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Abstract In this study, we present an analytical solution of the Dirac equation in a generalized tanh-shape hyperbolic potential,
which allows us to unify various well-known quantum potentials under a single theoretical framework. This versatile potential model
is used to compute the mass spectra for charmonium and bottomonium, with excellent agreement with experimental measurements,
and does better than some potential models in predicting the several orbital states. Our results not only validate the GTHP as a
powerful tool for describing heavy quarkonium systems but also suggest its broader applicability in exploring quantum systems where
similar potentials are effective. This work is a stepping stone for new research into fermionic systems with complex interactions, by
jointly providing insights into foundational aspects of quantum mechanics as well as applications in particle physics.

1 Introduction

The Dirac equation (DE) is a cornerstone of quantum mechanics and is responsible for revolutionizing theoretical physics, giving rise
to what is in essence the first relativistic quantum field theory, leading to the prediction of novel phenomena such as antimatter [1].
The equation has led to advances in many areas in physics, from quantum electrodynamics [2] to the way particles behave in
the relativistic limit [3, 4]. Responsible in its particular nuclear properties studies [5], which later extended to be used in potent
modern effort in a superheavy element [6], complex quantum systems [7], chiral symmetric quantum chromodynamics [8] and
antiparticles [9]. In addition, DE continues to be relevant for current research and opens the possibility to study electron vortices [10],
coherent control [11] and new theoretical approaches [12–16].

The DE is at the core of the concepts of spin and pseudo-spin symmetries, which are embedded within the Dirac Hamilto-
nian [17–26]. They explain a variety of physical phenomena associated with the simplicial background and are definitive tools in the
interpretation of nuclear structure and reactions [18–23]. Spin symmetry, manifesting as a spin doublet, leads to degeneracy between
states characterized by quantum numbers (n, l, j � l ± s) [20–23]. This symmetry is instrumental in elucidating the spectrum of
antinucleons in a nucleus and the subtle spin-orbit splitting observed in hadrons [24]. In contrast, pseudo-spin symmetry, another
form of degeneracy, arises between states with quantum numbers (n, l, j � l+ 1

2 ) and (n−1, l+2, j � l+ 3
2 ) [25, 26]. This symmetry

has profound implications for understanding nuclear deformation [27, 28], identical bands [29–31], magnetic moments [32, 33],
magic number shifts [34–36] and effective shell-model structures in nuclear physics [37].

Pseudo-spin symmetry was initially explored within the non-relativistic framework and later extended into relativistic mean field
theory [24, 25]. Significant strides have been made in this domain, with comprehensive investigations revealing the intricate details
of spin and pseudo-spin symmetries [21, 22, 38]. Significant advancements have been made in this area, particularly through the
analytical solutions of the DE with physical potentials, which are crucial for uncovering the full spectrum of a quantum system’s
properties [39–42]. In this context, our focus is on solving the DE for the generalized tanh-shaped hyperbolic potential (GTHP) [43,
44], described as:

V (r ) � V1 + V2 tanh(αr ) + V3 tanh2(αr ), (1)
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where V1, V2, and V3 represent potential well depths, and α characterizes the interaction potential’s properties. The GTHP exhibits

a minimum value Vmin � V (re) � V1 − V2
2

4V3
at re � 1

α
tanh−1

(
− V2

2V3

)
, subject to |V2| < 2V3 and V3 > 0 [43, 44]. This

potential encompasses a wide range of physical scenarios, including various standard and generalized potential models, including
the standard and generalized Woods–Saxon [17, 45, 46], Rosen–Morse [47], Manning–Rosen type [48], standard and generalized
Morse (improved Rosen–Morse) [49, 50], Schiöberg [51, 52], four-parametric exponential type [53, 54], Williams–Poulios [55,
56], and the sum of the linear and harmonic oscillator potentials in some special cases [43, 44]. Notably, considering V1 �� 0 in
GTHP facilitates the modeling of these particular cases [43, 44]. These potentials are particularly relevant in modeling complex
quantum systems, where the GTHP’s flexibility allows it to capture a broad spectrum of interactions.

While previous studies have significantly advanced our understanding of so-called spin symmetries in relativistic and non-
relativistic fields and clarified the critical spin dynamics, there is still a significant gap in applying these insights to complex potentials
that more accurately reflect real quantum phenomena. With this study, we aim to fill this gap by advancing our understanding of
the hadronic physics and GTHP. This work investigates the bound-state solutions of the DE from the perspective of the GTHP.
Employing the Nikiforov–Uvarov (NU) method, reducing the second-order differential equation to a hypergeometric form, we
derive exact expressions for the energy eigenvalues and the corresponding radial wave functions articulated through hypergeometric
polynomials for various quantum states. Our analysis reveals the sensitivity of these eigenvalues to variations in the potential
parameters, providing deep insights into the quantum dynamics encapsulated by the GTHP model. Furthermore, we extend our
theoretical framework to studying heavy quark systems, specifically targeting the charmonium and bottomonium mass spectra.
Heavy quarkonia, consisting of a heavy quark and antiquark (such as bb̄ and cc̄), serve as a critical testing ground for quantum
chromodynamics (QCD) and various potential models [57–67]. These systems are particularly significant owing to their rich
spectroscopy, with many states lying below the threshold of open charm or bottom production [16, 60–76]. Employing the GTHP
model to these systems, one is able to extract bound-state masses with quite good agreement with experimental results leading to
important knowledge on heavy quark interaction dynamics and properties of quark–antiquark potentials on hadronic scales.

To facilitate a comprehensive understanding of the findings, this paper is structured as follows: Sect. 2 presents the bound-state
solution of the radial DE for GTHP using the NU method. In Sect. 3, we discuss the results for energy levels in specific cases, and
the mass spectrum analyses for the bb̄ and cc̄ systems. Concluding remarks and implications of our study are outlined in Sect. 4.

2 Solutions to the radial dirac equation

The DE serves as a fundamental framework for describing the quantum behavior of fermions in the presence of scalar and vector
potentials [77]. For a particle interacting with an attractive scalar potential S(�r ) and a repulsive vector potential V (�r ), the DE is
given by: [

c�α · �̂p + β
(
Mc2 + S(�r )

)
+ V (�r )

]
ψ(�r ) � Eψ(�r ), (2)

where E is the relativistic total energy, �̂p � −i� �∇ is the momentum operator, and �α and β are the standard Dirac matrices [77].
To study the system under the influence of the GTHP, we recast the DE into its radial form, exploiting spherical symmetry. In this
context, both potentials S(r) and V (r) are functions of the radial coordinate r, which allows us to decompose the Dirac spinor into
radial and angular parts. Consequently, the DE simplifies to coupled radial second-order linear differential equations for the upper
and lower components of the wave function. This formalism is particularly efficient for investigating energy eigenvalues and wave
functions in spherically symmetric potentials. Then, we applied NU method [78] to solve this radial second-order linear differential
equations, see the derivation which is discussed detailed in Ref. [79]. The transition to a radial form is crucial as it highlights the
symmetries inherent in DE, especially when analyzing the effects of scalar and vector potentials that vary only with radial distance.
By effectively isolating the radial components, this approach facilitates a focused study of the impact of potential variations under
global symmetries on fermionic behavior.

For spin and pseudo-spin symmetry cases, the corresponding energy eigenvalues Enk and normalized radial wave functions are
derived. The details of these derivations are discussed in Ref. [79], where specific symmetry conditions simplify the DE, such as
�(r ) � Cs for spin symmetry and �(r ) � Cps for pseudo-spin symmetry.

Spin Symmetry Case:
In the case of spin symmetry, d�(r )

dr � 0 leads to the condition �(r ) � Cs . This simplifies the DE, and the energy eigenvalues Enk

are obtained as follows:
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(
Mc2 − Cs

)2 − E2
nk +

(
Mc2 + Enk − Cs

)
(V1 + V2 + V3)

+
�

2c2k(k + 1)

r2
e

(A0 + A1 + A2)

� α2
�

2c2

⎛
⎝

√
1

4
+

(
Mc2 + Enk − Cs

)
V3

α2�2c2 +
k(k + 1)

α2r2
e

A2 − n − 1

2

+

(
Mc2+Enk−Cs

)
V2

2α2�2c2 + k(k+1)
2α2r2

e
A1

√
1
4 +

(
Mc2+Enk−Cs

)
V3

α2�2c2 + k(k+1)
α2r2

e
A2 − n − 1

2

⎞
⎟⎟⎠

2

. (3)

The information about all parameters in Eq. (3) and the full derivation process to obtain Eq. (3) are provided in Section S1 of
Ref. [79].

Pseudo-spin Symmetry Case:
For pseudo-spin symmetry, d�(r )

dr � 0 results in �(r ) � Cps, which similarly simplifies the DE. The corresponding energy
eigenvalues Enk are expressed as:

(
Mc2 + Cps

)2 − E2
nk − (

Mc2 − Enk + Cps
)
(V1 + V2 + V3)

+
�

2c2k(k − 1)

r2
e

(A0 + A1 + A2)

� α2
�

2c2

⎛
⎝

√
1

4
− (Mc2 − Enk + Cps)V3

α2�2c2 +
k(k − 1)

α2r2
e

A2 − n − 1

2

+
− (Mc2−Enk+Cps)V2

2α2�2c2 + k(k−1)
2α2r2

e
A1

√
1
4 − (Mc2−Enk+Cps)V3

α2�2c2 + k(k−1)
α2r2

e
A2 − n − 1

2

⎞
⎟⎟⎠

2

. (4)

The information about all parameters in Eq. (4) and the full derivation process to obtain Eq. (4) are provided in Section S1 of Ref.
[79].

While the current study is based on the NU method, we would like to note that recent developments in gauge theory and quantum
integrability offer alternative frameworks for exact spectral analysis. For example, gauge theory approaches using the ordinary
differential equation/integrable model correspondences have been applied to solve eigenvalue problems in N � 2 supersymmetric
systems [80, 81]. Similarly, quantum integrability techniques based on functional Bethe ansatz equations have provided exact
quantization conditions in contexts such as black hole quasi-normal mode spectra [82, 83]. These advances, including new exact
solutions in supersymmetric gauge theory and gravity contexts, highlight the power of integrability-based methods and point to
promising directions for extending the current model.

3 Results and discussion

3.1 Investigation of Spin Symmetry Case in Specific Scenarios

The GTHP is a highly versatile framework that exhibits a remarkable sensitivity to its parameters, making it an effective model to
describe several prominent potentials encountered in fundamental quantum systems. The parametric flexibility of GTHP allows it to
emulate various well-known potentials, such as the generalized Woods–Saxon [45, 46], Rosen–Morse [47], and Manning–Rosen
potentials [48], among others. This adaptability stems from the intricate control of key parameters, such as V1, V2, V3, and α, which
dictate the potential’s shape, depth, and range.

It is well known that spin symmetry occurs in the DE when the difference between the vector and scalar potentials is constant,
V (r ) − S(r ) � constant. In this regime, the spin-orbit coupling becomes negligible, leading to near-degenerate energy levels and
simplifying the relativistic energy spectrum [18, 19]. The ability to smoothly transition between different potential profiles by tuning
these parameters makes GTHP an ideal model for exploring the underlying physics of systems with spin symmetry. Each set of
parameters generates a distinct potential landscape, which strongly influences the system’s energy levels, the degree of degeneracy,
and the manifestation of spin symmetry. This symmetry is significant in high-energy physics and nuclear physics, particularly in
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understanding mesonic and baryonic spectra, as well as nucleon–nucleon interactions. The sensitivity of GTHP model is also crucial
for tailoring specific quantum systems and analyzing the behavior of relativistic particles in various physical environments as well as
allowing for the emulation of short-range and long-range interactions across various fields of fundamental physics. We now examine
the energy eigenvalue derived from Eq. (3) for different potentials modeled under the GTHP framework.

i) For the GTHP, selecting parameters V1 � − V0
2 − W

4 , V2 � V0
2 , V3 � W

4 , and α � 1
2a yields the following relation for the

energy levels equation of the generalized Woods–Saxon potential:

(
Mc2 − Cs

)2 − E2
nk +

�
2c2k(k + 1)

R2
0

C0

� �
2c2

4a2

(√
1

4
+

(Mc2 + Enk − Cs)a2W

�2c2 +
k(k + 1)a2

R2
0

C2 − n − 1

2

+

(Mc2+Enk−Cs )a2V0
�2c2 − k(k+1)a2

R2
0

(C1 + C2)
√

1
4 + (Mc2+Enk−Cs )a2W

�2c2 + k(k+1)a2

R2
0

C2 − n − 1
2

)2

, (5)

where n � 0, 1, 2, · · · nmax, and the energy levels are determined by the floor function of the square root expressions within the
equation, incorporating the parameters C0, C1, and C2 defined as follows:

C0 � A0 + A1 + A2

(1 + xe)2 ,

C1 � −2(A1 + 2A2)

(1 + xe)2 ,

C2 � 4A2

(1 + xe)2 , (6)

with xe � re−R0
R0

. In here, xe represents a dimensionless variable that controls the shape of the potential.
ii) Considering the case when W � 0 and xe � 0 for the energy levels equation of the standard Woods–Saxon potential [84],

we derive:

(
Mc2 − Cs

)2 − E2
nk +

�
2c2k(k + 1)

R2
0

C0

� �
2c2

4a2

⎛
⎜⎜⎝

√
1

4
+
k(k + 1)a2

R2
0

C2 − n − 1

2
+

(Mc2+Enk−Cs )a2V0
�2c2 − k(k+1)a2

R2
0

(C1 + C2)
√

1
4 + k(k+1)a2

R2
0

C2 − n − 1
2

⎞
⎟⎟⎠

2

, (7)

where n � 0, 1, 2, · · · nmax, and the coefficients C0, C1, and C2 are adjusted accordingly to account for the absence of the W and
xe parameters.

iii) For the energy spectrum equation of the Rosen–Morse potential with parameters V3 � −V1 � C and V2 � B , the
formulation is as follows:

(
Mc2 − Cs

)2 − E2
nk + (Mc2 + Enk − Cs)B +

�
2c2k(k + 1)

r2
e

(A0 + A1 + A2)

� α2
�

2c2

⎛
⎝

√
(Mc2 + Enk − Cs)C

α2�2c2 +
k(k + 1)

α2r2
e

A2 +
1

4

−n − 1

2
+

(Mc2+Enk−Cs )B
2α2�2c2 + k(k+1)

2α2r2
e
A1

√
(Mc2+Enk−Cs )C

α2�2c2 + k(k+1)
α2r2

e
A2 + 1

4 − n − 1
2

⎞
⎟⎟⎠

2

, (8)

where n � 0, 1, 2, · · · nmax, signifying the quantum number associated with the energy level derived from the equation parameters
and conditions.

iv) Incorporating the parameters of the GTHP for the Manning–Rosen type-potential, specifically V1 � β(β−1)−2A
4kb2 , V2 �

−β(β−1)−A
2kb2 , V3 � β(β−1)

4kb2 , with k � 2 M
�2 and 2α � 1

b , leads to the following formulation:
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(
Mc2 − Cs

)2 − E2
nk +

�
2c2k(k + 1)

r2
e

(A0 + A1 + A2)

� �
2c2

4b2

⎛
⎝

√
1

4
+

(Mc2 + Enk − Cs)β(β − 1)

2Mc2 +
4k(k + 1)b2

r2
e

A2 − n − 1

2

+
− (Mc2+Enk−Cs )[β(β−1)−A]

2α2�2c2 + 2k(k+1)b2

r2
e

A1
√

1
4 + (Mc2+Enk−Cs )β(β−1)

2Mc2 + 4k(k+1)b2

r2
e

A2 − n − 1
2

⎞
⎟⎟⎠

2

, (9)

where n � 0, 1, 2, . . . nmax, and the energy levels are evaluated using the complex interplay between the potential parameters and
the quantum mechanical properties of the system.

v) By meticulously selecting the parameters within the GTHP framework, namely, V1 � 1
4 De(b − 2)2, V2 � − 1

2 Deb(b − 2),
V3 � 1

4 Deb2, 2α � δ and b � eδre +1 > 2, we refine the approach to dissect the energy spectrum equation pertinent to the improved
Rosen–Morse potential:

(
Mc2 − Cs

)2 − E2
nk +

(
Mc2 + Enk − Cs

)
De +

�
2c2k(k + 1)

r2
e

(A0 + A1 + A2)

� δ2
�

2c2

4

⎛
⎝

√
1

4
+

(Mc2 + Enk − Cs)Deb2

δ2�2c2 +
4k(k + 1)

δ2r2
e

A2 − n − 1

2

−
(Mc2+Enk−Cs )Deb(b−2)

δ2�2c2 − 2k(k+1)
δ2r2

e
A1

√
1
4 + (Mc2+Enk−Cs )b2De

δ2�2c2 + 4k(k+1)
δ2r2

e
A2 − n − 1

2

⎞
⎟⎟⎠

2

. (10)

The quantum numbers are denoted by n � 0, 1, 2, . . . nmax.
vi) Transitioning to the analysis of the Schiöberg potential, we adopt a nuanced parametrization: V1 � δ2D, V2 � −2δσD and

V3 � σ 2D. This setup facilitates the derivation of the energy spectrum equation, articulated as follows:

(
Mc2 − Cs

)2 − E2
nk +

(
Mc2 + Enk − Cs

)
(δ − σ )2D +

�
2c2k(k + 1)

r2
e

C0

� α2
�

2c2

⎛
⎝

√
1

4
+

(Mc2 + Enk − Cs)σ 2D

α2�2c2 +
k(k + 1)

4α2r2
e

C2

−n − 1

2
−

(Mc2+Enk−Cs )δσD
α2�2c2 − k(k+1)

4α2r2
e

(C1 − C2)
√

1
4 + (Mc2+Enk−Cs )σ 2D

α2�2c2 + k(k+1)
4α2r2

e
C2 − n − 1

2

⎞
⎟⎟⎠

2

, (11)

where n � 0, 1, 2, . . . nmax. In this context, the coefficients C0, C1, and C2 are explicitly determined as

C0 � A0 + A1 + A2 � 1 −
(

1 + e−2αre

2αre

)2[
8αre

1 + e−2αre
− 3 − 2αre

]
,

C1 � 2A1 + 4A2 � −(
1 + e2αre

) · 1 + e−2αre

2αre

[
3 − (3 + 2αre)

(
1 + e−2αre

2αre

)]
,

C2 � 4A2 � (
1 + e2αre

)2
(

1 + e−2αre

2αre

)2[
3 + 2αre − 4αre

1 + e−2αre

]
. (12)

vii) Next, we elucidate the energy spectrum equation derived from the GTHP with parameters V1 � P1 + P2
2 + P3

4 , V2 � − P2
2 − P3

2 ,

and V3 � P3
4 for the four-parameter exponential-type potential. This culminates in:

(
Mc2 − Cs

)2 − E2
nk +

(
Mc2 + Enk − Cs

)
P1 +

�
2c2k(k + 1)

r2
e

(A0 + A1 + A2)

� α2
�

2c2

⎛
⎝

√
1

4
+

(Mc2 + Enk − Cs)P3

4α2�2c2 +
k(k + 1)

α2r2
e

A2
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−n − 1

2
−

(Mc2+Enk−Cs )(P2+P3)
4α2�2c2 − k(k+1)

2α2r2
e
A1

√
1
4 + (Mc2+Enk−Cs )P3

4α2�2c2 + k(k+1)
α2r2

e
A2 − n − 1

2

⎞
⎟⎟⎠

2

. (13)

The quantum number range is again specified by n � 0, 1, 2, . . . , nmax.
viii) The parameters for the GTHP, designated as V1, V2, and V3, are defined, respectively, by the relations V1 � W1+W2+W3

4 , V2 �
W3−W1

2 , and V3 � W1−W2+W3
4 . These parameters are instrumental in deriving the energy spectrum equation for the Williams–Poulios

type-potential. By substituting these definitions, the equation governing the energy spectrum can be expressed as follows:

(
Mc2 − Cs

)2 − E2
nk +

(
Mc2 + Enk − Cs

)
W3 +

�
2c2k(k + 1)

r2
e

(A0 + A1 + A2)

� α2
�

2c2

⎛
⎝

√
1

4
+

(Mc2 + Enk − Cs)(W1 − W2 + W3)

4α2�2c2 +
k(k + 1)

α2r2
e

A2 − n − 1

2

−
(Mc2+Enk−Cs )(W1−W3)

4α2�2c2 − k(k+1)
2α2r2

e
A1

√
1
4 + (Mc2+Enk−Cs )(W1−W2+W3)

4α2�2c2 + k(k+1)
α2r2

e
A2 − n − 1

2

⎞
⎟⎟⎠

2

. (14)

This equation is valid for quantum numbers n � 0, 1, 2, . . . , nmax.
ix) In the regime where α is significantly smaller than unity, the energy levels as described by Eq. (3) simplify to:

(
Mc2 − Cs

)2 − E2
nk +

(
V1 − V 2

2

4V3

)
(Mc2 + Enk − Cs)

+
�

2c2k(k + 1)

r2
e

+ 2α�c

(
1 − V 2

2

4V 2
3

)√
(Mc2 + Enk − Cs)V3

×
(
n +

1

2

)
− α2

�
2c2

[(
1 +

3V 2
2

4V 2
3

)(
n +

1

2

)2

+
1

4

(
1 − V 2

2

4V 2
3

)]
+ o

(
α2) � 0. (15)

This approximation holds for small values of n and l.
x) Setting Cs � 0 allows us to simplify the potential for the energy level equation of a Klein-Gordon particle, resulting in

Ref. [44]:

E2
nk − M2c4 − (

Mc2 + Enk
)
(V1 + V2 + V3) − �

2c2l(l + 1)

r2
e

(A0 + A1 + A2)

+ α2
�

2c2

⎛
⎝

√
1

4
+

(Mc2 + Enk)V3

α2�2c2 +
l(l + 1)

α2r2
e

A2 − n − 1

2

+

(Mc2+Enk)V2
2α2�2c2 + l(l+1)

2α2r2
e
A1

√
1
4 + (Mc2+Enk)V3

α2�2c2 + l(l+1)
α2r2

e
A2 − n − 1

2

⎞
⎟⎟⎠

2

� 0. (16)

Applicable for n � 0, 1, 2, . . . , nmax.
xi) Finally, applying the transformations Enk − Mc2 + Cs → Enl and Enk + Mc2 − Cs → 2μc2 to Eq. (3), we derive the energy

spectrum for the non-relativistic scenario:

Enl �(V1 + V2 + V3) +
�

2c2l(l + 1)

2μr2
e

(A0 + A1 + A2)

− α2
�

2

2μ

[√
1

4
+

2μV3

α2�2 +
l(l + 1)

α2r2
e

A2 − n − 1

2

+

μV2
α2�2 + l(l+1)

2α2r2
e
A1

√
1
4 + 2μV3

α2�2 + l(l+1)
α2r2

e
A2 − n − 1

2

⎤
⎦

2

. (17)

This formulation aligns with the findings presented in Ref. [43], valid for n � 0, 1, 2, . . . , nmax.
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Fig. 1 a Non-relativistic
calculating mass spectra of
charmonium Mcc̃ in GeV for mc
� 1.27 GeV; V1 � 7.404662 GeV;
V2 � −20.779639 GeV; V3 �
14.959636 GeV; α � 0.223612
GeV; re � 3.830931 GeV−1. The
experimental data from Ref. [75]
and other theoretical predictions:
Theory I from Ref. [61], Theory II
from Ref. [62], Theory III from
Ref. [63] are also included for
comparison. b Corresponding
deviations from the experimental
data
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Briefly, in the spin symmetry, the GTHP’s inclusion of Woods–Saxon and Morse potentials means it can be used in nuclear
bound-state problems (like nucleon–nucleus potential models) or molecular/atomic systems that employ Morse-type interactions.
However, an equally important spin symmetry, pseudo-spin symmetry, also plays a crucial role in relativistic quantum systems [18,
19]. Pseudo-spin symmetry arises when the sum of the vector and scalar potentials satisfies V (r ) + S(r ) � constant [18, 19]. This
symmetry is closely related to the near-degeneracy of nuclear energy levels and offers a complementary perspective to the spin
symmetry analysis [25, 26]. The investigation of pseudo-spin symmetry is vital for understanding nuclear shell structures, meson
spectroscopy, and the underlying physics governing quark–antiquark pairs [27–37]. Therefore, we extend our analysis to pseudo-
spin symmetry within the GTHP framework, examining its manifestation across different potential profiles and its impact on the
system’s energy spectrum in the Section S2 of Ref. [79]. This transition from spin symmetry to pseudo-spin symmetry reinforces
the unified nature of these symmetries and their relevance to nuclear and particle physics.

3.2 Analysis of charmonium and bottomonium mass spectra

In this part, we mainly focus on the non-relativistic modeling of charmonium and bottomonium systems (See detailed modeling
information in S3.A section in Ref. [79]), as it exhibits better agreement with experimental data across both low- and high-energy
states. The following analysis delves into specific comparisons and explores the underlying physical implications of these findings.

The calculated charmonium mass spectrum, as depicted in Fig. 1 and detailed in Table 1 and Table S1 in Ref. [79], shows a well
agreement with experimental results, particularly for the 1S (J/ψ(1S)), 2S (ψ(2S)), and 3S (ψ(4040)) states. Notably, the J/ψ(1S)
state matches precisely at 3.096900 GeV, underscoring the efficacy of the GTHP model in predicting ground state masses where
non-relativistic approximations hold strong.

However, the model’s performance varies across different orbital states. While S-wave states are well-described, higher orbital
states, such as the 1P (χc1(1P)) state, exhibit deviations of −8.96% (see Fig. 1a) for non-relativistic case, respectively. Such
discrepancies indicate the need for further refinement in modeling higher orbital angular momentum states. The significant deviations
observed in these states suggest that the influence of relativistic effects, spin-orbit coupling, and other acceptable structure corrections
become more pronounced. Again, in our context of relativistic treatment, using the Eq. (3), we observe relatively larger deviations
from experimental data, especially in the 1P and other higher orbital states, primarily due to the overestimation of relativistic
contributions without proper spin-orbit interaction corrections.

Another reason for the observed deviations can be that the analytic heavy- QQ̄ potential behaves like a Coulomb+linear (“Cornell”)
potential at short distances but flattens at large r, thereby mimicking QCD string breaking. Figure 2 compares the GTHP (solid
curve) to a conventional linear confining potential. At large separations the GTHP flattens, reflecting the string-breaking screening
expected in full QCD [85–89]. In practice this means that beyond roughly r ∼ 1.0-1.2 fm the effective confining force weakens
(approaching the threshold of two non-interacting heavy-light mesons [88]). Consequently, compact S-wave quarkonia (with small
radii) reside almost entirely within the steep central region of the potential and are well-described by the model. By contrast, P-wave
states have larger spatial extent and sample the softened tail of the potential; since the confining strength is weaker at these distances,
the predicted P-wave binding is insufficient. This under-binding of the P-waves is therefore a natural consequence of the screened
potential choice. Lattice QCD results confirm that the static heavy quark potential saturates at long range due to light-quark pair
creation [86, 88]. We conclude that while the GTHP provides an accurate description of the compact S-states, further refinements
(e.g., additional interaction terms or coupled-channel effects) will be required to capture the physics of the more extended P-wave
states.
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Table 1 Mass spectra of
charmonium Mcc̄ in GeV for
mc � 1.27 GeV; V1 � 7.404662
GeV; V2 � −20.779639 GeV;
V3 � 14.959636 GeV;
α � 0.223612 GeV;
re � 3.830931 GeV−1. The
percentage deviation from
experimental values is presented
below each calculated value

State Particle Present Work Theory I Theory II Theory III Experiment
Non-Rel. Ref. [61] Ref. [62] Ref. [63] Ref. [75]

1S J/ψ(1S) 3.096900 3.096 3.094 3.0969 3.09690

0.00% −0.03% −0.09% 0.00%

1P χc1(1P) 3.196126 3.415 3.468 3.518 3.51067

−8.96% −2.71% −1.22% 0.21%

1D – 3.377174 3.770 3.772 3.787 3.77370

1F – 3.617957 4.040 4.012 – –

2S ψ(2S) 3.686100 3.733 3.681 3.686 3.68610

0.00% 1.27% −0.14% 0.00%

2P χc1(3872) 3.772214 3.894 3.938 3.823 3.87165

−2.57% 0.58% 1.71% −1.26%

2D – 3.930322 4.088 4.188 – –

2F – 4.143411 – 4.396 – –

3S ψ(4040) 4.039000 4.068 4.129 3.889 4.03900

0.00% 0.72% 2.23% −3.71%

3P χc1(4140) 4.106798 – 4.338 – 4.14650

−0.96% 4.62%

3D – 4.233365 – 4.557 – –

3F – 4.409120 – 4.746 – –

4S ψ(4230) 4.115000 4.263 4.514 3.982 4.22270

−2.55% 0.95% 6.90% −5.70%

4P χc1(4274) 4.159579 – 4.696 – 4.28600

−2.95% 9.57%

4D – 4.246829 – 4.896 – –

Fig. 2 Comparison between the
GTHP potential (solid) and a
linear confinement potential
(dashed). The GTHP realistically
captures QCD string breaking by
saturating at large distances,
accurately describing compact
S-wave states but reducing
confinement for extended P-wave
states [85–88]
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7

In order to remove these discrepancies, spin symmetry breaking can be introduced through the parameter Cs , which allows
for fine-tuning to match the ground state with experimental values. Although this improved the overall agreement, particularly
for the charmonium system, the deviations for higher angular momentum states persisted. This is due to the fact that Eq. (3) are
obtained for spin symmetry case. The interaction potential may need to be adjusted to account for quark–antiquark dynamics more
comprehensively, particularly in exact spin-orbit correction that naturally arise in systems with non-negligible quark masses. To gain
further improvements in the relativistic model, one has to go to higher order corrections like refined GTHP with Tensor potentials
or solve two body DE and Bethe–Salpeter formalism with GTHP, as these methods account more accurately for spin-dependent
interactions in higher excited states. For a detailed exploration of the relativistic mass spectra and a comprehensive comparison
between non-relativistic and relativistic results with the full set of mass spectra tables, analysis of spin symmetry breaking, readers
can be found in section S3.B of Ref. [79].

For bottomonium, the mass spectra shown in Fig. 3 and detailed in Table 2 and also Table S2 in Ref. [79] reveal an even
closer agreement with experimental data, particularly for the 1S (U(1S)), 2S (U(2S)), and 3S (U(3S)) states, where deviations from
experimental values are around 0.0%, see Fig. 3. This demonstrates the robustness of the GTHP model in predicting bottomonium
states, where the non-relativistic approximation is more justified due to the larger bottom quark mass. For higher states, such as the
1P (hb(1P)), 1D (U2(1D)), 2P (hb(2P)), and 4S (U(4S)) states, the deviations are slightly more significant, ranging from -1.06% to
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Fig. 3 Non-relativistic calculating
mass spectra of bottomonium Mbb̃
in GeV for mb � 4.18 GeV; V1 �
4.883229 GeV; V2 � −12.928267
GeV; V3 � 10.108982 GeV; α �
0.412272 GeV; re � 1.836733
GeV−1. The experimental data
from Ref. [75] and other
theoretical predictions: Theory I
from Ref. [61], Theory II from
Ref. [62], Theory III from
Ref. [63] are also included for
comparison. b Corresponding
deviations from the experimental
data
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Table 2 Mass spectra of
bottomonium Mbb̄ in GeV for
mb � 4.18 GeV; V1 � 4.883229
GeV; V2 � −12.928267 GeV;
V3 � 10.108982 GeV;
α � 0.412272 GeV;
re � 1.836733 GeV−1. The
percentage deviation from
experimental values is presented
below each calculated value

State Particle Present Work Theory I Theory II Theory III Experiment
Non-Rel. Ref. [61] Ref. [62] Ref. [63] Ref. [75]

1S ϒ(1S) 9.460302 9.460 9.463 9.460 9.46030

0.00% 0.00% 0.03% 0.00%

1P hb(1P) 9.594182 9.704 9.821 9.942 9.8993

−3.08% −1.97% −0.79% 0.43%

1D ϒ2(1D) 9.827113 10.010 10.074 10.140 10.1637

−3.31% −1.51% −0.88% −0.23%

1F – 10.130188 10.268 10.288 – –

2S ϒ(2S) 10.023261 10.028 9.979 10.023 10.02326

0.00% 0.05% −0.44% 0.00%

2P hb(2P) 10.151214 10.160 10.220 10.150 10.2598

−1.06% −0.97% −0.39% −1.07%

2D ϒ2(2D) 10.380036 10.332 10.424 – –

2F – 10.688957 – 10.607 – –

3S ϒ(3S) 10.355200 10.343 10.359 10.178 10.3552

0.00% −0.12% 0.04% −1.71%

3P hb(3P) 10.468567 – 10.556 – –

3D ϒ2(3D) 10.681781 – 10.733 – –

3F – 10.986923 – 10.897 – –

4S ϒ(4S) 10.405400 10.536 10.683 10.242 10.5794

−1.64% −0.41% 0.98% −3.18%

4P hb(4P) 10.497089 – 10.855 – –

4D ϒ2(4D) 10.686643 – 11.015 – –

3.31% (see Fig. 3(b)). These minor discrepancies indicate that while the GTHP model is highly reliable even for excited states, there
is room for improvement by incorporating relativistic and spin-orbital corrections. The model’s accuracy in these states implies that
the essential physics of quark confinement and interaction potentials are well captured. However, spin-spin, spin-orbit, and tensor
interactions might need finer adjustments for higher precision.

While the GTHP model demonstrates good performance across a range of quantum states, a comparison with other theoretical
models as Theory I (non-relativistic analyses of the linear plus modified Yukawa potential) [61], Theory II (non-relativistic analyses
of quark-antiquark Cornell potential) [62], and Theory III (non-relativistic analyses of Cornell potential) [63]-reveals varying degrees
of agreement. Although Theory II and III show closer results for lower energy states, the GTHP model provides better accuracy
overall, especially for higher orbital states. This indicates that the GTHP has provided a more powerful description of quarkonium
systems, especially in the high-energy region. Also, our non-relativistic quantummechanical treatment yields important insights,
especially in the lower-energy region, but we have to be aware of its limitations when considering higher orbital states or systems
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with significant relativistic effects. This framework includes spin effects semi-inclusively, but a completely relativistic treatment will
necessitate in addition the formulation and solution of two-body DE [90–92] as well as the Bethe-Salpeter equation [93]. Implicitly
in this approach would be the relativistic corrections our model now "corrects", providing a more realistic picture of quarkantiquark
dynamics, especially regarding higher angularmomentum states. Note that a relativistic treatment could entail more than just this
pair term – in particular, we might have important correlations through spin-orbit coupling, which are known to induce fine structure
splittings not accounted for by our model [75].

Such the two-body DE [90–92] and the Bethe-Salpeter equation [66, 93] formalism can also open avenues with GTHP for
exploring new quarkonium states that may emerge owing to relativistic effects, which are not predicted by conventional non-
relativistic models. These heavily bound states may include, e.g., the very tightlybound ones with large binding energies where
tests of the model can be made against experiments; and new states which are created under extremely severe conditions in such
things as a heavy-ion collision plasma situations where non-relativistic models might be insufficient. The predictions by this model
of possible new states with longevity at extreme conditions can also be significant in the context of heavy-ion collisions, where
quark-gluon plasma might be created and where new bound states might be discovered. Expanding this framework and applying it
to mixed-flavor systems like bottom-charm (Bc) mesons can also yield deeper insights into quark confinement and the dynamics of
the strong force. Such predictions, although speculative, highlight the need for closing elliptical states not only in the GTHP model
but also by including more sophisticated interactions to study a whole range of quarkonium states. Given these, while hardy in its
current form, the GTHP model may serve as a starting block for more advanced models. A more accurate treatment together with
incorporating more complex interactions will enable a deeper study of quarkonium states and give us access to a wider domain of
the strong interactions that are responsible for these configurations.

4 Conclusions

In this study, we derived the analytical solution of the DE in the context of spin and pseudo-spin symmetries for the GTHP by using
NU method and demonstrated its effectiveness in reproducing the mass spectra of charmonium and bottomonium with sufficient
accuracy. The flexibility of the GTHP allows its application in different quantum systems, potentially holding its place in our approach
to solving complex fermionic systems. For the analysis of the mass spectra of charmonium and bottomonium, our findings for the
low S-wave states, namely J/ψ(1 S), ψ(2 S) and ψ(4040), were in good agreement with the reported experimental data. This finding
emphasized the accuracy of the model in the non-relativistic regime, especially for heavy quark systems such as bottomonium, where
deviations from experimental masses are minimal. However, in the higher orbital states, such as 1P � −→ 4P (χc1) for charmonium
and 1P (hb(1P)) and 1D (ϒ2(1D)) for bottomonium, we observed the relatively larger discrepancy. While the non-relativistic
analyses of the GTHP model adequately capture the fundamental dynamics of the heavy quarkonium, it was also shown that the
inclusion of relativistic and spin-dependent effects is necessary to advance the description of higher orbital states. For systems with
more than one flavor species, such as Bc mesons, a corresponding formulation taking spin-orbit corrections into account can shed
more light on the propagation of aberrations owing to quark confinement and the strong force. Its overall performance provided a
strong basis for theoretical considerations and reliable predictions with significant potential for further development.
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