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Geometry with your Finger

First Steps with sketchometry

Dynamic mathematics software for visu-
alising geometric relationships has been
used successfully in mathematics lessons
for many years.

sketchometry is a gesture-based dynamic
mathematics software that allows you to
quickly and easily create and explore in-
teractive constructions with your finger on
tablets, smartphones or electronic white-
boards. The innovative gesture control of
sketchometry turns mobile devices into an
electronic sketching tool that can be used
directly in the classroom. sketchometry is
available free of charge as an [m]#.3[m]

app or directly as a live version | '_
(QR code) in the browser: [=] g~

https://start.sketchometry.org

Workshop - Geometry

This workshop provides a step-by-step in-
troduction to the concept and examples of
how sketchometry can be used in the geo-
metry classroom. It takes about 90 minutes
to complete.

Uses a new board for each of the individual
examples, which you can open in the sket-
chometry gallery via (+]New board.

-
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You can access the sketchometry gallery
via the icon 3} in the menu bar.

Sketching Tool

Sketch a circle with your

finger on the board. The re-

cognized object Circle is dis- %
played in the info bar.

(. )
o Circle 0

As soon as you lift your finger, the circle
and its center point appear.

a
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The special feature of sketchometry: You
don‘t have to select your own ,circle” tool
in advance. sketchometry automatically
recognises the finger sketch (= gesture).

U S
You can change the position

of the circle with your finger %
by dragging either the circle

line or the center point.

You can change the size of
a circle with two fingers:
Touch the circle line at two

points and move your fin- C@
gers towards or away from

each other, just as you would do when zoo-
ming photos on your smartphone.




Drag and Construct

sketchometry has two basic tools, % Drag
and /\ Construct. These can be used inde-
pendently. The currently active tool is high-
lighted in the menu bar and displayed in
the background of the board.

Drag &

Drag Construct
Construct

To begin with, it is advisable to use
W, Drag and /\ Construct separately: If you
want to draw a new object, only activate
A Construct. This will prevent you from
accidentally moving the existing objects.
If you want to change the position of an
object, switch X, Drag on and /\ Construct
off. With a little practice, you will later be
able to use both tools at the same time.

Initial experience can be gained with the
following task:

Draw two circles and examine the po-
sitional relationships between the two
circles. To do this, change the position
and size of the circles.

By moving, enlarging and reducing the circ-
les, the students observe and describe dif-
ferent positional relationships.

-
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If you want to undo the last construction
step - because a gesture was incorrectly
recognized, for example - you can do this
via v™ Undo in the menu bar.

Circumcircle of a Triangle

However, sketchometry offers even more.
You can create the circumcircle of a triang-
le by simply sketching it.

Start with a triangle on a

new board and then draw a

circle through the vertices %
of the triangle.

Make sure that you touch

the three vertices with your

finger. They are highlighted |

by a gray ring. v %
sketchometry creates the

circumcircle (including the
center point) of the triangle.

[@)evsa |
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Close to the Object

The motto of sketchometry is ,close to
the object“ Circles, points, intersections,
straight lines, segments and even triangles
are sketched. The software recognizes the-
se gestures and uses them to create exact
objects that can also be modified.

This means that sketchometry does not
have a complex menu structure, which is
particularly favorable on small screens.
Figures and constructions can be quickly
created and analysed on a smartphone,
tablet or electronic whiteboard.
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Itis not necessary to select a ,circumcircle”
tool here either. This direct way of creating
a circumcircle is useful if the construction
of the circumcircle and its properties have
already been covered in class, for example,
the following task can be completed using
this construction:

Which special triangle shapes are crea-
ted when the center of the circumcircle
is inside, outside or on one side of the
triangle?

Perpendicular Line and Circumcircle

Open a new board and switch off & Drag.
Place two points A and B on

the board and connect them -
with a sketched segment. %
Again, make sure that you

touch both points with your finger so that
they are marked:

F— ()

First construct the perpendicular line “in
the classic way“ as a set of all points that
are equidistant from the two given points:
To do this, create two circles. The first cir-
cle with center point A runs through point
B and vice versa, the second circle goes
around point B through point A.
Here you use another gesture. Start with
the first circle with center
point A. The Circle (Radius)
gesture consists of two
parts that must be sket-
ched without interruption:
1. Start the gesture just before point A
and move your finger past point B. Both
points must be marked. This indicates
the radius of the circle (see segment ge-
sture).
2.Now indicate a quarter-circle arc without

stopping.

o Circle (radius)

sketchometry recognizes this as the Circle
(Radius) gesture and creates the circle. The
circle around B through A is created in the

same way.
In the next step, tap the two

intersections of the circles |-a

one after the other and the %
intersection points appear.

Finally, sketch the center line as a straight
line through the two intersection points. In
contrast to the Segment gesture, you start
clearly before the first (intersection) point
and end the indicated straight line clearly

after the second (intersection) point.

I\ sketchometry x @ ~

Properties

Use the T=Object [Properties
properties tool to ad-
just the appearance
and behavior of ob-
jects. =|JEoarc

Use the ®Visibility =
tOC.)l to show or hide s
objects.
You can use the [(Z]Board tool to show the
coordinate axes or the grid, for example, or
to change the background color of a board.
You can change the position of the menu
bar and the toolbar or the language with
User Interface.

i

Obiject properties

©

Visibility




Finally, mark the intersection point of the
segment with the perpendicular line, which
bisects the segment.

sketchometry names actively created
points alphabetically starting with A.
Therefore this intersection point is labeled
by E.

-
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You can change the name, font size, color
settings and other properties at any time
using the EE0bject properties tool in the
toolbar (via Properties).

Change the name of point E to M. To do
this, activate the tool I5=Object properties
and tap on point E.

A selection list appears. Select point E.
sketchometry now displays the properties
of the intersection point E. These are divi-
ded into individual categories. Select cate-
gory Label and change the name E to M.

=+ Properties X
Intersection E 4/
Trace ®
iﬁ? ?i\ Erase trace

Appearance

Label

Appeardarce

Label

7
AI \E X/
AD Visible o©
A{? Fixed o

2 ®
Qoo
A o 24
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Visibility - Hide Objects

Activate the tool ® Visibility via Properties
in the toolbar. Tap the objects you want to
hide one after the other. As soon as you se-
lect another tool, the hidden objects dis-
appear completely (but remain internally
available). If there are several objects at
the selected position, a selection list ap-
pears.

If you want to show an object again, acti-
vate @ Visibility. The hidden objects reap-
pear pale. Tap on the object you want to
display. It will become visible again.

Close Properties with ). The intersection
point is now called M.

~
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Finally, hide the “auxiliary objects (here
the two circles and their intersection
points) using the tool & Visibility. The con-
struction of the perpendicular line is now
complete.

~
I\ sketchometry %

To find the center of the circumcircle of a
triangle, you would have to perform this
construction on at least two sides of the
triangle. This is quite time-consuming and
can quickly become a little bit messy.
Therefore, use the two sketchometry ge-
stures Midpoint and Perpendicular Line:
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Create a triangle in a new board and then
the midpoint of a side of the triangle.The
Midpoint gesture looks like
a loop. When sketching the
gesture, mark the two end
points of the chosen side of
the triangle:

o ()

>

Now draw a perpendicular
line to the side of the tri-

angle through its midpoint. | _~ %
Again with a gesture, of

course:

fo——— ()

To do this, draw a right angle. When dra-
wing the gesture, make sure that you mark
the center point at the gesture bend (gray
ring).

e =
I\ sketchometry x Q- ° 0

Repeat these two steps for the remaining
two sides of the triangle.

This procedure is much quicker and clearer
than the step-by-step construction. But
there is an even simpler way:
Instead of the Midpoint and
Perpendicular Line gestu-
res, use the Perpendicular
Bisector gesture as shown.

The three perpendicular lines intersect at
one point. Activate & Drag and change the
position of the vertices of the triangle.

An explanation of the intersection property
should be discussed in class.

Finally, the center point and the circumcir-
cle must be created. Tap on the intersec-
tion of the perpendicular lines. sketcho-
metry may display a e
selection list with the
o g q 4’ Line n Line
intersection options.

To finish draw the cir- | A~ tnenLine
cumcircle using the l 4 Linen Line I
Circle (Radius) gesture.

A Selection

Intersection of More Than Two Objects

An intersection point is clearly defined
based on the position of two objects (lines,
circles). However, if there are three or more
objects at the point in question, sketcho-
metry will display a list of possible inter-
sections of two objects. One of the inter-
section options can be selected by tapping
the corresponding list entry. If the finger
remains on the list entry, the correspon-
ding objects are highlighted on the board.
If the finger is moved to another list entry,
the new selected objects are highlighted.
The intersection point is only created when
the finger is lifted.




(A

Now the construction is complete. Depen-
ding on the students’ prior knowledge a
suitable construction option can be selec-
ted: either the step-by-step approach or
the “ready-made” gesture tool.

Inscribed circle of a triangle

Change of perspective:

The next example is about the inscribed
circle. The following question can be asked
in class:

Is there a circle that touches all three
sides of a triangle from the inside?

Students can explore this question using
the following procedure: Draw a triangle
and a circle. Use two fingers to position the
circle so that it touches the three sides of
the triangle.

Learning with Your Finger

In sketchometry, the gestures are based
on the shape of the objects to be drawn. To
draw a circle sketch the shape of the circle
with your finger; to draw a line sketch a line
with your finger, for example.

All the sketchometry gestures are desig-
ned in that way. Compared to conventio-
nal geometry software, in which the center
point and a point on the circle line have
to be selected separately to create a circle,
for example, sketchometry allows this di-
rect approach.

Recent studies have highlighted the im-
portance of pointing and tracing when
learning. These finger movements increase
attention and activate additional areas of
the brain, leading to a better memorising
abilty. sketchometry makes consistent use
of these findings.

[D)orsa |
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Of course, this is not a construction. Here
sketchometry is again used as a sketching
tool: change the shape of the triangle and
reposition the circle. Assumption: There
will always be a circle that has the desired
property. The construction of the inscribed
circle is now developed step by step.

In a new board, first consider two intersec-
ting straight lines and mark the point of in-
tersection. Draw circles with different radii
and position them so that they touch both
straight lines:

a
[\‘sketchometr\/ 00 - ° ®

The centers of the circles are equidistant
from the two straight lines (radius!). Draw
a straight line that runs through the inter-
section of the two lines and one of the cir-
cle centers.

~
[\‘sketchometr\/ 00 - ° ®
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Possible work orders:

» What do you find?

» What property does this straight line
have with respect to the two initial
straight lines?

» Give reasons for your assumption!

With these considerations, the significance
of the angle bisector for the construction
of the inscribed circle becomes clear.
Open a new board and deactivate X Drag.
To make it easier to construct the inscribed
circle of a triangle, there is a simple gestu-
re to create the angle bisector. This looks
like the letter W.

According to the motto \
“close to the object”, when

drawing the gesture, first @
mark the first leg of the A

angle, then the sector in which the angle
bisector lies and finally the second leg:

(. R
r Angular bisector 0

C

( -
I\ sketchometry = Q- o @

Add the angle bisectors of the other two
angles. As in the case of the perpendicular
bisectors, you can show that the angle bi-
sectors intersect at a point. Mark this point
of intersection. It has the same distance
from all sides of the triangle.

Now the radius is still required to draw the
inscribed circle. To do this, use the fami-
liar perpendicular gesture with a minor
variation:

start the gesture directly at the intersec-
tion point and not before it. In addition to
the perpendicular segment,
sketchometry also creates

the corresponding foot of | - %
the perpendicular.

-
I\ sketchomstry

Use the Circle (Radius) gesture to create
the inscribed circle and the construction
is finished.

~
I\ sketchomstry

Another Point of View - Tangents

The inscribed circle touches all three sides

of a given triangle. Now a circle is given and

you are looking for a triangle whose sides
touch this circle?

Draw a circle in a new board. Since the si-

des of the triangle are to touch the circle,

they must be tangents to the circle. Two
options are now considered:

For the first option, you already know all

the necessary gestures:

» Place a point on the circle line. It appears
as a glider that can only move along the
circle line.

» Draw the radius as the distance from the
center point to this glider.

» Create the tangent using the familiar ge-
sture for the perpendicular line. Make
sure that you mark the glider at the bend
of the gesture.



Gliders and Dependent Points

If you tap with your finger on an empty spot
on the board, a free movable point is crea-
ted. sketchometry shows this point in red.
If there is already an object (line, seg-
ment, curve, ...) at this spot, sketchometry
creates a so-called glider that you can
move along the object.

If you tap on a spot where two objects in-
tersect, an intersection point is created
that cannot be moved. It is shown in gray.
For example, the foot of a perpendicular is
shown in gray because it cannot be moved.

~
I\ sketchometry x Q- o @

The second option with a gesture is much
more elegant:

Now sketch a capital T on
the circle line. The shape of
the letter T indicates the
tangent direction and also
the direction of the radius.

Further information

On sketchometry.org gesture overviews
and printable worksheets as [m]3tA[u]
well as other teaching materials F-r: -
are available for free download. [w]
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The gesture is easy to remember “T for tan-
gent”. It also works for function graphs and
curves. Together with the tangent, sketcho-
metry also creates the point of tangency
as a glider. After you have added the three
tangents to the circle, mark the intersec-
tion points of the tangents. Finally, draw
a triangle through the three intersection
points to highlight the triangle area.

a
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The original circle is now the inscribed cir-
cle of the triangle. Change the position of
the points and observe the construction.

Variations

Now position the three gliders (points
of tangency) so that they are only in one
“half” of the circle:

What happens? And, above all, why? A so-
called excircle is created, which leads to
further questions:

» How can an excircle be constructed?

» How many excircles does a triangle
have?

» What is the relationship between the
inscribed circle and the excircles of a
triangle?

These questions are the basis for diffe-
rentiation in the classroom, for example.
Substantially the approach to excircles is 11
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oriented towards that of the incircle, but is
somewhat more demanding.

Tangent Quadrilaterals

Now you draw four tangents to the circle
instead of three. Use the points of intersec-
tion of the tangents to create a quadrila-
teral, a so-called tangent quadrilateral.

» Modify the quadrilateral so that you
get a square or a rhombus.

» Are there any other special quadri-
lateral shapes that can be created in
this way?

» Explain why you cannot create a rec-
tangle?

» Are there any quadrilaterals that have
both an incircle and a circumcircle?

-
I\ sketchometry
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Change the point of view
here too. Sketch a quadrila-
teral in a new board, draw
an additional circle and try
to position it so that it touches all four
sides of the quadrilateral. Compared to the
triangle, there is not always a solution.
Therefore, it makes sense to examine diffe-
rent quadrilateral shapes, too.

a
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The circle has to be repositioned again and
again. The students discuss their observa-
tions. Here, they use sketchometry as a
sketching tool.

Measurement

In addition to numerous gestures, sket-
chometry also offers various measuring
tools: draw a triangle and mark its interior
angles. How?

In the same way as on the blackboard:
sketch an arc from the first leg of the ang-
le to the second leg. Note

that sketchometry always \><
treats angles counterclock-
wise. Also add the other
two interior angles:

@ Y
b Angle (< 180°) 0

As soon as you have created an angle ob-
ject, you can measure its size. To do this,
activate the tool /> Measure in the toolbar.

-
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Tap on the angle and the
measurement appears. As
long as /> Measure is acti-
vated, you can add further
measurement objects and also drag them
(without having to switch to X Drag).
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As soon as a measurement object is mo-
dified, the result is automatically adjusted.
sketchometry opens a list box if there are
several objects that can be measured at
the spot you tap. Lengths and areas are
measured in the same way:

» Activate /> Measure.

» Tap on the object to be measured (and

select it from the list box if necessary).

Calculations

In addition to /> Measure, sketchometry
also allows calculations:

> % Sum

» [Z Difference
» IZ Product

» [2Z Ratio

In the example above, determine the sum
of the angles of the triangle. To do this, ac-
tivate /2 Sum in the toolbar and tap on the
three measurements one after the other. A
preview appears in the info bar:

a+B+y = 180.00°

Then tap on a free spot on the board. The
sum of the measurements appears.

-
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(a+p+v=180.00")

However, the tools %, 7, IZ; and [ZZ are
even more flexible. With the /% Ratio tool,
for example, you can also click directly on

the objects and do not have to create indi-
vidual measurements first, as the following
example shows:

Place three points on a
new board, select the
7 Parallelogram tool and
tap the points one after the
other. A parallelogram appears. Now select
the tool [ZRatio and tap first on the pa-
rallelogram area (numerator) and then on
the (base) side of the parallelogram (divi-
sor). Place the result (=ratio) on the board.
It indicates the length of the height of the
parallelogram.
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Finally, calculations can also be part of
other calculations.

Outlook

This workshop provides a first insight into
working with the sketching tool sketcho-
metry. In addition to numerous geometry
gestures, tools for calculus are also avai-
lable. For example, a slope triangle can be
easily sketched on an interactive function
graph. The following gesture overview is
useful in the classroom.

Author
Carsten Miller

CMOT
Center for Mobile Learning with
Digital Technology

University of Bayreuth

95440 Bayreuth EI’.’t?',EI
Germany %
sketchometry.org O[3
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