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A B S T R A C T

New correlations for the overall heat transfer coefficient Uth, designed for use in one-dimensional reactor models 
for wall-cooled tubular fixed-bed reactors, are presented. These correlations are applicable for estimating both 
critical conditions related to thermal runaway and reactor performance under safe operating conditions. They 
were derived by comparing a 1D and a 2D model, initially for Fischer-Tropsch synthesis (FTS) as a case study, 
and subsequently extended beyond this specific reaction system. Additionally, a novel approach is introduced for 
estimating critical runaway conditions without relying on a reactor model. This method is based solely on re
action kinetics, the effective thermal conductivity λrad, and the heat transfer coefficient αwall, which accounts for 
heat transfer near the reactor wall.

1. Introduction

For Fischer-Tropsch synthesis (FTS), multi-tubular reactors are 
commonly employed to regulate reaction temperatures and ensure safe 
operation while minimizing the risk of thermal runaway. These reactors 
typically contain up to 10,000 tubes, each with a diameter of 2 to 5 cm, 
which are cooled by circulating boiling water around them.

The risk of thermal runaway necessitates the analysis of reactor 
behavior using computer simulations based on reliable mathematical 
models. These models must accurately predict temperature and con
centration profiles across various operational parameters, such as tube 
diameter and cooling temperature. Two-dimensional pseudohomoge
neous (2D) models are widely used to account for radial temperature 
gradients within the catalyst bed and are recommended for accurately 
predicting thermal runaway. In contrast, pseudohomogeneous one- 
dimensional (1D) models simplify all heat transport resistances into a 
single lumped parameter, the overall heat transfer coefficient Uth, which 
can limit their predictive accuracy (Sauerhöfer-Rodrigo et al., 2024; 
Sanchez-Lopez et al., 2017; Mendez et al., 2017, 2019b; Kern and Jess, 
2009). Nevertheless, 2D models are significantly more complex 
compared to their 1D counterparts.

The one-dimensional model will therefore continue to be used for on- 
line computations and process control studies (Froment and Bischoff, 
1990). 1D-models are also highly valuable to evaluate the dynamic 
behaviour of fixed-bed reactors, e.g. for Fischer-Tropsch (Mendez and 

Ancheyta, 2019a, 2020b; Mendez et al., 2022). The differential equa
tions of an extended dynamic 1D-model, which is actually two- 
dimensional with axial coordinate z and time t as variables, can be 
solved with significantly less computational effort compared to a 2D- 
model (with radial coordinate r as third variable). In this case, a reli
able correlation for the overall heat transfer coefficient is also needed.

In previous studies, we developed a detailed 2D model for a wall- 
cooled FTS fixed-bed reactor using a cobalt-based catalyst (Kern and 
Jess, 2023a, 2023b, 2023c, 2024a, 2024b). This model is now utilized to 
compare the accuracy of 1D and 2D models for FTS and, subsequently, 
for wall-cooled fixed-bed reactors in general. The study primarily ad
dresses two key questions: 

o How well do the predictions of the 1D model align with those of the 
inherently more accurate 2D model?

o Which correlation for the overall heat transfer coefficient Uth is valid 
in a 1D model to estimate the risk of runaway and the corresponding 
ignition temperature, while also providing reliable predictions of 
conversion and axial temperature profiles under non-critical condi
tions? To the best of our knowledge, this remains up to now an open 
question, as discussed in this work.

In this paper, we first analyze these questions using FTS as an 
example and then assess whether the findings can be generalized to 
other wall-cooled fixed-bed reactors. Specific aspects of FTS, such as 
cobalt-catalyzed reaction kinetics and details of heat transfer 
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parameters, are only briefly discussed, as the underlying rate equations 
and mass/heat transfer correlations have already been presented in 
previous publications (Kern and Jess, 2023a, 2023b, 2023c, 2024a, 
2024b).

It should be also noted that we used the pseudo-homogeneous 2D 
and 1D model, where the effective parameters of heat transfer (radial 
effective conductivity in the fixed-bed, wall heat transfer coefficient) are 
well-known. In the open literature, more complicate heterogenous 
models, composed of two heat balances for the gas and solid phase 
coupled by heat exchange between the two phases, are also used. These 
models require more parameters and estimations for heat transfer, 
which may also cause convergence issues.

2. Methodology: Kinetics of FTS and multi-tubular FTS reactor 
models

2.1. Intrinsic and effective reaction kinetics of FTS

The primary reaction of FTS, which yields predominantly paraffinic 
C2+-hydrocarbons, is as follows: 

CO + 2 H2 → (–CH2-) + H2O ΔRHCH2
0

298 = – 152 kJ mol− 1              (1)

For a reliable kinetic description of FTS, methane formation must be 
considered separately: 

CO + 3 H2 → CH4 + H2O ΔRHCH4
0

298 = – 206 kJ mol− 1                   (2)

The intrinsic reaction rates for methane (rm,CO,CH4) and C2+-hydro
carbons (rm,CO,C2+), as well as internal diffusion limitations, have been 
experimentally determined in previous studies using Pt promoted (0.03 
wt% Pt for Co reduction) Co/γ-Al2O3 catalysts (Pöhlmann and Jess, 
2016a, b, Pöhlmann et al. 2016, Rößler et al., 2018, Pöhlmann, 2017). 
Both rates follow Langmuir-Hinshelwood kinetics and reflect the influ
ence of the concentrations of CO and H2 on the reaction rate. Details on 
the kinetics both on cobalt and iron catalyst can be found in a recent 
review (Mendez and Ancheyta, 2020a).

Since CO2 formation via the water–gas shift reaction is minimal for 
cobalt catalysts, the total intrinsic reaction rate can be expressed as the 
sum of these individual rates: 

rm,CO = −
dṅCO

dmcat
= CA

(
rm,CO,CH4 + rm,CO,C2+

)
(3) 

Nomenclature

Ar Arrhenius number of temperature sensitivity (Eq. (23))
Bi Biot number, ratio of external to internal heat transfer (Eq. 

(11))
CA coefficient of catalytic activity (in this work 3 for 30 wt% 

Co)
ci concentration of i (gas phase; i = CO, H2, H2O), mol m− 3

dtube (internal) tube diameter, m
Drad radial dispersion coefficient, m2 s− 1

EA (effective) activation energy, J mol− 1

K heat transfer parameter (Eq. (10))
Kig heat transfer parameter valid for thermal runaway
mcat mass of catalyst, kg
Ncool dimensionless number of cooling capacity (Eq. (28))
Nad dimensionless number accounting for adiabatic T-rise (Eq. 

(29))
ṅCO molar flux of CO, mol s− 1

Peo molecular Peclet number (=us ρg cp dp /λg)
Pecrit critical Peclet number (= 8 λbed/λg)
q̇N normalized radial heat flux per area (Eq. (20))
Q̇N normalized radial heat flux (Eq. (19))
r radial coordinate/distance in fixed-bed, m
z axial coordinate in fixed-bed, m
rm,CO,C2+ intrinsic reaction rate of CO conversion to methane, molCO 

kgcat
–1 s− 1

rm,CO CH4 intrinsic reaction rate of CO conversion to C2+-HCs, molCO 
kgcat

–1 s− 1

rm,CO,H2O intrinsic rate of CO, if inhibition by steam is considered, 
molCO kgcat

–1 s− 1

rm,CO,eff effective reaction rate of CO conversion, molCO kgcat
–1 s− 1

rm,CO,Tcool effective rate of CO at Tcool and the initial concentrations 
of CO and H2, molCO kgcat

–1 s− 1

rN normalized reaction rate of CO conversion (Eq. (26))
rtube (internal) tube radius, m
Rbed thermal resistance of fixed-bed, m2 K W− 1

Rth overall thermal resistance (= 1/Uth), m2 K W− 1

Rwall overall thermal resistance at internal wall, m2 K W− 1

Rep Reynolds number related to particle diameter (=us dp/vg)
T temperature, K, ◦C
Tax,max maximum axial temperature, K, ◦C

Tbed temperature, K, ◦C
Tcool cooling temperature, K, ◦C
Tig critical cooling temperature to reach ignition (thermal 

runaway), K, ◦C
Tmean mean temperature in the bed (typically at r = 0.7 rtube), K, 

◦C
Tmax temperature at the tube center (r = 0), K, ◦C
Tsafe safe cooling temperature with regard to ignition, here 5 K 

below Tig
Twall,1 temperature at the (internal) wall before T-jump, K, ◦C
Twall,2 temperature at the (internal) wall after T-jump, K, ◦C
Tcool cooling temperature, K, ◦C
Uth,1D overall heat transfer coefficient related to 1D model, W 

m− 2 K− 1

Uth,2D overall heat transfer coefficient related to 2D model for K =
8, W m− 2 K− 1

XCO conversion of CO

Greek letters
ΔRHi enthalpy of reaction, i = reaction of CO to methane or to 

C2+-HCs, J molCO
–1

ΔQ̇N normalized rate of heat production in a small radial 
segment (Eq. (26))

ΔTad,FTS adiabatic rise in temperature for Fischer-Tropsch synthesis, 
K, ◦C

ΔTbed,2D difference between Tmax and Twall,1, K, ◦C
ΔTN normalized temperature difference in bed (Eq. (23)), K, ◦C
ΔTig,1D difference between Tmean and Twall,2 (thermal runaway/ 

ignition), K, ◦C
ΔTtotal, 1D difference between Tmean and Twall,2 = Tcool, K ◦C
ΔTα,wall difference between Twall,1 and Twall,2, K, ◦C
ηpore pore effectiveness factor

Abbreviations
1D one-dimensional (model)
2D two one-dimensional (model)
C2+ hydrocarbons with two and more carbon atoms
(–CH2-) methylene group of a normal paraffin
FTS Fischer-Tropsch synthesis
HC(s) hydrocarbon(s)
ig related to ignition (thermal runaway of reactor)
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The activity coefficient CA reflects the cobalt content and intrinsic ac
tivity, with a baseline value of 1 for a catalyst containing 10 wt% Co. FTS 
catalysts typically contain up to 30 wt% Co (Ca ≈ 3), a value assumed 
throughout this study.

Steam inhibition is also considered, as indicated by our experimental 
data (Kern and Jess, 2023c): 

rm,CO,H2O = rm,CO

(
1 −

cH2O

472 mol m-3

)
(4) 

A steam concentration of cH2O = 120 mol/m3 − corresponding to a CO 
conversion of 40 % and a steam partial pressure of 5 bar (at 30 bar total 
pressure, with a syngas composition of 31 % CO and 69 % H2) − reduces 
the reaction rate by 25 %.

Equations (3) and (4) describe only the intrinsic reaction rate. 
However, in millimeter-sized catalyst particles, pore diffusion limita
tions reduce the effective rate to mitigate excessive pressure drop. The 
effective rate, incorporating the pore effectiveness factor ηpore (see de
tails in (Kern and Jess, 2023a, b, c, 2024a), is given by: 

rm,CO,eff = ηporerm,CO,H2O (5) 

The pore effectiveness factor ηpore is highly temperature-dependent. For 
the assumed particle diameter dp of 3 mm, ηpore decreases significantly 
above 180 ◦C, reaching a value of 0.2 at 240 ◦C for Ca = 3 (Kern and Jess, 
2024a, b). The effective activation energy of rm,CO,eff is 74 kJ/mol, which 
is a critical parameter for characterizing temperature sensitivity. Within 
a typical operating range of 200 to 250 ◦C, the reaction rate doubles with 
an increase of 20 K.

2.2. 2D model of cooled multi-tubular fixed-bed FTS reactor

The Equations (6) and (7) represent the mass and heat balance for a 
differential tube section (dz): 

d(cius)

dz
= εbedDrad

(
1
r

dT
dr

+
d2T
dr2

)

+ rm,CO,eff ρbed (6) 

cpcg
d(Tus)

dz
= λrad

(
1
r

dT
dr

+
d2T
dr2

)

− rm,CO,eff
(
0.8ΔRHCH2 +0.2 ΔRHCH4

)
ρbed

(7) 

The term 0.8 ΔRHCH2 + 0.2 ΔRHCH4 in Eq. (7) represents the mean re
action enthalpy of − 163 kJ/molCO according to the selectivity to 
methane of 20 %.

The radial heat flux in the fixed-bed (q̇ in W/m2) toward the tube 
wall is governed by a radial effective conductivity λrad, while the internal 
heat transfer coefficient αwall,int accounts for heat transfer near the wall. 
At the internal wall (dtube as internal tube diameter), both heat fluxes 
must be equal: 

q̇ = − λrad
dT
dr

⃒
⃒
⃒
⃒
r=0.5dtube

= αwall,int
(
Twall,1(r = 0.5dtube) − Twall,2

)
(8) 

In addition to the intrinsic and effective kinetics outlined above, our FTS 
reactor model incorporates several critical aspects, as detailed in pre
vious studies (Kern and Jess, 2023a, b, c, 2024a, b): 

o The radial heat flux from the catalyst bed to the tube wall depends on 
the effective thermal conductivity λrad and the radial temperature 
gradient at the wall, as described in Eq. (8). The parameter λrad 
characterizes heat transfer within the pseudo-homogeneous phase, 
which includes both the catalyst and the gas phase, as both 
contribute to radial heat transport. λrad is usually much higher than 
the thermal conductivity of the bed without gas flow (λbed), here by a 
factor of 8 (see Tab. 1). Within the catalyst bed, the temperature 

decreases from a maximum value (Tmax) at the tube center to the 
temperature at the internal tube wall, denoted as Tw,int,1.

o At the inner tube wall, the heat transfer coefficient αwall,int accounts 
for heat transfer very close to the internal tube surface. Similar to 
λrad, it is determined using literature correlations, specifically for FTS 
as provided in (Kern and Jess, 2023c). In reality, variations in flow 
velocity and packing density (i.e., increased porosity) near the wall 
lead to a significant reduction in the effective thermal conductivity 
λrad (Dixon et al., 2013; Winterberg et al., 2000; Tsotsas and 
Schlünder, 1990; Winterberg and Tsotsas, 2000). This effect can be 
interpreted as an additional thermal resistance occurring in a narrow 
region near the wall, approximately within one particle diameter 
(Winterberg et al., 2000). To account for this effect, it is common 
practice − also applied in this study − to assume a constant λrad 
across the entire catalyst bed while incorporating all wall-induced 
increases in thermal resistance into the heat transfer coefficient 
αwall,int, as e.g. discussed in more detail by Bey and Eigenberger 
(2001) and Zenner et al. (2019). This approach is often referred to as 
the αwall-model, leading to a “jump” in temperature from Twall,1 to 
Twall,2, which does not physically exist but provides a reasonable 
approximation (Eq. (8)).

o An alternative approach to the αwall-model, though rarely applied up 
to now in reactor modeling, is the λrad (r)-model (Vortmeyer and 
Haidegger, 1991; Winterberg et al., 2000). This method eliminates 
the artificial temperature jump at the wall by introducing a radial 
profile for λrad, which remains constant in the core region of the 
reactor but declines sharply near the wall. There is a continuing 
debate in the literature, whether the αwall-model or the λrad (r)-model 
should be used. As stated by Bey and Eigenberger (2001), both ap
proaches give similar results for most industrial applications. This is 
underlined by Winterberg et al. (2000). According to this publica
tion, the αwall-model is adequate, if the molecular Peclet number Peo 
= us ρg cp dp /λg exceeds a certain critical value Pecrit = 8 λbed/λg with 
λbed as thermal conductivity of the bed without fluid flow. For the 
conditions in this work (Table 1), Peo is 350 and thus much larger 
than the value of 32 for Pecrit. Hence, we have chosen to apply the 
classical αwall-model in this study, assuming a constant λrad 
throughout the bed and using the coefficient αwall,int to account for 
wall effects.

o Although our latest, more advanced FTS reactor model indicates that 
λrad and αwall,int exhibit a certain, albeit mostly minor, dependence on 
the axial position − primarily due to changes in gas velocity caused 
by pressure drop and the gradual reduction in total molar flow along 
the reactor length via the FTS reaction (Kern and Jess, 2023c) − we 

Table 1 
Heat transfer parameters, operational conditions, and chemical media data used 
to model the FT reactor (at 230 ◦C and 30 bar). (Details in Kern and Jess, 2023a, 
b,c, 2024a, b).

Effective radial thermal conductivity λrad (base case only) 4 W m− 1 K− 1

Thermal conductivity of bed without gas flow λbed 0.48 W m− 1 K− 1

Internal heat transfer coefficient (bed to tube wall) αwall (base 
case only)

1000 W m− 2 K− 1

Overall heat transfer coefficient of fixed-bed for K = 8 (Eq. 
(10)); Uth = 1/Rth

516 W m− 2 K− 1

Length of reactor (single tube) Ltube 12 m
Internal tube diameter dtube 3 cm
Initial molar content of CO, H2, and CH4 20 %, 44 %, and 

36 %
Initial superficial gas velocity us, z = 0 0.5 m s− 1

Total pressure p (reactor inlet) 30 bar
Diameter of spherical catalyst particles dp 3 mm
Bulk density of bed/catalyst ρbed 960 kg m− 3

Porosity of fixed-bed εbed 0.4
Heat capacity of gas mixture cp 35 J mol− 1 K− 1

Density of gas mixture ρg 730mol m− 3

Thermal conductivity of gas mixture λg 0.12 W m− 1 K− 1

Radial dispersion coefficient in fixed-bed Drad
. 10-4 m2 s− 1
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have opted to use constant values for both. This deliberate simplifi
cation ensures that the focus remains on the fundamental compari
son between 1D and 2D reactor models, both for FTS and more 
generally for wall-cooled fixed-bed reactors.

o Heat is conductively transferred through the steel wall and subse
quently to the boiling water. However, these two thermal resistances 
are relatively small and were therefore neglected, assuming Tw,int,2 =

Tcool. This assumption, along with the previously mentioned simpli
fications of constant λrad and αwall, was deliberately made to focus 
exclusively on the interplay λrad and αwall,int, the latter of which is 
hereafter referred to as αwall.

o The adiabatic temperature rise in FTS can reach up to 2000 K when 
using pure CO and H2 as syngas. However, to prevent thermal 
runaway, the permissible temperature increase is typically limited to 
50 K, necessitating intensive cooling and small tubes. In this study, a 
tube diameter (dtube) of 3 cm is employed.

o Radial dispersion of mass is considered in this study; however, its 
impact on reactor performance is minimal.

o Syngas recycling is not explicitly accounted for in this study. Instead, 
a syngas composition of 44 % H2, 20 % CO, and 36 % CH4 is assumed, 
which is representative of conditions that enable a high overall 
syngas conversion of 95 % with recycle (Kern and Jess, 2023b). 
Additionally, it ensures an identical conversion of H2 and CO, cor
responding to a methane selectivity of 20 %.

o The differential equations (DEs) for mass and heat balances were 
solved using Presto Kinetics, a reliable solver for DEs (CiT GmbH, 
Rastede, Germany).

The heat transfer parameters and other data used to model the FT 
reactor are listed in Table 1.

2.3. 1D model of multi-tubular FTS reactor

A one-dimensional (1D) model is significantly less complex than a 
two-dimensional (2D) model and provides a convenient first insight into 
reactor behavior. It assumes that concentration and, more importantly, 
temperature gradients occur only in the axial direction. Consequently, 
an overall radial heat transfer coefficient, Uth, is required to represent 
the combined effects of heat conduction in the bed (λrad) and heat 
transfer at the internal wall (αwall). In a 1D model, the bed temperature −
and thus the reaction temperature − is assumed to be radially uniform. 
This temperature is denoted as Tmean. Ideally, Tmean should correspond to 
a representative value that accurately reflects the “real” mean temper
ature and reaction rate within the bed. The overall heat transfer from the 
bed to the cooling medium (e.g., boiling water in FTS) is then described 
by: 

q̇ = Uth(Tmean − Tcool) (9) 

The overall thermal transmittance (also named overall heat transfer 
coefficient) Uth of a fixed-bed reactor and its reciprocal, the total thermal 
resistance Rth, is based on weighting the relative importance of radial 
conductivity (λrad) and wall heat transfer coefficient (αwall): 

Uth =
1

Rth
=

1
(Rwall + Rbed)

=

(
1

αwall
+

dtube

λradK

)− 1

(10) 

The factor K in Eq. (10) is a critical parameter for the reliability of 1D 
reactor models. Literature values vary, with most sources suggesting K 
= 8, though K = 6.13 (Crider and Foss, 1965), K = 6.12 (Westerink et al., 
1990), or K = 6 (Li and Finlayson, 1977) are have also recommended. A 
correlation allowing K to vary with Bi (see Eq. (11) below) was given by 
Dixon (1996). His correlation, K = 6 (Bi + 4)/(Bi + 3) in the notation of 
this work, leads to K = 6 in the limit Bi → ∞, and to K = 8 in the limit Bi 
→ 0. In this paper, a new approach is presented to determine K not only 
based on the Bi number, but also for different radial temperature dif
ferences in the fixed-bed and kinetic parameters such as the activation 

energy.

3. Simulation of FTS reactor by 1D and 2D reactor model

3.1. Influence of Bi number on the thermal behavior of a cooled multi- 
tubular FTS reactor

The ratio of αwall to the conductive heat transfer parameter inside the 
bed (dtube/2 λrad) defines the Biot number: 

Bi =
αwalldtube

2λrad
(11) 

In this study, Bi was varied over a wide range from 0.1 to 100 to analyze 
its fundamental influence on the thermal behavior of the reactor. 
However, practical Biot number values for wall-cooled reactors typically 
fall within a narrower range of 1 to 10 (Westerink et al., 1990).

For the analysis, the 2D model was initially used. Fig. 1 illustrates the 
impact of Bi on temperatures and temperature differences in the catalyst 
bed and at the reactor wall for a cooling temperature of 210 ◦C and a 
constant overall heat transfer coefficient Uth of 516 W m− 2 K− 1.

The individual values of αwall and λrad were determined using Equa
tions (11) and (10), with K = 8 in Equation (10). The axial position for 
analysis was always set at the location of the axial maximum tempera
ture, which occurs at approximately z = 2 m.

For low Bi numbers, the radial temperature difference in the bed 
(ΔTbed) is small, while the difference at the wall (ΔTwall) is high. 
Conversely, for high Bi values, this relationship is reversed. In the base 
case for FTS (Bi = 3.75), the differences are ΔTbed = Tmax − Twall,1 = 9 K 
and ΔTwall= 5 K.

For the 1D model, an initial assumption of K = 8 was used in 
Equation (10), as this is frequently recommended in the literature. This 
leads to an overall heat transfer coefficient of Uth = 516 W m− 2 K− 1. 
However, if a lower value is more appropriate (e.g., K = 6 K), Uth de
creases to 444 W m− 2 K− 1.

At the internal wall, the heat flux from the bed to the wall (W m− 2) 
equals the flux determined by αwall and the temperature ΔTwall. Using 
Equation (8), the heat flux can be expressed as: 

q̇ = awall
(
Twall,1 − Twall,2

)
=

Kλrad

dtube

(
Tmean − Twall,1

)
for r = 0.5dtube (12) 

According to Eq. (12), the gradient in the bed dT/dr at the wall 
equals the term (Tmean − Twall,1)/(dtube/8), if a value of 8 is used for K, 
and the gradient and thus the heat flux is smaller for K < 8.

In general, the overall radial temperature difference predicted by the 

Fig. 1. Influence of Bi number on Tmax (at r = 0), Tmean (r = 0.7 rtube), and 
temperatures at internal wall (Twall,1 and Twall,2 = Tcool) at the location of the 
axial temperature maximum for Uth of 516 W m− 2 K− 1 and K = 8. Grey data 
points represent standard case of FTS with Bi = 3.75.
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1D model is lower compared to the 2D model, since the 1D model as
sumes a radially uniform bed temperature Tmean: 

ΔTtotal,1D =
(
Tmean − Twall,1

)
+
(
Twall,1 − Twall,2

)
=

ΔTbed,2D

2
+ΔTwall

=
1
2
(
ΔTtotal,2D +ΔTwall

)
(13) 

From Equations (12), (13), and (11), the relationship between 
ΔTbed,2D and ΔTbed,1D is derived as: 

ΔTbed,2D = 2ΔTbed,1D = ΔTtotal,1D
4Bi

(K + 2Bi)
(14) 

For high Bi numbers, ΔTbed,2D ≈ 2 ΔTtotal,1D. In contrast, for low Bi 
numbers, ΔTbed,2D is small, and the bed becomes nearly isothermal, 
making the 1D and 2D models almost identical (Fig. 1).

Fig. 2 shows the dependency of αwall (heat transfer coefficient at wall) 
and heat conduction parameter 8 λrad/dtube (representing the bed resis
tance) for Uth = 516 W m− 2 K− 1 and varying Biot numbers.

For the base case (Bi = 3.75), the values of αwall (1000 W m− 2 K− 1) 
and 8 λrad/dtube (1067 W m− 2 K− 1) are nearly equal, demonstrating that 
heat transport in the bed and at the wall contribute approximately 
equally to the overall thermal resistance Rth.Results from the 2D model 
regarding the influence of the Biot number on CO conversion for 
different cooling temperatures are presented in Fig. 3 (left). Fig. 3 (right) 
illustrates the mean and maximum bed temperature as well as the wall 
temperatures for Tcool = 220 ◦C in the 2D model.

For Tcool = 220 ◦C and 225 ◦C, thermal runaway occurs when Bi 
exceeds a certain value, e.g., Bi = 25 for Tcool = 220 ◦C. At first glance, 
this behavior appears unexpected, as Uth remains constant. However, 
Fig. 2 demonstrates that at high Bi numbers, the overall heat transfer 
becomes increasingly limited by thermal conduction in the bed (λrad), 
leading to a stronger temperature sensitivity. It is crucial to emphasize 
that a 1D model only depends on the overall heat transfer coefficient Uth 
(here 516 W m− 2 K− 1) and not on individual values of αwall and λrad, and 
thus not on Bi. In contrast, 2D models explicitly consider Bi, making it a 
more accurate representation of reactor behavior.

Table 2 lists the CO conversion and characteristic radial tempera
tures at the location of the axial temperature maximum calculated by 
both the 1D- and 2D model for Tcool = 210 and 220 ◦C. For the 2D-model, 
additional values for different Bi numbers are included. Fig. 4 depicts 
axial temperature profiles for both cooling temperatures and (for the 2D 
model) also for a high value of Bi of 19. For Bi < 1, the values of Tmean 
and CO conversion remain nearly identical in both models. However, for 
high Bi values, the “true” values of Tmean and conversion predicted by the 
2D model are significantly higher than those of the 1D model. For 

example, at Bi = 19 and Tcool = 220 ◦C, we get rounded values of: 

o 2D model: Tmean,2D = 247 ◦C, XCO,2D is 74 %
o 1D model: Tmean,1D = 235 ◦C, XCO,1D of 68 %

For a lower Tcool of 210 ◦C, the axial profiles of Tmean are closely 
aligned for both models, even for Bi of 19. However, at Tcool = 220 ◦C, 
where conditions approach ignition (220.4 ◦C), the deviation between 
the models becomes significant (upper part of Fig. 4). These results 
suggest that a constant factor of K = 8 should not be used in a 1D model 
when Bi numbers are high (> 10) or Tcool approaches the critical ignition 
temperature. Under these conditions, the 1D model underestimates 
temperature and conversion, leading to inaccurate reactor predictions.

For Bi < 1, the mean bed temperature Tmean (in Table 1 listed at 
position of axial maximum) and also the CO conversion do not depend 
on the model, but for a high value of Bi, the “true” value of Tmean and the 
conversion deduced by the 2D model are considerably higher compared 
to 1D, as listed in Table 2 for Bi = 19. For a low cooling temperature of 
210 ◦C, the axial profiles of Tmean are closely together for both models, 
even for Bi of 19, but for Tcool of 220 ◦C, already near ignition at 
220.4 ◦C, the deviation is large (Fig. 4). This indicates that a constant 
factor K of 8 should not be used in a 1D model for high Bi numbers and if 
Tcool approaches the ignition temperature.

3.2. Analysis of thermal runaway of a multi-tubular FTS reactor by 1D 
and 2D model

The runaway behavior of the FTS reactor was analyzed by varying 
the cooling temperature until thermal ignition occurred. In all cases, the 
position of the axial temperature maximum was considered. Fig. 5 (left) 
presents the results for the reliable 2D model, representing the “real
istic” reactor behavior, and compares them to the 1D model for the case 
of Bi = 3.75. In the 1D model, two values for the parameter K were used, 
the standard value of 8 and a lower value of 6.2, for which the ignition 
temperature (Tig) of the 1D model matches Tig of the 2D model at 
226.5 ◦C. For K = 8, Tig is higher (231 ◦C), and the thermal sensitivity is 
significantly underestimated by the 1D model.

Fig. 5 (right) compares the CO conversion predicted by the 1D model 
for both values of K with the results from the 2D model: At low cooling 
temperatures, the 1D model with K = 8 closely approximates the “true” 
values from the 2D model. However, as runaway conditions are 
approached, the 1D model with K = 6.2 provides a better match to the 
2D model, capturing the correct ignition temperature and reactor 
sensitivity.

Fig. 6 (left) presents the optimal values of K in the 1D model, 
ensuring that the mean bed temperature Tmean predicted by the 1D 
model matches the “true” Tmean of the 2D model (at the axial tempera
ture maximum). The results indicate that K decreases from 8 to 6.2 as the 
cooling temperature Tcool approaches the critical ignition temperature 
Tig. With these adjusted K-values, the CO conversion obtained from the 
1D and 2D models becomes nearly identical, with a deviation of less than 
0.5 % (Fig. 6, right).

A similar study was conducted for a broad range of Biot numbers 
beyond the base case of Bi = 3.75. The results are illustrated in Figs. 7–9:

Fig. 7 demonstrates that by adjusting the ignition-related K-values 
(Kig), the ignition temperature predicted by the 1D model closely aligns 
with the 2D model across different Bi numbers.

Fig. 8 (colored data) and Fig. 9 (left) validate the correlation Kig = f 
(Bi), confirming that it remains valid even when the overall thermal 
resistance Rth (and Uth = 1/Rth) is varied significantly, from 0.5 to 2.5 
times the base case of FTS (Rth,FTS = 0.00194 m2 K1 W− 1).

As expected, Fig. 9 (right) illustrates that the ignition temperature 
Tig_decreases with increasing Rth (i.e. decreasing Uth), due to reduced 
cooling intensity. However, Fig. 9 (left) confirms that the optimal value 
Kig remains unaffected, further supporting the accuracy of the correla
tion presented in Fig. 8.

Fig. 2. Influence of Bi number on αwall and heat conduction term 8 λrad/dtube for 
a constant Uth and a value of 8 for K. The two data points represent standard 
case of FTS (Bi = 3.75).
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The value of Bi can vary between 2 and 6 for FTS (see footnote of 
Table 2). More generally, for wall-cooled reactors, 1 < Bi < 10 is a 
typical range (Westerink et al., 1990). But this range is also where Kig 
exhibits a strong dependence on Bi (Figs. 8 and 9), further emphasizing 
the need to adjust K dynamically in 1D models when operating in this 
regime.

It should be noted that the values of αwall and λrad used in the 1D 
model were identical to those in the 2D model. This ensured that the 
ignition temperature Tig obtained in the 2D model (Fig. 7) corresponded 
to the “true” ignition temperature. The parameters αwall and λrad then 
lead by Eq. (10) and Eq. (11) to an overall heat transfer coefficient Uth,2D, 
in most cases in this work 516W m− 2 K− 1. To match the ignition tem
perature by the 1D model, a lower value of Uth,1D was required. Based on 
this adjusted Uth,1D, the appropriate value of Kig was calculated, as 
shown in Fig. 8.

3.3. Radial heat transfer parameter K for s safe reactor operation beyond 
danger of runaway

Fig. 8 and Fig. 9 demonstrated that the ignition-related parameter Kig 
depends solely on the Bi number. This relationship remains valid beyond 
FTS, as further discussed in Section 4. For conditions below thermal 
runaway, i.e. for Tcool < Tig, the temperature differences within the 

catalyst bed and at the wall decrease. This raises the question: Which 
value of K should be used in the 1D model to accurately describe heat 
transfer also under these subcritical conditions? Fig. 10 addresses this 
question by illustrating the influence of Bi on K in the FTS reactor. The 
values were chosen such that the 1D model reproduces the “real” mean 
bed temperature at the axial maximum, as obtained from the 2D model. 
However, since the 1D model assumes a uniform (mean) bed tempera
ture, this temperature corresponds in the 2D model to the one at the 
radial position r = 0.7 rtube. The upper red dashed line in Fig. 10 rep
resents the borderline case of thermal runaway, where Tcool = Tig. The 
blue dashed line represents the correlation presented by Dixon (1996), 
as mentioned in the introduction.

For any value of Bi, K increases as Tcool decreases. In Fig. 10, this 
trend is evident, and for low values of Tcool, K asymptotically approaches 
8, at least for Bi < 10. For example, in the base case of FTS with Bi =
3.75: At ignition (Tcool = 226.6 ◦C), the lower limit of K = 6 is reached. 
For lower values of Tcool we have: Tcool = 220 ◦C → K = 7.1, Tcool =

210 ◦C → K = 7.5, and Tcool = 190 ◦C → K = 7.9. This suggests that the 
appropriate K-value depends both on Bi and on the difference in bed 
temperature.

A lower K-value (e.g., 6 instead of 8) implies that the heat flux at the 
wall is reduced by 25 %. This observation may explain previous litera
ture reports stating that experimentally determined values of λrad and 

Fig. 3. Influence of Bi on reactor performance calculated by 2D model for Uth of 516 W m− 2 K− 1 and K = 8. Left: CO conversion for different cooling temperatures. 
Right: Tmax (at r = 0), Tmean (r = 0.7 rtube), Twall,1 and Twall,2 = Tcool at location of axial maximum, typically reached at z = 2 m. The grey data points represent standard 
case of Bi = 3.75.

Table 2 
CO conversion and temperatures at location of maximum axial temperature (parameters in Tab. 1) calculated by a 1D- and 2D model for Tcool = 210 ◦C or 220 ◦C.

1D-model 2D-model

Uth in W m− 2 K− 1 516
λrad in W m− 1 K− 1 only Uth is needed (Eq. (10) with K = 8) 9.4 4 2.34 9.4 4 2.61 2.34
αwall in W m− 2 K− 1 650 1000 3000 650 1000 2000 3000
Bia 1.04 3.75 19.2 1.04 3.75 11.5 19.2
Tcool in ◦C 210 220 210 220
Tmax in ◦C − − 220.5 223.7 229.0 238.6 245.9 260.6 278.5
Tmean in ◦C 218.6 235.0 218.6 218.9 219.8 235.2 236.6 240.9 247.3
Twall,1 in ◦C − − 216.8 214.5 211.5 232.0 228.6 225.2 223.7
XCO 48.5 % 68.4 % 48.6 % 48.9 % 49.8 % 68.5 % 69.3 % 71.4 % 74.0 %

a Bi mainly depends on Rep (=us dp/vg). For the base conditions of FTS (Table 1), us = 0.5 m/s, Rep = 650, and Bi is 3.75. For a 5 times lower/higher gas velocity, Bi 
would vary in a range of 2 to 6.
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αwall under reaction conditions deviate significantly from those 
measured without reaction, up to 20 % lower for λrad and even 50 % for 
αwall for exothermic reactions as in case of FTS [Westerterp et al., 1998; 
Hofmann, 1979]. For endothermic reactions, Chao et al. (1973) have 
reported the reverse effect that heat transfer coefficients in packed beds 
under reacting conditions are always larger than those predicted by 
correlations obtained under non-reacting conditions. However, rather 
than being caused by an intrinsic change in λrad and αwall due to reaction 
effects, these deviations may simply reflect the change in K induced by 
the influence of reaction on the radial temperature profile, compared to 
non-reactive conditions. This hypothesis is further analyzed in the next 
sections.

The comparison of our results with the correlation of Dixon (Fig. 10) 
makes clear that Dixońs equation nicely reflects the same trend, but only 
represents fairly well mean values for a given number of Bi. As shown in 
Fig. 10 and analyzed in detail in the next section, K approaches the value 
of 8 even for relatively high Bi numbers, if the heat released by the re
action and thus the temperature difference in the fixed-bed is low. 
Conversely, K approaches the value of 5, if the heat released is high, e.g. 
for Bi > 10 and the case of thermal runaway. This is also not reflected by 
Dixońs correlation, K = 6 (Bi + 4)/(Bi + 3), which leads to a minimum 
value of K = 6 in the limit Bi → ∞.

3.4. Radial temperature profiles in cooled fixed-bed reactors (example of 
FTS reactor)

The factor K in Eq. (10), as shown in Figs. 6, 8, and 9 for the onset of 
thermal runaway (Kig) and in Fig. 10 for cases below ignition, has so far 
been determined purely by comparing the results of the 1D and 2D 
model. In this approach, the data obtained from the 2D model were 
considered the “truth,” and the factors Kig and K in the 1D model were 
used solely as fitting parameters. It therefore remains an open question 
whether the correlation derived for Kig and K, as shown in Figs. 8 to 10, is 
only valid for FTS or whether it applies generally to cooled fixed-bed 
reactors.

To explore this, we begin with the simplifying assumption that the 
radial temperature profile in a cylindrical, wall-cooled packed bed with 
a chemical reaction maintains a parabolic curvature between tube 

Fig. 4. Axial T-profiles calculated by the 1D- and 2D-model for Tcool of 210 ◦C 
(bottom) and 220 ◦C (top). For the 2D-model (red), a high Bi number of 19 was 
assumed. For the 1D-model (blue), constant values of Uth (516 W m− 2 K− 1) and 
of K (8) were used. The 1D model only delivers Tmean,1D and not any information 
about the true radial temperature profile in the bed or about the assumed jump 
in temperature at the wall from Twall1,2D to Twall,2,D2 = Tcool.

Fig. 5. Left: Influence of the Tcool on Tmax in the tube center and Tmean (r ≈ 0.7 rtube) at the location of Fthe axial T-maximum according to 2D model (red data). For 
comparison, the results of the 1D-model for Uth = 516 W m− 2 K− 1 (K = 8; black points) and 453 W m− 2 K− 1 (K = 6.2, blue points) are also shown. Right: CO 
conversion (Bi = 3.75; conditions in Tab. 1).
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center (Tmax) and internal wall (Twall,1). This assumption is supported by 
various experimental and numerical studies, including those by Emig 
and Klemm (2005), Westerterp et al., (1998), and Froment and Bischoff 
(1990). Accordingly, the temperature at any radial position is given by: 

Tr = Twall,1 +
(
Tmax − Twall,1

)
[

1 − 4
r2

d2
tube

]

(15) 

To derive Eq. (15), a uniform heat production across the cross- 
section is assumed, which is, of course, not entirely valid. As discussed 
in Section 4, the parabolic curvature of the radial temperature profile, as 
described by Eq. (15), is only strictly applicable to a cylindrical geom
etry, if the reaction rate, and thus the heat release, are independent of 
temperature and/or if the temperature gradient within the bed is low. 
When there is a significant temperature difference in the bed, combined 
with a reaction rate that is highly sensitive to temperature (i.e., high 
activation energy), the profile flattens.

The mean temperature in the one-dimensional model corresponds to 
the temperature at the radial position rmean = 0.707 rtube = 0.354 dtube in 
the 2D model. This position divides the packed bed radially into two 
regions of equal volume. However, this assumption is strictly valid only 
if the activation energy and/or the temperature difference within the 
bed are low. Under these conditions, the mean radial temperature serves 
as a reasonable approximation for the entire cross-section.

It is essential to consider that the reaction rate varies significantly 
with temperature, making this purely geometrical approach not entirely 
exact. Nonetheless, it provides a convenient and widely used approxi
mation. The mean temperature at rmean is given by: 

Tmean = Tmax −

(
Tmax − Twall,1

)

2
=

(
Tmax + Twall,1

)

2
(16) 

The heat flux from the bed to the wall corresponds to the derivative 

Fig. 6. Left: Influence of Tcool on appropriate value of factor K for 1D model to reach exactly the “true” value of Tmean of 2D model at position of the maximum axial 
temperature (typically at z = 1.5 m). Right: Comparison of CO conversion according to 1D model with K as depicted left and true XCO of 2 D model (Bi = 3.75; 
conditions in Tab. 1).

Fig. 7. Influence of Bi on ignition temperature (onset of runaway) derived by 
the 2D model for Uth of 516 W m− 2 K− 1 (K = 8; Eq. (10)) and by the 1D model 
by appropriate values of the parameter K (see Fig. 7) to match the “real” values 
of the 2D model.

Fig. 8. Impact of Bi on value of K in 1D model to match the “real” values of Tig 
derived by 2D model (Fig. 6). (white symbols: Rth for K = 8 is 0.00194 m2 K1 

W− 1, i.e. Uth,2D = 516 W m− 2 K− 1; grey, red and blue symbols: Rth for K = 8 in a 
range 0.0009 to 0.0048 m2 K1 W− 1, i.e. Uth,2D varies between 2000 and 200 W 
m− 2 K− 1).
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of Eq. (15) evaluated directly at the internal wall of the reactor, i.e., at 
the radial position r = 0.5 dtube = rtube. This results in: 

q̇ = − λrad
dT
dr

⃒
⃒
⃒
⃒
r=rtube

=
8λrad

dtube

(
Tmean − Twall,1

)
(17) 

The derivation confirms that the factor K = 8 in Eq. (17) for the 
conductive heat transfer resistance within a packed bed is valid, pro
vided that the parabolic curvature of the radial temperature profile re
mains unchanged by the reaction. However, various authors report 
different values for K, for example, Crider and Foss (1965) suggest K =
6.12 instead of 8. This lower value is particularly recommended for 
accurately predicting thermal runaway, as noted by Westerink et al. 
(1990). These findings align with the conclusions of this study, where K 
depends on Bi and may be lower than 8.

To gain a deeper understanding of why K depends on Bi and the 
magnitude of the temperature difference within a packed bed, it is useful 
to examine radial temperature profiles derived from the 2D model. 

Figs. 11 and 12, using FTS as example, illustrate that the parabolic shape 
of the radial profile from Eq. (15) does not hold when the temperature 
difference in the bed is large.

Fig. 11 (right) demonstrates that for an extremely high heat transfer 
coefficient at the wall (high Bi) − and consequently a strong temperature 
gradient within the bed − the radial temperature profile flattens 
significantly compared to the parabolic shape. This flattening reduces 
the radial temperature gradient at the wall, leading to a lower radial 
heat flux and, consequently, a lower K-value compared to the standard K 
= 8. This effect is particularly pronounced near ignition and at high Bi 
values, as shown in Fig. 12 (right). In contrast, for low Bi values, the 
parabolic temperature profile remains nearly valid, as seen in Fig. 11
(right, blue line) and Fig. 12 (left). Although the Bi values chosen in 
Figs. 11 and 12 deviates from realistic FTS conditions − where Bi = 3.75 
under the conditions in Table 1 and practical values typically fall within 
1 < Bi < 10 (Westerink et al., 1990) − the extreme values of Bi = 0.26 
and 605 in Fig. 11 and even Bi = 0.014 in Fig. 12 were intentionally 
chosen to clearly illustrate the strong parabolic curvature at low Bi and 
the profile flattening at high Bi.

It is evident that large radial temperature differences significantly 
alter the temperature profile due to the chemical reaction, which, in 
turn, leads to a radial variation in the reaction rate. This variation is 
governed by the activation energy − for FTS, EA = 74 kJ/mol. In Section 
4, the impact of the rate on the temperature profile will be systemati
cally analyzed, first for FTS and then for other processes.

4. General correlation for the radial heat transfer parameter K 
useful for 1D models

4.1. Impact of activation energy and radial temperature difference on the 
radial conductive heat transport within a wall cooled fixed-bed reactor

The (normalized) heat release by the chemical reaction in a small 
radial segment i of a wall-cooled fixed-bed with thickness Δr and total 
number of segments Ns is given as follows. The index i represents the 
radial segment number, where i = 1 at r = 0 (tube center) and i = Ns =

rtube/Δr at r = rtube (internal wall of reactor tubes). The heat release 
depends on the local reaction rate rm,r at position r and is normalized to 
the maximum reaction rate rm,max occurring at Tmax in the tube center (r 
= 0): 

Fig. 9. Left: Influence of Rth (= 1/Uth) on appropriate value of Kig in the 1D model to match the “real” Tig derived by 2D model (Figs. 7 and 8) for 3 values of Bi. Right: 
Ignition temperatures.

Fig. 10. Influence of Bi on value of K in 1D model of FTS reactor to match the 
“real” values of Tmean of the 2D model at position of axial maximum in tem
perature. The 1D approach assumes a constant bed temperature, which corre
sponds to the value reached by the 2D model at r = 0.7 rtube. The lower red 
dashed line represents case of runaway. The blue line represents the correlation 
presented by Dixon (1996).
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ΔQ̇N,i =
ΔQ̇i

ΔQ̇Ns

=
rm,r

rm,max

2πrΔrLtube

2πrtubeΔrLtube
= e

−
EA
R

(
1
Tr
−

1
Tmax

)

r
rtube

= rN
r

rtube
(18) 

This expression provides insight into the spatial distribution of heat 
release within the radial profile of the reactor. The normalized reaction 
rate factor rN is 1 at r = 0 (tube center) and decreases toward the wall, 
reaching its minimum at r = rtube. This behavior is illustrated in Fig. 13
(top) for an arbitrary example based on FTS with an activation energy EA 
= 74 kJ/mol and a relatively high temperature difference of 55 K within 
the bed, a condition close to thermal ignition.

The corresponding normalized radial heat flux is given by 

Q̇N,i =

∑i
1ΔQ̇i

∑Ns
1 ΔQ̇i

(19) 

as shown in Fig. 13 (bottom). This profile reflects the temperature 
gradient in the bed, with the maximum heat flux occurring near the tube 
wall, where the steepest gradient is present. Strictly speaking this 
expression is only valid at the axial position of the temperature 
maximum (dT/dz = 0), meaning that no heat is consumed or released to 
heat up or cool down the gas in the axial direction.

Fig. 11. Left: Radial T-profiles calculated by 2D model at position of axial T-maximum for different combinations of λrad and αwall (and thus Bi) for a constant Uth,2D. 
Right: Comparison of modelled profiles (red and blue curve) and parabolic profiles (black) according to Eq. (15), i.e. without influence of reaction and activation 
energy, for a high value of Bi (605) and the base case of FTS (Bi = 3.75).

Fig. 12. Radial temperature profiles calculated by the 2D model for FTS for a very low (left) and a very high (right) value of the Bi number for Uth (for K = 8) of 516 
W m− 2 K− 1.
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Based on Eq. (19), the normalized heat flux per area, shown in the 
bottom of Fig. 13, is given by: 

q̇N,i =
Q̇N

r/rtube
(20) 

This equation represents the radial heat flux profile, normalized to its 
maximum conductivity value, providing insight into the radial distri
bution of heat transfer in the bed. For comparison, the dashed lines in 
the bottom part of Fig. 13 show Q̇N and q̇N for rN = 1, i.e. for EA = 0 and 
hence the case of no influence of the reaction on the radial temperature 
profile. In this case, Q̇N = (r/rtube)2 and q̇N = r/rtube.

For any temperature difference in the bed, ΔTbed = Tmax − Tmin, the 
value in each radial segment i is: 

ΔTi =
q̇N,i

∑Ns
1 q̇N,i

ΔTbed (21) 

Hence, the radial temperature profile is determined by: 

Tr = Tmax −
∑i

1
ΔTi (22) 

Since the actual radial temperature profile is a priori unknown, the 
parabolic profile from Eq. (15) was used as a starting point, assuming no 
influence of activation energy (rN = 1). The actual profile was then 
derived iteratively, and is shown in the bottom of Fig. 14 for the example 
outlined in Fig. 13 with a high difference in bed temperature of 55 K as 
instructive example. Fig. 14 (middle and upper part) presents examples 
for two other radial temperature differences in the bed, 30 K and only 
10 K, also assuming an activation energy of 74 kJ/mol, as in FTS. The 
results in Fig. 14 clearly show that the temperature gradient at the wall 
decreases with increasing temperature difference in the bed. Conse
quently, the factor K decreases, from K = 7.25 for ΔTbed = 10 K to K =
5.1 for 55 K. In conclusion, a larger radial temperature difference in the 
bed leads to a lower radial heat flux, which in turn results in a lower 

Fig. 13. Radial profiles of the dimensionless parameters rN, Q̇N, and q̇N for EA 
= 74 kJ/mol, Tmax = 252.5 ◦C, and Twall,m1 = 197.5 ◦C. The radial T-profile is 
shown in the bottom of Fig. 14. Dashed lines (bottom) represent case of rN = 1, 
i.e. EA = 0, and are shown for comparison.

Fig. 14. Radial T-profiles calculated by 2D model for T-differences from 10 to 
55 K in the bed and an activation energy of 74 kJ/mol (FTS). Comparison of 
(modelled profiles (full lines) and parabolic profiles (dotted lines) according to 
Eq. (15), i.e. without influence of reaction.
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value of K.
Insertion: In this work, only cooled reactors and exothermic pro

cesses, such as FTS, are discussed. Applying Equations (18) to (22) to 
endothermic reactions would result in a steeper temperature gradient at 
the wall due to the influence of the chemical reaction, leading to an 
increased heat flux. Consequently, K would be greater than 8, and Uth 
would exceed the value calculated using Eq. (10) with K ≤ 8. As 
mentioned in Section 3.3, this effect was confirmed by Chao et al. 
(1973), who observed higher heat transfer coefficients in heated packed 
beds under reacting conditions for the case of endothermic methane- 
steam reforming. However, this specific aspect related to endothermic 
processes is not further discussed in this study.

The correlation for K, derived from numerous modeling results, is 
presented in Fig. 15 for FTS at a mean temperature of 225 ◦C with an 
activation energy of EA = 74 kJ/mol. Additionally, Fig. 16 extends this 
analysis to a broad range from 2 to 350 kJ/mol, and considers also 
extreme values of Tmean at 8 ◦C and 1220 ◦C. The resulting correlation for 
K is: 

K = 8 − 1.72
(

EA

RTmean

ΔTbed,2D

Tmean

)0.8

= 8 - 1.72(ArΔTN)
0.8 (23) 

In Eq. (23), the Ar represents the Arrhenius number, defined as Ar = EA/ 
(R Tmean) where EA is the activation energy, R is the universal gas con
stant, and Tmean the mean bed temperature. The Arrhenius number 
serves as a measure of the temperature sensitivity of a reaction, which 
increases with higher activation energy, but is damped to some extent by 
a higher reaction temperature Tmean. The term ΔTN is the normalized 
temperature difference in the bed, calculated from the 2D model as ΔTN 
= ΔTbed,2D/Tmean. This parameter is also significant: for low ΔTN, the 
radial temperature profile closely follows the parabolic profile predicted 
by Eq. (15), and the factor K approaches 8.

The correlation for K in Eq. (23) is particularly valuable for 1D 
models, as it allows for the determination of the appropriate K-value −
and thus of Uth via Eq. (10) − even for cases below ignition. Some 
iteration may be required, since the 1D model only determines Tmean 
and, therefore, only the total temperature difference ΔTtotal,1D = Tmean −

Tcool. However, the required ΔTbed,2D and ΔTN, respecttively, needed for 
determining K via Fig. 16 or Eq. (23) can be easily calculated using Eq. 
(14).

For the special case of runaway, where the maximum temperature 
difference between the mean bed temperature Tmean and the cooling 
temperature Tcool = Twall,2 − Twall,2 is reached, Eq. (14) yields: 

ΔTbed,2D

ΔTig,1D
=

4Bi
(K + 2Bi)

(24) 

ΔTig,1D can be estimated using a simple yet valuable formula for the 
maximum allowable temperature difference between the mean reaction 
temperature and the cooling temperature to prevent thermal runaway in 
a cooled fixed-bed reactor: 

ΔTig,1D ≈
RT2

mean
EA

(25) 

This expression provides a practical guideline for predicting critical 
operating limits, ensuring that the reactor remains within the safe 
operating range without exceeding the ignition threshold. This stability 
criterion was originally derived by Wilson in 1946 based on steady-state 
equations and later applied by Barkelew (1959) in his well-known work 
on the stability of chemical reactors. The temperature difference ΔTig,1D 
represents the maximum permissible increase in temperature before 
small fluctuations lead to an uncontrolled temperature rise (thermal 
runaway).

The maximum value of Ar ΔTN, as shown in Figs. 15 and 16, is 2, 
meaning that critical conditions are reached and runaway is inevitable. 
When Ar ΔTN = 2, the bed temperature difference in the 2D model 
satisfies the relation ΔTbed,2D = 2 ΔTig,1D (Eq. (25)). Consequently, the 
temperature difference in the 1D model, ΔTbed,1D = Tmean − Tcool, already 
reaches ΔTig,1D, meaning that even when the temperature difference at 
the wall is negligible (high Bi), runaway still occurs.

For Bi < 10, the contribution of ΔTwall to ΔTtotal is no longer negli
gible, as shown in Fig. 17 (right), so the critical value of Ar ΔTN needed 
for ignition is lower than 2. In the base case of FTS with Bi = 3.75, 
ignition already occurs at Ar ΔTN = 1.1, where ΔTtotal = 28 K, the critical 
value according to Eq. (25). When ignition is reached, the relationship 
derived from Eq. (23) and Eq. (25) is: 

Kig = 8 − 1.72
(

ΔTbed,2D

ΔTig,1D

)0.8

⇒
ΔTbed,2D

ΔTig,1D
=

(
8 − Kig

1.72

)1.25

(26) 

Insertion of Eq. (23) into Eq. (26) leads to the reversal function for 
Kig = f(Bi), i.e. to Bi = f(Kig): 

4Bi
(
Kig +2Bi

)=

(
8 − Kig

1.72

)1.25

⇒Bi=
Kig

{

4
(

1.72
8− K

)1.25

− 2

}
(
8< Kig < 5.005

)

(27) 
Fig. 15. Influence of term EA ΔTbed,2D/(R Tmean

2) = Ar ΔTN on parameter K for 
an activation energy of 74 kJ/mol and a mean temperature of 225 ◦C, i.e. for 
typical conditions of FTS.

Fig. 16. Influence of term Ar ΔTN on parameter K for different activation en
ergies, mean temperatures, and temperature differences in a cooled fixed-bed as 
indicated in the figure.
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Eq. (27) is graphically represented in Fig. 17 (left) and compared to 
the correlation shown in Fig. 8, which was empirically just derived by 
comparing the results of the 1D and 2D models. The agreement between 
both correlations is remarkably good. The influence of Bi on the ratio of 
the temperature difference within the bed to the overall difference is 
also highlighted in Fig. 17 (right).

For practical Bi values between 1 and 10, the ignition-related factor 
Kig varies between 7.1 and 5.5, with an average of 6.3 (Fig. 17, left). This 
is consistent with the constant value of 6.12, which has been recom
mended in the literature for predicting the onset of parametric sensi
tivity (Westerink et al., 1990; Crider and Foss, 1965). To illustrate the 
impact of Kig on reactor performance in a 1D model, selected results for 
temperatures and CO conversion are listed in Table 3 for different Kig 
values corresponding to practically relevant Bi numbers. For compari
son, the constant literature value of 6.12 is also included. FTS was 
chosen as an instructive example.

First, the ignition temperature Tig (the highest cooling temperature 
Tcool at which runaway is avoided) was determined. Then, a safe oper
ating condition was modeled by assuming a cooling temperature Tsafe 
that is 5 K below Tig. The results in Table 3 show significant differences: 
The CO conversion varies from 71 to 81 %, the ignition temperature Tig 
ranges from 223 to 231 ◦C, and the mean bed temperature Tmean spans 
from 241 to 251 ◦C. These findings emphasize that assuming a constant 

Kig can lead to both under- and overestimation of reactor sensitivity. 
Even below ignition conditions, reactor performance parameters differ 
considerably, highlighting the necessity of a variable Kig approach in 1D 
modeling.

At this point, we would like to note that, to the best of our knowl
edge, the calculation of the corrected radial temperature profile using 
the method described in Equations (18) to (22), or a similar approach, 
has not yet been published. Additionally, correlations such as Equation 
(23) and Equation (27) for determining the heat transfer parameters K 
and Kig as a function of Bi, Ar, or ΔTbed, among others, have also not been 
previously reported. This is particularly surprising, given the large 
number of publications − some of which are cited in this work − that 
have examined radial heat transport in cooled fixed-bed reactors as well 
as one-dimensional and two-dimensional reactor models. We therefore 
hope that our contribution is both novel and valuable.

4.2. Improved method to determine critical conditions of wall cooled 
fixed-bed reactors

The critical runaway conditions can be estimated using two dimen
sionless numbers, as introduced by Barkelew (1959). The first parameter 
is the cooling effectiveness number, given by 

Ncool =
Uth

4
dtube

ΔTad

rm,CO,Tcool ρbed|ΔRH|EA

(28) 

With rm,CO,Tcool as reaction rate at Tcool. The second parameter is the 
adiabatic number, defined as 

Nad =
EAΔTad

RT2
cool

= ArΔTad (29) 

which expresses the thermal sensitivity of the reaction. The ratio of these 
two parameters is frequently used for the analysis of thermal sensitivity, 
given by: 

Ncool

Nad
=

Uth
4

dtube
RT2

cool

rm,CO,Tcoolρbed |ΔRH|EA

(30) 

For a cooled fixed-bed reactor, the maximum axial temperature occurs 
near the front part of the reactor. In the case of FTS with a tube length of 

Fig. 17. Left: Influence of Bi on Kig for FTS and runaway. Right: Influence of Bi on ratio of ΔTbed,2D to overall difference Tmax − Twall,2. Conditions of FTS and values of 
Tig as in Tab. 1 and Fig. 7.

Table 3 
CO conversion and characteristic temperatures derived by 1D model for 
different Kig values and Uth based on Eq. (10). The minimum and maximum Kig 
values are related to practical Bi values ranging from 1 to 10. Tmean refers to 
position of axial T-maximum.

Kth Uth (Eq. 
(10)) 
in W m− 1 

K− 2

Tcool = Tigin 
◦C

Tcool = Tsafe = Tig − 5 K in ◦C
Tcool in 
◦C

Tmean in 
◦C

XCO in 
%

5.5 (Bi = 10, Eq. 
(27))

393 222.8 217.8 240.7 70.5

6.12a 420 225.0 220.0 243.3 73.3
7.1 (Bi = 1, Eq. 

(27))
503 231.1 226.1 250.5 80.5

a Constant value of Kig recommended in the literature (see text) to predict 
onset of sensitivity.
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12 m, the axial position of this temperature maximum is around z = 2 m 
(see Fig. 4). This position is the critical location for runaway. Although 
reactant concentrations at the temperature maximum are lower than 
their initial values (for FTS, CO and H2 concentrations are reduced), the 
sensitivity analysis for runaway behavior is based on the initial con
centrations, meaning that rm,CO,Tcool is calculated using these values. The 
real decline in reactant concentrations, which reaches about 20 % for 
FTS, is approximated in the runaway diagram in Fig. 18 (left), which 
correlates Ncool/Nad and Nad. This diagram was originally derived by 
Barkelew (1959) by inspecting a large number of numerical integrations 
of reactor systems before high-speed computing became available. 
Depending on the reaction order, critical conditions are reached when 
(

Ncool

Nad

)

crit
= 2.72 −

C̅̅̅
̅̅̅̅

Nad
√ ± 0.15 (31) 

where C = 0 for a zero-order reaction (n = 0), C = 2.6 for n = 0.5, and C 
= 3.37 for n = 1, as described by Baerns et al. (2006) and Jess and 
Wasserscheid (2020). The curves in Fig. 18 (left) for different reaction 
orders define stability boundaries, separating the regions of stable and 
unstable operation regarding runaway. The uncertainty of Ncool/Nad is 
typically ± 0.15 (Baerns et al., 2006).

For FTS, the reaction order with respect to syngas concentration (CO 
+ H2) is approximately 0.5, and Nad = 34 (ΔTad,FTS ≈ 1000 K). This 
means that thermal runaway should occur when 
(

Ncool

Nad

)

crit,FTS
≤ 2.27 ± 0.15(forn = 0.5) (32) 

The value of Ncool from Eq. (28) is directly proportional to the overall 
thermal transmittance Uth and thus depends on the parameter K, as 
determined by Eq. (27). Additionally, Ncool depends on the reciprocal of 
the reaction rate at Tcool, which decreases as Bi increases (see Figs. 7 and 
10).

If a constant value of K = 8 is incorrectly assumed, the critical term 
Ncool/Nad becomes significantly overestimated, as shown by the red data 
points in Fig. 18 (right). This overestimation leads to values much higher 
than the “real” value of 2.27 for FTS. Consequently, for Bi > 1, assuming 
K = 8 results in a huge overestimation of reactor stability with respect to 

runaway behavior, and the magnitude of this overestimation increases 
significantly for Bi > 5 (Fig. 18, right).

This effect arises because the heat transfer resistance of the bed Rbed 
becomes increasingly dominant compared to the wall resistance Rwall. 
Assuming a constant K = 8 underestimates this effect quite strongly. 
However, when K is adjusted according to Eq. (27), the critical term 
Ncool/Nad is correctly predicted to be near 2.27, as calculated by Eq. (30)
and illustrated in Fig. 18 (right, blue data). It should be noted that the 
critical values of Ncool/Nad were calculated in both cases − for K = 8 and 
for K = f(Bi) − based on the “true” critical cooling temperatures (ignition 
values) derived by the 2D model. This was done to explicitly illustrate 
the impact of K and Bi on the critical value of Ncool/Nad.

To summarize: For analyzing thermal runaway using a 1D model, 
such as determining the critical cooling temperature or the maximum 
allowable tube diameter for a given cooling condition, Eq. (27) should 
be used to adjust the parameter K and thus the value of Uth,1D for the 
given Bi number.

An improved yet simple method is finally proposed in this work for 
determining the critical cooling (ignition) temperature Tig of wall-cooled 
fixed-bed reactors without requiring a full reactor model. This method 
requires knowledge of only four key parameters: the effective radial 
thermal conductivity λrad, the heat transfer coefficient at the wall αwall, 
the reaction rate rm at any value of Tcool (and thus also EA), and the re
action order n. These values can be estimated from heat transfer corre
lations and kinetic studies. Other required data − such as tube size, 
reaction enthalpy, adiabatic temperature rise, and catalyst bulk density 
− are typically well-known.

The suggested procedure to determine the ignition temperature Tig 
follows these steps: 

1. Calculate Nad using Eq. (29) with the activation energy EA, adiabatic 
temperature rise ΔTad, and an initial estimate of the cooling tem
perature Tcool. If necessary, refine Nad iteratively.

2. Determine the critical value of Ncool/Nad for the given reaction order 
and Nad using Eq. (31).

3. For any Biot number, calculated by Eq. (11) along with the values of 
λrad, αwall, and dtube, use Eq. (27) to obtain the appropriate value of Kig 
and then determine Uth by Eq. (10).

Fig. 18. Left: Runaway diagram for different reaction orders n according to Barkelew (1959) and Baerns et al. (2006). Right: Influence of Bi number on critical term 
Ncool/Nad with regard to ignition (Eq. (32)) for the conditions of FTS, i.e. Nad = Ar ΔTad = 34. Blue data points: Values with K = f(Bi) according to Eq. (27); red data: 
result for K = 8. The two dashed lines indicate margin of deviation of critical value of Ncool /Nad (Eq. (32)).
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4. Adjust Tcool iteratively until the calculated value of Ncool/Nad from Eq. 
(30) matches the critical value obtained from Eq. (31), ensuring that 
Tcool = Tig.

5. Fig. 19 illustrates the ignition temperatures Tig calculated using this 
method for FTS (EA = 74 kJ/mol and temperatures around 220 ◦C). 
The results obtained using K = f(Bi) from Eq. (27) are shown as blue 
data points. For comparison, the ignition temperatures predicted 
using the incorrect assumption of a constant K = 8 (red data) and the 
value given by Westerink (1990) of K = 6.12 are also presented. 
Additionally, the “true” ignition temperatures obtained from the 2D 
model are included as black data.

The results clearly show that the suggested method with K = f(Bi) 
closely matches the “true” ignition temperatures derived from the 2D 
model, with deviations of less than 4 K. In contrast, assuming K = 6.12 or 
K = 8 leads to deviations of up to 8 K or 10 K, respectively.

The small and systematic difference between the ignition tempera
tures derived using our method and the true 2D model values may stem 
from a potential weakness or inaccuracy in the correlations, Eq. (31) and 
Eq. (32), used to calculate the critical term Ncool/Nad. For example, 
Barkelew (1959) used a value of K = 8 to calculate Uth by Eq. (10), which 
yields a higher value of Ncool (Eq. (28)) and of Ncool/Nad (Eq. (30)), 
respectively, compared to using a value of K < 8. This could be an 
indication that the critical value of Ncool/Nad according to Eq. (31) is a bit 
too high. Notably, if this term were 2.05 instead of 2.27, the calculated 
ignition temperatures would almost exactly match the 2D model values, 
see Fig. 18 (right), which indicates that this hypothesis could be correct.

More importantly, the 2D model predicts a strong decrease in Tig with 
increasing Biot number. For instance, within the practical range of 1 <
Bi < 10, the ignition temperature drops from 231 ◦C to 218 ◦C. This 
trend is only accurately captured by the proposed method using K = f 
(Bi), whereas assuming a constant K fails to account for this behavior 
correctly.

5. Conclusions and outlook

This study presents a refined approach for modeling heat transfer 
and thermal stability in wall-cooled fixed-bed reactors, with a focus on 
accurately predicting ignition conditions and the overall heat transfer 
coefficient Uth in one-dimensional (1D) reactor models. The parameter 
K, which determines the temperature gradient present in the fixed-bed 
directly at the internal reactor wall, is thereby a crucial factor, needed 
to calculate Uth.

A key outcome is the development of new correlations for the factor 
K, which replaces the commonly used but oversimplified assumption of 
K = 8. The results demonstrate that:

For ignition conditions, where thermal sensitivity and runaway risk 
are high, Kig is solely a function of the Bi number (Eq. (27)). For Bi < 1, 
Kig approaches 8, while for Bi > 10, it converges toward 5.

For subcritical conditions, where cooling temperatures remain below 
the runaway threshold, K is best determined by Eq. (23), which depends 
on the Ar number and the normalized bed temperature difference ΔTN. 
This correlation ensures a more accurate estimation of Uth than any fixed 
value of K.

These correlations were derived from a detailed comparison of 1D 
and 2D models, considering the impact of activation energy and radial 
temperature gradients on the effective heat transfer from bed to wall. A 
theoretical analysis of the influence of the reaction on the radial tem
perature profile in a fixed-bed was also conducted, which provides solid 
theoretical grounds for the presented results. While initially applied to 
Fischer-Tropsch synthesis, the approach is also in general valid for wall- 
cooled fixed-bed reactors.

A new method for predicting ignition conditions without relying on a 
reactor model is also introduced in this work. This method requires only 
two heat transfer parameters (λrad, αwall), typically calculated by litera
ture correlations, and data on the reaction kinetics (rate rm, EA, and 

order n), mostly obtained from experimental data. The new correlations 
correctly predict the strong decrease in Tig with increasing Bi, an effect 
missed when using a constant K in 1D models. The ignition temperatures 
obtained with the proposed method closely match the 2D model results 
(deviation < 4 K), whereas assuming K = 6.1 or 8, as recommended in 
the literature, leads to deviations of up to 10 K.

Future work will extend this analysis to reaction orders between zero 
and two and also evaluate alternative modeling approaches, such as the 
λrad(r)-model, which considers a radial variation of λrad instead of a 
lumped heat transfer coefficient αwall. The improved modeling frame
work developed in this study provides a more accurate and computa
tionally efficient approach for predicting reactor stability, offering 
significant value for industrial-scale reactor design and operation, 
particularly in highly exothermic reactions where thermal runaway 
must be controlled.

In conclusion, this work presents a robust framework for accurately 
predicting ignition conditions and thermal stability in wall-cooled fixed- 
bed reactors, ensuring both safe operation and optimal design.
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Fig. 19. Ignition temperatures (critical value of Tcool) of FTS calculated by Eq. 
(10), (11), (27), (29), (30), and (31) for Ncool /Nad of 2.27. Blue data: Uth and K 
= f(Bi) according to Eq. (27), i.e. for a range of 516 W m− 2 K− 1 (Bi = 0.1) to 
338 W m− 2 K− 1 (Bi = 100). Red data: Uth for K = 8 (516 W m− 2 K− 1); black 
data: result of 2D model (“true” benchmark values).
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