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Abstract

Recent advances in the fabrication of colloidal particles enable the generation of colloids that
may be anisotropic in surface chemistry and in shape. However, the main challenge is to organize
these anisotropic colloids into novel and well-defined structures for advanced functional materials.
This work is concerned with the emulsion-assisted formation of complex structures of anisotropic
colloids, including Janus colloids, colloidal dumbbells and patchy colloids. Here, Janus colloids
are modeled as colloidal spheres composed of two distinct surfaces corresponding to repulsive
and attractive parts. Dumbbells are composed of two colloidal spheres with different sizes or
dissimilar materials. Patchy colloids have different compositional patches on their surface.

We use kinetic Monte Carlo simulations to investigate the assembly process of Janus colloids
into cluster structures through emulsion droplet evaporation. The cluster configurations obtained
range from doublets to convex polyhedra. By decreasing the surface area corresponding to the
attractive part of the colloid surface, we find a structural change in cluster configurations from
a set of familiar packings that minimize the second moment of the mass distribution to new
packings with more spherical symmetry.

Similarly, using kinetic Monte Carlo simulations we investigate the behavior of mixtures of
asymmetric colloidal dumbbells and emulsion droplets. We find that the evaporation of the
droplets and the competition between the colloid-droplet adsorption energy and colloid-colloid
pair interaction leads to the formation of clusters with both closed and open structures. Therefore,
stable packings and complex cluster structures can be achieved by controlling the relative size of
the colloidal spheres in the dumbbells and/or their interfacial tension with the droplets.

In addition, a binary mixture of droplets and patchy colloids, where patches are arranged
an tetrahedral symmetry, is studied with standard Metropolis Monte Carlo simulations. We
find stable crystal structures with atomic analogs ZnS, CaF2 and FCC/HCP (face-centered
cubic/hexagonal-close-packed) phase of the droplets coexisting with a dispersed fluid phase of
the colloids. The simulated crystal structures agree well with those predicted by close-packing
calculations for an intermediate range of droplet-colloid size ratios. A discrepancy between the
simulations and theoretical predictions occurs at low and at high size ratios. Furthermore, the
results of the simulations for mixtures with anisotropic interactions reveal a richer phase diagram,
such as ZnS-gas and ZnS-fluid coexistence, as compared to that with isotropic interactions. For
the example of a square planar patch arrangement, we find a particular crystal structure, consist-
ing of two interpenetrating FCC/HCP lattices with bond angles of 90◦. Such a structure has no
atomic analog. Our fundamental study of generic models of anisotropic colloid-droplet mixtures
could provide a promising way towards the fabrication of novel and colloidal complex structures.





Zusammenfassung

Neuere Fortschritte in der Synthese kolloidaler Teilchen ermöglichen die Herstellung von
Kolloiden mit anisotroper Oberflächenchemie und Form. Eine wesentliche Herausforderung ist
es, diese anisotropen Kolloide in neuartige und wohldefinierte Strukturen zu organisieren, und
somit fortschrittliche funktionale Materialien herzustellen. Die Dissertation behandelt emulsion-
sunterstützte Formung von komplexen Strukturen anisotroper Kolloide, wie Januskolloide, kol-
loidale Hanteln (“dumbbells") und Patchkolloide (“patchy colloids"). Dabei werden die Januskol-
loide modelliert als Kugeln mit zwei unterschiedlichen Hemisphären, die jeweils abstoßend und
anziehend sind. Hanteln bestehen aus zwei kolloidalen Kugeln mit unterschiedlicher Größen und
Materialbeschaffenheit. Patchkolloide besitzen unterschiedliche anziehende Bereiche auf ihrer
Oberfläche.

Kinetische Monte Carlo-Simulationen werden benutzt zur Untersuchung des Assem-
blierungsprozesses von Januskolloiden zu Clusterstrukturen durch Verdampfen von Emulsion-
stropfen. Die erzielten Clusterkonfigurationen reichen von Dubletten hin bis zu konvexen Polyed-
ern. Bei Verkleinerung des anziehenden Anteiles der Kolloidoberfläche passiert ein struktureller
Übergang der Clusterkonfigurationen von einem Satz von bekannten Packungen, die das zweite
Moment der Massenverteilung minimieren, hin zu neuartigen Packungen mit stärker kugelför-
miger Symmetrie.

In ähnlicher Weise, unter Benutzung von kinetischen Monte Carlo-Simulationen, wird das
Verhalten von Mischungen von asymmetrischen kolloidalen Hanteln und Emulsionströpfchen un-
tersucht. Es zeigt sich, dass das Verdampfen der Tröpfchen und der Wettstreit der Kolloid-
Tröpfchen-Adsorptionsenergie mit der Kolloid-Kolloid-Paarwechselwirkung zu der Formung von
Clustern mit kompakter, wie auch mit offener Struktur führt. Deshalb können stabile Packun-
gen und komplexe Clusterstrukturen erzielt werden durch Kontrolle des Größenverhältnis der
kolloidalen Kugeln in den Hanteln und/oder der Grenzflächenspannung mit den Tröpfchen.

Auch wurde ein binäre Mischung aus Tröpfchen und Patchkolloiden, wobei die Patches in
tetraedrischer Symmetrie angeordnet sind, mittels Metropolis Monte Carlo-Simulationen unter-
sucht. Es wurden stabile Kristallstrukturen gefunden mit den atomaren Entsprechungen Zns,
CaF2 und FCC/HCP (kubisch flächenzentriert/hexagonal dicht gepackt) als Gitterstrukturen für
die Tröpfchen; diese koexistieren mit einer fluiden Phase der Kolloide. Die simulierten Kristall-
strukturen stimmen gut überein mit Strukturen, die aus Berechnung der dichtesten Packung
folgen, in einem mittleren Bereich des Größenverhältnis von Kolloiden und Tröpfchen. Eine Abwe-
ichung zwischen simulierten und berechneten Ergebnissen tritt auf bei kleinen, wie auch bei großen
Größenverhältnissen. Weiterhin enthüllen die Ergebnisse von Simulationen von Mischungen mit
anisotropen Wechselwirkungen ein reichhaltigeres Phasendiagramm, mit ZnS-gasförmig und ZnS-
fluid Koexistenz, verglichen mit dem Fall isotroper Wechselwirkungen. Für das Beispiel einer
quadratischen, planaren Anordnung von Patches ergibt sich eine besondere Kristallstruktur, die
aus zwei sich einander durchdringenden FCC/HCP Gittern mit neunzig Grad Bindungswinkeln
besteht. Diese Struktur hat kein atomares Analogon. Die vorliegende grundlegende Studie gener-
ischer Modelle für anisotrope Kolloid-Tröpchen-Mischungen könnte einen vielversprechenden Weg
aufzeigen, hin zur Herstellung von neuartigen und komplexen kolloidalen Strukturen.





Contents

1. Introduction 1

2. Methods and data analysis 5
2.1. Standard Metropolis Monte Carlo simulation . . . . . . . . . . . . . . . . . . . . . 5
2.2. Kinetic Monte Carlo simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.3. Data analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.3.1. Radial distribution function . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.3.2. Coordination number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.3.3. Angular distribution function . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.3.4. Bond order parameter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3. Cluster structures of Janus colloids assembled by emulsion droplet evaporation 14
3.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.2. Model and simulation method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.2.1. Pair interaction between Janus colloids . . . . . . . . . . . . . . . . . . . . . 17
3.2.2. Droplet-droplet pair interaction . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.2.3. Janus colloid-droplet pair interaction . . . . . . . . . . . . . . . . . . . . . . 20
3.2.4. Total interaction energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.2.5. Simulation method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.3. Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.3.1. Dynamics of cluster formation . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.3.2. Packing of small clusters nc ≤ 6 . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.3.3. Packing of large clusters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.3.4. Orientational order parameter of clusters . . . . . . . . . . . . . . . . . . . 36
3.3.5. Effect of Janus colloid packing fraction on cluster size distribution . . . . . 38
3.3.6. Hierarchical assembly: Superclusters . . . . . . . . . . . . . . . . . . . . . . 38

3.4. Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4. Assembly of open clusters of colloidal dumbbells via droplet evaporation 43
4.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.2. Model and simulation method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.2.1. Colloid-colloid pair interaction . . . . . . . . . . . . . . . . . . . . . . . . . 44
4.2.2. Droplet-droplet pair interaction . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.2.3. Colloid-droplet pair interaction . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.2.4. Total interaction energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.2.5. Simulation method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47



4.3. Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.3.1. Asymmetric wetting properties and symmetric sizes . . . . . . . . . . . . . 48
4.3.2. Symmetric wetting properties and asymmetric sizes . . . . . . . . . . . . . 55

4.4. Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5. Crystal structure in binary hard-sphere mixtures with droplets anisotropically bonded
to colloids 60
5.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5.1.1. Binary mixtures of additive hard spheres . . . . . . . . . . . . . . . . . . . 60
5.1.2. Binary mixtures of oppositely charged colloids . . . . . . . . . . . . . . . . 62
5.1.3. Binary colloid-droplet mixtures . . . . . . . . . . . . . . . . . . . . . . . . . 62

5.2. Model and methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.3. Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.3.1. Close-packing calculation for structures of regular tetrahedral bond distri-
bution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.3.2. Simulation results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
5.3.3. Influence of symmetry of patch geometry on the crystal structure of droplet-

colloid mixtures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
5.4. Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

6. Summary and conclusions 88

Appendices 91

A. Cluster analysis 92
A.1. Cluster criterion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
A.2. Cluster initialization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
A.3. Cluster analysis and visualization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

B. Cell lists and neighbor lists 97

C. Generator of patch arrangement in polyhedra 98

Bibliography 100

List of Publications 109

Acknowledgements 110

Eidesstattliche Vericherung 112



1

Chapter 1.

Introduction

The term colloid or colloidal dispersion is used primarily to describe mixtures of a dispersed
solid and a continuous liquid phase, where the dispersed phase consists of small particles that
range typically from nanometer to micrometer in size and are evenly dispersed (or suspended)
throughout the continuous phase. Colloids form an important class of soft matter extensively used
in many applications, including pharmaceuticals, food, (non-drip) paints, sewage disposal, and
wet photography [1]. Self-assembly processes of colloidal particles into hierarchically organized
structures have attracted great interest over the last few decades due to a vast range of different
characterization and structure of materials that would not be accessible directly at atomic or
molecular scales. For example, by choosing an appropriate ratio between small (S) and large (L)
colloidal spheres, Leunissen et al. [2] observed crystals with LS, LS6 and LS8 stoichiometry for
different ionic strengths. One of these structures, LS8, has no atomic analogue. In addition, the
colloidal self-assembly of basic building blocks also provides useful insights for the fabrication of
novel materials with rationally designed functionality. This raises questions as to how colloidal
particles can be assembled into more complex structures, what new material properties relate to
these structures, and what type of structures are required for practical applications. Answering
these questions would not only allow better insights into the mechanism of the formation of
complex-structured materials, but also play an important role in production at large scales for
technological impact [3]. Within the diverse class of hierarchically organized structures, primary
research interest has been focused on two typical structural motifs: colloidal clusters and colloidal
crystals.

Colloidal clusters with a small number of constituent particles can be regarded as colloidal
analogues to small molecules, i.e. ‘colloidal molecules’ or ‘patchy particles’. They are expected
to show more complex behavior than their individual particles [4]. The enormous potential
of colloidal clusters has been recognized because of their unique rheological, optical, magnetic,
and electric properties [5–7]. The synthetic route towards fabricating colloidal clusters has been
pursued by several strategies, including coalescence, physical routes, chemical routes, or two-
dimensional (2D) and three-dimensional (3D) geometrical confinement [8]. Manoharan et al. [9]
reported a method for the fabrication of clusters with complex shapes consisting of micron-sized
colloidal spheres. The authors obtained large quantities of these clusters by evaporating the oil
droplets in an oil-in-water emulsion. The particles which are absorbed to the surface of the oil
droplets were packed together by capillary forces and held together by van der Waals forces.
Based on this technique, Wittemann and coworkers [10–12] also produced clusters but with a
considerably smaller size. The experimentally observed structures of the clusters showed good
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agreement with those predicted by Monte Carlo simulations, which indicates that the clustering
process via emulsion droplet evaporation can lead to stable clusters, or even superclusters [13].
In the results of Manoharan et al. and Wittemann et al., clusters consisting of the same number
of spherical colloids, nc, (for relatively small values of nc) have a unique structure that seems
to minimize the second moment of the mass distribution, M2 =

∑nc

i=1 |ri − rcm|2, where ri is
the position of the particle i and rcm is the position of the cluster center-of-mass. Lauga and
Brenner [14] later showed that the selection of the unique structure arises purely from geometrical
constraints during the evaporation. Pine and coworkers extended the method of Manoharan et
al. [9] to a wide range of colloidal materials using oil-in-water emulsions [15, 16], water-in-oil
emulsions [17, 18] or aerosol droplets [19]. Interestingly, in addition to the familiar M2-minimal
isomers, the authors found a few particular cluster configurations for nc = 7, 8 and 11. For
example, for nc = 8 two isomeric clusters were observed: one was a M2-minimal cluster called the
snub disphenoid configuration and the other a square antiprism configuration which was believed
to result from the electrostatic repulsion between colloidal particles at the water-oil interface [17,
19]. However, the reason why these types of isomeric clusters were formed, instead of the M2-
minimal clusters, is still unknown.

A higher level of complexity can be achieved when the chemical composition of the constituent
colloids (or at least their surface chemistry) varies and/or the shape of colloids is extended, ranging
from polyhedra [20–23], rods [24, 25], ellipsoids [26, 27] and dumbbells [28]. Particles with such
anisotropic properties are interesting, since their complexity offers new routes to tailoring particles
for specific tasks. In a review article, Reilly et al. [29] classified the key features of anisotropic
particles as Janus, multicompartment and patchy architectures and compared their structural
properties as well as their preparation techniques. Janus particles (named after the double-faced
Roman god) have a biphasic geometry of distinct compositions and properties in their core and/or
surface. Multicompartment particles have a multi-phasic anisotropy in the core domain, while
patchy particles usually have different compositional patches in the surface [29].

Despite the strong experimental interest in isotropic particles, little research has been done
to investigate the emulsion-assisted formation of cluster structures of particles anisotropic in
shape or interparticle interactions. Peng et al. [30] carried out experiments and simulated the
cluster formation of dumbbell-shaped colloids. The authors proposed that the principle of M2

minimization is not generally true for anisotropic colloidal dumbbell self-assembly. However,
the authors predicted cluster structures without considering the differing chemical properties of
the constituent colloidal spheres. Very recently, Smallenburg and Löwen [31] studied the close
packing of hard spherocylinders confined to a spherical surface and found a rich variety of cluster
structures that depends on the number and aspect ratio of the rods. A detailed investigation of the
cluster structure of a diverse class of Platonic solids inside spherical confinement, albeit without
modeling the interparticle interaction beyond the hard-core repulsion, has also been reported [32].

In this work, based on a basic model for a binary mixture of colloidal particles and spherical
emulsion droplets [13], we study the clustering process of colloidal systems via emulsion droplet
evaporation by means of kinetic Monte Carlo simulations. We consider some cases of colloidal
systems with anisotropic behavior in interparticle interactions (Janus colloidal particles) or shape
(colloidal dumbbells). Detailed descriptions of the resulting cluster structures and their size dis-
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tribution are presented. We find that stable packings and hence complex colloidal structures can
be obtained by controlling the directional interparticle potential (for a system of Janus colloids
and droplets), the relative size of colloidal spheres as well as their interfacial tension with droplets
(for a system of colloidal dumbbells and droplets). These results may provide not only an expla-
nation for the occurrence of few M2-nonminimal isomers found in previous experiments [12, 17,
19, 33], but also be helpful to guide experimental work for preparing and also exploiting complex
colloidal building blocks.

In addition to colloidal clusters, enormous efforts have been made to create colloidal crystals
in which colloidal particles are arranged in highly ordered 2D or 3D arrays. The organization
into crystal-like structures with lattice parameters comparable to the wavelength of visible light
shows promising applications in many fields such as photonic bandgap materials [34], chemical
sensors [35], and macroporous materials [36]. It is well known that colloidal spheres with cen-
trosymmetric and isotropic interaction potentials arrange in simple crystal structures such as
face-centered cubic (FCC), hexagonal close-packed (HCP), and body-centered cubic (BCC). The
potential use of the self-assembled colloids in 3D photonic band gap materials, however, requires
non-close packed structures (e.g. the diamond structure) that are typically not thermodynami-
cally stable. In addition, the diamond lattice of colloidal molecules remains elusive since colloids
require four-fold bond coordination [37]. Using a single-component system of tetrahedral patchy
colloids might not be straightforward because of the potentially frustrating effects of a variety of
local structures that are possible in the colloidal liquid phase [38]. Another proposed strategy is
to prepare binary colloidal crystals assembled from two different materials, and then selectively
remove one of them by burning or dissolution. Experimentally, the fabrication of such structures
is still, however, challenging [39].

Wang et al. [40] recently used the technique of Manoharan et al. [9] and Wittemann [10–12] et
al. to create patchy particles with directional interactions that mimic atoms with valence. This
feature allows the fabrication of patchy colloids with triangular, tetrahedral, trigonal dipyramidal,
octahedral or pentagonal dipyramidal symmetries. Motivated by this experiment, we study the
self-assembly of binary mixtures of patchy colloids and droplets, especially particles with four
patches are arranged in a regular tetrahedral symmetry. Using standard Monte Carlo simulations
and close-packing considerations, we investigate the influence of the droplet-colloid size ratio,
contact angle and concentration of particles on the crystal structures of systems. We find the
occurrence of the ZnS-structure (the two-component analog of the diamond lattice) for a certain
range of size ratios. Increasing the size ratio leads to a continuous transition from the ZnS- to
the CaF2-structure, both of which might be of interest in 3D photonic bandgap materials [41].
Our results identify key parameters to possibly obtain such structures in experiments.

The thesis is organized as follows. Chapter 2 first gives a brief overview of the key ideas
of standard Metropolis and kinetic Monte Carlo simulation techniques. Then we discuss the
relevant quantities that are used to analyze our simulation data. Chapter 3 presents the results
of the dynamics of cluster formation for the mixture of Janus colloidal particles and emulsion
droplets obtained by kinetic Monte Carlo simulations. We classify the clusters into two groups
based on their sizes and examine the effect of the interparticle interactions between colloidal
spheres on the final shape of the clusters. Results for superclusters are given at the end of the
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chapter. Chapter 4 provides the results of the assembly of open clusters of colloidal dumbbells
via droplet evaporation. We analyze the cluster formation, structures and size distributions for
dumbbells with asymmetric properties in either wettability or size. Chapter 5 shows how the
influence of the relative size, contact angle, symmetric geometry, and concentration of particles
on the crystal structure. The summary and conclusions are given in Chapter 6. Finally, we add
several appendices, in which we show more details of various analysis of clusters and numerical
implementation.
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Chapter 2.

Methods and data analysis

In this chapter we describe computer simulations to study the assembly of mixtures of colloids
and droplets. Two main methods used are the standard Metropolis and kinetic Monte Carlo
simulation, depending on the system of interest. Although there is a little difference in their
implementation, the standard Metropolis Monte Carlo method is designed to study the equilib-
rium behavior of the system, while the kinetic Monte Carlo method involves the dynamics of the
system in a simplified way. We briefly introduce the basic principles of both methods.

2.1. Standard Metropolis Monte Carlo simulation

Consider a system of a fixed number of N particles in a given volume V at a fixed temperature
T ; a collection of such systems is called a canonical ensemble. The equilibrium probability density,
f(rN ,pN ), for a system with a specific set of particle positions rN and momenta pN is proportional
to the Boltzmann factor

f(rN ,pN ) ∝ exp[−βH(rN ,pN )], (2.1)

with β = 1/kBT , where kB is the Boltzmann constant, H(rN ,pN ) is the Hamiltonian of the
system. The average value of a measurable quantity A is defined as weighted average of A over
all possible configurations in the system, i.e.

〈A〉 =

∫∫
A(rN ,pN )f(rN ,pN )drNdpN
∫∫

f(rN ,pN )drNdpN
. (2.2)

Since the potential energy is independent of the momenta of the particles, the Hamiltonian can
be separated into the kinetic and potential energy

H(rN ,pN ) =
N∑

i=0

p2
i

2m + U(rN ), (2.3)

where m is the mass of particle, rij is the distance between particles i and j, U(rN ) is the total
potential energy. If the quantity A depends only on the particle coordinates, the integrals over
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the momenta cancel between the numerator and denominator of Eq. (2.2) to give

〈A〉 =

∫
A(rN ,pN ) exp[−βU(rN )]drN
∫

exp[−βU(rN )]drN
. (2.4)

At first sight, one might compute the measurable quantity A given in Eq. (2.4) from uniformly
distributed random configurations, and then weight it by the Boltzmann factor exp[−βU(rN )].
However, this procedure requires a huge number of configurations that would need to be evaluated.
Moreover, for most intermolecular potentials, the Boltzmann factor decrease rapidly when some
particles are close together. As an example of a fluid of 100 hard spheres at the freezing point, the
Boltzmann factor would be non-zero for 1 out of every 10260 configurations [42]. This indicates
that an overwhelming majority of calculations of Eq. (2.4) will be devoted to configurations that
make insignificant contributions to the quantity 〈A〉.

Metropolis et al. [43] in 1953 proposed an algorithm that, instead of generating uniform configu-
rations randomly and then weighting them with the Boltzmann factor, one generate non-uniform
configurations with the probability distribution function exp[−βU(rN )] and then weight these
equally. This algorithm is known as the importance sampling Monte Carlo or Metropolis scheme.
To do this, the simulation is set up with a Markov chain that consists of sequential trials in a
random process performing transitions from one configuration to the next in a way that follows
the Boltzmann distribution.

In practice, in the case of the canonical ensemble the simulation is initialized with one possible
configuration with N particles in a volume V at a temperature T . A trial configuration is
generated by choosing a particle at random and giving it a small, random displacement. The
probability of accepting the trial move as the next configuration in the Markov chain is given by

acc(o→ n) = min
(
1, exp−β[U(rNn )− U(rNo )]

)
, (2.5)

where the subscripts o and n refer the old and new configurations, respectively. In the equivalent
form,

acc(o→ n)=

{
exp−β[U(rNn )− U(rNo )] if U(rn) > U(ro)
1 otherwise.

(2.6)

The usual scheme is as follows: We generate a trial move from the configuration o to the
configuration n. Before making the real move, we compute the energy change U(rn) − U(ro) of
the system caused by the move. If U(rn)−U(ro) ≤ 0 then the move is always accepted. Otherwise,
if U(rn)− U(ro) > 0 then we will accept the move with a probability of exp−β[U(rn)− U(ro)].
In order to determine this probability, we generate a random number ξ between 0 and 1. If
ξ ≤ acc (o→ n) then the move is accepted and otherwise it is rejected. Clearly, it is important
to generate random numbers that are distributed uniformly in the interval [0, 1] for avoiding any
biased Monte Carlo sampling. One of the most widely used generators, based on the Mersenne
Twister algorithm, was developed by Makoto Matsumoto and Takuji Nishimura [44].

The Monte Carlo simulation described here is applicable to the canonical ensemble (NV T
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ensemble). For other ensembles, e.g. the isothermal-isobaric ensemble (NPT ensemble) random
displacements of particles are combined with random changes in volume. For the simulation of
anisotropic particles rotational moves of the particles must be taken into account. For a detailed
description of the Monte Carlo simulation for a variety of ensembles and systems, see Ref. [42].

2.2. Kinetic Monte Carlo simulation

The standard Metropolis Monte Carlo simulation has been widely used in many applications
in order to study equilibrium thermodynamics [45, 46]. On the other hands, Brownian dynamics
(BD) simulations have played a significant role in modeling the dynamic properties of colloidal
liquids [46]. However, one of the major drawbacks of the BD method is that a significant contri-
bution of hydrodynamic interactions between the elements of colloidal systems is neglected. This
interaction can be taken into account via time-consuming techniques such as lattice Boltzmann or
stochastic rotation dynamics. In addition, the BD simulation cannot be directly implemented in
the simplest models with non-differentiable (hard) potentials. Although one can apply an event-
driven BD technique to treat these interaction types, the implementation of the MC scheme is
considerably easier. Moreover, evaluating the forces in the BD simulation becomes more compli-
cated for orientational dependent potentials, while only energy needs to be computed in the MC
simulation. Therefore, an investigation of the dynamics of systems using the MC simulation could
be an efficient way. The MC technique called kinetic MC (kMC) has been developed to deal with
non-equilibrium systems such as the glass-forming system [47], crystal nucleation in hard-sphere
colloidal fluids [48], and self-assembly processes [49].

Several reports in the literature have shown that MC schemes consisting of only physically
meaningful moves, in the limit of very small displacements, are equivalent to BD schemes. In this
way, nearly all the sequential moves of individual particles are accepted but configurational biased
moves, cluster moves, swaps are not allowed [50–55]. Here we show a derivation introduced by
Kikuchi et al. [54]. Although the following derivation is not directly applicable to our numerical
implementation, we give it as proof of using the standard MC simulation as a replacement for the
BD simulation.

Consider a system of N particles moving in one-dimension subject to a potential U(x). Accord-
ing to the standard Metropolis MC scheme, we give each of N particles in succession a random
displacement, x′ = x + ∆x with ∆x = αξ, where α is the maximum displacement and ξ is a
uniform random number between −1 and 1. In other words, the trial displacement is selected
in the interval [−α, α]. Let Nν be the number of new possible positions for the particle in the
computer simulation (Nν is large but finite). Then the probability of moving the particle to a
new position in the interval [−α, α] is 1/Nν .

We assume that the Metropolis MC scheme can be regarded as a physical process and all the
particles move to their new positions in the ‘time’ interval ∆t. Then the mean displacement of
the particle during this ‘time’ is written as

〈∆x〉 =
∑

∆x>0

1
Nν

∆x+
∑

∆x<0

1
Nν

exp
(
−∆U
kBT

)
∆x, (2.7)
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where ∆U is the change in potential energy of the system, which caused by the move. For
convenience, we assume that ∂U(x)/∂x < 0. Thus the above equation means that there is a
probability of 1/Nν for the particle to go right, and a probability of 1/Nν times exp(−∆U/kBT )
to go left. If the maximum displacement α is small and the change in potential energy ∆U is
written as

∆U = ∂U

∂x
∆x = ∂U

∂x
αξ (2.8)

then Eq. (2.7) becomes

〈∆x〉 ≈ −α
2

6
1

kBT

∂U

∂x
. (2.9)

Similarly, the mean-square displacement can be found to be

〈
(∆x)2〉 =

∑

∆x>0

1
Nν

(∆x)2 +
∑

∆x<0

1
Nν

exp
(
−∆U
kBT

)
(∆x)2

≈
1
3α

2.

(2.10)

If we define the diffusion coefficient D by

D =
〈
(∆x)2〉

2∆t = α2

6
1

∆t (2.11)

then

〈∆x〉
∆t = − D

kBT

∂U

∂x
= −1

ζ

∂U

∂x
, (2.12)

where ζ is the drag coefficient related to the diffusion coefficient D via the Einstein relation,
D/kBT = 1/ζ.

For the small time step ∆t the master equation which governs the MC scheme is equivalent
to the Fokker-Planck equation

∂P (x, t)
∂t

= − ∂

∂x

(
〈∆x〉
∆t P (x, t)

)
+ 1

2
∂2

∂x2

(
〈∆x〉2

∆t P (x, t)
)
, (2.13)

where P (x, t) is the particle distribution function. Substitution of Eqs. (2.11) and (2.12) in
Eq. (2.13) leads to

∂P (x, t)
∂t

= 1
ζ

∂

∂x

[(
∂U

∂x

)
P (x, t)

]
+D

∂2P (x, t)
∂x2 . (2.14)

This equation has the same form as a diffusion equation for the Brownian particles in the fluid
characterized by the diffusion coefficientD and drag coefficient ζ. Thus, by choosing the maximum
displacement to match the diffusion property given in Eq. (2.11), the Metropolis MC scheme will
adequately describe the dynamics of systems.

Similarly, Sanz and Marenduzzo [56] have shown that the dynamical properties in the crystal
nucleation and colloidal self-diffusion in dense suspensions are in good agreement with those
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obtained by Metropolis MC simulations as long as the the maximum displacement α is small
enough and the time scale in MC simulations is rescaled with the acceptance probability. Several
works have recently reported on the use of kMC as an alternative strategy to study the dynamics of
spherical and anisotropic colloidal particles [57–61]. These authors have also found a quantitative
agreement between the BD and kMC simulations, especially when the translational and rotational
elementary of individual particles are quite small.

2.3. Data analysis

In this section we give a short introduction to relevant quantities for analyzing our simulation
data.

2.3.1. Radial distribution function

For a canonical ensemble of fixed N,V, T the equilibrium n-particle density is [62]

ρ
(n)
N (rn) = N !

(N − n)!
1

h3NN !QN

∫∫
exp(−βH)dr(N−n)dpN

= N !
(N − n)!

1
ZN

∫
exp[−βU(rN )]dr(N−n),

(2.15)

where h is the Planck constant. QN is the canonical partition function and ZN is the configuration
integral, defined as

QN = 1
h3NN !

∫∫
exp(−βH)drNdpN , (2.16)

and

ZN =
∫

exp[−βU(rN )]drN . (2.17)

The definition of n-particle density implies that
∫
ρ

(n)
N (rn)drn = N !

(N − n)! . (2.18)

In particular, the single-particle density n = 1 and pair density n = 2 are often used in theory
and simulation to investigate structural but also thermodynamic properties

ρ(1)(r) = N

ZN

∫
exp[−βU(rN )]dr(N−1), (2.19)

ρ2(r, r′) = N(N − 1)
ZN

∫
exp[−βU(rN )]dr(N−2) (2.20)

and hence ∫
ρ(1)(r)dr = N, (2.21)
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∫
ρ(2)(r, r′)drdr′ = N(N − 1). (2.22)

The radial distribution function (RDF) is a binning of the distances between all pairs of
particles i and j. It can be defined in terms of the corresponding two-particle density as

g(2)(r, r′) = ρ(2)(r, r′)
ρ(1)(r)ρ(1)(r′)

. (2.23)

For a two-component system of species 1 and 2 we introduce the pair distribution functions
g11, g12 and g22 to characterize the correlations between each component:

g
(2)
11 (r, r′) = ρ

(2)
11 (r, r′)

ρ
(1)
1 (r)ρ(1)

1 (r′)
, (2.24)

g
(2)
22 (r, r′) = ρ

(2)
22 (r, r′)

ρ
(1)
2 (r)ρ(1)

2 (r′)
, (2.25)

and

g
(2)
12 (r, r′) = ρ

(2)
12 (r, r′)

ρ
(1)
1 (r)ρ(1)

2 (r′)
, (2.26)

where ρ1, ρ2 are the one-particle density for the first component and the second component,
respectively; ρ11 is two-particle density of the first component in the presence of the second com-
ponent, and ρ12 is two-particle density between the first component and the second component.
Their explicit formula are generalizations of Eqs. (2.19) and (2.20)

ρ
(2)
11 (r, r′) = N1(N1 − 1)

2ZN1N2

∫
exp[−βU(rN )]drN1−2

1 drN2
2 , (2.27)

ρ
(2)
22 (r, r′) = N2(N2 − 1)

2ZN1N2

∫
exp[−βU(rN )]drN2−2

1 drN1
2 , (2.28)

ρ
(2)
12 (r, r′) = N1N1

2ZN1N2

∫
exp[−βU(rN )]drN1−1

1 drN2−1
2 , (2.29)

with N1, N2 being the total number of particles of each component. In the limit of very low den-
sities of a homogeneous fluid, the pair distribution functions are directly related to pair potentials
φij(r)

gij(r) = exp[−βφij(r)], (2.30)

for i, j = 1, 2 and r = |r2 − r1|.

2.3.2. Coordination number

The coordination number gives the number of neighbors of a particle which are located within
a given cutoff radius from the tagged particle. The average coordination number, n(r), can be
calculated in terms of the radial distribution functions g(r)

n(r) = 4π
∫ r

0
r′2g(r′)ρdr′ (2.31)
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In fact, the first coordination number n1 (the first nearest-neighbor number) is often used

n1 = 4π
∫ r1

0
r2g(r)ρdr, (2.32)

where r1 is the position of the first minimum of g(r).

While the radial distribution function plays a key role in the physics of liquids because thermo-
dynamic properties can be expressed in terms of integrals over g(r) [62], the coordination number
is particularly useful for the description of the structure of solids. Examples of several perfect
crystal structures include n1 = 12 for the FCC (face-center cubic) and HCP (hexagonal-close
packing), n1 = 8 for BCC (body-center cubic) and n1 = 6 for SC (simple cubic) structure. For
binary mixtures, their crystal structure are described by two coordination numbers corresponding
to each species. For example, in the ZnS structure n1 of Zn and S are equal in value (n1 = 4),
but in the CaF2 structure n1 of Ca and F are 8 and 4, respectively.

2.3.3. Angular distribution function

The angular distribution function (ADF) is a further useful tool to analyze the different crystal
structures obtained in simulations. For example, it can be used to distinguish between the perfect
FCC and HCP lattices. These are indistinguishable from each other if only using the RDF as a
criterion. The ADF is constructed by calculating the bond angles between any three particles in
the system, and then analyzing the distribution of bond angles using a histogram. Once all bond
angles are known, each bin in the histogram is divided by the total number of bond angles so
that each bin represents the probability of finding that angle.

The ADF provides the probability that the bond angle between any three particles falls within
a given increment of the arc. However, it is computationally less demanding and also often more
informative to consider only bond angles between the first few nearest-neighbors, because that is
where the short-ranged order of the system is most evident. Therefore, we need to introduce a
cutoff radius of the first or second nearest-neighbor (easily determined from the RDF) and then
eliminate all bond angles between particles outside this radius [63].

2.3.4. Bond order parameter

In order to determine the local environment of a given particle i, Steinhardt et al. [64] proposed
rotationally invariant bond order parameters, defined as

ql(i) =

√√√√ 4π
2l + 1

l∑

m=−l

|qlm(i)|2, (2.33)

where qlm is the complex function given by

qlm(i) =





0 ifNb(i) = 0

1
Nb(i)

Nb(i)∑

j=1
Ylm(θij , ϕij) otherwise,

(2.34)
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Table 2.1.: Bond order parameters for different structures [67, 68].

Geometry q̄4 q̄6 w̄4 w̄6

FCC 0.19094 0.57452 -0.15932 -0.0136

HCP 0.09722 0.48476 0.13410 -0.01244

BCC 0.03637 0.51069 0.15932 0.01316

SC 0.76376 0.35355 0.15932 0.01316

icosahedral 0 0.66332 0 -0.16975

liquid 0 0 0 0

where Ylm(θij , ϕij) are spherical harmonics and θij and ϕij are the polar and azimuthal angles of
the relative vector rij between particle i and j with respect to an arbitrary reference frame. Nb(i)
is the number of the nearest-neighbors of the particle i, l is an integer and m is an integer which
runs from −l to l.

Recently Lechner and Dellago [65] have introduced a modified version of the Steinhardt et al.
order parameters in such a way that the additional information derived from the second nearest-
neighbors is taken into account, defining the so-called averaged bond order parameters

q̄l(i) =

√√√√ 4π
2l + 1

l∑

m=−l

|q̄lm(i)|2, (2.35)

and

w̄l(i) =

∑

m1+m2+m3=0

(
l l l
m1 m2 m3

)
q̄lm1(i)q̄lm2(i)q̄lm3(i)

(
l∑

m=−l

|q̄lm(i)|

)3/2 , (2.36)

where the coefficient
(

l l l
m1 m2 m3

)
is the Wigner 3−j symbol [66]. The integers m1, m2 and m3

run from −l to l, but with the constraint m1 +m2 +m3 = 0, and q̄lm(i) is defined as

q̄lm(i) = 1
Ñb(i)

Ñb(i)∑

k=0

qlm(k). (2.37)

Here the sum for k runs for all neighboring particles Ñb(i) of particle i plus the particle i
itself. In our analysis, the neighbors of particle i are defined as those particles located within
the distance cutoff corresponding to the first minimum of the radial distribution functions. Using
the averaged bond order parameter allows to improve the accuracy of the distinction of different
crystalline phases and clusters, i.e. FCC, HCP, and BCC. The crystalline structure around a given
particle is sufficiently determined by the combination of four average local bond order parameters
q̄4, q̄6, w̄4 and w̄6. The values of bond order parameters for several perfect crystal structures are
listed in Tab. 2.1.

In order to classify the state of particles into liquid-like, FCC-like, HCP-like and BCC-like we
use the following criteria [69]. First, if q̄6 < 0.3, particle is classified as liquid-like. Otherwise, if
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Table 2.2.: Criterion to determine the state of a particle based on average local bond order parame-
ters [69].

State of a particle q̄4 q̄6 w̄4 w̄6

liquid q̄6 < 0.3

BCC structure q̄6 > 0.3 w̄6 > 0

HCP structure q̄6 > 0.3 w̄4 > 0 w̄6 < 0

FCC structure q̄6 > 0.3 w̄4 < 0 w̄6 < 0

q̄6 > 0.3 it is considered as crystalline. If the particle is crystalline and w̄6 > 0, it is classified
as BCC-like. If the particle is not BCC-like but crystalline, w̄4 will be checked. If w̄4 > 0, the
particle is HCP-like, otherwise it is FCC-like (see Tab. 2.2).
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Chapter 3.

Cluster structures of Janus colloids assembled by
emulsion droplet evaporation

3.1. Introduction

Janus particles, named after the Roman god Janus, are formed by colloidal particles that
possess two different surface chemical functionalities distributed in the two hemispheres. In 1991,
the term “Janus grains” was first mentioned by Pierre-Gilles de Gennes in his Nobel lecture titled
“Soft Matter” [70]. According to de Gennes, Janus grains composed of polar and apolar hemi-
spheres can arrange to form a monolayer in a similar way to conventional molecular surfactants
at an air/water interface. However, while the monolayer of molecular surfactants would be dense
and impermeable, the monolayer of Janus grains has some interstices between grains, and there-
fore allows the chemical exchange between air and water. de Gennes also suggested that this
behavior possibly makes Janus particles useful in various applications.

In general, Janus particles can be classified into several different categories, based on the parti-
cles’ chemical composition such as polymeric, inorganic and polymer-inorganic or on their shapes
such as spherical, ellipsoidal, cylinderical, dumbbell-like (see Fig. 3.1). Among these possiilities,
spherical Janus particles with hemispherical coverage are the most typical anisotropic particles
since their chemical composition and size can be relatively easily controlled in experiments. How-
ever, in some specific cases colloidal particles whose covered and exposed surface area are different
may be a better choice for certain applications.

In fact, due to the difficulty of finding synthetic methods for these Janus particles the idea
of de Gennes has not received much interest until the last decade. With the recent advances
in the fabrication as well as motivation from unique properties of Janus particles in practical
applications, the related research has attracted increasing attention [71, 72]. Many approaches

(a) (b) (c) (d)

Figure 3.1.: Several possible Janus particle architectures differing in shape (a) spherical, (b) ellipsoidal,
(c) cylindrical and (d) dumbbell-shaped.
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can be taken to fabricate Janus particles with size ranging from micro- to nanoscopic length scales
such as microfluidics [73–75], electrohydrodynamic jetting [76, 77], layer-by-layer assembly [78,
79], copolymers self-assembly [80–82]. Recently, Hong et al. [83] have reported a simple method,
based on the Pickering effect, to prepare Janus particles using oil-water emulsions. The process is
conducted as follows: silica particles are initially dispersed in a liquid wax at high temperature,
and then mixed with water. Silica particles are entrapped on the surface of the wax droplet,
thereby stabilizing the Pickering emulsion. When cooling the mixture to room temperature, the
wax solidifies. This restricts the rotation of the trapped silica particles on wax surface. The
particles can then be chemically modified on their exposed surface. Furthermore, appropriate
surfactants that adsorb onto the exposed surface allow to control the Janus balance [84–86].

One of major goals in the fabrication of novel materials with desired functionalities is to
control assembly processes into hierarchically organized structures. Of particular interest are
Janus particles because of their tunable chemical anisotropy on both hemispheres [87]. Many
studies have been conducted regarding the aggregation behavior of these particles, focusing on a
variety of interactions, e.g. between dipolar particles, amphiphilic particles and magnetic/metallic
particles under the influence of external fields [74, 80, 81, 88, 89].

For dipolar Janus particles, Goyal et al. [90] used molecular dynamics simulation to predict
a phase diagram that displays a variety of self-assembled microstructures including face-centered
cubic, hexagonal-close packed, and body-centered tetragonal lattices at high packing fractions
and fluid, string-fluid, and gel phases at lower packing fractions. In experiments and Monte
Carlo simulations, Hong et al. [88] reported spontaneous particle aggregation into well-defined
geometric clusters depending on the number of the constituent particles. This result also differs
from the chain-like assembly of electric dipoles [91–94] and magnetic dipoles [95] as a result of
the difference in the Janus balance of Janus particles.

Self-assembly behavior of amphiphilic Janus particles whose two hemispheres are negatively
charged and hydrophobic, respectively, were investigated by Granick and co-workers [96, 97].
In these studies, the salt concentration is used as an important parameter for controlling the
electrostatic screening length. First, in the absence of salt the strong electrostatic repulsive force
among amphiphilic Janus particles keeps them separated in solution. Along with increasing the
salt concentration the electrostatic screening length reduces, and as a result, small clusters form.
Further reduction of the electrostatic screening length extends progressively these clusters into
worm-like objects. Experimental results complemented by Monte Carlo simulations reveal the
existence of several distinct cluster structures with the same number of constituent particles, nc.
For example, two types of clusters that can rearrange dynamically were found in the case of the
tetramer (nc = 4). One of these types belongs to the conventional tetrahedron and the other is
less densely packed [96]. Further investigations of the kinetics of self-assembly processes show that
cluster growth is promoted through three different reaction mechanisms: progressive aggregation
of single particles, aggregation of small clusters into a single large one and isomerization.

Motivated by experimental results of Granick and co-workers [96], Sciortino et al. [98] per-
formed numerical simulations to investigate the phase behavior and collective structure of Janus
particles. The phase diagram exhibits a re-entrant transition, characterized by the shrinking
and the shift of the phase coexistence region to higher densities at a low temperature below the
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critical temperature. This unconventional phase behavior is due to the formation of clusters in-
cluding micelles (Janus particles self-assemble into a spherical shell) and vesicles (Janus particles
self-assemble into two concentric spherical shells) [98]. Fantoni et al. [99, 100] developed a clus-
ter theory to describe the micellization process in the gas phase and found equilibrium cluster
concentrations in good agreement with the numerical simulations of [98]. Sciortino et al. [101]
analyzed in great detail the formation process of clusters and their size distribution by tuning
progressively the surface coverage χ (fraction of surface covered by the attractive part) of Janus
particles in the both gas and liquid phase. The result shows the peculiar phase coexistence be-
havior of Janus particles (χ = 0.5) distinguishing them from the standard behavior of simple
liquids for all χ > 0.5 cases. Several studies using molecular dynamics simulation have recently
been aimed at the self-assembly behavior of Janus particles under different conditions including
three-dimensional channels [102], shear flow [103] and electrolyte solutions [104]. These results
suggest that the systematic tuning of parameters provides a rich variety of structures such as
single, double, triple, quadruple chains and Boerdijk-Coxeter helices [102, 104].

The Pickering emulsion method was not only subsequently used to prepare individual Janus
particles [83, 105], but it also represents one of the most effective strategies to produce hierar-
chically clustered structures with high stability and large yield. The fabrication of clusters or
“colloidosomes”, based on Pickering emulsions, was first reported by Velev and co-corkers [106–
108]. In a series of experiments a rich variety of structures was made by taking advantage of
the aggregation behavior of particles on droplets. Here the particles that are adsorbed at the
liquid-liquid interface reduce the total interfacial energy and thus can be used to stabilize emul-
sions and foams against coalescence between droplets [109]. The subsequent removal of emulsion
droplets by evaporation generates capillary forces which pack the particles into a specific con-
figuration. This configuration is then stabilized by van der Waals forces once the particles are
pulled close enough together [9]. Manoharan et al. fabricated micron-sized clusters with complex
geometries from polystyrene, silica or polymer microspheres [9, 15, 16]. Although the several
types of colloidal particles used differ widely in their sizes, interparticle interactions and surface
properties, it is noticeable that the final cluster configurations made from the same number of
constituent particles nc (nc ≤ 11) are nearly identical and equivalent to spherical packings that
seem to minimize the second moment of their mass distribution M2 [110]. However, for nc > 11,
the clusters obtained from the experiments deviate increasingly from the minimal moment rule [9,
15]. In addition, when the particles are trapped at the interface between the water phase and
the oil phase of low dielectric constant, the interparticle electrostatic repulsion can be enhanced
due to an asymmetric charge distribution at the particle surface. The long-ranged dipole-dipole
repulsion through the oil phase may lead to an ordered arrangement of the particles at the droplet
surface [16].

Although the emulsion evaporation technique of Manoharan’s group was used to synthesize
successfully for micron-sized particles, it did not elaborate for particles with a diameter of the
hundred-nanometer scale due to the rupture of micron-sized oil droplets during the evaporation
process [7]. A novel approach towards nano-sized clusters based on a miniemulsion technique was
developed by Wittemann and co-workers [10–12]. The polymer colloidal particles were initially
suspended in the oil phase or alternatively in the aqueous phase. The samples were then emulsified
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by ultrasonication in order to obtain narrowly size distributed droplets with average sizes in the
range of 360 nm to 2000 nm [12]. Finally, the complete evaporation of oil droplets yielded a
large number of stable clusters of colloidal particles where the number of constituent particles nc
varies between about 2 and 12. Similarly, Cho et al. prepared colloidal clusters under different
conditions, e.g. water-in-oil emulsion [17] and found a few particular cases of 7-, 8-, and 11-sphere
clusters that have not been observed in experiments based on oil-in-water emulsions [18]. These
authors suggested that isomeric structures depend on the surface properties of colloidal particles.
Schwarz [13] have reported that while the most typical cluster structures with 2 6 nc 6 12
(except nc = 11) are in good agreement with those found in Ref. [9, 15], changing the model of
short-ranged attractive interaction can produce different non-minimal isomers and the fraction of
isomers can be varied for each number of constituent particles.

Despite numerous studies of the self-assembly into hierarchically organized structures and of
the phase behavior of Janus particles, the cluster formation as well as cluster structure templated
by emulsion droplets is unknown at present. In this chapter, we give a systematic investigation
of the cluster assembly of Janus colloidal particles via droplet evaporation, based on a simple
theoretical model proposed in Ref. [13] and the experimental results of Ref. [10–12]. The anistropic
colloid-colloid interaction is modeled via a Kern-Frenkel potential [111], a model that has been
extensively used to study the self-assembly of patchy colloids. By varying the attractive patchy
area of Janus colloidal particles we find a variety of particular structures in addition to a set of
common M2-minimal structures. In particular, such cluster structures are very similar to those
reported by Cho et al. [18, 19]. From these observations we believe that the anisotropic behavior
of colloids is related directly to the geometric structures of clusters that appear to maximize a
specific orientational order parameter of clusters.

This chapter is organized as follows. We introduce the details of the pair interactions and the
simulation method in Sec. 3.2. We analyze the dynamics of cluster formation in Sec. 3.3.1. In
Secs. 3.3.2 and 3.3.3 we describe the results for structures and cluster size distributions for small
and large clusters, respectively. In Sec. 3.3.4 we analyze the orientational order parameter of
clusters. In Sec. 3.3.5 we show the results for the effect of the colloid packing fraction on the size
distribution of clusters. In Sec. 3.3.6 we present the results for superclusters of Janus colloids.
Final remarks and conclusions are given in Sec. 3.4.

3.2. Model and simulation method

3.2.1. Pair interaction between Janus colloids

For a system of hard spheres the phase diagram exhibits only a single fluid phase and a crystal
phase [112]. Introducing short-ranged attractions such as the Asakura-Oosawa depletion [113,
114], attractive Yukawa [115] or square-well potential [116, 117] into colloidal systems results
in gas-liquid (or fluid-fluid) phase equilibrium. Recently a new simple model was proposed by
Kern and Frenkel to describe colloidal particles with anisotropic interactions [111] that can be
found in a variety of biological systems such as globular proteins [111, 118–120] and colloidal
suspensions [111, 121]. In addition, in order to describe charged colloidal particles and proteins
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Figure 3.2.: Representation of the single-patch Kern-Frenkel model with surface coverage χ = 1/2. The
surface of the particle is partitioned into two hemispheres where the white and green region corresponds
to the attractive and repulsive part, respectively. Here r̂ij is the direction joining the two sphere centers,
pointing from the center of sphere i to the center of sphere j; n̂i, n̂j are vectors specifying directions of
the attractive patch of sphere i and sphere j, respectively.

in electrolyte solution where electrostatic interactions play a role in the structure and phase be-
havior [122], the Derjaguin-Landau-Verwey-Overbeek (DLVO) potential or screened electrostatic
Yukawa potential can be employed.

In the Kern-Frenkel model [111], colloid i of hard-sphere diameter σc possesses a central
position and a set of unit vectors

{
n̂ki
}
locating the position of patch k on the particle surface.

The size of the attractive patch is characterized by a conical segment of (half) opening angle δ
around the direction n̂ki . It is convenient to define the surface coverage χ as the relative ratio
between the attractive surface area and total surface area. Therefore, χ is related to the half
opening angle δ and the number of patches np via

χ = np sin2
(
δ

2

)
. (3.1)

In the present chapter, we only consider a single patch per particle, therefore np = 1 and k = 1.
The patch label k in the unit vectors n̂ki is omitted for clarity. The short-ranged attractive
pair potential, UKF(r̂ij , n̂i, n̂j), is defined as a product of a square-well potential with an angular
modulation

UKF(rij , n̂i, n̂j) = USW(r)Ψ(r̂ij , n̂i, n̂j), (3.2)

where

USW(r) =





∞ r < σc

−εSW σc < r < σc + ∆
0 otherwise,

(3.3)

and

Ψ(r̂ij , n̂i, n̂j) =

{
1 if n̂i · r̂ij ≥ cos δ and −n̂j · r̂ij ≥ cos δ
0 otherwise,

(3.4)

where USW(r) is an isotropic square-well potential of depth εSW and width ∆. Ψ(r̂ij , n̂i, n̂j) is a
modulation function that depends on the relative orientation of the two particles, n̂i(n̂j) is the
unit vector pointing from the center of sphere i(j) to the center of the corresponding attractive
patch and r̂ij is the unit vector of magnitude r between the centers of two spheres (see Fig. 3.2).
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Figure 3.3.: Janus colloid-colloid pair interactions given parameters with χ = 1/2, κσc = 10, βεY = 24.6,
βεSW = 9, ∆ = 0.09 σc where β = 1/kBT . When the attractive parts of two particles properly face each
other, they interact via the square-well potential of depth 18kBT (red solid line), and otherwise they
interact via the square-well potential of depth 9kBT (blue dashed line).

By varying the surface coverage χ, one can control the angular range of the anisotropic inter-
actions. The case χ = 1/2 (δ = 90◦) is known as the Janus limit with half-half geometry [123],
as illustrated in Fig. 3.2.

The Yukawa repulsion UY(r) describes the interactions between two charged colloidal particles
screened by a electrolyte solution with inverse Debye length κ, i.e.

UY(r) = εYσc
exp[−κ(r − σc)]

r
, (3.5)

where the parameter εY controls the strength of the repulsion.

The total interaction energy between two spherical Janus particles is written in term of
the single-patch short-ranged attraction UKF(r̂ij , n̂i, n̂j) and the longer-ranged Yukawa repulsion
UY(r), i.e.

φcc(rij , n̂i, n̂j) =





∞ r < σc

UKF(r) σc < r < σc + ∆
UY(r) otherwise.

(3.6)

As shown in Fig. 3.3, the potential φcc(r̂ij , n̂i, n̂j) defined by Eq. (3.6) is plotted for a typical
set of parameters (justified below). Here two particles interacts via the square-well potential of
depth 18kBT only if both the patch unit vectors n̂i and n̂j form angles smaller than δ with the
vector connecting each particle to the other, and the distance between the two particles is within
the range (σ, σ + ∆).
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Figure 3.4.: Representative diagram of a spherical colloidal particle located at an oil-water interface
with the interfacial tension γow. Also shown is the colloid-oil interfacial tension γco and the colloid-water
interfacial tension γcw, the height of the spherical cap h and the contact angle θow. The Young equation
can be interpreted as a force balance of interfacial tensions (marked by arrows).

3.2.2. Droplet-droplet pair interaction

The droplet-droplet interaction is aimed at modeling the repulsive interaction of charged
droplets so that coalescence is negligible. Furthermore, in order to avoid the binding between any
two droplets due to a shared Janus colloid we assume that each droplet has an effective interaction
diameter σd+σc that is larger than the geometric droplet diameter σd. Hence the droplet-droplet
pair interaction is

φdd(r) =

{
∞ r < σd + σc

0 otherwise.
(3.7)

3.2.3. Janus colloid-droplet pair interaction

Figure 3.4 shows a schematic diagram of a colloidal particle at an oil-water (droplet-solvent)
interface. The contact angle (measured in the water phase), θow, is related to the three interfacial
tensions by the Young equation

cos θow = γco − γcw

γow
, (3.8)

where γco, γcw and γow represent the colloid-oil, colloid-water and oil-water interfacial tensions.
The free energy −4Gint needed to detach the colloid of diameter σc from the interface due to the
Pickering effect [124] is

−∆Gint = π

4σ
2
cγow (1± cos θow)2 , (3.9)

where the minus and plus sign inside the bracket correspond to the removal of the colloid into the
water phase and into the oil phase, respectively. The binding energy is of the order of 103−105kBT

for nano-sized spherical silica, γow = 0.036 Nm−1 and θow = 90◦ [125]. However, equation (3.9) is
only valid when the contact angle γow is formed by the planar interface. In the case of a particle
located at a spherically curved water-oil interface, as shown in Fig. 3.4, the free energy is a more
complicated function of the oil droplet diameter [125].
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Figure 3.5.: Janus colloid-droplet pair potential scaled by the oil-water interfacial tension γ is shown as
a function of the scaled distance rcd/σc for size ratios σd/σc = 3.0, 1.5, 1.0, 0.8, 0.5 (from right to left).

Similarly to the previous study of Schwarz et al. [13], we assume that the colloid-water in-
terfacial tension is equal to the colloid-droplet interfacial tension, γco = γcw, so that θow = 90◦.
This assumption is reasonable since a change in the contact angle seems to not have an influence
on the final outcomes [14]. In addition, we neglect the influence of the adsorbed colloid on the
oil-water interfacial curvature such that the droplet remains spherical.

The evaporation of the dispersed oil droplet implies that the droplet diameter is initially
larger and eventually smaller than the colloid diameter. In order to mimic this situation, the
colloid-droplet potential φcd (r) is given as follows

If σd > σc,

φcd(r) =




−γπσdh

σd − σc
2 < r <

σd + σc
2

0 otherwise,
(3.10)

and if σd < σc,

φcd(r) =





−γπσ2
d r <

σc − σd
2

−γπσdh
σc − σd

2 < r <
σc + σd

2
0 otherwise,

(3.11)

with γow abbreviated to γ and h being the height of the spherical cap that results from the
colloid-droplet intersection (see Fig. 3.4) given by

h = (σc/2− σd/2 + r) (σc/2 + σd/2− r)
2r . (3.12)

Figure 3.5 shows the colloid-droplet pair potential plotted against the scaled distance for several
different ratios of the droplet diameter and colloid diameter.
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3.2.4. Total interaction energy

The total interaction energy Utot is the sum of Janus colloid-colloid, droplet-droplet, and Janus
colloid-droplet interactions,

Utot

kBT
=

Nc∑

i<j

φcc(rij , n̂i, n̂j) +
Nd∑

i<j

φdd(|Ri −Rj |) +
Nc∑

i

Nd∑

j

φcd(|ri −Rj |), (3.13)

where Nc, Nd are the number of colloids and droplets, respectively; (ri, n̂i) and (rj , n̂j) is the
center-of-mass coordinate and the unit vector locating the attractive patch of colloid i and colloid
j, respectively; Ri is the center-of-mass coordinate of droplet i.

3.2.5. Simulation method

The mixture of Janus colloids and droplets is simulated in the NV T ensemble using the kinetic
Monte Carlo method. All simulation parameters are described in detail in the following tables.
In Tab. 3.1 we show the parameters of the pair interaction potentials. The parameters of the
binary mixture and of the kinetic Monte Carlo simulation are summarized in Tabs. 3.2 and 3.3,
respectively.

The simulations are performed in a cubic box with periodic boundary conditions. For a
given set of parameters, statistical data is collected by running 20 independent simulations and
averaging. In each run, a maximum trial displacement and rotation step of colloids and droplets
are set small enough (see Tab. 3.3) such that the Monte Carlo (MC) simulation is approximately
equivalent to Brownian dynamics, as discussed in Sec. 2.2. The time evolution of the system is
therefore described by the number of MC cycles per particle. In each MC cycle, we attempt to
move each particle once on average. The droplets shrink at a constant rate and vanish completely
half-way through the simulation. Differently from Schwarz’s work [13], the kinetic pathway is
simply simulated without taking account of the collective motion of particles in the cluster,
e.g. collective translational and rotational cluster moves. Such collective modes of motion are
significantly involved in dense colloidal systems with interpaticle attractive interactions that vary
strongly with distance or angle [126, 127].

To initialize our simulation, the Janus colloids are distributed randomly outside droplets, i.e.
r > (σc + σd)/2, and the minimum separation between Janus colloids is larger than one bond
length, σc + ∆ (two Janus colloids form a bond if their distance is smaller than σc + ∆). Hence,
no two Janus colloids form a bond in the initial stage of the simulation. We use the following
definition of a cluster: a cluster is a set of Janus colloids that are connected with each other by
bonds. Each cluster is therefore described by both the number of bonds, nb, and the number
of Janus colloids, nc, belonging to this cluster. Although the definition of nb is insufficient to
distinguish a variety of different structures (isomers), especially for clusters of large sizes, it is
considered an important indicator of the compactness of the cluster [13]. The cluster criterion
and the detailed algorithm for searching clusters are described in Appx. A.1.
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Table 3.1.: Summary of parameters of the pair interaction potentials used in the computer simulations

Physical quantity Description

εSW = 9 kBT square-well depth

∆ = 0.09 σc square-well width

k = 10 σ−1
c inverse Debye length

εY = 24.6 kBT Yukawa repulsion strength

rcut = 2.5 σc cut-off radius

γ = 100 kBT

σ2
c

oil-water interfacial tension

Table 3.2.: Parameters used for the mixture of droplets and colloids

Physical quantity Description

Nc = 500 number of Janus colloids

Nd = 7− 35 number of droplets

ηc = 0.01− 0.05 colloid volume packing fraction

ηd = 0.15 droplet volume packing fraction

σc = 1 colloid diameter

σd (0) = 6σc initial droplet diameter

Table 3.3.: Parameters used for the kinetic Monte Carlo simulation

Physical quantity Description

dc = 0.01σc maximum trial displacement of colloid

rc = 0.01rad maximum trial rotation of colloid

dd = dc
√
σc/σd maximum trial displacement of droplet

n = 106 number of Monte Carlo cycles per particle

a = σd(0)
2n shrinking amplitudea

a The shrinking amplitude is chosen in such a way that the
droplets vanish completely after n/2.

3.3. Results and discussion

3.3.1. Dynamics of cluster formation

In the kinetic Monte Carlo simulation, one can determine the physical time corresponding to
each MC step. Here we calculate approximately the physical time per MC step via the transla-
tional diffusion coefficient of clusters Dcls because this quantity provides a relationship between
the mean square displacement of particles and the simulation time.

According to the Einstein equation [128]

lim
n→∞

〈
4r2

cls(n)
〉

n
= 6Dclsτ, (3.14)

where n is the number of MC cycles and τ is the physical time per MC cycle. Here,
〈
4r2

cls(n)
〉
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Figure 3.6.: Fraction of colloids in the different states as a function of the MC time at ηc = 0.03,
ηd = 0.15, σd (0) = 6σc and χ = 1/2. A very low fraction of colloids that were in bonds but then becomes
free is not shown.

is the mean square displacement of clusters after n cycles, defined as

〈
4r2

cls(n)
〉

= 1
Nnc

Nnc∑

i=1
(4rcls,i(n))2, (3.15)

where Nnc is the number of clusters with nc colloids and 4rcls,i(n) is the center-of-mass displace-
ment of a cluster with nc colloids after n cycles. In addition, the time required for a cluster to
diffuse over its diameter σcls is the so-called Brownian time scale τB given by τB = σ2

cls/Dcls with
an assumption that the diameter of the spherical cluster σcls = 3

√
ncσc. Hence, we have

nτ

τB
'
〈
4r2

cls(n)
〉

6 3
√
n2
cσ

2
c

. (3.16)

From Eq. (3.16) the physical time that corresponds to the MC simulation time ranges from
tens to hundreds of τB depending on the number of colloids in the cluster. Using the Stokes-
Einstein equation for diffusion of spherical particles, Dcls = kBT

3πησcls
, with η the viscosity of the

solvent. For example, for the clusters composed of ten colloids with diameter of 154 nm in water
(η = 1 mPa.s) at room temperature, τB ∼ 0.85 s. Compared to experimental time scales of the
clusters that typically last tens of minutes [10, 13], our estimated MC simulation time scales
are much smaller and hence do not address the realistic long-time dynamics in the experiments.
However, as mentioned previously in the experimental and simulation study [13, 129], despite a
lack of time scales the model of single colloids reproduces qualitative and quantitative agreement
with experimental results.

During the dynamic process of cluster formation, a Janus colloid typically proceeds through
several possible states: (i) the colloid is free, (ii) the colloid is trapped on the droplet surface, but
does not yet form a bond with another colloid, (iii) the colloid is trapped at the interface and
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Figure 3.7.: Total energy of the system as a function of Monte Carlo time at ηc = 0.03, ηd = 0.15,
σd (0) = 6σc and χ = 1/2. Curves with label (1) and (2) show non-equilibrium states of the system at
early stage of the simulation, whereas the line labeled (3) shows that the system reaches a stable final
state after 5× 105 MC cycles.

forms a bond with other colloids on the droplet surface, (iv) the colloid forms bonds spontaneously
to another colloid without involvement of any droplets, and (v) the colloid was bonded but then
becomes free. Figure 3.6 shows the fraction of colloids corresponding to each of the above states
as a function of the MC time. Starting from the initial configuration of free colloids (red line), the
number of free colloids decreases gradually until all droplets vanish completely after 5× 105 MC
cycles. At the same time, the number of colloids belonging to clusters increases (blue line). After
that time, both types of colloids stay at a constant fraction. In the final stage of the simulation,
the total yield of clusters is nearly 20%. In addition, the number of spontaneously formed clusters
has a small fraction of roughly 1% (black line). This result comes from the fact that the distance
between two Janus colloids in the initial configuration is larger than the bond length, therefore
in order to form one bond Janus colloids have to obtain a thermal energy which is larger than
the repulsive energy barrier 9kBT . In practice, the corresponding probability is so small that we
find only a very low fraction of doublets but not larger clusters [13].

The dynamical evolution of the system is also checked by monitoring the total energy Utot as
a function of the Monte Carlo time. Figure 3.7 shows how the total energy of the system varies
with respect to the number of Monte Carlo cycles at ηc = 0.03, ηd = 0.15, σd (0) = 6σc and
χ = 1/2. Starting from the nearly zero initial value, Utot decrease steadily to the minimum value
(the curve line labeled (1) in Fig. 3.7), which corresponds to a continuous capturing of colloids at
the droplet surface. The minimum value Utot indicates that the number of colloids trapped at the
droplet surface may be maximized (or saturated) after about 3.6 × 105 MC cycles. At the next
stage, when the droplet diameter becomes smaller than the colloid diameter, some colloids are
no longer confined to the droplet surface and therefore do not possess the adsorption energy due
to the Pickering effect. As a consequence, the total energy of the system increases until all the
droplets vanish completely after 5× 105 (the line labeled (2) in Fig. 3.7). Later, the total energy
reaches a constant value, showing that the system is in a stable final state (the line labeled (3)
in Fig. 3.7).
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Figure 3.8.: Representative snapshots of simulation system with ηc = 0.03, ηd = 0.15, σd (0) = 6σc and
χ = 1/2 at different stages of the time evolution (a) initial configuration (b) after 3.25× 105 MC cycles
(c) after 5 × 105 and (d) after 106 MC cycles. Droplets are shown as pink spheres. Differently colored
spheres (as indicated) are used to describe the state of Janus colloid: (i) a free Janus colloid, (ii) a Janus
colloid trapped at the droplet surface (iii) a Janus colloid trapped forming a bond with others via droplet
(iv) a Janus colloid forming a bond with others without via droplet (v) a Janus colloid breaking a bond.

Figure 3.8 shows some typical snapshots of the simulated system at four different stages of the
time evolution. The initial configuration consists of non-overlapping spheres of both the Janus
colloids and the large (pink) droplets [Fig. 3.8(a)]. After 3.25×105 MC cycles many Janus colloids
are trapped at the droplet surface [red colloidal spheres in Fig. 3.8(b)]. After 5× 105 MC cycles
the droplets completely vanish and the Janus colloids assembly into clusters [Fig. 3.8(c)]. At the
end of the simulation, i.e. after 106 MC cycles, the presence of all clusters formed via the droplets
demonstrates the stability of the clusters against thermal fluctuations [Fig. 3.8(d)].

We further investigate the assembly of the Janus colloid particles into clusters via droplet
evaporation by means of the radial distribution functions (RDFs) of colloid-droplet, gcd(r), and
colloid-colloid pairs, gcc(r). We consider these RDFs at different stages of the time evolution
ranging from t1 to t6, corresponding to given numbers of MC cycles (see Tab. 3.4). As shown
in Fig. 3.9 and Tab. 3.4, gcd(r) between times t1 and t5 has one prominent peak that is located
at the instantaneous droplet diameter σd(t)/2. This peak results from colloids that are captured
at the droplet surface. Due to the shrinking of the droplet diameter, the peak is shifted steadily
towards shorter separations. In addition, an increase of the peak height of gcd(r) in MC time



3.3. RESULTS AND DISCUSSION 27

demonstrates that the number of Janus colloids captured at the droplet surface may increase in
time. Finally, after t = t6 (5×105 MC cycles) the droplets vanish completely, and therefore gcd(r)
gives unphysical behavior. At the same time, the colloid-colloid RDF gcc(r) shows a transition
from an effectively ideal gas state (after 0.8× 105 MC cycles) to a fluid state with some degree of
short-ranged orders outside the square-well region (after 4.0 × 105 MC cycles). The presence of
short-ranged orders at distances larger than σ + ∆, as shown in Fig. 3.10, indicates that clusters
have formed. This observation agrees with visual inspection of simulation snapshots.
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Figure 3.9.: Colloid-droplet radial distribution function as a function of the scaled distance r/σc at
different stages of the computer simulation. The peak position of gcd (r) together with an explanation
for times ti are given in Tab. 3.4.
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Figure 3.10.: Colloid-colloid radial distribution functions plotted against the scaled distance r/σc at
different stages of the simulation. See the notation for times ti in Tab. 3.4.
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Table 3.4.: The variation of peak positions of gcd (r), gcc (r) radial distribution functions and droplet
diameter as a function of the time evolution for σd (0) = 6σc.

i ti
(
×105 MC cycles

) Peak position (r/σc)
σd (t) /σc

gcd (r) gcc (r)

1 0.8 2.42 1.05± 0.04a ∼b 4.8

2 1.6 1.91 1.05± 0.04 ∼ 3.8

3 2.4 1.41 1.05± 0.04 ∼ 2.8

4 3.2 0.90 1.05± 0.04 1.25 c 1.77 1.8

5 4.0 ≈ 0.65 1.05± 0.04 1.43 1.73 1.2

6 5.0 ||d 1.05± 0.04 1.47 1.72 0.0
a Peak within square-well region
b Ideal gas state
c Short-ranged order
d Undefined value

3.3.2. Packing of small clusters nc ≤ 6

Surface coverage χ = 1/2

First, we analyze the packing of small clusters with a number of constituent spheres in the
range nc = 2− 6 for the colloid packing fraction ηc = 0.03, σd (0) = 6σc and for the Janus
limit case χ = 1/2. The clusters obtained are shown in Fig. 3.11. Except for a chain-like
structure [Fig. 3.11(b)], all clusters have the same configuration as those observed previously
in the self-assembly of amphiphilic Janus colloids [96]. Here we obtain cluster sizes nc between
2 (dumbbell), 3 (triplet), 4 (tetrahedron), 5 (triangular dipyramid) and 6 (octohedron), which
have familiar structures of small molecules such as diatomic fluorine, boron trifluoride, carbon
tetrafluoride, phosphorus pentafluoride, and sulfur hexafluoride, respectively [9]. Furthermore,
the unique packing of these cluster structures also minimizes the second moment of the mass
distribution M2, defined as

M2 =
nc∑

i=1
|ri − rcm|2, (3.17)

where ri is the position of the center of sphere i and rcm is the center of mass of a given cluster
structure. In Figs. 3.11(c)-(e), the cluster structure is identical to the geometric solution of the
Thomson and Tammes problem at low values of nc (nc ≤ 6). The objective of the Thomson
problem is to find the minimal electrostatic energy configuration of nc identical point charges on
a spherical surface [130], whereas the Tammes problem is a problem in the arrangement of nc
spheres on the spherical surface such that the minimum distance between spheres is maximized,
or equivalently the area density of spheres on the spherical surface is maximized [131].

Surface coverage χ = 1/4

For the case of Janus colloid with the surface coverage χ = 1/4 some additional structures are
found, including a chain-like structure for nc = 4 and square dipyramid for nc = 5 (see Fig. 3.12).
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Figure 3.11.: Cluster configurations for nc = 2− 6 and corresponding bond number nb obtained in the
final stage of the simulation for σd (0) = 6σc, ηc = 0.03 and χ = 1/2. Clusters found for (a) dumbbell,
(b) chain-like structure and triplet, (c) tetrahedron, (d) triangular dipyramid, (e) octahedron. The white
and red hemispheres represent the attractive and repulsive parts, respectively. The rightmost column
of clusters with nc > 3 shows polyhedra formed by connecting the center of each colloid to its nearest
neighbors. The wireframe inside the cluster structure illustrates the bond formed by a pair of colloidal
spheres.

Square	pyramidChain-like	structure
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Figure 3.12.: Similar to Fig. (3.11), but for χ = 1/4. Here, we show only the additional structures that
are not found at χ = 1/2: (a) chain-like structure, (b) square dipyramid.

Stacked Histograms

We obtain a cluster size distribution by using a stacked histogram of the number of clusters
with a given cluster size. In Fig. 3.13, each bar corresponds to the cluster size nc (nc ≤ 6) and is
divided into differently colored regions with a relative height which is proportional to the number
of clusters with nb bonds. The total height of bars indicates the number of cluster Nnc with nc
Janus colloids. In the case of χ = 1/4 [ Fig. 3.13(a)], two distinguishable isomers are found for
nc = 3, 4 and 5, while only one isomer is found for χ = 1/2 (except for nc = 3).

3.3.3. Packing of large clusters

Next, our focus is on larger clusters (6 < nc ≤ 12) where a new variety of sphere packings
occurs. These are members of a unfamiliar set of highly symmetric polyhedra, some of which have
not been yet reported in previous studies of evaporation-driven assembly of colloidal particles.
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Figure 3.13.: Nnc denotes the number of clusters with nc Janus colloids. The total height of column
indicates Nnc

. Each column is divided in differently colored regions in a such way that the each height
is proportional to the number of clusters with nb bonds. Each region is labeled with the bond number.
The nc = 2 bar whose height is larger than 200 is not shown for clarity. (a) Results for χ = 1/4 and (b)
Results for χ = 1/2 at ηc = 0.03, ηd = 0.15, σd (0) = 6σc.

Clusters for nc = 7

Figure 3.14 shows clusters for nc = 7 obtained for two different values of the surface coverage,
χ = 1/4 (left) and χ = 1/2 (right). As shown in Fig. 3.14(a), we find two isomers; one is a unique
M2-minimal pentagonal dipyramid (PD) and the other an augmented triangular prism (ATP).
The ATP is constructed by augmenting a triangular prism by attaching a square pyramid to
one of its equatorial faces. Interestingly, ATP clusters have been observed previously in colloidal
clusters from aerosol droplets [19] but not from water-in-oil [17] and oil-in-water emulsions [18].
Furthermore, in our simulations PD and ATP clusters has nearly the same fraction at χ = 1/4.

At a higher value of the surface coverage, χ = 1/2, we also observe two isomeric clusters,
i.e. an octahedron-plus-one and a PD where the fraction of PD clusters is smaller than that of
octahedron-plus-one clusters. Note also that the octahedron-plus-one clusters can be decomposed
into a tetrahedron and a triplet, and thus may be found in close-packed lattices [9, 132].

Comparison of the bond number nb of clusters for χ = 1/4 and χ = 1/2 reveals a slightly
higher value of nb found in the latter case, resulting from a lower potential energy of clusters
(see Fig. 3.14).

Clusters for nc = 8

As shown in Fig. 3.15, for 8-sphere clusters we observe one isomeric structure of a square
antiprism configuration (χ = 1/4) and one M2-minimal snub disphenoid configuration (χ = 1/2).
The snub disphenoid was commonly found in many preceding studies of colloidal assemblies driven
by evaporation [9, 13, 14, 18], whereas the square antiprism, formed by two regular tetramers lying
in parallel planes with one being twisted relative to the other by 45◦, is less frequent than the snub
disphenoid according to Cho et al. [17]. The authors believe that electrostatic repulsion between
the colloidal particles in water droplets caused formation of their square antiprism clusters [17,
19]. The square antiprism configuration has been observed for clusters, which were prepared
from toluence-in-water emulsion, by Wittemann and co-workers [12]. Very recently, Demirörs et
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Augmented	triangular	prism
(49%)

(51%)

Pentagonal	dipyramid

Octahedron	plus	one
(78%)

Pentagonal	dipyramid

(22%)

Figure 3.14.: Configuration of clusters for nc = 7 at ηc = 0.03, ηd = 0.15, σd (0) = 6σc. χ = 1/4
(left) and χ = 1/4 (right) surface coverage are shown. For each χ, two isomers of Janus colloid packings
are found: (a) augmented triangular prism (b) pentagonal dipyramid with nb = 15 (c) octahedron plus
one (d) pentagonal dipyramid with nb = 16. The percentage of clusters corresponding to each surface
coverage is shown below each cluster name.

al. [133] have reported square antiprism clusters in an experimental and simulation study of long-
ranged oppositely charged colloidal particles. These results indicate that cluster configurations
even at low nc depend strongly on both the surface properties of colloidal particles and on the
interparticle potential.

Clusters for nc = 9

For nc = 9, see Fig. 3.16, there is only a M2-minimal isomeric structure of triaugmented
triangular prism (TTP) configuration found for both χ = 1/4 and χ = 1/2. As the name
suggests, TTP can be constructed by attaching square pyramids to each of three equatorial faces
of the triangular prism. However, there is a slight deviation in the bond number of the TTP

(100%)

Snub	disphenoid

(100%)

Square	antiprism

Figure 3.15.: Same as Fig. 3.14, but for nc = 8. For each χ, one isomer is found: (a) square antiprism
(b) snub disphenoid.
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(100%) (100%)

Triaugmented	triangular	prism Triaugmented	triangular	prism

Figure 3.16.: For nc = 9 only one isomer of triaugmented triangular prism with the bond number (a)
nb = 18 and (b) nb = 21 is obtained for two values of χ = 1/4 and χ = 1/2, respectively.

Sphenocorona
(79%)

Gyroelongate	square	dipyramid

(21%)

Gyroelongate	square	dipyramid
(100%)

Figure 3.17.: Clusters containing nc = 10 particles belong to two distinct configurations at χ = 1/4
(left) (a) nb = 22 (sphenocorona) (b) nb = 24 (gyroelongate square dipyramid) and at χ = 1/2 (right)
only gyroelongate square dipyramid structure (c) nb = 24.

structure between two cases of χ. More specifically, three bonds are missing in the TTP cluster
at χ = 1/4 [Fig. 3.16(a)] compared to that of χ = 1/2 [Fig. 3.16(b)].

Clusters for nc = 10

Similarly to 7-sphere clusters, in Fig. 3.17(a), for nc = 10 and at χ = 1/4, we find two
different isomers: sphenocorona (nb = 22) and M2-minimal isomeric structure of gyroelongate
square dipyramid configuration (nb = 24) with fraction of 79% and 21%, respectively. To our
best knowledge, there is no report about sphenocorona clusters in the literature. At a larger
value of χ, i.e χ = 1/2, there remains only the gyroelongate square dipyramid structure, as shown
in Fig. 3.17(b).
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Augmented	sphenocorona
(100%)

Augmented	Sphenocorona

Augmented	sphenocorona

(50%)

(50%)

Figure 3.18.: Clusters containing nc = 11 particles (augmented sphenocorona) but having a slight
difference in the bond number nb. Results are shown at χ = 1/4 (a) nb = 26, (b) nb = 27 and at χ = 1/2
(c) nb = 27.

(100%) (100%)
IcosahedronIcosahedron

Figure 3.19.: Unique cluster of icosahedra found in both cases (a) χ = 1/4 and (b) χ = 1/2.

Clusters for nc = 11

Figure 3.18 shows the clusters with nc = 11 at χ = 1/4 (left) and χ = 1/2 (right). We obtain
the unique structure of an augmented sphenocorona configuration with the bond number nb = 26
[Fig. 3.18(a)] and nb = 27 [Figs. 3.18(b)-(c)]. This structure belongs to a convex polyhedron,
which is very similar to that of icosahedron-minus-one [13, 17] configuration but different from a
non-convex polyhedral configuration in previous studies [9, 16].

Clusters for nc = 12

For 12-sphere clusters only one unique icosahedron configuration with the bond number nb =
30 is observed in both cases of χ = 1/4 and χ = 1/2. In fact, the icosahedral symmetry in which
all sphere positions are equivalent is known to have an optimal configuration in both the Tammes
and the Thomson problem.
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Figure 3.20.: Typical clusters found for nc ≥ 13 at ηc = 0.05, ηd = 0.15, σd (0) = 6σc and χ = 1/2.
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Figure 3.21.: Same as Fig. 3.13, but for cluster size 7 ≤ nc ≤ 12. Results are shown at (a) χ = 1/8, (b)
χ = 1/4 and (c) χ = 1/2.

Larger clusters can be obtained by increasing the initial droplet diameter or colloid volume
packing fraction. Figure 3.20 shows the typical cluster structures with nc = 13− 18 obtained at
ηc = 0.05, ηd = 0.15, σd (0) = 6σc and χ = 1/2. In practice, it is difficult to identify the geometric
symmetry of large nc-polyhedra if using only the number of constituent colloids and bond number
of isomers. Therefore, the analysis of the large size clusters (nc ≥ 13) are skipped in this work.

Stacked histograms

The stacked histograms of the number of clusters as a function of the cluster size (7 ≤ nc ≤ 12)
are shown in Fig. 3.21. For χ = 1/8 we find a variety of isomers with different bond numbers.
However, for χ = 1/4 only two distinct isomers of 7-, 10-, 11-sphere clusters and one isomer of
8-, 9-, 12-sphere clusters are observed. In particular, for χ = 1/2, all the clusters (except for
the 7-sphere cluster) have a unique configuration with larger average bond numbers compared to
the cases χ = 1/8 and χ = 1/4. Intuitively, this can be explained as follows: an increase of the
repulsive part of the Kern-Frenkel potential due to a decrease of χ leads to a difficult equilibration
process of the cluster geometry.
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Figure 3.22.: Colloid-colloid radial distribution functions gcc (r) as a function of the scaled distance
r/σc at ηc = 0.03, ηd = 0.15, σd (0) = 6σc in the final stage of the computer simulations. Results are
shown at different surface coverages χ (as indicated). Curves are shifted upwards by 0.5 units for clarity.
The inset shows a magnified view of peak 1.

Colloid-colloid radial distribution functions

The compactness of clusters under the influence of the surface coverage χ can further be
characterized by means of the colloid-colloidal radial distribution function gcc (r). Figure 3.22
shows gcc (r) in the final stage of the simulation for several different χ values. It can be seen
that the colloid-colloid radial distributions exhibit a pronounced peak (labeled peak 1) of width
∆ (recall that ∆ is the square-well width) at a short distance around r = σc, indicating a large
degree of bonding between the colloids formed at this distance. In addition, as χ increases the
bond number of clusters increases slightly, signaled by a larger peak height as shown in a magnified
view of this peak (see inset of Fig. 3.22). These results are in good agreement with our results
for stacked histograms, as discussed above.

For clarity curves are shifted upwards by 0.5 units in Fig. 3.22. gcc (r) shows two additional
distinct peaks labeled peak 2 and peak 3 which correspond to the second and third nearest-
neighbor distance of clusters, respectively. In particular, differently from the fixed positions of
peak 1 and peak 2, the position of peak 3 shifts continuously towards larger distances with an
increase of χ in the range of 0.22−0.30. The peak 3 then keeps a nearly fixed position as χ ≥ 0.30.
From this analysis, we believe that a structural transformation of clusters probably occurs at χ
around 0.30.

3.3.4. Orientational order parameter of clusters

As the cluster configurations are in equilibrium in the final stage of the simulations, the
constituent Janus colloids align in such a way that their attractive patches face each other in
order to minimize the total potential energy. We employ an orientational order parameter that
was used in a classification of self-assembled structures of patchy colloidal dumbbells [134, 135],



3.3. RESULTS AND DISCUSSION 37

2

3

4

5

6

7

8

9

10

11

12

0 0.2 0.4 0.6 0.8 1

n
c

χ
Spherical clusters
Non-spherical clusters
Clusters of randomly oriented patches

Figure 3.23.: State diagram of Janus colloidal clusters of size nc as a function of surface coverage χ at
the final stage of the simulation for ηc = 0.03, ηd = 0.15, σd (0) = 6σc.

defined as

M =

〈
1
nc

nc∑

i=1
n̂i ·

rcm − ri
|rcm − ri|

〉
, (3.18)

where the angular brackets denote an average over all clusters that are composed of nc constituent
colloids, n̂i is the unit vector pointing in the direction of the attractive patch of colloid i, ri is
the center of mass of colloid i and rcm = (

∑nc

i=1 ri)/nc is the center of mass of the cluster. For
a perfectly spherical cluster, i.e. all directional vectors of Janus colloids belonging to the cluster
point towards the center of the cluster, we haveM = 1. If clusters haveM≥ 0.9 we consider them
as spherical (marked with a solid colored circle). Otherwise, if any cluster has 0.5 ≤M < 0.9 we
consider it to be a non-spherical cluster (elongated cluster) and mark with a blue colored square.
Finally, clusters ofM < 0.5 are considered as having randomly oriented patches (depicted by an
orange asterisk).

Using the order parameter of clusters, we map out the state diagram for Janus colloids in the
surface coverage χ-cluster size nc representation, as shown in Fig. 3.23. We find a narrow region
of χ in the range 0.20− 0.30 in which spherical clusters are favored, and a broader region of non-
spherical clusters when χ is outside of this range. The clusters of randomly oriented patches are
found when χ is larger than 0.8 or smaller than 0.2. Of the cluster states observed, the spherical
and non-spherical clusters that can be regarded as micelles are interesting because they are found,
on smaller length scales, in the chemistry of surfactant molecules and the physical biology of the
cell [123]. Additionally, a high value of the order parameter corresponds to a highly restricted
rotation for individual Janus colloids in the cluster. For this reason, we plotM as a function of
χ in order to determine the value of χ at which maximizesM (see Fig. 3.24). It can be seen that
the order parameter M exhibits a maximum value for χ from 0.22 to 0.25 for all clusters with
different sizes. The χ values in this range are in accordance with χ that exhibit the structural
transformation as above discussed in Sec. 3.3.3.
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Figure 3.24.: Order parameter of nc-sphere clusters as a function of surface coverage χ for ηc = 0.03, ηd =
0.15, σd (0) = 6σc.

Recall that the isomers for nc = 7 (nb = 13), nc = 10 (nb = 22) and nc = 11 (nb =
26) are members of a set of convex polyhedra that do not minimize the second moment of the
mass distribution. Comparison ofM for two nc-isomers, as given in Tab. 3.5, shows thatM of
M2-nonminimal isomers is slightly larger than that of M2-minimal isomers at the same surface
coverage χ = 1/4. Therefore, we suppose that the formation of new M2-nonminimal isomeric
clusters is directly related to the maximization condition for the order parameterM.

3.3.5. Effect of Janus colloid packing fraction on cluster size distribution

The cluster size distribution depends not only on the initial droplet diameter but also on the
colloid packing fraction. Hence we investigate the normalized number of clusters, Nnc/

∑
Nnc

(with
∑
Nnc being the total number of clusters), as a function of the number of constituent

colloids nc. Figure 3.25 shows the cluster size distribution for several different colloid packing
fractions. A subsequent increase in the colloid packing fraction, from Figs. 3.25(a) to (d), leads
to a decrease in the yield of small sized clusters, or equivalently a yield increase of larger clusters.
At the same time the cluster distribution becomes broader. This can be explained by a higher
probability of capturing the colloids on the droplet surface when the colloid density increases.
Additionally, there is no considerable difference in the cluster size distribution between the two
cases χ = 1/4 and χ = 1/2, which is a direct consequence of the strong short-ranged attraction
between the Janus colloids.

3.3.6. Hierarchical assembly: Superclusters

In this section, we investigate the assembly process into hierarchical superstructures in a mix-
ture of droplets and one of types of building blocks: dumbbell, triangular and tetrahedral clusters
of Janus colloids. The clusters of colloidal dumbbells via droplet evaporation will be separately
described in Chap. 4. To generate the initial configurations we start by randomly distributing
the colloidal triangular clusters in the cubic simulation box and with random orientations. The
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Table 3.5.: The value of the orientational order parameter of clustersM for two isomers with nc = 7, 10
and 11 at χ = 1/4. See the illustration of these isomers in Figs. 3.14, 3.17 and 3.18.

nc
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Figure 3.25.: Normalized cluster size distribution, Nnc
/
∑
Nnc

, as a function of the number of colloids
in the cluster nc at σd (0) = 6σc and ηd = 0.15. Results are shown for different colloid packing fractions
(a) ηc = 0.01 (b) ηc = 0.02 (c) ηc = 0.03 and (d) ηc = 0.05, the nc = 2 bar height is about 0.65.
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(a)

(c) (d)

(b)

Figure 3.26.: Snapshots of the simulation system consisting of triangular clusters and emulsion droplets
at ηc = 0.03, ηd = 0.15, σd (0) = 6σc and χ = 1/2 at different stages of the time evolution (a) initial
configuration (b) after 3.25× 105 MC cycles (c) after 5× 105 and (d) after 106 MC cycles. Droplets are
shown as pink spheres, while the Janus colloids are represented by different colors as described in Fig. 3.8.

(a) (b) (c) (d)

Figure 3.27.: Superclusters formed by initial triangular clusters for χ = 1/2, ηc = 0.03, ηd =
0.15, σd (0) = 6σc. Colloids with the same color belong to the same initial triangular building block.
(a) Chain-like structure (b) octahedron (c) triaugmented triangular clusters composed of three triangular
clusters and (d) icosahedron composed of four triangular clusters.

(a) (b) (c) (d)

Figure 3.28.: Same as Fig. 3.27 but for initial tetrahedral clusters (a) Chain-like structures (b) elongated
triangular dipyramid (c) supercluster composed of three tetrahedra, and (d) supercluster composed of
four tetrahedra.
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initial distance between colloids in a triangular cluster is smaller than one bond length (i.e. σ+∆).
In contrast, the initial distance between colloids that belongs to different triangular clusters is
larger than one bond length. As a consequence, no two triangular clusters bind together in the
initial stage of the simulation. In addition, all colloids are initially located outside of droplets
(see Appx. A.2). All simulation parameters are kept the same as that of single colloids.

Figure 3.26 shows snapshots of the simulation system at different stages of the time evolution.
In the initial configuration [Fig. 3.26(a)], only the droplets and triangular clusters are present
in the system. After 3.25 × 105 MC cycles, as shown in Fig. 3.26(b), the pink large droplets
have shrunk and simultaneously trapped several triangular colloidal clusters at their surface. We
indicate the state of each colloid a corresponding color (same as in Fig. 3.8). Figure 3.26(c)
and (d) show the configurational snapshots after 5 × 105 MC cycles when all the droplets com-
pletely vanish and after 106 MC cycles (final stage of the simulation), respectively. We obtain
complex superclusters that consist of triangular colloidal clusters and are stable against thermal
fluctuations on the time scale of the simulation.

The typical supercluster structures obtained in the simulations for a set of parameters (given
in the caption) are shown in Fig. 3.27. In Figs. 3.27(a) and (b), two distinct structures consisting
of two triangular building blocks are found; one is chain-like (open structure), the other is a
familiar octahedral cluster. The cluster of triaugmented triangular prism configuration formed
by three building blocks and of icosahedron configuration formed by four building blocks are
shown in Figs. 3.27(c) and (d), respectively. So, the hierarchical assembly of triangular clusters
does not generally produce new cluster structures, except for the chain-like structure, as compared
to that made of single colloids.

Similarly, we carried out simulations for a mixture of tetrahedral clusters and emulsion droplets.
Figure 3.28 shows typical structures at χ = 1/2, ηc = 0.03, ηd = 0.15, σd (0) = 6σc. Shown
in Fig. 3.28(a) is a chain-like structure formed by two tetrahedra. This structure is very similar
to that shown in Fig. 3.27(a). We find elongated triangular dipyramid clusters [Fig. 3.28(b)]
composed of two tetrahedra rotated by 30◦ against each other and with two touching faces.
Figure 3.28(c) and 3.28(d) show the superstructures composed of three and of four tetrahedra,
respectively. Such superstructures have geometry structures that are completely different from
the compounds of uniform tetrahedra [136].

In addition, different from the single colloidal clusters that possess several nc isomers available
depending on the attractive surface coverage, we observe only a unique nc-superstructure. This
can be explained by the fact that a strong bonding between the colloids of triangular/tetrahedral
clusters in the initial configuration significantly restricts the displacement of particles during the
dynamic process of supercluster formation.

3.4. Conclusions

We have investigated the hierarchical assembly of Janus colloidal particles via emulsion droplet
evaporation by means of Metropolis-based kinetic Monte Carlo simulations. We employed the
Yukawa potential to model a long-ranged repulsion, and the square-well potential modulated by
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the direction-dependent Kern-Frenkel potential to model an anisotropic short-ranged attraction
between the colloids. The colloid-droplet interaction is aimed at modeling the Pickering effect in
a such way that the colloids cannot escape from the droplet surface by thermal agitation. The
droplet-droplet interaction is hard-core potential with an increased distance to ensure that no
two droplets can be bridged by a colloid.

To mimic experimental evaporation-driven assembly, the droplet diameter decreases at a fixed
rate in the simulation. Meanwhile, droplets can capture Janus colloids at their surface during the
dynamic process, resulting in a non-equilibrium system. We therefore performed the computer
simulations with sufficiently small displacement of particles to ensure that the kinetic Monte Carlo
simulation mimics the results of Brownian dynamics.

The dynamic pathway of the cluster formation were analyzed by means of radial distribution
functions together with direct visual inspection of configurations. In the final stage of the sim-
ulation, we observe a majority of clusters formed via emulsion droplets and only a very small
percentage of dumbbells formed spontaneously. The cluster configurations obtained range from
doublets to convex polyhedra. Compared to a familiar set of M2-minimal isomers, for the attrac-
tive surface coverage χ = 0.5, we find some additional isomeric structures at χ = 0.25, including
the square dipyramid (nc = 5), augmented triangular prism (nc = 7), square antiprism (nc = 8),
sphenocorona (nc = 10) and augmented sphenocorona (nc = 11). In particular, colloid-colloid
radial distribution functions show that an isomeric transformation from M2-minimal clusters to
unique M2-nonminimal clusters occurs when χ is smaller than 0.3. A further decrease of χ below
0.2 gives more isomers with a smaller number of bonds, i.e. with more open clusters, as a direct
result of the difficulty of equilibration of cluster structures in the presence of a strong repulsive
part of the Kern-Frenkel potential. This finding, in accordance with previous reports [17, 19], sug-
gests that the formation of M2-nonminimal isomers is directly related to the repulsive interaction
between colloidal particles.

An orientational order parameter M was used to classify the clusters obtained. We found
that spherical micelles are only observed in a narrow region of χ (0.20-0.30). In addition, for a
fixed value of χ the order parameter ofM2-nonminimal isomers is higher than that ofM2-minimal
isomers with the same number of constituent particles. It is therefore plausible to suppose that
maximization of the order parameter appears to favor structures that are more spherical.

Histograms shows that cluster size distribution is independent of the surface coverage as a
direct result of a strong short-ranged attraction between colloids. Additional, larger clusters can
be obtained by increasing the colloid packing fraction.

Further investigation of the cluster formation of a mixture of tetrahedral clusters via emulsion
droplets shows that compact superstructures can be obtained from a specific number of building
blocks. Such superstructures are identical to those assembled by tetrahedral clusters of isotropic
colloids [13] except for the chain-like structure. Besides, we did not find any new structure
assembled by triangular clusters than those made of single colloids.
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Chapter 4.

Assembly of open clusters of colloidal dumbbells via
droplet evaporation1

4.1. Introduction

Assembly of anisotropic colloidal particles controlled via interparticle interactions or geometric
shapes has given rise to a rich variety of novel structures of colloidal materials as well as unusual
phase equilibria [40, 137]. Of many available categories of anisotropic building blocks, colloidal
dumbbells composed of two connected colloidal spheres, have attracted considerable attention
because the aspect ratio, size, interaction potential and asymmetric functionalization properties
of two constituent colloidal spheres can be easily manipulated by experiments [11, 138–145]. The
self-assembly of colloidal dumbbells has been widely studied in both computer simulations and
experiments, revealing the spontaneous formation of crystal structures [146, 147], micelles [134],
vesicles [135], bilayers [134, 148, 149]. Other investigations of the phase behavior of colloidal
dumbbells have shown that even hard dumbbells exhibit a complex phase diagram [146, 150–
155]. For example, Singer and Mumaugh first observed a transition from a fluid phase to a
stable plastic crystal phase for small aspect ratios [152]. At higher densities and aspect ratios,
the plastic crystal phase transforms into a fully ordered crystal phase. A further increase of the
aspect ratio leads to an aperiodic crystal phase possessing long-range positional order yet lacking
any defined periodicity [146, 153–155]. In the case of square-well dumbbells that involves both
repulsive and attractive interactions, the structure and phase behavior strongly depends not only
on their size, aspect ratio but also the strength of attractive interactions [148, 149, 156–159].
Chapela and Alejandre reported that the micellization process of heterogeneous vibrating square-
well dumbbells occurs at a relative diameter ratio between particles of 1/2 and relative depth ratio
of the interacting potential of 4 in both the liquid and vapor phases, indicating a simultaneous
presence of the micellization and the phase separation. Besides, the nucleation process [160] and
the structural properties of hard dumbbells under the effect of the oscillatory shear [161], and
gravity [162] have been already reported.

In contrast to the large body of work to understand the crystal structure and the phase behav-
ior of colloidal dumbbells, little work has been done to describe the process of cluster formation
as well as cluster structures. In particular, open clusters of colloidal dumbbells with syndiotactic,

1Selections from this chapter have been reprinted with permission from our study [129]. Copyright 2016, American Physical
Society.
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chiral [163], and stringlike structures [164] are significant because they can be used as building
blocks for bottom-up fabrications of novel materials with unique magnetic, optical and rheolog-
ical properties [5]. Skelhon [165] investigated the cluster formation of Janus dumbbells via the
desorption of a polymeric stabiliser. This procedure, which is supported by simulations based
on a constraint of surface area minimization, leads to supracolloidal structures such as dimers,
trimers, tetramers, and pentamers. The evaporation technique of emulsion droplets pioneered
by Velev et al. [106–108] has been widely used to prepare clusters of monodispersed colloidal
particles [9–13, 15, 16] (see more detail in Section 3.1) and bidispersed colloidal particles [18].
These authors [18] found that the interparticle interaction and the wettability of the constituent
spheres play an important role in the surface coverage of the smaller particles. In addition, the
minimization of the second moment of the mass distribution (M2) only applies if the size ratio
is less than 3. Recently, Peng et al. [30] reported both experimental and simulation work on the
cluster formation of dumbbell-shaped colloids. These authors proved that the minimization of
the second moment of the mass distribution is not generally true for anisotropic colloidal dumb-
bell self-assembly. However, they predicted cluster structures without considering the different
wettabilities for constituent colloidal spheres.

In this chapter, we extend the model of Schwarz [13] to investigate the cluster formation of
colloidal dumbbells with asymmetric properties in either size or wetting induced by emulsion
droplet evaporation. By varying the relative size of two spherical colloids and/or their interfacial
tension with the droplets, we obtain a rich variety of complex cluster structures with the open or
intermediate structures that have not yet been observed in experiments and computer simulations.
Such structures could lead to novel hierarchically organized structures. This chapter is organized
as follows. In Sec. 5.2 we give the details of the pair interaction and the simulation method. We
analyze the cluster formation, structures, and size distributions for dumbbells with asymmetric
wetting properties in Sec. 4.3.1. The results were featured in our publication [129]. In addition,
we complement a detailed analysis for dumbbells with asymmetric sizes in Sec. 4.3.2 in order to
show that uniqueness of compact structures is lost when the size ratio between the large- and
small-sized spheres is larger than 1.2. Conclusions are given in Sec. 4.4.

4.2. Model and simulation method

4.2.1. Colloid-colloid pair interaction

A sketch of the model for two colloidal dumbbells is shown in Fig. 4.1. Each dumbbell is
composed of two spherical colloids, labeled colloidal species 1 and colloidal species 2, of diameter
σ1 and σ2 (σ1 ≥ σ2), respectively. The colloids in each dumbbell are separated from each other
by a distance that vibrates in the range of λ ≤ l ≤ λ + ∆, where λ = (σ1 + σ2) /2. Such a
colloidal dumbbell is called the heteronuclear (or homonuclear when σ1 = σ2) vibrating colloidal
dumbbell [157].

The colloid-colloid pair interaction includes a short-ranged attraction and a Yukawa electro-
static repulsion. For the colloidal dumbbells, two colloidal species may have different sizes. Thus,
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Figure 4.1.: Sketch of the model of colloidal dumbbells composed of two species (red and yellow spheres).
Shown are the diameters of colloidal species 1, σ1, colloidal species 2, σ2. In the initial stage of the
simulation, the colloid 1-colloid 2 distance in the same dumbbell is l, whereas the initial distance between
two any colloids belonging to different dumbbells is set to larger than σ1 + ∆.

the colloid-colloid pair interaction can be expressed by three equations

φ11 (r) =





∞ r < σ1

−εSW σ1 < r < σ1 +4

εYσ1
e−κ(r−σ1)

r
otherwise,

(4.1)

φ22 (r) =





∞ r < σ2

−εSW σ2 < r < σ2 +4

εYσ2
e−κ(r−σ2)

r
otherwise,

(4.2)

and

φ12 (r) =





∞ r < λ

−εSW λ < r < λ+4

εYλ
e−κ(r−λ)

r
otherwise,

(4.3)

where φ11, φ12, and φ22 are the colloid 1–colloid 1, colloid 1–colloid 2, and colloid 2–colloid 2
pair interactions, respectively; εSW, 4 are the depth and the width of the short-ranged attractive
square well, respectively; εY, κ are parameters to control the strength and range of the Yukawa
repulsion, respectively; r is the center-center distance of particles.

Figure 4.2 shows colloid-colloid interaction potentials as a function of the scaled distance
for a given set of parameters used in the simulations (given in the caption of Fig. 4.2). In
principle, the strength of the attractive interaction is chosen so that physical bonds between
colloids at the end of evaporation are irreversible. At the same time the repulsive barrier is
chosen to be large enough to hinder spontaneous clustering. A wide range of simulation parameters
satisfies the above conditions without qualitatively affecting the final results. The potential shape
illustrated in Fig. 4.2 is very similar to that used in Ref. [166] to study the stability of nanoparticle
shells. Experimentally, these parameters can be tuned via the surface potential, concentration of
electrolyte and charges of particles [166].
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Figure 4.2.: Illustration of the pair interactions between two colloidal spheres with εSW = 9kBT ,
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4.2.2. Droplet-droplet pair interaction

The droplet-droplet pair interaction is a purely hard-sphere potential,

Φdd (r) =

{
∞ r < σd + σ1

0 otherwise,
(4.4)

where the droplet diameter σd is added to the larger colloid diameter σ1 to ensure that no two
droplets can share the same colloid.

4.2.3. Colloid-droplet pair interaction

Similarly to the model described in Chap. 3, the colloid-droplet pair interaction is given
by Eqs. (3.10) and (3.11) with a small modification. Since the droplets shrink, their diameter
is recorded as a function of time, that is, σd(t) may be larger or smaller than that of the colloids.
If the diameter of droplets σd is larger than that of the colloids σi, σd > σi the colloid-droplet
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adsorption energy is

Φid =




−γiπσdh

σd − σi
2 < r <

σd + σi
2

0 otherwise,
(4.5)

and when σd < σi,

Φid =





−γiπσ2
d r <

σi − σd
2

−γiπσdh
σi − σd

2 < r <
σi + σd

2
0 otherwise,

(4.6)

where i = 1, 2 labels the two colloidal species in the dumbbell, h is the height of the spherical cap
resulting from the colloid-droplet intersection (see Fig. 3.4) given by

h = (σi/2− σd/2 + r) (σi/2 + σd/2− r)
2r . (4.7)

The parameter γi is the droplet-solvent interfacial tension in order to control the colloid-droplet
interaction strength. To characterize for the asymmetric wetting property of the two colloidal
species to the droplet we introduce the energy ratio k defined by

k = γ2

γ1
. (4.8)

A sketch of the colloid-droplet pair potentials for k = 0.1 is given in Fig. 5.2.

4.2.4. Total interaction energy

The system can be regarded as a ternary mixture of Nd droplets and Nc colloidal dumbbells
formed two colloidal species. Therefore, the total energy is the sum of the colloid 1-colloid 1,
colloid 1-colloid 2, colloid 2-colloid 2, colloid 1-droplet, colloid 2-droplet, and droplet-droplet pair
interactions

Utot

kBT
=

Nc∑

i<j

φ11 (|r1i − r1j |) +
Nc∑

i<j

φ22 (|r2i − r2j |) +
Nc∑

i,j

φ12 (|r1i − r2j |)

+
Nc∑

i

Nd∑

j

Φ1d (|r1i −Rj |) +
Nc∑

i

Nd∑

j

Φ2d (|r2i −Rj |) +
Nd∑

i<j

Φdd (|Ri −Rj |),
(4.9)

where Φ1d, Φ2d, and Φdd are the colloid 1-droplet, colloid 2-droplet and droplet-droplet pair
interactions, respectively; r1i and r2i is the center of mass coordinates of colloid 1 and colloid 2
in dumbbell i, respectively; Ri is the center-of-mass coordinate of droplet i.

4.2.5. Simulation method

We carry out kinetic Monte Carlo simulation in the canonical (NV T ) ensemble. Most of
simulation parameters are kept fixed as given in Tabs. 3.1, 3.2 and 3.3 of Chap. 3. The relevant
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Table 4.1.: Simulation parameters of a ternary mixture of colloidal dumbbells and droplets. All the
other necessary parameters are kept the same as in Tabs. 3.1 3.2 and 3.3.

Physical quantity Description

Nc = 250 number of colloidal dumbbells

Nd = 10− 44 number of droplets

ηc = 0.01− 0.05 colloid volume packing fraction

ηd = 0.10− 0.15 droplet volume packing fraction

σ2 = 1 diameter of type-2 colloids

σd (0) = 8σ2 initial droplet diameter

dc = 0.01σ2 maximum displacement step of colloids

dd = dc
√
σ2/σd maximum displacement step of droplets

γ1 = 100kBT/σ
2
2 colloid 1-droplet interfacial tension

γ2 = 10− 100kBT/σ
2
2 colloid 2-droplet interfacial tension

parameters that are added or modified for a mixture of colloidal dumbbells are given in Tab. 4.1.
For a fixed set of parameters, statistical data are collected by running 30 independent simulations.

The initial random configuration of non-overlapping colloidal particles and droplets is prepared
in a cubic box with the periodic boundary condition. The initial distance between the colloid-1
and colloid-2 in the same dumbbell (see Fig. 4.1) is set smaller than λ + ∆, whereas the initial
distance between any colloidal species that belong to different dumbbells is set larger than σ1 +∆.
As a result, no two dumbbells bind together in the initial stage of the computer simulation.

We define a bond between two colloidal spheres of type i and j when their distance is smaller
than or equal to (σi + σj/2, with i, j = 1, 2. A cluster is a group of colloidal particles connected
with each other by a sequence of bonds. Hence, each cluster is characterized by both the number
of bonds nb and and the number of colloidal particles nc belonging to this cluster. Clearly, a
single dumbbell can be regarded as a trivial cluster with nc = 2, nb = 1. These trivial clusters
will be neglected in the following analysis.

4.3. Results and discussion

Since the adsorption energy in the Pickering effect depends on both the wetting property, i.e.
the interface tension, and the particle size [124], we investigate the formation and structure of
clusters of colloidal dumbbells by varying the relative size of colloidal species and/or their inter-
facial tension with droplets. In the first part of the section, we give the results for dumbbells with
asymmetric wetting properties. Next, the results for dumbbells asymmetric sizes are presented
in the second part of the section.

4.3.1. Asymmetric wetting properties and symmetric sizes

In order to investigate the cluster formation from the two colloidal species of dissimilar surface
wetting properties, we set the diameter of two colloidal species to be equal, σ1 = σ2 = σ. The
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Figure 4.4.: Representative snapshots for colloidal dumbbells with symmetric sizes and droplets at the
energy ratio k = 0.1, ηc = 0.01, ηd = 0.1, σd (0) = 8σc. Results are shown at two different stages of the
time evolution: (a) after 2.5 × 105 MC cycles several colloidal dumbbells (bright yellow and dark red
spheres) are trapped at the surface of the droplets (gray spheres); and (b) after 106 MC cycles the stable
clusters that are formed due to the droplets are composed of different colored colloids, that is, blue and
green spheres represent colloidal species 1 and colloidal species 2, respectively. Open cluster structures
with a compact core by colloid 1 and protruding arms by colloid 2 can be observed. Reproduced with
permission [129]. Copyright 2016, American Physical Society.

colloid 1-droplet surface tension γ1 is fixed to 100kBT/σ
2, while colloid 2-droplet surface tension

γ2 is varied from 10kBT/σ
2 to 100kBT/σ

2. Therefore the energy ratio k given by Eq. (4.8) ranges
from 0.1 to 1. For the special case of k = 1, colloid-1 and colloid-2 become identical.

Figure 4.4 shows snapshots at two different stages of the simulation for the energy ratio k = 0.1.
In Fig. 4.4(a), several colloidal dumbbells (bright yellow and dark red spheres) are trapped at the
surface of the droplets (gray spheres) after 2.5 × 105 MC cycles. Figure 4.4(b) shows the final
cluster configuration obtained after 106 MC cycles. Only clusters that are stable against thermal
fluctuations survived and are considered for analysis.

Colloid-droplet pair interaction functions

We compute the radial distribution functions of colloid 1-droplet, g1d(r), and colloid 2-droplet,
g2d(r), to analyze how colloidal dumbbells are trapped by the droplets. Figure 4.5 shows colloid-
droplet radial distributions functions at different stages of the time evolution at k = 0.1 (see Table
I for an explanation of the symbols). Between times t1 and t6 the function g1d(r) (solid lines) shows
only a single peak. For example, at t1 = 2×105 MC, g1d(r) has a peak at r ' 2.25σ corresponding
to the instantaneous droplet radius σd(t)/2. The peak is due to colloid-1 spheres trapped at the
droplet surface. The droplet radius decreases continuously during the modeled evaporation. As a
result, the peak position of σd(t)/2 shifts continuously towards smaller distances. Moreover, since
the number of trapped type-1 colloids onto the droplet surface can increase during the movement
of particles, the peak height of g1d(r) increases with MC time. Finally, after t = t7 (5× 105 MC
cycles) the droplets vanish completely (σd(t) = 0) and as a results g1d(r) stops changing.
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Figure 4.5.: Radial distribution functions, gid(r) (i = 1, 2), for colloid 1–droplet (solid lines) and colloid
2–droplet (dashed lines) as a function of the scaled distance r/σ at energy ratio k = 0.1. Shown are
results at different stages of the computer simulation. (See the notation in Tab. 4.2. Reproduced with
permission [129]. Copyright 2016, American Physical Society.

A similar trend can be observed in the radial distribution function g2d(r) (dashed lines in
Fig. 4.5). However, g2d(r) has two distinct peaks at t6 = 4 × 105 MC cycles. Table 4.2 lists
peak positions of g1d(r), g2d(r) and instantaneous droplet diameter σd(t) with respect to the
time evolution of the system for k = 0.1. In addition, for k = 0.1 the peak height of g1d(r) is
always much larger than that of g2d(r) at the same time. This means that there exists a higher
probability of finding type-1 colloids than finding type-2 colloids on the droplet surface.

Figure 4.6 shows results for g1d(r) and g2d(r) at different energy ratios k after 4.0 × 105 MC
cycles. As shown in Fig. 4.6(a), g1d(r) has a peak at r ' σd(t)/2 that is independent of the value
of k. At the same time, g2d(r) [Fig. 4.6(b)] exhibits two distinct peaks, the first peak at a position
coinciding with the peak of g1d(r), and the second peak (marked by an asterisk), which shifts
towards the first peak with increasing k.

We use Fig. 4.7 as an illustration to explain these results. Colloids trapped on the droplet
surface, as shown in Fig. 4.7(a), feel the Yukawa repulsive interaction, thermal fluctuation and
adsorption interaction between colloids and droplets Φid, i = 1, 2. For a given colloid 1-droplet
interaction γ1 = 100kBT/σ

2, whose magnitude is much larger than the Yukawa repulsive interac-
tion and thermal energy, the colloid-1 spheres cannot overcome the energy barrier to escape from
the droplet surface [Fig. 4.7(b)]. Meanwhile, for k = 0.1 (γ2 = 10kBT/σ

2) the trapped colloid-2-
droplet interaction may be comparable to the Yukawa repulsive interaction and thermal energy.
This leads to some colloid-2 to be separated from each other and/or released from the droplet
surface [Fig. 4.7(b)], forming the second peak at a distance larger than σd(t)/2. When the energy
ratio k increases, the binding energy between trapped colloid-2 and droplets becomes stronger,
which results in an increase of the probability of finding the colloid-2 at a shorter radial distance
from the droplet. Finally, for k = 1, all of trapped colloid-1 and colloid-2 are strongly localized
on the droplet surface [Fig. 4.7(c)], signalled by a single peak with a broader width (see Fig. 4.6).
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Table 4.2.: Peak positions of the radial distribution functions g1d(r), g2d(r) and instantaneous droplet
diameter at different stages of the time evolution for energy ratio k = 0.1. Reproduced with permis-
sion [129]. Copyright 2016, American Physical Society.

i ti
(
×105 MC cycles

) Peak positions (r/σ)
σd(t)/σ

g1d(r) g2d(r)

1 2.0 2.26 2.27 4.5

2 2.4 1.92 1.95 3.9

3 2.8 1.60 1.62 3.2

4 3.2 1.26 1.29 2.5

5 3.6 0.90 0.97 1.8

6 4.0 0.55 a 0.60 1.00b 1.1

7 5.0 ‖ ‖c 0.0
a Peak 1
b Peak 2
c Undefined value

Open clusters

The bond number nb is used to distinguish different cluster structures (isomers) that possess
the same number of constituent colloids nc. For a given nc, the smaller nb is, the more open the
structure is.

Figure 4.8 shows examples of the open clusters of nc = 4 − 10 found at k = 0.1. For each
cluster, type-1 colloids (red spheres) are arranged themselves into symmetric structures, i.e.,
doublet, triplet, tetrahedron and triangular dipyramid (from left to right), while type-2 colloids
(yellow spheres) can move freely around type-1 colloids.

Intermediate clusters

As the energy ratio k increases, a larger number of isomers with different bond numbers nb is
found. For example, as shown in Fig. 4.9, for k = 0.5 we find four distinct isomers of nc = 4 with
nb ranging from 3 to 6, corresponding to a transition from stringlike clusters to more compact
structures.

Closed clusters

At sufficiently high energy ratios, all obtained clusters have a closed (compact) structure.
As an example, for the special case k = 1, two colloidal species become identical and we find
compact isomers with the largest nb [Fig. 4.10] such as tetrahedra (nc = 4, n = 6, octahedra
(nc = 6, nb = 12), snub disphenoids (nc = 8, nb = 18, and gyroelongate square dipyramids
(nc = 10, nb = 24). These structures are similar to the one-component structures that minimize
the second moment of the mass distribution [9]. The corresponding polyhedra are shown below
in Fig. 4.10 for easy visualization.
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Figure 4.6.: Colloid-1-droplet (a) and colloid-2-droplet (b) radial distribution functions, g1d(r) and
g2d(r), respectively, as a function of the scaled distance r/σ after t = t6 (4.0 × 105 MC cycles). Results
are shown for different energy ratios k. An asterisk is used as a guide to the eyes to trace the shift of
the second peak. Curves are shifted upwards by 40 units for clarity. Reproduced with permission [129].
Copyright 2016, American Physical Society.

(a) (b) (c)

Figure 4.7.: Schematic diagram of the model of colloidal dumbbells and droplets (a) after the initial
stage some dumbbells are trapped by the droplet (b) the droplet shrinks and pulls colloid 1 together, but
keeps the colloid 2 far apart at k = 0.1, (c) the droplet shrinks and pulls both colloid 1 and colloid 2
together at k = 1.

Figure 4.8.: Typical open clusters found in the final stage of simulations at k = 0.1. The red- and
yellow-colored spheres represent colloid-1 and colloid-2 spheres in each dumbbell, respectively. For each
cluster with the same number of constituent colloids the bond number nb is used to distinguish whether a
cluster is an open or closed structure. The wire frame connecting the colloid centers represents the bond
skeleton. Reproduced with permission [129]. Copyright 2016, American Physical Society.
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Figure 4.9.: Same as Fig. 4.8, but for k = 0.5. Reproduced with permission [129]. Copyright 2016,
American Physical Society.

Octahedron Gyroelongate	square	dipyramidSnub	disphenoidTetrahedron

Figure 4.10.: M2-minimal structures found in the final stage of the computer simulations at σ1 = σ2
and γ1 = γ2 = 100kBT/σ

2
2 . Each column includes the number of colloids nc with a corresponding

bond-number nc, the cluster structure and its polyhedron just below. Reproduced with permission [129].
Copyright 2016, American Physical Society.
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Stacked histograms

Figure 4.11 shows stacked histograms of the number of clusters Nnc with nc colloids. The
height of each differently colored bar is proportional to the number of clusters with the bond
number nb. For a small value of k a large fraction of clusters has an open structure, whereas
for k = 1 almost clusters have closed structure, and for k = 0.3 − 0.7 a variety of intermediate
structures can be found. These observations are in good agreement with our results for colloid-
droplet radial distribution functions, as discussed above.
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Figure 4.11.: Distribution of the number of clusters Nnc
as a function of the number of colloids nc in

the cluster in the final stage of simulation. Results are shown for different energy ratios (a) k = 0.1, (b)
k = 0.3, (c) k = 0.5, (d) k = 0.7, (e) k = 0.9, and (f) k = 1 at σ1 = σ2 = σ and γ = 100kBT/σ

2
2 . The

colored region is labeled with the bond number nb. Reproduced with permission [129]. Copyright 2016,
American Physical Society.
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Figure 4.12.: Intermediate structures found in the final stage of the simulations at σ1 = 1.5σ2 and
γ = 40kBT/σ

2
2 .

4.3.2. Symmetric wetting properties and asymmetric sizes

We next investigate the cluster assembly of colloidal dumbbells built with spheres of different
diameters but same wetting properties, which are obtained by the interfacial tension γ1 = γ2 ≡ γ.
Firstly, the simulations are carried out with the setting values γ = 10, 40 and 100kBT/σ

2
2, and

the diameter ratio σ1/σ2 = 1.5, 2.0. We note that a size asymmetry between the colloids forming
the dumbbells causes an asymmetry in colloid-droplet adsorption energies, as given in Eqs. (4.5)
and (4.6).

Examples of the obtained cluster structures at σ1 = 1.5σ2 are shown in Fig. 4.12 for γ =
40kBT/σ

2
2. It can be seen that the structures found are the same as those shown in Figs. 4.8

and 4.9 for asymmetric wetting properties.

We analyze the size distribution of the clusters. Figure 4.13 shows stacked histograms of the
number of clusters Nnc with nc colloids for different values of γ. For the case σ1 = 1.5σ2 and
γ = 10kBT/σ

2
2 [Figs. 4.13(a)], all clustes have open structures with nb = 3. In addition, we do not

find a cluster with a high nc because the Yukawa repulsion and the thermal fluctuations dominate
over the adsorption energy between colloids and droplets that keeps the colloids in a compact
arrangement. On the other hand, in the case of γ = 40kBT/σ

2
2 [Figs. 4.13(b)] we observe many

clusters of bond number nb in the range 3-6, corresponding to intermediate structures. Finally,
when γ = 100kBT/σ

2
2, the adsorption energy between colloids and droplets is much larger than

the total repulsive energy. Therefore, we observe mostly closed structures [Fig. 4.13(c)]. At a
larger size asymmetry of σ1 = 2.0σ2, but at the same interfacial tension γ = 40, 100 kBT/σ

2
2



4.3. RESULTS AND DISCUSSION 56

0

20

40

60

80

100

4 6 8 10

(a)

N
n
c

nc

3
0

20

40

60

80

100

4 6 8 10

(b)

N
n
c

nc

3

4

5

6

7
8
910

14 22
0

20

40

60

80

100

4 6 8 10

(c)

N
n
c

nc

3
4

6

12 10 14

0

20

40

60

80

100

4 6 8 10

(d)

N
n
c

nc

3

0

20

40

60

80

100

4 6 8 10

(e)

N
n
c

nc

3

4

5

6

6
7

8
9
1011

0

20

40

60

80

100

4 6 8 10

(f)

N
n
c

nc

3

4

5

6

12

Figure 4.13.: Distribution of the number of clusters Nnc
as a function of the number of colloids nc in

the cluster in the final stage of simulation. Results are for different interfacial tensions as indicated (a),
(d) γ = 10kBT/σ

2
2 ; (b), (e) γ = 40kBT/σ

2
2 and (c), (f) γ = 100kBT/σ

2
2 at σ1 = 1.5σ2 and σ1 = 2.0σ2,

respectively. The numerical label in differently colored regions indicates the bond number nb. Reproduced
with permission [129]. Copyright 2016, American Physical Society.

[Fig. 4.13(b),(f) and 4.13(c),(f)] we observe a decrease of the number of large clusters, while the
yield of smaller clusters increases.

In order to further analyze the change of the cluster structures due to the change in the size
ratios, we attempt to obtain larger clusters by the simulations with a higher value of the colloid
and droplet packing fraction (ηc = 0.03 and ηd = 0.15, respectively). The colloid 1-droplet and
colloid 2-droplet adsorption energy are kept at a fixed value of γ1 = γ2 ≡ γ = 100kBT/σ

2
2 in the

following simulations.

Figure 4.14 shows cluster structures obtained for the size ratio σ1/σ2 = 1.2. Compared to
the cluster structures of symmetric size dumbbells given in Fig. 4.10, we do not find any new
structure. This indicates that the uniqueness of compact cluster of colloidal dumbbells is kept
until σ1/σ2 = 1.2. However, as the size ratio increases, e.g. σ1/σ2 = 1.5, there are some additional
structures found, as shown in Fig. 4.15. In particular, the nc-sphere cluster, except for the
cluster with nc = 12, can be decomposed into one (nc − 1)-sphere clusters with the polyhedral
configuration that minimizes M2 and one particle outside this polyhedron. For example, the
6-sphere cluster (left of Fig. 4.15) is composed of one 5-sphere cluster (triangular dipyramid) and
one adding particle. The cluster structure with nc = 12 is identical to the icosahedron except
for one missing particle inside the icosahedron (marked by a red filled circle) but plus another
one outside the polyhedron. Further increasing of the size ratio, e.g. σ1/σ2 = 2.0, generates more
different isomers that are very similar to the intermediate structures (see Fig. 4.12).

Figure 4.16 shows stacked histograms of the number of clusters Nnc with nc colloids for several
different size ratios at γ1 = γ2 ≡ γ = 100kBT/σ

2
2. For σ1/σ2 ≤ 1.2 [Figs. 4.16(a) and (b)]
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Figure 4.14.: Cluster structures found (above) for σ1/σ2 = 1.2 in the final stage of the simulations and
corresponding polyhedra (below) for visualization the geometric arrangement.
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plus	one plus	one plus	one

Figure 4.15.: Same as Fig. 4.14, but for σ1/σ2 = 1.5. Only additional structures not found at σ1/σ2 = 1.2
are shown. The thin blue line stand for the bond skeleton and the red-colored big dot represent the missing
colloid.

only a unique nc-isomers is found, except for nc = 4. For the size ratio σ1/σ2 > 1.2, e.g.
σ1/σ2 = 1.5, Fig. 4.16(c) shows two different structures: one belongs to M2-minimal isomers
with nc colloids and the other isomers with nc − 1 colloids plus one particle (as above shown
in Figs. 4.14 and 4.15, respectively). Finally, when σ1/σ2 ≥ 1.7, e.g. σ1/σ2 = 2.0, we find a variety
of different isomers of open, intermediate and closed structures. We interpret the occurrence of
open, intermediate structures as a direct result of the spatial hindrance of type-1 colloids against
the bond formation between type-2 colloids at large size ratios.

4.4. Conclusions

In this chapter, using kinetic Monte Carlo simulations we have investigated the cluster assem-
bly of colloidal dumbbells via emulsion droplet evaporation. Each colloidal dumbbell is composed
of two colloidal spheres separated by a distance that can be fluctuated in a small range. Colloids
interact via a short-ranged attractive and longer-ranged repulsive interaction whose interaction
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Figure 4.16.: Distribution of the number of clusters Nnc
as a function of the number of colloids nc in

the cluster in the final stage of simulation. Results are shown for different size ratios (a) σ1/σ2 = 1, (b)
σ1/σ2 = 1.2, (c) σ1/σ2 = 1.5, and (d) σ1/σ2 = 2.0 at γ1 = γ2 ≡ γ = 100kBT/σ

2
2 , ηc = 0.03 and ηd = 0.15.

The numerical label in differently colored regions indicates the bond number nb.

strength is chosen to avoid avoid spontaneous formation of clusters, and to ensure that physical
bonds between colloids are permanent. The droplet-droplet interaction is a hard-core repulsion
with an effective hard-sphere diameter chosen so that any two droplets cannot merge due to a
shared colloid. The colloid-droplet adsorption interaction is aimed at modeling the Pickering effect
having a minimum at the droplet surface. To model the evaporation of droplets in experiments,
the droplet diameter shrinks at a fixed rate.

In the system of colloidal dumbbells with symmetric sizes, the colloid 1-droplet adsorption
energy is kept at a fixed value, while the colloid 2-droplet adsorption varies continuously. Droplet-
colloid radial distribution functions indicate that both colloid-1 and colloid-2 spheres can be
captured and freely diffuse on the droplet surface. Choosing a smaller colloid 2–droplet energy
leads to an increase of the probability of colloid-2 detachment from the droplet surface. In
agreement with typical cluster structures in the final stage of simulation we found that clusters
with the same number of constituent colloids can produce a variety of different isomers. The bond
number was used to assess whether an isomer is open or closed. Histograms show that a larger
fraction of open isomers can be obtained by decreasing the colloid 2–droplet adsorption energy

Similar results were obtained in the asymmetric dumbbell system. Whether open, interme-
diate, or closed structures are formed strongly depends on the interfacial tension of both colloid
1 and colloid 2 and their relative sizes. This results from competing Yukawa repulsion, colloid-
droplet adsorption interactions, and thermal fluctuations. However, choosing a larger size of
colloid 1 compared to colloid 2 could lead to a decrease in the number of large clusters. Further-
more, when the adsorption energies of the droplets with both types of colloids are much larger
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than the Yukawa repulsion and thermal fluctuation, we find unique M2-minimal isomers for size
ratios less than 1.2, two distinct isomers for size ratios in the range from 1.2 to 1.7, and a variety
of different isomers for size ratio larger than 1.7.

Although closed structures have been reported in many studies of the assembly of single
component spheres [9, 11, 13], the open and intermediate structures found here have not yet
been observed in experiments. Experimentally, the colloid-colloid interaction can be controlled
by the pH, salt concentration and composition of solution [166]. Meanwhile, the colloid-droplet
interaction depends on the contact angle, interfacial tension, and particle size [125]. Therefore,
our result could be useful to guide experimental work for preparing increasingly complex building
blocks for the assembly of nanostructured materials.
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Chapter 5.

Crystal structure in binary hard-sphere mixtures with
droplets anisotropically bonded to colloids

5.1. Introduction

Colloidal self-assembly into crystal structures has attracted much attention due to potential
applications such as chemical sensors [35, 167], macroporous [36, 168, 169] and photonic materi-
als [34, 170]. In searching for a structure with three-dimensional complete photonic band gap in
the visible region, the diamond lattice is one of the most desirable structures [171, 172]. To date,
however, such a structure has not been yet experimentally fabricated although several theoreti-
cal suggestions on the basis of colloidal self-assembly have been proposed. Tkachenko [173] first
showed theoretically that the diamond lattice can be achieved by self-organization of DNA-covered
colloids. The key elements of that scheme are colloidal spheres covered with short single-stranded
DNA molecules to induce type-dependent interactions between colloids. These interactions are
selective, reversible and tunable. The formation of the diamond structure has been observed in
computer simulations of a single-component system of colloids whose surfaces are decorated with
attractive patches that are distributed in tetrahedral symmetry [37]. However, crystallization to
the diamond structure requires systems with a seed crystal or complicated directional dependent
pair potential [37]. Since then, many efforts have been made towards the exploration of the
very rich phase diagram of tetrahedral patchy particles [174–180]. Unfortunately, the diamond
phase only occurs in a very narrow range in density [176, 180]. Additionally, at low pressures
and finite temperatures the diamond is energetically comparable to a BCC solid. The diamond
solid is only stabilized when the entropy increases, that is when the interaction range decreases.
As pressure increases, the BCC solid becomes favored [176]. Doye et al. [38] also indicated that
the crystallization from the single-component system of tetrahedral patchy colloids might not be
straightforward because of the potentially frustrating effects of the variety of local structures that
are possible in the liquid phase. Therefore, an alternative strategy is to use a binary mixture of
colloids [39]. Here we give an overview of the structural behavior found in binary mixtures with
several different types of interactions that have been widely studied in the literature.

5.1.1. Binary mixtures of additive hard spheres

Monodispersed hard-sphere system have been widely used as a simple model to explain many
fundamental properties of fluids, crystals and glasses [112, 181, 182]. Despite the lack of both
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attraction and directionality in the pair interaction potential the hard-sphere model reveals in-
teresting phase behavior, even for the case of a single component. For example, hard-sphere
suspensions are fluid at low volume packing fractions, φ < φf (φf = 0.494 is freezing packing
fraction), but fluid-solid coexistence until the melting packing fraction φm = 0.545 is reached [112,
181, 183]. The system which continues to crystallize above melting packing fraction is referred
to as the solid. At φ = 0.7405, the stable solid phase turns out to be FCC/HCP crystal phase
which is the maximum value of the volume packing fraction [184, 185]. The phase transition from
a disordered, fluid-like structure to an ordered, solid-like structure is sometimes referred to as the
Kirkwood-Alder transition.

In binary mixtures of additive hard-sphere particles, where the distance of closest approach
between particles of different species is the arithmetic mean of the diameters of both species,
the phase behavior and the structure types of (binary) colloidal crystals are more complicated
due to the relevance of three control parameters: the size ratio, the total packing fraction and
the relative composition. In pioneering work Sanders and Murray [186, 187] observed the long-
ranged ordered binary arrays in natural gem opals and studied the superlattice structure of LS2

(atomic analog AlB2) and LS13 (atomic analog NaZn13) where L (S) are large (small) particles.
In the LS2 structure the large spheres form a simple hexagonal lattice and the small spheres
form a honeycomb layer between the layers of the large spheres. The structure of LS13 consists
of a simple cubic lattice with the large spheres located at the corners of the cube. The cube
contains a body-centered small sphere surrounded by twelve spheres in an icosahedral cluster.
From the packing fraction curves as a function of the size ratio of the particles, γ = rS/rL (where
rS and rL are the radii of the small and the large spheres, respectively), the authors argued
that the superlattice structure type will be stable if its maximum volume fraction is greater than
0.74, otherwise two separated monodispersed phases (FCC or HCP) of pure L and pure S would
probably be favorable. For a radius ratio γ between 0.3 and 1, of these only LS (NaCl-type) and
LS2 can satisfy this condition, whereas the AB13 structure slightly deviates from it. For γ < 0.3,
a series of possible structures LSn (n = 3, 4) with high packing fractions are obtained by filling
the cavities in a closed-packed array of large spheres by the smaller spheres.

The formation of superlattice structures in binary mixtures of charged latex particles with
different particle sizes was first investigated in a series of experimental studies of Hachisu and
Yoshimura. The authors found at least five different structures, including CaCu5, NaZn13, AlB2,
MgCu2-type structure and a structure with a stoichiometry of AB4 having no atomic analog [188–
190]. The occurrence of a certain structure depends on the size ratio, the particle concentration
and on the electrolyte concentration. The authors showed that the electrostatic repulsive forces
between charged particles could not explain the spontaneous formation of these structures. There-
fore, the mechanism of crystal formation must be due to some entropy effect [188]. The phase
transition from a disordered phase to an ordered binary crystals upon increase of the particle
concentration is considered as an extension of the Kirkwood-Alder transition for monodisperse
hard-spheres [112].

To date, much of the binary hard-sphere system research is motivated by the observations
of Sanders, Murray and of Hachisu, Yoshimura. Experimentally, the structure of the LS2 and
LS13-type crystal have been found with size ratios 0.35 − 0.58 and 0.43 − 0.58, respectively, in
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hard-sphere like colloidal systems [191–194]. Monte Carlo simulations [195–198] and cell model
calculations [199] have provided a consistent explanation for the stability of these structures. For
size ratios γ < 0.42 it was found theoretically [199, 200] and in computer simulations [200] that
the stable phase is the NaCl/NiAs-type structure. The structure of NaCl and NiAs are formed
by repeating the FCC unit cell and the HCP unit cell, respectively. In both structures, the small
spheres occupy the octahedral sites formed by the large spheres. Cottin et al. [199] examined
several other structures with a stoichiometry of LS (i.e. the ZnS- and NaTl-type structure),
or with a stoichiometry of LS2 (the CaF2-type structure) and found that, in the cell theory
approach, these structures would not be stable (the structures will be described in Sec. 5.3.1).
The thermodynamic and structural properties of binary hard-sphere mixtures has been widely
investigated by means of weighted density functional theory [201–203] and fundamental measure
density functional theory [204–208]. Phase diagrams revealed that a change in the diameter ratio
γ of 15% has a dramatic effect on the phase diagram [202]. In particular, the melting curve
evolves from spindle-like (0.94 < γ < 1) into azeotropic (0.92 < γ < 0.94) to eutectic shape
(0.85 < γ < 0.92) [202]. A list of all structures which have been predicted to be stable in the
phase diagrams of binary hard-spheres obtained from computer simulations for various size ratios
γ was given in [209]. Recently Hopkins et al. [210, 211] investigated the densest packing of
binary hard-sphere mixtures and predicted a large number of crystal structures with uncommon
stoichiometries, such as LS6, LS10, LS11, L2S4, L3S7, L6S6, which pack denser than monodisperse
FCC/HCP packings. However, the thermodynamic stability of such structures has not yet been
confirmed.

5.1.2. Binary mixtures of oppositely charged colloids

Electrostatic interactions play an important role in the self-assembly of particles into crystal
structures. Experimentally, suspensions of oppositely charged particles were found to form equi-
librium phases, i.e. ionic colloidal crystals, that belong to a set of binary structures, e.g. CsCl-,
LS6-, LS8, NaCl- and NiAs-type lattice obtained under different conditions [2]. Interestingly,
some of these (LS6-, LS8- and NiAs-type) have not been observed before for colloidal systems,
but are indeed stable according to the calculations of Madelung energies and computer simu-
lations [2]. Based on a simulated annealing technique, Hynninen [212] et al. predicted binary
crystal structures of oppositely charged colloids for size ratio 0.31, exhibiting novel structures
but also colloidal analogs of doped fullerene C60 structures. Three of the predicted structures
(A6Cbcc

60 , LSfcc
8 and LShcp

8 ) were also observed experimentally. The presence of a diversity of the
ionic colloidal crystal structures that are not found in atomic systems comes from the fact that
the stoichiometry of these structures is not dictated by charge neutrality.

5.1.3. Binary colloid-droplet mixtures

As discussed previously in Chap. 3 and 4, the Pickering effect has been widely used to stabilize
emulsions, but also to produce colloidal clusters. Koos and Willenbacher found experimentally
that the addition of an immiscible nonwetting fluid to a stable colloidal suspension leads to the
formation of emulsion droplets that act as a bonding agent between the colloidal particles [213]. A
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Figure 5.1.: Illustration of one tetrahedral patchy colloid and one droplet. Colloid i (gray sphere)
has four patches (green parts) determined by a set of unit vectors {uki } (k = 1 − 4) and patch size of
half-opening angle δ. Droplet j (pink sphere) is located at the colloid surface. αijk is the angle formed
between patch k on colloid i and the vector rij connecting the centers of colloid i and droplet j, and
kmin is the patch that minimizes the magnitude of this angle. The case shown is when αijkmin = 0, i.e.
the patch kmin points along the direction of the vector rij . The contact angle θ is used to control the
distance between colloid i and droplet j.

transition from a fluid to a gel driven by the formation of a network of colloidal particles bonded
by emulsion droplets was found in the experiment and then supported by computer simulation
results [214]. In particular, although the formation of colloidal crystal structures has not yet been
observed experimentally in Pickering emulsions, Fortini [214] found in computer simulations that
at a high concentration of emulsion droplets the colloid-droplet mixtures can self-assembly into a
binary crystal. However, the author has not identified the structure type of this binary crystal.

In this chapter we focus on the regime of high packing fraction of particles in order to inves-
tigate the different types of crystal structures of binary colloid-droplet mixtures. We extend the
model of a directional independent colloid-droplet pair interaction [214] to a highly directional
interaction where each colloid is bonded to four droplets in a tetrahedral arrangement (the molec-
ular analog is methane CH4). Using packing arguments [215] together with computer simulations
we find several different interesting structures of binary crystals such as ZnS (the two-component
analog of the diamond lattice) and CaF2; these structures have been predicted to be unstable in
binary hard-sphere mixtures [199]. Therefore, our result could be useful to guide experimental
work for synthesizing such structures with the aim of their use for practical applications, such as
3D complete photonic-bandgap materials.

This chapter is organized as follows. In Sec. 5.2 we introduce the model of pair interactions and
methods used to simulate and calculate close-packing curves. In Secs. 5.3.1 and 5.3.2 we present
the results for structural behavior obtained from close-packing curves and computer simulations,
respectively. We end with conclusions in Sec. 5.4.

5.2. Model and methods

We study a mixture of Nc patchy colloidal particles of diameter σc and Nd droplets of di-
ameter σd. Colloid-colloid and droplet-droplet pair interaction are taken to be hard-sphere pair
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interaction potentials,

φii(r) =

{
∞ r < σi,

0 otherwise,
(5.1)

where i = c represent the colloid-colloid interaction and i = d is the droplet-droplet interaction.

The patchy colloid-droplet pair interaction modeling the Pickering effect is defined as

φcd(rij , αijkmin) = uPW(rij)f(αijkmin), (5.2)

where rij and rij is the distance and the vector connecting the centers of colloid i and droplet j,
respectively; αijk is the angle between the vector rij and patch k; kmin is the patch that minimizes
this angle (see Fig. 5.1); and uPW(rij) is an isotropic parabolic well (PW) of depth ε, as used in
Ref. [214], given by

uPW(r) =




A(r −B)2 + C, r <

σd + σc
2 ,

0, otherwise,
(5.3)

with parameters A,B and C given by

A =
(−ε+

√
ε2 + r2

0)
2r2

0
,

B = σd + σc
2 − r0,

C =
(ε−

√
ε2 + r2

0)
2 ,

(5.4)

where
r0 = σd

2 (1 + cos θ), (5.5)

with θ being the contact angle between droplets and colloids, that is used to control the range of
the interaction.

The parabolic potential uPW(r) is modulated by the factor f(rij , αijkmin), which is a Gaussian-
like function that depends on the alignment of patches with the colloid-droplet distance vector
rij . This potential is quite similar to that used by Noya et al. [216]

f(rij , αijkmin) = exp

(
−

4α2
ijkmin

δ2

)
, (5.6)

where δ is the half-opening angle about a unit vector uki which determines the widths of patches.
Obviously, as 1/δ → 0 the anisotropic potential in Eq. (5.2) become isotropic. When the patch
kmin is pointing along the direction of the vector rij , f(rij , αijkmin) has a maximum value of 1. As
shown in Fig. 5.1, the half-opening angle δ is related to the contact angle θ and diameter ratio by

sin δ = σd
σc

sin θ. (5.7)
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Figure 5.2.: (a) Colloid-droplet pair interaction as a function of the distance between colloids and
droplets for different size ratios at αijkmin = 0. β = 1/kBT is the inverse temperature. The potential well
has a minimum value of 10kBT at a distance r = B. (b) Colloid-droplet potential as a function of αijkmin

at a fixed value of the half-opening angle δ = 0.26 rad and r = B.

The surface coverage χ is the same that defined in Sec. 3.2.1. Recall that

χ = np sin2
(
δ

2

)
, (5.8)

where np is the number of patches.

Combination of Eqs. (5.3) and (5.6) gives the colloid-droplet interaction (see Fig. 5.2 for an
illustration of the colloid-droplet pair potential)

φcd(rij , αijkmin) =





[A(r −B)2 + C] exp

(
−

4α2
ijkmin

δ2

)
, r <

σd + σc
2 ,

0, otherwise.
(5.9)

The total interacting energy is the sum of all colloid-colloid, droplet-droplet, and colloid-
droplet pair interactions

Utot

kBT
=

Nc∑

i<j

φcc(|ri − rj |) +
Nd∑

i<j

φdd(|Ri −Rj |) +
Nc∑

i

Nd∑

j

φcd(ri −Rj , αijkmin), (5.10)

where kB is the Boltzmann constant, T is the temperature, ri is the center-of-mass position of
colloid i, and Rj is the center-of-mass position of droplet j.

We carry out Metropolis Monte Carlo (MC) simulations in the NV T ensemble with 107 MC
cycles for equilibration and 105 MC cycles for production. In each MC cycle all particles are
attempted to be moved once on average. The droplets can only move translationally, whereas
the colloids can both translate and rotate with adjustable trial moves to achieve an acceptance
probability of around 50%. The initial random configuration of non-overlapping spherical particles
is prepared in a cubic box with periodic boundary condition. The simulations are carried out for
total numbers of colloids and droplets in the range 500 − 1000, i.e. at different particle packing
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fractions. To improve the statistical quality each physical quantity is simulated in five independent
runs and then averaged.

One of the major theoretical goals in research of colloidal crystals is to predict which crystal
structure will be formed if the components of the system and their interactions are given. One
relevant approach in predicting crystal structures involves free energy calculations of different
structural proposals. From these results one would select the structure with the lowest free
energy as that one is to occur in nature. An alternative way to predict crystal structures for
hard sphere (-like) systems is to deal with packing arguments. The fundamental reason for using
packing arguments is that crystal structures with a higher closed-packed density permit a larger
local free volume for each sphere, resulting in a higher translational entropy and therefore a
lower free energy. Parthé [215] first used packing arguments to explain binary atomic structure
types. By using a principle of maximizing of the packing fraction, Murray and Sanders [187]
enquired how binary systems of hard spheres might arrange into the structures found in gem
opals. In particular, experimental observations of binary nanoparticle superlattices [217, 218],
colloidal crystals [2, 192, 219] and theoretical predictions [220, 221] can be well explained by
packing arguments.

The packing fraction is defined as the fraction of the space filled by the spheres. By convention,
in systems of atomic or pure hard-spheres the packing fraction is determined with an assumption
that particles are non-overlapping spheres. In our current model, however, colloidal spheres can
overlap with droplets due to the Pickering effect. Hence, the space filled by spheres is the total
space occupied by the hard-core spheres minus the space of overlapping regions.

According to Villars [222], there are 147 classical atomic structures adopted by roughly 5000
binary compounds. This large number of these structures results from a combination of composi-
tion, crystal system (unit-cell dimensions), space group and occupation number. In the particular
case of hard-core systems, Filion et al. [221] and Hopkins et al. [210, 211] predicted additional
crystal structures for which an atomic analog was not found. Fortunately, if we restrict our con-
siderations to a given coordination number of 4 (with regular tetrahedral symmetry) then a much
smaller number of crystal structures needs to be considered.

Two sets of spheres (A,B) represent droplets and colloids, respectively. Let q = σd/σc be the
size ratio between droplets and colloids. Based on an approach proposed by Parthé [215] and
Sanders [187], we calculate the packing fraction φ(q) and total energy Utot(q) as a function of q for
the crystal structures with regular tetrahedral symmetry. The advantage of the packing fraction
is that neither the radii of spheres nor the lattice parameters are needed for construction. In a set
of crystal structures of interest the structure which has the highest packing fraction and lowest
energy at a specific value of q will more likely occur than any other structures [187].
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Figure 5.3.: Sketch of one tetrahedral patchy colloid (gray sphere) and four droplets (white spheres).
The bond angles are approximately 109.5◦.

5.3. Results and discussion

5.3.1. Close-packing calculation for structures of regular tetrahedral bond distribution

In a regular tetrahedral structure, a central colloid has four droplets that are located at the
corners of a tetrahedron such that the bond angles are ∼ 109.5◦ (see Fig. 5.3). From the
crystallographic data for known atomic structure types [222] we find a small number of the
structure types that posses a regular tetrahedral bond distribution of the atom B with the atom
A. We stress that the constraint condition for A-B-A bond angle is ∼ 109.5◦, whereas B-A-B bond
angles are arbitrary. In the binary mixture of colloids and droplets, this condition is equivalent
to the droplet-colloid-droplet bond angle of 109.5◦. These structures are given in Tab. 5.1.

Each structure (type) is characterized by the coordination number for A and B atoms. For
example, in the fluorite structure each A atom is surrounded by 8 nearest neighbor atoms B,
while each B atom has 4 nearest neighbor atoms A. Therefore, the environment type of the
fluorite structure is denoted as 8/4.

Table 5.1.: Structure types found with the regular tetrahedral distribution of A-B-A bond angle.
Stoich-
iometry

Structure
Type Structure

Environment
type (A/B)

AB
Zinc Blende

(ZnS)
Droplet (A)

Colloid (B)
4/4

Continued on next page
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Table 5.1 – continued from previous page
Stoich-
iometry

Structure
Type Structure

Environment
type (A/B)

AB
Wurtzite
(ZnS) 4/4

AB
Zintl phase
(NaTl) 4/4

AB2
Fluorite
(CaF2) 8/4

A2B
β − Cristobalite

(O2Si) 2/4

Continued on next page
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Table 5.1 – continued from previous page
Stoich-
iometry

Structure
Type Structure

Environment
type (A/B)

A2B
Cuprite
(Cu2O) 2/4

In the next section, we compute close-packing curves for all above structure types. Comparison
of these close-packing curves together with the total energy of the system gives a prediction for
stable structures that are more likely to occur.

Zinc blende structure type (ZnS)

The zinc blende structure is named after the mineral zincblende (sphalerite) in which the
two types of spheres form two interpenetrating FCC lattices. The zinc blende structure has two
regular tetrahedral symmetries: each droplet is surrounded by four colloids, and conversely, each
colloid is surrounded by four droplets, positioned at four vertices of the regular tetrahedron [see
Fig. 5.4(a)].

The complete close-packing curve (φ versus q) for the zinc blende structure is shown in Fig. 5.6
(on log scales). We discuss each branch of the close-packing curve separately in the following

(a) Colloid-colloid contact (B-B contact)

For small q the positions of the droplet spheres are not uniquely defined and colloid-colloid
contacts occur as shown in Fig. 5.4(b), and hence a = 2

√
2rc with a the cubic unit cell

parameter. The packing fraction for this branch of the close-packing curve is given by

φ =
4× 4

3πr
3
c + 4× 4

3πr
3
d

a3 = π(q3 + 1)
3
√

2
, (5.11)

where the factor 4 in front of the volume of the colloid and the droplet is the number of
colloids and droplets in the unit cell.

As q increases, the droplet spheres touch and then at a particular value of q overlap with
their nearest neighbor colloid spheres [Fig. 5.4(b)]. The overlap distance is directly related
to the contact angle, the droplet radius and the colloid radius. When the overlap occurs we
have

a = 2
√

2rc,
a
√

3
4 = rd + rc − r0,

(5.12)
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Colloid

Droplet

(a) (b)

(c) (d)

Figure 5.4.: Sketches of the structure and possible arrangements of zinc blende structure type (ZnS). (a)
Cubic unit cell containing 4 Zn atoms (bright spheres) and 4 S atoms (dark spheres), the bond between
the Zn and S atom is indicated by a line connecting them together. (b) Arrangement with Zn-Zn (colloid-
colloid) contact. (c) Arrangement with Zn-S (colloid-droplet) overlapping and (d) Arrangement with S-S
(droplet-droplet) contact in the unit cell.

where r0 is given by Eq. (5.5). One obtain a bound for q (q ≤ q1)

q1 =
1−

√
3/2

cos θ . (5.13)

(b) Colloid-droplet overlap (A-B overlap)

For q > q1 the colloidal spheres are no longer in contact with each other, but the droplets
and colloidal spheres still overlap, thus

φ =
44

3πr
3
c + 44

3πr
3
d − 16V0

a3 , (5.14)

where V0 is the volume of the intersection region formed by one colloid and one droplet
sphere, given by

V0 = π(rd + rc −B)2(B2 + 2Brc + 2Brd − 3r2
c − 3r2

d + 6rcrd)
12B , (5.15)

where B is the center-center distance between the droplet and the colloid at which the
parabolic well has a minimum [see Eq. (5.4)]. Multiplication by the factor 16 in Eq. (5.14) is
due to the number of bonds between the colloids and droplets in the unit cell. Equation (5.14)
for the second branch of the close-packing curve becomes

φ =
π
√

3
{

4 + q3 (3q − 4) + q cos θ
[
4
(
q3 − 3q2 − 1

)
+ q2 cos θ

(
6q + 4 cos θ − q cos2 θ

)]}

16 (q cos θ − 1)4 ,

(5.16)
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(a) (b)

Figure 5.5.: Sketches of possible arrangements of NaTl. Differently from ZnS shown in Fig. (5.4), there
are only two available arrangements in the unit cell of NaTl. (a) Tl-Tl (colloid-colloid) contact and (b)
Na-Na (droplet-droplet) contact. The colloid-droplet overlap is forbidden.

As q is large enough, the droplet spheres can touch each other and the overlaps between
the colloid and droplet spheres are still kept. We have the second bound q2 (q ≤ q2) [see
Fig. 5.4(d)]

a
√

2 = 4rd,
a
√

3
4 = rd + rc − r0,

(5.17)

i.e,
q2 = 1

cos θ +
√

3/2
. (5.18)

(c) Droplet-droplet contact (A-A contact)

For q > q2 the positions of the colloidal spheres become no longer unique and droplets are
in contact with each other [Fig. 5.4(d)]. The packing fraction φ is similar to that of the
colloid-colloid contact, but a = 2

√
2rd, therefore

φ = π
√

2
6

(
1 + q3

q3

)
. (5.19)

Wurtzite structure type (ZnS)

The wurtzite and zinc blende structure belong a set of homeotect structure types; i.e. every A
atom has the same number of nearest A neighbors and the same number of nearest B neighbors,
and, conversely, every B atom has the same number of nearest A neighbors and B neighbor atoms.
Therefore, the wurtzite and zinc blende structure have the same close-packing curve [215, 223].

Zintl structure type (NaTl)

The compound NaTl is a classical example of a Zintl phase whose thallium (B) partial structure
is the diamond lattice (Tab. 5.1). However, different from all structures shown in Tab. 5.1, in
Fig. 5.6, the close-packing curve for the NaTl structure has only two branches, one for B-B
contact [Fig. 5.5(a)] and the other for A-A contact [Fig. 5.5(b)]. This means that A-B overlap
(droplet-colloid overlap) is impossible, and hence the NaTl structure cannot be a candidate for
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stable structures based on the Pickering emulsion technique.

(a) Colloid-colloid contact (B-B contact)

The packing fraction for this branch of the close-packing curve is given by

φ = π
√

3
16

(
1 + q3) , (5.20)

with 0 ≤ q ≤ 1.

(b) Droplet-droplet contact (A-A contact)

φ = π
√

3
16

(
1 + q3

q3

)
, (5.21)

with q ≥ 1.

Similarly, we calculate the close-packing curves for the CaF2- and β cristobalite-structure. The
results are given below.

Flourite structure type (CaF2)

(a) Colloid-colloid contact (B-B contact)

φ = π

12
(
2 + q3) , (5.22)

with 0 ≤ q ≤ 1−
√

3
cos θ .

(b) Droplet-colloid overlap (A-B overlap)

φ =
π
√

3
[
32− 48q3 + 45q4 + 8q cos θ(6q3 − 9q2 − 4) + q3(20q cos 2θ + 8 cos 3θ − q cos 4θ)

]

64(q cos θ − 1)4 ,

(5.23)

with 1−
√

3
cos θ < q ≤ 1

cos θ +
√

3/2
.

(c) Droplet-droplet contact (A-A contact)

φ = π
√

2
6

(
1 + q3

q3

)
, (5.24)

with q > 1
cos θ +

√
3/2

.

β −Cristobalite structure type (O2Si)

(a) Colloid-colloid contact (B-B contact)

If there is only B-B contact, then the A diameter must be zero. Hence, q = 0 and φ = 0.34
as B spheres are located at the positions of the diamond lattice.
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(b) Droplet-colloid overlap (A-B overlap)

φ =
π
√

3
{

4 + 3q4 − q cos θ
[
4 + 12q2 + q2 cos θ

(
q cos2 θ − 4 cos θ − 6q

)]}

64 (q cos θ − 1)4 , (5.25)

with 0 < q ≤ 1
cos θ +

√
3/2

.

(c) Droplet-droplet contact (A-A contact)

φ = π

12
√

2
1 + 2q3

q3 , (5.26)

with q > 1
cos θ +

√
3/2

.

Cuprite structure type (Cu2O)

(a) Colloid-colloid contact (B-B contact)

Similarly to the β−Cristobalite structure, only B-B contact occurs if the A diameter is zero,
and hence φ = 0.68 as B spheres are located at body-center cubic positions.

(b) Droplet-colloid overlap (A-B overlap)

φ =
π
√

3
{

4 + 3q4 − q cos θ
[
4 + 12q2 + q2 cos θ

(
q cos2 θ − 4 cos θ − 6q

)]}

32 (q cos θ − 1)4 , (5.27)

with 0 < q ≤ 1
cos θ +

√
3/2

.

(c) Droplet-droplet contact (A-A contact)

φ = π

6
√

2

(
1 + 2q3)

q3 , (5.28)

with q > 1
cos θ +

√
3/2

.

We first consider the close-packing curves in our models for a special case where the contact
angle θ between the droplet and the colloid is 180◦, i.e. binary hard-sphere mixtures. Next, we
discuss the close-packing curves for the contact angle θ of 140◦ aimed at modeling the Pickering
effect.

Binary hard-sphere mixtures

Figure 5.6 shows the packing fraction φ as a function of q for all structures listed in Tab. 5.1
at θ = 180◦. Each structure is characterized by its own individual close-packing curve, except
that the ZnS-zinc blende and the ZnS-wurtzite structure have the same one since they belong to
the same homeotect structure [223]. The curves of ZnS and CaF2 show three distinct branches
corresponding to B-B contact, A-B contact and A-A contact regions, the NaTl structure has no
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Figure 5.6.: Close-packing curve φ for binary mixtures having the ZnS, NaTl, CaF2, O2Si and Cu2O
structure as a function of q = σd/σc at θ = 180◦. A black solid line is added to indicate the maximum
packing fraction (0.74) of a monodispersed system of hard spheres corresponding to FCC or HCP. Notice
the log scales.

A-B contact region, while O2Si and Cu2O has no B-B contact region. These results are identical
to those calculated by Parthé [215, 223].

From the close-packing curves obtained, one can predict the phase diagram at infinite pressures
because, for a given size ratio q, stable structures have the largest packing fraction. Hence we may
expect ZnS (0 < q ≤ 0.22), monodisperse FCC/HCP (0.22-4.45) and ZnS/CaF2/Cu2O (q ≥ 4.45).
However, these structures are predicted with the assumption of a regular tetrahedral bond angle
about the colloids, which is not required for the binary hard-sphere mixtures. Theoretically,
the binary hard-sphere mixtures with the highest packing fraction at infinite pressures include
NaCl/NaAs (0 < γ ≤ 0.44), HgBr2 (0.44-0.48), AuTe2 (0.48-0.53), AlB2 (0.53-0.62), FCC/HCP
(γ ≥ 0.62) with γ = rS/rL being the radius ratio of the small and large hard spheres [221]. Recall
that the definition of q as the size ratio between droplets and colloids (q = σd/σc = rd/rc) in
our model is different from that of γ for binary hard-sphere mixtures. The difference here is the
fact that two species of particles of binary hard-sphere mixtures are only distinguished from each
other by their size but not from the coordination number (the environment type).

In contrast, at finite pressures, the free energy calculations in the literature have predicted
stable structure types as follows: NaCl (0.2 < γ < 0.42), AlB2 (0.42-0.59), NaZn13 (0.48-0.62)
and Laves phases (0.74-0.84) [39, 195, 196, 199, 200, 202]. However, the Laves phases have not
the highest packing fraction at γ = 0.82. Instead, a number of structures which pack better
than the Laves phases such as αIrV, γCuTi, AuTe2 and Ag2Se was found [221]. Experimentally,
the structure of AlB2 and NaZn13-type crystals have been observed in natural Brazil opals [186],
binary colloidal crystals [188, 189, 191, 192, 224] and mixtures of nanoparticles [225]. Crystals
with a stoichiometry AB, including NaCl/NaAs and CsCl were observed experimentally in a
variety of mixtures [192, 226–230]. Further binary colloidal crystals of MgCu2 (Laves phases),
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CaCu5 and AB4 (having no atomic analogue) were reported by Yoshimura and Hachisu [189].

Binary colloid-droplet mixtures

As was described above, numerous investigations have focused on binary mixtures consisting of
hard-sphere like particles. Here the formation of complex structures is driven purely by entropic
(packing) contribution to the free energy [195, 196]. Adding a soft pair interaction between the
two components has a significant effect on the stability of the binary crystals that are stable for
hard spheres. Furthermore, a variety of new structure types could form [226, 228].
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Figure 5.7.: (a) Close-packing curve for binary mixtures having the ZnS, NaTl, CaF2, O2Si and Cu2O
structure at θ = 140◦, (b) The scaled total energy per particle Utot/N with N being the total number of
particles is plotted against the size ratio for different structures.

Figure 5.7(a) shows close-packing curves for the structures listed in Tab. 5.1 at the contact
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Table 5.2.: Structures predicted for different values of size ratio q at infinite pressure and θ = 140◦.

Size ratio (q = σd
σc

) Structure Type

q < 0.29 Cu2O

0.29 < q < 0.95 ZnS

0.95 < q < 2.18 CaF2

q > 2.18 FCC/HCP of droplets+fluid of colloids

angle θ = 140◦. Compared to the case of θ = 180◦ (Fig. 5.6), the close-packing curves for
θ = 140◦ have the same number of branches, but the A-B branches are shifted upwards. This can
be explained by the following argument. According to Eq. (5.14), as the contact angle decreases,
the decrease in the denominator is faster than that in the nominator. Consequently, φ increases
with the decrease in the contact angle. An exception is the close-packing curve of NaTl that
exhibits no change because of absence of the overlap region between spheres.

To determine the stability of each perfect crystal structure we calculate the total energy per
particle. For example, in a unit cell of the CaF2-structure there are 32 colloid-droplet bonds
corresponding to the total energy Utot = −32ε per unit cell, with ε the colloid-droplet adsorption
energy of one bond given by Eqs. (5.3) and (5.4). In addition, one unit cell of the CaF2 structure
consists of 8 colloids and 4 droplets, and therefore the total energy per particle is −32ε/(8 + 4) =
−2.67ε. The calculated total energy per particle for several perfect structures at θ = 140◦ is
shown in Fig. 5.7(b).

Taken together, the close-packing curves [Fig. 5.7(a)] and the total energy per particle [Fig.
5.7(b)] give the prediction of stable phases at infinite pressures, as shown in Tab. 5.2. Appar-
ently, the structural phase transitions occur at discontinuity points of the close-packing curves
[Fig. 5.7(a)], e.g. at q = 0.29 (phase transition from Cu2O to ZnS), q = 0.95 (ZnS-CaF2) and
q = 2.18 (CaF2-FCC/HCP of droplets with a dispersed fluid of colloids). Recall that these bound
values of q are determined from Eqs. (5.13), (5.18) and (5.22) for a given value of θ = 140◦. There-
fore, for different contact angles, we can map out the phase diagram in the (θ− q) representation,
as shown in Fig. 5.8.

5.3.2. Simulation results

Phase diagram in the droplet packing fraction-energy plane

Fortini [214] simulated a mixture of hard-sphere particles and emulsion droplets, in which the
colloid-droplet pair interaction is isotropic, using Brownian dynamics simulations. The author
found that binary crystals can self-assemble at a high concentration of emulsion droplets. In
the present study, we extend Fortini’s model in order to investigate patchy colloids where the
colloid-droplet interaction depends not only on the interparticle distance but also on the droplet’s
orientation relative to the colloid.

First, we check stable phases of the colloid-droplet mixture using Monte Carlo simulations for
the case of the isotropic colloid-droplet interaction, as given in Eq. (5.2) with f(rij , αijkmin) = 1.
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Figure 5.8.: Phase behavior of binary colloid-droplet mixtures at infinite pressures. The vertical and
horizontal axes are the size ratio q and the contact angle θ between droplets and colloids, respectively.

This potential is exactly the same as that was employed by Fortini [214]. Figure 5.10 shows the
resulting phase diagram of the energy ε [kBT ] against the droplet packing fraction φd at a fixed
value of the colloid packing fraction φc = 0.1, the size ratio q = σd

σc
= 1.5 and the contact angle

θ = 150◦. We observe a low energy region of the homogeneous fluid, a higher energy region of
gas-liquid coexistence, and a region of binary crystals at high packing fraction of the droplet. This
result shows good agreement with the phase diagram that was reported in Ref. [214], showing a
critical point and triple point. Here we determine each state point in Fig. 5.9 by collecting five
independent runs and use the snapshot in the final stage of simulations in order to visualize.

Typical snapshots of three state points at ε = 4kBT at different droplet packing fractions are
shown in Fig. 5.10, where large green spheres represent droplets, smaller brown spheres represent
colloids. In Fig. 5.10(a) (φd = 0.15), a dense fluid consisting of both colloids and droplets and
a dilute gas of colloids are observed. Subsequently increasing the droplet packing fraction to
φd = 0.3 leads to the formation of homogeneous fluid [Fig. 5.10(b)]. Finally, when the droplet
packing fraction reaches 0.5, a mixture of a binary crystal and the fluid is formed [Fig. 5.10(c)].

To determine the type of the crystal structure given in Fig. 5.10(c), we use the average local
bond order parameters for each particle species (droplet and colloid) together with the colloid-
droplet radial distribution function, gcd(r), and the nearest-neighbor coordination number (see
detail in Sec. 2.3). Figure 5.11(a) shows a snapshot of the binary colloid-droplet mixture in the
final stage of the simulation run. The particles are colored based on the average bond order
parameters. An FCC/HCP coexistence region for both the droplets and colloids can be observed.
In addition, a small number of BCC clusters and liquid particles are present. The colloid-droplet
radial distribution function [Fig. 5.11(b)] shows well-defined peaks characteristic of a crystalline
solid, indicating that the droplets and colloids are arranged into a highly ordered structure. From
these observations and the first coordination number (between the colloid and droplet) of nearly
6 [inset of Fig. 5.11(b)] suggest that the simulated structure is analogous to the NaCl(NiAs)
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Figure 5.9.: Phase diagram in the droplet packing fraction-energy plane for a binary mixture with
isotropic colloid-droplet potential for a set of parameters, φc = 0.1, q = σd
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= 1.5, θ = 150◦. Squares indi-

cate fluid phases, circles represent gas-liquid coexistence and triangles represent liquid-crystal coexistence.
Each state point is determined by visual inspection of simulation snapshots.

(a) (b) (c)

Figure 5.10.: Typical snapshots of binary colloid-droplet mixtures in the final stage of the simulations
at φc = 0.1, q = σd

σc
= 1.5 and ε = 4kBT (a) φd = 0.15 gas-liquid coexistence (b) φd = 0.3 homogeneous

fluid and (c) φd = 0.5 liquid-crystal coexistence. Large green spheres indicate droplets, while smaller
brown spheres indicates colloids.

structure that is identical to an FCC(HCP) array of large droplets, and small colloids occupy all
the octahedral holes in the FCC(HCP) lattice, and vice versa.

In comparison to the completely isotropic colloid-droplet interaction model, we consider the
anisotropic colloid-droplet potential by introducing the modulating function f(rij , αijkmin), given
by Eq. (5.6) depending on the minimal angle αijkmin and the distance vector rij . Figure 5.12(a)
and 5.12(c) show snapshots in the final stage of the simulation for two different surface coverages
of attractive patches: χ = 1 and χ = 0.67, respectively. For χ = 1 we observe an FCC/HCP
phase of droplets and a dispersed fluid of colloids, as shown in Fig. 5.12(a). At a lower surface
coverage (χ = 0.67), only a homogeneous fluid phase is observed [Fig. 5.12(b)]. In the insets
of Fig. 5.12(c) and (d), the nearest-neighbor coordination number is 4, in accordance with the
tetrahedral bond orientation of the droplets with the colloids.
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Figure 5.11.: (a) Snapshot in the final stage of the simulation run for a model of completely isotropic
colloid-droplet interaction, θ = 150, ε = 4kBT , φc = 0.1, φd = 0.50, q = σd

σc
= 1.5. Large spheres

represent droplets and smaller spheres represent colloids. The local structure for each particle is shown
in different colors as indicated. (b) colloid-droplet radial distribution function gcd(r) as a function of the
scaled distance r/σc. Shown in the inset is the number of droplets ncd(r) as a function of the distance
r/σc from a reference colloid, which is determined by integration of gcd(r).
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Figure 5.12.: Same as Fig. 5.11, but for the model of tetrahedral patchy colloid-droplet interaction. (a)
and (b) for χ = 1; (c) and (d) for χ = 0.67.



5.3. RESULTS AND DISCUSSION 80

Structural stability at different size ratios

To examine the stability of crystal structures as predicted by the close-packing curves and
energy curves given in Fig. 5.7 and Tab. 5.2, we carry out Monte Carlo simulations for different
size ratios q = 0.22, 0.75 and 0.97 at a fixed contact angle θ = 140◦. In addition, in order to
ensure state points within the crystal phase region the energy ε is set to 10kBT (see Fig. 5.9). The
total packing fraction and composition are predetermined according to each structure of interest,
e.g. for the Cu2O-structure we fix φc = 0.387, φd = 0.015 and Nd

Nc
= 2, for the ZnS-structure

φc = 0.348, φd = 0.146 and Nd

Nc
= 1. In the case of the CaF2-structure, its total packing fraction

(φ = 0.748) is so high that an initialization from a random configuration of droplets and colloids
could not be performed within our present algorithm, and hence we set the composition of the
CaF2-structure to be the same as the ZnS-structure. As a result, once the CaF2- structure is
formed, it will have some missing bonds, or equivalently some vacancies. Despite the lack of some
bonds, the structure CaF2 is still easily detected by analyzing the radial distribution functions
and angular distribution functions. We consider the structural stability for each size ratio q as
follows.

(a) q = 0.27

From the snapshots in Figs. 5.13(a) and 5.13(b), we do not find the Cu2O crystalline phase
for the q = 0.27 ratio. This is supported by the result of an absence of long-ranged peaks in
the colloid-droplet radial distribution function [Fig. 5.13(c)]. Moreover, Figure 5.13(d) shows
a low probability distribution of the angles of droplet-colloid-droplet (D-C-D) triplet at 109.05◦,
indicating a low probability of finding droplets on the colloid surface. This result can be explained
as follows. Since the attractive area of colloids (depicted by dark blue parts on the colloidal
sphere), which is related to the droplet size, is quite small, the probability of capturing the droplets
at the colloid surface is low, and therefore the system behaves nearly as a highly asymmetric binary
hard-sphere mixture, which was shown to be fluid phase at q = 0.2 [231].

(b) q = 0.75

Results obtained for the q = 0.75 are shown in Fig. 5.14. In Fig. 5.14(a), most of the colloids
and droplets assemble into a periodic three-dimensional lattice where each colloid (dark yellow
sphere) is surrounded by four droplets (green spheres) located at the attractive patches (blue
regions) of this colloid. Fig. 5.14(b) shows the snapshot of the system in which each particle is
colored corresponding to its state. A coexistence phase of FCC and HCP for both droplets and
colloids can be observed. The colloid-droplet radial distribution function shows well-defined long-
ranged peaks characteristic for a specific crystal phase. Furthermore, the coordination number as
a function of the scaled distance [see in the inset of Fig. 5.14(c)] and angular distribution functions
[Fig. 5.14(d)] strongly confirm the regular tetrahedral bond of droplets with the colloids and vice
versa. These results enable us to classify the phase of the colloid-droplet mixture at q = 0.75 as
the ZnS crystal structure (see zinc blende/wurtzite phase in Tab. 5.1).

(c) q = 0.97

For q = 0.97 the perfect CaF2 structure, as given by Tab. 5.2, requires such a very high
volume packing fraction (φc = 0.514, φd = 0.234, Nc

Nd
= 2) that the random initialization of non-
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Figure 5.13.: (a) Snapshot of the colloid-droplet mixture in the final stage of the computer simulation
at q = 0.27, φc = 0.387, φd = 0.015, Nd

Nc
= 2. Colloids with (blue) patches are represented by large dark

yellow spheres, droplets are represented by small green spheres. (b) Same as (a) but the state of each
particles is identified by the local average bond order parameters. (c) Colloid-droplet radial distribution
function gcd(r) (the coordination number function ncd(r) is shown in the inset) as a function of the scaled
distance r/σc. (d) Angular distribution function g(ω) of colloid-droplet-colloid (red line) and droplet-
colloid-droplet (blue line) angles. The label 109.05◦ marks the bond angle of a regular tetrahedron.
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Figure 5.16.: Phase behavior of binary colloid-droplet mixtures determined by the theoretical prediction
at infinite pressures (differently colored regions) and by computer simulation (differently shaped points).
The vertical and horizontal axes are the size ratio q and contact angle θ between droplets and colloids,
respectively.

overlapping spheres does not work. Therefore, we restrict our consideration to Nc

Nd
= 1 to obtain a

lower colloid packing fraction φc = 0.257. Although this consideration leads to many vacancies in
the CaF2 crystal structure once it is formed, we are able to detected reliably the CaF2 structure
by means of radial (angular) distribution functions.

Similarly to the above descriptions for q = 0.27 and q = 0.75, the visual inspection of the
colloid-droplet mixture for q = 0.97, as shown in Fig. 5.15(a), indicates the presence of ordered
structures. The observation of these ordered particles is more difficult due to the missing bonds
in the simulated structure as compared to the perfect CaF2 structure. On the other hand,
because the colloids assembly into a simple cubic lattice (see in Tab. 5.1) that is undetectable
using average bond order parameters [65], we remove them from the snapshot of Fig. 5.15(b) in
order to clarify the state of droplets. Combination of the visual snapshots and analysis of radial
(angular) distribution functions [Figs. 5.15(c)-(d)] enables us to identify the resulting colloid-
droplet mixture as the CaF2-liquid coexistence.

(d) q = 1.5

As mentioned above in Sec. 5.3.2, for q = 1.5 at χ = 1 the stable phase in the final stage
of the simulation is coexistence between the FCC/HCP of droplets and a fluid of colloids [see
Fig. 5.12(a)]. This result also shows good agreement with that predicted by the theoretical
prediction of the close-packing calculation.

Comparison of (q, θ) phase diagram: theory and simulation

Figure 5.16 shows a comparison of the phase diagram (q vs θ) obtained from the theoretical
prediction (differently colored regions) and the simulation result (differently shaped symbols). We
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Figure 5.17.: (φd, φc) phase diagrams of the colloid-droplet binary mixture with the diameter ratio
q = 0.75 and parameters θ = 140◦, ε = 10kBT (a) isotropic colloid-droplet pair potential, (b) anisotropic
colloid-droplet pair potential. The symbols indicate the following phases as detected by visual inspection:
, fluid; , gas+liquid;, , ZnS+gas, , ZnS+liquid.

find that the simulated state points of ZnS, CaF2 show good agreement with the phase regions
predicted from the theoretical calculation, whereas at low (q < 0.3− 0.4) or high (q > 1.3) values
of q a discrepancy of the simulation result from the theoretical prediction can be observed. We
interpret this discrepancy as a direct result of the finite pressure considered in the computer
simulations.

Phase diagram in the droplet-colloid packing fraction plane for the diameter ratio q = 0.75

In order to investigate the equilibrium phases for the ZnS structure, which was shown to be a
promising candidate for 3D complete photonic band gap materials [41], we carry out simulations
for each state point in the (φd, φc) plane for q = 0.75. We consider two cases: isotropic and
anisotropic colloid-droplet pair interaction. As shown in Figs. 5.17(a) and (b), for both cases,
we find a region where the fluid is stable (marked by ) and a region where gas-liquid separation
occurs ( ). In addition to that, for the anisotropic colloid-droplet pair interaction we find a region
where the system separates into a gas and a ZnS crystal ( ) and another region where the system
separates into a fluid and a ZnS crystal ( ). Although these phases have not yet been observed
experimentally in Pickering emulsions, the results could provide a useful way to obtain the ZnS
structure from colloid-droplet mixtures.

5.3.3. Influence of symmetry of patch geometry on the crystal structure of droplet-colloid
mixtures

It is well known that the stable crystal structure of a binary atomic compound depends not
only on the composition, concentration, atomic size but also on the coordination number (valence)
as well as the bond angles between atoms. A variety of questions arises naturally in the binary
crystals of colloid-droplet mixtures, i.e. how the crystal structure of systems changes if the patch
arrangement on the colloid surface changes or how the patch variability such as size, position,
strength of the attraction affects the resulting crystal structure. In principle, a variety of types of
patch arrangement on the colloid surface are possible based on cluster configurations (see Chap. 3)
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Figure 5.18.: Snapshot, angular distribution functions for a colloid-droplet system where patches are
arranged in square plane symmetry. (a) Snapshot of the simulation with large (small) spheres represent
colloids and droplets, respectively. (b) Angular distribution functions for the colloid-droplet-colloid (C-
D-C) and droplet-colloid-droplet (D-C-D). The parameters are used for simulations, q = 0.70, θ = 140◦,
φc = 0.375, φd = 0.128, ε = 10kBT , Nd/Nc = 1.

and recent experimental findings [40]. Here we present briefly the obtained results by computer
simulations for some particular cases of the patch arrangement. A generator of many types of
the patch arrangement on the colloid surface is given in Appendix C.

Patches arranged in a square plane

As the name of square planar symmetry suggests, each colloid has its four droplets positioned
at the corners of a square in the same plane about a central colloid. As shown in Fig. 5.18(a),
for a typical set of parameters (justified below) that we used in the simulations, the resulting
equilibrium phase consists of two interpenetrating FCC/HCP lattices with the bond angle between
colloids with droplets (and vice versa) equaling nearly 90◦ [Fig. 5.18(b)]. To the best of our
knowledge, this crystal structure has no atomic analog.

Patches arranged in an octahedron

In octahedral patchy symmetry, each colloid has its six droplets arranged around a central
colloid, defining the vertices of an octahedron. The resulting phase of the octahedral patchy
colloid-droplet mixture, at q = 0.7, is very similar to that of the planar square patchy colloid-
droplet mixture, as above described, but with the important difference that the colloid-droplet
coordination number equals six instead of four. Therefore, the octahedral patchy colloid-droplet
mixture belongs to the NaCl/NiAs structure.

5.4. Conclusions

In this chapter a binary patchy colloid-droplet mixture was studied by means of Metropolis
Monte Carlo simulations, in combination with calculation of close-packing curves. The colloid-
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colloid and droplet-droplet pair interactions are taken to be purely hard-core potentials, while the
colloid-droplet pair interaction is an attractive well that is parabolically dependent on distance
in order to model the Pickering emulsion. The cross interaction is modulated by a Gaussian-like
function to characterize a directional colloid-droplet pair interaction. Although the Gaussian-
like potential is used as a generic model, its corresponding quantities can be controlled by the
asymmetric wetting property of the colloid surface with the droplets, i.e. attractive parts are
partial wetting, whereas the repulsive parts correspond to non-wetting or drying.

For the diameter ratio q = 1.5 we found that at a high concentration of emulsion droplets
the system can self-assembly into a binary NaCl/NiAs crystal structure for an isotropic colloid-
droplet pair potential, but into an FCC/HCP-fluid phase coexistence for a tetrahedral patchy
colloid-droplet pair potential at a high value of the surface coverage. A further decrease in the
surface coverage leads to the formation of homogeneous fluids.

The analysis of the close-packing curves and total energy for a set of perfect structure proposals
that possess regularly tetrahedral bond angles enables one to predict stable crystal structures at
infinite pressures. The simulation results show the stability of the ZnS, CaF2 structure, FCC/HCP
phase of large spheres with a dispersed fluid of small spheres, which is good agreement with the
theoretical predictions for a specific range of size ratios, i.e. q = 0.4 − 1.3. The discrepancy of
theoretical predictions from simulations appears at low and high size ratios. More precisely, only
the homogeneous fluid phase is observed at q = 0.27 instead of the Cu2O phase as predicted by
theory. In addition, FCC/HCP-fluid phase coexistence can be observed in the simulation at q =
1.5 instead of the CaF2 structure. Note also that although micro- or nano-sized colloidal crystals
of ZnS and CaF2 are promising in photonic applications, they have not yet been synthesized in
experiments. Therefore, our simulation results can be a useful guide to prepare these structures.

Furthermore, the (φd, φc)- phase diagram at q = 0.75 in the case of the anisotropic interaction
exhibits a rich variety of phases compared to that of an isotropic interaction. We found that
ZnS-gas and ZnS-fluid phase seperations are possible.

Based on a unique configuration of colloidal clusters, as mentioned in Chap. 3, we examined
crystal structures for colloid-droplet mixtures in which the patches on the colloid surface are
arranged in a well-defined polyhedron. As an example of octahedral patch symmetry, the Na-
Cl/NiAs crystal structure can be observed. However, there is no atomic analog to the crystal
structure of binary mixtures with patches arranged in square plane symmetry. These findings
suggest that binary mixtures of patchy colloids and emulsion droplets could provide a unique way
to control the formation of increasingly complex crystal structures.
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Chapter 6.

Summary and conclusions

This thesis is concerned with the structural behavior of mixtures of colloidal particles and
emulsion droplets. We focus on two typical structural motifs: colloidal clusters and colloidal
crystals. Interparticle potentials are chosen as isotropic and anisotropic pair-interaction poten-
tials. The anisotropy is due to the orientations of two colloids (Janus colloids), the orientations
of droplets relative to colloids (patchy colloids), or the hydrophilic property of two constituent
colloids in a dumbbell (colloidal dumbbells) with droplets.

We first consider the case of a binary mixture of Janus colloids and droplets in Chap. 3.
Colloids interact via a longed-ranged repulsion and a shorter-ranged attraction modulated by
an anisotropic Kern and Frenkel potential. The droplet-droplet pair interaction is a hard-core
potential with an effective hard-sphere diameter chosen so that any two droplets cannot merge.
The colloid-droplet interaction is an attractive well at the droplet surface in order to model the
Pickering effect. To mimic droplet evaporation process in experiments, the droplet diameter
shrinks at a fixed rate. We used kinetic Monte Carlo simulations with small displacement steps
to mimic the dynamics. The results obtained may be summarized as follows.

The analysis of the dynamics of the cluster formation via radial distribution functions, together
with the monitoring the kinetics of colloids, shows a large fraction of colloidal clusters formed
at the droplet surface, in contrast to a very small fraction of spontaneously formed clusters.
Moreover, the total energy and the obtained number of clusters were monitored as a function
of Monte Carlo time, demonstrating the stability of clusters against thermal agitation. Using
the Einstein relationship for the translational diffusion coefficient of clusters and the physical
time, together with the Stokes-Einstein equation for diffusion of spherical particles, we derived
an MC time of tens of seconds. Although this time is significantly smaller than the time scales
of experiments that typically last tens of minutes, we do not expect the simulation time to affect
the final cluster configurations.

The fraction of attractive surface on the colloid (coverage) was used to control the strength
of the anisotropic attraction. When the coverage varies from unity to zero, the pair potential
smoothly interpolates between the isotropic square-well to the isotropic hard-sphere potential.
Compared to a common set of M2-minimal clusters (the quantity M2 is the second moment of
the mass distribution) when the coverage is greater than 0.30, we find some particular isomeric
structures with well-defined configurations at coverage of 0.25, namely the square dipyramid, aug-
mented triangular prism, square antiprism, sphenocorona, and augmented sphenocorona. Choos-
ing a smaller value of coverage could lead to additional isomers with open structures as a direct
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result of the increasingly repulsive interaction in the Kern-Frenkel potential. This result suggests
that the formation of M2-nonminimal isomers is directly related to the repulsive interaction be-
tween colloids. We stress that some of those structures (square dipyramid, augmented triangular
prism, square antiprism) have been observed experimentally, the reason why they are present
instead of M2-minimal structures is still unclear. Therefore, our findings could provide a possible
explanation but also be useful to guide experimental work. The analysis of an order parameter for
the clusters indicates the occurrence of spherical micelles within a narrow range of coverage ex-
tending from about 0.20 to 0.30, in good agreement with the behavior of the colloid-droplet radial
distribution function. In particular, using an orientational order parameter of clusters, we find
that the order parameter of M2-nonminimal clusters is slightly larger than that of M2-minimal
clusters at the same number of constituent colloids and coverage. Therefore, the maximization of
the order parameter might be a condition for the formation of M2-nonminimal clusters. A more
detailed study of the cluster configuration of Janus colloids that maximizes the order parameter
seems to be interesting for future work.

In addition to the cluster structures, we analyze the cluster size distribution, based on his-
tograms, and find no significant change as the surface coverage varies. We interpret this as a direct
result of a high attractive well between the colloids that we chose in the computer simulation.
However, larger clusters can be obtained by increasing the colloid packing fraction. Similarly
to an example of tetrahedral clusters used as building blocks, we investigated the supercluster
formation from building blocks such as triangular clusters and tetrahedral clusters. All clusters
are composed of Janus colloids. The superclusters obtained from the assembly of tetrahedral clus-
ters via emulsion droplet evaporation have unique configurations, e.g. octahedral dipyramid and
supertetrahedron. Such superstructures are identical to those assembled by tetrahedral building
blocks composed of isotropic colloids. The questions of which structures will be formed when
various building blocks (the same or different species) are used, and which of physical quantities
could describe their packings, are still open.

In Chapter 4, we extended the basic model of Janus colloids to colloidal dumbbells in order
to study the cluster formation of a binary mixture of colloidal dumbbells and droplets. Each
dumbbell consists of two spherical colloids, labeled colloidal species 1 and colloidal species 2, with
different sizes or dissimilar wettabilities. We discuss the results in two parts.

First, we consider the colloidal system with symmetric sizes but asymmetric wetting properties.
The colloid 1-droplet adsorption energy is kept at a fixed value, which is significantly greater
than the Yukawa repulsive interaction and the thermal energy. The colloid 2–droplet adsorption
energy is controlled by varying the interfacial tension. The analysis of the colloid-droplet radial
distribution during the modeled evaporation indicates a random distribution of both colloidal
species at the droplet surface. By choosing an appropriate strength of the colloid 2-droplet
adsorption energy, a certain number of colloidal species 2 can escape from the droplet surface due
to thermal fluctuations and Yukawa repulsive forces. As a result, a variety of different isomers
with open, intermediate and closed structures is found, in accordance with visual inspection of
simulation snapshots. In particular, open structures with a compact core and protruding arms
have not been observed in clusters of monodispersed colloids.

Secondly, in colloidal systems with asymmetric sizes but symmetric wetting properties, we also



90

find open, intermediate, and closed structures similar to those described above. However, choosing
a large colloid 1-colloid 2 size ratio decreases the number of large clusters. Furthermore, at large
colloid-droplet adsorption energies compared to the Yukawa repulsion and thermal fluctuations,
we find unique M2-minimal isomers when the size ratio is smaller than 1.2. For the size ratio in
the range 1.2− 1.7, two coexisting isomers: M2-minimal isomer with nc colloids and M2-minimal
isomer with (nc − 1) colloids (plus one outside) are observed. A further increase in the size ratio
leads to a variety of different isomers with more complex configurations.

In Chapter 5, we focus on the crystal structures of a binary patchy colloid-droplet mixture.
To characterize the dissimilarity of the surface properties (patch) of colloids with droplets, we
introduced the anisotropic contribution to the colloid-droplet pair interaction. The calculation
of close-packing curves, together with the total energy, for various binary atomic compounds
with tetrahedral bonds predicts the stability of different crystal structures at infinite pressure,
including the Cu2O-, ZnS-, CaF2-structures, and FCC/HCP of droplets with a dispersed fluid of
colloids. The theoretical predictions have been tested against the results of standard Monte Carlo
simulations and good agreement is found at droplet-colloid size ratios in an intermediate range.
However, a discrepancy between theoretical predictions and simulations appears at low or high
size ratios. For example, at size ratio of 0.27 we do not observe the Cu2O structure predicted by
close-packing considerations. This result may be interpreted either as a low probability of finding
droplets on the attractive parts of colloids or the effect of the finite pressure in simulations.

In agreement with the result obtained by Brownian dynamics simulations in previous work, we
found the region of gas-liquid and fluid-solid separations. Furthermore, systems with anisotropic
pair interaction potentials display even richer behavior, such as ZnS-gas coexistence and ZnS-fluid
coexistence, as compared to that of the isotropic pair interaction potential.

We examined the influence of the patch arrangement on crystal structures. As an example,
in the case of the square planar geometry, we found a particular crystal structure, described as
two interpenetrating FCC/HCP lattices with bond angles of 90◦. Such a structure has no atomic
analogue. Given the recent progress in the synthesis of patchy colloids with valence and specific
directional bonding we suggest that patchy colloid-droplet emulsions could, in principle, be a
promising way towards the preparation of novel and complex crystal structures.
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Appendix A.

Cluster analysis

A.1. Cluster criterion

A cluster is defined as an set of n colloidal particles connected by a network of bonds, meaning
that starting from one colloid it is possible to reach all other colloids in the cluster through bonds.
In our simulation, it is important to be able to identify colloids belonging to clusters. The clusters
are either via droplet evaporation or they are formed spontaneously.

There are many different clustering criteria for determining whether a colloid belongs to a
cluster or not. One method of doing so is based on the attractive energy that binds a colloid
to other colloids already in the cluster [232]. A less time-consuming method that we employ is
based on the criterion of the interparticle distance1, so that if colloid i is already in the cluster,
colloid j will be also included if rij < σc + ∆, where σc is the colloid diameter and ∆ is the width
of the square well interparticle potential. For colloidal clusters formed via droplet evaporation
the distance between the colloids and droplet satisfies the condition rid < (σd + σc)/2 with
(σd + σc)/2 > 0 and σd being the droplet diameter, where i refers to colloid and d to droplet.

Starting with the first colloid (colloid 1) we compute its distance from all other colloids in
the system which lie within a sphere of cutoff radius, rc = 2.5σc. Each particle that satisfies the
condition r1i < σc+∆ where i runs from 2 to Nc, Nc is the total number of colloids, will be added
to a set of neighbors of colloid 1. Next, we consider colloid 2 in a similar way and check against
all remaining colloids. Finally, we obtain an array of size Nc containing the sets of neighbors of
each colloid.

With the sets of neighbors for all colloids, we head for the composition of clusters. Starting
again with colloid 1, we label all its neighbors and their respective neighbors with an identity
number. Then we proceed to the next colloid that has not been labeled yet and eventually
reach the stage where all colloids have been assigned an identity. Finally, each identity number
corresponds to a cluster.

1Algorithm and C functions for cluster analysis can be found in Ref. [232]
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A.2. Cluster initialization

In order to investigate the formation of superclusters via droplet evaporation, we start by ran-
domly distributing small colloidal clusters with a specific structure, such as dumbbell, triangular
and tetrahedral cluster in the cubic box and with random orientations. Furthermore, these clus-
ters are initially located outside all the droplets. We employed the PACKMOL package developed
by Martínez et al. [233] to generate initial configurations. This program considers the distribution
of clusters in the box as a packing problem. Therefore, the colloids belong to different clusters
have to be apart a certain distance from each other and from the droplets. We describe briefly a
derivation that is based largely on the work of Martínez et al. [233].

Consider a mixture of Nd droplets of diameter σd and N colloidal clusters each formed by
two spherical colloids. For each i = 1, . . . , N , let nc(i) to be the number of colloids of the i-th
cluster. Here nc = 2 (dumbbell cluster), nc = 3 (triangular cluster), nc = 4 (tetrahedral cluster).
Each cluster is represented by the Cartesian coordinates of its colloids. The arithmetic average
of the Cartesian coordinates of the colloids is the barycenter. We assume that the origin is the
barycenter of all the colloids. Thus, the coordinates of the jth colloid of the ith cluster are

rij = (xij , yij , zij). (A.1)

Suppose that the i-th cluster is sequentially rotated around the axes x, y and z by the angles
θi = (θi1, θi2, θi3). This can be done via a rotation matix R(θi) given by

R(θi) =
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, (A.2)

where sik = sin θik and cik = cos θik for k = 1, 2, 3. For the translation of i-th cluster its barycenter
becomes bi = (bi1, bi2, bi3). Therefore, the coordinates of a colloid will be changed from rij to
r′ij = (x′ij , y′ij , z′ij), where

r′ij = bi +R(θi)rij . (A.3)

The next step is to find angles θi and displacements bi, i = 1, . . . , N , in such a way that r′ij

satisfies the given constraints. In addition, two colloids j, j′ of two clusters i, i′ have to have a
minimum-distance from each other

∥∥∥rij − ri′j′
∥∥∥ ≥ dtol, (A.4)

where dtol is a specified tolerance given by the user (e.g. dtol = σc+∆, see Appex. A.1 for details).
The symbol ‖.‖ represent the usual Euclidian distance.

If nij is the number of constraints which apply to the jth colloid of the ith cluster. In practice,
the constraints may be applied to a subset of colloids of all the clusters of the same type, or to



A.2. CLUSTER INITIALIZATION 94

Figure A.1.: Initial configuration packed by PACKMOL. The droplet spheres are colored in dark pink,
the two colloidal spheres in each dumbbell are colored in light yellow and blue, respectively. The number
of colloidal dumbbells and droplets in the system are 250 and 35, respectively.

all the colloids of a cluster. These geometrical constraints can be written as

gijl (rij) ≤ 0, l = 1, . . . , nij . (A.5)

Given the position of the colloid, the quantity gijl (rij) is positive if the constraint is fulfilled and
negative otherwise. Equation (A.4) and (A.5) are called objective functions and can be taken
together to form the function:

f(b,θ) =
N∑

i=1

nc∑

j=1




N∑

i′=i+1

nc∑

j′=1

max{0, d2
tol −

∥∥∥rij − ri′j′
∥∥∥

2
}2



+
N∑

i=1

nc∑

j=1




nij∑

l=1

max{0, gijl (rij)}2

 ,

(A.6)

where b = (b1, . . . ,bi) ∈ R3N and θ = (θ1, . . . , θi) ∈ R3N . f(b,θ) vanish when both objectives
are fulfilled otherwise it will be positive. This implies that the function f(b,θ) can be minimized.
Since f(b,θ) is continuous, it can be differentiated to first order and the global function is reached
when f(b,θ) = 0.

As an example, in Fig. A.1, we show an initial configuration, built by PACKMOL, of a ternary
mixture of droplets of diameter (large spheres) and colloidal dumbbells formed by two spherical
colloids of different sizes (small spheres).

A model input file for PACKMOL used to generate the initial configuration given in Fig. A.1
is

t o l e r an c e 1 .25
f i l e t y p e xyz
output outdrop l e t . xyz

s t r u c tu r e c o l l o i d . xyz
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number 250
resnumbers 0
i n s i d e box −15. −15. −15. 15 . 15 . 15 .
atoms 1

rad iu s 0 . 5
end atoms
atoms 2

rad iu s 0 .75
end atoms

end s t ru c tu r e
s t r u c tu r e d rop l e t . xyz

number 35
resnumbers 0
i n s i d e box −15. −15. −15. 15 . 15 . 15 .
rad iu s 3 . 0

end s t ru c tu r e

The structure of a dumbbell and droplet are given in xyz format

2
dumbbell
H 0 .0 0 .0 3 .6
C 0 .0 0 .0 5 .0

and

1
drop l e t
D 0 .0 0 .0 0 .0

A.3. Cluster analysis and visualization

When a specific number of colloids packs together to form a closed cluster in the final stage of
the computer simulation, the cluster structure belongs to a set of convex polyhedra that we are
able to relatively distinguish from each other by the number of vertices and number of edges of
the polyhedra, or equivalently by the number of constituent colloids nc and the number of bonds
nb of the cluster.

Here we use ‘PolyhedronData’ data built-in Mathematica software to search the possible poly-
hedra with a given value of nc and nb, and then match our cluster structures obtained from the
simulations with these polyhedra. The code used in Mathematica to search the polyhedra is

l i s t = PolyhedronData [All ] ;
For [ i = 1 , i < 195 , i++,
I f [ PolyhedronData [ l i s t [ [ i ] ] , " VertexCount " ] == nc , Print [ l i s t [ [ i ] ] ] ] ]
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For [ i = 1 , i < 195 , i++,
I f [ PolyhedronData [ l i s t [ [ i ] ] , " EdgeCount " ] == nb , Print [ l i s t [ [ i ] ] ] ] ]

where the upper limit in the For loop refers to the maximal number of polyhedra built in Math-
ematica. To visualize these polyhedra, for example, icosahedron

Graphics3D [ { Opacity [ . 5 ] , EdgeForm [ { Thick , Blue } ] , FaceForm [ Yellow ] ,
PolyhedronData [ " Icosahedron " , " Faces " ] } , Lighting −> " Neutral " ,

Boxed −> False ]
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Appendix B.

Cell lists and neighbor lists

In Monte Carlo simulations, the energy calculation is the most time-consuming part. For a
system of N particles and with pairwise additive interactions, we need to evaluate N(N−1)/2 pair
interactions, that corresponds to a computation time scaling as N2. To reduce the computation
time we incorporate cell lists and neighbor lists of cells [42]. The method is particularly useful
for hard-core interactions as in our current model. In this case, only particles within the a
specific cut-off radius need to be considered. We first describe some important aspects of the cell
list method for a single-component system and later extend straightforwardly to two-component
systems.

The simulation box is divided into smaller cells of side equal to slightly larger than the cut-off
radius. Suppose that each particle in a given cell interacts with the particles in the same cell or
in first neighboring cells. As a result, the cell list scales as N instead of N2.

In the initial stage of the simulation the particles are stored in cell by using two arrays: first
array hoc(i), called head-of-chain, stores the index of the first particle found inside the nth cell.
To this particle the next particle in the cell is linked via the linked-list array (second array), l l(i).
In other words, the list array stores the particle index that follows particle i on the list. If the
value of the l l(i) is 0 no more particles are in the cell.

In the case of the colloid-droplet mixture, we need to 3 different linked lists where the cell side
length for interacting species α and β (with α, β = 1, 2) has to be slightly larger than (σα+σβ)/2
with σα, σβ being the diameter of species α, β, respectively.



98

Appendix C.

Generator of patch arrangement in polyhedra

Small clusters with well-defined structures can be used as building blocks for fabrication of
patchy colloids with various numbers of patches, n = 1 − 7 or higher [40]. Depending on the
arrangement of the attractive patches in different symmetries, the colloids may have a spherical
or ellipsoidal shape (see Tab. C.1). The Cartesian coordinates of attractive patches for each
polyhedron are calculated by assuming that the shortest length between two patches is unity,
and the center-of-mass of the colloids located at the origin. Once these patchy coordinates of
the colloid are known, we generate a random orientation of the colloid using the following steps.
Firstly, generate a rotation axis which is uniformly distributed on the unit sphere, then generate a
random angle θ in a certain range [−δθ,−δθ] and finally perform the desired rotation by θ about
the rotation axis. This procedure is repeated for all particles.
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Table C.1.: Vertex coordinates in familiar polyhedra, n is the number of attractive patches.

n Name Vertex coordinates Colloidal
shape

4 Tetrahedron {0, 0, 0.61237} , {−0.28868,−0.5,−0.20412} , {−0.28868, 0.5,−0.20412} ,
{0.57735, 0,−0.20412} sphere

4 Square planar {0.5, 0.5, 0} , {−0.5, 0.5, 0} , {−0.5,−0.5, 0} , {0.5,−0.5, 0} sphere

5 Triangular
dipyramid

{0, 0,−0.81650} , {0, 0, 0.81650} , {−0.28868,−0.5, 0} ,
{−0.28868, 0.5, 0} , {0.57735, 0, 0} ellipsoid

5 Square
dipyramid

{0, 0, 0.70711} , {0,−0.70711, 0} , {0, 0.70711, 0} ,
{−0.70711, 0, 0} , {0.70711, 0, 0} ellipsoid

6 Octahedron {−0.70711, 0, 0}, {0, 0.70711, 0} , {0, 0,−0.70711} ,
{0, 0, 0.70711} , {0,−0.70711, 0} , {0.70711, 0, 0} sphere

7 Pentagonal
dipyramid

{0, 0,−0.52573} , {0, 0, 0.52573} , {0.85065, 0, 0} , {0.26287,−0.80902, 0} ,
{0.26287, 0.80902, 0} , {−0.68819,−0.5, 0} , {−0.68819, 0.5, 0} ellipsoid

7
Augmented
triangular
prism

{−0.28868,−0.5,−0.5} , {−0.28868,−0.5, 0.5} , {−0.28868, 0.5,−0.5} ,
{−0.28868, 0.5, 0.5} , {0.57735, 0,−0.5} , {0.57735, 0, 0.5} , {0.49789, 0.86237, 0} ellipsoid

8 Snub
disphenoid

{−0.5, 0, 0} , {0,−0.5, 1.5679} , {0, 0.5, 1.5679} , {0,−0.64458, 0.57837} ,
{0, 0.64458, 0.57837} , {0.5, 0, 0} , {−0.64458, 0, 0.98949} , {0.64458, 0, 0.98949} ellipsoid

8 Square
antiprism

{−0.5,−0.5,−0.42045} , {−0.5, 0.5,−0.42045} , {0,−0.70711, 0.42045} , {0, 0.70711, 0.42045} ,
{0.5,−0.5,−0.42045} , {0.5, 0.5,−0.42045} , {−0.70711, 0, 0.42045} , {0.70711, 0, 0.42045} sphere

9
Triaugmented
triangular
prism

{−0.28868,−0.5,−0.5} , {−0.28868,−0.5, 0.5} , {−0.28868, 0.5,−0.5} ,
{−0.28868, 0.5, 0.5} , {0.57735, 0,−0.5} , {0.57735, 0, 0.5} ,
{−0.99578, 0, 0} , {0.49789,−0.86237, 0} , {0.49789, 0.86237, 0}

ellipsoid

10
Gyroelongated
square
dipyramid

{−0.5,−0.5,−0.42045} , {−0.5, 0.5,−0.42045} , {0, 0,−1.1276} , {0, 0, 1.1276} ,
{0,−0.70711, 0.42045} , {0, 0.70711, 0.42045} , {0.5,−0.5,−0.42045} ,
{0.5, 0.5,−0.42045} , {−0.70711, 0, 0.42045} , {0.70711, 0, 0.42045}

ellipsoid

10 Sphenocorona
{0,−0.5, 0} , {0, 0.5, 0} , {−0.85273, 0.5, 0.52236} , {−0.5, 0, 1.3133} ,
{−0.85273,−0.5, 0.52236} , {0.85273, 0.5, 0.52236} , {0.5, 0, 1.3133} ,
{0.85273,−0.5, 0.52236} , {0, 0.78943, 0.95720} , {0,−0.78943, 0.95720}

ellipsoid

11 Augmented
sphenocorona

{−0.809758,−0.747109, 0.403072} , {−0.741888, 0.0483709,−0.199088} , {−0.505598, 0.132451, 0.768952} ,
{−0.222068, 0.840101, 0.121772} , {−0.205598, 0.590101,−0.846328} , {−0.0921482,−0.706059,−0.292168} ,
{0.144142,−0.621989, 0.675872} , {0.444142,−0.164339,−0.939408} , {0.466242, 0.323661, 0.631202} ,
{0.642146, 0.592011,−0.315928} , {0.803776,−0.351049,−0.0251775}

ellipsoid

12 Icosahedron

{0, 0,−0.95106} , {0, 0, 0.95106} , {−0.85065, 0,−0.42533} , {0.85065, 0, 0.42533} ,
{0.68819,−0.5,−0.42533} , {0.68819, 0.5,−0.42533} , {−0.68819,−0.5, 0.42533} ,
{−0.68819, 0.5, 0.42533} , {−0.26287,−0.80902,−0.42533} , {−0.26287, 0.80902,−0.42533} ,
{0.26287,−0.80902, 0.42533} , {0.26287, 0.80902, 0.42533}

sphere
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