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Abstract

In this thesis we investigate the existence of pulsating solutions of the spherically symmetric
gravitational Vlasov-Poisson system on a linear level. To this end, we linearise the system
around compactly supported steady states, which we first introduce in detail at the begin-
ning of the thesis. In order to explain different aspects of oscillations on the non-linear
level — in particular, the pulsating behaviour, where the support of the solution changes
periodically — we employ three different linearisation methods. All of them lead to the same
linear operator whose spectral properties determine the dynamics on the linear level.

The analysis of this operator forms the main part of this thesis. Firstly, we analyse the
functional analytical properties of the operator and prove that it is self-adjoint if its domain
of definition is chosen appropriately. Then we explicitly determine its essential spectrum.
It is given by the radial particle periods within the underlying steady state, to which we
devote a separate analysis in the appendix.

On a linear level, oscillating solutions correspond to positive eigenvalues of the opera-
tor. We investigate their existence by developing an adaptation of the Birman-Schwinger
principle from quantum mechanics for our situation. We combine this with a reduction
method discovered by Mathur. Overall, this allows us to characterise the existence and
number of positive eigenvalues below the essential spectrum of the original operator by
spectral properties of a simpler operator. Using this characterisation, we can explain the
linear oscillations around some stationary solutions.

Afterwards, we consider the slightly modified setting of steady states surrounding a point
mass. If the steady state is sufficiently small compared to the point mass, we show that
perturbations are damped on a linear level. The main step towards this (non-quantitative)
damping result is to exclude eigenvalues embedded in the essential spectrum of the operator.
The absence of other eigenvalues can be ensured by applying the Birman-Schwinger-Mathur
principle described above.

To conclude, we discuss how the techniques developed here can be applied in related
situations and conduct a comprehensive numerical analysis. In particular, we investigate the
dynamics near the most commonly used steady states and show in which cases undamped
oscillatory behaviour occurs at the linear level. Moreover, we numerically show that the
actual non-linear effects can be accurately described by the analysis on the linear level
performed here.
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Kurzfassung

In dieser Abhandlung untersuchen wir die Existenz pulsierender Losungen des sphérisch
symmetrischen gravitativen Vlasov-Poisson-Systems auf linearer Ebene. Dafiir linearisieren
wir das System um stationdre Losungen mit kompaktem Trager, die wir zu Beginn der
Arbeit zunéchst ausfiihrlich einfithren. Um verschiedene Aspekte von Oszillationen auf der
nicht-linearen Ebene — insbesondere das pulsierende Verhalten, bei dem sich der Trager der
Losung periodisch bewegt — erklaren zu konnen, verwenden wir zur Linearisierung drei ver-
schiedene Verfahren. Alle fiihren auf denselben linearen Operator, dessen spektrale Eigen-
schaften die Dynamik auf der linearen Ebene bestimmen.

Die Analyse dieses Operators bildet den Hauptteil dieser Abhandlung.  Zuerst
analysieren wir die funktionalanalytischen Eigenschaften des Operators und zeigen, dass er
bei geeigneter Wahl seines Definitionsbereiches selbstadjungiert ist. Anschliefend bestim-
men wir sein wesentliches Spektrum explizit. Es ist gegeben durch die radialen Teilchenpe-
rioden in der zugrundeliegenden stationaren Losung, denen wir im Anhang eine gesonderte
Analyse widmen.

Auf linearer Ebene entsprechen oszillierende Losungen positiven Eigenwerten des Op-
erators. Wir untersuchen deren Existenz durch Entwicklung einer Adaption des Birman-
Schwinger-Prinzips aus der Quantenmechanik fiir unsere Situation. Wir kombinieren dies
mit einer von Mathur entdeckten Reduktionsmethode. Insgesamt kénnen wir so die Exis-
tenz und Anzahl der positiven Eigenwerte unterhalb des wesentlichen Spektrums des ur-
spriinglichen Operators durch spektrale Eigenschaften eines einfacheren Operators charak-
terisieren. Mittels dieser Charakterisierung konnen wir die linearen Oszillationen um einige
stationdre Losungen erklaren.

Im Anschluss betrachten wir die leicht modifizierte Situation von stationdren Loésun-
gen, welche eine Punktmasse umgeben. Wir zeigen, dass wenn die stationdre Losung
im Vergleich zur Punktmasse geniigend klein ist, Stérungen auf linearer Ebene gedampft
sind. Der Hauptschritt zu diesem (nichtquantitativen) Démpfungsresultat besteht darin,
im wesentlichen Spektrum eingebettete Eigenwerte des Operators auszuschlieBen. Die Ab-
wesenheit anderer Eigenwerte kann durch Anwendung des oben beschriebenen Birman-
Schwinger-Mathur-Prinzips sichergestellt werden.

Abschlieflend diskutieren wir einerseits, wie die hier entwickelten Techniken in ver-
wandten Situationen angewendet werden konnen, und fithren andererseits eine umfassende
numerische Analyse durch. Insbesondere untersuchen wir die Dynamik nahe der populérsten
stationaren Losungen und zeigen auf, in welchen Féllen auf linearer Ebene ein ungedampftes
oszillierendes Verhalten auftritt. Dariiber hinaus stellen wir numerisch fest, dass die
tatsdchlichen nicht-linearen Effekte durch die hier durchgefiihrte Analyse auf linearer Ebene
genau beschrieben werden kénnen.
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Chapter 1

Introduction

Consider a long-existing galaxy. We aim to investigate its evolution by analysing a math-
ematical model of it. Because a galaxy is frequently perturbed, e.g., by the gravitational
forces of other nearby galaxies, only models that are resilient to slight perturbations can
describe real galaxies. What these models are is quite well understood — this is the subject
of stability theory which we will review below. Here we are interested in the less well com-
prehended question of how a galaxy (model) evolves qualitatively. A common hypothesis is
that relaxation mechanisms drive galaxies towards an equilibrium state [19] [104] and that
every slight perturbation gets damped away. However, observations suggest that certain real
galaxies may not be in such equilibrium state, cf. [I0I]. Explanations for these behaviours
have been extensively discussed in the (astro)physics literature [26], 33, 100, 10T, 103} 104,
110] 111, 115, 124) 132] 148, 159) 161, 162, 163, 168, 171, [172] 174] 175, 176, 179, 180] and,
more recently, also in the mathematics literature [61} [62] 85, 86), [117]. These investigations
indicate that a non-damped galaxy exhibits an oscillatory behaviour of pulsating nature,
i.e., the galaxy expands and contracts in a time-periodic way. The aim of this thesis is to
study this phenomenon mathematically.

1.1 The Mathematical Set-Up

We describe the state of a galaxy at some fixed time t € R by its phase space density
function f = f(t,z,v) > 0. The phase space variables consist of the space variable z € R?
and the velocity variable v € R3. Integrating f(t) over some part of phase space gives the
mass of stars contained in this phase space region. The evolution of an individual star inside
the galaxy is determined by Newton’s equations of motion

T =, v =—-0,U(t,x), (1.1.1)

where U = U (t, x) is the gravitational potential of the galaxy and 9, U denotes its gradient
with respect to (henceforth abbreviated as “w.r.t.”) the space variable z. Here, we neglect
close encounters between stars, and also potential collisions. The latter implies that the
phase space density f is constant along the trajectories of stars, which leads to the Viasov
equation

Onf +v-0uf — U - Duf =0, (1.1.2)

see [67] for a review of the origins of this equationE] Middle dots - denote the Euclidean
scalar product. By Newton’s law for gravity, the gravitational potential solves the Poisson

! Although the conclusion of [67] is that collisionless Boltzmann equation would be the proper name of
the equation (1.1.2), we will still use the more common name Viasov equation here.

1



2 CHAPTER 1. INTRODUCTION

equation
AU = 4mp, (1.1.3)

where A denotes the Laplacian w.r.t. x, the gravitational constant is normalised to unity,
and p = p(t, z) is the (spatial) mass density of the galaxy given by

p(t,x) = \ f(t,z,v)do. (1.1.4)
R

Here, we assume that all stars have unit mass. We equip the Poisson equation with the
usual boundary condition at spatial infinity

lim U(t,xz) =0, (1.1.5)
|z| =00
corresponding to an isolated galaxy. The equations f form a closed system for
the evolution of f, known as the three-dimensional gravitational Viasov-Poisson system.
For an extensive physical background to this system we refer to [19]. More mathematical
aspects, like the global existence of classical solutions, are reviewed in [47,[143]. The Vlasov-
Poisson system can also be used to model the evolution of particle ensembles other than
galaxies, which is why we will below use the more general term “particles” when referring
to the individual stars in a galaxy model.

We consider this system in spherical symmetry (or radial symmetry), i.e., we assume that
the phase space density function f is invariant under simultaneous rotations of x and v.
This means that the originally six-dimensional phase space can be parametrised by the
variables

r=lzl, w=2"", L=|zxu? (1.1.6)
T

which can be interpreted as the spatial radius, the radial velocity, and the squared modulus
of the angular momentum. The space dependencies of the gravitational potential U and
the mass density p reduce to a dependency on the spatial radius r. In Section [2.1] we
discuss in detail the notion of spherical symmetry as well as the Vlasov-Poisson system in
the radial variables (r,w, L); we refer to this system as the radial Vlasov-Poisson system.
The main motivation for assuming spherical symmetry is that it simplifies the mathematical
analysis. From a physics point of view [44, Ch. IX, Sc. 1], it means that our model describes
spheroidal galaxies (and globular clusters).

We analyse solutions of the radial Vlasov-Poisson system close to steady states, i.e., close
to time-independent solutions fo = fo(z,v) of the Vlasov-Poisson system. We will describe
below the class of steady states considered here. They are all compactly supported, have
finite mass, and are stable, which means that they are realistic models for galaxies in an
equilibrium state. As motivated above, it is our intention to establish the presence of oscil-
lating /pulsating solutions. It is natural to expect that such oscillations take place around
an equilibrium state. Hence, our strategy is to obtain (undamped) oscillatory solutions as
perturbations of steady states. It is, however, unclear whether such solutions exist. It is
also possible that all solutions close to a steady state converge towards the steady state.

Numerical simulations [115] 124, 132, 159, 161, [162] 168 revealed that the occurrence
of these qualitatively different behaviours depends on the steady state. In Figure [L.1.1] we
depict two (numerically computed) solutions starting close to different steady states. The
solution in the left panel shows an undamped oscillatory behaviour, and we can clearly see
that the oscillation is of pulsating nature, i.e., the solution moves radially in and out in a
time-periodic way. In contrast, the solution in the right panel is damped, i.e., after a brief
period of time it is nearly a steady state. Our aim is to analyse which of these two cases
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applies to which steady state. In particular, we want to understand the occurrence of the
former one.

radius
radius

time time

Figure 1.1.1: The time evolutions of the radial mass densities (t,r) ~ 47r2p(t,r) of two
spherically symmetric solutions of the Vlasov-Poisson system. The colour gradients depict
the values of these functions, increasing from black to yellow. Both solutions start close
to different steady states. The initial data and the numerical method used to create these
plots will be presented in Section

1.2 Outline of the Thesis

Let us now outline the analysis conducted in this thesis and discuss the connections to
previous research. The approaches and results presented here are primarily based on [62] and
the subsequent works [49] 61]. There is some overlap between [62] and the monograph [85]
by Kunze, which was developed simultaneously and independently of [62]. Hence, several
of the results presented here (in particular, those from Chapters 4] and [5|and Appendices
and [B)) are also contained in [85]; we will consistently discuss the connections of our results
and those of [85]. The key aspects of [85] are also presented in the lecture notes [86].

Steady States (Sections and 4.1

The starting point for our analysis is a thorough understanding of the steady states of the
Vlasov-Poisson system. In Section [2.2] we review the well-established existence theory of
spherically symmetric, compactly supported steady states of the Vlasov-Poisson system,

cf. [14] 63, 130, 140} 146] and [19] Sc. 4.3]. We mainly follow [130] in this part.

The key idea is to search for time-independent solutions fy of the form

fo(z,v) = p(E(z,v), L(z,v)), (1.2.1)

where ¢: R% — [0, 00| is a prescribed microscopic equation of state, E is the particle energy

Bz, v) = %m? + Up(a) (1.2.2)
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determined by the gravitational potential Uy associated to fo, and L is the squared modulus
of the angular momentum given by . Obviously, £ and L are conserved quantities
of the characteristic system if Uy is spherically symmetric. Hence, defines a
time-independent solution of the Vlasov equation . If ¢ is sufficiently smooth, this
solution is classical, but we do not require this to be the case, cf. Definition [2.2.2l The
precise class of steady states which will be considered in (the main part of) this thesis is
specified by the conditions stated in Sections and Let us present here
the most “popular” steady states — i.e., the ones which are most commonly used in the
literature — covered by our analysis. We will review the other works that have considered
these steady states in Section The first ones are the isotropic polytropes

fo(z,v) = (Ep — E(x,v))ﬁ, (1.2.3)

where Fy < 0 is a negative cut-off energy, a subscript 4+ denotes taking the positive part of
an expressionﬁ and k is the polytropic exponent. For the latter we require 0 < k < % The
second important class of steady states are the King models

folz,v) = (eEO_E(x’“) — 1)y, (1.2.4)

with similar Fy < 0 as above. Steady states of the form (1.2.3)) or (1.2.4) are isotropic,
which means that they depend only on the particle energy, but not explicitly on the angular
momentum. Our analysis also covers steady states that do not have this property; such
steady states are called anisotropic. The most important examples for this are polytrope

folz,v) = (Ey — E(x, v))ﬁ_ (L(z,v) — Lo)ﬁ_7 (1.2.5)

with Ey < 0 as above, a parameter Ly > 0, and polytropic exponents k and ¢ satisfying
> —% and 0 < k < 30 + % These steady states are called polytropic shells because the
positive lower bound Ly > 0 on the L-values results in an inner vacuum region of the steady
state, i.e., Rmin == inf{|z| | po(x) # 0} > 0, where py denotes the mass density associated
to the steady state fy. For isotropic steady states, no such inner vacuum region exists, i.e.,
Rumin = 0. All of the steady states considered here have finite mass and finite extent, i.e.,
My = [gs po(x) dz < 0o and Ruax = sup{|z| | po(z) # 0} < co. These two properties are
ensured by incorporating the negative cut-off energy Ej into the ansatz, with fy(xz,v) =0
for E(xz,v) > Ey. We will see later that it is not convenient to prescribe Ey. Instead, it is
implicitly determined by the parameter

KR = E() - UO(O) (126)

In the isotropic case, k is in one-to-one correspondence with the central density po(0) > 0,
cf. Remark @ For a polytropic shell , k determines Ryin, i.e., the size of
the inner vacuum region. In Proposition [2:2.9] we show that any prescribed x > 0 and
suitable microscopic equation of state ¢ lead to a spherically symmetric steady state with
the properties described above. In Appendix Bl we show that isotropic polytropes ((1.2.3)
(as well as polytropes (|1.2.5) with Ly = 0) with different values of k satisfy a scaling law.
It applies to all relevant quantities associated to the steady states, including the periods of

2Section addresses the existence theory of steady states, while Section separately presents further
assumptions on the steady states which are important for the subsequent analysis.

3See for a rigorous definition of expressions of the form b9 .

4From a physics point of view, the term polytropic is only meaningful in the case Lo = 0 in .
However, for the sake of convenience, we also use this name in the case Lo > 0 here.
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possible oscillatory modes. This is similar to the Eddington-Ritter relation [39] known from
the context of gas spheres.

As mentioned previously, the steady states f @D (and all other steady states
satisfying the assumptions imposed in Sections and @ are stable. This is due to the
fact that they are all energy-decreasing, i.e.,

¢ = 0pp <0 (1.2.7)

inside the steady state support. This property is natural from a physics point of view [184];
it means that the concentration of ever more energetic particles is decreasing within the
equilibrium configuration. It was first argued by Antonov [9, [10] that this property leads
to stability, which is why is also known as Antonov’s stability criterion. However,
Antonov’s result addresses only the linear stability of (certain) such steady states, i.e., the
stability after (formally) linearising the Vlasov-Poisson system around a fixed steady state.
Further linear stability results were developed in [15 [36], 37, [77, 128, [169]. Afterwards,
using techniques independent from the ones used to show linear stability, actual non-linear
stability results for (suitable) steady states satisfying were proven, cf. [51], 52] 53,
54, 55, 56, 57, 94 [96] 150, 181], culminating in the orbital stability established in [97]. A
review of these stability results can be found in [I19]. Stability ensures that a solution of
the Vlasov-Poisson system starting close to a steady state remains close to it. As motivated
above, we are interested in the qualitative behaviour of such solutions.

Linearisation (Chapter (3))

To study the qualitative behaviour of solutions close to some steady state fy, we linearise
the Vlasov-Poisson system around the steady state. In fact, the whole analysis in this thesis
only concerns this linearised system. For studying the presence of oscillatory solutions close
to steady states, it is convenient to first gain an in-depth understanding at the linear level
before attempting to prove the corresponding results at the non-linear level. The same
strategy already succeeded in the context of the Euler-Poisson system, which is somewhat
related to the Vlasov-Poisson system, where the presence of oscillatory solutions was es-
tablished first on the linear level [39, 107, [149] and afterwards transferred to the actual
non-linear system [74].

In Section [3.1], we describe the linearisation process in detail. The main idea is to insert
the formal expression fo+ef+O(e?) with 0 < & < 1 into the Vlasov-Poisson system ([1.1.2)-
(T.1.5) and dispense with terms of order O(e?). Here, f(t): R? x R?® — R gives the linear
order of the perturbation of the steady state, which we require to be spherically symmetric
and to vanish outside of the support of the steady state; see [15, App.] for a motivation of
the latter property. This process leads to a linear(ised) version of the Vlasov equation
for f. Because the Vlasov equation is a first-order transport equation, so is its linearised
version. However, the existence of oscillating solutions is more convenient for a second-
order equation. Based on a calculation due to Antonov [8], the linearised Vlasov-Poisson
system can be rewritten as a second-order equation for the odd-in-v part f_ of the linear

perturbation f, i.e., f_(¢t,z,v) = —f_(t,z,—v) . The resulting linearised Viasov-Poisson
system in second-order formulation is of the form
ORf-+Lf =0, (1.2.8)

where L is the linearised operator (or Antonov operator) associated to the underlying steady
state fy. This operator is given by

L=-T*-R. (1.2.9)
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The first term is the negative square of the transport operator
T =v-0; — 0, Up(x) - Oy. (1.2.10)

This part of £ describes how the linear perturbation evolves according to the characteristic
flow of the steady state. The other part of the linearised operator describes the gravitational
forces of the perturbation via the gravitational response operator

Ry(r,w,L) = 4r |¢' (E, L)| w jg4(r), (1.2.11)

which is defined for any suitable spherically symmetric function g = g(z,v) = g(r,w, L).
The function j, denotes the radial velocity density induced by g, cf. Lemma

The behaviour of solutions of is determined by the spectral properties of the
linearised operator £. By the linear stability results mentioned above, the spectrum of £
is positive. If A > 0 is a positive eigenvalue of £ with eigenfunction g, the function ¢t —
cos(V/\t)g is a time-periodic solution of with period

27

p \f)\
In Section [3.1] we will see that this explains the oscillations of the kinetic and potential
energies of solutions of the Vlasov-Poisson system close to fy to linear order. Hence, our
primary objective of showing the presence of oscillatory solutions corresponds to proving
the existence of positive eigenvalues of the linearised operator L. If no such eigenvalue
exists, it is expected that the solutions of are damped; we will discuss this case in
more detail below.

However, the above does not explain the pulsating nature of the oscillations. To address
this issue, we offer two additional linearisation schemes in a mass-Lagrangian picture and
a Lagrangian picture in Sections and [3.3] respectively. These linearisation schemes are
commonly used in related settings, cf. [75] (107, [109]; in the context of the Vlasov-Poisson
system, they have first been derived in [62, Sc. 3] and [I72]. Both of these approaches also
lead to the equation obtained from the Fulerian linearisation. To linear order, they
indeed explain the oscillations of the phase space support of solutions of the Vlasov-Poisson
system close to fj.

(1.2.12)

The Operators (Chapter (4]

In Chapter {4 we establish the foundations for the spectral analysis of the linearised op-
erator L for a fixed steady state fp by analysing its functional analytical properties. The
natural Hilbert space for our analysis is a suitably weighted L2-space H (cf. Deﬁnition
containing functions defined on the steady state support

Qo == {(z,v) € R* x R*| fo(z,v) > 0}. (1.2.13)

Throughout this thesis, we will use the term support rather loosely; the support of some
function f may refer to {f > 0}, {f > 0}, or any set in between. Because £ only covers
the evolution of the odd-in-v part of the linearised perturbation, we further consider the
odd-in-v subspace of H:

H={feH]|fisoddin v}. (1.2.14)

From a functional analysis point of view, the crucial part of £ is the transport part
because the transport operator (|1.2.10)) is a derivative operator and thus unbounded. The



1.2. OUTLINE OF THE THESIS 7

properties of this operator were widely studied in the literature [53| [61) [62] 85 096, 147,
148 [165]. We follow [147] to suitably define 7 in a weak sense on a subset D(7) of H,
cf. Definition This naturally leads to the weak definition of the squared transport
operator T2 on a set D(7?); the sets D(T) and D(7?) are both dense subsets of H and
contain smooth functions with compact support in Qy. The definitions are designed so
that 7: D(7T) — H is skew-adjoint, cf. Proposition and 72: D(T?) — H and
7'2‘?_[: D(T?) NH — H are self-adjoint, cf. Proposition the latter operator is well-
defined because 7T reverses v-parity. The results are based on [147, Thm. 2.2] and [62]
Prop. 2|, but they are proven here in a different way using the following tool.

The transport operator 7 can be interpreted as computing the derivative along the
characteristic flow of the steady state. In radial variables, the characteristic system turns
into the planar ODE

P =w, w = -V (r); (1.2.15)

the variable L takes on the role of a parameter of this ODE. The characteristic flow is hence
determined by the effective potential

L

W) = Uolr) + 55

L,r > 0. (1.2.16)
For any L > 0, it is straight-forward to verify that Wy is of single-well structure, i.e., it
attains a unique minimum Egﬂ“ = min oo ¥z, = V1(rL) at some radius rz, and for ev-
ery BN < F < 0 there exist two unique radii r_(E, L) < r4(F, L) such that (henceforth
abbreviated as “s.t.”) Up(ry(E,L)) = E; see Lemma [2.2.12] for a rigorous proof and Fig-
ure for a visualisation. Hence, as the particle energy E(r,w,L) = sw? + Up(r) is
conserved along the characteristic flow, every solution of (1.2.15)) with L > 0 and energy
value Ej-jlin < E < 0 is periodic, cf. Section for now, let us ignore the stationary point
(rr,0) corresponding to the energy E = E"". The periods are given by the (radial) period
function

T‘+(E7L) d .
! L>0, BM < B <. (1.2.17)

T(B,L) = 2/ :
r—(E,L) +/ 2F — Q\I/L(T)

In order to study 7T, it is convenient to introduce new variables which are adapted to
the characteristic flow. For fixed L > 0, we parametrise a point in the (r, w)-plane by the
energy value E of the characteristic orbit it lies on and an angle type variable § € S' = [0, 1]
determining the position on the orbit; see Section for details and Figure for a
visualisation. This leads to the new variables (6, E, L) € S! xDg on the steady state support,
which we refer to as action-angle type variablesﬁ Here, Dy == {(E,L) | L > Lo, EM™ <
E < Ep} denotes the steady state support in (E, L)-variables; in the isotropic case we set
Ly == 0. In these variables, the transport operator and its square simply correspond to
suitably weighted derivatives w.r.t. 6:

_ 1 2 _
T—T(E’L)ag, T =

1

TEL? 3. (1.2.18)

These formulae are straight-forward to verify for smooth functions (cf. Lemma and
also hold in the weak sense (cf. Lemmas 4.3.9| and [4.3.10)).

The formulae (1.2.18) show that the properties of 7 and 72 are intimately related to
the ones of the period function 7. The properties of 1" will be important for other parts of

5We will explain in Remark why (0, E, L) are not true action-angle variables.
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this thesis as well, which is the reason why we thoroughly analyse the period function in
Appendix This analysis is mainly based on [62, App. B] and [85, Ch. 3]; other analyses
of the period function are conducted in [148, Apps. B and C] as well as, in different settings,
in [49, Sc. 3.2] and [61, App. A.2]. The main properties of T" are that it is smooth as well as
bounded and bounded away from zero on the steady state support Dy, cf. Proposition [A.0.1]

Based on [62, Thm. 5.7], we use the action-angle type variables and apply Weyl’s crite-
rion [69, Thm. 7.2] to show that

27N 2
o(=T2|,) = Gess(—T?|,,) = (T&)@)’ (1.2.19)

cf. Proposition throughout this thesis we use the convention N = N\ {0}. Here, oess
denotes the essential spectrum, i.e., all elements of the spectrum that are not isolated
eigenvalues of finite multiplicity.

In Section we analyse the functional analytic properties of the second part of the
linearised operator: The response operator R given by . It is straight-forward to
verify that R: H — H is bounded, symmetric, and non-negative, cf. Lemmal[£.4.2} the same
properties also hold for the restriction of R to H. The symmetry of R is due to the weight
incorporated into H and H, cf. Remark

By combining the properties of 72 and R, we deduce that the linearised opera-
tor £: D(L£) — H given by (1.2.9) is self-adjoint with the natural domain of definition
D(L) :== D(T?) NH, cf. Lem In addition, in Proposition we show that the
essential spectrum of £ is entirely determined by the transport part, i.e.,

2
O'ess(ﬁ) = O-ess(_T2’zH) = <1?(7]1]-)1\01)> . (1220)

This is due to the fact that the essential spectrum is stable under “relatively compact”
perturbations by Weyl’s theorem [69, Thm. 14.6]. In Lemma we show that R is
such a perturbation of TZIH As observed in [I1I7, Thm. 1.1], a similar result also holds
for the absolutely continuous spectrum, cf. Remark Because the period function T
is bounded on the steady state support Dy, implies that oegs(L) is bounded away
from 0. The gap between 0 and inf(cess(L£)) = min(oess(L)) is denoted by

G =0, inf (0ess (£))]. (1.2.21)

We refer to G as the essential gapﬁ In Proposition we derive a positive lower
bound on the entire spectrum of L, i.e., we show inf(c(£)) > 0. This is based on [62,
Thm. 7.5], where ]0,inf(c(L£))[ is called the spectral gap. The positivity of £ is mainly due
to Antonov’s coercivity bound — a lower bound on the quadratic form (Lf, f) g for odd-in-v
functions f first derived in [9] [I0] — and corresponds to the linear stability of the steady
state. In Appendix[C| we rigorously establish this linear stability result alongside a suitable
well-posedness theory for the linearised system based on (semi)group theory.

As discussed before, our main interest is to show the existence of eigenvalues of the
linearised operator £. We restrict our search for eigenvalues to the essential gap G. The main
reason for this is that the existence of eigenvalues in G can be characterised by variational
principles. More precisely,

L has an eigenvalue € G & 3f € D(L£) \ {0}: <£||J;C|if> < inf(oes(L)) = sus;TQ(T)’
H Do
(1.2.22)

In [62, Eqn. (1.34)], G is called the principal gap. This name is inspired by [I11]. Here we prefer the
name essential gap, as it emphasises that G is the gap between the essential spectrum of £ and 0.
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cf. Lemmal4.5.16] In Section we also discuss further reasons why it is natural to search

for eigenvalues of £ in G. By (1.2.22)), a way to show the existence of such eigenvalues is to
[1£11%
Ex. 2.1], it was observed that the quadratic form of £ takes on a particularly simple form

for f = |¢'| rw. This leads to Kunze’s criterion for the existence of an oscillatory mode, cf.
Lemma which, however, could not yet be (rigorously) verified for any steady state.

Inspired by techniques originating from the context of plasma physics, some other ap-
proaches were pursued in the literature to study the presence of eigenvalues of £. An
adaptation of the Kalnajs matrix method [19, Sc. 5.3.2] was derived in [175, [180]. A related
approach based on an expansion of the linear perturbation in the velocity variable was pur-
sued in [I61]. In [I74], the theory of van Kampen modes [19, Box 5.1] was established in
the context of the (gravitational) linearised Vlasov-Poisson system. Below we will present
in detail a different approach.

insert some function f € D(L) into and compare the result to inf(oess(£)). In [85]

The Birman-Schwinger-Mathur Principle (Chapter [5)

In order to establish the presence of oscillatory modes, we aim to further characterise the
existence of eigenvalues of £ in G. A related problem in the context of quantum mechanics
is to determine the negative eigenvalues of a Schrédinger operator S :== —A —V: H?(R3) —
L?*(R3) for a given potential V: R3 — [0, oo[ﬂ As first observed by Birman [2I] and
Schwinger [158], A < 0 is an eigenvalue of S if and only if 1 is an eigenvalue of the Birman-
Schwinger operator

By =VV (=A =))WV, (1.2.23)

and the associated eigenfunctions can be explicitly transformed into one another. The
reason why the eigenvalue problem for B) is more convenient to study than the original
one for S is that B) has nicer properties from a functional analysis point of view: Under
suitable assumptions on V', B) is a bounded integral operatorﬁ This transformation of
the eigenvalue problem became known as the Birman-Schwinger principle and provided
numerous insights into the properties of the negative eigenvalues of Schrodinger operators.
An extensive overview of the applications of the Birman-Schwinger principle in quantum
mechanics (and proofs of the properties stated above) can, e.g., be found in [99, Sc. 4.3].

It was first observed by Mathur [IT1] that an adaption of the Birman-Schwinger principle
can also be applied in the context of a linearised Vlasov-Poisson system. Subsequently, these
methods were refined and extended in [62, [85] as well as, in related settings, in [49, [61].
The analogue of the Birman-Schwinger operator in our setting is

Q= VR(-T?u -\ VR (1.2.24)

with A € G. Here, VR is the square root of the response operator R in the sense of [130,
Thm. VI.9]. It is explicitly given by

\/ﬁg(rvva) = 2\/7?|90/(E7L)’ jg(T), (1'2'25)

po(r)

"Under suitable assumptions on V, gess(S) = Gess(—A) = [0, 00], cf. [69, Sc. 14.3]. This shows that the
negative eigenvalues of S are precisely the ones below its essential spectrum, and thus correspond to the
eigenvalues of £ in G.

8 Another way to think of the Birman-Schwinger principle is that it transforms a differential equation
(the eigenvalue problem for S) into an integral equation (the eigenvalue problem for By).
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i.e., it has a similar form to R itself and thus has similar properties to R, cf. Lemma [4.4.4
In Proposition [5.1.13] we derive an analogue of the Birman-Schwinger principle: The ex-
istence of an eigenvalue A € G of £ is equivalent to 1 being an eigenvalue of Q). In
addition, in Proposition [5.1.14] we show that the number of eigenvalues of £ smaller than
some \ € G is identical to the number of eigenvalues of @y larger than 1. This quantitative
statement requires a careful treatment of the monotonicity of the eigenvalues of @@y in A,
cf. Section and Remark As in the context of quantum mechanics, the func-
tional analytic properties of @ are nicer than the ones of the unbounded operator £. By
Lemma Qx: H — H is compact, symmetric, and non-negative for A € G.

It is evident from and that any function in the range of @Q is of
the separated form |¢'(E,L)|w F(r) with some suitably integrable F, cf. Lemma
Hence, any eigenfunction of @y to a non-zero eigenvalue is of this form, which allows us to
restrict () to such functions. This leads to the operator

MA : L2([Rmina Rmax]) — L2([Rmin7 Rmax])y (1226)

which essentially describes how @) acts on the radial part F' = F(r) of a function of the
form |¢/(E, L)|w F(r), cf. Definition This reduction process is due to Mathur [I11],
which is why we refer to M as the Mathur operator. The operator M is reduced in the
sense that it acts on functions of only one variable . Nevertheless, the non-zero eigenvalues
of @) and M) are identical (cf. Lemma , so that the number of eigenvalues of £
smaller than A\ € G is also given by the number of eigenvalues of M larger than 1, cf.
Proposition We refer to this transformation of the original eigenvalue problem for £
into the one for M) as the Birman-Schwinger-Mathur principle.

To make use of this principle, we need to compute the Mathur operator M as explicitly
as possible. By a Fourier expansion in the angle variable , it is possible to explicitly com-
pute the resolvent operator (—7 2|3 —A)~! in action-angle type variables, cf. Lemma
This leads to the following integral representation of the Mathur operator:

Rmax
MAF(r) :/ Ky\(r,s)F(s)ds,  F € L*([Ruin, Rmax)), (1.2.27)
Rmin

cf. Proposition The integral kernel Ky: [Rumin, Rmax]? — R is explicitly known,
although it is rather intricate. This is because v/R is not convenient to analyse in action-
angle type variables, which corresponds to the antagonism between transport and gravity
discussed in [I05]. Nonetheless, we can show that K is continuous on [Rupin, Rmax)?. Thus,
M, is a Hilbert-Schmidt operator.

In Section [5.3] we collect the main results provided by the Birman-Schwinger-Mathur
principle. Theorem [5.3.1] gives a sharp characterisation of the presence of eigenvalues of £
in G in terms of the Mathur operator M. This characterisation is similar to [85, Thm. 4.13].
In Theorem [5.3.3] we derive explicit bounds on the number of eigenvalues of £ in G inspired
by the Birman-Schwinger bound(s) from quantum mechanics [99, Cor. 4.3]. A related bound
is also contained in [I17, Thm. 1.2], cf. Remark

In Section we then discuss (first) applications of the Birman-Schwinger-Mathur
principle. The main finding, Theorem is due to [62, Thm. 8.15]. It shows that there
exits an oscillatory mode for polytropic shells with & + ¢ < 0 provided that the
longest particle period within the steady state is attained by the particles with the largest
orbit, i.e., supp, (T') = T(Eo, Lo). Although we cannot rigorously prove this property of
the period function, we will numerically verify that it is indeed satisfied in many cases,
cf. Observation Other applications are that there exists an oscillatory mode if the
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period function T attains its maximum on the interior of the steady state support Dy (cf.
Corollary which is due to [85, Cor. 4.16]) and that the number of eigenvalues of £
in G is finite for certain isotropic polytropes , cf. Corollary The latter result is
inspired by [I17, Cor. 1.3] and also requires some assumptions on the radial particle periods.

Damping (Chapter [6])

In Chapter @, we study the opposite effect to (undamped) oscillations: Damping. The fact
that solutions of the linearised Vlasov-Poisson system can be damped on the macroscopic
level — despite the absence of dissipation — is well-explored in the context of plasma physics,
where it is known as Landau damping [91]. It was shown to hold on the non-linear level
in [120] and further developed in many directions; see [I7] for a recent review. In the
gravitational case, some results towards damping (on the linearised level) were derived
in [103, 104, 110, I71]. Here, we study this issue by the spectral approach developed in [61].

The setting we consider here differs slightly from the previous one. We now add a point
mass M > 0 fixed at the spatial origin z = 0 to our model. The Vlasov equation
becomes

x

Of +v-0nf — <81U—|—M‘$|3) - Opf =0, (1.2.28)

the other equations f of the system remain unchanged. From a physics point of
view, the point mass can be interpreted as a simple model of a black hole, and we describe
the evolution of a (spheroidal) galaxy surrounding it; see [44, Ch. IX, Sc. 8] for a motivation
of this setting.

In Section [6.2] we extend the steady state existence theory to the system including a
point mass. We focus on steady states which are polytropic shells, i.e., which are of the form

folz,v) =¢e(Ey — E(x,v))’i (L(z,v) — Lo)ﬁ_, (1.2.29)

with polytropic exponents k and ¢ as above. The parameter Ly > 0 ensures that the steady
state is bounded away from the singular point mass. The cut-off energy Fy < 0 is again
implicitly determined by the parameter x, recall . It is important here that x is
suitably chosen, cf. Remark in particular, it now has to be negative. The factor &
on the right-hand side of ((1.2.29) is a parameter which we use to control the size of the
steady state. In Proposition [6.2.6] we study the limiting behaviour in the perturbative
regime € — 0, i.e., we consider steady states which are small compared to the point mass.
Unsurprisingly, all steady state quantities converge to the respective quantities in the pure
point mass case € = (0, and the radial supports have a non-trivial limiting configuration.

Linearising the Vlasov-Poisson system including a point mass around a fixed steady
state leads to a system of the same form as , and the linearised operator £ has
similar properties to the case without a point mass, cf. Section [6.3] Furthermore, a Birman-
Schwinger-Mathur principle can be established in the same way as before. In Section [6.4
we apply it to show that there is no eigenvalue of £ in the essential gap G for a steady state
of the form with polytropic exponent £ > 1 and 0 < ¢ < 1, cf. Theorem

In Theorem [6.5.5] we show for the same steady states that £ also possesses no eigen-
values embedded into its essential spectrum oegs(£L). This is the crucial part of Chapter |§|
and is based on transforming the eigenvalue equation into a Fourier series w.r.t. the angle
variable #. In particular, our arguments require a careful treatment of the period function
function T'(E, L) and the action-angle type variables (0, E, L) in the near circular regime
E ~ E7™.
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By choosing the parameter x appropriately, we can ensure that any eigenvalue of £
either lies in G or oegs(L), provided that e is sufficiently small. Hence, the above implies
that £ does not possess any eigenvalues. By the RAGE theorem (cf. [135, Thm. XI.115]
and Lemma @, we thus conclude that the linearised dynamics for a steady state of the
form (1.2.29) with £ > 1 and 0 < ¢ < 1 are damped in the following (non-quantitative)

way, cf. Theorem [6.6.1} For any solution ¢ — f(t) of with (f(0),0:f(0)) € D(L) x
(D(T)N#H),

17
lim / 10, U710 gy At = 0, (1.2.30)
oo 0

where Ur(;) denotes the gravitational potential induced by 7 f(t), cf. Definition m This
damping is similar to the one established in [61, Thm. 1.2 (b)]; here, we extended the results
from [61] to the actual spherically symmetric setting. The assumption & > 1 ensures that
the steady state is sufficiently smooth and leads to the finiteness of various integrals and the
vanishing of some boundary terms. The consideration of a steady state in the perturbative
regime 0 < € < 1 is essential for our arguments in two main aspects: Firstly, it ensures
that several quantities, like the period function and its derivatives w.r.t. F, are close to the
respective quantities in the explicitly known limiting case € = 0. Secondly, it allows us to
deduce that certain constants are sufficiently small. The latter could also be achieved in a
non-perturbative regime if one had quantitative control on the sizes of several constants (cf.
Remark or if one only wants to show the absence of embedded eigenvalues at high
frequencies (cf. Remark [6.5.7)).

Let us emphasise that the damping result for steady states in the perturbative regime
is not just a phase mixing effect. Although the gravitational response operator R tends to
zero as € — 0 (and the transport part does not), [61, Thm. 1.2 (a)] shows that the linearised
dynamics close to steady states with 0 < € < 1 can also be undamped oscillatory, albeit
in a setting different from the one considered here. We expect the same behaviour here, cf.
Remark although we cannot quite prove it (yet).

Similar Results in Related Settings (Chapter (7))

In Chapter [7], we demonstrate the versatility of our methods by presenting four further
settings in which they can be applied — we expect/hope that further fields of application
will arise in the future. The first one, presented in Section and based on [62], is the
Vlasov-Poisson system in plane symmetry. It describes an ensemble of space-homogeneous,
gravitating planes passing freely through each other. This setting (or a related/equivalent
one) was considered in [43], (62, [84], 100, 108, 1111 [179], although it is surely not as natural
as the spherically symmetric setting. As derived in [62, Sc. 2.2], there exist compactly
supported steady states of this system. The properties of the associated period functions
are better understood than in the spherically symmetric setting. This is because in plane
symmetry, gravity only acts (effectively) in one space dimension, simplifying certain ar-
guments. In addition, linearising the Vlasov-Poisson system in plane symmetry around a
fixed steady state again leads to a system of the form ([1.2.8]). The linearised operator £
has similar properties to the spherically symmetric setting. In particular, there again exists
a gap between 0 and the essential spectrum of £. The existence of eigenvalues of L inside
this gap can be characterised by an analogue of the Birman-Schwinger-Mathur principle.
The resulting criterion can be verified (in a fully rigorous way) for certain steady states, cf.
Theorem [7.1.3] proving the presence of oscillatory modes in plane symmetry.

In Section we consider the radial Vlasov-Poisson system with a point mass fixed
at the spatial origin and additionally require that all particles have the same (positive) L-



1.2. OUTLINE OF THE THESIS 13

value, i.e., the same modulus of angular momentum. The latter assumption is not physically
motivated and is mainly intended to simplify some aspects of the mathematical analysis.
This setting was used in [61] to originally develop the methods from Chapter @ In analogy
to , we consider steady states of the polytropic form

fo(r,w) = e (Eo — E(r,w))k (1.2.31)
with polytropic exponent k& > % as well as a suitable choice of the parameter k. In The-
orem we present the main result of [61] regarding the linearised dynamics around
these steady states in the perturbative regime 0 < ¢ <« 1: If % < k < 1, there exists
an oscillatory mode whose presence is shown after deriving an analogue of the Birman-
Schwinger-Mathur principle. If £ > 1, any solution of the linearised system is damped in
a similar way to . This damping is verified by similar, but easier arguments than
those used to prove Theorem [6.6.1

So far, all of our models have been purely Newtonian, neglecting the influences of rela-
tivistic effects. In the third and fourth sections of Chapter [7, we outline how our methods
can be applied in relativistic settings. In Section we briefly introduce the relativistic
Viasov-Poisson system for which the adaption of our methods is currently in progress [102].
Section [7.4] concerns the Einstein-Viasov system, where adaptations of our methods were
used in [49] to characterise/prove linear stability. The techniques from [49] were further
extended in [I82] to show the existence of oscillatory modes. A recent review discussing
these two relativistic settings and their connections to the Vlasov-Poisson system can be
found in [144].

Numerical Experiments (Chapter

In Chapter [§| we carry out an extensive numerical analysis of the steady states, their period
functions, and the dynamics close to them in the setting of Chapters i.e., in spherical
symmetry without a point mass. The program used for this analysis is publicly available,
cf. Chapter |8} In Section we visualise the steady states f in different ways
and study their dependence on the various parameters.

In Section [8.2] we numerically analyse the period functions associated to these steady
states; to our knowledge, this is the first such analysis. The primary aim of this part is to
numerically verify the assumptions we have made at some points in this thesis regarding
the properties of T'. For instance, for the isotropic steady states 7, we see that
the maximal period supp, (T') is always attained at (Ep,0) and that the period function is
increasing w.r.t. the particle energy E on the steady state support, cf. Observations [3.2.4
8.2.6, These observations further reveal a promising approach to verify the E-monotonicity
of T rigorously. The same properties of T hold for polytropic shells with ¢ < 0, cf.
Observation [8.2.8] which justifies the assumption on 7" in Theorem [5.4.1} For anisotropic
polytropes with £,/ > 0 and small values of Lo > 0, the period function can behave
differently, cf. Observation [8.2.

After determining the maximal particle period of a steady state, we can numerically
check the validity of Kunze’s criterion (cf. Lemma [4.5.19). We find that the criterion is
satisfied for isotropic polytropes with very small polytropic exponents 0 < k < 1, cf.
Observation as well as for polytropic shells (1.2.5)) with not too small values of Ly,
cf. Observation R.2.12

To gain a more detailed understanding of the presence of oscillatory modes, we numeri-
cally analyse solutions of the linearised Vlasov-Poisson system for different steady states in
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Section We do this by simulating the linearised Vlasov-Poisson system via a particle-in-
cell method adapted from investigations in non-linear settings, cf. below. Related methods
to simulate the linearised Vlasov-Poisson system were used in [93] 112} 173]. Our numer-
ical investigation shows that there exist (partially) undamped oscillatory solutions of the
linearised Vlasov-Poisson system for isotropic polytropes with polytropic exponents
0 < k < 1.2 (cf. Observation and that the periods of the oscillations correspond
to eigenvalues of £ in the essential gap G (cf. Observation . For larger polytropic
exponents k > 1.3, all solutions exhibit a (fully) damped oscillatory behaviour with an os-
cillation period which is in resonance with the periods of individual stars within the steady
state. For the King models , the qualitative behaviour of solutions of the linearised
Vlasov-Poisson system depends on the parameter x > 0: For small values of x, there exist
undamped oscillatory solutions, whereas all solutions are damped for large values of x, cf.
Observation In particular, this shows that the presence/absence of oscillatory solu-
tions is not only a matter of steady state regularity, cf. Observation [8.3.6] For anisotropic
polytropes (1.2.5) with Ly = 0E| the existence of undamped oscillatory solutions of the
linearised Vlasov-Poisson system depends linearly on the polytropic exponents k£ and ¢, cf.
Observation A similar behaviour holds for polytropic shells with very small
values of Ly > 0. For polytropic shells with larger values of Ly, there always exist undamped
oscillatory solutions (as already suggested by Kunze’s criterion), cf. Observation m

We also numerically analyse the solutions of the pure transport equation 0} f— —T2f_ =
0, which arises when neglecting the gravitational response R in the linearised Vlasov-Poisson
system (|1.2.8). This equation was often studied as a first step towards damping results,
cf. [27, [103] 116] 148]. However, we find that the solutions of the pure transport equation
differ qualitatively from those of the linearised Vlasov-Poisson system, cf. Observation |8.3.5

In Section we then numerically analyse solutions of the (non-linearised) Vlasov-
Poisson system close to steady states. Previous numerical studies of such solutions — using
numerical methods different from the ones we are using here — were conducted in [13] 66} 100,
1151 [124], 127, 1591 168, 177, 180]. The most recent numerical study of the Vlasov-Poisson
system is [132], which is closely related to the issues considered here. Based on [I132] and the
numerical investigations [5 48, [50] of the Einstein-Vlasov system, we employ a particle-in-
cell scheme to simulate the system. Our code is based on the ones used in [5, [48], 50, [132],
yet we have entirely rewritten it to adjust to the present situation. Our primary aim is
to check whether solutions of the Vlasov-Poisson system close to steady states are indeed
accurately described by solutions of the respective linearised Vlasov-Poisson system. Most
fortunately, we find that they are, cf. Observation More precisely, for any steady
state for which we observed undamped oscillatory solutions of the linearised Vlasov-Poisson
system, we see that the solutions of the non-linearised system close to the steady state
oscillate undamped with the same period. In contrast, if all solutions of the linearised
Vlasov-Poisson system were damped, the damping is also present for solutions of the non-
linearised system close to the respective steady state. In particular, the damping rates on
the linearised and non-linearised levels seem to be identical. This degree of consistency even
exceeds our expectations — for other PDESs, there occur damping effects when transitioning
from the linearised to the non-linearised level, cf. [164]. We thus confidently conclude that
the observed/proven properties of the linearised Vlasov-Poisson system indeed correspond
to the real effects on the non-linearised level.

9 Above, we required Lo > 0 for polytropes (1.2.5). In fact, polytropes with Lo = 0 are not included in
most of the theoretical parts of this thesis, but it is nevertheless enlightening to study them numerically.
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Outlook (Chapter [9)

To conclude this thesis, Chapter [9] addresses several open questions that have remained
unanswered by our theoretical analysis, but which the numerical observations suggest to be
solvable in future work.

1.3 A Reader’s Guide

Before starting, we would like to add some comments on how to read this, admittedly rather
lengthy, thesis.

We will mostly refrain from giving references when using results from real analysis, ODE
theory, Lebesgue integration theory, or Sobolev space theory. In contrast, we will usually
provide references, mostly to [69] or [133] 134} [135] [136], when using results from functional
analysis or spectral analysis. This is because the author is less experienced in the latter
fields and thus more careful when dealing with them.

Some parts of our notation were already introduced above. In general, we will introduce
new symbols when they first appear and will often recall definitions/notations to ensure
clarity of the notation. Also, we try to choose the notation as intuitive as possible and in
accordance with common conventions from the literature.

The (numerous) footnotes in this thesis contain additional comments by the author.
These may be generalisations of proven statements, further explanations of arguments,
clarifications of non-rigorous statements, further links to other works, or minor additional
observations. The contents of the footnotes are, however, not essentialm

This thesis has three appendices which provide self-contained discussions, the inclusion
of which in the main chapters would have disrupted the flow of argumentation. It should
be emphasised that the appendices are not less important than the other chapters; in fact,
they are necessary for some key arguments. If the reader is particularly faithful and aims to
read this thesis in its entirety, we recommend the following order to ensure that the results
are presented in a cohesive manner. Read the main chapters sequentially. After Section
read Appendix [A] and then Appendices [B] and [C] after Chapter

The presentation style of different parts of this thesis intentionally varies. Section [2.2]is
a review of known results, Chapter [3| contains formal calculations only, Chapter [§]is a pure
numerical analysis, and the other parts are mathematical analyses with different levels of
elaborateness. In general, the style here differs from the one of research papers, which often
resemble a sprint aiming to reach the destination as quickly as possible. This thesis instead
resembles a leisurely walk, deliberately embracing detours to fully savour the beauty of the
surrounding landscape. We will revisit this metaphor in Chapter [0] but for now, let us
embark on our joint journey.

10T short: If this is the only footnote you read in this thesis, you will be fine.
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Chapter 2

The Vlasov-Poisson System and its
Steady States

As motivated in the introduction, throughout this thesis we consider the Vlasov-Poisson
system under the assumption of spherical symmetry. The first part of this chapter, Sec-
tion is devoted to carefully introducing the relevant concepts of spherical symmetry in
general and analysing the Vlasov-Poisson system within this setting.

Following this, Section reviews the existence of time-independent solutions of the
radial Vlasov-Poisson system. In addition, we introduce and analyse several quantities used
in the succeeding stability analysis of these steady states.

2.1 The Radial Vlasov-Poisson System
Let us begin by introducing the concept(s) of spherical symmetry used here.
Definition 2.1.1 (Spherical Symmetry). Let n € N.

(a) A function f: R™ — R is spherically symmetric (on R"™) if f(z) = f(Az) for z € R"
and any rotation matriz A € SO(n).

(b) A function f:R™ x R"™ — R is spherically symmetric (on R™ x R") if f(z,v) =
f(Az, Av) for x,v € R™ and any rotation matriz A € SO(n).

(c) A function f: Q — R with Q@ C R™ or Q C R™ x R™ is spherically symmetric (on )
if its extension by 0 is spherically symmetric in the sense of part l@] or part @
respectively.

Similar definitions are used for complex-valued functions. Later on, in Definition we
generalise the concept of spherical symmetry to functions which are only defined almost
everywhere.

Note that spherical symmetry on R™ x R™ differs from spherical symmetry on RQ”E}EZ]
From a mathematical point of view, the main simplification in the spherically symmetric
case results from the fact that any spherically symmetric function can be expressed in lower-
dimensional variables. We discuss this feature as well as further properties of spherically
symmetric functions in the relevant case n = 3 in the following remark.

! Spherical symmetry on R™ x R™ is strictly weaker than spherical symmetry on R?".
1211 order to be constantly reminded of this difference, we always denote the phase space of the Vlasov-
Poisson system by R® x R? instead of RS.

17
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Remark 2.1.2. (a) Let f: R? = R, 2+ f(z) be spherically symmetric on R3. Writing
r=|z|, (2.1.1)
there exists a function f = f(r) s.t.

f(z) = f(r). (2.1.2)
Ea:plz'citly f(r) = f(rey) defines a function as required.

(b) Let f: R3xR3 = R, (z,v) — f(z,v) be spherically symmetric on R® x R® and wm’tﬂ

ro=lz|, w:= M, L= |z x v|? (2.1.3)
T

for x,v € R3 where these expressions are well-defined. Then there exists a function

f=f(r,w,L) s.t.

flx,v) = f(r,w, L). (2.1.4)

Explicitly, f(r,w,L) = f(rej,we; + @62) yields a function as required; note that
changing from (z,v) to (Ax, Av) for A € SO(3) leaves the variables (r,w, L) defined
in (2.1.3) unchanged.

(c) In partsl@' and@ we deliberately state no domains of definition for the functions f.
The reason for this is that in radial variables, one must handle the spatial origin
x = 0 with caution due to the presence of an (artificial) singularity there. Concretely,
it is unclear how/if f must be defined at r = 0, in particular in part @ Later, this
discrepancy will not be significant as the values of all relevant functions will only be
needed almost everywhere. Besides, it is usually more convenient to use the original
Cartesian coordinates when dealing with the spatial origin anyway.

(d) In the situations of part@ and part@ f is uniquely determined by f on suitabl
domains of definition. In order to keep the notation concise, we identify f with f and
write

f=f (2.1.5)
by slight abuse of notation.

(e) The variable v as defined in (2.1.1]) or (2.1.3) can be interpreted as the spatial radius,
while w takes on the role of the radial velocity (or radial momentum) and L is the
squared modulus of the angular momentum.

(f) In the situation ofpart it is possible — and sometimes more convenient — to choose
different variables than (r,w, L). For example, the discrete approximation of the radial
Viasov-Poisson system in [153] is performed in the variables

x-v
r=lz[, w=\l, a=<w(z,v)= arccos(), (2.1.6)
[ |v]

136j € R® denotes the j-th canonical unit vector for j = 1,2, 3, e.g., 1 := (1,0, O)T.

1411 the physics literature, the symbol L typically denotes the angular momentum, i.e., the vector = x v €
R?, instead of its squared modulus. Although the actual angular momentum vector will not appear in this
work, we apologise to the reader for any confusion which might be caused by this deviation from the usual
notational convention.

5For part @ consider f : [0,00] — R, while a possible domain of definition for f in the situation of
part@is 10, 00 X R X [0, o0].
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which we also use in our numerical analysis in Chapter [8. Similar as above, any
spherically symmetric function f: R3 x R? — R only depends on these variables, i.e.,
by slight abuse of notation,

flz,v) = f(r,u, ). (2.1.7)

We now consider the Vlasov-Poisson system in spherical symmetry, i.e., a solution
launched by spherically symmetric initial data. If this symmetry class is to be well suited
for the analysis of the system, it must be preserved during the evolution. Indeed, it is:

Lemma 2.1.3. Let f R3 x R? — [0, 00] be some initial phase space distribution which is
continuously differentiable, compactly supported, and spherically symmetric on R3 x R3. In
addition, let f:[0,00[ x R? x R — [0, 00 be the classical solution of the Vlasov-Poisson
system satisfying f(0) = f, which ezists by [143, Thm. 1.11]. Then f(t) is spherically
symmetric on R3 x R3 at any time t > 0. Furthermore, the associated potential U(t) and
mass density p(t) are both spherically symmetric on R? for t > 0.

Proof. The spherical symmetry of f(¢) follows by the uniqueness of classical solutions [143],
Thm. 1.11] because R® x R3 5 (z,v) — f(Az, Av) launches the classical solution [0, 00| x
R3 x R3 3 (t,z,v) — f(t, Az, Av), but f(A-, A = f for A € SO(3) by spherical symmetry
and the resulting solutions have to be identical. The spherical symmetries of p(t) and U(t)

then follow immediately by (1.1.3)—(1.1.5). O

For more details on all parts of the above proof we refer to [143].
By a slight abuse of notation similar to Remark [(d)} we hence write

flt,z,v) = f(t,r,w, L), U(t,x) =U(t,r), p(t,x)=pt,r), (2.1.8)

for every such spherically symmetric solution. Expressing the derivatives w.r.t. the Carte-
sian coordinates (x,v) in terms of derivatives w.r.t. (r,w, L) and writing the Poisson equa-
tion in its radial form leads to the following system of equations:

hf+wo.f — <U’—rL3> Owf =0, (2.1.9)
U'(t,r) = Am r32p(t s)ds lim U(t,r) =0 (2.1.10)
) r2 0 ) ) r—00 b b M
plt,7) = ”2/ / F(t,r,w, L) dwdL. (2.1.11)

™Jo Jr

Here, we use the shorthand
U= 0,U. (2.1.12)

We refer to (2.1.9)—(2.1.11)) as the radial Viasov-Poisson system or spherically symmetric
Vlasov-Poisson system.

2.2 Steady States

We now discuss the existence of stationary, i.e., time-independent, solutions of the radial
Vlasov-Poisson system. Although most of the results presented in this section are well-
known in the literature, we recall them here because a thorough understanding of the
equilibrium states is essential for the upcoming analysis. We mainly follow the approach
from [130].

To construct stationary solutions of the Vlasov-Poisson system, we first consider the
characteristic system associated to the time-independent Vlasov equation.
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Lemma 2.2.1. For some prescribed potential U € C1(R3) we consider the ODEE

&= -0,U(x), (2.2.1)
or, equivalently,
T =, (2.2.2a)
0= —0,U(x). (2.2.2b)
The following assertions hold:
(a) The function
1
E:R*xR3 5 R, E(z,v) = 5yv|2 + U(x) (2.2.3)

is conserved along solutions of l’ We call E the particle energy or local
energy because E(x,v) can be interpreted as the energy of a particle with position
(x,v) € R? x R in phase space inside the potential U.

(b) Let U be spherically symmetric. Then the squared modulus of the angular momentum
given by
L(z,v) = |z x v|?, z,v € R, (2.2.4)

is conserved along solutions of ()

Proof. Both statements are straight-forward to verify. For part @ note that 0,U(z) =
0,U(|z]) & for z € R3\ {0} due to the spherical symmetry of U. O

|z

The solutions f = f(x,v) of the time-independent Vlasov equation
V-0 f —0:U(x) - 0yf =0 (2.2.5)

for a (suitably smoot@ prescribed potential U = U(xz) are given by functions f which
are constant along solutions of the associated characteristic system , see, e.g., [143]
Lemma 1.3]. Hence, if the potential is additionally spherically symmetric, any function
which only depends on F and L is a solution of the time-independent Vlasov equation.
This observation leads to the following ansatz for stationary solutions of the (radial) Vlasov-
Poisson system.

Definition 2.2.2 (Steady State). Let Uy € C%(R3) be spherically symmetric in the sense
of Definition [(a)} For p: R xR — [0,00[ consider the ansatz

1
Jo: R?xR? — [Oa 00[7 fO(:Uv’U) = QO(E(SL',’U),L(JJ,U)) = 90(2|U2 + Uo(ﬂj‘), |:E X U’2>7 (226)
where E is the particle energy induced by the potential Uy similar to (2.2.3)), i.e.,

1
E(xz,v) = §|v\2 + Up(z), (z,v) € R? x R3, (2.2.7)

8L ater on, all relevant potentials U are twice continuously differentiable so that the standard existence
and uniqueness results apply to the ODE ([2.2.1]).

"Indeed, F is the Hamiltonian function of the Hamiltonian system .

8Not only the squared modulus of the angular momentum is an integral of in spherical symmetry,
but also the angular momentum vector x X v itself.

19For this statement it suffices if U is twice continuously differentiable.
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Then fo is called a steady state or equilibrium or stationary solution of the Viasov-Poisson
system if Uy is the gravitational potential induced by fo via the Poisson equation, i.e.,

AU() = 47Tp0, | 1Iim Uo(:L‘) = O, (2.2.8)
Tr|—00
where
po(x) = folz,v)dv = / e(E(x,v), L(z,v))dv, x € R3. (2.2.9)
R3 R3

In this case, ¢ is called the associated ansatz function or microscopic equation of state.
If ¢ does not depend on L, i.e., under slight abuse of notation,

folz,v) = (E(z,v)), (z,v) € R® x R3, (2.2.10)

the steady state is called isotropiﬂ. Steady states which are not isotropic are called
anisotropic.

As mentioned before, a steady state is indeed a solution of the Vlasov-Poisson sys-

tem ((1.1.2)—(1.1.5)) provided that it is sufficiently regular.

Lemma 2.2.3. Let fy be a steady state of the Viasov-Poisson system with differentiable

ansatz function ¢. Then fy is a solution of the Vlasov-Poisson system (1.1.2])—(1.1.5)) with
potential Uy and mass density po as specified in Definition [2.2.3,

Proof. The fact that fy solves the Vlasov equation (1.1.2) follows by Lemma and the
chain rule. The validity of the remaining equations (|1.1.3)—(1.1.5] is explicitly included into
Definition 2.2.2] O

Before investigating the existence of steady states which are physically reasonable, we
wish to add some more comments on the important Definition [2.2.2]

Remark 2.2.4. (a) Although the Vlasov equation may not be solved in the classical way,
we include non-smooth steady states in our analysis. Such equilibria still have the
property that the phase space distribution function is constant along characteristics of
the Vlasov equation. This is usually referred to as a Lagrangian solution; for recent
discussions of this concept of solutions of the (time-dependent) Viasov-Poisson system
we refer to [1, [83)].

(b) In Deﬁm’tion we explicitly require the potential to be spherically symmetric. This
is mandatory in order for L to be conserved along the characteristic flow of the Viasov
equation. In particular, any steady state fo as defined above is obviously spherically
symmetric in the sense of Definition and the associated stationary mass
density po is spherically symmetric in the sense of Definition . Thus, the
statement from Lemma |2.2.5 similarly applies to the radial Viasov-Poisson system.
However, as previously noted in [142, Thm. 3], [130], and [19, Box 4.1], it is not
necessary to explicitly require the spherical symmetry of Uy in the case of an isotropic
ansatz leading to a physically reasonable steady state. More precisely, [46, Thm. 4]

implies that any solution Uy € C%(R3) of (2.2.8)-([2.2.10) with fo having compact
support and finite mass has to be spherically symmetric w.r.t. some point in R3. In
other words, no such isotropic equilibria are lost by imposing the spherical symmetry

of Uy in Definition [2.2.3

20For a discussion of the term isotropic from a physics point of view we refer to [I9, Sc. 4.2.1(a)].
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(¢) The majority of the mathematical literature regarding stationary solution of the
Vlasov-Poisson system focuses on spherically symmetric equilibria. Less is known
about the existence and further properties of non-radial steady states. We refer the
interested reader to [19, Chapter 4] for an overview over general physical relevant
equilibria and point out the mathematical investigations [139, (141, (145, (156, [167] of
non-radial steady states. Furthermore, we briefly discuss the Vlasov-Poisson system
and properties of its equilibria in a different symmetry class — plane symmetry — in
Section [7.1] of this thesis.

(d) It was first stated by J. H. Jeans in [70] that the phase space distribution function of
any stationary solution of the Vlasov-Poisson system can only depend on the phase
space variables through the integrals of motion. This statement is usually referred to
as Jeans’ theorem. In the radial setting, this means that every spherically symmetric,
stationary solution can be obtained via the ansatz . A rigorous proof of the
latter statement is given in [17)].

We emphasize that this is a particular feature of the Vlasov-Poisson system. In the
case of the (somewhat related) Einstein-Viasov system there are counterexamples to
Jeans’ theorem [15)].

For some fixed microscopic equation of state ¢, the construction of steady states of the
Vlasov-Poisson system is reduced to solving the semi-linear Poisson equation for Up;
note that py depends on Uy by inserting the ansatz (2.2.6)) into (2.2.9)). Hence, it remains to
analyse which choices of ¢ lead to equilibria which are physically reasonable. This means
that each steady state fy should have finite mass and compact support, i.e., the total mass

My = /R3xR3 fo(z,v)d(z,v) (2.2.11)

has to be finite and supp (fy) has to be bounded.
Both of these properties will be ensured by a microscopic equation of state ¢ of the form

(B, L) = ®(Ey — E) (L — Lo)% (2.2.12)

for E,L € R, provided ®, Ey, Lo, and ¢ are chosen suitably. Here, an index “+” denotes
the positive part of a function. More precisely, for b, @ € R we se@

b, ifb>0
bY = ’ ’ 2.2.13
+ {0, ifb<0. ( )

The parameter Lo > 0 gives a lower bound on the L-values within the steady state support
and ¢ is some prescribed exponent. We require that these parameters and the energy
dependency function ® satisfy the following properties:

(p1) One of the following conditions is satisfied:

(i) Lo > 0 and £ > —1. In this case the resulting steady state is called a shell; the
reason for this name will become apparent in Proposition

2IThe convention chosen in (2.2.13)) for expressions of the form 0% with o < 0 has no significant influence
on the properties of the resulting equilibria.
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(ii) Lo =0 and £ > OE In particular, in the case Lo = 0 = ¢ we use the convention
09r =1 in (2.2.12) and arrive at an L—independen@ ansatz function leading to
an isotropic steady state.

(92) ®: R — [0,00[, ® € L (R), and
d(n) =0, 7<o0. (2.2.14)

3) There exists k > 0 s.t. one of the following conditions is satisfied:
(2 g
(i) There exist ¢,m9 > 0 s.t.
®(n) > cnt, 0 <n<no. (2.2.15)

In this case we require 0 < k < £ + %
(ii) The function @ is of the explicit forn@

() =1k,  neR, (2.2.16)

with 0 < k < 30 + %, where we again employ ([2.2.13)). In this case the ansatz
function as well as the resulting steady state are called polytropic, k and ¢ are
referred to as the polytropic exponents

The remaining parameter Ey < 0 in is referred to as the cut-off energy because
@(E,L) =0 for E > Ejy by . We do not (directly) prescribe this parameter, but
it is implicitly determined by the equations satisfied by the steady state; this will become
more apparent later.

Let us now review some classes of ansatz functions of the form which are com-
monly used in the literature. Polytropic equations of state

¢(E,L) = (Ey— B)% (L — Lo), (2.2.17)

and the associated steady states are widely studied, see, e.g., [14], [52), 140} [155] 181]. Such
polytropes with Ly = 0 also enjoy a distinct scaling property which we discuss in Ap-
pendix

Choosing Ly =0 = { in yields the commonly studied sotropic polytropes with
equations of state of the form

o(E,L) = p(B) = (Ey - B)%. (2.2.18)

Another class of steady states which plays a prominent role in the literature are the
King modelf®| induced by an ansatz function of the form

p(B, L) = p(E) = (e"7F 1) (2.2.19)

e

22The assumption ¢ > 0 in the case Ly = 0 is imposed for regularity reasons. More precisely, the
computations below show that the mass density po of an equilibrium with Ly = 0 > £ necessarily has a
singularity at the spatial origin, which is not desired.

Z3Obviously, only non-negative L-values are relevant in Definition [2.2.2)

241t is straight-forward to carry out the following analysis with (2.2.16)) replaced by the more general
condition ®(n) = cnf_ for n € R and some ¢ > 0. In general, multiplying the ansatz function ¢ by some
factor merely results in a rescaling of the resulting steady state, cf., e.g., [35].

ZFor a discussion of the term polytropic from a physics point of view (in the isotropic case) we refer
to [19] Sc. 4.3.3(a)]. It should be noted that, physically, the term “polytropic” is only meaningful in the case
Lo = 0. For the sake of convenience, we use it here for general Lo > 0.

26 At this point it is worth referring to the brief historical discussion of the origins of these models in [79,
p. 232], which concludes that the name King model might be historically inadequate. To be consistent with
the literature, we nevertheless use this name here.
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Accordingly, this function is called the King ansatz function. Such equations of state were
first proposed in [78, 113, 114] as adequate models for stationary star clusters, see [79]
r [I9, Sc. 4.3.3(c)] for physical derivations of this ansatz. In the mathematics literature,
the associated steady states and their properties are explicitly studied in [53} 57, [131] among
others. An ansatz function of the form is obtained by setting ®(n) = (e” — 1),
forn e R in ; obviously, this choice of ® satisfies the above conditions by choosing
k=1in
Before showing that ansatz functions of the form indeed lead to physically
reasonable steady states, we add some comments on the choice of ¢.

Remark 2.2.5. (a) In order to obtain physically reasonable steady states of the Viasov-
Poisson system, the conditions imposed above can be relaxed in various aspects. For
example, energy dependencies ® which are not locally bounded are also covered in [130)].
However, the conditions imposed above — together with further assumptions stated in
Section — will become useful when analysing the dynamics close to steady states
in the succeeding chapters of this thesis. Thus, we decided to refrain from reviewing
the construction of steady states under weaker conditions here in order to keep the
arguments in the present section more clear.

(b) It is straight-forward to extend the following investigation to ansatz functions ¢ which
are not separated in their variables (E, L) and with more general L-dependencies than
the power law incorporated in E Both of these features are merely chosen
for the sake of simplicitﬂ and because equations of state of the form are

commonly used in the literature as reviewed above.

(¢) In [146, Thm. 2.1] it is shown that the ezistence of a cut-off energy, i.e., some suil-
able Ey s.t. p(E,L) = 0 for E > Ey, is mandatory for the resulting steady state to
have finite mass and compact support.

(d) In this thesis the whole analysis is limited to steady states with finite mass and compact
support, as those are the most physically relevant when modelling stationary galax-
ies. Nonetheless, other equilibria are also analysed in the physics literature, see [19,
Sc. 4.3] for an overview. Prominent examples of steady states with unbounded support
are the isochrone models [18, (67, [65] or the Plummer sphere [19, Sc. 4.3.3(a)]; the
latter corresponds to an isotropic polytropic ansatz with exponent k = % In
particular, this shows that the upper bound on k in s necessary in order to
arrive at a compactly supported steady state.

In order to construct steady states of the Vlasov-Poisson system as defined in Defini-
tion we first compute how pg given by (2.2.9) depends on some spherically symmetric
Uy € 02(R3) for ¢ as chosen above; the following calculation is similar to [130, p. 905].

Inserting (B:2.12) into (2.29) yields
ple) = [ (B0 g = Ui(a)) (jo ol = Lo)', do =
_ / / (Eo—w — U(r) — )(L Lo). dwdL (2.2.20)

2TSome examples of steady states corresponding to ansatz functions that are different from are
reviewed in [19], Section 4.3]. Let us only explicitly mention the Camm type steady states [25] [55] here, whose
associated microscopic equations of state are canonical extensions of the polytropes (2.2.17)).

ZFor example, the explicit structure of the L-dependency in simplifies the relation between po
and Up encoded into the function g defined in .
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for x € R?\ {0} and r = |z|. Here, we changed variables v — (w, L) (recall (2.1.3)) for the
definition of the new variables), used the relation

L
v = w? + =1 (2.2.21)

and identified Uy(x) = Uy(r) as in Remark Next, we apply the change of variables
induced by £ = %wz—i-Uo (r) —1—% in the inner integral; observe that the integrand in ([2.2.20))

is even in w. This leads to

_ (L — Lo) B
po(x) = P(Eo — — dEdL =
Uo(r)+ 55 \/ZE — 2Up(r
9 2r2 E—2r2Uy(r) I — L)
= %r . ®(Eo - E) / ( 0) dLdE; (2.2.22)
" S0+ 5% Lo V2E — 2Uo(r) —

the whole integral is meant to vanish if Up(r) + 2LT°2 > Ey. For the second equality, we

changed the order of integration and restricted the domain of integration to the set where
the integrand does not vanish; recall (2.2.14)). Inserting the standard integral identity

b
/ (s—a)(b—s)’ds = F(i(—; :_) g(f;) D (b—a)>tF T a,f>—1,a<b, (2.2.23)

into the inner integral, recalling ¢ > —=, and using the final change of variables n = EFy — FE
then yields

1
13 sT(0+1) 2e/E° Ly \“z
po(z) =222 —— 2y O(Ey—E) | E—-Up(r) — — dE =
) L(+3) " Ju+ R
1
L3 §F(€+ 1) QZ/EO Uo( < LO >€+2
=2 — — 2 Ey—U - — d 2.2.24
for » € R3\ {0}. Hence, by introducing the function
e+ :
co [f P —n)T2dn, ifz2>0,
R — R, 0 2.2.25
g: 9(2) {0, fz<0, ( )
with
r 1
o i ot+d o8 LUE — (2.2.26)
t+3)
the dependency of py on Uy can be written as
_ 2 Lo 3 _
po(x) =r=g| Eo — Up(r) — 22 ) z e R\ {0}, r = |z|. (2.2.27)

We note that the above formula can also be suitably extended to z = 0. Concretely, in the
case Lo = 0 there holds pg(0) = 0 if £ > 0 and po(0) = g(Eo — Up(0)) if £ = 0.

We thus analyse the function g, in particular, its regularity properties. The following
result is also contained in [I130} p. 905].
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Lemma 2.2.6. The function g: R — R is continuously differentiable with

() = {cz (€+5) J5 @) (2 — )2 dn, if2>0, (2.2.28)
0, ’le S 07

for z € R. Furthermore, g is strictly increasing on [0, ool.

Proof. The continuous differentiability of g with derivative given by (2.2.28)) is straight-
forward to verify using Lebesgue’s dominated convergence theorem; recall that we have
chosen ¢ > —3 and ® € L{° (R). The monotonicity of g on [0, 00 then follows by (2.2:28)

loc

since the condition |(¢3)| ensures that ® is positive on |0, 79[ for some ny > 0. O

In general, we cannot derive a more explicit form for g than (2.2.25|). However, as, e.g.,
earlier noted in [14, Ex. 4.1], this is possible in the case of a polytropic ansatz.

Remark 2.2.7. Let ® be as specified in ch’ i.e., the ansatz is polytropic. Then, using
the integral identity (2.2.23)) once again yields

kte+3

9(z) =crezy 2, zZER, (2.2.29)

vl D(k+1)T(+1
Cpo =202 2 (k+ 1)L ;r ). (2.2.30)

Lk+4+3)

After inserting (2.2.27)) into the semi-linear Poisson equation (2.2.8)) for Uy and express-
ing the Laplacian in its radial form, we arrive at the integro-differential equation

dm [T L
U(r) = TZ/O stg(Eo —Uo(s) — 25%) ds, r>0. (2.2.31)

In a more concise way, the latter equation can be written as

vlry = Mol ) (2.2.32)

r2

where

mo(r) = 471/ s%po(s) ds, r >0, (2.2.33)
0

defines the local mass induced by the mass density pg. For r > 0, the value of mq(r)
describes the mass contained inside the ball B,.(0).

Since Up is smooth and spherically symmetric, we get Uj(0) = 0 as one boundary
condition for . As usual, we also require that Uy vanishes at spatial infinity, i.e.,
lim, o, Up(r) = 0. However, the latter boundary condition does not fit well with equa-
tion : In order to evaluate the right-hand side of at some radius r > 0, one
has to know the values Uy(s) for all smaller radii s € |0,7[. Thus, one instead prefers to
solve by starting at the spatial origin » = 0 and then moving radially outwards. This
strategy is basically pursued in [14] 140}, 146], where the existence of solutions of is
showﬂ for some prescribed value of Uy(0). Afterwards, one adjusts this solution suitably
in order to satisfy the original boundary condition at spatial infinity and verifies
that the resulting steady state is indeed physically reasonable.

29Tn the aforementioned works the class of ansatz functions differs from our choice of ¢, but the equations
analysed there are still of the same type as in our situation.
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An elegant way of realising this mathematically is introduced in [I30], which we also
follow here: The idea is to consider the function

y = Ey — Up (2.2.34)

instead of Uy. In this way the cut-off energy Fy < 0 — which was originally a prescribed
parameter as part of the microscopic equation of state ¢ — becomes part of the unknowns
and gets suitably adjusted later on. Inserting this definition into yields the following
integro-differential equation for yﬂ

Am (" 9049 Lo
y’(r):—rg/O g yls) - 55 ) s r>0. (2.2.35)

We equip this equation with the boundary /initial conditionﬂ

y(0) = k, y'(0) =0, (2.2.36)
for prescribed x > 0. Once a suitably regular solution y of (2.2.35)—(2.2.36) with
Yoo == lim y(r) <0 (2.2.37)
T—00
is known, we set
EO = Yo, U() = E() -y (2238)

in order to arrive at a solution of the original equation for Uy. Here, we simply
solved for Uy and ensured that Uy vanishes at spatial infinity by properly defin-
ing Fy. In fact, the negativity of y in corresponds to the resulting steady state
being physically reasonable, i.e., having compact support and finite mass.

Hence, the main step is to show the existence of a solution y as described above.

Lemma 2.2.8. Let ¢ be an ansatz of the form (2.2.12) with ¢, Lo, and ® satisfying|(p1)-
. Then, for every k > 0 there exists a unique solution y € C%([0,00[) of (2.2.35)-

(2.2.36) s.t. Yoo = limy oo y(r) € | — 00,0].

Proof. Existence and uniqueness of a solution y € C([0, co[) follow by a standard contrac-
tion argument — recall g € C'(R) by Lemma — and by using the monotonicity of y.
In the case Ly = 0 this is described in [130, p. 906]. Similar arguments also apply in the
case Lo > 0, together with the observation

L
yr)=r, 0<r< ,/272. (2.2.39)

The regularity of g further implies y € C2([0, 00|) after differentiating ; for the
continuity of y” at r = 0 in the case Ly = 0 recall and that we require ¢ to be
non-negative in this case.

Furthermore, since y' < 0, we know that y., exists in [—oo, 0o[. It is easily verified that
Yoo > —00 because once y has a zero at some radius, the solution can be explicitly extended
to larger radii. For the proof that y., is indeed negative, we distinguish between two cases.

30Tn [I30], the integro-differential equation for y is called the “master equation” because obtaining steady
states of related systems is also reduced to solving a similar equation. Here, we prefer the more modest
name “equation ’7.

31Since is a first-order equation, equipping it with two initial conditions could lead to an overdeter-
mined system. However, we shall see that any (sufficiently smooth) solution y of does automatically
satisfy y'(0) = 0.
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Firstly, in the situation where ® satisfies we apply the “compact-support
lemma” from [I30, Lemma 3.1] to deduce yo, < 0; see [130, Sc. 4.1] for a proof that g
satisfies the estimate required in the compact-support lemma. As noted in [I30], Sc. 4.3],
these arguments work in the case Ly > 0 as wellP?

Secondly, we consider the situation of a polytropic ansatz with ® as specified in
In the case Ly = 0, it is proven in [I5]], see also [I4, Lemma 5.3], that y possesses a zero,
which obviously leads to y, < 0. This statement can then be extended to the case Ly > 0
by a perturbation argument similar to [I40, Thm. 1]. O

As described above, the existence of y as proven in Lemma yields a physically
reasonable steady state. We collect this result as well as various properties of the resulting
equilibrium in the following statement.

Proposition 2.2.9 (Existence of Steady States). Let ¢ be an ansatz of the form (12.2.12))

with £, Lo, and ® satisfying (p3).  Furthermore, for k > 0 let y be the solu-

tion of (|2.2.35))—(2.2.36) obtained in Lemma . Then, setting Uy and Ey according
to (2.2.38)), i.e., By = yoo and Uy = FEo — y, yields a steady state of the Viasov-Poisson

system as defined in Definition [2.2.2 This steady state enjoys the following properties:

(a) The total mass My defined in (2.2.11) is positive & finite.

(b) The steady state is radially bounded, i.e.,

Rinax = sup{r >0 | po(r) > 0} < oc. (2.2.40)

(¢) It holds that
{T >0 ’ PO(T) > 0} :]Rmin; Rmax[7 (2241)

Ly
Runin = 1/ =2 € [0, Rupax|. 9.9.42
VS € 0, R (22.42)

In particular, the radial support of the steady state is of the form

where

supp (PO) = [Rmim Rmax]- (2243)

(d) The support of the steady state is bounded, i.e., the sets
Qo = {(z,v) € R* x R®| fo(z,v) > 0} (2.2.44)
and®)
Qo = {(r,w,L) €]0,00] x R x [0,00[| fo(r,w, L) >0} (2.2.45)

are bounded. Similar to Remark we slightly abuse the notation and do
not notationally distinguish between the set Qq in (x,v)-coordinates and in (r,w, L)-
coordinates. We refer to g, in either coordinates, as the phase space support of the
steady state.

320ne way to adapt the arguments from [130, Lemma 3.1] to the case Lo > 0is to consider z(r) = y(r)— =%
instead of y; note that lim,_ o 2(r) = lim, o0 y(r).

33We restrict the set Qo in (r, w, L)-coordinates to r > 0, although it is reasonable to include points (0, w, 0)
with %wQ +Up(0) < Ep in this set as well. However, as earlier noted in Remark we prefer to avoid
the difficulties of the spatial origin in radial coordinates.
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(e) It holds that py € C*(R3\ {0}) and Uy € C3*(R®\ {0}). If Ly > 0, there further holds
po € CYHR3) and Uy € C3(R3). The latter regularities are also present in the case
Ly = 0 provided that £ =0 or £ > %

Proof. The fact that Uy indeed defines a steady state is straight-forward to verify. In
particular, note that y € C?(R?) since y € C*([0, oo[) with 3/(0) = 0 by (2.2.36).
Part [(b)] is a consequence of Yo < 0, which was shown in Lemma and

Lo

_ ﬁ > 0, r > 0; (2.2.46)

po(r) >0 &  y(r)

this equivalence follows by (2.2.27)). We then deduce part|(a)|since My = 4w fOR"‘“X r2po(r) dr

and 72pg(r) is bounded on compact radial intervals; the positivity of My also follows
by (22.09).

In order to show the precise form of the radial support claimed in part first observe
that Rmin = inf(supp (po)) follows by (2.2.39) and (2.2.46). What remains to be proven
is that the steady state only consists of one connected radial shell. If Ly = 0, this is due
to the monotonicity of y together with (2.2.46). In the case Ly > 0, first observe that
y'(r) + % = %2 (% —mo(r)). Hence, the monotonicities of the two terms inside the latter
bracket yield that there exists a unique radius sop > 0 s.t. y'(sg) + ?—S? = 0. Therefore, the
function |0,00[ > 7+ y(r) — 2% is increasing on ]0, so] and decreasing on [sp, oo[. Together
with we thus obtain (2.2.41)) and (2.2.43)).

As to the phase space support, observe that the ansatz for fo implieﬁ

Qo C {E < Ep}, (2.2.47)

where E is the particle energy induced by the stationary potential Uy via (2.2.7). Hence,
for (z,v) € Qo we obtain the bounds |7| < Rmax and |v] < \/2Ey — 2U(0); for the latter
estimate we used that Up(z) > Up(0) for z € R3. Thus, we also deduce that r = |z| and
|w| < |v| are bounded for (r,w,L) € €. Lastly, the boundedness of the L-component
can be seen by expressing the particle energy E in (r,w, L) coordinates and using ,
resulting in L < 2R2,,. (Eo — Up(0)).

The regularity of pg stated in part @ follows by differentiating and using
Lemma The claimed regularity of Up is then due to (2.2.32)). Finally, the regularities

at the spatial origin can be obtained in a similar way after extending (2.2.27) to x = 0. O

Overall, we see that there indeed exits a plethora of physically reasonable steady states
of the Vlasov-Poisson system: For each choice of ¢, Ly and ¢ we obtain a one-parameter
family of such equilibria with parameter x > 0. Let us add some comments on the role of
this parameter as well as its connection to the cut-off energy Ej.

Remark 2.2.10. Let fy be a steady state as obtained in Proposition [2.2.9

(a) Consider the situation of an isotropic equilibrium, i.e., £ = 0 = Lg. Since Uy is

radially increasing and g is non-decreasing by Lemma the relation (2.2.27)) yields
that po is radially non-increasing on [0, 00| and strictly decreasing on [0, Ryax| wit

po(0) = g(k) > 0. (2.2.48)

34n Lemma we study the relations between the sets Qo and {E < Eo} in more detail (for a further
restricted class of steady states).

35In the case of an isotropic polytrope, the formula can be further simplified by using the explicit
representation of g derived in Remark
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Hence, the parameter k > 0 is in one-to-one correspondence to the central den-
sity po(0) of the steady state; recall that g is injective on [0, 00 by Lemma @

(b) If Lo > 0, the parameter k > 0 determines the size of the inner radial vacuum region

via (2.2.42)).

(¢) The value of the cut-off energy Ey = yoo depends implicitly on the parameters ¢, Ly,
D, and k through the behaviour of the solution y from Lemma . Since y(Rmax) =

ZRLTOM by (2.2.46) and y'(r) = —% for r > Rumax, the main theorem of calculus yields

the representation

Lo M,
Ey = = — = . 2.2.49
0TV TR T R (2:2:49)

In fact, the dependency of Ey on the steady state parameters is quite involved. For
general £, Lo, and ®, a fired cut-off energy Eg < 0 can correspond to none, one,
or multiple steady states with equation of state . It is hence not possible to
prescribe the value of the cut-off energy Ey when constructing a steady state. In the
case of King’s equation of state , this follows from the results in [131]; see

Figure for a visualisation of this fact.

A notable exception of this problem are polytropic ansatz functions (2.2.17) with Ly =
0, where the relation between Eg and k simplifies due to the scaling law analysed in

Appendiz B,

In the later part of this thesis we will use numerical methods to study and illustrate
further properties of steady states, see Section

2.2.1 The Effective Potential

From now on let fy be a fixed steady state as constructed in Proposition We next
introduce a quantity which turns out to be crucial for the analysis of stationary solutions
of the Vlasov-Poisson system in spherical symmetry.

Definition 2.2.11 (The Effective Potential). Let L > 0. The function

L

Vp:]0,00[ = R, Wr(r) = Uo(r) + 55

(2.2.50)

is called the effective potential (of the steady state fy).

The additional term % added to the original potential Uy plays the role of the squared
tangential velocity. The main reason why it is important to understand the properties of
the function Wy is that it takes on the role of the potential when expressing the particle
energy E in (r,w, L) coordinates. More precisely, inserting (2.2.21)) into ([2.2.7)) yields

E(r,w,L) = le + Up(r) + L _ 1w2 + Up(r) (2.2.51)
2 2r 2
for (r,w, L) €]0,00[ x R x [0, c0].

The effective potential is, e.g., analysed in [14] p. 163f.], [57, Sc. 3.2], [62, Lemma 2.1],
[85, App. A.1], [96, Lemma 2.1], [147, Lemma 4.1}, and [165, Thm. 2.4]. Nonetheless, as the
present class of steady states differs from the ones in the aforementioned works, we prefer
to include the (rather simple) proofs of the following results here as well.

36In fact, the condition |(3)|implies that g: [0, co[ — [0, oo is one-to-one.
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Lemma 2.2.12 (Structure of the Effective Potential). (a) For any L > 0 there ezists a
unique radius vy, > 0 s.t.
min ¥y, = \IJL(’I"L) < 0. (2.2.52)
10,00(
This radius is given as the unique zero of U, on ]0, 00| or, equivalently, as the unique
solution of

rLmo(rr) = L. (2.2.53)
It holds that U, < 0 on |0,rr[ and ¥} > 0 on |rp,o0[. We further introduce the
abbreviation
EMn .= Wy (rp) = min Uy, (2.2.54)
10,00

for the minimal energy for fized L > Om

(b) Let
Ao :={(E,L) €] — 00,0 x ]0,00[| EP™ < E} (2.2.55)

denote the set of all admissible (E, L)-pairs. Then, for any (E,L) € Aq there exist
two unique radii r+(E, L) s.t.

O<r_(E,L)<rp<ry(E,L)<oco (2.2.56)

and
Ur(re(E, L) =E. (2.2.57)

Proof. Differentiating the effective potential radially yields

v (r) = Ul(r) — 7‘£3 = :2<m0(7") - ) (2.2.58)

r

for r > 0 by (12.2.32)). Since ]0,00[ > 7 +— mo(r) — % is increasing for L > 0 and

lim <m0(7“) - f) = 00, lim (mg(r) - {j) = My >0, (2.2.59)

r—0 T—00

there exists a unique 77, > 0 with U’ (r;) = 0. Moreover, ¥, < 0 on |0,7z[ and ¥} > 0
on |rp,00[. Together with the limiting behaviour of the effective potential, which is given
by

lim ¥y, (r) = oo, lim ¥y (r) = lim Up(r) =0, (2.2.60)
r—0 r—00 r—00
for L > 0, we deduce the claimed statements. O

We note that most of the notations employed in the context of the effective potential
are based on [57]. The structure of the effective potential as well as the definitions of rp,
and ry(E, L) are visualised in Figure [2.2.1} similar visualisations can be found in [85)],
Fig. A.1] and [96], Fig. 1]. An actual plot of the effective potential (based on a numerical
computation) of an isotropic polytropic steady state is shown later in Figure

37The name minimal energy is due to the obvious estimate E(r,w, L) > E(ry,0,L) = E™™ for (r,w, L) €
10, 00 X R x [0, oo].
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\PL(T) T—(EvL) rL T+(E7L)

E .

min |
EL

Figure 2.2.1: A schematic visualisation of the structure of the effective potential ¥ for
L>0.

Remark 2.2.13. Due to the shape of the effective potential derived above, the steady states
obtained in Proposition are said to have single-well structure. We emphasize that it
is a particular feature of the Vlasov-Poisson system that this property holds for all steady
states constructed as above. In the context of the FEinstein-Viasov system, it is an open
question for which steady states the analogous property is present. We refer to [49, Sc. 3.1]
for a detailed discussion of this aspect.

Before relating the effective potential to other important steady state quantities, we
derive further properties of ¥y, and the radii vz, and r4(E, L). Some parts of the following
results originate from [57, [96] and are also stated in [62, [85], (147, [165].

Lemma 2.2.14 (Properties of ¥y, rp, and r+). (a) The mapping 0,00 > L — rp is
continuously differentiable with

1

or(rr) = s L>0. 2.2.61
L) = v polrn) + o) (2200
Furthermore, rp, is increasing in L with
li = Ruin, li = 0. 2.2.62
py e = fmne i = (2262

(b) The mapping |0,00[ > L+ E™® is continuously differentiable with

: 1
oL (EP™) = 27 L > 0. (2.2.63)

Furthermore, ET" is increasing in L with

lim BP0 = Uy(Ruin) = Uo(0), lim EPn = 0. (2.2.64)

L—0 L—oo

(¢) The mappings Ay 2 (E,L) — r+(E, L) are continuously differentiable with

1
2ri(E, L) ¥ (r+(E, L))’
(2.2.65)

Opr+(E,L) = drr+(E,L) = —

W (r+(E, L))’
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for (E,L) € Ay. Furthermore, r_(E, L) is increasing in L and decreasing in E while
ry(E, L) is decreasing in L and increasing in E, and there hold the following limiting
statements for fized L* > 0 and Up(0) < E* < 0:

lim (B, L) =rpe, (2.2.66)
Ao3(E,L)—(Emin L+)
lim  r_(E,L)=0, (2.2.67)
Ao>(E,L)—(E*,0)
lim ry(E,L) =7r4(E*,0) € | Rumin, 00|, (2.2.68)

Ao>(E,L)—(E*,0)

li E. L) = Ryin. 2.2.69
Aoa(E,L)ILn(Uo(O),O)r+( L) ( )

Here, r1(E*,0) € |Rmin, 00| is defined as the unique radius satisfying

Uo(r+(E*,0)) = E*. (2.2.70)
(d) For any L > 0 there holds
. M?2
Epn > =0, 2.2.71
po > Mo 2.2.71)
(e) For any (E,L) € Ag there holds
L M,
— < < ——. 2.
ST <r_(E,L)<rp<ry(E,L) < I (2.2.72)

(f) For any (E,L) € Ay and r € [r_(E,L),r+(E,L)] the following concavity estimate
holds:

(T-l—(E: L) — T) (T — T_<E, L))
2r2r_(E,L)r+(E, L)

Proof. The continuous differentiability of r; as well as follow by and the
implicit function theorem; note that mo(rz,) > 0 by (2.2.53)). The limiting properties claimed
in also follow by since 0 < my < My < oo as well as mg = 0 on |0, Ryin]
and mg > 0 on |Ryin, 00| by .

Since E¥ = Wy (ry), we then deduce the regularity of L — ETD claimed in as
well as . The fact that Egﬁn tends to Uy(0) as L — 0 follows, e.g., by observing
that \I/L(Li) — Up(0) as L — 0; obviously, E™® > Uy(0). The limiting behaviour of F1in
as L — oo is a consequence of the estimate which we will prove later; recall that
EPin < 0 by (2.2.52).

The differentiability of r+ and the formulae can be derived similar to part @
by applying the implicit function theorem to since U (r4.(E,L)) # 0. In order
to prove let 0 < & < rp= and choose 07 > 0 s.t. Wp«(rp- £¢) > Ein,}n + 207.
By part @ as well as the continuous dependency of the effective potential on L, there
exists 02 > 0 s.t. for every L > 0 with |L — L*| < 2 it holds that |rp« — rz| < € and
W (rp« £€) > EWD + §;. Therefore, the monotonicity properties of the effective potential
yield that for every (E,L) € Ag with |L — L*| < 02 and E < Ei“*in 4 67 there holds
|re(E, L)—rp«| < e, which concludes the proof of (2.2.66)). As to (2.2.67)), first choose ; > 0
s.t. B*+0; < 0 and E* — 26, > Up(0). Parts|(a)|and |(b)| imply the existence of some L > 0
s.t. Up(r;) < Up(0)+61 and Eglm < E*—6;. For0 < L < L and |E— E*| < 6; we thus obtain
(E,L) € Ag as well as the estimates Uy(rr) < Up(0) + 61 and r_(E,L) < r_(E* — 61, L)
by the monotonicities of Uy, 7, and r_. In addition, for such L and r € ]0,7; [ there holds

E—U(r)>L (2.2.73)
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Up(r) < Up(ry) + 522 < Up(0) + 01 + % Inserting r = r_(E* — 01,L) < rp < rj for

B 2r2
0 < L < L into the latter inequality yields E* — Up(0) — 201 < m
r—(E* —01,L) — 0 as L — 0 and thus concludes the proof of (2.2.67). The limit (2.2.68])
with 4 (E*,0) defined by ([2.2.70]) follows in a similar way as (2.2.66)). For (2.2.69)), observe

that 74 (E,0) = Ruyin as E N\, Up(0) = Uy(Rmin). Together with the L-monotonicity of r
we then deduce (2.2.69)).

For part @ we make use of the structure of solutions of the radial Poisson equation to
deduce

Us(r) = —m(;(r) . /Toospo(s) ds > —i(mo(r) +dr /TOO 52 po(s) ds) - —% (2.2.74)

, which implies

for r > 0. Together with (2.2.53]) we thus obtain

. M() L M(] m%(m)
EPN =0 >4 = 270 o\ L)
T r(rp) > . + 27% mo(rr) i + Y3
Mg ([ mo(re)  mg(re) Mg
=——12 — P 2.2.75
2L ( My Mg - 2L ( )
for L > 0.
For (E,L) € Ay, the estimate (2.2.74) implies that every r > 0 with ¥ (r) < E there
holds F + % - % > 0. Solving this quadratic inequality yields
L L
<r< : 2.2.76
Mo+ /M§+2EL ~— — My—+/M§+2FL ( )
note that Mg + 2EL > 0 by (2.2.71]). Hence,
L L
r_(E,L) > > ) 2.2.77
(B, L) Mo+ +/MZ+2EL  2My ( )
L —My — /M3 +2EL M,
ro(E,L) < =0 0F <=2 (2.2.78)
My — /Mg +2EL 2E E

Lastly, in order to prove the concavity estimate (2.2.73)) we consider the function
& [r—(E,L),r+(E,L)] — R defined by
(E7L) — T) (7‘ — T—(E7 L))
2r2r_(E,L)ry(E,L)

) = BE—y(r)—1 It refr_(E,L),r(E,L)], (2.2.79)

for fixed (F, L) € Ag. The radial Poisson equation then yields

O2[r&(r)] = —2W) (r) — r W) (r) + L —% O, [r?Uj(r)] = —4mr po(r) < 0. (2.2.80)

3
Thus, the mapping [r_(E,L),r+(E,L)] > r — r&(r) is concave with £(r+(E, L)) = 0, which
implies £ > 0 on [r_(E, L), r+(F, L)] and concludes the proof of part O]

We refer to [85, App. A.1] for some additional properties of the effective potential, e.g.,
a more detailed analysis of some of the rates of convergence analysed in the above lemma.

A thorough understanding of the effective potential allows one to control the support of
the steady state. Concretely, (2.2.46|) implies

{r>0|po(r)>0t={r>0]| ¥, (r) < Ep}. (2.2.81)
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Hence,
Rmin =T_ (Eo, Lo), Rmax = 7’+(E0, Lo), (2282)

where we use the convention r_(FEjp,0) := 0, which is consistent with Lemma [2.2.14
Furthermore, the L-support of the steady state, i.e., the set

Lo = {L(z,v) | (z,v) € Qo}, (2.2.83)
can be characterised explicitly:

Lemma 2.2.15. Let Ly > Lo be defined as the unique solution oﬂ

EP™ = Ey. (2.2.84)
If Loy=0=1¢,
Lo = [0, Limax]- (2.2.85)
Otherwise,
]LO :]L07 Lmax[- (2286)

Proof. Changing to (r,w, L)-coordinates and using (2.2.12]) yields
Lo = {L | (r,w, L) € ]0,00[xRx[0,00[: (L—Lo)’ >0 & ®(Ey—E(r,w, L)) > 0}. (2.2.87)

Observe that, for L > 0, (L — Lo)ﬁ > 0 is equivalent to L > Lg or L = Ly = 0 = ¢; recall

the conventions employed for (.. )ﬂ_ The claimed statements are now a consequence of

E(r,w,L) > EPn = E(rp,,0,L) for L > 0 and E(r,w,0) > Uy(0) for (r,w) € ]0,00[ x R
combined with the monotonicity of L + E™1 and the fact that ® > 0 on |0, no[ for some

o > 0 by [(p3), 0

In order to analyse all (F, L)-pairs associated to the energy support of the steady state,
we define

Dy :={(E,L) €] —00,0[ x]0,00[| L > Loy & Emln < E < Ey}, (2.2.88)
where Egﬁn is defined in Lemma [2.2.12, Equivalently,
D():{EL)GA()‘L>L0&E<EQ}CAO, (2289)

recall (| m Due to the regularity of L — EInln shown in Lemma m. the set Dy
is open. Although the name is somewhat mlsleadlngifl7 we sometimes refer to Dy as the
(E, L)-triangle of the steady state; however, we usually refer to it as the (F, L)-support of
the steady state. We illustrate the shape of this set in Figure see also [85, Fig. 1.1]
and [I17, Fig. 1] for similar visualisations. Actual numerical plots of Dy for some selected
steady states will be presented in Section

If Lo > 0 or £ > 0, the set Dy is related to Lg via

Lo={L|(E,L) € Dy}. (2.2.90)
In the case Ly = 0 =/, it holds that
Lo={L|(E,L)eDy}uU{0}, (2.2.91)

i.e., we generally exclude L = 0 from Dy. The connection between Dy and the phase space
support €y will be analysed in Lemma after we have further restricted the class of
steady states. For now, we note

{(E(z,v), L(z,v)) | (z v) € Q} C Dy. (2.2.92)

38The existence of such L.y follows by Lemma 2 2.14]
39The curve {(E,L) €] — 00,0[ x ]0,00[| E = E"““ is obv10usly not a straight line in general.
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L

L max

{(Ep™, L) | L >0}

Figure 2.2.2: A schematic visualisation of the (E, L)-support Dy of a steady state.

2.2.2 The Radial Particle Motions

The most important feature of the effective potential is that it is the key quantity de-
termining the particle motions in (r,w, L)-coordinates. In the original Cartesian (z,v)-
coordinates, the particle motions within the fixed equilibrium are given by the characteristic
system with potential U = Uy. In (r,w, L)-coordinates, this systems transformﬂ
to

W= -V (r), (2.2.93b)
together with
L=0. (2.2.94)

The latter equation allows us to interpret L as a parameter of the planar (i.e., two-
dimensional) system . The particle energy E given by takes on the role
of the Hamiltonian function of . The term T% appearing on the right-hand side
of is the centrifugal force. The aim of the present section is to analyse the be-
haviour of solutions of (2.2.93); a related discussion can, e.g., be found in [14, Sc. 2].

Let (R,W): I —]0,00[ xR be the unique maximal solution of with parameteﬂ
L > 0 satisfying the initial condition (R, W)(0) = (r,w) for fixed (r,w) € ]0,00[ x R. We
require that the conserved energy value E = E(r,w, L) is negative; otherwise the solution
is not of interestl?l Now observe that the radial component R of the solution always stays
in [r_(E,L),r4+(E, L)] by Lemma [2.2.12]since E = E(R(s), W(s), L) > ¥ (R(s)) for s € I.
Since the w-component is also bounded by [W(s)| < /2E — 2E™n, the solution is global,
i.e., I = R. There are two qualitatively different cases for the behaviour of the solution,
which are both visualised in Figure [2.2.3

If (r,w) = (r1,0), the solution is constant with energy-value E = E™®. Such radially
constant solutions are usually called circular [I9, p. 145], as they correspond to circular
motions in Cartesian (x, v)-coordinates.

4OMore precisely, let (z,v): I — R® x R® be a solution of and assume that x(s) # 0 for s € I.
Then, defining (r, w, L) according to yields a solution (r,w, L): I —]0,00[ x R x [0, 00 of (2:2.93).

“For now, we omit the case L = 0 although most of the arguments can be extended to this situation as
well, cf. Remark

42Later on, only the particle motions within the steady state support are relevant. The latter set, however,
only contains points where the particle energy is smaller than the cut-off energy Ey < 0.
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periodic solution with
energy E €]E™n 0]

stationary point

(TLv 0)

r_(E,L) ry(E,L)

Figure 2.2.3: A schematic phase space diagram of the ODE (2.2.93)) in the (r, w)-plane for
fixed L > 0.

Otherwise, i.e., Egﬁn < E <0, we solve for W to obtain

W(s) = ++/2F — 2V (R(s)) (2.2.95)

for s € R. Thus, basic ODE theory yields that the solution is time-periodic and covers the
orbit (R, W)(R) = {(F,w) € ]0,00[ x R | E(F,w, L) = E}; note that this set is connected
and does not contain any stationary points of due to the structure of the effective
potential derived in Lemma More precisely, R oscillates between the radii r_(E, L)
and 7 (FE, L), where R(s) = 0 is equivalent to R(s) = r+(E, L) and R always switches
its sign when reaching r4 (F, L)@ Applying the inverse function theorem and integrating
equation as described in [19, Sc. 3.1] allows us to determine the oscillation period
— i.e., the time needed for R to travel from r_(E,L) to ry(E,L) and back — more ex-
plicitly. This important quantity is defined below, where we also introduce a more suitable
parametrisation of the solutions of the characteristic system based on the conserved
quantities (F, L) similar to [49, Def. 3.5].

Definition & Lemma 2.2.16 (The Period Function). Let (E,L) € Ay, where Ay is the
set of admissible (E, L)-pairs defined in (2.2.55). Let (R,W)(-,E,L): R — ]0,00[ x R be
the maximal solution of the characteristic system with parameter L satisfying the
initial condition

(R,W)(0,E,L) = (r_(E, L),0). (2.2.96)

Then the solution (R, W)(-, E, L) is time-periodic with period given by

(2.2.97)

T+(E7L)
T(E,L) =2 / dr

r—(E,L) +/ 2F — 2\I’L(T) .

The induced function T: Ag — ]0,00[ is called the (radial) period function of the steady
state.

Proof. The properties of the solution (R, W)(-, E, L) are shown above. The integral (2.2.97)
is well-defined and finite since ¥y, < E on |r_(E,L),r+(E,L)[ and ¥ (r+(E, L)) # 0 by
Lemma [2.2.12] O

“3In an astrophysical context, the radii r_ (E, L) and 74 (E, L) are usually referred to as the pericenter
and apocenter of the particle motion, respectively, cf. [I9, p. 145].
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In the course of this thesis we shall discover that the dynamical behaviour of solutions
of the Vlasov-Poisson system close to the fixed steady state fy is crucially influenced by
the properties of the period function 7. This is why we devote the entire Appendix [A] to a
thorough analysis of this function, including its regularity and boundedness for suitabl@
equilibria. Similar analyses are conducted in [62, App. B] and [85, Ch. 3]. In Section[8.2] we
numerically investigate relevant properties the period function. In particular, we present
numerical plots of 7' on the (F, L)-triangle Dy, recall (2.2.88), for some selected steady
states in Figures [8.2.2] [8.2.5] [8.2.9] and [8.2.10]

Let us add some concluding remarks on the particle motions within the fixed equilibrium.

Remark 2.2.17. (a) It is straight-forward to extend the above discussion to the case L =
0. In this situation, the radial characteristic system (2.2.93) becomes

F=w, (2.2.98a)
W = —Uh(r), (2.2.98b)

with Hamiltonian E(r,w,0) = jw? + Uy(r). After extending Uy via Uy(r) == Up(—r)
for r < 0 — note that this defines a smoot@ extension of Uy since Uy € C?(R3) -
it becomes apparent that the solutions of the system behave similarly to the
case of non-zero angular momentum: For Up(0) < E < 0 let (R,W): I — R? be
the unique mazimal solution of satisfying the initial condition (R, W)(0) =
(=r+(E,0),0). Here, r4(E,0) is defined in Lemma [2.2.1][(c) for Us(0) < E < 0
and we set 74 (Up(0),0) == Rmin according to (2.2.69). The minimal energy value
E = Uy(0) again corresponds to the circular case, i.e., (R, W) is constant. Otherwise,
i.e., Up(0) < E < 0, the solution is global, bounded, and time-periodic with period
given by
r+(E,0) dr
T(E,0) =2 . — (2.2.99)

0 2E = 2Uy(r)
In light of Lemmal|2.2.1/ the formula (2.2.99) is a natural extension of (2.2.97)).

However, a rigorous proof that this indeed defines a continuous extension of the period
function for suitable equilibria is technically quite involved, see [85, Lemma 3.12].

We further note that in the case L = 0, the motion of a particle (in Cartesian (z,v)-
coordinates) is purely radial. More precisely, the particle moves on a fized line through
the spatial origin and has no angular speed, cf. [19, Sc. 3.1].

(b) In the case L > 0 and E > 0, the associated solution of the characteristic system
is no longer bounded. More precisely, let (R,W): I — 10,00 x R be the maximal
solution of with parameter L > 0 satisfying the initial condition (R, W)(0) =
(r—(E,L),0) for some E > O@ Here, r_(E,0) is defined as the unique solution
of Vi(r—(E,L)) = E; the existence of this radius follows by the structure of the
effective potential established in Lemma [2.2.13. 1t is then straight-forward to verify
that the solution exhibits the following limiting behaviour: lim, ing(r) R(s) = 00 =

limg_,gup(r) B(s) as well as lim, ey W(s) = —V2E and limy_, 5 W (s) = V2E.

“In Appendix we further restrict the class of steady states. This is in particular necessary to show
that T is bounded on Dy, cf. Remark

“5Here, “smooth” means that the right-hand side of the system is, in particular, locally Lipschitz-
continuous.

46Tt follows by [143, Lemma 1.2] that any maximal solution of exists for all times, i.e., I = R,
even in the case E > 0, but this is not relevant here.
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(c) Although the solution of (2.2.93)) is time-periodic in the case (E,L) € Ay, we empha-

sise that the associated solution of the characteristic system (2.2.2)) in the Cartesian
(x,v)-coordinates is not time-periodic in general. This is due to the additional angular
motion in Cartesian coordinates, cf. [19, Sc. 3.1].
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Chapter 3

Linearising the Vlasov-Poisson
System

In this chapter, which is entirely based on [62], Sc. 3]@ we linearise the Vlasov-Poisson
system around a fixed equilibrium. The resulting system governs the dynamics of small
perturbations of the equilibrium up to first order and is widely studied in the astrophysics
literature [8, 19, B6l, 37, 43| [71], [77, 111}, 161] as well as in the mathematics literature [15],
53, 95] among others.

Let fo be a fixed steady state of the Vlasov-Poisson system as constructed in Proposi-
tion with associated potential Uy, mass density pg, and equation of state . In fact,
in order to justify the following calculations we have to make further assumptions on the
equilibrium state, especially concerning the regularity of the equation of state p. However,
we deliberately dispense with rigour and refrain from specifying these conditions herefig] to
emphasise that the following arguments should be regarded only as the formal derivation of
a new system. One would have to make these calculations rigorous if one wants to deduce
properties of the non-linearised Vlasov-Poisson system, which is beyond the scope of the
present thesis.

We present three different methods to linearise the Vlasov-Poisson system, which each
allows for a different physical interpretation. Each approach leads to a linear operator whose
(spectral) properties determine the behaviour of solutions to the linearised system. Fortu-
nately[z‘-_g], these operators are (essentially) identical for the different linearisation schemes
used here. A rigorous analysis of the (spectral) properties of the operator will then be
conducted in the remainder of this work.

3.1 The Eulerian Picture

The most common way [8, 15, (3] [7T), 77, 111] to linearise the Vlasov-Poisson system is
in Eulerian variables. The idea is to plug the (formal) expression fo + ef + O(e?) for

“TThe contents forming the basis of Section are not included in the published version of [62], but can
be found in its preprint version larXiv:2102.11672v2.

48Tn Section we explicitly state the class of equilibria for which we (rigorously) analyse the associated
linearised system. We note that the calculations in the present chapter can also be performed rigorously for
these equilibria.

49When linearising a system of differential equations in different coordinates, it is not to be expected to
arrive at the same linearisation. Even in a finite dimensional context, linearising in different coordinates can
lead to different system; nonetheless, such systems are always equivalent. In an infinite dimensional context,
this equivalence is also unclear.

41
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0 < e < 1 into the Vlasov-Poisson system f and dispense with terms of order
O(£?). For every time t, we require f(t): R? x R? — R to be spherically symmetric — recall
Definition @ — and to vanish outside of the support of the steady state. The latter
condition ensures that |ef(t)| < fo on R?® x R3 for 0 < ¢ < 1 and is a natural one, see [15,
App.] for a detailed discussion of this aspect. Using that the steady state fy is a solution
of the Vlasov-Poisson system then leads to the linearised Viasov equation

Ouf +Tf = Oufo-0uUs =0, (3.1.1)

where T is the transport operator associated to the (characteristic flow of the) steady
state fo defined in (1.2.10) and Uy = Uy is the gravitational potential induced by the
linear perturbation f via the Poisson equation, i.e.,

AUy = 4mpy, | 1|irn Us(t,z) =0, (3.1.2)
Tr|—0o0
pr(te) = [ ft,w0)do, (3.13)
R3

similar definitions for p, and U, are employed for general g: R3 x R? — R. We refer
to 3.1.17 as the linearised Vlasov-Poisson system. A detailed (and mathematically
rigorous) analysis of this system can be found in [I5], including an appropriate global
existence result in the case of suitable isotropic steady states.

Notice that is a first-order transport-type equation for the linear perturbation f.
The presence of oscillatory solutions is, however, more convenient to analyse (and also
more “physically intuitive” [71, Sc. IIId)]) for a second-order equation. As a matter of
fact, V. A. Antonov [§] developed a method — typically referred to as the Antonov trick
— to rewrite the linearised Vlasov-Poisson system as a second-order system, see also [71],
Sc. ITId)]: We split f into its even and odd part in the velocity variable v, i.e.,

it 0) = %(f(t,x,v) + f(t,z, —v)). (3.1.4)

Obviously, f = fi + f- as well as f4 (t,x,—v) = fy(t,z,v) and f_(t,x,—v) = —f_(t,z,v),
i.e., fr and f_ are even in v and odd in v, respectively. The key observation is that the
linearised Vlasov-Poisson system f can also be decomposed into its even and
odd parts in v quite naturally. The reason for this is that the transport operator T reverses
v—parity@ and that the mass density is only determined by the even-in-v part, i.e., py = py, .
Hence, splitting the linearised Vlasov equation into its even-in-v and odd-in-v parts
leads to the identities

Oifs +T(f-) =0, (3.1.5a)
Of- +T(fy) = ufo-0:Uf, =0, (3.1.5b)

The next step is to differentiate the odd-in-v equation (3.1.5b|) w.r.t. ¢ and to insert the
even-in-v equation (3.1.5a)). We then arrive at the following second-order identity for the
odd-in-v part of the linear perturbation:

O f— —T*(f=) + Oufo - 0uUr(s ) = 0. (3.1.6)

We refer to this equation (coupled with (3.1.2)—(3.1.3)) as the linearised Viasov-Poisson
system in second-order formulation. Its well-posedness is established in Appendix |C] (for a

""More precisely, T(f+) = (T f)+ for sufficiently regular f, see Lemma [4.3.16|for a rigorous statement.
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suitable class of solutions). It is straight-forward to verify that the latter system is indeed

equivalent to (3.1.1)—(3.1.3): If f_ solves (3.1.6)), taking fi as a solution of (3.1.5a)) yields

a solution f := fy + f_ of (3.1.1). We will not discuss here how initial data f(0) for (3.1.1)
can be transformed into equivalent initial data f(0), d;f(0) for (3.1.6|) and vice versa, as this

aspect is somewhat involved. The important point here is that any solution of one system
can be converted into a solution of the other, so that for the general study of solution
behaviour it is equivalent whether one considers (3.1.1]) or (3.1.6).

We rewrite (3.1.6) as

2f 4+ L(f-)=0 (3.1.7)

by introducing the operator £ = —72 —TR. The first addend of this operator contains the in-
fluence of the steady state flow onto the perturbation, while the second addend corresponds
to the gravitational response of the perturbation and is given by

Rg = ~0ufo - U, (3.1.8)

for suitable g = g(z,v).
So far we have not used the assumption of spherical symmetry on the linear perturba-
tion f; obviously, f being spherically symmetric implies that fi+ are too. We do this now

to rewrite (3.1.7)) in the radial coordinates (r,w, L) introduced in Remark [(b)} It is
straight-forward to verify that the transport operator can be written as

T=wo, — (Ué—fg) Ow; (3.1.9)

in particular, T preserves spherical symmetryﬂ In order to rewrite the response opera-
tor, we change to (w, L)-coordinates in the velocity integral of the mass density pr, and

insert (3.1.9) to obtain
pre(r) = 7;/ / Tg(r,w,L)dwdL = 12 Oy {/ / wg(r,w,L)dwdL (3.1.10)
™Jo Jr r 0o JR

for suitable, spherically symmetric g: R? x R3 — R, which then leads tﬂ

4
Ury(r) = 72r/ s%prg(s ds—/ /wger )dwdL. (3.1.11)
= Jo
In addition, differentiating the ansatz (2.2.6)) for the steady state fy yields
Opfo(x,v) = Opp(E(x,v), L(xz,v)) v+ drp(E(z,v), L(x,v)) (27"221 —2z-vz). (3.1.12)
Since 9,U = U’ T for any spherically symmetric function U': R3 — R and (27’21) —2x-v a;) .

+ =0, we deduce that the response operator R applied to some suitable, spherically sym-
metric function ¢g: R? x R® — R can be written as

(Rg)(r,w, L) = —4dn wdgp(E, L) j4(r), (3.1.13)

where use the abbreviations £ = E(r,w, L) and

=3 / /wg r,w,L)dwdL. (3.1.14)

1See Remark -. for more rlgorous statements.
52We will later verify the identity (3.1.11) rigorously for suitable g, see Lemma
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The function j, can be interpreted as the (radial) velocity density induced by g.

Let us now discuss the relation between the spectral properties of the linearised op-
erator £ and the behaviour of solutions of the linearised Vlasov-Poisson system in the
second-order formulation . We will late@ show that £ is a symmetric operator when
defined on (a proper dense subset of) a suitable Hilbert space H. We hence only have to
consider real-valued elements of the spectrum of L.

Suppose that A < 0 is a negative eigenvalue of £ with eigenfunction g = g(z,v) =
g—(z,v). Then

f-(t,z,v) = eﬁtg(x,v) (3.1.15)

defines a growing mode solution of , i.e., a solution which grows exponentially in
time. Hence, the steady state fy is linearly unstable in this situation.

For the implications of the existence of the eigenvalue 0 of £ as well as its physical
interpretation, we refer to |71l Sc. IIIf)].

However, as first observed in [9, [10], these two situations do not arise for a large class of
natural steady stateﬁ More precisely, the whole spectrum of the linearised operator L is
positive; a rigorous proof of this statement is given in Proposition Due to the absence
of zero mode solutions and growing mode solutions, it is reasonable to call such equilibria
linearly stable. A rigorous stability result for the linearised Vlasov-Poisson system
is established in Lemma

Now suppose that A > 0 is a positive eigenvalue of £ with eigenfunction g = g(z,v) =
g—(z,v). Then

f—(t,z,v) = cos(VAt) g(z,v) (3.1.16)
defines an oscillatory mode, i.e., a time-periodic solution of (3.1.7)) with period p given by
2
=, 3.1.17
P=A ( )
As discussed above, setting
1
folt,z,v) = ——— sin(VAt) (Tg)(z,v), (3.1.18)

VA
and f = fi + f_ then defines an oscillatory solution of (3.1.1)—(3.1.3)).

At the level of the non-linearised Vlasov-Poisson system, such oscillation can be ob-
served, e.g., in the kinetic and potential energies. These energies are given by

Ban(h) = 5 [ ol ha,0)d(z0), (3.1.19)
2 Jrsxms
1 1
Epot(h) = ~ % 10,Up(2)|* dx = 2/ Un(z) pn(x) dx (3.1.20)
R3 R3

for suitable h = h(x,v). For f as defined above, integrating by parts yields

sin(v/\ t)
2v/A
sin(v/\t)

= BEyin(fo) —4me T /OOO r2 U} (r) Jg(r)dr + 0%, (3.1.21)

531t is proven in Lemma that the linearised operator is indeed self-adjoint when defined properly.
The symmetry of £ is also formally explained in [8] [71].
54 A precise definition of this class of equilibria is given in Section

Ban(fo+ /() + O) = Bun(fo) — ¢ Lo P (To) (w0 d(e.0) + O) =
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and, by using (3.1.11)),

Epot(fo +ef(t) + O(E?) = Epor(fo) +4me Sm(\}ft) /OOO r2 UL (r) g (r) dr + O(;:Q). |
3.1.22

This shows that the kinetic and potential energies of the formal expression fo +ef + O(£?)
oscillate about the respective energies of the steady state fo up to higher-order terms in
€ < 1. In Section [8.4] we will conduct a numerical analysis to investigate whether such
oscillations of FEyj, and Epq can indeed be observed for solutions of the (non-linearised)
Vlasov-Poisson system.

However, as discussed in the introduction, the expansion and contraction of the spatial
support of solutions of the non-linearised system cannot be explained with the present,
Eulerian linearisation; observe that the phase space support of fi(t) defined by
and is time-independent. This is the reason why we present two additional lineari-
sation schemes in the following sections, aiming to explain this phenomenon.

3.2 The Mass-Lagrangian Picture

The following derivation is based on the so-called mass-Lagrange coordinates which are
often used in the context of the radial Euler-Poisson system, cf. [75, 107]. We restrict
ourselves from the start to the spherically symmetric situation, recall Definition [2.1.1] and
Remark In contrast to the linearisation schemes from Sections and it is
essential in the present context to assume spherical symmetry from the beginning.

We first derive the radial Vlasov-Poisson system in mass coordinates before developing
a suitable Lagrangian linearisation scheme.

The Radial Vlasov-Poisson System in Mass Coordinates

Let f = f(t,r,w,L) > 0 be a solution of the radial Vlasov-Poisson system ([2.1.9)—(2.1.11])

with finite mass and compact support (in phase space). As usual, let p = p(¢,7) denote the
associated mass density.

We assume that the solution consists of one connected radial region, i.e., there exist
non-negative functions Ry = R4 (t) s.t.

{r>0]p(t,r) >0} =]R_(t), Ry (1)]. (3.2.1)

This assumption simplifies much of the following calculations, but we expect that it can
be weakened. Notice, however, that this assumption is reasonable for solutions close to
the steady state fp, because the latter satisfies by Proposition Further
note that choosing R_(t) = 0 yields the natural situation of a solution with no inner radial
vacuum region; this case is covered in [62], Sc. 3.2].

We consider the local mass function m defined by

m(t,r) = 471/ s%p(t, s)ds, r>0; (3.2.2)
0

the value m(t,r) gives the amount of mass within the ball of radius » > 0 centred around
the spatial origin at time t. Accordingly, the total mass is

M = lim m(t,r) =4n /oo s%p(t,s)ds = m(t, Ry (t)) < oo; (3.2.3)
0

r—00
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note that M is time-independent since the total mass is a conserved quantity of the Vlasov-
Poisson system, cf. [143] Sc. 1.5]. Differentiating (3.2.2) radially yields

orm(t,r) = 4nrip(t,r), (3.2.4)

i.e., Oym(t,r) >0 for R_(t) <r < Ry(t) by (3.2.1). Hence, m(t): JR_(t), Ry (t)[ — |0, M|

is strictly increasing and possesses an inverse
7(t): 10, M[ — |R_(t), R4+ (t)[, m — 7(t,m). (3.2.5)

The (physical) interpretation of 7 (¢, m) is that it gives the radius of the ball around the origin
in which the mass m € ]0, M| of the solution f(¢) is contained; in the physics literature,
7(t,m) is occasionally referred to as a Lagrangian radius [168]. This defines a change of
variables which we use to express the unknowns in the mass coordinates (m,w, L), i.e., we
consider

f(t,m,w,L) = f(t,7,w, L), plt,m) = p(t,7), (3.2.6)
where 7 = 7(t, m). Furthermore, for a function g = g(-, w, L) we introduce the abbreviations
o0
/ / ,w,L)dwdL, J(g) = / / wg(-,w,L)dwdL, (3.2.7)
o JR
so that . S
pl) =3 Q(f(),  pt) = 5Q(f (). (3.2.8)

In order to express the Vlasov equation in mass coordinates, we use ) and m
to compute

orm(t,r) = 47r/ s20p(t, ) ds = —4n? / T (f)(s)ds = —4r>T(f(t))(r); (3.2.9)

0

note that there are no boundary terms when integrating by parts in the second identity
because f(t) is assumed to be compactly supported. Furthermore, in the last identity we
used that J(f(¢))(0) = 0, which can, e.g., be verified by repeating the calculation
with » = R4 (¢). Hence, applying the chain rule yields

Ouf = Ouf + Onf Oym = Of — AT T (f (1)) O f, (3.2.10)
O f = O f Orm =42 Q(f(t)) O f, (3.2.11)

and the radial Vlasov equation (2.1.9)) takes the form

- - - - L -
0uf + 47 (w QU (1)) ~ T(F(1))) O f + (3 - ”;) Duf=0. (3:212)
In order to derive a relation between the functions 7 and f , observe that
Oi(tm) = —~ (3.2.13)
Ar2Q(f(t))(m)

for 0 < m < M by (3.2.4), (3.2.8), and the inverse function theorem. Integrating this

equation yields 1
Htm) = B T
7(t,m) = R_(t) + P /0 oG () (3.2.14)
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for 0 < m < M; note that, by @, 7(t,0) = R_(t) extends 7 suitably.

We refer to the equations (3.2.12) and as the (radial) Vlasov-Poisson system
i mass coordinates, where we recall the abbreviations introduced in . Note that
the function R_ = R_(t) is now a prescribed parameter of the system which determines
the inner boundary of the radial support of the solutionﬂ Another parameter is the total
mass M > 0 determining the range of the mass variable m. To the author’s knowledge,
the Vlasov-Poisson system has never been written down in these coordinates before (except
of [62, Sc. 3.2]). In particular, there are no existence results known for this system. In the
present thesis, we do not go into the existence theory of the Vlasov-Poisson system in mass
coordinates because we only use this system to formally derive an alternative linearisation
scheme. Nonetheless, analysing which choices of R_(¢) and M (and initial conditions 7(0)
and f (0)) yield suitable solutions of this system is an interesting question for future work.

Before proceeding, we derive a further identity for ¥ which will be useful below. The
first step is to observe that 7(¢t,m(t,r)) = r for r € |R_(t), R4+(t)[, which implies

0 = O[r(t,m(t,r))] = O (t,m(t, 1)) + Om7(t,m(t,r)) Oym(t,r) =
JUW)r) (3.2.15)
Q(f (@) (m(t,r))

by (3.2.9) and (3.2.13)). Hence, inserting r = 7(¢,m) into this equation yields the identity

= o (t,m(t,r)) —

O (tm) — ‘W (3.2.16)

for0<m< M.

The Radial Vlasov-Poisson System in Mass-Lagrange Coordinates

Now let fo = fo(r,w, L) be a steady state of the Vlasov-Poisson system as stated at the
start of this chapter and let f = f(¢,7,w, L) be as above. In addition, we assume that f
has the same mass as the steady state fy, i.e., M = Mj; recall the definitions of M)
and M in and , respectively. We note that this condition is rather natural
from a physics point of view because it is, e.g., satisfied by so-called dynamically accessible
perturbations, see [I18], Sc. VI.C] for a detailed discussion of this concept.

Therefore, the mapping

‘a
10 [Ronins Bonas] — [0, M], mo(r) = dr / 2po(s) ds (3.2.17)
0
is one-to-one by Proposition Let

71 [0, M] — [Runin, Brna], ™+ 7(m) (3.2.18)

denote the inverse of mgy. We now express the unknowns in this new radial variable:

A~ ~

ft, 7w, L) = f(t,m,w,L) = f(t,7,w, L), p(t,7) = p(t,m) = p(t,7), (3.2.19)

%5 Alternatively, one could prescribe the outer radius R (t) instead of R_(t) by replacing (3.2.14) with

) - 1M dp
7(t,m) = Ry (1) w/m Q(f () (w)’

this identity follows by integrating (3.2.13) and using the extension 7(¢, M) = R4 (t).
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where m = mg(7) and 7 = 7(t,m) = 7(t,mo(7)). If we further set

’ﬁ(t): ]Rmina Rmax[ - ]R*(t% R+(t)[v ’ﬁ(ta ’F) = f(t mO('F))v (3'2'20)

the equations (3.2.12)) and (3.2.14) become

; oUf ) JUW)\ s, (L mo) 2 _
atH(w Qfo) Qo) )arf*(fs 72 >awf - (3221
o T Q(fo)s) N
R F) = R_(t) + /R s (3.2.22)

where we used that 9;m = 472Q(fo) and is obtained from via the change of
variables s +— pu = mq(s). The ball of radius 7(¢,7) around the origin contains for the time
dependent solution f(¢) the same amount of mass as the ball of radius 7 does for the steady
state fo, i.e., m(t,7(t,7)) = mo(7). In this way the steady state’s mass distribution is used
as the reference frame for describing the mass distribution of the time dependent solution.
We hence refer to the system f as the (radial) Vlasov-Poisson system in
mass-Lagrange coordinates.
Moreover, observe that the identity translates to

T

o (t,7) =
1) = G

(3.2.23)

=3I

for Rpin < 7 < Rmax-

Linearisation in Mass-Lagrange Coordinates

In order to linearise the Vlasov-Poisson system in mass-Lagrange coordinates (|3.2.21))—
(13.2.22)) around the steady state fy, we again consider the formal expressions

f=fot+edf+0(?),  p=po+edp+O(?), (3.2.24)

as well as
#(t,7) = 7 + e 67(t,7) + O(?) (3.2.25)

with 0 < ¢ <« 1. In particular, inserting 7 = Ry, and 7 = Ryax into the latter expression
implies that R4 (t) possess the expansions

R_(t) = Ruin +€0R_(t) + O(?), Ry (t) = Rumax + 0R, (t) + O(c?) (3.2.26)

with 0R_(t) = 07(t, Rmin) and dR(t) = 07(t, Rmax); it is straight-forward to extend the
definition (3.2.20) of 7 to 7 = Rmin and 7 = Rpax.
We now expand (3.2.21)—(3.2.22)) to first order in 0 < € <« 1, i.e., we insert the formal

expressions (|3.2.24))—(3.2.26]) into the system, use that the steady state solves the system,
and dispense with higher-order terms in e. With the transport operator now being of the

form

T =wdy — (mo(r) L> O, (3.2.27)

7:2 773
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we arrive at the system

OOf +Tof + (w 0f) _ jW)) O fo + <2”;%<T) - i:’j) 6F0pfo =0,  (3.2.28)

Q(fo)  Q(fo)

57 (t,7) = OR_ / Q s; (3.2.29)

rnln

note that J(fo) = 0 because fy is even in w. Furtherrnore, hneansmg the identity (3.2.23)
yields

o TEF0)(F)
OpOT(t,T) = 207 (3.2.30)

The next step is to transform the linearised system ([3.2.28])—(3.2.29)) into a second-order
system. This is achieved similarly to the Eulerian picture, i.e., we apply the Antonov trick
and split the linear perturbation §f into its even and odd part in the (radial) velocity w:

Sf =6f, +6f_, (3.2.31)

where

5Fu(t, 7w, L) = %(5f(t,f,w, L)% 5f(t.7,—w, ). (3.2.32)

Before deriving suitable identities for these functions, note that Q(3f(t)) = Q(6fL (1)),
J6f(t) = J(@6f_(t)), and that the transport operator reverses w-parity, i.e.,
T(6fs) = (T6 f); Moreover, the ansatz (2.2.6) for fy implies that fo and Orfy are even
in w while 0, fy is odd in w. Hence, f decomposes into even and odd parts
in w as follows:

5 A J(6
Oofr +T(O0f-) — Q((J{ )) Orfo =0, (3.2.33)
. R Q(6f 2mo(F) 3L\ ..
B0f- +T(6f1) +w Q((fo+)) O fo + < ”jf;(r) - 7~4> 57 Dy fo = 0, (3.2.34)
6F(t,7) = 6R_( / A 5f+ ) . (3.2.35)
In order to calculate the t-derivative of (| m, we first use and to infer
0,96 F+(1) = —o(T () + L (0, 1y) -
Q(fo)
I (S TN TGl

Then, differentiating (3.2.34]) w.r.t. ¢ and inserting (3.2.30)), (3.2.33)), and (3.2.36] leads to

T  g JEF) o N | T6f) ],
0=02f_ Taf_+T< o) 8rf0> wﬁr[ ot | ot
2mo(r) 3L\ J(GF) . .
+< = r4> o) wlo=

=025 f_ —T?f_ —R6f_, (3.2.37)
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where

(T 5 W J@) ], . (2me(r) 3L\ J(g)
Ko T(Q(fo)a’“f°>+ ar[g(fo)}arfo ( -3 f4>Q(fO)8wfo (3.2.38)

for suitable odd-in-w functions g = ¢(7,w, L). Using the ansatz (2.2.6) for fy and the
structure of the transport operator (3.2.27)) allows us to simplify the latter expression:

Rg = 0po(F, L) [—T( J(9) a;E> +waf[‘7(g)}afE—w <2mo(r) B 3L> J(g)] _

Q(fo) Q(fo) 73 ) Q(fo)
_ 0 T gop T9) (2mo(r) 3L\ _
=Ose(B:0) [ o(0) 7 T Q) < 3 )] =
= —4n?0pp(E, L) % J(9), (3.2.39)

where we used the fact that T(9g¢(E, L)) = 0 in the first equation and

1 L 2m. 472 3L
20 a2 2 _ 0
O:E = 07 [210 + Uo + 2772} =——3 T )+ (3.2.40)

in the last equation of (3.2.39)).

We have therefore shown that the linearised dynamics in mass-Lagrange coordinates is

governed by the equation ) R
OFf_ +L5f =0, (3.2.41)

where the linearised operator L is again of the form . In particular, comparing
to (3.1.13)) shows that R is indeed identical to the response operator in the Eulerian picture.

Assume now that A > 0 is an eigenvalue of £ = —7?2 — R with corresponding odd-in-w
eigenfunction g = g(r,w, L). Then 6 f_ () = cos(V/At)g solves the linearized system (3.2.37).
If we impose the initial condition 67(0) = 0, (3.2.25)) and (3.2.30) yield

sin(vVAt) J(g)
Vi o Q(fo)

Hence, to linear order, the radius of the ball containing a certain mass oscillates around the

corresponding radius 7 for the steady state. Note that the period of this oscillation is %,

(F) + O(e?). (3.2.42)

7(t,7) =T+¢

which is the same as in the Eulerian picture. Of course, the details of the oscillation — like
which portions of the configuration take part in it — depend on the actual eigenfunction g,
but, to linear order, still nicely explains the pulsating behaviour of the solution in
the case of a positive eigenvalue of L.

3.3 The Lagrangian Picture

The main concept in this section is to interpret a solution of the Vlasov-Poisson system
as redistributing the particles in phase space. We first derive the system for the mapping
which describes this redistribution process before linearising it.

The Lagrangian Formulation of the Vlasov-Poisson System

We study the initial value problem for the Vlasov-Poisson system ((1.1.2})—(1.1.5)) with initial
data
f=foo2™, (3.3.1)
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where fj is the fixed steady state and
Z: Q9 — QO (3.3.2)

is a diffeomorphism onto some open set 0% c R3 x R?; recalol the definition of Q.
We further assume that Z is measure-preserving, i.e., det 9,Z = 1 on {2y, where we use the
notation z = (x, v). Initial data of the form are said to be dynamically accessible from
the steady state fo, cf. [I18, Sc. VI.C], and are particularly natural from a physics point of
view as, e.g., an external force acting on the equilibrium leads to such perturbations.

We describe the solution of the Vlasov-Poisson system induced by the initial value f
using the time-dependent family

Z(t) = (X(1),V(t): Qo — QF (3.3.3)

of measure-preserving diffeomorphisms onto open sets Qf C R? x R? s.t.

X=V, V=-0,Uz(X), (3.3.4)
where
_ _ h®) _ / = X(62) L
U0 == f o TR ITE U00) = [ e 04
(3.3.5)

We refer to f as the Lagrangian formulation of the Vlasov-Poisson system. The
basic unknown of this system is the flow map Z(t) and the configuration space is the set
of measure-preserving diffeomorphisms. The mathematical structure of this configuration
space is studied in [38, Sc. 4], see also [I09]. The initial condition becomes

Z(0)=Z. (3.3.6)

If Z(t) is a solution of this initial value problem, f(t,z) = fo(Z(t)~1(2)), extended by 0
outside Q! = Z(t,), defines a solution of the corresponding initial value problem for the
original Vlasov-Poisson system (provided that the steady state fy is sufficiently regular) with
supp (f(t)) = QF. This can be verified by using the relation between the Vlasov equation
and the characteristic flow Z(t) o Z~1, cf. [143, Lemma 1.3].

Conversely, let f be a sufficiently regular solutiorﬂ of the Vlasov-Poisson system f
(T.1.5) satisfying the initial condition f(0) = f. We then define Z(t) = (X, V)(t): Qo —
R? x R3 as the solution of

o

X=V, V=-0,UtX), (X,V)0,z,0)=2Z(zv), (3.3.7)

where U = U(t,z) is the gravitational potential associated to f. Since f(t,z) =
fo(Z(#)71(2)) by (3.3.1) and [143, Lemma 1.3(b)], it is straight-forward to verify that Z

indeed solves (i3.3.4)—(3.3.6).

Linearisation in the Lagrangian Formulation

We now linearise the Vlasov-Poisson system in the Lagrangian formulation (3.3.4))—(3.3.5)
around the steady state fo; see [I72, Sc. III] for a related approach. In the Lagrangian

%6The regularity of f is required for the regularity of Z. For example, if f is a classical solution in the
sense of [143] Sc. 1.2], Z(t): Qo — Z(t, o) defined by (3.3.7) is indeed a measure-preserving diffeomorphism,
cf. [143, Lemma 1.2].
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formulation, the equilibrium state corresponds to the initial condition Z =id. We denote
the solution of (3.3.4)-(3.3.5) with Z(0) = id by Zo(t), which is the characteristic flow of
the steady state.

For small perturbations of the steady state it is expected that Z(t) o Zo(t)~' remains
close to the identity. Hence, the natural definition of the linear perturbation 07 is given
through the (formal) expansion

Z(t)o Zo(t) ™t =id +e6Z(t) + O(?), (3.3.8)

or equivalently,
Z(t) = Zo(t) + e 0Z(t) o Zo(t) + O(e?), (3.3.9)

for 0 < ¢ <« 1. Differentiating (3.3.9) w.r.t. ¢ and linearising, i.e., dropping higher-order
terms in ¢, leads to
Z=2Z0+¢|(0+T)6Z) 0 Zy, (3.3.10)

where 7 = v -0, — 0;Up - 0, is again the transport operator of the steady state. In order to
derive a system governing the evolution of §Z(t) we expand the right-hand side of (3.3.4)),
in particular, the force term 0,Uy () defined in (3.3.5): First observe

03Uz (t) e 52(t,20(1)) (Xo(t) +€0X (8, Zo(t))) = OxUzy1)(Xo(t)) + e 1 + eI,  (3.3.11)
where we again dropped the higher-order terms in € and introduce the abbreviations

I = I(t, 2) = 02| 0000 (Xolt 2) + £ 6X (2, Zo(t, 2)), (3.3.12)
Iy = I(t, 2) = 0:| __;0:Uz0(t)4e 62t 20 (1)) (Xo(t; 2))- (3.3.13)

Since Ugz,) = Up is the gravitational potential of the steady state and thus smooth, we
deduce
I1 = D*Uy(Xo(t, 2)) 6 X (t, Zo(t, 2)), (3.3.14)

where DUy denotes the Hessian matrix of Uy. Computing I is harder because ¢ is part
of the function generating the potential. We resolve this problem by rewriting I s.t. the
e-dependence is again contained in the argument of a suitable potential. Multiplying I
with a test function ¢ € CZ°(€p) and integrating w.r.t. z € Qp leads to

/ Iy(2) ¥(2) dz =

. - XO(ta Z) B (XO(ta 2) + 65X(t’ ZO(t’ 2))) s _
= /RR 102 9:|g URR ot 2) — (Xo(t,5) T 26X (t, Zo(t, D)) VP dz} ==
:/ fo(é) ag‘szo |:

R3 xR3

/ Xo(t,2) +e0X(t, Zo(t,2)) —
r3xrs | Xo(t, 2) +edX(t, Zo(t,2)) — T

T

3 UH(07(2) dz} az
(3.3.15)

by inserting (3.3.5) and using the measure-preserving change of variables z = Zy(t, z). In
order to rewrite the latter expression, we introduce the notation

y — ORI Y(Zot) " (2)) 4 3
UZO(t)(x) - /Rsng |z — Xo(t,Z)| dz= /Rsst |z — Z| dz, TR,
(3.3.16)
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1

for the gravitational potential generated by 1 o Zy(¢)~". This potential is again smooth

and, continuing the calculation (3.3.15)), we arrive at
/ I(2)Y(2)dz =
R3xR3
= — /R3><R3 fO(z) 85‘520 [aquzbO(t) (XO(t, 2) +¢€ (SX(t, Zo(t’ 2)))] dz =
—— [ () DU, (Xalt,2)0X (1, 200, 2)) (3.3.17)
R3 xR3 o(t)

Reversing the change of variables performed in (3.3.15)) and changing the order of integration
then yields

/ Ir(2)Y(z)dz = — / P(z) axdivaC;X(t) (Xo(t,2))dz, (3.3.18)
R3 xR3 R3 xR3
where R
Usxp)(x) = — / ) v 5)dz weR, (3.3.19)
R3xR? |T — Z|

is the gravitational potential generated by fo X (¢). Since v is arbitrary we hence conclude

Iy = =0, divaUsx iy (Xo(t, 2)). (3.3.20)

Inserting (3.3.10)), (3.3.11)), (3.3.14), and (3.3.20) into (3.3.4) and comparing terms linear

in € then results in

(O +T)6X =4V, (3.3.21a)
(0, +T)oV = —D*Uy 6 X + 0,div,Usx, (3.3.21D)

where we again used that Zy(t): Qo — Qo is a diffeomorphism. The system is the
Lagrangian linearisation of the Viasov-Poisson system, which was previously stated in [172],
Eqn. (6)].

In order to further analyse this system we use certain commutator relations between the
transport operator 7 and derivatives w.r.t. 2 and v. For smooth functions f: R? x R? — R
and vector fields F': R3 x R? — R? direct computation yieldﬂ

TOuf = 0, T f + D?*Uy , f, (3.3.22)
TOuf = 0,Tf — Ouf, (3.3.23)
Tdiv, F = div,TF + D*Uy - D, F, (3.3.24)
Tdivy F = div, TF — div,F, (3.3.25)

where the dot in (3.3.24) denotes the Frobenius inner product. Using ([3.3.24)) and ((3.3.25))
implies that every solution 6Z = (§X,0V) of the system ([3.3.21]) satisfies
(O +T)(div,02) = (0y + T)(divyd X + div,dV) =
= D*Uy - Dy0X + divy (9 + T)0X — divydV + divy (9 + T)6V =
= D?Up - Dy6X + divydV — dive6V + divy (= D?Upd X + 0,diveUsx () = 0. (3.3.26)

5TObviously, the same identities also hold when f or F are only defined on a subset of R® x R3.
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Because the unique solution of the initial value problem (9; + T)g = 0, g‘ 1o = 0 1s given
by ¢(t,z) = 0, cf. [143, Lemma 1.3], the calculation shows that div,dZ(t) = 0 for
all ¢ provided this is true for ¢ = 0. In this situation, the flow Z is measure preserving,
i.e., phase space volume is preserved at the linear level. This property is required for
the solution Z given by to be in the configuration space of the (non-linearised)
Lagrangian formulation of the Vlasov-Poisson system f.

In what follows, we restrict 6 Z to a particular form which guarantees this preservation of
phase space volume. Concretely, we assume that there exists a smooth function h: RxQy —
R, (t,2) — h(t, z) s.t. §Z is the skew-gradient of h, i.e.,

§X = Oyh, OV = —0,h. (3.3.27)

We call h the generating function of the linear perturbation §Z. Inserting the ansatz (3.3.27)
into (3.3.21)) leads to the following system for the generating function:

(8 + T)uh = —0yh, (3.3.284)
(0 + T)0sh = D*Uy Oy — 8y div,Up,n.- (3.3.28b)

Using the commutator identities (3.3.22)) and (3.3.23) transforms this system into

By(8y + T)h =0, (3.3.29a)
02 (0 + T)h = —0,div,Up, 1. (3.3.29b)

Integrating (3.3.29a)) in v using that {v € R? | (z,v) € Qp} is connected for fixed z € R3
then shows that (3.3.29)) is equivalent to

(O +T)h = f(t,x) (3.3.30)

for some f: R x R? = R with
Ouf = —0,div,Us,p. (3.3.31)

We next apply the Antonov trick similar to Section [3.1] i.e., we split the generating
function h = h(t,z,v) into its even-in-v and odd-in-v parts hy. Decomposing (3.3.30) in a
similar way leads to the system

8th+ + T(h_) f, (3332&)
dth_ 4+ T(hy) = 0. (3.3.32b)

After differentiating (3.3.32b) w.r.t. ¢, inserting (3.3.31) and (3.3.32a)), and observing

that Jyh4 is odd in v and thus does not contribute to Uy, = Up,n_ since fy is even
in v, we arrive at

OPh_ —T?(h_) — v - 0,div,Us,,_ = 0. (3.3.33)

This equation is the second-order formulation of the Lagrangian linearisation of the Viasov-
Poisson system for the ansatz (3.3.27) for dZ; recall that T is given by (1.2.10) and U is
defined in (3.3.19)).

We again restrict the discussion to radial perturbations, i.e., we assume that the generat-
ing function h is spherically symmetric in the sense of Definition By Remark [2.1.2][(b)]
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we may thus write h = h(t,z,v) = h(t,r,w,L); analogous representations in (r,w, L)-
coordinates also hold for hy. Changing to radial variables allows us to rewrite the poten-
tial Uy, n_: First, we integrate by parts in v and insert (3.1.12)) to obtain

- Z h
Upoh_ () (7) = —/MXR3 ;Ufofzg Oph_(t,2)dz = /RsXR3 |:1:(—a:|) Owfo(2)dz =

_ 1 . BTy <25 o~ ~=\] 45~
= /R3 w7 fas h_(t,2) [8E¢(E,L)v+3L<p(E,L) (2|12*0 — 2% vx)} dodz
(3.3.34)

for - € R?, where we use the abbreviation (E, L) = (E(Z), L(2)). Next, we use the spherical
symmetry of h_(t), F, and L and apply the change of variables v — (w(2), L(2)) = (w, L)
defined by ([2.1.3)) to derive the following identity for the inner integral in (3.3.34):

/ h_(t, %) [6E<p(E,L) o+ 0rp(E, L) (2|70 — 23 - 1792')] do =
R3
= ’;‘39;/ /wh(t,ﬂ,w,i) Opo(E(|7|,w,L), L) dwdl (3.3.35)
0 R

for € R3\ {0}@ In particular, the two terms containing dr¢ cancel each other outﬂ

Inserting (3.3.35)) into ([3.3.34)) shows, after a straight-forward Calculatlo that Ug,p,_ is

a radial vector field, i.e., there exists Vh_(t). 10, 00[ = R s.t. Uavh, is of the form

€T ~

Uoon_v(z) = Tl View(z)),  zeR*\{0}. (3.3.36)

For such radial vector fields there holds the identity

Opdiv,Us, . = AU, (3.3.37)
which, together with (3.3.34)) and (3.3.35]), implies

oo
0pdiv, Uy, (1) () = —4r° ﬁg/ /w@Ego(E(m,w,L) L) h_(t,]z],w,L)dwdL
x R
(3.3.38)
for z € R3\ {0}. We have thus shown that the second-order formulation of the Lagrangian
linearisation of the Vlasov-Poisson system (3.3.33)) takes on the following form in radial
coordinates (r,w, L):

O*h_ + L(h_) =0, (3.3.39)
where
(£q)(r.w, L) = —(T?q)(rvw, L) + = / / & Opp(B(r, o, 1), L) g(r,, L) did d .
(3.3.40)

for suitable odd-in-w functions g = g(r, w, L).

%80ne way to establish (3.3.35) is as follows: Pick A € SO(3) s.t. A% = |Z|es and apply the change of

variables given by Av = (lT\flL cos(¢), ‘T\/‘Z sin(¢), )" with 0 < ¢ < 2w, L > 0, and @ € R.
%9Recall that a similar effect also occurred when linearising in Eulerian coordinates (cf. Section, ie., all
terms which contain the L-derivative of ¢ cancel out when considering spherically symmetric perturbations.
5Choose A € SO(3) s.t. Az = |z|es and express AZ in standard spherical coordinates.
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Observe that £ differs from the operator £ defined in which occurs when using
the linearisation schemes from Sectionsand Nonetheless, the following equivalence
holds: .

L(gO0rp) =0pp Ly (3.3.41)

for g as above, which is due to 7 (g Ogp) = e T g. In particular, on a formal level, the point
spectra of £ and L are identical since any eigenfunction § of £ gives an eigenfunction ¢ :=
Opp g of L to the same eigenvalue and vice Versaﬂ

Now assume that A > 0 is an eigenvalue of the linearised operator £ and thus, by the
above discussion, also an eigenvalue of £. Let g = g(r,w, L) be an odd-in-w eigenfunction
associated to the eigenvalue A of £. Then

h_(t,r,w, L) :== cos(VAt) g(r,w, L) (3.3.42)

defines a solution of (3.3.39) which is %—periodic in time. Integrating (13.3.32al) in ¢ then
yields an associated even-in-w part hy which is also time-periodic. Overall, we arrive

at a 2—T\—periodic solution 07 of the Lagrangian linearisation of the Vlasov-Poisson sys-

tem ([3.3.21]) generated by h = hy +h_ via (3.3.27). By the above discussion, the solution f

of the Vlasov-Poisson system in Eulerian coordinates associated to the flow map Z given

by (3.3.9) then satisfies
supp (f(t)) = Z(t,Q0) = {2 +c6Z(t,2) | 2 € Qo} (3.3.43)

to linear order. Hence, on the linear level, the eigenvalue A leads to a perturbed solution f
whose phase space support oscillates (or pulsates) around the respective support of the
steady state fo with period 2—\/7% Recall that the linearisation in mass-Lagrange coordinates
could only explain the pulsations of the radial support of the solution, while the present
linearisation scheme shows that the entire phase space support of the solution indeed pul-
sates.

61 : 1 . Ao . h o .
We W.ould arrive at .the operator mﬁ instead of L if we replaced h with 77 0 the ansatz (3.3.27)) for
the linearised perturbation.
52Later we limit the discussion to steady states where dg¢ does not vanish on the steady state support.
This is why we do not worry about possible zeros of Ogp when relating £ to L.



Chapter 4

Properties of the Operators

In this chapter we analyse the operators which describe the linearised dynamics around a
fixed steady state fp. The class of equilibria for which we (can) conduct this analysis is
further restricted compared to Section 2.2 We collect all assumptions on the underlying
steady state fp in Section and prove some technical properties of the equilibrium.

As derived in Chapter [3] the linearised dynamics around this steady state are governed
by the linearised operator £ = —72 — R via the equation (1.2.8)). In order to study the
properties of £, we have to define it on a suitable domain D(L) of a fitting Hilbert space.
In particular, defining the derivative operator 7 (and its square) in a suitable weak sense
is important in order for the resulting operators to behave well from a functional analysis
point of view. All these definitions are provided in Section

In Sections and we then separately analyse the two parts 72 and R of the
linearised operator. Afterwards, we combine these properties in a suitable way to study the
whole linearised operator £ in Section With the discussion from Chapter [3|in mind, it
is of particular interest to investigate the existence of positive eigenvalues of £, which we
start doing in Section Further techniques to analyse the presence of such eigenvalues
will then be developed in Chapter [f

Most of the definitions and results from this chapter originate from [62] [147]. Related
discussions can also be found in [49] 61, 85 [165].

4.1 The Steady States Under Consideration
We consider a steady state fy as constructed in Proposition Recall that fy is spheri-
cally symmetric in the sense of Definition [(2)] solves the Vlasov-Poisson system in the
sense of Definition 2.2.2] and is of the form

fo(z,v) = p(E(z,v), L(z,v)) = ®(Ey — E(z,v)) (L(z,v) — L)% (4.1.1)

for z,v € R3. Here, L is the squared modulus of the angular momentum given by (2.2.4)
and E is the particle energy defined as

1 1
E(z,v) = 5\1}]2 + Up(x), E(r,w,L) = §w2 + Up(r), (4.1.2)
where Uy and ¥, are the potential and the effective potential (recall Definition [2.2.11]
associated to the steady state, respectively. In order to establish the existence of the steady

state, we made the assumptions |(¢1)H(p3)l For the upcoming analysis, we additionally

o7
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require that the parameters ¢, Lo, and ® of the microscopic equation of state ¢ satisfy the
following conditionsﬁ

(p4)
(¢5)

If Lo =0, then £ = 0, i.e., the steady state is isotropic.
The function ® is continuous on R and continuously differentiable on |0, co[ with
®'(n) > 0, n > 0. (4.1.3)

Hence, ¢ given by ([2.2.12)) is continuously differentiable w.r.t. E on | — 0o, Ep[ X Rﬁ
We extend dpp with 0 onto R? and use the abbreviation

¢ = 0py (4.1.4)

for this extension.

Some comments on these additional assumptions are in order.

Remark 4.1.1. (a) The condition |(p4) implies that we consider either an isotropic

(b)

(¢)

(d)

(¢)

steady state (Lo = 0 = ) or a shell (Ly > 0). Compared to we now exclude
ansatz functions with Ly = 0 < £ by assuming . The reason for this is the follow-
ing: For any steady state of the form with Ly = 0 < £, there hold 0 € supp (po)
and pp(0) = 0, recall and Proposition. These two properties, how-
ever, result in the period function T being unbounded on the (E,L)-triangle Dy, cf.
Remark which is undesirable for the following analysisﬁ

We shall see later that the monotonicity condz’tion is crucial to the mathematical
basis of our analysis, cf. Remark[{.4.3 This condition is, however, also natural from
a physics point of view [I8])]: It implies ¢’ < 0 inside the steady state support, i.e.,
the concentration of ever more energetic particles is decreasing within the equilibrium
configuration. We further note that the dynamics close to the steady state might be
qualitatively different for steady states which do not satisfy see [53, [178].

One could weaken the monotonicity condition by only requiring ®'(n) > 0 for
0 < n <k, where kK = Eyg — Uy(0) > 0 is the parameter used for the construction of
the steady state in Proposition . The reason for this is that we only need ' < 0
inside the steady state support and Ey — E(x,v) € 10, k] for (z,v) € Q. Anyway, the
values of ® on |k, 00| do not affect the associated steady state, which is why we stick

to .

Together with the continuity of ® on R implies lim,~ o ®(n) = 0, which ensures
that several boundary terms will vanish in what follows. From a physics point of view,
it makes sure that the steady state passes continuously from its phase space support
into the vacuum, at least at the part of the boundary given by {E = Fy}.

The continuity of ®" on ]0,00[ is included into |(p5) to make sure that integrals in-
volving ¢’ are well—deﬁned@ It is possible to relax this assumption.

53Recall that the cut-off energy Eo < 0 is only implicitly determined by the parameter x = Eq — Uo(0) >0

and the equations satisfied by the steady state, cf. Proposition

By |(¢2)| ¢ is obviously differentiable on ]Ey, co[ x R as well with dg¢ = 0 on ]Eo, co[ x R.

55Most of the results proven in this chapter can also be obtained in the case of an unbounded period
function (and steady state support) by refining the arguments suitably. In the specific situation of an
isochrone steady state [I8), (64 [65], this will be part of [7].

56More precisely, we use the continuity of ¢’ to make sure that various integrands are measurable.



4.1. THE STEADY STATES UNDER CONSIDERATION 59

(f) The monotonicity condition |(p5) implies that we necessarily have to choose k > 0 in
the polytropic case|(p3) .

Further observe that the conditions (ob)| are satisfied by the prominent exam-
ples of ansatz functions (2.2.17)—(2.2.19)), at least after suitably adjusting the parameters.
Concretely, the anisotropic polytropes

1 7
¢(B,L) = (Ey — B)t (L — Lo)} with Lo>0, 0> =2, 0<k <3+, (415)

the isotropic polytropes

7
¢(B,L) = o(E) = (Ey — B)~ with 0<k<g, (4.1.6)
and the (isotropic) King models
0(B,L) = ¢(E) = (e"F 1), (4.1.7)

are all part of the admissible class of steady states.

Before actually analysing the linearised system associated to the steady state fy, we
derive some technical statements involving the equilibrium. The first result is an important
integration-by-parts identity which will be frequently used in the remainder of this thesis.
The same identity is established in [57, p. 507], [62, Eqn. (4.5)], [96, Eqn. (B.3)], and [85,
Lemma 2.5] among others, see also [58, Lemma 4.4] for more general such formulae in a
different context. Recall for the definition of the stationary mass density po.

Lemma 4.1.2. For r > 0 it holds that
oo 2
| [ e @ . pldwaz = = ), (1.18)
o JR

Proof. We use |( m to obtain

2E0 20y (r
//2|¢ (r,w,L),L)| dwdL = — // w? o' (E(r,w, L), L) dwdL

V/2Eo—2¥ 1 (r)
(4.1.9)
for r > 0; the inner integral is meant to vanish if Ey — ¥ (r) < 0. By (4.1.1)) and (| -7
there holds
w' (E(r,w, L), L) = Oy|@(E(r,w, L), L)] = Oy fo(r,w, L) (4.1.10)

for (r,w, L) € Q, recall (2.2.47)). Hence, for all (L,r) € |0, 00[ x [0, co[ where the w-integral
in (4.1.9) does not vanish, integrating by parts yields

2E0—2W (1) 2E0—2W (1)
-/ W (B w, ), L) dw = [ folr, w, L) duw =
2Eq—2T 1 (r) 2Eq—2Vp(r)

= / fo(r,w, L) dw; (4.1.11)
R

in particular the boundary terms vanish due to|(5)P’|and the last identity follows by

Inserting (4.1.11)) into (| - then implies
00 2
/ / w? | (E(r,w, L), L)|dwdL = / fo(ryw, L)dwdL = T po(r) (4.1.12)
0o JR 0o JR T

57In fact, we impose the continuity of ® on R mainly so that the boundary term disappear here. If we
would not do this, lim,\ 0 ®(n) could be positive, resulting in the presence of boundary terms in (4.1.11)).
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for r > 0 by changing variables from (w, L) to v. In the above arguments we have focused
on the case where the integrals do not vanish. Notice, however, that the sets where ¢ and ¢

vanish are identical by |(¢2)| and |(©5)] O

The second result gives an estimate on the velocity integral of ¢’ and will be used to
bound various integrals later. This estimate originates from [62, Eqn. (2.5)], see also [I5,
p. 166] for a similar bound in the isotropic case and [49, Sc. 4.1] for related arguments in a
different context.

Lemma 4.1.3. There exists a constant C > 0 s.t. for all x € R? there holds

- | (E(z,v), L(z,v))|dv < C. (4.1.13)

Proof. For z € R3\ {0} and r = |z|, we perform a calculation similar to (2.2.20)—(2.2.27)
to rewrite the integral on the left-hand side of (4.1.13)) as follows:
| (E(x,v), L(z,v))| dv
R3

o 0o A/2E0—2¥ [ (r) o
=l )

1
Ey— Zw? — \IIL(T)) (L — Lo)", dwdL =
\/2Eq—23 (1)

2

o1 Ey . 2r2 E—2r2U(r) (L o Lo)f
=7, ‘I’(EOE)/L TSI (r>deE:
Ly (r) 0 L
o [T o+1
=cr / '(n) (Eo — Wro(r) —m) " 2 dn (4.1.14)
0

with constant ¢, > 0 again given by (2.2.26)); the integral is meant to vanish if Ey—Wr,(r) <
0@ Since £ > —%, integrating by parts yields

¢ (@), L(z, )] dv = g (Eo — U, (r)), (4.1.15)

where ¢’ is defined in (2.2.28]). This estimate also extends to x = 0 using the convention
0° = 1 in the isotropic case Ly = 0 = £. We thus conclude (4.1.13)) because ¢’ is continuous
by Lemmam7 Eo— Y, (r) <k for r > 0, and sup{r% | po(r) > 0} < occ. O

Next, we use the further assumptions and on the steady state to derive useful

representations of the (interior of the) steady state support Qoﬂ Recall ([2.2.44)) and ([2.2.45))
for the definition of €y in (x,v)-variables and (r, w, L)-variables, respectively.

Lemma 4.1.4 (The Structure of ). (a) In the isotropic case Lo =0 = ¢ it holds that

Qo = {(z,v) e R® x R | E(z,v) < Ep}, (4.1.16)
Qo ={(r,w,L) €]0,00] x R x [0,00[| E(r,w, L) < Ep}. (4.1.17)

Otherwise, Ly > 0 and it holds that

Qo = {(z,v) € R®* xR | E(x,v) < Ey & L(x,v) > Lo}, (4.1.18)
Qo ={(r,w,L) €]0,00] x R x [0,00[| E(r,w,L) < Ey & L > Lp}. (4.1.19)

58In the polytropic case d(n) = n’_f_, one could, in fact, explicitly compute the integral (4.1.14}) by applying

the integral identity (2.2.23)).
69N 1 : . .
Notice that the statements of Lemma are, in general, not true if the steady state satisfies

only because it could then be possible that ®(n) = 0 for some 1 > 0.
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(b) In (z,v)-coordinates as well as in (r,w, L)-coordinates it holds that
Qo © {E<Ey & L> L}, (4.1.20)
i.e., the sets are identical up to sets of measure zero.
(¢c) In Cartesian (x,v)-coordinates, the set Qy C R3 x R3 is openm

(d) The relation between the representations of Qo in (x,v)-coordinates and (r,w,L)-
coordinates s

T v

Qo= {(z,v) ER*xR® |z #0 & (|z], z x v|?) € Qol. (4.1.21)

]

Proof. The representations of €y claimed in part follow directly by the ansatz (4.1.1)

because ®(n) > 0 is equivalent to n > 0 by |(¢2)|and |(©5)} recall the convention (2.2.13)).
Part @ together with the fac@ that {(z,v) € R* x R® | L(x,v) = 0} forms a set of

measure zero in R3 x R3 then yields the relation (4.1.20)).
Qo being open in R? x R3 is due to the regularity of Uy, while part @ follows directly
by the definitions of the different representations of €. O

Lastly, we study the connection between €y and the (F, L)-support Dy of the steady
state; recall (2.2.88)) for the definition of the latter set.

Lemma 4.1.5. In the isotropic case Ly = 0 = £ it holds that
Dy = {(E(x,v), L(z,v)) | (z,v) € Qo with L(xz,v) >0 & E(z,v) # Ean(i;U)}; (4.1.22)
recall Lemmafor the definition of Eglin. In the anisotropic case Ly > 0 it holds that
Dy = {(E(z,v), L(z,v)) | (z,v) € Qo with E(xz,v) # Ezn(i£7v)}; (4.1.23)

In both cases,
e

Do = (B, L) () = {(E(z,v), L(z,v)) | (z,v) € Q}. (4.1.24)
The analogues of these statements in (r,w, L)-coordinates hold true as well.
Proof. For (z,v) € R? x R? with L(x,v) > 0, changing to (r,w, L)-coordinates yields
E(Sﬂa U) > \IJL(x,v)(|‘T|) > E[rfl(iiu)) (4125)

with
E(z,v) = Ef}, & z-v=0& |z] =1L (4.1.26)

by Lemma [2.2.12, Together with Lemma this shows (4.1.22)) and (4.1.23)). In order to
deduce (4.1.24) we further note that {(z,v) € R3* x R3 | x-v =0V x x v = 0} is a set of

measure zero. ]

"0Qy is also open in (r,w, L)-coordinates when considering it in the topology of ]0, co[ x R x [0, ool
"'Note that L(z,v) = 0 is equivalent to 2 = 0 V v € span(z).
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4.2 Definition of the Operators & Function Spaces

For a fixed steady state fy as specified in the previous section, we now lay the mathematical
foundations for the upcoming analysis by defining the function spaces and operators in a
suitable way. The definitions provided here originate from [62, 147, [165].

We start by generalising the concept of spherical symmetry introduced in Definition[2.1.1
to functions which are only defined almost everywhere (henceforth abbreviated as “a.e.”).

Definition 4.2.1 (Spherical Symmetry Almost Everywhere). Let n € N.

(a) A function f: R™ — R is spherically symmetric almost everywhere (on R™) if for any
rotation matriz A € SO(n) there holds f(x) = f(Azx) for a.em x € R".

(b) A function f: R™xR™ — R is spherically symmetric almost everywhere (on R™ x R™)
if for any rotation matrix A € SO(n) there holds f(x,v) = f(Ax, Av) for a.em
(x,v) € R® x R".

(c) A function f: Q — R with Q C R™ or Q C R™ x R™ is spherically symmetric almost
everywhere (on ) if its extension by 0 is spherically symmetric a.e. in the sense of

part or part respectively.

(d) We add a subscript “r” to function spaces to indicate that we are restricting them to
their spherically symmetric (a.e.) subspace, e.g.,

CH(Q) = {f € CY(Q) | f is spherically symmetric on Qy C R? x R?}, (4.2.1)
L2(Q0) = {f € L*() | f is spherically symmetric a.e. on Qo C R? x R3}. (4.2.2)

Similar to Remark [2.1.2] spherical symmetry a.e. again allows us to express a function in
lower-dimensional variables adapted to the symmetry. We state this property in the relevant
case n = 3 in the following remark without giving any proofs but refer the interested reader
to [L65) Sc. 2.4] for a more detailed discussion.

Remark 4.2.2. (a) Let f € Ll (R3) be spherically symmetric a. em Then there exists a
measurable function f: [0,00] = R s.t. f(x) = f(|z|) for a.e. x € R®. Moreover, f is
uniquely determined a.e. on [0, 00[ by this property.

(b) Let f € LIOC(R3 x R3) be spherically symmetric a.e. Then there exists a measurable
function f:1]0,00[ x R x [0,00[ = R s.t. f(z,v) = f(|z], & |=’E\ |z x v|?) for a.e. (z,v) €
R3xR3. Moreover, f is uniquely determined a.e. on]0, 00| x Rx [0, 00| by this property.

(¢) In the situation of part f being odd in v a.e., i.e., f(x,—v) = —f(x,v) for a.e.

(z,v) € R®x R3, is equivalent to f being odd in w a.e., i.e., f(r,—w, L) = —f(r,w, L)
for a.e. (r,w, L) €]0,00] x R x [0, 00].

(d) In the situations of part@ and part@ we again identify f with f and write f = f
by slight abuse of notation.

We next define the underlying function spaces for our analysis. Similar spaces are used
in [49] 6], 62, [85] 96], 1111 147, 165] among others.

"2The set of measure zero may depend on the rotation matrix.

"The set of measure zero may depend on the rotation matrix.

" As usual when dealing with elements from an LP-space, this means that one representative of the
equivalence class defined by f is spherically symmetric a.e.
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Definition 4.2.3 (The Spaces H and H). (a) Let
H = {f: Qo — R measurable & spherically symmetric a.e. | || f||lg < oo}, (4.2.3)

where
1

2 = IEryps——— xr,v 2 X,V W
I = |y Vo) (42.4)

and we use the abbreviation (E, L) = (E, L)(z,v). Recall ¢'(E,L) <0 on Qo by|(p5)
and by the properties of Qg derived in Lemma . As usual, we identify objects

in H which are identical almost everywhere. The inner product on H associated to

the norm (4.2.4)) is given by

1
(f,9)m = /Qo m f(z,v) g(x,v)d(z,v), f,g€ H. (4.2.5)
(b) Let

H={fe€H|fisoddinv ae.}. (4.2.6)

Let us add some comments on these function spaces.

Remark 4.2.4. (a) The space H is (the spherically symmetric subspace of) a weighted
L?-space. As such, it has the usual properties of L*-spaces, in particular, (H,{-,-)rr)
is a real-valued separable Hilbert space with dual space H* = H.

Similar statements also hold for H, i.e., (H,(-,-)m) is a separable Hilbert space as
well.

(b) The reason why we include the weight S‘%,' in the function space H will become apparent
when studying the response operator R in Section[{.]], see Remark[{.4.3 During the
analysis of the transport operator T in Section[[.3 we thus have to include the weight
in various integrals, but we shall see that the weight does not cause any issues there.

(c) Because any element of H is spherically symmetric a.e. on Sy, we can express it
in (r,w, L)-variables a.e. by Remark@ﬂ Changing to these variables in the
integrals (4.2.4) and (4.2.5) yields

1
| £113 = 4n° /QO BT |f(r,w, L) > d(r,w, L), (4.2.7)
(f.9)m = 4n* /QO M f(r,w, L) g(r,w, L) d(r,w, L), (4.2.8)

for f,g € H, where we use the abbreviation E = E(r,w, L).

(d) On any compact subset K of o, the weight |¢'(E,L)|™" is bounded. In the
isotropic case Lo = 0 = £ this follows by and the structure of Qo derived in
Lemma . Otherwise, L(z,v) is bounded by Lpax < 0o and bounded away
from Lo > 0 for (z,v) € K.

Thus, any measurable, bounded, and spherically symmetric function with compact
support in Qq lies in H. In particular, C., (o) C H.

"Due to the weight included in H, extending f € H with 0 onto R® x R® does not necessarily lead to
f € LL.(R® x R®). Nonetheless, extending |’ (F, L)|~'/?f with 0 gives an element of L'(R® x R?) and
applying Remark [£.2.2|[(b)] to this function then yields that f can indeed be written in (r,w, L)-coordinates

a.e.
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(e) Similar to part |’ (E,L)| is bounded on compact subsets of Qy. In particular,
H C Llocr(QO)'

(f) Later on, it is sometimes convenient to also include complex-valued functions in our
analysis. A function f: Qo — C is said to be in H if Re(f) € H and Im(f) € H. The
canonical extension of the inner product on H to complex-valued f,g € H is given by

o) n = /mf(x 0) 3@ 0) d(z,v). (4.2.9)

The same convention is also used for general sets: A complex-valued function is meant
to lie in a set that is initially defined only for real-valued functions if both its real and
imaginary parts do. In the same way, one obtains the real or imaginary part of a
(linear) operator applied to a complex-valued function by applying the operator to the
real or imaginary part of the function, respectively. By slight abuse of notation, we
will not notationally distinguish between objects and their complex-valued analogues.

In fact, including complez-valued functions everywhere in our analysis would not make
a conceptual difference. However, since the Vlasov-Poisson system is naturally real-
valued, we try as far as possible to carry out all arguments with real-valued functions
only.

We now consider the first part of the linearised operator £, the transport operator T;
recall for an informal definition. The aim is to define T as a linear operator on a
subset of H which is as large as possible. Due to the derivatives contained in 7, we cannot
define 7 (in a meaningful way) on the whole space H — choosing the “right” domain is a
non-trivial task. The following definition originate@ from [147, Def. 2.1], which in turn is
based on the author’s master thesis [I65]. The same definition is used [62] and variations
of it can be found in [49, 58, [61].

Definition 4.2.5 (The Transport Operator 7). For f € L (), the transport term T f
exists weakly if there exists some | € Llloc,r(QO) s.t. for any test functio@ ¢ € Cclyr(Qo)

there holds . )
Td,——/ d(z,v), 4.2.10
Jo T e = = [ ) 210
where TE is defined classically via
TE(x,v) = v+ 0:&(x,v) — 0, Up(x) - 0pé(x,v), (x,v) € Q. (4.2.11)
In this case T f = pu weakly. The domains of T and T? are defined as
D(T)={fe€H|TYf exists weakly & Tf € H}, (4.2.12)
D(T?) :={feD(T)|TfeD(T)} (4.2.13)

The resulting operator T: D(T) — H is called the transport operator, T2: D(T7?) — H is
the squared transport operator.

Although we wanted to restrict ourselves here only to the definition of the operators,
we cannot resist from discussing some properties of the weak definition of 7 similar to [147,
Rem. 2] and [165] p. 23].

"Compared to [I47, Def. 2.1], we choose a different class of test functions here. However, as noted in
Remark -@ and [147, Rem 2 ( thls results in an equivalent definition.
""Recall that ) is open by Lemma 4
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Remark 4.2.6. (a) If T f exists weakly for some f € L{ . (Qo), it is uniquely determined

(b)

(c)

(d)

(¢)

loc,r
a.e. on . This can be seen by applying the fundamental lemma of the calculus of

variations [98, Thm. 6.5] in (r,w, L)-coordinates.

It holds that C},(Q0) C D(T). In addition, for f € CZ,(Qo), the weak definition of
Tf coincides with the classical definition (4.2.11]).

We verify this statement similarly to [147, Prop. 1] and [165, Lemma 32]@ First
observe that T (defined classically by ) preserves the spherical symmetry of
f € CL() because Uy is spherically symmetm’cm Hence, Tf € C.r () C H.
For (z,v) € Qq let (X,V): R — R3 x R? denote the maximal solution of the char-
acteristic system associated to the steady state satisfying the initial condition
(X, V)(0,z,v) = (z,v); this solution is global-in-time by [113, Lemma 12]@ Apply-
ing the chain rule yields the following alternative expression of the transport operator:

Tf(z,v) =8| _ [f(X,V)(s,2,0))], (x,v) € Qo; (4.2.14)

note that (X,V)(s,z,v) € Qo for s € R, (z,v) € Qo by Lemmas [2.2.1 and |4.1.4,
Furthermore, for any s € R, the mapping (X,V)(s): Qo — Qo is a measure-preserving
Cl-diffeomorphism because the right-hand side of the characteristic system
is divergence-free [1]3, Lemma 1.2]. Hence, using this diffeomorphism to change
variables yields

1
| i o) €V o) o) =

1
/QO ¢ (E(x, v), Lz, v))|

for every test function & € Cclﬂ,(Qo) and s € R, where we have again used that E and L
are conserved along characteristics by Lemma [2.2.1.  Differentiating this equation

w.r.t. SE inserting s = 0, and using (4.2.14)) then shows

(f, T n=—(TfEnu. (4.2.16)

flz,v)&(z,v)d(z,v) (4.2.15)

If Tf and Tg exist weakly for f,g € Llloc,'r'(QO)7 it is straight-forward to verify that
T(af + g) exists weakly for « € R with T (aof +g) = oT f +Tg. Hence, D(T) is a
linear subspace of H and T : D(T) — H s a linear operator.

In part we have proven C,.(Q) C D(T). Moreover, standard approzimation
arguments show that C’ér(Qo) is a dense subspace of H. Hence, D(T) is a dense
subspace of H and the linear operator T : D(T) — H is densely defined on H.

Choosing C2%.() instead of C,. () as the class of test functions in Deﬁm’tion
results in an equivalent weak definition of the transport term. This can be verified by

"81f further regularity of ¢ were to be assumed, this property would become easier to prove as one could
simply integrate by parts in . In general, however, we cannot apply (the classical definition
of) T on the integral weight |©'|~".

™A detailed proof of this statement is provided in [I65, Lemma 3.3 a)].

89In the case where the conserved energy value is negative, this also follows by the arguments from
Section

81Note that we can switch the order of differentiation and integration due to Remark @ and the
compact supports of f and &.
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standard mollifier arguments, see [1]7, Rem. 2 (c)], and it also follows by the more
general approzimation result which we will establish in Lemma[{.3.31. We prefer to
use this larger class of test functions in order to be able to, e.g., insert functions
depending on the particle energy E as test functions in ,' notice that E 1is, in
general, not infinitely differentiable.

One might be tempted to weakly define the transport term T = v-0,—0,Ug(x)-05 by just
requiring that the derivatives O, and 0, both exist weakly. However, Definition [{.2.5]
defines the transport term in a weak sense on a larger set of functions compared to this
naive approach@ It is hence crucial to weakly define the transport term as a whole
via an integration by parts identity like to arrive at a domain of definition
which is as large as possible.

As discussed in part T preserves spherical symmetry of smooth functions. For
f € CH), the transport term T f takes on the following form in radial variables:

Tf(r,w, L) = w0 f(r,w, L) — V) (r) 0y f(r,w, L), (ryw, L) € Q. (4.2.17)

Further properties of the transport operator will be studied in Section [£.3]
We also feel obliged to briefly review two alternative ways to define the transport oper-
ator in a weak sense which are used in the literature.

Remark 4.2.7. The transport operator T can be interpreted as computing the derivative
along characteristics of the steady state flow. Mathematically, this corresponds to the rep-
resentation of T. This interpretation can be used to define the transport operator
i alternative ways:

(a)

In [53, Proof of Lemma 2.4], the transport operator is defined as the generator of a
suitable C°-group, see also [165, Rem. 3.10]. More precisely, let (X,V): Rx Qg — Qo

be defined as in Remark i.e., (X,V) denotes the characteristic flow of the
steady state. For s € R and™| f € H we define (U(s)f): Qo — R via

U(s)f)(x,v) = fF((X,V)(s,z,v)), (z,v) € Q. (4.2.18)

Using the properties of the characteristic flow (X,V) from [145, Lemma 1.2], it is
straight-forward to verify that (U(s))ser is a unitary C°-group [{0, Def. 1.5.1] on the
Hilbert space H. Hence, by Stone’s theorem [{0, Thm. II.3.24], the group possesses a
skew-adjoint generator T : D(7~') — H defined by

Us)f = f

Tf:=lim —2—~ feD(T), (4.2.19)
s—0 S
where
D(T)={feH| 11_1)1(1)2/{(8)5_]0 exists as a limit in H}. (4.2.20)

As earlier noted in [165, Rem. 3.10], one can in fact show that this definition is
equivalent to the one from Definition [[.2.5 This is due to the skew-adjointness of

82We shall see in Lemma m that the transport term exists weakly for (suitably integrable) functions
which depend on F and L only. For instance, IL{E<E0_%} € D(T) for k € N, but partial derivatives of

Lipep,- 1y contain distributional terms (for sufficiently large k).

83In [53], these arguments are actually carried out on the unweighted space L?(R?® x R*) and without the
restriction to spherical symmetry.
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T:D(T) — H which will be shown in Proposition combined with the obser-
vation that T and T coincide on the dense subspace C¢,.(Q0) of H, which is due

to (2T T

(b) We will present the methods used to define the transport operator in [85, Lemma B.8]
in more detail in Section . The basic idea is as follows: Use the (suitably nor-
malised) proper time along steady state characteristics as a periodic variable on the
phase space support y. The transport operator T corresponds to a partial deriva-
tive w.r.t. this new variable (up to the multiplication with suitable constants); see
Lemma[{.3.9. The weak existence and suitable integrability of the transport term T f
can then be characterised via the convergence of (suitably weighted) Fourier series
w.r.t. the proper time variable. It will be shown in Remark that this way of

defining T is equivalent to Definition [{.2.5

We next define the second part of the linearised operator L, the response operator R;
recall (1.2.11)) for an informal definition. The following definition is based on [62], Eqn. (4.4)]
and is also used in [61, Eqn. (1.15)].

Definition 4.2.8 (The Response Operator R). For f € H define the a.e. spherically
symmetric function Rf: Qg — R by

Rf(r,w, L) = 4r |¢'(E, L)|wj(r), a.e. (r,w,L) € Qp, (4.2.21)

where we use the abbreviation E = E(r,w, L) and recall that the a.e. spherically symmetric
velocity density jr: R3 — R associated to f is given by

Jr(r) = ;/0 /wa(r,w,L) dwdL, a.e. r>0. (4.2.22)

Here, f is extended by 0 to R3 x R3.

The properties of the response operator will be studied in detail in Section In
particular, we will show that R is indeed well-defined on H, cf. Lemma Moreover, in
Corollary we will derive an alternative representation for Rf under the assumption
that f is suitably smooth.

We have now collected all tools to rigorously define the whole linearised operator £ as
in [62], Def. 4.4]; see also [61), p. 20] and [49] Def. 4.2 (d)] for similar definitions.

Definition 4.2.9 (The Linearised Operator £). Let

D(L) =D(T* NH, (4.2.23)

where H and D(T?) are introduced in Definitions |4.2.5 and |4.2.5, respectively. Then the
linearised operator or Antonov operator is defined by

Lf=—-T?f—-Rf, feD(L). (4.2.24)

Functional analytic and spectral properties of the linearised operator £ will be studied in
Section Let us conclude the present section with a short remark regarding the domain
of definition D(L) of the linearised operator.

841t follows similarly to [136] p. 256] that two skew-adjoint operators which coincide on a dense subspace
are identical.
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Remark 4.2.10. As derived in Chapter[3, the linearised operator L describes the evolution
of the odd-in-v part of the linear perturbation only. This is why we restrict the domain D(L)
of the linearised operator L to the odd-in-v subspace H of H. From a purely mathematical
point of view, however, one could also consider L on the domain D(T?), i.e., include the
even-in-v parts of all functions. This is done in [62], but we shall see that the analysis of
the linearised operator is not significantly affected by the differing domainsﬁ

4.3 The Transport Operator 7

In this section we analyse the transport operato@ T introduced in Definition The
results presented here mainly originate from [62, Scs. 4.1 and 5.1] and [147, [165]. Related
analyses are also contained in [R5, App. B| as well as, in different settings, in [49, Sc. 5.1]
and [61, Lemma 3.7].

We first introduce a crucial tool for studying the transport operator: action-angle type
variables. This tool is then used in Sections to analyse functional analytical
properties and spectral properties of the transport operator 7 and its square 72. In Sec-
tion we then prove a useful approximation result.

4.3.1 Action-Angle Type Variables

In order to study the transport operator 7, it is useful to work in new variables on the
steady state support 2, recall Proposition @ for the definition of this set, which are
adapted to the characteristic flow of the steady state. These variables are introduced in the
following definition; the underlying intuition will be discussed afterwards. In order to study
the (linearised) Vlasov-Poisson system and related systems, these variables and variations
of it are used in [49, 53], 61], 62, 85| 105], 126 147, 148] among others.

Definition & Lemma 4.3.1 (Action-Angle Type Variables). Let
Qy={(r,w,L) € Qo | L>0 & (r,w) # (r,0)}, (4.3.1)

i.e., Qf contains all elements of Qo with L > 0 except for (r,w,L) € Qo with minimal en-
ergy E(r,w, L) = E™0. For fized (r,w, L) € Qf, we thus have E = E(r,w, L) € |E™", Fy,
which means (E,L) € Dy by Lemma[{.1.5, Now let (R,W)(-, E, L) be as specified in Def-
mnition i.e., it is the T(E, L)-periodic solution of the characteristic system
associated to the steady state satisfying the initial condition (R,W)(0, E,L) = (r_(E, L),0).
Then there exists a unique 6 € S' on the circl [P

St =R/Z (4.3.2)

s.t.
(RW)OT(E,L),E,L) = (r,w). (4.3.3)

8The only noteworthy difference is that the nullspace of £ with domain D(7?) is non-trivial, cf. [62}
Cor. 7.3], while the nullspace of £ with domain D(£) = D(7?) NH is trivial, cf. Corollary [4.5.10] However,
considering £ on D(72) N (ker(£)™") results in similar properties of the operator as for the domain D(L).

86We use the term transport operator rather loosely here. For example, we also use it to refer to (weakly
defined) transport terms 7 f with f € Llloc’T(Qo).

8TWe always identity R/Z with the unit circle {z € C | |z| = 1} in the complex plane using the standard
homeomorphism S 5 6 — 2%,

881t is sometimes convenient to think of S' as the interval [0, 1] where the endpoints are identified.
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This defines the mapping
Qf > (r,w, L) — (0, E,L) € S x Dy, (4.3.4)

which is one-to-one. We refer to the new variables (0, E, L) as action-angle type variables.
The variable 6 € S! is the angle variable, while (E, L) € Dy are the action variables@

Proof. All statements claimed above are due to the properties of the characteristic flow
(R,W)(-, E, L) derived in Section In particular, recall that the orbit of the T'(F, L)-
periodic solution (R, W)(+, E, L) is of the form

(R,W)(R,E,L) = {(r,w) €]0,00[ x R | E(r,w,L) = E} (4.3.5)
for (E, L) € Dy. O

As an aside, we note that one could as well define this change of variables on the larger
domain

{(F, @, L) €]0,00[ x R x ]0,00[| E¥* < E(#,%,L) <0} 3 (r,w,L) —~ (6, E,L) € S" x Aq.

(4.3.6)
However, for the analysis of the linearised Vlasov-Poisson system, it suffices to work on the
support of the underlying steady state.

Illustratively, changing to action-angle type variables works as follows: In order to rep-
resent some (r,w,L) € €, one first chooses the actions (E,L) € Dg s.t. (r,w, L) lies on
the associated characteristic orbit. Next, the angle § € S', which corresponds to the nor-
malised proper time of the characteristic solution starting at the minimal radius r_(E, L),
determines the position on the orbit. This procedure is visualised in Figure

r=w f = normalised time it takes to travel
from (r_(E, L),0) to (r,w)

characteristic orbit
containing (r,w) with
energy F = E(r,w, L)

Figure 4.3.1: A schematic visualisation of the relation between (r,w,L) € € and the
associated action-angle type variables (6, E, L) € S' x g for fixed L > 0.

In the context of general Hamiltonian systems, changing to such variables is a well-known
technique. Under some additional assumptions, they are called action-angle variables. We
refer to [I1], 19, [92] 105] for a detailed background and discuss the relation to our vari-
ables (0, F, L) next.

89Given the name action-angle type variables, one could argue that it is more natural to write these
variables in the order (E, L,0) instead of (0, E, L). However, from a mathematics point of view, we think
that (0, E, L) is the most natural order of these variables. Moreover, as the terminology action-angle variables
is commonly used in the literature, we choose not to use the name angle-action type variables for (6, E, L)
here. We apologise to the reader for any confusion that might be caused by this convention of ours.



70 CHAPTER 4. PROPERTIES OF THE OPERATORS

Remark 4.3.2 (“True” Action-Angle Variables). We will see in Remark that the
change of variables (r,w, L) — (0, E, L) is not measure-preserving. Hence, (0, E, L) cannot
be action-angle variables as defined in the above references. However, because the interpre-
tation of the variables (0, E, L) is similar to the one of action-angle variables, we use the
terminology action-angle type variables here.

A derivation of “true” action-angle variables in our setting can be found, e.g., in [83,
App. A.1]. We do not include this derivation here, but still briefly state that “true” action-

angle variables are given by

(0,A,L), (4.3.7)
where A = A(E, L) is the area function introduced in Definition . Because OpA =T >
0 by (A.3.31)), the mapping |E™™,0[ 5> E — A(FE, L) is injective for fivred L > 0. Hence, the
relation between A and E is one-to-one. Since the meaning of the “true” action variable A,

¢f. Remark[A.3.7, is, however, not as intuitive as the physical interpretation of the particle
energy E, we stick to the variables (0, E, L) here.

Let us next show that changing to action-angle type variables or back is smooth.

Lemma 4.3.3. The change to action-angle type variables given by (#.3.4) is a C*-
diffeomorphism.

Proof. By the regularities of (R,W) and T established in Lemmas [A.3.2] and [A.3.3] the
dependence of (r,w) on (6, F, L) is (even twice) continuously differentiable. In addition, a
straight-forward computation shows

W(@T(E,L),E,L) OgR(OT(E,L),E,L)
W(@T(E,L),E, L) 8ER(9T(E,L),E,L)>)
(4.3.8)
for (,E,L) € S! x Dy. By the discussion from Remark the latter determinant
equals 1. The claimed regularity of hence follows by the inverse function theorem. [

det(D(r,w, L)(0, E, L)) = T(E, L) det(<

In Definition the angle variable 6 is only implicitly determined by (r,w, L) € Qf
through (4.3.3). The next lemma, which is based on [62, Eqn. (5.3)], provides a more
explicit way of calculating the angle.

Lemma 4.3.4. For (E,L) € Ay let

0, B,L): [r(E, L)+ (B, L)] - [0, J], 0(r, B, L) = T(;L)/(E T35 f‘;%(s).
(4.3.9)

This mapping is continuous and one-to-ome. In addition, it is continuously differentiable

on |r_(E,L),r.(E,L)[ with

1 1
T(E,L) \J2B 20,01

Furthermore, for (r,w,L) € €, the associated angle § € S defined by Definition
1s explicitly given bg,lg_U|

0 0(r,E, L) = rel|r_(E,L),ry(E,L)|. (4.3.10)

E.L >
{e(r, L), w20, (4.3.11)

1-0(r,E,L), w<O0.

9 Observe that w = 0 corresponds to r = 4 (F, L), where the two expressions 8(r, E, L) and 1 —6(r, E, L)
are equal.
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Proof. All statements concerning the mapping (-, E, L) are straight-forward to verify; recall
the integral representation of the period function T'. The relation between (-, E, L)
and the angle 6 from Definition follows by applying the inverse function theorem
similarly to Section [2.2.2] O

Throughout this thesis we use the action-angle type variables to represent spherically
symmetric (a.e.) functions on the steady state support. We next introduce the notational
framework for this and further analyse the change of variables. These results and notational
conventions are based on [62, Sc. 5.1] as well as [49, Sc. 3.3] and [61], Sc. 3.2].

Remark 4.3.5. For f: Qy — R we write, by slight abuse of notation,
flriw, L) = f(0,E, L), (4.3.12)

where (r,w,L) € Qf and (0, E, L) € S* x Dy are related as specified in Definition |{.5.1, By
Lemmas|4.1.4 and[4.1.5, there holds

Qo = QF, (4.3.13)

which is why we also write (4.3.12) a.e. for functions f: Qo — R which are spherically
symmetric a.e.

Furthermore, for any spherically symmetric a.e. and integrable function f: Qo — R it
holds that

f(z,v)d(z,v) =4x* | f(r,w,L)d(r,w,L) = 47r2/ T(E,L)f(0,E,L)d(0,E,L).
Qo

st XDO
(4.3.14)
While the first identity can be verified similarly to Remark the second identity can
be obtained as follows: Applying Fubini’s theorem and changing variables via E = E(r,w, L)
yields

Qo

F(ryw, L) d(r,w, L) = / 4 / f(rw, L) d(r,w, L) =
QoN{w>0} QoN{w<0}

Qo

_ = 0 1r Ny e e dEd(r, L)

‘/m,oo[zAL@)(f(’ 26— 2U1(7), L)+ f(r, /2B~ 20;(r). L)) e
(4.3.15)

where f = f(r,w, L) is extended by 0 to the whole space |0, 00[ x R x ]0, 00[. Again switch-
ing the order of integration and using Lemmas [2.2.19 and [{.1.5] to adjust the domain of
integration yields

f(ryw, L)d(r,w, L) =

Qo
—/ /r+(E,L>(f(r V2E — 2V (1), L) + f(r,—/2E — 2 (r) L)) drd(E,L)
Do Jr_(E,L) ’ ; ; : N

(4.3.16)

For the first addend on the right-hand side, we apply the change of variables 6 = 0(r, E, L)

given by Lemmal4.53.4 A similar change of variables for the second addend, recall (4.3.11)),
and another application of Fubini’s theorem then shows (4.3.14)).
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Later on we will frequently work with weak derivatives w.r.t. the angle variable € S!.
As the concepts of weak derivatives and Sobolev spaces are usually studied on open subsets
of R™, we introduce the analogous concepts on the circle S! next; recall for the
definition of S' 1]

Remark 4.3.6 (Sobolev Spaces on the Circle). Let

L*(SY) = {y: S = R | y measurable with yllL2(sty < oo}, (4.3.17)
where || - || f2(s1) s the norm induced by the canonical scalar product
1
)= [ w2000 = [y@)=0)d8, 2 LX), (4.3.18)
st 0

and we identify elements of L*(SY) which are identical a.e. Obviously, L*(S') is a Hilbert
space and

L2(SY) = L2(]0, 1]). (4.3.19)

Furthermore, for j € N, a function y € L*(S') is j times weakly differentiable on S*
with y9) = z € L*(S') weakly if

/ y(0) €9 (8) O = (—1)! / 2(0) £(60) A0 (4.3.20)
st st

for any test functz'o@& € O®(SY) = {¢ € C®(R) | ¢ is 1-periodic}. Accordingly, for
m €N, let

H™SY = {yc L*SYH |Vj e {1,...,m}:
y is j times weakly differentiable with yU) e L*(SY)}. (4.3.21)

If — like the author — one prefers to work with “classical” Sobolev spaces on open subsets
of R™, we note the relation

H™(SY = {y e H™(]0,1[) | Vj € {0,...,m —1}: yU)(0) = 49 (1)} (4.3.22)

for m € N; observe that H™(]0,1[) — C™ ([0,1]), i.e., the boundary conditions in the
latter set are imposed for the continuous representatives of the respective functions.

As discussed earlier, cf. Remark [4.2.10] it is of particular interest to analyse (spherically
symmetric a.e.) functions on {2y which are odd in v. The following remark, which is based
on [62, Rem. 5.3], shows how this parity translates into action-angle type variables.

Remark 4.3.7. Let
L2,0dd(Sl) — {y c L2(Sl) ’ y(e) — _y(l — 0) fo,r. a.e. O c Sl} (4323)

Using the properties of the characteristic flow of the steady state derived in Section [2.2.9,
it is easy to verify that for every f € H@@

feH <« forae (E,L)eDy: f(-,E, L) € L*°44(sh. (4.3.24)

91We deliberately omit here giving references to the rich literature regarding Sobolev spaces on general
manifolds because we think that these are overly complex for our specific situation of a circle.

92Because S! is a closed manifold, the support of any such test function is compact.

93 A similar characterisation of oddness in v also holds for general spherically symmetric a.e. functions
which are not necessarily contained in H.

9Note that f(-, E,L) € L*(S') for a.e. (E, L) € Do by Remark and Fubini’s theorem.
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As stated at the start of the present section, action-angle type variables are particularly
useful when studying the transport operator because 7 simply corresponds to a partial
derivative in (0, E, L)-variables. We first derive this property for smooth functions. The
following lemma is based on [62, Lemma 5.1].

Lemma 4.3.8. Form € N and™| f € C™(Qp) it holds that f(-, E,L) € C™(S') for (E, L) €
DO with

1

THGED = 1 T

oy f(0,E, L), (0,E,L) € S x Dy. (4.3.25)
Proof. The statements follow by the chain rule; recall the representation (4.2.17)) of the

transport operator in (r, w, L)-coordinates. O

The analogous representation of 7 in action-angle type variables also holds for the weak
definition of the transport operator. This will be a fundamental ingredient for the analysis
of the operator 7: D(7) — H. The following lemma originates from [62], Lemma 5.2];
variations of it can also be found in [49] Prop. 5.1 (b)] and [61, Lemma 3.7 (b)].

Lemma 4.3.9 (The Transport Operator in Action-Angle Type Variables). It holds tha

D(T)={f € H|for ac (E,L)€Do: f(-B,L) € H'(S")

, T(E, L) )
with /DO W/ 00/ (6, B, L)[2d0 d(E, L) < oo} (4.3.26)

If f € D(T),

TFf(O,E,L)= Oof(0,E,L)  for a.e. (0,E L)eS!xDy. (4.3.27)

T(E, L)
Proof. We follow the proof of [62 Lemma 5.2] and start by considering f € D(7). By

Lemma [4.3.8] a change of variables as in Remark and the weak definition of 7 we
obtain the following equations for every test function £ € C’é,, (Qo):

4 /DOWL'/feEL)aeﬁ(eEL)ded(E L) =

:/ S S T Tg(x,u)d(x,u):—/ ) e v) d(a, v) =
Q Q

o |/ (E, L) o ¥/ (B, L)]
B T(E,L)
— _4x? /DO B Tf0,E,L)£0,E,L)d0d(E, L). (4.3.28)

We now choose the test function & to be factorised in 6 and (E, L), i.e.,
£0,E,L)=((0)x(E, L), (0,E,L) € St x Dy, (4.3.29)

where ¢ € C*°(S') and xy € C°(IDg). In particular, every such choice of ¢ and x induces a
valid test function ¢ € CZ,.(€9) by Lemmas [4.1.5| and [4.3.3| Inserting the ansatz (4.3.29)

95Tt would actually suffice to impose the regularity of f on € in order to show (4.3.25)).
9Since the period function T is bounded and bounded away from 0 on Dy by Proposition @ one
could also leave out the factor T'(E, L)™* in the integral contained in (&.3.26)).
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into (4.3.28)) yields
1 .
Y(E, L / F(0,E,L)¢(0)d0d(E, L) =
LB oy [ 16, E D) 0 1)
T(E,L)

= | (B, L) =22 T80, E,L)C(0)d0d(E, L). (4.3.30
/DO (B.0) gy | THOB L @) a@a(E. D). (@350)

Since this holds true for every x € C2°(Dy), it follows

f(6,E,L)((0)d0 = —T(E,L) | Tf(6,E,L)¢(H)dd for a.e. (E,L) € Dy
St !

(4.3.31)
and ¢ € C*°(Sh). In particular, the set of measure zero in can be chosen indepen-
dently of ¢ by considering a countable subset of C*(S') which is dense in H 1(Sl)ﬂ Since
¢ € O(S') is arbitrary, this means that f(-, F, L) is weakly differentiable on S! for a.e.
(E, L) € Dy with

Of(E,L)y=T(E,L)Tf(-,E,L) weakly; (4.3.32)
recall Remark [£.3.6] In particular, by Remark [£.3.5]
T
471'2/ (/ 109 f(0, E,L)|>d0d(E, L) = || T f||3 < oo, (4.3.33)
y |¢'(E,L

and hence dpf(-, E,L) € L?(S') for a.e. (E,L) € Dy by Fubini’s theorem. We have thus
proven that f is indeed contained in the set on the right-hand side of .

Conversely, consider f in the set on the right-hand side of , ie, f € H and
f(,E,L) € HY(S') for a.e. (E,L) € Dy with

/D 7|;4EEL|/ 00£(0, B, L)|* A0 d(E, L) < (4.3.34)

For any test function & € C’C,T(QO), we change variables via (4.3.14)), apply Lemma m
and integrate by parts on S' in the weak sense to obtain

I Y S S )
/QOWE’L)\ fT¢d(z,v) =4 /DO JEL ‘/ f(0,E,L)0y&(0,E,L)d0d(E, L)

— 42 /DolsoELl/ 9pf(0,E,L)E(0, E,L)d0d(E, L) =

T(E,L)~!
=— — = Opf Ed(z,v). 4.3.35
Tt oy € (1:3:39)
By Definition this means that T f exists weakly and is given by
1
=_———f. 4.3.
Tf T(E.1) 0o f (4.3.36)

In particular,

2 ( 2
ITFI2 = 4n2 / 7&0 = / 00 £(6, B, L)2d0d(E, L) < (4.3.37)
by (4.3.34), which shows f € D(T). O

9"One way to construct such a dense subset is as follows: Let A C CS°(]0,1[) be countable and dense
in H§(]0,1[); such a set exists since Hg(]0,1[) is separable and C£°(]0,1]) is dense in H{(]0,1[). Then,
{¢g+y|qeQ,yc A} C C=(S") is dense in H'(S'); recall Remark
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The analogous result is also true for the squared transport operator@ This is based
n [62, Cor. 5.4]; variations of this result can be found in [49, Prop. 5.1 (b)] and [61
Lemma 3.7 (b)].

Lemma 4.3.10. It holds that
D(T?) = {f € H | for ae. (E,L) € Dy: f(- E,L) € HAS)

with/ T(EL/ 09 f(0, E,L)|?d8d(E, L) < oo
D

0 |§0 E, L
cmd/ T(/ 92 £(0, B, L)|*d9 d(E, L) <oo} (4.3.38)
Do |¥'(E,L
If f € D(T?),
2 _ 2 1
7- f(H,E, L) = W@gf(@,E,L) fOT’ a.e. (Q,E, L) S S X ]D)O. (4339)
Proof. The statements follow by applying Lemma [4.3.9 O

We have thus shown that the action-angle type variables introduced in Definition
provide simple characterisations of the transport operator and its domain of definition.
Before applying these characterisations to analyse 7, we discuss another useful feature of
the action-angle type variables (0, E, L). The discussion is based on [61, Sc. 2] and [62,
Rem. 5.18], where similar techniques are used in slightly different contexts. We also refer
to [85, App. B.1] for similar arguments.

Remark 4.3.11 (Fourier Expansion in the Angle Variable). Let f € H be fized. For j € Z
and a.e. (E,L) € Dy let

fG, B, L) :—/ f0,E,L)e?"i%dg € C (4.3.40)
St

be the j-th Fourier coefficient of f(-,E,L) € L*(S"). Since (S' 3 0 — e*9),cy is an
orthonormal basis oﬂ L2(SY), Lebesgue’s dominated convergence theorem yield

n
> fG,E L)’ = lim Y f(j,E,L)e*™% = f(0,E,L)  as a limit in H.
n—oo
JEZL j=—n
(4.3.41)
Although the Fourier coefficients and the basis functions are both complex-valued, the
Fourier partial series can be written as a real-valued trigonometric polynomial:

> G, E L) ™% = ag(B, L)+ _ a;(E, L) cos(2rj 6)+ Y b;j(E, L)sin(27j 6) (4.3.42)
j=-n Jj=1 Jj=1

980ne can also represent higher powers of the weakly defined transport operator in action-angle type
variables in a similar way, but this is not relevant here.

91n order for (e*™°);cz to define an orthonormal basis of L*(S!'), recall (&.3.17), we have to include
complex-valued functions into L?(S') as well. This is to be understood in the sense of Remark

109Gince orthonormal bases are invariant under reordering, one could also use different denumerations of Z

to define the limit Zj ez - -+ and arrive at an equivalent definition.
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forn €N, 0 €S, and a.e. (E,L) € Dy, where

ao(E,L) = f(0,E,L) = 8 f(6,E,L)de, (4.3.43)

aj(E,L) = f(j,E,L) + f(=j,E,L) = 2 /S f(0, B, L) cos(2rj 0) do, (4.3.44)

b;(E, L) = z( fU,E,L) - f(—j,E,L)) =2 | J(0.5,L) sin(2mj0)do, (4.3.45)
for j €N.

If f € H, i.e., [ is odd in v a.e., it follows that a; = 0 for j € No by Remark [£.3.7
Hence, the above implies

o0
> bi(E,L)sin(2mj0) = f(0,E,L)  as a limit in H for f € H. (4.3.46)
j=1

Since the transport operator simply corresponds to a partial derivative w.r.t. to the
angle variable § € S!, Fourier expansion in § provides further useful representations of 7~
and 72. This is based on [62, Rem. 5.18].

Lemma 4.3.12 (Fourier Expansion of the Transport Operator). The following identities
hold as limits in H :

THO.E.L) = 5o > F.B.L) ™7, f €D(T), (43.47)
T jer
472 A -
T*f(0,E,L) = ———3 > f(j, B, L) j? ™7, feD(T?), (4.3.48)
B
472 >
T2f(0,E,L) = ————— Y b;i(E, L)j? sin(21j 6), feD(T)HNH, (4.3.49)
T(E,L) — !

wheref and b; are defined in (4.3.40) and (4.3.45)), respectively.

Proof. Applying the Fourier expansion introduced in Remark to the representations
of Tf and T2f from Lemmas |4.3.9| and |4.3.10| and using

00f(j, B, L) = 2mij f(j,E, L),  f€D(T), j € Z, ac. (E,L) €Dy, (4.3.50)
which follows by integrating by parts, yields the claimed statements. O

We further note that the Fourier expansion can also be used to characterise the domains
of definition of 7 and T72.

Remark 4.3.13. For the Sobolev spaces on the circle introduced in Remark there
holds

H™(S") ={8'360—) ¢;e®™? € R (¢j)jez C C with > (1 + j°)™ |¢j|* < 00}
JEZ JEZ
(4.3.51)
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form € N, where the sum is meant to converge in LQ(Sl)FEI Hence, by using Lemmas
and as well as the boundedness of T on Dy established in Proposition[A.0.1], we obtain

D(T™) = {Sl xDy> (0,E,L) — ch(EjL) ™% ¢ R | ¢;: Dy — C measurable, j € Z,
JEZL
with "1+ 72)™ |lejl|% < oo}
JEZ
(4.3.52)

form € {1,2}, where the sum is meant to converge in H.
In [85, App. B], the characterisations ([4.3.52)) of D(T) and D(T?) are used to define
these sets. The transport operator T: D(T) — H and its square T2: D(T?) — H are then

defined via (4.3.47)) and (4.3.48)), respectively, cf. [85, Lemma B.8].

4.3.2 Self-Adjointness of the Squared Transport Operator

In this section we establish first functional analytic properties of the transport operator
T:D(T) — H and its square 72: D(T?) — H. The main results are that these operators
are skew—adjoin@ and self-adjoint, respectively. This means that 7* = —7 and (72)* =
T2* = T2, where A* denotes the adjoint of a suitable operator A; for background on the
functional analytical concepts used in this section, we refer to [136, Ch. VIII] and [69, Chs. 4
and 5].

We first prove that the transport operator is skew-adjoint, and then use this result to
afterwards study the squared transport operator. The skew-adjointness of the transport op-
erator is a crucial property for the analysis of the (linearised) Vlasov-Poisson system. It has
previously been stated in this context in [53] p. 805], [61, Lemma 3.7 (a)], [62, Prop. 4.2 (a)],
and [96, Prop. 4.1 (i)] among others. For 7: D(7) — H defined as in Definition the
skew-adjointness was first proven in [I47, Thm. 2.2] and [165, Thm. 3.18]. Here, however,
we pursue a strategy different from [147) [165] and make use of the representation of 7 in
action-angle type variables.

Remark 4.3.14. In [1]7, [165], the skew-adjointness of T: D(T) — H is proven without
using action-angle type variables. This proof has, in fact, conceptual advantages as it can
be generalised to related system more directly. For instance, it is unknown whether (the
analogue of ) the effective potential associated to relevant steady states of the Einstein-Viasov
system has the same structure as ¥y does here, cf. the discussion in [49, Sc. 3.1]. This
structure is, however, crucial in order to introduce action-angle type variables. Hence,
one cannot use action-angle type variables in the context of the Einstein-Viasov system in
general. Nonetheless, in [1477)], the skew-adjointness of the transport operator is also proven
for suitable steady states of the Finstein-Viasov system.

The proofs in [T, [165] mainly rely on a suitable approximation result for the transport
operator, cf. [T]7, Prop. 2] and [165, Thm. 3.15], whose proof is, however, quite technical.
We will also need this approrimation result later, see Section but not yet to obtain
the results of the present section.

101More precisely, we require that the limit 1img,— oo e nCi e?™99 exists in L*(S') and that it is real-
valued a.e. on S*.

102The terminology skew-adjoint is inspired by the finite-dimensional setting, where a matrix A € R™"*"
satisfying AT = — A is usually called skew-symmetric. Skew-adjoint operators are also often called anti-self-
adjoint, but we do not like this name very much and will hence not use it here.
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The main idea of our proof, which is also outlined in [62, Prop. 5.15 (a)] in a different
context, is that Lemmal[4.3.9] allows us to reduce the application of the transport operator 7~
to the calculation of the partial derivative w.r.t. the angle variable 6; recall Definition 4.2.5
for the definition of the transport operator and its domain of definition.

Proposition 4.3.15 (Skew-Adjointness of the Transport Operator). The transport operator
T:D(T) — H is skew-adjoint as a densely defined operator on H, i.e., T* = =T. In
particular, T is skew-symmetric, i.e.,

(Tlom=—(fTg)a,  fgeD(T). (4.3.53)

Proof. Recall that the transport operator 7 : D(7) — H is linear and densely defined on
the Hilbert space H by Remark The domain of definition of its adjoint 7T* is given
by

D(T*) ={feH [T fe HVE € D(T): (T& flu =& T flu} (4.3.54)

If f € D(T*), there thus holds
(T& fiu=&T fu (4.3.55)

for any test function & € CZ,(Qo); recall C},.(€) € D(T) by Remark By
Definition this means that the transport term 7 f exists weakly with 7f = —T*f € H.

Conversely, if f € D(T), changing variables via (4.3.14)) and using Lemma yields

1
Tenu=an [ o [ 00,5, L) £(6.B.1) a0 4(B. 1) (43.50)
Dy |9/ (E, L)| Js1
for £ € D(T). Integrating by parts (in the weak sense) in the inner integral — notice that
¢(,E,L) € HY(S') and f(-,E,L) € H'(S') for a.e. (E,L) € Dy by Lemma — and
reversing the change of variables hence implies
(TS, [l ==& T, (4.3.57)

le, feD(T*) with T*f=-Tf € H. O

The next step is to deduce an analogous result for the squared transport operator
T2:D(T?) — H as well as for its restriction to odd-in-v functions 72: D(T?) NH — H.
We first verify that the restriction of 72 to odd-in-v functions is indeed well-defined by
studying how applying the transport operator affects the v-parity of a function; a similar

discussion is contained in [85, Rem. B.18] and [165, Lemma 3.3 and Cor. 3.17] as well as
in [49, Prop. 5.1 (f)] in a different context.

Lemma 4.3.16. The transport operator T : D(T) — H reverses v-parity, i.e.,
(THe=T(f+)=Tfs.  fED(T); (4.3.58)

in particular, f € D(T) is equivalent to fr € D(T). As in Chapter|3, a subscript + or —
denotes the even-in-v or odd-in-v part of a function, respectively, i.e.

1
fe(z,v) = i(f(x,v) + f(z,—v)), a.e. (x,v) €, feH. (4.3.59)
Accordingly, the squared transport operator T2 preserves v-parity, i.e.,

(T2f)x =T?fx,  feD(T), (4.3.60)
and f € D(T?) is equivalent to fy+ € D(T?). In particular, T>f € H for f € D(T?)NH.

193Note that the set Qo is even-in-v, in the sense that (z,v) € Qo is equivalent to (z, —v) € Qo.
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Proof. The identity (4.3.58)) is straight-forward to verify in the case of a smooth function
f € C},.(Q0) using the chain rule, cf. [I65, Lemma 3.3]. Then, by using that even-in-v and
odd-in-v functions are orthogonal w.r.t. (-,-)x, we deduce

<(Tf):|:7§>H - <Tf7 §i>H = _<f7 T§i>H = _<fa (T€)¢>H = —<fq:,7-§>H (4361)

for f € D(T) and any test function ¢ € C?,.(Qo), which shows (4.3.58). The claims regarding
the squared transport operator follow from the results for 7. O

Using Proposition we now show that 72: D(72) — H and T2: D(T?)NH — H
are self-adjoint; recall Definitions and for the definitions of H and D(7?2). This
result is crucial when studying the operator associated to linearised Vlasov-Poisson system
in the second-order formulation. Similar results are contained in [62, Prop. 4.2] and [85,
Lemma B.8 (b)] as well as in [49, Prop. 5.1 (a)] and [61, Lemma 3.7] in different settings.

Proposition 4.3.17 (Self-Adjointness of the Squared Transport Operator). The following
assertions hold.

(a) The squared transport operator T2: D(T?) — H is self-adjoint as a densely defined
operator on H.

(b) The opemtorTz‘H: D(T?)NH — H is self-adjoint as a densely defined operator on H.

Proof. First observe that CZ (Q9) C D(7?) by Remark which shows that
T2: D(T?) — H is indeed densely defined on H. In order to obtain the self-adjointness
of T2, we proceed as in [62, Proof of Prop. 4.2 (c)]: By Proposition the trans-
port operator 7: (T) — H is closeleEI and it holds that 72 = —T7T*T as well as
D(T?) = {f € D(T) | Tf € D(T*)}. It hence follows by von Neumann’s theorem [133),
Thm. X.25] that 72: D(72) — H is self-adjoint.

For part @, first note that 72: D(7?) N'H — H is well-defined by Lemma The
same arguments as above further show that it is densely defined since C7,.(Q0) N'H is dense
in H. Similar to [62, Proof of Prop. 4.2 (d)], the self-adjointness of the restricted operator
T? ‘H follows by part by splitting all functions into their even and odd parts in v. More

precisely, the adjoint 72}, of the operator in part [(b)]is defined on
D(T?[;) = {f € H|IT?[,,f € HVE € D(T?) NH: (T?E, = (& T, )} (4.3.62)
For f € D(T?|;,), Lemma implies the following for all £ € D(T2):
(T26, ) = (T2, FYuw = (T, fym = & T3, 1o = (& T3, ) (4.3.63)

Hence, by part f € D(T?) with T2f = ﬂ‘;f Conversely, if f € D(T?) N H, the
symmetry of 72 from part @ yields

(T?¢, f)u =& T*/u,  €€D(THNH, (4.3.64)
which means f € D(TQ‘;) with ﬂ‘;f =T2f € H. O

A more direct proof of the self-adjointness of 72: D(72) — H based on the Fourier
expansion in the angle variable, cf. Remark [4.3.13] can be found in [85, Lemma B.8 (b)].

todgy [136] Thm. VIIL.1], the adjoint of a densely defined operator on a Hilbert space is always closed.
Thus, any skew-adjoint operator is closed.
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4.3.3 The Spectrum of the Squared Transport Operator

The aim of this section is to analyse the spectrum of the squared transport operator re-
stricted to odd-in-v functions —7J2’H: D(7?) N'H — H as thoroughly as possible; recall
Definition for the definition of this operator. The reason for this is that certain parts
of the spectrum of the linearised operator £ are determined by the spectrum of —W}H, cf
Sectlon . Recall that 72 ‘H is self-adjoint by Pr0p081t10n For general background
on the concepts of spectral theory for self-adjoint operators that we use in this section, we
refer to [69) 133, [136].

Of particular help for the analysis of the spectrum of —TQ‘H are the action-angle type
variables introduced in Section The Fourier series expansion from Lemma al-
lows us to explicitly derive resolvent operators for —72 ‘H This is based on [62, Eqn. (8.15)],
see also [85) Cor. B.10].

Lemma 4.3.18. For the spectrum of the operator —7’Q|H: D(T?)NH — H it holds that

o N N 2
o(~T?),) ( ;{SE) , (4.3.65)

where

27N \ 2 472 ‘
<T@D>o)) = {T(E 1)z | (B L) €Do, j €N = N\{O}}, (4.3.66)

T is the period function, and Dy denotes the (E,L)-triangle defined in (|2.2.88]). FmF-EI
2
AeRN ( 2r ) , the resolvent opemto

= A) T H s H (4.3.67)

s given by

(=T —\) "' f(6,E, L) Z W A sin(2mj 0), feH, (0,E,L) eS' x Dy,

Jj=1 T(E, L)
(4.3.68)
which is meant to hold as a limit in H with b; determined by f via (4.3.45).
Proof. Using the Fourier series expansion (4.3.46)) of f € H yields
A1 = 5 Z 16517 (4.3.69)
] 1
Hence,
2 2
- bj . . - bj . . 2
> wpE sin(2rj )| = R [sin(2mj )| 7251y <
j=1 712 g J=tiTT? H

Sdist(k(ﬁm)) ZHbJHH—dlst( (2(7TN)>>2HJ‘II%, (43.70)

P
195 A similar statement also holds for complex-valued A € C \ (TQ&R;)) )

106WWe always identify A with the operator \id.
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2
which shows that (4.3.68)) indeed defines a bounded operator for A € R\ (ﬁ(%NO )> ; note that

the limit is odd-in-v a.e. by Remarksince H is closed and sin(27j-) € L2°4d(St)
for j € N.

The fact that defines the inverse of (—7’2| —A): D(T?) NH — H is straight-
forward to verify using the Fourier series expansions (4.3.46) and as well as the
Fourier characterisation of D(7?2) derived in Remark

Lastly, note that the entire spectrum of —772 ‘ 4, has to be real-valued because the oper-
ator is self-adjoint, cf. [69, Thm. 5.5]. O

The lemma above bounds the size of the spectrum of —’TQ‘H, but leaves it open which
elements are actually contained in this set. The following result shows that J(—TQ’H)
is indeed as large as the lemma above allows it to be. Furthermore, we can explicitly
determine the essential spectrum oess of the operator, i.e., all elements of the spectrum
which are not isolated eigenvalues of finite multiplicity, cf. [69, Ch. 7] or [136], p. 236] and
recall that the operator under consideration is self-adjoint. This result forms the basis for
all further spectral statements about _TZ‘H and the whole linearised operator L. It is
based on [62, Thm. 5.7]; see also [85, Lemma B.12] for a slightly different proof as well
as [61, Lemma 3.7 (e)] for an adaption of the result.

Proposition 4.3.19 (The Spectrum of the Squared Transport Operator on H). The spec-
trum of the operator _TQ‘H: D(T?)NH — H is given by

VAR
a(=T?|,) = <%> : (4.3.71)

recall (4.3.66|) for the definition of the set on the right-hand side. Furthermore, the spectrum
1s purely essential, i.e.,

ess(—T2|;,) = 0(=T?|,,)- (4.3.72)

Proof. We first show \* := 4m?n?2 T(E*, L*)~2 € aess(—ﬂ‘H) for fixed n € Nand (E*, L") €
Dg. The idea is that

S' x Do > (0, E, L) — §(p+ 1+)(E, L) sin(2wn ) (4.3.73)

is an “eigendistribution” of —TQ|H, where § denotes Dirac’s delta distribution Hence,
A* is an “approximate eigenvalue”, and suitably approximating the eigendistribution shows
that it belongs to the essential spectrum.

This idea can be turned into a rigorous proof by applying Weyl’s criterion, see [69,
Thm. 7.2] or, in the case of a bounded operator, [136, Thm. VII.12]. In our situation, it
states that \* € Uess(_TQ‘H) iff there exists a sequence (f;)jen C D(T?) N H with the
following three properties:

(i) ||filler = 1 for j € N.
(i) | = 72f; — A fillr = 0 as j — oo.

(iii) f; = 0in H as j — oo.

107\ore precisely, ([@.3.73) formally solves —T2f = A* f if one takes (4.3.39) as the definition of the squared
transport operator. Furthermore, in the light of Remark |4.3.7} the expression (4.3.73) is formally odd in v.



82 CHAPTER 4. PROPERTIES OF THE OPERATORS

In order to construct such a sequence, which is then usually called a Weyl sequence, we
approximate the Dirac delta distribution contained in (4.3.73)) as followsfrigl For j € N let
X;: R? — R be measurable and s.t.

supp (x;) C Do N B1 (£, L¥) (4.3.74)
J
as well as )
2
(E,L)d(F,L) = —. 4.3.75
[ e naEn = o (1.3.75)

It is straight-forward to explicitly define such x; by a rescaling scheme. We then define the
a.e. spherically symmetric function f;: {29 — R for j € N by

[P/ (E, L)|

fj(g,E,L) = T(E7L)

x;(E, L) sin(27n 6), (0,E,L) € S x Dy,. (4.3.76)

In order to verify that (f;);en indeed forms a Weyl sequence, first note that f; € D(7?)
for j € N by Lemma and since T is bounded and bounded away from zero on the
compact support of x; by Proposition Furthermore, f; € ‘H by Remark since
sin(27n-) € L2°44(S!). Let us now verify the properties

(1)| For j € N, changing variables via (4.3.14) and using (4.3.75) yields

l¢'(
= 4’ / Xj(E,L)/ sin?(2rn6) ddd(E, L) = 1. (4.3.77)
Do St

T(
Il = [ e [ e B Pasa. ) -

Lemma |4.3.10[ implies

5 4m2n? 1
—-Tf;(6,E,L) = T(E, L)2 fi(0,E,L), a.e. (0,E,L) €S x Dy, (4.3.78)
for j € N. Hence,
I=T2f; = X £l =
T(E L) L )
= 4n? (0, E,L)|“dod(F, L) =
(2 / ! ! 2/ in?(2mn @) dd(E, L) =
™ T(E, L2~ T L) Jou ™" " T

2

! ! (B, L). (4.3.79)

=2 | \3(E,L -
o /ID)OXJ( ’ )’T(E,L)Q T(E*, L*)?

Because the period function T is positive and continuous on DDy by Proposi-
tion @ the integrand of the latter integral converges pointwise to zero as
j — 00 by (@ Together with m, Lebesgue’s dominated convergence theo-
rem implies H—7'§fj — )\*fjHH —0as j — oc.

108 Although (x;)jen is used to approximate the Dirac delta distribution, we note that x; does not conver-
gence to d(g~,1+) as j — oo in the sense of distributional convergence [98] Sc. 6.3].
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First note that H* = H by the Riesz representation theorem. For every h € H and
7 € N, applying the Cauchy-Schwarz inequality yields

T(E,L :
|<fj,h>Hrsufj|H<4w2 [ el rhw,E,L)Fded(E,m) . (4380)
supp (Xj Y

Since || fj|l# = 1 by the integral on the right-hand side tends to zero as j — oo
by (4.3.74) and Lebesgue’s dominated convergence theorem. Hence, f; — 0 in H as
J — oo.

We have thus proven

2
<T2$:)> C oess(—T7|,,)- (4.3.81)

Since the essential spectrum is always closed@ we deduce

2mN 9
<T<DO)> C oess(—T7|,,) Co(=T?],). (4.3.82)
Combining this statement with Lemma concludes the proof. O

The proposition above hence shows that the spectrum of —7’2}7_[ is entirely determined
by the period function 7', or, to be more precise, by the values which T attains on Dg. Let
us briefly discuss the possible shapes of the set a(—TQ}H). This is based on [62, Rem. 5.10].

Remark 4.3.20 (The Structure of the Spectrum of the Squared Transport Operator).
Inspired by [61, Eqn. (3.11)], let

Tinin = inf T, Tinax = sup T’ (4.3.83)
]D)O ]D)O

it follows by Proposition|A.0.1] m- that both of these values are positive and finite. Since Dy
1s connected and T is continuous by Proposition “. there holds

T(DO) = [TminaTmax]a (4.3.84)
and, accordingly,
4?2 An?j
2 _
~T?%,,) = U [Tl%ax e ] (4.3.85)
jEN min

see also [83, Lemma B.12], where the spectrum is written down in the same way. The
qualitative structure of this set depends on the ratio of Tiin and Tiax:
If Tmax > 2T‘min;

o(~T?),) = [ ;ff o [ (4.3.86)

max

In [61)], one solely works in this setting, cf. [61, Lemma 3.10 (b) and Cor. 8.11]. Since
the spectrum is connected, it is referred to be of a single gap structure due to the “gap”
between 0 and mino(— ).

10911 order to see that the essential spectrum is closed, observe that the whole spectrum is always closed,
cf. [69, Thm. 1.2], and that, by definition, oess contains all non-isolated elements of the spectrum. In the
case of a bounded and self-adjoint operator, the fact that oess is closed is proven in [I36], Thm. VIL.9].
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In contrast, if Tmax < 2Tmin, there are also gaps inside a(—TQ‘H). For instance, if

§ < Tma,x
2 — Twin < 27

472 4727 . [1672
2 _
o(=T?|,) = [Tl%ax’T2~ }U[Tr%ax,oo[. (4.3.87)

In general, the number of gaps inside U(—TQ’H), not counting the one between 0 and
mina(—TQ‘H), is given by

sup{j € No | (j + 1) Timin > j Timax}- (4.3.88)

In particular, the spectrum has infinitely many gaps iff T is constant on Dy.

In the situations (4.3.86|) and (4.3.87)), the set U(—’TQ‘H) is visualised in Figure .

42 1672 472
,Z—VI%l‘d‘X T\‘le ax TS)\ in
0
. r Q
T L 4
Possible shapes of o(—T72 ‘H)
| £ ] £ >
42 47 1672
,I‘t%\ ax T[i in TI% ax

Figure 4.3.2: A schematic visualisation of the spectrum of _TQ|H in the two situa-

tions (4.3.86)) and (4.3.87)).

So far we have only studied the spectrum of the squared transport operator when it is
restricted to odd-in-v functions. With regard to the analysis of the linearised operator £, this
is the relevant case, cf. Remark However, with the same methods as above, one can
also determine the spectrum of the non-restricted squared transport operator 72: D(7?2) —
H. This is done in [62, Sc. 5.1] and mentioned in [85, Rem. B.11], and we also state the
results here.

Remark 4.3.21. The spectrum of —T2: D(T?) — H is of the form

o(=T7) = 0ess(=T") = <T27(T10110)>2’

(4.3.89)

where the set on the right-hand side is defined similarly to (4.3.66). Compared to the re-
stricted operator —ﬂ‘H: D(T?’)NH — H, cf. Pmposition 0 is now part of the
(essential) spectrum. This can be seen by replacing the 0-dependency in the eigendistribu-
tion in the proof of Proposition[].3.19 by a non-vanishing, constant-in-6 function. Note that
such 0-dependence does not correspond to an odd-in-v expression, cf. Remark[{.3.7. The
fact that no further elements besides 0 are contained in o(—T?) \U(—7—2|%) can be verified
similarly to Lemma by explicitly deriving the resolvent operator (—T?2 — X)~! using
the Fourier expansions (4.3.41)) and (4.3.48)).

Although Proposition |4.3.19| determines the spectrum of —7'2|H explicitly, and even

shows that the spectrum is purely essential, it still remains unclear whether —ﬂ‘H pos-
sesses eigenvalues. Note that the elements of the essential spectrum might be eigenvalues
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of infinite multiplicity, embedded eigenvalues, or just “approximate eigenvalues”, cf. |69}
Ch. 7]. Understanding whether —Tz‘H possesses eigenvalues is important when studying
the behaviour of solutions of the so-called “pure transport equation” 0; + 7 f = 0, which
is studied in [27, [103], 116}, 48] among others, but on which we will not further elaborate
at this point. The following lemma shows that the presence of eigenvalues of —TQ‘H is
determined by the level sets of the period function 7' defined in Definition [2:2.16]

Lemma 4.3.22 (Eigenvalues of the Squared Transport Operator on H). If there exists
t > 0 s.t. the level set

7|5 ({t}) = {(BE,L) € Do | T(E, L) = t} (4.3.90)
has positive (Lebesgue) measure, then, for every j € N,
47.[.2]'2
> (4.3.91)
is an eigenvalue of —7’2‘7{: D(T?)NH — H with eigenfunctio@
St x Dy 3 (6,E,L) — /|¢(E,L)| Lpi=1 (g (B, L) sin(2mj 0). (4.3.92)
(]

Conversely, if TBOI({t}) has measure zero for every t > 0, no eigenvalues of

—TQ‘H: D(T?)NH — H exist.

Proof. 1f T‘H;;({t}) has positive measure for some ¢ > 0, it is straight-forward to verify
that indeed defines an eigenfunction to the eigenvalue using Lemma
In particular, the eigenfunction is an element of D(72) NH by Remark

In the case where no such t exists, suppose that A € R is an eigenvalue of —7'2‘% with
associated eigenfunction f € D(T?)NH, i.e., =T2f = Af. Recall that —70‘% is self-adjoint
by Proposition which is why every eigenvalue of the operator is necessarily real-

valued. Inserting the Fourier expansions (4.3.46)) and (4.3.49) into the eigenvalue equation
yields

A i b;j(E, L) sin(2mj0) =

477'2 > 2 . . 1
< W Jz; b](E7 L)j Sln(27rj 9), (G,E, L) €S x ]D)O,

(4.3.93)
where both sides hold as limits in H and the Fourier coefficients b; are determined by f
via (4.3.45)). Equating the coefficients hence implies

472
Abj(E,L) = ———— bj(E, L) j* i €N, (E,L) € Dy. 4.3.94
.7( ’ ) T(E,L)Z ]( ’ )j ) J 7( ’ ) 0 ( )
Since f is an eigenfunction, it cannot vanish identically, which means that there exist j* € N
and a set A* C Dy with positive measure s.t. bj= # 0 a.e. on A*. By (4.3.94), we thus deduce

47‘-2 k) 2 *
which contradicts the assumption that every level set of T‘ Do has measure zero. O

In Section numerical simulations will indicate that the level sets of the period
function on Dy have measure zero, cf. Observation

HOFor every A C T|H;01({t}) with positive measure, S* x Do 3 (0, E, L) — +/]¢/(E,L)| 14(E, L) sin(27; 0)
defines an eigenfunction as well. Hence, the eigenvalue (4.3.91)) has infinite multiplicity.
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4.3.4 Spectral Properties of the Transport Operator

The aim of this section is to study further, spectral type properties of the transport operator
T: D(T) — H; recall that this operator is skew-adjoint by Proposition Of particular
interest is to characterise the nullspace (or kernel) of T, i.e., the eigenspace associated to the
eigenvalue zero. The first mathematically rigorous result in this direction was [14, Thm. 2.2].
For the weak definition of the transport operator as in Definition the nullspace was
first determined in [147, Thm. 2.3] and [165, Thm. 3.21], see also [49, Prop. 5.1 (¢)], [563}
p. 805f.], [61, Lemma 3.7 (c)], [62, Prop. 4.2 (b)], [85, Lemma B.9], and [96, Prop. 4.1 (i)] for
related statements. Here, we follow an easier and more direct strategy than in [147, [165],
which is based on the use of the action-angle type variables introduced in Section

Proposition 4.3.23 (The Nullspace of the Transport Operator). The nullspace of the
transport operator T : D(T) — H is given by

ker(T)={f € H|3g: R? = R s.t. f(z,v) = g(E(z,v), L(z,v)) for a.e. (z,v) € Qo}.
(4.3.96)

Proof. Reformulating the claimed statement in action-angle type variables, we have to show
that the nullspace of T is given by the functions in H which are a.e. independent from the
angle variable § € S'. This is, however, evident from Lemma since

ker(9p: H'(S') = L*S")) ={S' 20— c|ceR}. (4.3.97)
O
The above proposition is closely related to Jeans’ theorem, i.e., the statement that every

spherically symmetric steady state of the Vlasov-Poisson system depends on E and L only,
cf. Remark [(d)} We discuss this connection in the following remark.

Remark 4.3.24. Imagine that fy is a general spherically symmetric stationary solution of
the Vlasov-Poisson system, not necessarily of the form FEI The fact that fy solves
the stationary Viasov equation, potentially in a weak sense, can be interpreted as fo lying
in the nullspace of its associated transport operator. If the latter is of the form as in the
above proposition, the stationary solution can only depend on the phase space variables (x,v)
through E and L, which is precisely the statement of Jeans’ theorem.

Due to this connection, the results in [1]7, [165] determining the nullspace of the trans-
port operator are also referred to as Jeans’ theorem.

In the context of general Hilbert space theory, the situation where ker(7) consists of
functions depending only on the conserved quantities F and L of the associated character-
istic flow is also called ergodic, cf. [1306] Sc. H.5HE

As an aside, we note that the orthogonal projection onto the closed subspace ker(T)
of H has been studied several times in the literature, cf. [53, Eqn. (29)], [96, Lemma 4.2],
[147, Eqn. (17)], and [165, Def. and Rem. 3.20]. For f € H, it is given by the zeroth Fourier
coefficient f (0) defined in . This projection occurs naturally when transforming
the linearised operator into a reduced operator for the potential as done in [53, Thm. 1.1].
However, we do not need this projection here.

An important consequence of Proposition is that non-trivial odd-in-v functions
are not in the nullspace of the transport operator. We even obtain the following useful
result.

111 This, more general, concept of a stationary solution of the Vlasov-Poisson system is not covered in Defi-
nition[2:2:2 We simply mean, analogously to before, that fo is constant along solutions of the characteristic
system. This corresponds to fy solving the stationary Vlasov equation in an appropriate sense.

120\ ore precisely, the characteristic flow of is called ergodic in our situation.
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Corollary 4.3.25. It holds that
H C ker(T)t, (4.3.98)

where the latter set denotes the orthogonal complement of ker(T) w.r.t. the inner product
on H, 1.e.,

ker(T)t = {f € H|Vg €ker(T): f Lg, ie., (f,g)g =0} (4.3.99)

Proof. For f € H and g € ker(T), changing to action-angle type variables via (4.3.14) and
using Proposition [4.3.23] yields

T(E,L)
f,gH=47r2/ ————g(E,L / f6,E,L)dfd(E,L) =0, 4.3.100
(f.9) [ Dy D [, TR avats, o) (43.100)
where the latter equality is due to Remark O

Besides characterising the nullspace of the transport operator, it is also important to
understand the structure of the range (or image) of 7. In particular, the range has a
natural connection to the orthogonal complement of ker(7): Since the transport operator
is skew-adjoint by Proposition it holds that

ker(7)* = im(7), (4.3.101)

cf. [24, Cor. 2.18]. Using the representation of 7 in action-angle type variables, we next
show that im(7) is closedlﬂ and derive a useful characterisation of this set. This is based
on [62, Lemma 5.5], see also [49, Prop. 5.1 (d)] for an adaptation of this result. We further
note that similar ideas are already presented in [57, Sc. 3.2]. However, no action-angle type
variables are used there, which makes the arguments more technical [T

Lemma 4.3.26 (The Range of the Transport Operator). The range and the nullspace of
the transport operator T : D(T) — H are related as follows:

im(T) = ker(T)t = {f € H | for a.e. (E,L) € Dp: / f(6,E,L)dd =0};  (4.3.102)
St

recall ([#.3.99) for the definition of the set ker(T)*:.

Proof. We start by proving the second identity in . The claim that any f € H
with [g, f(6,E,L)df =0 for a.e. (E, L) € Dy is an element of ker(7)* follows by the same
arguments as the ones used the prove Corollary Conversely, let f € ker(7)*. By
Proposition every x € C°(Dg) corresponds to the element S! x Dy > (6, E,L) +
X(E, L) of ker(T). Hence, changing variables via shows

T(E, L) B
/DO B DI x(E, L) /Sl f(0,E,L)d0d(E,L) =0 (4.3.103)

for every such x, which implies [, f(6, E,L)df = 0 for a.e. (E,L) € Dy.
As to the first identity in (4.3.102]), observe that the skew-symmetry of 7 derived in
Proposition 4.3.15 immediately yields im(7) C ker(7)1. In order to verify the converse

13We will not explicitly state that im(7) is closed below, but this statement will follow from the fact that
ker(7)" is closed.

40 fact, the relation ([#.3.104)) corresponds to [57, Eqn. (3.13)] after rewriting the 6-integral in (r,w, L)
variables.
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inclusion, consider f € ker(7)* and define the spherically symmetric a.e. function g: Qg —
R via

(%
g(0,E, L) = T(E, L)/ f(r,E,L)dr,  ae. (0,E, L) €S xDy. (4.3.104)
0

Since fol f(0,E,L)df = [, f(6,E,L)df = 0 for a.e. (E,L) € Dy by the arguments from
above, g(-, E, L) is indeed well-defined on S' for a.e. (E,L) € Dy. Moreover, g(-, E, L) is
weakly differentiable on S* for a.e. (E, L) € Dy with

Opg(-,E,L)=T(E,L) f(-,E,L) weakly on S! for a.e. (E, L) € Dy; (4.3.105)
recall Remark for the definition of weak derivatives on the circle S'. Furthermore, by
the Cauchy-Schwarz inequality,

l9(0, B,L)|* < T(E,L)Q/ \f(r,E,L)|*dr for a.e. (0,E,L) € S' x Dy,  (4.3.106)
Sl

which implies

T(
w@g&QAWJ”//U (7. 2, D) 47 d(, 1) < sup(T) |y < o0 (43.107)
0

since the period function 7" is bounded by Proposition M@ Hence, g € H, and together
with

T(
47r2/ / 9pg(0, B, L)2d0d(E, L) = || f||%. 4.3.108
we conclude g € D(T) w1th 7 g = f by Lemma which means f € im(7). O

In fact, the proof not only implies that im(7) and ker(7")* are identical, but also shows
how to explicitly construct g € D(T) s.t. Tg = f for prescribed f € ker(7)*. Refining
these arguments further provides a way of explicitly determining the inverse of the transport
operator on the set ker(7)%. Since this representation of the inverse of 7 is also useful in
other contexts, we state it next. This result is based on [49, Prop. 5.1 (g)].

Lemma 4.3.27 (The Inverse of the Transport Operator). The mapping T: D(T) N
ker(T)t — im(T) is bijective, with inverse T—1:im(T) — D(T) Nker(T)*+ given by

T 'f(0,E,L) = EL</f ELdT—/Sl/f ELdeU) (4.3.109)

for f €im(T) and a.e. (0, E,L) € S* x Dy.

Proof. Similar arguments as in the proof of Lemmashow that indeed defines
a function in D(T) satisfying T(71f) = f for f € im(7) = ker(7T)*; note that the
additional term on the right-hand side of compared to is independent
of # and does thus not contribute to 7 (7 ~1f). However, the additional term obviously has
the effect that [, 7 1f(0, E,L)df = 0 for a.e. (E, L) € Dy, which implies 71 f € ker(T)~*
by Lemma Hence, 7': im(7") — D(7) Nker(7)* given by is indeed well-
defined. Furthermore, for f € D(7) Nker(7)*, using Lemma and the main theorem
of calculus yields

0 o
-1 = T T — T Tdo =
Tne.EL = [ofrrna- [ [CaieE i
:f(e,E,L)—f(o,E,L)—/ (f(o,E,L) — f(0,E,L))do = f(6,E,L) (4.3.110)

Sl
for a.e. (6, FE, L) € S' x Dy, where we again used Jo1 f(o, E,L)do = 0. O]
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A different Way of deriving the inverse of the transport operator is by using the Fourier
series expansion similarly to Lemma see [85, Lemma B.13]. Observe
that ( characterlses f € ker(T)* by the property that the zeroth Fourier coeffi-
cient of f vamshes ie., f(0,E,L) = 0 for a.e. (E,L) € Dy; recall Remark [4.3.11| for the
definition of the Fourler coefficients.

Another statement which can be obtained by a Fourier series expansion is the following
useful Poincaré type inequality for the transport operator. It is based on [62), Cor. 5.8]; see
also [85, Lemma B.13 (a)], where a similar estimate is derived using the inverse of TE

Lemma 4.3.28 (A Poincaré Type Inequality for the Transport Operator). For all f €
D(T) Nker(T)* it holds that

ITflla = [RAIzE (4.3.111)

supp, 1T’
note that T is bounded on Dy by Proposition [(a)

Proof. Lemma [4.3.26| implies f(0, E, L) = 0 for a.e. (E,L) € Dy. Hence, Fourier expand-
ing f and T f, see (4.3.41)) and (4.3.47)), respectively, yields

1TrlE= >

jeZ\{0}

2 2
4 A

> FfOOI% = f 4.3.112

HH supd, (T) jeZE\{O}II DIz SupD( )II I1H. ( E)]

We have actually chosen a more direct proof here than in [62, Cor. 5.8], where the
estimate is proven by variational principles for the operator —72. Nevertheless,
we briefly discuss this alternative proof, as it provides further insights into the Poincaré
type inequality from above.

Remark 4.3.29. Recall that the spectrum of —T?2: D(T?) — H is given by ([4.3.89). In
particular, since the period function T is bounded on Dy by Proposition 0 is an
isolated eigenvalue of —T?2 with eigenspace ker(T). The latter is due to the observation
that for any f € D(T?) with T2f = 0 it holds that 0 = (=T2f, f)u = || Tf||% by the
skew-symmetry of T from Proposition[{.53.15. If one excludes this eigenspace and considers
the restriction of —T?2 onto the orthogonal complement of ker(T), the eigenvalue 0 vanishes
from the spectrum, i.e.,

27N 1\ ?
=Ty s) = <T(DO)) , (4.3.113)

cf. [69, Prop. 6.6]. Using standard variational principles, see, e.g., [69, Prop. 5.12] or [157,
Thm. XIII.1], it hence follows that

—T°f, ) = < 2
sup

2

. T> IfI3,  f€D(T?) Nker(T)*. (4.3.114)
0

By the skew-symmetry of T, we thus deduce the estimate for f € D(T?)Nker(T)*+
One can then extend this inequality to f € D(T) Nker(T): by approvimating f by its
Fourier partial series, cf. . Notice that the property f L ker(T) is preserved by
this approzimation scheme since it is equivalent to f(O,E,L) =0 for a.e. (E,L) € Dy by

Lemma [£.5.26,

115The reason why we do not derive an inequality of the form (4.3.111)) by estimating the operator norm
of T~ is that it is harder to get the optimal constant in this way; cf. Remark [4.3.29] for a discussion that

the estimate (4.3.111) is, in fact, sharp.
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In particular, this alternative proof shows that the Poincaré type estimate K]
sharp@ For instance, one can explicitly construct a normalised sequence of functions s.t.
both sides of tend to each other by proceeding as in the proof of P’roposition
and approzimating the eigendistribution S' x Dy > (0, E,L) + S(g+, L) (&, L) sin(2m 0) for
(E*, L*) € Do with T(E*,L*) close to supp, T'.

To conclude this section we state the spectrum of the transport operator 7: D(T) —
H. We will not need this result for the subsequent analysis, which is why we keep the
arguments rather short. However, we think that this result ought to be part of a complete
presentation of the properties of the transport operator. We follow the same strategy as
in Proposition to derive the spectrum 7. This strategy is, essentially, also described
in [111, Sc. 2.2].

Remark 4.3.30. If one extends the function spaces to complez-valued functions, the spec-
trum of the transport operator T : D(T) — H s given by

2miZ
= = 4.3.115
o(T) = 0ess(T) (T(]D)o) ) ) ( )
where the set on the right-hand side is defined similarly to (4.3.66)). This can be shown
by explicitly deriving the resolvent operators using the Fourier expansion (4.3.47) as in
Lemma and then applying the Weyl criterion similarly to the proof of Proposi-
tion [{.3.19 to deduce that the eigendistribution

S' x Do 3 (0, E, L) + §(p+ 1) (E, L) e™"¢ (4.3.116)

corresponds to the element % of 0ess(T) for any n € Z and (E*, L*) € Dy.
By Proposition 0 is, in fact, an eigenvalue of T with the (infinite dimensional)
eigenspace ker(T). The presence of further eigenvalues of the transport operator T is,

stmilar to Lemma equivalent to the period function T‘ID)O possessing level sets with

2min

7 18

positive measure. More precisely, if T‘H;Ol({t}) has positive measure for some t > 0,
an eigenvalue of T for any n € 7Z.

4.3.5 An Approximation Result

The last part of the analysis of the transport operator is to establish an approximation result
which will later allow us to extend some statements from smooth functions to elements
of D(T). The approximation result is based on [147, Prop. 2] and [165, Thm. 3.15], where it
is mainly used to derive the skew-symmetry of the transport operator 7. Due to a careful
treatment of the transport operator in action-angle type variables, we did not need the
approximation result for this purpose, cf. Remark [£.3.14] The result is, however, useful
for other tasks. Related arguments are also used in [57, p. 504ff.]. An adaptation of the
approximation result is included in [49, Prop. 5.1 (e)].

Lemma 4.3.31. Let f € D(T). Then there exists a sequence of smooth functions (f;)jen C
Cg?,(Qo) s.t.
fi—=f and Tf—=>Tf in H as j — oo. (4.3.117)

16The estimate (4.3.111)) being sharp means that the constant LT cannot be replaced by any larger
(0]

supp,

value, although we are not certain whether there exists a function f € D(7) Nker(7T)" s.t. there holds

equality in (4.3.111)).
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In addition to supp (f;) being compact in Qo in Cartesian (z,v)-coordinates, the support
of fj in radial (r,w, L)-coordinates is also compactly contained in QOE Moreover, if f € H,
one can choose f; € H for j € N.

Proof. We follow [147), Prop. 2] and [165, Thm. 3.15] and split the proof into several steps.
Step 1: Reduction to a Compact Support. For j € Nlet x; € C*°(R) be an increasing cut-off
function s.t.
1 1
x;j(s) =0 for s < 2 and x;(s) =1for s> —. (4.3.118)
J J

We then set
fi(x,v) = x;(L(z,v) — Lo) x;(Eo — E(z,v)) f(z,v), a.e. (x,v) € Qp. (4.3.119)

Lemma shows f; € D(T) with Tf; = (xj0 (L — Lo))(xjo (Eo— E))Tf for j € N.
Hence, by Lebesgue’s dominated convergence theorem,

fi—f and Tfi—=TFf in H as j — oo. (4.3.120)

By applying the following arguments to f; with j € N sufficiently large instead of to f, we
may assume that f has compact suppor@ in 9. More precisely, we assume that there
exists some m € N s.t.
. 1 1 1
f(x,v) =0 for a.e. (z,v) € Qp with |z| < - V L(z,v) < Lo+ p- V E(xz,v) > Ey — p
(4.3.121)
In particular, since the integral weight |¢’(F, L)| is bounded on compact subsets of g, cf.
Remark @7 there holds f, T f € L*(Qp).
Step 2: The Approzimation Sequence. We mollify f in (r,w, L)-variables in order to con-
struct the desired approximating sequence. Let J € C°(B3(0)) be a standard three-
dimensional mollifier, i.e., B}(0) = B1(0) C R3, [psJ =1, and J > 0. We further define
Jn =n3J(n-) as well as
fn=Jdn*f, gn = I xTf (4.3.122)

for n € N, where the convolution is to be interpreted in (r,w, L)-variables. Due to the
compact supports of f and T f, we deduce that f, and g, have compact supports in €2
for sufficiently large n € N. In addition, after possibly increasing the number m € N from
above, we may assume B1 (supp (f,,)) C € and that holds with f replaced by f,
for sufficiently large n. We further deduce fn € C25.(Q0) for sufficiently large n € N since
changing from (r,w, L)-variables to (x,v)-variables is smooth away from {x = 0}. Using
standard mollifying arguments as well as the fact that the integral weight |¢'(E, L)|~! is
bounded on compact subsets of €y, cf. Remark @, yields

fo—f and g, —=>Tf in H and L?(Q) as n — oo. (4.3.123)

Moreover, by choosing a mollifier J = J(r,w, L) which is even in w, the property that f is
odd in v carries over to the approximating functions (f,,)nen-

"TMore precisely, this means that supp (f;) € Qo in (r,w, L)-coordinates. In particular, supp (f;) is
bounded away from {r = 0} and {L = 0}.

18 The support of f is compact in Qo both in Cartesian (z,v)-variables as well as in the radial (r, w, L)-
variables; notice that the lower bound on |z| = r is due to the lower bound on L.
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Step 3: Boundedness. We next show that (T f,)nen is bounded in L?(£)). In order to
do so, we use the representation (4.2.17) of the transport operator in (7, w, L)-variables to
rewrite T f,(z) for z = (r,w, L) € supp (fn) € Qo and sufficiently large n € N as follows:

T fn(2) = w[(0pJn) * f1(2) = V() [(Owdn) * f](z) =
_ /B " [(w — W) O Jp(2 = Z) — (\If’L(r) - \I”Z(f)> Oudn(z — 2)| F(2) A5+

+ /Q {m Oy Jn(z — 2) = W (7) Dy Tz — 5)} £(2)dz, (4.3.124)

where Z = (7,4, L). Since B1 (supp (f)) 3 Z — W’ () is Lipschitz continuous, we obtain
the following estimate:

/Bya [(w =) 0y n( = 2) = (VL) = W (7)) Dun( = 2)| £(2) d2) <

<< |DJn(z = 2)| |f(2)] dZ = Cn® (|IDJ ()] + [ f)(2) (4.3.125)

n By (2)

for z = (r,w,L) € supp (fn) € Qo and all sufficiently large n € N, where the constant
C' > 0 depends on the support of f but is independent from n; the constant is allowed to
change its value from line to line. In order to bound the second term on the right-hand

side of ([L3.124), observe that |¢'(E, L)| f € D(T) with T{(|¢'(E, L)| f) = |¢'(E, L)| Tf by
Lemma and the compact support of f. Hence,
47T2/Q [w OrJn(z = 2) = W} (F) Owdn(z — 2)} F(2)dZ = (T (Julz =), 2y =
= —(T(Jn(z =) Q' E,L)| fla = (Jn(z =), |¢'(E,L)| T fYu = 4n%gn(2) (4.3.126)

for sufficiently large n € N, where the second to last equation is due to Definition
Inserting (4.3.125) and (4.3.126]) into (4.3.124]) then yields

IT fallz < CoP 1D ()| 5 | £z + llgnll2 (4.3.127)

for sufficiently large n € N, where the LP-norms are interpreted in (r,w, L)-variables here.
Applying Young’s inequality shows

Cr? |[|DJ(n)] * |flll2 < Co® (I|IDI () 1 [ fl2 = CIDI |1 || £z, (4.3.128)

which, together with the fact that (g,)nen converges in L?(Qq), implies that (7 fy)nen is
indeed bounded in L?(Q).

Step 4: Weak Convergence. Due to the previous step there exists a subsequence of (fy,)nen —
which, by slight abuse of notation, we again denote by (fy,)nen — and a spherically symmetric
a.e. limiting function g € L?(Qp) s.t.

Tfn—g  in L*Qo) as n — oco. (4.3.129)

In particular, the compact supports of f,, carry over to g, which implies g € H. We need
to show g = T f. In order to verify this equality, let & € Ccl’r(Qo) be a test function as
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required in Definition [4.2.5, Since (-,{)y € [LQ(QO)]/ by the compact support of &, the
weak convergence (4.3.129) and (4.3.123)) imply

(9,8 m = JgI{}o<Tfn,§>H = —HIL%<fn,TE>H =—(f, T n. (4.3.130)

Step 5: Strong Convergence. Due to the previous step there holds 7 f,, — T f in L?() as
n — 0o. We upgrade this limiting behaviour to actual strong convergence in H by passing
to convex combinations of f,. More precisely, Mazur’s lemma implies that for every n € N

there exists N, > n and weights cj,,...,c}, € [0,1] with Zé\]:"n cf =1s.t.
Nn Ny,
T ZC? fi| = ZC? Tfi—Tf  inL*(Q) as n — <. (4.3.131)
Jj=n Jj=n

Letting F,, == Z;V:"n ¢} fj for n € N then defines the desired approximating sequence be-

cause, by the compact supports of f,,, the limit (4.3.131)) also holds in H. O

4.4 'The Response Operator R

In this section we analyse the response operator R given by Definition [4.2.8] The results
presented here mainly originate from [62, Lemma 4.3 and App. A.1] and [49, Lemma 5.15];
see also [61, Lemmas 3.8 and 3.9] and [85, Lemma B.15] for related results.

We first show that the mass density p; and the radial velocity density j; induced by a
function f € H are well-defined; recall that R f contains the factor j.

Lemma 4.4.1. Let f € H. Then the associated mass densityf ™)

pri R = R, py(a) = /]R3 f(z,v)dv (4.4.1)

and the associated radial velocity density

T -v

jp R SR, ji(a) ::/ T ¢z, v) do (4.4.2)

R |7]
are well-defined a.e., where we extend f by 0 onto the whole space R? x R3. In addition,
P Jf € L?(R3) with

logllz + ligllz < Cllflla, (4.4.3)

where the constant C > 0 depends only on the fized steady state. Furthermore, py and jr
are spherically symmetric a.e. in the sense of Definition and, in radial variables,
there hold the representations

pr(r) = :2/0 /Rf(r,w,L) dwdL, a.e. >0, (4.4.4)

and (4.2.22).

19Tt will always be clear from the context whether we refer to the (trivial) mass density py with f =0 or
to the mass density po = py, of the steady state when writing po.
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Proof. Using the Cauchy-Schwarz inequality and Lemma yields

sl < [ ([ e nia) ([ o e ofa) a<Clflf, @as)

which shows that p; is indeed well-defined and square-integrable. Since % is bounded

for (x,v) 6 Qo, similar arguments yield the respective statements for j; as well as the es-
timate 1 @ The fact that the a.e. spherical symmetry of f implies that p; and jy¢
are sphermally symmetric a.e. is easy to verify using Definition [4.2.1l The representa-
tions and then follow by the usual change of variables v — (w, L). O

In particular, the above lemma shows that the expression (4.2.21)) defining R is indeed
well-defined. We next show that the response operator defines a bounded operator R: H —
H. This is based on [62, Lemma 4.3] and [49, Lemma 5.15].

Lemma 4.4.2 (Main Properties of the Response Operator). The response operator
R: H — H is well-defined, linear, bounded, symmetric, and non-negative. The latter means
(Rf, fYm >0 for f € H and we write R > 0, cf. [69, Def. 5.11] or [136, Sc. VI.4]IT More-
over, Rf € H for f € H.

Proof. For f € H, we express | - ||z in radial variables via and apply Lemma [4.1.2]
to obtain

IR = 2" / " B / h /R w? (B, L)| dwdL dr = (4r)? / 12 po(r) 3(r) dr
(4.4.6)

Inserting the representation (4.2.22) of j; and using that pg is bounded by Proposition m
then yields

R <c [ </ /wadede)dM
<c/ </ / 2|<pEL|dde></0 RdedL)drg

|f r,w, L)|? 9
< = 4.
C/ / / OB dwdLdr = C| f|%, (4.4.7)

where used the Cauchy-Schwarz inequality and, once again, Lemma [4.1.2 The constant
C > 0 in this calculation depends only on the fixed steady state and is allowed to change
from line to line. We have thus shown that R: H — H is indeed well-defined and bounded;
R is obviously linear since j; depends linearly on f. In addition, it is evident that Rf is
odd in w for f € H since the particle energy F is even in w. Thus, Rf is odd in v, recall

Remark and Rf € H.

In order to verify the remaining properties, let f,g € H. Expressing the inner product
(-, -)m in radial variables via (4.2.8]) shows
[e.e]
(Rf.9)u = 247T3/ wjs(r)g(r,w, L)d(r,w, L) = (47T)2/ 2 jy(r) jg(r)dr.  (4.4.8)
Qo 0

Because the latter expression is symmetric in f and g, we deduce that R is symmetric.
Furthermore, by inserting g = f into (| , we conclude that R is non-negative. O

120The proof of Lemma will illustrate a different strategy to establish j; € L?*(R?), which will be
based on Lemma and the boundedness of pg instead of Lemma
121Tyifferent from the cited literature, we call an operator with this property non-negative instead of positive.
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The proof above uses the fact that we have included the weight ﬁ into the L?-space H
in an essential way. Let us elaborate on this point.

Remark 4.4.3 (On the Weight ﬁ) For the response operator R: H — H to be symmet-

ric, it is crucial that we have included the weight ﬁ into the L*-space H; recall Defini-

tion[{.2.3 for the definition of H. This can be seen in ([£4.8), where the factor |¢'(E,L)|

contained in Rf cancels out with the integral weight. Without this cancellation, the response
operator R would not be symmetric in general. The symmetry of R is, however, used in
Section@ to show that the whole linearised operator L = —T2 —R is symmetric, which in
turn is important to analyse the spectrum of L.

This further shows that it is essential for our arguments that ¢’ does not change its
sign, at least on the support of the steady state. If ©' would change its sign, one would
have to replace the factor |¢'| in Rf with —¢'. In order to preserve the cancellation effect
described above, one would then have to include the weight % (or —%) into the underlying
L2-space. This would lead to an indefinite inner product space, cf. [22], instead of the Hilbert
space H and thus make all arguments significantly more complicated@ To prove statements
about solutions of the linearised Vlasov-Poisson system in this setting, it is probably more
convenient not to work with such spaces but to analyse the system more directly; this is,
e.g., done in [53, Sc. 2].

This is the reason why we impose the condition on the steady state, which ensures
¢ < 0 on the steady state support. In order to obtain the symmetry of the response operator,
one could, in principle, also consider steady states with ¢’ > 0. We do, however, restrict
the analysis here to steady states with ¢’ < 0, since these equilibria are more natural from
a physics point of view, recall the discussion in Remark and are thus mainly

considered in the literature.

Next, we determine the square root of the response operator R: H — H, i.e., we derive
a linear and bounded operator VR: H — H with VR > (0 and (\/77)2 = R. This square
root operator will play an important role in Chapter [, cf. Remark [5.1.12] Since R: H — H
is bounded and non-negative by Lemma such a square root operator exists, cf. [136),
Thm. VL.9]. Fortunately, by taking vVRf to be of a similar form as Rf, we can derive the
square root operator explicitly. This is based on [49, Lemma 5.15] and [61, Lemma 3.8].

Lemma 4.4.4 (The Square Root of the Response Operator). The square root VR:H—H
of the response operator R: H — H is given by

VRf(r,w, L) == 2v/7 |¢'(E, L)| jr(r),  feH, ae (rwL)eQ. (44.9)

w
po(r)
Moreover, VR is a symmetric operator and VRf € H for f € H.

Proof. Using the representation (4.2.22)) of j; and Lemma yields

w

VRVRf(r,w, L) = 2v/7|¢/(E, L)| ooy JvRs ) = (B, L) poi(r)jf(r) Julp (1) =
=Ar | (E,L)|wjs(r) = Rf(r,w, L) (4.4.10)

122 Another way to ensure that the linearised operator is symmetric is to consider é[, on the unweighted
L?-space L?(). This is, e.g., done in [8, [7T} [77]. However, if ¢’ changes its sign on the steady state
support, the associated kinetic energy fQO %p,\f(;c,v)\z d(z,v) can be negative, which essentially leads to
similar problems as the ones described above.
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for f € H and a.e. (r,w, L) € Q. The remaining properties of v/R can be verified similarly
to the proof of Lemma[.4.2] Concretely, for f € H, applying Lemma[f.1.2]and the Cauchy-
Schwarz inequality yields

/ . g
IVRI =27 | 10 Dt s 30 a2 = () [ ) dr =

:(27T)4/Oo12(/Oofwf(7’,w,L)dde>2dr§
= (27 / </ / w? | EL\dde></ R{;;é;dde)dTS

< CIfII3- (4.4.11)

Moreover, VR f is obviously odd in v, i.e., VRf € H. There further holds

2

VRS, g)m = 2 /Q Y () 9w, L) d(r, w, L) = 278 /OOO T i) gy dr

po(r) po(r)
(4.4.12)
for f,g € H, which shows that (4.4.9)) indeed defines a symmetric, non-negative operator.
O

The last part of this section is concerned with deriving an alternative representation
of the response operator Rf (and its square root) provided that f is sufficiently smooth.
More precisely, the aim is to rigorously establish a representation like for Rf if the
transport term T f exists in the weak sense, cf. Definition As a preparation for this,
we first introduce and analyse gravitational potentials induced by functions in H.

Definition & Lemma 4.4.5 (Gravitational Potentials). For f € H let Us: R3 — R be
the gravitational potential induced by py, i.e.,

1
Up = —— *py; (4.4.13)

recall Lemma for the properties of py. It then holds that Uy € C(R?) with
lim, oo Us(z) = 0 as well as Up € LP N L>®(R3) for every p > 3. Furthermore, Uy is
differentiable in the distributional sense with 0,U; € LP(R3;R3) for 3 5 <p <6, and there
holds the estimatd™>]

[Uflloo + 102Ufll2 < Cllpgll2, (4.4.14)

where the constant C > 0 depends only on the fived steady state. There further holds
AUy = 47py (4.4.15)

in the distributional sense. Moreover, Uy is spherically symmetric with

4 [T
U}(r) = 72/0 Spr(S) ds, r >0, (4.4.16)

in the weak sense.

123Gimilar estimates also hold for other LP-norms of Uy and 8,U;.
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Proof. Lemma 1{ yields py € L?(R3), and the support of p ¢ is bounded by the compact
radial support of the steady state. Thus, py € L' N L?(R3) with

losllp < Cllpgllz,  1<p<2, (4.4.17)

for some constant C' > 0 as specified above. Basic potential theory [98, Thm. 6.21 and
Ch. 10] hence yields the claimed regularity and integrability of Uy and 0,U; as well
as (4.4.14) and (4.4.15). The spherical symmetry of Uy together with follows by a
straight-forward calculation using the a.e. spherical symmetry of py. O

We obtain further information about Uy when we know more about f. Concretely, we
consider the situation f € im(7) in the following lemma. The additional properties of Uy
in this case will then allow us to deduce alternative representations of the response operator
and its square root. This is based on [62], App. A.1], see also [61, Lemma 3.9] and [85
Lemma B.15 and Cor. B.16] for related results. Some of the following arguments were also
used earlier in [53 Proof of Thm. 1.1].

Lemma 4.4.6. Let f € D(T). In addition to the properties of Ury which follow from
Lemma it holds that Uy € C' N H*(R3) with

10U flloe + 1Urflle2 < CIT flla (4.4.18)
for some constant C' > 0 which depends only on the underlying steady state. Moreover,
Ué-f(r) =dmje(r), a.e. r > 0. (4.4.19)

Proof. The key observation on which the proof is mainly based is
/RS pre(@)de = (|, Tfim = —(TI'], fu =0, (4.4.20)

which is due to |¢/| € H by Lemma with |¢'| € ker(T) by Proposition 4.3.23| and
the skew-symmetry of the transport operator T, cf. Proposition 4.3.150 Since supp (p7y) C
Bg,....(0), we hence obtain the following estimate for z € R? with |z| > 2Ryax:

\Urs(z \—/ dy / T()dy
| Br,..(0) |7

Since Uty is continuous by Lemma 4.4.5L this shows Uy € L*(R3). Together with (4.4.15)
and the estimates (4.4.3), (£4.14), and (4.4.17) we hence conclude Ury € H?(R3)

with (Z.4.13).

In order to prove (4.4.19), we first consider the case f € Cg7.(2) and further assume
that the support of f is bounded away from {x = 0}@ In this situation, (4.4.19) follows
by integrating the radial Poisson equation as in [57, App.| or [96, Eqn. (B.1)]. Concretely,

by (L2.16),
U7—f = / / /'Tfsdededs—

= ""2/0 /Rw/o O f(s,w,L)dsdwdL = 4mj¢(r) (4.4.22)

124The calculation (4.4.22) is true without assuming that the support of f is bounded away from {z = 0}.
However, imposing this additional assumptions makes it easier to see that the boundary term arising from
the radial origin vanishes.

2R
< gt lerslh (a21)

Rmax




98 CHAPTER 4. PROPERTIES OF THE OPERATORS

for » > 0, where we inserted the representation (4.2.17)) of 7 f. Applying the approximation

result from Lemma |4.3.31| as well as the estimates (4.4.3)) and (4.4.18) then allow us to
conclude that (4.4.19) indeed holds for every f € D(T). O

Inserting (4.4.19) into the response operator and its square root, cf. (4.2.21)) and (4.4.9)),

respectively, then yields the desired alternative representations of these operators.

Corollary 4.4.7. For f € D(T) it holds that
Rf(r,w,L) = |¢'(E,L)| wUfrf(r), (4.4.23)

VRf(r,w, L) = 1

NG ¢/ (B, L)) —— Uz (r), (4.4.24)

vV po(r)

for a.e. (r,w, L) € Q.

4.5 The Linearised Operator L

In this section we analyse the linearised operator £ = 77’2‘% — R’H defined in Defini-
tion We first combine suitable properties of the squared transport operator and the
response operator derived in Sections [£.3] and [£.4] to obtain functional analytic properties
of £ and to determine the essential spectrum of £. The remaining part of this section is
then concerned with studying the entire spectrum of £. We mainly follow [62] here.

Before we get to the statements described above, we first state that the linearised oper-
ator is indeed a well-defined linear operator.

Lemma 4.5.1. The linearised operator L: D(L) — H is a well-defined linear operator
which is densely defined on H.

Proof. Lemma shows that the squared transport operator preserves v-parity, which
implies 72f € H for f € D(£) = D(7T?) NH. In addition, D(£) is dense in H by
Proposition @ Since the response operator is defined on the whole space H
with Rf € H for f € H by Lemma we conclude the claimed statements regard-
ing £ =—T?|,, = R|,,: D(£) = H. O

4.5.1 Self-Adjointness of the Linearised Operator

The aim of this section is to show that the linearised operator £: D(L£) — H is self-adjoint.
This seems plausible since both of the addends of £ = TQ‘H — R‘H have this property, cf.
Proposition @ and Lemma However, in general, even if the sum of two
self-adjoint operators is densely defined, it need not be self-adjoint again@ Fortunately,
in our specific situation, the self-adjointness of L is rather easy to deduce since the response
operator R is bounded. This is based on [62, Lemma 4.5], see also [61, Lemma 3.10 (a)]
and [85, Lemma B.17] for similar results.

Lemma 4.5.2 (Self-Adjointness of the Linearised Operator). The linearised opera-
tor L: D(L) — H is self-adjoint as a densely defined operator on H.

125Note that any bounded and symmetric operator is self-adjoint, which means that R| 4 1s indeed self-
adjoint by Lemma

126 An easy example for this is the following: Let A: D(A) — H be a self-adjoint operator on some general
Hilbert space H. In addition, assume that A is unbounded, i.e., D(A) € H. Then the sum of A and
—A: D(A) = H is D(A) 3  — 0, which is not self-adjoint since D(A) C H.
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Proof. The claim follows by the Kato-Rellich theorem, cf. [69, Thm. 13.5] or [I33]
Thm. X.12], since TQ‘H: D(L) — H is self-adjoint by Proposition 4.3.17and R’H: H —
H is bounded and symmetric by Lemma O

4.5.2 The Essential Spectrum of the Linearised Operator

The aim of this section is to explicitly determine the essential spectrum of the linearised op-
erator £: D(L) — H. Loosely speaking, the reason why this succeeds is the following: Recall
that we have explicitly determined the essential spectrum of —TQIH in Proposition
using Weyl’s criterion. The latter criterion also illustrates that every element in the essential
spectrum is generated by infinitely many approximate eigenfunctions. Hence, finite dimen-
sional perturbations of —TQ‘ 4 do not affect the essential spectrum. The same is also true
for compact perturbations, i.e., adding some compact operator to —7 2 }H’ since compact op-
erators are “almost finite dimensional”, see [69, Thm. 9.15] or [136, Thm. VI.13] for precise
statements. Although the response operator might not be compact, the next lemma shows
that it is relatively (ﬂ‘ﬂ)—compact, and this property suffices for the above arguments.
The lemma is based on [62, Thm. 5.9], see also [49] Lemma 5.16], [61, Lemma 3.10 (b)],
or [85, Cor. B.19] for related results.

Lemma 4.5.3 (Relative (72 ‘H)—Compactness of the Response Operator). The response op-
erator R}H: H — H and its square root \/ﬁ‘ﬂ H — H are both relatively (ﬂ}H)-compact
in the sense of [69, Def. 14.1]. This means that the operators R (—T 2|3 — )\)_1: H—H
and VR (_sz - )\)_1: H — H are both compact for every A € p(—TQ‘H)

Proof. Because R = (vR)? and VR is bounded by Lemma m it suffices to show that

\/ﬁ‘ﬂ is relatively (TQ‘H)—Compact
By [40} III Def. 2.15 and Ex. 2.18(1)], this is equivalent to

VR: (D), T2 Ml + I - llzr) = H (4.5.1)

being compact; the domain of VR in is D(£) = D(T?) N H equipped with the
graph norm of 742@ To prove this statement, consider a sequence (fy)neny € D(L) s.t.
(fo)nen and (T2 fn)nen are bounded in H. Applying the Poincaré type inequality from
Lemma to Tf, € im(T) = ker(T)*, recall Lemma for the latter identity,
shows that (7 f,,)nen is also bounded in H. By Lemma (U, )nen € C N H?(R3) is
thus bounded in H%(R3). Moreover, the identity implies supp (0;Ur+,) C Bpy.. (0)
for n € N. Hence, using the compact embedding H?(Bg,.. (0)) € H'(Bg,,.(0)), we obtain
that (9;U7y, Jnen is (strongly) convergent in L?(R3;R?) after extracting a subsequence —
by slight abuse of notation, we do not notationally distinguish between this subsequence
and the original sequence. Then, using Lemma and the representation of VR
yields

wZ
\W%R—JRM%=WAIWEJNWWN%Mﬂ—%%WWanMZ

00 2 1
:A7ﬂwﬁm_mﬁvnwzhjawﬁ—meﬁ%0
(4.5.2)

127Since R and /'R are essentially of the same form, straight-forward modifications of the arguments below
also yield a more direct proof that R} 2 18 relatively (T2’ )-compact.

128 Alternatively, one could show that VR (—7—2|H — )\)7 is compact by using the Fourier series represen-
tation (4.3.68) of (—77%|n — )\)71. This, more direct, approach is pursued in [85], Proof of Cor. B.19].
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as n,m — oo. This means that (VR fy,)nen is a Cauchy sequence in H and thus, since H is
complete, (strongly) convergent in H. O

As motivated before, the lemma above can be used to derive a connection between the
essential spectra of —TZ‘H and L.

Proposition 4.5.4 (The Essential Spectrum of the Linearised Operator). The essential
spectrum of the linearised operator L: D(L) — H is given by

N N 2
Uess(ﬁ) — O'ess<_7-2‘7_[) — (712(7]3\2)> , (4.5.3)

where the latter set is defined in (4.3.66]).

Proof. Since £ = —7'2}7_[ - R‘H and R!H is relatively (TQ‘H)—compact by Lemma
Weyl’s theorem [69, Thm. 14.6] implies that the essential spectra of —TQ‘H and L are
identical. The explicit form of aess(—TQ‘H) is due to Proposition 4.3.19 O

We refer to Remark for a discussion about the structure of gegs(L£) = Tess(—T 2 ’H)
including schematic visualisations of this set.

As observed in [I17, Thm. 1.1], not only the essential spectrum of £ is determined by
the one of —7'2‘?_[, but also further/different parts of the spectrum. Let us discuss this
matter in the following remark.

Remark 4.5.5. The equation can be rewritten as
Rf=TKT, feD(T), (4.5.4)
where K: H — H is given by
Kf=|¢|Up  feH; (4.5.5)

recall Definition or the definition of Us. Note that KT f € D(T) for f € D(T) by
Lemma m The integrability of |¢'|, cf. Lemma together with the estimates (4.4.3)
and @D shows that IC is a bounded operator. Moreover, K is symmetric and non-positive
with quadratic form given by

1
(Kf.9)m = I /R3 0.Us(x) - 0,Uy(x) d, f.g€ H. (4.5.6)

In order to derive further properties of IC, note that by the spherical symmetry a.e. of f € H
and py, (4.4.13)) can be rewritten as

f(s,w, L)

Us(r) = —4r?
£(r) T 0, max{r, s}

d(s,w, L), r > 0. (4.5.7)

Hence, K is an integral operator of the form

1 . . .
Kf(r,w, L) :4772/ ——— K(r,w,L,7,w, L) f(t,w,L)d(7,w, L), f € H,
Q |¢'(E(F,w, L), L)]
(4.5.8)
with integral kernel K: Qg x Qg — R given by
. E L),L)||¢'(E(F,@, L), L
K(T,M,L,’F,ID,L) [—— ’SO ( (r7w7 )7 )| |(70 ( (T,w, )? )| (459)

max{r, 7}
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for a.e. (r,w, L), (7,0, I~/) € Qy. By condition the integral kernel K is continuous on
Qo x Q. Thus, by Mercer’s Theorem (see [32, III §5] and, for a more general version of
the theorem, [42, Thm. 2.4]), K is a trace class operator [136, Sc. VI.6] with trace given by

TI‘(IC) — 47‘(’2/ |K(r,w,L,r,w,L)|
Q% l¥'(E, L)|

the latter integral is finite by Lemma[{.1.5
Kato-Birman theory [135, Sc. XI1.3] then reveals further connections between the lin-

earised operator L and the squared transport operator _7_2‘?1' For instance, as shown

d(r,w, L) 2471'2/ M

Qo r

d(r,w,L); (4.5.10)

in [117, Thm. 1.1], the absolutely continuous spectra of L and —’TQ|H are identical; see [130,
Sc. VIL.2] for the definition of this part of the spectrum. This statement can be proven as
follows: By [3], 88, [89], it suffices to show that (L — z)~! — (—7’2}7_[ —2)71 is a trace
class operator for one/any z € C\ R. Using the second resolvent identity [69, Prop. 1.9]
and , this operator can be written as

(L=2)" = (=T, —2) = (-T?|,,—2) ' TKT(L—2)". (4.5.11)

The Fourier series representation of (—70‘% — 2)7! derived in Lemma shows that
(_'7'”2’% — 2)7YT is a bounded operator on H. Moreover, T(L —i)~t =T 'T2(L i)' is
bounded by [69, Lemma 183. 6’/@ notice that T1: H — H is bounded by Corollary
and Lemma [{.3.27. Hence, as the composition of a trace class operator and bounded op-
erators is again in the trace class, cf. [136, Thm. VI.19], we conclude that the absolutely
continuous spectra of L and —7'2‘7_[ are indeed identical.

4.5.3 Positivity of the Linearised Operator

It follows by Propositions [£.5.4] and [A.0.1] that the essential spectrum of the linearised
operator £: D(L£) — H is positive, i.e.,

inf(oess (L)) > 0. (4.5.12)

The aim of this section is to show that the same is also true for the entire spectrum of L.
As discussed in Chapter [3| and proven in Lemma this property corresponds to the
linear stability of the underlying steady state. We mainly follow [62], Sc. 7.1] here.

The basis for the results of this section forms the Antonov coercivity bound. This classical
estimate gives a positive lower bound on the quadratic form of the linearised operator
(Lf, f)m for suitably regular, spherically symmetric, odd-in-v functions f: Qy — R. It was
first proven in [9] [10] for isotropic polytropic steady states . Simplified proofs and
extensions of the original result covering a larger class of steady states were then developed
in [36], 37, 57, [77, 96, 128, 169]. Further adaptions and applications of the estimate are
contained in [53, Lemma 3.1], [61, Lemma 3.10 (c)], [62, Prop. 7.1], [85, Thm. 1.2], and [119,
Prop. 3.5] among others. In fact, it is mainly the monotonicity condition which is
needed to establish such estimate; due to this reason, the condition is sometimes
called the Antonov (linear) stability condition. We first present a simplified Version@ of

1290ne can apply the first resolvent identity [69, Prop. 1.6 (2)] to deduce that T(£ — 2)~! is, in fact,
bounded for any z € C \ R.

130T Lemma we require that the supports of the functions under consideration are bounded away
from the spatial origin. This assumption allows us to avoid several technical arguments in the proof of
the lemma. Nonetheless, due to Lemma establishing the estimate for such functions still suffices to
extend the estimate to more general functions afterwards.
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the estimate for smooth functions before extending it to more general functions. Since the
present class of steady states differs from the ones used in the literature, we also include a
proof here which is based on [57, App.].

Lemma 4.5.6 (Antonov’s Coercivity Bound for Smooth Functions). Let f € CZ,(€) be
odd in v and s.t. the support of f is bounded away from {x = 0}. Then there holds the

estimate . U’( )
o\” 2
(Lf, g > /QO GBI v |f(x,v)]* d(x,v), (4.5.13)

where, as usual, r = |z|.

Proof. By the skew-symmetry of the transport operator derived in Proposition [£.3.15] the
quadratic form of £ is of the form

(Lf fyu=TflIH— (Rf, fu. (4.5.14)

Using the Cauchy-Schwarz inequality and Lemma [4.1.2] gives the following estimate for the
second term on the right-hand side:

(RS, Py = 278 / w f(r,w, L) jy(r) d(r,w, L) =

Qo
0 ') 2
=(27f)4/ 2(/ /wf(r,w,L)dde> dr <
o T 0 R
1
< 9in3 /QO S ) e DG, ). (4.5.15)

In order to estimate the first term on the right-hand side of (4.5.14]), we consider the
spherically symmetric function g: 9 — R defined by

g(r,w, L) = % f(ryw, L). (4.5.16)

Since f is odd in v and vanishes at r = 0, (4.5.16|) indeed defines a continuously differentiable
function on 2¢. Applying the product rule to the representation (4.2.17)) of the transport
operator yields

Tf=Trwg)=9gT(rw)+rwTg (4.5.17)

as well as

(TF)? =r*w? (Tg)* + T (rw g* T(rw)) — rw g* T*(rw). (4.5.18)
Hence, the first term on the right-hand side of (4.5.14) can be rewritten as follows:

i 2 _ # 2,2 2
w2 ITH = || gy o (Tt D) dr L)+

71 Tw 2 Tw T, w
* ) T T e Ly

rwg(r,w, L) T2(rw) d(r,w, L). (4.5.19)

_/ o
o, [¢'(E, L)|

The first term on the right-hand side of this equation is obviously non-negative[”]]
The second term vanishes by the skew-symmetry of the transport operator; note that

1311y the literature, this term is often included in the right-hand side of the Antonov bound, which then gives
a “sharper” estimate than (4.5.13)). Here, we just drop this term since it is not helpful for our applications.
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rw g(r, w, L) T (rw) defines a smooth function on €. In order to rewrite the third term,
we use the radial Poisson equation to deduce

T2rw) = T~ 930) = —rw (W) + w0 ) = = (smpntr) + B0)

(4.5.20)
for r > 0 and w € R. Hence,
1 U (r
HTfH%{ 2 47'('2/Q m (47Tp0(T) + 0,: )> 7’211)2 g(r, w, L)2 d(r,w,L) =
0 Y
1 Ug(r
= 4;7'('2/Q m (477,00(7') + 07“( )> f(?", w, L)2 d(r, w, L) (4521)
0 Y

Inserting (4.5.15) and (4.5.21)) into (4.5.14)) then shows (4.5.13)). O

In order to extend the above estimate to a larger set of functions, we first introduce
an extension of the quadratic form of the linearised operator similar to [62 Def. 4.4], see
also [85 Cor. B.19].

Definition & Lemma 4.5.7 (The Quadratic Form of the Linearised Operator). For f €
D(T)NH let

1
(Lf P =T F5 = 10073 (4.5.22)
this expression is well-defined by Lemma E Furthermore, for f € D(L), this defini-

tion is consistent with the usual definition of the quadratic form of L.

Proof. Let f € D(L). Using the skew-symmetry of the transport operator, cf. Proposi-

tion 4.3.15 and the identity (4.4.19) from Lemma yields
— (T D)1= (RE S = | TH = ) [ 2 ) ar =
2 R 2 2 1 2
=T fllE — T Urs(r)”dr = 1T fllz — - 10:U7sll2,  (4.5.23)

which shows that (4.5.22)) is indeed consistent with the usual definition of (Lf, f) . O

By applying the approximation result from Section we obtain that the Antonov
coercivity bound from Lemma can be extended to D(7) N H.

Lemma 4.5.8 (Antonov’s Coercivity Bound on D(7) NH). For f € D(T) NH there
holds the estimate (4.5.13|), where the left-hand side is to be interpreted in the sense of

Definition [{.5.77

Proof. Let (fj)jen C Cg5.(80) N H be an approximation sequence as constructed in
Lemma [4.3.31} ie., f; - fand Tf; — Tf in H as j — co. By Lemma [£.5.6] the es-
timate @ holds after replacing f with f; for j € N; in particular, the support of f;
is bounded away from {z = 0} for j € N by Lemma Furthermore, Lemma
implies (Lf;, fj)a — (Lf, f)r as j — oo. The same convergence as j — oo also holds for

the right-hand side of (4.5.13]) because U‘ST(T) is bounded on the radial support of the steady

132From a mathematics point of view, one could further extend this definition to f € D(7") which are not
necessarily odd in v. However, as discussed in Remark [4.2.10} the linearised operator is only meaningful for
odd in v functions.
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state. In the case Ly > 0, this is obvious since Ry > 0. Otherwise, the steady state is

isotropic by |(¢5)| and, by the radial Poisson equation ([2.2.32)),

U’ 4 T 4
Or(r) = m;zgr) = 72/0 5% po(s)ds — g po(0) as r — 0, (4.5.24)
which also shows the boundedness of M. O

T

An immediate consequence of the above lemma is that £ is a non-negative operator [l
The same observation is stated in [62, Cor. 7.2].

Corollary 4.5.9. The linearised operator L: D(L) — H is non-negative, i.e., o(L) C
[0, 0]

Proof. Lemma shows that the quadratic form of £ is non-negative on D(L). By
standard variational principles, cf. [69, Prop. 5.12] or [134], Thm. XIII.1], we then conclude
the non-negativity of the spectrum of L. O

As motivated at the start of this section, we aim to show not only that £ is non-
negative, but even that it is positive, which means o(£) C ]0,00[FEI A key observation
in this direction is that 0 is not an eigenvalue of £. As the previous corollary, this result
follows directly from the Antonov coercivity bound and is based on [62, Cor. 7.3HTE|

Corollary 4.5.10. The nullspace of the linearised operator L: D(L) — H is trivial, i.e.,
ker(L) = {0}.

Proof. Since the radial weight @ = mgiér) in the integral on the right-hand side of (4.5.13))
is positive for r € | Rpin, Rmax], the claim follows by Lemma O

Together with the characterisation of the essential spectrum of £ from Proposition4.5.4
the above two corollaries already yield the desired positivity of L.

Proposition 4.5.11 (Positivity of the Linearised Operator). There ezists a constant ¢ > 0
depending on the underlying steady state s.t. for all f € D(T)NH there holds the estimate

(Lf. fru > el fll, (4.5.25)

where the left-hand side is given by Definition[4.5.7. This means that the linearised operator
18 positive, i.€.,
inf(o(L)) > ¢ > 0. (4.5.26)

Proof. By the approximation result from Lemma [£.3.31] and standard variational principles,
cf. [69, Prop. 5.12] or [134, Thm. XIII.1], the validity of the estimate (4.5.25) is equivalent

to (4.5.26]). Let us suppose that the latter is false, i.e., by Corollary inf(o (L)) = 0.
Since the spectrum of an operator is always closed [69, Thm. 1.2], 0 has to lie inside the

spectrum of £. By Proposition and the boundedness of the period function 7" on Dy,
0 is not in the essential spectrum of £, so it must be an eigenvalue. But this contradicts

Corollary [4.5.10] O

133The non-negativity of the linearised operator is defined similarly to the response operator, cf.
Lemma

134Since the spectrum of an operator is always closed, o(£) C ]0, 0] is equivalent to inf(a(L)) > 0.

135Note that the domain of definition of the linearised operator in [62} Sc. 7.1] is D(772), which is larger
then the domain of definition D(L) chosen here. This leads to the fact that the nullspace of the linearised
operator in [62, Cor. 7.3] is larger than the nullspace of £ here.
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Although the above proposition already shows the desired positivity of (the spectrum
of) L, we will now provide alternative proofs for this statement. On the one hand, this will
illustrate how the positivity of £ could be proven without prior knowledge of its essential
spectrum, which may be helpful in other situations. On the other hand, this will show how
to obtain more explicit lower bounds on L.

The following result is based on the observation that the radial weight @ contained
in the right-hand side of Antonov’s coercivity bound is bounded away from 0 for
certain steady states. The analogous observation is used in [62, Thm. 7.9] and [85, Thm. 1.2].

Lemma 4.5.12. Assume that the underlying steady state is isotropic, i.e., Lo = 0 = /.

Then, for all f € D(T)NH,
(LF. P > 11 (4527

where the left-hand side is to be interpreted in the sense of Definition [{.5.7 and My > 0 is
the total mass of the steady state, recall (2.2.11]).

Proof. As observed in [85, Lemma A.6 (a)], the function ]0, co[ 3 7 +—> Y ( ) is non- increasing
in the case of an isotropic steady state since

, my — Lty aoo(r) — 2 U (r T r
5r[UOT(T)] _Uy(r) TTUO( ) _ Ampof )T r Uo(r) :t<Po(r)—53/0 52P0(5)d3> <0
(4.5.28)

for r > 0, where we used that pg is non-increasing by Remark [2.2.10 @ Hence,

Us(r) > Up(Rmax) Mo
r o Rmax R?nax’

Inserting this estimate into the coercivity bound from Lemma m yields (4.5.27)). O

Unfortunately, the radial weight @ is not bounded away from 0 if the steady state
is anisotropic. Recall that Ly > 0 in this case by assumption and thus Ry, > 0
by . Hence, @ = mg—?@ vanishes at the boundary of €y since mg(Rpin) = 0.

Before considering the case of a general, not necessarily isotropic, equilibrium, we illus-
trate that the arguments from above can also be used to derive an explicit upper bound
on the period function T on Dy for isotropic steady states. In particular, the proof of the
lemma. below does not use the boundedness of T established in Section which means
that it provides an alternative way of establishing supp, (T') < co. The lemma is inspired
by [85 Cor. 2.2].

€10, Riax). (4.5.29)

Lemma 4.5.13. Assume that the underlying steady state is isotropic, i.e., Lo = 0 = /.
Then

R3
sup?(T) < 42 —max (4.5.30)
Do My

Proof. Using the non-negativity of the response operator R proven in Lemma and the
bound (4.5.27) from the lemma above yield

(T2F P 2 (LF Pon 2 gy ISl FED(T)NH. (4531)
max
By standard variational principles, cf. [69, Prop. 5.12] or [I34, Thm. XIII.1], we thus deduce
. Moy
inf(o(=77|,,)) > VI (4.5.32)

max
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Using the explicit structure of the spectrum of —TQ‘H derived in Proposition |4.3.19 we

hence conclude (4.5.30]). Ul

The remaining part of this section is devoted to finding an alternative way to prove the
positivity of £ in the case of a general steady state, including the situation of an anisotropic
equilibrium. We proceed as in [62] Sc. 7.1] and first consider an intermediate variational
problem based on [62, Prop. 7.4]. The techniques used in the proof of this result are inspired
by related arguments for Schrodinger operators [98, Ch. 11] as well as, in the context of
the linearised Vlasov-Poisson system, by variational principles for the so-called “Guo-Lin
operator”, see [53, Lemma 3.1] and [165, Prop. 4.8]. A related estimate is shown in [95,
Thm. 1.3] in the case of an isotropic polytropic steady state ; see [119, Sc. 3.6] for a
review of these arguments.

Lemma 4.5.14. Let

— = in PeZ7il2. 4.5.33
fepmnn |TFI13  sepmnn Ax||Tfl|% ( )
f#0 f#0

see Definition for the latter identity and recall f L ker(T) for f € H by Corol-

lary[4.3.25. Then )
Xelo,1] (4.5.34)

and the infimum (4.5.33)) is attained by a minimiser.

Proof. Let (f;)jen € D(T) NH be a normalised minimising sequence, i.e., |7 f;||lg = 1 for
j € Nand (Lfj, fj)u — A. Our aim is to obtain a minimising function of the variational
problem as a suitable limit of (f;);en. Following [62] Prop. 7.4], we split the proof
into several steps.

Step 1: Convergence of the Potentials. Lemma implies Ury, € Cr N H?(R3) for j € N
and that (Ury,);jen is bounded in H 2(R3). Hence, there exists a spherically symmetric a.e.

function v € H?(R3) s.t.
Ury, =¥ and AUry, = Ay in L*(R%) as j — o0 (4.5.35)

and
Uty — 0p in L*(R*R%) as j — oo (4.5.36)

after extracting a subsequence — by slight abuse of notation, we do not change the name
of the minimal sequence when passing to a subsequence of the original sequence through-
out this proof. The identity yields supp (8;Ury,) C Bpy,,(0) for j € N, and
thus supp (0,%) C Bg,,. (0). Together with the compact embedding H?(Bg,, (0)) €
H!(Bg,,,. (0)) we therefore obtain

O:Ury, = 0utp in L*(R*R?) as j — oc. (4.5.37)

Step 2: Weak Convergence of (T f;)jen. Since (T fj);en is bounded in H, there exists g € H
st. T fi = gin H as j — oo after extracting a subsequence. Moreover, by Lemma
T f; is even in v a.e. for j € N and this property carries over to the weak limit g.

Step 3: The Connection Between the Above Limits. For every h € L2(R3) = [LZ(]R%]’,
Qo 2 (x,v) — |¢'(E,L)|h(x) is an element of H = H' by Lemma Hence, by the
previous step it follows that

PTY = / TfiGv)dv— [ g(-,v)dv = pg in L2(R3) as j — oo; (4.5.38)
R3 R3
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as before, functions defined on €y are extended by 0 to the entire space R? x R3. On the
other hand, 4mpry, = AUry, — Aty in L*(R?) as j — oo by ([£.4.15)) and (£.5.35)). Hence,

by the uniqueness of weak limits in L2(R3) we deduc
Ay = 4dmpg a.e. on R?. (4.5.39)
From this identity we conclude
P =U, a.e. on R3, (4.5.40)

because solutions of the Poisson equation are unique in LP(R?). More precisely, the latter
can be obtained as follows: The embedding H!(R3) < LS(R3) yields ¢ € L%(R?), while

Lemmal4.4.5|shows U, € LS(R3). Thus, u == 1)—U, € L5(R?) and u is harmonic by ([5.39).

The mean value property of harmonic functions then implies u = 0, i.e., (4.5.40).
Step 4: The Minimiser. Since T f; € ker(7T)* for j € N by Lemma [4.3.26, there holds

g € ker(T)*. The same lemma thus implies that there exists f € D(T) s.t. Tf = g. In
addition, we can choose f to be odd in v a.e. because g is even in v a.e. and T fy =¢g_ =0

by Lemma [4.3.16, Using the convergence (4.5.37), we deduce
-t 10:Ur¢l5 =1 ! 10,93 = lim 1 ! 10.Ur 113 = lim (Lfj, fi i = A (4.5.41)
A cUTfll2 = An z¥||2 7j%oo An YT fil2 7]’%00 jryJjIH = A- 0.

Thus, if [[0,Ur¢|2 = 0, the above would imply A = 1. However, this would contradict the
fact that inserting f € D(7) NH \ {0} with 0,Ury # 0 into the infimum directly
yields A < 1.

Therefore, ||0,Ursll2 > 0, and thus f # 0. This means that we can take f as a test

function in the infimum (4.5.33)), which, together with (4.5.41)), leads to

. H&EUTfH%

1 -
1— — |0, Uz =X<1— 221102

(4.5.42)

i.e., |Tfllg > 1. On the other hand, the weak lower semicontinuity of the weighted L2-
norm || - ||z yields

Il < timind |75 = 1. (1.5.43)
Overall, ||7 f||z = 1 and therefore

1 1 (Lf, flm
A=1——|0,Ur¢|%2 = (L, = DI IE 4.5.44

which shows that f is indeed the desired minimiser.
Step 5: Positivity of A. Tt follows by the previous step that f € D(T) N H with || ||z > 0.
Hence, the Antonov coercivity bound from Lemma implies (Lf, f)m > 0 since the

radial weight @ is positive on |Ryin, Rmax]. By (4.5.44]), we thus conclude A > 0. O

Before using this result to deduce the positivity of £, we discuss an interpretation of the

variational problem (|4.5.33).

%6 Notice that f; — f in L*(R®) is equivalent to f; — f in LZ(R®) for (f;)jen C L2(R®) and f € L2(R®).




108 CHAPTER 4. PROPERTIES OF THE OPERATORS

Remark 4.5.15. Fory >0 let L, = —T?*— % R:D(L) — H. This family of operators will
be studied in detail in Section|d.1.1. Compared to the linearised operator L, the gravitational

response term R gets “amplified” in L., by choosing smaller values of v > 0. After extending
the quadratic form associated to L onto D(T) NH similarly to Deﬁm’tion we obtain

VAL P =T — (REFu = Lf flu— Q=) TfIH (4.5.45)

for f € D(T)NH and v > 0. This reveals a connection between L. and the variational
problem (4.5.33)): For the minimiser f* € D(T)NH obtained in Lemmaly.5.14}, there holds
<£(175\)f*,f*>H = 0. Moreover, L, > 0 is equivalent to vy > 1 — \.

This shows that for the non-negativity of the linearised operator L = L1, cf. Corol-
lary[4.5.9, it is crucial that the gravitational response term is not weighted too strongly.

Combined with the Poincaré type inequality from Lemma[4.3.28] the above lemma yields

~ 7T2
Y

3 2
iy AMfI%,  feDT)NH. (4.5.46)

This shows that Sui‘f?‘T) > 0 is a lower bound on £, which was used in [62, Thm. 7.5] as
Do

well as in [61, Lemma 3.10 (c)].

4.5.4 Eigenvalues of the Linearised Operator ?

As motivated in Chapter 3| our key interest regarding the linearised operator £: D(L£) — H
is whether it possesses eigenvalues. By the results from the previous section, every eigenvalue
of £ has to be positive and thus corresponds to a pulsating mode of the linearised Vlasov-
Poisson system. In this section we (start to) discuss whether such eigenvalues exist.

We restrict the discussion to the presence of eigenvalues of £ inside the essential gap G,
recall for the definition of this set. In the case of such an eigenvalue, the oscillation
period of the perturbed equilibrium is larger than the radial period of every single particle
in the steady state — a property which seems quite intuitive. There are, however, also more
profound reasons for restricting the search for eigenvalues of £ to G:

1. We shall see in Chapter [6] that it is quite natural that there are no eigenvalues of £
embedded into its essential spectrum. This can be proven for some equilibria, cf.
Section but is expected to hold for a larger class of steady states as well. The
latter claim will be supported by the numerical simulations in Section which will
show that, for a large class of steady states, the behaviour of solutions of the linearised
Vlasov-Poisson system is determined by whether an eigenvalue of £ exists in G, see

Observations [8.3.4] and R.3.7

2. The discussion in Section [6.5| will show that the question of whether there exist eigen-
values of £ inside its essential spectrum is rather difficult to answer. Similar difficulties
also arise in the study of Schrodinger operators, cf. [134, Sc. XIII.13].

3. Eigenvalues in G can be characterised using variational principles, which is not possible
for other eigenvalues (without further effort).

The application of variational methods was already suggested in [71l p. 258] and is our
main tool for analysing the presence of eigenvalues.
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Lemma 4.5.16 (Variational Characterisation of Eigenvalues in the Essential Gap). The
bottom of the spectrum of the linearised operator L: D(L) — H is given bgfri?l

inf(e(L)) = inf ——F—5—. 4.5.47
)=, B T 4
f#0
In addition, the linearised operator L: D(L) — H possesses an eigenvalu@ in the essential
gap G if and only if
4qr?
supp, (1)

In this case, the infimum (4.5.47)) is attained by an eigenfunction to the eigenvalue inf(o (L))
of L.

inf(o(L)) < inf(0es(L)) = (4.5.48)

Proof. The characterisation of inf(o (L)) follows by standard variational principles,
cf. [69, Prop. 5.12] or [I34, Thm. XIII.1]. If holds true, inf(o (L)) is an eigenvalue
of £ with finite multiplicity by the definition of the essential spectrum. In this situation,
it is straight-forward to verify that any eigenfunction is a minimiser of . Moreover,
inf(o (L)) > 0 by Proposition ie., inf(o(L)) € G. Conversely, if (4.5.48) does not
hold true, there cannot be an element of o(£) inside G. O

Using similar arguments, one can also characterise the presence of multiple eigenvalues
of L inside the essential gap G variationally, see Lemma (with v =1).

In [85, Sc. 1.6], obtaining the infimum is interpreted as finding the best con-
stant ¢ > 0 in the estimate @

Inspired by , a naive approach to obtain a small value of the quadratic form
(Lf, fYm is to insert the minimiser f € D(7) N H of the variational problem from
Lemma Unfortunately, this strategy does not seem to be very helpful because

the minimiser f is not known explicitly and because f is not necessarily a minimiser of

. T 2
inf gep () 0) % of. Remark [4.3.29

A more promising approach to estimate inf(o(L)) is to insert a function into the
quadratic form for which the linearised operator can be easily computed. The following
lemma gives an example of such a function. It is based on [85, Ex. 2.1]; related arguments
are also used in the proof of Lemma

Lemma 4.5.17. Consider the spherically symmetric a.e. function f: Qg — R defined via
fryw, L) = |¢(E, L)| rw, a.e. (r,w,L) € Q. (4.5.49)
Then f € D(L) with

Up(r)

Lf(r,w,L) = f(r,w, L), a.e. (r,w,L) € Q. (4.5.50)

137Since the spectrum of an operator is always closed and £ > 0 by Corollary [4.5.9] there actually holds
inf(o(£)) = min(o(L)).
L possessing an eigenvalue in G always means that £ possesses at least one eigenvalue in G.
139The infimum (]45_47D indeed defines the best constant in because, by the approximation result

from Lemma |4.3.31 et 7<LHJ;’”J;>H = rec ng ) <£||J;’”J;>H = ; .D(fg) <£HJ;’”J;>H
€ N €C.(Q)NH fe
7#0 " 20’ " 70 "
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Proof. By Lemma there obviously holds f € H. Lemma yields

Rf(?", w, L) = 471—‘(10,(E7 L)| TW Joy |<p’|(7n) = 47Tp0(74) f(ra w, L)> a.e. (Ta w, L) € Qo.
(4.5.51)
Furthermore, T2f = |¢'(E, L)| T?(rw) by Lemma [4.3.10, which implies f € D(7?) by a
similar discussion as in Remark @ Recalling the calculation (4.5.20]) from the proof
of Lemma we thus deduce
Us(r)

T2 f(r,w, L) = — (47rp0(7") + r) f(r,w, L), a.e. (r,w, L) € Q. (4.5.52)

Combining (4.5.51]) and (4.5.52]) then shows (4.5.50)). O

Remark 4.5.18. The above lemma shows that would define an eigenfunction of L
if @ were constant on the steady state support. This is the case for the Kurth steady
state introduced in [90], see also [62, Sc. 6.1], [87], and [1}5, Sc. 1.3] for further analyses.
This steady state has been developed so that a suitable rescaling of it leads to an oscillatory
solution (on the non-linearised level). However, the Kurth steady state does not satisfy the

assumptions|(p1)H(p5 ) imposed here; it is rather irreqular at the boundary of its phase space
support.

Inserting the function from the above lemma into the quadratic form of £, along with
Lemma [£.5.16] yields a criterion for the existence of an eigenvalue of £ into the essential
gap G. This observation is due to [85, Cor. 2.2], which is why we refer to the following
result as Kunze’s criterion.

Lemma 4.5.19 (Kunze’s Criterion for the Existence of Eigenvalues). If

U Ar?
sup o(r) < T

: (4.5.53)
TE]RminyRmax} r Supl%)o (T)

the linearised operator L: D(L) — H possesses an eigenvalue inside the essential gap g@
In the case of an isotropic steady state, i.e., Lo = 0 = £, the supremum on the left-hand
side of (4.5.53)) us explicitly given by
U 4
sup o(r) =T p0(0), (4.5.54)
re}RminyRmax] r 3

recall Remarkfor an explicit representation of pp(0).
Proof. Let f € D(L) be defined via (4.5.49)). By (4.5.47)) and (4.5.50) we obtain

! /
inf(0(£)) < hie _ 1 / L Golr) f(z,v)*d(z,0) < sup Golr)
I IAE Joo € (B.D)] 7 7€) Ruin Rimax] T
(4.5.55)
Lemma thus yields the claimed criterion for the existence of eigenvalues of L.
The identity in the case of an isotropic steady state is due to the fact that

10,00[ 37 +— @ is non-increasing — which follows by the calculation (4.5.28)), see also [85),
Lemma A.6 (a)] — and because of lim,_,o UOT(T) =4 py(0), cf. ({5.24). O

1407t seems tempting to use the explicit bound on sup]%D (T') from Lemma [4.5.13|to estimate the right-hand

side of (4.5.53)) in the case of an isotropic steady state and thus arrive at a more explicit criterion which

Mo _ Ué(Rmax)
T T the bound from

does not require knowledge on the period function. However, since
Lemma is not helpful for this purpose.



4.5. THE LINEARISED OPERATOR L 111

In Section we will numerically check this criterion and see that it is indeed satisfied
for some steady state, cf. Observations|8.2.11|and [8.2.12] The strength of the criterion from
Lemma is that it is rather easy to check, since only the gravitational potential of the
steady state and the (maximum of the) period function need to be known. However, given
that we used several estimates to derive the criterion, we cannot expect it to be particularly
sharp. This is meant in the sense that we cannot expect the criterion to be satisfied in
every situation in which there exists an eigenvalue of £ inside G.

For this reason, we will develop an additional, sharp criterion for the existence of eigen-
values of the linearised operator £ inside the essential gap G in Chapter
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Chapter 5

The Birman-Schwinger-Mathur
Principle

In this chapter we derive a sharp criterion for the existence of eigenvalues of the linearised
operator L: D(£) — H in the essential gap G; recall Section for the definition of the
operator and the function spaces and recall for the definition of G. Throughout this
chapter, we assume that the underlying steady state fy satisfies the conditions |(©1)H(©5)
stated in Sections and

As discussed in the introduction, our approach is motivated by the classical Birman-
Schwinger principle used to characterise negative eigenvalues of Schrodinger operators, see,
e.g., [99, Sc. 4.3]. It was first observed by Mathur [I11] that similar techniques are also
useful in the context of the linearised Vlasov-Poisson system. In addition, Mathur showed
that all relevant information contained in the Birman-Schwinger operator are also contained
in a reduced operator. Extensions of this method were then developed in [62, [85] for the
linearised Vlasov-Poisson system, in [49] for the linearised Einstein-Vlasov system, and
in [61] for a slightly modified version of the linearised Vlasov-Poisson system. Here, we
follow [62], Sc. 8] and [49, Sc. 6]. More precisely, the general concepts are based on [62], but
we include several improvements developed in [49]. For instance, we derive a quantitative
bound on the number of eigenvalues of £ in G which is not included in [62]. The connections
between our results and the ones from [85 Ch. 4] will be discussed in Remark

We begin by adapting the Birman-Schwinger principle to our specific situation in Sec-
tion followed by the application of Mathur’s reduction method in Section The
resulting criteria for the existence of eigenvalues of £ in G are then collected in Section
Lastly, in Section [5.4] we discuss first applications of these criteria.

5.1 A Birman-Schwinger Principle

The aim of this section is to develop a Birman-Schwinger principle for the linearised oper-
ator £. Our strategy is inspired by [98, Step 1 in Proof of Thm. 12.4].

As a preparation, we first consider the following auxiliary family of operators. The
definition is based on [49, Def. 6.1]; the same operators also appear in [62, Sc. 8.1].

Definition 5.1.1 (The Operators £L5). For vy >0 let

Ly=—T*~ in: D(L) — H. (5.1.1)

113
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The parameter v > 0 controls the weight of the gravitational response term in £,: The
smaller v > 0, the stronger the gravitational response term is weighted. In the case v =1
we recover the linearised operator, i.e.,

Ly =L. (5.1.2)

5.1.1 Analysis of the Operators L,

The first part of Section [5.1]is devoted to an analysis of the functional analytic and spectral
properties of the operators £, introduced in Definition This is based on [49, Sc. 6.1].
The reasons why it is useful to analyse these operators will become apparent at the close of

this section, cf. Remark [5.1.10]

We first show that the operators L, are self-adjoint and that their essential spectra do
not dependent on «. This is due to the reason that the essential spectrum is determined
by the transport part _TZIH’ which carries no y-weight. The lemma is based on [49,
Lemma 6.2].

Lemma 5.1.2. For vy > 0, the operator L,: D(L) — H is self-adjoint as a densely defined
operator on H. Its essential spectrum is given by

UeSS(EW) = Oess(L) = U(_Tz‘ﬂ)§ (5.1.3)
the latter set is explicitly determined in Proposition[{.3.19

Proof. The claims follow by the same arguments as the respective statements for £ in Sec-
tions 4.5.1) and |4.5.2| because _T2|H is self-adjoint by Proposition 4.3.17|and R is bounded

and symmetric by Lemma [4.4.2| as well as relatively (ﬁ‘H)—compact by Lemma O

In particular, the above lemma shows inf(cess(L£y)) = inf(oess(£)) > 0 and that the
essential gap G is disjoint with oess(Ly) for v > 0.

Although the essential spectrum of £, is independent of v > 0, the entire spectrum
of £, does depend on . We have already noted this in Remark where we have seen
that the non-negativity of L., i.e., 0(£,) C [0,00][, is equivalent to v > 1 — A. In order
to characterise the elements of o(L,) \ dess(£+) inside the essential gap G, we extend the
variational principle from Lemma A similar statement can be found in [49, Def. &
Prop. 6.4].

Definition & Lemma 5.1.3 (The Values p,(7)). Fory >0 andn € N le@@

g1se-:9n—1€H heD(L), |kl p=1,
thl,...7gn71

pn(y) = sup ( inf (Lyh, h>H> . (5.1.4)
Then pn(7y) is finite, and either

(i) pn(y) < inf(o(=T2|y)). In this case there exist at least n eigenvalues (counting
multiplicities) of L. below inf(a(=T2|%)), and un(7) is the n-th smallest eigenvalue
(counting multiplicities) of L.

or

141 A5 usual, the orthogonality in (5.1.4)) is meant w.r.t. the inner product (-,-)g.
1421y the case n = 1, the supremum in (5.1.4)) is dropped and one takes the infimum over all h € D(£) with
||h||z = 1. This notational convention is used throughout this section.
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(ii) pn(y) = inf(a(=T?2|%)). In this case there exist at most n — 1 eigenvalues (counting
multiplicities) of L, below inf(a(=T2|%)), and pintj(y) = inf(o(=T2|%)) for j € N.

Proof. For h € D(L) with ||h||g = 1 there holds

_|RIa—H
ot

by the skew-symmetry of the transport operator, cf. Proposition Here, |R||H—H
denotes the operator norm of R: H — H, which is finite by Lemma This shows that
the operator £, is bounded from below. Then the statement is just the min-max principle
for semi-bounded, self-adjoint operators, see [134, Thm. XIII.1] or [160, Prop. 11.32]. O

1
(Loho by = || Th|3 — S (Rh,h)y > (5.1.5)

In the above statement — and everywhere else in this thesis — the multiplicity of an
eigenvalue A of L, refers to the dimension of the associated eigenspace ker(L£, — \id) =
{f eD(L) | L,f = Af}. In general, this dimension can be infinite. In the case A € 0ess(L),
the eigenspace is finite dimensional by the definition of the essential spectrum.

Our aim is to analyse the properties of the mappings |0,00[ 3 v + p,(7y) for n € N as
thoroughly as possible. The following lemma is a regularity statement for these mappings.
It is based on [49, Lemma 6.6], which is in turn inspired by [134], XIII Problem 2] and [160),
Thm. I1.33].

Lemma 5.1.4. For fized n € N, the mapping ]0,00[ 3 v — un(7y) is non-decreasing and

1 1
i) = @) < |2 = IR, 28>0 (5.16)
In particular, ]0,00[ 3 v+ pun(7y) is continuous.
Proof. For v > 0 and h € D(L£) with ||kl =1 let

fu(y) = (Lyh,h)m, 7> 0. (5.1.7)

We first prove the claimed properties for f;, instead of p,,. For 0 < v < (3, the non-negativity
of R, cf. Lemma implies

1 1
o) = TRl = = (Rhy by < [ ThilE = 5 (Rhy )i = fulB): (5.1.8)
Furthermore, by the Cauchy-Schwarz inequality,
) = 500 = |2 = 5| (Rh iy < |2 SR (5.1.9
n{7Y h 5B ) H S ~ B H—H 1.

for any v, 5 > 0.
The next step is to show that the monotonicity (5.1.8]) and the estimate (5.1.9)) carry
over from fj to the sup-inf u,. For this purpose, let

L ey Op—1) = inf 1.1
(91, 9n-1) heDw;’n”h”H:th(v) (5.1.10)

hlgi,....gn—1
for v > 0 and ¢1,...,9n—1 € H. For fixed g1,...,9n—1 € H, 7,8 > 0, and h € D(L) with
|h|lg =1and h L g1,...gn—1, we obtain

1 1

Li(g1,- - 9n-1) < fn(v) < fu(B) + ‘7 - 6‘ IR\ o o (5.1.11)
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by (5.1.9). Taking the infimum over all such h and switching the roles of v and [ hence
yields

1 1
|I’Y(gla s 7gn71) - I,B(gl? cee agnfl)’ < "Y - 5’ ||R||H—>H (5112)

For fixed ¢1,...,9n—1 € H, this implies

1 1
1) 2 (g1 gnet) 2 Ia(g1s s guot) — '7 - B\ IRl (5.1.13)

for v, 8 > 0. Taking the supremum over all ¢1,...,g,—1 € H thus yields

tn(B) = pn(7) < 'i - ;‘ IRl tr—m, 78>0, (5.1.14)

which shows after switching the roles of v and £.

Furthermore, implies I,(g1,...,9n-1) < Ig(g1,...,9n—1) for 0 < v < B and
Jis---y9n_1 € H. Taking the supremum over all ¢i,...,9,-1 € H yields the claimed
monotonicity of py,. O

The monotonicity of u, corresponds to the fact that decreasing v > 0 means that we
assign more weight to the non-positive term —% R in the operator L, which leads to the
spectrum of £, to be shifted towards more negative values. In fact, the monotonicity from
the previous lemma is even strict if y, departs from inf(o(—72|)) > 0. The lemma is
based on [49, Lemma 6.7], which is in turn inspired by [98, Proof of Thm. 12.1].

Lemma 5.1.5. Fizn € N and suppose that there exists o > 0 s.t. p1,(y0) < inf(o(=T2|%)).
Then |0,7v0] 2 v — un(7y) is strictly increasing.

Proof. First observe that Lemmas and imply 11;(y) < inf(o(=T2|3)) for 1 <i <
n and 0 < vy < . In particular, ;() is an eigenvalue of £, for all such ¢ and . Choosing

orthonormal eigenfunctions to these eigenvalues of £, we deduce that for every 0 <y < g
and 1 < i < n there exists b} € D(L) s.t. Lyh] = i(y) b, [|R]]lg = 1, and h} L R} for
1#je{l,...,n}.

Now fix 0 <y < 3 <~ and let ¢1,...,¢, € Rbes.t. h* =", cl-hf € D(L) satisfies
L= [|n*|3, =31, 2 and h* L A7,...,h) ] Then

(Lo ) =3 uilB) < un(8) 3. & = pa(B) < inf(0(~T%h),  (5.1.15)
=1

=1
which implies (Rh*, h*) g > 0 since | Th*||%, > inf(o(—=T2|x)), recall Remark [4.3.29] Thus,
1
g

The last step is to observe that the supremum in p,(v), see Definition is at-
tained when choosing ¢1,...,9n—1 = h{,...,h] ;. This is due to the fact that the spec-

»Pn—1-
trum of L. restricted to the orthogonal complement of span{h7,...,h! ;} is given by

1 . 1k
(L h* By g = HTh*H%{—; (RI*,h*) g < | Th*||5— = (RR*, h*Y i = (Lgh*, h*) . (5.1.16)

13The existence of such ¢i,...,cn € R can be obtained as follows: For h = > cihﬁ3 with ar-
bitrary ¢ = (c1,...,cn) € R™, h L h7,...,h}_, is equivalent to >  cizi = 0, where z; =
(2 h Ve, ... (B h) V) € R™! for i = 1,...,n. Since the n vectors z1,...,2z, € R"™* have to be

i7" "n—1
linearly dependent, we conclude the existence of ¢ as claimed.
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(Lo gy o 31) = (LN (), 1 (NP U (1)}, cf. [69, Prop. 6.6]. In

particular, inf(o E 5| 3 1)) = pn(y) and thus, by standard variational princi-

Vispan{h],...
ples@ pn(y) = inf{{(Lyh h)H | he D(£) Nspan{h{,...,h} 3 ||hllg = 1}.
Together w1th (5.1. 15|) and (5.1.16) we hence conclude

W) = inf Loh, Ry < (Loh* by < (Lah*, b)Y i < pn(B). 5.1.17
10) = s (ot < B KD < L )iy < (B). (5107
hLlh,.. k]

The above lemma shows that once the n-th eigenvalue of £, departs from the essential
spectrum oegs (L) = o(—T2 }H), the mapping jiy, is strictly monotone for smaller values of 7.
However, for n > 2, we are not certain whether the n-th eigenvalue pu,, actually departs from
the essential spectrum. For the first eigenvalue, it follows by Remark that this is the
case since

p1(1—X) =0, (5.1.18)

where \ € 10,1[ is the infimum from Lemma [4.5.14 We even get the following limiting
behaviour of 1, which is based on [49, Lemma 6.8].

Lemma 5.1.6. It holds that lim\ g p1(y) = —00.

Proof. Since

1
= inf (Lyh,h)pg = inf W3 — = (Rh,h 5.1.19
) = nt (eonmhr =t (170 -2 Rin) (5119)
[Allz=1 [l m=1

for v > 0, we just choose some h € D(£) with ||h|z =1 an (Rh,h)sr > 0 to conclude
- 1 - -

p(y) < I ThliF — S (Rh,h)g — —o0, v — 0. (5.1.20)

O

On the other hand, the limiting behaviour of all eigenvalues j,,(7y) as 7 tends to infinity
is rather clear. This is based on [49, Lemma 6.9].

Lemma 5.1.7. For every n € N there holds limy_,o0 pin () = inf(a(=T?%|%)) > 0

Proof. First note that the limit limy_,co () exists in | — oo, inf(o(—T?2|3))] by Lem-
mas [5.1.9] and [5.1.4] The claim then follows by the observation that for any v > 0 and
h € D(L) with ||h||zz = 1 there holds the estimate

(Y = | THIG - i (Rh, )yt > inf(o(=T2|)) — ”R”;“H (5.1.21)

where we used the variational identity inf(o(=72[)) = infep(2)\ {0} ||| HH once again. [

The monotonicity of p,(7y) in n and 7 allows us to translate the number of eigenvalues
of £ = L1 below some prescribed A < inf(c(—72|x)) into the position of the zeros of the
mappings |0,00[ > v — un(y) — A for n € N. For this purpose, we define the following
quantities similar to [49, Def. & Rem. 6.10].

14410 particular, £7|Span{m 7777 gL D(L)Nspan{h],...,h} _}* — span{h],...,h]_,}* is self-adjoint.

This can be verified by using 51m11ar arguments as in [69] Lemma 7.3].
Y3 (Rh, by > 0 follows if ji # 0 a.e., recall (@.4.8)).
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Definition & Lemma 5.1.8 (The Values 7,(\)). For n € N and A < inf(o(=T2|3)) we
define yn(\) € [0,00[ as follows:

(i) If pn(y) > X for every v > 0, let yp(A) == 0.

(11) Otherwise, define vn () > 0 via pn(yn(N)) = A

Then v, (\) is well-defined. In the case A 15 an eigenvalue of L., (\). In addition,
1) < 7a(N) for n € N.

Proof. Lemmas|[5.1.4] [5.1.5 and [5.1.7| show that |(i)| and |(ii)| uniquely define ~,,(\) > 0. The
additional claims follow by Lemma [5.1.3 O

The properties of p,(\) from Lemmas as well as the definition of ~, () are
illustrated in Figure [5.1.1

Spectrum of £
‘ Oess(Ly) = 0(77—2’7{)
inf(a(—Tz|H)) —

) p2(y) pa ()

v

Figure 5.1.1: Possible behaviour of p,(v) and the definition of 7,(A). The dotted curve
departing from pi(7) illustrates that it is possible that ui(y9) = inf(a(—TZ‘H)) for some
Yo > 0.

An interpretation of the values ~,(\) will be discussed in Remark

As motivated before, the positions of ~,()\) reveal the number of eigenvalues of the
linearised operator £ = L1 below A < inf(o(—7?2|y)). This is the key result regarding the
operators L. It is based on [49, Prop. 6.11].

Lemma 5.1.9. For \ < inf(o(=T?2|%)) the following identities hold:

#{eigenvalues < \ of L (counting multiplicities)} = #{n € N | v,(\) > 1},  (5.1.22)
#{eigenvalues < \ of L (counting multiplicities)} = #{n € N | v,(\) > 1}.  (5.1.23)

When referring to both (5.1.22)) and (5.1.23)), we write

#{eigenvalues < X of L (counting multiplicities)} = #{n € N [ y,(A) > 1}.  (5.1.24)
Proof. By Lemma [5.1.3

#{eigenvalues < A of £ (counting multiplicities)} = #{n € N | u, (1) < A}.  (5.1.25)

Since py,(1) < A for some n € N is equivalent to 7, (A) > 1 by the above lemmas, we thus

conclude (5.1.24]). O
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We note that the number of eigenvalues < A of the linearised operator £ (counting
multiplicities) is finite for A < inf(o(—T2|%)) because £ > 0 by Corollary and
inf(0ess (L)) = inf(a(=T2|3)) > A

To conclude the analysis of the operators £, let us explain our motivation for conducting
this analysis.

Remark 5.1.10. The lemma above shows that the properties of L, — in particular, the
properties of the eigenvalues py(7y) — allow us to characterise the amount of eigenvalues
of L below some X\ < inf(o(—=T?|3)). We will further develop this result to arrive at a
characterisation of the amount of eigenvalues of L in the essential gap G. If one is not
interested in the precise number of eigenvalues of L in G, but only in whether L possesses
an eigenvalue in G or not, such a detailed analysis of L is not necessary. This is why such
an analysis is not included in [62).

5.1.2 The Birman-Schwinger Operator

Armed with the tools collected in Section [5.1.1} we are now in the position to establish a
connection between the spectra of the linearised operator £ and the following operator. We
will comment on the definition afterwards.

Definition 5.1.11 (The Birman-Schwinger Operator Qy). For A < inf(o(—T?2|%)) let
Qr= VR (=Tl — A '"VR: H —H, (5.1.26)

recall Lemma mfor the definition of VR. This operator is called the Birman-Schwinger
operator associated to L with parameter .

Remark 5.1.12. The form of the Birman-Schwinger operator @y in Definition
differs from the ones in [62, Eqn. (8.1)] and [111, Eqn. (3.3)]. In our notation, the Birman-
Schwinger operator in [62, [111] is R (—T?| — )\)_1: H — H. The definition is
based on [49, Def. 6.12], see also [61, Eqn. (5.1)] for an adaption in the context of a
linearised Vlasov-Poisson system. As discussed in the introduction, the use of the square
root operator VR is motivated by the analysis of Schrédinger operators. In this way, the
operator Qy 1is symmetric, cf. Lemma which is not the case in [62, [111]. This
property will simplify the analysis later on, see Remark[5.2.9

Before studying the properties of ), we derive the connection between the eigenvalues
of £, and Q. This is based on [49], Prop. 6.13] and [61, Lemma 5.1].

Proposition 5.1.13 (A Birman-Schwinger Principle). Let v > 0 and A < inf(o(—=T?2|%)).
Then X is an eigenvalue of Ly if and only if v is an eigenvalue of @Qx. In this case,
the multiplicities of these eigenvalues are equal and the associated eigenfunctions can be
transformed explicitly into one another:

(a) If f € D(L) is an eigenfunction of L to the eigenvalue X,
g=VRfeH (5.1.27)
is an eigenfunction of Q to the eigenvalue .
(b) If g € H is an eigenfunction of Qx to the eigenvalue 7,
f= (=T -2 "'"VRgeD(L) (5.1.28)

is an eigenfunction of L to the eigenvalue \.
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Proof. If f € D(L) is a solution of L,f = Af, there also holds ~ (—’TQ — )\)f = Rf.
Applying VR (=T2|u — )\)71 to this equation and writing R = VR V'R yields

19 = VRS = QAVRf = Qzg, (5.1.29)
where ¢ is defined via (5.1.27)).

Conversely, if g € H solves the eigenvalue equation Qg = vg and f € D(L) is defined

via ([5.1.28)), it follows that
1 1
Evf—/\f:(—TZ—A)f—;Rf:\/Rg—;\/RQAg:O. (5.1.30)

What remains to be proven is that linear independence of eigenfunctions is preserved
by (5.1.27) and (5.1.28). In particular, this will show that f = 0 is equivalent to g = 0
under the transformation (5.1.27) or ([5.1.28]).

First, let fi,..., fn € ker(Ly—\) be linearly independent and define g; := VR fi € H for
1 <i < n. Suppose that there exist ¢1,...,¢, € Rst. 0= ¢ = \/ﬁ(zzlzl cifi)- We
then apply % (—TQ - /\)_1\/73 to the latter equation and use that £,f = Af is equivalent
to % (=72 - A)_lRf = f for some f € D(L£). This implies 0 = > ; ¢ fi, and thus
c1=...=c¢, =0since fi,..., f, are linearly independent.

Conversely, for linearly independent gi,...,¢g, € ker(Qx — ) let fi,..., fn € D(L) be
given by f; == (—T2|7.[ — )\)71\/77?,91- for 1 <14 < n. Suppose that there exist ¢1,...,¢, € R
st. 0=3" 1 cifi= (=T?u— )\)_1\/772(2;;1 ci gi). Applying VR to this equation yields
0=0Q\> i cigi) =D i, ¢igi, which shows ¢; = ... =¢, =0. O

Together with the relation between the eigenvalues of £ and the ones of £, established
in Lemma the above proposition yields the following quantitative relation between
the spectra of the linearised operator £ and the Birman-Schwinger operator Q. It is based
on [49, Prop. 6.14], see [61, Lemma 5.1] and [62], Lemma 8.2] for non-quantitative versions
of this result.

Proposition 5.1.14 (Quantitative Relation Between the Eigenvalues of £ and Q). For
A < inf(o(—T2|%)) it holds that

#{ eigenvalues < X of L (counting multiplicities)} =
= #{eigenvalues > 1 of Qx (counting multiplicities)}, (5.1.31)
where we use the same notational convention as in Lemma [5.1.9.

Proof. Using the notation introduced in Definition [5.1.3] and the properties of the eigenval-
ues of £, — in particular, Lemma — together with Proposition [5.1.13|implies

#{n e N |3y > 1: u,(v) = A} = #{eigenvalues > 1 of @, (counting multiplicities)}.

(5.1.32)
By Lemma the number on the left-hand side equals the amount of eigenvalues < A
of £ counting multiplicities. O

At first glance, it may not be clear what benefit Proposition provides us, since it
merely transforms the original eigenvalue problem for £ into another eigenvalue problem.
The reason why the latter is more convenient to analyse is because the Birman-Schwinger
operator () possesses nicer properties from a functional analytic perspective than the (un-
bounded) operator £. We derive these properties of @y in the following lemma. It is based
on [49, Lemma 6.15], 61, Lemma 5.1], and [62, Lemma 8.3].
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Lemma 5.1.15 (Properties of the Birman-Schwinger Operator). For A < inf(o(—T72|%))
the operator Qy: H — H introduced in Definition |5.1.11| is linear, bounded, symmetric,
non-negative, and compact.

Proof. The proof relies on the properties of —772 ’7—[ and /R established in Section and
Lemma Q) is linear, bounded, and symmetric because (—TQ|H — /\)_1 and VR both

have these properties; the symmetry of (—772|y — )\)_1 follows from the symmetry of 772,
cf. Proposition [£.3.17], and

o (T2 =N g = (T2l =2 (T =N (-T2l =N g =
= (-~ N f.9)n (5.1.33)

for f,g € H. In addition, v/R being relatively (’7'2|H)—compact by Lemma means that

VR (—TZ]H - )\)_1 is a compact operator. Hence, since v/R is bounded, @ is compact as
well. In order to show the non-negativity of (0, first observe that (—7'2|7{ — )\) > 0 implies

(=2 —A) "' >0, ie,

1

(T - ""g.90m >0, geH (5.1.34)

Inserting g = VR f for f € H into (5.1.34) and using the symmetry of R then implies
Qr>0. O

Furthermore, there is a connection between the quantities from Section [5.1.1] and the
spectrum of the Birman-Schwinger operator:

Remark 5.1.16 (The Spectrum of the Birman-Schwinger Operator). For A <
inf(o(—=T2|3)), Proposition shows that the values vn(A\) > 0 introduced in Defini-
tion are precisely the non-zero eigenvalues of Qx. Moreover, each value is repeated
according to the multiplicity of the associated eigenvalue, i.e., if v > 0 is an eigenvalue
of Qx of multiplicity j € N, #{n € N | y,(\) = v} = j. Using the properties of Qx from
Lemma further yields

a(@x) \ {0} = {1n(A) [ n € N, 7a(A) > 0}. (5.1.35)

The usual variational pm’nciple@ hence provide the following variational characterisation

of Yn(A) forn € NE

n(A) = inf sup  (Qah,h)m |- (5.1.36)
Growesgn—1EH \ he, ||hl| =1,
hlgi,....gn-1

In addition to the properties of Q) for fixed A proven above, we now derive the mono-
tonicity of @, in the parameter . This is inspired by [99, p. 77].

Lemma 5.1.17. For p < A < inf(o(—T2|3)) there holds

Qu < Qa (5.1.37)

in the sense of operators.

16T he characterisation (5.1.36) follows, e.g., by applying [134] Thm. XIIL1] to —Q..
147 The identity (5.1.36)) also holds in the case v, () = 0.
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Proof. By the first resolvent identity [69, Prop. 1.6(2)] we obtain
—1 —1
Qr = Qu=VR [ = ) (=T2h = N) ' (=T2 — ) '] VR. (5.1.38)

We thus conclude ([5.1.37)) since every term on the right-hand side of (|5.1.38)) is non-negative.
More precisely, (=7 2|3 — A\)"H(=T?|3 — p)~ > 0 can be verified using (5.1.34) and the
square root lemma [136, Thm. VI.9]. O

In particular, the above lemma shows that the eigenvalues of @) are non-decreasing in A,
i.e., by Remark [5.1.16] v, (1) < vn()) for n € N and p < A < inf(o(—T2|%)). This follows
by the variational characterisation ([5.1.36|) of the eigenvalues. This observation is consistent
with Proposition since the left-hand side of is evidently non-decreasing in .

5.2 Mathur’s Reduction Method

In this section we use the specific structure of the Birman-Schwinger operator Q) =
\/77{(—T2|7.[ — A)_lx/ﬁ to limit the search of eigenvalues > 1 of @) to a reduced set-
ting. This method goes back to Mathur [I11, Sc. 3.2] and was then developed further
in [49] 61], 62, 85]. We follow [49, Sc. 6.3] and [62, Sc. 8.1] here.

The reduction is based on the following simple observation which originates from [I11],
Sc. 3.1]; see also 49, Rem. 6.16], [61, Eqn. (5.4)], and [62] p. 672].

Remark 5.2.1. Let A < inf(o(—=T?|%)). Then im(Qy) C im(v/R), which shows that any
eigenfunction f € H of Qs corresponding to a non-zero eigenvalue lies in im(v/R).

We next show that the range of VR — recall Lemma for the properties of this
operator — is the subspace of a function space which is isometric to L?([Rmin, Rmax])- This
is based on [49, p. 46f.], [61, p. 29], and [62] Lemma 8.4].

Lemma 5.2.2 (The Range of VR). Any f € im(v/R) is of the form
w

v/ po(r)

for some F € L*([Ruin, Rmax]). Moreover, for any f: Qo — R spherically symmetric a.e.
of the form (5.2.1) with F': [Rmin, Rmax] — R, there holds

f(r,w,L) = |¢(E,L)| F(r), a.e. (ryw,L) € Qo, (5.2.1)

feH & F&L*[Ruin, Rmax) (5.2.2)

If, in addition, g € H is of the form g(r,w,L) = |¢'(E, L) w( ) G(r) for a.e. (r,w,L) €
r+/po(r
QO;

(fs9)m =47 (F, G) 12([Rinin, Runax]) - (5.2.3)

Proof. For f: Qp — R of the form (5.2.1)), Lemma yields

w2

72po(r)

Rmax
F(r)*d(r,w,L) = 471'/ F(r)*dr. (5.2.4)
Rmin

173, = 4n? /Q (B, L)
0

This shows (5.2.2), and a similar calculation also yields (5.2.3). Recalling the properties
of VR established in Lemma we further conclude that any f € im(v/R) is of the
form ([5.2.1)) for some F' € L?([Ruin, Rimax))- O



5.2. MATHUR’S REDUCTION METHOD 123

Remark 5.2.3. The above lemma states

im(VR) C {f(r,w,L) — | (B, L) TZ’O(T) F(r)| F e L?([Rmm,RmaX])}. (5.2.5)

This inclusion is, in fact, strict. A sharp characterisation of the range of /R is given by

F

im(VR) = {f(r.w, L) = |¢'(E, )| —=—= F(r) | ——= € L*([Ruin, Bmax]) }.  (5.2.6)
/po(r) Vo

Notice that the smooth function pg vanishes at r = Rpax, which is why the set on the

right-hand side of (5.2.6)) is a strict subset of the set on the right-hand side of (5.2.5)).
The identity (5.2.6) can be verified by refining the proof of Lemmalf.4.1. More precisely,
for any f € H, the Cauchy-Schwarz inequality and Lemma yield

Rlllﬂx
= L L <
||ﬁjf||L2 Runin, Remax]) / (T2/ /wfrw )dwd > dr

mln

Rmax L
<7r/ </ / w?| EL]dde)(/ frw D2, dL)dr:
R T2P0(T r ¢ (E, L)

Rmdx
=7 ——=—f(r,w,L)*dwdLdr = — || f|| < oo, (5.2.7
/R /0 /RWE,LM ) 47T‘ I )

where j; is given by (4.2.22). This shows that VR f is contained in the set on the

right-hand side of (5.2.6). Conversely, for fired F: [Rpyin, Rmax] — R with \/% €

L?([Ruin, Rmax]) consider the spherically symmetric a.e. function f: Qo — R defined via
f(ryw,L) = 2\15 |/ (E, L) rp;UWF(T) for a.e. (ryw,L) € Qo. Then f € H by (5.2.2) and
VRf(r,w,L) = |¢'(E,L)| T\/;% F(r) for a.e. (r,w,L) € Qo by Lemmal4.1.2

The above observations suggest the definition of the following “reduced” operator de-
scribing the effect of the Birman-Schwinger operator @ on the “radial part” F of a function
of the form . Similar definitions can be found in [49] Def. 6.17], [61, Lemma 5.2],
and [62, Def. 8.5].

Definition 5.2.4 (The Mathur Operator M,). Let A < inf(o(—T?|y)). For F €

L?([Ruin, Rmax]) define f € H via (5.2.1). Since Qrf € im(v/R) by Remark- there
exists a unique M)F € L?([Rmin, Rmax]) 8-t

Q/\f(raw7L) = |(10/(E7L)| M)\F(T‘), a.e. (’I“,U/,L) € Qoa (528)

7/ po(r)

cf. Lemmalb.2.4 The resulting mapping
My: L*([Ruin, Rmax)) = L*([Rmin, Rumax)), F — MyF (5.2.9)
1s called the Mathur operator with parameter \.

As explained in the introduction, the Mathur operator is reduced in the sense that it
acts on functions of one variable, compared to functions of three variables in the case of Q).

As already indicated by Remark[5.2.1], non-zero eigenvalues of Q) and M, are equivalent
to each other. This is shown in the following lemma which is based on [49, Lemma 6.18],
[61L p. 31], and [62, Lemma 8.10(a)].
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Lemma 5.2.5. Let A < inf(o(—T?|3)) and v € R\ {0}. Then v is an eigenvalue of Qy if
and only if v is an eigenvalue of M. In this case, the multiplicities of these eigenvalues
are equal.

Proof. Suppose that ~ is an eigenvalue of Q) with multiplicityizgl n € N, which means that
there exist orthogonal eigenfunctions fi,..., f, € H. By Remark fi € im(V/R) for
1 <i < n, which, by Lemma implies that there exist Fy,..., F,, € L*([Rumin, Rmax])

s.t.
w

r+/po(r)
for 1 < i < n. By Definition there holds M)F; = ~F; for 1 < i < n. Moreover,
by , the functions Fi,..., F), are non-trivial and pairwise orthogonal, which shows
that the multiplicity of the eigenvalue v of M is at least n.

Conversely, suppose that 7 is an eigenvalue of M with multiplicity m € NU {oco} and
let (Fi)i=1,..m be a set of associated orthogonal eigenfunctions. Defining f; for 1 <i <m
via then yields f; € H with Qyf; = vfi. By , the functions (f;)i=1,...m are
non-trivial and pairwise orthogonal, which shows that the multiplicity of the eigenvalue ~y
of Q) is at least m. O

filr,w, L) = |¢'(E, L) Fi(r), a.e. (r,w, L) € Q, (5.2.10)

A characterisation of the non-zero eigenvalues of the Birman-Schwinger operator @, is
provided in Remark [5.1.16] Together with the lemma above, we obtain the same character-
isation for the eigenvalues of the Mathur operator M.

Remark 5.2.6. For \ < inf(o(—7?2|y)), the non-zero eigenvalues of the Mathur operator
My are given by the values v,(A) > 0 introduced in Definition . Moreover, these
values are sorted in descending order and each eigenvalue is repeated according to its (finite)
multiplicity.

Combining Proposition [5.1.14] and Lemma yields the following relation between
the spectra of the linearised operator £ and the Mathur operator M. This is based on [49]
p. 52], see also [61), Prop. 5.3] and [62, Thm. 8.11(a)] for non-quantitative versions.

Proposition 5.2.7 (Quantitative Relation Between the Eigenvalues of £ and My). For
A <inf(o(—T2|%)) it holds that

#{eigenvalues < X of L (counting multiplicities)} =
= #{eigenvalues > 1 of My (counting multiplicities)}, (5.2.11)

where we use the same notational convention as in Lemma[5.1.9

This result basically contains the desired criteria for the existence of eigenvalues of £ in
the essential gap G. Before deriving these criteria in Section [5.3], we analyse the properties
of the Mathur operator M. The first observation is that M, inherits the functional
analytical properties of the Birman-Schwinger operator from Lemma This is based
on [49, Prop. 6.19], [6I, Lemma 5.2], and [62, Lemma 8.8].

Lemma 5.2.8 (Properties of the Mathur Operator). For A < inf(o(—T?2|%)) the operator
My L2([Rumin, Rmax)) — L2([Rumin, Rmax]) introduced in Definition is linear, bounded,

symmetric, non-negative, and compact.

148Gince @y is compact by Lemma [5.1.15] the multiplicity of any non-zero eigenvalue of Qy is finite.
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Proof. M being linear, bounded, symmetric, and non-negative follows readily from the
respective properties of Qy together with (5.2.3)). For instance, for F' € L?([Rumin, Rmax)),

1
IMAF 125 iy = 12 1@ < C U = 47C IF By (5:212)

min :Rmax]

with f € H given by (5.2.1)).

In order to see that M, is compact, let (F;)ien C L?([Rumin, Rmax]) be bounded. For i €
N define f; € H via ((5.2.10). Then, by (5.2.3)), (fi)ien is bounded in H. Since @, is compact,

there exists a subsequence (f;;)jen C (fi)ien s.t. (@ fi;);en is (strongly) convergent in H. In

particular, (Qxfi;)jen is a Cauchy sequence in H. By (5.2.3)) and (5.2.8), (M F;;)jen is thus
a Cauchy sequence in L?([Ruin, Rmax]), and hence (strongly) convergent in L?([Ruin, Rmax))-

O

Remark 5.2.9. As discussed in Remark[5.1.13, the form of the Birman-Schwinger operator
chosen in Definition[5.1.11] yields the symmetry of Qx. As seen above, this directly leads to
the Mathur operator to be symmetric as well on the natural function space L2([Rmin, Riax])-

In [62, [111)], where Q) is non-symmetric, the symmetry of the associated Mathur oper-
ator instead has to be achieved by suitably modifying the function space.

In addition to the above properties of the Mathur operator My, in the light of Propo-
sition [5.2.7], it is important to understand what the largest eigenvalue of M is. This is
analysed in the following lemma which is based on [49, p. 51|, [61), p. 31], and [62] p. 680]@

Lemma 5.2.10. Let A < inf(o(=T?2|%)). Then
sup(a(M))) = max(a(My)) = || Mall, (5.2.13)
where || - || denotes the operator norm on L?([Rumin, Rmax]) given by

M| = sup{[MAFll2 | F € L*([Ruin, Rinax)), | Fl2 = 1} =
= sup{(M\F, F)3 | F € L*(|Ruin, Rumax)), ||Fll2 = 1}. (5.2.14)

Proof. Since M) is bounded, symmetric, and non-negative by Lemma the rela-
tion ((5.2.13]) follows by [136, Thm. VI.6]. Furthermore, by the usual variational principles,
sup(c(M,)) is given by the expression in the second line of (5.2.14), which proves the

identity ([b.2.14]). O

The monotonicity of the Birman-Schwinger operator (0 in the parameter A also carries
over to the Mathur operator M.

Lemma 5.2.11. For u < A < inf(o(=T2|3)) there holds
My < M,y (5.2.15)

in the sense of operators.

Proof. The assertion follows by Lemma [5.1.17| and (5.2.3)). O

149The statement analogous to Lemma[5.2.10|is also true for the Birman-Schwinger operator instead of the
Mathur operator.
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We will see later that this monotonicity is, in fact, strict, cf. Lemma [5.2.15

The most important property of the Mathur operator is that it is an integral operator
with an explicit integral kernel. This was first observed in [I11l Eqn. (3.19)]. The following
result is based on [61, Lemma 5.2] and [62], Prop. 8.6]. Related, but more complicated
calculations can be found in [49, Sc. 6.3.2].

Proposition 5.2.12 (Integral Representation of the Mathur Operator). For A <
inf(o(—T2|y)) and F € L*([Rmin, Rmax]) there holds

Rmax
MyF(r) = / Kx(r,s) F(s)ds,  a.e. 7 € [Ruin, R, (5.2.16)
Rmin

with integral kernel Ky € L*([Ruin, Rmax)?) given bﬂ

3272 & "(E,L)| sin(2rn@(r,E, L)) sin(2rn 6(s, E, L
Kalros) o [ (B, sin(om O, B.L) sinin 00 B,)
rs Do (r)NDo(s) ( ) ) T(E,L)? - A

(5.2.17)

for r,s € [Rmin, Rmax], where the function 0 is defined in Lemma and
Do(r) =={(E,L) € Do [r—(E,L) <7 <ry(E, L)}, 7 € [Rumin, Rmax]- (5.2.18)

In the case Ryin = 0, (5.2.17)) is to be interpreted as

Ky(r,0) == 0= K,(0,r), r € [0, Rmax]- (5.2.19)

In particular, My is a Hilbert-Schmidt operator, cf. [136, Sc. VI.6]. Moreover, K) is
continuous on [Rmin, Rmax)®-

Proof. The proof relies on the explicit characterisations of (—7'2‘7_[ — )\)_1 and VR derived

in Lemmas(4.3.18|and [4.4.4] respectively. Let F' € L?([Ruin, Rmax|) be fixed and consider the
associated function f € H induced by . Fourier expanding f in the angle variable 6,
cf. Remark yields the Fourier expansion , where the Fourier coefficients
by: Dy — R for n € N are given by . Using the explicit form of f, they can

be rewritten as

bn(E, L) —4/ f(O,E L) sin(2rn 6)dd =

E L +(E,L)
|('0 ) / sin(27m O(r,E,L))dr (5.2.20)
(B.L) T4/ po 7“)

for n € N and a.e. (E, L) € Dy, where we used Lemma to change variables. Hence, by

Lemma [£-3.18|

(B, L) = [ F in(2
_ P (E D) / Lsm(zme(r,E,L))drw (5.2.21)
T(E,L) a1/ L) T/ po(r) T(E,.L)? —

150The series in the definition of K is meant to convergence pointwise. In the proof, however, we shall see
that it also converges uniformly and that switching the order of summation and integration yields the same
function.
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for a.e. (6, E, L) € S! x Dy as a limit in H. In addition, by Lemmas and

VRf(r,w,L) = 2y/7 |¢'(E, L)|

w
\/7 \/7]w|go| 2\/EISDI(EaL)‘?F(T)
(5.2.22)
for a.e. (r,w, L) € Q. Hence, replacing f with VR f in (5.2.21) yields
(7], — N VRS 6.E.L) =
T+(E1L) i
f\w( L) Z/ Fr) sin(27rn9(r,E,L))drS;12(3277rn9) (5.2.23)
T(E, L) i Jr—(EL T T(ELZ —

for a.e. (6, FE, L) € S' x Dy as a limit in H. In order to apply VR on the latter expression,
we first note that the radial velocity density induced by some g € H via (4.2.22)) can be

rewritten as

2
= / / wg(r,w, L) dde—r—W g(r,\/2E — 20 (r), L) d(E, L) =
Do (r)

=3 9(0(r,E, L), E,L)d(E, L) (5.2.24)
™ JDo(r)

for a.e. r € [Rmin, Rmax). Inserting g = (—Tz’H — )\)_lx/ﬁf into this calculation then
shows

Qxf(r,w,L) = VTZ(—TQ — A)_I\/ﬁf(r w, L) =

\H

T+(E,L) - o~
= 327°|¢'(E, L)| M / Fls) sin(2rn 6(s, E, L)) ds
\/ ooy T(E,L) = )r (D) 5
2 0(r, E,L)) | =~ -
. sin( L”nz( ) a8, i) (5.2.25)
T(EL)?

for a.e. (r,w, L) € Q. Hence, by Deﬁnitionm

My = 2 [T (B, L)
r Rmin s ID)0(7')0@0( ) T(E L)

io: sin(2mn 0(r, E, L)) sin(2mn6(s, E, L))

4m2n2 A
n=1 T(E,L)?

d(E,L)ds. (5.2.26)

In order to derive this identity, we switched the integration and summation and then applied
Fubini’s theorem to switch the order of integration. The former step can be verified by using
the integrability of F' and the positivity of r_(E, L) for (E, L) € Dy.

What is missing to deduce is that we can switch the summation with the
(E, L)-integral on the right-hand side of . To verify this operation, we first extend
the mapping 0 from Lemma as follows:

6(r,E,L) =0 for (E,L) € Dy, r € ]0,00[\ [r—(E, L), r(E,L)]. (5.2.27)
Although this extension of 6(-, E/, L) has a jump discontinuity at r = v (F, L), the mapping

10, 00[*> (r,8) = sin(2mn 0(r, E, L)) sin(2mn 0(s, E, L)) (5.2.28)
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is continuous for every n € N and (E, L) € Dy. Furthermore, there exists a constant C' > 0
s.t.

m . . m 2
Z sin(2mn 0(r, E, L2))281n(27rn O(s,E,L)) <C Z 1 <C L (5.2.29)
4mins A n2 6

n=1 T(E,L)? n=1

for 7,5 > 0, (E,L) € Dy, and m € N; recall A < inf(o(=T2|y)) = %. Hence, for fixed
Do

(E, L) € Dy, the mapping

(2mn @(r,E, L)) sin(2rn 6(s, E, L
10, 00[25 (r, 5) > Z sin(27n 6(r, 4,r2)228m( ™0(s,E,L)) (5.2.30)
T(E,L)2 — A

is continuous and the series converges uniformly in 7, s > 0. Since |¢'| is integrable on Dy

by Lemma 4.1.3(*!{ and infp, (T") > 0 by Proposition @ the estimate ([5.2.29)) further

shows
/ D) & Z sin(2mn 0(r, B, L)) sin(2mn (s, B, L)) 4 7 _
Do (r)NDo(s) T(EL? A
_ Z/ E,L)| sin(2wn O(r, E;£2)T)L251n(27m0(8,E, L)) d(E,L) (5.2.31)
Do (r)MDo(s) T L) T(EL? A

for r,s > 0 and that m defines a function which is continuous in (r, s) 10, 0o[*. We

have thus proven and that K is continuous on ([Ruin, Rmax] \ {O})
It remains to show that K is also continuous on {(, s) € [0, Rmax] | 7 = 0Vs = 0} in the

case Rpyin = 0; recall that K is given by (5.2.19) on this set. Due to the assumption |(¢4)
Ruin = 0 only occurs when the steady state is isotropic. The estimate ([5.2.29) yields
C

[EA(r; 8)] < — [ (E)d(E, L) <
Do ()NDo(s)

C . / /
= mln{/DO(T) I (E)\d(E,L),/DO(S) 10 (B)| d(E, L)} (5.2.32)

for r,;s € ]0, Rmax|- In order to show that this expression tends to zero as r or s tend to
zero, we consider

IN

Lyax(r) :=sup{L >0|Lely & r_(Eo,L) <r <ri(EoL)}, r €10, Rmax[; (5.2.33)

recall that Ly = [0, Lmax| by (2.2.85). By (2.2.82) and the monotonicities of ry, cf.
Lemma [2.2.14] we obtain {L > 0 | L € Dy(r)} =]0, Limax(r)[ for r € ]0, Rymax[. Hence,
for r € )0, Ryax| there holds the estimate

Lmax("")
/ 1/ (B)|d(E, L) < / / B)|dE AL = Lyax(r) ®(k); (5.2.34)
Do(r)

recall that ®(0) = 0 by the assumptions and |(p5)l Furthermore, from the identity

Liax (T)
2r_(Eo, Limax(r))?’

51 Notice that f]m | (E,L)|d(E,L) < CfQ |’ (E, L) d(x,v) by Remarkand Proposmon “.

Eo =Yy ("= (Eo, Lmax(r))) = Uo(r—(Eo, Lmax(7))) + (5.2.35)
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which is simply the definition of r_, we deduce

Lmax('r) =2r_ (E07 Lmax(r))2[E0 - UO(""— (E(), Lmax(r)))] < 22k (5236)

for r € ]0, Ryax[- Combining (5.2.32)), (5.2.34), and (5.2.36)) then proves the claimed conti-
nuity. O

Remark 5.2.13. The above proof shows that one could continuously extend Ky by 0 onto
[0,00[%. In particular, Ky vanishes on 6([Rmin, Rmax]z). One could hence also equivalently
define the Mathur operator My on the space L*([0,00]) by extending all functions by 0 as
usual.

Since the spectrum of the Birman-Schwinger operator @)y is related to the one of the
Mathur operator M, the above proposition also yields further properties for the former
operator.

Remark 5.2.14. Since the Birman-Schwinger operator Q»: H — H is non-negative and
compact by Lemma and its non-zero eigenvalues are identical to the ones of My
(respecting multiplicities) by Lemma the above proposition and [136, Thm. VI.22]
mmply that Qy is a Hilbert-Schmidt operator as well.

As afirst, rather trivial application of the integral representation of the Mathur operator,
we show that the monotonicity of M derived in Lemma/|5.2.11|is strict. This is based on [62,
Rem. 8.12].

Lemma 5.2.15. The mapping
|00, inf(a(=T?[))[ 2 A = M, (5.2.37)

is positive and strictly increasing. Here, | M,|| denotes the operator norm of the (bounded)
Mathur operator My: L?([Rmin, Rmax)) — L*([Rmin, Rmax))-

Proof. Proposition [5.2.12| shows that for any F € L?([Ruin, Rmax]) there holds

Rmax Rmax
(MAE, F) 12 ([Ronins Renax]) / / (r,s) F(r) F(s)dsdr =

mln

ri(B,L) 2
—327r22/ ' E L - ! / F) Gn(@mn 0(r, B, L)) dr | d(E, L),
T(E7TLL)2 —A r—(E,L) r
(5.2.38)

Note that we switched the order of the summation and the integrals in the last step of this
calculation — similar arguments as in the proof of Proposition can be used to justify
these operations.

Now fix some F s.t. (M)F, F)y does not vanish. This means that the r-integral on
the right-hand side of does not vanish for every n € N and a.e. (E,L) € ]D)OFE
Obviously,

0 < (MuF, F) L2 (R Bunas)) < MAFS F) 2[R Bn))s 1< A < i (0(=T23)).
(5.2.39)
Since the suprema on the right-hand side of are attained by eigenfunctions to the
eigenvalue || M,]|| of My, we hence conclude that || M,] is indeed positive and strictly
increasing in . O

152 An explicit example of such a function will be constructed in the proof of Theorem m
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As mentioned before, the properties of the Mathur operator are analysed in [85, Ch. 4]
as well, see also [86, Sc. 9]. To conclude the present section, we compare the results in [85] to
the ones above and state some additional properties of the Mathur operator proven in [85].

Remark 5.2.16. Proposition shows that the operator defined in [85, Def. 4.1]
corresponds to the Mathur operator My; note that the angle variable 6 ranges in [0, 2]
in [83)], which leads to different factors at several places of the analysis. The main prop-
erties of My from Lemmas and and Proposition are proven
in [85, Lemma 4.3]. In addition, it is shown that the mapping | — co,inf(o(—=T2|3))[ 2
A = M,y is continuous w.r.t. the Hilbert-Schmidt norm as well as that the mappin
C\ [inf(o(=T2%)),00] 2 A = M, is analytic w.r.t. to the operator norm and that the
derivatives of the latter mapping possess an integral representation similar to My itself.
The relations between the Mathur operator, the Birman-Schwinger operator (in a similar
form as in [62,[111)]), and the eigenvalues of the linearised operator in the essential gap are
established in [85, Lemmas 4.4 and 4.6 and Thm. 4.5].

The limiting behaviour of the Mathur operator M) and its eigenvalues in the limit
A inf(o(=T2|y)) is then analysed in [85, Lemmas 4.7-4.12]. For instance, it is shown
in [85, Lemma 4.9] that limy sinp(o(—72,,)) M ezists in the Hilbert-Schmidt norm under
suitable assumptions on the period function T. We will also discuss some aspects of this
limiting behaviour in the succeeding section, but not as comprehensively as in [85].

In [85, Scs. 4.2 and 4.3], the properties of the Mathur operator are used to derive criteria
for the (non-)existence of eigenvalues of L below its essential spectrum and applications of
these criteria are discussed. We will present some of these results (or adaptations of them)
in the succeeding sections.

A particular emphasis in [85] is placed on characterising whether the bottom of the essen-
tial spectrum of the linearised operator L, given by inf(oess(L)) = inf(o(—T2|%)) = sup(G),
is an eigenvalue or not. Concretely, characterisations for inf(o(—T?2|y)) being an eigen-
value of L are derived in [85, Lemma 4.12, Thms. 4.14 and 4.15, and Cor. 4.17] under
a variety of assumptions on the underlying steady state and its period function. Here, we
do not analyse much the question whether inf(oess(L)) = inf(o(=T2|x)) = sup(G) is an
etgenvalue of L because we believe that it is more promising to show the existence of an
eigenvalue of L in G than to show that sup(G) is an eigenvalue. In addition, in Sectz’on
we will present different arguments which prove the absence of eigenvalues of L in oess(L),
including inf(oess(L)) = min(oess (L)) = sup(G). However, we will consider a different set-
ting there. QOur focus on the existence of eigenvalues of L in G is also motivated by the
numerical observations from Section . For instance, for all isotropic polytropes (except
the transitional cases), the numerics indicate that eigenvalues are always located in G, cf.
Observation |8.3.4). For anisotropic polytropes, we have also numerically observed the pres-
ence of eigenvalues of L embedded into its essential spectrum, but not necessarily located at
the bottom of the essential spectrum, cf. Observation[8.3.9 Nonetheless, for a large range of
King models, the smallest eigenvalue of L is in fact equal (or at least, close) to inf(oess(L)),
cf. Observation m Hence, the results from [85] could be valuable in proving the existence
(or absence) of eigenvalues for such steady states.

In addition, in [85, Ch. 5], the Mathur operator My with A\ = 0 is studied. In particu-
lar, a connection between My and the “Guo-Lin operator” [53, Lemma 3.1], see also [165,
Ch. 4], is established. Note that the largest eigenvalue of My equals 1—X €]0, 1] by ,

1531t is straight-forward to extend the definitions of the Birman-Schwinger operator @ and the Mathur
operator My to A € C\ 0(77'2’”). It will, however, be sufficient for the proofs of the criteria in Section
to consider real-valued .
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which is consistent with the fact that the linearised operator L is positive by Proposi-
tion|4.5.11. Further note that in the case A = 0, an alternative representation of the Mathur
operator without the 6-Fourier series can be derived by using Lemmal4.3.27 to compute T2

instead of Lemma[{.3.18

5.3 Criteria for the (Non-)Existence of Oscillatory Modes

In this section we use the properties of the Mathur operator M established above to char-
acterise the existence and estimate the amount of eigenvalues of the linearised operator £
in the essential gap G. This is based on [49, Sc. 6.4], [61, Sc. 5.1], and [62], Sc. 8.1]. As
discussed in Remark related results are also contained in [85, Ch. 4].

The main result of this entire thesis is the following sharp characterisation of the exis-
tence of eigenvalues of £ in G. It originates from [62, Thm. 8.11(a) and Rem. 8.12]; see [61],
Prop. 5.3] and [85, Thm. 4.13] for similar results.

Theorem 5.3.1 (A Sharp Criterion for the Existence of Oscillatory Modes in G). Let

M = | M.l €10, 00], (5.3.1)

lim
A nf(o(=T2|n))

where ||[M,]|| denotes the operator norm of the Mathur operator My analysed in Lem-

mas[5.2.100 and[5.2.15. Then,

M>1 & L possesses an eigenvalue in G. (5.3.2)

Proof. If 9 > 1, there exists A € G s.t. | M,| > 1. By Lemma the Mathur
operator M thus possesses an eigenvalue > 1. Hence, by Proposition L possesses an
eigenvalue < A which, by the positivity of £ shown in Proposition lies in G.
Conversely, if M < 1, the strict monotonicity of A — || M, || established in Lemma 5.2.15]
yields [|[M,]| < 1 for every A < inf(o(=T?2|3)). Hence, M, possesses no eigenval-
ues > 1 and, by Proposition L has no eigenvalues < A. As this holds for any
A < inf(a(—T?|%)), we conclude that £ cannot possess an eigenvalue in G. O

Although the above criterion is mainly used to characterise the existence of eigenvalues
of £ in G, the methods from the previous sections also yield some information regarding
the associated eigenfunctions.

Remark 5.3.2. Suppose that we are in the situation M > 1 in the above theorem, i.e., there
ezists an eigenvalue X € G of L. By Proposition[5.1.13 and Lemmal[5.2.5, 1 is an eigenvalue
of My. Let F € L?([Ruin, Rmax]) be an associated eigenfunction of My to the eigenvalue 1.
The proof of Lemma shows that f € H given by is an eigenfunction of Qy to the
etgenvalue 1. Proposz'tz’on thus implies that (_TQ‘H — N "WRS is an eigenfunction
of L to the eigenvalue X. Furthermore, the calculations in the proof of Proposition

cf. (5.2.23), show that this eigenfunction of L is of the form

/ o0 T+(E’L) i
87 l'(E, L)| Z / £r) sin(2mn 6(r, E, L)) dr iulﬁﬂ (5.3.3)
T(EL) =) &) T TELDZ

for a.e. (0, E,L) € S x Dg; the series is to interpreted as a limit in H.

Since the multiplicity of eigenvalues is preserved in the statements of Proposition
and Lemma|5.2.5, we actually obtain that every eigenfunction of L associated to an eigen-
value in G is of the form for some A\ € G and an eigenfunction F € L*([Ruin, Rmax])
of My to the eigenvalue 1.
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The second main result of this chapter is that the integral representation of the Mathur
operator can also be used to bound the number of eigenvalues of the linearised operator £ in
the essential gap G in terms of a suitable integral. In the context of Schrodinger operators,
such bounds are due to [2I], [I58] and are usually called “Birman-Schwinger bounds”, see,
e.g., [99 Cor. 4.3]@ The result is inspired by [49, Thm. 6.24]; some of the calculations in
the proof are based on [62], p. 678].

Theorem 5.3.3 (A Birman-Schwinger Bound on the Number of Oscillatory Modes in G).
It holds that

#{eigenvalues € G of L (counting multiplicities)} < sup ||K)\||%2([R o Rma2) (0:3.4)
Aeg min s max

where K is the integral kernel of the Mathur operator My introduced in Proposition[5.2.12
Moreover, for the square root of the supremum on the right-hand side of (5.3.4) there holds
the estimate

Sup ||K)\||L2([RmianmaX}2) S

7"+(E,L) i 2
< 32722/ 1 / sin®(2mn 6(r, E, L)) drd(E, L),

4m2n2  _ _ 4w? 72
T(ELY? ~ sup3, (T) r—(&,L)

(5.3.5)

where Dy is the (E, L)-support of the steady state given by (2.2.88)), T' is the period function
introduced in Definition [2.2.16, and the function 0 is defined in Lemmal[{.3.4] In addition,
since K is continuous on [Rpin, Rmax]z, there holds the alternative estimate
sup [ K || 2 12) < (Bmax — Rmin) SUp [ K| oo ([Rypin, Bnan]?) <
AEG Aeg

Rmin 7Rmax

321° ©'(E, L) 1
(Rmax - Rmin) Sup Z / T(E L) 4ﬂ.2n2 47r2 d(E’ L)7
7,5€] Rmin, Rmax] T8 Do (r)NDo (s) ’ T(E,L)? ~ sup? (T)
0

(5.3.6)

where Do(r) is defined in (5.2.18]) Notice that all of the expressions in (5.3.4), (5.3.5)),
and (5.3.6) — including the number of eigenvalues of L in G — can be infinite.

Proof. For fixed A\ € G, Remark shows that the positive eigenvalues of M are given
by the values 7, (A) > 0 introduced in Definition Recall that each of these value is
repeated according to the multiplicity of the respective eigenvalue of M) and that they
are sorted in descending order, i.e., ¥,(A) > Yp+1(N). Let m = #{n € N | y,()\) > 0} €
N U {oo} denote the amount of such positive eigenvalues counting multiplicities. Notice
that Lemmas [5.2.10] and [5.2.15] show m > 1 since the largest eigenvalue of M, is given by
71(A) = Myl > 0. Proposition thus yields

#{eigenvalues < X of £ (counting multiplicities)} =

=#{1<n<m|yA\) >1}

IN

§m 2?2 < §m (N2 (5.3.7)
n=1 n=1
>\

54\ ore precisely, the Birman-Schwinger bound in quantum mechanics is derived by estimating the Hilbert-
Schmidt norm of a suitable operator. This is also our strategy in Theorem W
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Since M) is a Hilbert-Schmidt operator by Proposition [5.2.12) there holds, by [136],
Thms. VI.16 and VI.22(b)],

> (N = [Malls. (5.3.8)
n=1

Here ||M||lus denotes the Hilbert-Schmidt norm of M which, by [136, Thm. VI.23], is
given by

[IMallrs = BN 22 ([Rinin, Rna]?) - (5.3.9)
Altogether, we thus conclude

#{eigenvalues < \ of £ (counting multiplicities)} < HK)‘H%Q([Rmm,RmaxP) (5.3.10)

for every A € G, which proves ([5.3.4)).
In order to establish the estimate (5.3.5)), we again fix A € G. For any f €
L?([Rmin, Rmax)?) there holds

(B0 ) 22 ([Runin s Renan]?) | <

2 |'( E L 1
< 32 Z/ 4m2n2 _)\.
T

T(E,L)?
ri(E,L) ry(E,L) (2 E, L)) sin(2 E, L
/ / sin(2mn 0(r, E, L)) sin(2mn 6(s, £, L)) f(r,s)|drdsd(E, L) <
(B.L) rs
o'( E L 1 m+(B.L) gin2(27n 0(r, E, L
S Z / | T /( . (208 1) o, 45, 1

T(B,L)?
(5.3.11)

by the Cauchy-Schwarz inequality. Similar arguments as in the proof of Proposition [5.2.12
justify interchanging the integrals and the series during this calculation. By Riesz’s repre-
sentation theorem we thus obtain

HK>\HL2 mln’RmaX] ) S
1 T+(E,L) in2 2 9 E L
< 327r22/ Ar2n2 / i 2(7’7 L) drd(E,L). (5.3.12)
T — AN Jr_(B,L) r
T(E,L)? ’

Although it is not necessary for this proof, we note that the integral on the right-hand
side is finite. This can be shown analogously as in the proof of Proposition [5.2.12] by using
the integrability of |¢'| on Dy and the inequality r_(FE, L) > S/ R— (E, L) € Dy.

= V/2E0—2U5(0)
Anyway, inserting the estimate A\ < inf(o(=T72|y)) = ﬁ into the right-hand side
Do
of (5.3.12) yields (5.3.5).
The additional estimate (5.3.6]) follows trivially from Proposition [5.2.12 O

An important special case of the above theorem is that the right-hand side of
or being strictly smaller than one implies that there are no eigenvalues of £ in G.

Moreover, observe that the finiteness of the integral on the right-hand side of
or is only unclear for the n = 1 addend. For this term, the integrability depends
on where the period function 7" “attains” its supremum on Dy and how 71" behaves close to
these points. For example, [85, Lemma 4.9] provides a criterion on the period function which
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guarantees that the right-hand side of is finite. We will derive a similar criterion
below, cf. Corollary A related result is also contained in [I17, Cor. 1.3].

A bound on the number of eigenvalues of £ inside the essential gap which is related
to Theorem is proven in [I17, Thm. 1.2]. Let us briefly discuss the relation of these
bounds.

Remark 5.3.4. In [117, Sc. 4], a bound on the number of eigenvalues is derived by esti-
mating the trace of a different Birman-Schwinger type operator Q. In our notation, it is of

the form Qy = (—7'2‘?{ — )\)_%R(—TZ‘H - )\)_%, where (—7‘2‘7{ - )\)_% = ’/_TQ‘H - 1
can be shown to exist and written down explicitly using the Fourier series expansion in the
angle variable 6. The functional analytical properties of Q» are similar to the ones of Q,
in particular, Q) is symmetric, non-negative, and compact. Moreover, similar arguments
as in the proof of Pmposition show that the non-zero eigenvalues of Qy are identical
to the ones of Qy (respecting multiplicities), which are in turn the same as for the Mathur
operator My, cf. Lemma . Hence, the three operators Qx, Qx, and My share the
same trace [136, Thm. VI.18]. The same statement is also true for the Hilbert-Schmidt
norm [136, Thm. VI.22] of these operators.

Evidently, both the trace and the squared Hilbert-Schmidt norm give an upper bound on
the number of eigenvalues > 1. The latter is used to derive the bound from Theorem[5.35.
the former is used in [117, Prop. 4.1]. For the Mathur operator, such a trace-based bound
can be established by modifying the proof of Theorem [5.3.5 as follows:

#{eigenvalues < \ of L (counting multiplicities)} =
Rmax
—#neN [0 21} £ 3w =T = [ K dn (5:3.13)
neN Rmin

where the latter equality is due to Mercer’s Theorem [42, Thm. 2.4]. The expression on the
right-hand side of can then be estimated independently of A in a similar way as
KA ]2-

It is not possible to say in general whether the bound relying on the squared Hilbert-
Schmidt norm or the trace-based bounds are sharper. There may be situations (especially
when there are many eigenvalues < 1 of My ) where the Birman-Schwinger bound from
Theorem is superior, and other situations (especially when there are many eigenvalues
> 1 of My ) where the trace-based bounds from and [117, Thm. 1.2] are superior.
In any case, it should be acknowledged that the bound from [117, Thm. 1.2] looks cleaner
than the bounds derived here.

5.4 Applications of the Criteria

In this section we present (first) applications of the criteria for the existence of oscillatory
modes derived in the previous section. Further applications will then be discussed in the
succeeding chapter.

The first application originates from [62, Thm. 8.15] and shows the existence of an
oscillatory mode for certain anisotropic polytropic steady states under a suitable assumption
on the radial period function 7. We will comment on the validity of this assumption as well
as on the class of steady states after the proof.
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Theorem 5.4.1 (Existence of an Oscillatory Mode for Some Polytropes). Consider the
situation of a polytropic steady state (1.2.5) with parameters k, £, and Lo satisfying

1
Ly >0, €>—§, 0<k<3€+g, kE+1£<0. (5.4.1)

Assume that the period function T “attains” its supremum on Dy at (Ey, Lo), i.e.,

supT = T(Ep, Lo). (5.4.2)
Do

Then the linearised operator L possesses an eigenvalue in the essential gap G.

Proof. Let A € G and F € L?([Ruin, Rmax]) With ||F|j2 = 1. Using Lemma [5.2.10 and the
integral representation of the Mathur operator from Proposition the same calculation
as in the proof of Lemma [5.2.15| yields

Ml = (MAF, F)a =

= — >

T(E,L) r—(E.L)
2
"(E. L 1 r+(E,L) F
> 32772/ (B, L)] - / ") sin(2ro(r, B, L)) dr | d(E,L).
Do T(E>L) ﬁ - r_(E,L) r
(5.4.3)
Fixing I’ and considering the limit A\ 7 inf(o(=72|)) = m we obtain
m = lim HMAH >

A nf (o (= T2 n

2

(B, L

> 3272 / (B, L)l - ( sin(27r0(r,E,L))dr> d(E,L) >
Do T(E L) T(E,L)2 - sup (E L) r

2
|¢'(E, L) / B8 F(r)
>c sin(276(r, E,L))dr | d(E,L), 5.4.4
/ID)O T(Eo, Lo) =T(E,L) \Jr g,y T (ot ) (50 (544
where we used the monotone convergence theorem, the assumption ([5.4.2)), the bound
infp, T > 0 from Proposition [A.0.1][(a)] and

1 1 _ T(Ey, Ly) — T(E, L)
T(E,L)? T(Eo, Ly)? inff, (T) ’

(E, L) € Dy, (5.4.5)

Here, ¢ > 0 is some constant depending on the fixed steady state and is allowed to change
its value throughout this proof.

Our aim is to construct a function F' s.t. the r-integral on the right-hand side of
is bounded away from zero for (E, L) close to (Ey, Ly). For this purpose let £ > 0 be chosen
s.t. the interior of the set

N, = [E() — &, E()] X [Lo, Lo+ 6] (546)
is contained in Dg; recall (2.2.88|) for the definition of Dy. Such e exists since L — Emln i
continuous by Lemma [2.2.14{|(b)| and Emom < Ejp. Next, let

(B,L) = R(% T(E,L),E,L), (E,L) ¢ Ao, (5.4.7)
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where R is defined as in Definition '2.2.16} By Proposition I@I and Lemma r1
2

is continuous on Ag. Moreover, by Lemma

0(r1 (B, L), B.L) = % (5.4.8)

Hence, after possibly reducing ¢ > 0, there exists an open interval I C [Rmin, Rmax] con-
taining r1(Ep, Lo) s.t.
2

sin(2r 0(r, E, L)) > (E,L) € N, rel, (5.4.9)

DO | =

note that the mapping 6 is continuous by Lemma (4.3.3| Now let F := |I ]_% 1;7. Obviously,
'] L2 ([ Ry, Reni]) = 1+ Inserting this choice of F' into ((5.4.4) and using Rmin > 0 and (5.4.9)

thus yields
Lo+e | E L)’
90
m > dEdL. 4.1
C/L / T(Eo, Lo) - T(E. L) (5:4.10)

The final step is to show that the latter integral is infinite for the steady states under
consideration. Taylor expanding the denominator of the integrand results in

T(Eo, Lo) — T(E, L) = 9T (Ey, Lo) (Eo — E) — 9LT(Eo, Lo) (L — Lo)+
+o(|(E,L) — (Ep, Lo)|) (5.4.11)

s (E,L) — (Ep, Lo), note that T is continuously differentiable on a neighbourhood of
(Eo, Lo) € Ay by Proposition @ Thus, after possibly reducing ¢ > 0, there exists a
constant C' > 0 s.t.

0<T(Eo,Lo) —T(E,L)<C(Ey—E+L—Ly), (EL)€EN.. (5.4.12)

Inserting this estimate together with the polytropic structure of ¢ into ((5.4.10)) hence yields

Lo+e E Ek 1(L LO k 1€
> dEdL = dnd 4.1
o C/L / By~ B+ L — Lo C// PR

where we used the obvious changes of variables n = EFg— F and v = L — L. Since k+/£ <0
by (5.4.1)), the latter integral is indeed inﬁniterigl This can be seen by the following simple
calculation:

1t k=1t G
// m—— dndu>// dnduzzk/O P dy = o (5.4.14)

We thus conclude 9t = oo, which, by Theorem [5.3.1} proves the claimed statement. O

Remark 5.4.2. (a) The assumption on the period function is rather natural: It
means that the particles in the steady state configuration with the longest radial period
are those with the largest energy E = Eg and the smallest L-value L = Lg. Notice that,
by the monotonicities of r+, these particles correspond to the largest radial orbits in
the steady state configuration. For instance, would be true if the radial period
function would be non-decreasing in E and non-increasing in L, i.e.,

OET Z 0 & 8LT S 0 on Do. (5.4.15)

1551t can, in fact, be shown that the integral on the right-hand side of (5.4.13) is infinite if, and only if,
k+¢<0.
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Unfortunately, we are not able to prove for any steady state, and even less so
for the anisotropic steady states considered in the theorem above. Some mathematical
evidence why should be true and ideas towards a proof of it are discussed in
Section [A.3.3.

Nonetheless, the numerical simulations in Section indicate that (5.4.2)) is true for
a large class of steady states including polytropes with parameters satisfying (5.4.1)),
see Observation [8.2.8.

(b) In the above proof, we verify the criterion from Theorem by showing that M
is infinite, although it would suffice to prove MM > 1. This is achieved by assuming
that T attains its supremum at (Eo, Lo) and that ¢ is not too regular at (Ey, Ly).
In Section[6-4], we shall see in a different situation that sufficiently high regularity of
the steady state at (Fo, Lo) leads to the absence of eigenvalues of L in G. However,
the numerical simulations from Section [8.3 indicate that the regularity of the steady

state (at (Fo, Lo)) alone does not determine whether there exists an eigenvalue, cf.
Observation [8.3.0l

(¢) The first three conditions from make sure that the associated steady state satis-
fies the general assumptions . The fourth condition from guarantees
that (the microscopic equation of state ¢ associated to) the steady state is not too
reqular at (Ey, Lg). As only the behaviour of ¢ close to (Eo, Lg) is relevant for the
above proof, one could obtain the existence of an oscillatory mode for a non-polytropic
steady state in an analogous way as long as

o(n) 20",  0<n<l, (5.4.16)

for k satisfying .

As an aside, we note that in the polytropic case , the whole analysis of Chap-
ters[2H3 can also be carried out with parameters Ly > 0, k > 0, and £ > —1 satisfying
k<30+% andk+ ¢+ 31 >0. This is done in [62] and then leads to a slightly more
general version of the above theorem, cf. [62, Thm. 8.15]. Here, we prefer to include
the assumption £ > —% in the polytropic situation in order to be able to present the
arguments in the polytropic and mon-polytropic cases in a more unified way.

The second application of the criteria from Section originates from [85], Cor. 4.16]. It
shows that if the supremum of the radial period function 7" on Dy is attained as a maximum
on this set, there exists an oscillatory mode in the essential gap. Recall that the set Dy
is open and (Ep, Lg) € 0Dy. However, we note in advance that it is not to be expected
that this assumption on 7T is satisfied by many steady states. On the contrary, during the
numerical study in Section [8:2] we have not seen a single steady state where it is satisfied,

cf. Observation R:2.9

Corollary 5.4.3 (Existence of Oscillatory Modes if 7' Attains Maximum on Dy). Assume
that there exists (E*, L*) € Dy s.t.

T(E*,L*) =supT. (5.4.17)
Do

Then the linearised operator L possesses an eigenvalue in the essential gap G.

Proof. We start by proceeding as in the proof of Theorem [5.4.1} For any F €
L?([Rumin, Rmax]) with || F||2 = 1 there holds the estimate (5.4.4) with T'(E, Lo) replaced by
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T(E*,L*). The same arguments as above again yield that r1 = r1(E,L) and § = 0(r, E, L)
2 2
are continuous with 6(r1 (E*, L*), E*, L*) = 1, recall (5.4.7) and Lemma [4.3.4|for the defini-
2

tions of these quantities, respectively. Hence, there exist an open interval I C [Ruin, Rmax)
which contains r1 (E*, L*) > 0 and which is bounded away from r = 0 as well as some £ > 0
2

with Bo(E*, L*) C Dy s.t.

1
sin(w(r, B,L)) > 5, (BE.L) € B(E", L"), r € I. (5.4.18)

Similar to (5.4.10)), choosing F' := |I]7% 17 in (5.4.4) yields

l'(E, L)|
om > c/
B.(p+,r) T(E*, L*) = T(E, L)

d(E, L), (5.4.19)

where ¢ > 0 is some constant depending on the steady state. By Remark [(d)} ||
is bounded away from zero on B.(E*,L*). Moreover, since T is twice continuously dif-

ferentiable on Dy by Lemma the assumption (5.4.17) implies 9T (E*,L*) = 0 =
OrT(E*, L*) and thus, by Taylor’s theorem,

0<T(E*,L*)-T(E,L) <C|(E*,L*) — (E,L)?, (E,L) € B.(E*, L"), (5.4.20)
for some constant C' > 0. Inserting these findings into ([5.4.19)) hence shows

d(E, L)
m > c/ ’ =
B.(B*,L+) |(E*, L*) — (B, L)[?

00, (5.4.21)

from which we conclude the claimed statement by Theorem [5.3.1 O

The last application we present here shows that for certain steady states, the amount
of eigenvalues of the linearised operator £ in the essential gap G is finite, i.e., there is no
accumulation of eigenvalues at sup(G) = inf(cess(£)). This result will again require suitable
assumptions on the behaviour of the radial period function T'. The result is inspired by [117,
Cor. 1.3], where a similar statement is shown for a larger class of steady states, but under
more assumptions on T@ As discussed in Remark the results in [I17] rely on a bound
on the amount of eigenvalues of £ in G which is qualitatively different from Theorem [5.3.3]
Furthermore, the following result is related to [85, Lemma 4.9]; the class of steady states
and some calculations in the proof are also similar to [85, Cor. 4.17].

Corollary 5.4.4 (Finitely Many Eigenvalues in G for Some Isotropic Polytropes). Consider
an isotropic polytropic steady state with polytropic exponent 1 < k < % Assume that
the period function T “attains” its supremum on the (E, L)-support Dy (given by (2.2.88))
only at (Eo,L()) = (E(),O), i.e.,

supT = T(Ep,0) and T < T(Ep,0) on Dy \ {(Eo,0)}. (5.4.22)
Do

156Tn our notation, [I17, Cor. 1.3] shows that there are finitely many eigenvalues of £ in G for all isotropic
polytropes with polytropic exponents 0 < k < % provided T'(Eo,0) = supp (T) with Bi(%)(Eo,O) > 0 and
0T (Fo,0) > 0. Notice that the latter property is rigorously established for all isotropic steady states in
Lemma [A.3.23] which originates from [85, Lemma 3.15]. Although not explicitly stated in [I17, Cor. 1.3],
the first line of the calculations in [I17) Sc. 5] shows that it is additionally assumed that the maximum of T’
on Dy is attained only at (Eo,0).
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Here, T(-,0) denotes the continuous extension of T to L = 0 mentioned in Re-
mark@ and we assume that this extension is continuously differentiable, so tham

T € CYDy). (5.4.23)

Then the amount of eigenvalues of the linearised operator L in the essential gap G is finite.

Proof. By Theorem m it remains to show that the right-hand side of (5.3.5)) is finite. A
straight-forward to derive estimate of this expression is

/ r+(E,L) /
of B0 e P A(E.L)
D Supp, T' —T(E, L) r_(E,L) 72 py I'(Eo,0) = T(E,L) r_(E,L)
(5.4.24)

where C' > 0 is some constant depending on the steady state. To estimate the ﬁ—f&ctor,
note that ¥ (r_(E, L)) = E implies

1 \2E-2Uy(r_(E,L)) - V2Ey —20(0) V2
r(BE.L) NG = NG VI

This shows that the integral on the right-hand side of is finite if one bounds the
domain of integration away from (Fp,0) € 9Dy, i.e., away from the only point where the
denominator vanishes. To see that the integral also remains finite in the region around
(Eo,0), let € > 0 be s.t.

(5.4.25)

OgT >0  on N.:=[Ey— ¢, Eg] x [0,¢] C Dy; (5.4.26)

such ¢ exists by (5.4.23) and Lemma |A.3.23] Hence, by the mean value theorem,
1
T(Ey,0)—T(E,L)>T(Ey,L)—T(E,L) > ol (Ey — E) (5.4.27)

for (E, L) € N.. Restricting the integral on the right-hand side of (5.4.24]) to N, and using
this estimate as well as (5.4.25)) yields

' (E)] (Eo — E)*"1d(E, L)
/ T(Eo,0) — T(E, L) ¢ / B VL (5.4.28)

The latter integral is finite since k& > 1. O

We emphasise that the numerical simulations from Section [8.2]indicate that the assump-
tion ([5.4.22)) holds for all isotropic polytropes, cf. Observation

'5TNotice that T can be extended in a continuously differentiable way on 9D \ {L = 0} by the results from
Section [A74] see Lemmas [A-4.6] and [A4.8] and Remark [A-4.7] Showing that T can be extended to L = 0 in
a continuously differentiable way should be possible by applying the arguments from [85, Thm. 3.13] to the
integral representations of OgT" and 901, T derived in Lemmas and
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Chapter 6
Damping

The primary focus of this thesis so far has been to show the existence of oscillatory modes
around as many steady states as possible. The goal of this chapter is to prove the opposite
statement: the linearised dynamics around (other) steady states are damped.

To achieve this, we deviate from the previous setting and add a point mass fixed at
the spatial origin to the Vlasov-Poisson system. This new system will be introduced in
Section the existence of steady states will be discussed in Section The advantage of
the point mass is that all crucial properties of a steady state — like the behaviour of its radial
particle periods — are known as long as the steady state is “small” compared to the point
mass. The precise meaning of the steady state being “small” and the corresponding limiting
behaviour will be discussed in Section Subsequently, we will analyse the linearised
Vlasov-Poisson system as well as the linearised operators associated to such steady states.
We shall see that all occurring operators behave similarly to the case without a point mass,
so that we can apply the methods from Chapters [4] and [5| once again. In Section we
will then prove that for a small and sufficiently regular steady state, no eigenvalues of the
linearised operator exist in the essential gap of its spectrum. The other part is to establish
the absence of eigenvalues embedded into the essential spectrum of the linearised operator.
This will be done in Section [6.5| and is the crucial part of this chapter. In the final section,
all these results are combined with the analysis from Appendix [C]to conclude that solutions
of the linearised system associated to such steady states are indeed damped in a suitable
way.

This whole chapter is mainly based on [61], where the same questions are studied in a
slightly different (and easier) setting.

6.1 The Radial Vlasov-Poisson System Around a Point Mass

Throughout this chapter, we consider the radial Vlasov-Poisson system with a point mass
M > 0 fixed at the radial origin » = 0. The point mass resembles a compact, static object,
and our aim is to model the matter surrounding it. This is a simple (i.e., Newtonian) model
for a galaxy surrounding a black hole. Including the gravitational force of the point mass

into the radial Vlasov-Poisson system (2.1.9)—(2.1.11)) leads to the system

M L
/ dr [T 4 .
U'(t,r) = 7z, s°p(t, s)ds, 7nlgrolo U(t,r) =0, (6.1.2)

141
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pt,7) = ;/Ooo/Rf(t,r,w,L) dwdL, (6.1.3)

for the spherically symmetric phase space density f = f(¢,r,w, L). Recall Section for
the definition of spherical symmetry and the radial variables (r,w,L). Notice that the
gravitational potential U = U(t,r) does not include the gravitational force of the point
mass, but only the one of the matter surrounding it. We refer to the system f
as the radial Vlasov-Poisson system around a point mass. In Cartesian coordinates
(z,v) € R? x R3, the system is given by (L.1.3)—(L.1.5) and (1.2.28).

In [I57], the existence of classical solutions of 6.1.17 is studied. Due to the
(singular) point mass located at the radial origin = 0, any smooth solution has to vanish at
r = 0. In [I57, Thm. 2.1], it is proven that any spherically symmetric, compactly supported,
smooth initial distribution f which possesses an L-vacuum at the centre, i.e., f (ryw,L) =0
for L < L; for some L; > 0, launches a unique classical solution of f.

6.2 Steady States Around a Point Mass

In this section we construct and analyse stationary solutions of the radial Vlasov-Poisson
system around a point mass. The approach is very similar to the case without a point mass,
cf. Section which is why we will present the arguments here rather concisely.

For the stationary phase space density fo we make the ansatz

folz,v) = p(E(z,v), L(z,v)), (xz,v) € (R3 \ {0}) x R3, (6.2.1)

where, as before, L(z,v) = |z x v|? is the squared modulus of the angular momentum and

(z,v) € (R*\ {0}) x R3, (6.2.2)

1 M
() = glof + Uo(x) = 1

is the particle energy. Similar to Definition fo is a steady state of the system (|6.1.1])—
(6.1.3) if Uy is the gravitational potential induced by fy via the radial Poisson equation

/ - mO(T) . _
Uy(r) = 2 T >0, Tlggo Uo(r) =0, (6.2.3)
where mg is the local mass of the steady state, i.e.,
T
mo(r) = 47r/ s2po(s) ds, r >0, (6.2.4)
0
induced by the stationary mass density
T o0
po(r) = 2/ / fo(r,w,L)dwdL, r > 0. (6.2.5)
™Jo JR

We choose an ansatz function of the polytropic form
©(E,L) =c@p(E,L) =¢c(Fy— E)f“|r (L — LO)ﬁn E,LeR, (6.2.6)

where € > 0 is a parameter which we will use later to control the size of the steady state. We
again employ the convention (2.2.13)) regarding (.. )i To ensure that the steady state is
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bounded away from the (singular) point mass, we take Ly > 0. For the polytropic exponents

k,l € R we requir@
1
k>0, £> —1, k+0> st (6.2.7)

for now. The cut-off energy Ey < 0 is determined implicitly through the other parameters,
cf. below. We note that it is straight-forward to extend the following analysis to a more
general class of ansatz functions, more precisely, to all sufficiently smooth ¢ which satisfy
the conditions |(p1)] from the case without a point mass with Lo > 0. However, we
believe that the findings of this chapter can be presented more clearly when considering
only polytropic equations of states.

In order to construct a steady state of the form , we repeat the calcula-

tions ([2.2.20)—(2.2.27) to deduce that the relation (6.2.5)) can be rewritten as

M L

2 0

— En — - _ = 2.
po(r)=cer g< 0o — Uo(r) + . 2r2>’ r >0, (6.2.8)
with g: R — [0, 00[ being determined by the polytropic exponents k and ¢. Concretely,
analogous to Remark the function g is of the explicit form

3
9(z) = cpy ZTH27 z € R, (6.2.9)

where the constant ¢ ¢ > 0 is given by (2.2.30). By the assumption (6.2.7) on the range of
the polytropic exponents,

ge CHR)NC*®R\ {0}). (6.2.10)

With pg given by , the search for a steady state is reduced to solving the integro-
differential equation for Up. Inspired by [130], we again solve this equation by
considering the function

y:=FEg—Uy (6.2.11)

instead of Uy. The resulting equation for y is

4 [T M L
/ _ 20+2 0
y(r) = —7,2/0 s g(y(s) + - 252> ds, r>0. (6.2.12)

We again equip this equation with the boundary/initial conditions
y(0)=r,  y'(0)=0, (6.2.13)

for some prescribed k € R; below we will derive the suitable range for the parameter k. We
note that the whole steady state including the function y need not be defined at » = 0. For
solving the y-equation it is, however, convenient to extend y to r = 0; we shall see
next that this can be done without any difficulties. The same arguments as in Lemma [2.2.8
show that for every x € R there exists a unique solution y € C?([0, 0o|) of f.
This solution possesses a vacuum region around the spatial origin, i.e., there exists Ry, > 0
s.t.

y(r)y=r, y'(r)=0, po(r)=0, 0 <7 < Ruin. (6.2.14)

158Note that the range of these parameters is larger than in the anisotropic polytropic case without a point
mass, recall (L.15)). As already noted before, cf. Remark [5.4.2|[(c)] the analysis in the case without a point
mass could, in fact, also be carried out with a polytropic ansatz (2.2.17) with parameters satisfying ,
k <30+ % and Lo > 0.
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The maximal radius Ry, with this property is explicitly given by

—M++/M?+2kLg . M2
—5———, ifxk>0o0r — o1 <k <0,

Rin = QLT\(;[’ if kK = 0, (6215)
0, if kK < f%.
In particular, choosing k < —% results in the trivial solution y = k, pg = 0 = Uy. For this

2 . .
reason, we always assume Kk > —éWTO. For the later analysis, we further restrict the range

of k to
2

M <Kk<O0 (6.2.16)
2L0 K . L.

Let us briefly motivate this choice of the x-range:

Remark 6.2.1. The crucial part of Section is to show that the steady state is compactly
supported, i.e., to show that supp (po) is compact. In the present setting, however, it is trivial
to see that the support of pg is compact in the case kK < 0: any solution y of 18
non-increasing, and thus the initial condition with k < 0 leads to lim, o y(r) < 0,
which implies that supp (po) is indeed bounded. Due to this reason, the associated steady
states in the case k < 0 are called trivially bounded. Similarly, in the case k < 0, using the
estimate y(r) < y(0) = k < 0 yields the following bound on the support of po:

—M — VM? + 2kLg
2K '

In particular, this bound is uniform in the parameter € > 0 and will turn out to be essential
when considering the limit € — 0 later on. Notice that for this argument, no further
restrictions on the polytropic exponents k and £ need to be imposed (besides ) In
particular, k can be chosen arbitrarily large, which was not possible in the case without a
point mass, cf. Remark.

Nonetheless, we note that choosing k > 0 also leads to a compactly supported steady
state around the point mass. This can be shown similarly to Lemma [2.2.8, However, for
k > 0, the support need not be uniformly bounded in .

Once a solution y of ((6.2.12)—(6.2.13)) with x satisfying (6.2.16]) is known, the cut-off

energy Fy and the stationary potential Uy can be obtained via

po(r) =0 forr > (6.2.17)

Eg = lim y(r) €] —o0,0[,  Up=Eo—y. (6.2.18)

The resulting steady state fy is then given by (6.2.1). Let us collect the properties of this
steady state.

Proposition 6.2.2 (Existence of Steady States Around a Point Mass). Let ¢ be an ansatz
function of the form with parameters € > 0, Ly > 0, and polytropic exponents k, ¢
satisfying . In addition, let k be in the range specified in . Then there exists
a steady state fo of the radial Vlasov-Poisson system around a point mass f
of the form with Ey and Uy given by . This steady state enjoys the following

properties:
(a) The total mass
o0
My == lim my(r) = 47r/ 2 po(r) dr (6.2.19)
0

7—00

of the steady state is positive & finite. Notice that My gives the mass of the steady
state only; it does not contain the fixed point mass M > 0.
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(b) The steady state is radially bounded, i.e.,

Rax = sup{r > 0| po(r) > 0} < oc. (6.2.20)

(¢) The radial support of the steady state is given by

supp (pO) = [Rmim Rmax], (6221)
where
—~M +/M? +2kLg
Ruin = * 9% +omlo = Rgﬁn >0, (6222)
—M — /M2 +2kLgy
Rumin < Rmax < o tenlo _po (6.2.23)

Due to (6.2.21)), we sometimes refer to the steady state as a stationary shell surround-
ing the point mass.

(d) The (phase space) support of the steady state is bounded, i.e., the set Qg defined as
in (2.2.44) or (2.2.45)) is bounded.

(e) It holds that py € C([0,00]) and Uy € C3([0,0c[). In addition, Uy, py €
COO([Oa OO[\{Rmina Rmax})-

Proof. All statements were either proven above or follow in the same way as in Proposi-
tion [2.2.9 0

Before introducing and analysing further quantities associated to a steady state, let us
briefly review alternative approaches to construct steady states around a point mass.

Remark 6.2.3. In [157], the existence of polytropic steady states (with fized € and a smaller
range for the polytropic exponents k and £ compared to ) is shown via the variational
approach developed in [55]. In this way, one also obtains the non-linear stability of these
steady states. We shall see later that the steady states constructed in Proposition |6.2.2 are
linearly stable, cf. Section . We note that, after suitably adjusting the range of the
polytropic exponents, the present steady states can also be shown to be non-linearly stable
by applying the methods from [57, 159], cf. [121).

Another approach to construct “small” steady states is to interpret them as a perturba-
tion of the trivial solution. Mathematically, the existence of such perturbations which solve
the (stationary) Vlasov-Poisson system with a point mass can be derived by applying the
implicit function theorem. In the case of the Einstein-Viasov system with a black hole at
the centre — which is the general relativistic analogue of the present setting — this strategy
is pursued in [72, [75]. In this general relativistic setting, the existence of steady states sur-
rounding a black hole is also proven in [{9, [137] using similar methods as those presented
above.

An important quantity associated to a fixed steady state fy as constructed above is its
effective potential. In the case without a point mass, this function is analysed in detail in
Section In the present setting, we obtain similar results.

Definition & Lemma 6.2.4 (The Effective Potential). For L > 0 let

M L

Uy : ]0, OO[ =R, Up(r) = Uy(r) — o + 22 (6.2.24)
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This function is called the effective potential of the underlying steady state. It has the same
properties as those derived in Lemma i.e., there exists a unique minimising radius
rr, >0 s.t.

Wy (ry) = min ¥y = EM" ¢ ] — 00,0], (6.2.25)

0,00

and for every E € |E™® 0| there exist two unique radii 0 < r_(E,L) <rp <ry(E,L) < 0o
s.t.
Ur(re(E,L)) =E. (6.2.26)

In addition, the regularity and limiting statements from Lemma |2.2.14| hold, where mg(r)
and My have to be replaced with mo(r) + M and My + M, respectively.

Proof. The assertions can be proven similarly to the case without a point mass. O

We note that the radii r4 are related to Ry and Rpax as follows:
Rpin = r—(Fo, Lo), Rax = 7+ (Ep, Lo). (6.2.27)

The effective potential appears naturally when expressing the particle energy F, cf. (6.2.2)),
in radial variables. Concretely,

E(r,w, L) = %wQ FUL(r),  (rw,L) €]0,00[ x R x 0, 00]. (6.2.28)

This shows that the (E, L)-support of the steady state is
Do = {(E,L) | L > Ly, EM™ < E < Fy}. (6.2.29)

The shape of this set is visualised in Figure [2.2.2} it is similar to the case without a point
mass. In analogy to (2.2.86)) and (2.2.90|), the L-support of the steady state is of the form

]LQ = {L ’ (E, L) c ]D)()} :]Lo, Lmax[v (6230)
where Lyax € ] Lo, 00[ is given as the unique solution of

EPn — F. (6.2.31)

Lmax

The set Dy is a subset of the set of all admissible (E, L)-pairs
Ao={(E,L)|L >0, EP" < E <0} (6.2.32)

By the regularity of |0,00[ > L — Eanin, the sets Dy and Ag are both open subsets of R2.
Similar to Section being “admissible” means that any solution of the radial charac-
teristic system

7= w, w= - (r), (6.2.33)

with parameter L and conserved energy value F is time-periodic provided (F, L) € Ag. In
analogy to Definition [2.2.16] the periods of these solutions are given by the (radial) period
function

r(E,L) dr
T: Ao — 0, 00], T(E, L) :—2/ .
r-(B.L) \2E —2¥(r)
Most of the properties of T' are similar to the case without a point mass, cf. Appendix [A]
We will study further properties of this function within the analysis below.

(6.2.34)
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6.2.1 Limiting Behaviour as ¢ — 0

As motivated above, we are interested in steady states of the form (6.2.1)) with 0 < e < 1.
The reason for this is that all steady state quantities converge to explicitly known objects
in the limit € — 0. Let us first collect these limiting quantities.

Lemma 6.2.5 (The Pure Point Mass Case). The pure point mass case corresponds to the
situation where the gravity is solely determined by the point mass. The effective potential

in this situation 1s M I
w90, R, 09 —— 4+ = 6.2.35
10,00 = R, Wh(r) i= = + (6.2.35)

for L > 0. This function has similar properties as the ones derived in Lemma [6.2-] For
L > 0, the minimum of \I/% 1s attained at the radius

0

=— .2.36
L M’ (6 )

the minimal value is given by

. M?
Ern0.— g0 0y = 2.
L L(ry) 5T (6.2.37)
Similar to (6.2.32]) let

={(E,L)|L>0, EP < E <0} (6.2.38)

denote the set of admissible (E, L)-pairs in the pure point mass case. Setting

~M ¥ VM2 +2EL

T‘i(E, L) = 5T

(E,L) € A, (6.2.39)

defines the two unique radii 0 < r° (E,L) <1} < r%(E, L) which solve ¥Y (r%.(E,L)) = E.
These radii are related to Rgnn and RO . defined in (6.2.22)) and (6.2.23)), respectively, via

RO, =70 (k, Ly), R . =15 (k, Lo). (6.2.40)

min

The particle motions within the gravitational field of the point mass are described by 17 = w,
= — (V%) (r). Solutions of this ODE with parameter L and conserved energy value E are
time-periodic provided (E, L) € Ay, and their periods are given by

M
T0: A =0, 00[, T°(E, L) _2/ =L —. (6.241)
0 (B,L) ,/2E 200 (r) V2 (-E):
Moreover, similar to (6.2.29)), we set
DY = {(E,L) | L > Ly, B < E < r} (6.2.42)
for Lo and & as specified in Proposition[6.2.3 The L-values in this set are
LY ==]Lo, LS ., (6.2.43)
with maximal L-value given by
M2
L =—— (6.2.44)

max 2H
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Proof. The only non-trivial part is the second equality in (6.2.41]). To verify it, first observe

r+(E L) dr
O(E,L) = 2/ / =
(B.L) ,/2E 209 (r E+Md_ L
! dr. (6.2.45)

- \/j/rg(E,L) \/(rQF(E,L) —r)(r—r"(E,L))

0

In order to compute this integral, we make the usual affine change of variables s = TE__TT}J ,
+ —
where 79 := rQ(F, L). We thus arrive at
NG Ve
T(E, L) = 1"0—7“0_/ d+7 /
(&, L) \/—E(+ )0 T—s w/ (1—s)
i
= E.L)+°(E,L 6.2.46

A (L) + (. 1), (6:2.46)

Inserting (6.2.39) into the latter expression then implies the claimed identity. O

We now fix the parameters Ly, k, ¢, and k as specified in Proposition [6.2.2] and study
the limiting behaviour of the steady states as ¢ — 0. In order to make the e-dependency
more visible, we add a superscript ¢ to all quantities associated to the steady state fo = f§
when analysing this limit — this is consistent with the notation chosen in Lemma for
the quantities in the pure point mass case corresponding to € = 0. The following result is
partially based on [61, Lemma 3.6].

Proposition 6.2.6 (Limiting Behaviour as € — 0). The following assertions hold:

a) The functions p§, (pg)’, m§, US, (US), (US)", and (US)" converge to zero uniformly
0, \Po 0 Yo 0 0 0
on [0,00[ as € — 0.

b) ES — K as well as r5 — r9 and E™n — B0 Jocally uniformly in L > 0 as e — 0.
0 L L L L

(c) LS. — L?nax as € — 0.

(d) R, =R, and RS, — RO, ase — 0.
(e) Fore >0 let
T, = iﬂr)%f Te, OpTe,, = ilr)%f opT®, OETE, = ilr)%f 02T°,  (6.2.47)
TS . =supT*, OpTS . == supOgT*, O%TE,  =supdsTe;  (6.2.48)
D§ D D3

in particular TE € Cz(A‘E). Then Tlfnn — Tgm, TSk — max, opTs. — OpTY. |
OpTE,.. — 0T, ., 8E in 8E ins and 8E e ax — BE max @8 € = 0. In particu-
lar, since OgT°, > 0, there exist ¢ > 0 and g9 > 0 s.t.

min

OrT* > ¢ on D, 0<e<ep. (6.2.49)

Before proving the above proposition let us briefly comment on the limiting behaviour.
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Remark 6.2.7. When we previously mentioned in vague terms that the steady state “gets
small”, we mainly meant the convergences stated in partl@ in particular, the total mass M
of the steady state tending to zero. Howewver, it is crucial for the subsequent arguments
to understand how precisely this “getting small” is realised. For instance, an alternative
approach would be to keep € > 0 fized and instead let the parameter k tend to —%. This

would also yield the convergences in part . However, as k N\, —%, the steady state
support would contract to a single point, more precisely, Rmin — T%O and Rmax — r%o. This
18 qualitatively different from the limiting behaviour as € — 0, where the supports of “small”
steady states do not contract but instead converge to a non-trivial limiting configuration.
For the radial support, this is evident from part . We shall see later that it is crucial to
realise the steady states “getting small” in this way.

The proof of Proposition [6.2.6[is the subject of the remaining part of this section, and
it is no fun. Part will be proven in Lemma @ part @ follows by Lemmas
and part is due to Lemma [6.2.13] part @ will be shown in Lemma and
part [(e)| follows by Lemmas [6.2.21] [6.2.22] and [6.2.26] Although one gains a lot of insights
into the properties of steady states through the following arguments, we advise the reader to
omit this part on a first reading and proceed with Sections 6.6 There, the applications
of the results from Proposition [6.2.6| will become clear.

Convergence of the Potential, Mass Density, and Cut-Off Energy

The first step is to show that the mass density pj and the gravitational potential U; con-
verges to zero as € — 0 in a suitable way. This forms the basis for all further conver-
gence results. The lemma is based on [61, Lemma A.1], which is in turn inspired by [49]
Lemma 3.3].

Lemma 6.2.8. As ¢ — 0 it holds that p§, (p5)’,m§ — 0 uniformly on [0,00[, M§ — 0,
E§ — Kk, and (Ug)(") — 0 uniformly on [0, 00| for n € {0,1,2,3}.

Proof. By Proposition there holds supp (p§) C [RY,.,RY..J, and for r €
[RO. | RV ] we obtain

min? max

k043
pR(r) = £ g (5 — WE() < € cnpmaxl (R (Rud™) (w4 5] (6250)

mln
by E27)-(E29) since B5 — Wi (r) = y7(r) + & — k5 < 5+

pg — 0 uniformly on [0,00[. This also implies the uniform convergence of the local mass
m§ to 0 as e — 0. In particular, the total mass M§ = m§(R2,,) tends to 0 as ¢ — 0.

Because (y°)'(r) = — ") for ¢ > 0 with mg(r) =0 for 0 <r < RS, = RO, cf (6.2.12)
and (6.2.14)), we deduce y°)" — 0 as e — 0 uniformly on [0, co[. Next observe

. We hence conclude

y(r) = H+/ (¥°)'(s)ds,  7>0, (6.2.51)
0
and thus
Rmax M€ M6
=t [ e (M- ) e R (6.2.52)
RO . r Rmax

min

This shows y° — « uniformly on [0, oo as well as E§ = lim,_,oc y°(r) — x ase — 0. We have
hence proven (U5)™ — 0 uniformly on [0, 00 for n € {0,1}, recall (6.2.18). The uniform
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convergence of (p5)’ to 0 follows by the same arguments as above by differentiating (6.2.8));
recall (6.2.7). Further differentiating (6.2.3)) w.r.t. » > 0 yields

(UF)"(r) = dmp(r) — 2707 (6.2.59)
(05" () = () (r) — 80 670, (6.2.54)

from which we conclude the claimed uniform convergences of the second-order and third-
order derivatives of Uf. O

We note that in the case of a more regular steady state, corresponding to k& + ¢ being
larger, it is straight-forward to extend the above result to higher-order derivatives of pj
and U§.

Convergence of the Radii 7 and rg

The next step is to show the convergences of the radii 7§ and r§ = r§.(F, L) defined by
the effective potential W, cf. Definition [6.2.4] to the respective quantities introduced in
Lemma We start with the minimising radius r} and the associated minimal energy
value E7""¢. This is based on [61, Lemma A.2], but the proof is significantly simplified here.

Lemma 6.2.9. The mappings [0,00[ x ]0,00[ > (¢, L) — r] and [0,00[ x ]0,00[ 3 (¢, L)
EIL’“i“E are both continuous at € = 0 locally uniformly in L. More precisely, for any § > 0
and Lo > Ly > 0 there exists g > 0 s.t. for all0 < e < gy, Ln < L* < Lo, and L > 0 with
|L — L*| < &g there holds |r5 —10.| < § and |E™ne — Bmin0| < 6.

Proof. For e > 0 and L > 0, the radius r7 is given as the unique critical point of ¥, i.e.,
it solves the equation

L
mg(ry) + M — == 0; (6.2.55)
L
here we set m8 = 0. Solving this equation for ¢ and using ((6.2.36|) yields
L* L |L* — L| |L|
sl =5 - < — 2). 6.2.56

The uniform convergence mg — 0 as € — 0 proven in Lemma hence shows the claimed
continuity of r§.

Together with the uniform convergence Uy — 0 established in Lemma we then
deduce E¥r = e (r5) — WO (rY) = EWn0 Jocally uniformly in L* as e — 0. More
precisely, for §, L1, and L as above we choose 0 < ¢ < min{g(r&]Ll)Z, %Ll, 1} st |U§| < g

2

on [0,00[ and |rs — Y| < min{%rng, 1} for 0 <e<epand 301 <L < Ly+1. Fore, L*,
2

0

and L as in the statement of the lemma we then have %r < Ti,r%* < T% ; + 1, from
1 2+

1L
which we obtain
0 |L — L*| 1) |L — L*| 1)
2
We hence deduce
[Bpne — BP0 < WG (1) — . () 4 99 () — W0 (1) <
< d + M M L L (6.2.58)
2 s U] 20)2 2(09)2) o
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Using the convergence of 75 established above thus allows us to conclude | EYine — pmin0| < §
after potentially shrinking ¢ > 0. O

The next step is to establish the analogous convergence result for the radii 75 (E, L).
For this sake let
Ao ={(e,E,L) | e >0, (E,L) € Aj} (6.2.59)
denote the set of all admissible (¢, E, L)-triplets; this notation is similar to [61, Eqn. (A.10)].
The following lemma is based on [61, Lemma A.3 (a)].

Lemma 6.2.10. The mappings Ao > (¢, E,L) — r5.(E,L) are continuous at € = 0 uni-
formly on suitably bounded (E, L)-sets. More precisely, for any § > 0, Ly > L1 > 0, and
Eqy < 0 there exists eg > 0 s.t. for all 0 < e < g9, L1 < L* < Lo, and Egl*mo < E* < Ey
as well as L > 0 and EM" < E < Ey with |(E,L) — (E*,L*)| < & there holds
[r&.(E,L) — rlL(E*, L*)| <.

Proof. For e > 0 and (F, L) € A§, the radii 7% (E, L) are the unique solutions of
E =Wi(ri(E, L)) = Us(r<(E, L)) + V1 (ri(E, L)). (6.2.60)
Hence, similar to , there holds the identity
—M + /M? +2L(E — U5 (ri.(E, L)))
2F — 2U¢ (r.(E, L))

Since U; — 0 uniformly as ¢ — 0 by Lemma it is straight-forward to verify that
the difference between this expression and r (E*, L*) given by ((6.2.39) can be estimated as
follows provided that ey > 0 is sufficiently small:

re(E, L) = (6.2.61)

re (B, L) —rL(E*, L")| < C(|E — E*| + |L — L*| + sup |Ug)), (6.2.62)

[0,00]
where C' > 0 depends on FEp, L, and Lo, but is uniform in (F, L), (E*,L*), and . This
estimate together with Lemma [6.2.8] readily implies the claimed continuity. O
An immediate consequence of the above lemmas is the convergence of R, . This is

based on [61, Eqn. (A.11)].

Lemma 6.2.11. RS, — RY__ase — 0.
Proof. Since R%,. = r%(k,Lo) and RS, = r(E§, Lo) for € > 0, cf. (6.2.40) and (6.2-27),
respectively, the claim follows by Lemmas [6.2.8 and [6.2.10] OJ

Next, we show that the convergence (2.2.66) of S in the near circular regime is “uni-
form” in e. The lemma is based on [61, Lemma A.3 (b)].
Lemma 6.2.12. The radii r%.(E,L) converge to 19, as (¢, E,L) — (0, B0 L*) locally
uniformly in L* > 0. More precisely, for any § > 0 and Lo > L1 > 0 there exist g > 0
and n > 0 s.t. for all 0 < e < eg, L1 < L* < Lo, and L > 0 with |L — L*| < € as well as
Emine < B < FWine 4y there holds [re(E, L) — r9.] < 4.
Proof. The convergence can be proven in a way similar to Lemma [6.2.10, More precisely,
inserting E* = E™0 into (6.2.62)) yields
P (B, L) —10.| < C(|E — EF™| 4+ |L — L*| + sup |U§) (6.2.63)

[0700[

for C' > 0 as before provided that ¢g > 0 and 1 > 0 are sufficiently small. Together with
the uniform convergence U — 0 as ¢ — 0 proven in Lemma and the locally uniform
convergence EMine — EMn0 a5 (¢ L) — (0,L*) shown in Lemma we conclude the
claimed convergence. O



152 CHAPTER 6. DAMPING

“Convergence” of Dj

The next step is to establish the convergence of the (E, L)-support Df to ID)8 ase —0in a
suitable sense; recall (6.2.29)) and (6.2.42]) for the definitions of these sets. The first step in

this direction is the convergence of the L-support, i.e., the convergence of LS, to LY as

e — 0; recall (6.2.31)) and (6.2.44) for the definitions of the latter two quantities.

Lemma 6.2.13. L5, — LY. ase— 0.

Proof. For any > 0 yvith § < LY .. there holds Ean(}:lo_é -k <0< EE“QEZM — K; note
that LY satisfies EE})I“O = k. By Lemmas |6.2.8| and 6.2.9L there exists g9 > 0 s.t. for all
0 < & < e there holds EFy™ ; — Ef < 0 < EJ™ ; — Eg. Hence, L7, — 6 < Lia <
LY .. + 3, which concludes the proof. O

A direct consequence of the convergence of the L-support is that the (E, L)-support D§
is uniformly bounded for ¢ < 1.

Lemma 6.2.14. There exist eg > 0 and Ly > Lg s.t. the following assertions hold:
(a) For every 0 < e < gg there holds L§ C |Lo, L1].
(b) For every 0 < e < gq there holds

M?
1,7 [ % Lo, L1]. (6.2.64)

; K
D§ EL)|L L< L, E}" <E<— - =

Proof. Part |(a)| follows by Lemma [6.2.13 The first inclusion in (6.2.64) is due to
Lemma For the second one, we apply Lemma to infer EanOin8 > Eg‘oino —-1=
M2

—31; — 1 for 0 < e < ¢q after potentially shrinking ¢ > 0. O

The next result establishes the desired convergence Dg — Dg as € — 0 in a suitable way.
Due to Dj being two-dimensional, this is more complex than the convergence L§ — LL9.

Lemma 6.2.15. For every § > 0 there exists eg > 0 s.t. the following statements hold:

(a) For every (E*,L*) € DY and 0 < ¢ < &g there exists (E,L) € D§ s.t. |(E,L) —
(E*,L*)] < 6.

(b) For every 0 < ¢ < g9 and (E,L) € D§ there exists (E*,L*) € DY s.t. |(E,L) —
(E*, L") <.

Proof. Let § > 0 be arbitrary and choose 9 > 0 and L; > Lg > 0 according to
Lemma In addition, we require ¢5 < % and g < L?nax — Lo as well as d =
K — Eiiz_0 < 0; the latter is possible since L — Einino is continuous. By Lemmas [6.2.8
and there exists €1 € ]0,¢0[ s.t. |E§ — K| < ‘gi and |Emine — pmin0| o g for 0 <e < ey,
Lo < L*<Lj,and L >0 with |L — L*| < &3.

Now let (E*,L*) € Dy and 0 < e < ey. If L* > L9 —ep, weset L =LY —eo > Lo
andE::m—%:Eimno—kg. SinceEzn—%<E§—% andE:EElin0+g>EE‘in5+%,
there holds (E,L) € D§. Furthermore, |L — L*| < gy < § and |E — E*| < ¢ < I since
E* <k =FE+%and E* > ERn0 > puind — p 4 Hence, |(B*,L*) — (E,L)| < 4.
Otherwise, i.e., if L* < L% . — eo, we just set L := L* and obtain E¥in¢ < pmin0 4 %l <

max
EILH(}HO ot % =K— %d < E§— %. In order to choose E, we distinguish between three cases:
max
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Firstly, if EILninE < E* < E§, we just keep E = E*. Secondly, if E* < Eanins , observe that
E* > Eglino > E}jﬁna — %l and E* < Egﬁng < Ej — %l. Hence, for £ = E* + %l there holds
(E,L) € Df with |E — E*| = %l < g. Thirdly, if E* > Ej, there holds E* < k < E§ —i—% and
E* > E§ > EPne 4+ ¢ Thus, setting E = E* — ¢ yields (E, L) € Dj with |[E— E*| = ¢ < 2.
In all cases we have hence shown the existence of (E, L) € Dj with |(E, L) — (E*,L*)| < 6,
which concludes the proof of part @

For part we first shrink g9 > 0, if necessary, according to Lemmas [6.2.8] and [6.2.9|
s.t. |E§ — k| < § and ]Egﬁng —EE‘E“O\ < g forO0<e<epaswellas Lo < L*< Ljand L >0
with |L — L*| < 9. By Lemma there exists 0 < gg < &g s.t. |[L5 — LYyl < €0
for 0 < e < e2. Now let 0 < € < g2 and (E,L) € Df be arbitrary. If L > Y

max?
we set L* := L9 . Then, L* < L < L%, < L*+ ep, and thus |L — L*| < go < &

max *
Furthermore, setting E* := k = EILn*inO yields £ < Ej < k + % =FE"+ % and F > EaninE 2>
Epin0 8 — p* — 3 Thus, |(E,L) — (E* L*)| < ¢ and (E*, L*) € DJ. Otherwise, i.e.,
if L < LY., we just set L* := L. In order to choose E* we distinguish between three
cases: Firstly, if EILninO < FE < K, we keep E* := E. Secondly, if £ < Egﬁno, observe that
E > ppine 5 pmind _ 8 Qetting B* == EPM0 hence gives |E — E*| < 3. Thirdly, if £ > &,
there holds I < Ej < K+ %. Thus, setting E* := k yields |E — E*| < %. In all cases we have
hence shown the existence of (E*, L*) € DY with |(E, L) — (E*, L*)| < §, which concludes

the proof of part @ O

Convergence of the Period Function

We next show the convergence of the period function 7°¢ to 79 as € — 0 on the respective
domains of definition Df and Dg in a suitable sense. This requires a particularly careful
treatment of the near circular regime E ~ E™". By the analysis from Section the
period function is given by derivatives of the effective potential W5 evaluated at r$ in this
regime. The following lemma analyses the convergence of derivatives of W5 in this region.
It is based on [61, Lemma A.4].

Lemma 6.2.16. Let n € Ny and 0 < Ly < Lo. In the case n > 4, we require R?nin < 7’%1 <
g, < R?nax Then (¥5)™(s) converges to (¥9.)™(r9.) as E — EP" [ — L*, and
e — 0 uniformly in L* € [L1, Ly] and s € [r%.(E, L), r¢.(E, L)]. More precisely, for any d > 0
there existeg > 0 andn > 0 s.t. for all0 < e < eg, L1 < L* < Ly, and L > 0 with |L—L*| <
g0 as well as P < E < EP»e 4y < 0 there holds |(05)™(s) — (99.)™ (+9,)] < 6 for
se[re(E,L),r5(E,L).

Proof. Let Ly > Ly > 0 be fixed. By Lemma there exist 0 < R- < R4 s.t.
" (E,L),r¢.(E,L)] C [R_,Ry] for (e, E, L) as above with sufficiently small g > 0 and
n > 0. In the case n < 3, the claim follows easily by Lemmas [6.2.8) and [6.2.172] The
additional assumption in the case n > 4 ensures that we can further achieve [R_, Ry] C
[RO. +2d, R0, —2d C [R;, + 2d, R, — d] for some (g, E, L)-independent d > 0 by
shrinking g > 0 and 7 > 0 if necessary; this is possible by Lemmas[6.2.11]and [6.2.12] Hence,
(05)™ exists on [r2 (E, L), 5. (E, L)] by Proposition After showing (U5)™ — 0
uniformly on [Rglin +2d, RO, —2d] as ¢ — 0 by iterating the arguments from Lemma
the claimed statement follows in the same way as above. O

The above lemma is the key tool to prove the convergence of T¢(F, L) in the near-
circular regime. Essentially, we add the limit € — 0 to the result from Corollary [A.4.2] The
following lemma is based on [61, Lemma A.5].

159Tn the case n > 4 one could alternatively require r%l > RO .. or r%z < R%;..
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Lemma 6.2.17. The period function T¢(E, L) converges to TO(E'™0 L*) as E — EWie,
L — L*, and € — 0 locally uniformly in L* > 0. More precisely, for any § > 0 and Ly >
L1 > 0 there exist eg > 0 and n > 0 s.t. for all 0 < e < egg, L1 < L* < Ly, and L > 0 with
|L— L*| < &g as well as EM¢ < E < EW 4y there holds |T¢(E, L) — T°(ER™, L*)| < 4.

Here, T°(E™n0 [*) denotes the continuous extension of T® onto (E¥O L*) for L* > 0.
By Lemma[6.2.5, this extension is given by

3
. L*)3 2
TO(Emin0 7y = 97 )2 T L*>o. (6.2.65)

M2
(v9.)"(r9.)

Proof. The proof proceeds in the same way as the one of Lemma (with Fr(r) = 1).
It relies on the bound |[(\Ili)”(s)]7% — [(\P%*)"(r%*)]fa <% for0<e<eg, L) <L*< Ly,
and L > 0 with |[L—L*| < &g as well as B < E < EP" 4y and s € [r° (B, L),r5.(E, L));
this holds by Lemma 6.2.16| for sufficiently small g > 0 and 5 > 0, note that (¥9.)"(r}.) =

%>0.

O

In order to establish the uniform convergence of T¢ on D§, we next prove the pointwise
convergence of T°(E, L). This is based on [61, Lemma A.7] and is very much similar to

Lemma [A31]

Lemma 6.2.18. The mapping Ay 3> (e, E,L) — T(E, L) is continuous at € = 0. More
precisely, for any 6 > 0 and (E*,L*) € AB there exists g > 0 s.t. for all 0 < e < g9 and
(E,L) € A§ with |(E,L) — (E*, L*)| < ¢ there holds |T¢(E, L) — T°(E*, L*)| < 4.

Proof. The proof proceeds in the same way as the one of Lemma (with F(r) =1 and

m = %) We apply Lebesgue’s dominated convergence theorem to the integral T¢(FE, L) after
r—rc (E,L)

r¢ (E,L)—r¢ (E,L)"

is derived using the concavity bound ([2.2.73]). The pointwise convergence of the integrand

follows by the continuities of [0,00[ x ]0,00[2> (g, L,7) = W¥5(r) and Ay > (¢, E,L)

ri(E,L) at ¢ =0, cf. Lemmas [6.2.8{ and [6.2.10] O

the affine change of variables r — s = The dominating, integrable function

Unsurprisingly, the above continuity is uniform on compact (E, L)-sets, where compact
means, in particular, that the set is bounded away from minimal energies.

Lemma 6.2.19. The continuity of Ay > (¢, E,L) — T°(E, L) ate = 0 from Lemmal[6.2.1§
is uniform on compact (E, L)-sets. More precisely, for any Ly > L1 > 0, E1 < 0, n > 0,
and § > 0 there exists g > 0 s.t. for all 0 < & < gy, L1 < L* < Lo, and Eanfno +n <
E* < Ey as well as L > 0 and E™ < E < 0 with |(E,L) — (E*,L*)| < &¢ there holds
IT¢(E, L) — TO(E*, L*)| < 6.

Proof. This is a standard proof in calculus. Suppose that the statement is not true for some
Ly > L1 >0, E1 <0, and n > 0. This means that there exists § > 0 s.t. for all j € N with
J > 3 there exist ¢; € [0, %[, Ly < L} < Ly, and Eg‘;ino +n < Ej < Eyas well as Lj >0 and
EP" < By < 0 with (B, L) — (B}, L) < Y and |T% (B, L;) — T°(E}, L7)| > 4. Then,
for every sufficiently large j, E; > E; — 7 > Ean;_ino +3n > Eﬁino +1inand E; < E) as well
as L1 < Lj < Ly+1by Lemma For these j there hence holds (Ej, L;), (£}, L}) €
{(E,L) | %Ll <L < Ly+1, EaninO + %17 < E < E;}. Since the latter set is compact,
there exists (£, L) within this set s.t. (Ej, L;) — (£, L) and (E7,L}) — (E,L) as j — o0
after passing to subsequences. By Lemma this implies 7% (E;, L;) — T°(E, L) and
o (B, LY) — T°(E,L) as j — oo, which is the desired contradiction. O
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Combining Lemmas [6.2.17] and [6.2.19] yields the desired uniform convergence of the
period function. This is based on [61, Lemma A.8].

Lemma 6.2.20. The mapping Ay > (¢, E, L) — T¢(FE, L) is continuous at ¢ = 0 uniformly
on suitably bounded (E, L)-sets. More precisely, for any 6 > 0, Ly > L1 >0, and E1 <0
there exists eg > 0 s.t. for all 0 < e < gy, L1 < L* < Lo, and Egté“o < E* < Eq as
well as L > 0 and EY"¢ < E < Ey with |(E,L) — (E*, L*)| < &¢ there holds |T¢(E, L) —
TO(E*,L*)| < 6.

Proof. Let 6 > 0, Ly > L1 > 0, and Fy < 0 be arbitrary. We choose ¢g > 0 and n > 0
according to Lemmas.t. forall0 <e <eg, L1 <L* < Lg,and L >0 with |L—L*| <
g0 as well as B < F < EIne 4 95 < 0 there holds |T%(E, L) — TO(E®™0, L*)| < §. In
addition, after potentially shrinking 1 > 0, there holds |T°(E*, L*) — TO(E®0, L*)| < ¢ for
L1 < L* < Ly and ELmjno < E* < Egﬁino + 7 by the explicitly formulae from Lemma [6
and (6.2.65). For this fixed n > 0, we now shrink ¢y > 0, if necessary, according to
Lemma s.t. for all 0 < e < g, L1 < L* < Ly, and EE{}“O +n < E* < E; as well as
L > 0and EM < E < 0 with |(E, L)—(E*, L*)| < g¢ there holds \TE(E L)-T°(E*,L*)| <
6. In addltlon we choose g9 > 0 to be sufficiently small s.t. g < Z 5 and ]Emme ELmino < ?
for0 <e <eg, Ly < L* < Ly, and L > 0 with |L— L*| < ep; this is possible by Lemma@

Now let 0 < ¢ < g9, L4 < L* < Lo, and Emmo < B* < Fy as well as L > 0 and
Emine < B < By with |(E, L) — (E*, L*)| < 0. If E* > Emin0 4y the above immediately
shows |T¢(E, L)-T°(E*, L*)| < §. Otherwise, i.e., E* < ERY4n we obtain £ < E*+¢&g <
Egljno—i—%n < EWinc 4 2. By our choice of n > 0, we again conclude |T(FE, L)-T°(E*, L*)| <
d. O

H
(@)

Together with Lemma [6.2.14] the above lemma implies the uniform convergence of T°
to T? as ¢ — 0 on the (E, L)-support D§. Combining this with the convergence “Df — DY”

as € — 0 established in Lemma [6.2.15], we thus deduce the convergence of T}, and Trflax
This is based on [61, Lemma A.9].
Lemma 6.2.21. There holds lim._,o T, = T and lim._,0 15, = T2, where
L2 M
0 < T = T'(BE™, Lo) = 2105 \7}( ntie TO(k,Lo) =T0, < oo (6.2.66)
2

by (6.2.16), Lemmal6.2.5, and (6.2.65).

Proof. For fixed § > 0 we choose g9 > 0 s.t. for all 0 < ¢ < g9, (E*,L*) € D), and
(E,L) € D§ with |(E,L) — (E*,L*)| < go there holds |T¢(E,L) — T°(E*, L*)| < §; as
discussed above, this is possible by Lemmas [6.2.14] and [6.2.20, By Lemma there
further exists 1 > 0 s.t. for all 0 < e < g1 and (E, L) € D§ there exists (E*, L*) € D s.t
|(E,L)— (E*,L*)| < go. This implies T¢(E, L) < T°(E*, L*) +6 <70, +6. Thus, for any
0 < & < e; there holds 75, < T, + 4, in particular, T, < co. By Lemma @
we can shrink g1 > 0 s.t. for all 0 < & < g1 and (E*, L*) € D there exists (E, L) € D§ s.t.
(B, L) = (B*,L")| < e, which yields T°(B", L") < T*(E, L) +0 < TS, + 0. We hence
conclude T, < Ty + 0. Similar arguments show [T, — T2, | < § for 0 < & < & after

potentially shrinking 7 > 0. O

Convergence of the Derivatives of the Period Function

We also need the analogous results for the partial derivatives OgT*¢ and 3%3T ¢ of the period
function. We shall see that the arguments are similar, but more technically involved than
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for T itself. Mainly due to the former reason, but also due to the latter one, we keep the
presentation here shorter than above.
Let us first analyse the regularity of T°.

Lemma 6.2.22. Fore > 0 there holds T° € C?(A§). Moreover, the partial derivatives OpT®

and 0%T¢ possess the integral representations (A.3.32) and (A.3.84). The former holds for
all (E,L) € Aj, the latter holds for all (E, L) € Af with v5 & { R, Riax}-

Proof. The regularity of T¢ follows in the same way as in Lemma it relies on the
regularity of Uj established in Proposition “@ The integral representatlons of OgT*
and 9%T¢ can also be derived similarly to the case without a point mass; recall Us €

COO([O 0O\ Biins Binaxc})- O

Using the integral representations of the partial derivatives, we derive their limiting
behaviour as € — 0 in the same way as for T°. We start by establishing a suitable analogue
of Lemma [6.2.17} This is based on [61, Lemmas A.12 and A.15].

Lemma 6.2.23. Let Ly > L1 > 0 be s.t. RY. < r%l < 7"%2 < R?ﬂaX@ Then the partial
derivatives OgT¢(E, L) and 0%5T¢(E, L) of the period function converge to OpTO(E®nY| L*)
and 0%TO(ERNO L), respectively, as E — E™e [ — L* and ¢ — 0 uniformly in
L* € [Ly,Ls]. More precisely, for any 6 > 0 there exist e9 > 0 and n > 0 s.t. for all
0<e<ep, L1 <L*< Ly, and L >0 with |L — L*| < g9 as well as E]I-jline < E< EmeE—}-n
there holds |0gT(E, L) — OpT°(ER0 L*)| < § and [0£T¢(E, L) — 0:T°(ERn0 [*)| < 4.

Here, OpT? (B0 L*) and 0LTO(EWN0  L*) denote the continuous extensions of OpT°
and 8%3T0, respectively, onto (Ean}no, L*) for L* > 0. By Lemma these extensions are
given by

N T
OpT (EWm0 %) = 67'((?\4212, O2TO(EWm0 %) = 3077(?4252, L*>0. (6.2.67)
Proof. First notice that Lemmas [6.2.11] and allow us to always assume
[P (E,L),r5.(E,L)] C R, Riaxl for (e, E, L) as above by choosing 9 > 0 and n > 0
sufficiently small. In particular, U; is infinitely differentiable on the relevant domains of
integration.
The proof now proceeds in two steps: First, we apply the (extended) mean value theorem

as in the proofs of Lemmas[A.4.6] and [A.4.9| to study the limits of

r¢ (E,L) Ge Y
/ " (1)) (6.2.68)
re (E,L) 2F — 2111*2(7“)
and v (B,D) Gs
1 / ( ) (r) d (6.2.69)
(E,L) \/2F — 2\11‘5

instead of OgT¢(E, L) and 03T°(E, L), respectively. Here, ( 7.0) and (G5 )" are given
by (A.3.75) and (A.4.36)—(A.4.37)), respectively, on the radial interval | RS ; . anax[ for L >0
and € > 0.

The second step is then to proceed as in the proof of Lemma and show that (6.2.68

Gi L*)I(TO ) Tr (G o) (r (r . .
and (6.2.69)) converge to m————-— 0. and \/W , respectively. Using Lemma(6.2.5]

160The assumptions on r%l and r%z are only necessary to prove the statements regarding 0%7°.
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it is straight-forward to verify that the latter two values are equal to the extensions given
by (6.2.67]). The proof mainly relies on the bound

V) w6

for i € {1,3}, 0 < e < gy, L1 < L* < Ly, and L > 0 with |L — L*| < g9 as well as
Epine < B < ERine 4y oand r,s € [r2(E,L),r%(E,L)]. This holds for sufficiently small
g > 0 and n > 0, which can be verified by Taylor expanding (Gf ;) as in the proofs of
Lemmas [A.3.1§ and [A:4.9] and then applying Lemma [6.2.16] O

(Gf’L)/(r) (G(i),L*)/(T%*) < g (6.2.70)

The next step is to establish the pointwise convergence of dgT¢ and 81%3T ¢ similar to
Lemma [6.2.18] This is based on [61, Lemmas A.13 and A.16].

Lemma 6.2.24. Let Ly > L1 > 0 be s.t. RY. < r%l < 7“%2 < RV ... Then the mappings
Ao 2 (,E,L) — 9gT*(E,L) and AgN{L1 < L < Ly} > (¢, E,L) — 0%T¢(E, L) are both
continuous at e = 0. More precisely, for any 6 > 0 and (E*,L*) € A there exists eg > 0 s.t.
for all0 < e < ¢y and (E,L) € Aj with |(E,L) — (E*,L*)| < e there holds |0gT®(E, L) —

OpT°(E*,L*)| < § and, provided Ly < L* < Lo, also |0%T¢(E, L) — 04T (E*, L*)| < 4.

Proof. The proof proceeds similarly to the one of Lemma [6.2.18] which is in turn based
on the proof of Lemma We show the claimed convergences via Lebesgue’s domi-
nated convergence theorem: For this, we first rewrite the integral representations
and of OpT¢ and 0%T¢, respectively, using the affine change of variables r —

% The pointwise convergence of the resulting integrand of then
follows by the convergences established in Lemmas [6.2.8] and [6.2.10] together with the con-
tinuity of [0,00[ % ]0,00[2> (g, L,7) — G5 (r) at € = 0; the latter is due to Lemmas
and Similar arguments also yield the continuity of [0,00[ x [L1, La] X ]0,00[ 3
(e, L,r) — (G )'(r) at € = 0. We hence obtain the pointwise convergence of the integrand
resulting from . Together with the concavity bound , we further deduce that

the integrands are bounded by an integrable function locally uniformly in (e, E, L). O

S =

Identical arguments as in the proof of Lemma [6.2.19| show that these continuities are
uniform on compact (E, L)-sets. Together with Lemma|6.2.23 we hence conclude the desired
uniform convergences of dgT° and 02T° as ¢ — 0.

Lemma 6.2.25. The mappings Ay > (¢,E,L) — 0gT*(E,L) and Ay > (¢,E,L) —
0%T¢(E, L) are both continuous at ¢ = 0 uniformly on suitably bounded (E, L)-sets. More
precisely, for any § > 0, By <0, and Ly > L1 > 0 with R?nin < 7‘%1 < r%Q < RO there ex-
istseg > 0 s.t. forall0 < e <eg, L1 < L* < Lo, and Ef:nfno < E* < Ey aswell as L > 0 and
Emine < B < By with |(E, L) — (E*, L*)| < &g there holds |0gT¢(E, L) — 0gT°(E*, L*)| < &
and |0%T¢(E, L) — 02T°(E*, L*)| < 6.

Proof. The claims follow by combining Lemmas [6.2.23] and [6.2.24} see Lemma [6.2.20] for a
similar proof. O

Since RY. < T%O < 7‘%0 < R

hin max,> the above lemma does, in particular, show the

uniform convergences of dgT°¢ and 0%7° on D§. We hence conclude the convergences of the

minimal and maximal values of OgT*¢ and O?ET‘E on D§; recall (6.2.47) and (6.2.48]) for the

definitions of these values. The lemma is based on [61, Lemma A.14 and A.17].
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Lemma 6.2.26. It holds that lim._, GETmm = OgT% , limeyoOpT n = OpTOu
lime 0 0%T%,, = 0%TY. | and lim._,0 0215 . = OLTY, ., where
g
L 3m M
0 0 1n0 0 _ 0
0 < 0Ty, = OsT ( , L ) = 67Tm < ﬁ(_’i)% = 0gT (/{, Lo) 8ETmax < 00,
(6.2.71)
7
LE 15m M
0< 8E 0. = 8ETO(EmmO L ) = SOWW 4\/»( ) = aETO(/Q L()) 8E max < 09,
(6.2.72)

by (6.2.16), Lemmal6.2.5, and (6.2.67)).

Proof. The claimed convergences follow by Lemma [6.2.25| in the same way as in the proof
of Lemma [6.2.21] O

6.3 Linearisation and the Operators

The aim of this section is to linearise the system from Section around a steady state
surrounding a point mass and introduce and analyse the occurring operators. This will turn
out to work very much similar to Chapters which is why we will keep the presentation
here rather short. We advise the reader to first familiarise him or herself with these chapters
before reading the following part.

Let fo be a fixed steady state of the radial Vlasov-Poisson system around a point mass
as constructed in Proposition [6.2.2] Following the arguments in Chapter [3] including the
Antonov trick, we arrive at the following second-order equation for the odd-in-v part f of
the linear perturbation:

Of+Lf=0. (6.3.1)
Again, L is the linearised operator associated to the steady state given by
L=-T?-R, (6.3.2)
where
T =v-0y — <8on( )+M’ ‘3> Oy = w0y — V(1) Dy (6.3.3)

is the transport operator and R is the gravitational response operator defined as in
The equation (6 is the linearised Vlasov-Poisson system around a point mass in second-
order formulatzon.

The behaviour of its solutions is determined by the (spectral) properties of £. To analyse
them, we again rigorously define £ on a suitable (subspace of a) Hilbert space. This is
achieved in the same way as in Chapter[d; The underlying Hilbert space H is the spherically
symmetric L2-space over )y with weight |¢/(E, L)|~! defined as in Definition As
before, ¢’ := dpp, and this function is negative on the interior of the steady state support
because k > 0, recall (6.2.6)(6.2.7). We define £ on the domain D(L), which is contained
in the odd-in-v subspace H of H, similarly to Definition The two parts 72 and R of £
are defined as in Definitions |1_| 5| and [£.2.8] respectlvely. USlng these definitions, it turns
out that the operators have the identical properties as in the case without a point mass for
a steady state with Lo > 0. This is due to the fact the relevant relations like as
well as the structure of the effective potential, cf. Lemmal6.2.4] are preserved by adding the
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point mass. The only difference compared to Chapter 4] is that one has to add the central
point mass to the local mass of the steady state in certain arguments, i.e., one has to replace
mo(r) = r?U}(r) with mo(r) + M. For instance, Antonov’s coercivity bound in the
case of a point mass becomes

(Lf, g > /Qo ¢,(é’ 3] <U6(T) + %) |f(z,v))? d(z,v), feD(T)NH. (6.3.4)

Furthermore, the same analysis as in Chapter [5] yields an analogue of the Birman-
Schwinger-Mathur principle, i.e., analogous versions of the criteria from Section [5.3|in the
case of a point mass. From now on, we hence use the definitions and results from Chapters 4]
and |9 in the present setting without further comments.

As a preparation for the following analysis, we now establish some further lemmas. The
first one gives us control on the behaviour of the (change to) action-angle type variables
close to minimal energies. It is based on [61, Lemma 3.5].

Lemma 6.3.1. For (E,L) € A, let R(-, E, L): R — ]0, 00[ be the unique mazimal solution
of R = =¥ (R) satisfying the initial condition R(0,E,L) =r_(E, L), i.e., R is defined as
in Definition [2.2.16, Furthermore, let

r: St x Ag = 10,00[, 7(, E, L) == R(OT(E,L),E, L); (6.3.5)

this functions gives the radial component of the change to action-angle type variables, cf.
Definition [4.3.1.  Then r € C?*(S* x Ag) and there exists a constant C > 0 s.t. for all
(0, E,L) € S x Dy the estimates

Ir(0,E,L) —rp| +|9pr(0,E,L)| < Cy/E — Ein (6.3.6)

and o
0p7(0, B, L)| < ————= (6.3.7)
\VE - Ep™
hold. The constant C can be bounded in terms of Tmax, OETmax, Lmax, ond

UG 1 o0 ([Runins Runas]) @8 well as M and the steady state parameters Lo, k, £, and /{Pirl

Proof. In the same way as in Lemma the claimed regularity of r follows by basic
ODE theory since U € C3(]0, [) by Proposition @; further recall T' € C%(Ay).
For (E,L) € Dy let o+, E,L): R — R be the unique global solution of the linear ODE

& =-U/(R(E,L)a, a0)=1, &0)=0; (6.3.8)

in the case E = E™1 we set R(-, E®" L) = r;. Note that this defines a continuous
extension of R because of R(R,E,L) = [r_(E,L),r1(F, L)] and (2.2.66). Since

WY (r)] < C, 7 € [Rmin, Rmax), L € [Lo, Lmax], (6.3.9)

Gronwall’s inequality implies |a(s, E,L)| < C for (E,L) € Dy and s € [0, Tax]. The
constant C' > 0 is allowed to change its value throughout this proof, but it can al-
ways be bounded by the quantities specified above. Moreover, similar to Lemma [A.3.2]
OpR(s,E,L) = a(s,E,L)0gr_(E,L) for s € R and (F, L) € Ay, which shows

dpr(0,E,L) = R(OT(E,L),E,L)08gT(E,L) + (0 T(E, L), E, L) dgr_(E,L) (6.3.10)

1610 being bounded in terms of these parameters means that C is uniformly bounded if these parameters
range in a compact set.
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for § € St and (E, L) € Ag. For the first term on the right-hand side the estimate

. —  V2(k+ )
|R(OT(E,L),E,L)| = /2E — 2U(r(,E,L)) < \/2FE —2EM» < — ——min_ (63.11)

\ E — Epin

holds for § € S' and (E, L) € Dp. It thus remains to show
C

W E— Einin7
in order to deduce (6.3.7)).

To prove (6.3.12': , first observe that for L > Lo and s € [Ruin, L],

Opr_ (B, L)| < (E,L) € Dy, (6.3.12)

V. (s) L Lo 1
" _ L _
\I’L(S) = -2 S + g + 47‘(,00(8) > m = 6 (6.3.13)
since U’ (s) < 0. Hence, by (2.2.65) and the mean value theorem,
-1 1 C
opr_(E,L)| = — < . (E,L) €Dy,
e = G (B T V) - (B.D) S —r(BDy e
(6.3.14)
for some s € [Ruyin, r]. Applying the mean value theorem twice again shows
rr, —r_(E,L))? 2
(r =r-(E, L)) _ 2(r_(n, L) — r) Ogr_(n, L) (6.3.15)

(s
for (E,L) € Dy as well as some n € |EM™® Fyl and s € [Rmin,7z]. Inserting (6.3.9)
and ((6.3.13) into (6.3.15]) hence yields

LB <y E,L) < C\/E — EWin, E,L) € Dy. 6.3.16
C L L

Together with (6.3.14)) this shows (6.3.12)), and we conclude (6.3.7)).

Moreover, since

E — ppin

der(0,E,L) = T(E,L) ROT(E, L), E, L) (6.3.17)

and
|r(0,E,L) —rr| < |0pr(r,E,L)| + |r—(E,L) — rg| (6.3.18)
by the mean value theorem for (E,L) € Dy and some 7 € S!, the inequalities ([6.3.11))
and (6.3.16)) also imply (6.3.6]). O

The second lemma extends the results from Lemmas and regarding the prop-
erties of gravitational potentials of the form Uzy. It is based on [61, Lemma 3.9].

Lemma 6.3.2. Let f € D(T). In addition to the properties of Ury which follow from
Lemmas |4.4.5 and |4.4.6, in radial variables there holds Ur¢ € H* N C([0, o0]) with

1UT ¢l 2 + U s lloe + 1UFflloc < CIT fllu (6.3.19)

for some constant C > 0 which depends on the steady state parameters Lg, k, £, K,
and € and which is locally uniformly bounded in ¢ > 0. In action-angle type vari-
ables, i.e., Ury(,E,L) = Urs(r(0,E,L)) with r defined as in Lemma there holds
Urys € Cl(Sl x Ag) with

0pUT$(0, B, L)| < ———|UF4(r(0, E, L))], (0,E,L) e St xDy,  (6.3.20)
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and

' (E, L)| |Urs(n, B, L) d(E, L) < 525/ 0.Urs(2)?de, neZ, (6321
Do R3

or a constant > 0 as wn Lemma |6.3.1| ere, 7 enotes the Fourier transform o
f C 0 L 6.3.1. H Ury d he F f f
St x Dy > (0,E,L) = Urg(6, E, L) w.r.t. the angle variable 0, recall Remark |4.5.11], and

we use the notation
7 =17\ {0}. (6.3.22)
)

Proof. Since Ry = R%. > 0 and Ur; = 0 on [0, Rmin] by (.416), Ury € H*(R?
implies Uy € H?(]0,00[). In addition, the identity shows Uz = 0 on [Rimax, 00,
from which we deduce Ury = 0 on [Rpyax,00] because lim, o Urf(r) = 0. Together
with the embedding H?(]0, RY ,..[) — C*([0, R2,..]), we hence conclude U7 € C([0, 00]).
These arguments also yield the bound . In particular, going through the proofs of
Lemmas|4.1.3] [4.4.1} 4.4.5] and |4.4.6|shows that all occurring constants can be bounded by
the steady state parameters as claimed above; recall the bound on Ryax-

The regularity of Ury in action-angle type variables and the estimate then

follow by Lemma since OpU7 (0, E,/L\) = Ur;(r(0,E,L)) Opr (0, E, L) for 0 € St and
(E,L) € Dy. For the Fourier coefficients U7 there holds

omin Uy (n, E, L) = 0pUr4(n, E,L),  n€Z, (E,L)cDy. (6.3.23)
Together with Parseval’s theorem as well as the identities OpUry = U’/rf Ogr, (4.3.14)),
(6.3.17)), and (4.1.8) we thus conclude

_— C =TT,
| 1B DO B DAL < 5 [ 180 Y 007G B D A(E. L) =
0 0 jEZ

C
=5 |, B D6, B, L) |09r (6, B, L) (9, B, L) <
XWo
C Rmax , 9 o 9 ,
<5 Uz ¢(r)] w|¢'(E,L)|dwdLdr =
n min 0 R
C Rmax C
=5 [ PR ) Peo(r) dr < 5 e 0:U7 3 (6.3.24)
for n € Z* and C as specified above; in the last inequality we used (6.2.8)) to estimate
[1P0loo- .

6.4 Absence of Eigenvalues in the Essential Gap

The aim of this section is to show that the linearised operator £: D(L£) — H associated
to certain “small” steady states does not possess an eigenvalue inside its essential gap. As
n (|1.2.21)), the essential gap G is defined as

472
ot
(ijax)2
We fix the steady state parameters Lo, k, ¢, and k as specified in Proposition [6.2.2] For
€ > 0, let fo be the steady state given by Proposition [6.2.2} The result is an application of
the Birman-Schwinger-Mathur principle developed in Chapter [5} by the discussion above, it

can also be applied in the present setting with a point mass. The result is inspired by [61],
Thm. 5.4], and the techniques used in the proof are related to those used for Corollary

(6.4.1)
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Theorem 6.4.1 (Absence of Eigenvalues in G for ¢ < 1). In addition to (6.2.7), assume
that the polytropic exponent k satisfies

k> 1. (6.4.2)

Then there exists eg > 0 s.t. for any 0 < € < gg the linearised operator L has no eigenvalues
in the essential gap G.

Proof. By Theorem [5.3.3] it remains to show

E L 1 m+(B.L) sin2(27n 0(r, B, L
32 2 Z/ |()0 47r2n2 47r2 / sim ( ™ 2(r7 ) )) d""d(E, L) < 1
TE,L? ~ (Tmax)? r—(B,L) "

(6.4.3)
The integral on the left-hand side can be estimated as follows:

E L 1 m+(EL) gin2(27n 0(r, B, L
327T2 Z/ ‘90 4m2n?2 472 / = ( = 2(7“’ 7 )) de(E’ L) S
TEL? ~ Tmax)? /7 (EL) "

/
<C ELDL B ). (6.44)
Dy Lmax — T'(E, L)

Here, the constants C' > 0 always depend on the fixed steady state parameters Lg, k, ¢,
and k as well as on g9 > 0, but are independent of ¢ € |0, e9[. We choose ¢ > 0 sufficiently
small in order to deduce the boundedness of Tiyax and ( mm)_l via Proposition “l@,
and recall the uniform bounds on Rmm and Rpax derived in Proposition “. After
possibly reducing ¢ > 0, we apply (6.2.49) and the mean value theorem to obtain

Twax — T(E,L) = Tax — T(Eo, L) + T(Ep, L) —T(E,L) > %(Eo —FE) (6.4.5)

for (E,L) € Dy; note (Ey,L) € Dy, and thus T(Ep, L) < Tiax. Inserting this estimate
together with (6.2.6)) into the right-hand side of (6.4.4)) leads to

/ID)O Tmiflef(LE)[ 4 L) = Ce /DO(EO — E)*"3(L — Lo) d(B, L) =

Lmax ED
= Ce/ (L — Lo)f/ (Eg — E)*"2dEdL =
Lo

min
L

Lmax .
= cg/ (L — Lo)* (Eg — EPm)k=14L, (6.4.6)
L

0
recall £k > 1. Since Ey — Eglin < Kk + RO%, £ > —1, and Ly is uniformly bounded for

e €]0,ep[ by Proposition (after pm(;gsibly reducing g > 0 again), the integral in the
latter expression is uniformly bounded for € € ]0,e0[. Thus, with 9 > 0 sufficiently small,
the right-hand side of (6.4.6)) is indeed smaller than one, and we conclude (6.4.3)). O

Notice that the assumption on the regularity of the steady state is crucial for
the above proof: If 0 < k < 1, the integral in the second line of would be infinite.
In particular, we do not believe that the assumption can be weakened without
fundamentally changing/improving the strategy of the proof.

In the context of analysing the spectrum of £ in G, it is a natural question whether we can
also prove the existence of eigenvalues in G for sufficiently small steady states surrounding a
point mass which are less regular than the ones satisfying . Unfortunately, this turns
out to be more complicated than showing the absence of such eigenvalues. To conclude this
section, let us briefly discuss this issue.
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Remark 6.4.2 (Existence of Eigenvalues in G for ¢ < 1 7). In addition to (6.2.7)), assume
that the polytropic exponents k and £ satisfy

k+0<0. (6.4.7)

With Theorem in mind, it seems promising that one can prove the existence of an
eigenvalue in G by applying Theorem [5.3.1. More precisely, after deriving an estimate
stmilar to ((5.4.10)), we would like to show that an integral of the form

Lo+t |S0 E L)|
/L / —Tmax =T (E,L)d(E’L) (6.4.8)

is large, where v > 0 is some (small) e-independent number. By Proposition and
Lemma |6.2.20, we know that Tynax — T(Eo, Lo) — 0 as e — 0, which yields

Lot (B.1)
d(E,L 4.9
/ /E()L Tome — T(E, L) (E,L) — oo, e — 0, (6.4.9)

by similar calculations as in the proof of Theorem [5.4.1. However, due to the e-factor

included in ¢ = €@, recall (6.2.6), we cannot infer from (6.4.9) that (6.4.8]) gets large
for 0 <e 1.
We would get around this problem if

Tmax = T(Eo, Lo). (6.4.10)

If this were true, we would be in the same situation as in Theorem and the inte-
gral would be infinite for any € > 0. By Proposition and the shape of Dy,
for all sufficiently small € > 0 there exists L* € [Lo, Lmax] $.t. Tmax = T (Eo, L*). Proving
L* = Ly requires knowledge of the L-monotonicity of T. However, the period function T°
is constant in L in the limiting case € = 0, c¢f. Lemma [0.2.5. Hence, the L-monotonicity
of T for 0 < e < 1 is harder to analyse compared to the arguments in Section [6.2.1 We
will later discuss a way of studying this L-monotonicity, cf. Chapter[9

6.5 Absence of Embedded Eigenvalues

The aim of this section is to show that the linearised operator £: D(£) — H associated to
certain “small” steady states does not possess any eigenvalues embedded into its essential
spectrum; recall that oess(L£) is given by . Let Lo, k, ¢, and « be fixed as specified
in Proposition [6.2.2] For € > 0, let fy be the steady state given by Proposition [6.2.2] This
whole section is based on [61, Sc. 4]; here, we “generalise” the results to steady states with
an L-dependency.

As a preparation, we first derive additional properties of the period function in the
regime 0 < € < 1 and introduce some notation.

Lemma 6.5.1. There exists g > 0 s.t. the following assertions hold for any 0 < & < €q:
For any L € [Lo, Lymax], the mapping

T(-,L): [E™™ Ey] = [Twmin(L), Tmax(L)], E — T(E, L) (6.5.1)
s one-to-one and strictly increasing, where

Tmin(L) == T(EP™ L),  Tmax(L) = T(Ey, L); (6.5.2)
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the former value refers to the continuous extension of the period function to minimal energies

defined by . We denote the inverse of by
E( L) [Tin(L), Toax (D)] — [EE™, Ey], (6.5.3)
i.e., E(t,L) is defined via
T(E(t,L),L)=t, L € [Lo, Liax), t € [Tmin(L), Tmax(L)]. (6.5.4)

Moreover, the mapping [Lo, Lmax] 2 L +— Tmin(L) is strictly increasing, and thus Tin =

Tmin (LO)

Proof. The claimed monotonicity of T'(-, L) follows by Proposition [(e)} By Proposi-

tion|6.2.2)|(e)|and Lemma|6.2.4] L — W7 (r1) = 4w po(rr) + %4 is continuously differentiable
L

with

o[V (rr)] Ameolr) - % ! L>0 (6.5.5)
T = + —, > 0. 0.
LIFLATL drrd po(rp) + M +mo(ry) 7}

By Proposition [6.2.6| and ([6.2.36)), the latter expression tends to —ﬁ <0Oase — 0

L
uniformly on compact L-sets. Together with Proposition we hence conclude the
claimed monotonicity of [Lo, Lmax] 2 L — Tin(L). O

In order to show the absence of embedded eigenvalues of L, we first translate the eigen-
value equation into a first-order Fourier setting. This is based on [61, Lemma 4.1].

Lemma 6.5.2. Suppose that L: D(L) — H possesses the eigenvalue 4”;5712 for some m €

N = N\ {0} and T,,, € [Tmin, Tmax) with eigenfunction g € D(L). In addit%ﬂon, let 0 <e<egg
with sufficiently small eg > 0. Then the functz’o f=9g+ QZZLng enjoys the reqularity
f € D(T) and the equation

; ¢ (B,L)|Us(n, E, L)
E . L)=-T,, s
f(n,E,L) T, — 2T(E, L)

ne€Z, ae. (E,L) €Dy, (6.5.6)

holds. Moreover, Uy = ;#Urg, so that the statements of Lemmas |4.4.61 (md|6.5’.4 apply
to Uy, and U} # 0.

Proof. First observe U, = 0 since g is odd in v. Using (4.4.23), it is then easy to check
that f is an eigenfunction of the operator

L:D(T) = H, Lh="T(h+|¢(E,L)|Up) (6.5.7)

to the eigenvalue 2?. Notice that U; € L%([0,00[) for h € H by Lemma m Hence, by
Lemmas and |¢'(E, L)| Uy € D(T), which shows that £ is well-defined. Writing
the eigenvalue equation for f in action-angle type variables via Lemma leads to

1 2mim
——0 "(BE,L)|Uf) =
We then apply the Fourier transform w.r.t. # onto this equation, cf. Remark and
Lemma [£.3.12] to obtain

f a.e. on St x Dy. (6.5.8)

ﬁ(ﬂn,E,L) +1¢'(E, L)| Us(n, B, L)) = ﬁm f(n,E,L), neZ" aec. (E,L)cDy;
(6.5.9)

1620bviously, f is complex-valued. Operators acting on such a function is to be understood in the sense of

Remark
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recall the regularity of Uy = %U’[‘g in action-angle type variables shown in Lemma m

It is convenient to rewrite this equation in the following form:

(Tm g, L))f(n, E.L) = —Tu|l¢(E,L)|Up(n,E,L), neZ ac. (E, L)€ Dy
n
(6.5.10)
By Proposition @, the set of (E, L) € Dy with T}, — * T'(E, L) = 0 has zero measure
for n € Z* provided gy > 0 is sufficiently small. We thus conclude (6.5.6)).
Lastly, assume that UJ’C = 0. Then Uf = 0 by Lemma and thus f = 0 a.e.

by (6.5.9). By the definition of f, this means 7¢g = — 2;;"‘ g, which is impossible since g Z 0

is odd in v and T reverses v-parity, cf. Lemma O

The above lemma suggests that the (n, E, L)-values where the denominator on the right-
hand side of vanishes play a distinguished role in the study of embedded eigenvalues.
We call such frequency-action triples (n, E, L) € Z* x Dy resonant. The next lemma provides
quantitative bounds on the number of frequencies that are nearly resonant, i.e., on the
amount of n-values where the denominator gets small. This is based on [61, Lemma 4.3
and Eqn. (4.7)].

Lemma 6.5.3 (0-Resonant Set). For fized (m,T,,) € N X [Tin, Tmax) and 0 < 6 < %Tmin
consider the d-resonant set

L = {n € 2" | B, L) € Dy: [T — T(B, L) < 5}; (6.5.11)
n

recall the continuous extension of T onto Dy given by (A4.11). Then Lfn C N and there

exists a constant C > 0, which can be bounded in terms of Tmin and Tyax, S.1.

% + % <0, nell. (6.5.12)

In addition, Lfn possesses the disjoint decomposition

L) =R, UPS UNS, (6.5.13)
where
Ry ={n € LS | IE,L) € Dy: Ty — %T(E, L) =0}, (6.5.14)
P) ={ne Ll | V(E,L)€Dy: Tpn— %T(E, L) > 0}, (6.5.15)
NS = {nelLl | YE,L)cDy: Ty — %T(E, L) < 0}. (6.5.16)

Proof. If =6 < T, — ™T(E, L) < 6 for some n € Z* and (E, L) € Dy, clearly > 0 since
0 < %Tmin, i.e., n € N. Furthermore,

lein<Tmin_5§Tm_5<m<Tm+5§Tmax+5 %Tmax.
2 Thax Tnax T(E’ L) n T(E7 L) Tmin 2 Thin

(6.5.17)
The decomposition identity (6.5.13)) follows since 7' is continuous on Dy and Dy is path-
connected. O

Another useful piece of notation for the proof of the absence of embedded eigenvalues
is given in the following lemma. It is based on [61, Def. 4.4].
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Lemma 6.5.4 (The Function py, ). Let 0 < e < g9 with sufficiently small g > 0, and let
(m,T) € N X [Tiin, Tmax) and 0 < 6 < %Tmin- Forn € LY, define

Pran(t) = —% log (T — %t) +Cp € [T Tonax] with t < %Tm. (6.5.18)

Here, C), is chosen independently of m, Tp,, n, and € s.t. pmp 2 0 on its domain of
definition. Obviously, pmn is an antiderivative of the map t — T mt, and pmn(t) = 00

as Ty — 72t (0. Moreover, for any o > 0 there exists a constant C >0 st
Pran(t) < C (Th — %t)—a, t € [Tomin, Tonax] with t < %Tm; (6.5.19)

besides its dependency on the exponent «, the constant C has the same properties as C.

Proof. The existence of C), as specified above is due to Lemma together with the fact
that Tiax = 715, is uniformly bounded for € € ]0,g¢[ by Proposition [(e)} Similar

max

arguments also show (/6.5.19)) since s*log(s) — 0 as s \, 0. O]

We have now gathered all tools to prove the central result of this section, which is based
on [61, Thm. 4.5].

Theorem 6.5.5. In addition to (6.2.7)), assume that the polytropic exponent k satisfies
k> 1. (6.5.20)

Then there exists g > 0 s.t. for any 0 < & < gg the linearised operator L has no embedded
eigenvalues, i.e., no eigenvalues within its essential spectrum oess(L).

Proof. By way of contradiction, we assume that there exists an elgenvalue of £ inside its
essential spectrum, which by (4.5.3 - means that it is of the form 47[[’” for some m € N
and Ty, € [Tmin, Tmax)- Let f € D(T) be the associated function derived in Lemma
i.e., the relation holds, the statements of Lemmas [4.4.6/ and [6.3.2| apply to Uy, and
U JQ Z 0.

Step 1: An Energy Type Identity. We multiply with —T(E, L) (/]}(n,E, L), sum
over n € Z*, and integrate over Dy. By Parseval’s theorem, the left-hand side of the resulting
identity equals

—/D T(E,L) /Slf(Q,E,L) U;(0,E,L)d0d(E, L) = f(r w, L) Us(r)d(r,w, L) =

16W3/ 0,Up(z)|?dx;  (6.5.21)

notice that f (0,-) vanishes a.e. on Dy by (6.5.9). As a result, we obtain the energy type
identity

E L T E. L
wmlovni =1, 3 [ 1L Y G B DPAE L. (652
nez*

Choosing § = %Tmin, we use (6.5.13]) to decompose the sum on the right-hand side as follows:

10,0513
1673

=Tl D+ D+ D+, /DO |§:LE2|T(§EELL)) Uy (n, B, L)[*d(E, L).

neZ*\L}, nE€Rm nePJ, neNg,

(6.5.23)
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Let us analyse and estimate the integral(s) in the last line of this calculation, starting with
the terms where n ¢ L% . First note the obvious bound

1 _1 5
< E,L)eD 7\ L. .5.24

Throughout this proof, the constants C' > 0 are always allowed to depend on the fixed steady
state parameters Lg, k, £, and k as well as on g > 0, but are independent of m, T},, n,
and ¢. Since (Tiin) ' and Tinayx are bounded uniformly in e € |0, £9[ by Proposition
we further obtain

]

<C—,  (B,L)eDy, nel"\ L. (6.5.25)

T — 5T (E, L)

Together with (6.3.21) we hence deduce we following estimate for the first sum on the
right-hand side of (6.5.23)):

| EL‘TEL)
Tr(n, E,L)*d(E, L) <
nGZ"Z\L5/ID) m_i L)

<c Y W/\ (B, )| U} (n, B, D)2 A(E, L) <

n€Z*\LS,
C 1 C
< ——e|0.Us 13 < —— e |10.Us |3 6.5.26

neZ*\L3,
For n € an, Lemma and an integration by parts in the particle energy E yield
(B, L)| T(E, L)

py Im — FT(E,L)

N /DO ’(Pl(aEbi;z‘ET,(LE)’ b Op[pmn(T(E, L)) |Uy(n, B, L) d(E, L) =

Us(n, B, L)[*d(E, L) =

Ln]‘lx’ =
SO(EvL”j(EvL) T 2E o
=A,+B,+ m.an( LT (E, L)) |U ,E, L ) dL <
fo Taam Dy e TE DT 0 B D[ a <

< A, + By, (6.5.27)

where for n € P,

A, = —2 /D 0 |@/(8E;£2LEI:(L£§’ L) n(T(E, L)) Re(9507(n. 2, L) Uy (n. £, L)) (B, L)

(6.5.28)

_ l¢'(E,L)| T(E, L) _
Br '_/DOaE[ OuT(E, L) ]pm,n(T(E7L))|Uf(n,E,L)\2d(E,L). (6.5.29)

In the last line of (6.5.27)), we used k > 1 to deduce ¢ (Eg, L) =0 for L > Lg, which shows
that the boundary term at £ = Ej vanishes; note that Uf( -) € C'(Ag) by Lemmas
and[6.5.2] By (6.2.49) and Lemma [6.5.4] the other boundary term is non-positive provided
gp > 0 is sufficiently small.

A little more caution is needed to perform the analogous arguments for n € R,,. By
the definition of this set, cf. (6.5.14]),

Tm € [TminaTmax]- (6530)

n
t, = —
m
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Let
L (t) =sup{L € [Lo, Lmax]) | Tmin(L) < t}, t € [Twin, Tmax]; (6.5.31)

recall (6.5.2)) for the definition of Tinin(L). For L € |L4(ty), Limax] there holds T(E, L) >
Tnin (L) > t, for E}I}in < F < Ejy by Lemma provided g9 > 0 is sufficiently small, i.e.,
Ty —2T(E,L) <0. For L € [Lo, L (t,)] we set

(L) — {E(tn,L), if £, < Toax(L),

. (6.5.32)
Ey, otherwise;

recall (6.5.4) for the definition of E(t, L). The quantities L (t) and E, (L) are defined s.t.

{(E,L) €Dy | T, — %T(E, L)>0}={(BE,L)| Lo < L < Ly(ty), EM™ < E < E,(L)}

holds for n € R,,. Hence, for n € R,,, a calculation similar to (6.5.27)) yields (025
’Q;ILE L”T(EEEL? Us(n, B,L)?d(E, L) =
/L+ t")/mm (B, L) |T(,(9ELL)) Uy (n, B, L) dE dL =
et [ EEBEED s ]
< A, + By, (6.5.34)

where for n € Ry,

Ly (tn) \/(E,L)| T(E, L)
— _9 mn(T(E, L))
/LO /mm aET L) p ’ ( ( ))

‘Re (aEﬁf(n, E,L)Us(n, B, L)) dEdL,  (6.5.35)

Ly (tn) R
/ / ng (;EE;ELET(LE) L)}pm,n<T<E,L>>rUf<n,E,L>|2dEdL.

(6.5.36)

In the last line of , we again used that the boundary term coming from E =
E™n i non-positive. The other boundary term vanishes for every L € [Lo, L4 (t,)[. In
the case t, > Tax(L), this is due to ¢/(Eo,L) = 0. If t,, = Thax(L), En(L) = Ey.
Hence, k > 1 together with m ) again yields that the boundary term vanishes. Lastly,
in the case Tnin(L) < t, < Tmax(L), first note that Uf(n E,(L),L) = 0 by (6.5.10).
Since (/]}(n,  L): JE®n 0] — C is continuously differentiable by Lemma we again
use to infer that the boundary term vanishes.

Altogether, inserting (6.5.26]), (6.5.27)), and (6.5.34) into (6.5.23) and using that the
terms with n € /\/’7351 are non-positive yields

c
10, U413 < ﬁeﬂﬁfoH% + T > (An+Bn)+ T Y (An+ By). (6.5.37)
nERm ne’[)gl

Step 2: Estimating A, for n € 73,‘; and n € R,,. To cope with the degeneracy of the
action-angle type variables at minimal energies E = E7", we introduce powers of

0F = E — E™in (6.5.38)
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as weights in our estimates. Observe that
2rinUp(n, E,L) = 83U (n, E,L),  n€Z, (E,L)€ A,. (6.5.39)

For any n € 737‘; we insert this identity into (6.5.28)) and apply (6.5.12) and the Cauchy-
Schwarz inequality to deduce

2

| (E,L)|T(FE, L) —~ —
<
| [ Sy o T, L)) 06T 0 B, L) 180T B DI A(E, )| <

|An)? <

n2

< m2/ | (E,L)|T(E, L) 5EL|aEz7f(n,E,L)\2d(E,L)-
Do

[ EEDITED) o, 1y PO BDR (6.5.40)
Do

OpT(E,L)? SET,

Applying Cauchy’s inequality and summing over n € an yields

> A<= 3 / (B, L)| T(E, L) 6By, |9pT (n, E, L)|? d(E, L)+
nePy, nePy,

/(B L)| T(E, L) 2|00 (n, E, L)|?
g ezpé /D ST p Ly Pmn(TE D) 2B, L), (65.41)

By the same arguments we also obtain

> A<= 3 / (B, 1)| T(E, L) 6By, |00y (n, E, L) d(B, L)+

NERm NERm

Ly (tn) '(E, L T E L 9oUr(n. E. L)|2

(6.5.42)
The first sums on the right-hand sides of (6.5.41)) and (6.5.42)), respectively, combine to give

C —
7= 2. | |¢(BDIT(E L)IELIUs(n, B, L) (B, L) <
nePS URy ~ 0

C _

< 7= Z/ ¥ (E,L)| T(E, L)E |0pUs(n, E, L)*d(E, L) =

:76; !w’(E,L)!T(E,L)éEL/ 10U (0, B, L)|*d0d(E, L), (6.5.43)
m JDy St

where we used the Plancherel identity in the last line; notice 8EI/]\ (n,E,L) = @U\f(n E, L)
for (E,L) € Ao and n G Z since Uy € C1(S' x Ag) by Lemmas and- We continue
the calculation (6.5.43)) by using the bound ( m ) and applylng the change of variables
0 —r=r(, E,L) defined by (4.3.9), note that dpr (6, E, L) = T(E, L)\/2E — 2U 1 (r):

\%/ |¢(E,L)|T(E,L)5EL/ |0pU;(0, E,L)*d0d(E, L) <

/ EL]TEL/]Uf (r(6,E,L))[*d9d(E, L) =

Rmax
/ () / OB D (g, 1) ar, (6.5.44)
Rmin 0(7“) 2E - 2\IIL(’I”)
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where Dy(r) is defined in ((5.2.18]) for € [Rmin, Rmax|- In order to compute the (E, L)-
integral on the right-hand side of (6.5.44) for fixed r € |Rin, Rmax[, &t Lmax(7) € | Lo, Lmax]
be defined as the unique solution of W, () = Ep; the same notation has been used in

the proof of Proposition Then

/ Lmax k 1
Do(r) 2F — Q\I/L(T 2E — Q\I/L( )
Lmax(r)
—Ce / (L — Lo) (Ey — \pL<r))’f—% dL < Ce (6.5.45)
Lo

because k > % and £ > —1, where We used the standard integral identity (2.2.23)) as well
as the estimate Fy — Ur(r) < K + - and the uniform boundedness of L. = L¢ .. for

max
0 < e < 1, cf. Proposition [6.2.6) “. Overall (6.5.43), (6.5.44)), and (6.5.45)) yield

= X [ W DT D s sl B L PA(E.L) < 0.0
nePURm
(6.5.46)
It remains to estimate the second sums on the right-hand sides of (6.5.41)) and (6.5.42)),
respectively.  We start with the more challenging part, the resonant contribution
from . Since 0pUy = U]’c Ogr, changing variables via 6 — r = r(6, E, L), applying
Plancherel’s theorem, and using the uniform-in-¢ € |0, e[ bounds from Proposition
lead to

Lyt (tn) (E,L)|T(E, L 9oUr(n. E. L)|2
LO mln

S aET E,L)? SEL
Ly(tn)
<C > / / T)Z/ 0sU (0, E,L)|> 0 dE dL =
nERm Lo mm st
Ly (tn) r+(E,L)
=C > / / n(T)2/ U4(r)*/2E — 2 (r)drdEdL <
NERy, ¥ Lo T (B,L)
Rmax Li(tn) E,.(L) ’SD ’
<C > / U (r |2dr/ / mn(T)2dE dL. (6.5.47)
nNERm Rmin mm 6EL

To estimate the latter expression we have to bound the action integrals

Ly(tn) pEn(L) E L
nm:_/ / ‘90 >‘p n(T(E,L)?dEdL, (6.5.48)
Lo

mln

First note that for n € Ry, L € [Lo, L+ (t,)], and E € [E™" E, (L),

1

Ty — %T(E, L) > “(T(E(L), L) = T(E, L)) > = (Eu(L) - E) (6.5.49)

s|3

by (6.2.49)) and Lemma in particular, this estimate holds in both cases of the defi-
nition (6.5.32) of E,(L). Together with the bound (6.5.19) with exponent o = %, we thus
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obtain

Li(tn) [En(L) 1
L <C / ‘90 (B, L)l (Tm - TT(E,L)) P4EdL <
mln n
L+ tn) En(L) _ k—1
< C’e/ (L — LO)‘/ Eo=B)" g (1)- B) b dEdL <
L

0 min /B — Einin

Lmax .
< C’a/ (L — Lo)*(Ey — EXmF=1 < Ce, (6.5.50)
Lo
where we again used the integral identity (2.2.23]) and & > 1. Inserting 1' into (6.5.47))
and using the bound #R,, < #L}, < Cm, Whlch is due to Lemma |6.5.3} yields
Frltn) B0 10/ (B, L |T<E L) 96Uy (n. E, L)
mn(T(B, L) 2L 2 g AL <
C
el|0.U Rm e|0:U 6.5.51
S 10:U |13 # \ﬁ 102013 ( )

In an analogous, but simpler way we also obtain

< / |#'(B, L)| T(E, L)
p, OrT(E,L)?

2 105U (n, E, L)
0EL

C
d(B, L) < —=¢|0:Uy3;

m,n(T(EaL)) \/m

3
m?2 nePs,
(6.5.52)

just replace L, (t,) and E,(L) with Ly,.x and Ej, respectively, in the above arguments.

Altogether, we have thus proven

C
> A< e 10U I3 (6.5.53)

nERmUPS,

Step 3: Estimating B, for n € P° and n € R,,. Estimating B,, recall (6.5.29)
and (| m ) for the definitions of these integrals Works similarly to estimating the sec-
ond sums on the right-hand sides of (6.5.41)) and (6.5.42)), respectively. In order to estimate

\Uf| we use (6.5.39) and (6.5.12)) to obtaln

— —_— C —_—
\Us(n, B,L)|* < E 10pUs(n, E,L)|* < — |0pUs(n, E, L)|? (6.5.54)

for n € Ry, UPS, and (E,L) € Ag. An additional information that needs to be used is
the uniform-in-e € ]0, o[ boundedness of 8%Tmax, cf. Proposition Besides these
points, the only argument which one has to modify is the derivation of an analogue of the
estimate in the case where ¢ is replaced with ¢” = 8%@. Let us outline how this
can be done: For n € R,,, applying (2.2.23)), (6.5.49), and the estimate with fixed
exponent 0 < o < min{1,k — 1} yields

Ly (tn) En<L SE L) (E — Emin) E,L)dEdL <
L min )| ( )? Prn(T(E, L)) B
0

1
Ly (tn) En(L) E — Emin)z
< Ca/ (L — Lo)’f/ (Eo — E)H(—L)a dEdL <

LO g\in (En(L) - E)
Ly (tn) , . L
< Ca/ (L — Lo) (Ey — EfmyF—o=3 4 < Cg; (6.5.55)
Lo
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note that there is no (§F ) !-weight in the integrals B,,. Overall, we obtain

C
Y Bl < s 18:U|[3- (6.5.56)
nERmMUPE,
Step 4: The Finale. Inserting the estimates (6.5.53)) and (6.5.56)) into (6.5.37)) yields
Cﬁnal
10:U |13 < e | 0:Uy 13- (6.5.57)

vm
With g9 > 0 small enough this gives the desired contradiction for 0 < ¢ < &g, recall 9,Uy # 0
by Lemma [6.5.2 Ul

The strategy of the above proof can also be used to show the absence of embedded
eigenvalues in more general situations. The following remarks regarding this matter are
based on [61, Rems. 4.6 and 4.8 and Cor. 4.7].

Remark 6.5.6 (A Criterion for the Absence of Embedded Eigenvalues). The above proof
shows that a sufficient condition for the absence of embedded eigenvalues is Cgpae < 1,
where Cgna > 0 is the constant appearing in the final estimate . In principle,
the constant Cana > 0 is explicitly computable; it depends on the underlying steady state
through quantities like k, £, Lo, K, Rmin, Rmax, Tmin, Tmax, OETmin, OETmax, and E)%Tmax.
As long as the relevant properties of the period function — most importantly, those from
Lemma — as well as appropriate reqularity properties of the steady state — which are
a suitable substitute for — are present, the above proof also works in more general
situations. For instance, this includes the steady states from Sections[2.4 and[4.1] without a
central point mass. Hence, in the general case, the above proof shows that some (explicitly
computable) constant being sufficiently small implies that no embedded eigenvalues occur.

Remark 6.5.7 (No Embedded Eigenvalues at High Frequencies). In the above proof we have
carefully tracked the dependence of the constants on m € N. This fized number correspond to
the frequency of the embedded eigenvalue; recall that, by the proof of Proposition[{.3.19, an
element of the essential spectrum of the form T(‘g% corresponds to the eigendistribution
St x Dy 3 (0,E,L) = sin(2rmb) 6, 1, (E, L)@ It is evident that one could also
obtain a contradiction from by choosing m sufficiently large (instead of choosing €

sufficiently small). For instance, in the case of a steady state as above with e =1, i.e.,
folz,v) = (Ey — E(x, U))lj_ (L(z,v) — Lo)ﬂ, (6.5.58)
with polytropic exponents satisfying (6.2.7) and (6.5.20)), the above proof shows that there is

no embedded eigenvalue of form 4’TT22m with Ty € [Thin, Tmax] and sufficiently large frequency
m > 1. As discussed in the prgvious remark, this does, however, require that certain
properties of the period function are also valid in the case € = 1@ Provided that this was
true, we hence conclude that there exists a constant Cy > 0 depending on the steady state
(in an explicitly computable way) s.t. there are no embedded eigenvalues larger than Cj.
As discussed in the previous remark, this also holds in more general settings (under

suitable assumptions), including the case without a point mass.

163Note, however, that the frequency number m associated to some A € Gess(L) = O'(—7—2|H) is not unique
in general.

164py Proposition the essential spectra of £ and —772 ‘7—[ are identical. The same proof — which is based
on the relative compactness established in Lemma [£.5.3] - also shows that the associated eigendistributions
for —7'Q| are also eigendistributions for £, cf. [69] Proof of Thm. 14.6].

165The proof of Lemmal6.5.1] uses 0 < & < 1 in a crucial way; concretely, the smallness of ¢ is used to infer
OETmin > 0. To show that (Tmin)fl7 Trnax, 05T Tmax, and 0%Timayx are finite (for the fixed choice of € = 1),
one can proceed as in Section @ and continuously extend the partial derivatives onto 9.
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6.6 Damping for Small Shells Surrounding a Point Mass

In this section we collect the results of the present chapter (and Appendix to conclude
that the linearised dynamics around certain equilibria are indeed damped. This result is
based on [61, Thm. 1.2 (b)].

Theorem 6.6.1 (Damping for Small Shells Surrounding a Point Mass). For fized M > 0,
let fo be a polytropic steady state around the point mass M as constructed in Propo-
sition with the following parameters: Let k and ¢ be polytropic exponents satisfy-

ing (6:2.7) and
k> 1. (6.6.1)

Moreover, let Ly > 0 and we further restrict the range (6.2.16|) of the parameter k by
requiTIng

2

2Ly

Then there exists eg > 0 s.t. for any choice 0 < € < gg of the smallness parameter € of
the steady state the following holds: For any (f,§) € D(L) x (D(T) NH), the solution
R >t~ f(t) € D(L) of the linearised system launched by the initial condition
(£(0),8,£(0)) = (,§) is damped in the following way:

o3

<k <0. (6.6.2)

.1
lim T / ”8:):UTf(t)H%2(R3) dt =0, (6.6.3)
o0 0

where Uy is the gravitational potential induced by T f(t), cf. Definition .

Proof. From ((6.2.66|) and (6.6.2)) we obtain

TO
% > 2. (6.6.4)
Hence, Proposition yields
max
> 2 6.6.5
Trnin ( )

upon choosing g¢ > 0 sufficiently small. The essential spectrum of the linearised operator,
which is given by (4.5.3)), thus contains no gaps (besides the essential gap G), more precisely,

2

Oess (L) = {;;T,oo[; (6.6.6)
max

recall the discussion in Remark

By Proposition the spectrum of £ can only contain positive elements. Theo-
rem shows that £ does not possess eigenvalues in the essential gap G =|0, 00[\Tess(L),
and Theorem implies that there are no (embedded) eigenvalues of £ in cess(L). To
apply the latter two results, we have to potentially shrink ¢y > 0 again. Altogether, we
conclude that £ possesses no eigenvalues.

The damping property is then due to Lemma in particular, the discussion
in Appendix |C| shows that is equivalent to the first-order system and that
this system is well-posed. Notice that all the results from Appendix [C] remain true in
the present setting with a point mass; the results are based only on the properties of the
operators derived in Chapter [4] which also hold in the present setting, cf. Section [6.3] [
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The additional assumption on the range of k ensures that the spectrum of the
linearised operator is of the “single gap structure” for 0 < € < 1. For this reason,
the assumption is called the single gap condition in [61]. It seems possible to get rid
of this assumption (and replace it with ) by extending the methods from Section
so that they also yield the absence of eigenvalues of £ in the gaps of gess(L).

As discussed in Appendix |C] the damping property is, admittedly, rather weak.
It is an interesting problem to prove a stronger type of damping in the situation of the
above theorem, cf. Chapter [9]



Chapter 7

Similar Methods in Related
Situations

In this chapter we demonstrate that the methods presented above can also be applied in
related situations. The settings in Sections [7.1] and are simplifications of the above
situation(s), and we can thus derive improved results there. In Sections and we
(briefly) discuss how to extend the methods to relativistic settings. The latter project is
still in its infancy and we mainly outline the difficulties that must be overcome in the future.

Throughout this chapter we focus on the differences to the previous setting(s) and do
not repeat arguments known from above. Therefore, the reader should already be familiar
with the previous chapters and Appendix [A]

7.1 The Vlasov-Poisson System in Plane Symmetry

So far, we have always assumed that both the steady state and the (linear) perturbation
are spherically symmetric; recall Definition for the definition of this symmetry class.
We now present another symmetry class. The definition is based on [62], Sc. 1.2], and we
generally follow [62] in this section.

Definition 7.1.1 (Plane Symmetry). (a) A function f: R3 — R is plane symmetric
(on R3) if there exists f: R — R s.t.

f(@) = f(21) = f(—a1), x = (21,79, 3) € R®. (7.1.1)
(b) A function f: R3xR3 — R is plane symmetric (on R3 xR?) if there exists f: RxR3 —
R s.t.
f(z,v) = f(x1,0) = f(—z1, —v1, ), x = (z1,22,23) € R®, v = (v1,7) € R>.
(7.1.2)

Throughout this section we write v = (vy, ) for v € R3,

From a physics point of view, the mass density of a configuration (like a galaxy) being
plane symmetric means that the density is constant in the (z2,z3)-plane. On a particle
level, this corresponds to a system of space-homogeneous, gravitating planes passing freely
through each other. In addition, we require reflection symmetry in the x;-direction in @
and in the (x1, v1)-direction in Plane symmetry is surely not as natural as spherical

166The reflection symmetry imposed in Definition is of mathematical nature rather than being moti-
vated physically. Nonetheless, we shall see later that any suitable (z2,z3)-independent steady state of the
Vlasov-Poisson system is reflection symmetric in the x;-direction.

175
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symmetry, but configurations with this symmetry (or one-dimensional configurations which
are related/equivalent to it) are nonetheless studied in the astrophysics literature [84) [100),
108, I11), 179]. In particular, we refer to [43, Ch. I} for further discussions regarding the
physical relevance of this setting.

The Vlasov-Poisson System in Plane Symmetry

Similar as before we again identify f with f in the situation of Definition @ or @
by slight abuse of notation. Moreover, we will occasionally write = instead of ;1 for the

remaining one-dimensional space variable. With these notational conventions, in plane
symmetry the Vlasov-Poisson system ([1.1.2)—(1.1.4) becomes

@f+mamﬁJW&J:0, (7.1.3)

= drp, (7.1.4)

t .7}1 / f t ,L1,V)dv, (7.1.5)

where f = f(t,z1,v), p= p(t,z1), and U = U(t, z1) are all assumed to be plane symmetric
in the above sense. A prime ' now denotes a derivative w.r.t. z1. Notice that the reflection
symmetry imposed in Definition [7.1.1| behaves well with these equations. This system is not
yet complete without a suitable boundary condition (at Spatial infinity). Due to the homo-
geneity in the (x2, x3)-direction, the boundary condition is no longer appropnate@
Instead, we require that U is explicitly given by

Ult,z1) = 27r/ lz1 —y| p(t, y) dy, x1 € R. (7.1.6)
R

Note that U(t) is plane symmetric if p(t) is. In addition, if p(¢) is sufficiently regular, U(t)
solves the equation ((7.1.4) and there holds

w@@g_zf/

1
sign(z1 —y) p(t,y) dy = 47r/ p(t,y)dy, a1 €R; (7.1.7)
R 0

the latter equation again requires p(t) to be reflection symmetric. In this case, we further
deduce

. / T /
w}linoo U'(t,x1) = z11—1>H—1c>oU (t,z1), (7.1.8)
which is a natural substitute for 1 Fﬂ It states that the forces at positive and negatlve

infinity are equally strong and pomt in opposite directions. We refer to the system (|7 ,
, and as the Viasov-Poisson system in plane symmetry. It should be noted
that this system is, in fact, equivalent to the one-dimensional Vlasov-Poisson system since
one can simply integrate out the v-dependency of f. However, we prefer to keep the system
in the above form since it is closer to the astrophysics literature and we think that the
analogies to the spherically symmetric case are more clear.

167The boundary condition limg, 400 U(t,z1) = 0 is also inappropriate. To see this, consider the (phys-
ically natural) situation where p is non-negative and possesses a compact support in z1, say supp (p) C
[-R, R]. Any solution U of is then linear on R\ [—R, R]. If U also satisfies the boundary condi-
tion limg,; 400 U(z1) = 0, it thus has to vanish outside [-R, R]. But since the second derivative of U is
non-negative, this would imply that U vanishes identically.

168 From a mathematics point of view, solutions of and are only uniquely determined up to
the addition of a constant. However, such a translation of U(t) does not affect the solutions of the Vlasov
equation . By imposing that U is of the explicit form , we fix this additive constant.
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Plane Symmetric Steady States

We now construct suitable steady states of the above system by proceeding in the same way
as in the spherically symmetric case in Section This is based on [62), Sc. 2.2].

In the case of a time-independent, plane symmetric potential Uy = Up(x1), the charac-
teristic system associated to the Vlasov equation is

i1 =1, b =—Ul(xy). (7.1.9)

We leave out the trivial equations for v as it is simply conserved along the characteristic flow.
This illustrates that the “effective dimension” of the phase space is now 2, parametrised
by the variables (x1,v1), compared to the three-dimensional phase space with variables
(r,w, L) in spherical Symmetry@ Another conserved quantity is the particle energy given
by

1
E(z1,v1) = 51}% + Up(x1), x1,v1 € R. (7.1.10)

Similar to Definition [2.2.2] we search for stationary solutions which only depend on the
phase space variables (x1,v) through these conserved quantities, i.e.,

fo(z1,v) = p(E(x1,v1),0), (z1,v) € R x R, (7.1.11)

for a suitable ansatz function ¢. Such fy is a plane symmetric steady state if fo and Uy are

related via ([7.1.5)—(7.1.6]).
Inspired by (2.2.12)), we choose ¢ to be of the separated form

o(E,0) = ®(Ey— E)B(v), EcR, vecR. (7.1.12)

Here, B: R? — [0,00[ is a continuous function with compact support which is normalised
as follows:

B(v)do = 1. (7.1.13)
R2

As before, Fy € R is the cut-off energy which we determine below. For the energy-
dependency function ® we consider either the polytropic ansatz

®(n)=nf, neR, (7.1.14)
with polytropic exponent k& > % or the King ansatz
S(m)=(e"-1)4, nek; (7.1.15)

recall that (...)4+ denotes the positive part of an expression. All of the following also
works for more general steady states. However, in order to understand the basic concepts,
including the differences to the spherically symmetric case, we focus on this class of steady
states here. As discussed in the spherically symmetric setting, and are the

most common ansatz functions.

Inserting (7.1.11)—(7.1.13)) into ([7.1.5)) yields the following equation for the stationary

mass density pg:
1
po(z1) ::/ folz,v)dv = / O(Ey — 51}% —Up(z1))dvy =
R3 R
Eo—Up(z1) o
= \/5/ () dn, x1 € R; (7.1.16)
0 VEo—Up(z1) — 1

169 Although L is conserved along the characteristic flow of spherically symmetric equilibria, the remaining
system ([2.2.93)) for (r,w) depends on L. This is different from the role of ¥ in the plane symmetric setting
because the system ((7.1.9)) is independent of the conserved value of .
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the latter integral is meant to vanish if Uy(x1) > Ep. The relation between py and Uy is
hence given by the function

2 (720 gy if 2 >0,
R R, g(z) = V2J5 s dn, (7.1.17)
0, if z <0;
more precisely,
po(:El) = g(Eo — Uo(:lil)), 1 € R. (7.1.18)

To study the regularity of g, we integrate by parts to obtain
z z
g9(z) = —2% / ®(n) oy [\/z — 7]] dn = 2% / <I>/(77) Vz—mndn, z > 0; (7.1.19)
0 0

notice that ®(0) = 0. Hence, g is of a similar form as the respective function in the radial
case, recall , with £ = 0 and ® being replaced by ®’. Similar to Lemma we
thus obtain that g is continuously differentiable on R with ¢’ > 0 on ]0, oo[; note that k > %
in the polytropic ansatz . Furthermore, in the polytropic case we can again apply
the integral identity to derive the following explicit representation of g:

1

g(z) =223, zeR, (7.1.20)

for some constant ¢, > 0 depending on the polytropic exponent k. To construct plane
symmetric steady states, we again consider

y = Eo—Up (7.1.21)

instead of Uy. Since Uy shall solve the one-dimensional Poisson equation (7.1.4) with right-

hand side 4mwpg, we arrive at the following equation for y = y(x1):
Y’ = —4mg(y). (7.1.22)

This equation is fundamentally simpler than the respective equation ([2.2.35)) in the spheri-
cally symmetric setting. It is a simple autonomous ODE for y with conserved quantity

(v)* + h(y), (7.1.23)

N | =

where

h(z) == 4m /OZ 9(y) dy, z € R. (7.1.24)

Analysing the level sets of in the (y,y’)-plane shows that any maximal solution
of is global in 1. In addition, for every non-constant solution y € C?(R) there exists
a unique z* € R s.t. ¢/ (2*) = 0 < y(z*). By shifting the z1-variable of such solution, we can
always assume x* = 0. Then the resulting solutions are indeed plane symmetric in the sense
of Definition @ Moreover, for any such solution there holds limg,, 1~ y(x1) = —00,

while the limits limg, 00 ¢/ (71) = — limg, o0 ¥/ (x1) exist and are explicitly given by
oo
lim y'(21) =/ y"(€)d¢ = —27T/ po(§) A€ =: —2m Mo, (7.1.25)
1 —00 0 R

where pg is defined by y via

po(r1) = g(y(z1)), a1 €R, (7.1.26)
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and pg is obviously plane symmetric. This shows that the non-constant solutions of
can be parametrised by their total mass My > 0. Equivalently, one can also use k = y(0) >
0 to parametrise the solutions in a similar way as in the spherically symmetric setting;
here, My and k are in one-to-one correspondence vi

2
22233 = 5 fim_y/e)) = h(y(0), (7.1.27)

recall our choice of x* and that h is strictly increasing on |0, co[. For pg given by ([7.1.26)),
we define Up via . By (7.1.7), Uj(x1) = 47Tf €) d¢ for x; € R, and thus

lim U'(t,x1) =27Mo = — lim U'(t,z1). (7.1.28)
T1—00 T1——00
This shows Uy + y = const. In order to determine Ey € R s.t. (7.1.21)) holds, let Ry > 0 be
the unique positive zero of y. Then y(+Ry) = 0 and supp (pg) = [—Ro, Ro]. Evaluating Uy
at z1 = Ry hence yields

Ro
Eo = Up(Ro) + y(Ro) = Un(Ro) = 2 / (Ro — €) pol€) dé = 2xRoMy.  (7.1.29)
—Ro
For any ansatz of the form ((7.1.12)) and any choice of My > 0, the above procedure hence
yields a plane symmetric steady state fo given by ([7.1.11]) which is compactly supported in
R x R3 and has total mass M

The Period Function in Plane Symmetry

The particle motions within a plane symmetric steady state fy as constructed above are
described by the characteristic system ([7.1.9). Obviously, the potential Uy is of “single-
well structure” similar to ¥y, in the spherically symmetric setting, cf. Lemma [2.2.12] More
precisely, for any E > Up(0) = ming(Up) there exist unique z_(EF) < 0 < 24 (F) = —z_(E)
s.t.

Up(z+(F)) = E. (7.1.30)

In addition, for z € R, Uy(x) < FE is equivalent to z_(E) < = < x4(F), and there
holds limpg~ g0y 7+(E) = 0. Next note that the particle energy E defined in is
a conserved quantity of the characteristic system . The constant solution (z1,v1) =
(0,0) corresponds to the energy value £ = Uy(0). For every other solution there holds
E > Uy(0) and the solution is global and time-periodic with period

x4 (E)
T(E) = / (7.1.31)
(B) V2E —2Uo(z) 2Uo \/2E — 2U0

As in the spherically symmetric case, the properties of these periods are crucial to under-
stand the behaviour of solutions of the plane symmetric Vlasov-Poisson system close to the
fixed underlying steady state fy. Fortunately, the properties of T are fundamentally easier
to analyse in plane symmetry compared to the spherically symmetric case. The following
lemma is based on [62, Lemma 2.6 and Props. 2.7 and 2.8].

17071 the case of spherically symmetric steady states, the results from [131] show that x = y(0) and the
total mass My are not in a one-to-one correspondence in general.

1y particular, different from the spherically symmetric setting, we do not need an upper bound on the
polytropic exponent k in order to arrive at a compactly supported steady state, recall Remark @
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Lemma 7.1.2 (Properties of the Period Function in Plane Symmetry). The period func-
tion T': |Up(0),00] — 10,00 defined by (7.1.31) is continuously differentiable and strictly

increasing with
2
lim T(F)= T _ VT

ENU(0) VOT©0)  /po(0)

Proof. The same arguments as in Lemma show that T is differentiable with derivative
given by

—: T(Up(0)). (7.1.32)

oy 1 () G(z) ~ GE=)
T(E)_E_UO(O)/x_(E) 2E—2Uo(:c)dx E - Uo / «/QE 200 (z

7 1.33)
for £ > Uy(0), where, in analogy to (A.3.33)),
Up(@)?=2(Uo(2)~Uo(0) Ug/ (=) ;¢ 0
G:R =R, G(z) = Up(x)? iz #£0, (7.1.34)
0, if x =0.

Similar to Lemma [A.3.10] it follows that G is continuous; note Uy € C3(R) since g is
continuously differentiable. Hence, the same arguments as in Lemma show that T" is
continuous. Next observe that differentiating the numerator of G yields

0, [U}(2)2 = 2(Us(x) — Up(0)) U ()] = —2(Un(x) — Up(0)) UY' (), ~ x€R. (7.1.35)

By (7.1.4), the third derivative of Uy is given by Ul’(x) = 4mpj(z) for x € R, and this
expression is negative for z € |0, Ro[ by (7.1.18)) since U}, and ¢’ are both positive on |0, co].
Because G(0) = 0, we hence conclude G > 0 on |0, co[ which shows the claimed monotonicity

of T via ([7.1.33)). The identity (7.1.32)) can be proven similarly to Lemma O

The reason why the monotonicity of 7' is so much easier to show here than in the
spherically symmetric setting, cf. Section is that the radial Poisson equation U} +
%U(’) = 4mpy is replaced by the simpler one-dimensional Poisson equation U] = 4mpg in
plane symmetry. From a physics point of view, this corresponds to the fact that in plane
symmetry, gravity only acts (effectively) in one space dimension.

Linearisation and the Operators

For a fixed steady state fy as above, we now linearise the plane symmetric Vlasov-Poisson
system around fy. This is based on [62, Sc. 3]. The same arguments as in Chapter [3| show
that the linearised system can be written in the form

OFf+Lf=0. (7.1.36)

Here, f is the odd-in-v; part of the plane symmetric, linearised perturbation. More precisely,
g = f(t): R x R? — R satisfies

g(z1,v) = —g(x1, —v1,0) = —g(—2x1,v), (z1,v) € R x R?; (7.1.37)

notice that any function which is odd in v; and which satisfies the reflection symmetry ([7.1.2))
is also odd in x;. In addition, f(¢) has its support inside

Qo = {(21,v) € R xR? | fo(x1,v) > 0} = {(z1,v1) ER xR | E(x1,v1) < FEo} x {8 > 0}.
(7.1.38)
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The linearised operator L is, in analogy to (|1.2.9)), of the form

L=-T?-R, (7.1.39)
with transport operator
T =1 0y, — Uj(x1) Oy, (7.1.40)
and response operator given by
Ry(x1,v) =4 |¢' (E, )| v1 jg(x1), (x1,v) € Qo, (7.1.41)
where
Jg(z1) = / vy g(z1,v) dv, 1 € R, (7.1.42)
R

for suitable g: R x R® — R. As before, we use the notation ¢’ := dgp.

In order to study the behaviour of solutions of , we analyse the spectrum of the
linearised operator £ (which first has to be defined in a mathematical rigorous manner). For
instance, a positive eigenvalue of £ again corresponds to an oscillating solution of .
Similar to Definition the underlying function space for this spectral analysis is

H = {f: Qp — R measurable & plane symmetric a.e. | || ||z < oo}, (7.1.43)

where .
1 ::/ — | f(x1,v)]? d(z1, ), 7.1.44
= [ gy e oP e (7.1.41)

and f being plane symmetric a.e. means that (7.1.2]) holds a.e. on €. Moreover, note that
by the choice of the energy-dependency function ® of the steady state, ¢'(E,v) < 0 on .
With the canonical inner product H becomes a Hilbert space. Furthermore, in analogy

to (4.2.6)), we denote the odd-in-v; subspace of H by
H={fecH| fisoddin v a.e.}; (7.1.45)

this means that for any f € H, the equations hold a.e. on p. Analogous to
Definitions 4.2.5 and 4.2.8] the operators 7 and 72 can be defined in a suitable weak
sense on dense subsets D(7) and D(T7?2) of H, respectively, while R can be defined on the
entire space H. In particular, notice that 72 and R both map functions from H back into
this space. Accordingly, the suitable domain of definition of £ is D(£) := D(7?) N‘H. The
properties of T, T2, R, and £ can be analysed using the same techniques as in the spherically
symmetric case. Crucial for this is that we can again reparametrise Qg \ ({(0,0)} x R?) by
introducing action-angle type variables (0, E,v) € S! x Iy x {8 # 0}, where

Ty :==]Up(0), Eo| (7.1.46)

denotes the energy support of the steady state. In particular, v is part of the action variables.
As in Section one can then prove that —7'2’%: D(L) — H is self-adjoint and possesses
the spectrum

47N 2
o(=T?|,,) = Oess(=T?|;,) = <T([Uo(0),Eo])> ; (7.1.47)

the additional factor 4 (compared to the spherically symmetric case, cf. Proposition |4.3.19)
comes from the fact that S' x Iy x {8 # 0} > (0, E,0) — sin(2mnb) 6+ 5+ (E, v) (for-
mally) satisfies the reflection symmetry (7.1.2) only for even n € N. The response operator
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R‘H: H — H is bounded, symmetric, and relatively (7’2|H)—compact. Thus, the linearised
operator L: D(L£) — H is self-adjoint with essential spectrum given by

47N 2
oess(L) = o(=T?|,,) = <T([Uo(0)Eo])> : (7.1.48)

Moreover, a plane symmetric analogue of Antonov’s coercivity bound holds, which implies
o(L) C ]0,00[, i.e., the underlying steady state is linearly stable. All these results (and
further ones) are proven in more detail in [62, Scs. 4.2, 5.2, and 7.2].

A Birman-Schwinger-Mathur Principle
In order to study the existence of eigenvalues of £ in the essential gap

2
g::]() 167

, W =10, min(oess(L))], (7.1.49)

one can derive a Birman-Schwinger-Mathur principle in plane symmetry by repeating the
arguments from Chapter More precisely, the plane symmetric analogue of the Mathur

operator, cf. Definition and Proposition [5.2.12] is

Ro
M L2([=Ro, Ro]) = L*([=Ro, Ro]), MyF(x) = . Ky(z,y) F(y)dy,  (7.1.50)

for A € G, with integral kernel K): [~Rg, Ro]?> — R defined by

®'(Ey — E) sin(4mnb(r, E, L)) sin(4rnb(s, E, L))

o
Ky(z,y) = 32n dF,
Ay) ;/uommo@ T(E) Tz — A
(7.1.51)
where
Io(z) ={F€ly|z_(E) <z <zy(E)}, x €R. (7.1.52)

We omit the calculations leading to this operator here; they can be found in [62, Sc. 8.1].
The number of eigenvalues of £ in G is related to the Mathur operator in the same ways as
in Theorems and Fortunately, the criterion from Theorem [5.3.1]is now easier to
verify than in the spherically symmetric case. This leads to the following result, which is
based on [62, Thm. 8.13].

Theorem 7.1.3 (Existence of Oscillatory Modes in Plane Symmetry). Let fy be a plane
symmetric steady state as constructed above, with an energy dependency function ® which

1s either polytropic (7.1.14) with polytropic exponent % < k <1 or of King type (7.1.15]).
Then the associated linearised operator L possesses an eigenvalue in the essential gap G,
corresponding to an oscillating solution of the linearised system (|7.1.36]).

Proof. The same arguments as in the proof of Theorem yield

Eo @'(Ey— E)
om > C/ dF 7.1.53
oo supr. (1) — T(E) (7.1.53)

for sufficiently small €,¢ > 0 depending on the steady state. The number 991 is defined
similarly to (5.3.1)); as discussed above, 2t > 1 would imply the existence of an eigenvalue
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of £in G. By Lemma supy, (T') = T'(Eyp) and T" is continuous on |Up(0), oo[. Hence,
there exists a constant C' > 0 s.t.

sup(T) —T(E) < C(Ey — E), E € [Ey — ¢, Ey]. (7.1.54)
Io

Inserting this estimate into (|7.1.53|) yields
Eo @/ (Ey — k[nF=2dn, @ pol ic with 1 < k<1
ngC/ MdE:c !%nn n, poyf.:roplc\m 3 <k< ~ .
Eo—e Fo—FE 0 dn, ® of King type
(7.1.55)
and we conclude. O

It is mainly due to two reasons why the criterion for the existence of oscillatory modes is
easier to verify here than in the spherically symmetric case. Firstly, we know by Lemmal[7.1.2]
that the period function 7' attains it maximal value on Iy at the largest energy value Ej.
In Theorem we have to assume the analogous property in spherical symmetry.
As already discussed above, this simplification in plane symmetry comes from the fact that
gravity (effectively) acts in only one space dimension here. Secondly, the effective action
space in plane symmetry is only one-dimensional, parametrised by the variable E, while it
is two-dimensional in spherical symmetry with variables (F, L). This leads to the action
integrals to be more singular in plane symmetry, more precisely, the integral on the right-
hand side of is infinite for a larger range of k compared to (5.4.10). Nonetheless,
in the above theorem we also have to assume that the steady state is not too regular.

A natural next question in the plane symmetric setting is whether one can show the
absence of eigenvalues of £ for smoother steady states. This question is open. In order
to proceed as in Sections and one always needs that certain constants given by
the steady state are sufficiently small. This smallness does not seem to be much easier to
establish in plane symmetry than it is in spherical symmetry.

7.2 The Vlasov-Poisson System With Single L Around a
Point Mass

In this section we consider the radial Vlasov-Poisson system around a fixed point mass
M > 0 from Section with the additional assumption that all particles have the same L-
value, i.e., the modulus of the angular momentum (vector) is the same for all particles. There
is no physical motivation behind this assumption, but a mathematical one: Eliminating the
L-dependency simplifies some parts of the analysis. Let L > 0 be the fixed L-value of all
particlesm The radial Vlasov-Poisson system with single L around a point mass is

M L
/ dr [T 4 .
U'(t,r) = poll p(t, s)ds, lim U(t,r) =0, (7.2.2)

0
pt,r) = ;/OOO/Rf(m,w) duw. (7.2.3)

2Dye to the fixed point mass we have to exclude particles flying through the spatial origin. This is
achieved by assuming L to be non-zero.
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Here the phase space density function f = f(¢,r,w) no longer depends on L; the dimension
of phase space is reduced from 3 to 2 by fixing L. Throughout this section we follow [61],
where the same system was used to develop the methods presented in Chapter [f] As we
saw in Chapter [6] methods from the situation with single L can indeed be generalised to
the full spherically symmetric case. Nonetheless, fixing L is still a simplification because we
no longer have to pay attention to the L-dependencies — allowing us to focus more on the
key concepts. Moreover, fixing L yields a system which, in some aspects, is closer to the
full radial system than the plane symmetric system introduced in the previous section. The
reason for this is that gravity is still described by the (radial,) three-dimensional Poisson
equation instead of the one-dimensional equation . We further note that
although we only consider the situation of a single L with a point mass here, it is also
possible to make the same simplification without a point mass. In fact, the existence of
radial steady states and their properties with the single L-value L = 0 (without a point
mass) is analysed in [129, Kap. 5]. The particles in such steady states have pure radial
motions, cf. Remark @

Similar as in Section we search for a steady state of the system f of the

form

folr,w) = e(E(r,w),  (rw) €]0,00[ x R, (7.2.4)
where, as before,
1, L M 1,
E(r,w) = Suw Uo(r) + 53 " =W + U(r), (ryw) €1]0,00[ xR,  (7.2.5)

is the particle energy. The function fy is a steady state provided Uy is the gravitational

potential induced by fo via (7.2.2)—(7.2.3)). As in Section we restrict the discussion to

polytropic ansatz functions of the form
p(E) =e@(E) =¢(Ey— E)Y, FE€R, (7.2.6)

where Fg < 0 is the cut-off energy, £ > 0 is a smallness parameter, and k is the polytropic
exponent satisfying

1
k> 7 (7.2.7)
By the same arguments as in Proposition[6.2.2] it follows that for any value of the parameter
M2
——,0 7.2.8
pe]—500 (7.2.8)

there exists a steady state of the form with Ey—Up(0) = k which has finite mass and
compact support in phase space. In particular, the support is bounded uniformly in € since
the steady states are “trivially bounded” by the assumption x < 0, recall Remark
Furthermore, for fixed k and x the convergence statements analogous to Proposition [6.2.6
apply as € — 0. For a more detailed discussion of the existence of steady states and their
properties we refer to [61, Scs. 3.1-3.3 and App. A].

Linearising the system f around a steady state fy as above leads to the
following system for the odd-in-w part f = f(r,w) = —f(r, —w) of the linearised perturba-
tion:

O+ Lf=0, (7.2.9)

where the linearised operator £ is again of the form

L=-T*-R. (7.2.10)
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Here,
T =wd — V' (r) 0y (7.2.11)

is the transport operator and
Ry(r,w) = 472 |/ (E) % / w g(r,w) dw (7.2.12)
= Jr

defines the gravitational response operator for suitable functions g on (the interior of) the
steady state support

Qo = {(r,w) €]0,00[ x R | fo(r,w) >0} = {(r,w) € 0,00 x R| E(r,w) < Ey}. (7.2.13)
Similar as before, the underlying Hilbert space for the spectral analysis of L is
H = {f: Qp — R measurable | ||f||g < oo}, (7.2.14)

where

2 = 772 ; T, Ww 2 r,w). .
191 = [ gy 1wl dr (72.15)

The analysis of the operators 7, 72, R, and £ can be performed in the same way as in
Section [6.3} which is in turn based on Chapters 4| and |5, and yields the analogous results as
above. We do not elaborate on this here, but refer to [61, Scs. 3.4 and 5.1] for a (slightly)
more detailed discussion. We will use the same notation as before for the objects occurring
in this analysis.

Based on this we can now apply the methods from Sections and to study the
absence/presence of eigenvalues of L for steady states in the regime 0 < ¢ < 1. This leads
to the following result which originates from [61, Thm. 1.2].

Theorem 7.2.1 (Oscillations vs. Damping for Steady States With Single L Around a Point
Mass). For fizxed M, L > 0 let fo be a steady state of the radial Viasov-Poisson system with
single L around a point mass as constructed above. We further require that the parameter

satisfied!™|

2

2 M
— 273 — 0. 7.2.16
3 5T <K< ( )

Then there exists €9 > 0, depending on x and the polytropic exponent k > %, s.t. the
following assertions hold if the smallness parameter € > 0 of the steady state satisfies
O0<e<ep:

(a) If% < k <1, there exists a positive eigenvalue of L in the essential gap corresponding
to an oscillating solution of the linearised system ((7.2.9)).

(b) If k > 1, any solution R > t +— f(t) € D(L) of the linearised system (7.2.9) launched
by initial data (f(0),0:f(0)) € D(L) x (D(T) NH) is damped in the following way:
lim ~ 02 dt = 2.1

AT ) 1UT ¢ llz dt = 0. (7.2.17)

173 The additional assumption (7.2.16) on the range of the parameter & is only used to show the damping
result in part @ For part @ it suffices if k satisfies (7.2.8]).
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Proof. The proof of part [(a)] is similar to the one of Theorem We first proceed as in
the proof of Theorem to derive the following estimate on the number 91 characterising
the presence of an eigenvalue of £ in the essential gap:

Ep ‘ /
p'(E)]
m > c/ — 2 _(E, 7.2.18

Eo—t Timax — T(E) ( )

where ¢, > 0 are (small) e-independent constants and Tiyax = SUDP) in(w Eo[ ) denotes
the maximal period in the steady state. Similar to Proposition |6.2.06} K%j it follows that
Tmax = T(Fp) for 0 < e < 1. Hence, together with the usual regularlty of the period
function T" we obtain

mse [ POl g e [
> = n 1 = 00, (7.2.19)
Bo— Bo— E 0

which concludes the proof of part @

Part @ follows by similar, but simpler arguments as in Theorem We first
use ([7.2.16)) to infer, for 0 < ¢ <« 1, that any isolated eigenvalue of £ has to lie below
the bottom of the essential spectrum of £. Then, applying the Birman-Schwinger-Mathur
principle once again shows that no such eigenvalue exists by estimating 97 in the same way
as in Theorem [6.4.1] Lastly, the absence of embedded eigenvalues of £ follows in the same
way as in Theorem [6.5.5] Note that in the proof of Theorem [6.5.5] all major steps — like
integrating by parts — are always performed in the F-integral and can thus be adapted to
the present setting. O

It should be emphasised that the above theorem shows a sharp dichotomy between
oscillation(s) and damping for polytropic steady states. While increasing the polytropic
exponent k, the transition from oscillation to damping takes places precisely at the point
where the steady states become continuously differentiable at the boundary 9€) of
their phase space support.

To conclude this section, let us compare the above theorem to the results obtained in
the full radial setting in Chapter [f] On the one hand, the class of steady states for which
we can show damping is effectively the same. On the other hand, there are two main
reasons why we can now prove the existence of oscillatory modes for “all” other polytropic
steady states while this was more difficult in the full radial setting: Firstly, fixing L leads
to the action space to be only one-dimensional here. As a consequence, the integral on the
right-hand side of gets infinite for a larger range of k compared to the respective
integral in the full radial case. The same mechanism was also present in the plane
symmetric setting in the previous section. Secondly, fixing L allows us to conclude where
the period function 7" attains its maximal value on the steady state support by using that T’
is energy-increasing for 0 < € < 1. In the full radial case, this is more difficult due to the
additional L-dependency of the period function, recall Remark

7.3 The Relativistic Vlasov-Poisson System

The relativistic Viasov-Poisson system is
v

Onf + ——— Oy f — OU - By f = 0, 7.3.1
Vs 0 i (7.3.1)

AU = 4mp, (7.3.2)
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p(t,x) = f(t,z,v)do, (7.3.3)
R3

lim U(t,z) =0. (7.3.4)
|z| =00
Compared to the (non-relativistic) Vlasov-Poisson system ((1.1.2)—(1.1.5), only the Vlasov
equation ([7.3.1)) changed. It now corresponds to the characteristic system

b= 9= —8,U(tx). (7.3.5)

VI+

In particular, the (modulus of the) velocity & of any particle is always smaller than the speed
of light, which is normalised to unity here. It is this boundedness property that gives the
system its name. It should be noted, however, that the system is not “purely relativistic”
since gravity is still given by Newton’s law . The relativistic Vlasov-Poisson system
should hence be thought of as a “hybrid system”. Even though the relativistic Vlasov-
Poisson system is surely not as physically relevant as the pure Newtonian Vlasov-Poisson
system or the fully relativistic Einstein-Vlasov system, it is still natural to first extend the
methods from the Vlasov-Poisson system to the relativistic Vlasov-Poisson system. This
can reveal general difficulties arising in relativistic settings.

For instance, the existence theory of (compactly supported, spherically symmetric)
steady states is very much similar for the relativistic Vlasov-Poisson system than for the
(non-relativistic) Vlasov-Poisson system, cf. [130], but the (non-linear) stability analysis is
conceptionally more difficult in the former setting. We refer to [144, Sc. 4] for a recent
review regarding this issue. Nonetheless, in [59] the non-linear stability of a large class
of steady states of the relativistic Vlasov-Poisson system is proven. This stability result
mainly relies on an analogue of Antonov’s coercivity bound, cf. [59, Lemma 3.4].

To the author’s knowledge, the linearisation of the relativistic Vlasov-Poisson system
has not yet been analysed. We do not attempt to do so here, but simply refer to [102], where
the linearised relativistic Vlasov-Poisson system will be studied in detail, culminating in an
analogue of the Birman-Schwinger-Mathur principle which gives a criterion for the existence
of oscillating modes. Let us just mention here that the linearised system in second-order
formulation is again governed by an operator of the form and that the structure of
the particle orbits is the same as in the non-relativistic case.

7.4 The Einstein-Vlasov System

In this section we want to discuss a genuinely general relativistic setting, the FEinstein-
Viasov system. This whole section is based on [49]. We further refer to [I82] for an even
more detailed discussion than in [49] as well as to [144] for a recent review which also covers
most of the topics we will discuss below.

Using Schwarzschild coordinates to parametrise spacetime and assuming spherical sym-
metry, asymptotic flatness, and a regular centre, the Einstein-Vlasov system reads

Of e L g (AMHH—W 1+yv|2>f-avf:o, (7.4.1)
V1+|v]? r r

e 2N 2rN — 1) + 1 = 8nrpy, (7.4.2)

e 22y + 1) — 1 = 8mrpy, (7.4.3)

A = —dmre’t g, (7.4.4)
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e A (u” + (= N+ i)) —e (5\ + MM — p)) = 87y, (7.4.5)

ps(t,T) = pr(t,x) = /IRS V14?2 f(t z,v)do, (7.4.6)

T-v\2 dv
pr(t,r) =ps(t,z) = /]12{3 (T) f(t,z,v) \/TW’ (7.4.7)
Jp(t,r) = jp(t.x) = /RS — f(t,,v) dv, (7.4.8)
1 zx v dv
qr(t,r) = qs(t,x) = 2/Rs " f(t,x,v)\/TW, (7.4.9)
li}m u(t,r)y=0= li_)m A(t, ) = A(t,0). (7.4.10)

Here, f = f(t,z,v) = f(t,r,w, L) is the spherically symmetric phase space density of the
configuration under consideration; spherical symmetry and the radial coordinates (r,w, L)
are defined as before, cf. Definition and Remark We always assume that f(t)
has compact support. The equation (7.4.1) for f is the Viasov equation; a dot = denotes
a derivative w.r.t. {. Instead of a gravitational field as in the case of the Vlasov-Poisson
system, gravity is now described by the metric coefficients p = u(t,z) = p(t,r) and X\ =
A(t,x) = A(t,r) solving the field equations f. The source terms py, ps, j¢, and
¢y induced by f via — are the energy density, radial pressure, particle current,
and tangential pressure, respectively. The boundary conditions ensure asymptotic
flatness and a regular centre. For (physical and mathematical) background on this system
we refer to [4], 138 [144] and the references therein.

Steady States

In order to construct suitable steady states of the above system we make a similar ansatz

as in (2.2.6):

folz.v) = p(E(x,v), L(z,v)) = @(1 _ B

D) (L) Lo, (@) B
(7.4.11)

The particle energy E induced by the stationary metric coefficient pg is now given by

E(z,v) = @ /T4 ]2,  (z,v) e R® x R, (7.4.12)

and L = L(z,v) is defined as before. For the sake of simplicity, we assume the energy
dependency function ® to be of the polytropic form

o) =n, neR, (7.4.13)

with polytropic exponent 0 < k < £+ % Similar as before, 0 < Ey < 1 is the cut-off
energy which is implicitly determined by other parameters. The L-dependency of the ansatz
function is given by the parameter Ly > 0 and the (other) polytropic exponent £ > —%;
recall our convention . Choosing Ly = 0 = £ leads to the important isotropic steady
states which only depend on the phase space coordinates through the particle energy FE.
Similar, but more difficult arguments as in Section show that any choice k > 0 of
the parameter
k = In(Ep) — uo(0) (7.4.14)
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results in a compactly supported steady state fo of the above system, cf. [130]. The param-
eter k describes how relativistic the steady state is — larger values of k correspond to more
relativistic equilibria, see [50, Eqn. (2.11)].

Linearisation and the Operators

We again linearise the system (7.4.1)—(7.4.10) around a fixed steady state as constructed
above. A second-order formulation of the linearised system analogous to (|1.2.8]) has first
been derived in [71, Sc. IVd)], see also [58, Lemma 4.21]. It is of the form

Of +Lf =0, (7.4.15)

where f = f(t,z,v) is the odd-in-v part of the linearised perturbation which is again
assumed to be spherically symmetric. The linearised operator is

L:=-B*-R, (7.4.16)

where

B=T+S (7.4.17)

is referred to as the essential operator; this name is due to [I82]. It consists of the transport
operator

T = —e M (QE - 8, — 0, - 0,) (7.4.18)

as well as the non-local operator S defined by

’LU2

Sf(r,w, L) == —4rr|¢ (B, L)| *T0 | wpp — —— o j; (7.4.19)
1+uw?+ %

for suitable spherically symmetric functions f = f(z,v) = f(r,w, L) on the phase space
support of fo. We again use the notation ¢’ = dgp here. Moreover, \g is the metric coeffi-
cient of the steady state and py and j; are defined as in ((7.4.7)) and (7.4.8)), respectively. The
remaining term on the right-hand side of is the gravitational response operator R
given by

Rf(r,w, L) = 4x|¢'(E, L)| €30 (2rpg + 1wy (7.4.20)

In order to analyse the behaviour of solutions of , we again study the (functional
analytic and) spectral properties of the linearised operator £. It turns out that the proper-
ties of the linearised operator £ are more diverse here than for Vlasov-Poisson system. This
is particularly evident in the fact that linear stability now depends on the parameter k.
More precisely, for a fixed isotropic ansatz Ly = 0 = ¢ with polytropic exponent 0 < k < %,
there holds the following:

e [60, Thm. 5.1]: If 0 < k < 1, the steady state is linearly stable in the sense that a
coercivity estimate similar to Antonov’s coercivity bound (Lemma [4.5.6)) holds.

e [58, Thm. 4.3]: If x > 1, the steady state is linearly unstable in the sense that £
possesses a negative eigenvalue corresponding to an exponentially growing solution of

the linearised system (|7.4.15]).
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Hence, in addition to the existence of positive eigenvalues corresponding to oscillating so-
lutions of the linearised system , it is now necessary to (first) study the existence of
negative eigenvalues of the linearised operator £

To analyse the linearised operator £, it is convenient to proceed as in Chapter [4] and
start by studying the (only) unbounded part of £, the squared transport operator 72.
However, when trying to apply the methods from Section [-3] to the transport operator
in the relativistic setting, one immediately encounters a major obstacle: In general, it
is unknown whether the (analogue of the) effective potential has the single-well structure
that ¥y, has in the Newtonian case, recall Lemma [2.2.12]and Remark [2.2.13] The single-well
structure, in turn, is necessary to introduce action-angle type variables as in Section [4.3.1
For a detailed discussion of the presence of the single-well structure for steady states of
the Einstein-Vlasov system, including a formal definition of the property, we refer to [49,
Sc. 3.1]. In particular, it follows by [49, Lemma 3.2] and [60, Cor. 3.2] that the single-well
structure is present for isotropic steady states which are not too relativistic, i.e., Lo =0 =/
and 0 < k < 1. Numerical simulations clearly indicate, however, that the single-well
structure is also present for a much larger class of steady states, cf. [I82] Sc. 2.4.2].

Under the assumption that the single-well structure is present, one can proceed as in
Section to prove that 72 is Self—adjoimFEI and determine its essential spectrum, cf. [49,
Prop. 5.1 and Remark 6.3] as well as [I82) Thm. 4.3.18]. Here we always mean that 72 acts
only on odd-in-v functions and require that it is defined on the “right” domain of definition.
Using that the non-local operators S and R are both bounded and relatively compact w.r.t.
the transport part, cf. [I82] Lemmas 4.3.12, 4.3.14, and 4.3.15], it can then be deduced
that B2 and L are self-adjoint with

Uess(ﬁ) = Uess(_Bz) C Uess(_Tz)y (7421)

again assuming that the operators act only on odd-in-v functions and are defined on a suit-
able domain of definition, cf. [49, Lemma 6.2 and Remark 6.3] as well as [I82, Thm. 4.3.18].

Oscillating Solutions

Assume that (the spectrum of) L is positive. By the stability result cited above and [182),
Thm. 5.1.4], this is, e.g., the case if the steady state is isotropic and 0 < k < 1. A natural
question is whether one can derive an analogue of the Birman-Schwinger-Mathur principle
to characterise the presence of eigenvalues below inf(cess(£)). Such an eigenvalue would
again correspond to an oscillating solution of the linearised system (|7.4.15]). However, when
trying to adapt the methods from Chapter [5|to the present setting, a major difficulty arises:
Instead of having to compute (—72 — A)~!, which is rather easy using action-angle type
variables, recall Lemma we now have to compute (—B2? — X\)~!1. The latter is very
challenging due to the additional non-local term S contained in B, and it has not (yet) been
achieved. One way to overcome this issue might be to introduce a wave operator relating 5
to 7. For now, showing the presence of oscillating solutions via a Birman-Schwinger-Mathur
principle remains open.

Despite all the additional difficulties that the Einstein-Vlasov system brings with it
compared to the Vlasov-Poisson system, there is a (recently developed) way of showing the
existence of certain oscillating solutions which only works in the relativistic setting: For a

1" We refer to [71, Sc. IVf)] for a discussion regarding the effects of a zero eigenvalue of £ and otherwise
neglect this aspect here.

L5 Proving the skew-adjointness of 7~ and the self-adjointness of 72 can, in fact, also be done without using
action-angle type variables or the single-well structure, cf. Remark and [147].
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fixed isotropic ansatz Ly = 0 = £ with polytropic exponent 0 < k < %, the linear stability
results cited above imply inf(o(L£)) > 0 for small £ > 0 and inf(c(L£)) < 0 for large x.
Hence, assuming that the bottom of the spectrum of £ = £, changes continuous in x, there
exists kg > 0 s.t. inf(o(Ly,)) = 0 as well as inf(c(Ls)) > 0 for 0 < kK < ko. Under the
additional assumption that inf(oess(Ly)) is always positive and continuous in x, we deduce
0 < inf(o(Lx)) < inf(oess(Ly)) for K < ko with kg —r < 1. For such &, inf(c(L,)) has to be
an eigenvalue of £ = L, corresponding to an oscillating mode. These arguments originate
from [I82, Ch. 6]. In particular, the continuity assumptions on the spectra of £ are verified
in [I82] for suitable families of equilibria.

Steady States Surrounding a Black Hole

In the above discussion, it became clear that the single-well structure is crucial for the
spectral analysis of the linearised operator £. One class of steady states where this property
can be rigorously verified can be obtained in a perturbative regime similar to the one
from Chapter [l Concretely, we consider a shell of Vlasov matter surrounding a fixed
Schwarzschild black hole. The system analogous to f including such a black
hole is stated in [49, Sc. 1.1]. As in Section one can construct compactly supported
steady states of this system of the form with sufficiently largﬂ Ly > 0 and an
additional smallness parameter € > (. Choosing 0 < ¢ < 1 leads to stationary shells which
are small (compared to the fixed black hole) in a similar way as in Proposition @
In this regime, the single-well structure can be rigorously proven. We refer to [49, Scs. 2
and 3] for proofs of these properties. A different approach to construct small steady states
surrounding a Schwarzschild black hole is pursued in [72].

A Birman-Schwinger-Mathur Principle for Linear Stability

As discussed above, it is unclear whether one can derive a version of the Birman-Schwinger-
Mathur principle to characterise the presence of eigenvalues below inf(oess(£)) > 0. How-
ever, it is possible to derive such a principle for the existence of non-positive eigenvalues
of L. The latter is easier because instead of (—B% — \) with A > 0 one has to invert B2
This is possible in a semi-explicit way using action-angle type variables, cf. [49, Sc. 5.2.2].
In particular, we again have to assume the single-well structure of the effective potential.
By proceeding similarly to Chapter [5, we can then translate the existence of non-negative
eigenvalues of £ into the existence of an eigenvalue > 1 of a suitable Hilbert-Schmidt oper-
ator M: L%(]0, 00[) — L%(]0, oc[), cf. [49] Prop. 6.20 and Thm. 6.22]. Moreover, there holds
a Birman-Schwinger type bound similar to Theorem bounding the number of negative
eigenvalues by a suitable norm of the integral kernel associated to M, cf. [49, Thm. 6.24].

The criterion for the absence of non-positive eigenvalues of £ can be verified in the
perturbative regime described above. We hence conclude the linear stability — in the sense
of [49, Def. 4.4] — of sufficiently small stationary shells surrounding a Schwarzschild black
hole, cf. [49, Thm. 7.1].

176 \More precisely, Lo has to be larger than twelve times the squared mass of the fixed black hole to ensure
that the steady state is bounded away from the event horizon of the black hole.
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Chapter 8

Numerical Experiments

In this chapter we analyse and visualise several of the quantities we encountered in our
mathematical studies via numerical simulations. We start with the steady states and the
(radial) period functions associated to them in Sections and Subsequently, in
Sections and we numerically simulate the linearised Vlasov-Poisson system and
the (non-linearised) Vlasov-Poisson system. The general aim of this chapter is to get an
impression of which statements about solutions of the Vlasov-Poisson system close to steady
states are true and how the theory developed here can help to prove them rigorously.

Throughout this chapter, we only consider the setting from Chapters i.e., spherical
symmetry without a point mass, as it is the most relevant one from a physics point of view.
Straight-forward modifications of our code yield simulations of the spherically symmetric
setting with a point mass (cf. Section [6.1]), the plane symmetric setting (cf. Section[7.1)), the
single-L setting with a point mass (cf. Section, or the relativistic Vlasov-Poisson system
(cf. Section [7.3)). More modifications would be necessary to obtain numerical simulations
of the Einstein-Vlasov system (cf. Section [7.4)).

The code we use here is newly written. It is based on the codes used in [48, [50] to
simulate the Einstein-Vlasov system, which are in turn based on the codes used earlier
in [5, [132]. We will briefly outline our numerical methods at the beginning of each of the
following sections. We refrain from providing more detailed descriptions and instead make
our code publicly available via the following link:

https://github.com/c-straub/radVP

The code is written in C++ in an object-oriented way. We have tried to keep the code as
simple as possible, and in particular have not used any specialised programming library, to
make it understandable for less programming experienced readers as well. The simulations
— in particular, the numerically expensive ones in Sections and — were run on the
supercomputers provided by the Keylab HPC of the University of Bayreuth. All figures in
this chapter (as well as Figure were created using gnuplotm

We will state the main findings of this chapter not as theorems, propositions, or lem-
mas, but as observations. Any such observation is based on numerical simulations which
we describe before stating the observation. As a caveat, we emphasise that each of the
observations might be distorted by the numerical methods chosen, possible programming
errors, our choices of numerical parameters, our choices of states/quantities/cases to con-
sider, our interpretation of the data, or a combination of these factors. We sincerely hope
that our extensive testing of the program during its development and a thorough analysis
of the obtained data has minimised these effects.

17"We further used the online tool https://www.iloveimg.com/compress-image  to compress all images.
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8.1 Numerics of Steady States

In this section we numerically analyse the steady states introduced in Section and the
(macroscopic) quantities associated to them. Here, the aim is not to gain new insights, but
rather to reinforce our understanding of steady states by visualising them in various ways.
We study the shapes of macroscopic quantities like the mass density pg and gravitational
potential Uy as well as “global” quantities like the total mass My and maximal radius Ry ax.
Other steady state quantities which are more tied to the particle motions, like the effective
potential WUy, or the (F, L)-support Dy, will be analysed in Section

The Numerical Method

For a prescribed ansatz of the general form and a prescribed parameter £ > 0,
we compute a steady state by solving the integro-differential equation with initial
condition (2.2.36)). This is implemented numerically via the midpoint method with radial
step size < 1075, The function g defined by is evaluated by computing the integral
via Simpson’s rule. In the polytropic case, we instead use the explicit formula . Once
a numerical solution y of f is found, the steady state and the (macroscopic)
quantities associated to it are defined as described in Proposition A similar algorithm
for computing steady states of the Vlasov-Poisson system is used in the numerical study [132]
and in the context of the Einstein-Vlasov system in [6l, 48, [50].

Families of steady states are calculated by executing several calls of the above algorithm
in parallel using the Pthreads API in C++.

The Isotropic Polytropic Steady State k =1 = R,.«

We first consider a single steady state with isotropic polytropic equation of state .
For the sake of simplicity, we choose the polytropic exponent k& = 1 resulting in a(n affine)
linear dependence of the phase space density fp on the particle energy E. The parameter k
is chosen s.t. the resulting steady state is radially supported on the unit interval, i.e.,
Rpax = 1. This is possible by the scaling laws from Appendix [Bl We denote this x-value
by «*; numerical computations yield £* ~ 0.614. Several macroscopic quantities associated
to this steady state are depicted in Figure[8.1.1] In the course of this chapter, we will always
use this steady state as a prototype for the numerical analysis.

Isotropic Polytropic Steady States

Let us next consider general isotropic polytropic steady states with polytropic ex-
ponents 0 < k < % Because the steady states become more and more elongated as the
polytropic exponent k approaches %, we always restrict ourselves here to £ < 3.2. For
every such ansatz, we again choose the parameter k > 0 s.t. Rpax = 1; this is possible
by Appendix These values k* as well as the values of the total mass of the resulting
steady states are depicted in Figure as functions of the polytropic exponent k. The
mass densities and gravitational potentials of a few of these steady states are plotted in
Figure [8.1.3]

In Figurewe plot the (R, M )-diagrams for some selected isotropic polytropic ansatz
functions, i.e., the values of Ry« and My for steady states with a fixed ansatz function and
different values of k > 0. The plots match the scaling law to high accuracy. As

1" We note that the scaling laws (B.0.8)) and (B.0.10) for the maximal radius and the total mass of steady
states, respectively, also hold in the case k = 0.
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Figure 8.1.1: Macroscopic quantities associated to the isotropic polytropic steady
state with polytropic exponent £ = 1 and Rpya.x = 1. The four panels show the
mass density po, the radial mass density r +—+ 4772pg(r), the gravitational potential Uy, and
the local mass my, respectively.
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Figure 8.1.2: The top panel shows the values k* leading to Rmax = 1 for the isotropic
polytropes as a function of k. The bottom panel shows the values of the total mass My of
the resulting steady states.

an aside, we note that we used k-values of up to 200 in Figure [8.1.4] Steady states with
large k-values are generally more difficult to compute numerically because ¢g(y(r)), and thus
po(r), cf. (2.2.27)), attains large values for  ~ 0 in this case. Nonetheless, even for such
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large values of k, the numerics remain accurate.
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{0, %, 1, %, 2, %, 3}, i.e., the values of the maximal radius Ryax and the total mass M of the
steady states with fixed equation of state and different values of k > 0. See [129, Abb. 3.2]
for a related figure.
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King Models

We next consider the King models ((1.2.4)) with different values of the parameter x > 0.
The mass densities and gravitational potentials of a few of these steady states are plotted
in Figure Notice, in particular, the very large values of pgy close to the spatial origin
r = 0 in the case of large k. They are due to the exponential King ansatz function ®, which
leads to g defined by to grow rather fast.
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Figure 8.1.5: Macroscopic quantities for the King models (1.2.4) with parameter k €

%, 1,2,4,8,12,16}. The top panel shows the mass densities py in a logarithmic scale and

the bottom panel the gravitational potentials Uy.

As mentioned several times before, in the case of King’s equation of state , a
scaling law like does not hold. This qualitative difference between polytropes and
King models can be seen quite clearly in the (R, M)-diagrams: Unlike the monotonic curves
in the polytropic case, cf. Figure the (R, M )-diagram is a spiral for King’s equation
of state, see Figure This spiral structure is proven rigorously in [I31] and accurately
reproduced by our numerics. It should be noted again that large x-values of up to 30 —
leading to very large po(0)-values — are used in Figure For the numerics to work
accurately in this regime, we have (immensely) reduced the radial step size in the steady
state computation for large .

Moreover, as an illustrative support of the discussion from Remark the
dependence of the cut-off energy Ejy on the parameter x in the case of King’s equation
of state is visualised in Figure It is evident from this figure that the mapping
10,00[ 3 k +— Ey € | — 00,0] is neither injective nor surjective for King’s equation of state.

Anisotropic Polytropic Steady States with Ly =0

Let us return to polytropic equations of state . Unlike before, however, we now
consider anisotropic steady states. We start with the situation where there is no inner radial
vacuum region, i.e., Ly = 0 = Ruyi,. Note that, due to the assumption such steady
states are not included in the analysis of Chapters Nevertheless, they are interesting
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state and different values of k € [1—10, 30]. As k increases, one moves into the spiral.
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Figure 8.1.7: The cut-off energy Fj as a function of the steady state parameter x for King’s

equation of state (solid line) and the isotropic polytropes with £ = 1 (dashed line).

to analyse numerically — in particular, because of the property discussed in Remark
which we will address further in the following section.

The most striking difference of these steady states compared to isotropic ones is that
the mass density vanishes at the spatial origin » = 0. This can be seen in Figure [8.1.§]
where we plot the mass densities and gravitational potentials of some of these steady states.
In this figure, we again chose all k-values s.t. Ryax = 1. Note that the scaling laws from
Appendix [B| apply to this class of steady states. The scaling law for the (R, M)-
diagrams is again accurately reproduced by our numerics, see Figure [8.1.9
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Figure 8.1.8: Macroscopic quantities associated to anisotropic polytropic steady
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Figure 8.1.9: (R, M )-diagrams for some anisotropic polytropes with Ly = 0, i.e., the values
of the maximal radius Ry.x and total mass My of steady states with fixed equation of
state and different values of k > 0. The left panel contains the (R, M)-diagrams for the
polytropic exponents £ = 1 and k € {0,1,2,3,4,5,6}, the right panel the diagrams for ¢ = 3
and k € {0,2,4,6,8,10,12}. See [129, Abb. 3.3] for a figure related to the left panel.

Polytropic Shells

The last class of steady states which we discuss in this section are polytropes with
Ly > 0. These steady states possess an inner radial vacuum region, i.e., Ry, > 0. The
inner vacuum region is clearly visible in Figure|8.1.10} where we plot macroscopic quantities
associated to a few of such steady states. As Lg increases, the inner vacuum region gets
larger by , while the steady states approach the respective configuration with Ly =
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0 = Rpmin (which we discussed and illustrated above) as Ly \ 0.

5 T T 0.6 T
k=1, I=0; mass density k=I1=1; mass density
45 Lo=0 1 Lo=0
4 Lp=0.001 —— ] 05 N Lp=0.01 7
Lo=0.01 Lo=0.1
35 Lo=0.1 bl L Lo=0.5 B
Lo=0.5 04 Lo=1 ——
3 B
Lo=1 ——
25 4 0.3 B
2 |- .
15 L 102 B
Lr o1 g
0.5 - //\,
0 f f — T f T 0 f f
-
-0.5 -0.
1 - N
-15 F - -1.
k=1, |=0; potential
2 -
-2.5 0
0
-3 L 1 -3 1 1 1
0 0.2 0.4 0 0.5 1 1.5 2

radius

Figure 8.1.10: Macroscopic quantities associated to polytropic steady states (1.2.5) with
k = 1. The top left panel shows the mass densities py for the polytropic exponents (k,¢) =
(1,0) and Lo € {0, ﬁ, ﬁ, %, %, 1}, the bottom left panel the associated potentials Up.
The two panels on the right show the same quantities for polytropic exponents (k, ¢) = (1,1)

and Ly € {0, ﬁ, %, %, 1}.

It should also be noted that the scaling laws from Appendix [B| get lost when choosing
Lo > 0 in the polytropic ansatz. Some (R, M )-diagrams for such polytropes are plotted in
Figure Qualitatively, however, they do not appear significantly different from the
corresponding curves in the case Ly = 0. We further observed that (R, M)-diagrams for
polytropic equations of state with £ < 0 and Ly > 0 are qualitatively similar to the ones
depicted in Figure |8.1.11

8.2 Numerics of the Period Function

In this section we analyse the (radial) period function T associated to the steady states from
Section [2.2} recall Definition for the definition of the period function. The properties
of the period function were essential at several places in this thesis. However, despite the
detailed analysis in Appendix [A] we have not yet succeeded in rigorously proving all the
properties of T'" we need to conclude some desired statements regarding solutions of the
linearised Vlasov-Poisson system. The numerical analysis presented below shall help us to
understand which statements about T are true and which strategies might be helpful to
prove them rigorously. A focus will be on the monotonicity of the period function w.r.t. its
two variables E and L, as this property is particularly important for our applications.

To the author’s knowledge, this is the first numerical analysis of the (radial) period

function associated to steady states of the Vlasov-Poisson system. A related study in the
context of the Einstein-Vlasov system is conducted in [182, Sc. 2.4.2].
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The Numerical Method

We start with a fixed steady state fy computed numerically as described in the previous
section. Our aim is to compute T'(F, L) for (E,L) € Ag. Due to the singular integrand,
we do not use the integral representation of the period function for this task. In-
stead, we compute (the relevant parts of) the solution (R, W)(-,E,L): R — 10,00] x R
of the radial characteristic system “2.2.93 with parameter L satisfying the initial condi-
tion (R, W)(0,E, L) = (ry(E, L), 0) '™ [*% In order to determine T'(E, L), we just have to
wait until the velocity component of the solution (R, W)(, E, L) becomes positive since

%T(E, L) =inf{s > 0| W(s, E,L) > 0}. (8.2.1)

To compute (R, W)(-, E, L), we actually do not solve (2.2.93)) directly but instead trans-
form (back) to Cartesian coordinates and solve (2.2.2). More precisely, for given radial
coordinates (r,w, L), associated Cartesian coordinates s.t. (2.1.3) holds are, e.g., given by

x=(r,0,0), v=(w, \{nZ,O). (8.2.2)

Once the initial condition (r4(F,L),0, L) is transformed to Cartesian coordinates in this
way, we solve until z - v = rw becomes positive and obtain the value of T'(E, L)
via . The reason why it is more convenient to work in Cartesian coordinates is
because this avoids difficulties arising close to the spatial origin » = 0. This will become
even more important in the following section, where we have to solve the characteristic
system with more general initial data. In addition, using Cartesian coordinates allows us

17 Another reason why we do not calculate the integral but instead compute the solutions of
the characteristic system is because we have to numerically solve the characteristic system anyway when
simulating the linearised Vlasov-Poisson system, cf. Section

180The reason why we choose the initial condition (r4(E,L),0) instead of (r_(F,L),0) (as in Defini-
tion is that the effective potential ¥y, is rather steep at r ~ 0. This makes the calculation of r_(E, L)
more difficult and prone to numerical errors compared to r4(E, L), in particular, for small values of L.
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to compute T'(E, L) for L = 0 as well, recall Remark @ However, the price we pay
is that the six-dimensional system is, of course, numerically more expensive to solve
than the planar system .

To solve numerically, we use the classical Runge-Kutta method (henceforth ab-
breviated as “RK4”) with time step size 6t < 107°.

Furthermore, we extend the period function to points (E¥?, L) lying on the minimal
energy curve by using the extension formula . Extensive testing has shown that
this indeed extends the values of T'(E, L) for (E,L) € Ag in a continuous way with high
accuracy. This demonstrates that our numerical computation of the period function T'(E, L)
works accurately, even in the near circular regime F ~ Eanm.

For several aspects of the following analysis, e.g., to accurately compute the maximum
of T on Dy, it is necessary to evaluate the period function on a very large set of (E, L)-pairs.
This is realised by performing several evaluations of the period function in parallel using
the Pthreads API in C++ again.

The Isotropic Polytropic Steady State k =1 = R,.«

Asin Section we start our analysis by considering in detail the isotropic polytrope
with polytropic exponent & = 1 and parameter x > 0 chosen s.t. Ry.x = 1. Because
the radial particle motions are determined by the effective potential ¥, we first depict
this function for some values of L € Lg in Figure Encouragingly, the shape of ¥,
computed numerically is as described in Lemma [2.2.12] and the figure is consistent with
the monotonicity and limiting properties proven in Lemma
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Figure 8.2.1: The effective potential ¥ for some values of L for the isotropic polytropic
steady state k = 1 = Ryax. The L-value associated to the red line is Lyax (up to numerical
errors and rounding). The dashed black line shows the value of the cut-off energy Ej.

The associated period function 7" on (the closure of) the (E, L)-support Dy is visualised
in Figure Note that the shape of Dg obtained numerically is qualitatively identical to
the one of the schematic visualisation in Figure [2.2.2

Figure [8.2.2] reveals two important insights. Firstly, we see that the maximum of T
on Dy is attained at (Ey,0), i.e.,

sup(T) = T (Ep, 0). (8.2.3)

The point (Ep, 0) corresponds to the bottom right corner in Figure The value of the
period function attained there is given by T'(Ey,0) =~ 4.727. The fact that T ‘ﬁo indeed
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the period function T' (colour gradient) attained on it.

attains its maximum at (Ejp,0) has been checked by comparing T'(Ey,0) to all the other
(more than 5-10°) T-values used in Figure By the scaling laws derived in Appendix
(8.2.3) holds for all x > 0 if it holds for one value of k. Let us summarise this finding.

Observation 8.2.1 (Maximum of 7" for the Isotropic Polytrope k = 1). In the case of an
isotropic polytropic steady state (|1.2.3]) with polytropic exponent k =1, the mazimum of the
period function T on the (E,L)-support Dy of the steady state is attained at the mazimal

energy value Ey and the minimal L-value Ly = 0, i.e., (8.2.3)) holds. In addition, this is the
only point where the mazximal period is attained.

Secondly, the period function T is even monotonicFiTl w.r.t. both of its variables on Dy.
More precisely, T' is increasing in F and decreasing in L on Dy. This property can already be
seen in Figure It is even more clearly visible in Figure where we depict T'(-, L)
and T'(E, -) for some fixed values of L and E. We verified these monotonicities by analysing
the functions 7'(-, L) and T'(E, -) for more (than 1000) values of L and E. Up to an error of
5-107%, these functions are indeed monotonic. By Appendix |B], these monotonicities hold
for every xk > 0 if they hold for one k.

Observation 8.2.2 (T-Monotonicity for the Isotropic Polytrope k = 1). In the case of an
isotropic polytrope (1.2.3|) with polytropic exponent k = 1, the period function T is increasing
in E and decreasing in L on the (E, L)-support Dy of the steady state.

As an aside, we note that the minimal value of the period function 7 on Dy is attained
at the minimal energy value Up(0) = limp\ o Eanin and the minimal L-value Ly =0, i.e., at
(Up(0),0). This point corresponds to the bottom left corner in Figure The minimal T-
value is given by T'(Uy(0),0) =~ 1.296. The fact that the T-minimum is attained at this point

1811 this chapter, we generally do not distinguish between strict and non-strict monotonicity, as this
difference is hard, if not impossible, to detect numerically. Similarly, we do not distinguish between positive
and non-negative numbers.
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Figure 8.2.3: Values of the period function 7' for the isotropic polytropic steady state
k =1 = Rpax- The left panel shows the function 7'(-, L) on [E™", Ey] for some values
of 0 < L < Lpax, the right panel the function T'(E,-) on [0, Lyax(F)] for some values of
Up(0) < E < Ey. Here, Liax(E) :=sup{L > 0 | EP® < E} for Up(0) < E < 0.

fits to the monotonicity observed above combined with the monotonicity of L +— T(Eanin, L)
proven in Lemma [A74.3]

Although the discussion in Section mainly shows that it is rather difficult to prove
the statements from Observation [8.2.2| rigorously, it also contains a useful criterion for these
monotonicity properties: By Lemmal[A.3.22] the statements from Observation 8.2.2] follow if
the two functions GrLef and Hzef are both positive on |r_(Fy, L), rr[ for every 0 < L < Lyax.
These two functions are essentially given by the effective potential and its derivatives up to
second order. We plot these functions as well as G, and Hj, for some values of L > 0 in
Figure [8.2:4]

As indicated by Lemma [A.3.20] and (A.3.98)), the functions G and Hp do not take
only one sign on |r_(Ey,L),r+(Eo,L)[ for 0 < L < Lpax. Nonetheless, the func-
tions G%' and H! are positive on [r_(Ep, L),r.[ for L € ]0, Lyax[. This is clearly
visible in Figure where it even looks like fo and Hief are radially decreasing
with lim~ ., G%¥H(r) = 0 = lim,~,, H*(r). The positivity of these functions has also
been further checked by considering more L-values than in Figure (50 equidistant
L €10, Liax[)- Up to an error of 1074, G'f and HI*f are always positive. Extending the
scaling laws from Appendix |B|to GrLef and Hief again allows us to generalise this finding to
all values of x > 0.

Observation 8.2.3 (Positivity of GrLef and Hief for the Isotropic Polytrope k = 1). In
the case of an isotropic polytrope (1.2.3|) with polytropic exponent k = 1, the functions GrLef

and H*" defined in (A-3.102) and (A.3.103)), respectively, are positive on |r_(Eo, L), rL[ for
0 < L < Lpyax-

As an aside, we note that we have also numerically analysed the limits of the par-
tial derivatives dgT and OrT in the near circular regime, i.e., the limits of dgT(E, L)
and 9. T(E,L) as (E,L) — (EB® L*) for 0 < L* < Lyax. These limits are explicitly
given by the formulae (A.4.17) and (A.4.23]) derived in Lemmas |A.4.6| and [A.4.8] respec-
tively. It turned out that for each of the (more than 1000) values of L* we considered,
lim(E,L)%(Eg‘i“,L*) OrgT(E, L) is positive and hm(E,L)—>(Eg‘i“,L*) OrT(FE, L) is negative. This

behaviour is just as expected in the light of the above observation.
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Figure 8.2.4: The two top panels show the functions Gj and Hj defined in
and (A.3.64), respectively, on [r_(Ey, L), r4(Eo, L)] for some values of L € [0, Lyax| for
the isotropic polytropic steady state k = 1 = Rpyax. In the case L = 0 we replace ¥ with
Up in the definitions of G, and Hp; the resulting functions are depicted by the dashed lines.
The bottom panels show the functions G‘}ff and Hief defined in and ,

respectively, on [r_(Ep, L), [ for some values of L € |0, Lyax].

Isotropic Polytropic Steady States

Let us next analyse the period function associated to general isotropic polytropes ((1.2.3).
As before, we consider the polytropic exponents 0 < k < 3.2 and always choose the param-
eter k > 0 s.t. Rpax = 1 for the resulting steady states. The values of the period function T’
on the (E, L)-support Dy for a few isotropic polytropes are shown in Figure recall
Figure for the same plot with polytropic exponent k£ = 1. At first glance, the shape
of Dy and the behaviour of the period function on this set appears to be qualitatively the
same for all isotropic polytropes. Nevertheless, let us discuss in detail the similarities and
differences for different polytropic exponents k.

Firstly, the maximum of the period function is always attained at (Fp,0). This is
already indicated by Figure where the point (Fy,0) corresponds to the bottom right
corner of each plot. We have also checked this finding by scanning through all the T-values
computed and by considering more polytropic exponents than in Figure Hence,
Observation [8.2.1] seems to hold for general isotropic polytropes.

Observation 8.2.4 (Maximum of 7' for General Isotropic Polytropes). In the case of an
isotropic polytrope (1.2.3)) with polytropic exponent 0 < k < 3.2, the maximum of the period
function T on the (E, L)-support Dy of the steady state is attained at the maximal energy Ey

and the minimal L-value Ly = 0, i.e., (8.2.3) holds. In addition, this always seems to be
the only point where the maximal period is attained.

The maximal and minimal values of 7" on Dy for the different polytropic exponents are
shown in Figure they will become important in the following section.
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Figure 8.2.5: The (E, L)-supports Dy of isotropic polytropes with polytropic exponents
k € {0, %, %, 2, %, 3} and Rpyax = 1 as well as values of the associated period functions T
(colour gradient) attained on these sets.
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Figure 8.2.6: The maximal and minimal values of the period function 7" on the (E,L)-
support Do, i.e., Timax = supp,(7) and Tyin = infp,(T), for isotropic polytropes with
Ruax = 1 as a function of the polytropic exponent k € [0, 3.2].

Secondly, regarding the monotonicity of the period function, we find that T is again
always increasing in E, i.e., T(-, L) is increasing on [E¥", Eg] for any 0 < L < Lpay. This
can be seen quite clearly in Figure but we have also checked it for several polytropic
exponents 0 < k < 3.2 in the same way as in the case kK = 1 = Ryax above. This
monotonicity property is further supported by the observation that the function GrLef is
always positive on |r_(Eg, L), rp[ for 0 < L < Lpyax. In the case of the polytropic exponent
k = 3, this will be illustrated below in Figure below. The monotonicity of the period
function w.r.t. L is more diverse: For not too large values of the polytropic exponent k,
up to about 2.35, the period function is decreasing in L, i.e., T(FE,-) is decreasing on
[0, Lmax(E)] for Up(0) < E < Ey. We have checked this finding in the same way as the E-
monotonicity above, and also observed that the function H* is positive on Jr_(Ep, L), L]
for 0 < L < Luyax. For larger polytropic exponents, however, the period function is no longer
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monotonic w.r.t. L@ As this qualitative difference is not well visible in Figure we
depict T'(Eyp, -) in the case of the polytropic exponent k¥ = 3 in Figure This finding is

5.6
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L

Figure 8.2.7: T(Ey, ) on [0, Lyax] for the isotropic polytrope with &k = 3 and Rpax = 1.

also supported by the observation that the function Hzef is no longer positive for all values
of 0 < L < Lyax. This can be seen from Figure where we plot H}Jef and fo for some
values of L in the case of the polytropic exponent k = 3.

sl G[Ef i 0.4 ‘ H[ef |
L=0.0136 —— L=0.0136 ——
L=0.0271 L=0.0271
L=0.0407 0.3 L=0.0407 B
L L=0.0543 L=0.0543
6 L=0.0679 —— L=0.0679 ——
0.2 q
4 - i
0.1 Bl
2 b 4 0
-0.1 - B
0
1 1 1 1 _02 1 1 1 1
0 0.2 0.4 . 0.6 0.8 1 0 0.2 0.4 . 0.6 0.8 1
radius radius

Figure 8.2.8: The functions G*¢' and H!*! defined in (A-3:102)) and (A-3.103)), respectively,
on [r_(Ey, L), rp[ for some L € ]0, Lyax[ for the isotropic polytrope with k = 3 and Ryax =
1.

Figure also reveals two further insights: Firstly, we see that Hief is negative on
the entire radial domain |r_(Ey, L), r[ for larg@ values of L. By Lemma this
implies O, T(F, L) > 0 for such values of L and every B < E < Ej. Secondly, it should
be noted that the positivity of H}Jef gets lost only for not too small values of L. For small
values of L, Hzef is positive. This is both consistent with Figure where we see that
T(Eoy,-) is only non-decreasing for not too small values of L. The period function being
decreasing in L for small values of L is also important for the fact that the maximum of T’
is attained at (Ep,0), recall Observation Let us summarise our findings regarding the
monotonicity of T'.

182We have not invested much effort in precisely determining the threshold polytropic exponent at which
the L-monotonicity of T gets lost. Our simulations merely show that the L-monotonicity holds for polytropic
exponents k < 2.35, while it does not hold for k£ > 2.4.

183Here, an L-value being large refers to its relative position within the L-support [0, Lmax] of the steady
state.
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Observation 8.2.5 (T-Monotonicity for General Isotropic Polytropes). In the case of an
isotropic polytropic steady state with polytropic exponent 0 < k < 3.2, the period
function T is increasing in E on the (E, L)-support Dy of the steady state. Moreover, the
function G‘”Lef defined in is positive on |r_(FEo, L),rr] for 0 < L < Lpyax.

If the polytropic exponent is not too large (smaller than about 2.35), the period function
is decreasing in L on the (E, L)-support Dy of the steady state, and the function Hief defined
in is positive on |r_(Egy, L), rr[ for 0 < L < Lyax. For larger polytropic exponents,
the period function is not monotonic in L.

King Models

We next analyse the period function associated to the King models . Here, we choose
the parameter  in the range 0 < k < 7.5. The reason for this is that the mass density pg
attains very large values near the radial origin r = 0 for large values of &, recall Figure|8.1.5
This makes the computation of the particle motions rather difficult numerically. One way
in which this problem manifests itself is as follows: By and , large values
of po(0) lead to small values of the period function T'(E, L) in the near circular regime
E = E™n for small L. Since T(E, L) can only be determined numerically as a multiple of
the time step size dt, computing such small periods is prone to numerical errors. In fact, we
also applied our program to King models with larger values of k, but some curious effects
occur there. Whether these are real or due to these numerical difficulties, we do not feel
able to confidently decide here.

Anyway, the values of the period function on the (E,L)-support Dy for some values
of 0 < k < 7.5 are depicted in Figure [8.2.9

0.12 0.08 0.045
0.07 |- 8 0.04 -

0.1 - NN | B | N

15 275 4 525 65 006 06 11 1.6 21 26 4 00351 42040608 1 12

0.08 |- T(E,L), kappa=0.5 T(E,L), kappa=1 T(E,L), kappa=2

0.05

—0.06 0.04

0.04 0.03
0.02

0.02
0.01

-2.7 -24 -21 -1.8 -1.5 -1.2 -09 -0.6

0.02 0.014 0.014
0.018 - B
0.012 4 0.012 - E
0.01c N i I | |
0.014 - 0 010.20.304050.6 B 001 0 015 0.3 045 0.6 B 001 0 02 04 06 08 i
T(E.L), kappa=4 T(E,L), kappa=6 T(E,L), kappa=7.5
0.012 0.008 0.008
- 0.01
0.008 0.006 0.006
0.006 0.004 0.004
0.004

0.002 0.002

0.002

0 0
-5 -45 -4 -35 -3 -25 -2 -15 -1 -0.5 -7 -6 5 -4 -3 -2 -1 0
E E

Figure 8.2.9: The (E, L)-supports Dy of King models with x € {%, 1,2,4,6,7.5} and values
of the respective period functions T' (colour gradient) attained on these sets.

The behaviour of the period function for the King models is, in fact, very similar to the
isotropic polytropic case. We analysed King models with more than 100 x-values € ]0,7.5]
and observed the following.
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Observation 8.2.6 (Properties of T for King Models). In the case of a King model
with parameter 0 < k < 7.5, the mazimum of the period function T on the (E, L)-support Dy
of the steady state is always attained at (Fy,0), i.e., holds.

Moreover, T is increasing in E on Dy, and the function G]ff defined in ]
positive on |r_(Ey, L),rp[ for 0 < L < Lpyax.

For not too large values of k (up to about 5.5), the period function is decreasing in L
on the (E, L)-support Dy of the steady state, and the function Hief defined in 18
positive on |r_(Eg, L), rr[ for 0 < L < Lyax. For larger values of k, the period function is
not monotonic in L.

Anisotropic Polytropes Including Polytropic Shells

The next (and last) class of steady states examined in this section are anisotropic poly-
tropes . We always choose k = 1 here; recall that the scaling laws from Appendix
do not apply in the case Ly > 0.

We first consider the polytropic exponents k = 1 = ¢. As shown in Remark[A.4.5] the pe-
riod function 7" is unbounded on Dy in the case Lo = 0 since limy 5z, 1) (uy(0),0) T (£, L) =
oo. This fact is indicated by the plot in the left panel of Figure where (Uy(0),0)
is the bottom left corner and bright colours correspond to large values of T. If we now
choose a positive but very small value for Ly, the period function is bounded on Dy by
Proposition but its maximum on Dy is still attained at (Eg‘oin, Ly). For instance,
this is the case when choosing Ly = TIO(); the values of the period function on Dy in this
situation are depicted in the right panel of Figure [8.2.10
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Figure 8.2.10: The (F, L)-supports Dy of polytropic steady states with polytropic exponents
k =1 = ¢ and parameters k = 1 and Ly € {0, Wloo}' The colour gradients depict values of

the respective period functions attained on these sets.

Although we have only studied this behaviour for one choice of polytropic exponents
and one value of k, it is very plausible that it occurs generally for polytropes with ¢ > 0
since steady states ought to depend continuously on the parameter Lg.

Observation 8.2.7 (Polytropes with 7T-Maximum not at (Ey,Lg)). For any poly-
trope with polytropic exponents k,{ > 0 satisfying k < 3¢ + % and sufficiently small
Lo > 0, the maximum of the period function T on Dy is not attained at (Ey, Lg), but at
(B, Lo).

It should not be too hard to prove this statement rigorously by considering the limit
Ly — 0 and arguing similarly to Section[6.2.1] Anyway, the take-home message of the above
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observation is that we cannot expect the maximum of 7' on Dy to be attained at (Ep, Lg)
in general.

We next choose the polytropic exponents k = % and £ = —%. This case is qualitatively
different from the one above because £ is now negative. Analysing where T attains its
maximum on Dy in this situation is important in the light of Theorem When choosing
the parameter Ly within the set {103'/2 | j € {-10,...,2}} (and again k = 1), the behaviour
of T is qualitatively the same as for isotropic polytropes. In particular, the maximum of
the period function on Dy is always attained at (Ey, Lg). This observation is also (partially)
included in [62, Rem. 8.16]. We have confirmed the same properties for more polytropes
with £ < 0, cf. below, and always verified it in the same way as described in the context of
isotropic polytropes.

Observation 8.2.8 (Examples for Theorem. For any polytropic steady state with ex-
ponents (k,0) € {(&,-2), (5, -1), (F.—15). (5, —2), (3, —1), (3, —2)} as well as param-
eters k =1 and Ly € {107'/2 | 7 € {-10,.. .,2}}, the period function attains its mazximum
on Dy at (Ey, Lg). Moreover, the period function is always increasing in E, but not always
monotonic w.r.t. L on Dy.

This observation hence provides explicit examples of steady states satisfying the as-
sumptions of Theorem see also Remark @ It should be noted that the chosen
polytropic exponents and values of Ly and s are not special, but serve only as exemplary
choices. We expect that the properties from the observation above also hold for more gen-
eral choices of £ > 0, ¢{ < 0, kK > 0, and Lo > 0 satisfying , since we have not yet
encountered any such parameters were it is not satisfied.

Further General Observations

We now collect some additional, less central observations regarding the period function that
we made for all steady states encountered during the above analysis. The first one concerns
the position at which the period function attains its maximum on Dy. Although we have
seen that this position is not necessarily (Ep, Lg), we still observed the following.

Observation 8.2.9 (T-Maximiser is Always on Boundary). For every steady state consid-
ered above, the mazximum of the period function T' on the steady state support Dy is attained
on the boundary of Dy.

We checked this property by scanning through all the T-values computed for each steady
state. The above observation shows that it is indeed unclear whether the assumption of
Corollary holds for any steady state.

The second observation concerns the level sets of the period function on Dy. We in-
vestigated these sets by analysing the plots of T' on Dy from Figures [8.2.2] [8.2.5] [8.2.9]
and [8.2.10, The level sets of T'|, “always seem to be a curve in the (E, L)-plane or a finite
union of such curves. In particular, we never saw any evidence that the period function is
constant on some non-empty open subset of Dy. On this basis, we feel confident enough to
state the following observation, although it would of course be very difficult to numerically
verify it in detail.

Observation 8.2.10 (Level Sets of T'). For every steady state considered above, all level
sets of the period function T on the steady state support Dy are sets of measure zero.

By Lemma |4.3.22| this shows that the squared transport operator —7'2‘% :D(T?)NH —
‘H does not possess any eigenvalues for the steady states considered here.
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Kunze’s Criterion

As a prelude to the numerical analysis of the linearised Vlasov-Poisson system — which will
be the subject of the following section — we now examine the validity of Kunze’s criterion
from Lemma numerically. To check the criterion, the maximum of the period func-
tion T on Dy must be compared with (the maximum of) a macroscopic function associated
to the steady state. If Kunze’s criterion was satisfied, we would conclude the presence of
an oscillatory mode around the steady state. Since we always computed the maximal value
of the period function on Dy anyway, we checked the validity of Kunze’s criterion for all
steady states encountered above.

The pleasing result is that for some isotropic steady states, Kunze’s criterion is indeed
satisfied. This is illustrated in Figure [8.2.11] where we depict the left-hand and right-
hand sides of Kunze’s criterion for isotropic polytropes with different polytropic
exponents k > 0 and Ry = 1.
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Sué%’); Z(T)) sides of Kunze’s criterion (4.5.53|) for the isotropic polytropes with different poly-

tropic exponents k and parameter xk > 0 chosen s.t. Rnax = 1. For better visibility, the left
panel shows the plot restricted to small values of k.

Figure 8.2.11: The left-hand (“LHS”: sup,¢jg 1 Gl _ 4% p(0)) and right-hand (“RHS”:

The criterion is satisfied if the left-hand side is smaller than the right-hand side, which
is evidently the case for very small polytropic exponents. By Appendix [B] we can generalise
this finding to all values of k > 0.

Observation 8.2.11 (Kunze’s Criterion for Isotropic Polytropes). For isotropic poly-
tropes (1.2.3)) with very small polytropic exponents k > 0 (smaller than about 0.03), Kunze’s

criterion from Lemma[.5.19 is satisfied.

We will later discuss how this important observation could be proven, cf. Chapter [9]

For the King models, Kunze’s criterion never seems to be satisfied.

For anisotropic polytropes , there are numerous examples of steady states satis-
fying Kunze’s criterion. A natural first class to check the criterion are the polytropes with
Lo > 0 and ¢ < 0 for which we have already shown the existence of oscillatory modes via
Theorem [5.4.1 and Observation [8:2.8] Indeed, if Ly > 0 is not too small, Kunze’s criterion
is satisfied for all of the steady states considered in Observation [8.2.8] For instance, for
the polytropic exponents k = i and { = —i as well as k = 1, the resulting steady states
satisfy Kunze’s criterion for Ly > WIOO' More surprisingly, the same behaviour also occurs
when choosing (k,¢) = (1,0) or (k,¢) = (1,1). For these exponents, Theorem does
not apply, but Kunze’s criterion is nonetheless satisfied if Ly > 0 is not too small large.

More precisely, for both polytropic exponent pairs (k, ¢) € {(1,0), (1,1)}, choosing Ly > ﬁ
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yields steady states satisfying Kunze’s criterion. These polytropic exponents (and x = 1)
are not special but only used as examples. We expect that the same behaviour also occurs
for more general polytropes.

Observation 8.2.12 (Kunze’s Criterion for Anisotropic Polytropes). The poly-
tropic steady states with parameter k = 1 and polytropic exponents (k,l) €
{(170)7 (17 1)a (Tl()a _%)a (Tl()a _%)7 (%oa _%0)7 (%7 _%)7 (%7 _%)7 (%7 _%)} Satisfy Kunze’s crite-
rion if Lo > 0 is not too small.

8.3 Numerics of the Linearised Vlasov-Poisson System

In this section we numerically analyse the linearised Vlasov-Poisson system. The underlying
steady states are the same as studied above, recall Sections and [B1] Let us emphasise
that we are not considering the linearised system because it is easier to simulate numerically
than the non-linearised system. Although one might hope so, it is not easier from a numerics
point of view; this has already been noted in [93, Sc. 3.4] and we will also see it here.
The reason for considering the linearised system is to align the observations made here
with the mathematical results of this thesis, which (only) concern the linearised system.
For instance, analysing solutions of the linearised Vlasov-Poisson system will allow us to
draw conclusions about the central object of this thesis: The spectrum of the linearised
operator £. The question of what effects occur when transitioning from the linearised to
the non-linearised system will be discussed in the next section.

The linearised Vlasov-Poisson system has rarely been investigated numerically in the lit-
erature before, with numerical analyses usually directly focused on the actual non-linearised
system. Previous numerical investigation of the linearised system will be referenced below.
Our numerical investigation is the first in spherical symmetry for the steady states from
Section Moreover, it is more comprehensive than previous investigations due to the
availability of greater computational resources.

We will only consider here the Eulerian formulation of the linearised Vlasov-Poisson
system derived in Section because it is the one most commonly used in the literature. A
numerical investigation of the linearised Vlasov-Poisson system in a Lagrangian formulation
is conducted in [I73].

The Numerical Method

For a fixed steady state fy as computed in Section let us describe how to numerically
solve the associated linearised Vlasov-Poisson system. We have adapted the numerical
method from that used to simulate the non-linearised Vlasov-Poisson system, which we will
discuss in the next section. In particular, the code used for the simulation of the linearised
system is based on the ones used in [48], [50], although we have entirely rewritten the code in
an object-oriented way. Later we discovered that (essentially) the same method had already
been used in the astrophysics literature (albeit in different settings), cf. [93, [112].

In the Eulerian formulation, the linearised Vlasov-Poisson system is given by f
. It is convenient to first rewrite this system, which we will do below through formal
calculations. The resulting reformulation will remain of first order, which is more practical
for the numerics than the second-order formulation of the linearised Vlasov-Poisson
System.

As before, let (X,V) denote the characteristic flow of the steady state fy, i.e.,
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(X,V): R x R3 x R3 — R3 x R3 solves
X=V, V=-0,Us(X), (X, V)(0,z,v) = (z,v). (8.3.1)

By (3.1.1)), for every spherically symmetric solution f = f(t,z,v) of the linearised Vlasov-

Poisson system we obtain

as[f(sv (X7 V)(37 Z, U))] = 8tf(sa (Xv V)(vavv)) + Tf(37 (X7 V)(‘S’ x?”)) =
= ¢ (E(z,v), L(z,v)) W(s,x,v) U}(s, R(s,z,v)), (8.3.2)

where we have rewritten the response term as in Section and used that E and L are
constant along the characteristic flow, cf. Lemma We also introduced the following
notations, which are natural in the light of Remark

X(s,z,v)-V(s,x,v)

R(s,z,v) = |X(s,z,v)], W(s, z,v) = R(s,x,v)

(8.3.3)

Integrating (8.3.2)) w.r.t. the proper time s of the characteristic flow leads to

ft, (X, V)(t,x,v)) = f(0,2,v) + ¢ (E(x,v), L(z,v)) /0 W(s,x,v)Up(s, R(s,z,v)) ds

(8.3.4)
for (t,z,v) € R x R3 x R3. This equation can be interpreted as a new formulation of the
linearised Vlasov-Poisson system. The existence theory for the system in this very form (for
isotropic steady states) is studied in [15], and the same formulation is also used in [93] [112].

In order to solve numerically, we have to compute the steady state characteris-
tics (X, V). We have discussed in the previous section how this can be done. In order to cope
with the second term on the right-hand side of , we use the following approximation

of (8.3.4) for 0 <t < 1:

ft, (X, V)(t,z,v)) =~ f(0,z,v) + ¢ (E(x,v), L(x,v)) /0 W(s,z,v) Up(0, R(s,z,v)) ds.

(8.3.5)
Based on the steady state characteristics and f(0), this approximation allows us to compute
f(t) for small values of t. Iterating this process yields an approximation of f(7") also for
larger 1" > 0.

We implement this procedure using a particle-in-cell scheme. As mentioned above and
as we shall see in the following section, this method is commonly used to simulate the
(non-linearised) Vlasov-Poisson system as well as related systems. The key idea is to split
the phase space support of the steady state fp into finitely many distinct cells. We do
this by first setting up an equidistant radial grid of step size dr. At each fixed radius, the
momentum space is segmentated using an equidistant grid in each of the variables u and «,
recall Remark Using (7, u, ov)-coordinates for the initial setup of the cells has proven
beneficial in previous numerical investigationsfrfl We then place a (numerical) particle into
the centrd™] of each cell as a representative of the contributions of its cell. For each particle
we save its position in (7, w, L)-coordinates, the volume of its cell, and the value of the initial
distribution f(0,r,w, L). These particles represent the initial phase space density f(0); note
that supp (f(0)) C supp (fo). In order to compute the corresponding mass density p¢(0),

184More precisely, using an equidistant (r, u, a)-grid for setting up the cells seems to yield a better approx-
imation of a given initial distribution f(0) compared to using (r, w, L)-coordinates (or other coordinates).
185The centre of the cell is again taken in (7, u, a)-coordinates, in which each cell is just a cuboid.
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we sum over the contributions of all particles in the momentum variables and interpolate
linearly in the radius. The associated local mass m¢(0) and gravitational potential U (0)
can then be obtained by radial integration according to . When computing the local
mass m(0,7) = 4x [ s*p(0, s) ds, we use Simpson’s rule to take into account the order of
the integrand near the spatial origin » = 0. For these steps we use the same radial grid as
for setting up the cells. Once these macroscopic quantities are computed@ we are ready to
propagate the particles so that they represent the phase space distribution f(dt) at the next
time step 0t > 0. The new positions of the particles are given by evolving the old positions
via the characteristic flow of the steady state. The f-values are updated according to ;
the integral on the right-hand side containing UJQ(O) is calculated during the computation of
the characteristic flow of the steady state. In fact, we do not use as it stands which
would correspond to the Euler method — instead, we employ a suitable adaption of RK4
which is more accurate numerically. The volumes of the cells associated to the particles
remain constant during the particle evolution as the characteristic flow of the steady state is
measure preserving [143, Lemma 1.2]. Repeating this entire process results in a simulation
of the linearised Vlasov-Poisson system.

For our numerical simulations we choose the radial step size §r in the order of magnitude
1073 to 10~ in the case of a steady state with Rmax = 1. The precise choice of this
parameter depends on the underlying steady state; for instance, we use a finer grid for
steady states with steeper mass densities pp. The momentum step sizes for v and « are
chosen s.t. we arrive at a total of 107 to 10® numerical particles; we always make sure to
use at least 107 particles. Again, the suitable number of numerical particles depends on
the underlying steady state (and the computational resources available). The time step
size 0t is chosen to be of a similar magnitude as dr. In total, simulating the linearised
Vlasov-Poisson system with such parameters to a terminal time of, say, ¢ = 50 requires
more than a trillion individual particle propagation steps. To be able to perform such
simulations within a reasonable computation time, we parallelised the particle propagation
as well as various other parts of the algorithm like the computation of p. Fortunately, the
particle-in-cell scheme fits very well with parallel computing. We use the Pthreads API in
C++ to implement a shared-memory parallelisation on a CPU based on [81]; a GPU-based
parallelisation of a related particle-in-cell scheme was developed in [80].

In order to evaluate the accuracy of the simulation, we consider several conserved quan-
tities of the linearised Vlasov-Poisson system and monitor whether/the degree to which
they remain constant during the numerical simulation. The first conserved quantity is the
free energy. For suitable f: Qy — R, it is given by

() = B () + E5E (). (33.6)

where the kinetic and potential parts are defined as

free . 1 f(JI,U)Q _ 1 2
kin (f) T _5 Q% SOI(E,L) d(ac,v) - 5 HfHHa (837)
1 1
Erf)roctc(f) = 5 /QO Uf(l’) f(ﬂ?,v) d(ﬂ?,?}) = _8777 ||8:L‘Uf‘|%2(R3), (838)

respectively. We refer to [I5] Sc. 4] for a proof that £ is constant along solutions of the
linearised Vlasov-Poisson system. The second conserved quantity results from linearising

186We actually only need Uz (0,r) = W to evolve the particles; the potential Uy(0,7) =
— ffo U;(0,s)ds is “only” computed to analyse the solution.
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the total energy — which is a conserved quantity of the non-linearised Vlasov-Poisson system,
cf. [143 Sc. 1.5] — in the same way as in (3.1.21)—(3.1.22)). We refer to it as the linearised
energy. For f as above, it is of the form

E™(f) = B&(f) + Epg(f) = ; E(x,v) f(x,v)d(z,v), (8.3.9)

with kinetic and potential parts given by

=3 | ol 0) ), (8.3.10)
P = | Vo) ) (), (83.11)
respectively. The third conserved quantity is the total mass which is defined as usual:
M(f) = A f(z,v)d(z,v). (8.3.12)
0

It is straight-forward to verify that E™ and M are indeed conserved along solutions of
the linearised Vlasov-Poisson system. To track the evolution of these quantities, the in-
tegrals f are computed numerically by adding up the contributions of all
particles with the respective weights.

To study and illustrate the behaviour of a solution t — f(t) of the linearised Vlasov-
Poisson system, we track the evolution of each single energy component over time, i.e., we
analyse EEe(f(t)), Exee(f(t)), ERR(f(t)), and EX5 (f(t)). We also track the value of the
gravitational potential at the spatial origin, i.e.,

> t
Uf(t,o):—/o Uh(t,r)d / mf " ar, (8.3.13)

as it is a physically motivated indicator for the overall behaviour of f. In addition, we will
analyse the values of the macroscopic functions py(t), my(t), and U(t) on a fixed radial
grid at selected times t.

The Isotropic Polytropic Steady State k =1 = R«

As in the previous sections, we start the numerical analysis with the isotropic polytropic
steady state with polytropic exponent k£ = 1 and parameter x > 0 chosen s.t. Rpax = 1.

We first analyse the solution of the corresponding linearised Vlasov-Poisson system
launched by the initial condition f(0) = w¢/(E). The evolution of the total linearised
energy E'™ as well as Ellgf;l and Eggt is depicted in Figure

We clearly observe that the solution ¢ — f(t) exhibits an oscillatory behaviour. More
precisely, for a brief period at the beginning (i.e., at ¢ = 0), the solution is partially damped
in the sense that the amplitude decreases during the initial oscillations. Afterwards, the
oscillation seems undamped. We will analyse quantitative aspects of this oscillation, like
its period, in the context of more general isotropic polytropes later. We first want to
illustrate that the oscillation is not only visible in the linearised energy components, but in
all macroscopic quantities associated to the solution. To see this, we plot the evolutions of
the kinetic and potential parts of the free energy as well as the value of the gravitational
potential at the spatial origin in Figure The time evolutions of the mass density p;
and the gravitational potential Uy are shown in Figure W In order to make clear that
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Figure 8.3.1: Evolution of the linearised energy E'"™ and its kinetic and potential parts Ell{ll‘;l
and Eggt (see (8.3.9)—(8.3.11)) for the definitions of these quantities) for the solution of the
linearised Vlasov-Poisson system launched by the initial condition w ¢'(FE). The underlying
steady state is the isotropic polytrope with £k =1 and Rya.x = 1.

these two macroscopic functions are periodic in time (after the brief initial damping phase),
we use an additional visualisation method from [I32, Figs. 2 and 4] and plot (¢1,t2) —
lpg(t1) — pr(te)ll2 and (t1,t2) = ||Us(t1) — Us(t2)||2 in Figure m We see that these
differences vanish periodically, meaning that py and Uy are indeed time-periodic as a whole.
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Figure 8.3.2: Evolution of the free energy E and its kinetic and potential parts Elf(rl‘;e
and Elgrgte (top panel; see (88.3.6)—(8.3.8]) for the definitions of these quantities) as well as
the evolution of Uy(-,0) (bottom panel) for the solution of the linearised Vlasov-Poisson
system launched by the initial condition f(0) = w¢/(E).
the isotropic polytrope with £ =1 and Ry = 1.

The underlying steady state is

All these visualisations of the solution show the same qualitative behaviour. In particu-
lar; the oscillation period of all quantities is consistent, except for the kinetic and potential
parts of the free energy which oscillate with twice the frequency as the other quantities.
This phenomenon can be explained by the following two observations: On the one hand,
it is suggested by Figure that the solution changes its sign after half an oscillation
period. On the other hand, both components of the free energy are sign-invariant, i.e.,
Efee(f) = EEe(—f) and Eiee(f) = ENee(—f), thus resulting in the doubled frequency
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Figure 8.3.3: Values of the mass density py = ps(t,7) (left panel) and the gravitational
potential Uy = Uf(t,r) (right panel) at different time-radius pairs (¢,r) for the solution f
of the linearised Vlasov-Poisson system launched by the initial condition f(0) = w¢/(E).
The underlying steady state is the isotropic polytrope with £ =1 and Rpax = 1.
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Figure 8.3.4: L?-differences of the mass density py (left panel) and the gravitational poten-
tial Uy (right panel) at different times, i.e., ||pf(t1) — pr(t2)|l2 and ||Ug(t1) — Uy(t2)||2 for
different t1,ts > 0, for the solution f of the linearised Vlasov-Poisson system launched by
the initial condition f(0) = w¢'(FE). The underlying steady state is the isotropic polytrope
with k =1 and Rpyax = 1.

of Eff*® and Eggf. We hence conclude the following.

Observation 8.3.1 (All Macroscopic Quantities Behave Equivalently). The qualitative
behaviour of a solution of the linearised Vilasov-Poisson system can be observed alike in the
evolutions ofEEfr‘l, Ell)igt, Elf{riie, Elf)rc‘fte, and Uy (+,0), as well as in the evolution of macroscopic
functions like py and Uy.
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So far we have only discussed the fact that all quantities associated to a solution of the
linearised Vlasov-Poisson system are equivalent in the case of a single solution. We have,
however, consistently checked and confirmed this equivalency for all solutions considered
throughout this section.

Before considering more general solutions, let us briefly discuss the numerical accuracy
of the above simulation by analysing the degree to which the conserved quantities of the
linearised Vlasov-Poisson system introduced above are conserved. It is already visible from
Figures 8.3.1] and that the linearised energy and the free energy remain rather un-
changed during the evolution. Concretely, until the final time 7" = 100, the absolute value
of B is always smaller than 2 - 10~%; notice that the linearised energy vanishes at ¢t = 0

because f(0) is odd in w. The relative error of the free energy, i.e., the absolute value of

Bree(f(t))—E™(£(0))
E‘free(f(o))
mass, which also vanishes at ¢t = 0, stays smaller than 1073. We believe that these errors are

small enough to allow us to claim that our numerical simulations indeed accurately describe
the behaviour of the solutions of the linearised Vlasov-Poisson system. In the remainder
of this section, we will not discuss the errors of the conserved quantities in each case, but
have always ensured — by appropriately choosing the numerical parameters — that they are
of the same order of magnitude as the error values mentioned above.

Let us next analyse solutions launched by other initial conditions. We consider eight
different initial conditions which are stated in Table For the sake of comparison, we
have also included the initial condition already used above (Number 5 in Table [8.3.1). The
behaviour of the solutions of the linearised Vlasov-Poisson system launched by these initial
conditions is depicted in Figure |8.3.5

, remains smaller than 1%. In addition, the absolute value of the total

Nr. | f(0) = f(0,r,w, L) | Nr. f(0) = f(0,r,w, L)
1 p(E) 5 w'(E)
2 w p(E) 6 w? ¢/ (E)
3 w? (E) 7 V2 +w? o' (E)
4 ' (E) 8 | X(E, L) vr* +w?¢'(E)

Table 8.3.1: Some initial conditions used for the linearised Vlasov-Poisson system. The
function y = x(F, L) contained in the eighth initial condition is a smooth cut-off function
which vanishes iff £ — Eanin <7

We can clearly see from Figure that the qualitative behaviour of the solution
is independent of the initial data. If we compare some solutions in pairs (e.g., Numbers 1
and 5), we see that they are shifted in their “oscillatory phase”, i.e., after the initial damping
phase. These shiftings are due to different behaviours at the beginning of the evolution,
which are to be expected given the different initial conditions. Nonetheless, the oscillation
period is identical for all solutions. However, there are differences in the strength of the
initial damping phase, i.e., in the difference between the first local extremum of Ell{lf:] and the
extrema attained later. Let us try to make this behaviour plausible: From a spectral analysis
point of view, every initial condition f(0) should be thought of as a sum of the following two
parts: The first part is the orthogonal projection of f(0) onto the space of eigenfunctions of
the linearised operator, provided such eigenfunctions exist. As discussed earlier, this part
causes the undamped oscillations of the solution. The remaining part of f(0) is orthogonal
to all eigenfunctions and should hence get damped by the dynamics (on the macroscopic
level). How these two parts are weighted with respect to each other naturally depends on
the specific initial condition f(0). It should also be noted that, provided that eigenfunctions
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Figure 8.3.5: Evolutions of the kinetic parts of the linearised energy Ell{llr;l for the solutions
of the linearised Vlasov-Poisson system launched by the initial conditions from Table
For better visibility, we have multiplied some of the initial conditions with a positive factor.
The underlying steady state is the isotropic polytrope with £ =1 and Ry = 1.

exist, we can always expect that both parts — the one causing the oscillation and the one
getting damped — are present, in the sense that they have a non-zero weight. The reason
for this is that it is not to be expected that initial data like the ones from Table
which we have chosen with total naivety as simple examples, are a linear combination of,
or orthogonal to, the (unknown) eigenfunctions.

Observation 8.3.2 (All Initial Data Lead to Equivalent Behaviours). The qualitative be-
haviour of solutions of the linearised Vlasov-Poisson system (for some fized steady state) is
qualitatively the same for all generic initial data. Here, an initial condition is referred to as
generic if it (is non-trivial and) has been selected “arbitrarily”, without specifically aiming
to cause exclusively oscillatory or exclusively damped behaviour in the resulting solution.
Explicit examples for such initial conditions are given in Table[8.3.1]

In further internal analyses, we have tested several other generic initial data besides
those from Table [8:3.1] but never found a qualitative difference in the behaviour of the
resulting solution. In particular, we verified all of the following observations regarding the
linearised Vlasov-Poisson system (with steady states different from the one considered so
far) with more initial data than the ones we will present below.

We refer to Chapter |§| for a further discussion of (a potential application of) the afore-
mentioned aspect that the damping phase of a solution varies in “strength” depending on
the initial data. In the present section, we will not further elaborate on this aspect.

Isotropic Polytropic Steady States

We next analyse the solutions of the linearised Vlasov-Poisson system for general isotropic
polytropes . As in Section we consider the polytropic exponents 0 < k < 3.2 and
always choose the parameter £ > 0 s.t. Rpax = 1. It follows by the analysis from Appendix [B]
that the solutions of the linearised Vlasov-Poisson system are simply rescaled when changing
the parameter k of the underlying isotropic polytropic steady state. We now exclude the
case k = 0 because this steady state is not included in the mathematical analysis of the
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linearised system, recall Section Moreover, in accordance with Observation
we only present here solutions launched by the initial distribution f(0) = w¢/(E). The
evolutions of the separate components of the linearised energy for these solutions are plotted
in Figure [8.3.6] for a few isotropic polytropes.
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Figure 8.3.6: Evolution of the linearised energy E'™ and its kinetic and potential parts Ell{‘frll
and Eggt for the solutions of the linearised Vlasov-Poisson systems for isotropic polytropes
with Rpmax = 1 and polytropic exponents k € {%, 1, 372, g,
f(0) =w¢/(F) in all cases.

3}. The initial condition is

It is evident from Figure that the qualitative behaviour of the solution depends
on the polytropic exponent of the underlying steady state: As discussed above, in the case
k = 1 the solution exhibits a (partially) undamped oscillatory behaviour, i.e., it oscillates
undamped after a short initial damping period in which a part of the solution seems to
get damped. The same behaviour can also be observed in the case k = % as well as
for other polytropic exponents 0 < k£ < 1 which we have not included in this figure. In
particular, we observe that solutions of the linearised Vlasov-Poisson system for isotropic
polytropes with polytropic exponents 0 < k < 1 — e.g., k = 0.02 — exhibit an undamped
oscillatory behaviour, which is consistent with Observation Furthermore, for smaller
polytropic exponents, the damping at the beginning seems to be weaker; this can be seen
in Figure by comparing the solutions for k£ = % and £ = 1. In contrast, for k£ €

3 ,2, 3,3} (and for other polytropic exponents % < k < 3.2 which we have not included in
thls figure), the solutions are (fully) damped, in the sense that ElZ (f(¢)) and E};gt( f@)
decay to zero as t gets larger. During this damping, the solutions nonetheless exhibit an
oscillatory behaviour. Moreover, the damping seems to be stronger, i.e., faster, for larger
polytropic exponents k. We will, however, not further investigate the damping rates here.

As indicated by Observation [8.3.1] the damping cannot only be observed in the different

18711 the case k = 0, it is very challenging to simulate the linearised Vlasov-Poisson system numerically
due to the presence of the factor 9, fo in the response term of the linearised Vlasov equation (3.1.1)). This
factor is a delta distribution concentrated at the boundary of the steady state support.
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components of the linearised energy, but also in all other macroscopic quantities. At this
point we should emphasise that damping can only be present at the macroscopic level, i.e.,
“global” quantities like B[, ((t), EL(£()), BES(£(1)), or EES(f(2)) may converge to
fixed numbers or macroscopic functions like ps(t), ms(t), or Us(t) may converge to limiting
functions as ¢ gets larger. The phase space configuration f(¢) is not expected to approach a
limiting configuration as t — oo since the linearised Vlasov-Poisson system is conservative
(meaning that it possesses the conserved quantities introduced above), i.e., there is no
damping on the microscopic level. Anyway, to illustrate how the damping manifests itself
at the level of the macroscopic functions py and Uy, we visualise the evolutions of these
functions in Figuresw and M in the case k = % These figures should be compared

to Figures and [8.3.4] where the same quantities (on a different time scale) are plotted
in the case k = 1. The qualitative differences between the fully damped behaviour (k = %)
and the partially undamped oscillatory behaviour (k = 1) are clearly visible at the level of
these functions as well.
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Figure 8.3.7: Values of the mass density py = ps(t,7) (left panel) and the gravitational
potential Uy = Ug(t,r) (right panel) at different time-radius pairs (¢, r) for the solution f of
the linearised Vlasov-Poisson system for the isotropic polytropic steady state with Ryax = 1
and k = 3. The initial condition is f(0) = w ¢/(E).

To examine the transition from partially undamped to fully damped behaviour in more
detail, we show the evolutions of similar solutions as before for the polytropic exponents
k€ {1.2,1.25,1.3} in Figure m In the case k = 1.2, the oscillations are clearly partially
undamped. The slightly increasing amplitude of the oscillation for this solution — which
could be interpreted as a sign of instability of the underlying steady state — is due to
the numerics, which become slightly inaccurate after the large amount of oscillations. For
k = 1.3, it is evident that the solution is fully damped. We do not dare to assign the
case k = 1.25 clearly to one behaviour. The solution is probably fully damped in this case
too, but the damping is rather slow, which could also be due to an undamped part of the
solution.

Anyway, we feel confident to say that the transition from partially undamped oscillatory
to fully damped behaviour when increasing the polytropic exponent k occurs between k =
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Figure 8.3.8: L2-differences of the mass density py¢ (left panel) and the gravitational poten-
tial Uy (right panel) at different time steps, i.e., ||p¢(t1) —pr(t2)||2 and ||Us(t1) —Uy(t2)]|2 for
different t1,ts > 0, for the solution f of the linearised Vlasov-Poisson system for the isotropic
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Figure 8.3.9: Evolution of the linearised energy E'"™ and its kinetic and potential parts Ell{i.n
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Poisson systems for isotropic polytropes

with Rpmax = 1 and polytropic exponents k& € {1.2,1.25,1.3}. The initial condition is
f(0) =w¢/(F) in all cases.

1.2 and k£ = 1.3. In particular, the analysis of many more polytropic exponents 0 < k < 3.2
than presented here has confirmed that there is only this one transition from undamped
oscillations to damping. Let us state this finding.

Observation 8.3.3 (Oscillations vs. Damping for Isotropic Polytropes at the Linear Level).
In the case of an isotropic polytrope with polytropic exponent 0 < k < 1.2, any solution of the
linearised Viasov-Poisson system (launched by “generic” initial data, cf. Observation
exhibits a partially undamped oscillatory behaviour. In contrast, for polytropic erponents
1.3 < k < 3.2, every solution of the linearised Viasov-Poisson system is fully damped (on
the macroscopic level).

This observation shows that polytropic exponents k ~ 1.25 play a distinguished role
as the threshold between undamped oscillations and damping. Unfortunately, we have not
found any other specific features for such polytropic exponents. For instance, the isotropic
polytropes with Ry.x = 1 attain their maximal total mass at the polytropic exponent
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k =~ 1.65, cf. Figure [8.1.2] which is already in the fully damped regime.

The above observation indicates that more regular steady states, corresponding to a
larger value of k, lead to fully damped solutions, whilst less regular steady states, cor-
responding to smaller k, lead to undamped oscillations. This is consistent with the re-
sults derived in Chapter [6] - recall Remark and Theorem [6.6.1] — and those from [61],
Thm. 1.2]. However, we will see below that, in general, the presence of oscillating modes
does not depend solely on the regularity of the steady state, cf. Observations and

The above observation is also consistent with Observation which, together with
Lemma showed the presence of linear oscillations for isotropic polytropes with very
small polytropic exponents 0 < k < 1.

We next aim to draw conclusions about spectral properties of the linearised operator £
by examining the (numerically computed) solutions of the linearised Vlasov-Poisson system.
The connection between the behaviour of solutions and the spectrum we will establish is,
however, purely formal and not based on rigorous arguments. This connection relies on
the fundamental oscillation period of the oscillatory motion of the solutions, i.e., the period
of the oscillation which is dominantly visible. We determine this period by analysing the
zeros of t +— ELB (f(t)) for the solution launched by the initial condition f(0) = w¢/(E).
More precisely, we take the average distance of all succeeding zeros of t — Elgfrll( f(t)) and
multiply this value by 2 to arrive at the fundamental oscillation period p. In fact, we
omit the first few zeros for this computation as the solution’s behaviour can be somewhat
different at the beginning, e.g., as during the initial damping phase in the case k = 1. It
should, nonetheless, be noted that the distances between succeeding zeros remain rather
constant during the evolution. In the case k = 1, recall Figure this method yields a
fundamental oscillation period of p =~ 5.07. Let us mention that in some cases, e.g., k = %
in Figure there may be a superposition of multiple oscillationsFigl We will, however,
ignore this here and only focus on the fundamental period.

In the situation where the solution contains an undamped oscillatory part, the funda-
mental oscillation period p should correspond to an eigenvalue A of the linearised operator £;
the relation of p and X is given by . Otherwise, in the case of full damping, the so-
lutions still exhibit periodic oscillations with a reasonably constant fundamental oscillating
period pFigl In this case, we also convert p into A using ; A is still expected to be
an element of the spectrum of £, although it is not (expected to be) an eigenvalue. In both
cases, we refer to A as the fundamental spectral element.

As an aside, let us note that we have checked and confirmed the validity of the
Eddington-Ritter type relation, cf. Appendix [B] for the fundamental oscillation periods p
and the associated fundamental spectral elements A for the isotropic polytropes. More pre-
cisely, for several polytropic exponents 0 < k < 3.2, the values of p and A associated to
steady states with different values of x satisfy and to high accuracy. This
has been observed before in [I32], Sc. 4] for suitable solutions of the non-linearised Vlasov-
Poisson system. On the linearised level, the validity of the Eddington-Ritter type relation is
to be expected since, by , choosing different values of x just corresponds to rescaling
the linearised operator £ appropriately. This can thus be interpreted as a further proof of

188We have implemented a discrete Fourier transform (henceforth abbreviated as “DFT”) to detect the
presence of multiple periodic motions in our data. In the case k = % in Figure the DFT shows that
the fundamental oscillation period = 8.84 is indeed more than four times stronger than the second strongest
period = 10.66 detected in the data; the “strength” of a period refers to its amplitude in the Fourier space.

189For strongly damped solutions, which arise in the case of large polytropic exponents, determining the
fundamental oscillation period becomes inaccurate since it gets difficult to distinguish the oscillations from
numerical noise.
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the accuracy of the numerics.

It is now interesting to compare the fundamental spectral element A\ to the essential
spectrum of £. The latter is determined by the minimum and maximum values of the
period function 7" on the steady state support, recall Remark and Proposition
For each (isotropic polytropic) steady state, the minimum and maximum value of 7" on the
steady state support can be calculated numerically using the methods from the previous
section; recall Figure[8:2.6]for a visualisation of these values for the isotropic polytropes. The
essential spectra of the linearised operators calculated in this way as well as the fundamental
spectral elements \ are shown in Figure for various isotropic polytropes. What is
not visible from the figure is that, for all isotropic polytropes shown, the essential spectrum
of £ has no further gaps besides the essential gap G.

3

2.5

15 R * b

05 B .
essential spectrum of lin. operator m—
fu‘ndamental spectr?l element

<
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Figure 8.3.10: The green bars illustrate the essential spectra of the linearised operators £
associated to isotropic polytropic steady states with Ry,.x = 1 and polytropic exponents
0.1 < k < 2. The purple dots depict the fundamental spectral elements A which correspond
to the fundamental oscillation periods of the solutions of the linearised Vlasov-Poisson
system. The computation of A and oess(L) is describe in more detail in the text above.

We see in Figure that the fundamental spectral element A is always smaller than
inf(oess(L)) for isotropic polytropes with polytropic exponents 0.25 < k < 1.2. In the
case k = 1.25, the bottom of the essential spectrum coincides with A\ (within the range
of the numerical (in)accuracies), while for larger polytropic exponents, the fundamental
spectral element lies inside the essential spectrum of £. The same behaviour persists for
all polytropic exponents 0 < k£ < 3.2 and is not restricted to the range we have selected in
the above figure for the sake of better visibility, i.e., A < inf(cess(£)) for 0 < k£ < 1.2 and
A€ Oess(L) for 1.3 < k < 3.2.

This is remarkably consistent with Observation More specifically, as previously
discussed, the fundamental spectral element A\ should be an eigenvalue of £ in the case of
a steady state that causes (partially) undamped oscillations of solutions of the linearised
Vlasov-Poisson system. By Figure [8.3.10] these eigenvalues are always isolated and not em-
bedded into the essential spectrum of £. This fits to the result established in Theorem [6.5.5
which proves that no embedded eigenvalues can occur for steady states that are, admit-
tedly, very different from the ones we are considering here. In other words, the fundamental
oscillation period is larger than all individual (radial) particle periods within the steady
state. In the case k = %, this observation has previously been made in [159, Fig. 2] on the
non-linearised level. For larger polytropic exponents, all solutions of the linearised Vlasov-
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Poisson system are damped by Observation and the fundamental spectral elements
always lie in the essential spectrum of the linearised operator. This means that, in every
case where the solution is damped, the fundamental oscillation period or an integer multiple
of it equals the (radial) periods of some particles within the steady state. It is argued in
the physics literature that such “resonance” necessarily leads to damping, see [19, Sc. 5.3].
Let us summarise these findings.

Observation 8.3.4 (No Embedded Eigenvalues for Isotropic Polytropes). For all isotropic
polytropes, there never seems to be an eigenvalue embedded into the essential spectrum of the
linearised operator L. More precisely, all eigenvalues seem to lie below the essential spec-
trum, i.e., inside the essential gap G. In the fully damped cases, the fundamental oscillation
periods correspond to elements of the essential spectrum of L.

As an aside, let us also mention that Observations [8.3.3] and [8.3.4] are remarkably con-
sistent with the numerical results obtained in [182] Sc. 8.5]. Among other things, this thesis
investigates the linearised Einstein-Vlasov system for isotropic polytropic steady states with
small redshift values. Such steady states are close to the respective isotropic polytropes for
the Vlasov-Poisson system, cf. [60], and it is to be expected that the solutions of the lin-
earised Einstein-Vlasov system behave similarly to the ones of the linearised Vlasov-Poisson
system. It is found in [I82] Sc. 8.5] that the transition from oscillation to damping occurs
close to the polytropic exponent k = 1.2 for isotropic polytropes with small redshifts. This
is very close to the threshold value k£ = 1.25 observed here, despite the analysis of a dif-
ferent system in [I82] and also despite the fact that in [I82] Ch. 8], the spectrum of the
linearised Einstein-Vlasov system is numerically studied using variational methods which
differs conceptually from the particle-in-cell method employed here.

The Pure Transport Equation

In the current context of examining the isotropic polytropes, let us now address another
aspect of the linearised Vlasov-Poisson system. It is sometimes argued that (in suitable
settings) the response term has negligible influence on the behaviour of solutions, cf., e.g.,
[103, p. 280]. This means that instead of the linearised Vlasov-Poisson system (3.1.1])—
, one considers the following simpler equation:

f+Tf=0. (8.3.14)

This equation is commonly referred to as the pure transport equation. Solutions of this
equation for various steady states and general prescribed potentials Uy are, e.g., studied
in [27,, 103 116 [14§].

Let us (numerically) analyse the solutions of for isotropic polytropic steady
states and compare them to the solutions of the actual linearised Vlasov-Poisson system.
It is, in fact, quite easy to modify our numerical methods to simulate the pure transport
equation instead of the linearised Vlasov-Poisson system: On the right-hand side of ,
we just drop the second term. As this term caused most of the difficulties in the numerical
implementation, it is conceptionally easier to simulate the pure transport equation than the
linearised Vlasov-Poisson system. This manifests itself in the fact that the errors of the
conserved quantities of — which are given by Elf(rifle, E' and M defined in ,
(8.3.9), and ([8.3.12]), respectively — during a numerical simulation remain even smaller than
for the linearised Vlasov-Poisson system (with the same initial configuration and numerical
parameters). The evolution of the solution of the pure transport equation launched by the




226 CHAPTER 8. NUMERICAL EXPERIMENTS
0.025 T T T 0.08 T T T T 0.15 T T T
lin. energy, k=0.5 —— | lin. energy, k=1 lin. energy, k=15 ——
0.02 kin. lin. energy, k=0.5 —— 0.06 kin. lin. energy, k=1 —— kin. lin. energy, k=15 ——
0.015 pot. lin. energy, k=0.5 4 pot. lin. energy, k=1 0.1 r pot. lin. energy, k=1.5 ]
0.04 i
0.01 B 0.05 i
0.005 - /\ A A 4 002 /\ 1
0 \/ 0H Y —— 0 —Vﬂvco=---A7777 77777
-0.005 | v \/ Bl .0.02 ,\/ il
-0.01 | g 005 ]
-0.04 B
-0.015 - 01 i
-0.02 | 4 0oey 1
_0025 1 L 1 1 '0.08 Il 1 L 1 _015 L Il 1 L
0 10 20 30 40 50 0 10 20 3 40 50 0 10 20 30 40 50
time time time
0.15 T T T 0.1 T T T T 0.08 T T T T
lin. energy, k=2 —— | lin. energy, k=2.5 —— | lin. energy, k=3 ——
kin. lin. energy, k=2 0.08 kin. lin. energy, k=2.5 —— 0.06 kin. lin. energy, k=3 -
0.1 | pot. lin. energy, k=2 ] 0.06 |- pot. lin. energy, k=2.5 - pot. lin. energy, k=3
0.04 b
0.05 |- g 0.04 )
0.02 4 00z p iy
0 V“"‘*’* — 0 [— 0 =
-0.02 - B L il
0,05 |- i 0.02
-0.04 - =
-0.04 | B
-0.1 | . -0.06 - b
-0.08 | 4 006 F iy
-0.15 1 L I L -0.1 1 L L I -0.08 L L L L
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50

time

time

time

Figure 8.3.11: Evolution of the linearised energy '™ and its kinetic and potential parts E11<1§1
and Eggt (see (8.3.9)—(8.3.11)) for the definitions of these quantities) for the solutions of the
pure transport equation (8.3.14) for isotropic polytropes with Rna.x = 1 and polytropic

exponents k € {%, 1, %, 2, %, 3}. The initial condition is w ¢'(E) in all cases.

initial distribution w ¢’(FE) is shown in Figure for the same isotropic polytropes as
analysed above.

We clearly see that all the solutions of the pure transport equation shown in this figure
are fully damped. This is to be expected in the light of Remark[4.3.30/and Observation[8.2.10
which imply that the transport operator 7 does not possess eigenvalues for the steady states
considered here. Similar to Observation the damping can be observed equivalently
in all other (macroscopic) quantities. It should, however, be pointed out that, due to
Proposition all initial conditions depending only on E and L lead to constant-in-
time solutions. Besides this restriction, all generic initial data also lead to full damping,
e.g., the initial conditions 2, 3, 5, 6, 7, and 8 from Table As an aside, we note that
the strength of the damping seems to depend on the initial distribution for solutions of the
pure transport equation. Nonetheless, the conclusions we draw below about the solutions
of the pure transport equation apply to all initial data.

The behaviour of the solutions of the pure transport equation depicted in Figure
should now be compared to Figure [8.3.6] where similar solutions of the linearised Vlasov-
Poisson system are shown. It becomes evident that the solutions of the pure transport
equation behave very differently than the ones of the linearised Vlasov-Poisson system.
The most striking difference is the absence of undamped oscillatory behaviour of solutions
of the pure transport equation for polytropic exponents k < 1.2. For such steady states, the
fundamental oscillation period of the solutions of the linearised Vlasov-Poisson system is
always larger than the associated period for the pure transport equation. This is consistent
with Observation since the fundamental oscillation periods of solutions of the pure
transport equation correspond to elements within the spectrum of the transport operator;
recall that the essential spectrum of the linearised operator equals the spectrum of the
transport part by Propositions [4.3.19| and [4.5.41
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For larger polytropic exponents, where both the linearised Vlasov-Poisson system’s solu-
tions and the pure transport equation’s solutions are fully damped, the damping is stronger
for the pure transport equation. This can be seen most clearly by comparing the plots in
the case k = % in Figures |8.3.6| and |8.3.11L

Observation 8.3.5 (Differences Between Linearised Vlasov-Poisson System and Pure
Transport Equation). For an isotropic polytropic steady state, the behaviour of the solu-
tions of the linearised Vlasov-Poisson system is qualitatively different from the pure trans-
port equation . Concretely, the solutions of the pure transport equation are always
damped, even if the associated solutions of the linearised Vlasov-Poisson system partially
oscillate undamped. The periods of these oscillations are different from the fundamental os-
cillation periods observed for solutions of the pure transport equation. For the steady states
where all solutions of the linearised Vlasov-Poisson system are fully damped, the solutions
of the pure transport equation are damped more strongly.

We also observed similar differences between solutions of the pure transport equation and
the linearised Vlasov-Poisson system for different steady states than the isotropic polytropes.
We will, however, not further discuss the pure transport system in this section. We shall
reveal in the next section whether the solutions of the pure transport equation or the
linearised Vlasov-Poisson system actually reflect the behaviour of suitable solutions of the
(non-linearised) Vlasov-Poisson system, cf. Observation m

King Models

Let us now consider the linearised Vlasov-Poisson system with a King model as the
underlying steady state. We keep this part shorter than the above analysis for the isotropic
polytropes since the occurring effects are somewhat similar.

The evolutions of the kinetic and potential parts of the linearised energy of solutions of
the linearised Vlasov-Poisson systems for King models with different values of x are depicted
in Figure In accordance with Observation other (macroscopic) quantities
behave equivalently as Ell(lgl and Eggt. As the initial condition we have again always chosen
f(0) = w¢'(E), but point out that further testing suggests that different “generic” initial
data lead to qualitatively similar behaviour.

It is clearly visible from Figure that King models with small values of x lead to
partially undamped oscillatory solutions of the linearised Vlasov-Poisson system, while all
solutions are fully damped for larger values of n@ We have also tested and confirmed
this behaviour for further King models than the ones shown in the figure. Let us attempt
to explain, by means of (very) formal arguments, why we think that this is consistent
with the above observations for the isotropic polytropes: First notice that a steady state
with parameter x > 0 is only affected by the values of the energy dependency function ®
on | — oo, k]. We also observe that the energy dependency function of the King models is
linear to first order, more precisely, ®(n) = ("7 — 1)+ = 14 + Op0(n?). Hence, for small
values of x, King models should be close to an isotropic polytrope with polytropic exponent
k = 1. Since we have observed partially undamped oscillatory solutions in the case of this
isotropic polytrope, cf. Observation [8.3.3] it is to be expected that solutions of the linearised
Vlasov-Poisson system also oscillate undamped for King models with 0 < k < 1, as indeed
they do. For larger values of «, the higher-order terms in the series expansion of the energy

dependency function ®(n) = Y.y Z—T become more important. Hence, the corresponding

199 A5 in Figure ‘8.3.9|, the slightly increasing amplitudes of the oscillations in the cases x = 1 and k =

2
are due to numerical inaccuracies.
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Figure 8.3.12: Evolution of the linearised energy '™ and its kinetic and potential parts E11<1§1
and Eggt for the solutions of the linearised Vlasov-Poisson systems for King models with
395

2

parameters £ € {1,3,2, 5,3,4}. The initial condition is w ¢'(E) in all cases.

King models are somewhat closer to isotropic polytropes with larger polytropic exponents,
for which we have observed fully damped solutions. Notice, however, that all King models
are equally regular. In particular, the King models are all linear in (E — Ep) close to the
vacuum boundary {E' = Ey} in phase space, even for large values of k. Figure hence
yields the following insight:

Observation 8.3.6 (Steady State Regularity is not the Only Decisive Factor). Whether the
solutions of the linearised Vlasov-Poisson system exhibit a partially undamped oscillatory
behaviour or whether they are fully damped is not solely determined by the regularity of the
underlying steady state.

For the King models, it is, however, difficult to determine the threshold value for k > 0
at which the transition from partially undamped oscillatory behaviour to fully damped
behaviour occurs. Our impression is that this transition proceeds much more slowly for the
King models when increasing x compared to when increasing the polytropic exponent k for
the isotropic polytropes. In fact, for a wide range of King models, the behaviour of the
solutions of the linearised Vlasov-Poisson system is somewhat similar to the polytropic case
k = 1.25, cf. Figure [8.3.9] which we cannot confidently classify as being fully damped or
not. We are, nonetheless, certain that all King models with 0 < k < % lead to partially
undamped oscillatory solutions of the linearised Vlasov-Poisson system, while all solutions
are fully damped for xk > g

Furthermore, in contrast to the isotropic polytropic case, comparing the fundamental
spectral element A with the essential spectrum of the linearised operator £ does not provide
any further insights into the onset of fully damped behaviour for the King models when
increasing k. This is because, for all values of k > 1 we analysed, the fundamental spectral
elements A are in such close proximity to inf(cess(£)) that — given the inherent numerical
inaccuracies — it is not possible to clearly say whether X lies in the essential spectrum of £
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or just below it. On the non-linearised level, this phenomenon for one fixed King model has
previously been observed in [159] Fig. 2]. For 0 < k < 1, the fundamental spectral elements
always lie below inf(oess(£)). Let us emphasise that we have never clearly observed A lying
inside oess(L) in a case where the solutions of the linearised Vlasov-Poisson system partially
oscillate undamped or where we are uncertain of the occurring behaviour. This is again
very similar to the isotropic polytropes, recall Observation [8.3.4]

Despite the uncertainties in the analysis of the linearised Vlasov-Poisson systems for the
King models, we feel confident enough to conclude the following.

Observation 8.3.7 (Linearised Dynamics for the King Models). For King models with
small values of the parameter k (at least 0 < k < %), the solutions of the linearised Vlasov-
Poisson system (launched by “generic” initial data, cf. Observation all exhibit a
partially undamped oscillatory behaviour. In contrast, for King models with larger values
of k (at least k > %), all solutions of the linearised Vlasov-Poisson system are fully damped
(on the macroscopic level).

Moreover, we have never encountered an undamped oscillation clearly corresponding to
an embedded eigenvalue of the linearised operator for any King model. For all King models
with 1 < k < 4, the fundamental spectral element is rather close to the bottom of the
essential spectrum of the linearised operator.

Anisotropic Polytropes with Ly =0

We now return to the polytropic steady states and consider the case of an equation of state
of the form with Ly = 0 < £. The resulting steady states are anisotropic and have
no inner radial vacuum region, i.e., Ry = 0. Due to the assumption such steady
states are not included in the analysis of Chapters[d]and [5]since their periods are unbounded,
cf. Remarks @ and Nonetheless, we numerically study the linearised Vlasov-
Poisson system here for such steady states in order to understand how the anisotropy of
the steady states affects the linearised dynamics.

For several different polytropic exponents k and ¢, Figure displays whether the
numerics indicate the presence of partially undamped oscillatory solutions of the linearised
Vlasov-Poisson system or whether all solutions are fully damped. We have determined the
qualitative behaviour in the same way as above, i.e., by analysing the evolution of Ell;f;l up
to a terminal time of about ¢ = 50. In some cases, the behaviour is similar to the isotropic
polytropic case k = 1.25, recall Figure [8:3.9} we do not dare to assign such cases clearly to
one behaviour. For all steady states, we have chosen the parameter x leading to Ryax = 1;
note that, by Appendix [B] the qualitative behaviour of solutions of the linearised Vlasov-
Poisson system does not depend on k. Furthermore, in accordance with Observations|[8.3.1
and the qualitative behaviour does not depend on the initial condition, nor on which
macroscopic quantity we analyse. Figure can be seen as an extension of (and homage
to) [66, Fig. 5], where the stability of similar anisotropic polytropes is studied (on the
non-linearised level). However, in [66] the focus lies more on anisotropic polytropes with
non-positive polytropic exponents k and ¢, which we do not consider here.

We clearly see from Figure that undamped oscillatory behaviour exists for smaller
values of the polytropic exponent k£ and for larger values of the polytropic exponent £. Just
like Observation [8.3.6] this shows that, in general, a less regular steady state does not lead to
an undamped oscillatory behaviour — as one may have believed after analysing the isotropic
polytropes — since a larger value of ¢ corresponds to a more regular steady state. Instead,
it appears that a greater degree of anisotropy of the steady state, corresponding to a larger
value of ¢, increases the likelihood of undamped oscillations. The fact that larger ¢ lead to
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Figure 8.3.13: The qualitative behaviour of solutions of the linearised Vlasov-Poisson system
for polytropes with Ly = 0 and different polytropic exponents k > 0 and ¢ > 0 satisfying
k< 30+ % Either there are parts of the solutions which oscillate undamped (red circles),
or the solutions are fully damped (blue crosses), or we cannot say for sure which of these
two cases is present (black squares). The dashed purple line corresponds to polytropic
exponents satisfying %k —sl=1

undamped oscillatory behaviour has also been observed in [132] on the non-linearised level.
There it is argued that steady states with small ¢ are somewhat more homogeneous which,
in the light of the results known in the plasma physics case [120], ought to correspond to
more damping.

The most remarkable observation from Figure[8.3.13]is that the presence of an undamped
oscillation or damping seems to depend on the polytropic exponents k and £ in a linear way.
To our knowledge, such observation has not been made before, not even on the non-linearised
level. Concretely, the dashed line included into the figure seems to separate the two regimes
quite well, despite the inherent inaccuracies of the numerics. We have fitted this line by
manual trial and error and discovered, to our delight, that the coefficients can be expressed
in a rather simple form. In the isotropic case ¢ = 0, this line suggests that the transition
from undamped oscillations to damping occurs at the polytropic exponent k = % ~ 1.22,
which is consistent with Observation

It should be also be noted that, given Observations[8.3.4and[8:3.7] it is already surprising
that there exist polytropic steady states with Ly = 0 and positive ¢ leading to (partially)
undamped oscillations of the linearised Vlasov-Poisson system. As noted above, the period
function is unbounded on the support of such steady states. Although we have not proven
it here, it is plausible by Proposition [£.5.4] that the essential spectrum of the linearised
operator L is given by gess (L) = [0, 00[. Hence, any undamped oscillation corresponds to an
eigenvalue of £ which is embedded into its essential spectrum. This shows that we cannot
expect the absence of embedded eigenvalues for anisotropic steady states.

Observation 8.3.8 (Linearised Dynamics for Anisotropic Polytropes with Ly = 0). An
anisotropic polytropic steady state with Lo = 0, i.e., an ansatz function of the form
o(E,L) = (Ey — BE) L with £ > 0 and 0 < k < 30 + £, leads to partially undamped
oscillatory solutions of the linearised Vlasov-Poisson system if k is small and £ is large.
More precisely, the following linear relation between the polytropic exponents k and £ of the
steady state and the qualitative behaviour of the solutions of the linearised Vlasov-Poisson
system applies to high accuracy: There exist partially undamped oscillatory solutions if and
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For ¢ > 0, these oscillations correspond to eigenvalues which are embedded into the essential
spectrum of the linearised operator, i.e., the oscillation period of the whole solution is in
resonance with the periods of individual particles within the steady state.

Polytropic Shells

We next consider the case of a polytropic shell, i.e., a steady state with microscopic equation
of state of the form with Lg > 0. We only consider the case x = 1 here, but are
certain that a similar behaviour can also be observed for general values of k.

Let us first analyse the alteration in the linearised Vlasov-Poisson system when slowly
increasing Lo from 0. As to be expected, for 0 < Ly < 1, the solutions of the linearised
system are somewhat close to the respective solutions in the case Ly = 0. For instance,
the solutions exhibit a partially undamped oscillatory behaviour for the polytrope with
k=1=1/¢=k and Ly = 0, and a similar behaviour can also be observed for polytropes
with the same polytropic exponents and 0 < Ly < 1 = k. In addition, the oscillation
periods in these cases are close to each other, as are the values of the period function. Since
supp, (1) = oo in the case Lo = 0, we also observe that for small values of Ly > 0, the
fundamental oscillation period of the entire solution is in resonance with the periods of
individual particles. Concretely, this is the case for 0 < Ly < 0.0003, while the fundamental
oscillation periods of the entire solutions are larger than supp, (") for Lo > 0.0005; in par-
ticular, we have observed a partially undamped oscillation for all polytropes we analysed
with Lg > 0 and £ = 1 = ¢ = k. As explained before, the former corresponds to an eigen-
value that is embedded into the essential spectrum of the linearised operator. This shows
that the absence of embedded eigenvalues cannot be expected for polytropes with Lg > 0,
even though these steady states are admissible for the analysis in Chapters provided
that k and ¢ are suitably chosen. Further recall that the absence of embedded eigenvalues
was proven in Section [6.5] for polytropic shells which are small and which surround a point
mass. The above discussion hence shows that the presence of the point mass is crucial for
the results in Section We have only explicitly analysed this phenomenon for one choice
of polytropic exponents k,¢ > 0, but consider it very plausible that there generally exists
an embedded eigenvalue for polytropes with 0 < Ly < 1 and polytropic exponents which
correspond to partially undamped oscillations in the case Ly = 0, cf. Figure 8:3.13]

For polytropic exponents corresponding to fully damped solutions in the case Lo = 0,
cf. Figure 8.3.13] we observe a similar behaviour for 0 < Ly < 1 as well. For instance, for
the polytropes with k =2, £ = %, and kK = 1, we observe that all solutions of the linearised
Vlasov-Poisson system are fully damped for 0 < Lo < 0.01.

When increasing the parameter Lo > 0, we actually never observe such fully damped
solutions. For instance, for all polytropes with Ly = 1 = x and polytropic exponents k
and ¢ contained in Figure the solutions of the linearised Vlasov-Poisson system are
oscillating partially undamped. The associated oscillation periods are always smaller than
all particle periods, corresponding to an eigenvalue of the linearised operator in the essential
gap. This is consistent with Observation which also indicated that polytropic shells
with not too small Ly > 0 possess an eigenvalue in the essential gap.

Lastly, let us discuss the behaviour of solutions of the linearised Vlasov-Poisson system
for polytropic shells with parameters satisfying the conditions of Theorem m
Such solutions are, in fact, harder to study from a numerics point of view and we encounter
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larger numerical errors than for other steady states. This is due to the fact that all steady
states satisfying are not smooth at the boundary of their support because of £ < 0.
Nonetheless, for all the steady states mentioned in Observation [8.2.8] we clearly found that
the solutions of the linearised Vlasov-Poisson system possess an undamped oscillatory part.
This is consistent with the statement from Theorem [5.4.1} recall that Observation [8.2.8
indicates that the assumption is satisfied for these steady states.

Let us summarise our findings regarding the polytropic shells.

Observation 8.3.9 (Linearised Dynamics for Polytropic Shells). For all polytropic shells
with polytropic exponents k, ¢ > 0 and 0 < Lo < 1, the solutions of the linearised Vlasov-
Poisson system are similar to the respective solutions in the case Lo = 0. If the solutions
are partially oscillating undamped, the oscillation periods correspond to an eigenvalue which
1s embedded into the essential spectrum of the linearised operator.

If Ly > 0 is not too small, the solutions of the linearised Vlasov-Poisson system always
seem to possess an undamped oscillatory part, regardless of the polytropic exponents k and £.

Undamped oscillatory behaviour can also be observed for all polytropic shells satisfying

the conditions (5.4.1) of Theorem [5.4.1|

8.4 Numerics of the (Non-Linearised) Vlasov-Poisson Sys-
tem

In this section we numerically analyse solutions of the (non-linearised) Vlasov-Poisson sys-
tem close to steady states. The main purpose is to investigate whether the behaviour of
such solutions can indeed be explained by the behaviour of suitable solutions of the lin-
earised Vlasov-Poisson system. Since the theoretical parts of this thesis have dealt solely
with the linearised Vlasov-Poisson system, we refrain here from studying the properties
of the non-linearised system itself in more detail. In addition, numerous works have al-
ready numerically investigated different aspects of the Vlasov-Poisson system. A (most
likely incomplete) list of previous numerical investigations that are not too far away from
the setting considered here — spherically symmetric solutions close to compactly supported
steady states — is [13] [66], 82, O3] 100l 115, [124] 127, 132, 159, 168, 177, 180]. However,
the transition from the linearised to the non-linearised Vlasov-Poisson system has, to our
knowledge, not yet been numerically analysed.

The Numerical Method

Let us describe how we simulate the radial Vlasov-Poisson system —. Similar
as for the linearised Vlasov-Poisson system, cf. Section [8.3] we simulate the Vlasov-Poisson
system using a particle-in-cell scheme. The same method has also been used in [132] to
numerically analyse the presence of undamped oscillations or damping close to similar steady
states as the ones considered here. Furthermore, the particle-in-cell method is commonly
used to simulate the Vlasov-Poisson system in a plasma physics context [20] as well as to
simulate the Einstein-Vlasov system in spherical symmetry [5, 48, [50, [182] and in other
symmetries [2, [3]. The code we use here is based on the ones used in [5], 48, [50] [132],
although we have entirely rewritten the code in an object-oriented way. Compared to the
code used in [132], we have included some improvements which we will describe below. For
instance, the spatial origin = 0 is handled more carefully and we employ an RK4 scheme
instead of a Euler scheme for evolving the particles. In the astrophysics literature — see the
references above — the Vlasov-Poisson system has also been analysed numerically, but with
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different numerical methods. In fact, most of these numerical investigations are based on N-
body simulations in one form or another. The particle-in-cell scheme is more adapted to the
Vlasov-Poisson system. In particular, it is proven in [I53] that a particle-in-cell simulation
actually converges to the true solution of the Vlasov-Poisson system when increasing the
accuracy of the discretisation. Furthermore, in the context of plasma physics, numerous
techniques have been developed to further improve the numerical methods presented here,
see [122, [123] and the references therein.

The key idea of the particle-in-cell scheme is to split the phase space support of the initial
distribution f(0) into finitely many distinct cells. This phase space separation proceeds in
the same way as in the linearised case, cf. above. In particular, we again use the (r,u, a)-
coordinates from Remark for this step; note that these coordinates are also used
in [I53]. Each of the resulting cells is represented by a (numerical) particle placed into
its centre. Again, each particle stores its position in phase space in (r,w, L)-coordinates,
the volume of its cell, and the value of the initial distribution f(0,r,w,L). These particles
represent the initial phase space distribution f(0), and the evolution of f governed by
the Vlasov-Poisson system is given through the evolution of the particles. The particle
trajectories are governed by the ODE

T =w, 0= —0,Uy(t,x), (8.4.1)

where Uy (t) is the gravitational potential generated by f at time t. However, since f is only
(yet) known at time ¢ = 0, we use the following approximation of (8.4.1]):

T =w, 0= —0,U(0, ). (8.4.2)

The right-hand side of this ODE is computed using the formula 0,U(0,x) = m¢(0, |x|)ﬁ,
where my(0,7) is obtained from the particles as described in the context of the linearised
system. In particular, we again take into account the order of the integrand of m(0,r) close
to the radial origin » = 0 by employing Simpson’s rule to compute the integral. Note that
the assumption of spherical symmetry significantly simplifies this step since we only have
to compute a one-dimensional integral to compute the right-hand side of instead of
solving the three-dimensional Poisson equation. When evolving the particles, we deliber-
ately avoid using radial coordinates and instead change to Cartesian (x, v)-coordinates when
solving the characteristic system. This prevents numerical errors arising from the (artificial)
singularity at » = 0 in radial coordinates and has been developed in [48, [132]. Evolving the
particles via gives a good approximation of their position at time 6t > 0 provided
that the time step size t is sufficiently small. In fact, for the particle propagation, we do
not use directly, which would correspond to the Euler method, but instead employ
a suitable adaptation of RK4 similar to [50]. Also note that the value of f and the cell size
associated to each numerical particle remain constant during the particle evolution since
the phase space density f is constant along the characteristic flow of the Vlasov equation
and this flow is measure-preserving, cf. [I43] Lemmas 1.2 and 1.3]. Hence, the particles
represent the phase space distribution f(dt) at the next time step 6t after updating their
positions. Iterating this entire process results in a simulation of the Vlasov-Poisson system.

We choose similar numerical parameters as for the simulation of the linearised Vlasov-
Poisson system. In particular, we always use a total of 107-10% numerical particles. To be
able to run the program within reasonable time, we employ a shared-memory parallelisation
similar to [48, 50, 81 132], which is again implement using the Pthreads API in C++. We
refer to [80] for a GPU-based parallelisation scheme in a related context.
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Similar to the linearised case, we evaluate the accuracy of the simulation by monitoring
the conserved quantities of the Vlasov-Poisson system, see [143, Sc. 1.5] for an overview
over such conserved quantities. The first one is the total energy

Etot(f) = Exin(f) + Epot([), (8.4.3)

with kinetic and potential parts given by (3.1.19) and (3.1.20)), respectively. The other
conserved quantity we consider here is the total mass of f given by . It is straight-
forward to numerically compute these quantities by adding up the contributions of all
particles with suitable weights.

In order to analyse the solution f = f(t), we consider the evolutions of FEiy,(f(t)),
Epot(f(t)), and Ug(t,0); the latter quantity can be computed from the local mass m(t,)
via . Furthermore, we analyse the evolution of the support of the solution by
considering the minimal and maximal radius of the solution given by

Rpin(t) == inf{r > 0| I(w, L): f(t,r,w,L) > 0}, (8.4.4)
Ruax(t) == sup{r > 0| I(w,L): f(t,r,w,L) > 0}, (8.4.5)

as well as the minimal and maximal w-values of the solution which are defined similarly. In
addition, we study the behaviour of the macroscopic functions p¢(t), m(t), and Ug(t).

In order to analyse the dynamics of the Vlasov-Poisson system close to a fixed steady
state fo, we consider solutions launched by initial data of the form

f(0) =a fo, (8.4.6)

which should be viewed as a perturbation of the steady state. The strength of the pertur-
bation is determined by the difference of the perturbation amplitude o and 1. We choose
this type of perturbation here for the sake of simplicity and because its strength is directly
determined by the parameter a. It should, however, be emphasised that it was found
in [132] that different perturbations, including dynamically accessible ones, always lead to
qualitatively similar behaviour of the resulting solutions.

The Isotropic Polytropic Steady State k =1 = R,

We again start by considering the isotropic polytrope with polytropic exponent k = 1
and parameter k > 0 chosen s.t. Ryax = 1; such k exists by Appendix

We first analyse the solution of the Vlasov-Poisson system launched by the initial condi-
tion with perturbation amplitude oo = 1.01. The evolutions of the kinetic, potential,
and total energy for this solution are shown in Figure[8.4.1

We clearly see that the solution exhibits an undamped oscillatory behaviour. More
precisely, it seems like the solution travels to a state close to the original equilibrium at
the beginning (i.e., for small ¢) and then oscillates around this new state undamped. Given
the oscillatory behaviour of the solutions of the linearised Vlasov-Poisson system for this
steady state and the arguments from Section (3.1} such oscillations are to be expected.
We will analyse this oscillation, and how similar it is to the oscillations observed on the
linearised level, below in more detail in the context of general isotropic polytropes. Before
doing so, we want to discuss further aspects of the above solution.

Firstly, we note that the oscillatory behaviour is visible in all macroscopic quantities
associated to the solution. Figure shows the behaviour of the value of the gravitational
potential at the spatial origin — recall for a formula for this quantity — as well as
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Figure 8.4.1: Evolution of the total energy Ei. and its kinetic and potential parts Eiin
and Epo (see (3.1.19), (3.1.20), and (8.4.3) for the definitions of these quantities) for the
solution of the Vlasov-Poisson system launched by the initial condition 1.01 fy, where fj is
the isotropic polytrope with £ =1 and Ry = 1.

the behaviour of the maximal radius Rmax(t)FEI The former evidently behaves similarly
to the kinetic and potential energies. The time evolution of the maximal radius looks
significantly more chaotic than the other plots. This is because this quantity can be affected
by the behaviour of a small number of numerical particles (out of the ~ 4 - 107 numerical
particles used for the simulation) and is hence vulnerable to even the slightest numerical
inaccuracies. Nonetheless, we see that the maximal radius also exhibits an undamped
oscillatory behaviour. This is consistent with the pulsation motivated by Sections |3.2
in the case of an eigenvalue of the linearised operator.
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Figure 8.4.2: Evolutions of the maximal radius Ryax(t) (top panel, recall for the
definition of this quantity) and U¢(t, 0) (bottom panel) for the solution of the Vlasov-Poisson
system launched by the initial condition 1.01 fy, where fy is the isotropic polytrope with
k=1and Rpax = 1.

The pulsating nature is even better visible in the macroscopic functions associated to
the solution. In Figure[8.4.3] the time evolutions of several such functions are shown. Recall

19'The minimal radius Rmin(t) always remains (very close to) 0. This means that the solution preserves
the ball-like structure of the steady state.
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Figure for plots of the same macroscopic functions for the unperturbed steady state.
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Figure 8.4.3: Values of the mass density py = p¢(t,r) (top left panel), gravitational potential
Us = Uy(t,r) (top right panel), radial mass density 4mr?ps(t,7) (bottom left panel), and
local mass my = my(t,r) (bottom right panel) at different time-radius pairs (t,r) for the
solution f of the Vlasov-Poisson system launched by the initial condition 1.01 fy, where fy
is the isotropic polytrope with £ =1 and Ry = 1.

To see that these functions as a whole are indeed time-periodic, we plot (t1,t2) —
lpf(t1) — py(t2)ll2 and (t1,t2) — ||Us(t1) — Us(t2)|l2 in Figure [8.4.4] The behaviour of
these differences is very similar to [132, Figs. 2 and 4]. These figures were the inspiration
for Figure although different solutions are considered there. In the left panel of
Figure we see that [|pf(t1) — ps(t2)||2 does not become zero (black colour) for ¢; # ta,
but at most close to zero (violet colour). This is due to numerical noise in the mass
density py. The figure nonetheless clearly shows that ¢ — ps(t) is time periodic. In the
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right panel of Figure we see that [|[Ug(t1) — Uy(t2)||2 indeed vanishes periodically for
t1,t2 > 0. This is because the numerical noise contained in the mass density p; cancels out
during the two radial integrations in the computation of the gravitational potential Uy.
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Figure 8.4.4: L?-differences of the mass density py (left panel) and the gravitational poten-
tial Uy (right panel) at different time steps, i.e., |[p(t1) — ps(t2)|l2 and ||Ug(t1) — Us(t2)ll2
for different t1,to > 0, for the solution f of the Vlasov-Poisson system launched by the
initial condition 1.01 fy, where fy is the isotropic polytrope with £ = 1 and Ry = 1.

Although we will not further illustrate this here, we note that the minimal and maximal
values of the radial velocity w in the support of the solution exhibit a similar evolution as the
maximal radius Ruyax(t), see Figure These quantities also behave quite chaotic, but
an oscillatory motion is nonetheless clearly visible. This is consistent with the arguments
from Section [3.3] which explain that the whole phase space support of the solution oscillates
in the case of an oscillation on the linearised level.

Altogether, we conclude that the oscillation is indeed visible in all macroscopic quantities
associated to the solution. The same is also true for other solutions which we will analyse
below. This is similar to the linearised level, recall Observation [8.3.1

Observation 8.4.1 (All Macroscopic Quantities Behave Equivalently). The qualitative
behaviour of a solution of the Viasov-Poisson system can be observed alike in the evolutions
of Exin, Epot, Rmax(t), and U(t,0), as well as in macroscopic functions like py and Us. In
particular, an oscillatory behaviour indeed occurs as a pulsation, i.e., the spatial support of
the solution expands and contracts in a time-periodic way.

Secondly, let us briefly discuss the numerical accuracy of the simulation. As already
visible in Figure the total energy is preserved to high accuracy during the evolution.
Concretely, until the final time T = 100, the relative error of the total energy, i.e., the

absolute value of Zretlf E(tl)t(_f?(t)(it)(f (0)), remains smaller than 0.01%. The relative error of the

total mass even remains smaller than 0.002%[™? Comparing these errors to the ones which
occurred for the simulations of the linearised Vlasov-Poisson system, we come to the (sur-
prising) conclusion that we can, in fact, simulate the non-linearised Vlasov-Poisson more

1921t is to be expected that the error of the total mass is smaller than the errors of other conserved quantities,
like the total energy, because the conservation of the total mass is somewhat build into the particle-in-cell

scheme, cf. [153].



238 CHAPTER 8. NUMERICAL EXPERIMENTS

accurately than the linearised system. The reason for this is probably that the particle-in-
cell method which we use to simulate both systems is more adapted to the non-linearised
system. Anyway, the small error values give us great confidence that our numerical sim-
ulations of the Vlasov-Poisson system are indeed accurate. In the remaining parts of this
section we will not further discuss the numerical accuracy, but note that the errors are
always of a similar order of magnitude as those of the above simulation.

Thirdly, as already mentioned above, the oscillation takes place around a state which is
different from the original steady state. This is, for instance, well visible in Figure[8.4.1} The
oscillation of the kinetic energy takes place around a value which is larger than the initial
value, which is in turn larger than the kinetic energy of the steady state. This phenomenon
is also visible in Figures Given that the steady state is (non-linearly) stable, this
behaviour might be surprising. However, it is only due to the strength of the perturbation
used above. If one decreases the strength of the perturbation by choosing the perturbation
amplitude « closer to 1, the oscillation of the solution takes place closer to the original
steady state. This is well visible in Figure where solutions launched by different
perturbation amplitudes are depicted. Let us note that the same effect — i.e., oscillations
taking place around a state different from the original equilibrium — has also been observed
in [I32] for different perturbations, including dynamically accessible ones. This shows that
this effect is not only due to the naive perturbation type chosen here.
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Figure 8.4.5: FEvolution of the kinetic energy FEy;, for the solutions of the Vlasov-
Poisson system launched by the initial conditions « fy with perturbation amplitudes
a € {1.1,1.01,1.001, 1.0001, 1,0.9999, 0.999, 0.99, 0.9}, where fj is the isotropic polytrope
with k =1 and Ryax = 1.

Let us further analyse Figure We see that stronger perturbations not only lead
to the oscillations to take place further away from the original steady state, but also to
different oscillation periods. For instance, the (fundamental) oscillation periods of the
solutions launched by the perturbation amplitudes @ = 1.1, a = 1.01, and o = 1.001
are all different from one another. In the cases a = 1.001, o = 1.0001, and o = 1, the
oscillation periods seem quite identical to one another. Notice that in the case o = 1, the
slight oscillation of the solution is due to numerical errors acting in the same way as a
perturbation. The same effects are also visible for perturbation amplitudes o < 1, more
precisely, the (fundamental) oscillation periods are different for &« = 0.9, & = 0.99 and
a € {0.999,0.9999, 1}. This behaviour also occurs for all other steady state which we will
investigate throughout this section.
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Observation 8.4.2 (Oscillations for Different Perturbations). Consider a steady state for
which the solutions of the Vilasov-Poisson system close to it exhibit an undamped oscillatory
behaviour. Such oscillations take place closer to the steady state if the strength of the
perturbation is reduced. In addition, the fundamental oscillation periods converge to a fixed
value as the strengths of the perturbations tend to zero.

A similar observation has previously been made in [132, Fig. 5]. There, it is further
concluded that the limiting oscillation period is independent of the perturbation type.

As an aside, let us briefly discuss another aspect of the solutions shown in Figure [8.4.5
In the case of a stronger perturbation, the solutions exhibit a second oscillatory motion in
addition to the fundamental oscillation. Concretely, the solution launched by the pertur-
bation amplitude o = 1.1 has a fundamental oscillation period of ~ 4.2 and shows another
oscillation with a larger period of = 35.4@ An explanation for this behaviour may be
that the strong perturbation carries parts of the solution to different steady states, around
which they oscillate with different periods. The presence of multiple oscillations for solu-
tions which are perturbed rather strongly has also been observed in [I132] Figs. 7 and 8].
Here, we will not discuss this phenomenon further and instead focus on solutions which
are closer to a steady state, as only such solutions are related to suitable solutions of the
linearised Vlasov-Poisson system.

Isotropic Polytropic Steady States

We next consider solutions of the Vlasov-Poisson system close to general isotropic poly-
tropes . As before, we always choose the parameter k > 0 s.t. Rpax = 1 for the
resulting steady states, cf. Appendix [B] The evolutions of the kinetic energies for different
such solutions are shown in Figure

We see that the solutions close to isotropic polytropes with polytropic exponents k €
{%, 1} exhibit an undamped oscillatory behaviour. As stated in Observation these
oscillations are of pulsating nature. For larger polytropic exponents k € {%,27 5,3}, the
solutions also exhibit an oscillatory behaviour, but the oscillation fully damps out over
time. This damping seems to be stronger, i.e., faster, for larger polytropic exponents.
Similar to the oscillatory case, cf. Observation the solutions do not converge to the
original steady state, but to a state close by. Reducing the perturbation strength again leads
to the limiting configuration to be closer to the original equilibrium. Let us also note that
the “noise” which is visible in the cases k € {%, 3} seems to be of pure numerical nature;
increasing the numerical accuracy reduces it. Furthermore, the damping is also visible in
the evolution of other macroscopic quantities associated to the solution. In Figures [8.4.7
and [8:4.8] the evolutions of several macroscopic functions of a solution close to the isotropic
polytrope k = % are visualised. These figures should be compared to Figures and
where the same quantities of a similar solution in the case k = 1 are plotted. Let us note that,
despite the damping, the differences ||p(t1)—ps(t2)ll2 in the left panel of Figure[8.4.8 do not
seem to become zero (black colour) for large t; # t2, but only close to zero (violet colour).
This is again due to numerical noise being present on the level of the mass density ps. In
the right panel of Figure we see that [|[Uy(t1) — Us(t2)||2 indeed becomes zero for
sufficiently large t1,t2 > 0, which illustrates the damping quite nicely.

To study where the transition from undamped oscillatory behaviour to full damping
takes place, we depict the behaviour of solutions close to the isotropic polytropes with

193These oscillation periods have been determined by applying the discrete Fourier transform to Exin(f(t)).
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Figure 8.4.6: Evolution of the kinetic energy Fjy;, for the solutions of the Vlasov-Poisson
system launched by the initial conditions 1.01 fy for the isotropic polytropes fo with k& €

{3,1,2,2,2,3} and Rpax = 1.

polytropic exponents k € {1.2,1.25,1.3} in Figure We use a weaker perturbation
than above to be sure that the effects are indeed determined by the respective steady state.

In Figure the solution close to the isotropic polytrope with polytropic exponent
k = 1.2 oscillates and the oscillation does not seem to fully damp out, i.e., a part of the
solution oscillates undamped. In contrast, in the case k = 1.3, the oscillation gets fully
damped. For the polytropic exponent k& = 1.25, we are not quite sure which of these
two behaviours is present — the solution might be fully damped as well, but the damping
proceeds too slowly to be certain. Anyway, we have observed only this one transition
from undamped oscillatory to fully damped behaviour. More precisely, considering further
solutions has shown that solutions close to isotropic polytropes with polytropic exponents
0 < k < 1.2 exhibit an undamped oscillatory behaviour, while the solutions close isotropic
polytropes with 1.2 < k < 3.2 are fully damped; for the same reasons as in Section 8.1
we do not choose k > 3.2 here. In particular, Figure shows the time evolutions of
solutions close to the isotropic polytropes with k£ = % (left panel) and k = g (right panel).
We have chosen a rather strong perturbation (a = 1.1) there so that the qualitatively
different behaviours of the solutions are clearly visible.

Observation 8.4.3 (Oscillations vs. Damping for Isotropic Polytropes at the Non-—
Linearised Level). The solutions of the (non-linearised) Vlasov-Poisson system close to
1sotropic polytropes with polytropic exponents 0 < k < 1.2 exhibit a partially undamped os-
cillatory behaviour. In contrast, any solution close to an isotropic polytrope with polytropic
exponent 1.3 < k < 3.2 is fully damped (on the macroscopic level), in the sense that its
macroscopic quantities are convergent.

This observation is consistent with previous numerical investigations of the isotropic
polytropes, which we review now: In [IT5], it was observed that the kinetic and potential
energies of solutions close to the isotropic polytrope k = % exhibit an oscillatory behaviour.
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Figure 8.4.7: Values of the mass density py = pg(t,r) (top left panel), gravitational potential
Us = Ug(t,r) (top right panel), radial mass density 47r?p¢(t,r) (bottom left panel), and
local mass my = my(t,r) (bottom right panel) at different time-radius pairs (¢,r) for the
solution f of the Vlasov-Poisson system launched by the initial condition 1.01 fy, where fy
is the isotropic polytrope with k& = % and Rpyax = 1.

In accordance with Observation these oscillations seem to be damped. These findings
were verified in [I76] with a different numerical method which is more adapted to the
Vlasov-Poisson system than the N-body code used in [II5]. In [168], somewhat damped
pulsations were observed for solutions close to the Plummer sphere which corresponds to
the polytropic exponent k = % In [159], it was found that perturbing an isotropic polytrope
with polytropic exponent k < 1 leads to “very weakly decaying modes”; we even go so far
here as to call these modes undamped. Again, these oscillations were also observed for
the supports of the solutions. It is also stated in [I59] that the oscillations are “strongly
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Figure 8.4.8: L?-differences of the mass density py (left panel) and the gravitational poten-
tial Uy (right panel) at different time steps, i.e., ||pf(t1) — pr(t2)|l2 and ||Us(t1) — Us(t2)|l2
for different t1,t2 > 0, for the solution f of the Vlasov-Poisson system launched by the
initial condition 1.01 fy, where fy is the isotropic polytrope with k = % and Ry = 1.
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Figure 8.4.9: Evolution of the kinetic energy Fiy;, for the solutions of the Vlasov-Poisson
system launched by the initial conditions 1.001 fy for the isotropic polytropes fo with k €
{1.2,1.25,1.3} and Rpyax = 1.

damped” for the isotropic polytropes with polytropic exponents £ > 1.2. Given that the
findings from [I59] are based on N-body simulations (which were probably not as accurate
as the simulations here due to the lower availability of computational resources 25 years
ago), this is nonetheless quite consistent with Observation In [124], solutions close to
isotropic polytropes with polytropic exponents k € {3,3,5, 2} (as well as k € {—2,-1})
were studied. It was found that the kinetic energy oscillates undamped in the cases k < %,
and that the behaviour is qualitatively different for k& > % The most recent numerical study
of the isotropic polytropes was conducted in [I132]. It is clearly visible in [132, Fig. 6] that
perturbing the isotropic polytrope with k = % leads to an undamped oscillatory behaviour,
while perturbing the isotropic polytrope with & = 1.6 leads to a fully damped solution. For
the solution close to the isotropic polytrope k = 1.2 shown in [I32), Fig. 6], it is unclear
whether the oscillation damps out entirely; the behaviour of this solution is very much
similar to the one shown in the left panel of Figure [8.4.9

Let us now turn to the primary aspect of this section: Comparing the solutions of
the non-linearised Vlasov-Poisson system to the solutions of the linearised system. The
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reader has probably already noticed that the solutions discussed in this section behave
very similarly to the ones discussed in the previous section. Concretely, the partially un-
damped oscillatory behaviour of the solution of the non-linearised Vlasov-Poisson close to
the isotropic polytrope with polytropic exponent k& = 1 visualised in Figures [8.4.1H8.4.4] is
similar to the behaviour of the solutions of the linearised Vlasov-Poisson for the same steady
state, recall Figures Likewise, the fully damped behaviour close to the isotropic
polytrope k = % is similar to the behaviour of the solutions of the respective linearised
Vlasov-Poisson system, cf. Figures [8.4.6 and Figures To further illustrate
these similarities, the solutions on the linearised and non-linearised levels for these steady
states are shown together in Figure [8.4.10
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Figure 8.4.10: The top panels show the evolutions of the kinetic energy Fiiy, for the solutions
of the Vlasov-Poisson system launched by the initial conditions 1.001 fy for the isotropic
polytropes fo with polytropic exponents k € {1, %} and Ry.x = 1. Below are the evolutions
of the linearised kinetic energy of the solutions of the linearised Vlasov-Poisson
system (middle) and the pure transport equation (bottom) launched by the initial
condition w |¢'(E)| for the same two steady states.

We can see in Figure that the oscillations in the case k = 1 on the non-linearised
and linearised level are both partially undamped and have the same oscillation period. The
oscillations are, however, slightly shifted due to the different behaviours at the beginning
of the simulations; this is to be expected in the light of Figure Further note that
we have chosen a rather weak perturbation for the solution of the non-linearised system:;
if we would have chosen a stronger perturbation, the oscillation period would be sightly
different from the one on the linearised level, recall Observation |8.4.2] For the polytropic
exponent k = %, we can also see that the fundamental oscillation periods are identical on
the non-linearised and on the linearised levels, and that the damping seems to be equally
strong, i.e., fast, on both levels.

In Figure [8.4.10] we also depicted the behaviour of the respective solutions of the pure
transport equation. As noted in Observation these solutions behave in a qualitatively
different way to the ones of the linearised Vlasov-Poisson system. We can now conclude
that the solutions of the pure transport equation behave in a qualitatively different way
to the solutions of the actual non-linearised system: In the case k = 1, the solution of the
pure transport equation is fully damped, while there is an undamped oscillation on the
non-linearised level. Moreover, the fundamental oscillation periods are different from one
another. In the case k = %, the solution is damped on the non-linearised and on the pure
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transport level, but the damping is significantly stronger, i.e., faster, on the latter.

The same relations between the solutions of the non-linearised and linearised Vlasov-
Poisson system (as well as the pure transport equation) are also present for general isotropic
polytropes. This can be seen by comparing Figures[8.3.6}[8.3.11], and [8.4.6]to one another; we
have also verified these relations for further polytropic exponents than the ones considered
in these figures. Furthermore, by Observations [8.3.3] and [8.4.3] the solutions of the non-
linearised Vlasov-Poisson system close to an isotropic polytrope are fully damped if, and
only if, the solutions of the respective linearised system are fully damped.

Even though we only discussed the isotropic polytropes with x-values s.t. Rypax = 1
thus far, further testing showed that the same relations also hold true for general x > 0.
In particular, this shows that the Eddington-Ritter type relation between the
parameter x and the (fundamental) oscillation period p also holds on the non-linearised
level. This was previously observed in [132], Sc. 4].

In addition, we will see below that the same relations also hold for all steady states we
consider. Let us summarise these illuminating findings.

Observation 8.4.4 (Linearised and Non-Linearised Dynamics). The solutions of the non-
linearised Vlasov-Poisson system close to a steady state behave similarly to the solutions of
the respective linearised system. More precisely, if the solutions of the linearised Vlasov-
Poisson system oscillate partially undamped for some steady state, the solutions of the non-
linearised system close to the same steady state do so as well, and the oscillation periods
are similar. If the solutions of the linearised system are fully damped, so are the solutions
of the non-linearised Vlasov-Poisson system close to the respective steady state, and the
damping seems to be equally strong. All these statements require that the solution of the
non-linearised system is sufficiently close to the respective steady state, i.e., the perturbation
1s sufficiently weak.

In contrast, the solutions of the pure transport equation behave in a qualitatively
different way to the solutions of the non-linearised Vlasov-Poisson system.

Although the arguments from Chapter |3| make it quite plausible that the behaviour
of solutions of the non-linearised Vlasov-Poisson system close to a steady state can be
described qualitatively by the linearised system, this should not be taken for granted. For
other systems, there are time-periodic solutions on the linearised level, but the solutions on
the non-linearised level are nonetheless damped, cf. [164].

King Models

Let us next consider the solutions of the Vlasov-Poisson system close to King models (|1.2.4])
with different values of kK > 0. As for the isotropic polytropes, we again observed that
such solutions behave qualitatively similar to the solutions of the linearised Vlasov-Poisson
system, i.e., Observation also holds for the King models. Concretely, as summarised
in Observation [8:3.7] solutions close to King models with small x-values exhibit a partially
undamped oscillatory behaviour, while the solutions are fully damped for larger values
of k. These two qualitatively different behaviours were also observed in previous numerical
investigations, although the explicit dependence on the parameter x found here is, to the
author’s knowledge, new. More precisely, it was observed in [132] that perturbing a King
model may lead to undamped oscillations similar to the isotropic polytropic case. In [159]
Sc. 2], it was found that the solution close to a (different) King model is fully damped.
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Anisotropic Polytropes

Lastly, we consider the solutions of the Vlasov-Poisson system close to general poly-
tropes . As in Section we study polytropes with Ly = 0 as well as the polytropic
shells corresponding to Ly > 0. For both of these types of steady states, the solutions close
to them behave in a qualitatively similar way as the solutions of the respective linearised
Vlasov-Poisson system, i.e., Observation also holds for the anisotropic polytropes.
Concretely, as stated in Observation [8.3.8, whether solutions close to a polytropic steady
state with Ly = 0 are damped depends linearly on the polytropic exponents k and ¢. This is
consistent with [I32), Fig. 6 (d)], where it was observed that a solution close to a polytrope
with £k = 3, £ = 5, Ly = 0 oscillates undamped; notice that 7{—; 3 — £5 < 1. In addition,
it was observed in [I32, Sc. 4] that the Eddington-Ritter relation also holds for
the (fundamental) oscillation periods of the solutions of the non-linearised system close to
polytropes with Ly = 0. Our simulations verify this finding. Similar to Observation [8.3.9
the behaviour of solutions of the non-linearised system close to polytropes with k,¢ > 0 and
0 < Lo < 1 is similar to the case Ly = 0. When choosing Ly > 0 not too small, the solutions
close to the resulting polytrope oscillate undamped. The latter is in agreement with [132,
Sc. 5], where it is stated that solutions of the non-linearised Vlasov-Poisson system close
to all polytropic shells are undamped — probably only not too small values of Ly > 0 were
considered there. Any such oscillation is again of pulsating nature which can now also be
observed in the oscillation of the inner radius Ruyin(t) > 0. A similar behaviour was also
observed in [132], Fig. 4].

Overall, we hence conclude that the behaviour of solutions of the Vlasov-Poisson system
close to all the steady states we considered here are indeed accurately described by the
linearised Vlasov-Poisson system.
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Chapter 9

Outlook

As our joint journey comes to its close, let us recall the metaphor from the end of the
introduction. Our odyssey through the mathematical landscape has often taken us down
thorny paths — think of the 118 lemmas we have overcome in this thesis. Nevertheless, we
hope that our faithful reader will remember the journey as a rewarding one, and has found
pleasure in the 15 propositions and eight theorems that we have encountered. But on the
distant horizon, veiled in the mist of the yet unproven, we have caught glimpses of even
more beautiful results: Some of them are mentioned in the 58 remarks in this thesis, but
mainly they are found in the 25 numerical observations in Chapter [§] We wish to gather
here our thoughts on some of these results, in the deep hope that future endeavours will
reveal the paths to their proofs.

Thus, let us now leave the metaphors behind and turn to the discussion of some open
questions and approaches for proving them. The presented topics are of course subjectively
chosen; the list could be much longer and completely different. For instance, a similar
list with (partly) different topics can be found in [86, Sc. 11]. Our focus is on the issues
we consider particularly important and enlightening, while it also seems realistic that they
are solvable. More general issues like extending the analysis to a larger class of steady
states, dropping the assumption of spherical symmetry, or transferring the results to the
non-linearised regime are left for another day.

I. Properties of the Period Function

Despite the extensive analysis of the (radial) period function 7" in Appendix |A] we saw at
several places in this thesis that certain aspects of the linearised system depend on properties
of T that we cannot rigorously prove (yet). For instance, if we knew which particles within
the steady state support correspond to the largest periods, we could deduce the existence
of an oscillatory mode in some situations, cf. Theorem and Corollary For this
purpose, it would be beneficial if T' were monotonic. Such monotonicity would also be
crucial to show statements towards damping with the methods from Chapter [6] in further
situations.

The numerical analysis from Section [8.2] shows that, for certain equilibria, the period
function T is indeed monotonic on the steady state support. In particular, T always seems
to be increasing in the particle energy E for isotropic steady states, cf. Observations [8.2.5]
and We discussed several possible approaches towards proving such monotonicity in
Section We believe that the most promising one is to prove that G% (and/or H*)
is positive on a suitable radial domain, cf. Lemma Notice that the numerics even
indicate that fo is monotonic in the case of an isotropic steady state, cf. Figures

247
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and which would simplify proving its positivity.
In any case, any further knowledge of the properties of the radial period function would
certainly expand our understanding of the linearised Vlasov-Poisson system.

II. Pulsations Around Isotropic Polytropes with Exponents 0 < k < 1

Of all isotropic steady states which we considered here, it seems most promising to prove the
presence of oscillatory modes for isotropic polytropes with very small polytropic ex-
ponents k > 0. The reason for this is that the numerics indicate the applicability of Kunze’s
criterion for the existence of eigenvalues of £ only for these isotropic steady states, i.e., the
inequality from Lemma holds for these steady states, cf. Observation
In addition, the numerical simulations from Sections [8.3] and show the occurrence of
pulsating behaviour around these steady states on the linearised and non-linearised level.

One strategy to rigorously establish the existence of an eigenvalue of the linearised
operator L for these steady states is to first verify Kunze’s criterion in the case £ = 0.
Although isotropic polytropes with & = 0 are not permitted for the analysis of the linearised
operator in Chapters (4| and |5| due to the assumption the simple form of their energy
profile function ® = 1)y o[ makes them likely easier to be studied compared to isotropic
polytropes with positive polytropic exponents k. If the inequality holds for the
polytropic exponent k = 0, continuity arguments show that it also holds for 0 < k <«
1. Indeed, the continuous dependence of the left-hand side of on the polytropic
exponent k (for some fixed £ > 0) follows trivially by (2.2.29)), (2.2.48), and (4.5.54). The
continuity of the right-hand side of can be established with similar techniques as
in Section see [16, Sc. 7] for related arguments.

Concretely, for the isotropic polytrope with polytropic exponent £ = 0 and parameter
k = 1, the left-hand side of Kunze’s criterion is approximately 49.63. This value
can be computed explicitly using (2.2.29)), (2.2.48)), and . The right-hand side of
Kunze’s criterion is approximately 51.24 for this steady state; this value is based on a
numerical computation of the maximum of the period function on the steady state support
as described in Section For a rigorous proof, all that remains to show is that the latter
value is indeed larger than the former one. This requires establishing an upper bound on
the values of the period function 7" on the steady state support which is as sharp as possible.
As an alternative or as a tool for this, the use of interval arithmetic could be helpful.

III. Pulsations Around Polytropic Shells with Ly > 1

Another class of steady states for which we consider the derivation of a rigorous proof of
the existence of pulsating modes to be particularly promising are polytropes with
not too small values of Ly > 0. For instance, the numerical analyses in Sections |8.2
indicate the presence of pulsating behaviour close to polytropes with Ly = 1 = « and all
polytropic exponents k and ¢ we considered.

In the case k + ¢ < 0, Theorem [5.4.1] gives a criterion for the presence of pulsating
modes which only requires knowledge of the period function T" and works for all Lg, x > 0.
For general polytropic exponents, considering the limit Ly — oo could be helpful. More
precisely, for fixed k, ¢, and k, one could study the limiting behaviour of both sides of
Kunze’s criterion from Lemma as Lo — oo; recall that the numerics indicate
that the criterion is satisfied for the polytropes considered here, cf. Observation [8.2.12] To
determine the limit of the left-hand side of , it could be helpful to observe that
Ryin — o0 as Lyg — oo by . A lower bound on the limit of the right-hand side



249

of (4.5.53)) could be established by using the estimate from Lemma An alternative
approach would be to analyse the limit of the number 9t from Theorem [5.3.1] as Ly — oo.

IV. Eigenfunctions of £

Although we have put a lot of effort into characterising the presence of eigenvalues of the
linearised operator, our knowledge of the properties of the associated eigenfunctions is still
rather limited. Obviously, by the definition of D(£) and Lemma every eigenfunction
is continuously differentiable w.r.t. the angle variable . The structure of the Fourier series
w.r.t. 6 of an eigenfunction is analysed in Remark[5.3.2] Further knowledge of the properties
of eigenfunctions — e.g., their regularity w.r.t. (E, L) — is likely necessary in order to be able
to prove the presence of pulsating behaviour at the non-linearised level. Furthermore, recall
that the discussion in Chapter [3| shows that the properties of the eigenfunction determine
the qualitative aspects of the oscillatory behaviour on the non-linearised level, e.g., which
portions of the solution take part in the pulsation.

As demonstrated in Chapter [5] it can be helpful for our purposes to adopt certain
techniques from quantum mechanics, more precisely, from the theory regarding the solutions
of the (time-independent) Schrodinger equation. In this context, the regularity of solutions
is, e.g., studied in [98, Thm. 11.7].

Unfortunately, the numerical methods from Chapter [8| are not particularly well suited
for determining the eigenfunctions of £. Nonetheless, one method to do so is outlined in
Section In the case of an oscillatory solution of the linearised Vlasov-Poisson system,
we always observed that one part of the solution is damped. If one chooses an eigenfunction
(or a linear combination of them) as the initial distribution, such damping cannot occur.
Hence, by analysing whether this partial damping is present, one can test whether a given
function is a linear combination of eigenfunctions. Alternatively, one can try to construct
initial distributions which get fully damped to determine the orthogonal complement of the
eigenfunctions.

In order to numerically study the properties of eigenfunctions, it would probably be
more convenient to search for eigenvalues/eigenfunctions of the linearised operator via vari-
ational methods. Concretely, one could numerically determine the function(s) f € D(L)
with ||f|]|gz = 1 which minimise(s) (Lf, f)g. By the usual variational principles (recall
Lemma , these minimisers are eigenfunctions of L if the quadratic form gets smaller
than the bottom of the essential spectrum. Such variational methods are implemented
numerically in [I61) [162] and, in context of the Einstein-Vlasov system, in [70] and [182,
Ch. 8].

V. Further Techniques from Quantum Mechanics

The analysis of the eigenvalues of the linearised operator in Chapter [5| was based on the
well-developed eigenvalue theory for Schrodinger operators. To gain further insights into
our problem, it would certainly be helpful to study and transfer further results from this
context. For instance, it seems possible to derive bounds on the sum of eigenvalues of £ in
the essential gap G similar to the Lieb-Thirring Inequalities [99, Ch. 4].

One step in this direction is taken in [I17], where a bound on the number of eigenvalues
of £ in G is derived in a way qualitatively different to Theorem [5.3.3] recall Remark
Furthermore, the methods and results from [85, Ch. 4] — in particular, the statements
regarding the dependence of the Mathur operator M on A, recall Remark — could
be valuable for deriving further results in this direction.
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VI. Further Applications of the Criteria

One aim for future research is to develop applications of the criteria for the existence of
oscillatory modes from Lemma and Section in addition to those already presented
in Sections and For instance, being able to prove that the number 92t from The-
orem [5.3.1] is greater than one for steady states where 9 is not infinite would expand the
applications of Theorem [5.3.1

Another application of Theorem could be to prove that the presence of an os-
cillatory mode (in the essential gap) is “monotonic” along certain steady state families.
For instance, Observation [8.3.3] indicates that all isotropic polytropic steady states with
polytropic exponent k£ > 0 below some threshold exponent k£* =~ 1.25 possess an oscillatory
mode, while no such oscillatory mode exists for £ > k*. It is hence possible that the num-
ber 90t is non-increasing w.r.t. the polytropic exponent k along the isotropic polytropes (for
a fixed value of k or Rpax). By Observation I could also be monotonic w.r.t. the
parameter x in the case of the King models. Proving such monotonicity could be easier
than actually determining whether 97 is > 1 or < 1 for a fixed steady state.

VII. Numerical Analysis of the Mathur Operator

To identify further applications of the criteria from Section it would certainly be helpful
to be able to numerically analyse the Mathur operator M and the number 9.

VIII. Existence of Pulsations for Small Shells Around a Point Mass

As discussed in Remark it seems promising to prove the existence of oscillatory
modes for polytropic steady states surrounding a point mass which are sufficiently small
—1i.e., 0 < e <« 1 for a steady state as constructed in Proposition [6.2.2| — with polytropic
exponents k and £ satisfying k+¢ < 0. The only statement that is left to be proven for this is
that the period function T of a steady state with 0 < € < 1 is non-increasing w.r.t. L on Dy.
By Lemma the period function is constant in L in the limiting case ¢ = 0, which is
why the L-monotonicity of T for steady states with 0 < € < 1 cannot be established with
the methods from Section [6.2.1] Instead, one would have to analyse the limit &€ — 0 to
higher order. More precisely, the desired L-monotonicity would follow if O, ’ 8LT ¢ <0on
a suitable domamFEl Given that the proofs of the limiting statements in Sectlon 1| were
already a bit technical, it is to be expected that computing the derivative 9 ‘EzoaLT ¢ will
also be technically quite involved. Nonetheless, 85‘8108LT5 should just be an expression
containing the parameters M, Lo, k, ¢, and k, whose sign one can analyse.

IX. Damping in a Non-Perturbative Regime

So far, Theorem [6.6.1]is the only statement — besides [61, Thm. 1.2 (b)], on which it is based
— showing damping around/towards a non-trivial steady state of the Vlasov-Poisson system
(in the gravitational case). For the proof of Theorem it is, however, essential to be in
the perturbative regime of a small steady state surrounding a point mass. A natural aim is
to establish a damping result in a non-perturbative regime too.

The numerics from Sections [8.3H8.4] indicate that there occurs damping for a large
class of the steady states considered here, including the isotropic polytropes (|1.2.3)) with
polytropic exponents £ > 1.3. Hence, a natural steady state for proving damping is the

1941t would, in fact, suffice to show 0. ’ ._o9LT® < 0 on a neighbourhood of {£ = r} since, by Proposi-
tlonnaET5<Oon]D)o forO<E<<1andEo—>f<¢ass—>0
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Plummer sphere, cf. [19, Scs. 2.2.2(c) and 4.3.3(a)], which is just an isotropic polytrope
7

with polytropic exponent k = 5. This steady state is commonly studied in the astrophysics
literature; see, e.g., [124, [168] for numerical investigations of solutions of the Vlasov-Poisson
system close to the Plummer sphere. The potential of the Plummer sphere is explicitly
known and thus all other quantities associated to the steady state are explicitly computable
as well. However, the Plummer sphere is not compactly supported, which is why many
of our arguments cannot be directly applied to it. In particular, the particle periods are
unbounded within the Plummer sphere, which ought to result in the essential spectrum
of the linearised operator to cover all non-negative numbers, i.e., gess(£) = [0,00[. The
linearised operator is again expected to be non-negative, which is why it remains to show
the absence of embedded eigenvalues in order to arrive at a damping result similar to
Theorem It is an interesting open problem whether the strategies from the proof of
Theorem can be adapted to the situation of the Plummer sphere.

Another class of steady states for which one could try to establish damping are the
isochrone models, cf. [64, [65] and [19, Scs. 2.2.2(d), 3.1(c), and 4.3.1(a)]. In particular,
as reviewed in [I8], (astro)physical considerations suggest that configurations close to an
ischrone model evolve towards this steady state. Like the Plummer sphere, the isochrone
models are explicitly computable, but have an unbounded supported. The mathemati-
cal basis for studying the linearised Vlasov-Poisson system around an isochrone model is
established in [7].

X. Quantitative Damping

In the case where the linearised operator £ of a steady state possesses no eigenvalues,
we have proven in Lemma that the linearised dynamics are damped via the RAGE
theorem. This is, however, a rather weak form of damping. It is hence desirable to prove
stronger types of damping, for instance, the decay of suitable norms of macroscopic functions
like 0,Ury. The numerics in Section clearly indicate that such behaviour indeed holds.
The numerics further indicate that the strength of the damping depends on the steady
state, which is why it would also be interesting to study the decay rates. These issues will
be addressed in future work.

THE END.
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Appendix A

The Period Function

This appendix is devoted to the analysis of the (radial) period function T': Ay — R associ-
ated to a steady state. Recall Definition [2.2.16[ for the definition of this function:

7"+(E7L) d
T(E,L) = 2/

r
, E L) €Ay, A.0.1
50 V2B 20,0 (E,L) € A (A.0.1)

where the effective potential ¥y, is defined in Definition [2.2.11] while the radii r+ and the
set of all admissible (E, L)-pairs A are introduced in Lemma [2.2.12

Throughout Appendix[A] we consider the situation where the underlying steady state fo

is given by Proposition In addition to the conditions[(¢1)H(¢3)|imposed in Section[2.2]
we further assume that the conditions |(¢4)H(5)| from Section are satisfied.
In this setting, we prove the following properties of T.

Proposition A.0.1 (Main Properties of the Period Function). (a) The period func-
tion T is bounded and bounded away from zero on the (E, L)-support Dy of the steady

state; recall (2.2.88) and Lemmafor the structure of this set. More precisely,

infT >0 and supT < o0. (A.0.2)
Do Do

(b) The period function is continuously differentiable on Ag.

Proof. Part |(a)|is proven in Sections and while part [(b)]is due to Lemma or
Proposition A.3.17L In particular, note that Ag is open by Lemma [2.2.14 @ O

Apart from proving this crucial result, we also study further properties of the period
function in this appendix, e.g., several formulae for the partial derivatives of T', cf. Sec-
tion and the behaviour of the period function at a certain part of the boundary of Ay,
cf. Section [A4 A numerical study of the properties of T' is the subject of Section In
particular, see Figures [8.2.2] [8.2.5] [8.2.9] and [8.2.10] for numerical plots of the values of the
period function on the (F, L)-triangle Dy for different steady states.

Most parts of this appendix originate from [62, App. B]. Another detailed analysis of
the period function is conducted in [85, Ch. 3], from which we also adopt some results
and techniques. Related analyses in different settings can be found in [49 Sc. 3.2], [61]
App. A.2], and [148, Apps. B and C].
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A.1 An Upper Bound on the Period Function

The aim of this section is to show that the period function 7" is bounded from above on the
(E, L)-support Dy, i.e.,
supT < oo. (A.1.1)
Do
We mainly follow the arguments from [62, App. B.1] to establish this result.
The first upper bound on the period function is based on the concavity estimate
on the effective potential. The result originates from [147, Eqn. (16)] and [165, Rem. 3.19],
see also [62, Eqn. (2.12)]. A similar bound is also proven in [57, Lemma 3.2].

Lemma A.1.1. For (E,L) € Ag there holds the estimate

T(E.L) < 250 (A.1.2)
? —_ ™ 9 1.
VL E?
where My € 10, 00[ is the total mass of the steady state defined in (2.2.11)).
Proof. The concavity estimate from Lemma [2.2.14 yields
r+(5,L) (E,L)r(E, L
T(E,L)§2/ r\/r ( Y )r“l’( ) ) dTS
rg) VL\/(ro(B,L) =) (r—r—(B,L))
2(E,L) (! 2(E, L Mg
§2r+< L) / ds  _ o (B L) <2 —=9% (A.1.3)
VL 0 vs(l—ys) VL VL E2

where we changed variables viar =r_(E,L)+s (r+(E,L)—r_(E, L)), inserted the integral
identity (2.2.23), and used Lemma [2.2.14)[(e)] to estimate r (E, L). O

In the case of an anisotropic steady state, there holds Ly > 0 by Hence, in this
situation the desired estimate is an immediate consequence of Lemma recall
that the (E, L)-triangle Dy contains only energy values below the cut-off energy Ey < 0 and
L-values larger than Lg.

In the remainder of this section it thus remains to analyse the boundedness of the period
function in the case of an isotropic steady state, i.e., Ly = 0 = £. One way of showing the
boundedness of the period function in this situation is given by Lemma However,
we prefer to present the proof of this result based on [62, App. B.1] here, since it can be
generalised more directly to related systems — see, e.g., [49, Lemma 3.7].

Recall that the radial support of the steady state is of the form supp (pg) = [0, Rmax]
by Proposition in the isotropic situation. Furthermore, Remark @ implies
po(0) > 0 and that pg is radially non-increasing. For (E, L)-pairs corresponding to a radial
range where pg is bounded away from 0, the maximum principle can be applied to establish
an upper bound on 7. This result originates from [62, Lemma B.2].

Lemma A.1.2. Consider an isotropic steady state, i.e., Lo = 0 = £, and suppose that
(E,L) € Ay and ¢ > 0 satisfy

po>conlr_(E,L),ry(E,L). (A.1.4)

T(E,L) < ﬁ (A.1.5)

Then there holds the estimate
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Proof. For fixed (E,L) € Ag and ¢ > 0 as in the statement of the lemma let
Ue: [r—(E,L),r+(E,L)] — R be defined by

2 (=) =)y )
3 T

2 1
:;c<r2 —(rp4r ) 4o+ - rery(ry + 7“)) (A.1.6)

Ue(r) =

for r € [r_,r4], where we use the abbreviations ry = ri(F, L). Obviously, U.(r+) =0 =
E — VU (ry). Applying the (radial) Laplacian A = (83 + %@) yields

AU.(r) = 4me, (A.1.7)

L L
AV (r) = AUy(r) + i Ampo(r) + ot (A.1.8)

for r € [r—,ry]. Thus, and the positivity of L imply
A(U.+E—-Vr)<0on [r_,ry]. (A.1.9)
By the maximum principl@ we therefore conclude
U+E—¥Yr>0o0n|r_,ry. (A.1.10)

Inserting this estimate into the definition of the period function (2.2.97) and using the
integral identity (2.2.23]) then yields

Let us recapitulate the implications of the above two lemmas in the case of an isotropic
steady state. The bound from Lemma implies that for any choice of L; >
0 = Lo the period function T is bounded (from above) on {(E,L) € Dy | L > L }; recall
E < Ey < 0 for (E,L) € Dy. Furthermore, for any choice of E; € |Up(0), Ep[, orbits
corresponding to (E, L) € Ay with E < Fj are radially restricted to a compact subset of
{po > 0}, more precisely, [r_(E,L),r+(E,L)] C]0,r+(E1,0)] C |0, Rmax| by Lemma
and . Due to the properties of pg discussed above, pg is bounded away from zero on
the interval [0, 74 (E1,0)]. Thus, Lemma[A.1.2]shows that the period function T is bounded
on {(E,L)eDy | E<E;} ={(E,L) €Ay | E <Ep}. The next lemma — which originates
from [62, Lemma B.3] — closes the remaining gap.

Lemma A.1.3. Consider an isotropic steady state, i.e., Lo = 0 = £. Then there exist
E, €Uy(0), Ey| and Ly > 0 as well as a constant C > 0 s.t.

[El,EQ] X ]O,Ll] C Ay (A112)

and
T < C on [El,Eo] X ]O,Ll] (A113)

195\ ore precisely, we apply the strong maximum principle for elliptic operators as, e.g., stated in [41]
Sc. 6.4, Thm. 3] for the domain B, \ B,_(0).
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Proof. We consider fixed L > 0, E € ]EIL“m,Eg], and e > 0st. E—¢ > EILmn; e will be
specified more precisely below. By Lemma [2.2.14

r_(E,L)<r_(E—¢,L)<ry(E—¢ L) <r(EL). (A.1.14)

Our strategy is to separately estimate the times required for a particle with energy E and
squared modulus of angular momentum L to travel between these radii, where the particle
movement is determined by the steady state flow. Mathematically, this means that we split
the integral into the three parts

r_(E—e,L) r+(E—e,L) r+(E,L) dr
T(E,L)=2 / +/ +/ (A.1.15)
r_(E,L) r_(E—e,L) r4(E—e,L) 2E — 2V (r)

and estimate each term separately in the following steps:

1) We first estimate the time a particle takes to travel from r_(E,L) to r_(E — ¢, L).
To do so, recall

L
Wi(r) =Up(r) = 5 <0, relor, (A.1.16)

by the definition of r, cf. Lemma|2.2.12| Together with the (radial) Poisson equation
Ul + 2Uj = 4mpo we thus obtain

3L 2 3L L
U (r)y=Ul(r) + i A7 po(r) — ;U{)(r) + oy > Ampo(r) + i 0 (A.1.17)

for r € ]0,7]. Hence, the effective potential ¥, is convex on the interval |0,rz],
which contains the radii r_(E, L) and r_(E —¢,L). For r € [r_(E,L),r_(E — ¢, L)]
we introduce the shorthand

r—r_(E,L)

a(r) = T (E—cl)-r (B.D) € [0,1] (A.1.18)

and deduce
Ur(r) < (1 —a(r)¥r(r—(E,L) + a(r)Vr(r—(E—¢,L)) =E —a(r)e (A.1.19)

by the convexity of Wy. Inserting this bound into the first term on the right-hand

side of (A.1.15)) then shows

/7"_ (E—e,L) dr
<
r(B,L) 2E — 2 (r)

\/7“ —e,L)—r_(E,L) /"—<E€:L> dr B
\/% _(B,L) r—r_(E,L)
2

=[S (E~eL)~r(E L)) (A.1.20)

2) We next estimate the time a particle takes to travel from r_(E —e&, L) to ro(E —¢, L).
On this interval, ¥, < F — ¢ by Lemma [2.2.12] and hence

(A.1.21)

/r+(E—5,L) dr _ r (E—¢e L)—r_(E—¢, L)
r—_(E—e,L) 2F — 2\I/L(T) B \/E |
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3) Lastly, we estimate the time a particle takes to travel from r (E — ¢, L) to ro(E, L),
which turns out to be the crucial part. Let

p=min{¥;(r) |r € [ro(E —¢,L),r+(E,L)]}. (A.1.22)

Obviously, u > 0 by Lemma [2.2.12|since r (E — ¢, L) > rz, but x depends on (E, L).
Anyway, the mean value theorem implies ¥y (r) < E — p(ry(E,L) —r) for r €
[ry(E—¢e,L),r+(E,L)], from which we deduce the inequality

/T‘+(E,L) d,r. T‘+(E,L) d?"
< =
ry(B-e,L) 2B =201 (r) T Jrp(mer) 20 (r (B, L) — 1)
_ \/5\/T+(E7L) — T+(E - 57L)
NG
It thus remains to bound p away from 0 independently of E and L for (E,L) €
[E1, Ep] x )0, L] by choosing F; and L; suitably.

We recall EP® — Uy(0) and 77, — Ruin = 0 as L — 0 and r4(E, L) — 74 (Ep,0) =
Ruax as (B, L) — (Ep,0) in the present, isotropic case by Lemma[2.2.14|and (2.2.82).
Hence, there exist Ey € |Up(0), Eo[ and Ly > 0 s.t. P < By as well as

(A.1.23)

T’Jr(E,L) >Trop, >TL, 2 TL (A.1.24)
for By < E < Fp and 0 < L < Ly. In particular, [E, Eg] x ]0,L1] C Ag. We now
define ~ ~

Ey—-FE Ey+ E
eim 2L 1:J§4. (A.1.25)

For any E € [E1, Eo] and L € ]0, Ly] we then obtain F —& > E; > E™" and hence
r+(E—¢e,L) >rar,. Forr € [ry(E—¢,L),ri(E,L)| C [rar,, Rmax] we thus conclude

\119:1 (r) > min{\llil(s) | s € [rary, Rmax]} > 0;

(A.1.26)
note that the latter quantity does not depend on (F,L). Minimising over all such
radii r provides the desired bound on w.

L Ly
Wi (r) = Uglr) = 5 2 Ug(r) = 5 =

We then deduce the claimed statement by combining the three steps from above as follows:
First, choose E1 € |Uy(0), Eg[, L1 > 0, and € > 0 as described in Step Then split
the integral T'(E, L) for (E,L) € [Ey, Ey] x ]0, L1] as in and use the bounds from
Steps and to estimate the three integrals independently of (F,L); note 0 <
r+(E,L) < Rpax. O

Combining Lemmas [A.1.1] [A.1.2] and [A.1.3] as described above then shows the desired
upper boundedness of the period function on Dy.

Alternative arguments to bound the period function on Dy in the case of an isotropic
steady stat@ are presented in [85] Sc. 3.1]. However, we feel that these arguments are not
significantly simpler than the ones shown above.

196The assumptions on the underlying steady state imposed in [85, Sc. 1.3] slightly differ from our con-
ditions [(¢1)H(¢5)} most notably, the analysis in [85] is restricted to isotropic steady states. However, the
arguments presented in [85] Ch. 3] regarding the properties of the period function can be carried over to all
isotropic steady states considered in the present thesis.
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Another way of establishing an upper bound on the period function 7" on the (F, L)-
triangle Dy is to extend T continuously onto the boundary of IDy. This approach is pursued
in [85, Thm. 3.13] and is also mentioned in [62, Rem. B.6]. We will discuss this approach
in more detail in Remark [A.4:4] but already note that the arguments are also not simpler
than the ones presented above, in particular, in the case of an isotropic steady state.

A.2 A Lower Bound on the Period Function

The aim of this section is to show that the period function 7" is bounded away from 0 on
the (E, L)-support Dy, i.e.,
iﬂglfT > 0. (A.2.1)
0

We mainly follow the arguments from [62, App. B.2] but also include some improvements
which have been developed in [49] Lemma 3.7] in a different context.

The main observation is that suitable applications of Taylor expansions and the mean
value theorem yield a lower bound on T'. The result originates from [62, Lemma B.4].

Lemma A.2.1. For (E,L) € Ay, the inequality

[N

3L\~
T(E,L) > 2 (47eron + 7-4> (A.2.2)
L

holds; recall that pg is bounded as a compactly supported and continuous function, cf. Propo-

sition [2.2. 4[]
Proof. Naively estimating the integral (2.2.97)) gives the inequality
EvL) — ’I”_(E, L) > \@ T+(E’ L) —TL

7B, L) > va > . (A.2.3)
E—V;(rp) VE—-Yr(rp)
A second-order Taylor expansion yields
1
E=W(r(E,L) =Wr(re) + 5 Vi (s) (r(B, L) = rr)? (A.2.4)

for some s € [rp,r(E, L)] because ¥ (r1) = 0, recall Lemma [2.2.12] In particular, note
U’ (s) > 0 since E — W (ry) > 0. Inserting this Taylor expansion into (A.2.3) implieﬂ

2
T(E.L)> —— .
N D)

Using the radial Poisson equation U} + 2U}, = 4mpy and U)(r) = mo(r) > 0 further shows

(A.2.5)

r2 el
2 3L 3L
Wi (s) = Ampols) — ~Ug(s) + =7 < Anllollc + (A.2.6)
L
which concludes the proof of the lemma. O

197Note that the condition implies that the regularity properties of po on R® stated in Proposi-
tion @"@ hold true for the present steady state.

198 Here it is important that po is bounded, in particular, po(0) < co. Physically speaking, the latter means
that the steady state has a smooth core, and we note that it is explicitly stated in [I9, Sc. 5.5.3] that this
property corresponds to % being bounded on the steady state support.

199Tn the proof of [62, Lemma B.4], the expression E—W; (ry) is estimated by applying the (extended) mean

value theorem twice. In this way, one obtains the estimate T'(E, L) > (\I/'L'(é))fé for some § € [rp,r+(E, L)].
Hence, applying a Taylor expansion instead not only clarifies the proof, but also results in the superior
estimate (A.2.5). This leads to the additional factor 2 on the right-hand side of the lower bound
compared to [62, Lemma B.4].
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In the case of an anisotropic steady state, we have Lo > 0 by . Inserting the bounds
L < Liax < ooandry > rr, > 0for (E, L) € Dy, cf. and Lemmas|2.2.14/and [2.2.15]
into the estimate thus shows the desired bound .
In the case of isotropic steady states we cannot directly infer because arbitrary
small L-values are contained in Dy and 77, — Ryin = 0 as L — 0 by Lemma We
L

thus have to analyse the behaviour of -7 in more detail, in particular as L — 0. In [62,

L
Lemma B.5], this is done by applying I’'Hospital’s rule and using the formula (2.2.61)) for
the derivative of r;. We instead present a simpler argument which originates from [49]
Eqn. (3.11)] (where it is used in a different context).

Lemma A.2.2. For L > 0 there holds the estimate

L 4

Proof. For L > 0 the definition of r7, implies 0 = ¥’ (r1) = Uj(rr) — %3’ cf. Lemma [2.2.12
L
Together with (2.2.32)) we thus obtain

L U(rg 4 [TL 4 "L A7
L _ Uolre) _ A / 5p0(s) ds < 5 [[polloe / s = polle:  (A28)
ri TL r7, Jo "L 0 3 .

Obviously, Lemmas and conclude the proof of the desired lower
bound onT.

In the case of an isotropic steady state, an alternative way of showing that the period
function is bounded away from 0 on Dy can be found in [85, Sc. 3.2]. The main idea of that
proof is to re-express the integral by defining T" as an integral with fixed limits of
integration.

Furthermore, as noted in Section another way of obtaining a positive, lower bound
on the period function 7" on the (FE, L)-triangle Dy is to extend T continuously onto the
boundary of Dy and verify that this extension is positive. We will comment on this approach
in more detail in Remark [A.4.4]

A.3 Regularity & Derivatives of the Period Function

In this section we discuss the regularity properties of the period function 7" on the set of
admissible (F, L)-pairs Ag, recall for the definition of this set. We shall see that
the period function is differentiable. As it is of interest to understand whether the period
function is monotone w.r.t. to one of its variables, we further derive explicit formulae for
the partial derivatives of T'. We mainly follow [62, App. B.3] and [85], Sc. 3.3] in this section;
similar arguments are also used in [61, App. A.2] in a different context.

The first result shows the continuity of integrals of the form . In particular, it
implies that the period function T is continuous on Ag, but we provide a more general result
which will be useful later. The proof is based on the concavity bound from Lemma
on the effective potential and originates from [62, Lemma B.7]; a variation of it can also be
found in [61, Lemma A.7].

Lemma A.3.1. Let m > 0 and ]0,00>> (L,7) — Fp(r) € R be continuous. Then the
mapping

T+(E7L) F
J: Ao — R, J(E,L) ::/ L) g, (A.3.1)

r_(g,L) (E—=Yr(r)t-m
1S continuous.
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Proof. First note that similar arguments as in the proof of Lemma [2.2.16 show that the
integral J(E, L) exists for (E,L) € Ag. The affine change of variables r = r_(E,L) +
(re(E,L)—r_(E,L))s leads to

! FL(T_(E,L)+(T+<E,L>—T‘_(E,L))S)

HE) = (e B.0) =B, [ Gl o 17 (8 £ = 5 D

(A.3.2)

For fixed s € ]0,1], the integrand of the integral on the right-hand side of is con-

tinuous in (F, L) since ry is continuous on Ay by Lemma Moreover, in the case
0 < m < 1 the concavity bound yields

ry(E,L)—r_(E,L)
(B —Wp(r))t—m

< (B L) —r (B, L)) (2r*r_(B,L)r(E,L)"™™

Li=m ((ry(E, L) = r)(r —r—(E, L))~
(r(E,L) —r_(E,L))*"" 2r’r_(E,L)ry(E,L))'"™

Li=m (s(1—s))t=m -
2M 1
< (re(E,L)—r_(E,L))*" 1 =2 A3.
> (7’+( ) ) r ( ’ )) <E4L) (3(1_5))1,771 ( 33)
for s €]0,1[and r = r_ _(E L))s where we have estlmated ry(E,L)
in the last step using Lemma 2 2 1 Smce fo s(1—s))" tds < oo we have thus

bounded the integrand of the 1ntegral on the right- hand side of m by an integrable
function which can be chosen locally uniformly in (E, L) € Ag. In the case m > 1 there
holds the estimate

ry(E,L)—r_(E,L)

&gyt < L) (B L) (E By (A.3.4)

for r as above. For all m > 0, Lebesgue’s dominated convergence theorem hence implies
the desired continuity statement. O

Obviously, setting m = 3 and Fr(r) = 1 in the above lemma implies that T': Ag — |0, 00|
is continuous.

In order to show that the period function is (continuously) differentiable, there are two
qualitatively different approaches:

The first one uses that T is the period of solutions of the characteristic system associated
to the steady state. Differentiating these solutions w.r.t. suitable parameters or initial
conditions then shows that T is differentiable. This — quite elegant — approach is pursued
in [85] Sc. 3.3 & App. A.3].

The second way just uses the integral representation of the period function.
Differentiating such integrals is a somewhat technical task, but provides explicit integral
formulae for the partial derivatives of the period function. Such integral representations
then provide simple criteria for the monotonicity of the period function w.r.t. one of its
variables. This approach is inspired by [3I, Thm. 2.1] and has been used in the context of
the Vlasov-Poisson system in [62, App. B.3], [148, App. C], and [61, App. A.2].

As both approaches have their advantages and provide different ways to analyse the
partial derivatives of the period function, we present both of them in the succeeding sections.

200The (finite) value of the integral fo s(1 —s))™ " ds can be computed explicitly using the integral iden-

tity (223)
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A.3.1 Derivatives via Characteristics

In this section — which is basedPEl on [85, Sc. 3.3 & App. A.3] — we relate the regularity
and the derivatives of the period function to the ones of the solutions of the characteristic
system associated to the steady state. To this end, let (R,W): R x Ag — ]0,00[ x R be as
in Definition [2.2.16 i.e., for (E,L) € Ag, (R,W)(-,E,L): R — ]0,00[ x R is the maximal
solution of?0Z

R=W, W=-Uy(R), (RW)(0,E,L)=(r(E,L)0). (A.3.5)
We first analyse the regularity of (R, W) similar to [85, Lemma A.11] and [61, Lemma 3.4].

Lemma A.3.2 (Regularity of Characteristics). It holds that (R,W) € C*(R x Ag). More-
over, for fized (E,L) € Ay, a = g R(-, E, L) is given as the (unique) solution of

&= —V](R(s,E,L))a, a(0) =0gr—(E,L), &(0)=0, (A.3.6)
while = O R(-, E, L) is the solution of

.. 1

B=—Vi(R(s,E, L)) B+ R(s, B, L)% B(0) = dpr—(E, L), B(0) = 0; (A.3.7)

i particular, the derivatives OpR and OLR exist on R x Ay and are continuous. Recall

Lemma|2.2.1/ for explicit formulae for Ogr— and Opr—.

Proof. First observe that (L,7) + W (r) defines a C3(]0,oc[?)-function by Proposi-
tion @ Thus, further differentiating shows r+ € C3(Ag). The claimed
regularity of the characteristics (R, W) together with (A.3.6) and (A.3.7) then follows by
basic ODE theory, see, e.g., [12 Sc. 32.6]. O]

Because T(F, L) is the period of (R,W)(-, E, L) for (E,L) € Ay, one can deduce the
regularity of T' from the regularity of the characteristics by applying the implicit function
theorem suitably. This method is due thEI [85, Thm. 3.6, Rem. 3.7, and Lemma A.12] and
it is also used in [61, Lemma 3.4].

Lemma A.3.3 (Regularity of the Period Function). It holds that T € C?(Ag) with

_ 0gW(T(E,L),E,L) _ 0pW(5T(E,L),E,L)

HEDE e w0 wemn o 4
_OW(T(E,L),E,L) _OW(3T(E,L),E,L)
WD == mn) e o A

for (E,L) € Ay.

Proof. We follow [85], Proof of Thm. 3.6] and first recall that for any fixed (E*, L*) € Ag, by
the discussion from Section [2.2.2] (R, W)(-, E*, L*) is time-periodic with period T'(E*, L*).
Moreover, for s € R there holds

Z
W(s B L) =0 &  segT(E"L). (A.3.10)

201e again note that the assumptions imposed on the steady state here differ from the ones in [85], where
only isotropic steady states are considered. Nonetheless, all arguments from [85] regarding the regularity of
the period function also work for our class of equilibria.

202 A before, a dot denotes the derivative w.r.t. to the proper time variable s of (R, W) = (R, W)(s, E, L).

20314 is, however, stated in [85, Proof of Thm. 3.6] that such methods were already known before.
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Now set s* := T'(E*, L*), so that W (s*, E*, L*) = 0 with

W(s*, B*,L*) = —W,.(R(s*, E*, L*)) = —W,.(r_(E*, L*)) > 0. (A.3.11)

Together with the regularity of W derived in Lemma the implicit function theorem
yields the existence of a continuously differentiable mapping s: U — R defined on an
open neighbourhood U C Ag of (E*,L*) s.t. W(s(E,L),E,L) = 0 for (E,L) € U and
s(E*, L*) = s* = T(E*, L*); recall that Ay is open by Lemma @ The smoothness
of s together with and the continuity of T' > 0 established in Lemma then
imply s(E,L) = T(E, L) for (E,L) € U, in particular, T € CY(U). As (E*,L*) € Ag is
arbitrary, we conclude T € C'(Ay).
Similar to [85, Lemma A.12], differentiating the identities

0=W(T(E,L),E,L) = W@T(E, L),E, L), (E,L) € Ay, (A.3.12)

w.r.t. £ and L then yields (A.3.8) and (A.3.9); recall R(T(E,L),E,L) = r_(E,L) and
R(%T(E, L),E,L) = ry(E,L). Lastly, Lemma shows that the right-hand sides

of (A.3.8) and (A.3.9) are again continuously differentiable on Ag, which implies that T

is indeed twice continuously differentiable. O

The identities and show that we can not only conclude the regularity
of T from the regularities of the characteristics, but we can also relate the values of the
partial derivatives OgT and 01T to the behaviour of 0gW = OpR and O, W = 9. R. Let us
thus briefly discuss the properties of the ODEs determining g R and Jr R.

Remark A.3.4. Let (E,L) € Ay be fized. By Lemma[A.3.3, OpR(-, E, L) is a solution of
&= -V (R(s,E,L))c. (A.3.13)

If we consider R(-, E, L) as given, this equation is a linear, homogeneous, non-autonomous,
second-order ODE. Moreover, the coefficient of this linear equation is T'(E, L)-periodic. An
ODE of the specific structure is known as Hill’s equation, see [106] and [183] for
thorough analyses of its solutions. The study of (more general) linear ODEs with periodic
coefficients is the subject of Floquet theory, cf. [29, Sc. 2.4] or [170, Sc. 3.6] and see
also [12, Sc. 28] for a related discussion.

A further observation, which is due to [85, Lemma A.12 (a)], is that W(-,E, L) also
solves (A.3.13)). However, OgR(-, E,L) and W (-, E, L) satisfy different initial conditions:

1
v (r-(E, L))’
W(0,E,L) =0, W(0,E,L) = -V, (r_(E, L)) (A.3.15)

by (A.3.6) and (2.2.65). In fact, the two solutions W(-,E,L) and OgR(-,E,L) form a
fundamental system of the linear ODE (A.3.13) because (A.3.14) and (A.3.15) imply that

the Wronskian determinant of these solutions equals 1, cf. [85, Lemma A.12 (a)].
In order to see another difference of these solutions, we differentiate the identity

OpR(0,E,L) = OpR(0,E,L) =0, (A.3.14)

R(s,E,L)=R(s+ jT(E,L),E, L) (A.3.16)
for fired s e R and j € Z w.r.t. E to deduce

OpR(s, E,L) = W(s, E, L) j 0T(E, L) + 0 R(s + jT(E, L), E, L) (A.3.17)
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by the T(E, L)-periodicity of W(-, E,L). Recalling (A.3.10), we thus see that OpR(-, E, L)
is periodic iff OpT(E, L) = 0, which will not be the case in general. Nonetheless, inserting

s =0 and s = 3T(E,L) into (A317) shows

ot
Vi (r—(E, L))

- 8ER(;T(E, L), E, L> - GER<(; +j>T(E, L),E, L>, (A.3.19)

= 0pR(0,E, L) = 0gR(jT(E,L),E, L), (A.3.18)

\I//[/(T’_;'_(E, L))

for j € Z. Most of these observations are also stated in [85, Lemma A.11 (b)].
Furthermore, Lemma implies that OLR(-, E, L) solves

1

B=-Vi(R(s: B.L) A+ mrp T35

(A.3.20)
Compared to (A.3.13)), this ODE contains an inhomogeneous term which is again T(E, L)-

periodic.

The techniques of the present section can also be used to study how a more regular
steady state translates into higher-order regularity of the associated period function. This
is based on [85, Rem. 3.17].

Remark A.3.5 (Higher-Order Regularities). Let us assume py € C7(]0,00]) for some j €
N; up to now, this was satisfied with j = 1, recall Proposition . For instance, this
is the case if g € C7(R), where g is the function relating po and Uy via FEI This
reqularity of g is in turn present if, e.g., the steady state is polytropic with exponents k
and £ satisfying k + € + % > j, recall Remark . If the steady is non-polytropic, similar
conditions on the energy dependency function ® also ensure the regularity of g@

In this situation, the radial Poisson equation yields Uy € C772(]0, 00[), which
then implies that (L,v) — W (r) defines a C7+2(]0,00[%) function. Further differentiat-
mng @ thus shows r+ € CI12(Ag). Hence, applying the same arguments as in the proof

of Lemma ABQ yields (R,W) € CIT1(R x Ag). Due to the identities (A.3.8)) and (A.3.9),

we thus conclude T € CITL(Ag).

A.3.2 Derivatives via the Integral Representation

In this section we differentiate the integral representation of the period function 7". Alterna-
tive integral expressions of 1" are derived in [85, Lemmas 3.3 and 3.10] and [148, Eqn. (B3)]
among others, but we prefer to stick to the classical formula ([2.2.97]).

In order to differentiate (2.2.97)), we first introduce a new function which is useful when
studying T'.
Definition A.3.6 (The Area Function). For (E,L) € Ay let

T+(E,L)
A(E,L) =2 V2E — 2V (r)dr. (A.3.21)

r_(E,L)

The induced function A: Ay — |0, 00[ is called the area function of the steady statem

204This can be verified by iteratively differentiating the relations (2.2.27) and (2.2.32) between Uy and po.
205For instance, similar arguments as in Lemma show g € C?(R) if & € C?71(R).
206The name area function is due to [148].
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The area function occurs naturally in the context of planar Hamiltonian systems like the
characteristic system (2.2.93)), cf. [I1 Sc. 50.B] and see also Remark In the context

of the Vlasov-Poisson system this function appears in [85, Eqn. (A.11)], [96, Eqn. (1.27)],
and [148, Eqn. (18)] among others. Let us add some comments on the physical interpretation
of the area function, which will explain its name.
Remark A.3.7. For (E,L) € Ay let (R,W)(-,E,L) be as specified in Section [A.53.1. As
discussed in Section the solution is time-periodic and its orbit (in the (r,w)-plane) is
closed, see Figure|2.2.5. The area enclosed by this solution, i.e., the area o
{(r,w) € 10,00 xR | E(r,w,L) < E}, (A.3.22)

is given by A(E,L).

The following result establishes a connection between the area function and the period

function.

Lemma A.3.8. Let m >0 and F: ]0,00[ — R be continuous. Then the function

T+(E7L)
I:Ay—R, I(E L) = / F(r)(2E — 2 (r))™dr (A.3.23)
r_(E,L)
1s partially differentiable w.r.t. E with
T+(E7L) 1
Opl(E,L) = Zm/ F(r)(2E =2V (r))"™ *dr (A.3.24)
r_(E,L)

for (E,L) € AO@
Proof. The proof is inspired by the proof of Lemma m (which we have not presented

here). First observe that the integrals in and exist since F' is locally
bounded, ¥ (rL(E, L)) # 0, and m > 0. In order to verify that I(-,L): |E™ 0] — R is
differentiable for fixed L > 0, we start by computing the right-derivative d5I(-, L). Let
E €]E™n 0] and 7 > 0 be s.t. E + 2n < 0. Then there holds the estimate

_ r(E,L)
IE+n.L) IalL)-zn{/ F(r) (2 — 20 (r))™ " dr| <
n r_(E,L)
7‘+(E,L) _ m __ _ m
r_(E,L) n
1 r—(E,L) r+(E+n,L)
+ - </ —i—/ |F(r)| (2E 4 2n — 2% (r))™ dr, (A.3.25)

n r_(E+n,L) r+(E,L)

recall T (E+n,L) <r_(E,L) <ry(E,L) <ry(E+mn,L) by Lemma [2.2.14 For fixed
r€lr_(E,L),r+(E,L)|, the integrand of the first term on the right-rand side of (A.3.25)
tends to 0 as n \, 0. In addition, by the mean value theorem there exists 7 € 0, [ s.t.

‘ (E+n— V()" = (E—Vi(r)"

e (B - v )" =

:(E+ﬁ—WMﬂW“h%E—WAMW4L(A&%)

207Recall that the orbit (R, W)(R, E, L) equals the energy level set {(r, w) € 10,00[xR | E(r,w, L) = E} and
that smaller energy values correspond to “inner” orbits since r—(E,L) < r—(E,L) < rg for Ef'" < E< E

by Lemma

208Obviously, the same result holds if the function F also depends on L because all statements in this
lemma only concern I(-, L) for a fixed value of L.
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and the latter expression can be bounded independently of 1 by a function which is inte-
grable in r € |r_(E,L),r+(E, L)[. As F is bounded on [r_(F, L), r(E, L)], we thus obtain
that the first integral on the right-rand side of tends to 0 as n \, 0 by Lebesgue’s
dominated convergence theorem. In order to see that the remaining integrals on the right-
rand side of exhibit the same limiting behaviour as 1 \, 0, we use the structure
of ¥y, recall Lemma [2.2.12] to infer the estimate

(2E+2n =2V (r)" < (20)"™,  relr(E+n,L),r(E+n L)\ |r_(E,L),r(E, L),
(A.3.27)
which yields

1 r_(E,L) r4(E+n,L)
— / —l—/ |F(r)] (2E 4+ 2n —2W(r))"dr <
r ) r

U —(E+777L +(E7L)
< T—(E>L) — ’I”_(E +77>L) —|—’I”+(E +77>L) — ’I”+(E,L)
- n

C 2™, (A.3.28)

where

C = max{|F(7")| 7€ [r,(%E, L),mr(;E,L)]}; (A.3.29)

recall n < —%E. Because ry are differentiable by Lemma [2.2.14 the right-hand side
of (A.3.28)) indeed converges to 0 as n N\, 0. We thus conclude that I(-,L) is right-
differentiable with

T+(E7L)

OLI(E,L) = 2m/ F(r)(2E — 20, (r)™ 'dr, EF<E<0.  (A.3.30)
r—(E,L)

By Lemma this right-derivative 851(-,L): |E™™ 0] — R is continuous. We hence
conclude that I(-, L) is indeed differentiable with 9gI = 0%1, see, e.g., [68, Ex. (17.24)]. O

Obviously, setting m = % and F' =1 in the above lemma yield@

OpA=T on A (A.3.31)

We note that this connection between the area function and the period function is known for
general (planar) Hamiltonian systems, cf. [11, p. 20]. In the context of the Vlasov-Poisson
system it is, e.g., stated in [148, Eqn. (33)].

Unfortunately, the energy derivative of the period function cannot be computed as
in Lemma because differentiating the integrand of T'(E, L) w.r.t. E results in the
non-integrable term (2F — 2\I/L(7'))7%. However, we can get around this problem with
a clever calculation due to [3I, Thm. 2.1], which has been applied in the context of the
Vlasov-Poisson system in [62], Lemma 2.6] and [61, Lemma A.10]. An alternative method

of differentiating ([2.2.97)) is presented in [I48, App. B].

Lemma A.3.9 (The Energy Derivative of the Period Function). The period func-
tion T: Ag — 10, 00] defined by (2.2.97)) is partially differentiable w.r.t. E with

opT(E, L) L / D iy (B,L) € by, (A332)
s = - — T 5 5 ; D
o E—Erm ) mny 2B —2W(r) "

209We cannot help but notice the following pun: The area function A not only gives the area enclosed by
solutions of the characteristic system, cf. Remark but can also be used to compute the area under the
graph of T'(-, L) by (A.3.31) and the main theorem of calculus.
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where

W () =2(Vp (r) — B Y (r)

Gr:10,00[ = R, Gr(r) = ()2 AL (A.3.33)
0, r=ry,

for L > 0. The function G, is continuous on |0,00[ for L > 0 and thus the integral on the

right-hand side of (A.3.32)) exists.

Proof. The continuity of G, follows by a more general result which we will show below, cf.
Lemma [A-3.10] Given this continuity, the existence of the integral on the right-hand side
of is evident from the structure of the effective potential ¥y,

In order to establish the relation (A.3.32)), we follow [31, Proof of Thm. 2.1] and define

I(E,L) = / e (2EP™ — 20 (r)) \/2E — 2¥(r) dr, (E,L) € Ag.  (A.3.34)

_(E,L)

Lemma implies that I: Ay — R is partially differentiable w.r.t. F with

r+(E,L) 9Emin _ o\
Opl(E,L) = / L L(r)

1 .
dT = ,A E,L — E _ Emm T E,L A335
r—(E,L) 2E —2W(r) 2 ( )= ( ) T( ) ( )

for (E/, L) € Ag. On the other hand,

) /7‘+(E,L) ‘IJL(’I“) _ Einin

I(E,L)="~ e W) 9, [(2E - 2‘1@(7“))5} dr. (A.3.36)

3

Evidently, it is our intention to integrate by parts in (A.3.36)). To see that the necessary
conditions for this step are satisfied, first observ

W) — BP™ = S0 () (r — 1) 4 of(r — 71)?), (A.3.37)
W (r) =W (ry) (r—ry) +o(r —rg), (A.3.38)
W7 (r) = Wi (ry) + o(1), (A.3.39)

for 7, L > 0 by Taylor’s theorem; recall ¥, € C3(]0, 00[) with ¥/ (rz) = 0. Hence, for any

L > 0, the mapping |0,00[ 3 r — %}giﬂm is continuous with
L

‘IJL(T)/—_EL‘T_T — lim \I[L(T)/—_EL —0. (A.3.40)
v (r) e o W (r)
Moreover,
Y (r) — Efm} W (r)? — (Y (r) — EF™) Wi (r)
ar[ - A3.41
V() V(P ey
for r € 10,00\ {rr}, and (A.3.37)—(A.3.39) show that defining
W (r)? — (Wi (r) — EF™) Wi (r) 1
TAGE ey, =5 (A.3.42)

210 ere we employ the standard Landau notation, i.e., for n € Np, the expression o((r — r1)™) represents

a continuous function a: ]0,00[ = R s.t. limy—,, % =0.
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extends 0, [%} continuously onto |0, co[; note that W7 (rr) = 4wpo(rr) + T% >0
L L
by (2.2.32)). Hence, we can indeed integrate by parts in (|A.3.36|), which yields
nen--3 [ P B W (r)? — (Wi (r) — B WY (r)
’ r_(E,L) vl (r)?

3
for (E,L) € Ag. Applying Lemma twice then implies that I is twice partially differ-
entiable w.r.t. ' with

(2E —2¥;(r))2dr  (A.3.43)

OLI(E,L) = 2 / T W (r)? — (Vi) — BT V(1) dr
ro(E.L) W (r)? 2F — 2W . (r)

for (E,L) € Ag. By (A.3.31]) and (A.3.35)), T is thus partially differentiable w.r.t. E with

(A.3.44)

0%l = %8EA ~T — (E— EP™) 0T (A.3.45)

on Ag. Inserting (2.2.97)), (A.3.31)), and (|A.3.44]) into this identity and solving for OgT then
yields (A.3.32). O

In order to show that OgT is continuous, we further analyse G..

Lemma A.3.10. The function ]0,00[%> (L,7) — GL(r) defined by (A.3.33) is continuous.

Proof. The continuity on the set {(L,7) € ]0,00[> |  # r.} follows by the regularity of Uy
established in Proposition @ note that this set is open by Lemma @

It thus remains to show the continuity in (L*,rp«) for L* > 0. To do so, we apply
Taylor’s theorem to infer that for any L > 0 and r > 0 there exist &1, &2,&3,&4 > 0 with
|& — 7| < |r—rp| forie{1,2,3,4} s.t.

Wi ()~ BP™ = W) (r = 7o)+ W@ (r—rn)’, (A3.46)
W, (r) = WH(€) (r —r1) = Wh(rs) (r = ra) + S WE(E) (r— o) (A34T)
W7 (r) = Wi (re) + V7 (&) (r —rr). (A.3.48)

Inserting these expansions into the definition of G, yields

- " " " 1 "
Gilr) = s (wm) (e -~ v - Suyie))+
H I - T ) W) ) (A3a9)

4

for L > 0 and r > 0 with r # 7. Because ]0,00[*> (L,7) \II(L])(T) is continuous for
j € {0,1,2,3} by Proposition @, all terms containing some &; are locally bounded
in (L,7). Moreover, since W7, (rp+) > 0, the expression ¥/ (&) is bounded away from
zero for all (L,r) in a sufficiently small neighbourhood of (L*,rz+); notice that &; depends
on (L,r). Hence, shows that Gr(r) — 0 as (L,r) — (L*,rp«). O

The above lemma now allows us to conclude that the energy derivative of the period
function is continuous.

Corollary A.3.11. The function OgT: Ag — R is continuous.
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Proof. Combine Lemmas and O

Our next aim is to compute the L-derivative of the period function 7. We shall not do
this by directly differentiating w.r.t. L, as this would require somewhat new (and
technical) arguments. Instead, we follow a different strategy in which we can recycle the
above arguments used to compute OgT: We first differentiate the area function A w.r.t. L,
which is rather straight-forward. The resulting expression 01, A is qualitatively similar to 7.
We can therefore differentiate it w.r.t. £ using the same methods as in Lemma and
obtain a representation for 0;T = 9rdpA by commuting the partial derivatives. Let us
proceed with the first step of this strategy.

Lemma A.3.12. The area function A: Ag — R introduced in Definition is partially
differentiable w.r.t. L with

T+(E7L)
OLAE,L) = — / dr (E,L) € Ao (A.3.50)

v (B,L) T2y/2E — 2V (r)’

Proof. The statement can be shown similarly to Lemmal[A:3.8 More precisely, we first show
that holds if one replaces the partial derivative d;, with the left-derivative 9, . We
then conclude the claimed statement because the integral on the right-hand side of
is continuous as a function of (E, L) € Ay by Lemma O

Except for the T%—Weight, the integral representation ({A.3.50|) of Jr, A looks similar to the
one of the period function T'. In fact, it is possible to interpret d; A as the period function
associated to another, suitably chosen potential. This observation is due to [85, Rem. 3.17].

Lemma A.3.13. For L >0 let

D)= )5

+O'
2.

Then the function U, has similar properties as the ones stated in Lemma for the
effective potential \IJLPEI Concretely,

F7,:]0,00] = R, ¥y (o) =Ty, (7 - (A.3.51)

min ¥y = min ¥y = FPi, (A.3.52)

10,00 10,00

and the unique minimiser of ¥, is

L
op = £ (A.3.53)
rL
In addition, for every E € |E™® 0, the unique values 0 < o_(E,L) < o4(E,L) < o0
satisfying

U (0cx(E, L) =E (A.3.54)

are given by

VL

E, L) = ——+—. A.3.
Furthermore, solutions of the system
o =w, (A.3.56a)
W= - (0), (A.3.56b)

21 0ne difference to the effective potential is the limiting behaviour of Ur(0) as 0 — 0 and as 0 — oo
because limy,—0 ¥ (0) =0 = limy 00 U (r) and lime— oo U (0) = 00 = limy—0 ¥ (7).
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behave similarly to the ones of (2.2.93)). In particular, the energy defined by

- 1 -

E(o,w,L) := §w2 +Yr(o), (o,w, L) € 10,00 x R x]0, 0], (A.3.57)

18 a conserved quantity of m, and every solution of (A.3.56)) with parameter L > 0
and conserved energy value E = E € ]Emm 0[ is time-periodic wzth period

E L) —2/ (A.3.58)
(B.L) /2F — 2V (o
There holds the relation
1 -
OLA(E,L)=——=T(FE, L), E. L) € Ag. A.3.59
LAB L) =~ T(E.L),  (BL) € Ay (4.3.59)

Proof. The properties of the function Wy easily follow by the ones of the effective poten-
tial ¥y, derived in Lemma [2.2.12] Similar as in Section|2.2.2] one can then verify the claimed
behaviour of the solutions of ({A.3.56]).

In order to establish (A.3.59)), we change variables via o = @ in (A.3.50) to conclude

1

/<EL> J2E—20,0)  2VE

for (E,L) € Ay. O

OLA(E, L) T(E,L) (A.3.60)

Let us briefly discuss the physical meaning of 7.

Remark A.3.14. As shown above, applying the change of variables o = @ to (A.3.58))
yields

T(E,L) = 2\7/ dr (A.3.61)
(B,L) 12\/2E —2W(r)

for (E,L) € Ag. Following [19, Sc. 3.1], this quantity is related to the particle motions
as follows: Consider a solution of the characteristic system of the steady state in
Cartesian (x,v)-coordinates with conserved quantities (E,L) € Ag. The solution moves
in the orbital plane, i.e., the plane perpendicular to the (conserved) angular momentum
vector, around the centre of symmetry r = 0. As discussed in Section [2.2.9, the radial
period of this solution, i.e., the time needed for the spatial radius of the solution to move
from its minimal value r—_(E, L) to its maximal value r(E,L) and back to r_(E,L), is
given by T(E, L). During one such radial period, the azimuthal angle of the solution in the
orbital plane increases by T(E, L), cf. [I9, Eqn. (3.18b)]. The mean angular speed of the
solution in the orbital plane is thus given by the ratio

T(E,L)
T(E,L)

(A.3.62)

Using the relation (A.3.59)) from Lemma |A.3.13| and applying the techniques from
Lemma allows us to compute the energy derivative of dr A.
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Lemma A.3.15. The function O A: Ay — R is partially differentiable w.r.t. E with

OpOLA(E, L) = —I/H(E’L)H (r) dr (E,L) € A
BOLALS: 2AE—E™) | gy O 12 RE 20 (r) ! o
(A.3.63)
where
VL0 AW 0) B (ORI
Hp:)0,00[ = R, Hp(r) := v (r)? ’ ’ (A.3.64)

0, r=rp.

The function ]0,00[?> (L,r) — Hp(r) is continuous and the integral on the right-hand side

of (A.3.63)) exists.

Proof. Mimicking the proof of Lemma shows that T: Ay — R defined in
Lemma is partially differentiable w.r.t. E with

~ 1 o+ (E,L) - do
- L O'—(EvL) 2E — 2\I/L(U)
where
‘i”L(0)2*2(¢’~L(0’)*E2"i“)‘i"£(0)
Gr:10,00[ = R, Gr(0) = V()2 07 L, (A.3.66)
0, o=o0y.

Similar arguments as in the proof of Lemma [A.3.10| yield that ]0, 00?3 (L,0) — G1(0) is
continuous because ¥y, has the same properties as the effective potential ¥ ; in particular,

the calculation (A-3.68) below will show ¥ (o7,) > 0.

In order to change to the variable r = g in the integral on the right-hand side

of (|A.3.65)), first observe that differentiating (A.3.51)) and using the radial Poisson equa-
tion ([2.2.32) yields

2

¥, (o) = —% v, (r), (A.3.67)
- 4 3 4 4 I
(o) = % O (r) + 2% v, () = % AT, (r) = % <47rp0(7“) n 7'4> (A.3.68)
for L >0,0>0,and r = g Hence,
o (VLN UL(r)? = 2(Wy(r) — EP) (W (r) + 2 (r))
VI _ r —H A3
61 (%) V7 (r)? () (4.3.69)

for L,r > 0 with r # r7,, and the continuity of ]0, 00[?3 (L, o) — Gr(¢) implies the claimed
continuity of ]0,00[>> (L,7) = Hp(r). Changing variables via r = 4 in (A.3.65) thus
yields

VL r+(E.L) dr

min HL (T) )
E—EL r_(E,L) 7'2\/2E—2\I/L(7“)
Inserting this identity into (A.3.59) concludes the proof of (A.3.63)). O

OpT(E,L) =

(E,L) € Ag.  (A.3.70)
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Lemmas [A.3.12] and [A.3.15] now allow us to compute the L-derivative of the period
function by commuting derivatives w.r.t. E and L.

Lemma A.3.16 (The L-Derivative of the Period Function). The period function T: Ay —
10, 00| defined by (2.2.97)) is partially differentiable w.r.t. L with

1 r+(E,L) dr
OLT(E,L) = 0g0LA(E,L) = / Hy(r) (A.3.71)

2B - EFM) ) s r2\/2F — 2W (r)
for (E, L) € Ay, where Hy, is defined in (A.3.64]).
Proof. Lemmas|A.3.8|and [A.3.12]imply that Op A and Jp A exist on Ag. In addition, 0pdr A

exists by Lemma |[A.3.15| and applying Lemma [A.3.1| to (A.3.63) shows that 0gpdr A is con-
tinuous on Ag. Hence, O A is partially differentiable w.r.t. L with

9.0pA = 0pdL A on Ag (A.3.72)

by Schwarz’s theorem. Recalling (A.3.31]), we conclude that T is partially differentiable
w.r.t. L and that (A.3.71]) holds. O

Let us summarise the findings of the present section so far.

Proposition A.3.17. The period function T': Ay — ]0,00[ defined by 42.2.97? is continu-
ously differentiable and its partial derivatives are given by (A.3.32) and (A.3.71)). Moreover,

1
oL

where T is defined in Lemma|A.3.15,

We (again) note that an alternative way of computing the second-order derivatives of
the area function A is presented in [148, App. C]. In particular, the integral representations
of 94A and OpdLA = 9.0gA from [148, Eqns. (C.11) and (C.12)] are identical to the
expressions derived above.

Although it is not necessary for the proof of Proposition it is useful (for the anal-
ysis in Chapter |§[) to derive integral representations for the higher-order partial derivatives
of T as well; recall T € C?(Ag) by Lemma We illustrate how this works for 027
Other second-order partial derivates can be computed in the same way using . In
order to differentiate the integral representation of 0T derived in Lemma by apply-
ing the general result from Lemma we first rewrite . This is based on [61,
Eqn. (A.21)].

Lemma A.3.18. For L > 0 let

OT(E,L) = opT(E, L), (E,L) € Ay, (A.3.73)

el rF# L,
GLL: ]0, OO[ — R, GLL(’)") = L(T&,/H(TL) (A374)

1 =7 —
—s =5, r=r
3 W (rp)?? L,

where G, is defined in (A.3.33)). Assume that the underlying steady state satisfies Uy €
CH(I) for some open interval I EEI For L > 0 with r, € I, Gy 1, is differentiable on ]0, 00|
with

,’,,_min ”7’2— /,,,2 () — 7n_min ! (r e
6(‘I’L( ) EL )\IJL( ) 3\11[,( )\I;l;ll(i)(4) 2(\I’L( ) EL )\I’L( )‘IlL( )’ r ?é TL;

/ —
1,L(T) - 5 \I/Z/(TL)2 1 \I/(L4>(7'L) (A375)

129/ (rp) — AW ()2 =T

212We will comment on this regularity assumption in Remark [A.4.7
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forr > 0. The functions 0,00[?> (L,7) + G1,(r) and {L > 0| r; € I} x]0,00[ 3 (L,7)
G (1) are both continuous. Furthermore, for all (E,L) € Ag with v, € I there holds the
identity

r+(E,L) r(E,L)
/ GL(?”) dr — ,IL(T) 2F — 2\I/L(7“) dr. (A376)
r(B,L) /2E =29 (r) r_(E,L)

Proof. We first verify the claimed properties of G 1. Taylor expanding G'1, with quantitative
control of the rest terms, see (A.3.49) in the proof of Lemma [A.3.10, shows that ]0, oo[%3
(L,7) = G1,1(r) is continuous. The formula (A.3.75) for G ;(r) in the case r # 7, follows
by direct computation. In order to analyse G/1, .(r) at r = rp, we Taylor expand all terms
to fourth order, i.e., we write

" n (4)
Up(r)= Eanin + \IlLéTL) (r— T‘L)2 + ‘llLérL) (r— TL)3 + ‘IJL2fl) (r — T‘L)4, (A.3.77)
n r (4)

W) = V(&) (o) = Whors) (r—ra) 4 T (g gy T

(A.3.78)
@)
Uy (r) =Wy (rp) + 97 (re) (r —rp) + b’ 2(54) (r—rp)?, (A.3.79)
WY (r) = Y () + U3 (&) (r — ), (A.3.80)

for r € I and L > 0 with r # r € T and some &1,&2,83,&4,&5 € I with |§ —rp| < |r —rg|
fori € {1,2,3,4,5}. Recall that we assume that Uy is four times continuously differentiable
on I. Inserting these expansions into the numerator of G ;(r) yields

! 'Yal
LG L 2 g (e — ()2 080 )

(r —rp)? 4
§ " 2 1,(4) " 2 1,(4) E " " 2
+ 5 Wy (rp)* Wy (6a) =V (rp)" W (65) + 19 Uy (rp) W7 (rp)” +o(1), (A.3.81)
while the denominator can be written as
o/ (7")4

Here, the o(1)-terms are sums of products of the expansion terms from the right-hand
sides of (A.3.77)—(A.3.80) containing some positive power of (r — 7). Since ]0,00[ X I 3

(L,7) — \I'(L])(r) is continuous for 0 < j < 4, the o(1)-terms converge to 0 as r — rp
locally uniformly in L. Considering the limit » — 7, in (A.3.81) and (A.3.82)) hence shows
that Gz, is indeed differentiable with (A.3.75) and that (L,r) +— G (r) is continuous on
{(L,rr) | L > 0 with ri, € I'}; recall U7 (r) > 0.

The identity (A.3.76)) is then obtained by integrating by parts:

’V‘+(E,L) 7‘+(E7L)
/ Grlr) g, / Gr.(r) ar[ 2F — 2\1/L(r)} dr =

_(E,L) 2E — 2V (r) _(B,L)
T+(E’L)
= / 10(r) V2E =20 (r)dr (A.3.83)
r—(E,L)

for (E, L) € Ag as specified in the statement of the lemma. O
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We can now directly apply Lemma to the right-hand side of (A.3.76)) to obtain an
integral representation of %T. This is based on [61, Eqn. (A.28)].

Lemma A.3.19 (The Second-Order Energy Derivative of the Period Function). Assume
Uy € C*(I) for some open interval I, and consider (E,L) € Ay with r, € I. Then OgT is
partially differentiable in (E, L) w.r.t. E with

1 r+(E,L) i} _ Emin 1
O2T(E,L) = / ] ARt AR N vy vy o f I
(E—-EM)? ) en) V2E —2¥(r) 2
(A.3.84)

recall that G 1, is given by (A.3.75).

Proof. Combining ({A.3.32)) and (A.3.76|) shows

1 r+(E,L)
OpT(E,L) = ——— / 1) V/2E — 20, (r) dr. (A.3.85)

E—EP™ ), (&1

Differentiating this expression w.r.t. E using Lemma yields

r+(E,L) F — Emin
0T (E,L) = 1/ G’LL(r)( L — /2E — 2\I/L(r)> dr.

(E—Ep™)? Jo_(p.p) 2E — 20 (r)
(A.3.86)
We then conclude (A.3.84) by rewriting the integrand. O

A.3.3 Monotonicity of the Period Function ?

When studying the presence of oscillatory modes, we see that it is crucial to understand
where the period function 7" attains its maximal and minimal values on the (closure of the)
(E, L)-triangle Dy. In fact, the numerical simulations indicate that 7' is monotonic in at
least one of its variables for many steady states, cf. Section [8.2] In this section, we thus use
the identities for the partial derivatives of T' derived above to investigate the monotonicity
of the period function w.r.t. one of its variables. As a caveat, however, we shall say in
advance that we are not able to prove the monotonicity of the period function for any
steady state from Section mathematically. We rather limit ourselves here to collecting
criteria for the monotonicity of 7', which can then be checked numerically — and hopefully
also mathematically in future work.

Further criteria for the monotonicity of a period function, as well as examples where
they are satisfied, are, e.g., derived in [23] 28], B0, [B1] 45], [125] 148 [152]. We present some
of the ideas from these references below, but also admit that we may not have understood
well enough some arguments from the rich literature leading to the monotonicity of T w.r.t.
one of its variables.
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Monotonicity via Characteristics 7

Lemma [A.3.3] showd?]
sign(9pT(E, L)) = —sign(dpW (T(E, L), E, L)) = sign <8EW (%T(E, L), E, L)) :
(A.3.87)
sign(9,T(E, L)) = — sign(d, W (T(E, L), E, L)) = sign <8LW<;T(E,L), E, L))
(A.3.88)

for (E,L) € Ao, where (R, W) is the characteristic flow of the steady state as specified in
Section For instance, in order to understand whether 7' is monotonic in £, one has to
analyse the sign of OpW (3T(E, L), E, L) for (E, L) € Ag. Recall oW = OpR = 0,0pR and
that OpR(-, E, L) is the unique solution of the linear second-order ODE (A.3.13)) satisfying
the initial condition

1 .
EFL)= ————— E L)= A3.
8ER(07 ) ) \I’/L(T,(E, L)) <0, 8E'R(07 ) ) 0, ( 3 89)
cf. Remark Another solution of the ODE ({A.3.13)) is given by W (-, E, L), and the
latter solution is T'(E, L)-periodic with

W(0,E,L)=0= W(%T(E, L), E, L)), (A.3.90)

W(0,B,L) = W, (r_(E,L)) > 0> —U, (r.(E,L)) = W(%T(E, L),E,L)). (A.3.91)

If we imagine this solution in the (a, &)-plane, W (-, E, L) completes “half a round” at time
s = 3T(E,L). The sign of 0pW (3T(E, L), E, L) is determined by whether dgR(-, E, L) is
faster than W (-, E, L), more precisely, whether it has already completed half a round after
the same time (OpR(AT(E, L), E,L) < 0 = 9pR(0,E, L)), or not (dpR(3T(E,L),E,L) >
0)@ A suitable comparison statement could provide insight into issues of this type.

Another observation from Remark is that 9gT(FE,L) = 0 is equivalent to
OpR(-, E, L) being periodic; this is due to (A.3.17)). In this case, the period of Og R(-, E, L) is
T(E, L), i.e., the period equals the one of W (-, E, L). Hence, as OgR(-, E, L) and W (-, E, L)
form a fundamental system of , every solution of this ODE is T'(E, L)-periodic. This
is referred to as an instance of coezistence, and in the context of a Hill equation like (A.3.13)
its presence is analysed in [106, Ch. 7] for some special cases. Moreover, by ,
OpT(E,L) = 0 is equivalent to 0 being a stable equilibrium of . Relations between
this stability and properties of the coefficient W7/ (R(-, E, L)) of the equation are,
e.g., studied in [I06] Sc. 2.6 & Ch. 5] and [183] Sc. I1.4].

Similar characterisations can also be derived for the L-derivative of T. Recall that

OLR(-, E, L) solves the ODE (A.3.20)), which arises from (A.3.13|) by adding an inhomoge-

neous term.

Monotonicity via the Integral Representations 7

Another way of checking whether the period function is monotonic w.r.t. one of its variables
is provided by the integral representations of the partial derivatives OgT and 01T, recall

213Here we employ the convention sign(0) := 0.
210ne should, however, be careful with this description as the angle of the solution dgR(-, E, L) in the
(a, &)-plane need not be monotonic in general.
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Lemmas [A.3.9] and [A.3.16] A particularly naive approach is to deduce the sign of OgT
or ;T by showing that the integrand of the respective integral only attains one sign on the
whole domain of integration. Unfortunately, the following lemma shows that this is not to
be expected in general.

Lemma A.3.20. Assume that the underlying steady state is isotropic, i.e., Lo = 0 = £.
Then, for any fized L > 0, the function Gr:]0,00] — R defined in (A.3.33)) switches its
sign at r = ry,. More precisely, for any L > 0 there exists some § > 0 s.t.

Gr <0 on|rp —6,rL, Gr >0 on|rp,rr + 4. (A.3.92)
Proof. The continuity of G'1 1, shown in Lemma implies
Gp(r) _ 1 97(rr)

li =—- = —=. A.3.93
W) T 3 W ()2 (4.3.93)
By the radial Poisson equation (2.2.32) we obtain
8 6 L
W7 (r) = dmpp(r) — TW po(r) + py mo(r) — 12r—5, r > 0. (A.3.94)
Inserting 0 = W/, (rp) = %%L) - L% into (A.3.94) thus yields
8 L
WY (rp) = dmph(r) — — polry) — 6. (A.3.95)
rr ’I“L

Now recall that pg is non-increasing in the case of an isotropic steady state by Re-

mark [2.2.10 @ Hence,
'(rp) <0 (A.3.96)

in the present, isotropic situation. Together with (A.3.93)) we thus conclude that there exists

some 6 > 0 s.t.
Gr,

\117/ > 0 on ]TL — 5, L + 6[, (A397)

L
which implies (A.3.92)) by recalling the structure of the effective potential Wy derived in
Lemma 2.2.12] O

Because the sign of the integrand in the integral representation of OgT(E, L)
is determined by the sign of GG, the above lemma shows that we cannot hope to prove the
energy monotonicity of T' by the naive approach described aboveFEI at least in the case of
an isotropic equilibrium. In the situation of a general steady state, the above arguments
show that G, switches its sign at rz, as long as U/(rr) does not vanish, which is expected
to be the case in generalm

Similar statements also hold for the L-derivative of the period function. In fact, Taylor
expanding the numerator of the function Hy, defined in shows

H L (7“ ) G L (’I" )

= L A.3.98
o, W (r)  rory W (r) ( )

2151 particular, note that the radius 71, where the integrand switches its sign, is always contained in the
domain of integration.

216Using the same techniques as above, one can, e.g., show that G always switches its sign at r = rp,
provided that 7z > Rmax. However, as L-values satisfying this condition cannot be found inside the support
of the steady state, this observation is not too enlightening.
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for fixed L > 0, i.e., H, behaves similarly to G, at r = rp.

One possibility to get around this issue is to suitably reflect the integrand at » = rp, in
order to compare radii to the left and to the right of r; with one another. We discuss this
idea next; a similar approach is pursued in [23] Sc. 2].

Definition A.3.21 (A Radial Reflection Mapping). For L > 0 let
Cr:f{r>0]r<rp & Vp(r) <0} = |rp,00[, Co(r) =r(Vr(r),L). (A.3.99)
We call (;, a radial reflection mapping.

The mapping (7, operates as follows: Each radius » > 0 to the left of ry is mapped to
the right of r, s.t. the value of the effective potential Wy, is preserved, i.e.,

Uy (r)=Yr(lL(r)), r € )0, r[ with ¥ (r) < 0. (A.3.100)

For this to be possible, we have to assume Wy (r) < 0; recall the structure of the effective
potential derived in Lemma |2.2.12] in particular, lim, o ¥ (r) = oo and lim, o, ¥1,(r) = 0.
Further note that Lemma [2.2.14 implies that (r, is differentiable with

vy (r)
L) = g
B A
for 0 < r < rp with Uz(r) < 0. An illustration of the reflection mapping is provided in

Figure [A73]
Lulr) \"'1 ra " Cu(ra) Cu(r)

1 T

(A.3.101)

Ur(r) -

\I/L(TQ) g

Figure A.3.1: A schematic visualisation of the radial reflection mapping (;, for L > 0.
We can use the radial reflection mapping (; to rewrite the integral representations
of OgT and 9.T.
Lemma A.3.22. For L > 0 let
Gl {r>0]r<rp & Up(r) <0} = R, G (r) == Gr(r) — GL(Cu(r) CL(r), (A.3.102)
_Hy(r)  Hy(G(n)

Het 0 & 0} —» R, Hf(r) : :
L {T > ’ <L L(T) < } — K, f1p, (’I”) r2 CL(T)2 CL(T)v

(A.3.103)

where G, and Hy, are defined in (A.3.33) and (A.3.64), respectively. Then, for (E,L) € Ao,

1 L Gref
OpT(E, L) = ——— / L0y, (A.3.104)
E—Ep™ Jr (B 2E =2V (r)
1 L Href
O1T(E,L) = _m,m/ e g (A.3.105)
2(E = ET™) Jr_(m,1) \/2E — 29 (1)
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Proof. We first rewrite the formula for T from Lemma as follows:

i 'L r+(E,L)
E—Ep™)0pT(E,L) = Gr(r) dr + Grlr) dr
L
r(B,L) /2E =29 (r) - V2E — 20, (r)
(A.3.106)

for (E,L) € Ap. Changing variables via r = ((7) in the second integral on the right-
hand side of (A.3.106)) — observe that (p: [r—(E,L),rp[ — |rp,r+(E, L)] is one-to-one —

and using (A.3.100) then yields (A.3.104). The identity (A.3.105)) follows similarly using
Lemma [A.3.T6] O

Showing that the integrands on the right-hand sides of (A.3.104]) and (A.3.105) take only
one sign is more likely to succeed. Concretely, if Gl}ff > 0 and Hzef >0on|r_(E,L),rg[ for
some (E,L) € Ay, we obtain OgT(E,L) > 0 and 9. T(E, L) > 0. We analyse this criterion
for the monotonicity of 7" numerically in Section As a slight preview, we note that
the numerics indicate that Glff and Hief are indeed positive on suitable radial domains
for certain steady states, cf. Observations and Hence, the above lemma,
might be helpful to rigorously prove the monotonicity of 7" in future work.

Monotonicity at the Boundary

The above discussion is only concerned with the monotonicity of the period function in-
side Ag. In order to understand where T" attains its maximal/minimal values on the (E, L)-
support Dy = AgN{E < Ey & L > Ly} of the steady state, it is also useful to analyse the
monotonicity of (a suitable extension of) 7" on the boundary of Ay. Of particular interest
is the behaviour of T on the following two parts of the boundary of Aom

{(EL,L) | L >0} C Ay, (A.3.107)
{(E,0) | Up(0) < E < 0} C 0Ay; (A.3.108)

it follows by Lemma that these two sets are indeed part of the boundary of Ag.

We will not yet study the behaviour of T on , but will analyse it in Section
In particular, a monotonicity statement of the period function on this part of the boundary
will be proven in Lemma

As to the second part (A.3.108]) of the boundary, recall Remark @, where it
is argued that defines a natural extension of the period function onto {(E,0) |
Up(0) < E < 0}. A detailed proof that this extension is indeed continuous is provided
in [85, Lemma 3.12]. Moreover, the behaviour of T'(E, L) in the limit (E, L) — (Up(0),0)
will be briefly discussed in Remark [A74.4]

It is observed in [85, Lemma 3.15] that the (extension of the) period function is indeed
monotonic on {(£,0) | Uy(0) < E < 0} under suitable assumptions on the steady state.
Since the proof of this statement could be helpful for further monotonicity proofs, we include
it here.

Lemma A.3.23. Assume that the underlying steady state is isotropic, i.e., Lo = 0 = £.
Then the function

r+(E,0) dr
T(-,0): 1Uo(0),0] — 10, 00[, T(E,0) =2 S (A.3.109)

0 \/QE— 2U0(?")

18 strictly increasing.

21"The remaining part of Ao is {(0, L) | L > 0}. However, this set is not of interest when studying the
behaviour of T on Dy, because the energy values inside Dy are bounded from above by Fy < 0.
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Proof. We follow the proof from [85, Lemma 3.15], which is in turn based on [125]. Consider
the mapping

A~

T: 10,00 — ]0, 00|,

(A.3.110)

s r dr
=2 V200() — 200(r)’

which is well-defined since U} < 0 on ]0,00[ by the radial Poisson equation (2.2.32)) and
Proposition Recalling the definition of r4(-,0) from Lemma [2.2.14] there

obviously holds

T(E,0)=T(r (E,0), E€]Uy(0),0[. (A.3.111)

Moreover, since r4(+,0): |Uy(0),0[ — ]0, oo] is strictly increasing, the claimed monotonicity
of T'(-,0) is equivalent to 7" being strictly increasing on |0, col.

To prove the latter, we first use the radial Poisson equation (2.2.32)) together with the

fact that, in the case of an isotropic steady state, pg is strictly decreasing on [0, Ryax] by

Remark [2.2.10 @ to infer

U| 12 " 12 "
Ul (r)— o(r) = 47rp0(r)—37r/ s%po(s)ds < 471',00(7“)——37r po(r)/ s2ds =0 (A.3.112)
r T 0 T 0
for r > 0. Hence, ]0,00[ > r — @ is strictly decreasing, which implies
U/
olpr) Ul(r),  r>0,p>1. (A.3.113)

Coming back to T, we change variables via r = p s to deduce

. PP dr

o B u ds
D=2 | Amn =200 2p/o V2Uo(p7) — 2 s)

(A.3.114)

for 7 > 0 and p > 1. Applying the main theorem of calculus and (A.3.113]) shows that for
any s € |0, 7[ there holds

Uo(p?) — Up(ps) = p/r Ul(po)do < p? / Ul(o)do = p*(Up(#) — Up(s)).  (A.3.115)

s

Inserting this estimate into (A.3.114]) then yields

A 4 ds s
T(pr) > 2/0 J300() = 20a(5) =T(r) (A.3.116)

for 7 > 0 and p > 1, which concludes the proof. OJ

The above arguments crucially rely on the fact that the domain of integration for the
integral T'(E,0) starts at » = 0. All attempts of the author to show the monotonicity
of T(-,L) for L > 0 with the above ideas have failed so far. Furthermore, using Lem-
mas [A.3.13], [A.3.15], and [A.3.16] allows us to relate the L-monotonicity of the function T to
the E-monotonicity of 7' from Lemma However, using the above ideas to show that
T(-, L) is monotonic has not succeeded so far either. Nonetheless, we refer to the discussion
in [R5, Rem. 3.17] for some evidence why proving the L-monotonicity of 7" in this way seems
rather promising.
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A.4 Extending the Period Function to Minimal Energies

In this section we analyse the behaviour of the period function close to the minimal energy

curve )
{(E™ L) | L > 0). (A.41)

In [61], this region is called the near circular regime because solutions of the characteristic
system with squared modulus of angular momentum L > 0 and energy E = Egﬂn are
radially constant, i.e., 7 = rp, which corresponds to a circular motion in Cartesian (x,v)-
coordinates.

More precisely, we study the limiting behaviour of T'(E, L) and of its partial derivatives
OpT(E,L) and O,T(E,L) as (E,L) — (E®" L*) for L* > 0; note that the set
is contained in dAg. We shall solely work with the integral representations of 7" and its
partial derivatives. For this, we first prove the following general result which is based on [61],
Lemmas A.11 and A.12].

Lemma A.4.1. Let |0,0023 (L,7) = Fr(r) € R be continuousP™| Then, for L* > 0,

T+(E’L)
lim / Fr(r)\/2E —2¥(r)dr =0, (A4.2)
)Jr

Ao3(BE,L)—(EP»,L*) Jr_(E,L)
r+(E,L) F Fra .
lim / L) gy % (A.4.3)
Ao3(E.L)—(ERn L) Jr_(BL) \/2E — 2V () U7 (rp-)
where we recall
L* Ul(rp»
\Iflll/* (TL*) = 471'/)0(7“[/*) + ! = 47Tp0(T'L*> + OT(LL ) > 0. (A44)
L* *

Proof. By Lemma [2.2.14|((c)| we have 74 (FE, L) — rp- as (E, L) — (EW® L*). Since Fy(r)
is locally bounded, we thus trivially conclude (A.4.2).
Showing (A.4.3) is harder due to the singular integrand. For fixed (E, L) € Ay we obtain

'I’+(E,L) TL T4 (E,L)
/ Fi(r) o / . / Fi(r)
r_(B,L) \/2E =2V (r) r(B,L) Jro 2F — 2V (7)

E Fr(r_(n,L)) E Fi(re(n, L))

_ d
ppn BB MU D) Jepe JAE - ) W+ (0, D)

by changing variables via n = ¥ (r), r = r4(n, L) in both integrals; note the different signs
of the W/ -terms. We focus on the first integral on the right-hand side of this calculation;
the arguments for the second integral are similar.

The extended mean value theorem yields that for every n € ]Egli“, E[ there exists some
selr_(n,L),r [Clr—(E,L),rr]s.t.

Wi (r—(n,L))? _ Wi(r—(n,L))* 2¥)(s) ¥](s)

dn (A.4.5)

: = =201 (s); A46
n— Einm n— \I’L(""L) \I’/L(S) L(S)’ ( )
recall U, (r) = 0. Hence, the integrand of the integral under consideration can be rewritten
as
Fr(r—(n, L Fr(r—(n,L
W) WD) e

VAE =) UL D)) g, (B —)(n — B W (s)

2180bviously, the continuity of (L,r) — Fr(r) is only necessary in a neighbourhood of (L*,rz+) for the
statements of Lemma to hold.
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Next observe that (A.4.4), which is due to the radial Poisson equation (2.2.32)) and
U (rp<) = 0, combined with the limiting behaviour of r4 from Lemma [2.2.14 and
the continuities of (L,r) — Fr(r) and (L,r) — ¥/ (r) imply

Ve > 038 > 0V(E, L) € Ay with |(E, L) — (ER™ L*)| < §:

FL(’I") . FL*(TL*)
NAZIO VAT

For arbitrary € > 0, choosing § > 0 as above and inserting (|A.4.7)) hence yields

f for r,s € [r_(E,L),r(E,L)]. (A.A4.8)

E Fi(r—(n, L)) - Fpe(re+)
g VAE - UL (L) 2 V)|
_| /" Fi(r—(n, L)) B FL* (rr~) /
g V2B -V DR 2/ () o J(E — ) |

dr =, (A.4.9)

<8/E
™ Jepn (B = n)(n — B

for (E,L) € Ag with |(E,L) — (E™® L*)| < §, where we again used the integral iden-
tity (2.2.23). This shows the desired convergence for the integral under consideration. [

As a direct consequence of the above lemma we obtain the following limiting behaviour
of the period function 7" and the area function A defined in Definitions [2.2.16] and [A"3.6],
respectively.

Corollary A.4.2. For L* > 0 it holds that

lim A(E,L) =0, (A.4.10)
Ag3(E,L)—(Emin L*)
im  T(B,L) = —— (B, L), (A.4.11)
A03(B,L)—(Epin,L*) V. (rre)
Proof. Apply Lemma with Fp(r) = 1. O

Similar limiting properties of a period function also hold in a more general setting,
cf. [I1, p. 20]. In the context of the Vlasov-Poisson system, is also proven in [85]
Lemma 3.8] and [148, Eqn. (B4)] (in ways different from the above).

In the light of Section it is interesting to analyse the monotonicity of the contin-
uous extension of the period function. We do this next for suitable steady states;
the same result is also contained in [85, Lemma 3.14].

Lemma A.4.3. Assume that the underlying steady state is isotropic, i.e., Lo = 0 = £.
Then the function |0,00[ 3 L+ T(E™® L) defined by (A.4.11) is strictly increasing.

Proof. The isotropy of the steady state implies that pg is non-increasing, cf. Re-
mark [2.2.10 which yields that ]0,00[ 3 r — UOT(T) is strictly decreasing by a straight-
forward calculation; recall (A.3.112)). Hence, the mapping ]0,00[ > L — ¥/ (rz) given
by (A.4.4) is strictly decreasing; recall that |0,00[ 3 L +— rp is strictly increasing by

Lemma O
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Analysing the limiting behaviour of the period function 1" at the boundary of its domain
of definition particularly yields an alternative way of showing that T is bounded on the
(E, L)-support Dy defined in ([2.2.88]). Let us briefly discuss this approach next.

Remark A.4.4. The boundary of the (E, L)-support Dy is of the form
0D = {(Ef*™, L) | Lo < L < Lpax} U ({Eo} % [Lo, Lmax]) U ([EF", Eo] x {Lo}), (A.4.12)

where L.y 1s defined in Lemma 2.2.15 and we set Eg‘in

accordance with Lemma [2.2.14)|(b)
In the case of an anisotropic steady state we have Lo > 0 by . Hence, (A.4.11))

fully shows how to continuously extend the period function T onto Dgy. Since T(Eanin,L)
is bounded and bounded away from zero for L € [Lgy, Lmax], we have thus discovered an
alternative proof of Proposition .

In the case of an isotropic steady state Lo = 0 = £, we further have to suitably extend
the period function to L = 0. It is discussed in Remark how to continuously
extend T' onto |Up(0), Eo] x {0}. Moreover, since

’L:O = Up(0); the latter is in

Up(r)  4m

" 4
" s /0 s%po(s) ds — g po(0) as T — 0 (A.4.13)

and r, — 0 as L — 0 by Lemma[2.2.1][(a), (A.4.4) and (A.4.11)) indicate

i
24/po(0)’

recall pp(0) > 0 by Remark. Proving this limit requires particularly careful and
technical arguments, which is why we omit a proof here and instead refer the interested reader
to [85, Lemma 3.11]. Hence, also in the isotropic case, the continuous extension of T onto
0Dy is positive and finite, which provides an alternative proof of Proposition .

For a much more thorough analysis of the limiting behaviour of the period function
at ODg see [85, Thm. 3.13].

li T(E,L) =

- (A.4.14)
Ao3(E,L)—(Un(0),0)

The identity (A.4.14) indicates that the period function T'(F,L) is unbounded as
(E,L) — (Up(0),0) if po(0) = 0. Indeed, it is. We comment on this phenomenon in
the following remark.

Remark A.4.5 (Compactly Supported Equilibria with Unbounded Periods). The
limit holds for all steady states from Section i.e., the condz’tz’ons and
have not been used in its proof. In particular, we can choose Lo =0 < £ in , i.e.,
we consider a steady state of the form

fo(z,v) = ®(Ey — E(z,v)) L(z,v)", (z,v) €R3 x R3,  with £ > 0. (A.4.15)

In this case, po(0) = 0 by (2.2.27)), but still 0 = Ruyin € supp (po) by Proposition
as well as (Up(0),0) € ODy. Similar arguments as in Remark|A.4.4| hence show ¥/ (r,) — 0

as L — 0, which implies
supT = o0 (A.4.16)
Do
by for such steady states. In particular, since T tends to infinity at the minimal
energy value Up(0) = limp~ o EIL“in, the period function cannot be energy-increasing on Dy
in this case.
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It is, in fact, the main purpose of the assumption to exclude steady states with the
property from our analysis. Recall that the period function T is bounded on Dqg for
all steady states satisfying by Propositz'on and this property enters our
analysis crucially.

Let us note that this finding contradicts a statement in [19, Sc. 5.5.3], where it is claimed
that the particle periods within a spherically symmetric equilibrium with finite extent are

bounded.

Our next goal is to determine the limiting behaviour of the partial derivatives 0T
and ;T of the period function as well. We start with the energy derivative of T’; the
arguments for the L-derivative are similar due to the relation .

Considering the integral representation of 9gT from Lemma [A.3.9] we see
that it contains an integral which behaves similarly to the integral @ defining the
period function. However, there is the additional factor (E — E™™)~! on the right-hand
side of , which becomes singular in the near circular regime. To deal with this
factor, we proceed as in [61, Eqn. (A.21) and (A.24)] and rewrite the integral using the
identity (A.3.76]). This will allow us to explicitly compute the limit of dpT(E, L) as (E, L) —
(Emin L*). A similar result is also stated in [61, Rem. A.18] in a slightly different context.

Lemma A.4.6. Let L* > 0 and assume that Uy is four times continuously differentiable in
a neighbourhood of ri«. Then there holds

G (rye 51 W L2 \11(4*) X
lim  9pT(E,L) :77% _ 5w T (rr )7 _om Wi )5
Ko3(B,L)=(BL"L7) U (rps) 1207 (rpaz AW (rpe)2

recall that G 1, is given by (A.3.75) and W7.(rr-) > 0 by (A.4.4).

Proof. We follow the strategy from [61, Eqn. (A.24)] and define

1L V2E =20 (r)dr  (A4.18)

;o (A4.17)

sy [ G, [T
T Jemn) 2E —2W.(r) r_(E,L)

for (E,L) € Ao close to (EW™ L*). The second identity is due to (A.3.76)); notice that,

for L close to L*, the assumptions for (A.3.76) are satisfied by Lemma [2.2.14 @ By
Lemma [A-39]

J(E, L)
E — B
for such (E,L). The regularity of G ; established in Lemma [A.3.18[ implies that J is
partially differentiable w.r.t. E in (E, L) € Ag close to (EW", L*) with

OpT(E,L) = (A.4.19)

T+(E1L) G/
OpJ(E, L) = / 1(7) (A.4.20)

r(B.L) /2E — 20, (1)

by Lemma m Furthermore, Lemma shows that J(E®1, L) := 0 for L close to L*

defines a continuous extension of J. Hence, by applying the mean value theorem in the
min L*

energy variable, we obtain that for any (E,L) € Ag close to (E}¥™", L*) there exists some
n € |ERin [ s.t.

OpT(E, L) =

r+(n,L) G’
J(Ea L) _ aEJ(T], L) — / + 1,L(T) (A421)

min d?".
E—E7 ro(nL) /20 —2¥(r)
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Together with (A.4.3) we thus conclude

G,1 (L)
lim  0pT(E,L)= lim  OpJ(E,L)=m—=E2 22 (A.4.22)
Ao (B,L)—(Emin L¥) K03 (B,L)—(EMin,L*) Y. (rpe) 0

In order to establish this limiting behaviour of 0T, we had to impose an additional
regularity assumption on the steady state. It is evident that such an assumption is manda-
tory because the fourth-order derivative of the effective potential appears on the right-hand
side of . Let us briefly comment on this regularity assumption.

Remark A.4.7. As discussed in Remark[A.53.5, Uy is four times continuously differentiable
on |0, 00[ if po € C?(]0, 00]), which is in turn the case if the microscopic equation of state ¢
18 sufficiently smooth.

If one is only interested in the limiting behaviour of OgT at {(E™™ L) | L > 0} N
0Dy, which is the relevant part of the minimal energy curve, it suffices to assume Uy €
C*(JRunin, Rmax|) because v, € |Rmin, Ruax| for L € Lo\ {0}; recall . This reqularity
of Uy on |Ruin, Rmax| holds, e.g., if the function g relating Uy and pgy via satisfies
g € C%(]0,00]). The latter is, e.g., the case for the King models ([2.2.19) and for every
polytropic ansatz , independent of the polytropic exponents. In the polytropic case
there even holds po, Uy € C*°(]0, 00[\{ Rmin, Rmax})-

Using the relation (A.3.73) between the L-derivative of the period function T and the
energy derivative of T allows us to conclude the limiting behaviour of 9,T(F, L) as (E, L)
approaches the minimal energy curve.

Lemma A.4.8. Let L* > 0 and assume that Uy is four times continuously differentiable in
a neighbourhood of rp~. Then

lim O, T(E,L) = — T

- 7 3‘1’/[//* (’I"L*)2—|—
A5 (B L) rh W () (

r2, 5
+rps W (rp ) O (rps) — g Talrpe) \I/(L4*) (rp«) + 2 . U (TL*)2> (A.4.23)

holds for L* > 0.

Proof. As discussed in Lemma |A.3.13| the potential U associated to T has the same
properties as ¥y . Hence, the same arguments as in Lemma yield

~ 5r U, )2 @(4*) .
im  op(E L) = rYror)” T Yy (o1 )5. (A.4.24)
£03(B,L)—>(Epin,L*) 1207 (01+)2 4. (01+)2
Differentiating the relation (A.3.51) between Wy and ¥y, and inserting o7, = T—\? implies
~ ’,"4
Wi(on) = - Ui(rp), (A.4.25)
~ 5 6
VY (or) = =65 Wi(rr) — —5 V7 (L), (A.4.26)
L2 L2
6 7 8
~ (4 T r r 4
W (o) = 3675 W (re) + 1275 WY (rs) + 75 oW (rp). (A.4.27)

Inserting these formulae into (A.4.24) and using (A.3.73|) then shows (A.4.23|). O
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In the light of Section it would of course be interesting to analyse the signs of

the limits (A.4.17) and (A.4.23)), as this would imply monotonicity properties of the period
function in the near circular regime. However, both of these expressions contain a fourth-
order derivative of the effective potential evaluated at » = r, which is of the form

8T 327 36L
\P%)(TL) = 471'p6/(T‘L) — E p6(1"L) + ’I"T pO(T‘L) + 1"76’ L>0. (A428)
L L

Since the sign of pjj is unclear — even in the case of an isotropic steady state — we refrain
from analysing the signs of (A.4.17) and (A.4.23) mathematically. In Section 8.2} we briefly
study these expressions numerically.

The arguments above can also be extended to compute the limiting behaviour of higher-
order partial derivatives of the period function in the near circular regime. To conclude this
section, let us show how this works for 8%T. Also, this limiting behaviour of 8%T is useful
for the analysis in Chapter [6] The lemma is based on [61, Lemma A.15].

Lemma A.4.9. Let L* > 0 and assume that Uy is six times continuously differentiable in
a neighbourhood of rp«. Then there holds

o®

\I](*) " 7 \Il"/* . P
lim O2T(E,L) = — WA—AQAQELL—+»—E L-(re) ¥
Ao3(E,L)—(E™in L*) 2491 (rp)2 24 WY (rpe)
357 W (rp)? 35w WL () O (rp) | 385w WYL (rpe)*

*)

109 9 11 13 *
192 O (rpe)2 32 o, 5 976 U (rpe)2

WD)

(A.4.29)

) v
(rr
Proof. First recall the integral representation (A.3.84) of (9%T(E, L), which, by
Lemma [2.2.14 m. holds for (E,L) € Ag close to (E™® L*). In order to take the limit
(E,L) — (E™® L*) in this identity, we have to get rid of the (E — E¥1)~2 factor in front
of the integral. This is achieved similarly to the proof of Lemma [A.4.6;f Let I be an open
interval containing rz« s.t. Uy € C%(I). For L > 0 define

—EpP
,1,L(7") el 2( ) %Gl,b(r)a r#rL,
1 Y7 (re)
6 W (rp)?’

GQ’L: I— R, GQ’L(T) = (A.4.30)

r=rr;

recall that G1,;, and G’LL are given by (A.3.74]) and (A.3.75)), respectively. For L > 0 and
r € I\ {rr}, direct computation yields

221) = G (= VA0 W) = 200 0) - B w0 )+
200U (r) — B W (r) W (r) WY (r) — B0(WL(r) — EP™) WL+

(WL () — BE™) W (r) W)+ 18(00(r) — BE™) W () W (1)),

(A.4.31)

Taylor expanding ¥, and its derivatives to fifth order similarly to the proof of Lemma
shows that ]0,00[ x I 5 (L,7) = Gy 1 (r) is continuous with G 1 (r,) = Om In addition,

219We have verified the continuity of G4 ;, with the aid of a computer algebra software, and highly recom-
mend doing so.
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for fixed L > 0, Gor is continuous on I. Radially integrating by parts then allows us to
rewrite (|A.3.84)) as follows:

T’+(E,L)
a,%;T(E,L)zl./ r)/2E — 22U (r)dr = _ _NELD (A.4.32)

(E _ Einln)? r_(E,L) (E Emln)

for (E, L) € Ag close to (E¥", L*). By Lemma Jp is partially differentiable w.r.t. E
in such (£, L) with
D G0

anl(E, L) = / . dr. (A.4.33)
r_(E,L) 2E — 2V (1)

Furthermore, Lemma shows that J; (E™" L) := 0 for L close to L* defines a continu-

ous extension of J;. Hence, by the extended mean value theorem, for any (E, L) € Ag close

to (E™in, [*) there exists some 7j € |E0 F[ s.t.

0T (E, L) =

@) G (r
! / 2,(7) (A.4.34)

200 — EP™) Jr_@ry /27— 29(r)

In order to analyse the limit (E,L) — (E™", L*) in this expression, we analyse the limit
(77, L) — (Emin L*) of the right-hand side by applying the same methods again to get rid
of the (7j — E™®)~! factor in front of the integral.

For this sake let

GIQ,L(T) r # TL

. ) v ’
G3,L' I— R7 G&L(T) T 1 \II( (""L) 1 \I’/”(T‘L) 4)(7’L) 4‘1//”(7”L)3 o (A435)

TG T et sy = TEs

for L > 0. The same Taylor expansion as above shows that ]0,00[ x I 3 (L,7) — G3 (r) is
continuous. Obviously, G, is continuously differentiable on I'\{ry}, and a straight-forward

computation based on (A.4.31)) shows

1) =g s ( — 200000 = B w00 ) )+

+30(W () — EP™)? Wy ()2 W (r) U (r) + 20(W 1 (r) — BF™)2 W) (r)? 07 (r) 2+
—210(WL(r) — B2 W (r ) T2 WY (r) +210(W L (r) — B2 O (r) '+
—10(W(r) — BF™) Wy () i (r) + 100(‘I’L( ) = EF) W (r)? W (r) WY (r)+
—150(WL(r) — B W (r)? OL(r)° — = ‘PL( )> Y (r) + 455 v (r)t \IJ’L’(T)Q)
(A.4.36)

for L >0 and r € I\ {rp}. With the extension

10O 7)) 350 ()2

/ _ _ —_—
Gonlre) = =13 W (rp)® 12 W (rp)? 96 WY (rp)*
35 0 (rp)? OV (re) | 385 W (rp)* (A437)
16 \I]//(T'L)5 288 \I’”( ) S

for L > 0 with 1, € I, the mapping ]0,00[ x I 3 (L,7) — G4 [ (1) becomes continuous. This
can be verified by a Taylor expansion similar to the one above; here, the effective potential
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has to be expanded to sixth order@ For (E,L) € Ag close to (E™™ L*), we radially
integrate by parts to rewrite the integral on the right-hand side of (A.4.34]) as follows:

r+(E,L) G,Q,L(T) r+(E,L)
dr = — Gs.r(r) 8T[ 2E—2\IJL(T)} dr =
(

_(E,L) 2E —2¥(r) r_(E,L)
r+(E,L)
= / 5.0(r) V2E =2V (r)dr = Jy(E,L). (A.4.38)
r_(E,L)

The properties of G3; established above imply that JQ(EILnin,L) = 0 for L close to L*
defines a continuous extension of Js, cf. Lemma [A.4.1] and that .J; is partially differentiable
w.r.t. Ein (E,L) € Ag close to (E™", L*) with

r+(B,L) '
Opo(E, L) :/ 3.0(T)
r—_(E,L) 2F — Q\PL(T)

(A.4.39)

Hence, continuing the calculation (A.4.34]) by applying the mean value theorem shows that
for any (E, L) € Ag close to (E™®, L*) there exists some n € |E¥" EJ s.t.

1 T+(777L) G/ r

02T (E, L) = - / B VIO (A.4.40)
2 Jr ) /2n—2%L(r)

By Lemma we thus conclude
1 r+(E,L) G, r
lim RT(E, L) = lim = / (1) =
Ao3(B,L)—(Bin,L*) Ao3(B.L)—~(Epn L) 2 e (B1) /2B —2¥.(r)
G5 (T
_ E%j (A.4.41)
2 W (re+)

which, by (A.4.37)), is precisely the claimed identity (A.4.29)). O

Let us briefly present an alternative way of determining the limits of 7" and its partial
derivatives in the near circular regime. This approach was recently pointed out to the
author by Thomas Kriecherbauer, and it is also pursued in [148, App. C].

Remark A.4.10. In the integral representation (2.2.97) of T, we change variables via
z =sign(r —rp) /¥r(r) — EWn, (A.4.42)

In other words, we set 2> = Wy (r) — Eglin, which illustrates that we are essentially trans-
forming the effective potential into the potential associated to the harmonic oscillator. On
the relevant domain of integration, is invertible. Let hy, = hr(z) denote the inverse
of . The change of variables then leads to

T(E,L) =2 / Ve h(2) =2 / s E Emm) dy. (A.4.43)

\/W o Emm

220\We again recommend using a computer algebra software for this calculation. If the reader chooses not
to do so, we are either honoured to be trusted with (A.4.37) or wish the reader the best of luck in verifying
this identity purely by hand.
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The E-dependency of the latter integral is easier than that of the original integral (2.2.97)),
allowing us to determine the near circular limits more directly. More precisely, it is straight-
forward to verify that

lim T(E,L) = Var K. (0) = ——2 . (A.4.44)

Ko3(B,L)—(Emn,L*) VYT ()

the value of h;.(0) can, e.g., be computed by Taylor expanding Wi, and hy, in the identity
22 = Uy (hp(2)) — BP0 and equating the coefficients of different powers of z. In the same
way, one can compute higher order derivatives of hp« in z = 0 as well, provided that Vy, is
sufficiently smooth. After differentiating w.r.t. E, this leads to

‘II/”* * 2 \II( *) *
lim OpT(E,L) = —— 1. (0) = 5w Wil (re-)” 7w Wpi(re-)

Ao3(B,L)~(Bpin, L) 2v2 12 \I/Z*(rL*f AW ()5

Notice that and (| are consistent with (| and (A.4.17 j, respectively.

Further dzﬁerentzatzng m promdes an alternatwe way of establishing :A.4.29).

(A.4.45)
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Appendix B

An Eddington-Ritter Type
Relation

In this chapter we consider a polytropic steady state with Ly = 0, i.e., the microscopic
equation of state ¢ is of the form
¢(B,L)= (B, - B} L', EecR, L>0, (B.0.1)

with polytropic exponents ¢ > 0 and k € |0,3( + %[ In particular, choosing ¢ = 0 leads to
the isotropic polytropic ansatz . The ansatz function obviously satisfies the
conditions (and also . Let f§ be the steady state associated to this ansatz
given by Proposition [2.2.9] with parameter x > 0. The subject of this chapter is to study
how f§ depends on x (for a fixed ansatz of the form (B.0.1))). More precisely, we consider
the period function 7%, the linearised operator £, and other quantities associated to the
steady state; we add a superscript s to all quantities here to highlight the k-dependency.
The primary goal of this analysis is to derive a relation between the parameter x > 0 and
the periods of (possible) linear oscillations around f. In the context of isotropic equilibria
of the Euler-Poisson system, such a relation is known as the Eddington-Ritter relation, see,
e.g., [39, Sc. 8], [I07, p. 555], or [149, p. 235]@ For the Vlasov-Poisson system, such a
relation was first stated (and numerically checked) in [I32, Sc. 4]P%? The first rigorous
derivations were then given in [62, Sc. 3.3] and, in the isotropic case £ = 0, in [85, Ch. 6].
For general scaling properties of solutions of the Vlasov-Poisson system we refer to [35].

We use the quantities introduced in Chapters[2] [, and [5] here without further reference.
Moreover, we will refrain here from presenting lengthy calculations, but only present their
results. We follow [62], Sc. 3.3].

Let y* = y' € C%([0,00[) be the unique solution of satisfying the bound-
ary/initial conditions (2.2.36) with x = 1, i.e.,

y'(0)=1,  (y7)'(0)=0. (B.0.2)

All quantities associated to y* will be denoted by a superscript x. Due to the specific

ansatz (B.0.1)) chosen here and Remark the integro-differential equation (2.2.35)) can

221\ore precisely, the Eddington-Ritter relation states a connection between the linear oscillation period(s)
and the central density po(0) of the steady state. By Remark the central density po(0) is in one-
to-one correspondence with the parameter x used here.

2221t should be noted that the numerics in [I32] analyse the oscillation period(s) of solutions close to steady
states of the form on the non-linearised level.
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be written as

2

4 r 3
y'(r) = Tkt / g20+2 y(s)’ff+2 ds, r>0, (B.0.3)
r 0

where ¢, ¢ is some constant depending on the polytropic exponents via (2.2.30). Hence, y*
is related to the solution y* € C?([0, 00[) of (2.2.35)—(2.2.36)) for general k > 0 as follows:

2k+2041

Yy (r) = ky" (K 7)), r > 0. (B.0.4)

For the associated mass densities, cut-off energies, and gravitational potentials, we thus
obtain

2k+40+3 2k420+1 2k+20+41
pi(r) =k 202 pi(k ivd p), Ef =rkE;, US(r)=rU(k i 1),  7>0.
(B.0.5)
The steady state induced by y* is hence given by
2k+¢ 2k+2£+1 2k—1
Fr(ryw, L) = k202 f (k- Attt 7, 5 2w, k2002 L), (B.0.6)
where we used that for the particle energy there holds
242041 1 26—1
Ef(r,w,L) = k E*(k 441 r k" 2w, k242 L) (B.0.7)
for r > 0, w € R, and L > 0. Furthermore, R}, =0 = R}, since Lo =0, and
_ 2k+420+1
Ry =K W R (B.0.8)
Moreover, for the local mass there holds
—2k+4+20+3 2k+20+1
m-(r) =k At m*(k Atk ), r > 0. (B.0.9)
In particular, for the total mass we thus obtain
K —2k+24+3 %
MO =K 4e+4 MO (BOlO)

The identities (B.0.8) and (B.0.10|) are also established in [129, Satz 3.2]. In particular,
(B.0.8)) and (B.0.10|) show that the (R, M)-diagram of the steady state family (f§)x>0 equals

2k—2(+3
the graph of |0, 00[ 3 0 — ¢ 2-F26+T up to the multiplication by some positive constant, more

precisely,

max

SkTarTt
+26+
{(Rhaxs M) | K >0} = {(U,Mg‘ (Rf ) )\a>0}. (B.0.11)

Visualisations of this set for several choices of the polytropic exponents k and ¢ are contained
in Section [8.1] see Figures and[8.1.9] as well as in [I29, p. 41]. In contrast, we note that
the analogous (R, M)-diagram for the steady state family associated to the King ansatz
function is a spiral, cf. [I31]. This shows that the specific form of the ansatz
function is crucial for the arguments in this chapter.

For the (E, L)-support of the steady state there holds

(B,L)eDf o (v 'Br2eL)eD (B.0.12)
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the analogous relation also holds for the set of admissible (E, L)-pairs Af§. Moreover, if
x*: I — R3 is a solution of & = -0, U (z),

J4 4
z(s) =K~ ke x*(/i%ﬂijs s) (B.0.13)

defines a solution of & = —0,Uf(x). The conserved quantities (E*, L*) associated to =" are
related to the respective quantities (E*, L*) of * as follows:

Ef =k E*,  Lf=px 2eL* (B.0.14)

For the radial periods we thus obtain

TH(E,L) = i Tk 'E,k252 L),  (E,L)c AL (B.0.15)
Together with (B.0.12) this shows
_ 2k+40+3  2k+40+3
TF(Dg) = k= ac+a T*(Dy), supT"® =k~ a+1 supT™. (B.0.16)

Dg D5

Next, we study the x-dependency of the operators defined in Section [£.2] It should
be noted that in the case ¢ > 0, the ansatz does not satisfy the condition
However, for the definitions of the operators and the succeeding arguments, this condition
is not needed. Let the spherically symmetric functions f%: Qf — R and f*: Qf — R be
related via

2k+20+1 1 2k—1

ff(ryw,L) = f*(k 41 r k" 2w,k2+2 L). (B.0.17)

Then f* € H” is equivalent to f* € H*. For the transport operator and its square there
hold the relations

2k440+3 2k+20+1 1 2k—1

TEfE(r,w, L) = k4043 T f*(k 4044 r k™ 2w, k22 L), (B.0.18)
N2 2k+40+3 onD g, 2kH2041 1 2k—1
(T)"f"(ryw, L) = w2002 (TF)"f* (5 154 1 k72w, k2552 L); (B.0.19)

in particular, f* € D(T*) or f* € D((T*)?) is equivalent to f* € D(T*) or f* € D((T*)?),
respectively. Recalling the connection between 7% (Df) and the spectrum of —(T”)Q‘HK

established in Proposition [4.3.19} we see that (B.0.16|) and (B.0.19)) are consistent. For the

response operator there holds

2k+4043 2k+2041 1 2k—1

REfF(r,w, L) = k202 RYf*(k 440 1, k™ 2w, k2072 L), (B.0.20)

i.e., the scaling behaviour of R” is similar to the one of (7%)2. For the linearised operator
we thus deduce

2k+40+3 2k+20+1 1 2k—1

LEff(ryw, L) =k 2042 L*f"(k %+ r k2w, k2042 L). (B.0.21)

Hence, if £* possesses some eigenvalue A* > 0,

2k+40+3

AF = g 2 \F (B.0.22)

is an eigenvalue of £" and vice versa. The associated eigenfunctions are related via .
A similar scaling also applies to the essential spectrum and to the infimum of the whole
spectrum of the linearised operator. Furthermore, the periods p®, p* of the linear oscilla-
tions/pulsations associated to the eigenvalues \*, \* via satisfy

_ 2k44643

pt =k A pt (B.0.23)
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In other words,
2k+40+3

p" Kk 4+ = const., (B.0.24)

i.e., the quantity on the left-hand side is independent of k > 0. This is the desired relation
between k and the linear oscillation period p®. We refer to the identity (B.0.24) as an
Eddington-Ritter type relation. In the isotropic polytropic case £ = 0, (B.0.5) implies
p6(0) = K3 p5(0), and hence

"1/ pi(0) = const. (B.0.25)

This is precisely the Eddington-Ritter relation known from the Fuler-Poisson system.
Similar calculations as the ones above further yield the following scaling properties for
the operators from Chapter If \* < inf(o(—(7*)? 4+)) and A" is given by (B.0.22)),

242041 1 2k—1

QX~ [ (ryw, L) = Q3+ f* (k2041 r k™ 2w, k2642 L), (B.0.26)

where f* and f" are again related via ([B.0.17]). The same scaling identity also holds for the
Mathur operator. In particular, the number 9t introduced in Theorem [5.3.1]is independent
of k.



Appendix C

The Evolution of the Linearised
Vlasov-Poisson System

The aim of this appendix is to establish a rigorous well-posedness theory for the linearised
Vlasov-Poisson system (in second-order formulation). We do this by applying the general
results from semigroup theory [40] to our specific setting. We follow [61, Sc. 6] here, where
the same is done in a slightly different setting. A more direct approach is pursued in [15]. In
addition, we relate the (long-term) behaviour of solutions of the linearised Vlasov-Poisson
system to the spectral properties of the linearised operator L.

Throughout this appendix, let fy be a fixed steady state satisfying the conditions

stated in Sections (2.2 and As derived in Chapter |3} the linearised Vlasov-Poisson
system around this steady state in second-order formulation is

Gf+Lf=0, (C.0.1)

where L is the linearised operator defined in Definition In the following discussion we
will use the quantities introduced in Chapter 4] without giving a reference each time; the
reader is advised to familiarise him or herself with Chapter [4] first. The above equation can
be rewritten into the following two-dimensional system of first order:

o = Ay, (C.0.2)

where ¢ = (¥1(t), ¥2(t)) and@ _
A:<31$. (C.0.3)

The equivalence of (C.0.1) and (C.0.2) is straight-forward to see via the identifications

v=_(f0f), f=1v1 (C.0.4)

It should be noted that the first-order system is conceptionally different from —
but still equivalent to — the linearised Vlasov-Poisson in the first-order formulation f
since contains the second-order derivative operator £. To apply the meth-
ods from semigroup theory, it is more convenient to work with the system rather

than (C.0.1)). Nevertheless, all results regarding (the solutions of) (C.0.2) carry over
to (C-0.1)

223The “matrix representation” (C.0.3) of the operator A means A(¢)1,12) = (2, —L1p1). By slight abuse
of notation, we identify a vector (i1, 1)2) with its transpose (1, 12)7.
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Following [40, Sc. VI.3], we consider the system ((C.0.2)) on the space
X=DT)NH)xH (C.0.5)

with
(£, F),(9,G))x = (L. g)m + (F,G)m (C.0.6)

for (f,F),(g,G) € X. The first term on the right-hand side of (C.0.6|) is to be understood
as a generalisation of Definition [£.5.7] i.e.,

(Lf.o)u =T, To)n — Rf,9)u =(Tf, Tg)u — %(azUTfﬁxUTg)m f,9€D(T)NH.

(C.0.7)
Again, this definition is consistent with the usual definition of the scalar product if f € D(L)
or g € D(L). In the latter case, (Lf,g)u = (f, Lg)m; recall that £ is symmetric. In the
definition of X, we do include complex-valued functions, cf. Remark in
order to be able to apply the results from the general semigroup theory. Before applying
these results, let us first analyse the basic structure of the space (X, (-, -)x).

Lemma C.0.1. (X, (-,-)x) is a Hilbert space.

Proof. The positivity of £ established in Proposition shows that (-,-)x defines a
positive definite inner product on X. In order to verify that (X, (-,-)x) is complete, let
(fj, Fj)jen C X be a Cauchy sequence. Since £ > 0, the sequence (F});jen is obviously
(strongly) convergent in H. Moreover, by Lemma and Proposition there exist
feHandge Hst. fj - fand Tf; — gin H as j — oco. By the weak definition
of the transport operator, it is then easy to verify that f € D(7) with 7 f = g. Thus,
(f, F) € X, and since the response operator is bounded there holds (f;, Fj) — (f, F) in X
as j — o0. O

The natural domain of definition for the operator A is given by
D(A) :=D(L) x (D(T)NH). (C.0.8)

With this domain of definition, the key functional analytic and spectral properties of £
carry over to A.

Lemma C.0.2. The operator A: D(A) — X is skew-adjoint as a densely defined operator
on X, i.e., A* = —A. Furthermore, any A € C is an eigenvalue of A if and only if —)\? is
an eigenvalue of L.

Proof. First note that D(A) is a dense subspace of X since (Cg‘;(ﬂo) ﬂ?—[)2 is densely
contained in X by Lemma

To verify the skew-adjointness of A, consider (f,F) € D(A*) and let (h,H) =
A*(f,F) € X. By the definition of A*, see [I36 Sc. VIII.1], this means that for every
(9,G) € D(A) there holds

(C.0.9)
Inserting (g,0) and (0,G) for g € D(£) and G € D(7) NH into this equation yields the two
identities

_<[’97F>H = (‘C’gvh>H7 (0010)
(LG, f)n = (G, H)n. (C.0.11)
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Inserting g = L£71¢ for arbitrary € € H into yields —F = h € D(T) N H; recall
that £: D(L£) — H is invertible by Proposition The equation holds for any
G € D(L£), which means f € D(£*) with £L*f = H. Since L is self-adjoint by Lemma
we hence deduce f € D(L) with £f = H. Overall, (f,F) € D(A) with A(f,F) = —(h,H) =
—A*(f, F).

To conclude the skew-adjointness of A, it remains to show that A is skew-symmetric.
This follows by the symmetry of £ since, for every (f, F), (g,G) € D(A),

<'A(f7 F)’ (97 G)>X = <£F7 g>H - <‘Cf7 G)H =
= _<£f7 G>H + <F7 £g>H = _<(f7 F)vA(g7 G)>X (0'0'12)

For the relation between the eigenvalues of A and L let A € C be an eigenvalue of A with
eigenvector (f,F) € D(A). Then Lf = —AF = —\2f. Conversely, if —\? is an eigenvalue
of £ with eigenfunction f € D(L), there holds A(f, Af) = A(f, \f). O

By Stone’s theorem [40, Thm. I1.3.24], A thus generates the unitary C°-group (etA)teR
on X. The unique solution of ((C.0.2)) satisfying the initial condition

»(0) = (f,F) (C.0.13)

for (f,F) € D(A) is hence given by R 3 ¢t — (t) = etA(f,ﬁ'). More precisely, the
initial value problem (C.0.2) & (C.0.13)) is solved in the sense that ¢ € C'(R;X) with
P(t) € D(A) for t € R and the equations (C.0.2)) and (C.0.13) hold. In particular, the
initial value problem (C.0.2)) & (C.0.13) is well-posed, see the discussion in [40, Sc. I1.6].
From this solution of (|C.0.2)), a solution of (C.0.1)) can then be obtained via which
solves in a similar way, see [40, Sc. VIL.3].

Let us now analyse the long-term behaviour of solutions of . The first simple
observation is the stability of the stationary point (0, 0).

Lemma C.0.3. The norm || - ||x is conserved along solutions of (C.0.2), i.e., for any
(f,F) € D(A) and t € R there holds ||e(f, F)|lx = ||(f,F)||x. Hence, the stationary

point (0,0) of (C.0.2)) is stable w.r.t. the norm || - || x.

Proof. The statements follow by the fact that the group (e*4);cg is unitary. O

Remark C.0.4. We have claimed several times that the positivity of L corresponds to
the linear stability of the underlying steady state. In order to prove the above stability
statement, the positivity of L was, in fact, necessary for various arguments — most notably
to show that (-,-)x 1is positive definite.

The further qualitative behaviour of the solutions of (C.0.2|) depends on the spectrum
of L. Let us first formalise the statement that (positive) eigenvalues of £ yield time-periodic
solutions of the linearised system.

Lemma C.0.5. Suppose that L possesses the eigenvalue A > 0 with eigenfunction f € D(L).
Then ‘
RSt eV M(f iV f) (C.0.14)

solves ((C.0.2)). Obuviously, this solution is time-periodic with period %

Proof. Lemma (and its proof) show that i/ is an eigenvalue of A with eigenfunction
(f,iv/Af). Thus, (C.0.14) solves (C.0.2). O
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Remark C.0.6. If the eigenfunction f € D(L) of L in Lemma is real-valued, the
real and imaginary parts of ((C.0.14) are

R 3t —(cos(VAL)f, —VA sin(VAt) f), (C.0.15)
R 3t —(sin(VAE)f, VX cos(VAL)f). (C.0.16)

Obviously, these two functions and any linear combinations of them are real-valued solutions

of (C.0.2), which are again time-periodic.

We next consider the converse situation where £ does not possess an eigenvalue.

Lemma C.0.7. Suppose that L does not possess an eigenvalue. Then for any solution

Rot—=y(t)=(f(t),F(t)) of with (f(0), F(0)) € D(A) there holds

1T
hnéo/o HaxUTf(t)H%2(R3)dt:0. (C.0.17)

Proof. We follow [61], Sc. 6] and first consider the operator

K: X =X, K(f,F) = (0,|¢(E, L) Ury). (C.0.18)

This operator is well-defined and bounded by Lemmas [4.1.3] 4.4.6] and [4.5.14] since

1K (f, F)lle = " (B, L) Urglla < ClUTsll2 < CIT flla < LS fim < CI(f F)llx
(C.0.19)

for (f,F) € X. Similar arguments as in the proof of Lemma further show that K is
compact. More precisely, let (f;, F;)jen C X be bounded. By Lemma (Tfj)jen CH
is bounded, which, by Lemma ELGf implies that (Ury,)jen is bounded in H*(R?). In ad-
dition, Ué-fj is given by . Since fORm‘""‘ SQprj(s) ds = 0 by the arguments from
the proof of Lemma m there holds supp (8;U7y,) C BRypay (0), from which we conclude
supp (U7;) C BRyay (0) because of lim, o Ury, (r) = 0 for j € N. Thus, by the compact
embedding H?(Bg,,,,(0)) € L*(Bg,,,,(0)), a subsequence of (Ury,)jen is (strongly) conver-
gent in L?(R3). By the estimate , there hence exists a subsequence of (K (f;, F;));en
which is (strongly) convergent in X.

Because we assume that £ has no eigenvalues, Lemma implies that A has no
eigenvalues. By the RAGE theorem [135, Thm. XI.115], we thus obtain

T—o0

1T 5 .1 T )
0= Jim 7 [ IK(O. FONat = Jim & [ 6E D Urgo fras (©020)

note that (f(t), F(t)) = e*(f(0), F(0)) for t € R by the above uniqueness statement for
the initial value problem (C.0.2) & (C.0.13). Furthermore, for ¢ € R, integrating by parts
and applying the Cauchy-Schwarz inequality yields

1
110U 5|2 = —/Q Uty () Tf(t,2,0) d(x,v) < |19 (E, L) Urpella 1T £()la,
0
(C.0.21)
and Lemmas [£.5.14] and [C.0.3] imply

ITF@)IF < CLFE), f(O)u < CIf @), FEDIE = CI(f(0), FO)IZ =C;  (C.0.22)
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the constants C > 0 are always t-independent. Thus, by applying the Cauchy-Schwarz
inequality once again we arrive at

1 [T ) c (.,
7 [ 1oUrlae < [ 1B L) Ul de <
0 0

1 T 2
<c(z [ N EUrlEa) (©023)

for T > 0, from which we conclude ((C.0.17) via (C.0.20)). 0

It should be noted, however, that is a rather weak form of damping, because
it merely states that the mean of the norm of the macroscopic quantity 0,Ury decays as
the time interval gets larger. In order to show the actual decay of suitable norms of this
macroscopic quantity (or related ones), one has to refine the above arguments. This can
hopefully be achieved in future work.
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