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Abstract

Elastic confinements are an important component of many soft matter systems and dictate the
transport properties of suspended particles under flow. In this thesis, we present a fully analytical
theory of the hydrodynamic interactions and Brownian motion of nanoparticles immersed in a
Newtonian fluid, moving in close vicinity to a realistically modeled elastic cell membrane. The
membrane is attached to a cross-linked cytoskeleton network providing a resistance towards shearing
and consists of a lipid bilayer to enable resistance towards bending. We assume that the fluid
surrounding the particles is governed by the linear Stokes equations where the viscous forces dominate
over the inertial forces. Our analytical calculations start with the computation of the Green’s functions
representing the flow field due to a concentrated point force singularity acting nearby the elastic
membrane. We then compute the frequency-dependent mobility functions connecting the force and
torque with the translational and rotational velocities of the suspended particles. Thereupon, we
derive analytical expressions of the diffusion tensor which can directly be obtained from the particle
mobility functions via the fluctuation-dissipation theorem. Our most important finding is that the
elastic nature of the confining membrane induces a memory effect in the system, leading to a long-lived

anomalous subdiffusive behavior of nearby particles.

The determination of the Green’s functions in the presence of an elastic boundary consists of
writing the general solution of the Stokes equations as a sum of a bulk contribution and a correction
term that is required to satisfy the regularity and boundary conditions imposed at the membrane.
Depending on the membrane geometry we use three vastly different analytical approaches: (a) two
dimensional Fourier transform technique for planar membranes, (b) a Fourier-Bessel integral for cylin-
drical membranes and (c) spherical harmonics for membranes with spherical geometry. Accordingly,
the Green’s functions can conveniently be expressed in terms of infinite integrals over the wavenumber
or as convergent infinite sums of spherical harmonics. By considering a vanishing actuation frequency,
the Green’s functions are found to be identical to that predicted nearby a hard boundary with stick

boundary conditions.

The exactly known Green’s functions allow then for the analysis of the effect of the membrane on

the motion of particles, notably for the calculation of self- and pair-mobility functions relevant to fluid

I1I



v

transport nearby elastic membranes. Analytical expressions of the mobility functions can be obtained
by considering a distribution of point force singularities over the surface of the particles. Nonetheless,
we restrict ourselves in most cases to the commonly employed point-particle approximation. The
latter represents the leading-order term in an expansion of the mobility function in a power series
with respect to the ratio between the particle radius and the distance from the membrane for the
self-mobilities, or between the particle radius and the interparticle distance for the pair-mobilities.
We show that this approximation despite its simplicity can surprisingly lead to a good estimate of
the mobility functions when comparing with fully resolved numerical simulations performed using
truly finite-sized particles.

The computation of the frequency-dependent mobility functions provides the memory kernel
of the particle-membrane system and thus allows for the investigation of the diffusional motion of
Brownian particles nearby elastic cell membranes via a generalized Langevin formalism. A complete
characterization of particle diffusion can be performed by computing the mean-square displacement
(MSD) which is known to be a linear function of time in bulk fluid. Nearby an elastic membrane
however, the MSD exhibits a transient anomalous subdiffusion at intermediate time scales of motion
with a scaling exponent that depends strongly on the distance separating the particles from the
confining membrane. The steady MSD is found to follow a standard linear behavior and the diffusion
coefficient approaches the one predicted close to a hard boundary. Using physical parameters corre-
sponding to a typical red blood cell membrane, we find that the subdiffusive regime may enhance
residence times and binding rates of nearby nanoparticles by up to 50 % and therefore might be of
possible physiological significance for the uptake of targeted nanocarriers or viral particles by cell

membranes via endocytosis.

Key words Stokes flow « anomalous diffusion « Brownian motion « Green’s functions « singularity
methods « boundary integral methods « membrane mechanics « elasticity theory « biological fluid

dynamics « hydrodynamic mobility.



Zusammenfassung

Flastische Wande sind wichtige Komponenten im Kontext weicher Materie und bestimmen die
Transporteigenschaften von Partikeln in Suspension unter Einfluss von Stromung. In dieser Arbeit
prasentieren wir eine vollstdndig analytische Theorie der hydrodynamischen Wechselwirkungen und
der Brownschen Bewegung von Nanopartikeln, die in eine Newtonsche Fliissigkeit eingebettet sind
und sich in unmittelbarer Nahe zu einer realistisch modellierten elastischen Zellmembran bewegen.
Die Membran ist verbunden mit dem vernetzten Zytoskelett der Zelle, das einen Widerstand gegen
Scherdeformationenen bietet, und baut sich aus einer Lipiddoppelschicht auf, die einen Widerstand
gegen Biegdeformationen bietet. Wir nehmen an, dass die die Partikel umgebende Fliissigkeit durch
die linearen Stokes-Gleichungen beschrieben werden kann, wobei die viskosen Kréfte iiber die Tragheit-
skrifte dominieren. Diese Naherung ist angebracht aufgrund kleiner Geschwindigkeiten auf Skalen
einzelner Zellen. Unsere analytischen Berechnungen basieren auf der Berechnung der Greenschen
Funktionen, die das Stromungsfeld aufgrund einer Punktkraft-Singularitdt widerspiegeln, die in der
Néhe der elastischen Membran wirkt. Wir berechnen dann die frequenzabhéngigen Mobilitatsfunk-
tionen, die die Kraft und das Drehmoment mit den Translations- und Rotationsgeschwindigkeiten
der suspendierten Teilchen in Verbindung setzen. Daraufhin leiten wir analytische Ausdriicke des
Diffusionstensors ab, die direkt aus den Mobilitatsfunktionen iiber das Fluktuationsdissipationsthe-
orem erhalten werden konnen. Unser wichtigstes Ergebnis ist, dass die elastischen Eigenschaften
der Membran einen Gedéchtniseffekt im System induzieren, was zu einem langlebigen anomalen

subdiffusiven Verhalten der nahe gelegenen Partikel fiihrt.

Die Bestimmung der Greenschen Funktionen in Gegenwart einer elastischen Membran besteht
darin, die allgemeine Losung der Stokes-Gleichungen als Summe eines Bulk-Terms und eines Korrek-
turterms zu schreiben, der erforderlich ist, um die an der Membran auferlegten Regelméfigkeits- und
Randbedingungen zu erfiillen. Je nach Membrangeometrie verwenden wir drei sehr unterschiedliche an-
alytische Ansétze: (a) zweidimensionale Fourier-Transformation fiir planare Membranen, (b) Fourier-
Bessel-Integral fiir zylindrische Membranen und (c) Kugelflichenfunktionen fiir Membranen mit
spharischer Geometrie. Dementsprechend konnen die Greenschen Funktionen in Form von unendlichen

Integralen iiber die Wellenzahl oder als konvergente unendliche Summen von Kugelflichenfunktionen
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ausgedriickt werden. In Grenzfall einer verschwindenden Frequenz werden die Greenschen Funktionen
identisch mit denen, die in der N&ahe einer harten Wand mit Haftbedingung vorhergesagt werden.
Die exakt berechneten Greenschen Funktionen erlauben die Untersuchung des Einfluss der Mem-
bran auf die Bewegung von Partikeln, insbesondere wird die Berechnung von Eigen- und Paar-
Mobilitéatsfunktionen mdoglich. Diese sind fiir den Transport von Suspensionen in elastischen Geféfsen
relevant. Analytische Ausdriicke fiir die Mobilitdtsfunktionen kénnen durch Beriicksichtigung einer
Verteilung von Punktkréften iiber die Teilchenoberfliche erhalten werden. Dennoch beschranken wir
uns in den meisten Féllen auf die allgemein verwendete Punktpartikel-Naherung. Letztere reprisen-
tiert die fithrende Ordnung der Entwicklung der Mobilitédtsfunktion als Potenzreihe des Verhéltnisses
zwischen Partikelradius und Abstand von der Membran fiir die Eigen-Mobilitdten oder zwischen
Partikelradius und Partikelabstand fiir die Paar-Mobilitdten. Wir zeigen, dass die Punktpartikel-
Niherung, trotz ihrer Einfachheit iiberraschenderweise zu guter Ubereinstimmung in den Mobilitéits-
funktionen fiihrt verglichen mit numerischen Simulationen von Partikeln mit endlichem Radius.
Die Berechnung der frequenzabhéngigen Mobilitdtsfunktionen liefert den Gedéchtnisterm des
Partikel-Membran-Systems und ermdoglicht so die Untersuchung der Diffusionsbewegung von Brown-
schen Partikeln in der Néahe der elastischen Zellmembran iiber einen generalisierten Langevin-
Formalismus. Eine vollstédndige Charakterisierung der Partikeldiffusion kann durchgefiihrt werden,
indem die mittlere quadratische Verschiebung (MSD) berechnet wird, von der bekannt ist, dass sie
im Bulk eine lineare Funktion der Zeit ist. In der Néhe einer elastischen Membran jedoch weist das
MSD eine transiente anomale Subdiffusion auf, die auf intermediaren Zeitskalen stattfindet und einen
Skalierungsexponenten besitzt, der stark von der Distanz zur Membran abhangt. Das MSD im Grenz-
fall langer Zeiten zeigt ein normales lineares Verhalten und der Diffusionskoeffizient nimmt den nahe
an einer harten Wand vorhergesagten Wert an. Unter Verwendung von physikalischen Parametern,
die einer Membran eines roten Blutkérperchens entsprechen, finden wir, dass das Subdiffusionsregime
die Verweilzeiten und Bindungsraten von nahe gelegenen Nanopartikeln bis zu 50 % erhohen kann
und daher eine mogliche physiologische Bedeutung fiir die Aufnahme von medizinisch verwendeten

Nanopartikeln oder Viren durch Endozytose aufweist.

Schliisselworter Stokes-Stromung « anomale Diffusion « Brownsche Bewegung « Greensche Funk-
tionen « Singularitdtsmethoden « Randintegralmethoden « Membranmechanik « Elastizitatstheorie o

biologische Fluiddynamik « hydrodynamische Mobilitét.
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Chapter 1

Introduction

We are here and now. Further than that,
all knowledge is moonshine.

Henry Louis Mencken

1.1 Motivation

Diffusion and hydrodynamic interactions between nanosized particles in soft matter systems is a
long standing and established research topic. Over the last few decades, considerable effort has been
devoted to the study of nanoparticle dynamics in blood flow [1-5] due to their importance and
relevance in basic scientific research and potential biological and technological applications. Notable
examples include drug delivery and chemotherapy via nanocarriers [6-9] which release the active
agent in disease sites such as tumors or inflammation areas. During uptake by a living cell via
endocytosis [10-12], nanoparticles often come into close vicinity of cell membranes which alter their
motion in a complex fashion. Furthermore, nanoparticles play a key role in a variety of biological
functions including cell division [13-16] and metabolism [17-19]. Due to their small size, the dynamics
of nanoparticles is strongly affected by Brownian motion.

At small length and time scales of motion, an accurate description of fluid flows is achieved by
the linear Stokes equations [20], where viscous forces are more important than inertial forces. In
these conditions, a complete representation of the motion of a suspended particle is possible via
the hydrodynamic mobility function, which bridges between the velocity moments of the particle
and the moments of the force density on its surface. Particle motion in an unbounded medium is
well understood and has been studied since a long time ago since the pioneering work of Stokes [21]
who computed analytically the friction of fluids on the motion of pendulums. Nonetheless, particle
motion in real situations often occurs in geometric confinements. When a small particle moves in
close vicinity of an interface, the mobility is remarkably changed relative to its values in a bulk fluid.
The effect of confining boundaries on nearby particles in a viscous fluid plays an important role in
a variety of processes ranging from the rheology of colloidal suspensions [22-26| to the transport of
nanoparticles and various molecules through nanochannels [27, 28|.

1.2 State of the art

The first attempt to address the near-wall hindered mobility dates back to Lorentz [29] who used
the image solution technique to compute the fluid motion resulting from a point-force acting nearby
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an infinitely extended planar hard-wall. His solution method permits the determination of the parti-
cle mobility functions provided that the particle is at moderate distance from the wall. Analytical
solutions that account for truly finite-sized particles have been later derived using bispherical co-
ordinates [30-32]. The latter method has successfully been employed by Jeffery and coworkers to
address the steady rotation of a solid of revolution [33] or the motion of two spheres in a viscous
fluid [34]. The slow viscous translational motion of a sphere parallel to a planar wall has further
been investigated using matched asymptotic expansions [35, 36|, finding that the wall introduces a
coupling between rotation and translation. Both the translational and rotational motions have later
been reconsidered by Perkins & Jones who expressed the particle mobility in terms of a set of scalar
functions that depend on the sphere radius and distance to a free [37] or rigid interface [38, 39].
Lorentz calculations have been extended to account for finite frequency of motion by Wakiya for the
motion parallel to a hard-wall [40].

Under a uniform shear flow, near-wall particle dynamics has first been investigated using bipolar
coordinates by Goldman [41] to derive exact solutions of the Stokes equations for the translational and
rotational motions of a neutrally buoyant sphere. His solution is supplemented by a lubrication-theory-
like approximation valid when the gap between the sphere and the wall is small, and by a method of
reflection valid in the opposite case. Particle motion in shear flow past a plane wall has been later
revisited using bipolar coordinates [42—44| and the image representation technique [45]. More recently,
the hard-wall effect on the velocity autocorrelation function and long-time tails of Brownian motion
has been studied by Felderhof [46, 47] and has recently been confirmed experimentally using optical
traps [48]. The predicted long-time tails have been verified by direct inverse Fourier transform [49]
and by a computational study using large-scale molecular dynamics simulations [50].

The influence of a second boundary on particle hydrodynamic mobility has also received re-
searchers’ attention since a long time ago. The most simple and intuitive approach is due to Os-
een [51] who suggested that the particle mobility of a sphere confined between two rigid walls could
conveniently be approximated by superposition of the leading-order terms from each single wall. A
more rigorous approach has been adopted by Faxén [52, 53], who computed in his dissertation the
particle mobility parallel to the walls for the special cases when the particle is in the mid-plane or
the quarter-plane between the two hard-walls [20]. For an arbitrary position between the two walls,
exact solutions for a point particle are obtained and expressed in terms of convergent series using
the image technique for both incompressible [54, 55| and compressible flows [56-58|. For a truly
extended particle, multipole expansions [59, 60] as well as joint analytical-numerical solutions have
been presented for the motion perpendicular [61] and parallel [62] between two plane rigid boundaries.
It has been found that the first-order reflexion theory proposed by Ho & Leal 63| provides reasonable
agreement with their exact results only when the sphere is sufficiently far away from both walls.
Further theoretical investigations have been carried out nearby two perpendicular walls [64] and for
a sphere confined on the centerline of a rectangular channel [65].

During the past few decades, the field remarkably regained greater interest after the advent of
experimental techniques which allow an accurate and reliable measurement of particle mobility nearby
complex interfaces. Among the most efficient techniques that have been utilized are laser [66, 67|
and optical tweezers [68-73|, fluorescence |74, 75| and digital video microscopy [76-82|, evanescent
wave dynamic light scattering [83-96] and the three-dimensional total internal reflection velocimetry
technique [97]. Calculations of the mobility functions have been extended to include particles nearby
interfaces with partial slip [98-100], an interface separating two mutually immiscible liquids [101] or
inside a liquid film between two incompressible fluids [102]. Explicit analytical expressions for the
flow field induced by a point-force acting close to a fluid-fluid interface have been further obtained
using the image solution technique [103]. For a truly extended particle, analytical solutions have been
later proposed by Lee and coworkers using a generalization of the method of Lorentz [104] and bipolar
coordinates [105]. The effect of small deformations of an initially flat fluid interface on the force and
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torque experienced by a nearby translating and rotating sphere has also been considered [106, 107].
Additional works have been carried out nearby a viscous interface [108-110] or an interface covered
with surfactant [111-113].

A great deal of attention has been also given to particle motion nearby curved boundaries such
as cylindrical channels, due to their relevance as model systems for particle transport in tubular
confinements and microfluidic devices [114-116|. In particular, the axial motion along the cylinder
axis has been studied using the method of reflections by Wakiya [117], Bohlin [118] and Faxén [119], to
name a few, expressing the mobility in power series of the ratio of particle to cylinder diameter. More
recently, Zimmerman [120] presented a computer extended series approach for the determination of
the drag force up the 21st order, thus complementing the singular perturbation solution known in
the literature. These works have been extended to finite-sized spheres [121, 122| and non-spherical
particles [123, 124]. For an arbitrarily positioned particle, the procedure has been generalized to
yield expressions in terms of the particle and channel radius, and the eccentricity of the position
of the particle, as derived e.g. in the works of Happel and collaborators [125-128] and Liron &
Shahar [129]. The slow motion of two spherical particles symmetrically placed about the axis of a
cylinder in the direction perpendicular to their line of centers has later been studied by Greenstein
& Happel [130]. Experimental verification of these theoretical results has been performed e.g. by
the use of laser interferometry by Lecoq et al. [131] where an excellent agreement has been found
with the point-particle approximation. Digital video microscopy measurements by Cui et al. [76, 132]
of the hydrodynamic coupling between Brownian colloidal particles diffusing along a linear channel
revealed a sharply screened hydrodynamic interaction, resulting in a significant interaction only
when the interparticle distance is relatively small. Theoretical developments have been supplemented
by computer simulations of the resistance functions for spheres, bubbles and drops in cylindrical
tubes [133-138|. Other works include the asymmetric motion perpendicular to the axis [139)], finite
length of the tube [140] and the flow around a line of equispaced spheres moving at a prescribed
velocity along the axis of a circular tube [141]. Transient effects have also be taken into account in
recent works by Felderhof, both in the case of an incompressible [142| and compressible fluid [143-145|.

The rotational motion of a sphere inside a cylinder is of enormous importance in the theory of
rotational viscometers [146-148] and in determining the power required for the agitation of viscous
fluids [149, 150]. The symmetric slow rotation of a sphere inside an infinitely long hard cylinder has
been first investigated by Haberman [151| and independently by Brenner & Sonshine [152], giving
the hydrodynamic torque acting on the rotating sphere up to the 14th order in the ratio of particle
to cylinder diameter. The rotation of an axially symmetric body of otherwise arbitrary shape within
a circular cylinder of finite length has been theoretically investigated by Brenner [153] using the
point couple approximation technique. The frictional force [154] and torque [155] exerted on a slowly
rotating eccentrically positioned sphere within an infinitely long circular cylinder has been studied
by Greenstein and coworkers, and later by Zheng et al. [156] who reviewed and corrected previous
calculations. Complementary theoretical works have been conducted by Hirschfeld and coworkers [157,
158] to determine the first- and second-order wall effects upon the viscous asymmetric motion of
an arbitrarily-shaped particle, arbitrarily positioned and oriented within a circular hard cylinder.
Additionally, perturbative solutions for the rotation of eccentric spheres flowing in a cylindrical tube
have been derived by T6zeren [159-161], finding a good agreement with the previous calculations.
Further, modeling of hydrodynamic interactions involving a torus and circular cylinder using point
singularities has been presented [162].

Considerable advances have been made into understanding the slow motion of particles of non-
spherical shape, such as spheroids or rod-like particles due to their importance in the modeling
of viruses or parasitic particles [163]. The first attempt to investigate the Brownian motion of an
anisotropic particle dates back to Perrin [164, 165] who computed analytically the drag coefficients
for a spheroid diffusing in a bulk fluid. A few decades later, Batchelor [166] pioneered the idea that
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the flow field surrounding an elongated particle (often termed as a slender body), may appropriately
be represented by a line distribution of point-force singularities along the line connecting the foci. The
method has successfully been applied to a wide range of free-stream profiles and body shapes [167]
and near boundaries such as a planar hard-wall [168-170| or a fluid-fluid interface [171]. Using the
multipole expansion of the near-wall flow field, Lisicki et al. [172] have recently shown that to leading-
order, the mobility of an arbitrary axisymmetric particle near a hard-wall can be expressed in closed
form by combining the relevant Green’s functions with the particle bulk mobility functions. They have
shown that the mobility corrections scale as powers of inverse wall-particle distance and their angular
structure can be expressed as simple polynomials in sines and cosines of the particle inclination
angle to the wall. Direct numerical simulations of axisymmetric colloidal particles near a wall have
been carried out using boundary integral methods [173], stochastic rotation dynamics [174, 175]
and recently finite element methods [176]. Diffusion of micrometer-sized ellipsoidal particles has
been experimentally investigated using digital video microscopy [177-179], elucidating the effects
of coupling between rotational and translational motion. Experiments on actin filaments have been
conducted using fluorescence imaging and particle tracking [180] finding that the measured diffusion
coeflicients can conveniently be accounted for by a correction resting on the hydrodynamic theory of
a long cylinder confined between two walls. The confined Brownian rotational diffusion coefficients
of carbon nanotubes have been measured using fluorescence video microscopy [181] and optical
microscopy [182], where a reasonable agreement has been reported with theoretical predictions.
Using light scattering measurements, the translational and rotational diffusion constants of TMV, a
simple rod-shaped helical virus, have been determined [183] based on previous theoretical treatment
by Pecora [184]. Additionally, the three-dimensional rotational diffusion of nanorods [185] and rod-like
colloids have been measured using video [186] and confocal microscopy [187].

Despite enormous and extensive studies on particle motion nearby solid or fluid boundaries,
only little is known about the influence of elastic interfaces on the dynamics of nearby particles.
Hitherto, particle motion nearby a planar membrane endowed with surface tension [188, 189|, bending
resistance [190] or membrane elasticity [191, 192| has been theoretically studied. Further theoretical
investigations near elastic interfaces have been carried out via thin-film soft lubrication theory [193—
195]. Experimentally, particle motion nearby elastic cell membranes has been investigated using
optical traps [196-199|, magnetic particle actuation [200] and quasi-elastic light scattering [201-203],
where a significant decrease in the mobility normal to the cell membrane has been observed in line
with theoretical predictions. Setting a particle nearby a cell membrane has been further used in
interfacial microrheological experiments as an efficient and often accurate way to extract membrane
unknown moduli [198, 204].

1.3 Thesis contribution

The present thesis is a further contribution to the works that have been carried out in this field and is
devoted to the theoretical and numerical modeling of particle motion nearby a realistically modeled
elastic membrane simultaneously endowed with both shearing and bending rigidities [205-209|, such
as a red blood cell (RBC) membrane. Unlike fluid-solid or fluid-fluid interfaces, elastic membranes
stand apart as they endow the system with memory. Accordingly, particle motion depends strongly
on its prior history and diffusional dynamics is treated within a generalized Langevin formalism
non-local in time. This behavior implies the emergence of a transient anomalous subdiffusive regime
induced by the elastic nature of the membrane. Moreover, the membrane undergoes deformation in
both in-plane and out-of-plane directions in response to the imbalance of the stress tensor at the
interface between the fluids on both sides. As a result, a reflected backflow is created as the membrane
relaxes back to its undeformed state, altering the motion of the particle in a complex fashion. Our
calculations have been extended nearby cylindrical [210, 211 and spherical membranes [212, 213]
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and inside a spherical elastic cavity [214], finding that the shearing effect plays a more significant role
than bending. Our analytical predictions have favorably been compared with fully resolved boundary
integral simulations where a very good agreement is obtained.

1.4 Thesis outline

The reminder of the first part of this cumulative thesis is composed of six chapters and is meant to be
an introduction for the publications appended in the second part. In chapter 2, we introduce a physical
model system for biological cell membranes and discuss their mechanical behavior, in particular their
resistance towards shearing and bending. Additionally, we outline the main derivation steps of
the traction jump equations across an elastic membrane undergoing elastic deformation due to an
external load. In chapter 3, we provide the reader with a broad overview on the computation of the
Green’s functions, which represent the solution of the governing equations of fluid motion due to
a point force acting nearby an elastic membrane of various geometries. For that, we first introduce
the two-dimensional (2D) Fourier transform technique we employe to find analytical expressions of
the Green’s functions nearby an infinitely extended planar elastic membrane. We then present the
Fourier-Bessel integral technique which is well suited for membranes with cylindrical geometry and
the spherical harmonics technique which is found to be appropriate for spherical membranes. We
then define in chapter 4 the particle hydrodynamic mobility functions and present an analytical
method for their determination from the Green’s functions by combining the multipole expansion and
Faxén’s theorem. In chapter 5, we introduce the multipole method and show how the leading-order
mobility of an axisymmetric particle nearby an interface can be determined from the knowledge
of the system Green’s functions and particle bulk mobilities. We then investigate in chapter 6 the
diffusional motion of a Brownian particle nearby a cell membrane and examine the mean-square
displacement for diffusion parallel or perpendicular to a planar membrane. Finally, we present in
chapter 7 the boundary integral method (BIM) we use to assess the accuracy and appropriateness of
our theoretical predictions. The appendix includes further technical details regarding the 2D Fourier
transform, relevant for the computation of the Green’s functions nearby planar membranes. The
second part includes the publications related to this thesis.
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Chapter 2

Membrane model

If the facts don’t fit the theory, change the
facts.

Albert Einstein

2.1 Overview

The basic biological function of membranes is to protect the cell from its surroundings and regulate
diffusion of proteins, ions and other molecules across the cell. The red blood cell membranes consist
of a lipid bilayer with embedded proteins providing the membrane a resistance towards bending.
The lipid bilayer is made of two layers of lipid molecules and are usually composed of a hydrophilic
phosphate head and a hydrohobic tail (see Fig. 2.1 for a cartoon representation of a lipid bilyer.)
The packing of lipid molecules within the bilayer affects the cell mechanical properties including its
resistance towards shearing and bending. The resistance against bending is described following the
celebrated Helfrich model [224] and is characterized by the bending modulus xp and the Gaussian
curvature modulus rk [225].

Additionally, RBC membranes are endowed with cross-linked cytoskeleton networks that provide
the mechanical flexibility required to cope with the shear stresses encountered during cell motion in
the microcirculation. The networks can exhibit highly nonlinear elasticity and their physical treatment
goes beyond linear elasticity theory. The membrane elasticity is commonly described by the well-
established Skalak model [216] which incorporates into a single strain energy functional both the
resistance towards shearing and area conservation. Accordingly, the Skalak model is characterized by
a shear modulus kg and an area dilatation (extension) modulus ka [217-221]. The latter is typically
very large compared to kg to mimic membrane area incompressibility. Other elastic models have
been further proposed in the literature including the neo-Hookean model [222]| and the zero-thickness
shell model [223], both of which are characterized by a unique shear modulus kg.

In the following, we shall introduce a parametrization for the membrane and determine analytical
expressions of the traction jump equations across a membrane possessing shearing and bending
rigidities.

2.2 Membrane parametrization

Here we show how to derive analytically the traction jump equations across an elastic membrane
endowed with shearing and bending resistances. For this, we shall recall and employ some basic

11



12 Chapter 2. Membrane model

Figure 2.1: An elastic membrane consisting of the lipid bilayer. Illustration taken from the paper by
Peletier and Roger [215].

concepts of differential geometry [226] in order to describe the surface of a membrane undergoing
small deformation. We adopt a local coordinate system {#',62} for the undeformed membrane
surface and describe a mapping that assigns each pair (', 0?) to the position vector A defined in
the Cartesian coordinate system as [227]

A(0Y,60%) = Aye, + Aye, + Ase,, (2.1)

where A;, A, and A, are functions of 0 and 2.

After deformation, the position vector reads
a’(017 92) = (Ax + ux)eﬂc + (Ay + uy)ey + (Az + uz)ez > (2'2)

where u;, u, and u, are the Cartesian components of the displacement vector which are all functions
of ' and #2. Hereafter, we shall use capital roman letters for the undeformed state and small roman
letters for the deformed. The membrane can be defined by the covariant base vectors

da
go = % ) (OS {L 2}7 (23)
which are tangent to the membrane surface but not generally perpendicular to each other. We now
complete the basis by defining the unit normal vector n as

g1 Xg2

= === 24
|g1><g2\ ( )

The covariant components of the metric tensor are defined in the usual way by the scalar product
9af = o - gs. The contravariant tensor g“% is the inverse of the metric tensor and satisfies the
identity

9apg”" =83, (2.5)

where 7 is the delta Kronecker tensor. Here Einstein’s summation convention over repeated indices
is used. Clearly, both the covariant and contravariant tensors are symmetric by construction. The
corresponding tensors in the undeformed state G,g and G*# can immediately be obtained by con-
sidering vanishing displacements in g,g and g“?, respectively. In what follows, we shall derive a
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linearized form of the underlying equilibrium equations for a membrane under load conditions.

2.3 Shearing and bending

Depending on the biological composition of the cell, the membrane may exhibit a resistance towards
shearing and/or bending. In this section, we shall consider first an idealized membrane with pure
shearing resistance such as that of an artificial elastic capsule designed for drug delivery. We then
consider the situation where the membrane resists only towards bending as it is the case for a fluid
vesicle. Finally, we show how to derive the traction jump equations when the membrane is endowed
simultaneously with both shearing and bending rigidities.

2.3.1 Shearing

Here we derive the traction jump equations across a membrane endowed with an in-plane shearing
resistance. We introduce the transformation gradient as [228|

daq = FopdAg, (2.6)

bridging between the infinitesimal displacements in the deformed and undeformed spaces. From
Eq. (2.3), it can clearly be seen that da = g, d0* and that dA = G, d0“, leading to an expression
of the transformation gradient tensor as a dyadic product such that F = g, ® G“ .

We now define the right Cauchy-Green deformation tensor Cng = F,oF,s whose invariants are
given by Green and Adkins as [229, 230]

L =Gga5 -2, (2.7a)
I, = det G*P det Gag — 1. (2.7b)

Provided knowledge of the membrane constitutive law, the contravariant components of the stress
tensor 7% can readily be obtained from [218]

2
Jop _ 2 OW

F510%
= G 4 2Jg —— g*B 2.8

ol

wherein W is the areal strain energy functional and Jg := /1 + I3 is the Jacobian determinant,
representing the ratio between the deformed and undeformed local surface areas. As already pointed
out, various models have been proposed in the literature to describe the elastic properties of cell

membranes. The most simple and popular one is the neo-Hookean (NH) model whose areal strain
energy reads [218|

K 1
WNH(I]"I2):€S <I]_—1+1+12> . (29)

There exists another formulation which is equivalent to the neo-Hookean model in the small defor-
mation limit, known as the zero-thickness shell formulation, employed by Ramanujan and Pozrikidis
(RP), in which the areal strain energy is given by [223]

WRP — % (11 —In(lL+ 1)+ %an(b + 1)) : (2.10)

The Skalak model [216] is more commonly used for RBC membranes because it explicitly includes
the local area-incompressibility constraint into the model. The corresponding areal strain energy
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reads [219]

WK = % (12 + 26 — 2I) + C12) | (2.11)
where C := kx /kg is the Skalak parameter. For C' = 1, the Skalak model predicts for small deforma-
tions the same behavior as the Neo-Hookean or the thin-shell formulation [218].

Having introduced the stress tensor resulting from membrane deformation, we now write the
equilibrium equations balancing between the membrane elastic forces and external load as

Var®® + Aff =0, (2.12a)
7o + Af" =0, (2.12D)

where Af = Af8 g3 + Af"n is the traction jump vector across the membrane. Here V, stands for
the covariant derivative, which for a second-rank tensor is defined as

voﬂ_aﬁ — T’Oéaﬁ + 1“3777-7]5 + anTany (213)

where I' 5 are the Christoffel symbols of the second kind which read [231]

1
Tap = 59"" (9ans + Gnp.c — Gapn) - (2.14)

Moreover, b, is the curvature (second fundamental form) tensor defined by

0ga on

In the following, we shall derive the equilibrium equations for a membrane that exhibits a pure
resistance towards bending.

2.3.2 Bending

According to the Helfrich model, the bending energy is described by a quadratic curvature-elastic
continuum model as

EB_/an (H — Hp)? dS—i—//fKKdS, (2.16)
S S

where H is the mean curvature defined as the average of the principal curvatures k1 and ks, and K
is the Gaussian curvature, defined as the product of k1 and k9. Here Hy is the spontaneous curvature
for which we consistently take the initial undisturbed shape throughout this thesis. For an excellent
overview of the Helfrich model and its actual numerical implementation, we refer the acknowledgeable
reader to a recent review article by Guckenberger and Gekle [232].

The traction jump equations across a membrane endowed with a resistance towards bending can
readily be obtained via a variational approach by minimizing the sum of the bending and external
potential energy to obtain

Af =—2rp (2(H* — K + HoH) + A)) (H — Ho)m, (2.17)

and it is commonly denominated the Euler-Lagrange equation [233-236]. The mean and Gaussian
curvatures are respectively expressed by

1
H=2b, K =det b2, (2.18)
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with bﬁ being the mixed version of the curvature tensor related to the covariant representation of
the curvature tensor by b2 = basg®?. Continuing, A| denotes the Laplace-Beltrami operator defined
for a given scalar function ¢(6!,0?) as [227]

1 0 0
Ajp = /5 06% <\/§9a6(9;;) ; (2.19)
wherein g is the determinant of the metric tensor. Interestingly, bending as derived from the Helfrich
model does not introduce a jump in the tangential traction [237].
It is worth mentioning that bending stresses are sometimes computed by assuming a linear
isotropic model for the bending moments. Accordingly, the membrane bending moment is related to
the curvature tensor via the linear relation [238, 239|

«

MP = —kp (bg . Bg) . (2.20)

The contravariant components of the transverse shearing vector @ can then be obtained from
a local torque balance with the applied moment as Q° = V,M®?. We note that the raising and
lowering indices operations imply that M = ng'yﬁ . In this way, the equilibrium equations read

VaN —b2Q+ AfP =0, (2.21a)
Nbos + VaQ* + Af" =0, (2.21Db)

where for a first-rank tensor the covariant derivative is defined as VgQ“ = 93Q“ +F35Q§~ Moreover,
N8 ig the in-plane tension tensor determined from a local torque balance and expressed by [232]

1
NP = 3 KB BYbAL <g°‘)‘g%8 — g“”g)‘ﬁ) . (2.22)

For a membrane endowed simultaneously with both shearing and bending rigidities, the resulting
traction jump equations are obtained by linear superposition of the traction jump due to pure shearing
and pure bending as stated by Eqgs. (2.12) and (2.21), respectively. Under flow conditions, the elastic
stresses are balanced by a jump in the fluid stress tensor across the membrane and the underlying
equilibrium equations serve as boundary conditions for the computation of the Green’s functions as
explained in more details in the next chapter.
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Chapter 3

Green’s functions

Science may set limits to knowledge, but
should not set limits to imagination.

Bertrand Russell

In the context of linear hydrodynamics, the Green’s functions are the solutions of the Stokes
equations subject to a point-force acting on the fluid. The solution for an arbitrarily force distribution
can readily be determined through the superposition principle thanks to the linearity of the equations
governing the fluid motion. We define the flow Reynolds number Re, representing the ratio of inertial
forces to viscous forces as

UL

R 3.1
o=, (3.1)

where L and U are respectively characteristic length and velocity of the flow, and v is the fluid
kinematic viscosity, defined as the ratio between dynamic viscosity 1 and density p. Throughout this
thesis, our theoretical developments are valid in the limit of small Reynolds number where viscous
effects dominate. Accordingly, the distance traveled by suspended particles is assumed to be very
short on the characteristic time scale associated with vorticity diffusion.

In this chapter, we shall be interested in finding analytical solutions of the steady Stokes equations
governing the dynamics of an incompressible viscous flow [240],

nV2o(r) — Vp(r) + f(r)
V -v(r)

(3.2)

0,
0,

in the presence of nearby elastic confinements. Here v denotes the fluid velocity, p is the pressure
field and f is an arbitrary time-dependent force density exerted on the fluid by an immersed particle.
We first consider the point-particle approximation in which we only take the monopole force moment
into account such that f(r) = F é(r — 1), where 7( is the particle position. For an infinite medium,
the solution for the velocity field is known as the Oseen tensor [51].

Depending on the membrane geometry, we shall employ three very different analytical approaches.
First, we begin with the simplistic situation where the membrane is planar and infinitely extended
along the horizontal plane. In this case, the Green’s functions can readily be found using a 2D Fourier
transform technique. Second, we describe the Fourier-Bessel Integral technique which is found to
be convenient for solving the fluid motion equations in domains bounded by a cylindrical geometry.
Third, we present the spherical harmonics technique based on the idea of expanding the velocity field
and pressure in terms of spherical harmonics centered at the origin. The latter method is perfectly
suited for searching for solutions of the Stokes equations in the presence of a spherical boundary.

17
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Figure 3.1: Illustration of particle motion nearby an elastic membrane. The membrane is extended
in the xy plane and the solid particle of radius a is located at z = zg.

3.1 Fourier transform technique

As already pointed out, the equations governing the fluid motion nearby planar interfaces are more
conveniently solved using a 2D Fourier transform technique. The latter consists of transforming the
partial differential equations (3.2) and (3.3) governing the fluid motion into ordinary differential
equations for the out-of-plane coordinate z, whereas the dependence on the in-plane coordinates x
and y are Fourier transformed into wavevector components ¢, and g,.

The Fourier transform technique can also be applied for the determination of the Green’s functions
in systems composed with two or more parallel interfaces. Nevertheless, although the method is
perfectly suited for planar geometries, it can unfortunately not be applied for general shapes. In what
follows, we shall provide some technical details regarding this analytical method.

3.1.1 Formulation

The fluid motion is described by the steady Stokes equations stated by Egs. (3.2) and (3.3). We

assume that the point-force F is acting at the position 79 = (0,0, zp) with zp > 0, above an elastic

membrane infinitely extended in the xy plane (see Fig. 3.1 for an illustration of the system setup.)

Without loss of generality, we assume that the fluid has the same and constant properties everywhere.
We define the spacial 2D (forward) Fourier transform

F{f(p)} = fla) = i (p)e™" P d’p, (34)
together with its inverse transform
- 1 - .
FUF@) = 10) = o [ @ . (35)

where p = (x,y) is the projection of the position vector = onto the horizontal plane, and q = (¢, gy)
is the Fourier transform variable. It turns out to be convenient to use the orthogonal coordinate
system previously introduced by Bickel [188, 190| in which all the vector fields are decomposed into
longitudinal, transverse and normal components. For a given Fourier transformed quantity A, whose
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horizontal components in the Cartesian coordinate basis are (/le, /le), its components in the new
orthogonal base are given by the following orthogonal transformation

(5)-a(e = )(4). o9

where A; and A; refer to the longitudinal and transverse components, respectively, and ¢ := lg| is
the wavenumber. Clearly, the normal component A, is left unchanged by this transformation. Note
that the inverse transformation is also given by the same transformation matrix in Eq. (3.6).

As the membrane shape depends on the history of particle motion, we shall perform additionally
a Fourier analysis in time. For a function f(¢) living in the real space, its (forward) Fourier transform
to the frequency domain is defined as

f(w) = /R Fetdt, (3.7)

and the inverse Fourier transform back to the real space reads

£(t) = % /R Flw)e dw. (3.9)

Since both the spatial and temporal Fourier transforms are performed here, we shall use the convention
where the two functions f(¢) and f(w) are distinguished only by their argument. The tilde will
therefore be reserved for the spatial 2D Fourier transform.

The steady Stokes equations (3.2) and (3.3) upon 2D Fourier transform result in the following
ordinary differential equations with the variable z,

N(—q*0y + B1,..) — igp + Fy 6(2 — 20) = 0, (3.9
17(—q2f)t + ¥y 2e) + Fr0(2 —20) =0, (3.10
N(—q* 0, + szn) — P+ Fo (2 —29) =0, (3.11
iqiy + 0., =0, (3.12

obtained after making use of the transformation equations (3.6). The transverse component ¥ is
therefore separated out and can directly be obtained by solving Eq. (3.10). Moreover, the pressure
in Eq. (3.9) can readily be eliminated using Eq. (3.11). Since the continuity equation (3.12) gives a
direct relation between the components ¥; and v, a fourth-order differential equation for the normal
velocity v, is obtained as

2 .
~ ~ ~ 1
Vz,2222 — 2q2vz,zz + q4vz = (-57 F, 5(2 - ZO) + :’] F 5/(2 - ZO) ) (313)

where ¢’ is the derivative of the delta Dirac function, satisfying the property z¢'(z) = —d(z), for
x € R. The components of the Green tensor in Fourier space are defined as

o | =1 % G 0 I (3.14)
Uy 0 0 Gu F

Having introduced the governing equations of fluid motion, the Green’s functions in the presence of
a planar elastic membrane can therefore be determined by applying the relevant boundary conditions.
At the undisplaced membrane, we require the natural continuity of the velocity components and the
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discontinuity of the fluid stress tensor due to membrane shearing and bending, previously derived
in chapter 2. The Green’s functions serve then as a direct input for the computation of the particle
hydrodynamic mobilities as it will be detailed in chapter 4.

We further define the characteristic frequency for shearing and bending as

_ 62onBw

B (3.15)

RS
with B :=2/(1+ C) for the Skalak model and B = 1 otherwise!. Moreover, we define the reduced
bending modulus, quantifying the coupling between shearing and bending as Ep := rp/(ksz3).

In the vanishing frequency limit, or equivalently for infinite membrane shearing and bending
rigidities, the Green tensor nearby a hard-wall is recovered [241]

G%(r) =GV (ra) - 6O(R) + G°(R) - G°P(R), (3.16)

and it is commonly denominated the Blake tensor [242]. Here 7y := r — 9 and R := r — 75 with
70 = (0,0, —zp) being the position of the Stokeslet image. Furthermore, r := |r| and R := |R|. The
infinite space Green’s function (Oseen tensor) G(9, the Stokes doublet GP and the source doublet
G5P are given by

)\ _ 1 (bap  TaTs .
gaﬂ (’l") 87‘('77 ( r + 7“3 > 9 (3 7)
222(1 —203.) (6 3R.R
D 0 Bz af alrp
R) = _ 3.18
Gas(R) 8 <R3 R5 > ’ (3-18)
220(1 — 2605,) [ dapR Oaz R 0g.R, 3R.RsR
SD 0 Bz aflirz azdlp BzLila atlglry
R) = — — . 3.19
Gas (R) 87 ( R3 B TR RS ) (3.19)

It is worth noting that nearby a single membrane, shearing and bending present a decoupled
nature. Therefore, the Green’s functions nearby a membrane endowed simultaneously with both shear-
ing and bending rigidities can appropriately be determined by linear superposition of the Green’s
functions associated with membranes with pure shearing and pure bending as obtained indepen-
dently. This interesting feature is however not observed nearby two parallel elastic membranes [Pub2|
where shearing and bending present a coupling behavior. Further details have been discussed in our
publications for the Green’s functions nearby a single [Publ| or two [Pub2] planar elastic membranes.

In the following, we shall introduce the Fourier-Bessel integral technique which we have employed
for the determination of the Green’s functions associated with a point-force acting at the centerline
of an elastic cylinder whose membrane exhibits a resistance towards shearing and bending.

3.2 Fourier-Bessel integral technique

Many biological and industrial processes occur in cylindrical confinements where they play a key
role in determining the diffusional dynamics of suspended particles. In this section, we compute the
Green’s functions associated with a point-force acting at the centerline of a cylindrical elastic tube of
initial (undeformed) radius R. The tube membrane exhibits resistance against shearing and bending.
We choose the cylindrical coordinate system (7, ¢, z) where the z coordinate is directed along the
cylinder axis with the origin located at the center of a particle whose radius is a < R. We label the
flow properties inside and outside the cylinder 1 and 2, respectively.

! As already pointed out in chapter 2, the neo-Hookean model and the zero-thickness shell formulation model are
equivalent to the Skalak model when C = 1 for small deformation.
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Figure 3.2: Illustration of the system setup. A small spherical solid particle of radius a located at
the origin moving on the centerline of a deformable elastic tube of radius R.

We proceed by computing the Green’s functions which are solutions of the forced Stokes equations
(3.2) and (3.3) inside the tube (for r < R) and the homogeneous (force free) Stokes equations outside
(for r > R). We therefore need to solve the governing equations for a point-force F' acting at the
origin and subject to the regularity conditions

|vi| < oo for |r| =0, (3.20)
v; — 0 for z = o0, (3.21)
vy — 0 for |r| — oo, (3.22)

together with the boundary conditions stemming from shearing and bending which are imposed at
the membrane.

We begin by expressing the solution of Eqgs. (3.2) inside the cylinder as a sum of a point-force
flow field and the flow reflected from the interface,

v =05 + 0",
pL=p"+p,

where v5 and p® are the Stokeslet solution in an infinite (unbounded) medium, and v* and p* are
the solutions of the force free Stokes equations, required to satisfy the regularity and boundary
conditions.

The resolution methodology consists of expanding the velocity and pressure fields in the form of
Fourier integrals in two distinct regions, inside and outside the cylindrical membrane. The solution
is then written in terms of integrals of harmonic functions with unknown coefficients, which we then
determine from the usual boundary conditions of continuity of fluid velocities and traction jumps
deriving from the elastic properties of the membrane. The cases of axial (axisymmetric) and radial
(asymmetric) motion are treated separately.

The detailed solution has been reported in our publication [Pub6]. Therein, we have shown that
the image solution for the axisymmetric motion due to an axial point-force acting along the cylinder
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axis F' = F,e, can be written as an infinite integral over the wavenumber ¢ as

* FZ o * * 3

v = 2y q((rq[o - Il)(;ﬁ” + I11/JH> sin gz dq, (3.23)
* FZ o * *

vE = pre /0 q((rq[l(qr) + IO)QSH + Iosz) cosgzdg, (3.24)
* FZ o 2 % :

P=o i q°¢|losingzdg, (3.25)

and U:; = 0 due to axisymmetry. Moreover, I}, denotes the kth order modified Bessel function of
the first kind [243] having the argument gr which is dropped for brevity. Here ¢ﬁ and @Z)ﬁ‘ are two
unknown functions which depend on the wavenumber g only, to be determined from the boundary
conditions.

For a force directed perpendicular to the cylinder axis, the image solution has a more complex
form due to asymmetry and can be expressed in a similar fashion as an infinite integral over ¢ as

* F > . . )
Ur = 47r2T777“ / (((2+ (qr)*) I — qrlo) ¢ + (qrlo — I) ¥ + 11 v}) cos gz dq, (3.26)
0
Fy o0
vp = Ar2nyr / ((grlo —2I) ¢ + Iy} + (qrlo — I1) 7}) cos qzdq, (3.27)
0
x F. [~ . oy
v, = _47T27I ; q(quogbL + IﬂﬁL) sinqz dgq, (3.28)
* FT > 2 *
p=3 2/ q“11 ¢} cosqzdq, (3.29)
™ Jo

where F;. and Fj; are the radial and polar components of the force, respectively, and ¢7 , ¢ and 7]
are three wavenumber-dependent unknown functions.

The solutions outside the cylinder can also be determined and expressed in an analogous way
but they are rather not relevant for the calculations of the particle mobility functions and are thus
omitted here.

In the vanishing frequency limit, we recover the solutions nearby a hard-cylinder as first obtained
by Liron & Shahar [129]. For the axial motion we obtain

ﬁ (IoK1 + 11 Ko)s* — (IoKo + I1 K1) s + 211 K

- : 3.30
R S(SIg — 8112 — 2[0[1) ( )
i\ _ 2Lk~ (IoKo + 1 K1)s a0
R s(sIg — sI} —2Ip1,) :

where K}, denotes the kth order modified Bessel function of the second kind and s := ¢R is the
argument of the modified Bessel functions. For the asymmetric motion perpendicular to the cylinder
axis, the unknown functions read in this limit

1 s(sly — 1) (IoKo + L K1) — 217 Ky

_ 7 3.32
R s (s(slo — )(I§ — I}) — 20o17) o
P B s(Iy — slp)(Ip K1 + I1 Kp)

v 1K, - (3.33)
R s(slo — I)(Ig — I7) — 210 1]

v, shiloKo + LK) + 217 Ko — s*Ko(I§ — I}) (3.34)

R s (s(slo — I) (I3 — I}) — 21o1})
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Figure 3.3: Hlustration of a small solid spherical particle of radius b positioned at xo = Re, nearby
a large spherical capsule of radius a centered at the origin. In an axisymmetric configuration, the
force is directed parallel the unit vector d = —e, while in a asymmetric configuration the force is
perpendicular to d.

Interestingly, the latter hard limits are recovered even when the membrane is endowed with a pure
shearing resistance. We further mention that for elastic cylindrical membranes, shearing and bending
present a coupled nature. As a result, the contributions to the Green’s functions from shearing and
bending cannot be added independently on top of each other as it is the case for a single planar
membrane.

A similar resolution methodology can be adopted for the determination of the flow field due to
a point-torque (point-couple) exerted along or perpendicular to the cylinder axis. In this case, the
solution of fluid motion can readily be used for the determination of the rotational mobilities of
particles located on the centerline of a an elastic tube. These calculations have been considered in
details in our publication [Pub7].

In the following, we shall briefly outline the main derivation steps for the computation of the
Green’s functions for a point-force acting outside a spherical elastic membrane.

3.3 Spherical harmonics technique

Membranes in soft matter systems often assume spherical shapes such as that of vesicles [244-246| or
elastic capsules [247|. In this section, we shall outline the main derivation steps for the determination
of the Green’s functions associated with a point-force acting at the center of a solid particle of radius b
nearby a large spherical membrane of radius a. Here we shall use the term “capsule” to denote a
spherical particle containing some fluid inside and enclosed by an elastic membrane possessing both
shearing and bending resistances.

It is most natural to solve the fluid equations of motion in the spherical coordinate system.
We consider that the origin of coordinates is located at xp, the center of the large capsule. The
mathematical problem is equivalent to solving the forced Stokes equations (3.2) and (3.3) for a point-
force F" acting at €3 = Re., with R > a. We define the unit vector d := (1 —x2)/|z1 — 22| connecting
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between the center of the capsule and the point-force position (see Fig. 3.3 for an illustration.) Inside
the capsule, the fluid motion is governed by the homogeneous (force free) Stokes equation. We shall
consider the cases that the force is acting either parallel or perpendicular to the vector d.

The resolution approach is based on the image solution method proposed by Fuentes et al. [248,
249| who computed about three decades ago the motion of two unequal size viscous drops in Stokes
flow. Accordingly, the exterior fluid velocity can be written in the usual way as a sum of two distinct
contributions,

v =104 v", (3.35)

where v is the velocity field induced by a point-force acting at @ in an infinite medium, i.e. in the
absence of the capsule and v* is the image system required to satisfy the boundary conditions at the
capsule membrane.

The determination of the Green’s functions proceeds through the three following main steps. First,
the velocity v° due to the Stokeslet acting at x, is written in terms of spherical harmonics which
are transformed afterward into harmonics based at @1 via the Legendre expansion [250]. Second, the
image system solution v* is expressed as multipole series at s which subsequently is rewritten in
terms of spherical harmonics centered at ;. Third, the solution inside the capsule v(® is expressed
using Lamb’s solution [251] also written in terms of spherical harmonics centered at ;. The last step
consists of determining the series expansion coefficients by satisfying the boundary conditions at the
membrane surface. It appeared convenient to scale all the lengths by the capsule radius a. Analytical
expressions for the Green’s functions in the axisymmetric and asymmetric cases have been reported
in our two part series publications [Pub8, Pub9].

Outside the capsule, the image solution for the axisymmetric motion, i.e. for F' || d can conve-
niently be written in the form of an infinite sum as

i} F
v = ——

AHL((n —Ddp,+ (n+ 1)1“90n+1> +2(n+ 1)BﬂLVg0n+1 , (3.36)
8mn =

where Aﬂb and B,”L are series coefficients to be determined from the boundary conditions. Moreover,
pn, are the harmonics of degree n, related to the Legendre polynomials of degree n via the relation

d-v)"1 1

n!l  r pntl

on(r,0) = P, (cosb). (3.37)

Similar, for the asymmetric motion, i.e. for F' | d, the image solution can be written in terms
of an infinite series as

1 & =
e A KoL

where the coefficients A", B;- and C;- are to be determined from the boundary conditions. We have
further defined the harmonics

hp = (F ’ V)‘Pna Tn = (t X V)Qpru (3'39)

with t = F x d.
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In the vanishing frequency limit, we recover the solutions nearby a rigid sphere, namely [240)]

3 1 1 1
An:—<n+2>}3n+1+<n+2>}3n+3, (3.40)
1 1
| = _ D22
Bi=—70- R 55, (3.41)

for the axisymmetric motion and

1 2n+3)(n—1) (2n+1)(n+1)

1

A”_2(n+2)< Rl B Rnt3 ’ (342)
y_on-l 1 nfl 1 n*4+3n—-1 1 (3.43)
" 4(n+2) R 4(n+4) RS 2(n+2)(n +4) R3] '

2n+3 ([ 1 1

1 _
Cn - n+3 <Rn+2 - Rn+4> ’ (344)

for the asymmetric motion. Similar, the hard-sphere limit is recovered as well for a spherical membrane
with pure shearing, i.e. in the same way as observed for cylindrical membranes.

Analogous theoretical calculations can be carried out to compute the flow field due to a point-force
acting inside a spherical elastic cavity. In particular, an exact analytical solution of the hydrodynamic
mobility is possible using the stream function technique when the particle center coincides with
the center of the cavity. Further details and discussions can be found in a publication that is in
preparation [Publ10].

The Green’s functions obtained from the outlined derivations and given in details in our publi-
cations will serve as a basis for the computation of the particle mobilities in the presence of planar,
cylindrical or spherical confinements. This will be the subject of the next chapter.
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Chapter 4

Particle mobility

Know how to solve every problem that has
ever been solved.

Richard Feynman

Having outlined in the previous chapter the derivation of the Green’s functions nearby an elastic
boundary, we now probe the effect of nearby membranes on the motion of suspended particles.
Particularly, we shall be interested in the determination of the particle self- and pair-mobility functions.
In this section, we present analytical calculations of the particle mobilities in the presence of arbitrary
shaped membrane and outline the approach we use for their computation using a combination of the
multipole expansion and Faxén’s theorem.

We consider the situation of particles moving in a viscous fluid governed by the steady Stokes
equations stated by Egs. (3.2) and (3.3). The grand mobility is a tensorial quantity that couples the
velocity moments of the particles relative to an imposed flow to the moments of the force density on
the particles’ surfaces,

V — /J/tt Mtr “td F
Q—wy | = urt wr u,rd L , (41)
-S “dt udr udd E,

wherein vy, wy and Ey are the velocity, vorticity and the rate of strain of the imposed flow, respectively,
and F', L and S are the hydrodynamic force, torque and stresslet (symmetric force dipole) exerted
on the particles. Moreover, ¢, 7 and d are the lowest-order multipole matrix elements corresponding
to translational, rotational and dipolar motion types.

We now consider a representative configuration of a pair of particles denoted v and A located nearby
an elastic membrane, as schematically sketched in Fig. 4.1. We shall restrict ourselves throughout this
thesis to the case of quiescent fluid where the background fluid is at rest. Accordingly, the disturbance
velocity field caused at any point 7 by the particle labeled A located at r) can be written as

vo(r,ry,w) = 0O (r,m)) + 0% (r, 7y, 0), (4.2)

where a Fourier transformation has been applied to the temporal dependence of all fields. Here v(©)
denotes the induced fluid flow in an unbounded (infinite) fluid and v* is the flow field required to
satisfy the boundary conditions at the membrane. The disturbance field can be written as an integral
over the surface of the sphere A as

v(r,r\,w) = G(r,r',w)- fr(r,w) d?r’, (4.3)
Sx
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28 Chapter 4. Particle mobility
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Figure 4.1: Illustration of particle motion nearby an elastic membrane of arbitrary shape. The
particles labeled v and A have a radius a and are located at 7 and 7y, respectively.

where G is the Green’s function associated with a point-force acting at r). Similar, the Green’s
functions can be split up into two distinct contributions,

G(r,r',w) = GOr,r') + Gu(r,r',w), (4.4)

where G is the infinite-space Green’s function (Oseen tensor) given by Eq. (3.17). The second term
G represents the frequency-dependent correction to the Green’s function due to the presence of the
membrane.

Far away from the particle A, the integration vector variable ' in Eq. (4.3) can conveniently be
expanded around the particle center r) following a multipole (Taylor) expansion approach. Up to
the second order, and assuming a constant force density over the particle surface, the disturbance
velocity can be approximated by [252, 253]

CL2

5 V%) Gg(r,ry,w)  F(w)+ % Ve, xG(r,ryw)- Lw), (4.5)

v(r,ryw) ~ (1 +

where V., stands for the gradient operator taken with respect to the singularity position r) and the
curl of a given tensor T is defined as [254]

(V X T)aﬁ = ea,uuaunﬁa (46)

with €, being the Levi-Civita tensor. Note that for a single sphere in bulk, the flow field given by
Eq. (4.5) satisfies exactly the no-slip boundary conditions at the surface of the sphere [255].

Using Faxén’s theorem [256], the translational and rotational velocities of the adjacent particle
in this flow read [252, 253]

a2
V,(w) = pb Fy(w) + (1 + szv) v(Ty, T, W), (4.7)
1
Q,(w) = pi Ly (w) + 5 Ve, xv(r,),r)\w), (4.8)

where pff := 1/(67na) and pi" = 1/(87ma3) denote the translational and rotational bulk mobilities,
respectively. We further emphasize that the disturbance flow v incorporates both the disturbance from



4.1. Planar membrane 29

the particle A and the disturbance caused by the presence of the membrane. By inserting Eq. (4.5)
into the Faxén’s formulas stated by Eqs. (4.7) and (4.8), the frequency-dependent translational,
coupling and rotational pair-mobility tensors can be obtained from the total Green’s functions as

a2 a2
ptA (w) = (1 + 6V3V> <1 + 6V3*> G(ry,Tr W), (4.9)
tryA 1 CL2 2
o )Y (w) = 5 1+ FVT"/ Vr,v/\ X g(TW,T‘)\,w), (410)
1
urr,’YA(w) = Z Vr,y X Vr)\ X g(rv,r,\,w) . (4.11)

Special care should be undertaken when taking the gradient operators with respect to the position
of either v or A. The components of the rt pair-mobility tensor can be determined in an analogous
way. This however, is not necessary thanks to the symmetry property of the mobility tensor. For the
self-mobilities, only the correction to the flow field v* due to the presence of the membrane in Eq. (4.2)
should be considered in the Faxén’s formulas. Therefore, the frequency-dependent self-mobility tensors
are directly determined from the correction to the Green’s functions to obtain

2 2
Y () = bt ~ @ g2 @ g2
p (W) = py 1+ Tlgrrlw (1 + 5 V,,,) (1 + 5 V,,,V> Gm(r,ry,w), (4.12)
TV () = & Tim 1+ %2 Y v, xg (7,7, ) (4.13)
a 2 oy, 6 ™ " MAT T %l '
[
p(w) = p" 1+ ) TILIEW Vi, X Ve x Gu(r, 7y, w), (4.14)

where 1 denotes the unit tensor. We note that the particle self- and pair-mobility functions in the
point-particle approximation are obtained by setting a = 0 in the above equations. Based on the
solution of the Green’s functions obtained in the previous chapter, we shall present in the following
illustrative calculations of the mobility functions nearby membranes of various shapes.

4.1 Planar membrane

Here we consider a pair of particles positioned a distance h apart and a distance zy above a planar
elastic membrane, such that x, = (0,0,29) and xy = (h,0,2). As previously pointed out, the
corrections to the particle self- and pair-mobilities nearby a planar membrane can conveniently
be split up into a contribution due to shearing together with a contribution due to bending. We
shall denote by p®" = p®S with a,b € {t,r} the self-mobility tensor and by u®7 = p" the
pair-mobility tensor. The self-mobility corrections can conveniently be expressed as a power series of
€ := a/zp while the pair-mobilities as a power series of o := a/h. The self- and pair-mobility tensors
nearby a planar membrane for this typical configuration have the form

g [ Ha 00 o e O
pw= 0 4, 0 |, pw=[ 0 g, 0 |. (4.15)
0 0 p pee 0 pi

Intuitively, the xz and yy components of the self mobility are equal since they are both associated with
motion parallel to the membrane, while the zz component is associated with the perpendicular motion.
Moreover, the off-diagonal components xz and zx of the pair-mobility in the current configuration
have same absolute value and differ only in sign. We further note that p!’, = u’t as required by the
symmetry of the mobility tensors.
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Analytical predictions of the translational self- and pair-mobilities have been reported in our
publication [Pub3| while the coupling and rotational mobilities have been considered in a publication
that is in preparation [Pub4]. In the vanishing frequency limit, we recover the well-known self-mobility
corrections nearby a no-slip planar wall [252]

Aps 9 1 1 ApS 9 1 1
I 3 5 M1 3 5

=T e+ S = ——€4+—¢€ — = 4.16
1o 166 86 1667 1o 86 26 867 ( )

for the parallel and perpendicular motion, respectively. Note that the leading order terms in e represent
the self-mobility correction in the point-particle framework. Clearly, the motion perpendicular to the
wall is significantly slowed down compared to the parallel motion.

In attempt to investigate the effect of membrane finite curvature on the mobility functions, we
shall further investigate the particle mobility functions nearby cylindrical and spherical membranes.

4.2 Cylindrical membrane

Having computed in chapter 3 the Green’s functions nearby a cylindrical membrane, we now turn
our attention to the computation of the mobility functions. Here we restrict ourselves to the point-
particle approximation but higher order corrections terms can readily be obtained, although this
is technically demanding for non-planar geometries. The leading-order self-mobility correction is
calculated by evaluating the reflected flow field at the particle position as given by Egs. (3.24) and
(3.26), for axial and radial motion, respectively. We obtain

Apf 3 g [

s S (* + o*

S Tww ) B (;z)” +¢”) ds, (4.17)

Aui 3a [*s
= —— — (v} T) ds. 4.1

IR ), R(ih‘i‘VL) s (4.18)

Clearly, the correction vanishes for a very wide channel as R — oo. The corrections nearby a no-
slip cylinder are obtained in the vanishing frequency limit provided that the membrane possesses a
resistance towards shearing, and can be approximated by
S S
s Coq0aaal . APL 504362 ) (4.19)
) R Ho R
for the axial and radial motion, respectively. Note that the axial motion along the cylinder axis is
more slowed down compared to the radial motion.

Due to the strong confinement induced by the presence of the cylindrical membrane, considering
higher order correction terms becomes necessary for an accurate determination of the mobility when
the particle is of comparable size to that of the cylinder. In the next section, we shall perform
analogous investigations for particle motion nearby a spherical elastic membrane.

4.3 Spherical membrane

The exact Green’s functions evaluated in the previous chapter allow for the calculations of the
particle mobilities nearby a spherical membrane. Similar, we restrict ourselves here for simplicity
to the point-particle approximation but going beyond that is feasible although somewhat tedious.
The leading-order correction can directly be obtained by evaluating the reflected flow field at the
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particle position, as given by Egs. (3.36) and (3.38), for the axisymmetric and asymmetric motion,
respectively.

After computation, we find that the correction to the self-mobilities can conveniently be expressed
in terms of an infinite series as

[e.e]

Aﬂ‘;” _ :1(’;)2 (A,IL (4 D)(n+ 2)5231'l) gl (4.20)
AMM - 3zb (Ay + (n+ D)(n+2)E2Byr — (n+1)&C) et (4.21)
0 n=0

where £ := 1/R € [0, 1), bearing in mind that all the lengths have been scaled by the capsule radius a.

In the vanishing frequency limit, we recover the corrections nearby a no-slip sphere, namely [257]
App . €A5-7¢+H b Apy o LOATHE) b (4.22)
1o 41-¢) R’ 1o 16(1-¢%) R~ '

It is worth mentioning that the hard limits are recovered only if the membrane possesses a non-

vanishing resistance towards shearing, i.e. in the same way as previously observed for cylindrical
membranes.
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Chapter 5

Multipole method

Ars Conjectandi, (The Art of Conjecturing)

Jacobi Bernoulli

The calculations presented in the previous section are applied for the determination of the mobility
functions of spherically shaped particles. Here we extend our results by evaluating the leading-order
corrections to the mobility functions of axisymmetric particles nearby an elastic membrane. For this
goal, we shall first present some analytical tools based on the multipole method that will be necessary
for our further calculations.

5.1 Preliminaries

The multipole method is a well-established analytic-numerical method intended for solving problems
related to particle motion in the Stokes regime. It has been developed during the last few decades
by Felderhof and collaborators [258-264]. The method is based on an expansion in spherical basis
functions and is meant to provide the friction and mobility tensors to arbitrary accuracy. In this
chapter, we show how the Green tensor is expanded in terms of complete sets of solutions to the steady
Stokes equations and introduce the multipole description. We then use these results to compute the
leading-order correction to the mobility function of an axisymmetric particle nearby a planar elastic
membrane.

We now consider a suspension of N hard spherical particles of radius ¢ moving in an infinite
incompressible Newtonian fluid. Here we use the concept of “induced forces” introduced by Bedeaux
and Mazur [265] in which the validity of the Stokes equations can formally be extended inside the
particles. At the surface of each particle, we impose the usual stick boundary condition

v(r)=vi(r)=V,+Q; x (r — R;), (5.1)

for |r — R;| < a, where V; and €2; are respectively the translational and angular velocities of a sphere
labeled ¢ whose center is located at R;. By decomposing the total force density in terms of separate
contributions coming from each of the force densities f;(r) on sphere j, a formal solution of the
Stokes equations can be written as [263]

N
vi(r) — vo(r) = Z/g(r,r’) fitrhdr', res;, (5.2)
j=1
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34 Chapter 5. Multipole method

where vg is a regular solution to the Stokes equations, representing an incident flow which may be
imposed in the absence of the particles. The latter equation can further be rewritten by separating
out the contributions from distinct particles and the particle ¢ itself. Defining the Green integral
operator or simply propagator as

[P (i) £](r /grr e (5.3)

Eq. (5.2) can therefore be written as

vi(r) —vo(r) = Z5 fi(r) Z (i) f5l(r i=1,...,N, (5.4)
J#i

where Z is the friction kernel, also known as the particle resistance operator.

5.2 Spherical basis set of solutions

The basic idea behind the multipole expansion is to expand the velocities and force densities in a
basis set of functions with suitable spherical symmetry. We define two sets of spherical solutions
to the homogeneous (force free) Stokes equations denoted {v;} (r)} and {v; _(r)} [261, 263]. The
set vl':m is regular at » = 0 and diverges at infinity whereas the set v, is singular at » = 0 and
vanishes at infinity. The angular momentum [ takes the values | = 1,2, 3, ..., the azimuthal number
m=—I,—l+1,...,1 — 1,1 and the superscript ¢ = 0, 1,2. Accordingly, the Oseen tensor G can

be expanded about some arbitrary origin 7 as [37|

1 1 P
g(o)(r —7r)=- Z oz Uﬁm(r>)"’ﬁw(r<) ) (5.5)

N Imo lm

wherein the bar denotes the complex conjugate and =~ and r- are are the longer and shorter vectors
of the difference » — rg and ' — 7, respectively. Furthermore, ny, is a normalization

o 4m (I+m) 1/2
"W—<m+upmm> : (56)

Moreover, we define the complementary set of solutions {'wlfn »(7)} satisfying the following or-
thogonality property on a sphere of radius a [263]

<wl:‘7:no (r>6a‘vl:£:m’a-’ (T)> = 5ll’6mm’ 60’0' ) (57)

where the scalar product of two vectors v; and vy is defined by

(vi|vg) == /vl(r) va(r)dr, (5.8)

and 0,4(r) = a~ ' (Jr| — a). Expanding the field v; — vg on the surface of the particle i in terms of
the set of solutions {v;} } centered on R; we obtain

vi(r) —vo(r) = Z c(ilmo)v;t, (r— R;). (5.9)

Imo

By making use of the orthogonality property Eq. (5.7), the expansion coefficients c¢(ilmo) are calcu-
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lated as
c(ilmo) = (w; _(i)04(i)|vi — vo) , (5.10)
wherein w;" (i) and 8,(i) are shorthands for w;' _(r — R;) and dq(r — R;), respectively. Similar, we

define the force multipole moments on the sphere labeled j by
f(jlmo) = /v;;w(r/ —R;) - fi(r')dr’ = (v] | f;)- (5.11)

Continuing, the Green tensor associated with the present geometry can be decomposed in the
usual way into two contributions,

where Gy is the (known) correction arising from the boundary, which can be a rigid or free interface
or an elastic membrane. An analogous expansion in a basis set of functions can be made for the
correction Gy as well. Accordingly, the associated propagator can be split up into a bulk contribution
PO together with a correction stemming from the presence of the boundary Py such that

P=PO L Py (5.13)
Inserting Eqgs. (5.9) and (5.11) into Eq. (5.4), the following infinite system of equations is obtained

c(ilmo) = Y (Imo|M(if)|I'm/o’) f(jI'm’o") (5.14)

jl'm’o’
where (Imo|M(ij)|l'm’c’) stands for the multipole matrix elements of the operator M defined as
M(ij) = 20 (D) + P(i7) (1= ). (5.15)

By collecting the expansion coefficients of the velocities v; — vg and force density f in infinite-
dimensional vectors ¢ and f, Eq. (5.14) can be written in a compact and often more transparent
form as [172]

c=(Z,"+P) f, (5.16)

which upon inversion gives the grand resistance matrix Z
f=2-c, Z=(2;'+P)". (5.17)

The lowest-order multipole matrix elements are commonly denoted as ¢ (translational), r (rota-
tional) and d (dipolar), corresponding to (Imo) equal to (1m0), 1m1 and 2m0. These have already
been presented in chapter 4. Projecting the matrix Z on the subset ¢, 7, d, the generalized friction
matrix reads

F Ctt Ctr Ctd vy — \V4
T|=|¢t ¢ ¢4 |w—-Q) . (5.18)
S Cdt Cd'r Cdd EO

Numerically, the infinite matrices Zg and P are truncated at the multipole order ¢ in such a way
that only the multipole elements | < ¢ are considered. Afterward, the matrix (2 L1+ P) is inverted,
leading directly to the determination of the force multipoles.

Asymptotic expressions for the correction to the bulk friction matrix can be obtained using the
scattering expansion technique [266]. Accordingly, the grand resistance matrix

-1
Z= (Zgl +PO + PM) : (5.19)
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can be expanded by assuming that the contribution from the boundary is small compared to the
bulk contribution to obtain [172]

Z=25—-ZgPuZs+ ZgPuZsPuZs — -, (5.20)

-1
wherein Zg := (Za Ly ’P(0)> is the particle bulk resistance matrix.

It is worth mentioning that the multipole method briefly described above has been implemented
in the HYDROMULTIPOLE code [262]| developed by Wajnryb and collaborators in Warschau back
in the nineties. Hereafter, we shall introduce the bulk mobility tensor of an axisymmetric particle and
the strategy we follow for the computation of its hydrodynamic mobility nearby an elastic interface.

5.3 Mobility of an axisymmetric particle

We now consider an axially symmetric particle immersed in an incompressible Newtonian fluid,
moving close to an elastic membrane, as illustrated for a prolate spheroid ! in Fig. 5.1. The position
of the center of the particle is 79 = (0,0, 2p), while its orientation is described by the unit vector u;
pointing along the symmetry axis. The laboratory frame is spanned by the basis vectors {e;, ey, e.}.

The undisplaced membrane is located at the plane z = 0 and extended infinitely in the horizontal
plane xy. It is convenient to introduce the body-fixed frame of reference, formed by the three basis
vectors {u1, w2, us}. The unit vector uy is parallel to the undisplaced membrane and perpendicular
to the particle axis, and w3 completes the orthonormal basis. We define 6 as the angle between u;
and the unit vector e, normal to the undisplaced membrane such that cosf = e, -u;. The basis
vectors in the particle frame are then given by us = (e, X u1)/ |e, X u1| and usz = ug X us.

For an axisymmetric particle with inversional symmetry, such as a rod-like particle of a spheroid,
the particle mobility in bulk has the form [267]

re 0 0
po=| 0 pf ppt| . (5.21)
0 i w

The bulk translational and rotational mobility tensors of a general axisymmetric particle can be
written as a function of the orientation vector wq as
tt,rr

po"" = T + (1 - i) (5.22)

where ,u‘tl’T and ,uj’_T are the (known) bulk mobilities for the translational /rotational motion along

or perpendicular to the spheroid axis of revolution. The third-order tensors p,gd and ugT have the
Cartesian components

(8
('ugd)aﬁv = /erucreaaﬁuw( " ) (5.23)
(iu(c)lr)oéﬁ’y = .udruoceﬁva(aﬁ)ua s (524)

where the symbol F@#) denotes the symmetric and traceless part with respect to indices «, 8 [172].
Moreover, it follows from the Lorentz reciprocal theorem that [240]

pdr = prd (5.25)

'Spheroid is an ellipsoid of revolution and prolate refers to an elongated spheroid obtained by rotating an ellipse
about its major axis.
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Figure 5.1: Illustration of a spheroidal particle located at z = zy above an elastic cell membrane. The
short and long axes are denoted by a and ¢, respectively. The unit vector u; is pointing along the
spheroid symmetry axis and ws is the unit vector perpendicular to the plane of the figure. The unit
vector w3 is defined to be orthogonal to both w; and wus.

In the following, asymptotic corrections to the bulk mobility nearby an elastic membrane shall
be provided. As recently shown by Lisicki et al. [172], by building up the axisymmetric particle with
a conglomerate of interacting solid particles, the leading-order correction to the propagator nearby a
boundary takes the simple form Py (R = 2zon), where n is the vector normal to the wall. That is
to say that, for a particle sufficiently far away from the wall, the dominant correction to the friction
matrix can be viewed as an interaction between the particle center and its hydrodynamic image with
respect to the wall. In this way, the form of the matrix elements of Py is identical to that of the
bulk mobility tensor, with the orientation vector u replaced by the normal vector n. Therefore, the
matrix elements of Py can be expressed as

g% (n), (5.26)

o (R = 22om) = !

where g” are the directional tensors where a, 8 € {t,r,d}. Moreover, a = [ +1' +0 + 0’ — 1 with the
indices [, o refer to the superscript o while I, o’ refer to 3, so that a = 1 for tt, a = 2 for (tr,rt, td, dt)
and a = 2 for (dr,rd,rr,dd).

Knowing the expression of the propagator, the friction matrix can readily be obtained from
Eq. (5.20). The friction matrix can be split up into the bulk and the correction term as

¢ =¢o+AC. (5.27)

The corrections to the particle mobility can be obtained by an inversion procedure from the equation
pn¢ = 1, defining the relations between elements of the friction and mobility tensors, to finally
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obtain [208|
Al = 871”72105,“5 + 00, (5.28)
ptr = 871”7 (2210)29%3’" +0(z%), (5.29)
Apt = 871”7 (2210)2%%‘“ + 005, (5.30)
Ap = 871”7(2;0)3 97" — o™ + g™ " — g™ ud] + 0" (5.31)

Interestingly, the leading-order correction to the translational mobility decays with distance from the
membrane as 2, I whereas the coupling and rotational mobility exhibit a faster decay as 2y 2 and 2y 3
respectively. In the reference frame of the particle spanned by the unit basis vectors {uj, w2, us},
the mobility correction tensors of an axisymmetric particle have the form

Auitl’w 0 A/Lit?;” 0 Auth 0
Aptrr= 0 AT 0 |, Ap=10 0 A, (5.32)
st 0 v

for the translational /rotational and the translation-rotation coupling tensor, respectively. The rotation-
translation coupling tensor is obtained by simply taking the transpose of the translation-rotation
coupling tensor given above.

As we have shown in our publication [Pubb|, the dominant term in the mobility corrections
for an axisymmetric particle possesses a simple angular structure stemming from the contraction
of the particle friction tensors with the vertical multipole components of the Green tensor in the
present geometry. Polynomials in sine and cosine functions of the inclination angle result from the
transformation of the corresponding tensors into the common frame of reference. Further derivation
details and results have been reported in [Pubj|.

The frequency-dependent mobilities calculated in chapters 4 and 5 serve as an input for the
computation of the particle diffusion tensor, via the fluctuation-dissipation theorem. In the next
chapter, we shall investigate theoretically the Brownian motion nearby elastic cell membranes and
show that the aforementioned memory effect induces a long-lived subdiffusive behavior on the nearby
suspended particles.



Chapter 6

Brownian motion

Not everything that can be counted counts,
and not everything that counts can be
counted.

Albert Einstein

Brownian motion is the apparently random movement of particles suspended in a fluid resulting
from their collision with the surrounding atoms or molecules. Brownian motion is named after the
British botanist Robert Brown in 1827, who observed through a microscope the random trajectories
of pollen grains immersed in water. A physical explanation of the mechanisms by which particles
undergo such random movements has been provided in 1905 by Einstein in his seminal work [268]. A
few years later, Einstein’s result was confirmed experimentally by Perrin [269, 270] providing direct
evidence that atoms and molecules exist. In 1926, Perrin was awarded a Nobel Prize in physics “for
his work on the discontinuous structure of matter, and especially for his discovery of sedimentation
equilibrium.” [271].

6.1 Langevin equation

The dynamics of an isolated Brownian particle in a bulk fluid is governed by the celebrated Langevin
equation. The latter is a stochastic differential equation [272] for one dimensional motion in a viscous

fluid and reads [273]
dV (t
m O — v+ F). (6.1)
where m is the particle mass, V(¢) is the particle translational velocity, vo = g L' = 6mna is the bulk
friction coefficient and F'(t) is the stochastic random force modeling the effect of the background
noise caused by the fluid on the Brownian particle. The random force is Gaussian distributed and

satisfies the statistical properties
(F(t)) =0, (F@)F()) =2vksTo(t — 1), (6.2)

where brackets mean ensemble average, kp is the Boltzmann constant and 7' is the absolute temper-
ature of the system. Here we assume that there are no other external forces acting on the particle.
In a suspension of particles, there are three vastly different timescales, denoted 75, 7 and 7p. The
time 7g is the short atomic timescale, which is of the order of picoseconds. The second timescale g
is the Brownian timescale, required for the particle to relax towards that of the fluid. It is of the
order of the ratio between the particle mass and the bulk friction coefficient, that is 75 ~ m/~p. In
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typical colloidal systems, this time is of the order of microseconds. Lastly, 7p is the time required
for the particle to diffuse across its own radius a, such that 7p ~ a? /Dy, where Dy is the molecular
diffusion coefficient. The latter can be calculated from Einstein’s relation [268]

B kgT
Yo '

Dy (6.3)
The time 7p is of the order of hours or even days and strongly depends on the particle size. Hereinafter,
we shall be focusing on diffusion in the overdamped regime, i.e. for timescales in the range 713 < 7 <
TP.

The presence of an elastic membrane introduces a memory in the system [274| and the particle
dynamics should therefore be treated within a generalized Langevin formalism [275, 276|

dv (t)

m—— = —/ vt =YWV ({E)dt' + F(t), (6.4)

where (t) is the time dependent friction retardation function (expressed in kg/s?). In the particular
case when v(t) = 29 d(t), Eq. (6.4) is reduced to the classical non-retarded Langevin equation given
by Eq. (6.1), in which the random force has been assumed to be a purely Gaussian process delta
correlated in time.

The computation of the particle mean-square displacement (MSD) requires as an intermediate

step the determination of the velocity autocorrelation function via the fluctuation-dissipation theorem.
This will be the subject of the next section.

6.2 Fluctuation-dissipation theorem

By evaluating the Fourier transform of both members in Eq. (6.4) as previously defined by Eq. (3.7),
we obtain v
imwV(w) = — / et dt/ yt =YW E)dt + F(w). (6.5)
t=—o0 t'=—o0

Using the change of variables u =t — t/, together with the shift property in time domain of Fourier
transforms’, the particle velocity is related to the fluctuating force via the equation

F(w)

imw + y[w]’

V(w) = (6.6)

where 7[w] is the Fourier-Laplace (also called one-sided Fourier) transform of the retardation function,

defined by
VM:/zwwMa. (6.7)
0

In virtue of the fluctuation-dissipation theorem (FDT') [275], the frictional forces and the random
forces are not independent quantities, but they are rather related to each other via the correlation

(Fw)F(w)) = ¢p(w) d(w + '), (6.8)

where ¢p(w) is the Fourier transform of the velocity autocorrelation function ¢r(t), known also in
the literature as the power spectrum of F'(w). In term of the friction kernel, the power spectrum is

!The shift in time domain is the property F{F(t — z)} = ¢~ F(w) for € R.
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given by
¢r(w) = kT (v[w] + 7[-w]) = 2kT Re (v[w]) , (6.9)

noting that yjw] = y[—w], as can be inferred from Eq. (6.7). The power spectra of V(w) and F(w)
are thus related to each other via the relation

¢r (w)
= . 6.10
oviw) limw + y[w]|? (6.10)
By making use of Eq. (6.9), we obtain
kT
= — .C. 6.11
ovw) = 2 e, (6.11)

where c.c. stands for complex conjugate. Provided that [w] is known, it is therefore possible to
transform ¢y (w) back to the time domain, leading directly to the velocity autocorrelation function

Sy (t) = (VO)V(£)) = ’%T _OO (M +c.c.) ¢l gy (6.12)

It can be shown that the contribution from the second term in Eq. (6.12) vanishes for ¢ > 0 since
the integrand is analytic in the upper half plane in which Imw > 0 [277]. As a result, the velocity
autocorrelation function can be written for t > 0 as

k‘BT c0—1€ eiwt

dy(t) = dw (6.13)

27 ) ooie tmw + y[w]

where € > 0 is a contour integration parameter. In the overdamped regime, i.e. in the massless limit,
Eq. (6.13) is drastically simplified to finally obtain [277|

_ kgT [

ov(t) = 5 pw)e™t dw. (6.14)

—0o0

for ¢t > 0.

6.3 Diffusion near cell membranes

Having computed the velocity autocorrelation function ¢y, the mean-squared displacement (MSD)
can thus be obtained. The distance traveled by the Brownian particle in a time interval [0, ¢] is the
integral of its velocity, such that

t
2(t) = / Vi) dt (6.15)
0
whose square reads

()2 _/Ot /OtV(tl)V(t2)dt1 . (6.16)

Using the change of variables to = t; + s, and integrating with respect to the variable t;, the
mean-squared displacement reads

(@(t) =2 [ (= s)ovs) ds. (6.17)
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noting that the autocorrelation is a stationary process that depends only on the time difference
t1 — to [277]. The particle long-time diffusion coefficient is computed as

t—00 2t

Doy = Tim FO7) _ /OOO dv(s)ds. (6.18)

In the following, we shall be interested in the MSD of a solid particle initially located at z = zg,
moving parallel or perpendicular to a planar elastic membrane possessing both shearing and bending
rigidities. Analogous predictions can be performed nearby a membrane of an arbitrary shape provided
that the frequency-dependent mobility functions associated with the geometry of interest are known.

The resulting MSD is the sum of the MSDs for parallel diffusion along the x and y directions
and the MSD for perpendicular diffusion along the z direction such that

(r(t)?) = 2(z (1)) + (xL(8)*). (6.19)

We further emphasize that we neglect here the z-dependence of the mobility functions in our
MSD calculations for diffusion normal to the membrane. Indeed, it would be of interest to investigate
the more complex scenario in which (z (¢)?) is of the same order of magnitude as 22, and thus
accounting for the z-dependence of the mobility becomes crucial for an accurate computation of the
particle diffusion normal to the membrane.

Another way to quantify the slowing down of the particle is to investigate the time-dependent
scaling exponent of the MSD, which is defined as the logarithmic derivative of the MSD such that

dIn{za(t)?)

Yal(t) := At ac{],L}. (6.20)

If diffusion is normal (standard), then the scaling exponent is one. Anomalous subdiffusion is char-
acterized by a scaling exponent that is less than one and is often encountered in biological media
with obstacles [278] or binding sites [279]. In the following, we shall present some illustrative results
to get an idea about the mechanism of diffusion nearby cell membranes. Further results have been
reported in our publications [Publ, Pub2, Pub3, Pub9].

In Fig. 6.1, we show the particle time-dependent MSD for the diffusional motion parallel (blue)
and perpendicular (red) to a planar elastic membrane. The ratio of the particle radius to the distance
from the membrane is taken a/zp = 3/5. We define the characteristic time scale for shearing as
Ts := 6z9n/ks, and for bending as T := 47728’//1]3. We then scale the time by 7 := Ty = Ty for
which membrane shearing and bending moduli are related via the relation 23 = 3kp/(2ks).
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Figure 6.2: Variations of the scaling exponent for the motion parallel (a) and perpendicular (b) to
the membranes as given by Eq. (6.20) versus the scaled time.

At short time scales for which ¢ < 7, we observe that the MSDs follow faithfully the linear
behavior in a bulk fluid, with the normal diffusion coefficient Dy predicted from Einstein’s theory.
This is justified by the fact that the particle does not yet feel the presence of the membrane at
these short time scales. As the time increases, the MSDs substantially bend down to asymmetrically
approach the linear behavior predicted nearby a non-slip hard-wall.

Fig. 6.2 shows the temporal evolution of the scaling exponent as defined by Eq. (6.20) which is
found to be strongly dependent on the distance separating the particle from the membrane. We first
remark that the scaling exponent amounts to a value of 1 as t — 0 and as t — oo, at which the
particle experiences normal diffusion. For ¢ ~ 7, we observe a bending down of the scaling exponent,
resulting in a long-lasting subdiffusive regime that extends up to 1037 in the parallel direction and
even further in the perpendicular direction. As the ratio a/zy gets larger, the hydrodynamic coupling
between the particle and the membrane becomes more important and thus the subdiffusive behavior
is enhanced. For a/zy = 3/5, we find that the exponent can go as low as 0.93 for the parallel motion
and as low as 0.88 for the perpendicular motion.

In the next chapter, we present the boundary integral method we use to verify and validate our
analytical theory together with some technical implementation details.
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Chapter 7

Numerical method

docendo disco, scribendo cogito

Seneca the Younger

For the simulations we use the boundary integral method (BIM) [280] whose foundation is the
steady Stokes equations (3.2) and (3.3). The core idea of the method is to expresses the solution
of the Stokes equations in terms of singularity distributions over the domain boundary [238]. The
method permits a complete description of the fluid flow inside a control volume while requiring only
the knowledge of velocity or traction on boundaries. A special advantage of BIM is the fact that only
a single 2D grid is needed which can be used for the surface deformation as well as for the 3D flow
computation.

7.1 Boundary integral equation

We consider a suspension of N particles moving under the influence of an imposed external flow v>°.
The velocity of a point « in the fluid domain is given by the integral representation [280]

N N
vj(@) = v (@) = D (NaAf)j(@) + D (1= ) (Kv)j(2), (7.1)

m=1 m=1

where A f denotes the jump of the traction across the particles. We define the single layer integral
for a given vectorial function g as

(Non g); () := /5 6:9) 60 (g, 2) dS(y) (7.2)

where integration over the surface of the particle S, needs to be performed. The double layer integral
is defined as

(K 9);j() = /S 0:w) T (y, @) i) dS(y) (7.3)

The remaining quantities are the viscosity contrast \,, := n,,/n representing the ratio of inner to
outer viscosity, the outer normal vector n pointing into the ambient fluid, the free-space Stokeslet
defined by Eq. (3.17), and the corresponding Stresslet

3 s
A7 o

T (v, x) =

)

(7.4)
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with s :=y — x and s := |s|.
Taking the limit when « approaches the surface of the pth particle, we derive the boundary
integral equation, which is a Fredholm integral of the second kind for the velocity,

N N
nlE) = oy <v;°<m> = NP @) + 3 (1= ) <K;1Vv>j<w>> L)

where PV denotes the principal value of the double-layer integral [238]. Taking A, = 1 with 1 < p < N,
the last equation is drastically simplified and reduced to a Fredholm equation of the first kind.

7.2 Completed double layer BIM

We now consider N deformable particles (referred to as BIM objects which in our case have an elastic
nature) and N rigid particles (referred to as CDL objects) flowing under the influence of an imposed
flow field. Treating rigid objects in the direct formulation is difficult and inefficient since it would
lead to a Fredholm equation of the first kind. Instead, it is worthwhile to employ an extension called
the completed double layer boundary integral method (CDLBIM) [281-283]. Restricting to a unit
viscosity contrast for the BIM objects, the CDLBIM equations read

vj(x) = Hj(x), xS, (7.6a)

5 0i(@) + D& (@) (¢, ¢) = Hy(w), @€, (7.6)

where S, is the surface of the pth deformable BIM object, and Fq is the surface of the ¢th rigid CDL
object, where 1 < p < N and 1 < ¢ < N. Moreover, v represents the velocity on the BIM objects
while ¢ denotes the so-called double layer density function on S. The latter is an unphysical auxiliary
field. However, the corresponding physical translational and rotational velocities can be retrieved via

3
) =D ¢V@ie ), @€, (7.7a)
3
Q) x (@ - X,) =Y o). ¢), z e, (7.7b)

where X, being the centroid of the particle ¢ and ¢ are known functions representing the six
possible rigid body movements of the solid particles [281]. The brackets denote the inner product in
the vector space of real functions whose domain is S,;. Continuing, the function H; is given by

Mz\

Hj(x) := — > (NmAf); (Km@);(x)

1

3
[

(7.8)

N
+) (g](i)(a:,Xk)Fk +R§-(;?(9C,Xk)Lk) ,

m=1

where F}, and Ly, are the known force and torque acting on the particle surface, respectively. Moreover,
the rotlet solution reads
1 eijrsk

(0) —
Rij (y,z) == S o3

(7.9)
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Clearly, in the absence of CDL objects, Eq. (7.6a) reduces to the standard boundary integral
equation given by Eq. (7.5) in the general case for arbitrary viscosity contrast.

Given the traction jumps A f computed from the current deformation, and the forces and torques
as inputs, equations (7.6) constitute a set of Fredholm integral equations of the second kind for
the unknown velocity v on the BIM objects and the density ¢ on the rigid particles. To solve this
equation numerically, we discretize all surfaces with flat triangles. For a rigid spherical particle, this
is done by consecutively refining an icosahedron [219, 284]. We perform the integration numerically
by a Gaussian quadrature with seven points per triangle [285] together with linear interpolation of
nodal values across each triangle [280]. The singularities appearing in the single layer integral are
treated via the polar integration rule [286], while the singularities of the double layer integral are
eliminated by the standard singularity subtraction scheme [280]. With this the integral equation
can be evaluated at all nodes, forming a dense and asymmetric linear system of equations which
is then subsequently solved by GMRES [287]. The residuum of the solver is consistently fixed to
10~*. This provides us with the velocity v at each node of the BIM objects and, after application of
equation (7.7), also of the rigid particle. The dynamical evolution of the system is hence obtained
by solving the kinematic condition [23§]

d

déf — v(z), (7.10)
with the explicit Euler scheme. Throughout this thesis, we chose a step size that is dependent on the
wiggling frequency of the force (see the last section of this chapter for more details.)

7.3 Computation of the traction jumps

Here we provide some technical details regarding the computation of the traction jump A f across
the membranes, as required for Eq. (7.8). The membranes are endowed with shear and area elasticity
together with bending rigidity.

7.3.1 Shear elasticity

We employ either the neo-Hookean or the Skalak model whose areal energy densities W are given by
Eq. (2.9) and (2.11), respectively. The strain invariants I; and I are related to the principal in-plane
stretch ratios via I = A7 + A3 — 2 and Io = A?\3 — 1. Hence, the total energy of a membrane S, is
given by

Eg = W dSy, (7.11)
55

where the integration is performed over the surface in the reference state S;[(,O). To obtain the force
at each node, we assume that the deformation is a linear function of position in each triangle. After
discretization of the integral, the energy Eg depends explicitly on the node positions «;. Therefore,
according to the principle of virtual work, the total force is then given by the gradient

0Fg

Flw) =7 (7.12)

This derivative can be computed analytically as detailed in references [219, 288|. The traction jump

is thus obtained by
F €;
Af(m;) = 2 ) : (7.13)
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whereas A; is the area associated with node x; and is taken as one third of the total area of the
triangles containing the node [283].

7.3.2 Bending rigidity

The bending forces are modeled according to the constitutive law proposed Helfrich [224] leading to
the traction jump stated by Eq. (2.17). The mean curvature H is calculated according to the relation
H(z) = -1 (Ayzi) ni(z). We use the algorithms presented by Meyer et al. [289] for the computation
of the Laplace-Beltrami operator A and the Gaussian curvature K. The normal vector m is computed
according to the “mean weighted by angle” method. This provides reasonable results in the application
of viscous flows [237]. We note that we set Af to zero for nodes located at the border of open meshes.

7.4 Determination of particle mobilities

Now we consider two particles labeled v and A moving nearby an elastic membrane as schematically
illustrated in Fig. 4.1. For the numerical determination of the particle mobility functions, a harmonic
force Fy(t) = Axe™! or torque Ly (t) = Bye™°! is exerted at the surface of the particle A. After
a brief transient evolution, the translational and rotational velocities of the particle v evolve as
V,(t) = C,e!@0t%) and Q. (t) = D, e!(“0t+%7) respectively, and analogously for the particle A. The
amplitudes and phase shifts can accurately be determined by a fitting procedure of the numerically
recorded velocities using the trust region method [290]. In this way, the ¢t and rt components can
be computed for a torque-free particle as

#xn _ Oxa s it Dra o
af T AAB e ) Maﬁ - A)\B e ) (714>
for the self-mobilities and
C . D .
oA _ “a idy rtyA . Pa ips 7.15
Maﬁ A)\B € 9 lu’aﬁ A}\ﬁ € 9 ( )

for the pair-mobilities. For a force-free particle, the components ¢r and rr are computed from

rox  COra s a Dag
M = et = e, (7.16)
for the self-mobilities and
uirgh = Sra o yrrox _ Dra e, (7.17)
OCB B)\ﬁ bl Olﬁ B)\B . .

for the pair-mobilities.
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In mathematics you don’t understand
things. You just get used to them.

Johann von Neumann

In this appendix, we shall provide some technical details with regard to the computation of the
2D forward and inverse Fourier transform relevant for the calculation of the Green’s functions nearby
planar elastic membranes.

The spatial 2D Fourier transform as defined by Eq. (3.4) can also be expressed using polar
coordinates. By introducing the coordinate transformations x = pcos ¢ and y = psin ¢, and similarly
for the wavevector components ¢, = gcos and g, = gsinf, we obtain

/ F(p, $)e#150-9) pdpdgs (7.18)

Depending on the symmetry properties of f(p, ¢) we shall consider two different cases separately.

Radially symmetric functions

For radially symmetric functions, i.e. when f depends only on the radial distance p, the integral
given by Eq. (7.18) can be expressed as

Fa0)= [ prte) [ im0 agap, (7.19)
0 -
Introducing the zero-order Bessel function [291]
Jo(pq) == 1 /7r e P10 D qh = 1 /7T e~ P1¢0s(0-9) q¢p (7.20)
2 J_, 27 J_ .
Eq. (7.19) can then be written as
Fla)=2x [~ pr(o)Tolan) ap, (7.21)

which is in fact nothing but the zeroth order Hankel transform of f(p) apart from a factor of 2.
Similarly, it can be shown that the inverse 2D Fourier transform stated by Eq. (3.5) can be written
for radially symmetric functions as

1

@) =57 [ aftaae da. (7.22)
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Non-radially symmetric functions

In order to perform the inverse 2D Fourier transform for a non-radially symmetric function, we shall
use a generalization of the method previously applied for radially symmetric functions. When f is a
function of both p and ¢, and periodic in ¢, it can then be expanded into a Fourier series as

Fp.d) =Y falp)e™, (7.23)

n=—oo
where the Fourier coefficients are given by
1 2

falp)=5= [ Flp.d)e ™ dg. (7.24)

:27'('0

In the same way, the Fourier transform f (g,0) can also be expanded into a Fourier series such
that

F(g,0)= > fulg)e™, (7.25)

where
Fa= L [ 0)e " 40 7.26
fn(q)—g ; f(q,0)e : (7.26)

By making use of the following remarkable identity [292, 293|

oo
e AP — Z i*me(qp)e*im‘z’eime, (7.27)

m=—0oQ

together with the Fourier series given in Eq. (7.23), the forward 2D Fourier transform is then obtained
as

oo 21 & ) > ) .
f(q,0) = /0 /O < > fn(p)em) ( > Z'_me(qp)e"m(f’e”’w) dgpdp. (7.28)
Since )
/ e"dp = 2mbn0 (7.29)
0
only the terms with m = n remain, leading to
flg,0)= Y 2mi e | Ialp)nlap)pdp. (7.30)

By identification with the Fourier series of f as written in (7.25), we immediately recover the
Fourier coefficients,

fulq) = 2mi™" /OOO fu(p)Jn(ap)pdp, (7.31)

which is the nth order Hankel transform of fn(p) multiplied by 27i~™. In a similar way, it is easy to
obtain the inverse Fourier transform of f by using this time the identity

¢l = Z i T (qp)e™Pe im0 (7.32)

m=—00
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to find the Fourier series coefficients f,(p) as

fa( =3 / Fn(@)Tn(pg)gdq . (7.33)
T

In summary, in order to find the inverse Fourier transform for a given non-radially symmetric
function f(p, ¢), two steps are required:

1. Evaluate the function series f,(q) from Eq. (7.26).
2. Find f,(p) using the formula (7.33).

The solution f(p, ¢) is written as infinite series as presented in Eq. (7.23).
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Summary and outlooks

There are no such things as applied
sciences, only applications of science.

Louis Pasteur

We present an analytical theory supplemented by fully resolved boundary integral simulations
of the hydrodynamic interactions and diffusion of particles nearby a realistically modeled red blood
cell membrane endowed with resistance towards shearing and bending. In the first step, the theory
provides the Green’s functions which are solutions of the linear hydrodynamic equations for the fluid
flow field induced by a concentrated point-force singularity acting close to the membrane. Depending
on the membrane geometry, we adopt three different approaches for the computation of the Green’s
functions. Firstly, we present the 2D Fourier transform technique which is based on transforming the
Stokes equations governing the fluid motion into a linear system of ordinary differential equations
written in the spatial and temporal frequency domains. The method is known to be appropriate for
the determination of the solutions of the Stokes equations in systems composed by parallel planar
interfaces. Upon inverse Fourier transformation, the resulting Green’s functions can conveniently be
expressed as convergent infinite integrals over the wavenumber. Secondly, we present the Fourier-
Bessel integral technique which consists of expanding the solution in the form of Fourier integrals
which involve unknown coefficients that can be determined from the boundary conditions. The
method is perfectly suited for domains bounded by interfaces of cylindrical geometry. Thirdly, we
present the spherical harmonics technique which is based on the idea of expressing the solution
of the fluid flow nearby spherical boundaries in terms of infinite sums of independent harmonics
with unknown coefficients. The sum can then be truncated at some finite integer depending on the
desired precision. In the limits of vanishing forcing frequencies, all three approaches yield the correct
hard-wall limits with stick boundary conditions.

In the next step, we characterize the fluid mediated hydrodynamic interactions between particles
by analytically computing the hydrodynamic mobility functions which couple the particles’ trans-
lational and rotational velocities to the torques and forces applied on their surfaces. For that, we
employ a combination of the multipole expansion and Faxén theorem to yield analytical expressions
of the particle self- and pair-mobilities obtained directly from the Green’s functions associated with
the geometry of interest. For a planar elastic membrane, the corrections to the mobility function are
expressed as a power series up to the 5th order of the ratio between particle radius and distance from
the membrane for the self-mobilities, and between particle radius and interparticle distance for the
pair-mobilities. The mobilities are found to be complex valued frequency-dependent functions whose
real parts are generally logistic-like functions, whereas the imaginary parts exhibit at intermediate
frequencies typical peak structures. The latter are a clear signature of the memory effect induced
by the elastic nature of the membrane. In the high frequency limit, the corrections to the mobilities
vanish and thus we recover the behavior in a bulk fluid.

We further show that the particle mobilities nearby a single membrane can appropriately be
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expressed as a linear superposition of the contributions due to shearing and bending as obtained
independently. Additionally, we demonstrate that the shearing and bending related parts may have
additive or suppressive contribution to the total mobility. This interesting behavior is elucidated
by considering the steady motion of two particles towards a membrane. The interaction nearby a
membrane with pure bending resistance is found to be always repulsive, i.e. as in the case of a hard
wall, while nearby a membrane of pure shearing, the interaction may be attractive. Moreover, we show
that there exists a frequency range in which some of the pair-mobility components may interestingly
exceed their bulk values. This leads to a short-lived superdiffusive behavior when considering the
joint mean-square displacement.

Considering curved membranes, we find that membrane shearing manifests itself in a more pro-
nounced way compared to bending and thus strongly determines the qualitative behavior of elastically
confined particles near red blood cell membranes. Moreover, we recover the Green’s functions and
particle mobilities in the hard boundary limits only if the membrane possesses some finite resistance
towards shearing. For curved membranes, our theoretical calculations are restricted to the point-
particle approximation representing the leading order term in the mobility corrections but going
beyond that is feasible although laborious. We further show that for spherical membranes, curvature
leads to the appearance of a prominent additional low-frequency peak in the mobility functions. The
peak is attributed to the fact that the traction jumps due to shearing involve a contribution from
the normal displacement in contrast to planar membranes where these traction jumps depend solely
on the in-plane tangential displacements. Furthermore, we examine the motion of a spherical capsule
due to a nearby point force, finding that the pair-mobility function is uniquely dependent on shearing
resistance and can well be describe by a Debye-like model with a single relaxation time.

In the last step, the analytical calculations of the frequency-dependent mobilities provide the
friction kernel of the system and thus enable the study of particle diffusional dynamics nearby elastic
cell membranes. For that purpose, we apply a generalized Langevin equation governing the time
evolution of the particle velocity in systems with memory effect. Using the fluctuation-dissipation
theorem relating the friction forces to the stochastic random forces, we compute the particle mean-
square displacement which fully characterizes the diffusion process. We show that in the presence of the
membrane the particle undergoes a long-lasting anomalous subdiffusion at intermediate time scales of
motion. The steady diffusion coefficient is found to be universal and identical to that predicted nearby
a hard wall with stick boundary conditions. This subdiffusive behavior can significantly enhance
residence time and binding rates nearby membranes and thus may increase the probability to trigger
the uptake of particles via endocytosis.

Outlooks

As a future perspective, it would be of interest to supplement and complement the present work by
considering further related aspects of particle motion nearby elastic confinement. Possible research
topics include

e computing the Green’s functions and mobility functions nearby a planar membrane with finite
size by solving non-trivial dual integral equations that arise from this mixed boundary problem.

e clucidating the role of inertia by carrying out analogous calculations at finite Reynolds number
using matched asymptotic solutions. The analytical predictions can then be compared with
numerical simulations performed using a full Navier Stokes solver that accounts for fluid inertia,
e.g. the lattice Boltzmann method.

e investigating the motion of an axisymmetric particle such as a spheroid or a rod-like particle
nearby curved membranes and find out how the coupling and rotational mobilities scale with
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distance from the membrane.
e exploring the asymmetric motions of spherical particles inside a spherical elastic cavity.

e carrying out analytical calculations of the self and pair-mobility functions of particles moving
inside an elastic cylinder for arbitrary eccentricity. The solution can be formulated as an
infinite sum of Fourier-Bessel integrals over the wavenumber. The obtained results can then
be compared with those obtained earlier for an infinitely extended planar elastic membrane by
considering a very wide channel. A low frequency peak in the imaginary part is expected to
occur in the imaginary part together with a dispersion step in the real part, 7.e. in the same
way as observed previously nearby a spherical membrane.

e performing “exact” analytical calculations of the Green’s functions and particle frequency-
dependent mobilities nearby elastic confinements using the bipolar coordinate technique.

e carrying out analogous theoretical investigations by computing the remaining components of
the grand mobility tensor. This allows to address particle motion relative to an arbitrary
external flow, e.g. an oscillatory shear flow.

e computing the lift force induced by the elastic membrane on a nearby particle by accounting
for the second order term in the kinematic condition at the membrane surface. The lift force is
expected to be quadratic in the particle parallel translational velocity.

e investigating the motion of swimming microorganisms and self-propelled active particles nearby
and through cell membranes, where the aforementioned memory effect or mobility sign reversal
may lead to interesting and novel behaviors.
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Abstract

The physical approach of a small particle (virus, medical drug) to the cell membrane represents the
crucial first step before active internalization and is governed by thermal diffusion. Using a fully
analytical theory we show that the stretching and bending of the elastic membrane by the approaching
particle induces a memory in the system which leads to anomalous diffusion, even though the particle
is immersed in a purely Newtonian liquid. For typical cell membranes the transient subdiffusive
regime extends beyond 10ms and can enhance residence times and binding rates up to 50%. Our
analytical predictions are validated by numerical simulations.

1 Introduction

Endocytosis, the uptake of a small particle by a living cell is one of the most important processes
in biology [1-3]. Current research is focused mainly on the biophysical and biochemical mechanisms
which govern endocytosis when particle and cell are in direct physical contact. Much less investigated,
yet equally important, is the approach of the particle to the cell membrane before physical contact is
established [4]. In many physiologically relevant situations, e.g., inside the blood stream, the cell and
the particle are both suspended in a surrounding liquid and the approach is governed by thermal
diffusion of the small particle. The thermal diffusion of small particles (fibrinogen) naturally occurring
in human blood has furthermore been suggested as the root cause of red blood cell aggregation [5-7].

Thermal diffusion of a spherical particle in a bulk fluid is well understood and governed by
the celebrated Stokes-Einstein relation. This relation builds a bridge between the particle mobility
when an external force is applied to it and the random trajectories observed when only thermal
fluctuations are present. Particle mobilities and thermal diffusion near solid walls have been thoroughly
investigated both theoretically [8-13] and experimentally [14-25] finding a reduction of the particle
mobility due to the proximity of the wall. Some theoretical works have investigated particle mobilities
and diffusion close to fluid-fluid interfaces endowed with surface tension [26-29] or surface elasticity [30—
32| with corresponding experiments [33-39]. For the case of a membrane with bending resistance
transient subdiffusive behavior has been observed in the perpendicular direction [40]. Regarding
biological cells, recent experiments have measured particle mobilities near different types of cells as
well as giant unilamellar vesicles (GUVs), both of which possess an elastic membrane separating two
fluids, and found that the mobility near the cell walls does decrease but not as strongly as near a
hard wall [4].

Here we derive a fully analytical theory for the diffusion of a small particle in the vicinity of a
realistic cell membrane possessing shear and bending resistance with fluid on both sides. As the typical
sizes and velocities are small, the theory is derived in the small Reynolds number regime neglecting the
non-linear term, but including the unsteady contribution in the Navier-Stokes equations. Our most
important finding is that there exists a long-lasting subdiffusive regime with local exponents as low as
0.87 extending over time scales beyond 10ms. Such behavior is qualitatively different from diffusion
near hard walls where the diffusion, albeit being slowed down, still remains normal (i.e. the mean-
square-displacement increases linearly with time). Remarkably, our system exhibits subdiffusion in a
purely Newtonian liquid whereas most commonly subdiffusion is observed for particles in viscoelastic
media. The subdiffusive regime increases the residence time of the particle in the vicinity of the
membrane by up to 50% and is thus expected to be of important physiological significance. Our
analytical particle mobilities are quantitatively verified by detailed boundary-integral simulations.
Power-spectral densities which are amenable to direct experimental validation using optical traps
are provided.
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Figure 1: Mean-square displacement (red line) of a particle with radius R—=100nm diffusing zp=153nm
above a red-blood cell membrane in lateral (top) and perpendicular (bottom) direction as predicted
by our theory at 7" = 300K. For short times ¢ < 50us the MSD follows bulk behavior (black dashed
line) while for long times the MSD follows hard-wall behavior (blue dash-dotted line). In between,
a subdiffusive regime is evident extending up to 10ms and beyond. Insets show the local exponent
which goes down until 0.87 for perpendicular diffusion.

2 Results

A spherical particle with radius R = 100nm is located at a distance zp = 153nm above an elastic
membrane and exhibits diffusive motion as illustrated in the inset of Fig. 1. The membrane has a
shear resistance kg = 5-1075N/m and bending modulus g = 2-107Nm which are typical values of
red blood cells [41]. The area dilatation modulus is k5 = 100kg. The fluid properties correspond to
blood plasma with viscosity n = 1.2mPas. Figure 1 shows the mean-square-displacement (MSD) for
parallel as well as perpendicular motion as obtained from our fully analytical theory to be described
below. For short times (¢ < 50us) the MSD follows a linear behavior with the normal bulk diffusion
coefficient Dy since the membrane does not have sufficient time to react on these short scales. This
is in agreement with a simple balance between viscosity and elasticity for shear, 7 = nR/kg ~ 37pus,
and bending, 75 = nR3/kp ~ 22us. For t > 50us we observe a downward bending of the MSD which
is a clear signature of subdiffusive behavior. Indeed, as shown in the insets of Fig. 1, the local exponent
agﬁgj ) diminishes from 1 down to 0.92 in the parallel and 0.87 in the perpendicular direction.
The subdiffusive regime extends up to 10ms in the parallel and even further in the perpendicular
direction, which is long enough to be of possible physiological significance. Finally, for long times, the
behavior turns back to normal diffusion with a =~ 1. Compared to the short-time regime, however,
the diffusion coefficient is now significantly lower and approaches the well-known behavior near a
solid hard wall with Dy = Do(1 — 9/16R/20) in the parallel and Dyan,1 = Do(1 — 9/8R/20) in
the perpendicular case, respectively. Diffusion for long times therefore turns out to depend only on
the particle distance and to be independent of the membrane properties.

o =
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Figure 2: (a) Minimum of the local exponent plotted against particle-membrane separation. Significant
subdiffusion is observed up to distances roughly ten times the particle radius. (b) The time required
to diffuse one particle radius increases due to the presence of the membrane thus leading to an
enhanced residence time of the particle in the vicinity of the membrane which may increase the
probability of triggering endocytosis.

In Fig. 2 (a) we show the minimum of the local exponent for different particle-membrane separa-
tions. Even for distances ten times the particle radius, a significant deviation of the local exponent
from 1 is still observable. From the MSDs it is straightforward to estimate the time Tp required by
the particle to diffuse a distance equal to its own radius which gives an approximate measure of the
“diffusion speed”. As expected based on the data from Fig. 1, diffusion in the perpendicular direction
is slowed down significantly more than for lateral motion, see Fig. 2 (b), in agreement with recent
experimental observations [4].

Experimentally, long MSDs can be difficult to measure as the particle may move out of the focal
plane during the recording time. A commonly used technique is therefore to confine the particle
to its position using optical traps. One then records the power spectral density (PSD) of particle
fluctuations around its equilibrium position. The PSDs predicted by our theory for a typical optical
trap with spring constant K = 107°N/m [4] as a function of frequency f = w/27 are shown in
Fig. 3. The general behavior of the unconstrained system is not qualitatively altered by the optical
confinement: for high frequencies the behavior is bulk-like (mirroring the bulk-like MSD at short
times) while for low frequencies the PSD approaches that expected near a solid wall (mirroring the
hard-wall like MSD at long times). The frequency range of the transition lies mainly below 1 kHz
and should thus be experimentally accessible.

3 Theory

Our theoretical development leading to figures 1 through 3 proceeds via the calculation of particle
mobilities and the fluctuation-dissipation theorem and can be sketched as follows (a detailed derivation
is given in Appendices A-C). We consider a spherical particle of radius R driven by an oscillating
force F,(t) = Fye™" in a fluid with density p and dynamic viscosity  whose complex mobility u(w)
for a fixed w is defined as

Voo (t) = p(w) Fou (8) (3.34)

and can be separated into the three contributions

p(w) = po + pg(w) + Ap (w, z0) - (3.35)
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Figure 3: Predicted power-spectral density of position fluctuations if the same bead as in Fig. 1 is
confined by a typical optical trap of strength K = 107°N/m [4]. Similar as in the MSD of Fig. 1
a transition from hard-wall-like behavior (blue dash-dotted line) for low frequencies to bulk-like
behavior (black dashed line) at high frequencies is seen.

Here, up = 1/(67nR) is the usual steady-state bulk mobility,
i (w) = uo (e*R/\ﬁ - 1) (3.36)

with A2 = pw/n is the correction due to fluid inertia [42] and Au (w, zg) is the correction due to the
elastic membrane at distance zg. In order to derive the mobility corrections, we employ the commonly
used approximation of a small particle (R/zp < 1). Using numerical simulations of a truly extended
particle, we will show below that this approximation is surprisingly good even for R/zy = 0.65. The
problem is thus equivalent to solving the unsteady Stokes equations with an arbitrary time dependent
point force F located at rg

ov

Py + V20 — Vp+ Fé(r —ry) =0,

(3.37)
V-v=0,

with the fluid velocity v, the pressure p and the point force position ry. The elastic membrane is
located at z = 0, has infinite extent in  and y directions and is surrounded by fluid on both sides.
Following the usual approximation of small deformations, we impose the traction jump at z = 0
which follows from the Skalak [43] and Helfrich [44] laws for the shear and bending resistance as
detailed in Appendix A

RS

Afw = _E (2 (1 + C) Ug,zx + Uz, yy + (1 + 20) “y,wy) ’

AfY = = (a2 (14 C) tygy + (1420) ) | (3.38)

Afz = KB (uz,;rxzx + 2uz,wa:yy + uz,yyyy) )
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where the membrane deformation is w and the notation . denotes partial spatial derivatives. The
moduli are kg for shear resistance and kg for bending resistance while the ratio between shear and
area dilatation modulus is C' = ka/ks. The no-slip condition at the membrane surface relates the
surface deformation to the local fluid velocity

du

= vl (3.39)

Together with equations (3.37), (3.38) and (3.39) this represents a closed mathematical problem
for the velocity field v. For its solution, the Stokes equations (3.37) are first Fourier-transformed
into frequency space. The dependency on the x and y coordinates is Fourier-transformed into wave
vectors g, and g, which subsequently allows us to consider the contributions of the longitudinal and
transversal velocity components separately [27]. After eliminating the pressure, this leads to three
differential equations for the three velocity components for which an analytical solution can be found.
From the velocity field the mobility correction of the particle is directly obtained. The details are
given in Appendix B.

The mobility correction is a tensorial quantity which in the present case has two components for
the mobility parallel Ay (w,20) and perpendicular Ap (w, 20) to the membrane. Furthermore, the
mobility correction in each direction can be split into a contribution Aup due to bending resistance
and a contribution Aug due to shear resistance and area dilatation. The final results are conveniently
expressed in terms of the dimensionless numbers:

12z9nw

Fas—i—FLA’

Anw 1/3
/BB = 220 <77> )

KB

1/2
pw

g=20| — s
(n)

where 3 captures the effect of shear resistance and area dilatation, Sg the effect of bending resistance
and o the effect of fluid inertia on the mobility corrections.

(3.40)

The mobility corrections are

A ; oo .3 —T _ ep—5)2 ; o9 3,—2r
His _ 3;1%/ s (re —sc )2 s + 1R T — (3.41)
Lo o2z )y 4(r—s)s?—Bo 420 Jo r(HE0r—is?)

A . 00 4 T(,—7r _ ,—8\2

Aup _ 3 R rs’(e™" —e ) s, (3.42)
Lo 02z Jo 16s5(r —s) —rpjo?

Apis 6i R [® s5(e 5 —e)?

L) 1 d 4
Lo o2 2z /0 4(r — s)s? — o2p 5 (3.43)

A . 00 4 7 —-r —5)\2
pop O R 2 dsTse —re R (3.41)

Lo 02z Jo r(1657(r — 5) — rB302)

with 7 = v/s2 + i02. The integrals are well-behaved and thus amenable to straightforward numerical
integration. The effect of inertia on the diffusion has recently been investigated in bulk systems [45-
49]. However, as shown in the Supporting Information [50] for the realistic situation treated in figure 1,
the contribution of fluid inertia is completely negligible in the frequency range that is affected by
membrane elasticity which is the focus of this work.

In the following, we will thus consider the case o = 0, for which an analytical solution is possible:
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Apys 3 R(_i B2 3i8 +iB(1+ C)ePIHOE, (i8(1 + C))

110 8 20 8 8
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AZ!B _ 634230 ( . 5 (54 + e (- Z-BB))>, (3.46)
AZ?S - %ZRO; (1 - 4eiﬁE5(i5)) : (3.47)

ShLp 3i§B§)<(fg+”gB+ $) or Lo+ o+
R, (—ifp) (11;3 _ Z‘% _ ;) ) (3.48)

with B |

¢+ = e "BE; (—izB) £ e “BE; (—izB) , (3.49)

where zgp = jfp and j = e27/3 Bar denotes complex conjugate. E,, denotes the exponential integral
= [ e " /t"dt [51].
From the frequency-dependent mobilities the mean-square displacement in a thermally fluctuating
system can be computed using the fluctuation-dissipation theorem with the velocity autocorrelation
function ¢, () as an intermediate step [52| as detailed in Appendix C

kT

o p(w)et dw, (3.50)

—00

(z(t)*) = 2/O (t—8)py(s)ds. (3.51)

Ou (t) =

Using the mobilities from Eqs. (3.45) - (3.48), the MSD can be analytically computed and the resulting
equations are given in Appendix C. In order to compute the MSDs shown in figure 1 mobilities are
calculated using the initial particle-membrane distance 2y, which is equivalent to assuming a not too
large deviation of the particle from its initial position.

Similarly, the power spectral densities of the position fluctuations as shown in figure 3 can be
calculated as [12]

2kgTRe [p(w) ]
S(w) = . |
( ) (WRe [u(w)—l])Q + (wIm [,LL(CU)_l] + K)2 (3 52)

4 Mobility Simulations

We use boundary-integral (BIM) simulations to obtain a direct validation of the frequency-dependent
mobilities and to assess the accuracy of the point-particle approximation for finite-radius particles.
BIMs are a standard method for solving the steady Stokes equations [53] including elastic surfaces [54].
Some details on our implementation are given in the SI. Compared with most other flow solvers,
BIMs have the advantage that they are able to treat a truly inifinite fluid domain thus excluding
artifacts due to periodic replications of the system.

We simulate a spherical particle driven by an oscillating force with frequency w. By recording the
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Figure 4: The complex mobility of a spherical particle driven by a sinusoidal force with frequency
w situated a distance zg above the membrane. Theoretical predictions from Eqs. (3.45)-(3.48) are
shown as black dashed lines (real part) and black solid lines (imaginary part) and compared to BIM
simulations shown as circles (real part) and squares (imaginary part). The green and red lines show
the contributions due to shear and bending resistance, respectively. For R/zy = 0.1 (with C' = 1,
ksR?/kp = 2) the agreement between theory and simulations is excellent. For very low frequencies
the hard wall behavior is obtained (blue dashed line).

instantaneous particle velocity, the mobility correction Au(w) can be obtained from the amplitude
ratio and the phase shift between force and velocity as illustrated in the SI.

In Fig. 4 we compare our theoretical prediction to the result of BIM simulations with R/zy = 0.1
and find excellent agreement. Splitting the mobility correction into the contributions due to shear/area
resistance (green line in Fig. 4) on the one hand and bending resistance (red line) on the other, we
find that bending resistance manifests itself at significantly lower frequencies than shear resistance.
As might intuitively be expected, the parallel mobility is mainly determined by shear resistance, while
for the perpendicular mobility bending resistance dominates. Yet, we note that for both directions,
shear/area resistance and bending resistance are important. This becomes apparent especially at
low frequencies: neither shear/area resistance nor bending resistance alone are able to recover the
hard-wall limit. As shown in the SI, a similar effect appears in the limit of infinitely stiff membranes:
only if shear and bending stiffness both tend to infinity does one recover the hard-wall limit.

Finally, we investigate the validity of the point-particle approximation for particles close to the
interface. For this, we use the parameters as in Fig. 1. Even for R/zy = 0.65 the agreement is still
surprisingly good as shown in Fig. 5.
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Figure 5: The real part (dashed lines) and the imaginary part (solid lines) of the complex mobility for
a particle moving parallel (a) or perpendicular (b) to a realistically modeled red blood cell membrane
with parameters corresponding to Fig. 1. Even for R/zy = 0.65 as used here the agreement is still
good.

5 Conclusion

We have presented a fully analytical theory for the thermal diffusion of a small spherical particle
in close vicinity to an elastic cell membrane. The frequency-dependent particle mobilities predicted
by the theory are in excellent agreement with boundary-integral simulations, even for surprisingly
large particles where the point-force approximation made in the theory is no longer strictly valid.
Independent of the membrane properties, the mean-square displacement is shown to be bulk-like at
short and hard-wall-like at very long times. In between, however, there exists a significant time span
during which the particle shows subdiffusion with exponents as low as 0.87. For membrane parameters
corresponding to a typical red blood cell the subdiffusive regime extends up to and beyond 10ms
and may thus be of possible physiological significance, e.g., for the uptake of drug carriers or viruses
by a living cell. Our results can be directly verified experimentally by comparing the power-spectral
densities of the position fluctuations in Fig. 3.

In living cells the membrane elastic properties depend on the local cholesterol level [55] which can
lead to localized patches of varying stiffness. According to our calculations, adjusting the shear /bend-
ing rigidity would allow the cell to specifically influence the endocytosis probability: An enhanced
bending stiffness combined with reduced shear elasticity would reduce perpendicular diffusion — keep-
ing the approaching particle close to the membrane for a longer time — and at the same time
enhance parallel diffusion — allowing the particle to survey more quickly the cell surface for favorable
biochemical binding sites.
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Appendices

A Membrane mechanics

In this appendix, we give the derivation of the linearized tangential and normal traction jumps as
stated in Eq. (3.38) of the main text. Initially, the interface is described by the infinite plane z = 0.
Let the position vector of a material point before deformation be A, and a after deformation. In the
undeformed state, we have A(x,y) = ze, + ye,, where e;, with i € {z,y, 2} are the Cartesian base
vectors. Hereafter, we shall reserve the capital roman letters for the undeformed state. The membrane
can be defined using two covariant base vectors a1 and as, together with the normal vector n. a;
and ao are the local non-unit tangent vectors to coordinate lines. In the Cartesian coordinate system,
a; = a, and as = a4, where the comma denotes a spatial derivative. The unit normal vector to the
interface reads
_aixay (A1)
|CL1 X ag‘
It can be seen that the covariant base vectors in the undeformed state are identical to those of the
Cartesian base. The displacement vector of a point on the membrane can be written as

u=a—A=uze, +uye,+u.e,. (A.2)
The covariant base vectors are therefore

a1 = (1+ugy) e, + uyqzey +us; e, (A.3)

ar = Uy yey + (1 +uyy) ey +uz e, , (A.4)
and the linearized normal vector reads
NR —Uy €p — Uy y€y + €. (A.5)

The components of the metric tensor in the deformed state are defined by the inner product
aa3 = Gq-ag. Note that A, is then nothing but the second order identity tensor é,4. Form Egs. (A.3)
and (A.4), aqp can straightforwardly be computed. The contravariant tensor (conjugate metric) is
the inverse of the covariant tensor. We directly have to the first order

1—2u —2e€
af T,T
“ < 2 1-2u,, > ’ (A.6)

where 2€ = u; , +u, . is the engineering shear strain. In the following, we will first derive the in-plane
stress tensor. A resistance to bending will be added independently by assuming a linear isotropic
model equivalent to the Helfrich model for small deformations [56].

In-plane stress tensor

Here we use the Einstein summation convention, in which a covariant index followed by the identical
contravariant index (or vice versa) is implicitly summed over the index. The two invariants of the
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transformation are given by Green and Adkins [57]

L =A%a,5 -2, (A7)
Iy = det A%’ det ans — 1, (A.8)

where A% = dap, is the contravariant metric tensor of the undeformed state. The two invariants
are found to be equal and they are given by I} = Iy = 2e = 2 (ug o + uy7y), where e denotes the
dilatation. The contravariant components of the stress tensor 72 are related to the strain energy
W (I, I2) via a constitutive law. We have 58]

o 20W ow

L jsa—llA ﬁ—l—?Jsa—ba B (A.9)
where Js := +/1 + I» =~ 1+e is the Jacobian determinant, representing the ratio between the deformed
and undeformed local surface area.

Several models have been proposed in order to describe the mechanics of elastic membranes. The
neo-Hookean model is characterized by a single parameter containing the membrane elastic shear
and area dilatation modulus, while the Skalak model [43] uses two separate parameters for shear and
area dilatation resistance, respectively. The strain energy in the Skalak model reads [59]

WSK_@

=3 (I} + 25 - 2D) + CI3) , (A.10)

where C' = ka /kg is the ratio between the area dilatation and the shear modulus. By taking C' =1,
the Skalak model predicts the same behavior as the neo-Hookean for small deformations [58]. The
calculations yield to the first order a stress tensor in the form of

7P &~ s (( Uzt Ce ‘ : (A.11)
3 € Uy + Ce

Bending resistance

Under the action of an external load, the initially plane membrane bends. For small membrane
curvatures, the bending moment M can be related to the curvature tensor via the linear isotropic
model [56, 60|

MP = —kp(b? — BY), (A.12)

where xp is the bending modulus, having the dimension of energy. Here b3 is the mixed version of
the second fundamental form which follows from the curvature tensor (second fundamental form)

bag=m-aqp5 for a,pe{l1,2}, (A.13)

via bg = basa’? ~ Uz qg. As the surface reference is a flat membrane, Bg therefore vanishes. The
bending moment reads
Mﬁ N —KBUz,af - (A.14)

«

The surface transverse shear vector @ is obtained from a local torque balance with the exerted
moment by [60]
VoM - QP =0, (A.15)

where V,, is the covariant derivative defined for a contravariant tensor M<% by

VAM®? = 9\ M°% + 1%, M™% + 5 M, (A.16)
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where Féﬁ are the Christoffel symbols of the second kind, defined by Fgﬁ =a,3" a’, and a” are the
contravariant basis vectors, which are related to those of the covariant basis via the contravariant
metric tensor by a® = a®? ag. To first order, only the partial derivative in Eq. (A.16) remains.

The raising and lowering indices operation on the second order tensor M implies that M*? =
ao"yaﬁ‘sMws, which, to the first order, is the same as MP given by Eq. (A.14). The contravariant
component of the transverse shear vector is therefore

Qﬁ ~ —RBUZ’QBQ . (Al?)

Equilibrium Equation
The membrane equilibrium condition including both the shear and the bending forces reads [60]
Vaor® —02Q% = —AfP, (A.18)
TPbos + VaQ* = —Af7, (A.19)
where Af? with 8 € {z,y} is the tangential traction jump at the elastic wall, and A f? is the normal

traction jump. The second term on the left-hand side (LHS) of Eq. (A.18) is irrelevant in the first
order approximation. The same is true for the first term on the LHS of Eq. (A.19).

Finally, the linearized traction jump across the membrane is

K
5 (Ajus + (1+20)es) = ~Af7,
/ﬁ;BAﬁuz =+Af*, (A.20)

where A f = f .z + fyy is the horizontal Laplace-Beltrami of a given function f. Eqs. (A.20) are
equivalent to Egs. (3.38) of the main text.

B Derivation of particle mobilities

B.1 Hydrodynamic equations in Fourier space

We start by transforming Eqgs. (3.37) of the main text to Fourier space. The spatial 2D Fourier
transform for a given function f is defined as

F{f(p)} = f(q) = . f(p)e ' @Pd’p, (B.1)

where p = (x,y) is the projection of the position vector r onto the horizontal plane, and q = (gz, ¢y)
is the Fourier transform variable. Similarly as in Bickel [27], all the vector fields are subsequently
decomposed into longitudinal, transversal and normal components. For a given quantity Q, whose
components are (Qx, Qy) in the Cartesian coordinate base, its components in the new orthogonal
base (Q;, Q;) are given by the following transformation

~ ) .
()3 ()

Qy g\ % Y Q:
where ¢ := |g|. Note that the inverse transformation is given also by Eq. (B.2). Since the membrane
shape depends on the history of the particle motion we also perform a Fourier analysis in time which
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for a function f(t) is
FUW) = f) = [ fOar. (B.3)

In the following, the Fourier-transformed function pair f(t) and f(w) are distinguished only by their
argument while the tilde is reserved to denote the spatial 2D Fourier transforms. The unsteady Stokes
equations (3.37) thus become

W W w

4
.5
.6
7

A~~~ o~

The pressure in Eq. (B.4) can be eliminated using Eq. (B.6). Since the continuity equation (B.7)
gives a direct relation between the components ¥; and v, the following fourth-order differential
equation for v, is obtained

_ 2~ A2 2 iqF,
Uz,zzzz - (2(]2 + Z>\2)Uz7zz + qz(QQ + Z)\Q)Uz = %Fzé(z - ZO) + %5/(2 - ZO) ) (B8)

where ¢’ is the derivative of the delta Dirac function, satisfying the property zd'(x) = —d(x) for a
real x, and A2 = pw/n.

B.2 Boundary conditions
Velocity boundary conditions

At the interface z = 0, the velocity components are continuous
[0a] =0, (B.9)

where o € {l,t,z} and [f] = f(z = 0%) — f(z = 07) denotes the jump of quantity f across the
interface. In addition, the no-slip condition Eq. (3.39) gives

Ua(q, z = 0,w) = iwty(q,w) . (B.10)

Tangential stress jump

The presence of the membrane leads to elastic stresses which, in equilibrium, are balanced by a jump
in the fluid stress across the membrane:

[020] = [N(Vs,0 + va,2)] = Af?, (B.11)

where a € {z,y}. The tangential traction jump Af¢ for an elastic membrane experiencing a small
deformation is given by Eq. (3.38). We mention that only the resistance to shear and area dilatation
is relevant to the first order approximation for the tangential traction jump.

Using the transformations given by (B.2) together with the no-slip condition Eq. (B.10), we
straightforwardly express the first and second derivatives of u, and u, in our new orthogonal basis.
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After some algebra, the two tangential conditions are

[01,2] = —iasq*Gt|.0 (B.12)
[igD. + 1,.] = —4iag* D=0 , (B.13)
where
as = ks /3nw (B.14)
is a characteristic length for shear and
a=ag/B = (ks + ka)/bnw, (B.15)

with B=2/(1+ C).

Eq. (B.12) gives the jump condition at the interface for the transverse velocity component v;.
Note that the latter is independent of area-dilatation, whereas both kg and ks are involved in the
longitudinal and the normal velocities. Eq. (B.13) can be written by employing the incompressibility
equation (B.7) together with the continuity of the normal velocity across the interface as

[6z,zz] = *4iaqzﬁz,z’z:0 . (BlG)

Normal stress jump
The normal-normal component of the jump in the stress tensor reads
[02:] = [=p+2nvs ] = Af*. (B.17)
Only the bending effect is present in Af? to the first order, as it can be seen from Eq. (3.38).

Using the incompressibility equation (B.7) and the continuity of the longitudinal velocity component
across the interface, the normal stress jump in Fourier space reads

[52,%2] = 4ia%q65z‘z=0 ) (B.18)

where
= 32 B.19
B 4w’ (B-19)

is a characteristic length for bending.

B.3 Green functions

The Green’s functions are tensorial quantities which describe the fluid velocity in direction «
o = GapFl (B.20)

for a, f € {l,t,2z}. For computing the particle mobilities the relevant quantities are the diagonal
components Gy, G, and G which can be derived by solving first the independent Eq. (B.5) for
G, then Eq. (B.8) for G,, and finally obtaining Gy from solving Eq. (B.8) and employing the
incompressibility condition (B.7) as detailed in the following.
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Transverse-transverse component

Let us denote by K the principal square root of ¢ + i\?, i.e.

2 4 4 2 4 4
Koy CHVeE+A \/2‘1““\/ g +V2q A (B.21)

Note that for the steady Stokes equations, A = 0 and therefore K = ¢. The general solution of
Eq. (B.5) for the transverse velocity component is

Ae K= for z > zg,
Oy = Bef* 4+ Ce 8% for0< 2 < 2, (B.22)
Del? for z < 0.

The integration constants A—D are determined by the boundary conditions. ¥y is continuous at
z = zp, whereas the first derivative is discontinuous due to the delta Dirac function,

,thz|z:z8' _ﬁtvz|z:z0_ -

Fy

, (B.23)

In order to evaluate the four constants, two additional equations must be provided. By applying
the continuity of the transverse velocity component at the interface together with the tangential
traction jump given by Eq. (B.12), we find that the transverse-transverse component of the Green
function is given by

5 1 —K|z—2z0| iaSQQ —K(z+20)
=— —_ B.24
Gt 2nK <6 TR z'ozsq2e ’ ( )
for z > 0 and by
5 1 1 —K(z0—2)
_ B.25
o n2K — iaque ) ( )
for z < 0. For the steady Stokes equations, the solution reads
G = 1 (e—alz—zol {189 —q(+20) (B.26)
2nq 2 — iagq ’
for z > 0 and ) )
Gy = — . CE (B.27)
nq 2 —iasq

for z < 0.

Normal-normal component

As we are interested here in G.. we set Fj = 0 in Eq. (B.8). The general solution of this fourth order
differential equation is

Ae~9 + Be K for z > zg,
U, = { Ce¥? + De 9% + Eel* 4 Fe 5% for 0 < z < 2, (B.28)
Ged? + Helf* for z < 0.
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At the singularity position, i.e. at z = zg, the velocity v, and its first two derivatives are continuous.
However, the delta Dirac function imposes the discontinuity of the third derivative

2
- . q°F
'UZ,Zzz|Z:ZaL - Uz7zzz’Z:Za = = (B29)

n

At the membrane, v, and its first derivative are continuous. However, shear and bending impose
a discontinuity in the second and third derivatives respectively (Egs. (B.16) and (B.18)). The system
can readily be solved in order to determine the constants. The calculations are straightforward but
lengthy and thus omitted here. We find that the normal-normal component of the Green function is
given in a compact form by

g~zz =

q 2iag’K (P - Q) (6_q|z\ Kl
2uKZS ZPQ(2iag?® — S)
2i04?]’3q5(qP - KQ) _ _
Kemdlel _ go-KI) )
ZPQ(2ia} g — KS) ( c ac )

<Ke_qz_'z°| — qe Kl=20l 4o (2)
(B.30)

Here P =e%0, Q =ef* S =K +qand Z=K —q.
For the steady Stokes equations, i.e. by taking the limits when K — ¢ and ) — P, one gets

5 1 ol iazzoq® a3 (1+ qz0)(1+q2)\ _
G.. = <(1+qyz—zo|)e alz=z0l 1 ( — + : ema=+t=0) ) - (B.31)
= dng 1 —iagq 1 —iadq?

for z > 0 and

(B.32)

g~zz:1<1+Q(ZO_Z)+

iOéZZO(I?’ + ia%q?’(l + qu)(l - qz)>eq(zoz)
4dng ’

1 —iaq 1 —iadq?

for z < 0. Note that both the shear and the bending moduli are involved in the normal-normal
component of the Green functions.

Longitudinal-longitudinal component

When the normal force F) is set to zero in Eq. (B.8), and only a tangential force Fj is applied, the
derivative of the Dirac function imposes the discontinuity of the second derivative at z = 2y, whereas
the third derivative is continuous. We have

. . iqkq

'l)z7zz‘zzza» — U'Z?ZZ‘ZZZS = T . (B33)
After solving Eq. (B.8) for the normal velocity v, the longitudinal velocity 9; can directly be obtained
thanks to the incompressibility equation (B.7). We find that the longitudinal-longitudinal component
Gu is

. 1 e o 2iag*(KP —qQ) [ _ _

— = [ ge—Klz=2l _ ,o—alz—2 ( dzl _ ¢ K|z|>

Gu 27725( ¢ ac * ZPQ(2iag — 5) \1° ¢
QZQ%QGK(P - Q) —qlz| _ —K]|7|

ZPQ(2iad ¢ — KS) \ ¢ ‘

(B.34)

+ sgn (2)
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When the steady Stokes equations are considered, one simply gets

5 1 iag(l — 1— ; 3.5
Gu = o ((1 — qlz — zo|)e~ a2l 4 <mq< 4z0)(1 ~ ¢2) 4 Z209Bd > eQ(Z+Z°)> , (B35)
nq

1 —iagq 1 —iadq?
for z > 0 and
1 jag(1 1-— 220080
gll (1 B q( ) i ZO[Q( + QZ)( qZO) 4 ZZZO‘OZE(]:g)e—q(zo—Z) 7 (B36)
4nq 1—1iaq 1 —iagq
for z <0.

B.4 Particle mobilities

We now obtain the mobility corrections defined in Eq. (3.34) and given specifically in Eqs. (3.41)—
(3.44) (including the inertial term) and Egs. (3.45)-(3.48) (without fluid inertia) of the main text. For
this, using Eq. (B.2) on Eq. (B.20), one derives the transformation of the tensorial Green’s functions
back to Cartesian directions:

~ @2 - 2
Gro(g, 2. w) = q%g n(@2,0) + 5 Gulg, ), (B.37)
~ q2 ~ qz ~
Gyy(q,z,w) = %g (%zyw)‘i‘?gll(q,z,(ﬂ)- (B.38)

We then subtract the infinite space Green’s functions in the Fourier domain which can be obtained
via the above derivation with the membrane moduli set to zero, i.e.

Ag~'(y(')y) (qv Za (/J) = g~'y’y(‘17 27 UJ) - g~’77(q7 Z? w)’a,aB:O ) (B39)
where v € {z,y, z}. This defines the wave-vector dependent corrections

AQH (q7 Zv w) = g~:m: (q7 Z, W) - g‘vg(;g) (q7 Za w) 9

= gyy (qa Z,UJ) - gg(/(g)/) (q7 Z,U)) )
AgJ_ (Q> 2, CU) = gzz (Qa Z,UJ) - ggg) (q7 27(")) . (B4O)
Due to the point-particle approximation it is sufficient to obtain the fluid velocity at the particle
position which is equal to the velocity of the particle itself. Instead of the full inverse Fourier transform
of the Green’s functions to real space coordinates (p, z), we can thus limit ourselves to evaluate
the inverse Fourier transform of Egs. (B.40) at (p = 0, 2 = 2p). By passage to polar coordinates

¢z = qcos ¢ and g, = gsin ¢, the correction in the particle mobility to the first order of R/zy can be
obtained

1 2 00 _
Au||(w):<—2 / / AG)(q. 6.7 = 20,w) gdq do

A,LU_( / AgJ_ Q7Z_Z0) )qu7
(B.41)

which directly lead to Egs. (3.41)—(3.44) of the main text. A similar procedure can be followed for
the steady case where the fluid inertia is neglected leading to Eqs. (3.45)-(3.48).
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C Computing mean square displacements from particle mobilities

C.1 Time dependent mobility corrections

A crucial step in order to compute the mean-square-displacements as described in the following
section is to transform the frequency-dependent particle mobilities back to the time domain. As
shown in the Supporting Information, the inertial contribution to the mobilitiy correction is negligible
for realistic scenarios and we therefore restrict ourselves from now on to the case ¢ = 0. For the sake
of simplicity, we do not start from the real-space particle mobilities given in Eqs. (3.45)—(3.48), but
instead depart from the wave-vector-dependent Green’s functions in Eq. (B.40) to perform first an
inverse Fourier transform in time followed by an inverse Fourier transform in space. Note that the
inverse order is possible for the shear-related part, but the calculations are much more complicated.

Parallel mobility

Shear effect. Considering only the part due to shear resistance in Egs. (B.35) and (B.26) and using
Eq. (B.40) with (B.39), we find after passing to polar coordinates:

: —2q20 102 o 2 2
5 izpe sin® ¢ (1 —qz0)° cos® ¢
A Yy = C.1
gH,S(q, ¢7 w)‘zfzo 277 (TSCU — iQZO + BTSCL) _ 2iq2’0 ( )
where Ts = 6z97/kg is a characteristic time for shear. The temporal inverse Fourier transform reads
~ —2qz0 (¢ _ aqzpt 1— 2 —2qzgt
AG)s(q; @) 2=z = S — (®) e Ts sin® ¢+ (= az0) e BT cos’¢ | . (C.2)
’ 20Ty B

An exact expression of the time dependent mobility correction due to shear in the parallel case
can then be obtained by spatial inverse Fourier transform

Apys(T) 3 RO(r) Np(7)

po 32z Is 2+7) 7+ BT €9

where 7 = t/Tg, and again B = 2/(1+ C'). 6(t) denotes the Heaviside step function, with 6(0) = 1/2
and

Np(1) = 4B%*(1 + 2B) + 36 Bt + B(B? 4+ 48B + 8)7% + 40B73 + 2(B + 4)1*. (C.4)
Bending effect. Considering the part due to bending resistance we obtain

cos? ¢ iq428

AG) 5(q. ,w)|z=zy = e 20 (C.5)

dn Tpw —ig>z]

to give after applying the temporal inverse Fourier transform

3.3
q*230(t) cos? G gyt (C.6)
4AnTg ’ )

AQH’B(Q, (ba t) ’Z:Zo -
The time dependent mobility can immediately be obtained after applying the inverse Fourier

A t *° —2u—-—u
,u|,B()__3a9(t)/ we 2 Ts 3du, (C.7)

transform

o 8z0 T Jo

where T = 41z3 /kp. The presence of u? in the exponential argument makes the analytical evaluation
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of this integral impossible. To overcome this difficulty, we evaluate the integral numerically and fit
the result (as a function of ¢) with an analytical empirical form which is necessary to proceed further.
This procedure is known as the Batchelor parametrization [61]. It can be shown that the integral
decays following a t~2 law for larger times. Therefore, we can write

A T 45 R 0(m 1
Apyp(Typ) _ 45 R O(mp) . (C.8)

64 T; =
Ho 20 B (Tﬁ)B 4 1),,

where p = 1/2 is the fitting parameter and 73 = 2/5t/Tg. A comparison between the numerically
obtained value of the integral and the fitting formula in presented in the SI, where a good agreement
is obtained.

Perpendicular motion

Shear effect. Considering only the part due to shear resistance in Eq. (B.31) and using Eq. (B.40)
with Eq. (B.39) we find after passing to polar coordinates:

- 2.3 —2qzo
~ 1q° 2 e
A e = ) C.9
Gu5(.6) sy = G (©9)
The computation of the temporal inverse Fourier transform leads to
. 230(t) 2420 (1454
Agl,s(q,t)p:m = —————8€ S/ (ClO)

21 BTy

After applying the spatial inverse Fourier transform to this equation, we find that the time
dependent mobility correction due to shear reads

=t C.11
Ho 1620 Ts (r+ B)* ( )
Bending effect. Considering only the part due to bending resistance we obtain
- 2.3 2 —2qzo
~ iq°z5 (1 + qzo0) e
A , —y = . C.12
G1.8(q,w)]2=2 47 Tow — iq?’zS ( )
The temporal inverse Fourier transform is
2.3 2 tq3z3
5 z5(1 4 qz0)“0(t) —2gz—1L 20
AgL,B(Qvt)‘z:zo = 4 0( q 0) ( )6 =0T (C.lS)

ATy

After Fourier-transform in space, the time dependent mobility correction due to bending is
expressed by the following improper integral
A t 3a0(t) [ oyt
AnLp(t) = —()/ u?(1+u)’e 2T du. (C.14)
Ho 420 Ts Jo
As above, we use the Batchelor parametrization [61] to represent the integral. At ¢t = 0, the inte-
gral above can be solved analytically, and it is equal to 15/4. At larger times, the integral decays
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monotonically following a ¢t=*/% law. We set

Apip(rip) _ 45 RO(ms) LI (C.15)

16 T 35
Ho zo 1B (TiB‘V‘l) 3p

where 7| g = 97/4t/Tg and p = 2/3 is a fitting parameter, governing the evolution of the mobility
correction at short times. Again, the fitting formula and the numerical solution are in excellent
agreement as seen in the Supporting Information.

C.2 Mean-square-displacements

The dynamics of a Brownian particle are governed by the generalized Langevin equation [62]

d t
mEe = —/ Yot — v (') dt' + F(t), (C.16)
dt .
where m is the particle mass and v, is its velocity in direction a =||, L. 74(t) denotes the time

dependent friction retardation function (expressed in kg /s?), and F is the random force which is
zero on average. The random force results from the impacts with the fluid molecules due to the
thermal fluctuation. The relation between the mobility and the friction function is given by [52, Eq.
(1.6.4) p. 32] [63]

1
=— C.17
o) = o (C17)
where 7, [w] is the one-sided Fourier transform of the retardation function defined by
o0 .
Yalw] = / Ya(t)e ™t dt. (C.18)
0

The frictional forces and the random forces are not independent quantities, but are related to
each other via the fluctuation-dissipation theorem (FDT) [62]. According to the FDT, the velocity
autocorrelation function (VACF) has the following expression [52, Eq. (1.6.14) p. 34]

kT [

v,a(t) = (Va(0)va(t)) = 5 pro(w)e™! dw. (C.19)

—00
In the overdamped regime, i.e. for a massless particle, Eq. (C.19) is reduced to

¢’U,a(t) = Dy (25(t) + A/:;(t)> , (C.20)

where Dy = kT o, is the bulk diffusion coefficient given by the Einstein relation [64].
Next, the particle MSDs can be computed knowing the VACF as [62]

t

(@(t) =2 [ (1= )0, () ds
((0)2) =2 /0 (t = 5)gu 1 (s)ds. (C.21)
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which can be conveniently split up into a bulk contribution and a correction defined by:

(z(t)?)

> 2
Sp and AL() = o 2O (C.22)

2Dyt

Aty =1-

By inserting the time-dependent mobility corrections derived in Egs. (C.3), (C.8), (C.11), (C.15)
in Eq. (C.20) and using Egs. (C.21) we obtain analytical expressions for the excess mean-square-
displacement as follows:

3 R7(3B +2r)

_ 2 aTb T aT) 2
L0 = 6 2B 2
15R 2 : 2 3
AL p(TLB) = EZ—O; arctan TiB 1 + - In <1 + TiB> ) (C.24)
I B '
15R 1 ((2r+3B)(57+4B) 4B 16 T
A = ——— ——In(l+—=)——In(14+ = 2
||,S(T) 32,2010( (B+T)2 - D( +B) - D( +2) ; (C 5)
3/2
Ayl = S8 (2R ENVIBES 6y (©.20)
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Abstract

We study the motion of a solid particle immersed in a Newtonian fluid and confined between two
parallel elastic membranes possessing shear and bending rigidity. The hydrodynamic mobility depends
on the frequency of the particle motion due to the elastic energy stored in the membrane. Unlike
the single-membrane case, a coupling between shearing and bending exists. The commonly used
approximation of superposing two single-membrane contributions is found to give reasonable results
only for motions in the parallel, but not in the perpendicular direction. We also compute analytically
the membrane deformation resulting from the motion of the particle, showing that the presence of the
second membrane reduces deformation. Using the fluctuation-dissipation theorem we compute the
Brownian motion of the particle, finding a long-lasting subdiffusive regime at intermediate time scales.
We finally assess the accuracy of the employed point-particle approximation via boundary-integral
simulations for a truly extended particle. They are found to be in excellent agreement with the
analytical predictions.

1 Introduction

The hydrodynamic motion of nanoparticles near elastic membranes plays an essential role in a variety
of biological processes and medical applications. Examples include the potential use of nanoparticles
as drug delivery agents [1-3] or possible adverse health effects due to nanoparticles generated, e.g.,
from combustion processes and chemical industries [4]. One of the strongest biological side effects
is expected when nanoparticles are taken up by living cells through endocytosis [5-8] for which the
hydrodynamically governed approach towards the cell membrane is the essential first step.

Several theoretical and experimental studies have investigated particle dynamics near a single
boundary such as a rigid wall [9-32] or cylinder [33], a fluid-fluid interface [34-41]|, a partial-slip
interface [42, 43] and an elastic membrane [44-52|. The latter stands apart from both rigid and fluid
interfaces as the stretching of the elastic membrane by the moving particle introduces a memory
effect in the system.

The influence of a second boundary on particle dynamics has so far been studied only for hard
walls. The most simple approach is due to Oseen [53] who suggested that the hydrodynamic mobility
of a sphere confined between two rigid walls could be approximated by superposition of the leading-
order terms from each single wall. A more rigorous attempt goes back to Faxén [54] who computed
in his dissertation the particle mobility parallel to the walls for the special cases when the particle
is in the mid-plane or the quarter-plane between the two hard walls [55]. For an arbitrary location
between the two walls, exact solutions for a point particle can be obtained in terms of convergent series
using the image technique [56-59|. For a truly extended particle, multipole expansions [60] as well
as joint analytical-numerical solutions have been presented [61, 62]. Experimentally, the Brownian
dynamics of a spherical particle confined between two parallel rigid walls has been studied using
direct imaging measurements in the parallel direction [63] who found good agreement with Oseen’s
superposition approximation. Dynamic-light-scattering [57] and video microscopy combined with
optical traps [64, 65] also found good agreement with theoretical predictions. Despite the significant
progress in this field, the particle motion between two confining elastic interfaces has not been studied
so far. An understanding of how the particle motion is affected by two adjacent elastic walls can be
useful to model the diffusion of medical drugs across the extracellular space between neighboring
cells [66] or the transport of macromolecules across endothelial cells that line the surface of blood
vessels [67].

In this paper, we derive an analytical theory for the translational motion of a small solid parti-
cle confined between two parallel elastic membranes with both shear and bending resistance. The
theoretical predictions are confirmed by boundary integral simulations. We find that shearing and
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Figure 1: Illustration of the problem setup: A spherical particle of radius a at vertical position zg
moves between two membranes located at z = 0 and z = (1 + 0)zp. The membranes have infinite
extent in the x and y directions.

bending contributions are intrinsically coupled which is in strong contrast to the single-membrane
case where shearing and bending parts are independent and add up linearly to produce the full parti-
cle mobility [51]. We show that Oseen’s often used superposition approximation leads to a reasonably
good prediction of the particle mobility only for the parallel, but not for the perpendicular motion,
with errors in the mobility correction as high as 55 %. Furthermore, we investigate the membrane
deformation induced by the moving particle and show that the presence of the second membrane
significantly reduces deformation compared to the single membrane case. Finally, the subdiffusive
nature of the Brownian motion, which has recently been observed near a single membrane [44, 51] is
shown to be further enhanced by the presence of the second membrane.

The paper is organized as follows. In Sec. 2, we detail the mathematical derivation of the particle
mobility for the motion perpendicular and parallel to the membranes. In Sec. 3, we present the
boundary integral method (BIM) and its implementation together with the procedure that we
use to extract the particle mobility. Particle mobilities, membrane deformations and mean-square
displacements are provided in dimensionless form in Sec. 4. Concluding remarks are offered in Sec. 5.

2 Mathematical formulation

2.1 Problem setup

We consider a small spherical solid particle of radius a located at z = zg > 0, moving between two
parallel elastic membranes having infinite extent in the xy plane. The first undisplaced membrane is
located at z = 0 and the second one at z = (1 + 0)zp, where o > 1 is a parameter (see Fig. 1 for an
illustration.) For o = 1, the particle is at equal distance from the two membranes. The one-membrane
limit may be recovered by taking the limit when o tends to infinity. Furthermore, the fluid in the
whole domain is considered as incompressible and with constant dynamic viscosity 7.

2.2 Particle mobility

We aim at computing the particle mobility p.g, a geometry and frequency dependent tensorial
quantity that relates the velocity V' of a solid particle located at rg to a force F' applied on its
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surface. Transforming to temporal Fourier space, we have

Va(w) = pap(ro,w) Fp(w) . (2.1)

Summation over repeated indices is assumed. The particle mobility can be split up into two contri-
butions:

,uaﬁ(T0> w) = o 5aﬂ + A,ua,B(T07 w) ) (22)

where 19 = 1/(67na) is the common bulk mobility and d,p is the Kronecker tensor. The mobility
correction Ayinpg in the point particle approximation a < zg is expressed as

Attap(ro,w) = lim (Gas(r,ro,w) =G (rmo)) . (2:3)

=70

where G, is the Green’s function of the fluid velocity v in the presence of the membranes, defined as
0a(1,0) = Ga(r,70,w) Fs(w) (2.4)

and géoﬁ) is the infinite space Green’s function, given by

1 [da o
gg)ﬁ)(’l“,’m) = S (ﬁ + ° SB) ) (2.5)

s 53

where s := 7 — 7y and s := |s].

The particle mobility can be obtained after solving the forced equations of fluid motion for the
present boundary conditions. We solve them by Fourier-transforming the coordinates parallel to the
membranes z and y. Afterward, the mobility corrections are obtained from Eq. (2.3). The particle
mobility provides the memory kernel of our system and serves as an input for the generalized Langevin
equation that governs the diffusional dynamics of the Brownian particle, as will be described in details
in Sec. 4.

2.3 Stokes equations

For a small Reynolds number, the fluid velocity v(r,t) and pressure p(r, t) are governed by the steady
Stokes equations

Vv — Vp+ F§(r —r9) =0, (2.6)
V.v=0, (2.7)

where F'(t) denotes a time-dependent point force (expressed in Newton) acting on the particle position
ro = (0,0, 29). Furthermore, ¢ signifies the three-dimensional Dirac delta function. In a previous
work [51], we have shown that the unsteady term in the momentum equation leads to negligible
contribution in the mobility correction and is thus not considered here. The no-slip boundary condition
at the membranes provides a direct link between the fluid velocity and the membrane displacement
field w(x,y), which at leading order in deformation reads

_du
Cdt z=0

_du

d et
an v &

v (2.8)

z=(140)z20

Hereafter, we shall denote by 2, the vertical position of each undisplaced membrane, i.e. 2z, €
{0,(1 4 0)z0}. The velocity is continuous at zp,, whereas the stretching and bending forces impose a
discontinuity in the fluid stress tensor. Deformation properties of the RBC membrane are modeled by
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the Skalak model [68] involving as parameters the shear modulus kg and the area expansion modulus
kA [51]. The membrane resists toward bending according to the Helfrich model [69]. Membrane
viscosity can in principle be included into our model by adding an imaginary part to the shear
modulus kg. Yet, since membrane viscosity is a damping term akin to the already included fluid
viscosity, we do not expect our results to change significantly if it were to be included. As we shall
see below, the anomalous diffusion on which we focus in the present paper comes from the membrane
elasticity providing a memory to the system.

With the Skalak and Helfrich models it follows that the linearized tangential and normal fluid
stress jumps across the interface are related to the membrane displacement field at zp, by [51]

[020] = —% (Ajtta + (1+2C)es) , a € {x,y}, (2.92)
[0::] = RBAﬁuz, (2.9b)

where [g] = g(z) — g(2,,) denotes the jump of a quantity g across the membrane located at zy,.
Furthermore, C' := kA /ks is the ratio of the area expansion to shear modulus, A = 04, + 0y, is
the Laplace-Beltrami operator along the membrane and e = u; ; + uy,, is the dilatation. A comma
in indices denotes derivatives. The components o, of the stress tensor are expressed by

Ozae = —P 020 + n(vz,a + Ua,z) , € {LU, Y, Z} . (210)

The Stokes equations can conveniently be solved using a two-dimensional Fourier transform
technique [36, 45, 51]. Moreover, the dependence of the membrane shape on the motion history
suggests a temporal Fourier mode analysis. Here we use the common convention of a negative
exponent in the forward Fourier transforms. As both spacial as well as temporal transformations will
be performed, we shall reserve the tilde for the spatially transformed functions while the function
and its temporal Fourier transform will be distinguished uniquely by their arguments.

Continuing, it is convenient to adopt the orthogonal coordinate system in which the Fourier
transformed vectors are decomposed into longitudinal, transverse and normal components |36, 51, 70],
denoted by v;, v and v, respectively. For some given vectorial quantity Q, the passage from the new
orthogonal basis to the usual Cartesian basis can be performed via the orthogonal transformation

()42 2)(3)
Qy q qdy —Qqx Qt ’
where ¢, and the g, are the components of the wavevector g and ¢ := |q|. Note that the component

Q. along the direction normal to the membranes is left unchanged.

After applying these transformations to Eqgs. (2.6) and (2.7), we can eliminate the pressure and
obtain two decoupled ordinary differential equations for ¢; and 0, such that [36, 51|

F
G0 — Tpzz = ;t 5(z — z0), (2.12a)

N _ _ 2F iqF)
Vz,2222 — 2q2vz,zz + q4’Uz = % 5(2 - ZO) + % 51(2 - ZO) ) (212b)

where §’ stands for the derivative of the Dirac delta function. The incompressibility equation (2.7)
allows for the determination of ¥; from ¥, such that

10y,

o = (2.13)
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For the sake of amenable mathematical equations, we will only consider the case that the two
membranes have the same elastic and bending properties. Indeed, this is usually encountered in blood
vessels where the RBCs posses similar physical properties. After some algebra it can be shown that
the stress jump due to shear and area expansion from Eq. (2.9a) imposes the following discontinuities
at zm [51]:

[01,2] = _iBaq25t|zzzm ) (2.14a)
, (2.14b)

~ . . 9.
[Uz,zz] = —420461 'Uz,z‘zzzm
where a := kg/(3Bnw) with B :=2/(1 + C) is a characteristic length for shear and area expansion.
The normal stress jump given by Eq. (2.9b) leads to

[f)z,zzz] = 42'(1%(]6173{2:%“ ) (215)

1/3

where ap := (kp/(4nw))"/° is a characteristic length for bending.

2.4 Solutions

The basic approach for solving such a system of equations (2.12) and (2.13) to obtain the particle
mobility was detailed in an earlier work [51|. Here we only outline the major differences and steps.

Since the system is isotropic with respect to the x and y directions the mobility tensor only
contains diagonal components. The normal-normal component G.. can be obtained from solving
Eq. (2.12b) in which only the normal force F, is considered, i.e. F; = 0. By applying the appropriate
boundary conditions at zy,, and zg, the integration constants are readily determined. At z = zy,, the
normal velocity 0, and its first derivative are continuous whereas the second and third derivatives are
discontinuous because of shearing and bending, as prescribed in Eqgs. (2.14b) and (2.15) respectively.
At the point force position, i.e. at z = zp, the normal velocity and its first and second derivatives
are continuous while the Dirac delta function imposes the discontinuity of the third derivative (see
Eq. (2.12Dh)).

For the motion parallel to the membranes, it is sufficient to consider a force F, and solve for the
Green’s function component G,,. The latter can be expressed by employing Eq. (2.11) via

ézx(Qa ¢a W) = gtt(Qv w) Sin2 (;5 + g~ll(q’ w) COSQ ¢ ) (216)

where ¢ := arctan(gy/q.). Accordingly, the determination of Gz Tequires two steps. First, the
transverse-transverse component Gy is determined from solving Eq. (2.12a). The transverse velocity
U; is continuous at the membranes whereas shearing imposes the discontinuity of the first derivative
as prescribed by Eq. (2.14a). At z = 2, the transverse velocity is continuous while its first derivative
is discontinuous because of the Dirac delta function (see Eq. (2.12a)). Second, the normal velocity
component ¥, is determined as an intermediate step from solving first Eq. (2.12b) by only consid-
ering the longitudinal force Fj, i.e. F, = 0. In this situation, the Dirac delta function imposes the
discontinuity of the second derivative at zy whereas the third derivative is continuous. Afterward,
the velocity component ¥ is immediately recovered thanks to the incompressibility equation (2.13),
giving access to the longitudinal-longitudinal component G;.

What remains for the determination of the particle mobility is to apply the spatial inverse Fourier
transform by integrating over ¢ and the wavenumber ¢. In the point particle approximation, the
mobility correction can readily be calculated by subtracting the bulk term and taking the limit when
r tends to rg, as described by Eq. (2.3).

For convenience, we define the subscripts | and || to denote the tensorial components zz and xx,
respectively. The yy component of the mobility tensor is identical to the xx component. Moreover,
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we define k9 (3, fg) and kﬁ(ﬁ ,BB), two frequency dependent complex quantities which are related
to the first order correction in the mobility via

Aialz0,w) _ —k%(B,B8)—~, ae{L]}, (2.17)
o <0

where 8 := 2zp/a ~ w and fp := 2zp/ap ~ wl/3 are two dimensionless frequencies related to the

shear and bending effects, respectively. Analytical expressions for k2 (3, Bg) can be obtained with
computer algebra software, but they are not listed here due to their complexity and lengthiness [71].
These expressions are the basis for the computation of the Brownian motion and therefore constitute
one of the central results of our work.

We proceed to investigate the limiting case of Eq. (2.17) in which both shearing and bending
modulus tend to infinity and therefore § and Sg both tend to zero. In this case, which physically
represents a hard wall, the general expression for kg as it appears in Eq. (2.17) reduces to

kS(0,0) = / 3 (@he2 — @le ™ 4 6T — g7 4 2T Yau,  (218a)
, AT
0'(0 0) _ /oo 3 (¢1 e2ou _ d)l e~ 20u + ¢ e2u 7 e~ 2u + 6—2(1+U)u _ wﬁ)
[| \M 0 ]T - + - +

3 e?u 4 620u —9
- 4ez<1+a>u_1>d“’ (2.18b)

where we defined

1
¢% =ou(out1)+ 3 (2.19a)
Yy = 1+2(140)%u? £2(1 4 0)(1 + 20u?)u, (2.19b)
I:=1+2(1 4 0)?u?® — cosh (2(1 + o)u) . (2.19¢)

Expressions (2.18) are valid for arbitrary positions of the upper wall given by (1 + ¢)zg. For specific
values of o we recover three results obtained earlier: First, the single hard wall limits £5°(0,0) = 9/8
and kﬁo(0,0) = 9/16 |9, 34] are obtained for ¢ — oco. Second, the two wall case for ¢ = 1 and
o = 3 lead to the first order correction terms for the parallel motion as computed by Faxén [55],

namely k:|1|(0, 0) ~ 1.0041 and kﬁ(0,0) ~ 0.6526. Third, we find the result by Felderhof [59] for the

perpendicular motion, k% (0,0) ~ 1.4516.

2.5 Coupling of shear and bending contributions

In this subsection we address one particular aspect of the boundary conditions for the two membranes.
In our recent work [51] we found that the particle mobility near a single elastic membrane could be
expressed as the linear combination of the two independent shear and bending contributions. For the
two membrane case as discussed in the present work, however, the solution of Eq. (2.12b) requires
to simultaneously consider the boundary conditions stated by Eqgs. (2.14b) and (2.15). This is a
qualitative difference compared to the one membrane case.

To see this, consider two different setups, one with only bending resistance (« = 0) and one
with only shear resistance (ap = 0). Furthermore, let the corresponding perpendicular velocities be
denoted by o2 and @5, respectively. If the expression 75 + o2 — 2"k should be the solution of two

membranes with shear and bending resistance, it would have to fulfill the boundary conditions (2.14b)
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and (2.15). This is true if and only if

0P|, =0 and @|__ =0, (2.20)
which is in general satisfied only in the one membrane limit. As a result, the contributions from
shearing and bending cannot be added independently on top of each other in the resulting mobility
corrections, defined by Eq. (2.17).

2.6 Computation of membrane deformations

A force acting on a particle will induce a motion in the fluid. As a result, the imbalance in the
stress tensor across the membranes leads to their deformation. In this subsection we compute the
deformation resulting from a time dependent point force located at zy, whereas the force is oriented
perpendicularly or parallel to the membranes. Once the fluid velocity field is computed in the whole
domain, the displacement field for each membrane can be obtained via Eq. (2.8). For each membrane
we define a frequency and wavevector dependent reaction tensor 1[1065 as

aa(qv W) = &aﬁ(q7w)Fﬁ(w) : (221)

For the perpendicular motion, the radial symmetry suggests that the displacement vector will
have a normal component u, and a radial component u,.. By performing the spatial inverse Fourier
transform for a radially symmetric function [72], we immediately get the normal-normal component
of the reaction tensor in real-space:

Voo (pyw) = 217T/0 V22 (q,w) Jo(pg) g dg, (2.22)

where p := /22 + y2 and .Jy is the zeroth-order Bessel function.

To compute the radial-normal component, we first note that from the transformation equa-
tions (2.11) wm Uy, cos ¢ since wtz = 0 in virtue of the decoupled nature of Egs. (2.12a) and (2.12b).
Thus, the spatial inverse Fourier transform applied to the non-radially symmetric function @Zm(q, o, w)
leads to

Vr2(p,w) / U1s(q,w) Ji(pg) qdg, (2.23)

using the fact that 1., = 1., cos# and wyz = 9, sin @ where 0 := arctan(y/z).

Let us consider next the deformation due to a time dependent point force parallel to the mem-
branes. Due to the symmetry it suffices to consider a force applied along the x-direction. Furthermore,
this force can be decomposed into a longitudinal component F; = F, cos¢ and a transverse com-
ponent F; = F, sin ¢. For the normal-tangential component ., it follows from the transformation
equations (2.11) that sy = 1y cOS ¢ since 1), = 0 for the same reason as . Therefore, the inverse
Fourier transform back into real space gives

zcos€

¢zz(P7 07 (.U)

/ Va(q,w) Ji(pg) qdg, (2.24)

meaning that the vertical deformation is maximal in the plane y = 0 containing the support of the
vector force, and vanishes in the plane x = 0 perpendicular to it.

To compute the lateral stretching of the membrane due to a parallel force on the particle, we
require the components v, and 1y, giving access to the two in-plane displacements u, and u,,
respectively. It follows immediately from applying the transformation equations (2.11) together with
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the definition of the reaction tensor Eq. (2.21) that

'(Lx:p (qa ¢, w) = J’ll(q’ W) COS2 Cb + '(Ltt((b w) Sin2 ¢, (225)

leading after spatial inverse Fourier transform to

arlp0.0) = [ (((Fnta) + Ful0:)) o) + (Fu(0.) = d(00)) o) c0s20) a .

47
(2.26)
Similar, for 1y, we have
Bue(a: 6 @) = (Yu(g,w) = Pu(q.w)) cos dsin g, (2:27
whose inverse Fourier transform is
sin26 [ /-~ ~
wyaj(pa 07 w) = Ar /(; (wtt(Q7 w) - 7/’11(‘]; W)) JQ (pQ) q dq . (228)

Although not transparent from Eq. (2.26), the deformation in the z-direction is maximal in the
plane y = 0 and minimal in the plane x = 0. On the other hand, deformation is maximal for the
y-direction in the bisector planes y = +x, and vanishes in the planes x = 0 and y = 0. Under the
action of an arbitrary time dependent point force F'(t), the membrane deformation can subsequently
be obtained by applying the temporal inverse Fourier transform.

3 Simulations

3.1 Boundary Integral Method

For the simulations we use the boundary integral method (BIM) 73] whose foundation is the steady
Stokes equations. The core idea is to write them as an integral equation, made possible by the fact
that we deal with a linear equation. However, treating rigid objects in the direct formulation is difficult
and inefficient since it would lead to a Fredholm equation of the first kind. Instead, we employ an
extension called the completed double layer boundary integral equation method (CDLBIEM) (74, 75].
For the system with the two membranes the equations read

vj(x) = Hj(x), x€ Sm, (3.1a)
6
59i(@ + ¢ (@) (0, ¢) = Hy(z), @€ (3.1b)
i=1
Here, Sy := Sm, U Sm, where Sy and Sp2 are the surfaces of the two elastic membranes, and

Sp is the surface of the rigid particle of radius a. The two membranes have a square shape with a
length of 300a. v represents the velocity on the membranes while ¢ denotes the so-called double
layer density function on S;,. The latter is an unphysical auxiliary field. However, the corresponding
physical velocity can be retrieved via

6 .
Viie) =Y o (@) (0D, ), ze€S,. (3.2)

=1

where the () are known functions representing the six possible rigid body movements of the solid
particle [74]. The brackets denote the inner product in the vector space of real functions whose
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domain is S,. Continuing, the function H; with j = 1,2,3 is given by

Hi(@) = —(NuAF);(@) - (Kp¢);(@) + G\ (@, ) F (3.3)

with . being the particle centroid. We defined the single layer integral via

(NwAf)j(@) = | Afi()GY (y, ) dS(y) (3.4)

where integration over both membrane surfaces Sy, := Sm, U Sm, needs to be performed. The double
layer integral is

(Kpb); () := 7@ 61 (1) T (. 2)nk(y) dS(y) (3.5)

The remaining quantities are the jump of the traction A f across the membranes, the known force F'
acting on the rigid particle, the outer normal vector n, the free-space Stokeslet as defined in Eq. (2.5),

and the corresponding Stresslet ;
Ty (o) 1= — " (36)
with s := y — « and s := |s].

Given the traction jump Af (computed from the current deformation as explained in the ap-
pendix) and the force F' as input, equations (3.1) constitute a set of Fredholm integral equations of
the second kind for the unknown velocity v on the membranes and the density ¢ on the rigid particle.
To solve this equation numerically, we discretize all surfaces with flat triangles. For the rigid particle,
this is done by consecutively refining an icosahedron [87] while gmsh [76] was used for the membranes:
The quadratic planes were meshed with triangles, with increasing resolution towards their center.
We perform the integration numerically by a Gaussian quadrature with seven points per triangle [77]
together with linear interpolation of nodal values across each triangle [73|. The singularities appearing
in the single layer integral are treated via the polar integration rule [78], while the singularities of the
double layer integral are eliminated by the standard singularity subtraction scheme [73]. With this
the integral equation can be evaluated at all nodes, forming a dense and asymmetric linear system of
equations which is then subsequently solved by GMRES [79]. The residuum of the solver was fixed to
10—, This provides us with the velocity v at each node of the two membranes and, after application
of equation (3.2), also of the rigid particle. The dynamical evolution of the system is hence obtained

by solving the kinematic condition [80]
dx

dat
with the explicit Euler scheme. We chose a step size that is dependent on the wiggling frequency of
the force (cf. the next section).

v(x) (3.7)

3.2 Obtaining the mobility from BIM simulations

In order to obtain the frequency dependent particle mobility from the BIM simulations, an oscillating
force F(t) = Aeo! of amplitude A and frequency wy is exerted on the particle, in the direction
perpendicular or parallel to the membranes. After an initial transitory evolution, the particle begins
to oscillate with the same frequency as Ve!(@0t+9)  The velocity amplitude V and the phase shift &
can be accurately obtained by fitting the numerically recorded velocity. For that, we use a nonlinear
least-squares solver based on the trust region method [81]. The complex frequency dependent particle

mobility can then be evaluated from
Vo is

fo(wo) = A—ae . (3.8)
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For each applied frequency, the force is exerted during three periods in order to ensure that the
steady state has been reached properly. Therefore, lower frequencies require larger computation times.
For instance, for 8 = 1073, which is the lowest scaled frequency that we use in our simulations, each
period requires around 30 hours using 40 CPUs.

4 Results and discussion

4.1 Particle mobility

We consider a spherical particle equally distant from both membranes (o = 1) and located at zp = 10a.
The membrane reduced bending modulus, defined as Ep := rp/(a?ks), is taken to be Eg = 1/2. We
examine the case where C' = 1, for which the Skalak model is equivalent to the common neo-Hookean
model [82] for small deformations [83]. As shown in Fig. 2, the analytical and numerical results are
in very good agreement for the whole range of the applied frequencies, similar as in earlier work for
a single membrane [51].

For a frequency of zero, the imaginary part vanishes. On the other hand, the real part reaches its
minimal value which corresponds to the two-hard-walls limit, namely —1.4516a/zyp and —1.0041a/z
for the perpendicular and parallel motions, respectively. This is in agreement with earlier works [55,
59].

By taking the frequency to infinity, both the real and imaginary parts of the particle mobility
correction vanish and one recovers the bulk behavior in which the particle motion is no longer affected
by the presence of the membranes. In between, the imaginary part peaks around 5 ~ 1 and 8g =~ 1 for
the perpendicular motion, and around [ = 1 for the parallel motion. The peak around 3 = 1, which is
observed in both directions, is a shearing signature in the mobility correction, whereas the frequency
peak around (g = 1 is a signature of bending. The latter is found to be insignificant in the parallel
motion. Physically, the peak frequencies correspond to the situation where the particle-membranes
system naturally vibrates to absorb more energy.

As already remarked, a commonly used approximation to compute mobilities between two walls
is Oseen’s approach [53] which assumes that the mobility corrections can be approximated by
superposing the contributions from each membrane independently as

(Uﬂ,UﬁB)> a

Apialz0,w) <k§°(ﬁ,63) + ko ~ =, (4.1)

Ho <0

which reduces in the two-hard-wall limit to

Apa(z0,0)

I = k(0.0) (1 + i) £ (4.2)

<0

The superposition approximation as given by Eq. (4.1) for the elastic membranes is compared
in Fig. 2 against our analytical predictions from Eq. (2.17) (see also the Supporting Material) and
numerical simulations in order to assess its accuracy. For the perpendicular motion, we observe that
it only agrees well with the analytical predictions and the BIM simulations for frequencies g > 1.
At lower frequencies substantial disagreement is observed which, in the limit of a vanishing frequency
(hard-walls), amounts to 55 %. This deviation is due to the fact that the superposition approximation
allows the fluid to drain away, as the no-slip boundary condition is no longer satisfied at both
membranes simultaneously. As expected, it is therefore more pronounced the more the membrane
deforms, i.e. for smaller frequencies. On the other hand, for the motion parallel to the membranes,
the agreement is reasonable down to a dimensionless frequency S of order unity. Below that, however,
a significant mismatch between the two curves is observed. In the limit for a vanishing frequency, a
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Figure 2: (Color online) The scaled frequency dependent correction to the particle mobility versus
the dimensionless frequencies 8 (lower axis) and fp (upper axis) for the perpendicular (a) and
parallel (b) motions. Here, the particle is equidistant from both membranes (o = 1) and located at
29 = 10a. The theoretical predictions from Eq. (2.17) are shown as red lines (real part) and blue
lines (imaginary part) whereas the BIM simulation results are marked as rectangles (real part) and
circles (imaginary part). Dashed lines represent the superposition approximation by summing up
the contributions of each membrane independently as given by Eq. (4.1). The solid horizontal lines
indicate the two-hard-wall limits (—1.4516a/z¢ and —1.0041a/zp for the perpendicular and parallel
motions, respectively) and the dotted horizontal lines result from the superposition approximation
of the hard wall as stated in Eq. (4.2). For the other simulation parameters, see main text.

relative deviation of 12 % from Faxén’s value is obtained. All in all, the superposition approximation
consistently underestimates the particle mobility.

4.2 Membrane deformation

We now consider the membrane deformation induced by the moving particle. For this, we set the
complex driving force to be harmonic with components F,(t) = A,e™°!, whose temporal Fourier
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Figure 3: (Color online) Comparison between analytical predictions (solid lines) and numerical
simulations (symbols) of the scaled membrane displacement as given by Eq. (4.3) for the motion
perpendicular (a and b) and parallel (¢, d and e) to the membranes, for the parameters given in Fig. 2
(0 =1). In this example, we take woTs = 1 and twy = 7/2.

transform is Fi,(w) = 2mrAy0(w — wp). In this case, the membrane displacement is expressed as

Ua(p, 0,1) = Yas(p, 0,w0) Age™0t . (4.3)

The physical displacement of the membrane is obtained by simply taking the real part of the right
hand side in Eq. (4.3).

Fig. 3 depicts a comparison of the membrane displacements between analytical predictions and
BIM simulations. Here we use the same set of parameters as in Fig. 2. As the particle is equally
distant from both membranes, the displacement fields of each membrane are equal in magnitude, but
may differ in sign. For instance, for a particle moving perpendicularly to the membranes, the normal
displacements of each membrane have the same sign whereas the radial displacements have opposite
signs. However, the vertical displacements in the parallel motion have different signs from each other
whereas the in-plane displacements have similar signs. Hereafter, all the components are evaluated
in their plane of maximal displacement: u, and u, in the plane y = 0 and u, in the plane y = x. The
theoretical predictions are found to be in good agreement with the numerical simulations for both
the perpendicular and parallel motions. The reason behind the small discrepancy between theory and
simulation is most likely the fact that the analytical theory treats truly infinite membranes whereas
the corresponding BIM simulations necessarily only account for finite sized membranes.

In the perpendicular motion, the deformation is more pronounced in the normal than in the
z-direction. The maximum displacement for the first occurs at the center. Far away, the membrane
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Figure 4: (Color online) Effect of the oscillation Figure 5: (Color online) (a) Ry and (b) Ry for

frequency on the amplitude of the reaction ten- different values of o for wor = 0.01 with zy =
sor’s z-z component (a) and z-x component (b) (3kp/(2Ks)) /2

for o0 =1 (solid line) and o = oo (dashed line).

deformation decays rapidly with distance and vanishes as x tends to infinity. On the other hand, radial
symmetry implies that the displacement u, should vanish at the origin, suggesting the existence of
an extremum at some intermediate radial position. The latter is found to be in magnitude around 40
times smaller than that obtained for the normal displacement. Accordingly, the in-plane deformation
does not play a significant role for the motion perpendicular to the membranes.

Considering the translational motion parallel to the membranes, we observe that the displaced
membranes exhibit a fundamentally different shape. Not surprisingly, it turns out that the in-plane
deformation u, along the direction parallel to the applied force is the most significant. The maximum
displacements reached in v, and u, are respectively found to be about twice and 10 times smaller in
comparison with that reached in u,.

Membrane deformability is largely determined by shearing and bending properties. Henceforth,
we shall consider a typical case for which both effects have the same relevance. Thus, before we can
continue, we define the characteristic time scale for shearing as Tg := 61zp/ks and the characteristic
time scale for bending as Tp := 4nz3/kp [51]. Both time scales are equal for a distance zy =
(3kB/(2rs))"/2. We adapt this value for the remainder of this section. Furthermore, let 7 := Ts = Tg.

It is also of interest to compute the maximum displacement (amplitude) of the membrane during
the particle oscillation. The maximum is not necessarily reached for twy = 7/2, as taken in Fig. 3.
In Fig. 4, we show the effect of frequency on the oscillation amplitude. Higher frequencies induce
smaller deformation, because the membrane does not have enough time to respond to the fast particle
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Figure 6: (Color online) Scaled excess MSD versus t/T

the scaled time for the perpendicular (a) and parallel
(b) motions with o = 1 (black solid line) and ¢ = co
(black dotted line). A shear-only and a bending-only
membrane are shown in blue and red, respectively.
The horizontal solid line corresponds to the two-hard-
walls limits. For the other parameters, see the main
text.

Figure 7: (Color online) Variations of the
scaling exponent for the motion perpendic-
ular (a) and parallel (b) to the membranes
as given by Eq. (4.8) versus the scaled time
for o = 1.

wiggling. By comparing the reaction tensor amplitudes with and without a second membrane, we
see that the presence of a second membrane reduces |1, | less strongly than [¢;,|. This is similar to
the observations for the MSD in the next section (see Fig. 6).

In order to examine the effect of the disposition of the upper membrane relative to the lower
one, we define the following ratios of the reaction tensor amplitudes between the upper and lower
membranes:

R, = 7‘¢zz‘upper and Rj := 7’wmlupper . (4.4)

W)zz ‘ lower | wazx | lower

These are two quantities that vanish for 0 — oo and are equal to one for ¢ = 1. In Fig. 5, we plot the
variations of R| and R) as functions of the scaled distance from the membrane center for different
values of o. Here the calculations are carried out in the plane of maximal displacement y = 0, for
a scaled frequency of wgr = 0.01. We remark that the upper membrane shows significantly less
vertical displacement as o increases (ratio less than unity.) Further apart from the center, where less
deformation occurs, the two membranes have an essentially comparable deformation behavior, and
both ratios approach the upper limit one as x increases.

4.3 Brownian motion

The computation of the particle mean-square displacement (MSD) requires as an intermediate step the
determination of the velocity autocorrelation function ¢, o (t) := (Vo (0)Va(t)). The latter is related
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Figure 8: (Color online) Minimum of the scaling exponent versus a/zp for the perpendicular and
parallel motions, for ¢ =1 and o = oo.

to the temporal inverse Fourier transform of the particle mobility via Kubo’s fluctuation-dissipation
theorem (FDT') such that [84]

kgT [

¢v,a (t) — o

(,uaa(w) + uaa(w)> e“dw, (4.5)
—00

where kg is the Boltzmann constant and T the absolute temperature of the system. The bar denotes
complex conjugate.

The particle MSD is computed as

t
(Arq(t)?) = 2/ (t —5)pp,al(s)ds. (4.6)
0
For convenience, we define the excess MSD as

(Ara(t)?)

Aa(t) =1- 2D0t )

(4.7)

where Dy = pokpT is the bulk diffusion coefficient given by the Einstein relation [85].

We show in Fig. 6 the variations of the perpendicular and parallel excess MSDs as computed from
Eq. (4.7) versus the scaled time. For short times, the particle does not yet perceive the membranes
and thus experiences a bulk diffusion. By increasing the time up to ¢ ~ 7, the effect of the confining
membranes becomes noticeable. By comparing the total excess MSDs for ¢ = oo and o = 1 we find
that diffusion in the long-time limit is slowed down by a factor 1.78 for the parallel direction, but
only a factor 1.29 in the perpendicular direction, due to the introduction of the second membrane.

As explained in Sec. 2.5, the particle mobility and, consequently, also the MSD cannot be split
up directly into a shear and bending contribution for the two membrane case. We therefore consider
the two cases separately, taking one membrane with o = 0 and one with ap = 0. We find that for
the shear-only membrane (ag = 0, blue curve in Fig. 6) the time needed to reach the steady state is
about 107 for the perpendicular motion, and about 1007 for the parallel motion. On the other hand,
the bending-only membrane (o = 0, red curve in Fig. 6) takes for both directions a significantly
longer time of about 107 before the steady state is attained.



114 Pub2. Mobility between two elastic membranes

Another way to quantify the slowing down of the particle is to investigate the time-dependent
scaling exponent of the MSD, which can be defined as

_ dIn{Ary(t)?) t dAL (1)

Yl =—gn Tl iT A

(4.8)

Fig. 7 shows the temporal evolution of the scaling exponent which strongly depends on the distance
separating the particle from the membranes. We first remark that the scaling exponent is v(t) = 1
at t = 0 and for t — oo. The particle thus experiences normal diffusion in these cases. This is similar
to the single-membrane case [51]. For t ~ 7, we observe a bending down of the scaling exponent,
resulting in a subdiffusive regime that extends up to 1037 in the parallel and even further in the
perpendicular direction. In Fig. 8 we present the variation of the minimal scaling exponent for o =1
and o = oo upon varying the particle-membrane distance. For a/zy = 0.6, the exponent is found to
be as low as 0.75 for the perpendicular motion, and 0.86 for the parallel motion. These values are
significantly smaller than the ones previously found in the one-membrane limit (o = 00) [51], where
the scaling exponent is around 0.89 and 0.92 for the perpendicular and parallel motions, respectively.
We therefore conclude that the second membrane leads to a notable slow-down of the dynamics.

5 Conclusions

We have investigated the translational motion of a spherical particle confined between two parallel
elastic membranes and determined the frequency dependent mobility for the motion perpendicular
and parallel to the membranes in the point particle limit. Contrary to the single wall, shear and
bending are intrinsically coupled and their contributions cannot be added linearly. Our analytical
predictions have been compared to boundary integral simulations for a finite-sized particle and very
good agreement has been observed. The frequently used superposition approximation, originally
suggested by Oseen [53] for two hard walls, has been tested for elastic membranes. Reasonably
good agreement with the analytically exact predictions is observed for the parallel, but not for the
perpendicular motion, especially in the low frequency regime.

Subsequently, we have provided analytical predictions validated by numerical simulations of the
membrane deformation due to a particle upon which an oscillating force is exerted perpendicular
or parallel to the membranes. We have observed that the deformation is most pronounced in the
direction along which the force acts, and that the presence of the second membrane significantly
reduces the membrane deformations.

Finally, we have shown that the elastic membranes induce a memory effect in the system, leading
to a subdiffusive Brownian motion at intermediate time scales. This is qualitatively similar, yet more
pronounced, as in the single membrane situation [51]. To provide typical physical values, consider a red
blood cell with a shear modulus of kg = 5 x 1076 N/m and a bending modulus of kg = 2 X 107 Nm
that flows in a fluid with dynamic viscosity n = 1.2 x 1072 Pas [86]. A typical nanoparticle of radius
a = 150 nm that is located at a distance of zg = 250 nm from both red blood cells will undergo a
long-lived subdiffusive motion that can last up to 100ms. The corresponding scaling exponent of
the MSD can go as low as 0.77 in the perpendicular and as low as 0.87 in the parallel direction.

In the future, it will be interesting to carry out similar calculations in more severe confinements
such as cylindrical elastic channels where even stronger effects are expected.
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Appendix

A Computation of the traction jump for the membranes

In this appendix, we provide some technical details regarding the computation of the traction jump
Af across the membranes, as required for Eq. (3.3). The membranes are endowed with shear and
area elasticity together with some bending rigidity.

A.1 Shear and area elasticity

We employ the Skalak model [68] which is often used to model the membranes of red blood cells. Its
areal energy density is given by [87]

€ = %(112 26 — 21 + CI2). (A1)

The strain invariants I and I are related to the principal in-plane stretch ratios via I; = A\}+\3—2
and Iy = A2)\% — 1. Hence, the total energy of a membrane Sy,, is given by

ES = / €S dSO 5 (A2)
S

i

(0)

where the integration is performed over the surface in the reference state SH?Z. . In our case this is a
simple flat sheet. To obtain the force at each node, we assume that the deformation is a linear function
of position in each triangle. After discretization of the integral the energy Eg depends explicitly on
the node positions x;. Therefore, according to the principle of virtual work, the total force is then

given by the gradient
OFg
F(x;) = . A3
(@) = 5 (4.3)
This derivative can be computed analytically as detailed in references [88, 89]. The traction jump is
thus obtained by

F(x;
Afwy = T2, (A4)
i
whereas A; is the area associated with node x; and is taken as one third of the total area of the
triangles containing the node [75].

A.2 Bending rigidity

The bending forces are modeled according to the constitutive law proposed by Canham [90] and
Helfrich [69], which for a flat reference state becomes

FEp = 2kp H?ds. (A.5)
St

H denotes the mean curvature and kg the bending modulus. Applying the principle of virtual work is
possible before the discretization, leading to the following contribution to the traction jump [91, 92|:

Af(z) = —2rp (2H(H? - K) + AsH) n. (A.6)

The mean curvature H is calculated according to the relation H(z) = —3 (Ag;) n;(x). We use the
algorithms presented by Meyer et al. [93] for the computation of the Laplace-Beltrami operator Ag
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and the Gaussian curvature K. The normal vector n is computed according to the “mean weighted
by angle” method [94]. This provides reasonable results in the application of viscous flows [95]. Note
that we set Af to zero for nodes located at the border of the meshes.
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Abstract

We present an analytical calculation of the hydrodynamic interaction between two spherical particles
near an elastic interface such as a cell membrane. The theory predicts the frequency dependent self-
and pair-mobilities accounting for the finite particle size up to the 5th order in the ratio between
particle diameter and wall distance as well as between diameter and interparticle distance. We
find that particle motion towards a membrane with pure bending resistance always leads to mutual
repulsion similar as in the well-known case of a hard-wall. In the vicinity of a membrane with shearing
resistance, however, we observe an attractive interaction in a certain parameter range which is in
contrast to the behavior near a hard wall. This attraction might facilitate surface chemical reactions.
Furthermore, we show that there exists a frequency range in which the pair-mobility for perpendicular
motion exceeds its bulk value, leading to short-lived superdiffusive behavior. Using the analytical
particle mobilities we compute collective and relative diffusion coefficients. The appropriateness of
the approximations in our analytical results is demonstrated by corresponding boundary integral
simulations which are in excellent agreement with the theoretical predictions.

1 Introduction

The hydrodynamic interaction between particles moving through a liquid is essential to determine
the behavior of colloidal suspensions [1]|, polymer solutions |2, 3|, chemical reaction kinetics [4, 5],
bilayer assembly [6] or cellular flows |7, 8]. As an example, hydrodynamic interactions result in a
notable alteration of the collective motion behavior of catalytically powered self-propelled particles [9]
or bacterial suspensions [10-14]. Many of the occurring phenomena can be explained on the basis
of two-particle interactions [15] which in bulk are well understood. Some of the most intriguing
observations, however, are made when particles interact hydrodynamically in the close vicinity of
interfaces — a prominent example being the attraction of like-charged colloid particles during their
motion away from a hard wall [16-18].

In the low Reynolds number regime hydrodynamic interactions between two particles are fully
described by the mobility tensor which provides a linear relation between the force applied on one
particle and the resulting velocity of either the same or the neighboring particle. In an unbounded
flow, algebraic expressions for the hydrodynamic interactions between two [15, 19-23| and several [24—
29| spherical particles are well established. Experimentally, the predicted hydrodynamic coupling has
been confirmed using optical tweezers [30-33| and atomic force microscopy [34].

The presence of an interface is known to drastically alter the hydrodynamic mobility. For a single
particle, this wall-induced drag effect has been studied extensively over recent decades theoretically
and numerically near a rigid [35-44], a fluid-fluid [45-50] or an elastic interface [51-57]. While rigid
interfaces in general simply lead to a reduction of particle mobility, the memory effect caused by elastic
interfaces leads to a frequency dependence of the particle mobility and can cause novel phenomena
such as transient subdiffusion [55]. On the experimental side, the single particle mobility has been
investigated using optical tweezers [58-60], evanescent wave dynamic light scattering [61-70] or video
microscopy [71-73|. The influence of a nearby elastic cell membrane has recently been investigated
using magnetic particle actuation [74] and optical traps [52, 75, 76].

Hydrodynamic interactions between two particles near a planar rigid wall have been studied theo-
retically [17, 77| and experimentally using optical tweezers [78, 79] and digital video microscopy [80].
Narrow channels [81, 82|, 2D confinement [83] or liquid-liquid interfaces have also been investi-
gated [84, 85|. Near elastic interfaces, however, no work regarding hydrodynamic interactions has so
far been reported. Given the complex behavior of a single particle near an elastic interface (caused
by the above-mentioned memory effect) such hydrodynamic interactions can be expected to present
a very rich phenomenology.
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h

Figure 1: Illustration of the problem setup. Two small particles labeled v and A of radius a are located
a distance h := x) —x, apart and a distance zp above an elastic membrane. The dimensionless length
scales of the problem are € := a/zp and o := a/h.

In this paper, we calculate the motion of two spherical particles positioned above an elastic
membrane both analytically and numerically. We find that the shearing and bending related parts
in the pair-mobility can in some situations have opposite contributions to the total mobility. Most
prominently, we find that two particles approaching an idealized membrane exhibiting only shear
resistance will be attracted to each other which is just opposite to the well-known hydrodynamic
repulsion for motion towards a hard wall [17|. Additionally, we show that the pair-mobility at
intermediate frequencies may even exceed its bulk value, a feature which is not observed in bulk or
near a rigid wall. This increase in pair-mobility results in a short-lived superdiffusion in the joint
mean-square displacement.

The remainder of the paper is organized as follows. In Sec. 2, we introduce the theoretical approach
to computing the frequency-dependent self- and pair-mobilities from the multipole expansion and
Faxén’s theorem, up to the 5th order in the ratio between particle radius and particle-wall or
particle-particle distance. In Sec. 3, we present the boundary integral method which we have used
to numerically confirm our theoretical predictions. In Sec. 4, we provide analytical expressions of
the particle self- and pair-mobilities in terms of power series, finding excellent agreement with our
numerical simulations. Expressions of the self- and pair-diffusion coefficients are derived in Sec. 5.
Concluding remarks are made in Sec. 6.

2 Theory

We consider a pair of particles of radius a suspended in a Newtonian fluid of viscosity 1 above a
planar elastic membrane extending in the xy plane. The two particles are placed at r, = (x,0, z0)
and r) = (x),0, 2p), i.e. the line connecting the two particles is parallel to the undisplaced membrane.
We denote by h := x5 — x., the center-to-center separation measured from the left () to the right
(M) particle (see Fig. 1 for an illustration).

The particle mobility is a tensorial quantity that linearly couples the velocity V,  of particle
in direction a to an external force in the direction 3 applied on the same (F, ) or the other (F)g)
particle. Transforming to the frequency domain we thus have 86, ch. 7]

A
V’Ya<w) = /’Lz’é(r77 T"/a w>F’YIB(w) + :u’zéﬁ(r’w 7’)\, w)F)\ﬂ(w) ?

where Einstein’s convention for summation over repeated indices is assumed. The particle mobility
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tensor in the present geometry can be written as an algebraic sum of two distinct contributions
o = b)) Apl 2.1
Ma/fj(r'ya,’n/\?w) - baﬁ(’l",y,’l"/\) + :uaﬁ(lr’}’vr)\vw) ) ( . )

where bl’g is the pair-mobility in an unbounded geometry (bulk flow), and Aﬂl?a is the frequency-
dependent correction due to the presence of the elastic membrane. An analogous relation holds for

7Y
For the determination of the particle mobility, we consider a force density f acting on the surface
S of the particle A, related to the total force by

Fyp(w) :?{9 fa(r' w) d®r

which induces the disturbance flow velocity at point 7

va(r, Ty, w) = Gap(r, ', w) fa(r’,w) d*r’, (2.2)
S
where G, 3 denotes the velocity Green’s function (Stokeslet), i.e. the flow velocity field resulting from
a point-force acting on 7). The disturbance velocity at any point 7 can be split up into two parts,

UO¢<T7 r)\,w) = Ug]) (T, TA) + A'Ua(T, T/\,CU) ) (23)

where v&o) is the flow field induced by the particle A in an unbounded geometry, and Awv,, is the flow
satisfying the no-slip boundary condition at the membrane. In this way, the Green’s function can be
written as

Gap(r, 1, w) = GO)(r, 1) + AGap(r, ', w), (2.4)

where gg’ﬁ) is the infinite-space Green’s function (Oseen’s tensor) given by

(0) , 1 daB  SaSB
)= , 2.5
gaﬁ(r 7’) 87‘("/] < S + 83 ) ( )
with s := r — 7/ and s := |s|. The term AG,z represents the frequency-dependent correction due

to the presence of the membrane. Far away from the particle A, the vector v’ in Eq. (2.2) can
be expanded around the particle center r) following a multipole expansion approach. Up to the
second order, and assuming a constant force density, the disturbance velocity can be approximated
by [77, 87-89]

a2
Vo (7, 7y, W) & <1 + GV?"*) Gas(r, Tr,w) Fag(w), (2.6)

where V.., stands for the gradient operator taken with respect to the singularity position 7). Note
that for a single sphere in bulk, the flow field given by Eq. (2.6) satisfies exactly the no-slip boundary
conditions at the surface of the sphere, i.e. in the frame moving with the particle, both the normal
and tangential velocities vanish. Using Faxén’s theorem, the velocity of the second particle « in this
flow reads |77, 87-89|

a2
Vya(w) = MOF,Ya(w) + (1 + GV?"”) Va(ry, Ty, W), (2.7)

where po := 1/(67na) denotes the usual bulk mobility, given by the Stokes’ law. The disturbance
flow v, incorporates both the disturbance from the particle A and the disturbance caused by the
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presence of the membrane. By plugging Eq. (2.6) into Faxén’s formula given by Eq. (2.7), the a8
component of the frequency-dependent pair-mobilities can be obtained from

a? a?
HZ%(W) = <1 + GV’%W) <1 + GV?“) Gop(ry, T\, W) . (2.8)

For the self-mobilities, only the correction in the flow field Av, due to the presence of the
membrane in Eq. (2.3) is considered in Faxén’s formula (the influence of the second particle on
the self-mobility is neglected here for simplicity [77, 88|). Therefore, the frequency-dependent self-
mobilities read

2 2
1) = o + lim (1 + ‘gw.) (1 + ‘gvfw) AGus(r,my, w) | (2.9)

'I’“)'I"-y
AX
and analogously for u aB-

In order to use the particle pair- and self-mobilities from Egs. (2.8) and (2.9), the velocity Green’s
functions in the presence of the membrane are required. These have been calculated in our earlier
work [55] and their derivation is only briefly sketched here with more details in Appendix A.

We proceed by solving the steady Stokes equations with an arbitrary time-dependent point-force F'
acting at ro = (0,0, z9),

NV — Vp+ Fé(r —19) =0, (2.10)
V.ov=0, (2.11)

where p is the pressure field. The determination of the Green’s functions at r) is straightforward
thanks to the system translational symmetry along the zy plane. After solving the above equations
and appropriately applying the boundary conditions at the membrane, we find that the Green’s
functions are conveniently expressed by

1 R
gZZ(T,T,\,CU) = 271_/ gzz(%zaz(]aw)JO(pQ) qua (2123)
0
1 * [ ~
Goa (T, Tr, W) = 47r/ (g+(q7Z,ZO,W)J0(PC]) +G-(q, 2, 20,w)J2(pq) cos 29) qdq, (2.12Db)
0
1 * /[ ~
gyy(r7r)\7w) = 47_(_/ <g+(Q727207w)J0(pQ) - g—(Q7Z7207w)']2(pq) COS 20) qu7 (212C)
0
. 9 o
ng(r,’l"/\,W) - Z(;O:_ / ng(Q7Z7207w)']1(pq) dq7 (212d)
0

where p := /(x — x))? +y?, 0 := arctan(y/(z — x))) with r = (z,y, z). Here J,, denotes the Bessel
function of the first kind of order n. The functions G+, G;. and G, are provided in Appendix A. It is
worth to mention here that the unsteady term in the Stokes equations leads to negligible contribution
in the correction to the Green’s functions [55], and it is therefore not considered in the present work.

The membrane elasticity is described by the well-established Skalak model [90], commonly used
to describe deformation properties of red blood cell (RBC) membranes [91-93|. The elastic model
has as parameters the shearing modulus kg and the area-expansion modulus k. The two moduli are
related via the dimensionless number C' := kp /ks. Moreover, the membrane resists towards bending
according to Helfrich’s model [94], with the corresponding bending rigidity xp.
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3 Boundary integral methods

In this section, we introduce the numerical method used to compute the particle self- and pair-
mobilities. The numerical results will subsequently be compared with the analytical predictions
presented in Sec. 2.

For solving the fluid motion equations in the inertia-free Stokes regime, we use a boundary integral
method (BIM). The method is well suited for problems with deforming boundaries such as RBC
membranes [95, 96]. In order to solve for the particle velocity given an exerted force, a completed
double layer boundary integral method (CDLBIM) [97, 98| has been combined with the classical
BIM [99]. The integral equations for the two-particle membrane systems read

vg(x) = Hg(xz), =« € S,

6 3.1
;¢ﬁ<x>+zleoéf‘)<x> (), ¢) = Hy(x), w€8p. .

where Sy, is the surface of the elastic membrane and S}, := S, U Sy, is the surface of the two spheres.
Here v denotes the velocity on the membrane whereas ¢ represents the double layer density function
on S, related to the velocity of the particle v via

6
Vig(@) = 3" o8 (@) (@, ¢), xS, . (3.2)
a=1

where ¢(® are known functions [98]. The brackets stand for the inner product in the space of real
functions whose domain is Sy, and the function Hg is defined by

Hy(x) := —(NmAf)s(@) — (Kp)s() + GF) (,22) F

with «)_ being the centroid of the sphere labeled A upon which the force is applied. The single layer
integral is defined as

(NulAf)s(@) = [ Afa)G)(y,z)dS(y)

Here, Af is the traction jump, n denotes the outer normal vector at the particle surfaces and F
is the force acting on the rigid particle. The infinite-space Green’s function is given by Eq. (2.5) and
the corresponding Stresslet, defined as the symmetric part of the first moment of the force density,
reads 86|

(0) 3 SaSpSy
7;5#(?!753) T T in o
with s := y — « and s := |s|. The traction jump across the membrane Af is an input for the

equations, determined from the instantaneous deformation of the membrane. In order to solve
Egs. (3.1) numerically, the membrane and particles’ surfaces are discretized with flat triangles. The
resulting linear system of equations for the velocity v on the membrane and the density ¢ on the
rigid particles is solved iteratively by GMRES [100]. The velocity of each particle is determined from
(3.2). For further details concerning the algorithm and its implementation, we refer the reader to
Ref. [55]. Bending forces are computed using Method C from [101].
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In order to compute the particle self- and pair-mobilities numerically, a harmonic oscillating force
F\(t) = Aye™o! of amplitude Ay and frequency wy is applied at the surface of the particle \. After
a brief transient time, both particles begin to oscillate at the same frequency as V)\(t) = B el (wot+ay)
and as V,(t) = B,e!“0t¥%) The velocity amplitudes and phase shifts can accurately be obtained
by a fitting procedure of the numerically recorded particle velocities. For that, we use a nonlinear
least-squares algorithm based on the trust region method [102]. Afterward, the a8 component of the
frequency-dependent complex self- and pair-mobilities can be calculated as

B . B )
A\ Pla idy YA _ PVa iy
fiah = =€l = e
af A)\ﬁ ap A)\Ig

4 Results

For a single membrane, the corrections to the particle mobility can conveniently be split up into a
correction due to shearing and area expansion together with a correction due to bending [55]. In the

following, we denote by ,ulg = ,ué’% = Miﬂ (“self”) the components of the self-mobility tensor, and by

,ugg = ,ug'; = ,ugﬁ (“pair”) the components of the pair-mobility tensor. Note that for o # 3, ui 5=0
and that ,uzﬂ = —uﬁPa.

4.1 Self-mobilities for finite-sized particles

Mathematical expressions for the translational particle self-mobility corrections will be derived in
terms of € = a/zy. The point-particle approximation presented in earlier work [55] represents the
first order in the perturbation series, valid when the particle is far away from the membrane.

Perpendicular to membrane

The particle mobility perpendicular to the membrane is readily obtained after plugging the correction
AG., as defined by Eq. (2.4) to the normal-normal component of the Green’s function from Eq. (2.12a)
into Eq. (2.9). After computation, we find that the contribution due to shearing and bending can be
expressed as

ApSs 9 3 5
2z if — 2R (i CE=(i 3_7E ; 5 4.1
/uLO € ( ].6 4(2/8)6 + 4 5(Z6)6 16 6(25)6 ) Y ( a)
Ay,
p B efi+Ef+ s, (4.1b)
0

where the subscripts S and B stand for shearing and bending, respectively. The function E, is
the generalized exponential integral defined as E,(z) := [~ ¢ "e~*!dt [103]. Furthermore, 8 :=
6Bzonw/kg is a dimensionless frequency associated with the shearing resistance, whereas B :=
2/(1+ C). Moreover, fg = 2z9(4nw/kp)"/3 is a dimensionless number associated with bending. The
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functions f;, with 7 € {1,3,5} are defined by

f1=—15+31513<</83+Z&3+é>¢++\/§(ﬂg+i)¢_+<ﬁ3—IBB—1>¢>,

16 8 12 6 6 12 3 3
5 S iv/3 3i
f3:16_§2((5f+2'>¢++“/;&3¢_<ﬁ2]3_i>¢+22>’
1 B, (B (V3 i . .
f5_—16+38B4<;<2¢—+2¢+_Z¢>+1>;

with

bt = e PBE (—izg) £ e B E; (—izB) ,

Y= e PBE (—iBp),

where zp := jfp and j := e?7/3 being the principal cubic-root of unity. The bar designates complex
conjugate.

The total mobility correction is obtained by adding the individual contributions due to shearing
and bending, as given by Eqgs. (4.1a) and (4.1b). In the vanishing frequency limit, the known result
for a hard-wall [89] is obtained:

A 9
lim —Fz= = —g¢ +

1
e ——e. (4.2)
B,88—0 Lo

1
2° 78

The particle mobility near an elastic membrane is determined by membrane shearing and bending
properties. We therefore consider a typical case for which both effect manifests themselves equally.
For that purpose, we define a characteristic time scale for shearing as Tg := 6z97n/kg together with a
characteristic time scale for bending as Tp := 4023 /kp [55]. Then we take z3rs/kp = 3/2 such that
the two time scales are equal and can be denoted by Ts = Ty =: T. In this case, the two dimensionless
numbers 3 and S are related by Bg = 2(8/B)'/3. The situation for a membrane with the typical
parameters of a red blood cell is qualitatively similar as shown in the Supporting Information [104].

In Fig. 2 a), we show the particle scaled self-mobility corrections versus the scaled frequency /3,
as stated by Egs. (4.1a) and (4.1b). The particle is set a distance zp = 2a above the membrane. We
observe that the real part is a monotonically increasing function with respect to frequency while
the imaginary part exhibits a bell-shaped dependence on frequency centered around 5 ~ 1. In the
limit of infinite frequencies, both the real and imaginary parts of the self-mobility corrections vanish,
and thus one recovers the bulk behavior. For the perpendicular motion we observe that the particle
mobility correction is primarily determined by the bending part.

A very good agreement is obtained between the analytical predictions and the numerical simula-
tions over the whole range of frequencies. Additionally, we assess the accuracy of the point-particle
approximation employed in earlier work [55], in which only the first order correction term in the
perturbation parameter € was considered. While this approximation slightly underestimates particle
mobilities, it nevertheless leads to a surprisingly good prediction, even though the particle is set only
one diameter above the membrane.



Pub3. Hydrodynamic interactions near elastic interfaces 129

Parallel to membrane

We proceed in a similar way for the motion parallel to the membrane. By plugging the correction
AG,; from the Green’s function in Eq. (2.12b) into Eq. (2.9) we find

ApS _
/:z)m’s = elﬁ< 332 (3 E4(iB) — 4E3(if) + 2Eq2(if8) + 46108 Eo(i(1 + C)ﬁ)) (4.3a)
15 (QEs(i8) = Ba(i8) € — 2 Balid)e” )

A S
SHeaB g1 + €93 + 9gs , (4.3b)

Ho

where we defined
3 z‘ﬁ%
=55 a(@r +9),

3
g3=332+6§<— o <¢_¢+_f¢ ))

g5=—1+BB< BB(¢++W¢ w))

The well-known hard-wall limit, as first calculated by Faxén [89, 105], is recovered by considering
the vanishing frequency limit:
1 5

e — —e (4.4)

lim L,u;x les
8 16

9
= ———€ +
B,fe—0 Lo 16

The mobility corrections in the parallel direction are shown in Fig. 2 b). We observe that the total
correction is mainly determined by the shearing part in contrast to the perpendicular case where
bending dominates.

4.2 Pair-mobilities for finite-sized particles

In the following, expressions for the pair-mobility corrections in terms of a power series in 0 = a/h
will be provided. To start, let us first recall the particle pair-mobilities in an unbounded geometry.
By applying Eq. (2.8) to the infinite space Green’s function Eq. (2.5), the bulk pair-mobilities for
the motion perpendicular to and along the line of centers read [86, p. 190|

P P
Mz :§0‘+10'3, @=§U—U3, (4.5)
po 42 po 2
and are commonly denominated the Rotne-Prager tensor [26, 106]. Note that the terms with o vanish
for the bulk mobilities when considering only the first reflection as is done here. The axial symmetry
along the line connecting the two spheres in bulk requires that ,ugy = L. and that the off-diagonal
components of the mobility tensor are zero. Physically, the parameter o only takes values between
0 and 1/2 as overlap between the two particles is not allowed. In this interval, the pair-mobility
perpendicular to the line of centers /’LEZ is always lower than the pair-mobility ,uxpm, since it is easier
to move the fluid aside than to push it into or to squeeze it out of the gap between the two particles.
Consider next the pair-mobilities near an elastic membrane. By applying Eq. (2.8) to Egs. (2.12a)
through (2.12d), we find that the corrections to the pair-mobilities can conveniently be expressed in
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Figure 2: (Color online) The scaled frequency-dependent self-mobility correction versus the scaled
frequency for the motion perpendicular (a) and parallel (b) to the membrane. The particle is located
at zo = 2a. We take Zglis /kB =3/2 and C =1 in the Skalak model. The analytical predictions are
shown as dashed lines for the real part, and as solid lines for the imaginary part. Symbols refer to
BIM simulations. The shearing and bending contributions are shown in green and red respectively.
The dotted-dashed line in blue corresponds to the first order correction in the particle self-mobility,
as previously determined in Ref. [55]. Horizontal dashed lines represent the mobility corrections near
a hard-wall as given by Eqs. (4.2) and (4.4).

terms of the following convergent integrals,

Apb *  joud A? 412 9
= [ uq 46
/0 36572 <2iu — 8 Sis ﬁg) xoe - a (4.6a)

Apk < /g r? 4utA? B
el :/ ( i < 4 - > (fl/QXl - 2uX0) _ % x )6_2uduv (4.6b)
0

o 6£5/2 \2iu — B 8iud — 33 2 Bu+if
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Figure 3: (Color online) The scaled pair-mobility corrections versus the scaled frequency (. The
two particles are located above the membrane at zyg = 2a with a distance h = 4a. The real and
imaginary parts of the mobility correction are shown as dashed and solid lines, respectively. The
shearing and bending related parts are shown in green and red, respectively. The hard-wall limits are
shown as horizontal dashed lines. The inset in a) shows that the amplitude of the total pair-mobility
component zz exceeds its bulk value (dotted line) in a small frequency range around /5 ~ 1.

where ¢ := 422 /h? = 40?/€? and

A = 4do?u— 3¢,
Iy := 40u® — 3ué £ 3¢,

2u
w o= (an)

The terms involving 8 and B in Egs. (4.6a) through (4.6d) are the contributions coming from
shearing and bending, respectively. Due to symmetry, ,u,gy =0 for a € {z, z}.

For future reference, we note that each component of the frequency-dependent particle self- and
pair-mobility tensor can conveniently be cast in the form

plw) < pi(u) "
_b+/0 palw) + il o
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where indices and superscripts have been omitted. Here b denotes the scaled bulk mobility (cf. Eq. (2.1)),
and the integral term represents either shearing or bending related parts in the mobility correction.
Note that ¢1 and ¢y are real functions which do not depend on frequency. Moreover, po(u) = 2u/B or
©2(u) = u for the shearing related parts and s (u) = u? for bending such that @o(u) > 0, Vu € [0, 00).

In the vanishing frequency limit, i.e. for 3, g both taken to zero we recover the pair-mobilities
near a hard-wall with stick boundary conditions, namely

Apb, 3345641 4P —dE—5 4 4712043

no 4 (4ep O oz O T yeprr O (4.8a)
A/f e _gl(jj 2)52/22” §2(1_ if?j_zl"g - 25(21;2257;; 20, (4.8b)
A:pry _ _Z (11:55;320 + (1?5)55/2 o3 (12i;)§/2 o*, (4.8¢)
A:OEZ B §<1 i;/?" - ;’WU ;WU (4.8)

in agreement with the results by Swan and Brady [77].

In Fig. 3 we plot the particle pair-mobilities as given by Egs. (4.6a) through (4.6d) as functions of
the dimensionless frequency § for h = 4a. We observe that the real and imaginary parts have basically
the same evolution as the self-mobilities. Nevertheless, two qualitatively different effects are apparent
from Fig. 3: First, the amplitude of the normal-normal pair-mobility ‘,ufz} in a small frequency range
even exceeds its bulk value. This enhanced mobility results in a short-lasting superdiffusive behavior
as will be described in Sec. 5.

Secondly, for the components xzz and zz in Fig. 3 we find that, unlike the self-mobilities, shearing
and bending may have opposite contributions to the total pair-mobilities. For the xz component
this implies the interesting behavior that hydrodynamic interactions can be either attractive or
repulsive depending on the membrane properties. This will be investigated in more detail in the next
subsection.

4.3 Perpendicular steady motion

A situation in which hydrodynamic interactions are particularly relevant is the steady approach
of two particles towards an interface, such as e.g. drug molecules approaching a cell membrane,
reactant species approaching a catalyst interface, charged colloids being attracted by an oppositely
charged membrane, etc. For hard walls, it is known that hydrodynamic interactions in this case are
repulsive [17, 77, 80| leading to the dispersion of particles on the surface. Near elastic membranes,
the different signs of the bending and shear contributions to the pair-mobility in Fig. 3 b) point to a
much more complex scenario including the possibility of particle attraction.

The physical situation of two particles being initially located at z = 2y and suddenly set into
motion towards the interface is described by a Heaviside step function force F'(t) = Af(t). Its Fourier
transform to the frequency domain reads [107]

i

F(w) = <7T5(w) . > A.

w

Using the general form of Eq. (4.7), the scaled particle velocity in the temporal domain is then given

by
‘;é;) — (b +/0 ZEZ; (1= emeetor) du) 0(r) (4.9)
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Figure 4: (Color online) The scaled particle velocities perpendicular to the membrane (a) and relative
to each other (b) versus the scaled time for a constant force acting downward on both particles near
a membrane endowed with only shearing (green), only bending (red) or both rigidities (black). Solid
lines are the analytical predictions as given by Eq. (4.9), symbols are obtained by boundary-integral
simulations. Horizontal dotted and dashed lines stand for the bulk and vanishing frequency limits
respectively.

where 7 :=t/T is a dimensionless time. At larger times, the exponential in Eq. (4.9) can be neglected
compared to one. In this way, we recover the steady velocity near a hard-wall.

In corresponding BIM simulations, a constant force of small amplitude towards the wall is applied
on both particles in order to retain the system symmetry. At the end of the simulations, the vertical
position of the particles changes by about 8 % compared to their initial positions zg.

In Fig. 4 a) we show the time dependence of the vertical velocity which at first increases and then
approaches its steady-state value. Figure 4 b) shows the relative velocity between the two particles:
clearly, the motion is attractive for a membrane with negligible bending resistance (such as a typical
artificial capsule) which is the opposite of the behavior near a membrane with only bending resistance
(such as a vesicle) or a hard wall.

In order to illustrate more clearly for which wall and particle distances a repulsion/attraction is
expected we show in Fig. 5 the pair-mobility correction for the shear Aﬂgz,s and bending AMEZ’B
contributions in the (e, 0) plane. To reduce the parameter space and to bring out the considered
effects most clearly, we consider the idealized limit w — 0. In this limit, the contributions become
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Figure 5: (Color online) Contour diagram (e, o) of the shearing (a) and bending (b) contribution in the
vanishing frequency limit in the zz pair-mobility as stated by Eq. (B.1d) for shearing and by Eq. (B.2d)
for bending. ¢) is the same contour near a hard-wall as given by Eq. (4.8d). The perturbation solution
given by Eq. (4.10) is presented as circles in (a). Contrary to a membrane with bending resistance and
to a hard wall, the mobility changes sign near a membrane with shearing resistance. This sign change
directly reflects the physically observable situation as the bulk contribution for the zz pair-mobility
is zero.

independent of the elastic moduli since w — 0 directly implies that 8, 55 — 0 meaning that even
infinitesimally small shearing and bending resistances would make the membrane behave identical
to the hard wall. This unphysical behavior is remedied in a realistic situation where a small bending
resistance will lead to a correspondingly large time scale T and thus to a long-lived transient regime
as given by Eq. (4.9) and shown in the Supporting Information. Therefore, the contours shown in
Fig. 5 faithfully represent the behavior of membranes with small bending (Fig. 5 a)) or small shear
(Fig. 5 b)) resistance. The corresponding equations can be found in Appendix B.

By equating Eq. (B.1d) to zero and solving the resulting equation perturbatively, the threshold



Pub3. Hydrodynamic interactions near elastic interfaces 135

lines where the shearing contribution changes sign are given up to fifth order in o by

en = V2 <a - gag + ;; 5) +0(07). (4.10)

Eq. (4.10) is shown as circles in Fig. 5. The bending contribution in Fig. 5 b) always has a positive
sign corresponding to a repulsive interaction similar as the hard wall.

Similar changes in sign are observed for A/’LSZ,S for shear and A“Ex,B for bending. The corre-
sponding contours are given in the Supporting Information. Their physical relevance, however, is less
important than for Aul, shown in Fig. 5 as the effects may be overshadowed by the bulk values of
the mobilities (which is zero only for ).

5 Diffusion

The diffusive dynamics of a pair of Brownian particles is governed by the generalized Langevin
equation written for each velocity component of particle v as [108]

/ w(t’ ydt' — / Cgﬁtft’)V,\ﬁ( Nat'+ F, (t). (5.1)

A similar equation can be written for the velocity components of the other particle A\. Here, m
denotes the particles’ mass, C;g (t) stands for the time-dependent two-particle friction retardation

tensor (expressed in kg/s?) and F,, is a random force which is zero on average. By evaluating the
Fourier transform of both members in Eq. (5.1) and using the change of variables w = t — ' together
with the shift property in the time domain of Fourier transforms we get

imwVs, (W) + CwlVy 5(w) + (3w Vag(w) = Fyp (w), (5.2)

where (32 w] and (] }[w] are the Fourier-Laplace transforms of the retardation function defined as

/ Yooty (5.3)

In the following, we shall consider the overdamped regime for which the particles are massless
(m = 0). Solving Eq. (5.2) for the particle velocities and equating with the definition of the mobilities,

and analogously for ng [w].

Vi (@) = Bl () By p(@) + 105 (@) Fag(w) (5.4a)
2B (W) Pag(w) + (@) Py (w) (5.4b)
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leads to expressions of the mobilities in terms of the friction coefficients:

S CP
/’LS (OJ) — . <§x 2z .
TT )
( g:p - :E:E )sz szCP
P
P szgzz
Ma:x(w) = - 7] 2 2
( 3%1 - alc:)z )C,Ez - Cchp
Sy
oy (w) = ST 3
yy 9y
Sy
(W) = =5 53
yy o Syy
MS (OJ) _ C:Emcgz
zz - 2 2 27
( zsz - sz )C:m: CZZCP
S
P Cx:pc,zz
Mzz(w) = - 2 2 PR
( zSz - fz )sz szCP
.G
P ) = gt

( zz EZQ)CZZZE szCP 2

where the brackets | | are dropped out for the sake of clarity. Similar as for the mobilities the self- and

<>\’Y —

pair components of the retardation functlon are denoted by ¢’ B = aﬁ = Cg 5 and (a 5= Cha = gﬁ,

respectively. Note that ¢} C = C - so that um = 0 as required by symmetry.

According to the ﬂuctuat1on—d1551pat10n theorem, the frictional and random forces are related
via [109][p. 33][110]

(B (@) Fa@) = ke T (CAlw] + (le]) (e — o), (5.6)

and analogously for the 7+ component, where kg is the Boltzmann constant and 7T is the absolute
temperature of the system [111].

Multiplying Eq. (5.4a) by its complex conjugate, taking the ensemble average and using Eq. (5.6),
it can be shown that the velocity power spectrum obeys the relation

PySs(w) = kT (1Ss(w) + 1S5(w)) - (5.7)

Next, by considering both Egs. (5.4a) and (5.4b) together with Eq. (5.6) we find in a similar fashion
Pubs(w) = kT (1ufs(w) + iEy(w)) - (5.8)

According to the Wiener-Khinchin-Einstein theorem, the velocity auto/cross-correlation functions
can directly be obtained from the temporal inverse Fourier transform as [109]

kT

() = o | (”1?3(‘”) +m) eldw. (5:9)

It can be shown using the residue theorem [109, p. 34| that the integral over the second term in
Eq. (5.9) vanishes if the mobility is an analytic function for Im(w) < 0. The present mobilities all
fulfill this condition as can be seen by their general form in Eq. (4.7).

Most commonly, diffusion is studied in terms of the mean-square displacement (MSD) which can
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be calculated from the correlation function as [109, p. 37|

(@ 08ra(t) =2 [ (= 5)73s)ds. (5.10)

where A7, denotes the displacement of the particle  in the direction a. Furthermore, we define
the time-dependent pair-diffusion tensor as
(Ary, (£)Aryg(t))

DI(t) = 5 . (5.11)

Analogous relations to Egs. (5.9)-(5.11) hold for the vy component. We now consider the collective
motions of the center of mass p := r) + 7, as well as the relative motion h := ry — r, with the
corresponding diagonal pair-diffusion tensor

DGR =2 (DS, £ DL) (5.12)

where the positive sign applies for the collective mode of motion and the negative sign to the relative
mode. In the absence of the membrane, Egs. (5.12) reduces to the generalization of the Einstein
relation as calculated by Batchelor [25] for the relative mode, namely

DR} 3 o3 D}

—1-2s-Z
92D, 177 90

3
=1-= 3 1
Do 20+0 , (5.13)

where Dy := ugkgT is the diffusion coefficient. The collective diffusion coefficients read

DS, 3 o DY 3
-1+ 2 Z T _ 14 5o 5.14
5D, T4’ T3 ap, Tt T37 7 (5.14)

5.1 Self-diffusion for finite-sized particles

From Egs. (5.9)-(5.11) we first obtain the scaled self-diffusion coefficient for the motion of a single
particle perpendicular to the membrane,

DS, L3 15(3B 4 275) 75375 +8B1s +6B* 3 75473 + 15873 + 20B°75 + 10B° 5

Do = 32 (B+m)? 16 (B+m)? 64 (B + 75t
e [~ 2, 2\2 L—em’\
—E . (3+3U—€u) (1_7'Bu3 e udug

(5.15)

where 7g :=t/Ts and 7p := t/Tp are dimensionless times for shearing and bending, respectively.
For motion parallel to the membrane the scaled self-diffusion coefficient reads

D3, 3 ((27s +3B)(57s +4B) 4B s 16 s
Zrro_ o 2 - (1 —)——1 (1 —)
Do 64 (s + B)? P "B TS T3))e

7578 +3Brs +3B% 5 75 478 + 15873 + 208275 + 10B° 5

vy € - — €

32 (Ts +B>3 128 (Ts +B)4

oo 1— —rpud
A R e
12 J, p—

We mention that Egs. (5.15) and (5.16) correspond to leading order in € to the ones reported in our
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Figure 6: (Color online) The zz component of the scaled pair-diffusion tensor versus the scaled time
as given by Eq. (5.16a) for different values of o with the parameters of Fig. 3. Horizontal dotted and
dashed lines represent the bulk and hard-wall limits, respectively. For large inter-particle distances
(small o) a short superdiffusive regime is observed.

earlier work [55]. For long times, the perpendicular velocity auto-correlation function (bEZ’S decays
as t~4 whereas the bending part ¢§z,B as t~4/3. For parallel motion, both the shearing and bending
parts in the velocity auto-correlation function have a long-time tail of ¢ 2.

5.2 Pair-diffusion for finite-sized particles

The pair-diffusion coefficients are readily obtained by plugging Eqs. (4.6a) through (4.6d) into
Egs. (5.9)-(5.11):

DP 3 3 00 2F2_
Diz(: — IU + % — 1225/2/0 (uA2Hs + u3HB> xoe 2%du, (5.16a)

DxPx B 30 5 o0 1 1/2 9 2 3X1 e 2u

=y oo | (g (€74 2u0) (205 + 20%15) 4 20 ) €,
(5.16b)
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where we define

72u‘rs 3
Be "B 4 2urs— B , e %+ rqu — 1 e ™Y L pud —1
Ilg := , g := , Il := .
7S 78 B

We observe that the zx, yy and zz cross-correlation functions have the same large time behavior
as their corresponding auto-correlation functions. For the component ¢f_, the shearing and bending
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Figure 7: (Color online) The scaled collective (a) and relative (b) diffusion coefficients as defined by
Eq. (5.12) versus the scaled time. The horizontal dotted and dashed lines correspond to the bulk
and hard-wall limits, respectively.

related parts have large-time tails of t=% and ¢t=2, respectively.

Fig. 6 shows the variations of the zz component of the scaled pair-diffusion coefficient as stated
by Eq. (5.16a) upon varying o. We observe that as o decreases, i.e. when the two particles stand
further apart, the pair-diffusion coefficient can rise and exceed the bulk value for intermediate time
scales as hinted on already by the pair-mobility around 8 ~ 1 (cf. inset of Fig. 3 a). Such behavior
is a clear signature of a short-lived superdiffusive regime.

In Fig. 7 we show the variations of the scaled collective and relative diffusion coefficients as
defined by Eq. (5.12), versus the scaled time 7, using the parameters of Fig. 3. At shorter time scales,
the particle pair exhibits a normal bulk diffusion, since the motion is hardly affected by the presence
of the membrane. As a result, the diffusion coefficients are the same as calculated by Batchelor and
given by Eq. (5.13). As the time increases, both diffusion coefficients’ curves bend down substantially
to asymptotically approach the diffusion coefficients near a hard-wall.
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6 Conclusions

We have investigated the hydrodynamic interaction of a finite-size particle pair nearby an elastic
membrane endowed with shear and bending rigidity. Using multipole expansions together with
Faxén’s law, we have provided analytical expressions for the frequency-dependent self- and pair-
mobilities. We have demonstrated that shearing and bending contributions may give positive or
negative contributions to particle pair-mobilities depending on the inter-particle distance and the
pair location above the membrane. Most prominently, we have found that two particles approaching a
membrane with only shearing resistance (as is typically assumed for elastic capsules) may experience
hydrodynamic attraction in contrast to the well-known case of a hard wall where the interaction is
repulsive. This unexpected effect will facilitate chemical reactions near the surface and may possibly
even lead to the formation of particle clusters near elastic membranes. On the other hand, membranes
with bending resistance (such as vesicles) induce repulsive interactions similar to the hard wall. All
our theoretical mobilities are validated by detailed boundary integral simulations.

Using the frequency-dependent particle mobilities, we have computed self- and pair-diffusion
coeflicients. Most commonly, relative and collective pair-diffusion is subdiffusive on intermediate time
scales similar to earlier observations on the diffusion of a single particle [55]. A notable exception is
the zz-component of the pair-mobility tensor which for certain parameters and frequencies surpasses
its corresponding bulk value. This induces a short-lasting superdiffusive regime in the corresponding
mean-square-displacement.
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Appendices

A Derivation of Green’s functions

In this appendix, we briefly sketch the derivation of the Green’s functions in the presence of an
elastic membrane, as stated by Egs. (2.12a) through (2.12d) of the main text. For the solution of the
steady Stokes equations Eqgs. (2.10) and (2.11), we use a two-dimensional Fourier transform technique.
The variables x and y are transformed into the wavevector components ¢, and g,. Here we use the
convention with a negative exponent for the forward Fourier transforms. The transformed equations
read

— Py + Tpon + iqep + Fud(z — 20)
— Ty + By,zx + igyP + Fy8(z — 20)
_q2sz + ﬁz,zz - piz + Fzé(z - ZO) = 07

—1qz Uy — 7I-vay + V= 0,

0,
0

)

where a comma in indices denotes the spatial derivative with respect to the following coordinate.

We introduce a new orthonormal system in which the Fourier transformed vectorial quantities
are decomposed into longitudinal, transverse and normal components, denoted by 7;, 7y and v,
respectively. The corresponding orthonormal in-plane unit vector basis are

q q q q
q = iez + Zyey, g = Ze, — ey, (A.1)

q q
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where q := /2 + qs is the wavenumber. After transformation, the momentum equations become [48|

- - F;
q27}t — Vtzz = #5(3 - ZO) s (A2a)
_ 5 3 2F, iqF
Vz,2222 — 2q2vz,zz + q4vz = qTZ(S(z - ZO) + %5/(2 - ZO) ) (A2b)

where ¢’ is the derivative of the Dirac delta function. The longitudinal component ¥; is readily
determined from v, via the incompressibility equation (2.11) such that

105,
q

v = (A3)

According to the Skalak [90] and Helfrich [94] models, the linearized tangential and normal
traction jumps across the membrane are related to the membrane displacement field u at z = 0
by [55]

[020] (Anua +(1+ QC)e,a) , a€{x,y}, (A.4a)
[0.2] = RBAﬁuz ) (A.4Db)

__ks
3

where the notation [w] := w(0") —w(0~) designates the jump of the quantity w across the membrane.
Here C' := kA /kg is a dimensionless number representing the ratio of the area expansion modulus to
shear modulus, and xp is the membrane bending modulus. Ay := 0z, + 0,y denotes the Laplace-
Beltrami operator along the membrane and e := u, 5 +1u, , is the dilatation function, mathematically
defined as the trace of the in-plane strain tensor.

The membrane displacement uw as appearing in Eqs. (A.4a) and (A.4Db) is related to the fluid
velocity by the no-slip boundary condition at the undisplaced membrane which reads

To = iwiia|-—0 - (A.5)

After solving the transformed equations (A.2a), (A.2b) and (A.3) and properly applying the
boundary conditions at the membrane, we find that the diagonal components of the Green’s function
for z > 0 read

; 3 - 3.3
g~zz = L ( (1 + q\z — ZOD 6_4‘2—20‘ + (ZC!ZZ()(] + tagq (1 + qz)(l + q20)> e—q(z+z0)>
4ng ;

1 —iaq 1 —iadq?
~ 1 i iaq(l —qzp)(1 —qz) iz2003,q° _

- — (1= _ alz—=o0| B q(z+20)
Gu 4ngq <( qlz = zol)e 1 —iaq + 1 —iadq? € ’
= - (emale—zl 4 B gtz

2nq 2 —iBag ’

and the off-diagonal component g}z reads

G, = v ( — q(z — zg)e P20l 1 <iazoq2q —q2) ’L'Oé%zq4(.1 + qzo)> e—q(z+z<))> |
4ngq 1 —iaq 1— Za%qi”

where o := rg/(3Bnw) is a characteristic length scale for shearing and area expansion with B := 2/(1+
C), and ap := (kp/(4nw))/? is a characteristic length scale for bending. Furthermore, Gi. = G.; =0
because of the decoupled nature of Eqgs. (A.2a) and (A.2b). Employing the transformation equations
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(A.1) back to the usual Cartesian basis, we obtain

g~:m:((l> z,w) = Gzl(Q, Z,w) cos® ¢ + gtt(q, zZ,w) sin ¢,
Gyy(a, 2,w) = Gu(q, z,w) sin® ¢ + Gy (g, z,w) cos® ¢,
G- (q, z,w) = G12(q, z,w) cos ¢ ,

where ¢ := arctan(gy/qz).

The components Qyz and sz are irrelevant for our discussion because the resulting mobilities
vanish, thus they are omitted here. In addition, the component G, leads to the same mobility as
G, because of the symmetry of the mobility tensor. Furthermore, we define

Gﬁ:((b Z,(AJ) = g~tt(q7 va) + gll(Qv Zaw) .

Egs. (2.12a)-(2.12d) of the main text follow immediately after performing the two dimensional inverse
spatial Fourier transform of the Green’s function [107].

B Vanishing frequency behavior

In the following, analytical expressions of the shearing and bending related parts in the particle self-
and pair-mobilities are provided in the vanishing frequency limit.

B.1 Self mobilities

By taking the vanishing frequencies limit in Eqgs. (4.1a) and (4.1b), the shearing and bending related
corrections for the perpendicular motion read

Aps 3 3
lim Hazs =4+ —3 - —¢° ,
B—0 Lo 16 16 16
S
15 5 1
li HeeB _ — e+ —S— —€,
Be—0 g 16 16 16

leading to the hard-wall limit Eq. (4.2) after summing up both contributions term by term. Similarly,
for the parallel motion, by taking the vanishing frequency limit in Eqgs. (4.3a) and (4.3b) we get

15 1 1
lim Hazs _ et S — €,
B—0  po 32 32 32
S
3 3
lim How,B =+ —€— =6,
BB—0 U 32 32 32

which also give the hard-wall limit Eq. (4.4) when summing up both parts.

B.2 Pair mobilities

By considering independently the shearing and bending related parts in the pair-mobility corrections
as given by Egs. (4.6a) through (4.6d), and taking the vanishing frequency limit, we obtain for the
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shearing part

Apub — _ 262 _ e+ 3
lim Mzz,S _ 3 5(25 1) § 5(25 3) 0_3 . g £+ 1 0_5 7 (Bla)
550 g 1614652 T A1+ )72 (1+€)972
AuP 2 2 2 2T¢ 4 q
B—0 o 16 (14 £)5/2 4 (14872 (1+€)972
Apy 3 bE+4 1 ¢-2 ¢—1
lim — 25 = = T o o ST 2 b B.1
T T S A R A (RS e (B10)
Auf 1/2 _ on\el/2 1/2
o Ses 3 (€€ 3R, 5UE-3E (614
B—0 g 16 (14 &)5/2 4 (1+6)7/2 4 (1+¢6)972
and for the bending part
Apl,p 310 +116+4 11062 -7¢ -2 262 — 66+ 3
1' zZ, — R . - 3 _ 4 5 B2
pas0 po 16 (1487 4 (1497 C 1+ (B-22)
ApP — 2_2Te
lim —reeB _ 3 -2 3eE-9) 5 &o5EHL 5 (B.2b)
Be0 o 16 (1 + 5)5/2 4(1+ 5)7/2 (1+ 5)9/2
Ay, 3 & 3 ¢ £-1
li yy,B __ 2 3 4 5 B.2
T (T (e A A (e (B2
AuF 1/2 3/2 _ 2\el/2
lim Pz 3 (BE+2)E 15 ¢ 3 5(4€ —3)¢ 5 (B.24)

o0 po 16 (Lt 0 A +e2” T e’

The total correction as given by Eqgs. (4.8a) through (4.8d) is recovered by summing up term by
term both contributions.
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Abstract

In this paper, we study the coupling and rotational hydrodynamic interactions between spherical
particles nearby a planar elastic membrane exhibiting resistance towards shearing and bending. Using
a combination of the multipole expansion and Faxén’s theorem, we express the frequency-dependent
hydrodynamic mobility functions as power series of the ratio between particle radius and distance
from the membrane as well as between radius and interparticle distance. We find that the shearing
and bending related contributions to the particle mobility may undergo under some circumstances
a change of sign. As a model system for bacterial locomotion, we study the rotational motion of a
torque-free doublet nearby an elastic membrane, finding that the steady rotation rate around its
center of mass may differ in magnitude and direction depending on membrane shearing and bending
properties. Nearby a membrane with pure shearing, the doublet undergoes clockwise rotation i.e. in
the same way as observed nearby a no-slip wall. Nearby a membrane with pure bending however,
we find that the doublet rotates counterclockwise. Our analytical predictions are supplemented and
compared with fully resolved boundary integral simulations where a very good agreement is obtained.

1 Introduction

The dynamics of elastic membranes is important for understanding the biological functions and trans-
port properties in living cells [1-4]|. The assessment of hydrodynamic interactions between membranes
and suspended tracer particles can be used as a monitor for determining the membrane mechanical
properties via interfacial microrheology measurements [5-10]. The method has the advantage of
being non-destructive and has extensively been employed for the determination of viscous and elastic
moduli [11-14] and the characterization of fluctuating forces in complex fluids [15, 16].

At small length and time scales of motion, an accurate description of the fluid flow surrounding
the particles is well achieved by the linear Stokes equations [17]. In these conditions, a complete
description of particle motion is possible via the hydrodynamic mobility tensor, which bridges between
the translational and rotational velocities of the suspended particles and the forces and torques applied
on their surfaces. Particle motion in an unbounded medium is well understood and has been studied
since a long time ago [18]. However, motion in real situations often occurs in geometric confinements,
where the hydrodynamic mobility is notably changed relative to its value in a bulk fluid.

During the past few decades, the field knew greater interest among physicists after the advent
of elaborate experimental techniques which allow an accurate and reliable measurement of particle
mobility nearby interfaces. Among the most efficient techniques that have been utilized are laser [19,
20] and optical tweezers [21-26], fluorescence |27, 28| and digital video microscopy [29-33|, evanescent
wave dynamic light scattering [34-47] and three-dimensional total internal reflection velocimetry
technique [48]. Calculations of mobility functions have been carried out to include particles nearby
hard-walls [49-62], interfaces with partial slip [63-65], an interface separating two mutually immiscible
liquids [66-71], inside a liquid film between two fluids |72] or nearby a spherical drop |73, 74]. Further
works have examined particle dynamics nearby viscous interfaces [75-77] or an interface covered with
surfactant [78-84].

More recently, particle motion close to membranes with surface elasticity has been attracted
researchers’ attention, due to their relevance as realistic models for cell membranes [85-88|. Unlike
fluid-solid or fluid-fluid interfaces, elastic membranes stand apart as they endow the system with
memory. Accordingly, the motion of the particles depend strongly on their prior history and their
diffusional dynamics is treated within a generalized Langevin formalism. This implies the emergence
of a long-lived subdiffusive behavior [89-92] induced by the membrane on nearby particles. Particle
motion nearby elastic cell membranes has been experimentally investigated using optical traps [93—
96], magnetic particle actuation [97] and quasi-elastic light scattering [98-100], where a significant
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Figure 1: Illustration of the system setup. A sample configuration of a pair of particles labeled v and
A, located a distance h apart and a distance zp above an elastic cell membrane. Here ., = (0,0, 2o)
and x) = (h,0, z9). We define the dimensionless parameters of the system e := a/zp and o := a/h.

decrease in the mobility normal to the cell membrane has been observed in line with theoretical
predictions.

In our earlier work [101], we have studied analytically and numerically the hydrodynamic interac-
tions between spherical particles undergoing translational motion nearby a planar elastic membrane.
We have found that the steady approach of two particles towards an idealized membrane with pure
shearing resistance may lead to attractive interactions, in contrast to the behavior know nearby
a hard-wall where the interaction is know to be repulsive [102]|. In this paper, we complete and
supplement our analysis by computing the hydrodynamic coupling and rotational mobilities of a
pair of particles moving nearby a realistically modeled red blood cell membrane. We model the
membrane using the Skalak model [103] for shearing and area dilatation, and the Helfrich model [104]
for bending. We find that the contributions due to shearing and bending of the particle self- and
pair-mobilities may have additive or suppressive effects depending on the membrane properties and
the relative separation between the interacting particles and the membrane. More importantly, we
find that the magnitude and direction of rotation of a torque-free doublet of particles about their
center of mass, which can be seen as a model system for bacterial swimming, is strongly dictated by
membrane shearing and bending properties.

The remainder of the paper is organized as follows. In Sec. 2 we present the theoretical framework
we use to analytically compute the particle mobility functions by combining the multipole expansion
and Faxén’s theorem. In Sec. 3 we present the completed double layer boundary integral method and
the approach we have employed to numerically compute the hydrodynamic mobilities. Sec. 4 provides
explicit analytical expressions of the frequency-dependent coupling and rotational self- and pair-
mobilities together with a close comparison with numerical simulations where a very good agreement
is obtained. Concluding remarks summarizing our findings and results are offered in Sec. 5.

2 Mathematical model

We consider a suspension of N solid spherical particles of radius a immersed in an incompressible
Newtonian fluid of viscosity 17 moving nearby a planar elastic membrane infinitely extended in the
xy plane. We assume that the fluid surrounding the particles is at rest. The creeping flow of the
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suspending fluid is governed by the forced Stokes equations [18§]

N
nVQU—Vp—i—Zfa:O, (2.1)
a=1
V.v=0, (2.2)

where v and p are the velocity and pressure fields, respectively. Here f,, is an arbitrary time dependent
force density acting on the fluid due to the presence of the particle a. We denote by p the mobility
tensor which couples between the velocity moments of the particles to the moments of the force
density on the particle surfaces, [17]

() = G 1) (1) @3

where V' and €2 are the translational and rotational velocities, respectively, and F' and L are the
hydrodynamic force and torque on the particles. The off-diagonal components are the hydrodynamic
coupling mobilities between torque and translation (¢r) and between force and rotation (rt) and they
are the transpose of each other.

2.1 Multipole expansion and Faxén’s theorem

We now consider a representative configuration of a pair of particles denoted ~ and A located a
distance h apart and a distance zg above an elastic membrane, as schematically sketched in Fig. 1.
The fluid on both sides of the membrane is assumed to have the same properties. The disturbance
velocity field caused at any observation point r by a particle labeled A located at r) can be written
as

v(r,ry,w) = v (r,r\) +v*(r,r\, W), (2.4)

where v(9) denotes the fluid flow in an unbounded (infinite) fluid and v* is the flow field required to
satisfy the boundary conditions at the membrane. Here all the quantities are Fourier transformed
into the frequency space. The disturbance field can be written as an integral over the surface of the
sphere \ as

v(r,ry\,w) = : G(r,r',w)- frlr,w) d?r’, (2.5)
A

where G denotes the velocity Green’s function (Stokeslet), i.e. the flow velocity field resulting from a
point-force acting on 7). Similar, the Green’s function can be split up into two distinct contributions,

G(r,r',w) =GO ') + Gu(r, v, w), (2.6)

where G() is the infinite-space Green’s function (Oseen’s tensor)

(0) , 1 5a5 5453
)= — (2 + , 2.7
Gag (1) 87r77<3 53 > (27)
with s :=r — 7" and s := |s|. The second term Gy represents the frequency-dependent correction to

the Green’s function due to the presence of the membrane.

Far away from the particle A, the integration vector variable ' in Eq. (2.5) can be expanded
around the particle center r) following a multipole expansion approach. Up to the second order,
and assuming a constant force density over the particle surface, the disturbance velocity can be
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approximated by [60, 61]
a’_, 1
v(r,ryw)~ 1+ FV” G(r,r\,w) - F(w)+ 5 Vi, xG(r,ry\,w) - L(w), (2.8)

where V., stands for the gradient operator taken with respect to the singularity position r) and the
curl of a given tensor 7T is obtained as [105]

(V X T)aﬁ = Eauuapﬁzﬁ , (29)

with €4, being the Levi-Civita tensor. Note that for a single sphere in bulk, the flow field given
by Eq. (2.8) satisfies exactly the no-slip boundary conditions at the surface of the sphere [106].
Using Faxén’s theorem [107], the translational and rotational velocities of the particle v in this flow
reads [60, 61]

a2
V,(w) = i Fy(w) + <1 + GV?‘W) v(Ty, T, W), (2.10)
rr 1
Q,(w) = py Ly(w) + 3 Ve, xv(r,),r),w), (2.11)

where pff := 1/(67na) and pf" = 1/(87na3) denote the translational and rotational bulk mobilities,
respectively. We further emphasize that the disturbance flow v incorporates both the disturbance from
the particle A and the disturbance caused by the presence of the membrane. By inserting Eq. (2.8)
into Faxén’s formula stated by Eqgs. (2.10) and (2.11), the frequency-dependent translational, coupling
and rotational pair-mobility tensors can be obtained from

a? a?
W) = (1459 ) (14 VR ) 6l (2.12)
tryyA 1 CL2 2
p M w) = 3 1+ EV” Vi, X G(ry,r\,w), (2.13)
1
pNw) = 1 Vi, X Ve, X G(1y,7)\,w). (2.14)

Special care should be undertaken when taking the gradient operators with respect to the position
of either v or A. For the self-mobilities, only the correction in the flow field v* due to the presence of the
membrane in Eq. (2.4) should be considered in Faxén’s formula. Therefore, the frequency-dependent
self-mobility tensors read

2 2
ttyy — it i & g2 & o2
p N (w) = pg 1+ rlig}7 (1 + 6 VT> <1 + 6 V,W) Gum(r,ry,w), (2.15)
Y (w) = L tim (14 ‘LZVQ V. X Gu(r,ry,w) (2.16)
2 = el 6 T T MAT, Ty, ) :
L.
pm M (w) = py" 1+ 1 rlig}w Vi, X Ve x Gu(r, 7y, w) (2.17)

where 1 denotes the unit tensor.

Having constructed the self- and pair-mobility tensors, the Green’s functions associated with the
elastic membrane need to be introduced at this point.



Pub4. Hydrodynamic coupling and rotational mobilities 155

2.2 Green's functions

The exact Green’s functions for a point-force acting nearby a planar elastic membrane has been
determined in our earlier works, see e.g. Refs. [91] and [108]. The membrane is considered as a two
dimensional sheet made by an hyperelastic material that exhibits resistance towards shearing and
bending. Membrane shearing elasticity is described by the wall-established Skalak model [103| which
is often used as a practical model for red-blood cell membranes [109-111]. The model is characterized
by the shear modulus kg and the area dilatation modulus k4, both related to each other by the Skalak
coefficient C' := ka /ks. The resistance towards bending is modeled by the Helfrich model [104, 112],
with the corresponding bending modulus xp. The Green’s functions can conveniently be computed
using a two-dimensional Fourier transform technique [85-87] and appropriately applying the boundary
conditions stemming from shearing and bending of the membrane. For a point-force exerted at a)
above the membrane, the Green’s functions can be expressed in terms of infinite integrals over the
wavenumber ¢ as

Goz(r, Ty, w) = ﬁ /000 <g~+(q, 2, 20, w)Jo(prq) + G—(q 2, 20, w) Ja(prq) cos 29,\>qdq, (2.18a)
Glrorv) = g [ (G120 000(0s) = G- (005220, )Tlpna) cos 26y g, (2150)
Geo(r,ma,w) = % /OOO G.2(q,2,20,w)Jo(prq)q dg, (2.18¢)
oy (o) = T [ 7602 20.0) B pad)ads. (2,150
Grz(r, 7y, w) = i /OOO Gi:(q, 2, 20,w) J1(prq)q dq , (2.18e)
Gor(r,ma,w) = i /OOO Ga1(q, 2, 20,w) J1(prq)q dq , (2.18f)

where p3 = (z — x))? + y* and ) := arctan(y/(z — x,)) being the polar angle. Here .J,, denotes
the Bessel function of the first kind of order n [113]. Moreover,

iOZZZqu Z‘a%qs(l + g2)(1 + gz0) e—1(zF20)
1—iaq 1 —iadq? ’

~ 1 o
gzz=m<(1+q\z—20])e alz 20+<

G, = v ( — q(z — zo)e~ W=7l 4 (iazoq2(1 —qz) iogzqt(1+ qzo))e_q(erZO))
4nq ’

1 —iagq 1 —iadq?
; ; 2 c 3 4
5 1— 1
gzl — Z( q(z o Zo)e—q\z—z(ﬂ + ( 1024 ( : qZO) + topq Zo( 3+3q2)>6_q(2+20)) '
4dng 1 —1iaq 1 —iapq
and ) . .
gi(q7 va) = gtt(Qa Z,W) + gll(Qa Z,W) 9
with
5 1 e 1aq(l —qz0)(1 — gz izz005q° _
Gu = 477<(1 ~alz—zDe el ( ( 1-— u))z(q ) * 1-— ia]?]%;qs et ’
~ 1 tBa
— = [ o—alz—20l 9 —q(z+z0)
= 20 (e "2 iBag" > ’

where « := kg/(3Bnw) is a characteristic length scale for shearing and area expansion with B :=
2/(1+ C), and o := kp/(4nw) is a characteristic cubic length scale for bending. Thus, the terms
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involving « and a% in the above equations are associated with shearing and bending, respectively.
Furthermore, the other components can readily be determined from the usual transformation relations
G = Grocostly, Gy. = Gr.sinby, G, = G.rcosby, G,y = G.psinfy and Gy, = Gy It is worth
mentioning that the Green’s functions nearby an elastic membrane reduce in the vanishing frequency
limit to the celebrated Blake tensor [114] in which the membrane motion is completely restricted.

3 Boundary integral methods

In order to assess the appropriateness and accuracy of the multipole expansion approach employed
throughout this work, we shall compare our analytical predictions with fully resolved computer
simulations based on the completed double layer boundary integral equation method (CDLBIEM) [115—
119]. The method is known to be particularly suited for the simulation of Stokes flows [120] where
both solid and deformed boundaries are present. In this way, the translational and rotational velocities
of the particles can be determined provided knowledge of the forces and torques exerted on their
surfaces. Hereafter, we briefly provide some technical details regarding the numerical method.

The integral equations for the particle-membrane system are expressed as

vg(x) = Hp(x), @« € Sm,
6

0p(@) + 3 05 (@) (9@, ) = Ha(x), xSy,

a=1

1
2
where S, and S, denote the surface of the elastic membrane and the particles respectively. Here v is

the velocity of points belonging to the membrane surface and ¢ is the so-called double layer density
function on the surface of the particles S}, related to the translational and rotational velocities via

3
Viz)=> oD (@) (e, ¢), €S8,
a=1

3
Qx) x (@ —20) = 3 (@), ¢), z€S,,
a=1

where x. is the particle center and <p(°‘) are known vectorial functions that are dependent on particle
position, its surface area and the moment of inertia tensor [17][p. 472|. The brackets stand for the
inner product which is defined as

(0@, §) = ]4 2 (y) - $(y) dS(y)

p
and the function Hg is defined by
0 0
Ha(x) = —(NnAF)s(x) — (Kpd)a(@) + G5 (2, ) Fyy + RG) (@, ) Ly
The single and double layer integrals are given by

(NonA ) () = /S A fa(1)G%) (y, ) dS(y)

(o) () = 7@ balw) T (4, ) () dS ()



Pub4. Hydrodynamic coupling and rotational mobilities 157

with n being the outer normal vector at the particle surfaces. Moreover, A f is the traction jump, 7;(2,L
is the Stresslet and 7222 is the rotlet [17] in an infinite space. From the instantaneous deformation of
the membrane, the traction jump across the membrane A f is readily determined from the membrane
constitutive models. For further details with regard to the numerical computation of the traction
jumps, we refer the reader to Ref. [92, 121].

In our simulations, the planar membrane is a flat quadratic surface with a size of 300a x 300a and is
meshed with 1740 triangles created using the open source software gmsh [122]. The spherical particle is
discretized by 320 triangular elements obtained by consecutive refinement of an icosahedron [123, 124].

For the determination of the particle mobility functions numerically, a harmonic force Fy(t) =
Ajyeot or torque Ly(t) = Bye™0! is exerted at the surface of the particle A. After a transient
evolution, the translational and rotational velocities of the particle v evolve as V,(t) = C&,e"(”O”éw)
and Q. (t) = D,Yei(wot‘*'% ), respectively, and analogously for the particle . The amplitudes and phase
shifts can accurately be determined by a fitting procedure of the numerically recorded velocities using
the trust region method [125]. In this way, the rt components can be computed for a torque-free
particle as

T‘t,>\)\ Aa i(p/\ T‘t,’YA Yo igp/\
Dia s — Pra oy 3.3
afs A)\B ’ af A)\ﬂ ( )

For a force-free particle, the components ¢r and rr are computed from

tr, A\ Cha iy TN Diq o
= [ ] = [ 3.4
Hap B)\ﬁ v Hag B)\B ) ( )

for the self~-mobilities and
C. . D .

tryx _ Yo ib A _ a g
= —= e = —— e 7. 3.5
Hap T B, ¢ 0 s T By, (3:5)

for the pair-mobilities.

4 Results

In our previous work [101], we have provided analytical expressions of the translational mobility
functions for the motion nearby an elastic membrane. We have shown that the frequency-dependent
corrections to the particle self- and pair-mobility functions can exactly be written as a linear super-
position of the contributions stemming from shearing and bending resistances. In this section, we
shall carry out analogous calculations of the coupling and rotational self- and pair-mobilities.

4.1 Self-mobilities

Mathematical expressions for the hydrodynamic coupling and rotational self-mobility corrections will
be derived and expressed in terms of power series of the ratio of particle radius to membrane distance
€ := a/zy. We have shown that for the translational mobility corrections, the leading order term
scales as €. In the course of what follows, we shall show that the coupling and rotational self-mobility
corrections scale at leading order as €2 and €3, respectively.

Translation-rotation coupling

For isolated particles in an unbounded geometry, no coupling between translation and rotation
occurs [126]. The commonly observed Magnus effect [127] resulting in a drift force of a rotating
sphere follows from the full non-linear Navier Stokes equations [128]. In the following, the coupling
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tr —

mobilities will be scaled by uf = uit = 1/(67na?). The translation-rotation coupling mobility is
readily obtained after inserting the Green’s functions as defined by Eq. (2.18) into Eq. (2.16). After
computation, we find that the contribution due to shearing and bending can explicitly be expressed
as

tr,S

Poys _ 3 : : 4if | 36°T
ugrs_64<62(2+25)F1“5—52—2+]Zg+ 322>e2

+ (_634 + % (20 +8— iB% — 53F1)> et 1)
Hagh E_@(er(ﬁ) e+ —i+ﬁ(3i—ﬁ =) )€ (4.2)
ug o \32 64 ’ 64 " 384 B : .

where the subscripts S and B respectively stand for shearing and bending, and the S appearing as a
superscript stand for self. The total coupling mobility is obtained by linear superposition. It follows
from the symmetry of the mobility tensor that /LZ;E = —,u% and that ,ué"x = M%‘ZJ. Moreover, the
function E,, denotes the generalized exponential integral defined as E,(x) := [~ t~"e *!dt [113].
Here § := 6Bzonw/kg is a dimensionless frequency associated with the shearing resistance and
B = 220(4nw/kp)"/3 is a dimensionless number associated with bending [91]. Furthermore, we
define the auxiliary functions

o+ = e 7B Eq (—Z%) + 7?8 Eq (_izB) )
Y= e PBE(—ifp),
where zp := jfp and j := 27/3
conjugate. We further define

is the principal cubic-root of unity. The bar designates complex

I = ePE (i), To=e? B (;ﬁ) , (4.3)
and B .
77[)/ = Zge "*B El(—iﬁ) + zpe ¥*B El(—iZB) . (4.4)

We recall that B = 2/(1+C), a parameter associated with the Skalak model. By taking the vanishing
frequency limit in Eqgs. (4.1) and (4.2), the shearing and bending related corrections for the zy
component of coupling mobility read

Ap 3 3
lim %S =——c - —¢ (4.5)
B—=0 g 32 64

A tr,S
lim M:ieg—ié, (4.6)

Be—0 32 64

leading to the hard-wall limit obtained upon summing up both contributions term by term, namely [60]

lutr,S 3
lim mty =, (4.7)
B.88—0 [y 32

as first computed by Goldman [129]. Interestingly, the leading order terms with €2 drop out in the
steady limit where the resulting correction to the coupling pair-mobility scales as e*. We further
remark that the shearing and bending related parts have opposite contributions to the total mobility.
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Figure 2: (Color online) The scaled frequency-dependent coupling self-mobility versus the scaled
frequency. The solid particle is set a distance zy = 2a above a planar elastic membrane whose reduced
bending modulus Eg = 2/3. Here we take C' = 1 in the Skalak parameter. The theoretical predictions
are shown as dashed lines for the real (reactive) part, and as solid lines for the imaginary (dissipative)
part. Symbols refer to boundary integral simulations results. The shearing/area dilatation and
bending related parts as stated by Egs. (4.1) and (4.2) are shown in green and red, respectively. Blue
symbols refer to the rt component as obtained numerically. The horizontal dashed line stands for
the coupling self-mobility nearby a no-slip wall given by Eq. (4.7).

This interesting feature will play a significant role in the rotational dynamics of a torque-free doublet
of particles nearby an elastic membrane as it is detailed below.

In Fig. 2, we show the scaled coupling self-mobility versus the scaled frequency S of a particle
located a distance zy = 2a above a planar elastic membrane. Here we consider a reduced bending
modulus Ep := kp/(ksz3) for which the characteristic time scale for shearing Tk := 629n/ks and for
bending Th := 4123 /kp are equal [101]. We further observe that the real and imaginary parts are
nonmonotonic functions of frequency that vanish for larger frequencies, thus recovering the behavior
in a bulk fluid. In the low frequency regime, the coupling mobility approaches that predicted nearby
a hard wall as given by Eq. (4.7). We observe that shearing manifest itself somehow in a more
pronounced way compared to bending. The coupling mobilities ¢r and rt as obtained numerically
clearly satisfy the symmetry property required for particles in Stokes flows. A good agreement is
obtained between theoretical predictions and boundary integral simulations over the whole range of
applied frequencies.

Rotational mobilities

The correction to the rotational-mobility for the rotation around an axis parallel to the membrane
is readily obtained by inserting the Green’s functions as defined by Egs. (2.18) into Eq. (2.17) to
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Figure 3: (Color online) The scaled frequency-dependent rotational self-mobility versus the scaled
frequency. The analytical predictions are given by Eqs. (4.8) through (4.11). Here we use the same
color code as in Fig. 2. Horizontal dashed lines are the hard-wall predictions given by Eqs. (4.14)
and (4.15) for the components xx and zz, respectively.

obtain

AMTT,S

zx,S
Ho"
Aurr,S

zx,B
©o

:_116<w3 (Fﬁgf) - B <1+Bz2> —iB (Hé) 3>e3,

By (h+ ¢s) —6) €,

1
:ZS(

(4.8)

(4.9)

for the shearing and bending related parts, respectively. Similar, the total mobility is obtained by
superposition of the contributions due to shearing and bending. The component yy has an analogous
expression due to the system symmetry along the horizontal plane. Continuing, for the rotation
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around an axis perpendicular to the membrane, the shearing and bending related corrections read

A rr,S 3B . 92
Paos _ —12ﬁ <462BB Es <;36) = 1> e, (4.10)
Ho

A rr,S
PezB g (4.11)
Ho

Clearly, the rotational self-mobilities have a leading-order term scaling as €. Interestingly, the zz
component depends only on membrane shearing properties and does not depend on bending. Not
surprisingly, the torque exerted on the particle along an axis perpendicular to the planar membrane
induces only an in-plane displacement and therefore the resulting stresses do not cause any out-of-
plane deformation or bending. By taking the vanishing frequency limit in the xz component of the
rotational mobilities in Eqgs. (4.8) and (4.9) we obtain

rr,S

A 3
lim - wh &, (4.12)
B—0 g 16
MTT,S 1
Jim —oB = 23 (4.13)
Be—0 g 8

leading after summing up both contributions term by term to the result near a hard-wall [60]

A rr,S 5
lim SR 2 8 (4.14)

B,88—0 Mo 16

For the zz component we obtain
S
A TT,S AMTT7 1
B Eﬁgo 5:: B él—% u;’?ﬁs ) < (4.15)
’ 0 0

In the steady limit, we observe that the correction to the zx component of the rotational self-mobility
is 2.5 times larger than that of the zz component. It is therefore much easier to rotate the particle
along an axis perpendicular than parallel to a membrane endowed with a finite shearing rigidity.

In Fig. 3, we show the scaled rotational self-mobilities versus the scaled frequency ( for the
rotation about an axis parallel (a) and perpendicular (b) to the planar elastic membrane. We observe
that the real part is a monotonically increasing function of frequency while the imaginary part exhibits
the typical peak structure which occurs at g ~ 1. Considering the xax component, we remark that
shearing and bending have additive contribution to the total mobility, in contrast to the behavior
observed for the coupling mobilities. Moreover, the contribution due to shearing is found to be to
some extent more pronounced than that due to bending. The zz component is solely determined by
membrane shearing resistance and that bending does not play any role, in complete agreement with
theoretical predictions.

4.2 Pair-mobilities

Having computed the coupling and rotational self-mobilities, we now consider the fluid mediated
hydrodynamic interactions between two particles. For a pair of particles in an unbounded geometry,
coupling between translation and rotation occurs only when considering higher order reflections,
and it is not captured in the Rotne-Prager approximation [130, 131|. Hereafter, expressions for the
pair-mobility corrections will be derived and expressed in terms of a power series in o = a/h. The
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Figure 4: (Color online) The scaled frequency-dependent coupling pair-mobilities versus the scales
frequency as predicted theoretically by Eqgs. (4.16) through (4.19). The color code is the same as in
Fig. (2). Here the pair is located at zp = 2a with a distance h = 4a. Horizontal dashed lines are the
hard-wall predictions given by Eqs. (4.20) through (4.23).

latter takes only physical values strictly between 0 and 1/2 as overlap between the two particles
should be avoided. For the translational mobility, we have shown that the leading order corrections
scale linearly with respect to 0. We shall show that the leading order corrections terms for the
hydrodynamic coupling and rotational pair-mobilities scale as o2 and o2, respectively.

Translation-rotation coupling

We first consider the translation-rotation coupling components of the pair-mobility tensor nearby an
elastic membrane. By inserting the expressions of the Green’s functions as stated by Eqs. (2.18) into
Eq. (2.13), the coupling pair-mobilities can conveniently be expressed in terms of convergent infinite
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Figure 5: (Color online) The scaled frequency-dependent rotational pair-mobilities versus the scales
frequency as predicted theoretically by Eqgs. (4.32) through (4.35). Horizontal dashes lines are the
corrections predicted nearby a hard wall given by Eqgs. (4.36) through (4.39). The color code is the
same as in Fig. (2).

integrals as
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where P appearing as a superscript stand for pair, and is a shorthand for the component yA. Fur-
thermore, we define the geometric parameter £ := 423 /h? = 40%/€? and

A = 4do?u— 3¢,

Iy = 40%u® —3ué+3¢,
2u

w = ()

¢ = &/ —2uxo.

The terms involving 5 and fp in Eqgs. (4.16) through (4.19) are the contributions stemming from
shearing and bending, respectively.

Interestingly, the component yz (and thus zy of the rt coupling mobility) does not depend on
membrane bending properties. In the vanishing frequency limit, or equivalently for infinite membrane
shearing and bending moduli, we recover the coupling pair-mobility functions near a hard-wall, with
stick boundary conditions namely

ey 9 &P, 38P(E-)

l T A T2 T o9 i L2 ¢ 4.20
8,60 g 4 (1 +&)5/2 773 (14 €)7/2 g (4.20)
tr,P 1/2
. Hyz 3 f
o w20 (4.21)
A0 i (1+¢)
,UZTz’P 3 o?
hon ~ 1 ) 4.22
B.Be—0 w4 (14 £)3/2 (4.22)
tr,P
. Pzy 3 1448 o 3 4—-1 4
hmo = A1 e52? TaaLanz? (4.23)
B0 —0 g (1+¢) (1+9)

in full agreement with the results by Swan and Brady [60]. Note that the components zy and zy
keep a negative sign and that zy and yz keep a positive sign in the physical range of parameters in
which € € [0,1] and o € [0, §].

By considering independently the shearing and bending contributions to the pair-mobility cor-
rections from Eqs. (4.16) through (4.19), and taking the limit of vanishing frequency, we obtain for
the zy component

Hags  3EV2(E+4) 5 3EVP(E-4) 4

B T s aargr (4.24)
tr,P

L Hgyp  3EV2(E-2) 5 3EV2¢E-4)

1 = S S el 49

o uly 8 (e g (4.25)

leading to Eq. (4.20) after summing up both contributions. It can be shown that the shearing related
part is negative whereas the bending related part undergoes a change of sign. By solving Eq. (4.25)
perturbatively, the threshold line where the bending contribution changes sign is given in power
series of o by

0'2 29 4 7

en=V20 [14+ 4+ 0] +0(7). (4.26)

3
Hence, for € > ¢, the bending related part in the coupling mobility is negative whereas it is positive
for € < €.
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Considering next the shearing and bending contributions to the component yx, we obtain

tr,P 1/2 1/2
lim /‘yxs § £ o+ 3_¢&7 ot, (4.27)
B0 g 8+’ A4
tr,P
MyrB 3 51/2 2 3 §1/2 4
Y 171 5o 4.2
6];21(] ulr 8(1+§)3/20 +4(1+€)5/2U ) (4.28)

which keep positive and negative signs, respectively, leading to Eq. (4.21) by considering both con-
tributions. Continuing, for the yz component we get

tr,P
_ Hays 9 & , 3 46—1
! y _ b B 4.2
By T sarepr’ Tagven’ (429)
tr,P
lim B _ 3 _2%56 o 3 46—l (4.30)
Bp—0 p& 8 (1 + &)5/2 4146727 '

both of which are negative valued, leading to Eq. (4.23) after summing up both contributions.

Fig. 4 shows the tr and rt coupling pair-mobilities versus the scaled frequency for a pair of
particles located above the elastic membrane at zg = 2a, far apart a distance h = 4a. Membrane
shearing manifests itself in a more pronounced way for the components zy, yxr and yz, whereas
bending effect is more significant for the yz component. The simulations results are consistent with
the fact that the ¢r and rt coupling mobility tensors are the transpose of each other, which is indeed
ineluctable for Stokes flows. A very good agreement is obtained between theoretical predictions and
BIM simulations.

Rotational mobilities

We now turn our attention to the rotational pair-mobility nearby an elastic membrane. In a bulk
fluid, the particle rotational mobilities are obtained by inserting the infinite-space Green’s function
(Oseen tensor) given by Eq. (2.7) into (2.14) to obtain

Hrr P Mrr P MrT,P 1
T 0_3 , vy er - _ = 0,3 ’ (431)
mo" o Ho 2

where again u5" = 1/(87na®) is the rotational bulk mobility. Clearly, the two particles undergo
rotation in the same direction along their line of centers but in opposite direction for the rotation
about a line perpendicular to the line of centers. Moreover, the rotational pair-mobility along the line
of centers connecting the two particles is in magnitude twice larger than the rotational pair-mobility
perpendicular to it.

Nearby an elastic membrane, the components of the correction to the rotational mobility are
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obtained by inserting Eqgs. (2.18) into Eq. (2.14) to get

Apll /Oo 20%u? [ B ©® . 1 4y? _9
_ —4 Uy, 4.32
Wi Jo € \ePBuvip " \2w-p swd-p3) )¢ 432

AMQZZ/OO 4Bcdudy, e du
Wy Jo T &7 Butrip "

AM;Z B 0 203u2 dip 1 4u? Byx1 ~2u g 434
e 172\ 2%u — + < 3 3 ) B ; € u, ( 3 )
JIrs 0 3 ¢ iu—3  8iud— B3 u+i0
Alurr 00 4BO.3U3XO 6—2u
zZZ
= - du.
o /0 B2 Butif "

(4.33)

(4.35)

Similar, the terms involving 5 and g are related to shearing/area dilatation and bending respectively.
It can remarkably be seen that the components xz and zz depends on membrane shearing only. In
particular, the correction nearby a no-slip hard-wall is recovered in the zero frequency limit to obtain

Al 1 2456 4

=—_-_-_ > 4.36
TR 0
Ay 3 &
_3 , 4.37
W 2o’ 40
A rr _
Py _ LT s (4.38)
Mo 2 (1+€)5/2
A _ 1 %1
S . 4.39
T TTRG ek )

in agreement with the results by Swan and Brady [60]. Interestingly, the components yy and zz
undergo a change of sign for £ = 7/5 and £ = 1/2, respectively. By considering the shearing and
bending contributions to the pair-mobility corrections independently, from Egs. (4.32) — (4.35), and
taking the vanishing frequency limit, we obtain for the xx component

rr,P

3 §
lim —225 = 2 o 4.40
LT O TN (A0
MTT‘,P 0_3
lim 2B — : 4.41
D N (ENORE )

leading to Eq. (4.36) after summing up both contributions. For the component xx we obtain

rr,P

. Hyys 3 €£-1
] Yoo — _Z 3 4.42
rr,P
i -2
lim PwwB _ & o3 4.43
B—0 ,ug” (1 —+ 5)5/2 ( )

leading to Eq. (4.38). Accordingly, the shearing and bending related parts in the steady limit vanish
for £ =1 and £ = 2, respectively.

In Fig. 5, we show the particle scaled rotational pair-mobility functions versus the scaled frequency
using the same parameters of Fig. 4, i.e. for a distance from the membranes 25 = 2a and an
interparticle distance h = 4a. As already pointed out, the components zz and zz depend solely
on membrane shearing resistance whereas both shearing and bending manifest themselves for zx
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Figure 6: (Color online) Contour diagrams of the scaled steady rotation rate of doublet as stated by
Eq. (4.48) for a membrane with pure shearing, Eq. (4.49) for pure bending, and Eq. (4.47) for both
shearing and bending.

and yy components. As & = 1, the shearing related part in the yy mobility vanishes in the zero
frequency limit, and the behavior in the low frequency regime is mainly bending dominated. Since
the rotational pair-mobilities exhibit a scaling as o3, we observe that the corrections are significantly
small as compared to the coupling pair-mobilities.

4.3 Doublet co-rotation

In order to elucidate the effect and role of the change of sign observed in the particle self- and
pair-mobilities, we shall consider as an example setup the co-rotation of a doublet of particles close
to an elastic membrane. We assume equal and opposite external torques applied on the pair of
particles along the line of centers, causing the pair to rotate in opposite directions. Due to the
aforementioned hydrodynamic coupling between the particles and the membrane, the two particles
undergo translational motion along the direction perpendicular to the line of centers. Accordingly,
an induced rotational motion occurs about the center of mass of the doublet along the z direction
with a rotation rate

0=~ () (40

where the external torques are applied on both particles along the x direction such that Ly, =
—L,, = L(t). In the frequency domain, the rotation rate can conveniently be cast in the following
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Figure 7: (Color online) Scaled rotation rate of doublet versus the scaled time nearby a membrane
with pure shearing (green), pure bending (red) and both rigidities (black). Analytical prediction
correspond to Eq. (4.46) and symbols refer to boundary integral simulations. Here we use the same
parameters as in Fig. (4) for zp = 2a and h = 4a.

generic form

Qw) = L(w) /0 h st(;f)l(f)in du, (4.45)

where the integral represents either the shearing or bending related parts. Here ¢o(u) € {u,2u/B}
for the shearing contribution and ¢s(u) = u3 for bending. Moreover, 1 (u) is a real function that
does not depend on frequency. By considering now a Heaviside type function for the torque for
which L(t) = Lo6(t), whose temporal Fourier transform to the frequency domain reads L(w) =
(mé(w) — i/w) Lo, with d(w) being the delta Dirac function, the time-dependent rotation rate reads

Q(t) o 2 (U) —po(u)T
S :H(t)/o @;(u) (1_6 2(u) ) du, (4.46)

wherein 7 := t/T is a scaled time. In the steady limit for which 7 — oo, the rotation rate can be
written in a scaled form as

Q0 51
lim ——— = ¢ (805 - ) , (4.47)
T—o0 " Lo P 4
where p2 =2 +402. Now, by considering an idealized membrane with pure shearing or pure bending,
we obtain
. Qg 9 1 & 253 20262
Tl;ngo Lo o€ <—4 -3 + ra 1+ > , (4.48)
QO 1 2 92 3 2 2.2
Iy (—6—(’3(1— _ )) , (4.49)
T—o0 " Lo 4 8 p p

leading to Eq. (4.47) after summing up both members term by term. We further note that since the
zx components of the ¢r coupling self- and pair-mobilities vanish, the pair remain at the same height
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during its rotational motion above the membrane.

In Fig. 6, we show the contour diagrams of the scaled rotation rate as predicted theoretically by
Egs. (4.47) — (4.49) in the steady limit. Clearly, the steady rotation of a torque-free doublet about its
center nearby a membrane with pure shearing is clockwise, i.e. in the same way as nearby a hard-wall.
The rotation is however found to be counterclockwise nearby a membrane with pure bending.

In Fig. (7) we present the time-dependent rotation rate of the doublet rotating under a constant
external torque exerted along the line of centers, nearby a membrane with shearing-only (green),
bending-only (red) or both rigidities (black), as predicted theoretically by Eq. (4.46). We observe
that at smaller time scales, for which ¢/Tg < 1, the rotation rates amount to small values since
the doublet does not yet perceive the presence of the membrane at these short time scales. As the
time increases, we observe that the rotation rates asymptotically approach the values predicted in
the steady limit. For a membrane with both shearing and bending rigidities, the effect of shearing
is noticeably more pronounced, leading to a clockwise rotation as predicted nearby a no-slip wall.
For a membrane with pure bending however, the steady rotation rate is positive and therefore
the pair undergoes counterclockwise rotation. This interesting behavior can dramatically alter the
near membrane dynamics and behavior of force- and torque-free flagellated bacteria and swimming
microorganisms that use helical propulsion as a locomotion strategy [132, 133].

5 Conclusions

In this paper, we have studied analytically and numerically the coupling and rotational hydrodynamic
mobilities of a pair of particle moving nearby a realistically modeled red blood cell membrane
that exhibits resistance towards shearing and bending. We have modeled the elastic membrane by
combining the Skalak model for the in-plane shearing resistance and the Helfrich model for the out-
of-plane bending resistance. For a vanishing actuation frequency or equivalently for higher membrane
shear and bending moduli, our results perfectly coincide with those predicted nearby a hard-wall
with stick boundary conditions.

Using the multipole expansion and Faxén’s theorem, we have expressed the coupling and rotational
self- and pair-mobility functions as power series of the ratio between particle radius and membrane
distance and between radius and interparticle distance. We have found that the shearing and bending
related contributions may manifest themselves in a additive of suppressive manner depending on the
membrane properties and the geometric configuration of the particle-membrane system. As a model
system for bacterial locomotion, we have studied the rotational dynamics of torque-free doublet of
particles in close vicinity to an elastic membrane, finding that the magnitude and direction of rotation
in the steady limit strongly depend on membrane properties: A shearing-only membrane leads to a
clockwise rotation whereas rotation is counterclockwise nearby a bending-only membrane.

Finally, we have verified our theoretical predictions via numerical simulations performed using a
completed double boundary integral method where a very good agreement is obtained. Our analyti-
cally computed mobility functions may find applications as a basis for Brownian simulation studies
nearby planar elastic confinements.
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1 Abstract

Using a fully analytical theory, we compute the leading order corrections to the translational, rota-
tional and translation-rotation coupling mobilities of an arbitrary axisymmetric particle immersed in
a Newtonian fluid moving near an elastic cell membrane that exhibits resistance towards stretching
and bending. The frequency-dependent mobility corrections are expressed as general relations involv-
ing separately the particle’s shape-dependent bulk mobility and the shape-independent parameters
such as the membrane-particle distance, the particle orientation and the characteristic frequencies
associated with shearing and bending of the membrane. This makes the equations applicable to an
arbitrary-shaped axisymmetric particle provided that its bulk mobilities are known, either analyti-
cally or numerically. For a spheroidal particle, these general relations reduce to simple expressions in
terms of the particle’s eccentricity. We find that the corrections to the translation-rotation coupling
mobility are primarily determined by bending, whereas shearing manifests itself in a more pronounced
way in the rotational mobility. We demonstrate the validity of the analytical approximations by a
detailed comparison with boundary integral simulations of a truly extended spheroidal particle. They
are found to be in a good agreement over the whole range of applied frequencies.

2 Introduction

Hydrodynamic interactions between nanoparticles and cell membranes play an important role in many
medical and biological applications. Prime examples are drug delivery and targeting via nanocarriers
which release the active agent in disease sites such as tumours or inflammation areas [1-3]. During
navigation through the blood stream, but especially during uptake by a living cell via endocytosis [4-6],
nanoparticles frequently come into close contact with cell membranes which alter their hydrodynamic
mobilities in a complex fashion.

Over the last few decades, considerable research effort has been devoted to study the motion of
particles in the vicinity of interfaces. The particularly simple example of a solid spherical particle
has been extensively studied theoretically near a rigid no-slip wall [7-14], an interface separating
two immiscible liquids [15-20], an interface with partial-slip [21, 22] and a membrane with surface
elasticity [23-31|. Elastic membranes stand apart from both liquid-solid and liquid-liquid interfaces,
since the elasticity of the membrane introduces a memory effect in the system causing, e.g., anomalous
diffusion [28] or a sign reversal of two-particle hydrodynamic interactions [30]. On the experimental
side, the near-wall mobility of a spherical particle has been investigated using optical tweezers [32—
35], digital video microscopy [36-39] and evanescent wave dynamic light scattering [40-46], where a
significant alteration of particle motion has been observed in line with theoretical predictions. The
influence of a nearby elastic cell membrane has been further investigated using optical traps |25, 47-49]
and magnetic particle actuation [50].

Particles with a non-spherical shape, such as spheroids or rod-like particles, have also received
researchers’ attention. The first attempt to investigate the Brownian motion of an anisotropic particle
dates back to Perrin [51, 52] who computed analytically the drag coefficients for a spheroid diffusing
in a bulk fluid. A few decades later, Batchelor [53] pioneered the idea that the flow field surrounding
a slender body, such as an elongated particle, may conveniently be represented by a line distribution
of Stokeslets between the foci. The method has successfully been applied to a wide range of external
flows [54] and near boundaries such as a plane hard wall [55-57] or a fluid-fluid interface [58|. Using
the multipole expansion of the near-wall flow field, Lisicki et al. [59] have shown that to leading order
the mobility of an arbitrary axisymmetric particle near a hard wall can be expressed in closed form
by combining the appropriate Green’s function with the particle’s bulk mobility. Direct simulation
numerical investigations of colloidal axisymmetric particles near a wall have been carried out using
boundary integral methods [60], stochastic rotation dynamics [61, 62| and finite element methods [63].
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Diffusion of micrometer-sized ellipsoidal particles has been investigated experimentally using
digital video microscopy [62, 64—66]. Experiments on actin filaments have been conducted using
fluorescence imaging and particle tracking [67] finding that the measured diffusion coefficients can
appropriately be accounted for by a correction resting on the hydrodynamic theory of a long cylinder
confined between two walls. The confined rotational diffusion coefficients of carbon nanotubes have
been measured using fluorescence video microscopy [68] and optical microscopy [69], where a reason-
able agreement has been reported with theoretical predictions. More recently, the three-dimensional
rotational diffusion of nanorods [70] and rod-like colloids have been measured using video [71] and
confocal microscopy [72].

Yet, to the best of our knowledge, motion of a non-spherical particle in the vicinity of deformable
elastic interfaces has not been studied so far. In this contribution, we examine the dynamics of an
axisymmetric particle near a red blood cell (RBC) membrane using theoretical predictions in close
combination with fully resolved boundary integral simulations. The results of the present theory
may be used in microrheology experiments in order to characterize the mechanical properties of the
membrane [73].

The paper is organised as follows. In Sec. 3, we formulate the theoretical framework for the
description of the motion of a colloidal particle in the vicinity of an elastic membrane. We introduce
the notion of hydrodynamic friction, mobility, and a model for the membrane. In Sec. 4 we outline
the mathematical derivation of the correction to the bulk mobility tensor of the particle due to
the presence of an interface and provide explicit expressions for the correction valid for any axially
symmetric particle. In Sec. 5, we describe the boundary integral method (BIM) used to numerically
compute the components of the mobility tensor. Sec. 6 contains a comparison of analytical predictions
and numerical simulations for a spheroidal particle, followed by concluding remarks in Sec. 7. The
mathematical details arising in the course of the work are discussed in the Appendices.

3 Hydrodynamics near a membrane

We consider an axially symmetric particle immersed in an incompressible Newtonian fluid, moving
close to an elastic membrane. The fluid is assumed to have the same dynamic viscosity n on both
sides of the membrane. As an example, we will focus later on a prolate spheroidal particle as shown in
figure 1. The position of the centre of the particle is ry, while its orientation is described by the unit
vector u; pointing along the symmetry axis. The laboratory frame is spanned by the basis vectors
{es, ey, €.}

We denote by zg the vertical distance separating the centre of the particle from the undisplaced
membrane located at the plane z = 0 and extended infinitely in the horizontal plane xy. It is conve-
nient to introduce the body-fixed frame of reference, formed by the three basis vectors {u, ug, us}.
The unit vector us is parallel to the undisplaced membrane and perpendicular to the particle axis,
and ug completes the orthonormal basis. We define 6 as the angle between u; and e, such that
cosf = e, -ui. The basis vectors in the particle frame are then given by us = (e, x u1)/ |e, X u1]
and us = U1 X ug.

In the inertia-free regime of motion, the fluid dynamics are governed by the stationary incom-
pressible Stokes equations

NV (r) — Vp(r) + f(r)
V-v(r)

0,
0,

where v is the fluid velocity, p is the pressure field and f is the force density acting on the fluid due
to the presence of the particle. We omit the unsteady term in the Stokes equations, since in realistic
situations it leads to a negligible contribution to the mobility corrections [28]. For a discussion
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Figure 1: Illustration of a spheroidal particle located at z = 2y above an elastic cell membrane. The
short and long axes are denoted by a and ¢, respectively. The unit vector u; is pointing along the
spheroid symmetry axis and ws is the unit vector perpendicular to the plane of the figure. The unit
vector w3 is defined to be orthogonal to both w; and wus.

accounting for the unsteady term in bulk flow, see recent work by Felderhof [74]. The flow v(7) may
be superposed with an arbitrary external flow vg(7) being a solution to the homogeneous Stokes
equations in the absence of the particle.

Consider now a colloidal particle near the membrane. The total force F', torque T and stresslet
(symmetric force dipole) S are linearly related to the velocities (translational V' and angular €2) of
the particle relative to an external flow by the generalised friction tensor [75]

F Ctt Ctr Ctd vy — 174
T = Crt Crr Crd wp — 9 , (33)
S Cdt Cdr Cdd E,

with vg = vo(rp), the vorticity wy = %V X vo(rp), and the rate of strain Ey = Vwvy(rg) of the
external flow (the bar denotes the symmetric and traceless part of the velocity gradient).

A complimentary relation defines the generalised mobility tensor

V — v “tt /J'tT utd F
Q-wo | =[pt pwr pd T |. (3.4)
-S th “dr “dd E,

Upon examining Egs. (3.3) and (3.4), we note that the 6 x 6 mobility tensor p is the inverse of the

friction tensor ¢
tt o mtr\ L tt tr
Cil = <g7‘t grr> = <Z’rt er) =H. (3.5)

Relations between other elements of the generalised mobility and friction tensors may be found
directly from Eqgs. (3.3) and (3.4). These are general properties of Stokes flows following from the



180 Pub5. Mobility of an axisymmetric particle

linearity of the governing equations. Finding an explicit form of these tensors requires the solution
of Stokes equations (3.1) and (3.2) with appropriate boundary conditions on the confining interfaces.
Since we aim at computing the particle mobility nearby a membrane endowed with surface elasticity
and bending resistance, a relevant model for the membrane dynamics needs to be introduced at this
point.

The Skalak model [76] is well-established and commonly used to represent RBC membranes |77, 78].
The elastic properties of the interface are characterised by two moduli: elastic shear modulus kg
and area dilatation modulus k4. Resistance towards bending has been further included following
the model of Helfrich [79] with the associated bending modulus kp. In this approach, the linearized
tangential and normal traction jumps across the membrane are related to the membrane displacement
field h at z = 0 and the dilatation € by [28]

(0eal = =5 (Bjha + (1+20)00c) , @ € {2y}, (3.6)
[0..] = /{BAﬁhz , (3.7)

where [f] := f(z = 0") — f(z = 07) denotes the jump of the quantity f across the membrane. The
dilatation € := 0;h, + Oyhy is the trace of the strain tensor. The Skalak parameter is defined as C :=
kA /ks. Here A := 02 + 85 is the Laplace-Beltrami operator along the membrane. The components
0q Of the stress tensor in the fluid are expressed in a standard way by 0.4 = —pd.a +1(00vs + 02v4)
for o € {x,y, 2z} [75].

The membrane displacement h and the fluid velocity v are related by the no-slip boundary
condition at the undisplaced membrane, which in Fourier space takes the form

Vo = Whq|—0, «a€{z,y,2}, (3.8)

with w being the characteristic frequency of forcing in the system. The frequency-dependent elastic
deformation effects are characterised by two dimensionless parameters, as described in Daddi-Moussa-
Ider et al. [28|

12zgnw
gt
KS + KA

Further details of the derivation of 5 and g can be found in Appendix A. The effect of shear
resistance and area dilatation is thus captured by (3, while Sg describes the bending resistance of
the membrane. In the steady case for which g = g = 0, corresponding to a vanishing frequency or
to an infinitely stiff membrane, we expect to recover the results for a hard no-slip wall.

(3.9)
KB

477(.4}) 1/3

In the case of periodic forcing or time-dependent deformation of the membrane, the quantity of
interest is the frequency-dependent mobility tensor. Our aim in this work is to find all the components
of p(w) for an axisymmetric particle close to an elastic membrane. Accordingly, due to the presence of
the interface, the near-membrane mobility will then have a correction on top of the bulk mobility g,

p(w) = po + Ap(w), (3.10)

stemming from the interaction of the flow created by the particle with the boundary. To determine
the form of p(w) in an approximate manner, we use the results by Lisicki et al. [59] valid for a
hard no-slip wall and generalize them to the case of an elastic membrane. Their idea is based on a
multipole expansion [80] of the flow field around an axially symmetric particle close to a boundary,
with a corresponding expansion of the force distribution on its surface. If the particle is sufficiently
far away from the wall, they have shown that the dominant correction to its friction matrix can
be viewed as an interaction between the centre of the particle and its hydrodynamic image. They
provide explicit expressions for the elements of the friction tensor for all types of motion (translation,
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rotation and coupling terms) which yields the corrected mobility tensor upon inversion. The same
route may be followed for a membrane, provided that the form of the Green’s tensor for the system
is known.

A general Stokes flow can be constructed using the Green’s function G(r,r’) being the solution
of Egs. (3.1) and (3.2) subject to a time-dependent point force f(r) = F(t)é(r — ') with the
appropriate boundary conditions on the membrane. In an unbounded fluid, the Green’s tensor is the
Oseen tensor |75] Go(r, ') = Go(r — 7’), with Go(r) = (1 + rr/r?) /(87nr), with r := |r|. In the
presence of boundaries, the Green’s tensor contains the extra term AG describing the flow reflected
from the membrane, so that G = Gy + AG.

The exact Green’s function for a point force close to a membrane has recently been computed
by some of us in Ref. [28]. For the resolution of Egs. (3.1) and (3.2) with a point force acting at
ro = (0,0, 29), the two-dimensional Fourier transform in the xy plane was used to solve the resulting
equations with accordingly transformed boundary conditions. The procedure has been previously
described in detail and therefore we only list the main steps for the determination of the Green’s
tensor in Appendix A of this work.

4 Near-membrane mobility tensors

We search for the near-membrane mobility tensor, p(w) = po + Ap(w) by calculating the leading-
order correction to the bulk mobility. To this end, we follow the route outlined in a recent contribution
by Lisicki et al. [59] who derived analytic expressions for the friction tensor of an axially symmetric
particle in the presence of a hard no-slip wall. The friction tensor, similarly to the mobility tensor,
can be split into the bulk and the correction term

¢ =Co+ AC. (4.1)

The final expressions for the corrected friction tensor involve elements of the bulk friction tensor of
the particle, and the distance- and orientation-dependent (derivatives of) the appropriate Green’s
function. For the hard no-slip wall treated in Lisicki et al. [59] the latter is the Blake tensor [81]
while in the present case the frequency-dependent Green’s functions from Daddi-Moussa-Ider et al.
[28] are employed. The expressions for the friction tensor with a general Green’s function read [59]

AlH = %gct ttC (87777) & )QCtt ttc(t]tgttcét+ 0(263)’ (4.2)
1 1
AT = tt td O(»=3 3
¢ = S e 09+ O, (43)
1 1
rt _ rd . dt ~tt -3
A= e )240 976 + 0 (1.4
rr 1 rr _.rr rr T T T T ~TT T T —
AT =g (22) 26677 + 6T g G + Mg G + G T + Ozt . (45)
where the directional tensors g are defined by
1
AG" = . 4.
¢ 81 (229)° (220)27 (4.6)

Here, AGY are the multipole elements of the Green’s integral operator which will be derived below.
Further, v,0 € {t,r,d} and a = 1 for tt, a = 2 for (¢tr,rt,td,dt) and a = 3 for (dr,rd,rr,dd) parts.
In Eqgs. (4.2)—(4.5) it should be understood that the tensors are appropriately contracted to yield
second-order tensor corrections.
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We now apply this result to our system. Our goal is to obtain explicit expressions for the mobility
tensors for an axially symmetric particle in the presence of a membrane in terms of its bulk mobilities.
This can be done in two steps.

Firstly, we invert the friction relations (4.2)—(4.5), as detailed in Appendix B, to obtain analogous
relations for the mobilities:

At = g+ O ). (4.7)
A" = g i+ Ol"). (45)
A= 87r177 (220)2%‘19‘“ +0(z%), (4.9)
Ap" = %177(230)3 97" — o™ + g™ p" — g™ ud] + Oz ") - (4.10)

These expressions allow straightforward computation of the near-membrane mobilities for arbitrarily-
shaped axisymmetric particles if their bulk mobilities are known, either numerically or analytically.
Compared to a numerical inversion of the friction tensor, which in principle would be preferable as
it avoids the possibility of negative mobilities [59], this approach has the advantage that explicit
analytical expressions for the mobility can be obtained.

Remarkably, the final formulae include only one bulk characteristic of the particle, namely the ten-
Sors ugd and ugr which describe the rotational motion of the particle in response to elongational flow.
This form follows from the particular symmetries of an axially symmetric particle with inversional
symmetry (u; <> —uq).

Secondly, to obtain the directional tensors g, we consider a general Green’s tensor G(r,r') =
Go(r —r') + AG(r,r’) and a body placed at ry with a force distribution f(r) on its surface. The
flow at a point r due to this forcing may be written as the integral equation

v(r) = /dr’g(r,r’)-f(r’), (4.11)

with the integral performed over the surface of the body. The idea of the derivation of the correction
is to find, given the force density, the flow incident on the particle itself due to the presence of an
interface. Thus we consider Eq. (4.11) with only the membrane-interaction part AG(r,r’) of the
Green’s tensor and expand it in both arguments around » = 7’ = r(. The integrals of the subsequent
terms on the RHS reproduce the force multipole moments, while the expansion of the LHS yields the
multipole expansion of the flow field. By matching the relevant multipoles, we find explicit expressions
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for the AGY ., with ~,6 € {t,r,d}, as described in Lisicki et al. [59]. The resulting formulae are

AGl, = lim A 4.12
as =, 3, BGas (4.12)
1
tr : -
AG, 3 = T,Tl}r—I}’f‘o QGQWQMAQ,,g, (4.13)
I . 1
Aga% = r,}}r_rgro —iewﬁa’yAgau , (4.14)
Tr : 1
Agaﬂ = r,}}r_lgm Zealweg,mayagAgw, , (4.15)
td :
AGys, = ml}glm & AGas, (4.16)
d .
Aga%,y = T”’l}r_r:ro 80!Ag/3’7 , (4.17)
dr : 1 g P
Agaﬁv = ; }}r_{}lro —iewlﬁy&aAgﬁu R (4.18)
o1
Agam = T’TI}IETO ieaw,al‘@gAgw , (4.19)
dd ll—l(aﬁ)(Ws)
AGY = Tim 0,0,A0s, , (4.20)
r,r’' =7

where €4, is the Levi-Civita tensor and the symbol () denotes the symmetric and traceless part
with respect to indices «, 5. Explicitly, the reductions for an arbitrary 3rd and 4th order traceless
tensor read

—(af) 1

Mab’v = 9 (Maﬁv + Mﬁav) )
——(@B)(vd) 1
Mapys =1 (Magys + Mpays + Magsy + Mpasy) -

The prime denotes a derivative with respect to the second argument. We note that the tensors
AGITddd gre traceless due to the incompressibility of the fluid, and therefore the trace needs not be
subtracted in the procedure of symmetrization. We further remark that Eqgs. (4.12) through (4.20)
involve differentiations and elementary operations that are well defined for complex quantities, and
hence lead to convergent limits.

It is most natural to consider the correction in the reference frame of the particle, spanned by the
three unit basis vectors {wy, w2, us}. In this frame, the mobility tensors of an axisymmetric particle
have the form - -

Apqg 0 Apiy
AptT =1 0  Apk" 0 (4.21)
Aulit?;rr 0 Auétérr

for translational and rotational motion, while the translation-rotation coupling tensor reads

0 Apjy 0
Ap=(0 0 Aul). (4.22)
0 Augh 0

The rotation-translation coupling tensor Au’™ is obtained by simply taking the transpose of the
translation-rotation coupling tensor given above. (See Supplemental Material at https://doi.org/10.
1017/jfm.2016.739 for the frequency-dependent mobility corrections expressed in LAB frame).
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5 Boundary Integral Method

Here we introduce the boundary-integral method [82] used to numerically compute the mobility tensor
of a truly extended spheroidal particle. The method is perfectly suited for treating 3D problems with
complex, deforming boundaries such as RBC membranes in the Stokes regime [83, 84]. In order to
solve for the particle motion, given an applied force or torque, we combine a completed double layer
boundary integral method (CDLBIM) [85] to the classical BIM [86]. The resulting equations are then
discretised and transformed into a system of algebraic equations as detailed in [29, 87].

For the numerical determination of the particle mobility components, a harmonic force F(t) =
Ae™0t or torque T'(t) = Be'o! is applied at the particle surface. After a short transient evolution, the
particle linear and angular velocities can be described as V' (t) = Ce?@0t+%) and Q(t) = Delwot+0r)
respectively. The amplitudes and phase shifts can be determined accurately by fitting the numerically
recorded velocities using the trust region method [88]. In the LAB frame, the components Hifg and
ugﬂ of the mobility are determined for a torque-free particle as

Ca D, ;
ptty = TZBZ& : prly = A—Ze“” : (5.1)

For a force-free particle, the components /‘Zﬁ and pi; are obtained from

C. . D,
MZB == erlat 9 ngﬂ — Bigeusr . (52)

6 Spheroid close to a membrane: theoretical and numerical results

In this Section, we present a comparison of our theoretical results to numerical simulations using the
example of a prolate spheroidal particle. To begin with, we discuss the bulk mobility of a spheroid.
Further on, we show the explicit form of the correction, and finally compare the components of the
corrected mobility matrix to numerical simulations.

The bulk translational and rotational mobility tensors of a general axisymmetric particle have

the form
tt,rr

By = Mﬂ’rulul + 0 (1 = uguy) . (6.1)
The third-order tensors ugd and pgr have the Cartesian components
rd _ord,, I —(57) 9
(/J,O )aﬁ'y = M Ug€raBUy ) 6.
—(ap
(:u’gr>aﬁ'y = ,udruozeﬁ'yo'(a )Uo s (63)
where, following from the Lorentz reciprocal theorem [75]

pdr = prd = . (6.4)

Note that due to the axial and inversional symmetry in bulk, we have pf" = pf! = 0 and uf)d = ,ugt =0.

For a prolate spheroidal particle of eccentricity e, analytical results are available and the bulk
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mobility coefficients are given by [75, Tab. 3.4/,

1 32+ (1+¢)L

,uﬁ ~ 6mc8 e3 ’ (6:5)
i = 67T1n01362@ + (36632 - 1)L | (6.:6)
M= 8#1703 Z 26(;((11__:22))1’ ’ (6.7)
i 1 3-2+(14+€*)L (6.8)

T 834 e3(2-—e2)

where a and c are the short and long axis of the spheroid and

¢ — 1—(%)2, L:lnGjZ). (6.9)

To obtain the final ingredient u™ we observe from the definitions in Egs. (3.3) and (3.4) that
,ug%y = uggg‘gﬁv and Maﬂ»y Cgﬁéugv’ leading to

W= (6.10)

The component rd of the friction tensor is [75]

rd 5
4
¢ 1 c . (6.11)
8mned  3—2e+ (1+e?)L
Therefore we obtain the rd coefficient of the mobility tensor
2
e
A=——. 6.12
2 —e2 (6.12)

Having introduced the bulk hydrodynamic mobilities of a spheroid, we turn our attention to the
membrane correction which in the frame of the particle can be written as in Eqs (4.21) and (4.22).
We find that the corrections to the translational mobilities as given in general form in Eq. (4.7) can,
for a spheroid, be written in closed form as

8m1(220) At = Psin® 6 + Q cos® 6, (6.13)
8N (220) Aty = (P Q) sinf cos b, (6.14)
8mn(220) Apbly = (6.15)
871 (220) Aty = Pcos? § + Qsin’ 6, (6.16)

and Apl, = Apf,. Thus they have the desired symmetry of Eq. (4.21). Expressions for P(8, 8g) =
Ps(B) + Ps(PB) and Q(B, ) = Qs(B) + @B(BB) are provided explicitly in Appendix C.

For the translation-rotation coupling, the non-vanishing mobility corrections as given by Eq. (4.8),
can be cast in the frame of the particle as

81 (220)° Aply = Asin (M + N cos? 9) , (6.17)
871 (220)2 Apby = AM cos 8, (6.18)
87m1(220)°Apby = —Acosd (M + Nsin0) (6.19)
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Figure 2: (Color online) The scaled translational mobility correction components versus the scaled
frequency. The spheroid is located above the membrane at zy = 2¢ inclined at an angle § = 7/3 from
the vertical. The analytical predictions of the real and imaginary parts of the translational mobility
corrections are shown as dashed and solid lines, respectively. The corrections due to shearing and
bending are shown respectively in green (bright grey in a black and white printout) and red (dark grey
in a black and white printout). Horizontal dotted lines represent the hard-wall limits from Lisicki et al.
[59]. BIM simulations are marked as squares and circles for the real and imaginary parts, respectively.
For the membrane parameters we take a reduced bending modulus Ep := kp/(c?ks) = 2/3 and the
Skalak parameter C' = 1.

where M and N are now functions of the parameters 8 and Sg, and can likewise be decomposed
into shearing and bending contributions. The dependence on the bulk rd mobility A is explicitly
separated out.

Finally, considering the rotational part as stated by Eq. (4.10), the non-vanishing components of
the mobility correction in the frame of the particle can conveniently be cast in the following forms

8T (220 Ti = Ag + As cos? 0,

by = Co + ACp cos® 0 + A*Cycos’ 0,
" = Hy + Hycos? 0,

8mn (229

(220)°Ape (6.20)
871(220)* Ay = Dsinf cosf, (6.21)
(220)°Aps (6.22)
8m1(220)3 Ap (6.23)

and with Apjh = Apb. All the functions depend on (8, fg) and are decomposed into bending and
shearing parts in appendix C. In addition, the functions C', D and H depend on the coefficient A.
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Figure 3: (Color online) The scaled coupling mobility corrections versus the scaled frequency. Black
and blue symbols refer to the ¢r and rt components, respectively, obtained from BIM simulations.
The other colors are the same as in figure 2.

It can be seen that the mobility corrections for an axisymmetric particle in their dominant terms
possess a simple angular structure. The latter stems from the contraction of the particle friction
tensors (which have an axial symmetry, dictated by their shape, with respect to the body axis) with
the vertical multipole components of the Blake tensor (which have the same structure but with
respect to a different axis, i.e. the vertical direction). This contraction requires transformation of
corresponding tensors into the common frame of reference, which generates simple polynomials in
sine and cosine functions of the inclination angle as discussed in Lisicki et al. [59].

In the following, we shall present a comparison between these analytical predictions and numerical
simulations using the Boundary Integral Method, presented in Sec. 5. We consider a prolate spheroid
of aspect ratio p := ¢/a = 2, inclined at an angle § = 7/3 to the z axis, positioned at zp = 2¢
above a planar elastic membrane. For the membrane, we take a reduced bending modulus Eg :=
cks/kp = 3/2 for which the characteristic frequencies 3 and ﬂ% have the same order of magnitude.
The Skalak parameter is C' = 1. Corresponding data showing the effect of the inclination angle and
the reduced bending modulus can be found in the Supporting Information. Our analytical predictions
are applicable for large and moderate membrane-particle distances for which ¢/zp ~ O(1) where we
find good agreement with numerical simulations.

Henceforth, the mobility corrections will be scaled by the associated bulk values. For diagonal
terms, we choose the corresponding diagonal elements, namely uﬂ’r for 4y} and p')" for Mg’;gg. For

t,r tr

non-diagonal terms, we use an appropriate combination of bulk mobilities, that is ,/u” p for
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Figure 4: (Color online) The scaled rotational mobility correction component versus the scaled
frequency. Black and blue symbols refer to the 13 and 31 components, respectively, obtained from
BIM simulations. The color code is the same as in figure 2.

translations and rotations. The translation-rotation coupling tensors are scaled by /pf p'} .

In figure 2 we compare the components of the translational mobility calculated from Eq. (6.13)—
(6.16) with those obtained from BIM simulations. For the diagonal components we observe that
the real part of the complex mobility corrections is monotonically increasing with frequency. The
imaginary part exhibits a non-monotonic bell-shaped dependence on frequency that peaks around
B ~ 1. The off-diagonal components 13 and 31 show a more complex dependence on frequency.
In the vanishing frequency limit, we recover the corrections near a hard-wall with stick boundary
conditions recently calculated by Lisicki et al. [59]. We further remark that for the present inclination
of & = 7/3 the components 33 and 13 are principally determined by bending resistance whereas
shearing effect is more pronounced in the components 11 and 22. A very good agreement is obtained
between analytical predictions and numerical simulations for all components over the entire range of
frequencies.

By examining the off-diagonal component 31 shown in figure 2 b), it is clear that the shearing-
and bending-related parts may have opposite contributions to the total translational mobility. This
observed trend implies that upon exerting a force along w1, there exists a drift motion along ws,
either away or towards the membrane, depending on the shearing and bending properties. In fact,
for a membrane with bending-only resistance, such as a fluid vesicle, the spheroid is pushed away
from the membrane in the same way as near a hard-wall. On the other hand, for a membrane with
shearing-only resistance, such as an artificial capsule, the motion is directed towards the membrane.
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Figure 3 shows the corrections to the translation-rotation coupling mobility versus the scaled
frequency computed from Eq. (6.17) and (6.19). We observe that bending resistance is essentially
the dominant contributor to the coupling mobility. It can be shown that this trend is always the case
regardless of spheroid orientation. The BIM simulation results are consistent with the fact that the
tr and rt mobility tensors are the transpose of each other and a good agreement is obtained between
analytical predictions and simulations. The coupling terms are generally very small compared to
the relevant bulk quantities. This makes them somewhat more difficult to obtain precisely from the
simulations which explains the small discrepancy notable in figure 3 a).

In figure 4 we present the corrections to the components of the rotational mobility tensor as
calculated by Eq. (6.20)—(6.23) compared to the BIM simulations. We remark that the shearing
contribution manifests itself in a more pronounced way for the rotational mobilities. Moreover, the
correction to the rotational motion is less noticeable compared to the translational motion especially
for the off-diagonal component. This observation can be explained by the fact that the rotational
mobility corrections exhibit a faster decay with the distance from the membrane, scaling as z, 3
compared to z, ! for translational motion. Again, a good agreement is obtained for the rotational
mobility corrections between analytical predictions and numerical simulations.

7 Conclusions

In this paper we have computed the leading-order translational, rotational and translation-rotation
coupling hydrodynamic mobilities of an arbitrary shaped axisymmetric particle immersed in a New-
tonian fluid in the vicinity of an elastic cell membrane. The resulting equations contain (i) the
particle-independent mulitpole elements of the near-membrane Green’s integral operator which have
been calculated in analytical form in the present work and (ii) the mobility tensor of the particle in
bulk. The mobility corrections are frequency-dependent complex quantities due to the memory induced
by the membrane. They are expressed in terms of the particle orientation and two dimensionless
parameters § and Sp that account for the shearing and bending related contributions, respectively.
In the zero-frequency limit, or equivalently for infinite elastic and bending moduli, we recover the
mobilities near a hard no-slip wall. We apply our general formalism to a prolate spheroid and find
very good agreement with numerical simulations performed for a truly extended spheroidal particle
over the whole frequency spectrum.
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Appendices

A The Green’s function for an elastic membrane

The Green’s functions for an elastic membrane have been derived and discussed in detail in earlier
papers |28, 30|. Here, we only sketch the derivation which starts with a 2D Fourier transform of
the Stokes equations and boundary conditions. It is convenient to introduce an orthogonal basis in
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the zy plane, spanned by the unit vectors e; = q/|q| and e; = e, x e;, respectively parallel and
perpendicular to the wave vector g. This basis is rotated by the angle ¢ = arctan(gy/q,) with respect
to the laboratory frame.

After the pressure has been eliminated from the Fourier transformed momentum equations, the
following set of ordinary differential equations is obtained

Fy

qQﬁt - 'IN)t,zz = ?(5(25 - z(]) ) (Ala)
8 _ . ¢F iqF;
V22222 — 2q2vz,zz + q4vz = 1 7 Z(S(Z - ZO) + %5/(2’ — Z()) , (Alb)
iUz,
v = 777 AlC
: (A1e)

where ¢’ is the derivative of the Dirac delta function. After some algebra, it can be shown that the
traction jump due to shearing as stated in Eq. (3.6) imposes at z = 0 the following discontinuities

[01:) = —iBaq®Vy|,_y »  [0z02) = —4iag’0sz|,_ (A.2)

where « := kg/3Bnw is a characteristic length for shear and area dilatation with B := 2/(1 + C).
The normal traction jump as given by Eq. (3.7) leads to

[0:,222] = 4iaq°v. |, (A.3)

where oz% := kp/4nw, with ap being a characteristic length for bending. The dimensionless numbers

B and g stated in Eq. (3.9) are defined as 3 := 2zp/a and fp := 2zp/ap.

The Green’s tensor in this basis {e;, e;, e, } has the form

3 Gu 0 G-
G(g,2,w) = 0 Gt 0 . (A.4)
gzl 0 gzz

The components of the Green’s functions for z > 0 are expressed by

iazzoq?’ n ioz%q?’(l + qz)(l + q20) o—4(2+20)
1 —iaq 1 —iadq? ’

~ 1 o
gzz—m<(1+q|z—zg\)e alz ZO|+(

) ; 3.5
477‘] 1 —iaq 1— ia%q3 )

~ 1 1Ba
— | p—alz—20] 9 _—q(z+z0)
Gt 2nq (e + 2 — iBaqe > ’

with the off-diagonal components

iazoq?(1 — qz) B iad2q* (1 + qzo) o—a(z+0)
1 —iaq 1 —iadq? ’

~ 1 o
G, = 477q<—q<2—2’0)6 qlz—=ol —+ (

Ga = (- q(z — z)e~dF2l 4 itz (1~ a%) + fapa'zo(1 +g2) emalztz0) )
4ngq 1—iaq 1 —iadq?

The terms which contain e~4#~%| are the Fourier-transformed elements of the Oseen tensor and do
not depend on the elastic properties of the membrane. The remaining part comes from interactions
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with the interface. We now back-transform (A.4) to the laboratory frame. Defining
g~:|:(Q7 Z,O)) = Gtt(qv va) + gll(Qa Z>w> )

and performing the inverse spatial Fourier transform [89], we find that the Green’s functions for a
point force acting at ro = (0,0, z9) can be presented in terms of the following convergent infinite
integrals

1 .
G..(r,w) 27r/ G:-(q, 2, 20,w)Jo(pq)qdq ,
]_ ~
Gow (T, W) 47r/ ( (¢, 2, z0,w)Jo(pq) + G- (q, 2, 20, w) J2(pq) cos 29) qdq,
1 ~
gyy r, w 471_/ < Q;Z,Zoaw)JO(PQ) - g—(Q7Z7z07w)J2(pQ) COS 26) qdqv
H
Goy(r.) = 22 [ 76 (0 2020.) el pa)ada,
™ 0
Grz(r,w) / Gi-(q, 2, 20,w) J1(pq)qdq,
Gor(r,w) / G.1(q, 2, 20,w)J1(pg)qdq ,

where p := /22 + y? is the radial distance from the origin, and © := arctan(y/z) is the angle
formed by the radial and x axis. Furthermore, G,. = G,.c0s0, G,. = G,;.sin©, G.;, = G, cosO,
G.y = G.rsin© and Gy = G,y Here J,, denotes the Bessel function [90] of the first kind of order n.

In the vanishing frequency limit, or equivalently for infinite membrane shearing and bending
rigidities, the well-known Blake tensor [81] is recovered for all the components of the Green’s functions.

B Derivation of general mobility relations

Here we sketch the manipulations that lead from the corrected friction tensor, given by Eqs. (4.2)
through (4.5), to the mobility correction in Eqs. (4.7) through (4.10). We shall focus on the ¢t
part only, since the others follow analogously. Relation (3.5), rewritten as u¢ = 1, defines the
relations between elements of the friction and mobility tensors of a particle close to a membrane.
The membrane-corrected tt friction tensor and the membrane-corrected ¢t mobility are thus related
by

“ttctt + Mtrcrt — 1’ (Bl
Httctr + Htrcrr — 0’ (B2)

from which we have
t— [¢tt _ ¢tr(¢rry~ient L, (B.3)

We know from Eqs. (4.2)-(4.5) that the corrected friction has the following structure

¢ = ¢+ A, (B.4)
CTT _ 6T+Ac1“7" (B5)
Ctr _ ACtT, (B6)
Crt — ACw‘,, (B?)
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with the known distance-dependence of these elements. Moreover, for an axially symmetric particle,
we have

¢ = ()™ o= () (B.8)

since the bulk friction and mobility tensors are diagonal. We now rewrite Eq. (B.3) as
~1
pt = [ 1+ Al — ACT (¢ + ACT) T AC ] (B.9)

and expand the expression 1/(14J) =1 — 3 + 62 — ... around the bulk quantities. Restricting to
quantities decaying slower than z; 3 we immediately find Eq. (4.7). An analogous procedure leads
to the tr, rt and rr mobilities, where the elements of the bulk friction and mobility tensors combine
to contribute only in the form of ugT = ngcgd and ugd = —Cgrug". The latter relations follow from

the definitions (3.3) and (3.4).

C Expressions required for the spheroid mobilities

The results for the correction are given in terms of the wall-particle distance zg, its inclination angle 6
and functions denoted by capital letters in Egs. (6.13) through (6.23) of the dimensionless shearing
and bending parameters, 8 and Bg. Below, we provide explicit expressions for these functions. They
can conveniently be expressed in terms of higher order exponential integrals [90]. The contributions
from the membrane shearing (index S) and bending (index B) are given separately. By summing up
both, we arrive at the final expressions. Notably, in the limit of vanishing frequency, our results are
in complete agreement with those given by Refs. [59, 91].

C.1 Translational mobility

For the functions P and ), we find the shearing contribution as

2 ; ; 2 2 )
Ps(B) :—Z+%—%+%F2+ (—@ﬂf <1—B4>> e E1(if),

Qs(B) = ~5E7 Ea(iB),

and the bending part

- 03
Ps(BB) = —i + 22%3 (p+ +TB),
5 5 ifs | 1 5 ifs 1 s (g V3 .
Qr(BB) = ) +25B< (12 + & + 6> Oy + <12 T3 3> e 1(—iBB) + ?(5B +Z)¢—> )
with

by =e 7B Ei(—izB) + e %8B Ei(—izB),
i 27

FQ - 6% El <§> )

I'g = e_wB El(—iﬁB) ,

where zp := fe?™/3 and the bar denotes the complex conjugate. The function E,, is the generalised
exponential integral, E, (z) = floo et s,
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C.2 Translation-rotation coupling
The translation-rotation coupling is determined by the functions M and N, which we similarly

decompose into two parts. Recalling that B = 2/(1 4+ C'), the shearing part reads

2 - 23 2 2 2
Ms(ﬁ)Zi—z’ﬁ(iJr;)Jr?)g—kzg—i(l—kz’ﬁ—i)lﬁ—%}ib,

2 <03 . 2 2
Ns(ﬁ)z—i+w<;+;)—3§+zg + 5 <1+T+i>rl+‘;§2r2,

while the bending part is

: 03 4 3
MB(BB):Z—%‘F%FB‘F%@ZM
_9 By B3 (. Db By B
NB(ﬂB)—4—8—4<Z—6)FB+241/)—4¢+7

where we defined

I =ePE(iB),

P = Eeiiﬁ El(—i%) + ZBeiiZB El(—iZB) .

C.3 Rotational mobility

The rotational mobility is described by a set of functions. The functions Ag and As defined for the
component Aujf in Eq. (6.20) are given by

. . »
Ao,s(ﬁ)=§+w<1+1>+52 <1+1>Z§F1wr2,

2 B 2 ' B2 B3

1 B [1 o 1 1 iB3 2i33

A =4+ (=1 — )+ 22T
2s8) =5+ 3 (B >+6 <B2 2)+ 2 ' p3 ¥

3

Aop(Bn) = ~Asp(Bm) = 1+ "B (6. +Tp)

For the component Apfh, the function D defined in Eq. (6.21) is given by

Ds(B)=—1+w<1_H‘>+B2 (;_’_)\_1—)\>+iﬂ3<2(1_)\)rz

2 2 B 4 B2 B3
A+1 A \3%
- ry+2= -r
2 1+4>+ 4 1,
3\ 3 2 2, + N A\34
DB(/@B):—1+2+B£<—Z>\+3FB+ ¢+3 w)‘F 1B2BFB-

Further, the shearing related parts of Cp, Cy and Cy as defined for the correction Ausj in Eq. (6.22)
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read
Cos(B) = _g (1422) + (iA2862 _Al ; NB a1 - )\)2> 1, %(1 2,
z'f ()\2+2+(1;J) 642 </\22)\+2+(13_2)‘)>

1 3\ 234
—aag3lz22) -
ir5 <2 8) 8

Cas() =5 = 2 +i8) (i - A5 -20) ) 11—

3 i —3A
3(4 3A)BF—|—2<8+ 5 )

5 (3 4 — 3\ 5 (9 C3A
+ (16+1+ g ) T8 (55 1) 5580
_ 3 (L L 2L 1 s(_9 _ 6
Cys(B) = 4+3z5< 16+2B>+ 36 ( 16+BQ)+ if3 ( 39 BgFg)

3 3 . ] 2 3 4
2 _g_"= | R
+ 85 <Z I} 45 ) 1+ 326 ,
and the bending-related parts read

- 03
Cop(BB) = —1—=3A(1+A) + Z%A(A +4) — BB( IA2BE + 4\Bg — 4i)Tp
3 ')\2
+ EB <i¢+ — A+ ZjﬁB(dJ + 5B¢+)> ;
Can(n) =6~ Pr—i8} (1= 2) + (3 - 52 ) sira+ By + 500w + o),

3 32
CyB(BB) = % - 3;58 + 1528 ZﬁB (1/1 + Bro+)

Finally, the functions Hy and Hy defined for the component Apufs in Eq. (6.23) read

B By g (NH2, N L (242 A2 >\2B3 ,
Hys(B) =—1— 1/\ +ip < 5B > B J2Z + 16 (18 — 4i +45)T
3i)2 234
3 _ = 2 _
+ 8 < 39 ()\ )F2> 35

1 3 ix i i A+1 24 1
H. = ———Z) A2 4 . 2( 22 4+ A
2,5(8) +ﬂ<16 BT 2B>+B <16 2 TBE B
3A2B4

3 64i(1 — 2\)I , . ,
B (91)\2 + 16i\ + (33)2 + (4 + 6+ 31)\6)()\6 — 2i\ — 4Z)F1> — 32 s

and

.03 205
Hop(Bp) = \? (—4 + % - Zgg BB (¢ + ﬁB¢+)) ;

i)\ 2
Hyp(Bp) = —1+3X — %)\2 + 8 (M < A 1> % (HABB _ 3M16BB> FB>

\2 3
ﬂB (¢ + Bo4) + ol (WJ +igy).
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Abstract

Elastic channels are an important component of many soft matter systems, in which hydrodynamic
interactions with confining membranes determine the behavior of particles in flow. In this work,
we derive analytical expressions for the Green’s functions associated to a point-force (Stokeslet)
directed parallel or perpendicular to the axis of an elastic cylindrical channel exhibiting resistance
against shearing and bending. We then compute the leading order self- and pair-mobility functions
of particles on the cylinder axis, finding that the mobilities are primarily determined by membrane
shearing and that bending does not play a significant role. In the vanishing-frequency limit, the
particle self- and pair-mobilities near a no-slip hard cylinder are recovered only if the membrane
possess a non-vanishing shearing rigidity. We further compute the membrane deformation, finding
that deformation is generally more pronounced in the axial and radial directions, for the motion along
and perpendicular to the cylinder centerline, respectively. Our analytical predictions are verified and
compared to fully resolved boundary integral simulations where a very good agreement is obtained.

1 Introduction

Many biological and industrial microscale processes occur in geometric confinement, which is known
to strongly affect the diffusional dynamics in a viscous fluid [1, 2|. Hydrodynamic interactions
with boundaries play a key role in such systems by determining their transport properties [3—7].
Tubular confinement is of particular interest, since flow in living organisms often involves channel-like
structures, such as arteries in the cardiovascular system [8]. A common feature of these complex
networks of channels is the elasticity of their building material. Arteries and capillaries of the blood
system involve a large number of collagen and elastin filaments, which gives them the ability to
stretch in response to changing pressure |9, 10|. Elastic deformation has been further utilized to
control and direct fluid flow within flexible microfluidic devices [11-13].

The motion of a small sphere in a viscous fluid filling a rigid cylinder is a well studied problem. A
review of most analytical developments can be found in the classic book of Happel and Brenner [14]. In
particular, axial motion has been studied using the method of reflections by Faxén [15, 16], Wakiya [17],
Bohlin [18] and Zimmerman [19], to name a few, expressing the mobility in power series of the ratio
of particle to cylinder diameter. These works have been extended to finite-sized spheres [20, 21],
pair interactions [22, 23] and recently to non-spherical particles [25]. For an arbitrarily positioned
particle, and in the presence of an external Poiseuille flow, the procedure has been generalized to yield
expressions in terms of the particle and channel radius, and the eccentricity of the position of the
particle, as derived e.g. in the works of Happel and collaborators [26-29| and Liron and Shahar [30].
The slow motion of two spherical particles symmetrically placed about the axis of a cylinder in a
direction perpendicular to their line of centers has later been studied by Greenstein and Happel [31].
Experimental verification of these results has been performed e.g. by the use of laser interferometry
by Lecoq et al.[32] or using digital video microscopy measurements by Cui et al. [22|. Theoretical
developments have been supplemented by numerical computations of the resistance functions for
spheres, bubbles and drops in cylindrical tubes [33-38|. Other works include motion perpendicular to
the axis [39], finite length of the tube [40] and the flow around a line of equispaced spheres moving
at a prescribed velocity along the axis of a circular tube [41]. Transient effects have also been taken
into account in the works of Felderhof, both in the case of an incompressible [42] and compressible
fluid [43-45].

For elastic cylinders, most previous work has focused on the flow itself which is driven through
a deformable elastic channel [46, 47] where various physiological phenomena related to the cardio-
vascular and respiratory systems have been observed, including the generation of instabilities [48],
small-amplitude wave propagation [49, 50|, hysteresis behavior of arterial walls [51] and anomalous
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bubble propagation [52, 53|. Further work has been devoted to investigate the influence of elastic
tube deformation on flow behavior of a shear-thinning fluid [54-56], the steady flow in thick-walled
flexible elastic tubes [57, 58| or the tensile instability under an axial load [59, 60|. More recently,
the lateral mobility of membrane inclusions in a cylindrical biological membrane has been studied
theoretically [61, 62].

The mobility of a particle inside an elastic cylinder, despite its importance for blood flow, has
not been studied so far. Motivated by this knowledge gap, we turn our attention to the problem of
hydrodynamic mobility of a small spherical particle slowly moving in a viscous fluid filling a circular
cylindrical elastic tube. In blood flow through small capillaries, the Reynolds number is typically very
small allowing us to adopt the framework of creeping (Stokes) flow [63]. It is known from previous
works on systems bounded by elastic surfaces [64] that their deformations introduce memory into
the system, which may lead to transient anomalous diffusion [65, 66] or a change of sign of pair
hydrodynamic interactions [67]. We determine the frequency-dependent mobility of a small particle
confined in a cylindrical membrane of given elastic shearing modulus and bending rigidity in an
incompressible Newtonian fluid filling the whole space. The solution is obtained by directly solving
the Stokes equations in cylindrical geometry by the use of Fourier-Bessel expansion to represent the
fluid velocity and pressure.

The remainder of the paper is organised as follows. In section 2, we formulate the problem of
axial and radial motions of a small colloid inside an elastic tube in terms of the Stokes equations
supplemented by appropriate boundary conditions. We then present the method of solving these
equations and use the obtained results in section 3 to derive explicit expressions for the frequency-
dependent self- and pair mobility functions for colloids moving along or perpendicular to the centreline
of the tube. Further, we calculate the reaction tensor which allows to find the deformation of the
membrane for a given actuation. In section 4, we compare our theoretical developments to boundary
integral numerical simulations for a chosen set of parameters for particles moving under a harmonic
or a steady constant external force. We conclude the paper in section 5 and relegate technical details
to the appendices. In appendix A, we derive in cylindrical coordinates the traction jumps across a
membrane endowed with shear and bending resistances, which serve as boundary conditions for the
calculation of the relevant Stokes flow. Appendices B and C provide explicit analytical solutions for
axial and radial motions, respectively, for the two limiting cases of a membrane resisting either only
to shear or only to bending. The solution combining the two can be derived in the same way.

2 Theoretical description

We consider a small spherical particle of radius a fully immersed in a Newtonian fluid and moving
on the axis of a cylindrical elastic tube of initial (undeformed) radius R > a. The tube membrane
exhibits resistance against shear and bending. We choose the cylindrical coordinate system (r, ¢, z)
where the z coordinate is directed along the cylinder axis with the origin located at the centre of
the particle (see figure 1 for an illustration of the system setup). The regions inside and outside the
cylinder are labeled 1 and 2, respectively.

We proceed by computing the Green’s functions which are solutions of the Stokes equations

nV?v, — Vp + F(t)6(r) =0, (2.1a)
V"U1 :0, (2.1b)
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Figure 1: Illustration of the system setup. A small spherical solid particle of radius a located at the
origin moving on the centreline of a deformable elastic tube of radius R.

inside the tube (for » < R) and

nV?vy — Vpy =0, (2.2a)
A\ Uy = 0, (2.2b)

outside (for r > R). Here n denotes the fluid shear viscosity, assumed to be the same everywhere.
F(t) is an arbitrary time-dependent point-force acting at the particle position. We therefore need to
solve Egs. (2.1) and (2.2) subject to the regularity conditions

|vi| < oo for |r| =0, (2.3)
v, — 0 for z — o0,
v9 — 0 for |r| = oo, (2.5)

together with the boundary conditions imposed at the surface r = R, assuming small deformations,
namely the natural continuity of fluid velocity

o] =0, (2.6
[’U¢] =0 y 2
[UZ] =0,
and the traction jumps stemming from membrane elastic deformation
[Uzr‘] = Afzs) (29)
o] = A5 (2.10)
o] = ASP +AFP, (2.11)
where the notation [w] := w(r = RT) — w(r = R™) stands for the jump of a given quantity w

across the cylindrical elastic membrane. These linearised traction jumps can be decomposed into two
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contributions due to shear (superscript S) and bending (superscript B). The membrane is modeled
by combining the neo-Hookean model for shear [68-71]|, and the Helfrich model [72, 73] for bending
of its surface. As derived in appendix A, the linearised traction jumps due to shear are written as

s _ ks Buzg:  A(urg + Uggo)
Af¢ - _73 <u¢)7zz + R + R2 9 (212&)
2uy , + 3u U
A S — _@ 4 5 2z T‘,Z (bzzd) Z:d)d) 212b
2Kg Q(UT + Uy ¢) Uy o
AfS =22 ’ ’ 2.12

where kg is the surface shear modulus (expressed in N/m). Here u(¢, 2) = u,(¢, 2)e, + ugy(d, 2)eq +
uy(¢, z)e, is the membrane deformation field. The comma in indices denotes a partial spatial deriva-
tive.

For bending, only a normal traction jump appears

Ur + 2urgg + Ur,¢¢>¢¢) (2.13)

qu}g = KB <R3u7‘,zzzz + 2R(ur,zz + ur,zz¢>¢>) + R

where kp is the bending modulus (expressed in Nm). Note that Helfrich bending does not introduce
a discontinuity in the tangential traction jumps [73].

The effect of these two elastic modes, given the characteristic frequency of actuation w, is deter-
mined by two dimensionless quantities, the shear coefficient a and the bending coefficient ap, defined

as 13
2Kg 1 (kB
= == — . 2.14

“ 3nRw’ BTR (nw) (2.14)

Note that this definition is slightly different than in our earlier works [65]. The actuation frequency w
is assumed to be small enough so that the flow Strouhal number St = wR/V remains small, with V
being the amplitude of the particle velocity.

In cylindrical coordinates, the components of the fluid stress tensor are expressed in the usual
way as [74]

Vg + Urg
T b

Opr =1 (Uqﬁ,r -
Ozr = n(vz,r + 'Ur,z) s

Opr = —P + 200y, .

A direct relationship between velocity and displacement at the undisplaced membrane » = R can
be obtained from the no-slip boundary condition, v = dyu. Transforming to the temporal Fourier
space, we have [75]

ta(d,2) = WO gy (2.15)
w r=R

We then solve the equations of motion by expanding them in the form of Fourier integrals in
two distinct regions (inside and outside the cylindrical membrane). The solution can be written in
terms of integrals of harmonic functions with unknown coefficients, which we then determine from
the boundary conditions of (a) continuity of radial, azimuthal and axial velocities, and (b) surface
traction jumps deriving from the elastic properties of the membrane. We present the full analytic
solutions for two limiting models of the membrane susceptible only to shear or bending deformations.

We begin by expressing the solution of Eqgs. (2.1) inside the cylinder as a sum of a point-force
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flow field and the flow reflected from the interface 76, 77|
v =00 + v,
p =1 +p",

where v5 and p® are the Stokeslet solution in an infinite (unbounded) medium and v* and p* are
the solutions of the homogenous (force-free) Stokes equations

nV3v* — Vp* =0, (2.16a)
V.v"=0, (2.16b)
required such that the full flow field satisfies the regularity and boundary conditions. In the following,

we shall consider the cases of particle motion parallel or perpendicular to the cylinder centreline
separately.

2.1 Axial motion

The Stokeslet solution for a point-force located at the origin and directed along the cylinder axis
reads [78|

g F, zr S F, /(1 22 s F.z
d+d3 y D

U S T sy T

where d := v/r2 + 22 is the distance from the singularity position. We now rewrite the Stokeslet
solution in the form of a Fourier integral expansion noting that

rz 0 z 1 22 2 0 z
c__YZ 4z _z2_ZZ 2.1
d3 ord’ d+d3 d 0zd’ (2.17)

and making use of the integral relations [27, 79|

2 o0
= / Ko(gqr)cosqzdg, (2.18a)
T Jo

Qlw

2 oo
= 7“/ K(gr)singzdg, (2.18b)
T Jo

wherein K, is the ath order modified Bessel function of the second kind [80]. We thus express the
axisymmetric Stokeslet solution in the integral form with the wavenumber ¢ as

F o
S z .
= K d 2.19

Uy (7", Z) 471_277 /0' rq O(CIT) smqgzdqg, ( a)

S F, [
v (r,2) = —5 / <2K0(qr) —qrK; (qr)) cosqzdq, (2.19b)

4m*n Jo

S F, [~ .

p>(r, z) = 22 qKo(qr)singzdg, (2.19¢)
0

using the relation 0K (qr)/0r = —qKo(qr) — Ki(qr)/r.

The reflected flow can also be represented in a similar way by noting that the homogenous Stokes
equations (2.16) for axisymmetric motion have a general solution expressed in terms of two harmonic
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functions ¥ and @ as [14, p. 77|

MES \IJ“’T + [P (2.20a)
U: = ‘Ij“,z +rq>”,rz+(1)”,z’ (220b)
pt=-2n® . (2.20c)

The two functions ¥ and @ are solutions to the axisymmetric Laplace equation which can be
written in an integral form as

F, o0 )
B =i | @iifar)sintaz) do. (2.91a)
\v—j;n / ¥)(a) £y (ar) sin(q=) da. (2.21b)

where ¢ and ¢ are to be determined from the boundary conditions. At this point, the arbitrary
prefactor outside the integral is chosen such that the resulting velocity and pressure fields will in the
end have a similar representation as the Stokeslet solution given by Eq. (2.19). For ¥ and Q| to
be solutions to the axisymmetric Laplace equation, the function f| has to satisfy the zeroth order
modified Bessel equation [80|. Since the image solution inside the cylinder has to be regular at the
origin owing to Eq. (2.3), we take f = I in the inner solution. Combining Egs. (2.20) and (2.21)
together, the solution of Eq. (2.16) reads

ir2) = gz [ a(ratolar) = Ran)éi@) + Dar)v @) sing=do. (2.220)
02r2) = g [ a((atan) + Iotar) 1) + Tlar)i (@) cosgzda, (2220)
p*(r,z) = 2—7:2 /000 q2¢>|*|(q)lo(qr) singzdq. (2.22¢)

Thus the Green’s function inside the elastic cylindrical channel for the axial point-force is given
explicitly by summing up the Stokeslet contribution (2.19) and the reflected flow (2.22).

The outer solution for the force-free Stokes equations (2.2) has an analogous structure with the
only difference that the flow has to decay at infinity by virtue of Eq. (2.5) and we therefore take
J| = Ko leading to

vo,(r, 2) = 4§;"7 OOO q((rqKo(qr) + Kl(qr))ng”(q) - K, (qr)d}gn(q)) singzdq, (2.23a)
(r2) = o [ a((otar) = rakaan) oy () + Kalaryiy(@)) eosazda, (2230)
par2) = o [ P Kolar)singsdo. (2,230

after making use of the relations 0ly(qr)/0r = qli(qr), 0I1(qr)/0r = qlo(qr) — Ii(gqr)/r and
0Ky(qr)/0r = —qKi(gr) . The unknown functions wﬁ, (b|*|, 2 and ¢g) remain to be determined from
the boundary conditions of continuous velocity and prescribed traction jumps at the membrane.

The continuity of radial and axial velocity components across the membrane expressed by Egs. (2.6)
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and (2.8) leads to the expression of the functions Y2 and ¢z in terms of ¢|T and ¢|*| as

- GHdJﬁ + (1 + SQ)SHd)ﬁ N E
2 = D” s’

S+ G619 R

=——+

— 2.24b
2 D, nE (2.24D)

(2.24a)

where s := ¢R is a dimensionless wavenumber and

S| = Kilo+ Kol1,
GH = (SKl — Ko)fl + (SKO + Kl)l(),
Dy = sK§ — sK} + 2KoK; .

The modified Bessel functions have the argument s which is dropped for brevity.

The form of wﬁ and gbﬁ may be determined given the constitutive model of the membrane. In
appendix B, we provide explicit analytical expressions for wl’l‘ and <Z>T| by considering independently
a shear-only or a bending-only membrane. An analogous resolution procedure can be employed by
considering simultaneously shear and bending resistances.

For future reference, we shall express the solution near a membrane with both shear and bending
rigidities as
W‘:R% qb*:Rﬂ. (2.25)
I N, ’ l N
We note that the steady solution near a hard cylinder as first computed by [30] stated by Eq. (B.4)
is recovered in the vanishing frequency limit. In the following, the solution for a point-force acting
perpendicular to the cylinder axis will be derived.

2.2 Radial motion

Without loss of generality, we shall consider for the radial motion that the point force is located at
the origin and directed along the x direction in Cartesian coordinates. The induced velocity field
reads [78]

g E, [1 a2 g F, xy g F, zz
+$ ,

%28%17 d vy:87r77$’ UZ:87T77$’

and the pressure

Setting x = r cos ¢ and y = rsin ¢, the radial and tangential velocities read

F, (1 r? F, sing
S _ T - o S_ _ ¢z )
U S <d+d3>cos¢’ Y= "8 d

By making use of Egs. (2.17) and (2.18), the Stokeslet solution can thus be written in the form
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of a Fourier-Bessel integral expansion as

F, >
v (r, ¢, 2) = T cos ¢ / (Ko(gqr) + qrKi(qr)) cosqzdq, (2.26a)
0
Fy o o
vg(r, ¢,2) = ——— s1n¢/ Ko(gr)cosqzdq, (2.26b)
4 0
F o0
S T .
v (r, ¢, 2) = pRcT cosqﬁ/o qrKo(qr)singz dg, (2.26¢)
F, >
(¢, 2) = 93 cosd)/ qKi(gr)cosqzdgq. (2.26d)
n 0

Similar, the reflected flow can also be represented by noting that the force-free Stokes equa-
tions (2.16) have a general solution expressed in terms of three harmonic functions ¥, ®; and I'}
as [14, p. 77|

T
vy :\IIJ_’T—F%—FT@J_’TT., (2.27a)
* J—a (bj-’
vl = J—FL,T—T‘%&LW, (2.27b)
U; = \IIJ_’Z—FT(PJ_’TZ—f—@J_’Z, (227C)
pt=-2nd ... (2.27d)

The functions ¥, &, and I'} are solutions to the asymmetric Laplace equation which can be
written in an integral form as

D, = 4592677 Cos gi)/o ¢1(q)fL(gr)cos(qz)dgq, (2.28a)
¥, = i coso [ (@) ar)costaz) do. (2.28)
r, = 45:;” sin ¢/O ~v1(q)f1(gr)cos(qz)dgq, (2.28¢)

where ¢, 1) and | are wavenumber-dependent quantities to be determined from the prescribed
boundary conditions at the membrane.

For W, ®, and I'| to be solutions to Laplace equation, the function f, should be solution to the
first order modified Bessel equation [80]. In order to satisfy the regularity of the image solution inside
the elastic cylinder as stated by Eq. (2.3), we take f; = I in the inner solution. Upon combination
of Egs. (2.27) and (2.28) together, the solution of Eq. (2.16) for a radial Stokeslet reads

ir02) = 1 S0 [T (@ @) hlar) — arolar) 610

+ (grlo(gr) — Ii(gr)) ¥ (q) + Ti(gr) 771 (q)) cos gz dq, (2.292)
30:6.2) = = =22 [ (artolar) - 20ar) 610

+ Li(gr)¥7 (g) + (grlo(gr) — Ii(gr)) 71 (q)) cos gz dq, (2.29b)
6.2 = =20 [T a(arha(anoi (@ + hawi @) simezdg, (2299
p(r,6,2) = L2520 [ 21 (gr) g (g) cos gz dg. (2.29d)

27?2
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The outer solution for the force-free Stokes equations (2.2) has to decay at infinity owing to
Eq. (2.5), suggesting to take f; = K; leading to

vl 602) = o 2 [T (@4 ) ) + arKolar) o2 (0)

— (qrEo(qr) + Ki(qr)) 2, (a) + K1(qr) 721 (q)) cos gz dg,, (2-30a)
v(r,0.2) = 15 T [ (GarKofar) + 261 (ar) 2. a)

— K1(gr)v2.(a) + (arKo(gr) + K1(qr)) 721 (q)) cos gz dg (2.30Db)
v(r.0.2) = 258 [T g arkalan)n. (@)~ Kalar)e. (@) singda. (2.30¢)
pa(r,6.2) = 2B [ 2K (a1 (g) osazdg. (2.300)

The six unknown functions can thus be determined from the imposed boundary conditions, namely
the continuity of fluid velocity and the traction jumps across the membrane.

The continuity of the velocity field expressed by Egs. (2.6) through (2.8) leads to the expression
of the unknown functions ¢z , 92, and 72, outside the cylinder in terms of ¢ , ¥ and 47 on the
inside as

S1¢7 + (K1 +sKo)Giy + K1G1y] | R

= — 2.31
S ((2 + SQ)KO + SKl) G + 5S¢ +sKoG 1]
o) = = , (2.32)
€L
(SJ_ —GJ_ ($K0+ (2+82)K1))’yj_ 2SK0GJ_¢*J_ —2K1Gj_wj_ 2R
Y21 = D - D _ (233)
1 1 $

where we have defined

S| = —sKoKy (slo+ 2+ s°) 1) — s* (sloK§ + [1K?)
G =-s (I()Kl + IlKo) ,
D, = s(s’Kj§ + sKjKy — sK{ — (2 + s*)KoK7) .

In appendix C, we provide explicitly the expressions of ¥, ¢* and 7] by considering indepen-
dently membranes with pure shear or pure bending.
For future reference, we shall express the solution for a membrane endowed with both shear and

bending as
MJ_ LJ_ * R KJ—

N SR 7y

We note here that for cylindrical membranes, shear and bending contributions do not add up
linearly in the solution of the flow field, i.e. in a similar way as previously observed between two
parallel planar elastic membranes [66] or a spherical membrane [81, 82| and in contrast to the case
of a single planar membrane [65].

¥ =R ¢ =R (2.34)

3 Particle mobility and membrane deformation

The exact results obtained in the previous section allow for the analysis of the effect of the membrane
on the axial and radial motion of a colloidal particle, particularly for the calculation of leading-order
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self- and pair mobility functions [83] relevant to transport of suspensions in a cylindrical channel. A
more accurate description would be achievable by considering a distribution of point forces over the
particle surface. Our simpler approximation nevertheless leads to a good agreement with numerical
simulations performed with truly extended particles as will be shown below.

3.1 Axial mobility

We first compute the particle self-mobility correction due to the presence of the membrane for the
axisymmetric motion parallel to the cylinder axis. At leading order, the self-mobility correction is
calculated by evaluating the axial velocity component of the reflected flow field at the Stokeslet
position such that
A,uﬁ = F 'limof, (3.1)
r—0

where S appearing as superscript refers to “self”. By making use of Eq. (2.22b), the latter equation
can be written as

1 o * *
Aﬂﬁ = 47r277/0 Q(le + (bH) dg. (3.2)

Inserting wﬁ and (;5‘*| from (2.25), the scaled self-mobility correction reads

Aupp 3 © M+ L
ll a I I

= sds, 3.3
Ho 2t R 0 N” ( )

where oy = 1/(67na) is the usual bulk mobility given by the Stokes law. Notably, the correction
vanishes for a very wide channel, as R — oo.

Considering a membrane with both shear and bending resistances, and by taking « to infinity,
we recover the mobility correction near a hard cylinder with stick boundary conditions, namely

Apj 3 o w
. [ a I a
1 —_— = —ds ~ —2.10444 — 3.4
alﬁ\ngo o 2 R 0 W || s R ’ ( )

where numerical integration has been performed to obtain the latter estimate, which is in agreement
with results known in the literature [14, 16-18]. Moreover,

wy = (IoK1 + 11 Ko)s* — 2(IoKo + I1 K1)s + 411 K,
W) = s(I7 — I§) + 2101, .
The same result is obtained when considering a membrane with only shear rigidity.

It is worth noting that a bending-only membrane produces a different correction to particle
self-mobility when agp is taken to infinity, namely

Ap 3 o0
. II,B a IB a
| —_— = —— —2 ds~ —1.80414 — 3.5
apee 2rR Sy W, R’ (3:5)
where
wHB = SK%,

VVHB = S(IlKO — IOKl) + 211[{1 .

Clearly, Eq. (3.5) does not coincide with the hard cylinder limit predicted by Eq. (3.4). The reason is
the same as discussed in the appendix below Eq. (C.6¢), namely that bending only restricts normal
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but not tangential motion.

We now turn our attention to hydrodynamic interactions between two particles positioned on
the centreline of an elastic cylinder, with the second particle of the same radius a placed along the
cylinder axis at z = h. For future reference, we shall denote by v the particle located at the origin
and by A the particle at z = h. The leading order particle pair mobility parallel to the line of centres
is readily obtained from the total flow field evaluated at the position of the second particle,

[L” = rli{n)\ Vg, (36)
where P appearing as superscript stands for “pair”. The latter equation can be written in a scaled
form as P

B _38a 3a M+l

= d 3.7
o 2h+27rR ; N, cos (0s) sds, (3.7)

where o := h/R. Note that h > 2a as overlap between the two particles should be avoided. The
first term in Eq. (3.7) is the leading-order bulk contribution to the pair mobility obtained from the
Stokeslet solution [84-86|, whereas the second term is the frequency-dependent correction to the
particle pair mobility due to the presence of the elastic membrane.

Similarly, for an infinite membrane shear modulus, the pair mobility near a hard cylinder limit is
obtained,

p
. N|| 3 a / w)|
lim —=—-—— —— —-cos(os) ds. (3.8)
W)

Interestingly, the latter result can also be expressed in terms of convergent infinite series as [22, 87|

lim Iui 2 Z (an cos(Bno) + by Sin(ﬁna))eiana ’ (3.9)

a—oo [ 4 =

where u, = a,, + i, are the complex roots of the equation u(JZ(upn) + JZ(un)) = 2Jo(un)J1(un).
Moreover, a,, + ib,, = 2<7r (21 (un) Yo (un) — un (Jo(un) Yo (un) + J1(un)Yi (ur))) — un)/Jf(un), where
Jo and Y, are the ath order Bessel functions of the first and second kind, respectively. Although
being different in form, our expressions (3.8) and (3.9) give identical numerical values. The pair
mobility therefore has a sharp exponential decay as the interparticle distance becomes larger. For
o > 1, the series in Eq. (3.9) can conveniently be truncated at the first term to give the estimate

lim i
a—r 00 /j,o

(a1 cos(fBy0) + by mn(ﬁla)) g (3.10)

»Jk\co

where a1 ~ 4.46630, 51 ~ 1.46747, a1 ~ —0.03698 and b; ~ 13.80821. We further mention that
the pair mobility function inside a hard cylinder undergoes a sign reversal for ¢ = 2.14206 before it
vanishes as o goes to infinity [22].

3.2 Radial mobility

We now compute the particle self-mobility correction caused by the presence of the membrane for the
asymmetric motion perpendicular to the cylinder axis. At leading order in the ratio a/R, the mobility
corrections are calculated by evaluating the reflected fluid velocity at the point-force position. Since
the particle is located on the cylinder axis, the mobility tensor possesses only two unique components:
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Ay for axial motion and Ay, for motion perpendicular to the axis. Accordingly,

ApS =F1 Tllli% v = Fy Uim v¢, (3.11)

r—0
where F,. = F, cos ¢ and Fy, = —F, sin ¢. Upon using Eq. (2.29a), we readily obtain

1
8m2n

Apf = /0 q(v1 +771) dg. (3.12)

Inserting 1% and 4% from the general form given by (2.34), and scaling by the bulk mobility jq, we
get
ApS M, +K
. g sds. (3.13)
Ho 47T R N,

Similar, by taking « to infinity, we recover the moblhty correction near a no-slip cylinder, namely

Apd 3a [
lim —/—& = - =~ WL s~ —1.80436 = 3.14
dn— == TnR, oW R (3:14)

in full agreement with previous studies [39, 44|, where we have defined
wy = Io(IoK1 + L1 Ko)s® + ((215 — 3I7) Ko — I]1 K1) s* — 211 (IpKo + I1 K1)s — 4Ko17
Wy =Io(I3 — I})s? + [,(I} — I3)s — 2113 .

The same steady mobility is obtained when the membrane is endowed with pure shear.

It is worth to note that for a bending-only membrane, however, the particle self-mobility in the
limit when ap is taken to infinity reads

A:U’iB 3 a o0 Wl
I B__ 29 ds ~ —1.55060 3.15
S MRSy Wig™ R’ (3:15)

where we defined

wip = s*(sKi + Ko)?,
Wig=s((s*+3)Ki +2sKo) Iy — (s* + 3)(sKo + 2K1) 1 .

Continuing, the particle pair mobility function is determined by evaluating the total velocity field
at the nearby particle position leading to

pl = F- hm vip = Fy ' lim vy (3.16)

T—T)

Eq. (3.16) can be written in a scaled form as

P
M K
HL _ 3a g cos (os) sds. (3.17)
1o 4 h Ny

Similar, for an infinite membrane shear modulus, we recover the pair mobility near a hard cylinder,

P e8]
- ‘LL_§3_32 wL
Olh_)ngo ' in IR W cos (os) ds. (3.18)
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3.3 Startup motion

Here we will derive the mobility coefficients for a particle starting from rest and then moving
under a constant external force (e.g. gravity) exerted along or perpendicular to the cylinder axis.
Mathematically, such force can be described by a Heaviside step function force F(t) = A 6(t) whose
Fourier transform in the frequency domain reads [88]

Flw) = <775(w) _ l) A. (3.19)

w

Applying back Fourier transform, the time-dependent correction to the particle mobility for a startup

motion reads A oo A
0 1 ,
Au(t) = Au0) + / Aulw) e“dw. (3.20)
2 2m J_o w
The second term in Eq. (3.20) is a real valued quantity which takes values between —Apu(0)/2
when t — 0 and +Ap(0)/2 as t — oo. Since the frequency-dependent mobility corrections are
expressed as a Fourier-Bessel integral over the scaled wavenumber s, the computation of the time-
dependent mobility requires a double integration procedure. For this purpose, we use the Cuba
Divonne algorithm [89, 90| for an accurate and fast numerical computation.

3.4 Membrane deformation

Finally, our results can be used to compute the membrane deformation resulting from an arbitrary
time-dependent point-force acting along or perpendicular to the cylinder axis. The membrane dis-
placement field is readily obtained from the velocity at r = R via the no-slip boundary condition
stated by Eq. (2.15). We define the membrane frequency-dependent reaction tensor as [91]

ua (¢, 2,w) = Rap(d, 2,w) Fg(w), (3.21)

bridging between the membrane displacement field and the force acting on the nearby particle.
Restricting to a harmonic driving force F,(t) = A,e™°!, the membrane deformation in the temporal
domain is calculated as

Ua(}, 2,t) = Rap(h, z,wo) Age™0t . (3.22)

Further, the physical displacement is obtained by taking the real part of the latter equation. The
radial-axial and axial-axial components of the reaction tensor are then computed from Eq. (2.23) as

R, = A/OOO s((sKo + K1) o) — Kigay ) sin (%) ds,
R.. = A/OOO (Ko = sK1) o) + Kovay ) cos (5 ) ds,

with A := 1/(4in?nwR?), which give access to the radial and axial displacements after making use
of Eq. (3.21). Moreover, Ry, = 0 due to axial symmetry.

For a point force directed perpendicular to the cylinder axis, the components of the reaction
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Figure 2: (Color online) a) The parallel component of the scaled frequency-dependent self-mobility
correction versus the scaled frequency 8 = 1/a nearby a cylindrical membrane endowed with only-
shear (green or bright gray in a black and white printout), only-bending (red or dark gray in a black
and white printout) and both rigidities (black). The particle is set on the centreline of an elastic
cylinder of radius R = 4a. Here we take a reduced bending modulus Fg = 1/6. The theoretical
predictions are presented as dashed and solid lines for the real and imaginary parts, respectively.
Boundary integral simulations results are shown as squares for the real part and circles for the
imaginary part. The horizontal dashed lines are the vanishing frequency limits given by Eqs. (3.4)
and (3.5). b) The parallel component of the scaled frequency-dependent pair mobility correction
versus the scaled frequency . The two particles are set a distance h = R apart on the centreline of
an elastic cylinder of radius R = 4a.

tensor can readily be computed from Egs. (2.30) to obtain
R, —A/ 2—1—8 K1+5KO)¢2J_ — (SKO"‘Kl)Qj)QJ_“‘Kl’YQJ_)COS(sRZ) dS,
R¢¢ = A/ SKO + 2K1) ¢)2J_ — Kl'l)[)QJ_ + (SKO + Kl)’sz_) cos <R) dS

R, —A/ s(sKopa | — Kl¢2¢)31n(R>d3

Additionally, we have R4 = Ry, = R.4 = 0.

4 Comparison with Boundary Integral simulations

The accuracy of the point-particle approximation employed throughout this work can be assessed
by direct comparison with fully resolved numerical simulations. To this end, we employ a completed
double layer boundary integral method [92-95] which has proven to be perfectly suited for simulating
solid particles in the presence of deforming boundaries. Technical details concerning the algorithm
and its numerical implementation have been reported by some of us elsewhere, e.g. [66] and [96]. The
cylindrical membrane has a length of 200a, meshed uniformly with 6550 triangles, and the spherical
particle is meshed with 320 triangles obtained by consecutively refining an icosahedron [97, 98].

In order to determine the particle self- and pair mobilities numerically, a harmonic force Fy,(t) =
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Ay ™0t of amplitude Ay, and frequency wy is applied along the direction « at the surface of the
particle labeled A either along (z direction) or perpendicular (z direction) to the cylinder axis. After
a brief transient evolution, both particles oscillate at the same frequency with different phases, i.e.
Via = Bra €0t and Via = Bmei“’ot“;v. For the accurate determination of the velocity amplitudes
and phase shifts, we use a nonlinear least-squares algorithm [99] based on the trust region method [100].
The particle self- and pair mobility functions can therefore be computed as

B ) B )
S A 1) 1)
Hap A)\Z e MEB - AIZ “ (1)

We now define the characteristic frequency for shear, 8 := 1/a = 3nwR/(2kg), and for bending,
Bg = 1/a} = nwR3/kp. We also introduce the membrane reduced bending modulus as Ep :=
kB/(ksR?) quantifying the nonlinear coupling between shear and bending [101].

In figure 2 a), we show the correction to particle self-mobility versus the scaled frequency f as
predicted theoretically by Eq. (3.3). The particle is set on the centreline of an elastic cylinder of
radius R = 4a. For the simulation parameters, we take a reduced bending Ep = 1/6 for which /3
and O have about the same order of magnitude, and thus shear and bending manifest themselves
equally. We observe that the real part is a monotonically increasing function of frequency whereas
the imaginary part exhibits the typical bell-shaped curve characterising dynamical systems with
memory. For small forcing frequencies, the real part of the mobility correction approaches that near
a no-slip hard cylinder only if the membrane possesses resistance against shear. For large forcing
frequencies, both the real and imaginary parts vanish, which corresponds to the bulk behaviour. It
can clearly be seen that the mobility correction is primarily determined by shear resistance and
bending does not play a significant role, similarly to what has been recently observed for spherical
elastic membranes [81, 82|. A good quantitative agreement is obtained between analytical predictions
and numerical simulations over the whole range of applied frequencies.

Analogous predictions for the pair mobility versus the scaled frequency f are shown in figure 2 b).
The two particles are set a distance h = R apart along the axis of an elastic cylinder of radius
R = 4a. The overall shapes resemble those observed for the self-mobility, where again the effect of
shear is more pronounced. However, it can be seen that the real part for a bending-only membrane
may undergo a change of sign at some intermediate frequencies in the same way as observed nearby
planar membranes [67]. Interestingly, we find that the correction to the pair mobility induced by the
elastic membrane is almost as large as the bulk pair mobility itself.

The frequency-dependent self- and pair mobility corrections for the motion perpendicular to the
cylinder axis are shown in figure 3. We observe that the total mobility corrections are primarily
determined by membrane shear resistance as it has been observed for the axial motion along the
cylinder axis. Notably, the correction near a rigid cylinder is recovered only if the membrane possesses
a finite resistance towards shear.

In figure 4, we show the time-dependent translational velocity of a particle starting from rest
and subsequently moving under the action of a constant axial or radial force nearby a cylindrical
membrane endowed with shear-only (green), bending-only (red) or both shear and bending resistances
(black). The time is scaled by the characteristic time scale for shear 7 := /w = 3nR/(2kg). At short
time scales, we observe that the mobility correction amounts to a small value since the particle does
not yet feel the presence of the elastic membrane. As the time increases, the membrane effect becomes
more noticeable and the mobility curves bend down substantially to asymptotically approach the
correction nearby a hard cylinder if the membrane possesses a non-vanishing resistance towards shear.
Moreover, we observe that the steady state is more quickly achieved for the axial (parallel) motion
than for the radial motion (perpendicular), i.e. in a way similar to what has been observed nearby
planar elastic membranes [65]. At the end of the simulations, the particle position changes only by
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Figure 3: (Color online) The perpendicular component of the scaled frequency-dependent self a) and
pair b) mobility corrections versus the scaled frequency /. The color code is the same as in figure 2.
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Figure 4: Translational velocity of a particle starting from rest for a) axial and b) radial motion
under the action of a constant external force, obtained using the same parameters as in figure 2 for
a membrane with pure shear (green or bright gray in a black and white printout), pure bending (red
or dark gray in a black and white printout) and both rigidities (black). Solid lines are the analytical
predictions obtained from by Eq. (3.20) and symbols are the boundary integral simulations results.
Horizontal dashed lines are our theoretical predictions in the steady limit based on the point-particle
approximation and the blue dotted lines are the higher order corrections given by Egs. (4.2) and
(4.3) for the axial and radial motions, respectively. Here 7 is a characteristic time scale defined as

7= f/w.
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-0.014

Figure 5: (Color online) The scaled radial a) and axial b) membrane displacements versus z/a at
four different forcing frequencies calculated at quarter period, i.e. when wot = 7/2 and the particle
reaches its maximal amplitude moving to the right along the z axis. Solid lines refer to theoretical
predictions and symbols are the boundary integral simulations.

about 10 % of its radius.

Before continuing, we briefly comment on the importance of higher order terms. For this, we
consider a hard cylinder for which the correction to the axial mobility can be obtained from Bohlin
inverse series coefficients as [19, Tab. 2.1]

i 20— o 10443 (%) +2.086694 (%)3 +oee, (4.2)

a—0o0 NO

which has been truncated at the 3rd order here since higher order terms amount to an insignificant
correction for a < R. For the radial motion, this reads

i 20— 1 804360 (%) +1.430590 (%)3 . (4.3)

a—0o0 NO

Comparing the first and third order in the above equations for the present parameters, we find
that the higher order terms lead to a correction of about 5 %.

The membrane displacements induced by axial motion of the particle are illustrated in figure 5,
which includes the theoretical predictions (solid lines) and boundary integral simulations (symbols)
for four different forcing frequencies. The natural scale for the displacement, A, /kg is set by the
amplitude of forcing A, and the shear resistance k5. Here we use the same parameters as in figure 2 for
a membrane with both shear and bending rigidities. We plot the axial and radial displacement of the
axial section (along z) of the tube wall in the moment in which a particle moving harmonically with a
very small amplitude reaches its maximal axial position. We observe that the radial displacement w,
is an odd function of z that vanishes at the origin and at infinity. The axial deformation u, shows
a fundamentally different evolution with respect to z, where the membrane is displaced along the
direction of the force. Moreover, the maximum deformation reached in u, is found to be about three
times larger than that reached in w,. Interestingly, the maximum in u, is not attained at the particle
position z = 0, but slightly besides. By comparing the membrane deformation at various forcing
frequencies, it can rather be seen that larger frequencies induce smaller deformations as the elastic
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Figure 6: (Color online) The scaled radial a), azimuthal b) and axial ¢) membrane displacements versus
z/a at four forcing frequencies calculated at quarter period for wot = 7/2 when the particle reaches its
maximal radial position. Here deformations are shown in the plane of maximum deformation. Solid
lines refer to theoretical predictions determined and symbols are the boundary integral simulations.

membrane does not have enough time to react to the rapidly wiggling particle.

In figure 6, we show the scaled radial, axial and azimuthal displacement fields induced by the
particle radial motion upon varying the forcing frequency. Deformations are plotted when the os-
cillating particle reaches its maximal amplitude, in the plane of maximum deformation, i.e. ¢ = 0
(or y = 0) for u, and u,, and ¢ = 7/2 (or & = 0) for uyg for a force directed along the x direction.
Not surprisingly, we observe that the membrane mainly undergoes radial deformation. The latter is
found to be about twice as large as the azimuthal deformation and even six times larger that axial
deformation. The numerical simulations are found to be in a very good agreement with analytical
predictions, over the whole length of the deformed cylinder.

For typical situations, the order of magnitude of the forces exerted by optical tweezers on suspended
particles are of the order of 1 pN [102]. For a cylinder radius of 107% m, a shear modulus of about
107% N/m and a scaled forcing frequency 8 = 2, the membrane undergoes a maximal deformation
of about 2 % and 5 % of its undeformed radius for the axial and radial motions, respectively. As a
result, deformations are small and deviations from cylindrical shape are indeed negligible.

As a final remark, we shall show that the range of frequencies employed throughout this work is
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consistent with the assumption of small Reynolds and Strouhal numbers. In fact, by taking a fluid
density p = 103 kg/m3, a shear viscosity n = 1.2 x 1073 Pas and a membrane bending modulus
kB = 2 x 10719 as typical values [70], the condition Re St < 1 leads to

2 2

3n Rn
~ 2200 =~ 17200. 4.4
SRR ; fB < o (4.4)

B <K

Clearly, both scaled frequencies satisfy these conditions in the frequency range considered in the
present work.

5 Conclusions

In this paper, we derived explicit analytic expressions for the Green’s functions, i.e., the flow field
generated by a point particle (Stokeslet), acting either axially along or perpendicular to the centreline
of an elastic cylindrical tube which exhibits resistance towards shear and bending. For this, we first
derived the appropriate boundary conditions determining the surface traction jump across the
membrane and then used a Fourier integral expansion to solve the Stokes equations. By examining
the influence of shear and bending motion, we determined the full form of the solutions and discussed
their behaviour for the whole range of actuation frequencies for arbitrary elastic parameters of the
membrane — the bending rigidity xp and elastic modulus xgs.

The solution was then used to compute the leading order correction to the self- and pair mobility
of particles moving axially or radially in the elastic tube, which are in good agreement with fully
resolved boundary integral simulations performed for the particle radius being a quarter of the channel
size. We have also computed the deformation field of the membrane for an arbitrary time-dependent
forcing and compared it with fully resolved numerical simulations.

The theoretical results prove that in this case the coupling between the effects of bending and
shear of the membrane has a nonlinear nature, and the limit of a rigid tube is recovered only for
non-zero shear resistance. We have also shown that the effects of shear are far more important for
both axial and radial motions than bending and therefore determine the qualitative behaviour of the
elastically confined particle. For two hydrodynamically interacting particles, the correction to pair
mobility is found to be of the same order as the bulk pair mobility itself thus hinting at a possibly
significant influence on particle agglomeration processes near elastic interfaces.
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Appendix

A Membrane mechanics

In this appendix, we derive equations in cylindrical coordinates for the traction jump across a
membrane endowed with shear and bending rigidities. We denote by a = Re, + ze, the position
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vector of the points located at the undisplaced membrane, with R being the undeformed membrane
radius. Here 7, ¢ and z are used to refer to the radial, azimuthal and axial coordinates, respectively.
After deformation, the vector position reads

r=(R+u e +ugey+ (2 +u.)e,, (A1)

where u denotes the displacement vector field. Hereafter, we shall use capital roman letters for the
undeformed state and small roman letters for the deformed. The cylindrical membrane can be defined
by the covariant base vectors g1 := r 4 and g2 := 7 .. The unit normal vector n is defined as

_ 91 %92 (A.2)
|91 X g2|
Hence, the covariant base vectors read
g = (uw, — u¢)er + (R + uyp + u¢7¢)e¢ +uy g€z, (AS)
g2 = Ur.€ + Ug €4 + (1 +u.)e,, (A4)

and the unit normal vector at leading order in deformation reads

Uy — U

n=e, + ¢Tr¢ €p — Ur €. (A.5)

Note that g; has length dimension while g5 and n are dimensionless. The covariant components

of the metric tensor are defined by the scalar product g.s = gn - g3. The contravariant tensor g8 is
the inverse of the metric tensor. In a linearised form, we obtain

RZ + 2R(ur + ugpy) Uz + Rug .
= ’ ’ ' , A6
Goup < Uz b + Ru¢,z 1+ 2uz,z ( )
af B —2tnee lnetles
e A A B (A7)
S A — 2us

The covariant and contravariant tensors in the undeformed state G,z and G*# can immediately
be obtained by considering a vanishing displacement field in Eq. (A.7).

A.1 Shear

In the following, we shall derive the traction jump equations across a cylindrical membrane endowed
by an in-plane shear resistance. The two transformation invariants are given by Green and Adkins
as [103, 104]

L =Gga5 —2, (A.8a)
I = det G*P det gop — 1. (A.8b)

From the membrane constitutive relation, the contravariant components of the stress tensor 77
can readily be obtained such that [69, 105]

ow
Gaﬁ + 2Jsai_[2 gaﬂ s (Ag)

ap _ 2 OW
- Jg 0

wherein W is the areal strain energy functional and Jg := +/1 + I» is the Jacobian determinant.
In the linear theory of elasticity, Js ~ 1 + e, where e := (u, + u¢,¢)/R + u. . being the dilatation
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function [106]. In the present paper, we use the neo-Hookean model to describe the elastic properties
of the membrane, whose areal strain energy reads [107, 108]

W (L, I) = % <11 — 1+ > . (A.10)

141

By plugging Eq. (A.10) into Eq. (A.9), the linearised in-plane stress tensor reads

Ur+U 5 1 Uz,
pos 2 28 (Bt g (s ) ) (A1)

The equilibrium equations balancing the membrane elastic and external forces read

Vo + Aff =0, (A.12a)
7%bas + A" =0, (A.12Db)

where Af = AfP g3 + Af"n is the traction jump vector across the membrane. Here V,, stands for
the covariant derivative, which for a second-rank tensor is defined as [109]

V8 = Tzﬁ + anTnb’ + anTom’ (A.13)

with Fég being the Christoffel symbols of the second kind which read [110]

1
Tap = 59"" (9ans + Gnp.o — Gasn) - (A.14)

Moreover, b,s is the curvature tensor defined by the dot product byg = gn s - 7. We obtain

baﬁ _ < Up,pp — (R + Uy + 2u¢’¢) Up gz — Ugp,z ) ] (A'15)

Ur gz — Ugp,z Up, 2z

At leading order in deformation, only the partial derivative remains in Eq. (A.13). After some
algebra, we find that the traction jumps across the membrane given by Eqs. (A.12) are written in
the cylindrical coordinate basis as

KS 3z, ¢z 4(ur,¢> + u¢7¢>¢) _
3 (ud,?zz t—p 2 +Afy=0, (A.16a)
KS 2Up , + 3U¢ 2¢ Uz, b
— | du, . : : Af, =0, A.16b
3 ( Uy sz + 7 tom )t f ( )
2ks [ 2(uy + Ugp ¢) Uy -
D (R DS s h et lodk A »=0. Al
. ( e B2 LA =0 (A.16¢)

Note that for curved membranes, the normal traction jump does not vanish in the plane stress
formulation employed throughout this work as the zeroth order in the curvature tensor is not identi-
cally null. For a planar elastic membrane however, the resistance to shear introduces a jump only in
the tangential traction jumps [65-67].

Continuing, the jump in the fluid stress tensor across the membrane reads

log;] =Afs, BeE{zr}. (A.17)
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Therefore, From Egs. (A.16), (A.17) and (2.15), it follows that

. 4 :

[U¢ 7"] = g RU¢ 2z + 3V oz + w 5 (A18a)
, 2 7 7 R r=R

[Uz r] — E (4R1)z 2z 2Ur z + 31)¢ z¢p + M) s (A].Sb)
7 2 ’ 7 7 R r=R

2(vy

|:_p:| = -l < (U * U¢7¢) + Uz,z) s (A.18C)

Y R r=R

where a 1= 2rg/(3nRw) is a dimensionless number characteristic for shear. Note that it follows from
the incompressibility equation

% + U, +v,,=0, (A.19)

that [v,,] = 0. Hereafter, we shall derive the traction jump equations across a membrane possessing
a bending rigidity.

A.2 Bending

Here we use the full Helfrich model for the bending energy. For small deformations and planar
membranes, this is equivalent to the "linear bending model” used in our earlier works [65-67, 111], see
ref. |73] for details. For a curved surface that we consider here, however, the latter leads to unphysical
tangential components. The traction jump equations across the membranes are given by |73, 112]

Af = —2kp (2(H2 - K+ H()H) + A”) (H — H[)) n, (A.QO)

where kg is the bending modulus, H and K are the mean and Gaussian curvatures, respectively
given by
1

H=30;, K =det b2, (A.21)
with bg being the mixed version of the curvature tensor related to the covariant representation of the
curvature tensor by bl = basg®?. Continuing, A| is the horizontal Laplace operator and Hy is the
spontaneous curvature for which we take the initial undisturbed shape here. The linearised traction
jumps are therefore given by

Up + 2Ur, gp + Ur g
R

. ( RUpsazz + 2R(tp oz + Uy ps) + ) FAf =0, (A.22)

and Afy, = Af, =0.

Interestingly, bending does not introduce at leading order a jump in the tangential traction [96].
The traction jump equations take the following final from

[ver] =0, (A.23a)
[vep] =0, (A.23b)
T 2 T T
|:_p:| = —ia% (R?’UT,ZZZZ +2R(vp 2 + Ur7zz¢¢) + Ur + Srge ¥ U ’¢¢¢¢) ) (A.23c)
n R r=R

where ag = (kg/(nw))/?/R is the dimensionless number characteristic for bending.
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B Determination of the unknown functions for axial motion

In this appendix, we derive the expressions of the two functions ¢\T and gbﬁ associated to the solution
of the Stokes equations due to a point force directed along a cylindrical membrane possessing pure
shear or pure bending rigidities.

B.1 Pure shear

As a first model, we consider an idealised membrane with a finite shear resistance and no bending
resistance, such as an artificial capsule [113-117]. The tangential traction jump given by Eq. (2.9) is
in leading order independent of bending resistance and readily leads to

— Lt — 8% (I + slo) o) + 57 (i — 1)Ky + 2iasKo) iy

B.1
—((1+ia+ 2ias?) K1 — (1 + ia)sKo)Sngg” = Rs(sKo — 2K3), (B

where o = 2kg/(3nRw) is the shear parameter. Neglecting the bending contribution AfP in the
radial traction jump in Eq. (2.11) yields

28210¢ﬁ - ias(sKo + 2K1)1/12H + s(ia(2 + 52)K1 + s(ia — 2)K0)¢2” = —2RsKy. (B.2)

Egs. (2.24) together with (B.1) and (B.2) form a linear system of equations for the four unknown
functions, amenable to immediate resolution via the standard substitution method. We obtain

¢*:R% ¢*:R% (B.3)
N T TN '

where the numerators read
Mg = a((IgKl + 11 Ko) (3iaK§ — (44 3ia)K7)s® + ( — 3ialgKj + (8 + 3ia) [ K{ K,
+ (8 + i) [nKo K7 + 3ial1 K7)s* + (6(ia — 1) [1 K — 6(ia + 1) [p KG K4
—2(1 + 6ia) [ Ko K2 — 210K 3)s + 12mK§K111> :
Ljg= (( — 3ialgK§ + (4 — 3ia) L KGK + (4 + 3ia) g Ko K7 + 3ial 1 K7)s®
+ (6(ic — 1)1 K§ — 6(1 + i) [nKGKy + 2(1 — 6ia) [1 Ko K7 + 210 K3) s
+ 122‘04I1K§K1>a ,

and the denominator
Nyg = (Bi(K§ — K})(I§ — ID)a + A(ITK§ — I§KY))as® + 2as* (IoKo + 11 K))
x (3ia(loK1 — 1 Ko) + 2(I0K1 + I1Kp)) + 4( — 3ilp[1 Ko K1o? + a(ITK§ — ITK?)
+i(IoK1 + 11 K0)*)s + 8al1 Ky (InK; + [ Kp).

Taking @ — 0o, which is achieved either by considering an infinite shear modulus kg or a vanishing
actuation frequency, we recover the known solution for a hard cylinder with stick boundary conditions,
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namely

Vi (IoKy + I1K)s*> — (InKo + 1 K1)s + 211 Ko

lim — = , B.4
at0o R s(sI2 = sI? — 2101y (B.4a)
*
2N Ko — (InKo + 1 K
im 2 = 200 - (oKo + LiKys (B.4b)
a—o R s(slg — sIt — 2I14)

in agreement with the results of Liron & Shahar [30]. Note that both Y2 and ¢z vanish in this
limit, meaning that the fluid outside the cylinder is stagnant.

B.2 Pure bending

A complimentary model membrane involves only a finite bending resistance, as considered previously
to model a typical fluid vesicle [118-121]. The effects of bending are determined by the dimensionless
number ap = (kp/(nw))/?/R. We now set AfS = AfS = 0in Eqs. (2.9) and (2.11). The tangential-
normal stress component is therefore continuous, leading to

— 8211’¢|T — 52 (Il + SIg)gf)ﬁ — SQKHDQ” — (Kl — SK0)82¢2H = RS(SK() — 2K1) ,
while the discontinuity in the normal traction jump leads to
s (2slo +ia(slo — I)(s* — 1)) ¢ + iags(s* — 1)° Ly
—25° Koo = Rs (2 +ia}(s* — 1)%) Ko .
The functions wﬁ and gbﬁ can be cast in a form similar to Eq. (B.3) as

1/)*:3% ¢*:R% (B.5)
” Nig' TN '

with the numerators

MHB = CK%(SQ — 1)2K0(K1 + SK()) s
Ly = —ap(s® — 1)’ KoK,

and the denominator

Nyg = (s* = 1)* (s(loK1 — 1 Ko) — 211 K1) oy, — 2is(Io Ky + 11 Kp) .

Importantly, by considering the limit ag — oo (corresponding to an infinite bending modulus of
a vanishing actuation frequency) we obtain

lim ﬁ . K() (SK() + Kl)
ap—oo R (SI() — 2[1)K1 — SK()Il ’

. I B KoK,y

m — = —

ap—oo R (SI() — 2[1)K1 — 8K0[1 ’

which is found to be different from the solution for a hard cylinder given by Eqs. (B.4). This difference
will be explained later on, as it is characteristic for many elastohydrodynamic systems.
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C Determination of the unknown functions for radial motion

In this appendix, we provide analytical expressions of the three functions ¢% , ¢ and 47 associated to
a point force acting perpendicular to a cylindrical membrane with either shear or bending rigidities.

C.1 Pure shear

We first consider an idealised membrane with a finite shear resistance and no bending resistance.
The tangential traction jump along the z direction given by Eq. (2.9) is independent of bending
leading to

s?(Io + s) @' + s(sly — I} + s (s (1 +ia(3 +25%)) Ko + (ia(5 + s%) — s%) K1) ¢o |

+ % (3sKo + 5K1)v21 + 5 (s(1 — ia) Ko + (1 — ia(3 + 252)) K1) g, = Rs(Ko — sKy), (C.1)
and the tangential traction jump along the ¢ direction given by Eq. (2.10) leads to

((4+ ) = 2510) 61 + (sTo — 20)07% + (2 + $)I = sIo) 71 + 3 ( (i (8 + &)

— (44 20) K+ s (i (44 5%) = 2) Ko )92, + ((1a(8 + 35%) — (4+ 5%) I,

+2s (ia(2+ s*) — 1) Ko) o, + (2 (1 —ia(2 + s%)) K1 + s(1 — 2ia)Ko) ¢o, = RsK;.  (C.2)
Continuing, te shear related part in the normal traction jump given by Eq. (2.11) yields

25117 + (ias(4+ s*) Ko + 2 (ia(4 + s%) — %) K1) ¢, —ia (25Ko + (44 s*) K1) ¢a |
+ QiOé(SKO + 2K1)’72J_ = —2RsK; .

Inserting the expressions of ¢ |, 19| and 72, given by Eqs. (2.31) through (2.33) into Egs. (C.1)
through (C.3a), we obtain the unknown functions ¢* , 4% and 7} inside the channel. Explicit analytical
expressions are not listed here due to their complexity and lengthiness. Particularly, by taking o — oo,
we recover the solution for a no-slip cylinder, namely

i Iy — I)(IoKo + [1 K1) — 2I3 K
iy L _ s(slo = 1T 02+ 121) 5o (C.3)
a—oo R s (s(slo — I)(I§ — I}) — 21013)
i I — slp)(IgK1 + 1 K
lim vi = sth — s 0)(20 12+ : 0)2 ) (C.3Db)
a—oo R s(slo — I)(I5 — 1I7) — 20015
i 28[1([0K0+11K1)—|—2112K0—SQKo(IOQ—I%>
im —=— = ,
a—oo R s (s(slo — ) (I3 — I?) — 21p13)

(C.3¢)

and ¢o | =19, =72, =0, in complete agreement with the results by Liron & Shahar [30].

C.2 Pure bending

Neglecting the shear contribution in the tangential traction jump along the z direction given by
Eq. (2.9), we obtain

s2(Ig + sI1) ¢ + s(sly — I))* + s*(Ko — sK1 )¢, + s(K1 + sKo)a, = Rs(Ky — sK;). (C.4)
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The traction jump along the ¢ direction stated by Eq. (2.10) is continuous, leading to

((4 + 82)11 — 28[0) (,ZS*J_ + (SI() — 2[1)¢j_ + ((2 + 82)11 — SI(]) ’)’j_ + (SKO + 2K1)¢2J_
— (2sKo+ (4 + s*)K1) ¢2, — (sKo + (s> +2) K1) 72, = RsKj.

while the discontinuity of the normal traction jump due to pure bending leads to

2shy] + (ia%s?’ ((82 +2)K; + SKo) — 25K1) G2

—iaps®(sKo+ K1)y | +iops’ K12, = —2RK; .

The unknown functions ¢, 1} and ] are readily obtained after plugging the expressions of
®21, Y2, and y2| given by Egs. (2.31) through (2.33) into Egs. (C.4) through (C.5). Further, by
taking ag — 0o, we obtain

o (Ko + sK1)(sKo + K1)

lim — = C.6
aBILnoo R sKy ((3 + 52)11 — 28[0) — (3 + 82)(211 — SI())Kl ’ ( a)
* K K K 2 K
lim YL = (Ko + o) (sKo + 24 5)E)) , (C.6b)
ap—oo R sKy ((3 + 82)11 — 28[0) — (3 + 82)(211 - SI())Kl
lim L= 2K (Ko + 5K1) (C.6c)

ap—oo R sKy ((3 + 82)11 — 28[0) — (3 + 82)(211 - SI())Kl ’

which is not identical to the solution for a no-slip cylinder given by Eqgs. (C.3), i.e. in the same way
as observed for the axial motion. This feature is justified by the fact that bending does not introduce
a discontinuity in the tangential traction jumps and that the normal traction jumps due to bending
resistance as prescribed by Helfrich law in Eq. (2.13) depends only on the normal displacement ..
Therefore, even when considering an infinite bending modulus, the tangential components of the
membrane displacement ug and wu are still completely free. As a result, this behaviour cannot
represent the hard cylinder where all membrane displacements should be restricted. A similar feature
has been found for spherical membranes [81, 82].
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1 Abstract

In this paper, we present an analytical calculation of the rotational mobility functions of a particle
rotating on the centerline of an elastic cylindrical tube whose membrane exhibits resistance towards
shearing and bending. We find that the correction to the particle rotational mobility about the cylinder
axis depends solely on membrane shearing properties while both shearing and bending manifest
themselves for the rotational mobility about an axis perpendicular to the cylinder axis. In the quasi-
steady limit of vanishing frequency, the particle rotational mobility nearby a no-slip rigid cylinder is
recovered only if the membrane possesses a non-vanishing resistance towards shearing. We further
show that for the asymmetric rotation along the cylinder radial axis, a coupling between shearing and
bending exists. Our analytical predictions are compared and validated with corresponding boundary
integral simulations where a very good agreement is obtained.

2 Introduction

The assessment of effects of geometric confinement on the motion of microparticles in a viscous fluid is
of great importance, since such conditions are found in numerous biological or industrial processes [1, 2].
In such systems, the long-range hydrodynamic interactions which determine macroscopic transport
coefficients, are significantly modified due to the flows reflected from the confining boundaries [3-6].
Many of the works have been devoted to motion in tubular channels for their relevance to transport
of fluids in microfluidic systems |7, 8] or in human arteries [9]. Notably, an important property of
these networks of channels is the elasticity of their building material. Blood flow in capillaries relies
on the collagen and elastin filaments within their wall, which enable them to deform in response to
changing pressure [10, 11].

Theoretical modeling of slow viscous dynamics and hydrodynamics of particles in narrow channels
has been mostly focused on flows within hard cylindrical tubes. The monograph of Happel and
Brenner [3] encompasses most theoretical results available. Axial motion of a point particle has
been studied extensively due to relevance to rheology measurements [12-19|, with later extensions
to account for the finite size [20] or non-spherical shape [21|. The motion perpendicular to the axis
has been further studied by Hasimoto [22].

The first attempt to address the slow symmetric rotation of a sphere in an infinitely long hard
cylinder dates back to Haberman [23] and later by Brenner and Sonshine [24] who gave the torque act-
ing on the rotating sphere as power series of the ratio of particle to cylinder diameter. The rotation of
an axisymmetric body within a circular cylinder of finite length has been investigated by Brenner [25]
using the point couple approximation technique. The frictional force [26] and torque [27] exerted on
a slowly rotating eccentrically positioned sphere within an infinitely long circular cylinder has been
studied by Greenstein and coworkers. The latter further investigated the slow rotation of two spheres
placed about the cylinder axis in a direction perpendicular to their line of centers [28]. Complemen-
tary theoretical works have been conducted by Hirschfeld and coworkers |29, 30| to determine the
cylindrical wall effects on the translating-rotating particle of arbitrary shape. Additionally, perturba-
tive solutions for the rotation of eccentric spheres flowing in a cylindrical tube have been derived by
To6zeren [31-33], finding a good agreement with the previous solutions. Modeling of hydrodynamic
interactions involving a torus or a circular orifice [34] has been further presented [35].

Despite an abundance of results available for hard confining boundaries, not many studies fo-
cus on the role of elasticity on the motion of microparticles in confinement. Observations of flow
through a deformable elastic channel [36, 37| demonstrate phenomena that can be related to the
cardiovascular and respiratory systems, including the generation of instabilities [38—40], propagation
of small-amplitude waves [41, 42|, and hysteretic shearing of arterial walls [43]. The flexibility in
microfluidic devices has also been indicated as a potential way of controlling flow [44, 45]. More
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recent works have been devoted to the influence of elastic tube deformation on flow behavior of
a shear-thinning fluid [46, 47] or the steady flow in thick-walled flexible elastic tubes [48, 49]. No
theoretical studies, however, explore the role of elastic confinement on the hydrodynamic mobility of
particles.

This motivates us to compute the flow field generated by a particle rotating inside a realistically
modeled elastic channel. We have modeled the membrane using the neo-Hookean model for shear-
ing [50-53|, and the Helfrich model [54-56] for bending of its surface. An analogous approach has
been successfully applied to the motion of small particles in the presence of planar membranes [57—
61], between two elastic sheets [62] and in the vicinity of a spherical elastic capsule [63, 64]. The
theoretical results presented in some of these works have been favorably compared with fully re-
solved boundary integral method (BIM) simulations, and thus constitute a practical approximate
tool for analysis of confined motion in elastically bounded systems. The present study computes the
frequency-dependent rotational mobility corrections due to the elastic confinement which has not
been previously analyzed.

The remainder of the paper is organized as follows. In Sec. 3, we derive analytical expressions
for the flow field induced by a point-torque oriented either parallel or perpendicular to the cylinder
axis, by expressing the solutions of the Stokes equations in terms of Fourier-Bessel integrals. We
then compute in Sec. 4 the leading order self- and pair-mobility functions for the rotation along
or perpendicular to the cylinder axis. Moreover, the membrane displacement field induced by the
particle for a given actuation is presented. For a given set of parameters, we compare in Sec. 5 our
analytical predictions with fully resolved boundary integral simulations, where a good agreement
is obtained. Concluding remarks are offered in Sec. 6. The appendix outlines the main derivation
steps for the determination of the linearized traction jumps stemming from membrane shearing and
bending rigidities.

3 Theoretical description

We consider a small solid spherical particle of radius a, placed on the axis of a cylindrical elastic tube
of undisturbed radius R > a. The fluid inside and outside the tube is assumed to be incompressible
of the same shear viscosity 1. An oscillatory torque acts on the particle inducing periodic rotational
motion whose amplitude is linearly related to the amplitude of the acting torque. Our final goal is
to compute the rotational mobility representing the coefficient of proportionality between torque
and motion. We employ the cylindrical coordinate system (r, ¢, z) where r is the radius, ¢ is the
azimuthal angle and z is the axial direction along the cylinder axis with the origin located at the
center of the particle (see Fig. 1 for an illustration of the system setup). The flow fields inside and
outside the cylindrical channel are labeled 1 and 2, respectively.

We proceed by computing the rotlet solution which follows from the solution of the forced Stokes
equations

nV2v — Vp + F(r) =0, (3.1a)
Vv =0, (3.1b)
inside the tube (for r < R) and
nV2vy — Vpy =0, (3.2a)
Vv =0, (3.2b)

outside (for » > R). Here F'(7) represents an arbitrary time-dependent force density acting on the
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Figure 1: Illustration of the system setup. A small spherical particle of radius a placed at the origin
rotating nearby an elastic tube of undisturbed radius R.

fluid. We specifically consider a distribution that has only the asymmetric dipolar term
ferdszL, (3.3)
S

where the integral is taken over the surface S of the spherical particle. Since the particle is small,
we shall consider its point-like limit. Then the antisymmetric dipolar term in the force multipole
expansion yields the flow field induced by a rotlet of strength L. The flow field around a rotlet in an
infinite fluid is given by [65]

1 Lxr
= % 3

v(r)

Our aim is to find the corresponding solution in the space confined by an elastic cylindrical tube.

, (3.4)

For realistic parameters, we have shown in earlier work [59] that the term with a time derivative
in the unsteady Stokes equations leads to a negligible contribution to the total mobility corrections
and thus is not considered in the present work.

Egs. (3.1) and (3.2) are subject to the regularity conditions

|lvi| < oo for |r| =0, (3.5)
v; — 0 for z = o0, (3.6)
v2 — 0 for |r| — oo, (3.7)

together with the boundary conditions imposed at the undisplaced membrane r = R. This commonly
used simplification is justified since we are dealing with small deformations only. In other situations,
when the finite amplitude of deformation is important, it becomes necessary to apply the boundary
conditions at the displaced membrane, see for instance Refs. [66-70]. The velocity field across the
membrane is continuous, leading to

[vr] =0, (3.8
[vcf)] =0, (39
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while the elastic membrane introduces a discontinuity in the fluid stress tensor

logr] = AfS, (3.11)
lo2] = ASE, (3.12)
[07e] = Afrs + Af?v (3.13)
with the notation [w] := w(r = RT) — w(r = R™) refering to the jump of a given quantity w across
the membrane. The fluid stress tensor is expressed in cylindrical coordinates as [71]
Vp + v
0’¢T:77<v¢7r¢rr’¢)7

Ozr = U(Uz,r + Ur,z) y

Opp = —p+ 277Ur,7" .

The traction jumps can be decomposed into a contribution due to the in-plane shearing elasticity
(superscript S) and a contribution stemming from membrane bending rigidity (superscript B). Shear-
ing is accounted for using the neo-Hookean model [50]|. As derived in the Appendix, the linearized
traction jumps due to shearing elasticity are written as

s_ ks Buzge | Aurg + Upgg)
22Uy, + 3u U
A S _ _@ du, . rz .29 z,90¢ 3.14b
fZ 3 U i + R + R2 ’ < )
2Kg Q(UT + ug ¢,) Uy
AfS =2 (2 L 0] TR 3.14
fr 3 < R2 + R 9 ( C)

where kg is the elastic shear modulus. The comma in indices denotes a partial spatial derivative.

Bending of the membrane is described following the Helfrich model [54, 56] as

Up + 2Ur gy + Un¢¢¢¢>> (3.15)

AfF = KB (R3u7’,zzzz + 2R(U7’,zz + ur,zquqb) + R

where kp is the bending modulus. Moreover, Afdl? = AfB = 0 since bending does not introduce a
discontinuity in the tangential traction jumps [56].

Similar as above, we apply the no-slip boundary condition at the undisplaced membrane sur-
face [72]

ou(o, z
E;Z ) =v(r,¢,2)|r=r , (3.16)
which in Fourier space is written as
v(r, ¢, 2)
= — . 3.17
u(o,z) = 2ELH) (317)

Having introduced the regularity and boundary conditions, we then solve the equations of fluid
motion by expanding them in the form of Fourier-Bessel integrals. For this aim, solutions will be
searched for in the two distinct regions i.e. inside and outside the cylindrical membrane separately.
We write the solution in terms of integrals of harmonic functions with unknown coefficients, which
we then determine from the boundary conditions.

We begin by expressing the solution of Egs. (3.1) inside the cylinder as a sum of a point-torque
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(point-couple) flow field and the flow field reflected from the membrane, as
vy = v 4 V¥,
p1=p*+p",

where v® and p® are the rotlet solution in an unbounded medium and v* and p* are the solutions
of the homogenous Stokes equations

nV2v* — Vp* =0, (3.18a)
V.v"=0, (3.18Db)

required to satisfy the regularity and boundary conditions. In the next section, we shall first consider
the axisymmetric rotational motion about the cylinder axis.

3.1 Axial rotlet

The solution for a point-torque of strength L = L,e,, located at the origin and directed along the z
direction reads [65]
L L
UQP:{:_ Z%? Ugll:t:iz%a ,05
8mn d 8mtn d

and p = 0. Here d := v/r2 + 22 is the distance from the rotlet position. Therefore, the velocity field
is purely directed along the azimuthal direction such that

L, r L, 01

R rR_ L G

_ _Ler L. 01 3.19
or =0, Yo &mn d3 8mn Or d (3.19)

By making use of the integral relation |73, 74|

1 2
= 7T/0 Ko(qr)cosqzdg, (3.20)

wherein K is the zeroth order modified Bessel function of the second kind [75], the integral repre-
sentation of the azimuthal fluid velocity field due to a point-torque reads

L,

R _
Yy = 472

o0
/ qK1(qr)cosqzdq. (3.21)
0
For symmetric rotation about the cylinder axis, the homogenous Stokes equations Egs. (3.2) and
(3.18) reduce to,
v
U:;),TT + T — — + ’U;Z 2z — 0, (322)

and analogously for vg,. Using the method of separation of variables [76], and by making use of the
regularity equations stated by Egs. (3.5) through (3.7), the image solution and external fluid velocity
can therefore be presented in integral form as [24]

L (o ¢]
e — A*(g)I d 3.23
%= grrn /O (¢)11(qr) cos gz dg, (3.23a)
Lz o0
Vgy = 477277/0 As(q)K1(qr) cosqzdgq . (3.23b)

The azimuthal velocity component across the membrane is continuous in virtue of Eq. (3.9)
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leading to

.S’Kl
R

where s := gR. The modified Bessel functions have the argument s which is dropped here for brevity.

The unknown functions A* and As are to be determined from the imposed traction jumps at the

membrane.

K1Ay — L A* = (3.24)

The discontinuity of the azimuthal-normal component of the fluid stress jump stated by Eq. (3.11)
leads to

jaus? Ko+ K
(slo— ) A™ + <(1 - ZO‘;) K1+ 5K0> Ay = 5(5();1) , (3.25)
where we have defined the shearing coefficient as
2Kg
= 3.26
=3 R (3.26)
which quantifies the effect of shearing for a given actuation frequency w.
Solving Eqgs. (3.24) and (3.25) for the unknown coefficients A* and Ay we obtain
1 ; 2K2
AF == 1A i , (3.27)
R (2[0 - zasIl)Kl + 2K0[1
1 2s(Io Ky + 1 K,
Ay = = sUoky + LK) (3.28)

R (2K0 — iOéSKl)Il + 21y K4 '

Interestingly, the coefficients A* and As and thus the inner and outer flow fields depend solely on
shear and do not depend on bending. In particular, for a = 0, the image solution Eq. (3.23a) vanishes
and the solution outside the cylinder (3.23b) is identical to the rotlet solution given by Eq. (3.21).

In the limit @ — 0o corresponding to the quasi-steady limit of vanishing actuation frequency,
or equivalently to an infinite membrane shearing modulus, we recover the result obtained earlier by
Brenner [25], namely

. X sKy
A= TRy

and As = 0 for which the outer fluid is stagnant. In the following, the solution for a radial rotlet will
be derived.

3.2 Radial rotlet

Without loss of generality, we shall assume that the rotlet is exerted along the x direction. The
induced velocity field reads [65]

L, =z L, y
R R T R T

=0 = ——— = i
x ’ Yy 8mnd3’ vz 8 d3’

and p® = 0. Transforming to cylindrical coordinates, we obtain

L, zsing
R __ z R _
Y T 8y & Yo =

L, zcos¢ R Lg rsing
8mn d3 2 8mp dB

After making use of Eq. (3.20) together with |73, 74]

2 e.9]
G- 'r/ K(gr)singzdg, (3.29)
d 7T 0
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and by noting that

z 10z r 01
£ __ Y=z =2 3.30
d3 rord’ d3 ord’ (3:30)
the rotlet solution can therefore be expressed in an integral form as
ol La sind)/oo Ko(gr)singzd (3.31a)
= — 1 .
R | aolar)singzdg,
o0
vﬁf = ~dn?n cosqﬁ/o qKo(gr)singzdq, (3.31Db)
vl = Lo sin¢/oo Ki(gr)cosqzd (3.31c)
El v kg qzdq. :

The reflected flow can be represented by using the fact that the homogenous Stokes equations (3.18)
have a general solution expressed in terms of three harmonic functions ®, ¥ and T" as [3, p. 77|

r
vy =V, + ¢—|—7'<I>M, (3.32a)
v d
vl = Tj‘b T, - —*’5 + O, (3.32b)
v*_qu+rq>m+q>z, (3.32¢)
pr=-2nP... (3.32d)

The functions ¥, ® and I' are solutions to the Laplace equation which can be written in an integral
form as

sin ¢ / g(qr)singz dq, (3.33a)
sin ¢ / ¥(q)g(gr)singzdg, (3.33b)
cos ¢ / g(qr)sinqzdq, (3.33¢)

where , 1 and v are wavenumber-dependent unknown functions to be determined from the underlying
boundary conditions. Moreover, g is a solution of the first order modified Bessel equation [75|. Since
the solution needs to be regular at the origin owing to Eq. (3.5), we take g = I; for the image solution,
directly leading to

i = i [T (@ ) - artoan) @) + arhofar) — ) v @

— Li(qr)~* (q)) sin gz dq, (3.34a)
v = 47: COS(b ( qrlo(qr) — 201(qr)) ©*(q) + L (qr)¥* (q)

+ (Ii(gr) — qrlo(qr)) ’7*((1)) sin gz dg, (3.34b)
vy = 41;;077 siné/oooq (grlo(gr)¢™(q) + Ii(qr)*(q)) cos gz dg. (3.34¢)

pt = 271_281n¢/0 *I(qr)p*(¢q) sin gz dq. (3.34d)
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Since the solution has to decay at infinity in virtue of Eq. (3.7), we thus take g = K3 for the fluid
outside, leading to

s = a2 [ (@4 ) Katan) + arin(an) ea(a) = Garo(ar) + Kaar) )
— Ky(qr)y* (q)> singzdq, (3.35a)

Ly cosg [~
Vo2 = 4dm2n 1

( — (qrKo(gqr) + 2K1(qr)) p2(q) + K1(gr)v™(q)

+ (Ki(qr) + qrKo(qr)) 7*(q)> sin gz dg, (3.35D)
Lysing [ .
Rl A q (—arKo(qr)p2(q) + Ki(qr)v™(q)) cos gz dq, (3.35¢)
L, sin o0 .
P2=—5 3 ’ /0 ¢*Ki1(gr)p2(q) singz dg . (3.35d)

The continuity of the fluid velocity field across the membrane as stated by Eqs. (3.8) through (3.10)
leads to

(SIO — (2 + 82)11) (,0* + (Il — SI())T/J* + [1’}/* — (K1 + SK())IUQ + (SK() + (2 + 82)K1) Y2 — Kl’yQ = —sKy,

(3.36)
(211 — slo)p™ — [1Y" + (sly — 11)Y" — (sKo + 2K1) 2 + K112 + (K1 4 sKg) 72 = —sKp,
(3.37)
—s2Igp* — sIY* — 2 Koo + sK199 = sK .
(3.38)

The unknown functions o, 12 and =9 associated to the external flow field can readily be expressed
in terms of ¢*, * and ~v* by solving Egs. (3.36) through (3.38) to obtain

0"+ (K1 + sKo)Gy* — K1Gv*
s((24 2Ky + sK Go* + Sv* — sKgGv*

Py = (( 1Ko I)E v 0 +1, (3.40)
2sKoGo* + 2K1Gy* S—G(sKy+ (2+ DK ~*

Yo = 540 ! w + ( (S 0 ( i ) 1)) — 1, (341)

where we have defined

S = —sKyK; (SIO + (2 + 82)11) — 82 (SI()Kg + IlK%) ,
G=-s (I()Kl + IlKo) R
D = s(s’K§ + sK§Ky — sK} — (2+ s*)KoK7) .

The expressions of ¢*, ¥* and v* may be determined given the membrane constitutive model. In
the following, explicit analytical expressions will be derived by considering independently an idealized
membrane with pure shearing or pure bending.
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Pure shearing

As a first model, we consider an idealized elastic membrane with pure shearing resistance, such as
an artificial capsule [77, 78|. The traction jump along the azimuthal direction given by Eq. (3.11)
depends only on membrane shearing resistance. We obtain

(4 + 8% 1 — 2s1p) @* + (sl — 20" + (slo — (24 s*) 1) v* + ( (ia(8 + 35%) — (4 + s%)) K1
+ 2s (ia(2 + 52) - 1) KO)gOQ + % ((4 +25% —ia (8 + 52)) Ki+s (2 — i (4 + 82)) Ko) Yo
+(2(1—ia2+ s%) K1 + s(1 — 2ia)Ko) ¢o = —s°K] .
(3.42)

The traction jump along the axial direction stated by Eq. (3.12) is also independent of bending
leading to

s*(Io + s)¢* + s(sly — I1)Y* + 5 (s (1 +ia(3 + 25%)) Ko + (ia(5 + s%) — s?) K1) 2

ias (3.43)
27

+s((1—ia(3+ 282)) Ky + s(1 —ia)Ko) ¢ (3sKo+ 5K1)v2 = —s(sKo + K1) .

By considering only the shearing contribution in the normal traction jump in Eq. (3.13) we get

25’ 11" + (ias(4+ s%) Ko + 2 (ia(4 + s%) — 5%) K1) 2 — ia (25Ko + (4 + s°) K1) o

. (3.44)
— 2ia(sKo +2K1)y2 = 0.

Egs. (3.39) through (3.44) form a closed system of equations for the unknown functions. Due to
their complexity, analytical expressions are not listed here. In particular, in the limit @ — oo we
obtain

(I()Kl =+ IlKo)(211 — SI())

fo 3.45
atoo” T s(sIy — L) (12 — 12) — 21012 .
B(sKo — K1)+ Iol1(s* Ky — 25K + 2K;) — sI?K
limv,/J*:SO(S 0 1)+o1(321 28 0+21) st L (3.46)
a0 s(slo — In)(I5 — I7) — 21015
2K, Ky +4Ky)I? + 21y K, — sI?(sKy + K
lim’y*z(s 0+ sKi + o)1+2 1z 53(5 ot 1), (3.47)
a-300 s(slo — ) (15 — If) — 2101}

where the functions g, Y9 and -9 vanish in this limit.

Pure bending

Another membrane model involves only a bending resistance, as commonly considered for fluid
vesicles [79, 80]. Neglecting the shearing contribution in the traction jump along the ¢ direction,
Eq. (3.11) reads

(44 s*)I1 — 2s1p) ¢* + (sIy — 20" + (sl — (24 s*)11) v* — (4 + 8*) K1 + 25K0) g2

3.48
+ (2K1 + sKo) ¥2 + ((2+ 8*) K1 + sKo) 72 = —s°K] . (3.48)

The traction jump across the z direction in the absence of shearing is continuous leading to

S(Io + 811)(,0* + (SI() — Il)¢* + s (Ko — SKl) Y2 + (Kl + SK()) 1/)2 = —(SKO + Kl) . (3.49)
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while the normal traction jump is discontinuous leading to
201p* + (iags® (sKo + (2 + 8%) K1) — 2K1) @2 — iaps®(sKo + K1)he — iag s’ K192 =0, (3.50)

where we have defined the bending coefficient ap as
1 () /3
== — 3.51
"R <nw> ’ g

quantifying the effect of bending.

By plugging the expressions of (g, 109 and 7 as given by Egs. (3.39) through (3.41) into Eqs. (3.48)
through (3.50), expressions for ¢*, 1* and v* can be obtained. In particular, by taking the limit
ap — oo the coefficients read

—sKo(sKo + K1)

lim " =

QB —00 sKy (25]0 - (3 + 82)11) + (3 + 82)(.9[0 — 2[1)K1 ’
lm o = sKy (sKo + 2+ 82)K1)
QaB—00 sKy (28[0 — (3 + 82)11> + (3 + 82)(810 — 2[1)K1 ’
. " 28KOK1
lim =

aB—>007 N sKy (28[0 — (3 + 82)11> + (3 + 82)(810 — 2[1)K1 ’

which are in contrast to the solution for a hard-cylinder with stick boundary conditions given by
Egs. (3.45) through (3.47). This difference is explained by the fact that bending following the Helfrich
model does not lead to a discontinuity in the tangential traction jumps [56]. Moreover, the normal
traction jump as stated by Eq. (3.15) depends uniquely on the radial (normal) displacement and
does not involve the tangential displacements us and u,. As a result, even by taking an infinite
membrane bending modulus, the tangential displacements are still completely free. This behavior
therefore cannot represent the rigid cylinder limit where membrane deformation in all directions must
be restricted. Such behavior has previously been observed near spherical membranes as well [63, 64].

Shearing and bending

For a membrane endowed simultaneously with shearing and bending rigidities, a similar resolution
procedure can be employed. Explicit analytical expressions can be obtained via computer algebra
systems, but they are rather complicated and are therefore not listed here. We further mention
that a coupling between shearing and bending exists, meaning that the solutions derived above
for pure shearing and bending cannot be added up linearly. This coupling behavior has previously
been observed for two parallel planar [62] or spherical membranes [63, 64], in contrast to the single
membrane case where adding up linearly the shearing and bending related solutions holds [59, 61].

In order to clarify the mentioned coupling between shear and bending, consider two different
idealized membranes, one with pure bending resistance (aw = 0) and another one with pure shear
resistance (ap = 0). For a membrane endowed simultaneously with both shear and bending rigidities,
we have shown in Egs. (3.39)—(3.41) that the unknown functions outside the tube X are related to
the functions inside X™ in the following way

Xo = AX* 4, (3.52)

where Xo = (2,92,72)T, X* = (¢*,9*,7*)T, Ais a 3 x 3 known matrix and b = (0,1, —1)T.
We now denote by Xog, Xop the solutions outside the tube for a membrane with pure shear and



Pub7. Slow rotation inside an elastic tube 243

pure bending, respectively, and by Xg, X{ the corresponding image system solutions. Accordingly,
Xog = AX3+0, Xop = AXE + b, (3.53)

leading after taking the sum member by member to
Xy = AX™ +20, (3.54)

where Xy = Xog 4+ Xop and X* = X§ + X3 are the superposition solutions. Clearly, this relation is
different from the original equation (3.52) since b # 0, and therefore the true solutions X and X*
cannot both be identical to the superposed functions Xs and X*. As a consequence, they cannot
satisfy the correct boundary conditions showing that shear and bending are coupled and cannot be
added up linearly.

4 Particle rotational mobility and membrane deformation

The rotlet solution obtained in the previous section serves as a basis for the determination of the
particle rotational mobilities along and perpendicular to the cylinder axis. We restrict our present
consideration to the point-particle approximation, and thus the particle size is much smaller than
the cylinder radius. We shall show that this approximation, despite its simplicity, can lead to a
surprisingly good agreement with boundary integral simulations of truly extended particles.

4.1 Axial rotational mobility

Beginning with the rotational motion symmetrically around the cylinder axis, the leading-order
correction to the rotational mobility of a point-particle is

Apf = L7 lim 007, (4.1)

L Y%
QZ = 5 (U¢7T+ 7"> 5
being the z component of the correction to the fluid angular velocity * := %V x v*. Making use of

Eq. (3.23a), we obtain
s_ L [T and
Apy = —— *dg.
M= gy /O 4 4

Scaling by the bulk rotational mobility ufy” = 1/(87na?), the scaled frequency-dependent correction
to the rotational mobility takes the form

with

A.Uﬁ 1 <a>3/°° ias3K? q (4.2)
— (= S. .
HST T \R 0 (2[0 — iasll)Kl + 2Kolh

Notably, the correction at lowest order follows a cubic dependence in the ratio of particle to cylinder
radius. Particularly, in the hard cylinder limit we get

AMS 1 3 [ 2K 3
. I (a) / S 1 - (a)
1 =— 1= ~ —0. 2(=) . 4.
Jim o ; ) ds 0.7968 (4.3)

in agreement with the result know in the literature [24, 81-83]. We further emphasize that in the
absence of shearing, the correction to the particle rotational mobility vanishes.
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We now turn our attention to hydrodynamic interactions between two spherical particles of equal
radius [84, 85] positioned on the centerline of an elastic cylinder. For the rest of our discussion, we
shall denote by  the particle located at z = 0 and by A the particle at z = h. The particle rotational
pair-mobility function about the line connecting the two centers is computed at leading order as
uﬁ) =L;! lim Q,. (4.4)
T—T)

Using Egs. (3.19) and (3.23a), we get

1 1

o0
P o *
) = Fy—_ + 87r277/0 qgA* cos (os) dg.
wherein o := h/R. The first term in the equation above is the leading-order rotational pair-mobility

for two isolated spheres, i.e. in an unbounded medium [86]. Scaling by the bulk rotational mobility,
we obtain
,UP 3 3 [ v eS 2
L _ (g) n 1 (g) / ias’ K7 cos (o) ds
,U,ET h T \R 0 (2[0 - iOéSIl)Kl + 2KOI1 ’

which is dependent on membrane shearing properties only. The hard-cylinder limit is recovered by
taking @ — oo to obtain

lim Mﬁ) = <%)3 ! (%)3 /OO 82111(1 cos (0s) ds, (4.5)
0

a—00 MBT T

that is positively defined for all values of o. Therefore, the two particle have always the same sense
of rotation around the cylinder axis, in the same way as in an unbounded flow.

4.2 Radial rotational mobility

We compute the particle self-mobility correction for the asymmetric rotation around an axis perpen-
dicular to the cylinder axis which for a point particle situated on the cylinder axis is

ApS =Lt lim O = L, lim OF, (4.6a)

where L, = L, cos¢ and Ly = —L, sin ¢ and

r

1 (V4 1
=3 (22 -u.) . 2=,

are the corrections to the radial and azimuthal fluid angular velocity, respectively. By making use of
Eqgs. (3.34b) and (3.34c) we get

ApS 1 raN3 [ 9
=—|= 4+ 20%)s%ds.
Jirs 21 (R) /0 (7" +2¢7) 57 ds

Considering a membrane with both shearing and bending, and by taking the vanishing frequency
limit we obtain

lim A%‘; - —% (;)3/000 % ds ~ —0.73555 (%)3 : (4.7)
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in agreement with the literature [24, 81|. Moreover,

w = s*(2Ip11(sKo — 3K1) + sIf (sKo + 3K1) — I7 ((s* + 8) Ko + sK1) ) , (4.8a)
W =sI} — (s 4+ 2)IgI? — sI31, + 213 . (4.8Db)

The same limit is obtained when considering a membrane with pure shearing. Another limit is
recovered if the membrane possesses only a resistance towards bending such that

ApS 5 1 7a\3 [* wp ay3
1 d = —— —_ _ ~ —U. ey 4'9
. r - (R) /0 Ty, 48~ 024688 (R) ’ (49)
where we have defined
wR = 84Kg )

Wy = sl ((3 + 82)K1 -+ QSK()) — (3 + 82)(8K0 + 2K1)Il .

Next, we turn our attention to the rotational pair-mobility perpendicular to the line of centers.
At leading order we have

P -1 1: —1 q:
w, = LT rli}IE)\ er = L¢ Tli}I}"ﬁl)\ Ql¢ . (410)
In a scaled form we obtain
P o]
oy 1 /a\3 1 ra\3 9
MST = _5 (ﬁ) + % <R> 0 (")/* + 2g0*) S COS (O’S) dS, (411)

which in the vanishing frequency limit reduces to
P o0
P __1 (9>3_i<2>3 w 4.12
a3 =2 \n) T \R) O, oW (05) ds, (4.12)

with w and W given above by Eqgs (4.8). It can be shown that upon integration, the second term
in the latter equation is negatively valued for all value of o. Therefore, the two particles undergo
rotation in opposite directions for all values of o, i.e. in the same way as in a bulk fluid.

4.3 Startup rotational motion

We now compute the mobility coefficients for a particle starting from rest and then rotating under a
constant external torque (e.g. a magnetic or optical torque) exerted either in the direction parallel
or perpendicular to the cylinder axis. The steady torque is mathematically modeled by a Heaviside
step function L(t) = A 6(t) whose Fourier transform in the frequency domain reads [87]

L(w) = (Wé(w) - Z) A (4.13)

W

The components of the time-dependent angular velocity can readily be obtained upon inverse Fourier

transformation to obtain
wr(t AuS 0 1 o0 A/LS w

wt
= d ke . 4.14
o LD [ S e, {r,6,2) (414)

We note that the third term in Eq. (4.14) is a real quantity which takes values between —Apf, (0)/2
when t — 0 and —i—A,u%k (0)/2 as t — oo, corresponding to the bulk and hard-wall behaviors, respec-
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tively. As the frequency-dependent mobilities are expressed as integrals over the scaled wavenumber
s, the computation of the time-dependent angular velocities requires a double integration procedure.
For this aim, we use the Cuba Divonne algorithm [88, 89| which is found to be suitable for the
numerical computation of the present double integrals.

4.4 Membrane deformation

Finally, our results can be employed to compute the membrane deformation resulting from an arbitrary
time-dependent point-torque acting parallel or perpendicular to the cylinder axis. The membrane
displacement field can readily be computed from the fluid velocity at r = R via the non-slip relation
stated by Eq. (3.17). We define the membrane frequency-dependent reaction tensor in the same way
as previously defined for a point-force as [62, 90|

ui(z, ¢, w) = Qij(z, ¢, w)L;j(w) , (4.15)

relating between the membrane displacement field uw and the torque L acting on the nearby particle.
Considering a harmonic-type driving torque L;(t) = A;e™°!, the membrane deformation in the time
domain is calculated as

ui(z, (b, t) = Qij(z, ¢, wO)AJ‘CMOt . (4.16)

The physical displacement is then obtained by taking the real part of the latter equation. From
Egs. (3.23b) and (3.28), we obtain

2sK1(Iy K71 + 11 Ky) sz
=A cos <—) ds,
(2K —tasKy) 1 + 21K, R

wherein A := 1/(4im?nwR?), giving access to the membrane azimuthal deformation when an axial
torque is exerted on the particle. We further have Q,., = Q.. = 0 due to symmetry.
Next, considering a torque acing along an axis perpendicular to the cylinder axis, we obtain

Qrg = _A/OO <((2 + 5% K1 + 5Ko) 02 — (sKo + K1) ¢ — K ’Y*> sin (%) ds,
_A/ ( (sKo+2K1) p2 + K19 + (K1 + sKp) v >51n(R>ds
Q.6 = —A/O s (—sKopa + K19™) cos <R) ds,

and Q. = Q¢¢ = Q. = 0.

5 Comparison with numerical simulations

In order to assess the validity and appropriateness of the point particle approximation employed
throughout this work, we compare our analytical predictions with computer simulations performed
using a completed double layer boundary integral equation method [91-95]. The method is known
to be ideally suited for simulation of fluid flows in the Stokes regime [96] where both solid objects
and deformed boundaries are present. Technical details regarding the method and its numerical
implementation have been reported by some of us elsewhere, see e.g. Refs. [62, 97].

In the simulations, the cylindrical membrane is of length 200a uniformly meshed with 6550
triangles. The spherical particle is discretized by 320 triangular elements obtained by refining an
icosahedron consecutively [98, 99].
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Figure 2: (Color online) The scaled frequency dependent self- (a) and pair- (b) mobilities versus the
scaled frequency g for the rotational motion around the cylinder axis. The membrane is endowed
with only-shearing (green), only-bending (red) or both shearing and bending rigidities (black). Green
lines/symbols are hardly visible as they overlap with the black lines/symbols. Here the particle is
set on the centerline of an elastic cylindrical membrane of radius R = 4a. For the pair-mobility, the
interparticle distance is set h = R. The analytical predictions are shown as dashed and solid lines for
the real and imaginary parts, respectively. BIM simulations are presented as squares and circles for the
real and imaginary parts, respectively. The horizontal dashed lines represent the hard-cylinder limits
predicted by Eq. (4.3) and (4.5) for the self- and pair-mobilities respectively. For other parameters,
see main text.
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Figure 3: (Color online) The scaled frequency dependent self- (a) and pair- (b) mobilities versus the
scaled frequency S for the rotational motion around an axis perpendicular to the cylinder axis. The
color code is the same as in Fig. 2.
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Figure 4: (Color online) Scaled particle self-mobility corrections versus  for various values of the
reduced bending modulus Eg for the rotational motion around an axis perpendicular to the cylinder
axis. Here we take R = 4a and C' = 1.

In order to compute numerically the particle rotational self- and pair-mobility functions, a time
dependent harmonic torque Ly, (t) = Ay;e™°! of amplitude Ay; and frequency wy is exerted along
the direction 7 at the particle labeled A either parallel (z direction) or perpendicular (z direction) to
the cylinder axis. After a short transient evolution, both particles undergo oscillatory rotation with
the same frequency wp but with different phases, such that Qy; = B)y;e®°** and Q,, = Bwieiw0t+57 .
For an accurate determination of the angular velocity amplitudes and phase shifts, we use a nonlinear
least-squares solver based on the trust region method [100]. The particle rotational self- and pair-
mobilities are then computed as

s By

i P
,Uz’j_A/\, g ij
J

€ ’

—i ity (5.1)

We then define the characteristic frequency associated to shearing as § := 1/a = 3nwR/(2ks),
and for bending as g := 1/a3, = nwR3/kp. Additionally, we define the reduced bending modulus
Ep := kp/(ksR?) a parameter quantifying the relative effect between membrane shearing and
bending.

As an example setup, we place a spherical particle on the centerline of an elastic cylinder of
initial (undeformed) radius R = 4a. We mostly take a reduced bending modulus Eg = 1/6 for
which the characteristic frequencies associated to shearing and bending have about the same order
of magnitude, and thus both effects manifest themselves equally.

Fig. 2 a) shows the parallel component of the correction to the rotational self-mobility function
upon variation of the forcing frequency . For a membrane with bending-only resistance (shown in
red), both the real and imaginary parts of the mobility correction vanish, in agreement with our
theoretical prediction stated by Eq. (4.2). Not surprisingly, the torque exerted on the particle along
the cylinder axis induces only membrane torsion and therefore the resulting stresses do not cause
any out-of-plane deformation or bending. For a membrane with a non-vanishing shearing resistance,
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Figure 5: (Color online) Time-dependent angular velocity of a particle starting from rest for a) axial
and b) radial rotational motion under the action of a constant external torque. Here we use the
same parameters as in Fig. 2 with a membrane with both shearing and bending rigidities. Solid lines
are the analytical predictions obtained from Eq. (4.14) whereas symbols are the boundary integral
simulations results. Black dashed lines are our theoretical predictions based on the point particle
approximation. Here 7 is a characteristic time scale defined as 7 := f/w.

however, we observe that the mobility correction exhibits a monotonically increasing real part and
the typical peak structure for the imaginary part. In the vanishing frequency limit, the correction
to rotational mobility is identical to that predicted nearby a hard-cylinder with stick boundary
conditions, given by Eq. (4.3). Moreover, the bulk behavior is recovered for large forcing frequencies
where both the real and imaginary parts vanish.

In Fig. 2 b) we present the rotational pair-mobility function for two particles located on the
cylinder centerline a distance h = R apart. Similarly, a membrane with pure bending resistance does
not introduce a correction to the particle pair-mobility. Yet, the latter is markedly affected by the
membrane shearing resistance where the correction approaches that near a hard-cylinder in the low
frequency regime. For high forcing frequencies, the pair mobility equals that of two equal-sized spheres
in an unbounded medium, given at leading order by (a/h)3. A good agreement is obtained between
theoretical predictions and the numerical simulations we performed using a completed double layer
boundary integral method.

We now carry out for the rotation about an axis perpendicular to the cylinder axis. In Fig. 3,
we show the perpendicular component of the particle rotational self- and pair-mobilities nearby a
membrane endowed with shearing-only (green), bending-only (red) or both shearing and bending
rigidities (black). The mobility functions show basically a similar evolution as in the previous case of
axisymmetric rotation around the cylinder axis. As explained before, we observe that the mobility
near a no-slip cylinder is recovered only if the membrane possesses a non-vanishing shearing resistance.
The pair-mobility in the high frequency regime can appropriately be estimated from the leading
order bulk pair-mobility —(1/2)(a/h)3.

In order to probe the effect of the aforementioned coupling between shear and bending, we show
in Fig. 4 the particle self-mobility function versus S for the rotational motion perpendicular to the
cylinder axis upon variation of the reduced bending modulus Ep while keeping R = 4a. We observe
that as Ep increases, a second peak of lower amplitude emerges for higher forcing frequencies in
the imaginary part. Additionally, a dispersion step in the real part occurs that bridges between the
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Figure 6: (Color online) The scaled azimuthal membrane displacements versus z/a at four forcing
frequencies computed at quarter oscillation period for twy = m/2. Solid lines are the analytical
predictions and symbols refer to boundary integral simulations.

hard-cylinder limit Eq. (4.7) and the bending limit predicted by Eq. (4.9). In fact, the peak observed
at 8 ~ 1 is attributed to the membrane resistance towards shear and can conveniently be estimated
by a simple balance between fluid viscosity and membrane elasticity as w ~ kg/(nR). The high-
frequency peak is however attributed to the membrane resistance towards bending and its position
can properly be estimated by a balance between fluid viscosity and bending such that w ~ kg /(nR?)
corresponding to fp ~ 1. Since g = 25/(3ER), the second peak occurs at § ~ Ep. Particularly, for
Eg = 1, the shear and bending related peaks coincide for which both effects manifest themselves
equally. Analogous predictions can be made for the pair-mobility where similar conclusions can be
drawn.

In Fig. 5, we show the time-dependent angular velocity of a particle initially at rest, rotating
under the action of a constant external torque. We scale the time by the characteristic time scale
for shearing defined as 7 := 3/w = 3nR/(2ks). At short time scales for which ¢ < 7, the membrane
introduces a small correction to the particle mobility since it does not have enough time to react on
these short time scales. As the time increases, the membrane effect becomes more important and
the mobility curves bend down substantially to asymptotically approach the correction predicted
nearby a hard cylinder. The steady rotational mobilities undergo small corrections relative to the bulk
values, making them more difficult to obtain precisely from the simulations. This explains the small
discrepancy between theory and simulations, notably for a membrane with pure bending resistance.

The membrane displacement induced by the symmetric rotation of the particle around the cylinder
axis is shown in Fig. 6 where both analytical predictions (solid lines) and numerical simulations
(symbols) are presented. Here we use the same parameters as in Fig. 2 and four different actuation
frequencies. Displacement fields are plotted when the oscillating particle reaches its maximal angular
position. We observe that the membrane azimuthal deformation exhibits a bell-shaped behavior
that peaks at the origin where deformation is more pronounced. By comparing the membrane
displacement field at various forcing frequencies, we observe that as the forcing frequency gets larger,
the membrane undergoes remarkably smaller deformation since the membrane does not have sufficient
time to respond to the fast rotating particle.

Analogous predictions for asymmetric deformation induced by the particle radial rotation are
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Figure 7: (Color online) The scaled radial a), axial b) and azimuthal ¢) membrane displacement field
versus scaled distance along the axis z/a for four forcing frequencies calculated at quarter period for
wot = 7/2 when the particle reaches its maximal radial position. Here deformations are shown in
the plane of maximum deformation. Solid lines are the theoretical predictions and symbols refer to
the boundary integral simulation results.

shown in Fig. 7. Here deformations are shown in the plan of maximum deformation, i.e. ¢ = 0 for
ug, and ¢ = 7/2 for u, and u,. The radial and azimuthal deformations have fundamentally the same
evolution where both have symmetry with respect to the origin at which the deformation vanishes.
On the other hand, axial deformation reaches its maximal value at the origin and decays far away
as the ratio z/a gets larger. It can clearly be seen that upon particle radial rotation, the membrane
undergoes primarily axial deformation with a maximum that is about three times larger than that
reached in the radial or azimuthal deformations.

For typical flow parameters, the torques exerted by optical tweezers on suspended nanoparticles
are of the order of 1 pN pm [101]. Assuming a cylinder radius of 107% m, a membrane shearing
modulus of about 107® N/m and an actuation frequency 3 = 2, the membrane undergoes a maximal
deformation of about 3 % of its undeformed radius. Therefore, deformations upon particle rotational
motion are small and deviations from cylindrical shape are negligible.
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6 Conclusions

In this contribution we have presented analytical calculations of the Stokes flow induced by a point-
torque exerted parallel or perpendicular to the axis of an elastic circular tube. The membrane is
modeled by a combination of the neo-Hookean model for shearing and Helfrich model for bending. The
solution of the fluid flow is expressed in terms of Fourier-Bessel integrals with unknown coefficients
which are determined from the boundary conditions imposed at the membrane.

The result is the Green’s function for two orientations of the rotlet singularity. In the limit when
shearing and bending coefficients are large, corresponding to a stiff membrane, our results converge
to the expressions previously derived in literature for a hard cylindrical no-slip tube.

Our results are directly applicable to the determination of the leading-order correction to the self-
and pair-mobility functions of particles rotating parallel or perpendicular to the cylinder axis. Notably,
the correction to self mobility follows a cubic dependence on the ratio of particle to cylinder radius. We
also find that the rotational mobilities along the axis depend solely on membrane shearing resistance
and that bending does not play any role. Both shearing and bending however manifest themselves
for the rotational motion along an axis perpendicular to the cylinder axis. More importantly, the
steady particle mobility nearby a hard-cylinder with stick boundary conditions is recovered only if the
membrane possesses a non-vanishing resistance towards shearing. As an example, we have calculated
the effects of startup motion, i.e. particle initially at rest starting to rotate under a steady torque.
The Green’s function can also be applied to the calculation of the resulting membrane deformation.
For realistic values of parameters, however, this turns out to be negligible.

Our analytical predictions are verified and supplemented by corresponding boundary integral
simulations where a good agreement is obtained.
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Appendix

A Membrane mechanics

In this Appendix, the traction jump across a membrane endowed with shearing and bending rigidities
will be derived in the cylindrical coordinates system. We denote by a = Re, + ze, the position vector
of the points located at the undeformed membrane. Here R is the membrane (undeformed) radius
and z is the axial distance along the cylinder axis. Here 7, ¢ and z refer to the radial, azimuthal and
vertical coordinates, respectively. After deformation, the vector position reads

r=(R+u)e +uses+ (2 +u)e,, (A.1)

where u denotes the displacement vector field, which depends on the in-plane variables ¢ and z. In
the following, we shall use capital Roman letters for the undeformed state and small roman letters
for the deformed. The cylindrical membrane is defined by the covariant base vectors g, := 7 4 and
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g2 := 7, which read

g1 = (Urg —ug)er + (R4 ur +upg)ep +uz g€z, (A.2)
g2 = U € + Uy €4+ (1 +u, e, . (A.3)

The unit normal vector n is defined as

_ 91 %92 (A.4)
g1 % ga|’
which, at leading order in deformation reads
Uy — U
n=e + %ed) — Uy €5 . (A.5)

The covariant components of the first fundamental form (metric tensor) are defined by the scalar
product g;; = g; - gj. Upon linearization, we obtain

R? + 2R(u, + Upp) Uszp+ Rug .
J— ) ) ) X A.
9 < Uz,¢ + Ru¢>:z 1+ 2uz,z ( 6)

The contravariant tensor g% is the inverse of the metric tensor [102], and at leading order reads

1L _gurtlse Uz, ¢+ Rug, -

ij — [ RT R3 o R?

g° = Uy ¢ +Rug - . (A7)
— =t 1—2u,,

The covariant and contravariant tensors in the undeformed state G;; and GY can immediately
be obtained by considering a vanishing displacement in Eqgs. (A.6) and (A.7), respectively. In the
following, the traction jump equations across a cylindrical membrane endowed by an in-plane shearing
resistance shall be derived.

A.1 Shearing

The two transformation invariants are given by Green and Adkins as [103, 104]

Il = Gijgij - 2, (A8a)
I =det GYdet g;; — 1. (A.8b)

The contravariant components of the stress tensor 7% can readily be obtained from the membrane
constitutive relation such that [52]

g 2 g
i = 2W i o

ow ..
= B
Js o1, (A.9)

871297

where W (I, I) is the areal strain energy density and Jg := /1 + I3 is the Jacobian determinant,
representing the ratio between the deformed and undeformed local surface area. In the linear theory
of elasticity, Jg ~ 1 + e, where e := (u, + ug4)/R + u . is the dilatation function. In the present
work, we use the neo-Hookean model to describe the elastic properties of the membrane, whose areal
strain energy reads [105, 106]

W (I, 1) = % <11 —1+ ) . (A.10)

1—|—IQ
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Plugging Eq. (A.10) into Eq. (A.9), the linearized in-plane stress tensor reads

ur+u 1 Uz,
I N ™ "‘ﬁ 2i (o2 + 5°) > , (A.11)

S CHARE S e

The membrane elastic forces are balanced by the external forces via the equilibrium equations

Vi + AfI =0, (A.12a)
Tijbij + Afn = 0, (A.12b)

where Af = Afig; + Af"n is the traction jump vector across the membrane. Here V; stands for
the covariant derivative [107] and b;; is the second fundamental form (curvature tensor) defined by
the dot product b;; = g; j - n. At leading order we obtain

bij _ ( Ur,pp — (R + uy + 2U¢7¢) Ur,pz — Up, 2 > . (A.l?))

Ur, gz — Up,z Ur 2z

After some algebra, the traction jump equations across the membrane given by Eqgs. (A.12) read

ks Buzge | Aurg + Uggo) _
KS 2Up 5 + 3U¢ 2¢ Uz, b
4zzz : : . AZZO, A14b
: ( s 4 et st Vot ) | 5y (A.14D)
2k (2(ur +ugp)  Uss
—_ | —— : Af.=0. A.14
3 ( T ) TAS (A.14c)

Continuing, the jump in the fluid stress tensor across the membrane reads

[Ujr] =Afj, J€ {z,r}. (A.15)

Therefore, From Egs. (A.14), (A.15) and (3.17), it follows that

4(v,

[% r] = ﬁ Rug .. + 3v, 4. + M , (A.16a)
I 2 ) ) R r:R

v.] = (4sz o 2+ BV + "”) , (A.16b)
’ 2 R r=R

2(vy

|:_p:| = —lv (W_W + Uz,z) , (AlGC)

n R r=R

where « := 2kg/(3nRw) is the shearing coefficient. Note that it follows from the incompressibility
equation

Uy +TU¢>,¢ 4 Uy + Uy = O’ (A17)

that [v,,] = 0. In the following, we shall derive the traction jump equations across a membrane with
pure bending rigidity.
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A.2 Bending

We use the Helfrich model, in which the traction jump equations across the membranes are given
by [56, 59]

Af=—2rp (2(H* — K+ HoH)+ A|) (H — Ho)m., (A.18)
where kp is the bending modulus, H and K are respectively the mean and Gaussian curvatures,
given by

1 . ,
Hzabﬁ, K =det b, (A.19)

with bZ being the mixed version of the curvature tensor related to the covariant representation of
the curvature tensor by bg = bjxg". Continuing, A| is the Laplace-Beltrami operator and Hy is the
spontaneous curvature, for which we take the initial undisturbed shape here. The linearized traction
jump due to bending are therefore given by

U, + 2u +u
18 (B onse + 2R (U os + Uy zag) + — O ) L Af, 0. (A.20)

and Afy = Af. =0.
Note that bending does not introduce at leading order a jump in the tangential traction [56]. The
traction jump equations take the following final from

[ver] =0, (A.21a)
[0.,] = 0, (A.21D)
r + 20, r
|:_27;:| = _ia% (R?’Ur,zzzz + 2R(Ur,zz + 'Ur,zqu(b) + or £ 2 7¢}é+ = ,¢¢¢¢> ) (A.21C)
r=R

where ap = (kg/(nw))/?/R is the bending coefficient.
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Abstract

We use the image solution technique to compute the leading order frequency-dependent self-mobility
function of a small solid particle moving perpendicular to the surface of a spherical capsule whose
membrane possesses shearing and bending rigidities. Comparing our results with those obtained earlier
for an infinitely extended planar elastic membrane, we find that membrane curvature leads to the
appearance of a prominent additional peak in the mobility. This peak is attributed to the fact that the
shear resistance of the curved membrane involves a contribution from surface-normal displacements
which is not the case for planar membranes. In the vanishing frequency limit, the particle self-mobility
near a no-slip hard sphere is recovered only when the membrane possesses a non-vanishing resistance
towards shearing. We further investigate capsule motion, finding that the pair-mobility function is
solely determined by membrane shearing properties. Our analytical predictions are validated by fully
resolved boundary integral simulations where a very good agreement is obtained.

1 Introduction

Nanoparticles nowadays are widely used in medicine as therapeutic drug delivery agents because of
their ability to target specific areas including tumors and inflammation sites [1, 2]. Once they are
injected into the blood circulation, nanoparticles interact hydrodynamically with neighboring cell
membranes in a complex fashion.

In these situations, the Reynolds number is typically very low and a complete description of
particle motion is possible via the mobility tensor which gives a linear relation between the particle
velocity and the force applied on it. In the presence of a boundary (interface) the mobility is
anisotropic and depends on the distance between the particle and the interface. For fluid-solid and
fluid-fluid interfaces these mobility tensors have been studied intensively both theoretically [3—18|
and experimentally [19-35| since quite some time ago. Due to their relevance as model systems for
cell membranes, also elastic interfaces have started to attract some attention recently. Here, any
motion of the particle causes membrane deformation and a flow is created when the membrane
relaxes back to its undeformed state, acting back on the particle motion at a later time. Accordingly
the system possesses a memory and the mobility depends not only on the distance, but also on time
or, after temporal Fourier-transformation, on frequency. Particle motion nearby elastic membranes
has been investigated experimentally using optical traps [36-38], magnetic particle actuation [39]
and quasi-elastic light scattering [40, 41|, where a significant decrease in mobility normal to the cell
membrane has been observed similar to that observed near a hard wall. Particle mobility inside
a spherical cell has further been measured by optical microscopy [42]|. Setting a particle nearby
a cell membrane has been used in interfacial microrheological experiments as an efficient way to
extract membrane’s unknown moduli [37, 43]. Theoretical investigations near elastic interfaces have
been carried out using lubrication theory [44-46|, the point-particle approximation [47-54] and have
recently been extended by including higher-order singularities and the hydrodynamic interaction
between two particles [55]. All these works considered an infinitely large planar interface which might
not always be an appropriate model for a curved cell membrane. Since their solution technique is
based on 2D spatial Fourier transforms [13, 56|, their approach cannot be extended to non-planar
interfaces.

In this paper, we therefore employ a different approach based on the image solution technique
to compute the frequency dependent mobility of a small particle moving perpendicular to an ini-
tially spherical elastic object (which can be a cell, a capsule or a vesicle) whose membrane exhibits
resistance towards shearing and bending. The method has originally been introduced by Fuentes
and coworkers [57, 58] who investigated the hydrodynamic interactions between two unequal viscous
drops when the interparticle gap is of the order of the diameter of the smaller one.



Pub8. Mobility nearby a spherical membrane: Axisymmetric motion 263

The remainder of the paper is organized as follows. In Sec. 2, we compute the flow field by
expressing the solution of the fluid motion as a multipole expansion. In Sec. 3, we give analytical
expressions of the particle frequency-dependent self-mobility in terms of infinite series, nearby idealized
membranes with shearing-only or bending-only rigidities. The motion of the capsule is studied in
Sec. 4, finding that the pair-mobility function depends only on membrane shearing properties. A
comparison between theoretical predictions and numerical simulations is provided in Sec. 5 where
a very good agreement is obtained. A conclusion summarizing our results is offered in Sec. 6. The
technical details are relegated to the appendices.

2 Singularity solution

In this section, we derive the image solution for a point-force acting nearby a spherical capsule of
radius a. We will use the term “capsule” to denote a general soft object including cells or vesicles. The
origin of spherical coordinates is located at @1, the center of the capsule. An arbitrary time-dependent
point-force F' is acting at €9 = Re, (see Fig. 1 for an illustration of the system setup.) The problem
is thus equivalent to solving the forced Stokes equations

nV?*v — Vp+ Fé(x —x3) =0, (2.1)
V.-v=0,

for the fluid outside the capsule and

V2 —vp =0, (2.3)
V.o =0, (2.4)

inside. Here v and p denote the flow velocity and the pressure outside the capsule, and the super-
script (7) denote the corresponding interior fields. For simplicity, the fluid is assumed to have the
same dynamic viscosity 7 everywhere.

We therefore need to solve Egs. (2.1) through (2.4) for the boundary conditions imposed at the
membrane equilibrium position r = a,

[UO] =0, (25)

[vr] =0, (2.6)

[oor] = Af§ + A7 (27)

lor] = AfY + ASP, (2.8)

where the notation [w] := w(r = a*) —w(r = a™) represents the jump of a given quantity w across

the membrane. Here we assume axisymmetry such that all azimuthal components vanish. Throughout
the remainder of this paper, all the lengths will be scaled by the capsule radius a unless otherwise
stated. For convenience, the transition rules to physical quantities are summarized in appendix B.
The non-vanishing components of the fluid stress tensor are expressed in spherical coordinates as [59]

v v

Tgr =1 (ve,r -2+ Lﬁ) ) (2.92)
r r

Orr = —D + 200y, (2.9b)

where comma in indices denotes a spatial partial derivative. Note that Egs. (2.5) and (2.6) represent
the natural continuity of the flow field across the membrane, whereas Eqgs. (2.7) and (2.8) are the
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Figure 1: Illustration of the system setup. A small solid spherical particle of radius b positioned at
x2 = Re, nearby a large spherical capsule of radius a. In an axisymmetric configuration, the force is
directed along the unit vector d = —e,.

discontinuity of the normal-tangential and normal-normal components of the fluid stress tensor at
the membrane. Here Afy and Af, are the meridional and radial traction where the superscripts S
and B stand for the shearing and bending related parts, respectively. As derived in Appendix A,
according to the Skalak model [60] the linearized traction due to shearing elasticity reads

Af§ = —2? ((1 +2C)upp 4+ (1 + C)uggp + (1 + C)uggcot 6 — ((1+ C) cot? 6 + C) ug) , (2.10a)
Af> = T(l +2C) (2uy + ug g + ugcot h) . (2.10b)

The traction jump due to bending resistance can be derived from the Helfrich model [61] or by
assuming a linear constitutive relation for the bending moments [62]. For small deformations, both
formulations are equivalent 63| leading to the traction (cf. appendix A)

Afg?’ = KB ((1 — cot? 9) Uy + Uy gg cOL O + ur’ggg) , (2.11a)

Af? = KB ( (3 cot 0 + cot? 0) Up g — Ur 00 cot? 0 + 2u, ppp cot 0 + urﬂggg) . (2.11b)

Here u(0) = u,(0)e, + up(0)ey denotes the membrane displacement vector, related to the fluid
velocity by the no-slip relation at r =1 by

du

v|,_, = Tl (2.12)

which can thus be written in temporal Fourier space as v = iw u evaluated at r = 1. The membrane
parameters kg and kp are the shearing and bending moduli, respectively, and C' is the Skalak
parameter defined as the ratio between area expansion modulus kp and shear modulus kg. An
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unscaled version of the above equations in physical units can be obtained by applying the rules given
in appendix B.

Our resolution approach is based on the image solution method proposed by Fuentes et al. [57]
who computed the axisymmetric motion of two viscous drops in Stokes flow. Accordingly, the exterior
fluid velocity can be written as a sum of two contributions,

v =5 + v}, (2.13)

where vf := G;;(z—x2)F} is the velocity field induced by a point-force acting at @ (cf. equation (2.14))
in an infinite medium, i.e. in the absence of the capsule and v} is the image system required to satisfy
the boundary conditions at the capsule membrane.

Now we briefly sketch the main resolution steps. First, the velocity v due to the Stokeslet acting
at xo is written in terms of spherical harmonics which are transformed afterward into harmonics based
at a1 via the Legendre expansion. Second, the image system solution v* is expressed as multipole
series at &1 which subsequently is rewritten in terms of spherical harmonics centered at x1. Third,
the solution inside the capsule v(*) is expressed using Lamb’s solution [64] also written in terms of
spherical harmonics at x1. The last step consists of determining the series expansion coefficients by
satisfying the boundary conditions at the membrane surface stated by Egs. (2.5) through (2.8).

2.1 Stokeslet representation

We begin with writing the Stokeslet acting at xo,

1 1 1
’Uis = giij = % <ES + Fj(a: — wQ)iv%S) s (2.14)
where s := [z — x3|. Here V3, := 0/0z2; denotes the nabla operator taken with respect to the

singularity position xo. Using Legendre expansion, the harmonics based at @2 can be expanded as

1 x  2n+1 d- n 1
g r (@d-v)y'n (2.15)
s Rrtlpl p
n=0
where the unit vector d := (&1 — x2)/R = —e,, r =  — x; and r := |r|. Moreover, we denote by
©n, the harmonic of degree n, related to the Legendre polynomials of degree n by [65]
d-v)'1 1
on(r,0) = ( 1 P, (cosb). (2.16)

n! o pntl

For the axisymmetric case, the force is exerted along the unit vector d and can be written as
F = Fd. By making use of the identities

1 n+1

271 = gz & (d-V2)d=0, (2.17)
Eq. (2.14) can therefore be written as
F > r2n+1 > T2n+1
S _
v _m[gj(n+2)wd@n+§(n+1)m+2 ron| . (2.18)

Hence, the Stokeslet is written in terms of harmonics based at x;. Note that the terms with
d ¢y in Eq. (2.18) are not independent harmonics. For their elimination, we shall use the following
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recurrence property [57]

dy, =

o+ 1 (Vgonl — Vo1 — (2n +3)r gan) , (2.19)

leading after substitution into Eq. (2.18) to

s F <n+3 U | r2”+1>
V7= — 5 — Von
8mn £= | \2n+ 3 R™* 2n—1 R (2.20)
- 2.20
2n+1 ( + 1)(2 + 1) 2n—1
r n n r
+<(n+1)Rn+2— T T )rapn :
Note that the terms with n = 0 cancel so that the summation starts from n = 1.
2.2 Image system representation
Next, we write the image system solution following a multipole expansion approach as
o Fdi g dV)" oo
= o > [ e+ m T G ). 21

where the solution form is assumed as a result of the system axisymmetry [57] with the constants
A, and B, to be determined by the boundary conditions. By making use of the identity

(d- V) Ovn, 0pn—1
) = 0i5¥Fn — T4 - dz .
g .7( ) ]90 r 8$] 81']
together with
0% 2
20, — _ z
V7Gis(r) 0x;0x; r

the image solution can be written as

. F
'U - _87
™ =

A, ((n “Ddgn + (n+ 1)7«%“) +2(n+ 1)an¢n+1] . (2.22)

Further, the elimination of the dependent harmonics d ¢, is readily achieved using Eq. (2.19).
Shifting the index to start the sum from n = 1, we finally obtain

F oo n—2 2 n 2(n+1)
= S An-1 - Apy1 —2nBn 1 |V, — —= Ay (2.2
v 87?77n:1[<2n—1r nol T oy gt T Ao 1) Pn = An-17n (2.23)
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2.3 Solution inside the capsule

For the flow field inside the capsule, we use Lamb’s general solution [66, 67|, which can be expressed
in terms of interior harmonics based at @1 as [57]

o
’U(l) — i an <n + 3T2n+3vwn + (n + 1)(2TL —+ 3) 7"2n+17“(pn>
81 = 2 2

(2.24)
+ b, (r2"+1Vgpn +(2n+ 1)7“2"_1'rg0n)

The determination of the series coefficients outside the capsule A,, and B,, and inside the capsule
an and b, is achieved by applying the boundary conditions at the capsule membrane. This will be
subject of the next subsections.

2.4 Determination of the series coefficients

Hereafter, for the sake of completeness, we shall state explicitly the expressions of the projected
velocity components onto the radial and tangential directions. For this aim, we make use of the
following identities for the projection onto the radial direction,

n+1

e Vo, =— On , (2.25a)
e TP, =TPn. (2.25b)
For the projection onto the tangential direction, we make use of
ey Ty, =0. (2.26)
We further define

1 9%n
r 00

Yn =€y Vi, = (2.27)

From Eq. (2.20), the radial and tangential components of the Stokeslet solution follow forthwith.
We obtain

F X [n(n+1)r2nt2 n—+1
UTS:T [ ( ) — - n )T n}%, (2.28)
T £ 2n+3 R 2n—1 R
F X[ n+3rt  p41 p2tt
o= o [ - ] U - (2.29)
™ £ 2n+3 R 2n —1
Similar, from Eq. (2.23) we obtain the components of the image solutions as
F n(n + 1) n(n + 1) An+1 Bn—l
e - ——rA,_ _— 2 1 2.30
T 8 4 [ m—1 "t Ton 13 +2n(n+ 1) == | ¢n (2:30)
nAn+1
11— —2nB,,_ . 2.31
% = 87r77 [211—1 Anm1 = g g m 2B U (2:31)

[y

n=
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From Eq. (2.24), the components of the flow field inside the capsule read

N 1
vT(f) = [n(n + )r2”+2an + m“znbn] On , (2.32)
87 o 2
@ _ F o [n+3 2n+3 2n+1
vy = 87”7; [27’ ap, + 1 by, | Un - (2.33)

Pressure field

In order to proceed later, we need to express the pressure field in terms of a multipole expansion.
The form of the pressure p in the exterior fluid follows from the general solution of the axisymmetric
Laplace equation in spherical coordinates as

F [e.9]
= 5 Sn n an+l n -
P=g ;( + Qe
Since the form of the velocity field is known from Egs. (2.28)—(2.31), the coefficients S,, and @,, can
be related to the coefficients of the velocity field by using Eq. (2.1) leading to

2(n+1)

Sp = —2nA,_ ’ Qn = Rnt2

(2.34)

Inside the capsule, all harmonics of negative order which lead to a singularity at » = 0 need to
be discarded reducing the form of the pressure to

F [ee]
G _ I 2n+1
P = nz::lpnr Pn -

Using Egs. (2.3), (2.32) and (2.33) we find

pn = (n+1)(2n+ 3)ay, . (2.35)

Continuity of velocity

After substituting Eqgs. (2.28) through (2.33) into Eqgs. (2.5) and (2.6), the continuity of the tangential
and radial fluid velocity components across the membrane leads to the two following equations

n(n+1) n(n+1) n(n+1) nn+1) 1
T antnbe=—o T At g Avn A 2 DB+ 5 e s
nn+1) 1
2n—1 R»’
n+3 n—2 nApi1 n+3 1 n+1 1
by = ——A,_1— —2nB,_ — —
g O A T gy T T S R R T 1R
which can be solved for the coefficients a,, and b,, to obtain
2n+1 2 1
Qnp, :An—l — mAn+1 —2(2n+1)Bn_1 +mw, (237)
(n+1)(2n+1) n+1 n+1 1
by, = — A,_ A 1)(2 3)Bn_1 — —. 2.38
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Discontinuity of stress tensor

Expressions for A, and B, can be determined from the discontinuity of the traction across the
membrane. In order to assess the effect of shearing and bending on particle self-mobility, we shall
consider in the following shearing and bending effects separately.

Shearing contribution Here we consider an idealized membrane with a shearing-only resistance,
such as a typical artificial capsule [68]. After setting AfP = A fé? = 0 in the traction jump equations
given by Egs. (2.7) and (2.8), we readily obtain

[vg.r] = —a<(1 +2C)vy9 + (14 C) (vg 90 + vg,o cot8) — ((1+ C) cot? 0 + C) v9> , (2.39a)
r=1
bl _
[77] = a(l+2C)vrl,_y, (2.39b)

where i := 2kg/(3nw) upon using the incompressibility equation

2v vg g + vgcot O
i

0.

It follows immediately that [v;.,] = 0. Furthermore, note that [v, ] = 0.

Continuing, we proceed first by substituting the expressions of the velocity components given
by Egs. (2.28)—(2.33) into the tangential traction jump Eq. (2.39a) and replacing a,, and b,, with
their expressions given by Eqgs. (2.37) and (2.38), respectively. For the determination of the unknown
coefficients, we multiply both equation members by ), sin# and integrate over the polar angle 6
between 0 and 7. By making use of the following orthogonality properties

g ) 2n(n+1) dpmn
/0 YmPp sin 0dO = 1 y2ntd (2.40)
and
” ) nn+1n2+n—-1) 6
/0 U (¥n,00 + n g cot 0 — Uy, cot? 0) sin6df = — ( 2)n(+ 0 ) r27:j:4 ) (2.41)
the resulting equation reads
(2n +1) (2(2n +3)Bp_y — Ap_q + AnH) -
Anir Ap 11 11
— 1+2 1 — 2B, 1 — —
O‘<( +20)n(n + )<2n—|—3 -1 "' T 2, 1R 2t 3R
(=2, ny o n+l 1 n+3 1 (2.42)
- —2nB,_1 — —
m—1"""" 2p 437! "' T on—1R" " 2n+ 3 RM2

x(l—(l—i—C)n(n—i—l))),

for n > 1. Next, we write a similar equation for the normal traction jump Eq. (2.39b). After
substituting the velocity and the pressure into Eq. (2.39b), multiplying both members by ¢, sin 8
and employing the orthogonality properties

2 Omn,
o2n 4 1 r2n+2”

/ OnPm sin0dl = (2.43)
0
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and
@ ) 2nn+1) Omn
/0 Om (Pn.00 + @npcotf)sinfdd = — o r 1 F2nt? (2.44)
we get after replacing a,, and b,, with their corresponding expressions
—22n+3)2n+ 1) (n+ 1)Bp_1 + (202 + Tn+3)A,_1 — (2n® +3n+ 1) A,
n n -+ 2 n—1 1 n+1 1
= - Ap1+—-A 2 2)By,— —_—— 2.45
( an — 1A=t T g g Amn 2 F 2Bt o 2n+3Rn+2> (2.45)

xa(l+2C)n(n+1),

for n > 1.

The equations (2.42) and (2.45) form a closed linear system of equations, amenable to immediate
resolution using the standard substitution method. From Eq. (2.42), B,,—1 can be expressed in terms
of A,—1 and A, +1. We obtain

An+2 1 <G/An aGg 1 OzGl 1 >

— — — 2.46
An+10 2G\2n+1  2n+5 R3S  2n+ 1 Rrtl ( )

B, =

for n > 0, where we defined

G = (C+ 1)an® + [(6C + 5)a + 4]n* + [(11C + T)a + 16]n + (6C + 3)a + 15,
G' = a(l+ C)n® + [(4C + 3)a + 4]n* + [(5C + )a + 8]n + (1 + 2C)a + 3,
G1:= (C+1)n® + (3C + 4)n? +2(C + 2)n,

Gs:= (1 + C)n® + (5C + 6)n* + (8C + 10)n + (4C + 2).

Next, by substituting the expression of B,_; into Eq. (2.45), we obtain the general term for A,

as 4, _an(nt2) < K3 K > , (2.48)

K Rnt+3  Rntl

for n > 0 where

K :=8(C + 1)an® + [(4C + 2)a® + 60(C + 1)a + 32]n* + (36C + 18)ar + 90
+[(24C + 12)a® +172(C + 1)a + 192]n® + [(44C + 22)a® + 234(C + 1)a + 400]n?
+[(24C + 12)a® + (150C + 138)a + 336]n,,
Ky :=4(C + 1)n* 4 [(4C + 2)a 4 20C + 28]n> + [(22C + 11)a + 31C + 75]n?
+ [(36C + 18)a + 15C' 4 93|n + (18C' + 9)a + 45,
K3 :=4(C + 1)n* + [(4C + 2)a + 20C + 28]n® + [(18C + 9)a + 35C + T1]n?
+[(20C + 10)ax + 25C + 71]n + (6C + 3)a + 6C + 21.

The general term for B,, can then be obtained by substituting the expressions of A,, and A, 1o
determined from Eq. (2.48) into Eq. (2.46).

In particular, for & — oo (achieved either by taking an infinite membrane elastic modulus or by
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considering a vanishing frequency) we recover the hard-sphere limit, namely

. 3 1 1 1
i An = = (”H) Rt T <”+2> e (2:50a)
ah—{gan = —Z(l — R?) 5 (2.50b)

in agreement with the results by Kim and Karrila [59, p. 243 .

Bending contribution In the following, we consider an idealized membrane with a bending-only
resistance such as an artificial vesicle. By setting AfS = A fes = 0 in the traction jump equations
given by Egs. (2.7) and (2.8), we get

[vo,,] = aB ((1 — cot? 9) U9 + vy g9 cot 0 + Ur,ggg) ‘r:l , (2.51a)

|: — p:| = ap < (3 cot 0 + cot? 9) Ur.g — Ur09 cot? 6 + 2v;. 996 cot 0 + Ung@gg) , (2.51b)

Ui

r=1

where iap = kp/(nw). Note that the right hand side of Eq. (2.51b) stands for the tangential
biharmonic operator [69] applied to the velocity radial component v,.

We then substitute the expressions of the velocity components given by Egs. (2.28)—(2.33) into the
tangential traction jump Eq. (2.51a) and replace a,, and b,, with their expressions given respectively
by Egs. (2.37) and (2.38). After multiplying both members by ,, sin 6, preforming the integration
between 0 and 7, and making use of the orthogonality identities (2.40) and (2.41) together with
Eq. (2.27), we obtain

(2n + 1)(2(2n +3)Buy — Ap_1 + An+1> _
(2.52)

An-‘,—l An—l 1 1 1 1 9
aB<2n+3 2n—1+ nt 2n—1Rn+2n+3Rn+2 n(n+1)(=n"—n+2),

for n > 1.

Next, after substitution in the normal traction jump Eq. (2.51b), multiplying both members by
©m sin @ and using Eq. (2.43) together with the orthogonality identity

T
/ ©Om < (3 cot 0 + cot? 9) Pn.0 — Pn.00 cot? 6 + 2¢n, 600 coOt 0 + cpn,9999> sin 6d6
0

2n(n—1)(n+1)(n+2) dpmn
2n + 1 r2n+2’

we get after replacing a,, and b,, with their corresponding expressions

—2@2n+3)2n+1)(n+1)By_1 + (202 + Tn +3)An_1 — (202 +3n + 1) A,

(An+1 A 11 1 1 (2.53)
:aB

_ nml Lop -

_ - -1 2 12 2
2n+3 2n-—1 2n—1R”+2n+3Rn+2>(n yn”(n+1)"(n+2),

for n > 1.
From Eq. (2.52), B,,—1 can straightforwardly be expressed in terms of A, _; and A,,;1. We obtain

Aner 1 ( S'A,

4An+10  S\2n+1

1 1 1 1
B, = +agn(n+1)(n+2)(n+ 3) <2n+ 1 Rntl 2n+5Rn+3> ) ’

(2.54)
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for n > 0, where we defined

S = 2<aBn4 + 6apn® + (1lap + 4)n? + (6ap + 16)n + 15) :
S :=5/2 —8n—12.

After plugging the expression of B,,_; into Eq. (2.53), we get the general term of A4,, as

Ay, =

apn?(n+ 1)(n + 3)(n + 2)2 <2n+1 2”+5> (2.56)

W Rnt3  Rntl

for n > 0, where

W := dapn® + 36apn® + 118apn® + (168ap + 16)n® + (94ap + 72)n? + (12ap + 92)n + 30.

The general term for B, can be obtained by substituting A,, and A,,;2 as computed from Eq. (2.56)
into Eq. (2.54). Interestingly, by taking ap to infinity, A, and B, do not tend to the hard-sphere
limits as it has been shown to be the case for a shearing-only membrane. In this case we rather
obtain

) n(n + 2) 2n+1 2n+45
lim A, = — )
ap—00 2(2n? +6n+1) \ R*3 R+l
i B L n?+2n—-2 (n+2)(n+4) 1 2nt +18n3 +49n2 +42n +3 2 1
im =-| - - — — .
ap—oo ' 4 2n2 +6n+1 2n2+14n+21R*  (2n%2 4 6n+ 1)(2n? + 14n + 21) R% ) R t1

A similar resolution approach can be adopted for the determination of the series coefficients
when the membrane is simultaneously endowed with both shearing and bending rigidities. Analytical
expression can be obtained by computer algebra software, but they are not included here due to their
complexity and lengthiness. We note that the shearing and bending contributions to the particle
mobility do not superpose linearly which is in contrast to a planar membrane [52] but similar to
what has been observed between two planar membranes [53].

3 Particle self-mobility

In this section, we compute the correction to the particle self-mobility in the point-particle framework.
Here we assume no net force on the capsule and an external force F5 on the solid particle. As shown
in Appendix C, for finite membrane shearing modulus, the capsule is in fact force free.

The zeroth-order solution for the particle velocity is given by the Stokes law as V2(O) = poky,
where po := 1/(67nb) is the usual bulk mobility. The first-order correction to the particle self-mobility
Ay is obtained by evaluating the reflected flow field at the particle position such that

0" oy = ApFy . (3.1)

Since the force points along the axis of symmetry of the system, the mobility correction is a simple
scalar and not a tensor as it would be for an arbitrary direction of the force. In the following, we
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shall make use of the following identities

(d-Vv)" 2
B AL N o als
r=x>
(d-VvV)"_, 2(n+1)(n+2)
———VG(r) F,=— = F,.
n! S Rnt3
to finally obtain
An ‘fibiz(A — (n+1)(n+2)¢B,) " (3.3)
MO 4 —~ n n b)) N

wherein £ := 1/R € [0, 1). This is the central result of our work. We recall that the unscaled form for
an arbitrary capsule radius a can be obtained from Eq. (3.3) by the replacement rules in Appendix B.
The number of terms to be included before the series is truncated can be estimated for a desired
precision as detailed in appendix D. Due to the point-particle approximation, the particle radius
only enters upon rescaling the particle self-mobility correction by the bulk mobility puyo.

3.1 Shearing contribution

For a membrane exhibiting a shearing-only resistance, the particle self-mobility correction can be
computed by plugging the expressions of B,, and A,, as stated respectively by Egs. (2.46) and (2.48)
into Eq. (3.3). By taking the limit when o — oo we recover the rigid sphere limit,

Aps oo . Apus (15 -7 +&Y b
——— = lim =— —=

110 a=oo fig A1-¢) R’ &9

in agreement with the result by Ekiel-Jezewska and Felderhof |70, Eq. (2.26)]. For an infinite membrane
radius, we obtain

Asco 95 (3.5)
o 8h

where h := R — 1 being the distance from the center of the solid particle to the closest point on the

capsule surface. We thus recover the well-known result for a planar rigid wall as first calculated by

Lorentz about one century ago |[3].

We define the characteristic frequency for shearing as 5 := 6 Bnwh/kg with B :=2/(1+ C). In
Fig. 2 we plot the variations of the scaled self-mobility correction for a shearing-only membrane
versus [ upon varying the particle radius b while keeping the distance from the membrane h = 2b
and setting the Skalak parameter C' = 1. We observe that the real part of the mobility correction is
a monotonically increasing function of frequency and the imaginary part exhibits the typical peak
structure which is a signature of the memory effect induced by the elastic nature of the membrane.
In the vanishing frequency limit, the correction is identical to that near a hard-sphere with stick
boundary conditions, given by Eq. (3.4).

For sufficiently small values of b (or equivalently for larger capsule radii), we observe that in the
high frequency regime for which 8 > 1, both the real and imaginary parts of the mobility correction
follow faithfully the evolution of those predicted for a planar membrane which is [52]

Aps(B) 9b iB .
————— =———¢"E . 3.6
S = e B (36)
The peak position around S ~ 1 can be estimated by a simple balance between membrane elasticity
and fluid viscosity as w ~ kg/(nh). A strong departure is however observed in the low frequency
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Figure 2: (Color online) Scaled particle self-mobility correction versus § for various values of b
for a shearing-only membrane. The real and imaginary parts are shown as dashed and solid lines
respectively. Horizontal dashed lines represent the hard-sphere limit as given by Eq. (3.4). The curve
in gray corresponds to the self-mobility correction for a planar membrane as given by Eq. (3.6). Here
we set the solid particle at h = 2b.
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Figure 3: Log-log plot of the rescaled peak-frequency versus particle radius for different particle-to-
membrane distance h.
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regime where a second peak of more pronounced amplitude occurs in the imaginary part. This second
peak is the most prominent signature which distinguishes the spherical membrane from the planar
case. The peak height remains typically constant for a large range of values of b because the mobility
correction has been rescaled by the bulk mobility.

We attribute the two peaks in Fig. 2 to in-plane deformations (ug) and surface-normal defor-
mations (u,), respectively. The radius-independent peak around 5 ~ 1 corresponds to in-plane
deformations ug which are present in a similar way for the planar membrane thus explaining the
agreement with Eq. (3.6). The larger and radius-dependent peak corresponds to surface-normal de-
formations which contribute to the traction jump even for a shear-only membrane as can be seen in
Eq. (2.10). This contribution is due to the membrane curvature: in the planar case, surface-normal
deformations do not contribute to the traction jump associated with shear at first order (cf. equa-
tion (A20) of Ref. [52]) and therefore this peak is not observed for the planar membrane. Indeed,
upon increasing the capsule radius (decreasing b), the second peak gradually shifts towards lower
frequencies and eventually disappears for b — 0.

In Fig. 3, we plot the variations of the rescaled peak frequency occurring in the imaginary part of
the particle self-mobility versus particle radius b at different values of h. For sufficiently small particles
(b < 0.05), the peak frequency shows a quadratic increase with particle radius b. By rescaling the
peak frequencies by (h/b)?, a master curve is obtained and the peak frequency position can accurately
be computed from the relation fBpeax = 2h2.

3.2 Bending contribution

For a bending-only membrane, the mobility correction is readily obtained after plugging the series
coefficients B,, and A,, respectively given by Eqs. (2.54) and (2.56) into Eq. (3.3). In particular, by
taking ag — 00, the leading order self-mobility correction can conveniently be approximated by

A . A 3 2 4 b
SBeo g, Bes T8 & 90 (3.7)
Ho ap—oo L 4(1—{2) ) 70| R
which, for an infinite radius reads
AUB oo 150
2B _ (3.8)

o 16 h ’
corresponding to the vanishing frequency limit for a planar membrane with bending-only as calculated
in earlier work [52|. Note that this limit is the same as that for a flat fluid-fluid interface separating
two immiscible liquids having the same dynamic viscosity [7].

We define the characteristic frequency for bending as g := 2h(4nw/ /{B)l/ 3. In Fig. 4, we present
the particle self-mobility correction nearby a membrane exhibiting a bending-only resistance versus fg.
Unlike a membrane with shearing resistance only, the particle mobility correction nearby a bending-
only membrane does not exhibit a second peak of pronounced amplitude. The single peak observed is
the characteristic peak for bending which occurs at B% ~ 1 and is largely independent of the radius.
In fact, this peak position can be estimated by a balance between fluid viscosity and membrane
bending such that w ~ kp/(nh3). As can be seen from equations (2.11), the traction jump for a
bending-only membrane involves only the radial deformation which explain the absence of a second
peak in contrast to the two-peak structure seen in the shearing-only case.

As already pointed out in Sec. 2, the hard-sphere solution is not recovered for a bending-only
membrane in the vanishing frequency limit. A similar trend has been observed in earlier work for
planar membranes where bending alone is not sufficient to recover the hard-wall limit [52]. This
feature is again justified by the fact that the traction jumps due to bending in Eq. (2.11) do not
depend on the tangential displacement uy. Even when considering an infinite bending modulus kg,
the tangential component of the membrane displacement is thus still completely free. This behavior
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Figure 4: (Color online) Scaled self-mobility correction versus S for various values of the capsule ra-
dius, for a bending-only membrane. The dashed and continuous lines represent the real and imaginary
parts respectively. The horizontal dashed lines are the vanishing frequency limits as approximated
be Eq. (3.7). The curve in gray is the solution for a planar membrane given by Eq. (3.9). Here we
take h = 2b.

cannot represent the hard sphere where both radial and tangential displacements are restricted.

We further remark that for smaller values of b, the evolution of both the real and imaginary part
is found to be in excellent agreement with the solution for a planar membrane [52] in the whole range
of frequencies:

Aps(Be)  3iBsb( (BE  iBs 1 V3 . 5i
o =73 h<<12+6+6>¢++6(5B+Z)¢+2ﬁB
2 i 1 | (3.9)
(T g) e mem),
with
b1 = e PBE|(—izg) £ e B E (—iz), (3.10)

where zg := ﬁBezm/ 3,

We therefore conclude that for large capsules, the mobility correction for a bending-only membrane
can be appropriately estimated from the planar membrane limit. For moderate capsule radii, the
planar membrane prediction gives a reasonable agreement only in the high frequency regime for
which g > 1.

3.3 Shearing-bending coupling

Unlike for a single planar membrane, shearing and bending are intrinsically coupled for a spherical
membrane and the particle mobility near a membrane exhibiting shearing and bending resistance
cannot be obtained by linear superposition as for a planar membrane [52|. A similar coupling is also
observed for the mobility of a particle between two parallel planar membranes [53] as well as for
thermal fluctuations of two closely-coupled [71] or "warped” [72] membranes. Therefore, the solution
requires to simultaneously consider shearing and bending in the traction jump equations. In order
to investigate this coupling effect, we define the reduced bending modulus as Fp := kp/(ksh?), a
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Figure 5: (Color online) a) Scaled particle self-mobility correction versus (8 for various values of the
particle radius b for a membrane endowed with both shearing and bending rigidities. The real and
imaginary parts are shown as dashed and solid lines respectively. Horizontal dashed lines represent the
hard-sphere limit as given by Eq. (3.4). The curve in gray corresponds to the self-mobility correction
for a planar membrane as obtained by linear superposition of Egs. (3.6) and (3.9). Here we set the
solid particle at h = 2b and we take a reduced bending modulus Fg = 1. b) Scaled self-mobility
correction versus (3 for various values of the reduced bending modulus. The horizontal black dashed
line is the hard-sphere limit given by Eq. (3.4) whereas the gray dashed line is the infinite bending
rigidity limit for a bending-only membrane as given by Eq. (3.7). Here we take b = 1/10 and h = 2b.

parameter that quantifies the relative contributions of shearing and bending.

In Fig. 5 a) we show the scaled self-mobility correction versus 3 nearby a membrane with both
shearing and bending resistances upon varying b. We observe that in the high frequency regime, i.e.
for 8 > 1, the mobility correction follows faithfully the evolution predicted for a planar membrane.
For lower values of b, the planar membrane solution provides a very good estimation even deeper
into the low frequency regime. Here, we take h = 2b and a reduced bending modulus Eg = 1, for
which shearing and bending manifest themselves equally.

In Fig. 5 b), we show the mobility correction versus g for a membrane with both rigidities
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upon varying the reduced bending modulus Ep while keeping b = 1/10 and h = 2b. For Eg = 0
corresponding to a shearing-only membrane, a low frequency peak as in Fig. 2 is observed. For
Ep =~ 1 and above, this peak quickly disappears which confirms our hypothesis that it is due to
radial deformations as reasoned above: In the case of large bending resistance these deformations
are suppressed and therefore the peak height diminishes and eventually disappears.

The imaginary part exhibits an additional peak of typically constant height that is shifted
progressively toward the higher frequency domain for increasing Eg. From the definitions of £
and (g, it can be seen that

16
3 _
%5 = 358,
Therefore, the peak observed at 8 ~ 1 is attributed to shearing whereas the high frequency peak is
attributed to bending because 3 ~ Eg when 83 ~ 1. Particularly, for Eg = 1, the position of the
two peaks coincides as 3 ~ B]?_;, for which shearing and bending have equal contribution.

B (3.11)

4 Capsule motion and deformation

Next, we examine the capsule motion induced by the nearby moving solid particle. For this aim, we
define the pair-mobility function pF as the ratio between the centroid velocity of the capsule V; and
the force F, applied on the solid particle, i.e. Vi = uP Fy. The net translational velocity of the capsule
can readily be computed by volume integration of the z component of the fluid velocity inside the
capsule [73],

9 T 1
Vi(w) :(7;/0 /0 09 (r, 0, w) % sin 6 drdf (4.1)

(%) () ()

where ) := 47 /3 being the volume of the undeformed capsule and Uzi =vp’ cosf) — vy’ sinf. Analyt-
ical expressions for v,(f) and vél) are given by Egs. (2.32) and (2.33) respectively. After computation,
only the terms with n = 1 of the series remain. The frequency-dependent pair-mobility reads

1

P

= —— b 4.2
a 87r17(a1+ ok 4.2

which can be simplified to obtain

3. &3+(1+20)a
P_2¢ S 2T \2TaV™
O =5 25+ (1+20)a’ (43)

The leading order pair-mobility correction is therefore expressed as a Debye-type model with a
relaxation time given by
15 Ui
S RNy 4.4
2(1 +2C ) KS ( )
Interestingly, the pair-mobility ;" depends only on the shear resistance of the membrane, but
not on membrane bending properties. In the limiting cases, we recover two known results. First, for
an infinite membrane shearing modulus, we get the leading-order pair-mobility between two unequal
hard-spheres
3
5 .
Second, for a vanishing membrane shearing modulus, we obtain the leading-order pair-mobility

3
. P_ 2,
OIhm 6mnu = 2§ (4.5)
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between a solid particle and a viscous drop
3 3
. P_ 9, 9.3
lim 6™ = € — 35¢7, (4.6)
both of which are in agreement with those reported by Fuentes et al. [57, Eq. (12)].

Membrane deformation

In this subsection, we compute the capsule deformation resulting from an arbitrary time-dependent
point-force I’ acting nearby the spherical capsule. The membrane displacement field is related to the
fluid velocity at = 1 via the no-slip equation given by Eq. (2.12). In order to proceed, we define
the frequency-dependent reaction tensor 1);; as

ui(0,w) = ¥i; (0, w) Fj(w) . (4.7)

By setting a harmonic driving force F;(t) = K;e™°! which in the frequency domain reads
Fi(w) = 27 K;0(w — wp), the membrane time-dependent displacement can readily be evaluated by
inverse Fourier transform of Eq. (4.7) to obtain

ul(e) t) = 1/%](9, wO)KjeiUJOt : (48)

In an axisymmetric situation, we are interested in the components .., and vy, of the reaction
tensor, giving access to the displacements u, and ug under the action of a point force directed along
the z direction. By making use of Egs. (2.32) and (2.33), we immediately obtain

1 &K [nn+1)
rz — . n n| Pn ’ 4.
W Fy— nz_: [ 5 @ + nb ] (cos ) (4.9a)
1 &<[n+3 dP,(cos )
=— ntbn| ———. 4.9b
Vo 8mniw ; [ 2 - } dé (4.90)

The first derivative of Legendre polynomial can be computed using the recurrence formula [65]

dP,(cost))  n
10 =~ [Pn_l(cos ) — cos O P, (cos 0)} .

5 Comparison with boundary integral simulations

In order to assess the appropriateness of the point particle approximation employed throughout this
work, we shall compare our analytical predictions with fully resolved boundary integral simulations of
truly extended particles. The simulations are based on the completed double-layer boundary integral
equation method (CDLBIEM) [74-76] which allows for the efficient simulation of deformable as well
as truly solid objects. Details on the algorithm and its implementation have been reported elsewhere,
see for instance Refs. |53, 77, 78|.

For the determination of the solid particle self-mobility, a harmonic oscillating force Ke
is applied at the surface of the particle along the z direction. After a transient evolution, the
particle begins to oscillate with the same frequency wg as Vae!(@0t+92) The velocity amplitude V5 and
phase shift d, are accurately determined by fitting the numerically recorded velocity using the trust
region method [79]. The frequency-dependent self-mobility of the solid particle is then computed as
p = (Va/K)e®2. Under the effect of the oscillating force, the volume centroid of the capsule undergoes

twot
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Figure 6: (Color online) a) Scaled frequency-dependent particle mobility correction versus the scaled
frequency 8 nearby a membrane endowed with only shearing (green / light gray), only bending (red
/ dark gray) and both rigidities (black). The small particle has a radius b = 1/10 set a distance
h = 2b. Here we take C' =1 and a reduced bending modulus Eg = 2/3. The theoretical predictions
are shown as dashed lines for the real parts and as solid lines for the imaginary parts. Symbols refer
to boundary integral simulations where the real and imaginary parts are shown as squares and circles
respectively. The horizontal dashed lines are the vanishing frequency limits given by Egs. (3.4) and
(3.7). b) shows the scaled frequency-dependent mobility correction versus nw/kg nearby a membrane
endowed with both shearing and bending rigidities for C' =1 (black) and C' = 100 (blue / dark gray)
for the same set of parameters in a).

an oscillatory motion along the z direction as X;e/“0t91) The capsule pair-mobility is therefore
computed as ub = (iwgX1/K)e™r.

In Fig. 6 a), we present the scaled self-mobility correction versus the scaled frequency S as given
theoretically by Eq. (3.3). The solid particle has a radius b = 1/10 positioned at h = 2b nearby a
large capsule. For the simulations parameters, we take C' = 1 and Eg = 2/3. Results for shearing-only
and bending-only membrane are also shown in green and red respectively. We observe that in the
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0.1 . . .

Figure 7: (Color online) Scaled Pair-mobility correction versus the scaled frequency nearby a mem-
brane possessing only shearing (green / light gray), only bending (red / dark gray) and both rigidities
(black). The analytical prediction given by Eq. (4.3) is shown as dashed line for the real part and as
solid line for the imaginary part. Simulation results are shown as squares and circles for the real and
imaginary parts, respectively. The horizontal dashed lines are the vanishing frequency limit predicted
by Eq. (4.5) where the dotted lines are the limit corresponding to vanishing membrane moduli as
given by Eq. (4.6).

low-frequency regime, the near hard-sphere mobility correction is approached only if the membrane
exhibits a resistance towards shearing, in agreement with theoretical calculations.

In Fig. 6 b), we show the scaled self-mobility correction for C' = 1 and C' = 100. A very large
C is typical for vesicles or red blood cells [80-82] where the surface area remains almost unchanged
during deformation. We observe that the effect of area expansion is more pronounced in the high
frequency regime. A very good agreement is obtained between analytical predictions and boundary
integral simulations over the whole range of applied frequencies.

We now turn to the motion of the capsule. In Fig. 7, we show the correction to the scaled
pair-mobility versus the scaled frequency . The correction for a shearing-only membrane is almost
indistinguishable from that of a membrane with both shearing and bending rigidities. In the low-
frequency regime for which 8 < 1, the pair-mobility correction approaches that near a hard-sphere
given by Eq. (4.5). On the other hand, in the high-frequency regime for which 5 > 1, the correction
approaches that near a viscous drop as given by Eq. (4.6). Moreover, the correction nearby a bending-
only membrane remains typically unchanged over the whole range of frequencies, and equals that for
a viscous drop. Indeed, these observations are in complete agreement with the analytical prediction
stated by Eq. (4.3).

In Fig. 8, we show the membrane scaled radial and meridional displacements versus the polar
angle 0 at quarter period for twy = /2. The natural scale for membrane deformation is K,/kg
the ratio between the forcing amplitude K, and the shearing resistance xg. We observe that the
radial displacement wu, is a monotonically decreasing function of 6 and eventually changes sign at
some intermediate angle. On the other hand, the meridional displacement wug is negatively valued
and vanishes at § = 0 and # = 7 due to the system axial symmetry, suggesting the existence of an
extremum in between. Moreover, the maximum displacement reached in u, is found to be about 3
times larger in comparison to that reached in ug.

By examining the displacement at various forcing frequencies, we observe that larger frequencies
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]
R

S v

Figure 8: (Color online) Scaled radial a) and meridional b) membrane displacement versus the polar
angle 6 for three scaled forcing frequencies 8 at quarter period for twy = 7/2. Solid lines are the
theoretical predictions obtained from Egs. (4.9a) and (4.9b) and symbols are boundary integral
simulations.

induce remarkably smaller deformation since the capsule membrane does not have enough time to
respond to the fast oscillating particle. In typical situations, the forces acting by optical tweezers on
suspended particles are of the order of 1 pN [83] and the capsule has a radius 10~ m and a shearing
modulus 5 x 107% N/m [84]. For a forcing frequency 3 = 4, the membrane undergoes a maximal
deformation of about 1 % of its undeformed radius. Therefore, deformations are significantly small
and deviations from sphericity are negligible. The analytical predictions based on the linear theory
of small deformation are found to be in a good agreement with simulations. A small deviation is
observed notably for uy at small angles which is possibly due to a finite size effect since the analytical
predictions are based on the point-particle approximation whereas simulations treat truly extended
particle of finite size.

6 Conclusion

Using the image solution technique, we have computed the leading-order hydrodynamic self-mobility of
a solid spherical particle axisymmetrically moving nearby a large deformable capsule whose membrane
exhibits resistance towards shearing and bending. The mobility corrections are expressed in terms of
infinite but convergent series whose coefficients are frequency-dependent complex quantities. We have
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shown that in the vanishing frequency limit, the particle self-mobility near a hard sphere is recovered
only when the membrane possesses a resistance towards shearing. For a large membrane radius, our
results perfectly overlap with those obtained earlier for a planar membrane in the high frequency
regime. The major qualitative difference between the planar and the spherical membrane is the
existence of a second, low-frequency peak in the imaginary part (and a corresponding dispersion step
in the real part) caused by shear resistance. The appearance of two peaks can be understood by the
simple fact that the membrane traction jump stemming from shear resistance contains contributions
from normal (radial) as well as in-plane (tangential) displacements. For a planar membrane, only in-
plane displacements contribute to shear resistance which explains why the observed peak disappears
at large radii. For a bending-only membrane, curvature effects are much less pronounced and the
planar membrane gives a fairly good approximation even deep in the low frequency regime.

Considering the capsule motion, we have found that the pair-mobility function depends solely on
the membrane shearing properties and it can be well described by a Debye-like model with a single
relaxation time. The pair-mobility function for a bending-only membrane is therefore frequency-
independent and it is identical to that for a viscous drop. We have further found that the point
particle approximation despite its simplicity leads to a very good agreement with the numerical
simulations preformed for a truly extended particle using a completed double layer boundary integral
method.
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Appendices

A Membrane mechanics

In this appendix, we shall derive equations in spherical coordinates for the traction jump across a
membrane endowed with shearing and bending rigidities. Here we follow the convention in which the
symbols for the radial, azimuthal and polar angle coordinates are taken as r, ¢ and 6 respectively,
with the corresponding orthonormal basis vectors e;, e4 and egy. Similar, all the lengths will be scaled
by capsule radius a. We denote by a = e, the position vector of the points located at the undisplaced
membrane. After axisymmetric deformation, the vector position reads

r=(14u,)e, + ugeg, (A1)

where u, and uy denote the radial and meridional displacements. In the following, capital Roman
letters shall be reserved for the undeformed state while small letters for the deformed. The spherical
membrane can be defined by the covariant base vectors g; := 7y and g2 := 7 4. The unit normal
vector n is defined in such a way to form a direct trihedron with g; and gs. The covariant base
vectors are

g1 = (urg —ug)e, + (1 +u, +upp)eg, (A.2a)
g2 = ((1+u,)sinf + ugcosf)ey, (A.2b)
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and the unit normal vector at leading order in deformation reads

n=-e, — (U9 —ug) €. (A.3)

Note that g; and go have (scaled) length dimension while n is dimensionless. In the deformed
state, the components of the metric tensor are defined by the scalar product g, = go - g3. The
contravariant tensor ¢®?, defined as the inverse of the metric tensor, is linearized as

1 — 2egp 0
g’ = ( 0 12 ) : (A.4)

sinZ 0

where €, represents the components of the in-plane strain tensor written in spherical coordinates
as [85]

€99 = Ur + U9 , (A.5a)
€pp = Up + Ug COL 0. (A5b)

The contravariant tensor in the undeformed state G*? can immediately be obtained by considering
a vanishing strain tensor in Eq. (A.4).

A.1 Shearing contribution

In this subsection, we shall derive the traction jump equations across a membrane endowed with an
in-plane shearing resistance. The two invariants of the strain tensor are given by Green and Adkins
as [86, 87|

Il = Gaﬂgag - 2, (A6a)
I = det G*P det g5 — 1. (A.6b)

The contravariant components of the stress tensor 77 can then be obtained provided knowledge
of the membrane constitutive elastic law, whose areal strain energy functional is W (I, I2), such

that (88|

2 oW ow

= Z G 4 2J5 g AT
T T Ren T TYend (A7)

where Jg := /14 I is the Jacobian determinant, prescribing the ratio between deformed and

undeformed local areas. In the linear theory of elasticity, Jg ~ 1 4 e, where e := €gg + €44 being

the trace of the in-plane strain tensor, commonly know as the dilatation. In this work, we use the

Skalak model to describe the elastic properties of the capsule membrane, whose areal strain energy

reads |84, 89|

W (I, L) = % (I? +2I, — 2L, + CI3) (A.8)

where C' := kp /kg. Note that for C' = 1, the Skalak model is equivalent to the Neo-Hookean model
for small deformations [88]. After plugging Eq. (A.8) into Eq. (A.7), the linearized in-plane stress

tensor reads
2K €gyg + Ce 0
~oB _ ?S ( . et Ce ) . (A.9)
sin? 0
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The membrane equilibrium equations balancing the elastic and external forces read

Vot + AfF =0, (A.10a)
7bas + A" =0, (A.10b)

where Af = AfB g3+ Af"n is the traction jump across the membrane and V,, denotes the covariant
derivative defined for a second-rank tensor as

V1% = T,(rllﬂ + anTnﬂ + anTan 7 (A.11)

and Fgﬁ are the Christoffel symbols of the second kind defined as [90] [ch. 2]

1
T = igM (Gan,3 + gnp.a — Japm) - (A.12)

Continuing, byg is the second fundamental form (curvature tensor) defined as

bag =Ggag M. (A.13)

Note that at zeroth order, the non-vanishing components of the Christoffel symbols are Fﬁe =

Fg¢ = cotf and F35¢ = —sinfcosf. After some algebra, we find that the meridional tangential
traction jump across the membrane given by Eq. (A.10a) reads

T’%e + Fi(ﬂ'% + Fg)dﬂ'd)d) +Aff=0. (A.14)

At zeroth order, the non-vanishing components of the curvature tensor are bgpg = —1 and byy =

—sin? . For the normal traction jump Eq. (A.10b) we therefore get
— 7% —sin?07%% 4+ Af" =0. (A.15)

After substitution and writing the projected equations in the spherical coordinates basis vectors,
we immediately get the following set of equations,

2
? <(1 + 0)69979 + Cegpg o + (epp — 6¢¢) cot 9) + Afy =0, (A.16a)
2Kg

—7(1%—20) (699 +E¢¢) +Af,=0. (A.lﬁb)

We further mention that for curved membranes, the normal traction jump does not vanish in
the plane stress formulation employed here because the zeroth order in the curvature tensor is not
identically null. Indeed, this is not the case for a planar elastic membrane where the resistance to
shearing only introduces a jump in the tangential traction jumps [52, 53].

By substituting egg and €z with their expressions, Eqs. (A.16) turn into the traction jumps
equations (2.10).

A.2 Bending contribution

For the bending resistance, we use the linear model, in which the bending moment is related to the
curvature tensor via [91, 92|

MP = —kp (bg - Bg) , (A.17)

[0



286 Pub8. Mobility nearby a spherical membrane: Axisymmetric motion

where kp is the bending modulus and the spontaneous curvature is set to BS = G 3-n corresponding
to the undeformed sphere. The mixed version of the curvature tensor b’g is related to the covariant
representation via bg = basg?. The contravariant components of the transverse shearing vector Q
is obtained from a local torque balance with the applied moment as Q? = V,M*?. Note that the
raising and lowering indices operations imply that M®? = gmgﬁ‘sMw and that M,z = M, 2955. The
meridional force reads

QY = —HB( (1 — cot?0) g + urgp cot O + urﬁgg) )
The membrane equilibrium equations balancing the bending forces reads

Q¥+ Aff =0, (A.18a)
VaQ¥+ A" =0, (A.18b)

where for a first-rank tensor (vector) the covariant derivative is defined as VgQ® = 05Q* + T g5Q5 .
The equilibrium equations can thus be written as

— KB ((1 — cot? 9) Up g + Ur g cOL O + u,,_’ggg) +Afg =0, (A.19a)

— KB ( (3 cot 0 + cot? 0) Up,p — Ur o9 cot? 0 + 2uy. ggg cot 0 + uﬁgggg) +Af,=0 (A.19b)

corresponding to the traction jump given in Eq. (2.11).

B Transformation equations between the scaled and physical quan-
tities

In this appendix, we shall state the transformation relations between the scaled and physical quantities.
The physical quantities are denoted by a tilde while the absence of tilde refers to the scaled ones.
For the variables with the dimension of length, such as r and R, we have 7 = ra and R = Ra. For
the velocity we have & = va, for the force F' = Fa, for the fluid viscosity 77 = 1/a, for the pressure
p = p/a and similar for the traction jump A~f = Af/a. For the shearing modulus Kg = kg, for the

bending modulus K3 = xkpa?. It follows that & = aa and ap = apa®.

C Force-free condition

In this appendix, we shall show that for finite shearing modulus, the force free condition assumed
for the capsule is satisfied.

The induced hydrodynamic force on the capsule is computed by integrating the normal stress
vector over the capsule’s outside surface AT as [93]

Flz/ U-erdA:AoFQ, (Cl)
A+

meaning that the hydrodynamic force in the multipole expansion is given only by the coefficient of
the monopole field [59]. For shearing-only and bending-only membranes, we have shown that Ag = 0
as can be inferred from Eqs. (2.48) and (2.56). This is the case also for a membrane with both
shearing and bending resistances. We therefore conclude that no net force is exerted on the capsule.

We note that, for infinite shearing modulus, i.e. in the hard-sphere limit, Ag # 0 as can clearly
be seen in Eq. (2.50a). Additional singularities therefore need to be added to the reflected flow field
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in order to ensure the force free assumption (see Ref. [57] for further details.)

D Estimation of the number of terms required for the computation
of particle self-mobility

In this appendix, we shall determine the number of terms required for the computation of particle

self-mobility in order to achieve a given precision.

Let us denote by f,,(§) the general term of the function series giving the particle mobility correction
in Eq. (3.3). For a large value of n, we have the leading order asymptotic behavior

(&) =5 (1-€)"n? 10 (ng™) . (D.1)

which does not depend on capsule shearing and bending properties. In order to compute an infinite
series numerically up to a given precision, we define the truncation error as

> )

n=N+1

E(N) = ~

3b —N24 + (2N2 + 2N — 1)&2 — (N + 1)? _ona6
) 1—¢2 ¢ '

Given a certain precision ¢, the number of terms N required to achieve the desired precision can
be determined by solving the inequality E(N) < e. For example, by taking h = 2b, b = 1/10 and
requiring a precision e = 1074, only 29 terms in the series are needed. For b = 10~3 however, 2993
terms are needed. As a result, more terms are required for convergence when the capsule radius is
taken very large, i.e. when & ~ 1. By requiring a precision ¢ = 1076, 44 and 4316 terms are necessary
for b = 1/10 and b = 1073 respectively. A precision of ¢ = 10™* has been consistently adopted
throughout this work.
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Abstract

In this paper, we derive analytical expressions for the leading-order hydrodynamic mobility of a small
solid particle undergoing motion tangential to a nearby large spherical capsule whose membrane
possesses resistance towards shearing and bending. Together with the results obtained in the first part
(Daddi-Moussa-Ider and Gekle, Phys. Rev. E 95, 013108 (2017)) where the axisymmetric motion
perpendicular to the capsule membrane is considered, the solution of the general mobility problem
is thus determined. We find that shearing resistance induces a low-frequency peak in the particle
self-mobility, resulting from the membrane normal displacement in the same way, although less
pronounced, to what has been observed for the axisymmetric motion. In the zero frequency limit, the
self-mobility correction near a hard sphere is recovered only if the membrane has a non-vanishing
resistance towards shearing. We further compute the in-plane mean-square displacement of a nearby
diffusing particle, finding that the membrane induces a long-lasting subdiffusive regime. Considering
capsule motion, we find that the correction to the pair-mobility function is solely determined by
membrane shearing properties. Our analytical calculations are compared and validated with fully
resolved boundary integral simulations where a very good agreement is obtained.

1 Introduction

Transport processes on the microscale play a key role in many biological and industrial applications [1,
2]. Typical examples include drug delivery involving nanoparticles required to reach specific areas
of patients’ bodies [3, 4], problems of blood circulation [5-7], and also motion in crowded cellular
environments [8—10]. A common feature of these processes is the presence of nearby interfaces,
thus the motion occurs predominantly in geometric confinement. In living systems, the confining
boundaries often possess a certain degree of elasticity which introduces additional memory effects to
the system [11-13].

At small length scales, aqueous systems are typically characterized by a negligibly small Reynolds
number, and the resulting overdamped motion can therefore be accurately described within the
framework of linear Stokes equations [14, 15]. The relations between forces and velocities of particles
in flow are therefore linear and quantified by the hydrodynamic mobility coefficients. They are
determined by the long-range, fluid-mediated hydrodynamic interactions.

In this work, we focus on the case of a small colloidal particle translating under the action of a
force in the presence of a nearby large spherical elastic capsule. This system may be looked upon as a
simplistic model of transport of colloids close to cellular membranes [16-18]. Our aim is to assess the
effects of elasticity on the motion of the particle itself, and also on the deformable capsule. A similar
problem has been examined before by Fuentes and coworkers [19, 20|, who have treated analytically
the case of interactions between two unequal spherical drops at moderate separations. Being purely
viscous, however, that system does not possess a memory and thus leads to hydrodynamic mobilities
which are independent of frequency. Their idea of solution relied on the image singularities technique,
i.e. finding an appropriate system of images for a given distribution of forces outside a spherical
droplet. Inspired by this work, we aim to find the analytical expression for the Green’s function for a
point-force near a spherical capsule. The surface of the capsule is made of an elastic membrane [21],
which resists against shearing and bending deformation, and is modeled using the combined Skalak [22]
and Helfrich [23] models. This model has been successfully used in our previous works for the case
of confinement by one [13, 24, 25| or two planar membranes [26]. Further theoretical investigations
near elastic interfaces have been carried out via soft lubrication theory [27-29].

In the preceding paper [30] (hereafter referred to as part I), we have derived the expression for
the Green’s function in the case when the point-force is directed along the symmetry axis, joining
the centers of the particle and the capsule. In this contribution, we extend these results by providing
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Figure 1: The configuration of the system. A small solid particle of radius b situated at €3 = Re,
nearby a large spherical capsule of undeformed radius a. In an asymmetric situation, the force is
directed perpendicularly to d shown here along the x-direction.

a direct solution for the case when the point-force acts tangentially to the surface of the membrane,
thus determining together the solution of the general mobility problem. The Green’s function is
then used to evaluate the frequency-dependent self-mobility of a small particle moving close to the
capsule, and the pair-mobility, which quantifies the effect of the force on the motion of the capsule
itself. The solution is also used to compute the resulting deformation of the spherical capsule. The
theoretical predictions at zero frequency are in agreement with the hard-sphere limit provided that
the membrane possesses a non-vanishing resistance towards shearing. Our analytical results comply
with fully resolved boundary integral simulations which we have performed to validate the model.

The paper is organized as follows. In Sec. 2, the solution of the fluid motion inside and outside the
elastic capsule is expressed in terms of multipole expansions. In Sec. 3, analytical expressions of the
particle frequency-dependent self-mobility nearby a membrane with pure shearing or pure bending
are obtained in the point-particle framework and expressed in terms of infinite but convergent
series. We compute in Sec. 4 the particle in-plane mean-square displacement, finding that the
membrane introduces a memory in the system, leading at intermediate time scales of motion to a
subdiffusive behavior of the nearby particle. Capsule motion and membrane deformation are computed
in Sec. 5. In Sec. 6, a comparison between analytical predictions and fully resolved boundary integral
simulations is made where a very good agreement is obtained. Concluding remarks are offered in
Sec. 7. Mathematical details which are not essential to understand our approach are given in the
appendices.
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2 Singularity solution

We are interested in the flow field due to a point-force (Stokeslet) acting close to a large spherical
capsule, for which we shall find a fully analytical solution. The Stokeslet is oriented perpendicularly
to the line connecting its position and the center of the capsule. We introduce a spherical coordinate
system, centered at the capsule position x1, with the point-force acting at o = Re,. The whole
system is sketched in Fig. 1.

Mathematically, the problem is reduced to solving the forced Stokes equations outside the capsule

NV — Vp+ Fé(x —x3) =0, (2.1)
V.-v=0,

and homogeneous equations for the fluid inside

V20 —vp® =0, (2.3)
Vo =0. (2.4)

Here v and p denote the exterior velocity and pressure fields and the superscript (7) stands for the
corresponding interior fields. For simplicity, we assume the fluid to have the same dynamic viscosity n
everywhere. The boundary conditions are imposed at » = a. We require the natural continuity of the
fluid velocity field

[vg] =0, (2.5)
[UQ‘)] =0,
[UT] =0,
and a fluid stress jump across the membrane imposed by its elastic properties,
loo,] = Aff + Af3 (2.8)
[U¢>r] = Afg =+ qul?’ (2.9)
lom] = AfY + AFP, (2.10)
where the notation [w] := w(r = a™) —w(r = a™) for the jump of a quantity w across the membrane

and the superscripts S and B denoting the shearing and bending related parts in the traction jump,
respectively. Throughout the remaining of the paper, we scale all the lengths by the capsule radius a.
The corresponding quantities in physical units can be obtained by the transformation rules given in
Appendix B of part I [30]. The components of the fluid stress tensor in spherical coordinates read [15]

v v

Tor = 1) <U9,r - 79 + r70> ) (2.112)
_ Urg _ ”ﬁ) 2.11b
Tor =1 <'rsin9 t Vo r/’ (2.11b)
Opp = —P+ 277Ur,r7 (211C)

where the indices after commas indicate partial spatial derivatives, e.g. v, 4 = 0v,/0¢, etc.

We model the elastic properties of the membrane by introducing its resistance towards shearing
and bending. As derived in the Appendix, the linearized traction jumps due to shearing according
to the Skalak model [22, 31], characterized by a coefficient A, in terms of the membrane deformation
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u read
Afes = —Kg [(2)\ — Duypg + Aug g + Auggcot @ — ug (/\ cot?0 + X — 1) + 27;?5;9 (2.12a)
() (-2) 2],
Afds) = —Kg [(2)\ - 1);;2 + <)\ + ;) Z?jz Ug,p + ()\ - ;) Zfr;d)g + % (1- cot? 0) ug  (2.12b)
N u;,e cotd 4 u<z>2,99 A :lflgsqé] ’
AfS = 2?)&(2)\— 1) <2ur+ue,9 + ug cot 0 + %) , (2.12¢)

where A := C' + 1 with C' being the ratio of the area expansion modulus x4 and the shear modulus
ks [32].

The stress jump related to bending is derived from a linear isotropic model for the bending
moments which is equivalent to the well-known Helfrich model [23] for small deformations [33, 34].
The linearized traction due to bending reads (cf. Appendix)

Afé3 = KB (1 — cot? 0) Uy g + Up g9 COL O + Uy ggg + (1 + cot? ) (Ur. g6 — 2Up g COL 9)} ,  (2.13a)

Afé‘3 =rp(1+ cot? 0) (umgg cot 0 + 2uy ¢ + Uy g9 + (1 + cot? H)unw(b) sinf, (2.13b)

Af;3 = KB (3 cot 6 + cot? 9) Up g — U0 cot? 0 + 2u, ggg cot 0 + Uy paoe

+ (1 + cot? ) (2“r,¢¢99 — 2uy pgp cot 0 + (1 + cot? 0)(4uy pp + ur7¢¢¢¢))] , (2.13c¢)

where u(6, ¢) is the membrane displacement field. These expressions reduce to the axisymmetric
case of part I by setting uy = 0 and dropping all ¢-derivatives. The displacement is related to the
fluid velocity at r = 1 via the no-slip condition,

du
U‘r:l = E’
which in the Fourier space takes the form
v, =iwu. (2.14)

Our approach is inspired by the work of Fuentes et al. [20], who computed the solution of the
Stokes equation nearby a viscous drop for the asymmetric force case. We write the exterior fluid
velocity outside the capsule as

v=v"+0v",

where UiS := Gij(x — x2)F; is the velocity field induced by a point-force acting at @ in an infinite
fluid, and v* is the flow due to an image system required to satisfy the boundary conditions at the
capsule membrane, also called the reflected flow.

Now we sketch briefly the main steps of our solution methodology. Firstly, we express the Stokeslet
velocity v5 at &5 in terms of spherical harmonics, which are then transformed into harmonics centered
at oy via the Legendre expansion. Secondly, we write a multipole expansion for the image system v*
at @1, and afterward we rewrite it in terms of spherical harmonics based at ;. Thirdly, the solution
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inside the capsule (¥ is written using Lamb’s general solution [35], also expressed in terms of spherical
harmonics at 1. The last step consists of determining the unknown series expansion coefficients by
satisfying the boundary conditions at the membrane stated by Eqs. (2.5) through (2.10).

In conjunction with the results of part I on the axisymmetric motion, the general solution of the
Stokes equations for an arbitrary force direction is thus obtained.

2.1 Stokeslet representation

We begin with writing the Stokeslet positioned at o,

1 1 1
US:g-F:<—|—SV2>‘F, (215)
8t \ s S
where s := & —x2 and s := |s|. Here Vy; := 0/0x2; denotes the gradient operator taken with respect

to @o. Using the Legendre expansion, the harmonics based at @ can be expressed in terms of those
centered at x; as
1 rtlid-v)"1

r b

s R+l pl
n=0
with the unit vector d := (1 —x2)/R = —e,, r = x — x1, and r := |r|. The derivatives with respect
to @9 are taken care of by noting that
1 n+1

v

QW:Rn+2d, (dVg)dZO

Moreover, we denote by ¢, the harmonic of degree n, related to the Legendre polynomials of degree n,
P, by [36]

(d-Vv)" 11

n! o pntl

on(r,0) = P, (cos@).

In this work, we focus our attention on the asymmetric case when the force is purely tangential and
therefore F' - d = 0. Taking this into account, the Stokeslet in Eq. (2.15) can be written as

S 2, p2ntl >, p2ntl >, p2ntd
810* = F Y s 00 =1 Yy (B V) pn1 = d Y o (F- V) ot
n=0 n=1 n=1

Thus we have expressed the Stokeslet solution in terms of spherical harmonics centered at x;. By
defining t = F' x d, we have the identity

d(F-V)p,=txV)po,+(n+1)Fepi1. (2.16)
Moreover, for F' - d = 0, we can write
(2n + 3)rehy, = =1 Vb, + Vo — 20+ 1)(n+ 1) Fp, — (2n + 1)yn_1, (2.17)

where we have defined
wn:(F'V)SOnv 'Yn:<t><v)90n‘
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Note that the harmonics ¢, are defined differently than in part I and that the additional set ~, is
not required for the simpler axisymmetric case of part I. Finally, the Stokeslet can be written as

o0

) 2n+1 2n+3
S = Z [ n r B n r 2] Vi
“~|(@2n—1n R" (n+2)(2n +3) Rt (2.18)
B 2 p2ntl N (n—2)(2n 4 1) r2n-1 B p2ntl o
n+ 1Rt nn—1) Rr  Retz| onhb

We have chosen the vector basis functions here to be V,,, r,, and ,. We now proceed to deriving
analogous expansions for the reflected flow and the velocity inside the capsule, in order to finally
match them using the boundary conditions given above.

2.2 Image system representation
The corresponding image system representation can be written as a multipole expansion, which
involves the derivatives of the free-space Green’s function G(r), as [15]

7"L

8rnv* = i [Anwg(’r) + Bn(ng)VQ } -F + Z [ (t X V)% . (2.19)

|
0 n.

We convert these expressions into harmonics ¢, using the identity

(@-v)"

ol gzg( ) = 1]90n - TiVjSOn - divj@nfh

and the fact that the Laplacian of the Oseen tensor is written conveniently as
9 1
VeG(r) = -2VV-.
r

Making use of Eq. (2.16), the image system solution can finally be written as

Smv* = i [An((l —n)Fep, — mn) - 2an¢n] Z — Al (2.20)

n=0 n=1

2.3 The interior solution

The interior solution has a generic form derived first by Lamb [15, 35|. It involves three families of
unknown coefficients and can be written in the asymmetric situation as

o0

87777'0(") = Z Cn [T2n_17n_1 + (2n — 1)7"2"_3(t X r)gon_l] + bn[

n=1

7,,Zn—i-l

V¢n—1

2 1 3 1)(2 3
n ”;‘ 7“2n_17'¢n—1] _HLH[”Q‘; 7”2"+3V7,Z)n—1+(n+ )2(nn+ )7“2”+17'¢n—1 . (221)

We note that the interior solution here has three unknown coefficients while the axisymmetric motion
in part I involves only two.
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2.4 The full flow field

The velocity fields v8, v*, and v thus suffice to describe the flow in the whole space. The matching
conditions at the surface of the capsule are determined by the known stress jump due to the membrane
elasticity and continuity of the velocity field, as expressed by Eqs. (2.5) through (2.10). These allow
computation of the free constants (A,,, By, C, for the reflected flow, and a,, by, ¢, for the inner
flow) as detailed in Appendix B.

3 Particle self-mobility

In the preceding section, we have computed the Green’s function for the problem of a point-force
acting in the direction tangential to the surface of an elastic spherical capsule. The exterior velocity
field due to a Stokeslet is then given by vS + v*. In this section, we discuss the consequences of
the presence of the membrane for the motion of the nearby particle. In order to assess the effects
of the presence of the capsule, we now compute the leading-order correction term to the particle
self-mobility. We assume an external force F5 to be acting on the solid particle and no force or torque
to be exerted on the capsule.

The zeroth-order solution for the particle velocity is VQ(O) = poF> as given by the Stokes law
with po := 1/(67nb) being the usual bulk mobility. The leading-order correction to the particle
self-mobility is computed from the image solution as

Vs = AF .
Making use of the following relations
(d-n!V)"g(x —x1) - By = #FZ’
(d‘mv)”(th)i . :_% 2,

together with Eq. (2.19), the scaled particle self-mobility function reads

o0

> A+ (4 1)(n+2)¢B, — (n+ 1)6C, [, (3.2)

n=0

Ap_ b
po 4

where £ := 1/R € [0,1). We denote by f,,(£) the general term of the function series giving the particle
scaled mobility correction stated above. For large n, we obtain the leading order asymptotic behavior

Ful€) = 30 (1= €)W 1.0 (ng) | (3.3)
which is independent of shearing and bending properties. The number of terms required for conver-
gence can thus be estimated for a given precision as in Appendix C of part I [30].

It is worth to mention here that for finite membrane shearing modulus (i.e. for a non hard-sphere),
no net force is exerted on the spherical capsule, since Ay = 0. In this case, the capsule is also torque-
free, since Cy — A1 = 0. For a hard-sphere, however, additional singularities should be involved in
the computation of particle mobility to ensure the force- and torque-free assumptions (see Fuentes
et al. [20] for further details.)
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Figure 2: (Color online) Scaled particle self-mobility correction versus scaled frequency [ for various
values of the small particle radius b for a membrane with pure shearing. The real and imaginary
parts are shown as dashed and solid lines, respectively. Dashed lines on the vertical axis at small 3
represent the hard-sphere limit given by Eq. (3.4). The curve in gray corresponds to the self-mobility
correction for a planar membrane given by Eq. (3.6). Here the solid particle is set at h = 2b.

3.1 Shearing contribution

For a membrane exhibiting a shearing-only resistance, the self-mobility correction can be computed
by plugging the expressions of A,,, B, and C,, as stated respectively by Egs. (B.26), (B.27) and
(B.28) into Eq. (3.2). By taking the limit o — 0o we recover the rigid sphere limit,
A A AT+ &%) b
2HS00 . hm 2F = _ij (3.4)

1o a—00 g 16(1 -£2) R
in agreement with the result by Ekiel-Jezewska and Felderhof [37, Eq. (2.26)]. Taking in addition an
infinite membrane radius, we obtain

A/~LS,oo . 739
o N 16 h ’

where h := R —1 is the distance separating the center of the solid particle to the closest point on the
capsule surface. We therefore recover the leading-order mobility correction for the motion parallel to
a planar hard-wall as computed by Lorentz [38].

(3.5)

To characterize the dynamic effects at different forcing frequencies, we define the dimensionless
shearing frequency as  := 6 Bnwh/kg where B := 2/\. In Fig. 2 we show the scaled self-mobility
correction for a membrane with pure shearing with C' = 1 (A = 2) versus the scaled frequency /3
upon variation of the particle radius b while keeping h = 2b. We remark that the real part of the
mobility correction (shown as dashed lines) is an increasing function of frequency while the imaginary
part (shown as solid lines) has the typical peak structure attributed to the memory effect induced
by membrane elasticity. In the vanishing frequency limit, the mobility correction near a hard-sphere
given by Eq. (3.4) is recovered.

As the particle radius decreases, we observe that in the high frequency regime both the real and
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Figure 3: Log-log plot of the rescaled peak-frequency Bpear versus b for different particle-to-membrane
distance h.

imaginary parts follow faithfully the evolution predicted for a planar membrane which reads [13]

A 3b 5 2 , 3 2 2 '
ﬁ =27l -1t % + XGNP Ey (iNG) — %ﬁ + (—g +§ (1 - 54)) elBEl(iﬂ)} . (3.6)

The peak occurring at 8 ~ 1 can be estimated by a balance between membrane elasticity and fluid
viscosity as w ~ kg/(nh). This peak is attributed to membrane in-plane displacements uy and ug
which are observed in the same way for planar membranes. The second peak of small amplitude
occurring in the low frequency regime is attributed to membrane normal displacement along w, which
is not involved in the traction jumps for planar membranes. In fact, for the axisymmetric motion
examined in part I [see 30, Fig. 2|, we observe that the low-frequency peak has a remarkably higher
amplitude since the membrane displacement u, manifests itself in a more pronounced way for the
motion perpendicular than for the motion parallel to the membrane.

Interestingly, the frequency corresponding to the left peak of the imaginary part of the mobility
correction is found to be proportional to b%, as plotted in Fig. 3. For different radii and separations,
the same master curve is recovered and the second peak frequency position can conveniently be
estimated from the relation Bpeax = h2. It is worth noting that a scaling relation Bpeak = 2h? has
been obtained for the axisymmetric motion considered in part I.

3.2 Bending contribution

For a membrane possessing only bending rigidity, the self-mobility correction is determined by
plugging the expressions of A4,, B, and C,, as stated respectively by Egs. (B.33), (B.34) and (B.35)
into Eq. (3.2). By taking the limit ag — o0, the leading-order self-mobility can be approximated by

Ap I 183 341

AIU’BOO . 2 4 6 b
— =1 ~ 94 71— — — — 3.7
ol S Traoe | 0T TS T ' (37)

which for an infinite radius reads

AIU‘B,OO 30
140 32h’
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Figure 4: (Color online) Scaled self-mobility correction versus fp for various values of the capsule
radius, for a membrane with pure bending. The dashed and continuous lines represent the real
and imaginary parts, respectively. The horizontal dashed lines are the vanishing frequency limits
approximated by Eq. (3.7). The curve shown in gray is the solution given by Eq. (3.8) for a planar
membrane. Here we take h = 2b.

corresponding to the vanishing frequency limit for an idealized membrane with pure bending. Note
that this limit is different from the hard-sphere limit but identical to that of a planar interface
separating two immiscible fluids having the same viscosity [14, 39]. A similar behavior has been
observed for planar membranes with pure bending resistance. This can be justified by the fact that
the bending traction jump stated by Eq. (2.13) is determined only by the radial displacement u, and
does not involve the tangential displacements ug and ug. As a result, even for an infinite bending
modulus, the membrane tangential displacements remain completely free. This behavior is in contrast
to the hard-sphere where all the displacement field components are restricted.

We define the characteristic frequency for bending as fp := 2h(477w//<;B)1/3. In Fig. 4, we show the
scaled self-mobility correction versus Op of a particle moving nearby a membrane with bending-only
resistance. Unlike a membrane with pure shearing resistance, the second low frequency peak is not
observed nearby a membrane with pure bending resistance. This can be understood since the traction
jumps due to bending involve only the radial displacement u,.. The peak observed at 5}% ~ 1 is the
characteristic peak for bending which can be estimated by a simple balance between membrane
bending and fluid viscosity as w ~ xg/(h3n). This trend is in contrast to what has been observed
for membrane with pure shearing resistance where the traction jumps involve both the radial and
tangential displacements.

For sufficiently small values of b, we observe that both the real and imaginary parts of the mobility
correction are in good agreement with the planar membrane solution [13]

A b
“B;L(()BB) - 634 h [ + % <¢+ 4 BB El(_lﬂB)):| ) (3.8)

wherein B
b, =e PBE|(—izg) + e B Ey(—izm),
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Figure 5: (Color online) a) Scaled particle mobility correction versus § for various values b for
a membrane possessing both shearing and bending rigidities. The real and imaginary parts are
shown as dashed and solid lines, respectively. Horizontal dashed lines are the hard-sphere limit given
by Eq. (3.4). The curve shown in gray corresponds to the mobility correction for a planar elastic
membrane [13] as obtained by linear superposition of Egs. (3.6) and (3.8). Here the solid particle
is set at h = 2b and the membrane has a reduced bending modulus EFg = 1. b) Scaled mobility
correction versus 3 for various values of Eg. The horizontal dashed line in black is the hard-sphere
limit given by Eq. (3.4), whereas the gray dashed line corresponds to the infinite bending rigidity
limit predicted for a bending-only membrane as given by Eq. (3.7). Here we take b = 1/10 and
h = 2b.

and zg = Ppe?™/3. As a result, a very good estimate of particle mobility can be made for large
capsules with bending-only resistance from the planar membrane limit. For moderate and small
capsule radii however, the planar membrane solution leads to a reasonable agreement only in the
high frequency regime for which Sg > 1, in the same way as observed in part I for the motion
perpendicular to the membrane [30].
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3.3 Shearing-bending coupling

Unlike for a planar membrane, shearing and bending are intrinsically coupled for a spherical mem-
brane. As a result, the mobility correction is not a linear superposition of independent contributions
from shearing and bending. A similar coupling behavior is observed between two planar elastic in-
terfaces |26] or thermally fluctuating membranes |40, 41]. In order to investigate this coupling, we
define the reduced bending modulus as Ep := kp/(ksh?), a parameter that quantifies the relative
contributions of shearing and bending.

In Fig. 5 a) we show the scaled self-mobility correction versus  nearby a membrane with both
shearing and bending resistances upon varying b. We observe that in the high frequency regime,
i.e. for 8 > 1, the mobility correction follows the evolution predicted for a planar elastic membrane.
For lower values of b, the planar membrane prediction leads to a very good estimation even deeper
into the low-frequency regime. In the following, we take h = 2b and a membrane reduced bending
modulus £ = 1, for which shearing and bending effects manifest themselves equally.

In Fig. 5 b), we show the particle self-mobility correction versus the scaled frequency S for a
membrane with both shearing and bending rigidities upon varying the reduced bending modulus Eg
while keeping b = 1/10 and h = 2b. For Eg = 0 (shearing-only membrane), a low frequency peak as
in Fig. 2 emerges. For higher values of Fg this peak completely disappears confirming our hypothesis
that it is due to radial deformations which are suppressed by bending resistance.

The imaginary part exhibits a high frequency peak of typically constant height for increasing Eg.
Since § and fp are related by

16
By =
3BER
the peak observed at 3 ~ 1 is attributed to shearing, whereas the peak occurring in the high frequency
regime is attributed to bending, since 5 ~ Ep for ﬁ% ~ 1. Particularly, for Fg = 1, the position of
the two peaks coincides as 3 ~ B% for which shearing and bending effects have equal contribution.

B,

4 Diffusion nearby cell membranes

The analytical predictions of the particle self-mobility presented in the previous section serve as a
basis for the study of particle diffusional motion nearby spherical cell membranes. The determination
of the mean-square displacement (MSD) requires as an intermediate step the computation of the
velocity autocorrelation function which is derived from the fluctuation-dissipation theorem as [42, 43]

kT [

Gu(t) = (@) + p(@)) e dw, (4.1)

2 J_ o
wherein kg is the Boltzmann constant and 7T is the absolute temperature of the system. In this way,
the particle MSD is computed as

(Ar(t)?) = 2/0 (t — s)pu(s)ds. (4.2)

Further, for the sake of convenience, we define the excess MSD as the membrane induced scaled

correction to the full MSD as [13]

(Ar(t)?)
2Dot

wherein Dy = pokpT is the usual bulk diffusion coefficient predicted from Einstein theory [44, 45].
In typical physiological situations, red blood cell membranes have a shear modulus kg = 5 X
107N /m, a bending modulus kg = 2 x 1071Nm [31] and a discocyte shape of local radius a = 10um.

At) :=1- (4.3)
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Figure 6: Mean-square displacement versus time for Brownian motion of a 100nm particle parallel
to a planar and a spherical red blood cell membrane with curvature radius a = 1pum. Dotted and
dashed lines represent the corresponding MSDs near a hard wall or sphere, respectively. The inset
shows the variation of the excess MSD as defined by Eq. (4.3).

We then consider a solid particle of radius b = a/10 located a distance h = 2b for which the reduced
bending modulus Eg = 1. We scale the time by the characteristic time scale for shearing Ts = 6hn/kg
which is of about 0.3 us considering a typical dynamic viscosity of blood plasma 1 = 1.2 mPas.

In Fig. 6, we show the scaled MSD versus the scaled time for a particle diffusing nearby a planar
or a spherical membrane using the above mentioned parameters. We observe that at short time scales
of motion, the MSD follows a linear bulk behavior and the corresponding excess MSD amounts to
very small values. This behavior is justified by the fact that the particle does not yet perceive the
presence of the membrane at these very short time scales. As the time increases, the effect of the
membrane becomes noticeable and the particle experiences at intermediate time scales a long-lasting
subdiffusive regime that can extend up to 10> T nearby a spherical membrane and even further
for a planar membrane. In the steady limit in which ¢ > Tg, the MSD progressively approaches
the value predicted nearby a hard boundary. For the current set of physically realistic parameters,
the steady excess MSD is found to be about twice larger for a planar membrane than that for a
spherical membrane. Therefore, accounting for membrane curvature becomes crucial for an accurate
and precise computation of the particle diffusional motion.

5 Capsule motion and deformation

Having analyzed the capsule-induced correction to the self-mobility, we now focus on the motion of
the capsule itself. This is characterized by the pair-mobility 2, defined as the ratio between the
velocity of the capsule centroid V7 and the force Fy applied on the nearby solid particle such that
Vi = p'?F,. Without loss of generality, we assume that the force is directed along the z direction.
The capsule translational velocity can be computed by volume integration of the fluid velocity inside
the capsule [46],

Vi(w) = é/l <U¥)(r, ¢,0,w)> r? dr,
0
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wherein 2 := 47/3 is the volume of the undeformed capsule, (-) denotes angular averaging defined
by Eq. (B.6), and o = @ gin 6 cos o+ v((;) cos ) cos ¢ — v((;) sin ¢. After integration, only the terms
with n = 1 of the series remain, leading to the frequency-dependent pair-mobility

12

1
= —— b _
1 87”7((11 +b1 —c2),

which after computation simplifies to

3. 83+22-1)a
6mnul? == = 5.1
T = S s 2 = 1a (5.1)
The correction to the pair-mobility can therefore be expressed as a Debye-type model with a

relaxation time given by
15 Ui

T 22N —1) ks’

which is identical to that obtained for the axisymmetric motion [30].

T

In the limiting cases, two known results are recovered. Firstly, for o — oo, we obtain the leading-
order pair-mobility between two unequal hard-spheres

lim 67 12:§5+§ (5.2)
a—00 Mt 4 4 ’

Secondly, for « — 0, we get the leading-order pair-mobility between a solid particle and large spherical
viscous drop

3 3
i 12_ 9 3 .
al{}rg&m,u —4£+20§, (5.3)

both of which are in agreement with the results by Fuentes et al. [20, Eq. (16)].

Membrane deformation

The force exerted on the particle induces a fluid motion which creates imbalance in the stress
tensor across the membrane. As a result, the membrane deforms elastically. We now compute the
capsule deformation field resulting from a nearby point-force. To leading order in deformation,
the displacement of the membrane is related to the fluid velocity via the no-slip relation given by
Eq. (2.14). From Egs. (B.5) and (B.12) we obtain

1 K[n+l b y (5.4)
Uy = g a —c _ .
T 871'777:&) Z 9 n n n+1 n—1,
1 > Cn+3 Cn+1  bp n+3 “n+1
ITu = — — v, 1 — r 5.5
v 87r17iw[; <n+2 n + on ")l ;n+20n+3 " (5:5)

where IT denotes the projection operator defined as
II.=1-e¢,e,,
and

T,:=Iy,, ©,:=IVy,.

We define the frequency-dependent reaction tensor R;; relating the membrane displacement to
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Figure 7: (Color online) Scaled frequency-dependent particle self-mobility correction versus the scaled
frequency 8 nearby a membrane endowed with only shearing (green), only bending (red) and both
rigidities (black). The small particle of radius b = 1/10 is at a distance h = 2b. Here we take a Skalak
ratio C' =1 and a reduced bending modulus Eg = 2/3. The theoretical predictions are presented as
dashed lines for the real parts and as solid lines for the imaginary parts. Symbols refer to boundary
integral simulations where the real and imaginary parts are shown as squares and circles, respectively.
The horizontal dashed lines are the vanishing frequency limits predicted by Egs. (3.4) and (3.7).

the point-force as [47]

In particular, by considering a harmonic driving force Fj(t) = K;e™! of frequency wg, which
in the frequency domain has the form F;(w) = 27 K;d(w — wp), the membrane displacement in the
temporal domain obtained upon inverse Fourier transform is calculated as

ui(¢,0,t) = Rij(,0,wo) K et .

Explicit expression for the reaction tensor can readily be obtained from Egs. (5.4) and (5.5) upon
separating out the force F' in ¢,_1, ¥,,_1 and T',.

6 Comparison with boundary integral simulations

In order to assess the validity and accuracy of the point-particle approximation used throughout this
work, we compare our analytical predictions with fully resolved numerical simulations. The simulation
method is based on the completed double layer boundary integral equation method (CDLBIEM) [48—
51|, which has been proven to be perfectly suited for simulating deformable soft objects and solid
particles in the vanishing Reynolds number regime. Further technical details regarding the algorithm
and its numerical implementation have been reported by some of us elsewhere, see e.g. Ref. |26]
and [33].

In Fig. 7, we show the scaled particle self-mobility correction versus the scaled frequency predicted
theoretically by Eq. (3.2). The solid particle of radius b = 1/10 is positioned at h = 2b close to a
large spherical capsule. Here we take the same simulation parameters as in part I for a Skalak ratio
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Figure 8: (Color online) The scaled pair-mobility correction versus the scaled frequency nearby a
membrane possessing only shearing (green), only bending (red) and both rigidities (black). The
analytical prediction given by Eq. (5.1) is shown as dashed line for the real part and as solid line for
the imaginary part. Simulation results are shown as squares and circles for the real and imaginary
parts, respectively. The horizontal long-dashed line is the hard-sphere limit predicted by Eq. (5.2)
where the short-dashed line is the viscous drop limit given by Eq. (5.3).

C =1 (A = 2) and a reduced bending modulus Eg = 2/3. We also show results for an idealized
membrane with pure shearing (green) and pure bending (red).

We observe that shearing resistance manifests itself in a more pronounced way compared to
bending. The mobility correction nearby a hard-sphere is recovered only if the membrane possesses a
non-vanishing resistance towards shearing, in line with theoretical predictions. A very good agreement
is obtained between analytical predictions and boundary integral simulations over the whole range
of applied frequencies.

Next, we turn our attention to the motion of the capsule induced by the nearby solid particle. In
Fig. 8 we plot the scaled pair-mobility correction versus the scaled frequency as predicted theoretically
by Eq. (5.1). We observe that the correction for a membrane with pure shearing is almost identical
to that of a membrane with both shearing and bending resistances, thus confirming the dominant
contribution of shearing to the pair-mobility. For small forcing frequencies, the correction approaches
that near a hard-sphere given by Eq. (5.2). On the other hand, the correction approaches that near
a viscous drop for high frequencies as given by Eq. (5.3). The correction nearby a membrane with
pure bending remains typically constant upon changing the actuation frequency, and equals to that
predicted nearby a viscous drop, in agreement with theoretical predictions.

In Fig. 9, we present a comparison between analytical prediction and boundary integral simulations
of the capsule deformation for a membrane possessing both shearing and bending resistances, using
the same parameters as in Fig. 7. The displacement field is shown in the plane of maximal deformation
(the plane ¢ = 0 for u, and uy and the plane ¢ = 7/2 for uy), plotted at quarter period for which
two = m/2 i.e. when the oscillating particle reaches its maximal position. We observe that the radial
displacement vanishes at the capsule poles and shows a non-monotonic dependence on the polar angle
6. On the other hand, the in-plane displacements u and 14 are monotonically decreasing functions of
0 and reach their maximum at 8 = 0. We observe that the in-plane displacement along the membrane
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Figure 9: (Color online) The membrane displacement versus the polar angle 6 in the plane of maximum
displacement (the plane ¢ = 0 for u, and uy and the plane ¢ = /2 for uy) for three scaled forcing
frequencies 3 at quarter period for twy = m/2. Solid lines are the theoretical predictions obtained
from Egs. (5.4) and (5.5) and symbols are boundary integral simulations.

is about five times larger than the radial displacement, in contrast to the axisymmetric motion
where the radial displacement is found to be about three times larger than tangential displacement.
By analyzing the displacement at various actuation frequencies, we observe that larger frequencies
induce smaller deformation as the capsule membrane does not have enough time to respond to the
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fast wiggling particle. As shown in part I for typical situations, taking a forcing frequency 5 = 4
induces a maximal membrane deformation of about 1 % of its initially undeformed radius. As a
result, departure from sphericity is negligible and the system can accurately be studied within the
frame of the linear theory of elasticity adopted throughout this work. The analytical predictions are
found to be in a very good agreement with boundary integral simulations.

7 Conclusions

This work, together with an earlier paper [30], provides a complete solution of the hydrodynamic
problem of flow induced by a point-force acting close to an elastic spherical capsule. The answer is
formulated in terms of the Green’s function. The problem for the force acting along the symmetry
axis of the system has been treated in the first part of our considerations, while here we have extended
the results to account for the force being tangential to the surface of the sphere. Together with the
result of part I, the fluid flow field and thus the particle mobility functions can then be obtained for
an arbitrary direction of motion. The solution has been found using the image technique. Giving
all the technical details, we have done our calculations for the two cases of a membrane exhibiting
resistance against shearing and bending, respectively, and explicit formulas have been presented. The
same technique has been used to assess the combined effect of the two deformation modes.

We have then used the solution to characterize various dynamic effects related to this motion.
To explore the effect of confinement on the motion of the particle, we have calculated the leading-
order frequency-dependent hydrodynamic self-mobility of a small solid sphere moving close to the
capsule. We have shown that shearing resistance induces a second low-frequency peak resulting from
the membrane normal displacement. Moreover, we have demonstrated, in agreement with previous
studies in different complex geometries, that in the vanishing frequency limit the particle self-mobility
near a hard sphere is recovered only when the membrane possesses a non-zero resistance against
shearing. By applying the fluctuation-dissipation theorem, we find that the elastic nature of the
membrane introduces a memory in the system resulting to a long-lived subdiffusive regime on nearby
Brownian particles. The planar membrane assumption is found to be not valid for strongly curved
membranes where the steady excess MSD is significantly smaller than that predicted for the planar
case.

The effect of the point-force on the capsule has been quantified in two ways. Firstly, we have
calculated and analyzed the pair-mobility function, which is determined solely by the shearing prop-
erties of the membrane. We have shown it to be well described by a Debye-like model with a single
relaxation time. Secondly, we have computed, in leading order, the deformation of the membrane
due to the action of a point-force nearby.

All the theoretical results shown in the paper have been favorably verified in representative cases
by fully resolved numerical simulations for a truly extended particle using the completed double layer
boundary integral method.
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Appendices

A Membrane mechanics

In this appendix, we derive the traction jumps across a membrane endowed with shearing and bending
rigidities expressed in the spherical coordinates system for an asymmetric deformation. Here we follow
the convention in which the symbols for the radial, azimuthal and polar angle coordinates are taken
as r, ¢ and 6 respectively, with the corresponding orthonormal basis vectors e, e, and eg.

Similarly, all the lengths shall be scaled by the capsule radius a. We denote by a = e, the position
vector of the points situated at the undisplaced membrane. After deformation, the vector position
reads

r=(14+u.)e, +uges + ugey, (A.1)

where u denotes the displacement vector field. In the following, capital roman letters will be reserved
for the undeformed state while small letters for the deformed. The spherical membrane can be
defined by the covariant base vectors g1 := 7 g and g2 := r 4, where commas in indices denote spatial
derivatives. The unit vector n normal to the membrane is defined in such a way to form a direct
trihedron with g; and go. The covariant base vectors are

g1 :(UT,G —ug)er + (1 +up + Uag)e@ tugp€s, (A.2a)
g2 =(ur gy — upsinb)e, + (ug g — ugp cos)eg + ((1 + u,) sin b 4 ug cos 6 + ug ) €4, (A.2b)

and the linearized unit normal vector reads

Uy
n=-e, — (u9g—up)eg— (ﬁ - u¢) €. (A.3)

Note that g; and go have (scaled) length dimension while the normal vector n is dimensionless. In
the deformed state, the components of the metric tensor are defined by the scalar product gns = go-g3-
The contravariant tensor ¢®?, being the inverse of the metric tensor is linearized as

2¢94
1—2¢pp —=
a
g 6 = 2€@¢ 175216n¢€5 ) (A4)
" sin6 sin® @

wherein €,43 are the components of the in-plane strain tensor expressed in spherical coordinates as [52]

co9 = (ur +ugp), (A.5a)
1

€0p = B (Slne + ugp — Uy COL 9) (A5b)

€Epp = ( -l- Uug cot 9) (A.5¢)

The contravariant tensor in the undeformed state G®? is readily obtained by considering a
vanishing strain tensor in Eq. (A.4).
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A.1 Shearing contribution

In this subsection, we derive the traction jump equations across a membrane endowed with a pure
shearing resistance. The two strain tensor invariants are given by Green and Adkins as [53-55]

L =Ggup — 2, (A.6a)
I = det G*P det gop — 1. (A.6b)

The stress tensor contravariant components 7% can be obtained provided knowledge of the
constitutive elastic law of the membrane, whose areal strain energy functional is W (I3, I2), such

that [56]

2 oW ow

ap _ 290 aB 4 o7, 1 0B AT
A A T (A7)

wherein Jg := /1 + I is the Jacobian determinant, quantifying the ratio between deformed and

undeformed local areas. In the linear theory of elasticity, Jg ~ 1 + e, with e := €gg + €44 being the

trace of the in-plane strain tensor, also know as the dilatation function [57|. In this work, we use the

Skalak model to describe the elastic properties of the capsule membrane such that [58-61|
W (I, I) = % (I? +2I, — 21, + CI3) , (A.8)

where C' := kA /Kg is a dimensionless parameter defined as the ratio between the area expansion and
shear modulus. We note that for C' = 1, the Skalak model and the Neo-Hookean model are equivalent
for small deformations [56]. Upon plugging Eq. (A.8) into Eq. (A.7), the linearized in-plane stress
tensor reads

2Kg €gg + Ce €.9¢9
7'045 — T 0y e(;éuiCe . (AQ)
sin 6 sin? 0

The membrane equilibrium equations which balance the elastic and external forces read

Vot + AfF =0, (A.10a)
7bas + A" =0, (A.10b)

where Af = Af5 gs + Af"n is the traction jump and V,, stands for the covariant derivative defined
for a second-rank tensor as [62]

V8 = Tgéﬂ + anTnB + anTan 7 (A.11)

and Fz\yﬁ are the Christoffel symbols of the second kind defined as [63]

1
PQB - ig/\n (9an,8 + gnsa — Gapn) - (A.12)

Further, b,g is the second fundamental form (curvature tensor) defined as

baﬁ =ga,p-MT. (A.13)

In spherical coordinates, the non-vanishing components of the Christoffel symbols at zeroth order
are Fie = Fg s = cot 0 and Fz s = —sin 0 cos 8. We find after some algebra that the tangential traction
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jumps across the membrane as given by Eq. (A.10a) read

7%+ 7% + T0r% + 19,79 + Af° =0, (A.14a)
T S pers
At zeroth order, the non-vanishing components of the curvature tensor are bgg = —1 and byy =

—sin? @. For the normal traction jump Eq. (A.10b) we obtain

— 7% —sin?07%% + Af" =0. (A.15)

After substitution and writing the projected equations in the spherical coordinates basis, we
immediately get the following set of equations for the traction jump,

2
Af9 = —? ((1 —+ 0)69979 —+ C€¢¢79 + Z?ﬁ’z -+ (699 — 6¢¢) cot 9) s (A16a)
2K 1
Afo=——3" (%ﬁ + 5 (Ceon + (1+ C)egpp) + 2eqs cot 9) : (A.16b)
2Kg
Afn =37 (1+20) (e99 + es0) (A.16¢)

It is worth to mention here that for curved membranes, the normal traction jump does not
vanish in the plane stress formulation employed throughout this work as the zeroth order in the
curvature tensor is not identically null. In fact, this is not the case for a planar elastic membrane
where the resistance to shearing introduces a jump in the tangential traction jumps only [13, 24, 26].
By substituting egg, €44 and ep, with their expressions, Egs. (A.16) turn into the traction equations
given by Eq. (2.12) of the main text. In the following, the traction jump equations across a membrane
with a bending rigidity shall be derived.

A.2 Bending contribution

For the membrane resistance towards bending, we use the linear isotropic model, in which the bending
moment is related to the curvature tensor via [64]

MP = —kp (bg - Bg) , (A.17)
where kp is the membrane bending modulus. This model is equivalent to the Helfrich model for
small deformations [34]. The mixed version of the curvature tensor b3 is related to its covariant
representation by b’g = basg??. The contravariant components of the transverse shearing vector Q
can be obtained from a local torque balance with the applied moment as Q°® = V,M®?. We note that

the raising and lowering indices operations implies that M8 = Mf‘g‘sﬂ. Therefore, the components
of the shearing force read

Q% = —kp [ (1 — cot? 0) Uy g + Up,p9 COt O + Uy ggg + (1 + cot? 0) (ur.ppo — 2urgpcot @) |, (A.18a)

Q% = —kp(1 + cot? 6) (ur7¢9 cot 0 + 2uy ¢ + Uy g9 + (1 + cot? 9)ur7¢¢¢) ) (A.18b)
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The equilibrium equations read

b2 +Aff =0, (A.19a)
VaQ*+Af"=0, (A.19b)
where for a first-rank tensor the covariant derivative is defined as VgQ* = 0gQ“ + F%‘(;Q‘;. By

substituting Q% and Q¢ with their expressions, we thus obtain the traction jumps given by Egs. (2.13)
of the main text.

B Determination of the unknown coefficients

In this appendix, we present technical details regarding the determination of the unknown coefficients
(A, By, C, for the reflected flow, and ay,, by, ¢, for the inner flow). For that purpose, we first project
the velocities on the surface of the membrane onto the radial and tangential directions following the
approach of Fuentes et al [19, 20].

B.1 Velocity projections

For the radial projection, we use the following identities

e Vipn 1 = —”j L s, (B.1a)
€ T 1 =10p_1, (B.1b)
€r Yn_1= —% Vn_a, (B.1c)
e - (txr)p,—1=0. (B.1d)
Moreover, the projection of Eq. (2.17) onto the radial direction leads to
e,  Fo, = 2n1+ : (w’;‘z - mpn) . (B.2)

Therefore, the radial components can all be expressed in terms of a single harmonic v,,. Using these
identities in Egs. (2.18), (2.20) and (2.21), we obtain

X T 2n 2n+2
s n—2r nor
e =3 |3 s s e (B:3)
n=1 -
o ¢
n+1 n+3 A By, C
sy = > T R ’;“ +2(n+ 1)~ L_ | et (B.4)
n=1*“
o ¢
; 1
87r77v7(f) = Z %anr%+2 + b, 2" — cn+1r2”] W1 . (B.5)
n=1 -

For the projection onto the tangential direction, we need to use the orthogonality properties of
spherical harmonics on a spherical surface. To this end, we introduce the following notation for the
average of a given scalar quantity M over a sphere,

1 2T pm '
(M) = 27T/0 /0 Msinfdfde, (B.6)



316 Pub9. Mobility nearby a spherical membrane: II. Asymmetric motion

which we will use extensively for writing the orthogonality properties of the considered functions. In
particular, we have

2 Omn
<90m—190n—1> - om + 1m )
nn+1) omn
<¢mfl¢n71> = 7211 T 1 7“2n+2 .
We also define the operator
II:=1-e¢,e,,

which projects vectors on a plane tangent to the spherical membrane surface. By applying the
projection operator to Eq. (2.17), we obtain

1
2n+1

(n+ 1)(TIF)p, = (U)o —r°W,) — Ty, (B.7)

where we have defined
T, :=1lv,, v, =IIVy,.

We also note the relation
(2n — DII(t X 7)pp_1 = Tpoz — 2Tp_1 + (2n — 3)(TIF) @2, (B.8)

which upon using Eq. (B.7) gives
1

n—1

n—2

on — 1)II(¢ 1 =
(2n — DII(E X 7)on—1 n_1

(‘I’n—4 - r2\IIn_2) - rys— r’ In1. (B'g)

Applying the projection relations Eq. (B.7) and (B.9) to Egs. (2.18), (2.20) and (2.21), we finally
obtain

oo oo
n—2 prntl n r2nt3 2 p2nt3
8mn Iv° = - U, -————T,, (B.10
T ; [(an)n B (n+2)(2n+3) R"”} " 1+n§ w2 ez I (B10)
o0
n n—2
8mn v* = - A — 1?41 — 2By | ¥,
e nz_:l [ mr2Ent3) " T aEa 1) AT 1] nl
- 2
+) [cn— n+2An+1} | (B.11)
n=0
& 2n+3 2n+1 2n+1
r r n+3
8mn Mo = ; [n n o Cnt3 — Cnt+1 + bn + ap, o r2”+3] v, 1
o0
nt1l oy
—_—r cn+3 Ty . (B.12)
— nt 2
The functions W,,_; and T',, satisfy the following orthogonality relations
2 2
n*(n+1)% Omn
<‘Ilm—l : ‘Iln—l> = om+1 r2n+4” (Blg)
4 1)3 é
Ty, Ty) = (n+1) T (B.14)

(2n +1)(2n + 3) r2ntd”’
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and also for cross terms

n2(n+1) 6mn
2n+1 r2ntd’

We note that their derivatives with respect to r needed for the computation of stresses can be obtained

from

<‘Ilm—1 : Fn) = (B'15)

n+ 2
‘Iln—l,r = - ‘Iln—la
n—+2
Ly == T

Having introduced these tools, we now proceed to the calculation of the fluid velocity coefficients.

B.2 Pressure field

The pressure field can be found by multipole expansion. The general form of the pressure p in the
exterior fluid is written as a sum of exterior and interior harmonics as

8mp = (Sn+ Qur®™) b1

n=1

The coefficients S,, and @Q,, can be related to the coefficients of the velocity thanks to the Stokes

equation (2.1), leading to
2

Sn = _2An—1 ) Qn = _W .

For the fluid inside the capsule, all harmonics of negative order that lead to a singularity at the
origin should be discarded, thus reducing the form of the pressure to

oo
8rp™ = " pur®
n=1

leading upon using Eq. (2.3) to

1)(2 3
pn:(n—i- )?(zn—i- )an‘

B.3 Continuity of velocity

After substituting the radially projected velocities given by Eqs. (B.3) through (B.5) into Eq. (2.7),
the continuity of the radial component at the membrane leads to

n-+3 n+1 n—2 1 n 1

Apq — A, 1 +2 B, ,—C —_ " B.16
on g T g, ot (n+1)Bn "o 1R on+ 3 Ri2 (B.16)
n-+1

9 an + by — i,

in direct analogy with Fuentes et al[20].
Substituting Eqgs. (B.10) through (B.12) into Eq. (2.5) and (2.6), the continuity of the tangential
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velocity across the membrane leads to the two following equations

n n—2 n—2 1

- A — A, 1-2Bp i ——— B.17
mr2)@n+3) N T hEn ) TP T e — 1) B (B.17)
n 1 cu3 1 by n+3
(n+2)(2n+3) R™2  n+2 e i
2 2 1 n+1
An+1 - C,+ = Cn43 - (B.18)

n+2 n+2R"2  n4+2

We note that Fuentes et al. [20, p. 64] reported —2B,,_; with an erroneous plus sign, which we correct
here.

Solving Egs. (B.16), (B.17) and (B.18) for the unknown coefficients inside the capsule a,, b, and
¢y, leads to

by — —2’;?;_”;(2711% ;3/1”_1 + "THAW + (202 + 5+ 8)Buot — ——Cos (B.20)
2 + 3 )1
B %Cn * (an—(Ti)—'(_n)— 1)Rn’
cn:ni2An_g—Z:;Cn_3+%%. (B.21)

B.4 Discontinuity of stress tensor

Expressions for A,, B, and C,, can be determined from the discontinuity of the fluid stress tensor
across the membrane. In order to gauge the effect of membrane shearing and bending on the particle
mobility, we hereafter consider shearing and bending effects separately.

Pure shearing

For the sake of clarity, we write the radial and tangential velocities respectively stated by Egs. (B.3)-
(B.5) and (B.10)-(B.12) as

oo ) )
Vp = Z PnPn—1, Iv = Z anWp1+ Z Bnl'n,
n=1 n=1 n=0

for the fluid velocity outside the capsule wherein p,, a, and (3, are functions of r only. Analogous

expressions can be written for the radial and tangential velocities inside with the corresponding
coefficients p{, o) and 8
pn’, o’ and By’

Egs. (2.8) and (2.9) with the shearing part only, as given by Eqgs. (2.12a) and (2.12b), can be

cast in the following form

Z &n‘I’n—l + Z Bnrn = Z anFn + Z 5nGn + Z pnfn ) (B-22)

where

and analogously for .. Expressions for F,, G, and fn can readily be obtained by identification.
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Multiplying both members of Eq. (B.22) by W,,—1 and by T',,, and averaging over the surface of the
sphere allows us to use the following orthogonality relations

(F, U,,_1) = W (n(n+1)A—1)

(G Wy q) = W (n(n+1)A—1)

() = - oy
(F, - Typ) = W (n(n+ 1A —1)
(GnTon) = 5 (2:1(3 (Z;L 5 (12 4 221 + 13n% + 20% + 2n%(2n + 3)A) ,
(fo-Tm) = —W (2A—1),

where ia = 2kg/(3nw). Combining these with Egs. (B.13) through (B.15), we get

(n+1)Gn + fn = [ [(n+ Do + Bl [n(n + DA — 1] — (n + 1)(2\ — 1)pn} , (B.23)
n 2
. mgn =a|(n+ DA=1)ay (B.24)

N 12 4 22n + 13n% + 2n3 + 2n%(2n + 3) A

2n(2n + 3) B = (22 = 1)’)”} '

Further, the normal traction jump, given by Eqgs. (2.10) and (2.12¢), can be written as

> (o0 =2) tn-1 = @A =13 [pnr = (0 + Dpal 1,

n=1 n=1

leading directly to '
o =P = a(2A = 1) [pny — (n+ 1)pa] - (B.25)

Egs. (B.23), (B.24) and (B.25) together with (B.19) through (B.21) form a closed system of
equations amenable to immediate resolution by the standard substitution method. Finally, we obtain

. an Kl Kg
Ap = K <Rn+1 N Rn+3> ’ (B.26)

with the auxiliary functions

Ki=@2n+3)(n—1)[(d—a)(n®*+4n+3) + 3+ (2n° + (2a + 5)n + 6a) (n + 1)A],
Ky=@2n+1)(n+1)[(d—a)(n* +4n+3) + 3+ (2n® + (2a + 7)n + 6a + 6) (n + 1))] ,
K =8Xan® 4+ 2 [(2XA — 1)a® + 30X + 16] n* + 4 [3(2\ — 1)a® + 43\a + 48] n®

+2 [11(2X — 1)a? + 117Aa + 200] n® + 6 [2(2A — 1)a® + (25X — 2)a + 56] n

4+ 18(2X — 1) + 90.
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Further, we express B, in terms of A, and A, 9 as

n—+1 1

2(n13)2n+5) " 3G

B, =—

1 anGy
1 (G'An + Tl ) (B.27)

a(n+1)Gs 1
(n+3)(2n +5) (an? + (ba + 4)n + 4o + 10) R™+3

)

with

G = dan® + ((6A — 1)a +4) n® + [(11\ — 4)a + 16] n + 3(2A — 1)a + 15,
G = Xan® 4+ [(4X — Da+4]n? + [(5A —4)a + 8 n+ (2A — 1)a + 3,
Gi=M’4+n—(\+1),

Gz = dan® + [(TA + Da + 4\ n* + [3(\ +4)a + 2(17)\ — 6)] n®
+ [2(52X\ — 47) — (TIX — 51)a] n? + 2 [67TA — 171 — 2(41\ — 22)a] n
—48(2)\ — 1)a + 302\ — 11).

The last coefficient, Cp,, is found as

2 2n(n + 3)a 1

n2 T L 2) (an? + (3a+ A)n 1 6) B2

(B.28)

In particular, for &« — oo (obtained either by considering an infinite shearing modulus or a
vanishing forcing frequency), we recover the coefficients near a hard-sphere with stick boundary
conditions, namely

lim A — 1 (2n+3)(n—1) (2n+1)(n+1)
a—oo 2(n + 2) Rl Rn+t3 ’

, n—1 1 n+1 1 n+3n—1 1
lim B, = + — 7
a—00 4(n+2) Rrtl - 4(n+4) RS 2(n+ 2)(n+4) R*H3

. 2n+3 1 1
i Cn =703 <Rn+2 B Rn+4> ’

all in agreement with the results of Fuentes et al. [20], and as given in Kim and Karrila [15, p. 246].

Pure bending

In complete analogy with the previous section, Egs. (2.8) and (2.9) with the right-hand side given
by (2.13b) and (2.13a), respectively, can be written as

Z an Wy 1+ Z /Bn]-‘n = Z Pndn (B29)
n=1 n=0 n=1

where g can directly be determined by identification. Multiplying both members of Eq. (B.29)
by ¥,,_1 and by I';,, averaging over the surface of the sphere upon making use of the following
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orthogonality relations

(n? — Dn2(n+1)(n +2)

Omn »

<gn : ‘Ilm—1> = —OB

2n+1
n? —1)n?(n+2
<gn : Fm> = _aB( 273 +(1 )5mn7
together with Egs. (B.13) through (B.15), we get
- 1 5
Qp + mﬂn =—ap(n—1)(n+2)py, (B.30)
- 4(n+1)% -~
( ) Bn = —ap(n —1)(n+2)pn, (B.31)

fn n?(2n + 3)

where iap = kp/(nw).

For the normal traction jump, Eq. (2.10) with (2.13c) can be written as

o0 ) o0
- Z (pn - pgzz)) Yp—1 = anHn-
n=1 n=1
After making use of the orthogonality property

(n? —Dn2(n+1)(n+2)
2n+1

(Hptm—1) = —aB

Omn »

we obtain '
pn— P = —ap(n? — L)n(n + 2)pn . (B.32)

Solving the system of equations formed of Egs. (B.30), (B.31) and (B.32) together with (B.19)
through (B.21), we obtain the first set of coefficients as
apw [2n+5)(n—1) (2n+1)(n+1)

An = W Rnt1 o Rn+3 ’ (B33)

where

w=n*(n+1)(n+2)(n+3),
W =30+ (12ag + 92)n + (94ap + 72)n? + (168ap + 16)n® + 118agn? + 36apn® + 4apnb.

For the set B,,, we find

(n+1)Anto 1[ 54, (n+1)% 1 n?—1 1
B, — — - __ . (B.34
St 3Ent5) TS5yt Tt T s i (B-34)

where we defined
S =2[agn® + 6apn® + (1lap + 4)n® + 2(3ap + 8)n + 15] ,

S’:§—8n—12.

Finally, the last set is simply given by
_ 2An+1

n+2°

(B.35)

n
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The same resolution procedure can be applied to the evaluation of the series coeflicients when
the membrane is endowed simultaneously with both shearing and bending resistances. Analytical
expressions can be derived by computer algebra software but they are not listed here due to their
complexity and lengthiness. It is worth to mention that a coupling between shearing and bending
exists, i.e. in the same way as observed in part I [30] and for two parallel planar membranes [26] but
in contrast to what has been observed for a single membrane [13, 25].
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Abstract

On the basis of the linear hydrodynamic equations, we present a fully analytical theory of the creeping
motion of a solid particle moving inside a spherical elastic cavity which can be seen as a model system
for a living cell. In the particular situation where the particle is concentric with the cavity, we use
the stream function technique to find exact analytical solutions of the fluid motion equations on both
sides of the elastic cavity. In this particular situation, we find that the solution of the hydrodynamic
equations is solely determined by membrane shearing properties and that bending does not play a
role. For an arbitrary position within the spherical cavity, we employ the image solution technique to
compute the axisymmetric flow field induced by a point-force (Stokeslet). We then obtain analytical
expressions of the leading order mobility functions describing the fluid mediated hydrodynamic
interactions between the particle and confining elastic cavity. In the vanishing frequency limit, we
find that the particle self-mobility is lower than that predicted inside a rigid cavity. Considering the
cavity motion, we find that the pair-mobility function is determined only by membrane shearing
properties. Our analytical predictions are supplemented and validated by fully resolved boundary
integral simulations where a very good agreement is obtained over the whole range of applied forcing
frequencies.

1 Introduction

Transport phenomena are ubiquitous in nature and are essential for the understanding of a variety
of processes in biological physics, chemistry and bioengineering [1-3]. Prime examples include the
paracellular transport of drugs and macromolecules across an epithelium in organs and target-
tissues [4, 5], and the active locomotion of swimming microorganisms inside living cells [6, 7].

In the microscopic world, the fluid motion is well described by the linear Stokes equations where
the viscous forces play a dominant role compared to the inertial forces. In these situations, a full
representation of the motion of suspended particles is achieved by the mobility tensor [8] which
bridges between the velocity moments of the particle and the moments of the force density on its
surface. In biological media, the motion of suspended tracer particles is sensitive to the mechanical
state of living cells and the experimentally recorded trajectories can provide useful information about
the membrane structure [9] or the nature of active processes driving particle motion inside living
cells [10]. Over the last few decades, intracellular particle tracking experiments have widely been
used as a powerful and often accurate tool for the characterization and diagnostic of individual living
cells [11-14] or the determination of the cell mechanical properties [15-17].

From a theoretical point of view, particle motion inside a rigid spherical cavity with a fluid
velocity satisfying the no-slip boundary condition at the inner cavity is well understood and has been
solved since some time ago. The exact solution of fluid flow takes a particularly simple form when
the particle is located at the center of the cavity and can be determined using the stream function
technique as derived e.g. by Happel and Brenner [18]. The first attempt to obtain the fundamental
solution to the Stokes equations due to a point force acting in a Newtonian fluid bounded by a rigid
spherical contained dates back to Oseen [19] who used the image solution technique. Complementary
works which represent extensions of Oseen’s solution, commonly known under the name of sphere
theorem, have been later presented by Butler [20], Collins [21, 22|, Hasimoto [23-25], Shail |26, 27|
and Sellier [28], to name a few. A more transparent form of the solution has been presented by Maul
and Kim [29, 30| where both the axisymmetric and asymmetric Stokeslets have been considered
independently. Their results are more useful for computational purposes using boundary integral
methods [31] and their resolution approach is based on the method presented by Fuentes et al. [32, 33].
The latter computed the flow field due to a Stokeslet acting outside a viscous drop using the image
solution technique. The coupling and rotational mobilities have been later reconsidered by Felderhof
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and Sellier [34] who employed the point-particle approximation which is valid when particle radius is
very small compared to that of the cavity. More recently, a combination of multipole expansion and
Faxén’s theorem has been used by Aponte-Rivera and Zia [35|, providing the elements of the grand
mobility tensor of finite-sized particles moving inside a rigid spherical cavity.

Despite enormous studies on particle motion inside a rigid cavity, to the best of our knowledge,
no works have been conducted yet to investigate particle motion inside an elastic cavity. Indeed,
elastic interfaces stand apart from rigid boundaries as they endow the system with memory, leading
to a long-lived transient anomalous subdiffusive behavior of nearby particles [36, 37]. Accordingly,
particle mobility does not depend only on geometry but also on the actuation frequency of the
system. The goal of this work is to compute analytically and numerically the frequency-dependent
mobility function of a solid particle moving inside a spherical elastic cavity. The membrane cavity is
modeled as a thin two-dimensional surface made of an hyperelastic material endowed with a shearing
elasticity and a bending rigidity. Membrane resistance towards shearing stresses is modeled by the
well-established Skalak model [38] which is used as a practical model for capsules and red blood
cells [39]. For calculating the membrane bending forces, we compare two models. The first model is
based on the Helfrich free energy functional [40] which is often used for lipid bilayers and biological
membranes. The second model is the linear isotropic model which is derived from the linear elastic
theory of plates and shells.

When the particle is concentric with the cavity, we use the stream function technique to find
exact solutions of the equations of fluid motion. For an arbitrary position within the cavity, we use
the image solution technique to find analytical expressions of the axisymmetric flow field due to
a Stokeslet and the leading order correction to the particle mobility. Moreover, we investigate the
cavity motion, finding that the correction to the pair-mobility function for an arbitrary eccentricity
within the cavity is solely determined by membrane shearing properties and that bending does not
a play a role. In order to assess the validity and appropriateness of our analytical predictions, we
compare our results with fully resolved boundary integral simulations where a very good agreement
is obtained.

The remainder of the paper is organized as follows. In Sec. 2, we present the stream function
technique and determine exact expressions of the flow field and the hydrodynamic mobility functions.
We then present in Sec. 3 the image solution technique and compute the particle mobilities in the
point-particle framework. Concluding remarks summarizing our findings and results are offered in
Sec. 4.

2 Stream functions

We consider the steady translational motion of a spherical solid particle of radius b inside a spherical
elastic cavity of initial (undeformed) radius a. The origin of coordinates is located at 1 the center of
the cavity and the solid particle is located at o2 = Re,, with R < a — b, as schematically illustrated
in Fig. 1.

For small amplitude and frequency of motion, the fluid dynamics inside and outside the cavity is
governed by the steady Stokes equations

nV?*vy — Vpa =0, (2.1)
V. v,=0,

where o = 1 for the fluid inside and o« = 2 for the fluid outside. The fluid on both sides has the same
dynamic viscosity 7. For the sake of convenience, we shall scale from now on all the lengths by the
cavity radius a.

We begin with the relatively simple situation where the two spheres are concentric corresponding
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Figure 1: Illustration of the system setup. A small solid particle of radius b positioned at xo = Re,
inside a large spherical elastic cavity of radius a. The Stokeslet is directed along d connecting the
centers of the particle and the cavity.

to o = @1 and thus R = 0. Since the flow is axisymmetric, it is more convenient to express the
solution of the equations of motion in term of the stream function. Accordingly, the solution is
reduced to the search of a single scalar function instead of solving simultaneously for the velocity
field and pressure. The stream functions inside and outside the elastic cavity satisfy [18]

E'a(r,0) =0,  a€{1,2}, (2.3)
where 7 and 6 are the radial distance and polar angle, respectively, and the operator E? in spherical

coordinates reads 9 ing o 1 9
g2 9  Smvo — . 2.4
o2 ¥ 72 90 \5ing 00 0

We now assume that the particle moves in the positive z direction with a constant velocity U.
Additionally, we require the regularity conditions for the solution outside the cavity
[
T—2—>O as r — 00, (2.5)
and no regularity conditions for the solution inside are required. The boundary conditions that must
be satisfied on the particle surface read [18, p. 119]

Ub? .
U1|r=p = 5 sin? 0, (2.6)
11}177,‘7:1) — —Ubsin?4. (2.7)

The general solution for the steam function in Eq. (2.3) as suggested by the regularity and boundary
conditions has been derived earlier by Happel and Brenner [18] and can be written as

F
Yy = <Ar + Dr? + Ert + r> sin® @, (2.8)

= (Gr + I:) sin? 0, (2.9)
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where A, D, E, F, G and H are six unknown constants to be determined from the boundary conditions
imposed at the particle and cavity surfaces.

The flow radial and meridional velocity components are then computed from the stream functions

as ’ y
0 r
p=—— =T 2.1
Y r2sin 6 YT L sing (2.10)
leading to
2A 2F
Vi = <+2D+2E —i—) cosf, (2.11)
A F
Vig = < +2D + 4Er? — 3> sinf, (2.12)
r T
for the fluid inside and
2
Vo = o (G—i— > cos (2.13)
1
Vg = — <G ) sinf, (2.14)
r

for the fluid outside.

Continuing, the general expressions of the hydrodynamic pressure inside and outside the spherical
cavity can readily be determined from the momentum equation (2.1) to obtain

A
Pt _ -2 (2 + 10Er> cosf, (2.15)
n
2
% = TC; cos . (2.16)

Having expressed the general solution of fluid motion on both sides of the cavity, we now determine
the six unknown coefficients by applying the appropriate boundary conditions: (a) the non-slip
conditions given by Egs. (2.6) and (2.7) imposed at the particle surface, (b) the natural continuity
of the fluid velocity between the two sides of the cavity and (c) the discontinuity of the fluid stress
tensor due to the presence of the elastic membrane. Mathematically, we may formulate the problem
as

[vr] =0, (2.17)

[vg] =0, (2.18)

[@AzAﬁ+Aﬁ, (2.19)

[UTT] = Afr + Afr 9 (220)

where the notation [w] := we(r = 1) — wy(r = 1) represents the jump of a quantity w across the

cavity membrane. In spherical coordinates, the non-vanishing components of the fluid stress tensor
are expressed in the usual way as [§]

Vg Ur,0
67‘:77<Ut9r_7+ . ) ) (221)
T r

Orr = —D + 200y, (2.22)

where comma in indices denotes a spatial partial derivative. Furthermore, A f,. and A fy stand for the
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radial and meridional traction jump across the cavity where the superscripts S and B respectively
stand for the shearing and bending related parts. As derived in earlier work [41], the traction due to
shearing elasticity according to the Skalak model reads

2Kg

AfS = 3 ((1 +2C)upp + (14 Cuggg + (1 + C)uggcot 6 — ((1+ C) cot? § + C) ue> , (2.23)

2
Af;QJ = %(1 +2C) (2uy + ug g + ug cot b)) , (2.24)

where kg is the shearing modulus (expressed in N/m) and C' is a dimensionless number commonly
known in the blood flow community as the Skalak parameter [42-45], defined as the ratio between
area expansion modulus ka and shearing modulus xkg. Moreover, u, and uy are respectively the
membrane radial and meridional displacements, related to the fluid velocity in Fourier space by the
no-slip relation imposed at r = 1 by [46]

Valpey = W Uq , ac{rb}. (2.25)

Additionally, we include a resistance towards bending which can be modeled following the cel-
ebrated Helfrich model [40, 47] or by assuming a linear isotropic model for the bending moments
following a thin-shell theory approach [48]. The two formulations are equivalent for a planar mem-
brane but not necessarily for membranes of arbitrary geometry [49]. Considering first a linear isotropic
model, the traction jumps due to bending read [41]

Af;3 = KB < (1 — cot? 09) Up,g + Uy gg Ot O + ur7999> , (2.26)
Aff3 = KB < (3 cot 6 + cot® 6) Up g — Ur,00 cot? 6 + 2 cot Our poo + UT79999> , (2.27)

where kp is the membrane bending modulus (expressed in Nm). Considering next the Helfrich model,
the traction jump reads [49]

Af =—2rp (2(H* — K + HyH) + A|) (H — Ho)m, (2.28)

where H and K are the mean and Gaussian curvatures, respectively given by
. = det b
H_ia’ K =det b, (2.29)

with b2 being the mixed version of the curvature tensor. The other quantities are the spontaneous
curvature Hy which we take the initial undeformed shape here, the vector normal to the spherical
cavity m and the Laplace-Beltrami operator A [50]. Accordingly, bending introduces a discontinuity
only in the normal traction such that

AfP =0, (2.30)
Aﬂ3 = Kp <4ur + (5 + cot? 0) cot Ourp+ (2 — cot? 0)ur.00 + 2 cot 0 uy oo + ur79999> ) (2.31)
It is worth to mention here that the traction jumps due to membrane bending depend only on the

normal (radial) displacement in contrast to the traction jumps due to shearing which may depend
on both the normal and tangential displacements.

Employing the no-slip conditions stated by Eqs. (2.6) and (2.7) together with the boundary
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conditions imposed at the membranes stated by Egs. (2.17) through (2.20), and solving for the
unknown coefficients by considering first a linear-isotropic model for bending, we obtain

A=—6bUM((1+2C)(1 —b")a+5) , (2.32)
= 5bUAa(1 +2C) (1 —b%) | (2.33)
E = —3bU\a(1 +2C)(1 — b%), (2.34)
F=20U\((14+20)(1 —b*)a+5) , (2.35)
G=A, (2.36)
H=2bUX((1+20C) (1 -b°) o+ 5b?) , (2.37)
where we have defined 5
. RS
== 2.
e} S (2.38)
as a characteristic number associated to membrane resistance towards shearing and
AT =40+ 2a(1 - b)(1 +2C) (4 — b(1 +b) (1 — 9v?)) . (2.39)

Interestingly, the same solution is obtained when considering the Helfrich model for the traction
jumps as given by Egs. (2.30) and (2.31). We therefore conclude that the stream functions for a
particle concentric to the cavity are solely determined by membrane shearing resistance and do not
depend on membrane bending.

2.1 Particle mobility

The exact analytical solution obtained for the stream functions can be used for the computation of
the particle self-mobility function. The force exerted by the fluid on the sphere is calculated from
the stream function using the formula [18, p. 115]

4 E%y
Fs=nm = 8mnA 2.4
b= /0 PP = " < e )rd@ 8mnA, (2.40)

and is equivalent to the expression given by Stimson and Jeffery [51|. Here p = rsin@ is the polar
distance. We define the membrane correction factor K as the ratio between the drag in the presence
of the outer spherical membrane and the drag in a bulk fluid such that Fy = —67nbU K, leading to

B 4((1420)(1 = b°)a+5)
204+ a(l —b)(1+20) (4 —b(1+0b) (1 —9b2))"

(2.41)

Equivalently, the fluid mediated hydrodynamic interactions can also be assessed by determining
the correction to the particle self-mobility function defined in a scaled form as

Ap 1 5ba(1+20) (1-v2)? (2.42)
po - K 454+ a(l1+20)(1-b%)’ '

where pg = 1/(67nb) is the usual bulk mobility. Not surprisingly, the frequency-dependent particle
mobility is solely determined by membrane shearing properties. At leading order in b, Eq. (2.42) can
be expanded as
Ap 5 a(l+20)
no 45+ a(l+20)

and is commonly denominated the mobility correction in the point-particle approximation. Taking

b+ O(b?), (2.43)
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Figure 2: (Color online) The scaled self-mobility correction versus the scaled frequency S inside
a spherical elastic cavity whose membrane is endowed with pure shearing (green), pure bending
(red) of both shearing and bending rigidities (black). The small solid particle has a radius b =1/10
concentric to a large spherical cavity of unit radius. For the membrane parameters, we take C =1
and a reduced bending modulus Eg = 8/3. The analytical predictions are shown as solid lines for
the imaginary parts and as dashed lines for the real parts. Symbols refer to the boundary integral
simulations where squares are for the real part and circles are for the imaginary part. The horizontal
dashed line represent the vanishing frequency limit predicted by Eq. (2.44).

a — 00, corresponding to an infinite shearing modulus or equivalently to a vanishing actuation
frequency, we obtain
2
Ap 5b(1—1b?) 5

="~ L = b4+ 00%. 2.44

For a rigid spherical cavity with stick boundary conditions at the inner surface, the cavity does
not move and thus creating an additional resistance to the motion of the particle. Accordingly, the
particle mobility is obtained as

1
=1 - — 2.4
pr = Jim = (2.45)
where the subscript R stands for rigid and the second term on the right hand side is the bulk mobility
of the cavity. Scaling by the particle bulk mobility, the correction for a hard cavity reads

2
Aur 5(1-0%)") 9 5

in full agreement with the solution by Happel and Brenner [18] and with the solution by Aponte-
Rivera and Zia [35], who accounted for the particle finite-size up to the 5th order in b. Therefore, apart
from a term b, the mobility in the vanishing frequency limit for an elastic cavity as given by Eq. (2.44)
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is identical to that obtained inside a rigid cavity given by Eq. (2.46). Indeed, the additional term is
due to the fact that the rigid cavity remains at rest while the elastic cavity necessarily undergoes
translational motion.

In a way analogous to a planar elastic membrane [36], we define the characteristic frequency for
shearing as 8 := 6 Bnhw/kg where B :=2/(1+ ('), where h = 1 — R is the distance from the particle
center to the closest point on the cavity surface, such that A = 1 for concentric spheres. In Fig. 2, we
show the scaled correction to the frequency-dependent self-mobility versus the scaled frequency (.
Here the particle has a radius b = 1/10 concentric to a spherical elastic cavity of unit radius. We
consider the situations where the membrane is endowed with pure shearing (green), pure bending
(red) or both rigidities (black). We take a Skalak parameter C' =1 and a reduced bending modulus
Ep := kp/(h*ks) = 8/3. We observe that the correction to the particle mobility depends uniquely
on membrane shearing resistance, and thus in full agreement with our theoretical calculations. We
find that the real part (shown as dashed line) is a logistic-like function whereas the imaginary part
exhibits at intermediate frequencies around 5 ~ 1 the typical peak structure. The latter is a clear
signature of the memory effect induced by the elastic nature of the membrane on the system. In
the high frequency limit, the correction to the mobility vanish and thus we recover the behavior in
a bulk fluid. In the low frequency limit, the correction approaches that predicted theoretically by
Eq. (2.44) which is the same apart from a term b as the hard cavity limit given by Eq. (2.46). A
prefect agreement is obtained between the exact analytical calculations and the numerical simulations
we have performed using a completed double layer boundary integral method.

2.2 Cavity motion

In the following, we examine the motion of the cavity induced by a concentric solid particle translating
along the z direction. For that purpose, we define the pair-mobility function ;'? as the ratio between
the capsule velocity V7 and the force exerted by the solid particle on the fluid. The net translational
velocity of the cavity can be computed by volume integration of the z component of the fluid velocity
inside the cavity [52],

T rl
Vi (w) :2;;/0 /b v1,(r,0,w) r’sinfdrdf, (2.47)

where Q := 47 /3 is the volume of the undeformed cavity and v1, = vy, cosf — vigsinf is the
fluid velocity along the z direction, where the radial and meridional velocities can be obtained from
Egs. (2.11) and (2.12), respectively. This leads to the pair-mobility written in a scaled form as

(1-0°) (2.48)

Grnu'? =

N | o

a(1+2C)(1—b)3(1+b) (3b*(2+b) +2(1 + 2b))
4 54 a(l+2C) (1 —bP) '

The first term on the right-hand side in the above equation represents the bulk contribution coming
from the Stokeslet in an unbounded medium whereas the second term is the frequency-dependent
correction due to the presence of the elastic cavity. The correction can therefore be expressed as a
Debye-like model with a single relaxation time given by

15 i
= - 2.49
T T o1+ 20) (1 — 1) ms (249)
At leading order in b, the scaled pair-mobility given by Eq. (2.48) reads
3 « 1+2C
6rull==————— """ __ 1 O®W?). 2.50
T = T 95 v atir20) O (2:50)
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Figure 3: (Color online) The scaled pair-mobility versus the scaled frequency for a membrane cavity
endowed with pure shearing (green), pure bending (red) or both rigidities (black). The analytical
prediction given by Eq. (2.48) is shown as dashed and solid lines for the real and imaginary parts,
respectively. Symbols refer to the corresponding BIM simulations. Horizontal dashed in the low
frequency regime corresponds to the limit predicted theoretically by Eq. (2.51). Here we use the
same particle/membrane parameters as in Fig. 2.

Taking o — 0o, Eq. (2.48) yields the following

12 3 (e _ op2
lim Grnpt? — (1—0%) (44 (5—9v?))

lim LB =1+0(v?), (2.51)

We further mention that the hydrodynamic force acting by the fluid on the cavity internal
surface 57 is readily determined by integrating the normal stress vector over the surface to obtain

F = —/ o-e.dS=-8mAe,, (2.52)
S1

which is found to be the same in magnitude but opposite in sign as the force F5 acting by the fluid
on the solid particle.

In Fig. 3 we show the scaled pair-mobility function versus the scaled frequency 5 using the same
parameters as in Fig. 2. For a membrane with pure bending, the real part of the pair-mobility amounts
to (3/2)(1 —b%) and the imaginary part vanishes and thus recovering the behavior observed in a bulk
fluid. On the other hand, a membrane endowed with shearing resistance shows a more richer dynamics
where the pair-mobility depends strongly on the actuation frequency. Indeed, the pair-mobility for a
cavity membrane possessing both shearing and bending rigidities is undistinguished from that of a
membrane with a pure shearing. A very good agreement is obtained between theory and simulations.

Analogous exact analytical predictions using the stream function technique can be carried out
for an arbitrary position within the spherical cavity where the general solution may conveniently be
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expressed in term of an infinite series involving Legendre functions. Nevertheless, due the complex
nature of the underlying boundary conditions, the resolution is laborious and non-trivial. In order to
overcome this difficulty, we shall employ as an alternative way, a fundamentally different approach
based on the image solution technique to compute the flow field induced by a Stokeslet acting inside
a spherical elastic cavity. This will result to the computation of the hydrodynamic mobility functions
in the point-particle approximation, valid when b < 1 as it is detailed in the next section.

3 Singularity solution

The following image solution technique has originally been proposed by Fuentes et al. [32, 33] who
computed the flow field induced by a point-force acting outside a spherical drop. The same approach
has been employed by us in earlier works [41, 53] to address the fluid motion induced by a point-force
acting nearby a spherical elastic membrane with shearing and bending rigidities. Accordingly, the
fluid flow inside the cavity can be written as a sum of two distinct contributions

v=1v"+0", (3.1)

where v is the velocity field induced by a point-force acting at the particle position o, and v* is
the image solution required to satisfy the regularity and boundary conditions.

Now we briefly sketch the main resolution steps. First, the velocity v5 due to the Stokeslet is
written in terms of spherical harmonics which are then transformed into harmonics based at x; via
the Legendre expansion. Second, the image system solution v* and the solution outside the capsule
v(©) are respectively expressed as interior and exterior harmonics based at @; using Lamb’s general
solution [54, 55]. The last step consists of determining the series unknown expansion coefficients by
satisfying the boundary conditions at the membrane surface stated by Eqgs. (2.17) through (2.20).

3.1 Stokeslet solution

We begin with writing the Stokeslet acting at xo,

1 1 1
where s := |x — z2|. Here Va; := 0/0x2; stands for the nabla operator taken with respect to the

singularity position x3. Using Legendre expansion, the harmonics based at 2 can be expanded as

1 o0
==Y Ron(r,0), (3.3)
s n=0

where the unit vector d := (&1 — x2)/R = —e,, the position vector r = x — x; and r := |r|.

Furthermore, ¢, are the harmonics of degree n, related to the Legendre polynomials of degree n

by [56]

(d-V)"1 1
o pntl

on(r,0) = P, (cosb). (3.4)

For the axisymmetric case, the force is exerted along the unit vector d and can thus be written
as F' = F'd. By making use of the identities

VoR" = —nR"'d, (d-V3)d=0, (3.5)
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Eq. (3.2) can therefore be written as

F 3
USZ_&TU;R 1[(n—1)Rd+nr}<,0n. (3.6)

Hence, the Stokeslet at @y is written in terms of harmonics based at ;. Note that the terms with
d ¢, in Eq. (3.6) are not independent harmonics. For their elimination, we shall use [41]

1

doy = ——
LAY |

[V@nl - TQV‘PnJrl —(2n+3)r 80n+1] )

leading after substitution into Eq. (3.6) to

F n—2 n 2(n+1)
S 2 pn—1 n+1 n—1
87r17n1[<2n—1r 2n+3 ) 2n—1 ] (37)

For future reference, we shall state explicitly the projected velocity components onto the radial
(normal) and meridional (tangential) directions. For that purpose, we shall make use of the following
identities

1
€y - V(Pn = _n_: Pn (383)
e T, =TPy, (3.8b)
ep-ro, =0, (3.8¢)

leading to the Stokeslet solution

F n(n+1) n(n +1) R+
S n—1
or 87r17n:1[ m—1 om+3 r | (39)
= i Ly ) (3.10)
o 8 &= | 2n — 1 2n+3 " '
where we have defined
= eg - Vg — L0 (3.11)
ni=ep Von=_—". :
The pressure can directly be determined by integration of Eq. (2.1) to obtain
F &
S n—1
= — E —2nR . 3.12
p 3 2 n ¥n ( )

We further note that ¢, and ¢, constitute sets of independent harmonics satisfying the properties

T . 2 6mn

/0 OnPmsinfdl = o 1y2nie (3.13)
T ) 2n(n+1) Omn

/0 Yminsinfdf = — == 00 (3.14)

In the following, the image system solution and the the solution inside the cavity shall be derived.
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3.2 Image system solution

For the image system solution inside the cavity, we use Lamb’s general solution [55, 57|, which can
be written in terms of interior harmonics based at x; as

F & 3 D(2n+3
i ! An(“ pnrig, 4 (D0 >r2n+1%>

~ 8y £ 2 2
n=1 (3.15)

+ B, (TQ"HV@” + (2n + 1)7“2"717‘4,%)

After making use of Egs. (3.8a) through (3.8¢), the projected components of the image system
solution read

. F X [n(n+1)
Ur = oo Z [ 5 2 A, +nr? B, | on (3.16)
n n=1
F & 3
o = [n + P23 4 TQ”HBn} Yn (3.17)
8mn = 2

and the solution for the pressure field inside the cavity is obtained as
F o0
P= o D> (n+1)(2n+3)Ar* o, (3.18)

n=1

3.3 Solution outside the cavity

We use Lamb’s general solution which can be written in terms of ezterior harmonics based at x; as

F & -2
v = [an< . 2V, + (n+1) 7‘<,0n> + o Vin 7] . (3.19)
8mn o 2

which can be projected onto normal and tangential components to obtain

F X [nln+1) n+1
(o) — — b 2
v, S n§:1 [ 5 Tay, . n} On (3.20)
@_ F 5[ n=2, ., 321
Vg 871'7] ~ [ 2 " 0n + Op wn . ( . )

The pressure field outside the cavity can then be presented as

o F .
pl) = 2 Zn(2n — Danpn - (3.22)

n=1

Having expressed the general solution for the velocity and pressure fields, we now proceed for the
determination of the unknown coefficients inside the cavity A, and B,, and outside the cavity a,
and b,,.
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3.4 Determination of the series coefficients

Continuity of velocity
The continuity of the radial and meridional velocities as stated by Egs. (2.17) and (2.18) leads to

4, b, A, B, Rv!  Rrtl

2 n 2 n—|—172n—1+2n—|—3’
n—2 n+3 n—2 nR" 1

by=—— A+ B nl :
5 ntOn =" Ant Dut g T om+3

Solving these two equations for a, and b,, the coefficients outside the cavity can be expressed in
terms of those inside as

2n+3 2n+1 2

n — An Bn - n-l ) 2
¢ 2 T o1 (3:23)
n(2n+ 1) n(2n —1) n 41
p = AT 4 Y — ntl 24
b 4 2(n+1) 2n +3 R (3:24)

The coefficients A,, and B,, can be determined from the traction jump equations stemming from
membrane shearing and bending resistances. In order to probe the effect of these two elasticity modes
in more depth, we shall consider in the following idealized membranes with pure shearing or pure
bending resistances.

Discontinuity of stress tensor

Shearing contribution We first consider a membrane with only-shearing resistance such as that
of a typical artificial capsule designed for drag delivery [44]. It follows from Egs. (2.19) and (2.20)
representing the tangential and normal traction jumps that

lvg.r] = —a((l +2C)vrg + (14 C) (vo,00 + vo,pcot§) — (14 C) cot? 0 + 0) vg> ,  (3.25)
r=1
r|_
[ - 77} = —a(1+2C)vpyr|,_q (3.26)

where again i := 2kg/(3nw) is a shearing parameter. In order to handle the derivatives with respect
to r, we shall make use of the identities

n+1 n+ 2
Pnr = — r 27 wn,r - -

" Un, (3.27)

By making use of the orthogonality property given by Eq. (3.14) together with

2n(n+1)(n2+n—1) dpn

T . ) B
/0 Um (Vn,00 + tng cot @ — 1, cot” 0) sinf dd = — 1 el (3.28)
the tangential traction jump equation given by Eq. (3.25) leads to
2(4n? — 1
(2n+1)(2n+3)A, + Wn"—1) B, =al (1+2C)(n+1) (na, — 2by,)
n+1 (3.29)

+w1_u+4nmn+1»p4n_zmm+%@>.
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Further, the contribution due to shearing to the normal traction equation given by Eq. (3.26) results
to

2n(4n? — 1)

(n—2)2n+1)2n+3)A, + ]

B, = a(1+2C)(n + 1) (—n2an + 2(n + 2)b,) . (3.30)

Egs. (3.29) and (3.30) together with Egs. (3.23) and (3.24) form a closed system of linear equations
amenable to direct resolution via the standard substitution technique. We obtain

2) (2n+1
A, = O‘”(Z(* ) (22133”“ K, —R”lK_> : (3.31)
an+1) (2n+1 _ "
B, = (2M )<2n_1R "M —n(n+2)R +1M+> : (3.32)

where the coefficients K, K+, M and My have rather complex and lengthy expressions and are
therefore provided in the appendix. Particularly, by taking o — oo, corresponding to taking an
infinite shearing modulus or a vanishing frequency limit, we obtain

o + 1
lim A, =" j: e (3.33)
: (m+)@2n+1) 1 ntl
lim B, = n—1_ DT C gl 34
300 2(2n — 1) R It (3:34)

The latter limit is identical to the solution obtained for a point-force acting inside a rigid spherical
cavity with stick boundary conditions. Moreover, both a,, and b,, vanish in this limit in which the
fluid outside the cavity is at rest.

Bending contribution Next, we consider a membrane endowed with pure bending resistance
such as that of a fluid vesicle |58, 59]. As already pointed out, two models are commonly used to
describe membrane resistance towards bending. We shall first provide explicit analytical expressions
by assuming a linear isotropic model for the bending moments. The corresponding traction jump
equations given by Eqgs. (2.19) and (2.20) read

[vo,] = aB< (1 — cot? 6?) U9 + U 99 cOt 0 + Urﬁgg) , (3.35)
r=1
[ — p] =ap ( (3 cot 6 + cot? 0) Urg — cot? 0 Vr.g0 + 2 cot 8 v, ggp + vr79999> , (3.36)
n r=1

where iap := kp/(nw) is a bending parameter. By making use of Egs. (3.14) and (3.28), the tangential
traction jump reads
2(4n? — 1)

2 _ 3.37
—— B, =ap(n“+n—2)(n+1)(na, —2b,) , (3.37)

(2n+1)(2n + 3)A, +
Continuing, using Eq. (3.13) together with the orthogonality relation

/ ©m ( (3 cot 6 + cot? 0) Pno — Pn,00 cot? 6 + 2¢n,000 cot 0 + gOnﬁggg) sin #d#
0

_2n(n—1)(n+1)(n+2) dnn
- 2n + 1 T2
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the normal traction jump reads

2n(4n? — 1)

n1 B, = —apn(n —1)(n+1)*(n + 2) (na, — 2b,) . (3.38)

(n—2)2n+1)(2n+ 3)A, +

Solving the system of linear equations arising from Egs. (3.23) and (3.24) together with (3.37)
and (3.38) leads to the determination of the unknown coefficients. We obtain

2 2(,)2
apn“(n+2)°(n*—1) (2n—-1 _ 4 1
A, = R"™ — R" , 3.39
KB 2n+3 ( )
apn(n+2)(n—1)(n+1)2?n2+2n—-2) (2n+3 _ el
B, = — , 4
9Kp 10 r (340)
where
Kg = 2an® + 6agn® — apn? +4(2 — 3ap)n® + (12 — ag)n® + 2(3ag — 1)n — 3. (3.41)

Taking the limit ag — oo, which corresponds to taking an infinite membrane bending modulus or a
vanishing forcing frequency, the two coefficients read

lim A, — n(n + 2) <2n—|—3 -1 —R"H) 7

ap—00 n?+2n—-3\2n—1

, n+1)(n?+2n—-2) (2n+3 _ 1

lim B, = R — Rt
apmoo T 2(2n2+2n—3) \2n—1 ’

which are found to be different from the solution previously obtained when taking & — oo in a
shearing-only membrane, as can clearly be seen from Eqs. (3.33) and (3.34).

Continuing, we next consider the Helfrich model for membrane bending, leading to the traction
jumps equations

o] =0, (3.42)
[ — p] = ap <4vr + 5+ cot? 6) cot Qv g+ (2 — cot? 0)vy.00 + 2 cot 0 vy oo + vrﬁggg) . (3.43)
n r=1
After making use of the orthogonality property (3.13) together with
s
/ ©Om (4gon + (54 cot? @) cot 4 Ono+ (2 — cot? 0)on.00 + 2 cot 8 ©r, go0 + gon,oggg) sin 6§ d6
0
3.44
2(n+2)2(n = 1) Sn (3.44)
N 2n + 1 rnt2”’
we obtain the two following equations
2(4n? — 1)
2 1)(2 3)A —B,=0 3.45
n+1)(n+3)dq + 2 2 B, =0, (3.45)
2n(4n? — 1)

(n—2)(2n +1)(2n + 3) A, + B, = —ap(n+2)*(n — 1)*(n + 1)(na, — 2b,). (3.46)

n+1
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which upon making use of Egs. (3.23) and (3.24) and solving for A,, and B, yields

ap(n —1)2n(n+ 1) (n+2)2 [2n -1 1 1
A, = nH_ R" 4
" Ky 2n + 3 R R ’ (347)
ag(n — 1) n(n+ 1) (n+2)? (2n+3 _, 1
B — n—1 _ pn+ 4
" 2Ky 2n —1 R i ’ (3.48)
with
Ky = 2apn® 4 6apn® — 2apn® + 2(4 — Tap)n® + 12n? + 2(4a — 1)n — 3. (3.49)

Similar, by taking the limit ag — oo, Egs. (3.42) and (3.43) lead to

. _ 1 (2n—1 n+1 n—1
, ol (243
Jim B, =" (2n — R R (3.51)

Clearly, the coefficients also differ from those obtained previously for a shearing-only membrane given
by Egs. (3.33) and (3.34).

3.5 Particle mobility

The leading-order particle mobility is obtained by evaluating the image system solution given by
Eq. (3.15) at the particle position as

Vg, = AuF, (3.52)
leading to the particle mobility correction, which can conveniently be written in a scaled form as an
infinite series

Ap_ 3b

p < [n(n+1)R" A, +2nR""'B,] . (3.53)
0

n=1
In the particular case when R = 0 corresponding to the concentric case earlier treated in Sec. 2,
only the term with n = 1 remains and we recover the leading-order self-mobility

Ap 3b 5 a(l+20)

T 4T T a5t a(l+20)

3.54
v = (3.54)

in full agreement with Eq. (2.43) obtained using the stream function technique. Clearly, the mobility
correction depends only on membrane resistance towards shearing since B; = 0 for bending-only
membranes (see Eqgs. (3.40) and (3.48) for the general expressions of B,, using the two bending
models.)

Now, by taking the limit & — oo in Eq. (3.53), the correction to the particle self-mobility reads

. Ap 9 1

The same limit is obtained when considering a membrane with pure shearing. For a large cavity
radius, Eq. (3.55) reduces to the leading-order mobility correction nearby a no-slip planar wall as
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first obtained using the method of reflection by Lorentz [60], mainly

Ap 95b 1
li —=———4+0(-). 3.56
Jm - =gn Tt () (3.56)

By considering the coefficients (3.33) and (3.34) associated to a hard cavity, the scaled correction
to the particle mobility reads [28, 34]

AMR . 9 b

o AT (3:57)

being identical to the leading-order correction given by Eq. (2.46) for R = 0. Again, the mobility
inside a hard cavity is recovered in the vanishing frequency limit apart from a term b as explained
in Eq. (2.45).

In fact, the sum over n in Eq. (3.53) and the limit when o — oo cannot be swapped. In other
words, taking the limit when o — oo before evaluating the sum as it is the case for a hard cavity
does not lead to the same result as evaluating the sum first and then taking the limit as it is done
for an elastic cavity. This is justified by the fact that the dominated convergence theorem does not
hold here for the infinite series given by Eq. (3.53).

Now by considering a membrane with pure bending resistance modeled by the Helfrich model,
the mobility correction in the vanishing frequency limit reads

Ap 15 1
im =E=p(1- 2. .
apto g < 8 1R2> (3.58)

We further recover for large cavity radius the well know mobility correction nearby a planar interface
separating two fluids having the same viscosity, namely [61, 62|

Ap 15b 1
lim — =—-——— - 3.59
OlBlglOO o 16 h +0 <a> ( )

In Fig. 4 we show the scaled frequency-dependent self-mobility correction versus the scaled
frequency (3 for a particle of radius b = 1/10 located at R = 4/5 inside a spherical cavity. Unlike
the situation where the particle is concentric to the cavity, a contribution from bending resistance
arises. We observe that the Helfrich model (thick red lines) leads to a better agreement with the BIM
simulations than the linear isotropic model (thin red lines). Considering the shearing-only membrane,
we observe that a second peak of more pronounced amplitude arises in the low frequency regime. This
peak does not occur in planar membranes but has been observed previously for a particle moving
outside a large spherical capsule [41, 53|. In fact, the peak is attributed to the fact that the traction
jumps due to shearing involve a contribution from the normal displacement in contrast to planar
membranes where these traction jumps depend solely on the in-plane tangential displacements. Only
one single peak however occurs for a bending-only membrane for both models since the traction
jumps due to bending involve only the normal deformations and thus explaining the absence of the
second peak.

3.6 Cavity motion

Finally, the cavity translational velocity is computed by integrating the fluid velocity as stated by
Eq. (2.47) with the exception that the radial variable r is integrated between 0 and 1. We find that
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Figure 4: (Color online) The scaled frequency-dependent mobility correction versus the scale frequency
inside a spherical elastic cavity with pure shearing (green), pure bending (red) and both shearing and
bending (black). The thin and thick red lines correspond to the linear isotropic model and Helfrich
model respectively. The particle has a radius b = 1/10 and is positioned at R = 4/5. Horizontal dashes
lines shown in black and red correspond to the vanishing-frequency limits predicted by Eqs. (3.55)
and (3.58), respectively. Here we use the same membrane parameters as in Fig. 2.

only the term with n = 1 of the series remains leading to

1 2
2—_ - (A +B —-2+-R? 3.60
W 87777< 1+ By +5 , ( )

which, upon substitution of the coefficients with their expressions yields

_3R2_5—3R2 a(l+2C)

. .61
10 10 5+ a(l+20) (3.61)

12_3
6mnu ° = 3
Interestingly, even for R # 0, the pair-mobility depends solely on membrane shearing and bending
does not play a role, i.e. in the same way as observed for a concentric sphere. As o — 0o, the pair-
mobility tends to unity independently of the value of R. In particular, for R = 0 we recover the
leading-order solution given by Eq. (2.50) obtained for two concentric spheres. The correction to the
pair-mobility follows a Debye-like model with a relaxation time given by the leading-order term in
Eq. (2.49).

Similar, it can be shown that the force exerted by the fluid on the internal surface of the cavity
is equal in magnitude but opposite in sign to the friction force Fy acting on the particle.

In Fig. 5 we show the scaled pair-mobility function versus the scaled frequency using the same
parameters as in Fig. 4. The pair-mobility for a bending-only membrane remains unchanged and
amounts to 3/2 —3R?/10 in the whole range of forcing frequencies. For a cavity with a finite shearing
resistance, the real part is a monotonically increasing function of frequency that varies between 1
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Figure 5: (Color online) The scaled pair-mobility versus the scaled frequency for cavity with only-
shearing (green), only-bending (red) or both shearing and bending (black). The particle has a radius
b =1/10 and is positioned at R = 4/5. The analytical prediction stated by Eq. (3.61) is shown as
dashed and solid lines for the real and imaginary parts, respectively, while symbols are the BIM
simulations. Horizontal dashed in the low frequency regime corresponds to one. For the membrane
parameters, see Fig. 2.

and 3/2 — 3R?/10 while the imaginary parts exhibits the usual bell-shaped behavior with the typical
peak at 8 ~ 1. Our analytical predictions are favorably compared with BIM simulations.

4 Conclusions

In this paper, we have presented an analytical theory of the creeping motion of small particle slowly
moving inside a large spherical elastic cavity. We have modeled the membrane resistance towards
shearing forces by the Skalak model which incorporates into a single strain energy functional both
the resistance towards shearing and area conservation. We have assessed two different models for
bending namely the Helfrich model and the linear isotropic model.

We have first solved the underlying equations of fluid motion in the relatively simple situation
where the particle is concentric to the cavity, where exact analytical solutions are obtained and
expressed in a closed mathematical form using the stream function technique. In this case, we have
found that the fluid flow is solely determined by membrane shearing and that bending does not play
any role. Moreover, we have shown that in the vanishing frequency limit, the particle hydrodynamic
mobility is larger than that obtained inside a rigid cavity with stick boundary conditions at its inner
surface. This behavior has been justified by the fact that a steady rigid cavity exerts an additional
hindrance in particle motion and thus reducing particle hydrodynamic mobility significantly.

For an arbitrary position of the particle inside the spherical cavity, we have used the image
solution technique to find analytical expression of the axisymmetric flow field induced by a point
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force acting on the fluid. This leads to expressions of the mobility functions in the point-particle
framework, valid when the particle size is smaller than that of the spherical elastic cavity. Considering
the motion of the cavity, we find that the pair-mobility function depends uniquely on membrane
shearing properties and that for an arbitrary value of the particle eccentricity. As an example setup,
we have favorable compared our analytical predictions with fully resolved numerical simulations that
we have performed using a completed double layer boundary integral method.
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Appendices

A Mathematical expression

The analytical expressions of the functions appearing in Egs. (3.31) and (3.32) are given for the series
coefficient A,, by

20+ C)n? 4+ (2a+5)C+a+1)n*+ (1+C)n— (1+2C)1+a),
2(1+C)n? +((2a+3)0—|—a—1)n2+(1+0)n—(1+20)a+1,

4(1 + C)an® + (16 + (1 + QC)a2 +10(1 + C)a) n* +2 (16 + (1 +2C)a” + 3(1 + C)a) n?
+ (8= (1+2C)a® — (14 C)a)n® — (8 +2(1 +2C)a? + (T+ C)a)n — 3(1 + a),

K_
K

and for B,, by

M_=—-12+2(1+C)n° + ((2a +5)C + a+ 1)n* + ((4a+3)C +2a — 5)n® + (9 — (1 + 2C)a) n?
2((14+2C)a—5)n

+—2(1—|—C)n3+((2a+3)0+a—1)n2—|—(1+C)n—a(1+2C)+1,

M =41+ C)an® + (16 + (1 4+ 2C)a? + 10(1 + C)a) n* + 2 (16 + (1 + 2C)a? + 3(1 + C)a) n®

+ (8= (1+2C)a® — (14 C)a)n? — (8 +2(1 +20)a? + (C + Na)n —3(1 + a),
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