general surface S of type I,

Let S be a general surface of type I». In this subsection we calculate h!(Ts). Note that a
general surface S of type I, is a smooth bidouble cover of X = B® determined by effective
divisors (D1, Do, D3) and divisors (L, Lo, L3) as in Theorem 4.33.

By Riemann-Roch, we have h!(Ts) = h*(Ts) + 2 = h°(Qs ® ws) + 2. By Lemma 2.11, we
have

HO(QS & ws) = H(](h*(QS 0 ws))
3
= H"(Qx(logDy,logDs, logDs) ® wx) & (D H*(Qx (logD;) @ wx (L)).
i=1
Lemma 4.37. (1) h°(Qx(logDy,logDs,logDs) ® wx) = 0;

(2) h*(Qx (logD1) ® wx (L1)) = 0;

(3) B°(Qx(logDs) ® wx (La)) = 1;

(4) h°(Qx (logDs) ® wx (Ls)) = 1.
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Proof. (1) Consider the exact sequence
0— QX Rwxy — Qx(ZOQDl, lOgDQ, lOng) R wx — ODl(KX) D OTW (Kx) D OT’?]‘ (Kx) — 0.
Since KxD; = —2, we have h%(Op,(Kx)) = 0. From the exact sequence

0— Ox(Ey — E,,) = Ox(Kx) = Or, (Kx) =0,

h(Ox(Ey — Ey,)) = W (Ox(Ey — Ey,)) = 0 and h°(Ox(Kx)) = 0, we see h°(Or, (Kx))
Similarly, we have hO(OTW (Kx)) = 0 and hence h°(Op, (Kx) @ Or, (Kx) @ Or,, (Kx))
Since moreover h°(Qx @ wx) = 0, we get h(Qx (logDy,logDs, logD3) @ wx) = 0.

(2) The proof is similar to Lemma 4.29, just replace n; by 7.

(3) Consider the smooth double cover g : Y — X with g.Oy = Ox ® Ox(—¢), where € =
2Dy — E;. Since Ky = g*(Kx +¢€) = g*(Ey— E,) and h°(Ky) = h%(Kx) + h°(Kx +¢€) = 0, we
have Ky # 0 and 4Ky = 0. Moreover, we have ¢(Y) = h'(Oy) = h}(Ox) + h}(Ox(—¢)) = 1.
Thus Y is a bielliptic surface and its Albanese map ay : Y — B is a smooth map. Hence
(ly/p is a locally free sheaf and we have the following exact sequence:

0.
0

0= aywp — Qy — Qy/p — 0.

Since wp = Op, we have aywp = Oy and thus y,p = wy. Now the above exact sequence
becomes
0— Oy — Qy — wy — 0.

Tensoring this exact sequence with wy (¢*Dy), we get
0— Oy(g*<D0 + EO — ET)) — Qy & u}y(g*Do) — Oy<g*<D0 + 2E0 — 2E7—)) — 0.

Since h°(Oy (g* (Do + Eoy — E,)) = h°(Oy (g* (Do + 2Ey — 2E;))) = 1 and h'(Oy (g*(Do + Eo —
E;)) =0, we get h°(Qy @ wy(g*Dy)) = 2.

On the other hand, by [8] Proposition 3.1, we have H°(Qy ®wy (g* D)) = H(Qx (logDs) ®
wx(Dy)) ® H(Qx @ wx (e + Dy)). Since h%(Qx @ wx(e + Dy)) = h°(Ox(Dy + Ey — E,)) +
WO(wx (Do + By — E,)) = 1, we get W(S2x (10gDy)  w (L)) = hO(Qx(logDs) & wx (D)) = 1.

(4) h°(Qx(logDs3) @ wx(L3)) = h°(Ox(Dy + Ey — E;)) + h®(wx (Do + Ey — E;)) =1. O

Theorem 4.38. We have h'(Ts) = 4 = dim M},. Therefore M}, is an irreducible component
of M.

Proof. By Lemma 2.11 and Lemma 4.37, we have h°(Qs®ws) = h°(Qx (log D1, logDs, logD3)®
wx) + 320 h%(Qx(logD;) ® wx(L;)) = 2. By Riemann-Roch, Serre duality and Proposition
4.35, we have h'(Ts) = h*(Ts) +2 = h’(Qs @ wg) + 2 = 4 = dim M}. Hence M) is an
irreducible component of Mﬁ’ O
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5 The number of direct summands of f*w§2 is not a de-
formation invariant

Let S be a minimal surface of general type with p, = ¢ = 1 and let f : S — B := Alb(S) be
the Albanese fibration of S. Let g be the genus of a general Albanese fibre. Set V,, := fuwg"”
and denote by v, the number of direct summands of V. Catanese-Ciliberto [14] proved that
vy is a topological invariant, hence it is also a deformation invariant. In this section we show
that 15 is not a deformation invariant, which gives a negative answer to Pignatelli’s question

(cf. [37] p. 3).

For later convenience, we fix a group structure for the genus one curve B = Alb(S), denote
by 0 its neutral element and by 7 a nontrivial 2-torsion point. Let Eyj(2,1) be the unique
indecomposable vector bundle of rank two on B with det Ej)(2,1) = Op(0) (cf. [1]).

Denote by M7? M7, M3}, the subsets of M‘z’f corresponding to surfaces with p; = ¢ =
1, K? = 3,9 = 2 such that v, = 1,2,3 respectively (cf. [17] Definition 6.11). Then we have
M2 = ME UM U M,

The main ingredient to prove that 1 is not a deformation invariant is the following

Theorem 5.1. There exist minimal surfaces with p, = ¢ = 1,K* = 3,9 = 2 such that
Vo = Ei(2,1)(0) @ Op(7), i.e., M3} is not emply.

We shall prove Theorem 5.1 later. First we show how Theorem 5.1 gives a negative answer
to Pignatelli’s question.

Corollary 5.2. 15 is not a deformation invariant, hence it is not a topological invariant,
either.

Proof. Catanese-Pignatelli (cf. [17] Proposition 6.3) proved that M:I’? has exactly three irre-

ducible connected components: one is M?}’Q and two are contained in M?}’IQI. By Theorem 5.1,
M?’IZ is not empty. Hence either M?}Q N M?’Q or M?’IZ N M?’IQI is nonempty. In particular,
there is a minimal surface with v5 = 2 that can be deformed to a minimal surface with vy =1
or 5 = 3. Therefore V5 is not a deformation invariant.

( We will show in the following Remark 5.3 that the minimal surfaces we constructed in
Theorem 5.1 belong to Mj. ) O

Now we prove Theorem 5.1.

Proof of Theorem 5.1. Let B be an elliptic curve and N := Opg(r — 0) be the torsion line
bundle of order 2 on B. Let V{ := Ejq(2,1) and Vj := Ejq(2,1)(0) ® N(0) be two vector
bundles on B. To prove Theorem 5.1, it suffices to show that there exists a relatively minimal
genus 2 fibration f : S — B such that p,(S) = ¢(S) = 1,K2 = 3,9 = 2, V} = fiwp = V/,
Vo = fuw$? = VJ. (By the universal property of Albanese map, f must be the Albanese
fibration of S.)
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By Catanese-Pignatelli’s structure theorem for genus 2 fibrations (cf. [17] section 4), it
suffices to find a conic bundle C € |Opqyy)(2) ® 7 det(V}) % on P(V) and an effective divisor
d € 10¢(3) @ m*Op(—20 — 27)| such that C contains exactly one RDP as singularities, § does
not contain the singular point of C, and the double cover X of C with branch divisor ¢ has at
most RDP’s as singularities.

To get global relative coordinates on the fibre of P(VJ), we take an unramified double
covering ¢ : B — B such that ¢*N =2 Op and ¢*0 = 0 + 1 for some nontrivial 2-torsion point
n € B, where 0 is the neutral element in the group structure of B such that ¢(0) = 0. By [25]
Theorem 2.2, Lemma 2.3, we have ¢*Ej)(2,1) = Oz(p) ® Oz(p'), where Op(¢.(p) —0) = N
(cf. [19] Chapter 2, Proposition 27) and p’ = p & n in the group law of B.

Now let E := ¢*(Ej)(2,1) @ N), then we have the following commutative diagram:

P(E) e P(Ey(2,1) ® N)
PR

where 7 : P(E) — B is the natural P-bundle over B. Note that the unramified double cover
d: P(E) — P(Eg(2,1) @ N) =2 P(V3) induces an involution on P(E), which we also denote
by T,. Let G :=< T, >, then G acts on B and P(E) effectively.

Now to find a conic bundle C € |Opqy)(2) ® det(V))7?| = |OP(E[0](271)@N)(2)| containing
exactly one RDP as singularity, is equivalent to finding a G-invariant conic C € [P(E)(2)| on
]P(E), which contains exactly 2 RDP’s on two different fibres as singularities. Similarly, to
find a curve § € |O¢(3) ® 7*(—20 — 27)| on C such that § does not contain the singular point
of C and the double cover X of C with branch divisor § has at most RDP’S as singularities, is
equivalent to finding a G-invariant curve § € |Oz(3) ® (=0 —n)| on C such that ¢ does not
contain the singularities of C, and the double cover X of C branched on é has at most RDP’S
as singularities.

Take relative coordinates y; : Oz(p) = E, 1o : Oz(p)) = E, ys : O — E on the fibre of
P(E). Then the action of T, is just: y1 = y2,92 —> y1 and yz — y3. Let C C P(E) be the
conic bundle defined by

f=aiyi + a3y; + asys =0,
where a; € H(Op(p)), a2 = Tyar € HY(Op(p')), a3 € H(¢*Op)% = H*(Op), as # 0. It is
casy to see that C is G-invariant. Since

of of of

8y1 8y2 ay3) (20’%?/17 2@%’3/2, 2@3?/3),

(-

the only possible singularities of C are: P, : Y1 =ys =ay = 0and P : ypo = y3 = a; = 0.

It is easy to check that P is a A;j-singularity on the fibre of 7|s over p’ € B, and P, is a
A;-singularity on the fibre of 7|z over p € B.

Considering [17] Lemma 6.14, we take 0 as the complete intersection of C with a relative

cubic G € |OP(E)(3)®7~T*OB(_O_7I)|- Let A be the linear subspace of |OP(E)(3)®7~T*OE§(—(~)—7))|
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consisting of divisors defined by the equations:

g = b1y} + bays + b3y1yays,

where bl € HO(Oé(p,) X QZ)*N),bQ = T;bl € HO(Oé(p) X QZ)*N),bg € Ho(gb*OB)G = HO(OB),
by # 0. Then an element G € A is G-invariant. Moreover, G does not contain the singularities
Py, P, of C.

When by, b3 vary, A has no fixed points except the 4 curves C; := {y; = yo = 0}, Cs :=
{b1 = yo = 0}(on the fibre over p'), C5 := {by = y; = 0}(on the fibre over p) and C, := {y3 =
biyi + boys = 0,91 # 0,72 # 0}. Note that C; does not intersect C, so for a general member
G e A, 5 =GnC is smooth outside (Cy UC3 U Cy) NC.

Now we show that 0 is smooth at (C, UC5UC,)NC by computing the rank of the Jacobian
matrix. For Co N C := {by = 3 = a3y? + asy3 = 0}, the Jacobian matrix is

0 2a2y1(#0) 0 2azys
kyi(# 0) 0 0 0
which has rank 2, therefore 4 is smooth at C,NC. The proof for Cy NC is similar (since Cy, Cs

are symmetric).
For CyNC = {ys = a3y? + a3y3 = biyi + boys = 0,41 # 0, y» # 0}, the Jacobian matrix is

0 2afyi(#0) 2a3y2(# 0) 0
0 3b1y7(#0) 3bys(# 0) bsyryz(# 0)

which has rank 2, thus 6 is smooth at C ﬂ~C~ . Hence for a general member GeA bd=GNnC
is smooth. Therefore, the double cover of C with branch divisor ¢ is smooth.

Let C := ®(C),G := ®(G) and § := CNG. By [17] Theorem 4.13, the double cover
S — C with branch divisor ¢ is a smooth double cover, and S is a minimal surface with
pg=q=1K*=3,9g=2V,=V/=Eg(2,1) and Vo =V = Ej(2,1)(0) ® Op(1). O

Remark 5.3. In fact, the minimal surfaces constructed in Theorem 5.1 are contained in M?’z.

Proof. (1) For general choices of C € |Opy,)(2) @ * det(V1) %] and G € |Op(y,)(3) @ m*Op(—2-
0—27)|,d =CNG is connected:

Since we have proved that for general choices of C and G, ¢ is smooth, it suffices to show
h9(Os) = 1. Let m : W := P(V,) — B be the natural projective bundle, T' be the divisor on
W such that 7.0 (T') = V5(—0), and H; be the fibre of 7 over t € B.

Consider the following exact sequences

0— Oc(—=3T+ Hy) = Oc — O5 — 0
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By [4] Chap. I, Theorem 5.1 and using Serre duality, we have h°(Ow (=3T+Hy)) = h° (7, Oy (—3T+
Hy)) = 0, W' (Ow(=3T + Hy)) = h*(Ow(—Ho + H:)) = h*(Op(—=0+ 7)) = 0, h' (Ow (=5T +
Hy)) = W*(Ow(2T — Hy + H,)) = h*(m.(Ow (2T — Hy + H,)) = 0, h*(Ow(=5T + Hy)) =
hY(Ow (2T — Hy + H,)) = h'Y(S?*(Vi)(r — 0)) = 0 (cf. Lemma 4.13). Hence we have
h*(O¢(—3T + Hy)) = 0. Since moreover h°(O¢) = 1, we get h°(O;) = 1.

(2) S is not contained in M37,. If these surfaces were contained in M37, then we get
a l-parameter connected flat family & — T of canonical models of minimal surfaces with
py = q =1,K? = 3,9 = 2 such that the central fibre has v» = 2 while a general fibre has
vy = 3. Now we have a flat family of double covers of conic bundles having only RDP’s
as singularities such that, for a general fibre the branch curve is reducible and disconnected
(see [17] proposition 6.16), hence h°(d;) > 1(¢ # 0); while for the central fibre the branch
curve is irreducible and smooth, hence h%(dy) = 1 < h%(d;)(t # 0), contradicting the upper
semi-continuity. L

By the proof of Corollary 5.2, we see that S is contained in M?Q. O
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