
Classification and Moduli spaces of Surfaces of

General Type with pg = q = 1

Der Universität Bayreuth

zur Erlangung des Grades eines

Doktors der Naturwissenschaften (Dr. rer. nat.)

vorgelegte Abhandlung

von

Songbo Ling

aus Shandong, China



Abstract

This thesis is devoted to the classification and moduli spaces of surfaces of general

type with pg = q = 1. First we consider the case g = 2,K2 = 5 (where g is the

genus of the Albanese fibre) and prove that the surfaces constructed by Catanese ([10]

Example 8) constitute a connected component of the moduli space of surfaces with

pg = q = 1,K2 = 5. Then we consider the case g = 3,K2 = 4 and give two irreducible

components of the moduli space of surfaces with pg = q = 1,K2 = 4. Finally, we

prove that the number of direct summands of the direct image of the bicanonical sheaf

under the Albanese map is not a deformation invariant, which gives a negative answer

to Pignatelli’s question [35].

Kurzzusammenfassung

Die vorliegende Dissertation beschäftigt sich mit der Klassifikation von Flächen all-

gemeinen Typs mit pg = q = 1 und deren Modulräumen. Zunächst betrachten wir den

Fall g = 2,K2 = 5 (wobei g das Geschlecht der Albanesefaser bezeichne) und zeigen, dass

die von Catanese in [10], Example 8 konstruierten Flächen eine Zusammenhangskompo-

nente des Modulraums der Flächen von allgemeinem Typ mit pg = q = 1 und K2 = 5

bilden. Danach wird der Fall g = 3,K2 = 4 untersucht; hierbei geben wir zwei irreduzible

Komponenten des Modulraums der Flächen von allgemeinem Typ mit pg = q = 1 und

K2 = 4 an. Am Ende geben wir eine negative Antwort auf eine Frage von Pignatelli in

[35], indem wir zeigen, dass die Anzahl der direkten Summanden des direkten Bildes der

bikanonischen Garbe unter der Albaneseabbildung nicht invariant unter Deformationen

ist.
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1 Introduction

The classification of algebraic surfaces of general type with pg = q = 1 has attracted the

interest of many authors since they are irregular surfaces of general type with the lowest geo-

metric genus. For these surfaces, by the Bogomolov-Miyaoka-Yau inequality and an inequality

by Bombieri ([3] Lemma 14), one has 2 ≤ K2 ≤ 9. By Gieseker’s Theorem (cf. [21]), there

exists a quasi-projective coarse moduli scheme M1,1 (which is called Gieseker moduli space)

for these surfaces. Moreover, by the results of Mǒı̌sezon [41], Kodaira [27] and Bombieri [3],

M1,1 has finitely many irreducible components. The main goal of this thesis is to study M1,1

and to determine some of its irreducible or connected components.

For such a surface S, the Albanese map f : S → Alb(S) of S is a fibration onto an

elliptic curve. Since the genus g of a general fibre of f (which is called Albanese fibre) (cf.

[17] Remark 1.1) and K2
S are differentiable invariants, surfaces with different g or K2 belong

to different connected components of M1,1. Hence we can study the moduli spaces of these

surfaces according to the pair (K2, g).

Denote by Mx,y
1,1 the Gieseker moduli space of surfaces of general type with pg = q = 1,

K2 = x and g = y, where x, y ∈ N+. One important problem is the geography problem: for

which pair (x, y) is Mx,y
1,1 nonempty?

Since we have 2 ≤ K2 ≤ 9, we only need to bound g with respect to K2. If K2 = 2,

Catanese [7] and Horikawa [24] proved independently that g = 2; if K2 = 3, Catanese-

Ciliberto [14] proved that g = 2 or g = 3; if K2 = 4, Ishida [25] proved that g = 2, 3 or 4

under the assumption that the general Albanese fibre is hyperelliptic. When K2 ≥ 5, even an

upper bound for g is unknown. We do not study this problem in this thesis.

Another important problem is: if MK2,g
1,1 is nonempty, find out all of its irreducible and

connected components.

It is relatively easy when the genus g is small, so we first consider the case g = 2. By a

result of Xiao [42], one has K2 ≤ 6.

The case K2 = 2 has been accomplished by Catanese [7] and Horikawa [24] independently:

M2,2
1,1 is irreducible of dimension 7. The case K2 = 3 has been described by Catanese-Ciliberto

[14] and completed by Catanese-Pignatelli [17]: M3,2
1,1 consists of three irreducible and con-

nected components of dimension 5.

The case K2 = 4 was studied by Catanese [10], Rito [38], Polizzi [37], Frapporti-Pignatelli

[20] and Pignatelli [35]. In particular, Pignatelli [35] found eight disjoint irreducible compo-

nents of M4,2
1,1 under the assumption that the direct image of the bicanonical sheaf under the

Albanese map is a direct sum of three line bundles. It is still unknown whether M4,2
1,1 has other

irreducible components or not.

For the case K2 = 5, the only known examples were constructed by Catanese [10] and

Ishida [26]. It is possible that the surfaces with pg = q = 1, K2 = 5, g = 2 constructed by

Ishida [25] are isomorphic to some surfaces constructed by Catanese (see Remark 3.15). For

the case K2 = 6, no example is known.

In the third part of this thesis, we analyse Catanese’s examples of surfaces with K2 =

5, g = 2 in [10] Example 8 and prove the following
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Theorem 1.1. The surfaces constructed by Catanese constitute a 3-dimensional irreducible

and connected component of M5,2
1,1.

The idea of the proof for Theorem 1.1 is the following. First we show that a general surface

in each of the two families (in [10] Example 8, case I and case II) is a smooth bidouble cover of

the Del Pezzo surface of degree 5. Moreover, we prove that the two families are equivalent up

to an automorphism of this Del Pezzo surface. Hence the images of the two families coincide

as an irreducible subset M in M5,2
1,1.

Then using Catanese’s theorem [8] on deformations of smooth bidouble covers and a method

of Bauer-Catanese [2], we calculate h1(TS) for a general surface in this family and show that

it is equal to the dimension of M (which is 3). By studying the limit surface in the family,

we show that M is a Zariski closed subset of M5,2
1,1, hence M is an irreducible component of

M5,2
1,1. By studying the deformation of the branch curve of the double cover S → C ⊂ P(V2)

(where V2 = f∗ω
⊗2
S/B and C is the conic bundle in Catanese-Pignatelli’s structure theorem for

genus 2 fibrations), we show that M is an analytic open subset of M5,2
1,1. Therefore M is a

connected component of M5,2
1,1.

After that, we consider the case g = 3. In this case we have K2 ≥ 3 (cf. [24] Theorem 3.1).

The case K2 = 3 has been accomplished by Catanese-Ciliberto [14, 15]: M3,3
1,1 is irreducible

of dimension 5. Moreover, the general Albanese fibre of these surfaces is nonhyperelliptic.

When K2 ≥ 4, there are many examples (e.g. see Polizzi [36] [37], Rito [38] [40], Ishida

[25], Mistretta-Polizzi [34] and Frapporti-Pignatelli [20]), but we know quite little about the

irreducible or connected components of MK2,3
1,1 .

In the forth part of this thesis we consider the case K2 = 4. Due to technical reasons, we

begin by assuming that the general Albanese fibre is hyperelliptic and the direct image of the

canonical sheaf is decomposable (by [5] Theorem 2 and Lemma 2.1, this implies that ι = 2).

We call surfaces with these properties surfaces of type I and denote by MI their image in

M4,3
1,1. Our third main result is the following

Theorem 1.2. MI consists of two disjoint irreducible subsets MI1 and MI2 of dimension 4

and 3 respectively. Moreover, MI1 is contained in a 5-dimensional irreducible component of

M4,3
1,1 and MI2 is contained in a 4-dimensional irreducible component of M4,3

1,1. For the general

surface in these strata the general Albanese fibre is nonhyperelliptic.

The idea of the proof for Theorem 1.2 is the following. First we prove that every Albanese

fibre of such a surface is 2-connected, which makes Murakami’s structure theorem [33] for genus

3 hyperelliptic fibrations available in our case. Then, using Murakami’s structure theorem, we

divide surfaces of type I into two types according to the order of some torsion line bundle:

surfaces of type I1 and surfaces of type I2. Moreover, we show that the subspace MI1 of M
4,3
1,1

corresponding to surfaces of type I1 and the subspace MI2 of M4,3
1,1 corresponding to surfaces

of type I2 are two disjoint closed subset of M4,3
1,1.

We then construct a family M1 of surfaces of type I1 using bidouble covers of B(2), the

second symmetric product of an elliptic curve B. We show that every surface of type I1
is biholomorphic to some surface in M1 and that dimMI1 = 4. After that we study the
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natural deformations of the general surfaces of type I1 and show that MI1 is contained in

a 5-dimensional irreducible subset M′
1 of M4,3

1,1. By computing h1(TS) for a general surface

S ∈M1, we prove that M′
1 is an irreducible component of M4,3

1,1. Using a similar method, we

show that dimMI2 = 3 and that MI2 is contained in a 4-dimensional irreducible component

M′
2 of M4,3

1,1.

We also remark that a general surface inM′
1 orM

′
2 has a genus 3 nonhyperelliptic Albanese

fibration. (cf. Remarks 4.26 and 4.36)

Topological and deformation invariants play an important role in studying the moduli

spaces of algebraic surfaces. For surfaces S of general type with pg = q = 1, Catanese-

Ciliberto (cf. [14] Theorems 1.2 and 1.4) proved that the the number ν1 of direct summands

of f∗ωS (where f is the Albanese fibration of S and ωS is the canonical sheaf of S) is a

topological invariant. After that Pignatelli (cf. [35] p. 3) asked: is the number ν2 of direct

summands of f∗ω
⊗2
S a deformation or a topological invariant?

In the last part of this thesis we give a negative answer to Pignatelli’s question, i.e.

Theorem 1.3. The number ν2 is not a deformation invariant, thus it is not a topological

invariant, either.

The idea is to show that M3,2
II is nonempty, where M3,2

II is the subspace of M3,2
1,1 corre-

sponding to surfaces with ν2 = 2 (see [17] Definition 6.11). Since Catanese-Pignatelli ([17]

Proposition 6.15) showed that M3,2
II cannot contain any irreducible component of M3,2

1,1, this

implies that surfaces with ν2 = 2 can be deformed to surfaces with ν2 = 1 or ν2 = 3. Therefore

ν2 is not a deformation invariant.
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Notation.

We work over the field C of complex numbers. Unless otherwise stated, we shall use the

following general notation.

Let X be a smooth algebraic surface, and D,D′ two divisors on X . We write:

ΩX : the sheaf of holomorphic 1-forms on X

TX := HomOX
(ΩX ,OX) the tangent sheaf of X

ωX := ∧2ΩX the sheaf of holomorphic 2-forms on X

KX (or simply K if no confusion): the canonical divisor of X (i.e. ωX ∼= OX(KX))

q(X) := h1(OX) the irregularity of X

pg(X) := h2(OX) the geometric genus of X

χ(OX) := 1− q(X) + pg(X) the Euler-Poincaré characteristic of OX

D ≡ D′ if D and D′ are linearly equivalent

D ∼alg D
′ if D and D′ are algebraically equivalent

H i(OX(D)) (or simply H i(D)): the ith cohomology group of the sheaf OX(D)

hi(D) := dimCH
i(D)

|D| = the set of effective divisors linearly equivalent to D

= the projective space corresponding to H0(D)

Let S be a minimal surface of general type with pg = q = 1. We write:

S ′: the canonical model of S

{K}: the paracanonical system of S

ι: the index of {K}
f : S → B := Alb(S) the Albanese map of S, which is also called the Albanese fibration

of S

F : the fibres of f , which are also called the Albanese fibres

g: the arithmetic genus of (the Albanese fibre) F

Vn := f∗ω
⊗n
S/B (= f∗ω

⊗n
S since ωB ∼= OB)

Let B be an elliptic curve, we write:

0: the neutral element in the group law of B

η1, η2, η3: the three nontrivial 2-torsion points of B

B(r): the rth symmetric product of B

Eu(r, 1) (where u is a point on B): the unique indecomposable rank r vector bundle over

B with determinant OB(u) (cf. [1])

Let p : B(2) = {(x, y)|x ∈ B, y ∈ B, (x, y) ∼ (y, x)} → B be the natural projection defined

by (x, y) 7→ x + y. Set Du := {(u, x)|x ∈ B} a section of p and Eu := {(x, u − x)|x ∈ B} a

fibre of p.

We denote by Mx,y
1,1 the Gieseker moduli space of surfaces of general type with pg = q = 1,

K2 = x and g = y, where x, y ∈ N+.
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2 Preliminaries

In this section, we give some definitions and lemmas that we shall use in the following

sections.

2.1 The paracanonical map and the relative canonical map

Let S be a minimal algebraic surface with pg = q = 1, and let f : S → B := Alb(S) be the

Albanese map of S. By the Stein factorization and the the universal property of the Albanese

map, we know that the fibres of f are connected, thus f is a fibration. We call f the Albanese

fibration of S, and call the fibres F of f Albanese fibres of S.

Let t be a point on B and set K⊕ t := K+f ∗(t−0) (where 0 is the neutral element of the

elliptic curve B). Since h0(K) = pg = 1 and h0(K⊕ t) = 1+h1(K⊕ t) (by Riemann-Roch), by

the upper semicontinuity, there is a Zariski open subset U ∋ 0 of B such that for any t ∈ U ,

h0(K ⊕ t) = 1. We denote by Kt the unique effective divisor in |K ⊕ t| for any t ∈ U .

We define the paracanonical incidence correspondence to be the schematic closure Y (ob-

serve that it is a divisor) in S×B of the set {(x, t) ∈ S×U |x ∈ Kt}. Let πS : S×B → S and

πB : S × B → B be the natural projections. We define Kt as the fibre of πB|Y : Y → B over

t for any t ∈ B \ U . Note that Y provides a flat family of curves on S, which we denote by

{K} and call it the paracanonical system of S. The index ι of {K} is the intersection number

of Y with the curve {x}×B for a general point x ∈ S, which is exactly the degree of the map

πS|Y : Y → S.

Now we define a rational map w′ : S 99K B(ι) as follows: for a general point x ∈ S,

w′(x) := (t1, t2, · · · tι) such that (πS|Y )
−1(x) = {(x, t1), (x, t2), · · · (x, tι)}. We call w′ the

paracanonical map of S.

Let Vn = f∗ω
⊗n
S and let w : S 99K P(V1) be the relative canonical map of f . Since deg V1 = 1

and rankV1 = g, V1 has a decomposition into indecomposable vector bundles V1 =
⊕k

i=1Wi

with degW1 = 1, and degWi = 0, H0(Wi) = 0 (2 ≤ i ≤ k).

Lemma 2.1 ([14] Theorem 2.3). We have rankW1 = ι and rankWi = 1 (i = 2, · · ·k).
Moreover, Wi (i = 2, · · · k) are nontrivial torsion line bundles (see [17] Remark 2.10) and we

have the following commutative diagram of rational maps

S
w

//❴❴❴❴❴

w′

%%❑
❑

❑

❑

❑

❑

P(V1)

ϕ
��
✤

✤

✤

B(ι) = P(W1)

where ϕ is induced by the natural inclusion: W1 →֒ V1.

Note that the divisor Y can be uniquely decomposed as Y ′+π∗
SZ, where every component of

Y ′ dominates S and Z is a divisor on S. We shall write Kt = Z+Mt, and call {M} = {Mt}t∈B
the movable part of {K}, Z the fixed part of {K}.
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Let L∗
t := {(Mu ∩Mt−u, u)} ⊂ S × B, and L′

t := {(Mu ∩Mt−u, u)} ⊂ S × B/ǫt ∼= S × P1,

where ǫt : u 7→ t − u is an involution on B. Let Lt := π′
SL

′
t, where π

′
S : S × P1 → S is the

natural projection. Denote by δ the degree of the projection of L′
t onto P1, and by µ the sum

of intersection multiplicities of two general curves in {M} at the base points of {M}. Then

we have

Lemma 2.2 ([14] section 3). M2 = δ + µ.

Remark 2.3. If ι = 1, then {M} is the pencil of Albanese fibres (cf. [14] Remark 4.3(iii)); if

ι = g, then the paracanonical map coincides with the relative canonical map.

Remark 2.4. By [14] Lemma 4.4 and Remark 2.3, one sees easily that M2 6= 1.

Lemma 2.5 ([14] Lemma 4.7). (i) If ι = 2 and w′ : S 99K B(2) is a rational double cover,

then any fibre of the Albanese pencil is hyperelliptic;

(ii) If ι = 2 and {K} has no fixed part, then we have δ = 2g − 2 and K2 = µ+ 2g − 2.

Remark 2.6. In Lemma 2.5 (ii), if {K} has a fixed part, using a similar argument, one can

show that δ = 2g − 2 and M2 = µ+ 2g − 2.

2.2 Normal bidouble covers

In this subsection, we recall some general definitions and properties about bidouble covers

from Catanese [8][9] and Manetti [31].

Let X be a smooth algebraic surface and let h : Y → X be a Galois cover with group

G = (Z/2Z)2 = {1, σ1, σ2, σ3}. We call h a normal bidouble cover (resp. a smooth bidouble

cover) if Y is normal (resp. smooth).

Let Ri be the divisorial part of Fix(σi) = {y ∈ Y |σi(y) = y} and Di = h(Ri). By purity of

the branch locus, the Weil divisor R := R1 ∪R2 ∪R3 is the set of points where h is branched.

Since Y is normal and X is smooth, we have

h∗OY = OX ⊕ (⊕3
i=1OX(−Li)),

where L1, L2, L3 are three divisors on X and OX ⊕ OX(−Li) is the σi-invariant subsheaf of

h∗OY . We have

2Li ≡ Dj +Dk, Dk + Lk ≡ Li + Lj . {i, j, k} = {1, 2, 3} (2.1)

Define V to be the vector bundle ⊕3
i=1OX(−Li) and denote by w1, w2, w3 fibre coordinates

relative to the three summands. Then Y is the subvariety of V defined by six equations

w2
i = xjxk, wkxk = wiwj. {i, j, k} = {1, 2, 3} (2.2)

where xi ∈ H0(OX(Di)).

Lemma 2.7. ([8] Proposition 2.3) A smooth bidouble cover h : Y → X is uniquely determined

by the data of effective divisors D1, D2, D3 and divisors L1, L2, L3 such that (2.1) holds and

D = ∪iDi has normal crossings.
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As Manetti [31] pointed out, these facts are also true in a more general situation where

X is smooth and Y is normal (in this case, each Di is still reduced, but D may have other

singularities except for ordinary double points)

Definition 2.8. Given a smooth bidouble cover h : Y → X expressed as a subvariety of

V = ⊕3
i=1OX(−Li) by the equations (2.2), Y ′ ⊂ V is called a natural deformation of Y if it is

given by equations

w2
i = (γjwj + x′j)(γkwk + x′k), wjwk = x′iwi + γiw

2
i . {i, j, k} = {1, 2, 3} (2.3)

where x′j ∈ H0(OX(Dj)), γj ∈ H0(OX(Dj − Lj)).

Observe that equations (2.2) take a much simpler form, and the natural way of deforming

is easier to see if one assumes one involution, say σ3, to have only isolated fixed points, i. e. ,

if one assumes x3 = 0.

Definition 2.9. (cf. [9] Definition 22.4) A simple bidouble cover is a smooth bidouble cover

such that one of the three covering involutions has a fixed set of codimension at least 2.

The equations (2.2) simplify then (set z1 = w2, z2 = w1) to (see [9] p. 75)

z21 = x1, z22 = x2. (2.4)

and a natural way to deforming them is to set

z21 = x1 + b1z2, z22 = x2 + b2z1. (2.5)

for bi ∈ H0(OX(Di − Li)) (i = 1, 2).

Definition 2.10. Let D1, . . . , Dk be divisors on a smooth surface X with defining equations

x1, . . . , xk. Define ΩX(logD1, . . . , logDk) to be the subsheaf (as OX module) of ΩX(D1 + · · ·+
Dk) generated by ΩX and dxi

xi
for i = 1, . . . , k.

Lemma 2.11. ([8] Theorem 2.16) Let h : Y → X be a smooth bidouble cover. We have

h∗(ΩY ⊗ ωY ) = ΩX(logD1, logD2, logD3)⊗ ωX ⊕ (
3

⊕

i=1

ΩX(logDi)⊗ ωX(Li)).

2.3 Catanese-Pignatelli’s structure theorem for genus 2 fibrations

In this subsection, we recall Catanese-Pignatelli’s structure theorem for genus 2 fibrations

(cf. [17] [35]) .

The 5-tuple (B, V1, τ, ξ, ω) in Catanese-Pignatelli’s structure theorem are defined as follows:

B: any smooth curve;

V1: any locally free sheaf of rank 2 over B;

τ : any effective divisor on B;
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ξ: any extension class in Ext1OB
(Oτ , S

2(V1))/AutOB
(Oτ ) such that the corresponding exact

sequence

0 → S2(V1)
υ
→ V2 → Oτ → 0

yields a vector bundle V2;

ω: any element in P(H0(B,A6 ⊗ (det V1 ⊗ OB(τ))
−2)), where A6 is defined as follows.

Consider the map in : (det V1)
2 ⊗ Sn−2(V2) → Sn(V2) (n ≥ 2) defined locally by in((x0 ∧

x1)
⊗2 ⊗ q) = (υ(x20)υ(x

2
1) − υ(x0x1)

2)q, where where x0, x1 are generators of the stalk of V1
and q is an element of the stalk of Sn−2(V2) at a point. Define A2n to be the cokernel of in.

In particular A6 is the cokernel of i3.

Now consider the map jn : V1 ⊗ (det V1) ⊗ A2n−2 → V1 ⊗ A2n (n ≥ 1) locally defined by

jn(l ⊗ (x0 ∧ x1) ⊗ q) = x0 ⊗ (υ(x1l)q) − x1 ⊗ (υ(x0l)q), where x0, x1, q are as before and l is

an element of the stalk of V1 at a point. Define A2n+1 (n ≥ 1) to be the cokernel of jn. By

[17] Lemma 4.4, An is a locally free sheaf on B for all n ≥ 3. Let A0 := OB, A1 := V1 and

A2 := V2. Define A := ⊕n≥0An. Then A is a graded OB module and C := Proj(A) is a conic

bundle in P(V2).

The 5-tuple (B, V1, τ, ξ, ω) is said to be admissible if:

(i) C has at most rational double points (simply RDP’s in the following) as singularities;

(ii) Letting ∆A be the divisor of ω on C (note ω ∈ P(H0(B,A6 ⊗ (det V1 ⊗ OB(τ))
−2)) ∼=

|OC(6) ⊗ π∗
A(det V1 ⊗ OB(τ))

−2|, where πA : Proj(A) → B is the natural projection), the

double cover X of C branched over ∆A has at most RDP’s as singularities.

Catanese-Pignatelli’s structure theorem says the following

Theorem 2.12. ([17] Theorem 4.13) There is a bijection between (isomorphism classes of)

relatively minimal genus 2 fibrations and (isomorphism classes of) admissible 5-tuples.

In more concrete terms, given an admissible 5-tuple (B, V1, τ, ξ, ω), we have a conic bundle

C ⊂ P(V2) and a double cover X → C branched over ∆A ∈ |OC(6) ⊗ π∗
A(det V1 ⊗ OB(τ))

−2|.
Since the 5-tuple (B, V1, τ, ξ, ω) is admissible, X has at most RDP’s as singularities. Let

S → X be the minimal resolution of X and let f : S → B be the composition of S → X ,

X → C and C ⊂ P(V2) → B (the last map is the natural projection). Then f is a relatively

minimal genus 2 fibration. Moreover we have f∗ωS/B = V1 and S has the following numerical

invariants:

χ(OS) = deg V1 + (b− 1),

K2
S = 2deg V1 + deg τ + 8(b− 1),

where b is the genus of B. For more details, see [17] Theorem 4.13.

Conversely, given a relatively minimal genus 2 fibraion f : S → B, we set Vn := f∗ω
⊗n
S/B

and R := ⊕∞
n=0Vn. Let v : S → X be the map contracting all (−2)-curves of S. Note that

the genus 2 fibration f induces an involution j′ on S, which maps (−2)-curves to (−2)-curves
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and thus induces an involution j on X . Let C := X/j. Then we have C = Proj(A), where A
is defined as before.

Now we can define the 5-tuple (B, V1, τ, ξ, ω) associated to f as follows:

B is the base curve;

V1 = f∗ωS/B;

τ is the effective divisor on B whose structure sheaf is isomorphic to the cokernel of the

morphism S2(V1) → V2 (induced by multiplication in R);

ξ ∈ Ext1OB
(Oτ , S

2(V1))/AutOB
(Oτ ) corresponds to the extension

0 → S2(V1)
υ
→ V2 → Oτ → 0;

ω ∈ P(H0(B,A6 ⊗ (det V1 ⊗OB(τ))
−2)) ∼= |OC(6)⊗ π∗

A(det V1 ⊗OB(τ))
−2| corresponds to

the branch divisor of u : X → C.
Moreover, its associated 5-tuple (B, V1, τ, ξ, ω) is admissible. For more details, see [17]

Theorem 4.13.

2.4 Murakami’s structure theorem for genus 3 hyperelliptic fibra-

tions

In this subsection, we recall Murakami’s structure theorem for genus 3 hyperelliptic fi-

brations (cf. [33]). We first introduce the admissible 5-tuple (B, V1, V
+
2 , σ, δ) in Murakami’s

structure theorem and then explain the structure theorem.

The 5-tuple (B, V1, V
+
2 , σ, δ) is defined as follows:

B: any smooth curve;

V1: any locally free sheaf of rank 3 over B ;

V +
2 : any locally free sheaf of rank 5 over B;

σ : any surjective morphism S2(V1) → V +
2 ;

δ: any morphism (V −
2 )⊗2 → A4. Here V

−
2 and A4 are defined as follows: letting L := ker σ,

which gives an exact sequence

0 → L→ S2(V1)
σ
→ V +

2 → 0.

We set V −
2 := (det V1) ⊗ L−1 and define An as the cokernel of the injective morphism L ⊗

Sn−2(V1) → Sn(V1) induced by the inclusion L→ S2(V1).

Set now A :=
⊕∞

n=0An and let S(V1) be the symmetric OB-algebra of V1. Via the natural

surjection S(V1) → A, the algebra structure of S(V1) induces a graded OB-algebra structure

on A. Let C := Proj(A), R := A⊕ (A[−2]⊗ V −
2 ) and X := Proj(R).

The 5-tuple (B, V1, V
+
2 , σ, δ) is said to be admissible if:

(i) C has at most RDP’s as singularities;

(ii) X has at most RDP’s as singularities.

Theorem 2.13 (Murakami’s structure theorem, cf. [33] Theorem 1). The isomorphism classes

of relatively minimal genus 3 hyperelliptic fibrations with all fibres 2-connected are in one to

one correspondence with the isomorphism classes of admissible 5-tuples (B, V1, V
+
2 , σ, δ).
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More precisely (cf. [33] Propositions 1 and 2), given a relatively minimal genus 3 hyperel-

liptic fibration f : S → B with all fibres 2-connected and setting Vn := f∗ω
⊗n
S/B, we can define

its associated 5-tuple (B, V1, V
+
2 , σ, δ) as follows:

B is the base curve;

V1 = f∗ωS/B;

V −
2 : the hyperelliptic fibration f induces an involution of S, which acts on V2 = f∗ω

⊗2
S/B.

We define V +
2 and V −

2 to be the natural decomposition of V2 into eigensheaves V2 = V +
2 ⊕ V −

2

with eigenvalues +1 and −1 respectively;

σ : S2V1 → V +
2 is the natural morphism induced by the multiplication structure of the

relative canonical algebra R =
⊕∞

n=1 Vn of f ;

δ : (V −
2 )⊗2 → V +

4 is the natural morphism induced by the multiplication of R.

Moreover, the associated 5-tuple is admissible.

Conversely, given an admissible 5-tuple (B, V1, V
+
2 , σ, δ), we have the graded OB-algebras

S(V1),A, R and varieties C, X . Note that C ∈ |OP(V1)(2) ⊗ π∗L−1| is a conic bundle de-

termined by σ, and X is the double cover of C with branch divisor determined by δ ∈
HomOB

((V −
2 )⊗2,A4) ∼= H0(C,OC(4) ⊗ (π|C)

∗(V −
2 )−2), where π : P(V1) = Proj(S(V1)) → B

is the natural projection. Let f̄ : X → B be the natural projection and v : S → X be the

minimal resolution of X . Then f := v◦ f̄ : S → B is a relatively minimal genus 3 hyperelliptic

fibration with all fibres 2-connected. Moreover, we have f∗ωS/B = V1 and S has the following

numerical invariants:

χ(OS) = deg V1 + 2(b− 1),

K2
S = 4deg V1 − 2 degL+ 16(b− 1),

where b is the genus of B.
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3 The case g = 2, K2
= 5

In this section we analyse the two families of minimal algebraic surfaces with pg = q =

1, K2 = 5 and genus 2 Albanese fibrations constructed by Catanese ([10] Example 8) and

prove Theorem 1.1.

Throughout this section, S is usually a minimal algebraic surface of general type with

pg = q = 1, K2 = 5. Let f : S → B := Alb(S) be the Albanese fibration of S and let g be

the genus of a general Albanese fibre. Set Vn := f∗ω
⊗n
S/B. X is usually the Del Pezzo surface

of degree 5.

This section is organized as follows.

In section 3.1, we recall Catanese’s examples and show that a general surface in each of

the two families (in [10] Example 8, case I and case II) is a smooth bidouble cover of the

Del Pezzo surface X of degree 5; then we prove that the two families are equivalent up to an

automorphism of X . We call this family M .

In section 3.2, we calculate h1(TS) for a general surface S in the family M and show that

the image M of M in M5,2
1,1 has the same dimension (which is 3) as h1(TS). Hence the Zariski

closure M of M in M5,2
1,1 is an irreducible component. Moreover, we show that every small

deformation of S is a natural deformation (cf. Definition 2.8).

In section 3.3, by a geometrical approach and using Catanese-Pignatelli’s structure theorem

for genus 2 fibrations, we show that: surfaces in the family M are all surfaces with pg = q =

1, K2 = 5, g = 2 such that V1 = E[0](2, 1) and V2 = OB(2 · 0) ⊕ OB(2 · 0)⊕ OB(2 · 0), where
0 is the neutral element in the group structure of B. Using this result, we prove that M is a

Zariski closed subset in M5,2
1,1, i.e. M = M.

In section 3.4, by studying the deformation of the branch curve of the double cover S →
C ⊂ P(V2) (where C is the conic bundle in Catanese-Pignatelli’s structure theorem for genus

2 fibrations), we show that M is an analytic open subset of M5,2
1,1, which, combined with the

Zariski closedness of M, proves that M is an irreducible and connected component of M5,2
1,1.

3.1 The two families constructed by Catanese

In this section, we show that a general surface with pg = q = 1, K2 = 5, g = 2 in each of the

two families constructed by Catanese ([10] Example 8, case I and case II) is a smooth bidouble

cover of the Del Pezzo surface X of degree 5. Moreover, we prove that the two families are

equivalent up to an automorphism of X , which is induced by a Cremona transformation of

P2.

Recall that the surfaces constructed by Catanese are obtained by desingularization of

bidoubles covers over P2 with branch curves (A,B,C) (in this section we use B for one of the

branch curve, but in the following sections, B always denotes the image of the Albanese map

of S). Let P1, P2, P3, P4 be four points in general position (i.e. no three points are collinear)

in P2, then A = A1 + A2 + A3, where Ai is the line passing through P4 and Pi; B consists of

a triangle B1 + B2 + B3 with vertices P1, P2, P3 and a conic B′ passing through P1, P2, P3; C
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is a line.

In case I, P4 does not belong to B′ and C is a general line passing through P4;

In case II, P4 belongs to B′ and C goes through none of the intersection points of B with

A.

Note that in both cases, the branch curves (A,B,C) have the same degrees (3, 5, 1) and

the four points P1, P2, P3, P4 are singularities of type (0, 1, 3)
1. As Catanese showed, a general

surface in each family is a minimal algebraic surface with pg = q = 1, K2 = 5 and a genus 2

Albanese fibration.

Lemma 3.1. A general surface S1 (resp. S2) in [10] Example 8 case I (resp. case II) is a

smooth bidouble cover of the Del Pezzo surface of degree 5.

Proof. Let σ : X → P2 be the blowing up of P2 at the four points {Pi}
4
i=1. Then X is the Del

Pezzo surface of degree 5 since the four points are a projective basis of P2.

Let Ei5 be the exceptional curve lying over Pi for i = 1, 2, 3, 4, and let Eij be the strict

transform of the line passing through Pl, Pk, where {i, j, l, k} = {1, 2, 3, 4}. Denote by C1

(resp. C2) the strict transform of the line C in case I (resp. case II), and denote by Q1 ( resp.

Q2) the strict transform of the conic B′ contained in the divisor B in case I (resp. case II).

In case I, let D1 := E12 +E13 +E23, D2 := Q1 +E14 +E24 +E34 +E45, D3 := C1 +E15 +

E25+E35, L1 := E34+E15+E25+Q1, L2 := C1+E13+E25, L3 := E34+E12+E14+E23+E45,

then we have 2Li ≡ Dj + Dk and Dk + Lk ≡ Li + Lj for {i, j, k} = {1, 2, 3}. Moreover,

D := D1 ∪D2 ∪D3 has normal crossings. Hence the effective divisors D1, D2, D3 and divisors

L1, L2, L3 determine a smooth bidouble cover π1 : Ŝ1 → X . One checks easily that Ŝ1 = S1.

Similarly, in case II, let D′
1 = E12 + E13 + E23, D

′
2 = Q2 + E14 + E24 + E34, D

′
3 =

C2 + E15 + E25 + E35 + E45, L
′
1 = E24 + E13 + E23 + E15 + 2E45, L

′
2 = C2 + E23 + E15,

L′
3 = Q2 + E34 + E12, then the effective divisors D′

1, D
′
2, D

′
3 and divisors L′

1, L
′
2, L

′
3 determine

a smooth bidouble cover π2 : Ŝ2 → X . Moreover Ŝ2 = S2.

Now we study the transform of branch curves under a suitable Cremona transformation of

P2. Denote by lij (1 ≤ i 6= j ≤ 4) the line passing through Pi, Pj . By abuse of notation, we

still denote by C1 (resp. C2) for the line C in case I (resp. case II), and by B′
1 (resp. B′

2) for

the conic contained in B in case I (resp. case II).

Since {Pi}
4
i=1 are a projective basis of P2, we can find a coordinate system (x : y : z) on P2

such that P1 = (1 : 0 : 0), P2 = (0 : 1 : 0), P3 = (0 : 0 : 1), P4 = (1 : 1 : 1). Then l23 = {x = 0},
l13 = {y = 0}, l12 = {z = 0}, C1 = {a1x+a2y+a3z = 0|a1 6= 0, a2 6= 0, a3 6= 0, a1+a2+a3 = 0}
and B′

1 = {b1yz + b2xz + b3xy = 0|b1 6= 0, b2 6= 0, b3 6= 0, b1 + b2 + b3 6= 0},
Let φ : P2

99K P2 be the Cremona transformation such that φ : (x : y : z) 7→ (yz : xz : xy).

Then φ : Pi 7→ ljk, ljk 7→ Pi, ({i, j, k} = {1, 2, 3}); P4 7→ P4. Note that φ−1(C1) = {a1yz +
a2xz + a3xy = 0|a1 6= 0, a2 6= 0, a3 6= 0, a1 + a2 + a3 = 0} is a smooth conic containing

P1, P2, P3 and P4, which is exactly B′
2; φ

−1(B′
1) = {b1x

′ + b2y
′ + b3z

′ = 0}|b1 6= 0, b2 6= 0, b3 6=
0, b1+b2+b3 6= 0} is a line containing none of the four points Pi(i = 1, 2, 3, 4), which is exactly

C2. Hence under φ, C2 7→ B′
1, B

′
2 7→ C1.

1This means that the respective multiplicities of the three branch curves at the point are (0, 1, 3).
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Note that φ induces a holomorphic automorphism Φ on X and Φ acts as : Ei4 7→ Ei5,

Ei5 7→ Ei4 (i = 1, 2, 3); C1 7→ Q2, Q1 7→ C2; and Eij 7→ Eij (i 6= j and i, j ∈ {1, 2, 3}). So

Φ(D1, D2, D3) = (D′
1, D

′
2, D

′
3). Therefore, we have the following:

Proposition 3.2. The two families of algebraic surfaces in [10] Example 8 case I and case II

are equivalent up to an automorphism of X.

Since the two families in [10] Example 8 are equivalent, we only need to study one of them.

From now on, we focus on the family in case I. Considering Lemma 3.1, we give the following

definition and notation:

Definition 3.3. We denote by M the family of minimal surfaces in [10] Example 8 case I.

Denote by M the image of M in M5,2
1,1 and by M the Zariski closure of M in M5,2

1,1.

From the construction of the family M , it is easy to calculate the dimension of M.

Lemma 3.4. M is a 3-dimensional irreducible subset of M5,2
1,1.

Proof. M is a 3-parameter irreducible family: no parameter for {P1, P2, P3, P4}, no param-

eter for A = A1 + A2 + A3 and the triangle B1 + B2 + B3 (since they are determined by

{P1, P2, P3, P4}), 2 parameters for the conic B′ passing though P1, P2, P3 and 1 parameter for

the line C passing though P4.

M gives a family of surfaces S endowed with an inclusion ψ : (Z/2Z)2 →֒ Aut(S), which

determines the bidouble cover π : S → X . Since Aut(S) is a finite group, for a fixed S, there are

only finite choices for ψ. On the other hand, there is a biholomorphism h : (S1, ψ1)
∼
−→ (S2, ψ2)

if and only if there is a biholomorphic automorphism h′ of X such that the following diagram

S1
h

//

π1
��

S2

π2
��

X
h′

// X

commutes. Since Aut(X) is isomorphic to the symmetric group S5 (cf. [13] Theorem 67),

which is a finite group, we see that there are only finitely many surfaces in M isomorphic to

S. Therefore, M is a 3-dimensional irreducible subset of M5,2
1,1.

3.2 M is an irreducible component of M5,2
1,1

Let S be a general surface in M . In this section, we calculate h1(TS) and show that M is

an irreducible component of M5,2
1,1.

For the convenience of calculations, we use notation a little different from section 3.1. Let

σ : X → P2 be the blowing up of P2 at the four points P1, P2, P3, P4 in general position.

Denote by Ei the exceptional curve lying over Pi (i = 1, 2, 3, 4), L the pull back of a line l in

P2 via σ, Lij the strict transform of the line lij passing through Pi, Pj (i, j ∈ {1, 2, 3, 4}; i 6= j),

C the strict transform of a line l4 passing through P4, and Q the strict transform of a conic

Q̄ passing though P1, P2, P3.
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By Lemma 3.1, S is a smooth bidouble of X (which we denote by π) determined by

effective divisors (D1, D2, D3) and divisors (L1, L2, L3). Using the above notation, we have

D1 = L14 + L24 + L34, D2 = Q + L12 + L23 + L13 + E4, D3 = C + E1 + E2 + E3. L1 =

L12 + E1 + E2 + Q,L2 = C + L24 + E2, L3 = L12 + L13 + L23 + L14 + E1. Note KX + L1 ≡
E4, KX + L2 ≡ −L12 + E3 − E4, KX + L3 ≡ L12 − E3.

Since H0(TS) = 0, by Riemann-Roch, we have −χ(TS) = h1(TS) − h2(TS) = 10χ(OS) −
2K2 = 0. Hence h1(TS) = h2(TS) = h0(ΩS ⊗ ωS) by Serre duality. By Lemma 2.11, we have

H0(ΩS ⊗ ωS) ∼= H0(π∗(ΩS ⊗ ωS))

= H0(ΩX(logD1, logD2, logD3)⊗ ωX)⊕ (
3

⊕

i=1

H0(ΩX(logDi)(KX + Li)).

To calculate h1(TS), it suffices to calculate h0(ΩX(logD1, logD2, logD3)) and h
0(ΩX(logDi)(KX+

Li)) (i = 1, 2, 3). The first one is easy to calculate:

Lemma 3.5. H0(ΩX(logD1, logD2, logD3)⊗ ωX) = 0.

Proof. By Catanese [8](2.12), we have the following exact sequence

0 → ΩX ⊗ ωX → ΩX(logD1, logD2, logD3)⊗ ωX →
3

⊕

i=1

ODi
(KX) → 0.

Since σ : X → P2 is the blowing up of P2 at four points, we have the following exact sequence

0 → TX → σ∗TP2 →
4

⊕

i=1

OEi
(1) → 0.

Since hj(σ∗TP2) = hj(TP2), h
0(TP2) = dimAut(P2) = 8, h1(TP2) = h2(TP2) = 0 and h0(TX) =

dimAut(X) = 0, we see that Hj(ΩX ⊗ ωX) = H2−j(TX) = 0(j = 0, 1, 2). Since each Di(i =

1, 2, 3) is a disjoint union of rational curves whose intersection number with KX equals -1, -2,

or -3, we have H0(ODi
(KX)) = 0, hence H0(ΩX(logD1, logD2, logD3)⊗ ωX) = 0.

To compute h0(ΩX(logDi)(KX + Li)) (i = 1, 2, 3), we need the following two lemmas in

[2]:

Lemma 3.6. ([2] Lemma 4.3) Assume that N is a connected component of a smooth divisor

D ⊂ X, where X is a smooth projective surface. Let M be a divisor on Y. Then

H0(ΩX(log(D −N))(N +M)) = H0(ΩX(log(D))(M))

provided (KX + 2N +M)N < 0.

We shall use Lemma 3.6 several times in the case where N ∼= P1 and N2 < 0.
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Lemma 3.7. ([2] Lemma 7.1 (3)) Consider a finite set of distinct linear forms

lα := y − cαx, α ∈ A

vanishing at the origin in C2. Let p : Z → C2 be the blow up of the origin, let Dα be the strict

transform of the line Lα := {lα = 0}, and let E be the exceptional divisor.

Let Ω1
C2((dloglα)α∈A) be the sheaf of rational 1-forms generated by Ω1

C2 and by the differ-

ential forms dloglα as an OC2-module and define similarly Ω1
Z((logDα)α∈A). Then:

p∗Ω
1
Z((logDα)α∈A) = {η ∈ Ω1

C2((dloglα)α∈A)|η = Σαgαdloglα + ω, ω ∈ Ω1
C2 ,Σαgα(0) = 0}.

Now we calculate h0(ΩX(logDi)(KX +Li)) (i = 1, 2, 3) using a method of Bauer-Catanese

(cf. [2] Lemmas 4.3, 4.4, 4.5, 4.6, 7.1).

Lemma 3.8. H0(ΩX(logD1)(KX + L1)) = 0.

Proof. By Lemma 3.6, we have

H0(ΩX(logD1)(KX + L1))

= H0(ΩX(logD1)(E4))

= H0(ΩX(log(D1 − L34))(L34 + E4)) ((KX + 2L34 + E4)L34 = −2 < 0)

= H0(ΩX(log(L14 + L24))(L− E3))

By Lemma 3.7, this is a subspace V 1 of H0(ΩP2(logl14, logl24)(1)) consisting of sections sat-

isfying several linear conditions. Choose a coordinate system (x1 : x2 : x3) on P2 such that

P1 = (0 : 1 : 0), P2 = (1 : 0 : 0), P3 = (1 : 1 : 1), P4 = (0 : 0 : 1). Then l14 = {x1 = 0}, l24 =

{x2 = 0}. By [2] Lemma 4.5 and Corollary 4.6, any ω ∈ H0(ΩP2(logl14, logl24)(1)) has the

form ω = dx1
x1

(a12x2−a21x1+a13x3)+
dx2
x2

(−a12x2+a21x1+a23x3)+ dx3(−a13−a23) (aij ∈ C).

Now let ω ∈ V 1. Using Lemma 3.7 for P4, we get

a13 + a23 = 0.

Using Lemma 3.7 for P1, P2, we get

a12 = a21 = 0.

Since ω(P3) = a13dx1 + a23dx2 + (−a13 − a23)dx3 = 0, we get

a13 = a23 = 0.

Therefore, H0(ΩX(logD1)(KX + L1)) = V 1 = 0.

Lemma 3.9. h0(ΩX(logD3)(KX + L3)) = 1.

Proof. We use the same notation as in Lemma 3.8. By Lemma 3.6,

H0(ΩX(logD3)(KX + L3))

= H0(ΩX(log(D3))(L12 − E3))

= H0(ΩX(log(C + E1 + E2))(L12)) ((KX + 2E3 + L12 −E3)E3 = −2 < 0)

= H0(ΩX(log(C + E1))(L12 + E2)) ((KX + 2E2 + L12)E2 = −2 < 0))

= H0(ΩX(log(C))(L)) ((KX + 2E1 + L12 + E2)E1 = −2 < 0)

= H0(ΩX(log(L− E4))(L))

17



which is a subspace V 3 of H0(ΩP2log(l4)(1)). Take a coordinate system (x1 : x2 : x3) on P2

such that P4 = (0, 0, 1)and l4 : x1 = 0. By [2] Lemma 5, any element ω ∈ H0(ΩP2log(l4)(1))

has the form ω = dx1
x1

(a2x2 + a3x3)− a2dx2− a3x3 (a2, a3 ∈ C). Now let ω ∈ V 3, using Lemma

3.7 for P4, we get a3 = 0, hence we have V 3 ∼= C. Therefore h0(ΩX(logD3)(KX+L3)) = 1.

Lemma 3.10. h0(ΩX(logD2)(KX + L2)) ≤ 2.

Proof. By Lemma 3.6,

H0(ΩX(logD2)(KX + L2))

= H0(ΩX(logD2)(−L12 + E3 − E4))

= H0(ΩX(log(D2 − L12))(E3 − E4)) ((KX + 2L12 − L12 + E3 −E4)L12 = −2 < 0)

= H0(ΩX(log(D2 − L12 −E4))(E3)) ((KX + 2E4 + E3 − E4)E4 = −2 < 0)

= H0(ΩX(log(Q+ L23 + L13)(E3))

= H0(ΩX(log(Q+ L23)(L13 + E3)) ((KX + 2L13 + E3)L13 = −2 < 0)

= H0(ΩX(log(Q+ L23)(L− E1))

which is a subspace V 2 of H0(ΩP2(log(Q̄+ l23))(1)). From the exact sequence

0 → ΩP2(1) → ΩP2(log(Q̄+ l23))(1) → OQ̄+l23(1) → 0,

and hi(ΩP2(1)) = 0 (i = 0, 1), we get

H0(ΩP2(log(Q̄+ l23))(1)) ∼= H0(OQ̄+l23(1)),

which has dimension 3.

Choose a coordinate system (x1 : x2 : x3) on P2 such that P1 = (1 : 0 : 0), P2 = (0 :

1 : 0), P3 = (0 : 0 : 1). Then l23 = {x1 = 0}, Q̄ = {x1x2 + x2x3 + x1x3 = 0}. Note

that any element ω ∈ H0(ΩP2log(Q̄ + l23)(1)) is of the form ω = (a1x1 + a2x2 + a3x3)(
dx1
x1

+
d(x1x2+x2x3+x1x3)
x1x2+x2x3+x1x3

) (a1, a2, a3 ∈ C). Now let ω ∈ V 2, since ω(P1) = 0, we get a1 = 0. Therefore

h0(ΩX(logD2)(KX + L2)) =dimV 2 ≤ 2.

On the other hand, By [8] (2.18), we have the following exact sequence (since S is of general

type, we have H0(TS) = 0)

0 = H0(TS) → H0(π∗TX) →
3

⊕

i=1

H0(ODi
(Di)⊕ODi

(Di − Li))
∂
−→ H1(TS)

→ H1(π∗TX) →
3

⊕

i=1

H1(ODi
(Di)⊕ODi

(Di − Li)) → H2(TS) → H2(π∗TX) → 0.

Lemma 3.11. H0(π∗TX) = H0(TX)⊕H0(TX(−L1))⊕H0(TX(−L2))⊕H0(TX(−L3)) = 0, so

the map

∂ :

3
⊕

i=1

H0(ODi
(Di)⊕ODi

(Di − Li)) → H1(TS)
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is injective. Moreover, we have

h0(OD1(D1)⊕OD1(D1 − L1)) = h0(OD1(D1)) = 0;

h0(OD2(D2)⊕OD2(D2 − L2)) = h0(OD2(D2)) = 2;

h0(OD3(D3)⊕OD3(D3 − L3)) = h0(OD3(D3)) = 1.

Therefore,

h1(TS) ≥ Σ3
i=1h

0(ODi
(Di)⊕ODi

(Di − Li)) = 3.

Proof. By the projection formula, we have π∗(π
∗TX) = TX ⊕ (

⊕3
i=1 TX(−Li)). Since π is

an affine morphism, we have H0(π∗TX) = H0(π∗π
∗TX) = H0(TX ⊕ (

⊕3
i=1 TX(−Li))). Since

h0(TX) = 0 and Li (i = 1, 2, 3) are effective divisors, we see h0(TX(−Li)) ≤ h0(TX) = 0.

Hence ∂ is injective and h1(TS) ≥
∑3

i=1 h
0(ODi

(Di)⊕ODi
(Di − Li)).

Note each Di is a disjoint union of smooth rational curves. Now the lemma follows from

OD1(D1) ∼= OL14(−1)⊕OL24(−1)⊕OL34(−1);

OD1(D1 − L1) ∼= OL14(−3)⊕OL24(−3)⊕OL34(−2);

OD2(D2) ∼= OL12(−1)⊕OL13(−1)⊕OL23(−1)OE4(−1)⊕OQ(1);

OD2(D2 − L2) ∼= OL12(−3)⊕OL13(−2)⊕OL23(−3)OE4(−2)⊕OQ(−3);

OD3(D3) ∼= OE1(−1)⊕OE2(−1)⊕OE3(−1)⊕OC ;

OD3(D3 − L3) ∼= OE1(−3)⊕OE2(−3)⊕OE3(−3)⊕OC(−3).

Proposition 3.12. Let S be a general surface inM . Then h1(TS) = 3 and M is an irreducible

component of M5,2
1,1. Moreover, every small deformation of S is a natural deformation (cf.

Definition 2.8).

Proof. By Lemmas 3.5-3.10, we have h1(TS) ≤ 3; by Lemma 3.11, we have h1(TS) ≥ 3, thus

we get h1(TS) = 3 = dimM. Hence M is an irreducible component of M5,2
1,1.

Since h1(TS) = 3, the map

∂ :

3
⊕

i=1

H0(ODi
(Di)⊕ODi

(Di − Li)) → H1(TS)

in Lemma 3.11 is bijective.

Since the natural restriction map ri : H
0(OX(Di)⊕OX (Di−Li)) → H0(ODi

(Di)⊕ODi
(Di−

Li)) is surjective for each i, the composition map

ρ := ∂ ◦ (
3

∑

i=1

ri) :
3

⊕

i=1

H0(OX(Di)⊕OX(Di − Li)) → H1(TS)

is also surjective. Therefore every small deformation of S is a natural deformation.
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3.3 Comparison with Catanese-Pignatelli’s structure theorem for

genus 2 fibrations

In this section, we study the 5-tuple (B, V1, τ, ξ, ω) in Catanese-Pignatelli’s structure the-

orem for genus 2 fibrations (see [17] section 4) for the Albanese fibration of a surface S ∈ M .

We prove that surfaces inM are in one to one correspondence with minimal surfaces satisfying

the following condition:

(⋆) pg = q = 1, K2 = 5, g = 2; after choosing an appropriate neutral element 0 for

the genus one curve B = Alb(S), V1 = E[0](2, 1), V2 = OB(2 · 0) ⊕ OB(2 · 0) ⊕ OB(2 · 0) and
τ = η1 + η2 + η3, where η1, η2, η3 are the three nontrivial 2-torsion points on B.

First we show that a general surface S ∈M satisfies condition (⋆).

Lemma 3.13. Let S be a general surface in M . Then S satisfies condition (⋆).

Proof. We use notation of section 3.2. The bidouble cover π : S → X can be regarded as two

successive double covers π1 : C → X branched over D1 ∪ D3 and π2 : S → C branched over

π∗
1(D2∪ (D1∩D3)). Note that D1∪D3 is the union of a smooth fibre (over γ0 ∈ P1) and three

singular fibres (over γi ∈ P1 (i = 1, 2, 3)) of the natural fibration g : X → P1. Let µ : B′ → P1

be the double cover with branch divisor γ0 + γ1 + γ2 + γ3. Then g(B′) = 1. Moreover, there

is a unique (singular) fibration g̃ : C → B′ such that the following diagram

C
π1

//

g̃
��

X

g
��

B′ h
// P1

commutes. Since the general fibre F of f := π2 ◦ g̃ : S → B′ is connected, by the universal

property of Albanese map, we know that B′ = B. Moreover, C is exactly the conic bundle in

Catanese-Pignatelli’s structure theorem for genus 2 fibrations. Fix a group law for B and let

h−1γ0 be the neutral element 0 ∈ B. Then ηi := h−1γi (i = 1, 2, 3) are the three nontrivial

2-torsion points on B. Since C has exactly three nodes on the three fibres over η1, η2, η3, we

know τ = η1 + η2 + η3.

Since h0(V2(−2 · 0)) = h0(2KS − 2F0) = h0(π∗(2KX +D − Γ)) = 3 (where Γ is a fibre of

g), by a similar argument as in Lemma 3.14, one can show easily that V2 = OB(2 · 0)⊕OB(2 ·
0)⊕OB(2 · 0).

Now we show that V1 = E[0](2, 1). Let C̃ → C be the minimal resolution of C, then the pull

back of each singular fibre of C is a union of a (−2) curve and two (−1) curves. Contracting

the six (−1) curves of C̃, we get a smooth ruled surface, which is exactly the second symmetric

product B(2) of B. Let λ : C 99K B(2) be the birational map above. Then we get a rational

double cover π′
2 := λ ◦ π2 : S 99K B(2).

Let p : B(2) → B be the natural projection, let Du := {(x, u)|x ∈ B} be a section and

Ev := {(x, v−x)|x ∈ B} be a fibre of p (cf. [17] p. 1028). Then the branch divisor of π′
2 consists

of: three fibres Eη1 , Eη2 , Eη3 ; four sectionsD0, Dη1 , Dη2 , Dη3 ; and a bisection ≡ 2D0+E0 passing

though Qi := (0, ηi)(i = 1, 2, 3),Q4 := (η1, η2),Q5 := (η1, η3) and Q6 := (η2, η3). Hence we have

|KS| ∼= |π′∗
2 (D0 + 3E0 − Σ6

i=1Qi)| ∼= |D0|+ |Eη1 + Eη2 + Eη3 − Σ6
i=1Qi)|.
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It is easy to see that V1 = f∗ωS = (g̃ ◦ π2)∗ωS = p∗OB(2)(D0) = E[0](2, 1).

Next we show that any surface S ∈ M satisfies condition (⋆).

Lemma 3.14. Let p : S → T be a 1-parameter family of minimal surfaces with base T ∋ 0

connected and smooth. Assume that for any 0 6= t ∈ T , St satisfies the condition (⋆). Then

S0 also satisfies condition (⋆).

Proof. Note that pg, q,K
2, the number of the direct summands of V1 (cf. Remark 3.15 below)

and the genus g of Albanese fibre (cf. [17] Remark 1.1) are all differentiable invariants, hence

they are also deformation invariants. Therefore, S0 also has pg = q = 1, K2 = 5, g = 2 such

that V1 is an indecomposable rank 2 vector bundle of degree 1.

Taking a base change and replacing T with a (Zariski) open subset if necessary, we can

assume that p has a section s : T → S, so we can choose base points x0 for all St := p−1(t)

(t ∈ T ) simultaneously, therefore we can define the Albanese map (x 7→
∫ x

x0
) for all St (t ∈ T )

simultaneously. Thus we get a smooth family q : B → T with Bt := q−1(t) = Alb(St) (t ∈ T ),

which also has a section induced by s. Hence we can choose the neutral element 0 for all Bt
(t ∈ T ) simultaneously and assume V1 = E[0](2, 1) for S0. Moreover we have the following

commutative diagram:

S α
//

p

��
❄

❄

❄

❄

❄

❄

❄

❄

B

q
��

T

Now we use the upper semi-continuity for h0(V2(−2 · 0)). Since for St (t 6= 0), we have

h0(V2(−2 · 0)) = 3, we have h0(V2(−2 · 0)) ≥ 3 for S0. Set B := B0.

(i) If V2 is indecomposable, then V2 = F2(2b) for some point b ∈ B (here F2 is the unique

indecomposable rank 2 vector bundle over B with detF2 = OB), so h
0(V2(−2 · 0)) ≤ 1, a

contradiction;

(ii) If V2 =W ⊕L for some rank 2 indecomposable vector bundle W and some line bundle

L, then by the exact sequence

0 →
3

⊕

i=1

OB(ηi) → V2 → Oτ → 0

we know that degW ≥ 2, degL ≥ 1. Since degW + degL = 6, we know (degW, degL) =

(2, 4), (3, 3), (4, 2) or (5, 1). In all cases above, we always have h0(V2(−2 · 0)) ≤ 2, a contradic-

tion;

(iii) If V2 is a direct sum of three line bundles L1, L2, L3, w.l.o.g. we can assume degL1 ≤
degL2 ≤ degL3. From the exact sequence

0 →
3

⊕

i=1

OB(ηi) → V2 → Oτ → 0

we get degLi ≥ 1 (i = 1, 2, 3), thus (degL1, degL2, degL3) = (1, 1, 4), (1, 2, 3) or (2, 2, 2).

In the first two cases, we have h0(V2(−2 · 0)) ≤ 2, a contradiction; in the last case, we see

21



that h0(V2(−2 · 0)) ≥ 3 if and only if Li ∼= OB(2 · 0) for all i. Hence for S0, we also have

V2 = OB(2 · 0)⊕OB(2 · 0)⊕OB(2 · 0).
By the following Remark 3.15 (ii), we see τ = η1+η2+η3 for S0. Therefore S0 also satisfies

condition (⋆).

Remark 3.15. (i) Catanese-Ciliberto ([14] Theorem 1.4, Proposition 2.2) proved that the

number of the direct summands of V1 is a topological invariant; however, the case of V2 is

quite different, as we shall show in section 5 that the number of the direct summands of V2 is

even not a deformation invariant.

(ii) If S is a surface with pg = q = 1, K2 = 5, g = 2 such that V1 = E[0](2, 1), V2 =

OB(2 · 0)⊕OB(2 · 0)⊕OB(2 · 0), then we can choose a suitable coordinate system (y1 : y2 : y3)

on the fibre of P(V2) = B × P2 → B such that the matrix of the map σ2 : S2(V1) → V2 is

diagonal (see [35] Proposition 4.5), then τ = η1 + η2 + η3 (where τ is one of the 5-tuple in

Catanese-Pignatelli’s structure theorem for genus 2 fibrations) and the equation of the conic

bundle C ⊂ P(V2) is a21y
2
1 + a22y

2
2 + a23y

2
3 = 0 (here ai ∈ H0(OB(ηi))). In particular, C has

exactly three nodes {a1 = y2 = y3 = 0}, {a2 = y1 = y3 = 0}, {a3 = y1 = y2 = 0} on three

singular fibres over η1, η2, η3.

(iii) By (ii) above, it is possible that two minimal surfaces S1
∼= S2, but S1 and S2 have

different τ . Hence it is possible that the surfaces with pg = q = 1, K2 = 5, g = 2 constructed

by Ishida [25] are isomorphic to some surfaces in M .

Now we can prove the following:

Proposition 3.16. Let S be any surface in M . Then S satisfies condition (⋆).

Proof. Let S be a surface in M and let S ′ be its canonical model. If S ′ = S, then S is a

smooth bidouble cover of X . By Lemma 3.13, S satisfies condition (⋆).

If S ′ is singular, since a general surface in M has smooth canonical model, we can find a

smooth 1-parameter family p : S → T such that S0 = S and St (t 6= 0) is a general surface in

M . By Lemma 3.14, S = S0 also satisfies condition (⋆).

In the following, we show that the converse of Proposition 3.16 is also true.

Lemma 3.17. Let S be a minimal surface satisfying condition (⋆). Then the canonical model

S ′ of S is a bidouble cover of X.

Proof. The Albanese fibration of S induces an involution i′ on S, which maps (−2) curves

to (−2) curves, thus induces an involution i on the canonical model S ′ of S. The quotient

C := S ′/i is nothing but the conic bundle in Catanese-Pignatelli’s structure theorem. By

Remark 3.15, after choosing a suitable coordinate system (y1 : y2 : y3) on the fibre of P(V2) =

B × P2 → B, we can assume that the equation of the conic bundle C ⊂ P(V2) is

a21y
2
1 + a22y

2
2 + a23y

2
3 = 0

(here ai ∈ H0(OB(ηi))).

There is an involution j′ on B × P2 induced by the involution jo : u 7→ −u on B. Since

C is invariant under j′, j′ induces an involution j on C. If we denote by ι : B → P1 the
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quotient map induced by jo and denote by (x1 : x2 : x3) the coordinate system on the fibre of

P1 × P2 → P1 corresponding to (y1 : y2 : y3). Then the equation of X ′ := C/j is

h := b1x
2
1 + b2x

2
2 + b3x

2
3 = 0

where bi ∈ H0(OP1(ι(ηi))). Since the Jacobian matrix of h always has rank 1, X ′ is a smooth

surface of bi-degree (1, 2) in P1×P2. In particular, −KX′ is ample and K2
X′ = 5, which implies

that X ′ is the Del Pezzo surface X of degree 5.

Now we have two successive double covers π1 : C → X and π2 : S
′ → C. We only need to

show that the composition π := π1 ◦ π2 : S
′ → X is really a bidouble cover.

Let p1, p2 be the natural projection from P1 × P2 to P1,P2 respectively and let T :=

p∗2OP2(1), F := p∗1OP1(1); let p̃1, p̃2 be the natural projection from B×P2 to B,P2 respectively

and let T̃ := p̃∗2OP2(1), F̃ := p̃∗1OP1(1). Denote by ∆1,∆2 the branch divisor of π1, π2 respec-

tively, then ∆1 ≡ (4F )|X,∆2 ≡ (3T̃ − 2F̃0)|C. To show that π := π1 ◦ π2 is a bidouble cover,

it suffices to show that ∆2 is invariant under j: if so, we can lift j to an involution j̃ on S ′,

hence we get a group G := {1, i, j̃, i ◦ j̃} ∼= (Z/2Z)2 acting on S ′ and the quotient S ′/G is

nothing but X . Therefore π : S ′ → X is a bidouble cover.

Now we show that ∆2 is invariant under j. To show this, it suffices to show that ∆2 = π∗D

for some effective divisor D on X . Since ∆2 ≡ π∗
1(3T + F )|C, it suffices to show H0(∆2) ∼=

H0((3T + F )|X). Since H
0(∆2) ∼= H0((3T + F )|X)⊕H0((3T − F )|X), we only need to show

H0((3T − F )|X) = 0.

Using the same notation L,Ei of section 3.2, up to an automorphism of X , we have

T |X ≡ 2L − E1 − E2 − E3, F |X ≡ L − E4. If H0((3T − F )|X) 6= 0, then there is an effective

divisor D′ ≡ (3T − F )|X ≡ 3L − 3E1 − 3E2 − 3E3 + 3E4. Since D′E4 < 0, (D′ − E4)E4 < 0

and (D′ − 2E4)E4 < 0, 3E4 is contained in the fixed part of D′. Thus D′′ := D′ − 3E4 is also

an effective divisor. Since −KX ≡ 3L − E1 − E2 − E3 − E4 is ample and (−KX)D
′′ = 0, we

get D′′ = 0, a contradiction. Hence H0((3T − F )|X) = 0.

Therefore ∆2 is invariant under j and consequently π : S ′ → X is a bidouble cover.

Proposition 3.18. Let S be a minimal surface satisfying condition (⋆). Then S ∈M .

Proof. By Lemma 3.17, we only need to prove that the effective divisors (D1, D2, D3) and

divisors (L1, L2, L3) of the bidouble cover π : S ′ → X are of the same form as in section 3.2.

We use the notation L,Ei, Lij , Q, C of section 3.2. By Lemma 3.17, if we denote by R2

the fixed part of the involution i on S ′, then D2 = (π2)∗R2 ≡ 5L−3E1−3E2−3E3+E4. Since

dim|D2| = 2 and |D2| contains a 2-dimensional sub-linear system L of divisors of the form

Q+L12+L23+L13+E4, we see |D2| = L. So D2 must be of the form Q+L12+L23+L13+E4.

Since D2 is reduced, Q must be the strict transform of a smooth conic, thus D2 is always

smooth.

Since the branch divisor of the bidouble cover π : S ′ → X is D2 ∪ ∆1, we get D1 ∪ D3 =

∆1 ≡ 4L − 4E4. Since D1 +D2 and D3 + D2 are both effective even divisors (cf. [8] (2.1)),

we can assume D1 ≡ 3L + Σa1iEi, D3 ≡ L + Σa3iEi, where a1i, a3i are odd integers for

i = 1, 2, 3, 4, and a14 + a34 = −4. Since D = D1 ∪ D2 ∪ D3 is reduced, one can easily show
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that up to an automorphism of X , D1 = L14 + L24 + L34 ≡ 3L − E1 − E2 − E3 − 3E4;

D3 = C + E1 + E2 + E3 ≡ L+ E1 + E2 + E3 −E4, which are the same as in section 3.2.

Since Pic(X) has no nontrivial 2-torsion elements, (L1, L2, L3) are uniquely determined

by (D1, D2, D3) through the linear equivalence relations 2Li ≡ Dj +Dk({i, j, k} = {1, 2, 3}).
Therefore S ∈M .

Combining Propositions 3.16 and 3.18, we get the following theorem, which plays a crucial

role in proving the (Zariski) closedness of M.

Theorem 3.19. Every surface S ∈ M satisfies condition (⋆). Conversely, If S is a minimal

surface satisfying condition (⋆), then S ∈M .

Proposition 3.20. M is a Zariski closed subset of M5,2
1,1, i.e. M = M.

Proof. It suffices to show: if S ′ → T is a 1-parameter connected flat family of canonical models

of algebraic surfaces with S ′
t (0 6= t ∈ T ) a general surface in M, then S ′

0 ∈ M.

Taking a base change (we still denote by T the base curve) and the simultaneous resolution,

we get a connected smooth family S → T with St (t ∈ T ) the minimal model of S ′
t. Note that

for each 0 6= t ∈ T , St is a general surface in M . By Lemma 3.14 and Theorem 3.19, we see

that S0 ∈M , hence S ′
0 ∈ M.

At the end of this section, we give some remarks on the branch curve of the bidouble cover

π : S ′ → X , which we shall use in the next section.

Remark 3.21. (1) The choice of (D1, D2, D3) in Lemma 3.18 is not unique (e.g. there are

two choices in section 2), but all choices are equivalent up to an automorphism of X.

(2) From Lemma 3.18, we see that each Di (i = 1, 2, 3) is smooth. In fact, the only possible

singularity on the branch divisor D = D1 ∪ D2 ∪D3 is a node coming from B′ ∩ C (here we

use notation in section 2):

Since K2
S = 5, the conic B′ ⊂ P2 cannot have the same tangent direction with Ai at Pi

for any i ∈ {1, 2, 3}. Otherwise we would finally get a minimal surface with K2
S < 5. So the

only possible singularity comes from B′ ∩C when B′ has the same tangent direction with C at

B′ ∩ C. This is a node on S ′.

When S ′ is singular, C is the same as before since ∆1 = D1∪D3 is the same. In particular,

C has exactly three singular fibres. Moreover, the branch curve of the double cover π2 : S
′ → C

still has 5 irreducible and connected components: four smooth sections and a singular curve

that is algebraically equivalent to a bisection.

3.4 M is a connected component of M5,2
1,1

In this section, we study the deformation of the branch curve of the double cover π2 : S
′ →

C ⊂ P(V2) (where C is the conic bundle in Catanese-Pignatelli’s structure theorem for genus

2 fibrations, see Lemma 3.17) and prove that M is an analytic open subset of M5,2
1,1, i.e.

Proposition 3.22. Let S0 ∈M and let S be a small deformation S0. Then S ∈M .

Using Proposition 3.22, now we can prove the main theorem of this paper:
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Theorem 3.23. M is an irreducible and connected component of M5,2
1,1.

Proof. Since M is the image of M in M5,2
1,1, it is a constructible subset of M5,2

1,1, thus analytic

openness (Proposition 3.22) implies Zariski openness. Therefore, M is a Zariski open and

closed (Proposition 3.20) subset of M5,2
1,1, hence it is a connected component of M5,2

1,1.

Considering Theorem 3.19, we also have the following:

Corollary 3.24. The canonical models of minimal surfaces satisfying condition (⋆) constitute

an irreducible and connected component of M5,2
1,1.

To prove proposition 3.22, we need the following two Lemmas.

Lemma 3.25. Let p : S → ∆ be a smooth family of surfaces of general type parametrized by a

small disc ∆ ⊂ C. Assume that for each t ∈ ∆, there is an involution σt on St := p−1(t), which

induce an involution σ on S. If the fixed part Fix(σ0) of σ0 has n connected components of

dimension 1 and m isolated points, then Fix(σt)(0 6= t ∈ ∆) also has n connected components

of dimension 1 and m isolated points.

Proof. Let C1
0 , C

2
0 , ..., C

n
0 be the n connected 1-dimensional components of Fix(σ) andQ1

0, ...Q
m
0

be the m isolated points of Fix(σ0). Take n+m small open subsets U1, U2, ..., Un+m on S such

that Ui ⊃ C i
0 (1 ≤ i ≤ n), Un+i ⊃ Qi (1 ≤ i ≤ m) and Ūi ∩ Ūj = ∅ for i 6= j. By choosing ∆

small enough, we can assume that p|Ui
: Ui → ∆ is surjective for i = 1, 2..., n+m.

For 1 ≤ i ≤ n, take a point P i
0 ∈ C i

0; for n+ 1 ≤ n+ i ≤ n+m, let P n+i
0 := Qi

0. Choosing

a suitable coordinate system (x, y, z) on Ui, we can assume P i
0 = (0, 0, 0) and the action of

σ on Ui is linear. Hence the action is (i) (x, y, z) 7→ (−x, y, z), (ii) (x, y, z) 7→ (−x,−y, z) or
(iii) (x, y, z) 7→ (−x,−y,−z). In case (iii), P i

0 is a singular point of p (see [6] Lemma 1.4),

contradicting our assumption that p is smooth.

In case (i), Fix(σ)∩Ui is of dimension 2, thus it cannot be contained in S0 since σ|S0 = σ0.

In this case, Fix(σ0) ∩Ui = C i
0 and Fix(σ) ∩U → ∆ is surjective, hence there is a connected

component C i of Fix(σ) ∩ Ui that maps surjectively to ∆.

In case (ii), we have p∗t = cz+higher order terms. Since p is smooth, c 6= 0. At t = 0,

the equation p∗t = x = y = 0 has exactly one solution (0, 0, 0) in Ui, thus P
i
0 is an isolated

fixed point of σ0. If we take ∆ and Ui small enough, p∗t = x = y = 0 has one solution for any

t ∈ ∆. Thus Fix(σ) ∩ Ui = {x = y = 0} ∩ Ui → ∆ is bijective.

Now assume that for 0 6= t ∈ ∆, Fix(σt) has nt connected 1-dimensional components and

mt isolated points, then we have nt ≥ n, mt ≥ m. On the other hand, since we have a smooth

family q := p|F ix(σ) : Fix(σ) → ∆, Fix(σt) = q−1(t) is smooth for each t ∈ T . By the upper

semi-continuity, we have nt + mt = h0(OF ix(σt)) ≤ h0(OF ix(σ0)) = n + m. Therefore nt = n

and mt = m.

Remark 3.26. If we replace the smooth family p : S → ∆ with the flat family p′ : S ′ → ∆ (here

S ′
t := p′−1(t) is the canonical model of St) in the above lemma, using a similar argument, one

can show: if Fix(σ0) contains n smooth connected 1-dimensional components, then Fix(σt)

(0 6= t ∈ ∆) also contains n smooth connected 1-dimensional components.
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Lemma 3.27. Let V be a rank 3 vector bundle over an elliptic curve B. If the total space

P(V ∨) (sometimes we just write P(V ) if no confusion) of V has three independent sections

si : B → P(V ∨)(‘independent’ means for any fibre F of P(V ∨) → B, the three points si(B)∩F
are not contained in any line in F ), then V is a direct sum of three line bundles.

Proof. Denote by Vb the affine 3-space of the restriction of V to b ∈ B. Let P i
b := si(B) ∩ Vb.

Choose a coordinate system (xb, yb, zb) for Vb and assume P i
b = (xib, y

i
b, z

i
b). Since {P i

b}i=1,2,3

are not contained in any line in Vb, at each point b ∈ B, the three subspaces C(xib, y
i
b, z

i
b)

(i = 1, 2, 3) of Vb span Vb. Thus the three independent sections si give three sub-(line)-bundles

N i(i = 1, 2, 3) (N i
b = C(xib, y

i
b, z

i
b)) of V , which generate V over each point b ∈ B. Hence V is

a direct sum of three line bundles N i (i = 1, 2, 3).

Now we are in the situation to prove Proposition 3.22.

Proof of Proposition 3.22. Let p′ : S ′ → ∆ be a flat family of canonical models of surfaces of

general type with S ′
0 := p′−1(0) = S ′

0, where S
′
0 is the canonical model of S0. Taking a base

change (for simplicity we still denote by ∆) and taking the simultaneous resolution, we have

a smooth family of minimal surfaces p : S → ∆ with S0 := p−1(0) = S0.

By Lemma 3.14, for 0 6= t ∈ ∆, St is a minimal surface with pg = q = 1, K2 = 5, g = 2 and

V1 indecomposable. In particular, St has an involution σt induced by the Albanese fibration,

which induces an involution σ′
t on S ′

t. The involution σ′
t on each S ′

t induces an involution σ′

on S ′. Let C := S ′/σ′, then we have a flat family p̂ : C → ∆.

By Remark 3.21, Fix(σ′
0) contains four smooth sections. By Remark 3.26, for 0 6= t ∈ ∆

Fix(σ′
t) also contains four smooth sections, hence the branch curve of the double cover S ′

t →
Ct := p̂−1(t) contains four smooth sections.

Claim: For 0 6= t ∈ ∆, P(V2) has three independent sections. Therefore V2 is a direct sum

of three line bundles by Lemma 3.27.

Proof of the claim: now we have a flat family p̂ : C → ∆ of conic bundles over elliptic

curves. Note that the smooth fibre of Ct → Bt is a smooth conic in F , and any three of the

four smooth sections intersect with F at three distinct points lying on the conic, thus they are

not contained in any line in F . So we only need to consider the singular fibres of Ct. Since C0
has only three singular fibres (see Remark 3.21), for 0 6= t ∈ ∆, Ct has at most three singular

fibres.

Since each singular fibre of C0 is a union of two distinct lines L1
0, L

2
0, we see that for

0 6= t ∈ ∆, each singular fibre of Ct is also a union of two distinct lines L1
t , L

2
t . Note that on

C0, two of the four smooth sections intersect only with L1
0 and the other two smooth sections

intersect only with L2
0, w.l.o.g. we can assume that C1

0 , C
2
0 intersect with L1

0 and C3
0 , C

4
0

intersect with L2
0. Since C i

0 and Cj
0 (j 6= i) are disjoint, using a similar argument as Lemma

3.25, for small ∆, sections C1
t , C

2
t do not intersect with L2

t , and sections C3
t , C

4
t do not intersect

with L1
t . Hence for 0 6= t ∈ ∆, C1

t , C
2
t intersect with L1

t and C3
t , C

4
t intersect with L2

t . Thus

any three of the four sections intersect with the singular fibre Lt at three points that are not

contained in any line in F . Therefore for 0 6= t ∈ ∆, P(V2) also has three independent sections.
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We have proved that for any t ∈ ∆, V2 is a direct sum of three line bundles. Now we use

a similar argument as Lemma 3.14 to show that each direct summand of V2 is OB(2 · 0):
since for t = 0, h0(V2(−2p)) = 0 for any p 6= 0, shrinking ∆ and using the upper semi-

continuity, we see that for 0 6= t ∈ ∆, h0(V2(−2p)) = 0 for any p 6= 0. Since V2 is a direct sum

of three line bundles, this happens if and only if V2 = OB(2 · 0)⊕OB(2 · 0)⊕OB(2 · 0).
Therefore for any 0 6= t ∈ ∆, St satisfies condition (⋆). By Theorem 3.19, we conclude that

St ∈M .
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4 The case g = 3, K2
= 4

In this section, we study minimal surfaces S with pg = q = 1, K2 = 4 and a genus 3

Albanese fibration f : S → B := Alb(S), and prove Theorem 1.2.

This section is organized as follows.

In section 4.1, we study the relative canonical map of f . We prove that every Albanese fibre

of S is 2-connected. The main ingredient for that is Proposition 4.3, which gives a sufficient

condition for a fibre of genus 3 to be 2-connected.

In section 4.2, we restrict to surfaces of type I (cf. section 4.2), i.e. minimal surfaces with

pg = q = 1, K2 = 4, g = 3, ι = 2 and hyperelliptic Albanese fibrations. Using Murakami’s

structure theorem [33], we divide surfaces of type I into two types according to the order of

some torsion line bundle: type I1 and type I2 (cf. Definition 4.14). Moreover, we show that

the subspace MI1 of M
4,3
1,1 corresponding to surfaces of type I1 and the subspace MI2 of M

4,3
1,1

corresponding to surfaces of type I2 are two disjoint closed subset of M4,3
1,1.

In section 4.3, we study surfaces of type I1. We first construct a family M1 of surfaces

of type I1 using bidouble covers of B(2), the second symmetric product of an elliptic curve

B. Then we show that every surface of type I1 is biholomorphic to some surface in M1 and

that dimMI1 = 4. After that we study the natural deformations of the general surfaces of

type I1 and show that MI1 is contained in a 5-dimensional irreducible subset M′
1 of M

4,3
1,1. By

computing h1(TS) for a general surface S ∈M1, we prove that M′
1 is an irreducible component

of M4,3
1,1.

In section 4.4, we study surfaces of type I2. An interesting fact is that every surface of

type I2 also arises from a bidouble cover of B(2), but the branch curve is in a different linear

equivalence class. Using a similar method to the one of section 4.3, we show that dimMI2 = 3

and that MI2 is contained in a 4-dimensional irreducible component of M4,3
1,1.

4.1 The relative canonical map and 2-connectedness of Albanese

fibres

Let S be a minimal surface with pg = q = 1, K2 = 4 and a genus 3 Albanese fibration

f : S → B := Alb(S). Let Vn := f∗ω
⊗n
S/B. In this section, we prove the 2-connectedness of

every fibre of f .

As in section 2.1, let ι be the index of the paracanonical system of S, let w : S 99K P(V1)

be the relative canonical map of f and let w′ : S 99K B(ι) be the paracanonical map of S.

Now we study the relative canonical map w of f : S → B.

Lemma 4.1. Let F be a general fibre of f . Then |KS + dF | is base point free for d ≫ 0 and

w is a morphism.

Proof. Denote by |m| the movable part of |KS + dF | and by z the fixed part of |KS + dF |. Set
S0 := w(S). Denote by T the (tautological) divisor on P(V1) such that π∗O(T ) = V1 and by

H the fibre of π : P(V1) → B.
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For d >> 0, let ξ : P(V1) → Pn be the holomorphic map defined by the linear system

|T + dH|, where n = h0(T + dH). Let ψ : S 99K Pn be the rational map defined by |KS + dF |
(note that h0(T + dH) = h0(V1(d · p)) = h0(KS + dF ), where p = π(H)). Then we have

|w∗(T + dF )| ∼= |ψ∗(KS + dF )| and the following diagram

S
w

//❴❴❴

ψ

""❉
❉

❉

❉

❉

P(V1)

ξ
��

Pn

commutes. Hence the indeterminacy points of w are exactly the base points of the movable

part |m| of |KS + dF |. So we only need to show that |KS + dF | is base point free for d≫ 0.

(i) If F is hyperelliptic, then the map w : S 99K S0 is of degree 2. Assuming S0 ∼alg 2T+βH

for some β, since KS,m, F are all nef divisors, we have

4+8d = (KS+dF )
2 = m2+mz+(KS+dF )z ≥ m2 ≥ 2 deg S0 = 2(T+dH)2(2T+βH) = 4+8d+2β.

It follows that β ≤ 0 and that β = 0 if and only if KSz = mz = F z = 0. Since KS + dF is

effective, big and nef , by [32] Chap.I, Lemma 4.6, KS + dF is 1-connected. Since KS + dF =

m+ z, we see that mz = 0 if and only if z = 0. Thus β = 0 if and only if |m| is base point free

and z = 0, i.e. |KS + dF | is base point free. Hence it suffices to show that β ≥ 0.

Since K2
S/B = K2

S = 4 and ∆(f) := χ(OS)− (g − 1)(g(B)− 1) = 1, we see that
K2

S/B

∆(f)
= 4.

By [5] Theorem 2 and Lemma 2.1, we have either ι = 2 or ι = 3. Now we discuss the two

cases separately.

If ι = 2, w.l.o.g. we can assume that V1 = E[0](2, 1) ⊕ N with N a nontrivial torsion

line bundle over B (see Lemma 2.1). Note that H0(2T + βH) ∼= H0(π∗OP(V1)(2T + βH)) ∼=
H0(S2(V1)(β · p)), where p = π(H) is a point on B. Since S2(V1) = OB(η1) ⊕ OB(η2) ⊕
OB(η3)⊕E[0](2, 1)⊗N ⊕N⊗2 (here η1, η2, η3 are the three nontrivial 2-torsion points on B),

we see that h0(2T + βH) > 0 only if β ≥ −1.

If β = −1, then |2T −H| is nonempty if and only if H = Hηi := π∗OB(ηi) for i ∈ {1, 2, 3}.
Since h0(2T −Hηi) = h0(S2(V1)(−ηi)) = 1, |2T −Hηi| contains a unique effective divisor S0.

Note that S0 is a cone over a curve C ∼alg 2D − E lying on B(2), where D (resp. E) is a

section (resp. fibre) of B(2) → B. Hence ϕ(S0) = C is a curve. By Lemma 2.1, we have

w′(S) = ϕ ◦ w(S) = ϕ(S0) = C. On the other hand, one sees easily from the definition of

the paracanonical map (cf. section 2.1) that w′(S) = B(2). Hence we get a contradiction.

Therefore we have β ≥ 0.

If ι = 3, then V1 is indecomposable. Since S0 ∼alg 2T + βH and S0 is effective, by [15]

Theorem 1.13, we have β ≥ 0.

(ii) If F is nonhyperelliptic, then the map w : S 99K S0 is birational. Assume that

S0 ∼alg αT + βH for some α, β. Since F is of genus 3, we have T (αT + βH)H = α = 4.

Since w is birational, we have

4 + 8d = (KS + dF )2 ≥ m2 ≥ (T + dH)2(αT + βH) = α + 2dα+ β ≥ 4 + 8d+ β.

Thus we have α = 4 and β ≤ 0. Moreover β = 0 if and only if |KS + dF | is base point free.

So it suffices to show that β ≥ 0.
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Recall that we have either ι = 2 or ι = 3. Since we only use this result in the hyperelliptic

case, we only give the proof for the case ι = 3.

If ι = 3, then V1 is indecomposable. By [15] Theorem 1.13, |4T + βH| 6= ∅ if and only if

β ≥ −1. If β = −1, by [15] Theorem 3.2, a general element St in |4T −H| is a smooth surface

with ample canonical divisor. Note that S → S0 is the minimal resolution of S0. Since S0 is

irreducible, KS0 is Cartier, and K2
S0

= K2
St

= 3 (KS0 ∼alg T |S0, so K
2
S0

= T 2(4T − H) = 3),

by [28] Proposition 2.26, we have 4 = K2
S ≤ K2

S0
= 3, a contradiction. Therefore we have

β ≥ 0.

Since the restriction map H0(S,KS + dF ) → H0(F,KF ) is surjective for d ≫ 0 (cf.

Horikawa [23] Lemmas 1 and 2), we get the following

Corollary 4.2. |KF | is base point free for any fibre F of f .

Catanese-Franciosi ([16] Corollary 2.5) proved that: if C is a 2-connected curve of genus

pa(C) ≥ 1 lying on a smooth algebraic surface, then |KC| is base point free. However, the

converse is not true in general, e.g. if we take C the union of two distinct smooth fibres of a

genus 2 fibration, then |KC | is base point free, but C is not even 1-connected. Now we show

that the converse is true in the following case:

Proposition 4.3. Let f : S → B be a relatively minimal genus 3 fibration and let F be any

fibre of f . If |KF | is base point free, then F is 2-connected.

To prove Proposition 4.3, we need the following four lemmas.

Lemma 4.4 (Zariski’s Lemma, [4] Chap. III, Lemma 8.2). Let F =
∑

niCi (ni > 0, Ci
irreducible) be a fibre of the fibration f : S → B. Then we have

(i) CiF = 0 for all i;

(ii) If D =
∑

imiCi, then D2 ≤ 0, and D2 = 0 holds if and only if D = rF for some

r ∈ Q.

Lemma 4.5 ([16] Corollary 2.5). Let C be a curve of genus pa(C) ≥ 1 lying on a smooth

algebraic surface. If C is 1-connected, then the base points of |KC | are precisely the points x

such that there exists a decomposition C = Y + Z with Y Z = 1, where x is smooth for Y and

OY (x) ∼= OY (Z).

Lemma 4.6 ([32] Chap. I, Lemmas 2.2 and 2.3). Assume that D is a 1-connected divisor on a

smooth algebraic surface and let D1 ⊂ D be minimal subject to the condition D1(D−D1) = 1.

Then D1 is 2-connected and either

(i) D1 ⊂ D −D1 or

(ii) D1 and D −D1 have no common components.

Lemma 4.7 ([32] Chap. I, Proposition 7.2). Let D be a 2-connected divisor with pa(D) = 1

on a smooth algebraic surface, and let L be an invertible sheaf on D such that degL|C ≥ 0

for each component C of D. If degL|D = 1, then L ∼= OD(x) with x a smooth point of D and

H0(L) is generated by one section vanishing only at x.
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Now we prove Proposition 4.3.

Proof of proposition 4.3. If F is not 2-connected, then either (i) F is not 1-connected, or (ii)

F is 1-connected, but not 2-connected. We discuss the two cases separately.

(i) If F is not 1-connected, then F must be a multiple fibre, i.e. F = mF ′ with F ′ 1-

connected. Since KSF = mKSF
′ = 4 and KSF

′ is even, we see m = 2. Thus we have

KSF
′ = 2, F ′2 = 0 and pa(F

′) = 2. Since OF ′(F ′) is a nontrivial 2-torsion line bundle on

F ′, by [4] Chapter II Lemma 12.2, h1(ωF ′(F ′)) = h0(OF ′(−F ′)) = 0. Since χ(ωF ′(F ′)) =

χ(OS(KS + F ))− χ(OS(KS + F ′)) = KSF
′

2
= 1, we know h0(ωF |F ′) = h0(ωF ′(F ′)) = 1. Hence

|ωF |F ′| has a base point and so does |KF |, a contradiction.

(ii) Assume that F is 1-connected, but not 2-connected. Let D ⊂ F realize a minimum of

KSD among the subdivisors such that D(F −D) = 1. Let E := F −D. By Zariski’s Lemma,

we have D2 = E2 = −1. By Lemma 4.6, D is 2-connected and either

(1) D ⊂ E or

(2) D and E have no common components.

In case (2), since DE = 1, D intersects E transversely in one point x, which must be a

smooth point of both curves. Note that OD(x) ∼= OD(E). By Lemma 4.5, x is a base point of

|KF |, a contradiction.

We study now case (1), i.e. D ⊂ E. Since D2 = D(F −E) = −1 and KS(D +E) = 4, we

have KSD = 1 and KSE = 3. In particular, we have pa(D) = 1. If D is irreducible, we can

always find a smooth point x on D such that OD(x) ∼= OD(E) (cf. [22] Chap. IV, Ex. 1.9).

By Lemma 4.5, x is a base point of |KF |, a contradiction.

If D is reducible, since KS is nef and KSD = 1, there is a unique irreducible component

C0 of D such that KSC0 = 1. Write D − C0 =
∑

i≥1miCi with Ci distinct irreducible

curves, then we have KSCi = 0 for i ≥ 1. Hence Ci (i ≥ 1) are (−2)-curves. Since D is

2-connected, DCi = (D − Ci)Ci + C2
i ≥ 0. Since −1 = D2 = C0D +

∑

i≥1miCiD, we have

−1 ≥ C0D = C2
0 +C0(D−C0) ≥ C2

0 +2, thus C2
0 ≤ −3. Since C0 is irreducible and KSC0 = 1,

we get C2
0 = −3 and C0 is a smooth rational curve. Thus we get C0D = −1, CiD = 0 (i ≥ 1),

and consequently C0E = 1, CiE = 0 (i ≥ 1).

Now let L := OD(E), so that degL|C ≥ 0 for any component C of D and degL|D = 1.

By Lemma 4.7, we have L ∼= OD(x) with x a smooth point of D. Hence x is a base point of

|KF | by Lemma 4.5, a contradiction.

Therefore F is 2-connected.

Remark 4.8. The key point in the above proof for case (ii) is that we can find a 2-connected

elliptic cycle (i.e. KSD = 1, D2 = −1) D ⊂ F such that D(F −D) = 1 and L := OD(F −D)

satisfies the condition of Lemma 2.6. Using a similar argument, one can get an analogous

result for genus 2 fibrations, i.e.

Let F be any fibre of a relatively minimal genus 2 fibration f : S → B. If |KF | is base

point free, then F is 2-connected.

Combining Corollary 4.2 and Proposition 4.3, we get the following

Theorem 4.9. Let S be a minimal surface with pg = q = 1, K2 = 4 and a genus 3 Albanese

fibration. Then every Albanese fibre of S is 2-connected.
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4.2 Murakami’s structure theorem for genus 3 hyperelliptic fibra-

tions

In this section, we always assume S to be a minimal surface with pg = q = 1, K2 = 4 with

a genus 3 hyperelliptic Albanese fibration f : S → B = Alb(S). By a result of Barja and

Zucconi (cf. [5] Theorem 2) and Lemma 2.1, one has either ι = g − 1 = 2 or ι = g = 3. We

call S a surface of type I if ι = 2; and we call S a surface of type II if ι = 3. We denote

by MI the subspace of M4,3
1,1 corresponding to surfaces of type I and by MII the subspace

of M4,3
1,1 corresponding to surfaces of type II. Since ι is a topological invariant, we know that

MI ∩MII = ∅.
In this thesis we only study surfaces of type I. Since every fibre of f is 2-connected (by

Theorem 4.9), we can use Murakami’s structure theorem to study f .

For later convenience we fix a group structure on B, denote by 0 its neutral element and

by η1, η2, η3 the three nontrivial 2-torsion points.

By Lemma 2.1, we can assume V1 = E[0](2, 1) ⊕ N , where N is a nontrivial torsion line

bundle over B. Now we use Murakami’s structure theorem to study the order of N . In the

notation we introduced in section 2.4, we have:

Lemma 4.10. L ∼= N⊗2.

Proof. Since det V1 = N(0), we have V −
2 = (det V1) ⊗ L−1 = N(0) ⊗ L−1. From section 2.4,

we have rankL = rankS2(V1) − rankV +
2 = 1 and degL = 1

2
(4 deg V1 + 16(b − 1)−K2

S) = 0,

i.e. L is a line bundle of degree 0. Hence V −
2 is a line bundle of degree 1.

Tensoring the exact sequence

0 → L → S2(V1) → V +
2 → 0

with N−2, we get the associated cohomology long exact sequence

H1(L⊗N−2) → H1(S2(V1)⊗N−2) → H1(V +
2 ⊗N−2) → 0.

Since h0(V2⊗N
−2) = h0(ω⊗2

S ⊗f ∗N−2) = 5 and h0(V −
2 ⊗N−2) = 1 (as deg(V −

2 ⊗N−2)=1),

we get h0(V +
2 ⊗N−2) = 4. By Riemann-Roch for vector bundles over a smooth curve (cf. [4]

Chap. II, Theorem 3.1), we have h1(V +
2 ⊗N−2) = h0(V +

2 ⊗N−2)− deg(V +
2 ⊗N−2) = 0 (note

that deg(V +
2 ⊗N−2) = deg(V +

2 ) = deg(V2)− deg(V −
2 ) = 4). Since h1(S2(V1)⊗N−2) ≥ 1, we

get h0(L ⊗ N−2) ≥ 1. Since deg(L ⊗ N−2) = 0, we deduce that L ∼= N⊗2 (cf. [1] Theorem

5).

Lemma 4.11. The exact sequence

0 → L→ S2(V1) = (

3
⊕

i=1

OB(ηi))⊕ E[0](2, 1)⊗N ⊕ L→ V +
2 → 0

splits.
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Proof. From the proof of Lemma 4.10, we know that L → S2(V1) induces an isomorphism

H1(L⊗N−2) ∼= H1(S2(V1)⊗N−2)( 6= 0). Thus the composition map

0 → L→ S2(V1) → L

is nonzero (here the last map is the natural projection), hence it is an isomorphism. Therefore

the above exact sequence splits.

Remark 4.12. As in [17] Lemma 6.14 or [35] section 1.2, since the map L⊗S2(V1) → S4(V1)

factors as

L⊗ S2(V1) → S2(V1)⊗ S2(V1) → S4(V1),

Lemma 4.11 implies that the exact sequence

0 → L⊗ S2(V1) → S4(V1) → A4 → 0

also splits (see [35] section 1.2 p.5 for details). Hence the branch curve δ ∈ |OC(4) ⊗
(π|C)

∗(det V1 ⊗ L−1)−2| comes from an effective divisor in |OP(V1)(4)⊗ π∗(det V1 ⊗ L−1)−2|.

By Lemmas 4.10, 4.11 and Remark 4.12, we have

det V1 = OB(0)⊗N,

S2(V1) = (
3

⊕

i=1

OB(ηi))⊕ E0(2, 1)⊗N ⊕ L,

V −
2 = det V1 ⊗ L−1 = OB(0)⊗N−1.

Lemma 4.13. L⊗2 ∼= N⊗4 ∼= OB.

Proof. Recall that V1 = E[0](2, 1)⊕N , where N is a nontrivial torsion line bundle over B. By

Atiyah (cf. [1]), we have

S4(V1) = S4(E[0](2, 1))⊕(S3(E[0](2, 1))⊗N)⊕(S2(E[0](2, 1)⊗N
⊗2)⊕(E[0](2, 1)⊗N

⊗3)⊕N⊗4,

S4(E[0](2, 1)) = OB(2 · 0)⊕OB(2 · 0)⊕OB(η1 + η2)⊕OB(η2 + η3)⊕OB(η3 + η1),

S3(E[0](2, 1)) = E[0](2, 1)(0)⊕E[0](2, 1)(0)

S2(E[0](2, 1)) = OB(η1)⊕OB(η2)⊕OB(η3).

By [1] Lemma 15, assuming that E is an indecomposable vector bundle of rank r and

degree d over an elliptic curve B, then h0(E) = d if d > 0; h0(E) = 0 or 1 if d = 0. Moreover

by [1] Theorem 5, if d = 0, then h0(E) = 1 if and only if det E ∼= OB.

Hence we have

H0(S4(V1)⊗OB(−2·0)⊗L) = H0(S4(E[0](2, 1))(−2·0)⊗L) = H0((OB⊕OB⊕N1⊕N2⊕N3)⊗L),

where Ni := OB(ηi − 0) (i = 1, 2, 3).

If L⊗2 ≇ OB, then H
0(S4(V1) ⊗ OB(−2 · 0) ⊗ L) = 0 and |OP(V1)(4) ⊗ π∗(V −

2 )−2| = ∅, a
contradiction. Hence we have L⊗2 ∼= OB and the result follows from Lemma 4.10.
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Using Remark 4.12 and Lemma 4.13, we can decide now the linear systems of the conic

bundle C and the branch divisor δ in Murakami’s structure theorem (cf. section 2.4):

C ∈ |OP(V1)(2)⊗π
∗L−1| ∼= |OP(V1)(2)|

∼= P(H0(S2(V1))), δ ∈ |OP(V1)(4)⊗π
∗(V −

2 )−2||C, where
|OP(V1)(4)⊗ π∗(V −

2 )−2| ∼= |OP(V1)(4)⊗ π∗OB(−2 · 0)| ∼= P(H0(S4(V1)⊗OB(−2 · 0))).

Now we divide surfaces of type I into two types according to the order of N .

Definition 4.14. Let S be a surface of type I and assume V1 = E[0](2, 1) ⊕ N with N a

nontrivial torsion line bundle (cf. Lemma 2.1). We call S of type I1 if N⊗2 ∼= OB; we call S

of type I2 if N⊗2 ≇ OB and N⊗4 ∼= OB.

Denote by MI1 the the subspace of M4,3
1,1 corresponding to surfaces of type I1, and by MI2

the subspace of M4,3
1,1 corresponding to surfaces of type I2. Then we have MI = MI1 ∪MI2.

Proposition 4.15. MI1 and MI2 are two disjoint Zariski closed subsets of M4,3
1,1.

Proof. Since N is a torsion line bundle of order 2 for surfaces of type I1, and it is a torsion

line bundle of order 4 for surfaces of type I2, we have MI1 ∩ MI2 = ∅. Now we show that

MI1 is a Zariski closed subset of M4
1,1. By a similar argument, one can show that MI2 is also

a Zariski closed subset of M4
1,1.

By [12] Theorem 24, given two minimal surfaces of general type S1, S2 with their respective

canonical models S ′
1, S

′
2, then S1 and S2 are deformation equivalent ⇔ S ′

1 and S ′
2 are defor-

mation equivalent. Hence it suffices to show: if p : S → T is a smooth connected 1-parameter

family of minimal surfaces such that for 0 6= t ∈ T , St := p−1(t) is a surface of type I1, then

S0 = p−1(0) is also a surface of type I1.

For 0 6= t ∈ T , a general Albanese fibre of St is hyperelliptic of genus 3 and V1 is decom-

posable. Since the genus of the Albanese fibration and the number of the direct summands of

V1 are deformation invariants, we see that a general Albanese fibre of S0 is also of genus 3 and

V1 of S0 is also decomposable. Moreover, since a general Albanese fibre of St is hyperelliptic,
a general Albanese fibre of S0 is also hyperelliptic. Otherwise we would get a flat family of

irreducible smooth curves C → T , whose central fibre is a nonhyperelliptic curve and whose

general fibre is a hyperelliptic curve, a contradiction.

Hence S0 is also a surface of type I. Since MI = MI1 ∪ MI2 and MI1 ∩ MI2 = ∅, we
conclude that S0 is a surface of type I1. Therefore MI1 is a Zariski closed subset of M4,3

1,1.

4.3 Surfaces of type I1

In this section, we focus on surfaces of type I1. First we show that surfaces of type I1 are

in one to one correspondence with some bidouble covers of B(2).

4.3.1 Bidouble covers of B(2)

Recall that (cf. Lemma 2.7) a smooth bidouble cover h : S → X is uniquely determined

by the data of effective divisors (sometimes we also call them branch divisors) D1, D2, D3 and

divisors L1, L2, L3 such that D = D1 ∪D2 ∪D3 has normal crossings and

2Li ≡ Dj +Dk, Dk + Lk ≡ Li + Lj . {i, j, k} = {1, 2, 3} (4.1)
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As Manetti [31] pointed out, these facts are true in a more general situation where X is smooth

and S is normal (in this case, each Di is still reduced, but D may have other singularities

except for ordinary double points).

Let p : B(2) = {(x, y)|x ∈ B, y ∈ B, (x, y) ∼ (y, x)} → B be the natural projection defined

by (x, y) 7→ x + y. Set Du := {(u, x)|x ∈ B} a section of p and Eu := {(x, u − x)|x ∈ B} a

fibre of p. Now we construct a family of surfaces of type I1 using bidouble covers of B(2).

Proposition 4.16. Let h : S ′ → X := B(2) be a bidouble cover determined by effective divisors

D1 ≡ 2D0, D2 ≡ 4D0 − 2E0, D3 = 0, and divisors L1 ≡ 2D0 − Eηi , L2 ≡ D0, L3 ≡ 3D0 − Eηi
such that S ′ has at most RDP’s as singularities. Then the minimal resolution ν : S → S ′ of

S ′ yields a surface S of type I1.

Proof. Let G = (Z/2Z)2 = {1, σ1, σ2, σ3} be the Galois group of the bidouble cover h and let

Ri be the divisorial part of Fix(σi). Set R := R1 ∪ R2 ∪ R3. Then we have Di = h(Ri) and

KS′ = h∗KX +R.

Since D := D1 ∪ D2 ∪D3 ≡ 6D0 − 2E0, KX ≡ −2D0 + E0 and χ(OX) = 0, by [8] (2.21)

and (2.22), we have

K2
S′ = (2KX +D)2 = 4, χ(OS′) = 4χ(OX) +

1

2
KXD +

1

8
(D2 + ΣiD

2
i ) = 1.

Moreover, for i = 1, 2, one has

hi(OS′) = hi(h∗OS′) = hi(OX) + hi(OX(−L1)) + hi(OX(−L2) + hi(OX(−L3)) = 1.

Since S ′ has at most RDP’s as singularities and KS′ is ample, we see that S is minimal,

K2
S = K2

S′ = 4, pg(S) = h2(OS) = h2(OS′) = 1 and q(S) = h1(OS) = h1(OS′) = 1.

The bidouble cover h : S ′ → X can be decomposed into two double covers h1 : Y → X with

h1∗OY = OX ⊕ OX(−L2), and h2 : S ′ → Y with branch curve h∗1D2. Note that the general

fibre of Y → B is an irreducible smooth rational curve, which intersects h∗1D2 at 8 points.

Hence the general fibre of f ′ := p◦h : S ′ → B (and also the general fibre of f := f ′◦ν : S → B)

is irreducible and hyperelliptic of genus 3. By the universal property of the Albanese map

and of the Stein factorization, we see that B = Alb(S) and f is the Albanese fibration of S.

Therefore S has a genus 3 hyperelliptic Albanese fibration.

Since V1 = f∗ωS = f ′
∗ωS′, we have

h0(V1 ⊗OB(0− ηi)) = h0(ωS′ ⊗ f ′∗OB(0− ηi)) = 2.

Since deg(V1) = 1, by [1] Lemma 15, V1 must be decomposable. By [5] Theorem 2 and Lemma

2.1, we know that ι = 2 and V1 = E[0](2, 1)⊕ N with N a nontrivial torsion line bundle over

B. Again by [1] Lemma 15, we get N ∼= OB(ηi − 0). Therefore S is a surface of type I1.

Denote by M1 the family of minimal surfaces S obtained as the minimal resolution of a

bidouble cover h : S ′ → X = B(2) as in Proposition 4.16, and by M1 the image ofM1 in MI1.

Then we have
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Lemma 4.17. dimM1 = 4.

Proof. The moduli space of B(2) has dimension 1. Since we have fixed the neutral element 0

for B, only a finite subgroup of Aut(B(2)) acts on our data, and quotienting by it does not

affect the dimension. Since h0(D1) = h0(2D0) = h0(S2E[0](2, 1)) = 3 (cf. Lemma 4.13) and

h0(D2) = h0(−2KX) = 2 (see [7] Proposition 10), we have

dimM1 = 1 + dim |D1|+ dim |D2| = 1 + 2 + 1 = 4.

Next we show that the converse of Proposition 4.16 is also true.

(∗) For the remainder of this section, we always assume that S is a surface of type I1 and

that S ′ is the canonical model of S.

Proposition 4.18. S ′ is a bidouble cover of B(2) determined by effective divisors D1 ≡
2D0, D2 ≡ 4D0 − 2E0, D3 = 0, and divisors L1 ≡ 2D0 −Eηi , L2 ≡ D0, L3 ≡ 3D0 −Eηi.

Since the proof is long, we divide it into three steps in the following three lemmas:

(1) (Lemma 4.19) there is a finite morphism h : S ′ → B(2) of degree 4;

(2) (Lemma 4.21) the morphism h is a bidouble cover with branch divisors (D1, D2, D3) as

stated above;

(3) (Lemma 4.22) up to an automorphism of B(2), L1, L2, L3 satisfy the above linear equiv-

alence relations.

To prove (1), we first introduce the map h. Since the relative canonical map w : S → P(V1)

factors as the composition ν : S → S ′ (the map contracting (−2)-curves) and µ : S ′ → P(V1).

Let h := ϕ ◦ µ : S ′
99K B(2). By Lemma 2.1, we have the following commutative diagram

S ′ µ
//

h

""❉
❉

❉

❉

P(V1)

ϕ
��
✤

✤

✤

B(2)

where w = µ ◦ ν and w′ = h ◦ ν. Since w is a morphism (cf. Lemma 4.1) and the general

Albanese fibre of S is hyperelliptic, we see that µ : S ′ → C := µ(S ′) ⊂ P(V1) is a finite double

cover. Moreover C is exactly the conic bundle in Murakami’s structure theorem. Now we

prove (1).

Lemma 4.19. The map h : S ′
99K B(2) is a finite morphism of degree 4.

Proof. Since µ : S ′ → C is a finite double cover, it suffices to show that ϕ|C : C 99K B(2) is also

a finite double cover. To prove this, we need to study the equation of C ⊂ P(V1) and use the

definition of ϕ.

To get global relative coordinates on fibres of P(V1), first we take a unramified double cover

of B. Since N is a 2-torsion line bundle, we can find a unramified double cover φ : B̃ → B

such that φ∗N ∼= OB̃ and φ∗0 = 0̃ + η for some nontrivial 2-torsion point η ∈ B̃, where 0̃
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is the neutral element in the group structure of B̃, and such that φ(0̃) = 0. Moreover, by

[25] Theorem 2.2 and Lemma 2.3, we have φ∗E[0](2, 1) ∼= OB̃(x)⊕OB̃(x
′), where x, x′ are two

points on B̃ such that OB(φ∗(x)− 0) ∼= N (cf. [19] Chap. 2, Proposition 27) and x′ = x⊕ η

in the group law of B̃.

Set Ẽ := φ∗(E[0](2, 1) ⊕ N) and C̃ := Φ∗C. Then we have the following commutative

diagram:

C̃ ⊂ P(Ẽ) Φ
//

ϕ̃
��

C ⊂ P(V1)

ϕ

��

X̃ := P(OB̃(x)⊕OB̃(x
′)) //

p̃
��

X = P(E[0](2, 1))

p

��

B̃
φ

// B

where ϕ̃ : P(Ẽ) → P(OB̃(x) ⊕ OB̃(x
′)) is the natural projection induced by the injection

OB̃(x)⊕OB̃(x
′) → Ẽ = OB̃(x)⊕OB̃(x

′)⊕ φ∗N .

Note that the unramified double cover Φ : P(Ẽ) → P(V1) induces an involution Tη on

P(Ẽ). Let J := {1, Tη} be the group generated by Tη. Then for any divisor D on P(V1), we

have H0(P(V1), D) ∼= H0(P(Ẽ)(Φ∗D))J (the J-invariant part of H0(P(Ẽ)(Φ∗D))).

From the commutative diagram above, to show that ϕ|C is a finite double cover, it suffices

to show that ϕ̃|C̃ : C̃ → P(OB̃(0̃)⊕OB̃(η)) is a finite double cover.

Take global relative coordinates y1 : OB̃(x) → Ẽ, y2 : OB̃(x
′) → Ẽ, y3 : OB̃ → Ẽ on fibres

of P(Ẽ). In notation of section 4.2, we have C ∈ |OP(V1)(2)|, hence C̃ is a J-invariant divisor

in |OP(Ẽ)(2)|. Therefore the equation of C̃ ⊂ P(Ẽ) can be written as

f1 = a1y
2
1 + a2y

2
2 + a3y

2
3 + a4y1y2 + a5y1y3 + a6y2y3, (4.2)

where a1, a2 ∈ H0(OB̃(2x)), a3 ∈ H0(OB̃), a4 ∈ H0(OB̃(x + x′), a5 ∈ H0(OB̃(x)) and a6 ∈
H0(OB̃(x

′)). Since the action of T ∗
η is y1 7→ y2, y2 7→ y1, y3 7→ y3 and C̃ is J-invariant, we see

that T ∗
η a1 = a2 and T ∗

η a5 = a6.

Since finite double cover is a local property, we can check this locally. Choose a local

coordinate t for the base curve B. Then (t, (y1 : y2 : y3)) is a local coordinate on P(Ẽ) and

(t, (y1 : y2)) is a local coordinate on X̃ . The action of ϕ̃ is locally like (t, (y1 : y2 : y3)) 7→
(t, (y1 : y2)). From the equation of C̃, to show that ϕ̃|C̃ is a finite double cover, it suffices to

show that a3 6= 0.

If a3 = 0, then C := {y1 = y2 = 0} ⊂ C̃. Recall that the branch divisor δ of u : S ′ → C
is contained in |OC(4) ⊗ π∗OB(−2 · 0)||C ∼= |OP(V1)(4) ⊗ π∗OB(−2 · 0)||C and it is reduced.

Hence δ̃ := Φ∗δ is a J-invariant reduced divisor in |OP(Ẽ)(4) ⊗ π̃∗OB̃(−2 · 0̃ − 2η)||C̃. Since

2x ≡ 2x′ ≡ 2η ≡ 2 · 0̃ and x+ x′ ≡ 0̃ + η 6≡ 2 · 0̃, one sees easily that y41, y
2
1y

2
2, y

4
2 is a basis of

H0(OP(Ẽ)(4) ⊗ π̃∗OB̃(−2 · 0̃ − 2η)). Let f2 be the equation of δ̃ on C̃. Then f2 has the form

f2 = b1y
4
1 + b2y

2
1y

2
2 + b3y

4
2, where b1, b2, b3 ∈ C.

Note that C is contained in δ̃. Since the Jacobian matrix of (f1, f2) at any point of C has
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the form




∂f
∂t

a5y3 a6y3 0

0 0 0 0





which has rank 1, δ̃ is singular along C. Hence δ̃ is nonreduced, a contradiction.

Therefore ϕ : C → B(2) is a finite double cover and h is a finite morphism of degree 4.

Remark 4.20. From that above Lemma, one sees easily that fibrewise, the composition map

S ′ → C → B(2) is just: a genus 3 hyperelliptic curve
2:1
→ a conic curve in P2 2:1

→ P1.

Now we prove (2).

Lemma 4.21. The morphism h : S ′ → B(2) is a bidouble cover with branch divisors D1 ≡
2D0, D2 ≡ 4D0 − 2E0, D3 = 0.

Proof. As in section 4.1, we denote by H the fibre of π : P(V1) → B and by T the divisor on

P(V1) such that π∗O(T ) = V1. Similarly, we denote by H̃ the fibre of π̃ : P(Ẽ) → B̃ and by T̃

the divisor on P(Ẽ) such that π̃∗O(T̃ ) = Ẽ. By Lemma 4.19, the ramification divisor of ϕ̃|C̃
on C̃ is defined by

(a5y1 + a6y2)
2 − 4a3(a1y

2
1 + a2y

2
2 + a4y1y2) = f1 = 0

and is linearly equivalent to 2T̃ |C̃. Thus the ramification divisor of ϕ|C on C is linearly equiv-

alent to 2T |C (which is the J-invariant part of 2T̃ |C̃). From the definition of ϕ, we know that

D0 = ϕ(T ). Hence the branch divisor of ϕ|C is linearly equivalent to 2D0.

Since h0((4T − 2H0)|C) = h0(ϕ∗(4D0 − 2E0)|C) = h0(4D0 − 2E0) + h0(3D0 − 2E0) (double

cover formula) = h0(4D0−2E0) (cf. [15] Theorem 1.13), we get |(4T −2H0)|C| = (ϕ|C)
∗|4D0−

2E0|. Hence the branch divisor of µ : S ′ → C is invariant under the involution σ′
1 of C

induced by the double cover ϕ|C : C → B(2). So σ′
1 lifts to an involution σ1 on S ′. Note

that the double cover µ : S ′ → C induces another involution σ2 on S ′. Hence we get a group

G := {1, σ1, σ2, σ3 := σ1 ◦ σ2} acting effectively on S ′, and the quotient S ′/G is nothing but

B(2).

Therefore h : S ′ → B(2) is a bidouble cover. Moreover, the three branch divisors of h are

D1 = h(Fix(σ1)) ≡ 2D0, D2 = h(Fix(σ2)) ≡ 4D0 − 2E0, D3 = h(Fix(σ3)) = 0.

Now we prove (3).

Lemma 4.22. Up to an automorphism of B(2), we can assume the data (L1, L2, L3) of h :

S ′ → X := B(2) to be L1 ≡ 2D0 − Eηi , L2 ≡ D0, L3 ≡ 3D0 − Eηi.

Proof. Since

h1(OS) = h1(OS′) = h1(h∗OS′) = h1(OX)+h
1(OX(−L1))+h

0(OX(−L2))+h
0(OX(−L3)) = 1

and h1(OX) = 1, we see h1(OX(−L1)) = 0. In particular, we have L1 6≡ −KX . Since

2L1 ≡ D2 +D3 ≡ 4D0 − 2E0, we have L1 ≡ 2D0 −Eηi for a nontrivial 2-torsion point ηi ∈ B.

Since L2 + L3 ≡ D1 + L1 ≡ 4D0 −Eηi , there are three choices for (L2, L3):
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(i) L2 ≡ D0, L3 ≡ 3D0 − Eηi ;

(ii) L2 ≡ Dηi , L3 ≡ 3D0 − E0;

(iii) L2 ≡ Dηj (j 6= i), L3 ≡ 3D0 −Eηk .

Now we show that for fixed (D1, D2, D3, L1) above, the three choices (i) (ii) (iii) for (L2, L3)

are equivalent up to an automorphism of X = B(2). The automorphism (x, y) 7→ (x+ηi, y+ηi)

on X fixes fibres of X → B and translates Du to Du+ηi . Hence it fixes (D1, D2, D3, L1) and

maps (L2, L3) in (i) to (L2, L3) in (ii). Similarly, the automorphism (x, y) 7→ (x + ηj , y + ηj)

fixes (D1, D2, D3, L1) and maps (L2, L3) in (i) to (L2, L3) in (iii).

Therefore, up to an automorphism of B(2), we can assume the data (L1, L2, L3) of h to be

L1 ≡ 2D0 − Eηi , L2 ≡ D0, L3 ≡ 3D0 − Eηi .

Combining Propositions 4.16 and 4.18 together, we get the following

Theorem 4.23. If h : S ′ → B(2) is a bidouble cover determined by branch divisors D1 ≡
2D0, D2 ≡ 4D0 − 2E0, D3 = 0, and divisors L1 ≡ 2D0 − Eηi , L2 ≡ D0, L3 ≡ 3D0 − Eηi such

that S ′ has at most RDP’s as singularities, then the minimal resolution S of S ′ is a surface of

type I1. Conversely, if S is a surface of type I1, then the canonical model S ′ of S is a bidouble

cover of B(2) (where B = Alb(S)) determined by the branch divisors (D1, D2, D3) and divisors

(L1, L2, L3) in the respective linear equivalence classes above.

The following corollary follows easily from Lemma 4.17 and Theorem 4.23.

Corollary 4.24. M1 = MI1. In particular, we have dimMI1 = 4.

4.3.2 Natural deformations of smooth bidouble covers

Let S be a general surface of type I1. Then we have a smooth bidouble cover h : S → X =

B(2) determined by branch divisors D1 ≡ 2D0, D2 ≡ 4D0 − 2E0, D3 = 0, and divisors L1 ≡
2D0 − Eηi , L2 ≡ D0, L3 ≡ 3D0 − Eηi . In this subsection, we study the natural deformations

(cf. Definition 2.8) of S.

We use notation and definitions of section 2.2. Since D3 = 0, by Definition 2.9, h is a

simple bidouble cover. Let L′
1 := D0, L

′
2 := 2D0 − Eηi and let z1, z2 be the fibre coordinates

relative to the two summands of V := ⊕2
j=1OX(−L

′
j). Let xi be a section of OX(Di) with

div(xi) = Di (i = 1, 2). From section 2.2 (or see [9] p. 75), we see that S is a subvariety of V

defined by equations:

z21 = x1, z22 = x2. (4.3)

and a natural deformation Y of S is defined by equations

z21 = x1 + b1z2, z22 = x2 + b2z1. (4.4)

with b1 ∈ H0(OX(D1 − L′
2)), b2 ∈ H0(OX(D2 − L′

1)).

Note that h0(OX(D1 − L′
2)) = h0(Eηi) = h0(OB(ηi)) = 1. By [15] Theorem 1.13, we have

H0(OX(D2 − L′
1)) = H0(3D0 − 2E0) = 0, hence we always have b2 = 0.
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Denote by M ′
1 the family of all surfaces arising as natural deformations of some general

surface of type I1, and by M′
1 the image of M ′

1 in M4,3
1,1. Let M

′
1 be the Zariski closure of M ′

1

in M4,3
1,1. Then we have

Proposition 4.25. dimM′
1 = 5 and MI1 is a 4-dimensional subspace of M′

1.

Proof. Since there is one parameter for X = B(2) (see Lemma 4.17). From equations (4.4),

we see that dimM′
1 = 1 + dim |D1|+ dim |D2|+ h0(OX(D1 − L′

2)) = 1 + 2 + 1 + 1 = 5.

Remark 4.26. From equations (4.4), It is easy to see that a natural deformation Y of S is a

bidouble cover of X if and only if b1 = 0 (since we always have b2 = 0). By Theorem 4.23, Y

has a genus 3 hyperelliptic Albanese fibration if and only if b1 = 0. Since dimMI1 < dimM′
1,

we see that a general surface in M ′
1 has a genus 3 nonhyperelliptic Albanese fibation.

4.3.3 h1(TS) for a general surface S of type I1

In this section we calculate h1(TS) for a general surface S of type I1. Note that for general

choices of D1 ∈ |2D0| and D2 ∈ |4D0 − 2E0|, D1, D2 are both irreducible smooth curves and

they intersect transversally. Hence S is a smooth bidouble cover of X := B(2) determined by

effective divisors (D1, D2, D3) and divisors (L1, L2, L3) as in Theorem 4.23.

By Riemann-Roch, we have h0(TS) − h1(TS) + h2(TS) = 2K2
S − 10χ(OS) = −2. Since

h0(TS) = 0, we have h1(TS) = h2(TS) + 2 = h0(ΩS ⊗ ωS) + 2. By Lemma 2.11, we have

H0(ΩS ⊗ ωS) ∼= H0(h∗(ΩS ⊗ ωS))

= H0(ΩX(logD1, logD2, logD3)⊗ ωX)⊕ (
3

⊕

i=1

H0(ΩX(logDi)⊗ ωX(Li))).

Hence to calculate h1(TS), it suffices to calculate h0(ΩX(logD1, logD2, logD3) and h
0(ΩX(logDi)⊗

ωX(Li)) (i = 1, 2, 3).

Lemma 4.27. ΩX = OX ⊕ ωX .

Proof. Since p : X = B(2) → B is a P1-bundle, by [22] Chap. III, Ex. 8.4, we have the

following exact sequence

0 → ΩX/B → (p∗E[0](2, 1))(−1) → OX → 0.

Since

∧2((p∗E[0](2, 1))(−1)) = OX(−2)⊗ p∗OB(0) ∼= ΩX/B ⊗OX ,

we see ΩX/B ∼= OX(−2)⊗ p∗OB(0) ∼= ωX .

On the other hand, we have the exact sequence

0 → p∗ωB → ΩX → ΩX/B → 0

i.e.

0 → OX → ΩX → ωX → 0.

Since Ext1(ωX ,OX) ∼= H1(ω−1
X ) = H1(OX(2D0−E0)) and h

1(OX(2D0−E0)) = h1(S2(E[0](2, 1))(−0)) =

h0(S2(E[0](2, 1))(−0)) = 0 (cf. proof of Lemma 4.13), we see that ΩX = OX ⊕ ωX .
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Lemma 4.28. h0(ΩX(logD1, logD2, logD3)⊗ ωX) = 1.

Proof. Let g : Y → X be the smooth double cover with g∗OY = OX ⊕ OX(−ǫ), where

ǫ ≡ −KX . Then Y = B × B (see [7] Proposition 4) and we have ΩY ∼= OY ⊕OY . Since (see

[8] Proposition 3.1)

H0(ΩY ⊗ ωY ) ∼= H0(ΩX(logD2)⊗ ωX)⊕H0(ΩX ⊗ ωX(ǫ))

= H0(ΩX(logD2)⊗ ωX)⊕H0(ΩX),

h0(ΩY ⊗ ωY ) = h0(OY ⊕OY ) = 2 and h0(ΩX) = 1, we have h0(ΩX(logD2) ⊗ ωX) = 1. Since

ΩX(logD2)⊗ωX ⊂ ΩX(logD1, logD2, logD3)⊗ωX , we see h
0(ΩX(logD1, logD2, logD3)⊗ωX) ≥

1.

On the other hand, by [8] (2.12), we have the following exact sequence

0 → ΩX ⊗ ωX → ΩX(logD1, logD2, logD3)⊗ ωX →
3

⊕

i=1

ODi
(KX) → 0. (4.5)

Note that h0(ΩX ⊗ ωX) = 0. Since KXD1 = −2, we have h0(OD1(KX)) = 0. Since D2 is an

irreducible elliptic curve in the rational pencil | − 2KX | (cf. [7] Proposition 6), we know that

D2|D2 ≡ 0 and (KX + D2)|D2 ≡ 0, thus KX |D2 ≡ 0 and h0(OD2(KX)) = 1. Hence we have

h0(ΩX(logD1, logD2, logD3)⊗ ωX) ≤ 1.

Therefore we get h0(ΩX(logD1, logD2, logD3)⊗ ωX) = 1.

Lemma 4.29. h0(ΩX(logD1)⊗ ωX(L1)) = 0.

Proof. Consider the following exact sequences

0 → OX(−2D0 + E0 − Eηi) → OX(E0 − Eηi) → OD1(E0 −Eηi) → 0

0 → ΩX(E0 − Eηi) → ΩX(logD1)⊗ ωX(L1) → OD1(E0 −Eηi) → 0

Since h0(OX(−2D0 + E0 − Eηi)) = h0(p∗OX(−2D0)(0 − ηi)) = 0 (cf. [4] Chap. I, Theorem

5.1), h1(OX(−2D0 + E0 − Eηi)) = h1(OX(Eηi)) = h1(OB(ηi)) = 0, h0(OX(E0 − Eηi)) =

h0(OB(0 − ηi)) = 0, we have h0(OD1(E0 − Eηi)) = 0. Since moreover h0(ΩX(E0 − Eηi)) =

h0(OX(E0 −Eηi)) + h0(OX(−2D0 + Eηi)) = 0, we get h0(ΩX(logD1)⊗ ωX(L1)) = 0.

Lemma 4.30. h0(ΩX(logD2)⊗ ωX(L2)) = 1.

Proof. Let g : Y → X be the smooth double cover in Lemma 4.28. Since

H0(ΩY ⊗ ωY (g
∗L2)) ∼= H0(ΩX(log(D2)⊗ ωX(L2))⊕H0(ΩX ⊗ ωX(ǫ+ L2)),

h0(ΩX ⊗ ωX(ǫ + L2)) = h0(ΩX(D0)) = h0(OX(D0)) + h0(OX(−D0 + E0)), h
0(OX(D0)) =

h0(E0(2, 1)) = 1, h0(OX(−D0 + E0)) = 0 (cf. [4] Chap. I, Theorem 5.1) and h0(ΩY ⊗
ωY (g

∗L2)) = h0(g∗(OY ⊕ OY )⊗ OX(L2)) = 2h0(OX(L2)) + 2h0(OX(−D0 + E0)) = 2, we get

h0(ΩX(logD2)⊗ ωX(L2)) = 1.

Lemma 4.31. h0(ΩX(logD3)⊗ ωX(L3)) = 1.
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Proof. Since D3 = 0 and L3 ≡ 3D0 −Eηi , we have

h0(ΩX(logD3)⊗ ωX(L3)) = h0(ΩX(Dηi)) = h0(OX(Dηi)) + h0(OX(−D0 + Eηi)) = 1.

Theorem 4.32. We have h1(TS) = 5 = dimM′
1. Therefore M′

1 is an irreducible component

of M4,3
1,1.

Proof. By Lemma 2.11 and Lemmas 4.28-4.31, we have h0(ΩS⊗ωS) = h0(ΩX(logD1, logD2, logD3)+
∑3

i=1 h
0(ΩX(logDi) ⊗ ωX(Li)) = 3. By Reimann-Roch and Serre duality, we have h1(TS) =

h2(TS)+2 = h0(ΩS⊗ωS)+2 = 5. By Propositon 4.25, we have h1(TS) = 5 = dimM′
1. Hence

M′
1 is an irreducible component of M4,3

1,1.

4.4 Surfaces of type I2

In this section, we study surfaces of type I2. The method is similar to that for surfaces of

type I1. We omit the proof wherever it is similar to that for surfaces of type I1.

4.4.1 Bidouble covers of B(2)

As before, let B(2) be the second symmetric product of an elliptic curve B. Let Cηi :=

{(x, x + ηi), x ∈ B} (i = 1, 2, 3) be the (only) three curves homologous to −KX (see [7]

proposition 7). Let τ be a point on B such that 2τ ≡ η1 + η2.

Theorem 4.33. Let h : S ′ → B(2) be a bidouble cover determined by effective divisors D1 ≡
2D0, D2 ≡ 4D0 − Eη1 − Eη2 , D3 = 0, and divisors L1 ≡ 2D0 − Eτ , L2 ≡ D0, L3 ≡ 3D0 − Eτ
such that S ′ has at most RDP’s as singularities. Then the minimal resolution S of S ′ is a

surface of type I2. Conversely, for any surface S of type I2, the canonical model S ′ of S is

a bidouble cover of B(2) where B = Alb(S)) determined by the effective divisors (D1, D2, D3)

and divisors (L1, L2, L3) above.

Proof. The proof is similar to Theorem 4.23. Note here h0(4D0−Eη1−Eη2) = H0(S4(E[0](2, 1)(−η1−
η2)) = 1 (cf. Lemma 4.13). And Cη1 +Cη2 is the unique effective divisor in |4D0 −Eη1 −Eη2 |,
which is the disjoint union of two smooth elliptic curves (see [7] proposition 7).

Remark 4.34. By Theorem 4.33 and using a similar calculation to Lemma 4.17, we have

dimMI2 = 1 + dim |D1|+ dim |D2| = 1 + 2 + 0 = 3.

4.4.2 Natural deformations of smooth bidouble covers

Let S be a general surface of type I2. Then we have a smooth bidouble cover h : S →
X = B(2) determined by branch divisors D1 ≡ 2D0, D2 ≡ 4D0 − Eη1 − Eη2 , D3 = 0, and

divisors L1 ≡ 2D0 − Eτ , L2 ≡ D0, L3 ≡ 3D0 − Eτ . In this subsection, we study the natural

deformations of S. The method is the same to that of section 4.3.2.
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We use notation and definitions of section 2.2. Since D3 = 0, by Definition 2.9, h is a

simple bidouble cover. Let L′
1 := D0, L

′
2 := 2D0 − Eτ and let z1, z2 be the fibre coordinates

relative to the two summands of V := ⊕2
j=1OX(−L

′
j). Let xi be a section of OX(Di) with

div(xi) = Di (i = 1, 2). From section 2.2 (or see [9] p. 75), we see that S is a subvariety of V

defined by equations:

z21 = x1, z22 = x2. (4.6)

and a natural deformation Y of S is defined by equations

z21 = x1 + b1z2, z22 = x2 + b2z1. (4.7)

with b1 ∈ H0(OX(D1 − L′
2)), b2 ∈ H0(OX(D2 − L′

1)).

Note that h0(OX(D1 − L′
2)) = h0(Eτ ) = h0(OB(τ)) = 1. By [15] Theorem 1.13, we have

H0(OX(D2 − L′
1)) = H0(3D0 −Eη1 −Eη2) = 0, hence we always have b2 = 0.

Denote by M ′
2 the family of all surfaces arising as natural deformations of some general

surface of type I2, and by M′
2 the image of M ′

2 in M4,3
1,1. Let M

′
2 be the Zariski closure of M ′

2

in M4,3
1,1. Then we have

Proposition 4.35. dimM′
2 = 4 and MI1 is a 3-dimensional subspace of M′

2.

Proof. Since there is one parameter for X = B(2) (see Lemma 4.17). From equations (4.7),

we see that dimM′
2 = 1 + dim |D1|+ dim |D2|+ h0(OX(D1 − L′

2)) = 1 + 2 + 0 + 1 = 4.

Remark 4.36. From equations (4.7), It is easy to see that a natural deformation Y of S is a

bidouble cover of X if and only if b1 = 0 (since we always have b2 = 0). By Theorem 4.33, Y

has a genus 3 hyperelliptic Albanese fibration if and only if b1 = 0. Since dimMI2 < dimM′
2,

we see that a general surface in M ′
2 has a genus 3 nonhyperelliptic Albanese fibation.

4.4.3 h1(TS) for a general surface S of type I2

Let S be a general surface of type I2. In this subsection we calculate h1(TS). Note that a

general surface S of type I2 is a smooth bidouble cover of X = B(2) determined by effective

divisors (D1, D2, D3) and divisors (L1, L2, L3) as in Theorem 4.33.

By Riemann-Roch, we have h1(TS) = h2(TS) + 2 = h0(ΩS ⊗ ωS) + 2. By Lemma 2.11, we

have

H0(ΩS ⊗ ωS) ∼= H0(h∗(ΩS ⊗ ωS))

= H0(ΩX(logD1, logD2, logD3)⊗ ωX)⊕ (

3
⊕

i=1

H0(ΩX(logDi)⊗ ωX(Li)).

Lemma 4.37. (1) h0(ΩX(logD1, logD2, logD3)⊗ ωX) = 0;

(2) h0(ΩX(logD1)⊗ ωX(L1)) = 0;

(3) h0(ΩX(logD2)⊗ ωX(L2)) = 1;

(4) h0(ΩX(logD3)⊗ ωX(L3)) = 1.
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Proof. (1) Consider the exact sequence

0 → ΩX ⊗ ωX → ΩX(logD1, logD2, logD3)⊗ ωX → OD1(KX)⊕OTηi
(KX)⊕OTηj

(KX) → 0.

Since KXD1 = −2, we have h0(OD1(KX)) = 0. From the exact sequence

0 → OX(E0 −Eηi) → OX(KX) → OTηi
(KX) → 0,

h0(OX(E0 − Eηi)) = h1(OX(E0 − Eηi)) = 0 and h0(OX(KX)) = 0, we see h0(OTηi
(KX)) = 0.

Similarly, we have h0(OTηj
(KX)) = 0 and hence h0(OD1(KX) ⊕ OTηi

(KX) ⊕ OTηj
(KX)) = 0.

Since moreover h0(ΩX ⊗ ωX) = 0, we get h0(ΩX(logD1, logD2, logD3)⊗ ωX) = 0.

(2) The proof is similar to Lemma 4.29, just replace ηi by τ .

(3) Consider the smooth double cover g : Y → X with g∗OY = OX ⊕OX(−ǫ), where ǫ ≡
2D0−Eτ . Since KY ≡ g∗(KX+ ǫ) ≡ g∗(E0−Eτ ) and h

0(KY ) = h0(KX)+h
0(KX+ ǫ) = 0, we

have KY 6≡ 0 and 4KY ≡ 0. Moreover, we have q(Y ) = h1(OY ) = h1(OX) + h1(OX(−ǫ)) = 1.

Thus Y is a bielliptic surface and its Albanese map αY : Y → B is a smooth map. Hence

ΩY/B is a locally free sheaf and we have the following exact sequence:

0 → α∗
Y ωB → ΩY → ΩY/B → 0.

Since ωB ∼= OB, we have α∗
Y ωB

∼= OY and thus ΩY/B ∼= ωY . Now the above exact sequence

becomes

0 → OY → ΩY → ωY → 0.

Tensoring this exact sequence with ωY (g
∗D0), we get

0 → OY (g
∗(D0 + E0 −Eτ )) → ΩY ⊗ ωY (g

∗D0) → OY (g
∗(D0 + 2E0 − 2Eτ )) → 0.

Since h0(OY (g
∗(D0 +E0 −Eτ )) = h0(OY (g

∗(D0 +2E0 − 2Eτ ))) = 1 and h1(OY (g
∗(D0 +E0 −

Eτ )) = 0, we get h0(ΩY ⊗ ωY (g
∗D0)) = 2.

On the other hand, by [8] Proposition 3.1, we have H0(ΩY ⊗ωY (g
∗D0)) ∼= H0(ΩX(logD2)⊗

ωX(D0)) ⊕ H0(ΩX ⊗ ωX(ǫ + D0)). Since h0(ΩX ⊗ ωX(ǫ + D0)) = h0(OX(D0 + E0 − Eτ )) +

h0(ωX(D0 +E0 −Eτ )) = 1, we get h0(ΩX(logD2)⊗ ωX(L2)) = h0(ΩX(logD2)⊗ ωX(D0)) = 1.

(4) h0(ΩX(logD3)⊗ ωX(L3)) = h0(OX(D0 + E0 −Eτ )) + h0(ωX(D0 + E0 −Eτ )) = 1.

Theorem 4.38. We have h1(TS) = 4 = dimM′
2. Therefore M′

2 is an irreducible component

of M4,3
1,1.

Proof. By Lemma 2.11 and Lemma 4.37, we have h0(ΩS⊗ωS) = h0(ΩX(logD1, logD2, logD3)⊗
ωX) +

∑3
i=1 h

0(ΩX(logDi) ⊗ ωX(Li)) = 2. By Riemann-Roch, Serre duality and Proposition

4.35, we have h1(TS) = h2(TS) + 2 = h0(ΩS ⊗ ωS) + 2 = 4 = dimM′
2. Hence M′

2 is an

irreducible component of M4,3
1,1.
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5 The number of direct summands of f∗ω
⊗2
S is not a de-

formation invariant

Let S be a minimal surface of general type with pg = q = 1 and let f : S → B := Alb(S) be

the Albanese fibration of S. Let g be the genus of a general Albanese fibre. Set Vn := f∗ω
⊗n
S

and denote by νn the number of direct summands of Vn. Catanese-Ciliberto [14] proved that

ν1 is a topological invariant, hence it is also a deformation invariant. In this section we show

that ν2 is not a deformation invariant, which gives a negative answer to Pignatelli’s question

(cf. [37] p. 3).

For later convenience, we fix a group structure for the genus one curve B = Alb(S), denote

by 0 its neutral element and by τ a nontrivial 2-torsion point. Let E[0](2, 1) be the unique

indecomposable vector bundle of rank two on B with detE[0](2, 1) ∼= OB(0) (cf. [1]).

Denote by M3,2
I ,M3,2

II ,M
3,2
III the subsets of M3,2

1,1 corresponding to surfaces with pg = q =

1, K2 = 3, g = 2 such that ν2 = 1, 2, 3 respectively (cf. [17] Definition 6.11). Then we have

M3,2
1,1 = M3,2

I ∪M3,2
II ∪M3,2

III .

The main ingredient to prove that ν2 is not a deformation invariant is the following

Theorem 5.1. There exist minimal surfaces with pg = q = 1, K2 = 3, g = 2 such that

V2 = E[0](2, 1)(0)⊕OB(τ), i.e., M
3,2
II is not empty.

We shall prove Theorem 5.1 later. First we show how Theorem 5.1 gives a negative answer

to Pignatelli’s question.

Corollary 5.2. ν2 is not a deformation invariant, hence it is not a topological invariant,

either.

Proof. Catanese-Pignatelli (cf. [17] Proposition 6.3) proved that M3,2
1,1 has exactly three irre-

ducible connected components: one is M3,2
I and two are contained in M3,2

III . By Theorem 5.1,

M3,2
II is not empty. Hence either M3,2

II ∩ M3,2
I or M3,2

II ∩ M3,2
III is nonempty. In particular,

there is a minimal surface with ν2 = 2 that can be deformed to a minimal surface with ν2 = 1

or ν2 = 3. Therefore V2 is not a deformation invariant.

( We will show in the following Remark 5.3 that the minimal surfaces we constructed in

Theorem 5.1 belong to MI . )

Now we prove Theorem 5.1.

Proof of Theorem 5.1. Let B be an elliptic curve and N := OB(τ − 0) be the torsion line

bundle of order 2 on B. Let V ′
1 := E[0](2, 1) and V ′

2 := E[0](2, 1)(0) ⊕ N(0) be two vector

bundles on B. To prove Theorem 5.1, it suffices to show that there exists a relatively minimal

genus 2 fibration f : S → B such that pg(S) = q(S) = 1, K2
S = 3, g = 2, V1 = f∗ωB = V ′

1 ,

V2 = f∗ω
⊗2
B = V ′

2 . (By the universal property of Albanese map, f must be the Albanese

fibration of S.)
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By Catanese-Pignatelli’s structure theorem for genus 2 fibrations (cf. [17] section 4), it

suffices to find a conic bundle C ∈ |OP(V ′

2)
(2)⊗ π∗ det(V ′

1)
−2| on P(V ′

2) and an effective divisor

δ ∈ |OC(3)⊗ π∗OB(−20− 2τ)| such that C contains exactly one RDP as singularities, δ does

not contain the singular point of C, and the double cover X of C with branch divisor δ has at

most RDP’s as singularities.

To get global relative coordinates on the fibre of P(V ′
2), we take an unramified double

covering φ : B̃ → B such that φ∗N ∼= OB̃ and φ∗0 = 0̃ + η for some nontrivial 2-torsion point

η ∈ B̃, where 0̃ is the neutral element in the group structure of B̃ such that φ(0̃) = 0. By [25]

Theorem 2.2, Lemma 2.3, we have φ∗E[0](2, 1) ∼= OB̃(p)⊕ OB̃(p
′), where OB(φ∗(p)− 0) ∼= N

(cf. [19] Chapter 2, Proposition 27) and p′ = p⊕ η in the group law of B̃.

Now let Ẽ := φ∗(E[0](2, 1)⊕N), then we have the following commutative diagram:

P(Ẽ)
Φ

//

π̃
��

P(E[0](2, 1)⊕N)

π

��

B̃
φ

// B

where π̃ : P(Ẽ) → B̃ is the natural P2-bundle over B̃. Note that the unramified double cover

Φ : P(Ẽ) → P(E[0](2, 1) ⊕ N) ∼= P(V ′
2) induces an involution on P(Ẽ), which we also denote

by Tη. Let G :=< Tη >, then G acts on B̃ and P(Ẽ) effectively.

Now to find a conic bundle C ∈ |OP(V ′

2 )
(2) ⊗ det(V ′

1)
−2| = |OP(E[0](2,1)⊕N)(2)| containing

exactly one RDP as singularity, is equivalent to finding a G-invariant conic C̃ ∈ |P(Ẽ)(2)| on
P(Ẽ), which contains exactly 2 RDP’s on two different fibres as singularities. Similarly, to

find a curve δ ∈ |OC(3)⊗ π∗(−20− 2τ)| on C such that δ does not contain the singular point

of C and the double cover X of C with branch divisor δ has at most RDP’S as singularities, is

equivalent to finding a G-invariant curve δ̃ ∈ |OC̃(3)⊗ π̃∗(−0− η)| on C̃ such that δ̃ does not

contain the singularities of C̃, and the double cover X̃ of C̃ branched on δ̃ has at most RDP’S

as singularities.

Take relative coordinates y1 : OB̃(p) → Ẽ, y2 : OB̃(p
′) → Ẽ, y3 : OB̃ → Ẽ on the fibre of

P(Ẽ). Then the action of T ∗
η is just: y1 7→ y2, y2 7→ y1 and y3 7→ y3. Let C̃ ⊂ P(Ẽ) be the

conic bundle defined by

f = a21y
2
1 + a22y

2
2 + a3y

2
3 = 0,

where a1 ∈ H0(OB̃(p)), a2 = T ∗
η a1 ∈ H0(OB̃(p

′)), a3 ∈ H0(φ∗OB)
G = H0(OB̃), a3 6= 0. It is

easy to see that C̃ is G-invariant. Since

(
∂f

∂y1
,
∂f

∂y2
,
∂f

∂y3
) = (2a21y1, 2a

2
2y2, 2a3y3),

the only possible singularities of C̃ are: P1 : y1 = y3 = a2 = 0 and P2 : y2 = y3 = a1 = 0.

It is easy to check that P1 is a A1-singularity on the fibre of π̃|C̃ over p′ ∈ B̃, and P2 is a

A1-singularity on the fibre of π̃|C̃ over p ∈ B̃.

Considering [17] Lemma 6.14, we take δ̃ as the complete intersection of C̃ with a relative

cubic G̃ ∈ |OP(Ẽ)(3)⊗π̃
∗OB̃(−0̃−η)|. Let ∆ be the linear subspace of |OP(Ẽ)(3)⊗π̃

∗OB̃(−0̃−η)|
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consisting of divisors defined by the equations:

g = b1y
3
1 + b2y

3
2 + b3y1y2y3,

where b1 ∈ H0(OB̃(p
′) ⊗ φ∗N), b2 = T ∗

η b1 ∈ H0(OB̃(p) ⊗ φ∗N), b3 ∈ H0(φ∗OB)
G = H0(OB̃),

b3 6= 0. Then an element G̃ ∈ ∆ is G-invariant. Moreover, G̃ does not contain the singularities

P1, P2 of C̃.
When b1, b3 vary, ∆ has no fixed points except the 4 curves C1 := {y1 = y2 = 0}, C2 :=

{b1 = y2 = 0}(on the fibre over p′), C3 := {b2 = y1 = 0}(on the fibre over p) and C4 := {y3 =
b1y

3
1 + b2y

3
2 = 0, y1 6= 0, y2 6= 0}. Note that C1 does not intersect C̃, so for a general member

G̃ ∈ ∆, δ̃ = G̃ ∩ C̃ is smooth outside (C2 ∪ C3 ∪ C4) ∩ C̃.
Now we show that δ̃ is smooth at (C2∪C3∪C4)∩C̃ by computing the rank of the Jacobian

matrix. For C2 ∩ C̃ := {b1 = y2 = a21y
2
1 + a3y

2
3 = 0}, the Jacobian matrix is





0 2a21y1( 6= 0) 0 2a3y3

ky31( 6= 0) 0 0 0





which has rank 2, therefore δ̃ is smooth at C2∩ C̃. The proof for C3∩ C̃ is similar (since C2, C3

are symmetric).

For C4 ∩ C̃ = {y3 = a21y
2
1 + a22y

2
2 = b1y

3
1 + b2y

3
2 = 0, y1 6= 0, y2 6= 0}, the Jacobian matrix is





0 2a21y1( 6= 0) 2a22y2( 6= 0) 0

0 3b1y
2
1( 6= 0) 3b2y

2
2( 6= 0) b3y1y2( 6= 0)





which has rank 2, thus δ̃ is smooth at C4 ∩ C̃. Hence for a general member G̃ ∈ ∆, δ̃ = G̃ ∩ C̃
is smooth. Therefore, the double cover of C̃ with branch divisor δ̃ is smooth.

Let C := Φ(C̃),G := Φ(G̃) and δ := C ∩ G. By [17] Theorem 4.13, the double cover

S → C with branch divisor δ is a smooth double cover, and S is a minimal surface with

pg = q = 1, K2 = 3, g = 2, V1 = V ′
1 = E[0](2, 1) and V2 = V ′

2 = E[0](2, 1)(0)⊕OB(τ).

Remark 5.3. In fact, the minimal surfaces constructed in Theorem 5.1 are contained in M3,2
I .

Proof. (1) For general choices of C ∈ |OP(V2)(2)⊗π
∗ det(V1)

−2| and G ∈ |OP(V2)(3)⊗π
∗OB(−2 ·

0− 2τ)|, δ = C ∩ G is connected:

Since we have proved that for general choices of C and G, δ is smooth, it suffices to show

h0(Oδ) = 1. Let π : W := P(V2) → B be the natural projective bundle, T be the divisor on

W such that π∗OW (T ) = V2(−0), and Ht be the fibre of π over t ∈ B.

Consider the following exact sequences

0 → OW (−5T +H0) → OW (−3T +H0) → OC(−3T +H0) → 0

0 → OC(−3T +H0) → OC → Oδ → 0
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By [4] Chap. I, Theorem 5.1 and using Serre duality, we have h0(OW (−3T+H0)) = h0(π∗OW (−3T+

H0)) = 0, h1(OW (−3T +H0)) = h2(OW (−H0 +Hτ )) = h2(OB(−0 + τ)) = 0, h1(OW (−5T +

H0)) = h2(OW (2T − H0 + Hτ )) = h2(π∗(OW (2T − H0 + Hτ)) = 0, h2(OW (−5T + H0)) =

h1(OW (2T − H0 + Hτ )) = h1(S2(V1)(τ − 0)) = 0 (cf. Lemma 4.13). Hence we have

h1(OC(−3T +H0)) = 0. Since moreover h0(OC) = 1, we get h0(Oδ) = 1.

(2) S is not contained in M3,2
III . If these surfaces were contained in M3,2

III , then we get

a 1-parameter connected flat family S → T of canonical models of minimal surfaces with

pg = q = 1, K2 = 3, g = 2 such that the central fibre has ν2 = 2 while a general fibre has

ν2 = 3. Now we have a flat family of double covers of conic bundles having only RDP’s

as singularities such that, for a general fibre the branch curve is reducible and disconnected

(see [17] proposition 6.16), hence h0(δt) > 1(t 6= 0); while for the central fibre the branch

curve is irreducible and smooth, hence h0(δ0) = 1 < h0(δt)(t 6= 0), contradicting the upper

semi-continuity.

By the proof of Corollary 5.2, we see that S is contained in M3,2
I .
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