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Abstract

In this dissertation we study 1-motives over number fields and their
application to questions dealing with reductions of points in semiabelian
varieties. We prove a version of the Néron-Ogg-Shafarevich criterion
for 1-motives and show how the image of the Frobenius in the f-adic
Galois representation associated to a 1-motive determines the ¢-part of
its reduction modulo the corresponding prime. We use this theory to
investigate a family of properties for points in tori which we call alge-
braic dependences. In particular, we study the rank of the reduction of a
group generated by two rational points in G2,, modulo different primes.
Finally, we show how our algebraic dependences exhibit an analogy be-
tween problems in p-adic transcendence theory and problems concerning
reduction of points.

Kurzfassung

In dieser Doktorarbeit werden 1-Motive iiber Zahlkorpern und ihre
Anwendung auf Fragen iiber die Reduktion von Punkten in semiabelschen
Varietédten untersucht. Es wird eine Version des Néron-Ogg-Shafarevich-
Kriteriums fiir 1-Motive bewiesen und es wird beschrieben, wie das Bild
des Frobenius-Automorphismus in der dem 1-Motiv zugeordneten ¢-adisch-
en Galoisdarstellung die Reduktion modulo dem entsprechenden Prim-
ideal bestimmt. Wir wenden die von uns entwickelte Theorie an, um eine
Familie von Eigenschaften fiir Punkte auf Tori zu untersuchen, die wir
algebraische Abhdngigkeiten nennen. Ins besondere wird der Rang der
Reduktion modulo verschiedenen Primidealen einer von zwei rationalen
Punkten in G2, erzeugten Gruppe untersucht. Schlieflich wird gezeigt,
dass unsere algebraischen Abhéngigkeiten eine Analogie zwischen gewis-
sen Probleme der p-adischen Transzendenztheorie und Problemen beziig-
lich Reduktion von Punkten vermitteln.
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Introduction

The main topic of this dissertation is the study of the reduction of points
in semiabelian varieties defined over number fields. We develop a formalism
which allows us to easily reduce various problems of this type to problems
about f-adic Galois representations. We also apply this formalism to study a
certain interesting family of properties of points on algebraic tori which we call
algebraic dependences.

To be more specific let us give some examples of the type of problems
to which our results can be applied. Our first example is related to Artin’s
primitive root conjecture. A weak form of the conjecture is as follows:

A. Conjecture. Let a be an integer which is different from 0, 1, —1, and
which is not a perfect square. There exist infinitely many prime numbers p for
which a is a primitive root modulo p.

Let a and p be as in the conjecture and let n(a,p) denote the order of
a modulo p. Then it is trivial to see that a is a primitive root modulo p if
and only if the f-adic valuations of n(a,p) and p — 1 are equal for all prime
numbers ¢. We can therefore fix ¢ and ¢, and ask for how many primes p the
¢-adic valuation of n(a,p) is equal to the ¢-adic valuation of p — 1. To answer
this question one considers the Galois group of the extension Q({/a)/Q. This
group is isomorphic to a semidirect product Z/¢x (Z/€)*. One can show that if
p # £, then the property stated above holds if and only if the prime p does not
split completely in Q(/a), or equivalently, it holds if and only if the Frobenius
element at p is not trivial. Hence we can apply Chebotarev’s density theorem
to deduce that the set of primes p, for which the ¢-adic valuations of n(a, p) and

p—1 are equal, has density (1 — f(@#—l))' This computation justifies the initial

(incorrect) guess by Artin of the density of primes for which a is a primitive

root:
(7))

14

We refer to [Mur88] for further details.
Let us now consider a different example. The following theorem is a question
asked by Erdds and answered by Corrales-Rodrigafiez and Schoof [CRS97].

B. Theorem. Let xz and y be positive integers. Suppose that for all positive
integers n the set of prime numbers dividing ™ — 1 is equal to the set of prime
numbers dividing y* — 1. Then x is equal to y.

The key observation which leads to the solution of this problem is the
following. Let ¢ be a prime number and let ¢ be a power of £. Let a be any
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integer and let p be a prime number different from ¢ and coprime to a. Let (,
be a primitive ¢g-th root of unity. Suppose that p splits in the field extension
F = Q(¢y, ¥a). Then the f-adic valuation of the order of ¢ modulo p is no
greater than the f-adic valuation of prl. So we can relate the f-part of the
order of the reduction of a number modulo p to the image of the Frobenius
element at p in the Galois group of certain Kummer field extensions.

This idea has been very fruitful in studying a number of generalizations
of the above theorem which are generally called “the support problem”. Most
generally one is interested in relations between the orders of reduction of several
points Py, ..., P, lying in a semiabelian variety G defined over a number field
K. The number field corresponding to F' would in this case be the field of defini-
tion of all pre-images of the points P; under the multiplication-by-q map. Some
results in this area are [Kow03|, |[Lar03], [Wes03], [KP04], [BGKO05],|Per09)].

Let us finally consider the problem which is the main motivation behind
this work. Let P; and P, be two rational points lying in the 2-dimensional
torus G2,(Q) and let T' be the subgroup spanned by them. For all but finitely
many primes p we can reduce P; and P» modulo p which gives us a group I',,
lying in GZ,(F,) = (F))?. Then we can ask the following question: When is
the reduction I', a cyclic group?

There are a couple of cases for which the reduction is always cyclic. First
of all, the reduction will be cyclic if I" is cyclic. We can take, for example,
P = (2,3) and P, = (4,9). But also I', will be cyclic if T' is contained
in a one-dimensional algebraic subgroup of G2,. An example for this case is
Py =(2,4) and P, = (3,9). As aresult of our work we can prove the following:

C. Theorem. Assume that the group T' is a free abelian group of rank 2 and
that it is not contained in a proper algebraic subgroup of G2,. Then the set of
primes p for which Iy, is cyclic has zero density.

Since the groups I';, are abelian, they decompose as a product I', = [, T'p ¢,
where I', ; is the {-primary part of I',. Then the condition that I, is cyclic
is equivalent to saying that the groups I',, are cyclic for all /. The main
ingredient of the proof is then to relate the condition that I', ¢ is cyclic to the
image of the Frobenius at p in the Galois group of the field of definition of all
pre-images of P; under multiplication by ¢", for all n. This field is an infinite
extension of Q whose Galois group is, for all but finitely many ¢, isomorphic
to a semi-direct product Zj x Z; for some 0 < u < 4. To solve our problem
we describe explicitly a subset A of this group with the property that the
Frobenius element at p lies in A if and only if I', ¢ is cyclic. We remark, that
although the statement of the theorem seems similar to problems of detecting
linear dependence which have been studied in relation to the support problem,
this similarity is mostly superficial. The set A turns out to be quite different in
nature from the analogous sets studied in relation with the support problem.

The common theme of all of the examples presented above is to take some
property of the ¢-part of the reduction of a finitely-generated group of points in
a semiabelian variety and to relate it to the image of the Frobenius automor-
phism by a certain f-adic Galois representation. In this dissertation we develop
a general framework which allows us to easily perform this correspondence. We
employ for this purpose the language of 1-motives. Those are objects first dis-
covered by Deligne [Del74] in relation to his study of mixed Hodge structures.
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A special case of a 1-motive is any group homomorphism Z" — G(Q), where
G is a semiabelian variety defined over the rational numbers. In particular, we
see that the data in the three examples above can be given as 1-motives (of
types [Z — G,,], [Z* = G,,] and [Z? — G2,] respectively).

To every 1-motive M defined over a field K and every prime number /,
one can associate a Tate module TyM of M. This is a finitely-generated free
Zg-module which comes equipped with a continuous action of the absolute
Galois group I' of K. Thus to every l-motive M we can attach an f-adic
representation py(M): T'x — Aut(T,M). We show that if K is a number field,
then the image of the Frobenius element at primes p, for which the 1-motive
M has good reduction, determines the ¢-part of the reduction of M modulo p.
Furthermore, we define a map, the Pink map, which gives this correspondence
explicitly. The precise statement of our result is given in Theorem This
theorem is a generalization of a result of Pink [Pin04] concerning the special
case of 1-motives Z — A, where A is an abelian variety.

We now give a description of the chapters. In Chapter 1 we introduce 1-
motives over general schemes S. We also give a characterization of a certain
subset of S-1-motives in terms of the action of the fundamental group of S.
This characterization (given in Theorem is the only part of the chapter
which is somewhat new.

The main goal of Chapter 2 is to introduce a construction which is very
useful for the study of 1-motives. For any sufficiently nice scheme S, a free Z-
module Y equipped with the action of the fundamental group 71(S) of S and
a commutative S-group scheme G, we construct a twist Y ® G which satisfies
certain nice functoriality properties. This construction is a generalization of the
construction for the case when S is the spectrum of a field which was carried
out by Mazur, Rubin and Silverberg [MRSO07].

In Chapter 3 we introduce the Tate module T,M of a 1-motive M = [Y —
G] defined over a field and we study those properties which are a consequence
of the all-important exact sequence

0—-T,G—-TM-—-=YR®Z,— 0.

In particular, we define the Pink map e, s whose domain is a certain subset of
the group Aut(T;M) and whose image lies in the Barsotti- Tate group of Y @ G,
that is, B¢(Y ® G) = Homg, (Y ® Z¢, T,G) ® Q¢ /Zy.

Chapter 4 is concerned with studying good reduction of 1-motives defined
over local fields or number fields. We prove a generalization of the Néron-Ogg-
Shafarevich criterion to 1-motives and we state and prove Theorem which
gives us the promised method to relate reduction to the image of the Frobenius
automorphism.

In Chapter 5 we look at Kummer theory. We derive results which allow us
to determine the unipotent part of the image of the ¢-adic Galois representation
pe(M) whenever M = [Y — G] is a 1-motive defined over a number field and
G is a split semiabelian variety. We also determine the image of the Pink map.
The method we use goes back to a result of Ribet [Rib79).

In Chapter 6 we give an application of the theory developed so far. We
define a certain family of properties of the reduction of 1-motives of the type
[Z"™ — G,,,) which we call algebraic dependences. The question that we consid-
ered in the third example above is one such algebraic dependence defined for
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a motive of the type [Z* — G,,]. The main result of this section is Theorem
which essentially states that for a generic 1-motive M = [Z" — G,;,] the
set of primes, for which the reduction of M satisfies a given algebraic depen-
dence, has zero density. We also show how our main theorem implies Theorem
[C] stated above. Finally, we consider a certain analogy between our results
and questions from p-adic transcendence theory. This peculiar similarity be-
tween Kummer theory and transcendence theory was first noticed by Bertrand
[Ber88|. The reason behind it seems to be that we can reduce problems from
Kummer theory as well as problems from transcendence theory to analogous
questions about the image of the decomposition groups under the ¢-adic repre-
sentation associated to a 1-motive. In the last section of Chapter 6 we present
some partial results in support of this claim.

The appendix contains some standard facts together with relevant refer-
ences which were used in the main part of the text.

Notation

We will denote the separable closure of a field K by K®. The absolute Galois
group of K will be denoted by T'x. If K'/K is a Galois field extension we will
denote its Galois group by 'k /-

There are two different ways to define the group structure on I'y/ /. We
choose the convention that this set acts on the field K’ on the left. Since the
standard convention for the automorphism group Aut g (Spec K’) is again to act
on the left this means that I'x/x is the opposite of the group Autx (Spec K').
Similarly, we choose that ' acts on K* on the left which implies that 'k is
equal to the opposite group Autg (Spec K%)° of the automorphism group of
Spec K*® over Spec K.

If X is any abelian group and n is a positive integer we will write X[n] for
the subgroup of those elements whose order divides n. If £ is a prime number
we will denote by X[¢>°] the subgroup of X consisting of all elements whose
order is finite and is a power of £. We will write X/n for the quotient group
X/nX.

If S is a scheme we will denote the multiplicative group over S by G, s or
by G,, whenever the base scheme is clear from the context.

If X is a scheme over S and Spec R’ — S is a morphism, we will denote
the base change of X to R’ by X ®¢ R’. If in addition S is affine, S = Spec R,
then we will denote the base change by X @g R'.

If X and Y are two groups we will sometimes denote the set of group-
homomorphisms by Hom,,(X,Y) to differentiate it from the set of all maps
from X to Y. Similarly, if X and Y are S-group schemes we will some-
times denote the set of S-group scheme homomorphisms by Homg_ 4 (X,Y)
(or Homg, (X,Y) if S is clear from the context) to differentiate it from the set
Homg(X,Y) of all morphisms of S-schemes. However, we might drop those
subscripts whenever they are clear from the context.
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Chapter 1

The structure of a 1-motive

1-motives were introduced by Deligne |[Del74] and were used to give an example
of a mixed Hodge structure. Deligne gave two definitions of a 1-motive. A
1-motive M over an algebraically closed field k is a group homomorphism
Y % G(k), where Y is a finitely-generated free abelian group and G is a
semiabelian variety. On the other hand, a 1-motive M over a general scheme S
is a morphism of S-group schemes Y = G, where Y is étale locally isomorphic
to Z" for some r and G is the extension of an abelian scheme by a torus. It is
not difficult to see that when S is the spectrum of an algebraically closed field
the two definitions coincide. The first definition however is much more explicit
and easier to work with.

We will be interested in using the language of 1-motives to study number-
theoretic properties of points in semiabelian varieties. To that purpose we
would like to study 1-motives over local fields and number fields, as well as
1-motives over Dedekind domains. Consequently it would be of great use to
have an explicit definition of a 1-motive in those cases, which is comparable to
Deligne’s first definition above.

The purpose of this chapter is twofold. We are first going to introduce the
building blocks of a 1-motive, that is tori, twisted constant groups, abelian
schemes and extensions of abelian schemes by tori. We are going to present all
properties of those objects that will be needed later on. We will also define a
1-motive and give its basic properties.

Our second purpose is to isolate a certain family of 1-motives, which we
call semi-isotrivial 1-motives, for which we can give a more explicit equivalent
description. This is the content of Theorem [I.6.2} As a corollary we can derive
the well-known fact that a 1-motive over an arbitrary field & is given by a group
homomorphism Y < G(k®), where G is a semiabelian variety as before, Y is
a finitely-generated free Z-module equipped with a continuous action of the
absolute Galois group of k, and u is Galois equivariant (see Corollary .
We also give a similar explicit description for 1-motives over Dedekind domains
(Corollary [1.6.5)). The statement (and presumably the proof) of Theorem
must be well-known to the experts, however we are not aware of a written
presentation of it.
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1.1 Tori

The main reference for this section is [SGA3IIL Exp. VIILIX X].

We recall that the multiplicative group scheme G, 7 over SpecZ is the
scheme G, 7 := Spec Z|z, 271 together with its usual group scheme structure.
For any scheme S the multiplicative group over S is the group scheme G, s :=
Gm,Z XSpecZ S.

1.1.1 Definition.

(i) Let S be a scheme and let G be a commutative S-group scheme. G
is called a torus if for every point s € S there exists a Zariski open
neighborhood U of s and an fpgc-morphism S’ — U such that G’ =
G xy S’ is isomorphic to Gy, s for some integer r > 0. If G is isomorphic
over S to Gy, ¢ then G is called trivial.

(ii) A torus G is called quasi-isotrivial if in the above definition one can
choose the morphisms S’ — U to be étale and surjective. It is called
isotrivial, if there exists a surjective finite étale map S’ — S such that
G' =G xg S is trivial.

It is clear that torus is a special case of a group of multiplicative type.
In the following we shall recall those properties of these groups which will be
needed in the sequel.

1.1.2 Lemma. Let S be a scheme and let T be an S-torus. T is affine,
faithfully flat and of finite presentation over S.

Proof. See |[SGA3II, Exp. IX] Proposition 2.1. O

1.1.3 Lemma. Let n be a positive integer. Let T be an S-torus.

(i) The multiplication-by-n map [n]: T — T is finite and faithfully flat. Its
kernel T'[n] is a finite flat group scheme over S.

(i) If n is coprime to the characteristics of all residue fields of S then T'[n)
is €tale over S.

Proof. The first statement follows from [SGA3II, Exp. IX] 2.1(a,c) and 2.2.
The second statement follows from [SGA3II, Exp. IX] 2.1(e) applied to the
group scheme T'[n]/S. O

The next proposition gives a characterization of isotrivial tori.

1.1.4 Proposition. Let S be a connected locally noetherian scheme, and let
&: Spec(2) — S be a geometric point of S, i.e. a homomorphism in S of the
spectrum of an algebraically closed field Q. Let mp = m1(S, ) be the correspond-
ing fundamental group. Then the functor

H— Homg,gr(Hg, Gm’Q)

which maps H to the set of Q)-group scheme homomorphisms between Hy =
H xsSpec(2) and Gy, q, is an antiequivalence between the category of isotrivial
tori and the category of free Z-modules of finite type equipped with a continuous
T -action.
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Proof. This is a special case of [SGA3IL Exp X] Corollaire 1.2. O

For tori over fields and henselian local rings we have the following charac-
terizations.

1.1.5 Proposition. Let k be a field, let k® be its separable closure and let T'y,
be its absolute Galois group.

(i) Every k-torus is isotrivial;

(i) The functor
T — Homys (T, vaks)

induces an antiequivalence between the category of k-tori and the category
of free finitely-generated Z-modules with continuous I'y-action.

Proof. This is a special case of [SGA3II, Exp. X] Proposition 1.4. O

1.1.6 Proposition. Let R be a henselian local ring, let k be its residue field,
and let Ty, be the absolute Galois group of k.

(i) Fvery R-torus is isotrivial;

(i) The functor
T+— T xXg Speck

1s an equivalence between the categories of R-tori and k-tori. Hence,
the category of R-tori is antiequivalent to the category of free finitely-
generated Z-modules with continuous I'y-action.

Proof. See [SGA3IL, Exp. X] Corollaire 4.6. O

1.2 Galois S-modules

The main reference for this section is again [SGA3IL Exp. VIILIX X].

Let S be a scheme and Y be a group. We can construct an S-group scheme
Ys associated to S as follows. Set Yg := Y x S, where Y x S denotes the
disjoint union of copies of S indexed by Y. If Y and Z are two groups, using the
universal property of the fibered product, one sees that (Y x Z)g = Yg x5 Zs.
Then we define the group operation morphism to be m: Yg xg Ys — Ys as
follows: if (y1,92) € Y x Y then m sends S, ,,) to Sy, via the identity
morphism. The morphisms for the inversion and identity element, ¢ and ¢, are
defined analogously. One easily sees that (Ys,m, ¢, €) is an S-group scheme.
Moreover, if Y is commutative then so is Yg. This mapping is functorial:
group homomorphisms are sent to S-group scheme homomorphisms.

Thus we can consider any group as an S-group scheme over an arbitrary
scheme S. In particular, we can consider the group Z" as a commutative S-
group scheme ZY. Take note that Z% is not affine, even when S is! Indeed, all
affine schemes are quasi-compact, and Z§ isn’t.

1.2.1 Definition.
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(i) Let S be a scheme. An S-group scheme G is called a (trivial) constant
group scheme if it is isomorphic to Yg for some ordinary group Y. It
is called a twisted constant group scheme if it is locally isomorphic
in the fpgc-topology to a constant group scheme.

(ii) A twisted constant S-group scheme G is called quasi-isotrivial if it is
locally isomorphic for the étale topology to a constant group scheme, i.e.
if for every point s € S there exists a Zariski open neighborhood U of
s and an étale surjective morphism S’ — U such that G’ = G xg S’ is
constant.

(iii) A twisted constant S-group scheme G is called isotrivial if there exists a
surjective finite étale morphism S’ — S such that the group G’ = GxgS’
is constant.

In order to simplify notation we are going to introduce the following termi-
nology.

1.2.2 Definition. Let S be a scheme. We will call a commutative S-group
scheme Y a quasi-Galois S-module if it is a quasi-isotrivial twisted constant
S-group scheme which at every point s € S is étale locally isomorphic to Z" for
some r > 0, r = r(s). We will call Y a Galois S-module if it is a quasi-Galois
S-module which is isotrivial as a twisted constant group. In other words, Y
is a Galois S-module if there exists a finite étale surjective map S’ — S such
that Y/ =Y xg S’ is isomorphic to Z§, for some r > 0.

1.2.3 Proposition (Cartier Duality).

(i) Let S be a scheme and let G be either an S-torus or quasi-Galois S-
module. Then the functor

DS(G): S HOHIS/,gT‘(G, Gm7sr>

from the category of S-schemes to the category of commutative groups is
representable by a quasi-Galois S-module or an S-torus respectively and
we have Dg(Ds(G)) =2 G.

(ii) The functor
G— Ds(G)

induces an antiequivalence between the categories of S-tori and quasi-
Galois S-modules. This restricts to an equivalence between the category
of isotrivial S-tori and Galois S-modules.

Proof. This is a special case of [SGA3II, Exp. X] Corollaire 5.7. (I owe this
reference to Scott Carnahan |Car].) O

Combining Cartier duality with [1.1.4] |1.1.5| and [1.1.6] we arrive at the fol-
lowing corollaries:

1.2.4 Corollary. Let k be a field, let k° be its separable closure and let Ty be
its absolute Galois group.

(i) Every quasi-Galois k-module is Galois;
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(ii) The functor
Y — Y(k%)

induces an equivalence between the category of Galois k-modules and the
category of finitely-generated free Z-modules with continuous I'-action.
(This justifies the term Galois k-module.)

1.2.5 Corollary. Let R be a henselian local ring, let k be its residue field, and
let Ty, be the absolute Galois group of k.

(i) Every quasi-Galois R-module is Galois;

(i) The functor
Y —» Y xgSpeck

s an equivalence between the categories of Galois R-modules and Galois
k-modules. Hence, the category of Galois R-modules is equivalent to the
category of finitely-generated free Z-modules with continuous I'y-action.

For more general base schemes S we have the following characterization of
Galois S-modules.

1.2.6 Proposition. Let S be a connected locally noetherian scheme and let
x: Spec(2) — S be a fized geometric point. Let P = {P;}; be its associated
universal covering (see and let Ty = m1 (S, x) be the associated fundamental
group.

(i) LetY be an isotrivial twisted constant S-group scheme. The natural map

Y(P) = @Homs(Pi, Y) — Homg(Spec(£2),Y)

s an isomorphism.

(ii) The category of Galois S-modules is equivalent to the category of finitely-
generated free Z-modules equipped with continuous 1 -action.

Proof. We shall only give a sketch of the proof. For the first statement note
that Y is a disjoint union of finite étale S-schemes. Since P pro-represents the
functor X +— Homg(Spec(€2), X ), where X is finite étale, it follows that the
map above is a bijection. One also shows that it is a group homomorphism,
whence the claim.

Next we turn to statement (ii). The functor giving the equivalence in ques-
tion is

Fs:Y —Y(P)

Since m is the opposite of the automorphism group of P we see that Y (P)
is equipped with an action of m;. Since Y is isotrivial, one shows, using base
change to a scheme S’/S which trivializes Y, that Y (P) is a finitely-generated
free Z-module, and that the action of 7 factors through a finite group, which
implies its continuity.

To show that F' is fully faithful the argument is as follows. Let Y7 and Y5
be two Galois S-modules. Pick a Galois covering S’ which trivializes both of
them and let Yj' =Y; xg S for j =1,2. Then the natural map

Hom(Y7,Y5) — Hom(Fs (Y1), Fs/(Y2))
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is a bijection which is m-equivariant. We employ Galois descent i) to
show that the natural map

Hom(Y3,Ys) — Hom(Fs(Y7), Fs(Y2))

is a bijection which implies that F' is fully faithful.

Finally we show that Fg is essentially surjective. Let Z be a finitely-
generated free Z-module with continuous mj-action. We fix a Galois covering
S’/S such that the subgroup 71 (S’, z) acts trivially on Z. We then consider
the scheme Y’ = Z x S’. One can associate to it a descent datum coming
from the action of m; on Z. The descent datum is effective since Y’ can be
represented as a disjoint union of finite étale S-schemes which are closed under
the mi-action. One shows that the S-scheme Y we have produced in this way
is a Galois S-module and that Fs(Y) = Z. This implies that Fg is essentially
surjective and hence an equivalence of categories. O

1.3 Abelian schemes

1.3.1 Definition. Let S be a scheme and let 7: A — S be an S-group scheme.
A is called an abelian S-scheme if 7 is proper and smooth, and has connected
fibers. One can show that this implies that A is commutative.

1.3.2 Lemma. Let n be a positive integer. Let A be an abelian S-scheme.

(i) The multiplication-by-n map [n]: A — A is finite and faithfully flat. Its
kernel A[n] is a finite flat group scheme over S.

(i) If n is coprime to the characteristics of all residue fields of S then the
scheme A[n] is étale over S.

Proof. See |Mil86| §20.7] O

1.4 Semiabelian group schemes

The exposition of the theory of exact sequences of group schemes in this section
is based on |SGA3I, Exp. IV].

1.4.1 Definition. Let S be a scheme. Let G, G’, G"” be commutative S-group
schemes and let k: G’ — G and p: G — G” be homomorphisms of S-group
schemes. We will say that the sequence

05656 a" >0 (1.1)
is exact if the corresponding sequence of fpqc-sheaves of abelian groups
0G5 G5 G -0

is exact. We recall that the sheaf of groups G that we associate to an S-group
scheme G is given by the presheaf G: X — G(X) for every morphism X — S.
This becomes a sheaf in the fpqc-site associated to S.

1.4.2 Lemma. Let G,G',G",k and p be as above. Let (M) be a family of
morphisms of schemes which satisfies the following properties:
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(a) (M) is stable under base extension;

(b) The composite of two morphisms in (M) is in (M);

(c) Every isomorphism is in (M);

(d) Every morphism in (M) is faithfully flat and quasi-compact;

(e) Let f: X =Y be a morphism of schemes. If there exists an fpgc-covering
{Y; = Y}ier of Y such that for eachi € I, X Xy Y; = Y; is in (M), then

Then the following holds:

(i) Suppose that p is in (M) and that G’ is isomorphic to ker p as a G-scheme.
Then the sequence (1.1)) is ezact.

(i) Conversely, suppose that the sequence (L.1)) is exact and that G' — S is
in (M). Then p is in (M).

Proof. Both statements follow from the theory in [SGA3I, Exp. IV]. To prove
statement (i) we use 3.4.7.1 and 4.6.5 applied to the fpqc-topology to show

that the quotient sheaf G / G is representable and represented by G”. Hence,
by our definition, ([I.1)) is exact.
Statement (ii) follows from 3.3.4 and 4.6.5. O

1.4.3 Corollary. Let0 - G' — G — G” — 0 be an exact sequence of commu-
tative S-group schemes and let (M) be as in Lemma . If the morphisms
G' — S and G" — S are in (M) then G — S is in (M).

Proof. Indeed, by Lemma ii) we have that G — G is in (M). Since (M)
is stable under composition the claim follows. O

We are going to apply the previous lemma for the following two families:
o (My,y) — the family of finite and faithfully flat morphisms
o (M¢yg) — the family of finite etale surjective morphisms

1.4.4 Lemma. The families (My,r) and (Megpg) satisfy the conditions of

Lemma[1].2

Proof. That finite morphisms satisfy condition (e) follows from fpqe-descent on
morphisms (see e.g [EGAA4II| Proposition 2.7.1(xv)) The rest of the statement
follows from [SGA3L, Exp. IV] Corollaire 6.3.2. O

1.4.5 Definition. Let S be a scheme, let A be an abelian S-scheme and let
T be an S-torus. An extension of A by T is a commutative S-group scheme
G together with homomorphisms p: G — A and k: T — G such that the
following sequence is exact:

0-TE a2 40
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When S is the spectrum of a field, G is called a semiabelian variety. If
X is an S-group scheme such that for every s € S the fiber X, = X ®g k(s) is
a semiabelian variety, then X is called a semiabelian scheme. It is easy to
see that every extension of an abelian scheme by a torus is also a semiabelian
scheme.

The following lemma gives us the properties of the multiplication-by-n map
on extensions of abelian schemes by tori. The proof is based on a MathOverflow
post due to user nosr [nos|.

1.4.6 Lemma. Let n be a positive integer. Let G be a commutative S-group
scheme which is an extension of an abelian scheme A by a torus T.

(i) The multiplication-by-n map [n]: G — G is finite and faithfully flat. Its
kernel G[n] is a finite flat group scheme over S.

(i) If n is coprime to the characteristics of all residue fields of S then G|n|
is étale over S and the map [n]: G — G is étale.

Proof. By Lemmas [1.1.3] [1.3.2| and [1.4.2(i) it follows that the sequences

=l

0—-Tnl-T-—T—0

and -
0—>A[n]—>ﬁﬂ>ﬁ—>0

are exact. Hence applying the Snake Lemma to the commutative diagram

0——T G A 0
l[n] l[n] l[n]
0——T G A 0
it follows that the sequences
0— T[n] —» Gln] = A[n] =0 (1.2)
and
0-Gnl -6 ™ao (1.3)

are exact. By [1.1.3] [1.3.2] and [1.4.3| applied to it follows that G[n] is a
finite flat group scheme over S and that it is étale in case (ii) (more precisely it
follows that the map G[n| — S is in (My,s) or (M¢yy) respectively). Finally,
Lemma ii) applied to implies that the map [n]: G — G is finite and
faithfully flat and that it is étale if n is coprime to the characteristics of the
residue fields of S. O

Let T be an S-torus and let A be an abelian S-scheme. We will use the
notation Extg(A,T) to denote the set of all extensions of A by T' (up to iso-
morphism).

The following is a slight generalization, which we have taken from Jossen
[Jos09], of a theorem of Oort [Oor66}, §I11.18.1] which states that Exts(A, G,,)
is parametrized by the S-points of the dual abelian scheme AV.
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1.4.7 Proposition. Let S be a noetherian regular scheme. Let T be an S-
torus, and let A be an abelian S-scheme. Then there is a canonical isomorphism

Extg(A,T) — Homg(TV, AY)

which is compatible with base change. Here TV is the Cartier dual of T and
AY is the dual abelian scheme of A.

Proof. See [Jos09 Proposition 1.2.3]. O

1.5 1-Motives

1.5.1 Definition. Let S be a scheme. A 1-motive M over S consists of the
following data:

e A quasi-Galois S-module Y

e A semiabelian S-group scheme G, which is the extension of an abelian
S-scheme A by an S-torus 7.

e An S-homomorphism u: Y — G.

See [Del74], [Ray94]. We shall use the notation M = [V = G] to denote a
1-motive.

A morphism between 1-motives f: [Y1 “5 G4] — [Ya -2 Gyl is a pair of
S-homomorphisms f_;: Y, — Y5 and fp: G1 — G2 which commute with u,
and us.

We shall denote the category of S-1-motives by Motg. For fixed Y and G
we shall denote the set of S-1-motives [Y — G] by Mots(Y, G).

Let M = [Y % G] be a 1-motive over a scheme S, where G is an extension
of an abelian scheme A by a torus 7. There is a standard increasing filtration
W, called the weight filtration, that we can associate to M. It is defined as
follows:

0 fori< =2,

Wi(M) = M fori >0, (1.4)
G fori=-1,
T fori=—-2.

Here we interpret G and T as the 1-motives [{0} — G] and [{0} — T respec-
tively, where {0} denotes the trivial group scheme over S. We also interpret 0
as the 1-motive [{0} — {0}].

For any ¢ we have natural morphisms W;_; (M) — W;(M). For example,
for ¢ = 0 the corresponding morphism is given by the commutative diagram

{0} — G

| s

Y —G
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Taking quotients on each component of those morphisms we get the grading
Gr" associated to W:

0 fori<—2o0ri>1,
Y fori=0,

Gt M) =34 forie 1 (1.5)
T fori=-2.

Then for each ¢ we have the “exact” sequence:
0— Wis1 (M) = Wi(M) — Gr}Y (M) — 0

This sequence is exact in the sense that it induces exact sequences on the
group schemes underlying the given 1-motives. In particular, we have an exact
sequence

0-G—-M-—=Y —0. (1.6)

We remark that we simply take equations and as the definitions
of the objects W (M) and Gr"Y (M). In general, for any abelian category A one
can define the notion of a filtered object, which is a pair (4, F'), where A € A,
and F' = (F,(A))nez is a sequence of objects in A such that for any n < m one
has F,,(A) C F,,(A). To any such filtered object one can associate a grading
Grf(A). The category of S-1-motives is not abelian, however one can regard
it as a subcategory of the category of complexes of sheaves of groups for the
small fppf-site over S. One can identify an S-1-motive M = [Y % G] with the

complex M = [}7 = é], where Y and G have degrees -1 and 0 respectively.
After this identification the pair (M, W) becomes a filtered object. We refer to
[Del71] for more on filtrations. Those considerations are not relevant for our
purposes.

1.6 The structure of semi-isotrivial 1-motives

Our next goal is to give a more explicit description of a 1-motive when the
group Y is trivial or isotrivial.

1.6.1 Definition. We will say that a motive M = [V %% G] is semi-trivial
(semi-isotrivial), if Y is trivial (isotrivial). We will denote the full subcate-
gory of semi-trivial (semi-isotrivial) 1-motives by Mot$ ( Mot respectively).

Let S be a connected locally noetherian scheme and let z: Spec2 — S
be a fixed geometric point. Let P = {P,;};c; be the corresponding universal
covering which satisfies the conditions in Lemma and let m = m (S, x)
denote the fundamental group. Let C(S,z) denote the category whose objects
are triples (Y*, u*, G), where:

e Y™ is a free Z-module of finite type equipped with a continuous left -
action;

e (G is a commutative S-group scheme, which is an extension of an abelian
scheme by a torus;
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e u* is a mi-equivariant group homomorphism
u Y — G(P),

A morphism f*: (Y7, uj, G1) — (Y5, ub, G2) consists of a pair f* = (f*,, fo) of
homomorphisms f*;: Y7* = Y5* and fy: G1 — G2 such that fou] = udf*;. We
will denote by C(S, )% the full subcategory consisting of objects (Y*,u*, G)
such that the action of my on Y™ is trivial.

1.6.2 Theorem. Let S be a connected locally noetherian scheme. There is a
canonical equivalence of categories Fs: Moty — C(S, x).

Proof. The proof proceeds in the following steps.
a) We define the functor Fs. Let M = [Y % G]. Let

Y= Y(P) = lin Y(P)

We can take the limit above only over those ¢ € I for which P; is Galois. For
one such fixed i, the group Aut(P;/P)°P induces a left action on Y (P;). Hence
the fundamental group m = ml Aut(P;/P)°P (where the limit is taken over
the Galois P;) acts on Y* on the left.

Since Y is isotrivial, there exists j € I such that Y x P; is trivial. Without

loss of generality we can pick j such that P; is Galois. Then for every k > j
we have Y (Py) = Y (P;), hence

Y =Y(P)

and the mi-action factors through the finite group Aut(P;/P)°P. This implies
that Y™ is a free Z-module of finite type on which m; acts continuously.

Let u*: Y* — G(P) be the unique map which restricts to u(P;) on Y (P;)
for all ¢ € I. If we pick j such that P; is Galois and Y x P; is trivial we get
that for every k > j u(Py) = w(P;). It follows that u* = u(P;). The latter
map is mi-equivariant and its image lies in G(P;), hence the map u* satisfies
those properties as well.

Finally we define Fg(M) to be
Fs(M) := (Y*,u", G)

It follows from the arguments above, that Fg(M) is indeed an object in C(S, z).

Let M7 = [\1 B2l G1] and My = [Ys L2, G2] be two semi-trivial S-1-
motives and let f = (f_1, fo) € Hom(M;, Mz). Let f*,: Yy — Y5 be the
unique map which restricts to f_1(P;) for all ¢ € I. There exists j € I such
that P; is Galois and such that Y7 x P; and Y3 x P; are trivial. Then similarly
as above f*; = f_1(P;). It is therefore a m-equivariant homomorphism. We
set

FS(f) = (filu f0)7
It is trivial to check that Fg is a covariant functor.
Note that if M = [V % G] is semi-trivial, then Y* = Y(S) and u* = u(S).
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b) LetY be a trivial Galois S-module. Then the map
Mot (Y, G) — Hom,, (Y(S),G(9)), [Y = G] — u(S)

s an isomorphism.

Indeed, since Y consists of a set of copies of S indexed by Y (5),

Y = {S,}yev(s)

it follows that Homg (Y, G) consists of sets {uy},cy(g) with u, € G(S) for all
y € Y(S). Hence the map

f: Homg(Y,G) 5 u— u(S) € Homg, (Y (S), G(S5))

is an isomorphism. If u is a group-scheme homomorphism, then u(S) €
Homyg, (Y'(S), G(S)). Conversely, if u(S) is a group homomorphism, then for
any S-scheme S’, u(S’) is the composition of u(S) with the isomorphism
Y(S") = Y(S), hence it is a group homomorphism as well. It follows that
u is a group-scheme homomorphism.

¢) Let My and My be two semi-trivial 1-motives. Then the map
Hom(M;j, Ms3) — Hom(Fg(My), Fs(Ms))
s a bijection
Let M; = [Y; 4, G,] for j = 1,2. Since the functor X — Xg which
associates an S-group scheme to a group is fully faithful, it follows that the map

Homy, (Y1,Y2) — Hom(Y7",Y5) is bijective. Hence we get the commutative
diagram

HOHl(Ml,MQ) 2 Hom(FS(Ml)aFS(M2)>

J J

Homy, (Y1,Y2) x Homg, (G1,G2) —— Hom(Y7", Y5") x Homg, (G1, G2)

One easily sees that « is injective.

To show surjectivity, let (f*;, fo) € Hom(Fs(M;), Fs(Mz)) and let (f—1, fo)
be the corresponding pair in Homg, (Y7, Y2) x Homg,(G1,G2). Recall from b)
that u; = {U}k(y)}erJ Similarly we can identify f_; with the indexed set

{f21(y)}yevy- Then
ua o1 = {us(f2 () hyevy = {fo(ui () }yevy = four,

hence (f_1, fo) € Hom(My, Ms), which implies the claim.

st

d) The functor Fs is an equivalence between Mot and €(S, x)

That Fs restricted to Mot¥ is fully faithful follows from ¢). To show that
it is essentially surjective, let M* = (Y*, u*,G) € C(S,z)%. Let Y = (Y*)s.
Then b) implies that there exists a 1-motive M = [V < G] such that u(S) =
u*. Clearly we have Fs(M) = M*, which proves the claim.
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e) Let My and My be two semi-isotrivial 1-motives. Then the map
HOIII(]\Jl7 Mg) — HOm(Fs(Ml), FS(MQ))

is a bijection. In other words, the functor Fg is fully faithful.

Let S’/S be a Galois covering such that the base changes M| = M; x.S” and
M} = My x S are semi-trivial. We have the following commutative diagram:

Hom (M, My) —%— Hom(Fs(M;), Fs(My))

J J

Hom(M{, Mj) —*— Hom(Fs/ (Mj), Fs:(M3))

The map «' is a bijection by ¢), which implies that « is injective.

Let (f*;, fo) be an element of Hom(Fg(Mi), Fs(Msz)). This pair is an
element of the product Hom(Y7*,Y5") x Homg, (G1, G2). By |1.2.6(ii) it follows
that there is an isomorphism

Homyg, (Y1,Y2) x Homg, (G1, G2) = Hom(Y{, Ys) x Hom,, (G1,G2)

which restricts to «, and that there is a tuple (f_1, fo) which is the pre-image of
(f*1, fo) under this isomorphism. After changing basis to S’ and applying ¢) we
see that (f_1, fo) € Hom(Mj, MJ), i.e., that ubf_1 = fou}. Then using Galois
descent i) it follows that usf_; = foui, hence (f_1, fo) € Hom(M;, Ms).
Thus the map « is bijective.

f) The functor Fg is essentially surjective.

Let M = (Y*,u*,G) € (S, z). By ii) there exists a Galois S-module
Y corresponding to Y*. Let S’/S be a Galois covering for which Y splits. By
b) the map u* induces a morphism

v:YxSS’—>G><SS’.

One checks that this morphism is compatible with the action of I's//s hence
u

it descends to a morphism u: Y — G and we have that F([Y — G]) =
(Y*, u*,G).

Finally, the statement of the theorem follows from e) and f), and Theorem

AT O

Let K be a field. Since every quasi-Galois K-module is Galois (by [L.2.4]1))
it follows that every K-l-motive is semi-isotrivial. Let K be an algebraic
closure of K and let K*® be the separable closure of K in K. We can then
replace the universal covering of K induced by the embedding K — K by
K* (as follows from Proposition 7 and the fundamental group in this
case is simply the absolute Galois group I'x. Hence Theorem implies the
following characterization:

1.6.3 Corollary. The category Moty is isomorphic to the category of I' k-
equivariant group homomorphisms u: Y — G(K*®), where Y is a free Z-module
of finite type equipped with a continuous I'k-action and G is a semiabelian
variety over K.



14 CHAPTER 1. THE STRUCTURE OF A 1-MOTIVE

Next, let R be a henselian local ring and let k be its residue field. In this
case|l.2.5/implies that every R-1-motive is semi-isotrivial. Fix a geometric point
x € Speck — Speck and let k* be the separable closure of k in k. Then (by
Remark the fundamental groups m (R, ) and 71 (k, x) are canonically
isomorphic and the universal covering of R at = has a limit which is the strict
henselization R® of R. Hence we get

1.6.4 Corollary. The category Moty is isomorphic to the category of T'y-
equivariant group homomorphisms u: Y — G(R?®), where Y is a free Z-module
of finite type equipped with a continuous T'y-action and G is a commutative
R-group scheme which is an extension of an abelian scheme by a torus.

Finally, let R be a Dedekind domain and let K be its field of fractions.
Fix again a geometric point z: K — K. By Proposition the embedding
R — K induces a surjective map 71 (K,z) — m1(R,z). We will denote its
kernel by Ir, and we will use I'g to denote the group 7 (R, z). So we have an
exact sequence:

1=>Ig—>Tg—>Tr—1

Here the fixed field of Ir is the limit of all finite separable field extensions of
K which are unramified at the primes in R. Let L denote this limit and let
R"™ be the integral closure of R in L. Then R"" is the limit of the universal
covering of R at the point x. Hence, applying Theorem we arrive at the
following characterization of 1-motives over Dedekind rings:

1.6.5 Corollary. Let R be a Dedekind domain. The category of semi-isotrivial
R-1-motives is equivalent to the category of I'g-equivariant group homomor-
phisms u:' Y — G(R""™), where Y is a free Z-module of finite type equipped with
a continuous left I'r-action and G is a commutative R-group scheme which is
an extension of an abelian scheme by a torus.



Chapter 2

Twisting

Let S be an affine scheme. We want to construct a mapping that associates to
every Galois S-module Y € Mod(S) and every commutative S-group scheme
G which is quasi-projective over S, a twist Y ® G with certain nice properties.
This is a generalization of the twist of a commutative algebraic group which was
studied by Mazur, Rubin and Silverberg in [MRS07|. Our construction, as well
as the one in [MRSO07] is a special case of a tensor product of sheaves for the étale
topology, (see [SGA4I, Exp. IV, Proposition 12.7]), however the construction is
more explicit and it is clear from it that the twist is representable. We are going
to roughly follow the exposition given in [MRSO07, Section 1], however we are
only going to consider twists over Z. Also we are going to use Galois descent
to construct the twist which is slightly different from the method employed in
[MRSO07].

We will use twists throughout the rest of this work. At the end of this
chapter we will present one application of the construction. We show that for
certain schemes S the group of 1-motives Motg(Y, G) is isomorphic to the set
of S-points in the S-group scheme Y ® G. In other words, every S-1-motive
M = [Y — G] is essentially equivalent to a I-motive [Z — Y ® G].

2.1 Twisting commutative group schemes

For this whole section S will be an affine, connected, locally noetherian scheme.

Let Y be a Galois S-module and let G be a quasi-projective commutative S-
group scheme. Our goal is to construct a certain commutative S-group scheme
Y ® G, and to present some of its properties.

In the following we will need to deal with both left and right group actions.
In order to reduce confusion we will fix the convention that the elements in Z"
will be regarded as column vectors. Then the group GL,(Z) has a natural left
action on Z". Its opposite group, GLSP(Z) therefore has a right action on Z".
If A€ GL,.(Z) we will denote its corresponding element in the opposite group
GL2(Z) by A°P. Tt is easy to see that for any vector y € Z" we have the relation
(yA°P)t = 4yt A') where we use the superscript ¢ to denote the transpose. Note
also that the map A° — A~1! is a group isomorphism between GL2P(Z) and
GL,(Z). This map induces a left action of GLP(Z) on Z".

Let S’/S be a Galois covering which makes Y trivial. Then Y (S’) ~ Z" for

15
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some r > 0. Fix an isomorphism
¢: 7" = Y(S").

The group Aut(S’/S) acts on Y (S’) on the right. It induces a right action
A on Z" as follows:

AF Aut(S/8) = GLY(Z), o v (y = ¢~ (6(y) 0 7))

Let Ay(o) be the corresponding matrix in GL,(Z) and let a;;(0) denote
the coordinate functions (that is Ay(0) = {a;;(0)}). Then the automorphism
A7Y(0) = A(c71) acts on Z" on the left. Soif y = (y1,...,y,)! is a column
vector in Z", then we have the left action

Ag(o M)y = Zaij(a_l)yj

1<i<lr

Let G := G xg S and let V' = (G')". Let pg denote the descent da-
tum on G’ induced by base change. That is, pg is a group homomorphism:
pe: Aut(S’/S) — Aut(G’/S) such that for every o € Aut(S’/S) the following
diagram commutes:

G/ pc(o) G/

L

g

S 29

This descent datum induces a descent datum on V', which we will denote
by par.

We will now give a different descent datum ¢, on V’. Note that there is
a canonical embedding GL,(Z) — Endg(G"), which means that for any o,
Agp(o™1) acts on G", and consequently, on V’. Then we set

$4(0) = Ag(c™ ) par (o).

(Note that As(c~!) and per (o) commute, since the first automorphism comes
from an automorphism on G".) One checks that this indeed is a descent datum
on V’. Since G (and hence V') is quasi-projective, we can apply Theorem
and Remark to deduce that the pair (V’, ¢.) descends to a commutative
S-group scheme V =V (Y, G, S, ¢).

2.1.1 Lemma. The commutative group scheme V constructed above does not
depend on the choice of ¢ and S’/S.

Proof. The proof is relatively straightforward. To see that V' does not depend
on ¢ pick any other isomorphism ¢': Z" — Y (S’). Let B € GL,(Z) be the
matrix B = ¢~ '¢’. B induces an automorphism of G”, hence it also gives
an automorphism of V’. One checks that Ay = B~'A4B which implies that
B¢, = ¢.B. Hence B induces an isomorphism of descent data

(Vlv (b;) - (V/v ¢*)7
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which descends to a canonical isomorphism
V(Y,G,S'/S,¢") 2V (Y,G,S'/S, ).

To see that V' does not depend on S’ pick a Galois covering S /S which ex-
tends S’. We can check that the descent datum on V" = (G") x g S” induced by
¢ is the lift of the descent datum ¢, on V'. Hence V(G,Y,S") 2 V(G,Y,S").
The desired independence follows, since for every two coverings 57 /S and S5/S
which trivialize Y one can find a Galois covering S” /S which is both an exten-
sion of S7 and 5. O

2.1.2 Definition. As a result of the previous lemma we are justified to denote
the commutative group scheme constructed above by ¥ ® G. It will be called
the twist of G by Y. Notice that for every Galois S’ which trivializes YV
and for every isomorphism ¢: Z" — Y (S’) we can associate canonically an
S’-isomorphism ¢,: (G xg S')" = (Y @ G) xg §'.

2.1.3 Lemma. The twist is compatible with base change, that is if f: S1 — S
is a morphism of affine schemes then

(Y@G) Xsslg(Yngl)@)(GXSSl)

Proof. We only give a sketch of the proof, which is fairly standard. We take a
Galois covering S’/S which trivializes Y, and let S} := S xg S’. To prove the
lemma one shows that after lifting to S} the two sides of the equation above
become canonically isomorphic and that this isomorphism is compatible with
the descent data on both sides. O

Let X and Z be S-schemes and let S’/S be a Galois covering. Let X' =
X xgS" and Z' = Z x5 S" and let px and pz denote the corresponding descent
data. The group Aut(S’/S) acts on X’ on the left via px hence it induces a
right action on the set Z(X') = Homg (X', Z). It is easy to see that we have a
bijection «: Homg(X’, Z) — Homg, (X', Z’). Then one can show that for any
o € Aut(S’/S) the following relation holds:

a(fo) = pg' (0)a(f)rx(0)

One can see that by studying the following commutative diagram:

7! pz(o) V!
r\ -
a(fe) §/ — 2 L g (X(f)

I [
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We will apply the above considerations to the following situation. Let
S’/S be again a Galois covering which trivializes Y and let ¢: Z" — Y (S’) be
any isomorphism. Let X be an S-scheme and let X' = X xg S’. Let again
V' = (G")". Then we have the bijection

B: Z" @z Homg/ (X', G') = Homg/ (X', V")

By our considerations above the group Aut(S’/S) acts on Homg (X', G’) by
the formula f +— pg(c~!)fpx (o) and on Homg (X', V') by the formula f
(0™ fpx (o) = Ap(a)pa(c™1) fpx (o). Also it acts on Z" by the formula
y — A(o)y. All actions are on the right. One can then check that the bijection
above is Aut(S’/S)-equivariant. Hence, composing with the maps ¢ and ¢, we
get an Aut(S’/S)-equivariant group isomorphism

Y (9') @z G(X') = (Y @ G)(X)
We gather our conclusions so far in the statement of the following lemma:

2.1.4 Lemma. Let S'/S be any Galois covering which trivializes Y. For any
S-scheme X there exists a canonical Aut(S’/S)-equivariant isomorphism

7: Y () @7 G(X x5 8) = (Y @G)(X x5 9)
which is functorial in S', X, G and Y.

Proof. 1t remains to show that the bijection we constructed does not depend
on the choice of ¢ and that it is functorial. We shall only give a sketch.

To show that this bijection does not depend on the choice of ¢ one computes
explicitly how change of basis affects the map [, similarly to the proof of Lemma
To show that the map ~ is functorial in S’ we fix a further Galois covering
5" /8" for which we need to show that the diagram

Y(S/) ® HomS(X xg S, G) E— HomS(X xg S Y ® G)

l l

Y(SH) X Homs(X X g SH, G) S HomS(X X g SN7Y X G)

commutes. To do that we fix a basis ¢: Z" — Y (S’). Note that in this case
the natural map Y (S') — Y (S”) is an isomorphism. Then we are reduced to
showing that the diagram

7" @ Homg: (X Xg Sl, G xg SI) — > Homg/ (X Xg Sl, (G Xs S/)T)

| |

7" ® Homg/(X X g S//, G Xg SH) — Homg~ (X X g S”, (G X g S”)T)

commutes, which follows easily from the definitions.
To show that ~ is functorial in X, let f: Z — X be a morphism. Also, let
7' = Z xg S’. Then, after fixing a basis for Y, we a reduced to showing that
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the natural diagram

7" ® Homg: (X/, G/) —— Homg: (X/, (G/)T)

J |

7" ® Homg/ (Y',G') —— Homg/(Z', (G')")

commutes, which is trivial. By an analogous argument it is also easy to show
that ~ is functorial in G.

Finally, to show that v is functorial in Y fix a homomorphism of Galois
S-modules f: Y — Z. Let S’/S be a Galois covering which trivializes both
Y and Z. Fix bases ¢: Z" — Y (S’) and ¢: Z° — Z(S’). The map f induces
morphisms Z" — Z° as well as a morphism (G')" — (G’)°. Then we are
reduced to showing that the diagram

7" ® Homg (X/, G/) —— Homg: (X/, (G/)T)

l |

Z* @ Homg/ (X', G') —— Homg (X', (G')®)

commutes, which is again trivial. O

2.1.5 Theorem. Let Y be a Galois S-module and let G be a quasi-projective
commutative S-group scheme. Let S’/S be any Galois covering, which trivial-
izes Y. Then'Y ® G represents the functor on S-schemes

X = (Y @z G(Xg))AmS/9),

More precisely, for every S-scheme X the isomorphism from Lemma [2.1.
restricts to a functorial group isomorphism

(Y @ G)(X) = (Y @7 G(X xg &) s/

Proof. This follows from Lemma since (Y @ G)(X) = (Y @ G)(X xg
S/))Aut(S//S)_ |

2.1.6 Remark. Comparing the theorem above with Theorem 1.4 in [MRS07|,
and by means of Yoneda’s Lemma, we see that when S is the spectrum of a
field our definition of the twist is the same as the one given in [MRS07].

We want to show in the following that the association (V,G) — Y ® G is a
covariant functor. Let Y, Z be Galois S-modules and let G and H be two quasi-
projective commutative S-group schemes. Fix a Galois covering S’/S which
trivializes Y and Z. Write Y/ = Y x¢5’, and define similarly Z’, G, H' (Y ®G)’
and (Z® H)'. Fix isomorphisms ¢: Z" — Y (S’) and ¢: Z°* — Z(S’). Consider
the natural isomorphism

HomZ(ZT, ZS) ®7z HOIIIS/_QT(G/, H/) = Homsf_gr((G')T, (H/)S) (21)
Due to Proposition the maps ¢ and 1 induce an isomorphism
Homg 4 (Y', Z") = Homg(Z", Z%),
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and similarly, we have an isomorphism
Homs:_q, ((G')', (H')*) = Homs _, (Y ® GY, (Z ® HY).
Composing all three we get an isomorphism

HOHlS/_gT(Y/, Z’) Xz HOIIlS/_gT(G/7 H’) = HOmS/_gr((Y X G)/, (Z ® H)/)
(2.2)
and one can check that it does not depend on the choice of ¢ and .

We can equip the groups in with a right Aut(S’/S)-action as be-
fore. If o € Aut(S’/S) and f € Hom(Z",Z%) set fo = Ay(o1)fAu(0).
If f € Homg/—z-(G',H'), then set fo = pu(c™!)fpa(o), where pe and
pu are the descent data coming from base change as before. And finally, if
[ € Homg _g-((G))", (H')*) set fo = t.(c71)fps(0). One can check that
with this action the isomorphism (2.1)) becomes Aut(S’/S)-equivariant and
moreover, that the isomorphism comes Aut(S’/S)-equivariant as well.

Since for any two commutative S-group schemes C' and D we have the
isomorphism Homg_4,-(C, D) = Homg/_4-(C xg §',D xg S'), it follows that
induces an injection

Homg_ 4, (Y, Z) ® Homg_ (G, H) < Homg_,. (Y ® G, Z ® H).

Therefore to every pair of group homomorphisms (f, g) € Homg_4,-(Y, Z) x
Homg_g4, (G, H) we can associate a homomorphism f ® g € Homg_g4(Y ®
G,Z ® H). One can check that this association is indeed functorial, which
implies

2.1.7 Proposition. The association (Y,G) — Y ® G is a covariant functor.
Finally, we give some properties of twists over fields.

2.1.8 Proposition. Let K be a field, let Y be a Galois K-module and let G be
a commutative algebraic group defined over K. Let n € N and let ¢ be a prime
number. Let TG denote the (-adic Tate module of G, that is, the Zg-module
TG = lim G(K?®)[{"] equipped with its natural action of T'x. Then there are
Ik -equivariant isomorphisms, functorial in' Y and G,

(1) (Y @ G)(K?*) =Y/(K*) @z G(K*);
(ii) (Y ® G)[n] 2 Y (K?®) @z Gnl;
(1) T,(Y @ G) 2 Y (K®) ®z T,G.

Proof. This is Theorem 2.2 in [MRS07]. We give the proof for the reader’s
convenience. Note that I'x = Aut(Spec K*/Spec K)°P, so it acts on Y (K*),
G(K?®), etc. on the left.

The first statement follows from taking X = Spec K and taking the
limit over all Galois extensions L/K which trivialize Y. Then (ii) follows from
(i), since Y is free, and (iii) follows from taking the inverse limit of (ii) with
n=4{m. O
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2.2 The group Mots(Y, G)

Let Y be a Galois S-module and let G be a semiabelian S-scheme. Recall that
Mot (Y, G) denotes the set of all S-1-motives of the form [Y — G]. (Of course
this is just equal to Homg_g, (Y, G) but we hope that our notation is better
suited to the topics of our study.)

One can make Motg(Y,G) into an abelian group in a natural way: The
identity is the 1-motive, whose image in G is trivial, and if M; = [V % (]
and My = [V N G] are two 1-motives we define their sum to be M; + My :=
[y 8, gl

If Y and E are two Galois S-modules we can construct their tensor product
Y ® E. One could do this along the lines of the construction in the previous
section, even though E is not quasi-projective, since in this case the descent
data that we construct is again effective. Alternatively, we can use Proposition
[1.2.6] and say that Y ® E is simply the scheme which corresponds to the Z-
module Y (S")®zE(S"), with its associated Aut(S’/S)-action, where S’/S is any
Galois covering which trivializes both Y and E. The second construction works
only when S'is connected and locally noetherian, and for the first construction
we also need S to be affine. Those restrictions are unnecessary, but they do
not hinder us with respect to our intended applications.

2.2.1 Lemma. Let S be an affine, connected, locally noetherian scheme. Let
Y and E be two Galois S-modules and let G be a quasi-projective semiabelian
S-scheme, which is the extension of an abelian scheme by a torus. There is a
canonical group isomorphism

Sp: Mots(Y ® E,G) = Motg(Y, E® G)
In particular there is a canonical isomorphism
Sy : Motg(V,G) = (Y @ G)(S).
This map is functorial in S.

2.2.2 Remark. If S is the spectrum of a Dedekind domain, Proposition
implies that G is automatically quasi-projective.

Proof. Since G is quasi-projective over S, we can construct the twist E®G as
in the previous section.

Let S’/S be a Galois covering which trivializes Y and E. Then, by Theorem
the groups Motg(Y®E, G) and Motg(Y, EQG) are canonically isomorphic
to the subsets of Hom((Y ® E)(S"), G(S")) and Hom(Y (5, (E®G)(S")) which
are fixed under the (right) action of the automorphism group Aut(S’/S). By
Lemma, there is a canonical isomorphism

(E® @) (S) = EoG(S).
Then 8 is induced by the canonical isomorphism

Hom((E ® Y)(S'),G(S")) — Hom(Y (S"), E ® G(S"))
ur (Y= (e ule®y)))
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which is equivariant under the action of Aut(S’/S), as it is easy to verify.

The proof that the map Sg is functorial is relatively straightforward, but
tedious. We only give a sketch. Let X be an S-scheme which is also affine,
connected and locally noetherian. Let Yx, Gx, ... denote the base change of
Y, G, ... to X. For any appropriate S-schemes Z and H there is an injective
map Motg(Z, H) — Motx(Zx,Hx). So we need to show that the following
diagram is commutative:

MOtx(YX X EX7G) S MOtx(Yx,EX &® G)

] ] (2.3)

Mots(Y ® E,G) ——— Mots(Y, E ® G)

To do that pick a Galois covering S’/S which trivializes Y and FE, and let
X' = X xg 5. Then one shows that the diagram

Hom((Yx ® Ex)(X'),Gx(X")) —— Hom(Yx(X'), (Ex ® Gx)(X’))

T T

Hom((Y ® E)(5"),G(S")) ——— Hom(Y ("), (E ® G)(5")

commutes and is equivariant under the natural right Aut(S’/S)-action. Since
the groups in (2.3 are precisely the subgroups of the second diagram which
are fixed under the action of Aut(S’/S), the claim follows. O



Chapter 3

The Tate Module

In this chapter we will recall the theory of the Tate module of a K-1-motive
for a perfect field K. To any prime number ¢ and any such 1-motive M one
can associate a Zp-module TyM which is called the Tate module of M. This
module comes with a natural action of the Galois group 'k, which induces
an (-adic Galois representation. It also comes with additional structure: if
M = [Y — @] then the Tate module Ty M is a part of an exact sequence

ae(M): 0 = T,G — T,M — Y @z Z — 0.

Our purpose is to construct the Tate module and study some implications
for the associated f-adic Galois representation which come from the extension
ag(M). We present a relatively standard explicit construction in the first sec-
tion. Next, in Section 3.2, we define and study the extension cy(M). The
mapping M — «ay(M) is called the Abel-Jacobi map. We define it and present
its basic properties.

In Section 3.3 we define a mapping which we call the Kummer map. It
is a group homomorphism from a certain subgroup U of 'k to the group
Homg, (Y ®z Z¢, TyG). This map was essentially discovered and studied by
Kummer. Actually, studying the Tate modules of 1-motives [Y — G,;,] over a
field K is just another way to look at Kummer extensions.

In the last section we define a certain map et,ps which we have named
the Pink map. Its domain is a certain open subset X, of the group of Z,-
automorphisms of a Tate module T, M. Its image lies in the group Hom(Y ®z
Z¢, TiG) ®z, (Q¢/Z¢) which is also isomorphic to the Barsotti-Tate group of
the twist ¥ @ G. This map was first studied by Pink (see [Pin04], particularly
Section 3) in the case of 1-motives of the type [Z — A], where A is an abelian
variety. (We owe this reference to Antonella Perucca.) The main application
of the Pink map comes when we consider 1-motives M over local fields or
number fields. It will be shown in the next chapter that if p is a prime ideal
for which the ¢-adic representation associated to M is unramified, then we can
use the Pink map to relate the image of the Frobenius automorphism ¢, to the
reduction of M modulo p. In this chapter we will construct the Pink map and
present those properties which do not depend on the base field.

Throughout this chapter K will be a fixed perfect field. In view of Theorem
and Corollary we will identify a Galois K-module Y with its set of

23
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points Y (K?®) equipped with a continuous left ' x-action. For any K-1-motive
Y % G we will identify u with u(K*®).

3.1 Construction and basic properties

The module M|n]

Let M = [Y % G] be a K-1-motive and let n be a positive integer n. We
have a morphism [n]: M — M, consisting of the multiplication-by-n maps on
Y and G. Its associated commutative diagram

y “5 @

-

Y —G
induces a morphism of group schemes Y — Y x¢ G, y — (ny,u(y)). We define
Min] = (¥ 6 G)(K)/Y(K).
In other words, M[n] := K, M/Q, M, where
KoM i= {(3, P) € Y(E) x G(K): uly) = [1]P},

and
QnM = {(nz,u(z)) e K,M: z€Y}

It is easy to see that M[n] is a Z/n-module. Moreover, the Galois action on
Y (K) and G(K) induces a Galois action on K, M, setting o: (y, P) = (cy, o0 P)
for every o € I'i. This action fixes @, M and induces a well-defined Galois
action on M[n], which is compatible with the Z/n-module structure.

Let M = [Y & G] and M’ = [Y’ LN G’] be two K-1-motives and let
f: M — M’ be a morphism, f = (f_1, fo). We associate to it a morphism
fIn]: M[n] — M'[n] of Z/n-modules as follows. The map f induces a morphism

Knf: KnM — KoM, (y, P) = (f-1(y), fo(P)).

This is a well-defined map which sends @, M in @, M’, hence it induces a
well-defined map f[n]: M[n] — M’[n]. One checks that this map is compatible
with the action of T'g.

Thus the association M — M[n] becomes a functor of the category of K-
1-motives into the category of (Z/n)[I'k]-modules. We show next that this
functor is “exact”.

3.1.1 Lemma. Let M,M’' and M" be K-1-motives and let f: M’ — M and
g: M — M" be two morphisms. Assume that the sequence

0= M LML M -0
1s exact. Then the following sequence is exact:

0 — M'[n) 2% nn) 2 A ) — 0
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By an ezact sequence of 1-motives we mean, as in Section that the
induced sequences on the underlying schemes are exact.

Proof. Let M = [V % G], M' = [y 5 @', M" = [y" 55 G"), f =
(f=1,f0)s 9 = (9-1,90). The proof of the lemma consists of simple diagram
chasing. The following commutative diagram with exact rows can be helpful
to follow the argument:

0 Y y Sy 0
0 GL fo cl; 90 GL’ 0

To show that f[n] is injective suppose that (y', P’) € K,M’ is such that
(f=1(¢), fo(P")) = (nz,u(z)) for some z € Y. But since f_; is injective and
the quotient Y/Y” is torsion-free, it follows that ' = nz’ for some 2z’ € Y,
such that f_1(z’) = z. But then «/(2’) — P’ € ker fy. Since fy is injective, it
follows that P’ = u(z’), hence (y', P") € Q,M’. This proves the infectivity of
fInl.

Next we show that g[n] is surjective. Let (y”, P"”) € K, M". By the surjec-
tivity of g_; and g it follows that there exist y € Y and P € G(K) such that
g-1(y) =y"” and go(P) = P”. Then u(y) — nP € ker gy = Im f, hence we can
pick @ € ker go such that nQ = u(y) — nP. Then (y, P + Q) € K,M and its
image in K,M" is (y”, P"). Tt follows that g[n] is surjective.

To prove that Im f[n] C kerg[n| is trivial. Let (y,P) € KyM be such
that (g—1(y),g0o(P)) = (n2”,u"(z)). Since g_1 is surjective, there exists z €
Y such that g_1(z) = 2”. Then it follows that y — nz € kerg_; and that
P—u(Z) € kergy. Let y € Y' and P’ € G(K) be such that f_;(y/) =y — nz
and fo(P') = P — u(z). Then «/'(y') — nP’ € ker fy, hence nP’ = u(y’)
and (v, P") € K,M. Since (f_1(v"), fo(P")) — (y, P) € QM it follows that
Im f[n] D ker g[n]. This completes the proof. O

Let G be a semiabelian variety and let Y be a Galois K-module. If we
interpret them as the 1-motives [{0} — G] and [Y" — {0}] respectively, we see
that G[n] is the set of n-torsion points in G(K) and that Y[n] = Y/n.

The weight filtration on M|n]

The previous lemma implies that the weight filtration W which we associated
to a 1-motive M = [Y — G] in Section induces a corresponding filtration
on M[n]. Namely, if G is an extension of an abelian variety A by a torus T we
have:

0 for i < =2,
Wi (M[n]) Mn] fori >0, 3.1)
i n|) = .
G[n] fori=—1,

T[n] fori=—2.
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The associated grading Gr" is

0 fori< —2ori>1,
Y for ¢ =
Gl (M) = § 11 Tor =0 (52)
Aln] fori= -1,
T[n] fori= -2,
and we have exact sequences
0— T[n] = G[n] = Aln] = 0 (3.3)
and
0 — G[n] = M[n] — Y[n] — 0. (3.4)

If we set r := kY, @ := dim A and ¢ := dim T, it follows from the exact
sequences above that M[n] is isomorphic to (Z/n)"Tt+2% as a Z/n-module.

Projection and inclusion maps

u

Let m and n be two positive integers with m dividing n and let M = [Y — G]
be a 1-motive. We have the maps

KoM — KoM, (y, P) — (y, - P)
m
and
KM — K, M, (y,P) s (y, P),
m

which induce maps
Tmjn: Mn] — M[m)]

and
b|n s M[m] — Mn]

respectively. We gather their properties in the following lemma:

3.1.2 Lemma.

(i) The maps Ty and Ly, are well-defined, Tk -equivariant morphisms of
Z/n-modules;

(ii) T i Surjective; Ly, s injective;

(iii) Let f: M — M’ be a morphism of 1-motives. Then the following dia-
grams commute:

fln] lf [m] lf [m] Jf [n]

M'[n] — M'[n]

Tm|n

— M'[m)] M'[m)
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Proof. Statement (i) follows easily from the definitions. That ), is surjec-
tive follows from the fact that the map K,M — K,,M, (y,P) — (y, - P) is
surjective. To show that i.,, is injective note that if (Zy, P) € Q,M then
(y, P) € QmM. This shows statement (ii). The third statement follows from
the commutativity of the diagrams

K,M —— K,,M KoM — K, M
I U A
K, M' — K, M’ KM — K, M’

O

It follows from the previous lemma that the maps m,,, and tp,, are com-
patible with the weight filtration.

The /-adic Tate module

Let ¢ be a fixed prime number. Let M = [Y — G| be a K-1-motive. We write
Tp 1= Tgn—1)gn and iy, := tgn-1jgn. Then the (-adic Tate module of M is the
projective limit

Ty M := lim M

with respect to the maps m,: M[("] — M[("~!]. The ¢-adic Barsotti-Tate
group of M is the injective limit

B, M := lim M[("],

with respect to the maps t,,: M[("~1] — M[("]. We also define the Q-vector
space

ViM = T,M ® Q,.

This space is equipped with a canonical embedding T,M — V,M. We can
define an ¢-adic norm ||-||, on VM by declaring the unit ball to be the image
of TgM.

The following properties of the ¢-adic Tate module are a direct consequence
of the properties of the modules M[¢"] studied above

3.1.3 Lemma. Let M = [Y — G] be a K-1-motive, where G is the extension
of an abelian variety A by a torus T. Denote r := rkY, a := dim A and
:=dimT.
(i) The £-adic Tate module TyM is a free Zy-module of rank r 4+t + 2a.

(ii) The Galois group Ui acts continuously on T, M.

(iii) The association M — T,M is a covariant functor from Moty into the
category of finitely-generated free Zy-modules with continuous I i -action.
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(iv) The weight filtration W on M induces a weight filtration on T,M :

0 fori < =2,
T,M  fori>0,

Wi(T,M) = 3.5
(TeM) T,G fori=—1, (3:5)
T,T fori=—-2.
The associated grading is
0 fori< =2 ori>1,
Y ;=0
GrlV (man) = { T Jort =0 (3.6)
T,A fori=—1,
T,T fori= -2,
and we have exact sequences
0—TT— T,G—=TA—=0 (3.7)
and
0—-T,G—TM—TY —0. (3.8)

(v) We have canonical isomorphisms

B/M = T,M @ Q¢/Zy, T, M = Hom(Q¢/Z¢, BeM).

Proof. The first four statements follow from their respective finite equiva-
lents after taking limits. For the last statement note that T,M ® Q./Z,
li%n"ln(TgM ® Z/En) = hgnM[gn] = ByM, and that HOm(Qg/Zg,BgM)
Hm Hom(Z/n, M[£™]) = T,M.

O IR

=

We will use the notation Aut(T,;M) to denote those Z,-automorphisms o
the Tate module T, M which respect the exact sequences (3.7)) and (3.8). The
action of the Galois group then induces an ¢-adic Galois representation

pe(M): T — Aut(T,M).

3.2 The Abel-Jacobi map

The Tate module TyM of a 1-motive M = [V — G] is an extension of the
74T k]-module T,Y by TyG. Hence to every 1-motive we can associate an ele-
ment ap(M) in the group of such extensions Extr, (T;Y, T;G). In this section
we will study some of the properties of this map, which we call the Abel-
Jacobi map, following Jannsen |[Jan95] and Jossen [Jos09]. This map will be
needed to prove the results given in Chapter

First we need to give some generalities about extensions. Let I' be a profi-
nite group, n be a positive integer and let A and B be Z/n-modules with a
continuous I'-action. We are interested in extensions of (Z/n)[I']-modules

0—-—B—-C—=A—=0

which split when considered as Z/n-extensions. We will denote the group of
those extensions by Extf.(A, B).



3.2. THE ABEL-JACOBI MAP 29

3.2.1 Lemma. Let T be a profinite group and let A and B be two (Z/n)[I']-
modules which are free and finitely-generated as Z/n-modules. There is a
canonical isomorphism

Bn : EXt?‘(Aa B) = Hl(F7 HomZ/n(A7 B))
Proof. We will describe f3,, explicitly. Let
E:0-B—-C5H A0

be an element in Extr(A, B). Fix a section s: A — C. The group T' acts on
Homgz,,,(A,C), by the rule o f := 00 fo o~ L. One can check that (o — 1)s lies
in Homg,,,(A, B), so we can define $3,,({) to be given by the 1-cocycle

Bn(§) =[o = (0 —1)s]

One checks that this definition does not depend on the choice of s hence 3, ()
is well-defined.
Next we show that 8 is a group homomorphism. Let

£:0-B—-C5H A0

and )
0B C" 5 A50

be two extensions, and let

£+£’:0—>B—>C”p—”>A—>O

C be their Baer sum. This means that C” is the quotient of X = {(¢,c’): pc =
p'd'} by the subgroup {(b,—b): b € B}. Let s and s’ be sections of p and p’
respectively. Then we get a section t: A — X, t: a — (s(a), s'(a)). Composing
with the map X — C” we get a section s”: A — C”. One then checks that
for every o € T we have (0 — 1)s + (0 — 1)s’ = (0 — 1)s”, which implies that
Brn (&) + Bn(&) = Br(£”). This shows that 3, is a group homomorphism.

To show that 3, is injective, assume that for some extension £ : 0 — B —
C 2 A — 0, we have that 3, (€) = 0. This means that if s: A — C'is a section
of p, then there exists a map f € Homg,, (A, B) such that for every o € I" we
have (o0 — 1)s = (o — 1) f. But then s — f is a I'-invariant section of p, which
implies that the extension £ splits. Hence (3, is injective.

Finally we show that 3, (&) is surjective. Let f: I' — Homyg/, (A, B) be a
1-cycle. Consider the extension

£&:0—->B—-BdA—- A—0,

where I" acts on B @ A by the rule o(b,a) := (cb+ f(0)(ca),ca). It is easy to
check that & € Ext{ (A, B) and that 8,(§) = [f]. O

Let ¢ be a prime number. If T is a profinite group and A and B are finitely-
generated free Zy-modules with continuous left I'-action we will use the notation
Extr(A, B) to denote the group of Z[I']-extensions 0 - B — C — A — 0.
Note that every such extension is split when considered as an extension of
Zy-modules.
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3.2.2 Lemma. Let I’ be a profinite group, let £ be a prime number and let A
and B be two finitely-generated free Zy-modules with continuous left T'-action.
There s a canonical tsomorphism

B: Extr(A, B) = HY(T,Homg, (A, B))
Proof. The proof is analogous to the proof of the previous lemma. O

3.2.3 Lemma. Let A and B be finitely-generated free Zg-modules equipped
with a continuous action of a profinite group I'. Then there is a canonical
isomorphism of Zg-modules

Extr (A, B) = LiLnExtii(A/ﬂ",B/ﬁn)

n

Proof. One could prove this directly, or we can use the isomorphisms we have
constructed in the previous two lemmas. It is easy to show that we get a
commutative diagram

Extr(A, B) ——————— lim Ext}.(4/£", B/(")

lﬁ PLHH Ben

H(T',Homg, (A, B)) —— lim H'Y(T',Homg /¢ (A/0", B/1™))

The lower row is an isomorphism due to Lemma [AZ6.1] which then implies our
claim. O

Let us fix a semiabelian variety G and a Galois K-module Y. Then the
correspondence M — M|n| induces a mapping

ap: Motk (Y, G) — Exty, (Yn], Gn])

which associates to every 1-motive M the extension ([3.4). Taking limits over
the powers of a prime number ¢ we get the Abel-Jacobi map

ay: Mot (Y, G) — Extr, (TgY, TgG).
The image of ay is precisely the extension (|3.8))
CM@(M): 0—-TY —-T,M— TZG — 0.

3.2.4 Lemma. The map i, is a group homomorphism. In particular, oy is
a group homomorphism.

Proof. Let M =Y % G] ,M' =Y N G] be two 1-motives. We need to show
that Q[p) (M+ M) = Ot[n](M) + Q[ (M").

Consider the 1-motive M" = [Y L) 6 x G]. We have a morphism of

1-motives f: M"” — M + M’ given by the commutative diagram

Y
Y

(u,u’)

——'Gx G

X
o
u+u'

—G
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where the vertical map on the right is addition. This map induces a morphism
fln]: M"[n] - (M + M')[n]. Consider the following commutative diagram
with exact rows:

0 —— Gn] ®z/n Gn] ———— M"[n] Y/n 0
!
0 G[n] (M + M")[n] Y/n 0

By the snake lemma the map in the middle column is surjective, and its kernel
is the set {(7,—7): 7 € G[n]}. Hence the extension (M + M’)[n] is precisely
the Baer sum of M[n] and M'[n]. O

Finally, we want to see how the Abel-Jacobi map relates to the map Sy
defined in Lemma Consider the semiabelian variety Y ® G. The short
exact sequence

N n] - _

0= (Y ®G)h = (YeG)(K)— (Y®G)(K)—0
induces an injection
(Y ®G)(K)/n— H' Tk, (Y ® G)[n)

By there is a canonical isomorphism (Y ® G)[n] = Homz(Y, G[n]). Com-
posing with the map (Y @ G)(K) — (Y ® G)(K)/n we get a map

Y * (¥ @ G)(K) — H' (T, Hom(Y, G[n]))
Taking limits over the ¢-powers we have the map
ve: (Y © G)(K) = H Tk, Hom(T,Y, T,G))

3.2.5 Lemma. The following diagram commutes:

Mot g (Y, G) — 1 Ext}._ (Y[n], G[n))

|+ |+

(V @ G)(K) " HY(Dk, Hom(Y, G[n]))

In particular, the diagram

Mot (Y, G) ——— Extr, (LY, T,G)
J= Js

Y ® G)(K) —“~ H'(Tx, Hom(T,Y, T,G))

commutes.

Proof. Let N = [Y % G] be a K-l-motive such that nN = M. Then
Yn)(8y M) is generated by the class of the cocycle o+ (o0 — 1)un.
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On the other hand, N induces a map

which induces a section sy : Y[n] — M[n]. Then B(ap,)(M)) is the class of the
cocycle 0 — (0 — 1)sy. But (0 — 1)sy = (0 — 1)Ap, since the image of those
maps lies in G[n] which embeds in K, M. Then

(0 —1)An(y) = AN (0 'y) — ANn(y)
= (0,0un (oY) —un(y)) = (0, (0 — Dun(y)).
This implies that v, (Sy M) = B(ap)(M)). O

3.3 The Kummer map

Let I be a profinite group and let £ be a prime number. We fix for the moment
a I'-invariant extension

0B CB A0

of free Zs-modules with a continuous I'-action. Let Aut(£) denote all Z,-
automorphisms of C' (not necessarily I'-invariant) which induce well-defined
automorphisms of B. We define a restriction map

p*: Aut(§) — Aut(B)

and a projection map
Dy Aut(§) — Aut(A)

in the obvious way. We also define the map
A: Hom(A, B) — Aut(A)
[ (e et fpo)
3.3.1 Lemma.

(i) The map A is a well-defined group homomorphism.

(i) The following sequence is exact:
0 —» Hom(4, B) -2 Aut(€) 2 Aut(A) x Aut(B) — 1

Proof. The first statement is a trivial calculation following from the fact that
if f € Hom(A, B) then pf = 0. It is also trivial to see that the image of A lies

in ker(py, p*).
To prove the remainder of the second statement consider the map

de: ker(p.,p*) — Hom(A, B)
defined as follows. Let s: A — C be a section of p. Then we set
de: o (a— (0 —1)s(a))

One then checks that this definition of ¢ does not depend on the choice of s
and that J¢ is the inverse map of A. We omit those verifications. O
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Let pa, pp and pg be the representations associated to A, B and C respec-
tively. Let Ujg (L") denote the kernel of the map (p«,p*) o pe. It does not
depend on § since U 5(I') = ker pp Nker pa.

Composing p¢ with the map ¢ defined in the proof of the previous lemma
gives us a map

0: Extr(A, B) — Hom(U
13 D—>5£ 0 p¢

®B(F), Hom(A, B))

3.3.2 Lemma. Let Q denote the quotient I'/U ;. 5(I').

(i) The map & is a group homomorphism whose kernel is canonically iso-
morphic to H*(Q, Hom(A, B)).

(i) For any &, () is Q-equivariant.
(11i) If ¢ € Homp(Hom(A, B),Hom(A’, B’)) then

6(p8) = 9o 6(8).

Proof. The first two statements follow from noticing that § is just the com-
position of the canonical isomorphism S3: Extr(A,B) — H!(I',Hom(A, B))
(described in Lemma [3.2.1)) with the restriction map

H'(I',Hom(A, B)) = H' (U, 5(T), Hom(4, B)).
Then they are a corollary of the restriction-inflation sequence
0 — H'(Q,Hom(A, B)) — H'(I,Hom(A, B)) — H'(U 3, 5(T'), Hom(4, B))?

The third statement follows from the commutative diagram

H'(T',Hom(A, B)) —— H' (U, 5(I"), Hom(A4, B))

| |
HY(T',Hom(A’, B')) —— H'(U 4, 5(T"), Hom(A4’, B'))

O

We apply this theory to the case of 1-motives. Let Y be a Galois K-module
and let G be a semiabelian variety. Then we construct the map

§: Extr, (TY,TG) = Hom(Up, g g0 (i), Te(Y © G))
To each 1-motive M it associates a map
5e(M): Uy, 9oy (Ti) = T(Y € G) (3.9)

which we will call the Kummer map. This map is a composition of § and
the Abel-Jacobi map ay. It has all the properties described in Lemma [3.3.2
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3.4 The Pink map

We retain the notation of the previous section.

The group Aut(A) x Aut(B) acts on Hom(A4, B) as follows: If (o,7) is a
tuple of automorphisms and f € Hom(A, B) then (0,7)f = 7o foo~!. We
consider the following set in Aut(&):

Xe :={o € Aut(§): (p.o,p*o) — 1 is invertible on Hom(A, B) ® Qq}.

Equivalently, X¢ is the set of all automorphisms o € Aut(§) that have no non-
trivial fixed point on Hom(A, B). The group Aut(§) acts on X¢ by conjugation.

3.4.1 Construction. We will next define a map
g¢: X& — HOIII(A, B) & Qg/Zg.

(Note that the Zy,-module in the codomain of e¢ is canonically isomorphic to
(Hom(A, B) ® Qg)/ Hom(A, B).) Pick a section s: A — C of p. Then the map
(0 —1)s=00sop.o~! —sis an element in Hom(4, B) C Hom(4, B) ® Q.
We set

ge:omr (0—1)"' (e —1)s] mod Hom(A4,B) (3.10)

(We use the square brackets for sake of readability. The element inside
of them lies in Hom(A, B).) One checks easily that this definition does not
depend on the choice of the section s.

We can equip the set Hom(A, B) ® Q¢/Z; with the discrete topology. Then
we have

3.4.2 Lemma. The set X¢ is an open subset of Aut(€) and the map e¢ is
continuous.

Proof. After fixing a basis, X¢ can be expressed as the complement of the zero
set of a non-trivial system of polynomial equations, which implies that X, is
open.
To show that e¢ is continuous fix a section s. Then &¢ is the composition
of the map
o (0 —1)" (o —1)s]

with the projection Hom(A, B) ® Q; — Hom(A, B) ® Q¢/Z¢. The latter map
is clearly continuous. After fixing a basis, we can express the former map via
rational functions with coefficients in Qp, which implies that it is continuous
as well. Hence their composition is a continuous map. O

3.4.3 Lemma.
(i) The map e¢ is Aut(§)-equivariant;

(it) Let 0,0’ € X¢ and assume that o’ lies in the closure of the subgroup of
Aut(&) generated by o. Then
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(i1i) If u € ker(p«, p*) then
ee(uo) =e¢(0) + (0 — 1) '6¢(u) mod Hom(A, B).

Proof. Pick a section s: A — C. To prove the first statement let o € Aut(€)
and let 7 € X¢. Then modulo Hom(A, B) we have

(oo™ =) (oro™ = 1)s] —a(r = 1) (1 — 1)s] =
ot =) Hir =)o ts] —o(r = 1) (r = 1)s] =
ot =17 Y(r-1)(e7 = 1)s] =0,
where the last equality is a consequence of the fact that (0=! — 1)s lies in

Hom(A, B). This proves statement (i).
Next we show statement (ii). Since X, is open, there exists a sequence
{o™* }ren C X¢ which converges to ¢’. Then modulo Hom(A, B) we have

eg(o™)

(0™ = 1) (o™ = 1)s]

(o™ =) (A 4o+ + 0™ (o —1)s]
(=17 (o= 1)s]

65(0’).

Since the map ¢ is continuous, it follows that e¢(0’) = e¢(0).
To show statement (iii) one checks through analogous computations as
above, that

—~

(uoc —1)s = (0 — 1)s + d¢(u).

Since uo —1 acts as 0 —1 on Hom(A, B), the statement follows immediately. [

The map ¢

Let X ;. 5(I") denote the subset of those elements o € I' for which o — 1 is an

automorphism of Hom(A, B) ® Q. We define the map
e: Extr(A, B) x XA@B(F) — Hom(A, B) @ Q¢/Zy
(§;0) eg 0 pe(o)

This map has the following cohomological interpretation. Let T be a
finitely-generated free Zg-module, and let V := T ® Q;. Let I" be a profi-
nite group acting continuously on 7. Let C' C I' be any monogenous subgroup
(i.e. C is the closure of a subgroup generated by a single element). Assume that
no non-trivial element of V' is fixed by C'. We have the following commutative
diagram whose middle row is exact:

HYT,T)

e
e
- Tes
e
K

V¢ —— (V/T)¢ —— HY(C,T) —— H'(C,V)

|

V)T
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(Here the exact row in the middle comes from applying group cohomology to
the short exact sequence 0 T — V — V/T — 0.)

In our case V¢ = {0}. It follows that there exists an element o € C such
that 0 — 1 is an automorphism on V. By Sah’s Lemma it follows that
HY(C,V) = {0}, hence (V/T)¢ = H'(C,T). Therefore the restriction map
HY(T,T) — H'(C,T) composed with the embedding (V/T)¢ C (V/T) induces
a map

ec: HY(T',T) — V/T.

It is easy to see that after setting T := Hom(A, B) we arrive at our previous
definition. That is, for any o € X 3, 5(I") we have

6(5? U) = €(o) (65)7
where (o) denote the closure of the subgroup generated by ¢ in I and § is the

canonical isomorphism 3: Extr(A, B) — H*(I',Hom(A, B)) (see .

The Pink map

Let us apply the constructions given above to the Tate module of a K-1-motive
M =[Y % G]. We have a map

e: Ext(TY, TG) x Xy, 5o0)/(Tx) = Be(Y @ G),
(see v)) which to every K-1-motive M associates a map
el(M): Xy, g 00)(Tk) = Be(Y ® G). (3.11)

This map is the composition of the restriction of py(M) on XTAY@G) and the
map X
en,m: Xt,m — Bo(Y ® G), (3.12)

where X,ps is the set of all automorphisms o € Aut(T,M) which have no
non-trivial fixed point in T,(Y ® G). We will call latter map the Pink map.



Chapter 4

Good reduction of 1-motives

The purpose of this chapter is to study 1-motives over p-adic fields or number
fields at places of good reduction. So let us first define what good reduction
means. This definition is due to Raynaud |[Ray94].

4.0.4 Definition.

(i) Let K be a finite extension of Q, and let R denote its ring of integers.
Let M be a K-1-motive. M has good reduction if it can be extended to
an R-1-motive, i.e. M has good reduction if there exists an R-1-motive
M whose generic fiber M ® g K is isomorphic to M. In that case we will
call the 1-motive M := M ®g k, the reduction of M.

(ii) Let K be a number field, R its ring of integers, and let p be a prime
ideal of R. Let K, denote the completion of K at p. Then a K-1-motive
M has good reduction at p, if its lift M ®x K, has good reduction.
If this condition holds we will call the 1-motive M, := M ®x K, the
reduction of M at p.

In the first section we study good reduction over p-adic fields. We prove a
version of the Néron-Ogg-Shafarevich criterion for 1-motives (Theorem .
We also give the raison d’étre for the Pink map: It is the means by which the
image of the Frobenius automorphism in the f-adic representation associated
to a K-1-motive determines the ¢-part of the reduction of the 1-motive. Thus,
the Pink map allows us to translate questions about reduction to questions
about Galois representations. This is the meaning of Theorem

The results about good reduction for 1-motives over p-adic fields have some
straightforward corollaries for 1-motives over number fields. We present those
corollaries in the second section. In particular, we can combine Theorem
with a version of Chebotarev’s density theorem (due to Serre [Ser98]) to com-
pute the densities of prime ideals p of good reduction for which the /-part of
the reduction of a 1-motive satisfies a given property. The specific statement
is given in Theorem We will present an application of this technique in
Chapter [6]

37



38 CHAPTER 4. GOOD REDUCTION OF 1-MOTIVES

4.1 The local case

In this section we fix a prime number p. We also fix a field K which is a finite
extension of Q,. We will denote its ring of integers by R, the unique maximal
ideal by p and the residue field by k. We will use I'y to denote the absolute
Galois group of K and Ik to denote the inertia subgroup. If K'/K is a finite
field extension we will use the notation R’, p’, k', 'k and Ik to denote the
corresponding objects associated to K'.

An (-adic representation p: I'x — Aut(V) is called unramified if the
inertia subgroup group I lies in the kernel of p. Then we have the following
generalization of of the criterion of Néron-Ogg-Shafarevich to 1-motives:

4.1.1 Theorem. Let M = [Y % G] be a K-1-motive. Let { be a prime
number, different from p. Then M has good reduction if and only if the £-adic
Galois representation pg(M) associated to M is unramified.

Let Y be a Galois k-module and G be a semiabelian variety defined over k.
The group Mot (Y, G) is finite and abelian, hence it decomposes as a sum of
its f-primary parts over all primes ¢:

Mot (Y, G) = @) Mot (Y, G)[¢*].
¢
We will denote the projection of any 1-motive M € Mot (Y, G) to the ¢-primary
part Moty (Y, G)[¢>°] by preM and we will call it the ¢-part of M. Then we
have:

4.1.2 Theorem. Let M = [Y = G] be a K -1-motive which has good reduction.
Let ¢, € Aut(T, M) be the image of the Frobenius automorphism under pe(M).

(i) The element ¢y, lies in the domain of the Pink map e, -
(1t) en,nm(Pp) is an element of Motk (Y, G) which has good reduction.

(iii) The reduction of e, a1 (¢p) coincides with the (-part preM of the reduction
of M.

Note that ex,as(¢yp) is apriori an element of By(Y ® G) = Homg (Y, G[¢*°]),
hence it can be regarded as a K*-1-motive. Statement (ii) above claims it is
actually fixed under the action of I'x which makes it into a K-1-motive.

This theorem generalizes Proposition 3.2 in [Pin04]. It can also be rephrased
as follows. Let Mot,, (Y, G) denote the subset of those K-1-motives in Mot(Y, G)
which have good reduction. Then we have amap e, : Motg, (Y, G) — By(Y @ G)
sending M to er,p(¢y). If Y and G are the reductions of Y and G over k,
then the map pry defined above induces a map Mot(Y, G) — By (Y ®G), which
we will also denote by pry. Then the theorem above implies that the following
diagram is commutative:

Mot (Y, G) —— By(Y @ G)

| |

Mot(Y,G) s By(Y ® G)
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The rest of this section is devoted to proving the two theorems stated above.

Semiabelian varieties

Let G be a semiabelian variety over K. The following definition is a special
case of Definition i), after we identify G with the 1-motive [0 — G].

4.1.3 Definition. Let G be a semiabelian variety over K. We say that it has
good reduction if there exists a semiabelian R-scheme G which is an extension
of an abelian scheme by a torus, such that G =2 G xp Spec K.

Let X be a K-scheme of finite type and let K'/K be a finite field exten-
sion. The topology on K’ induces a topology on the set X (K') as follows:
If X is affine then the topology is the one induced by the standard topology
on A%(K') &2 K'™. If U is a Zariski open subset of X, Y is an affine K-
scheme and f: U — Y is any K-morphism, one shows that the induced map
f:U(K') = Y(K') is continuous. This implies that one can introduce a topol-
ogy on an arbitrary K-scheme by taking the topology induced on Zariski open
affine subschemes. Any morphism of K-schemes induces thus a continuous
morphism on the set of K’'-points.

4.1.4 Lemma. Let X be a separated R-scheme of finite type. Let K'/K be
a field extension and let R’ be the integral closure of R in K'. Let X be the
fiber of X at the generic point. Then the map X (R') — Xk (K') is injective
and its image is a compact open subset of X (K').

Proof. Let P € Xk (K'). Consider the diagram

P
Spec K’ D.¢% //’rX

| =]

Spec R ————— Spec R

Since X is separated over R we can apply the Valuative Criterion of Separat-
edness to conclude that there is at most one point @ € X (R') which makes the
diagram commutative. Hence the map X (R’) — X g (K’) is injective.

For the second part of the statement notice that the image of the map
A% (R') — AL (K') is a compact open set. We can therefore show the statement
whenever X is affine. The general case follows by gluing. O

4.1.5 Corollary. Let G be a semiabelian variety that has good reduction G over
R. Let K'/K be a finite field extension and let R’ be the integral closure of R
in K'. Then the map G(R') — G(K') is injective and its image is a compact
open subset of G(K').

Proof. The statement follows from the previous lemma and the fact that G is
separated and of finite type over R. O

4.1.6 Remark. As a result of the previous corollary we can identify the set of
integral points G(R’) with its image in G(K’).

We have borrowed the following definition from Jossen [Jos09, §3.3.2]



40 CHAPTER 4. GOOD REDUCTION OF 1-MOTIVES

4.1.7 Definition. Let p be a prime number. A commutative topological group
T will satisfy property F'G(p) if it is topologically finitely generated (that is, it
contains a dense finitely-generated subgroup) and contains an open subgroup
isomorphic to Z;, for some non-negative integer r.

4.1.8 Lemma. Let G be a semiabelian variety defined over K. Then the group
G(K) satisfies property FG(p).

Proof. See |Jos09 Proposition 3.3.3]. If G is an abelian variety this is a result
of Mattuck [Matb5]. If G is the multiplicative group G,, over K the result
follows from the structure of K™ and the theory of the p-adic logarithm. This
in turn implies the claim for a split torus. For a general torus G which splits
over a finite field extension K'/K, we use the fact that G(K’) has the required
property and that G(K) is a closed subgroup of it. Finally, it is easy to show
that if 0 - A - B — C' — 0 is an exact sequence of commutative topological
groups such that A and C satisfy property F'G(p) then B satisfies it as well.
This proves the general case. 0

4.1.9 Lemma. Let T be a commutative topological group satisfying property
FG(p). There exists a unique mazimal compact subgroup T* C T. The points
P in T* are characterized by the property that the identity element is contained
in the closure of the set {kP: k € Zs¢}.

Proof. Property FG(p) implies that there is an exact sequence of topological
groups

r i ™
0 zy T D 0 (4.1)

where D is a finitely-generated abelian group equipped with the discrete topol-
ogy. Let D* be its torsion subgroup. Then set T* := 7~ 'D*. The group D*
is finite, hence T* is compact. Since the image under 7w of any other compact
group must lie in D* we conclude that T* is the unique maximal compact
subgroup of T'.

If P € T* then there exists some k such that kP € ker 7. Then the sequence
p"kP converges to the identity element e. Conversely, if P is a point such that
there exists an increasing sequence a,, with a,P — e, then 7(P) must be a
torsion point, hence P € T*. O

4.1.10 Lemma. Let T be a commutative topological group satisfying property
FG(p) and let £ be any prime different from p. Then T* is canonically isomor-
phic to T[] x Ty, where Ty is the subgroup of infinitely £-divisible points in
T.

Proof. We will again use the exact sequence (4.1]). Let D,y denote the infinitely
¢-divisible subgroup of D. Clearly since D* is finite we have D* = D[{*>°] x D;.
One also easily sees that

7(T[¢*])) C D[¢**] and «(T}) C Ds. (4.2)

This implies that T[¢>] N Ty C Z,, hence this intersection is trivial and we
have an embedding T'[¢*°] x Ty C T*. To finish the proof of the lemma it is
sufficient to show that the embeddings (4.2)) are equalities.
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We show now that 7(T[¢>°]) = D[¢*°]. Let x € D[¢*°]. Pick a point y € T*
such that m(y) = . Counsider the points y,, = p™y. Since ¢ # p there exists
a subsequence {n;}7°, such that y — y,, € Z,,. The set y + Z;, is compact,
hence the sequence y,, has a convergent subsequence y,, — xo. Let £° be
the order of x. Then ¢*y,, = p™¢*y — 0. We then have that 7(z¢) = = and
03zy = 0. This implies that 7(T[¢>°]) = D[£*].

To show that m(Ty) = Dy let * € Dy and let x, € Dy be a sequence such
that "z, = x. Let y € T be a pre-image of x and let y, be arbitrary pre-
images of z,,. Then we have 7({"y, —y) = 0, hence ("y, —y = z, € Zy,.
Since £ is invertible in Z, there exists z;, € Z; such that ("2, = z,. Hence
y = £"(y, — 2,) for any n, which implies that y € T;. This concludes the proof
of the lemma. O

4.1.11 Proposition. Let G be a semiabelian variety over K which has good
reduction G over R. Let K'/K be a finite field extension and let R’ be the
integral closure of R in K'. Then S(R') = G(K')*.

Proof. Corollary implies that G(R') € G(K')*. On the other hand,
Proposition implies that for any point P € G(K')* there exists n such
that nP € G(R'). By the multiplication-by-n map [n]: § — § is finite,
and hence proper. Then the Valuative Criterion of Properness implies that
Pe§R). O

4.1.12 Proposition. Let G be a semiabelian variety over K which has good
reduction, let G be the corresponding model for G over R and let G denote the
reduction of G.

(i) Let £ be a prime number different from p. The reduction map G(R) —
G(k) restricts to a bijection G(R)[(>°] — G(k)[£>°].

(i) All torsion points of G whose order is coprime to p are contained in
G(R“™), where R*™ is the integral closure of R in the mazimal unramified
extension K" of K.

Proof. We prove first statement (i). It is sufficient to show that for any n € N
the map G[¢"](R) — G[¢"](k) is a bijection. But if £ is coprime to p we know by
1.4.6(ii) that G[¢"] is a finite étale surjective group scheme over R. In particular
it is affine over R. Hence by the map

Hompg(R, §[¢"]) — Homy (k, G[("] x g Spec k)

is a bijection. This proves statement (i).
Statement (ii) follows from the following lemma applied to G[n] for any n
which is coprime to p. O

4.1.13 Lemma. Let X/R be a finite étale scheme. Let K'/K be a finite field
extension and let Ko/K be the mazimal unramified field extension contained
in K'. Then X(K') =2 X(Ky). In particular, if R' and Ry are the integral
closures of R in K' and Ky respectively, then X(R') = X (Ry).
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Proof. Indeed, since X/R is finite, it is proper, hence X(R’) = X(K') and
X (Ro) & X(Kp). On the other hand, let &’ be the residue field of R’. It is also
the residue field of Ry. Then, by it follows that

X(R) = X(k) = X(Ro),
which proves the lemma. O

As a result of the previous two propositions it follows that for any n coprime
to p we have a group isomorphism

G(K)[n] — G(k)[n]

In particular, if £ is a prime number different from p, after taking injective and
projective limits over the powers of ¢ we get isomorphisms

TgG — Tgé and BgG — Beé.

4.1.14 Lemma. LetY be a Galois R-module and let A be an abelian R-scheme.
Then the map

MOtR(K A) — MOtK(YK7 AK)

induced by base change R — K is an isomorphism.

Proof. By [2.2.1] and [2.1.3] we have the isomorphisms
Motg(Y, A) = (Y @ A)(R)

and

Mot (Y, A ) = (Y @ A )(K) = (Y ® A) g (K)

Since Y @ Ais an abelian scheme, and in particular it is proper, we have that
(Y ® A)(R) = (Y ® A)k(K). This shows the claim. O

4.1.15 Lemma. Let G be a semiabelian variety over K which is the extension
of an abelian variety A by a torus T. Than G has good reduction if and only
if both A and T have good reduction.

Proof. One direction of the claim is clear. For the other direction, assume that
A and T have good reductions A and T over R. By the generalized Barsotti-
Weil formula we have the commutative diagram

Extp(A,T) ———— Extg (A, T)

| i
Motz (Dg(T),A) —— Mot (Ds(T), A)
where the vertical arrows are isomorphisms. Our claim is equivalent to stating

that the first row of the diagram is an isomorphism. This follows after applying
H.114 to the second row. O
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1-motives

We have the following necessary and sufficient condition for a K-1-motive to
have good reduction:

4.1.16 Proposition. Let M = [Y 5 G] be a K-1-motive, where G is an
extension of an abelian variety A by a torus T. M has good reduction over R
if and only if it has the following three properties:

G1. The group Y considered as a Tk -module is unramified (i.e. the inertia
subgroup acts trivially on 'Y );

G2. A and T both have good reduction over R;

G3. u(Y) is contained in G(K')* for some finite field extension K' of K.

4.1.17 Remark. Compare this criterion with the one given in [Ray94] at the
beginning of §4.

Proof. Let Mg be an R-1-motive whose generic fiber is M. By [L.6.5] M is given
by a group homomorphism ug: Y — Gr(R’), where Y is a finitely generated
free Z-module with a continuous I'gungc-action, Gg is a semiabelian scheme
which is the extension of an abelian scheme by a torus, and R’ is the integral
closure of R in some finite unramified extension K’ of K. This, together with
implies conditions [G1. [G2.] and [G3]

Conversely, assume that M satisfies [GL) [G2)] and [G3] Lemma
implies that G has a good reduction G i and conditions[G1.] and [G3] together
with imply that the map u can be regarded as a group homomorphism
ur: Y — Gr(R’). Then, by the data (Y,u,Gpr) defines a R-1-motive
Mp whose generic fiber is M. This implies that M has good reduction. O

4.1.18 Lemma. Let M = [Y = G] be a K -1-motive which has good reduction.
Let £ be a prime number different from p. Then the Tate module T,M is
unramified.

Proof. Since M has good reduction, condition implies that there exists
a finite unramified field extension K’/K such that u(Y) C G(K')*. Let P €
u(Y). Lemma[£.1.10]implies that there is a unique representation P = P; + P,
where P; € G(K')[¢*°] and P, € G(K') is infinitely ¢-divisible in G(K'). Hence
if Q € G(K) is any point such that /") = P then @ can be represented as
Q = Q1+ Q2, where ("Qy = Py, ("Qy = P2, Q1 € G(K)[(*°] and Q; € G(K').
Since Proposition [4.1.12] implies that @; lies in an unramified field extension,
it follows that the field of definition of @ is unramified as well. This, together
with condition imply that the inertia group acts trivially on the groups
Me™], hence the Tate module Ty M is unramified. O

4.1.19 Lemma. Let M = [Y — G] be a K-1-motive. Let £ be a prime
number, different from p. Assume that the Tate module T;M is unramified.
Let ¢ € Aut(T, M) be the image of the Frobenius automorphism under pe(M).
Then

(i) ¢ lies in the domain X1,p of the Pink map.
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(i) Let n be any positive integer such that ¢™ acts trivially on' Y. Let K'/K
be the unramified field extension of degree m. Then for any y € Y,

enm(9)(y) € GIK)[>] and u(y) — ex,n () (y) € G(K ).

Proof. From the definition of Xt,3; in Section it follows that ¢ € X,
if and only if ¢ — 1 is an automorphism of V,(Y ® G). But if ¢ — 1 is not
an automorphism, then it would follow that ¢ would have a non-trivial fixed
vector in TZ(Y/ ® G), which is not possible since the set of torsion points in
(Y ® G)(K) is finite. This proves statement Moreover, since (Y ® G)(K")
contains finitely many torsion points for every finite unramified extension K’
of K it follows by an analogous argument that ¢™ € X, for every n > 1.

Next we show Let n and K’ be as in the statement. By [3.4.3(ii) we
have

er,m(9) = eT,m(0")

Fix a section s € Hom(T,Y, T, M) of the projection map 7: T,M — T,Y and
consider the vector t € V;G,

t=(¢" — 1) [(¢" — 1)s(y)].

Since ¢™ acts trivially on y we have

t=((¢" = D)7'[(¢" — Ds]) (v) = emar(¢6")(y) mod T(Y ©G)

There exists m € N such that ¢ = £~™¢ for some t' € T,G. Then one easily
sees that

enm(0)(y) = en,m(¢™)(y) = T (t),

where ,,: T,G — G(K)[{™] is the standard projection map. The equation for
t implies that
(6" = (L™s(y) —t') = 0.

Pick a sequence of representatives s(y) = {(yx, Pr)}7>; and t' = {(0,¢)}72,.
Then a sequence representing the element 0 = (¢™ — 1)(¢™s(y) — t') is given
by {(0, (¢™ — 1)(Px—m — t)} where we assume that P, = 0 for k¥ < 0. This
implies that Py_,,, —t; € G(K’). In particular t,,, = e, 0 (¢)(y) € G(K') hence
enm(9)(y) € G(K')[E>].

Let @ = u(y) — t;. Then

Q — F(Py — tim) = u(y) — £ P,

and therefore is an element of u(EkY) for any k € N. Since Py — tgy, lies in
G(K') this implies that @ is infinitely ¢-divisible in G(K'), which concludes
the proof of the lemma. O

Proof of Theorem[{.1.1 Lemma [£.1.18] implies one direction of the theorem.
Assume that the Tate module TyM is unramified. Let G be the extension of
an abelian variety A by a torus 7. Since TyM is unramified it follows that
T,Y, T,G, T,T and Ty A are unramified as well. Then the action of I'xr on Y
is unramified whence condition follows. By the Néron-Ogg-Shafarevich
criterion (due to Serre and Tate [ST68|) A has good reduction. The action of
the Galois group on the character group of 1" is unramified, hence 7" has good
reduction as well. This shows condition
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It remains to show condition Let n € N be such that the n-th power
Frobenius ¢™ acts trivially on T;Y and let K'/K be the unramified field ex-
tension of degree n. It suffices to show that w(Y) is contained in G(K')*.
But Lemma implies that for any vy, w(y) = Qiors + Qdiv, Where

Qtors € G(K")[€>°] and Qgin € G(K');. Lemmas and then imply
that u(y) € G(K')*. O

Let M be a K-1-motive which has good reduction and let £ be a fixed prime
different from p. The motive M induces an element §5; € Hom(Y, G(K"*"™)[£>°])
as follows. Fix an unramified field extension K’/K such that the action of the
Galois group ' on Y is trivial. Let R’ be the integral closure of R in K’ and
let k' be its residue field. Then d,; is the composition of the maps

uxk — Pre —

v G(K) G(K)[e] —— G(K")[e]

Note that we can consider oy as a K ’_1-motive which has good reduction and
that its reduction is precisely pryM. To finish the proof of Theorem it is
sufficient to show that e, ps(4) = ds-

4.1.20 Lemma. Let M = [Y % G] be a K-1-motive which has good reduction
and let £ be a fixed prime different from p. Let K'/K be a finite unramified
field extension such that the action of s on'Y becomes trivial. Then for any
y €Y the point dp(y) — uly) is infinitely £-divisible in G.

Proof. Let R’ be the integral closure of R in K’ and let &’ be its residue
field. Let § be an appropriate R-model for G and let G be its special fiber.
Propositions Lemma and Lemma imply that the

kernel of the map

G(K')* — G(K)[¢>]
which is constructed by composing the reduction map G(K’)* = G(R') — G(k')
and the projection map pry: G(k') — G(K')[¢*°] is precisely G(K');. The
definition of d,s implies that u(y)—das(y) lies in this kernel, hence it is infinitely
(-divisible in G(K). O

Proof of Theorem [{.1.2, Lemma[L.1.19(i)]implies the first part of the theorem.
To finish the proof we need to show that

o = e, ().

Let n € N be such that the n-th power Frobenius ¢™ acts trivially on T,V
and let K'/K be the unramified field extension of degree n. Condition
implies that for any y € Y, u(y) € G(K')*. By Lemmal[4.1.10| there is a unique
representation u(y) = Qiors + Qaiv, Where Qrors € G(K')[(*°] and Qui €
G(K');. But Lemmas [4.1.20| and [4.1.19 give two such representations:
u(y) = 0nm(y) + (w(y) — nm(y)) and u(y) = e, () (y) + (uly) — enar(d)(y))-
It follows that das = e, (). O

4.2 The global case

Theorems and have several straightforward consequences regarding
1-motives over number fields which we are going to present here.
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Good reduction

A large portion of the text here has been inspired by Perucca’s thesis [Per08|
Chapter 1]. Let R be a Dedekind domain, whose ideal class group is finite (e.g.
the ring of integers of a number field) and let K denote its fraction field. Let
L(R) denote the set whose elements are finite sets of prime ideals in R. This
set is a partially ordered directed set under the inclusion relation.

To each A € L(R) we can associate the ring of A-integers Ry C K as follows.
Let A = {p1,...,px}. Since the ideal class group of R is finite, a certain power
of the ideals p; is principal. Let a1, ...,ar € R be generators of some power of
P1,...,Px. Then Ry is the localization of R by the multiplicative set generated
by ai...ar. It is easy to see that Uy = Spec Ry is the open subscheme of
Spec R constructed by taking out the points in A.

If \,p € L(R), X\ > p, then there is a canonical morphism Uy — U,.
Thus, the schemes Uy form a projective system. This system has a limit in the
category of R-schemes, and indeed we have

Spec K = l'glU)\.
A

4.2.1 Lemma. LetY be a Galois K-module. Then'Y is a Galois Ry-module
for some A € L(R).

Proof. 1t follows from that for any A, the fundamental group of Uy is
precisely the Galois group of the maximal extension L/K which is unramified
outside the primes in A. Since the action of 'y on Y factors through the Galois
group of a finite field extension, it follows it is unramified at all but finitely
many primes. Hence, if A is the set of ramified primes, the action of 'y on Y
factors through the fundamental group of Uy. This implies that Y is a Galois
Ry-module. O

4.2.2 Lemma. Let A € L(R), let Yy be a Galois Ry-module and let Ay be an
abelian Ry-scheme. Let Y =Y\ Qpr, K, A= A\ ®gr, K. The map

Mot g, (YA, A)\) — MOtK(Y, A)
induced by base change Ry — K 1is bijective.

Proof. The proof is the same as the proof of {.1.14] of which this lemma is a
generalization. O

4.2.3 Lemma. Let G be a semiabelian variety over K. There exists A € L(R)
and a semiabelian Ry-group scheme Gy which is an extension of an abelian
scheme by a torus and such that Gy ®pr, K = G.

Proof. This is a standard fact if GG is either a torus or an abelian variety. Let
G be an extension of A by T. Choose a finite set A such that both A and T
extend to Ay and T over Ry. Consider the diagram

EXtRA (A)\,T)\) _— EXtK(A,T)

| |

Mot g, (Dg, (Tx), Ax) —— Mot g (D (T), A),



4.2. THE GLOBAL CASE 47

The columns are isomorphisms by the generalized Barsotti-Weil formula
The second row is a group isomorphism by the previous lemma. It follows that
the first row is a group isomorphism as well, which implies the existence of G
with the requested properties. O

In our setting [EGA4ITI, Th. 8.8.2(i)] implies the following;:

4.2.4 Lemma. Let X,,G, be R,-schemes, such that X, is quasi-separated
and quasi-compact and G, is locally of finite type. Let X = X, ®p, K, G =
Go ®g, K. Let f € Homg(X,G). Then there exists A > « and a morphism
fr € Hompg, (X, ® Rx,Go ® Ry) such that

[ =\ ®r, K.
Proof. Let Gy = G4 ®r Ry, G = G, ®r K. We have a natural map

thHomRA(UA, G)) — Homg (Spec K, G)
A

By [EGAA4III, Th 8.8.2(i)] this map is bijective, whence our claim follows. O

4.2.5 Lemma. Let G be a semiabelian variety over K and let P € G(K).
There exists A € L(R) such that G extends to a semiabelian Ry-scheme G
which is an extension of an abelian scheme by a torus and such that there
exists a point Py € G(Ry) which restricts to P over K.

Proof. By there exists @ € L(R) such that G extends to an extension G,
of an abelian scheme by a torus over R,. Then the claim follows from |4.2.4
applied to X, = Spec R, G, and the morphism P € Hom(Spec K, G). O

4.2.6 Proposition. Let M be a K-1-motive. There exists A\ € L(R) and an
Ry-1-motive My such that My ®r, K = M.

Proof. Let M = [Y % G]. By and we can pick o € L(R) such
that Y is a Galois R,-module, Y =Y, xpg, Spec K and such that G can be

extended to a commutative R,-group scheme G, which is the extension of an
abelian scheme by a torus.
For any A > a we have a commutative diagram

Mot g, (Y)\, G,\) S MOtK(Y, G)

| |

Yy ® GA(Ry) —— Y @ G(K),

where G\ = G,® Ry, Y\ = Y,® R, and where the vertical group isomorphisms
are given by the map 8y described in Hence the claim follows trivially
from the previous lemma. O

In particular, we have the following straightforward corollary:

4.2.7 Corollary. Let K be a number field and let M be a K-1-motive. M has
good reduction at all but finitely many primes p.
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If p: T — Aut(V) is a Galois representation, we will say that p is un-
ramified at p if I, the inertia subgroup at p, lies in its kernel. This definition
does not depend on the choice of the embedding K* < K. Then the previous
corollary together with Theorem imply

4.2.8 Theorem. Let K be a number field and let M be a K-1-motive. Let £ be
a prime number and let ps(M) be the L-adic Galois representation associated
to M. Then:

(i) The representation pe(M) is unramified at all but finitely many primes.

(i) Let p be a prime ideal which is coprime to £. The representation py(M)
is unramified at p if and only if M has good reduction at p.

Chebotarev’s density theorem

In the following K will be a fixed number field. We will denote the set of all
finite places of K by Y x. Equivalently, ¥ is the set of all prime ideals in the
ring of integers Ok of K.

4.2.9 Definition. Let P be a subset of ¥ . For any « > 0, let a,(P) denote
the number of places p € P whose norm is < z. Then we say that P has
density a if
az(P) -
r00 4p(Sg)

Equivalently, P has density a, if
a;(P) = ax/logx + o(x/log x)
as x goes to infinity.

The following version of Chebotarev’s density theorem is due to Serre [ST68|
I, §2.2].

4.2.10 Theorem. Let L/K be a (possibly infinite) Galois extension which is
unramified outside a finite set S. For any place v ¢ S let F, C I'p/k denote
the conjugacy class of the Frobenius at v. Then

(i) The Frobenius elements at the unramified places are dense in I'r /.

(ii) Let X be a subset of T'y k stable under conjugation. Assume that the
boundary of X has measure zero with respect to the probability Haar mea-
sure 1 on I'p i (i.e. the Haar measure for which u(T'y k) = 1). Then
the set of places v ¢ S such that F,, C X has density u(X).

Let ¢ be a fixed prime number. Let p be a prime ideal, coprime to ¢, and
let K, be the completion of K at p. Let G be a semiabelian variety which has
good reduction Gy, at p.

We know from that there is a canonical isomorphism

Bg(G QK Kp) = Bsz
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Fix an embedding ¢: K* — K. It induces an injection G(K*) — G(K;),
which restricts to a group isomorphism on the torsion points. Hence we have
an isomorphism

B,G = Bg(G RK Kp).

Composing the two maps we define the reduction map
redy: BeG — B,G,. (4.3)

This map is a Z,-module isomorphism. It is not canonically defined, it depends
on the choice of the embedding ¢. However, since any two embeddings differ
by an element in I'g, it follows that the image red,(X) of a set X which is
invariant under the natural action of I'x on B,G, is independent of the choice
of embedding.

We recall that if &, is the residue field at p, we have a map

pre: Moty, (Y, Gp) — Bg(Yp ® Gy)

which sends a 1-motive to its ¢-part. Then Theorem has the following
straightforward corollary:

4.2.11 Corollary. Let M = [Y % G] be a 1-motive over K. Let £ be a prime
number and let p be a place of good reduction for M which is coprime to £. Fix
an embedding K* — K and let ¢y denote the image of the Frobenius element
under the £-adic representation pe(M). Then

(i) The element ¢, lies in the domain Xr,n of the Pink map e, ;
(ii) redy(et,0(@p)) = preM,.

4.2.12 Theorem. Let M = [Y = G| be a K-1-motive. Let { be a prime
number and let S C By(Y ® G) be any Galois invariant subset. The set of
primes p of good reduction of M for which pr¢M, € red,(S) has density

1 (e, (S) N Im py (M)

where  is the probability Haar measure on the image of the Galois represen-
tation pe(M).

Proof. This is an immediate consequence of Chebotarev’s theorem [4.2.10{(ii)
and 4.2.11| as long as we show that the boundary of the set 55@1M(S) NIm py(M)
has measure 0. By the map eT,5s is continuous. Since the topology on
Im pe(M) is the one induced by Aut(T,M) it follows that the restriction of
er,m on the set X, N Im pg(M) is continuous as well. But since S is both
open and closed, it follows that the set 6;;M (S) NIm pg(M) is both open and
closed as well, whence it has no boundary. This proves the theorem. O






Chapter 5

Kummer theory

In this chapter we study 1-motives over number fields. We are interested in
describing the images of the Kummer map d,(M) and the Pink map e,(M)
which we associated to a 1-motive M = [Y — G] in Chapter 3, whenever G
is a split semiabelian variety. We show that one can describe those images in
terms of the left ideal consisting of those endomorphisms of the variety ¥ @ G
which kill M.

The description of the image of the Kummer map is not new. The method
goes back to Ribet |Rib79|, who proves the result after assuming certain conjec-
tures about the f-adic representations of abelian varieties. Those conjectures
were later proved by Bogomolov [Bog81| and Faltings |Fal83|. Ribet’s result
concerns 1-motives of the type [Z" — G] and then only studies the image of
the Kummer map modulo ¢. Later Bertrand |Ber88, Theorem 2] states a de-
scription of the image in T;G for 1-motives [Z — G]. The proof of Bertrand’s
theorem was worked out by Hindry [Hin8§| in the case when G is an abelian
variety. See also [BGKO05].

Our result (Theorem determines the image of the Kummer map for
1-motives [Y — G] where Y is a general Galois K-module. It is, however, as
strong as Bertrand’s result. This is due to the twisting trick (Lemma
which allows us to reduce the general case to the special case considered by
Bertrand. We do not, rely on Bertrand’s theorem in our proof.

Recently Jossen has published a result which is strictly stronger than ours
[Jos13| Theorem 6.2]. It can be used to determine the image of the Kummer
map even when the semiabelian variety G does not split.

The main idea behind Ribet’s method is essentially an abstract statement
about profinite group cohomology. It is presented in Section 5.1. One advan-
tage we gain from this abstraction is that in some cases we can also use it to
determine the image of the Kummer map for 1-motives over local fields, as is
shown in Proposition In Section 5.2 we state and prove Theorem
which gives the image of the Kummer map. Once we know this image we can
easily describe the image of the Pink map. This is done in the final section,
specifically in Theorem [5.3.1

ol
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5.1 Ribet’s theorem

Let k be a field and let I" be a group acting on a k-vector space V. Let p: I' —
Autg (V) be the corresponding representation, let @ := Imp and U := ker p.
Then we have the restriction-inflation sequence

0— HY(Q,V)— H\(T,V) S HY(U,V),

Since U acts trivially on V, for every element M € H'(I',V) the element
d(M) is a homomorphism from U to V. We want to describe the image of this
homomorphism in certain cases. More specifically, k will be either F, or Q,
and I" will be a profinite group. The vector space V will be finite-dimensional
and it will be equipped with the discrete or the ¢-adic topology respectively.
The representation p will be continuous and we will use continuous cochain
cohomology.

We are going to introduce the following notation. Let R be a (not necessarily
commutative) ring and let T be an abelian group equipped with an R-action
R — End(T). Let M € T be any element. Then we define the annihilator of
M to be the left ideal

AmpM = {¢ € R: oM = 0}.
For any left ideal I C R we define the zero set of I in T" to be the set
Z(I,T):={x €T: ¢x =0 for every ¢ € I}.

Let O denote the ring of I'-equivariant endomorphisms of V. Every endo-
morphism ¢ € O induces an endomorphism ¢, € End(H(I',V)). Then we
have

5.1.1 Lemma. Let U C ker p be a normal subgroup and let Q :=T'/U. Assume
that the following conditions hold:

(i) The representation p is semisimple;

(i) H(Q,V) = 0.
Then for every M € HY(T', V) the space Z(AnnoM,V) is the smallest linear
subspace containing the image of §(M).

Proof. Let X :=Imd(M). For every ¢ € AnngM, ¢ o §(M) = §(¢p.M) =0
hence ¢X = 0. It follows that X C Z(AnngM,V).

Assume that there is a vector subspace Z' C Z(AnngM,V) such that
X C Z'. Since X is I'-invariant we can assume that Z’ is I-invariant as well
(otherwise take (), cp0Z’). Using the semisimplicity of p we can construct an
endomorphism ¢ € O such that ker ¢ = Z’. Namely, pick any decomposition
V = Z' & W where W is a I-invariant subspace and take ¢ to be the map

which kills Z’ and is the identity on W. Then, since ¢X = 0, it follows that
0=¢od(M)=25(¢.M).
Condition (ii) implies that ¢.M = 0, hence ¢ € Anng M. But since
Z(AnnoM,V)  ker ¢

we reach a contradiction. O
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Now assume that I' is a profinite group acting continuously on a finitely-
generated free Z;-module T' via an action p: 'y — Autz,(T). Let O de-
note the set of I-invariant endomorphisms of 7. As before let §: H*(I',T) —
H'(ker p,T) denote the restriction map. Then:

5.1.2 Corollary. Assume that the following conditions hold
(i) The representation induced on T @ Q, is semisimple.
(ii) H'(Im p, T ® Q) = 0.

Then for every M € HY(T',T) the image of §(M) is a finite-index subgroup of
Z(AnnogM,T).

Proof. Denote V =T ® Q. Let 3: H'(I',T) — H*(T, V) be the map induced
by the inclusion 7" C V. One easily sees that it induces a map

(Annp M) ® Q¢ — Annpgg, SM

(Notice that O ® Qy is precisely the ring of I'-equivariant endomorphisms of
V.) We claim that this map is a bijection. That it is an injection, follows from
the injection O C O ® Q. To show that it is surjective let ¢ € O ® Q; be any
endomorphism that annihilates SM. There is an endomorphism ¢ € O such
that ¢ = ¥ ® « for some a € Q. Then by it follows that v, M is torsion.
If n € N is such that ni,M = 0 then we can write ¢ as ¢ = (ny) ® a/n. This
implies that ¢ € (Anng M) ® Qg, which proves our claim.

Let X =Im§(M). By Lemmal5.1.1]and the considerations above it follows
that Z(Annpgg,[M,V) = Z(AnneM,T) @ Qg is the smallest vector space
containing X. Since, by continuity X C T is a Z,-module, the statement
follows. O

Let I', T and p and O be as before. Let O; denote the ring of I'-equivariant
endomorphisms of T'/¢. We have a map O/¢ — O and it is easy to see that it
is an injection.

5.1.3 Theorem (Ribet). Let M € HY(T',T). Assume that the following con-
ditions hold:

(i) The map O/ — Oy is an isomorphism;
(i) The representations induced on T ® Qp and on T/{ are semisimple;
(iii) H*(Im p, T/¢) = 0.

(iv) The natural map
AnngM — Anng, M;

is surjective, where My is the image of M in H' (T, T/0).
Then the image of §(M) is equal to Z(AnnoM,T).

5.1.4 Remark. Conditions (i)-(iv) are analogous to Ribet’s axioms B1-B4 in
|[Rib79]. We will later see that his axiom B4 implies our condition (iv).
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Proof. let X :=Im (M), Q :=Imp and U := ker p. Our first step is to show
that X is a finite-index subgroup of Z(AnnoM,T).

Condition (iii) implies that the group H'(Q,T) is trivial. Indeed, Q is a
closed subgroup of the ¢-adic Lie group Autz,(T), which implies that it is a
compact f-adic Lie group. Hence, by HYQ,T) is a finitely-generated
Z¢-module. This implies that H'(Q,T) is trivial if and only if H'(Q,T)/¢ is
trivial. From the short exact sequence

O—>T£>T—>T/£—>O

we get the exact sequence
HY(Q,T) = H'(Q,T) — H(Q.T/¢)

Therefore H'(Q,T)/¢ injects in H'(Q,T/¢). Since the latter group is trivial,
it follows that H'(Q,T) is trivial as well.

We can therefore apply [5.1.2] to conclude that X is a finite-index subgroup
of Z(AnngM,T). To conclude the proof of the theorem it is sufficient to show
that the images of the groups X and Z := Z(Annp M, T) in T'/¢ are equal. We
will denote those images by X and Z respectively.

Let 6;: HY(T,T/¢) — HY(U,T/f) be the restriction map. Let X; :=
Im &1 (M;). We can use Lemma to conclude that the smallest F-vector
space containing X7 is Zy := Z(Anng, M;,T/f). Since X is a group, hence
an [Fy-vector space itself, it follows that X, = Z;.

Since 7 (M) is the image of 6(M) under the map

Hom,(U,T) — Hom.(U,T/¢)

it follows that X = X;. (The subscript “c” above indicates that those are
continuous group homomorphisms.) On the other hand, condition (iv) implies
that Z C Z;. We get the inclusions

X, =XCcZcCcz,=X,

Clearly all inclusions are forced to be equalities. In particular, X = Z which
implies the statement of the theorem. O

5.2 The image of the Kummer map

Let K be a number field, Y be a I'k-module and let G be a semiabelian
variety over K. Recall that we have an isomorphism Mot (Y, G) = (Y ®G)(K)
(Lemma. Hence the ring Endx (Y ® G) = (Endz (V) ®End 4 (G))T acts
on Mot g (Y, G). We can describe this action explicitly. Let 6§ = 3. ¢; ® 1; be

an element in End g (Y)® End g (G). For any ¢;, let ¢! denote the transposed
endomorphism of Y. Let M = [Y % G] be a K-1-motive. Then §M is the

K*-1-motive [V du, G], where

Qu: y — Zwi(uwi(y)))-

One can easily check that if 8 is fixed under the Galois action, then M is a
K-1-motive.
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In order to simplify notation we shall denote by O the ring Er}dK(Y ® G).
For any prime number ¢ we shall write Oy instead of Endr, (Ty(Y ® G)). We
have a natural map O ® Z; — Oy, by which O acts on T;(Y ® G) for any /.

5.2.1 Theorem. Let G be a split semiabelian variety over a number field K
and let M = [Y — G] be a K-1-motive.

(i) For every prime € the image of the Kummer map 6¢(M) is a finite-index
subgroup of Z(Anmo M, T,(Y ® G)).

(ii) The image of the Kummer map is equal to Z(Anng M, T,(Y @ G)) for all
but finitely many primes £.

In order to prove Theorem we are going to apply Ribet’s theorem[5.1.3
to 'k and the Zy-module T;(Y ® G). To do that we will have to verify its four
conditions. This is the purpose of the following lemmas.

5.2.2 Lemma. Let G be a split semiabelian variety defined over a number field
K. Then for every finitely-generated subgroup X of G(K) and every prime £,
the group

X, ={PeGK): ("P e X for somen > 1}

is such that X,/ X has finite exponent. Moreover, X; = X for all but finitely
many primes £.

Proof. This is essentially Proposition 2.2 in |Rib79]. We give the proof for the
reader’s convenience.

Let G = A x T, where A is an abelian variety and T is a torus. For A the
statement follows from the Mordell-Weil theorem. To prove it for T we first
pass to a finite extension K'/K such that T®x K’ is split. and then we involve
Dirichlet’s S-unit theorem. It is clear that if the statement holds for T @ K’
then it holds for T as well.

Finally, it is also easy to see that if the statement holds for A and 7" then
it also holds for their product. Indeed, let X4 and X1 be the projections of
X toAand T. Then X C X4 x Xp and X; C X;M, X X/T,e' Since all groups
involved are finitely-generated, and in particular have finite torsion, the result
follows. O

5.2.3 Lemma. Let G be a split semiabelian variety defined over a number field
K and let £ be a prime number.

(i) The L-adic Galois representation associated to Vi G is semisimple. When ¢
is large enough the Galois representation associated to T,G /L is semisim-

ple.

(ii) We have an isomorphism
EndK(G) QR Lp = Ende (TgG)
When (€ is large enough we have an isomorphism

Endg (G)/¢ = Endr, (T,G/0).
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In the case of abelian varieties this lemma is a famous result of Faltings
|[Fal83|. To prove the general case we will first need to show the following claim

5.2.4 Claim. Let A be an abelian variety defined over a number field K and
let £ be a prime number. Then the groups

Homr, (T, A, T,G,,) and Homr, (T,G,,, T,A)
are trivial. When £ is large enough the groups
Homr, (A[¢], Gy, [¢]) and Homr, (G,,[¢], A[¢])
are trivial.
Proof. Indeed, using the Weil pairing we have an isomorphism
Homr, (T,A, T,G,,) = (T,AV) x|

where AV denotes the dual abelian variety. The latter group is trivial, since A
has only finitely many torsion points. By a similar argument, since AV (K)[{]
is trivial when ¢ is large enough, it follows that for large enough ¢ the group
Homr, (A[{], G,,[€]) is trivial as well.

To show that Homr, (T;G,,, T;A) is trivial note the isomorphism

HOHIFK (TgGm, TZA) = HompK (TZAV, Z@)

Since the representation V,AY is semisimple, in order for the latter group to
be non-trivial T;AY must contain a copy of Z,, which contradicts the fact that
(T,AV)'x is trivial. The argument for the finite case is analogous. O

Proof of Lemma[5.2.3 As we said above, when G is an abelian variety this
result is due to Faltings. We will show it in the case of a torus and then derive
the general case.

So let G = T be a torus. We can write T" = F ® G, for some Galois
K-module E. Then, by T,G = E ®z T;G,,. The Galois group 'y
acts on F through a finite quotient, hence, by Maschke’s theorem, the Galois
representation F ®z Qp is semisimple. Moreover, when /¢ is large enough it
does not divide the size of the quotient, hence, again by Maschke’s theorem
the representation F ®7 [Fy is semisimple.

Since T;G,, is one-dimensional, every invariant subspace of F ®z T;G,, @ Qy
is of the form V ®q, ViGy,, where V C E ®z Qq. Since E ®@z Qy is semisimple
it follows that F ®z T;G,, ® Q, is semisimple. By an analogous argument
E ®7 T;G,, ® Fy is semisimple for large enough ¢. This proves statement (i) of
the lemma.

For statement (ii) we have the isomorphism

Endg (E ® Gp,) = Endg (E)

Also,
Ende (E Xz T@Gm) = Ende (E ® Z[)

Then the equality of the endomorphism rings is reduced to showing that the
map
EndK(E) Rz Ly — Ende (E Xz Zz)
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is an isomorphism, which is trivial.
To prove the last part of statement (ii) it is sufficient to show that for large
enough ¢ the map

Endr, (F ®z Z¢)/¢ — Endr,. (E/{)

is surjective. Indeed, let ¢ € Endr, (E/¢) and let ¢ € Endg,(E ®z Z;) be
any endomorphism that reduces to ¢. Let @ be the finite quotient group
through which I'x acts on E. Then when ¢ does not divide the size ¢q of @, the

endomorphism
1
Lo
q

geEQR

is I'k-equivariant and reduces to ¢. This concludes the proof when G is a
torus.

Let G = A x T be a product of an abelian variety and a torus. Statement
(i) follows trivially from the partial cases. As for the second statement, note
that Endg(G) = Endg(A) x Endg (7). On the other hand Endr, (T,G) =
Endr, (T;A) x Endg (T;G). Indeed, otherwise, we could construct non-trivial
elements in the groups Homr , (Ty 4, T;G,,) and Homr , (T,G,,, T,A) for a fi-
nite field extension K’/K over which T splits. But due to the claim above
there are no such non-trivial homomorphisms. Then the isomorphism

Endg (G) ® Z¢ = Endr, (T,G)

follows from the partial cases. When /£ is large enough the finite analog follows
by a similar argument. O

5.2.5 Lemma. Let M = [Y — G] be a K-1-motive. Let M = ay(M) denote
its image in HI(FK,TZ(Y@)G)) and let My denote its image in the group
HY Tk, T,(Y ® G)/). Then the natural map

AnnoM ® Zy — Annozﬂ

s an isomorphism. For all but finitely many ¢ the natural map
(Anng M)/l — Anno/lﬂl

s an isomorphism.

Proof. We can use Lemma[3.2.5] to reduce this lemma to the case when Y = Z.
Then M is essentially a rational point in G. Let ¢M denote the image of M in
Jm G(K)/™. The injectivity of the map

I'%nG(K)/K" — HYT', T,G)

together with Lemma ii) imply that there is a canonical isomorphism
Annpgz, M = Annolﬂ.

It remains to show that the map AnnoM ® Z; — Annggyz,tM is an isomor-
phism.
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The injectivity of that map is trivial since both sets are subsets of O ®
Zy. To show that it is surjective, let ¢ € Annpgz,tM. There is a limit of
endomorphisms ¢,, € O such that ¢, M = "N, for some N,, € G(K) and such
that ¢, converge to ¢ in O ® Zy. Consider the group X = OM. Since O is
finitely-generated it follows that X is finitely-generated as well. Then Lemma
implies that there is some k such that if n > k, then ¢*N,, € X. Hence

S M = 0""F0, M

for some 6,, € O. The limit lim, (¢, — £"~*6,) converges to 1 and it lies in
AnngM ® Z,. This proves surjectivity.

The arguments for the second part of the lemma are analogous, however we
have to use the injection

G(K)/t — HYT,T,G/t)
instead. O

5.2.6 Lemma. Let G be a split semiabelian variety defined over a field K and
let ¢ be a prime number. Let Qk be the image of 'k in the group Aut(T;G).

(i) There exists a non-trivial element o in the center of Q such that o* —1
is an automorphism of VG for all k > 1.

(i) For all but finitely many primes £ one can choose o so that o — 1 is an
automorphism of T,G.

Proof. Let G = A x T, where A is an abelian variety and 7T is a torus. There
exists a Galois K-module E such that T' > E®G,,. Let Qg denote the quotient
of ' by the subgroup of automorphisms which act trivially on E. This is a
finite group, we will denote its size by gg.

For any prime ¢, let py(A): Tk — Aut(T;A) denote the ¢-adic represen-
tation associated to A and let Q4 ¢ denote the image of pg(A). It is a result
of Bogomolov [Bog81| that Q4 contains an open subgroup of the homothe-
ties Z,°. Moreover, it is a result of Serre [Ser00, Th 2] that the index ¢(¢) of
Qae¢NZ; in Z) is bounded from above for all £. It follows that we can pick
an element o € I'k such that pg(A)(c?%) is a non-trivial homothety A € Z; of
Ty A, which is not a root of unity, and that for all but finitely many primes £ we
can pick o so that A2 1 mod £. Then p,(A)(c92%) — 1 is an automorphism
of V,A for all k > 1 and p;(A)(c9%) — 1 is an automorphism of T; A for all but
finitely many £.

The element ¢?% acts trivially on E. We will show next that it acts on
T,G,,, via multiplication by A\2. It then follows that the image of 097 in Qg
has the required properties.

Let AV be the dual abelian variety of A. Any isogeny A — AV induces an
isomorphism V; A — V,AY. If follows that o%€ acts via multiplication by A on
T, AV. Since the Weil pairing

w: T A®z, T,AY — T,G,,
is Galois-equivariant and surjective and since
o? u(a,a’) = p(o?%a,0%a’) = p(Aa, Aa’) = Np(a,a’),

the claim follows. O
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5.2.7 Corollary. Let G be a split semiabelian variety defined over a num-
ber field K. Let ¢ be a prime and let Qo ¢ be the image of 'k in the group
Aut(TgG).

(i) H (Qu.c, VeG) = 0.
(ii) For all but finitely many primes ¢, H'(Q..c, T,G/¢) = {0}.

Proof. Lemma i) together with Sah’s lemma imply the first state-
ment. To prove statement (ii), notice that any automorphism of T;G induces
an automorphism of T,G//. Then the statement follows from 5.2.6{ii), together
with Sah’s lemma. O

Proof of Theorem [5.2.1} To simplify notation write T := T,(Y ® G). Let M
denote the image of M in H'(I'g,T) under the Abel-Jacobi map «, and let

M; denote its image in HY(Tk,T/¢). Then Lemma [5.2.5 implies that
AnnogM ® Z, = Annoeﬂ.

Hence Z(AnngM,T) = Z(Anne, M, T). Statement (i) of the theorem follows
from Corollary The conditions (i) and (ii) in the corollary follow from
5.2.3(i) and pectively.

To prove the statement (ii) of the theorem we employ Theorem Con-

ditions (i)-(iv) follow from [5.2.3] [5.2.7] and [5.2.5] O

5.3 The image of the Pink map

We retain the notation of the previous section. Our goal is to determine the
image of the map e,(M) for K-1-motives M € Motk (Y, G).

The ring Endz Y ®zEnd z G acts on the group B¢(Y ® @) = Hom(Y, G[¢>)).
The action is given by the formula

(0" @9): frotofog.

for any ¢ € Endz Y and ¢ € Endg G. In particular, O acts on By(Y ® G). One
can check that this action is compatible with the action of O on V,(Y ® G).

5.3.1 Theorem. Let G be a split semiabelian variety over K. Let M €
Motk (Y, G) and let £ be a prime number. There exist positive integer con-
stants ¢ = ¢(£,Y,G) and ¢ = (L,Y,G) such that

Im ceg(M) C Z(Anno M, By(Y ® G)) C Im 'eo(M) (5.1)
For all but finitely many £ one can choose ¢ = ¢’ = 1.

Proof. To shorten notation we denote T' := Hom(T,Y, T,G), V := T ® Qy,
Zr = Z(AanogM,T) and Zy := Z(AnngM,V). Then is equivalent to
showing

Imcey(M) C Zy mod T C Imc'ep(M) (5.2)

_ Let p: 'y — Aut(T) be the f-adic Galois representation associated to
Y ® G. We will denote @ :=Imp and U := ker p.
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Let ¢ be the size of the group H*(Q,T). By and one can show
that this group is indeed finite for all £ and that it is trivial for all but finitely

many £. We will show that this constant satisfies the statement of the theorem.

Since V is semisimple (by, there exists a I x-invariant vector subspace
Zi, of V such that V = Zy & Zj,. Let Z, := Zj, NT. One can show that
Zr = Zy NT. It follows that T = Zy & Z/.. We then have the decomposition

H'(Tg,T) = H' Tk, Zr) ® H' (T, Z7)
and we have a similar decomposition of the group H'(U,T). One can easily see
that the restriction map § sends H!(T'x, Z7) to H*(U, Zr) and H (T, Z}) to
HY(U, Z%).

Let M be the image of M in H'(Tg,T) under the Abel-Jacobi map. The-
orem tells us that 5(]\7) lies in HY(U, Zr) = Hom.(U, Z7). This implies
that the projection of M to HY (T, Zk) lies in the kernel H'(Q,T). Hence
¢M is an element of HY(T'g, Z7).

Let s: T;Y — T, M be a section for the exact sequence

0—>T4G—>T5M—>TZY—>O

The class M is generated by the cocycle o (0—1)s. Since cM € HY (T, Zr),
there exists t € Z/. such that (0 —1)(cs —t) lies in Zp for every o € I'c. Then
we have
ceo(M)(o)= (0 —1)" o —1)es mod T
=(—-1)"Yo—1)(cs—t) modT
Hence the map cey(M) sends every element o from its domain in the set
Zy mod T. This proves the first inclusion in ((5.2)).

To prove the second inclusion let o € I'x be any element such that o* — 1
is an automorphism of V for all £k > 1. Such an element exists by Lemma
5.2.6{(i). Let ¢’ be any positive integer such that ¢’e;(M)(c) =0 mod T. Note
that due to ii) one can choose o such that ¢’ = 1 for all but finitely many
L. Let A be the image of the map d,(M) in Zy. By Lemma (ii) and (iii)
it follows that for every u € U we have

deo(M)(uc®) = deg(M) (o) 4 (6% —1)715,(M)(u) mod T
= (" —1)716,(M)(v) mod T,

hence the we have the inclusion

U (6" = 1)7'A | mod T C ¢/ Tme, (M)
k>1
By Theorem A is an open subset of Zp. Since the group generated
by ¢ is infinite (due to the fact that ¢¥ — 1 is an automorphism of V for all
k > 1) it follows that there exist a sequence {ky, }, such that the operator norm
of oF» — 1 acting on V converges to zero. Then for any vector v in Zy there
exists n such that (%7 — 1)v lies in A. This implies that

Zy = U (c* —1)7'A,
k>1
whence the second inclusion in (5.2)) follows. O



Chapter 6

Algebraic dependences on G,,

The purpose of this chapter is to define and study a certain family of properties
that finitely-generated groups of rational points in tori may have. We give some
examples of such properties.

Let ' C G2,(Q) be a free abelian group of rational points of rank 2 and let
p and ¢ be two different prime numbers. Consider the following properties:

Cycl,(T'): The group I' reduces modulo p and its reduction is a cyclic group

Cycéf,(l"): T" reduces modulo p and the ¢-part of its reduction is cyclic

Cycl?(T): T reduces modulo p and its p-adic closure in G2, (Q,) is 1-
dimensional.

It is easy to see that Cycl,(T") is equivalent to Cydﬁ(l") for all £ # p. We
have the following result:

6.0.2 Theorem. The set of primes p for which property Cycl,(I') holds is
either of density 0, or of density 1. In the second case, T is contained in a
proper algebraic subgroup of G2

m-*

To see the relationship with the property Cych(I') consider the following
conjecture

6.0.3 Conjecture (p-adic Four Exponentials Conjecture). Assume that prop-
erty Cycth(T') holds for some fived prime p. Then I' is contained in a proper
algebraic subgroup of G2,.

Let Pi, P, € G2,(Q) be generators of I'. To say that I' reduces modulo
p is equivalent to saying that the p-adic valuation of the coordinates of P;
and P, is zero, or in other words, it is the same as saying that P; and P»
lie in the subset (Z))? of G2,(Qp) = (Q))?. Let log,: Z — Z, denote the
p-adic logarithm, and let P, = (Py1, Pi2) and Py = (Ps1, Py3). The p-adic
closure of I' is 1-dimensional if and only if the vectors (logp Pyy,log, Pys) and
(log, P»1,log,, Pa2) are linearly dependent over Q,,, which is equivalent to saying
that logp Py logp Poy — logp P> logp P51 = 0. Consider the following matrix:

10gp P11 10gp P12
1ng P21 1ng PQQ

It is not difficult to see that if I' has rank 1 then the two rows of the matrix
above are linearly dependent over Q. On the other hand, if ' is contained in
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a proper algebraic subgroup then the two columns will be linearly dependent
over Q. So Conjecture [6.0.3] can be rewritten in the following more familiar
form:

6.0.4 Conjecture. Let Pi1, Pio, Po1 and Pao be rational numbers whose p-adic
valuation is 0. Assume that the equation

lng Pll 10gp P22 — logp P12 logp P21 =0
holds. Then either the rows or the columns of the matriz

<10gp Py logp P12>
log, Po1 log, Pao

are linearly dependent over Q.

The properties described in the examples are related to a certain homoge-
nous polynomial. In this case the polynomial is the determinant of a 2-by-2
matrix (i.e. y11y22 — Y12y=21). We will call such polynomials algebraic depen-
dences. More generally, if we are interested in a 1-motive M = [Y — G,,]
defined over a number field, then the associated algebraic dependences are the
homogenous ideals in the symmetric algebra of Y. We define those in Section
6.1 and show how to any such 1-motive M and any algebraic dependence one
can associate a certain family of properties concerning the ¢-part of the reduc-
tion of M modulo primes of good reduction. The main theorem [6.1.0] gives a
characterization of the primes for which those properties hold.

In Section 6.2 we derive Theorem [6.0.2] as a consequence of our main theo-
rem. Then we present the proof of the main theorem in Sections 6.3 and 6.4.
The proof is reduced to studying the image of the Frobenius element for primes
of good reduction into the ¢-adic Galois representation associated to M. Fi-
nally, in the last section, we introduce several conjectures concerning algebraic
dependences, of which Conjecture is a special case. We also discuss the
analogy between our conjectures and the main theorem.

6.1 Algebraic dependences

We fix a number field K and a Galois K-module Y. We will denote by G the
Cartier dual of Y. It is equal to Y ® G,,,. Recall that we have isomorphisms
T,G = Hom(T;Y, T,G,,) and B,G = Hom(Y, G,,[(>]).

We need to introduce the following notation. Let R be a commutative ring
and let X be an R-module. We will write R[X] to denote the symmetric algebra
generated by X. That is,

R[X] := P 5™(X),
n>0

where S%(X) = R and S™(X) is the n-th symmetric power of X. If R — R’ is
a ring homomorphism, we will write
R'[X]:=R[X]|®gr R

Since base change commutes with taking symmetric power, we have a canonical
isomorphism
R'[X]| = R'[X ®r R].
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6.1.1 Definition. The Galois action on Y induces a natural Galois action on
ZY]. We will call an ideal I C Z[Y] an algebraic dependence, if I is a
homogenous ideal which is invariant under the action of I'k.

We can isolate a special class of algebraic dependences. Let Z C Y be a
I'k-invariant submodule. We will denote by L(Z) the ideal in Z[Y] generated
by Z. Every algebraic dependence which is of the form L(Z) for some Z will
be called a linear dependence.

If 'EE’ is the Zy-dual of TyG, then Z, [T/‘ga] is precisely the ring of all polyno-
mial functions on T,G with coefficients in Z,. One can check that the I' x-action
is compatible with this interpretation: if o € T'x and f € Z[T;G] then we have

(0f) = fool.
6.1.2 Lemma. Let ¢ be a prime number. There is a canonical isomorphism
ce: Proj Zy[Y] =5 Proj Z[T,G],

This morphism is compatible with the action of I'ic on both schemes induced
by the action on the underlying rings.

Proof. Let 7 be any basis element of T;G,,, (that is, |7|; = 1). Then 7 induces
an isomorphism
T Y ®z 2y — TG, g— g7,

The Z,-dual of 7., after taking symmetric powers, induces an isomorphism
7% Zy[TG) = Zy[Y ).

This isomorphism gives the isomorphism of projective schemes ¢, stated in the
lemma.
If we pick another basis element 7" € T;G,,, it will follow that

()¢ = art

for some € Z,. But then (7/)¥ induces the same isomorphism of projective
schemes as 7. Hence the isomorphism ¢, does not depend on the choice of 7.
Let 0 € T'. An easy computation gives

o(rtf) = (o7) f.

Since 7! and (o7)! induce the same isomorphism, it follows that c, is T'g-
equivariant. O

The lemma above implies that to every homogenous ideal I in Z[Y'] one can

—

associate an ideal I ® Z; in Z,[T,G].

6.1.3 Construction. Let J C ZZ[EZ:] be a set. We will denote by Z(J, T,G)
and Z(J, V;G) the zero sets of J in T;G and V,;G respectively. We also want
to associate to it a set

Z(J,B,G) C B,G.

We proceed as follows.
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Let € B;G. We define v(x) to be the smallest positive integer n such that
0"z = 0 (in particular v(0) = 1). In other words, v(z) = min{n: z € G[¢"]}.
Every function f € Z,[T,G] satisfies the inequality

[f(@) = f(W)le < [z —yle

for every =,y € TyG. Hence it induces well-defined functions f,,: G[¢"] — Z/¢™
which are characterized by the following commutative diagram:

TgG 4) Zg

|

Gler] s z/en

Therefore we can define the set
Z(J,BeG) == {z € B¢G: fyz)(z) =0 for each f € J}. (6.1)
Equivalently, z € B,G lies in Z(J,B;G) if and only if for every f € J we have
[f(@)]e < 7@

where Z € T;G is an arbitrary pre-image of x under the projection map T,G —
G[er@)].

6.1.4 Lemma. Let J C Z¢[T;G] be a homogenous ideal.
(i) If {f1,--., fx} is a basis for J then

Z(J,BeG) = Z({f1,---, fr},BeG);

(i) If J is Galois-invariant, then so is Z(J,B,G);

(iii) The pre-image of Z(J,B¢G) under the quotient map VoG — BG is the
set Z*(J,VuG) consisting of those points x € VoG for which

f@)]e < llzfle (6.2)
for every homogenous f € J.

Proof.

(i) Since {f1,..., frx} is a subset of J, it follows trivially that Z(J,B,G) C
Z({f1,.--, [x},BeG). On the other hand every element f € J, can be

represented as f = g1 f1 + -+ + grfx, where g1,...,9x € Zy [’EE’] Hence
ifee Z({f1,.-., fx}, BeG) and if Z is any pre-image of z in TyG then
[F(@)]e < max{|gi()[el fi(Z)]e} < @

It follows that Z({f1,..., fr},B:G) C Z(J,B,G) which proves the claim.
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(ii) We need to show that if x € Z(I,B,G) then oz € Z(I,B,G) for all
o € I'k. Indeed, if f € J, then we have

fv(:r:) (0’.13) = (0_1fv(x))(x) = (U_lf)v(a:) (J?) =0,

since 071 f € J for every f € J. (The equality (67" f)y@) = 07 fu() is
an easy corollary of the definitions.) This proves the statement.

(iii) Let € V,G and let T denote its image in B,G = V,G/T,G. If z € T,G
then Z = 0 and z € Z(J,B¢G). On the other hand T;G is contained in
Z*(J, VeG), since for every z in T)G and every homogenous polynomial
f we have the inequality

d d -1
[F@)e < Nl < Jl)#

due to the fact that ||z, < 1.

Next let © € V,G\ TyG. If ||z||, = €™, set y := {"x. The element y lies
in TG and T is precisely the image of y under the map T,G — G[¢"].
Let f € J be a homogenous polynomial. Then f,(Z) = 0 if and only
if |f(y)] <€ = |z||;*. Since f(y) = ¢*9°e/ f(z), it follows that the
last inequality is equivalent to (6.2). Hence z € Z(J,B¢G) if and only if
x € Z*(J, ViG) for every z € V,G. O

Let I be an algebraic dependence. We define
Z(I,BiG) = Z(I ® Zy,B,Q)

and
Z*(I,VgG) = Z*(I(X)Zg,VgG)

Let p be a prime of good reduction for G, let K, be the p-adic completion
of K and let k, be the residue field. Let G, denote the reduction of G at p.
Recall that any embedding K* — K induces an isomorphism

redy: B/G, = B,G.

(see (£3) in Section [4.2). We set
Z(I,B¢G,)

to be the image of Z(I,B,G) under this isomorphism. As the latter set is I'j-
invariant, it follows that the image Z(I,B/G,) is independent of the choice of
embedding K* < K.
6.1.5 Definition. Let M = [Y % G,,] be a 1-motive over K and let I be
an algebraic dependence. Let p be a prime ideal of good reduction and let p
be the characteristic of its residue field k,. Let M, denote the reduction of M
at p. We will say that the {-part of M, satisfies I if the ¢-adic projection
pre(My) of M, lies in the set Z(I,B,G,). We say that M, satisfies I if the
l-part of M, satisfies I for every prime number £ # p.

Every algebraic dependence I C Z[Y] induces an ideal T @ Q C Q[Y]. We
will say that an algebraic dependence I is exceptional for M if I ® Q is
contained in L(ker u) ® Q. Otherwise we will call I generic for M.
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We recall the following notation: if f(z) and g(x) are two real-valued func-
tions whose domain is the set X then we write f(x) = O(g(z)) if there ex-
ists a non-negative real constant ¢ such that |f(z)| < ¢|g(z)] for all z € X.
We write f(z) = O(g(z)) if there exist non-negative constants ¢, ¢’ such that
cg(x) < f(z) < dg(z) for all z € X. Then we have the following result:

6.1.6 Theorem. Let Y be a trivial Galois K-module and let M = [Y 5 G,,]
be a K-1-motive. Let I be an algebraic dependence forY .

(i) There exists a finite set of prime numbers S which depends only on M
but not on I and such that for every £ ¢ S the following holds: T is
exceptional for M if and only if the £-part of M, satisfies I for all primes
p of good reduction;

(i1) If I is exceptional for M, then M, satisfies I for all primes p of good
reduction;

(iii) If I is generic for M, then for every prime number £ the set of primes p
for which the €-part of M, satisfies I has density 1 — ©(¢~1), where the
implicit constants depend on M and I.

(iv) If I is generic for M, then the set of primes p of good reduction for which
M, satisfies I has zero density.

6.2 An example: The rank of reduction of Z? — G2,

We will now show how Theorem [6.1.6] implies Theorem stated in the
introduction. We will prove the following slightly more general result:

6.2.1 Theorem. Let K be a number field and let T' C G2 (K) be a torsion-
free subgroup of rank 2. Assume that I is not contained in any proper algebraic
subgroup of G2,. Then the set of places p for which the reduction of T' modulo
p is well-defined and cyclic has zero density.

We fix points Pp, P, € G2,(K) which generate I'. Each point P; can be
represented as a tuple P; = (P;1, Pj2) where P;; € G,,,(K) for 4,5 € {1, 2}.

Let Y be a free Z-module of rank 4, on which 'y acts trivially. We will
fix a basis {y11, Y12, Y21, Y22} on Y. Then we will be interested in studying the
algebraic dependence induced by the polynomial f = y11y22 — y12y21 and the
l-motive M = [Y % G,,] given by u(yi;) = Pi;. By the general theory (see
Corollary M has good reduction for all but finitely many primes p, which
in turn implies that I' has well-defined reduction modulo p for all but fintely
many primes p. We denote the reduction of M at p by M,.

6.2.2 Proposition. Let ¢ be a prime number and let p be a place of good
reduction for M which is coprime to 0. Let T denote the reduction of I' modulo
p. The {-primary part of T is cyclic if and only if the {-part of M, satisfies the
algebraic dependence f.

Proof. As before we will denote G = Y ® G,,. The basis that we have fixed on
Y induces a basis 911, ..., %22 on Y. We will fix a basis element 7 of T;G,,, and
will denote its projection to G,,[¢"] by 7,. We will also denote the reduction
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of G,,, and G modulo p by G,,, and G respectively. We fix an embedding of K*
into the algebraic closure K of the completion of K at p. It induces compatible

isomorphisms G, [("] >~ G,,[¢"] for every n. We will denote by 7, the images
of 7,, under those isomorphisms. Furthermore, we will denote by P; (resp. P;;)
the reduction of P; (resp. P;;) modulo p. We have a unique decomposition

Pi = ZPTZ(Pi),
14

where pr¢(P;) has order a power of /. We have a similar decomposition of P;;.
Then the f-part of T is generated by the points pry(P1) and pre(Ps).
As in the previous section we have an isomorphism

Te: Y ®z Zy — TG, E Qi Yij — g aJij @ T,
ij ij
which induces an isomorphism

7= ()71 Ze[Y] = Ze[ TG

In particular, we have

(.f) Z%‘j@ij RT | = a1 — 12021 -
ij

Let m be the exponent of ¢ in the order of pr¢(M,). Then pr¢(M,) € G[{™]
and there exist §;; € Z/¢™ such that

pre(M,) = Zﬁiﬂ)zj ® Trn.-
i

Equivalently, we have ;;7,, = pr¢(P;;). Then by the definitions in the previous
section it follows that the ¢-part of M, satisfies f if and only if

B11B22 — B12821 =0

in Z/¢™. Equivalently this holds if and only if

811822 — BraBorle < 7™
for some arbitrary pre-images 3j; € Zy of B;; € Z/{™.

6.2.3 Lemma. Let f11,...,820 € Z/I™ be such that at least one f;; is of
mazximal order. Then the following are equivalent

(i) B11B22 — Pr2f21 = 0;

(ii) The linear system
A1f11 +A2B21 =0
A1B12 + AofBaa =0

has a solution A = (A1, \2) € (Z/™)? whose order is {™.
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Proof. To show that (i) implies (ii) assume, without loss of generality, that the
tuple (11, 821) has maximal order. Then the pair (A1, A2) = (811, —f21) is a
solution of maximal order to the linear system in (ii).

Conversely to show that (ii) implies (i) one simply performs Gauss elimi-
nation on the linear system (i.e. if e.g. A; is of maximal order multiply the
first equation by )\fl Bo2 and the second by —)\flﬂgl and add the two equa-
tions). O

By the previous lemma it follows that the ¢-part of M, satisfies f if and
only if the system
AMB1Tm + A2f21Tm =0
>\161277—m + >\262277-m =0

has a solution (A1, Ag) € (Z/€™)?\(¢Z/0™)?. (Here 0 denotes the trivial element

in G,,.) But since BijTm = pre(P;;) this is the same as saying that the (-part
of M, satisfies f if and only if the equation

AlpTg(Fl) + /\2})7"((?2) = 0

has a solution (A1,A2) € (Z/€™)? \ (¢Z/¢™)2. The last condition is clearly
equivalent to saying that the /-part of the reduction of I' modulo p is cyclic.
This proves the proposition. O

Let (\,u) € Z*\ {(0,0)}. Consider the following submodules of Y:

Ry, = spang{\y11 + py21, A\y12 + pya2}
Sx,p = spang{\y11 + pyi2, Ay21 + py2a )

6.2.4 Lemma. We have Ry, Z keru and Sy, € keru for all pairs (X, p) #
(0,0).

Proof. Recall that we assume that I" is a free abelian group of rank 2 which is
not contained in any proper algebraic subgroup of G2,.

If Ry, C keru then it follows that APyy + pP; = 0 and APyp + P = 0
It would follow that AP, + uP> = 0. Since P; and P» are generators of I" this
would contradict the assumption that I' is a free abelian group of rank 2.

On the other hand, if Sy, C keru a similar argument would imply that
[ is contained in the algebraic subgroup H C G2, described by the relation:
(Q1,Q2) € H if and only if \Q; + pQ2 = 0. This again contradicts our
assumptions for I'. O

Let L C Y ® Q denote the dual vector space of (keru) ® Q. Let R,\# and

g,\)u denote the dual vector spaces to Ry, ®Q and Sy , ® Q respectively. Then
the previous lemma implies the following

6.2.5 Corollary. For all (A, p1) € Z*\{(0,0)} we have L & Ry, and L € S»

Proof. Indeed, if L C RM# then we will have that Ry, C keru® Q. It is then
easy to see that there exists n € N such that R, », C keru, which contradicts

Lemma The argument for S A,n 18 analogous. O
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6.2.6 Proposition. Assume that f is an exceptional algebraic dependence for
M. Then there exists (\,pu) € Z* \ {(0,0)} such that either L C Ry, or
LC Sy,

Proof. The set Y ®g Q can be considered as the set of rational points of the
affine scheme Af‘Q = Spec Q[y11, Y12, Y21, y22]. The ideal generated by ker u then
induces an affine subscheme V,, C Af‘Q such that V,,(Q) = L. Similarly f induces
the affine subscheme Vy C Ad:

Vit yriy22 — y12y21 = 0

By our definitions, if f is exceptional for M, then (f) C (keru) ® Q which
implies that L C V¢(Q). To prove the proposition we therefore need to under-
stand the linear spaces of 2-by-2 matrices with zero determinant.

The space R;H,L has a basis {—pg11 + Aja1, —pg12 + Afaa}, or in matrix
notation {(3*5), () 5*)}. It is trivial to see that the column vectors of ev-
ery matrix in RA,M are linearly dependent, which implies that R)\’H C V¢(Q).
SimilarlyAS‘A# is spanned by the matrices {( s f)‘), (_0“ 2)} and it is easy to
see that Sy, C V¢(Q). We will show that any linear space contained in V(Q)
must lie in one of the spaces RML and S'A,#

Let FF C V§(Q) be a linear space. Since Vy is 3-dimensional, non-linear
and irreducible, it contains no 3-dimensional linear subspaces. Hence we can
assume that we have 4 column vectors vy, ...,vs € Z? such that F is spanned
by the matrices (vi,v2) and (vs,vs). We will use the following lemma:

6.2.7 Lemma. Let K be a field and let vy, . ..,vy € K2. Assume that the pairs
{v1,v2}, {vs,v4} and {v1 + v3,vs + v4} are all linearly dependent. Then one
of the following holds:

(1) dimspang {vi,v2,v3,v4} < 1;

(i) There ezist o, € K, (o, B) # (0,0) such that

Qv +ﬂ1)2 =0
avs + fvg =0

Proof. Assume that (i) doesn’t hold. Then at least one of the vectors vy + v3
and vg + v4 is non-zero. Assume without loss of generality that v; + vs # 0.
Again, since the vectors v1,...,vs span the whole space K? it follows that
v1 # 0 and v3 # 0. Then there exist a,b, ¢ € K such that

avy —vy =0
bU3—’U4:0
vy + vg = c(v1 + v3)

Solving the system and using the fact that v; and vs are linearly independent
we get a = b = ¢ which implies (ii). O

In our situation the matrices (v, v2), (v3,v4) and (vy + ve, v3 +v4) must lie
in V;(Q) which implies that their rank must be at most 1. Hence the conditions
of the lemma are satisfied. To conclude the proof notice that if (i) is satisfied
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then F lies in Ry, for some (\, 1), and if (ii) is satisfied then F lies in Sy, for
some (A, p). We leave this last claim as an exercise for the reader. This proves
the proposition. O

We can now finish the proof of Theorem [6.2.1}] The algebraic dependence
f can either be generic or exceptional for M. But if f is exceptional, then the
conclusion of Proposition [6.2.6] would contradict Corollary [6.2.5] This implies
that f is generic. Let p be a prime of good reduction for M. Then M, satisfies
f if and only if the ¢-part of M, satisfies f for all prime numbers ¢ coprime to
p. By Proposition this is equivalent to saying that the ¢-primary part of
the reduction of I' modulo p is cyclic for all ¢ coprime to p. In other words,
M, satisfies f if and only if the reduction of I' modulo p is cyclic. We can now
apply Theorem iv) to reach the desired conclusion. O

6.3 The image of the Galois representation

The goal of this section is to describe the image of the Galois representations
associated to the 1-motive M = [Y %% G,,] given in the statement of theorem
0.1.0

Cyclotomic fields

Let K be a number field. We will denote by K,, the smallest field containing
K and a primitive n-th root of unity. In particular Q,, will denote the n-th
cyclotomic field.

Let I'k, /x be the Galois group of the field extension K, /K. The action of
this group on the n-th roots of unity (equivalently on the group G,,[n], where
Gy, is defined over K) induces an injection

pn: T,y = (Z/n)*

Let ¢(n) denote the Euler function. Then we have the following standard
result:

6.3.1 Lemma. For any n, the degree |Q,, : Q] of the extension Q,/Q is equal
to p(n). Equivalently, for every n the natural map Iy, — (Z/n)* is an
isomorphism.

Proof. See |Lan02, VI, Thm. 3.1]. O

6.3.2 Corollary. Let m,n € N. Let d = (m,n) be the greatest common divisor
of m and n. Then Q,, NQ,, = Qq.

Proof. Let k = [m,n| denote the least common multiple. It is easy to see that
the compositum Q,,Q,, contains a primitive k-th root of unity, which implies
that Qr = Q,Q,,,. It is also clear that Q4 C Q, N Q,,. On the other hand we
get

o - Q0 QJ[Qr 2 Q] p(n)p(m) 0,
[@n m@m . Q] - [@an : Q} - QD(]C) - @(d) - [Qd . Q]

This implies our claim. O
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6.3.3 Proposition. Let K be a number field. There exists a finite set of prime
numbers S such that if n is coprime to all elements in S then K, : K| = ¢(n)
and the map pn: Uk, jx — (Z/n)* is an isomorphism.

Proof. For any abelian Q-extension A contained in K let Cycl(A) denote the
smallest cyclotomic extension containing A (due to the Kronecker-Weber theo-
rem and [6.3.2)such an extension exists). We define ¢(A) to be the smallest num-
ber such that Cycl(A) = Q4. If Q, contains A, then, since Q, NCycl(A) =
Cycl(A), it follows that ¢(A) divides n. Let S denote the set of prime numbers
¢ which divide ¢(A) for some A. Since there are only finitely many such A, the
set S is finite.

Let n be any natural number, coprime to all primes in S. It follows that
KnNQ, =Q, hence

[Kn : K] = [KQp : K] = [Qn : Q] = ¢(n),
which is what we wanted to prove. O

Applying the proposition above to the prime powers of a fixed prime £ and
taking limits we get:

6.3.4 Corollary. Let K be a number field and let G,, denote the multiplicative
group defined over K. For all but finitely many primes € the image of the
associated {-adic Galois representation pe(Gp,) is equal to Aut(T,G,,) = Z; .

Next, let S be a set of primes. To any 1-motive M over K we can associate
the Galois representation:

ps(M): T — [ ] Aute(T,M).
¢S

This is the product of the representations p;(M) for all primes ¢ not lying in
S. Then, after taking limits, Proposition [6.3.3| implies

6.3.5 Corollary. There exists a finite set of prime numbers S such that the
map

p5(Gm): Tie = [ [ Aute(TGr) = lim(Z/n)*
¢S n
1s surjective. The limit above is taken over all natural numbers n which are
coprime to the primes in S.

The image of p,(M)

Next, we want to describe the image of the ¢-adic Galois representation pg(M)
associated to the 1-motive M = [Y % G,,]. We will need the following nota-
tion: We will denote the kernel of v in Y by N, and we will let @@ denote the
quotient module Y/N. We will write ¢ = dim @ ®z Q, that is, ¢ is the rank of
the torsion-free part of Q.

We have isomorphisms T;G = Homgz(Y, T,G,,) and B,G = Homz(Y, B;G,,).
Hence we can consider the groups Homgz(Q, T;G,,) and Homz(Q,B/G,,) as
subgroups of T;G and B,G respectively. Then we have the lemma:
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6.3.6 Lemma. Let O denote the ring Endg (G) = Endg (Y ® G,,). Then
Z(AnnoM, TgG) = HOIH(Q, TgGm)

and
Z(Annop M, B,G) = Hom(Q, B,G,,).

Proof. Let d denote the rank of Y. We have the canonical isomorphism
O =~ Endg (V).
Since Y is assumed to be a trivial I'x-module, the latter ring is (non-canonically)
isomorphic to the ring of d-by-d integer matrices. For any ¢ € Endg (Y) we
will denote the dual endomorphism by ¢!. Then, by the definition of AnnegM
in Section [5.1] it follows that
AmnoM = {¢ € Endg(Y): Im¢' C N}.
Similarly, we have
Z(Annog M, T,G) = {f € T,G: Im @' C ker f for every ¢ € Anno M}
and
Z(AnngM,B,G) = {f € B,G: Im ¢’ C ker f for every ¢ € AnngM}.
For any element f € T,G which lies in Hom(Q, T;G,,) we have that N C ker f.
This implies that f is an element of Z(AnnoM,T,G). Conversely, let f €
Z(Anno M, T;G). Let y € N. We can construct an endomorphism ¢ such that
y € Im¢' C N.
Since such an automorphism is an element of AnngM it follows that y lies in
the kernel of f. Hence N C ker f which implies that f lies in Hom(Q, T,G,,).
This gives us the desired equality
Z(Annp M, T,G) = Hom(Q, T,G,,).

The argument for the second equality is analogous. O

6.3.7 Corollary.

(i) For all but finitely many primes £ the image of the Kummer map 6¢(M)
is equal to Hom(Q, T,G,,).

(ii) For all but finitely many primes € the image of the Pink map e¢(M) is
equal to Hom(Q, B;G,y,).

Proof. This follows directly from Theorems and the previous lemma.
O
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We will let Uy, C T;G denote the group Hom(Q, T,;G,,). Also, let T,N
denote the Zy,-module induced by the image of N in T;Y and let T;Q) denote
their quotient. There is a canonical isomorphism

HOIHZZ (TgQ, Tme) = HomZ(Q, TgGm) = Ug.

If we consider N and Y as 1-motives, we have a commutative diagram

N——M
Y
which induces a diagram of Tate modules

N —* S T,M

\ / (6.3)

Since T; N embeds in T;Y it follows that the map « is an injection.
We will denote by H, the group

Hy:={oc e Aut(TyM): (c —1) ok =0}
If we write Cy := Aut(TyG,,,), then Hy is a part of an exact sequence:
0—-U,—Hy—Cy—1 (6.4)

6.3.8 Proposition. The image of the Galois representation py(M) is contained
in Hy. It is equal to Hy for all but finitely many primes £.

Proof. We will write p instead of pg(M). Also we will write x for the cyclotomic
character py(G,,). Let I'Y. denote the kernel of x.

Requiring that p(I'k) lies in Hy is equivalent to saying that the commuta-
tive diagram is equivariant under the I'k-action. This holds, due to the
properties of the functor Ty, whence the first claim of the proposition follows.

As for the second claim, note that from the exact sequence we get the
commutative diagram

1 Y I'x —— x(Tk) 1
Lol
0 Uy H, Cy 1
where 0 denotes the Kummer map §,(M). By m 6.3.4] and [6.3.7] - ) it follows

that for all but finitely many primes ¢ the maps in the left and right column
are surjective. It follows then by diagram chasing that the map p is also
surjective. O
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The global image
6.3.9 Lemma. The group Hy is isomorphic to Z, x Zj.

Proof. Fix a section s: T;Y — Ty M of the projection map 7 which extends the
canonical embedding x: TyN — T;M. Then the map

Aut(TzM) — Oy x Hom(TgY,TgGm),U — (7T*0', (0 — 1)8)

is a group isomorphism. An element («, a) lies in the image of H, if and only
if N C kera, or in other words, if and only if a € Uy. Hence Hy ~ Cy x Uy ~
Z; x 7. O

Let n be a positive integer. Let E, = K(M|n]) denote the smallest field
extension of K over which all points in M [n] are defined. We will write G,, for
the Galois group of the extension E,, /K. Then the previous lemma implies the
following corollary:

6.3.10 Corollary. For all but finitely many primes £ and for all positive in-
tegers n we have
Gen =~ (Z)0) % (Z/e™)9.

Proof. Since Gyn is precisely the image of I'k under the composition
i 25 Aut(T,M) — Aut(M["])

it follows that Gyn is isomorphic to the quotient of py(I'x) by the subgroup of
elements which leave the submodule ¢" T, M invariant.

Let s be as in Lemmal6.3.9)and consider again the isomorphism Aut(T, M) ~
Cy x T;G induced by it. An element (o, a) acts on T,M ~ T,G,, & T,Y by the

formula
g ag +ay
(o, a) = .
Yy Yy

Hence the subgroup that leaves " T,M ~ ("T;G,, & {"T,Y invariant is the
subgroup of elements {(«,a): a € 1 +£"Zy, a € ("T;G}. On the other hand,
by Proposition for all but finitely many ¢, p(T'x) = Hy. Hence G, &
Hy/Qgn, where Qgn is the subgroup

Qe = (1+0"Zy) x MUy,
which implies the claim. O

Let S be a fixed finite set of prime numbers satisfying the following condi-
tions:

S1. 2 € S5,
S2. the map pg(Gm): ' = [4gg Cr is surjective;
S3. For any ¢ ¢ S the image of pg(M) is equal to Hy.

Due to and such a set S exists. We will say that an integer m is
good if it is coprime to all primes in S.
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6.3.11 Lemma. Let m be a good positive integer. The mazimal abelian quo-
tient of the group (Z/m)* x (Z/m)? is (Z/m)*

Proof. Let G denote the group (Z/m)* x (Z/m)? and let U denote the sub-
group {(1,a) € G: a € (Z/m)?}. We need to show that the U is equal to the
commutator [G,G] of G.

The group operation in G is given by the formula

(@, a)(B,) = (af,a + ab)

and the inverse is
(a,a)"t = (a7t —a"ta).

Hence if z = (o, a) and y = (B,b) are two elements of G, we have
[x,y] = xyxilyil = (1, (O[ - 1)b - (ﬂ - 1)(1)

which is an element of U. Conversely if (1,b) € U then we have

(1,6) = [(2,0), (1,0)],

hence (1,b) € [G,G]. (Note that 2 is invertible in Z/m since by [S1{m is odd.)
It follows that U = [G, G] which implies the claim. O

6.3.12 Proposition. Let m be a good integer, m = {{' ... (%, Then

G = [[ Geoe = (2/m)* x (Z/m)"

i=1

Proof. We are going to prove this statement by induction on the number of
distinct prime factors of m. If m is a prime power m = ¢%, then the proposition
was proved in since by condition the image of pg(M) is the whole
group Hy.

Let now m = £*m/, for some good prime ¢ and some good integer m’ which
is coprime to ¢. Assume that G, = (Z/m')* x (Z/m/)?. It is sufficient to
show that |G,,| = [En, : K] = ¢(m)m?, where ¢ denotes the Euler function.
We have the following diagram of field extensions:

N
AN
4

e

Q

3

&
R

AN
N\ A
i

—~
~
Q
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We have K,, N E,,, = K,,,. Indeed, let X = K,, N E,, Since X is a
subfield of K, it is an abelian extension of K. But by[6.3.11] and our inductive
assumption it follows that the maximal abelian sub-extension of E,, is K,,.
Hence X = K. It follows that [K,, Eny @ K] = [Eny + K] = m'%. By an
analogous argument we also have [K,, Fye : K] = [Epa : Kpa] = 049,

By[S2|we have that [K,, : K] = [Ko : K][K,, : K] = ¢(m). Also, since the
degrees of the extensions K, Fyo /K, and K, Fy, /K, are coprime, and since
E,, is the compositum of K, FEp and K, E,,, it follows that [E,, : K,] =
[KimEpe : Kp][KmEpy @ K] = m2. Hence [Ey, @ K] = [Ep 0 Kp)[K 2 K] =
p(m)m9, which concludes the proof. O

Taking limits we arrive at the following corollary:

6.3.13 Corollary. There exists a finite set of primes S such that the image
of the Galois representation pg(M) is the product st Hy. In particular for
any finite set of primes P which does not contain any primes in S, the image
of the Galois group T'c in [[,c p Aut(T, M) is the group [],cp He.

6.4 Proof of the main theorem
As a first step we will do the following simplification

6.4.1 Lemma. In order to prove Theorem it is sufficient to prove it
when the algebraic dependence I is principal, i.e. I = (f) for some homogenous
polynomial f.

Proof. Let I = (f1,..., fx). It is a simple corollary of the definitions that I is
exceptional if and only if f; are exceptional for all i = 1...k. Similarly, (the
C-part of) M, satisfies I if and only if it satisfies f; for ¢ = 1... k. It follows
that the general cases of[6.1.6(1) and[6.1.6(ii) follow from the special case where
I is principal.

Next we show iV). Indeed, if I is generic then there must exist ¢ such
that f; is generic. But the set of primes p for which M, satisfies I is a subset
of the set of primes p for which M, satisfies (f;). It follows that if the latter
set has zero density, then the former must have zero density as well.

Finally we show (iii). Let D/ denote the density of primes of good
reduction p for which the ¢-part of M, satisfies I (it follows from that
this density exists). We are going to prove the statement by induction on the
number of generators of I. If I has one generator then it is principal and the
claim is trivial. Let I = I’ 4+ (f). If I is generic then either I’ of (f) must also
be generic. Hence we have

D} <wmin{D}', D]} =1-6()
by the inductive hypothesis. On the other hand we have the inequality
DI +1>Dl +Df =2-0(t7")

The two inequalities imply the desired asymptotic D} =1 —©(¢~1). O
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As a consequence of the previous lemma we will assume from now on that
1 is principal and we will fix a generator f € I. We set d to denote the degree
of f. We also fix a basis {y1,...,yn} of Y, which allows us to identify f with
a homogenous polynomial in Z[y, ..., Yn].

Let ¢ be a prime number. We want to associate to the polynomial f a set
A{ C Aut(T,M). We proceed as follows. Let s: T,Y — T, M be a section of
the standard projection map n: T,M — T,Y. Let 7 € T;G,, be a fixed basis
element. The section s, together with the bases 7 and y1,...,y,, allow us to
identify Aut(T,M) with the set of matrices

Aut(TgM)z{(g Ib) Lo € ZY, bezg},

where I, is the identity matrix. Then we let A{ denote the set

a b co fo
A= {5 1) 100 < g,

where ||b]|; denotes the maximum norm of the vector b, i.e. if b= (by,...,by),
then ||b||¢ := max{|b1]e, . .-, |bnle}-

6.4.2 Lemma. The set A£ is the closure of the pre-image of Z(1,B¢G) under
the Pink map 1,0 -

Proof. After fixing the bases 7 and {y1,...,yn} the vector space V,;G is canoni-
cally identified with Q}. Then it is easy to see from the construction in Section
[3:4) that the Pink map is the composition of the map

e Aut(T,M) — V,G, (g Ib> — (a—1)""

with the canonical projection V,G — ByG. The pre-image of the set Z (I, B,G)
under the latter is the set

Z*(1,ViG) = {z: |f(x)]¢ < |lz)1§71}

(as follows from Lemma [6.1.4{(iii)). Substituting (o — 1)~!b for o and using
the fact that f is homogenous of degree d, it follows that the pre-image of
Z(I,B¢@) under the Pink map is precisely the set

{(6 1) artaalioh < e-pi}.

Clearly, A{ is the closure of this set. O

Notice that this lemma implies that the set A{ does not depend on the
choice of basis.

6.4.3 Lemma. Let { be a fized prime number. The following properties are
equivalent:

(i) Hy C AJ;

(i) The restriction of f on Uy is zero;
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(iii) The algebraic dependence f is exceptional for M.

Proof. As in Lemma [6.3.9] we can choose a section s : T,Y — T, M such that
the subgroup H; becomes isomorphic to the group of matrices

(6 £

Then clearly if f(b) = 0 for all b € U, we have that 0 = | f(b)[s < |a—1]¢[b]|¢~*
for any o € Cy, hence (ii) implies (i). Conversely, when we consider U, as a
subgroup of Hy the condition H, C A{ implies that for any b € U, we have
|£(B)]e < |1 —1]¢[|b]|9~" = 0. Hence (i) implies (i).

To show that (ii) and (iii) are equivalent notice that Uy is precisely the set
of common zeros for the linear dependence L(ker ) in TyG, or in other words,
that U, = Z(L(keru), T;G). Hence the restriction of f on Uy is zero if and
only if Z(f,TeG) O Z(L(keru), TyG). Then we are reduced to the following
problem:

6.4.4 Claim. Let f € Q¢z1,...x,] be a homogenous polynomial and let L C
Qe¢[z1, . . . z4] be an ideal generated by linear polynomials. Let Vy and Vi, be the
affine Qq-schemes induced by f and L. Then f € L if and only if Vi (Zs) 2
Vi(Zy).

Proof. One direction of the claim is clear. To prove the other direction, we
proceed by induction on n. If n = 1 then L is one of the ideals (0) or (z1). In
both cases the claim follows easily.

Next we prove the statement for n, having assumed that it holds for n — 1.
Note that Vi(Z;) € Vy(Z,) if and only if VL(Q/) € V§(Qe). If L = (0)
then f vanishes on every point in Q}, which implies f = 0. Otherwise, let
L =(g1,...,95). Without loss of generality we can assume that g; = =, —
g'(x1,...,2,—1) for some linear form ¢’, and that go, ..., gr € Q[z1,...,Tn_1].
(One can always find such generators of L using Gauss elimination, and possibly
relabeling of the variables.) Let L' = (g2,...,9x) and let f'(zq,...,2n—1) =
flz1, ..., xn-1,9'(x1,...,2n—1)). Notice that every point in V7, (Qy) lies also
in V3 (Qg). Hence by the inductive hypothesis it follows that f* € L’ C L. But

if we write ‘
F=Y_ fil,
for some polynomials f; € Qg[x1,...x,—1] we see that
F=f=) filz,—g")

is divisible by ¢;. Hence f € L. O

In our case our claim implies that the restriction of f on Uy is zero if and
only if f € L(keru) ® Q. Since f has integer coefficients the last condition is
equivalent to saying that f is exceptional for M. O

Proof of Theorem ( i,i1). Let f be an exceptional algebraic dependence for
M. Fix an arbitrary prime number /. Lemma then implies that H, C A{ .
By Proposition we have that the image of the Galois representation pg(M)
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is contained in Hy and by Lemma|6.4.2 it follows that after applying the Pink
map, the image of every Frobenius element corresponding to an unramified
prime will lie in Z(f, B¢G). This implies that for every prime of good reduction
p, the f-part of M, satisfies f. Since this claim holds for all prime numbers ¢,
it follows that M, satisfies f for every prime ideal p of good reduction. This

proves Theorem [6.1.6(ii) and one implication of Theorem i).
Let S be a finite set of prime numbers such that for every prime ¢ outside

of S the image of py(M) is equal to Hy;. By Proposition such a set exists.
Let ¢ be a fixed prime lying outside of S. If the ¢-part of M), satisfies f for every
prime of good reduction, then every Frobenius element in the image of py(M)
must lie in A{ . By the Chebotarev density theorem (or more precisely by the

Frobenius density theorem) and by our assumption it follows that H, C A{ .
Then Lemma [6.4.3| implies that the algebraic dependence f is exceptional for
M. This proves the second part of Theorem i). O

Let up denote the probability Haar measure on Hy and let Dg = M(A{ﬂH@).

For all but finitely many prime numbers /, D{ is precisely the density of the
primes p for which the ¢-part of M}, satisfies f. The proof of rest of the theorem
is based on the following key estimate:

6.4.5 Proposition. If Hy C Aéf then Dy = 1. Otherwise,
1
Dy=1-——(1+0@").
(-1
(Here the constant in the O-term does not depend on (.)

The first claim of the proposition is trivial. So from now on we will assume
that Hy ¢ AJ.
Let x s denote the characteristic function of A{ . Then

Df=/ xy(h)dh
Hy

We will fix an isomorphism Hy ~ Cy x U, and will simply identify H, with
the corresponding semidirect product. Consider the map

Y: Cyx Uy — Cy x Uy, (,a) = (o, a)

This map is not a group homomorphism. However, if we introduce the proba-
bility Haar measures on Uy, Cy and their product U, x Cy it turns out that 1
is an isometry. More precisely:

6.4.6 Lemma. Let f € C.(Hy). Then if u' denotes the probability Haar
measure on Cy x Uy, we have

fdu= [ *(f)dy'.
H, H,

Proof. To avoid confusion we will denote the group operation in Hy by “x” and
the one in Cy x Uy by “x”. Let g € C.(Cy) be the function

gla)= [ f((1,u)*(,0))du
U
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Since (1,u) x (a,0) = (1,u) * (a, 0) we also have

gle) = [ ()1, u) * (o, 0)) du.

U,

Hzfdu—/cz g(a)da—/cwew*(f)du,

where we have used [Fol95, Theorem 2.49] to relate an integral over a locally
compact group to an integral over a quotient group. O

Then

It follows from the previous lemma that

/H}d“:/wcz w*(x)du’=/wgdu, (6.5)

g(u) = /C X((a,u))da = pe, ({a € Co: [f(w)le < Ja = 1ellu 1Y) . (6.6)

Recall that Cy = Z;.

6.4.7 Lemma. We have

1
p{a€eZ)la—1>0"}) =1- 6_71[7".

Proof. Let F,, := {a € Z): |a — 1|, < £71'}. One easily sees that p(Fp) = 1
and p(F,) = 207" for n > 1. Then

1

Applying this lemma to we get

Dy :/U glu)ydu=1-— éil/ F(wle du (6.7)

v Ilully™

6.4.8 Lemma. We have

[ A = o) [ sl
Uy ve

d—
lullg ™

Proof. Denote by I the integral on the left-hand side in the expression above.

We have
I :/ |f(7;2|1 du —|—/ ‘f(iﬁll du. (6.8)
ew, |lullg v\ev, |lullg

After changing variables u — fu and using the fact that f is homogenous of
degree d we get for the first integral the relation

/ Pl g, — ooy (6.9)
14

d—
ve llully™
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For the second integral we have

|f(u)]
du = du.
/Ue\wz Jul & /UZ\MWU)I@ u

Again, using the fact that f is homogenous, we get

[ istletu= e [ pa
LU, U,

which allows us to conclude that

/ L gy — (1= 709y [ )l du (6.10)
U, U,

d
\ev, lully

Combining , and (6.10) and solving for I we get

—(d
I= €q1/|f |/du

Since 1 i =1+ O(¢=771) the claim follows. O

Applying this lemma to (6.7)) we get the estimate

1
Dy=1——— (140" [ |f(w)]edu (6.11)
(-1 U,

6.4.9 Lemma. Let f € Fy[z1,...,2,] be a non-zero polynomial of total degree

d. Then f has at most nd¢™* zeros in Fy.

Proof. We will prove this statement by induction on n. If n = 1 the statement
is standard. Assume that the statement is true for n. Let f € Fy[zq, ..., Tpt1]
be a non-zero polynomial. Write

n+1

f= Z giT n+1

for some polynomials g; € Z[z1,...,x,]. Since at least one of the polynomials
g; is non-zero we can conclude by the inductive hypothesis that the set of
common zeros of go, ..., g4, , has size at most nd¢™~1. Each of those zeros
induces ¢ zeros of f. On the other hand, each element of F} which is not a
common zero of the polynomials g; induces at most d,,+1 < d zeros of f. Hence
the total number of zeros is bounded from above by

(nde™ )¢ + 0"d = (n + 1)de". O

Notice that for all but finitely many primes ¢ the restriction of f to U, has
non-zero reduction modulo ¢. Indeed we can assume, without loss of generality
that N = ker u is contained in the submodule generated by the basis elements
{Yg+1,---,yn} (otherwise just change the basis). This implies that for all but
finitely many £ the images of {y1,...,y,} in @ form a basis of T;Q). Then the
restriction of f to Uy is given by the polynomial f(y1,...,%4,0,...,0). Since
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this is a non-zero polynomial with integer coefficients it follows that for all but
finitely many £ its reduction modulo ¢ is not zero.

Therefore, if Ny denotes the number of zeros of the restriction of f to Uy
reduced modulo ¢, we can apply Lemma to conclude that

Ny =011 (6.12)

(Since there are only finitely many primes for which Lemma does not
apply we can we can include them in the above estimate by increasing the
implicit constant. This constant still depends only on M and f.)

Let Sy C U, denote the set S = {u € Up: |f(u)|le < 1}. Clearly u(Se) =
(79N, = O(£~1). Then equation gives us

Dy=1- == (140 (M(Ue \Se)+ [ 17wl du)

=1-— (1+0¢ =) (1+0¢ )y +0¢™)
1
=1-—11 ).
7 (1+ou™)
This completes the proof of Proposition [6.4.5 O

Proof of Theorem [6.1.6/(iii). If f is generic then by Lemma it follows that
for every ¢ we have Hy € Aéc . Hence by Proposition we have

D =1- e_% (1+0( ) =1-0("
For all but finitely many primes ¢ the image of the Galois representation py(M)
is equal to Hy. Hence for all but finitely many primes ¢ the density of prime
ideals p of good reduction for which the ¢-part of M, satisfies f is equal to
Dg =1-0(¢"1). To include all primes ¢ one just needs to modify the implicit
constants. O

Proof of Theorem (w) By Corollary [6.3.13| there exists a finite set of

prime numbers S such that for any finite set of primes P outside of S the image
of the Galois group I'c in [],c p Aut(T, M) is the group Hp := [],cp He.

Let P be such a finite set of primes and let pp denote the representation
pp: FK — Hp induced by M.

Let p be a prime ideal of good reduction for M and assume furthermore
that it is coprime to all elements in P. If M, satisfies f then, by definition,
the ¢-part of M, satisfies f for all prime numbers ¢ € P. Equivalently, for
every ¢ € P the image of the Frobenius ¢, at p under the Pink map er,as is
contained in Z(f,B¢G). By Lemma it follows that the Frobenius lies in
[Licp A{ Npp(Tk) = HeeP(A£ N Hy). We can therefore apply Chebotarev’s
density theorem to conclude that the density of all prime ideals p such
that M, satisfies f, if it exists, is bounded from above by

w([] Al nHy) =[] DI

LepP leP
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Since f is generic, Theorem [6.1.6(iii) implies that

o/ <110

tepP lepP

for some positive constant ¢ which depends on M and f. But since

[T (1-7)=0

¢ prime

(which one can show by taking logarithms for example) it follows that as we
vary P we can get an arbitrarily small upper bound for the density of primes
p for which M, satisfies f. It therefore follows that this density exists and is
equal to 0. O

6.5 Relations to transcendence theory

The local image of the Kummer map

Let K be a finite Q,-extension and let M = [Y % G,,] be a trivial K-1-motive
of good reduction. We would like to determine the image of the Kummer map
0p(M). Denote the ring of integers of K by R, the maximal ideal by m and the
residue field by k. Furthermore, we fix a uniformizing element = € R.
Since M is of good reduction it follows that u(Y) C R*. The map u induces
maps
up: Y/p" — R*/p"

for every n > 1. The group R* has a canonical decomposition as a product
R* 2 Uxk>, where U is the subgroup of all points which reduce to the identity
modulo m. Since the order of £* is coprime to p it follows that R/p™ = U/p™
for all n > 1. U is a pro-p group hence

@U/p" >U

Therefore after taking projective limits we get a map
u:TY U

This map is a continuous homomorphism of Z,-modules.
Let tg,, denote the tangent space of G,,. One has a well-defined logarithm
map

log: G (R) — tg,, (K)

which we can extend to the whole group G, (K) by fixing logw = 0. This map
is defined via the usual analytic series

log(1 +z) = Z M
n=1

n

whenever the p-adic absolute value of x is sufficiently small, and is extended to
all points in R* by homomorphism. Its kernel in R* is precisely the torsion
subgroup.

Let us then define the map L: T,,Y — tg,, (K), L =logou’. Then we have
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6.5.1 Proposition. The image of the Kummer map §,(M) in the Tate module
T,G = Hom(T,Y, T,G,,) is a finite index subgroup of the submodule

Hom(T,Y/ker L, T,G,,).

Proof. Let T denote the module Hom(T,Y, T,G,,), and let M be the image of
M in HY (', T) under the Abel-Jacobi map a,,. Recall that the Abel-Jacobi
map is a limit of maps

s Motk (Y, Gp) = H' Tk, T/p™)

It follows from the definitions that a 1-motive X = [Y* % G,,] lies in the kernel
of oy if and only if the induced map u, : Y/p™ — K* /p™ is trivial.

Let O denote the ring of I'k-equivariant endomorphisms of T'. Since Y is
a trivial I'g-module, T'® Qy can be represented as a sum of 1-dimensional
I'k-representations, which implies that it is semi-simple. Let ) be the image
of the representation

pp(Y ©G,,): T — End(T).

Since the image of the cyclotomic character I'x — Z, is an open subgroup
of Z) one can show, using arguments similar to those in Lemma that
HYQ,T®Q,) = 0. It follows that the conditions of Corollaryare satisfied,
hence we can conclude that the image of (M) is a finite index subgroup of
the Zy,-submodule Z (Anno]\A/[/ ,T). To conclude the proof we have to show the
equality .

Z(AnnoM,T) = Hom(T,Y/ ker L, T,G,, ). (6.13)

Let N,, denote the kernel of the map u.,,, and let N be the inverse limit of
N,,. This is also the kernel of the map v/, and since the kernel of log is finite,
it follows that N is a finite index subgroup of ker L. This implies

Hom(T,Y/N, T,G,,) = Hom(T, Y/ ker L, T,G,,) (6.14)

Since 'k acts trivially on Y it is easy to show that O = EndK(}A/ QG ®

Z, = Endg(Y)®Z,. The latter ring is non-canonically isomorphic to the ring
of m x m-matrices with coefficients in Z,, where m is the rank of Y.

Let ¢ € AnnoM . Let ¢, € EndK(Y) be a sequence of homomorphisms
such that ¢ = ¢, mod p". ¢M = 0 if and only if ap,)(¢, M) = 0 for all . This
holds if and only if u o ¢! is trivial, where ¢! denotes the homomorphism dual
to ¢. The last statement is equivalent to saying that the image of ¢!, lies in
N,.

Let A, = {¢ € End(Y): Im¢ C N, }/p". The arguments above imply that
AnnoM = @n A,. The sets A, are left ideals of the rings O/p™, which act
on T/p™. One can show that

Z(Anng M, T) = lim Z(A,, T/p")

n

Using arguments similar to the ones in Lemma [6.3.6] it is easy to show that
Z(Ayn,T/p") = Homg /pn (Y/Ny, T,G,, /p™). Taking limits on both sides of this
equation and using (6.14]), one derives the equality in (6.13]). O
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Conjectures

We restrict ourselves to the case of trivial 1-motives over Q. Let M = [V =
Gyn] be such a trivial Q-1-motive and let p be a fixed prime of good reduction.
Further, we fix a basis y1,...,yn, of Y. Let P, := u(y;) for i = 1,...,n.
Let f € Z[yi,-..,yn] be a fixed homogenous polynomial. Let log,: Z) — Z,
denote the p-adic logarithm map. Note that since p is a prime of good reduction
for M, it follows that u(Y") is contained in Z). Then we have the following
conjecture:

6.5.2 Conjecture. Suppose that f(log, Pi,...,log, P,) = 0. Then the p-adic
numbers log, P;,...log, P; are linearly dependent over Q.

This is a standard conjecture from p-adic transcendence theory. It is a
special case of the p-adic version of Schanuel’s conjecture. We will show that
this conjecture can be reinterpreted as a conjecture about the p-adic Galois
representation associated to the 1-motive M. A related result due to Bertolin
[Ber02] (see also [And04] §23]) shows that in the complex case Schanuel’s con-
jecture is equivalent to a generalization of Grothendieck’s period conjecture
applied to 1-motives of the type [Z" — G£,].

We can state Conjecture[6.5.2]in a slightly stronger form by describing what
the conjectural linear relation between the p-adic logarithms looks like. Using
the language we have introduced above we have

6.5.3 Conjecture. The following statements are equivalent:
(i) f(log, P1,...,log, P,) = 0.
(ii) The algebraic dependence (f) is exceptional for M.

It is easy to see that Conjecture [6.5.3]implies Conjecture [6.5.2
We would like next to state a conjecture, which is equivalent to Conjecture
To do so we fix an embedding of Q* into Q, which allows us to regard the

absolute Galois group I'g, as a subgroup of I'g. Let again G = Y @G, be the
Cartier dual of Y. Recall that we have a well-defined zero-set Z(f, T,G) C T,G
due to the fact that f is homogenous. Recall also that there is an exact sequence

0 — T,G — Aut(T,M) — Auwt(L,G,,) — 1
6.5.4 Conjecture. The following two statements are equivalent:
(i) The intersection of p,(M)(Tq,) with T,G is contained in Z(f, T,G);
(i) The algebraic dependence (f) is exceptional for M.

One easily sees that (ii) implies (i). The conjectural part is that the converse
implication also holds.

6.5.5 Proposition. Conjectures and [6.5.7) are equivalent.

Proof. Let M, = M ®q Q, denote the base change of M to Q,. Then the
intersection of p,(M)(T'q,) with T,G is precisely the image of the Kummer
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map 9,(M,). Let 7 € T,G,, be a fixed basis element. Let v € V,G be the

vector
n

v = Z(logp Py T
i=1
Proposition in this case implies that the image of the Kummer map
0p(M,) is a finite-index subgroup of the intersection of the vector space Qpv
with T,G. Since a vector w = Y ' | a;§; ® 7 lies in Z(f, T,G) if and only if
flag, ... an) = 0, it is clear that f(log, Pi,...,log, P,) = 0 if and only if
the image of ¢, (M,,) is contained in Z(f, T,G). Hence statement (i) of Conjec-
ture is equivalent to statement (i) of Conjecture which proves the
proposition. O

Finally, we would like to show that there exists a certain analogy between
our conjectures and Theorem Recall the set Ag of automorphisms of
Aut(T,M), which, after picking a section T,Y — T,M, can be identified with
the set of matrices

a b oo
A= {(5 1) 1o <la- 1

In the proof of Theorem [6.1.6] we showed that the ¢-part of the reduction of
a l-motive M modulo p satisfies the algebraic relation (f) if and only if the
decomposition group at p is contained in Ag . For the case { = p we have the
following analogous situation:

6.5.6 Proposition. Suppose that p > 3. Statement (i) of Conjectures m
and holds if and only if the image of I'q, under the p-adic Galois repre-
sentation pp(M) is contained in Ag.

Proof. Compare with the proof of Lemma Let W, denote the image of
the decomposition subgroup I'g, under the Galois representation p,(M), let
X, denote the image of the cyclotomic character and let Y, denote the kernel
of the map W, — X, or in other words, the image of the Kummer map
0p(M ®q Qp). After we identify Aut(T,M) with a group of matrices as in the
previous section, the map W, — X, is given by

a b
Wpa(o In)Hanp,

and the map Y, — W, is given by

1 b
Ypabn—><0 In> € Wp.

It is then clear that if W, is contained in A7, then f(b) =0 for all b € Y,
which implies that Y}, lies in Z(f, T,G).

Next assume that Y}, lies in Z(f, T,G). By the theory of cyclotomic exten-
sions, X, is equal to Z;'. Let a € X, be any topological generator of X, and
let w € W), be a pre-image. Then w can be represented by a matrix

(o a
“=\o 1,
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One can show that any element of the form

=1

0o I,

is contained in the closure of the group generated by w. Indeed, if 8 = o™ for
some integer m then the element above is simply w™. The general case follows

by continuity.
Let
_ (B b

7= (0 I,
be an arbitrary element in W,. We can represent o as the following product
of elements in W,:

o= 1 i;fja +b\ (B %a
0 I, 0 I,

By our assumption it follows that f(b+ i;ﬁa) = 0. Let d denote the degree of
f. Since f is homogenous with integer coefficients and since ||al|, < 1, we have

1-p
Fb+—2a) = f(b) +C,
where di
=1
< J
Cly <, {Hblp o 1),

Note that [a — 1], = 1 due to the fact that a generates Z) and p > 3. There
are two cases. If ||b]|, < |8 — 1|, then

[FO)p < lIbll3 < 18— Lpllbll3~

implying that o lies in Af. On the other hand, if |3 — 1|, < [|b||, then

[f®)lp = 1Clp < 18 = pllollp~"

which brings us to the same conclusion.
We have thus proved that Y}, lies in Z(f, T,G) if and only if ), lies in A{:.
This proves the proposition. O

As a consequence of the considerations above we see that there exists a
certain correspondence between the question of whether the reduction of a 1-
motive satisfies a given algebraic dependence and certain problems of p-adic
transcendence theory. In particular the problem corresponding to the example
given in Section [6.2] is the p-adic four exponentials conjecture stated in the
introduction of this chapter.
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Appendix

A.1 Equivalence of categories

The main reference for this section is MacLane [ML98] (or any other book on
category theory).

Let € and D be two categories. A (covariant) functor F: € — D is called
full if for every pair of objects a,b € C the map Hom(a,b) — Hom(Fa, Fb)

sending every arrow a I bto its corresponding arrow Fa LENyT S surjective.
The functor F is faithful if for every pair of objects a,b € € the map described
above is injective. It is fully faithful if it is both full and faithful. If F': ¢ — D
is a contravariant functor we say that it is full, faithful or fully faithful if the
corresponding functor F°P: € — D°P from € to the opposite category D of
D has any of the stated properties above.

A functor F': @ — D is called essentially surjective if for every object
d € D there exists an object ¢ € € such that Fc is isomorphic to d.

The functor F': € — D is called an equivalence of categories if there
exists a functor G: D — € and natural isomorphisms Go F' = [de and F oG =
Idp, where Ide: € — C and Idp: D — D are the identity functors of € and
D respectively. In this case we will also say that the categories € and D are
equivalent.

We have the following criterion (see [ML98|, IV, Theorem 4.1]):

A.1.1 Theorem. The following properties of a functor F: C — D are logically
equivalent:

(i) F is an equivalence of categories;

(i) F is fully faithful and essentially surjective.

A.2 (Galois theory

We recall the main results of Galois theory as presented by Grothendieck. This
section is based on the exposition in [SGA1, Exp V], we have simply translated
all facts which are relevant to us. We refer to the original source for proofs.

A.2.1 Definition. A category C is called a Galois category if it is equivalent
to the category C(m) of finite sets with continuous 7-action, where 7 is some

89
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profinite topological group. The group 7 is called the fundamental group of
C.

A.2.2 Theorem. Let S be a connected, locally noetherian scheme. The cat-
egory FET(S), consisting of finite étale surjective morphisms X — S (also
called étale coverings), is a Galois category.

Proof. See [SGAI1L Exp V, 7]. O

We can give a more explicit description of the equivalence ¢ — C(7) in
the definition above. A pro-object in C is any covariant functor P: I — C,
where [ is a small cofiltered category. The pro-objects of a category € form a
category Pro — C.

A.2.3 Theorem. Let C be a Galois category with fundamental group w. There
exists a pro-object P of C such that w is isomorphic to the opposite group of
Aut(P). In this case the functor

Fp: X — Hom(P, X) = ligHom(Pi,X)
iel

is an equivalence between C and C(w). Moreover, every equivalence F: C —
C(m) is isomorphic to Fp for some pro-object P.

The pro-objects P having the property described in the previous theorem
are called fundamental pro-objects, and their associated functors Fp are
called fundamental functors. One can show that every two fundamental
pro-objects are isomorphic. Note that if a pro-object P has a limit in some
category C’ of which € is a subcategory, then one can replace P by its limit in
the definition of the functor Fp above.

For any fundamental functor F' there is a certain maximal fundamental
pro-object P for which F' = Fp. More precisely we have

A.2.4 Lemma. Let C be a Galois category with fundamental group m and let F
be a fundamental functor. There exists a fundamental pro-object P = {P;}icr
such that F = Fp and such that the following two conditions are satisfied:

(i) Every morphism P; — P;, for j <1 is an epimorphism;

(it) Every epimorphism P; — P’ is equivalent to some morphism P; — P;
for some j <.

Furthermore, this fundamental pro-object P is uniquely determined.

Let € be a Galois category, let P = {P;};cr be a fundamental pro-object
and Fp be its associated fundamental functor. We say that P; is Galois if the
group Aut(FP;) acts transitively on the set Fp(P;). One can then show that if
the conditions in the lemma above are satisfied then Aut(P) is the limit of the
groups Aut(F;) for all Galois P;. For every j € I there exists ¢ > j such that
P; is Galois.

Let S be a connected locally noetherian scheme. We can associate a funda-
mental functor and a fundamental pro-object to the category FET(S) as fol-
lows: Pick an algebraically closed field 2 and a geometric point : Spec() —
S and let F, be the functor from the category FET(S) to the category of finite
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sets which associates to every object X € FET(S) the set F,(X) of all geo-
metric points lying above x. The proof of Theorem consists essentially
in showing that there exists a group m = (S5, z) such that F, induces an
equivalence of categories FET(S) — C(w). The group (S, ) is called the
fundamental group of S at = and the pro-object associated to F} is called
the universal covering of S at z. Picking a different point 2’ induces a
group (S, z’) which is non-canonically isomorphic to 7 (.5, z).

If f: S — S is a morphism of connected locally noetherian schemes, z’ is a
geometric point in S’ and z = f(2’), we get a functor f*: FET(S) — FET(S5)
and one has an isomorphism of fundamental functors F, = F,/ o f*. Moreover
we have a canonical group homomoprhism

m(f,2'): m (S, 2") — 7 (S, x).

The following proposition relates Grothendieck’s Galois theory to its tradi-
tional form

A.2.5 Proposition. Let S be the spectrum of a field k and let 2 be an algebraic
closure of k which defines a geometric point x: SpecQ) — S. Let k° be the
separable closure of k in Q). Then the spectrum of k*® is the limit (in the category
of S-schemes) of the universal covering for S at x. The group m (S, x) is
canonically isomorphic to the topological Galois group of the extension k®/k.

Proof. See [SGA1], Exp. V,8.1] O

A.2.6 Proposition. Let S be the spectrum of a Dedekind domain R, and let
S be the spectrum of its fraction field K. Let  be an algebraic closure of K,
defining corresponding geometric points ' € S'(Q) and x € S(Q). Then the
homomorphism

m (S, 2") = m (S, z)

is surjective. If we identify the first group with the Galois group of K*/K,
then the kernel of the homomorphism above is the absolute Galois group of the
mazximal field extension of K which is unramified over R.

Proof. This is a special case of [SGA1] Exp. V,8.2] O

A.3 Galois descent

In the following we are going to recall the basic theory of Galois descent
which we need in the first two chapters. The main reference we use is Bosch-
Liitkebohmert-Raynaud [BLRI0|, Sections 6.1 and 6.2.

A morphism p: S’ — S of schemes is called faithfully flat if it is flat and
surjective.

A scheme X is called quasi-affine if it is isomorphic to a quasi-compact
open subscheme of an affine scheme (see [EGA2, §5.1.1]).

A morphism f: X — Y of schemes is quasi-separated if the diagonal
morphism A: X — X xy X is quasi-compact (see [EGA4I, §1.2.1]).

Let p: S’ — S be a finite and faithfully flat morphism of schemes. We say
that p is a Galois covering if there exists a finite group I' of S-automorphisms
of S’ such that the morphism

xS =8 xg8, (0,2) = (cz,2),
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is an isomorphism. Here, I' x S’ is the disjoint union of copies of S" indexed
by T.

We give the standard instance of a Galois covering. Let S be a connected,
locally noetherian scheme, let z: Spec{2 — S be a geometric point and let
P = {P;};cs be its associated universal covering. Then an element P; is Galois
in the sense of the previous section if and only if the morphism P; — S is a
Galois covering. The group I' in this case is simply the automorphism group
Autg(F;). It is a quotient of the automorphism group of the universal covering
Autg(P), which is the opposite of the fundamental group 71 (S, z).

We will fix in the following a Galois covering p: S’ — S with Galois group I'.
Let X’ be an S’-scheme. A descent datum ¢ on X' is an action ¢: I' x X’ —
X'’ compatible with the action of I on S’. In other words, we require that for
every o € I' the following diagram is commutative:

X —7 X'

|l

s 78

Let X’ and Y’ be two S’-schemes with descent data. An S’-scheme morphism
f: X' = Y’ is compatible with the descent data if for every o € T" we
have f oo = oo f. Thus, the S’-schemes with associated descent data form a
category.

A.8.1 Remark. The definition of descent data given above is equivalent to the
standard definition of descent data associated to S’-schemes X’ where p: S" —
S is a faithfully flat and quasi-compact morphism (see [BLR90], 6.2/Example
B).

To every S-scheme X we can associate an S’-scheme with descent datum.
Namely, take X’ = p*X = X xg S’. Then every automorphism o: S’ — S’
lifts to an automorphism o: X’ — X’ and thus, we have an action of I" on
the S’-scheme X’ which is compatible with the action on S’. Moreover, every
morphism f: X — Y of S-schemes lifts to a morphism p* f: X’ — Y’ which is
compatible with the descent data. Thus we have a functor p* from the category
of S-schemes to the category of S’-schemes with descent datum.

We say that the descent datum of an S’-scheme X' is effective if there
exists an S-scheme X such that X’ = p*X and such that the descent datum
on X’ is isomorphic to the one induced by p*.

A.3.2 Theorem. Let p: S’ — S be a Galois covering.

(i) The functor X — p*X from S-schemes to S’-schemes with descent data
is fully faithful

(ii) Assume that S and S’ are affine and let X' be a quasi-separated S’-
scheme. Then a descent datum ¢ on X' is effective if and only if the

Galois orbit of every x € X' is contained in a quasi-affine open subscheme
of X'.

See [BLR90], Theorem 6.1/6 and Example 6.2/B.
A.3.8 Remark.
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(i) The first statement of the theorem implies that if the descent datum on
X' is effective then the S-scheme X to which it “descends” is uniquely
determined up to isomorphism.

(ii) A second corollary of the first statement is that commutative diagrams of
morphisms of S’-schemes with effective descent data “descend” canoni-
cally to commutative diagrams of morphisms of S-schemes. In particular,
this means that an S’-group scheme with effective descent datum, which
is compatible with the group structure, descends to an S-group scheme.

(iii) The second condition is satisfied if X' — S’ is quasi-projective (see
[BLR90, Example 6.2/B]).

A.4 Henselian rings

We give here a quick review of those properties of henselian rings which we
have used. For further reference see [EGA4IV] §18], [Ray70a] [Mil80, I.§4] or
[BLR0, §2.3).

A.4.1 Definition. Let R be a local ring. It is called henselian if every
finite R-algebra decomposes into a product of local rings. It is called strictly
henselian if it is henselian and its residue field is separably closed.

This is one of several equivalent definitions for henselian local rings. An
alternative definition is: R is henselian if Hensel’s lemma holds for the ring
R[T]. See any of the references given above for further details.

A.4.2 Proposition. Any complete local ring is henselian. In particular, any
field is henselian.

Proof. See [Mil80, Proposition 1.4.5] or [EGA4IV] §18.5.14]. O

A .4.3 Definition. Let R be a ring and let A be an R-algebra. A is called an
étale R-algebra if the corresponding map Spec A — Spec R is étale.

A.4.4 Proposition. Let R be a henselian local ring and let k be its residue
field. The functor A — A Qg k induces an equivalence between the category of
finite étale R-algebras and the category of finite étale k-algebras.

Proof. See [Mil80, Proposition 1.4.4], [EGA4IV), §18.5.15]. [Ray70a) p. 84, Corol-
laire]. O

A.4.5 Remark. The proposition above induces an equivalence of categories
F: FET(R) — FET(k). Hence if 2’: SpecQ — Speck is a geometric point
and x: Spec{) — Spec R is the corresponding image of x, then we have an
isomorphism

m1(Spec K, 2’) = 71(Spec R, ).

If (P;);er is the universal covering of Speck over 2/, then (F~(P;));er is the
universal covering of Spec R over x. This covering has a limit R® which is
called a strict henselisation of R. R’ is a strictly henselian local ring and
its residue field is k°, the separable closure of k£ in (2. See any of the references
above for further details.
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A.5 Group schemes

We recall briefly the definition of a group scheme. Let S be a scheme. A group
scheme over S (or an S-group scheme) consists of the data (X, m, ¢, €), where
p: X — S is an S-scheme, and m: X x¢g X —» X, 1: X - X ande: S - X
are S-morphisms for which the following diagrams are commutative:

GS1. associativity

m><idx

XXX xX—XxX

lidx Xm lm

X xX i X

GS2. existence of left-identity

(p,idx) exidx

X—89xX—FXxuzx

-

X
GS3. existence of a left-inverse
x U v x
| "
S—

Moreover, the S-group scheme is commutative if the structure morphisms
satisfy the following commutative diagram:

GS4. commutativity

where 7 commutes the factors.

(All products above are fibered products in the category of S-schemes.)
Furthermore, we define morphisms of S-group schemes to be morphisms
of schemes which are compatible with the group structures (see e.g. [BLR90,
84.1] for details).
We need the following result

A.5.1 Proposition. Let S be a noetherian integral reqular scheme whose irre-
ducible components all have dimension 1. FEvery smooth S-group scheme which
s quasi-compact and separated over S is quasi-projective.

Proof. This is a special case of a result of Raynaud [Ray70b, Théoréme VIII.2]
O
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A.6 Homological algebra

Profinite group cohomology

We will give a quick review of those results on profinite group cohomology,
which we have used in Chapters [3[and [5} Our main reference is [Ser64).

A topological group is called profinite if it is a projective limit of finite
groups, or equivalently, if it is compact and totally disconnected. Let I' be
such a group and let A be a topological left I'-module, which is separated as a
topological space. An n-cochain of I' with values in A is a continuous function
f from the product I" x - - - X I', where I is taken n times, to A. The coboundary
df of f is defined by the formula

df(o1,...,0n41) = o1 f(02,...,0n41)+

n

Z(*l)lf(ﬂh 0Oty On) (1) (o1, o).
i=1

This gives us a complex C*(T", A), whose cohomology groups we denote by
H™(T, A).

The set H(T', A) is identified with the subset A of elements fixed under
the action of I'. As for the first cohomology H'(T, A), it is the quotient of
1-cocycles by 1-coboundaries Z!(T', A)/BY(T, A). Here Z!(T', B) consists of all
function s f from I" to A, which satisfy the 1-cocycle condition

floT) = f(7)+ f(o)
The set of 1-coboundaries consists of all functions f such that f(o) = (6 —1)a
for some a in A.
If0 - A— B — C — 0is an exact sequence of topological I'-modules we
get the usual long exact sequence
... H™(T,A) —» H"(T, B) = H"T,C) % H"' (T, A) = -

A.6.1 Lemma. Let T be a profinite group and let M = @n M, be a projective
limit of compact I'-modules . We have

HY T, M) = @H%F,Mn).

Proof. See Proposition 7 in [Ser64]. O

A.6.2 Lemma. Let I' be a compact (-adic Lie group acting continuously on
a finitely-generated free Zy-module T. Then HY(T,T) is a fintely-generated
Zy-module and we have that

H'(D,T)®Q = H'(I,T ®Q)
Proof. See Proposition 9 in [Ser64]. O

A.6.3 Lemma (Sah). Let ' be a profinite group and let A be a topological
[-module. Let o be an element in the center of I'. Then o — 1 kills H*(T', A).
In particular, if o — 1 is an automorphism of A then H'(T', A) = 0.

Proof. This is proved in the case of standard group cohomology in [Lan02, VI,
Lemma 10.2]. For profinite group cohomology the proof is the same. O
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