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ABSTRACT

This article investigates a multi-unit pay-as-bid procurement auction where the auctioneer fixes total spending and maximizes

the quantity procured with their predetermined, secret budget. Previous literature has analyzed fixed-quantity auctions, where

the traded quantity is fixed but unknown to the bidders. Compared to such auctions, budget auctions lower the auctioneer’s costs

by introducing an additional interaction between a bidder’s bids; bidders not only weigh a higher profit margin on a unit against

a lower probability of supplying that unit; a higher margin on some unit also reduces the probability that the budget suffices to

procure more units from the bidder.
JEL Classification: C72, D44, H57

1 | Introduction

In 2020, the Austrian telecommunications regulatory authorities
(TKK and RTR) used a reverse auction to procure mobile network
coverage for remote areas that had previously lacked an adequate
network infrastructure (RTR 2020). In the pay-as-bid auction,
each mobile network operator submitted a set of bids, each of
which specified the total subsidy they demanded for providing
coverage to a certain number of municipalities (TKK 2019). The
auctioneer selected the combination of the different bidders’ bids
that maximized the number of municipalities to which coverage
would be provided, subject to the constraint that the total subsidy
did not exceed a secret, predetermined budget (TKK 2019).

The Austrian spectrum auction can be considered the real-world
equivalent of the model in this article. The model describes a
novel strategic effect in bidding behavior. Due to the auctioneer’s
budget cap, there is an interaction between a bidder’s bids on
different units: A high bid on some unit reduces the residual
budget. Thus, fewer of the bidder’s bids can be considered.
Such a link between bids on different units does not have a
correspondence in previous literature.

This article derives the symmetric equilibrium in a budget
auction when bidders have the same cost function and share a
stochastic belief about the unknown budget of the auctioneer.
Previous literature (e.g., Holmberg 2009; Pycia and Woodward
2023) has considered the case where the auctioneer fixes the
traded quantity, which is unknown to the bidders. In a pay-as-
bid procurement auction in such a setting, when bidders raise
their bids, they trade off the additional margin on a particular
unit (price effect) with a decreased probability of realizing the
margin on this unit (quantity effect). By contrast, increasing the
profit margin on some unit also hurts the chances of realizing
the profit margin on other units in the budget auction. Higher
bids decrease the residual budget and therefore the probability
that bids on higher quantities can be served without exceed-
ing the auctioneer’s budget (budget effect). Consequently, the
auctioneer’s costs in a budget auction are strictly lower than
in a comparable fixed-quantity auction, that is, a fixed-quantity
auction with the same distribution of realized demand in terms
of quantities. The cost advantage of the budget auction is most
pronounced when traditional fixed-quantity auctions suffer from
soft competition, that is, when there are few bidders whose costs
exhibit strong diseconomies of scale.
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This article proceeds as follows. Section 2 discusses related
literature. Section 3.1 first explains the basic model setup for the
fixed-quantity and the budget auction. For ease of exposition, it
then briefly discusses the symmetric equilibrium in the fixed-
quantity auction translating the model from Pycia and Woodward
(2023) to the procurement context. Afterward, I characterize the
symmetric equilibrium in the strategically more complex budget
auction. Section 4 shows that the budget auction comes at a
lower cost to the auctioneer than a comparable fixed-quantity
auction. Section 5 discusses some of this article’s limitations
before Section 6 concludes.

2 | Related Literature

Traditionally, auction theory assumes that the traded quantity is
fixed in advance. In the “single-unit”, or rather, “’single-winner”
context, the analysis of auctions with an endogenous traded
quantity dates back at least to Hansen (1988). Dasgupta and
Spulber (1989) demonstrate that variable-quantity auctions are
optimal under plausible assumptions, both in cases with a single
winner and multiple winners. However, in contrast to typical real-
world auctions or budget auctions, implementing these optimal
auctions requires the auctioneer to possess extensive knowledge
regarding the bidders’ cost structure. Budget auctions, as a
specific form of auctions with a variable traded quantity, have
been discussed in the single-winner context by Dastidar (2008),
Deck and Wilson (2008), and Liu and Parlour (2014).

However, this article is better understood against the backdrop
of the literature explicitly characterizing equilibria in multi-
unit (multi-winner) auctions. Burkett and Woodward (2020b)
are a notable outlier in this literature because they consider a
discrete uniform-price auction with uncertainty over individual
bidder types. The rest of this literature, including this article,
rather follows Klemperer and Meyer (1989) in analyzing multi-
winner auctions with a continuous traded quantity and bidders
with an identical, known cost structure. Specifically, Klemperer
and Meyer (1989) consider a uniform-price procurement auc-
tion in which the bidders share a belief about the random,
downward-sloping demand function. They explicitly characterize
the potentially infinite number of symmetric equilibria. They
show that the equilibrium bidding functions lie in a band that
bounds them from above and below. If one were to adapt their
model such that demand is completely inelastic, that is, the
traded quantity is fixed in advance, this would correspond to
the uniform-price equivalent of the model of a pay-as-bid fixed-
quantity auction in this article. In such a model, the infinitely
many symmetric equilibria can be arbitrarily unattractive to
the auctioneer. These equilibria are called the “low-revenue
equilibria” of the uniform price auction. Their occurrence was
first observed by Wilson (1979).

For the pay-as-bid auction, Holmberg (2009) derives the symmet-
ric equilibrium for the reverse auction with completely inelastic
demand. Just like Klemperer and Meyer (1989), he assumes that
bidders have an identical, known cost function and share a belief
over the distribution of demand. However, for his model to work,
he requires that demand surpasses the suppliers’ production
capacity with a positive probability, which limits the applicability
of his results. Pycia and Woodward (2023) relax this assumption

in the context of a forward auction. Their model forms the fixed-
quantity baseline to which I compare the budget auction in
this article.

Pycia and Woodward (2023) also consider an endogenous traded
quantity in their analysis of random reserve prices. Random
reserve prices punish high bids by increasing the probability
that the increased bid will not be considered. This reinforces the
quantity effect and is, therefore, possible in both fixed-quantity
and budget auctions. Thus, the insights into secret reserve prices
complement the analysis in this article, which focuses on a novel
strategic effect deterring high bids by reducing the probability that
bids on other units are accepted.

For the uniform-price auction, some more articles consider a
variable traded quantity besides Klemperer and Meyer (1989).
These models address the issue of low-revenue equilibria by
allowing the auctioneer to restrict the traded quantity after
observing the bids (e.g., Lengwiler 1999; Back and Zender 2001;
McAdams 2007).! Like in this article, the threat to reduce the
traded quantity if bids are too unattractive to the auctioneer
prompts the bidders to reduce bid shading. However, the auction
designs from this literature can only be applied in the real world
under exceptional circumstances. Consider McAdams (2007), for
example. In his model, the auctioneer adjusts supply at will
ex-post, that is, does not make any commitment regarding the
traded quantity, and the bidders reveal their type truthfully as
a consequence.

The auctioneer could exploit this design by learning the bid-
ders’ types without trading any significant quantity and then
extracting rents from the bidders in trade outside the auction.
According to Rothkopf et al. (1990), the bidders’ unwillingness
to reveal their type is one of the main reasons for the scarcity
of second-price auctions in the real world. This concern is
mitigated in the pay-as-bid setting considered here. Further-
more, the auctioneer in this article does commit to a budget,
although the specific amount is not disclosed. Bergemann and
Horner (2018) and Allen et al. (2024) suggest that such opac-
ity regarding parts of the auction design is not unusual in
real-world auctions.

This raises the question of how the auctioneer can credibly
commit when the bidders cannot observe this commitment. Tillio
et al. (2016) argue that credible commitment is possible if the
auctioneer is indifferent between the available alternatives. How-
ever, this seems unlikely in most applications and is certainly not
the case for the budget auction. This suggests other mechanisms
by which the auctioneer can make their private commitment
credible exist. These include trust, as in the case of the Austrian
coverage auction, and trusted intermediaries, such as eBay, for
secret reserve prices on the platform. Theoretically, there are also
trustless solutions. For example, the auctioneer could publish the
budget in an encrypted document before and the encryption key
after the auction. However, it seems unlikely that procurement
agencies would opt for such a solution. Equally theoretically,
uncertainty over the budget could also stem from tying the
budget to a random but ex-post-verifiable outcome, for example,
proceeds from future auctions of emission allowances. Why the
auctioneer might want to implement an uncertain budget is
discussed in Section 5.
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3 | Model
31 | Setup

The auctioneer wants to procure multiple units of a homogeneous
good using a pay-as-bid auction. The main claim of this article
is that the auctioneer is better off when doing so using a budget
auction than when using a fixed-quantity design, which has been
analyzed by Holmberg (2009) and Pycia and Woodward (2023).

3.1.1 | Bidders

For both auction designs, assume that all of the n > 2 bidders
have the same marginal cost c¢(x) > 0 for producing the x-th
unit with 0 < ¢/(x) < 0.2 The bidders know each others’ costs,
whereas the auctioneer does not. The auction rules require each
bidder to specify a weakly positive, twice differentiable, finite, and
increasing bidding function b;(x), which denotes the marginal
payment bidder i demands for providing their x-th unit. I assume
that the submitted bid functions are smooth in the sense that they
have finite first and second derivatives for x > 0.3 The inverse of
b;(x) is denoted by S;(-). The auctioneer pays bidder i B;(x) =
/Ox[ b;(y) dy when buying x; units from them. I refer to B;(x) as
bidder i’s cumulative bids. The pay-off of bidder i when assigned
quantity x is

7,6, By) = B(x) — / ¢ dy.
0

3.1.2 | Fixed-Quantity Auction

In the fixed-quantity auction, the auctioneer procures X units,
whatever the costs of doing so are. The auctioneer minimizes the
total payments to bidders subject to the constraint that X units
are procured. In line with previous literature, assume that the
bidders do not know the quantity the auctioneer wants to procure
but believe that it is distributed on some interval [0, X] according
to the distribution function G(X) with G’(X) = g(X) > 0and X <
0. This setup for the fixed-quantity auction is the reverse auction
equivalent of the model from Pycia and Woodward (2023).

3.1.3 | Budget Auction

In the budget auction, the auctioneer intends to procure as many
units of the good as possible with the fixed budget A. Given the
submitted bids, the auctioneer solves the following optimization
problem to determine the quantity x; they buy from bidder i:

n
max Y. X
X1 Xp
n
s.t. 2 Bx) <A
Vi:x; >0.

Assume that each bidder submits bids at least up to the quantity
that the auctioneer wants to assign to them. The first-order
conditions of this problem imply that in an interior solution
with x; > 0 for all bidders, all bidding functions must have the
same value at their respective chosen quantity. Refer to this

unique value as the market (clearing) price. Consequently, with
increasing bids, the auctioneer procures all units for which the
demanded price is lower or equal to the market price.

The auctioneer’s budget is unknown to the bidders. They only
share a common belief that the auctioneer’s budget follows a
twice-differentiable cumulative distribution F(A) on [0, A] with
density f(A4) >0, A < o0 and f(A) < oo, as well as f'(4) < co.
The bidders’ beliefs are rational in the sense that A € [0, A].

3.2 | Symmetric Equilibrium in the
Fixed-Quantity Auction

Pycia and Woodward (2023) have extensively analyzed the fixed-
quantity auction. Proposition 1 summarizes their result on
equilibrium behavior.

Proposition 1. (Pycia and Woodward 2023) The symmetric
equilibrium in a pay-as-bid fixed-quantity auction, in which n
suppliers with costs c(x) believe that the demanded quantity is
distributed according to the distribution function G(-) on [0,X], is
described by

1-n X/n n-1
b(x) = c(x) +[1 - G(nx)] = / ) [1-Gny)] ™ dy.

Bids are strictly above cost for all but the last unit and equal cost for
the last unit.

To better understand the differences between the fixed-quantity
and the budget auction regarding equilibrium behavior, the fol-
lowing lays out the crucial steps in the derivation of Proposition 1.

As bids are increasing, there is a unique market clearing price p,
which ensures that demand equals supply, that is, },. 8;(p) = X,
and all units for which the bids are below p are supplied. The
quantity x; supplied by player i is implicitly defined by p = b;(x;).
Following Pycia and Woodward (2023), the probability that player
i supplies weakly less than x units given some set of strategies
b=(b,b_;)is

Prob.(x; < x;b) = G(x + Z ﬁ_,-(bi(x))>~

J#

Bidder i winning some quantity x implies a market clearing
price of b;(x), which means that the other bidders supply
E,- " B;(b;(x)) units. Consequently, overall demand must not
exceed x + Zj o B;(b;(x)) if player i is to win x units or less.
As shown by Pycia and Woodward (2023), this probability dis-
tribution allows us to write the expected profits of bidder i as

max  E[m]= /0 6,00 — 0] [1—G(x+26,~(bi(x))>] dx, (D)

J#

where X; =inf{x : G(-) =1}. The intuitive interpretation of
Equation (1) is that the profit margin on a particular unit must
be weighted by the probability with which it is realized. Due to
the pay-as-bid nature of the auction, the profit margin on some
quantity x is realized whenever the bidder wins x or more units.
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As there is (abstracting away from the monotonicity constraint
on bids) no interaction between the bids on different quantities,
the first-order condition to the bidder’s problem (1) is obtained by
point-wise maximization of the integrand. Holmberg (2009) and
Pycia and Woodward (2023) derive the first-order condition as

1-GX) [ - [bi(x) - ()] gX) Y Bi(bi(x) =0, ()

J#

Price Effect Quantity Effect
where the market clearing condition x; + Zj " B;(b;(x)) = X has
been used.*

The first-order condition in Equation (2) demonstrates the trade-
off between price and quantity effect. The first term represents
the positive effect of raising bids. In all cases where the bidder
wins more than x units, they benefit from additional revenue if
they increase b;(x) (price effect). The second term shows that
an increase in the bid on unit x reduces the probability that
the corresponding profit margin is realized (quantity effect). This
effect constitutes the competition aspect of the auction. If a
bidder demands a higher payment for some unit, the auctioneer
considers more of the other bidders’ bids first. This reduces the
probability that the bidder gets to supply the unit in question.

Given that the quantity assigned to bidder i is strictly increasing
in total demand X, Equation (2) allows us to gain further insights
into optimal bidding behavior. As long as total demand is lower
than X, the first term in Equation (2) is positive, such that the first-
order condition can only be satisfied if the corresponding bids
are above marginal costs. By the same argument, for the highest
quantity ever won, which is the quantity X; won when X = X,
it must be that the corresponding bid equals marginal cost, as
1 — G(X) = 0. Intuitively, the price effect of increasing the bid on
the last unit is zero, as the additional margin is only realized when
X = X. By contrast, the risk of losing the (profitable) unit when
increasing the bid remains.

Thus, we obtain the terminal condition b;(X;) = c(xX;). Taken

together with symmetry, that is, b;(x) = b;(x) Vi, j, this allows us
to write the symmetric equilibrium, based on Equation (2), as

1-n x
b(x) = (n—D[1-G(nx)] / [1-G(ny)]7/" g(ny) c(y) dy 3

where %; = ¥ = X/n. Integration by parts results in the formula-
tion of Proposition 1.

3.3 | Symmetric Equilibrium in the Budget
Auction

Next, consider the symmetric equilibrium in the budget auction.

3.3.1 | Bidder’s Problem

Given a strategy profile B = (B;, B_;), for bidder i to win x units
or less, it must be that the budget suffices at most to pay for the x

units of bidder i and the Zj i B;(b;(x)) units that the other bidders
will supply in this situation, that is,

Prob. (x; < x;B) =F<B,-(x)+ Y B, (,Bj(bi(x))>.

J#

As before, the bidder’s expected profit is given by weighting the
profit margin on some unit x with the probability that the bidder
wins at least x units. The problem of bidder i is

max E[ 7] = /021 [b; (x) = ()] [1—F<Bi(x)+ > B (ﬁj(bi(x)))]dx

B; (x)

=W (B;,bj.x)
(4a)
B(0)=0 (4b)
Bi(%)=A- ) B;(B,(b,(x))) . (40)
Jj#i
=¢(b;.%;)

The bidder’s best response problem comes with two boundary
conditions. First, by construction, cumulative bids start at zero.
Second, the interval of relevant quantities is endogenously deter-
mined by the considered bidder’s bids. As bids are increasing, the
highest quantity a bidder can win is the quantity the bidder wins
when the auctioneer auctions off the highest possible budget A.

3.3.2 | Strategic Effects

A closer look at Equation (4a) reveals that the bid on some unit x
is chosen according to three considerations:

1. Its effect on the profit margin on unit x (price effect).

2. Its effect on the probability of realizing the profit margin on
unit x (quantity effect).

3. Its effect on the probability of winning units y > x (budget
effect).”

The price effect is reflected in the first bracket of the integrand
in (4a). The quantity effect is described by the second summand
in the distribution function. It reflects competition in the sense
that it determines the order in which the different bidders’ bids
are considered by the auctioneer. As was seen in Section 3.2,
the trade-off between price and quantity effect characterizes the
equilibrium in the fixed-quantity auction. The budget effect,
which is reflected in the B;(x) in the distribution function, has
no correspondence in the fixed-quantity auction. To make the
distinction between the effects clear, think of bids and cumulative
bids as independent variables. In this case, demanding a higher
total compensation does not contribute to profits. However,
it reduces the residual budget and thus makes it less likely
that the budget suffices to buy further units from the bidder.
Interestingly, in contrast to the quantity effect, this negative effect
of raising bids is not a competition effect. It is not about the
relative attractiveness of the different bidders’ bids. Rather, higher
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cumulative bids of a bidder shift the probability of winning higher
quantities downward independently of what the other bidders do.

3.3.3 | Equilibrium Bidding Behavior

As the bidder’s problem from (4a) includes an interaction
between the bids on different units, the first-order condition for
this variational calculus problem is (see, e.g., Chiang 1992)

ov d ¥ !
a—Bi—aa—bi—O. (5)

Roughly speaking, ¥ /dB; represents the budget effect, 3¥/db;
is the balance of price and quantity effect, and the d /dx accounts
for the relation between bids and cumulative bids. The relevant
derivatives can be found in Appendix A.1. Using symmetry, that
is, b(x) = b;(x) = b;(x) Vi, j, the Euler equation emerges as the
third-order differential equation®

P L4 [ _ () _dWw
b7 (x) = b(x)[b(x)—c(x)] 3b(x) (nfl)c(x) b’(zx b(x) )
f'(nB(x)) [b(x)]
+n b(x)—c(x .
f(nB(x)) [5(x) (] b’ (x)

The two boundary conditions in (4b) and (4c) eliminate two
degrees of freedom. The initial condition (4b) removes the first
degree of freedom. The second piece of information lies in the
terminal condition from (4c). For the symmetric case, this implies

B(x)=Z=. ™

3|D>|

However, Equation (7) only pins down the level of cumulative
bids at the last unit but does not tell us what the last unit
is. Appendix A.2 shows that the corresponding transversality
condition implicitly defines the last unit through b;(X;) = c(%;).
Equivalently, for the symmetric case, where X = x; = X;, we have

b(x) = c(X). ©))

Equation (8) says that the last unit should be chosen in such
a manner that all opportunities to realize additional profits are
exhausted; that is, there is no positive margin on the last unit.
Put differently, of the three strategic effects discussed earlier, only
the price effect favors higher bids. However, as the weight bidders
attach to the profit margin on the last unit is zero, it is absent for
the last unit. The only effect active on the last unit is the quantity
effect. Thus, the last unit should be offered at marginal cost.

Finally, Appendix A.2 shows that the smoothness assumption on
b(x) implies

b(®) = 5~

: 11 (5. )

Any increasing continuation of the bidding function beyond
X stabilizes the equilibrium.” Proposition 2 summarizes the
findings on the symmetric equilibrium.

Proposition 2. The symmetric equilibrium in a pay-as-bid
budget auction, in which n suppliers with costs c(x) believe that
the budget is distributed according to the distribution function F(-)

on [0,A4), is described by Equations (4b) and (6)-(9). Bids are
increasing and strictly above cost for all but the last unit. Bids equal
costs for the last unit.

In addition to the previously discussed, Proposition 2 claims
that bids are above marginal cost and satisfy the monotonicity
constraint imposed in the model setup. The corresponding proofs
and the second-order conditions are relegated to Appendices A.3
and A.4, respectively. Generally, there is no closed form for the
symmetric equilibrium.

3.3.4 | Example

The following example, which allows for a closed-form repre-
sentation, will later serve to illustrate the cost advantage of the
budget auction. Consider the case where n = 2, ¢(x) = ax +,
and A ~ U [0, A] with a,y, A > 0. The symmetric equilibrium is

V36y2 +60adA+9y «
+Zx

b(x) = 15 3

The second-order condition for this example is discussed in
Appendix A.4.

4 | Cost Advantage of the Budget Auction

Auctioning off a secret budget instead of an unknown quantity
introduces an additional consideration into the bidders’ decision.
Under both auction designs, when raising bids, the bidders need
to weigh additional profits on a unit (price effect) against a lower
probability of realizing them (quantity effect). However, in the
budget auction, increasing the bid on some quantity has the
additional adverse effect of making it less likely to win higher
quantities, as the auctioneer runs out of budget “earlier” (budget
effect). Therefore, intuitively, the budget auction should be more
attractive to the auctioneer.

Testing this hypothesis requires fully specifying the distribu-
tions in which bidders believe under the two auction designs,
respectively. Luckily, the bidders’ knowledge of equilibrium bids
allows them to seamlessly move between expectations over total
spending and the procured quantity. Given their equilibrium bids
in the budget auction, the bidders can map every potential budget
into a quantity, which the auctioneer procures with that budget
in total. Thus, the bidders can directly translate the probability
distribution over budgets, which describes their beliefs in a bud-
get auction, into a “’corresponding” probability distribution over
the number of units procured by the auctioneer. This correspond-
ing distribution describes the bidders’ belief in a comparable
fixed-quantity auction.

For the case of symmetric bidders, the number of units X the
auctioneer procures in a budget auction with a given budget
is implicitly given as A = n B5(X/n) (where the superscript B
denotes the budget auction). Thus, the probability that the auc-
tioneer procures less than X units is equivalent to the probability
that the budget does not exceed nB?(X /n). Therefore, the bidders
believe that the auctioneer’s demand follows the distribution

G(X)=F(nBE(X/n)) (10)
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in the corresponding fixed-quantity auction. These correspond-
ing auctions can also be generalized to bidders who do not bid the
same in equilibrium because they are asymmetric. In this case,
we can write the budget needed to procure a given total quantity
through a budget auction as a function of the quantity x; supplied
by bidder i. We then get

Gx) = F(Bf(x» + Y B! (b?(x,-»)) ()

J#i

with the implicit definitions A = B?(x;) + Z,— 2 Bf(ﬁf(bf(xi)))
and x; =X — Z#i 6f(bf(x,-)). This gives §(X) = f(~)§—:%
f(bP(x;) because a marginal change in the procured quan-
tity must be scaled by the corresponding payment. Comparing
equilibrium bids in a budget auction with the corresponding
fixed-quantity auction yields two results. First, directly formaliz-
ing the intuition from the previous section, when fixing the other
bidders’ bids, a bidder’s best response is to bid higher in in the
fixed-quantity auction than in the budget auction (Proposition 3).
Second, for symmetric bidders, this also entails lower equilibrium
bids in the budget auction (Proposition 4).

Proposition 3. Consider a fixed-quantity auction with demand
normalized according to Equation (11). Fix the bids of bidders j # i
in the fixed-quantity auction at the level of their equilibrium bids
in the corresponding budget auction, that is, b;(x) = bf (x). Then,
some bidder i’s best response is to bid b;(x) > biB(x)for X < X;.

Proof. Consider the best response b?(x) of bidder i in the budget
auction. It has them bidding truthfully on the last unit they
receive (see Appendix A.2). With reference to Equation (A2),

this means that :T‘I; = 0. This formalizes the intuition that
i X=X

the optimal bid equalizes price and quantity effect because the
budget effect is absent for the last unit. However, the bidder’s best
response has him bid below the level that would balance these

two effects for all other units, thatis, Vx < x; : % > 0. Formally,

the bidder’s best response entails bidding above costs for these
units (see Appendix A.3). Thus, there is a budget effect in the
sense that Vx < X; : % < 0, as can be seen from Equation (Al).

Therefore, by the first-order condition (5), Vx < x; : di ;Tq; <0
X i
It follows that along the equilibrium path Vx < X; : :Tq; > 0. The

normalization of demand implies that ;b—q; is equivalent to the
derivative in the first-order condition of the bidder’s problem
in the fixed-quantity auction if evaluated at b;(x) = b?(x) Vi.
Intuitively, the normalization ensures that the density attached
to every unit is the same under both auction designs such that
price and quantity effects are identical. If the bidder’s problem in
the fixed-quantity auction is well behaved, that is, concave in b;,

the level of their best response bids is above bf(x). O

Although Proposition 3 demonstrates the incentive wedge
between comparable budget and fixed-quantity auctions, it does
not have direct implications for the equilibrium outcomes.
Proposition 4 entails those at the cost of restricting attention to
symmetric equilibria. It shows that equilibrium bids in a budget
auction, denoted by b®(x), are lower than the equilibrium bids,

bQ(x), in a comparable fixed-quantity auction, where demand is
normalized according to Equation (10).

Proposition 4. If demand is normalized according to (10), bids
in the symmetric equilibrium are lower in the budget auction than
in the comparable fixed-quantity auction:

bP(x) <b™(x) Vxe[0,x],

where the inequality is strict for x € [0, X) and the superscripts FQ
and B denote the fixed-quantity and budget auction, respectively.

The result of Proposition 4 is very strong in that it postulates that
every single unit is less expensive in the budget auction.

The equality of bids for the last unit follows from the fact that
the maximum number of units an individual bidder supplies is
identical between the corresponding auctions by construction.
As bidders do not have a positive margin on the last unit under
both auction designs, the bids on the last unit are identical
in the corresponding auctions.® The proof of the remainder of
Proposition 4 is relegated to Appendix B. A sufficient condition
for higher equilibrium bids in the fixed-quantity auction is that
ow

— > 0 for x < x. This means that in a hypotheti-
0b; | B;=B;=BB b;=b;=bB

cal situation without budget effect, bids should be higher than in
the equilibrium of the budget auction. As the budget effect pulls
toward lower bids, this is the case. Formally, the proof of this is
analogous to the one in Proposition 3.

4.1 | Example

Let us revisit the example from Section 3.3. Equilibrium bids
in the budget auction with n =2, ¢(x)=x, and A~ U[0,1]
are BF(x) = 1/6 x + 1/60/15 x. The probability that less than X
units are procured, that is, the corresponding distribution in the
fixed-quantity auction is’

5 60
G(X) = Prob.(A < ZBB(%()) = %Xz + g

X.

The left panel of Figure 1 plots the difference between the bids
in the two auction designs, that is, b(x) — b5(x). Bids converge
in the quantity supplied. Intuitively, the budget effect, which
explains the difference between bids in the first place, becomes
less relevant with increasing quantities. Both margins and the
weight attached to them decrease in the quantity supplied.
Consequently, the budget effect gives less and less reason to lower
bids to increase the probability of realizing the margins on higher
units as the quantity increases.

The right panel of Figure 1 shows the auctioneer’s total cost
of procurement in the budget auction as a share of the total
procurement costs in the corresponding fixed-quantity auction,

that is 1B/
’ nBFQ(X/n)
the budget auction are between roughly 96% and 99% of the

procurement costs in the fixed-quantity auction.

. In this example, the procurement costs in

Evidently, the size of the cost advantage of the budget auction
varies with the model parameters. In particular, we are inter-
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FIGURE 1 | The difference between the equilibrium bids in the fixed-quantity auction and the equilibrium bids in the budget auction to which it
corresponds (n = 2, ¢(x) = x and A ~ U[0, 1]). On the left: difference in bids, on the right: total costs of procurement in the budget auction as a share of

the total costs in the corresponding fixed-quantity auction.

ested in the impact that some specific model parameter, say n,

has on the relation of total procurement costs under the two
d BB(x)

. This
dn BFQ(x)

auction designs; that is, we would like to know

requires gauging the relative size of <L BB(x) and diBF Q(x) for
Vx < x. However, the established app;oaches to doinng analytic
comparative “’statics” on the equilibrium paths do not allow to
do so. Even though Oniki (1973) generalizes comparative statics
via implicit differentiation of the first-order condition to the
dynamic context, his approach only allows signing the relevant
expressions by drawing a phase diagram of the corresponding
system of linear differential equations. Similarly, the primal-dual
methodology, comprehensively set out in Caputo (2005), uses
the information contained in the second-order conditions to sign
the effect of parameter changes on the optimal paths integrated
over the entire planning horizon, that is, fo * % BB/FQ(x) dx in the
case at hand. Thus, these approaches do not permit extracting
the necessary information on the relative size of the impact of a
parameter between the two auction designs in the absence of a
closed-form solution. Consequently, the following only provides
suggestive evidence on the economic contexts favorable to the
budget auction based on numeric calculation.

The budget auction reduces competition problems faced by fixed-
quantity auctions. Put differently, the cost advantage of the
budget auction should be particularly large when fixed-quantity
auctions suffer from soft competition. The general intuition is
that bids in the budget auction are reduced to increase the
probability of realizing margins on other units. As a consequence,
bids are reduced most strongly when the margins on these other
units are high, that is, competition is soft. Specifically, the budget
auction should have a stronger cost advantage over the fixed-
quantity auction when there are few bidders whose cost structure
exhibits strong diseconomies of scale.

Figure 2 illustrates these points based on numerical calculation.
The findings are robust to various specifications regarding the
form of costs and the underlying distribution. To numerically

construct a measure of the budget auction’s cost advantage, we
first need to determine equilibrium bids in the budget auction.
To do this, we can guess an arbitrary value for X, which fixes
B(%), b(x), b'(x) and b”(x) by Equations (7), (8), (9), and (AS8),
respectively. Using the Euler equation from (6), we can develop
the solution ‘““backward,” that is, calculate bids for ever lower
quantities. The correct choice of x is identified by forcing B(0) =
0. We can then numerically determine the distribution G(X), and
equilibrium bids in the corresponding fixed-quantity auction.

The left panel of Figure 2 plots the cost advantage, that is,
nBB(X/n)

nBFQ(X/n)’
two (solid line) but also four and ten bidders. As can be seen,

the fewer bidders there are, the lower the number of units the
auctioneer can procure with a given budget.'” Under both auction
designs, a decreasing number of players softens competition
and thus increases margins. Increased margins mean that the
budget effect becomes more relevant. Therefore, the relative cost
advantage of the budget auction increases when there are fewer
bidders.

for the previous example not only for the case of

For the same reason, stronger diseconomies of scale increase
the cost advantage of the budget auction, as can be seen in the
right panel of Figure 2. Again, the solid line corresponds to
the previous example, and solutions are obtained numerically. To
understand why diseconomies of scale increase profit margins,
first consider the case of a flat marginal cost curve. In this case, the
considered auctions would collapse into Bertrand competition
with bids competed down to cost. It is only when marginal
costs are increasing that bidders can realize profits because
other bidders who already supply a larger quantity cannot
exert full competitive pressure, as they are in a less favorable
cost position. Extending this logic, the faster costs increase,
that is, the larger the diseconomies of scale, the higher the profit
margins bidders can realize. As margins increase, the budget
effect becomes more relevant, and the cost advantage of budget
auctions increases.
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FIGURE 2 | Total costs of procurement in the budget auction as a share of total costs in the corresponding fixed-quantity auction. On the left:
comparison for a budget auction with c(x) = x, A ~ U[0, 1], and a differing number of players. On the right, the comparison is shown for a budget

auction with n = 2, A ~ U[0, 1], and differing cost structures.

5 | Limitations
5.1 | Uncertainty of the Budget

There are two reasons for introducing uncertainty regarding the
budget. From a theoretical point of view, without uncertainty,
the equilibrium from Proposition 2 only persists under the
assumption that the bidders bid below their costs on units they
do not supply in equilibrium. As this is weakly dominated
by an otherwise unchanged strategy with above-cost bids for
off-equilibrium quantities, such an equilibrium does not seem
plausible in real auctions. As the distribution converges to a point
mass on A, bids converge to flat bids at level ¢(x). The reason is
that there is no cost of making the own bids on the infra-marginal
units the bidder might lose, less attractive, as the density attached
to these units is zero. However, the bidders have an incentive to
deviate upward in this case. Consider the incentive of a bidder
i to marginally raise their constant bids from b; = c(%;). Their
profits for a constant b; > c(X;) are 7; = A — Zj i B;(B;(b) -
C(M) where A - 3, B,(8,(¢(%))) = A, If the other
bidders bid weakly above costs for x > X;, the deviating bidder’s

profits are differentiable for a marginal upward deviation in b;.
Then, the benefit of marginally deviating upward is

on, _0A_ (AN(OAL AN _A
ab; loeecany ~ b, \ B, J\ 30,5 ") "B T

Intuitively, the bidder only loses a non-profitable marginal unit
but gains a margin on all other units. It is easy to verify that the
same holds for fixed-quantity auctions.

From a practical point of view, some literature suggests that
clear focal points make collusive behavior more likely (see, for
example, Knittel and Stango 2003; Cramton and Ockenfels 2017).
This is often a major concern of practitioners. An unknown
budget can prevent collusion by eliminating the clear focal point
of evenly splitting the budget. However, if procurement agencies
are generally unable or unwilling to create uncertainty over the
budget, the results of this article remain primarily theoretical.

5.2 | Uncertainty of the Bidders’ Cost

The importance of an uncertain budget for the model hinges
on the assumption of common knowledge of costs among the
bidders. If their costs are private information, a symmetric
equilibrium in pure strategies likely persists with a known budget,
and collusion is harder as well. Consequently, an uncertain
budget may not be necessary. Not considering private costs is
the main limitation of the model in this article. However, there
is reason to believe that this does alter the strategic effect of
budget caps.

The budget effect probably carries over to a model with private
costs and a known budget: A bidder raising their bids curbs the
total demanded quantity and, thus, the quantity the bidder can
win. Fundamentally, the bidders’ problems share the same struc-
ture in both models, whether the probability of winning a certain
number of units corresponds to the auctioneer’s budget being
sufficiently high or the other bidders not being too competitive.

5.3 | Optimal Mechanism with Individual Bidder
Types

A model with individual bidder types and a known budget also
allows for the analysis of the optimal mechanism for procuring
the highest possible quantity with a given budget in a natural
setup. Such a perspective complements the findings of this article.
First, this article is not concerned with the optimal mechanism
but with the strategic differences between budget and fixed-
quantity auctions. Second, it does not model the auctioneer’s
uncertainty over the bidders’ costs explicitly. Thus, it does not
allow meaningfully answering the question of optimality.

If there is a continuum of bidder types, with high types having
unambiguously higher costs than low types, and it is com-
mon knowledge that types represent independent draws from
some distribution, the optimal mechanism for maximizing the
procured quantity with a given budget can be derived analo-
gously to Dasgupta and Spulber (1989). Participation constraints
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and incentive compatibility have standard implications, with
no information rents accruing to the least efficient type and
information rents reflecting the cost advantage of more efficient
types. However, the auctioneer always spends the same amount,
that is, the entire budget, as this allows them to procure a higher
quantity. Consequently, when all bidders are of the least efficient
type, demand is not distorted: as would be the case under perfect
information, the auctioneer only pays for production costs and
spends the entire budget. Thus, the same quantity as under
perfect information is procured. By contrast, the bidders always
make profits on inframarginal units in the budget auction.

5.4 | Endogenous Quality

The model also abstracts from quality considerations. These
could weaken the result of Proposition 4 if the more compet-
itive environment of the budget auction entailed a stronger
incentive for bidders to lower product quality and costs. However,
the marginal increase in expected profits a bidder can realize
by lowering their costs is identical in both auction designs due
to the dynamic equivalent of the standard envelope theorem
(see Caputo 1990). As profits are maximized with respect to
bids, a decrease in costs does not affect profits through bids. It
only increases profits to the degree that it reduces costs for the
(unchanged) equilibrium quantity. Thus, with the normalization
of demand in Proposition 4, reducing costs is equally attractive
under both designs.

5.5 | Preferences of the Auctioneer

Lower unit costs in the budget auction do not imply that the
auctioneer necessarily prefers the budget auction. The article
of Weitzman (1974) gives insights into how the preferences of
the auctioneer, which are not modeled explicitly in this article,
matter. In his model, the state either fixes a level of emissions
or their price. The market outcome regarding the other variable
is unknown to the state when it decides on its policy, as the
costs of market participants are uncertain. In the model of
Weitzman (1974), market participants do not behave strategically.
Consequently, the costs of reaching a given level of emissions
are identical under both policy options. Nonetheless, the state
normally prefers one option: By fixing the level of emissions
or their price for all realizations of costs, the state generally
misses the optimal outcome in any given situation. Roughly
speaking, the state should fix the price if the optimal price of
emissions is almost identical for all cost realization, whereas the
optimal level of emissions varies strongly and vice versa. An
auctioneer who chooses between a budget and a fixed-quantity
auction faces a similar problem. They fix either total spending
or the traded quantity, and the not-fixed variable varies with the
bidders’ unknown costs. The insights of Weitzman (1974) imply
that an auctioneer who wants to spend roughly the same amount
(procure the same quantity) for any realization of the bidders’
cost by tendency prefers a budget (fixed-quantity) auction. For
example, an auctioneer who intrinsically values spending exactly
their budget (for example, because of internal budgeting) tends
to prefer a budget auction. In contrast to the model of Weitzman
(1974), an auctioneer choosing between a budget and a fixed-
quantity auction must also account for the strategic differences

between the two. As the budget auction allows procuring a given
quantity at lower total costs, it gains in attractiveness compared
to a setting without strategic effects for most plausible preferences
of the auctioneer.

6 | Conclusion

This article has considered a pay-as-bid procurement auction, in
which the auctioneer maximizes the number of procured units
given a secret budget constraint. In line with previous literature,
the analysis assumed that the bidders are symmetric and share
a common belief concerning the distribution of the auction-
eer’s budget. Deriving the symmetric equilibrium of the budget
auction revealed that the budget auction introduces additional
strategic complexity in comparison to the case of an uncertain
but fixed quantity. In the budget auction, bidders not only weigh
higher profit margins against a lower probability of realizing
these same margins; higher bids also negatively influence the
probability of winning later units. If a bidder demands a higher
payment for some quantity, this reduces the auctioneer’s residual
budget such that it is less likely that the auctioneer’s budget
suffices to procure higher quantities from the bidder, which
lowers bids. Thus, the budget cap leads to a link between bids in
the bidders’ problem, which has no correspondence in auctions
with a fixed traded quantity. Due to this effect, bids in the budget
auction are lower than in an auction with uncertain quantity, in
which bidders believe in the same distribution of procured units
as in the equilibrium of the budget auction.
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Endnotes

LOther possible solutions have been explored, for example, by Kremer
and Nyborg (2004), Damianov (2005), and Burkett and Woodward
(2020a).

21t only makes sense for the auctioneer to conduct a multi-unit auction,
that is, source from multiple bidders, if marginal costs are increasing on
some relevant interval.

3This is important because in most cases, the symmetric equilibrium
in the budget auction can only be obtained numerically, which is
impossible with an infinite slope.

4Due to both technical reasons and the fact that Holmberg (2009) con-
siders electricity markets, he analyzes a somewhat different case, where
demand exceeds production capacities with a positive probability. The
model of Pycia and Woodward (2023) needs to be adapted to the case of
a procurement auction.

S>Technically, this formulation is somewhat imprecise, as a single bid
does not influence a bidder’s cumulative bids and, therefore, does not
influence the probability of winning y > x units.

The RAND Journal of Economics, 2025

663

858017 SUOWILLIOD 8A 18810 3(edldde aup Aq pauiencb aJe Ssjolie YO ‘8sN JO S9INJ o A%eiq1 78Ul UO A8]IAA U (SUORIPUOD-pUe-SW.BI W00 A8 | 1M AeIq 1 BU1|UO//SdNL) SUORIPUOD pUe SWiB | 8L 88S *[9202/70/20] uo Ariqiauliuo AB|IM ‘Uineideg BeysBAIUN Ad 8200L TLTZ-9G.T/TTTT OT/I0P/wod A8 | 1M ARIq pul|Uo//Sdny Wouy pepeojumod ‘v ‘SZ0Z ‘TZTZ9SLT



SNormally, the Euler equation is a second-order differential equa-
tion. However, simultaneously determining all bidders’ mutual best
responses adds a degree of freedom.

7Off-equilibrium quantities are only relevant, if a deviating player
reduces the maximum quantity they win. This would either require
bi(%;) > c(X;), or by(%;) = c¢(%;) < bj(¥;) = c(X;), where i # j and X; >
X;. In either case, the bidder could profitably win further units.

8The convenient property that the relevant part of the bidding function

spans the same interval also explains the choice of the budget auction
as the baseline for the comparison.

9Bids in the corresponding fixed-quantity auction are b¥Q(x) = %x -
\/_ﬁ 4 27\/§arccos(g(5x+2\/1>5)).

5 24/225-75x2-601/15x

10This is due to increased competition and total social costs for producing
a given quantity decreasing with more producers.

1 Stronger diseconomies of scale here are interpreted as ““more convex”
cost functions. In the example, this is formalized analogously to utility
functions with constant relative risk aversion. The finding regarding
bidders’ cost is not driven by the more convex cost functions resulting
in lower costs for relevant quantities.

2The strategy b;(x) is of course inadmissible as a solution because it
has jump discontinuities at x, and x;. However, the optimal solution is
continuous, as can easily be seen from setting the bidder’s problem up as
a problem of optimal control, which would allow jump discontinuities
in b;(x).

13Note that this proof is out of proper logical order.
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Appendix A: Proof of Proposition 2
A1 | First-Order Condition

The relevant derivatives for the first-order condition given in (5) are
o

35, = ~1bi) — N Bix) + éBj(ﬁﬂbi(x»)% (A
J#i

o= 1 FB(x)+ 2., B8, (b,) -
=[bi(x) = cCOIf Bi(x) + X 1, Bj(B;(b;()N) Ty bi()B] (by(x)),
and
d (oY , ,
dx (a_b,> =-f0) [bi(x) + ; bi(x) B3(bi(x)) b; (x)]
~[bj) = (] FO) Y bilx) B (b))
J#i
=[bi(x) = c(x)] {f’(') [b,—(x) + Z bi(x) Bj(bi(x)) b{(x)]
J#i
X Y bi(x) Bi(bi(x) + () Y bl(x) B (bi(x))
J# J#i
+f() Z bi(x) B (bi(x)) bf(x)}~ (A3)
J#
Searching for a symmetric equilibrium with b(x) = b;(x) = b;(x)Vj, furthermore gives ﬁ‘;. (bi(x)) = @ and ﬁ;.’ (bi(x)) = _[Z'/;();])3' Using these

symmetry conditions together with the derivatives in Equations (A1) and (A3) in the necessary condition from Equation (5) gives Equation (6).

A2 | Definitizing the (numeric) Solution to the Characteristic Differential Equation

Definitizing B(x) and b(X): The highest quantity a given bidder can win, is determined according to the terminal curve B;(X;) = ¢(b;, X;). Based on the
general transversality condition for the endpoint of a variational problem, the Euler-Lagrange equation of the considered bidder’s best response problem

from Equation (5) is completed by B;(X;) = ¢(b;, X;) and [P(-) + (%;b(-) - b; (x))%] x—x, = 0 (see e.g., Chiang 1992). These conditions translate to

Bi(x) + Y B;(Bi(bi(%) = A (a4)
J#i
and given Equation (A4)
<Z bi(x;) 5;(bi(2i)) bi(%) + bi(x)> [bi (%) — c(®)] £ (A) Z bi(x;) ﬁ;(bi(x)) =0. (A5)
J#i J#

By assumption f(A) > 0 and bids of all players are positive and increasing, such that Equation (A5) implies that

bi(%;) = c(%;). (A6)

For the symmetric equilibrium, the transversality conditions from Equations (A4) and (A6) give Equations (7) and (8).

Definitizing b’(%): Given that for a response of i to be optimal, it must be that b;(X;) = ¢(X;), the first-order condition of bidder i’s problem obtained by
using Equations (A1) and (A3) in Equation (5) simplifies substantially. Making use of the assumptions that f(A), f’(A), as well as the derivatives of the
bidding functions, are finite, several terms vanish such that the simplified first-order condition emerges as

c(x;) 1
b'(x) = L —. (A7)
A N -ACED)
As, in equilibrium, this condition must hold for every player, we can use symmetry to obtain the formulation in Equation (9).
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Definitizing b”(x): The formulation of b” (%), as given in (6), cannot be used for the numerical approximation of the symmetric equilibrium, as it is
indeterminate. This can be seen by substituting the expression for b’(x) from (9) and noting that b(x) — ¢(x) = 0. Applying Hopital’s rule to (6) yields

b () = ' @r’ [3,),()_6) _ 1Y) ey _ o) X
b(x) b (©)-2¢/ ()] (n-1) LY® (A%)
n LOBE) 1y gy B |
f(nB(x) b (%)

A3 | Properties of Equilibrium Bids

Bids are Above Marginal Costs: Consider a bidder i with bidding function b;(x) who, on some arbitrarily small, relevant interval [x;, x,] of strictly
positive length, bids weakly below marginal costs. Furthermore, assume that the bidder also has a weakly positive margin on the interval [x,, x3] with
X3 — X, = X, — Xx; and x3 < %;. Consider the alternative bidding function

bi(x) +¢ for x € [x1,x,]
b;(x) = 4 bj(x) — d¢ for x € (x,, x3]
b;(x) else,

where § > 1 and x3 = [(1 + §)x; — x1)]/8. For an appropriate choice of § the bidder would profit from choosing a positive €. Because both b;(x) and
B;(x) are unchanged outside the interval [x;, x3], the marginal effect on profits of increasing ¢ from 0 is

X x3(8)
" /xl [1 - F<B,-(x) + Z B; (ﬁj(bi(x)))>] dx — / 8[1 - F(-)] dx

i ©

OF([7;]
de

- / [bi(x) = ()] f() [(x —x)+ ), bi(x)lg;-(bi(x)):l dx

x1 J#i
<0 (A9)

x3(8)
+ / [6:x) = (1 ()8 Y. biCo)B)(by(x)) dx

X2 J#i

x3(8)
- / [b;(x) — ()] f() [(x2 = x1) = 8(x — x3)] dx.

X2

OE([7;]
Toe
(e = x)[1 = F()lx=x, = 6(x3 = x2)[1 = F(:)] =y, > fxf 8[1 — F(-)]dx. The second line is positive due to the weakly negative margins in the interval.
Lastly, all terms in the integrand in the third line are positive. The integral in the fourth line is decreasing in § and converges to zero as § — . It follows
that for high enough &, the expression in (A9) is positive and there is a profitable deviation from b;(x).1? This argument also holds if the bidder does not bid
above costs for x > x,. As a consequence, the profitability of a deviation to b;(x) shows that a bidder’s best response cannot include below-cost bidding.

For high enough &, le=o > 0. To see this, note that the first three lines are each (weakly) positive. The first line is positive because /X’iz 1-F(-)dx >

Monotonicity of Bids: Equation (9) establishes that b’(x) > 0. Against the backdrop of Equation (B2) the slope of equilibrium bids for x € [0, X) can
be written as’®

b'(x) = b (x) — Ab'(x). (A10)

Given Equations (B1) and (B3), we can write

b'(x)=(n-1[1-FOI"" f()bx) [b(x) = e(x)] = (n = 1)[1 - F(-)JPTn Ab'(x) > 0. (AIL)

It was shown above that b(x) > c(x) for x € [0,%) and Appendix B shows that Ab’(x) <0 for x € [0,X). Thus, Equation (All) establishes the
monotonicity of bids.

A4 | Second-Order Condition

General Case: The most straightforward way to ensure that the symmetric equilibrium candidate described by Equations (6)-(9) does indeed constitute
an equilibrium is to make sure that the integrand of a unilaterally deviating bidder’s profit function is globally concave. Although, depending on the case
at hand, weaker conditions might be given, I will state the conditions for the strict concavity of ¥(-). For the deviating bidder i, the integrand of their
expected profits is

W(B;, by, x) = [by(x) = c(x)] [1 — F(B;(x) + (n — 1) B(B(b;(x)))]. (A12)

Strict global concavity requires that for any B; and b; the corresponding quadratic form is negative definite. In particular, it must be the case that

2
2. 2. 2. 2
“’2<0and“’2x”2—(”) <0 (A13)
a(b;) a(b;) 3(B;) ob; 9B;
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for all (B;, b;), where

S = 2= D OB DF =[5 () =N ' () [(n= Db ()6 O]
2 ~(n=1) [5,(x0) = eI () (B )+ (0" (),
o == (b () (1 (Y and 2 == () = (n=1) [b () = e (D)1 (b ()8 (.

The condition of global concavity can be weakened, as any maximum of a bidder’s expected profits can only be located in the area where b;(x) > c(x).

Example from Section 3.3: Assume that the continuation of the bidding function for off-equilibrium quantities is differentiable and weakly concave.

2
The problem satisfies concavity given that only cases with b;(x) — c¢(x) need to be considered. In this case dib‘; < 0. Furthermore, due to the uniform
i
2 2
distribution a((aB_w)Z =0and a: :; = —1. Thus, the second-order condition is satisfied in the example.
i i ODi

Appendix B: Proof of Proposition 4

The main text establishes that b"?(x) = bB(x). It remains to be shown that b¥Q(x) > bB(x) for x € [0, %). Based on Equations (3) and (10), bids in the
corresponding fixed-quantity auction are

1-n X
b*(x) = (n - D[1 - F(nB())] = / [1=FOI" fO P c() dy. (B1)
X
Noting that bids in the budget auction can be written as

BP(x) =(n-D[1-F(nB*(x)] " u(x){;[l —FOI" £ BB () bE (y) dy,
where u (x) = b (x) R

1-n - n-1
bB (Cx)+[1-F(nBE (x))] 7 [ [1-F(nBB ()] 7 bF' () dy

the difference in bids, Ab(x) = b¥Q(x) — bB(x), is

-1/n

Ab(x) = (n=D[1-FC) 7 / [1-FOI " fOLP®) [e() — u(x) b (3] dy. (B2)

Given that we are considering x < X, the hypothesis that Ab(x) > 0 is equivalent to

. * -1/
Ab(x) = / [1-F(nB5(»)] " F(nBE()) bE(y) [e(v) — u(x) bB(»)] dy > 0. (B3)
X
Because )1{1H)1€ ADB(x) = 0, a sufficient condition for inequality (B3) and by extension Ab(x) > 0 for x < % to hold is that Ab’(x) < 0, that is,

AB'(x) = [1 = FOITV™ f()bP () [u(x) P (x) = c(x)]

% (B4)
- M’(X)/ [1-FOIY/™ f() [Py dy <o.

Some manipulation reveals that inequality (B4) is equivalent to

1 1-F(nB(0) bP(x)
(n-1) fmBE(x)) bE(x)

bB(x) — c(x) — (B5)

A comparison with Equation (A2) shows that inequality (B5) is equivalent to
ZTW BB b b b > 0. Given that bids are above costs (see Appendix A.3), Equation (Al) reveals that j%’ < 0 for x € [0, X) if evaluated along the
i i1=bj=b7,bj=bj= i
equilibrium path. Thus, the first-order condition from (5) implies that di Z—b\y < 0for x < x in equilibrium. Using the terminal conditions from Equations
x 0b;

(7) and (8) in (A2) gives that, evaluated at equilibrium bids, il = 0. 1t follows that 2% > 0, that is, inequality (B5) holds.
ob; lx=x 0b; |B;=B;=BB b;=b;=bB
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