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ABSTRACT
We provide accurate energies and electronic densities for Li2, C, and N2 from the diffusion Monte Carlo (DMC) method in the fixed node
approximation based on orbitals from a real-space grid approach. With relatively simple single-determinant trial wave functions, we demon-
strate the benefits of an all-electron approach in conjunction with a highly accurate grid method for calculating the orbitals that build the
determinant. Our DMC ground state energies match with those of more elaborate single-reference quantum Monte Carlo (QMC) methods
based on orbital basis sets. The binning technique is revisited to calculate the electronic density on a spatial grid. We examine the depen-
dence of the resulting mixed estimator and extrapolated density on the trial wave function, specifically on the density functional generating
the orbitals, by employing two distinctly different functionals, namely, the local density approximation and the exact-exchange functional.
Residual statistical artifacts in the QMC densities are readily corrected by using a regularization method, resulting in smooth densities. As an
example for the insight that can be gained from an accurate density, we verify that in the carbon atom, the density along one specific direction
can have an asymptotic decay that differs from the decay found in all other directions. We relate this observation to previously published
work, which discussed the implications that such a nodal feature may have for the exact Kohn–Sham potential.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0250838

I. INTRODUCTION

Quantum Monte Carlo (QMC) methods are very attractive for
calculating the correlated wavefunction of many-electron systems
and corresponding expectation values because of their high ab initio
accuracy. Electronic structure calculations for real-world materials
on the other hand typically rely on density functional theory (DFT)
because of its favorable ratio of accuracy to computational cost. The
central observable of DFT is the one-body ground state density,
which is guaranteed to be the true density of the interacting sys-
tem when the exact exchange–correlation (xc) functional is used.
Having available accurate ground-state densities is of great inter-
est for DFT development for several reasons. First, when the exact
density is known, the Kohn–Sham scheme can be inverted to yield
the exact xc potential. This has been for years, and to this day con-
tinues to be, an important way for gaining valuable insight into
the exact functional and the properties of xc approximations.1–21

Second, while the quality of xc approximations is often assessed from
evaluating energies and observables, such as bond lengths and bar-
rier heights, it has been pointed out that xc development should aim

more directly at reproducing the density,22,23 and important insights
can be gained from directly comparing densities.21,24–26 Third, hav-
ing accurate densities is of interest in itself because properties of a
many-particle system, e.g., ionization energies, can be reflected in
topographical features of density, with orbital nodal surfaces serv-
ing as an important example.27–33 In line with these observations,
the development of methods that allow for accurately calculating
the electron density continues to be a field of undiminished research
interest.34

The wave function-based QMC and in particular fixed-node
diffusion Monte Carlo (FNDMC) method, its most widely used
flavor,35 in principle, grants access to highly accurate densities. How-
ever, the density of a molecular system is a much more intricate
quantity than, for example, its ground state energy or variance, for
a number of reasons: it is a spatially resolved, feature-rich func-
tion that spans several orders of magnitude with distinct features
such as cusps at the nuclei and an exponentially decaying asymp-
totic tail. Ultimately, the full information of the true ground state
is encoded in these features of the density, as we know from the
Hohenberg–Kohn theorem. Furthermore, the density operator does
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not commute with the Hamiltonian, introducing a systematic bias
in its estimation, if not corrected for. Nevertheless, densities are fre-
quently calculated from QMC methods.36,37 In order to evaluate the
QMC densities not only visually but making them suitable for suc-
cessive analysis, a solid regularization scheme is needed to handle the
statistical fluctuations that are an inevitable aspect of QMC methods.
Especially when inverting such densities via the inverse Kohn–Sham
map, i.e., finding the auxiliary Kohn–Sham potential to reproduce
the density, every impurity of the density can become a major hin-
drance in the inversion process. Furthermore, since most inversion
techniques rely on the density in a local (point-wise) way without the
ability to incorporate statistical errors in the algorithm, such errors
directly enter the target xc potential.

Most QMC methods employ atom-centered basis sets35,38–40 or
plain waves37 to represent the single-particle orbitals.41 Although
such basis sets often offer a computationally efficient and elegant
description, representing the nodal surface in FNDMC reliably can
require special care.42 A successful alternative is offered by differ-
ent types of grid-based techniques.43,44 In our work here, we take
the step toward completely and exclusively representing the orbitals
and the density on a real-space grid. A specific advantage of such a
real-space grid approach is its generally systematic and, in a loose
sense, even variational convergence. The major problem of real-
space grids is the computational expense that would result from
treating the three-dimensional space with a uniform, Euclidean grid,
while maintaining the spatial resolution to capture the rapid orbital
oscillations in the vicinity of the nuclei. In this paper, we report
FNDMC calculations that use orbitals from a real-space grid. The
specific calculations that we present here exploit that one can design
non-equidistant grids that increase the number of points close to the
nuclei via a bifocal layout;45 see Fig. 1. While this special grid design
yields a very good ratio of accuracy to computational cost, it limits
our present work to atoms and diatomic molecules. The concepts for
the grid-based evaluation that we present in the following are, how-
ever, completely general, i.e., not specific to the bifocal setup. Future

FIG. 1. Sketch of the prolate spheroidal grid transformed to cylindrical represen-
tation. The crosses indicate the grid points and are concentrating at the two foci
at z = ±a, represented by the black circles. Each grid point is located in its grid
cell. Grid cells far from the focal points have larger volume, while grid cells in their
vicinity are small. In this example, the focus at z = −a is vacant, while the other
is occupied with a carbon atom at z = +a. For the analysis of the angle-resolved
decay rate in Sec. V C, we setup straight lines starting from the carbon atom with
an angle of ϑ with the z axis.

work may combine them with grid-based techniques that allow for
solving electronic structure problems in general geometries, e.g., as
discussed in Ref. 46. In this first study, we limit the wave function
to a relatively simple Slater–Jastrow form with a single determinant
and a Jastrow function of Padé form for the sake of transparency.
We can, thus, specifically focus on the merits and challenges that
come with a grid-based approach. In addition, we also focus on the
techniques to evaluate the density.

Different approaches can be used for generating the single-
particle orbitals that underlie the QMC calculation: Hartree–Fock
(HF),38 general valence-bond or natural orbitals,42,47 or the direct
optimization of orbital- or basis-set parameters.35 Furthermore, in
recent years, great progress has been made in developing tech-
niques that optimize the representation of the wavefunction.48 In
our work here, we chose DFT orbitals from two distinctly differ-
ent approximations, the local density approximation (LDA) and the
exact-exchange functional (EXX). For the latter, we construct a local,
multiplicative potential in the Krieger–Li–Iaftrate (KLI) approxi-
mation.49 Using this set of techniques, we calculate ground-state
energies and densities for three paradigm systems: the molecules
Li2 and N2, and the C atom. The energies that we obtain compare
well to those of orbital-basis set based single-determinant QMC cal-
culations with considerably more elaborate Jastrow functions. We
analyze the influence of the orbitals (LDA vs EXX) on the QMC
results and discuss the robustness with which densities are obtained.
The correlated electron density that we obtain for the C atom shows
a different asymptotic decay in the specific direction that is char-
acterized by a nodal surface of the highest occupied orbital in the
corresponding Kohn–Sham system. This shows that such topo-
graphical features, the existence and relevance of which has been
discussed from different perspectives in the past,28,30,32,33 can indeed
be found in the interacting system.

Our paper is structured as follows: in Sec. II, we briefly review
some central elements of FNDMC calculations that are relevant to
our work. Section III explains the real-space grid that we use, and
Sec. IV details the calculation of the particle density. We then present
our results in Sec. V, and we close with a summary and conclusions
in Sec. VI. The supplementary material offers technical details about
our calculations, the density regularization procedure, and makes
available the density data files and additional plots of the densities.

II. SHORT REVIEW OF DIFFUSION MONTE CARLO
Diffusion Monte Carlo (DMC) is an elaborate method to

accurately calculate ground state properties. It is based on the
imaginary-time propagation rewritten as a diffusion equation50 with
importance-sampling.51 Detailed outlines of DMC are presented,
e.g., in Refs. 52 and 53. In the following, we summarize its main
aspects. The Schrödinger equation is recast as

−∂τ f (R, τ) = [−D∇2
+∇ ⋅ u(R) − S(R)] f (R, τ), (1)

a diffusion equation for the importance-sampled probability den-
sity f = ΨTΨ, where ΨT is usually the best approximation to the true
wave function available for evaluation and Ψ is the desired ground
state. The drift velocity u = Ψ−1

T ∇ΨT/2D and the source term
S = ER − EL are expressions of the trial wave function, where the local
energy EL = Ψ−1

T ĤΨT represents the action of the Hamiltonian Ĥ,
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the diffusion constant D = h2
/2me in SI units represents the electron

mass, and ER is a reference energy connected to normalization.
The diffusion equation is solved stochastically by employing

an approximation to its true Green function, which propagates
f by a given time step. To this end, the probability function f is
realized by an ensemble of weighted walkers, viz. (λ, R), where
R = (r1, . . . , rn) ∈ Ωn is a point in configuration space, holding all
electrons coordinates ri ∈ Ω ⊂ R3, and λ is an associated weight. The
stochastic representation of f reads

f (R, τ) =∑
k

λk(τ)δ(R − Rk(τ)), (2)

with the normalization constraint ∑k λk = 1. The walkers undergo
a classical stochastic trajectory, which is generated by repetitive
application of the Green function of Eq. (1) on Eq. (2) with small
time steps. Since the exact Green function is unknown in general,
approximations are employed. With a vanishing time step, these
approximations converge to the true Green function, while simul-
taneously inhibiting the propagation of the walkers. Thus, the time
step error is often remedied by extrapolating the results of multiple
finite time step calculations to zero time step. We use the elaborate
approximation to the Green function from Ref. 53 that incorpo-
rates the true asymptotic limits of the local energy and the drift
near nuclei and nodes, samples from exponential and normal dis-
tributions conditionally, refines the source terms, and further lowers
the serial correlation of the resulting walker trajectory, allowing for
larger and thus more efficient time steps while maintaining small
time step errors.

The most fundamental concern about DMC is the fermion
sign problem. The framework of stochastic realizations for the dif-
fusion process relies on non-negative probabilities. For a fermionic
system, negative signs could naturally arise, and any negative sign of
f would contradict positive probabilities. The fixed-node approxi-
mation (FNA) alleviates this methodical issue by imposing the nodal
structure of the trial wave function ΨT upon the ground state Ψ to
which the method converges,54 ensuring their product to be positive.
This new stationary state is called the fixed-node ground state, a rea-
sonable approximation to the true ground state in many cases. The
resulting flavor of QMC is the so called fixed-node DMC. To con-
verge the fixed-node state to the true ground state, the nodes of the
trial wave function need to approach the nodes of the exact ground
state. A systematic expansion of the trial wave function in the Slater
determinant space would allow representing the exact nodal struc-
ture, but comes at the cost of a configuration-interaction scaling in
computational cost.

It is, therefore, desirable to utilize sophisticated trial wave func-
tions that incorporate correlation effects in order to decrease the
number of determinants in an expansion, or improve the quality of
a single determinant wave function. A Jastrow factor is a standard
ingredient to describe pair or higher-order particle correlations,55,56

and a variety of choices for the correlation functions exist.35,38,39 In
this work, we restrict our trial wave function to consist of a single
determinant Φ and a simple Jastrow factor J,55,56

ΨT = eJΦ. (3)

Our Jastrow factor is a two-parameter Padé form for the
electron–electron coincidence only, i.e.,

J =∑
i≠j

u(∣ri − rj ∣) with u(r) =
γr

1 + br
. (4)

It is inferior to more sophisticated expansions up to
electron–electron–nucleus terms and also to more elaborate
forms than the Padé form, yet has been used quite successfully in
the literature38,53 because of its transparency and the reasonable
results that can be obtained with it. γ is fixed by the singlet and
triplet electron–nucleus cusp condition,57 but the parameter b can
be optimized. Although we could choose individual singlet and
triplet parameters for b when either two electrons of opposite or
same spin meet, we restrict ourselves to one global parameter. As
usual in DMC calculations, we optimize the parameterized trial
wave function with variational Monte Carlo (VMC) first and use its
optimized version as the DMC trial wave function. In the case of our
trial wave function, its nodes do not change upon optimization with
respect to the nodes of the determinant itself. Therefore, our VMC
optimization (of one single Jastrow parameter b) has no effect on the
nodal quality, but only accelerates the DMC calculation by lowering
the statistical fluctuations. The single parameter is optimized for
minimal energy using a least squares fit of a quadratic polynomial.
We emphasize that the use of an all-electron approach with highly
accurate orbital cusps renders the use of an electron–nucleus
Jastrow term less necessary.

To build the Slater determinants, single-particle orbitals
are required. The most commonly used orbitals are from the
Hartree–Fock method (HF), although a vast variety of choices
exist including natural orbitals or DFT. We use self-consistent
DFT orbitals from the LDA and the exact EXX functional, for
which the optimized effective potential58 has been calculated in the
KLI approximation59 (xKLI). From the resulting sets of orbitals, we
construct the Kohn–Sham Slater determinant Φ.

We deliberately choose a single determinant to focus our anal-
ysis on the quality of the orbitals. Furthermore, sums over determi-
nants have been shown to have a less prominent impact compared
to improvements to the orbitals of a single determinant in some
cases.42,52 (Generally, of course, energy gains are obtained from a
sum over determinants.) Similarly, a more elaborate Jastrow factor
would only affect the statistical fluctuations in a DMC calculation,
but neither the nodal structure nor the DMC energy. In our actual
calculations, we use the DMC algorithm of Ref. 53. However, we
adopt a slightly different treatment of persistent walkers, i.e., walkers
that reside at the same location in configuration space for an unjus-
tifiable number of iterations; see the supplementary material, Sec. S2
for details.

III. ALL-ELECTRON ORBITALS ON A GRID
An accurate approach to the computation of all-electron

DFT orbitals for diatomic molecules or atoms is the use of special-
ized grids in a prolate spheroidal (PS) coordinate system, as used in
Ref. 45 for DFT calculations. The PS coordinate system has the full
cylindrical symmetry, compatible with the symmetry of a diatomic
or atomic Hamiltonian. Thus, the orbitals are readily separated in
one part reflecting the azimuthal dependency and another two-
dimensional part depending on the z coordinate and the distance
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ρ to the z axis. The azimuthal part can be solved analytically, yield-
ing rotational integer quantum numbers m that enter the subsequent
numerical equations, i.e., the orbitals take the form

φm(r) = φ̄m(ν, μ)eimϕ, (5)

and only φ̄m(ν, μ) is treated numerically. The analytical complex
exponential of the orbitals in this representation can be rewritten
in terms of sine and cosine to arrive at real orbitals.

The two-dimensional (ν, μ) part is numerically represented on
the PS grid in the variables μ and ν, rather than z = a cosh μ cos ν and
ρ = a sinh μ sin ν. With a uniform grid in μ-ν-space, the coordinate
transformation concentrates grid points at the two foci (0, 0,±a),
where a is a parameter of the PS coordinate system. A sketch of the
PS grid is shown in Fig. 1. The indicated line starting from the carbon
atom under angle θ can presently be ignored, as it is irrelevant for
the understanding of the grid and will be explained in Sec. V C. For
diatomic molecules, the ions are placed at the foci, with 2a being the
bond length, while for atoms, one focus is occupied by the atom and
the other focus is left vacant. The non-uniform grid in the Euclidean
space adapts to all the features of the diatomic system. The grid’s
resolution at the two foci can be made arbitrarily small, while it is
coarse-grained in the regions far from the origin. Depending on the
dimensions of the uniform grid, the asymptotic decay, the cusps as
well as accurate bonds can be rendered with practically hardly any
limits on the numerical resolution.

The key step in combining orbitals from a grid method with
QMC is interpolation. In the QMC algorithm, one must be able to
evaluate the orbitals at any given point in the electrons’ domain.
Thus, an interpolation scheme for the grid-based discrete orbitals
must be employed that yields continuous values for the orbitals, gra-
dients, and Laplacians. We use BSplines to efficiently represent the
orbitals from the grid in continuous space. This is a straight-forward
process for the value of the density. In the case of a cylindrical or
PS coordinate system, there are different symmetry restrictions to
the orbitals. In addition, the gradient and Laplacian in PS coordi-
nates (resembling cylindrical coordinates) include terms that diverge
on the z axis, as discussed in detail in Ref. 45. If the orbitals obey the
exact symmetries, the divergent terms cancel analytically, but in a
naïve numerical approach, this might not necessarily be the case.
This imposes strong demands on numerical details of the imple-
mentation of the derivatives. To address these issues, we do not
rely on direct differentiation of the BSplines. We rather identify
well-behaved terms in the gradient and Laplacian and build extra
BSplines for them. The details are shown in the supplementary
material. To evaluate the derivatives, we evaluate the BSpline of
each term and recombine them to yield the wanted derivative.
In this way, both symmetries are ensured and divergencies are
tempered.

Analytically, the divergence of the kinetic energy at the nucleus
cancels with the Coulomb potential, resulting in finite values for the
local energy. However, when combining the kinetic part from the
BSplined gradient and Laplacian with an analytical potential, the
cancellation breaks down in close vicinity to the nuclei. This intro-
duces a bias of the local energy at the cores. This bias is only present
in a small region around the nuclei and its spatial extent reduces
with finer grids for the orbitals. We investigate this dependence on
the grid in the supplementary material, Sec. S1.

Note that the PS grid points never lie on the z axis, i.e., the bare
Coulomb singularity is never sampled directly; see Fig. 1. Neverthe-
less, the grid points approach the z axis systematically with increas-
ing grid accuracy. Any plot against the z axis in this paper is along
those PS grid points closest to the z axis, but not the z axis directly.
With this numerical setup, we perform spin-polarized all-electron
calculations using the DARSEC electronic structure code.45

IV. ESTIMATING THE CHARGE DENSITY
A. Binning technique

To capture the electron density with spatial resolution, we
use the binning technique. This well-known approach generates
a histogram of the underlying density by performing a Bernoulli
experiment for each bin at each walker realization. For VMC,
where the many-body probability function Ψ2

T is known analytically,
Ref. 60 introduced an improved estimator for the density, based on
derivatives of the trial wave function. In DMC, on the contrary, the
probability function f = ΨTΨ is only known in terms of its stochastic
realizations, and therefore, improved estimators are more challeng-
ing to develop.61 Another density estimation common for Markov
chains in general is kernel density estimation, which can be under-
stood as regularization or smoothing of the Dirac-delta. It maps the
walker’s location in the configuration space (together with other
available information about the walker state, such as derivatives)
to some function that estimates the single walker‘s density. Often
kernel density estimation produces visually more appealing repre-
sentations of the density than a simple histogram would. However,
a smoothing of the density has no justification in QMC, e.g., on
using kernel density estimation near the nucleus, the underlying ker-
nel would hardly reproduce the electron–nucleus–cusp condition.
Therefore, we resort to the binning method in conjunction with our
grid.

To start with, the (symmetrized) one-body density operator
reads

n̂(r, R) =∑
i

δ(r − ri) (6)

and will be acting on the probability function f from Eq. (2). To
represent the continuous (mixed estimator) density,

n(r) = ∫
Ωn

f (R)n̂(r, R) dR, (7)

we introduce a discretization or binning of the domain of a single
electron Ω into subdomains or bins {ωj}, such that, ωj ∈ Ω pairwise
disjoint and ∪jωj = Ω. The density integrated over any such bin ω is

N(ω) = ∫
ω

n(r) dr = ∫
Ωn

f (R)∑
i
∫

ω
δ(r − ri) dr dR

= ∫
Ωn

f (R)∑
i
𝟙ω(ri) dR = Exp[∑

i
𝟙ω(ri)], (8)

where Exp denotes the expectation value and 𝟙ω(r) is unity when
r ∈ ω, and zero otherwise. For sufficiently small bins, where the
density has small variations over the bin’s extent, the density
at some point r ∈ ωj is approximated by the mean density n(r)
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= ∣ωj∣
−1N(ωj). Thus, the binning estimator for the density of bin

j is

ňj(R) = ∣ωj ∣
−1
∑

i
𝟙ωj(ri). (9)

Evaluating the expectation of the density value w.r.t. the probability
density f yields the estimator of the density at bin j,

nj = ∫ f (R)ňj(R) dR

= ∣ωj ∣
−1
∑

k
λk ∫ δ(R − Rk)∑

i
𝟙ωj(ri) dR

= ∣ωj ∣
−1
∑

ki
λk𝟙ωj(rki). (10)

To accumulate the density on the entire domain, this results in the
following scheme: for every electron i of every walker k, we map the
electron’s coordinate rki to its corresponding bin ωj and increase the
bin’s density by the walker’s weight over the bin’s volume, ∣ωj∣

−1λk,
and repeat this for every time step. We choose our bins ωj to align
with the PS grid cells, sketched in Fig. 1. This has several advantages,
as discussed in Sec. IV B.

B. Density fluctuations
The density from any QMC approach comes with a statistical

error. With the binning method, the density not only depends on the
realization of the walkers’ random walk and its inherent fluctuations
but also on the volume of the bins. From Eq. (10), electrons visiting
small bins cause a greater change in the density than electrons in
larger bins, which reflects in the variance of the density. The variance
of ň j(R) w.r.t. a realization of f reads

Var [ňj] = ∫ f (R)
2
ň
j
(R) dR − n2

j

= ∣ωj ∣
−2
∑

k
λk∑

i,i′
𝟙ωj(rki)𝟙ωj(rki′) − n2

j. (11)

By splitting the double sum into diagonal and off-diagonal parts, we
arrive at

Var [ňj] = nj(∣ωj ∣
−1
− nj) + ρj , (12)

where

ρj = ∣ωj ∣
−2
∑

k
λk∑

i≠i′
𝟙ωj(rki)𝟙ωj(rki′). (13)

The first term of Eq. (12) resembles the typical Bernoulli variance
of p(1 − p), modified to account for the bin size. The additional
term ρj represents the variance caused by statistical and electronic
correlations; its only contributions arise from two electrons of the
same walker being in the same bin and thus links the variance of
the one-body density to the two-body density. The ∣ωj∣

−2 scaling of
the variance is apparent from Eqs. (10) and (12). Thus, smaller bins
result in higher fluctuations.

Near a focal point in the PS grid, the bin size becomes small
enough to induce larger fluctuations on a small scale; however, the
vicinity of the nuclei is a region of high density and great statistical

significance. To the contrary, with few walkers visiting the regions
far from the nuclei, the increased bin volume counteracts the lack
of statistical significance. Using the PS grid cells as bins, the number
of walkers visiting an individual bin does not need to span the same
range of orders as the density, greatly lowering the fluctuations com-
pared to bins of constant volume. This property of the variance of ň j
reflects in the statistical error of its expectation value nj.

In the supplementary material, Sec. S3, we propose a conceptu-
ally simple a posteriori refinement procedure based on extrapolation
of the density to remedy the fluctuations in the notorious domains
of the QMC density. We will refer to those regularized or refined
DMC (VMC) densities as rDMC (rVMC) densities. If not explicitly
mentioned, we always report regularized densities.

C. Extrapolation estimator
In DMC, any observable that does not commute with the

Hamiltonian suffers from a biased estimation due to the mixed
estimator. The density, therefore, only approaches the true or the
fixed-node ground state density if the trial wave function approaches
the exact ground state. Thus, the DMC density is fundamentally
biased by the mixed estimation of its operator. To reduce the bias,
extrapolation schemes can be used.62 Consider the trial wave func-
tion ΨT and the exact ground state Ψ related by Ψ = ΨT + δΨ. The
exact density and the respective estimators in VMC and DMC are

n0 = ⟨Ψ∣n̂∣Ψ⟩, nD = ⟨Ψ∣n̂∣ΨT⟩, nV = ⟨ΨT ∣n̂∣ΨT⟩. (14)

One can project out the first-order errors from the mixed estimator
nD by employing linear or ratio extrapolations, respectively,

n0 = 2nD − nV + ⟨δΨ∣n̂∣δΨ⟩, (15)

=
n2

D

nV
−
(nD − nV)

2

nV
+ ⟨δΨ∣n̂∣δΨ⟩. (16)

While the ratio scheme of Eq. (16) seems more suitable for a posi-
tive quantity such as the density, especially in regions of low density,
we do not find major differences between both estimators for the
systems under consideration. The dominant error is hence given by
⟨δΨ∣n̂∣δΨ⟩, inaccessible to any further corrections. From Eq. (16),
it is tempting to rely on n−1

V (nD − nV)
2 as an indicator for the

second-order error of the extrapolation, but it is not clear what
fraction of magnitude this term contributes to the total second-
order error in comparison with the unknown ⟨δΨ∣n̂∣δΨ⟩. The linear
scheme of Eq. (15) is norm-conserving in addition, and therefore,
we exclusively use the estimate

ne = 2nD − nV (17)

to correct for the mixed estimator bias. The magnitude of the
mixed estimator bias reflects the magnitude of difference between
VMC and DMC wave functions. Generally, the mixed estimator bias
can be lowered by a more sophisticated trial wave function, i.e.,
three-body Jastrow factors, multi-reference determinants, or back-
flow. An accurate and highly parameterized trial wave function can
resemble much of the correlation effects and thus be close to the
DMC state. With a trial wave function of high quality, the mixed
estimator bias is expected to be small and a linear extrapolation
can restore the ground state estimator to a decent accuracy. The
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VMC wave function of this work, however, is deliberately kept sim-
ple and cannot restore much of the correlation. To validate the
extrapolation scheme, we analyze our extrapolated densities and
their consistency in Sec. V B.

We will label the extrapolated non-regularized DMC densities
as eDMC and the extrapolated and regularized DMC densities as
erDMC, where we first apply the refinement procedure to VMC and
DMC densities and extrapolate from rVMC and rDMC.

D. Sources of systematic errors of the density
The quality of the density is mainly affected by four sources of

error. The statistical error due to the Monte Carlo sampling can be
estimated by performing independent calculations of the same den-
sity and subsequent standard statistical analysis. Using the PS grid
cells as bins for the density, we adapt the binning as much as pos-
sible to the two driving factors of the densities variance (density
magnitude and bin size). Next, the accuracy of the DMC method
within the fixed node approximation depends crucially on the nodal
structure of the trial wave function; therefore, our results are sub-
ject to the fixed node error. With a single referential determinant,
the nodal structure is fully determined by the orbitals and, in con-
junction with DFT, by the density functional in use. With the
LDA and the exact exchange, we compare two nodal structures. The
ultimate benchmark for the quality of the nodes is the comparison of
the DMC energy to other methods or the non-relativistic limit. The
time step error is systematically examined with extrapolation to zero
time step for all of our systems. We choose a time step small enough
to render the time step error negligible. Finally, the extrapolation of
the mixed estimator is potentially the largest error contribution to
our densities. Even with VMC, DMC, and extrapolated densities at

hand, the quality of the extrapolated density can only be judged in
comparison with other densities. The DMC density directly reflects
trends that improve the trial wave function toward a considerably
better ground state candidate and can be used without extrapolation
to support qualitative results.

V. RESULTS
We have examined the energies and densities for the molecules

Li2, N2, and the carbon atom. The equilibrium bond lengths are
those of Huber and Herzberg63 rounded to the fourth digit resulting
in distances of R = 5.051 for Li2 and R = 2.0743 for N2. The atoms
of the molecules are placed at z = ±R/2 in the PS grid, while the car-
bon atom is located at z = 1 on the z axis. Following our grid analysis
in the supplementary material, Sec. S1, we choose our grid to have
181 × 181 grid cells. Throughout this paper, we use Hartree atomic
units, unless specified otherwise.

A. QMC energies
To quantify the influence of the time step error, we per-

formed DMC calculations with the time steps 1, 2, 3, 5, 7.5, 10, 15 and
20 × 10−3 a.u. and extrapolated to zero with a quadratic polynomial.
Table I lists the resulting energies. The coefficient of determination
of the fit was 0.96, 0.99, and 0.99 for Li2, N2, and C, respectively.
For Li2, the time step error of the energy at a time step of 0.001 a.u.
is less than 10−5 a.u., while 1.1 × 10−3 a.u. for N2 and 4 × 10−4 a.u.
for C. Our default time step for the density calculations of 0.001 a.u.
is, therefore, within chemical accuracy (1 kcal/mol ≈ 0.0016 a.u.) of
the extrapolated energy, indicating a negligible time step error of the
densities. In cases in which the time step error becomes important,
the recently developed improved scheme of Ref. 64 can be employed.

TABLE I. Energies and percentage of recovered correlation energy Ec from different methods. The referenced calculations in this table use basis set orbitals and employ
elaborate Jastrow factors up to three-body terms. Our calculations are spin-polarized with orbitals on a PS grid of dimension 181 × 181, a simple Padé –Jastrow and a single
determinant (SD). We use a time step of 0.001 a.u. and extrapolated to zero for the DMC run based on LDA orbitals. The bottom two rows show the results for multi-determinantial
wave functions (MD). References for the HF energy and the non-relativistic limit were taken from Refs. 38, 39, 67, and 68, respectively. The percentage values for the correlation
energies given here may differ slightly from the ones given in the cited literature due to small differences in the reference values for the HF energies or the non-relativistic limits.
For the sake of transparency and easier understanding of the table, all results of this work are marked by an asterisk.

C(3Π0) Li2 (
1Σ+g ) N2 (

1Σ+g )

E Ec(%) E Ec(%) E Ec(%)

DFT@LDA ∗
−37.468 540 −144.39 −14.724 422 −118.82 −108.695 827 −54.33

DFT@xKLI ∗
−37.691 862 0.59 −14.870 580 −0.79 −108.985 178 −1.57

VMC[J + SD]@LDA ∗
−37.722 50(2) 20.47(2) −14.913 02(1) 33.48(1) −109.089 05(8) 17.36(1)

VMC[J + SD]@xKLI ∗
−37.735 69(2) 29.04(1) −14.930 64(3) 47.70(3) −109.103 16(5) 19.94(1)

DMC[J + SD]a
−37.829 66(4) 90.04(3) −14.991 67(2) 96.99(2) −109.5039(1) 93.00(2)

DMC[J + SD] −37.8295(2)b 89.9(1) −14.9911(1)c 96.53(8) −109.487(1)c 89.9(2)
DMC[J + SD]@LDA ∗

−37.830 37(1) 90.503(8) −14.991 70(1) 97.02(1) −109.516 75(3) 95.343(5)
DMC[J + SD]@xKLI ∗

−37.830 44(1) 90.548(7) −14.991 43(4) 96.79(3) −109.516 86(3) 95.361(5)
DMC[J + SD]@LDA, ext. ∗

−37.830 71(4) 90.72(3) −14.991 83(9) 97.11(7) −109.5183(3) 95.62(5)
DMC[J +MD]a

−37.836 20(1) 94.287(5) −14.994 56(1) 99.322(8) −109.5206(1) 96.04(2)
DMC[J +MD] −37.840 80(6)b 97.27(4) −14.9938(1)c 98.71(8) −109.505(1)c 93.2(2)
aToulouse and Umrigar, 2008, Ref. 35.
bBuendía et al., 2009, Ref. 39.
cFilippi and Umrigar, 1996, Ref. 38.
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Optimization of the Padé–Jastrow factor from Eq. (4) deter-
mines b to be 1.56, 3.60, and 3.20 for Li2, N2, and C,
respectively.

Table I shows reference energies and the results from this work.
It confirms the well-known fact that the total energies from LDA are
not impressive, and the xKLI energies are close to the HF values.
VMC, as expected with our simple trial wave function, improves
the DFT results only to about 20%–50% correlation energy, while
Refs. 35 and 38 recover up to 80% with a single determinant and
high-quality Jastrow factors (not shown in the table). The DMC
energies from the real-space grid are in very good agreement with
the references based on basis sets, increasing the recovered corre-
lation in all cases but Li2@xKLI (where @xKLI, here and in the
following, denotes the origin of the orbitals). The improvement
ranges from about 0.5% to 0.8% for carbon, 0.1% to 0.6% for Li2,
and 2.3% to 5.7% for N2.

While LDA- and xKLI-based trial wave functions recover sig-
nificantly different amounts of correlation in VMC, the DMC ener-
gies are remarkably independent of the DFT functional, indicating
a strong alignment of their nodal structure. We also found the
Kohn–Sham orbitals of the LDA and xKLI to have remarkable spa-
tial similarity (not shown). Although slight deviations in the orbitals
could lead to larger differences in their determinant’s nodes and thus
the DMC energy, this does not seem to be the case in the systems that
we studied.

The review on single-determinant DMC results for Li2 of Bres-
sanini et al.,42 where basis sets up to 6s4p2d1 f were investigated,
exemplifies the challenges associated with finding a basis set that
reliably represents the nodal structure. Inclusion of some orbital
character even increases the DMC energy by decreasing the node
quality, while careful optimization of the basis set results in a very
accurate DMC energy of −14.9923(2).42 Considerable effort must
be invested to explore the large space of the basis sets even in the
case of a molecule as small as Li2.

In the real-space grid approach, convergence of the orbitals
and thus the nodal surface is very transparent and systematic, and
a situation where including “unsuitable” basis functions lowers the
nodal quality does not occur. We find a monotonous convergence
of the DMC energy as a function of our grid spacing, i.e., there
is only one parameter that is optimized. In practice, we do this
in seven steps, cf. the supplementary material Sec. S1. It is further
interesting to note that while on the one hand, the one-determinant
VMC energy of −109.4520(5) reported in Ref. 35 for N2 is notice-
ably lower than our VMC energy of −109.103 16(5) due to the better
Jastrow factor that was used in Ref. 35, on the other hand, our one-
determinant DMC energy using the real-space grid, −109.5183(3),
is lower than the literature value for the one-determinant
DMC energy35 of −109.5039(1).

The optimal nodes representable with a single determinant are
generally unknown, except for small systems of high symmetry.42

Taking the wave function of Ref. 42 as a proxy for this limit, the
nodal manifold from our real-space grid orbitals is within a third
of chemical accuracy to this proxy. To avoid misunderstandings,
we would like to again stress that our single-determinant calcula-
tions with a simple Jastrow factor cannot compete with more highly
refined DMC calculations in terms of the obtained total energies,65,66

but the purpose of our work is to demonstrate the advantages of
using a real-space grid.

B. Densities
The DMC density for Li2 based on a calculation that started

from LDA orbitals is shown in Fig. 2. The representation of the den-
sity uses the same grid as used for the orbitals. We plot the density
on a logarithmic scale to highlight its high resolution and global
smoothness. The density accurately shows its distinct features: the
nuclear cusps of purely exponential form are present at the Li nuclei.
The asymptotic decay is continuous up to radii of about 12–15 a.u.
and density values of order 10−7. Beyond this domain, the noise
slowly starts to increase in the low-density regime—an inevitable
feature of MC at low probabilities. Despite the density values ranging
from 10−10 at boundaries of the simulation box to 101 at the nuclei,
the density is smooth throughout the physically relevant domain.
Plotting the density with a linear instead of a logarithmic scale or
with iso-surfaces could not render any of the mentioned fluctua-
tions. Here, the beneficial effect of the spatially varying size of the PS
grid cells comes into play, effectively sampling larger bins in regions
of low density and small bins at the nuclei. The σ-type bond is visi-
ble between the atoms upon closer inspection; see Fig. 3 for a more
detailed view of this region.

Let us shortly estimate the computational demands to recover a
smooth density from QMC. With a total of Nr walker realizations
in a QMC calculation, any bin ω is stochastistcally visited by an
average of Nrn∣ω∣ walkers, where n is the average density over the
extent of the bin. For instance, bins at which the density of Fig. 2
has decayed to 10−8 have volumes of about 0.1 to 1a3

0. For those bins
to be visited 100 times during the QMC run, one requires a total
number of walker realizations of about 1010–1011. In our calcula-
tions of the density, we aim for Nr > 1011. To make efficient use of
our computational infrastructure, 6.4 × 105 walkers are propagated
in parallel. The number of propagation steps in our calculations
is around 6 × 105. In practice, we reach reasonable computation
times by parallelizing the calculations over several hundred cores.
Although the serial correlation is greatly reduced by the parallel sam-
pling, we used data blocking with a block length of 25 to reduce the

FIG. 2. Bare DMC density of Li2 based on LDA orbitals. The density is smooth
up to density values of the order 10−7, rendering the density without significant
noise to a radial extent of about 15 a.u. From there on, stronger fluctuations build
up until the density values are dominated by noise at distances of about 20 a.u.
The color reflects the magnitude of the density. Note that the curved (gray) lines
indicate straight lines in the PS coordinate system, but do not correspond to the
PS grid, which is more fine-grained.
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FIG. 3. Estimated error of the DMC@LDA density for Li2. From independent
density calculations, we estimated the standard deviation of a single density real-
ization. The dark blue line shows a realization of the density, while the light blue
halo region is its standard deviation. Note that the confidence band is the error of a
single realization, not of the mean of all calculations. For clarity of visualization, we
plotted the confidence band around the mean of all density calculations. The gray
crosses indicate the sampled densities. While the global plot scales the density
logarithmically, the insets do not.

remaining serial correlation in the sample averaged over the parallel
walkers.

To estimate the statistical error of the DMC density, we per-
formed ten independent calculations of the density. Standard statis-
tics yield the error halo for the DMC density, shown in Fig. 3 along
the molecular axis. The statistical error of the density in the phys-
ically relevant domains is not recognizable by eye. We again chose
to show the logarithmic density to visualize the asymptotic realm,
where the fluctuations of the density are bound to increase. We
heavily zoomed in on the most intricate features of the density: the
cusp, the inter-atomic partition, and an asymptotic region, where the
density is at the edge of actual physical relevance.

As expected, the error increases in the region far from any
nucleus, since only a small fraction of electrons ever visits this
region. However, even in the logarithmic representation, the error at
low density turns out to be quite small, with a relative value of about
6% at a density of 2 × 10−6. In the entire moderate to high-density
region, the relative error becomes negligible, effectively vanishing
within the linewidth.

Between the nuclei, the density takes values of about 6.6 × 10−3

and shows a variation stemming from the σ bond on the order
of 4 × 10−4 (difference from maximum to minimum), making it
a challenging region to describe accurately. The density’s absolute
(statistical) error constitutes about 2 × 10−5. Therefore, the relative
error of the density is in the range of 3 × 10−3. The density’s σ-bond
variation is resolved with an error of about 5%.

While increased stochastic fluctuations of the density close to
the grid foci are inevitable due to smaller bins, the wiggles in the
“cusp” inset are not of statistical origin only. As discussed in the
supplementary material, Sec. S1, some inaccuracies arise from con-
verting the discrete grid-representation of the orbitals’ derivatives to
continuous space.

The refinement procedure, presented in the supplementary
material, Sec. S3, can be used to remedy any of the remaining
artifacts discussed above. For example, a systematic error occurs
in the immediate vicinity of the nuclei due to the larger variance
that results from small bins, and the evaluation of the numeri-
cal derivatives, cf. supplementary material, Sec. S3. However, this
error is embedded in the much larger domain of exponential decay
due to the cusp condition; therefore, the proper cusp can read-
ily be restored with the extrapolation scheme that we discuss in
detail in the supplementary material. This analysis shows that the
acquired density is overall suitable not only for visual inspection but
also for subsequent analysis with high numerical requirements, e.g.,
inversion of the density to its Kohn–Sham potential.

The orbitals that build the trial wave function can have a
major influence on the DMC density. With a single-determinant, the
orbitals alone define the nodal structure and, therefore, the quality of
the DMC ground state. The electronic structure of the carbon atom
with four electrons in the up-channel and two in the down-channel
in combination with the orbital nodal line of the highest occupied
(molecular) orbital (HOMO), further discussed in Sec. V C, make
this system challenging to handle. The DFT densities of LDA and
xKLI differ significantly from each other, and thus, the carbon atom
is a well-suited, natural test case for investigating how DMC results
depend on the starting orbitals. The DFT and DMC densities (spin-
up) are presented in Fig. 4 for the carbon atom. The DMC energies
obtained from LDA and xKLI are very similar, compare Table I;
therefore, one would expect that their DMC densities should also
be similar. We find this to be true in the high-density regime. How-
ever, the DMC density shows a non-negligible dependence on the
functional at lower density, most prominently seen in the insets for
the asymptotic decay shown in Fig. 4 at z ≈ 5 a.u. For xKLI, the
DMC and DFT densities almost match, which underlines the quality
of the DFT density from xKLI. Since the xKLI approximation incor-
porates the correct −1/r asymptotic decay of the exact xc potential,
it is not surprising that it performs better than LDA, for which the
potential decays exponentially. The DMC@LDA density does not
fully converge to the DMC@xKLI density in the asymptotic region,
but one sees that the features stemming from the LDA are partially
corrected for.

The densities show a different peak value at the nucleus, leading
to the conclusion that the different methods locally predict different
densities. This is a side-effect of the density normalization since any
non-norm-conserving change in the density leads to a global mul-
tiplicative shift in the density and, therefore, different values at its
cusp.
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FIG. 4. Investigation of the orbital-dependence of DMC densities. We compare
the DFT and refined DMC (mixed estimator) spin-up densities for LDA and
xKLI orbitals for the carbon atom. The solid lines show the DMC densities and
the dashed lines their DFT counterpart. The values from LDA and xKLI are
represented in blue and red, respectively.

One might be surprised by the noticeable orbital-dependence
of the DMC density, given that the DMC energies hardly showed
such a dependence. However, the finding becomes understandable
at least partially as a consequence of the different character of the
observables. While both are evaluated with the mixed estimators,
only the density suffers from the mixed estimator bias. Therefore,
the DMC densities in Fig. 4 have a stronger dependence on the trial
wave function, as the DMC process samples ΨTΨ, not Ψ2. Another
reason for why the density shows a more pronounced dependence
on the starting orbitals than the energy is the “probability regime”
in which these observables are evaluated. While the energy is only
marginally affected by regions of low wave function probability, the
density is essentially capturing these regions with spatial resolution.
Thus, the energy depends only weakly on the quality of the nodal
manifold in low probability regions, if at all. The density, however,
can discriminate nodal quality differences in those low-probability
regions. Therefore, one can find different densities that yield very
similar energies.

We have found qualitatively similar results for Li2 and N2, but
on the quantitative level, the orbital dependence is much weaker for
these molecules than for the carbon atom. This can at least partially
be explained by the observation that the LDA and xKLI orbitals are

very similar for Li2 and N2 and thus essentially represent the same
starting point for DMC.

To assess the impact of the mixed estimator bias and its correc-
tion from Eq. (17), we next investigate the quality of the mixed esti-
mator extrapolation scheme from Sec. IV C. Therefore, we inspect
the DFT, VMC, DMC, and extrapolated density of the carbon atom
based on LDA orbitals shown in Fig. 5. While the detailed behav-
ior of the densities is not important to estimate the extrapolation
quality, the differences of the densities are, and especially the com-
parison of DMC and VMC results. While small in the core-valence
region, the density difference is noticeable at the cusp and in the
asymptotics. If the deviation of the density due to Ψ −ΨT is beyond
linear scaling, the extrapolation could not restore the unbiased den-
sity. From the densities generated with the LDA alone, one could not
draw a conclusion, since a second-order deviation cannot be reme-
died and we have no indication of leaving the linear regime. Luckily,
by comparison with the extrapolated densities generated from xKLI,
we can assert such behavior. The orbitals of xKLI differ significantly
from the orbitals of the LDA, as discussed in Sec. V C. These dif-
ferences are reflected in the QMC densities. If the extrapolation was
incorrect, LDA and xKLI would yield different extrapolated densi-
ties. In Fig. 5, we plot all the densities, including the extrapolated

FIG. 5. Demonstration of the quality of the mixed estimator extrapolation: plots of
the DFT, rVMC, rDMC, and erDMC densities for the carbon atom based on LDA
and the erDMC density from xKLI orbitals. Although DFT, VMC, and DMC lead to
somewhat different densities in certain regions of space, the extrapolations based
on xKLI and LDA align perfectly. This is not due to LDA and xKLI being the same
starting point; see Fig. 4. All the densities are spin-up densities.
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ones. The extrapolated xKLI density is in perfect agreement with the
one based on LDA; this not only indicates that the deviations remain
within the linear regime but also verifies the extrapolation. The bias
of the mixed estimator, therefore, can efficiently be eliminated. We
note in passing that for Li2 and N2 also the extrapolated densities
from LDA and xKLI are in good agreement.

C. Orbital nodal features in the carbon atom density
The energy minimizing density that one obtains for the carbon

atom with the LDA or EXX functionals is not spherically symmet-
ric. The 3Π0 ground state is reflected in a single-particle occupation
scheme that follows Hund’s rule, 1s22s22p2

↑↑. While the spin-down
channel has no explicit p-orbital character, in the spin-up channel,
the two (degenerate) HOMO orbitals are of p-type with l = ∣m∣ = 1.
Schematically, one can think about their angular dependence in the
form

φH(r, ϑ, ϕ) ∼ r sin ϑe−Zr/2e±iϕ, (18)

although one should keep in mind that the orbitals realized in an
actual DFT calculation are not of the exact hydrogen-orbital form of
Eq. (18). However, this form illustrates the aspect that is decisive for
the following discussion: this carbon-atom density realizes the spe-
cial situation of a nodal surface in the orbital density of the highest
occupied orbital(s),69 with a nodal line along the z axis, where ϑ = 0.
Situations with a nodal surface of the highest occupied orbital have
found special interest in DFT,28,30,32,33 e.g., because of their possible
consequences for the asymptotic structure of the xc potential.

The nodal surface induces a non-spherically symmetric decay
of the carbon atom density of the following schematic form:

n = nR + nH = nR + 2∣φH∣
2, (19)

where nR is the residual density without contributions from the
HOMO orbital. While the HOMO orbital dominates the exponen-
tial decay anywhere except ϑ = 0, the HOMO-1 orbital governs the
decay along ϑ = 0, or z = 0 equivalently. Since DFT guarantees an
exact density for the exact xc potential, the density has solid phys-
ical meaning—beyond any doubts about the auxiliary character of
Kohn–Sham quantities such as eigenvalues and orbitals.

In the following, we analyze densities that result from DMC cal-
culations, i.e., from beyond the single particle representation, with
respect to the question of whether they show the characteristic fea-
tures that are associated with the nodal surface. To this end, we
calculate two densities, DMC@LDA and DMC@xKLI, and analyze
their asymptotic decay.

We implicitly define the spatially resolved asymptotic exponen-
tial decay rate γ for a density n by

n(r) = n0(r̂)exp−γ(r̂ )r (20)

at ∣r∣→∞, where r̂ = r/∣r∣. As any bound density decays exponen-
tially,70 γ can at most depend on the angles, γ(r̂) = γ(ϑ, ϕ), for large
∣r∣. Due to symmetry restrictions from the PS coordinates and the
doubly occupied p-type orbital from Eq. (18), γ in our case can only
depend on ϑ.

We now aim to quantify the value of γ(ϑ) for different angles
ϑ. For every ϑ, we consider a straight line starting from the car-
bon atom and forming an angle ϑ with the z axis; see Fig. 1 for a

FIG. 6. DFT and eDMC density along the z axis (ϑ = 180○) and the angle ϑ = 90○

are shown for the functionals LDA and xKLI. We fit the graphs in the indicated
interval from 2.5 to 4 a.u.. Visually, it is difficult to distinguish the decay rates γ
(slope) from the amplitudes n0 (offset); see Fig. 7 for the angle-dependence of γ.
We plot the decay along ϑ = 180○ instead of ϑ = 0○, since the PS grid is more
fine-grained on the negative part of the z axis than on the positive side, see Fig. 1.

sketch. For example, ϑ = 0 represents a line from (0, zC) to (0, zmax)

in cylindrical coordinates, while ϑ = 90○ yields the line from (0, zC)

to (ρmax, zC). Along this straight line, we construct the density by
interpolating from its values on the PS grid. Such radially extending
slices of the density are shown in Fig. 6. Although the densities at
ϑ = 90○ and 180○ show a distinct gap in their magnitude, it is their
slope that holds the information about the decay rates. For every
slice, we fit the density along the line to the exponential form of
Eq. (20), omitting the core region (r < 2.5 a.u.) as well as the asymp-
totic region dominated by noise (r > 4 a.u.). This yields the decay
rate as a function of the angle γ(ϑ). The coefficient of determina-
tion in all fits exceeded 0.999, confirming that we consistently fitted
only the pure asymptotic decay with our choice for the radial inter-
val. Furthermore, we do not use the density from our refinement
procedure to calculate the decay rate.

The results are shown in Fig. 7 for eDMC and DFT densi-
ties based on LDA and xKLI. The decay rates from eDMC align
with the rate from DFT@xKLI. They approach their extrema at
0○ and 90○ with quadratic behavior, which reflects the node of sec-
ond order of the orbital-densities, since the HOMO orbitals have
a node of first order and the HOMO density results from squared
orbitals. The LDA underestimates the decay for all angles. This is a
consequence of the decay rate being coupled to the HOMO eigen-
value70 by γ = 2

√
−2εH and the well-known fact that εH of LDA does

not accurately reflect the true density decay. However, the decisive
observation is that also the DMC densities show a substantial change
in the decay rate when ϑ varies from 90○ to 0○ (or 90○–180○). Thus,
the DMC densities show the signature of the nodal line in a very sim-
ilar way as the DFT densities. The results further show that this is not
caused by the potential shortcoming of the DMC method to not be
able to change the density in the asymptotic region: One can clearly
see that the DMC calculation changes the density in the asymp-
totic region, as the decay rate of the DFT@LDA density is changed
significantly by the subsequent DMC calculation.

The finding that the density obtained from the DMC method
shows the characteristic features of the nodal line is of relevance in
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FIG. 7. Asymptotic decay of the densities is dominated by the lower rate of the
HOMO 2p orbital over a large range of angles, but approaches the larger rate of the
HOMO-1 decay of 2s-type when approaching the z axis or the angles 0○ and 180○,
equivalently. This behavior is observed irrespective of the functional or method.
The values of γ near an angle of ϑ = 0○ and 180○ show some noise. This is
due to the interpolation on the grid, which becomes a slightly inferior extrapolation
when approaching the z axis, since the grid points do not lie on the z axis directly.

the context of the question whether the (exact) Kohn–Sham poten-
tial can have a uniform asymptotic decay, or must be expected
to have unusual, potentially diverging features in some regions of
space: These different options have been discussed in detail based
on an expansion in Dyson orbitals in Ref. 32. Following the work
of Gori-Giorgi et al., the observation that the ground-state density
shows a different decay along the nodal surface leads to the con-
clusion that the corresponding (exact) Kohn–Sham potential can be
expected to decay regularly, without unpleasant surprises on or in
the vicinity of the nodal plane.

VI. SUMMARY AND CONCLUSION
In this paper, we report DMC calculations for atoms and

diatomic molecules based on orbitals that are represented on a
real-space grid. The grid representation allows for a systematic and
accurate convergence of the orbitals. With relatively simple single-
determinant trial wave functions, our calculations thus capture large
parts of the correlation energy. We furthermore discuss how the
electron density can reliably be calculated from a DMC calculation
based on the binning technique in combination with the mixed esti-
mator extrapolation. The fluctuations inherent to QMC calculations
can efficiently be suppressed by appropriate choices for the bins and
by exploiting exact properties of the wave function.

We investigate the dependence of the DMC results on the start-
ing orbitals by comparing QMC calculations that start from LDA
orbitals to ones that start from exact-exchange KLI orbitals. Densi-
ties show a greater dependence on the starting point than energies,
yet can also be calculated reliably over many orders of magnitude
and large regions of space. Using these techniques, we show that
nodal features that arise in the density of the carbon atom in a
DFT calculation as a consequence of building the density from
single-particle orbitals are also observed in the DMC density.

While in our work here, we use prolate spheroidal grids that are
tailored toward all-electron calculations in real-space, the techniques

that we developed are general and can also be used in combination
with other numerical setups, e.g., Cartesian grids with underlying
pseudopotentials. We hope that the accurate densities that can thus
be generated can serve as an input to different types of calculations
in the future, e.g., Kohn–Sham inversions that will allow obtaining
further insight into exact properties of DFT.

SUPPLEMENTARY MATERIAL

In the supplementary material, we publish our calculated den-
sities: for each system (Li2, N2, C), the densities for each method
(DFT, VMC, DMC), for each generating density functional of the
orbitals (LDA, xKLI), and for each spin-channel are available. In
addition, densities for different grids and from several independent
calculations are provided for Li2. The grid-dependence of the ener-
gies and the densities are examined in a convergence analysis for
the grid parameters in Sec. S1 of the supplementary material. Our
approach to deal with persistent walkers is explained in Sec. S2 of
the supplementary material. Furthermore, we present in detail our
refinement procedure to obtain smooth densities in Sec. S3 of the
supplementary material.
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