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Abstract

We present constructions and bounds for additive codes over a finite
field in terms of their geometric counterpart, i.e. projective systems. It is
known that the maximum number of (I — 1)-spaces in PG(2, ¢), such that
no hyperplane contains three, is given by ¢' +1 if ¢ is odd. Those geomet-
ric objects are called generalized ovals. We show that cardinality ¢' + 2 is
possible if we decrease the dimension a bit. We completely determine the
minimum possible lengths of additive codes over Fg of dimension 2.5 and
give improved constructions for other small parameters. As an applica-
tion, we consider multispreads in PG(4, ¢), in particular, completing the
characterization of parameters of F4-linear 64-ary one-weight codes.

Keywords: additive code, projective system, generalized oval, multi-
spread, one-weight code, two-weight code

1 Introduction

An additive code C' is a subset of R™ that is closed under addition, where R
is some mathematical structure that allows addition like e.g. a ring, a field,
or an additive group. Here we will always assume that R is a field and that
the distances between the codewords, i.e. the elements of C', are measured by
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the Hamming metric. In computer science additive codes are studied as a sub-
class of general block codes, containing linear codes, that has better algorithmic
properties. In [I4] folded Reed—Solomon codes were introduced with the prop-
erty that they admit much better list-decoding algorithms than the original
Guruswami-Sudan algorithm [I5]. Another subclass of additive codes allowing
improved decoding algorithms, see e.g. [29], and also obtained by some folding
(or grouping) construction is given by so-called multiplicity codes [16][25]. There
is some renewed interest in additive codes due to applications in the construc-
tion of quantum codes, see e.g. [6l [7, [IT], 21]. Also, for classical codes additive
codes are interesting since they can have better parameters than linear codes,
see e.g. [13]. It is well known that additive codes over F4 can geometrically be
described by multisets of lines in a projective space over Fa, see e.g. [4]. In gen-
eral, additive codes are in one-to-one correspondence to multisets of subspaces
in projective spaces, see [2], which generalizes the well-known relation between
linear codes and multisets of points. Here we will mainly use the geometric
language.

A classical geometric result considers the maximum number of points in a
projective plane over I, such that every line contains at most two of them.
For odd field sizes ¢ the maximum number is given by ¢ + 1 and the geometric
objects are called ovals. For even ¢ size ¢ + 2 is possible, and the geometric
objects are called hyperovals. Via the subfield construction we also obtain sets of
subspaces, no more than two contained in a hyperplane, with those cardinalities.
For odd ¢ we can slightly improve the construction, see e.g. Proposition |1} and
Proposition

For linear codes, it is a classical and important problem to determine the
minimum possible length n for each minimum Hamming distance d, given the
field size g and the dimension k. Due to the Griesmer bound and the Solomon—
Stiffler construction, this is a finite problem for each pair of parameters ¢ and
k. So far it has been completely solved for k£ < 8 when ¢ = 2, for k < 5 when
q =3, for k < 4 when q = 4, for kK < 3 when ¢ < 9, and for all £ < 2. For
additive codes there is also a Griesmer type bound, see [2 Theorem 12], which
can always be attained with equality if the minimum distance d is sufficiently
large [19]. Here we determine the minimum lengths of 5/2-dimensional additive
codes over Fy for all minimum distances, see Theorem [4] For 5/2-dimensional
additive codes over F14 and Fa5 we give partial results.

For each prime power ¢ there exists a line spread in PG(3,¢q), i.e. a set of
lines such that each point is contained in exactly one element. The notion of
t-spreads has been generalized to multispreads [I8]. Here we are e.g. interested
in sets of ¢® + 1 planes and ¢ + 1 lines in PG(4, ¢) such that each point is either
contained in g+ 1 planes and no line or, alternatively, in one plane and one line.
For ¢ = 3 we classify all such systems and for ¢ = 4,5 we give partial results. In
coding theoretic terms multispreads correspond to additive one-weight codes.

The remaining part of this paper is structured as follows. In Section
we introduce the necessary preliminaries. Our results on oval-like structures,
i.e., no more than two subspaces contained in a hyperplane are presented in
Section 3] In Section [4] we use prescribed automorphisms and integer linear



programming to obtain improved constructions for additive codes with small
parameters. Multispreads are treated in Section [5| For the mentioned oval-like
structure we give an alternative construction in Appendix [A] which is a rare
example of a non-computational construction of a code with prescribed auto-
morphism group. List of multispreads with new parameters are listed in Ap-
pendix [Bl Explicit representations for the 5/2-dimensional additive codes over
16 and Fo5 mentioned in Theorem [5| and Theorem |§| are listed in Appendix
and Appendix [C] respectively.

2 Preliminaries

Let F, denote the finite field with ¢ elements, where ¢ = p' is a prime power and
the prime is called the characteristic of F;. An additive code C' of length n over
the alphabet A = Fy is a subset of F{, such that v +v € C for all u,v € C. It
turns out that each code C that is additive over Fy is linear over some subfield
F, <Fg,ie, au+ pv € C for all u,v € C and all o, € Fy [IL 2]. So, we use
the notation [n,r/h,d)" for an additive code C' that is linear over Fy and has
length n, minimum distance d, alphabet A = F », and size ¢", where r € N. We
also call k = r/h € Q the dimension of C, so that #C = #A* and an [n, k, d];
additive code is an [n,k,d], linear code. Note that k can be fractional. An
[n, k,d]q linear code C' can be defined as the rowspace of a k x n matrix with
entries in Fy, called a generator matrix for C. Similarly, an [n,r/h, d]g additive
code C' can be defined as the F,-space spanned by the rows of an r x n matrix
G with entries in Fx, again called a generator matriz for C. Let B be a basis
for Fyn over F, and write out the elements of G' over the basis B to obtain an
r x nh matrix G with entries from F,. Here we assume that the columns of G
are grouped together into n groups of h columns and say that G is a subfield
generator matrix for C.

Let PG(v — 1,q) denote the projective geometry over Fy. While we will
use the geometric language, we will use the algebraic dimension for subspaces,
i.e., points are 1-dimensional, lines are 2-dimensional, planes are 3-dimensional,
solids are 4-dimensional, and hyperplanes are (v — 1)-dimensional subspaces.
In general, a t-space is a t-dimensional subspace. By [t], := ‘1;%11 we denote
the number of points of a t-space. Given a generator matrix G of a linear
[n, k,d]y code, the columns of G span 1-dimensional subspaces, i.e. points in
PG(k —1,q) (allowing the 0-dimensional space as a degenerated case or forbid-
ding zero columns in G). This induces the well-known correspondence between
linear codes and multisets of points in projective spaces, see e.g. [I0]. More pre-
cisely, a minimum distance d of the code relates to the geometric property that
at most n — d elements are contained in a hyperplane. Similarly, the groups
of h subsequent columns in a subfield generator matrix G span subspaces of
dimension at most h such that at most n — d elements are contained in each
hyperplane, if the additive code has length n and minimum distance d. By
Xa(C) we define the multiset of the n subspaces spanned by the n blocks of h



columns of G in this way. We say that C is faithful if all elements of Xg(C)
have dimension A and unfaithful otherwise. This is indeed a property of the
code C' and does not depend on the choice of a generator matrix G or the choice
of a basis B, see e.g. [2], so that we also write X'(C). We remark that a linear
code C, i.e. an additive code with h = 1 is unfaithful iff an arbitrary generator
matrix for C' contains a column consisting entirely of zeroes.

Example 1. Writing Fy ~ Fa[w]/ (w2 +w+ 1) , we can start with the generator
matriz of a linear [5,2,4]4 code, interprete it as the generator matriz of an
additive code and use the basis B to obtain the example

01 1 1 1 00 10 10 10 10
011 1 1 0 w w w w 00 01 01 01 01
(101ww2>%101ww2%1000100111
w 0w w1 01 00 01 11 10

The first matriz is a generator matrixz of a [5,2,4]4 code, which geometrically is
the set of all five points in PG(1,4). The second matriz is a generator matriz
of a [5,4/2,4]3 (additive) code, which is linear over Fy by construction (called
subfield construction). The third matriz is the corresponding subfield generator

matriz, where the five pairs of columns span lines, i.e. we geometrically have a
line spread of PG(3,2).

Definition 1. A projective h—(n,r,s), system is a multiset S of n subspaces of
PG(r—1,q) of dimension at most h such that each hyperplane contains at most
s elements of S and some hyperplane contains exactly s elements of S. We say
that S is faithful if all elements have dimension h. A projective h — (n,r, ),
system S is a projective h — (n,r, s, )q system if each point is contained in at
most v elements from S and there is some point that is contained in exactly p
elements from S.

Note that the elements of S span the entire ambient space PG(r — 1, q) iff
s <n. If S is a projective h — (n,r, s), system that is not faithful, then we can
easily construct a projective h— (n,r, < s), system S’ by replacing each element
S € § with dimension smaller than A by an arbitrary h-space containing S.

Definition 2. By ny(r, h;s) we denote the mazimum number n such that a
projective h — (n,r, s)q system exists.

From the subfield construction we conclude ny(rh,h;s) > ngn(r,1;5). In
general, projective h — (n,7,s), systems (with s < n) are in one-to-one corre-
spondence to additive codes:

Theorem 1. ([2, Theorem 5]) If C is an additive [n,r/h, d]! code with generator
matriz G, then Xg(C) is a projective h— (n,r,n—d), system S, and conversely,
each projective h — (n,r,s)y system S defines an additive [n,r/h,n — ]! code

C.



We have that C is faithful iff S is faithful. Whenever the specific choice of a
generator matrix G or a subfield generator matrix G is irrelevant, we write S =
X(C) or C = X71(8). Unfaithful projective systems can arise by projection. If
we e.g. start with the faithful projective 2 — (5,4;1)s system from Example
then projection through an arbitrary point yields an unfaithful projective 2 —
(5,3;1)2 system consisting of four lines and one point (obtained from the line
containing the projection point). So clearly, we have ny(r, h; s) > ng(r’, h; s) for
all r < 7',

Definition 3.
Tig(r, h; s) i=ngn([r/h],1;5) (1)

In words, T4(r, h; s) is the size of the largest projective h — (n,r, s)4 system
that we can obtain starting from a linear code over Fgn interpreted as a multiset
of points via the subfield construction by an iterative application of projection.
Whenever 7i,4(r, h; s) < ng(r, h; s) we say that additive codes outperform linear
codes for the corresponding parameters, which is especially interesting if r/h is
integral.

We can also utilize linear codes to obtain upper bounds for ng(r, h; s).

Definition 4. For a faithful projective h—(n,r, s), system S let P(S) denote the
multiset of points that we obtain by replacing each element of S by its contained
[h]q points.

Lemma 1. ([19, Lemma 4]) Let S be a faithful projective h—(n,r, s, )4 system.
Then P(S) is a faithful projective 1 — (n',r,s', ) system, where n' = nlh], and
s'=n-[h—1;+s-¢""1. Moreover, C := X~1(P(S)) is a ¢"~*-divisible linear
[n',r,d'], code C with mazimum weight at most n-q"~1, where d' = ¢"~*-(n—s).

Here a linear code is called A-divisible if the weights of all codewords are
divisible by A.

Definition 5. The strong coding upper bound for ngy(r, h; s) is the largest integer
n such that a linear code with properties as specified in Lemmal[]] exists. Ignoring
the conditions on divisibility and the maximum weight, the mazximum possible
length n is called the weak coding upper bound.

Example 2. Since the ezistence of a [84,8,40])2 code and the non-existence of
a [87,8,42]y code are known, we obtain no(8,2;8) < 28, i.e. the weak coding
upper bound for ny(8,2;8) is 28.

One specific lower bound for the length n of an [n, k, d], code is the so-called
Griesmer bound [12), 28]

n> kz:; m — gy(k, ). 2)

Interestingly enough, this bound can always be attained with equality if the
minimum distance d is sufficiently large and a nice geometric construction was



given by Solomon and Stiffler [28]. For additive codes we also have a Griesmer
bound via the reformulation as a projective system S and Lemma [l| by only
using the Griesmer bound for linear codes

r—1

> [h]q o

rih ’,%_‘
_ i _ gq(r—h‘f’l,d)_d
= s [ S g [t L],

see e.g. [2) Theorem 12] or [19, Lemma 15]. Here we also speak of the Griesmer
upper bound, which is 30 in our example since the Griesmer bound implies
that no [93,8,46]> code exists but cannot rule out the existence of a [90, 8, 44],
code. One of the main results of [I9] is that the mentioned Griesmer bound for
additive codes can always be attained if the minimum distance d is sufficiently
large. Thus, also the determination of ny(r, h;s) is a finite problem for each
triple of parameters (g, 7, h).

3 At most two subspaces in a hyperplane — gen-
eralized ovals

An oval in PG(2,q) is a set O of ¢+ 1 points such that no three points are on a
line. If the field size ¢ is odd, then each oval is a conic and each set of ¢g+2 points
does contain a line incident with at least three points [27]. This is different if
q is even, where other constructions exist and cardinality ¢ 4+ 2 can indeed be
reached, where the geometric object then is called hyperoval. Given an arbitrary
set of points S in PG(2,¢), a line that contains two points from S is called a
secant and a line that contains exactly one point from S is called a tangent.
Given an oval O in PG(2, q), where ¢ is odd, each point in O is contained in ¢
secants and a unique tangent. Applying the subfield construction to a hyperoval
in PG(2,¢?), where g is even, gives a faithful projective 2 — (¢* + 2,6, 2, l)q
system S. Projection through a point P then gives a projective 2— (q2 + 2,5, 2)q
system that is faithful iff P is not contained in one of the elements from S. Arcs,
ovals, and hyperovals were generalized by replacing their points with [-spaces
and their maximum possible cardinality in PG(3] —1, ¢) can indeed be obtained
by applying the subfield construction in PG(Q,ql) [30]. For the relation to
(translation) generalised quadrangles we refer to [3T], 32].

Starting from an oval in PG (2, q2), applying the subfield construction and
projection through a point, yields a projective 2 — (q2 + 1,5, Z)q system. The
following result shows that we can improve upon that.



Proposition 1.
ng(5,2;2) > ¢* +2

Proof. W.l.o.g. we assume that ¢ is odd, consider an oval O in PG(Q, q2), and
fix some element P € O. Removing P from O and applying the subfield con-
struction gives a faithful projective 2 — (q2, 6,2, l)q system S. Denote the line in

PG(5, ¢) that corresponds to P in PG(2, q2) by L. Denote the unique tangent
line of P in O by T and let S be the corresponding 4-space in PG(5,q). By
construction S is disjoint to the lines in S. Applying projection through an
arbitrary point in L gives a faithful projective 2 — (¢%,5,2, 1)q system S’ whose
elements are disjoint to a plane 7. Denoting the image of L by @ we construct
S” by adding two different lines incident with @ and 7 to &’. To conclude that
S" is a faithful projective 2 — (q2 +2,5,2, 2)q system, it remains to check that
every hyperplane contains at most 2 elements of 8”. So, if H is a hyperplane
that contains 7, then H cannot contain elements from &’ and only contains the
two additional lines in 7. If H is a hyperplane that intersects 7 in a line, then it
contains at most one of the two lines in 7 and it remains to show that it cannot
contain two elements from S’. To this end, we observe that any pair of lines in
S’ spans a solid that is disjoint to Q. O

We remark that it is known that for odd ¢ an arc of size ¢ in PG(2,¢) can
always be extended to an oval i.e. a conic [26], 27].

In order to obtain an upper bound for m,(5, 2; 2) we can mimic the argument
for the maximum cardinality of arcs in PG(2, q).

Lemma 2. We have ny(5,2;8) < (s —1)(¢> + ¢+ 1) + 1 for each s > 2. If
a projective system misses this number by less than q, then it has to be faithful
and no two lines intersect in a point.

Proof. Let S be a projective 2 — (n, 5, s), system. Assume that L € S is an
arbitrary 2-dimensional element. Projection through L yields a projective 2 —
(n—e¢3,8 —c), system S, where ¢ denotes the multiplicity of L in S. Since
ng(3,2;8") = s (¢* + ¢ + 1) we conclude the statement. If no element of &’
has dimension 2 then we assume that L is spanned by two different arbitrary
1-dimensional elements in S. Projection through L yields a projective 2 — (n —
¢,3,s — ¢)q system S”, where ¢ denotes the sum of the multiplicities of the
points in L w.r.t. S. Here we can proceed as before. Otherwise, we clearly have
#S < s.

For the second part we remark that each projective 2 — (n’,3,s"), system
satisfies n’ < (¢ +q+1)s’ — (¢ — 1) if it is unfaithful or contains two lines that
intersect in a point. O

So we e.g. have n,y(5,2;2) < ¢*> + ¢ + 2 and each projective 2 — (n, 5,2, 1),
system with n > g% + 2 satisfies u = 1 and is faithful.



Lemma 3. If S is a projective I-(n,2] + 5,2, 1), system, | > 2, j > 1, that
contains an (I — i)-space or two i-intersecting spaces, i € {0, ...,1}, then

@ —q")

S T (3)

n<([U+7lg = li+7l9)/lla +2=

In particular,
(i) nq(20+5,5:2) <[l +jlg/l]g + 15
(i) ifn> ({+4lg — [J +1lq)/lJlg + 2, then the system is faithful and p = 1.

Proof. If the system is contains an (I — i)-space or two i-intersecting spaces,
then there is a (2 — i)-space L’ containing as subspaces two elements s, s’ of S.
Considering an [-space L such that s C L C L'/, we get that any element of
S\ {s} lies in at least [j], hyperplanes containing L. There are [l + j], such
hyperplanes, but [i + j], of them are superspaces of S” and hence contain both
s and s'. It follows that |S\ {s,s'}| <[l + jlg — [i + jlq, which proves (3).

(i) and (ii) are special cases of corresponding to ¢ = 0 and ¢ = 1, respec-
tively. O

1
Corollary 1. n,(20 4+ 1,[;2) < Zqi + 2. Moreover, if an I-(n,20 + 1,2; ),

=1
l

system is unfaithful or u > 1, then n < Z qi + 2.
i=2
More generally, we have the following.

Proposition 2. If S is a projective I-(n, sl + j, s, 1) system, l,s > 2, j > 0,
such that the span of some s of its elements has dimension at most sl — i, then

holds. In particular,
ng(sl+j,l;8) <[l +jlg+s—1.

Proof sketch. The proof is similar to that of Lemma L’ is a (sl — i)-space
including s elements of S; L is a (s — 1)I-subspace of L’ including s — 1 elements
of S. O

We remark that the proof of Lemma[2] also shows that a hypothetical faithful
projective 2 — (q2 +q+ 2,5, 2)q system S has the property that the number of
lines per hyperplane is always even, i.e. all g2 4+ ¢+ 1 lines through an element of
S contain a second (disjoint) line. Considering the ¢?+¢+1 hyperplanes through
a line that is not contained in S gives the condition that ¢?+q+2 = q(q+1)+2 is
even, which is always satisfied — different as in the situation for arcs in PG(2, q).
Note that the upper bound from Lemma [2| can be attained for ¢ = 2. To this
end, we remark that a vector space partition of type 3124° of PG(4,q), ie. a
faithful projective 2 — (q3,5,s, l)q system whose elements all are disjoint to
some plane m, has the property that each hyperplane contains either no or ¢
lines (depending on whether 7 is contained in the hyperplane or not), i.e. we
have s = ¢. Such a partition can e.g. be constructed from lifted MRD codes.



Theorem 2. Ifs contains a factor that is coprime to q, then we have ng(5,2;s) <
(s=1)-(¢*+q+1)+1.

Proof. Assume that S is a faithful projective 2— ((s — 1)(¢> + ¢ + 1) + 1,5,2, i)
system. Due to Lemma [2] we have p/ = 1. Replacing each element of S
by its contained ¢ + 1 points we obtain a faithful projective 1 — ((¢ + 1) -
#S5,5,5,1)4 system S, i.e. aset M of (¢ +1)- ((s — (> +q+1)+ 1) points
in PG(4, q) such that every hyperplane contains at most s elements from M.
Since each hyperplane H contains either s or no elements from S, we see that
H intersects M in (s —1)- (¢ +q+1)+1+sqor (s—1) - (*+q+1) +1
points. In other words, the linear code corresponding to M is a projective
[(¢+1)-((s—1)(¢*+q+1)+1),5, {wl,wg}]q code, where w; = wy + sq and
wy = q - ((s —D(®>+q+1)+ 1), i.e. a projective two-weight code. However,
the difference of the occurring non-zero weights equals sq. Since it has to be a
power of the characteristic of IF,, see [8, Corollary 2], we obtain a contradiction
if s contains a factor that is coprime to q. O

q

So we e.g. have n,(5,2;2) < ¢* + ¢+ 2 for odd g. For s = 2 the strongly reg-
ular graph corresponding to the utilized linear code has parameters (q5, kA, p),
where k = (¢ —1)- (q2 +q+2), A=q¢*+2¢>+q—2,and = ¢® +2¢> +3q+2.
Interestingly enough, the case for ¢ = 3 is marked as open at https://aeb.
win.tue.nl/graphs/srg/srgtab201-250.html. For ¢ = 4 a strongly regu-
lar graph with parameters (1024, 330,98,110) indeed exists [24], even as lin-
ear codes, i.e. as a projective [110,5,{80,88}]4 code [9] and as a projective
[330, 10, {160, 176}]2 code [22] 23]. We have computationally checked that none
of the ten [110,5, {80,88}]4 codes listed in [9, Appendix B] can be partitioned
into 22 lines, when considered as a set of points in PG(4,4). An example show-
ing na(5,2;2) > 20 = g2+q is given by (égigiv; ) ( (1)‘1)5;%), (100w21) (10000 )
<$?izﬁ§§)’ (61160)> (01101?20;)7 (1001“11110)7 (otitw)> (61067 ) (1(61(2)?11552 )’ (15“)01001012 )’

2
(o). (B8R (B89, (atsae ). (ot - (O™ () (ot

where we identify Fy & Fa[w]/ (w? +w + 1). We have computationally checked
that a hypothetical 2 — (21,5;2)4 or a 2 — (22, 5; 2)4 system cannot have a non-
trivial automorphism group.

The case of field size ¢ = 3 can be solved exactly, i.e. we have n3(5,2;2) =
12 = ¢ + ¢. The inequivalent faithful projective 2 — (n,5,2)3 systems can be
easily enumerated. There are exactly six faithful projective 2—(12, 5, 2)3 systems
and no faithful projective 2 — (13, 5,2)3 system. More precisely, we have verified
the numbers stated in [2, Table 3, line r = 5] and [2, Remark 27]. The number
of unfaithful projective 2 — (n,5,2)s systems is given by 1,5,21,26,9,1,1 for
n = 4,...,10 and there is no unfaithful 2 — (11,5,2)3 system. In principle,
the multiset of points covered by a faithful projective system can admit several
partitions. Interestingly enough, for our parameters all partitions are equivalent
except for two cases for n = 10, where trading switches eight lines. For more
details on trades we refer e.g. to [I7].
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The construction in Propositioncan also be generalized to ovals in PG (2, ql)
for I > 2.

Proposition 3. Forl > 2 we have n,(|2.51],1;2) > ¢' + 2.

Proof. W.l.o.g. we assume that ¢ is odd and consider an oval O in PG (27ql)
and fix some element P € 0. Removing P from O and applying the subfield
construction gives a faithful projective I — (ql, 3,2, 1)q system S. Denote the

I-space in PG(3l — 1, ¢q) that corresponds to P in PG (27ql) by L. Denote the
unique tangent line of P in O by T and let S be the corresponding 2I-space
in PG(3l — 1,¢). By construction S is disjoint to the [-spaces in S. Applying
projection through an arbitrary [I/2]-space in L gives a faithful projective [ —
(ql, |2.51],2, l)q system &’ whose elements are disjoint to an (I + 1)-space 7.
Denoting the image of L by @ we construct §” by adding (to &’) two different
l-spaces including @ and spanning 7 (here we use that 20 > dim(7) + dim(Q),
which comes from the number [1/2] of collapsed dimensions). To conclude
that 8" is a faithful projective [ — (ql + 2, L2.51J72,2)q system, it remains to
check that every hyperplane contains at most 2 elements of S”. So, if H is a
hyperplane that includes 7, then H cannot contain elements from S’ and only
contains the two additional [-spaces in 7. If H is a hyperplane that does not
include the whole 7, then it contains at most one of the two I[-spaces in 7 and
it remains to show that it cannot contain two elements from S’ and one [-space
in . To this end, we observe that any pair of I-spaces in &’ spans a 2Il-space
that is disjoint to @Q; hence, such two I-spaces and one of the two subspaces that
include @ span the entire space and cannot lie in a hyperplane. O

Theorem 3. For odd ¢ and ! > 2 we have ng(2l +1,1;2) < [+ 1], + 1.

Proof. Assume that S is a faithful projective I — ([l + 1]q + 1,20 + 1,2, 1) , sys-
tem. Due to Lemma [3] we have p/ = 1. Replacing each element of S by its
contained [{], points we obtain a faithful projective 1 — ([l], - #S,2l + 1,s,1),
system S, i.e. a set M of [I], - ([ +1]4 + 1) points in PG(2l,q) such that ev-
ery hyperplane contains at most s elements from M. Since each hyperplane
H contains either two or no elements from S, we see that H intersects M in
([l+1],+1)- I =1];+2¢" or (Il +1],+1) [l — 1], points. In other words,
the linear code corresponding to M is a projective two-weight code with weight
difference 2¢'~'. Since it has to be a power of the characteristic of F,, see [8]
Corollary 2], we obtain a contradiction for odd g. O

We remark that the statement also holds for [ = 1, since for odd ¢ there are
no hyperovals.

Underlying our geometric constructions seems the following recipe: Start
with a linear code of a large field and consider it as a multiset of points. After
removing a point (or possibly several) we apply the subfield construction and
project through some subspaces contained in the image of a removed point.
Afterwards it is sometimes possible to add more subspaces than removed before.
Of course this approach is not always successful. Starting from an ovoid over [Fy
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we obtain ns(8,2;5) > 17, which is tight. However, we also have ny(7,2;5) = 17,
see e.g. [19, Theorem 14], i.e. no improvement possible for these parameters. In
the proof of the following construction the “removed” point is denoted as Sy. If
we add it as the last column to a generator matrix of the corresponding linear
code we get the generator matrix of the doubly-extended Reed—Solomon code
— an s-arc of size ¢! + 1 in geometrical terms, where s and [ are parameters of
our construction. The subspace Ss is the analog of the tangent line through 5.
But now we need that the following generalization of the “tangent” property:
any s — 1 points of the arc are disjoint with S5. For our situation we will present
an algebraic proof.

Proposition 4. Forl,s > 2 we have ngy(ls + [0.51],1;s) > ¢' + 2.

Proof. We start with the extended Reed—Solomon code R(s) with the generator
matrix

1 1 1 o 1
al o? o ad -1
0 o ot o a2d'=1)
Gs = )
0 a1 @252 . a(sfl)(qlfl)
0 o a?s o asld'=1)

where « is a primitive element of F:. It is a linear [ql, s+1,¢" — s] 4 code. We
consider the (s 4 1)-dimensional column space Vi1 of the matrix above; the
columns are treated as points (1-dimensional subspaces) ag, ..., ag_; in this
space.

We denote by S; the i-dimensional subspace of the column space consisting
of all columns with first s +1 — 4 zeros. We claim the following:

(*) The span of any s + 1 — i columns of G is an (s + 1 — i)-dimensional
space disjoint with S;, i = 1,...,s. The claim follows from the non-zero
determinant of the Vandermonde matrix formed by the upper s +1 — 1
positions of the chosen s 4+ 1 — i columns.

Now, we consider the Fj -space Vi, as an (sl + [)-dimensional F,-space,
points ag, ..., ag_y as l-subspaces. Let m be projecting of Vi, onto an (sl +
|1/2])-dimensional FF,-space such that dimg, 7(S5;) = dimg, S — [1/2] = [1/2].
We choose two arbitrary I-subspaces b, b’ of w(Vs41) such that 7(S7) C bNd" and
b+b = w(Ss2) (we can do this because dimb+dimd’ = 1+1 > |1/2]+[1/2] +1 =
dim7(S7) + dim 7(52)).

To complete the proof, we have to show that the [-subspaces 7(ag), ...,
m(ag_1), b, b’ form a projective I-(¢"+2,ls+1—1,s), system; that is, any s+ 1
of them span the space m(Vi41).

a) Any s+ 1 of ag, ..., as_; span Vy1; therefore, any s + 1 of w(ag), ...
m(ag _q) span m(Viiy).

)
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b) From (*), i = 1, any s of 7(ao), ..., m(ag_1) span an sl-space disjoint
with 7(S7). Since 7(S1) C b, we have that b (similarly, b") and any s of 7(ag),
..., (ag_1) span an sl + [1/2]-space, i.e., T(Vii1).

c) Finally, from (*), i = 2, any s — 1 of 7(ag), ..., m(a,_1) span an (s —1)I-
space disjoint with 7(S2). Since 7(S2) = b+, we have that b, b, and any s—1
of m(ap), ..., m(ag_1) span an (s —1)I+1+ [I/2]-space, i.e., again w(Viy1). O

4 Prescribing automorphisms and integer linear
programming

The determination of ng(r, h; s) is a hard problem in general, since it is already
for the special case h = 1, i.e. for linear codes. So, it makes sense to consider
small parameters. For h = 2 and r < 2 we technically have n,(r,2;s) = oo
since we can take as many copies of the ambient space as elements, which are
not contained in any hyperplane. In PG(2,¢q) hyperplanes and lines coincide,
so that n4(3,2;5) = [3], - s, i.e. we can take each of the [3], lines s times. Also
the situation in PG(3, ¢) still allows a complete analytical solution, i.e. we have
ng(4,2;8) = % s = (¢*+1) - s, see [19, Theorem 8]. The determination of
n2(5,2; 8), na(6,2;s) was completed in [3] and the determination of ns(7,2;s)
was completed in [20]. Here we complete the determination of ns(5,2;s).

Projective systems can be easily formulated as feasible solutions of integer
linear programs. As variables we use g € N for each h-space in PG(r—1, q) (as-
suming a faithful projective system). The conditions are given by > ¢, xs < s
for each hyperplane H. Since those ILPs are rather large even for small param-
eters ¢, r, and h, a common technique to reduce the problem size is to assume
a subgroup of the automorphism group. Via this approach we can only obtain
lower bounds for n,(r, h; s). In our subseqent lists of generator matrices for the
subspaces of a projective system exponents mark orbit representatives and the
value in the exponent is the orbit size.

Theorem 4. We have
e n3(5,2;13t) = 121t fort > 1;

e n3(5,2;13t — 1) = 121t — 10 fort > 1;
e n3(5,2;13t — 2) = 121t — 20 fort > 1;
e n3(5,2;13t — 3) = 121t — 30 fort > 1;
e n3(5,2;13t —4) = 121t — 40 fort > 1;
e n3(5,2;13t — 5) = 121t — 50 fort > 1;
e n3(5,2;13t — 6) = 121t — 60 fort > 1;
e n3(5,2;13t — 7) = 121t — 67 fort > 1;
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o n3(5,2;13t — 8) = 121t — 77 for t > 1;
o n5(5,2;13t — 9) = 121t — 87 for t > 1;
o n3(5,2;13t — 10) = 121t — 94 for t > 1;
ns(5,2;13t — 11) = 121t — 104 for t > 2 and n3(5,2;2) = 12;

ns(5,2;13t — 12) = 121t — 114 for t > 2 and n3(5,2;1) = 1.

Proof. Due to [19, Theorem 19] it remains to show the lower bounds n3(5, 2;4) >
34 and n3(5,2;5) > 44. To this end, we have prescribed the cyclic group of order
three generated by

110 0 0
01 0 00O
001 10
00 0 11
0 0 0 01

as an automorphism for the desired faithful 2 — (n, 5, s)3 systems and utilized
an integer linear programming formulation. Explicit lists of lines are given as

follows.
1 3 3
n3(5,2;4) > 340 (99669) ", (00995) " (8099%)s (68900)> (850936)° s (50903 )s (85712):
(10021)3 (11020 * (12022 (10000)3 (10010) (10022 (10010)3 (10101 (10200
00122/ » \Loo1o1 /> Loo111 /s \o1021/ s Lo1020/5 Lo01022 /> \o1101/ > \o1122 /5 Vo111l /)
(10020)3 (lo112y) (10212 (10020)3 (lo111y (10210 (10012)3 (101209 (10220
01100/ » \o1121/)> Lo1110 /s \o1102/ » \o1120 /> \01112 /> \ 01200/ » \ 01220 /)5 \ 01212 )5
(10012)3 (lo102) (10210 (10021)3 (10100 (10201 (10121)3 (loi22) (10122
01222 ) » \o01211 /> (01202 )5 \ 01200/ » 01220 /)0 01212 /> \ 01010/ » \ 01011 /> \ 01012/
3 1 3

n3(5,2;5) > 44: (99699)°, (80692 ( 86?%) (8089)", (34929, (30080, (§4941),
(12012) ( 020)3 (11022 (12021 (10000) (10012) (10021)1 (10001)3 (lo1ot
00122 /> \oo101/ » \oo111 /> \ 00122 /)5 \ 01000 01001 01002 ) » \o1110/ » \o1100 /4
(10210 (10002)3 (lo111y) (10200 (10011) (10102 (10201 ) (10020)3 (10119
01121 /> \o1120/ » Lo1112/)s (01102 /5 \o1101/) » \o1122 /> \o1111 /> \o1101/ » Lo1122)s
(lo211) (10021)3 (lo1lz) (10211 (10001)3 (10100 (10222 (10002)3 (lo120))
01111 /> \o1102 ) » Lo1120 )5 Lo1112 /)0 Lo1210/ » (01201 /> \ 01221 /)5 \o1220) » \o1212 )5
(10202 (10010)3 (10122 (10220 (10012)3 (10122 (10221 (10022)3 (10102
(01200)7 01202/ » L01222)s \01211 /5 \01201 /) » \ 01221 /> \ 01210/ \ 01202/ » 01222Da
01211

Our next aim is to obtain bounds for n4(5,2; s) and n5(5,2; s). As mentioned
before, the determination of n,(r, h; s) as a function of s is a finite problem since
the Griesmer bound is always attained if s is sufficiently large, see [I9]. In order
to indicate the underlying constructions we have to introduce some notation.
For each subspace S in PG(r — 1, ¢) we denote its characteristic function by xg,
i.e. we have xyg(P) =11if P < S and xs(P) = 0 otherwise.

Definition 6. We say that a multiset of points M in PG(r—1, q) is h-partitionable
if there exist h-spaces S1,...,S), for some integer l, such that M = 22:1 XS; 5
i.e. M can be partitioned into h-spaces.

In order to describe Solomon—Stiffler type constructions we choose a chain
of subspaces 51 < Sy <--- < S, in PG(r — 1, ¢), where S; has dimension i.
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Definition 7. We say that Y _._, a;[i] is h-partitonable over F, if the multiset
of points Y ._, aixs, in PG(r — 1,q) is h-partitionable, where a; € 7 for all
1<i<r.

So, we trivially have that [2] is 2-partitionable over F, and the existence of
line spreads in PG(3, ¢) implies that [4] is 2-partitionable over F,;. Due to the
number of points [5] is not 2-partitionable over F, while (¢ + 1) - [5] is. For
the details of this and the other constructions mentioned in the two subsequent
theorems we refer the reader to [19].

Theorem 5. For ny(5,2;s) we have the bounds and exact values stated in
Table[1l

s| ma(5,2;s) simna(...) || s ny(5,2;8) | construction

1 - 22| 354 |[21t—20>22 | 341t —328 |t > 4: (5t—4)-[5]—3[4]—[3]

2| 2010 — 2202 || 23 | 371 || 214 —19>23 | 341t — 311 | t > 3: (5t—4)-[5]—2[4]—[3]

3|39 —42TB | 24 | 388 | 21t —18>24 | 341t —294 | t >2: (5t—4)-[5]—[4]—[3]

4 64 25 | 405 || 21t —17>25 | 341t —277 | t > 1: (5t—4)-[5]—[3]

5| 75U —77 | 26| 418 | 21t —16>26 | 341t —264 | t > 4: (5t—3)-[5]—3[4]—2[3]

6| 90 —94 || 27| 435 | 21t—15>27 | 341t —247 | t > 3: (5t—3)-[5]—2[4]—2[3]

7| 107 — 111 || 28 | 452 | 21t —14>28 | 341t — 230 | t > 2: (5t—3)-[5]—[4]—2[3]

8 128 29 | 469 || 21t —13>29 | 341t — 213 | t > 1: (5t—3)-[5]—2[3)]

9 1411 30 | 482 || 21t —12>30 | 341t —200 | t >4 : (5t—2)-[5]—3[4]—3([3]
10| 1561 — 158 || 31| 499 | 21t —11>31 | 341t —183 | t > 3: (5t—2)-[5]—2[4]—3[3]
11 175 32| 516 || 21t —10>32 | 341t — 166 | t > 2: (5t—2)-[5]—[4]—3[3]
12 192 33| 533 || 21t—9 >33 |341t—149 |t >1: (5t—2)[5]—3[3]

13 205 34| 546 || 21t —8 >34 | 341t — 136 | t >4 : 5t-[5]—3[4]—4[3]

14 22211 35| 563 || 21t—7 >35 341t —119 | t > 3: 5t-[5]—2[4]—4[3]

15 239 36 | 580 || 21t—6 >36 | 341t — 102 | ¢t > 2: 5t-[5]—[4]—4[3]

16 256 37| 597 || 21t—5 >37| 341t —85 |t >1: (5t—1)[5]—4[3]

17 273 38| 614 || 21t—4 >38 | 341t —68 |t >1: (5t—1)-[5] 4 [2]—4[1]
18 29011 39| 631 || 21t—3 >39| 341t —51 | ¢t>3: 5t-[5]—3[4]

19 3071P 40 | 648 || 21t—2 >40| 341t —34 | t>2: 5t-[5]—2[4]

20 324 41| 665 | 21t—1 >41| 341t —17 | t>1: 5t-[5]—[4]

21 341 42 682 21t >42 341t t>1: 5t[5]

Table 1: Bounds for n4(5,2;s).

Proof. The upper bound n4(5,2;2) < 22 follows from Lemma n4(5,2;3) < 42
follows from Theorem [2| and all other upper bounds follow from the Griesmer
bound. We have that 5[5], [4], [2], [5] — [3], 5[5] — [4] — 4]2], 4[5] + [2] — 4[1], and
[5] + 4[1] are 2-partitionable over Fy. These constructions imply that the ex-
pressions mentioned in the rightmost column of Table[I] are 2-partitionable over
F,. For more details we refer to [I9]. Here we only use those constructions for
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s €{4,17,20,21}. In Sectionwe have stated an example showing n4(5,2;2) >
20. Via integer linear programming computations we have found the following
examples, referring to Section [D| in the appendix for explicit lists of genera-
tor matrices and used automorphism groups: n4(5,2;3) > 39, n4(5,2;5) >
75, n4(5,2:6) > 90, na(5,2;7) > 107, na(5,2;9) > 141, ny(5,2;11) > 175,
n4(5,2;14) > 222, ny(5,2;18) > 290, and n4(5,2;19) > 307. All other lower
bounds follow from n4(5,2; 51 + s2) > 1n4(5,2; 51) + ng(5,2; s2). O

Theorem 6. For nj(5,2;s) we have the bounds and exact values stated in
Table[2

Proof. The upper bounds ns5(5,2;2) < 31, n5(5,2;3) < 62, n5(5,2;3) < 93
follow from Theorem [2] and all other upper bounds follow from the Griesmer
bound. We have that 6[5], [4], [2], [5] — [3], 6[5] — [4] — 5[2], 6[5] + [2] — 5[1],
and [5] + 5[1] are 2-partitionable over F5. These constructions imply that the
expressions mentioned in the rightmost column of Table [2| are 2-partitionable
over F5. For more details we refer to [I9]. Here we only use those constructions
for s € {5,25,26,30,31,35,60}. In Proposition [1| we have described a general
construction showing ns(5,2;2) > 27. Via integer linear programming com-
putations we have found the following examples, referring to Section [C] in the
appendix for explicit lists of generator matrices. Prescribing the cyclic group of
order five generated by

10 0 00
01 100
001 10
00 0 11
0 0 0 01

yields n5(5,2;3) > 50. The cyclic group of order eleven generated by

0

_ o O OO
DO OO

1
0
0
4

—_ 0 = O O
_ =0 O O

gives n5(5,2;4) > 77, n5(5,2;6) > 132, n5(5,2;8) > 176, and n5(5, 2;14) > 330.
The cyclic group of order fifteen generated by

oS o oo
O O = OO
S OO
= O = O O
== O O O

gives n5(5,2;7) > 157, ns(5,2;11) > 260, ns(5,2;16) > 391, ns(5,2;17) > 412,
ns(5,2;21) > 521, n5(5,2;22) > 542, ns(5,2;37) > 927, n5(5,2:39) > 969,
ns(5,2;44) > 1096, n5(5,2;48) > 1203, ns(5, 2;49) > 1224, ns(5,2; 54) > 1354,
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ns5(5,2;58) > 1458, and ns(5,2;59) > 1484. The non-commutative group of
order fifty-five generated by

and

OO O =O
SO OO
O O OO
—_—_o 00O
W = o s =
O WO
O WO
OO NN W
OO N W
N R Wk O

gives n5(5,2;12) > 286, ns(5,2;13) > 308, and ns5(5,2;24) > 594. The cyclic
group of order 71 generated by

oo o~ O
OO = OO
o= O OO
_ o o oo
OO = W

gives ns(5,2;23) > 568. All other lower bounds follow from n4(5,2; 1 + s2) >
nq(5,2;51) + ng(5, 2; s2). O

Bounds on the sizes of arcs in PG(2,25) can e.g. be found in [5].

We would like to remark that instead of searching projective systems directly
using integer linear programming we can also search for linear codes or multisets
of points associated to a projective system, see Lemma [} As an example we
state that

0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000000000001111111111111111111111111111111111111111111111111111111111111111
111111111111111111111111111111121111111111111111111111111111111111111111111111111111111111111111111111111111111111111

0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000111111111111111111111111111111
11111111111111111111111111111111111111111111111111110000000000000000000000000000000000000000000000000000000000000000
00000000000000000000000000111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111

0000000000000000000000000000000000000000000000011111111111111111111111111111111111111111000000000000000000000000000000
00000000000111111111111111111111111111111111111111110000000000000000000000000000000000000000000001111111111111111111
11111111111111111111111111000000000000000000000000000000000000000000000111111111111111111111111111111111111111111111

0000000000000000000000000011111111111111111111100000000000000000000011111111111111111111000000000000000000000111111111
11111111111000000000000000000001111111111111111111110000000000000000000000111111111111111111111110000000000000000000
00001111111111111111111111000000000000000000000001111111111111111111111000000000000000000000011111111111111111111111

0000000000000001111111111100000000000111111111100000000000111111111100000000001111111111000000000001111111111000000000
01111111111000000000011111111110000000000111111111110000000000111111111111000000000000111111111110000000000001111111
11110000000000011111111111000000000000111111111110000000000011111111111000000000001111111111100000000000111111111111

0000000111111110000001111100001111111000001111100000011111000001111100001111110000001111000011111110000111111000001111
10001111111000001111100000111110000111111000000011110000111111000011111111000000011111000111111110000000111110000011
11110000011111100000011111000011111111000001111110000011111100001111111000000011110000111111100000011111000000111111

0001111000011110001110000100010000111001110001100111100011001110011100110001110001110001000100011110111001111011110001
10010000011001110111100011000110011000111000011100110011000011001100011111000011100111011000011110001111000010011100
01110001100111100011100111001100001111001110000110011100001101110001111000011100110011000011100111100001011111000111

0110011001100110010010011101100011001010010010100001100101110111100101110010010010110110001000100111001010111000010110
11110001101010011001100101001000111111001001100111010100001101010100100111011100111011011001100110110011001110100101
10010010101001101100111001110100110001010010011010101100110010010110011001101101011101001101101001100110000111001001

1010101010101010100100101000100101011010111110001010101111001010101101010101100111011000010101001011010111011100111010
00110010110011101010111110010010001011010010101101111001010111101101001001101101101101001010101011010100010101101010
10110111111010100101001010010001010011110110101101010101010100111010101010110110100110010110101010101010101011011011

is the generator matrix of a 4-divisible [350, 9, 172]2 code with maximum weight
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S ns(5,2;s) s ns(5,2;s) S ns5(5,2;s) || construction
1 - 32 792 — 802 31t —30 > 63 | 781t — 760 || t > 5: (6t—5)-[5]—4[4]—[3]
2 | 27P0_31TE || 33 818 — 828 31t —29 > 64 | 781t — 734 || t > 4: (6t—5)-[5]—3[4]—[3]
3| 501P —62TH || 34 844 — 854 31t —28 > 65 | 781t — 708 || t > 3: (6t—5)-[5]—2[4]—[3]
4 | 77ip — 93TH || 35 880 31t —27 > 35 | 781t — 682 || t > 2: (6t—5)-[5]—[4]—[3]
5 125 36 906 31t—26>5 | 781t —656 || t >1: (6t—5)-[5]—[3]
6 | 1321P —146 || 37 927ilp 31t — 25> 37 | 781t — 635 || t > 5: (6t—4)-[5]—4[4]—2[3]
7| 157 — 172 || 38 941 — 953 31t —24>69 | 781t —609 || t>4: (6t—4)-[5]—3[4]—2[3]
8| 176" — 198 || 39 | 969" —979 || 31t —23 > 70 | 781t — 583 || t > 3: (6t—4)-[5]—2[4]—2[3]
9| 202-224 40 1005 31t — 22> 40 | 781t — 557 || t > 2: (6t—4)-[5]—[4]—2[3]
10 250 41 1031 31t —21>10 | 781t — 531 || t > 1: (6t—4)-[5]—2[3]
11 | 260'P —271 || 42 1052 31t —20 > 42 | 781t — 510 || t > 5: (6t—3)-[5]—4[4]—3[3]
12 | 2861P —297 || 43 | 1067 — 1078 || 31t —19>74 | 781t — 484 || t > 4: (6t—3)-[5]—3[4]—3[3]
13 | 308" —323 || 44 | 10961" — 1104 || 31t — 18 > 75 | 781t — 458 || t > 3: (6t—3)-[5]—2[4]—3[3]
14 | 330" —349 | 45 1130 31t — 17> 45 | 781t —432 || t > 2: (6t—3)-[5]—[4]—3[3]
15 375 46 1156 31t —16 > 15 | 781t — 406 || t > 1: (6t—3)-[5]—3[3]
16 | 3911P — 396 || 47 1177 31t — 15 > 47 | 781t — 385 || t > 5: (6t—2)-[5]—4[4]—4[3]
17 | 4121P — 422 || 48 1203ilP 31t — 14> 48 | 781t —359 || t > 4: (6t—2)-[5]—3[4]—4[3]
18 | 433 — 448 49 | 12241° — 1229 || 31t — 13 > 80 | 781t — 333 || t > 3: (6t—2)-[5]—2[4]—4[3]
19 | 455 — 474 50 1255 31t — 12 > 50 | 781t — 307 || t > 2: (6t—2)-[5]—[4]—4[3]
20 500 51 1281 31t —11>20 | 781t — 281 || t > 1: (6t—2)-[5]—4[3]
21 5211p 52 1302 31t —10 > 21 | 781t — 260 || t > 5: (6t—1)-[5]—4[4]—5[3]
22 | 5421P — 547 || 53 1328 31t —9>53 | 781t —234 || t >4: (6t—1)-[5]—3[4]—5[3]
23 | 5681P — 573 || 54 1354ilp 31t —8>54 | 781t —208 || t > 3: (6t—1)-[5]—2[4]—5[3]
24 | 5941P — 599 | 55 1380 31t —7>55 | 781t —182 || t > 2: (6t—1)-[5]—[4]—5[3]
25 625 56 1406 31t —6>25 | 781t —156 || t > 1: (6t—1)-[5]—5[3]
26 651 57 1432 31t —5>26 | 781t —130 || t > 1: (6t—1)-[5]+[2]—5[1]
27 | 667 — 677 58 1458ilP 31t —4>58 | 781t — 104 || t >4 : 6t[5]—4[4]
28 | 693 — 703 59 1484ilp 31t —3>59 | 781t —78 || t>3: 6t[5]—3[4]
29 | 719 — 1729 60 1510 31t —2>60 | 781t —52 || t>2: 6t[5]—2[4];
30 755 61 1536 31t—1>30 | 781t —26 || t>1: 6t[5]—[4]
31 781 62 1562 31t > 31 781t t>1: 5t[5]

Table 2: Bounds for ns5(5, 2; s).
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200. It was found by prescribing a cyclic group of order five generated by

100 0 0 O0O0OO
001 0O0O0O0TO0O
0001 0O0O0TO0©O
00 0O01O0O0TO0® O
011110000
000 O0O0OO0OT1TUO0FPO
00 0O0O0OO0OO0OT1@®O0
00 0 O0O0O0OTO0OTO 071
000 O0O0OT1T1T171

Since the corresponding multiset of points cannot be partitioned into planes,
we still have n2(9,3;7) € {49,...,55}, see [I9, Theorem 18]. However, if
n2(9,3;7) = 49, then the upper bound cannot be deduced from the strong
coding upper bound. In principle the multiset of points P(S) of a projective
system S may have a larger automorphism group than S itself.

5 Multispreads in PG(4, q)

Multispreads are a special type of projective h-(n, k, ), systems S (not necessar-
ily faithful) that correspond to one-weight ¢"-ary codes (to be exact, Fg-linear
one-weight [n, k/h,n — s],n-codes), that is, having the property that every hy-
perplane includes exactly s spaces from S. We will indicate this “exactly” by
framing s with braces as follows: h-(n,k,{s}),, Multispreads can be alterna-
tively defined as follows.

Definition 8. A collection S of subspaces of F* of dimension h is called a
(A, M)Z*k—multispread if for every point (non-zero vector) v it holds

Z gh—dimS — Z(thdims 1) =,
Ses,ves ses

i.e., every nonzero vector is covered p times and the all-zero vector is covered
A+ |S| times, where a subspace S contributes "~ to the multiplicity of
COVETIng.

The parameters of the projective h-(n,k,{s}), system corresponding to a
(A, ) -*-multispread can be found from the following relations [I8, Theorem 3]:

s=n—q¢""u, (" -Ds=("""-Dp+A
As shown in [I8], the natural necessary condition
= —u(¢® —1)mod ¢" — 1

is sufficient for the existence of ()\,M)Z’k—multispreads for h =2, u > ¢, which
completely characterizes the parameters of F,-linear g*-ary one-weight codes.
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To show the same for h = 3 (which corresponds to F-linear ¢3-ary one-weight
codes), it is sufficient, for a given prime power ¢, to find ¢ — 1 of (/\,,u)275
multispreads that correspond to projective 3-(n, 5, {2}),-systems, starting with
n=(+1)+ (¢ +1) (¢* +1 2-spaces and ¢*> + 1 3-spaces). The next four
paragraphs show what we know for ¢ = 2, 3,4, 5.

q = 2. Projective 3-(5+9,5,{2})s systems ((5,3)3 -multispreads) were
found and classified up to equivalence in [I8, Appendix A.1]. The most sym-
metric are four multispreads with automorphism group of order 12 generated
by

10000 1 0000 10000
00100 00100 00010
01100 |, 01000 [, 00001
00001 00001 01000
00011 00010 00100

q = 3. Projective 3-(10+28,5, {2} )3 and 3-(6441, 5, {2})3 systems ((20, 4)3°-
and (12, 5)2’5—multisp1reauds7 respectively) were found in [I8, Appendix A.1]. In
the current work, we classify all projective 3-(38,5,{2}); and systems up to
equivalence. The search is rather straightforward. Firstly, by adding 2-spaces
one-by-one and keeping only nonequivalent collections at each step, we find all
nonequivalent faithful 2-(n, 5,2)s for all n (repeating the results in [2], Table 3
(r = 5) and Remark 27). Then, we complete each of the 91720 2-(10,5,2,1)3
systems to a 3-(10, 5, {2})-system by adding 28 = 3® 3-subspaces (some of them
can coincide); at this step, we solve the corresponding exact covering problem
(it happens that every 2-(10,5,2,1)3 system can be completed in such a way).
Although the automorphism group orders of 2-(10, 5,2, 1)3 systems possess val-
ues 1 (91488 classes), 2 (169), 3 (40), 4 (2), 5 (15), 6 (4), 10 (1), 36 (1 class), a
multispread can have only 1 (39857065 equivalence classes), 2 (1889), 3 (243), or
6 (15 classes) automorphisms. 14 of the last 15 multispreads have an automor-
phism of order 6 conjugate to AsAs; the remaining one has an automorphism
group conjugate to (As, A}) ~ S3, where

20000 01000 02000
02000 22000 20000
Ay=|00100|, A3=|00001]|, A,=]00010
00010 00100 00100
00001 00010 00001

q = 4. By prescribing different automorphism groups, we have found pro-
jective 3-(17+65,5,{2})4, 3-(12+86, 5, {2})4, 3-(7+107, 5, {2} )4 systems (multi-
spreads with parameters (51,5)2’5, (36,6)2’5, (21,7)2’5, respectively), with the
full automorphism group of order 120, 40, and 7, respectively (the basis matrices
are listed in Appendix. By [18], Section 7.2], this completes the characteriza-
tion of the parameters of (A, ,u)i’k—multispreads and F4-linear 64-ary one-weight
codes.

q = 5. To complete the characterization of parameters of additive 53-ary
one-weight codes, similarly to the case ¢ = 4 considered above, it is sufficient
to find projective 3-(26+126,5,{2})s, 3-(20+157,5,{2})s, 3-(14+188,5,{2})s,
3-(84219,5,{2})s systems ((104,6)7- (80,7)*%-, (56,8))-, (32,9)3%)-
multispreads. The last 3 types of systems are relatively easy to find. We first
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search for faithful 2-(n,5,2,1)5 systems, n = 8, 14, 20, respectively, with the
prescribed automorphism group of order six generated by

01000 01000
14000 10000
00010 |, 00010
00140 00100
00001 00001

In each case, one of the first several solutions is extendable to a required multi-
spread (see examples in Appendix. However, we have not succeeded in finding
a projective 3-(264+126, 5, {2})5 system. By prescribing different automorphism
groups of order at least 4, we have found thousands of faithful 2-(26,5,2,1)5
system from only 4 equivalence classes. No one of them can be completed to
a multispread. We conjecture that if a projective 3-(26+126,5,{2})5 system
exists, then it has at most 3 automorphisms. If it does not exist, then the fol-
lowing multispreads cannot be constructed recursively and should be considered
separately:

e Next A: a (228, 6)?’5-multispread (projective 3-(57+96, 5, 3)5 system).

o Next k: a (104,6)§’S—mu1tispread (projective 3-(26+18876,5,152)5 sys-
tem).
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A An alternative construction for sets of sub-
spaces with at most two in each hyperplane

Here we give an alternative construction of projective 2-(¢?,5,2), systems, for
the special case when the field size ¢ is an odd prime. Although the construction
gives systems (and codes) equivalent to those constructed in Section [3[in more
general settings, the approach is completely different, and we believe it is of in-
dependent interests, as a rare example of a non-computational construction of a
code with prescribed automorphism group. Based on this we give an alternative
proof of Proposition [4] for the case | = s = 2.

For an odd prime ¢, we will construct a faithful 2-(¢* 4 2,5, 2), system with
a prescribed automorphism group generated by the following two matrices (only
non-zero elements are shown, where « is a non-square in Fy):

11—«

11—
1 1*%
A= A = (4)
These matrices commute and each of them has order ¢ as a group element,
which can be seen from the proof of the following lemma.
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Lemma 4. In PG(4,q), where q is an odd prime, consider q* lines with gener-
ator matrices of the form

1
0

x VA 1 a
2 Z/ PAE where x—y’:§, y—ax':a. (5)

—= O

(i) All these ¢* lines are disjoint to the 3-space

S = ((0,0,0,0,1),(0,0,0,1,0), (0,0, 1,0,0)).

(ii) The set of these q* lines is partitioned into ¢* orbits under (A, A’), where
each orbit is a faithful projective 2-(¢%,5,2,1), system.

(iii) Moreover, the affine span of the generator matrices, in the form , of
each of the ¢ orbits coincides with the 4-dimensional affine space of all
matrices defined by equations ().

Proof. The action of A and A’ on subspaces with generator matrix of the form
in Equation is the following;:

P YRS N
i |1 0 2z y =z 1 0 z4¢ y z+ai+ (5)
4 '{0 1 2 9 z’}_){o 1 a y +i 2 +ali (6

TN O>TN ™

; 1 0 2 y =z 1 0 =« Y+ aj z+yj+a(j)

1. 2

A '[0 1 2 z’}%{o 1 2'4+5 v 24y > ()
i i 1 0 =z y =z

iAl .

A4 '[O 1 2 z']

o esi yraj sty () +a@) ®)
0 1 a'+j y+i 2 +id'+jy+ij '

We start with two auxiliary statements.

(a) If a line (to be exact, its generator matriz in form (F))) belongs the 4-di-
mensional affine subspace defined by equations , then the same is true for all
lines from its orbit. Indeed, as we see from (8], the transform A?A" keeps the
differences x — ' and y — ax’.

(b) The span of the generator matrices in form of the subspaces of an
orbit (of one of subspaces in such form) is a 4-dimensional affine space. From
the argument in (a) we see that the dimension is at most 4. For a matrix M
defined as in , the three matrices M, M A, and M A" generate a 2-dimensional
affine space of matrices of form without the underlined parts. The matrices
MA? and M AA’ have form with nonzero underlined part and add two more
dimensions. So, the affine span of M, M A, MA’', MA%, M AA’ has dimension 4.

Next, we want to find z, y, 2z, ', 3/, 2’ such that all ¢> subspaces spanned by
the last matrix for different ¢, j are mutually disjoint (actually, this condition
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holds automatically if the next one hold{l) and, moreover, every hyperplane
includes at most two of them (i.e., every three of them span the whole space).

The last condition is equivalent to the fact that the dual 3-subspaces T’ fj
generated by

T+ Z+j75 -1 0 0
M; ;= y+aj y+i 0 —1 0 (9)
ztiz+jy+ (5) + o) 4’ +iy+ig 0 0 -1

covers each point with multiplicity 0, 1, or 2. It is sufficient to check that
every point in T(i'o belongs to at most one other Tf-j Note that if T(i'o and TIJ-J
have a common vector v = (v,v’,u,u’,u”), then it is the linear combination
of the rows of each of My, M, ; with the same coefficients —u, —u/, —u’:
v=(—u,—v,—u") My = (—u, —v, —u") M, ;.

Clearly, the first or the second rows of My o and M; ;, where (4, j) # (0,0),
cannot coincide (recall that z, y, z, 2/, ¥/, and 2’ are fixed). Let us check the
case when a linear combination of the first two rows, with coefficients 1 and
k # 0, coincides. We have

z+it+kly+aj) = x+ky
o +j+ky +i) = 2 +ky

i+ kaj =0
{ ki+ j=0"
The last system has a non-zero solution only if o = k=2, which is impossible
because « is not a square. Hence, the corresponding points are covered only
once, for any x, y, «', y' (and, of course, for any z, 2z’). Linear combinations
including the last row are considered differently because the system becomes
non-linear in 4, j. We consider only orbits with the representatives x = —x’ = %,
y =1y =0, 2 and 2’ arbitrary. In particular,

T4 ~14+5 -1 0 o0
Mi,j = ] O[j ) 0 -1 0
z+i+ () +all) Z-5+ij 0 0 -1
For these values, the linear combinations of the rows with coefficients k, [, 1
coincide for My and M; ; if and only if

)

kit+loj+ 4+ (0 +all)=0
kj+li—i+ij=0

{i2+2ki+aj2+2Laj:O 1
2

here L =1 — =
kj+Litij=0" "¢

Lf a line T from the system intersects with 77 = A*A’JT, then it intersects with T =
AT A’=IT; among ¢? + g+ 1 hyperplanes including T, 2¢ + 2 include T’ or T"'; the remaining
¢?> — ¢ — 1 hyperplanes include the remaining ¢> — 3 system lines, which means that some
hyperplanes includes more that two system lines, a contradiction.
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If t =0 and L = 0, we have no non-zero solutions. If £ = 0 and L # 0,
then either ¢ = 0 and we have two solutions for j (0 and —2L) or j = —L and
i2 — L?a = 0, which has no solutions because « is not a square.

Similarly, if k£ # 0 and L = 0, then either j = 0 and we have two solutions
for i (0 and —2k) or i = —k and «;j? = k%, which has no solutions because « is
not a square.

If £ # 0 and L # 0, we have

{ (i+k)?+a(j+L)? =k +alL?
(i+k)(j+1) =kL ’

here K = —, I = J
where , , 7

P+al? =K+« k i+k . j+1L
IJ=1 ’ L L N

X? - (K?+a)X +a, where X =12

If the last quadratic equation in X has two solutions, then one of them is square
and one non-square because their product is the non-square a. Hence, only one
of them is resolvable in I, and we have only two solutions for (i,7). We know
one of them is (0,0), and we can easily find the other.

We have proved that
0 =z
O /

0
1 z

| o=

. . . . 1
(c) for any z, ', the orbit of the line with generator matriz 0 1
2

is a faithful 2 — (¢*,5,2,1), system.
From , it if easy to see that all these ¢ orbits are different. Combining

claims (a), (b), (c) completes the proof. O

We remark that experiments with small ¢ show that other orbits under
(A, A’) do not give 2 — (¢2,5,2), systems.

Theorem 7. For any odd prime q, there is a faithful 2-(¢*> + 2,5,2), system
(and hence, an additive [q* + 2,2.5,4¢%],2 code) invariant under the actions of

A, A’ defined in (4).

Proof. We will add two more lines to the faithful projective 2 — (¢2,5,2), sys-
tem C constructed in Lemma [4] One of them is the 2-space D generated by
(988489). To ensure that we can add it, we need to check that every point

from the dual space D+, with basis (é El)) § § §>, belongs to only one Tfj This

is obvious from the basis matrix @[) of Tf] Moreover, this point can only be
the first line of @

The same arguments work for the line D’ generated by (§9499), with
intersecting points of dual 3-subspaces coinciding with the second line of @D

Since the common points of D+ and D’* do not belong to any Ti{-j, we can
add both D and D’ to get a faithful projective 2—(¢®+2, 5, 2), system. Finally,
it is easy to see that DA = DA’ = D and D’A = D'A’ = D', i.e., adding D and
D’ keeps the system (A, A’)-invariant. O
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Remark 1. (i) Actually, there are ¢ + 1 (A, A’)-invariant lines, D and ¢ lines
with basis matrix of the form (8 8 é H (1)) So, any two of them can be chosen as
the two added extra lines. Different choices can result in non-equivalent systems
and additive codes. (ii) Since D and D’ intersect, the resulting projective system
does not have parameters 2 — (¢> + 2,5, 2, 1)q. However, by adding only one of

them, we get a faithful projective 2 — (¢ + 1,5,2, 1), system.

B Examples of multispreads

Here, we list examples of projective systems corresponding to one-weight codes

with new parameters. The elements of F4 are denoted 0, 1, w, v = w?.

A projective 3-(82,5,!2)4 system, i.e., a (51, 5)3’5—multispread' (501w,

(60106) (56016): (6610), (G6%00) (85080), (BFcci)s (a%0n) (6oen)s (66%0), (67udd)

01w00 10010 1000v 1000w
10wvv 10w00 101vv 10000 100vv 10vvv

00010 010wl 0101v 01000
(OlOwO) (Olvwv) (011}11})7 (Olvvv)’ (OlvOU)7 (OlO’UO) (0000 ) (OOIUw) (00 wv) (0 011})

1w00v 1000w 1000v 1010w 100v1 10011 lOOwO 10101 10v0v
0010v 010vv 0100w 0100w 010vv 010wv 01v0w 0100w
0001w 0011v 001wl 0001v 0010v 0011v OOle 00011 0001v
1000v 100ww 10000 1000w 1001v 10001 100v1 100wv 10011
010wl 010v1 010wv 010vv ), { 0100w |, | 01200 010vv 010vw 010vw
001wl 001lvw 001vw 001vw 001vv 00011 001lww 00111 00101
100ww 10011 1000w 1001v 10000 100wl 1001v 10001 100v1
010v1 ), {( 0100w ), ( 010vw |, | 01001 ), ( 010vw ], { 01001 ), ( 010v1 01v0v 01011 |,
001wl 001lwv 0010v 0011w 0011v 00101 001lww 00011 00111
100w0 1001w 10w01 100w0 100wv 100ww 1v00v 100v0 100ww
01011 J, { 01001 |, { 01001 |, { 01001 |, { 010ww ], { 0101w ], | 00101 0101w 0101v
00101 0010w 00011 00111 0011v 001wl 0001w 001v1l 0011w
100wv 10010 10010 1001v 100v1 100vv 1000v 10001 1100v
0100v |, ( 01011 ), { 0101w |, | 010wl 010wl |, | 0100v ), ( 00100 010ww 0010w
001vv 0010w 001vv 001v1l 001lww 0010w 0001w 0010v 0001w
1001v 100vw 10010 100vw 10000 100w0 100ww 100v1 10001
010wwv |, | 010ww ], { 010ww 010ww 0100v 0101w 010wl |, | 0101v 01011 |,
001ww 0010v 00101 00111 0011w 001vv 001vl 0010w 0011w
100vw 10wOv 10001 10000 10100 10ww0 10’uw0
0101w ), | 01001 |, | 0100w 01110 01100 |, { 011v0 ),
001wv 0001v 001v1 00001 00001 00001 5 00001
. . , . 01v0v
A projective 3-(98, 5, '2)4 system, i.e., a (36 6) -multispread: (Q6688),
(llovv) (100vv 1011w 10000) (10010.)) (Ival ) 10100) (100.10.11) (IOwOO)
00110/» 00100 Olllw 0110w 01000/ Olwvl 0lwll/? \010w0/> \Olwwl/
100wl 100ww 10001 1000’U 100ww 10001 1010w 10w0w 100ww
(@0, 010w1 ), { 01w , (010wl ), (0110w 01001 ), | 010wl
011w 00011 00011} 0010w 00011 00011 00011 001wl
100v1 0100w 1001v 10001 1001v 1100w 100vw 1000v 10w01
0100v |, | 00101 0101w |, { 0101w 0100v |, | 00101 |, { 0101w |, { 0100w 0100v
001vw 00010 00111 00111 001wv 00011 00111 0011v 0001w
100ww 100w0 100wl 10000 1000w 100v1 100wl 100vv 10wOv
010wl 0101w 0100v ), | 010vwv ], | 00100 |, | 0101w 01000 0100v 0lwOv
001v1 00111 0010w 00101 00010 001w0 00111 00101 00011
100v0 1000v 10011 100vw 1v0w0 1wOw0 1000w 100vw 1v00v
01010}, | 010wO |, | 010vw ), | 010wl }, | 001wO |, | 001v0 |, | 010vv |, | 010wv 00101
0010v 0010w 001v0 0010v 00001 00001 001lww 001lww 0001w
100wv 1001v 10010 100vw 100w0 1000w 1w00w 10001 100v1
01001 01011 |, { 010ww ], { 010vwv |, | 0100w ), | 0101w |, { 00101 010v0 01000
001lww 001lww 001vv 001vv 001vv 001vv 0001v 0010w 0011w
10v00 100w0 10010 100wy 10001 10000 1001v 100vv 10100
01001 01000 010v0 010v1 |, | 0100w 010vw 010vw 010v1 01110 ),
0001w 00100 001wO 00100 0001v 00100 001w0 0011v 00001
10000 10w10 10v10 10000 10w0v 10010 1000v 100wv 10000
01v00 011v0 011w0 010wwv |, | 01101 010vv |, | 0100w |, | 01011 0101v
00001 00001 00001 0011v 0001w 0010v 001wv 001wl 001lvw
100w0 1000v 10v0w 1001v 1001w 10001 1001v 100wv 100w0
010vv 01001 01100 010ww |, | 0100w 010ww 010wwv |, | 0101v 01011 ),
0011w 001v1 0001v 0010v 0010v 001lwv 0011w 0010w 001v1l
10v0v 1000w 1001 100w0 1010v 10011 10011 10101 IOOOw
01v01 01w01 01001 010v1 01wOv 010v1 010ww |, | 0100
0001v 0001v 001lvw 0010w 0001w 0011w 001wv 0001w 0011v
10010 10011 100v1 10001 10000 100v1
01011 0101v 01001 010v1 010v1 ), | 0100w |.
001vw 0010v 001wl 001v1 001wl 0011v a7
A projective 3-(114, 5,' )4 system, i.e., a (21,7)y -multispread, with pre-
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00100

10000
. . . 010wwY (100w0) (1100w) (1000w} (101wO
scribed automorphism 01100 : (00156) (0016 (o01wer) (0700)> (0106w):
00001
01010 10010 11000 10000 10110 10010 10100
100ww 1010w
00110 00100 00110 01010 01000 01110 01110
(01158) (o11) <00001) (00001) (00001) (00001)’ (00001)’ (00001)’ (00001)
Lw00w 7 L0601\ (10v01\ (10000 - (1010uY  (10w00Y (10601 (1u00w 7
0100v ), (01100 ), (01wov ), (01w00), (01wov ), (01vow ), ( 00101 01608
06038 > \ 00008 ) \0to%s > \26eds > \0bste > \dbeds 00010 00011 00011
10001\ /10001 10101 10000\ [10w0u\ [10000\7 /1000v\ [10w01\ /10v00
01101 }, (01w00 ), (01wow ), (01wow |, (01v0w ), (0010w |, (0100w ), (0110w ), (0lwov
00011/’ \ 00011 00011 00011 00011 /7 \0001w/’ \0001w/’ \0001w/’ \000Iw
10000 10100\ [10v0v\ /10000\7 10001\ /10w00\ [10v0uY [ 1000v 10100
01w01 ), { 01u01 ), ( 01w00 ), (0010w ), (0100w ), (0110w ), (0100 ), (01v0w ), (010w
0001w/’ \0001w/’ \000Iw/’ \0001v/’ \000iv/’ \000iv/’ \0001v 0001v/’ \0001v
1000w 10000\" /10000\! /100v0 10001 100v1 10001 100v1 10000
01001 01000 ), (01000), (01000 ), (0i0v0), (0low0), (01001 ), (01001 01001
00010 00100/’ \00100/’ \00i01 00101 00100/’ \001v1/’ \001v0/’ \001v0
10000\  /100vv\’ 10000\ /10000 10000\ /100vvY [1000v 10000\ /100w1\”
0i0v1 ), (0100v ), (010vv ), (010v0), (0100v ), (01000 ), (010v0 ), (010vw ), (0L0iw
00101/’ \0010v 00100/’ \0010v/’ \00ivw/’ \001v0/’ \001vo/’ \001v0/’ \0010w
1000w\ /100wv) (1001w) /100vw\ /(10010 10001\ /100v1 10000 10001
01001 ), (0100w ), (0l0wo ), (010v1 ), (0100w ), (01010 ), (0101w ), (010wv ), (010v1
00110/ \0011w/’ \001w1/’ \00Iwv/’ \001v1/’ \00lvw/’ \00101 0011w/’ \0011v
10010\ [100ww\ /100wv\ /1001w\ /100vw)\” /10000 1000w (10010 (10001
01001 ), ( 0101w ), (010ww |, (01000 ), ( 01011 ), (010ww ), (0i0vw ), (0100w ), ( 0101w
001w/’ \001ww/’ \ 00100/’ \001vi/’ \0010w/’ \ 00111/’ \0011v/’ \00iwl/’ \00Iwwv
100wv\ /10011 10010\’ /100w0\ /100vw\ (10001\ 1001w\ /100w1\ [100vew
010w1 }, (01000 ), {010w0 ), (0101w ), (0i0vw ), (0101w ), (010vw ), (01001 010wl
00100/ \001vw/’ \00101,/’ \0011v/’ \001lw/’ \00iwl/’ \001w0/’ \001vw/’ \00ivwv
10001\? /100wl 10010 100v1 10000 10010Y (10001 (100ue\T (100w
010w1 ), (01000 ), (010w1), (01010 ), (010v1), (01010), (01001 ), (0i0wv
00100 00110,/ \00110,/’ \001wi/’ \001wl/’ \001vi/’ \00lvl 00100 00999
10011\ /100vw\ /10000 10011 100wv) /100117 /100vv\ [100ww\ /10000
010wv ), (01011 ), (010vw ), ( 01011 ), (0100w |, (010vv ), (0101w ), (010w1 ), (0100v
00111 /7 \001wv/’ \00iwv/’ \001vw/’ \00lvw/’ \0010v/’ \00111/’ \00ilw/’ \00lwl
100wl /10000y /1001wy /100w0\7 /100vv\ /(10010 /1001w\ [100vwy /100wl
01000 ), (01011 ), (010w |, (0100w ), (01001 ), (010w ), (01010 ), (010wl ), (0101w
001ww/’ \001v0/’ \001lvv 00101 0011v,/7 \001lw/’ \00iwi/’ \001w0/’ \00lvw
(10001)
01000
001lvv

A projective 3-(177,5,!2)5 system, i.e., a (80,7)?’5—multispread, with pre-
100007 [10000

00 00100

. . 001 2 6
. (01003 (01022} (10231\ (10223) (10322
scribed automorphisms 0340015 95000 |- (00125)> (00130 (61611)s (61170) (61064)s

00044 00010,

(10330)  (12013)  (13022) (10243 (10214)" (10324y  (10332) (12034) (13042) (10311y
or1o1) looti1) (oo1a0) (o1021) (o1123) o1031)r lo1133)s loo1a2); 00113): 013103
10000\! /10001\® 10003\ /10003\ /10003
10340 10410 10443 10414 10444
00010 ), (00102 1001 ), (01104), (01004
(o2311): (07202 (01223): (61dz0): (07403 (00001) (00013) (00012) (00014) (00102)
(5?8%%) (69838) (10004) (10011) (508§8> (6?88%) (10002) (10020) (10020)
00111/ \00140/° \00103/’ \00i44/’ \00i10/’ \00130/)’ \00122)’ \00ii0/’ \00i23)’
10033 10033\  /10004\° 10004\ /10011 10011 10040 10040\ /10001
01013 ), (01041), (01000), (01030), (01000), (01030), (0i002), (01033), (0io14
00144/ \00131 00133/ \00120/° \00103/’ \00100/’ \00103/> \00100/° \00103
10010 10044\  [/10004\* /10011 10040 10000\2 /10000 10002\¢ /10002
01030 ), (01021 01014 ), (01021 01030 ), (o1014), (01021), (01010), (0i034),
00141/ \ooiiz/)’ \00103/’ \ooiiz/’ \ooiai/)> \ooiiz/)’ \o0o0141/’ \00124/’ \00i32
10020 10020\ /10033 10033\  /10000\% /10000\ /10000\2 /10000\ [10001\®
01023 ), (01042), (o01070), (01041 01012 ), (01043), (01012), (01043), (01023 ),
00143/ \00101 00114/ \00101 00134/ \0o0i21 00134/ \oo121/’ \00101
10010 10044\  (10002\° /10002\ /10020 10020\ (/10033 10033\  [/100041°
01010 ), (01042), (01020), (01033), (0ioo1), (01044 ), (0ioo2), (01020), (01022),
00132/ \o0oi24/)’ \00110/’ \00144/’ \00i02/)> \00i33/’ \00102/)’ \00120/’ \00120
10004\ /10011 10011 10040\ (/10040 10001\% /10010 10044\ /10001
01042 ), (01003), (01023), (01002), (0i033), (01034), (0iooo), (01041}, (01040
00133/ \00132/)° \00130/’ \00122/’ \o0i24/’ \00ioo/’ \00143/)’ \00114/’ \00104
10010 10044\  (10003\® /10022\ /10030 10013\® 10024\ /10023\ /10032
01040 ), (01040), (01041), (01034), (0i020), (01000), (0io14), (01021 ), (01000),
00104/ \00104/’ \00102/’ \00143/’ \o0i1a/’ \ooiiz/)’ \00141/’ \00100/’ \00ii2
10031 10042\  /10013\® /10023 /10024\ /10031 10032 10042 10013\
01021 ), (o1014), (o01002), (01002), (01002), (01033), (0i033), (01033), (0i004
00100/ \00i41 00133/ \00133/° \00133/’ \00120/’ \00i20/’ \00i20/7 \00141
10023 10024\ (/10032 10031 10042 10014\° /10012 10021 10034
01001 ), (01021 01011 ), (o1014), (o01041), (o1012), (01032), (01043), (0ioi0
00111/’ \oo144/)’ \ooi10/’ \ooi40/’ \ooii2/’ \ooiol 00134/ \00123/" \00131
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10043 10041
01013) ( 1010) (10014 1oo12 10
0 ) 01024 021 10034
183(1)2 00121 00114 00113 ’ 8(1)031 034 (1)0%8 10041 10014
(. () (i (e (e (e (s Hi). ()
00131/ \00114 01020), (01020 010 10013\° (10024
00143 00 34 01032 0 10023 10032
10031 10042 . 123 00102 093z ), (94931 01042 010
01024 01023 10013 10023 10024 00132 00131 34033 )
00123) (00113 , (01043 01033 5 10031 10032 124
00110 00 ) 1044 01001 0 10042 10012\6
10014 10021 121 0gad ) (98991 ) \ 98932 ), (98992 )> 9493
01043 0ol 10034 10041 10043 00133 03992 ), (9042
00131), (00124 , lo1032), (01013 0 10013\6 (10023 121
: 00155 01013 ), {01023 01040 5 10024 10031
10032\ /10042 > \o0131)” \00123)" \oo121)’ 1010 ), (01043 ), (010
01040 01010 10003 10001 10003 00104 00501)" 0070
00101) (00134 01200 |, (01300 S 10104\® /10104 : 104
00619 01300 ), {01400 01000 S 10403 10403
11004 14004 6 13 01309, 193099 ), (95599 ) (95999 0110
00100) (00100 10110 10140 10400 00012 00013 95899 )5
00014 00100 01040 |, (01140 010 10400 11001 1 13
00001 od ) 01 01104 0 4000 10102)\3
10102 10200 5 001 0800t ) (98898 > (90194 ) | 99394 0120
59102 (102000 - (LOLOSN™ (10108 -~ (19200 o0010)” \00011/7 \66510
00011)’ (00001 01201 01404 0 10120\° (10130 010
00010)” \00 ) 1330 01320 0 10303 10304
10303\ /10304\ (1 011 aas0 ) \geaze ) (9gede 01204 01204
(01401) 01401 0?38% 10204\ (10203 (10204 00001/” \00010/” \00010
00011/)7 \0doi1) \8ootd/)> \06313)7 \8bois) 01401) (59§89) 39200
A projective 3-(202,5,12)s system, Le., a (56,85 053?3)'
(01033 (10110y> (10144 ,5,12)5 system, ie., a (5678) ®_multi 010022
01033)  (A0889) (59141), (59421, (L9o434), (35998), (&a 5 spread: — (0133)
(10812) (1041) (14031 oy 1o111o)a @995) (68913), (6%633) (%133 (6 )
01145) (50132), (00134): (88(1)02) (o?%i’) (1)(1)[1)8431 (1)8(1)81 ° (10003 , %ég?? %842),6
10002 10020 23)7 \0002)7 \0oosd) (80003 (01001 01104 01002
01002) (01020 10020 10033 10033 013/° \00012/7 \00014/" 100 0
00105 01020 01020 01033 010 10002 10002 102
00120 00 44 01000 0 10020 10020
10033 10033 144 00133/° \00112 1014 01014 0102
0100 &% 10000 10000 10004 6 00141 00141 95928
00112)’ (00100 » {01003 01 022) ( ) (10004 10011 100
00195 10011 10040
(65), (o). (s oo\ (10020 (oo (80‘342) (86%% ! (gg;;gg)
00123 00145 01041) (01024 010 10033 10033 3
00113 00 ) 31 01034 0 10001 10010
10044) (100002 110/ \oo114/” \00144 1044 ), (01014 ), (0103
01021) (01014 10000y /10003\6 /10003 05043 ), (05985 ) \8e9%?
o121 ), | 03014 01021 |, 01012) &9 10022 10022 141
00141 0 021 01014 10030 10030
10000N2 /10000 ., lvoll4 00143 0013 01043 01034 010
01013) 01032 10002 10002 10020 : 00141 00112 34941 );
00333 ) (00131 01010 01031 0 10020 10033 121
: 00129 0o 1003 01022 0 10033 10003\°
10003 10022 130 00113 00101/’ 1010 01024 010
01040) (01004 10022 10030 10030 00142 00101 95911 )s
01040 J, | 01004 01040 01002 o3 10004\® /10011 133
00140 ob 033 01022 0 10040 10004\6
10004Y (/10011 902 ) (08933 ) (98922 )> (98993 )> (95939 )> \ 9392
01032) (01013 10011 10040 10040 00130 00122 959290
01032 ) {94083 01020 ), (01004 & 10001\® /10001 111
00131 ob 011 01022 0 10010 10010
10044 10044 5 123 00102 00151 1041 01012 0104
01003) 10044) - (10001N6 10010\ (10044 oo131)" \60123)° \60111
00143/’ (00130 , (01030 01030 0 10000\? /10000 3 114
00103 00 1030 01034 0 10004 10011
10040\  /10013\° 103/7 \00103/’ \00114 1041 ), (01043 ), (010
01030) (01000 10024 10023 10032 00143 00103/’ \00 12
93939 ), 185999 01013 01031 o1 10031 10042 6 121
00142 ob 000 01032 0 10014 10012
10021 10031 100 00113/ \00100 1024 01000 010
53060 10034 10041 10043 1001416 00131 00121 oLasd
00141)» (00112 , (01012 01021 § 10012 10021 100
00100 00 1001 01023 0 10034 10041
10043 10013\6 134 00141 0014 1044 01021 010
01042> (01010 10023 10024 10031 : 00132 00124/’ \00 1
og9z ), 88919 01003 01044 o1 10032 10042 6 110
00101 ob 001 01010 0 10014 10012
10021 10034 122/)7 \00101/’ \0013 1022 ), (01010 ), (010
01010) (01034 10043\ (10041 10013\ o) 00051 \8o%1e) \8a%ss
01010), (g1034), (01023 ), (01041 & 10024 10023 101
00143 0b 012 01042 0 10031 10032
10042\  /10014\° 101/7 \00132/” \0010 1040 |, (01023 ), (010
01040) (01024 10012\ (10021 (10034 i) \botsa) \Go121) \Golod
03930 ), \ 88924 01031 01031 o1 10043 10041 6 104
00113 00 040 01024 0 10013 10024
10023 10032 113 00142/’ \0010 1040 01020 ), (010
01041) (01020 10031 10042 10013\6 4 00142 00114 00 4
01041 ), {01020 ), {01041 01034 B3 10023 10024 143
00102 00 022 01034 0 10032 10031
10042 10013\¢ 143 00121 0013 1043 01003 010
01041) (01030 10023 10024 10031 o) \oort1) \Gota3 ) \Goi23
00134/’ \o0ioi 01013 01010 01 10032 10042 6 122
00103 o0 010 01030 0 10013 10023
10024 10032 123 00103/’ \0013 1032 01044 010
01021) (01001 10031 10042\  /10001\° 0) 05382 ) \98%at)> \08%%3
01021 ), (01001 ), (01014), (01033), (01 10004\ (10010 L10
00144 00 200 01200 0 10040 10001
10004 10100\6 112/7 \00010/" \0001 1300 ), (01300 ), (014
01400> (01203) 10130\  (10100\ /10 0/7 \oooo1/” \00001/’ 00
0 120 00011
00011 00011 00501/ 85%93) (8638?) (6938%) (3?§83> (6?§88)3 (10301
00011 01204
00010 00001 00010)
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10301 10100\3 /10302 10302 10201\® /10201 10301 10301 12002
01401 |, (01340 01203 01402 01000 01100 01000 01100 ), (00100 ),
00011 00001 00010 00011 00012 00014 00012 00014/’ \00013
13002 1020; 10203 10302 10302 12004 13002 10201\ /10201
00013/)> \00013/)> 00013 \0oosd) \Qoots/)> \000%2) \000td) \8oote) \Qooii)’
10400 10202\% (10202 10400 10303\ /10303 10402 10403 10402
01330 01202 01403 |, (01310 01301 01304 01202 01201 01403
00001 00010 00011 00001 00014 00012 00014 00013 00012
10403
(01404)
00013
A projective 3-(227,5,12)5 system, i.e., a (32,9) ’—nluhuspread (35933
01032) * (10141y% (10112 (10201) (1030213 (10432) * (10424) 10003 10004 10004
(00931); (01212)7 (01411) (01313); (01334>a (01231) 01432); (ogé?g 00009 )5 95499 )»
10004 10002 10002 10002 10020 10033 10002 10020 10033
00100 01000 01100 01001 01030 01044 01004 01020 01011 |,
00013 00012 00014 00103 00110 00144 00102 00140 00111
(5?88%)6 (698%) (6986?) (6‘1’83&2) (10044) (1083%) (69888) (69888) (1o
00110 00144 00120 00141/ \00133 00112 00122 00130 00130/’
10003 10022 10022 10030 10030 10004\° /10004 10011 10011
01032 01013 01044 01003 01022 01004 01032 01013 01011 |,
00122 00144 00131/’ \00110 00123 00132 00124 00111 00131
10049 10040 10001\ /10001 10010 10010 10044 10044 10001\°
01042 01001 01042 01014 01021 01023 01044 01004
00140 00123 00141 00112 00110 00124 00144 00132 00143
10001 10010 10010 10044 10044 10000\* /10000 10000 10000
01042 01034 01041 01011 |, (01023 01010 01014 01021 01024 |,
00114 00140 00124 00132/ \00111 00101 00114 00113 00143
10000 10000 10000 10002\° /10002 10020 10020 10033 10033
01031 01034 01041 01014 ), (01020 01024 01031 01021 01020 ),
00112/ \00142 00141 00113 00142 00102 00141 00102 00112
10004\° /10004 10011 10011 10040 10040 10002 10020 10033
01011 01040 01004 01040 ), (01002 01033 01021 01000 01014 ),
00133/ \00120 00104 00140 00104 00111 00100 00112 00141
10001\° /10001 10010 10010 10044 10044 10004 10004 10011
01022 01041 01012 01043 |, (01003 01034 01020 |, (01042 01023 |,
00121 00134 00122 00114 00143 00130 00122 00130 00102
10011 10040 10049 10003\ /10022 10030 10003\ /10003 10022
). (At (). (o). (ulkie) (). (). (o). (o).
10022 10030 10030 10001\* (10010 10044 10003 10022 10030
01023 |, (01004 01011 01041 ), (01020 01034 01040 |, (01040 01040 ),
00142/’ \00124 00113 00102 00114 00143 00104 00104 00104
10012\° /10014 10021 10034 10041 10043 10012\ /10014 10021
01002 01030 01030 01000 |, (01000 01033 01001 01034 01041 |,
00103 00100 00120 00133 00103 00100 00114 00111 00110
10034 10041 10043 10013\° /10024 10023 10032 10031 10042
01004 |, (01011 01044 01000 |, (01004 01010 01000 01011 01010 ),
00144 00143 00140 00111 00101 00100 00101 00100 00140
10012\° (10014 10021 10034 10041 10043 10012 10014 10021
01001 01042 01023 01030 |, (01030 01044 01011 01010 01010 ),
00132 00103 00110 00144 00124 00103 00101 00141 00111
10034 10043 10041 10013\° /10023 10024 10031 10032 10042
01021 |, (01004 01014 01012 ), (01012 01012 01043 |, (01043 01043 ),
00140 00112 00101 00134 00134 00134 00121 00121 00121
10014\° /10012 10021 10034 10043 10041 10014\ /10012 10021
01014 01022 01021 01041 ), (01003 01034 01021 01020 01014 ),
00143 00112 00122 00130 00114 00141 00101 00141 00102
10034 10041 10043 10013\6 /10024 10023 10031 10032 10042
01010 ), (01010 01020 01023 ), (01043 01040 01012 |, (01042 01040 ),
00102 00112 00101 00121 00104 00124 00132 00104 00134
10012\ /10014 10021 10034 10041 10043 10013\ /10023 10024
01031 01043 01012 01022 ), (01003 01024 01033 01014 01041 |,
00121 00130 00113 00142 00134 00122 00143 00120 00112
10032 10031 10042 10013\6 /10024 10023 10032 10031 10042
01002 ), (01034 01021 01041 ), (01030 01040 01034 |, (01030 01040 ),
00141 00133 00114 00103 00104 00143 00104 00114 00103
10013\ /10023 10024 10032 10031 10042 10002\ /10030 10003
01044 01022 01024 01001 |, (01031 01003 01202 01220 01301 |,
00113 00110 00130 00122 00144 00142 00011 00001 00010
10003 10002 10020 10100\® (10100 10403 10403 11000 14030
01304 ), (01403 01420 01002 ), (01103 01003 01102 |, (00120 00130 |,
00011 00010 00001 00010 00011 00010 00011 00001 00001
10102\® /10102 10401 10401 11002 14003 10104\ /10104 10203
01001 ), (01104 01002 01103 |, (00101 00101 01200 ), (01400 01300 ),
00014 00012 00013 00013 00014 00012 00012 00014 00013
10101\ /10303 10303 10100\ /10301 10301 10202\ /10202 10330
01300 01200 01400 01320 01204 01401 01000 01100 01000
00013 00012 00014 00001 00010 00011 00011 00010 00001
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10320 12003 13003 10202 10202 10340 10310 12003 13004
01100 |, {00100 00100 01002 01103 01030 01130 00103 00103

00001/" \00011 00010 00011 00010 00001 00001 00011 00010
10203\°® /10204 10203 10204 10402 10402 10304 10402 10402
01202 |, { 01203 |, { 01403 01402 01302 01303 01300 01200 01400 |.
00012 00012 00014 00014 00013 00013 00013 00012 00014

C Explicit lists of generator matrices for lower
bounds for nj5(5,2;s)

In this section we explicitly list the generator matrices of the projective systems
found by ILP computations.

ns(5,2:3) > 50: (MRIE). (JR), (A9, (R010), (J0omh), (J0B30), (Bouse).
( 10024 ) ( 10021 ) ( 10023) ( 10040 ) ( 10044) ( 10043 ) ( 10042 ) ( 10041 ) ( 10102 )

01231 /> \ 01304 /> \ 01434 /> \ 01020 /> \ 01122 /> \01234/> \01302/> \01432/> \ 01000 /»
( 10112 ) ( 10123 ) ( 10130) ( 10143 ) ( 10104) ( 10114 ) ( 10120 ) ( 10132 ) ( 10140 )

01100 /> \01210/> \ 01331 /> \ 01414 /> \ 01033 /> \01131/> \01244 /> \ 01313 /> \ 01444 />
( 10144) ( 10103) ( 10113) ( 10124) ( 10131 ) ( 10201 ) ( 10221 ) ( 10243) ( 10212)

01024 /> \ 01121 /> \ 01233 /> \ 01301 /> \01431/> \01003/> \01103/> \01213 /> \ 01334 />
( 10233 ) ( 10303 ) ( 10333) ( 10311 ) ( 10342 ) ( 10321 ) ( 10302 ) ( 10332 ) ( 10310 )

01412 /> \ 01002 /> \01102 /> \01212 /> \01333/> \01411/> \01032/> \01130/> \ 01243 />
( 10341 ) ( 10320 ) ( 10323 ) ( 10300 ) ( 10330) ( 10313 ) ( 10344 )

01312 01443 /> \ 01031 /> \ 01134 /> \ 01242 /> \ 01311 /> \ 01442 />

oo Tt s (800, L), Lt ), Laatis)y (gl ) (4608
(9008%)7 (90532)’ ((1)0013>7 (?0141) ((1)10421421)7 ((1)184211)7 ((1)1112)’ ((1)1%82)7 ((1)1321%%)3
( 0??41 )’ ( 0(1)443 )7 ( 0?(2)(2)4 )7 ( O(l)ggg )7 ( 0?(2)03 )’ ( 0(1)242 )7 ( O(l)gZQ )7 ( 0(1)343 )7 ( 0(1)%30 )’

13040 10003 14000 10030 10140 10322 10113 10141 10143
(00133)7 (01440)7 (00144)7 (01403)7 (01003)7 (01410)7 (01011)7 (01213)7 (01014)’
( 10241 ) ( 10110) ( 10131 ) ( 10114) ( 10312) ( 10440) ( 10102) ( 10120) ( 10210)

01312 /> \ 01123 /> \ 01104 /> \ 01321 /> \ 01143 /> \01430/> \01400/> \01412/> \ 01012 />

10222 ) ( 10422 ) ( 10233) ( 10221 ) ( 10243 ) ( 10324 ) ( 10204) ( 10201 ) ( 10203 )
it Lot Gt fonat Lo Tl foutl. foia). foutan)
Qe o) (o) e (o) L) S o) e
(011 )7 (01201)? (01242)’ (O 343)7 (01300)7 (00130)7 (01302)’ (01304)7 (01340)’
( 10302 ) ( 10401 ) ( 11021 ) ( 11030 ) ( 10432 ) ( 10430 ) ( 13004 )

01411 01303 /> \ 00142 /> \ 00114 01124 01212 /> \ 00013 /»

g ke 132 L), Lot b (o). (fgist): (e (). Hapith )
((1)01421421)’ ((1)020%)7 (00%3%)7 ((1)0411411411)7 ((1)10%%)7 (?Oiﬁl)? (?1040)7 ((%014114)7 (?102421)’
) Gt (et b (o) {oidd focas), faame) (alegs ) (o)
(01403)7 (01020)’ (0 102)’ (01104)’ (01000)7 <01122)’ (01440)7 (()1120)7 (00112)’

10043 ) ( 10301 10013) ( 10021 ) 10341 ) ( 10020 ) ( 10223 ) ( 10032 ) ( 10410 )
DR o) () et} Lot fons) T (ol (et
i) o) (o) et Lo fon) S00g): o) (e
(01413)’ (01141)7 (01433)7 (01412)7 (01434)7 (01444)7 (01140)7 (01441)7 (01414)’
( 10104 ) ( 10343 ) ( 10144) ( 10242 ) ( 10103 ) ( 10224 ) ( 13031 ) ( 10133 ) ( 14042 )

01031 /> \ 01113 /> \ 01033 /> \01210/> \ 01114 /> \01343 /> \00113/> \01100/» \ 00110 />
( 10141 ) ( 10100 ) ( 10320 ) ( 10104 ) ( 10200) ( 10114 ) ( 10140 ) ( 10101 ) ( 13003 )

01103 /> \ 01214 /> \ 01010 /> \ 01233 /> \ 01201 /> \01224/> \01241/> 101320 /> \ 00132 />
( 14014 ) ( 10122 ) ( 10442 ) ( 10131 ) ( 13014) ( 10134 ) ( 11041 ) ( 10213 ) ( 10322 )

dhin (i) (i (o (i () (ol (o) (o)
o e ) L) foda) (el fea) Lol o) fo )
) ), (o) (et Lot T T o) et
(01202)’ (01200)7 (01444)7 (01404)7 (00100)7 (01041)7 (01124)7 (01110)7 (01423)’
( 10312 ) ( 10404 ) ( 10330) ( 10332 ) ( 10314) ( 10324 ) ( 10321 ) ( 10402 ) ( 10344)

01213 /> \01102/> \01223 /> \01240/> \01341/> \01313/> \01331/> \01211/> \01401 />
( 10403 ) ( 11023 ) ( 10433 ) ( 10431 ) ( 10432 ) ( 10430 ) ( 11101 ) ( 13200 )

01121 00104 /> 101324 /> \ 01303 /> \ 01332 /> \ 01410 /> \ 00014 /> \ 00010 />

ns(5,247) > 157: (BID). (SARI0). (BIS). (94933), (B0, (om). (Buoms).
( 10030 ) ( 10003 ) ( 10030 ) ( 10003 ) ( 10030) ( 10003 ) ( 10030 ) ( 10003 ) ( 10030 )

00103 /» 01123 ’ 00110 01144 » A\ 00122 /> \01110/> \ 00134 /> \ 01131 /> \00141 />
( 10003 ) ( 10022 ) ( ) ( 10 ) ( 10022 ) ( 10022 ) ( 10002 ) ( 10033 ) ( 10002 )

i) o)t (o) foltn) ottt (o) Tt (attle)
(01331)7 (01224)’ (01311)7 (01230)’ (01341)7 (01241)7 (01321)’ (01412)7 (01410)?
(EER). (D). CARRR). ). (BB, (). ). (R, (D)
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( 10131 ) ( 14044 ) ( 10143) ( 14030 ) ( 10104) ( 10412 ) ( 10111 ) ( 10400 ) ( 10123 )
01031 /> \ 00142 /> \ 01040 /> \ 00104 /> \ 01140 /> \01041/> \01111/> 101000 /> \ 01132 />
( 10443) ( 10130) ( 10431 ) ( 10142) ( 10424) ( 10102 10230 10114 10204
01014 /> \ 01103 /> \ 01023 /> \ 01124 /> \ 01032 /> \01210/> \01342/> 101243 /> \ 01332 />
( 10121 ) ( 10223) ( 10133) ( 10242) ( 10140) ( 10211 ) ( 10100) 10301 10112
01221 /> \01322/> \01204 /> \ 01312 /> \ 01232 /> \01302/> \01320/> \01441/> \ 01310 />
(IR, (0. ({0, (). (ieth), (8. (). (). (i)
) ) Y ) Y
( 10123 ) ( 10130 ) ( 10142 ) ( 10204 ) ( 13022 ) ( 10211 13013 10223 13004
01434 /> \ 01431 /> \ 01433 /> \ 01013 /> \ 00123 /> \01040/> \00104/> 101022 /> \ 00130 />
( 10230 ) ( 13040 ) ( 10242 13031 10202 10300 10214 10343 10221
01004 /> \ 00111 /> \ 01031 /> \00142/> \01101/> \01001/> \01114/> \ 01033 /> \01122 />
10331 ) ( 10233 10324 10240 10312 10201 10431 10213 10400
01010 /> \ 01130 /> \ 01042 /> \ 01143 /> \ 01024 /> \01224/> \01311/> \01213 /> \ 01331 />
( 10220 ) ( 10424 10232 ) ( 10443 10244 10412 10203 10210 10222
01202 /> \ 01301 /> \ 01241 /> \01321/> \01230/> \01341/> \01413/> \01414 /> \ 01410 />
( 10234 ) ( 10241 ) ( 12002 ) ( 12043 ) ( 12034) ( 12020 ) ( 12011 ) ( 10304 10311
Gl ()t fonia) 00 (o) e o) e
(01134)7 (01121)? (01113)’ (01222)7 (01233)7 (01244)7 (01200)7 (01211)7 (01340)3
( 10434 10314 10410 10321 10441 10333 10422 10340 10403
i) (o) L0 fort ) T ol ) attae) (oile) Laidss)
(00100)7 (00143)7 (00131)7 (00122)7 (00(1)(1)2)7 (0?1%2)7 (é(l)l%g% ((1)?1421%)7 (6(1)41%411)7
( 10441 ) ( 10401 ) ( 10413 ) ( 10420 ) ( 10432 ) 10444 )
01100 /> \ 01211 /> \ 01233 /> \ 01200 /> \ 01222 /> \ 01244 />
ns(5,2:8) > 176: (B4003). (RA032), (B309). (4A00), (0490, (3498 ({493,
( 14201 ) ( 01033 ) ( 14020 ) ( 01104 14021 01301 14043 10020 10410
i) (i) fatias ) TR T o) e ) ot o)
((1)84112411)7 ((1)6838)’ ((1)8411(1)6)7 ((1)(1)8316)’ ((1)841104)7 (01021 )7 (001%2)7 ((1)(1%?1(1))7 ((%8?8%))
(01013)7 (00111)’ (01031)7 (00123)’ (0108%)7 ((1)?882)7 ((1)??1(1)8)’ ((1)(1)823))7 (é?gig)v
( 10010 ) ( 10023 ) 11014 10042 10113 10002 10134 10024 10131
01400 /> \ 01020 /> \ 00102 /> \01032/> \ 01401 /> \01132/> \01442/> \01131/> \ 01110 )’
10033 10021 10003 10031 10011 10414 10044 10342 10044
(1%(1)%:1)) ’ (1)(1)33[; ’ (1)(%(2){%2 ) (1)1%3% ’ (1)12%2 ) 01242 » \ 01203 /> \ 01244 /> \ 01220 /»
(00122 )7 (01230)7 (01314)7 (0[1)4(2)0)’ (O?g38)’ ((%[1)%83)’ ((%(1)%%)7 (%)?g%g)’ ((%(1)2%[1))5
( 10022 ) ( 10410 10411 ) ( 10101 10423 10110 10123 10114 13000
e I N T I
(01214)7 (01031 )’ (01414)7 (01010)’ (00101)7 (0101%)7 ((1)(1)%%(1))) (6(1)%23)7 (8?38(1))5
( 10121 ) ( 10420) ( 10120 10131 10421 10103 10300 10133 10234
01101 /> \ 01402 /> \ 01143 /> \01124/> \01120/> \ 01232 /> \01133/> \ 01211 /> \ 01200 />
10141 10422 10144 13020 10142 10100 10102 10210 10120
01201 /> \ 01444 /> \01210/> \ 00121 /> \ 01224 /> \ 01323 /> \ 01343 /> \ 01144 /> \ 01304 />
(388, (R0, (1803), (. (1), (108, (30, (088, (1),
10140 ) ( 10244 10204 10211 10220 10232 10230 10240 10334
(1)(1)42161?)’ ’ (1)(1)(3)%31 ’ (1)(1)2421(1) ’ (1)(1)(2)(3)(1) ’ (1)(1)042 >\ 01022 /> \ 01423 /> 101034 /> \ 01024 />
(01102)7 (01130)v (01021)7 (01223)v (01%%%)7 ((1)?%%?1)7 ((1)?42161%)) (68(1)%8)7 ((1)?%32)7
( 10312 ) ( 10200 ) ( 10212 10303 10211 10434 10222 10224 10233
01024 /> \01310/> \ 01311 /> \01314 /> \ 01322 /> \01230/> \01302/> \ 01342 /> \ 01300 />
(W), (. (R0, (010). (aieth). (). (B8, (4. (i)
) i ) ) ) ) J
( 10314 ) ( 10322 ) ( 10341 ) ( 10320 ) ( 10324) ( 10333 ) ( 11030 ) ( ?03:133 ) ( ?(1);’13:13 )
01042 /> \ 01041 /> \ 01334 /> \ 01100 /> \ 01123 /> \01201/> \00113/> \01242 /> \ 01341 />
( 10312 ) ( 12032 ) ( 10442 ) ( 10301 10443 10300 10304 10311 10444
L N T L Ry
(01413)7 (01424)’ (01430)7 (00100)’ (01342)7 (01114)’ (01432)7 (01221)7 (00124))
(B, ). CB08). (o). (ROAD). (3. (ot
) )
. . (00102 01104 01002
n5(5,2; 11) > 260: (56693 ), (66085 )> (66013 ), (00741 )» (00133 )+ (00903 )> (66834 )
( 01021 ) (01200 ) ( 01300) ( 01440 ) ( 10001 ) ( 10002 ) ( 10001 10002 10004
00110/> 100011 /> \ 00010 /> \ 00001 /> \00012/> \00013/> \00014/> 100012 /> \ 00013 />
(B, (30, (40000), (d0h). (dBi0). (MDY (NOH). (30 (d00)
i Y ? )
4034 10113 14003 10122 14020 10120 14044 10132 14030
! )
00123 /> \ 01033 /> \00120 /> \ 01022 /> \00130/> \01042/> \00132/> 101001 /> \00144 />
( 10134 ) ( 14011 ) ( 10144) ( 14021 ) ( 10141 ) ( 14002 ) ( 10104) ( 10444 ) ( 10102 )
01031 /> 100142 /> \01010/> \ 00101 /> 101040 /> \00104/> \ 01103 /> \01023 /> \01113 />
( 10410 ) ( 10111 ) ( 10432 ) ( 10114 ) ( 10403 ) ( 10121 ) ( 10441 ) ( 10123 ) ( 10420 )
01022 /> \ 01124 /> \ 01032 /> \ 01134 /> \01031/> \01100/> \01040/> \01140 /> \ 01041 />
( 10130 ) ( 10413 ) ( 10133) ( 10434 ) ( 10142 ) ( 10401 ) ( 10140 ) ( 10422 ) ( 10102 )
01111 /> 101000 /> \ 01121 /> 101004 /> \01132/> \01014/> \01142/> 101013 /> \ 01203 /»
( 10222 ) ( 10104 ) ( 10213) ( 10114 ) ( 10241 ) ( 10111 ) 10232 10121 10210
LT N T T L
(g ) (o) e o) fon) S o) e
(Rt (el (o) (o) fond) faiee) (abileh (i)
G I I N N N
(01443)7 (01310)’ (01443)7 (01424)’ (01431)7 (01421)’ (01433)7 (01423)7 (01430))



(ééé113
(ég(ﬁ%
<§§J§§§;’(
((ﬁigg), i
((ﬁig% ), <938§%>
(00313)7 (00%23)7
11242 ((1)(1)12 (
(ggg%%f 113(1)2)’ ((1)0
((ﬁ%gg), (??88%)’ <s;,14
(00131)’ (0031(2)%)’ 10324
(é(l)g%}l ((1)(1)320 (00102)
(é%é%g)’ (5533333 (%6338),
(6%3i§)’ (a;zi%; <558%i), (
<689§g>> (58?%% (3)5?%'%) (w
11403)7 (1)1323)’ Eéggé , ((1)(14114
(00100)7 ( 0:1),3%)’ 1)1241)’ 11)233
(1)%)%3% ) (662%1)’ (00523), ((l)%gﬁé)
1401) 11423 11 ( 0
( 241 ; (00422)7 (03401), ??%%3)7
1 42) 61301 ((1)2?%2 (00113 (
( On3 | ( 1332 ) )’ 334)’ 1
O ) 1003o) 10044 (” (oo
(1)(1)% 7(00113 ) (00141)’ 00882)’ 112
( 1. 1143) 11343 0% (0300
11314- 00110 ) (00140 ; (0042111 | 10{04
(?ggié)g) 1410) ((1,(1)303) ((1)(1)3}1:3 (oof41
(00320)7 5 2?3)’ 1135’1%)’ (55323)’ (%532%)
(10032 ( 0 ) (00314)’ 11)7 11342),
01113)7 17 ) 11444 (58052 (00021 (
((1)8(1)%2 (002 7(%333)’ 11%14)’ 11222)’(1
(663%%), (553;1 (??}188)’ <$9;,23)’ (??i%B)’ (180
11033)’ (8%%%2 00113 ) (00:1,,42)’ (?ggg%), (1)(1)%}14
(00100), )) 1424) 110 (00 (03024
(668%% ((1)?38% >2§§)’ ((1)(1)42132)’ 11%%)’ 10033)
(11802)’ (58%3)’ G 3, <ooggg)v <9335§)» (??éié)’
?3039)7 (50513)’ (812 , (5%341)7 (00;,%8)’ (??%,%4)’ (3
Egéggy (53821)%)’ (8??386 <§3§§§y <§§52§y <993;19>v (1%
(10%)34)7 (aéozgY (539%: 05123)’ (99390)7 (??iﬁ)’ <98884
%(1)(2)§)’ ((1)1(1)%3)’ ((1)8?(2)(1)) ( 1%9(1))’ (ooggﬁ)’ (??ééé)’ (1(1)5%)
(ggéig)’ 1?%%)’ 10001)’ 0 33 , ((1)(1)32(3) , (02424 ) (00;)0% )
(0044 (02434 (01121 (00 ) 11403) 10012 112
1112%)7 10012)’ 10004), (101 7 (01413 , (00100)a (008310)’ (3
(00022 , (00113 ) (00100)7 0001 10004) 11310 (1(1) 4}1 ( 3
11132) 11040) 11322 11300 (00144 , (00110, 0}13 | 100
(00031 (00302 (00032 (00041 11413) 11332) % 3 (0
(éééfpy (66%3§)’ (é%%%%)’ (533%; 0%25), <99§gg)v (??S%)’ l?ﬁ
(6(1)14;)), (&36?)’ (68(1)313)’ (6%‘1‘3%  ( 23%)’ (??i%)v (‘f%éé)’ (?‘fg‘?o)
(ﬁg)’ (58%};)’ (éé%g)’ (52?}13)’ (3 . <99§33>, <933§}1>» <99333>7 (
(gégg})’ (éé%ﬂ)’ (6:1»,3%3)’ (68983)’ (6860 ; (%S%)a (‘f‘f%é})’ (??éi?)’ (50
11103)7 11220)’ 10240), ((%68%%), (66%8 (Ooigg)’ (?%é%)’ W?%%)’ 1;2
(00314 7 (00313)’ (00001)7 024)’ 11444) 11 (002 2 (00223 (0301
((11(1)338) ((1)(1)%(3)421 ((1)(1)&11(1) ((1)(1)113)7 (00241)v 0(1)5411)’ 114(1)4)’ (11400)7 ((1)8(1)2(1)
11344)7 66184)’ (56233)’ (6%3?2 : (5833(3) , ( 2?13)’ (??3182)’ ?‘f%%%)’ 11212
(00210 ,( 13)7 ), 10014) 10010) 0 0 (00322 (02434 (00102
((1)(1)88%) ((1)%%2:{’ ((IJ(IJ?% (02142)’ (00121)> (81 )’ 11421)’ 10014)’ (5(1)342
11430), ((1)1614}1)7 ((1)(1382)’ (68%% ((1)5883 (0?(1)0 ) (%333)’ ((1)(1):1»,(1)%)’ 112(1)0
Oggg%)’ 1(1)1%4)’ 11343)’ 11001)’ 11213)7 (1)(1)(1)% (00133 ) (00:13%(2))’ (?(1)42;8%
(0034 (00332 (03310 (00 31)’ ) 11421) 11 (
33%)7 1124112)’ 11344)7 1()010)’ (11?133 ((1)8(1)8§ 00134)7 (Oogéé)’ ??%3
1 7 (00204 ’ (00910)’ (Ogégg)’ (1)(2)()%%)’ 10033)’ 13%2 ((1)(1)302 (00241
) 11130) 11300 ((1)0 34 (00130 (01100 ( 2)’ 11444)’ 11234
,(0042())7 (0033(2))’ 11(1)42)’ 11440)’ 10021)’ 1 12 (01413 , (02430
11241 113 (00440 (00434 (02144 (00 )’ 10031) 10021
(00002 7 (0023}1)7 11141)’ 11311)’ 10000)’ 110 (01120 , (00132
11434 111 (30 (00113 (0024’ 10 2) 11302
00030)’ (Ooﬁg), ((1)(1)?4213)’ (1)0(1)22)’ 11034)’ 11301 ((1)01:1),2 (00123
1353 ([1)(%20 (00044 ) (()0133 , (00033)7 (Ooggi) 11404)’ 11324
34)’ 11131)(1120@ (35303> (55?‘1% (éiom 03&331)7 (9%%%
2)’ (??38?), ??%38)’ (hﬂl)’ (6638%)’ (68(1’83)’ ( 235)7 (??é%é
) (00328 ’ (?(1)(1)3(2))’ (1)61(1)(1)3)’ 11034)’ 10031)7 1 21 , (01333
112 (0 (00121 (00 ) 10003
(00002 , (00201 , (00122)» 0332)’ 11031), 112 (00122
11222) 11120) (11440 ((1)(1)30}1 (00012 (0042 7 11440
00}113), (?%%%)’ (1)(1)42;3(2))’ 11202)’ 11013)’ (01244 (00102
1338 (00200 , (00002 , (04433 ) (00343)’ %%%‘11) 11433
33)’ 11213) 11132) ((1)830§) ((1)(1)132 (00003 0058
3)7 (??%gg), (?%gg)’ (110(1)0)’ ((1)%83(1))’ ((1)(1)(1)(1)3)’ ( 124{2
, (9?323)7 ([1)?411%(1))’ ??%§§)7 10000)7 (10333)’ (81 34
(00234 ; (00412 , (00241 ) (03143), (1)(1)8(1)}1)7 000
11424) 11204) 11132) 1024 ( (0112
00301)’ ((ﬁ%ﬁ)’ <999§3y <??8%>’ 9%3@ 10021
1%?8)’ (9?023)’ (99%3)’ (‘1’988}1)’ (?‘3935)’ <%33§
: (?(légz 5 <9923¢1)v (%65{%)’ <%3§’3>v g?sszg
’ (00431)’ (00312), (99%?%,)’ (?%,%?)’ ?8%%2
11242 ((1)[1)%10 (00001 (00404 , (00143
((1)(1)8{11)’ ulﬂ)’ 11121)’ 11010) (11013
Ogéﬁ)’ <99§95)’ (??2%‘1‘)’ <9‘fz$3)v ??8%3
220), (00334), (Oogggy (?f%%%)’ (??%8%
| ((l)éf(l) (3(1)133 (08133 (00131
0)’ 111%0)’ 11241)’ 11020)’ (66%22
, (00442 7 ((l)(lﬁég)» (?‘f%g%)’ 11002
11300 ( (00040 (03230
(99339)’ ?9%3%)’ 11213)’ 10122
00133 (00024 (00303 (00000
1204)’ 11443)7 (111}11)7 (}égég
223)’ (00323)’ (1)?(1)1%)’ 1]1020
| (1%}1%% (00114 ) (00492
)’ 11404)’ (il)(l)lgg) (égﬁg%
7(00403)’ 11142)7 11304
((1](1)3(1)3 (Oo:1>,40 (00031
66333)7 (5éé?g)’ (éé%%B
1201 )’ 11324 )7 éiﬁg
242 <00324 (0 1
b <§)§§§§;: (ﬁg
: (00023)7 (gg%gg
1121 (00234
( (1)(1)(2)%8 )7 11444
00134 ) (00121
1244) (1131
38}1)’ ﬁi‘%g
4)7 Eggg%
7 ((1)(1)ggé
11340
00103
i
11
3
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(1021
(6542143
E%ﬁ)ggg;, (
(‘1)?3%5)’ (5920
(08(2)03)’ ((1)[1)%12
60}1?%7 503@,
i) <éég%§>, (10
(80 ) (56§§3)a 2(1)0341
(58890(5 1482), 363§o),
%82%%%’2 1 ’ E%éfi%é%’ g
<551;%>, (o st
(663%9, <528902 i) <5égg;>,
(1}1305) (1092%) 30 i) (1602‘3) (10
(00030)’ (0?232 ’ (8. ’ (91352)’ (0143
(élg)ig : 5058)’ (1)1'0(0 09548)’ (5(1@13
63632)’ <é%%%1)’ (583830851 ) (6031%3)7
Eé&g%é), %@gﬁ), (55283)709) ). (g)éggz), g
éégézl <5égii>, <8%38%>, 18 ég?ﬁg)> (5313%;
(656%6), ((1)8131%)’ (891}18) (181(3):90(1)1 1:;’4), (1)8%%3)’
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10330 10241 10241 10333 10333 10244 10312 10200
01022 /> \ 01122 /> \ 01122 /> \ 01010 /> 1010 /> \ 01140 /> \ 01041 /> \ 01202 />
10201 ) ( 10421 10202 ) 10432 10200 10434 10201 10434
01213 /> \01331/> \ 01210 /> \ 01342 /> \ 01243 /> \01332/> \01244/> 101310 />
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10422 10224 10410 10220 10414 10221 10420 10231
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01443 /> \ 01410 /> \ 01413 /> \ 01430 /> \ 01431 /> \01441/> \01444 /> \ 00144 )7
12000 12000 12042 12020 12003 12021 12021 12041
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00143 /> \ 00143 /> \ 00121 /> 100111 /> \00111/> \00140/> \00112/> \00112 />
( 12012 ) ( 12003) ( 12003) ( 12023 12023 12021 12010 12043
00132 /> 100101 /> \00101 /> \00130/> \00130/> \00131/> \00131/> 100114 />
12001 12034 12044 12044 12014 12014 10304 10300
00100 /> \ 00133 /> \00120 /> \ 00120 /> \ 00104 /> 100104 /> \01104/> \01114 />
10302 10302 10302 10304 10312 10313 10311 10314
01130/> \01130/» \01132 /> 01134)7 (01101)7 (01113)7 (01121)7 (01122)7
10314 10311 10320 10321 10321 10321 10323 10323
01124 /> \01141/> \01100/> \01111/> \ 01114 /> (01114)7 01113)7 (01133)7
10330 ) ( 10333 10333 ) 10333 10330 10331 10332 10342
01100 /> \ 01101 /> \ 01101 /> 101103 /> \01120/> \01130/> \01142/> \01112 />
( 10344 ) ( 10340 ) 10340 ) 10340 10342 10303 10303 10303
01134 /> \01140/> \ 01143 /> 101143 /> \ 01142 /> \ 01203 /> 01213)7 (01222)7
10301 10313 10310 10310 10310 10313 10320 10320
01242 /> \ 01203 /> \ 01214 /> \ 01224 /> \ 01233 /> \01241/> \01202/> 101214 />
10322 10322 10334 10332 10332 10334 10334 10341
01230 /» 01244)7 (01200)7 (01213)7 (01220)? (01231)7 (01241)7 (01202)7
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D Explicit lists of generator matrices for lower
bounds for ny(5,2;s)

In this section we explicitly list the generator matrices of the projective systems
found by ILP computations.
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