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Publications

During work on this thesis, two journal articles have been published (see references [1,
2]) with intermediate results. These contain early versions of some of the chapters
in this thesis. The thesis is more in depth on these topics, but will not reiterate the
experimental sections of the mentioned publications. Therefore, reading the publications
is only necessary, if one is strongly interested in the applications of the methods discussed
in the present work. The respective chapters reference the relevant publications. For
one of the publications, the assets are also provided via GitHub'!. A third publication is
still in preparation at the time of writing this thesis.

1On the account “Richardk2n” under the title of reference [1]



Abstract

This thesis provides a rigorous introduction into many concepts important to Lattice
Boltzmann simulations for viscoelastic fluids. It does in fact provide the first such
simulation, that is able to simulate realistic viscoelastic fluids. Many algorithms necessary
to perform the Lattice Boltzmann simulations presented in this thesis are covered explicitly.
This includes, the Lattice Boltzmann algorithm, the Immersed Boundary Method and
a finite volume algorithm. Validations are provided for the algorithms. Instabilities and
their mitigation are explored. The shuffling algorithm necessary for viscoelastic fluids,
which was developed in this thesis is presented. Derivations are given for most theoretical
concepts used in this thesis. Interpretations and definitions of important quantities
are explored solely driven by usability and without regard for previous definitions.
An altered derivation of the Reynolds number provides a better way to speed up the
simulation using Reynolds scaling. A different definition of the Capillary number allows
finding the relevant parameter range more easily. Defining the Weissenberg number
for each fluid model allows for better comparisons between the models. Afterwards,
parameters are extracted from real data using the theoretical concepts. These are the
parameters used throughout the thesis. Applications from atomic force microscopy to
bioprinting needles are discussed. The simulations are used to explain and quantify
the altered tank-treading frequency, that can be observed in shear-flows. A rectangular
Poiseuille flow is investigated to explore the visibility of the elastic effects in different
deformation metric. Lookup tables are provided for Real-Time Deformability-Cytometry
(RT-DC). RT-DC is also investigated to explore a curious local minimum of the deformation,
which is present in current simulations but not in experimental data. Finally, channels
used for evaluation of cells at constant extensional rate are explored. According to
literature, these should be hyperbolic. However, this thesis demonstrates, that they
are not, and provides adequate shapes for different fluids. All tools are provided for
maximum reproducibility.



Zusammenfassung

In dieser Arbeit werden viele Konzepte die fiir Lattice Boltzmann Simulationen von
viskoelastischen Fluiden benotigt werden strikt eingefithrt. In dieser Arbeit wird die
erste derartige Simulation bereitgestellt, die in der Lage ist realistische viskoelastische
Fluide zu simulieren. Viele Algorithmen, die zum Durchfithren der Lattice Boltzmann
Simulationen in dieser Arbeit benotigt werden, werden ausfithrlich besprochen. Dies
beinhaltet, den Lattice Boltzmann Algorithmus selbst, die Immersed Boundary Methode
und einen finite Volumen Algorithmus. Validierungen werden fiir die Algorithmen
durchgefiihrt. Instabilitaten und deren Bekampfung werden behandelt. Der shuffling
Algorithmus, der fiir das Simulieren von viskoelastischen Fluiden notwendig ist und in
dieser Arbeit entwickelt wurde, wird prasentiert. Herleitungen werden fiir die meisten
theoretischen Konzepte dieser Arbeit bereitgestellt. Interpretationen und Definitionen
wichtiger Grofen werden ausschliellich an der Niitzlichkeit ausgerichtet, ohne Riicksicht
auf frithere Definitionen zu nehmen. Eine veranderte Herleitung der Reynolds Zahl
ermoglicht einen besseren Weg die Simulationen mittels Reynolds Skalierung zu beschleunigen.
Eine andere Definition der Kapillarzahl ermoglicht ein einfacheres Auffinden des relevanten
Parameterbereichs. Die Weissenberg Zahl fiir jedes Fluidmodell individuell zu definieren
erlaubt einfachere Vergleiche zwischen den Modellen. Spater werden Parameter mittels
der theoretischen Konzepte aus realen Daten extrahiert. Dies sind die Parameter, welche
in der gesamten Arbeit verwendet werden. Anwendung vom Rasterkraftmikroskop bis
hin zu Bio-Druck Nadeln werden diskutiert. Simulationen werden verwendet, um die
veranderte Rotationsfrequenz von Zellen im Scherfluss zu beschreiben und zu quantifizieren.
Ein rechteckiger Poiseuillefluss wird diskutiert, um die Sichtbarkeit elastischer Effekte in
unterschiedlichen Deformationsmetriken zu zeigen. Lookup-Tabellen werden fiir Real-
Time Deformability-Cytometry zur Verfiigung gestellt. Dieses Experiment wird ebenfalls
untersucht, um ein lokales Minimum der Deformation zu erklaren, welches zwar in
aktuellen Simulationen, nicht aber im Experiment sichtbar ist. Letztlich werden Kanéle
mit konstanter Dehnrate untersucht. Diese sind laut der Literatur hyperbolisch. Diese
Arbeit demonstriert hingegen, dass dies nicht der Fall ist und stellt addquate Formen fiir
unterschiedliche Fluide zur Verfiigung. Alle verwendeten Programme werden im Namen
der maximalen Reproduzierbarkeit bereitgestellt.
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Reading this thesis

This thesis is split into three parts. The methods, the applications and the appendices.
A reader familiar with the subjects at hand might be tempted to skip the methods.
This is not recommended, as they contain many important definitions, which are not
straight forwards and different from how they are typically defined in literature. Also,
this part introduces core concepts and simulation techniques. The applications contain
the actual use of the methods for typical problems or problems from literature. Both the
methods and the applications are designed to be more of a light read. Derivations, further
explanations and deeper insight are placed in the appendix. The interested reader should
read every appendix, when it is first mentioned. Any subsequent mentions are just to
refresh the reader’s memory. There are no appendices, that are only linked from other
appendices. Reading the methods and applications, following every link to the appendix
and returning afterwards, covers the entire appendix. Throughout the thesis, one can
find setup boxes. A dummy for such a box can be seen in the following (simulation 1).

1 Example setup

Box: LyxLyxL,
Lo~ 1pm
Fluid: Newtonian::water (fluid 1)
BC:  velocity (BC 2)
y=1x10"1

It provides a convenient place, where all important parameters of any given simulation
meet.
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Terminology and notation

Abbreviations are generally introduced before they are used in this thesis. However, some
are incredibly common and warrant an early mention. The two core algorithms of this
thesis are the Lattice Boltzmann Method (LBM) and the Immersed Boundary Method
(IBM). Their formal introduction will follow later, however they will be referenced a
lot already beforehand. It is also necessary to know a few parts of a computer. The
simulations in this thesis are run on graphics cards (GPUs). These have a very fast
connection to their integrated memory (VRAM). They are connected via the orders of
magnitude slower PCle bus to the central Processor (CPU). A consumer CPU can work
on around 16 to 32 work items simultaneously. It has 16 to 32 threads. A GPU can
do 10000. The illustrations in this thesis are all oriented the same way in relation to
the coordinate axis. This is done for simplicity. Consequently, the coordinate system is
typically omitted. It is always laid out like the following.

It is important to remember the abbreviations and coordinate axis introduced here.
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Introduction

Biofabrication is a currently fast-growing field aiming at the manufacturing of tissues for
various purposes. This includes the eye-catching use-case of printing replacement organs,
but also more realistic topics like the manufacturing of tissues for drug testing. There are
multiple manufacturing methods used in the field. One of the more versatile options is
microfluidics, which is used to advance the dream or organ printing. Microfluidics refers
to experiments using fluid channels on chips on the micrometer scale, typically built
using lithography, that achieve a particular purpose. It has been used for manufacturing
beforehand and is well-developed. In biofabrication, microfluidic methods are used to
deposit living cells and construct artificial tissues in a process similar to 3D printing [3-5].
(Biological) cells exhibit a wide range of interesting behaviors when put into microfluidic
flows. This can also be used to study them. Consequently, similar microfluidic channels
are used for medical diagnostics [6]. Diseases can be detected through them pathologically
altering cell properties, which in turn alters their behavior in microfluide flows. As
working with biological cells has many complicating factors (for example keeping them
alive), sometimes polymer-beads are used as a stand-in [2]. This thesis uses the word
“cells” for both for simplicity. Due to the data availability, it however mostly refers to
cell-mimetic polymer particles. In all microfluidic applications, cells are suspended in
a cell carrier fluid. This fluid is often called “bio-ink” in biofabrication. These fluids
need to exhibit high viscosity for both fabrication and characterization applications.
This is typically archived by dissolving polymers in water. This causes the fluids to
be highly viscoelastic and shear-thinning. The requirement for high viscosity differs
slightly depending on the field. For medical diagnostics, the deformation, which increases
with higher viscosity, is evaluated. Therefore, the viscosity needs to be high enough to
make changes in the deformation due to hypothetically present diseases detectable. In
biofabrication, the printed construct relies on the viscosity of the fluid to keep it stable
until the cells form a network. The higher the viscosity, the more accurate the printed
shape is retained. If deformations become to large, the resulting stress is not survivable
for a livable cell. Consequently, the cell carrier fluids used in biofabrication need to
be strongly shear-thinning. A small viscosity is desired within the printing apparatus
and a large one, as soon as the bio-ink is deposited. This means, that for bio-inks, the
viscosity ratio is typically very large. The zero-shear viscosity is often several orders
of magnitude higher than the pure solvent viscosity [7]. For one of the fluids used in
this thesis, this ratio exceeds 10000. To understand the behavior of viscoelastic fluids
in non-trivial geometries, computer simulations are needed. Many techniques exist for
the simulation of viscous fluids, however the simulation of viscoelastic fluids remains
a formidable numerical challenge [8]. Viscoelastic fluids are especially problematic for
high viscosity ratios, which cell carrier fluids exhibit by design. The Lattice Boltzmann
method (LBM) is a very popular simulation technique for Newtonian fluids [9]. Tt
is simple and highly parallelizable. The Lattice Boltzmann method has no issues with
shear-thinning fluids and has been extended to viscoelastic simulations. This has mostly
been done in two dimensions [10-26]. However, simulations in three dimensions also
exist [27-38]. Critically, stability suffers for strong shear-thinning fluids with high
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viscosity ratios. In order to combat stability problems, different approaches exist. Some
of the existing techniques include an artificial diffusivity of the polymer stress [27, 31,
33, 36]. Others perform special decompositions of the stress tensor [15]. However,
despite these workarounds, high viscosity ratio fluids remain inaccessible. Therefore,
realistic cell-carrier fluids fall in the range of inaccessible fluids. This thesis presents
a new way to handle viscoelastic fluids. The basic idea is the insight, that stability
issues arise due to an imbalance between the polymer stress and the viscous stress
handled by the base LBM algorithm. This is handled by redistributing the stress. The
resulting algorithm removes the need for artificial diffusivity and the like. This increases
the accuracy. Furthermore, the limit for the viscosity ratio to retain stability is fully
removed. This enables the simulation of cell carrier fluids for the first time. There is
a trend in microfluidics to attribute any unexplained phenomenon to the elastic stress
components of the viscoelastic fluid. Armed with the ability to actually simulate the
experiments, this thesis provides insight in the relevance of the elastic normal stresses
for different scenarios.
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1 Basics of fluid dynamics

1. Basics of fluid dynamics

This thesis explores complicated fluid dynamics simulations of cells (see section 6) in
viscoelastic fluids (see section 3.7). This strives far from water flowing in a simple
channel. For this reason a solid framework is essential. This section provides a rigorous
mathematical basis for the core concepts of dealing with the Navier-Stokes equation. As
literature tends to be less strict with its definitions, they might not fully line up with the
ones made in this thesis. Therefore, it is recommended, even for experienced readers,
to refer to the definitions provided here, rather than to memory, when considering
quantities.

1.1. Navier-Stokes equation

The Navier-Stokes equation is the core concept of all fluid dynamics. It describes the
time evolution of complex flow fields, considering any external forces with a rather
simple form?. The Navier-Stokes equation can be written in a few different forms,
depending on the use-case and assumptions. In the following, the convective form of
the incompressible Navier-Stokes equation is given as equation (1). Any mention of the
Navier-Stokes equation throughout this thesis refers to this form. The additional effects,
that will be discussed in the present work are expressed through including additional

terms in this baseline version of the equation.
+p(i- V)i = pV*i — Vp (1)

Here p is the density, « is the velocity, ¢ is the time, p is the dynamic viscosity and p
is the pressure. The Navier-Stokes equation is vastly more commonly seen in literature
using the kinematic viscosity v instead of the dynamic viscosity. The present choice is
intentional and will be important later (see section 16). It is critical to avoid the use
of v as this would only introduce significant problems. The terms of the Navier-Stokes
equation are called (in order): (time) derivative term, convective term (or non-linearity),
dampening term and source term. These terms will be refereed to by these names later.
According to the Buckingham 7 theorem [39—41], the physics of any equation can be fully
captured by a few dimensionless numbers. This is done by making the given equation
- the Navier-Stokes equation in this case - non-dimensional. What remains are a few
new dimensionless factors containing all the physics of the problem. This means, that
all parameters leading to the same dimensionless numbers produce the same solution for
the given equation. The most important dimensionless number for fluid dynamics is the
Reynolds number Re, which shall be discussed and most importantly rigorously defined
in the next subsection.

2Technically it describes a momentum balance.
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1 Basics of fluid dynamics

1.2. Reynolds number

The Reynolds number Re describes the ratio of inertial and viscous forces. It arises
from the dimensionless Navier-Stokes equation. In the following the derivation and
mathematical considerations about limits of the Reynolds number will be shown. These
lay the foundation for Reynolds-Scaling, discussed in section 16. Afterwards a short
description is provided how the Reynolds number is typically calculated in this thesis.

1.2.1. Derivation of the Reynolds number

The Reynolds number arises when one makes the Navier-Stokes equation (eq. (1)) non-
dimensional. To remove the dimensions a typical density p;, a typical velocity uy, a
typical viscosity g, a typical length Ly and a typical time 7} are introduced. With
these the conversions to non-dimensional numbers, indicated by primes, are specified as
follows.

p=pp (2)
[t = figpt (4)
1 !
V=1V (5)
0 1 0
o Tor (6)
o prus Ly,
p=" P (7)

It shall be noted, that in literature, the subscript for these is typically 0 instead of
the t used here. This conflicts with the notation for the lattice conversion factors
discussed later (see section 2.3) and is therefore avoided here. While the first four
of these conversion are rather straight forward, the latter two warrant more explanation.
In literature, the pressure is typically either scaled using a prefactor proportional to u?
(velocity scale) [9] or proportional to wugu (viscosity scale) [42, 43]. The peculiar choice
of a prefactor proportional to Tt as is used here, stems from interpretation of Vp as
a source term. During a step of typical time T; it creates a typical amount of velocity
ug, thus justifying the use of these factors. Consequently, the time derivative is scaled
with the same typical time. In literature, this is typically done with a so-called external
timescale provided by some additional effect (e.g. periodic excitation). However, this
depends on whether the author in question intends to produce a Reynolds number, a
Stokes number or both. In contrast, here, the typical timescale is argued to be always
present and will be picked to be the smallest timescale in the system. As any present
effect influences the velocity (according to its timescale), the velocity changes with any
present timescale. Picking the largest of the timescales underestimates the importance
of the time derivative term. Picking the smallest one overestimates it. Therefore, not

picking the smallest one could hide important effects (see section 16.6 for the influence
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1 Basics of fluid dynamics

of the time derivative term). For now, it shall be kept as a variable in the derivation.

Inserting the conversions listed above into the Navier-Stokes equation results in the

following.

Ty
PtL2

This system contains two timescales. The advective timescale T}, and the viscous timescale

T, defined as follows.

p/_+jwt_ (—»/ v/) /v/2—»/ v/p/ (8)

Ly
P 9
- )
L2
T, = Bt (10)
e

With these, the Reynolds number, which is typically defined as follows [9], reduces to a

ratio of timescales as follows.
Re — ety Ly _ 5 (11)
Ht Ta
It shall be noted, that many other dimensionless numbers can also be expressed as
ratios of timescales (e.g. see sections 2.7 and 3.4). With these timescales and Re, the

Navier-Stokes equation reduces to the following.

o’ T T
p/_u + Re—tpl(ﬁ/ . V,)ﬁ, _ ,_ZTtlu/v/Qa»/ . v/p/ (12)

(13)

aﬁ/ Re , N | 1.1

This equation now has the Stokes number at an unconventional place, but is very
versatile due to that. As discussed above, T; shall be the shorter of the present timescales
to capture all important effects. This separates the two cases Re < 1 and Re > 1,
depending on which timescale is the smaller one. With this the Stokes number is also
separated into two regimes as follows.

1 for Re <1
St = or e = (15)
Re ,for Re >1

And with this, the Navier-Stokes equation can be written as follows.

_‘/
p gt’ + Rep/ (i’ - V/)ﬁ/ = y/'V?%i@ - V', for Re <1 (16)
P gt, + -V = R — /'@ — V'Y, for Re >1 (17)
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1 Basics of fluid dynamics

It shall be noted, that the equations are equal for Re = 1. They produce the non-
stationary (or stationary in steady-state) Stokes equation [44] for Re — 0 by removing
the convective term. The Euler equation [45] is produced for Re — oo by removing the
dampening term. Demonstrating, that this way of making the Navier-Stokes equation
dimensionless reproduces the typical approximations for different Reynolds number regimes
with a unified scheme. These approximations do not only apply in the limit, but also for
Re < 1 and Re > 1 irrespective of the concrete value of the Reynolds number as the
respective terms still vanish. Therefore, the Reynolds number can be changed without
altering the flow. This is the basic idea of Reynolds-Scaling. How this is beneficial to
simulation runtime will be discussed in section 16. For the microfluidics discussed in this
thesis, typically Re < 1 holds. The concrete value of the Reynolds number depends on
ones choice of the “typical” values, which are not strictly defined. The definitions used
in this thesis are listed in the following.

1.2.2. Calculating the Reynolds number

As the typical value of a quantity is not strictly defined, especially if it is not constant
across the totality of the simulation a choice needs to be made what to pick. In this
thesis the typical density is the density of the fluid, which is roughly constant across
the simulation. The typical length is the diameter of the widest part of the channel
if no cell is present and the radius of the cell if a cell is present. The typical velocity
is the maximum velocity present in the system. When the maximum velocity cannot
be determined before the simulation as is the case for complex geometries or complex
fluids, it is estimated and corrected with the real value afterwards. For pure shear-flows
with a cell, the typical velocity is replaced by the typical shear-rate using the typical
length. For a pure shear-flow without a cell this thesis does not provide Reynolds
numbers. If the viscosity is not constant it is estimated using an average shear rate from
the estimated maximum velocity. The Reynolds numbers is calculated like this if not
otherwise mentioned. It shall be noted, that among the valid choices for typical values
this leads to a comparatively large Reynolds number. This allows a somewhat looser
interpretation of the Re < 1 condition. This will be discussed further in section 16.
While the Reynolds number is arguably the most important dimensionless number, it
is by far not the only one. Others will be introduced throughout the thesis. Next, the
methods used to solve the Navier-Stokes equation using a computer will be discussed.
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2 Lattice-Boltzmann methods

2. Lattice-Boltzmann methods

The Lattice-Boltzmann method (LBM) is a standard technique used to simulate fluid
flows. It forms the backbone of this thesis and all other algorithms mentioned here tie
back into it. The book by Kriiger et al. [9] provides an excellent overview on the topic and
can be used as a starting point for a working implementation. The simulation software
developed® as part of this thesis (FluidX3D, see appendices A and A.1 for details) is
originally based on the book (see appendix A.1.1). However, through development of the
expanded algorithms of this thesis - in particular the tetrahedral Immersed Boundary
Method (IBM; Described in section 6) and viscoelastic fluids (see section 4) - some
deviations were required. This is both for stability and because some algorithms - e.g.
boundary conditions (see section 13) - could be implemented more accurately due to
architectural differences. This opportunity was of course sized. This thesis aims to
mention all relevant implementation details here and in the following sections describing
the various algorithms used in the present work. It refers to FluidX3D source regularly.
Also, the full FluidX38D source code is available on GitHub (see appendix A) or upon
inquiry. This is to allow for easy reproduction of the results presented in this thesis.
In the following, the very basics of LBM are mentioned first to introduce the required
nomenclature, before expanding to some of the conventions used in the present work.
The discussion on the basics of LBM is limited as it is a standard method. For further
reading consider Kriiger et al. [9], but be aware of slight implementation differences.

2.1. Basics of LBM

The equations in this subsection and some of their accompanying text have already been
published [1]. Instead of solving the Navier-Stokes equation, LBM solves the Boltzmann
equation for fluid particle distributions. This view is somewhat between a continues
model of the fluid and a particle model. It assumes groups of fluid, that are large
enough individually for a continues description, which behave towards each other like
particles. These packets of fluids called populations will shortly be discussed. First,
the Boltzmann equation needs to be discretized in several different ways. Like for every
simulation algorithm, the time ¢ is discretized into steps of size At. Furthermore, the
space is discretized into a grid (the eponymous lattice) with a spacing of Az. Any
position ¥ can only exist on this grid. From this follows, that velocities must be discrete
as well. Within a time-step a particle currently located at one lattice point must reach
another. In this only neighbors are considered. There are however multiple choices
for these neighborhoods. The discrete velocities ¢ belonging to a neighborhood are
termed “velocity sets”. They are typically denoted as DdQgq, with d being the number
of dimensions and ¢ being the number of discrete velocities. The velocity sets contain
a velocity to remain at the current lattice point and one to travel to any neighbor in a
symmetric neighborhood. There are multiple options for 2D and 3D. 2D sets are neither

3The software is older, but was massively reworked as part of this thesis. See appendix A.1.1 for
details.
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2 Lattice-Boltzmann methods

officially supported by FluidX3D, nor will they be discussed in this thesis*. The 3D
velocity sets FluidX3D officially supports are D3Q15, D3Q19 and D3Q27. These can be
seen in figure 1.

D3Q15 D3Q19 D3Q27

Figure 1: Illustration of the velocity sets implemented in Fluid X3D. Each line represents
the velocity to a neighbor. The 0 velocity remains stationary. The indices are
in principle arbitrary, but must be held consistent throughout.

There are smaller velocity sets (D3Q7 and D3Q13), which are too inaccurate to be
recommend”. Larger ones can theoretically exist, but are costly to compute with little
benefit over the ones listed here. To accommodate the velocity sets, the density is split
into the aforementioned populations f;(Z,t). These represent the fluid packets, which
at time t are located on the lattice point & and are moving with the velocity ¢;. With
these discretizations the Boltzmann equation can be written as follows.

filZ 4+ GAt t+ At) = fi(2,t) + Qi(2, 1) (18)

Here (7, t) is the collision operator, which redistributes the density among the populations,
that meet at a lattice point. This equation describes two basic effects: The movement
of the populations along the discrete velocities to a neighboring point (typically called
“streaming”). And the exchange of momentum due to the interaction of the populations
(called “collision”). These are relevant to the discussion of the concrete implementation
(see appendix C). As redistributing the populations is very complex, so is the collision
operator - in theory. To avoid this it is approximated using the Bhatnagar-Gross-Krook
(BGK) operator [46], which reads as follows.
eq
0 - - LTl (19)

Ty

4They are implemented though.
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2 Lattice-Boltzmann methods

Here 7, is the relaxation time and f;* are the equilibrium populations defined as follows.

- = - —\2 — —
w-¢  (4-¢) u-u
— 20
2 * 2cd 2¢2 (20)

[ =wip|1+

Here w is the local fluid velocity, p is the local density, w; are the lattice weights associated
with the chosen velocity set and ¢, is the lattice speed of sound defined as follows.
s  1Ax?
cC=-——
* 3 AR
The complete LBM equation with BGK therefore takes the form of a relaxation towards
equilibrium:

(21)

fi(f—i_EiAt?t—i_At) _fi(f>t) = [fz(fat) _ffq(fvt)] (22)

At

T
This is also known as the single relaxation time scheme (SRT). There are more complex
options, like the following two, which can be advantageous for certain parameters - at
a cost of runtime. The two relaxation time scheme (TRT), which constructs moments
from the populations and relaxes them individually. And the multiple relaxation time
scheme (MRT), which provides a relaxation time for each moment (One for each velocity
in the set). These are implemented in FluidX3D, but not used in this thesis. Appendix B
elaborates, why their use is not recommended. Regardless of the relaxation scheme, the
populations are initialized with their equilibrium, after which equation (22) can be used
to determine their time evolution. To retrieve the physical quantities from the discrete
populations, the following equations are used.

p=2_ =21 (23)
pi=Y Gf1=Y cf; (24)

At
J= pe? ( _ 7) (25)
p = pct (26)

This coupling of the pressure to the density notably does not allow setting it independently.
Pressure differences can still be accurately portrayed using density differences though -
assuming the LBM method is used in its stable range.

2.2. Population offset

The populations have values around w;p. This is best seen from the equilibrium populations
17 (see eq. (20)). The populations in the direction of the velocity are larger than w;p,
while the others are smaller. To reduce numeric errors, the populations are stored with
an offset as follows (modified from reference [417] for dimensional accuracy).
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2 Lattice-Boltzmann methods

fi/ = fi —wipo (27)

Here, f/ are the populations as stored and pg is the undisturbed equilibrium density.
This moves the populates as stored to around 0, making the sign a direct indicator of
the alignment to the velocity. This requires an adaptation to the calculation of the
density from the populations (eq. (23)) as follows.

p=D_Ji=2 fitp wi=3 fi+p (28)

The lattice weights add up to unity. The equation for the velocities (eq. (24)) retains
its shape, as every non-zero lattice velocity has a counterpart in the opposite direction
and the same weight.

2.3. Lattice Units

A computer does not understand physical units, therefore those have to be removed.
However, just dropping them would lead to - at times - minuscule numbers, that are
tedious to handle. With some clever definitions, the complexity of the equations can be
reduced significantly, improving simulation runtime. Therefore, the concept of lattice
units is introduced. The basic idea is, that any physical unit is represented by a numerical
value. These values are conveniently chosen to be approximately the inverse of the typical
values of the quantities®. This allows some number to become equal to the integer unity.
This removes these quantities from the equations. Multiples of these quantities (e.g.
sizes) can now be handled as integers instead of floating point numbers. This is easier
and faster. These scaled numbers are referred to as the quantities in “lattice units”

(LU).

®These two quantities are however distinct and should never be confused (see red box)!
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2 Lattice-Boltzmann methods

Lattice units vs typical values

In literature, the conversion factors used for lattice units are typically denoted
using a subscript zero. The typical values used for non-dimensionalization (see
section 1.2.1) are also usually denoted using a subscript zero. This leads to
confusion in literature and even in lectures. And while the conversions are
partially identical to the typical values, this does not hold for all typical values.
Therefore, these need to be strictly differentiated. The non-dimensionalization
according to the Buckingham 7 theorem (one scaling factor per quantity) produces
a dimensionless number to house the physics. It does not provide conversion
factors for the SI units. Scaling with the conversion factors (one scaling factor per
unit) on the other hand removes the SI units, but does not provide a dimensionless
number. This transformation is mathematically identical to scaling the whole
equation. In this thesis, a subscript ¢ is used for conversions and a subscript t for
typical values to avoid ambiguity. FluidX3D source retains the zero subscript for
conversions as it does not contain references to the typical values.

The Navier-Stokes equation without extensions only contains three SI units: kg, m and
s. Consequently, three conversion factors are needed. These can be acquired by fixing
three (compatible) quantities in LU. Naturally, the lattice constant Azpy and the time-
step Aty are chosen to be unity. The mass conversion factor is determined using the
density.

AILU =1 (29)
Aty =1 (30)
PLU = 1 (31)

These choices have the side effect of simplifying the LBM equations. The SI value of the
lattice constant is determined by the resolution and the desired geometry. For example,
if a channel of diameter dg; shall be depicted using a resolution of dpy lattice nodes, the
length conversion factor L. reads as follows.

dsr
L= st 32
i (32)

The SI value of the density is determined by the fluid used, meaning the conversion
factor for densities p. trivially becomes as follows.

Pe = Pst (33)
Similarly, the time conversion could be defined as follows.
Atgr
T, = = At 34
Atry o (34)

However, this cannot yet be used for practical applications as the size of the times-step
in SI is still unknown. This can be determined using the relaxation time 7., which can

28



2 Lattice-Boltzmann methods

be chosen freely within a certain range. Its ideal value in LU is unity [9], which also
simplifies the equations. This is known as instant relaxation. Setting the relaxation time
differently will be discussed in more detail later (see 17). With the relaxation time set
(to unity), equation (25) gives the following relation.

(35)
(36)

As the SI value of the viscosity is known from the fluid, this is the equation actually
used to fix the conversion as follows.
L2 L2
Tczu:p[ﬂ'uﬂ:h (37)

fhe “Cust Gpug

This is referred to as the “viscous timescale”. A time conversion factor can also be
found using the velocity (“velocity scale”). The viscous scale is the one to pick for the
simulations in this thesis. Depending on the parameters used the velocity scale ought
to be picked. This is to assure, that the typical time is the smallest timescale in the
simulation (see section 1.2.1). Using the three base conversions presented here, all other
units used in this thesis can be converted to LU. All equations are valid both in SI and
in LU. Often one of these is significantly easier to calculate.

2.4. Lattice coordinates

FluidX3D knows two coordinate systems. Aside from specifying the geometry, where
lattice coordinates are needed®, the user is only confronted with the IBM coordinate
system (see section 6.2). The LBM algorithm itself, boundary conditions (see section 13)
and some part of the IBM algorithm (see section 6) require the use of a coordinate system
in tune with the lattice. The lattice coordinates are Cartesian coordinates designed
to refer to the position of the lattice nodes in LU. Therefore, the nodes have integer
coordinates. The origin is placed at a corner node. The coordinates therefore run from
(0,0,0) to (L, —1,L, —1,L, —1). With L,, L, and L, being the number of LBM nodes
along the respective axis. The size of the simulation volume typically gets denoted as
L, x L, x L,. These coordinates facilitate easy array access. On the GPU side, the
arrays are flattened” for speed. For that reason, nodes also are assigned a running index
n as follows.

n=x+ (y+ zL,)L, (38)

Here x, y and z are the lattice coordinates of the respective node. Throughout this
thesis a lattice node is viewed as representing a 1 x 1 x 1 (in LU) cube centered around
its location. This view is advantages for boundary conditions (see section 13) and the
associated finite volume algorithm (see section 4). Therefore, in this coordinate system,

6Removing this requirement is in the works.
"Made to have one running index instead of three.
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the simulation volume technically extends from (-1, -1 —1) to (L, — 1,L, — 3, L. — 1).
Throughout this thesis, L,, L, and L, are typically chosen to be some nice round number
plus two. This is to accommodate the boundaries. The size of the structure of interest

is the round number.

2.5. Additional contributions

The discussion so far was only in regard to simple Newtonian fluids without any additional
effects. In this thesis however, external forces, more complex fluids (see section 3.7) and
flows containing cells (see section 6) are discussed. These additional contributions boil
down to the inclusion of either an additional forcing term or an additional stress term.
Those will be discussed in the following.

2.5.1. Force contributions

Adding an (external) force changes the Navier-Stokes equation (eq. 1) as follows.

ou

=n pVH — Vp + f (39)

+p(u-V)u

Where f is the new force density. This is a force per volume, that can be used for any
body-force (e.g. a pressure gradient). Literature offers many different options to include
additional forcing terms. FluidX3D uses the algorithm presented by Guo et al. [48].
This algorithm is termed Guo forcing. It extends the LBM equation (eq. (22)) by an
additional term.

At
[i(Z+ AL+ At) — fi(Tt) = ——
Ty

[fl(f7t) —ffq(f,t)]+AtE<f,t) (40)
The forcing term F;(7,t) is defined as follows.

Fy(&,t) = (1 - L)w F D) | G t)@- f(@t) (41)

2 4
27, cs o

Note, that the force density f gets evaluated at the lattice node locations. This is
important later (see section 6). Also, the velocity needs to be corrected and equation (24)
becomes the following.

pil(#,t) = S G filE, ) +

i

(#,t — At) (42)

The original publication suppresses the arguments in this extension. While most of those
are clear, the time argument of the force in the last equation is open to interpretation.
It has been found, that not updating the force before recalculating the velocity is crucial
to stability, when used in conjunction with IBM (see section 15.1). The more precise
criterion is probably, that the velocity and the force used to correct it must be spaced
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an uneven amount of time-steps apart. Both using the force from the same time-step
and using one two time-steps old lead to considerable instability. This concrete choice
made here is however not necessary, Kriiger for example does not update the velocity
after streaming and rather corrects an old one. This means, in the implementation used
by his group, the force is actually more up to date than the velocity. They found this to
work if velocity and force are separated by one time-step as Kriiger confirmed via email.
ESPResSo [19, 50] also has a separation of one, but with both the velocities and the
force used one time-step older than the ones used by FluidX3D. Together, this shows,
that this implementation detail matters. It is not essential to be identical to the choice
made in this thesis, but the separation of one time-steps is necessary.

2.5.2. Stress contributions

Aside from forces, some extensions like viscoelastic fluids (see section 3.7) provide
additional stresses. As is the case for a force, an additional (external) stress can also be
included, by adding a term to the Navier-Stokes equation (eq. 1) as follows.

—

ou
P or
Where 7’ is the stress tensor to be coupled into the LBM. FluidX3D uses the algorithm

presented by Dzanic et al. [15, 19, 28, 32]. This extends the LBM equation (eq. (22))
by an additional term.

+p(it- V)it = uNV?*i — Vp+V - 7/ (43)

[i(Z 4+ GAL t 4+ At) — fi(Z,t) =

_g[ Fil@,t) — f(T,t) + Bi(7,1)] (44)

With the stress contributions B;(Z,t) defined as follows.

ac 1

The colon denotes the Frobenius inner product. It is also possible to transform the stress
into a force using a numerical derivative and couple it to the LBM using Guo forcing.
However, this was found during the present work to be less stable and sometimes less
accurate.

2.6. Standard choices

There are some choices to be made with little to no influence on simulation results.
These are kept consistent throughout the thesis and will be mentioned in the following,
together with the reasoning for this pick.

2.6.1. Typical velocity sets

Larger velocity sets are more accurate. However, they require more compute, increasing
runtime. And they require more VRAM, limiting the maximum size of the system that
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can be simulated and increasing runtime even more. During testing, it became clear
that D3Q27 provides little benefit over D3Q19. D3Q15 is sometimes a little inaccurate.
Therefore, all simulations in this thesis are done using D3Q19. The 19 velocities in this
set can be found in equation (46) below.

At

Az
o1 -1ro0o00o01-11-1090 1 -1 1 -1 0 0
o606 o0 1-1001-1001-+-1-11 0 0 1 -1
o060 o0o0oo601-1001-11-1 0 0 -1 1 -1 1

Where each column is a vector corresponding to an index . The corresponding weights
can be found in equation (47) below.

(

Jfori =0
I for 1<i<6 (47)
18
\ % , otherwise

2.6.2. Relaxation model

As was mentioned before (see appendix B), MRT is often recommended, but slightly
detrimental to stability at a steep cost. TRT showed no noticeable difference during
testing. Consequently, this thesis uses SRT throughout.

2.6.3. Geometry

LBM has no preferred axis and the geometries vary. However, it has proven advantageous
to keep certain trends. In this thesis, when ever possible the flow is along the z-axis. The
y-axis is chosen to be the second most interesting one. This means, that for example in
pure shear-flow, the velocity (along the z-axis) varies along the y-axis. If the geometry
varies, this variation is chosen to be along the y-axis. The geometry is picked to assure
the highest amount of translational symmetry along the z-axis. Consequently, flows
in this thesis are usually evaluated by cuts parallel to the xy-plane. If the flow is not
evaluated along the z-axis, as is done throughout this thesis, this is due to the choice of
coordinate system. This makes that axis particularly uninteresting.

2.6.4. Boundary conditions

The default boundary condition in FluidX3D is periodic boundaries (see section 13.1.1).
If not otherwise mentioned, this thesis implies periodic boundary conditions.
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2 Lattice-Boltzmann methods

2.7. Mach number

The Mach number Ma is another dimensionless number and defined as follows.

il

Ma (48)

CS

It can be seen as relating the typical timescale to the viscous timescale. It is important,
because it represents a LBM stability criterion, solely related to the LBM itself. However,
it is not possible to automatically fulfill it by the standard choices and conversion
definitions presented above and needs manual checking. In theory the bulk fluid in
LBM is stable given Ma < 1. For 7, = 1 (optimal stability condition [51]) or above, as
is generally the case in this thesis, even Ma < 2 is allowable. With boundary conditions
and numerical errors, though, the real stability is considerably worse. For small values of
T (1 & %), the maximal allowable Mach number approaches zero. Aside from a mostly
hypothetical discussion of the merits of higher values of 7, in section 17, this thesis stays
at unity. Given the parameter space this thesis operates in, the Mach number is usually
rather low. However, it is still checked to assure Ma < 1, which usually is a sensible
stability criterion, when picking the ideal value for 7,.. It is most easily checked in lattice
units. If one does not intend to change the relaxation time, the Mach number can be
easily changed via the lattice resolution.

2.8. Strain-rate tensor from populations

The strain-rate tensor D is defined as follows.

D=L [vit (Vi)' (49)

Note that, Vu is sloppy notation, that often gets misinterpreted for its transpose. This
does not matter here, but for clarity, it is defined as follows.

@uj
8@
With this it is quite clear, that the strain-rate tensor could be calculated from the

velocity field # using finite differences. However, there is another way. For MRT, it can
be defined as follows [52].

1

Do = —=—
g 2pcs 4

(@), ST (MTSM), [1,(5,8) — 197, 1)] (51)
J

This expression contains, the density p, the lattice speed of sound ¢, the size of a time-

step At, the lattice velocities ¢;, the populations f; and the equilibrium populations

fi%. The matrix operator M ~'SM is the MRT relaxation operator. The calculation

presented here also works with SRT. MRT is presented as it is the most difficult and

general case. Of course, actually calculating this operator would be expensive. Consider

the LBM equation for MRT. It is defined as follows [9, 53].
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fil(Z+ GAL L+ At) — fi(Z,t) = — Z(M”SM)U [£;(@, 1) — [54&, 1)) At (52)

J
Some additional mathematical symbols have been added compared to the source, to
make the notation clear. This relation can be used to remove the relaxation operator

from the strain-rate tensor equation. The result can be seen in the following.

1
Dos = 558 Zj(aua)ﬂ[fi(f + EAL T+ AL) — fi(T,1)] (53)
Note, that the two buffers used for LBM contain exactly these populations after a PUSH
LBM step. This makes this easy to implement. Walls are a bit tricky, as some of the
alter populations, which would cause problems in this definition. FluidX3D avoids this
by stashing the unaltered population in the unused population registers of the walls.
Aside from being easier to implement than the fine difference approach, this is also more
accurate. The strain-rate tensor from the velocity field is a bit smoother though, which
can help with stability of the algorithms using this tensor. FluidX3D has a flag to
switch between the two options. Generally, the more accurate one is used. With this,
the basics of simulating Newtonian fluids are discussed. In the following, more complex
fluids, which require the strain-rate tensor to be calculated are presented.
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3. Fluid models

Fluids can exhibit a wide range of behaviors. Consequently, a wide range of models
exist to describe them. In the following only the models used in this thesis are described
with their advantages and disadvantages. Note the change in notation from p as the
dynamic viscosity in section 1 to n for viscosities here. This is done to stress, that while
these models do have quantities as parameters, which have the dimension of a viscosity,
this is not the viscosity the system currently experiences. For some models, the concept
of a viscosity even breaks down and gives way to a generalized stress. It should also
be noted, that the models presented here are not limited to the fluids discussed in the
present work and can be used to describe many fluids. Aside from Newtonian fluids,
this thesis distinguishes two additional categories of fluids: Generalized Newtonian fluids
(see subsection 3.5), which exhibit a stress, that can be expressed as a function of the
shear-rate®. And viscoelastic fluids (see subsection 3.7), which are described by a defining
equation, that can be transformed into the standard notation presented in equation (75).
This means, they can be written as a time evolution of a generalized proxy quantity for
the stress. The analytical solutions that exist, and their associated derivations can be
found in appendix F. This section only reproduces the most important results. Aside
from the models described below, which are implemented in FluidX3D, the software is
written in a way that lends itself to easy extension. Given a fluid model fits in one
of the categories mentioned above, it can be easily implemented. This process is not
yet documented, but can be easily understood by searching for the name of an already
implemented model in the entire code-base. Without any extension, the LBM algorithm
by default simulates a Newtonian fluid, which shall be briefly described first as a baseline.

3.1. Newtonian fluids

In a Newtonian fluid, the stress ¢ is simply proportional to the strain-rate tensor D, as
can be seen in the following.

g = 27752 (54)
This stress is purely viscous. The strain-rate tensor D is defined as follows”.
1
D=3 [va‘+ (W)T} (55)

The proportionality constant 7 is the dynamic viscosity of the Newtonian fluid. The
LBM algorithm inherently describes Newtonian fluids. The dynamic viscosity is set
using the relaxation time, which is linked to the viscosity via equation (25). This means,
that a Newtonian fluid is always present in the simulations. Later (see section 18.5),
a workaround will be discussed, that removes this restriction'’. However, most models
discussed in this thesis have a Newtonian component. All the fluids discussed in this

8 FluidX3D allows dependency on the strain-rate tensor, which is more general.
9V is sloppy notation, that often gets misinterpreted for its transpose. This does not matter here.
10T his is not physical, but required for reproduction of some results in literature.
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thesis are manufactured by dissolving polymer in a solvent. It can be argued, that
the Newtonian behavior of the solvent is retained for all these fluids. Hence, more
complex fluids typically exhibit a Newtonian stress contribution from the solvent they
are based on. Consequently, this Newtonian stress term will reappear for the other
models. Therefore, the subscript s, which refers to solvent, has already been introduced
here. The velocity profile for a Newtonian Poiseuille flow'! is well known. It reads as
follows (see appendix F.1.1).

. G R
U(T) = m(RZ - T2)€I (56)

Here G = —% is the pressure gradient, R is the radius of the pipe and 7 = 0 for 2D and
unity for 3D. A typical flow profile can be seen in figure 2.

20 1

-10.0 -—-7.5 —-5.0 —2.5 0.0 2.5 5.0 7.5 10.0
r/pm

Figure 2: Example of a typical Newtonian Poiseuille flow.

The Weissenberg number Wi (see subsection 3.4) is typically not defined for Newtonian
fluids, as they are not shear-thinning. However, the following definition for Wi in the
Newtonian case is consistent with the other models.

Wi=0 (57)

Examples for Newtonian fluids are water, cytosol or phosphate-buffered saline (PBS).
The more complex fluids share some characteristics, which is made clear in this thesis
through a common notation'?, which shall be discussed next.

LA Poiseuille flow, strictly speaking, is defined for a Newtonian fluid. This thesis uses a broader
definition (see appendix P.2)
12This was also used to simplify the implementation significantly.
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3.2. Common variables

For more general fluids, the viscosity is not a constant. The models for these, which will
be discussed in the following do have multiple parameters. They all have a notation, for
any given model, that is generally agreed upon in literature. However, these parameters
are not distinct from each other. The models share parameters with very similar meaning
(but different typical notation). This thesis opts to use a common notation, reflecting
this fact instead. The parameters shared among all the models are the solvent viscosity
ns, the polymer viscosity 7, and the (polymer) relaxation time A. Each model has
one or two additional dimensionless parameters. These models can be used to describe
a shear-dependent viscosity, which is general concept, that shall be elaborated in the
following.

3.3. Shear-dependent viscosity

The relationship between the stress and the strain-rate tensor can become quite complicated
in general. Still, in a pure shear-flow, it is typically possible to describe a viscosity, that
is dependent on the shear-rate 4. The shear-rate can be calculated from the strain-rate

tensor as follows.
¥y=+2D:D (58)

The colon denotes the Frobenius inner product. If the viscosity increases with the shear-
rate it is known as a shear-thickening fluid. An example would be a suspension of starch
in water called “Oobleck”. These are well known from online videos and very popular
with the general public (usually they are called “non-Newtonian fluids”'?). However,
as those properties are not desirable for biofabrication (for desirable properties, see
section 19.4), they are not discussed here. If the viscosity decreases with the shear-rate
the fluids are called shear-thinning. Aside from their importance in biofabrication, they
are present in everyday life. Examples include toothpaste, ketchup, lotions and blood.
The well known phenomenon of ketchup suddenly exiting the bottle all at once is in fact
due to its shear-thinning nature. A plot of a typical shear-thinning curve can be seen
in figure 3. The corresponding state the polymers in the solution are in, can be seen in
figure 4.

13 All the fluids here are non-Newtonian, the public just happens to use this term specifically for shear-
thickening fluids.
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Figure 3: Example of a typical shear-thinning curve. The viscosity diminishes suddenly
for a typical shear-rate.

For the polymer solutions discussed in this thesis, the explanation for the shear thinning
behavior is as follows. At rest, or for low shear-rates (¥ < 1 x 103§ in figure 3), the
polymers interlock (figure 4 a), leading to high viscosities (described by the polymer
viscosity 7). The viscosity experienced for negligible shear-rates is termed the fluids
zero-shear viscosity 7. If subjected to shear-flow (4 ~ 1 x 10* % in figure 3), the polymer
chains start to align (figure 4 b), reducing the interlocking and therefore decreasing the
viscosity. The shear-rate at which this alignment happens is a material parameter.
This is captured by the (polymer) relaxation time A. More on the curious relationship
between the necessary shear-rate for disentanglement and the time required to complete
it can be found in the following. For high shear rates (3 > 1 x 107+ in figure 3), the
polymers are fully aligned (figure 4 c¢) and due to their typically small concentration
barely contribute to the viscosity. The viscosity experienced for very high shear-rates
is termed the fluids infinite-shear viscosity 7. This drop in viscosity (close) to the
solvent viscosity at infinite shear cannot be observed due to experimental constraints
and therefore has to be assumed in this thesis'*.

14The infinite-shear viscosity may be above the solvent viscosity, but available experimental data does
provide an upper bound of at most double the solvent viscosity. Still, this does not matter in the
shear-rate regimes discussed in this thesis.
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a b o
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Figure 4: Illustration of the polymers contained in the solution for a) small, b)
intermediate and c) large shear-rates.

All the following models are shear-thinning. The state of this shear-rate/relaxation time
interplay is captured by the Weissenberg number. It can be used to describe the onset
of shear-thinning and will be discussed next.

3.4. Weissenberg number
The Weissenberg number Wi is a dimensionless number often defined as follows.
Wi =\ (59)

It relates the relaxation time A and the advective timescale represented by the shear-
rate. Its value can be viewed as a proxy for how much viscosity has already been lost to
shear thinning. W+ =1 is typically viewed as the point, where shear-thinning becomes
significant. This can be seen in figure 5.

N\ — Wi=1
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Figure 5: Example of a typical shear-thinning curve. The viscosity diminishes suddenly
for a typical shear-rate. This drop is approximately marked by Wi =1

In order to assure, that Wi = 1 is always roughly around the onset of shear-thinning,
it has to be defined slightly differently for some of the fluid models. This is done by
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including some of the dimensionless parameters. One can see, that from the technical
derivation of Wi (non dimensionalization of the constitutive equations of the models),
there is a choice on the exact definition. This means, that inclusion of these non-
dimensional factors is a matter of choice. This thesis opts to define the Weissenberg
number slightly differently for the viscoelastic models, to ensure it retains the same
meaning. For the less complicated fluids (Generalized Newtonian fluids), which will be
discussed next, the definition above holds.

3.5. Generalized Newtonian fluids

For Generalized Newtonian fluids, the stress is purely viscous, and a viscosity can be
given. The viscosity n depends only on the shear-rate 4, giving the following stress.

a=2n(y)D (60)

Technically FluidX3D allows implementing any fluid described by the following equation
in this category and is therefore even more general.

o=0(D) (61)

The following two possible descriptions do however, follow the simpler equation. Both
are shear-thinning. It should be noted, that while real-live shear-thinning fluids can
be described as Generalized Newtonian fluids, technically, they are usually viscoelastic
fluids (see subsection 3.7). Ignoring the elastic components is however often useful,
making these models important.

3.5.1. Carreau-Yasuda

The Carreau-Yasuda (CY) model [54, 55] is an empirical shear-thinning model. Its
model equation contains the additional parameters a and p aside from the ones already
mentioned. The constitutive equation reads as follows.

_ "o
D g -

The example provided previously for shear-thinning fluids (see figure 5) is a CY curve.
The CY model describes a Newtonian plateau of n = n, + ns for ¥ — 0. Afterwards,
it transitions into a power law described by the power p. The parameter a describes
the smoothness of this transition. Finally, another Newtonian plateau with n = n;
for ¥ — oo is reached. The zero-shear viscosity and infinite-shear viscosity are often
separated by several orders of magnitude. Through its parameters, CY was designed to
describe many shear-thinning fluids. It can be fitted to all the fluids used in this thesis.
In the present work, the CY model is primarily used to describe the viscous behavior of
the more complicated viscoelastic models. This allows to separate viscous effects from
the elastic ones. In cases, where elasticity is found to not matter, it is recommended to
use the CY model, as it is significantly cheaper to calculate, than the viscoelastic models.
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It should be noted, that this model expects 4 > 0, which conflicts with the definition
used in the remaining thesis. The absolute value of + is taken whenever necessary to
accommodate for this. The velocity profile in a Poiseuille flow!® can be obtained through
some numerical steps (see appendix F.1.2). The resulting shear-thinning velocity profile
can be seen in figure 6

60 1

-100 -75 =50 =25 0.0 2.5 5.0 7.5 10.0
r/pm
Figure 6: Example of a typical CY Poiseuille flow. The center-line velocity is

considerably higher than for a Newtonian fluid with the same zero-shear
viscosity (see figure 2).

Instead of the parabolic profile, that was seen for Newtonian fluids (see figure 2), this
profile is flatter on top and hints at higher powers. As was previously mentioned, the
Weissenberg number is defined as follows.

Wi =\ (63)

In literature sometimes simpler models like the Power law fluid are preferred.

3.5.2. Power Law
The power law fluid is simply described by a power law as follows.

o1
n Jfor 4 < —
n=4q" Ao () (64)

np()\"y)fp ,else

The power la fluid can be obtained from the CY model for a — oo. It requires a cutoff
for small shear-rates as the viscosity would otherwise diverge. In literature, this model

15 A Poiseuille flow, strictly speaking, is defined for a Newtonian fluid. This thesis uses a broader
definition (see appendix P.2)
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typically does not include 7 and in this thesis it is consequently always zero. However,
it has been included here for consistency with the other models. The cutoff and \ are
typically chosen as independent variables. However, there is no need to do this. Choosing
the cutoff in relation to A ensures a sensible behavior for W and the zero-shear viscosity.
It should be noted, that this model expects 4 > 0, which conflicts with the definition
used in the remaining thesis. The absolute value of ¥ is taken whenever necessary to
accommodate for this. The velocity profile in a Poiseuille flow'® reads as follows, using
a few approximations (see appendix F.1.3).

} GAP\TF1,
u(r) = (Up2j) E<R —1r9)é, (65)

With the exponent e = %. Here, G = —% is the pressure gradient, R is the radius of

the pipe and j = 0 for 2D and unity for 3D. The resulting shear-thinning velocity profile
can be seen in figure 7
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Figure 7: Example of a typical Power Law Poiseuille flow. It is rather similar to the CY
equivalent (see figure 6).

As was previously mentioned, the Weissenberg number is defined as follows.
Wi=M\y (66)

This concludes the discussion on Generalized Newtonian fluids. Next, the first normal
stress difference will be discussed as a stepping stone towards viscoelastic fluids.

16 A Poiseuille flow, strictly speaking, is defined for a Newtonian fluid. This thesis uses a broader
definition (see appendix P.2)
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3.6. First normal stress difference

One of the first observations of viscoelasticity in fluids, was during stirring of flamethrower
fuel (polymer solution)[56]. Contrary to Newtonian fluids, which would form a depression
in the center, due to the centrifugal force, these solutions climb up the stirrer. This is
due to normal stresses. For a pure shear-flow, the strain-rate tensor is as follows.

[0 50
225 v 00 (67)
0 0 0

The stress ¢ of such a flow also only has these two non-vanishing components for a
Generalized Newtonian fluid. For a viscoelastic fluid, diagonal components are present'”.
From these, the first normal stress difference Ny is defined as follows.

Ny =040 — 0y (68)

There are other methods to quantify viscoelasticity. For example the frequency response
of the fluid, which is more popular these days. The first normal stress difference is easy to
measure and easy to derive for all models presented in the following (see appendix F.2
for derivation). This is why it is used in this thesis to quantify viscoelasticity. The
viscoelastic models are presented in the following.

3.7. Viscoelastic models

There is a large amount of viscoelastic models. As Oliveira [57] shows, many of these
can be expressed using a common form and thus actually are variants of a common idea.
This allows both to easily find new models and implement them. The common notation
presented in the following is, however, different to the notation presented by Oliveira,
because it was optimized for implementability. All the models presented in this thesis
use the upper-convected time derivative which for an arbitrary tensor A is defined as
follows.

v DA T ,
A=—==— (Vi)' A+ A- (VD)) (69)
This equation contains the material derivative defined as follows.
DA 0A

It should be noted, that the transpose operation in the upper-convected time derivative
can sometimes be found on the other gradient term due to ambiguity of the Vu notation.
Here it is defiend as follows.

The transpose can also be found in literature. Usually without mentioning the definition.
For these models as they are presented in this thesis, the total stress ¢ in the fluid is

17Other off-diagonal components may also be present.
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composed of a Newtonian solvent part (denoted o) and a viscoelastic polymer stress
(denoted 7).

(72)
=2n.D+r1 (73)

While this naming strongly suggests a polymer solution, it is not exclusive to it and is
also used for different systems. Literature often includes an index for the polymer stress
and denotes it 7, or g,. The models as discussed in the following only describe the
evolution of the polymer part. The solvent contribution is an additional offset, that is
independent of this time evolution. The value and existence of the infinite shear viscosity
is up for debate. Physically, the viscosity may not vanish. There are arguments to be
made, that the viscosity does stay above the solvent viscosity. However, the required
shear-rate range is not accessible experimentally, and small deviations do not affect the
simulation. Consequently, a choice was made to just use the solvent viscosity as the
infinite shear viscosity in this thesis. This is most likely close enough. The polymer
stress also provides viscous stresses. In the following all models currently implemented
in FluidX3D are described. The notation of the original form mostly follows close to
Oliveira [57]. The common notation used for implementation and analysis is presented
in the following.

3.7.1. Unified notation

Instead of working with 7 directly, the implementation uses the polymer-conformation
tensor C'. This tensor is a dimensionless proxy for the polymer stress. Many of the
model differences can be absorbed by its definition. The relation for the conversion
from C to 7 is given for each model. This conversion needs to be performed in the
simulation whenever the stress is coupled into the LBM algorithm. For Oldroyd-B (see
subsection 3.7.2) this does not seem necessary and might even be slightly detrimental
to performance. However, such a replacement simplifies the constitutive equation for
FENE-P (see subsection 3.7.3) significantly, providing large benefits in terms of implementation
complexity, runtime and memory requirements. Doing this replacement for all models
allows a unified code base with small adaptions for each specific model. This reduces
implementation overhead and makes implementation errors less likely. Consequently, C'
is used as the polymer-conformation tensor for each model, although its relation to the
polymer stress and therefore its exact meaning actually changes for the different models
listed here. With this all the models presented here can be brought to the common form
given below.

Y 7-VC = ((Vﬁ)T~Q+Q~(Vﬁ)> + S, +2D (74)

v
Q = §R + 22 (75)

Where Sy is a model-dependent source term. One can see, that any model difference
actually can be put into the definition of the source term Sy and the polymer-conformation
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tensor C'. This is remarkable as they initially seem to have forms, that differ significantly.
Consequently, only these terms actually need to be specified to fully describe the models.
The following sections only list the results. The derivations can be found in appendix D.
In the following, the simple and therefore commonly used Oldroyd-B model is discussed
first.

3.7.2. Oldroyd-B

The Oldroyd-B model was originally developed by Oldroyd [58] in the infancy of the
field. It is an important historic stepping stone towards the models used in the present
work. It can still often be seen in literature. However, it is elastic, but not shear-
thinning. Therefore, it is not used in this thesis. It also produces diverging extensional
stress in finite extensional flow [57], which necessitated the development of new models.
It models the polymers in solution as infinitely extensible dumbbells. This is one of two
approaches for theory informed models discussed in this thesis and will also be relevant
to other models. The constitutive equation for the Oldroyd-B model reads as follows.
v T Tlp

T=—7+2°D (76)
One can show, that this is a limit of the PTT model (see subsection 3.7.4) and it
is implemented in FluidX3D as such. It is also a limit of the FENE-P model (see
subsection 3.7.3). In standard notation (see appendix D.1) it is written as follows.

Sp=—-7 (77)

(78)

In a pure shear-flow its viscosity and first normal stress difference can be given as follows
(see appendix F.2.1 for derivation).

n=1p+ 1 (79)

Ny = 2n,0%? (80)

Note, that the elastic forces are proportional to the viscosity 1,. An example plot of the
first normal stress difference can be seen in figure 8.
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Figure 8: Example of an Oldroyd-B curve for the first normal stress difference. This is
a simple power-law.

Given, that the viscosity is constant, the velocity profile in a Poiseuille flow'® matches
the one of a Newtonian fluid as can be seen below.

. G .
U,(’f‘) = m(RQ _ 7“2)61, (81)

Here G = —% is the pressure gradient, R is the radius of the pipe and j = 0 for 2D
and unity for 3D. The fact, that it is not shear-thinning, means, that consequently, the
definition of the Weissenberg number must be as follows.

Wi=0 (82)

This too, will be shown to be consistent with FENE-P and PTT. In the following FENE-
P is discussed first as a logical evolution step of Oldroyd-B.

3.7.3. FENE-P

The assumptions of Oldroyd-B are not all valid and it does not reproduce shear-thinning
behavior. A straight-forward idea is to extend it by limiting the polymers to finite
extensibility. This is where the name comes from. “FENE” stands for finite extensibility.
The “P” stands for Peterlin-closure, which is a statistical approximation [57]. This
eventually lead to the FENE-P model, which was originally developed by Bird [59, 60].
There exist many more models in the FENE-family, some are derived from FENE-P,
others are more akin to parallel development. FENE-P is the most popular, so this
is the one discussed here. However, looking at the data of real fluids developing new

18 A Poiseuille flow, strictly speaking, is defined for a Newtonian fluid. This thesis uses a broader
definition (see appendix P.2)
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FENE-type models clearly is interesting. This will be discussed later (see section 19)
The constitutive equation of FENE-P reads as follows.

A v N\ 1 dZ Mp
z _ —11)——:2—1)
P (I+A Zdt A" (83)
T
Z—14 20T (84)
b+ 3

Here b is the additional dimensionless model parameter. It relates to the limit of the
extension of the polymers and is always positive. Note, that this notation differs from
Bird significantly (see appendix D.2). Aside from some scaling, notably, the sign of 7
has been defined differently here. In standard notation (see appendix D.2) it is written

as follows.
Mp ZSQ—}-TIQIL
e = )= _—pn.9 85
T )\< b—TrC TR ( )
W+ TrC (36)
- A(B—TrQ)

In a pure shear-flow its viscosity and first normal stress difference can be given as follows
(see appendix F.2.2 for derivation).

)

. "lp . . 3Ny
= — h{ = h—— s 87
n(%) % 3 sinh | < arcsin o) +1 (87)
3
2(6%-3) 1 A
N, = QU—;T sinh? 3 arcsinh % (88)

3

Example plots of the viscosity and first normal stress difference can be seen in figures 9
and 10.
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Figure 9: Example of an FENE-P curve for the viscosity. Notice the similarity to the
equivalent CY curve in figure 3.
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Figure 10: Example of an FENE-P curve for the first normal stress difference. After a
maximum is reached, N; diminishes again. This is different from PTT (see
figure 13). However, this region is not accessible with rheology.

Note, that the elastic forces are proportional to the viscosity n,, as is the case for
Oldroyd-B. This restricts the possibility for allowing N; behavior to differ from the
behavior of the viscosity. However, this is what happens in some real fluids, yielding
unphysical fitting results. Some model development might be beneficial here. In the
cases where fitting works, defining the shear-rate yy at which the viscosity contribution
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of the polymers is halved as follows can help.

. 1 >

=3 2(b+3) (89)
With this definition, the viscosity can be written in a very fitting-friendly way as follows.

_ wl (1 ( g ))
— 1y~ —=sinh | = arcsinh ( 3-=v3 | | + 7 90
() =M 73 (3 A L (90)

The velocity profile in a Poiseuille flow'” can be obtained by numerically integrating the
following equation over r (see appendix F.2.2 for derivation).

G7’3%Rn)\ B Gr
207,

R, 2<B+3>(R

1
V= 3 » + 1)sinh | - arcsinh

- (91)
21, 2(6 + 3) (R, +1)?

Here G = —% is the pressure gradient, and 57 = 0 for 2D and unity for 3D. The viscosity
ratio Iz, is defined as follows.

Tlp
R, = — 92
o= 2 92

In the case of n, = 0 an analytical solution is possible and given in the following.

i(r) = G G2 )\?
2j+177p 22;‘,%2) (8+3>

(B =) + (R =) | & (93)

Here R is the radius of the pipe. The resulting shear-thinning velocity profile can be
seen in figure 11

9 A Poiseuille flow, strictly speaking, is defined for a Newtonian fluid. This thesis uses a broader
definition (see appendix P.2)
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Figure 11: Example of a typical FENE-P Poiseuille flow. It is near identical to the CY
equivalent (see figure 6).

Notably, this retrieves the Poiseuille flow solution in the Oldroyd-B limit (b — co). Given
75 is typically small, this is often a good approximation, especially for low to medium
Wi. For FENE-P, the Weissenberg number Wi is defined as follows (see appendix F.2.2

for derivation).

3
Wi=—"" )y (94)

2<IS+3>

The FENE-P model limits the infinitely extensible dumbbells to a finite extensibility
b. Consequently, b — o reproduces the Oldroyd-B model. Particularly for large shear
rates, it is numerically possible, that the polymer exceeds its maximal extensibility. If it
is extended beyond the maximum the equations cause it to extend further, making this
model unstable for high shear rates. This problem is further discussed in appendix E.
The FENE-P model is interesting for its good fit to the experimental fluid data, but
the numeric limitations can currently not be overcome. This limits its use in this thesis.
Instead, the PTT model, which will be discussed next is primarily used.

3.74. PTT

The Phan-Thien-Tanner (PTT) model, is the model mostly used for this thesis (in
conjunction with CY). It was originally developed by Phan-Thien and Tanner [61] and
soon after slightly extended by Phan-Thien [62] to the exponential form used in this
thesis. There is also an even more general form from Ferrds [63], which due to its use of
the Gamma function is hard to implement on GPUs. As FluidX3D is GPU based, the
exponential version is preferred here. The constitutive equation reads as follows.

N

f=—¢z-D+D-1)—e" "L +21D (95)
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Where € and £ are additional dimensionless model parameter. This model is based on
a polymer network. e describes the extensibility of the network and & describes the slip
within the network [63]. For our polymer solutions £ is always (effectively) zero and
is set to exactly zero throughout this thesis for simplicity. In standard notation (see
appendix D.3) it is written as follows.

Su=—€C D+D-0) - MEE (96)
r="2C (97)

In a pure shear-flow its viscosity and first normal stress difference can be given as follows
(see appendix F.2.3 for derivation).

. "lp
_ . 98
") = ooz T (98)
n .
N =5 5EWo (4eX?4%) (99)

Where W, is the Lambert W function. Example plots of the viscosity and first normal
stress difference can be seen in figures 12 and 13.

N — Wi=1
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Figure 12: Example of an PTT curve for the viscosity. Notice the similarity to the
equivalent CY curve in figure 3.
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Figure 13: Example of an PTT curve for the first normal stress difference. N; rises
continually with a power law, but changes its exponent relatively abruptly
in the middle. This is different from FENE-P (see figure 10). However, this
region is not accessible with rheology.

Note, that the elastic forces are proportional to the viscosity 7,, as is the case for
Oldroyd-B. The velocity profile in a Poiseuille flow? can be obtained through some
numerical steps (see appendix F.2.3). The resulting shear-thinning velocity profile can
be seen in figure 14

-10.0 —=7.5 —-5.0 —2.5 0.0 2.5 5.0 7.5 10.0
r/pm

Figure 14: Example of a typical PTT Poiseuille flow. It is near identical to the CY
equivalent (see figure 6).

20A Poiseuille flow, strictly speaking, is defined for a Newtonian fluid. This thesis uses a broader
definition (see appendix P.2)
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For PTT, the Weissenberg number Wi is defined as follows (see appendix F.2.3 for
derivation).

Wi = 2\/eNy (100)

The PTT model becomes the Oldroyd-B model for £ = ¢ = 0. Physically this means
removing the slip and extensibility limits of PTT, which returns the Oldroyd-B description.
With this, the fluid models used in this thesis are defined. Some common occurrences
can be observed, which will be discussed in the following.

3.8. Common remarks

All the shear thinning models are capable to produce viscosity curves, that are very
similar in the experimentally accessible range. Consequently, they are able to produce
near-identical velocity profiles in generalized Poiseuille flow conditions (see appendix P.2).
Remarkably, this is despite the equations for the velocity profile being completely different.
They do differ significantly in the first normal stress difference. However, this is mostly
in ranges not accessible by experiment. The very easy (and cheap to simulate) CY model
produces the same velocity profile as PTT in generalized Poiseuille flow. This poses the
question; When does the first normal stress difference actually matter, and when can
one get away with running CY? Most of the thesis is about answering this questions for
different use-cases. All the viscoelastic fluid models are somewhat viable due to their
similarity. The choice in the end comes down to mostly implementation related reasons.
These do favor PTT and therefore, this is the primary model used in this thesis (aside
from CY for comparison). How to make the computer actually calculate these models
and how this system interacts with the LBM algorithm will be discussed next.

23



4 Finite-volume algorithm for polymer stress

4. Finite-volume algorithm for polymer stress

The discussion of LBM so far only covered Newtonian fluids with a fixed viscosity, as
these are present by default in LBM. Generalized Newtonian fluids (see section 3.5)
can be implemented via modification of the relaxation time 7. This has been done
by for example by Miiller et al. [64] in ESPResSo [19, 50] before. The present work
opts for using the stress coupling introduced in section 2.5.2 instead®'. This is easier,
and the stress coupling is needed for viscoelastic fluids anyway, as will be seen later.
The (viscous) stress (see section 3.5) provided by the fluid instantaneously reacts to
changes in the strain-rate tensor D and is therefore available at any point in space
and time. However, some of the fluids used in this thesis are retarded. The stress
tensor provided by viscoelastic fluids shows non-trivial spatio-temporal dynamics. As
this advection-reaction equation is slightly different for each fluid a general notation
has been developed. This equation (eq. 74), reiterated in the following, describes the
evolution of the polymer-conformation tensor C', which is a dimensionless proxy for the
polymer stress tensor 7.

%—%wj-vgz ((Vﬁ)T.Q+Q~(W))+§R+QQ (101)
Here Sy is a model-dependent source term, u is the velocity field and D is the strain-
rate tensor. Section 3.7.1 shows, that any model difference can be put into the definition
of the source term Sy and the polymer-conformation tensor C' for the models used in
this thesis. To solve this equation, a finite-volume scheme is employed. It runs in
parallel with the LBM solver using an identical time-step. This scheme subdivides the
simulation volume in cubes of 1 X 1 x 1 (in LU). These cubes are centered around each
lattice node. This choice allows for particularly easy implementation of the boundary
conditions (see section 13.1). The value at the lattice node is interpreted as the average
value of the polymer-conformation tensor and the strain rate tensor within the respective
cube. The advection term (the second term on the left-hand side of equation 101) is
handled using a special advection algorithm. Two possible choices are shown in the
following sections. The derivatives on the right-hand side of equation 101 are calculated
using finite differences. Finally, the source terms are integrated using the Euler method.
The polymer-conformation tensor described by this scheme, or rather its associated
stress (plus a few offsets described in section 18) are coupled back into the LBM with
the stress coupling introduced in section 2.5.2. Notably, FluidX3D only executes the
finite-volume algorithm for LBM nodes flagged as TYPE_F for historic reasons. The only
non-trivial step here is the advection scheme, which will be discussed next.

4.1. Advection scheme

Advection can happen from and to any valid flux neighbor. With the grid choice outlined
above walls are simply no valid flux neighbors, making these boundaries trivial. More

2IThere are some strings attached. Notably the need for shuffling (see section 18)
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4 Finite-volume algorithm for polymer stress

complex boundaries may are may not be valid flux neighbors (see section 13.1). Special
thought is needed, in regard to deciding to what degree polymer-conformation tensor
flux is allowed within cells or across cell boundaries. Handling this is discussed later
(see section 4.3). Once the valid neighbors are found an advection scheme is employed.
A discretized version of equation (101) could read as follows.

C(T,t + At) = —J(Z,t)At + S(Z,t)At + C(7, 1) (102)

Where all the source terms are represented by S and J is the yet to be determined
flux. FluidX3D has two avection schemes implemented (Two options how to determine
this flux). This work has been done by Fabian H&usl [65]. These two algorithms are
the simple scheme and the corner transport upwind scheme (CTU) scheme. This thesis
exclusively uses CTU for its superior stability, but simple shall be explained due to it
being simple.

4.1.1. Simple

From averaging the constitutive equation over the box surrounding the LBM node and
transforming this into a discretized surface integral, one can get the following [65]. The
equation has been adjusted to fix the dimensionality.

(). (7, 1) = —— 3 I (:z:’+ LN t) () Art! (103)
B AR Axd m " 2 ’ kA
Where d is the number of dimensions. One can see, that the flux through a discrete
number of surfaces is calculated and summed. The flux I through a surface is defined
as follows.
Liji = cijug (104)

Where ¢;; refers to the components of C. For this term, the polymer-conformation
tensor C and the velocity @ needs to be known at o + %E}At, aka at the surface of box
surrounding the LBM node. This is done by averaging the values at the two nodes
involved in the transfer. This flux is projected onto the normal vector in that direction
n;, which is defined as follows. .
hy = 105
al 1o
This is weighted by the area of the surface associated with this normal vector. Which
is defined as follows.

Ax?
— 1
. (106)
Where Aj reads as follows. A
1 L At
0= 54 : |CZ|A_:1: (107)

According to Hausl [65] and Kuron et al. [37], this works for arbitrary velocity sets. It
does not even have to be the same as for LBM. The issue is, that this only accurately
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4 Finite-volume algorithm for polymer stress

reproduces the integral for D2Q5 and D3Q7. If the diagonal velocity sets are associated
with surfaces, the box surrounding each lattice node cannot be a cube. Which likely
alters is volume, although the equation implies it to stay the same. Also, the surface
of this new “box”, does not (likely) lie halfway between the nodes. Kuron et al.cite
Capuani et al. [66] for equation (107). However, the given source does not give the
equation, but only a result for “D3Q18”, that is consistent with the equation. So, this is
some kind of arcane knowledge with an unknown origin. From Ay?* one can reconstruct
the surface area of the volume, that was used to approximate the integral. For D3Q27,
this results in a total area of A ~ 4.2 (in LU). The primitive guess of a potential shape,
which can be seen in figure 15, yields A ~ 3.7.

Figure 15: Render of a naive example for how the FV box might actually look when
considering edge- and corner neighbors for the simple advection algorithm.

This means, that the shape actually represented by equation (107) is further from
a sphere, than the guess above. One can conclude, that in the construction, the
faces are likely of different size to account for the different directions being of differing
importance (similar to the lattice weights for LBM). However, the numeric integral
gets calculated with the average, rendering this thought useless. The authors of the
referenced publications note, that using larger velocity sets than D3Q7 does not yield
any improvement [37, 65]. Given how many questions remain, it is surprising, that it
works at all with larger velocity sets and should be considered “Here be dragons 28”-
territory. Given, this simple approach is prone to some instabilities [65], this thesis uses
the corner transport upwind (CTU) scheme instead. It can reduce these instabilities
and will be explained in the following.

41.2. CTU

Contrary to the linear (in the velocity) approach of the simple advection algorithm, the
corner transport upwind (CTU) scheme is volumetric [37]. The basic idea of CTU is to

22 Ay is treated by the sources like an area, and has the dimension of a velocity. It should be neither.
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virtually displace the finite volume cell (the Az? cube mentioned before) by @At, where
u is the local velocity and At is the size of a time-step. This displacement results in
an overlap with the neighboring cells. Taking the overlap volume as a fraction of the
cell’s volume results in the percentage of the polymer stress currently present within
the cell. This percentage is advected to the respective neighbor. Mathematically this is
somewhat involved and shown in the following based on the derivation from Hausl [65]
and Kuron et al. [37]. Consider figure 16 as an illustration to reference during the
mathematical explanation.

Figure 16: [lustration of the CTU algorithm (in 2D for visibility). Each lattice node
has an associated volume, which gets moved by wAt. This creates overlaps
with (in this case three) neighboring volumes. These define the magnitude of
the advection.
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4 Finite-volume algorithm for polymer stress

The overlap volume V; in direction ¢ is defined as follows.

‘/;(f,t) = O‘i('ﬁt)Hlik(f»t) (108)

The « decides, whether the overlap is considered. Only the overlap with the neighboring
cells is considered. This means, only the outflow is tracked here. « is defined as follows.
1 L if ug(2,t)(G), > 0VEk

ai:{ if un(7,6)(@)x 2 (109)

0 ,else

This can be understood as no component of the velocity may point away from the
neighbor currently considered. FluidX3D uses a more complicated condition to save on
runtime. It is mathematically identical. [;; gives the overlap length in a given direction
and is defined as follows.

Az — ui(Z,t)At if (6;),, =0
Lip(2,1) = 110
o(Z, 1) {uk(f, t)At ,else (110)
Consult figure 16, to see, how this defines , and . The outward flux J,, ;
in direction 7, is then defined as follows.
R Vi(z,t)

Here d refers to the number of dimensions. The total flux J is found by summing over all
directions and by considering the inward flux provided by the neighboring nodes. This
is defined as follows.

This scheme is known to prevent checkerboard instabilities [65]. One is technically free
to choose the neighborhood used for CTU. Choosing one smaller than D3Q27 does incur
an error, but is faster. In this thesis the choice is always a neighborhood consistent
with the D3Q27 velocity set. This is done here in contrast to LBM, where a smaller
velocity set is used, because larger velocity sets are a lot cheaper in CTU. Furthermore,
the viscoelastic fluids are consistently close to instability, so the reward is greater. With
this, the advection of the (dimensionless) stress is defined. Next, making the stress
tensor more human-readable is discussed.

4.2. Scalar stress

Both the stress tensor 7 and its dimensionless proxy, the polymer-conformation tensor
are tensors with 6 independent components. For comparison and understandability, it
would be desirable to have a scalar measure for stress. Depending on which effect one
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4 Finite-volume algorithm for polymer stress

wishes to discuss, two numbers are popular. The first of these is the pressure p, typically
defined as follows.

1
p= Z S (113)

The remaining stress is termed the “deviator of the stress tensor” or the “deviatoric
stress tensor” T%e". It is defined as follows.

1
Tic;ev = Tij —Zngk. (114)
k

It is this deviatoric stress, from which the other popular scalar stress is defined. The
von Mises stress 7y is defined as follows [67].

3
T =Y ST TS (115)
ij

These measures are most commonly used in this thesis to describe the polymer stress of
the fluid. They can however be applied to any stress. For examples to cell stress. The
cell’s interaction with the fluid will be covered next.

4.3. Handling (biological) cells

If biological cells or similar particles are present (These are handled via the Immersed
Boundary Method (IBM); see section 6), these also need to be considered by the finite
volume algorithm. There are two reasons for this. For one, the fluid on the inside in
general behaves different from the fluid outside. This is typically called contrast and
is discussed in the following. Furthermore, physically speaking, the polymer cannot
pass through the cell membrane and the flux of the polymer-conformation tensor should
reflect this. The group of algorithms that aim to handle this, is termed shoveling here
and will be discussed first.

4.3.1. Stress shoveling

If flux through the cell wall is fully prevented, a build-up of polymer-conformation
tensor at the boundary is observed. This eventually leads to problems. Previous
work has been carried out to reduce this issue [65]. This resulted in different kinds of
shoveling algorithms, where the polymer-conformation tensor is permitted to flow into
the outermost layer of the cell. Subsequently, this stress is shoveled back out, distributing
it more evenly in the process. This reduces the build-up of polymer-conformation tensor,
but issues persist. These consist of the polymer-conformation tensor building up at
different areas or oscillations getting promoted leading to instability. It was found, that
letting the polymer-conformation tensor advect freely and just discarding the produced
force works most reliably. While this is quite a trivial solution, it even outperforms more
involved solutions in terms of accuracy. For this thesis, this approach of handling the
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polymer-conformation tensor flux was merged with a generalization of the concept of a
viscosity contrast. This is discussed in the following.

4.3.2. Viscosity contrast

For Newtonian fluids, the viscosity contrast, meaning the fraction between the viscosity
inside and outside the cell, is a well-defined concept. Its relevant effect on deformation
and behavior of cells is well studied [68]. For viscoelastic fluids, this is not straight
forward. In this thesis, this is handled by using a different parameter-set inside the cell
than outside. This allows to reproduce (close to) any behavior inside the cell. This
behavior may be entirely different from the fluid outside the cell. With this scheme,
the polymer-conformation tensor, that is allowed to flow into the cell does have a valid
use here. A notable limit of FluidX3D is, that the same fluid model has to be used
inside and outside the cell. However, it is often desired to have the inside of the cell
act Newtonian. For this purpose, it is notable, that all the models used in this thesis
can be made to act like a Newtonian fluid through clever parameter use. Irrespective
of if they are Generalized Newtonian or fully shear thinning, a Newtonian behavior
can be archived, by setting n, = 0 and putting the desired viscosity into 7. This sets
the first Normal stress difference to 0 for all models, because they all scale with 7,
as mentioned in section 3.7. The same section shows the viscosities becoming strictly
Newtonian for n, = 0. Retaining all other parameters results in the constitutive equation
in its common notation (eq. (75)) being preserved (see section 3.7). This allows the
polymer conformation tensor to pass uninterrupted through the cell (as is desired; See
subsection 4.3.1), while still providing adequate stress inside. With the fluids covered
for now, it is time to consider putting cells into it. This will be discussed next.
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5. Elastic models

In the following sections, cell behavior is described for experiments of increasing complexity.
Before these, the basic effects describing the physical behavior of a cell are covered.
These are its internal viscosity (see section 4.3.2) and its governing elastic equations.
The elastic models used in this thesis are covered in this section. They can be split
into two categories. The models dealing with surface effects (e.g. the cell membrane),
and the models dealing with the bulk volume of the cell. This distinction also exists
in FluidX3D using the flags MEMBRANE_FORCES and TETRA. A different definition of the
dimensionless Capillary number Cay is required depending on category. Models of both
categories can (and in some instances should) be combined to most accurately reproduce
cell behavior. Before these models are covered, some shared notation to quantify the
strain is introduced.

5.1. Strain

First, the deformation has to be quantified. Technically, there are multiple options, and
more elaborate models use different strains. This makes a general description of the base
concepts quite extensive. This thesis follows the definitions from previous works [69,
70] and only mentions the core results. For a more general approach, comprehensive
literature exists [71]. A typical deformation can be seen in figure 17.

=77

) &1
N\ 4
X
Nay

Figure 17: Illustration of the cross-sectional geometry for a cell under typical
deformation: The transformation from the initial state, represented by the
point 7, to the , represented by the point 7/, can be written in
material coordinate as a simple difference, the displacement .

Note, that @ = 3 — ¥ characterizes a deformation here. This is the typical notation
and is commonly seen in literature. Here it is only mentioned for reference and quickly
replaced by the deformation gradient tensor F. It is defined as follows [71].

ou,; ayi

Fij= o 40y =
8xj+ J 8xj

(116)
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This is a simple strain measure, that is used for some linear models*®. Note, that it
is dimensionless, and consequently all quantities derived from it are as well. From the
deformation gradient tensor the left Cauchy-Green deformation tensor B is calculated
as follows.

B=FF" (117)

This is the strain measure most of the models in this thesis are based on. The following
models are technically defined using the right Cauchy-Green deformation tensor, which
has the product flipped. However, this leads to conflicting notations. For the cases
discussed here, the stress can be shown to be identical either way. This is, because the
only terms containing the Cauchy-Green deformation tensor are its trace and the trace
of its square. Factors can be switched below the trace, and therefore, the following holds.

Tr(FF") =Te(E'F) (118)
Te((FE")*) = Te(FETFET) = Te(E"FE"F) = Te((F"F)’) (119)

One can see, that this allows to use the right and left Cauchy-Green deformation tensor
interchangeably in this thesis. From the strain, scalar invariants are typically calculated
and used for the actual stress-strain relationship. These vary depending on model, with
one important commonality. The Jacobian determinant J of the deformation gradient
tensor, which is defined as follows [69].

W
=
Here dV and dV; refer to the volume of an infinitesimal element of the cell, in the

deformed and reference state respectively. This means, that J gives the volume change
and therefore the following must hold for physical deformations.

J >0 (121)

J = det(F) (120)

If J is unity, the material is incompressible. With the strain defined, the stresses can
be discussed. In the following, the models in relation to the cell surface will be covered
first.

5.2. Membrane models

Elastic forces acting on the surface of a cell are well suited to model a cell membrane,
giving this category its name. These models are well studied [68], the implementation is
taken from previous work [65, 72]** and the uses in this thesis was limited. Therefore, the
coverage here is also limited. The membrane is described using shear forces (Skalak or
Neo-Hookean), bending forces and artificial conservation forces for the area and volume.
A force describing surface tension was added in this thesis. The artificial forces depend
on the discrete implementation and are therefore covered later in section 6.4.1. The
models are defined as follows.

23In literature, linear elasticity is usually defined using a different tensor, but it can be written with
this one as well.
24Except for surface tension
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5.2.1. Shear stress (Skalak/Neo-Hookean)

The relevant strain invariants for these models are termed I; and I5. They are calculated
from the strain defined in subsection 5.1 as follows [73].

I, = Tr(B) -2 (122)
L=J"-1 (123)

With this, the energy density U of the Neo-Hookean model is defined as follows [73, 74].

R1

1
v="1n 4 —— 1 124
6(1+12+1 ) (124)

While, the energy density of the Skalak model reads as follows [73-76].

U= % Glf Ty - 12) + %15 (125)
Here k1 and k9 are two moduli. k; relates to shear, while k5 relates to area conservation.
Consequently, the Neo-Hookean model does not inherently conserve surface area. The
notation is largely inconsistent across literature, with the denominators of the fraction
containing the moduli varying. These effects can be absorbed into the definition of the
moduli and are therefore irrelevant. Care has to be taken to assure consistency though.
Next, the membrane’s resistance to bending is discussed.

5.2.2. Bending resistance

The lipid bilayer encapsulating cells does also resist bending. The Helfrich model [77,
78] was designed to capture this behavior. The energy Ep stored in the bending reads
as follows [79, 80].

Ep = / 2kp(H — Hy)*dS (126)
S

Here S is the surface of the cell, kg is the bending modulus, and H and H, are the mean
curvature and its reference. The correct choice for the reference curvature Hy is up for
debate. One could argue for flat being the correct reference, due to the structure of the
bilayer. However, one could also assume, that in a cell, the bilayer is stress-free in its
equilibrium shape. The preexisting code was modified, in this thesis, to allow for both.
Simulations in simple standard geometries revealed no big difference. This concludes
the physical membrane forces. Next, the bulk stresses will be explored.

5.3. Volumetric models

Aside from very simple cells like red blood cells, cells typically have a cytoskeleton and
organelles. The elastic properties of those are captured, by treating the whole cell as an
elastic solid. No significant error is incurred by treating the cells as homogeneous [81].
Half of the models in the following have been ported from preexisting software. The
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notation was however greatly improved in terms of readability compared to previous
publications [69, 70]. The rest is known from literature or consists of small modifications.
As these models are used throughout the thesis, they will be covered thoroughly. The
volumetric models can be nonlinear both in their strain definition and in the stress-strain
relationship itself. The models described in the following are ordered by their amount of
nonlinearity, from the most linear model, to the most nonlinear. The linear elastic model
is fully linear with a simple strain measure. The Modified Saint Venant—Kirchhoff model
is linear with the typical strain measure used here. The Saint Venant—Kirchhoff model
has a nonlinear strain. The Neo-Hookean model is additionally nonlinear in its stress-
strain relationship. The Mooney-Rivlin model considers an additional faster growing
term compared to the Neo-Hookean model. These models already cover shear stress and
volume conservation. Consequently, no additional artificial forces are required for the
bulk. Aside from the invariants covered in a previous subsection (see subsection 5.1),
the following additional invariants are used by the volumetric stress models [69, 70].

wIiN

[=T(B)J" (127)

K = %[Tr(ﬁ)z —Te(B?)]J s (128)

The following models also share the shear modulus G and the bulk modulus . Both of
which can be expressed using the Young’s modulus £, and the Poisson ratio v as follows.

FE

¢ =50+ (129)
FE

=303 (130)

As the Young’s modulus and Poisson ratio are more expressive, these are used throughout
the thesis. However, the formulation of the models is easier using shear and bulk
modulus. Consequently, they are written here using those. The most basic model shall
be covered first.

5.3.1. Linear elastic

Linear elastic (LE) stress is typically defined using a strain tensor identical to the strain-
rate tensor used for fluids. Here it shall be written using the deformation gradient tensor
for consistency. Its energy density Upg reads as follows [71].

Urg = % Tr(F?) + Te(FTF) - %Tr(ﬁ)z + = [Tx(F) — 3] (131)

K
2
This is only useful for small deformations and not invariant under all transformations
(e.g. rigid body rotation). It is only used in this thesis as a limit to compare the
other models to. It should be noted, that for small deformations, the last term can be

approximated as follows.
Tr(F)—-3~J—-1 (132)
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This means, that the volume conservation is present, even so it is not obvious. However,
the energy does not diverge for J — 0, which means, that a linear elastic cell can be
deformed to the point of vanishing with a finite force. This is unphysical and does cause
problems in simulations starting at medium deformations. Next, the first production
model will be discussed.

5.3.2. Modified Saint Venant—Kirchhoff

The Modified Saint Venant—Kirchhoff model (SVKK) was developed in this thesis in
order to produce forces between the Saint Venant—Kirchhoff model (subsection 5.3.3)
and the Neo-Hookean model (subsection 5.3.4). Later sections (see section 20.4) will
show, that experimental data lies between these two models, motivating the design of
an intermediate model. The Saint Venant—Kirchhoff (SVK) model, can be in general be
written as follows [32].

Usvic = G| Tr(E?) - %Tr@? + 5Ty (133)

Here S is a yet to be determined strain tensor. Fraldi et al. [82] demonstrate such a
model with two different strains for the 1D case. They use the Green-Lagrange strain
for one, which is commonly used in SVK model. Furthermore, the Biot strain is used,
which is uncommon in 3D due to some mathematical difficulty it introduces. Here, a
scaled Biot strain defined as follows is used.

1
EFE=—(5—-1 134
E \/5(_ ) (134)
Where S is defined as follows.
S?’=B (135)

Typically, this would also be written using the right Cauchy-Green deformation tensor.
Here, this does produce different results and the ones using the left Cauchy-Green
deformation tensor have proven more desirable. Solving this equation is the aforementioned
mathematical difficulty. The scaling (the modification) is done in order to place the
resulting force between the Saint Venant—Kirchhoff and the Neo-Hookean model. Both
these models describe the experimental data for hydrogel particles well (see section 20.4),
with the Saint Venant-Kirchhoff model drifting slowly below the data and the Neo-
Hookean model doing the opposite. Consequently, the Modified Saint Venant—Kirchhoff
was created for an optimized description of the data. For small symmetric deformations,
the following holds.

(136)

1

(J—1)° (137)

This means, volume conservation also hides in this term. However, the energy does
not diverge for J — 0, which means, that a Modified Saint Venant—Kirchhoff cell
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can be deformed to the point of vanishing with a finite force. An illustration for
this can be found in literature [82]. This is unphysical and does cause problems in
simulations starting at medium deformations. Next a less linear version of the Saint
Venant—Kirchhoff model will be discussed.

5.3.3. Saint Venant—Kirchhoff

The Saint Venant—Kirchhoff (SVK) model in its more typical formulation, in principal
uses the same equation as the Modified Saint Venant—Kirchhoff model, which is listed
below [82].

Usvi = G| Tr(E?) — %Tr(ﬁ)z + 2T (B)? (138)

However, the definition of the strain E, given in the following is nonlinear.

E=(B-1) (139)
With the left Cauchy-Green deformation tensor B, which is similar to a square of the
deformation gradient tensor F'. The term corresponding to volume conservation does
not transform to the same form as simply as for the other models. It still provides a force
towards the equilibrium volume. However, the energy does not diverge for J — 0, which
means, that a Saint Venant—Kirchhoff cell can be deformed to the point of vanishing with
a finite force. An illustration for this can be found in literature [82]. This is unphysical
and does cause problems in simulations starting at medium deformations. In the valid
range, the Saint Venant—Kirchhoff model is well suited to describe hydrogel particles
(see section 20.4). Next the models capable of significant nonlinearity are covered.

5.3.4. Neo-Hookean

The Neo-Hookean (NH) model is, as the name suggests, inspired by Hookean forces.
It is effectively the default model and is treated as such in this thesis. The reason for
this is, that the Neo-Hookean model is well suited to describe hydrogel particles (see
section 20.4). And it does not have the problem of the possibility of deformation to the
point of vanishing with a finite force. Its energy density is listed in the following [69,
70]. -
K
Unn = E(I 3) + 5

The Neo-Hookean model can be interpreted as a limit of the Mooney-Rivlin model. It is
implemented in FluidX3D as a limit of the Mooney-Rivlin model. The Mooney-Rivlin
model will be covered next.

(J—1)° (140)

5.3.5. Mooney—-Rivlin

The Mooney-Rivlin (MR) model is the most complex model in this thesis. It is capable
of highly nonlinear behavior and has a parameter to increase these effects. Its energy
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density is listed in the following [69, 70].

UMR:%(I—3)+%(K—3)+§(J—1)2 (141)

Note, that the shear modulus G is split here as follows.
G =G+ Gy (142)

For small deformations it does in fact act like a Neo-Hookean model with this sum as
its shear modulus [70]. Furthermore, the two moduli are defined as follows.

Gy = wG (143)
Gy=(1—w)@ (144)

This allows to tune the higher order non-linearity from Neo-Hookean (w = 1) to strongly
strain hardening towards w = 0. Intermediate values of w can be chosen depending on
the desired amount of strain hardening. The Mooney—Rivlin model is well suited to
describe biological cell (see section 20.4). With the elastic models defined, one can think
about the relevant dimensionless numbers. This is covered next.

5.4. Capillary number

The elastic force density f can be defined from the principal of virtual work as follows.

ou

ﬁ=—%i (145)

i is the displacement mentioned in subsection 5.1. It should be noted, that this density
is in respect to volume for the volumetric models and in respect to area for the membrane
models. Adding an force changes the Navier-Stokes equation (eq. 1) as follows.

—

ou . . . o
Por +p(@t- V)i = uV*i —Vp+ f (146)
Importantly, the f here is always in respect to the volume, so this needs to be compensated
with an additional factor for the membrane models. Performing the non-dimensionalization
from section 1.2.1 on this equation results with prefactors on the force term. For the
volume forces these are as follows. U

t
Stpe
With the typical energy density Uy, the Stokes number St, the typical dynamic viscosity
1y and the typical shear-rate 4. For the membrane forces this equation differs by a
typical length as expected. This can be seen in the following.

(147)

Ut
Sty

(148)
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Here wuy is the typical velocity. As noted in section 1.2.1, the Stokes number is unity
in the relevant regime. This leaves the question of how to define the typical energy
density. It is customary to define the shear modulus G or its membrane equivalent x;
respectively as the typical value. This introduces an additional dimensionless number
(or two), which are defined as the fractions of the moduli. These typically get ignored,
even so they are relevant, particularly for the Mooney-Rivlin model. With these choices,
the prefactors become as follows.

G
— (149)
MVt
K1
150
Uy, ( )

These are typically interpreted as the inverse of the Capillary number Ca. This results
in the following.

Pt Ve .
—— , for volumetric forces
Ca=¢ G (151)
He Ut
, for membrane forces
K1

This means that for large Capillary numbers, the force caused by the cell is irrelevant,
and it gets freely advected. Consequently, it experiences a large deformation. For small
Capillary numbers on the other hand, the term becomes dominant, the cell deforms
little, and the flow is forced to conform to the cell. This makes this number useful to
judge expected deformation. However, slightly diverting from this typical definition, this
thesis defines the Capillary number Cak as follows.

Cag = 5 vCa (152)

This choice is very sensible as is explained in appendix G. The prefactor assures, that
as a rule of thumb, a large Capillary number starts around Cax > 1. Taking the root
of the Capillary number is the conceptually important part. For volumetric forces, the
Capillary number simplifies to the following using the Young’s modulus E.

Ht Ve

The Capillary number can be used for scaling. This will be discussed next.

5.5. Scaling of elastic models

Scaling is concept most often used together with dimensionless numbers. Due to their
derivation, one can see, that the simulated physics are not altered as long as the
dimensionless numbers stay the same. This means, that one would get the same simulation
result for volumetric cells, if one would have both the shear-rate 4 and the Young’s
modulus £. This transformation does not change the Capillary number. This is often
useful to make parameters more convenient. Care has to be taken to not accidentally
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change another dimensionless number in the process. Another type of scaling is the
analysis of the behavior of a system in regard to the change of a parameter. In this
thesis, the elastic force density f, which is defined as follows is of interest.

ou

(154)

The energy densities listed in this section are proportional to a modulus and otherwise
dimensionless. For the volumetric models, the Young’s modulus can be factored out,
for the membrane models an equivalent modulus exists for each one. This means, that
the energy density only reacts linearly to scaling of the Young’s modulus (or equivalent)
and is otherwise invariant under any scaling. The force density is defined as a derivative
of the energy density in respect to the displacement. Considering a cell with scaled
size and the same shape, this displacement would scale according to this size scaling
factor. If one considers the force a volume for the volumetric models or a surface for the
membrane models has to be multiplied onto the force density. This factor would scale
with a power of three or two of the size scaling factor respectively. In total, the force
increases with the square of the size scaling for volumetric models and linearly for the
membrane models. This means, that scaling the size, while preserving the physics would
require to scale the Young’s modulus or its volumetric counterpart as well. The moduli
would need different scaling in order to preserve the forces relative strength. However,
in a case of a simple system, the force response of a cell of a given size can easily be
determined from the simulation of a cell of a different size. Next, the implementation of
the models presented in this section and their use shall be discussed.
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6 Immersed Boundary Method

6. Immersed Boundary Method

The Immersed Boundary Method (IBM) is a finite element algorithm originally designed
to allow the simulation of membranes immersed in a fluid. It has originally been
developed independently of the LBM algorithm [83, 84]. Due to the popularity of the
method, modern literature on the subject is plentiful [9]. The basic idea is, that on the
membrane a no-slip condition must be fulfilled, meaning that the membrane must rest
in the fluid. This is archived, by treating the membrane as part of the fluid. However,
previous research [70] has demonstrated, that the underlying principles can be extended
to more general use-cases. The following discussion will therefore be from a more general
standpoint. In this framing, IBM allows the simulation of the behavior of point-particles
in a flow. In the following, the discretization of cells into meshes and the coordinate
system used for IBM are covered, before covering the algorithm, the relevant forces and
some limitations of IBM.

6.1. Meshes

In order to simulate an object like a cell, it needs to be subdivided into point-particles
and appropriate inter-particle forces. These forces can sensibly be defined on surface
and volume elements. Therefore, it is indicated to subdivide the cell into such elements.
In this thesis, the surface is discretized by splitting it into triangles. The vertices of the
triangles are the aforementioned point-particles. For cells only consisting of a membrane
and some internal fluid, like red blood cells (RBCs), this is enough. For more general
cases, the cells volume is subdivided into tetrahedra. The vertices of the tetrahedra are
also part of the aforementioned point-particles. This thesis focuses on such volumetric
cells. Generating such meshes is done differently depending on the mesh type. The
membrane-only meshes, termed RBC meshes in the following are generated using an
icosahedron subdivision method [79] to create a sphere. This sphere is subsequently
deformed into the typical discocyte shape. The volumetric meshes are generated using
gmsh [85]. Tt shall be noted, that the meshes produced by gmsh will differ slightly
between versions and even between computers. In this thesis gmsh is generally instructed
to produce a spherical mesh with a fixed radius R and an average distance between the
points of 1. With this R is a measure of the mesh resolution and is treated as such in this
thesis. The average distance of 1 is treated as being in lattice unit, meaning the mesh
has an average spacing equal to the lattice unit. Picking the spacing (exactly) equal to
the lattice constant is necessary according to literature [9, 86], but can be interpreted
more loosely under some conditions (see appendix H). This thesis generally adheres to
this convention (see appendix H for details). A notable exception being the prevention of
a certain instability (see section 15). FluidX3D ships with four standard meshes, which
are used extensively throughout this thesis. The first one is the membrane-only mesh in
a discocyte shape. This is useful for modeling RBCs. It can be seen in figure 18.
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Figure 18: Render of the discocyte shaped, membrane-only mesh used for RBCs.

The other three meshes are a volumetric sphere in three sensible standard resolutions.
These can be seen in figure 19.

VoV

Figure 19: Render of volumetric meshes in the three standard resolutions (R = 6, R =
and R = 18).

Note, that the compute burden of the IBM algorithm is small compared to LBM.
However, if one picks the average distance of IBM nodes as the lattice constant, the
LBM resolution has to increase with increasing IBM resolution. With this in mind,
higher resolution meshes are used in simulations with longer runtime. The small (R = 6)
mesh is prone to error, but useful for quick tests, with small runtime. The medium
(R = 12) mesh is typically good enough for most applications. The large (R;8) mesh is
used if minimal errors are desired. Simulations using it are often quite intense in terms
of compute. Throughout this thesis, meshes with different sizes are used as well from
time to time. These are generated using a gmsh configuration file and the following
command.

gmsh mesh.geo -3 -smooth 100 -optimize_netgen \
—algo hxt —-format vtk -o mesh.vtk

71



6 Immersed Boundary Method

Those meshes are addressed by their resolution R. As the average distance between
points in the mesh is 1 and chosen to be equal to the lattice constant, the coordinates
in the mesh are compatible with lattice coordinates. This allows easy loading of the
meshes into FluidX3D. However, the IBM points do not lie on the lattice nodes, but in
between. This means, that their coordinates are not integers. Formally, this necessitates
the definition of a second coordinate system. This will be covered next.

6.2. IBM coordinates

The second coordinate system present in FluidX3D aside from the LBM coordinate
system (see section 2.4) is the IBM coordinate system. The IBM coordinate system is
also Cartesian. It is the one the user is usually confronted with. Its purpose is to handle
the positions of the IBM mesh, which do not align with the LBM grid. Its origin is
centered in the simulation volume. This has proven advantageous as many problems are
in some way symmetric. Consider a lattice grid made of L, x L, X L, lattice nodes. In LU,

the simulation volume in the IBM coordinate system extends from (—%, —%, —%) to

Ly Ly L—) Lattice coordinates can therefore be converted to IBM coordinates using

202072 )"
the following equation.
1 L,—1
fIBM = fLBM — = Ly -1 A1’ (155)
2\L. -1

Here, Ax is the lattice constant. These coordinates can also easily be converted to SI
units and convey meaningful information. Simulation output in FluidX3D is always
written in this coordinate system. This includes the lattice associate data. The LBM
coordinate system is truly only used for some algorithms, that require it and for the
definition of geometries. Work is done to also translate the latter to IBM coordinates
wherever possible. With the basics covered, the algorithm can be described. This is
done next.

6.3. IBM algorithm

The base working principle of the IBM algorithm is, that the actual solving is done by
the LBM algorithm. There is no direct solver in the IBM algorithm. The influence of
the immersed points is handed of to the fluid solver, and the results are passed back.
The IBM algorithm can be broken into the following five steps.

Force calculation

e Force spreading

LBM step

Velocity interpolation
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e Advection

Note, that these can be cyclically reordered. FluidX3D actually starts with velocity
interpolation, in order to separate IBM code from LBM code. These steps in their
intuitive order will be discussed in the following. Figure 20 shows an illustration of the
principal components of this algorithm.

X X X X X

force

spreading

X X
X X
X X
velocity
interpolation
X X X X X

Figure 20: Ilustration of the IBM algorithm (in 2D for visibility). A deformed mesh
lies in a grid of lattice nodes. The force on any given point of the mesh is
distributed to the adjacent lattice nodes. Similarly, the velocity for any given
point of the mesh is calculated by interpolating from the adjacent lattice
nodes.
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6.3.1. Force calculation

The points on the mesh are exposed to different kinds of forces. For one, there are
external forces, for example gravity. These in general require the point to be associated
with some amount of mass. If the points are part of a membrane-only mesh, this is
tricky. However, the only case where such external forces are relevant in this is the
compression of volumetric cells (see section 7). In these cases, the force only has to
be large and is not required to fulfill any quantitative criteria. The other type of force
is internal forces. The discretization into a mesh allows any complicated macroscopic
strain to be split into a well-defined deformation of a triangle or tetrahedron. This local
strain is simple enough to solve the material models and calculate a local stress. This
gives the forces, that if put together reproduce the macroscopic behavior of the cell. The
equation for the forces relevant to this thesis can be found in subsection 6.4. It should be
noted, that due to these forces being per triangle or tetrahedron respectively, multiple
contributions need to be added for any mesh point. As FluidX3D runs in parallel on
GPUs, this is an issue as it can lead to race conditions. This is handled (see appendix I)
with a workaround. Even with the (currently not available) ideal solution, the order
of the additions is not deterministic. This causes some noise it the simulation output
depending on how the rounding errors compound. With these forces on the immersed
points determined, they need to be handed of to the LBM algorithm. This is explained
next.

6.3.2. Force spreading

From the previous step, the force on each point of the mesh is known. This needs to
be transferred to the fluid. The fluid acts on the LBM nodes. Therefore, the force of
a mesh point is distributed among its neighboring lattice points. To do this, first, the
position of the IBM point is converted to LBM coordinates as follows.

L,—1 L, L,
Tipn =Ty + 5 | Ly =1 |Av+ | Ly | Az = Fupa+ | Ly | Az (156)
L.—1 L. L.

Here, Ax is the lattice constant. Note, that compared to the simple inverse of the
transformation described in subsection 6.2, an extra offset is added. The reason for this
is, that the simulation volume extends towards the negative x, y and z direction from
the LBM node with coordinate (0,0,0). The LBM coordinates are used as array indices
and therefore are designed to be positive. This extra term assures this. Furthermore,
FluidX3D always has periodic boundaries (see section 13 for other boundaries) and
therefore, this extra term can always be removed using a modulus operation. The next
step is a modulus operation as well. The position p’ of the IBM point relative to its
neighboring LBM point with the smallest LBM coordinate is determined as follows.

—
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Note, that - % - denotes the modulo operation. Similarly, said neighboring LBM point
with the smallest LBM coordinate % is defined as follows.
(%o), = (TLem); o (LiAz) (158)

With this, the force on the surrounding LBM nodes ﬁLBM can finally be calculated as
follows.

i 7
Fipul o+ | J|Ax | = — H Ar—||p—1|Jj|Ax Figm (159)
k Aw? S K
Here Fipy is the force on the IBM point that needs to be spread. The indices ¢, j, k €
{0,1} in all their permutations are used to address all 8 neighboring points. While this
looks complicated when written as an equation, it is actually quite simple. This can be
seen in figure 21.

X X

Figure 21: Illustration of the force spreading algorithm (in 2D for visibility). The surface
between four latttice nodes is split into four sub-surfaces by the position p
of the IBM point. Each latttice node receives the part of the force, that is
proportional to the area, which is opposite to itself.

The IBM point splits the volume into eight sub-volumes proportional to the share of
the force the opposite lattice node receives. The sub-volume is taken as a fraction of
the entire volume enclosed by the adjacent lattice nodes. Here, it is also the case, that
multiple threads may write to the same lattice node. It is handled in the same way as
in the previous subsection (see appendix I). With the forces distributed to the lattice
nodes, they can be handled by the LBM algorithm as described in section 2.5.1. Note,
that the LBM algorithm technically deals with force densities. The conversion is done,
via the interpretation, that the lattice node represents a Ax?® volume centered around
it. The LBM algorithm results in a velocity defined at the lattice nodes. This is used in
the next step.
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6.3.3. Velocity interpolation

To get the velocity at the IBM point uigy, trilinear interpolation is performed from the
velocity at the adjacent LBM nodes ugy. This is described by the following equation.

UM = E T | | Az — | |p— i Az UM | Zo + i Az (160)
ijk m

m

Conceptually, this is the same as in the previous section, just the other way round. The
velocities at the lattice nodes get weighted with the fraction of the volume opposite to
the lattice node. All eight such contributions get summed. This is the fluid velocity at
the position of the IBM point. The next step moves the point.

6.3.4. Advection

The base concept of IBM is, that the point has no slip. It moves with the fluid.
Consequently, the point is advected with the local fluid velocity determined in the
previous step. A simple Euler integration is used for this. The LBM is responsible
for the higher order accuracy. With the algorithms sorted, the next section discusses
the forces, that are used in this thesis with this algorithm.

6.4. IBM forces

In this thesis, IBM is used to simulate biological cells or hydrogel beads. To do this, like
before (section 5), the models discussed should be split in forces modeling a membrane
and forces modeling the bulk material of a cell. These forces can be found in literature
already. However, they are typically denoted as needlessly complicated strings of scalar
equations. Writing them as matrix valued equations is entirely possible and a lot simpler.
Also, this speeds up computation considerably due to improved cashing. In a matter
of speaking, the flattened equations are so complicated even the compiler is confused.
Some derivation is required to gather a useful form. In this thesis, the forces are derived
from the principle of virtual work. This means, they are a result of the derivative of the
energy in respect to the deformation. Ultimately a definition of the deformation gradient
tensor F (section 5.1) on the discrete mesh is required for the calculations. In the end,
the forces on the vertices will be retrieved as the rows of a force tensor M}, ... Note,
that an alternative derivation using stresses exists. The result is identical [68]*°. In the
following, membrane forces will be discussed first. Due to their limited importance in
this thesis, the discussion is kept short.

6.4.1. Membrane forces

Membrane forces act on triangles or groups of triangles. The ones implemented in
FluidX3D are shear stress, bending resistance, area and volume conservation and surface

25The Mooney-Rivlin code for FluidX38D was originally in this form and was later seamlessly
transformed into the force form.
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tension. They are listed in this order in the following.

6.4.1.1. Shear stress (Skalak/Neo-Hookean)

Due to limited importance for this thesis, the derivation of this model was skipped. The
following is just an improved notation for the derivations found in literature [68, 76].
First, consider a triangle as can be seen in figure 22.

S

>
™
!

©
2 72

Figure 22: Illustration of a triangle the shear force is calculated on. It has the vertices
7 the sides  and ¢ as well as the angle .

The deformation is easiest to describe if one considers the triangle in a coordinate system
based on the triangle itself. Consider the reference triangle to be rotated so it lies in the
same plane as the deformed triangle. The points Z() of both coincide and the sides d of
both are aligned. Deformation should not depend on rotation. Rotating a priori, takes
care of this. A local coordinate system is defined with the z-axis parallel to £ — #*)
and the y-axis normal to the z-axis and in the plane of the triangle towards #®. The
deformation @ for the vertex i can then be defined in this coordinate system as follows.

=70 — 7)) (161)

Quantities with an index 0 refer to the undeformed state. This immediately gives the
following relations by definition.

@t =0 (162)
0 (163)

The deformation gradient tensor F' can then be written as a matrix product as follows.

F= W 4@ o) (a 5) +1 (164)
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Here, @ and b are interpolation weights defined as follows.

7= _ Cosin(po) 11 ! 11 (165)
a = —— J— [ — —_
2A0 0 do 0
. 1 1 -1
b=—"egcos(po)| =1 ] +do| O (166)
2A0 0 1

Here Ay is the area of the triangle. It is defined as follows.
1
AO = §d060 sin((p@) (167)

This definition is more complex than necessary, given F only has three non-vanishing
entries, two of which are quite simple. However, this form allows one to see the parallels
to the definition of F in section 5.1, where the 1 could be removed by switching « for
the new coordinates. This is possible here as well, and one can write the following.

F = (f(l) 72 5(3))5.

1nv

(168)

With the matrix X,  purely defined by the reference positions as follows.

=—Inv

g h
L (@), )
Yoo = | T TG, | - (@ b) (169)
@,
The parameters g and h are actually arbitrary due to the choice of coordinate system.
The reason for the index of X,  is the following relation.

—Inv

(#) & &)X =1 (170)

It is not a true inverse, because it is not square and the above equation is not commutative.
However, this way of defining F is a general concept, that will return for the volumetric
models. With F defined, the force tensor M}, .. for the Skalak model it reads as follows.

A
Mpee = =2 Xiy [f1(I + V) EY + (=r1 + ko) JPE7Y (67 €)) (171)

Force 3 = T Y

Note the definition from section 5.2.1 reiterated in the following.

J = det(F) (172)
B=FF" (173)
I = Te(B) — 2 (174)
L=J"—1 (175)
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k1 and k9 are two moduli. x; relates to shear, while k5 relates to area conservation. The

forces on the individual vertices are given by the rows of Mg ... The direction vectors

¢, and é, are defined in the unaltered coordinate system as follows.

&, = N(#® — 7)) (176)
6. = N[(#® — 70) x (#® — 71)] (177)
&y =6, X &, (178)

Where the normalization operator N- shall be defined as follows.

~

Na =

=

(179)

B

The definition of these direction vectors is the transform back in the original coordinate
system. The Neo-Hookean is slightly simpler. Its force reads as follows.
A 1l -
Mipree = —?Omlmv {ET - =F 1} (eI el (180)
It is enough to calculate the force on two points, as the sum of the forces has to vanish.

With this, the shear models have been brought into a nice and manageable form. Next,
the bending forces are discussed.

6.4.1.2. Bending resistance
The force density f, generated using the principal of virtual work, can be written as
follows [79, 80].

f=2kp[As(H — Hy) +2(H — Hy)(H* — K + HoH)]n (181)

Here kg is the bending modulus, H and H, are the mean curvature and its reference, K
is the Gaussian curvature, and n is the unit normal of the bent surface. The Laplace-
Beltrami operator Ag is the Laplace operator in respect to the surface. Calculating
the curvature on a discrete mesh is not trivial. There is also no particularly nice way
to write it down. For the implementation the algorithm proposed by Meyer et al. [37]
is employed. Due to the limited importance for this thesis, writing it down here is
skipped. It should be noted, that even the most uniform meshes have special points.
These might for example be points with a different number of neighbors than the other
points. Such points introduce small error terms into the simulation [79]. This force was
used in an attempt to combat the instability discussed in section 15.2. For a relevant
impact, unreasonably high kg are required. The instability was addressed effectively
using a different approach. Next, area and volume conservation will be discussed.

6.4.1.3. Area/Volume conservation
Physically speaking, both the surface area and the volume of a cell should be conserved.
The arguments for this are quite simple. The membrane is made of a fixed number of
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lipid molecules arranged in a particular pattern (assuming the cell does not have enough
time to grow). As neither the arrangement nor the size of the lipid molecule can change,
the surface are is constant. Furthermore, the membrane is (mostly) impermeable and its
content (mostly water) is incompressible. Consequently, the volume has to stay the same.
The Skalak shear models does preserve area, while the Neo-Hookean model does not.
Neither of them considers volume conservation. Technically, one of the implementations
should assure volume conservation (see section 6), however this is not exact. To assure
the cell does accurately conserve area and volume, additional forces are introduced.
For the computation, the surface is discretized into triangles. For each surface triangle
consisting of the vertices Z;, the area conservation force on the first point F A is defined

as follows [38].
SA RA A— Ao
L2 4
Here K, is the area modulus, A and Ag are the surface area of the cell and its reference
respectively and n is the unit normal vector. The forces on the other points are given
by cyclical permutation. The volume conservation force on the first point F V is defined

as follows [88].

n X (fg — fg) (182)

oy kv V-V
1 — _F VE)
Here kv is the volume modulus and V' and Vj are the volume of the cell and its reference
respectively. The forces on the other points are given by cyclical permutation. Note,
that the positions here are defined in relation to the center of the cell. Next, the surface

tension will be discussed.

(T3 X Ts) (183)

6.4.1.4. Surface tension

As previously discussed, the bending force was used to try to combat an instability (see
section 15.2). Due to this being unsuccessful, a simple surface tension was implemented.
This has no other use in this thesis, but is valid in general and therefore was retained,
despite also being unsuccessful. For the computation, the surface is discretized into
triangles. For each surface triangle consisting of the vertices Z;, the surface tension force
on the first point ﬁf is defined as follows

8= —%ﬁ X (T3 — To) (184)

Here kg is the surface tension modulus, that represents the surface tension. The forces
on the other points are given by cyclical permutation. This force aims to minimize
the surface are and is the same as the surface conservation force (eq. (182)) for a
reference area Ay = 0. In order to archive the desired effect on the cell, values of the
modulus are required, which lead to significant shrinkage. This is another opportunity to
discuss whether, a cell at rest is stress-free. One could argue, that the actual reference
size of the cell is bigger than observed, and it has been squished by surface tension.
As the surface tension is dependent on the cell’s affinity towards water, this value is
unknown. Therefore, picking realistic parameters for such a simulation is not possible.
Consequently, this avenue of though was not explored further.
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6.4.2. Volumetric forces

For the volumetric forces, the volume is subdivided into tetrahedrons. The points indices
are chosen to run from 0 to 3. The whole derivation, which can be found in appendix J
deals with the points 1 to 3. The force on the remaining point is calculated using the
fact, that the sum of the forces has to vanish. Consequently, the force tensor My, ..

contains three forces in its rows. As alluded to before, the deformation gradient tensor
F is defined as follows for all volumetric models.

F = RRy' (185)

Here R is a tensor containing the current positions in its columns and R, is the inverse
of the tensor containing the reference positions in its columns. The invariants from
section 5.3 are relevant here as well. Some are reiterated in the following.

J = det(F) (186)
B=FFT (187)

The others could be used to shorten some terms, but this has been omitted here. The
moduli used in this section vary depending on convenience. The shear modulus G, the
bulk modulus x and Lamé’s first parameter A are used in the model definitions. They
can be expressed through the Young’s modulus £ and the Poisson ratio v as follows.

E
G= 2(1+v) (188)

__ B 189
TR w) (189)
Aok 2G= 2V (190)

37 (1+v)(1-2v)

Both FluidX3D and this thesis use the Young’s modulus and Poisson ratio as the
parameters for the moduli. Other than that, no new variables are introduced. In the
following, only the results of the derivations are listed. As before, the models are ordered
from most linear, to leas linear. First, the linear elastic model is discussed.

6.4.2.1. Linear elastic
The linear elastic force reads as follows.

Moo = —VoRy' [G(E +E") + ((m - %;) Tr(F) — ?m) ﬂ} (191)

It should be reiterated, that a finite force is sufficient to deform a linear elastic tetrahedron
to the point of vanishing. Note, that all the moduli in this equation are proportional
to the Young’s modulus. This means, that it could be factored out. With this, all the
dimensional quantities are in front. The remaining bracket is dimensionless and as such
indifferent to scaling. Next, the first production model will be discussed.
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6.4.2.2. Modified Saint Venant—Kirchhoff
The modified Saint Venant—Kirchhoff force reads as follows.

Force

Mo = o8 {65 - 1)+ S Ti(s — 1)1 b (192

To find the tensor S, the computation of a root of a tensor is required. This is discussed
in appendix K. The same comments for vanishing deformation and scaling apply as for
the linear elastic force. Next a less linear version of the Saint Venant—Kirchhoff model
will be discussed.

6.4.2.3. Saint Venant—Kirchhoff
The Saint Venant—Kirchhoff force reads as follows.

MY, = ~VoH{GB' + 2A[Te(B')]1} (193)

=%~ Force
B’ and H are helper variables defined as follows.

B'=B-1 (194)
H=Ry'E" 195
0

The same comments for vanishing deformation and scaling apply as for the linear elastic
force. Next the models capable of significant nonlinearity are covered.

6.4.2.4. Mooney—Rivlin
The Saint Mooney—Rivlin force reads as follows.

Force

. 1
ML = —V()Jﬁ‘l{GlJa (5 -3 Tr(§)11>

1
+ GQJ—Z{ T(B)B — B?] + 5 [Tr(B?) - Ta(BY] 1} (196)
+r(J —1)1}
The shear modulus G is split as follows.

G = wG (197)
Go = (1 —w)G (198)

This makes the non-linearity tuneable usig the Mooney-Rivlin ratio w. The Neo-Hookean
limit is recovered for w = 1. For small deformations the Mooney-Rivlin model does act
like a Neo-Hookean model with G = G + G as its shear modulus [70]. This model does
not allow the tetrahedron to collapse. The comments regarding scaling apply as for the
linear elastic force. Next some considerations in regard to scaling of these equations are
discussed.
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6.5. Scaling of elastic forces

As previously mentioned in section 5.5, the forces can be scaled. They are proportional to
the Young’s modulus for the volumetric forces or its membrane counterpart. Furthermore,
the volumetric forces scale with the square of the size and the membrane forces scale
linearly with the size. Departing from the abstract notation in the previous section, this
can be seen here more clearly in the models’ shared prefactor. It should be noted in that
regard, that the inverse of a tensor for example R~' behaves the same as the inverse of
a scalar would. Meaning, in this case, this represents an inverse of the size of the cell.
With the elastic behavior of cells thoroughly covered, next, their content is addressed.

6.6. Viscosity contrast

As mentioned previously (see section 4.3.2), the inside of a cell might have a different
viscosity than the outside fluid. Especially for membrane-only cells this difference drives
most of their behavior [68]. For this to work, the algorithm needs to know which LBM
nodes are inside the cell. In FluidX3D the algorithms responsible for this functionality
are marked by the flag INOUT. In principle, a ray-casting algorithm can be used for
this. A ray is emitted by each lattice point in an arbitrary direction, and the number of
intersections with the membrane are counted. From this one can determine whether a
node is inside the cell, depending on whether the count is odd (inside) or even (outside).
However, this is expensive. There are optimizations, where one moves through multiple
LBM nodes with the same ray. Care has to be taken in the case of periodic boundaries.
Furthermore, there is an implementation difficulty, where memory has to be reserved for
the expected number of intersections. For optimal speed, ray-casting is only used for
the initialization and from then only the required nodes are updated. A quick overview
of the algorithm used in FluidX3D is given in the following. Publications exist on the
implementation of this algorithm [65, 89]. However they do not describe the algorithm
as it is actually implemented in its current state. After initial ray-casting only the points
close to the surface of the mesh are considered. For each surface triangle, its center p
and its normal vector 7 are determined. Only the LBM nodes # adjacent to j are
considered, similar to the velocity interpolation and force spreading parts of the IBM
algorithm discussed in subsection 6.3. This carries the assumption, that the mesh moves
less than a lattice constant per time-step. This is assured in IBM, because violating
this is only possible with an unstable Mach number. From this the direction from the
triangles center to the LBM node d'" is determined as follows.

dD =79 — 5 (199)
Now one can sort the nodes using a scalar product as follows.

OB ﬁ{< 0 ,node i inside (200)

> 0 ,node i outside

This sorting is actually not a grantee, but refers to where the node likely is. Consequently,
for some geometries this can sometimes lead to odd results like a single outside node
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being entirely surrounded by inside nodes. To prevent this usually an additional step is
taken, where all nodes surrounded by a given threshold amount of the other type are
flipped. This is not done in FluidX3D due to race condition concerns. Instead, two
passes are made. In the first, only the adjacent lattice node with the smallest lattice
coordinates is considered. In the second pass, all neighbors are considered, but the value
is only updated if the nodes are outside. It should be noted, that this approach requires
a triangle center to be near each lattice node. This means, that the average distance
between IBM mesh points (see appendix H) may not be much larger than the lattice
constant for this algorithm to work. Lastly, a few limitations of the IBM algorithm shall
be covered.

6.7. Limitations

The following limitations are in no particular order. As has been noted above, the
implementation deals with 3 x 3 matrices. The implementation of those relies on
undocumented features of the OpenCL compiler. Changes to that code should only
be made by qualified personnel. As has been mentioned multiple times already, most
of the volumetric models allow the tetrahedron to fully collapse with a finite force.
This problem will actually be observable later in the thesis (see section 20). The mesh
resolution must be somewhat in tune with the LBM grid. This means, that the increasing
the mesh resolution is very expensive in terms of compute even so the IBM algorithm is
practically free compared to LBM. Even the medium R = 12 mash commonly used in
this thesis is noticeably not completely round. Especially in cases of strong deformation
a large resolution is required for accurate reproduction of the relevant effects. This is
particularly an issue for localized deformations. IBM does not support meshes with
higher local resolution well. Consider a very obtuse triangle in a membrane, that
is larger than its equilibrium. This triangle should shrink. The surface conservation
force will archive this by making the triangle even more obtuse. This can even cause
the triangle to vanish because the point comes to coincide with the hypotenuse. The
same is possible for tetrahedrons. This behavior is physically correct, but annoying in
simulations. This does practically never happen for tetrahedrons and for triangles only
in instances of very strong deformation. Also, this does not break the simulation, only
the noise, which is present anyway due to rounding errors, is considerably amplified.
The surface area and volume used for the respective conservation forces cannot easily
be calculated in parallel. Consequently, this is done on the CPU. This necessitates the
transfer of the IBM mesh over the PCle bus for each time-step, which is not ideal for
performance. There is a maximum deformation that can sensible be simulated, as the
mesh is static and therefore in effect looses resolutions in areas of great stretch. Above
this point accuracy suffers. This limit is reached for large deformations. Runtime can
be improved by performing the calculations at lower precision [47]. However, especially
for higher viscosity fluids IBM requires 64-bit precision (see appendix O). Even so the
cells physically are incompressible, this is not possible to archive in simulations. The
relevant limit v — % of the Poisson ratio would cause diverging forces. v = 0.48 is used
as a reasonable compromise instead. This is the default for this entire thesis. Unless
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otherwise stated, the Poisson ratio is set to 0.48. IBM forces that are too large, cause
LBM populations to become negative. This leads to unphysical behavior which is likely
to crash the simulation. The same effect limits the maximum Young’s modulus, that can
be simulated. With the aforementioned compromise, the cells are mostly incompressible
and producing forces of problematic magnitude is extremely unlikely. Due to the forces
being handled by the LBM nodes and the IBM mesh having a similar size, the forces
from multiple vertices of the same triangle or tetrahedron can be spread to the same
lattice node. This can cause the force to partially compensate itself. This is an issue
that does appear from time to time and probably contributes to the formation of one of
the instabilities (see section 15.2). IBM can promote some instabilities (see section 15).
Care needs to be taken to avoid these. This concludes the discussion of IBM. With this
the cells are fully described, and they can be subjected to external forces. Next the
relevant models for indentation experiments are discussed.
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7 Modeling indentation experiments

7. Modeling indentation experiments

Indentation experiments using atomic force microscopy (AFM) provide information
about a material’s elastic properties (e.g. its Young’s modulus). The relevant equations
will be introduced in this section. Parts of this section have already been published [2].
Another publication on this topic is being prepared as of the time of writing. An
illustration of a generalized indentation experiment can be found in figure 23.

COHIpI’CSSiOH I 512
AN

T

Figure 23: Illustration of a generalized indentation experiment. The cell is placed in
between an indenter and a substrate. Each of them is modeled to be an
elastic sphere with radius R;, Young’s modulus E; and Poisson ratio v;. While
the cell is compressed, indenter and substrate respectively move by 015 and
093 relative to the cell. The shape of the interface between the cell and the
indenter or substrate is in general not flat and can vary.

In general, the radii differ significantly between indenter, cell and substrate, which is
not displayed in the illustration. The following discussion is split in the importance of
considering both contacts, conical indenters and the scaling behavior of models discussed.
In the following, the relevant equations will be introduced first.
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7 Modeling indentation experiments

7.1. Double contact

A contact between two linear elastic spheres can be modeled as follows using the Hertz
model [90, 91].

4 3
F = g\/ R12E125122 (201)

Here the indices refer to the interface of spere 1 and 2. The interfacial properties Ris
and F15 are derived from the individual sphers’ radius and Youngs’s modulus as follows.

1 1 1

— = 4+ = 202

Ry, R R (202)
1 1—v? 1-12

= + 203

Eqs Ey Ey (203)

This models one of the two contacts in this geometry. It should be noted, that this is
an approximation for small deformations §. Larger deformations will be discussed in
section 20. Neglecting the second contact is so common in literature, that some authors
feel the need to point out, that the second contact has not been neglected. This is
termed double contact model [2]. This thesis will stick with the term “Hertz model”, as
the double contact model is nothing more than the correct use of the Hertz model. In
order to deal with the second contact on first inverts the single contact model as follows.

3 F 3
0o = [ —— 204
" (4 VRi2E1o > (204

This can now be combined with the corresponding term for the second contact to the
total deformation §. This can be seen in the following.

3 F \! /3 F \?
=0n+on=T—r"] +| 7= 205
s (4VR12E12) (4sz3E23) (205)

() |(ms) - ()
4 RiaE2 RaszFEa3
In a typical AFM experiment, the sample (the cell in this thesis) is significantly softer

than both the indenter and the substrate. One can therefore perform the following
approximation.

wln

2
3

(206)

E, > E, (207)
Es > Ey (208)
Consequently, the following holds.
Fy
Ey, ~ 209
1257 (209)
Esy
FEos =~ 210
BN T (210)
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Consequently, the Hertz model for two contacts can be written as follows.

2 1 1
31—wv2 \°? 1 \3 1\3
= (05) () ()
4 Es Rio Ras
A simple case with great importance is the indenter and the substrate being flat plates.
This is done using the following limit.

(211)

Ry — o0 (212)
Ry — 00 (213)

Consequently, the following holds in this limit.

Ry = Ry (214)
Rys = Ry (215)

With this, the Hertz model for two contacts takes a form similar to the model for a
single contact. This can be seen in the following.

2
31 —12 3
S~k S—2F 216

(4E2\/R2 > (216)

/T ()

U312 \k

Njw

(217)

The difference to the single contact is the factor £ = 2. This is the form used most in
this thesis. One can see, that if one were to miss the second contact, the solution would
be off by a factor of 2 for this approximation. In arbitrary radii, the discrepancy factor

k is as follows. ) X )
R?, + RS Rip\ 3
k:M:H(i) (218)
Ri, Ry3
Assuming R; < Rj3 one can also assert the following.

k<2 (219)

It should be noted, that the following approximation is valid.

R < Ry (220)
Ry < R3 (221)
k1 (222)

This means, that in the case of very small indenters, the second contact may actually
be omitted. Realistic spherical indenters are likely not this small. There are however
conical indenters with a small tip. These will be discussed next.
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7.2. Conical indenter

The force-deformation relations for a hard (E; > FE») conical indenter are as follows [92].

2 B, ,
rl—1v2 F

819 = 4/ = 2 224

2 \/2 E, tan(y) (224)

Here ¢ is half of the tip angle of this cone. Note, that there is a typo in the original
paper. Evidently, this equation does not transform into the solution for a plate indenter

for ¢ — T as it should. With some math a reasonable approximation can be found

2
though. A discussion on this can be found in appendix L. Given, that 05 diverges for
@ — 0, the second contact may be omitted for small a. With the forces modeled for the
relevant tip shapes a small discussion on their scaling is warranted. This is done in the

following.

7.3. Scaling behavior of elastic cells

In sections 5.5 and 6.5, the scaling of the elastic models and the forces they produce
has been discussed. The elastic models converge to the linear elastic model in the limit
of small deformations [91]. The Hertz model describes linear elastic solids for small
deformations. Consequently, the scaling of the models must also be present in the Hertz
model. In the hard indenter and substrate limit discussed above, the force is proportional
to the Young’s modulus. With a simple scaling in size, where the shape is preserved,
Ris, Ro3, 012 and d93 are proportional to the size scaling factor. Consequently, the
Hertz model scales with the square of the size scaling factor. The equation for a conical
indenter has its factors distributed differently, but exhibits the same scaling. This will
be used in the following section, where the simulation techniques used for indentation
experiments are discussed.
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8. Simulations without a fluid

Indentation experiments using atomic force microscopy (AFM) are quasi-static. This
means, that the force measures are taken on a relaxed cell. In this case, the viscosity
does not contribute. Consequently, the simulation of the fluid can be fully omitted.
As the simulation of a fluid using LBM is expensive, when possible, it was avoided.
This section will elaborate how this was done. Parts of this section have already been
published [2]. Another publication on this topic is being prepared as of the time of
writing. The code used for these simulations was named noFluidX3D by Sebastian
Wohlrab, who was originally tasked to create this for his master’s thesis [93]. Details on
it can be found in appendix A.2. In the following, the algorithm, the modeling of the
indenters, vocabulary surrounding the indentation and some limits are discussed. The
base simulation loop of noFluidX3D is discussed first.

8.1. Algorithm

The elastic forces are calculated the exact same way, using the same kernels as described
in section 6. As mentioned before (see section 6.5), there is no need to simulate using the
parameters from the experiment. Using a standard Young’s modulus (£ = 1kPa in this
thesis) and a standard size (R = 12.5pm in this thesis) with subsequent scaling to the
parameters in the experiment is valid. This is done in this thesis to avoid retuning the
simulation relaxation. On each mesh point, an additional force modeling the indenter
is added. This is described in the next subsection (see subsection 8.2). Instead of
spreading the total force to a fluid as is done in IBM, the integration happens on the mesh
points. For this dampened classical dynamics are employed. It should be noted, that
due to the dampening, the trajectories of the mesh points are not accurately reproduced.
The equilibrium is however unaffected, as the minimal energy the system relaxes to is
unaltered. Also, the total force is measured at equilibrium. Therefore, the dampening
does have no effect for the quasi-static AFM measurements discussed in this thesis.
The dampening is introduced to aid in stability. This is required for large indentations
with small indenters. The Velocity-Verlet algorithm [94] is used with the additional
dampening parameter £. The undampened equations read as follows.

u(t) = v(t — At) + %[a(t) +d(t — At)|At (225)
Bt + At) = Z(t) + 0(t) At + %d’(t)AtQ (226)

Here ¥ is the position, ¥/ is the velocity, a is the acceleration and m is the mass of a given
point on the mesh. This describes a step from time ¢ to time ¢ + At. It should be noted,
that the mass cannot be determined accurately in these simulations. This only affects
the trajectory as the conformation of minimal energy is independent of mass. Therefore,
the following choice is made in dimensionless units for simplicity.

m=1 (227)
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It should be noted, that these dimensionless units are not technically lattice units,
as there is no lattice here. However, the same unit conversion as in FluidX3D is
employed here for compatibility. Therefore, the units here are the same as lattice units.
Furthermore, this choice to fix the mass in dimensionless units causes the trajectory to
be dependent on the conversion factors. In effect, changing the resolution might affect
stability. In order to help with stability, the dampening factor £ is introduced as follows.
N

Here F is the force. For the simulations in this thesis, relaxation akin to critical
dampening is observed for ¢ = 0.005. Consequently, this is the value used in this
thesis. With this, the Velocity-Verlet equations read as follows.

B(t) {m A (1 - %g) + % [F(t) + Fe — )] At} o O

Tt + At) = Z(t) + T(t) (1 - %5) At + %ﬁ(t)Aﬁ (230)

The sum of the indenter force evaluated at the mesh point locations gives the result of
the AFM simulations. The indenter potentials are covered in the following.

8.2. Indenter potentials

Both the indenter and the substrate are implemented as location dependent additional
forces on the membrane forces. Technically, this could be written as a potential. The
force equation can be seen in the following.

- . d

F = FOnA_x (231)
Here Fj is a force constant, n is the normal vector of the indenter and d is the distance
that the given point has traveled into the indenter. The distance is scaled using the
conversion factor for length, meaning it is used in dimensionless units. The force constant
needs to be big enough to effectively repel the mesh points even at large deformation,
with the corresponding large restoring forces. It may not be too large, as this would
cause instabilities. The concrete value is irrelevant. In dimensionless units F, = 0.1
has been used throughout this thesis as it yielded satisfactory results. If a point has
not yet entered the indenter, it does not experience any force. The force grows with
the penetration depth. The force may not abruptly start, as this results in instabilities.
As the force grows linearly, the potential grows with the square of the distance. Higher
order potentials did not improve simulation results. Giving the finite nature of the force
modeling the indenter, the mesh points penetrate the indenter. This is discussed further
in the following.
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8.3. Nominal and real deformation

The cell existing inside the indenter is of course nonphysical. However, the observed
penetration depth for realistic parameters was very small and thus can be neglected. It
is slightly dependent on indentation depth, but stays small at all indentations explored in
this thesis. This does however pose the question of how to measure the cell’s deformation,
as the indenter position is not the same as the position of the top of the cell. This thesis
opts to distinguish the nominal and the real deformation. The real deformation is defined
through the actual position of the cell, while the nominal position is the one given by
the position of the indenter. The nominal deformation can be seen as the deformation
intended by the simulation. It is near identical to the real deformation and is used
throughout this thesis in its stead. The naming difference is purely to acknowledge this
approximation. In the following some limitations are discussed.

8.4. Limitations

The use of a mesh requires it to be sufficiently fine. The average distance of the mesh
nodes needs to be small compared to the bending radius of the tip of the indenter. For
pointed indenters, this is extremely difficult. Locally increasing the mesh resolution
is questionable in regard to the m = 1 approximation. Increasing the resolution of
the entire cell is costly. For indenters, that are not flat horizontal plates, the system
is inherently in an unstable state. The cell can slip out to the side to reduce its
strain. To prevent this, tangential movements of the top and bottom of the cell are
ignored, enforcing their position. The movement normal to the indenter and parallel
to its movement are carried out as normal. Given, that no fluid is considered for AFM
simulations, dynamic AFM cannot be modeled using this noFluid X3D. As was previously
mentioned (see section 5.3 and section 6), some models allow for tetrahedrons to collapse
under finite load. For a cell with a Young’s modulus F of £ = 1kPa, this is the case

beginning at ‘ﬁ ~ 25nN. Experiments do exceed this value. Simulations using the

affected models cannot. This concludes the implementation of AFM experiments. Next,
the theoretical background of cells in pure shear-flows will be discussed.
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9 Roscoe theory for deformed cells in shear-flow

9. Roscoe theory for deformed cells in shear-flow

If one puts a spherical cell into a pure-shear-flow, it deforms into an ellipsoid, aligns itself
in relation to the flow and exhibits a rotation termed tank-treading. A quantitative
description of these effects in steady state was derived by Roscoe [95] for Newtonian
fluids. This is an important validation case for Newtonian fluids. For viscoelastic
fluids, differences are reported that could not yet be fully explained [96]. To evaluate
these, Roscoe theory is also needed as a baseline. The use of the equations is not
straight-forward and there is a typo in the original publication. This warrants a short
explanation, which is provided in the following. In the following, the parameters, the
relevant equations and how to use them to find the geometry and tank-treading frequency
for a given parameter set are covered. First all the relevant parameters are introduced.

0.1. Parameters

Consider a spherical cell of radius R, in a shear-flow with a shear-rate of %ﬂ =7 >0,
where u, is the velocity in x direction. Note, that Roscoe calls the shear-rate k. The
choice of the sign of the shear-rate is without loss of generality. This is done in this thesis,
to avoid needing to handle the sign in the associated algorithms. The shear modulus of
the cell is G, the viscosity of the fluid surrounding the cell is 7y and the internal fluid
has a viscosity of n;. An illustration of the typical deformation for this situation can be
seen in figure 24.
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Figure 24: Illustration of a cell with the deformation typical for shear-flow. Many
relevant parameters are introduced. The start of the deformation and its
steady-state behavior can best be understood looking at the time evolution
of the cell mesh.

The cell is scaled with «; along direction i. The largest of which is a4, the smallest is as
and the third one, which cannot be seen as it is normal to the image plane is typically
a3 =~ 1. The angle between the largest axis and the flow direction of the fluid is #. The
cell rotates with the tank-treading frequency v < 0. The sign of v is opposite of the one
for 4. This means, that for the choice here, the cell rotates clockwise, meaning against
the mathematical positive direction. The rotation can also be seen in figure 25, where
it takes the form of an oscillation.

94



9 Roscoe theory for deformed cells in shear-flow

1.0 1
0.5 1
&~
= 0.071
8
—0.5 1
T
—1.0 1
Y
0 2 4 6 8 10 12

t/ms

Figure 25: Plot of the x and y coordinates as a fraction of the cell’s radius of a point
passing through the cell’s apex. The coordinates are given in relation to
the center of the cell. After the initial startup is completed, the cell slowly
continues stretching until its final shape is archived.

This type of plot is what will be used for evaluations. These examples are results of
simulation 2.

2 Roscoe example

Box: 100 x 500 x 100
Ly =~ 625 nm

Fluid: Newtonian:water (fluid 1)

BC:  velocity (BC 2)
4 =1x10%1

Cell:  Young’s modulus £ = 1 x 10? Pa
Radius, Resolution R = 7.5 pum, 12
Capillary number Cax =~ 1.3

Next, the relevant equations are covered.

9.2. Relevant equations

Not all equations in the publications are necessary. Here, only the ones required for
determining the observable parameters are listed. The notation is altered, where it was
found to be convenient.

Roscoe (28):

[[ei=1 (232)
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Roscoe (18):

o) 2
g = / U A (233)
o JLi(a3+ )
Roscoe (21): N _
g = / S e A\ (234)
o 11, (aF + )

The following three equations have been altered by moving a few factors around to make
the equations shorter. This is indicated by primes.

Roscoe (39) and Roscoe (40):

[/ g// :l: g//
J’} - 421 //2 1" (235)
i#j 9i 95
Roscoe (43):
2, 2
K — % (236)
3

The following equation has been reordered for the numerics done later. This is done to
avoid accidentally dividing by 0.
Roscoe (78):

J’ 2
7(@% —a3) — (a% + a3 — m) =0 (237)
Roscoe (62):
5o
- -0 2
7= 55 (238)
310 + 2m
—-h = 2
T 50 (239)

These definitions clash a bit with the other nomenclature in this thesis. Furthermore,
mostly only the fraction of them is required. This fraction, defined as follows only
depends on the viscosity contrast c.

T 3mo+2m  3+2¢

= 240
o 5770 5 ( )

With ¢ defined as follows. m

To
Some equations do require o, for these it will be inserted directly to avoid the use of the

variable.
Roscoe (80):

¢ (241)

(242)

2
260 = arccos(cy% _ a% 2K + (e~ 1)(04% * a%) )

ot + a2 oK + (c—1)(a? — a%)Q
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The following equation has typo in the original (the sign is wrong). It has been corrected
here.
Roscoe (79):

G a?— a2
Yy = — ——7= 243
7 Mo I’ sin 20 (243)
Roscoe (41): . . .
S R s cos20 ) 2 (244)
2009 a? 4+ a3 2

With this, all relevant equations are listed. The following discussion covers how to use
them to retrieve the expected deformation from a set of parameters.

9.3. Usage

The equation in Roscoe theory are not invertible. They can still be used to find the
deformation for a given set of parameters. This is a little more involved. First, it should
be noted, that equations (232) — (237) purely deal with geometry and can theoretically
be solved universally, without any regard for the parameters. For any pair of a;; and aso,
a3 can be calculated using equation (232). With this, the aforementioned equations can
be viewed as depending only on «; and «s. In this view, equation (237) can be solved
numerically using a root-finding algorithm, to give an «y for any given aq. These can
be used together with the concrete parameters in equations (242) and (243) in order
to generate the shear-rate corresponding to the given aq. If the shear-rate matches the
desired one, the «; and the angle 6, together defining the geometry have already been
computed. The remaining quantity, namely the tank-treading frequency v is straight
forward to calculate using equation (244). From here, it is a matter of generating an
a1, that is consistent with the intended shear-rate. This is done in this thesis with an
efficient parallel algorithm, with an error smaller than 0.1 %o. For a contrast ¢ > 2,
there exists a maximum «q, which can be used to generate reasonable guesses. A decent
heuristic approximation can be found in the following.

1
c—1

+1 (245)

/8
al,max ~ 3
A more in depth discussion can be found in appendix M. If there is no maximum
deformation, this thesis assumes, that oy < 10 is a reasonable first guess. Technically,
the algorithm is stable until oy & 50, however such large deformations do not happen in
the experiments discussed in this thesis and are not relevant. For the example simulation
above (simulation 2), the parameters predicted from theory can be seen in table 1.

@1‘0[2‘0[3‘9‘ Vgt

1.37 [ 0.722 | 1.01 | 0.485 | -4.12 x 10° £

Table 1: Roscoe parameters as predicted from theory. Errors suppressed for brevity.
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9 Roscoe theory for deformed cells in shear-flow

Due to their numeric origin, these values carry errors. These are nine orders of magnitude
below the values. The values have been rounded to a sensible accuracy. With this,
the Roscoe model is covered. In the following, extraction of the relevant data from
simulations is explained.
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10. Evaluating Roscoe simulations

There is no additional simulation implementation required to handle Roscoe simulations.
However, evaluating them, especially in an automatic way is difficult. Therefore, this
section elaborates on the algorithm enabling this. Consider the deformed shape seen
in figure 24 from the previous section. There are different approaches to evaluate the
deformation. The general approach using the inertia ellipsoid is cumbersome, therefore
this thesis opts for a simple approach using only select mesh points. The following
algorithm assumes, the cell to be centered on the origin of the coordinate system.
Furthermore, in the implementation the coordinates are scaled with the relaxed radius
R of the cell, to create a cell with a relaxed radius of 1. One point is needed in the
rotational plane (xy-plane in this thesis). It does not have to pass through the apex
of the cell, but this is preferable. The meshes in the present work contain points at
the surface of the cell in each cardinal direction. This thesis picks the point initially
on the z-axis. This is called Z in the following. a3 can trivially be determined from
the size of the cell in z-direction in relation to R. The point on the z-axis is used for
this. This algorithm is a two-step process. First ¥ is used to estimate most parameters.
Afterwards, the full model for the movement of ¥ is fitted to its trajectory (compare
figure 25 from the previous section), with the estimates as start values. Said full model
of the trajectory is given in the following.

cos(f) —sin(d) 0\ fa; 0O O cos(vt + o)
Z=R|sin(f) cos(d) O 0 ay O sin(vt + o) (246)
0 0 1 0 0 a3 0

Here 27 > 0 > 0 is some phase offset. This equation can be seen as an ordinary rotation
model with the tank-treading frequency v, that is then scaled by the «; and finally
rotated around the z-axis by 6. Executing the matrix multiplications and grouping the
trigonometric functions yields the following.

x; = Roy cos(vt + 0) cos(0) — Ragsin(vt + o) sin(6) (247)
= Eal[cos(yt +0—0) + cos(vt + o+ 0)]
? 0 (248)
— 50 [cos(vt + 0 — @) — cos(vt + 0+ 0)]
= E(ozl — aw) cos(vt + o0 —0)
2 (249)
R
+ 5(041 + ag) cos(vt + o + 0)
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x, = Ray cos(vt 4 0) sin(f) + Rag sin(vt + o) cos(6) (250)

= qu[— sin(vt + o0 — 0) + sin(vt + o + 0)]
2 . (251)
+ P [sin(vt + o0 — 0) + sin(vt + o + 0)]

= B~ ) sin(wt 40— 0)

(252)

o | By b

+ —(aq + o) sin(vt + o+ 0)

x, = 0 is ignored in this section due to its irrelevance. Now, the magnitude of this
position is considered as follows.

|7* = 22 + 22 (253)

- RTQ{(OH —ap)” + (a1 + az)” (254)
+(ay — a)?[cos(2ut + 20) + cos(20) 4 cos(2vt + 20) — cos(26)] }

— ZQ [2043 + 202 + 2(04% — ozg) cos(2vt + 20)} (255)

— R?Q(af —a3) [1 + a;iy%a% + cos(2vt + 20)] (256)

— R?Q (af —a3) {a;%gag + 2 cos? (vt + o)} (257)

= R*[05 + (af — o3) cos*(vt + 0)] (258)

This can be seen in figure 26 for the example from the previous section (simulation 2).
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2.0 1

|2/ R

0 2 4 6 8 10 12
t/ms

Figure 26: Plot of |¥ |2 as a fraction of the squared radius of the cell for the point originally
on the z-axis. The coordinates are given in relation to the center of the cell.
After the initial startup is completed, the cell slowly continues stretching
until its final shape is archived. The limits give a; and as.

As can be seen in the equation as well, the oscillation of the squared magnitude is
bounded by R%a2 and R%*a? as its maximum and minimum respectively. The global
maximum and minimum are easy to compute and are used for this. Next, the magnitude
derived above is reordered to find an equation for the cosine as follows.

|7 — R0}
R2(af — 03)
A fast Fourier transform is performed on the result. Ignoring the peak at the origin,
the global maximum and minimum reveal an estimate for v. Next, the phase offset is
estimated. For this, the global maximum of |f|2 is used. It is a maximum of a squared
cosine, so the following must hold for the time ¢, the maximum occurs at.

cos® (vt + 0) = (259)

—vt—o=km (260)

With k& being an unknown integer. Note, that the negation of the argument of the cosine
has been done, because v < 0 in this thesis. This sign can be absorbed into the definition
of k. The offset is then first estimated as follows.

op=-vt%m (261)

Note, that - % - denotes the modulo operation. Finally, a conditional offset is added as
follows.

T
m foro; > —

0o=o01+ 2 (262)
0 ,else
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10 Evaluating Roscoe simulations

As the cosine is squared, an offset of 7w in the model equations (eq. (246)) would
disappear. This offset is added back here in order to put o as close to a multiple of 27
as possible. Experience shows, that o is typically small. With these estimates known,
first a fit is performed with equation (258), to refine them. Afterwards, equation (246) is
fitted to retrieve 6. Before this second fitting process starts, the model is evaluated using
the start parameters of the fit. If the data is negative at the location of the maximum
of the model, another 7 offset is introduced. With this all parameters are extracted.
This algorithm is robust enough to handle the Roscoe simulations in this thesis without
requiring manual intervention. For the example simulation above (simulation 2), the
values seen in table 2 are retrieved.

(03] ‘ (6) ‘ Q3 ‘ 0 ‘ Vtt/%
1.413 £ 0.001 ‘ 0.702 + 0.002 ‘ 1.0109 + 0.0007 ‘ 0.508 4+ 0.001 | -3660 + 3

Table 2: Roscoe parameters extracted from the simulation.

Note, that only the last 15% of the simulation output has been used, as the simulation
converges slowly. Compared to the expected values from section 9.3, these are off by
about 10%. This is caused by inaccuracies in the simulations, which are discussed
in appendix X. The extraction algorithm is contained within the evaluation scripts
(see appendix A.3). Clearly, for Roscoe simulations, the deformation is quantified
differently, than for the AFM experiments discussed before. An overview about the
different deformation measures used in this thesis is given in the following section.
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11. Quantifying deformation

The concrete shape of a cell is difficult to convey. Working with it often necessitates
expressing this shape through a scalar. This is conversion looses a lot of information,
and consequently many different options exist, depending on what the other believes
best retains the relevant information. Many of them are rather similar. In the following,
only the ones used in this thesis are listed. This large number of deformation measures
is not by choice, but because working with publications often necessitates using their
deformation measure. The deformation measures, listed in the following, are ordered
from simple to complex. First, the very simple indentation is discussed.

11.1. Indentation

The deformation in an AFM experiment is typically quantified through the indentation
depth 9. Often, this is expressed as fraction of the cell’s diameter. It is a one dimensional
measurement, where only the vertical movement of the vertex centered below the indenter
tip is considered. This neglects the complicated shapes at the cell-indenter contact.
However, this is easily available from the experimental setup from the movement of
the stage. Consequently, it is widely used. Indentations from different indenter shapes
should not be used together, as they are not comparable. Otherwise, this is fine for the
use in AFM. The Hertz model used for modeling AFM experiments accounts for the
neglected shape. The equilibrium has a deformation of 0. Typical deformations produce
positive values up to unity (relative to the cell’s diameter). Deformation against the
typical direction can be expressed with a negative sign. This is used in sections 7 and
20 as well as appendices I, and W. A slightly more complicated model, considers the
extent of the cell along multiple axes. This is covered next.

11.2. Dimensions

Deformation data is typically initially gathered as an image. For simple flows, one can
align one axis of the image with the flow direction, with the other one being given, by
the physical limitations of the experiment. How to best translate the distortion along
the different axes into a single scalar is difficult. Also, whatever method is chosen,
one needs to think about error propagation and how the errors might compound or
compensate each other. A simpler approach is to just avoid it and list the extent of the
cell along each axis separately. This is also normally expressed as a fraction of the cell’s
diameter. These values change depending on the axes chosen. Therefore, this method is
only sensible for cases were the definition of axes is clear by the experimental geometry.
Also handling two values is not as easy as dealing with a single one. The equilibrium
has a deformation of 1 relative to the diameter. Typical deformations produce positive
values. Deformation against the typical direction do as well. This is way of quantifying
deformation is used in section 24. In theory, this can be extended to all three axes. This
is discussed next.
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11.3. Roscoe deformation parameters

One can also specify the deformation as the extent relative to the original size along all
three axis. This is what Roscoe theory is based on. The «; give the ratio with which
each axis is stretched. The axes are defined as the axes of the rotational ellipsoid, that
is formed by a cell in a shear-flow. Aside from the things listed for measuring along
two axes, this way of quantifying the deformation has the issue of observing the third
axis. In typical experimental setups, the third axis cannot be seen. If the initial shape
of the cell is not known, guesswork is required. The equilibrium has a deformation of 1.
Typical deformations produce positive values. Deformation against the typical direction
are excluded by definition. This quantification is used in sections 9, 10 and 21 as well as
appendix M. If the relaxed size is not known, it can be removed from the deformation
by way of relating the dimensions. This is discussed next.

11.4. Aspect ratio

One can determine the Dimensions as listed above and then set them in relation to each
other. It could be defined as follows.

Dy = (263)

[
h
With [ being the length along a Poiseuille(-ish) flow and & being the extent normal to it.
This removes the need to know the relaxed size of the cell. It reduces the two numbers

to a single one. The error of Dy is derived from the errors of [ and h as follows.

dDg\* dDg\?

=@ ()

Yo _ Y (2R 265

=\ (D) G 209
The u quantities denote the uncertainty or error. This uses standard error propagation
for independent variables. The relative error of Dy is given by Pythagorean addition
of the relative errors of [ and h. Meaning, the error propagation is fine and does not
introduce issues. The equilibrium has a deformation of 1. Typical deformations produce
values above unity. Deformation against the typical direction can be expressed with

positive values below unity. This is used in section 23. There exists a more refined
approach of the same concept, which is listed next.

11.5. Taylor deformation
The Taylor deformation parameter is defined as follows [97].

a1 — Qg
061+042

D—

(266)
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11 Quantifying deformation

Here, a; and «y refer to the major and minor semi axis of the cell respectively. The
values from Roscoe can be used here as well. This deformation parameter removes the
need to know the initial radius. The error propagation returns the following.

up 2000 Ug, 2 n Ugy 2 (267)
D o2 — a3 aq Qs
2001 (vg Ueq, ? Ug, ?
S T N o (265)
(Oél + ag) D Q7 (6%

The equilibrium has a deformation of 0. This causes the error to diverge for small
deformations. This means, that this deformation metric is not usable for small deformations.
Typical deformations produce positive values below unity. Deformation against the

typical direction are excluded by definition. This is used in appendix G. Next, the most
complex and error-prone deformation metric used in this thesis is discussed.

11.6. Circularity

The deformation from circularity is defined as follows [98].

2¢v/mA
L

Dy=1-— (269)

Here, A is the area of the visible cross-section of the cell and L is its circumference.
This deformation parameter removes the need to know the initial radius. The error
propagation returns the following.

up _ 1—Do\/1(“_A)2+(“_L)2 (270)
D, D, 4\ A L

The equilibrium has a deformation of 0. This causes the error to diverge for small
deformations. This means, that this deformation metric is not usable for small deformations.
It must be stressed, that even rather significant deformations are small in this context.
Consider an ellipse, that is twice as long as it is wide. This is approximately the
deformation seen in the Roscoe example (simulation 2), with Cax ~ 1.3. This is a
significant deformation. It is not quite “large”, but in the upper range of what one
would call “medium”. For the Taylor deformation, D = % in this case. This means,
that the error gets scaled with a % in total. This is not an issue. In contrast, for the
definition from circularity D, ~ 0.018. This cannot be put as a straight scaling, because
the error contribution of A is halved compared to the contribution of L. However, the
term containing the deformation, which causes the error scaling is approximately 54 here.
This means, that the relative error is increased by nearly two orders of magnitude. Even
if the circumference does only carry a 2% error, this deformation metric is completely
unusable. For smaller, and especially truly small deformations, this factor can easily
reach 100 or even 1000. Small deformations are important in Poiseuille(-ish) flows, where
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deformations can be quite subtle. Measuring a circumference from pixelated data is a lot
more difficult, than the straight lines required for the other models. Consequently, errors
in the one- to two-digit percent range are to be expected. This renders this deformation
metric useless for everything but the largest deformations. Typical deformations produce
positive values below unity. Deformation do not have a typical direction. This is used in
sections 23 and 24. This concludes the discussion on cells for the time being. Next, the
ways normal forces from viscoelastic fluids may influence cell deformation, are discussed.
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12. Influence of normal forces on cell deformation

There is plenty of literature reporting cell behavior, that seems to slightly conflict with
the prediction for Newtonian fluids [98-100]. With the present thesis, it is actually
possible to simulate viscoelastic fluids. Before the concrete experiments are covered, it
is however worthwhile, to answer the question, what is actually to be expected. The
experiments presented in this thesis cannot be analytically solved. What is possible, is
to take two standard scenarios, Poiseuille flow (see appendix P.2) and shear-flow and
examine what forces would act on an undeformed cell. The Poiseuille flow will be covered
first as it is more important.

12.1. Poiseuille flow

For simplicity, a round channel is considered. However, as the flow profile is quite similar
towards the center in rectangular channels, this is not much of a restriction. First the
stresses are considered in cylindrical coordinates (see appendix N.2). From appendix F,
the viscous stress contributions are knows as follows (eq. (467) and eq. (492)).

r N
0o = =Gy =0(7)7 (271)

With the pressure gradient G = —%, the radius r, and the variable j for switching
between 2D (7 = 0) and 3D (j = 1). This is universal. Furthermore, n(¥) is the model-
dependent viscosity and 4 < 0 is the shear-rate. For PTT, which is used in this thesis

to describe viscoelastic behavior, the following is known (eq. (629)).
Copg = 2Cir (272)

Note, that this holds regardless if a solvent stress is included, as it is in this thesis, or
not, like it can be found in literature [63]. Converted to the stress, it reads as follows.

A

Tow = 2—7'; (273)
Tlp
A

One = 20y — 1579)* (274)
Tlp

With this, the only non-zero components of g are given. In total, it reads as follows (see
appendix N for coordinate transformation).

O s Our COS() Oy sin(ip)
o= | o cos(p) 0 0 (275)
O SIN() 0 0

The surface of sphere is parameterized as follows (see appendix N.3).

o cos(6)
7= | rosin(0) cos(p) (276)
7o sin(f) sin(y)
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The force F caused by this stress can be expressed as follows.

F= / ondA ~ ondA (277)
Fr oh (278)

Here, n is the normal vector corresponding to Z. The integration area is assumed small,
this allows the integrand to be approximated as constant. This is divided out to get a
force area-density f. In total this reads as follows.

- O SIN(0) + 04, cos(6)
f= 0 cos(6) cos(y) (279)
0 cos(0) sin(y)
This can be split into elastic and viscous contributions along the coordinate axis as
follows.

Oz €OS(0)
Fotastic = 0 — 0, cO8(0)2, (280)
0
0 sin(6)
fviscous = | 0urcos(0) cos(p) | = o4 sin(f)é, + o4y cos(0)é, (281)
0 c0s(0) sin(yp)

For the interpretation of these equations it is necessary, to realize that the stress components
differ by sign as follows.

Ouz > 0 (282)
Tar < 0 (283)

Furthermore, the following proportionalities can be assumed.

Opr X T (284)
Oz X 1° (285)

Note, that the second one is an approximation for neglected ns. It always grows with
r? as its leading term. With the solvent viscosity included it also has a linear reducing
term, that grows in importance towards the outside of the channel. Meaning, in the
center, where the cell is, neglecting the solvent viscosity is always acceptable. With this,
the forces can be written as follows.

f;lastic X TQ COS(G)é:c (286)
fT\:iscous X =r Sln(e)éx =T COS(@)éT (287)

The cylindrical radius r can be computed from the radius of the cell R and € as follows.

r = Rsin(0) (288)
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With this, the forces can be written as follows.

Fotastic o sin?(6) cos(0)é, (289)
ﬁ/iscous X — Sin2(0)éx - Sln(e) COS(@)éT (290)

It is important to note, that the viscous contributions as listed here are independent of
the model. Meaning, any viscous contribution, even a Newtonian fluid results in a force
of this shape. An illustration can be seen in figure 27.

Figure 27: Illustration of how the viscous force in radial direction and the viscous force
i o direction influence the shape of a cell in a Poiseuille flow.

This is a crude approximation, generated by adding the force to the undeformed shape.
As deformation happens, the force is altered and returning forces are generated. This
has been ignored here. Still one can quite clearly see, how the typical bullet shape is
formed. It is also apparently possible for the cell to reduce its aspect ratio as defined
in section 11 below unity. This means, that the cell extends further into the radial
direction, than into x direction. There is only a small window of deformations enabling
this though. If viscous force in x direction gets any stronger than displayed here, the
cell is elongated in x direction increasing the aspect ratio. An illustration of the effect
of the elastic force can be seen in figure 28.

109



12 Influence of normal forces on cell deformation

2

Figure 28: Illustration of how the elastic force influences the shape of a cell in a Poiseuille
flow.

It should be noted, that in reality, the cell does of course not become square. The
reduction of the stress to 0 at the z-axis does not happen fully and the elastic forces
from the cell work towards a round(-ish) shape. What can be seen in simulations and
experiment alike is a slight elongation [101]. Conceptually, it is easier, if one goes back
an abstraction layer. Ignoring the complex behavior of the stress components and only
accounting for its sign, one can easily draw general trends. This can be seen in figure 29.
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Figure 29: Illustration of how the and elastic force influence the shape of
a cell in a Poiseuille flow.

This illustration is good enough to predict the viscoelastic effects most easily observed.
As mentioned above, the viscous forces do not influence the aspect ratio for small forces
and may decrease it for intermediate ones. The elastic forces always increase the aspect
ratio. This means, that cells when suspended in a viscoelastic medium should be
longer, than in an elastic medium. For large deformations, the difference will not be
as noticeable, because the viscous forces also increase the aspect ratio on such cases.
So far, a discussion on the relative magnitude of viscous and elastic stress has been
omitted. This is because this is dependent on material parameters. In general, for very
small shear-rates, the viscous stress dominates. For very large shear-rates, the elastic
stress dominates. In the range explored in this thesis, they are of a similar order of
magnitude. This concludes the discussion of the Poiseuille flow scenario. The shear-flow
will be discussed next.

12.2. Shear-flow

For shear-flow, the assumption of location independent stress is actually accurate. This
is because 4 > 0 is a constant here. The stress components, listed in the following, can
be given in Cartesian coordinates.

Oy = N(Y)7Y (291)
A

Ope = 200y — 1Y)’ (292)
p

Consequently, the stress tensor can also be written using the Cartesian components.
This simplifies it, as can be seen in the following.
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c=10, 0 0 (293)

With the same parameterization for the sphere as before, the following force density can
be calculated.

B Oy sin(f) cos(y) + 04, cos()
f= Oy cOS(0) (294)
0
In the following discussing, only the ¢ = 0 and ¢ = 7 cases will be covered. This means,

the cell’s intersection with the xy-plane is of interest. No insight is lost through this.
The total force can be exasperated into its viscous and elastic components as follows.

B 0z €OS(0)
felastic = 0 = Ozx COS(Q)é;B (295)
0
B Oy sin(f) cos(yp)
Juiscous = Oy cOs(6) = 0y 8in(f) cos(p)é, + o4y cos(d)e, (296)
0

The viscous forces explain the deformation described by Roscoe (see section 9) well.
This can be seen in figure 30.
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Figure 30: Illustration of how the viscous force in y direction and the viscous force in »
direction influence the shape of a cell in a shear-flow.

The same simplified diagram as for the Poiseuille case can be seen in figure 31
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€

Figure 31: Illustration of how the viscous forces and elastic force influence the shape of
a cell in a shear-flow.

The consequences of the normal stress elongating the cell are not straight forward to
understand. The influence on the «;, likely depends on the alignment angle. This angle
will be reduced by the normal stress. Given, that there is a component of the force
caused by the normal stress, that is pointed against the tank-treading, one would expect
its frequency to reduce. For stronger deformations, this effect is reduced. Also, this
poses the question of reduced compared to what. The shallower alignment angle by itself
leads to slower tank-treading according to Roscoe. In a way this is a matter of opinion
and will be explored in the corresponding simulations (see section 21). This concludes
the discussion on the expected effect of the inclusion of normal stresses in regard to
cell deformation. Next, the last piece of the simulation algorithm, the boundaries, are
discussed.
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13. Boundaries

The simulation domain is limited in space and time. Therefore, one has to specify
how these boundaries should be handled. In the following all boundary conditions
implemented in FluidX3D are listed. These refer to the handling of the boundaries
in space. Afterwards, the relevant boundaries in time (initial conditions) are explored.
This is not trivial for the extensions and a discussion whether it is possible to shorten
the startup is also warranted. Finally, the different options to drive the flow in the
simulation volume using the available boundary conditions are explored. This includes
their relevant advantages and drawbacks and recommendations depending on the issue
at hand.

13.1. Boundary conditions

Boundary conditions (BCs) handle how the edges of the simulation volume are handled.
Given FluidX3D combines an LBM solver with a finite volume scheme for the polymer
stress, the listed boundary conditions need to be specified for both. Particularly for
LBM, much has been written about the vast amount of available boundary conditions
already (see for example Kriger et al. [9]). FluidX3D was originally based on the
implementation suggestion from Kriiger et al. [9]. Due to implementation details most
of the boundary conditions where implemented slightly differently. Typically, FluidX3D
is most of the time more rigorous in regard to handling the density. This is advantageous
especially when using Reynolds-Scaling (see section 16). The outflow boundaries presented
below were developed from scratch. Due to minute differences having a profound impact
at times, all other boundary conditions implemented in FluidX3D are also listed in the
following and described in detail. In the following sections, each boundary condition
is given as an equation, describing how the post-collision populations f;* are handled
if a boundary is present. In these equation —i refers to the direction opposite to i,
T, refers to the current position and ;) refers to the neighboring node in direction
1. This explains how the boundaries behave for LBM. The same boundary conditions
also apply to the finite volume algorithm. Their handling however is often up to the
interpretation of the user on a simulation to simulation basis. The respective sections
contain suggestions. Each boundary condition is accompanied by a small red box listing
the most important information to use it. This includes the flag to enable them (set
in the defines.hpp), the flag to indicate such a boundary (set in the setup.cpp) and
which values need to be specified on the boundary.

13.1.1. Periodic boundaries

When a problem with translational symmetry (for example a pipe of infinite length), or
a problem with a matching inlet and outlet is considered, the boundaries can be set as
periodic. This is done by treating the z = 0 and the x = L, — 1 planes as adjacent (L,
is the number of LBM nodes along the z-axis, see section 2.4). The same applies to the
other axis as well. This is done for any computation involving neighboring nodes (for
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example streaming or gradient calculations). In terms of streaming, the equation looks
like perfectly normal streaming as can be seen below.

fi (fj(i)) = fi(Zn) (297)

The trick is simply, that the neighborhood function j(i) performs a modulo operation on
every index. The finite volume advection scheme uses the same neighborhood function
and therefore requires no special treatment at this boundary. For the example above, this
means, that the outlet flows directly back into the inlet. This is often rather convenient
and allows the simulation domain to be set to L = 2 along the periodic axis for problems
with translational symmetry. This speeds up computation considerably. Therefore, this
is the default boundary condition for FluidX3D. With no other boundary condition
set, periodic boundaries are always implied. These boundaries carry the caveat, that
the pressure drop typically expected along a pipe cannot be reproduced. This means,
that they actually do worse for bigger simulation volumes. This is relevant if the
pipe shall for example be large enough to contain an IBM cell (see section 6). Also
driving the flow (see section 13.3) becomes non-straightforward, if the channel does
not have translation symmetry. Periodic boundaries are the only ones, that require
special discussion of the IBM algorithm. All other boundaries are handled through the
resulting flow field. To handle periodic boundaries, the IBM algorithm performs modulo
operations whenever accessing the flow field. This means, that technically the cell leaves
the simulation volume, but always accesses information at the corresponding location
within the volume. This is done to avoid the difficulties associated with wrapping the cell
back into the volume. Particularly, when the cell has partially left the volume a conflict
arises between the cell being in the volume and the mesh points’ relative positions to
each other being maintained correctly. This choice of incrementing the cell position
consistently can lead to the advection being of the order of the rounding error for lower
precision simulations (see appendix O).

13.1.2. Halfway bounce-back

These boundaries represent solid walls and are consequently referred to as walls in
the remainder of the thesis. They are the boundaries most often used. Walls are
implemented using the halfway bounce-back algorithm as follows.

Foi(@) = F1(&), if T is a wall (298)

This bounces back the populations within a single time-step, meaning, they only traveled
halfway. The result is, that the velocity becomes zero halfway between a fluid node and
a neighboring node flagged as a wall. This means, that the actual no-slip boundary
condition represented by this scheme is fulfilled halfway between the nodes. With this,
the walls line up with the edges of the finite volume domains. This means, that their
boundary condition reduces to zero-flux of the polymer-conformation tensor across this
wall. This is done by just not executing the advection scheme for those neighbors. Walls
are always enabled in FluidX3D.
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Define to enable always enabled
Flag for wall nodes TYPE_W
Set on wall nothing

Strictly speaking, the exact wall location does depend on the value of the LBM relaxation
time 7. An alternative interpretation if this error could also be a slight slip at the no-slip
boundary. This usually does not matter much and is therefore ignored throughout this
thesis. Using these to approximate round structures leads to the staircase effect. This
leads to the question of how to most accurately depict a circle (see appendix P.4). The
artefacts created by this approximation usually are not too bad given the resolution is
high enough, but can cause issues particularly in conjunction with viscoelastic fluids (see
section 25).

13.1.3. Volume-flow/Velocity boundaries

These boundaries represent the typical Dirichlet boundaries. They enforce a velocity on
a wall and are therefore called velocity walls in this thesis. Similar to the walls above,
the wall is placed halfway between the fluid node and the node flagged as a wall. The
algorithm works as follows.

Foil@) = [H(T) — Qwi,o(fn)c’uc(—?(’)), if 7505 is a velocity wall (299)
S

The halfway bounce back condition is a simplification of velocity walls for « (fj(i)) =0.
Consequently, the same caveats already mentioned there apply here. This boundary
condition can be used in two ways. With the velocity parallel to the wall, they can be
used for shear-flows. If the velocity is normal to the wall, these conditions can be used
to model an inlet or outlet. In this case however, it shall be noted, that the mass flow
through such walls is not defined and depends on the pressure in the system. Velocity
walls are valid flux-neighbors for the fine-volume advection algorithm (see section 4).
Therefore, the polymer-conformation tensor needs to be specified on the wall if these
boundaries are used in conjunction with the fine-volume algorithm.

2 Velocity walls

Define to enable VELOCITY_WALLS

Flag for wall nodes TYPE_VW

Set on wall velocity
polymer-conformation tensor
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13.1.4. Mass-flow

These boundaries are modified velocity walls. They were developed to use them as an
inlet or outlet with a defined mass flow. This is done by using a fixed density set on
the wall instead of the density on the boundary node (last fluid node before the wall).
Therefore, its equation looks as follows.

f-i(@n) = f1(Z,) — 2wip(fj(i))#, if Z;(;) is a mass-flow wall (300)
CS
This partially solves the conservation of mass problem (see subsection 13.3.3). They are

otherwise identical to the velocity walls.

3 Mass-flow walls

Define to enable MASSFLOW_WALLS

Flag for wall nodes TYPE_MW

Set on wall velocity
density
polymer-conformation tensor

13.1.5. Pressure

These boundaries represent a pressure through setting the density as described in equation (26).
They are termed pressure walls in this thesis. Similarly to the boundaries above, the wall

is placed halfway between the fluid node and the node flagged as a wall. Mathematically,

the equation, which can be seen below, should actually contain the velocity on the wall.

As the interpolation suggested by Kriiger et al. [9] is not possible in the algorithm used

in this thesis, the local velocity is used. This carries a small error.

NN VRN
[-i(Z) = f1(Z,) — 2wip(Z;)) (1 + Ch Zifn)) — u(;;) ) . if &) is a pressure wall
(301)
These boundaries are particularly powerful, as they are easy to specify correctly. They
are also close to the parameters as they would be specified in the actual experiment.
However, particularly when used as an inlet, they excite the line instability inherent to
LBM (see section 15.1). This can lead to instability, particularly when using viscoelastic
fluids. Pressure walls are valid flux-neighbors for the finite-volume advection algorithm
(see section 4). Therefore, the polymer-conformation tensor needs to be specified on the
wall if these boundaries are used in conjunction with the fine-volume algorithm.
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4 Pressure walls

Define to enable PRESSURE_WALLS

Flag for wall nodes TYPE_PW

Set on wall density
polymer-conformation tensor

13.1.6. Outflow

Due to the mass conservation issue (see subsection 13.3.3), it is desirable to have a
boundary condition, that is capable of letting the flow leave uninterrupted. To do this,
the boundary node should behave as if the low would extend further. First consider a
laminar flow in a channel with translational symmetry. The velocity is constant along
the streamlines, while the density drops with a constant slope (due to the pressure
drop, see equation 26)). This means, that the populations of a neighboring node can
be estimated using the local populations, scaled according to the drop in density p
(conceptionally equation (20)), which can be found using the opposing neighbor. These
estimates are used to replace the populations leaving the node without replacement due
to the boundary. Formally streaming is modified as follows.

f-i(Z) = [2p(Z,) — p(Tj—)) | f53(Z0),  if T is an outflow boundary (302)

The validity of which depends on the following assumption, which notably is stricter
than the velocity « being constant along streamlines.

@(Zjw)) = u(T,), if Ty is an outflow boundary (303)

For this assumption to hold, the channel has to have constant diameter and shape
towards the boundary for long enough so that the flow can equilibrate. This can be
done by just artificially adding a straight piece of channel onto the actual simulation
volume of interest, should it not be shaped in this way. This assumption also does not
hold for the populations not normal to the boundary. However, given the resolution
is high enough to make the velocity profile along the boundary linear on the scale of
Ax, the density error introduced by this inaccuracy gets compensated by the other
populations incurring errors of same magnitude but different sign. Deviations from
these assumptions manifest themselves in the form of a slow decrease or increase of the
total density in the system. This velocity assumption is also used to calculate velocity
gradients needed for the constitutive equation of the polymer stress near the boundary.
For the finite volume scheme, advection is allowed into these boundaries, where the flux
is discarded, while advection from them is prevented. Given care is taken to include a
straight piece of channel with decent resolution before the outlet, these boundaries work
well for Newtonian flows. If the flow directly before the boundary reverses to flow away
from it, like can happen during the startup of viscoelastic flows, these boundaries can
become unstable and are therefore not suited for all viscoelastic flows. Strong forces
exciting the line instability (see section 15.1) can also lead to negative velocities.
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5 Outflow walls

Define to enable OUTFLOW_WALLS
Flag for wall nodes TYPE_QOW
Set on wall nothing

13.1.7. Free-slip

These boundaries represent a solid wall but allow for tangential velocity components.
They are referred to as slip walls in the remainder of the thesis. This is accomplished
by half-way bounce-back with retained tangential velocity components. Slip walls are
implemented as follows.

fdi(i,n) (fdn(i,n)> = fz* (fn), if fj(i) is a Slip wall (304)

With the non-trivial functions for the destination population d; and destination node d,,
best described by the algorithm used. This algorithm is displayed in the following using
pythonic pseudocode.
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# returns d,(i,n) and d;(i,n)
def getNI(n, 1i):
# Number of mon-zero components in ¢
type = getVelocityType (i)
if type ==
# simple bounce-back
return n, -i
elif type == 2:
# Get the cardinal directions composing ¢
baseVectors = decompose (i)
flipped = 1
for v in baseVectors:
if neighbor(i) is SLIP_WALL:
# Mirror 1 on the plane with the mormal v
flipped = flip(i, v)
elif neighbor(i) is WALL:
# simple bounce-back
return n, -i
if flipped == 1i:
# simple bounce-back
return n, -i
# vector to node where the populations ends up being
# (C; + Chipped) /2 Tounded down
total = (c(i) + c(flipped))//2
# Convert the wector to an index
return getCorrespondingIndex(total), flipped
elif type ==
pass # Currently not implemented

Figure 32: Pythonic pseudocode of the slip wall algorithm.

As can quite easily be seen in figure 32, this scheme is currently not implemented
in FluidX3D for velocity-sets containing space diagonals. This excludes D3Q15 and
D3Q27. Given that this thesis focuses on D3Q19 due to its price to performance ratio,
this is fine. The algorithm could also be implemented for space diagonals with similar
scheme based on decomposition and flipping but a lot more edge cases would need to
be considered. This algorithm as been developed in this thesis in order to replace an
older, more complicated and more limited algorithm used in ESPResSo [19, 50], which
has been used by the group so far (see reference [67]). In regard to the finite volume
algorithm, as the no-slip walls this boundary also has zero flux. A short validation can
be found in appendix (). It shows, that these boundaries work very well, as long as
the walls are straight. On diagonal walls approximated with steps, they act like no-slip
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walls.

Define to enable SLIP_WALLS
Flag for wall nodes TYPE_SW
Set on wall nothing

13.2. Initial conditions

The LBM algorithm requires initial values for the populations. These are set as the
equilibrium populations associated with the initial density and velocity field (see equation (20)).
A discussion is warranted, whether the initialization should be the resting fluid or the
fluid near equilibrium. For (Generalized) Newtonian fluids this generally does not matter
much as they reach equilibrium quickly. Therefore, these are initialized at rest in this
thesis. This means, that the velocity field is initialized to zero and the density to unity
(in LU; see section 2.3). Setting the density to unity, means, that the fluid initially is
not subject to any pressure gradient, that might be applied. However, any such gradient
establishes itself quickly and meanwhile any error incurred due to that is small. This is
due to typically deviations from unity due to pressure differences being close to negligible
(see equation (26)). For this reason, the density is initialized at unity for all cases,
regardless of the flow field. In the case of viscoelastic fluids reaching equilibrium can
take a significant amount of time. Furthermore, the viscoelastic algorithm is susceptible
to large gradients. Therefore, it would be beneficial to initialize the flow field close to
equilibrium. As the startup is not reproduced accurately when using Reynolds-Scaling
anyway (see section 16), nothing is lost. Despite the lack of analytical solution existing
the flow field can be somewhat closely estimated using the flow of a Newtonian fluid with
the viscosity present at average shear expected in the present geometry. The viscoelastic
finite-volume algorithm does however also require the polymer conformation tensor to
be set. For a fluid at rest all of its components are zero. Its value close to equilibrium
cannot easily be estimated. Picking it wrong can lead to instabilities. Initializing a
viscoelastic fluid close to equilibrium can lead to difficulty in telling whether it indeed
has reached equilibrium as any remaining changes would be small and slow. For this
reason, viscoelastic fluids are initialized at rest for validation simulations. For any other
simulation it is doable, but considered risky. Therefore, this is an option to speed up
simulations, which in this thesis is generally reserved as a last resort. Close to all
simulations are initialized at rest without further mention.

13.3. Driving the flow

The flow field observed within the simulation volume is generated by the boundaries.
The simple walls are used to enclose the flow in solid walls. All the other boundaries can
be used to drive the flow. Pure shear-flow is an important case, which will be discussed
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first. All other flow fields are some combination of inlets and outlets. The discussion
is in regard to a simple circular Poieseuille-flow (pipe), but does also apply to general
geometries. An overview of important geometries used in this thesis can be found in
appendix P. There are multiple options of combining the boundaries mentioned above
to generate similar flows. In the following a few combinations and their advantages and
drawbacks are listed.

13.3.1. Shear-flow

Pure shear-flows are important for benchmarking and to isolate physical effects happening
due to shear. The flow field of a Poiseuille-flow near its border can be approximated as
pure shear. As pure shear-flow is a lot easier (and faster) to simulate this is routinely
done. For this the simulation volume is enclosed by two velocity walls at y = 0 and
y = L, — 1. These are set to a velocity in negative and positive z-direction respectively.
The resulting flow field is as follows.

i = Ayé, (305)

Here y is in IBM coordinates (see section 6.2) and  is the shear-rate. This flow is
reproduced very accurately and converges quickly with minimal risk of instabilities.

13.3.2. Periodic boundaries and body-force

In systems with translational symmetry, there is a constant pressure gradient along the
flow. This can be interpreted as a constant force acting on each lattice node. Therefore,
this case can be implemented by picking periodic boundaries and adding a constant force
to each lattice node. This is particularly easy and stable. However, most interesting
systems do not exhibit translational symmetry. In such cases, this way of driving the
flow can still be done. Strictly speaking, it is not valid anymore. However, the resulting
flow field is still accurate. In such cases it is no longer possible to relate the flow-rate
to the pressure gradient. As experiments typically use the flow-rate as their control
parameter, this means, that such simulations need some amount of trial and error to
reproduce the experimental conditions. If systems can be made periodic, this is the
preferred way to drive the flow.

13.3.3. Mass-flow boundaries

When mass-flow walls are positioned in a way, that the velocity is normal to the wall,
they can act as an inlet or outlet. With this, the flow-rate can trivially be reproduced.
However, to be fully accurate, the boundary would already have to exhibit the correct
velocity profile. This is not possible in general. It is usually good enough, to approximate
the profile and add some length of channel after the inlet to allow the proper profile to
establish itself. The required distance is dependent on the fluid and has to be determined
using trial and error. The most significant issue with this way of driving the flow
is however the mass conservation issue. These boundaries fix the flow through the
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inlets and outlets. If these do not match exactly, the mass in the simulation volume
is not conserved. Even errors of the size of the rounding error of the used float (see
appendix O) can amount to significant issues due to the large amount of time-steps the
typical simulation contains (& 1 x 10° to 1 x 10%). Anything but bit-perfect agreement is
unusable for medium to long simulations. Aside from identical inlets and outlets this is
practically impossible. Inlets and outlets can often be forced to be identical. For other
use-cases other options are explored in the following.

13.3.4. Mass-flow and outflow boundaries

As described above, the outflow boundaries have specifically been developed to solve
the mass conservation issue. Using mass-flow walls for the inlets and outflow walls for
the outlets, the advantages of the mass-flow walls can be retained. The outflow walls
compensate for differences in the shape of inlet and outlet. For Newtonian fluids this is
a good and convenient option. The flow near the outlet is reproduced accurately. No
extra length of channel needs to be added here. For viscoelastic fluids (the bulk of this
thesis), the outflow walls can have bad interactions during startup and therefore this
scheme is purely suited for that use-case.

13.3.5. Pressure boundaries

As the velocity does not need to be specified, these boundaries, do not carry the caveat of
determining the flow profile. Therefore, they can be used without any extra channel for
Newtonian fluids. For viscoelastic fluids, they carry the same issue with respect to the
polymer-conformation tensor. They also require the nontrivial translation of flow-rate to
pressure difference, for comparisons to experiments. The mass conservation issue is not
present and the outlet is more stable than outflow boundaries for viscoelastic fluids. In
the case of viscoelastic fluids, pressure wall inlets can however excite the line instability
(see section 15.1).

13.3.6. Mass-flow and pressure boundaries

Using mass-flow walls as inlets gives all their advantages, at the trade-off of requiring an
additional piece of channel as described above. A pressure wall outlet (with a pressure
corresponding to pLy = 1) is a stable way to let the flow pass mostly uninterrupted.
The average density in the flow field will increase very slightly, but does not present an
issue. The resulting flow is accurate near the outlet. For complex viscoelastic flows, this
is the way to go.

13.3.7. Iterative approach

Of the options presented above, some technically require information not known at the
time of simulation design. This is compensated by allowing some stretch of channel
in which the flow field is known to be wrong. When using IBM it is often required
for the cell to pass the channel multiple times to reach equilibrium. In such cases any
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region of incorrect flow field is not acceptable. For these cases the body-force scheme is
preferable. However, if this is not possible, the flow is first simulated without the cell
and with the region of incorrect velocity. From that, accurate boundary conditions are
extracted to be used with the same scheme but without the region of incorrect velocity
(or polymer-conformation tensor). This is twice the work and complicates the setup
significantly. Therefore, this is only done if it is unavoidable. With this all components
of the algorithm are covered. On overview will be provided next.
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14. Overview of complete simulation algorithm

In the previous sections, the core algorithms of FluidX3D have been covered piece by
piece. In this section an overview over the complete algorithm is provided to show how
the pieces fit together. The complete algorithm is illustrated in figure 33.

def simulation():
# Preparation of the geometry and boundaries
init ()

for i in range(numberSteps//vtkInterval):
for j in range(vtkInterval):
# Actual simulation algorithm.
simulationStep()

# Check if the fields contatin NalN values (error values)
# or if the cell is stretched too much.
checkForErrors ()

# Generates fp32 vtk files with all disired fields.

# This 1s done in fp32 by default to save disk space
saveQutput ()

Figure 33: Pythonic pseudocode of the command order in a complete simulation.

The function init() contains all the setup code. This is what is provided in the
simulation boxes in this thesis. The checks for errors a writing of output is only done
every few thousand LBM steps. This is done for one to limit the data transfer over
PCle, because this is slow and to limit the amount of output file. Files containing
information on the whole simulation volume are rather large, even when saved with
limited precision. To keep the storage requirements reasonable, saving of output is done
only about a hundred to a thousand files per simulation. The commands making up a
simulation step can be seen in figure 34.
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def simulationStep():
# Sets the force for each lattice point back to 0.
# Frpy=0
resetLatticeForce()
# Update the IBM poisitions (see section 6.3.4)
# using the interpolated velocities (see section 6.3.3).
# Can be argued to belong to the end of the time-step.
advectIBMPoints ()
# Updates the flags to indicate,
# which LBM nodes are withing the cell (see section 6.6).
hand1eINOUT ()
# Calculate all the forces faBM acting on the IBM mesh
# (see sections 6.3.1 and 6.4).

calcIBMForces()

# Distribute ﬁiBM to FEBM'(see section 6.3.2).
forceSpreading()

# Stress shoveling part 1 (see section 4.3.1).
conserveStressA()

# Core LBM algorithm.

# Gather stress contributions (see sections 4 and 18).

# Perform collsion and streaming (eq. (22)).

# Streaming adheres to boundaries (see section 13).

# More details can be found in appendiz”C.

1bmStep ()

# Calculate new velocity and density (eq.(24) and eq. (23)).
velocityAndDensityUpdate ()

# Additional output if desired (see section 2.8).
strainRateAndViscousStressTensors()

# Update the polymer-conformation tensor C, (see section 4).
polymerConformationTensorStep()

# Stress shoveling part 2 (see section 4.3.1).
conserveStressB()

Figure 34: Pythonic pseudocode of the command order in a simulation step.

With this, the core algorithm is covered. Later some advanced concepts will be discussed,
which are advantageous for speed or required for stability. These necessitate small
modifications to the algorithms presented so far. Next, important instabilities inherent

to these algorithms are discussed.
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15. Instabilities

There are multiple instabilities, which can be found described in literature [9]. Some
instabilities have already been mentioned in passing. For example, LBM in general
becomes unstable if the Mach number is too high (see section 2.7). The viscoelastic
algorithm uses CTU to avoid checkerboard instabilities (see section 4.1.2). However, it
should be mentioned, that this rarely still appears for large stresses around corners. Also,
instability happens for large IBM forces (see section 6.7). All of these are well known,
and are standard problems handled with standard methods. This section intends to
describe instabilities, that were concrete problems to be solved in this thesis. These are
the line instability and the jagged cell instability. First, the line instability is covered.

15.1. Line instability

The LBM algorithm allows for the propagation of waves-like disturbances with a wavelength
of 2Ax that expand with the lattice speed of sound. These are not proper physical sound
waves and rather a grid artefact. They can pass each other without interacting and
whether they get dampened properly depends on implementation details of the LBM.
This mode naturally arises from every disturbance of the flow field. As an example,
simulation 3 is performed.

3 Line instability example

Box: 51 x51 x11

Ly =1.25pm
Fluid: Newtonian:water (fluid 1)
BC: periodic

This simulation has been initialized with a disturbance in the velocity in z-direction of
u, = 1 at the center of the simulation volume. This is an example for this instability
mode naturally arising. After 0.26 ms, the simulation volume exhibits distinct lines as
can be seen in figure 35.
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Figure 35: Plot of the velocity in the xy-plane 0.26 ms after a perturbation.

The distinctive line shape is very obvious in the two-dimensional plots typically used to
examine flow fields. Examining the flow field along the propagation axis at the same
time yields the plot seen in figure 36.
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Figure 36: Plot of the velocity along the z-axis 0.26 ms after a perturbation.

This can be interpreted as a wave with a wavelength of 2Ax, where Az is the lattice
constant. The amplitude of this wave gets dampened with time. Furthermore, the
velocity actually is negative at the minima early on. The instability behaves similar to a
sound-wave traveling with the lattice speed of sound. Notable these wave like structures
are not circles but propagate in a line shape. Each frame of the video is a single LBM
step. It can be seen clearly, that every affected node switches between high and low

129



15 Instabilities

velocity with every time-step. This leads to the origin of this instability, which will be
discussed next.

15.1.1. Origin

As already stated, the line instability is inherent to LBM. If neighboring lattice nodes
have velocities pointing towards each other, these will just pass each other instead of
interacting. The fluid viscosity will slowly dampen this instability. Any perturbation
will cause this behavior. The explanation is a bit difficult in three dimensions. To avoid
this, a D1Q3 lattice is considered instead. An illustration can be seen in figure 37.
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Figure 37: Illustration of the genesis of the line instability from a perturbation. For
each lattice node, the direction of the velocity, leftward offset population
and is displayed for tree time-steps. Notably for
t = ty at the node neighboring the perturbed node in the direction of the
perturbation, the sign of the velocity changes. The instability begins.

The arrows representing the populations should be seen as the direction of the f/¢; vector.
Here f;7 are the offset populations in accordance to section 2.2 and ¢; are the lattice
velocities. The movement of the initial perturbation creates a low pressure zone on this
lattice node at t = t;. In the population frame, this corresponds to all offset equilibrium
populations being negative because p < pg. In the next time-step, the streaming of the
inverted rightward offset population causes the velocity to flip. Note, that the magnitude
of the arrows has been omitted deliberately, to reduce complexity. However, the velocity
to the left of the node with the initial perturbation does have a velocity lower than its
neighboring node at t = t5. So, the instability progresses in both directions. By itself,
this is not too bad, as this wave pattern gets dampened by the viscosity rather quickly.
However, during the development of FluidX3D, this instability was often observed. A
closer look revealed, that depending on implementation details, the IBM algorithm can
couple to this instability and cause something akin to constructive interference leading
to broken simulations. For the discussion of this, consider the oscillatory background to
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be present. It is always present in IBM and its amplitude is dependent on the magnitude
of the forces present in the simulation. Instead of the cell mesh two points connected
by a spring are discussed. One needs to separate the discussion far and close to the
equilibrium of the spring.

15.1.1.1. Far from equilibrium

The forces generated by the spring dominate and overwrite the oscillatory background.
The oscillation should relax. Still, this instability can happen sometimes depending on
a crucial implementation detail. Section 2.5.1 already mentioned, that the velocity and
the force need to be separated by a time-step. The reason as, that for stronger forces,
the IBM points oscillate with an oscillation period of two lattice steps by themselves.
The IBM algorithm causes a small time lag between force, velocity and position an any
given IBM vertex. This means, that for this oscillation, a stretching force can act, when
the spring is stretched or when the spring is compressed. This causes either constructive
interference or relaxation. If constructive interference happens, the oscillation of the
IBM points promotes the line formation on the velocity field, as those oscillate with the
same frequency.

15.1.1.2. Close to equilibrium

When the position approaches the equilibrium, the background oscillations begin to
dominate the motion. In this case, it is relevant, whether the velocities and forces caused
by the spring are in sync with the background oscillation. If they are, the instability gets
amplified, causing the simulation to break. Otherwise, the oscillations get dampened.
Whether the movement is in sync is initially random and therefore, in a large mesh,
there are always bonds amplifying the instability. What is critical here, is whether the
movement stays in sync. This is dependent on an implementation detail. This detail
is the distinction of PULL vs PUSH as discussed in appendix C. The small difference in
the stored populations leads to slight differences in the velocities. The main difference
being if the force contribution has already propagated at the end of the time-step (PUSH)
or not (PULL). If the movement is out of sync with the background oscillation, it does
not matter as both cases show relaxation. This is different for the in-sync case. For
springs close to equilibrium, this contribution influences, whether the spring passes its
equilibrium during a time-step. For PULL, the equilibrium is always passed, and the
instability can grow. For PUSH, the movement actually shows increased growth for one
time-steps, but then does not manage to pass the equilibrium. This means, that the
in-sync behavior switches to out of sync behavior and the instability is dampened. With
this, the mitigation steps are clear, but they are summarized again in the following.

15.1.2. Mitigation

As already mentioned, the time shift for the force in equation (42) is crucial (see
section 2.5.1). Also, in the combination with IBM, it is necessary to use the PUSH
formulation of LBM. It should be noted, that this actually seems to be a question of
dimensionality. A one dimensional mesh fails on a one dimensional LBM grid when
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using PULL. The same holds, when using a 2D mesh on a 2D grid and a 3D mesh on
a 3D grid. However, a 1D mesh on a 2D grid or a 2D mesh on a 3D grid works. This
is likely because the vertices of the mesh can escape into the additional dimension and
break the buildup of the instability this way. As already mentioned, the line instability
is inherent to LBM and can never be fully avoided. Particularly for very large forces
it can be briefly seen, before disappearing to dampening. Such large forces at the very
edge of stability can and should be avoided. This is sometimes costly for viscoelastic
simulations. With this, the line instability is covered. Next, an important instability
concerning cells is covered.

15.2. Jagged cells

Simulations (for example simulations 4 and 5) with a meshed cell in a Poiseuille flow,
develop a surface instability. This is particularly prevalent for high-shear situations.
This instability can be seen in figure 38. It develops exponentially over time.

Figure 38: Render of the jagged cell instability.

This in itself causes issues with data evaluation and sparks questions about accuracy.
However, these surface deformities can grow even larger (see the very top and bottom of
figure 38). Over time, this can cause the simulation to crash. This subsection discusses
the origin of this instability and presents a mitigation strategy.

15.2.1. Origin

A cursory glance at figure 38 reveals, that the instability is most prominent at the
equator of the cell. Furthermore, it is worsened by increases shear-rate at the equator.
The phenomenon can be explained by a numeric failure of the mesh to conform to the
shape enforced by the flow. For this discussion, consider a cylindrical coordinate system.
The cylinder shall be aligned with the flow direction. In these coordinates, the points on
the equator are the ones with the largest radius. Due to the developed Poiseuille flow-
profile, these points consequently experience a lesser velocity compared to the rest of the
mesh. This means, that they move backwards in relation to the rest of the mesh. Due to
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the discretization, some points on the equator experience less velocity than the others.
This is partially due to them having a slightly larger radial coordinate and partially due
to their exact position relative to the LBM mesh. The LBM mesh is square and has to
approximate a round(ish) flow profile for Poiseuille geometry. Even with interpolation,
the velocity seen on a plane with theoretically equal velocity will not be constant (see
appendix P.4). These points, subject to the lowest velocity in the mesh, are the first to
experience relative motion in negative flow direction. Notably, this does not influence
their radial coordinate, therefore this driving effect is retained. In the following, these
points are called the tips of their associated tetrahedrons. Looking back at figure 38 and
observing carefully, one can see, that these tips are, as is expected from their origin, all
pointing towards negative flow direction. The deformation resulting from the relative
motion causes a force pulling the tips back, as well as a force pulling the bases of the
associated tetrahedrons towards the tip. The latter is, what is physically supposed to
happen, to establish the shape the mesh should take in such a flow. However, if the size
of a tetrahedron is similar to the distance between lattice nodes, these forces (partially)
cancel out and can have no noticeable affect. In this case, the deformation increases due
to the present flow field, and the instability is observed. From this three things follow:

1. This instability can never be fully removed as its root cause is discretization
2. Higher resolution reduces the instability
3. The size of the tetrahedrons relative to the lattice matters

With this mitigation strategies will be discussed in the next subsection.

15.2.2. Mitigation

As higher resolution is associated in an at least cubic increase in runtime, the focus
of this discussion is on the size of the tetrahedrons. In this thesis, the resolution of
cells is given by their radius R in average tetrahedron side-lengths®®. According to
common wisdom (see appendix H), an average tetrahedron side-length should be about
the distance between two lattice nodes. For the following this shall be referred to as
the cells native resolution Ryative- Several simulations (simulation 4) are performed in a
square Poiseuille-flow using a cell with different cell resolutions R calculated as follows.

R = Sresolutioanative (306)

Here Siesolution 18 @ scaling factor. Siesolution < 1 produce coarser meshes than the native
one, while Siesomution > 1 produce finer ones.

26The average tetrahedron side-length refers to the value given to gmsh [35]. The actual value in the
mesh produced by gmsh will differ slightly.
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4 Low resolution jagged cells

Box: 500 x 55 x 55
Ly = 375nm
Fluid: PTT:mc0-49 (fluid 2)
BC:  body-force (BC 13.3.2)
Cell:  Young’s modulus £ = 10kPa
Radius, Native resolution R = 7.5 um, 20

7

It shall be noted, that the meshes produced by gmsh [85] will differ slightly between
versions and even between computers. The influence of which can be seen in figures 39
and 40, which have been produced using the same scaling factor. The relative change of

the surface are ﬁ—? is used as a proxy for the observed instability here.
Sresolution
0.48
1.5 — 0.45
— 043
S —— — 0.42
& 1.0
<| o — 04
a3 — 0.38
0.5 — 0.37
— 0.36
0.0 1 0.34
0.00 0.05 0.10 0.15 0.20 — 033

t/ms

Figure 39: Plot of the surface-area discrepancy as a function of time, for different cell
resolutions.
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S, resolution
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Figure 40: Plot of the surface-area discrepancy as a function of time, for different cell
resolutions.

These figures show, that for some resolutions, the area grows initially and then stays at
a constant level. This is expected, as even without the instability, the deformation will
cause some change in the surface area. These scaling values are therefore considered
partially stable. Others vary wildly and are inconsistent for the two slightly different
meshes. These will often eventually go towards infinity and crash the simulations.
Consequently, these scaling values are considered as unstable. One can see, that all
the stable values lie well below unity. So the common choice to have the tetrahedrons
similar in size to the lattice constant is not stable. They have to be considerably larger.
Observing the curves of the partially stable curves, one can see, that not all of them
end with the same value. This is due to the instability being present in all of them.
After a certain point it mostly stops growing and is stable. The degree to which it grows
differs, leading to the different final values. Figure 41 shows the same output for another
simulation (simulation 5), with twice the lattice resolution of the previous one.

5 High resolution jagged cells

Box: 1000 x 108 x 108
Ly = 187.5nm
Fluid: PTT::mc0-49 (fluid 2)
BC:  body-force (BC 13.3.2)
Cell:  Young’s modulus F = 10kPa
Radius, Native resolution R = 7.5 um, 40

J

Here the same behavior can be observed as described above aside from the partially
stable range reaching higher scaling values.
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Figure 41: Plot of the surface-area discrepancy as a function of time, for different cell
resolutions. Double the lattice resolution compared to figures 39 and 40.
Only every second resolution is shown.

In these plots, the final surface area discrepancies of the partially stable curves seem to
converge towards a specific value for Siesorution — 0. This trend is shown in figure 42 for
both resolutions.

1071 i
] X Low resolution 1

Low resolution 2 P
X High resolution
10-24 — Fits

€L1

1073 4

4% 10~ 5x10°1 6x10° 7x10"! 8x 10!
Sresolution

Figure 42: Plot of the L1 error due to the jagged instability as a function of the scaling
factor, for two different lattice resolutions (Rpative = 20 and Ryagive = 40).

The best fit for the data is a power-law as follows.

AA

—— =aS’

AO resolution +c (307)
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With the generic parameters a, b and ¢. The error shown above shall be defined as
follows.
AA

ery = I c (308)

The reasoning being, that ¢ represents the change in surface area, which is expected
due to the deformation. Only the change exceeding this is attributed to the instability.
Fitting the low and high resolution curves independently produces values for b and c,
which are the same within the errors. This aligns with the interpretation for ¢. For
b this suggests, that it is a general constant for this type of instability. To honor this
interpretation, the data was fitted simultaneously with a common b and ¢ and an a for
each resolution. The results can be seen in table 3.

Qlow res ‘ Qhigh res ‘ b ‘ C
0.3440.04 | 0.09540.010 | 5.0£0.3 | (0.91£0.04) %

Table 3: Optimal fit parameters for a power law fitted to the surface area error caused
by the jagged instability.

It should be noted, that the fit does not fit perfectly for the high resolution curve in
the region of low scaling. Here the observed area change is close to constant, while the
error is expected to go to 0. Therefore, the noise overpowers the signal. This likely
causes the apigh res to be slightly larger than it should be. It is roughly a factor 4 smaller
than ajoy res- This could be interpreted as the error scaling with the square of the lattice
resolution. This would fit with an area being the basis of this error. However, two data-
points is of course too little to state this confidently. Following this interpretation, a
linear decrease of the error would require to increase runtime by a power of at least 1.5.
While this is not too costly, reducing the resolution linearly and getting a reduction of
the runtime by a power of 5 at the cost of absolutely free’” is of course better. However,
there are limits to this scheme. Namely, the reduced-resolution mesh still needs enough
resolution to accurately approximate as sphere. This limits the scaling possibility for the
low resolution cases in figure 42 and explains why it ends before the low resolution curves
have reached their minimum. As simulations are performed with as little resolution as
possible one has to use both approaches. Increase the lattice resolution to get a small
stability improvement and reduce the cells resolution to the original one for the big
improvement. Therefore, in practice there still is a cost associated with avoiding this
instability. Consequently, this is only done in this thesis when required. The effect of
different scaling factors can be seen in figure 43. The development of the instability is
exponential.

2"Technically the runtime even decreases, but this is negligible.
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Figure 43: Renders of the jagged cell instability in the large lattice resolution case for
Sresolution = 25; Sresolution =1 and Sresolution ~ 0.42.

The cell with increases resolution shows an interesting instability with rings instead of
the random peaks on the unscaled cell. These rings differ in their radial coordinate
by approximately one lattice-node-distance. This indicates, that the primary reason in
this case is related to the lattice-cell interaction. This showcases, that depending on
the relative importance of the two promoters of the jagged cells instability, it can look
different. The cell with a lower resolution is very smooth, but not perfect. It has small
bumps, primarily along the coordinate axes, where the shear-rate in this square channel
is the largest. Especially compared to the cell in native resolution, the instability can be
considered gone for all practical intents and purposes. Given that the native resolution
is typically considered to be correct (see appendix H), the question, whether this scaling
is valid arises. This shall be discussed next.

15.2.3. Accuracy

There are few analytically solvable problems for cells in flow. One of them is Roscoe
theory (see section 9), which describes the deformation and orientation of an elastic
sphere in a pure shear-flow. A simulation (simulation 6) is therefore performed with the
scaled mesh as well as with the mesh in native resolution within a pure shear-flow.

6 Roscoe native and scaled cell

Box: 300 x 800 x 300
Lo = 187.5nm
Fluid: Newtonian:water (fluid 1)
BC:  velocity (BC 2)
y=1x10%1
Cell:  Young’s modulus £ = 50 Pa
Radius, Native resolution R = 7.5 um, 40
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The observed shape is analyzed according to Roscoe theory (see section 10). The
resulting parameters are listed in table 4.

Data source ‘ o ‘ 9 ‘ o ‘ 0 ‘ Uit/ %

Scaled simulation | 1.07159 | 0.92774 | 1.000091 | 0.71762 | —485.68
Native simulation | 1.07389 | 0.92858 | 0.99067 | 0.71701 | —485.45
Theory 1.07589 | 0.92899 | 1.000513 | 0.71226 | —494.66

Table 4: Roscoe parameters determined from the simulation of a scaled and native mesh.
Theory rounded to same precision as simulation. Errors suppressed for brevity.

The parameters are rounded according to the determined fit error. This does not always
reflect the real error. In this case, the precision is likely lower, than the rounding
suggests. The theory can only be numerically solved, so these values also carry an error.
This error however is negligible compared to the simulations. One can see, that the
parameters only differ by small single-digit percentages at most. In case of the alphas,
one should consider their distance from unity. In that case a; shows a larger error, than
the other parameters. The reason for this is, that a rougher resolution limits how well
the “pointiness” of the cell in the direction of its largest axis can be resolved. This
numeric smoothing reduces the observed «;. This can be seen in general for rougher
meshes (see appendix X) and is not related to the scaling. Therefore, one can conclude,
that the scaling not only increases the stability, but does so while remaining accurate.
Contrary to literature, which typically claims native resolution would be necessary (see
appendix H), this scaling does not introduce any amount of noticeable error and is a valid
technique. Consequently, it will be employed throughout this thesis wherever necessary.
Next, the most important tool for speeding up simulations is discussed.
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16 Reynolds-Scaling

16. Reynolds-Scaling

Reynolds-Scaling is a technique, that allows to decrease simulation runtime significantly
for certain simulations. The simulation can be sped up, by increasing the size of the
time-step. One way to achieve this is by scaling of the Reynolds number Re. Another
way will be discussed in section 17. This section will cover why Reynolds-Scaling is
allowed, how it benefits runtime, how it is done and what needs to be considered for
more complicated simulations. First, the justification for scaling the Reynolds-number
is explained.

16.1. Justification

Scaling the Reynolds number means altering it, which would mean altering a dimensionless
number. According to the Buckingham 7 theorem [39—41], the physics of any equation
can be fully captured by the dimensionless numbers. Meaning, altering any dimensionless
number would in general mean altering the simulated physics. However, there are some
limits in which the altering of the Reynolds number is allowed. Care has to be taken
in order to assure, that no other dimensionless number is accidentally altered in this
process. Section 1.2.1 already mentioned during the derivation of the Reynolds number,
that there is a limit independent of the Reynolds number. Equation (16) is given again
in the following to illustrate this.

o0l

P o

Here, the primed quantities are the dimensionless versions of the density p, velocity ,

dynamic viscosity p and pressure p. The gradients with respect to time % and space V.

Have also been made dimensionless. Evidently, the second term, also called convective

term or non-linearity vanishes for Re < 1. Meaning, the Navier-Stokes equation becomes

the non-stationary Stokes equation, which is independent of Re for any sufficiently small

Re. Consequently, if one would run the simulation with a scaled Reynolds number Re*,
the flow would remain unaltered given, that the following holds.

+ Rep/ (@ - Vi = y/V?*d' — V'p' (309)

Re* < 1 (310)

The comparison to unity warrants some discussion. The limit is archived if the convective
term is small compared to the user terms. This criterion quietly assumes, that all the
terms have approximately the same magnitude, with the Reynolds number being the
only difference. This is not fully accurate. The nondimensionalization is designed to
produce primed values around unity. For the density and the dynamic viscosity, this is
trivial as both are (essentially) constants in Newtonian simulations. For the pressure a
view considerations need to be made as the nondimensionalization (eq. (7)) repeated in
the following is not quite straight forward.

_ PtUtLt ,

T (311)
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The typical time T} is identified as the viscous timescale (egs. (13) and (15)). With this,
the conversion reads as follows.

p= Ug by
Ly

In illustrative example to better understand this is a pressure driven flow in a pipe. For

this a relationship liking all the typical quantities exists (see appendix F.1.1). Inserting

the center-line velocity of this flow gives the following conversion.

(312)

GLy Ly
2j+1p/ = AP
Here, the pressure gradient G, is the difference of pressure along the pipe of length
L. The j switches between 2D pipes (j = 0) and 3D pipes (j=1). This shows, that
aside from a little factor, the typical pressure assumed by the complicated expression
above is equivalent to the pressure difference. Consequently, p’ is of the order of 1.
General flows, do not have such analytical solutions to prove this, but behave similarly.
This leaves the velocity to be discussed. In this thesis, the typical velocity is picked as
the maximum velocity (see section 1.2.2). Consequently, within most of the simulation
volume the dimensionless velocity is significantly below unity. The non-linearity, which
is named after its dependence on the square of the velocity, is consequently smaller
than the other terms in most of the simulation volume. Furthermore, for a typical flow
geometry (see appendix P), the gradient of a velocity is mostly or fully normal to its
direction. This reduces the convective term significantly. With these effects together,
the non-linearity is considerably smaller than the other terms even with the Reynolds
number approaching unity. Therefore, Re* < 1 is often interpreted in this thesis as
Re* < 1. In general, such a loose interpretation is not advisable. To archive the best
results it is recommended to keep Re* < 0.01. However, experience shows, that one
can get away with going at least an order of magnitude higher. The discussion in this
section and section 1.2.1, which forms the basis of this section was strictly Newtonian so
far. However, it extends to Generalized Newtonian fluids (see section 3.5). This requires
the additional consideration, that the viscosity and consequently the Reynolds number
are strictly speaking location dependent, even in steady-state. Local considerations
are difficult, therefore this thesis uses the sufficient condition of enforcing condition
for the Reynolds number (Re* < 1) everywhere. Determining the maximum value of
the Reynolds number for a given simulation can be difficult and at times can only be
done after the fact. However, with this decision made, the location dependence has no
further influence on the following discussion. Therefore, the following discussion will
also suppress this technicality for readability. With the scaling justified, the following
discussion covers how this is beneficial to simulation speed.

v (313)

p:

16.2. Simulation speed

LBM naturally links the size of one time-step to the viscous timescale T, (see equations (25)
and (10)). However, the effects one desires to observe (e.g. advection of a particle)
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happen on the advective timescale T,. This results in number of required steps and
therefore the runtime T} ynime being proportional to the fraction of these timescales.

T, 1

Truntime X —— = —

runtime TV Re

This means by definition (eq. (11)), that the runtime is inversely proportional to the

Reynolds number. It follows, that artificially increasing the Reynolds number as much

as possible (without violating Re* < 1) saves on time and resources. Consequently,

it should be used whenever it is valid. How the Reynolds number can be artificially

increased is covered next.

(314)

16.3. Scaling the Reynolds number

The Reynolds number is scaled, by changing simulation parameters, that influence the
Reynolds number. This means, the system being simulated is actually a different one
from the one, that is intended to be simulated. It is of course desired to not change
the system in a way that would be problematic or confusing. The altered system shall
be denoted by an asterisk superscript in the following. There are several parameters
influencing the Reynolds number and consequently, there are several options to scale it.
The requirement to not alter any other dimensionless number, to not alter the simulated
physics, provides additional constraints. Furthermore, the following practical concerns
should be considered. Input and output of the simulation will be in the starred system
and need to be converted back to the desired system. Depending on which parameter
is scaled, keeping the other dimensionless numbers the same requires the scaling of
additional quantities. Determining the full extent of the consequences of scaling these
quantities can be rather difficult and confusing. To keep things simple, neither the
velocity nor the length should be scaled. The reasoning for this is these quantities being
the ones, one interacts with the most. Without length or velocity being scaled, the
advective timescale remains unaltered. Formally, this is written as follows.

T =T, (315)

a

The Reynolds number shall be scaled by a scaling factor Sg. as follows.

Re* = SgeRe (316)

As the Reynolds number is defined as a fraction of advective and viscous timescales (see
eq. (11)), the viscous timescale must be scaled as follows.

T* = Sp.T, (317)

As the viscous timescale gives the size of stimulation steps (see equations (25) and
(10)), this demonstrates the increase in step size. This carries the important caveat,
of changing the typical timescale of the time derivative in non-stationary cases. The
consequences of this will be explained in more detail later (see subsection 16.6). From
the definition of the viscous timescale (eq. (10)) the following holds for the scaling.
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T, = Sp.T, (318)
*L2 L2

e el (319)
j [

% - SReg (320)

Note, that the subscript to indicate typical values has been dropped. This is done,
because it is necessary to scale all values consistently and in accordance with the scaling
of the typical value. While this looks like a scaling of the kinematic viscosity, this
is actually the reason why the kinematic viscosity is avoided in this thesis. If the
scaling is defined as scaling the kinematic viscosity, it is unclear whether the density
p should be scaled, or the dynamic viscosity p. The density is one of the three base
fixed conversions of the LBM (see section 2.3). Therefore, a clear definition is needed.
Consequently, a decision must be made here, to either scale the density, or the dynamic
viscosity. Choosing either one is valid and works. However, scaling the dynamic viscosity
entails the requirement to scale other parameters as well once extensions are considered.
For example, the dynamic viscosity appears in the definition of the Capillary number
(see eq. (153)). This would carry the requirement to also scale other quantities in the
definition of the Capillary number to keep it constant. Extensions will be discussed in
a later subsection (see subsection 16.7). Meanwhile, the density is not present in any of
the other non-dimensional numbers considered in this thesis. Therefore, in this thesis,
the following shall be used for Reynolds-Scaling.

L*=1L (321)
T = (322)
pr= (323)
p* = Skep (324)

This means, that all quantities except for the density stay the same. The density is the
only value getting scaled. This is also convenient, given that it is rarely looked at. Still,
this carries some caveats, which will be explored in the following.

16.4. Caveats

In the following, all relevant points of concern in regard to scaling the density are
discussed. They are not sorted in any particular order.

16.4.1. Density specific quantities

Scaling the density entails the requirement of scaling all density specific quantities (like
the kinematic viscosity) as well. In this thesis, the use of such quantities is completely
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avoided, thus trivially fulfilling this requirement without the need to handle it. The
kinematic viscosity is by far the most relevant such quantity. This is why avoiding it is
stressed here. Others are unlikely to be used.

16.4.2. Pressure from density

LBM provides a relation between the density and the pressure (eq. (26)). Using this
on the default density yields an altered value. This might cause concern, however it
does not matter as absolute pressures are irrelevant, and the scaling does not affect
pressure differences. In fact no specific handling is required for this. Consistently using
the conversion factors resulting from the altered density is sufficient even tho this seems
counter-intuitive.

16.4.3. Density not unity

In LBM one usually assumes the density to be (close to) unity in lattice units (see
section 2.3). The flow or its boundary conditions might create pressure differences,
which are represented in LBM by density differences. These are typically small, however
the Reynolds-Scaling amplifies them (by the scaling factor). This does not cause issues,
given one does not assume the density to be always unity as is suggested in literature [9].
Code (e.g. for the boundary conditions) should use the actual value of the density as is
done in FluidX3D (see section 13.1) to achieve the best results.

16.4.4. Mach number

Reynolds-Scaling increases the Mach number M a, which is an important stability criterion
in LBM (see section 2.7). The change in the Mach number needs to be observed to assure
it does not exceed its stable range due to the scaling. Before continuing to more complex
models, a few validations are in order.

16.5. Validation

To demonstrate the efficacy of Reynolds-Scaling a few simulations are performed using
FluidX3D. All of them are done on pairs. One simulation with the scaling Sg. = 1,
meaning unscaled and the other one with S, = 10. Two different geometries are used.
First, the geometry seen in figure 44 will be used. Later, a pure shear-flow will be used
to use Roscoe theory (see section 9) for validating simulations with cells.
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Figure 44: Illustration of the geometry for the validation of Reynolds-Scaling: The flow
enters at the inlet and exits at the outlet. In the middle, the channel abruptly
expands. It exhibits translational symmetry along the z-axis and is therefore
effectively 2D.

The channel gets twice as wide at half its length. This offers a somewhat challenging

geometry, with a velocity that is not constant along streamlines. The channel is periodic

along the z-axis, making it a 2D channel. It is driven by a pressure difference. The

exact dimension and remaining parameters vary and are discussed for each simulation

individually. A detailed validation for each part of the section is found in appendix R.

Here, only general findings and some errors (according to appendix S) are given. Typically,
the velocity along the center-line of the inlet is used for illustration. For a Newtonian

fluid (validation in appendix R.1) this can be seen in figure 45.
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Figure 45: Plot of the x-component of the velocity field along the center-line of the
narrow part of the channel. The maximum L1 error of the velocity is |ep;| <
2 x 1074

To the naked eye, this agreement is great. However, e,; < 2 x 107* is a few orders of
magnitude above what is achievable using LBM. This shows, that even though Reynolds-
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Scaling clearly works well here, it is still an approximation. Next, a few words on
time-dependent behavior under Reynolds-Scaling are required.

16.6. Time-dependent behavior

From the arguments above it might seem like Reynolds-Scaling perfectly reproduces all
effects, given the Reynolds number is small enough. However, viscous effects in non
steady-state systems are actually reproduced at the wrong timescale. The reason is
simply, that Reynolds-Scaling by definition (eq. (317)) alters the viscous timescale and
therefore effects on that timescale are altered. Whenever the derivative term is relevant,
Reynolds-Scaling alters the simulation output. Given the viscous timescale is far enough
from other timescales in the system (which for Generalized Newtonian fluids at Re* < 1
is always the case), the behavior is slower (for Sg. > 1), but otherwise identical. The
go-to example for such an effect would be the startup of the flow. The change in velocity
3 pm behind the center of the inlet during the startup of the flow form appendix R.1 can
be seen in figure 46.
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Figure 46: Plot of the x component of the velocity field 3 nm behind the center of the
inlet as a function of time.

Here, one can see, that these curves are identical aside from the scaled curve developing
slower as discussed above. Even the noise produced by the boundary condition is
accurately reproduced. Once the time derivative term disappears (in steady state),
the output is near identical, as was already shown above. A shear-thinning Generalized
Newtonian fluid shows the same behavior (see appendix R.2) This concludes the coverage
of simple LBM cases. There can be additional contributions to the Navier-Stokes
equation (see section 2.5). How those are to be treated is covered in the following.
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16.7. Additional Navier-Stokes contributions

For viscoelastic fluids (see section 3.7) and cells (see section 6), additional terms are
added to the Navier-Stokes equations. This section discusses how these are affected by
the Reynolds-Scaling. First, viscoelastic fluids are discussed.

16.7.1. Viscoelastic fluids

Viscoelastic fluids couple their additional stress term into the Navier-Stokes equation.
Meaning, the right-hand side of equation (1), gets an additional term as follows.

ou
P ot
The non-dimensionalization of 7 is already known from the standard notation of viscoelastic
fluids (see appendix D). This is done by identifying 7, as the typical viscosity. For the
PTT model (see section 3.7.4), the additional term in the non-dimensional form becomes
as follows.

+p(ii- V)i =puV*i—Vp+ V-1 (325)

& ﬂv'.gzﬁlvhgzﬂ;v'.g (326)
Prtby ALy Ug A Wi

It should be noted, that PTT is used here specifically in order to have a specific definition
of Wi. PTT is also the default viscoelastic model in this thesis and therefore of primary
importance. For other viscoelastic models, this looks similar. The main difference is the
occurrence of additional factors around Wi. These always depend on the additional
dimensionless parameter each model carries. It shall be noted, that in this thesis
viscosity shuffling is always used for viscoelastic fluids (see section 18). This technically
introduces an additional term to the equation. Mathematically, this works out to another
dampening term (term containing the viscosity) in the Navier-Stokes equation. As this is
inconsequential for the present discussion it was omitted here. The Weissenberg number
Wi neither contains the viscous timescale nor the density. Consequently, neither of
them affect viscoelastic behavior. However, a new timescale, the relaxation time A is
introduced. This new timescale is not scaled, and consequently has different scaling
behavior than the viscous timescale. Also, these timescales do interact. So, in contrast
to the Newtonian and Generalized Newtonian case, the startup is not just scaled. The
startup for viscoelastic fluids is just plain different. This can be seen in figure 47.
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Figure 47: Plot of the x component of the velocity field 3 pm behind the center of the
inlet as a function of time.

This means that Reynolds-Scaling may not be used for non-steady-state processes involving
viscoelastic fluids. However, it is particularly viscoelastic fluids, where Reynolds-Scaling
is the most useful. This example simulation, takes orders of magnitude longer to run than
the CY simulation used above for Generalized Newtonian fluids. Still, it is technically
not fully in steady-state yet. This is due to the typically large values of the relaxation
time A, that the fluids used in this thesis (see section 19) have. Similar to the runtime
for observing advective effects being inversely proportional to the Reynolds number, the
runtime required for a viscoelastic fluid to relax is as follows.
Wi A
Truntlme X Re X tv (327)

This makes especially the interesting cases of Wi > 1 even more expensive. Reynolds-
Scaling can alleviate this as long as the desired effect is observed in a fluid in steady-state.
Steady-state still allows for some movement. Such a case will be discussed next.

16.7.2. Cells

Cells couple their additional force term into the Navier-Stokes equation. Meaning, the
right-hand side of equation (1), gets an additional term as follows.

ou
P or
Note, that f is a force density, rather than a force. A general non-dimensionalization

can be derived from the scaling of the volumetric elastic forces discussed in section 6.5.
From this, one can gather, that the force densities are non-dimensional aside from a

+p(i- V)i = pV3i—Vp+ f (328)
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factor made from the Young’s modulus E and the cell radius R. This is listed in the
following.

. E
= — 329
F=7 (329)

Consequently, the non-dimensionalization of the additional term reads as follows.

NEp LEs Eg 165

pruy B B peug R B eVt C’a%(

(330)

This uses the Capillary number according to eq. (153). The Capillary number Cagk
neither contains the viscous timescale nor the density. Consequently, Reynolds-Scaling
is expected to work. For this a pure shear-flow (see appendix P.1) is used to validate
the Roscoe parameters (see section 9). This is done in appendix R.4. The results can
be seen in table 5.

Simulation ‘ o ‘ 9 ‘ o3 ‘ 0 ‘ U/ %
Spe =1 1.1873 | 0.8442 | 1.00671 | 0.5227 | —T7683
Sgre = 10 1.1905 | 0.8425 | 1.00558 | 0.5333 | —7577.6

Table 5: Roscoe parameters determined from the simulation with Sz, = 1 and Sg. = 10.
Values rounded in accordance to errors. Errors suppressed for brevity.

These values do not quite align. However, they are only off by a few percent. Within
the typical error range for Roscoe simulations (see appendix X), this can be considered
to be identical. So, aside from some startup effects, Generalized Newtonian Roscoe
simulations are not affected by Reynolds-Scaling. Putting the cells through a channel
with changing geometry is not steady-state. One would expect, that this would show
significant disagreement. This is done in appendix R.5. However, the result is, that
Reynolds scaling mostly still works in this case. Apparently, it is more robust than
expected. Next, the combination of a cell in a viscoelastic fluid is considered.

16.7.3. Cells in viscoelastic fluid

First, the Roscoe simulation is repeated with a viscoelastic fluid. This is done in
appendix R.6. The results are presented in table 6.

Simulation ‘ o ‘ ay ‘ o ‘ 0 ‘ Uit/ %
Spe =1 1.2094 | 0.8526 | 0.976 | 0.4325 | —5090
Ske = 10 1.2075 | 0.8519 | 0.9771 | 0.4393 | —5166.3

Table 6: Roscoe parameters determined from the simulation with Sz, = 1 and Sg. = 10.
Values rounded in accordance to errors. Errors suppressed for brevity. «; and
a5 match between scaled and unscaled simulation within their respective errors.
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16 Reynolds-Scaling

These values do not quite align. However, they are only off by a few percent. Within
the typical error range for Roscoe simulations (see appendix X), this can be considered
to be identical. So, aside from some startup effects, viscoelastic Roscoe simulations
are not affected by Reynolds-Scaling. Interestingly, the values here are not the same
as the ones found for a Generalized Newtonian fluid. This is despite the simulation
matching in the vast majority of parameters. This is an interesting discussion for a
later section (see section 21). For the viscoelastic fluids a cell in Poiseuille geometry
(see appendix P.2) is considered before the suddenly widening channel. This is done as
an intermediate step between the valid simulations and the suddenly widening channel.
Poiseuille flow also violates the conditions for Reynolds-Scaling. However, it is not as
dynamic as the suddenly widening channel. The cell in Poiseuille flow is examined in
appendix R.7. Here, some disagreement can be seen. The deformation is not fully
accurate. This has been expected. However, the error is small enough to justify the use
of Reynolds-Scaling for this example as well. Finally, appendix R.8 evaluates the cell
in the suddenly widening channel. The result is similar to the same validation for the
Generalized Newtonian fluid. The agreement is no longer perfect, but still usable. This
leads to a somewhat surprising conclusion, which will be discussed next.

16.8. Reynolds-Scaling Conclusion

Reynolds-Scaling is never exact. Even in the cases where the simulation is in steady-state
and the scaling is fully valid, there are tiny discrepancies. However, the more interesting
result is actually the cases not in steady-state, which are technically invalid candidates
for Reynolds-Scaling. For a cell moving through a Poiseuille-flow (see appendix R.7) or
a suddenly changing geometry (see appendices R.5 and R.8), Reynolds-Scaling should
not be valid. This is because the time derivative term does not vanish. Time-dependent
effects get scaled with Reynolds-Scaling. However, the results show, that even in these
cases Reynolds-Scaling yields agreement close enough to call it valid. This robustness is a
surprising result. The reason for this is likely, that the velocities in these examples change
with the advective timescale, while Reynolds-Scaling acts on the viscous timescale.
Meaning, they change slowly. Or in short, the time derivative term is small and therefore,
it does not matter much even without vanishing. Reynolds-Scaling only affects results
significantly for the startup of simulations, which is particularly long for viscoelastic
fluids. In total Reynolds-Scaling is a useful tool, that gets used regularly. However,
the limits for the Reynolds and Mach numbers need to be observed. This sometimes
prevents the use of this scaling. There is another much simpler scaling technique, which
does see some use. This will be discussed next.
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17. dt Scaling

With all the difficulties and caveats associated with Reynolds-Scaling, one might look for
a more straight forward way to decrease runtime. One such approach, that is noteworthy
is dt Scaling. Its basic idea is to just make bigger time-steps by making adjustment to
the quantities in lattice units (see section 2.3). This works as follows. First the dt scaling
factor Sy is introduced.

fiLy = SatkLu (331)
The starred quantities represent the quantities in the scaled system. This changes uru

from its default value of %. This has two consequences. First, the time conversion factor
changes to the following (see equation (37)).

T: = Sat chf = SdtchEM = Sa pCLg (332)
He ST S
This therefore results in a direct scaling of the time-step as follows.
Aty = T*Atyy = TF = Sy Algy (333)
Secondly, the relaxation time changes to the following (see equation(25)).
Ty = pﬁ[ég +% =, LU+% =, LU+%(Sdt —1) = %(sdt +1) (334)

The spatial truncation error of LBM is proportional to (7'r — %)2 [102]. Therefore, dt
Scaling causes an error proportional to S%. This quickly gets out of hand and effectively
limits the maximum possible scaling to around two to maybe three. While this provides
a runtime benefit (at the cost of accuracy), the maximum effect is minuscule compared
to what Reynolds-Scaling can do. Therefore, this thesis avoids this scaling. Next, the

last, and arguably most important algorithm in this thesis is covered.
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18. Viscosity shuffling

The algorithm in this section is arguably the most important one in this thesis, because
it enables the simulation of realistic viscoelastic fluids. Most of this section and its
associated appendices has already been published [1]. This section will explore the
motivation for viscosity shuffling, typical fluid parameters, the algorithm itself, the
validation of the algorithm and some unexpected use-case. First, the reason why special
handling is required will be discussed.

18.1. Necessity for the algorithm

The difficulty in simulating viscoelastic fluids is to a large part due to the parameters of
real viscoelastic fluids and not the models themselves. The stress caused by the polymers
in a viscoelastic solution can be separated into a viscous stress and a normal stress. Both
of these are proportional to the polymer viscosity 7, (see section 3). Depending on model
and parameter choice, their magnitude is typically similar. These contributions enter the
LBM as a stress (see section 2.5.2). The LBM itself provides the stress contribution from
the solvent viscosity 7s. If the stress from the polymer contributions exceeds the solvent
stress, the LBM algorithm gets overwhelmed. This is comparable to IBM producing
forces, that are too large (see section 6.7). Some populations become negative, leading
the simulation to become unstable and likely causing it to crash. With this, the fraction
of these viscosities can be seen as a stability criterion. This viscosity ratio R, shall be
defined as follows.

M o — Mo
R, =1 =M= T 335
i - (335)

For the models used in this thesis, the polymer and solvent viscosity can be related to
the zero-shear viscosity 79 and the infinite-shear viscosity 7., (see section 3.3). This
allows the determination of this ratio for general fluids without the need to describe
them through a model. It shall be noted, that a relation of viscosities is a somewhat
common dimensionless number. No standard definition exists, so care must be taken
to distinguish how the different viscosity ratios one can find in literature are defined.
There is no firm limit for stability as a function of R, as this is dependent on the model
used. Also, the fraction of the stresses is a function of the Weissenberg number Wi (see
section 3.4), making this a stability criterion as well. Most authors only mention the
Weissenberg number. Existing LBM algorithms reach relevant Weissenberg numbers,
but fail to exceed R, = 10 (see appendix T), even with workarounds like artificial
diffusivity. Consequently, fluids exceeding this value cannot be modeled using current
methods and require a new algorithm. Next, the typical viscosity fractions for real
viscoelastic fluids are discussed.
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18.2. Typical viscosity ratios

This thesis is interested in biofabrication and associated fields. Such use-cases require the
solution to not be toxic. Consequently, the primary solvent used for the fluids (termed
“bio-inks”) is water. Therefore, the solvent viscosity is typically around 7, ~ 1mPas.
At the same time a high zero-shear rate is desired (see section 19.4). Consequently, the
viscosity ratio is typically high. Furthermore, viscosity behavior exists on an exponential
scale. Meaning, for a noticeable difference to occur, one must increase the viscosity by an
order of magnitude. Consequently, there are often several orders of magnitude between
the zero-shear viscosity and the infinite shear viscosity. The alginate solution (fluid 13)
used in the present work as an example for a popular bio-ink has a viscosity ratio of
R, = (48.2£0.4) x 103. The lowest concentration of the least viscous shear-thinning fluid
used in this thesis (fluid 2) still has a viscosity ration of R, = 18.7 = 0.4. It should be
noted, that this fluid is not designed for biofabrication, but for related characterization.
The fluids of this thesis will be described in detail later (see section 19). There are also
plenty of examples from literature for popular bio-inks. A few are listed in table 7. All
of them have viscosity ratios orders of magnitude above what is possible with existing
LBM algorithms.

Author Material no/Pas Ne/Pas | R, extracted
from
Amorim [103] | pre-crosslinked | > 1 x 10* | <3x107! | > 3 x 10* | Fig. 3b
alginate
Possl [3] blend 2% 102 | 5x107" |4x 10> | Figure 4
Paxton 7] Alginate 5% 10* <5x 10! | >1x10® | Fig. 4b
Jalaal [104] | pluronic F-127 | >1x10* | <1x107! | > 1 x 10* | FIG. 6. (e)

Table 7: Compilation of literature data on typical bio-inks showing that a very high
viscosity ratio R, is a generic feature of these liquids. Reproduced from [1].

One can easily see, that in order to simulate realistic bio-inks a new algorithm is required.
This is presented next.

18.3. Shuffling algorithm

For many realistic viscoelastic fluids, the polymer stress overpowers the viscous stress of
the solvent. This is the key difficulty in simulating them. Note, that polymer stress is a
term for the additional stress, the viscoelastic fluid produces. Most bio-inks and other
viscoelastic fluids are polymer solutions justifying this name. The concepts discussed do
not only apply to polymer solution. While the viscous solvent stress is handled efficiently
and reliably by the LBM algorithm, the polymer stress enters the LBM equations as an
additional source term (see section 2.5.2). The relative magnitude of the two terms is
given by the viscosity ratio R, (see eq. (335)). For many situations the viscosity ratio is
of the order of 102 —10? (see table 7) The key idea of the shuffling scheme is to artificially
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18 Viscosity shuffling

increase the LBM viscous stress while at the same time reducing the polymer stress by
the same amount. This holds the total stress constant, but effectively decreases the
ratio of the terms. This can be seen by reconsidering eq. (73), which is repeated in the
following.

g = 27752 +7T (336)

The total stress ¢ is given as the sum of the solvent stress proportional to the strain-rate
tensor D and the polymer contribution 7. Now, one can add a 0 to the right-hand side
as follows.

g = 27752 + Tshuffle +7 - Tshuffle (337)

Here 7 .m. is the “shuffled” stress, which gets transferred between the terms. It shall
be defined as a viscous stress as follows.

Tshufile = 27shuffle) (338)

Here ngnume is the shuffled viscosity. Its magnitude will be discussed shortly. First, this
definition in inserted into the total stress to write the following.

a = 2(1s + Netiie) D + (T — 2Nshuie D). (339)

The viscosity used in the LBM solver is set to 15+ Nsnumie. The polymer stress determined
by the constitutive equation (see sections 3.7 and 4) is reduced by the amount 27ugmeD-
This is done for every time-step before 7/ = 7 — 2ngume D is coupled into the LBM. With
this algorithm, the stress contributions of the LBM and the polymer components are
balanced, which vastly improves numerical stability. Critically, this viscosity shuffle
algorithm is mathematically exact. Contrary to other workarounds such as adding
artificial diffusivity [27, 31, 33, 36] viscosity shuffling does not affect the physics of
the simulated system. In terms of stability, one could define an effective viscosity ration
R, defined from the magnitudes of the shuffled stresses as follows.

maX(np? TIShuﬂie)

Ts + Tlshuffle
As the stresses are of course tensors, defining their magnitude is not straight forward.
At low Weissenberg numbers, the viscous stress dominates. Therefore, subtracting
a viscous stress from the polymer stress reduces it. However, only as long as the
shuffle viscosity is smaller than the viscosity contribution from the polymers, which
drops with the Weissenberg number. For large Weissenberg numbers, the elastic stress
dominates. Consequently, the subtraction does not alter the magnitude of the polymer
stress significantly. This is expressed by the maximum function in the equation above.
First consider the case of Nshume < 7. The equation for R; becomes as follows.

R <

n

(340)
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/ Tlp
R, < T €1, R, (341)
Depending on the choice of ngume values down to nearly unity are achievable. This is
assuming a large R, and consequently 7, + 75 ~ n,. Without a large R,, this algorithm
is not required. Now consider the case of ngume > 7. The equation for R% becomes as
follows.
/ Tlshuffle
R, <—F/——— =1 (342)
s + Tlshuffle

AS Ngnume > Mp > 15, the effective viscosity ratio is equal to unity irrespective of the
actual choice of shuffling viscosity. A ratio of unity is well within the stable range of
preexisting algorithms. It is even stable enough to not require any artificial diffusivity.
This means, that all viscoelastic simulations become stable using this algorithm with
a reasonable choice of Ngume. The limit is completely removed. For many simulations,
one could get away with a smaller shuffling viscosity, but FluidX3D sets it as follows by
default.

Nshufle = Tlp (343)

This is done, because this is a reasonable default, for minimizing failed simulations.
There are some exotic cases, where a slightly higher shuffling viscosity is required for
stability. It is important to note, that the shuffling viscosity needs to be defined in respect
to the highest viscosity in the system (consider section 4.3.2). There is a singular trade-
off assuming, that the lattice relaxation time is maintained at its optimal value of unity.
The viscosity shuffling scheme increases the LBM viscosity and therefore decreases the
LBM time-step. Next, this shuffling approach is validated for (semi-)analytically solvable
problems with realistic parameters. Furthermore, its accuracy is compared to existing
algorithms.

18.4. Validation and accuracy

The validation should consider different shuffling viscosities, different fluids and multiple
geometries. All of this is done in appendix U. These are the validations from the paper
(see reference [1]). It should be noted, that all these validations have been rerun with
a current version of FlutdX3D. This is to assure, that nothing of relevance has changed
since the publication of said paper. Compared to the previous publications, the need
to initialize the alginate simulations in a pre-stretched state has been removed. Also,
the errors have been reduced considerably. In some case, the errors are halved. The
validation demonstrates, that shuffling is valid for a great range of parameters. The
largest errors through the validation is 3% and it is likely not caused by the shuffling
itself. Consequently, it can be used without second though. FluidX3D uses it by
default without requiring user input. In terms of accuracy, it is prudent to not only
compare against (semi-)analytical solutions, but to also consider literature. Among
the preexisting publication listed in appendix T, Malapsinas et al. [27] is the best
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candidate for comparison. The authors studied an Oldroyd-B fluid. Their simulation
geometry was a planar Poiseuille flow. The simulated velocity profile was compared to
an exact analytical solution, to retrieve an error. Most parameters are clearly given. The
rest can be guessed with reasonable accuracy. This allows for an honest head-to-head
comparison. Malapsinas et al.define the Weissenberg number W7 in its simple common
form as follows.

Wi =\ (344)

This uses the shear-rate 4 and the model dependent relaxation time A. They define a
viscosity fraction R, as follows.

Vs 1
vo+vs  Ry+1

v

(345)

This is defined from the kinematic solvent viscosity 14 and the kinematic polymer
viscosity v,. This can be directly transformed into the viscosity ratio definition used
in this thesis (R,). Furthermore, Malapsinas et al., also define the L2 error differently
than in the present work (see appendix S). Their definition is as follows.

1 1
Eu - \/N Z|usimulation - utheory|2 (346)

umax

Here, F, is the L2 error, .. is the maximum theoretical viscosity in the channel,
Usimulation 15 the simulated velocity field, wheory is the analytical solution, and N is the
number of data-points. It should be noted, that in eq. (61) of reference [27], there is a
typographic mistake. The prefactor of 4 should be an 8 instead. These definitions are
used in accordance to Malapsinas et al., to reduce confusion. Given, that Malapsinas et
al.define all quantities in respect to dimensionless numbers, one quantity must be set to
define the scale. In the present work ns = 1 mPas is chosen as a base for this system.
Simulation 7 is run with 16 different combinations of parameters.

7 Comparison to Malapsinas et al.

Box: 2XxXN+2x2
Fluid: custom Oldroyd-B, ns = 1mPas
BC:  body-force (BC 13.3.2)

The L2 error defined as described by Malapsinas et al.as function of lattice resolution
can be seen in figure 48. The legend is also defined in accordance with Malapsinas et
al..
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Figure 48: Plot of the L2 error as defined in equation (346) as a function of lattice
resolution. The data from Malaspinas et al. [27] (dots) is compared to the
algorithm from the present work (x). The blue and green crosses are not
visible as they overlap exactly with the orange and red crosses, respectively.
The dashed lines are power laws with an exponent of —2. Reproduced from [1]

The crosses overlapping in figure 48 demonstrates, that the present algorithm is independent
of the Weissenberg number W+ in the studied parameter range. It should be noted, that
this thesis does not define a Weissenberg number for Oldroyd-B (see section 3.7.2). It is
also quite clear, that the present algorithm has half the error for small lattice resolutions
and improves to an order of magnitude in difference for the higher resolutions. The
accuracy depends on R,. This is acceptable given the error remains small throughout.
Finally, it can be seen, that the error of the viscosity shuffling algorithm decreases with
the lattice resolution to the power of —2. For small N, Malaspinas et al. found a similar
decrease in error. At higher IV, the reduction is shallower. This difference is likely due
to the present work not making use of artificial viscosity. LBM has an error dropping
with the square of the resolution. The present thesis is able to fully use the effect. If
an artificial viscosity is used, like is commonly suggested in literature, the error has a
minimum, that Malaspinas et al.is already approaching for N = 200. This demonstrates
the increased accuracy this algorithm provides compared to existing algorithms, while
also allowing to perform simulations in a vastly increased parameter range. A few
examples of previously impossible simulations can be seen in appendix V. These two have
been simulated anew to demonstrate, that the result has not fundamentally changed
since the paper was written. All the topics covered in this appendix will be covered
in greater detail in this thesis. This section demonstrated, that the viscosity shuffling
viscosity is accurate. Close to every topic in this thesis has been covered in the validation.
The two most opposite viscoelastic fluids have been used for validation, to assure a very
wide range of parameters works. Viscosity shuffling allows the simulation of previously
untreated ground. Furthermore, in cases that are already solvable, it is more accurate
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than existing solutions. There is only one last feature of viscosity shuffling to cover. It
can be used to remove the need for a solvent viscosity.

18.5. Removing the solvent viscosity

In literature, the solvent viscosity is often omitted. There are good reasons for this. For
one, for realistic viscoelastic fluids it is a very small contribution to the total viscosity.
Also, it often prevents analytical solutions. Consequently, when comparing to such
literature, there should be no solvent viscosity in the simulation. With the accuracy
achievable with the techniques laid out in this thesis, just picking it small is not good
enough. The reason for the necessity of a solvent viscosity is the fact, that the LBM
algorithm intrinsically simulates a viscosity. However, with viscosity shuffling, one can
set the LBM viscosity to the shuffled viscosity, removing the solvent viscosity altogether.
This technically corresponds to R, — 00, but is stable in FluidX3D. Care must be taken,
which viscosity is actually currently present in total, to avoid accidentally producing very
large Reynolds numbers. With this technique, one could technically accidentally simulate
a fluid with no, or even negative viscosity. While this surprisingly does not break the
simulation, the output is not very meaningful. This concludes both the discussion of the
velocity shuffling algorithm, and the discussion of the methods used in FluidX3D and
noFluidX3D for performing simulations. Next, applications are covered, starting with a
description of the fluids used in this thesis.
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19. Fluids used in this thesis

For a fluid to be suited for biofabrication or the associated characterization, in principle
it has to be non-toxic and sufficiently viscous. While the demands on an ideal fluid
(see section 19.4) are more complicated, any polymer dissolved in water can technically
be used as a bio-ink or cell-carrier fluid. These names are used interchangeably. The
fluids used for this thesis are mostly selected by data availability. Alginate solutions are a
typical go-to modeling system. Methyl cellulose solutions are useful for characterization.
The two cover a wide range of parameters, especially when taking the different concentrations
of methyl cellulose into account. Therefore, if something works with these fluids, it can be
expected to work with most bio-inks. The same model is often used with different models
in literature, depending on application. Consequently, this thesis also fits different
models (see appendix F) to the available data. To properly cover the behavior of a
viscoelastic fluid, two curves are necessary. One of them is the shear-rate dependent
viscosity. For the other, one could use the frequency response, or the first normal stress
difference. In rheology, it is apparently more popular to measure the frequency response
these days. It is however a lot easier to derive solutions for the first normal stress
difference. Consequently, this is used in this thesis. The first normal stress difference
N is calculated from the measured normal force using the following equation [105].

2F 3
N = “— + —puw’R? (347)

Here, F' is the measured normal force, R is the radius of the rheometer, p is the
density of the fluid and w is the angular velocity of the rheometer. The second term is
usually omitted. It only matters at high shear-rate, where data availability is very
limited. Furthermore, the available data carries significant error. Therefore, such
detailed corrections are not warranted. Consequently, it is also omitted in this thesis. It
should be pointed out, that the data quality is limited, because rheology is very error-
prone and purely reproducible in general. The fluids are listed in the following. They use
the common notation described in section 3.7.1. The fluid models are found in section 3.
First, water is introduced as a base-line.

19.1. Water

Water is not really useful as a cell-carrier fluid in biofabrication, because its viscosity is
too small. However, it can be used as a baseline. Furthermore, the cytosol within cells
behaves like water [106] and in this thesis is typically approximated by water. Also, the
other fluids are based on water, or phosphor buffered saline, which is cell-friendly salt
water. Water is numbered fluid 1.

1 Newtonian::water

viscosity 7y = 1mPas
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Each fluid has such a box for each model, that list the values of all parameters. Next,
the methyl cellulose solutions are discussed.

19.2. Methyl cellulose

The methyl cellulose (MC) solution is manufactured by dissolving methyl cellulose in
phosphor buffered saline (PBS). The data is from reference [107]. This subsection
contains data for three different concentration. These are 0.49 %, 0.59% and 0.83 %.
The fluids are addressed by these percentages. These percentages are by weight. The
lower concentrations are both easier to simulate and easier to handle in experiments.
Consequently, they are more commonly used in this thesis. The increased concentration
mostly scales the viscosity and first normal stress difference. From theory, this should
be the only effect. However, the other parameters are also slightly influenced. This fluid
is used to fit, the PTT model, the CY model in two different ways and a Power law.
Next, the fitting of the PTT model will be discussed.

19.2.1. As a PTT fluid

The relevant equations for n and N; can be found in section 3.7.4. It is impossible to
determine 74 from a fit, because data cannot be gathered for such high shear-rates. This
thesis opts for setting it to the viscosity of water. The fits for  and N; can be seen in
figures 49 and 50

101 E
] X Data 0.49%

— PTT fit 0.49%
Data 0.59 %
PTT fit 0.59%
X Data 0.83%
PTT fit 0.83%

1073 5

10° 102 104 106 108
i/
Figure 49: Plot of the viscosity for three methyl cellulose solutions from reference [107].

Lines show a fit of the Phan-Thien and Tanner (PTT) rheological model.
Reproduced from [1].
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Data 0.49 %
— PTT fit 0.49%
x  Data 0.59%
—— PTT fit 0.59%
X Data 0.83%
— PTT fit 0.83 %

101 4

103 104 10° 106 107 108
/1

Figure 50: Plot of the first normal stress difference for three methyl cellulose solutions
from reference [107]. Lines show a fit of the Phan-Thien and Tanner (PTT)
rheological model. Reproduced from [1].

It is important to note, that both fits have to be carried out simultaneously. Fitting
the model to the viscosity and the first normal stress difference separately yields two
different parameter-sets. One can quite clearly see, that the PTT model does not fully
describe the viscosity. This is due to the fact, that the PTT model as a fixed power in
the power-law section, that cannot be altered using a parameter. The data falls with a
different power and therefore the gap forms. This is not great, but the best agreement,
that is available. For example FENE-P fits very nicely to the viscosity, and the first
normal stress difference, but not at all to both at the same time. Consequently, this
thesis accepts the discrepancy between the data and the PTT model and takes steps to
manage it. The fit results are covered by fluids 2 — 4.

2 PTT::mc0-49

viscosity np = (18.7 £ 0.4) mPas
ns = 1 mPas

relaxation time A = (0.34 £ 0.03) ms

€ e=0.27£0.03
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3 PTT::mc0.59

viscosity np = (32.5+£0.7) mPas
1ns = I mPas

relaxation time A = (0.43 £0.04) ms

€ e =0.36 £0.04

4 PTT::mc0_83

viscosity np = (81 £2) mPas

ns = lmPas
relaxation time A = (0.71 £ 0.09) ms
€ e = 0.50 £ 0.06

Next, the two CY fits are discussed.

19.2.2. As a CY fluid

The CY model is not viscoelastic, it is only shear-thinning. However, it is a phenomenological
model designed to fit to as many different curves as possible. The relevant equation for

7 can be found in section 3.5.1. The fit can be seen in figure 51.

101 E RROB RN
] X  Data 0.49%
£ ORHRRARER008588 — CY fit 0.49%
SVRER0R88088R8K X Data 0.59 %
- —— CY fit 0.59 %
< 1072 a
% X Data 0.83%
CY fit 0.83%
10_3 =
10° 10? 104 106 108
7/

Figure 51: Plot of the viscosity for three methyl cellulose solutions from reference [107].
Lines show a fit of the Carreau-Yasuda (CY) rheological model.

The model by design fits very well. The fits result in fluids 5 — 7

163



19 Fluids used in this thesis

5 CY::mc0.49_D

viscosity np = (19.52 £ 0.08) mPas
1ns = 1 mPas
relaxation time A = (1.4 £0.5) ms
a a=11+£02
power p=0.37+0.05
viscosity np = (34.7+0.1) mPas
7Ns = 1 mPas
relaxation time A = (1.8 £0.6) ms
a a=0.91%0.10
power p=0.43£0.05

7 CY::mc0_83_D

viscosity np = (87.6 £ 0.2) mPas
7ns = lmPas

relaxation time A = (4.2 +£0.5)ms

a a=1.07=£0.05

power p=0.46 £0.02

This straight-forward way is however not the only way to fit a CY curve to the data. The
curve above is well suited to describe the data. However, if one wants to differentiate
the elastic from the viscous effects a curve expressing the same viscosity as the PTT
model is needed. To achieve this, the CY model is fitted to the PTT curves of fluids 2
— 4. This can be seen in figure 52.
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107! ]
] — PTT
— CY fit 0.49%
—— CY fit 0.59 %
5 02 — CY fit 0.83%
=
1073 4
10t 103 10° 107 109

/3

Figure 52: Plot of the viscosity for three PTT models of methyl cellulose solutions

from reference [107]. Colored lines show a fit of the Carreau-Yasuda (CY)
rheological model.

Clearly, the CY model is also able to describe the viscosity curve of the PTT model with
decent precision. This yields fluids 8 — 10.

8 CY::mc0_49

viscosity np = (18.7 £ 0.4) mPas
1ns = lmPas
relaxation time A = (0.261 £ 0.001) ms
a a = 1.469 +£ 0.006
power p = 0.837 4+ 0.001

9 CY::mc0.59

viscosity M, = (32.5+£0.7) mPas
7s = lmPas
relaxation time A = (0.369 £ 0.002) ms
a a = 1.432 £ 0.006
power p = 0.847 £ 0.001
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19 Fluids used in this thesis

10 CY::mc0_83

viscosity np = (81 £2)mPas

ns = 1l mPas
relaxation time A = (0.682 £ 0.003) ms
a a=1.374+£0.007
power p = 0.8606 + 0.0010

So to reiterate. The PTT curve and the CY curve, that is generated by fitting to the
PTT curve can be used to determine whether the elastic forces are relevant to describe a
particular problem. If they are not relevant, the CY curve fitted directly to the data can
be used to best approximate the experiment. This is a common pattern in this thesis.
Next, the power law fits are mentioned.

19.2.3. AS a power law fluid

The relevant equations can be found in section 3.5.2. Using a pure power law for the
viscosity model does not capture the viscosity well for small shear-rates. This can be
seen in figure 53.

100_? X Data 0.49%
101 ] —— PLfit 0.49%
x  Data 0.59%

—— PL fit 0.59%

109 102 10 106 108 100
/3

Figure 53: Plot of the viscosity for two methyl cellulose solutions from reference [107].
Lines show a fit of the Power law (PL) rheological model.

The power law fluid is only here, because it gets used by some of the sources this thesis
works with [98, 99, 107]. The resulting parameters are from reference [107]. They have
been converted to the standard notation used in the present work to produce fluids 11
and 12.
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11 PowerLaw::mc0_49

viscosity np = 1.492 Pas
ns = 0Pas

relaxation time A = 100s

power p=0.3736

12 PowerLaw::mc0_59

viscosity np = 2.514 Pas
ns = 0Pas

relaxation time A\ = 100s

power p = 0.3961

With this, the discussion of methyl cellulose solutions is complete. Next, an alginate
solution is considered.

19.3. Alginate

The data for the alginate solution is agglomerated from 21 independent measurements.
The preparation is as follows [1]. “Alginate (DuPont VIVAPHARM Alginate PH176) [is
dissolved] in ultrapure water at a ratio of 40 £ [...] To ensure homogeneous dissolution,
the material was stored at 37 °C for 24 h and regularly mixed to ensure complete dissolution.
The measurements were conducted with a 25 mm plate-plate geometry at a 500 pm gap
on a rheometer (Anton paar MCR 702). A solvent trap was used to limit evaporation. All
measurements were done at a set temperature of 25°C as shear rate sweep. [...] A cone-
rheometer would be preferred here, but as Ny = 0 for PTT with £ = 0, the difference
is negligible.” [1] This solution is an important standard material for bioprinting. It
is however not particularly well suited for bioprinting and a pain to handle, both in
experiment and in simulations. The main reason for this is that its relaxation time is
three orders of magnitude larger than the one of MC. It is used, because it was there
first and has many medical applications. This means, it is mass-produced and extremely
cheap. This fluid is used to fit, the PTT model, the CY model in two different ways and
a Power law. Next, the fitting of the PTT model will be discussed.

19.3.1. As a PTT fluid

The relevant equations for  and N; can be found in section 3.7.4. The fits for n and Ny,
which as before need to be carried out simultaneously, can be seen in figures 54 and 55
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Figure 54: Plot of the viscosity for an alginate solution. The line shows a fit of the
Phan-Thien and Tanner (PTT) rheological model. Similar to [1].
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Figure 55: Plot of the first normal stress difference for an alginate solution. The line
shows a fit of the Phan-Thien and Tanner (PTT) rheological model. Similar
to [1].

The measurements for the first normal stress difference show a step artefact. This is
caused by limited resolution of the rheometer. The fit surely is not perfect, but given
how large the data cloud is, this does not matter. This fit results in fluid 13
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13 PTT:alginate

viscosity np = (48.2 £ 0.4) Pas
ns = 1l mPas

relaxation time A = (343 £+ 4) ms

€ e = 0.545 + 0.010

Next, the CY model is considered in two different ways.

19.3.2. AS a CY fluid

The CY model is not viscoelastic, it is only shear-thinning. However, it is a phenomenological
model designed to fit to as many different curves as possible. The relevant equation for
1 can be found in section 3.5.1. The fit can be seen in figure 56.

102 4
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101 10! 103 10° 107
/3

Figure 56: Plot of the viscosity for an alginate solution. The lines shows a fit of the
Carreau-Yasuda (CY) rheological model.

The model by design fits very well. The fit results in fluid 14.

14 CY::alginate D

viscosity np = (45.2 £ 0.5) Pas
1ns = 1l mPas

relaxation time A = (21 £ 9) ms

a a=0.61+0.03

power p=19=£0.3
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As before, for the methyl cellulose solutions, a secondary fit is performed. For this, the
CY model is fitted to the PTT curve of fluid 13. This can be seen in figure 57.
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Figure 57: Plot of the viscosity for a PTT model of an alginate solution. The colored
line shows a fit of the Carreau-Yasuda (CY) rheological model.

Clearly, the CY model is also able to describe the viscosity curve of the PTT model with
decent precision. This yields fluid 15.

15 CY::alginate

viscosity np = (48.2+0.4) Pas
7s = 1 mPas

relaxation time A = (260 4 1) ms

a a = 1.101 £ 0.008

power p = 0.9185 £ 0.0007

So to reiterate, the two CY models can be used to reproduce experiments as closely
as possible and to distinguish elastic from viscous effects. If not necessary, this thesis
tries to avoid the alginate solution. Next, a few requirements for an ideal fluid for
biofabrication are discussed.

19.4. The ideal fluid for biofabrication

The ideal fluid for biofabrication exhibits very high viscosity directly after exiting the
printer Nozzle. In the context of the fluids discussed here, this means, that the relaxation
time goes to zero. However, the relaxation time determines the shear-rate at which shear
thinning starts. The ideal bio-ink has low viscosity in the printer nozzle. This is most
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easily achieved though large relaxation times. Evidently, there is an optimum. In this
regard, the methyl cellulose solutions are well suited. However, their viscosity is too
small to keep a construct stable. In section 3, the relationship between the stiffness
of a polymer and its relaxation time was has been hypothesized. This explains some
observations made with these fluids. Assuming this is true, one would be able to predict
the relaxation time from the chemical formula of a polymer. The relaxation time is
probably the most important property of a bio-ink. It gets rarely discussed. However,
this would be an interesting pathway to designing useful bio-inks. This concludes the
considerations in regard to real fluids. Next, the basics of cell characterization shall be
explored.
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20 Indentation experiments

20. Indentation experiments

Indentation experiments using atomic force microscopy (AFM) provide information
about a material’s elastic properties (e.g. its Young’s modulus). In the case of a cell this
information can be interpreted in a wide variety of ways. Factors, from the cell’s state
in its life cycle, to disease, impact its stiffness for example. Accurately determining a
cell’s mechanical properties can therefore be valuable in the assessment of its biological
state. However, once the indentation leaves the limit of negligible deformations, finding
a way to accurately model the force response of a cell becomes difficult [2]. This is
however required for example to interpret more complex experiments like RT-DC [108]
(see section 24). This section improves on current simulation methods and provides
an overview over notable limitations. Reasonable guidelines in the evaluation of AFM
experiments are also provided. For the underlying theory and simulation basics consult
sections 7 and 8.

20.1. Refined simulations

In this subsection possible improvements to previously published works [70] are explored.
Only the Neo-Hookean (see section 5.3.4) model is discussed here due to its use in
the previous publication. These improvements do however also apply to the other
models listed in section 5 and discussed later in section 20.4. The Mooney-Rivlin (see
section 5.3.5) model, as a generalization of the Neo-Hookean model is not discussed
here to avoid the runtime cost associated with evaluating an additional parameter. For
simplicity this subsection only deals with planar indenters. Other indenters and their
influence on measurements are discussed in the following subsection (see section 20.2).
As will be seen in the following, the existing method significantly overestimates the force
particularly in low indentation scenarios. There is no analytical solution for arbitrary
indentations of spherical samples. To give an estimated for expected simulation error
and to distinguish this from model error, an exact solution is required. Therefore, first
a cubic sample is considered.

20.1.1. Cubic Cell

A simple cube (see figure 58) can be built from 5 tetrahedrons.
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Figure 58: Illustration of the small cube mesh made of 5 tetrahedrons.

The equations describing such a cube can be simply written as follows.

g
=_ 4
: (348)
F
o= (349)
Ah

With the Young’s modulus E, the stress o, the strain ¢, the force F', the contact area A,
the original height of the cube hy and the change in the height Ah. From these a simple
equation relating the change of the geometry to the measured force can be found to be
as follows.

F=FEA— (351)

Notably, this is not an approximation, but an exact solution. Comparing the simulation
result to this therefore provides an estimate for the error experienced due to computational
reasons. Ideally, this would be done at a Poisson ratio of v = 0.5, which is not
computationally stable and therefore not possible. Typically, this thesis assumes v =
0.48, however this section sets v = 0.49 for increased accuracy at the cost of risking
instability. An increased accuracy could not be observed for even higher v. An AFM-
Simulation (simulation 8) is performed with an (arbitrary) Young’s modulus of £ =
1kPa and an initial height of hg = 25pm. This hg represents a typical value for cells
but is of no special meaning here. All AFM simulations in this thesis are performed
with £ = 1kPa as the results can be scaled (see sections 5.5 and 6.5). The nominal
indentation was set at 2.5 %.
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8 Compression of a small cube

Cell:  Young’s modulus £ = 1kPa
Size, Resolution; 25 pm, 1

The simulation measures a force, which together with the observed deformation can be
inserted into equation 351 to calculate the Young’s modulus. The resulting £ ~ 996 Pa
lies approximately 4.4 %o below the expected value of 1kPa. Repeating the simulation
(simulation 9) using a much finer mesh (approximately 2 x 10° tetrahedrons) generated
using gmsh [85], yields a slightly decreased error of 2.6 %o.

9 Compression of a large cube

Cell:  Young’s modulus £ = 1kPa
Size, Resolution; 25 um, 36

This is a first hint of a resolution dependence, which will be relevant for the more
complicated spherical geometry (see section 20.1.3). From this, it is clear, that errors in
the permille-region should be expected from the simulation. Comparing this to Miiller et
al. [70], which displays considerably larger errors for small indentations, it is clear an
improvement is possible. First, one should consider relaxation.

20.1.2. Relaxation

Consider an AFM experiment with a spherical particle and a flat indenter (simulation 10
for a resolution of 100). The AFM simulations are performed by approaching the
indenter-potential until the desired nominal deformation is reached. Observing the force
F from this point onward (see figure 59) reveals a relaxation. This is expected due to
the dampening factor the simulation introduces (see section 8). The lines have different
length, due to the higher indentations being reached later, while this point is set as
t = 0 for all. Subtracting the last measured force in each line from the set and only
plotting the deviation Fyeyiation allows showing the exponential nature of this relaxation
(see figure 60).

10 Relaxation of a deformed cell

Cell:  Young’s modulus £ = 1kPa
Radius, Resolution R = 12.5 pm, variable
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Figure 59: The force after the nominal indentation is reached as a function of time
for different indentations. The observed relaxation is dependent on the

indentation.
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Figure 60: The deviation from the final force after the nominal indentation is reached
as a function of time for different indentations. The observed relaxation is
dependent on the indentation.

The higher indentations lack the temporal resolution to properly visualize the relaxation
and therefore show some artefacts. Nevertheless, the exponential nature of this relaxation
is made obvious by the linear portions of each line. Notably, the simulations with higher
indentations relax significantly faster. This is unexpected and could lead to neglect of
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the relaxation if one only checks the relaxation for higher indentations. If one neglects
to take into account the relaxation as was done by Miiller et al. [70] for example, one
can increase the deformation continuously while measuring the force. If the relaxation
is considered, the simulation requires relaxation for each data-point. This additional
computational cost and the result being discrete points rather than a continuous curve
motivates the neglect of relaxation. However, the L1 error (see appendix S), defined
here as follows, of such a neglect is large especially for small deformations, as can be
seen as a function of the nominal deformation ¢ in figure 61.

relaxation — 7= 1 352
Crelaxat F ( )
Where F_; is the relaxed force (final force in each series). As can be seen in the
logarithmic plot, the error follows a roughly exponential trend from around 200 % for
small deformations to about 4 % for larger ones. It should be noted, that the error for

small deformations displayed here is slightly under-estimated due to the limited run-time
of the simulations.

X
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Figure 61: The error caused by neglecting the relaxation as a function of the nominal
deformation.

Considering, that it is customary to primarily consider deformations below 10 % for the
evaluation of AFM experiments, this error needs to be avoided. Aside from the error
due to relaxation, the resolution of the simulated cell also contributes to the error and
will be discussed next.

20.1.3. Resolution dependence

Contrary to the cube example from above, the local deformation in the round cells
is not constant and equal to the global deformation but a function of the location.
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Local deformation refers to the local value of a continuous deformation field defined over
the whole cell. Global deformation refers to the deformation measure addressing the
entire cell as a whole. The implementation (see section 8) treats the local deformation
as constant across one tetrahedron. The validity of this discretization hinges on the
resolution of the cell. Therefore, an error is introduced, which depends on the resolution
of the cell. In this thesis, the resolution of cells is given by their radius R in average
tetrahedron side-lengths®. Here resolutions from R = 5 to R = 100 are considered
(simulation 10). Most of the low resolution simulations proved unstable and were
discarded. It should be noted, that computational time approximately increases with R3
and therefore it is important to limit the resolution. The relaxed force appears to be a
power-law function of the resolution. The following power-law is fitted to the simulation

data for each indentation.
F=aR"+c (353)

With the generic parameters a, b < 0, ¢. The parameter ¢ is the force for infinite
resolution and is such interpreted as the true force if the resolution error were absent.
Dividing the data-sets by their respective ¢ yields the resolution error as follows.

F
€resolution — z —1 (354)

This error can be seen in figure 62.
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Figure 62: The error as a function of resolution for different indentations. The crosses
are simulation data-points, the lines are power-law fits.

The power-law nature can be seen in the double logarithmic plot. The higher indentations
showed deviations before, which might be caused by limited time resolution here as well.

28The average tetrahedron side-length refers to the value given to gmsh [85]. The actual value in the
mesh produced by gmsh will differ slightly.
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Otherwise, aside from small deviations, all these lines are parallel. This means, that the
error decreases equally quickly with resolution for all indentations. The only difference
in the double logarithmic plot is an offset (a scaling factor), resulting in both, the error
for small resolutions being larger, and a higher resolution being required to reach an
acceptable error. Similarly, counter-intuitive as before, the smaller indentations show
the larger errors. This likely caused Miiller et al. [70] to neglect it. A resolution of
R = 100 still shows an error of approximately 6 % for smaller indentations and is already
very costly in terms of computational time. Therefore, archiving an exact solution by
ways of higher resolution is untenable. It is advisable to perform simulations with a few
medium resolutions (the small ones tend to be unstable), perform a fit and extrapolate
from there. The elimination of these errors can significantly decrease the overall error
as can be seen in the following section.

20.1.4. Comparison

For small deformation, the Neo-Hookean model converges with the Hertz model [91].
Therefore, the improvement to the simulation can be seen in the discrepancy between
the Hertz model (see section 7, eq. (217)) and the simulation. This discrepancy uget, 1S
defined as a L1 error (see appendix S) in the following.

Fsimu ation
— _Shmulation (355)

UHertz
FHertz

With the force measured by the simulation Fjuation @and the one predicted by the Hertz
model Fye,. This discrepancy can be seen in figure 63 for small indentations 0.
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Figure 63: The discrepancy from the Hertz theory as a function of the indentation. Focus
on small indentations.

While Miiller et al. [70] reach 43 % discrepancy, the values determined here lie between
2%0 and 3%. As can be seen in figure 64, relatively speaking, these values approach
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each other for larger indentations. This is expected as the neglected errors decrease for
larger indentations as was shown above.
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Figure 64: The discrepancy from the Hertz theory as a function of the indentation.

It should be noted, that the Hertz theory only applies in the limited of small deformations.

Therefore, a discrepancy is expected and is not necessarily an error. Given the discrepancy
hovers around 2% for the smallest deformations, there likely is a residual error of that

magnitude though. A discussion on the bounds of the small deformation limit for hertz

theory can be found in section 20.2.

20.1.5. Conclusion

This section demonstrates and realizes significant improvement positional in AFM simulations.
These are primarily relevant for small indentations. As small indentations are typically
used to evaluate AFM measurements using the Hertz theory, these improvements are
critical to ensure comparability in this regime. Forces for larger indentations are improved
markedly, but contrary to the values for small indentations not by enough to invalidate
conclusions drawn from previous simulations.

20.2. Hertzian range

The Hertz approximation [90] (see section 7) is well known to only be valid for small
approximations. This necessitates the definition of a cutoff for what qualifies as small.
Due to ambiguity of the material response, experiments cannot do this reliably. In
simulations, it is however possible to guarantee pure Neo-Hookean behavior. Therefore,
given discretization errors and the like are accounted for, deviations can be attributed
to leaving the valid regime of Hertz theory. This allows to clearly establish bounds for
this theory as defined by an acceptable error margin. This subsection elaborates on the
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safeguards employed to assure the separation of the simulation error from the theory
error. Furthermore, effective bounds for the usefulness of Hertz theory are found.

20.2.1. Declared limits

Hertz theory carries a few assumptions described in the publication of which the following
warrant discussion [90].

1. The contact surface can be described by a parabolic equation.
2. The indentation is small in relation to the particle.

3. The indentation is small in relation to the indenter.

4. The material is linear elastic.

So far only a planar indenter was considered. In general, this thesis discusses a hard
spherical indenter compressing a particle. In this case, the contact area is the undeformed
surface of the indenter. Small sections of a sphere can be Taylor-approximated as
parabolic. So the first assumption is true, given the third holds. A flat indenter
(equivalent to a sphere of infinite radius) guarantees the third assumption and allows
evaluation of the second one. This will be discussed first. Afterwards, the third
assumption shall be discussed. This often gets ignored in literature in order to use
small indenters to determine local stiffness [109]. The Neo-Hookean model is only
approximately linear elastic for small deformations. This will be discussed in a separate
subsection (see section 20.3).

20.2.2. Flat indenter

A flat indenter guarantees both a parabolic contact surface and an indentation small
compared to the indenter. This geometry was already used in the previous subsection
and the following error discussion is based on these results. The discrepancy from Hertz
theory uger, shall once more be defined as follows.

Fsimu ation
— _Smulation (356)

UHertz =
FHertz

As can be seen in figure 65, it rises with increasing nominal deformation 9.
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Figure 65: The discrepancy from the Hertz theory as a function of the indentation. Focus
on small indentations. Excerpt from figure 64.

The error seems to hover around 2% for deformations below 2% and rises roughly
linearly above. For larger deformations (= 20 %), the error becomes super linear (see
figure 64). It is reasonable to assume, that the remaining error for deformations approaching
0 is a simulation artefact and not physical. Depending on ones error tolerance one should
not use Hertz theory for deformations larger than 3.5 %, which yields a roughly 5 % error
for Neo-Hookean materials. Linear elastic materials offer a greater range of closeness
to the Hertz model (see section 20.3). Given the linear behavior starts at around 2 %,
with residual simulation error dominating values below that, this represents the lowest
error achievable via these simulations. Therefore, 6 = 2 % is used throughout this thesis
as a cutoff for the reasonable use of Hertz theory in the case of Neo-Hookean materials
(which are the default here). This should limit the error to approximately 3 %.

20.2.3. Spherical indenter

Subsection 20.1.3 already demonstrated the importance of resolution. In case of a
spherical indenter, resolution attains additional importance. If the resolution is not
sufficiently large, the simulation result is independent of the indenter size. This can
be seen in figure 66. Here the indenter acts on only a single node independent of the
indenter size for a significant range of sizes.
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indenter

Figure 66: Illustration of the cross-sectional geometry for an AFM experiment with a
spherical indenter: Indenters with sizes varying from 8 % to 50 % of the cell
size are shown. They indent a R = 6 cell shown by its discrete surface nodes
by 2 %.

This problem disappears given the resolution is high enough. It is more pronounced
for smaller indentations. In the case of the flat indenter before, this effect can safely
be ignored, because it only becomes relevant for tiny indentations. Furthermore, even
for those cases the introduced error is relatively small. This is a potential cause for
the 2% residual error observed in the subsection before. In case of spherical indenters
however, their size (and thus the expected force) can vary significantly without changing
the force measured in simulations. If a resolution is insufficient for a given indenter size,
the error caused by this behavior would impact the resolution fit procedure described in
the previous subsection. To avoid this effect any such data is excluded as described in
appendix W. The dataset explored in simulation 11 is shown in table 8. The excluded
data-points are shown in figure 67 by the shaded area.

11 Deforming a cell using a spherical indenter

Cell:  Young’s modulus £ = 1kPa
Radius, Resolution R = 12.5 pm, variable

quantity ‘ values
deformation 6/% | 0.5, 1, 1.5, 2
resolution R 10, 20, 30, 40, 50, 100

indenter size i/% | 10, 20, 30, 40, 50, 60, 70, 80, 100, 200, 300, 400

Table 8: Parameters explored for determining the error range of spherical indenters. The
values are relative to the cell diameter.
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Figure 67: Plot of the data-points with insufficient resolution. The shaded area
represents the excluded points.

With this, the edges of the third Hertzian assumption as listed before in section 20.2.1
can be explored. If the indentation is just barely in the range of being small compared
to the cell (here § = 2% as an example), having an indenter smaller than the cell
will violate the third assumption (indentation small compared to the indenter). The
influence of this can be seen in figure 68, where the force F' as a function of the indenter
size Rindenter relative to the cell size Reqp is shown. The simulation force being higher at
the end is expected, as this was also observed by for flat indenters before. It is clear, that
the error incurred by using too small of an indenter lowers the force. As the remaining
error for the flat indenter increases the force as discussed before, this could be used to
cancel both errors.
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Figure 68: Plot of the simulated force vs the force predicted by Hertz theory for different
indenter sizes at 2% indentation.

The discrepancy from the Hertz model is shown in figure 69. While a significant error
can be produced for very small indenters, this is generally not as severe as for increasing
indentation. This is due to the indentation error occurring at both the indenter-cell and
the cell-substrate contact, while the error discussed here only occurs at the top contact.
Using tiny indenters for local resolution is still not advisable, but compared to going
beyond low single digit indentation small indenters are of no concern.
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Figure 69: Plot of the discrepancy between simulated force and the force predicted by
Hertz theory for different indenter sizes at 2% indentation.
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20.3. Comparison of elastic models

So far only the Neo-Hookean elasticity model has been considered. It and its generalization,
the Mooney-Rivlin model will be the primary models used in this thesis, due to them
describing biological cells with acceptable accuracy [70, 81] (see section 20.4.7). As
discussed in the previous subsections, the Hertz theory is only applicable for the Neo-
Hookean model in the case of small deformations. However, polymer particles used
for studying cells in a simplified manner [2], act differently. They exhibit more linear
behavior, which is closer to the Hertz model than the Neo-Hookean cells. This allows
larger ranges to be used for fitting to the Hertz model, reducing the uncertainty. A
comparison of a few of these models follows. Notably, the Neo-Hookean, the Saint
Venant-Kirchoff (SVK) and a modified Saint Venant-Kirchoff (SVKK) model are considered
(see section 5.3). For this, simulation 10 is repeated in the whole parameter space for
SVK (simulation 12) and SVKK (simulation 13).

12 Relaxation of a deformed SVK cell

Cell:  Young’s modulus £ = 1kPa
Radius, Resolution R = 12.5 pm, variable

13 Relaxation of a deformed SVKK cell

Cell:  Young’s modulus £ = 1kPa
Radius, Resolution R = 12.5 pm, variable

For small indentations §, these models all roughly follow the Hertz theory (see figure 70).
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Figure 70: The force from simulations of three elastic models compared to the Hertz
theory as a function of the indentation. Focus on small to intermediate
indentations.

As the deformation increases a notable diversion can be seen. Plotting the discrepancy
from the hertz theory for these models (see figure 71), one can see the following trends.
The Neo-Hookean model is consistently above Hertz, with increasing distance for higher
deformations. The SVK model is consistently below Hertz, with higher distance for
higher deformations. Aside from very small deformations, the SVKK model is between
the aforementioned. With this it is very close to the Hertz model even for intermediate
deformations. It shall be noted, that the simulation starts breaking down around a
deformation of 30 % for SVK and 20 % for SVKK. This is due to the force being produced
by those models staying finite, even for vanishing tetrahedrons. This is impossible to
simulate using current simulation techniques. For the example illustrated here, this
starts happening around 25nN of force. Finding exact results for this geometry is
difficult, but literature has discussed this for uni-axial stress [82]. Note, that SVKK
differs from the SVK(E}) defined by Fraldi et al. by a factor of \/LE in the strain definition.
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Figure 71: The discrepancy from the Hertz theory as a function of the indentation for
three elastic models.

It is reasonable to assume, that if simulation techniques were developed to overcome
vanishing tetrahedrons, the SVKK model would stay in between the Neo-Hookean and
the SVK model. Such behavior can be seen in the uni-axial case [82]. If stably, the
SVKK model would thus likely reproduce data from linear elastic particles (see next
subsection) quite well. The models shown here represent various steps between linear
elastic and nonlinear elasticity. The SVKK is the most linear model and thus the one
closest to Hertz theory. The SVK model has a non-linear strain. The Neo-Hookean
model is also non-linear in its stress-strain relationship. The Mooney-Rivlin model (not
shown here) considers an additional term compared to the Neo-Hookean model and
produces even higher forces. The following subsection will discuss the applicability of
these models to measured data from different materials. Some of which behave more
linear than others.

20.4. Evaluating experimental data

After establishing a few elastic models, their applicability to real experimental data is
explored. First cell-mimetic hydrogel particles are considered. These were manufactured
and measured by Steffen Trippmacher. Details on that can be found in earlier publications [2].
Afterwards real cells are considered. For this data from a previous publication by
Miiller et al. [70] is used. This subsection uses data from simulations 10, 12 and 13
and evaluates it. The polymer particles are expected to behave linear elastic to some
degree. To distinguish this different indentation regimes are considered. Before that,
the data needs some preparation.
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20.4.1. Preparation

The data as returned by the experiment gives the force as a function of the position

of the indenter. This position (termed separation here) has an arbitrary offset, which

needs to be found. The measured force might have a small offset, due to drift. In order

to correct both, the following power-law is fitted around the contact point.

F,:{a(x—I—b)g—I—c Jforx+0>0 (357)
c ,else

Where F’ is the measured force, x is the separation and a, b, ¢ are parameters. It should
be noted, that the exponent of 1.5 could be replaced by another parameter. This yields
values of around 1.6 to 1.8 for this dataset. As discussed in previous subsections (see
sections 20.2 and 20.3), for small deformations, the material models converge to the
Hertz theory. Therefore, assuming the exponent of the Hertz theory is sensible. The
gathered offsets are used to remove the force offset and to turn the separation into the
deformation. This fit can be seen in figure 72. The red box represents a region of
uncertainty due to the noise of the data, within which the plots true origin most likely
lies. This region of ambiguity spans about %% deformation, which in case of small
indentations is important as will be discussed first.

—— Experimental data

Power-law fit

F’/nN

—134 —13.3 —13.2 —13.1 —13.0 —12.9
separation /pm

Figure 72: The raw data as measured by Steffen Trippmacher compared to a power-law
fit. The red box represents a region of uncertainty for the true origin, caused
by measurement noise.

20.4.2. Fitting with simulation data

In the following, the simulation data for the different material models will be used
as a model used for fitting. The measured force scales with the Young’s module (see
sections 5.5 and 6.5). This allows to produce force-deformation curves for any Young’s
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modulus by simulating with a fixed one (1 kPa for this analysis) and scaling it appropriately.
This scaling, together with small shifts in the deformations allows fitting the simulation
data to the experimental data like a theoretical model. In return one gets the appropriate
Young’s modulus and offset. This is the process by which the fits in the following
subsections are obtained.

20.4.3. Small indentations

As discussed in previous subsections (see sections 20.2 and 20.3), the Hertz model can
always be used for the bottom 2% deformation. Therefore, this range is termed the
small-indentation-regime here and will be discussed in the following. For this regime,
the exact location of the origin is essential. When fitting the Hertz model, varying it
within the red box seen in figure 72 yields Young’s moduli ranging from 28 kPa to 39 kPa.
To honor this sensitivity, a deformation offset is allowed for all the modules fitted in this
section. The Hertz model and the three models discussed previously (Neo-Hookean,
SVK and SVKK) are fitted to the data. All the fits find offsets that are very small
compared to 1%. As expected and as can be seen in figure 73, the Hertz model fits very
well. The Young’s module found from the Hertz fit is Epert,, 2% = (34.46 = 0.05) kPa.

254 — Experimental data
—— Hertz fit
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Figure 73: The corrected experimental data compared to a Hertz fit.

Among the numeric elastic models, the Neo-Hookean model fits the best with a Young’s
modulus of ENeoHookean, 2% = (32.2 £ 0.3)kPa. This can be seen in figure 74. As
expected though, SVK and SVKK also fit very well in this regime with Young’s moduli
of Ews\/K7 2% = (345 + 02) kPa and ESVKK, 2% = (325 + 04) kPa
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Figure 74: The corrected experimental data compared to a Neo-Hookean fit.

This corresponds to an average of Fyo = (33 £ 1) kPa for all the models. Extrapolating
this to higher deformation does however reveal, that the parameters determined for small
deformations are not suitable for all deformations. This as can be seen in figures 75
(linear) and 76 (logarithmic). While the most prominent feature is the sharp increase
in the force compared to the Hertz model at around 6 = 40 %, the next section will first
discuss the small drop below the Hertz model for medium deformations. This can best
be seen in the linear plot.
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Figure 75: The corrected experimental data compared to the fits for each model found
in this section.
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Figure 76: The corrected experimental data compared to the fits for each model found
in this section. Logarithmic version.

20.4.4. Medium indentations

Medium indentations refer to deformations from 2% to 10% here. To best visualize
the, the inverse of the Hertz model is used. This means, that each data-point gets an
associated effective Young’s module F.z. This keeps the data in a smaller range and
thus deviations are easier to spot. The Hertz model itself will produce a constant line in
this display. This can be seen in figure 77 The fitting was done with the corrected force
data from 2 % to 10 %. There is a decently sized range, where the Hertz model fits well.
The determined Young’s modulus is Eperts, 2% to 10% = (32.215 £ 0.007) kPa However, it
is quite clear, that it does not reproduce the general shape of the data.
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Figure 77: The effective Young’s modulus of each point of the corrected experimental
data compared to the Hertz fit.

The offsets are also very small compared to 1% for the fits of medium indentations.
It is however possible to see their impact in the smaller deformations. For this one
can compare figure 78 to figure 77. It can be seen, that even such minuscule offset
significantly influence the bottom 3 %. For anything above, they are largely irrelevant.
Contrary to the results for small indentations, Neo-Hookean does not fit very swell for
medium indentations as can be seen in figure 78. It rises, while the data falls. The data
eventually does rise, but a lot later than Neo-Hookean and a lot sharper. Still, despite
these discrepancies, the resulting Young’s modulus (ENeo-Hookean, 2% to 10% = (31.5 &
0.7) kPa) is still close to the Hertz result.

40 X
B  Experimental data

38 1 X Neo-Hookean fit
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Figure 78: The effective Young’s modulus of each point of the corrected experimental
data compared to the Neo-Hookean fit.
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The best fit in this regime can be achieved using the SVK model as can be seen in
figure 79. The resulting Young’s modulus is Esvk, 2% to 10% = (35.09 = 0.09) kPa. The
SVKK model looks very similar but results in a somewhat different Young’s modulus of
ESVKK, 2% to 10% — (326 + 02) kPa.

40
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Figure 79: The effective Young’s modulus of each point of the corrected experimental
data compared to the SVK fit.

The failure of the Neo-Hookean fit in this range compared to SVK and SVKK demonstrates
the linear elastic nature of the particles examined here. The average Young’s modulus
Es9 to 10% = (33 £ 2)kPa is the same as for the small indentations, indicating, that
up until here, the particle has not changed its behavior and is linear elastic. This will
change for the large indentations discussed in the following.

20.4.5. Large indentations

For large indentations (here from 30 % to 50 %), SVK and SVKK are not stable. The
Neo-Hookean model rises to early as has been shown above. The Hertz model does
of course have no force-uptick compared to the Hertz model and is therefore also not
suitable here. For this regime the Mooney-Rivlin (MR) model is used instead. It is
steeper than the Neo-Hookean model, which is an edge-case of the MR model and can
therefore more easily capture the steep rise seen in the data. The resulting parameters
are however still problematic. The simulation data was recycled from Miiller et al. [70]
as he already produced MR data with a decent resolution in the parameter w. As was
shown previously, this data is not to be trusted for small deformations, but as this
subsection deals with large deformations, this is not an issue. Two sets of parameters
work reasonably well. For one, with w = 0.7, the fit is decent for all deformations as
can be seen in figure 81. However, particularly the medium deformations and to a lesser
degree the large deformations do not line up very well as can be seen more clearly in
figure 80.
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Figure 80: The corrected experimental data compared to a Mooney-Rivlin fit with w =
0.7.
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Figure 81: The corrected experimental data compared to a Mooney-Rivlin fit with w =
0.7. Logarithmic version.

On the other hand, the w = 0.9 is better at medium deformations and fits very well
for large deformations as can be seen in figure 82. It however does not reproduce small
deformations at all, as is made clear by figure 83. It should be reiterated, that this
Mooney-Rivlin data is not accurate for small deformations anyway, so this might be
a negligible issue. The resulting Young’s moduli are Eyg, 07, 30% to 50% = (18.441 &
0.006) kPa and Ewg, 0.9, 30% to 50% = (19.295 £ 0.003) kPa. Here offsets of (0.170 £+
0.003) % for the w = 0.7 case and (0.9016 4+ 0.0004) % for the w = 0.9 case are found.
This is considerably larger than in previous sections. Nearly a full percentage point is
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tolerable compared to the range of data this subsection is examining, but it demonstrates,
that the model does not fully reflect the data. This is also evident by the fact, that the
Young’s moduli found in this regime are over 40 % smaller than the ones found in the
previous regimes. This illustrates, that while simulations are capable of capturing the
behavior of these particles in all regimes, they are not able to do it with one model or
even a consistent set of parameters. Another possible way to interpret that, is that these
particles considerably change their behavior for large deformations.
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Figure 82: The corrected experimental data compared to a Mooney-Rivlin fit with w =
0.9.
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Figure 83: The corrected experimental data compared to a Mooney-Rivlin fit with w =
0.9. Logarithmic version.
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The Mooney-Rivlin is not only able to reproduce the force these particles exert on the
indenter, but also the shape the particles get deformed into. This is discussed next.

20.4.6. Reproducing the deformed shape

Steffen Trippmacher managed to capture a side-view video of the indentation experiment.
This allows an attempt to reproduce the observed shape. Parts of this will be published
in an upcoming paper. The use of the Mooney-Rivlin model is required to reproduce
the forces for high indentation. The fit process described in the previous subsection
was used with the new dataset to determine realistic parameters. These were used in
simulation 14, to reproduce the shape at three different indentations.

14 Deforming a Mooney-Rivlin cell

Cell:  Young’s modulus £ = 1kPa
Mooney-Rivlin ratio w = 0.2
Radius, Resolution R = 12.5 um, 50

The indentations have to be considered separately to allow for relaxation. The video
is converted to gray-scale to improve contrast and stabilized using edge detection. An
overlay for the outline of the simulated cell is added. The resulting images can be seen
in figures 84 — 86.

Figure 84: Overlay of the shape as simulated over the side-view video at 6 = 30%
indentation.
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Figure 85: Overlay of the shape as simulated over the side-view video at § = 40%
indentation.

Figure 86: Overlay of the shape as simulated over the side-view video at 6 = 50%
indentation.

The shape of the simulation (red lines) are in very good agreement with the experiment.
In particular the bulging out of the particle in the horizontal direction is well captured
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by the simulation. Any error is below a single pixel of the experimental image. Notably,
the parameters used for the simulation are determined independent of the video. The
excellent agreement between experiment and simulation is achieved with no further
fitting parameters. Not even the scaling factor needs adjustment. This highlights,
that the simulations fully reproduce the real behavior of the particle in the experiment.
More details can be found in the upcoming paper with Steffen Trippmacher. Once this
is published, it can likely also be found on the GitHub account “Richardk2n”. The
changing behavior for different deformation regimes can also be observed for biological
cells, which will be discussed next.

20.4.7. Biological cells

So far polymer based hydrogel beads have been considered. These do mimic biological
cells to some degree, but show some different behavior. This warrants a separate
discussion. The AFM data used in this subsection was taken from Miiller et al. [70].
It was gathered from REF52 cells using FluidEM®. It is not nearly as smooth as
the data gathered by Steffen Trippmacher for the polymer particles. This can be
due to measurement method or biological activity. For the analysis here, only the
smoothest plots were selected. The indices are the same as in Miiller et al. [70]. For the
visualizations a moving average has been performed to reduce noise. The fits were done
using the raw data. Firstly, these exhibit significantly stronger non-linear behavior.
This can be seen in figures 87 — 89. In this double logarithmic notation, the force-
deformation curve of the linear elastic particles of the prior subsections are straight lines
up to high deformations. For the biological cells in comparison stronger non-linearity
is observed. This warrants the use of the Mooney-Rivlin model. The fit was limited to
deformations from 30 % to 60 %, because the both the MR data and the experimental
data is unreliable below. As the simulation data used for this model over-estimates the
force for small deformations (see section 20.1), the discrepancy observed here does not
necessarily indicate failure of the model. The upper ranges of deformation show good
agreement. The found ideal parameters are as listed in table 9 below.

Index | E/Pa |w | offset/%

2 31.129 £0.007 | 0.2 | 7.390 = 0.003
3 31.41£0.06 | 0.05| 6.54=£0.02
9 22.772 £0.009 | 0.15 | 9.089 £ 0.004

Table 9: Optimal fit parameters for the Mooney-Rivlin model fitted to the force-
deformation curves of biological cells.

The high variance between these values is expected for biological cells. The data show too
much noise at low deformations to find the true origin. Only fitting higher deformation
does get around this issue. The high offset found by the fit is possible when looking
at the raw data. It might in fact still be slightly too small. Over all, the Mooney-
Rivlin model shows good agreement and is such suited to simulate biological cells. It

198



20 Indentation experiments

should be noted, that the Young’s moduli listed here are around % of the values found
by Miiller et al. [70]. This is due to the range fitted and due to the vastly different
choice in origin. In contrast to the fits presented by Miiller et al., the ones found here
are nearly indistinguishable from the data when plotted on linear axis. Therefore, the
values found here are likely more accurate. This illustrates once more, that the smaller
deformation values traditionally evaluated in AFM experiments are not a reliable source
to determine the Young’s modulus.
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Figure 87: The experimental data for biological cells compared to a Mooney-Rivlin fit
with w = 0.2. Logarithmic axis.
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Figure 88: The experimental data for biological cells compared to a Mooney-Rivlin fit
with w = 0.05. Logarithmic axis.
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Figure 89: The experimental data for biological cells compared to a Mooney-Rivlin fit
with w = 0.15. Logarithmic axis.

20.5. Conclusion

Traditionally one is forced to evaluate AFM experiments with the Hertz model, as
it is the only analytical solution available. This limits the analysis to the smallest
deformations. If the material behaves like the Neo-Hookean model deformations up to
3.5 % can be analyzed while keeping the error limited. For materials conforming to the
SVK model, one can go twice as far. For materials conforming to the SVKK model,
the Hertz model is even useful up to 10 %. If the data is not captured with outstanding
accuracy, noise makes the evaluation of small deformations impossible. Even with good
data, the true origin of the force-deformation curve carries enough error to significantly
influence fitting results for small deformations, leading to inaccurate Young’s moduli.
This limits the usable range for Neo-Hookean materials to next to nothing. Furthermore,
if the material at hand is not linear elastic, the use of the Hertz model introduces a non-
negligible error even for deformations below 2%. Only evaluating small deformations
neglects materials changing their behavior for larger indentations, like the polymer beads.
With the refined simulations introduced in this section, all these issues can be avoided,
by moving to higher deformations. This approach assures accurate Young’s moduli and
a detailed description of the cells’ behavior across a wide range of deformations. Given
that deformations in experiments are typically larger than the valid range of the Hertz
model, it is also more appropriate to look for the behavior at higher more realistic
deformations. With such a simple deformation scenario finished, the next section will
cover a slightly more complicated one. A shear-flow.
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21. Roscoe in viscoelatic fluids

Cells placed in viscoelastic shear-flows show behavior not consistent with Roscoe theory
(see section 9). A smaller than expected tank-threading has been reported for rigid
particles [96] and elastic cells [100]. This effect has also been observed in simulations
for rigid spheres [110]. The comparison is always Roscoe theory, which is defined
for Newtonian fluids. This means, it is not entirely clear whether this effect is due
to the shear-thinning properties or due to the normal stresses as stated in literature.
Experimental data has the added issue, that it can only be evaluated from the visible
quantities. In Roscoe theory, the Young’s modulus can be used to predict a deformation,
which in turn predicts the tank-threading frequency. Experiments cannot evaluate all
axis and thus cannot measure the full deformation. The tank-treading frequency as
predicted by the deformation consequently also carries an error. Also, if a deformation
is predicted for a given Young’s modulus using Roscoe theory, this is not necessarily
the correct one. This is due to the possibility of the viscoelastic fluid changing the
relationship between the Young’s modulus and the deformation. The algorithms presented
in this thesis are able to simulation shear-thinning (CY) and viscoelastic (PTT) fluids
with the same viscosity profile. The comparison of simulations using these fluids is
used in this section to determine how each contribution influences the adherence to
Roscoe theory. In this section, the behavior of a cell in shear-flow is evaluated, for small
Capillary numbers, for large Capillary numbers and for the values in between. First,
small Capillary numbers, meaning a rigid sphere, are considered.

21.1. Tank-treading of a rigid cell

A rigid sphere placed in a pure shear-flow of a Newtonian fluid exhibits a tank-treading
frequency of half the shear rate [95]. Due to limitations of IBM it is not possible to
make a rigid sphere within the simulations presented here (see section 6.7). Instead, a
hard cell is combined with moderate forces to produce a very small Capillary number of
Cak =~ 0.06.

Old simulations

The simulations in this subsection are 1.5a old. Consequently, both the setups
and evaluation scripts do not match the standard set in the remaining thesis. It
is not recommended to use FluidX3D versions this old. The simulation should
rather be redone with a newer version to reproduce these results.

Preliminary tests assured, that the tank-treading frequency does not change with the
Reynolds number or a scaling of the fluid parameters. Small varying Capillary numbers
are considered in simulation 15.
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15 Roscoe for varying vanishing Cak in PTT

Box: 182 x 182 x 182
Lo =1.25pm

Fluid: constructed PTT

BC:  velocity (BC 2)
¥=1x10*2

Cell:  Young’s modulus variable
Radius, Resolution R ~ 7.5 um, 6
Capillary number variable

The fluid in this simulation was constructed to hold as many dimensionless numbers
constant as possible. The Capillary number is held small enough to mimic a rigid cell
with negligible deformation. This yields a roughly constant tank-treading frequency.
This can be seen in figure 90.
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Figure 90: Plot of the tank-treading frequency vy as a fraction of the shear-rate 4 as a
function of the Capillary number Cak. Fitting errors are provided.

For a rigid sphere, the tank-treading frequency is expected to be half of the shear-
rate. Evidently it is more than 10% lower than expected. This is consistent for
multiple simulations and thus a real effect. The variation for small Capillary numbers is
remarkably small. As the elastic forces could be suspected of causing the reduced tank-
threading frequency, this is evaluated. For this simulation 16 varies the e parameter of
the PTT fluid.
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16 Roscoe for varying stress fraction in PTT

Box: 182 x 182 x 182
Lo =1.25pm

Fluid: constructed PTT

BC:  velocity (BC 2)
¥=1x10*2

Cell:  Young’s modulus E = 29.6 kPa
Radius, Resolution R ~ 7.5 um, 6
Capillary number variable

One can scale the fluid viscosity parameters simultaneously to not alter the viscosity
curve (see section 3.7.4). The resulting curve can be seen in figure 91,
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Figure 91: Plot of the tank-treading frequency 14 as a fraction of the shear-rate ¥ as a
function of the PTT parameter e.

Small € cause the tank-treading frequency to drop, while it reaches the expected value
of half the shear-rate for sufficiently large €. One can see, that this scaling alters the
fraction between the elastic normal stress and the viscous shear stress (see section 3.7.4).
The tank-treading frequency as a function of this fraction can be seen in figure 92.
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Figure 92: Plot of the tank-treading frequency 14 as a fraction of the shear-rate ¥ as a
function of the fraction of normal stress and shear stress.

Clearly, the expected behavior is reproduced for vanishing shear stress. For larger
fractions a linear relationship develops. This demonstrates the drop in tank-treading
frequency reported in literature. It shows, that this is indeed due to the elastic normal
stress. Assuming this linear relationship holds, this could be used in experiments to
measure the magnitude of the normal stress. The discussion so far was limited to rigid
cells. Next cells with finite deformation shall be discussed.

21.2. Cell behavior at constant Cak

Holding the Capillary number constant while varying the shear-rate alters the local
viscosity and the slope of the local viscosity. Furthermore, the relative amplitude of the
elastic and viscous forces are altered. Comparing the extracted Roscoe parameters (see
section 10) for the viscous and viscoelastic fluid to the prediction from Roscoe theory
(see section 9) reveals the influence of both the shear thinning and the elastic forces.
The Capillary number is held constant at Cax = 2. Consequently, the Young’s modulus
is calculated as follows (see eq. (153)).

E = 4n(3) (358)

With this, multiple shear-rates are probed in simulations 17 and 18 for the viscous and
viscoelastic fluid respectively.
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17 Roscoe for constant Clakx in CY

Box: 100 x 500 x 100
Ly = 625 nm
Fluid: CY::mc0-49 (fluid 8)
BC:  velocity (BC 2)
4 variable
Cell:  Young’s modulus variable
Radius, Resolution R ~ 7.5 um, 12
Capillary number Cax = 2

18 Roscoe for constant C'ax in PTT

Box: 100 x 500 x 100
Ly = 625 nm
Fluid: PTT:mc0-49 (fluid 2)
BC:  velocity (BC 2)
4 variable
Cell:  Young’s modulus variable
Radius, Resolution R ~ 7.5 pm, 12
Capillary number Cak = 2

The deformation parameters «; and as, which are typically visible in experiments are
shown in figures 93 and 94
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Figure 93: Plot of the Roscoe deformation parameter o as a function of the shear-rate

4. Curves for Roscoe theory, a CY simulation and a PTT simulation are
shown.
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Figure 94: Plot of the Roscoe deformation parameter ay as a function of the shear-rate
4. Curves for Roscoe theory, a CY simulation and a PTT simulation are
shown.

Both fluids are less deformed than predicted by theory. The discrepancy grows with the
shear-rate. Both the viscous and the viscoelastic fluid show roughly the same dependence
on the shear-rate. Consequently, this can be interpreted as a shear-thinning effect. The
fluids considered here increase their shear-thinning slope in this shear-rate range (see
section 19). This also supports this hypothesis. The elastic stress causes an offset, with
no significant dependence on the shear-rate. As the magnitude of the elastic stresses in
relation to the viscous stresses behaves roughly like the root of a logarithm of the shear-
rate (see section 3.7.4), no large change in the influence is to be expected. The significant
decrease of the deformation due to the elastic stresses is notable. If one would treat the
fluid as Newtonian and apply Roscoe theory, one would significantly underestimate the
Capillary number. This deformation can be rationalized using the sketch in section 12.2.
The elastic forces increase ap, forcing «ar; and a3 to shrink for volume conservation. This
explanation is supported by the behavior of a3 depicted in figure 95.
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Figure 95: Plot of the Roscoe deformation parameter a3 as a function of the shear-rate
4. Curves for Roscoe theory, a CY simulation and a PTT simulation are
shown.

Here, the behaviors of the viscous fluid and the viscoelastic fluid differ greatly. In Roscoe
simulations, ag is normally just slightly above unity, even for strongly deformed cells.
The shear-thinning causes it to increase a little more. The normal forces on the other
hand cause it to drop significantly below unity. This is consistent with the behavior of
a1 and as seen above. Notable, someone doing an experiment typically does not see this
axis. This would lead to an overestimation of the cell volume and an underestimation
of ay and as. The cell volume is roughly conserved for both fluids as can be seen in
figure 96.
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Figure 96: Plot of the cell volume as calculated from the Roscoe deformation parameters
as a function of the shear-rate 4. Curves for Roscoe theory, a CY simulation
and a PTT simulation are shown.

Some discrepancies are to be expected as these simulations are not fully accurate (see
appendix X). The alignment parameter  also shows a difference as can be seen in
figure 97.
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Figure 97: Plot of the Roscoe alignment parameter 6 as a function of the shear-rate .
Curves for Roscoe theory, a CY simulation and a PTT simulation are shown.

The shear thinning fluid stays close to the angle predicted by theory. It does start out
below and crosses over to higher values for larger shear-rates. The viscoelastic case shows
a roughly constant value at a significantly smaller alignment angle. This means, that for
the viscoelastic fluid, the largest cell axis is closer to the velocity direction. This too can

208



21 Roscoe in viscoelatic fluids

be rationalized using the sketch in section 12.2. The elastic force can be separated into
a component, which does reduce the alignment angle and one, which does not oppose
this. For smaller deformations, Roscoe theory predicts a faster tank-treading. For a
smaller alignment angle, slower tank-treading is predicted. The total effect of these two
opposing effects can be seen in figure 98.
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Figure 98: Plot of the L1 error ey, of the tank-treading frequency vy as a function of
the shear-rate 4. Curves for Roscoe theory, a CY simulation and a PTT
simulation are shown.

Here the L1 error er; (see appendix S), which is defined as follows has been used for
visibility.

Vit

—1 (359)

€L1 =
VTheory

The shear thinning fluid is just slightly below the prediction by Roscoe. For these
parameters it could be viewed as accurately reproduced. The viscoelastic fluid causes
the tank-treading frequency to increase significantly. No clear trend can be seen, and
it might be called roughly constant. This 15% to 20 % increase in the tank-treading
frequency is a bit unexpected given that the literature prompting this investigation
reported a lowering of the frequency. Also, rigid cells reproduce this reported drop
in the tank-treading frequency. The reason behind these results, which seem to be
conflicting will be explored next.

21.3. Cell behavior at varying Cag

In the previous subsections, the cell behavior was explored for small and large Cak.
Here, the point in between shall be investigated. The Capillary number is varied by
adjusting the Young’s modulus. Two simulations are performed, simulation 20 with a
shear-thinning CY fluid and simulation 20 with a viscoelastic fluid.
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21 Roscoe in viscoelatic fluids

19 Roscoe for varying Cax in CY

Box: 100 x 500 x 100
Ly = 625 nm
Fluid: CY::mc0-49 (fluid 8)
BC:  velocity (BC 2)
¥=1x10*1
Cell:  Young’s modulus variable
Radius, Resolution R ~ 7.5 um, 12
Capillary number variable

20 Roscoe for varying Cak in PTT

Box: 100 x 500 x 100
Ly = 625nm
Fluid: PTT:mc0-49 (fluid 2)
BC:  velocity (BC 2)
y=1x101
Cell:  Young’s modulus variable
Radius, Resolution R ~ 7.5 pm, 12
Capillary number variable

The Roscoe deformation parameters «; and as can be seen in figures 99 and 100
respectively.
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Figure 99: Plot of the Roscoe deformation parameter «; as a function of the Capillary
number Cag. Curves for Roscoe theory, a CY simulation and a PTT
simulation are shown.
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Figure 100: Plot of the Roscoe deformation parameter as as a function of the Capillary
number Cagk. Curves for Roscoe theory, a CY simulation and a PTT
simulation are shown.

For small Capillary numbers, both models adhere to Roscoe theory. At times, the
viscoelastic curve is even closer to the theory than the shear thinning curve. However,
mostly, this is within error. For larger Capillary numbers, both curves start to depart
from the theory curve. Both exhibit less deformation than the Newtonian Roscoe theory
would predict. The effect is considerably stronger for the viscoelastic curve. It shall be
noted, that the discrepancy between the models is larger for . This is consistent with
the explanation from before about the normal force primarily elongating ay. The third
deformation parameter a3 behaves similarly, as can be seen in figure 101.
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Figure 101: Plot of the Roscoe deformation parameter ag as a function of the Capillary
number Cagk. Curves for Roscoe theory, a CY simulation and a PTT
simulation are shown.

The shear-thinning fluid stays close to the Roscoe curve, while the viscoelastic curve
departs for larger values. Notably, the discrepancy here is in different directions. The
elastic force causes the cell to strongly contract along a3. Unsurprisingly, the volume is
mostly conserved in the whole parameter space as can be seen in figure 102.
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Figure 102: Plot of the cell volume as calculated from the Roscoe deformation
parameters as a function of the Capillary number C'ax. Curves for Roscoe
theory, a CY simulation and a PTT simulation are shown.

So far the behavior was mostly in line with the results for a constant finite Capillary
number. The alignment angle however shows larger differences. This can be seen in
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figure 103.
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Figure 103: Plot of the Roscoe alignment parameter 6 as a function of the Capillary
number Cak. Curves for Roscoe theory, a CY simulation and a PTT
simulation are shown.

The shear-thinning fluid reproduces the Roscoe curve accurately. The viscoelastic curve
is however closer to half of the expected value. For small deformation, the CY fluid and
Roscoe theory approach an angle of § ~ 45°. The PTT fluid however tends towards
0 =~ 30°. The tilting effect of the elastic force is considerably larger than expected from
the previous subsection. This finally leaves the tank-treading frequency left to discuss.
It can be seen in figure 104.
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Figure 104: Plot of the tank-treading frequency v as a function of the Capillary number
Cag. Curves for Roscoe theory, a CY simulation and a PTT simulation are
shown.

Here two additional curves have been introduced. Roscoe theory allows the calculation
of the tank-treading frequency from the visible deformation (see eq. (244)). Namely, the
parameters aq, ao and 6 are used for this. With the approximation az = 1, all of these are
accessible from a typical experiment. This is used in experimental settings to calculate
the predicted tank-treading frequency. If one calculates the tank-treading frequency
from the shape using eq. (244), one would get the same prediction as calculating the
value based on the viscosities and Young’s modulus. The observed value is still lower,
but this slowing of the tank-treading frequency due to shear-thinning is not large. For
the viscoelastic fluid, the story is quite different. The prediction from the shape is
already off by quite a bit. The actually observed value is completely different. For
small Capillary numbers, the cell rotates only with about half the expected frequency.
However, the tank-treading frequency stays in a narrow band for the viscoelastic fluid.
Consequently, it exceeds the prediction for higher Capillary numbers. This reconciles
the seemingly conflicting observations from before. A few remarks follow.

21.4. Common remarks

The observed deformations are altered by the presence of elastic forces. The reduction
they experience is of moderate size. Consequently, the surface of the cell can still be
described using the tools of Roscoe theory (see section 10). However, the tank-treading
frequency is altered massively depending on regime. The fact, that the frequency
increases or decreases depending on deformation makes this effect hard to track down.
The region in which the tank-treading is slowed is C'a < 0.5 using the typical definition of
the Capillary number. Being below unity, interesting effects are not necessarily expected
here. In conclusion, an interesting effect reported in literature has been successfully
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21 Roscoe in viscoelatic fluids

reproduced here. Also, it has been shown, that the effect reverses for large Capillary
numbers. Finding the Young’s modulus using Roscoe theory at small Capillary numbers
in a viscoelastic fluid is not possible. The simulations shown in this section do however
provide a way to relate the base parameters to the tank-treading frequency, even in
complex fluids. This section describes how a cell can act within a bioprinting needle.
The next section will cover what happens at the end of the needle.
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22 Exiting the printer needle

22. Exiting the printer needle

During the bioprinting process, the bio-ink carrying cells is extruded through a thin
needle. This needle deposits the cells line by line, in the same way a typical 3D printer
works. The resolution of the print is given by the needle size. Assuming the velocity in
the needle is constant, the total print time scales with the inverse cube of the needle size.
This means, that higher resolutions slow down the printing significantly. Consequently,
very high flow velocities are desired within the needle to be able to move the printer
faster and speed the process up. This leads to large stresses in the needle, which are
harmful to the cells. One of the arguments for using shear-thinning bio-inks is, that
the velocity profile within the needle is flattened. This somewhat approximates a plug
flow?”, which has a viscous stress equal to 0. However, it has been shown by Miiller et
al. [67], that in these cases, the cell experiences a large amount of stress at the needle exit.
The publication by Miiller et al.considered shear-thinning fluids. Viscoelastic fluids as
discussed in this thesis are retarded. This means, that the polymer-conformation tensor
does not react instantly to the end of the needle. Some time, and therefore distance,
is required for it to adapt to the new flow conditions. One might imagine, that this
allows a smoother transition without the sudden shock the cell experiences at the end
of the printer needle. To do this, the same geometry as the one used by Miiller et al.is
employed to mimic a printer needle. This consists of a typical 3D Poiseuille channel.
After approximately 267 pm, the no slip walls of the needle are replaced by free slip
walls mimicking the free flow. With this geometry, two simulations are performed. The
first simulation (simulation 21) is only shear-thinning. It provides the purely viscous
reference. An average flow velocity of v, = 5% is picked in accordance with the
aforementioned publication. This is set on the inflow. Within a few lattice nodes, the
proper profile develops. As a preparation, simulation 59 was run to provide a stable
fluid field in equilibrium into which the cell can be placed.

21 CY printer needle

Box: 902 x 77 x 77
Lo =1.3pum
Fluid: CY::mc0.49 (fluid 8)
BC:  Inflow: mass-flow (BC 3)
U, = 5HEF
Outflow: pressure (BC 4)
slip walls (BC 6)
simulation 59
Cell:  Young’s modulus £ = 29.6 Pa
Radius, Resolution R = 8 um, 6

\.

To contrast this, simulation 22 is run in the same way with a viscoelastic fluid. The
preparation for this is simulation 60. The fluid here matches the shear-thinning fluid in

29A flow profile with constant velocity.
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22 Exiting the printer needle

its viscosity profile. This highlights the differences caused by the elastic stress and the
retardation of the fluid.

22 PTT printer needle

Box: 902 x 77 x 77
Fluid: PTT:mc0.49 (fluid 2)
BC:  Inflow: mass-flow (BC 3)
U, = 5 =%
Outflow: pressure (BC 4)
slip walls (BC 6)
simulation 60
Cell:  Young’s modulus £ = 29.6 Pa
Radius, Resolution R = 8 pm, 6

\.

The resulting viscous stress components can be seen in figure 105 for the purely viscous
case and in figure 106 for the viscoelastic case.
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Figure 105: Plot of the cross-section of the viscous stress field around the exit of the
printer needle. Here, the fluid is a purely viscous shear-thinning fluid.
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Figure 106: Plot of the cross-section of the viscous stress field around the exit of the
printer needle. Here, the fluid is a viscoelastic fluid.

The initial region, where the stress establishes itself is similar. The part inside the
needle shows near identical stresses, as it should by design. A remarkable difference at
the exit is the region of low stress for the viscoelastic fluid. Shortly before the needle
exit, the stress drops to near 0. At the walls, the stress even switches sign. This allows
the viscoelastic case to disperse and switch to plug flow quicker than the purely viscous
case. This can be seen in figures 107 and 108.
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Figure 107: Plot of the cross-section of the velocity field in x-direction around the exit
of the printer needle. Here, the fluid is a purely viscous shear-thinning fluid.
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Figure 108: Plot of the cross-section of the velocity field in x-direction around the exit
of the printer needle. Here, the fluid is a viscoelastic fluid.

Clearly, the z-component fans out wider in the viscoelastic case. It also reaches the plug
flow configuration quicker. There are notably some artefacts around the slip walls in the
viscoelastic case. This is due to the polymer-conformation tensor not slipping properly.
Given this region is small and far from the cell, it does not matter much here. The same

fanning effect can be seen in figures 109 and 110.
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Figure 109: Plot of the cross-section of the velocity field in radial direction around the
exit of the printer needle. Here, the fluid is a purely viscous shear-thinning

fluid.
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Figure 110: Plot of the cross-section of the velocity field in radial direction around the
exit of the printer needle. Here, the fluid is a viscoelastic fluid.

The y component of the velocity is twice as large for the viscoelastic case near the exit of
the needle. This is already in stark contrast to the expected behavior. The retardation
in combination with the elastic contribution does not preserve the flow for an extended
period after the needle exit. It does in fact do the opposite and cause faster adaptation
to the plug flow through stronger radial velocity components. Dividing the shear stress
by twice the strain-rate tensor yields a viscosity. As mentioned before, this is not really
the viscosity. This interpretation of the stress breaks down for viscoelastic fluids. In
many areas odd or even unphysical results are produced from this division. However, in
the bulk materials away from corners and the center-line, this value can be interpreted
as a viscosity. It can be seen in figure 111.
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Figure 111: Plot of the cross-section of the viscosity field around the exit of the printer
needle. Here, the fluid is a viscoelastic fluid.

The viscosity in the plug flow channel is hard to pin down, as the stress and the strain-
rate tensor should both tend to 0. Still, it is quite clear, that the stress from inside the
needle persists after the needle exit. At the exit, the viscosity has a local minimum.
Shortly before the exit, there is a local maximum of the viscosity. Given that this
is where the diverging flow starts, the cell is strongly stretched. This can be seen in
figure 112.

220



22 Exiting the printer needle

1.6 1 cy
144 PTT
needle exit
1.2 1
o
Q
1.0 1
0.8 1 \
0‘6 L T T T | T T
0 100 200 300 400

x/pm

Figure 112: Plot of the deformation defined from the aspect ratio (see section 11) as a
function of the position of the cell center. Both the shear-thinning CY fluid
and the viscoelastic PTT fluid are shown.

The initial peak is due to startup effects. Notably, the cell gets radially stretched even
before the needle exit. In the viscoelastic case the stretching is stronger than in the
purely elastic case. However, it also does not persist as long. If this is in total better
or worse for cell survivability is hard to tell. However, the elastic contributions one gets
due to the typical manufacturing process of a shear-thinning fluid do not aid in reducing
the stress at the needle exit. This is unexpected and might be important depending on
if cell survivability depends more on the strength or the duration of the deformation.
Next cell deformation is considered in a wider parameter range.
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23. Viscoelastic lookup tables for RT-DC

A lookup table (LUT) in this context is used to invert the relationship of the deformation
D and the Young’s modulus E. An experiment, for example an RT-DC experiment
(see section 24) produces the shape of a deformed cell. Such an experiment can be
used for characterizing the cell. However, describing how a cell deforms under certain
conditions is not very expressive. Ideally one would desire to the extract the fundamental
parameters of the cell, like the Young’s modulus from the deformation. This is what
lookup tables are used for. First a reasonable parameter space gets covered with
simulations. Given a Young’s modulus and a set of conditions, these return a deformation.
If one does now see a given deformation in an experiment with known conditions, one
can use the tables to infer a Young’s modulus. A major problem is the reasonable
parameter space and the scalar nature of the deformation. A cell has a great many
parameters, not all of them can reasonably be considered. Consequently, many of
them are guessed. The base idea of the lookup table only works if the deformation
from Young’s modulus function is injective. This is not necessarily the case given, that
simplification of the deformation to a scalar represents a significant loss of information.
Here, multiple deformation measures are considered to explore this issue. In this section
a LUT equivalent to Fig. 3b. of reference [98] is produced. Instead of requiring
approximations, the present work can run fully viscoelastic simulations. This section also
is used to explore the effects of viscoelastic stresses on a cell in Poiseuille flow. Given the
comparison to literature, the channel here is square. However, the flow near the center
of a square channel and the flow in a circular channel are very similar. Consequently,
the results form this Poiseuille-ish flow can be transferred to other similar geometries.
In this section, three sets of simulations are performed. The channel is considered with
a Newtonian fluid, a CY fluid and a PTT fluid. These are explored in this order in the
following sections. First a few common basics are introduced.

23.1. Common geometry

The desired channel is a square channel with a cross-section of 20 um x 20 pm. The
volume flow in the channel is ) = 0.04 % Both area and Young’s modulus are sampled
with reasonable resolution. For the Young’s modulus, this is straight forward. The
values range from 0.5 kPa to 6 kPa in accordance to the paper. The area requires extra
though. First, the deformation will change the area. This means, the sampled area, and
the area in the final LUT will not be the same. The deformation of larger cells is bigger,
because the velocity difference between their center and their edge is larger. This can
be seen later, but the effect is not large enough to cause issues. Secondly, increasing cell
size by increasing the resolution of the cell file would be cost prohibitive. Instead, the
box is shrunk and the size of the lattice constant in SI is altered. A cell mesh with a
resolution of R = 16.6 is used for all these simulations. It is scaled by a factor of 2.4
to a size of 40 in LU, in order to prevent the jagged cells instability (see section 15.2).
First, the target size of the cell Agurget is determined from the size index 5 as follows.
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Atarget = (ZS + 1)25 nm (360)

From here, the target radius Riarget is determined as follows.

/ A arge
Rtarget = tﬂ-g : (361)

With this, the conversion factor to LU can be defined in two different ways as follows.

Rtarget - 20 pm
40 B Btarget

This defines the target size of the channel Bi,ee in LU. This has to be an integer.
Consequently, the value gets rounded to B. This rounded value together with the
fixed channel size of 20 pm defines the actual conversion value. This requires a slight
adjustment to the radius of the cell in LU. The scaling factor absorbs this rounding
adjustment. The simulation volume has the dimensions of 10B x B 4+ 2 x B + 2 lattice
nodes. This method is common to the following three simulations. The Newtonian flow
is discussed next.

(362)

23.2. Newtonian LUT

For the Newtonian case simulation 23 is performed.

23 Newtonian LUT

Box:  variable
Fluid: Outside: Newtonian n, = 6 mPas
Inside: Newtonian::water (fluid 1)
BC:  Inflow: mass-flow (BC 3)
Q=0.041"
Outflow: pressure (BC 4)
Cell:  variable
Native resolution 16.6

The outside fluid has a viscosity of s = 6mPas to conform to reference [98]. The
inflow is an analytically found Poiseuille profile (see appendix F.1.1). Two different
deformation measures are used to analyze the data. The result for the deformation from
circularity (see section 11.6) can be seen in figure 113.
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Figure 113: Plot of the deformation calculated from the circularity as a function of the
projected area. The cell is suspended in a Newtonian fluid. Different Young’s
moduli are shown.

The curve for £ = 0.5kPa is omitted, because the softer cells show some artefacts.
These are so bad in this case, that the results are not usable. One can see, that the
areas get progressively larger compared to the target size for increasing deformation. As
expected, softer cells show larger deformations. The deformation grows monotonically
with the area. Not much can be learned from this. The same simulation output can be
analyzed using the deformation from the aspect ratio (see section 11.4). This can be
seen in figure 114.

1.10

0.75kPa

105 o B 1.0kPa

o) o B 1.25kPa

N §) é? o B 15kPa
Q 1-00'§ g 8 ) B 2kPa
c o ©° © 3kPa
0.95 - m  6kPa

0.90 L= : ; . :
50 100 150 200 250 300

A/pm?

Figure 114: Plot of the deformation calculated from the aspect ratio as a function of
the projected area. The cell is suspended in a Newtonian fluid. Different
Young’s moduli are shown.
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Once again, the curve for 0.5 kPa is omitted, because the softer cells show some artefacts.
Also, the curve for £ = 0.75kPa is only partially present and somewhat questionable.
For small areas, the deformations are stacked from the lowest Young’s modulus to
the highest. For large areas, this trend reverses. An explanation can be made using
the diagrams of section 12.1. For the small cells, the force acting in radial direction
dominates. This causes the radial extent to increase relative to the extent in x-direction.
Consequently, the deformation drops below unity. The effect is stronger for softer cells.
For larger cells, the force in z-direction dominates, elongating the cell. The deformation
rises above unity. The effect is stronger for softer cells. This shows, that along the
size axis, the cell shape changes conceptually around A = 140 pm?. This is due to the
relative relevance of the involved forces changing. It is important to note, that this is
not visible for the deformation measure defined from the circularity. On the other hand,
the deformation measure defined from the aspect ratio yields the same deformation for
vastly different parameters at around A = 140 pm?. This defeats the purpose of a lookup
table. One can clearly see, that the choice of deformation measure is important here.
One might want to consider multiple deformation metrics to capture the behavior of the
cells more clearly. Next a shear-thinning CY and viscoelastic PTT fluid is considered to
show the difference viscoelasticity makes.

23.3. CY vs PTT LUT

Here a CY fluid and a PTT fluid, with the same viscosity as the CY fluid will be
used to highlight the effect of the normal stress. There are no analytical or semi-
analytical solutions for the flow profile in a square channel with these fluids. Therefore,
simulations 61 and 62 are performed to generate boundary conditions, which are approximately
equal to @ =~ 0.04 % The concrete value is ) ~ 0.04001 % These simulations provide

a velocity field as a boundary condition for simulation 24 and velocity and polymer-
conformation tensor boundary conditions for simulation 25.

24 CY LUT

Box:  variable
Fluid: Outside: CY::mc0-59 (fluid 9)
Inside: Newtonian::water (fluid 1)
BC:  Inflow: mass-flow (BC 3)
simulation 61
Q ~ 0.04 A&
Outflow: pressure (BC 4)
Cell:  variable
Native resolution 16.6

225



23 Viscoelastic lookup tables for RT-DC

25 PTT LUT

Box:  variable
Fluid: Outside: PTT::mc0-59 (fluid 3)
Inside: Newtonian::water (fluid 1)
BC: Inflow: mass-flow (BC 3)
simulation 62
Q ~ 0.04
Outflow: pressure (BC 4)
Cell:  variable
Native resolution 16.6

The data is displayed in two different plots in order to improve visibility. The deformation
defined from circularity can be seen in figures 115 and 116.
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Figure 115: Plot of the deformation calculated from the circularity as a function of

the projected area. The cell is suspended in a CY (x) or PTT (+) fluid.
Pictured are half of the data points for improved visibility.
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Figure 116: Plot of the deformation calculated from the circularity as a function of
the projected area. The cell is suspended in a CY (x) or PTT (+) fluid.
Pictured are half of the data points for improved visibility.

The cells have a higher deformation for the CY case. Meaning, the additional elastic force
of the PTT fluid decrees the measured deformation. For Young’s modli £ > 1.25kPa,
the difference vanishes. Even for smaller Young’s moduli, the difference is hard to
impossible to spot for smaller cells. Considering the large errors, that are associated with
this deformation (see section 11.6), the difference might not be visible in experiments
at all. This does however not mean, that there is no relevant deformation. This can be
seen in figures 117 and 118.
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Figure 117: Plot of the deformation calculated from the aspect ratio as a function of
the projected area. The cell is suspended in a CY (x) or PTT (+) fluid.
Pictured are half of the data points for improved visibility.
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Figure 118: Plot of the deformation calculated from the aspect ratio as a function of
the projected area. The cell is suspended in a CY (x) or PTT (+) fluid.
Pictured are half of the data points for improved visibility.

As with the Newtonian case, the purely viscous fluid causes the deformation to drop
below unity for small cells and rise above it for larger cells. The explanation is the same
as for the Newtonian case. The CY fluid produces the same forces in the same directions.
They do differ in their amplitude, which does locally vary for both cases. However, this
is slightly different for a shear-thinning fluid. Consequently, the absolute value of the
deformation is different, but the general trends match. The PTT curves are completely
different. They start and stay above unity. An explanation can be made using the
diagrams of section 12.1. The elastic force elongates the cell for any size of cell. Even
for the small cell, the elastic force is strong enough to overpower the slight widening
of the cell due to the viscous forces. With this deformation metric, it is particularly
easy to see the elastic effects for small cells. Either the deformation is above unity for
the viscoelastic fluid or below for the purely viscous fluid. Even the somewhat hard
cells with £ = 3kPa still show a clear distinction. With this deformation metric, it
is the large cells, where the viscoelastic and the purely viscous fluid produce the same
deformation. This neatly compliments the deformation from circularity. This leads to
some concluding remarks.

23.4. Use of these lookup tables

The viscoelastic equivalent for the LUT seen in Fig. 3b. of reference [98] is provided by
figures 115 and 116. However, this section clearly shows, that using a single deformation
metric does not capture all relevant behavior. Using both metrics employed here demonstrates
the ability to distinguish the deformation caused by viscoelastic and purely viscous fluids
in the entire parameter space. Consequently, it should be encouraged to use more than
one deformation metric. As a caveat, one should consider, that this section does make
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assumption, like the inside of the cells having a viscosity equal to water. These cannot
be proven and do have an influence on the results. The more deformation metrics one
uses the greater the chance to catch an unknown influence. Calculating more metrics is
trivial. With this though, an explanation for an effect yet unreproduced in simulations
is found in the next section.
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24  Real-Time Deformability-Cytometry

24. Real-Time Deformability-Cytometry

Real-Time Deformability-Cytometry (RT-DC) is a new method developed to extract cell
properties. This is done by sending the cells through a narrow channel on a microfluidic
chip. The geometry of the relevant part of the chip can be seen in appendix P.3. This
shape causes a deformation of the cell. This deformation can be used with lookup
tables (see section 23) to determine apparent Young’s moduli. The great advantage of
this technique compared to more established techniques like AFM is the throughput.
The fact, that cells are analyzed in a continues stream of cell-carrier fluid, without the
requirement to position them by hand greatly increases the speed of data acquisition.
RT-DC can theoretically do hundreds of cells per second while AFM takes several
minutes per cell. As biological cells vary vastly in their parameters, a statistically
significant amount needs to be analyzed to make any kind of statement. Hundreds
of cells are required for decent statistics [100]. A detailed description of the method
can be found in references [108, 111, 112]. For the purpose of this thesis, it is enough
to know, that a channel of the shape described in appendix P.3 is driven to a flow of
Q =~ 0.04 % This causes a cell traveling through the channel to be deformed. This
deformation is analyzed in literature in order to find the apparent Young’s modulus of
the cell. In this section, the opposite is done. The cell parameters are varied in order
to find a deformation, which matches the experiment. This is necessary, as current
simulation implementations have difficulty reproducing the observed deformation. This
is discussed first.

24.1. Viscous simulations

As discussed in section 23, looking up a single deformation measurement in a lookup
table, will yield a result, but not necessarily an accurate one. One way to combat
this is to track the deformation over time or rather the position in the channel. This
obviously shows more of the cell behavior. Furthermore, the found apparent Young’s
modulus must be constant across the channel. This might rule out some combination of
parameters as they might fit in one spot but not another. The issue with this idea
is, that current simulations cannot reproduce the deformation seen in experiments.
Experimental data from Reichel [113] and simulation results from Wittwer et al. [114]
can be seen in figure 119.
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Figure 119: Plot of the deformation defined from circularity as a function of position in
the channel. The 0 corresponds to the start of the narrow section. Curves for
experimental data and several viscous simulations with varying cell viscosity
are shown.

The simulation data is a bit rough, because it is extracted from a plot. The large error-
bars on the experimental data have been omitted for visibility. A Young’s modulus
of F = 1.5kPa has been used for these simulations. Clearly, the major peak does
not match. Decreasing the Young’s modulus increases the deformation in the whole
parameter space [114]. Meaning, the plot dos not match towards the end. Decreasing
the cell viscosity could also be used to increase the maximum peak. However, this leads
to the local minimum after the maximum peak increasing. This minimum is not present
in the experimental data. Altering the parameters in this purely viscous simulations
cannot explain the experimental data. The fluid used in this experiment is viscoelastic.
How taking this into account in simulations is shown next.

24.2. Viscoelastic simulations

The viscoelatic simulations are performed in three steps. First, simulation 63 is performed
to determine a mass-flow boundary condition for the inflow. A pressure gradient is
varied until the desired volume flow of () ~ 0.04 ”S—L is archived. The result provides the
boundary condition for simulation 64. This simulation has the entire channel but not
the cell. It is run until it reaches equilibrium, which takes quite some time. The result
can be loaded into a new simulation as a sort of checkpoint. The parameter study is
only in regard to cell parameter. This means the fluid field is initially identical for all
simulations. Loading it avoids waiting for its equilibration for each simulation. Finally,
simulation 26 is performed with a wide range of Young’s moduli and cell viscosities.
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26 RT-DC parameter study

Box: 1350 x 146 x 50
Ly =417Tnm
Fluid: Outside: PTT::mc0-59 (fluid 3)
Inside: Newtonian variable
BC:  Inflow: mass-flow (BC 3)
simulation 63
Q ~ 0.04 AL
simulation 64
Outflow: pressure (BC 4)
Cell:  Young’s modulus variable
Radius, Native resolution R =~ 6.8 pm, 6

Instead of the deformation defined form circularity, the length [ and height A of the cell
are used. Length here is the extent of the cell along the z-axis. Height refers to the
extent of the cell along the y-axis. This is part of the raw experimental data provided
directly by Felix Reichel. The equilibrium cell diameter 2R is subtracted from both to
only show the deformation. This is shown in the following.

I'=1-2R (363)
h'=2R—h (364)
Note, that the sign of h' was switched to make both quantities positive. This helps

when comparing them. These values are calculated for the experimental data and the
simulations. A comparison can be seen in figure 120.

B [exp
61 —— [’ hard sim
—— [’ soft sim
g 4 B A oexp |
= —— h/ hard sim
~ h' soft sim
2 _
0 T . | | .
—100 —50 0 50 100 150
x/pm

Figure 120: Plot of the deviation from the with and length as a function of the position
of the cell center. Data for two different simulations is shown.
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Here x = 0 marks the start of the narrow portion of the RT-DC channel. Note, that the
data was given a small = offset. This is to combat a simulation artefact. Namely, the
narrowing of the channel only has an effect on the center once its influence has permeated
throughout the fluid. This speed is limited by the Lattice Boltzmann method, causing
the simulation curve to lag behind the experimental curve by approximately 25 pm. This
shortcoming has been handled by simply shifting the signal and hoping this does not
matter. Two simulation outputs have been included to convey the resolution of the
parameter space probed by the simulation run. The one termed “hard sim” does fit
a bit better. However, interpolating somewhat towards “soft sim” would improve the
results. Consequently, the correct parameters likely lie between the two and closer to
“hard sim”. It should be noted, that when considering the discretization, that these
values show, the simulations are not far off. They hardly ever further than one step
from the experimental data. This error stems from the fact, that a camera with a
sufficiently high frame-rate to cover these experiments is typically severely limited in
resolution. The size of a pixel then dictates the error. The internal viscosity for both
curves is 1y, ~ 68.8 mPas. The soft curve has a Young’s modulus of £ ~ 588 Pa, while
the hard curve has a Young’s modulus of ¥ =~ 681 Pa. Clearly, there is plenty of space
for optimization between these parameters. Notably, this viscoisity as at the lower end
of the viscosities simulated by Wittwer et al. [114]. The Youngs’s modulus is less than
half of the one used for figure 119. The deformation defined from circularity can be seen
for these two simulations and the experimental data in figure 121.
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0.08 A soft sim
—— hard sim
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0.04 1
0.02 A
0.00 -
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Figure 121: Plot of the deformation defined form circularity as a function of the position
of the cell center. Data for two different simulations is shown.

Clearly, the local minimum, that is conflicting with experimental observations is not
present here. The hard simulation does fit a bit better. Towards the end of the curve,
there is a considerable amount of discrepancy between the experimental curve and the
simulation curve. However, as has been mentioned before, this deformation metric carries

233



24  Real-Time Deformability-Cytometry

large errors. Taking these into account, the hard simulation is well within the range of
the errors. There are no images for the data discussed here. Here, the channel is filled
with PTT::alginate (fluid 13). The walls are hard to see, because the video was processed
for easier automatic evaluation. This video was captured by Steffen Trippmacher. The
red circle represents a simulation. This is already 2.5a old, and consequently did not
work as well. Still, the agreement was already acceptable. This concludes the discussion
on RT-DC channels. Next another type of channel used for characterization will be
discussed.
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25. Hyperbolic(ish) Channel

Channels, which produce a constant extensional rate are useful for cell deformability
research. Such channels can isolate the effect of the extensional rate on the cell and
provide insight into the inner workings of cells. Given that a constant extensional rate
means a steadily increasing velocity, such experiments are not trivial. Reichel et al. [99]
attempted the construction of such a channel. The equations describing the flow in such a
channel cannot be solved analytically. Consequently, no exact analytical solution can be
given for the channel geometry. Reichel et al.approximated the equations to acquire an
analytical solution. The resulting channels are of constant depth and narrow according
to a hyperbolic function. The width of such a channel can be seen in figure 122.

250 1

200 1

0 100 200 300 400 500
x/pm

Figure 122: Channel width from Reichel et al. [99].

This geometry is still in use as it is the best geometry available for this task. However,
the hyperbolic channels do not produce the desired constant extensional rate. This can
be seen in Fig. 1 D of reference [99] and in figure 123.
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Figure 123: The experimentally determined extensional rate in the channel with the
faulty geometry. The varying width channel is between the red lines. The
extensional rate expected by Reichel et al. [99] and a more sensible expected
value (Newtonian fluid in a properly shaped channel) are shown for reference.

The hyperbolic channels actually deployed in research exhibit poor stability of the
extensional rate. The extensional rate in the experiment reaches an average of 28.8%
between 225pum and 425pum, where the extensional rate is most constant. This is
approximately 19% below the value, which should have been expected and therefore
in poor agreement. In part, this discrepancy is due to errors in the aforementioned
publication (see appendix 7). However, a lot more factors are to be considered for good
results. This section explores how such channels would need to be manufactured in
order to properly exhibit constant extensional rates. This includes the finding, that
such channels are not hyperbolic (even though they are close) and the discussion of the
impact of the chosen fluid. The channels developed here have the same length, inlet and
outlet size as the ones presented by Reichel et al. [99], so that they can be used as a
drop-in replacement. Instead of approximation, this thesis opts for numeric solutions.
Before these are discussed, first a small elaboration on the reproducibility of the existing
experiments using simulations is provided.

25.1. Reproduction of experiments

It should be pointed out, that using the appropriate CY (Carreau-Yasuda fluid model)
fluid with the channel developed by Reichel et al. [99] (simulation 27) does not fully
reproduce the experimental results as can be seen in figure 124.
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27 Methyl cellulose solution in the

incorrect channel

Box: 2002 x 602 x 74
Ly~ 417nm
Fluid: CY:mc0-59.-D (fluid 6)
BC:  mass-flow (BC 3)
Q=0.021"
pressure (BC 4)
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x/pm

Figure 124: The simulated extensional rate for a CY fluid (CY::mc0-59_D fluid 6) in
the channel with the geometry by Reichel et al. [99] compared to the
experimental results.

This is not a shortcoming of the simulation. The experiment does not probe the flow
field in the very center as was done here. It does instead deal with a cell of finite size,
which itself influences the flow field. A cell as described by Reichel et al. [99] is added

in simulation 28.
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28 Methyl cellulose solution wit a cell in the

incorrect channel

Box: 2002 x 602 x 74
Ly~ 417nm
Fluid: CY::mc0-59.-D (fluid 6)
BC:  mass-flow (BC 3)
Q = 0.02 L
pressure (BC 4)
Cell:  Young’s modulus F = 370 kPa
Radius, Resolution R = 7.5 pm, 18

The extensional rate is determined from the movement of the cell center. The result can
be seen in figure 125.
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Figure 125: The simulated extensional rate determined from the cell position for a CY
fluid (CY::mc0-59_D fluid 6) in the channel with the geometry by Reichel et
al. [99] compared to the experimental results.

This calculation requires numerical differentiation of higher order. Consequently, it is
a little noise around the edges. Otherwise, the agreement is great. This highlights
how accurately the experiments are described by these simulations. This means, the
simulations presented here can replace experiments and test the channel geometries
without the need to manufacture them. However, an experiment can never control
parameters as exactly as a simulation. Also, the cell is omitted for the following
simulations. Therefore, experiments will not be able to precisely reproduce the simulation
results presented in this section. In the following appropriate channels are generated for
different fluids. The discussion shall start with the easiest derivation - the Newtonian
fluid.
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25.2. Newtonian fluids

Such a roughly hyperbolic channel can be viewed as many very short rectangular channels
chained together. For every such infinitesimal rectangular channel, a Poiseuille flow can
be assumed. This is often considered the solution for channels of infinite length, the
actual mathematical condition however is the absence of radial velocity components.
This condition is not strictly fulfilled here (particularly not near the inlet), but as the
flow is predominantly in x direction, this is a valid approximation. Consider the velocity
profile and volume flow rate in a rectangular channel [115]. The form here is modernized
and follows Wikipedia [116] instead of the original from Boussinesq [115].

G 4Gh? & 1 sinh(B,2) + sinh[B, (I — 2)]
uzy(y,z) = —ylh —y) — - sin( 3,
(,2) = gt =y) = =75 ; @n_1) snh(Bal) (Bny)
(365)
Gh®l  16Gh* & 1 cosh(B.l) —1
— - : 366
@ 12p pm® = (2n — 1)>  sinh(8,1) (366)
2n—1
g, = @n—lr (367)
h
With the pressure gradient G' = —j—i and the dimensions w and [ of the channel. This

formulation defines y and z as 0 < y < h and 0 < z <[, but it is often preferable to have
the coordinates centered. This leads to the following equations (see appendix F.1.1).

G (h 4Gh? & 1 cosh(5,2)
ux(y7 Z) =Y - 3 3 w

cos(Bny)(—1)"  (368)

Gh*w  16Gh* & 1 w

O T Ly tanh (5, ) (369)
2 + 1

g = ”;Lr )7 (370)

With the coordinates y and z now centered as —g <y< % and -9 <z < 7. Asitis
desired to have the extensional rate be constant in the center, the center-line velocity wug
is required. It reads as follows.

Gh?  4GRh? & 1 1

8 pmd = (2n+1)° cosh (B, %

Uy = ) (—1)" (371)
Both the formulas for the volume flow rate and the center-line velocity are quite cumbersome
and therefore approximations exist. Following these leads to major inaccuracies (see
appendix 7). Therefore, it is clear, that such an approximation is not sensible and a
semi-analytical solution should be used instead. The algorithm used for this is described
here using its functions as follows.

def QByUFunc(h, w):
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This calculates the fraction %, which notably only depends on h and w as G and p both
cancel out. The sums run up to n = 99. Around n = 2 would probably be sufficient,
but this computation is practically free, so going overboard is irrelevant.

def wFunc(QbyU, h):

This uses a root-finding algorithm (scipy.optimize.root_scalar [117]) on QByUFunc
to find w for a given % and h. h is practically arbitrary, but this work sticks with
h = H = 30 um from Reichel et al. [99].

def findCurve(epsilonDot):

This determines w along the whole channel for a desired extensional rate é = % as

follows. For a given volume flow rate (here ) = 0.02 %) calculate the center-line velocity
at the inlet by dividing the volume flow rate by QByUFunc(w_c, h). Here w. = 250 pm
is the desired inlet size. Note, that Reichel et al. [99] has inlet and outlet size switched in
Fig. 1 (or the equations depending on perspective). With the inlet center-line velocity
and an array of sufficiently highly resolved positions from 0 to the length of the channel
L. = 500pm, the desired center-line velocity at every point in the channel can be
calculated. With @ and wug known, their fraction, together with h can be passed to
wFunc, to determine the profile.

def findEpsilonDot():

If the size of the channel at the end is fixed due to setup related reasons (here w, =
60 pm), the root-finding algorithm can be used again on findCurve to find the ¢, that
is produced by a channel conforming to this restriction. Here, the result is é ~ 35.6 %
With this, the channel is fully specified. The resulting curve for the width can be seen
in figure 126.
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Figure 126: Channel width from the semi-analytical solution.
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It shall be noted, that even so this looks rather hyperbolic, it is not quite. Approximating
this curve using a hyperbolic function similar as the one suggested by Reichel et al. [99]
is possible. The following hyperbolic function can be used to approximate the data.

1 1 1 1 -1
w(z) = ah — [L_C(ah o " ahs wc)x+ o wc} (372)

Where a is a parameter, that can be used to optimize the shape. While the approximation
is quite decent as can be seen in figure 127, the true shape is actually not hyperbolic.
The true shape is closer to hyperbolic near the outlet than near the inlet. Larger a yield
a better approximation near the inlet, while smaller values are better at the outlet. This
is also the explanation, why Reichel et al. [99] only reached the value, they should have
expected for é near the inlet, as the a = 0.63 resulting from their derivation is too large
by a significant margin.

a=0.25
a=0.3
1.01 A a=0.35
1.00 A
0.99 L T T T T T T
0 100 200 300 400 500

x/pm

Figure 127: Channel width from a hyperbolic approximation in relation to the semi-
analytical solution.

However, the extensional rate is very sensitive to the channel shape and therefore picking
a value of around a = 0.3 still leads to € clearly not being constant in simulations. It
rises at the inlet, reaches a maximum near the center and then falls off towards the
outlet. To avoid this, the exact shape as computed by the algorithm outlined above is
loaded into the simulation (simulation 29).
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29 Water in a constant extensional

rate channel

Box: 2402 x 802 x 98

Ly =312.5nm
Fluid: Newtonian::water (fluid 1)
BC:  mass-flow (BC 3)

Q = 0.02 1

pressure (BC 4)

Figure 128 shows the extensional rate within the channel with the geometry as determined
above. The extensional rate shows a slight ripple towards the outlet, which can be
attributed to simulation artefacts due to stair-casing (see appendix P.4). The extensional
rate in the simulation reaches an average of 35.1 % between 225 pm and 425 pm, where
the extensional rate is most constant. This is approximately 1% below the expected
value and therefore in good agreement. It shall be pointed out, that this error is likely
not only composed of simulation errors but in part due to the fact, that the simulation
reaches equilibrium asymptotically. Therefore, the error could decrease (slightly) for
longer simulation durations.

40
30 1
=720
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Figure 128: The simulated extensional rate for a Newtonian fluid (water 1) in the channel
with the semi-analytically determined geometry. The varying width channel
is between the red lines.

Aside from the expected edge effects, it is clear, that the performance near the inlet is
considerably worse than near the outlet. The reason for this is likely, that the assumption
of negligible radial velocity is least accurate here.
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25.3. CY fluids

Shear-thinning fluids, represented here by the Carreau-Yasuda fluid model (CY'), do not
exhibit a constant extensional rate when placed in the channel constructed for Newtonian
fluids (see figure 129 from simulation 30).

30 Methyl cellulose solution in a

Newtonian channel

Box: 2002 x 602 x 74

Ly~ 417 nm
Fluid: CY:mc0.59_D (fluid 6)
BC:  mass-flow (BC 3)

Q= 0.02

pressure (BC 4)

It should be noted, that the simulations for more complex fluids have lower resolution
than for the Newtonian case due to VRAM limitations.

40
30
20
—— Expected CY ¢
107 —— Expected Newtonian ¢
—— Simulated ¢
0 T T T T
0 100 200 300 400 500
x/pm

Figure 129: The simulated extensional rate for a shear thinning fluid (CY::mc0-59_D 6)
in the channel with the Newtonian geometry. The varying width channel is
between the red lines. Both the expected value for a Newtonian fluid and
the expected value for this fluid in its correct channel have been included
for reference.

The extensional rate in the simulation reaches an average of 32.2% between 225pum
and 425 pm, where the extensional rate is most constant. This is approximately 6 % to
10 % below the expected value, depending on the expectation. This constitutes poor
agreement. Therefore, a differently shaped channel is necessary for use with shear-
thinning fluids. Here a semi-analytical solution is no longer possible. The viscosity does
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not cancel out and therefore, the channel needs to be purpose-built for the fluid it is
used with. The algorithm used to determine this shape is described using its component
functions as before.

def run(a, b, G):

Run simulation 31 with a channel of size a x b, which is driven by the pressure gradient
G. Calculate ) and ug from the simulation output and return these values.

31 Find shape

Box: 1xa+2xb+4+2
Lo~ 1pm

Fluids: CY::mc0.59 (fluid 9)
CY::mc0-59_D (fluid 6)

BC: body-force (BC 13.3.2)

def guessStart(a, b, Q:

Guess a G, that will likely lead to a volume flow of approximately () for a channel of size
a x b. This is done by calculating an effective radius of an equivalent circular channel
as follows.

2 1 1

i e Tl 373
r a? + b2 (373)
The maximum velocity is approximated as follows.
2Q)
== 374
u=— (374)

These poor approximations are valid here, as they only serve to provide an initial guess
for a fit. From these an average shear-rate ¥,,, can be guessed as follows.

u

;yavg = ; (375)

From this, the viscosity present at this shear-rate is calculated for the given fluid. Using
this average viscosity, the volume-flow of a Newtonian rectangular channel of size a x b
is calculated assuming G =1 % Scaling G =1 % by the quotient of the desired () and
this rough estimate yields an estimate for G. Despite the rough approximations made
here, this estimate is decent, which is crucial to reduce the mount of (very expensive)
steps the fit has to make.

def findG(a, b, Q):

244



25 Hyperbolic(ish) Channel

Finds a GG, so that a channel of size a x b develops a volume flow of (). An initial guess is

provided by guessStart, after which a root-finding algorithm (scipy.optimize.root_scalar [117])
is used on run to find the desired G. As this fit runs a simulation at every step, it is

extremely expensive, and a good initial guess is crucial.

def doFit():

Determines supporting points for the width w of the desired channel as a function of wuy.
For each w between w, and w, with a resolution of 1 pm (500 points), £indG is invoked
to find the pressure gradient for this w and the globally constant h and ). Once G
is found run is invoked to find the associated ug. The w and its corresponding ug are
saved.

def process():

Determines the final shape. Read the result from doFit. The expected extensional rate
is calculated using the first and last uy together with the known length of L.. Equally-
spaced positions are created along the channel. Using the determined ¢ ug is determined
at these locations. With the data from the previous function as supporting points an
interpolation is performed at these uy using np.interp [118]. With this, the width is
recovered as a function of space and can be used for simulations.

32 Methyl cellulose solution in a CY

channel

Box: 2002 x 602 x 74
Lo~ 417nm
Fluids: CY::mc0_59 (fluid 9)
CY::mc0-59_D (fluid 6)
BC: mass-flow (BC 3)
Q=0.021
pressure (BC 4)

\. J

Simulation 32 is run for two instances of a specific CY fluid and their associated channel.
CY::mc0-59_D is designed to most closely resemble the fluid used by Reichel et al. [99]
(see fluid 6). The simulation output using it can be seen in figure 130. The extensional
rate in the simulation reaches an average of 32.9% between 225 um and 425 pm, where
the extensional rate is most constant. This is approximately 2% below the expected
value and therefore in good agreement.
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Figure 130: The simulated extensional rate for a shear thinning fluid (CY::mc0-59_D 6)

in the channel with the appropriate geometry. The varying width channel
is between the red lines.

CY::mc0_59 results from fitting the CY model to the result of fitting the PTT model to
the same data. This is done to isolate elastic from viscous effects by comparing these
two. The simulation result for this fluid as seen in figure 131 is consequently very similar.
The extensional rate in the simulation reaches an average of 33.6% between 225 pm and
425 ym, where the extensional rate is most constant. This is approximately 1% below
the expected value and therefore in good agreement.
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=720 -
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Figure 131: The simulated extensional rate for a shear thinning fluid (CY::mc0-59 9) in
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the channel with the appropriate geometry. The varying width channel is
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25 Hyperbolic(ish) Channel

For more complicated fluid models, even more effects need considering.

25.4. PTT fluids

The fluids used by Reichel et al. [99] exhibit viscoelastic behavior. This is modeled
here by using the Phan-Thien and Tanner fluid model (PTT). Compared to the CY
model PTT has a first normal stress difference and is retarded. The first normal stress
difference only influences the velocity profile around geometry change. The retardation
only takes effect as time progresses. Therefore, both effects can only be accounted
for when simulating the whole channel. Optimizing the channel shape this way is
theoretically possible, but is - at this time - prohibitively expensive. Therefore, the
only sensible option is to determine the amount of error cause by ignoring these effects.

33 PTT Methyl cellulose solution

in a CY channel

Box: 2002 x 602 x 74

Lo~ 417nm
Fluids: PTT:mc0-59 (fluid 3)
BC: mass-flow (BC 3)

Q = 0.02 2

pressure (BC 4)

\

Simulation 33 took considerably longer to equilibrate than its CY counterpart. The
result can be seen in figure 132 and luckily, the effects discussed above seem to not
matter much. The extensional rate in the simulation reaches an average of 33.6 % between
225 pm and 425 pm, where the extensional rate is most constant. This is approximately
2% below the expected value and therefore in good agreement.
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Figure 132: The simulated extensional rate for a PTT fluid (PTT::mc0-59 3) in the
channel for the corresponding CY fluid. The varying width channel is

between the red lines.

The agreement is only worse than for CY by a fraction of a percent. In general, this
depends on the concrete fluid. For the fluid used here, the CY channel is appropriate for
PTT. The comparison between simulation 32 and simulation 33 can be seen in figure 133.
Aside from a very slight drop in 7 along the plateau and 7 not returning completely to
0 after the channel no discrepancy can be seen. The second discrepancy is due to the
inherent first normal stress difference of this fluid and does not matter here.

40

—— Simulated € CY

— Simulated ¢ PTT
0 T T T T T T
0 100 200 300 400 500
x/pm

Figure 133: Comparison between the simulated extensional rate for a PTT fluid
(PTT::mc0.59 3) and its corresponding CY fluid (CY::mc0-59 9).
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25 Hyperbolic(ish) Channel

25.5. Conclusion

The channels developed in this section are very similar as can be seen in figure 134. It
can be seen, that the channel from Reichel et al. [99] being most different from the rest.
The remaining ones are extremely close, with the CY curve that is also used for PTT
and the one for the direct fit being nearly identical. Still, these minuscule differences
yield significant differences in é. This shows how strict the shape has to be controlled
for proper results.

2507 —— Newtonian
Reichel et al.
200 1 —— CY/PTT
g —— CY direct
=,
§ 150
100 A

0 100 200 300 400 500
x/pm

Figure 134: Channel width from the different solutions.

With proper controls in place however, this section shows, that a remarkably constant
extensional rate can be archived. As shown above, no general shape can be found for
non-Newtonian fluids. Instead, the channel has to be propose-built for the used fluid.
As mentioned before, experiments will not be able to fully reproduce the simulations
results presented here. However, this section demonstrates, that the state-of-the-art in
constant-extensional-rate channel-design can be significantly improved. This concludes
the applications discussed in this thesis. Next, some final concluding words are provided.
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26. Discussion and conclusions

The very robust simulation frameworks developed in this thesis are applicable to a wide
variety of problems. For the first time viscoelastic fluids in a parameter range realistic
for bio-inks and other cell carrier fluids can be simulated using a Lattice Boltzmann
method. With this many experiments, which could not be reproduced with simulations
yet can be analyzed. This thesis starts with a brief introduction into the required theory
and simulation techniques (see part I). This covers the derivation of many important
quantities and relations. It simplifies existing definitions and alters some to be more
powerful. The simulation algorithm is thoroughly validated. After the theory is covered
this thesis applies it to several preexisting topics. Section 19 covered the extraction of
fluid parameters. Afterwards, the extraction of cell parameters, primarily the Young’s
modulus was covered in section 20. Here a focus was on explaining cell behavior at
higher deformations using higher order models. The simulation technique used for this
was introduced to shrink the error significantly. Next, section 21 covered the influence
of viscoelastic fluids on cells in a shear-flow. The large discrepancy, that is caused by
the elastic forces has been observed in experiments before. Now it is possible to quantify
and understand them. This behavior can now also be used to extract cell parameters.
Afterwards, a surprising result was found in section 22. The fluid stress persisting for a
bit after the exit of a printing needle does not smooth out the forces. And existing cell
does instead experience an amplified deformation. This result can be used to rethink bio-
ink manufacturing to attempt to reduce the viscoelastic nature of these fluids. A purely
shear-thinning fluid would be better in this case. Section 23 explored cells in viscoelastic
Poiseuille flows. Here it was shown how the elastic effects can be missed by only using
a single suboptimal deformation metric. It highlights which aspect of the deformation
are similar to purely viscous fluids, and how differences can be spotted. These thoughts
are used in section 24 to reproduce an experiment with a complicated geometry. The
deformation seen in an RT-DC channel was reproduced without the prominent local
minimum, that can be seen in viscous simulations, but not the experiment. These results
can be used to improve disease detection, as they can somewhat accurately reproduce
the experiment. Finally, section 25 cautions against using normal stresses as a god of the
gaps argument if not all effects can be explained. It uses numerics to design channels,
which actually have constant extensional flow. This section demonstrates an accuracy,
that can even distinguish between using a cell position to probe a fluid flow and the actual
fluid flow. Here simulations can inform decision on how to perform an experiment. This
is valuable here, because manufacturing the channels is an involved process. Without the
numeric solutions one would need to resort to trial and error. Throughout, this thesis,
it is evident, that sometimes, the elastic contributions are not relevant at all. If they
are, this thesis can describe them with an accuracy, that actually allows reproducing
experiments. With the ability to fully describe experiments, the simulations can be
used to tune them. They can be used to predict outcomes for expensive experiments,
and they can be used for cell characterization in combination with any experiment. The
validations in parts [ and [1] show the remarkable accuracy, these algorithms are capable
of. However, part Il shows how much accuracy one actually gets, if one does not have
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enough patience. These numeric methods can be used for a wide variety of topics in the
future. A few ideas follow.
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27. Outlook

The section on channels of constant extensional rate (section 25) provides concrete
shapes that can be used to actually get constant extensional rates. This should be
manufactured and tested. It seems likely, that a derivative model of FENE-P could be
produced, which better describes the fluid data. FluidX3D will be polished and cleaned
up. The requirement to recompile it for each setup will be reduced and eventually
removed entirely. Additional contributions to the cell surface could be investigated.
Interactions between the cells will be an interesting topic to pursue. Clearly, this thesis
provides an amazing tool, which can be used for the reproduction and analysis of many
different experiments. If forms a solid base from which one can expand, to cover new
fluid models, new cell interactions or something completely unheard of. This is where
your journey starts.
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A. Software

This thesis primarily uses three pieces of software. FluidX3D, noFluidX3D and the
python package used for evaluation. Details on these are provided here.

A.1. FluidX3D

FluidX3D is the main simulation software used in this thesis. It is written in C++
and OpenCL C. The full FluidX3D source code is available on the GitHub account
“Richardk2n” or upon inquiry. In the following, its history, versioning scheme and basic
usage are covered.

A.1.1. History

FluidX3D is originally based on the book by Kriiger et al. [9]. It was developed under the
supervision of Prof. Dr. Stephan Gekle by Moritz Lehmann and Fabian Hausl. Partially
separate branches were maintained by the two developers. When Moritz Lehmann
finishes his doctorate, the published a partial rewrite on GitHub. The original source
code remained with the group of Prof. Dr. Stephan Gekle. For the last four years
(duration of this thesis), the role of maintainer went to the author of the present work.
FluidX3D was subsequently majorly overhauled. The branches, which were mostly
different by the datatypes used were brought back together, with variable datatypes.
A new build system was introduced, dependency handling was implemented, the code
was organized, the C++ standard updated and the usability improved. Both unit tests
and integration tests were added. Contributions to the OpenCL libraries were made to
allow splitting of the kernels. Some unused code was removed. Several new features
were developed (See the changelog in the repository). Others were ported. Several core
systems have been completely rewritten. Many optimizations have been removed to
improve speed. Timm Kriiger was asked for implementation details, however no access to
his code was granted. Furthermore, the source code of another LBM simulation software
(ESPResSo [49, 50]) was used as a reference for the implementation of FluidX3D. The
amount of usability improvements is hard to overstate. A great focus was placed on
extensibility. As it stands now, little code remains from four years ago and the software
as a whole has completely changed. At this point, FluidX3D in the version provided in
this thesis and used by the group of Prof. Dr. Stephan Gekle can be considered to be
part of this thesis. The previous authors deserve some credit though, as they are the
ones, who got it started.

A.1.2. Versioning

The version of FluidX3D is separated into major, minor and patch version. It does
not quite follow semantic versioning, as the absence of breaking changes can never be
guaranteed. The majority of simulations in this thesis were performed using FluidX3D
version v0.4.3. The current setups enforce a compatible FluidX3D version. It should

264



A Software

however be noted, that not every hotfix is assigned a new version. Consequently, v0.4.3
should not be interpreted as the commit with this tag, but includes the hotfixes shortly
after. FluidX3D is continually validated with unit tests and integration tests to assure
validity of the simulations even between version changes. Its current code quality can be
viewed as an early beta stage. Extended documentation is available in the repository.

A.1.3. Basic usage

In order to reproduce any simulation in this thesis, perform the following steps. First
obtain a copy of the repository. Assure you have a current version of cmake and gcc
installed. The following assumes, that the copy of the repository is placed in a folder
called £luidx3d. Open a POSIX-complaint shell at the storage location of the folder
and type the following.

cd fluidx3d
mkdir build
cd build
cmake ..

This enters the code directory and creates a folder for the compilation process. This
folder is entered too, and the build environment is configured. Next, place the setup
files from the corresponding simulation box into fluidx3d/src/setup overwriting any
present files. Afterwards, enter the following commands.

cmake --build . -- -j8
cmake --install .
cd ../install

This compiles the software using 8 CPU cores. You should use more if you have them
available. Afterwards, the compiled binary is installed to the fluidx3d/src/install
folder. This folder is entered. From here FluidX3D can be started using the following
command.

./FluidX3D

Configuration files are passed as command-line arguments. More advanced usage is
beyond the scope of this thesis. For further insight read the README.md file in the
repository. When in doubt create an issue and ask. Note, that the FluidX3D setups
used in this thesis require a GPU with fp64 support. This is notably lacking from
integrated GPUs. FluidX3D is developed for the use with Linux, it may work with
Windows. Some of the setups require more VRAM than is available on a typical GPU.
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A.2. noFluidX3D

The code used for the AFM simulations was named noFluidX3D by Sebastian Wohlrab,
who was originally tasked to create this for his master’s thesis [93]. Compared to
FluidX3D, it does not simulate the fluid, explaining its name. He was directed to
reuse as much of FluidX3D code as possible. This was done via addressing the same
OpenCL kernels using Python. Still noFluidX3D contains more models. Only the
parts of the code used in the present work and the associated publications have been
thoroughly validated. Those parts of the code have been made portable and have
been partially rewritten to comply with best practices. The rest of the code remains
unmaintained. Therefore, the code is in no state, that would allow for publication.
Still, the noFluidX3D source is available on the GitHub account “Richardk2n” or upon
reasonable request. It should not be used for any use case outside the simulations in this
thesis and the aforementioned publications. noFluidX3D is working towards the same
versioning scheme as FluidX3D. It installs like any other python package. It can be
used by executing the setup files within a python environment, which has noFluidX3D
installed.

A.3. Evaluation scripts

A python package, which is also called fluidx3d was created to contain all scripts
and functionality used for the evaluation of FluidX3D and noFluidX3D simulations.
It currently has no versioning scheme. Some functionality only works with current
simulation output. It installs like any other python package. The basic usage can be
gathered from the evaluation scripts. The code is available on the GitHub account
“Richardk2n” under the name “fluidx3d-python”.
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B. TRT and MRT relaxation

The TRT and MRT relaxation schemes for LBM (see section 2) are more complicated
schemes, with the aim to improve on SRT. Their concrete implementation shall be
omitted here, as it was not done as part of this thesis. For more detail on this,
consider reading reference [72]. TRT offers one additional parameter for tuning, while
MRT offers many. For TRT, it can be shown, that specific choices for the tuning
parameter minimize specific parts of the error. This can be particularly useful to
improve accuracy in low Reynolds number simulations, as the ones performed in this
thesis. MRT has many “magic” parameters, with hard to determine effects. It has
been shown to improve accuracy in high Reynolds number simulations [119]. The issue
with tuning parameters is, that they are not useful in unknown territory. They can be
tuned to analytically solvable problems, to improve accuracy. This looks good, but in
the simulations discussed in this thesis, the problems and their solutions are unknown,
so there is no way of validating the tuning. The unknown benefit (or even detriment)
comes with an increased simulation cost. This is therefore obviously not done in this
thesis. It should be recommended to stick with SRT. Notably, in much of literature
MRT is treated as some kind of magic bullet, to the point of reviewers even demanding
its use. For the low Reynolds number simulations discussed in the present works, it is
not expected to offer any benefit [9, 15, 52, 119]. Testing for this thesis showed a slightly
worsened stability.
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C. LBM algorithm

The concrete implementation of the LBM algorithm is of concern to stability. The LBM
can be easily parallelized as is done in to vastly shorten runtime. Legacy code typically
runs on large CPU clusters, FlurdX3D utilizes GPUs. In both cases some care needs to
be taken to avoid race conditions. Every thread only knows about the values it modifies
and may not touch any values another thread may modify. The LBM equation (eq. (22))
can be separated into its two steps (collision and streaming). This is purely conceptual,
but important for the discussion of the simulation, as these two steps cannot be done in
place simultaneously. With these steps separated, the equations read as follows.

filZ t)" = filZt) + Qi(, 1) (376)
[i(Z 4+ GAt t+ At) = fi(Z, 1) (377)

Here f;(%,t)" refers to the post-collision populations. The collision step (eq. (376)) is
straight forward and of no concern as it only operates on the local populations. However,
the streaming (eq. (377)) can be interpreted two different ways. Either it reads the local
populations, and writes to the neighboring, or it reads from the neighboring populations
and writes the local ones. In both cases it modifies populations, that might still need
to be read by other concurrently executing threads. To avoid this issue a second buffer
is used to do the writing. After every LBM step, all threads a synchronized, meaning
the execution waits for all nodes to be calculated. Then the buffers are switched and
only after that the computation of the next step is started. It is of course beneficial to
bundle the computation of the streaming and collision steps. Given the unproblematic
nature of the collision step this is possible - with a constraint. If one decides to write
to the neighboring populations (PUSH), the collision needs to be calculated before the
streaming as the local populations are not known after the streaming to the thread
doing the streaming. If one decides to read from the neighboring populations (PULL),
the collision needs to be calculated after the streaming as the local populations are
overridden by the streaming. This establishes a clear order for the LBM, depending
on this pick. The two options are illustrated by the pythonic pseudocode in figure 135
below.

def lbmStepPUSH():
doCollide()
doStreamingPUSH()
synchronize ()

def 1bmStepPULL():
doStreamingPULL ()
doCollide()
synchronize ()

Figure 135: Pythonic pseudocode of the command order in PUSH vs PULL.
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For pure LBM this is completely fine, as either is just alternating between stream and
collide. In literature, it is generally argued, that PULL is better as it is faster [9,
47, 72, 120]. However, none of these actually demonstrates this, opting for arguing
about synthetic benchmarks instead. Numbers from LBM benchmarks can be found
for CPUs [101]. These show slightly slower performance for PULL. From the experience
gathered in this thesis, it is irrelevant performance wise. If there is a difference, it is
slower than run to run variance. However, this choice actually changes what gets stored
in the aforementioned buffers. PULL stores f;(#,t)", while PUSH stores f;(Z,t). If one
now wishes to output the velocity after every time-step it needs to be calculated from
the stored populations. Meaning this output would actually vary (slightly) depending
on which scheme is chosen. This does not matter for pure LBM as the velocity at this
point does not influence the simulation. However, extensions need the velocity and are
therefore influenced by this choice. During work on this thesis, it was found, that some
cases of IBM interact badly with PULL (see section 15.1) and therefore this thesis uses
PUSH. As recalculating the velocity at the right time in the correct way has proven to
be important, the LBM algorithm used in FluidX3D is presented in the following using
pythonic pseudocode with an emphasis on this detail.
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C LBM algorithm

def lbmStep(nodeIndex, oldPopulations, newPopulations, density,
velocity, forceOnLatticePoint, stressAtLatticePoint):
localPops = oldPopulations[nodeIndex]
# according to equations (23) and (24)

localDensity, localVelocity = calculateDensityVelocity(localPops)

# according to equation (41)

forcingTerm = calculateForcing(localVelocity, forceOnLatticePoint)

# according to equation (42)
localVelocity += 0.5/localDensity*forceOnLatticePoint
# according to equation (20)
feq = calculateEquilibrium(localDensity, localVelocity)
# according to equation (45)
feq -= calculateStressContribution(stressAtLatticePoint)
# collision (tau is the relaxzation time T,)
postCollisionPopulations = ((1-1/tau)*localPops

+ 1/tauxfeq

+ (1-0.5/tau) *forcingTerm)
# Handles boundary conditions as desribed in section 13
streamToNeighborsHandlingBoundaries(postCollisionPopulations,

newPopulations)

synchronize ()

# Cructal update from the new pops (same as above)
localPops = newPopulations[nodeIndex]

localDensity, localVelocity = calculateDensityVelocity(localPops)

localVelocity += 0.5/localDensity*forceOnLatticePoint
density[nodeIndex] = localDensity

velocity[nodeIndex] = localVelocity

synchronize ()

# Advect and calculate new force from IBM (see section 6),
# viscoelastic fluids (see section 4)
calculateExtentions()

Figure 136: Pythonic pseudocode of the complete LBM algorithm.

The recalculation of the velocity (lines 24 to 28 in figure 136) might seem like a waste

of resources, but if the extensions are used, it is required to maintain stability.
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D. Unified viscoelastic fluid model notation

In the following, the constitutive equations for the implemented models shall be brought
to the unified notation (equation (75)). For this the following relations are useful. The
upper-convected derivative is a linear operator.

\Y \Y
(kA) = kA (378)
Y v Vv
(A+B)=A+B (379)
For any arbitrary constant k£ and tensors A and B. The upper-convected time derivative

of the unit tensor relates to the strain-rate tensor.

\Y%
1=-2D (380)

D.1. Oldroyd-B

Dividing the constitutive equation (equation (76)) by the constant % directly yields the

unified notation as follows. o

A A
(—z) ) (381)
Tlp Mo A

One can identify the polymer-conformation tensor and the remaining source term as
follows.

r="rg (382)

(383)

D.2. FENE-P

Bringing FENE-P to standard notation is considerably more work. First start from the
original constitutive equation. For this the notation from Oliveira et al. [57] is used.
This differs from the original from Bird [59, 60] by the sign of 7.

' \dInZ'
Z'r+ NT — X (z (1 eb)%ﬂ) gt = 2(1 — eb)y,D (384)
3 T
Z =1+ 2|(1—eb) + —= (385)
b 3’;_17

Here, the relation nkgf = Z\—‘,f has already been used. The primes on 7, A" and Z' are
added, because a slightly different definition of these variables is more consistent with
the other models presented in this thesis. Therefore, they are primed here, and the
consistent definition found later will not have primes. € was originally set to 0 by Bird et
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al., but shortly afterwards revised to € = m The original version can still often be
found in literature. Therefore, both cases will be treated in the following. To do this

one can define b as follows.

b Jfore=20
b= 2 (386)
b+2 ,fore=——
L Y ()
This allows to simplify the terms containing e as follows.
b
(1-)=1 (387)
This yields the following.
v b, \dlnZ’ b
Z't+ N1t - XN (z + Zﬁﬂ) Frant 2{:)771’32 (388)
3l T
Z'=1+°2|5+ L (389)
blb 3%

The most problematic term, both in terms of implementation and in terms of unified
notation is the logarithm derivative. To remove this, first define some dimensionless
stress 7/ to simplify the term as follows.

U b
xlfz/ =71+ ET‘,’IL (390)
U b
= (z’ - gﬂ) (391)

This definition is similar to the polymer feedback stress introduced by Gupta et al. [28].
Inserting this definition into the constitutive equation yields the following.

\Y
n, b n; b n, ,dlnZ" b
Z,—p /_T:H. )\/_p ,—71]_ _)\/_p ! :27 /D 2
S (z 7 )+ v (z 7 ) EART D (392)
v
Z'(, b b dIn 7’ b
— — =1 g I =2=D
N (z : ) + (z 7 ) T— 7D (393)
A4 b v dlnZ’
Furthermore, Z’ becomes as follows.
Tr(r — 21
3|0 (— b )
Z'=1+- |+ ——= 395
ol t 3 (395)
3[Trr’
Z'=1+ - = 396
35 (306)
/
7' =1 TI;)I (397)
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From the chain rule follows, the simplification below.

dlnz' 147
dt 7 dt

This allows the simplification of the constitutive equation to the following.

/ v /
4 (T’—%ﬂ)—i-T’ 'idZ =0

N e Z" dt
v 1d7 7' b
/ / /
_ - _ = |
Lor Z' dt N (T b )

Assuming 7’ # 0.

1Y 147 b
N o =22 ) = 21
<Z/I tZ7 ) T3

Now consider a scaled stress as follows.

) _ T
Tg = VA
This yields the following.
VoD
TS =y - <(Vﬁ’)T T+ T (Vﬁ))

/ YA AT I/ I/ —
b= - (V0 S+ 2 (V)
v 1 D7’ 7 dZ' 1

"= _ = - DT . . T
L =Z D~ zaa 7V L (Vi)
Vo1 [dr T . T dZ'

: [a - (Vo242 W”))] BT
vVo1v 47
=7 " 7

=7

This replaces the bracket in the constitutive equation (eq. (401)) as follows.

v b
'To=—-7'16+ =1

b

g b

b—Trrg

(398)

(399)

(400)

(401)

(402)

(403)
(404)

(405)

(406)

(407)

(408)

(409)

At this point, the non-trivial time derivative of Z’ is completely gone. However, in the
process the stress got scaled and incurred an offset. The implementation requires, that
the polymer-conformation tensor must be 0 for 7 = 0. So another variable is introduced

as follows. /
c =5

To
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With the following definition of 7.

Tl = 74(z = 0) (411)
b b
=z1= (412)
b b+3
b
= (413)
b+3
Yielding the following equation for the constitutive equation.
b YV b b
N '+ =1 (414)
b+3 b +3 b
B ;
Ne——C' = — C'+1 (415)
b+3 b+3
And the following.
AR % (416)
b—-—=TrC
b+3
b+3
S (417)
b+3—Tr’
Defining A = X b—&b-3 and inserting Z’ yields the following.
v b
M=-———"—(C+1 (418)
b+3—-Tr

Now, the polymer conformation tensor can finally be defined by removing the 1 offset
as follows.

c=C-1 (419)
With this, the constitutive equation becomes as follows.
b
)\(C ZD) ——(C+1)+1 (420)
b—TrC
b TrC1
( ) _ W+ TrCL (421)
h—-TrC (&)
v TrC1
- bC’+ rC \ 2D (422)
A (b - TiC)

Finally, the constitutive equation in the unified notation is found. According to the
derivation Z’ may not be zero. Considering b should be positive from the physical
interpretation of the variable, Z’ cannot be zero as can be seen from the following.

7 - BbJ;BC —. bg?’z (423)
R r_
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Here a scaled Z, defined as follows has been introduced.

~

7 b

__ v 424
b—TrC (424)

In total, the polymer-conformation tensor and the remaining source term can be identified
as follows.

) .
z:@Ab bg+TrQﬂ (425)
Ab+3\ b—TrC
mp ((0C + Tr C1
— = S 426
\ ( b—TrC Tlb2R (426)
bC + Tr C1
Sg = _—A—{_; (427)
Ab-mxC)
Here the relation for 7, has been introduced as follows.
0 (428)
T =i

The unified notation reveals a stability condition, that is hidden by the original notation.
The trace of the polymer conformation tensor may not reach l;, which relates to the
extensibility being finite in this model. This causes issues discussed in appendix E. The
original version of the constitutive equations can also be simply written using the new
variables as follows.

A Y N\ 1 dZ n
2oy - —11)——:2—pD 42
i (I+A Zda A" (429)
AT
Z =1+ (430)
b+ 3

The logarithm derivative has been replaced for neatness’ sake. The appearance of b has
notably been contained to a singular location. The usefulness of these new variables
does however more clearly reveal itself in the shear-flow solutions (see appendix F.2.2).
The simulation algorithm also requires the conversion from 7 to C'; which is non-trivial
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for FENE-P. To do this one starts from the trace of equation (426) as follows.

Trr— Mo bTrAQjL 3TrC (431)
A b—TrC
TrI:@ Ab;g TrC (432)
A\Nb-—TrC
bTrT—TrQTrT:n—;<l;+3)TrQ (433)
N _ [ (;
bTrr = [)\ (b—l—?)) +Trz] TrC (434)
birz - T C (435)

%"(3+3> +Trr

This equation for Tr C is reinserted into equation (426) as follows.

T= 77—;’ 6% T({g)}w (436)
o ["7" B+3)+Trz}Q+Trz]l
= )f){ ”TP<ZA)+3>—|—Tr1—Trz 447)
z%(iwr?,) _ %{[”—; B+3) +Trz}Q+Trz]l} (438)
1(6+3) - [%(éw) +Trz}Q+Trz]l (439)
z<3+3> —Trrl
_c (440)

%’(5—1—3) +Trr

This non-trivial relation means, that using C' for analytical solutions is not as convenient
as for the other models. It can be seen, that Oldroyd-B is reproduced for b — oc.

D.3. PTT

Dividing the constitutive equation (equation (95)) by the constant % directly yields the
unified notation as follows.

A\
<iz> = —if(I'Q‘FQ‘I) —e%TrzingZQ (441)
Mp Mo Tp A
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One can identify the polymer-conformation tensor and the remaining source term as
follows.

=g (442)

Q

Sp=—¢C-D+D-C)—eES (443)
It can be seen, that Oldroyd-B is reproduced for £ = ¢ = 0. It should be noted, that this
thesis only deals with the case £ = 0. This is done, because £ # 0 prevents analytical
solutions to be found for the viscosity (see appendix F.2.3). Semi-analytic approximation
did yield ¢ < 1 for the fluids discussed in this thesis. So the approximation £ = 0 is
reasonable for the fluids discussed here.

277



E Issues arising from the usage of FENE-P

E. Issues arising from the usage of FENE-P

FENE-P is popular, but proved difficult to use when the Weissenberg number approaches
or even exceeds unity. The following will elaborate on the reason behind this. Consider
the standard notation for viscoelastic fluids in this thesis (eq. (75)).

v
C =Sy +2D (444)

oC
Se i VC = ((W)T.Q+Q-(va)) + 8k +2D (445)

Now consider a pure shear-flow as follows.
= Aye, (446)

This gives the following for the constitutive equation.

oC 2c12 co2 C23
—+u-VC=%|cw 0 0 |+Szg+2D (447)
ot

C32 0 0

Translational symmetry along x.

o9C 2012 co2 €23
ot
C32 0 0

In steady state, the 22 component yields the following.

T
Coo — — %Q (449)

And so does the 33 component. Therefore, the following must hold.

Tr C
ci1=a+2 1;;_ (450)

In steady state, the 11 component yields the following equation.

Clo = ?)ClAl—i_—TrQ (451)
A (b Ty Q)
The 12 component yields the following.
A (b T Q)
Clg2 = m (452)
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Combining equations (451) and (452) and inserting equation (450) yields the following.

TrAQ 4
4 = —Wi? (453)

S
Tr C 27
(1 - T)

Solving this akin to appendix F.2.2 using reference [121] yields the following.

Coawr9 (1 (1 w2 \?
TrC=b- bW sinh <§ arcsinh (Wi2 (4Wi2 m 9) (454)

From this, it becomes quite clear, that while b gives the maximum extensibility, Tr C'
gives the current extension. With increasing Wi, Tr C' approaches bin steady-state. Even
for moderate Wi (for example Wi = 5), the difference is already small (T%Q ~ 92 %). For
large Wi, the values are near identical. Now consider the non steady-state 22 component
(for example) of the constitutive equation. It reads as follows.

@ _ bC?\Q + TI‘Q (455)
o Ab-me)

One can see, that this rate diverges if band TrC approach one another. If Tr C passes I;,
this equation turns into exponential growth. This means, that for increasing Wi, Tr C
has to approach b closer and closer. This has to be done very carefully, because otherwise
the simulation breaks. Meanwhile, the approach rate diverges. This makes FENE-P
incredibly hard to simulate above small W+i. There exist approaches to combat this
issue, for example the decomposition proposed by Dzanic [15]. However, this replaces
a diverging rate of change for TrC' with a diverging force, which is also impossible
to handle with LBM. This is why FENE-P is not used much in this thesis. Also, these
equations highlight, why it is of critical importance for the fit parameter b to be positive.
Notably, for some of the fluids used in this thesis, it is not.
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F. (Semi-)analytical solutions for shear- and Poiseuille
flows of fluid models with solvent viscosity

From a simulation standpoint it is convenient to have the velocity profiles for 2D and
3D Poiseuille flow?’. For some this is possible analytically, some require semi-analytical
solutions. To determine the fluid parameters from rheology, the equation for the steady
state viscosity in pure shear-flow needs to be known. For the viscoelastic fluids another
equation is required for determining the elastic effects. There are multiple options.
This thesis uses the first normal stress difference N; as it is also steady state, easy
to understand and can be measured simultaneously with the viscosity in a rheometer.
Solutions for small oscillatory shearing (which would be another option, that can be used
instead of N7) doe exist, but are not presented here. These derivations are a generalized
form of the one found in a previous publication (see reference [1]). Several additional
results have been added. The basic idea follows Oliveira [122]. The shear-flow as well
as 2D and 3D Poiseuille flow case can be solved partially simultaneously. To facilitate
this, the coordinate system for the derivations is chosen as follows. The flow direction
dictates the x-axis. The center of the channel is picked as the origin. This is consistent
with the typical axis orientation in this thesis (see section 2.6) and can be assumed
without loss of generality. In three dimensions cylindrical coordinates defined as follows
are used (see appendix N.2 for properties).

r=zx (456)
Yy =Trcose (457)
z=rsing (458)

This choice is unusual. It fulfills two purposes. First, it aligns with the typical definition
of the coordinate axis in this thesis. Second it allows for the two-dimensional case to
emerge as a limit of the three-dimensional case. In the 3D case, one can limit ¢ to
¢ € {0,7}. This results in the 2D case. One can see, that for two dimensions, the
velocity gradient is aligned along the y-axis. Consequently, in the 2D case r = |y| is
defined. Note, that in 2D this requires the sign to be tracked explicitly as follows.

0 0
o= sgn(y)a—y (459)

The velocity is unidirectional for shear-flow as well as Poiseuille flow. This is dictated
by symmetry. Consequently, the following relation holds.

U= ugz(r)eé, (460)
The shear-rate + is defined as follows.
Oou,
S(r) = <0 461
i) = 5 < (161)

30A Poiseuille flow, strictly speaking, is defined for a Newtonian fluid. This thesis uses a broader
definition (see appendix P.2)
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It is radius dependent for Poiseuille low and constant for pure shear-flow. Note, that
with this, the shear-rate is always negative. To retrieve the velocity profile, some
equations, that are independent of the model are needed. These shall be derived first.
To derive the velocity problem, one needs to solve the Navier-Stokes equation. Without

gravity, it reads as follows.
Du

= . 462
Ppr = VPtV g (462)
For a two-dimensional Poieseuille flow in steady state, this reduces to the following.
004 Op
= = 463
or ox (463)

The three-dimensional case is more involved. First consider the total stress as follows.
o=T+2D =T+ ®é + & ®¢é;) (464)

As seen above only the o,,, 04, 0., components of ¢ do not vanish. Furthermore, x
and ¢ derivatives of ¢ vanish due to symmetry. The following terms of the divergence

remain.

0O4r . Our .
T — € 465
or ¢ * r < (465)

Notably, as a result, the reduced Cauchy momentum equation is altered compared to
the 2D case.

V.o=

00y Oz Op
i 4
or + r ox (466)

However, the additional term as a convenient form. As a result, both cases are solved
by the following.

_opr
T or2
The dimensionality of the problem is handled by j. It is 0 for the two-dimensional flow
and 1 in the three-dimensional case. This will be used in most derivations below. In the
following the required equations are found for each model.

(467)

Oxr

F.1. Generalized Newtonian fluids

The viscosity curves for Generalized Newtonian fluids are given by their definition. They
do not exhibit normal stresses. Consequently, only the velocity profile needs to be
discussed here. For completeness’ sake, the Newtonian fluid shall be discussed first.

F.1.1. Newtonian

Newtonian solutions are well known. The velocity profile in a pipe is given by the
following.

. G .
u(r) = m(ﬁ’z —r?)eé, (468)
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Here G = —% is the pressure gradient, R is the radius of the pipe and j = 0 for 2D and
unity for 3D. The other models do reproduce this result in certain limits. For Newtonian
fluids an analytical solution exists for square channels. The following transforms the
solutions found in literature to centered coordinates. This derivation uses a modernized
notation from Wikipedia [116] instead of the original from Boussinesq [115]. First,
consider the equation for the velocity, where the old coordinates have been primed. Also
[ has been renamed to w for improved clarity.

L AGKR & sinh(8,2') + sinh|[8, (w — 2')]

ug(y', 2’ h — n? - sin(f3,y

W)= g =) = 3 T SR (Bu)
(469)

Replace the coordinates as follows.
h

y=ytg (470)
Y=t % (471)

This yields the following.

S e[

(473)

_ %(%;_y ) | | (474)

Use sinh(—z) = — sinh . "
_ % (hz;_ y2) | | (476)

_ 4%2 > 1+ = sinh [ 6, (= + ;g”izl}h(—ﬁ Szjl Bz =5)] {@L (y + g)}(m)

Use sinh z — sinhy = 2sinh *5# cosh x—;”’
2 4Gh? & 2 inh(3,% h(S3,
:g h——y2 B Ghz sin (B 2)cos (ﬁz)sin 5, y—l—ﬁ
2u\ 4 s — (2n +1 sinh(G,w) 2
(478)
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Use sinh(2z) = 2sinh x cosh .

e h_2 o) A4Gh? & 1 cosh(f,2) . h
o ( Ty ) w2 on 1 1 cosh () sin [ﬁn (y + 2)] (479)

Use sin(z + y) = sinz cosy + cos x sin y.
G (h*

- (= _ 480

- ( - ) (450)

_AGK? & 1 cosh(,2)

2n +1)° cosh(5, ) [Sin(ﬁny) cos (&g) + cos(Bny) sin <6ng)]
(481)

'L”TB n=0(

Use cos(3,%) = cos [W%} = cos[(2n+1)Z] = —sin(2n%) = —sin(nm) =0

G (W ) AGh? & 1 cosh(B,z) ) h
~5(T ) i e G0 (0) o

Use sin(f,2) = sin [W%} =sin[(2n + 1)Z] = cos(2n%) = cos(nm) = (—1)"

h? 4Gh? & 1 h(5, n
T2 (_ - yz) gl Dy sc?ssh((g z)) sl o
n=0 "2

Similarly, the volume flow rate can be brought to a slightly simpler form as follows.

Ghiw  16Gh* & 1 cosh(B,w)—1
= — 484
@ 12p s 2% (2n +1)>  sinh(B,w) (484)

n=

Use cosh(2z) = 2sinh® 2 + 1.

~ Gh'w  16Gh! i 1 2sinh?(8,%) (485)
- 12u pr® = (2n + 1)° sinh(B,w)

n=

Use sinh(2z) = 2sinh x cosh .

Ghw  16Gh* & 1 sinh(B,%
- 12u B T Z (2n + 1)5 cosh((ﬂ i)) (486)
n=0 n2
Ghiw  16Gh* 1 w
= — tanh( 3, — 487
124 p® ; (2n +1)° <B 2) (487)
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Together, these equations now read as follows.

_ G L\ 4AGR? = 1 cosh(,,2) n
wl:) = 53 () S X e G s
Gh*w  16Gh* & 1 w
©= 120 pr ; (2n +1)° tanh@”?) (489)
Bn = w (490)

The sum converges quickly. Given the Newtonian model is not shear-thinning, its
Weissenberg number is technically always 0.

Wi =0 (491)

F.1.2. CY

There is no analytical solution for the velocity profile, but there are approaches in
literature with fully mathematical descriptions [64]. Here a semi-analytical approach
will be chosen. The velocity profile derivation starts from equation (467). For CY, the
fluid stress is known (eq. (62)), which is inserted into the aforementioned equation to
give the following. -
2
One can now use a root-finding algorithm with r = R, to retrieve 4 at the edge of the
channel. 4 = 0 at the center from the channel. With that, the range of % is known.
From here a large amount of values for 4 are generated in this interval. They are inserted
into equation (492) to retrieve the radii, at which the respective strain-rate is present.
This dataset is ideal for numeric integration, because the 4 or evenly spaced with small
steps by design. From there, the velocity profile is retrieved. The Weissenberg number
is simply defined as follows.

n(y)y = Oup (492)

Wi =\ (493)

F.1.3. Power law

If a solvent viscosity is present, the same algorithm as was used for CY can be used. In
the case where ny = 0, an analytical solution exists for the velocity profile. This use-case
is popular, and power law fluids are only used in this thesis in relation to literature.
Therefore, it is sensible for this derivation to follow the use-case form literature. To
derive the velocity profile, start from equation (467) and insert the fluid stress (eq. (64)).
This reads as follows.

Oupg; = (A (494)
/T
o 1

284



F  (Semi-)analytical solutions for shear- and Poiseuille flows of fluid models with
solvent viscosity

Here P is the power model parameter of the power law. Note, that the viscosity cutoff
has been dropped to make the solution easier®'. The absolute value of 4 has to be used
here due to the conflicting definition of the sign between the model definition and the

rest of the thesis. With G = —% one can write the following.
r Mp .
Go-=——-—F1l (496)
2 (AT
Mo . 11—
vt (497)
GAP \TP
(55r)  =n (495)
1%
GNP \TT
_ (np2j 7") =5 (499)

Note, that P is typically smaller than unity. Now, the velocity profile can be recovered
as follows.

u(r) = / T ydreé, (500)

R

R P \ TP
— / (S;j r) dre, (501)
r p

P\ T°F /R
= (sz) / rrdreé, (502)
o "

1
GNP\ 171
= ( ) —(R® —r°)é, (503)
Np2? e
With the exponent e = %. One can see, that P = 0 describes the Newtonian limit.

With the Generalized Newtonian solutions covered, next the viscoelastic models shall be
discussed. The Weissenberg number must be unity at the viscosity cutoff. The definition
of the model used in this thesis (eq. (64)) makes this equivalent to the following definition.

Wi=\y (504)

F.2. Viscoelastic fluids

The shear-flow derivation for viscoelastic fluids share a common starting point. For this,
the following is considered. Due to symmetry, the polymer-conformation tensor can only
vary radially. Therefore, the following holds.

7VC =, 0= 0 (505)

31This solution is given for compatibility with literature, not for its mathematical rigor.
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The velocity gradient tensor can be expressed as follows.

ér ® ey =Y, ® €y (506)
The strain-rate tensor consequently becomes as follows.
D = g(ér ® by + ;@ ér) (507)
Consider the general formula for C' as follows.
C = ci;6; ® & (508)

It can be used together with the velocity gradient tensor to find the non-vanishing terms
of the upper convected derivative. This is done in steady state in the following.

(VD) - C = 4y @ ér(Conbs @ € + Capbn @ &+ Caplyr ® &,
+ Crplr ® €y + Crply ® € + Crplr ® €y (509)

+ Cppby @ €y + Cprfiy @ € + Cppby, @ €y)
With the orthonormality
a @ Epee @ 6q = Eaby el = q(Ep - €0)E5 = E4(0pe)bs = Opefa ® é4 (510)
this can be reduced to the following.
(V)T - C = A(Crnbe ® &y + oy @ &+ €1y @ ) (511)

Due to the symmetry of C', the transpose of this is the second non-vanishing contribution
in the upper convected derivative. C is symmetric, because 7 is (see appendix D).
Together with the strain-rate tensor, the complete standard notation of the constitutive
equation (see equation (75)) in steady state (2 = 0) reads as follows.

Q - V[Qszéx & éa: + Crr<éx & ér + ér ® éa:) + Crgo<éx & égo + écp ® éx)]

512
+Sp+9(6r®é, +é, ®é,) (512)

Further simplifications depend on the model and will be presented in the following.

F.2.1. Oldroyd-B

For Oldroyd-B the remaining source term is as follows (see appendix D.1).

Inserting this into equation (512) yields the following.

Q = [2Crxéx & éac + Crr(éz & ér + ér & éx) + Crgp(éx & ég@ + égp ® éx)]
(514)

L e tame)
A"Y T x x T
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This equation is theoretically separated by components. Simply speaking, this means,
that if é; ® é; does not appear in this equation ¢;; = 0. This allows some terms to be
removed. The remaining ones are as follows.

C
Q:2cméx®éx—f+éT®ém+éx®ér (515)
Y

The symmetry of C also holds in cylindrical coordinates, meaning ¢, = c,,.. With this,
the equation reads as follows.

C

= =206 QEy+ 6, R €y + €4 R E, (516)
Ny

Note, that in the 2D case ¢, = ¢z sgn(y) < 0. This equation can be separated by
components. This yields three equations. Due to symmetry, two carry the same meaning.
The two unique equations are listed below.

c
22 = 9¢,, 517
e (517
C:m’
— =1 518
- (515)
Converting to 7 using equation (382) yields the following.
Taw = 20p A7 (519)
R (520)

Converting this to the total stress ¢ requires the addition of the solvent stress defined
as follows.

g, =nsY(6r @ é + 6, ®éy) (521)
This yields the following.
Ogr = (77[) + Us)’Y (523)

As already mentioned above the remaining components of 7 or ¢ respectively are zero.
This yields the first normal stress difference N; defined as follows.

Orr ,in 3D

,in 2D
Ny =04y — {Uyy v } = Tex = 27]1)/\;)/2 (524)

One can see, that the normal stress (as is the case with other elastic effects) is also scaled
using the so-called polymer viscosity 7n,. This is common among viscoelastic models. The
second normal stress difference vanishes due to all contributing components being zero.
This can be seen in the following definition.

N, = {O'yy — 0, = Tyy — T2z ,iD 2D} _0 (525)

Opp — Opp = Tpr — Tpp 10 3D
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The viscosity defined as follows can similarly be found to be trivial in this model.

0-271”

N = — (526)
’7 .
_ e tnd 520
Y
=Tp + s (528)

With o,, = o,ysgn(y) < 0 and 7, = 7, sgn(y) < 0 in the 2D case analogous to ¢y,
One can see, that as mentioned before (see section 3.7.2), the Oldroyd-B model is not
shear thinning and rather has a constant viscosity. With this, the relevant solutions for
shear-flow are covered. It should be noted, that these equations also hold for Poiseuille
flow. In the case for Oldroyd-B the Newtonian solution for the flow profile can be used
due to the constant viscosity. It reads as follows (see appendix F.1.1).

ﬁ G 5
u(r) = m(}%2 —r?)e, (529)

Here G = —% is the pressure gradient, R is the radius of the pipe and j = 0 for 2D and
unity for 3D. The fact, that the Oldroyd-B model is not shear-thinning, means, that
consequently, the definition of the Weissenberg number must be as follows.

Wi=0 (530)

F.2.2. FENE-P

In the following, the solutions for shear rate and Poiseuille flow are found for the FENE-P
model.

F.2.2.1. Shear solutions
For FENE-P the remaining source term is as follows (see appendix D.2).

-
o —— (531)
t Tlp
Inserting this into equation (512) yields the following.
Q = [QCmcé:L‘ & éx + Crr(éx & ér + ér & éx) + Crgo(éx & éga + égo ® éx)]
(532)

T .
——+ (6, ®é,+ €, ®é)
Ui

This equation is theoretically separated by components. Most of the resulting equations
only have a term corresponding to the 7 term. This is the case if ¢; ® €; does not appear
in the above equation. In that case 7;; = 0. This allows some equations to be omitted.
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The symmetry of C' and 7 also holds in cylindrical coordinates, meaning c¢,, = cg.
Allowing the duplicate equations to be removed. The remaining ones are as follows.

T$ x

Ui
Tar e 41 (534)
Ui
T

¢, (535)
wy

Notably Tr = 7,, and with equation (440), the following relations can be made.

Tar (l; + 3)
Cor = - (536)
% (b + 3) + Taw
Crp = — 2 (537)
% <b + 3) + Taa
Crp =0 (538)
Inserting this back into the previous equations the following is retrieved.
Ter (ZA) + 3) B
(ECI R g2 (539)
el %P(b + 3) 1 DB T
U (6 + 3) DB
Tor _ Tw b= - (540)
i (b + 3) + Tas o (b + 3) t 7 DPBATw
Toe ) (541)

U

Here the variables D and B have been introduced in order to simplify the following
math. Dividing the non-zero equation yields the following.

T, 2

w2 542

T D (542)
2

Tex = ETQ?T (543)

The same fraction can also be formed by equation (539) alone as follows.

- DB\
oz _ ¥

=o' H44
Tr DB+ 71,, ( )
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Relating the fractions an expression for 7., can be found.
2 DBM\y

STer — 545
D T DB+ 1. (543)
DB,
Tow = =) _ B (546)
ETxT‘

)%
oo = DB( T 1) (547)

T(E'f‘

Insertion into equation (543) yields the following.

DN 2
DB( T 1) =2 (548)
Tar D

DNy 2
_ 1 549
Tor DQBTJUT + ( )

2 3 .
0= Teg o + Ty — DAY (550)
D’B DB

0=r1> + — T~ 5 M (551)
0="72 +3pTer +2¢ (552)

With p = %63 > 0 and ¢ = —DzB/\ﬁ > 0. The single real solution [60, 121] of this

equation can be written as follows.

1
Ty = —24/psinh <§ arcsinh %) (553)
p2

2B 1 —3\
=—-D 3 sinh 3 arcsinh 7 (554)

28
3

2B 1 —3M
Tew = 2D=—sinh? | = arcsinh SAY

3 3 2B
\V 3

Converting this to the total stress o requires the addition of the solvent stress defined
as follows.

This can also be inserted into equation (543) as follows.

(555)

o, =1n5Y(6 ®é, + €, R €é,) (556)
This yields the following.

2B 1 30

Ope = 2D=—=sinh*| = arcsinh (557)
3 3 2B
3
o D [2B . 1 Y
Tar _ —1/ —sinh | - arcsinh 2 s (558)
O 3 2B

3
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As already mentioned above the remaining components of 7 or ¢ respectively are zero.
This yields the first normal stress difference N; defined as follows.

.in 2D 2 <l; + 3) 1 A
Ni=op — 7w 1 =2 T e | L resinn —29 | (550)
Op,in 3D A 3 3 2(b+3)
3

One can see, that the normal stress (as is the case with other elastic effects) is also scaled
using the so-called polymer viscosity 7,. This is common among viscoelastic models. The
second normal stress difference N, vanishes due to all contribution components being
zero. This can be seen in its following definition.

Oyy — Onz = Tyy — Tor 100 2D
N2:{ W W }:0 (560)

Orp = Opp = Tpr — Tpp 10 3D

The viscosity defined as follows can similarly be found for this model.

Ogxr

n=— 561
= (561
= T Y (562)
Y
1 39
=n(¥) = sinh | = arcsinh —7 + 14 (563)
3 2(b+3)

3

With o, = 04y sgn(y) <0 and 7, = 7,y sgn(y) < 0 in the 2D case analogous to ¢,,. Of
notable importance is, that the zero-shear viscosity is as follows.

no = lim n(§) = np + ns (564)
4—0

This shows, that 7, has the same role as the for the other models here. This is not
the case for the original version of the model. Hence, the re-scaling of the variables
is sensible. Of notable interest for fitting is, that the shear-rate at which the viscosity
contribution of the polymers is halved 4y can be defined as follows.

1 A
=5 2(b + 3) (565)
Which allows the viscosity to be written in a very fitting-friendly way as follows.
1

n(%) = 7 sinh (% arcsinh (31\/5)) + 1 (566)

YH

With this, the relevant shear-flow solutions are covered. Note, that these equations are
also valid for Poiseuille flow.
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F.2.2.2. Velocity profile

The velocity profile derivation starts from equation (467). In total, the stress experienced
by the fluid is the sum of the polymer stress (the stress provided by the constitutive
equation) and the solvent stress. This can be written as follows.

r

- (567)

Ter = @c]?
Inserting into equation (543) yields the following.

r . :
Tor = &Epg —nsy =: X —ngYy (568)
Here, the variable X < 0 has been introduced to reduce the mathematical burden. This
can now be inserted into equation (551).

D*B D3B

0= (X - 77s’.7/>3 + (X - 775/'7) -

Y (569)

2
0= ~nci)*+ 332X =3+ x4 (Z2x - BB ) - BB ro
0= 5+ 323X —snix - 2By DBy (X? + 2 ;B>X (571)

Define g := —% > 0, to hide the sign.
0=n3¢* 4+ 3n2¢° X + 3n.gX* + D;ang + D;B Mg + (X2 + D;B)X (572)

Group by power of g.
0=n2g> +3n2Xg* + (37752(2 + D;an - D;B )\) g+ (X2 - D;B )X (573)

The solution depends on whether 7; = 0. The general case will be solved first. This is
a cubic equation of the form:

0=uag®+bg*+cqg+d (574)

This is a standard problem, that can be solved using literature [121]. First one performs
the following substitution.

b 3n2X X
IO A L AN 575
9=y T3 Ty T g T (575)

This results in an equation of the following form.

0=19>+3py+2¢=0 (576)
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Where p and ¢ are defined as follows.

3ac — b? (3775X2 + #775 + ¥)\> — 3 X

3p = = Y
p 2 e (577)
D’B(R, +1)
_ 2 775 (578)
D’B
= —(R,+1 579
s (Rt 1) (579)
>0 (580)
2= be (581)
=913 " 302 " 4
3 X(anX2 + DBy + DZBA) N (X2 - %)X s
272 Ux UK
xs X(3X2+ZE4 PR (X24 DE)X
e n i n? (583)
yo  X(2x*+ ZER,)
Us Tl
DB
X D’B
= 2 T (586)
<0 (587)
Here the viscosity ratio has been defined.
N
R, = 77_1;) (588)
From these, the discriminant D’ can be calculated as follows.
DbB3 X2 D*B?
_ 3 2 _ 3 2
D*B? (D?B X2
i (F(Rn +1)° + ?R%;) <0 (590)
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D’ < 0 means, that the equation only has a single real root. This root is as follows.

1
y = 2/psinh (§ arcsinh _ig) (591)
X D%B
D?B . 1 . ns 4AnZ *\

=2 612 (R, + 1)sinh (5 arcsinh D3B? % (592)
\/ ? 1)sinh | = arcsmh DB2 S (593)

of T 17
2\ / ? 1) sinh <— arcsinh — X3k il 5 ) (594)

DvV2B(R H

Reverting the substitutions of 4 gives the solution of the shear rate.

D [2B 1 —X3: X
g=—1/—(R,+ 1)sinh| - arcsinh 32 1y - — (595)
neV 3 3 DV2B(R,+1) s
—X3%R X
S/ +Z (596)
DV2B(R, + 1)

Us
Numerical integration yields the velocity profile. The remaining ns = 0 case is considerably
easier. Most terms disappear.

[SI[9Y)

. D [2B
==

Njw

1
(R, + 1) sinh (5 arcsinh

D’B DB D’B
0=nlg’ + 3} Xg* + (3775X2 + =t = A)g+ (X2 + 5 )X (597)

3
0=

D?B
g+ (X2 +— )X (598)

The equation can be trivially realigned.

5= (DfBXz T 1) = (599)
- g lowg) 1| 57 (@0
_ j;_i DgB (%f’)Zr?’ +r (601)
Define G = —0,p.
— QJG (Dﬁ;j -’ + 7“> (602)
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This is neat enough to integrate analytically.

i(r) = / “idre, (603)

R
G G, 1,0\
- e (DQBQ%HT tor ) e (604)
G G2 )
- 2i+1p, {DzBQZj <R4 o 7"4) + <R2 - 7“2)} €x (605)

Notably, this retrieves the Poiseuille flow solution in the Oldroyd-B limit (B — 00).

F.2.2.3. Weissenberg number
The relevant term, that is present in all solutions for this model is the argument of the
arcsinh of the viscosity or first normal stress difference. Setting this to v/3 approximately
produces a 21 % drop in viscosity. This is very close to the simple definition for the CY
model. The v/3 is completely arbitrary, and the drop could be made to resemble any
nice number. The important part is the dependency on b Therefore, it is sensible to
define the Weissenberg number as follows for FENE-P.
Wimsl o3 5 (606)
LN (z} + 3)

This would allow for a significantly shorter and simpler notation of the previous solution.
However, this is not done here to avoid confusion.

F.2.2.4. Relation to Oldroyd-B

The FENE-P model becomes the Oldroyd-B model for b — oo. Physically speaking,
this describes the finite extensible dumbbells (FENE-P) to become infinitely extensible
(Oldroyd-B). Forming this limit for the equations above is at times difficult, but provides
the expected solution. This also shows the consistency of the definition of the Weissenberg
number and highlights the necessity to include b in its definition.

F.2.3. PTT

In the following, the solutions for shear rate and Poiseuille flow are found for the PTT
model. Here only the £ = 0 case is discussed.

F.2.3.1. Shear solutions
For PTT the remaining source term is as follows (see appendix D.3).

Sk = —exp(e TrQ)% (607)
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Inserting this into equation (512) yields the following.

Q = [QCrﬂcéx & éac + Crr(éx & ér + ér & éac) + Crgo(éz & ég@ + élp ® é:v)]

608
_exp(eTrQ))%+(éT®éx+éx®ér) (608)

This equation is theoretically separated by components. Simply speaking, this means,
that if ¢; ® é; does not appear in this equation ¢;; = 0. This allows some terms to be
removed. The remaining ones are as follows.

C
0 =2¢,6, ®é, —exp(e TrQ)f +é Qe+ e, Ré, (609)
v

The symmetry of C' also holds in cylindrical coordinates, meaning c,, = c,,.. With this,
the equation reads as follows.

C
exp(e TrQ))\:, = 20363 R Ep + €, R €y + €, X E, (610)
Y

Note, that in the 2D case ¢, = ¢4y sgn(y) < 0. This equation can be separated by
components. This yields three equations. Due to symmetry, two carry the same meaning.
The two unique equations are listed below.

exp(e TrQ)f\L; = 2, (611)
exp(e T Q)%" ~1 (612)

The trace can be found to be as follows (see appendix N.2).

TrC = cpp + Cr + Cpp = Ca (613)
Eliminating c,, yields the following.
CCC$
exp(?ecm))@—ﬁ2 =2 (614)
exp(2€C,y ) 26C0, = 4eN*5? (615)

This is solved by the Lambert W function as follows.

e, = Wo(4eX*4?) (616)
Therefore the other component simplifies to the following.
CA—V — oxp[—0.5W, (4X%47)] (617)
Converting to 7 using equation (97) yields the following.
267, = AWy (4e)*?) (618)
% — 1y exp[—0.5W, (4X%47)] (619)
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Converting this to the total stress o requires the addition of the solvent stress defined
as follows.

g, =1sY(6r ® €, + 6, ® é,) (620)
This yields the following.
Tlp 2.2
v = Wy (e 621
7 2e\ 0( AT ) (621)
Zer oy exp[—0.5Wo (46A%5%)] + 1. (622)
5

As already mentioned above the remaining components of 7 or ¢ respectively are zero.
This yields the first normal stress difference N; defined as follows.

o in 2D n
Ny=0,,—12 %7 = Tpp = —2 W, (4eN?5? 623
1= {mr ,in3D} Tar = ey Wo(4eA™T7) (623)

One can see, that the normal stress (as is the case with other elastic effects) is also scaled
using the so-called polymer viscosity 7,. This is common among viscoelastic models. The
second normal stress difference N, vanishes due to all contributing components being
zero. This can be seen in its following definition.

N, = {Jyy_azz:Tyy_Tzz ,in 2D} -0 (624)

Orp — Opp = Trr — Ty 10 3D

The viscosity defined as follows can similarly be found for this model.

0-177’

n=— 625
B | (625)
_ Ter + nsY (626)
Y
. n
=n(¥) ; + 7 (627)

~ oxp[0-5Wo(4eX232)]

With o, = o4ysgn(y) < 0 and 7, = T4y sgn(y) < 0 in the 2D case analogous to
Czr. With this, the relevant shear-flow solutions have been covered. Note, that these
equations are also valid for Poiseuille flow.

F.2.3.2. Velocity profile
The velocity profile derivation starts from equation (467). In total, the stress experienced
by the fluid is the sum of the polymer stress (the stress provided by the constitutive
equation) and the solvent stress. This can be written as follows.

r

Ter = axp2j

— 17 (628)
Dividing equation (611) by equation (612) leads to the following relation.

2
Crg = 2C,,

(629)
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Together with the previous equation and converting to the polymer-conformation tensor
the following is found.

A2 r 2

The following is recovered by inserting this back into equation (612).

, 2e)\? r 2\ 1
¥ =exp (—2 [@Cp—j - nsv] ) — (@p
np 2 np

r

97 - 775;}/> (631)

The inclusion of 7, hinders the integration. As a result, this is only solvable semi-

analytically.
2e\2 r 2\ 1 r

1= —[@x—.—s'] “(o,p—— —n. 632
eXp( g 7P )np( o7y n) (032)
2e\2 r RE r

0= 77_3 [@pﬁ — 7757} —Inn, +1n <8xpﬁ — 775) (633)

2
0 = 2e)252 {(%p R ”—} +ln(8xp LA "—) (634)
29m M 29mp My

This has the following form.
0=ab®>+Inb (635)

This can be solved using the Lambert W function as follows.

W()(Q(l)
h—
» (636)
Resolving for r yields the following.
%, 9i-1
p="thy Wo(4eA232) (637)

0.0 Aedup

One can interpret this by considering the two terms separately. The first term is the
solution for a poiseuille flow with viscosity 7s. The second term applies a nonuniform
scaling of the profile along the r-axis towards higher radii. To make this equation easier
to discuss, the variables ¢ < 0 and d > 0 are introduced.

r=cy— Rng\/ Wo(d?4?) (638)
_ (1 _ g, Vol ) & (639)

dy

To recover the final solution, this needs to be inverted. This cannot be done analytically
and therefore numerics are required. First, small steps are generated in the interval from
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0to %. Here R is the radius of the channel or pipe. This range contains all possible values
of 4 within the channel or pipe. Evaluating yields the radii at which the respective shear-
rate is present. Values above the channel radius are discarded. Then the axis is flipped.
Finally, numeric integration using scipy.integrate.cumulative_trapezoid [117] is
performed. Here, the small stepping for 4, which is the y-axis in this integration improves
accuracy. It leads to the steps along the z-axis of the integration being spaced in a way,
that produces small steps along the y-axis. The result can be made very accurate through
picking a small stepping initially. Linear interpolation is used on the resulting « in order
to get a value at each required r.

F.2.3.3. Weissenberg number
The relevant term, that is present in all solutions for this model is the Lambert W term
as follows.

Wo (4eX?42) (640)

For small arguments, the Lambert W function behaves linearly, while for large arguments
it can be approximated by a logarithm. If the argument is near unity, both approximations
are similarly wrong. This is therefore a sensible place, to term the location at which
shear-thinning starts. Therefore, it is sensible to define the Weissenberg number as
follows for PTT.

Wi = 2y/eXy (641)

This would allow for a significantly shorter and simpler notation of the previous solution.
However, this is not done here to avoid confusion.

F.2.3.4. Relation to Oldroyd-B

The PTT model becomes the Oldroyd-B model for £ = ¢ = 0. This can easily be seen
for all solutions above, when using a linear approximation for the Lambert W function
(which is valid for small arguments). Physically speaking, this describes the Network
from which PTT is derived not existing. This is consistent with the free dumbbell model,
from which Oldroyd-B is derived. This also shows the consistency of the definition of
the Weissenberg number and highlights the necessity to include € in its definition.
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G. Root of the Capillary number

This section covers, why the root of the typical definition of the Capillary number
should be used instead. This discussion will only deal with the definition in respect
to the volumetric forces for brevity. It is also valid for membrane forces. The typical
definition of the Capillary number Ca is as follows.

eVt
= 42
Ca ; (6 )

This uses the typical dynamic viscosity p, the typical shear-rate 7; and the shear
modulus G. In section 1.2.1, the concept of non-dimensional numbers being the fraction
of the typical timescales of the involved processes has been introduced. Applying the
definitions for the timescales from that section to the Capillary number, the following is
retrieved.

ptL% 1
Ca= 643
“T¢ T, (643)
Now consider an elastic rod. Its spring constant k is given as follows.
EA EV
k=—=— 644

Here, E' is the Young’s modulus, A is the rods cross-section, V is its volume and Ly is
its length. The oscillation period Tk of a real spring is defined as follows [123, 124].

m 4 /m

Here, m is the mass of the rod. The % factor is due to a real spring (like is discussed
here) providing its own mass as the mass, that oscillates, gives an effective mass that is
reduced compared to its actual mass. This is known as Rayleigh’s value Together, one
can see, that the oscillation period depends on the Young’s modulus as follows.

L2
Tp = 4/ mz0> = Loy /% (646)

T3 p
i 647
From this it becomes clear, that the Young’s modulus encodes the square of a typical
time. Inserting this back into the definition of the Capillary number (treating Ly and p
as typical values) yields the following.

PtL% 1
=92(1 L T 4
Ca (1+v) B TT, (648)
T2 1
—9(1 _E 649
(I1+v)96 T.T. (649)
1+v T3
=3 T (650)
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Here, the Poisson ratio v has been used to convert between the moduli. The result makes
it clear, that the Capillary number, as it is typically defined, does actually represent a
fraction of squared timescales. Consequently, in order to keep the rule of fractions of
timescales, the root of the Capillary number needs to be taken. This results in the
following.

1 + v TE
Cd =vVCa= 651

8 V1,1, (651)
This relates the timescale provided by the Young’s modulus with the geometric means
of the advective and viscous timescales. Finally, the prefactor is removed in order to
assure, that unity is the typical value, at which the meaning of the dimensionless number
changes. This yields the following.

Cay = SV\/Ca: 5 Hu (652)

1+v G
With the new Capillary number C'ak, which is used in this thesis. The prefector causes
a reduction of &~ 0.43 for an incompressible solid. It can be ignored for simplicity as the
root is the conceptually important part. However, if it is not compensated, the typical
value for C'a’ at which it can be considered large (or of relevant size) is not at unity, but
noticeably below. To better illustrate, the improvement, that this definition provides,
a literature comparison is helpful. Consider figure 8a) of reference [70]. This has been
reproduced in figure 137.
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Figure 137: Image of simulation output for deformed cells at various values of Ca.
Reproduced from [70].
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One can see, that for Ca = 1, the cell is already considerably deformed. Furthermore,
consider the difference between Ca = 0.01 and Ca = 0.6, to the difference between
Ca = 1.4 and C'a = 2.0. The first shows large changes, while the second remains largely
the same. This shows, that the deformation depends on Ca in a nontrivial way. If Ca
ought to serve as a proxy for this, the relationship should be simpler. The same image,
but using C'ak instead, can be seen in figure 138.

0.23

’
& -

0.86

&
’

2.7
2.2 2.9
Figure 138: Image of simulation output for deformed cells at various values of Cag.
Altered from [70].

It is immediately clear, that this scale improves the aforementioned points. Cax = 1 is
closer to the onset of noticeable deformation. Early deformation happens at a similar rate
(in respect to Clak) to late deformation. This can be expressed more quantitatively, once
a deformation metric is introduced. For this, consider figure 3.5a) from reference [125].
This has been reproduced in figure 139. Note, that the Roscoe theory (see section 9)
can be used to predict deformation of cells in pure shear-flows.
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0.8 1
—— Roscoe theory
X Simulation
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Ca

Figure 139: Plot of the Taylor deformation D as a function of C'a for both simulation
and theory. Reproduced from [125].

One can immediately see, that the dependency of the Taylor deformation D (see section 11.5
for definition) on Ca seems to be a square root. Consequently, the transformation of
the plot to a D-Cak diagram is promising. The result can be seen in figure 140.

0.8 1
— Roscoe theory s
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0.6 1 ~

Q0.4 ~
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00 - T T T T T T
0.5 1.0 1.5 2.0 2.5 3.0

CCLK

Figure 140: Plot of the Taylor deformation D as a function of C'akx for both simulation
and theory. Adapted from [125].

While the curve is not fully linear, it is close to it. Consequently, C'ax is significantly
better at conveying expected deformation than Ca. This is ultimately the reason why
it is the preferred version of this dimensionless number in this thesis.
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H. Point distance in IBM meshes

According to literature [9, 86], the distance between two IBM points must be equal
to the lattice constant. Some authors even require half the lattice constant or below.
This can be seen as a good rule of thumb, given some constraints are fulfilled. Finer
meshes are mostly a waste of resources, and can even cause issues if points come to close
causing unphysical deformations. One should keep in mind, that the mesh gets deformed
during the simulations. This means, that the ideal sharp error minima demonstrated by
Kriiger et al. [9] aren’t possible anyway. Furthermore, with a fine mesh, it is quite easy
for the deformation to cause points to approach too closely. To understand, why larger
gaps are not desirable, one must consider the roots of IBM. Traditionally, the membrane-
only cells were the focus. Physically, these cells conserve their volume, as their filling is
an incompressible fluid. The models describing the membrane do however not contain
a volume-conservation force. So in order to accurately model volume conservation, the
simulation needs to accurately reproduce the pressure inside the membrane. Having
gaps between IBM points, that are larger, than a lattice constant, would mean, that
there are LBM nodes, that theoretically intersect the membrane, but do not have any
IBM points nearby. These are not considered by the IBM algorithm and consequently,
they do not experience any forces from it. This allows for a flow through the membrane.
With this, the pressure escapes and the membrane does not conserve volume. In order
to avoid this, the meshes are typically designed with a spacing approximately equal
to the lattice constant. For membrane-only cells FluidX3D has an additional volume-
conservation force (see section 6.4.1.3). Due to the incompressibility of the fluid, the
actual magnitude of this force does not matter, it just has to be large. With this
the volume conservation is assured even with a less refined mesh. The elastic models
for volumetric cells are inherently volume conserving (see section 5.3). Furthermore,
volumetric cells have a lot more points, making it a lot less likely for no IBM point to be
near an LBM node even for rougher meshes. This means, that this rule of picking the
mesh distance equal to the lattice constant does not matter for FluidX3D. It is used as a
rule of thumb. Deviation from it is required to prevent an instability (see section 15.2).
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I. Race conditions and atomics

A race condition refers to two threads of execution doing modifying the same variable
at the same time and interfering with each other. In the case of the IBM algorithm,
multiple threads try to add to a value stored at the same address. This is an issue due
to the fact how a computer works. It has a working register (the accumulator) and
can only perform operations on the accumulator. Consequently, the basic instructions a
computer performs for the task of adding to a memory address as follows.

e Read the current value from the address into the accumulator.
e Add the desired value to the accumulator.

e Write the value in the accumulator back to the memory address.

If two threads perform this action on the same memory address at the same time, the
exact timing between them determines the outcome. If the timing, which is essentially
random, lines up badly, one of the additions is lost. To prevent this, computers have
instructions for atomic operations. Atomic operations are operations, that take place as
one block within a single clock cycle, without the possibility of another thread interfering.
In 2022 an OpenCL extension was published to allow for floating point atomics [126],
however there is still now widespread adoption. Consequently, integer atomics have to
be used for this floating point problem. For this, the atomic compare and exchange
instruction atom_cmpxchg is used. It reads the value at the memory address (first
argument), compares it to the second argument, and if they match writes the third
argument to the memory address. The read value is returned. This can be used to
construct an atomic addition function as can be seen in figure 141.

void INL atomicAddDouble(volatile global double* targetAddress,
const double valueToAdd) {
union {
ulong asLong;
double asDouble;
} currentValue, lastValue, targetValue;
currentValue.asDouble = *targetAddress;
do {
targetValue.asDouble =
(lastValue.asDouble=currentValue.asDouble)+valueToAdd;
currentValue.aslLong =
atom_cmpxchg((volatile global ulong+*)targetAddress,
lastValue.asLong, targetValue.asLong);
} while(currentValue.asLong!=1lastValue.asLong) ;

Figure 141: C++ code of an atomic addition function for floating point values.

305



I Race conditions and atomics

This boils down to, reading the value, adding the desired amount and saving it, given
that the value at the address has not changed in the meantime. This loops until it works.
Some datatype reinterpretation is required to trick the integer function to works with
floating point numbers. Given a limited amount of threads use this function, it works
reasonably well, albeit with quite some time wasted looping. With too many threads,
this can in theory lock up and never finish. For the present IBM code it works. The
order of the additions is random, introducing some noise into the simulation output,
due to the rounding error compounding differently. This is not an issue, but must be
considered in the definition of benchmark simulations. Changing this function to proper
floating point atomics as soon as they are available is strongly advised.
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J. Derivation of elastic forces

The forces caused by the elastic forces depend on the chosen geometry. The bulk forces
act on tetrahedron. Hence, the respective indices (typically the top indices in this
section) run from 0 to 3. This derivation for the simple cases is based on reference [69],
which in turn is based on reference [71]. The Mooney-Rivlin derivation is based on
reference [70]. However, while the reference is scalar, care is taken in this thesis to stay
as close to matrix notation as possible. This vastly reduces complexity. The elastic force
F' can be defined from the principal of virtual work as follows.

ow U

Fr=—— = Vo
! a’LL[ 06%[

(653)
Here, W is the work retrieved, by scaling the energy densities U from section 5.3, by the
reference volume of the tetrahedron V. « is the displacement mentioned in section 5.1.
It is defined from the deformed positions ¢ and reference positions g as follows.

T=7-7 (654)

The displacement is defined across the whole tetrahedron using interpolation from the
known values at the vertices @(®.

3 3
il = (1 -y ga> @0 4y g (655)
a=1

a=1

The &, form a dimensionless coordinate system inside the tetrahedron. The reference
node is given the index 0 here contrary to the 4 from references [69, 70], because,
the meshing algorithm employed in this thesis (gmsh [85]), generates right-handed
tetrahedrons in respect to the first node. This choice assures, that the normals are
easy to compute and have a defined direction. Deriving the displacement in respect
to the reference coordinates introduces the base tensors required for the derivation as
follows.

8u1 . 8u1 6§K
—~— "~
Urk R(I}KJ

The tensor R, is termed J or B! in references [69, 70], both of which are conflicting
and less expressive. From these definitions, one can write U (A in references [69, 70]) as
follows.

ugl) . ugO) Ug2) . ug(]) ugB) . ugO)
U= ugl) — uéo) ug) — ugo) ué?’) - ugo) (657)
uél) B ugo) uéz) B u:())o) ugg) _ ugo)

U contains the displacements. Furthermore R, can be defined as follows.

8%[

0,1] = 9%, (658)
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Using the same interpolation for z as was used for u, the full matrix can explicitly be
given as follows.

xgl) B l’go) I§2) B Igo) xSS) . Igo)
e L L (659
xgl) B 37:(),0) x§2) B xéo) $é3) . xgo)

R, contains the reference edge vectors. Another matrix R shall be introduced here,

defined as follows.
R=U+Ry (660)

One can see, that R contains the deformed edge vectors. It should also be noted, that
the deformation gradient tensor F' can be expressed using these tensors as follows.

F=UR;'+ 1= RR;' (661)

The second equivalence is what actually gets used in FluidX3D. From the definitions
above, one can see the following.

dri0na Va #0
UL _ JoLom a# (662)
(‘3u§a) —orr  ,a=0
OR,
S (663)

au§“>

The case a = 0 is avoided and handled differently at the end. Furthermore, the following
derivatives of F' can be given.

OF 0 .
= 1 4
U u OU; s (MO + )KJ <66)
d
= UkrRo+ 665
aULMzk: Kkl kg ( )
= SuxbnRoy, (666)
k
= 0ok Ry s (667)
0Fk, 0 1
— = ——(UR; +1 (668)
T T IRy
3,
= UkpRoE 669
6RgiM; kKB ks (669)
- Z UkkOrk0n (670)
k
:UKLéMJ (671)
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J Derivation of elastic forces

With this, the force on a given point on the tetrahedron F@ can be computed using
the chain-rule as follows.

O0Fx; OU OF., OR-:
e _ v k7 OULM KJ 0,LM 9
I a 0 Z OF s <Z OUrm 8u§a) * Z (672)

LM aR(;LM au (a)

From here on, a gets treated as a € {1,2,3}, and F ) gets calculated from the force

balance as follows. B .
FO=-%"F© (673)

Inserting the precomputed derivatives, the force simplifies to the following.

o ou _
FY = -1y T (Z 6LKRO’}W6L15MG> (674)
K,J LM

— v, Z T <Z Ry aJ5L151K> (675)

oU
= V) — ) 676
OK,J OFr, Ry os01x (676)

oU
= _‘/0 aF R()_zzJ (677)

With this, the individual models can be calculated using a single derivative. It will
be shown, that all models can be written to return their forces as the rows of a force
tensor M., that results from a matrix valued equation of reasonable size. Note, that
the forces could also be calculated via the stress instead of via the derivative. These
formulations are identical for the chosen discretization. In the following, the models are
listed in the same order as in section 5.3, starting with the most linear, going towards
the most nonlinear.

J.1. Linear elastic

The energy density for the linear elastic model is defined as follows.

Urp = % Tr(F?) +Tx(E'F) — %Tr(ﬁ)2 + S [Tx(F) — 3] (678)

K
2
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J Derivation of elastic forces

The derivative reads as follows.

- 5| (Sren) (D) -3(2)
(=)o}
(G (St smsans) « (Somasn) - 32 ) (S|
{(£5) -] (£0s)}

(679)

(680)
G ) 1 )
=913 Z il + 05 Fir | + 225JiFIi —3 Z-Fu 17
(] (2 (] (681)
K <ZF”) -3 51J}
G 4
:§|:(FJI+FJ])+<2FL])_§TI'( )6[J:| [Tl"( )_3]51J (682)
G 4
2 |:2FJ]+2F]J_§Tr( )5[J:| +/{[T (_)_3]5]J (683)
2
_G|:FJ[—|—F]]—§TI'( )6]J:| —|—/€[TI‘( )—3](5]J (684)
Inserting this back into the force equation (eq. (677)) yields the following.
a 2 -
FI( ) — _% Z{G|:FJ] -+ F]J — g TI'( )(51J:| + /{Z[TI‘( ) — 3]51J}R0 aJ (685)
J
2
— _VO{G > Rops(E+E") ), = S ()R |+ w[T(E) - 8]R; al} (636)
J
= —%{G[Rol(FJrFT) — S Tr(E)Ry } k[Tr(F) — 3]@01} (687)
al
_ T 2G
=—-V ﬁo GF+F + k[T —3—?Tr(F) 1 (688)
al

z—%{&){ GF+F")

e
((-)mo-w)]), en
(ﬁ ) - 3H) IL] (690)
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J Derivation of elastic forces

The resulting equation is rather simple. It consists solely of the base tensors mentioned
above. Only a single matrix product and inversion needs to be calculated for this, making
it implementation friendly.

J.2. Modified Saint Venant—Kirchhoff
The energy density for the Saint Venant—Kirchhoff model is defined as follows.

Usvk = G Tr(E?) + %[Tr(g)ﬂ (691)

Here A =k — % is Lamé’s first parameter. The definition of the strain £ shall be kept
with a variable ¢ for now. This can be seen in the following.

E=c(S—1) (692)

In literature ¢ = 1 [82], but it is sensible to alter it. This modification will prove useful
later. Consider the definition of S.

§?=F'F (693)

From this, one can write the following.
oS 08

a 2
-2 = 4
ar,2 = ar,2 T 2an, (694)

Use the symmetry of S.

0 .. 08
S S =255 (695)
1

0 oS
2ol 2 _ Y2
2§ 8F]J§ GFU
1 OF'F 38

(696)

This allows to write the derivative of S based on the derivative of F' as follows.

O(F'F),. 9
— i _ FFi;
oF aF, ; ki Fkj (698)
= Z 01107iFij + 011075 Fis (699)
%
= 04iF7j + 05 Fp (700)
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J Derivation of elastic forces

With this, the following can be written for the derivative of the energy density.

S [Te(S - 1)7] }

oU o
OF1;  OFyy,
3F1J

S is symmetric.

OF; 2\~

oS, 1 ( -

OF'F
0F1;

),

1

= 5 Z Sk_il((SJiFIj + 5JjF]Z‘)
1

=3 <Z S 0siFry +> S,nlaijh)
1

=3 (S,;}F]j +) S,;IFIZ»(SJJ»)

|
= 5[Sks Fij + (STEY),,0.5]

{Gc2 Tr(S*—25+1) +

{ (Zsfk—Qstg) (ng)Q}

aSzk

B { (ZS’% (S Fue + (ST EY), ia0k] = Z

%

_221:

0S;;
OFy

FATHS - D3 [(ES™),, + (S7E7) )}

S is symmetric.

:3{G<

+ATr(S

Z [0ks Fri + (

k

D(ES
=c {G([F1J+(E) =

— 2 {26(E -

ES™) +

kI5Jk

)IJ}
2(£S

+ ATr(S —

)IJ) +ATr(S —
DES™},
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-2 Z OF,

)

OF;

1)(FS

R

{ (ZQSzk (S Fi.+ (ST'F") L,Csjk Z

1
+A Tl'(ﬁ — ]l) Z 5 [SZIIF]Z + (ﬁ_IET)i[(SJi] }

0S4
OF;

)

0S;
Z OF;

)

Dl

}

(701)

(702)

(703)

(704)

(705)

(706)

(707)

(708)

(709)

(710)

(711)

(712)
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J Derivation of elastic forces

Inserting this back into the force equation (eq. (677)) yields the following.

FiY = -V Y {2G(F — FS™) + ATe(S — 1)ES™'}, Ry, (714)
J

S is symmetric.

=V > Ryt {2G(F" - ST'FT) + ATe(S - 1)ST'ET} (715)
J
Moo = Vo Ry M{2G(F" = ST'FN) + AT (S —1)S7'F'"} (716)
= Vo Ry {2G(1 - 571) + ATx(S — 1)S™'}ET (717)
~ 2t G(s - 1)+ S TS - 1 b (718)

Aside from the root-finding algorithm need to actually compute S, this equation is not
too difficult. The root-finding algorithm (see appendix K) is likely the reason this is not
popular. This thesis chooses ¢ = - in order to place the force produced between the
Neo-Hookean and the Saint Venant—Kirchhoff model. This is done as both the Hertz
model and the experimental data lies in this range. Furthermore, for small deformations,
this gives the shear term of the force a similar form as the corresponding term of the

Saint Venant—Kirchhoff model.

J.3. Saint Venant—Kirchhoff

The energy density for the Saint Venant—Kirchhoff model is defined as follows (inserting
all the tensors).

G A
Usvic = = Tr((EET — 1)) + 5 | T (EET — 1)) (719)
Here A =k — % is Lamé’s first parameter. Remove the higher order terms.

Usvk = = Tr((EE" - 1)*) + % Te(FE" — 1)7] (720)

Qe

= Tr(FE'FE' —2FF" +1) + % [Tr(FET) — 3] (721)

) %[TY(MTMT) —2Te(EET) +3] + %[TY(MT) -3° (122)

The derivative of the traces read as follows.

OTr(FF")

—oF 723
OF;; 1 (723)
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J Derivation of elastic forces

This is known from the linear elastic model. The other one is more involved as can be
seen in the following.

OTx(FE'FEY) 0 T T
TS Z:(M FEY), (724)
. 3 T\ 2
B aFu{ — (EE )““} (725)

2
0
= Fy F 726
aFIJ{ ik <Z l kl) (720
Z Elel> (Z 01071 F + 5Ik5Jlez> (727)

=2 Z Z Elel> (0riFys + 61 Fiy) (728)
ik \ 1
=2) (FF' ) (0riFxs + 61xFiy) (729)
ik
~o( S Do, ) (70
k i
=2((EE'F),, + (E'EET) ) (731)
=4(FF'F),, (732)
Using this, the complete derivative reads as follows.
ou G
5 =1 [A(EETE),, — 4F1;| + A[Te(EET) = 3]2Fy, (733)
= G[(EE'E),, — Fij] +2X[Tx(EE") — 3] Fy, (734)
Inserting this back into the force equation (eq. (677)) yields the following.
-V Z{G (EE'F),, — Fij] + 2X[Tx(EF") — 3| F11} Ryay (735)
= —VO{G[(RO 1ETFFT) — Ry'EY 4 2A[Te(EET) = 3]R,'E" ), (736)
Mioee = —VoRy'FY{G[(FF") — 1] + 2A[Tr(FF" — 1)]1} (737)
= —VoH{GB' + 2)\[Tx(B')|]1} (738)

With the definition of the helper variables H and B’, this too is not too difficult.

J.4. Mooney—Rivlin

Note, that the Neo-Hookean model can be retrieved from Mooney—Rivlin through a limit,
so there is no need to handle it separately. The energy density for the Mooney—Rivlin
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J Derivation of elastic forces

model is defined as follows.

Gy

7([—3)+%(K—3)+E(J—1)2 (739)

Uvr = 5

It is sensible to start from the derivatives of the invariants. First consider J.

oJ 0

= sin P Fos F: 740
0Fr;  O0Fyy %;Ejk ek (740)
= Z €ik[0r107iFo; Fsp + F1i(0120.7; Fsp + 013071 F; )] (741)
ijk
= Z €760 Foj Fap, + Z il 1012 F3p + Z €ijuF1i0 13 (742)
jk ik i
= Z €7jk0r Fo;Fap, + Z €7ki 1012 P + Z €7ij F1:013F; (743)
jk ik i
=0n Z €7jkFo Fsp + 0r2 Z ki3 i + 03 Z €7ijFhiFo; (744)
gk ik ij

Define the column vectors of F7 as (9, where ¢ is the column index. With this, one
can see the following.

— 5 (T % TO) 4 6 (7 x 7D 4 by (7 x 7)) (745)

J

Clearly, these cross products from the rows of a matrix. This is actually part of a
definition of the inverse. Consequently, one can write the following.

o0J

With this, the next invariant can be handled.

ol
OF;

2
= 2Fy ] F — 3 Tr(B)J i Fj} (747)

And the last is also mostly known at this point.

oK
OF;

= 2[Ta(B)Fyy — (EE"F), ]J 73 - g[Tr@Q ~Te(BY)]JSES (T48)

With this, the complete derivative of the energy density reads as follows.

oU 2 1 _
5E = G.J 3 (FU -3 Tr(ﬁ)FJll)

1 (749)

+ GQJ-é{ [Te(B)Fry — (EETE), )] - 5[Tx(B)? - Tr(E)]F;}

+ k(] = 1)JF}
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J Derivation of elastic forces

Inserting this back into the force equation (eq. (677)) yields the following.

2 1
Mgorce = _%Gl‘]_g (EOIET - g Tr(§>E01E1>
1

oG H MBI ET - (85 EEEY)] - 5[ - (8] B B}
—Vor(J = 1)JR ' F~1

(750)
= —VoR™'GJ 3 (@#ET - %Tr@@;lﬁ*)

1

~ VR Gy J { B)RR;'F" — RE;'F"B] — < [Tv(B)” - Tr(E)}MolEl}
—~VoR 'w(J —1)JRR;'F!

(751)

1
= VR 'G,J 3 (FFT -3 Tr(B)FF‘1>

_ %E—1G2J_§{ [Tr(E)MT _ MTE} _ %[Tr(ﬁ)Q B Tr(EQ)}M—l} (752)

—VoR 'w(J = 1)JEF™*

W =

= _V,R'\GyJE (5 — = Tr(ﬁ)ﬂ)

—VoR'Gy ] [Te(B)B — B - %[TY(B) T (BY)1 } (753)
—VoR'k(J —1)J1
= —%Jﬂl{GlJ—i (5— %Tr(ﬁ)ﬂ)

(754)

+ G2J—§{ [Tr(B)B — B*] + %[Tr(ﬁQ) — Tr(B)?] 1}
+r(J — 1)1}

While this is not quite as nice, it is still usable. The Neo-Hookean limit is recovered for
(G = G and Gy = 0. This concludes the force solutions for the elastic models.
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K Root of a tensor

K. Root of a tensor

The Modified Saint Venant—Kirchhoff model requires the solution to the following equation
in regard to S.
S:=F'F (755)

For this first consider polar decomposition. Any complex square matrix A can be
factorized as follows [127].
A=UP (756)

Here U is a unitary matrix, meaning the following holds.
Us=u-! (757)

The star denotes the complex conjugate transpose. In the following this is switched to
the transpose, as only real matrices are considered here. In this decomposition P can
be written to be the root of A. For the concrete problem, the following holds.

s§*=US (758)
UTs? = 5 (759)

This means, S can easily be determined, given that U is known. An iterative approximation
algorithm exists to determine U. Tt reads as follows [127].

1 T —1
Ui = 5L+ (D) 7] (760)
One starts the iteration with Uy = A = S2. For the purposes of FluidX3D five iterations
seem to be sufficient. Ten are performed to assure proper convergence even for extreme

cases. This algorithm is surprisingly cheap in terms of runtime. Inserting the U found
through this algorithm into equation (759) yields the desired root S.

317



L Plate limit for conical indenter

L. Plate limit for conical indenter

s

Taking the plate limit (¢ — %) of the conical model listed in the following (see 7.2)

yields a diverging force for all cases.

2 FEy
F = " tan(p)63, (761)
rl—v2 F
819 =1/ = 2 2
12 \/2 Ey  tan(y) (762)

The variables are the force F', the Young’s modulus of the cell Ey, the Poisson ratio of the
cell 1o, half of the tip angle of the indenter cone ¢ and the indentation d;5. A diverging
force for all cases is not a valid limit. Sneddon [92] also lists a solution depending on
the contact radius a instead of the indentation. This reads as follows.
poT B @
21— v3tan(yp)
This is transformed into the form depending on the indentation d;5 using the following
relation.

(763)

T
~ 2 tan(p)
One could however opt for only doing this transformation halfway and eliminating the
angle. This results in the following.

(764)

512

E
2 2@(512 (765)

F=

Assuming the circularity of the cell is not altered significantly by the deformation with
a flat indenter, the following relation holds.

(Ry — 012)* + a®> = R2 (766)

5
a=\/2Ry0121/1 — % (767)
2

Here, R, is the radius of the cell. In the case of small deformations, the following holds.
012 < 2Ry (768)

Consequently, the model can be approximated in this case as follows.

Eov Ry 3
F V222050 (769)
1 1—12 \3
Sor [ ———— 2 F 770
= (\/§E2v Ry ) (770)

This takes the same form as the single contact plate solution. The only difference being
the % prefactor being replaced by a v/2. These values are close. Without the necessity
for the approximation of a, the values would be even closer. This means, that the form
containing the angle is not ideal, but the model does converge towards the plate single
contact.
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M. Maximum deformation in Roscoe theory

The maximum deformation is a direct consequence of Roscoe’s equation (80). Equation (242),
as it is numbered in this thesis, is reiterated in the following.

(771)

2
20 = arccos(oz% _ a% 2K + (e - 1)(04% - a%) )

af +a3 2K + (c — 1) (a2 — ad)?

For the definitions see section 9 and more specific section 9.2. For this to be valid, the
argument has be limited to unity, meaning the following has to hold.

2
a? — a3 2K' + (¢ —1)(a? + a3) <1 (772)
a? + a3 2K + (c—1)(a? —043)2 o

Assume the denominator to be positive (guaranteed for ¢ > 1).

2 9
aé ag [2K’ +(c—1)(af + a%)z] <2K'+ (c—1)(af — a§)2 (773)
aj + a3

/04% - O‘% 2 2 2 2 / 2 2) 2
2K a2 +(c—1) (al — a2) (al + 042) <2K"+ (e — 1)(041 — &2) (774)
1 2

ai + a3 (775)

(c—1)(af —a3)[(el +03) — (af —03)] <0

2002
—1)(a? —a2)202 < 2K'—2— 776
(c )(Oﬁ 042) Gy > og% i a% (776)
2 2 K’

(C — 1)(0[1 — O[2) S QW (777)

Insert equation (236).

2
(c—1)(af —a3) < 7 (778)
3

Here an approximation for g4 is required. From Roscoe’s equation (21), equation (234)
is reiterated in the following.

o] 2 )\
pe [Ty, o
0 Hj(a?' +A)?2

This is not analytically solvable. First consider, that the deformation is handled near
exclusively as a balance of a; and . Consequently, the following can be assumed to
be true.
az ~ 1 (780)
1

~ — 1
(0D o (78 )

319



M Maximum deformation in Roscoe theory

With this, the integrand of equation (779) reads as follows.

) = LA (782)

(@3 +N)(&Z+2)0+ )\)]g

The integrand can be seen in figure 142 for a selection of reasonable «;.

1.0 A - 01 = 1
— iy =

0.8 1 — oy =3

- =4

?06' - o =5

:\/04_ - 1 =6

a1 = 7

0.2 - 01 = 8
a1 =

0.0 1 : : : : : - 1 = 10

0.0 0.5 1.0 1.5 2.0

A

Figure 142: Plot of integrand of equation (779) for a selection of reasonable .

Notably, even tho, the integral technically integrates to infinity, actually only small
A contribute. This effect is even more pronounced for larger a;. Consequently, an
approximation may assume small A\. As this appendix searches for a maximal «q, the
limit of larger a; is more interesting. Consequently, the following approximation is made.

A< oy (783)

F) & () = LA (784)

(@) (& + )1+ )

The approximated integrand can be seen in figure 143 for a selection of reasonable ;.

320



M Maximum deformation in Roscoe theory

1.0 - — a1 =1
—_— =2

0.8 1 — a1 =3
— a1 =4

:O.G- — o1 =5
= 0.4 — @=0
ap =17

0.2 1 — a1 =8
o =

0.0 1 . . . . . — a1 =10

0.0 0.5 1.0 1.5 2.0

A

Figure 143: Plot of the approximated integrand of equation (779) for a selection of
reasonable «;.

Notably, this approximation works well for o; = 3 and is near indistinguishable above.
This shows, that the approximation works even for a;, which might not quite qualify as
“large”. Also, this small change makes the integral analytically solvable. The result is

listed in the following.
2 2
S ~ 785
93 ar(og +1)  ag(ag + ) (785)
Here another approximation was made. This is unorthodox, as dropping the 1 altogether
would be more typical for large a;;. However, as the following holds, the approximation

using s is just as valid and more useful.

ar(a; +1) > ai(ag + ag) > a? (786)

The approximated g4 can be inserted into equation (778), resulting in the following.

(c—1)(af —a3) < aiar + as) (787)
(c—1)(a1 —ag) <y (788)
(c—2)ag < (c—1)ay (789)
Using o = -
(c-2al < (e 1) (790)

For 1 < ¢ < 2, this is trivially true. Consider ¢ > 2.

2<c—1 1
OK =
L=0c—-2 c—2

+1 (791)
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M Maximum deformation in Roscoe theory

For large ay, the square root can be used to approximate the maximum possible a;.
At intermediary values to small values, it is sensible to use an equation with the same
general shape, but allow for slightly different numeric constants. The resulting heuristic

equation is given in the following.

! (792)

~
Q1 max ~

The Roscoe equation can be solved numerically. This is compared to the approximation

and heuristic solution in figures 144 and 145.

10! - numeri.c |
1 approximation
heuristic
)
10° - = - —
100 10t 102
c

Figure 144: Plot of the maximum «; as a function of the contrast ¢. The numerically
exact solution is compared to the approximate solution derived above
(eq. (791)), and a (eq. (792)), based on the approximation.
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103 3

|

numeric
approximation
heuristic

10°

10!

102
c

Figure 145: Plot of a simple function of the maximum «; as a function of the contrast c.
This provides better visibility at higher ¢. The numerically exact solution
is compared to the approximate solution derived above (eq. (791)), and a
(eq. (792)), based on the approximation.

This highlights, that approximation in order to find an analytical solution, does not
always yield the best results. The heuristic solution is based on the approximate solution.
It is used as a “good enough” guess for the maximum «4, in order to reduce the required
compute to solve the Roscoe equations.
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N Curvilinear coordinate systems

N. Curvilinear coordinate systems

This thesis always defines the x-axis to be aligned with the flow direction. The allows for
higher symmetry if the coordinate system is aligned to the z-axis. In typical definitions,
the z-axis is the axis of highest symmetry. As these definitions arise from another
by cyclically switching the components, this is altered definition does not carry any
major implications. Only the translation from and to Cartesian coordinates is slightly
altered. These will be listed in this section for cylindrical coordinates and for spherical
coordinates. First, some common notation is introduced.

N.1. Common notation

For any given parameterization of position-vector , the coordinate unit vectors é; can
be defined as follows.

A~

&

~ 0T
=N

(9xi

Here, x; refers to the coordinates corresponding to the unit vectors ¢;. Furthermore, the

normalization operator N- has been used. It shall be defined as follows for any given
vector b.

(793)

~

Nb =

| =

(794)

Sy

The divergence of a tensor A with the entries a;; can be written in curvilinear coordinates

as follows. 5
VA= a‘;? é; (795)
ij v

The gradient of a vector b can be expressed as follows.

ob; .

Vb = & ®é; (796)

— Jx;
Z?J
Here ® refers to the dyadic product. A tensor can in general be expressed as follows.

A=a;6; ¢ (797)

For convenience, é;®¢; is given for cylindrical coordinates. Note, that flipping the vector
transposes the result. The cylindrical coordinates are covered next.
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N Curvilinear coordinate systems

N.2. Cylindrical coordinates

The parameterization used in this thesis for systems of cylindrical systems is given in

the following.
x

7= | rcos(p) (798)
rsin(p)

The coordinate z retains its meaning, while the new coordinates for the radius r and
angle ¢ are introduced. This yields the new unit vectors listed in the following.

1
é.= |0 (799)
0
0
é, = | cos(p) (800)
sin(¢p)
0
é, = | —sin(yp) (801)
cos(p)

These unit vectors can also be expressed through the Cartesian unit vectors. This is
given in the following.

b = &, (802)
é, = cos(p)é, + sin(yp)é, (803)
é, = —sin(y)é, + cos(p)eé, (804)

From this, the inverse transform can also be given as follows.

by = &, (805)
é, = cos(p)e, — sin(p)é, (806)
é, = sin(p)é, + cos(p)é, (807)
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N Curvilinear coordinate systems

For expressing matrices through their components, the following products are required.

1 00

e oe. =000 (808)
000
0 cos(p) sin(p)

Gwe =0 0 0 (809)
0 0 0
0 —sin(p) cos(p)

e, =0 0 0 (810)
0 0 0
0 0 0

& @é. =0 cos?(p) sin(¢p) cos(¢) (811)
0 sin(y) cos(p) sin?(¢)
0 0 0

& ®é, =0 —sin(p)cos(p) cos?(p) (812)
0 —sin®(p) sin(¢) cos(p)
0 0 0

é,@é,= |0 sin?(¢) —sin(y) cos(p) (813)
0 —sin(p) cos(p) cos?(p)

The components of a matrix A, can then simply be read as follows.
ajj = (Z il @ éz) (814)
k] g
’ i

This avoids the necessity to actually defined the metric tensor. For this coordinate
system, the following is retrieved.

Uy = Oy (815)
Ayy = Gy COSQ(cp) — (arp + ayy) sin(p) cos(v) + agy sinQ(gp) (816)
Qe = Qpp SIN2(9) + (ary + ayr) sin(p) cos(p) + aypy, cos?(p) (817)

Using this, one can trivially see, that the trace retains its shape in this coordinate system.
This is given in the following.

Tr A= aup + ayy + ox = Qg + A + gy (818)

With this all relations of these cylindrical coordinates, which are used in this thesis have
been given. Next, the spherical coordinates are explored.
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N Curvilinear coordinate systems

N.3. Spherical coordinates

Spherical coordinates do not get used as intensely in this thesis. Consequently, only a few
relations are given. The following parameterization was chosen for spherical coordinates.

T =

The unit vectors are as follows.

1o cos(f)

o sin(f) cos(¢)
T sin(0) sin(p)

cos(0)
sin(#) cos(¢p)
sin(#) sin(p)
—sin(#)
cos () cos(yp)
cos () sin(yp)
0
— sin(yp)
cos()

The surface normal element reads as follows.

5 0r 0%
A == — —_—
d 7 X 90 r

2

o

sin()ég x é, = r2sin(0)n
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O. Floating-point precision

A computer has to store numbers in a limited amount of bits. Consequently, only a
limited amount of numbers can be stored. Real numbers are stored as floating point
numbers in order to cover a large range of potential values. Their definition and a few
comments on how this affects FluidX3D are given in the following.

0.1. Definition

Real numbers are stored as floating point numbers. These are standardized by IEEE
754 [128] and a few associated standards. Floating-point values v can be expressed
through the following equation.

v = sm2° (824)

Here, s is the sign (—1 or 1), 1 < m < 2 is mantissa and e is the exponent. s is
expressed by a single bit. m and e are encoded as normal binary numbers. m is scaled
by definition to be between 1 and 2. e has a fixed offset in its definition to make its
value range symmetric to 0. This exponential notation allows describing a large range of
numbers. However, it is not continuous. Floating-point numbers, or “floats” for short,
are discrete and separated by the distance represented by an increment of the least
significant bit of the mantissa. This discretization is relative to the value of the number
due to the exponential notation. Its depends on the number of bits allotted to each part
of the float. The standard defines a few sizes discussed in the following.

0.2. Naming

A float traditionally has 32 bits in total. Higher precision is archived with more bits,
and consequently there exists the double precision float (“double” for short) with 64
bits. These names are not guaranteed. Contrary to integers, where the definitions are
actually implementation dependent, float and double can be assumed to actually have
32 and 64 bits respectively. Still, this thesis opts for the names “fp32” and “fp64” to
be more specific. There are more named precision like “half” (fp16), but these are not
relevant to this thesis. Next, a discussion on the actual precision meaning discretization
error of the floats is discussed.

0.3. Precision

For fp32, the exponent has 8 bits, the mantissa has 23 bits. The relative distance between
values, the discretization error € is calculated as follows.

€rpzr = 2~ P ~ 6 x 1078 (825)

For fp64, the exponent has 11 bits, the mantissa has 52 bits. Consequently, the corresponding
epsilon reads as follows.
erpes = 2707 ~ 1 x 10716 (826)
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From here, one needs to discuss, if this is enough.

0.4. Precision requirements

If one adds a term, that is smaller than e, the addition is null and void. In the case of
IBM simulations, the position is continuously incremented. This means, that this point
of additions getting ignored is reached after at most 6 x 10~® steps. Not every point is
moved with the same velocity and if one wants to resolve these differences, the number
of steps drops accordingly. Higher viscosities require smaller, and therefore more, steps.
Millions of steps are not extraordinary. Consequently, fp32 is often not quite enough
and in general IBM requires fp64. Some GPUs, notably from Intel, do not have fp64
capability. For the rest, there is a trade-off. Namely, a significant reduction in speed.

0O.5. FLOPS

It is expected for a GPU to take longer to compute a floating-point operation when using
fp64 compared to fp32. How much the floating-point operations per second (FLOPS) are
reduced for fp64 depends on the vendor. Some modern cards have a fp64 architecture and
run fp32 and fp64 at the same speed. Most commonly fp64 comes with a factor 4 fewer
FLOPS. Nvidia cards below the data-center price-range are made to have a factor 64
performance penalty. This renders these cards mostly useless for such tasks. In general,
FluidX3D is programmed to be able to switch between fp32 and fp64 for different parts
of the calculations, to allow to only use fp64 were strictly necessary. Finally, a small
discussion of the difference between precision and error is warranted.

0.6. Precision vs error

Every computation can in principle introduce up to one € of error. In reality, they do
mostly compensate each other by random chance. Otherwise, making millions of LBM
steps would be impossible. However, one must distinguish multiplication from addition.
Scaling operations like multiplication and division do not significantly introduce relevant
error. From standard error propagation, one can show, that the relative error is given
by Pythagorean addition of the relative errors of the factors. This is also valid for
float arithmetic. If the values have largely different relative errors, only the smaller
one is retained without much of an increase. In an absolute worst case scenario of two
identical errors, the error is amplified by v/2. Scaling by known quantities is always free
and is a useful tool to make equations more manageable. Addition of two quantities
with different signs or more specifically subtraction is an issue. The absolute error is
given by Pythagorean addition. The relative error depends on the result. If the result
is significantly smaller in magnitude than the terms, that got summed, the relative
error is increased accordingly. Subtracting values close to each other can magnify errors
massively and should be avoided if possible. With all these effects together in Fluid X3D
and noFluidX3D one can see some noise in the data. This is because of the non-
deterministic addition in IBM yielding slightly different errors each time-step. The
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amplitude of this noise is about 100e. This is the real discretization error carried by the
simulations.
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P. Geometry

There are a few standard geometries, that get used multiple times in this thesis. They
are listed here.

P.1. Shear-flow

In a shear-flow the velocity @ is described by the following equation.

Here 7 is the shear-rate. This thesis always orients the shear-flows with the velocity

point in z-direction and the velocity changing in y-direction. The shear-rate is typically
defined positive for pure shear-flows in this thesis.

P.2. Generalized Poiseuille flow

(Generalized) Poiseuille flows come in many shapes. Traditionally, a Poiseuille flow is
flow of a Newtonian fluid driven through a cylindrical pipe by a pressure gradient. As
other fluids behave similarly under such conditions, there is no need to limit the name to
Newtonian fluids. This 3D Poiseuille flow has a 2D equivalent. In the 2D case the pipe
becomes a channel flow. Only the top and bottom are fixed. This typically changes the
equations by a factor of 2. There are also solutions for rectangular and elliptical pipes.
These solutions are implemented in FluidX3D and some of them are shown in this thesis
(see appendix F.1.1). All of the above geometries are termed Poiseuille flows by this
thesis. If the fluid flows in a channel with a symmetric but varying cross-section (see
sections 24 and 25), the equations for the Poiseuille flow are valid locally. This thesis
calls this a Poiseuille-ish flow.

P.3. RT-DC

A render of the channel used to simulate RT-DC experiments in this thesis can be seen
in figure 146.

Figure 146: Mlustration of the shape of an RT-DC channel. A cross-section is shown. It
is slightly tilted for better visibility.

It should be noted, that this image is made from simulation output. In the real channel,
the diagonal walls continue outwards. This is prohibitively expensive in simulations.
Consequently, only a small diagonal segment is retained. This is enough to reproduce
many effects.
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P.4. Squaring a circle

The rectilinear lattice cannot form a perfect circle. The edges need to be approximated
using stair-casing. This can cause some disturbances, as the corners offer an opportunity
for the fluid to misbehave. Even for resolution approaching infinity, a circle cannot be
formed, because circumference is not consistent with its area. A trick can be employed
here to reduce the impact of this effect. When flagging lattice as either walls or fluid
nodes, one would typically check if they are outside the desired radius or not. However,
one does actually have some wiggle room here. Altering the actual cutoff by less than
a lattice node does not change the size of the channel along the cardinal directions.
However, along the other directions some diagonal node may be included or removed from
the fluid volume in this way. In a way, this allows to modify the cross-section, without
altering the radius. This altered cross-section behaves consistent with an effective radius.
Tuning the cross-section carefully allows for more accurate simulations. Determining how
much improvement is possible this way is en exercise left to the reader.
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Q. Validating free-slip boundaries

Free-slip boundaries as currently implemented in FluidX3D carry some caveats which
will be explored in the following validations. There are also cases shown, where they
work very well.

Q.1. Straight wall

A 2D channel is build using two planes of free-slip boundaries (at x = 0 and x = L, —1).
The flow in simulation 34 is driven using a mass-flow boundary at the inlet and a pressure
boundary at the outlet.

34 Water in a straight free-slip channel

Box: 100 x 20 x 2

Ly=1pm
Fluid: Newtonian::water (fluid 1)
BC:  mass-flow (BC 3)

v, = 1 B2

s

pressure (BC 4)

The flow field can be seen in figure 147.
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Figure 147: x-component of the velocity in a 2D channel of free-slip walls driven by a
fixed mass-flow.

Around the center, the flow field is remarkably homogeneous with deviations of around
3erpa2 (see appendix O). This means a near-perfect plug flow is created and the free-
slip boundaries evidently work well. However, at the edges (particularly the outlet)
an artefact is quite evident. The reason for these is, that the free-slip boundaries are
difficult to implement near other types of non-trivial boundaries. If the free-slip walls
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cause the populations to be reflected into an e.g. pressure wall, strictly speaking, the
boundary algorithm for that wall would need to be called. This however cannot be
clearly determined, as those require information from the source node of the population,
which technically speaking due to the reflection would be a wall, which cannot provide
this information. To avoid this conundrum, free-slip walls are implemented in FluidX3D
to behave like no-slip walls in case the population cannot be easily reflected. These
causes velocity-minima to appear near them.

Q.2. Diagonal

A geometry similar to the previous section is used here. The main difference being that
simulation 35 is rotated by 45°. This introduces stair-casing at the channel edge.

35 Water in a diagonal free-slip

channel

Box: 100 x 100 x 2

Ly =1n1m
Fluid: Newtonian:water (fluid 1)
BC:  mass-flow (BC 3)

o] = Vo

pressure (BC 4)

As is immediately obvious from the flow field depicted in figure 148, this acts like surface
roughness and slows down the flow near the walls despite the walls technically being free-
slip walls.
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Figure 148: Magnitude of the velocity in a diagonal 2D channel of free-slip walls driven
by a fixed mass-flow.
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Rotating the resulting flow field by 45° aligns the velocity and brings the plot in a more
easily readable form. The axis along which the fluid flows is addresses as [, white the
other one is termed r. There result can be seen in figure 149.
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Figure 149: [-component of the velocity in a diagonal 2D channel of free-slip walls driven
by a fixed mass-flow rotated by 45° to align with the axis.

Aside from the inlet and outlet this looks remarkably like a Poiseuille-flow and as one
can see from figure 150 it is. The stair-casing at the edge acts like a surface roughness,
that turns the free-slip boundaries into effectively no-slip walls. Therefore, the free-slip
boundaries are not accurate if the flow has components parallel to surfaces approximated
by stair-casing.
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Figure 150: [-component of the velocity in the rotated channel from figure 149 cut along
the r-axis in the center of the channel. For comparison a Poiseuille-flow with
the same maximum velocity.
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Q.3. Nozzle

Free-slip boundaries can be used to approximate free surfaces (see for example reference [67]).
Therefore, the switch from no-slip to free-slip boundaries can be used to model the end
of a nozzle. In simulation 36 a cylindrical channel has been used to model this.

36 Water in a partial free-slip

cylindrical nozzle

Box: 202 x 22 x 22

Ly = 1n1m
Fluid: Newtonian::water (fluid 1)
BC:  mass-flow (BC 3)

Uy = L 25

S

pressure (BC 4)

Given that the previous section has shown, that free-slip boundaries do not accurately
reproduce when stair-casing is involved, this is of particular interest. In this channel
the circular walls obviously need approximation. However, in flow direction, the wall is
straight. Still, some populations do travel in the problematic direction. But as can be
seen in figure 151 this is not an issue and the flow is produced as expected. The plug
flow is remarkably homogeneous with deviations of around 3eg,32 (see appendix O) as is
the case for straight walls. Note the flow spreading out in figure 152 as is expected at
the end of a nozzle.
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Figure 151: xz-component of the velocity in a 3D channel of no-slip walls, which change
to free-slip walls in the center (in respect to x) driven by a fixed mass-flow.
This approximates the end of a printer nozzle.
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Figure 152: y-component of the velocity in a 3D channel of no-slip walls, which change
to free-slip walls in the center (in respect to x) driven by a fixed mass-flow.
This approximates the end of a printer nozzle.
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R. Validation of Reynolds-Scaling

A validation simulation is provided for each of the cases listed in section 16.

R.1. Newtonian fluid

The example fluid for a Newtonian fluid is of course water (fluid 1). Using the analytical
solution for 2D channels (see appendix F.1.1) an estimate for a required pressure difference
to archive a certain velocity can be given. This is done by assuming the large width for
the whole channel. Due to the actually present geometry the real velocity will however
be quite a bit smaller than intended. For this simulation the velocity target is 0.1 **
and consequently, the pressure difference is set to 64 mPa. Assuming the target velocity
is achieved, it follows that Re < 0.005 and Ma ~ 3 x 107°. These are both in an
acceptable range, therefore scaling the Reynolds number by 10 is fine. If the velocity
is smaller as expected, the condition is still fulfilled. The simulation (simulation 37) is
performed with both Sz, =1 and Sg. = 10.

37 Newtonian Reynolds-Scaling

validation

Box: 202 x 52 x 2

Ly =11m
Fluid: Newtonian:water (fluid 1)
BC:  pressure (BC 4)

Ap = 64mPa

The resulting velocity field can be seen in figures 153 and 154 for Sg. = 1 and Sg. = 10
respectively.
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Figure 153: Plot of the x component of the velocity field for Sg. = 1.
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Uy /™2 x107°
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Figure 154: Plot of the z component of the velocity field for S, = 10.

One can see, that the maximum velocity is just a little less than half of the estimated

value.

This is due to the fact, that the pressure gradient over the wider section is smaller

than assumed. This is due to the higher resistance of the narrower section causing a

larger pressure drop. The reduced pressure drop in the wider section, can be seen in
figures 155 and 156.
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Figure 155: Plot of the pressure field for Sg. = 1.

75 100 125 150 175 200
x/pm

339



R Validation of Reynolds-Scaling

p/Pa +1.2 x 10°
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Figure 156: Plot of the pressure field for Sk, = 10.

These figures also show the change in the absolute value of the pressure, while the
pressure difference stays the same. This was discussed in section 16.4.2. It should be
stressed, that this is really an absolute difference, that stays the same, not a relative
one. This is unintuitive, but by design. The color banding in figure 155 is due to the
discretization error caused by saving the data in reduced precision (see section 14). This
is an example of 32 bits not being sufficient and the € becoming visible (see appendix O).
In total, these results demonstrate the accuracy and validity of Reynolds-Scaling for a
Newtonian fluid.

R.2. Generalized Newtonian fluid

Here a Carreau-Yasuda (CY) fluid (see section 3.5.1) is used as an example. The shear
rate should be high enough (Wi > 1) for the shear-thinning behavior to show (see
section 3.5.1). Still, the Reynolds number may not be too high. To archive this the
channel was scaled down by a factor of 10 for simulation 38 compared to the Newtonian
case.

38 Carreau-Yasuda  Reynolds-

Scaling validation

Box: 202 x 52 x 2

Lo =0.1pm
Fluid: CY::mc0.59 (fluid 9)
BC:  pressure (BC 4)

Ap = 2.144kPa

\. J

The pressure difference is set to 2.144kPa. Using the zero-shear viscosity, this should
result in a velocity of roughly 10 . The actual value will be a little higher due to
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the shear-thinning nature of CY. With the expected velocity the dimensionless numbers
are estimated to be Re ~ 0.0015 and Ma ~ 9 x 107%. Therefore, Reynolds-Scaling is
applicable. Even with a higher velocity as expected, the Reynolds number is unlikely to
become to high to allow for scaling. Like the Newtonian case, the Generalized Newtonian
fluid also shows the scaled startup behavior with Reynolds-Scaling. This can be seen in
figure 157.
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Figure 157: Plot of the x component of the velocity field 3 nm behind the center of the
inlet as a function of scaled time.

This figure also shows, that the actual maximum velocity is higher than the estimate
- as was expected. With the Reynolds number adjusted accordingly, it is however still
small enough to justify Reynolds-Scaling. This shows the difficulty of evaluating whether
Reynolds-Scaling is valid before running the simulation for complex fluids.

R.3. Viscoelastic fluid

The CY fluid from appendix R.2 was designed to have the same shear-thinning behavior
as corresponding PTT fluid. Consequently, the same simulation can be performed
with this fluid, without altering the Reynolds or Mach number. This is referred to
as simulation 39.
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39 PTT Reynolds-Scaling

validation

Box: 202 x 52 x 2

Lo =0.1pm
Fluid: PTT:mc0.59 (fluid 3)
BC:  pressure (BC 4)

Ap = 2.144kPa

The steady-state value is close to identical for the scaled and unscaled simulations as
was expected. This can be seen in figure 158.
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Figure 158: Plot of the x component of the velocity field along the center-line of the
narrow part of the channel. The maximum L1 error is |er;]| < 1.5 x 1073
(see appendix S).

The error is worse than for the Newtonian simulation. It shall be noted, that due to
the fact, that viscoelastic fluids are retarded, the startup takes considerably longer.
Consequently, viscoelastic simulations are extremely slow to reach equilibrium. This
simulation has likely not fully relaxed yet. This might drive the error higher than it
actually is.

R.4. Generalized Newtonian with a cell in shear

Two different simulations are considered for cells in a Generalized Newtonian fluid. First,
simulation 40 is performed. It represents the standard Roscoe problem.
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40 Carreau-Yasuda Reynolds-Scaling with a

cell in shear

Box: 200 x 202 x 200
Lo =0.1pm

Fluid: CY::mc0-59 (fluid 9)

BC:  velocity (BC 2)
=18 x10%1

Cell:  Young’s modulus £ = 2.072kPa
Radius, Resolution R = 2 pum, 18
Capillary number Cax =~ 1

The x component of the point typically used for evaluation (see section 10) can be seen
in figure 159.
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Figure 159: Plot of the normalized  component of the surface point of the cell, which
is originally on the z-axis as a function of time. The cell with scaling takes
longer to start and has a slightly smaller tank-treading frequency.

The unscaled data is slightly shorter because the simulation has been killed for exceeding
the standard amount of allotted time. Obviously, there is an offset due to the extended
startup time. The offset is approximately 70ps. It has been removed in figure 160 by
shifting of the data.
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Figure 160: Plot of the normalized x component of the surface point of the cell, which
is originally on the z-axis as a function of time. The cell with scaling takes
longer to start and has a slightly smaller tank-treading frequency.

This makes it clear, that the tank-treading frequency is ever so slightly smaller in the
scaled case. This difference is approximately 1.4%. Within the typical error range
for Roscoe simulations (see appendix X), this can be considered to be identical. The
scaled simulation also produces a slightly larger alignment angle. According to Roscoe
theory (see section 9), this should be associated with a higher frequency. This minuscule
difference in adherence to the theory can actually be seen in figures 161 and 162.
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Figure 161: Plot of the normalized  component of the surface point of the cell, which

is originally on the z-axis as a function of time. Aside from the startup, the
match to theory is near perfect.
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Figure 162: Plot of the normalized x component of the surface point of the cell, which
is originally on the z-axis as a function of time. Aside from the startup, the
match to theory is near perfect.

Looking extremely closely, one can see, that the scaled line is slightly higher than
predicted by theory shortly after the maximum. Such tiny inaccuracies are irrelevant
here, but can become an issue in a less forgiving flow.

R.5. Generalized Newtonian with a cell with geometric change

The cell from appendix R.4 is put through the suddenly expanding geometry from
appendix R.2. Simulation 41 should produce locally changing velocities in the wake
of the cell. These should be reproduced at the wrong timescale.

41 Carreau-Yasuda Reynolds-Scaling with a

cell at changing geometry

Box: 1002 x 102 x 52
Ly =0.1pm

Fluid: CY::mc0.59 (fluid 9)

BC:  pressure (BC 4)
Ap = 12kPa

Cell:  Young’s modulus F = 2.072kPa
Radius, Resolution R = 0.6 pm, 6

As before, the curves are slightly shifted to account for the startup delay. In this case,
the shift is approximately 17 ps. The position of the cell can be expressed using its center
Zoowm. This is calculated from the N mesh points Z; as follows.
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N
. 1 .
TcoM = N Z X (828)

The x and y components of this point can be seen in figures 163 and 164.
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Figure 163: Plot of the x component of the cell center as a function of time. Aside from
the startup, the agreement is remarkable.
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Figure 164: Plot of the y component of the cell center as a function of time. Aside from
the startup, the agreement is remarkable.

At the end the unscaled simulation is slightly above the center-line (corresponds to a
value of 0), while the scaled one is slightly below. The cell is slightly closer to the center
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in the scaled simulation. Consequently, it is a little faster, which can be seen in the x
component. The observed agreement is remarkable, given, that scaling should be invalid
here by construction. This simulation is not in steady-state and should therefore show
discrepancies. The agreement of the aspect ratio Dy (see section 11) is worse. This can
be seen in figure 165.
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Figure 165: Plot of the aspect ratio of the cell as a function of time. Before the channel
widens, the agreement is poor.

The discrepancy before the widening of the channel is likely caused by a small surface
instability (see section 15.2). There is also a small discrepancy in the velocity. In total,
Reynolds-Scaling is surprisingly valid for this simulation.

R.6. Viscoelastic Reynolds-Scaling with a cell in shear

As before in appendix R.4, a Roscoe simulation is performed. Simulation 42 has the
same parameters as aforementioned Generalized Newtonian simulation, but switches the
fluid to a viscoelastic one.
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42 Viscoelastic Reynolds-Scaling with a cell

in shear

Box: 200 x 202 x 200
Lo =0.1pm

Fluid: PTT:mc0.59 (fluid 3)

BC:  velocity (BC 2)
=18 x10%1

Cell:  Young’s modulus £ = 2.072kPa
Radius, Resolution R = 2 pum, 18
Capillary number Cax =~ 1

The x component of the point typically used for evaluation (see section 10) can be seen
in figure 166.
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Figure 166: Plot of the normalized z component of the surface point of the cell, which
is originally on the z-axis as a function of time. The cell with scaling takes
longer to start.

Obviously, there is an offset due to the extended startup time. The offset is approximately
10 ps. It has been removed in figure 167 by shifting of the data.
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Figure 167: Plot of the normalized x component of the surface point of the cell, which
is originally on the z-axis as a function of time. The cell with scaling takes
longer to start.

The agreement between the scaled and unscaled simulation is near perfect. Even the
tank-treading frequency matches within the limits of human perception. Interestingly,
the tank-treading frequency is significantly smaller than for the CY case. This is an
interesting topic for a later discussion (see section 21). It is still possible to express
these curves using Roscoe theory, as can be seen in figures 168 and 169.
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Figure 168: Plot of the normalized x component of the surface point of the cell, which
is originally on the z-axis as a function of time. Aside from the startup, the
match to theory is near perfect.
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Figure 169: Plot of the normalized x component of the surface point of the cell, which
is originally on the z-axis as a function of time. Aside from the startup, the
match to theory is near perfect.

One can see, that the additional timescale did not influence the simulation. In total,
Reynolds scaling is also valid for viscoelastic Roscoe simulations as was expected.

R.7. Viscoelastic Reynolds-Scaling with a cell in Poiseuille flow

The Poiseuille geometry (see appendix P.2) does violate the criteria for Reynolds-Scaling.
However, it is not as dynamic as the suddenly widening channel. Therefore, simulation 43
is performed as an intermediate step.

43 Viscoelastic Reynolds-Scaling with a cell

in Poiseuille flow

Box: 1002 x 52 x 52
Ly =0.1pm

Fluid: PTT::mc0.59 (fluid 3)

BC:  pressure (BC 4)
Ap = 18kPa

Cell:  Young’s modulus £ = 2.072kPa
Radius, Resolution R = 0.6 pm, 6

The x and y components of the position of the cell ooy are shown in figures 170 and 171.
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Figure 170: Plot of the x component of the cell center, as a function of time. Aside from
the startup, agreement is remarkable.
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Figure 171: Plot of the y component of the cell center, as a function of time. These
curves differ noticeably.

Due to the delayed startup, the curves are offset by approximately 15ps. Aside from the
startup, the x component shows near perfect agreement. Even the velocity is reproduced.
However, it should be noted, that the curves only fully align after half the simulation
time has passed. This illustrates, how viscoelatic simulations produce extended startup
times. The curves for the y component differ. However, both still are approximately
0 as they should, so this does not matter. The agreement of th aspect ratio Dy (see
section 11) can be seen in figure 172.
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Figure 172: Plot of the aspect ratio of the cell as a function of time. Even after the
startup, some discrepancy remains.

To the naked eye, the cells look identical. The observed difference of the deformation is
most likely due to time-dependent behavior. This does not get reproduced accurately
with Reynolds-Scaling. This demonstrates, that Reynolds-Scaling is technically not
valid for this simulation. However, the observed difference is rather small. It is most
definitely suited for qualitative analysis. Furthermore, this error is not too big to
preclude quantitative analysis.

R.8. Viscoelastic Reynolds-Scaling with a cell with geometric
change
As before in appendix R.5, a simulation with the suddenly widening channel is performed.

Simulation 44 has the same parameters as aforementioned Generalized Newtonian simulation,
but switches the fluid to a viscoelastic one.

44 Viscoelastic Reynolds-Scaling with a cell

at changing geometry

Box: 1002 x 102 x 52
Ly =0.1pm

Fluid: PTT:mc0.59 (fluid 3)

BC:  pressure (BC 4)
Ap = 12kPa

Cell:  Young’s modulus F = 2.072kPa
Radius, Resolution R = 0.6 pm, 6

\.

The x and y components of the position of the cell ooy are shown in figures 173 and 174.
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Figure 173: Plot of the x component of the cell center as a function of time. Aside from
the startup, the agreement is remarkable.
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Figure 174: Plot of the y component cell center as a function of time. Aside from the
startup, the agreement is remarkable.

Due to the startup, the curves are offset by approximately 10pm. The agreement
between the scaled and unscaled simulation is near perfect for the x component. The
plot of the y component shows, that the cell is a bit closer to the center (corresponds
to 0) in the scaled simulation. Consequently, it is a little faster, which can be seen in
the x component. The observed agreement is remarkable, given, that scaling should be
invalid here by construction. This simulation is not in steady-state and should therefore
show discrepancies. Only the y component shows any real discrepancy and most of it
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is only present briefly. The agreement of the aspect ratio Dg (see section 11) is worse.
This can be seen in figure 175.
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Figure 175: Plot of the aspect ratio of the cell as a function of time. The agreement is
suboptimal before the channel widens and poor for a brief period shortly
afterwards.

By optical inspection no reason for the discrepancy can be found. Both the scaled and
unscaled cell look perfectly normal. Therefore, this is a real effect from the fact, that
scaling is technically invalid in this simulation, due to it not being in stead-state. The
discrepancy here is worse than for Generalized Newtonian fluids. Still, this result is
usable. Reynolds-Scaling is still surprisingly valid in this scenario.
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S. Error definitions

Error definitions can be used to nudge the error in a desired direction. To avoid any
such effects, this thesis uses two standard error definitions. The L1 error and the L2
error. First, the L1 error is discussed.

S.1. L1 error

The L1 error is denoted er,;. For a quantity a and is reference value a., it is defined as
follows.

@ — Qyef

(829)

€L1 =
Aref

Note, that the reference value is normally the theoretical prediction irrespective of which
value is bigger. This error is signed. If the quantity is smaller than its reference, the
error is negative. Otherwise, it is positive. If one desires to find the maximum L1 error,
it is sensible to use the absolute value of the errors instead. The error is a percentage.
It acts on individual values. If one inputs a dataset of N points, one retrieves N errors.
The L2 error can be used to get a single value for the whole dataset.

S.2. L2 error

The L2 error is denoted ery. For a set of quantities a; and their reference values a; yef, it
is defined as follows.

eLs = \/ Z% ~ Girer) (830)

i azz,ref
This can be viewed as an average of the individual L1 errors. Consequently, this also is a
percentage. In contrast to the L1 error, it is not signed. It provides a single error value
for a whole dataset. Similar to Pythagorean addition smaller contributions have less
impact than larger ones. This concludes the discussion in the errors voluntarily used
in this thesis. Comparison to literature often requires the use of the respective error
definition of the publication one wishes to analyze.
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T. Existing viscoelastic LBM algorithms

This appendix is mostly identical to it’s previously published version [1]. Some extension
for viscoelastic fluids have existed since the infancy of LBM. This thesis is interested in
three-dimensional problems. Consequently, only preexisting 3D algorithms are covered
here. Initially, the explicit modeling of a viscoelastic constitutive equation was avoided
by the existing methods. Instead, the LB collision operator was modified. This simple
change enables the description of a basic viscoelastic fluid obeying Jeffery’s model [30].
Another option, with the same result is the use of second locally defined stress tensor [34].
Onishi et al. [26, 32| presented more elaborate schemes. A non-shear-thinning Oldroyd-B
model was considered. In this, the polymer dumbbells were modeled with a microscopic
Fokker-Planck equation. In addition to the Navier-Stokes solver, a secondary parallel
LBM solver was employed by Wang et al. [33] to model the advection of the polymer
stress. Malaspinas et al. [27] and Ma et al. [31] made use of the same approach for
the Oldroyd-B and FENE-P models. Finite-difference [28, 29, 38] or finite-volume [37]
schemes were introduced later as a solver for the viscoelastic stress. Those were coupled
to the Navier-Stokes LBM in a hybrid algorithm. For these, the LBM handles the solvent
and the finite-difference or finite-volume algorithm handles the polymer stress tensor.
Sometimes the polymer stress tensor is replaced by its dimensional version, the polymer
conformation tensor. From the base idea, this is what is done in FluidX3D as well.
Numerical instability is commonly observed in literature. To combat this, the inclusion
of an artificial diffusivity was proposed by some authors [27, 31, 33, 36]. A small error
is introduced this way, as the constitutive equation and a potentially existing analytical
solution do not include any diffusivity. However, these authors also archive the largest
stable R,. Other approaches include a special decomposition of polymer conformation
tensor or the stress tensor [15]. This prevents unphysical deformation of the polymer
solution, but at the cost of potentially diverging forces (see appendix E). The existing
methods mentioned so far reach reasonable Weissenberg numbers with maximums from
Wi =10 [27] to Wi = 10 [28, 31, 38]. The viscosity ratio R, as defined in eq. (335) is
another stability criterion. This is often overlooked also much literature does mention
it in passing. R, = 1 is an upper bound for many existing methods [28, 29, 32, 33,
35]. Others report being limited below R, = 10 [27, 31, 37]. Stability issues are given
as the reason for this by Malaspinas et al.. Meaning, existing methods cannot reach
above R, = 10, even with artificial diffusivity and similar workarounds. A list of the
publications mentioned here, is provided in table 10. The table contains their maximum
archived Wi and R, as well as how their R, was estimated.
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Author | max(Wi) | max(R,) | R, estimation
Malaspinas [27]

Gupta [29]

Gupta [38]

Table 10: Covered ranges of Wi and R, for existing 3D LBM algorithms. Reproduced
from [1]
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U. Validation of shuffling algorithm

The validation consists of three standard geometries, shear-flow (see appendix P.1), 2D
Poiseuille flow and 3D poiseuille flow (see appendix P.2). These are covered in this order
in the following. This appendix reproduces the validations from [1]. It should be noted,
that all these validations have been rerun with a current version of FluidX3D. This is
to assure, that nothing of relevance has changed since the publication of the paper (see

reference [1]). First, the simplest case, the shear-flow is discussed.

U.1l. Shear-flow

The first validation scenario is a shear-flow. Simulation 45 is to designed to determine

whether the simulation error is dependent on the shuffling fraction.

45 [Shear shuffling fraction

dependency

Box: 2x43x2

Ly ~ 0.49 pm
Fluid: PTT:alginate (fluid 13)
BC:  velocity (BC 2)

The result can be seen in figure 176.
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Figure 176: Plot of the L1 error (see appendix S) as a function of the shuffle viscosity.

Initially it seems quite clear, that there is a dependence. Zooming in yields figure 177.
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Figure 177: Plot of the L1 error (see appendix S) as a function of the shuffle viscosity.
Limited to small errors.

Here it is quite clear, that the ¥ = 1x 1072 % point have random errors around zero. Most
of the 4 = 1x10% i points do as well. To clear rising trend is due to relaxation. The errors
here are miniscule. The lowest of them are only about 10¢g,64 (see appendix O). Normally
simulation output in FluidX3D is written in fp32. For this it had to be changed to fp64,
because the errors are so small. Relaxation is an asymptotic process. This process
normally ends, when the magnitude of the noise is reached. This is so low here, that the
relaxation takes extremely long. Additionally, higher shear-rates cannot accommodate
as much Reynolds-Scaling as lower ones. This leads to these simulations ending before
they are fully relaxed. The error is actually independent of the shuffling viscosity as
it should be. The default choice of the nsume = 7 is therefore inconsequential. Next,
the reproduction of the correct viscosity is examined in shear-flow. The simulations are
compared to the available analytical solutions (see appendix F.2.3). The examined shear-
rates are logarithmically spaced over the whole range of behaviors. Points are placed
from the zero-shear Newtonian plateau, along the power-law region to the infinite-shear
Newtonian plateau. In simulation 46, the shear-thinning fluid with the smallest R, in
this thesis is examined.

46 Methyl  cellulose  shuffling

viscosity reproduction

Box: 2x43x2

Ly ~ 0.49 pm
Fluid: PTT:mc0.49 (fluid 2)
BC:  velocity (BC 2)

The viscosity determined from the polymer-conformation tensor is compared to the
analytical solution in figure 178. The polymer-conformation tensor is sampled at the
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center of the simulation volume and converted to the total fluid stress to retrieve the
viscosity.
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Figure 178: Plot of the viscosity of fluid 2 as determined from simulation and theory as
a function of the shear-rate. New data, but otherwise similar to [1]

The agreement is excellent. The maximum L1 error for this curve is |er;| < 2.6 x 1071
The same process is repeated in simulation 47 for the fluid with the highest R, in this
thesis.

47 Alginate  shuffling  viscosity

reproduction

Box: 2x43x2

Ly ~ 0.49 pm
Fluid: PTT::alginate (fluid 13)
BC:  velocity (BC 2)

.

The result can be seen in figure 179.
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Figure 179: Plot of the viscosity of fluid 13 as determined from simulation and theory
as a function of the shear-rate.

As before, the agreement is remarkable, with a maximum L1 error of max(ler;|) =~
1.2 x 10712, This sufficiently demonstrates the impressive accuracy of the shuffling
algorithm in shear-flow. Next, it shall be examined in 2D Poiseuille flow.

U.2. Planar Poiseuille flow

To validate the accuracy of the viscosity shuffling algorithm in Poiseuille flow, the
simulated velocity field is compared to a semi-analytical solution. Note, that with the
solvent contributions this thesis considers, no analytical solutions can be found. The
semi-analytical solutions are available in appendix F.2.3. As for the shear-flow, first
the dependency on the shuffle viscosity is considered. Simulation 48 tests a few stable
configurations.

48 Poiseuille shuffling fraction

dependency

Box: 2x43x2

Lo ~ 0.49 pm
Fluid: PTT:mc0.49 (fluid 2)
BC:  body-force (BC 13.3.2)

The resulting curves can be found in figure 180.
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Figure 180: Plot of the L1 error of the velocity in a planar Poiseuille flow of methyl
cellulose solution as a function of the y coordinate. The results for different
shuffle viscosities are shown. New data, but otherwise similar to [1]

Notably, a dependence on the shuffle fraction is found. This primarily concerns the
borders. Small shuffling viscosities overestimate the velocity near the borders. Large
ones underestimate them. However, the actual difference (aside from the nodes next to
the boundaries) is small. It is irrelevant, if the L1 error is positive or negative 1 %o.
Consequently, this dependence can be ignored. The default choice of Nghume = 7p is
not the most accurate here. This demonstrates, that one might be able to produce
more accurate numbers using shuffling, if one is willing to tune it. However, a smaller
shuffling viscosity risks the stability of the simulation. Next, an error depending on
driving pressure gradient is found using simulation 49.

49 Methyl cellulose 2D shuffling

velocity error study

Box: 2x43x2

Lo ~ 0.49 pm
Fluid: PTT:mc0-49 (fluid 2)
BC:  body-force (BC 13.3.2)

. J

The L2 error (see appendix S) can be seen in figure 181.
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Figure 181: Plot of the L2 error of the velocity for a planar Poiseuille low of methyl
cellulose solution as a function of the pressure gradient. New data, but
otherwise similar to [1]

The error profile clearly exhibits a peak. The average shear-rate across the channel, at
the location of the peak is consistent with the maximum slope in the viscosity profile
as seen in figure 178. For most data-points, distributed over many orders of magnitude,
the error is completely independent of the pressure gradient. It only differs around the
peak, where the simulation is most reactive to small changes in the pressure gradient.
The worst velocity profile has an L2 error of er &~ 1.4 %o. It is shown in figure 182.
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Figure 182: Plot of the velocity in a planar Poiseuille flow of methyl cellulose solution as
a function of the y coordinate. Case with the worst agreement. New data,
but otherwise similar to [1]
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The agreement is clearly great even tho this is the worst case. The corresponding L1
error (see appendix S) can be seen in figure 183.
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Figure 183: Plot of the L1 error of the velocity in a planar Poiseuille flow of methyl
cellulose solution as a function of the y coordinate. Case with the worst
agreement. New data, but otherwise similar to [1]

The error is concentrated at the boundaries. Away from the boundaries, the L1 error
stays at around —1 %o. This is by far not as accurate as the shear simulations, but still
perfectly usable. A better result could be archived with higher resolution. The same
geometry is tested with alginate in simulation 50.

50 Alginate 2D shuffling velocity

error

Box: 2x43x2

Ly ~ 0.49 pm
Fluid: PTT:alginate (fluid 13)
BC:  body-force (BC 13.3.2)

The corresponding velocity profile can be found in figure 184.
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Figure 184: Plot of the velocity in a planar Poiseuille flow of alginate solution as a
function of the y coordinate. New data, but otherwise similar to [1]

The agreement is great. The L2 error is ero ~ 0.9 %o, which is similar to the values
seen for the methyl cellulose solution. This means, that the error in this geometry is
independent of the fluid parameters. The L1 error can be seen in figure 185.
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Figure 185: Plot of the L1 error of the velocity in a planar Poiseuille flow of alginate
solution as a function of the y coordinate. New data, but otherwise similar
to [1]

Similar to the methyl cellulose case, the error is concentrated at the boundaries, and
around 1 %o elsewhere. The time evolution of these profiles can be seen in the appendix
of the publication [1]. It is not reproduced here, because the output resolution is not
sufficient to produce clean curves. These curves demonstrate the oscillatory nature of
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the startup of viscoelastic fluids. In total, shuffling is valid for 2D Poiseuille flow. The
error is numerically relevant, but imperceptible for humans. Next, 3D Poiseuille flow
shall be considered.

U.3. Cylindrical Poiseuille flow

The same simulations are performed as for the planar case, but in a cylindrical channel.
For the cylindrical geometry, discretization errors become relevant at the border. Mapping
the rounded channel walls onto the rectilinear LBM grid causes the so-called “staircase
effect” [47] (see appendix P.4). This makes this situation numerically slightly more
complex. The same materials are used as above. Consequently, twice the pressure
gradient is required to archive similar velocities. This relation appears in many analytical
solutions for pressure driven flows, independent of the fluid (see appendix F). First, the
parameter study for different driving pressure gradients is performed (simulation 51).

51 Methyl cellulose 3D shuffling

velocity error study

Box: 2 x43 x43

Ly ~ 0.49 pm
Fluid: PTT:mc0-49 (fluid 2)
BC:  body-force (BC 13.3.2)

The L2 error (see appendix S) can be seen in figure 186.

X
0.025 A
X
«~ 0.020 A
) X
X
X
0.015 A
X
X
0.010---?-<-. ><><. -X- ><. ——
104 10° 106 107 108 10
_@/&
Oxr/ m

Figure 186: Plot of the L2 error of the velocity for a cylindrical Poiseuille flow of methyl
cellulose solution as a function of the pressure gradient. New data, but
otherwise similar to [1]
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The error profile clearly exhibits a peak. The average shear-rate across the channel, at
the location of the peak is consistent with the maximum slope in the viscosity profile
as seen in figure 178. For most data-points, distributed over many orders of magnitude,
the error is completely independent of the pressure gradient. It only differs around the
peak, where the simulation is most reactive to small changes in the pressure gradient.
The worst velocity profile has an L2 error of ero ~ 2.7 %. It is shown in figure 187.
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Figure 187: Plot of the velocity in a cylindrical Poiseuille flow of methyl cellulose solution
as a function of the y coordinate. Case with the worst agreement. New data,
but otherwise similar to [1]

The agreement is still tolerable, but noticeable worse than the 2D case. The corresponding
L1 error (see appendix S) can be seen in figure 188.
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Figure 188: Plot of the L1 error of the velocity in a cylindrical Poiseuille low of methyl
cellulose solution as a function of the y coordinate. Case with the worst
agreement. New data, but otherwise similar to [1]

The error is relevant throughout the channel. The L1 error takes values of around
3%. This is an order of magnitude worse than the 2D case. Given, that this is the
worst case, one can accept it. A better result could be archived with higher resolution.
Given, that the sign of the error has changed compared to the paper, it is possible, that
this simulation is still slowly oscillating at the end. This is a phenomenon viscoelastic
fluids commonly exhibit. The time until the oscillation has fully sized can be extremely
long. Consequently, many simulations are not in full equilibrium, because this would be
prohibitively expensive. The same geometry is tested with alginate in simulation 52.

52 Alginate 3D shuffling velocity

error

Box: 2 x43 x43

Ly ~ 0.49 pm
Fluid: PTT:alginate (fluid 13)
BC:  body-force (BC 13.3.2)

The corresponding velocity profile can be found in figure 189.
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Figure 189: Plot of the velocity in a cylindrical Poiseuille flow of alginate solution as a
function of the y coordinate. New data, but otherwise similar to [1]

The agreement is good. The L2 error is erp &~ 1.2 %, which is a bit better than the values
seen for the methyl cellulose solution. This means, that the error in this geometry has
at most a minor dependence on the fluid parameters. The L1 error can be seen in
figure 190.
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Figure 190: Plot of the L1 error of the velocity in a cylindrical Poiseuille flow of alginate

solution as a function of the y coordinate. New data, but otherwise similar
to [1]

Similar to the 2D case, the error is concentrated at the boundaries. The error stays
around —1 % elsewhere, which is about an order of magnitude worse than the 2D case.
The time evolution of these profiles can be seen in the appendix of the publication [1]. It
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is not reproduced here, because the output resolution is not sufficient to produce clean
curves. These curves demonstrate the oscillatory nature of the startup of viscoelastic
fluids. In total, shuffling is valid for 3D Poiseuille flow. The error is at times larger than
desired. It is likely, that this is in part due to the oscillatory nature of viscoelastic fluids.
The other major contribution is the staircase effect (see appendix P.4), which causes
the 3D values to be markedly worse than the 2D ones. In total, the viscosity shuffling
algorithm clearly produces workable results.
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V. Example applications

Three typical experimentally relevant situations are presented to illustrate the use of
the viscosity shuffling algorithm. These are a printing nozzle, an RT-DC channel (see
appendix P.3) and a cell in shear-flow. First, the nozzle is covered.

V.1. Nozzle

This application stems from bioprinting where the bio-ink is pushed through a conical
nozzle [3-5]. For this simulation 53 is prepared.

53 Shuffle example nozzle

Box: 947 x 191 x 191
Lo = 19pm

Dimensions: Rt = 1.8 mm
Routlet = 200 pm

L =18mm
Fluid: PTT::mc0-49 (fluid 2)
BC: mass-flow (BC 3)
Q51

Due to the difference in the radii of the inlet and outlet, the system cannot be modeled
with periodic boundary conditions. An iterative approach is chosen (see section 13.3.7),
where first the velocity profiles for the inlet and outlet are determined using simulations
with pressure gradients. These are loaded into the final simulation and scaled by the
fraction of their mass-flow (). The mass conservation issue (see section 13.3.3) demands
binary identical flows on inlet and outlet. The scaled velocities might still be off by a
few €gppa (see appendix O), but this approximation is stable long enough. This scaling
causes the flow-rate ) to be a little different from the initially planned value. Here,
it works out to @ ~ 5.09 % after the scaling. The resulting flow field can be seen in
figure 191.
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Figure 191: Cross-section of the velocity field for a methyl cellulose solution in a conical
nozzle as used for bioprinting. New data, but otherwise similar to [1]

The largest stresses are present close to the wall and at the nozzle exit. This can be
seen in figure 192.

Twm/Pa
5 10 15 20

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5
x/mm

Figure 192: Cross-section of the von Mises stress (see section 4.2) for a methyl cellulose
solution in a conical nozzle as used for bioprinting. New data, but otherwise
similar to [1]

This means that, within the nozzle, cells traveling in the vicinity of the center-line are
subject to less stress, than cell near the walls. This is the case even for fast flows.
Earlier results in Newtonian fluids [67] did show the same behavior. The viscous stress
component of this flow can be seen in figure 193.
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Figure 193: Cross-section of the viscous stress for a methyl cellulose solution in a conical
nozzle as used for bioprinting. New data, but otherwise similar to [1]

Dividing the viscous stress by twice the corresponding component of the strain-rate
tensor (see section 3) yields a viscosity. The solvent viscosity is added to retrieve the
total viscosity. This can be seen in figure 193.

n/mPas
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0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5
x/mm

Figure 194: Cross-section of the calculated “viscosity” in a Nozzle. New data, but
otherwise similar to [1]

This diverges along the center-line, and thus the center-line is excluded. There is
significant stress buildup along the walls. The plot has been limited to make the
shear-thinning visible. The values range from approximately 11 mPas to approximately
42 mPas Shear-thinning is most noticeable towards the center of the channel, despite the
shear rate being highest at the edges. This is an interesting result. The bad interaction
with the walls is an issue of the finite volume algorithm (see section 4) and not a problem
specific to shuffling. This concludes the nozzle example. Next, the RT-DC channel is
considered.
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V.2. RT-DC

The RT-DC geometry (see appendix P.3) has a narrow observation channel with a square
cross-section [6, 112]. The inflow (not modeled here) opens up to additional filtering
structures and ultimately a large reservior, which provided the cells, that are squeezed
through the observation restriction. The observation channel has a size of 40 pm x 40 pm.
This is done in simulation 54.

54 Shuffle example RT-DC

Box: 405 x 92 x 32

Lo =13pm
Fluid: PTT:mc0-49 (fluid 2)
BC:  body-force (BC 13.3.2)

—% =1 x107 e
xr m

\.

The resulting flow field can be seen in figure 195.
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Figure 195: Cross-section of the velocity field for a methyl cellulose solution in a typical
RT-DC geometry. New data, but otherwise similar to [1]

There is a slight velocity maximum shortly behind the start of the smaller inner channel.
It is barely visible, but represents a relevant difference to simple Newtonian flows. The
highest stresses arise in direct vicinity to the wall. This can be seen in figure 196.
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Figure 196: Cross-section of the von Mises stress (see section 4.2) for a methyl cellulose
solution in a typical RT-DC geometry. New data, but otherwise similar
to [1]

Interestingly, the high stress region extends further on the outflow side. This is a pattern,
that is also present in the viscous stress component seen in figure 197.
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Figure 197: Cross-section of the viscous stress for a methyl cellulose solution in a typical
RT-DC geometry. New data, but otherwise similar to [1]

Compared to a fluid exhibiting purely viscous behavior, there are three qualitative
differences. There is a region of low stress, directly after the inlet. The polymer
conformation tensor reacts with a delay. This means, that shortly after entering the
restriction, the strain-rate tensor changes rapidly, but the polymers have not reacted yet.
Depending on the speed of the advection, this region varies in size. The same mechanics
apply at the exit of the channel. The restriction is gone, but the large deformation
and therefore the large stress persists. This heightened stress decays according to the
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relaxation time. From the definition of the viscous stress one can define the viscosity
as the ratio of the stress and twice the strain-rate tensor. Performing this division
here would generally speaking yield a region of very low and a region of very high
viscosity for the inlet and outlet receptively. These “viscosities” can have values, which
cannot be retrieved in steady-state. Meaning they are outside the curve generated
from rheology. Along the diagonal walls after the outlet of the restriction, this effect
is particularly strong. If one performs the division described above here, one retrieves
negative “viscosities”. The simulation volume contains several points at which, the
strain-rate vanishes. Therefore, the “viscositie” diverges here. To display it, the results
have to be clamped. They can be seen in figure 198.
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Figure 198: Cross-section of the calculated “Viscosity” in an RT-DC channel. There are
some very large and unphysical values present, which have to be clamped.
New data, but otherwise similar to [1]

Interpreting this fraction as the viscosity is not possible for a viscoelastic fluid in complex
geometry. This is signified by the non-physical values, particularly the negative ones near
the walls. This odd behavior also signifies the regions of interest. The importance of
viscoelastic simulations is also highlighted here. The regions of interest, which exhibit
this odd behavior cannot be reproduced by purely viscous models. Here viscoelastic
simulations are required despite the high computational cost. Given the placement of
these regions, RT-DC always requires viscoelastic simulations. With this, the RT-DC
example concludes. Lastly, the cell in shear is covered.

V.3. Cell in shear-flow

The broad applicability of the viscosity shuffling approach is demonstrated by the third
example. Here, the behavior in presence of other LBM extensions such as the immersed-
boundary method is explored. A homogeneously elastic particle is added. This is
a simplified, but reasonably accurate model for the mechanics of a living, biological
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cell [81]. For simplicity, the viscoelastic fluid inside and outside the cell is considered to
be identical. Simulation 55 converges to a tank-treading ellipsoid.

55 Shuffle example cell in shear

Box: 100 x 102 x 100
Ly =1pm

Fluid: PTT:mc0-49 (fluid 2)

BC:  velocity (BC 2)
4 =4001

Cell:  Young’s modulus £ = 100 Pa
Radius, Resolution R = 6 pm, 6
Capillary number Cak =~ 1.1

The simulation volume has to be significantly larger than the cell to properly reproduce
the pure shear-flow boundary conditions. Otherwise, the walls influence the cell. Here
a resolution of 100 lattice points is chosen. The deformed cell can be seen in figure 199.

Figure 199: Render of the shape of the deformed cell in viscoelastic shear-flow. New
data, but otherwise similar to [1]

This is in qualitative agreement with earlier simulations [70]. It can be evaluated using
Roscoe theory (see section 10). This returns the values presented in table 11.

Data source ‘ o ‘ 9 ‘ o ‘ 0 ‘ Uit/ %
Simulation 1.30000 | 0.7770 | 1.0107 | 0.4794 | —176.918
Theory 1.29511 | 0.7671 | 1.0066 | 0.5347 | —175.389

Table 11: Roscoe parameters determined from the simulation and corresponding theory.
Values rounded in accordance to errors. Errors suppressed for brevity.

While these values do not quite match within the respective errors they are rather close.
They are only separated by a small single digit percentage. A notable exception is the
alignment angle €, which is off by more than 10%. Roscoe theory is for Newtonian
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fluids. For viscoelastic fluids, a reduction in this angle is expected (see section 12.2).
The von Mises stress is shown in figure 200.
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Figure 200: Cross-section of the von Mises stress of the fluid surrounding a cell in
viscoelastic shear-flow. New data, but otherwise similar to [1]

The influence of the cell is present even several cell sizes from its location. Along each of
its semi-axis a region of high stress clearly emerges from the cell. Along the largest axis,
these regions exhibit the largest stress. With this, the example of previously impossible
simulations are concluded. All the topics shown here will be covered more in depth later
in this thesis.
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W. Exclusion of small spherical indenters in AFM

As explained in section 20.1.3, the force should follow a power law in respect to R. Due
to the lack of sufficient resolution for small indenters as discussed in section 20.2.3, this
is not always the case for spherical indenters. This can be clearly seen in figures 201
— 204. Values not conforming to the power-law trend according to visual inspection of
the following figures are discarded in the subsequent analysis. This means, if a curve is
constant or a curve for a lower R approaches by a noticeable margin or even crosses a
curve for a higher R, the offending values are discarded. Each figure for each deformation
0 is acompanied by a table beneath listing the discarded values for this deformation. The

discarded range is visualized in figure 67.

0.12 -
2 0.10 -
-~
= R
0.08 1 — 10 —— 40
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0.06 - — 30 —— 100
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Figure 201: The force measured in the simulation depending on resolution R and

i/%

indenter 7 for deformation § = 0.5 %.

discarded /%

10
20
30
40

10, 20, 30, 40, 50, 60, 70, 80, 100
10, 20, 30, 40
10

Table 12: Discarded data-points for § = 0.5 %.
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Figure 202: The force measured in the simulation depending on resolution R and

indenter ¢ for deformation 6 = 1 %.

R | discarded i/%

10
20
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10, 20, 30
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Table 13: Discarded data-points for § = 1 %.
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Figure 203: The force measured in the simulation depending on resolution R and

indenter ¢ for deformation § = 1.5 %.
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R | discarded i/%

10 | 10, 20, 30, 40, 50, 60, 70, 80, 100
20 | 10, 20

30 | 10

Table 14: Discarded data-points for 6 = 1.5 %.
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Figure 204: The force measured in the simulation depending on resolution R and
indenter 7 for deformation 6 = 2 %.

R | discarded i/%
10 | 10, 20, 30, 40, 50, 60, 70, 80, 100
20 | 10

Table 15: Discarded data-points for 6 = 2 %.
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X. Accuracy of Roscoe simulations

The Roscoe simulations in this thesis did at times show some unexplained discrepancies.
Here some possible reasons are evaluated. This also allows gauging how large the error
in such simulation typically is. For this, the Capillary number, the resolution of the cell
and the size of the mesh are considered.

X.1. Depending on the Capillary number

The Newtonian simulation 56 is performed with varying Capillary numbers.

56 Roscoe for varying C'ak in water

Box: 100 x 500 x 100
Ly = 625nm
Fluid: Newtonian::water (fluid 1)
BC:  velocity (BC 2)
y=1x10*1
Cell:  Young’s modulus variable
Radius, Resolution R ~ 7.5 um, 12
Capillary number variable

J

The Roscoe deformation parameters a; and as show small errors for small Capillary
numbers. For Capillary numbers above unity, the error quickly grows to noticeable size.
This can be seen in figures 205 and 206.

1.6 A X
—— Theory
X Simulation X
1.4 4
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1.2 4
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0.2 0.4 0.6 0.8 1.0 1.2 14
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Figure 205: Plot of the Roscoe deformation parameter a; as a function of the Capillary
number Cak. Curves for Roscoe theory and a Newtonian simulation are
shown.
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Figure 206: Plot of the Roscoe deformation parameter a; as a function of the Capillary
number Cakx. Curves for Roscoe theory and a Newtonian simulation are

shown.

The fact, that these cells a more deformed than expected is interesting. A decreed
deformation could be explained through discretization on the surface. The Roscoe
deformation parameter az shows errors for most capillary number as can be seen in

figure 207.
1.020 4 =—— Theory
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Figure 207: Plot of the Roscoe deformation parameter ag as a function of the Capillary
number Cakx. Curves for Roscoe theory and a Newtonian simulation are

shown.

However, given, that as &~ 1 holds with or without the error, this is not relevant. A
similar argument can be made for the volume seen in figure 208.
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Figure 208: Plot of the cell volume as calculated from the Roscoe deformation
parameters as a function of the Capillary number C'ax. Curves for Roscoe
theory and a Newtonian simulation are shown.

The alignment angle also shows noticeable errors as can be seen in figure 209.
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Figure 209: Plot of the Roscoe alignment parameter ¢ as a function of the Capillary
number Cak. Curves for Roscoe theory and a Newtonian simulation are
shown.

No clear trend can be seen in respect to the capillary number. The biggest discrepancy
can be seen for the tank-treading frequency. This can be seen in figure 210.
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Figure 210: Plot of the tank-treading frequency v as a function of the Capillary number
Cak. Curves for Roscoe theory and a Newtonian simulation are shown.

The discrepancy is significant and grows slightly with the Capillary number. In general,
the dependence on the Capillary number is not very strong if present at all. This is a
strong indication, that it is not the root cause of the observed inaccuracies. Next, the
cell resolution as another typical error source is investigated.

X.2.

The Newtonian simulation 57 is performed with varying cell resolutions.

Influence of the cell resolution

57 Roscoe for varying resolutions in water

Box:  variable

Fluid: Newtonian::water (fluid 1)

BC:  velocity (BC 2)
¥=5x10%1

Cell:  Young’s modulus F = 20 Pa

Radius, Resolution R = 7.5 pm, variable
Capillary number Cax = 2

The Capillary number being held constant means, that the expected deformation stays
constant for the varying resolution. This is actually somewhat accurate for the Roscoe
deformation parameters a; and as. The error, that they display is roughly constant.
This can be seen in figures 211 and 212.
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Figure 211: Plot of the Roscoe deformation parameter a; as a function of the cell

resolution L%. Curves for Roscoe theory and a Newtonian simulation are
shown.
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Figure 212: Plot of the Roscoe deformation parameter a; as a function of the cell

resolution L—i. Curves for Roscoe theory and a Newtonian simulation are

shown.

The Roscoe deformation parameter a3 can be seen in figure 207.
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Figure 213: Plot of the Roscoe deformation parameter as as a function of the cell

resolution L%. Curves for Roscoe theory and a Newtonian simulation are

shown.

It does exhibit considerable errors for very small resolutions. Starting with medium
resolutions any error is negligible. A similar behavior can be observed for the volume

seen in figure 208.
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Figure 214: Plot of the cell volume as calculated from the Roscoe deformation
parameters as a function of the cell resolution L%. Curves for Roscoe theory

and a Newtonian simulation are shown.

The alignment angle also shows a dependence of the error on resolution as can be seen
in figure 209.
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Figure 215: Plot of the Roscoe alignment parameter 6 as a function of the cell resolution
L%. Curves for Roscoe theory and a Newtonian simulation are shown.

For small resolutions a considerable error is observed. Starting with medium resolution,
the error changes sign and stays small. The biggest discrepancy can be seen for the
tank-treading frequency. This can be seen in figure 210.
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Figure 216: Plot of the tank-treading frequency 14 as a function of the cell resolution
L—Pf). Curves for Roscoe theory and a Newtonian simulation are shown.

This shows a particularly bad error for small resolutions and otherwise a constant
discrepancy. In total, it is quite evident, that resolutions below 10 to 15 are too small and
introduce significant errors. Exceeding this, the error does not depend on resolution and
does not vanish even for high resolutions. Consequently, one must conclude, that this
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too is not the source of the error. The Roscoe extraction fit often does not fit perfectly
throughout the whole range of simulated times. This indicates, that the simulations are
still changing and not fully in equilibrium. This is explored in the following.

X.3. Larger simulated time

The simulations seem to be in equilibrium, but this is not necessarily the case.

Old simulations

The simulations in this subsection are 3.25a old. Consequently, both the setups
and evaluation scripts do not match the standard set in the remaining thesis. It
is not recommended to use FluidX3D versions this old. The simulation should
rather be redone with a newer version to reproduce these results.

Simulation 58 is quite similar to simulation 56. The main difference being, that this
simulation ran for several orders of magnitude longer. The Young’s modulus is varied
to achieve a varying Capillary number.

58 Roscoe for varying C'ak in a Newtonian fluid

Box: 180 x 180 x 176
Lo~ 217nm
Fluid: custom Newtonian 7 = 5 Pas
BC:  velocity (BC 2)
4 =1001
Cell:  Young’s modulus variable
Radius, Resolution R ~ 3.91 pm, 18
Capillary number variable

With this, the deformations adhere to Roscoe theory as can be seen in figure 217.
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Figure 217: Plot of the Roscoe deformation parameters o as a function of the Young’s
modulus E. Curves for Roscoe theory and a Newtonian simulation are
shown.

Only for large deformations, some discrepancy can be seen. It is small and now points
towards a less deformed state as one would expect from a mesh with finite resolution.
Consequently, the volume is conserved as can be seen in figure 218.

CCLK
100
1.03 4 —— Roscoe
¥  Simulation
_ 1.02 )
S
= 1.01 ){( }I{
1.00 - .)I(’I‘ ’!"!‘*"‘* —— . SN
103 104 10°
E/Pa

Figure 218: Plot of the cell volume as calculated from the Roscoe deformation
parameters as a function of the Young’s modulus E. Curves for Roscoe
theory and a Newtonian simulation are shown.

The error-bars here, are the error from the fit. Similarly, the alignment angle agrees
with Roscoe theory, even for large deformations. This can be seen in figure 219.
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Figure 219: Plot of the Roscoe alignment parameter 6 as a function of the Young’s
modulus E. Curves for Roscoe theory and a Newtonian simulation are
shown.

Finally, the tank-treading frequency can be seen in figure 220.
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Figure 220: Plot of the tank-treading frequency 14 as a function of the Young’s modulus
E. Curves for Roscoe theory and a Newtonian simulation are shown.

For large deformations, there is a small discrepancy, but largely, it clearly is described
by Roscoe theory. With this, a few closing remarks are made.
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X.4. Closing remarks

Roscoe simulations take a very long time until they reach full equilibrium. Particularly,
the tank-treading frequency takes time to establish itself. If one is willing to wait,
FluidX3D is capable of producing accurate results in such cases. However, if one ends a
seemingly stable simulation, errors in the single digit percentage range are to be expected.
An improvement can be made, by only fitting the data at the end of the simulation.
Using as little data as possible increases the fitting error slightly, but the parameters are
reproduced more accurately in this region.
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Y. Assorted support simulations

Some simulations require previous simulations to prepare parameters (see section 13.3.7).
These are not very interesting, but still of some importance. They are listed here without
further explanation.

59 CY printer needle preparation

Box: 902 x 77 x 77
Ly =1.3pm

Fluid: CY::mc0.49 (fluid 8)

BC:  Inflow: mass-flow (BC 3)
Ty = 5 mm
Outflow: pressure (BC 4)
slip walls (BC 6)

60 PTT printer needle preparation

Box: 902 x 77 x 77
Ly =1.3pm
Fluid: PTT::mc049 (fluid 2)
BC:  Inflow: mass-flow (BC 3)
v, = H &1
Outflow: pressure (BC 4)
slip walls (BC 6)

61 CY LUT preparation

Box:  variable

Fluid: CY::mc0-59 (fluid 9)

BC:  body-force (BC 13.3.2)
—2 — 3.596 x 107 2

62 PTT LUT preparation

Box:  variable

Fluid: PTT::mc0-59 (fluid 3)

BC:  body-force (BC 13.3.2)
—2 — 3.596 x 107 2
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63 RT-DC preparation boundary

condition

Box: 2 x 146 x 50
Ly = 417nm
Fluid: PTT:mc0.59 (fluid 3)
BC:  body-force (BC 13.3.2)
—2 — 1.5166 x 107 £

64 '[RT-DC preparation initial

condition

Box: 1350 x 146 x 50
Ly =417nm
Fluid: PTT:mc0.59 (Auid 3)
BC:  Inflow: mass-flow (BC 3)
simulation 63
Q =~ 0.04 &L
Outflow: pressure (BC 4)
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Z Correcting the hyperbolic approximation

Z. Correcting the hyperbolic approximation

The discussion of the channels with constant extensional rate (section 25) in this thesis
is based on the experiments published by Reichel et al. [99]. This publication contains
valuable data, but is lacking in terms of theory. As some of the errors influence the
reproduction of the experiments, they shall be discussed in the following. The equations
for the center-line velocity uy and volume flow @ in a rectangular Poiseuille flow (see
appendix F.1.1) are rather cumbersome as can be seen below.

Gh?  AGh? & 1 1
8 pm® = (2n+1)° cosh(B, 4

Uy =

~1)" 831
)( 1) (831)

Gh*w  16Gh* & 1 w
= — tanh( 5, — 832
“ 124 p® 7; (2n +1)° <B 2) (832)
2 1
8, = (@n+Dm (833)
h
With the pressure gradient G = —j—g and the dimensions w and h of the channel. This

complexity drives the desire to approximate these equations. For w > h a sensible
approximation for the volume flow rate is as follows [129].

h\ Gh?
O~ <1 - 0.63;) 12/;” (834)

This is found by sending % — 0 and such tanh(ﬁn%) — 1. As the infinite sum drops
quickly, only the first term is considered. The given relation follows with 12% ~ 0.63.
This is a somewhat sensible approach, as in the worst case (w = h), this approximation
is around 12 % below the correct volume flow rate. Doing the same to the center-line
velocity as was done by Reichel et al. [99] does however lead to the complete neglect of
the sum and returns the result of a planar Poiseuille flow. This is up to 70 % larger,
than the correct solution. The fraction %, given by Reichel et al. [99] equation (14) as
follows, reaches up to double its correct value in due to this approximation.

1

h(w — 0.63h) (835)

Ug — 3
Q2
This equation is central to the derivation of the shape. Therefore, it is clear, that such
an approximation is not sensible. This error is the most relevant contribution to the
insufficient consistency of the extensional rate observed in the experiments. It shall
be noted, that the sums converge quickly and only taking the first summand would
be a reasonable approximation. However, the hyperbolic functions would still introduce
prohibitive complexity. It is therefore best to stick with a semi-analytical solution as this
thesis discusses in section 25. Still, for comparisons’ sake, the hyperbolic approximation
resulting from this needs to be derived. The steps required are outlined in the SI of the
aforementioned publication ((S2) — (S5)). As all of them are wrong, the derivation is
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listed correctly in the following. Start, with the derivation of the center-line velocity.
. Ouy  duy  3Q 1 dw(z)

=9 _0_ _ 836
dr  dux 2h (w(x) — 0.63h)> dz (836)
Split the differential.
2hé 1
2y = _dw (837)
3Q (w(z) — 0.63h)
Substitute the constants A = —23—’5 and integrate both sides.
1
Ar+C = ——F—— 838
v w(x) — 0.63h (838)
Solve for w.
1
w(z) = 0.63h — Te i C (839)
Now, the constants need to be determined. For this, insert the following.
w(0) = w, (840)
w(L.) = w, (841)

The paper is inconsistent, which velocity is the inlet velocity and which is the outlet
velocity. This choice conflicts with Fig.1 and the naming of the constants, but is more
consistent with the math presented in the paper. Therefore, the values of these constants
are w, = 250 pm and w, = 60 pm. With these boundary conditions inserted, the full
equation reads as follows.

1 -1

With A as follows.

1 1 1 2hé
A=— — =<
L.\0.63h —w, 0.63h —w, 3Q

These equations provide corrected version for equations (15) and (16) from Reichel et
al. [99]. Given the incorrect assumptions used at the start of the derivation, the shape
produced by these equations, does of course not provide an adequate channel shape.
Also, the prediction for the extensional rate offered by the relation for A is significantly
off as well. Approximating the completely correct curve as presented in section 25 using
a hyperbolic function similar as the one suggested by Reichel et al. [99] is however
possible. The following hyperbolic function, which is a slight generalization, can be used
to approximate the data.

1 1 1 1]
w(z) = ah - {Z(ah —w, ah— wc)x+ ah — wc} (844)

Here a is a parameter, that can be used to optimize the shape. The solution presented
in the discussed paper is recovered for a = 0.63. Its ideal value for a Newtonian fluid is
(depending on which region is optimized) a = 0.3.

0 (843)
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