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Introduction

In the endeavor to better understand our galaxy and the universe, mathematicians have tried
to model galaxies and the universe for a long time. On the basis of Newton’s law of gravity,
one can try to model each stellar object as an individual point mass in space. However, in
galaxies, for instance, the number of stars can be of the order of ∼1011 and it is no longer
feasible to use this approach. For this reason, we interpret a galaxy as having a continuous
mass distribution and therefore introduce the density on phase space f = f(t, x, v). Here,
t ≥ 0 is the time variable, x ∈ R3 is the space variable, and v ∈ R3 is the velocity variable. If
we want to know the amount of mass that is contained in a certain region of phase space at
any given time t, we have to integrate f(t, ·, ·) over this region.
By Newton’s law, a particle at position x with velocity v that is exposed to the potential
U = U(t, x) satisfies the equations of motion

ẋ = v, v̇ = −∂xU(t, x).

As collisions rarely happen, we can neglect them and therefore, f is constant along orbits,
i.e. solutions to the equations of motion, which yields

∂tf + v · ∂xf − ∂xU · ∂vf = 0.

We call this equation the Vlasov equation. It describes the motion and temporal change of
the mass distribution induced by a given potential U . This potential is induced by the spatial
mass density ρ = ρ(t, x), governed by the Poisson equation

∆U = 4πρ, lim
|x|→∞

U(t, x) = 0.

We couple the density on phase space f with the spatial mass density ρ through

ρ(t, x) =

∫
R3

f(t, x, v) dv.

The model that consists of the three above equations and the boundary condition for U is
called the Vlasov-Poisson system, which will be the subject of this thesis.

We are interested in steady states, i.e. time-independent solutions of the Vlasov-Poisson
system. To be more precise, we will focus on a special type of steady state, namely the
isochrone steady state. The isochrone model was introduced by the mathematician and as-
tronomer Michel Hénon in [10], [11] and [12]. He derived the so-called isochrone potential,
which is a spherically symmetric potential with the property that the period of a particle orbit
only depends on its energy and is independent of its angular momentum. This derivation and
some further discussions have also been carried out by James Binney in [2]. Additionally, the
isochrone potential and a few of its properties can be found in [3].
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Contents

In this thesis, we will start with some notations and with setting up the framework of spher-
ical symmetry in Chapter 1. We will then be concerned with deriving and introducing the
isochrone model. This will be done in Chapter 2. After that, in Chapter 3 and Chapter 4,
we will examine its properties, including the period function that corresponds to periods of
particle orbits. We will obtain that this period function is indeed independent of the angular
momentum.
Chapter 5 deals with linearizing the Vlasov-Poisson system about the isochrone steady state,
which will yield an operator A that we call the Antonov operator due to historical reasons.
This operator will be properly defined in Chapter 6, where we will also collect and prove some
operator properties.
In Chapter 7, we will prove the main result of this thesis: The spectrum of A is purely
essential and equal to [0,∞[. The proof consists of two main steps, which are to show that
[0,∞[ ⊂ σess(A) and that σ(A) ⊂ [0,∞[. For the first part, we initially follow [9]. However,
only a small part of this procedure works out in our case and we need to come up with an
additional, new proof. A more detailed description of similarities and differences can be found
in the beginning of Chapter 7. The proof of σ(A) ⊂ [0,∞[ relies on [7].
In Chapter 8, we describe future ambitions for using the results of this thesis to show linear,
asymptotic stability of the isochrone steady state.
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1 Notations and spherical symmetry

Before we start with establishing and analyzing the isochrone model, we introduce the nota-
tions used in this thesis as well as the framework of spherical symmetry.

1.1 Notations

By N, we denote the set containing all natural numbers, excluding 0, i.e. N = N \ {0}.
Furthermore, K can either be R or C. Considering Rn, we denote the i-th unit vector by ei.
Moreover, for x, v ∈ Rn, we use the notation

x · v =

n∑
i=1

xivi, |x| =
√
x · x

for the inner product of x and v and for the Euclidean norm of x, respectively. For n = 3, we
denote the cross product of x and v by x× v.
For r > 0 and a ∈ Rn, the ball Br(a) ⊂ Rn is defined by

Br(a) := {x ∈ Rn | |x− a| < r}.

For a subset M ⊂ Rn, we define the indicator function 1M through

1M (x) :=

{
1, x ∈M,

0, x /∈M.

By λ, we denote the Lebesgue measure. For p ≥ 1 and a measurable set Ω ⊂ Rn, we
define Lp(Ω;K) as the set that contains all equivalence classes of functions f : Ω → K that
are measurable and for which |f |p is integrable. Two functions are equivalent if they are
equal almost everywhere on Ω. For the sake of simplicity, we denote the equivalence class
of a function f by f again and consider some pointwise defined representative for pointwise
operations. The corresponding norm is defined as

||f ||p := ||f ||Lp := ||f ||Lp(Ω) :=

(∫
Ω
|f |p

)1/p

.

We define L1
loc(Ω;K) as the set containing all locally integrable functions, i.e. f is in L1

loc(Ω;K)
if it is measurable and f |K is in L1(K;K) for every compact set K ⊂ Ω. To define the Sobolev
spacesHk(Ω;K) for k ∈ N, we additionally require that Ω is an open set. A function f : Ω → K
is an element of Hk(Ω;K) if f and all of its weak derivatives up to k-th order are in L2(Ω;K).
The corresponding norm is

||f ||Hk := ||f ||Hk(Ω) :=

 ∑
α∈Nn

0 ,|α|≤k

||Dαf ||2L2(Ω)

1/2

.
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1 Notations and spherical symmetry

For open sets Ω ⊂ Rn and k ∈ N, Ck(Ω;K) denotes the set containing all functions f : Ω → K
that are k times differentiable in the classical sense with continuous derivatives. For k = ∞,
f has to be differentiable arbitrarily often. An index c means that f is compactly supported
in Ω. If Ω ⊂ R is an interval, it must not be an open set. For the boundary points, we then
consider one-sided limits.

For all function spaces, an index r denotes the restriction to spherically symmetric functions
as defined in Section 1.2.

Generally, constants C > 0 may change in each step. We sometimes highlight special depen-
dencies and if C depends on the parameter b that will be introduced in Chapter 2, we will
always denote this by C(b).

An integral without a specific integration area is to be understood as an integral over R3, i.e.
”
∫
=
∫
R3”. Lastly, for sequences, we often write (·) instead of (·)k∈N.

1.2 Spherical symmetry and (r, w, L)-coordinates

We start with defining spherical symmetry:

Definition 1.1. A function f : R3 → K is called spherically symmetric if

f(Ax) = f(x), A ∈ SO(3), x ∈ R3.

A function g : R3 × R3 → K is called spherically symmetric if

g(Ax,Av) = g(x, v), A ∈ SO(3), (x, v) ∈ R3 × R3.

For functions f : R3 → K or g : R3 ×R3 → K that are only defined almost everywhere on R3

or R3 × R3, respectively, we say that they are spherically symmetric if for all A ∈ SO(3),

f(Ax) = f(x) or g(Ax,Av) = g(x, v),

for almost every x ∈ R3 or (x, v) ∈ R3 × R3, respectively, where the the sets of measure zero
for the exceptions may depend on A.

For spherically symmetric L1
loc-functions, we have the following lemma:

Lemma 1.2.

(i) Every spherically symmetric function f ∈ L1
loc(R3;K) can be expressed through the vari-

able r = |x|, i.e. there exists a function f r : ]0,∞[ → K such that f(x) = f r(|x|) f.a.e.
x ∈ R3. The function f r is uniquely defined a.e. on ]0,∞[.

(ii) Every spherically symmetric function g ∈ L1
loc(R3×R3;K) can be expressed through the

variables (r, w, L) = (|x|, (x · v)/|x|, |x× v|2), i.e. there exists a function gr : ]0,∞[ ×
R × [0,∞[ → K such that g(x, v) = gr(r, w, L) = gr(|x|, (x · v)/|x|, |x× v|2) f.a.e.
(x, v) ∈ R3 × R3. The function gr is uniquely defined a.e. on ]0,∞[× R× [0,∞[.

For the sake of clarity, we will always denote the representative of a function f in r- or
(r, w, L)-coordinates by f r. In Chapter 3, we will introduce another set of coordinates whose
corresponding functions will be denoted by fθ.
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1.2 Spherical symmetry and (r, w, L)-coordinates

Proof.
Proof of (i).
Let f ∈ L1

loc(R3;K) be spherically symmetric. We use a spherically the mollifier J ∈
C∞
c (B1(0);R), i.e. we have

∫
R3 J = 1. We define Jk := k3J(k·) for k ∈ N, which are again

spherically symmetric functions, and obtain that fk := Jk ∗
(
f1BN (0)

)
→ f in L1(BN (0);K)

as k → ∞ for all N ∈ N (see Remark (1) after Theorem 2.16 in [14]). The functions fk are
spherically symmetric due to

fk(Ax) =

∫
R3

Jk(Ax− y)f(y)1BN (0)(y) dy =

∫
R3

Jk(Ax−Ay)f(Ay)1BN (0)(Ay) dy

=

∫
R3

Jk(x− y)f(y)1BN (0)(y) dy = fk(x), x ∈ R3, A ∈ SO(3),

note that BN (0) is spherically symmetric in the sense that x ∈ BN (0) ⇔ Ax ∈ BN (0) for
every A ∈ SO(3). The functions fk are defined everywhere on R3 and it is therefore easy to
obtain their radial representative f rk = fk(·, 0, 0) on [0,∞[. The next step is to obtain that
((·)2f rk ) is a Cauchy sequence in L1([0, N ];K) for all N ∈ N. To show this, we first prove that
((·)2f rk ) is in L1([0, N ];K):

∣∣∣∣(·)2f rk ∣∣∣∣L1([0,N ])
=

∫ N

0

∣∣r2f rk (r)∣∣ dr = 1

4π

∫
BN (0)

|f rk (|x|)| dx

=
1

4π

∫
BN (0)

|fk(x)| dx =
1

4π
||fk||L1(BN (0)) <∞. (1.1)

To obtain that ((·)2f rk ) is a Cauchy sequence in L1([0, N ];K), we estimate (·)2f rk − (·)2f rl
instead of (·)2f rk as in (1.1). Since fk − fl converges to 0 in L1(BN (0);K) as k, l → ∞, we
infer that (·)2f rk − (·)2f rl converges to 0 in L1([0, N ];K) as k, l → ∞ and hence, ((·)2f rk ) is
a Cauchy sequence in L1([0, N ];K). Consequently, there exists gN ∈ L1([0, N ];K) such that
(·)2f rk → gN in L1([0, N ];K) as k → ∞. Due to the Riesz-Fischer theorem, the convergence
also holds pointwise almost everywhere after extracting a subsequence. Therefore, we have
that gN = gL a.e. on [0,min{N,L}] for N,L ∈ N, where it is possible that the set of measure
zero is independent of N and L. For every L ∈ N, we now define f r piecewise a.e. on ]L−1, L]
by f r(r) := r−2gL(r) and have that f r = (·)−2gN a.e. on [0, N ] for N ∈ N due to the previous
consideration. We find that∫

BN (0)
|fk(x)− f r(|x|)| dx =

∫
BN (0)

|f rk (|x|)− f r(|x|)| dx = 4π

∫ N

0
r2 |f rk (r)− f r(r)| dr

= 4π

∫ N

0

∣∣r2f rk − gN (r)
∣∣ dr → 0 as k → ∞.

Since L1-limits are unique, we observe that f = f r(| · |) almost everywhere on BN (0) for all
N ∈ N and therefore almost everywhere on R3.

Proof of (ii).
Let g ∈ L1

loc(R3 × R3;K) be spherically symmetric. We again use a spherically symmetric
mollifier J ∈ C∞

c (B1(0);R) (note that here, B1(0) ⊂ R6) and define Jk := k6J(k·). As in the
first part, we find that gk := Jk ∗

(
g1BN (0)

)
→ g as k → ∞ in L1(BN (0);K) for all N ∈ N

and that the functions gk are spherically symmetric.
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1 Notations and spherical symmetry

We define grk(r, w, L) := gk((r, 0, 0), (w,
√
L/r, 0)) for (r, w, L) ∈ ]0,∞[ × R × [0,∞[, which

implies that gk(x, v) = grk(|x|, (x · v)/|x|, |x× v|2) for x ̸= 0. We show this in the end of this
proof. Next, we define

MN :=
{
(r, w, L) ∈ ]0,∞[× R× [0,∞[

∣∣∣ ((r, 0, 0), (w,√L/r, 0)) ∈ BN (0)
}

and claim that (grk) is a Cauchy sequence in L1(MN ;K) for all N ∈ N. We start by proving
that grk ∈ L1(MN ;K). For this, we use the same transformation as in (1.3); note that we
already obtained the (r, w, L)-representative of gk. Hence,

||grk||L1(MN ) =

∫ ∞

0

∫ ∞

0

∫
R
|grk(r, w, L)| 1MN

(r, w, L) dw dLdr

=

∫ ∞

0

∫ ∞

0

∫
R
|grk(r, w, L)| 1BN (0)((r, 0, 0), (w,

√
L/r, 0)) dw dL dr

=
1

4π

∫
R3

∫ ∞

0

∫
R
|grk(|x|, w, L)| 1BN (0)((|x|, 0, 0), (w,

√
L/|x|, 0)) 1

|x|2
dw dLdx

=
1

4π2

∫
R3

∫
R3

|gk(x, v)| 1BN (0)(x, v) dv dx =
1

4π2
||gk||L1(BN (0)) <∞.

Inserting grk−grl instead of grk yields that (g
r
k) is a Cauchy sequence in L1(MN ;K) and therefore

converges to some function fN ∈ L1(MN ;K). Similar to part (i), we define gr := fN on sets
MN \MN−1 and have that gr = fN a.e. on MN . We use the same transformation as before
and find that∫

R6

∣∣∣gk(x, v)− gr
(
|x|, (x · v)/|x|, |x× v|2

)∣∣∣ 1BN (0)(x, v) d(x, v)

= 4π2
∫
R

∫ ∞

0

∫
R
|grk(r, w, L)− gr(r, w, L)| 1MN

(r, w, L) dw dL dr

= 4π2
∫
R

∫ ∞

0

∫
R
|grk(r, w, L)− fN (r, w, L)| 1MN

(r, w, L) dw dL dr → 0 as k → ∞.

The uniqueness of L1-limits yields that g(x, v) = gr(|x|, (x · v)/|x|, |x× v|2) f.a.e. (x, v) ∈
BN (0) for all N ∈ N, thus, the identity holds a.e. on R3 × R3.

To prove that gk(x, v) = grk(|x|, (x · v)/|x|, |x× v|2) for x ̸= 0, let x, v ∈ R3 with x ̸= 0.
First, let B ∈ SO(3) be a rotation matrix such that Bx = |x|e1. We then consider the point
Bv and rotate it around the e1-axis such that the third component vanishes and the second
component is non-negative and call the corresponding rotation matrix C ∈ SO(3). If we
define A := C · B, then A is again in SO(3) with Ax = |x|e1, (Av)2 ≥ 0 and (Av)3 = 0. We
furthermore observe that

x · v = (Ax) · (Av) = |x|(Av)1,
|x× v|2 = |x|2|v|2 − (x · v)2 = |(Ax)× (Av)|2 = |x|2 |(Av)2|2 ,

which implies that

(Av)1 =
x · v
|x|

, (Av)2 = |(Av)2| =
|x× v|
|x|

.
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1.2 Spherical symmetry and (r, w, L)-coordinates

Because of the spherical symmetry of gk, we conclude that

gk(x, v) = gk(Ax,Av) = gk ((|x|, 0, 0), ((x · v)/|x|, |x× v|/|x|, 0))
= grk

(
|x|, (x · v)/|x|, |x× v|2

)
.

Remark 1. For spherically symmetric functions g : R3×R3 → K that are defined everywhere,
we obtain the (r, w, L)-representative gr : ]0,∞[× R× [0,∞[ → K through

gr(r, w, L) = g((r, 0, 0), (w,
√
L/r, 0)).

Remark 2. If we consider Lemma 1.2, we immediately obtain that conversely, every function
f r : ]0,∞[ → K or gr : ]0,∞[×R× [0,∞[ → K that is defined almost everywhere induces an
almost everywhere defined, spherically symmetric function f : R3 → K or g : R3 × R3 → K,
respectively.

For spherically symmetric functions on R3 × R3, we have the following behavior of integrals
when changing between (x, v)- and (r, w, L)-coordinates:

Lemma 1.3. Let g ∈ L1
loc(R3 ×R3;K) be spherically symmetric with (r, w, L)-representative

gr : ]0,∞[×R× [0,∞[ → K. Then,∫
R3

g(x, v) dv =
π

|x|2

∫ ∞

0

∫
R
gr(|x|, w, L) dw dL f.a.e. x ∈ R3, (1.2)

and ∫
R3×R3

g(x, v) d(x, v) = 4π2
∫
]0,∞[×R×[0,∞[

gr(r, w, L) d(r, w, L),

as well as ∫
R3

vg(x, v) dv = π

∫ ∞

0

∫
R
wgr(|x|, w, L) dw dL

x

|x|3
f.a.e. x ∈ R3,

provided that the integrals exist.

Proof. For the first and third identity, let x ∈ R3 \ {0} such that gr(|x|, w, L) is defined f.a.e.
(w,L) ∈ R×[0,∞[. This holds true for almost every x ∈ R3 as gr is defined almost everywhere
on ]0,∞[×R× [0,∞[. For x chosen this way, let A ∈ SO(3) such that Ax = |x|e3. Using the
spherical symmetry of g, detA = 1, and polar coordinates, we deduce that∫

R3

g(x, v) dv =

∫
R3

g(Ax,Av) dv =

∫
R3

g(Ax, v) dv

=

∫
R

∫
R2

gr
(
|x|, v3, |x|2(v21 + v22)

)
d(v1, v2) dv3

= 2π

∫
R

∫ ∞

0
gr
(
|x|, w, |x|2τ2

)
τ dτ dw = 2π

∫
R

∫ ∞

0
gr(|x|, w, L) 1

2|x|2
dL dw.

(1.3)
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1 Notations and spherical symmetry

In the last step, we substituted L = L(τ) = |x|2τ2. We hence proved the first identity.

For the third identity, we observe that∫
R3

vg(x, v) dv = A−1A

∫
R3

vg(Ax,Av) dv = A−1

∫
R3

Avg(Ax,Av) dv = A−1

∫
R3

vg(Ax, v) dv,

where x and A are chosen as above. Omitting A−1 and only considering the first component
of the integral, we use polar coordinates to find that(∫

R3

vg(Ax, v) dv

)
1

=

∫
R

∫
R2

v1g
r
(
|x|, v3, |x|2(v21 + v22)

)
d(v1, v2) dv3

=

∫
R

∫ ∞

0

∫ 2π

0
r cosϑgr

(
|x|, v3, |x|2r2

)
r dϑ dr dv3 = 0

since
∫ 2π
0 cosϑdϑ = 0. We find a similar expression for the second component with the slight

difference that cosϑ is replaced by sinϑ and therefore, the second component vanishes as well.
For the third component, similar to (1.3), we obtain that(∫

R3

vg(Ax, v) dv

)
3

=

∫
R3

v3g
r
(
|x|, v3, |x|2(v21 + v22)

)
dv

=

∫
R
w

∫
R2

gr
(
|x|2, w, |x|2(v21 + v22)

)
d(v1, v2) dw

=

∫
R
w

∫ ∞

0

π

|x|2
gr (|x|, w, L) dL dw.

As a result, ∫
R3

vg(x, v) dv = A−1

(
π

|x|2

∫
R

∫ ∞

0
wgr(|x|, w, L) dLdwe3

)
=

π

|x|2

∫
R

∫ ∞

0
wgr(|x|, w, L) dLdw

1

|x|
A−1 (|x|e3)

=
π

|x|2

∫
R

∫ ∞

0
wgr(|x|, w, L) dLdw

x

|x|
.

The first identity along with spherical coordinates yields that∫
R3×R3

g(x, v) d(x, v) = π

∫ ∞

0

∫
R

∫
R3

1

|x|2
gr(|x|, w, L) dxdw dL

= 4π2
∫ ∞

0

∫
R

∫ ∞

0
gr(r, w, L) dr dw dL,

proving the second identity.

Remark. In Chapter 3, we will introduce the domain of definition for most functions that
occur in this thesis, which will be the interior of the support of the density function on phase
space corresponding to the isochrone steady state. We will denote this set by Ω0. As this

14



1.2 Spherical symmetry and (r, w, L)-coordinates

function will be spherically symmetric, it has a representative in (r, w, L)-coordinates and a
corresponding set Ωr0. Integrals therefore change via∫

Ω0

g(x, v) d(x, v) = 4π2
∫
Ωr

0

gr(r, w, L) d(r, w, L).
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2 The Vlasov-Poisson system and the
isochrone model

As mentioned in the introduction, we consider the gravitational Vlasov-Poisson system

∂tf + v · ∂xf − ∂xU · ∂vf = 0, (2.1)

∆U = 4πρ, lim
|x|→∞

U(t, x) = 0, (2.2)

ρ(t, x) =

∫
R3

f(t, x, v) dv. (2.3)

We now turn to the isochrone model and note that, as mentioned earlier, it was introduced by
Michel Hénon. For his derivation of the isochrone potential, we refer to [10]. The approach
has been revisited by James Binney in [2].
For a fixed parameter b > 0, the isochrone potential is defined by

U0(x) : = − 1

b+
√

|x|2 + b2
, x ∈ R3,

=
b−

√
|x|2 + b2

|x|2
, x ∈ R3 \ {0}.

This potential was derived particularly to have the property that the periods of particle orbits
only depend on the particle’s energy and not on its angular momentum. We will define this
terminology later and will also see that this indeed holds true.

Given this time-independent potential U0, one is now interested in finding suitable time-
independent, non-negative, spherically symmetric functions f0 and ρ0 such that the triplet
(U0, f0, ρ0) is a steady state of the Vlasov-Poisson system, i.e. a time-independent solution
of (2.1)-(2.3) in the sense of classical derivatives. Note that just like U0, f0 and ρ0 may (and
will) depend on b.
Because of the Poisson equation in (2.2), one can easily derive ρ0 through the Laplace operator
in spherical coordinates:

ρr0(r) =
1

4π
(∆U0)

r(r) =
1

4π

1

r2
∂r
(
r2 (U r0 )

′) (r)
=

1

4π

[
3√

r2 + b2(b+
√
r2 + b2)2

− r2

(r2 + b2)3/2(b+
√
r2 + b2)2

− 2r2

(r2 + b2)(b+
√
r2 + b2)3

]
, r ≥ 0.
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2 The Vlasov-Poisson system and the isochrone model

For r ̸= 0, we can rewrite the above expression, simplifying it to

ρr0(r) =
1

4π

[
2b(r2 + b2)3/2 − 3b2r2 − 2b4

r4(r2 + b2)3/2

]
, r > 0.

The function ρr0, and therefore also ρ0, is positive everywhere, which can easily be concluded
by looking at the last representation and observing that both the numerator and denominator
are positive for r > 0. For r = 0, we compute ρr0(0) =

3
16π

1
b3
> 0.

We already observe that the resulting steady state–keeping in mind that the we still have
to derive a suitable phase space density f0–has an unbounded spatial support. This will later
match the fact that the so-called cut-off energy E0 is 0 for the isochrone case. If the cut-
off energy would have been smaller than 0, we would have obtained a bounded spatial support.

Before being able to derive a matching phase space density function f0, we define E and
L as functions of (x, v) ∈ R3 × R3. One can interpret them as the energy and the square
of the modulus of the angular momentum (we will use the convention of still calling it the
angular momentum) of a particle located at position x with velocity v, corresponding to the
given potential U0. We define

E(x, v) :=
1

2
|v|2 + U0(x),

L(x, v) := |x× v|2, (x, v) ∈ R3 × R3.

To derive f0, we first note that by Jeans’ theorem, every spherically symmetric solution to
the Vlasov-Poisson system that is independent of time can be expressed as a function of E
and L (see [1]). As a matter of fact, in this case, we can make the ansatz that f0 is a function
only of E, i.e. f0 = φ ◦ E, where φ : R → R satisfies

(i)
∫
R3(φ ◦ E)(x, v) dv = ρ0(x) for x ∈ R3,

(ii) φ(E) = 0 for E ∈ [0,∞[, and

(iii) φ|]− 1
b
,0] ∈ C1

(
]−1

b , 0]
)
.

Considering these assumptions, we formally derive a function φ that satisfies all requirements.
The derivation can be found after the following theorem.

Theorem 2.1. For E ∈ [− 1
2b , 0[ , we consider the function that is (formally) derived from

(i)-(iii):

φ(E) =
1√

2(2π)3

∫ −E

0

−2b4t5 + 10b3t4 − 20b2t3 + 24bt2

(1− bt)5
√
−E − t

dt (2.4)

=
1√

2(2π)3b3/2

√
−bE

(2(bE + 1))4

[
27 + 66bE + 320b2E2 + 240b3E3 + 64b4E4

+ 3
(
16b2E2 − 28bE − 9

) arcsin(
√
−bE)√

−bE(1 + bE)

]
.

If we consider the above representation for φ(E) on ]−1
b , 0[ instead of [− 1

2b , 0[ and extend it
by 0 outside of ]−1

b , 0[, then this resulting function satisfies (i)-(iii). In the following, φ shall
be defined like this.
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Derivation of φ. The basis of this derivation is the paper [5] of astrophysicist Arthur Stanley
Eddington. We remark that what follows has to be understood as a formal derivation rather
than a rigorous proof.

STEP 1: Relation between ρr0 and U r0 .

For r > 0 the gravitational potential U r0 can be written as U r0 (r) = b−
√
r2+b2

r2
̸= 0, which

implies that

r2 =
1

U r0 (r)
2

(b−
√
r2 + b2)2

r2
=

1

U r0 (r)
2

(
2b2 − 2b

√
r2 + b2

r2
+ 1

)
=

2bU r0 (r) + 1

U r0 (r)
2

. (2.5)

Using this, we also derive that√
r2 + b2 = b− U r0 (r)r

2 = b− 1

U r0 (r)
(2bU r0 (r) + 1) =

−1− bU r0 (r)

U r0 (r)
, r > 0. (2.6)

Another way to express ρr0(r) for r > 0 is through ρr0(r) =
1
4π

[
1

r2
√
r2+b2

+ 1
(r2+b2)3/2

+ 2
Ur
0 (r)
r2

]
.

Inserting (2.5) and (2.6) into this representation yields

4πρr0(r) =
U r0 (r)

2

2bU r0 (r) + 1

U r0 (r)

(−1− bU r0 (r))
+

U r0 (r)
3

(−1− bU r0 (r))
3
+

2U r0 (r)
3

2bU r0 (r) + 1

=
1

(2bU r0 (r) + 1)(−1− bU r0 (r))
3

(
−2b3U r0 (r)

6 − 5b2U r0 (r)
5 − 2bU r0 (r)

4
)

=
−b2U r0 (r)5 − 2bU r0 (r)

4

(−1− bU r0 (r))
3

. (2.7)

Consequently,

ρr0(r) = K (U r0 (r)) , r > 0, (2.8)

where

K(U) :=
1

4π

bU4(bU + 2)

(1 + bU)3
, U ∈ [−1/(2b), 0[.

Since K is also well-defined for U = U r0 (0) = − 1
2b , we can easily verify that (2.8) also holds

for r = 0.

STEP 2: Expressing φ in terms of K.
Making use of assumption (i) and (ii), we find that

ρ0(x) =

∫
R3

φ(E(x, v)) dv =

∫
R3

φ

(
U0(x) +

1

2
|v|2
)

dv

= 4π

∫ ∞

0
φ

(
U0(x) +

1

2
s2
)
s2 ds = 4π

∫ √
−2U0(x)

0
φ

(
U0(x) +

1

2
s2
)
s2 ds, x ∈ R3.

Hence,

K(U r0 (r)) =
(2.8)

ρr0(r) = 4π

∫ √
−2Ur

0 (r)

0
φ

(
U r0 (r) +

1

2
s2
)
s2 ds, r ≥ 0.
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2 The Vlasov-Poisson system and the isochrone model

Due to the fact that U r0 : [0,∞[ → [− 1
2b , 0[ is bijective, we conclude that

K(U) = 4π

∫ √
−2U

0
φ

(
U +

1

2
s2
)
s2 ds, U ∈ [−1/(2b), 0[.

Making use of assumption (iii) and the fundamental theorem of calculus, we observe that

K ′(U) = 4π

[
φ

(
U +

1

2

√
−2U

2
)√

−2U
2
(
− 1√

−2U

)
+

∫ √
−2U

0
φ′
(
U +

1

2
s2
)
s2 ds

]

= 4π

∫ √
−2U

0
φ′
(
U +

1

2
s2
)
s2 ds, U ∈ [−1/(2b), 0[,

since φ(0) = 0 due to assumption (ii). Substituting y = s2 and integrating by parts yields

K ′(U) = 2π

∫ −2U

0
φ′
(
U +

1

2
y

)
√
y dy

= 2π

[(
2φ

(
U +

1

2
y

)
√
y

) ∣∣∣∣−2U

y=0

−
∫ −2U

0
2φ

(
U +

1

2
y

)
1

2

1
√
y
dy

]

= −2π

∫ −2U

0
φ

(
U +

1

2
y

)
1
√
y
dy, U ∈ [−1/(2b), 0[.

The boundary terms vanish because of φ(0) = 0. Next, we yet again use a transformation,
namely ξ = ξ(y) = −U − 1

2y, in order to find that

K ′(U) = 4π

∫ 0

−U
φ (−ξ) 1√

2(−ξ − U)
dξ

= − 4π√
2

∫ −U

0
φ (−ξ) 1√

−ξ − U
dξ, U ∈ [−1/(2b), 0[.

For the sake of simplicity, we define

K̃(U) := K ′(−U), U ∈ ]0, 1/(2b)], and

φ̃(E) := φ(−E), E ∈ R,

which then satisfy

K̃(U) = − 4π√
2

∫ U

0
φ̃(ξ)

1√
U − ξ

dξ, U ∈ ]0, 1/(2b)].

In consequence of Abel’s integral equation (see [6, Chapter 8, Equations (1) and (3)]),

4π2√
2
φ̃(z) =

4π2√
2

1

π

d

dz

∫ z

0

−
√
2

4π K̃(t)

(z − t)1/2
dt = − d

dz

∫ z

0

K ′(−t)
(z − t)1/2

dt

= − d

dz

[
−2K ′(−t)

√
z − t

∣∣∣z
t=0

− 2

∫ z

0
K ′′(−t)

√
z − t dt

]
= 2

d

dz

∫ z

0
K ′′(−t)

√
z − t dt = 2

(
0 +

∫ z

0
K ′′(−t) 1

2
√
z − t

dt

)
=

∫ z

0
K ′′(−t) 1√

z − t
dt, z ∈ ]0, 1/(2b)],
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where we again used integration by parts (the boundary terms vanish due to K ′(0) = 0). As
a result, we find that

φ(E) =

√
2

4π2

∫ −E

0

K ′′(−t)√
−E − t

dt, E ∈ [−1/(2b), 0[.

STEP 3: Computing the integral.
We differentiate twice and find that

K ′′(U) =
1

4π

2b4U5 + 10b3U4 + 20b2U3 + 24bU2

(1 + bU)5
, E ∈ [−1/(2b), 0[,

which leads to

φ(E) =
1√

2(2π)3

∫ −E

0

−2b4t5 + 10b3t4 − 20b2t3 + 24bt2

(1− bt)5
√
−E − t

dt, E ∈ [−1/(2b), 0[.

That this integral indeed leads to the desired representation of φ on [− 1
2b , 0[ can be ob-

tained by computing the integral. This is a lengthy process and we will therefore only outline
the procedure: We substitute u = u(t) =

√
−E − t without being concerned that the inte-

grand is undefined at one of its boundary values as we interpret the integral
∫ −E
0 ... dt as

limε→0,ε>0

∫ −E−ε
0 ... dt. After that, we perform a partial fraction decomposition and each

occurring integral is then solvable using standard integration techniques.

We now turn to the proof of Theorem 2.1:

Proof of Theorem 2.1. We have to prove that (i), (ii) and (iii) hold. (ii) is obvious. To show
(i), we make use of (ii) and spherical coordinates to find that

∫
R3

φ(E(x, v)) dv =

∫
B√

−2U0(x)

φ

(
1

2
|v|2 + U0(x)

)
dv = 4π

∫ √
U0(x)

0
φ

(
1

2
s2 + U0(x)

)
s2 ds

for x ∈ R3. Substituting E = E(s) = 1
2s

2 + U0(x) yields that∫
R3

φ(E(x, v)) dv = 4π

∫ 0

U0(x)

√
2E − 2U0(x)φ(E) dE

=
(2.4)

1

2π2

∫ 0

U0(x)

√
E − U0(x)

∫ −E

0

−2b4t5 + 10b3t4 − 20b2t3 + 24bt2

(1− bt)5
√
−E − t

dt dE

=
1

2π2

∫ −U0(x)

0

−2b4t5 + 10b3t4 − 20b2t3 + 24bt2

(1− bt)5

∫ −t

U0(x)

√
E − U0(x)√
−E − t

dE dt.

Concerning the inner integral, we obtain that

F (E) := (U0(x) + t) arctan

( √
−E − t√
E − U0(x)

)
−
√
−E − t

√
E − U0(x)
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2 The Vlasov-Poisson system and the isochrone model

is an antiderivative of E 7→
√
E − U0(x)/

√
−E − t on ]U0(x),−t[. We therefore compute that

the inner integral is equal to∫ −t

U0(x)

√
E − U0(x)√
−E − t

dE = lim
a→U0(x),a>U0(x)

b→−t,b<−t

∫ b

a

√
E − U0(x)√
−E − t

dE

= lim
a→U0(x),a>U0(x)

b→−t,b<−t

(F (b)− F (a)) = 0− (U0(x) + t)
π

2
,

and consequently,∫
R3

φ(E(x, v)) dv =
1

4π

∫ −U0(x)

0
(−U0(x)− t)

−2b4t5 + 10b3t4 − 20b2t3 + 24bt2

(1− bt)5
dt, x ∈ R3.

We substitute u = u(t) = 1−bt, which leads to an integrand that is of the form ”polynomial in
u divided by u5”, which is a standard integral that can be computed easily. After factorizing
the resulting expression, we observe that∫

R3

φ(E(x, v)) dv =
1

4π

b2U0(x)
5 + 2bU0(x)

4

(bU0(x) + 1)3
, x ∈ R3,

which in turn is equal to ρ0(x) by (2.7). Note that this property was derived rigorously and
we can therefore use it. Property (2.7) only holds for r > 0, however, inserting r = 0 yields
that (2.7) is also true for r = 0.

For (iii), we note that φ is obviously in C1
(
]−1

b , 0[
)
. Since

arcsin(
√
−bE)√

−bE(1+bE)
→ 1 as E → 0, E < 0

by l’Hôspital’s rule, we observe that φ(E) → 0 = φ(0) as E → 0, E < 0. For the derivative
of φ , we define

C(b) :=
√
2(2π)3b3/224

and find that

C(b)φ′(E) =

(
− b
2

1√
−bE(bE + 1)4

− 4b

√
−bE

(bE + 1)5

)
[...]

+

√
−bE

(bE + 1)4
(
66b+ 640b2E + 720b3E2 + 256b4E3

)
+

√
−bE

(bE + 1)4

(
(96b2E − 84b)

arcsin
(√

−bE
)√

−bE(1 + bE)

)

+

√
−bE

(bE + 1)4

(
(48b2E2 − 84bE − 27)

(
− b
2

1

−bE(1 + bE)

+
b+ 2b2E

2

arcsin
(√

−bE
)

(−bE(1 + bE))3/2

))
.

If we consider the limit E → 0 of this expression, we immediately obtain that the second
summand of the first line as well as the second and third line converge to 0. In the last line,
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the term containing 2b2E
2 obviously vanishes as well. Hence,

lim
E→0

(
C(b)φ′(E)

)
= lim
E→0

[
− b
2

1√
−bE(bE + 1)4

[...]

+

√
−bE

(bE + 1)4
(48b2E2 − 84bE − 27)

(
− b
2

1

−bE(1 + bE)

)
+

√
−bE

(bE + 1)4
(48b2E2 − 84bE − 27)

(
b

2

arcsin
(√

−bE
)

(−bE(1 + bE))3/2

)]
.

Here and in the following, all limits as E → 0 have to be understood as E → 0, E < 0. For
the second and third line, it is obvious that the terms with factors 48 and −84 vanish as we
take the limit. For the first line, we have

1√
−bE

[...] =
27√
−bE

− 66
√
−bE + 320(−bE)3/2 − 240(−bE)5/2 + 64(−bE)7/2

+

(
48(−bE)3/2 + 84

√
−bE − 27√

−bE

)
arcsin

(√
−bE

)√
−bE(1 + bE)

,

thus, all terms except the ones with factors 27 vanish for E → 0. Overall, we observe that

lim
E→0

(
C(b)φ′(E)

)
= lim

E→0

(
−27b

2

1√
−bE(1 + bE)4

+
27b

2

1√
−bE(1 + bE)4

arcsin
(√

−bE
)√

−bE(1 + bE)

+
27b

2

1√
−bE(1 + bE)5

− 27b

2

1√
−bE(1 + bE)5

arcsin
(√

−bE
)√

−bE(1 + bE)

)

= lim
E→0

(
27b

2

1√
−bE(1 + bE)4

(
−1 +

1

1 + bE

)

+
27b

2

1√
−bE(1 + bE)4

arcsin
(√

−bE
)√

−bE(1 + bE)

(
1− 1

1 + bE

))

= lim
E→0

(
27b

2

1√
−bE(1 + bE)4

(
−bE
1 + bE

)

+
27b

2

1√
−bE(1 + bE)4

arcsin
(√

−bE
)√

−bE(1 + bE)

(
bE

1 + bE

))
= 0.

Remark. Assumption (ii) can be interpreted as that the isochrone steady state shall not con-
tain particles with positive or vanishing energy. Moreover, the values of φ for E < − 1

2b
do not matter since E(x, v) ≥ U0(x) ≥ U0(0) = − 1

2b . Lastly, we remark that due to
limE→0,E<0 φ

′(E) = 0 = limE→0,E<0 φ(E) and φ(E) = 0 on [0,∞[, we in fact have φ ∈
C1
(
]−1

b ,∞[
)
.
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2 The Vlasov-Poisson system and the isochrone model

We define f0 := φ ◦ E on R3 × R3. Then, f0 ≥ 0 and (f0, ρ0, U0) is a spherically symmet-
ric steady state of the Vlasov-Poisson system, i.e. f0, ρ0 and U0 are spherically symmetric,
independent of time, and solve (2.1) - (2.3) in the sense of classical derivatives.

Proof. We have already obtained that ρ0 and U0 are spherically symmetric. The spherical
symmetry of f0 is obvious as it inherits the spherical symmetry of the energy function E. All
functions are independent of time.

For the non-negativity of f0, we need to show that φ ≥ 0 on [− 1
2b ,∞[. Because φ van-

ishes on [0,∞[, the problem reduces to showing that φ ≥ 0 on [− 1
2b , 0[. On this set, we may

use the integral representation of φ given in (2.4). For E ∈ [− 1
2b , 0[ we have that 0 < −E,

which means that the lower bound of integration is smaller than the upper bound of integra-
tion, hence, it suffices to show that the integrand is non-negative. For the denominator, this
is obvious. It therefore remains to show that the numerator is non-negative. For t ∈ [0, 1

2b ],
we define

hb(t) :=− 2b4t5 + 10b3t4 − 20b2t3 + 24bt2 (2.9)

=− 2bt2(bt− 3) (bt(bt− 2) + 4) .

The first two factors −2bt2 and (bt − 3) are both non-positive and for the third one, we use
that bt(bt − 2) ≥ − |bt| |bt− 2| ≥ −1

2(2 − bt) = bt
2 − 1 ≥ −1, which makes the third factor

positive. As a consequence, we have that hb ≥ 0 on [0, 1
2b ]. Additionally, since hb > 0 on

]0, 1
2b ], we deduce from the integral representation that in fact,

φ > 0 on [−1/(2b), 0[. (2.10)

To obtain that f0, ρ0 and U0 solve (2.1), (2.2), and (2.3) in the classical sense, first note
that clearly, U0 ∈ C2(R3). For the differentiability of f0, we use that φ ∈ C1

(
]−1

b ,∞[
)
as

obtained in the remark after the proof of Theorem 2.1. In addition to that, we have that E ∈
C1(R3×R3) with E(R3×R3) ⊂ [− 1

2b ,∞[. As a result, we find that f0 = φ◦E ∈ C1(R3×R3).
The Vlasov equation (2.1) is satisfied as

∂tf0(x, v) + v · ∂xf0(x, v)− ∂xU0(x) · ∂vf0(x, v)
= 0 + v ·

(
φ′(E(x, v))∂xU0(x)

)
− ∂xU0(x) ·

(
φ′(E(x, v))v

)
= 0, (x, v) ∈ R3 × R3.

The Poisson equation in (2.2) is satisfied since we derived ρ0 from U0 through the Poisson
equation. Obviously, U0 satisfies the boundary condition in (2.2). Equation (2.3) holds true
as it is equal to (i) in Theorem 2.1 and the proof is therefore complete.
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3 Properties of the steady state and
(θ, E, L)-coordinates

This chapter contains some properties of the steady state as well as the derivation of the
period function and the deduction that it is a function only depending on E and being inde-
pendent of L. Moreover, we will introduce (θ, E, L)-coordinates, which will prove to be very
useful later.

A domain that is important throughout this thesis is the interior of the steady state sup-
port:

Ω0 :=
{
(x, v) ∈ R3 × R3 | f0(x, v) ̸= 0

}
=
{
(x, v) ∈ R3 × R3 | f0(x, v) = φ(E(x, v)) > 0

}
=
{
(x, v) ∈ R3 × R3 | E(x, v) < 0

}
.

The last equality results from (2.10) along with the fact that φ = 0 on [0,∞[, as well as
E ≥ − 1

2b on R3 × R3. The last characterization of Ω0 means that the cut-off energy E0 is 0
in our case. Since it is 0 and not smaller than 0, the spatial support of the steady state is
unbounded. More precisely, it is equal to the whole space R3 since for every x ∈ R3, there
exists some v ∈ R3 such that (x, v) ∈ Ω0, i.e. f0(x, v) ̸= 0. For example, (x, 0) ∈ supp f0 for
all x ∈ R3. Nonetheless, the total mass of the steady state is finite. We have

∫
R3

ρ0(x) dx = 1,

which we easily obtain using polar coordinates and the fact that U0 solves the Poisson equation
with right hand side 4πρ0:

∫
R3

ρ0(x) dx = 4π

∫ ∞

0
r2ρr0(r) dr = 4π

∫ ∞

0
r2

1

4π

1

r2
∂r
(
r2 (U r0 )

′) (r) dr
= lim

s→∞

∫ s

0
∂r

r2 r
√
r2 + b2

(
b+

√
r2 + b2

)2
 dr

= lim
s→∞

1√
1 + b2

s2

(
b
s +

√
1 + b2

s2

)2 = 1.
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3 Properties of the steady state and (θ, E, L)-coordinates

We also characterize Ω0 in (r, w, L)-coordinates and denote this set by Ωr0. To do this, we
first establish the representation of the energy function E in (r, w, L)-coordinates:

Er(r, w, L) = E((r, 0, 0), (w,
√
L/r, 0))

=
1

2

(
w2 +

L

r2

)
+ U0((r, 0, 0))

=
1

2
w2 + ψL(r), (r, w, L) ∈ ]0,∞[× R× [0,∞[,

where ψL(r) :=
L
2r2

+U r0 (r), r ∈ ]0,∞[, L ∈ [0,∞[, is the so-called effective potential. We now
define

Ωr0 := {(r, w, L) ∈ ]0,∞[× R× [0,∞[ | ∃(x, v) ∈ Ω0 : r = |x|, w = (x · v)/|x|, L = L(x, v)}
= {(r, w, L) ∈ ]0,∞[× R× [0,∞[ | Er(r, w, L) < 0} .

Proof. If (r, w, L) is an element of the first set with corresponding (x, v) ∈ Ω0, we then find
that Er(r, w, L) = Er(|x|, (x · v)/|x|, |x× v|2) = E(x, v) < 0 and therefore, (r, w, L) is an
element of the second set.
If (r, w, L) is an element of the second set, we define x := (r, 0, 0) and v := (w,

√
L/r, 0).

Then, E(x, v) = E((r, 0, 0), (w,
√
L/r, 0)) = Er(r, w, L) < 0, hence, (r, w, L) is an element of

the first set.

In the next section, we examine the effective potential and derive the period function for
which we will observe that it indeed only depends on the particle energy.

3.1 The effective potential

For examining the effective potential, we follow [16, Theorem 4.1], however, since U0 and
therefore ψL is given explicitly, we are able to state the properties in a more explicit way.
Although not all properties of the following theorem will be used in this thesis, we choose to
be consistent with [16] and transfer the whole theorem to the isochrone case.

Theorem 3.1.

(i) For any L > 0 there exists a unique rL > 0 such that

min
r∈]0,∞[

ψL(r) = ψL(rL) < 0,

namely,

rL =
1√
2

√
L(4b+ L) + (2b+ L)

√
L(4b+ L).

(ii) For any L > 0 and E ∈ ]ψL(rL), 0[, there exist unique r±(E,L) > 0 with

r−(E,L) < rL < r+(E,L)

such that ψL(r±(E,L)) = E, namely,

r±(E,L) = − 1

E

√√√√(b+ L

2

)
E +

1

2
±

√
b2E2 +

(
b+

L

2

)
E +

1

4
.
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3.1 The effective potential

(iii) For any L > 0 and E ∈ ]ψL(rL), 0[,

r+(E,L) < − 1

E
.

(iv) For any L > 0, E ∈ ]ψL(rL), 0[, and r ∈ [r−(E,L), r+(E,L)],

E − ψL(r) ≥ L
(r+(E,L)− r) (r − r−(E,L))

2r2r−(E,L)r+(E,L)
.

Before we start with the proof, we visualize the effective potential:

Proof.
Proof of (i).
For L > 0 fixed, we want to find the roots of the first derivative of

ψL(r) =
L

2r2
+ U r0 (r) =

L

2r2
+
b−

√
r2 + b2

r2
=
b+ L

2 −
√
r2 + b2

r2

on ]0,∞[. The derivative reads

ψ′
L(r) =

1

r3

(
− r2√

r2 + b2
− 2b− L+ 2

√
r2 + b2

)
.

For r > 0, this yields that

ψ′
L(r) = 0 ⇔ r4 − (4bL+ L2)r2 − 4b3L− b2L2 = 0

⇔ r2 =
4bL+ L2

2
+

√
(4bL+ L2)2

4
+ 4b3L+ b2L2

=
1

2

[
L(4b+ L) + (2b+ L)

√
L(4b+ L)

]
⇔ r =

1√
2

√
L(4b+ L) + (2b+ L)

√
L(4b+ L) =: rL.
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3 Properties of the steady state and (θ, E, L)-coordinates

Consequently, we have shown that rL is the only root of ψ′
L in ]0,∞[. To show that ψL takes

its minimum at r = rL, we estimate

ψL (rL) =
1

r2L

(
b+

L

2
−
√

1

2

[
L(4b+ L) + (2b+ L)

√
L(4b+ L)

]
+ b2

)

<
1

r2L

(
b+

L

2
−
√

1

2
[L(4b+ L)] + b2

)

<
1

r2L

(
b+

L

2
−
√
bL+

L2

4
+ b2

)
= 0.

Additionally, it is obvious that if we fix L > 0, limr→0 ψL(r) = ∞ and limr→∞ ψL(r) = 0.
Since rL is the only root of ψ′

L in ]0,∞[, we therefore infer that ψL takes its global minimum
(exclusively) at r = rL.

Proof of (ii).
Let L > 0 and E ∈ ]ψL(rL), 0[. We already obtained that ψ′

L only has one root at r = rL. Due
to continuity, the derivative of ψL therefore does not change its sign in either of the sets ]0, rL[
and ]rL,∞[ and also never takes the value 0 on these sets which implies a strict monotonicity
of ψL on both ]0, rL[ and ]rL,∞[. Considering the convergence properties limr→0 ψL(r) = ∞
and limr→∞ ψL(r) = 0 as well as ψL(rL) < 0 yields that ψL is strictly monotonically de-
creasing on ]0, rL[ and strictly monotonically increasing on ]rL,∞[. As a consequence, we
infer the existence and uniqueness of r±(E,L) > 0 with r−(E,L) < rL < r+(E,L) and
ψL(r±(E,L)) = E.

To obtain the desired representation of r±(E,L), we observe the following equivalences for
r > 0:

(r = r−(E,L) ∨ r = r+(E,L)) ⇔ ψL(r) = E

⇔
√
r2 + b2 = b+

L

2
− r2E

⇔ r2 + b2 = E2r4 + (−2bE − LE)r2 + bL+
L2

4
+ b2

⇔ E2r4 + (−2bE − LE − 1)r2 + bL+
L2

4
= 0. (3.1)

The equivalence in the third line is due to E < 0 and therefore b+ L/2− r2E > 0. We infer
that if we define

s± := r±(E,L)
2,

then s± are in R with 0 < s− < s+ and they solve

0 =
(3.1)

E2(r±(E,L)
2)2 + (−2bE − LE − 1)r±(E,L)

2 + bL+
L2

4

= E2s2± + (−2bE − LE − 1)s± + bL+
L2

4
.
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3.1 The effective potential

At the same time, we know that 0 = E2s2 + (−2bE − LE − 1)s + bL + L2

4 has exactly two
solutions in C that are

a± =
2bE + LE + 1

2E2
±

√(
2bE + LE + 1

2E2

)2

− 1

E2

(
bL+

L2

4

)

=
1

E2

((
b+

L

2
E

)
+

1

2
±

√
b2E2 +

(
b+

L

2

)
E +

1

4

)
.

Since a± are the only solutions in C but s± are also two different solutions, we infer that
a± = s± ∈ R, > 0. In particular, the radicand of the occurring square root has to be positive.
Since a± > 0, we can take the square root of it to obtain the well-defined representation

r±(E,L) =
√
s± =

√
a± = − 1

E

√√√√(b+ L

2
E

)
+

1

2
±

√
b2E2 +

(
b+

L

2

)
E +

1

4
.

Proof of (iii).
Let L > 0 an E ∈ ]ψL(rL), 0[. Due to L

2r2
> 0,

ψL(rL) = min
r∈]0,∞[

(
L

2r2
+ U r0 (r)

)
≥ inf

r∈]0,∞[
U r0 (r) = U r0 (0) = − 1

2b
.

Thus, E > − 1
2b , which means that bE + 1/2 > 0. We therefore obtain that(

b+
L

2

)
E +

1

2
+

√
b2E2 +

(
b+

L

2

)
E +

1

4

= bE +
1

2
LE +

1

2
+

√(
bE +

1

2

)2

+
1

2
LE

< bE +
1

2
+

∣∣∣∣bE +
1

2

∣∣∣∣ = 2bE + 1 < 1.

As a result,

r+(E,L) = − 1

E

√√√√(b+ L

2

)
E +

1

2
+

√
b2E2 +

(
b+

L

2

)
E +

1

4
< − 1

E
.

Proof of (iv).
Let L > 0 and E ∈ ]ψL(rL), 0[. We follow the proof in [16] and define

ξ(r) := r

[
E − ψL(r)− L

(r+(E,L)− r) (r − r−(E,L))

2r2r+(E,L)r−(E,L)

]
, r ∈ [r−(E,L), r+(E,L)].

The first and second derivative of ξ read

ξ′(r) = E − ψL(r)− rψ′
L(r)− L

(
1

2r2
− 1

2r+(E,L)r−(E,L)

)
, r ∈ [r−(E,L), r+(E,L)],
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3 Properties of the steady state and (θ, E, L)-coordinates

and

ξ′′(r) = −2ψ′
L(r)− rψ′′

L(r) +
L

r3
= −2

(
− L

r3
+ (U r0 )

′ (r)

)
− r

(
3
L

r4
+ (U r0 )

′′ (r)

)
+
L

r3

= −r
(

1

r2
∂r
[
r2∂rU

r
0 (r)

])
= −r (∆U0)

r (r)

= −r4πρr0(r) ≤ 0, r ∈ [r−(E,L), r+(E,L)].

This yields that ξ is a concave function. With ξ (r−(E,L)) = 0 = ξ (r+(E,L)), we conclude
that ξ ≥ 0 on [r−(E,L), r+(E,L)], which implies the desired inequality.

3.2 The characteristic system

In order to talk about periods of particle orbits, we need to consider the solutions to the
characteristic system. It is convenient to do this in the (r, w, L)-coordinate system. We show
that these solutions exists globally and furthermore examine their trajectories.

Global existence of solutions to the characteristic system

Let (r, w, L) ∈ Ω̊r0 = {(r, w, L) ∈ ]0,∞[× R× ]0,∞[ | Er(r, w, L) < 0}. We consider the
initial value problem for the characteristic system in (r, w, L)-coordinates: Ṙ

Ẇ

L̇

 =

 W
−ψ′

L(R)
0

 ,

R
W
L

 (0) =

rw
L

 . (3.2)

Since the right hand side of the ODE in (3.2) is in C1 (D) for D :=
{
(R,W,L) ∈ R3 | R > 0

}
(note that the definition of ψL also works for L < 0) and therefore Lipschitz continuous, we
can apply the Picard-Lindelöf theorem to obtain that there exists a unique maximal solution
(R,W,L)(·) = (R,W,L)(·, r, w, L) : I → R3 to the initial value problem (3.2). Here, I ⊂ R is
an interval with 0 ∈ I. Furthermore, we immediately recognize that the differential equation
for L is solved by L(t) = L, t ∈ I, which is why we did not choose different variables for the
solution L(t) and the initial value L.
To show that the solution exists globally, i.e. I = R, we start by showing that the energy
function Er is a conserved quantity. For t ∈ I,

d

dt
(Er(R(t),W (t), L(t))) = ψ′

L(t)(R(t))Ṙ(t) +W (t)Ẇ (t) + 0 = 0.

Hence, if we define α := Er(r, w, L) < 0, we have

1

2
W (t)2 + ψL(R(t)) = Er(R(t),W (t), L) = α, t ∈ I,

from which we infer that W is bounded:

W (t)2 = 2α− 2ψL(R(t)) ≤ 2α− 2ψL(rL), t ∈ I.

Additionally, due to ψL(R(t)) ≤ α < 0 and the behavior of ψL(r) for r → 0 and r → ∞,
we find that there exist constants C1,2 > 0 with C1 < R(t) < C2, t ∈ I. As a consequence,
(R,W,L) is bounded on I and stays away from ∂D =

{
(R,W,L) ∈ R3 | R = 0

}
. Basic ODE

theory then yields that the maximal solution exists globally, i.e. I = R. As Er is conserved,
we also conclude that (R,W,L)(t) ∈ Ω̊r0 for any t ∈ R.
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3.3 The period function

Trajectories of solutions

Let (r, w, L) ∈ Ω̊r0 be fixed. We define E := Er(r, w, L) and consider the solution (R,W,L)(·) =
(R,W,L)(·, r, w, L) : R → Ω̊r0 of (3.2). We have

0 > Er(r, w, L) = E = Er(R(t),W (t), L) =
1

2
W (t)2 + ψL(R(t)) ≥ ψL(R(t)) ≥ ψL(rL)

for t ∈ R and therefore find that R(t) ∈ [r−(E,L), r+(E,L)], using Theorem 3.1 (ii) and the
monotonicity of ψL on ]0, rL[ and ]rL,∞[. Moreover,

Ṙ(t) =W (t) = ±
√
2E − 2ψL(R(t)), t ∈ R. (3.3)

Hence, Ṙ(t) ̸= 0 for R(t) ∈ ]r−(E,L), r+(E,L)[. If R(t) = r−(E,L), then Ṙ(t) = 0 and
Ẇ (t) = −ψ′

L(r−(E,L)) > 0. Similarly, if R(t) = r+(E,L), then Ṙ(t) = 0 and Ẇ (t) =
−ψ′

L(r+(E,L)) < 0. These considerations imply that in (r, w)-space, the trajectory of the
solution (R,W ) is an ellipse-like curve:

3.3 The period function

In order to define and compute the period function, we need to make the following consid-
erations: The Vlasov-Poisson system does not model single particles or point masses, but
instead interprets globular clusters as having a continuous mass distribution. Therefore,
strictly speaking, it is incorrect to talk about particles in the system or even periods of par-
ticle orbits. However, we can interpret solutions to the characteristic system as trajectories
that small sample particles move on. That way, we can nonetheless talk about particle orbits
and their periods.
Let us consider one of these particle curves, which is represented by a trajectory of the solution
to the characteristic system. As seen above, Er and L are constant along these trajectories
and hence, every value L > 0 combined with a value E ∈ ]ψL(rL), 0[ represents a certain
ellipse like curve in (r, w)-space. Since every trajectory corresponds to a particle and its path,
we associate E and L with the (constant) energy and the angular momentum of a particle.
Furthermore, we now ask the question of how long it takes for a particle to complete a full
orbit in (r, w)-space. We call this time the period and express it in terms of the energy E
and the angular momentum L. We will later obtain that the period function is actually
independent of L, as intended.
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3 Properties of the steady state and (θ, E, L)-coordinates

To determine the period of a particle orbit, let the angular momentum of the particle L >
0, the energy of the particle E ∈ ]ψL(rL), 0[, and a solution (R,W,L) : R → R3 to the
characteristic system with conserved energy E be fixed. To deduce how the time changes
in dependence of the radius, we make the following considerations: If we look at the upper
curve of the trajectory, we know that there exists an interval ]a, b[ such that R(a) = r−(E,L),
R(b) = r+(E,L) and W > 0 on ]a, b[. R is differentiable on [a, b] with derivative Ṙ(t) =
W (t) > 0 for t ∈ ]a, b[. This additionally implies that R is strictly monotonically increasing
on [a, b]. We can therefore apply the inverse function theorem to find that((

R|[a,b]
)−1
)′

(R(t)) =
1

Ṙ(t)
=

(3.3)

1√
2E − 2ψL(R(t))

, t ∈ ]a, b[.

Since R(]a, b[) = ]r−(E,L), r+(E,L)[ due to continuity,((
R|[a,b]

)−1
)′

(r) =
1√

2E − 2ψL(r)
, r ∈ ]r−(E,L), r+(E,L)[. (3.4)

We interpret R−1 as the time that corresponds to a given r-value and therefore interpret(
R−1

)′
as the rate with which time elapses at a given radius r. To obtain the total time that

it takes the particle to move from r−(E,L) to r+(E,L), we integrate this elapse rate with
respect to r over the region of integration ]r−(E,L), r+(E,L)[:∫ r+(E,L)

r−(E,L)

1√
2E − 2ψL(r)

dr.

The time that it takes the particle to move from r+(E,L) to r−(E,L) can be derived analo-
gously and we get the same integral. We therefore define the period function as follows:

Definition 3.2. We define the period of a particle orbit as

T (E,L) := 2

∫ r+(E,L)

r−(E,L)

1√
2E − 2ψL(r)

dr,

where the particle corresponds to the angular momentum L > 0 and the energy E ∈ ]ψL (rL) , 0[.

Since r−(E,L), r+(E,L) and ψL(rL) are given explicitly in our case, we are able to compute
the integral and find that the period function T is independent of L:

Lemma 3.3. The period function T is independent of L and

T (E,L) =
π√
2

1

|E|3/2
=: T (E)

for all L > 0 and E ∈ ]ψL(rL), 0[. Since T is no longer dependent on L, we change its domain
of definition to {E ∈ R | ∃L > 0 : E ∈ ]ψL(rL), 0[} = ]− 1

2b , 0[.

Proof. We first note that the integrand has a singularity at both bounds of the region of
integration. Therefore, in all of what follows, we have to interpret the integral as a limit.
The first step is to substitute s = s(r) = − 1

bUr
0 (r)

= 1 + 1
b

√
r2 + b2, which is equivalent to

r = b
√
s(s− 2). We compute

ψL

(
b
√
s(s− 2)

)
=
b+ L

2 −
√
b2s(s− 2) + b2

b2s(s− 2)
=
b+ L

2 − b(s− 1)

b2s(s− 2)
.
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3.3 The period function

The integrand 1/
√
E − ψL(r) with respect to s therefore transforms to

1√
E − b+L

2
−b(s−1)

b2s(s−2)

b(s− 1)√
s(s− 2)

=
b2(s− 1)√

b2Es2 − 2b2Es− b− L
2 + bs− b

.

This yields

T (E,L) =
√
2

∫ s(r+(E,L))

s(r−(E,L))

b2(s− 1)√
b2Es2 + (−2b2E + b)s− 2b− L

2

ds.

We define x := b2E2 +
(
b+ L

2

)
E + 1

4 to compute the bounds of integration:

s± := s (r±(E,L)) = 1 +
1

b

√
1

E2

((
b+

L

2

)
E +

1

2
±
√
x

)
+ b2

= 1− 1

bE

√(
b+

L

2

)
E +

1

2
±
√
x+ b2E2

= 1− 1

bE

√
x±

√
x+

1

4

= 1− 1

bE

∣∣∣∣12 ±
√
x

∣∣∣∣
= 1− 1

bE

(
1

2
±
√
x

)
. (3.5)

To observe the last equality, we use that the explicit representations of r±(E,L) in Theorem
3.1 (ii) are well-defined and therefore,

0 ≤
(
b+

L

2

)
E +

1

2
±
√
x <

1

2
±
√
x

for L > 0 and E ∈ ]ψL(rL), 0[.

In order further simplify the period function integral, we compute the roots of the radicand
b2Es2 + (−2b2E + b)s− 2b− L

2 :

s1,2 = 1− 1

2bE
±

√(
1− 1

2bE

)2

+
2

bE
+

L

2b2E

= 1− 1

2bE
∓ 1

bE

√
b2E2 − bE +

1

4
+ 2bE +

L

2
E

= 1− 1

bE

(
1

2
±
√
x

)
= s±.
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3 Properties of the steady state and (θ, E, L)-coordinates

Consequently, we find that

T (E,L) =
√
2

∫ s+

s−

b2(s− 1)√
b2E(s− s+)(s− s−)

ds =

√
2b√
−E

∫ s+

s−

s− 1√
(s+ − s)(s− s−)

ds

=

√
2b√
−E

(∫ s+

s−

s− 1
2(s+ + s−)√

(s+ − s)(s− s−)
ds+

∫ s+

s−

1
2(s+ + s−)− 1√
(s+ − s)(s− s−)

ds

)

=

√
2b√
−E

lim
a−→s−,a−>s−
a+→s+,a+<s+

(∫ a+

a−

s− 1
2(s+ + s−)√

(s+ − s)(s− s−)
ds+

∫ a+

a−

1
2(s+ + s−)− 1√
(s+ − s)(s− s−)

ds

)
.

We examine each integral individually. To compute the first integral, we substitute u =
u(s) = (s+ − s)(s− s−) and obtain that

∫ a+

a−

s− 1
2(s+ + s−)√

(s+ − s)(s− s−)
ds =

∫ (s+−a+)(a+−s−)

(s+−a−)(a−−s−)

−1

2
√
u
du

=
√
(s+ − a−)(a− − s−)−

√
(s+ − a+)(a+ − s−).

If we take the limit, this term vanishes:

lim
a−→s−,a−>s−
a+→s+,a+<s+

√
(s+ − a−)(a− − s−)−

√
(s+ − a+)(a+ − s−) = 0.

For the second integral, we start by observing that

(s+ − s)(s− s−) =

(
s+ − s−

2

)2
[
1−

(
2s− s+ − s−
s+ − s−

)2
]
.

Inserting this into the integral as well as substituting u = u(s) = 2s−s+−s−
s+−s− yields that

∫ a+

a−

1√
(s+ − s)(s− s−)

ds =
2

s+ − s−

∫ a+

a−

1√
1−

(
2s−s+−s−
s+−s−

)2 ds
=

2

s+ − s−

∫ 2a+−s+−s−
s+−s−

2a−−s+−s−
s+−s−

1√
1− u2

s+ − s−
2

du

= arcsin

(
2a+ − s+ − s−

s+ − s−

)
− arcsin

(
2a− − s+ − s−

s+ − s−

)
.

By taking the limit, we infer that

lim
a−→s−,a−>s−
a+→s+,a+<s+

[
arcsin

(
2a+ − s+ − s−

s+ − s−

)
− arcsin

(
2a− − s+ − s−

s+ − s−

)]
= arcsin(1)− arcsin(−1) =

π

2
− −π

2
= π.

34



3.4 (θ,E, L)-coordinates

As a result,

T (E,L) =

√
2b√
−E

(
0 +

(
1

2
(s+ + s−)− 1

)
π

)
=

(3.5)

√
2πb√
−E

(
1

2

(
1− 1

2bE
−

√
x

bE
+ 1− 1

2bE
+

√
x

bE

)
− 1

)
=

√
2πb√
−E

(
− 1

2bE

)
=

π√
2

1

|E|3/2
.

3.4 (θ, E, L)-coordinates

Based on the trajectories of solutions to the characteristic system, we get the idea to charac-
terize the domain Ω0 and spherically symmetric functions through another set of coordinates.
The idea is the following: Consider some point (r, w, L). This point corresponds to an angular
momentum value L and an energy value E = Er(r, w, L). We then solve (3.2) with initial
values (r−(E,L), 0, L). Then, (r, w) lies on the trajectory in (r, w)-space. We introduce the
variable θ ∈ [0, 1], which represents what fraction of the time of a full orbit it takes to get
from (r−(E,L), 0) to (r, w) within the first rotation. Mathematically speaking:

Theorem 3.4. The mapping

Γ : ]0, 1[× Ω̊EL0 → Ω̊r0 \ {(r, 0, L) ∈ Ω̊r0 | r ≤ rL}
(θ,E, L) 7→ (R,W,L)(θT (E), r−(E,L), 0, L),

is bijective with inverse

ζ : Ω̊r0 \ {(r, 0, L) ∈ Ω̊r0 | r ≤ rL} → ]0, 1[× Ω̊EL0 ,

(r, w, L) 7→


(

1
T (Er(r,w,L))

∫ r
r−(Er(r,w,L),L)

1√
2Er(r,w,L)−2ψL(s)

ds, Er(r, w, L), L

)
, w ≥ 0,(

1− 1
T (Er(r,w,L))

∫ r
r−(Er(r,w,L),L)

1√
2Er(r,w,L)−2ψL(s)

ds, Er(r, w, L), L

)
, w < 0.

Here,

ΩEL0 :=
{
(E,L) ∈ R2 | ∃(x, v) ∈ Ω0 : E = E(x, v), L = L(x, v)

}
=
{
(E,L) ∈ R2 | L ∈ [0,∞[, E ∈ [ψL(rL), 0[

}
, ψ0(r0) := U0(0) = − 1

2b
,

and (R,W,L)(·, r−(E,L), 0, L) is the solution to the initial value problem (3.2).

Proof. The proof is structured as follows: We first show that both functions Γ and ζ are
well-defined. Then, we show that ζ ◦ Γ = id]0,1[×Ω̊EL

0
. This implies that ζ is surjective. After

that, we prove that ζ is injective and therefore has an inverse function, which has to be Γ as
ζ ◦ Γ = id]0,1[×Ω̊EL

0
.
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3 Properties of the steady state and (θ, E, L)-coordinates

Well-definedness of Γ.
Let (θ,E, L) ∈ ]0, 1[× Ω̊EL0 . We first notice that the initial value problem is well-posed since
(r−(E,L), 0, L) ∈ Ω̊r0; note that for Ω̊EL0 , we have L > 0 and that Er(r−(E,L), 0, L) = E < 0
as well as r−(E,L) > 0. We also have that (R,W,L)(θT (E), r−(E,L), 0, L) ∈ Ω̊r0 as observed
in Section 3.2. It remains to show that (R,W,L)(θT (E), r−(E,L), 0, L)) is not an element of
{(r, 0, L) ∈ Ω̊r0 | r ≤ rL}. For this, we start by noticing that

{(r, 0, L) ∈ Ω̊r0 | r ≤ rL}
= {(r, 0, L) ∈ Ω̊r0 | r = rL} ∪ {(r, 0, L) ∈ Ω̊r0 | ∃E ∈ ]ψL(rL), 0[ : r = r−(E,L)}.

Now, suppose that there exists some L̃ > 0 such that (R,W,L)(θT (E), r−(E,L), 0, L) =
(rL̃, 0, L̃). Since L(θT (E), r−(E,L), 0, L) = L, we find that L̃ = L. As Er is constant along
characteristics,

E = Er(r−(E,L), 0, L) = Er ((R,W,L)(θT (E), r−(E,L), 0, L)) = Er (rL, 0, L) = ψL(rL),

which contradicts (E,L) ∈ Ω̊EL0 =
{
(E,L) ∈ R2 | L > 0, E ∈ ]ψL(rL), 0[

}
.

If we assume that there exists L̃ > 0 and Ẽ ∈ ]ψL̃(rL̃), 0[ such that Γ(θ, E, L) = (r−(Ẽ, L̃), 0, L̃),

we again find that L̃ = L and therefore

Ẽ = Er(r−(Ẽ, L), 0, L)) = Er(Γ(θ,E, L)) = Er((R,W,L)(θT (E), r−(E,L), 0, L)) = E.

Hence, (R,W,L)(θT (E), r−(E,L), 0, L) = (r−(E,L), 0, L), which by the considerations in
Section 3.2 and the definition of the period function is possible only if θ ∈ Z, which is con-
tradictory to θ ∈ ]0, 1[.

Well-definedness of ζ.
Let (r, w, L) ∈ Ω̊r0 \ {(r, 0, L) ∈ Ω̊r0 | r ≤ rL}. First, notice that ζ3(r, w, L) = L > 0.
Furthermore, ζ2(r, w, L) = Er(r, w, L) ∈ [ψL(rL), 0[. Moreover, the value ψL(rL) can not be
taken by ζ2(r, w, L) since if it did, then r = rL and w = 0 would hold, which contradicts
(r, w, L) /∈ {(r, 0, L) ∈ Ω̊r0 | r ≤ rL}. Consequently, (ζ2, ζ3)(r, w, L) ∈ Ω̊EL0 .
Next, we deduce that r−(E

r(r, w, L), L) ≤ r ≤ r+(E
r(r, w, L), L). This is satisfied because

if we assume that r < r−(E
r(r, w, L)), then the monotonicity properties of ψL imply that

ψL(r) > ψL(r−(E
r(r, w, L), L)) = Er(r, w, L) = 1

2w
2 + ψL(r) ≥ ψL(r), which is clearly a

contradiction. Similarly, we can show that r ≤ r+(E
r(r, w, L), L). Therefore, the integral

occurring in the ζ-function is well-defined, which we infer from the well-definedness of the
period function. Additionally, we find that

0 ≤
∫ r

r−(Er(r,w,L),L)

1√
2Er(r, w, L)− 2ψL(s)

ds

≤
∫ r+(Er(r,w,L),L)

r−(Er(r,w,L),L)

1√
2Er(r, w, L)− 2ψL(s)

ds =
1

2
T (Er(r, w, L)).

This leads to ζ1(r, w, L) ∈ [0, 1].
To exclude ζ1(r, w, L) = 0, we first consider that this is only possible for w ≥ 0 and∫ r
r−(Er(r,w,L),L)

1√
2Er(r,w,L)−2ψL(s)

ds = 0. This yields that r = r−(E
r(r, w, L), L) which im-

plies that

ψL(r) = ψL(r−(E
r(r, w, L), L)) = Er(r, w, L) =

1

2
w2 + ψL(r).
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3.4 (θ,E, L)-coordinates

Consequently, w = 0, and therefore, (r, w, L) = (r−(E
r(r, w, L), L), 0, L). This is a contradic-

tion to (r, w, L) /∈ {(r, 0, L) ∈ Ω̊r0 | r ≤ rL}.
To exclude ζ1(r, w, L) = 1, we note that this is only possible for w < 0 and if the inte-
gral

∫ r
r−(Er(r,w,L),L)

1√
2Er(r,w,L)−2ψL(s)

ds is equal to 0. The same arguments as above lead to

w = 0, which contradicts w < 0.

Proof of ζ ◦ Γ = id]0,1[×Ω̊EL
0

.

Let (θ, E, L) ∈ ]0, 1[× Ω̊EL0 . We obviously have

ζ2(Γ(θ,E, L)) = Er((R,W,L)(θT (E), r−(E,L), 0, L)) = Er(r−(E,L), 0, L) = E

and

ζ3(Γ(θ,E, L)) = Γ3(θ,E, L) = L(θT (E), r−(E,L), 0, L) = L.

For the first component of ζ(Γ(θ,E, L)), we distinguish between θ ∈ ]0, 12 ] and θ ∈ ]12 , 1[.
Values for θ in ]0, 12 ] mean that θT (E) ∈ ]0, 12T (E)]. If we remember the definition of the
period function and its proof, this corresponds to the upper half of a rotation in (r, w)-space
if we start at (r−(E,L), 0), and therefore, W (θT (E), r−(E,L), 0, L) ≥ 0. We use (3.4) and
find that

ζ1 (Γ(θ,E, L)) =
1

T (E)

∫ R(θT (E),r−(E,L),0,L)

r−(E,L)

1√
2E − 2ψL(s)

ds

=
1

T (E)

∫ R(θT (E),r−(E,L),0,L)

r−(E,L)

((
R|[0, 1

2
T (E)]

)−1
)′

(s) ds

=
1

T (E)
(θT (E)− 0) = θ.

Note that since we only have the existence of the derivative of the inverse of the restriction
of R and the identity (3.4) on ]r−(E,L), r+(E,L)[, we technically have to work with limits in
order to apply the fundamental theorem of calculus. However, the continuity of the inverse
of R on [r−(E,L), r+(E,L)] ensures that the argument still works out.
As θ ∈ ]12 , 1[ corresponds to the lower half of the rotation, we haveW (θT (E), r−(E,L), 0, L) ≤
0. Using the same argumentation as for (3.4), we deduce that((

R|[ 1
2
T (E),T (E)]

)−1
)′

= − 1

2E − 2ψL(r)
, r ∈ ]r−(E,L), r+(E,L)[.

Consequently,

ζ1 (Γ(θ,E, L)) = 1− 1

T (E)

∫ R(θT (E),r−(E,L),0,L)

r−(E,L)
−
((

R|[ 1
2
T (E),T (E)]

)−1
)′

(s) ds

= 1− 1

T (E)
(−θT (E) + T (E)) = θ.
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3 Properties of the steady state and (θ, E, L)-coordinates

ζ is injective.
Let (r, w, L), (r̃, w̃, L̃) ∈ Ω̊r0 \ {(r, 0, L) ∈ Ω̊r0 | r ≤ rL} with ζ(r, w, L) = ζ(r̃, w̃, L̃). We
immediately observe that L̃ = L and Er(r, w, L) = Er(r̃, w̃, L) =: E, hence,

1

2
w2 + ψL(r) =

1

2
w̃2 + ψL(r̃) = E. (3.6)

If w ≥ 0 and w̃ ≥ 0 or w < 0 and w̃ < 0, then ζ1(r, w, L) = ζ1(r̃, w̃, L) leads to

1

T (E)

∫ r

r−(E,L)

1√
2E − 2ψL(s)

ds =
1

T (E)

∫ r̃

r−(E,L)

1√
2E − 2ψL(s)

ds,

which can only hold true if r = r̃. Equation (3.6) then yields that |w| = |w̃| which is equivalent
to w = w̃ in this case.

If w ≥ 0 and w̃ < 0, then

[0, 1/2] ∋ 1

T (E)

∫ r

r−(E,L)
... ds = ζ1(r, w, L) = ζ1(r̃, w̃, L̃) = 1− 1

T (E)

∫ r̃

r−(E,L)
... ds ∈ [1/2, 1].

This implies that both integral terms have to be equal to T (E)/2 which is only possible if the
upper bounds of the region of integration r and r̃ are equal to r+(E,L). Equation (3.6) then
yields that w = w̃ = 0, which contradicts w̃ < 0. As a result, w ≥ 0 and w̃ < 0 is not possible
and renaming the variables yields that w < 0 and w̃ ≥ 0 is not possible as well. Overall, we
conclude that (r, w, L) = (r̃, w̃, L̃), i.e. ζ is injective and the proof is complete.

Before introducing representative functions in (θ, E, L)-coordinates, we define the correspond-
ing domain as

Ωθ0 := [0, 1]× ΩEL0 .

Note that the domain of definition of Γ is equal to Ωθ0 except for a set of measure zero. Now, let
g ∈ L1

loc(Ω0;K) be a spherically symmetric function (interpreted as being extended by 0 onto
R3×R3) with (r, w, L)-representative gr : Ωr0 → K. We then define the (θ, E, L)-representative
gθ by

gθ(θ,E, L) := gr(Γ(θ,E, L)) (3.7)

for (θ, E, L) ∈ ]0, 1[× Ω̊EL0 with Γ(θ, E, L) /∈ N where N is the null set containing the points
where gr is undefined. As a consequence, (3.7) is defined for almost every (θ, E, L) ∈ Ωθ0 since
Γ and ζ map null sets to null sets (see Lemma 3.6). Due to that, we conversely find

gr(r, w, L) = gθ(Γ−1(r, w, L)) = gθ(ζ(r, w, L)), f.a.e. (r, w, L) ∈ Ωr0. (3.8)

In order to prove that Γ and ζ map null sets to null sets, we show the following:

Theorem 3.5. The functions Γ and ζ from Theorem 3.4 are C1-diffeomorphisms.

Proof. Due to Theorem 3.4, we only have to show that Γ and ζ are C1-functions on their
corresponding domains of definition.
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3.4 (θ,E, L)-coordinates

For Γ, basic ODE theory yields that (R,W,L) ∈ C1(R× Ω̊r0). Due to the explicit representa-
tions of T (E) and r−(E,L) (see Lemma 3.3 and Theorem 3.1), we find that T, r− ∈ C1(Ω̊EL0 )
if we interpret T as a function on Ω̊EL0 . This yields that Γ ∈ C1(]0, 1[× Ω̊EL0 ).
The idea for ζ is to use the inverse function theorem. It suffices to prove that the determinant
of the Jacobian matrix of Γ does not vanish on ]0, 1[× Ω̊EL0 . For (θ,E, L) ∈ ]0, 1[× Ω̊EL0 , the
Jacobian matrix DΓ(θ, E, L) reads Ṙ(...)T (E) Ṙ(...)θT ′(E) + ∂rR(...)∂Er−(E,L) ∗

Ẇ (...)T (E) Ẇ (...)θT ′(E) + ∂rW (...)∂Er−(E,L) ∗
L̇(...)T (E) L̇(...)θT ′(E) + ∂rL(...)∂Er−(E,L) ∂rL(...)∂Lr−(E,L) + ∂LL(...)


where (...) = (θT (E), r−(E,L), 0, L). Since L is constant and independent of the r-value of
the initial condition, the last row reads (0, 0, 1). This leads to

det(DΓ(θ,E, L)) = T (E)∂Er−(E,L)
[
Ṙ(...)∂rW (...)− Ẇ (...)∂rR(...)

]
= T (E)∂Er−(E,L)

[
W (...)∂rW (...) + ψ′

L(R(...))∂rR(...)
]
.

We examine the bracket [...] on R × Ω̊r0. To do this, we again consider the initial value
problem (3.2) and denote the right hand side by f = f(R̃, W̃ , L̃) := (W̃ ,−ψ′

L̃
(R̃), 0) on Ω̊r0.

Its Jacobian matrix is

Df(R̃, W̃ , L̃) =

 0 1 0

−ψ′′
L̃
(R̃) 0 1/R̃3

0 0 0

 .

ODE theory yields that

∂t

∂rR ∂wR ∂LR
∂rW ∂wW ∂LW
∂rL ∂wL ∂LL

 =

 0 1 0
−ψ′′

L(R) 0 1/R3

0 0 0

 ·

∂rR ∂wR ∂LR
∂rW ∂wW ∂LW
∂rL ∂wL ∂LL


on R × Ω̊r0, as well as ∂rR(0, r, w, L) = 1 and ∂rW (0, r, w, L) = 0. We again note that
the last row of the last matrix reads (0, 0, 1). We therefore find that ∂t∂rR = ∂rW and
∂t∂rW = −ψ′′

L(R)∂rR on R× Ω̊r0. Hence,

∂t
[
W∂rW + ψ′

L(R)∂rR
]
= Ẇ∂rW +W

(
−ψ′′

L∂rR
)
+ ψ′′

L(R)Ṙ∂rR+ ψ′
L(R)∂rW = 0

on R× Ω̊r0, using that Ṙ =W and Ẇ − ψ′
L(R). Consequently, we observe that

W (t, r, w, L)∂rW (t, r, w, L) + ψ′
L(R(t, r, w, L))∂rR(t, r, w, L)

=W (0, r, w, L)∂rW (0, r, w, L) + ψ′
L(R(0, r, w, L))∂rR(0, r, w, L)

= ψ′
L(r)

for (t, r, w, L) ∈ R× Ω̊r0. As a result,

det(DΓ(θ,E, L)) = T (E)∂Er−(E,L)ψ
′
L(r−(E,L))

= T (E)∂E (ψL(r−(E,L)))

= T (E)∂E(E) = T (E), (θ, E, L) ∈ ]0, 1[× Ω̊EL0 . (3.9)

As T never vanishes, we infer by the inverse function theorem that ζ is a C1-function.

39



3 Properties of the steady state and (θ, E, L)-coordinates

We now prove that Γ and ζ map null sets to null sets:

Lemma 3.6. The functions Γ and ζ from Theorem 3.4 map null sets to null sets.

Proof. First, let N r ⊂ Ω̊r0 \ {(r, 0, L) ∈ Ω̊r0 | r ≤ rL} be a null set. We find that

0 ≤ T (−1/(2b))λ (ζ(N r))

≤
∫
Ωθ

0

T (E)1ζ(Nr)(θ,E, L) d(θ, E, L) =

∫
Ωθ

0

T (E)1Nr(Γ(θ,E, L)) d(θ, E, L)

as (θ, E, L) ∈ ζ(N r) ⇔ Γ(θ, E, L) ∈ N r. We use the transformation

]0, 1[× Ω̊EL0 ∋ (θ,E, L) 7→ (r, w, L) := Γ(θ,E, L) ∈ Ω̊r0 \ {(r, 0, L) ∈ Ω̊r0 | r ≤ rL}, (3.10)

which is a C1-diffeomorphism by Theorem 3.5. Equation (3.9) yields that∫
Ωθ

0

T (E)1Nr(Γ(θ,E, L)) d(θ, E, L) =

∫
Ωr

0

1Nr(r, w, L) d(r, w, L) = λ(N r) = 0.

Note that Ωθ0 and the domain of definition of Γ only differ from each other by a set of measure
0, the same holds for Ωr0 and the domain of definition of ζ. Therefore, λ(ζ(N r)) = 0.

Conversely, if N θ ⊂ ]0, 1[ × Ω̊EL0 is a null set, we use the same transformation to obtain
that

0 =

∫
Ωθ

0

T (E)1Nθ(θ,E, L) d(θ, E, L) =

∫
Ωθ

0

T (E)1Nθ(ζ(Γ(θ,E, L))) d(θ, E, L)

=

∫
Ωr

0

1Nθ(ζ(r, w, L)) d(r, w, L) =

∫
Ωr

0

1Γ(Nθ)(r, w, L) d(r, w, L) = λ(Γ(N θ))

as ζ(r, w, L) ∈ N θ ⇔ (r, w, L) ∈ Γ(Nθ).

The transformation (3.10) that we used in the previous proof will now be used for switching
between the different coordinate representations in integrals:

Lemma 3.7. Let g ∈ L1
loc(Ω0;K) be a spherically symmetric function with (r, w, L)-representative

gr : Ωr0 → K and (θ, E, L)-representative gθ : Ωθ0 → K. Then,∫
Ωr

0

gr(r, w, L) d(r, w, L) =

∫
Ωθ

0

T (E)gθ(θ,E, L) d(θ, E, L),

provided that the integrals exist.

Proof. We use the transformation (3.10) and (3.9), to find that∫
Ωθ

0

T (E)gθ(θ,E, L) d(θ, E, L) =
(3.7)

∫
Ωθ

0

T (E)gr(Γ(θ,E, L)) d(θ, E, L)

=

∫
Ωr

0

gr(r, w, L) d(r, w, L).

Remark. Combining Lemma 1.3 and Lemma 3.7 yields that integrals change via

” dxdv = 4π2 dr dw dL = 4π2T (E) dθ dE dL”. (3.11)
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4 Properties of φ

In the first lemma of this chapter, we obtain an important monotonicity property of φ and
also examine its behavior for E → 0.

Lemma 4.1.

(i) φ is strictly monotonically decreasing on [− 1
2b , 0] and φ

′ < 0 on [− 1
2b , 0[.

(ii) φ(E) → 0 for E → 0, E < 0, as fast as |E|5/2:

φ(E)

|E|5/2
→ C1(b), E → 0, E < 0,

for some constant C1(b) > 0.

(iii) There exist constants C2(b), C3(b) > 0 such that

C2(b)|E|5/2 ≤ φ(E) ≤ C3(b)|E|5/2, E ∈ [−1/(2b), 0].

(iv) φ′(E) → 0 for E → 0, E < 0, as fast as |E|3/2:

φ′(E)

|E|3/2
→ C4(b), E → 0, E < 0,

for some constant C4(b) < 0.

(v) There exist constants C5(b), C6(b) > 0 such that

C5(b)|E|3/2 ≤ |φ′(E)| ≤ C6(b)|E|3/2, E ∈ [−1/(2b), 0].

Proof.
Proof of (i).
We define

g(E) := φ(−E) =
(2.4)

α

∫ E

0
Kb(t)

1√
E − t

dt, E ∈ ]0, 1/(2b)],

where

α =
1√

2(2π)3
and Kb(t) :=

hb(t)

(1− bt)5
, t ∈ [0, 1/(2b)],

see (2.9) for the definition of hb. Kb is monotonically increasing on [0, 1
2b ] since K

′
b(t) =

h′b(t)(1−bt)+5bhb(t)

(1−bt)6 , where the numerator is equal to 12b2t2 + 48bt ≥ 0. We express g through

g(E) = lim
r→0,r>0

α

∫ E−r

0
Kb(t)

1√
E − t

dt, E ∈ ]0, 1/(2b)].
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4 Properties of φ

Staying away from the singularity of the integrand now enables us to substitute τ = τ(t) =
E − t and we observe that

g(E) = lim
r→0,r>0

α

∫ E

r
Kb(E − τ)

1√
τ
dτ, E ∈ ]0, 1/(2b)].

Next, let E ∈ ]0, 1
2b ], h ≥ 0 with E + h ∈ ]0, 1

2b ], and 0 < r < E. Using the monotonicity of
Kb and the non-negativity of the integrand, we estimate

∫ E+h

r
Kb(E + h− τ)

1√
τ
dτ ≥

∫ E+h

r
Kb(E − τ)

1√
τ
dτ ≥

∫ E

r
Kb(E − τ)

1√
τ
dτ.

Consequently, g(E+h) ≥ g(E) for all E ∈ ]0, 1
2b ] and h ≥ 0 with E+h ∈ ]0, 1

2b ]. We therefore
conclude that g is monotonically increasing on ]0, 1

2b ], which means that φ is monotonically
decreasing on [− 1

2b , 0[. This implies that φ′ ≤ 0 on ]− 1
2b , 0[ and therefore also φ′(−1/(2b)) ≤ 0

due to continuity. Computing the derivative of φ yields that it also does not vanish on [− 1
2b , 0[,

which implies that φ′ < 0 on [− 1
2b , 0[. This leads to φ being strictly monotonically decreasing

on [− 1
2b , 0].

Proof of (ii).
This proof is straightforward: One shows that the fraction φ(E)/|E|5/2 converges to a con-
stant by applying l’Hôspital’s rule twice while carefully handling the various occurring terms.
In the following, limits E → 0 are to be interpreted as E → 0, E < 0, and we use that
arcsin(

√
−bE)√

−bE → 1 as E → 0. We find that

lim
E→0

(√
2(2π)3b3/224

1√
b

φ(E)

|E|5/2
(bE + 1)4

)
= lim

E→0

(
1

(−E)5/2

[
27
√
−E − 66b(−E)3/2 + 320b2(−E)5/2 − 240b3(−E)7/2 + 64b4(−E)9/2

+
(
48b2E2 − 84bE − 27

) arcsin (√−bE
)

√
b
√
1 + bE

])

= 320b2 + 48b2 + lim
E→0

(
1

(−E)5/2

[
27
√
−E − 66(−E)3/2 + (−84bE − 27)

arcsin
(√

−bE
)

√
b
√
1 + bE

])

=
l’H.

368b2 + lim
E→0

(
1

−5
2(−E)3/2

[
−27

2

1√
−E

+ 99b
√
−E − 84

√
b
arcsin

(√
−bE

)
√
1 + bE

+

(
−84

√
bE − 27√

b

)(
− b
2

)(
1√

−bE(1 + bE)
+

arcsin
(√

−bE
)

(1 + bE)3/2

)])
.

Now, note that the expression [...] converges to 0 as E → 0 due to

−27

2

1√
−E

+
27

2

√
b

1√
−bE(1 + bE)

=
27

2

√
−Eb

1 + bE
.
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As a consequence,

lim
E→0

(√
2(2π)3b3/224

1√
b

φ(E)

|E|5/2
(bE + 1)4

)
=
l’H.

368b2 + lim
E→0

(
1

15
4

√
−E

[
−27

4

1

(−E)3/2
− 99

2
b

1√
−E

− 84
√
b

(
− b
2

)(
1√

−bE(1 + bE)
+

arcsin
(√

−bE
)

(1 + bE)3/2

)

+ 42b3/2

(
1√

−bE(1 + bE)
+

arcsin
(√

−bE
)

(1 + bE)3/2

)

+

(
42b3/2E +

27

2

√
b

)
b

2

(
1

(−bE)3/2(1 + bE)
− 3√

−bE(1 + bE)2
−

3 arcsin
(√

−bE
)

(1 + bE)5/2

)])

= 368b2 + lim
E→0

(
4

15

[
−27

4

1

E2
+

99

2

b

E
− 42b

E(1 + bE)
+ 42b2

arcsin
(√

−bE
)

√
−bE(1 + bE)3/2

− 42b

E(1 + bE)
+ 42b2

arcsin
(√

−bE
)

√
−bE(1 + bE)3/2

+
21b

E(1 + bE)
+

63b2

(1 + bE)2
+ 63b5/2

√
−E arcsin(

√
−bE)

(1 + bE)5/2

+
27

4

1

E2(1 + bE)
+

81

4
b

1

E(1 + bE)2
− 81

4
b2

arcsin(
√
−bE)√

bE(1 + bE)5/2

])

= 368b2 +
4

15

(
42b2 + 42b2 + 63b2 + 0− 81

4
b2
)

+ lim
E→0

(
4

15

[
−27

4

1

E2
+

99

2

b

E
− 42b

E(1 + bE)
− 42b

E(1 + bE)
+

21b

E(1 + bE)

+
27

4

1

E2(1 + bE)
+

81

4
b

1

E(1 + bE)2

])

=
2009

5
b2 + lim

E→0

(
4

15

1

E2(1 + bE)2

[
−27

4
(1 + bE)2 +

99

2
bE(1 + bE)2

+ (−42b− 42b+ 21b)E(1 + bE) +
27

4
(1 + bE) +

81

4
bE

])

=
2009

5
b2 + lim

E→0

(
4

15

1

E2(1 + bE)2

[(
−27

4
+

27

4

)
+

(
−27

2
+

99

2
− 63 +

27

4
+

81

4

)
bE

+

(
−27

4
+ 99− 63

)
b2E2 +

99

2
b3E3

])
=

2009

5
b2 +

39

5
b2 =

2048

5
b2.
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4 Properties of φ

In conclusion,

lim
E→0,E<0

φ(E)

|E|5/2
=

2048

5
b2

√
b√

2(2π)3b3/224
=

16

5
√
2π3

b.

Proof of (iii).
Using (ii), we infer that there exists some 0 < δ < 1

2b with

C1(b)

2
≤ φ(E)

|E|5/2
≤ 2C1(b), E ∈ ]−δ, 0[.

Furthermore, the mapping [− 1
2b ,−δ] ∋ E 7→ φ(E)

|E|5/2 ∈ ]0,∞[ is continuous, which implies

that it takes its minimum as well as its maximum for some values in [− 1
2b ,−δ] and therefore

stays away from 0 and is bounded from above. As a consequence, there exist constants
C2(b), C3(b) > 0 such that

C2(b) ≤
φ(E)

|E|5/2
≤ C3(b), E ∈ [−1/(2b), 0[,

which leads to both inequalities in (iii). Note that both inequalities are trivial for E = 0 as
φ(E) = 0.

Proof of (iv).
This proof can be done analogously to the proof of (ii) except for the fact that one has to
compute the derivative first. However, since it is even lengthier and does not give any new
mathematical insights, we will not carry it out here.

Proof of (v).
We conclude this property analogously to the proof of (iii) by using (iv). Note that φ′ ∈
C
(
[− 1

2b , 0]
)
and φ′(0) = 0 due to Theorem 2.1.

In addition to its monotonicity property and its behavior at E = 0, φ also fulfills the following
integral estimates:

Lemma 4.2.

(i) For all x ∈ R3, ∫
R3

∣∣φ′(E(x, v))
∣∣ 1Ω0(x, v) dv ≤

(
12

π2
+

27

8π

)
1

b2
.

(ii) For all r ∈ ]0,∞[,

1

r2

∫ ∞

0

∫
R
w2
∣∣φ′(Er(r, w, L))

∣∣ 1Ωr
0
(r, w, L) dw dL =

1

π
ρr0(r) ≤

3

16π2
1

b3
.

(iii) For all γ > 1, ∫
Ω0

∣∣φ′(E(x, v))
∣∣γ d(x, v) = C(b, γ) <∞.
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Remark. The integral in (iii) is not infinite if we choose γ = 1. This can be obtained by
doing a similar proof as for γ > 1 with applying the first inequality in Lemma 4.1 (v) instead
of the second one.

Proof. We first note that the integrals are well-defined since on Ω0 and Ωr0, E ∈ [− 1
2b , 0[ and

Er ∈ [ 12b , 0[, respectively. On this set, the derivative of φ exists, see Theorem 2.1 (iii).

Proof of (i).
Let x ∈ R3 be fixed. Considering the indicator function 1Ω0 , the integration area is{

v ∈ R3 | E(x, v) < 0
}
=
{
v ∈ R3

∣∣∣ 1
2
|v|2 + U0(x) < 0

}
=
{
v ∈ R3

∣∣∣ |v| <√−2U0(x)
}
.

Thus, using a transformation to spherical coordinates, we find that∫
R3

∣∣φ′(E(x, v))
∣∣ 1Ω0(x, v) dv =

∫
B√

−2U0(x)
(0)

∣∣∣∣φ′
(
1

2
|v|2 + U0(x)

)∣∣∣∣ dv
= 4π

∫ √
−2U0(x)

0
s2
∣∣∣∣φ′
(
1

2
s2 + U0(x)

)∣∣∣∣ ds.
We substitute E = E(s) = 1

2s
2 + U0(x) and observe that∫

R3

∣∣φ′(E(x, v))
∣∣ 1Ω0(x, v) dv = 4π

∫ 0

U0(x)

√
2E − 2U0(x)

∣∣φ′(E)
∣∣ dE. (4.1)

The radicand can be estimated by 2E − 2U0(x) ≤ −2U0(x) ≤ −2U0(0) = −2(−1/(2b)) = 1/b
for E ∈ [U0(x), 0], resulting in∫

R3

∣∣φ′(E(x, v))
∣∣ 1Ω0(x, v) dv ≤ 4π

b1/2

∫ 0

U0(x)

∣∣φ′(E)
∣∣ dE ≤ − 4π

b1/2

∫ 0

U0(0)
φ′(E) dE

= − 4π

b1/2

(
φ(0)− φ

(
− 1

2b

))
=

4π

b1/2
φ

(
− 1

2b

)
=

4π

b1/2

(
3

π3b3/2
+

27

32π2b3/2

)
,

where we used that φ′ is negative on [− 1
2b , 0[ as obtained in Lemma 4.1 (i).

Proof of (ii).
We first comment that if we only wanted to prove the inequality, the proof of (ii) could be
much shorter than the following by using (i). However, we want to have the identity with
ρr0(r) as we use it in Chapter 7 for the proof of the positivity of the operator A.

Let r ∈ ]0,∞[. Since φ′ < 0 on [− 1
2b , 0[ (see Lemma 4.1 (i)) and since Ωr0 \ Ω̊r0 is a null

set, we obtain that

1

r2

∫ ∞

0

∫
R
w2
∣∣φ′(Er(r, w, L))

∣∣ 1Ωr
0
(r, w, L) dw dL

= − 1

r2

∫ ∞

0

∫
R
1Ω̊r

0
(r, w, L)w2φ′ (Er(r, w, L)) dw dL.
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4 Properties of φ

As Er(r, w, L) < 0 on Ω̊r0, we have 1
2w

2 + ψL(r) < 0, which is equivalent to

ψL(r) < 0 ∧ w ∈ ]−
√
−2ψL(r),

√
−2ψL(r)[.

Therefore,

1

r2

∫ ∞

0

∫
R
w2
∣∣φ′ (Er(r, w, L))

∣∣ 1Ωr
0
(r, w, L) dw dL

= − 1

r2

∫
{L∈]0,∞[ | ψL(r)<0}

∫ √
−2ψL(r)

−
√

−2ψL(r)
w2φ′ (Er(r, w, L)) dw dL.

Since w 7→ φ (Er(r, w, L)) is in C1([−
√
−2ψL(r),

√
−2ψL(r)]) due to Theorem 2.1 (iii) with

∂w [φ (Er(r, w, L))] = wφ′ (Er(r, w, L)), we can perform integration by parts for the w-integral
to find that∫ √

−2ψL(r)

−
√

−2ψL(r)
w2φ′ (Er(r, w, L)) dw =

∫ √
−2ψL(r)

−
√

−2ψL(r)
w∂w [φ (Er(r, w, L))] dw

= wφ (Er(r, w, L)) |
√

−2ψL(r)

w=−
√

−2ψL(r)
−
∫ √

−2ψL(r)

−
√

−2ψL(r)
φ (Er(r, w, L)) dw.

The boundary term vanishes because Er(r,−
√

−2ψL(r), L) = 0 = Er(r,
√

−2ψL(r), L) and
φ(0) = 0. Consequently,

1

r2

∫ ∞

0

∫
R
w2
∣∣φ′ (Er(r, w, L))

∣∣ 1Ωr
0
(r, w, L) dw dL

=
1

r2

∫
{L∈]0,∞[ | ψL(r)<0}

∫ √
−2ψL(r)

−
√

−2ψL(r)
φ (Er(r, w, L)) dw dL

=
1

r2

∫ ∞

0

∫
R
φ (Er(r, w, L)) 1Ω̊r

0
(r, w, L) dw dL.

Since on Ω̊r0, E
r ∈ [− 1

2b , 0[, and since φ = 0 on [0,∞[, we can omit the indicator function 1Ω̊r
0

and therefore,

1

r2

∫ ∞

0

∫
R
w2
∣∣φ′ (Er(r, w, L))

∣∣ 1Ωr
0
(r, w, L) dw dL =

1

r2

∫ ∞

0

∫
R
φ (Er(r, w, L)) dw dL

=
1

π

∫
R3

φ (E ((r, 0, 0), v)) dv =
1

π

∫
R3

f0 ((r, 0, 0), v) dv

=
1

π
ρ0((r, 0, 0))

by (1.2). Note that for functions that are defined everywhere, Lemma 1.3 holds everywhere,
which is easily obtained with the same proof of Lemma 1.3 as for functions that are only
defined almost everywhere. The inequality now follows from

1

π
ρ0((r, 0, 0)) =

1

π
ρr0(r) ≤

1

π

1

4π

3
√
r2 + b2

(
b+

√
r2 + b2

)2 ≤ 1

4π2
3

b(2b)2
≤ 3

16π2
1

b3
.
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Proof of (iii).
Let γ > 1. We start as in the proof of (i) with |φ′|γ instead of |φ′|. Therefore, by (4.1), we
find that∫

Ω0

∣∣φ′(E(x, v))
∣∣γ d(x, v) = 4π

∫
R3

∫ 0

Ur
0 (|x|)

√
2E − 2U r0 (|x|)

∣∣φ′(E)
∣∣γ dE dx

≤ 16π2
√
2C6(b)

γ

∫ ∞

0
r2
∫ 0

Ur
0 (r)

√
E − U r0 (r) |E|

3
2
γ dE dr. (4.2)

For the inequality, we use polar coordinates as well as Lemma 4.1 (v). Next, we consider the
E-integral and substitute u = u(E) =

√
E − U r0 (r). Note that technically, since the square

root is not differentiable in 0, we have to interpret the E-integral as limα→0,α>0

∫ 0
Ur
0 (r)+α

... dE.

If we do so, we obtain that∫ 0

Ur
0 (r)

√
E − U r0 (r) |E|

3
2
γ dE =

∫ √
−Ur

0 (r)

0
u
(
−u2 − U r0 (r)

) 3
2
γ
2u du.

We substitute again, this time v = v(u) = arcsin
(
u/
√
−U r0 (r)

)
. As before, we interpret the

integral as a limit. Doing this, we observe that∫ 0

Ur
0 (r)

√
E − U r0 (r) |E|

3
2
γ dE

= 2

∫ π/2

0
(−U r0 (r)) sin(v)2

(
U r0 (r) sin(v)

2 − U r0 (r)
) 3

2
γ
cos(v)

√
−U r0 (r) dv

= 2 (−U r0 (r))
3
2
+ 3

2
γ
∫ π/2

0
sin(v)2 cos(v)3γ+1 dv.

The last integral is finite since both the region of integration as well as the integrand are
bounded. Hence, it is equal to some value 0 < C(γ) <∞. Inserting this into (4.2) results in∫

Ω0

∣∣φ′(E(x, v))
∣∣γ d(x, v) ≤ C(b, γ)

∫ ∞

0
r2 (−U r0 (r))

3
2
(γ+1) dr.

We split the integral and consider the regions of integration [0, 1] and [1,∞]. For [0, 1], we
have∫ 1

0
r2 (−U r0 (r))

3
2
(γ+1) dr =

∫ 1

0
r2 |U r0 (r)|

3
2
(γ+1) dr ≤

∫ 1

0
|U r0 (0)|

3
2
(γ+1) dr =

(
1

2b

) 3
2
(γ+1)

.

For the region [1,∞], we use
√
r2 + b2 − b ≤ r to obtain that∫ ∞

1
r2 (−U r0 (r))

3
2
(γ+1) dr =

∫ ∞

1
r2

(√
r2 + b2 − b

r2

) 3
2
(γ+1)

dr

≤
∫ ∞

1
r2
(
1

r

) 3
2
(γ+1)

dr =

∫ ∞

1

1

r
3
2
γ− 1

2

dr <∞

as 3
2γ − 1

2 >
3
2 − 1

2 = 1 since γ > 1. Hence, the assertion follows.
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4 Properties of φ

We complete this chapter with two remaining properties that will be useful for the proofs in
Chapter 7.

Lemma 4.3.

(i) φ′ is bounded on [− 1
2b , 0], i.e. there exists some constant C(b) > 0 such that∣∣φ′(E)

∣∣ ≤ C(b), E ∈ [−1/(2b), 0].

(ii) φ ∈ C∞ (]−1
b , 0[

)
.

Proof. Assertion (i) immediately follows from φ ∈ C1
(
]−1

b ,∞[
)
. Assertion (ii) is obvious

since all functions occurring in the second representation of φ in Theorem 2.1 are differentiable
arbitrarily often on ]−1

b , 0[.
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5 The linearized Vlasov-Poisson system

In this chapter, we will linearize the Vlasov-Poisson system about the isochrone steady state
and then formally derive an operator–the so-called Antonov operator–from the linearized sys-
tem. The rigorous definition of the Antonov operator will be given in Chapter 6.

We consider the isochrone steady state (f0, ρ0, U0). Assume that we have a perturbation
(δf, δρ, δU), which means that (f0 + δf, ρ0 + δρ, U0 + δU) must be a (time-dependent) solu-
tion to the Vlasov-Poisson system (2.1)-(2.3). For the Vlasov equation, we get

0 = ∂t(f0 + δf) + v · ∂x(f0 + δf)− ∂x(U0 + δU) · ∂v(f0 + δf)

= ∂tδf + v · ∂xδf − ∂xU0 · ∂vδf − ∂xδU · ∂vf0 − ∂xδU · ∂vδf.

We linearize the system, which means that we neglect the term that is non-linear in the
perturbation such that the system becomes linear in the perturbation. We therefore omit the
term ∂xδU · ∂vδf in the Vlasov equation. We obtain the linearized Vlasov-Poisson system for
the perturbation:

∂tδf +Dδf − ∂xδU · ∂vf0 = 0, (5.1)

∆δU = 4πδρ, lim
|x|→∞

δU(t, x) = 0, (5.2)

δρ(t, x) =

∫
R3

δf(t, x, v) dv, (5.3)

where the operator D is defined as

D := v · ∂x − ∂xU0 · ∂v.

Before we start with the derivation, it is convenient to define the following expressions for
some function g = g(t, x, v):

ρg :=

∫
R3

g(·, ·, v) dv, jg :=

∫
R3

vg(·, ·, v) dv, Ug := − 1

|x|
∗ ρg,

where the convolution is meant only with respect to the x-variable. Now, let (δf, δρ, δU) be
a solution to (5.1) - (5.3). We split the phase space density function δf into its parts that
are even and odd in v, i.e. δf = δf+ + δf−, where

δf±(t, x, v) :=
1

2
(δf(t, x, v)± δf(t, x,−v)) .

We define g(t, x, v) := δf(t, x,−v) and the Vlasov equation (5.1) evaluated at (t, x,−v) then
yields that

0 = ∂tg(t, x, v)− v · ∂xg(t, x, v) + ∂xU0(x) · ∂vg(t, x, v)− ∂xδU(t, x) · ∂vδf0(x,−v)
= ∂tg(t, x, v)−Dg(t, x, v)− ∂xδU(t, x) · ∂vδf0(x,−v).
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5 The linearized Vlasov-Poisson system

Adding and subtracting this to/from the Vlasov equation (5.1) leads to

∂t(δf + g) +D(δf − g)− ∂xδU · (∂vf0 + ∂vf0(·,−·)) = 0,

∂t(δf − g) +D(δf + g)− ∂xδU · (∂vf0 − ∂vf0(·,−·)) = 0.

Since f0 is even in v, we have that ∂vf0(·,−·) = −∂vf0. Furthermore, we note that δf + g =
2δf+ and δf − g = 2δf−. Additionally, we examine δU and observe that

δU(t, ·) = − 1

| · |
∗ δρ(t, ·) = − 1

| · |
∗
(∫

R3

δf+(t, ·, v) dv +
∫
R3

δf−(t, ·, v) dv)
)

= − 1

| · |
∗
(∫

R3

δf+(t, ·, v) dv
)

= Uδf+(t, ·).

All of this results in

∂tδf+ +Dδf− = 0, (5.4)

∂tδf− +Dδf+ − ∂xUδf+ · ∂vf0 = 0. (5.5)

We differentiate (5.5) with respect to t and make use of (5.4) to obtain that

0 = ∂2t δf− +D(∂tδf+)− ∂xU∂tδf+ · ∂vf0
= ∂2t δf− −D2δf− + ∂xUDδf− · ∂vf0. (5.6)

To examine the last term of this equation, we first deduce that

divjδf− =

3∑
i=1

∂xi

∫
R3

viδf−(·, ·, v) dv =

∫
R3

v · ∂xδf−(·, ·, v) dv.

At the same time, we find that

ρDδf− =

∫
R3

Dδf−(·, ·, v) dv =

∫
R3

v · ∂xδf−(·, ·, v) dv − ∂xU0 ·
∫
R3

∂vδf−(·, ·, v) dv.

We assume that δf− is compactly supported with respect to the v-variable and hence, the
last term vanishes. We justify this assumption with the fact that f0 is compactly supported
with respect to v and we will consider the derived operators on a function space that will
consist of functions with domain of definition Ω0, a set that is bounded in v. Consequently,
we have that divjδf− = ρDδf− , which yields that

UDδf− = − 1

| · |
∗ ρDδf− = − 1

| · |
∗ divjδf− .

This motivates the definition

(Bg) (x, v) := ∂vf0(x, v) · ∂x
∫
R3

1

|x− y|
divjg(y) dy

for a function g = g(x, v). For functions that depend on t, this definition is to be understood
in the sense that it holds for every fixed t. All of the previous considerations lead to the fact
that (5.6) implies

0 = ∂2t δf− −D2δf− − Bδf− = ∂2t δf− +Aδf−,
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where we define the operator A by

A := −D2 − B.

For historical reasons, we call A the Antonov operator and we will study its spectrum in the
following chapters. To justify the definition of the operator B in the next chapter, we will
now further examine B for spherically symmetric functions.

If g is a spherically symmetric function with (r, w, L)-representative gr, then Lemma 1.3
leads to

jg(x) =

∫
R3

vg(x, v) dv =
x

|x|
J̃g(|x|), (5.7)

where we define

J̃g(r) :=
π

r2

∫ ∞

0

∫
R
wgr(r, w, L) dw dL.

Here and in the following, we omit possible dependencies on t. We now note that jg does not
have to be spherically symmetric, but from (5.7), we can easily obtain that divjg is spherically
symmetric and consequently,

∂x

∫
R3

1

|x− y|
divjg(y) dy = ∂x

(
4π

|x|

∫ |x|

0
s2 (divjg)

r (s) ds+ 4π

∫ ∞

|x|
s (divjg)

r (s) ds

)

= − 4π

|x|2

∫ |x|

0
s2 (divjg)

r (s) d
x

|x|

= − x

|x|3

∫
B|x|(0)

divjg(y) dy.

We use the divergence theorem and (5.7) to find that∫
B|x|(0)

divjg(y) dy =

∫
S|x|(0)

jg(y) ·
y

|y|
dS(y) =

∫
S|x|(0)

(
y

|y|
J̃g(|y|)

)
· y
|y|

dS(y)

= J̃g(|x|)λ(S|x|(0)) = 4π|x|2J̃g(|x|).

This results in

(Bg) (x, v) = −4π∂vf0(x, v) ·
x

|x|
J̃g(|x|) = −4πφ′(E(x, v))v · x

|x|
J̃g(|x|).

It is easy to verify that Bg is again spherically symmetric with (r, w, L)-representative

(Bg)r (r, w, L) = −4πφ′(Er(r, w, L))wJ̃g(r)

= 4π
∣∣φ′(Er(r, w, L))

∣∣w π

r2

∫ ∞

0

∫
R
w̃gr(r, w̃, L̃) dw̃ dL̃

= 4π2
∣∣φ′(Er(r, w, L))

∣∣ w
r2

∫ ∞

0

∫
R
w̃gr(r, w̃, L̃) dw̃ dL̃,

which completes this chapter.
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6 The operators

In order to rigorously define the operators that we derived in the previous chapter, we define
two Hilbert spaces:

Definition 6.1. For g ∈ L1
loc(Ω0;C) we define

||g||H :=

(∫
Ω0

1

|φ′(E(x, v))|
|g(x, v)|2 d(x, v)

)1/2

.

The complex Hilbert space H is then defined by

H :=
{
g ∈ L1

loc(Ω0;C) spherically symmetric | ||g||H <∞
}
,

with corresponding inner product

⟨g, h⟩H :=

∫
Ω0

1

|φ′(E(x, v))|
g(x, v)h(x, v) d(x, v), g, h ∈ H.

We furthermore define

Hodd := {g ∈ H | g is odd in v} ,

which also is a complex Hilbert space with the same inner product and norm.

Before proving that H and Hodd are Hilbert spaces, we give the following definition such that
Hodd is well-defined:

Definition and Lemma 6.2. Let g ∈ H with representative gr in (r, w, L)-coordinates. We
say that g is even (odd) in v if g(x, v) = (−)g(x,−v) f.a.e. (x, v) ∈ Ω0. Analogously, we say
that gr is even (odd) in w if gr(r, w, L) = (−)gr(r,−w,L) f.a.e. (r, w, L) ∈ Ωr0.
g is even (odd) in v if and only if gr is even (odd) in w.

Proof. We only prove the assertion for even functions as the proof for odd functions works
analogously. Hence, let g ∈ H be even in v. This implies that for almost every (x, v) ∈ Ω0,

gr
(
|x|, x · v

|x|
, |x× v|2

)
= g(x, v) = g(x,−v) = gr

(
|x|,−x · v

|x|
, |x× v|2

)
. (6.1)

Assume that gr is not even in w. This leads to the existence of a measurable set M r ⊂ Ωr0
with λ(M r) > 0 and gr(r, w, L) ̸= gr(r,−w,L) for (r, w, L) ∈ M r. We then define M :={
(x, v) ∈ Ω0

∣∣∣ (|x|, (x · v)/|x|, |x× v|2) ∈M r
}
, which is measurable, and Lemma 1.3 yields

that

λ(M) =

∫
Ω0

1M (x, v) d(x, v) = 4π2
∫
Ωr

0

1Mr(r, w, L) d(r, w, L) = 4π2λ(M r) > 0. (6.2)
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6 The operators

We also know that for gr(|x|, (x ·v)/|x|, |x× v|2) ̸= gr(|x|,−(x ·v)/|x|, |x× v|2) for (x, v) ∈M ,
which contradicts (6.1). Hence, the assumption was wrong and we conclude that gr is even
in w.

Now, let gr be even in w. Consequently,

g(x, v) = gr
(
|x|, x · v

|x|
, |x× v|2

)
= gr

(
|x|,−x · v

|x|
, |x× v|2

)
= g(x,−v)

for almost every (x, v) ∈ Ω0, and as a consequence, g is even in v. For the second equality,
note that the calculation in (6.2) also implies that null sets M r ⊂ Ωr0 correspond to null sets
M ⊂ Ω0.

Proof that H and Hodd are Hilbert spaces. Since H obviously is a complex vector space and
⟨·, ·⟩H is an inner product, it remains to show that H is complete. For this, let (gk) ⊂ H be
a Cauchy sequence. We then define fk :=

1√
|φ′(E)|

gk ∈ L2(Ω0;C) for k ∈ N. Then,

||fk − fl||2 = ||gk − gl||H → 0 as k, l → ∞,

which means that (fk) is a Cauchy sequence in L2(Ω0;C) and therefore converges to some
function f ∈ L2(Ω0;C). By the Riesz-Fischer theorem, the convergence also holds pointwise
almost everywhere on Ω0 after extracting a subsequence and consequently, f inherits the
spherical symmetry of the functions fk. We now define g :=

√
|φ′(E)|f which is spherically

symmetric and in H. We then obtain that H is complete because of

||gk − g||H = ||fk − f ||2 → 0 as k → ∞.

The fact that Hodd is a Hilbert space follows from it being a closed subspace of H. The
closedness can be obtained as follows: Let (gk) ⊂ Hodd with gk → g ∈ H in H. Therefore,

|φ′(E)|−1/2 gk → |φ′(E)|−1/2 g in L2(Ω0;C), which by the Riesz-Fischer theorem implies that
gk → g pointwise a.e. on Ω0 after extracting a subsequence. Hence,

g(x,−v) = lim
k→∞

gk(x,−v) = − lim
k→∞

gk(x, v) = −g(x, v) f.a.e. (x, v) ∈ Ω0,

note that the countable union of null sets is again a null set. Consequently, g is odd in v and
therefore an element of Hodd, yielding the closedness of Hodd in H.

Remark 1. Definition 1.1 for spherical symmetry only considers functions defined on R3×R3.
We therefore generally think of functions defined on smaller domains as being extended by 0
onto the whole space. Hence, spherical symmetry in Definition 6.1 is meant to be tested with
the extended function. Note that the domain Ω0 is spherically symmetric in the sense that
for all A ∈ SO(3), (x, v) ∈ Ω0 ⇔ (Ax,Av) ∈ Ω0.

Remark 2. The convention that functions are extended by 0 onto the whole space shall apply
to all functions in all coordinate systems.

Remark 3. We interpret H as a complex Hilbert space. Although this sounds counterintu-
itive as we are trying to model the motion of globular clusters, it is necessary for the spectral
analysis that will be performed in Chapter 7.
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6.1 Definitions of operators and properties

We note that the even and the odd subspace of H are orthogonal:

Lemma 6.3. For g, h ∈ H with g being even in v and h being odd in v,

⟨g, h⟩H = 0.

Proof. We use the transformation (x, v) 7→ (x,−v) and compute

⟨g, h⟩H =

∫
Ω0

1

|φ′(E(x,−v))|
g(x,−v)h(x,−v) d(x, v)

=

∫
Ω0

1

|φ′(E(x, v))|
g(x, v)(−1)h(x, v) d(x, v) = −⟨g, h⟩H .

Note that the null sets in the definition of v-parity do not matter due to the integration.

6.1 Definitions of operators and properties

In this section, we rigorously define the operators D, D2, B and A. We start with the classical
definition of the operator D that is called the transport operator as it is associated to the
transport induced by the stationary Vlasov equation.

For g ∈ C1(Ω0,K), we define

Dg(x, v) := v · ∂xg(x, v)− ∂xU0(x) · ∂vg(x, v), (x, v) ∈ Ω0. (6.3)

We generalize the transport operator D for spherically symmetric L1
loc-functions:

Definition 6.4. For g ∈ L1
loc (Ω0;K) spherically symmetric, we say that Dg exists weakly if

there exists µ ∈ L1
loc (Ω0;K) spherically symmetric such that for all ξ ∈ C1

c,r (Ω0;R),∫
Ω0

1

|φ′(E)|
gDξ = −

∫
Ω0

1

|φ′(E)|
µξ.

In this case, we define Dg := µ. Moreover, we define the domain of D and D2 by

D(D) := {g ∈ H | Dg exists weakly and Dg ∈ H} ,
D(D2) := {g ∈ D(D) | Dg ∈ D(D)} .

Remark 1. It is not relevant whether one chooses the test functions ξ ∈ C1
c,r(Ω0) to be real-

valued or complex-valued. By splitting complex functions into their real and imaginary part,
one can obtain that both definitions are equivalent.

Remark 2. It is easy to obtain that g ∈ D(D) ⇔ Re g, Im g ∈ D(D) and in this case,
D(Re g) = ReDg and D(Im g) = ImDg.

Remark 3. Dg is uniquely defined a.e. on Ω0: If g ∈ L1
loc(Ω0;K) with Dg and D̃g weakly, we

have ∫
Ω0

1

|φ′(E)|
(Dg − D̃g)ξ = 0, ξ ∈ C1

c,r(Ω0;R).
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We want to apply the Dubois-Reymond lemma. To deal with the restriction to spherically
symmetric test functions, we use Lemma 1.3 to find that∫

Ω̊r
0

1

|φ′(Er(r, w, L))|

(
(Dg)r (r, w, L)− (D̃g)r(r, w, L)

)
ξr(r, w, L) = 0, ξ ∈ C1

c,r(Ω0;R).

Any function ϱr ∈ C∞
c (Ω̊r0;R) can be expressed as the radial representation of some function

ϱ ∈ C∞
c,r(Ω0;R), simply take ϱ(x, v) := ϱr(|x|, (x · v)/|x|, |x × v|2). If we define ϱ this way,

the compact support of ϱr in Ω̊r0 ensures the compact support of ϱ in Ω0 and the fact that
supp ϱr stays away from r = 0 is crucial for the differentiability of ϱ. We therefore find that
(Dg)r = (D̃g)r a.e. on Ω̊r0 by the Dubois-Reymond lemma. Using the integral transformation

in Lemma 1.3 then yields that Dg = D̃g a.e. on Ω0.

Lemma 6.5. Definition 6.4 is an extension of the definition in (6.3) on C1
c,r (Ω0;K). This

means that for all g ∈ C1
c,r (Ω0;K), Dg exists weakly in the sense of Definition 6.4 and the

weak and classical definitions of Dg coincide. Consequently, C1
c,r(Ω0;K) ⊂ D(D).

Proof. Let g ∈ C1
c,r (Ω0;K) with corresponding Dg in the classical sense. The spherical

symmetries of g and U0 ensure that Dg is spherically symmetric as well. Now, consider a
test function ξ ∈ C1

c,r (Ω0;R). In the following, we will perform integration by parts. Note

that the 1
|φ′(E)| -term is not problematic as we have Lemma 4.1 (i), Lemma 4.3 (ii) and we

stay away from E = 0 due to the compact support of ξ in Ω0. Also note that since g is
complex-valued, we technically have to split the integrals into their real and imaginary parts,
but as this gives the same result, we ignore it here. Lastly, we note that the compact support
of ξ also ensures that the occurring boundary terms vanish. Hence,∫

Ω0

1

|φ′(E)|
gDξ =−

∫
Ω0

1

φ′
(
1
2 |v|2 + U0(x)

)g(x, v) (v · ∂xξ(x, v)− ∂xU0(x) · ∂vξ(x, v)) d(x, v)

=

∫
Ω0

∂x

(
1

φ′
(
1
2 |v|2 + U0(x)

)g(x, v)) · vξ(x, v) d(x, v)

−
∫
Ω0

∂v

(
1

φ′
(
1
2 |v|2 + U0(x)

)g(x, v)) · ∂xU0(x)ξ(x, v) d(x, v)

=−
((((((((((((((((((((((((∫
Ω0

φ′′ (E(x, v))

|φ′ (E(x, v))|2
g(x, v)∂xU0(x) · vξ(x, v) d(x, v)

+

∫
Ω0

1

φ′(E(x, v))
∂xg(x, v) · vξ(x, v) d(x, v)

+

((((((((((((((((((((((((∫
Ω0

φ′′ (E(x, v))

|φ′ (E(x, v))|2
g(x, v)v · ∂xU0(x)ξ(x, v) d(x, v)

−
∫
Ω0

1

φ′(E(x, v))
∂vg(x, v) · ∂xU0(x)ξ(x, v) d(x, v) = −

∫
Ω0

1

|φ′(E)|
Dgξ.

The uniqueness of the weak definition of D now implies that the weak and the classical
definitions of Dg coincide.

Remark. It is clear from Lemma 6.5 that C∞
c,r(Ω0;K) ⊂ D(D2).

The next step is to establish a useful approximation result for functions in D(D).
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6.1 Definitions of operators and properties

Proposition 6.6. For every real-valued function g ∈ D(D) there exists a sequence (gk)k∈N ⊂
C∞
c,r(Ω0;R) with grk ∈ C∞

c (Ω̊r0;R) such that

gk → g and Dgk → Dg in H as k → ∞.

Proof. We refer to [16, Proposition 2]. We remark that the sets S0 and Sr0 in [16] correspond
to Ω0 and Ω̊r0. We furthermore remark that in [16], E0 < 0 holds, contrasting E0 = 0 in
our case. In [16], this leads to a boundedness of both S0 and Sr0 , whereas in our case, Ω0 is
only bounded in v and Ω̊r0 is only bounded in w. However, the proof of Proposition 2 as well
as used assertions in [16] do not make use of E0 < 0 or the boundedness of S0 and Sr0 and
therefore, the proof can be adopted directly from [16].

By splitting a complex-valued function g ∈ D(D) into its real and imaginary part and ap-
proximating both parts separately via Proposition 6.6, we obtain the following corollary:

Corollary 6.7. For every g ∈ D(D) there exists a sequence (gk)k∈N ⊂ C∞
c,r(Ω0;C) with

grk ∈ C∞
c (Ω̊r0;C) such that

gk → g and Dgk → Dg in H as k → ∞.

We want to prove that D is skew-adjoint and D2 is self-adjoint as densely defined opera-
tors on their domains of definition. We therefore show that their domains are dense in the
corresponding Hilbert spaces:

Lemma 6.8. D(D) and D(D2) are densely contained in H. Furthermore, D(D)∩Hodd and
D(D2) ∩Hodd are densely contained in Hodd.

Proof. For the density of D(D) and D(D2) in H, it suffices to show that C∞
c,r (Ω0;C) is dense

in H since C∞
c,r(Ω0;C) ⊂ D(D2) ⊂ D(D). To prove this, let g ∈ H. By the definition of

|| · ||H and Lemma 1.3, hr := |φ′(Er)|1/2 gr is in L2(Ω̊r0;C). As a consequence, there exists
a sequence (hrk) ⊂ C∞

c (Ω̊r0;C) such that hrk → hr in L2(Ω̊r0;C) as k → ∞. Next, we define
hk(x, v) := hrk(|x|, (x · v)/|x|, |x× v|2), which are the representatives in (x, v)-coordinates.
These functions are in C∞

c,r(Ω0;C); we saw this argument in Remark 3 after Definition 6.4.

We then define gk :=
√

|φ′(E)|hk which again is in C∞
c,r(Ω0;C) since E is a spherically

symmetric function that is differentiable arbitrarily often and additionally, φ′ is differentiable
arbitrarily often on ]− 1

2b , 0[ and stays away from 0 since E stays away from 0 on supphk, see
Lemma 4.1 (i) and Lemma 4.3 (ii). The sequence (gk) approximates g, which leads to the
density of C∞

c,r(Ω0;C) and therefore of D(D) and D(D2) in H:

||g − gk||H = ||h− hk||L2(Ω0)
=

(3.11)
C ||hr − hrk||L2(Ω̊r

0)
→ 0 as k → ∞.

For the second part, we start by noticing that C∞
c,r(Ω0;C) ⊂ D(D2) implies that all C∞

c,r(Ω0;C)-
functions that are odd in v are in D(D2) ∩Hodd ⊂ D(D) ∩Hodd and it therefore suffices to
show that these functions are dense in Hodd. For that purpose, let g ∈ Hodd. By the first
part of the proof, there exists a sequence (g̃k) ⊂ C∞

c,r(Ω0;C) such that g̃k → g in H as k → ∞.

We define gk(x, v) :=
1
2 (g̃k(x, v)− g̃k(x,−v)) for (x, v) ∈ Ω0, which then still is a function in
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C∞
c,r(Ω0;C) and in addition to that is also odd in v. We obtain that

||g − gk|| =
1

2
||g(x, v)− g(x,−v)− g̃k(x, v) + g̃k(x,−v)||H

≤ 1

2
||g − g̃k||H +

1

2

(∫
Ω0

1

|φ′(E(x, v))|
|g(x,−v)− g̃k(x,−v)|2 d(x, v)

)1/2

=
1

2
||g − g̃k||H +

1

2
||g − g̃k||H → 0 as k → ∞,

where we used the measure-preserving transformation (x,−v) 7→ (x, v); note that E(x, v) =
E(x,−v). Hence, the proof is complete.

We now prove the skew-adjointness and the self-adjointness of the operators:

Theorem 6.9.

(i) D : D(D) → H is linear and skew-adjoint as a densely defined operator on H.

(ii) D2 : D
(
D2
)
→ H is linear and self-adjoint as a densely defined operator on H.

(iii) D2 : D
(
D2
)
∩Hodd → Hodd is linear and self-adjoint as a densely defined operator on

Hodd.

Proof. Obviously, all operators are linear. For the rest of the proof, we follow [16].

Proof of (i).
There are two properties that have to be shown: the skew-symmetry of D and D(D∗) = D(D).
For the skew-symmetry, let f, g ∈ D(D) and let (fk) ⊂ C∞

c,r(Ω0;C) be an approximating
sequence of f according to Corollary 6.7. Since Re fk and Im fk are admissible test functions
for Definition 6.4, we find that

⟨Dg, fk⟩H =

∫
Ω0

1

|φ′(E)|
Dgfk =

∫
Ω0

1

|φ′(E)|
DgRe fk − i

∫
Ω0

1

|φ′(E)|
DgIm fk

= −
∫
Ω0

1

|φ′(E)|
gD(Re fk) + i

∫
Ω0

1

|φ′(E)|
gD(Im fk)

= −
∫
Ω0

1

|φ′(E)|
gD(fk) = −

∫
Ω0

1

|φ′(E)|
g(Dfk) = −⟨g,Dfk⟩H , k ∈ N.

In addition to that, both sides of the equation converge:

|⟨Dg, fk⟩H − ⟨Dg, f⟩H | = |⟨Dg, fk − f⟩H | ≤ ||Dg||H ||fk − f ||H → 0 as k → ∞,

and

|⟨g,Dfk⟩H − ⟨g,Df⟩H | = |⟨g,Dfk −Df⟩H | ≤ ||g||H ||Dfk −Df ||H → 0 as k → ∞.

As a result, we conclude that ⟨Dg, f⟩H = −⟨g,Df⟩H , and therefore, D is skew-symmetric.
To prove that D(D∗) = D(D), we start with

g ∈ D(D∗) = {g ∈ H | ⟨D·, g⟩H is continuous on D(D)} .
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Since D(D) is dense in H, we can extend the operator ⟨D·, g⟩H to an operator ϕ ∈ H ′ where
H ′ is the dual space of H. The Riesz representation theorem now yields that there exists
h ∈ H such that ϕ = ⟨·, h⟩H . Consequently,

⟨Df, g⟩H = ϕ(f) = ⟨f, h⟩H , f ∈ D(D).

This implies that for all ξ ∈ C1
c,r(Ω0;R) ⊂ D(D),∫

Ω0

1

|φ′(E)|
gDξ = ⟨g,Dξ⟩H = ⟨Dξ, g⟩H = ⟨ξ, h⟩H = ⟨h, ξ⟩H =

∫
Ω0

1

|φ′(E)|
hξ,

which means that Dg exists weakly and Dg = −h ∈ H. As a consequence, g ∈ D(D).
On the other hand, if g ∈ D(D), the skew-symmetry of D leads to

|⟨Df, g⟩H | = |⟨f,Dg⟩H | ≤ ||Dg||H ||f ||H , f ∈ D(D),

implying that ⟨D·, g⟩H is bounded and therefore continuous on D(D). Thus, g ∈ D(D∗).

Proof of (ii).
We apply von Neumann’s theorem (see [15, Theorem X.25]). The assumptions are satisfied
as an adjoint operator is always closed, hence, D = −D∗ is closed. The theorem yields that
D∗D is self-adjoint as an operator on {g ∈ D(D) | Dg ∈ D(D∗)}. Since D∗D = −D2 and
{g ∈ D(D) | Dg ∈ D(D∗)} = {g ∈ D(D) | Dg ∈ D(D)} = D(D2), we find that D2 is self-
adjoint as an operator that is densely defined on D(D2).

Proof of (iii).
In order to prevent confusion, we denote the restricted operator by D2

odd. We need to show
symmetry and thatD((D2

odd)
∗) = D(D2

odd). The symmetry immediately follows from (ii). For
the equivalence of the domains of definition, we first prove thatD((D2

odd)
∗) = D((D2)∗)∩Hodd.

Let g be an element of

D((D2
odd)

∗) = {g ∈ Hodd | ⟨D2
odd·, g⟩H is continuous on D(D2

odd)}
= {g ∈ Hodd | ⟨D2·, g⟩H is continuous on D(D2) ∩Hodd}.

Furthermore, let f ∈ D(D2). We split f into its parts that are even and odd in v. i.e.
f = f+ + f−, where

f±(x, v) :=
1

2
(f(x, v)± f(x,−v)) f.a.e. (x, v) ∈ Ω0.

f+ and f− are again in D(D2) (see below for a proof) and we therefore observe that∣∣⟨D2f, g⟩H
∣∣ ≤ ∣∣⟨D2f+, g⟩H

∣∣+ ∣∣⟨D2f−, g⟩H
∣∣ = ∣∣⟨D2f−, g⟩H

∣∣ ,
using Lemma 6.3 and that D2f+ is even in v, which will be proven later in Lemma 6.14
(iii); note that the proof of Lemma 6.14 (iii) solely relies on the representation of D2 in
(θ,E, L)-coordinates. Since f− is odd in v, we can make use of the continuity of ⟨D2·, g⟩H on
D(D2) ∩Hodd to find that∣∣⟨D2f, g⟩H

∣∣ ≤ C ||f−||H ≤ C

(
1

2
||f ||H +

1

2

(∫
Ω0

1

|φ′(E(x, v))|
|f(x,−v)|2 d(x, v)

)1/2
)

= C

(
1

2
||f ||H +

1

2
||f ||H

)
= C ||f ||H , f ∈ D(D2),
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where we used the measure-preserving transformation (x, v) 7→ (x,−v) and that E(x, v) =
E(x,−v). As a consequence, ⟨D2·, g⟩H is continuous on D(D2). Hence, g ∈ D((D2)∗)∩Hodd.

On the other hand, if g ∈ D((D2)∗) ∩Hodd, it is obvious that g ∈ D((D2
odd)

∗).

Overall, we have

D((D2
odd)

∗) = D((D2)∗) ∩Hodd =
(ii)

D(D2) ∩Hodd = D(D2
odd),

and conclude that the restricted operator D2 : D(D2) ∩Hodd → Hodd is self-adjoint.

Proof of
(
f ∈ D(D2) ⇒ f+, f− ∈ D(D2)

)
.

Let f ∈ D(D2). It suffices to show that g := f(·,−·) ∈ D(D2). It is easy to obtain g ∈ H
using the transformation (x, v) 7→ (x,−v). Next, let ξ ∈ C1

c,r(Ω0;R), we again use the trans-
formation (x, v) 7→ (x,−v) and obtain that

0 =

∫
Ω0

1

|φ′(E(x, v))|
[f(x, v)Dξ(x, v) +Df(x, v)ξ(x, v)] d(x, v)

=

∫
Ω0

1

|φ′(E(x,−v))|
[f(x,−v)Dξ(x,−v) +Df(x,−v)ξ(x,−v)] d(x, v)

=

∫
Ω0

1

|φ′(E(x, v))|
[−g(x, v)D (ξ(·,−·)) (x, v) +Df(x,−v)ξ(x,−v)] d(x, v),

which means that Dg exists weakly with Dg = −Df(·,−·) ∈ H and hence, g ∈ D(D).
Note that the mapping C1

c,r(Ω0;R) ∋ ξ 7→ ξ(·,−·) ∈ C1
c,r(Ω0;R) is bijective which follows

immediately from the composition of the map with itself being the identity function.

As we only used f ∈ D(D) so far, we can apply the same argument to Df ∈ D(D) and
conclude that Df(·,−·) ∈ D(D). Consequently, Dg = −Df(·,−·) ∈ D(D) and therefore,
g ∈ D(D2).

For classically differentiable functions, we obtain the following representation of D in (r, w, L)-
coordinates:

Lemma 6.10. For g ∈ C1
r (Ω0;K),

(Dg)r (r, w, L) = ∂wE
r(r, w, L)∂rg

r(r, w, L)− ∂rE
r(r, w, L)∂wg

r(r, w, L)

= w∂rg
r(r, w, L)− ψ′

L(r)∂wg
r(r, w, L), (r, w, L) ∈ Ω̊r0.

Proof. Let g ∈ C1
r (Ω0;K). Since g is defined everywhere on Ω0, we can express the (r, w, L)-

representative of g via gr(r, w, L) = g((r, 0, 0), (w,
√
L/r, 0)) for (r, w, L) ∈ Ωr0. g being a

C1-function then yields that gr ∈ C1(Ω̊r0;K), note that L = 0 has to be excluded as the
square root is not differentiable at 0.

Since g is a C1-function, Dg is also defined everywhere on Ω0 and we have

(Dg)r (r, w, L) =Dg((r, 0, 0), (w,
√
L/r, 0))

= (w,
√
L/r, 0) · ∂xg((r, 0, 0), (w,

√
L/r, 0))

− ∂xU0((r, 0, 0)) · ∂vg((r, 0, 0), (w,
√
L/r, 0)) (r, w, L) ∈ Ωr0.
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To compute the right hand side, let (x, v) ∈ Ω0 with x ̸= 0 and x× v ̸= 0. We observe that

∂xg(x, v) = ∂x

(
gr
(
|x|, x · v

|x|
, |x× v|2

))
= ∂rg

r(...)
x

|x|
+ ∂wg

r(...)

(
v

|x|
− x · v

|x|3
x

)
+ ∂Lg

r(...)
(
2|v|2x− 2(x · v)v

)
.

As a result,

∂xg((r, 0, 0), (w,
√
L/r, 0)) =

(
∂rg

r(r, w, L) + 2
L

r
∂Lg

r(r, w, L)

)
e1

+

(√
L

r2
∂wg

r(r, w, L)− 2w
√
L∂Lg

r(r, w, L)

)
e2,

for (r, w, L) ∈ Ω̊r0 (note that this implies that (r, 0, 0) ̸= 0 and (r, 0, 0) × (w,
√
L/r, 0) =

(0, 0,
√
L) ̸= 0). Analogously, we compute

∂vg(x, v) = ∂v

(
gr
(
|x|, x · v

|x|
|x× v|2

))
= ∂wg

r(...)
x

|x|
+ ∂Lg

r(...)
(
2|x|2v − 2(x · v)x

)
for (x, v) ∈ Ω0 with x ̸= 0 and x× v ̸= 0 to find that for (r, w, L) ∈ Ω̊r0,

∂vg((r, 0, 0), (w,
√
L/r, 0)) = ∂wg

r(r, w, L)e1 + 2
√
Lr∂Lg

r(r, w, L)e2.

For U0 we obtain that ∂xU0((r, 0, 0)) = (U r0 )
′ (r)e1. Combining all equations, we conclude

that for (r, w, L) ∈ Ω̊r0, (Dg)
r (r, w, L) is equal to w√

L
r
0

 ·

 ∂rg
r(...) + 2Lr ∂Lg

r(...)√
L
r2
∂wg

r(...)− 2w
√
L∂Lg

r(r, w, L)
0

−

(U r0 )
′ (r)
0
0

 ·

 ∂wg
r(...)

2
√
Lr∂Lg

r(...)
0


= w∂rg

r(r, w, L) +

(
L

r3
− (U r0 )

′ (r)

)
∂wg

r(r, w, L) +

(
2w

L

r
− 2w

L

r

)
∂Lg

r(r, w, L)

= w∂r(r, w, L)− ψ′
L(r)∂wg

r(r, w, L).

As obtained in Chapter 5, the Antonov operator A consists of two operators, and with D2,
we have covered one of those two. We will now define the second operator that occurs in A.

Definition 6.11. For g ∈ H, we define Bg using (r, w, L)-coordinates:

(Bg)r (r, w, L) := 4π2
∣∣φ′ (Er(r, w, L))

∣∣ w
r2
J(g)(r), f.a.e (r, w, L) ∈ Ωr0,

where

J(g)(r) :=

∫ ∞

0

∫
R
wgr(r, w, L) dw dL.
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We consider B as an operator on H and obtain the following properties:

Lemma 6.12. B : H → H is well-defined, linear, bounded and symmetric.

Proof. As Bg is defined through (r, w, L)-coordinates, we immediately obtain that Bg is spher-
ically symmetric. In the following, let all functions be extended by 0 outside of Ωr0. We use
Lemma 4.2 (ii) and the Cauchy-Schwarz inequality to obtain that

||Bg||2H =
(3.11)

4π2
∫
Ωr

0

1

|φ′ (Er(r, w, L))|

∣∣∣4π2 ∣∣φ′ (Er(r, w, L))
∣∣ w
r2
J(g)(r)

∣∣∣2 d(r, w, L)

= (2π)6
∫ ∞

0
|J(g)(r)|2 1

r2
1

r2

∫ ∞

0

∫
R
w2
∣∣φ′ (Er(r, w, L))

∣∣ dw dLdr

≤ C
1

b3

∫ ∞

0

1

r2
|J(g)(r)|2 dr

= C
1

b3

∫ ∞

0

1

r2

∣∣∣∣∣
∫ ∞

0

∫
R
w
∣∣φ′ (Er(r, w, L))

∣∣1/2 gr(r, w, L)

|φ′ (Er(r, w, L))|1/2
dw dL

∣∣∣∣∣
2

dr

≤ C
1

b3

∫ ∞

0

1

r2

(∫ ∞

0

∫
R
w2
∣∣φ′(Er(...))

∣∣ dw dL

)(∫ ∞

0

∫
R

|gr(...)|2

|φ′(Er(...))|
dw dL

)
dr

≤ C
1

b6

∫
Ωr

0

1

|φ′(Er(r, w, L))|
|gr(r, w, L)|2 d(r, w, L)

=
(3.11)

C
1

b6
||g||2H <∞.

Consequently, Bg ∈ H which means that B : H → H is well-defined, and we also deduce that
B is bounded. The linearity of B is trivial since J(·) is linear. Lastly, we have to show that
B is a symmetric operator. For this, let g, h ∈ H. Then,

⟨Bg, h⟩H =
(3.11)

4π2
∫
Ωr

0

1

|φ′(Er(r, w, L))|
(Bg)r (r, w, L)hr(r, w, L) d(r, w, L)

= 4π2
∫ ∞

0

∫ ∞

0

∫
R

1

|φ′(Er(...))|
4π2

∣∣φ′(Er(...))
∣∣ w
r2
J(g)(r)hr(r, w, L) dw dLdr

= (2π)4
∫ ∞

0

1

r2
J(g)(r)

∫ ∞

0

∫
R
whr(r, w, L) dw dLdr

= (2π)4
∫ ∞

0

1

r2
J(g)(r)J(h)(r) dr (6.4)

= (2π)4
∫ ∞

0

1

r2
J(g)(r)J(h)(r) dr =

(6.4)
⟨Bh, g⟩H = ⟨g,Bh⟩H .

We additionally consider B as an operator on Hodd and obtain the same properties:

Lemma 6.13. B : Hodd → Hodd is well-defined, linear, bounded and symmetric.

Proof. The linearity, boundedness and symmetry immediately follow from Lemma 6.12 as
Hodd is a subspace of H and therefore has the same corresponding inner product and norm.
For the well-definedness, note that for g ∈ Hodd ⊂ H, Bg ∈ H also results from Lemma 6.12.
The v-parity of Bg can be inferred from the following lemma.
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Lemma 6.14.

(i) Bg is odd in v for every g ∈ H.

(ii) If g ∈ H is even in v, then Bg = 0 in H (i.e. almost everywhere).

(iii) D2 preserves v-parity, i.e. if g ∈ D(D2) is even (odd) in v, then D2g is even (odd) in
v.

Proof.
Proof of (i).
Let g ∈ H. Then, for almost every (r, w, L) ∈ Ωr0,

(Bg)r (r,−w,L) = 4π2
∣∣φ′ (Er(r,−w,L))

∣∣ −w
r2

J(g)(r)

= −4π2
∣∣φ′ (Er(r, w, L))

∣∣ w
r2
J(g)(r) = − (Bg)r (r, w, L),

because Er is even in w. Hence, (Bg)r is odd in w. Due to Lemma 6.2, this is equivalent to
Bg being odd on v.

Proof of (ii).
Let g ∈ H be even in v. By Lemma 6.2, this implies that gr is even in w. Consequently, for
almost every r ∈ ]0,∞[, using a transformation w 7→ −w, we find that

J(g)(r) =

∫ ∞

0

∫
R
−wgr(r,−w,L) dw dL = −

∫ ∞

0

∫
R
wgr(r, w, L) dw dL = −J(g)(r).

By the definition of the operator B, J(g) = 0 almost everywhere on ]0,∞[ implies that
(Bg)r = 0 almost everywhere on Ωr0. In particular, Bg = 0 in H.

Proof of (iii).
This proof will become much easier once we examine the operators D and D2 in (θ, E, L)-
coordinates. For this reason, we postpone it for now and will come back to it at the end of
Section 6.2.

Definition 6.15. We define the Antonov operator A by

A : D(A) := D(D2) → H, A := −D2 − B.

The Antonov operator is self-adjoint, which we need for the spectral analysis that will be
carried out in the next chapter.

Lemma 6.16. The operator A : D(A) → H is self-adjoint as a densely defined operator on
H. If we interpret A as an operator on D(A) ∩ Hodd, then A : D(A) ∩ Hodd → Hodd is
self-adjoint as a densely defined operator on Hodd.

Proof. Since D2 : D(D2) → H and D2 : D(D2) ∩Hodd → Hodd are self-adjoint by Theorem
6.9 and since B : H → H and B : Hodd → Hodd are linear, bounded and symmetric due
to Lemma 6.12 and 6.13, the self-adjointness in both cases follows from the Kato-Rellich
theorem, see [13, Theorem 13.5].
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6.2 Domain and operator properties in (θ, E, L)-coordinates

In this section, we will use (θ,E, L)-coordinates to characterize D(D) and D(D2), as well as
D and D2 in a more convenient way.

Lemma 6.17. For all g ∈ C1
r (Ω0;K),

(Dg)θ (θ,E, L) = 1

T (E)
∂θg

θ(θ,E, L), (θ, E, L) ∈ ]0, 1[× Ω̊EL0 ,

and for all g ∈ C2
r (Ω0;K),(

D2g
)θ

(θ,E, L) =
1

T (E)2
∂2θg

θ(θ,E, L), (θ, E, L) ∈ ]0, 1[× Ω̊EL0 .

Proof. First, let g ∈ C1
r (Ω0;K). We use (3.7) and Lemma 6.10 to obtain that

(Dg)θ (θ,E, L) =
(3.7)

(Dg)r (Γ(θ,E, L))

= Γ2(θ,E, L)∂rg
r(Γ(θ,E, L))− ψ′

Γ3(θ,E,L)
(Γ1(θ,E, L))∂wg

r(Γ(θ,E, L))

for (θ,E, L) ∈ ]0, 1[×Ω̊EL0 . Equation (3.7) holds everywhere as we deal with functions that are
defined everywhere in this case. We now examine the right hand side. Due to g ∈ C1

r (Ω0;K),
we obtained in the proof of Lemma 6.10 that gr ∈ C1(Ω̊r0;K). Along with Theorem 3.5, we
find that gθ = gr ◦ Γ : ]0, 1[× Ω̊EL0 → K is differentiable and thus,

1

T (E)
∂θg

θ =
1

T (E)
[∂rg

r(Γ)∂θΓ1 + ∂wg
r(Γ)∂θΓ2 + ∂Lg

r(Γ)∂θΓ3]

on ]0, 1[× Ω̊EL0 . As a result,

1

T (E)
∂θg

θ(θ,E, L) = ∂rg
r(Γ(θ,E, L))Γ2(θ,E, L)− ∂wg

r(Γ(θ,E, L))ψ′
Γ3(θ,E,L)

(Γ1(θ,E, L))

= (Dg)θ (θ,E, L), (θ, E, L) ∈ ]0, 1[× Ω̊EL0 .

For the second assertion, let g ∈ C2
r (Ω0;K). Applying the first assertion to Dg ∈ C1

r (Ω0;K)
yields the desired property; the existence of ∂2θg

θ is a consequence of the first assertion:

Dg ∈ C1
r (Ω0;K) leads to the existence of ∂θ (Dg)θ, and since (Dg)θ = 1

T ∂θg
θ, we conclude

that ∂2θg
θ exists.

To establish the characterizations of D(D) and D(D2) using (θ, E, L)-coordinates, we define
two auxiliary function spaces:

Definition 6.18. We define

H1
θ :=

{
y ∈ H1 (]0, 1[;C) | y(0) = y(1)

}
,

and

H2
θ :=

{
y ∈ H2 (]0, 1[;C) | y(0) = y(1) ∧ ẏ(0) = ẏ(1)

}
.

The boundary conditions have to hold for the continuous or the differentiable representative,
respectively, note that H1 (]0, 1[;C) ↪→ C([0, 1];C) and H2(]0, 1[;C) ↪→ C1([0, 1];C).
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We establish a new characterization of the domain D(D) and the operator D:

Lemma 6.19. The domain of D has the following representation:

D(D) =

{
g ∈ H

∣∣∣ gθ(·, E, L) ∈ H1
θ f.a.e. (E,L) ∈ ΩEL0 ,

and

∫
Ωθ

0

T (E)−1

|φ′(E)|

∣∣∣∂θgθ(θ,E, L)∣∣∣2 d(θ,E, L) <∞

}
.

For g ∈ D(D),

(Dg)θ (θ,E, L) = 1

T (E)
∂θg

θ(θ,E, L) f.a.e. (θ, E, L) ∈ Ωθ0.

Proof. We follow the proof of Lemma 5.2 in [9] with the slight difference that some arguments
will be carried out in more detail.

For the inclusion ”⊂”, let g ∈ D(D). Obviously, g ∈ H. Let ϱ ∈ C∞
c (]0, 1[;R) and

χ ∈ C∞
c (Ω̊EL0 ;R). We define ξθ(θ,E, L) := ϱ(θ)χ(E,L) for (θ, E, L) ∈ ]0, 1[× Ω̊EL0 , which is a

function in C∞
c (]0, 1[× Ω̊EL0 ;R). On Ω̊r0 \{(r, 0, L) ∈ Ω̊r0 | r ≤ rL}, we have that the (r, w, L)-

representative of ξ is in C1 as on that set, ξr = ξθ◦ζ and ζ is a C1-diffeomorphism by Theorem
3.5. Furthermore, supp ξr ⊂ Γ

(
supp ξθ

)
, which is compact in Ω̊r0 \ {(r, 0, L) ∈ Ω̊r0 | r ≤ rL}

since supp ξθ is compact in ]0, 1[ × Ω̊EL0 . We can therefore extend ξr by 0 onto Ω̊r0 and have
that ξr ∈ C1

c (Ω̊
r
0;R). Finally, the (x, v)-representative ξ is in C1

c,r(Ω0;R), see Remark 3 after
Definition 6.4, and hence, it is an admissible test function for the weak definition of D. Along
with Lemma 6.17 and (3.11), this yields∫

ΩEL
0

χ(E,L)

|φ′(E)|

∫ 1

0
ϱ̇(θ)gθ(θ,E, L) dθ d(E,L) =

∫
Ωθ

0

1

|φ′(E)|
∂θξ

θ(θ,E, L)gθ(θ,E, L) d(θ, E, L)

=

∫
Ωθ

0

T (E)

|φ′(E)|
(Dξ)θ (θ,E, L)gθ(θ,E, L) d(θ, E, L)

=
1

4π2

∫
Ω0

1

|φ′(E(x, v))|
Dξ(x, v)g(x, v) d(x, v)

= − 1

4π2

∫
Ω0

1

|φ′(E(x, v))|
ξ(x, v)Dg(x, v) d(x, v)

= −
∫
Ωθ

0

T (E)

|φ′(E)|
ξθ(θ,E, L) (Dg)θ (θ,E, L) d(θ, E, L)

= −
∫
ΩEL

0

χ(E,L)

|φ′(E)|
T (E)

∫ 1

0
ϱ(θ) (Dg)θ (θ,E, L) dθ d(E,L).

As this holds for all χ ∈ C∞
c (Ω̊EL0 ;R), we infer by the Dubois-Reymond lemma that for all

ϱ ∈ C∞
c (]0, 1[;R), there exists a null set Nϱ ⊂ ΩEL0 with∫ 1

0
ϱ̇(θ)gθ(θ,E, L) dθ = −T (E)

∫ 1

0
ϱ(θ) (Dg)θ (θ,E, L) dθ, (E,L) ∈ ΩEL0 \Nϱ. (6.5)
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To apply the definition of weak derivatives, the null set has to become independent of ϱ which
can in fact be achieved. For this, we first note that since g and Dg are in H and therefore
||g||H , ||Dg||H <∞, we use (3.11) and obtain that there exists a null set N1 ⊂ ΩEL0 such that

gθ(·, E, L), (Dg)θ (·, E, L) ∈ L2(]0, 1[;C), (E,L) ∈ ΩEL0 \N1. (6.6)

Next, we use that C∞
c (]0, 1[;R) has a dense, countable subset with respect to || · ||H1 ; this

can be obtained by taking a dense, countable subset of H1
0 (]0, 1[;R), whose elements can

be approximated by sequences in C∞
c (]0, 1[;R). Joining all of these sequences results in a

countable set that is dense in H1
0 (]0, 1[;R) and a subset of C∞

c (]0, 1[;R). Hence, let {ϱn} ⊂
C∞
c (]0, 1[;R) be dense in C∞

c (]0, 1[;R) with respect to || · ||H1 . We define N2 := ∪n∈NNϱn and
observe that for all n ∈ N ,∫ 1

0
ϱ̇n(θ)g

θ(θ,E, L) dθ = −T (E)

∫ 1

0
ϱn(θ) (Dg)θ (θ,E, L) dθ, (E,L) ∈ ΩEL0 \N2. (6.7)

If we take any function ϱ ∈ C∞
c (]0, 1[;R) and approximate it by some sequence (ϱj) ⊂ {ϱn}

with respect to || · ||H1 , (6.6), (6.7), and the Cauchy-Schwarz inequality imply that∫ 1

0
ϱ̇(θ)gθ(θ,E, L) dθ = lim

j→∞

∫ 1

0
ϱ̇j(θ)g

θ(θ,E, L) dθ

= − lim
j→∞

T (E)

∫ 1

0
ϱj(θ) (Dg)θ (θ,E, L) dθ

= −T (E)

∫ 1

0
ϱ(θ) (Dg)θ (θ,E, L) dθ, (E,L) ∈ ΩEL0 \ (N1 ∪N2),

and the null set N1 ∪ N2 does not depend on ϱ. Consequently, we have for all (E,L) ∈
ΩEL0 \ (N1 ∪N2) that g

θ(·, E, L) is weakly differentiable on ]0, 1[ with

∂θg
θ(·, E, L) = T (E) (Dg)θ (·, E, L),

which is in L2(]0, 1[;C) and therefore, gθ ∈ H1(]0, 1[;C). Additionally, by (3.11),∫
Ωθ

0

T (E)−1

|φ′(E)|

∣∣∣∂θgθ(θ,E, L)∣∣∣2 d(θ,E, L) =

∫
Ωθ

0

T (E)

|φ′(E)|

∣∣∣(Dg)θ (θ,E, L)∣∣∣2 d(θ,E, L)

=
1

4π2

∫
Ω0

1

|φ′(E(x, v))|
|Dg(x, v)|2 d(x, v) =

1

4π2
||Dg||2H <∞.

It remains to show that gθ(·, E, L) fulfills the boundary condition such that gθ(·, E, L) ∈ H1
θ

f.a.e. (E,L) ∈ ΩEL0 . We leave χ as it is, but consider ϱ = 1[0,1]. The (r, w, L)-representative
ξr is

ξr(r, w, L) = ξθ(ζ(r, w, L)), (r, w, L) ∈ Ω̊r0.

Note that we can interpret ζ as a function on Ω̊r0. If we do so, then ζ is in C1(Ω̊r0;R) with
ζ(Ω̊r0) ⊂ ”[0, 1[× [ψL(rL), 0[× ]0,∞[”. On this set, ξθ is in C∞ (extended by 0) and therefore,
ξr ∈ C1(Ω̊r0). In addition to that, we have that suppχ ⊂ Ω̊EL0 . Hence, ξr vanishes for
(Er(r, w, L), L) = (ζ2(r, w, L), ζ3(r, w, L)) /∈ suppχ ⊂ Ω̊EL0 . This implies that the support of
ξr is in Ω̊r0. Thus, ξr ∈ C1

c (Ω̊
r
0;R), which implies that ξ ∈ C1

c,r(Ω0;R) is a admissible test

66



6.2 Domain and operator properties in (θ,E, L)-coordinates

function for the weak definition of D. We therefore find that (6.5) also holds for ϱ = 1[0,1],
and consequently,

0 = −
∫ 1

0
ϱ̇(θ)gθ(θ,E, L) dθ =

∫ 1

0
ϱ(θ)∂θg

θ(θ,E, L) dθ

=

∫ 1

0
∂θg

θ(θ,E, L) dθ = gθ(1, E, L)− gθ(0, E, L)

for the continuous representative of gθ(·, E, L) by the weak form of the fundamental theorem
of calculus (see [4, Theorem 8.2]) f.a.e. (E,L) ∈ ΩEL0 . This completes the first inclusion.

For the inclusion ”⊃”, let g be an element of the set on the right hand side. Furthermore, let
ξ ∈ C1

c,r(Ω0;R). The (r, w, L)-representative ξr(r, w, L) = ξ((r, 0, 0), (w,
√
L/r, 0)) then is in

C1(Ω̊r0;R). By Theorem 3.5, ξθ = ξr ◦Γ ∈ C1(]0, 1[× Ω̊EL0 ;R). In fact, Γ and therefore ξθ can
be defined for θ ∈ [0, 1] with Γ ∈ C([0, 1]× Ω̊EL0 ;R) and hence, ξθ ∈ C([0, 1]× Ω̊EL0 ;R) with

ξθ(0, E, L) = ξr(Γ(0, E, L)) = ξr(Γ(1, E, L)) = ξθ(1, E, L), (E,L) ∈ Ω̊EL0 .

This property along with gθ(·, E, L) ∈ H1
θ f.a.e. (E,L) ∈ ΩEL0 yields that the boundary terms

for the weak version of integration by parts in the following computation vanish:∫
Ω0

1

|φ′(E)|
gDξ =

(3.11)
4π2

∫
Ωθ

0

T (E)

|φ′(E)|
gθ(θ,E, L) (Dξ)θ (θ,E, L) d(θ, E, L)

= 4π2
∫
ΩEL

0

1

|φ′(E)|

∫ 1

0
gθ(θ,E, L)∂θξ

θ(θ,E, L) dθ d(E,L)

= −4π2
∫
ΩEL

0

1

|φ′(E)|

∫ 1

0
∂θg

θ(θ,E, L)ξθ(θ,E, L) dθ d(E,L)

=
(3.11)

−
∫
Ω0

1

|φ′(E)|
1

T (E)

(
∂θg

θ
)(x,v)

ξ,

using Lemma 6.17 for ξ, where (·)(x,v) is the representative in (x, v)-coordinates. Hence, Dg
exists weakly with (Dg)θ = 1

T (E)∂θg
θ a.e. on Ωθ0, which implies that

||Dg||2H =
(3.11)

4π2
∫
Ωθ

0

T (E)

|φ′(E)|

∣∣∣(Dg)θ (θ,E, L)∣∣∣2 d(θ,E, L)

= 4π2
∫
Ωθ

0

T (E)−1

|φ′(E)|

∣∣∣∂θgθ(θ,E, L)∣∣∣2 d(θ,E, L) <∞.

As a result, we obtain that g ∈ D(D), which completes the proof.

Similarly, we obtain the following representation for the domain D(D2) and the operator D2:
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6 The operators

Lemma 6.20. The domain of D2 can be expressed through

D(D2) =

{
g ∈ H

∣∣∣ gθ(·, E, L) ∈ H2
θ f.a.e. (E,L) ∈ ΩEL0 ,

and

∫
Ωθ

0

T (E)1−2j

|φ′(E)|

∣∣∣∂jθgθ(θ,E, L)∣∣∣2 d(θ,E, L) <∞ for j = 1, 2.

}
.

For g ∈ D(D2),(
D2g

)θ
(θ,E, L) =

1

T (E)2
∂2θg

θ(θ,E, L) f.a.e. (θ, E, L) ∈ Ωθ0.

Proof. This lemma is immediately obtained by applying Lemma 6.19 twice. Note that for
g ∈ D(D2), we have g ∈ D(D) and Dg ∈ D(D) and can use Lemma 6.19 for both g and Dg.
For g that is an element of the set on the right hand side of this lemma, we have that g is
an element of the set on the right hand side in Lemma 6.19 and therefore also in D(D). We
then use that Dg is again an element of the set on the right hand side in Lemma 6.19.

We will now turn to the proof of Lemma 6.14 (iii) that we postponed.

Proof of Lemma 6.14 (iii).
Let g ∈ D(D2) be even in v, which implies that gr is even in w by Lemma 6.2. We now
consider the solutions of (3.2) and use that the elapse rate of the time is independent of the
sign of w. Hence, if we start at a certain point (r, w) on the curve and want to get to (r,−w),
it takes as long to get from (r, w) to (r±(...), 0) as it takes to get from (r±(...), 0) to (r,−w).
We therefore infer that

(Γ1,−Γ2,Γ3)(θ,E, L) = (R,−W,L)(θT (E), r−(E,L), 0, L)

= (R,W,L)((1− θ)T (E), r−(E,L), 0, L) = Γ(1− θ, E, L)

for almost every (θ, E, L) ∈ Ωθ0, note that Γ is not defined everywhere on Ωθ0. Consequently,

gθ((1− θ), E, L) = gr(Γ(1− θ, E, L)) = gr((Γ1,−Γ2,Γ3)(θ,E, L))

= gr((Γ1,Γ2,Γ3)(θ,E, L)) = gθ(θ,E, L), f.a.e. (θ,E, L) ∈ Ωθ0.

By Lemma 6.20,(
D2g

)θ
(1− θ, E, L) =

1

T (E)2
∂2θg

θ(1− θ, E, L) =
1

T (E)2
∂2θ

(
gθ(1− θ, E, L)

)
=

1

T (E)2
∂2θ

(
gθ(θ,E, L)

)
=
(
D2g

)θ
(θ,E, L), f.a.e. (θ,E, L) ∈ Ωθ0.

Using the definition of the function ζ,(
D2g

)r
(r,−w,L) =

(
D2g

)θ
(ζ(r,−w,L)) =

(
D2g

)θ
((1− ζ1, ζ2, ζ3)(r, w, L))

=
(
D2g

)θ
(ζ(r, w, L)) =

(
D2g

)r
(r, w, L), f.a.e. (r, w, L) ∈ Ωr0,

where we used that Γ = ζ−1 maps null sets onto null sets. As a result, we obtain that
(
D2g

)r
is even in w which corresponds to D2g being even in v.
If we want to prove the assertion with oddness in v, it works analogously with inserting minus
signs in the right places.
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7 The spectrum of the Antonov operator

This chapter will deal with the spectrum of the Antonov operator A. More precisely, we are
going to show that the spectrum of A is purely essential and equal to the non-negative real
line. This will be done by proving the following inclusions:

[0,∞[ ⊂ σess(A) ⊂ σ(A) ⊂ [0,∞[.

This result seems promising to be a helpful step for the stability analysis of the isochrone
steady state, see Chapter 8.

The proof in Section 7.1 is based on [9, Theorem 5.7]. In this paper, the authors prove
that the spectrum of the operator (−D2) is purely essential and equal to a set that is char-
acterized by the occurring values of the period function. Let us call this set M , which in our
case will turn out to be [0,∞[. They then continue to show that the operator (−B) is (−D2)-
compact, which yields that the essential spectra of A and (−D2) are equal as a result of the
Weyl theorem. Hence, they were able to obtain that the essential spectrum of A is equal to
M . However, the latter part of this procedure strongly relies on the spatial boundedness of
the domain Ω0, a property that is invalid in our case. To deal with this issue, we proceed as
follows:

1) First, we prove that [0,∞[ is a subset of the essential spectrum of A. To do this, we
choose the same Weyl sequence as in [9, Theorem 5.7] and try to apply the first part of
the proof, where it was shown that M ⊂ σess(−D2), to the operator A instead of −D2.
Since A = −D2 − B, the main part of the problem is to come up with a proof to show
that the sequence we obtain by applying B to the Weyl sequence converges to 0 in H
(after extracting a subsequence).

2) To obtain that the spectrum of A is a subset of [0,∞[, we show that A is a positive
operator which yields the desired property. This proof makes use of smooth approxi-
mations gk for functions g ∈ D(A) and the main part of the proof is do deduce that
⟨Agk, gk⟩H ≥ 0, for which we follow [7, Theorem 1.1].

7.1 Proof of [0,∞[ ⊂ σess(A)

Let k∗ ∈ N and (E∗, L∗) ∈ Ω̊EL0 be arbitrary, but fixed, and let us define

λ∗ :=

(
2πk∗

T (E∗)

)2

.

Our aim is to show that λ∗ is an element of the essential spectrum of A. For the proof, we
use a spectral theory theorem:
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7 The spectrum of the Antonov operator

Theorem 7.1. Weyl’s criterion
Let A : D(A) → H be a densely defined operator on a Hilbert space H. Additionally, let A be
self-adjoint and λ ∈ R. Then, λ ∈ σess(A) if and only if there exists a Weyl sequence for λ
and A.
A Weyl sequence for λ and A is a sequence (uj) ⊂ D(A) which satisfies the following proper-
ties:

(i) ||uj ||H = 1 for j ∈ N,

(ii) (A− λid)uj → 0 in H as j → ∞, and

(iii) uj ⇀ 0 in H as j → ∞.

Proof. For a proof, we refer to [13, Chapter 7].

Of course, we now want to find a Weyl sequence for λ∗ and A. As mentioned in the beginning
of this chapter, we use the same Weyl sequence candidate as in [9, Theorem 5.7]. In order to
do this, we first need to define some auxiliary functions:

For j ∈ N, let χj : R2 → R with

(α) suppχj ⊂ Ω̊EL0 ∩B 1
j
(E∗, L∗) and

(β)
∫
ΩEL

0
χj(E,L)

2 d(E,L) = 1
2π2 .

We are then able to obtain a suitable Weyl sequence for λ∗ and A:

Theorem 7.2. For j ∈ N, let χj : R2 → R be defined as above. We define functions
gj : Ω0 → R through (θ, E, L)-coordinates as

gθj (θ,E, L) :=

√
|φ′(E)|
T (E)

χj(E,L) sin(2πk
∗θ), (θ, E, L) ∈ Ωθ0, j ∈ N.

Then, after extracting a subsequence, (gj) is a Weyl sequence for λ∗ and A.

Proof. This proof consists of four main parts: First, we need to verify that the functions
gj are elements of the domain of A. Furthermore, we need to check that the three proper-
ties (i)-(iii) of the characterization of a Weyl sequence are fulfilled, at least for a subsequence.

Verification of gj ∈ D(A) = D(D2)
In order to show this, we make use of the characterization of the domain of D(D2) in (θ,E, L)-
coordinates (Lemma 6.20). Let j ∈ N in the following. First, we obtain that gj ∈ H by

||gj ||2H =
(3.11)

4π2
∫
ΩEL

0

T (E)

|φ′(E)|

∫ 1

0

∣∣∣gθj (θ,E, L)∣∣∣2 dθ d(E,L)

= 4π2
∫
ΩEL

0

χj(E,L)
2

∫ 1

0
sin(2πk∗θ)2 dθ d(E,L)

= 2π2
∫
ΩEL

0

χj(E,L)
2 d(E,L) =

(β)
1, (7.1)
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7.1 Proof of [0,∞[ ⊂ σess(A)

where we used that k∗ is a natural number which yields that the θ-integral is equal to 1
2 .

Next, we have to show that gθj (·, E, L) ∈ H2
θ for almost every (E,L) ∈ ΩEL0 . Fortunately, there

is no need to be concerned with any exceptions on sets of measure zero since gθj is a function

that is defined everywhere on Ωθ0 and the required property will hold for all (E,L) ∈ ΩEL0 .
In fact, the required property is even more trivial since gθj (·, E, L) : [0, 1] → R is classically

differentiable. Because θ only occurs as an argument in the sin-function, gθj (·, E, L) and

its first two derivatives with respect to θ are bounded and therefore in L2(]0, 1[;R) for all
(E,L) ∈ ΩEL0 . Hence, gθj (·, E, L) ∈ H2(]0, 1[;R). The properties gθj (0, E, L) = gθj (1, E, L)

and ∂θg
θ
j (0, E, L) = ∂θg

θ
j (1, E, L) are easily obtained by inserting the corresponding values.

Therefore, gθj (·, E, L) ∈ H2
θ for all (E,L) ∈ ΩEL0 .

Lastly, we have to verify that the following integral expression is finite:

2∑
i=1

∫
Ωθ

0

T (E)1−2i

|φ′(E)|

∣∣∣∂iθgθj (θ,E, L)∣∣∣2 d(θ,E, L)

=

∫
Ωθ

0

(
1

T (E) |φ′(E)|
|φ′(E)|
T (E)

χj(E,L)
2(2πk∗)2 cos(2πk∗θ)2

+
1

T (E)3 |φ′(E)|
|φ′(E)|
T (E)

χj(E,L)
2(2πk∗)4 sin(2πk∗θ)2

)
d(θ,E, L)

≤ C(k∗)

∫
ΩEL

0

χj(E,L)
2

(
1

T (E)2
+

1

T (E)4

)∫ 1

0
1 dθ d(E,L) ≤ C(b, k∗) <∞.

We used that on ΩEL0 , 1
T (E)2

+ 1
T (E)4

= C(|E|3 + |E|6) ≤ C(b) and we also used (β). In

conclusion, gj is an element of D(D2) = D(A).

Verification of (i)
We already obtained this in (7.1).

Verification of (iii)
We skip (ii) for now and show (iii) first. Let ϕ be an element of the dual space of H.
The Riesz representation theorem then yields the existence of a function f ∈ H such that
ϕ = ⟨·, f⟩H . Consequently, using (3.11), we find that

|ϕ(gj)| = |⟨gj , f⟩H | =
∣∣⟨gj , 1supp gjf⟩H ∣∣ ≤ ||gj ||H ||1supp gjf ||H

≤ 2π

(∫
Ωθ

0

T (E)

|φ′(E)|
1suppχj (E,L)

∣∣∣fθ(θ,E, L)∣∣∣2 d(θ,E, L)

)1/2

.

Here, we also used the Cauchy-Schwarz inequality as well as (i) and also the fact that
1supp gj (θ,E, L) ≤ 1suppχj (E,L) for (θ, E, L) ∈ Ωθ0. We now consider the last expression,
which is equal to the H-norm of f if we neglect the indicator function. The integrand with-
out the indicator function is therefore integrable and serves as a dominating function for
Lebesgue’s convergence theorem. Additionally, since suppχj ⊂ B1/j(E

∗, L∗), the integrand

converges to 0 pointwise almost everywhere on Ωθ0 as j → ∞. As a result of Lebesgue’s
dominated convergence theorem, we thus observe that ϕ(gj) → 0 as j → ∞.

71



7 The spectrum of the Antonov operator

Verification of (ii)
We must show that– at least after extracting a subsequence–(A− λ∗id) gj → 0 inH as j → ∞.
To start, we estimate

||(A− λ∗id) gj ||H =
∣∣∣∣−D2gj − Bgj − λ∗gj

∣∣∣∣
H

≤
∣∣∣∣−D2gj − λ∗gj

∣∣∣∣
H
+ ||Bgj ||H . (7.2)

We examine both summands on the right hand side separately and obtain their convergence
to 0. For the first summand, this holds true without extracting a subsequence, whereas for
the second one, we extract a subsequence before observing the convergence.

Let us consider the first summand in (7.2). Using a transformation to (θ, E, L)-coordinates
(see (3.11)) and Lemma 6.20 yields that

∣∣∣∣−D2gj − λ∗gj
∣∣∣∣2
H

= 4π2
∫
Ωθ

0

T (E)

|φ′(E)|

∣∣∣∣− 1

T (E)2
∂2θg

θ
j (θ,E, L)− λ∗gθj (θ,E, L)

∣∣∣∣2 d(θ,E, L)

= 4π2
∫
Ωθ

0

T (E)

|φ′(E)|

∣∣∣∣∣(2πk∗)2T (E)2
gθj (θ,E, L)−

(2πk∗)2

T (E∗)2
gθj (θ,E, L)

∣∣∣∣∣
2

d(θ,E, L)

= C(k∗)

∫
ΩEL

0

∣∣∣∣ 1

T (E)2
− 1

T (E∗)2

∣∣∣∣2 χj(E,L)2 ∫ 1

0
sin(2πk∗θ)2 dθ d(E,L).

Considering the factor containing the difference of the period functions, note that for (E,L) ∈
suppχj ⊂ B 1

j
(E∗, L∗) ∩ Ω̊EL0 ⊂ B 1

j
(E∗, L∗) ∩

(
]− 1

2b , 0[× ]0,∞[
)
,∣∣∣∣ 1

T (E)2
− 1

T (E∗)2

∣∣∣∣ = C
∣∣(−E)3 − (−E∗)3

∣∣ = C |E∗ − E|
∣∣E2 + EE∗ + (E∗)2

∣∣ ≤ C
1

j

3

4b2
.

Along with the θ-integral being equal to 1
2 , this results in∣∣∣∣−D2gj − λ∗gj

∣∣∣∣2
H

≤ C(b, k∗)
1

j2

∫
ΩEL

0

χj(E,L)
2 d(E,L) =

(β)
C(b, k∗)

1

j2
→ 0 as j → ∞.

The approach for the second summand is lengthier and requires us to introduce some auxil-
iary functions which is done in the appendix in Definition and Theorem 9.2 . For the sake of
clarity, we define them here once more and collect some known and new results.

STEP 1: Auxiliary functions and properties.
For j ∈ N, we define

ρj := ρDgj =

∫
R3

Dgj(·, v) dv on R3

and

Uj := UDgj = − 1

| · |
∗ ρDgj = − 1

| · |
∗ ρj on R3.

These functions satisfy the following properties:
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7.1 Proof of [0,∞[ ⊂ σess(A)

(a) ρj and Uj are well-defined for j ∈ N.

(b) ρj ∈ L1 ∩ L2(R3;R) with ||ρj ||1 ≤ C(b) ||ρj ||2 ≤ C̃(b) ||Dgj ||H for j ∈ N, where the

constants C(b), C̃(b) > 0 are independent of j.

(c) There exists R(b) > 0 such that for all j ∈ N and almost every w ∈ R and L ∈ [0,∞[,

supp ρj ⊂ BR(b)(0) and supp grj (·, w, L) ⊂ [0, R(b)[.

(d) Uj ∈ H2(R3;R) with ||Uj ||H2(R3) ≤ C(b) ||ρj ||L2(R3) for j ∈ N, where the constant

C(b) > 0 is independent of j.

(e) In the weak sense, for all j ∈ N,(
U rj
)′
(r) =

4π2

r2
J (gj) (r) f.a.e. r ∈ ]0,∞[.

Proof. Assertion (a) immediately follows from Theorem 9.2 (i) with Dgj ∈ D(D) ⊂ H instead
of f . Furthermore, Theorem 9.2 (iii) yields that ρj ∈ L2(R3) with ||ρj ||2 ≤ C̃(b) ||Dgj ||H for

some constant C̃(b) > 0 that is independent of j ∈ N (since in Theorem 9.2, all constants are
independent of f). Assertion (e) follows from (ix) in Theorem 9.2. For the proof of the first
inequality in (b) and for (d), we prove (c) first:

Proof of (c).
Since (E∗, L∗) is an element of the interior of ΩEL0 , we infer that there exists N0 ∈ N such
that B 1

N0

(E∗, L∗) ⊂ Ω̊EL0 =
{
(E,L) ∈ R2 | L ∈ ]0,∞[, E ∈ ]ψL(rL), 0[

}
. Hence, there exists

ε0 > 0 with B 1
N0

(E∗, L∗) ⊂
{
(E,L) ∈ R2 | L ∈ ]0,∞[, E ∈ ]ψL(rL),−ε0[

}
. We now deduce

that for all j ≥ N0,

suppχj ⊂
(α)

B 1
j
(E∗, L∗) ⊂ B 1

N0

(E∗, L∗) ⊂
{
(E,L) ∈ R2 | L ∈ ]0,∞[, E ∈ ]ψL(rL),−ε0[

}
.

This implies that E < −ε0 for all j ≥ N0 and (E,L) ∈ suppχj , which then in turn holds for
all j ≥ N0 and (θ, E, L) ∈ supp gθj .

For j < N0 we know that suppχj ⊂ Ω̊EL0 , and consequently, there exists εj > 0 such that
E < −εj for all (θ, E, L) ∈ supp gθj .
If we now define ε := min{εj | j = 0, ..., N0 − 1} > 0, we conclude that E < −ε for all
(θ,E, L) ∈ supp gθj and j ∈ N, and we note that ε is independent of j ∈ N.

To show the support property of grj , we use (3.8) and obtain that

grj (r, w, L) = 0 f.a.e. (r, w, L) ∈ Ωr0 with Er(r, w, L) = ζ2(r, w, L) ≥ −ε.

Since Er(r, w, L) = 1
2w

2 + L
2r2

+ U r0 (r) ≥ U r0 (r), we find that

grj (r, w, L) = 0 f.a.e. (r, w, L) ∈ Ωr0 with U r0 (r) ≥ −ε.

The monotonicity of U r0 : [0,∞[ → [− 1
2b , 0[ implies that U r0 has an inverse and U r0 (r) ≥ −ε

if and only if r ≥ (U r0 )
−1 (−ε). Note that we can make ε smaller such that −ε ∈ [− 1

2b , 0[.
Consequently,

grj (r, w, L) = 0 f.a.e. (r, w, L) ∈ Ωr0 with r ≥ (U r0 )
−1 (−ε). (7.3)
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7 The spectrum of the Antonov operator

For the support property of ρj , our first aim is to show that (7.3) also holds for (Dgj)r instead
of grj . For this, let ξ ∈ C∞

c,r(Ω0;R). The weak definition of D and Lemma 1.3 yield that

0 =

∫
Ω0

1

|φ′(E)|
(gjDξ +Dgjξ) = 4π2

∫
Ωr

0

1

|φ′(Er)|
(
grj (Dξ)

r + (Dgj)r ξr
)
.

Next, we define M r := {(r, w, L) ∈ Ω̊r0 | r > (U r0 )
−1 (−ε)}, which is a measurable and open

set. We now consider test functions ϱr ∈ C∞
c (M r;R). We know that every such function

is also in C∞
c (Ω̊r0;R) and therefore, there exists some ξ ∈ C∞

c,r(Ω0;R) such that ξr = ϱr, see
Remark 3 after Definition 6.4. If we consider only these test functions, we find that

0 =

∫
Ωr

0

1

|φ′(Er)|
(Dgj)r ϱr, ϱr ∈ C∞

c (M r;R),

as the first term vanishes due to supp (Dϱ)r ⊂ supp ϱr ⊂ M r and (7.3). Using the Dubois-
Reymond lemma, we obtain that (Dgj)r = 0 almost everywhere on M r. Lemma 1.3 implies
that

0 = 4π2
∫
Ωr

0

|(Dgj)r (r, w, L)| 1Mr(r, w, L) d(r, w, L)

=

∫
Ω0

|Dgj(x, v)| 1{|x|>(Ur
0 )

−1
(−ε)

}(x, v) d(x, v),
therefore, Dgj(x, v) = 0 f.a.e. (x, v) ∈ Ω0 with |x| > (U r0 )

−1 (−ε). Consequently, ρj(x) = 0
f.a.e. x ∈ R3 with |x| > (U r0 )

−1 (−ε).

Proof of the first inequality in (b).
The first inequality in (b) now results from the compact support of ρj and Hölder’s inequality

with constant C(b) = λ
(
BR(b)(0)

)1/2
(independent of j ∈ N):∫

R3

|ρj(x)| dx =

∫
R3

|ρj(x)| 1BR(b)(0)(x) dx ≤ ||ρj ||2 λ
(
BR(b)(0)

)1/2
, j ∈ N.

Proof of (d).
For (d), we start with two estimates for |Uj(x)|. For the first one, let x ∈ R3. We observe
that

|Uj(x)| ≤
∫
|x−y|≤1

|ρj(y)|
|x− y|

dy +

∫
|x−y|>1

|ρj(y)|
|x− y|

dy

≤

(∫
|x−y|≤1

1

|x− y|2
dy

)1/2(∫
|x−y|≤1

|ρj(y)|2 dy

)1/2

+

∫
R3

|ρj(y)| dy

≤
(b)

(
4π

∫ 1

0

1

r2
r2 dr

)1/2

||ρj ||2 + C(b) ||ρj ||2 = C(b) ||ρj ||2 , x ∈ R3. (7.4)
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7.1 Proof of [0,∞[ ⊂ σess(A)

For the second inequality, we consider x ∈ R3 with |x| > 2R(b). Using Theorem 9.2 (x), we
find that

|Uj(x)| =
(c)

∣∣∣∣∣
∫
BR(b)(0)

ρj(y)

|x− y|
dy

∣∣∣∣∣ =
∣∣∣∣∣
∫
BR(b)(0)

ρj(y)

|x− y|
dy −

∫
BR(b)(0)

ρj(y)

|x|
dy

∣∣∣∣∣
≤
∫
BR(b)(0)

|ρj(y)|
||x| − |x− y||
|x| |x− y|

dy.

For |x| > 2R(b) and |y| ≤ R(b), we know that ||x| − |x− y|| ≤ |x− x+ y| ≤ R(b). The fact
that |x− y| ≥ R(b) leads to 2|x− y| ≥ |x− y|+R(b) ≥ |x− y|+ |y| ≥ |x|. Hence,

|Uj(x)| ≤
∫
BR(b)(0)

|ρj(y)|
R(b)

|x| (|x|/2)
dy ≤ 2R(b)

|x|2
||ρj ||1 , |x| > 2R(b). (7.5)

The inequalities (7.4) and (7.5) yield that∫
R3

|Uj(x)|2 dx ≤
∫
|x|≤2R(b)

C(b)2 ||ρj ||22 dx+

∫
|x|>2R(b)

4R(b)2

|x|4
||ρj ||21 dx

≤
(b)
C(b) ||ρj ||22 + C(b) ||ρj ||22

∫
|x|>2R(b)

1

|x|4
dx = C(b) ||ρj ||22 .

Thus, Uj ∈ L2(R3;R) with ||Uj ||2 ≤ C(b) ||ρj ||2. Basic potential theory yields that in the
weak sense, ∆Uj = 4πρj . Combining the properties that Uj ∈ L2(R3;R) and ∆Uj = 4πρj ∈
L2(R3;R) implies that Uj ∈ H2(R3;R). As a consequence,

D̂αUj = (2πi·)αÛj , α ∈ N3
0, |α| ≤ 2,

where (̂...) denotes the Fourier transform. Therefore, by Plancherel,

||∂i∂kUj ||2 =
∣∣∣∣∣∣∂̂i∂kUj∣∣∣∣∣∣

2
= C

∣∣∣∣∣∣ξiξkÛj(ξ)∣∣∣∣∣∣
2
≤ C

∣∣∣∣∣∣|ξ|2 Ûj(ξ)∣∣∣∣∣∣
2

= C
∣∣∣∣∣∣∆̂Uj∣∣∣∣∣∣

2
= ||∆Uj ||2 = C ||ρj ||2 , i, k ∈ {1, 2, 3}.

For the first derivatives, we have

||∂iUj ||22 =
∣∣∣∣∣∣∂̂iUj∣∣∣∣∣∣2

2
= C

∣∣∣∣∣∣ξiÛj(ξ)∣∣∣∣∣∣2
2
≤ C

∣∣∣∣∣∣|ξ| Ûj(ξ)∣∣∣∣∣∣2
2

= C

∫
|ξ|≤1

|ξ|2
∣∣∣Ûj(ξ)∣∣∣2 dξ + C

∫
|ξ|>1

|ξ|2
∣∣∣Ûj(ξ)∣∣∣2 dξ

≤ C

∫ ∣∣∣Ûj(ξ)∣∣∣2 dξ + C

∫
|ξ|4

∣∣∣Ûj(ξ)∣∣∣2 dξ

= C
∣∣∣∣∣∣Ûj∣∣∣∣∣∣2

2
+ C

∣∣∣∣∣∣|ξ|2 Ûj(ξ)∣∣∣∣∣∣2
2

= C ||Uj ||22 + C ||ρj ||22 ≤ C(b) ||ρj ||22 , i ∈ {1, 2, 3}.

In summary, we observe that ||Uj ||H2(R3) ≤ C(b) ||ρj ||2 and the proof is complete.
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7 The spectrum of the Antonov operator

STEP 2: Boundedness of (Dgj) in H.

We obtain this property using that (Dgj)θ (θ,E, L) = 1
T (E)∂θg

θ
j (θ,E, L) due to Lemma 6.19,

as well as using that on ΩEL0 , 1
T (E)2

= C|E|3 ≤ C(b):

||Dgj ||2H =
(3.11)

4π2
∫
ΩEL

0

T (E)

|φ′(E)|

∫ 1

0

∣∣∣(Dgj)θ (θ,E, L)∣∣∣2 dθ d(E,L)

= 4π2
∫
ΩEL

0

1

T (E)2
χj(E,L)

2(2πk∗)2
∫ 1

0
cos(2πk∗θ)2 dθ d(E,L)

≤ C(b, k∗)

∫
ΩEL

0

χj(E,L)
2 d(E,L) =

(β)
C(b, k∗), j ∈ N,

where the constant C(b, k∗) does not depend on j ∈ N. Therefore, we conclude that (Dgj) is
bounded in H.

STEP 3: Existence of (jk) ⊂ (j) s.t. (∇Ujk) is a Cauchy sequence in L2(R3;R).
We start by combining some estimates. For j ∈ N,

||Uj ||H2 ≤
(d)
C(b) ||ρj ||2 ≤

(b)
C(b) ||Dgj ||H ≤

step 2
C(b, k∗),

which implies that (Uj) ⊂ H2(R3;R) is bounded. Now, the fact that (c) holds will play a
major role, since this allows us to restrict the domain of the Sobolev space which is crucial
for the following compact embedding. Using that(

Uj |BR(b)+1(0)

)
⊂ H2

(
BR(b)+1(0);R

)
is bounded,

the compact embedding H2
(
BR(b)+1(0);R

)
⋐ H1

(
BR(b)+1(0);R

)
yields the existence of a

subsequence (jk) ⊂ (j) such that(
Ujk |BR(b)+1(0)

)
⊂ H1

(
BR(b)+1(0);R

)
is convergent.

In particular, (
∇
(
Ujk |BR(b)+1(0)

))
⊂ L2

(
BR(b)+1(0);R

)
is convergent.

Due to Lemma 9.1,

∂iUjk(x) =
(
U rjk
)′
(|x|) xi

|x|
=
(e)

4π2

|x|2

∫ ∞

0

∫
R
wgrjk(|x|, w, L) dw dL

xi
|x|

=
(c)

0

for almost every x ∈ R3\BR(b)(0). As a consequence, we can drop the restriction to BR(b)+1(0)
and find that

(∇Ujk) ⊂ L2(R3;R) is convergent,

in particular, (∇Ujk) is a Cauchy sequence in L2(R3;R). Let (jk) ⊂ (j) be the subsequence
obtained in this step in the following.
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7.1 Proof of [0,∞[ ⊂ σess(A)

STEP 4: (Bgjk) is a Cauchy sequence in H.
We use (r, w, L)-coordinates and property (e) to observe that

||Bgjk − Bgjl ||
2
H =

(3.11)
4π2

∫
Ωr

0

1

|φ′ (Er(r, w, L))|
|(Bgjk)

r (r, w, L)− (Bgjl)
r (r, w, L)|2 d(r, w, L)

=
(e)

4π2
∫
Ωr

0

∣∣φ′ (Er(r, w, L))
∣∣w2

∣∣∣(U rjk)′ (r)− (U rjl)′ (r)∣∣∣2 d(r, w, L)

= 4π2
∫ ∞

0

∣∣∣(U rjk)′ (r)− (U rjl)′ (r)∣∣∣2 ∫ ∞

0

∫
R
w2
∣∣φ′ (Er(...))

∣∣ 1Ωr
0
(...) dw dL dr

≤ C(b)

∫ ∞

0
r2
∣∣∣(U rjk)′ (r)− (U rjl)′ (r)∣∣∣2 dr,

using Lemma 4.2 (ii). Transforming from spherical coordinates to Cartesian ones, we deduce
that

||Bgjk − Bgjl ||
2
H ≤ C(b)

∫
R3

∣∣∣(U rjk)′ (|x|)− (U rjl)′ (|x|)∣∣∣2 dx

= C(b)

∫
R3

|∇Ujk(x)−∇Ujl(x)|
2 dx→ 0 as k, l → ∞,

because of ∣∣∣(U rjk)′ (|x|)− (U rjl)′ (|x|)∣∣∣ = ∣∣∣(U rjk − U rjl
)′
(|x|)

∣∣∣ = |∇ (Ujk − Ujl) (x)|

by Lemma 9.1. As a consequence, we conclude that (Bgjk) ⊂ H is a Cauchy sequence.

STEP 5: Bgjk → 0 in H as k → ∞.
Combining the property that (Bgjk) is a Cauchy sequence inH and the fact thatH is a Hilbert
space, we infer that there exists some function g ∈ H such that Bgjk → g in H as k → ∞.
Extracting another subsequence, we additionally observe a pointwise convergence almost ev-
erywhere: Since the Hilbert space H was defined as a weighted L2-space, the convergence of
Bgjk → g in H is equivalent to the the convergence of |φ′(Er)|−1/2 (Bgjk)

r → |φ′(Er)|−1/2 gr

in L2(Ωr0;C) as k → ∞, using (3.11). The Riesz-Fischer theorem then yields the existence of a

subsequence (jkl) ⊂ (jk) such that |φ′(Er)|−1/2
(
Bgjkl

)r
→ |φ′(Er)|−1/2 gr pointwise almost

everywhere on Ωr0 as l → ∞. Hence, there exists a null set N1 ⊂ Ωr0 such that(
Bgjkl

)r
(r, w, L) → gr(r, w, L), (r, w, L) ∈ Ωr0 \N1. (7.6)

Recalling the definition of B, we find there exists a null set N2 ⊂ Ωr0 such that for all l ∈ N,(
Bgjkl

)r
(r, w, L) = 4π2

∣∣φ′ (Er(r, w, L))
∣∣ w
r2
J
(
gjkl

)
(r), (r, w, L) ∈ Ωr0 \N2. (7.7)

Note that N2 can be chosen such that it is independent of l by taking the union of all
corresponding null sets. We additionally require that {(r, w, L) ∈ Ωr0 | w = 0} ⊂ N2. This
along with φ′ (Er) ̸= 0 on Ωr0, (7.6), and (7.7) implies that

J
(
gjkl

)
(r) is covergent , (r, w, L) ∈ Ωr0 \ (N1 ∪N2) . (7.8)
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7 The spectrum of the Antonov operator

We now claim that
∫∞
0 |J (gj) (r)| dr → 0 as j → ∞. For (r, w, L) ∈ Ωr0, we know that

0 > Er(r, w, L) = 1
2w

2 + L
2r2

+ U r0 (r) and therefore, w2 < − L
2r2

− 2U r0 (r) ≤ 0 − 2U r0 (0) =
1
b .

As a consequence, we have∫ ∞

0
|J (gj) (r)| dr ≤

∫ ∞

0

∫ ∞

0

∫
R
|w|
∣∣grj (r, w, L)∣∣ dw dL dr

≤ C(b)

∫ ∞

0

∫ ∞

0

∫
R

∣∣grj (r, w, L)∣∣ dw dLdr

=
(3.11)

C(b)

∫
ΩEL

0

T (E)

√
|φ′(E)|
T (E)

|χj(E,L)|
∫ 1

0
|sin(2πk∗θ)| dθ d(E,L)

≤ C(b)

∫
ΩEL

0

√
T (E)

√
|φ′(E)| |χj(E,L)| d(E,L).

Next, we estimate
√
T (E) in the following way: For (E,L) ∈ suppχj , E is bounded away

from 0 by a constant C(b) independent of j; we obtained this in the proof of (c). We therefore
find that

√
T (E) = C 1

|E|3/4
≤ C(b) on suppχj .

√
|φ′(E)| can be estimated by another

constant C(b) due to Lemma 4.3 (i). This leads to∫ ∞

0
|J (gj) (r)| dr ≤ C(b)

∫
ΩEL

0

|χj(E,L)| d(E,L)

=
(α)

C(b)

∫
ΩEL

0

1B 1
j
(E∗,L∗)(E,L) |χj(E,L)| d(E,L)

≤ C(b)λ
(
B 1

j
(E∗, L∗)

)1/2(∫
ΩEL

0

χj(E,L)
2 d(E,L)

)1/2

=
(β)

C(b)
1

j
→ 0 as j → ∞,

where we used Hölder’s inequality. We use this property and Fatou’s lemma to deduce that

0 ≤
∫ ∞

0
lim inf
l→∞

∣∣∣J (gjkl) (r)∣∣∣ dr ≤ lim inf
l→∞

∫ ∞

0

∣∣∣J (gjkl) (r)∣∣∣ dr = 0,

which implies that ∫ ∞

0
lim inf
l→∞

∣∣∣J (gjkl) (r)∣∣∣ dr = 0.

Therefore, the integrand lim inf l→∞

∣∣∣J (gjkl) (r)∣∣∣ vanishes on ]0,∞[ \Nr for some set of mea-

sure zero Nr ⊂ ]0,∞[. We then define N3 := {(r, w, L) ∈ Ωr0 | r ∈ Nr}. This set is
measurable and again a null set by Fubini’s theorem, which results in

lim inf
l→∞

∣∣∣J (gjkl) (r)∣∣∣ = 0, (r, w, L) ∈ Ωr0 \N3. (7.9)

To combine our observations, we start by defining N = N1 ∪N2 ∪N3, which is a null set, and
then, (7.8) and (7.9) lead to

J
(
gjkl

)
(r) → 0 as l → ∞, (r, w, L) ∈ Ωr0 \N.
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7.2 Proof of σ(A) ⊂ [0,∞[

Due to (7.6) and (7.7), this means that gr(r, w, L) = 0 for (r, w, L) ∈ Ωr0 \N . Since N was a
set of measure zero, g = 0 in H which implies that Bgjk → 0 in H as k → ∞, completing the
proof:
We have shown that in (7.2), both summands on the right hand side converge to zero after
extracting the subsequence (jk) ⊂ (j). Thus, all required properties of the definition of a
Weyl sequence have been proven and consequently, (gjk) is a Weyl sequence for λ∗ and A.

Theorem 7.2 and Weyl’s criterion (Theorem 7.1) imply that λ∗ =
(

2πk∗

T (E∗)

)2
∈ σess(A). Be-

cause k∗ ∈ N and (E∗, L∗) ∈ Ω̊EL0 were arbitrary, we find that

σess(A) ⊃

{(
2πk∗

T (E∗)

)2
∣∣∣∣∣ k∗ ∈ N, (E∗, L∗) ∈ Ω̊EL0

}
=
{
8(k∗)2 |E∗|3

∣∣∣ k∗ ∈ N, E∗ ∈ ]−1/(2b), 0[
}
= ]0,∞[.

Since the essential spectrum of an operator is a closed set, 0 ∈ σess(A) must hold as well,
which completes the proof of the desired theorem:

Theorem 7.3. [0,∞[ ⊂ σess(A).

7.2 Proof of σ(A) ⊂ [0,∞[

As already mentioned, the idea is to show that A is a positive operator, which is defined as
follows.

Definition 7.4. Let H be a Hilbert space and let A : D(A) → H be a self-adjoint operator,
densely defined on H. We say that A is positive if ⟨Ag, g⟩H ≥ 0 for all g ∈ D(A).

We want to show that A is a positive operator because we can then apply the following
theorem.

Theorem 7.5. Let H be a Hilbert space and let A : D(A) → H be a self-adjoint operator,
densely defined on H. Then A is positive if and only if σ(A) ⊂ [0,∞[.

Proof. For a proof, we refer to [13, Proposition 5.12].

Using the same techniques as in [7, Lemma 1.1], we deduce the first result for showing the
positivity of A:

Theorem 7.6. For all g ∈ C∞
c,r(Ω0;R) odd in v with gr ∈ C∞

c (Ω̊r0;R),

⟨Ag, g⟩H ≥ 0.

To prove this theorem, we first show an auxiliary result:

Lemma 7.7. Let g be a function as in Theorem 7.6, and let us define

µ(r, w, L) :=
1

rw
gr(r, w, L), (r, w, L) ∈ ]0,∞[× (R \ {0})× ]0,∞[,

µ(r, 0, L) :=
1

r
∂wg

r(r, 0, L), r, L ∈ ]0,∞[.

Then,

µ ∈ C1(]0,∞[× R× ]0,∞[).
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7 The spectrum of the Antonov operator

Proof. The assertion follows since gr ∈ C∞
c (Ω̊r0) (which means that gr ∈ C∞(]0,∞[ × R ×

]0,∞[) as a function extended by zero) and since g is odd in v which is equivalent to gr

being odd in w. To obtain this, let us first note that the only problematic situation is the
case w → 0. For showing continuity and differentiability in w = 0, we first observe some
properties of gr that result from its w-parity. Due to

gr(r, w, L) = −gr(r,−w,L),
∂2wg

r(r, w, L) = −∂2wgr(r,−w,L),
∂rg

r(r, w, L) = −∂rgr(r,−w,L), and
∂Lg

r(r, w, L) = −∂Lgr(r,−w,L), (r, w, L) ∈ ]0,∞[× R× ]0,∞[,

we find that

gr(r, 0, L) = ∂2wg
r(r, 0, L) = ∂rg

r(r, 0, L) = ∂Lg
r(r, 0, L) = 0, r, L ∈ ]0,∞[. (7.10)

Using Taylor’s theorem and (7.10), we observe that

gr(r, w, L) = ∂wg
r(r, 0, L)w +

1

6
∂3wg

r(r, ξ(w), L)w3 (7.11)

for all (r, w, L) ∈ ]0,∞[×R× ]0,∞[ and some |ξ(w)| ≤ |w|. Here, ξ can also depend on r and
L which will not be an issue. In the following, let r, L ∈ ]0,∞[ be fixed. We start by showing
the continuity of µ in w = 0:

lim
w→0,w ̸=0

µ(r, w, L) =
(7.10)

1

r
lim

w→0,w ̸=0

(
1

w
(gr(r, w, L)− gr(r, 0, L))

)
=

1

r
∂wg

r(r, 0, L) = µ(r, 0, L).

For the differentiability, we first consider the derivative with respect to r:

∂rµ(r, 0, L) = lim
h→0,h̸=0

(
µ(r + h, 0, L)− µ(r, 0, L)

h

)
= lim

h→0,h̸=0

1

h

((
1

r
− h

r(r + h)

)
∂wg

r(r + h, 0, L)− 1

r
∂wg

r(r, 0, L)

)
=

1

r
lim

h→0,h̸=0

1

h
(∂wg

r(r + h, 0, L)− ∂wg
r(r, 0, L))− lim

h→0,h̸=0

1

r(r + h)
∂wg

r(r + h, 0, L)

=
1

r
∂r∂wg

r(r, 0, L)− 1

r2
∂wg

r(r, 0, L).

The r-derivative is continuous, which can be obtained as follows:

lim
w→0,w ̸=0

∂rµ(r, w, L) = lim
w→0,w ̸=0

(
1

rw
∂rg

r(r, w, L)− 1

r2w
gr(r, w, L)

)
=

(7.10)
lim

w→0,w ̸=0

(
1

r

∂rg
r(r, w, L)− ∂rg

r(r, 0, L)

w
− 1

r2
gr(r, w, L)− gr(r, 0, L)

w

)
=

1

r
∂w∂rg

r(r, 0, L)− 1

r2
∂wg

r(r, 0, L)

= ∂rµ(r, 0, L).
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Next, we consider the derivative with respect to w:

∂wµ(r, 0, L) = lim
h→0,h̸=0

µ(r, h, L)− µ(r, 0, L)

h

= lim
h→0,h̸=0

1

h

(
1

rh
gr(r, h, L)− 1

r
∂wg

r(r, 0, L)

)
=

(7.11)
lim

h→0,h̸=0

1

h

[
1

rh

(
∂wg

r(r, 0, L)h+
1

6
∂3wg

r(r, ξ(h), L)h3
)
− 1

r
∂wg

r(r, 0, L)

]
= lim

h→0,h̸=0

h

6r
∂3wg

r(r, ξ(h), L)

= 0 · ∂3wgr(r, 0, L) = 0

since |ξ(h)| ≤ |h| → 0 as h→ 0. For the continuity of this derivative, we again use |ξ(w)| ≤ |w|
and observe that

lim
w→0,w ̸=0

∂wµ(r, w, L) = lim
w→0,w ̸=0

(
1

rw
∂wg

r(r, w, L)− 1

rw2
gr(r, w, L)

)
=

(7.11)
lim

w→0,w ̸=0

[
1

rw
∂wg

r(r, w, L)− 1

rw2

(
∂wg

r(r, 0, L)w +
1

6
∂3wg

r(r, ξ(w), L)w3

)]
= lim

w→0,w ̸=0

[
1

rw
(∂wg

r(r, w, L)− ∂wg
r(r, 0, L))− w

6r
∂3wg

r(r, ξ(w), L)

]
=

1

r
∂2wg

r(r, 0, L)− 0 · ∂3wgr(r, 0, L)

=
(7.10)

0 = ∂wµ(r, 0, L).

Last, we consider the L-derivative:

∂Lµ(r, 0, L) = lim
h→0,h̸=0

µ(r, 0, L+ h)− µ(r, 0, L)

h

= lim
h→0,h̸=0

1

h

(
1

r
∂wg

r(r, 0, L+ h)− 1

r
∂wg

r(r, 0, L)

)
=

1

r
∂L∂wg

r(r, 0, L).

To finish the proof, it remains to show that this derivative is continuous:

lim
w→0,w ̸=0

∂Lµ(r, w, L) = lim
w→0,w ̸=0

1

rw
∂Lg

r(r, w, L)

=
(7.10)

lim
w→0,w ̸=0

1

rw
(∂Lg

r(r, w, L)− ∂Lg
r(r, 0, L))

=
1

r
∂w∂Lg

r(r, 0, L)

= ∂Lµ(r, 0, L).

Also in preparation for the proof of Theorem 7.6, we define the Poisson bracket:
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7 The spectrum of the Antonov operator

Definition 7.8. For f, g ∈ C1 (Ω0;R), we define the Poisson bracket of f and g as

{f, g} := ∂xf · ∂vg − ∂xg · ∂vf on Ω0.

Remark. If we choose f = E and g spherically symmetric with gr ∈ C1(Ω̊r0;R), notice that
{E, g} = −Dg and we find by Lemma 6.10 that

{E, g}r = − (Dg)r = ∂rE
r∂wg

r − ∂wE
r∂rg

r on Ω̊r0. (7.12)

We will now prove Theorem 7.6:

Proof of Theorem 7.6. Let g fulfill the assumptions and let µ be corresponding to g according
to Lemma 7.7. By (6.4) and the skew-adjointness of D, we observe that

⟨Ag, g⟩H = ⟨−D2g, g⟩H − ⟨Bg, g⟩H

= ⟨−Dg,−Dg⟩H − (2π)4
∫ ∞

0

1

r2
|J(g)(r)|2 dr

= ||Dg||2H − 4π3
∫
R3

1

|x|4
|J(g)(|x|)|2 dx. (7.13)

We now consider the second term. Using Cauchy-Schwarz, we find that∫
R3

1

|x|4
|J(g)(|x|)|2 dx =

∫
R3

1

|x|4

∣∣∣∣∣
∫ ∞

0

∫
R

|φ′(Er(|x|, w, L))|1/2

|φ′(Er(|x|, w, L))|1/2
wgr(|x|, w, L) dw dL

∣∣∣∣∣
2

dx

≤
∫
R3

1

|x|4

[∫ ∞

0

∫
R
1Ωr

0
(|x|, w, L)

∣∣φ′(Er(|x|, w, L))
∣∣w2 dw dL

]
·[∫ ∞

0

∫
R

|gr(|x|, w, L)|2

|φ′(Er(r, w, L))|
dw dL

]
dx.

The first bracket on the right hand side is equal to (|x|2/π)ρ0(x) (see Lemma 4.2 (ii)), while
the second bracket can be transformed into a v-integral via dw dL = |x|2/π dv, see (1.2).
This results in

4π3
∫
R3

1

|x|4
|J(g)(|x|)|2 dx ≤ 4π3

∫
R3

1

|x|4
|x|2

π
ρ0(x)

|x|2

π

∫
R3

|g(x, v)|2

|φ′(E(x, v))|
dv dx

= 4π

∫
Ω0

1

|φ′(E(x, v))|
|g(x, v)|2 ρ0(x) d(x, v).

Inserting this into (7.13) yields

⟨Ag, g⟩H ≥
∫
Ω0

1

|φ′(E(x, v))|
|Dg(x, v)|2 d(x, v)− 4π

∫
Ω0

1

|φ′(E(x, v))|
g(x, v)2ρ0(x) d(x, v)

=

∫
Ω0

1

|φ′(E)|

[
|{E, g}|2 − 4πg2ρ0

]
. (7.14)

We now investigate the term with the Poisson bracket {E, g}. In what follows, there will be
an abuse of notation for the sake of simplicity: We will not always distinguish between the
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7.2 Proof of σ(A) ⊂ [0,∞[

representatives in (x, v)- and (r, w, L)-coordinates. The meaning should be clear from the
context.
We use that for r ̸= 0, µ(r, w, L) = 1

rwg
r(r, w, L) and thus, gr(r, w, L) = rwµ(r, w, L). This

equation also holds for r = 0 since gr(r, 0, L) = 0 which results from g being odd on v and
therefore gr being odd in w. Consequently, also using (7.12), we obtain on Ω̊r0 that

{E, g}r = ∂rE
r∂wg

r − ∂wE
r∂rg

r

= ∂rE
r(rµ+ rw∂wµ)− ∂wE

r(wµ+ rw∂rµ)

= rw(∂rE
r∂wµ− ∂wE

r∂rµ) + µ(∂rE
rr − ∂wE

rw)

= rw{E, µ}r + µ{E, rw}r.

By using this result as well as

2µ{E,µ}r = 2µ(∂rE
r∂wµ− ∂wE

r∂rµ) = ∂rE
r∂w(µ

2)− ∂wE
r∂r(µ

2) = {E, µ2}r,

we find that

|{E, g}r|2 = (r, w)2 |{E,µ}r|2 + 2rwµ{E,µ}r{E, rw}r + µ2 |{E, rw}r|2

= (r, w)2 |{E,µ}r|2 + rw{E,µ2}r{E, rw}r + µ2 |{E, rw}r|2

= (r, w)2 |{E,µ}r|2 +
{
E,µ2rw{E, rw}r

}r − µ2rw {E, {E, rw}r}r . (7.15)

For the last equation, note that{
E,µ2rw{E, rw}r

}r − µ2rw {E, {E, rw}r}r

= ∂rE
r
[
2µ∂wµrw{E, rw}r + µ2r{E, rw}r +(((((((((

µ2rw∂w{E, rw}r
]

− ∂wE
r
[
2µ∂rµrw{E, rw}r + µ2w{E, rw}r +

hhhhhhhhµ2rw∂r{E, rw}r
]

− µ2rw
[
(((((((((
∂rE

r∂w{E, rw}r −
hhhhhhhhh∂wE

r∂r{E, rw}r
]

= {E, rw}r
[
∂rE

r2µ∂wµrw + ∂rE
rµ2r − ∂wE

r2µ∂rµrw − ∂wE
rµ2w

]
= {E, rw}r

[
(rw)

(
∂rE

r∂w(µ
2)− ∂wE

r∂r(µ
2)
)
+ µ2 (∂rE

r∂w(rw)− ∂wE
r∂r(rw))

]
= rw{E, rw}r{E,µ2}r + µ2

∣∣{E, rw}2∣∣2 .
The next step is to examine each term in (7.15) separately. We recall that in (7.14), the terms
from (7.15) will be integrated after being multiplied with |φ′(E)|−1.

First term of (7.15). For the first term in (7.15), we only note that

1

|φ′(Er(r, w, L))|
(r, w)2 |{E,µ}r(r, w, L)|2 ≥ 0, (r, w, L) ∈ Ω̊r0.

Second term of (7.15). The second term in (7.15) turns out to be zero after integrating with
the weight |φ′(E)|−1. In order to observe this, we start by defining an auxiliary function

F (s) :=

∫ s

− 1
2b

1

φ′(τ)
dτ, s ∈ [−1/(2b), 0[.
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7 The spectrum of the Antonov operator

This function is well-defined and in C2
(
[− 1

2b , 0[
)
due to the following argument: By Lemma

4.3 (ii) and Lemma 4.1 (i), we know that φ ∈ C2
(
]−1

b , 0[
)
with φ′ ̸= 0 on [− 1

2b , 0[. Hence,
F is well-defined and differentiable by the fundamental theorem of calculus with F ′(s) =

1
φ′(s) , s ∈ [− 1

2b , 0[, which again is a C1
(
[− 1

2b , 0[
)
-function.

Since E ∈ C2(Ω0) with E(Ω0) ⊂ [− 1
2b , 0[ and Er ∈ C2(Ω̊r0) with Er(Ωr0) ⊂ [− 1

2b , 0[, we

conclude that F ◦ E ∈ C2(Ω0;R) and (F ◦ E)r = F ◦ Er ∈ C2(Ω̊r0;R).
We now define Gr(r, w, L) := µ2(r, w, L)rw {E, rw}r (r, w, L) for (r, w, L) ∈ Ω̊r0 which is a
C1(Ω̊r0;R)-function. Using (7.12), we obtain that

{F ◦ E,G}r = ∂r(F ◦ Er)∂wGr − ∂w(F ◦ Er)∂rGr

= F ′ ◦ Er (∂rEr∂wGr − ∂wE
r∂rG

r)

=
1

φ′(Er)
{E,G}r = − 1

|φ′(Er)|
{
E,µ2rw{E, rw}r

}r
on Ω̊r0.

If we integrate the second term in (7.15) with multiplied weight |φ′(E)|−1, transform the
(x, v)-integral into an (r, w, L)-integral via (3.11) and omit the 4π2-factor, we have∫

Ωr
0

1

|φ′(Er)|
{
E,µ2rw{E, rw}r

}r
d(r, w, L) = −

∫
Ωr

0

{F ◦ E,G}r d(r, w, L)

= −
∫ ∞

0

∫
R

∫ ∞

0
∂r(F ◦ Er)∂wGr dr dw dL+

∫ ∞

0

∫
R

∫ ∞

0
∂w(F ◦ Er)∂rGr dr dw dL

=: I1 + I2.

Before we handle I1 and I2, notice that suppGr ⊂ suppµ ⊂ supp gr ⊂ Ω̊r0. This yields the
existence of ε > 0 such that

suppGr ⊂ Ωrε := {(r, w, L) ∈ Ω̊r0 | Er(r, w, L) < −ε}. (7.16)

The integrals I1 and I2 can therefore be interpreted as integrals over the set Ωrε.

For I1, let r, L > 0 be arbitrary, but fixed, such that there exists w ∈ R with (r, w, L) ∈ Ωrε.
For all such w, it must hold that −ε > Er(r, w, L) = 1

2w
2 + ψL(r), which means that

|w| <
√

−2ε− 2ψL(r). The radicand is positive since we assumed that (r, w, L) ∈ Ωrε. If
we consider only the w-integral for these fixed r, L, we have to integrate over J1(r, L) :=
]−
√
−2ε− 2ψL(r),

√
−2ε− 2ψL(r)[ =: ]−j1(r, L), j1(r, L)[. Due to Er(r, w, L) = 1

2w
2 +

ψL(r) ≤ 1
2j1(r, L)

2 + ψL(r) = Er(r, j1(r, L), L) = −ε < 0 for w ∈ J1(r, L), we conclude

that F ◦Er(r, ·, L) ∈ C2(J1(r, L)) which allows us to perform integration by parts for the w-
integral. We observe that∫ j1(r,L)

−j1(r,L)
∂r(F ◦ Er)∂wGr dw = −

∫ j1(r,L)

−j1(r,L)
∂w∂r(F ◦ Er)Gr dw.

The boundary term ∂r(F ◦ Er)(r, ·, L)Gr(r, ·, L)|j1(r,L)−j1(r,L) vanishes since Er(r,−j1(r, L), L) =

Er(r, j1(r, L), L) = −ε which by (7.16) implies thatGr(r,−j1(r, L), L) = 0 = Gr(r, j1(r, L), L).
In conclusion,

I1 =

∫ ∞

0

∫
R

∫ ∞

0
∂w∂r(F ◦ Er)Gr dr dw dL.
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For I2, let w ∈ R and L > 0 be arbitrary, but fixed, such that there exists r > 0 with
(r, w, L) ∈ Ωrε. For all such r, it must hold that ψL(r) < −ε− 1

2w
2. Due to the monotonicity

properties of ψL, this is valid as long as r ∈ J2(w,L) := ]r−(−ε− 1
2w

2, L), r+(−ε− 1
2w

2, L)[ =:
]j2(w,L), j3(w,L)[. Note that 0 > −ε− 1

2w
2 > ψL(r) ≥ ψL(rL) which implies that r−(...) and

r+(...) are well-defined. Because of Er(j2(w,L), w, L) = −ε = Er(j3(w,L), w, L) and since
for r ∈ J2(w,L), E

r(r, w, L) = 1
2w

2 + ψL(r) ≤ 1
2w

2 + ψL(j2(r, L)) = −ε < 0, we conclude

that F ◦ Er(·, w, L) ∈ C2(J2(w,L)) which enables us to perform integration by parts for the
r-integral, yielding∫ j3(w,L)

j2(w,L)
∂w(F ◦ Er)∂rGr dr = −

∫ j3(w,L)

j2(w,L)
∂r∂w(F ◦ Er)Gr dr.

Here again, the boundary term ∂w(F ◦ Er)(·, w, L)Gr(·, w, L)|j3(w,L)j2(w,L)
vanishes because of

Er(j2(w,L), w, L) = −ε = Er(j3(w,L), w, L), which by (7.16) implies thatGr(j2(w,L), w, L) =
0 = Gr(j3(w,L), w, L). Consequently,

I2 = −
∫ ∞

0

∫
R

∫ ∞

0
∂r∂w(F ◦ Er)Gr dr dw dL.

Combining I1 and I2, we find that∫
Ωr

0

1

|φ′(Er)|
{
E,µ2rw{E, rw}r

}r
d(r, w, L)

=

∫ ∞

0

∫
R

∫ ∞

0
[∂w∂r(F ◦ Er)Gr − ∂r∂w(F ◦ Er)Gr] dr dw dL = 0

since we can switch the r- and w-derivatives due to F ◦ Er ∈ C2(Ω̊r0).

Third term of (7.15). For the third term of (7.15), we use (7.12) to obtain that

{E, rw}r (r, w, L) = ∂rE
r(r, w, L)∂w(rw)− ∂wE

r(r, w, L)∂r(rw)

=

(
− L

r3
+ (U r0 )

′ (r)

)
r − w2

= r (U r0 )
′ (r)− L

r2
− w2, (r, w, L) ∈ Ω̊r0.

As a consequence,

{E, {E, rw}}r (r, w, L)
= ∂rE

r(r, w, L)∂w{E, rw}r(r, w, L)− ∂wE
r(r, w, L)∂r{E, rw}r(r, w, L)

=

(
− L

r3
+ (U r0 )

′ (r)

)
(−2w)− w

(
∂r
(
r (U r0 )

′ (r)
)
+ 2

L

r3

)
= −2w (U r0 )

′ (r)− w∂r
(
r (U r0 )

′ (r)
)
, (r, w, L) ∈ Ω̊r0. (7.17)

Additionally, using the Laplacian in spherical coordinates, we find that

4πρr0(r) = (∆U0)
r (r) =

1

r2
∂r
(
r · r (U r0 )

′ (r)
)
=

1

r2
(
r (U r0 )

′ (r) + r∂r
(
r (U r0 )

′ (r)
))
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for r ∈ ]0,∞[, which implies that

∂r
(
r (U r0 )

′ (r)
)
= 4πrρr0(r)− (U r0 )

′ (r), r ∈ ]0,∞[.

Consequently, inserting this into (7.17),

{E, {E, rw}}r (r, w, L) = −2w (U r0 )
′ (r)− 4πrwρr0(r) + w (U r0 )

′ (r)

= −rw
(
4πρr0(r) +

1

r
(U r0 )

′ (r)

)
, (r, w, L) ∈ Ω̊r0.

Therefore, the third term in (7.15) can be expressed as

−µ2(r, w, L)rw {E, {E, rw}r}r (r, w, L) = µ2(r, w, L)(rw)2
(
4πρr0(r) +

1

r
(U r0 )

′ (r)

)
= gr(r, w, L)2

(
4πρr0(r) +

1

r
(U r0 )

′ (r)

)
for (r, w, L) ∈ Ω̊r0.

Gathering all of the information about the terms in (7.15), we obtain that the equation
in (7.14) can be estimated by

⟨Ag, g⟩H ≥ 4π2
∫
Ωr

0

1

|φ′(Er)|

[
0 + 0 + 4πρr0(g

r)2 +
1

r
(U r0 )

′ (r)(gr)2 − 4πρr0(g
r)2
]
d(r, w, L)

= 4π2
∫
Ωr

0

1

|φ′(Er)|
1

r
(U r0 )

′ (r)(gr)2 d(r, w, L) ≥ 0

since r > 0 on Ωr0 and (U r0 )
′ is positive on ]0,∞[. This completes the proof.

The next step is to get rid of the parity assumption with respect to v that we demanded of
g in Theorem 7.6.

Lemma 7.9. For all g ∈ C∞
c,r(Ω0;R) with gr ∈ C∞

c (Ω̊r0;R),

⟨Ag, g⟩H ≥ 0.

Proof. Let g be a function satisfying the assumptions. For (x, v) ∈ Ω0, we define the even
and the odd part of g (with respect to v) by

g±(x, v) :=
1

2
(g(x, v)± g(x,−v)) ,

note that (x, v) ∈ Ω0 is equivalent to (x,−v) ∈ Ω0. As the name suggests, g+ is even in v and
g− is odd in v. Both functions g+ and g− are still in C∞

c,r(Ω0;R) with gr+, g
r
− ∈ C∞

c (Ω̊r0;R).
We split the inner product as follows:

⟨Ag, g⟩H = ⟨A(g+ + g−), (g+ + g−)⟩H
= ⟨Ag+, g+⟩H + ⟨Ag+, g−⟩H + ⟨Ag−, g+⟩H + ⟨Ag−, g−⟩H . (7.18)
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Since g+ is even in v, we deduce that Bg+ = 0, see Lemma 6.14 (ii). Consequently, we find
that in (7.18), the first term is non-negative due to

⟨Ag+, g+⟩H = ⟨−D2g+, g+⟩H + ⟨−Bg+, g+⟩H = ⟨−Dg+,−Dg+⟩H = ||Dg+||2H ≥ 0,

using the skew-adjointness of D.
The second term in (7.18) vanishes. To find this, we first observe that since D2 preserves
v-parity, see Lemma 6.14 (iii), −D2g+ is even in v. Using Lemma 6.3, this leads to

⟨Ag+, g−⟩H = ⟨−D2g+, g−⟩H + ⟨−Bg+, g−⟩H = ⟨−D2g+, g−⟩H = 0.

The orthogonality is also used for the third term in (7.18). By using the preservation of the
v-parity of D2, we find that D2g− is odd in v. By Lemma 6.14 (i), Bg− is odd in v as well,
which implies that Ag− = −D2g− − Bg− turns out to be odd in v. Hence we conclude that
⟨Ag−, g+⟩H = 0 by Lemma 6.3.
For the last term in (7.18), we make use of Theorem 7.6. g− satisfies the assumptions, which
implies that

⟨Ag−, g−⟩H ≥ 0.

As a consequence, we find that ⟨Ag, g⟩H ≥ 0.

We now show the non-negativity of the Antonov operator A.

Theorem 7.10. The operator A : D(A) → H is positive, i.e.

⟨Ag, g⟩H ≥ 0 for all g ∈ D(A).

Proof. We start this proof with showing that for any function g ∈ D(A), ⟨Ag, g⟩H is real-
valued. Note that this is not trivial since functions in D(A) are in general complex-valued.
The self-adjointness of A yields

⟨Ag, g⟩H = ⟨g,Ag⟩H = ⟨Ag, g⟩H ∈ R. (7.19)

Now, let g ∈ D(A) = D(D2). We split g into its real and imaginary part by g = f + ih, where
f = Re g and h = Im g. This implies that both f and h are real-valued functions in D(D2)
and can therefore be approximated according to Proposition 6.6. Hence, there exist sequences
(fk), (hk) ⊂ C∞

c,r(Ω0;R) with (f rk ), (h
r
k) ⊂ C∞

c (Ω̊r0;R) such that fk → f,Dfk → Df, hk → h
and Dhk → Dh in H as k → ∞. For these functions, we know from Lemma 7.9 that

⟨Afk, fk⟩H , ⟨Ahk, hk⟩H ≥ 0, k ∈ N. (7.20)

The first step in showing the non-negativity of the Antonov operator is to deduce the conver-
gence

⟨Ag, g⟩H = lim
k→∞

⟨A(fk + ihk), (fk + ihk)⟩H . (7.21)

We take a closer look at the inner product on the right hand side by splitting it:

⟨A(fk + ihk), (fk + ihk)⟩H = ⟨Afk, fk⟩H + ⟨Afk, ihk⟩H + ⟨iAhk, fk⟩H + ⟨iAhk, ihk⟩H
= ⟨Afk, fk⟩H − i⟨Afk, hk⟩H + i⟨Ahk, fk⟩H + ⟨Ahk, hk⟩H .
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7 The spectrum of the Antonov operator

By (7.19), the expression has to be real-valued, and since fk and hk are real-valued, so are Afk
and Ahk, which implies that the inner products on the right hand side are all real-valued. As
a consequence, the second and third term on the right hand side cancel out. We can perform
an analogous argument for ⟨Ag, g⟩H = ⟨A(f + ih), (f + ih)⟩H and therefore, it is sufficient for
(7.21) to show that

⟨Af, f⟩H + ⟨Ah, h⟩H = lim
k→∞

(⟨Afk, fk⟩H + ⟨Ahk, hk⟩H) .

We consider each term individually and show that ⟨Afk, fk⟩H → ⟨Af, f⟩ and ⟨Ahk, hk⟩H →
⟨Ah, h⟩H as k → ∞. By Cauchy-Schwarz,

|⟨Af, f⟩H − ⟨Afk, fk⟩H |
≤ |⟨Af, f⟩H − ⟨Af, fk⟩H |+ |⟨Af, fk⟩H − ⟨Afk, fk⟩H |
= |⟨Af, f − fk⟩H |+ |⟨A(f − fk), fk⟩H |
≤ ||Af ||H ||f − fk||H +

∣∣⟨−D2(f − fk), fk⟩H
∣∣+ |⟨B(f − fk), fk⟩H |

≤ ||Af ||H ||f − fk||H + |⟨−D(f − fk),−Dfk⟩H |+ ||B(f − fk)||H ||fk||H
≤ ||Af ||H ||f − fk||H + ||Dfk −Dfk||H ||Dfk||H + C(b) ||f − fk||H ||fk||H .

We used the boundedness of the operator B : H → H. All three terms on the right hand side
converge to 0 as k → ∞ since fk → f and Dfk → Df in H as k → ∞.
The same approach can be done for hk and h instead of fk and f . This results in (7.21)
holding true. We now show that the expression on the right hand side of (7.21) is non-
negative for all k ∈ N, which completes this proof. In order to do so, we again use that
⟨A(fk+ ihk), (fk+ ihk)⟩H = ⟨Afk, fk⟩H + ⟨Ahk, hk⟩H since the imaginary part has to vanish.
By (7.20), both terms are non-negative, and consequently, we infer that all elements of the
sequence on the right hand side in (7.21) are non-negative which leads to ⟨Ag, g⟩H ≥ 0.

Theorem 7.5 and Theorem 7.10 immediately result in the following theorem.

Theorem 7.11. σ(A) ⊂ [0,∞[.

7.3 Main result

We are now able to infer the main results of this thesis.

Theorem 7.12. The spectrum of the Antonov operator A : D(A) → H is purely essential
and equal to the non-negative real line, i.e.

σ(A) = σess(A) = [0,∞[.

Proof. The assertion follows from combining Theorem 7.3 and Theorem 7.11 along with the
fact that the essential spectrum of an operator is a subset of the spectrum:

[0,∞[ ⊂ σess(A) ⊂ σ(A) ⊂ [0,∞[.

The same property also holds if we restrict the operator A to functions that are odd in v:
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7.3 Main result

Theorem 7.13. The spectrum of the Antonov operator A : D(A) ∩Hodd → Hodd is purely
essential and equal to the non-negative real line, i.e.

σ(A) = σess(A) = [0,∞[.

Proof. We can easily show that the inclusions [0,∞[ ⊂ σess(A) ⊂ σ(A) ⊂ [0,∞[ also hold
if we consider Hodd instead of H. Note that by Lemma 6.16, A : D(A) ∩ Hodd → Hodd is
self-adjoint.
For the first inclusion, we show that the functions defined in Theorem 7.2 are odd in v.
Then, Theorem 7.2 also holds for the restricted Antonov operator since Hodd has the same
inner product and norm as H. Note that for property (iii) of Weyl sequences, the Riesz
representation theorem yields that functions ϕ that are an element of the dual space of Hodd

can be represented by Hodd-functions which are again in H and hence, the proof for (iii)
works analogously.
For the v-parity of a function gj from Theorem 7.2, we use (3.8) to find that for almost every
(r, w, L) ∈ Ωr0,

grj (r,−w,L) = gθj (ζ(r,−w,L)) = gθj (1− ζ1(r, w, L), ζ2(r, w, L), ζ3(r, w, L)),

where we used that Er(r,−w,L) = Er(r, w, L). Since θ only occurs in the sin-term of gθj and
sin(2πk∗(1− θ)) = − sin(2πk∗θ), we infer that

grj (r,−w,L) = −gθj (ζ(r, w, L)) = −grj (r, w, L) f.a.e. (r, w, L) ∈ Ωr0.

By Lemma 6.2, we conclude that gj is odd on v and therefore, Theorem 7.2 holds for the
restricted Antonov operator. Analogously to Theorem 7.3, we find that [0,∞[ ⊂ σess (A).
For the third inclusion, Theorem 7.10 immediately yields that ⟨Ag, g⟩H ≥ 0 for g ∈ D(A) ∩
Hodd as D(A) ∩Hodd ⊂ D(A). Theorem 7.5 then results in σ(A) ⊂ [0,∞[, completing this
proof.
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8 Outlook

Having studied the spectrum of the Antonov operator A, we aim to obtain linear, asymptotic
stability of the isochrone steady state in a suitable sense. One idea to achieve this is to try to
apply the techniques from [8] to the isochrone case. It is unclear whether this will work out
and if so, how many adjustments have to be made. However, having examined the spectrum
of A, we know that σ(A) = σess(A) = [0,∞[, and therefore, if eigenvalues of A exist, they
have to be in [0,∞[. This is a crucial step since in [8], the authors assume that there exists
an embedded eigenvalue in [0,∞[ and deduce a contradiction with this assumption.
The potential theory that can be found in the appendix is–at least to a large extent–a prepa-
ration for the approach of applying [8].
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9 Appendix: Potential theory

We start with an auxiliary lemma.

Lemma 9.1. Let U ∈ L1
loc(R3;K) be a spherically symmetric function with radial representa-

tive U r ∈ L1
loc(]0,∞[;K). Additionally, let U and U r be weakly differentiable with derivatives

∇U and (U r)′ on R3 and ]0,∞[, respectively. Then,

∇U(x) = (U r)′ (|x|) x
|x|

f.a.e. x ∈ R3.

Proof. Let i ∈ {1, 2, 3} and k, l ∈ {1, 2, 3} \ {i} with k ̸= l. Due to the weak differentiability,
we have that

∀χ ∈ C∞
c (]0,∞[;R) :

∫ ∞

0
χ(r) (U r)′ (r) dr = −

∫ ∞

0
χ′(r)U r(r) dr (9.1)

and

∀ϕ ∈ C∞
c (R3;R) :

∫
R3

ϕ(x)∂iU(x) dx = −
∫
R3

∂iϕ(x)U(x) dx. (9.2)

Next, let ϕ ∈ C∞
c

(
R3 \ {xi = 0};R

)
be arbitrary, but fixed. Then,∫

R3

ϕ(x)∂iU(x) dx =
(9.2)

−
∫
R3

∂iϕ(x)U(x) dx = −
∫
R2

∫
R
∂iϕ(x)U

r(|x|) dxi d(xk, xl). (9.3)

We fix xk, xl ∈ R and consider the inner integral. For r ∈ R, we define

χ(r) := ϕ(xkek + xlel + rei).

The choice of ϕ yields that χ ∈ C∞
c (R\{0};R) and χ′(r) = ∂iϕ(xkek+xlel+rei) for r ∈ R\{0}.

The inner integral of the right hand side of (9.3) is therefore equal to∫ −ε

−∞
χ′(r)U r

(√
x2k + x2l + r2

)
dr +

∫ ∞

ε
χ′(r)U r

(√
x2k + x2l + r2

)
dr

for some ε > 0 such that χ = 0 on [−ε, ε]. As r stays away from 0, we can substitute

τ = τ(r) =
√
x2k + x2l + r2 to obtain that

∫
R
∂iϕ(x)U

r(|x|) dxi =
∫ √

x2k+x
2
l +ε

2

∞
χ′
(
−
√
τ2 − x2k − x2l

)
U r(τ)

−τ√
τ2 − x2k − x2l

dτ

+

∫ ∞

√
x2k+x

2
l +ε

2

χ′
(√

τ2 − x2k − x2l

)
U r(τ)

τ√
τ2 − x2k − x2l

dτ

=

∫ ∞

√
x2k+x

2
l +ε

2

χ̃′(τ)U r(τ) dτ,
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9 Appendix: Potential theory

where

χ̃(τ) = χ

(√
τ2 − x2k − x2l

)
− χ

(
−
√
τ2 − x2k − x2l

)
, τ ≥

√
x2k + x2l + ε2.

If we furthermore define χ̃(τ) = 0 for 0 < τ <
√
x2k + x2l + ε2, then χ̃ ∈ C∞

c (]0,∞[;R) as ε

was chosen such that χ(r) = 0 for −ε ≤ r ≤ ε. Thus,∫
R
∂iϕ(x)U

r(|x|) dxi =
∫ ∞

0
χ̃′(τ)U r(τ) dτ =

(9.1)
−
∫ ∞

0
χ̃(τ) (U r)′ (τ) dτ

= −
∫ ∞

√
x2k+x

2
l +ε

2

[
χ

(√
τ2 − x2k − x2l

)
− χ

(
−
√
τ2 − x2k − x2l

)]
(U r)′ (τ) dτ.

We split the integral and substitute r = r(τ) =
√
τ2 − x2k − x2l and r = r(τ) = −

√
τ2 − x2k − x2l ,

respectively, which results in∫
R
∂iϕ(x)U

r(|x|) dxi =−
∫ ∞

0
χ(r) (U r)′

(√
x2k + x2l + r2

)
r√

x2k + x2l + r2
dr

+

∫ −∞

0
χ(r) (U r)′

(√
x2k + x2l + r2

)
r√

x2k + x2l + r2
dr

=−
∫
R
ϕ(xkek + xlel + rei) (U

r)′
(√

x2k + x2l + r2
)

r√
x2k + x2l + r2

dr.

Inserting this into (9.3) yields∫
R3

ϕ(x)∂iU(x) dx =

∫
R3

ϕ(x) (U r)′ (|x|) xi
|x|

dx.

Since ϕ ∈ C∞
c

(
R3 \ {xi = 0};R

)
was arbitrary, the Dubois-Reymond lemma implies that

∂iU(x) = (U r)′ (|x|) xi
|x|

almost everywhere on R3\{xi = 0} and therefore almost everywhere on R3. Since i ∈ {1, 2, 3}
was arbitrary as well, the proof is complete.

We now collect the following properties of potentials that are derived from functions of the
Hilbert space H. We remark that not all properties are needed for this thesis, however, the
analysis of the induced potentials is an important step towards using the techniques from [8]
to show linear, asymptotic stability in a suitable sense, see Chapter 8.
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Definition and Theorem 9.2. Let f ∈ H. We define ρf :=
∫
R3 f(·, v) dv as well as

Uf := − 1
|·| ∗ ρf , both on R3. Then the following properties hold:

(i) ρf and Uf are well-defined, i.e. the integrals exist almost everywhere on R3.

(ii) ρf and Uf are spherically symmetric.

(iii) For all p ∈ ]1, 2], ρf ∈ Lp
(
R3;C

)
with ||ρf ||p ≤ C(b, p) ||f ||H , where the constant

C(b, p) > 0 is independent of f .

(iv) For all r ∈ ]3,∞[, Uf ∈ Lr
(
R3;C

)
with ||Uf ||r ≤ C(r) ||ρf || 3r

3+2r
≤ C̃(b, r) ||f ||H , where

the constants C(r), C̃(b, r) > 0 are independent of f .

(v) For almost every x ∈ R3,

Uf (x) = −4π

|x|

∫ |x|

0
s2ρrf (s) ds− 4π

∫ ∞

|x|
sρrf (s) ds,

hence, for almost every r ∈ ]0,∞[,

U rf (r) = −4π

r

∫ r

0
s2ρrf (s) ds− 4π

∫ ∞

r
sρrf (s) ds.

(vi) ∇Uf exists in the weak sense and for all r ∈ ]32 , 6], ∇Uf ∈ Lr
(
R3;C

)
with ||∇Uf ||r ≤

C(r) ||ρf || 3r
3+r

≤ C̃(b, r) ||f ||H , where the constants C(r), C̃(b, r) > 0 are independent of

f . Furthermore,

∇Uf (x) =
∫
R3

x− y

|x− y|3
ρf (y) dy f.a.e. x ∈ R3.

(vii) U rf is weakly differentiable on ]0,∞[ with

(
U rf
)′
(r) =

4π

r2

∫ r

0
s2ρrf (s) ds f.a.e r ∈ ]0,∞[.

(viii) For almost every x ∈ R3,

∇Uf (x) =
(
U rf
)′
(|x|) x

|x|
=

4π

|x|2

∫ |x|

0
s2ρrf (s) ds

x

|x|
.

(ix) If we additionally require that f ∈ D (D), then,

(
U rDf

)′
(r) =

4π2

r2
J(f)(r) f.a.e r ∈ ]0,∞[.

(x) If we additionally require that f ∈ D (D), then,∫
R3

ρDf (x) dx = 0.
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Proof. Assertion (i) will follow from the proof of (iii) and (iv), since if the integrals occurring
in these statements exist, the integrals defining ρf and Uf exist almost everywhere by Fubini’s
theorem. Assertion (ii) is trivial since f is spherically symmetric.

Proof of (iii).
Let p ∈ ]1, 2[ and q ∈ ]2,∞[ with 1

p +
1
q = 1, i.e. q = p

p−1 . We now use Hölder’s inequality for

the v-integral and that on Ω0, E(x, v) < 0 and therefore |v|2 < −2U0(x) ≤ −2U0(0) =
1
b . We

obtain that∫
R3

|ρf (x)|p dx =

∫ ∣∣∣∣∫ f(x, v)1Ω0(x, v) dv

∣∣∣∣p dx

≤
∫ ((∫

|f(x, v)|p dv

)1/p(∫
1Ω0(x, v) dv

)1/q
)p

dx

≤
(
4π

3

1

b3/2

)p/q ∫ ∫
|f(x, v)|p dv dx

=

(
4π

3

1

b3/2

)p−1 ∫
Ω0

1

|φ′(E(x, v))|p/2
|f(x, v)|p

∣∣φ′(E(x, v))
∣∣p/2 d(x, v).

We again use Hölder’s inequality, this time with exponents 2/p and 2/(2− p), and find that∫
R3

|ρf (x)|p dx ≤
(
4π

3

1

b3/2

)p−1(∫
Ω0

1

|φ′(E(x, v))|
|f(x, v)|2 d(x, v)

)p/2
·
(∫

Ω0

∣∣φ′(E(x, v))
∣∣p/(2−p) d(x, v))(2−p)/2

.

The latter integral is finite due to Lemma 4.2 (iii) and we observe that∫
R3

|ρf (x)|p dx ≤ C(b, p)||f ||pH .

For p = 2, we use Hölder’s inequality with exponents 1/2, which yields∫
R3

|ρf (x)|2 dx ≤
∫ (∫

1

|φ′(E(x, v))|1/2
|f(x, v)|

∣∣φ′(E(x, v))
∣∣1/2 dv

)2

dx

≤
∫ (∫ |f(x, v)|2

|φ′(E(x, v))|
dv

)1/2(∫ ∣∣φ′(E(x, v))1Ω0(x, v)
∣∣ dv)1/2

2

dx

≤ C
1

b2
||f ||2H ,

using Lemma 4.2 (i).

Proof of (iv).
Let r ∈ ]3,∞[. Then, there exists p ∈ ]1, 32 [ such that 1

p +
1
3 = 1 + 1

r , i.e. p = 3r
3+2r . Due to

[14, (9) in Section 4.3], we find that Uf ∈ Lr(R3;C) with

||Uf ||r ≤ C(r) ||ρf || 3r
3+2r

≤
(iii)

C̃(b, r) ||f ||H .
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Proof of (v).
To show this identity, we consider x ∈ R3 \ {0} such that Uf (x) exists, i.e. that the integral∫
R3

ρf (y)
|x−y| dy exists. Using the spherical symmetry of ρf , i.e. ρf (y) = ρrf (|y|) f.a.e. y ∈ R3,

a transformation with A ∈ SO(3) such that A x
|x| = e3, and spherical coordinates yields the

assertion.

Proof (vi).
For a proof of the existence of ∇Uf as well as the desired representation, we refer to [14,
Theorem 6.21]. Now, let r ∈ ]32 , 6]. Then, there exists p ∈ ]1, 2] such that 1

p +
2
3 = 1 + 1

r , i.e.

p = 3r
3+r . Using the integral representation of ∇Uf , [14, (9) in Section 4.3] then yields that

∇Uf ∈ Lr(R3;C) with

||∇Uf ||r ≤ C(r) ||ρf || 3r
3+r

≤
(iii)

C(b, r) ||f ||H .

Proof of (vii).
By (v),

U rf (r) = −4π

r

∫ r

0
s2ρrf (s) ds− 4π

∫ 1

r
sρrf (s) ds− 4π

∫ ∞

1
sρrf (s) ds =: U1(r) + U2(r) + U3(r)

f.a.e. r ∈ ]0,∞[. We investigate the weak differentiability for each function U1, U2, U3 sepa-
rately. For this, let ϕ ∈ C∞

c (]0,∞[;R) be a test function.

For U1, we find that ]0,∞[ ∋ r 7→ g(r) :=
∫ r
0 s

2ρrf (s) ds is weakly differentiable with derivative

]0,∞[ ∋ r 7→ r2ρrf (r) =: g′(r), see [4, Theorem 8.2]. Therefore,∫ ∞

0
g(r)χ′(r) dr = −

∫ ∞

0
g′(r)χ(r) dr, χ ∈ C∞

c (]0,∞[;R).

This especially holds for χ(r) := 1
rϕ(r) and as a consequence,∫ ∞

0

4π

r
g′(r)ϕ(r) = −4π

∫ ∞

0
g(r)

(
− 1

r2
ϕ(r) +

1

r
ϕ′(r)

)
dr

=

∫ ∞

0

4π

r2
g(r)ϕ(r) dr +

∫ ∞

0
U1(r)ϕ

′(r) dr.

Since ϕ ∈ C∞
c (]0,∞[;R) was arbitrary, this implies that U1 is weakly differentiable on ]0,∞[

with

U ′
1(r) =

4π

r2
g(r)− 4π

r
g′(r) =

4π

r2

∫ r

0
s2ρrf (s) ds− 4πrρrf (r) f.a.e. r ∈ ]0,∞[.

Again by [4, Theorem 8.2], we we find that U2 is weakly differentiable on ]0,∞[ with U ′
2(r) =

4πrρrf (r) f.a.e. r ∈ ]0,∞[. Since U3 is independent of r, it is differentiable with vanishing
derivative.
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In conclusion, U rf is weakly differentiable on ]0,∞[ with

(
U rf
)′
(r) = U ′

1(r) + U ′
2(r) + U ′

3(r) =
4π

r2

∫ r

0
s2ρrf (s) ds− 4πrρrf (r) + 4πrρrf (r) + 0

=
4π

r2

∫ r

0
s2ρrf (s) ds f.a.e. r ∈ ]0,∞[.

Proof of (viii).
This is an immediate result of (vi) and (vii) using Lemma 9.1.

Proof of (ix).
For now, we first restrict ourselves to f ∈ D(D) being real-valued. Let (fk) be the sequence
of smooth, approximating functions as in Proposition 6.6. We start by showing that the
assertion holds for all fk:

We first use (1.2) to find that

ρrDfk(x) =

∫
R3

Dfk(x, v) dv =
π

|x|2

∫ ∞

0

∫
R
(Dfk)r (|x|, w, L) dw dL f.a.e. x ∈ R3.

We use this and the fact that by (viii), U rDfk is weakly differentiable on ]0,∞[ with

(
U rDfk

)′
(r) =

4π2

r2

∫ r

0

∫ ∞

0

∫
R
(Dfk)r (s, w, L) dw dL ds

=
4π2

r2

[∫ ∞

0

∫
R
w

∫ r

0
∂rf

r
k (s, w, L) dsdw dL−

∫ r

0

∫ ∞

0
ψ′
L(s)

∫
R
∂wf

r
k (s, w, L) dw dL ds

]
f.a.e. r ∈ ]0,∞[, where we used Lemma 6.10. For the inner integral of the first summand, we
use the fundamental theorem of calculus (note that f rk ∈ C∞

c (Ω̊r0;R)) to find that∫ r

0
∂rf

r
k (s, w, L) ds = f rk (r, w, L)− f rk (0, w, L) = f rk (r, w, L).

The second boundary term vanishes as the support of f rk is in Ω̊r0 and therefore stays away
from r = 0. For the inner integral of the second summand, we again use the fundamental
theorem of calculus after interpreting the integral as a limit. The integral then vanishes due
to the support of f rk , note that Ωr0 is bounded in w. In summary, we observe that

(
U rDfk

)′
(r) =

4π2

r2

∫ ∞

0

∫
R
wf rk (r, w, L) dw dL =

4π2

r2
J(fk)(r) f.a.e. r ∈ ]0,∞[,

and hence,

(Bfk)r (r, w, L) =
(
U rDfk

)′
(r)w

∣∣φ′(Er(r, w, L))
∣∣ f.a.e. (r, w, L) ∈ Ωr0. (9.4)

We now show the convergence of both sides. For the left hand side, we use that B is linear
and bounded to obtain that

||Bfk − Bf ||H ≤ C(b) ||fk − f ||H → 0 as k → ∞.
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For the right hand side, we first show that Ωr0 ∋ (r, w, L) 7→
(
U rDf

)′
(r)w |φ′(Er(r, w, L))| =:

F r(r, w, L) is in H. Using (3.11) and Lemma 4.2 (ii) yields

||F ||2H = 4π2
∫
Ωr

0

1

|φ′(Er(r, w, L))|

∣∣∣(U rDf)′ (r)w ∣∣φ′(Er(r, w, L))
∣∣∣∣∣2 d(r, w, L)

= 4π2
∫ ∞

0

∣∣∣(U rDf)′ (r)∣∣∣2 ∫ ∞

0

∫
R
w2
∣∣φ′(Er(r, w, L))

∣∣ 1Ωr
0
(r, w, L) dw dLdr

≤ C(b)

∫ ∞

0

∣∣∣(U rDf)′ (r)∣∣∣2 r2 dr
= C(b)

∫
R3

∣∣∣(U rDf)′ (|x|)∣∣∣2 dx

=
(viii)

C(b)

∫
R3

|∇UDf (x)|2 dx ≤
(vi)

C(b) ||Df ||2H <∞.

We can now obtain the convergence of the right hand side of (9.4). Estimating in the same

way as above but with
(
U rDfk

)′
−
(
U rDf

)′
instead of

(
U rDf

)′
results in∫

Ωr
0

1

|φ′(Er(r, w, L))|

∣∣∣(U rDfk)′ (r)w ∣∣φ′(Er(r, w, L))
∣∣− (U rDf)′ (r)w ∣∣φ′(Er(r, w, L))

∣∣∣∣∣2 d(r, w, L)

≤ C(b)

∫
R3

∣∣∇UD(fk−f)(x)
∣∣2 dx ≤

(vi)
C(b) ||D(fk − f)||H → 0 as k → ∞.

We have obtained that both sides of (9.4) converge in H and we therefore find that

(Bf)r (r, w, L) =
(
U rDf

)′
(r)w

∣∣φ′(Er(r, w, L))
∣∣

in H and therefore f.a.e. (r, w, L) ∈ Ωr0. By the definition of B, this leads to the desired
property for real-valued functions. For complex-valued functions, we split them into their
real part and their imaginary part and then obtain the desired property. Note that both sides
of the equality that we want to show are linear in f .

Proof of (x).
Let f ∈ D(D). Lemma 6.19 then implies that f.a.e. (E,L) ∈ ΩEL0 , fθ(·, E, L) ∈ H1

θ . For
those (E,L), let f̃EL be the continuous representative. We then find that∫

R3

ρDf (x) dx =

∫
R3

∫
R3

Df(x, v) dv dx =
(3.11)

4π2
∫
Ωθ

0

T (E) (Df)θ (θ,E, L) d(θ, E, L)

=

∫
ΩEL

0

∫ 1

0
∂θf

θ(θ,E, L) dθ d(E,L),

where we used the representation of D given in Lemma 6.19. We now consider the inner
integral. Due to [4, Theorem 8.2], we can compute that for almost every (E,L) ∈ ΩEL0 ,

[0, 1] ∋ τ 7→ v(τ) :=

∫ τ

0
∂θf

θ(θ,E, L) dθ

is continuous and weakly differentiable with derivative ∂θf
θ(·, E, L). This implies that f̃EL

and v have the same weak derivative and therefore only differ by a constant c ∈ R (this
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holds everywhere on [0, 1] due to the continuity of both functions). Hence, f̃EL = v + c. We
determine c by using that v(0) = 0 and therefore, c = f̃EL(0). Thus,∫ 1

0
∂θf

θ(θ,E, L) dθ = v(1) = f̃EL(1)− c = f̃EL(1)− f̃EL(0) = 0

due to the definition of H1
θ . As this holds for almost every (E,L) ∈ ΩEL0 , we find that∫

R3

ρDf (x) dx = 0.
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[9] Mahir Hadžić, Gerhard Rein, and Christopher Straub. “On the existence of linearly
oscillating galaxies”. In: Archive for rational mechanics and analysis (2022), pp. 1–86.
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