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Abstract
At the turning point from the digital to the quantum era, research on technologically viable
quantum systems is active as never before. Many innovative ideas in all areas of quantum sciences and technologies, ranging from quantum metrology, quantum communication and quantum cryptography to quantum computation, are based on the exchange of information between
different systems. As photons, being the quanta of light, travel at the highest possible speed,
using them is an attractive pathway to encode information. Semiconductor systems are particularly interesting candidates for sources of such quanta of light, since they are expected to be
directly integrable into existing semiconductor technologies.
This cumulative thesis theoretically explores the suitability of self-assembled semiconductor
quantum dots (QDs) in microcavities as sources of nonclassical photonic states and thus contributes to this fast-growing research area. In contrast to atomic devices, a QD is embedded in
a solid-state bulk material and is therefore prone to its temperature-dependent vibrations called
phonons once they are quantized. Even at cryogenic temperatures of a few kelvin, at which
QDs are commonly operated, the phonon influence is known to have a profound impact on
the QD state dynamics. Understanding the effect of this environment of longitudinal acoustic
phonons on the joint QD electronic and cavity photonic dynamics is a prerequisite for harnessing these systems to generate specific photon states on demand. To this end, a numerically
exact path-integral formalism is employed that does not rely on any further approximations,
once the model is stated. Thus, all system–environment correlations are fully accounted for,
thereby clearly going beyond a Born–Markov treatment of the phonon environment.
This thesis is organized following the increasing complexity of exemplary photonic states as
measured by the contributing photon number. Starting out with single photons, a phonon
enhancement of their quality is reported and a protocol to store single photons in a QD–
cavity system is proposed. Entanglement, being one of the most notorious consequences of
quantum theory, is investigated in terms of polarization-entangled photon pairs. The generation
of different types of Bell-state entanglement is discussed and a protocol to switch between
them in a time-dependent manner is suggested. The analysis of the preparation of higherorder Fock states and N -photon bundles in QD–cavity systems showcases the different impact
phonons might have on a protocol’s success. The influence of phonons on the shape-changing of
photon number distributions due to varying excitation conditions of the QD is discussed. The
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investigation is closed by a proposal to generate Schrödinger-cat states in QD–cavity systems.
These studies are framed by two methodological considerations. While the analysis of the
accuracy of the quantum regression theorem applied to photonic figures of merit in QD–cavity
systems provides a groundwork, the discussion of a new numerically exact method to simulate
arbitrary open quantum systems gives an outlook for future studies.
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Kurzfassung
Am Wendepunkt zwischen dem digitalen und dem Quantenzeitalter ist die Forschung an technologisch praktikablen Quantensystemen so aktiv wie niemals zuvor. Da Photonen die Quanten des Lichts sind und sich mit dessen Geschwindigkeit fortbewegen, ist deren Gebrauch zur
Informationskodierung ein attraktiver Weg, um innovative Ideen in allen Bereichen der Quantenwissenschaften und -technologien zu realisieren: von der Quantenmetrologie über die Quantenkommunikation und -kryptographie bis hin zum Quantencomputing. Halbleitersysteme sind
besonders interessante Kandidaten als Quellen solcher Quantenzustände des Lichts, da sie voraussichtlich direkt in existierende Halbleitertechnologien integrierbar sind.
Diese kumulative Dissertation untersucht theoretisch die Eignung von selbstorganisierten
Halbleiterquantenpunkten (im folgenden QP genannt) in Mikroresonatoren als Quellen nichtklassischer Photonzustände und trägt so zu diesem schnell wachsenden Forschungsfeld bei. Im
Gegensatz zu Geräten, die auf atomaren Systemen beruhen, ist ein QP in ein Festkörpermaterial eingebettet und daher den temperaturabhängigen Schwingungen ausgesetzt, die nach ihrer
Quantisierung Phononen genannt werden. Selbst bei kryogenen Temperaturen von wenigen Kelvin, bei denen ein QP üblicherweise verwendet wird, haben die Phononen bekannterweise einen
großen Einfluss auf die Dynamik der QP-Zustände. Letztere interagieren wiederum mit den
Resonatorphotonen. Das Verständnis des Einflusses einer Umgebung longitudinal akustischer
Phononen auf diese gemeinsame Dynamik ist eine Voraussetzung zur Nutzbarmachung solcher
Systeme zur Erzeugung von bestimmten Photonzuständen auf Abruf.
Zu diesem Zweck wird ein numerisch exakter Pfadintegralformalismus verwendet, der sich
auf keine weiteren Näherungen stützt, sobald das Modell formuliert ist. Alle Korrelationen
zwischen dem System und der Umgebung werden also vollständig berücksichtigt, so dass diese
Theoriestufe klar über eine Behandlung der Phononumgebung im Rahmen einer Born-MarkovNäherung hinausgeht.
Die vorliegende Dissertation ist anhand der wachsenden Komplexität beispielhafter Photonzustände aufgebaut, die durch die beitragende Photonzahl gemessen wird. Beginnend mit
einzelnen Photonen wird eine Erhöhung deren Qualität durch Phononen vorhergesagt und ein
Protokoll zur Speicherung von einzelnen Photonen in QP-Resonator-Systemen vorgeschlagen.
Verschränkung als eine der bekanntesten Folgen der Quantentheorie wird anhand polarisationsverschränkter Photonpaare eruiert. Die Erzeugung von verschiedenen Typen einer Bell-
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Zustandsverschränkung wird diskutiert und ein Protokoll zum zeitabhängigen Schalten zwischen ihnen vorgeschlagen. Die Analyse der Gewinnung von Fockzuständen höherer Ordnung
und N -Photon-Bündeln in QP-Resonator-Systemen unterstreicht den unterschiedlichen Einfluss, den Phononen auf den Erfolg eines Protokolls haben können. Ein veränderlicher Phononeinfluss auf formverändernde Photonzahlverteilungen, abhängig von den Anregungsbedingungen des QPs, wird diskutiert und die Untersuchung durch den Vorschlag eines Protokolls zur
Erzeugung von Schrödinger-Katzen-Zuständen in QP-Resonator-Systemen abgeschlossen.
Zwei methodische Überlegungen rahmen diese Studien ein:
Während die Analyse der Genauigkeit des Quantenregressionstheorems, angewandt auf photonische Kennzahlen in QP-Resonator-Systemen, eine Grundlage dieser Arbeit bildet, gibt die
Diskussion einer neuen, numerisch exakten Methode zur Simulation von beliebigen offenen
Quantensystemen einen Ausblick auf künftige Untersuchungen.
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1 Introduction to the field
1.1 Motivation – a popular introduction
Novel technologies permeate our world in ways unimaginable only a few decades ago. The
advent of online communication via various social media platforms roughly twenty years ago
heralded a society so reliant on their proper functioning, that a six-hour outage of products and
services of Facebook Inc. in October 2021 affected 3.5 billion users [1] . The shift of large sections
of infrastructure to cyberspace critical even to national security has led US president Biden in
a summit with Russian president Putin in June 2021 to define red lines of cyberwarfare, which
once crossed would trigger an offline military response [2] . The ongoing COVID-19 pandemic
forced a large portion of the global workforce into home office to a degree that some companies
consider maintaining this mode of employment even after the pandemic [3] , thus fostering the
global online interconnectedness.
All of these developments increase the demand on computational and communication hardware dramatically. In sharp contrast, Moore’s law predicting the doubling of the on-chip transistor density every two years was officially abandoned in 2016, while the CPU clock speeds have
already been capped to limit heat since 2004 [4] . There are various propositions to overcome
this tradeoff situation. Tackling the problem of heat would be possible using millivolt switches
like spintronic materials [5] , that would consume less power while still operating in the digital
realm.
A fundamental paradigm shift to solve some problems of the binary is to go quantum. Quantum computation allows certain tasks to be solved exponentially faster, while quantum cryptography could base communication security on physical laws, in essence creating unbreakable
codes [6] . Awareness of the qualitative changes to all aspects of our modern society that quantum innovation and quantum technologies will herald, has risen to such a degree that various
governments started investing significantly in research and development in recent years. Examples are the US ‘National Quantum Initiative Act’ [7] pledging $1.2 billion, the ‘Quantum
Flagship’ of the European Commission [8] with a budget of €1 billion, and the German ‘Quantum
Technologies Federal Government Framework Programme’ [9] investing €650 million.
This thesis focuses on light quanta, the photons, as the carrier of quantum information. Nonclassical quantum states of light are at the heart of many innovative applications in the quantum
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information sciences, covering quantum communication [10,11] and cryptography [12,13] , quantum
metrology [14–16] , and quantum computation [17–20] . Self-assembled semiconductor quantum dots
(QDs) in microcavities are widely discussed as on-demand, deterministic sources of such states
of light. These nanostructures are often called ‘artificial atoms’ because of their discrete spectrum arising from their confinement in all three spatial directions. While they are versatile in
terms of the energetic level structure established during the growth process, their embedding
in the surrounding solid-state crystal matrix introduces a special kind of environment. Even at
cryogenic temperatures of a few kelvin, a QD is coupled to a continuum of longitudinal acoustic
phonons, which has been shown to be the main source of decoherence in the QD’s quantum
few-level system [21–25] .

1.2 Self-assembled semiconductor quantum dots
Semiconductor quantum dots (QDs) are nanostructures that are strongly confined in space [26] .
Self-assembled QDs that are grown by the Stranski-Krastanov mechanism [27] are typically up
to about 10 nm in diameter. These self-organized three-dimensional lens-shaped islands spontaneously form due to strain out of a thin film deposited on a bulk material with a similar but
slightly different lattice constant. Predominantly, InAs QDs grown on GaAs bulk materials are
considered in this thesis.
Due to the strong spatial confinement, the carrier wave functions are highly localized and
their corresponding energies are discrete and well separated. Therefore, it is often sufficient to
take the lowest conduction band and the highest valence (heavy-hole) band state into account.
Excitons form as pairs of an s-like conduction band electron and a p-like valence band heavy
hole. Since both the light-hole and the split-off band are energetically detuned from the heavyhole band and transitions into them are thus unlikely, only the heavy-hole band is taken into
account.
Because of the heavy-hole spin component of Szh = ± 32 , pairing up with a spin- 21 electron
leads to two types of excitons: the optically active bright excitons with spin ±1 and the dipoledark states with spin ±2. For the description of most optical experiments, the latter can be
neglected due to their lack of direct optical addressability. Furthermore, there is a bound state
composed of two bright excitons called the biexciton that has a typical binding energy EB of a
few meV.

1.2.1 The driven two-level QD
This state space can be further reduced when external driving of a defined circular polarization
is considered. For typical fine-structure splittings of a few tens of µeV [28] between the two
bright states with spin ±1, only the ground state |Gi without any excitations and the bright
2
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exciton |Xi with a spin corresponding to the circular polarization of the external driving need
to be considered [29,30] .
Thus, one arrives at a two-level model for the electronic subspace of a QD, which is the
description predominantly used in this thesis. For certain applications, though, the biexciton
state, the dark exciton, and energetically higher lying exciton states are taken into account (cf.,
[Pub 3, Pub 4, Pub 5, Pub 6]). Including the external driving into the model as a classical
amplitude, the Hamiltonian of the driven two-level QD is


~
HQD = −~∆ωLX |XihX| − f (t) σX + σX† ,
2

(1.1)

where the dipole and rotating wave approximations have been used. The ground state is chosen
as the zero point of the energy scale, the energy of the exciton is ~ωX , the polarization operator
describing the transition between the exciton and the ground state is defined as σX := |GihX|,
and the Hamiltonian is written down in a frame co-rotating with the frequency of the external
driving laser ωL . f (t) denotes the real envelope function of the laser and ∆ωLX := ωL − ωX the
laser-exciton detuning.

1.2.2 The Jaynes–Cummings coupling to individual cavity modes
When electron and hole recombine radiatively and the QD transitions from the exciton to the
ground state, a photon is created in the continuum of the electromagnetic field coupled to the
QD. In this sense, the polarization operator σX can be interpreted as the source of a photon
(cf., [Pub 1]). In cavity quantum electrodynamics (cQED), though, the interaction between
a few-level quantum system and well-separated individual electromagnetic field modes is of
interest. The coupling of the two-level QD to a single mode of a solid-state microcavity [31] is
well described within the rotating wave approximation using the Jaynes-Cummings model [32]




HC = ~∆ωCL a† a + ~g a† σX + aσX† ,

(1.2)

where a† (a) creates (annihilates) a photon with the cavity mode frequency ωC . The coupling
strength is given by ~g and the cavity-laser detuning is defined as ∆ωCL := ωC − ωL . This
Hamiltonian is again written in a rotating frame with the laser frequency as reference.
If two modes of opposite polarization simultaneously interact with the QD, a Jaynes-Cummings
model can be used for each mode. In particular, this extension is necessary when considering
the biexciton-exciton cascade in a cavity or discussing the influence of a finite fine-structure
splitting (cf., [Pub 4, Pub 5, Pub 6]).
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1.2.3 Phenomenological losses
A realistic model for an experimental setup needs to account for inevitable imperfections of the
system. The most important ones in cQED are the losses of the microcavity with rate κ due
to, e.g., non-unity reflectance, and the radiative decay of the few-level emitter orthogonal to
the cavity into the continuum of the electromagnetic field with rate γ. This geometry reflects
the driving of the QD, which is performed orthogonal to the cavity [33] , whereas the detection
takes place on the axis distinguished by the cavity.
These processes are well described phenomenologically using a Markovian Lindblad superoperator [34–36] acting on the density matrix ρ of the QD–cavity system




o
1n
ρ, O† O
LO,Γ ρ = Γ OρO −
.
+
2
†

(1.3)

The action of the loss process is captured by the corresponding system operator O and loss
rate Γ. The anti-commutator between operators A and B is denoted as {A, B}+ .

1.3 The phonon environment
QDs are embedded in a surrounding solid-state crystal matrix. Even at cryogenic temperatures
of a few kelvin, this leads to a coupling of the QD excitations to a phonon continuum. The
deformation potential coupling to longitudinal acoustic (LA) phonons is the most important
decoherence mechanism in QDs [21,23,25,37] . This interaction is of the so-called pure-dephasing
type and has the form [21–24]
HPh = ~

X
q

ωq b†q bq + ~

X
q



γqX b†q + γqX∗ bq |XihX| .

(1.4)

The bosonic operator bq (b†q ) annihilates (creates) a phonon of energy ~ωq in mode q with the
coupling strength γqX . As the initial condition of the dynamics, the QD–cavity and the phonon
subsystems are assumed to factorize, while the latter is in thermal equilibrium at temperature
T . Note that bulk phonon modes are considered rather than modes confined in the QD [21] , since
the elastic properties of the QD and substrate materials are similar in self-assembled QDs.
Several important phenomena arise from this interaction, such as the appearance of phonon
sidebands in the emission spectrum [21,23,38] , the damping of Rabi oscillations [39–43] and the
renormalization of their frequency [44,45] , a dynamic decoupling of electronic and phononic subsystems [46,47] , and the degradation of the quality of emitted photons [48] . Note that in strongly
polar materials like GaN, the piezoelectric coupling becomes important [23,37] , but in the GaAs
structures considered in this thesis it is negligible. Furthermore, optical phonons that interact
with the QD via the Fröhlich coupling have typical energies of a few 10 meV. Their contribution

4
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Figure 1.1: [(a) taken from [Pub 2]] (a) Sketch of the QD–cavity system. (b) The phonon
spectral density J(ω) according to Eq. (1.5) for GaAs material parameters and an electron
confinement length of ae = 3 nm.
to the dephasing in QDs has been shown to be rather minor [23] .
The coupling constant γqX in Eq. (1.4) determines the phonon spectral density J(ω) =
P X2
|γq | δ(ω − ωq ). Under the assumptions of a spherically symmetric potential, a harmonic
q

confinement, and a linear dispersion ωq = cs |q| with sound velocity cs , an expression for J(ω)
can be obtained, which contains only geometric and material parameters:
J(ω) =



ω3
−ω 2 a2e /(4c2s )
−ω 2 a2h /(4c2s ) 2
D
e
−
D
e
.
e
h
4π 2 ρD ~c5s

(1.5)

ρD is the density of the material, De (Dh ) the electron (hole) deformation potential, and ae
(ah ) the electron (hole) confinement length. The parameter values for GaAs, which is the
predominantly considered substrate material in this thesis, are listed in Refs. [37,49] and are
repeated in Tab. I in the supplementary material of [Pub 1]. When identical confinement
potentials for electrons and holes are presumed, the confinement ratio is fixed by the effective
masses as ah = ae /1.15. Therefore, the electron confinement length ae is the only free parameter
in Eq. (1.5). It is interpreted as a measure for the size of the QD. Values between 3 nm and 5 nm
have produced results in good agreement with experiment [46,50,51] . Exemplarily, the spectral
density is shown in Fig. 1.1(b) for ae = 3 nm.

1.4 The dynamical equation
The QD–cavity model described in Secs. 1.2 and 1.3 is comprised of a Hamiltonian part for
the subsystem of interest HS := HQD + HC , a Hamiltonian part for the phonon environment
HPh , and a Lindbladian part for the phenomenological description of losses. A sketch of this
system is shown in Fig. 1.1(a). The dynamics of the QD–cavity system is fully determined by
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the Liouville–von Neumann equation for the density matrix ρ
i
i
∂
ρ = − {HS , ρ}− − {HPh , ρ}− + La,κ ρ + LσX ,γ ρ .
∂t
~
~

(1.6)

The commutator between operators A and B is denoted as {A, B}− .

Due to the sum in Eq. (1.4), the pure-dephasing coupling to LA phonons expands the Hilbert
space of the problem infinitely. Analytical solutions for arbitrary external driving f (t) are not
known. Nonetheless, this phonon Hamiltonian can be treated in an numerically exact way using
an iterative real-time path-integral method, presented in the following section.

1.5 The numerically exact path-integral method
1.5.1 Expectation values
In order to solve Eq. (1.6) for the QD–cavity subsystem dynamics using an iterative realtime path-integral method, first the propagator defined by the dynamical equation has to be
discretized into small chunks of ∆t. Then, the phonon subspace is traced out analytically,
yielding a solution for the reduced density matrix (RDM) ρ̄(t) := TrPh [ρ(t)] of the subsystem.
This derivation is correct up to O (∆t2 ).
The cost of this simplification is a memory kernel induced by the phonon environment that
renders the subsystem dynamics non-local in time. The memory kernel for an InAs/GaAs QD
with a confinement length of 3 nm decays to zero in roughly τmem = 3 ps [52] . Since this memory
depth is on the same order of magnitude as the dynamical scale of the QD–cavity subsystem, it
cannot be neglected using a Markov approximation, for which a phenomenological description
using a Lindbladian would be sufficient.

The crucial point is the fact that the memory depth for a QD is not negligible, but finite.
Thus, the system at time t + ∆t is fully determined by the knowledge of the system in the time
interval [t − τmem , t]. This insight allows for an iterative formulation of the solution [52–54] in the
form of the so-called augmented density matrix (ADM). The ADM contains all the information
about the subsystem during the length of the memory, which is discretized as τmem = nmem ∆t.
It is thus a 2nmem -rank tensor, which is propagated according to [55]
...µn−nmem +1
µn−1
ρ̄µνnn...ν
= Mννn−1
n µn
n−nmem +1

X

νn−nmem
µn−nmem



exp 

n
X

l=n−nmem



n−1 ...µn−nmem
Sνn νl µn µl ρ̄µνn−1
...νn−nmem .

(1.7)

µn−1
The object Mννn−1
is the subsystem propagator, including the non-Hamiltonian Lindblad
n µn
contributions, and Sνn νl µn µl is the phonon influence functional. For a detailed definition of both
objects cf., Ref. [55]. The subsystem state µ and ν at the j-th time step is described by the
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indices µj and νj , respectively. The RDM at time t = n∆t is retrieved by tracing out the
memory contained in the ADM
ρ̄νn µn =

X

νn−1 ...νn−nmem +1

...µn−nmem +1
.
ρ̄µνnn...ν
n−nmem +1

(1.8)

µn−1 ...µn−nmem +1

The dynamics of every (single-time) expectation value of any subsystem observable can be
obtained with the knowledge of the RDM. Only two parameters can introduce errors to this
solution: (i) the time discretization ∆t and (ii) the memory depth τmem taken into account.
Both convergence parameters are easily controllable. A solution is denoted as numerically
exact, when decreasing ∆t or increasing τmem leads to no noticeable change. In particular, it
follows that no further approximations are necessary to obtain a solution for the time evolution
of the QD–cavity system once the model is stated in terms of a Hamiltonian and a Lindbladian.
While the iterative formulation allows for long-time studies of a few-level system, the investigation of multi-level systems remains illusive with Eq. (1.7), since the number of ADM elements
to be stored during computation scales exponentially as NS2nmem with the subsystem’s dimension NS . Calculations including up to 20 photons require the treatment of a 41-dimensional
subsystem. With nmem = 7 and ∆t = 0.5 ps, which typically leads to converged results for a
3 nm-InAs/GaAs QD, roughly 3.8×1022 ADM elements have to be stored – a number completely
out of reach for current computational equipment.
In a QD–cavity system, only the QD states couple to the phonons [49] . This observation allows
for an organization of the states into groups with identical phonon coupling. Then, the ADM
can be partially summed within each group [49] , such that the number of elements to be iterated
scales as NS2 Ng(2nmem −1) with the number of groups Ng – two in the case of a two-level QD. In
the example above, this decreases the ADM elements to roughly 6.9 × 106 . Only this reduction
of more than 15 orders of magnitude in computational demand makes the numerically exact
study of realistic QD–cavity systems possible.

1.5.2 Two-time correlation functions
Properties of a photon source and the generated state of light are often characterized in coincidence experiments. A famous example is the Hanbury Brown–Twiss setup [56] , which yields a
measure for the multiphoton component of the analyzed photonic state. Glauber formulated a
model for this setup [57] , yielding a second-order two-time correlation function of the electrical
field operators, i.e., the cavity photon operators in a QD–cavity system
G(2) (t, τ ) = ha† (t)a† (t + τ )a(t + τ )a(t)i ,

(1.9)

7
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where t is the real time of the experiment and τ is the delay time between detector clicks.
A numerically exact path-integral scheme for a multitime correlation function as in Eq. (1.9)
has been derived in [FPub 2]. First, the ADM is propagated until time t = n∆t. Here, the
operators evaluated at this time are multiplied to produce a modified ADM (MADM):
µ ...µ
+1
ρ̄aa† νn ...νnn−nn−nmem
mem +1

=

X

0 µ0
νn
n

ν
µn−1 †
(a )µ0n µn
(a)νn νn0 Mνn−1
0 0
n µn

X

νn−nmem
µn−nmem



exp 

n
X

l=n−nmem



n−1 ...µn−nmem
Sνn νl µn µl ρ̄µνn−1
...νn−nmem .

(1.10)

For the subsequent m steps until t + τ with τ = m∆t, the MADM is iterated instead of the
ADM. Finally, the operators evaluated at time t + τ are multiplied and the correlation function
is obtained by performing the trace over the memory
G(2) (t, τ ) =

X

h

νn+m ...νn+m−nmem +1

µn+m ...µn+m−nmem +1

a† a

i

µ

µn+m νn+m

...µ

n+m−nmem +1
ρ̄aa† νn+mn+m
.
...νn+m−n
+1
mem

(1.11)

This scheme ensures that the memory accumulated during the t-propagation is properly
transferred to the τ -propagation. Thus, this numerically exact method reaches clearly beyond
the so-called quantum regression theorem (QRT) [35,36] , which is the most widely used tool to
calculate multitime correlation functions, even in non-Markovian situations [38,48] .

1.5.3 Comparison with other methods
Taking the phonon-induced memory into account beyond a Born–Markov approximation is
possible without having to resort to the above presented numerically exact path-integral (PI)
formalism. In this section, two state-of-the-art approximative methods are presented that yield
accurate predictions of the QD–phonon dynamics in many cases with less numerical demand:
the polaron master equation (PME) approach and a fourth-order correlation expansion (CE4).
During the studies presented in this thesis both methods have been employed either to conduct
methodological comparisons or in cooperation with the theoretical physics group on ‘Ultrafast
Optics in Nanostructured Solids’ headed by D. E. Reiter at the University of Münster. The
PME approach is applied in [Pub 1] to discuss the frame dependence of the quantum regression
theorem, while the CE4 method is used in [FPub 4] and for extensive parameter studies in
the aftermath of [FPub 5]. Finally, a motivation is given why nonetheless the PI formalism is
employed throughout the studies discussed in this thesis.
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Figure 1.2: [(b) Data on the CE4 method kindly provided by T. K. Bracht, Reiter group,
University of Münster] Two-level QD of size 3 nm driven by a constant external laser and
coupled to a phonon environment. (a) Path-integral (PI) results (solid lines) compared with
PME results (open circles) for two different temperatures T = 4 K and T = 77 K for a driving
strength of ~f = 0.2 meV. (b) PI results (blue solid line) compared with CE4 results for a
driving strength of f = 1 ps−1 at T = 4 K. The orange dotted line corresponds to 200 grid
points and orange open circles to 400 within the considered phonon wave vector interval. Red
circles indicate the time Tmax at which the CE4 method is predicted to break down for the
respective discretization.
The polaron master equation
The transformation of the system into the polaron frame is at the heart of the PME approach [58–60] , which is given by
H 0 = eS He−S
S = σX† σX

X
q

(1.12a)
1
γ X b† − γqX∗ bq .
ωq q q




(1.12b)

A time-local master equation for the reduced system dynamics is derived in this frame employing
a Born–Markov approximation (explicitly given in, e.g., the supplemental material of Ref. [49]).
This procedure allows for the consideration of a variety of non-Markovian features beyond a
Born–Markov treatment in the original laboratory frame, e.g., the prediction of the phonon
sidebands in the QD emission spectra (cf., Fig. 1 in the supplement of [Pub 1]). A validity
analysis in Ref. [61] suggests that the exploration of the strong-driving regime is possible as
long as the QD–phonon coupling is rather weak or the temperature T low and vice versa. In
Fig. 1.2(a) PI and PME results are compared with each other for a two-level QD of size 3 nm
driven by a constant external laser and coupled to a phonon environment. A strong driving
of ~f = 0.2 meV is chosen here. Nonetheless, the results coincide at T = 4 K. At a higher
temperature of 77 K, though, differences become visible consolidating the validity claims in
Ref. [61].
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A strict quantitative limit of the PME validity is elusive, though, as the authors of Ref. [61]
concede. Thus, one should be wary of using the PME approach in strongly-pulsed systems at
high temperatures. Moreover, the phonon influence might be overestimated when the pulse
length is of the same order or shorter than the phonon-induced memory [62] . The reason is the
time-local property of the PME method. The gradual buildup of the phonon influence during
the memory time is not captured by this approach.
Therefore, exploring a parameter space where it is a priori unclear whether the PME approach
is accurate is ill-advised. Since both strong and short pulses, high temperatures, and strong
QD–phonon coupling are cases of interest in the studies discussed in this thesis, the numerically
exact path-integral method is advantageous. When the convergence parameters are taken care
of, the entire parameter space can be studied without methodological restrictions.

The correlation expansion
Deriving equations of motion for the exciton occupation and the polarisation of a two-level QD
using the Heisenberg equation and subsequently taking expectation values yields no closed set,
as is common for many-body problems. Rather, expectation values of the type hσX bq i appear
as sources on the right-hand side of the differential equations. Factorizing these as
hσX bq i = hσX ihbq i + δhσX bq i

(1.13)

introduces the correlation δhσX bq i as a new dynamical variable, which is defined by Eq. (1.13)
and for which an additional equation of motion has to be derived. This procedure leads to an
infinite hierarchy of equations of motions. To render this hierarchy numerically tractable, a
truncation is necessary, the expectation being that the importance of higher-order correlations
decreases.
In the fourth-order correlation expansion (CE4) formalism [44,63] , five-point correlations are
neglected. Thus, the CE4 method takes two-phonon processes into account, which yields good
agreement with experiment [46] . In contrast to the PI or the PME approaches, which both
rely on a trace over the environment, the CE4 formalism can access the phonon dynamics. For
example, it is possible to observe the propagation of a phonon wave packet after excitation of the
QD [64] . Even the phenomenon of phonon squeezing can be described using the CE4 method [65] .
One drawback of this method is the inverse connection between the q-discretization of the
phonon environment and the stable simulation time, which can be derived from the energytime uncertainty relation [66] . This property of the CE4 method is demonstrated in Fig. 1.2(b)
for a two-level QD driven by a laser of strength f = 1 ps−1 . While both methods perfectly agree
at the beginning of the simulation, after a maximum time predicted by Tmax = 1.23/∆q ps nm−1
for GaAs parameters [66] , the CE4 results strongly deviate from the PI dynamics. Red circles
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indicate the values of Tmax for the respective discretizations ∆q given in the figure’s legend.
Thus, with reasonable computational demand, the simulation of a few hundred picoseconds
is feasible, but the nanosecond-regime remains out of reach. Therefore, long-time studies as
necessary for modeling coincidence experiments are challenging using the CE4 formalism. An
iterative scheme as the PI method has thus a clear advantage in this regard.
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2 A guide for the publications
In this thesis, the phonon influence on the preparation of quantum states of light in QD–cavity
systems as described in Chap. 1 is studied. The number of photons that constitute the various
photonic states under scrutiny is chosen as the leitmotif of the following investigation, starting
from single photons and progressing to more and more complex multiphoton states. Here, a
guide shall be given to concisely connect the publications that are at the heart of this thesis by
picking the highlights of each one of them.
The overall storyline of this work is the following. The on-demand generation of single
photons is technologically very important, in particular, in quantum communication and cryptography. After a section devoted to this task (Sec. 2.2.1), a QD single-photon buffer is proposed
to store the generated photon for a predetermined amount of time in Sec. 2.2.2. Pairs of entangled photons allow for both advanced technological applications and fundamental questions
regarding the quantum theory. The corresponding section (Sec. 2.3) explores the possibility to
generate different types of Bell-state entanglement in diamond-shaped four-level emitters and
proposes a time-dependent protocol to deterministically switch between them. Higher-order
Fock states are the simplest kind of multiphoton states. Discussing the possibility to prepare
them in QD–cavity systems is taken as the starting point of the studies on multiphoton states
and structures presented in Sec. 2.4. N -photon bundles are related to higher-order Fock states,
insofar as they are connected to the emission properties of a cavity. This trait results in a characteristic fingerprint in the photon number distribution, which is exploited in the corresponding
analysis. Photon number distributions as such are interesting tools to analyze multiphoton
states. In particular, a vast variety of qualitative shape changes can be found depending on
the excitation condition. The interplay with the phonon environment is of special interest here.
A section devoted to the preparation of Schrödinger-cat states in QD–cavity systems crowns
the investigation of multiphoton states. These prime examples of nonclassical, purely quantum
states are worth studying both from a technological and a fundamental point of view.
Two methodological studies frame this storyline. The investigation of the accuracy of the
quantum regression theorem can be considered a groundwork for the characterization of single
photons in terms of coincidence experiments and is therefore the topic of the first section
(Sec. 2.1). The last section (Sec. 2.5) is devoted to the question of additivity concerning
multiple environments on the one hand, while giving an outlook using a new numerically exact
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method on the other hand.

2.1 The quantum regression theorem and beyond
A single-photon source is commonly characterized in terms of three quantities, the so-called
figures of merit: the single-photon purity P, which is a measure for the multiphoton contribution
present in the detected state, the indistinguishability I of two successively emitted photons,
and the brightness B, which is the amount of photons generated by the source. If all three
quantities equal unity, the source produces perfect single photons. Models and definitions
of these quantities are given in Eqs. (1)–(5) in [Pub 1], respectively. Note that this specific
definition of the indistinguishability incorporates the effect of a non-unity single-photon purity.
The consequence is a codomain of I ∈ [0.5, 1] [67] .

Two of these quantities, P and I, contain two-time correlation functions in their definitions.
The QRT is the most widely used tool to obtain multitime correlation functions in an open
quantum system setting [35,36] . It is a prescription to use the same dynamical equation for the
propagation of a correlation function in both the real time t and the delay time τ . A density
matrix modified by multiplying the operators evaluated at time t is taken as the initial value
for the τ -propagation. This procedure presumes a factorization of system and environment for
τ = 0, i.e., for every t. It is therefore quite probable that the QRT breaks down in a system
exhibiting strong non-Markovian features.
Interestingly, the QRT is commonly used in the analysis of the photonic properties of a QD,
where the coupling to the LA phonon environment requires the consideration of non-Markovian
effects [48,68,69] . It was shown in Ref. [38] that naively applying the QRT to the calculation of
a QD emission spectrum results in the prediction of the phonon sideband on the energetically
wrong side of the zero phonon line (ZPL). This qualitatively false result on the one hand and
the still widespread usage of the QRT on the other hand call for a detailed discussion of the
accuracy of the QRT, which is provided in [Pub 1].
To enable a direct comparison between numerically exact results and the QRT, an implementation of the latter within the path-integral formalism has to be formulated. To this end, the
memory contained in the ADM is traced out as in Eq. (1.8) after the time t = n∆t is reached.
Then, a modified RDM (MRDM) is introduced
ρ̄aa†µνnn =

X

(a)νn νn0 ρ̄νn0 µ0n (a† )µ0n µn

(2.1)

0 µ0
νn
n

and used as the initial RDM for the subsequent m steps of propagation in the delay time argument τ . This procedure captures the essence of the QRT to neglect the memory accumulated
during the t-propagation at the switch between real time and delay time, while ensuring the
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Figure 2.1: [Taken from [Pub 1]] Photonic figures of merit of a two-level QD single-photon
source using the numerically exact path-integral formalism: (a) the single-photon purity, (b)
the indistinguishability, and (c) the brightness. Their dependencies on the temperature T
and the phonon scaling λ (cf., main text) are shown. Yellow boxes highlight the physically
most interesting parameter region around λ = 1 for GaAs material parameters and the lowtemperature regime below 10 K.
incorporation of all memory effects during the respective single-time propagations. In order to
test the validity of this implementation, the prediction of the phonon sideband on the wrong
side of the ZPL when using the QRT [38] is successfully reproduced in Fig. 1 in the supplement
of [Pub 1].
In order to keep this rather fundamental methodological analysis as simple and transparent
as possible, a two-level QD without the coupling to a cavity is studied in [Pub 1]. The driving
pulse train consists of resonant π pulses of 3 ps length with Gaussian envelopes. The QD’s
polarization operator is considered as the source of photon emissions. Therefore, the cavity
operators are replaced in all correlation functions necessary to obtain P, I, and B by QD
operators.
Furthermore, to analyze the influence of the strength of the non-Markovian coupling to the
phonon environment, a scaling parameter λ is introduced as a prefactor to the phonon spectral
√
density J(ω). Thus, the coupling constant γqX in Eq. (1.4) is scaled by λ. While a scaling
of λ = 0 models a situation without a phonon environment and 1 < λ ≤ 10 provides a rough
estimate for stronger couplings as in piezoelectric materials like GaN [37] , the full GaAs model
is recovered for λ = 1.
The dependence of the three figures of merit P, I, and B on the temperature T and the
phonon scaling λ is shown in Fig. 2.1 using the numerically exact path-integral approach. All
three quantities decrease for high temperatures and large coupling. The highest values of I
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Figure 2.2: [Adapted from [Pub 1]] (a) The non-Markovianity measure N , (b) the error QI
introduced by the QRT, and (c) the indistinguishability at T = 4 K as a function of the phonon
scaling λ. The latter is calculated using the numerically exact approach (num. exact), the QRT
applied in the lab frame (QRT), and the QRT applied in a polaron transformed frame (PME).
and B are found in the limit of weak coupling and low temperatures, confirming previous observations of a degrading influence of the phonon environment on photonic properties [48] . The
single-photon purity shows a slightly different behavior compared with the indistinguishability or the brightness in the region of interest [marked by yellow boxes in Fig. 2.1(c)]. It is
nonmonotonic as a function of λ at higher temperatures with large values around λ = 1 [cf.,
Fig. 2.1(a)] and reaches its maximum value at large scalings and low temperatures. Phonons
inhibit the full preparation of the QD exciton. Therefore, the reexcitation of the QD during
the length of the pulse is suppressed even more. This leads to a lower multiphoton component explaining the higher single-photon purity. It is possible to take this phenomenon even
further by using phonon-assisted off-resonant excitation, which can lead to phonon-enhanced
single-photon purities. The mechanism of this enhancement is the topic of [Pub 2] outlined in
Sec. 2.2.
The relative error of a figure of merit M introduced by using the QRT QM is taken as
a measure for the accuracy of the QRT. Fig. 2.2(b) shows this quantity with respect to the
indistinguishability QI . In the physically interesting region marked by yellow boxes in Fig. 2.1
it is particularly high and reaches up to 18 %. In the race for a perfect single-photon source [70]
where improvements in the sub-per mill regime matter [71] , this is a huge value.
In order to explain the physical origin of this error, a non-Markovianity measure N is introduced to assess the relevant parameter space. Its definition is stated in Eq. (8) of [Pub 1]
and taken from Refs. [38,72–74] and its most important property is the implication of the indivisibility of the underlying dynamical map when N =
6 0. This is a fundamental aspect of
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non-Markovianity. Consequently, N = 0 implies Markovian dynamics. Thus, the appearance
of memory effects in the system dynamics can be traced using this measure.
The temperature and phonon scaling dependence of N is shown in Fig. 2.2(a) alongside the
error QI introduced by the QRT. Qualitatively, it exhibits exactly the same behavior, fostering
the conclusion that the breakdown of the QRT is related to the non-Markovianity of the system
dynamics. This connection, though, is highly dependent on the considered quantity: the error
QP regarding the single-photon purity is of the order of 10−4 for the entire parameter range
studied in [Pub 1]. The physical origin of this finding is explained ibidem.
Interestingly, using the QRT one consistently overestimates the phonon influence on the
indistinguishability, shown in Fig. 2.2(c) as a function of the phonon scaling λ for a slice at
T = 4 K. Therefore, the numerically exact path-integral method shows that the theoretical
upper bound for the indistinguishability of photons from a QD source is higher than previously
predicted by studies using the QRT.
The polaron transform captures many essential features of the non-Markovian dynamics
induced by the phonon environment, as explained in Sec. 1.5.3. It is therefore quite surprising
that the accuracy of the QRT does not depend on the frame. Applying it not in the lab
frame, but in a polaron transformed frame using the PME technique [58–60] , the prediction of
the indistinguishability does not improve at all [cf., Fig. 2.2(c)]. The reason is the following:
The PME approach captures the phonon influence on the dynamics of (single-time) expectation
values as the exciton occupation extremely well for the considered temperature and phonon
scaling parameters [cf., Fig. (2) in the Erratum to [Pub 1]]. Therefore, a comparable error
enters the calculation at the switch between the t- and the τ -propagation, when the memory
is traced out, regardless of the frame. While using the QRT in the polaron frame can, in
fact, predict the phonon sideband on the correct side of the ZPL in contrast to its lab frame
counterpart, this sign flip does not affect the indistinguishability, which is why the application
of the QRT in both frames produces agreeing results. Technical details concerning this finding
are explained in the Erratum to [Pub 1].
To summarize, the accuracy of the QRT in a fundamentally non-Markovian system is not
known a priori, although it can be applied in specific settings or for the calculation of specific
quantities like the single-photon purity. Therefore, all subsequent studies are undertaken using
the path-integral formalism[FPub 2] .

2.2 Quantum dots and single photons
Single photons are a key building block in many innovative applications, in particular, in quantum communication and cryptography [12,75] . Generating them on demand with high brightness
and vanishing multiphoton component is key to these technologies. QDs are widely discussed
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Figure 2.3: [Adapted from [Pub 2]] The
brightness [panels (a) and (b)] and the singlephoton purity [panels (c) and (d)] of a QD–
cavity single-photon source as functions of the
laser-exciton detuning and the laser pulse area.
Calculations with phonons [panels (b) and (d)]
are compared with phonon-free results [panels (a) and (c)]. Blue circle: the case of resonant π-pulse excitation. Red circle: the point
of maximum single-photon purity including
phonons. Red square: simultaneous optimization of the single-photon purity and brightness.

as a candidate system that satisfies these requirements [71,76–80] . After discussing the phonon
influence on the single-photon purity in QD–cavity systems, in this section, a protocol is proposed to store the generated photon deterministically. Such buffering devices are necessary for
synchronization in quantum networks.

2.2.1 Phonon-enhanced single-photon sources
The interaction with the LA phonon environment is often stigmatized as a purely destructive
phenomenon regarding the technological usage of QDs. In particular, limits of the single-photon
quality due to the phonon coupling have been predicted [48] .
In [Pub 2], it is discovered that on the contrary, phonons can play a beneficial role. Using offresonant phonon-assisted excitation of the QD exciton, an enhancement of the single-photon
purity compared with the resonant case under otherwise identical conditions is found. In
Fig. 2.3, single-photon figures of merit are shown for a QD–cavity system under various excitation conditions. The center frequency of the Gaussian-shaped pulses is varied with respect to the
two-level QD transition frequency as measured by the laser-exciton detuning ∆ωLX := ωL − ωX .
Furthermore, their pulse area is chosen as a second parameter freely adjustable in experiment.
The pulse width is kept fixed at 7 ps. The pulsed-excitation technique ascertains that the QD–
cavity system is an on-demand source. The photon emission is triggered by the arrival of the
external pulse in contrast to, e.g., sources exploiting spontaneous parametric down conversion
(SPDC) [81] .
In the case without phonons [panels (a) and (c) in Fig. 2.3] both the brightness and the
single-photon purity are symmetric with respect to the detuning and display Rabi rotations
with respect to the pulse area. This is expected since at all odd multiples of π the QD is
inverted and has therefore the capacity to emit a photon. The phonon influence [panels (b)
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Figure 2.4: [Taken from [Pub 2]] Occupation dynamics of the QD–cavity states during and
after the pulse (driving). The resonant (a) (cf., blue circle in Fig. 2.3) and the off-resonant
phonon-assisted excitation schemes (b) (cf., red circle in Fig. 2.3) are compared with each other.
The latter exhibits a two-step process in the exciton occupation (blue line) of phonon-induced
relaxation in the dressed-state basis and subsequent adiabatic undressing.
and (d) in Fig. 2.3] renders the picture completely asymmetric. The reason is the asymmetry
of phonon emission and absorption at low temperatures. While the former is always possible,
the latter is less probable due to the absence of phonon occupation at temperatures of a few
kelvin. A large parameter regime appears for ∆ωLX > 0, where both the brightness and the
single-photon purity take on high values. This phonon impact even significantly enhances the
single-photon purity compared with the resonant π-pulse excitation [blue circle in Fig. 2.3(d)].
Its maximum value of 98.8 % [red circle in Fig. 2.3(d)] is comparable to experimentally obtained
values for the optimum-case resonant excitation, which is found for shorter pulse lengths of
around 3 ps, namely 98.8 % [78] and 99.1 % [79] .
The vital advantage of the off-resonant scheme compared with its resonant counterpart lies
in its robustness against small fluctuations of pulse parameters, such as the central frequency
or the area (cf., Fig. 2.3). Furthermore, off-resonant excitation allows for a spectral separation
of pump and signal, thus providing a background-free single-photon source.
The reason for this finding is the two-step nature of the phonon-assisted exciton preparation.
During the pulse, the phonons induce a relaxation in the dressed-state basis, the eigenbasis of
the laser-driven two-level problem, into the lower-energy dressed state. In the original barestate basis, this means that the exciton is only occupied by half [cf., Fig. 2.4(b)]. When
switching off the pulse, the system is adiabatically undressed [82] , yielding a boost of the exciton
occupation only at a time when the pulse amplitude has essentially vanished [cf., Fig. 2.4(b)].
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Figure 2.5: [Taken from [Pub 3]] Sketch of the Λ-type threelevel system. The left arm is coupled to a cavity and is driven
by an off-resonant AC-Stark pulse. The right arm is coupled
by the flip-flop term that induces simultaneous spin flips of
the electron (blue arrows) and the Mn spin. The red arrows
represent the hole spin, which is pinned in a pure heavy-hole
system.
Therefore, reexcitation of the QD and subsequently the possibility of multiphoton emission are
strongly suppressed. The dynamics of the QD–cavity state occupations in the off-resonant case
is compared with the resonant one in Fig. 2.4.

2.2.2 Deterministic storage and readout of a single photon
To technologically use a single photon in an optical quantum network, synchronization is
paramount. Therefore, buffering a single photon to control the exact emission time is necessary. In [Pub 3], a QD-based single-photon buffering device is proposed.
Buffering, i.e., temporary storage and readout can be achieved by exploiting a metastable
state. The dipole-dark exciton states with a total spin of ±2 are interesting candidates for this
application, since their decay time is about two orders of magnitude longer than that of the
bright exciton. To this end, the model of the two-level QD has to be expanded.
In particular, a mechanism is needed that allows for optically addressing the dark state.
Introducing a single magnetic atom as a dopand couples the bright and dark states via the
exchange interaction. Manganese (Mn) stands out because of its large spin of 52 . To enable
isoelectric doping, this analysis is performed for a CdTe/ZnTe QD.
Assuming the Mn spin to be initially prepared in the state with orientation Mz = − 52 and a
circular polarization of the external laser of −1, the QD can be modeled as a Λ-type three-level
system. Using the projection of the total spin of the electronic excitation and the Mn spin
orientation as labels, the three product states are the ground state |Gi := |0, − 25 i, the bright
exciton |Xi := | − 1, − 25 i, and the dark exciton |Di = | − 2, − 23 i.

A sketch of the corresponding level scheme including its couplings is shown in Fig. 2.5. The
transition between the ground and the bright state interacts with a single-mode microcavity.
The electron-Mn exchange interaction leads to a coupling between the bright and the dark state.
These two states are split by δeff , consisting of a material dependent intrinsic splitting due to
the electron-hole exchange interaction and a splitting arising from an Ising-term contribution
to the carrier-Mn exchange. By applying an external magnetic field in Faraday configuration,
δeff can be tuned.
To obtain full-amplitude oscillations between the two exciton states and thus facilitate an
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Figure 2.6: [Adapted from [Pub 3]] (a) The occupation dynamics of the QD states and the
single-photon Fock state. The bottom panel shows the two AC-Stark pulses to write the
excitation to the dark state and then read it out again after the storage time τ . The ideal case
without phonons and losses (dashed lines) is compared with the case including radiative decay
and cavity losses (solid lines). (b) The decay time τ ∗ and (c) the maximum captured 1-photon
occupation (C1PO) at τ = 0 depending on the temperature T . The dashed lines mark the
phonon-free value.
excitation transfer, they need to be brought into resonance for half an oscillation period. To
enable this energetic shift on such fast timescales, the optical or AC-Stark effect is exploited.
An external laser driving the transition between the ground and the bright state off-resonantly
induces an energetic shift [FPub 4] . Choosing a rectangular pulse with appropriate specifications,
the effective splitting δeff can be canceled during the plateau time of the pulse [cf., Sec. IV.A.
in [Pub 3]].
Suppose that the cavity contains a single photon that needs to be buffered. The initial
state of the dynamics is thus |G, 1i. In Fig. 2.6(a), the occupation dynamics of the three QD
states and the single-photon Fock state of the cavity are shown. After half a Rabi oscillation
between the cavity and the QD, the bright state |Xi is occupied. Then, an AC-Stark pulse,
the writing pulse, is switched on, such that |Xi and |Di are effectively put to resonance. The
exchange coupling J leads to the occupation of the dark state |Di. After the storage time τ , a
second readout pulse reverses the entire writing process to eventually put back the excitation
to the cavity as a single photon, which then oscillates with the bright exciton. In the ideal case
without losses and phonons [dashed lines in Fig. 2.6(a)], the first maximum after the readout
pulse is close to unity, thus proving the concept of the buffering device.
This maximum captured 1-photon occupation (C1PO) after the readout pulse is now taken
as a measure for the performance of the protocol. Its value at τ = 0 shows how much of the
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Figure 2.7: [(a) Taken from [Pub 5], (b) taken from [Pub 4]] (a) Sketch of the four-level
emitter (FLE) coupled to two oppositely polarized cavity modes. The two-photon resonance
of the FLE is driven externally. (b) The energies of the four laser-dressed states depending on
the driving strength.
excitation initially present in the cavity is lost during writing and readout. The dashed line
in Fig. 2.6(c) displays its value including radiative and cavity loss effects, but without taking
phonons into account. The yellow points show its temperature dependence. While it is well
above 80 % for low temperatures, more than 50 % of the excitation is lost at 77 K only because
of the writing and readout processes.
Simulating the storage time dependence C1PO(τ ) and fitting an exponential function yields a
decay time τ ∗ that can be interpreted as a characteristic length for which storage is reasonably
possible. At T = 4 K, this value reaches 17 ns and at high temperatures it is still around 5 ns.
Thus, even under realistic conditions, the proposed buffering device can store a single photon
about two orders of magnitude longer than state-of-the-art high-quality microcavities alone.

2.3 Polarization-entangled photon pairs
Entanglement is a phenomenon entirely native to the quantum realm. It is a feature of quantum
mechanics which is at the heart of many innovative applications, predominantly in quantum
communication [10,11] and cryptography [12,13] . Moreover, from the point of view of basic research,
it allows for the inspection of Bell’s inequalities [83,84] , thus ultimately testing the fundamental
principles of quantum mechanics itself.
Polarization-entangled photon pairs are a particularly interesting realization of an entangled
bipartite system because of their traveling with the velocity of light and their robustness against
environmental disturbance. An attractive platform to generate such pairs are diamond-shaped
four-level emitters (FLEs). A sketch of an FLE coupled to two degenerate modes of opposite
polarization in a cavity is shown in Fig. 2.7(a). In addition to the ground state and two
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oppositely polarized excited states, there is a doubly excited state |XXi, which typically has
an energy less than twice the excited-state energy. In a QD, this is the biexciton state, a bound
state composed of two excitons, which leads to a biexciton binding energy EB corresponding
to the reduction of its energy.
The two different types of Bell states (BS) are famous examples of maximally entangled
states
1
(2.2a)
Φ± = √ (|HHi ± |V V i)
2
1
Ψ± = √ (|HV i ± |V Hi) ,
2

(2.2b)

henceforth called ΦBS and ΨBS, respectively. H (V ) denotes a horizontally (vertically) polarized photon and the order of their notation in Eq. (2.2) corresponds to the temporal order of
their detection.
Preparing the state |XXi and subsequently leaving the system to cascaded decay has been
demonstrated as a pathway to generate ΦBS in numerous works [11,84–90] . The addition of a
constant external driving [cf., Fig. 2.7(a)] opens up the possibility to create ΨBS using the
presented FLE [91] . Driving the two-photon resonance leaves two free parameters, the cavitylaser detuning ∆ and the driving strength Ω.
[Pub 4] is devoted to analyzing this parameter space and predicting the type of the resulting
entanglement. To this end, a discussion in terms of the laser-dressed states turns out to be
beneficial. The eigenenergies of the driven electronic subsystem are depicted in Fig. 2.7(b).
The four states are denoted as the upper (U ), middle (M ), null (N ), and lower (L) state.
While the energies of M and N do not depend on the driving strength, U and L exhibit such
a dependency [cf., Eqs. (10)–(12) in [Pub 4]]. Now, the emission of an entangled photon pair
is connected to two-photon transitions in the FLE system. Its probability in the driven case
is highest when the dressed states offer a two-photon transition, i.e., when twice the photon
energy matches the energy difference between two laser-dressed states. Combinatorially, this
state of affairs presents numerous opportunities of entanglement generation.
Technically, one measure to quantify the degree of entanglement is the concurrence [92] [for a
formal definition, cf., Eqs. (19) and (20) in [Pub 4]], which is widely accepted to characterize
an entangled bipartite system. The input quantity for this measure is the two-photon density
matrix, which is reconstructed in experiment using quantum state tomography [93] and modeled
by two-time correlation functions [cf., Eqs. (16)–(18) in [Pub 4]], which are obtained following
the phonon-free method in [FPub 2]. The qualitatively most important point of this definition
is the fact that the concurrence has a monotonic relation to the entanglement of formation [94]
and can thus be considered a direct measure for the entanglement of the given bipartite system
in its own right.
[Pub 4] delivers a detailed analysis of the different two-photon resonances. Analytic approx-
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Figure 2.8: [Taken from [Pub 5]] (a) Time-dependent step-like protocol to achieve entanglement switching. (b) Concurrence depending on the starting time t0 of the coincidence
measurement. The entanglement type is color-coded. (c)–(e) Two-photon density matrices
corresponding to the different types of entanglement as measured at the respective t0 .
imations are found in terms of the Schrieffer-Wolff transformation, which reduces the problem
to the subspace of the most relevant states. Thus, for each resonance and combination of laser
parameters, a prediction is possible, whether the system exhibits entanglement at all and, if so,
whether the entanglement type is ΦBS or ΨBS. The numerical results confirm these predictions.
While the entanglement type could be changed after the generation of the photon pair using
waveplates or polarization filters, in a chosen basis, the two types are clearly distinguishable.
Targeting each type in a given basis by just adding external driving thus allows for the timedependent switching between the entanglement types by adjusting the laser parameters. In
[Pub 5], a step-like protocol is proposed that realizes this idea.
In experiment, the reconstructed two-photon density matrix depends on three measurement
parameters: the starting time of the measurement t0 , its real-time length ∆t, and the delaytime window τ of the coincidence experiment. Thus, the concurrence also depends on these
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parameters. Fig. 2.8(b) shows the concurrence as a function of t0 for fixed τ and ∆t, while
the driving protocol is displayed in panel (a) of the same figure. Clearly, high ΦBS and ΨBS
entanglement is achieved deterministically depending on the external driving. Also, for a certain laser parameter set, a nonentangled state is found. Furthermore, this switching does not
depend on the order, which is demonstrated in steps 4 to 6 in Fig. 2.8(a) and (b). The corresponding two-photon density matrices are shown in Fig. 2.8(c)–(e). For ΦBS, the occupations
and coherences between the states |HHi and |V V i clearly dominate, while the corresponding
values of the states |HV i and |V Hi are high for ΨBS. In the nonentangled case, the density
matrix is close to a mixed state, which exhibits no entanglement.
To analyze the stability of this protocol against small disturbances of the system, a finite
splitting δ between the two exited states is introduced. In QDs, this splitting is known as the
fine-structure splitting. Choosing a value realistically encountered in QDs, the concurrence is
decreased only slightly [cf., dashed line in Fig. 2.8(b)]. Furthermore, including a phenomenological dephasing model with a rate observed in QDs at low temperatures leads to a quantitative
reduction of the concurrence, while the qualitative feature of the switching process is preserved
[cf., dotted line in Fig. 2.8(b)].

2.4 Multiphoton states and structures
Having started with QDs as single-photon sources and discussed the generation of entangled
photon pairs, the investigation of multiphoton states and structures ensues. While the simplest
multiphoton state is a higher-order Fock state, N -photon bundles are their close relatives, since
they are created by the cascaded emission from a cavity starting with the Fock state |N i.
This process leaves a characteristic fingerprint in the photon number distribution, which is
used as an identifying feature in the corresponding analysis. The utility of photon number
distributions in studying multiphoton states is further demonstrated, when transiently and
qualitatively changing overall shapes are observed for different excitation conditions of the QD,
in particular, under consideration of the phonon environment. This section culminates with
the proposal of QDs as sources of photonic Schrödinger-cat states.

2.4.1 Higher-order Fock states
Inspired from the field of atomic physics, [Pub 6] transfers existing protocols to prepare higherorder Fock states from the atomic to the solid-state realm and proposes an additional one
specific to the solid state. The general idea for atoms in cavities is a limitation of the atom–
cavity coupling to the time of flight through the cavity [95–97] : an excited atom is sent through
a cavity, to which it couples resonantly. The velocity is adjusted such that its time of flight is
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Figure 2.9: [Taken from [Pub 6]] Dynamics
of the protocol with uninterrupted coupling
(PUC). The exciton occupation and the fidelities to the Fock states with n = 1, 2, ..., 5
are shown. Dashed lines: ideal case without
phonons or losses. Solid lines: results including phonon effects as well as cavity and radiative losses at 4 K. The lowest panels show the
envelope functions of the driving lasers.

exactly half a Rabi oscillation between atom and cavity. Repeating this process subsequently
increases the order of the Fock state created inside the cavity.
Since a QD has a fixed location in space, the temporal coupling has to be achieved otherwise.
In [Pub 6], an off-resonant AC-Stark pulse is used to bridge the detuning between the QD and
the cavity. The length of the pulse controls the time interval, in which the excitation transfer
from the QD to the cavity takes place. This protocol with interrupted coupling (PIC) yields
a 5-photon Fock state with a fidelity of 96.3 % in the ideal case without taking loss or phonon
effects into account. Including both at T = 4 K reduces this number to 38.5 %.
In superconducting qubits placed in microwave cavities, the preparation of higher-order Fock
states has been demonstrated [98] . Although Ref. [98] gives no value for the fidelity, an estimation
is possible by reproducing their experimental result in the simulations yielding roughly 20 %.
Higher-order Fock states have also been prepared using SPDC [81] with fidelities not exceeding
50 % regarding the state |5i. Thus, the PIC result is competitive with existing schemes on
other platforms. The advantage of the PIC in QDs is its on-demand character compared with
SPDC sources. Furthermore, a cooling to the mK-regime as in superconducting qubits is not
necessary.
Exploiting the spatial localization of the QD, a protocol with uninterrupted coupling (PUC)
is proposed in [Pub 6]. A QD grown on resonance with the single cavity mode is assumed. The
preparation of the exciton is accomplished by an ultrashort 100 fs-pulse. Thus, the timescales
of the preparation and the cavity coupling are separated, such that during the preparation
process the cavity coupling can be neglected. The lowest panels of Fig. 2.9 show the PUC to
prepare a 5-photon Fock state. The exciton occupation and the fidelities to the Fock states
|ni with n ∈ {1, 2, 3, 4, 5} are displayed in the upper panels. Only at the end of the protocol
an AC-Stark pulse is needed to effectively decouple the QD from the cavity to preserve the
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target state there without interference from the QD. In the ideal case (dashed lines), a fidelity
to the state |5i of 99.4 % is achieved. Including phonon effects at T = 4 K as well as realistic
cavity loss and radiative decay rates yields a fidelity of 45.1 %, which is 17 % higher than the
PIC result. The reason is the 15 % shorter runtime of the PUC compared with the PIC, which
leaves the loss processes less time to act on the QD–cavity system.
To analyze the robustness of the PUC against the two-level approximation, a variety of
extended models is discussed in [Pub 6]. Using ultrashort pulses to excite the QD could lead to
the excitation of higher-energetic exciton states (HEES) due to the large spectral width of the
pulses. A finite exchange coupling between the two oppositely circularly polarized excitons can
introduce the biexciton to the system dynamics. Furthermore, a linearly polarized excitation
can address the biexciton directly as a parasitic state. It is shown in [Pub 6] that the influence
of a HEES and a finite exchange coupling on the PUC is only minor. While the inclusion of the
parasitic biexciton state when linearly polarized lasers are used is quite detrimental, a simple
pulse-shaping technique can salvage a nonzero fidelity.

2.4.2 N -photon bundles
An N -photon bundle is a recently proposed [99] quantum structure of light related to Fock states
that is defined by its temporal emission properties. Bundle emission takes place as a cascade
over successive Fock states starting from |N i in the stationary case of a constantly driven
cQED system. Since a Fock state |ni effectively decays with nκ in a resonator with loss rate
κ, the temporal spacing between the photons forming the bundle is a direct consequence of the
outcoupling process. The corresponding photon statistics reflects this property
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and can thus be considered a fingerprint of an N -photon bundle. Here, hni is the stationary
mean photon number.
In [Pub 7], the suitability of solid-state implementations of the generic cQED system discussed
in Ref. [99] is investigated, in particular a QD–cavity system. The analysis is focused on the
case N = 2, using Eq. (2.3) as the defining property to characterize the bundle. This implies
a number distribution, where the Fock state |2i has half the occupation of the state |1i, while
all higher-order Fock states are not occupied at all.
For the numerical studies, system parameters, in particular the cavity loss and radiative decay
rates, are chosen such that they are realistically achievable with current equipment. While the

27

2 A guide for the publications

Figure 2.10: [Adapted from [Pub 7]] (a) The photon number distribution normalized to the
1-photon Fock state. The value 0.5, indicative of a 2-photon bundle, is marked by a dashed
line. (b) Stationary 2- to 1-photon ratio r as a function of a pure-dephasing rate, when a
Lindbladian model is used instead of the full microscopic phonon Hamiltonian. Red squares
mark special cases of model calibrations, cf., main text.
bundle statistics is reasonably observable in the phonon-free case [cf., black bar in Fig. 2.10(a)],
choosing a set of weaker loss parameters as in Ref. [99] yields a ratio r of the stationary 2to 1-photon occupation closer to the target r = 0.5 [cf., gray bar in Fig. 2.10(a)]. Including
the phonon coupling leads to a number distribution, which can no longer be considered to
characterize a 2-photon bundle. Already at T = 1 K, the ratio drops to r = 0.2.
In contrast to the analysis of the phonon impact in [Pub 7] based on the microscopic model
HPh [cf., Eq. (1.4)], in Ref. [99] the impact of pure dephasing on the generation of N -photon
bundles is studied in terms of a Lindbladian L|XihX|,γφ . Therefore, this case constitutes an
opportunity to investigate the range of validity of a Lindbladian model compared with the full
microscopic analysis. To this end, the ratio r is calculated for different values of the phenomenological pure-dephasing rate γφ in Fig. 2.10(b) by exchanging the microscopic phonon model HPh
for a Lindblad contribution L|XihX|,γφ to the Liouville–von Neumann equation, Eq. (1.6).

In the limit of vanishing γφ , the value r = 0.45 is reclaimed [cf., black bar in Fig. 2.10(a)].
A large plateau region is found where the addition of L|XihX|,γφ has only a marginal effect on
the bundle generation. Therefore, the question arises which value of γφ best approximates the
full microscopic model. For this purpose, the Lindbladian is calibrated to three different cases,
where the microscopic model HPh is used, indicated by red squares in Fig. 2.10(b): (1) a driven
Jaynes-Cummings model with |G, 0i as the initial state, (2) Jaynes-Cummings model without
driving with the initial state |G, 1i, and (3) Jaynes-Cummings model again without driving,
but with |G, 2i as the initial state. This comparison is performed for the all-resonant case at
T = 4 K without taking cavity and radiative losses into account, in order to compare the pure
phonon influence without interference from other effects. The exciton dynamics is compared
for varying γφ until the envelopes of the two results agree.
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Case (1) is the closest approximation to the full model, where the calibration yields a large
pure-dephasing rate of the order of 0.1 meV. As the full microscopic model, the phenomenological Lindbladian predicts the destruction of the bundle in terms of a nearly vanishing ratio r
when the rate γφ is chosen properly. Often, rates in the µeV regime are quoted when a rough
estimate of the phonon influence in QD–cavity systems is sought after. From the above calibration, it becomes clear that such a rate is valid only when the system is not driven. Furthermore,
care has to be taken concerning multiphoton states and structures, since the rate turns out to
depend on the photon number inside the cavity [cf., cases (2) and (3)].
Thus, for special a posteriori justified cases, the use of a phenomenological Lindbladian model
instead of the full microscopic one is possible. To freely roam the parameter space of a QD–
cavity system, though, it is advisable to use the full model lest a priori elusive dependencies
are overlooked.

2.4.3 Shape-shifting photon number distributions
Photon number distributions are a versatile tool to visualize superpositions of many Fock states.
Although they contain no information on the coherences, number distributions allow for a quick
overview over some important features of the state. In particular, the qualitative shape of such
a distribution and its evolution in time are the topic of [Pub 8].
Rough features of a number distribution can be captured using just a few numbers like the
mean photon number hni and the Mandel parameter




Q := h∆ni2 − hni /hni .

(2.4)

The latter measures the normalized deviation of the mean-square fluctuation h∆ni2 from the
mean photon number hni. For Poissonian distributions corresponding to coherent states, which
are considered to be the closest to the classical realm, the Mandel parameter vanishes, thus
drawing a line between the super-Poissonian regime with Q > 0 and the sub-Poissonian regime
for Q < 0, which implies a quantum state since there is no classical analog to this situation [100] .
In [Pub 8], the excitation of a two-level QD in a cavity with chirped laser pulses is studied,
i.e., pulses with frequencies changing linearly in time. The shape of number distributions and
its evolution are investigated for various excitation conditions, in particular, the pulse length
and the sign of the chirp, which determines a linearly increasing or decreasing pulse frequency.
The pulse length has a profound impact on the distribution, which is first analyzed using
chirp-free pulses. For short pulses around a few picoseconds, the result is known from the usage
of QD–cavity systems as single-photon sources: The single-photon component Rabi-oscillates
with the vacuum, which translates to an oscillating mean photon number [cf., orange line in
Fig. 2.11(a)]. The Mandel parameter, shown in Fig. 2.11(b), oscillates between at most −1
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Figure 2.11: [Taken from [Pub 8]] (a) Mean photon number and (b) Mandel parameter for
different excitation conditions. The pulse with chirp α has its maximum at t = t0 . Phonon
effects at T = 4 K are taken into account, unless noted otherwise. Choosing a chirp-free pulse
with pulse area and length corresponding to the effective values obtained after passing the chirp
filter results in the blue lines. Note that these results are scaled down by a factor of 5.
and basically 0, thus indicating the quantumness of the investigated state. This implication is
correct, since two Fock states perform an oscillatory dynamics. For longer pulses around 100 ps
with larger pulse area, a bell-shaped distribution moves up and down the Jaynes-Cummings
ladder, while keeping its shape (cf., Fig. 1 in [Pub 8]). Thus, it reaches large mean photon
numbers [cf., blue line in Fig. 2.11(a)]. This is qualitatively different from the situation with
shorter pulses.
Sending a Gaussian pulse through a chirp filter results in adjusted pulse parameters [cf.,
Eq. (11) in [Pub 8]]. Most importantly, the pulse length is effectively prolonged. The parameters
in [Pub 8] are chosen such that after applying the chirp filter, both the effective pulse area and
length correspond to the parameters of the long pulse considered in the chirp-free case. Thus,
the influence of a linearly changing frequency is distilled from all other effects.
In the phonon-free case, chirped excitation leads to distributions that stay close to the vacuum, instead of moving up and down the Jaynes-Cummings ladder, as monitored by the much
lower mean photon number [cf., gray line in Fig. 2.11(a)]. Moreover, the shape changes dynamically: Distributions with two smooth peaks as well as jagged shapes with multiple maxima are
observed [cf., Figs. 2(a) and (b) in [Pub 8]]. The dynamics is symmetric with respect to the
sign of the chirp. The phonons have an asymmetric influence on the distributions depending on
this sign. While the jaggedness is smoothed out for positive chirp, the distribution thermalizes
for a negative sign [cf., Figs. 2(c) and (d) in [Pub 8]]. The reason is the asymmetry of phonon
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emission and absorption at low temperatures. Analyses in terms of laser- and cavity-dressed
states described in detail in [Pub 8] yield insights into the behavior of the mean photon number
shortly before and after the pulse maximum as well as the origin of the double-peaked shape.
Notably, in all considered cases the Mandel parameter assumes a value of zero at some point
of the time evolution. Interestingly, though, the corresponding shape of the distribution might
be far off the bell shape of a Poissonian. Already at about 40 ps, Q is close to zero in the
phonon-free case with chirped excitation [cf., gray line in Fig. 2.11(b)]. Often, this finding is
taken as an indication of the Poissonian nature of the distribution. In [Pub 8], it is shown
that the corresponding distribution has a jagged shape with two maxima, thus being far from
having a Poissonian bell shape. It is therefore an important conclusion that there are physically
relevant situations, where the Mandel parameter fails as a measure for the deviation from a
Poissonian distribution.

2.4.4 Schrödinger-cat states
Time and time again, effects were predicted on the basis of the quantum theory that were
considered to be absurd and thus prove quantum mechanics wrong, just before being experimentally observed and backing precisely these absurd aspects of the theory and nature itself. A
famous example is Schrödinger’s gedankenexperiment of the cat in a box [101] supposedly being
alive and dead simultaneously




|cati = N |alivei + eiϕ |deadi ,

(2.5)

where N is the normalization and ϕ a phase. Such Schrödinger-cat states |cati are interesting
both from a technological [18,102–104] and a fundamental point of view to understand the quantumto-classical transition [105] .
A possible implementation of a Schrödinger-cat state in quantum optics is the coherent superposition of two macroscopically distinguishable states. In [Pub 9], two protocols to generate
Schrödinger cats in QD–cavity systems are analyzed, one driving the QD, thus indirectly transferring excitations to the cavity, and the other driving the cavity directly. The dot-driven
protocol (DOD) targets the superposition of two coherent states and is adapted from a protocol first proposed by Law and Eberly [106] employed in a QD–cavity setup. Indeed, in the ideal
case without phonons and losses, this protocol yields a Schrödinger cat with near-unity fidelity.
Its Wigner function [cf., Fig. 2.12(a)] is a textbook example of a Schrödinger-cat state’s: two
packets representing the two coherent states are coherently superposed, which is indicated by
the oscillations to negative values between them. Note that there is no classical analog for a
negative-valued Wigner function, which is why it can be used to define a nonclassicality measure
δ [107] [cf., Eq. (9) in [Pub 9]]. While considering radiative decay of the QD and cavity losses
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Figure 2.12: [Adapted from [Pub 9]] (a) Optical Wigner functions of the photonic states at
the times of their respective preparation after the DOD [panels (a), (b), and (c)] and the CAD
[panels (d), (e), and (f)]. Their argument is the complex coherent amplitude α [cf., Eq. (B1)
in [Pub 9]]. Three different model cases are shown: [(a), (d)] the ideal case without losses or
phonons, [(b), (e)] including radiative decay and cavity losses, [(c), (f)] considering both, loss
and phonon effects at T = 4 K. For each Wigner function, the corresponding nonclassicality
measure δ is given.
reduces the nonclassicality [cf., Fig. 2.12(b)], already at T = 4 K the phonon influence destroys
the superposition completely. Indeed, the corresponding Wigner function in Fig. 2.12(c) is
positive-valued and resembles the incoherent superposition of two macroscopically distinguishable states.
The cavity-driven protocol (CAD) is based on an observation in Refs. [108,109]: In the
textbook collapse-and-revival phenomenon of the Jaynes-Cummings model a Schrödinger-cat
state emerges at half the revival time in the limit hni → ∞, at which the two-level system and
the cavity even factorize. To harness this feature, a suitable initial state has to be prepared
in the cavity and an appropriate hni has to be found that yields a high fidelity to the target
Schrödinger cat. The resulting CAD in [Pub 9] is a one-pulse protocol, compared with the
ten pulses necessary in the DOD, that yields a Schrödinger cat not only in the ideal case [cf.,
Fig. 2.12(d)]. Including losses and even phonons [cf., Figs. 2.12(e) and (f)] diminishes the
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amplitude of the oscillations to negative values in the Wigner function without damping them
out completely. In particular, the nonclassicality as measured by δ is finite. Note that an
AC-Stark pulse is necessary in both protocols to effectively decouple the QD from the cavity
to preserve the target state directly after its preparation, exactly as in Sec. 2.4.1.
Thus, the Wigner function in Fig. 2.12(f) predicts the possibility of preparing a Schrödingercat state in QD–cavity systems under realistic conditions. This discovery crowns and concludes
the study of multiphoton states and structures in QD–cavity systems under phonon influence.

2.5 Methodological outlook and perspectives
In all previous studies of this thesis, a numerically exact iterative real-time path-integral method
including Markovian loss effects by Lindblad superoperators in Liouville space has been applied,
which is also known as the iterative quasi-adiabatic path integral (iQUAPI). In particular, the
phonon environment has been treated, fully accounting for the system-environment correlations
and the finite memory time, while the electromagnetic environment is assumed to be flat justifying the Born-Markov approximation used in deriving the Lindblad term, both for radiative
decay and cavity losses. This clear distinction between baths presumes an additive coupling of
each environment to the system, i.e., the dynamics induced by the baths are assumed not to
interfere with each other.
In [Pub 10], a numerically exact method is presented that is suitable for arbitrary environments using the so-called automated compression of environments (ACE). In particular, it
can treat multiple environments on the same microscopic level. The only prerequisite is the
environment Hamiltonian to be composed of non-interacting degrees of freedom. Thus, ACE
gives a methodological outlook beyond the diagonal pure-dephasing type coupling tractable
by iQUAPI. Bosonic, fermionic, and spin environments, environments ranging from infinite
to Markovian memory, strong and weak system-environment correlations, Gaussian and nonGaussian environments, linear and non-linear system-environment coupling: All can be treated
numerically exactly within the single method ACE. This renders ACE a general-purpose tool
for open quantum systems.
Writing an expression for the system’s RDM in analogy to Eqs. (1.7) and (1.8) (but without
a memory cutoff) for a general set of independent environmental modes yields a generalized
influence functional called the process tensor (PT) [cf., Eq. (1) in [Pub 10]], which has the
form of a matrix product operator (MPO). While the MPO form contains the dimensionality
of the environmental Liouville space as the dimension of the so called inner indices, standard
MPO compression algorithms using singular value decomposition automatically select the most
important environment modes.
To showcase each claim about the generality of ACE, [Pub 10] features a variety of physi-
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Figure 2.13: [Taken from [Pub 10]] (a) Phonon-assisted exciton preparation in a two-level
QD without cavity. Different theory levels accounting for the phonon and electromagnetic
environment are compared, where the latter is assumed flat. (b) Dynamics of an initially
fully occupied exciton without driving. Results of different theory levels are shown for two
bandwidths of the electromagnetic environment. The smaller bandwidth induces a photon
memory time comparable to the phononic one.
cal systems to which ACE is applied: electron transport between localized states, central spin
dynamics, coupling of a two-level system to an anharmonic Morse-type environment, superradiance of two quantum emitters, and dispersive coupling of a two-level system to a multi-mode
cavity. Extensive analyses of the numerical convergence and computational performance are
provided. In particular, limits of the method are discussed in detail.
One important constraint are environments that intrinsically do not allow for a selection
of relevant modes, when all modes might potentially contribute equally significantly. Then,
convergence within ACE is hard to achieve [cf., the coupling of a central spin to an environment of randomly oriented, unpolarized spins in [Pub 10]]. The most important limitation
of ACE concerning applications in QD–cavity systems is its simulation time. While lengths
around 100 ps are possible, the non-iterative nature of the algorithm prohibits long-time studies in the nanosecond-regime necessary to obtain multitime correlation functions in setups using
pulse trains. Nonetheless, numerically exact studies of phenomena manageable within a 100 ps
simulation time are feasible using ACE.
Fig. 2.13(a) shows the off-resonant LA phonon-assisted excitation of a two-level QD without
a cavity treated on different theory levels concerning the phonon and the photon environment.
Since the latter is assumed flat in this example, ACE and iQUAPI should yield the same
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result. In the case without considering phonons and treating the photonic environment on the
Lindblad level, only a transient occupation is observed, since there are no phonons to assist
the excitation scheme. Treating the phonons with ACE without considering photons yields a
finite, stationary exciton occupation as expected from phonon-assisted preparation. Including
both environments yields an additional exponential decay due to losses to the electromagnetic
bath. No noteworthy difference is observed between treating both baths with ACE and using
iQUAPI for the phonons and a Lindblad term for the photons. This observation underlines the
additivity of the two environments when the photonic one is flat.
The initial value problem of an excited QD without driving further strengthens this argument
in the case of a finite, but large bandwidth, shown in Fig. 2.13(b). For a bandwidth of ~×10 ps−1
no cross-interaction between baths is observed, such that iQUAPI with a Lindblad term for the
photons is employable. When decreasing the bandwidth, though, to ~ × 0.4 ps−1 , the photon
environment acquires a memory similar to the phononic one. The influence on the exciton
dynamics is rendered non-additive: including the phonon influence slows the decay compared
with the case, where only the photon bath is accounted for.
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Self-assembled semiconductor quantum dots (QDs) in microcavities are indeed a versatile platform for the generation of highly nonclassical states of light. In this thesis, QD–cavity systems have been discussed as on-demand high-quality single-photon sources. The influence of
environmental longitudinal acoustic (LA) phonons often considered to be detrimental to the
preparation of quantum states could even be exploited to enhance the single-photon purity.
QDs have been proposed as a candidate for a single-photon buffering device. To this end, a
single Mn atom as a dopant has been suggested to facilitate a coupling between the optically
bright and dipole-dark excitons, the latter being a metastable state used in the storage scheme.
The generation of different types of entanglement in a driven four-level emitter inside a cavity
has been discussed, QD–cavity systems being a possible candidate for experimental realization.
A protocol to switch between the two types of Bell-state entanglement time-dependently has
been proposed. The generation of multiphoton states and structures in QD–cavity systems
has been investigated, in particular, the LA phonon influence on various preparation protocols.
While the generation of higher-order Fock states up to n = 5 could be shown to be feasible, the
emission of N -photon bundles in QD–cavity systems does not seem to be possible. Transiently
changing photon number distributions due to different excitation conditions, in particular, a
frequency chirp have been studied. The phonon influence has been shown to be grave when
the chirp is finite. Finally, two protocols to prepare optical Schrödinger-cat states have been
compared. While the phonon influence renders the preparation of these textbook examples of
purely quantum states impossible, if the QD-driven protocol is being used, the cavity-driven
protocol yields a Schrödinger-cat state with reasonable fidelity and nonclassicality.
The core result of the application-oriented part of this thesis is therefore the prediction of
the possibility to generate various nonclassical states of light in QD–cavity systems, even under
realistic conditions, in particular, regarding the phonon environment. Especially the prediction that the single-photon purity following from LA phonon-assisted excitation benefits from
phonon enhancement such that values at least as high as for resonant excitation are encountered,
can be considered an important step both from an experimental point of view and regarding
the physical explanation of the underlying mechanism. Above all, this prediction was recently
confirmed in experiment [110,111] . Furthermore, an ongoing cooperation of the main supervisor’s
group with the Universities of Vienna and Stuttgart explores the advantages of single photons
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generated in LA phonon-assisted schemes for quantum cryptographic applications. Finally, it
is noteworthy that equipment available to groups in Vienna, Linz, Innsbruck, or Paderborn
might permit proof-of-principle experiments on the presented multiphoton states in the near
future.
Methodologically, the impact of using the quantum regression theorem (QRT) on the prediction of single-photon figures of merit has been analyzed. Benchmarking the QRT to the
numerically exact path-integral method has brought a systematic overestimation of the phonon
influence on the indistinguishability using the QRT to light, while the impact on the singlephoton purity has turned out to be negligible. This finding pushes the phonon-imposed limits
on the single-photon source quality beyond previous estimates and gives fresh impetus to future
experimental work, which is why it can be considered a key methodological result of this thesis.
Finally, a new general-purpose formalism to simulate open quantum systems has been discussed. The ACE algorithm has provided a microscopic justification of the assumption used
throughout this thesis that the phonon and a flat electromagnetic field environment couple
additively. But ACE allows for the exploration of new physics beyond current frontiers. The
influence of placing a QD inside a structured electromagnetic environment provided by a photonic crystal has become accessible, to name an example already studied in the first supervisor’s
group. Various other experimentally and technologically relevant open quantum systems are
now laid open to numerically exact investigation owing to ACE.
Thus, it seems to be true as ever before to be extraordinarily wary of complacency, as
encountered at the end of the 19th century, when Albert Michelson stated in 1894 [112] :
“An eminent physicist has remarked that the future truths of Physical Science are
to be looked for in the sixth place of decimals.”
On the contrary, at this turning point from the digital to a quantum age, a quote attributed to
Isaac Newton is more appropriate:
“What we know is a drop, what we don’t know is an ocean.”
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The quantum regression theorem (QRT) is the most widely used tool for calculating multitime
correlation functions for the assessment of quantum emitters. It is an approximate method based on a
Markov assumption for environmental coupling. In this Letter we quantify properties of photons emitted
from a single quantum dot coupled to phonons. For the single-photon purity and the indistinguishability,
we compare numerically exact path-integral results with those obtained from the QRT. It is demonstrated
that the QRT systematically overestimates the influence of the environment for typical quantum dots used
in quantum information technology.
DOI: 10.1103/PhysRevLett.127.100402

To be used as photon sources for quantum information
technology [1,2], semiconductor quantum dots (QDs) must
deliver photons with high-quality characteristics such as a
high brightness, a perfect single-photon purity, and indistinguishability. However, due to the electron-phonon interaction in QDs these quantities can be degraded [3,4]. In the
current race for the perfect single-photon source [5,6] with
achieved purities and indistinguishabilities close to unity
[4,7–12], it is crucial to understand the influence of the
phonon-induced dephasing on the properties of emitted
photons. The coupling to environmental phonons has been
shown to lead to several important phenomena like the
phonon sidebands [13,14], damping of Rabi oscillations
[15–19], and the possibility for a dynamic decoupling of
electronic and phononic subsystems [20,21], or degradation of photon properties [22].
The quantum regression theorem (QRT) known from
quantum optics is probably the most widely used standard
tool to investigate the above photon properties [23]. In essence, the QRT prescribes to calculate the two- (or multi-)
time correlation functions using the same dynamical
equation for both the (real-) time and the delay-time
arguments, which is used to determine the time evolution
of the single-time correlations. Solving an initial value
problem for the delay-time propagation as done in the QRT
disregards the memory that has build up until the start of the
propagation, and thus, the use of the QRT may become
critical when used for non-Markovian dynamics. With the
help of the QRT, multitime correlation functions yielding,
e.g., the purity and indistinguishability can be deduced. The
QRT can be extended such that it also accounts for the
electron-phonon interaction [24–28]. For our current study
it is most important that phonons are known to induce nonMarkovian dynamics [24,26,29–32] which provides a
0031-9007=21=127(10)=100402(8)

situation where the QRT may come to its limits [33–37].
Because the QRT is an approximation it is not always clear,
whether the assumptions made in the derivation are
fulfilled.
Testing the limits of the QRT has recently become
possible by a path-integral approach to calculate multitime
photon correlation functions [38]. This approach is numerically exact meaning that the time-dependent solution to the
many-body Hamiltionian model is obtained without any
further approximations, and thus the phonon influence
including its non-Markovian part is fully taken into account
[39–41]. The accuracy of the result is controlled by choosing
an appropriate time discretization and memory length.
In this Letter, we explore the limits of the QRT
approximation for calculating multitime correlation functions using a QD coupled to phonons as an example. To
compare numerically exact results with the QRT approximation in the most transparent way, we implement the
QRT directly within the path-integral method. Since apart
from the QRT no further approximations are involved, this
approach offers a direct way to evaluate the influence of the
QRT on the multitime correlations. Details of the implementations are found in the Supplemental Material [42].
We demonstrate that the QRT systematically overestimates the phonon impact on the indistinguishability, in
particular for standard GaAs QDs relevant for technological
applications [51–58]. We show that this is connected to the
non-Markovian part of the dynamics. In contrast, the QRT
yields quantitatively correct results for the purity.
We consider a model where a two-level QD can emit
photons and interacts with environmental longitudinal
acoustic (LA) phonons [14,32,59]. For the calculations
we consider GaAs QDs of radius 3 nm and standard
material parameters for the phonon coupling with the
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exception that we introduce a scaling factor λ modifying the
overall coupling amplitude. Details of the model are found
in the Supplemental Material [42]. We assume that this
scaling is a variable in the interval λ ∈ ½0; 10, where 0
means the absence of phonons, 1 corresponds to the GaAs
QDs, and larger values allow us to explore strongly coupled
QD-phonon systems [39,60]. Larger couplings 1 < λ ≤ 10
can be found in piezoelectric materials like GaN [61]. We
further account for the radiative decay of the QD exciton by
introducing a Lindblad superoperator, setting the radiative
decay rate to γ ¼ 1 ns−1 . The QD is excited by an external
laser pulse with a Gaussian envelope. We consider a
resonant [62] excitation scheme with a π pulse of 3 ps
length (full width at half maximum) [63] to prepare the
excited state in the QD [7,28]. Using this model, we can
then calculate the photonic properties.
The single-photon purity P is defined as
R T Pulse =2
P ¼ 1 − p with

−T

=2

p ¼ R 3T Pulse =2
Pulse

T Pulse =2

dτGð2Þ ðτÞ
dτGð2Þ ðτÞ

:

ð1Þ

T Pulse is the separation of the pulses in the excitation pulse
train, and
Z
1 T
Gð2Þ ðτÞ ≔ lim
dtGð2Þ ðt; τÞ;
ð2aÞ
T→∞ T −T
Gð2Þ ðt; τÞ ≔ hσ †X ðtÞσ †X ðt þ τÞσ X ðt þ τÞσ X ðtÞi

ð2bÞ

with σ X describing the QD transition from the excited to the
ground state. P is a measure for the single-photon component of the photonic state [1,7,8,64–68]. It is measured
using a Hanbury Brown-Twiss setup [69], which is a
coincidence measurement and can thus be modeled with
a second-order two-time correlation function Gð2Þ ðτÞ. P ¼
1 implies a perfect single-photon purity. The quantity has
no lower bound, −∞ < P ≤ 1, since p can be larger than 1
in the case of bunching instead of antibunching behavior.
The indistinguishability I of two successively emitted
photons is obtained as
R T Pulse =2

I ¼ 1 − pHOM

with

pHOM ¼

ð2Þ
−T Pulse =2 dτ GHOM ðτÞ
R 3T Pulse =2
ð2Þ
T Pulse =2 dτ GHOM ðτÞ

ð3Þ
with the correlation functions [28,70,71]
Z
1 T
ð2Þ
ð2Þ
dt GHOM ðt; τÞ
GHOM ðτÞ ≔ lim
T→∞ T −T

ð4aÞ

1
ð2Þ
GHOM ðt; τÞ ≔ ½hσ †X ðtÞσ X ðtÞihσ †X ðt þ τÞσ X ðt þ τÞi
2
− jhσ †X ðt þ τÞσ X ðtÞij2 þ Gð2Þ ðt; τÞ; ð4bÞ

where the last term in Eq. (4b) accounts for nonunity
single-photon purities. This quantity is measured in a
Hong-Ou-Mandel setup [72]. Perfect indistinguishability
corresponds to I ¼ 1, and using the definition Eq. (4b) it is
bounded by 0.5 ≤ I ≤ 1 [71]. We note that other definitions of I are often used which are not applicable when the
single-photon purity deviates from unity and where the
lower bound is 0 rather than 0.5 [22,73].
The brightness B of a photon source is defined as the
number of photons emitted per excitation laser pulse [8]. It
is given as [28,74]
Z
B≔γ

t0 þT Pulse =2

t0 −T Pulse =2

dt hσ †X ðtÞσ X ðtÞi;

ð5Þ

where t0 is the center time of the pulse and 0 ≤ B ≤ γT Pulse .
A value of B of 100% corresponds to the ideal case of a
delta-pulse excitation.
To calculate these quantities we use the path-integral
method both without and with the QRT. The path-integral
method propagates the augmented density matrix that
contains the information about the memory induced by
the environment to the QD dynamics. Since the phononinduced memory depth is finite, a memory window is
formed in each time step. To implement the QRT, the
augmented density matrix is traced over all memory-related
variables at the end of the t propagation to yield a new
initial reduced density matrix before the subsequent τ
propagation. Thus, the accumulated phonon memory is
discarded for the τ propagation. Therefore, the τ propagation becomes independent from the past evolution in t,
which is the central assumption of the QRT. We have
checked the validity of this approach by comparing our
results with a standard implementation of the QRT as
discussed in Ref. [26] and verify the finding therein that the
QRT yields the phonon sidebands in emission spectra on
the energetically wrong side, cf., Fig. 2 in the Supplemental
Material [42].
Using the path-integral method, we calculate the photon
properties P, I, and B for a wide parameter range as shown
in Fig. 1, which displays the results using the path-integral
approach without the QRT approximation. In the phononfree case, λ ¼ 0, the excitation of the QD leads to a
near-optimal single-photon source with P ¼ 99.76%,
I ¼99.76%, and B ¼99.82%. Slight deviations (< 0.3%)
from the perfect source can be traced back to the finite pulse
length.
While the single-photon purity is close to unity for the
entire parameter range under consideration, for a finite
phonon scaling λ, the indistinguishability rapidly deteriorates with rising temperature T, such that for λ ¼ 1 it falls
below 70% when T > 30 K. For large phonon scalings, the
indistinguishability cannot exceed 60% even at T ¼ 4 K.
At higher temperatures and for large phonon scaling, the
indistinguishability decreases to its lowest possible value of
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FIG. 1. The single-photon purity (a), the indistinguishability of two successively emitted photons (b), and their brightness (c) in a twolevel QD for a temperature range between 4 and 70K and phonon scalings from 0 to 10. Yellow rectangles in panel (c) mark the
physically important parameter regime of GaAs around λ ¼ 1 for different temperatures and different phonon scalings for temperatures
below 10K.

50%. Nonetheless, the corresponding brightness is nonvanishing, such that the QD becomes a source of distinguishable single photons in this regime of higher
temperatures and stronger QD-phonon coupling.
We have marked the most physically relevant regions
with yellow boxes in Fig. 1(c). They correspond to the lowtemperature regime in which experiments are typically
conducted for different QD materials from GaAs to GaN
modeled here by different scalings λ (vertical box) as well
as over a temperature range between liquid helium and
nitrogen temperatures (horizontal box) for GaAs (λ ¼ 1). In
the parameter range of highest interest, i.e., where the boxes
overlap at λ ¼ 1 and T ¼ 4 K, we find P ¼ 99.79%,
I ¼ 93.16%, and B ¼ 96.75%.

We now evaluate how the QRT approximation changes
these results. It is usually conjectured that the QRT might
fail when the dynamics is non-Markovian, i.e., when
memory effects are nonnegligible [34,35]. Furthermore,
there is a class of environmental couplings for which the
QRT cannot be accurately applied, even when the singletime dynamics is Markovian [36]. In order to describe the
contribution of the memory effects quantitatively, we
consider a non-Markovianity measure for our system.
In contrast to classical Markovian stochastic processes,
in open quantum systems there is no single definition of
Markovianity (or non-Markovianity) that is agreed upon.
Rather, there are different measures that capture different
aspects of Markovian quantum dynamics [75–81], one of

FIG. 2. The non-Markovianity measure N (a) and the relative error QI for the indistinguishability (b) as a function of temperature T
and phonon scaling λ. (c) The indistinguishability as a function of the phonon scaling parameter l at 4K, calculated with the numerically
exact path-integral method (num. exact), by using the QRT in the lab frame (QRT), and by applying the QRT in the polaron transformed
frame within the PME approach (PME).
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which is the trace distance measure. The trace distance
between two states described by the reduced density
matrices ρ1 and ρ2 is defined as
1
1X
D½ρ1 ðtÞ; ρ2 ðtÞ ≔ jjρ1 ðtÞ − ρ2 ðtÞjj1 ¼
jx ðtÞj;
2
2 k k

ð6Þ

where xk ðtÞ are the eigenvalues of the difference matrix
ρ1 ðtÞ − ρ2 ðtÞ. In our case, ρ1 and ρ2 correspond to arbitrary
states chosen on the Bloch sphere of the two-level QD.
For Markovian dynamics, this quantity is a contraction:
d
D½ρ1 ðtÞ; ρ2 ðtÞ ≤ 0:
dt

ð7Þ

The intuitive explanation for this behavior lies in the loss of
information in a Markovian system: two originally distinct
states monotonically lose their distinguishability over time.
Only in a non-Markovian system, information can flow
back from the environment to the system, making the trace
distance a nonmonotonic function of time. Therefore, the
non-Markovianity of a system can be quantified as
[26,36,75]
Z
d
N ≔ max
D½ρ1 ðtÞ; ρ2 ðtÞdt:
ð8Þ
ρ1 ;ρ2 Ω dt
þ
Ωþ is the union of the intervals on which
ðd=dtÞD½ρ1 ðtÞ; ρ2 ðtÞ > 0. The maximum is taken over
all pairs of possible initial states. Fortunately, only the
subset of those states, which are orthogonal to each other,
needs to be considered [82]. For our two-level system, this
means that the corresponding Bloch sphere needs to be
sampled only for pairs of opposing points on its surface.
While N ¼ 0 implies Markovianity, it is important to
realize that N ≠ 0 implies that the underlying dynamical
map is indivisible [36]. Therefore, the measure N captures
the appearance of memory effects in the dynamics of the
system, which is a fundamental aspect of non-Markovianity
both in classical stochastic processes and open quantum
systems.
To quantify the deviations introduced by the QRT, we
define the relative error of evaluating a target quantity M
using the QRT as a measure for the validity of the QRT with
respect to M:


 M − MQRT 
;
QM ¼
ð9Þ

M
where M is calculated numerically exact and M QRT using
the QRT.
The QRT states that the same dynamical map that is used
to evolve the density matrix and, in extension, expectation
values of any subsystem operator, can be used for the time
evolution of multitime correlation functions used in

Eqs. (2b) and (4b). In particular, the differential equation
propagating the density matrix in the real time t is reused for
the propagation in the delay time τ [83,84]. This assumption
presumes that the initial factorization of subsystem and
environment common in the description of open quantum
systems is also used at the beginning of the τ dynamics. In
other words, this factorization is assumed for every t.
Now, we examine the impact of the QRT approximation
on the photon source characteristics considered above. The
non-Markovianity measure N and the relative error QI for
the indistinguishability are depicted in Figs. 2(a) and 2(b)
as a function of T and λ. We see large values of N and QI ,
in particular, in the physically relevant parameter regimes,
i.e., at λ ¼ 1 and low temperatures. The largest N is found
for λ > 1 and T < 10 K [cf., Fig. 2(a)], where the error
introduced by using the QRT also rises up to roughly 18%.
This behavior can be related to the connection between
Markovianity and the QRT. Interestingly, there are also
parameter ranges with a nonzero N , where the QRT error is
insignificant, e.g., at λ ¼ 10 and T ¼ 20 K, where
N ¼ 0.0125, while QI ¼ 0.3%. This means that there
are parameter sets where the QRT approximation is valid to
a better degree than a Markovian description. This is
unexpected since the former imposes more restrictive
conditions on the system dynamics: for the QRT to hold,
the subsystem and environment have to factorize for all
times t, not only at the initial time. In the entire parameter
regime considered here, the QRT overestimates the phonon
influence on I, that is I > I QRT , cf., Fig. 2(c) for a slice
at 4K.
In contrast, the error QP introduced by the QRT to the
single-photon purity is negligible, and the brightness is
unaffected by the QRT, since its definition in Eq. (5)
contains only expectation values at a single time.
Surprisingly, QP is also extraordinarily small, being on
the order of 10−4 for all considered parameter values (not
shown), in contrast to QI .
In order to understand this, we examine the multitime
correlation functions. While the purity contains only the
second-order correlation Gð2Þ ðt; τÞ, the indistinguishability
also includes the correlation Gð1Þ ðt; τÞ ≔ hσ †X ðt þ τÞσ X ðtÞi.
In Gð2Þ ðt; τÞ the operators σ †X and σ X appear in pairs at each
time t and t þ τ, respectively, hence modeling intensityintensity correlation measurements, i.e., the correlation
between occupations. In Gð1Þ ðt; τÞ on the other hand, σ †X
and σ X appear as stand-alone operators for each time
argument in Gð1Þ ðt; τÞ. Therefore, this function correlates
coherences rather than occupations. Because the coupling
to the LA phonon environment has a stronger impact on
coherences than on occupations, it becomes clear why the
approximations introduced by the QRT have a significantly
stronger impact on I than on P.
This finding implies two consequences: first, the singlephoton purity can be calculated using the QRT with
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negligible error, even for those parameters, where the
dynamics is clearly non-Markovian according to the
measure N [cf., Fig. 2(a)]. Second, one cannot use QP
as a general measure for the validity of the QRT. Using it in
such a way would imply the validity of the QRT, which is
misleading since in the same parameter regimes considered,
the indistinguishability is off by up to 18% when evaluating
with the QRT.
Finally, we analyze the frame dependence of the QRT by
applying it in a polaron transformed frame. This technique
is widely used in the polaron master equation approach
(PME) [85–87] (see also Supplemental Material [42]). In
Fig. 2(c), the indistinguishability is shown for a varying
phonon scaling parameter λ at T ¼ 4 K. The numerically
exact result (black solid line) is compared with the
calculation using the QRT in the lab frame (red dashed
line) and the PME approach applying the QRT in the
polaron frame (blue dotted line). While all methods yield
qualitatively the same dependency, the PME produces
results closer to the numerically exact calculation. While
the largest relative error encountered in the slice shown in
Fig. 2(c) is 18% for the QRT in the lab frame (red dashed
line), it is only 6% when the QRT is applied in the polaron
frame within the PME. The better performance of the PME
is expected because due to the transformation to the polaron
frame a variety of, but not all, non-Markovian effects are
captured. Therefore, changing the frame improves the
usage of the QRT, but still a significant systematic
overestimation of phonon effects on the photon indistinguishability is obtained.
In summary, assessing the validity of the commonly used
QRT is dependent on the target quantity that is calculated.
In particular, there is no single measure by which the
validity of the QRT could be estimated for all possible
figures of merit derived from multitime correlation functions. Using a numerically exact path-integral method to
calculate the properties of photons emitted from a QD
coupled to LA phonons enabled us to explore the boundaries of the QRT, showing that the phonon effect on photon
indistinguishability is systematically overestimated by the
QRT, while the purity can be safely calculated using the
QRT. Unlike what is found for other systems [36], the QRT
induces errors in the photon emission from QDs typically
only when the dynamics is non-Markovian. Though we
show that due to the phonons the photon properties are
limited close to but below unity in typical cases, there is
still room for improvement, e.g., by placing the QD in a
cavity. Furthermore, our results should be applicable to a
broad range of physical two-level systems, such as defects
in diamonds [88–93], silicon [94,95], hexagonal boron
nitride [96,97], or other solid-state emitters [98] coupled to
a continuum of environmental oscillators.
This work was funded by the
Forschungsgemeinschaft (DFG, German
Foundation) Project No. 419036043.
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I.

HAMILTONIAN AND MODEL EQUATION

Our model Hamiltonian reads as:
H = HQD + HPh + Hdriving .

(1)

The two-level quantum dot (QD) has an excited state |Xi at energy ~ωX and the energy of the ground state |Gi is
set to zero. In a frame co-rotating with the laser frequency ωL the corresponding Hamiltonian is
HQD = ~∆ωXL |XihX|

(2)

with the exciton-laser detuning ∆ωXL = ωX − ωL . The QD interacts with an environment of longitudinal acoustic
(LA) phonons via a pure-dephasing coupling Hamiltonian [1–5]
X
√ X X †

HPh = ~
ωq b†q bq + ~ λ
γq bq + γqX∗ bq |XihX| ,
(3)
q

q

where bq (b†q ) annihilates (creates) a phonon in the mode q with energy ~ωq . The coupling strength to the QD is
denoted by γqX . In order to analyze the impact of the phonon coupling, we introduce a scaling parameter λ, with
0 ≤ λ ≤ 10. λ = 0 describes the phonon-free case, λ = 1 the coupling in a GaAs QD. 1 < λ ≤ 10 roughly estimates
the stronger phonon coupling in piezoelectric materials like GaN [6]. λ is referred to as the phonon scaling in the main
text. Note that we followed the standard way to write the phonon coupling in Eq. (3) to the exciton state |Xi only.
But in fact, it can be written to the ground state |Gi without any influence on the stationary emission spectrum,
which we checked numerically by calculating the QRT spectrum in Fig. 1 (red dashed line) both ways.
The QD is driven by an external laser pulse described by


~
†
Hdriving = − fp (t) σX + σX
.
2

(4)

σX := |GihX| is the operator for the transition between |Xi and the ground state |Gi. fp (t) is the real envelope
function of the external laser pulse. Throughout the main text, we consider a Gaussian pulse with an area of π
and pulse duration as measured by the full width at half maximum τFWHM = 3 ps resonant to the polaron shifted
QD transition energy. We further account for the radiative decay of the QD exciton by introducing a Lindblad
superoperator acting on the density matrix ρ to our model

o 
1n
†
†
LσX ,γ ρ = γ σX ρσX −
ρ, σX σX
,
(5)
2
+

where {A, B}+ denotes the anti-commutator of operators A and B and γ the radiative decay rate set to a typical
value of 1 ns−1 unless noted otherwise.
In this model the QD environment consists of two parts: the coupling to photon modes which is responsible for
the radiative decay and the coupling to phonons. Since the radiative decay is modeled by a Markovian rate, it is not
expected to limit the validity of the QRT. Phonons are known to influence the QD dynamics profoundly [1, 7–18] and
to be the origin of non-Markovian behavior [5, 19–23], which might entail errors of the QRT.
While the Hamiltonian in Eq. (1) defines the model, the corresponding Liouville-von Neumann equation for the
density matrix ρ reads
∂
i
ρ = − {H, ρ}− + LσX ,γ ρ
∂t
~

(6)

2
TABLE I. Parameters typical for GaAs QDs [6].
Electron deformation potential
De (eV)
Hole deformation potential
Dh (eV)
Density
ρD (kg/m3 )
Sound velocity
cs (m/s)
Electron-to-hole confinement ratio
ae /ah
Electron confinement radius
ae (nm)

7.0
-3.5
5370
5110
1.15
3.0

with the commutator {A, B}− of operators A and B. This equation is solved in a numerically exact way for the
time evolution of the QD subsystem’s reduced density matrix ρ̄ = TrPh [ρ], where the trace is taken over the phonon
subspace, by employing an iterative real-time path-integral formalism (details are explained in Refs. 24–26).
The deformation potential coupling
Pof the QD to LA phonons influences the reduced electronic density matrix via
the phonon spectral density J(ω) = q |γqX |2 δ(ω − ωq ). Note that the sign or even the phase of the coupling has no
influence on the electronic dynamics, since only the absolute square enters the spectral density. Assuming a linear
dispersion ωq = cs |q| with sound velocity cs and Gaussian wave functions for both electrons and holes with radii ae
and ah , the spectral density becomes [24, 26, 27]
J(ω) =

ω3
4π 2 ρ

5
D ~cs



De e−ω

2 2
ae /(4c2s )

− Dh e−ω

2 2
ah /(4c2s )

2

.

(7)

We use typical GaAs
√ parameters for a QD with radius ae = 3.0 nm listed in Tab. I. Note that scaling the phonon
coupling γqX with λ as in Eq. (3) implies that the spectral density J(ω) is scaled with λ.
The low-frequency behavior of this spectral density is given by J(ω) ∝ ω s with s = 3. Spectral densities with
such a power law dependence are classified as super-Ohmic, in contrast to the Ohmic case, for which s = 1, and
the sub-Ohmic case with 0 ≤ s < 1. The super-Ohmic case is known to result in a nonexponential and only partial
polarization decay [3] which is a clear signature of non-Markovian dynamics. Rather generally, the low-frequency
behavior has been shown to potentially play a decisive role for the relation between Markovianity and QRT errors
[28].

II.

EVALUATION OF G(2) (t, τ )

Numerically Exact Evaluation To evaluate the two-time correlation function introduced in the main text
†
†
G(2) (t, τ ) = hσX
(t)σX
(t + τ )σX (t + τ )σX (t)i within the path-integral formalism, first, we assume a time discretization
of n equidistant time steps with length ∆t for the interval [0, t] and of another m time steps of the same length to
cover [t, t + τ ], i.e., t = n∆t and τ = m∆t. The object propagated in time is the augmented density matrix (ADM),
a 2nc -rank tensor that contains all the information induced by the nc ∆t long memory. The iterative propagation of
the ADM is summarized as [25]:
µ ...µn−nc +1
ρ̄νnn...νn−n
c +1

ν

=

µn−1
Mννnn−1
µn

X

exp

νn−nc
µn−nc

n
X

!

µ

...µ

n−1
n−nc
Sνn νl µn µl ρ̄νn−1
...νn−nc ,

l=n−nc

(8)

µ

n−1
where Mνn−1
is the subsystem propagator and Sνn νl µn µl the phonon influence functional. The indices µj and νj
n µn
describe the subsystem state µ and ν, respectively, at the time step j. The subsystem’s reduced density matrix at
time n∆t, which is the quantity necessary to calculate any expectation value of observables within the subsystem, is
obtained by tracing out the memory contained in the ADM, i.e.,

ρ̄νn µn =

X

µ ...µ

n−nc +1
ρ̄νnn...νn−n
.
c +1

(9)

νn−1 ...νn−nc +1
µn−1 ...µn−nc +1

In order to calculate the two-time correlation function G(2) (t, τ ), the ADM is propagated for the first n steps, after

3
which the operators evaluated at time t are multiplied to produce a modified ADM (MADM):
!
n
X
X
X
µn−1 ...µn−nc
µn ...µn−nc +1
νn−1 µn−1
†
Sνn νl µn µl ρ̄νn−1
(σX )νn νn0 Mνn0 µ0n
exp
=
(σX )µ0n µn
ρ̄
...νn−nc ,
†
σX σX νn ...νn−nc +1

νn−nc
µn−nc

0 µ0
νn
n

(10)

l=n−nc

The MADM follows the same recursion as the ADM, such that for the subsequent m steps until t + τ , the MADM
is iterated instead of the ADM. Finally, the two-time correlation function is obtained by multiplying the operators
evaluated at time t + τ and the trace is performed to yield
i
Xh †
µn+m ...µn+m−nc +1
.
(11)
σX σX
ρ̄
G(2) (t, τ ) =
†
νn+m ...νn+m−nc +1

µn+m νn+m σX σX νn+m ...νn+m−nc +1

µn+m ...µn+m−nc +1

A derivation of this scheme with detailed explanations can be found in Ref. [29]. Note that the first-order correlation
†
function hσX
(t + τ )σX (t)i appearing in the main text can be obtained using the same method by simply exchanging
†
σX (t) and σX (t + τ ) with identity operators in G(2) (t, τ ).
QRT Evaluation To implement the QRT within this framework, one traces out the memory of the ADM after
reaching the time n∆t as in Eq. (9) to obtain the reduced density matrix (RDM) ρ̄νn µn . Then, a modified RDM
(MRDM) which is defined as
X
†
µn
(σX )νn νn0 ρ̄νn0 µ0n (σX
)µ0n µn
(12)
ρ̄
=
†
σX σX νn

0 µ0
νn
n

is used as the new initial RDM for the next m time steps, which now describe the propagation in τ . The essential
difference to the exact propagation scheme is that here the memory acquired until the time t is discarded for the
subsequent τ -propagation. As for the initial (real) time t = 0, the phonon subspace is assumed to be in equilibrium at
a temperature of T at the time n∆t, when the propagation of the MRDM begins. The statistical operator of the total
system is approximated by the QRT at the beginning of the τ -propagation by a product of the statistical operators
for the two-level system and the environment, thus ignoring the entanglement between these subsystems that has
been built up during the t-propagation due to their mutual interaction [30].
III.

EMISSION SPECTRA AND QRT IMPLEMENTATION

The emission spectrum S(ω) is obtained in a stationary nonequilibrium state of the system. To this end, the first†
(t + τ )σX (t)i is considered in the limit t → ∞. After subtraction
order two-time correlation function G(1) (t, τ ) = hσX
of the coherent part of the emission [29, 31] limt,τ →∞ G(1) (t, τ ) the Fourier transform is taken:
Z ∞



S(ω) = Re
dτ lim G(1) (t, τ ) − lim G(1) (t, τ ) e−iωτ .
(13)
−∞

t→∞

τ →∞

In Fig. 1 QD emission spectra calculated for a constantly driven QD with a field strength of ~fp (t) = 0.079 meV and
a radiative decay rate of γ = 0.01 ps−1 at T = 10 K are shown. As a reference, the phonon-free result, i.e., for λ = 0,
is depicted (orange dashed-dotted line), where no sidebands appear. The inset in Fig. 1 shows the same data zoomed
in on the energy scale and zoomed out on the intensity axis. On this scale, the Mollow triplet becomes visible with the
peaks at ±~fp , which corresponds to the Rabi splitting. For finite temperature, the peaks shift to smaller energies and
broaden slightly, which corresponds to the phonon-induced renormalization of the Rabi frequency and its damping,
respectively. Note that the numerically exact result at 10 K has been obtained by employing a matrix-product-state
representation of the iterative path-integral method [32] to enable calculations with very fine time discretization.
We stress that there is a clear physical picture that the phonon sideband has to be on the left side of the zero
phonon line (ZPL). At low temperatures, phonon emission is strongly favored over phonon absorption. Therefore, the
energies of the emitted photon and of the emitted phonon have to add up to the QD transition energy due to energy
conservation. Accordingly, in an emission spectrum, the energy of the emitted photon after phonon emission has to
be smaller than the QD transition energy. This results in the phonon emission sideband being on the energetically
lower side of the ZPL.
The numerically exact approach (black solid line) gives the physically correct results showing the phonon sideband
on the energetically lower side of the ZPL. In contrast, when the QRT is applied, the phonon sideband appears on

4
0.006

spectrum (a.u.)

0.005
0.004

1.0

num. exact
QRT
PME
λ=0

0.5
0.0
-0.1

0.0

0.1

0.003
0.002
0.001
0.000
-4

-2

0
energy (meV)

2

4

FIG. 1. The QD emission spectrum [29] calculated for a constantly driven QD with ~fp (t) = 0.079 meV and a radiative decay
rate of γ = 0.01 ps−1 at T = 10 K. The numerically exact result (num. exact) is compared with results obtained using the QRT
in the lab frame (QRT) and in the polaron frame (PME). As a reference, the phonon-free case λ = 0 is also shown. The inset
depicts the same data on a different scale, where the Mollow triplet becomes visible.

the energetically higher side (red dashed line). This wrong outcome of the QRT was already discussed in Ref. 22,
where it was explicitly shown that by neglecting correlations resulting in memory effects, physically wrong results are
obtained. We consider our implementation of the QRT as verified, since it reproduces this result of Ref. 22, which
was obtained within a completely different methodological framework. When including said correlations and memory
effects on the other hand, as they are in our numerically exact path-integral approach, the physically correct picture
of a phonon sideband at the lower energy side of the emission spectrum is found.

IV.

THE QRT IN THE POLARON TRANSFORMED FRAME

An approximate method to account for the coupling to the LA phonon environment is the polaron master equation
approach (PME) [33–35]. The core idea of this method is to transform the system into the polaron frame by
H 0 = eS He−S
√
X λ

†
S = σX σX
γqX b†q − γqX∗ bq .
ωq
q

(14a)
(14b)

Only then the Markov approximation is employed to obtain a time-local master equation for the reduced subsystem
dynamics. This method becomes exact in the weak-driving limit. Since we consider strong pulsed excitation, it is
not a priori clear if this condition is fulfilled. The PME approach captures a variety of non-Markovian features that
would be lost if the Markov approximation had been used in the original laboratory frame.
Therefore, the question arises whether the QRT is also frame dependent. Indeed, QD emission spectra calculated
within the PME approach by employing the QRT in the polaron frame show the correct phonon sidebands [36], cf.,
blue dotted line in Fig. 1.
In the following, we describe the procedure to compare the effect of using the QRT in the lab and the polaron frame
on the indistinguishability, cf., Fig. 2(c) in the main text. To obtain the indistinguishability in the lab frame within
the PME approach, one has to transform it back after using the QRT
in the polaron frame. In thisi transformation, all
h P
√
†
σX
(σX ) operators acquire a B+ (B− ) operator with B± = exp ± q ( λ/ωq )(γqX∗ bq − γqX b†q ) . Hence, whenever

the two transition operators appear in pairs at equal times as in the second-order correlation function G(2) (t, τ ) the
back transform is the identity operation. In contrast, the function G(1) (t, τ ) is influenced by the back transform. In
particular, a term hB+ (τ )B− (0)i appears, which is simplified to hBi2 eφ(τ ) [37]. The so-called Franck-Condon factor
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[16] hBi is defined as



Z
J(ω)
1 ∞
dω 2 coth (~ω/(2kB T )) ,
hBi = hB± i = exp −
2 0
ω

where kB denotes the Boltzmann constant. The phonon correlation function is
Z ∞
J(ω)
dω 2 [coth (~ω/(2kB T )) cos (ωτ ) − i sin (ωτ )] .
φ(τ ) =
ω
0

(15)

(16)
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Erratum: Accuracy of the quantum regression theorem for photon emission from a
quantum dot
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FIG. 1. The indistinguishability as a function of the phonon
scaling parameter λ at 4 K, calculated with the numerically
exact path-integral method (num. exact), by using the QRT
in the lab frame (QRT), and by applying the QRT in the
polaron transformed frame within the PME approach (PME).

exciton occupation

In our Letter, the main investigation was a comparison
between a numerically exact path-integral (PI) method
and the quantum regression theorem (QRT) to model
photonic figures of merit in quantum-dot–cavity systems
obtained from two-time correlation functions. As a side
aspect, we discussed the dependence of applying the
quantum regression theorem in different frames, in particular, the lab frame and the polaron frame. The latter
was achieved by considering the polaron master equation (PME) approach. Upon closer inspection of our numerical analysis, we have found a parameter error as explained below that affects the results obtained within the
PME approach. We stress that the results do not affect
the majority and the main message of the Letter, namely
that the QRT overestimates the phonon influence on the
indistinguishability. Nonetheless, the corrected results
give rise to a number of additional insights regarding the
PME approach that we would like to present in the following.
Concerning Fig. 2(c) of our original Letter, the numerically exact results and the ones obtained by using the
QRT in the lab frame were calculated for a quantum dot
(QD) with an electron confinement radius of ae = 3 nm
(as defined in Tab. 1 in the supplemental material). In
contrast, the PME results were erroneously calculated for
ae = 4.175 nm, which prohibits a meaningful comparison
of the different methods. In Fig. 1, the corresponding
PME results for a 3 nm QD are shown (blue dotted line).
As was stated in the original Letter, both the QRT applied in the lab frame and in the polaron frame systematically overestimate the phonon influence on the indistinguishability. In contrast to the previous comparison,
though, quite unexpectedly the correct PME results basically coincide with the QRT results (cf., Fig. 1). Therefore, applying the QRT in the polaron frame does not improve the accuracy of the indistinguishability. This new
insight calls for a more detailed explanation, which we
would like to provide in the following in two subsequent
steps: the comparison of numerically exact and PME results concerning single-time observables and then a discussion of the two-time correlation function G(1) (t, τ ) :=
+
hσX
(t + τ )σX i, which enters the definitions of both the
QD emission spectrum and the indistinguishability I.
In Fig. 2 the dynamics of the exciton occupation after
resonant π-pulse excitation is shown. The numerically
exact results are compared with the PME approach for
two different phonon scalings λ = 1 and λ = 10. In the
PME community, two different ways to account for the
radiative decay by a phenomenological Lindblad term are

num. exact, λ = 1
PME, λ = 1, γ
PME, λ = 1, hBi2 γ
num. exact, λ = 10
PME, λ = 10, γ
PME, λ = 10, hBi2 γ
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FIG. 2. The QD exciton dynamics at T = 4 K after a Gaussian π-pulse of length τfwhm = 3 ps centered around t0 = 0.
Numerically exact results are compared with PME results
that either use a radiative decay rate of γ or hBi2 γ. The
cases of two different phonon scalings λ are shown.

being used: either the corresponding rate is scaled by a
factor hBi2 (as done in, e.g., Ref. [85] of our Letter) or not
(as done in, e.g., Ref. [87] of our Letter), where hBi is the
phonon Franck-Condon factor as given in Eq. (15) in the
supplemental material of our Letter. In the calculations
shown in our Letter, we had scaled the radiative decay
rate by the factor hBi2 .
Now, we show results for the exciton occupation obtained by both versions in Fig. 2. It becomes clear that
the PME results without the additional factor hBi2 agree
with the numerically exact path-integral results for both
phonon scalings λ. Therefore, both methods take into
account the phonon influence equally accurately concerning (single-time) expectation values. Since both the QRT

2

(2)

GHOM (t, τ ) :=

1 †
†
hσ (t)σX (t)ihσX
(t + τ )σX (t + τ )i
2 X

2
†
− hσX
(t + τ )σX (t)i + G(2) (t, τ ) (1)

[cf., Eqs. (3) and (4) in our Letter]. We now look at
each term of this expression and compare their derivation
within the different methods. The factors in the first term
are both (single-time) expectation values of the exciton
occupation. Fig. 2 gives a compelling argument that the

0.006
0.005

spectrum (a.u.)

applied in the lab frame (labeled QRT in Fig. 1) and in
the polaron frame (labeled PME in Fig. 1) introduce the
same approximation to the method, this finding gives a
first hint at the agreement between the two-time results
obtained in the two frames.
Returning to Fig. 2, taking into account a rate hBi2 γ
leads to results far off the path-integral calculations with
an increasing difference for increasing phonon scaling λ.
The underlying assumption that the radiative decay of
the QD into a spectrally flat electromagnetic field environment is not affected by the phonon environment has
recently been confirmed by taking into account both environements microscopically within the numerically exact
algorithm ACE [M. Cygorek et. al., arXiv:2101.01653
(2021)]. Therefore, we continue here without using the
factor hBi2 . (Note that the PME results in Fig. 1 are
already calculated without hBi2 . This different scaling,
though, has only a marginal influence on the corresponding results for our parameters. The different QD size ae
is responsible for the larger contribution to the change of
the results.)
In Fig. 3, which corresponds to Fig. 1 in the supplemental material of our Letter, we show an emission spectrum
obtained within the PME formalism without the factor
hBi2 (blue dotted line). All other curves are the same
as in the original figure. Strikingly, the PME spectrum
is now almost a mirror image of the spectrum obtained
by applying the QRT in the lab frame (red dashed line)
similar to what was found earlier by a perturbative approach (cf., Ref. [26] of our Letter). Since the emission
spectrum is essentially the Fourier transform of the twotime correlation function G(1) (t, τ ) [cf., Eq. (13) in the
supplemental material of our Letter], this finding implies
that using the QRT in the lab or in the polaron frame
affects essentially only the sign of the imaginary part of
G(1) (t, τ ). We stress that there is a sizable quantitative
difference between the spectra resulting from the numerically exact and the PME approaches. This difference
arises because the QRT applied in the polaron frame is
overestimating the phonon influence on the correlation
function G(1) (t, τ ).
With the conclusions drawn from Figs. 2 and 3, we can
now explain, why the QRT applied in the lab and in the
polaron frame agree concerning the indistinguishability
I in Fig. 1. The indistinguishability is based upon the
Hong-Ou-Mandel correlation function
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FIG. 3. The QD emission spectrum calculated for a constantly driven QD with ~fp (t) = 0.079 meV and a radiative
decay rate of γ = 0.01 ps−1 at T = 10 K. The numerically
exact result (num. exact) is compared with results obtained
using the quantum regression theorem in the lab frame (QRT)
and in the polaron frame (PME). In the latter, an unscaled
radiative decay rate γ is used instead of a factor hBi2 γ as in
the original plot (Fig. 1 in the supplemental material of our
Letter). As a reference, the phonon-free case λ = 0 is also
shown. The inset depicts the same data on a different scale,
where the Mollow triplet becomes visible.

PME approach agrees well with the path-integral method
regarding the exciton occupation for the parameters concerned. The last term is the second-order two-time correlation function G(2) (t, τ ), upon which the single-photon
purity P is based. In our Letter, we found that the
QRT introduces basically no error to this quantity compared with the numerically exact evaluation of the two2
†
time function. The second term |hσX
(t + τ )σX (t)i is
the absolute square of the first-order correlation function
G(1) (t, τ ). Fig. 3 implies that the QRT and PME results
differ basically only by the sign of the imaginary part of
this correlation function, which does not affect the absolute square. Thus, we find that for all three terms there
is no difference between the QRT and the PME. This is
the reason why the QRT and PME results of the indistinguishability I are in such good agreement in Fig. 1.
However, the large difference between the numerically
exact results and the QRT approximation remains. It
stems from the already noticed quantitative difference in
the G(1) (t, τ ) function as observed earlier in the spectra.
This implies that the only error resulting in a reduced
indistinguishability is caused solely by the application of
the QRT, regardless of the frame it is used in.
Therefore, our correction sheds new light on the PME
formalism: For the considered parameters, the PME re-

3
sults concerning (single-time) expectation values match
the numerically exact path-integral calculations well.
Nonetheless, a large difference is found regarding the indistinguishability, which is based upon two-time correlation functions, the highest relative error being 18 % in

the parameter space under scrutiny. Finally, the impact
of the application of the QRT on the indistinguishability is independent of the frame: Applying the QRT in
the polaron frame does not yield an improvement of the
prediction of the indistinguishability.
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We demonstrate theoretically that the single-photon purity of photons emitted from a quantum dot
exciton prepared by phonon-assisted off-resonant excitation can be significantly higher in a wide range of
parameters than that obtained by resonant preparation for otherwise identical conditions. Despite the offresonant excitation, the brightness stays on a high level. These surprising findings exploit the fact that the
phonon-assisted preparation is a two-step process where phonons first lead to a relaxation between laserdressed states while high exciton occupations are reached only with a delay to the laser pulse maximum by
adiabatically undressing the dot states. Due to this delay, possible subsequent processes, in particular
multiphoton excitations, appear at a time when the laser pulse is almost gone. The resulting suppression of
reexcitation processes increases the single-photon purity. Due to the spectral separation of the signal
photons from the laser frequencies this enables the emission of high quality single photons not disturbed by
a laser background while taking advantage of the robustness of the phonon assisted scheme.
DOI: 10.1103/PhysRevLett.123.017403

On-demand single-photon sources continue to gain
attention as key building blocks in quantum technological
applications, ranging from novel metrology over quantum
communication to quantum computing. Semiconductor
quantum dots (QDs) have proven to be suitable singlephoton emitters [1–8] that, due to their high compatibility
with existing semiconductor technology, are promising
candidates for device applications. In contrast to atomic
systems, these nanoscale structures are prone to the
influence of the surrounding solid state crystal matrix.
Longitudinal acoustic (LA) phonons are the main source
of decoherence of excitons in semiconductor QDs even at
cryogenic temperatures of a few kelvin [9–13]. Nevertheless,
phonon-assisted off-resonant QD excitations have been
shown to provide a robust alternative to resonant exciton
preparation schemes [14–18]. In this Letter, we demonstrate
theoretically that, quite unexpectedly, the coupling to LA
phonons combined with off-resonant driving can be
extremely beneficial for a single-photon source based on
a QD-cavity system, allowing for the generation of highquality single-photons that are easily detectable due to their
spectral separation from the laser pulses used for the
excitation of the QD.
Placing a QD in a cavity strongly enhances the photon
emission by enlarging the effective dot-cavity coupling and
by setting a preferable emission axis. When exciting the
QD exciton resonantly, the frequencies of the excitation and
the signal are identical—separating the two is a formidable
experimental challenge. In fact, spectral separability is
achievable, e.g., by wetting layer excitation or by exciting
the biexciton via the two-photon resonance and subsequently
0031-9007=19=123(1)=017403(5)

exploiting the biexciton-exciton cascade [8,19]. But while
the former introduces a time jitter that reduces the on-demand
character of the photon source, the latter is sensitive to small
fluctuations of excitation parameters such as the laser energy
and the pulse area. Both problems are overcome by an offresonant excitation of the quantum dot, which is thus
extremely advantageous. Indeed, it has recently been shown
that the robustness of off-resonant excitation schemes paves
the way to excite two spatially separated QDs with different
transition energies simultaneously with the same laser pulse,
which is a milestone towards the scalability of complex
quantum networks [20].
The quality of a QD-cavity system as an on-demand
single-photon source is typically quantified by several key
figures of merit, such as the single-photon purity P and the
brightness B. While the former measures whether indeed a
single photon is emitted by the source, the latter characterizes its total photon yield [5]. When P ¼ B ¼ 1, the source
emits a single photon with a probability of unity at every
excitation pulse via the cavity. The single-photon purity
(SPP) can be extracted from a Hanbury Brown–Twiss
coincidence experiment [3,7,8,21–24], which gives a conditional probability to detect a second photon when a first
one has already been detected. Suppressing this probability
is possible, e.g., by parametric down-conversion, which
enhances the SPP, albeit at the cost of a severely reduced
brightness of the photon source [25]. Maximizing both SPP
and brightness is of utmost importance to create efficient
single-photon emitters.
Simultaneously large P and B in a QD-cavity system can
be achieved by exciting the dot resonantly by ultrashort
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FIG. 1. Sketch of the system under consideration. A two-level
QD with a ground state jGi and an exciton state jXi is coupled to
a lossy single-mode microcavity. The jGi → jXi transition is
driven by external laser pulses and the exciton state is coupled to
LA phonons in a pure-dephasing manner. Finally, the dot can
decay radiatively.

laser pulses [3,4,7]. However, shortening the pulse duration
is equivalent to widening it spectrally. The detrimental
influence of exciting higher-lying states, especially the
biexciton state of the QD by short pulses is discussed in
Ref. [26]. In view of the various advantages of phononassisted off-resonant excitations listed above, the question
arises how photonic characteristics such as SPP and brightness perform under off-resonant schemes. In short, we want
to explore whether all of the advantages of phonon-assisted
off-resonant schemes come at the cost of severely reduced
photonic properties.
It is expected that driving a QD off-resonantly is much
less efficient. For longer and stronger pulses the resulting
quantum state of a QD-cavity system contains an admixture
of multiphoton states, which reduces the SPP. Phononinduced dephasing is expected to degrade the quantum state
even further. But paradoxically quite the opposite can take
place: a combination of off-resonant driving with the
phonon-induced relaxation between laser-dressed QD
states leads eventually to high exciton occupations in a
subsequent adiabatic undressing process [27]. In this Letter,
we demonstrate that the delay of the exciton creation
caused by the undressing suppresses the probability for
multiphoton generation. Therefore, comparing off-resonant
and resonant excitation with otherwise same conditions
may, quite unexpectedly, yield enhanced SPPs in the offresonant case. The best values predicted in this Letter are
even comparable to the best values obtained so far within
resonant schemes addressing the exciton.
We model the QD-cavity system as a laser-driven twolevel system with a ground state jGi and an excited state
jXi, HDL ¼−ℏΔωLX jXihXj−ðℏ=2ÞfðtÞðjXihGjþjGihXjÞ,
coupled to a single-mode microcavity (cf., Fig. 1), HC ¼
ℏΔωCL a† a þ ℏgða† jGihXj þ ajXihGjÞ, which is on resonance with the QD exciton. Here, ΔωLX and ΔωCL are the
laser-exciton and cavity-laser detuning, respectively, and a
is the photon annihilation operator in the cavity, which is
coupled to the dot by the coupling constant g. A train of
Gaussian pulses is assumed represented by the laser envelope
function fðtÞ. The excitation can leave the system either via
radiative decay or cavity losses modeled by Lindblad rates γ

and κ, respectively. Finally, the exciton is coupled to a
continuum of LA phonons in a pure-dephasing manner [28],
P
P
†
X
HPh ¼ℏ q ωq b†q bq þℏ q ðγ X
q bq þγ q bq ÞjXihXj. bq annihilates a phonon in the mode q coupled to the dot by the
coupling constant γ X
q . Full details of the model and of our
numerical approach are given in the Supplemental Material
[29]. It is worthwhile to note that we use path-integral
methods for our simulations that allow us to perform all
simulations without approximation to the model [29,36–38].
For the calculations, standard GaAs parameters are used
[39] for a QD of 6 nm diameter (for details on the phonon
coupling consider the Supplemental Material [29]). If not
stated otherwise, the excitation pulse full width at half
maximum is set to 7 ps, the cavity mode is resonant with
the QD transition, the dot-cavity coupling is ℏg ¼ 50 μeV,
the radiative decay rate is ℏγ ¼ 20 μeV, and the cavity loss
rate is ℏκ ¼ 50 μeV. This corresponds to a Purcell factor of
FP ¼ g2 =ðγκÞ ¼ 2.5. The initial phonon distribution is
assumed to be thermal with a temperature of T ¼ 4.2 K.
The main target quantities of interest in this Letter, the
SPP P and the brightness B, are obtained from pathintegral simulations of the two-time photonic correlation
function Gð2Þ ðt; τÞ ¼ ha† ðtÞa† ðt þ τÞaðt þ τÞaðtÞi and the
time dependent photon occupation ha† aiðtÞ, respectively.
In order to express the SPP in terms of Gð2Þ ðt; τÞ one first
needs to take the
over the first time argument t,
R ∞average
i.e., Gð2Þ ðτÞ ¼ −∞
dtGð2Þ ðt; τÞ, which yields a function
with the delay time τ of the coincidence measurement as its
single argument. The probability p of detecting a second
photon during the same excitation pulse after a first one has
already been emitted thus can be obtained by
R T Pulse =2
−T

=2

p ¼ R 3T Pulse =2
Pulse

T Pulse =2

dτGð2Þ ðτÞ
dτGð2Þ ðτÞ

;

ð1Þ

where T Pulse is the separation of the pulses in the pulse train.
The SPP is then defined as P ¼ 1 − p. Note that −∞ <
P ≤ 1, where the lack of a lower bound is due to the
possibility of bunching instead of antibunching.
In this Letter, the brightness of the source is modeled as
the integrated leakage of the average photon
during
R T Pulsenumber
=2
†
the duration of one pulse, i.e., B ¼ κ −T
dtha
aiðtÞ.
Pulse =2
Due to the definition, this quantity formally ranges in 0 ≤
B < ∞ without an upper bound since in principal infinitely
many photons can exist in a single electromagnetic field
mode.
In Fig. 2(a) the brightness simulated without phonons is
shown as a function of the detuning ΔωLX between the
central laser frequency and the transition frequency connecting the ground and the exciton state of the QD as well
as the pulse area Θ. An oscillatory behavior as a function of
the pulse area with maxima at odd multiples of π is
observed [cf., Fig. 2(a)]. This is a consequence of the
well-known Rabi rotation of the exciton occupation since
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(a)

(b)

(c)

(d)

FIG. 2. Brightness B [panels (a) and (b)] and SPP P [panels (c)
and (d)] as a function of the laser-exciton detuning ΔωLX and the
excitation pulse area Θ of a pulse in the pulse train. The left
column (a), (c) is the result of a phonon-free calculation, the right
column (b), (d) includes the coupling to a continuum of LA
phonons. Blue circle: resonant π-pulse excitation. Red circle:
maximal SPP (with phonons). Red square: optimal SPP and
brightness for off-resonant excitation (with phonons).

the exciton feeds the cavity photons, which in turn are
measured by the brightness. As a function of the detuning,
the regions of high brightness are confined to a fairly small
range around resonance. The inclusion of phonons drastically changes this picture [cf., Fig. 2(b)]. Through offresonant excitation with detunings that can be bridged by
the emission of LA phonons, a nonvaninshing brightness
can be obtained in a previously dark region. Note that the
asymmetry with respect to the sign of the detuning is due to
the low temperature of T ¼ 4.2 K considered here where
phonon absorption is largely suppressed.
The SPP in the phonon-free case [cf., Fig. 2(c)] also
displays Rabi rotational behavior but decreases with rising
pulse area close to resonance, which is due to a reexcitation
of the QD during the same laser pulse. This leads to the
emission of more than one photon per pulse, thus diminishing the SPP. Although a SPP can always be calculated,
one should be aware that it constitutes a physically meaningful quantity only for finite brightness. Therefore, the
area of increased SPP in the upper right corner of Fig. 2(c)
is of no physical relevance.
It is intuitively expected that the continuum of LA
phonons reduces the quantum correlations of the system
and thus the SPP by inducing a manifold of transitions
between its quantum states. However, contrary to these
expectations Fig. 2(d) reveals a huge systematic increase in
P at ΔωLX ≳ 0.5 meV. Moreover, the maximum P max ¼
98.8% (red circle) is even larger than 90.7% obtained for
the resonantly driven system (blue circle). Combined with

an appreciably large B, this indicates a possibility to have a
good quality single-photon source in the off-resonant
excitation regime. Note that B ¼ 0.46 observed at the
point of P max [cf., red circle in Fig. 2(b)] is not much
smaller than the maximal value of 0.67 achieved in the
resonantly driven case [cf., blue circle in Fig. 2(b)]. It is
also noteworthy that it is possible to obtain a significantly
larger brightness at the cost of a slight decrease in the SSP.
For example, if we choose a trade-off by maximizing the
sum of the squares of the two figures of merit in the offresonant regime, we obtain B ¼ 0.53 and P ¼ 98.1% (red
square). This value for P is close to typical experimental
values obtained for resonant excitation of the quantum dot
exciton (98.8% [4], 99.1% [7]) even though the pulse
lengths in Refs. [4,7] have been slightly shorter [40].
To explain the mechanism behind this observation, one
needs to consider the dynamics of the QD-cavity states.
In Fig. 3, the time dependent occupations in the resonant
and the off-resonant case (cf., the blue and red circles in
Fig. 2, respectively) are compared. The considered states
are product states between the QD states and a photon state
with photon number n. After resonant π-pulse excitation
[cf., Fig. 3(a)], the exciton state jX; 0i without photons is
occupied (blue curve). The cavity coupling rotates the dot
back to its ground state and produces one photon in the
cavity (orange curve). Because the driving is still nonzero at
this point, the dot is reexcited to produce an occupation of
the state jX; 1i (green curve), which is shown in the inset of
Fig. 3(a). Finally, the cavity coupling leads to an occupation of the ground state with two photons jG; 2i (red curve),
such that the SPP is diminished.
In contrast to the π-pulse induced rotation of the Bloch
vector, the off-resonant excitation scheme exploits an effect
called adiabatic undressing [27]. Switching on the laser
transforms the dot states to a new energy eigenbasis
commonly known as laser-dressed states, the gap between
which can be bridged by LA phonons with typical energies
of a few meV. At low temperatures, the lower dressed
state becomes occupied via phonon emission. However, the
phonon-induced relaxation is only efficient when both
dressed states have roughly equal exciton components.
Thus, the exciton state exhibits typically occupations of the
order of 50% after the relaxation is completed [27]. When
the laser is turned off adiabatically, the lower dressed state
is subsequently transformed to the exciton state in the
original basis provided the detuning is positive (otherwise
the ground state is reached [27]). This adiabatic undressing
of the dot states therefore boosts the exciton occupation
only at the end of the pulse [cf., the blue curve in Fig. 3(b)].
This in turn means that during the phase of phonon
relaxation no photon can be put into the cavity efficiently
[cf., the orange curve in Fig. 3(b)]. When finally the adiabatic
undressing-induced exciton boost occurs, the occupation of
jG; 1i follows [cf., Fig. 3(b)]. Since the excitation pulse is
basically gone by then, the reexcitation of the QD is strongly
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(a)

(b)

FIG. 3. Time-dependent occupations: (a) after resonant π-pulse excitation (cf., blue circle in Fig. 2) and (b) in the off-resonant phononassisted case (cf., red circle in Fig. 2). The occupations of the states jX; 0i, jG; 1i, jX; 1i, and jG; 2i are shown as colored filled curves.
The Gaussian envelope of the laser driving pulse normalized to its maximum value centered at tp is shown as a black dashed line. The
insets show the same curves, respectively, on an enlarged scale for the occupations.

suppressed (green curve), such that effectively no second
photon can be put into the cavity (red curve). This implies a
far higher SPP than in the resonant counterpart, as is observed
in Fig. 2(d). In summary, the delay of the exciton occupation
caused by the two-step procedure of first relaxing to a dressed
state via phonon emission and then reaching the exciton by
adiabatic undressing is responsible for the enhancement of
the SPP.
To quantify the robustness of the phonon-induced SPP
enhancement against variations of other system parameters,

(a)

(b)

FIG. 4. The difference between the SPP after off-resonant
phonon-assisted excitation P off-res and after resonant π-pulse
rotation P res is shown for two different pulse lengths (FWHM),
namely: (a) 7 ps and (b) 14 ps, as a function of radiative decay ℏγ
and cavity losses ℏκ. The cavity quality factor Q ¼ ωc =κ is
obtained via the cavity losses assuming a cavity single-mode
energy of ℏωc ¼ 1.5 eV. The pulse area is set to 12.75π and
ΔωLX ¼ 1.1 meV.

the difference between the SPP after off-resonant excitation
and after the resonant one is shown as a function of
the radiative decay γ and the cavity loss rate κ in Fig. 4.
A positive value (reddish shade) indicates a set of parameters where the SPP is enhanced for off-resonant excitation.
We find such an enhancement for a wide parameter regime
in κ and γ that is experimentally well accessible. Also,
changing the pulse length from 7 ps in Fig. 4(a) to 14 ps in
Fig. 4(b) does not change the phonon-induced SPP
enhancement qualitatively. The reason why the SPP for
off-resonant excitation falls below the resonant one in the
bad cavity limit and/or in the limit of high radiative losses is
that relaxation processes limit the time available for the
adiabatic undressing which eventually becomes incomplete.
In conclusion, we have presented a seemingly paradoxical
scheme for the phonon-assisted operation of a QD-cavity
system as a single-photon source, where the excitation is
spectrally separated from the generated photons. Two factors
that would separately lead to a quality degradation—offresonant driving and dot-phonon coupling—in combination
result in a huge boost in critical characteristics of a singlephoton source. We have demonstrated that the achievable
single-photon purity can be noticeably higher than for
resonant excitation while the brightness is still at an acceptable level. The physical mechanism of this enhancement—
the adiabatic undressing—is realized in a wide interval of
physically accessible parameters.
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MODEL AND NUMERICAL METHOD

In this supplement we specify in detail the model used in the main paper and outline the numerical procedure used
for our simulations. We represent the quantum dot (QD)-cavity system by a Hamiltonian comprising three parts:
H = HDL + HC + HPh ,

(1)

where HDL describes the QD driven by an external laser, HC accounts for the coupling of the QD to a quantized
cavity mode, while HPh represent the interaction with a continuum of longitudinal acoustic (LA) phonons.
Within the usual dipole and rotating wave approximations, the dot-laser Hamiltonian takes the form
HDL = −~∆ωLX |XihX| −

~
f (t) (|XihG| + |GihX|)
2

(2)

in a frame co-rotating with the laser frequency ωL . Here, |Gi denotes the QD ground state and |Xi is the exciton
state and a detuning between the laser and exciton frequency ∆ωLX := ωL − ωX is introduced. d is the transition
dipole and E(t) the laser field, such that −d · E(t) = −~f (t)/2 exp (−iωL t), where f (t) denotes the real envelope
function of the exciting laser. f (t) is taken to be a pulse train consisting of Gaussian functions, where each Gaussian
has an area Θ and a pulse length measured by the full-width-at-half-maximum (FWHM). Every TPulse the maximum
of a Gaussian hits the QD. The dot is coupled to a single-mode microcavity via

HC = ~∆ωCL a† a + ~g a† |GihX| + a|XihG| .
(3)

The single-mode photons of the cavity are created (annihilated) by the bosonic operator a† (a) and are detuned by
∆ωCL := ωC − ωL with respect to the laser frequency. The coupling strength between the QD and the microcavity is
denoted by ~g. Furthermore, the pure dephasing-type coupling [1–3] between the QD and a continuum of longitudinal
acoustic (LA) phonons is modeled as
X
X

HPh = ~
ωq b†q bq + ~
γqX b†q + γqX∗ bq |XihX| ,
(4)
q

q

b†q

(bq ) creates (destroys) phonons with frequency ωq . γqX denotes the deformationwhere the bosonic operator
potential-type coupling constant between the exciton state and the q-th bosonic mode, which is obtained as the
difference between the electron-phonon and hole-phonon constants, γqX = γqe − γqh . We consider bulk-phonon modes
with linear dispersion, ωq = vs |q|, with the sound velocity vs . With these assumptions the coupling constants take
on the form
|q|De(h)
γqe(h) = Ψe(h) (q) p
,
2V ρ~ωq

(5)

where ρ is the density of the material, V the sample volume, De(h) the deformation potential constant, and Ψe(h) (q)
the form factor that is obtained as the Fourier transform of the absolute square of the confined carrier wave functions.
The coupling constant enters the phonon spectral density
X
2
J(ω) =
γqX δ(ω − ωq ) ,
(6)
q

which in turn determines the depth of the phonon-induced memory [4]. Assuming a spherical dot with harmonic
confinement yields




2
ω3
ω 2 a2e
ω 2 a2h
J(ω) =
De exp − 2 − Dh exp − 2
,
(7)
4π 2 ρ~vs5
4vs
4vs

2
where ae(h) denotes the electron (hole) confinement length.
For the calculations in the main text, we use values that are typical for GaAs self-assembled QDs [5]: De = 7.0 eV,
Dh = −3.5 eV, ρ = 5370 kg/m3 , vs = 5110 m/s, ae /ah = 1.15. This leaves only the dot diameter as a free parameter
in the shape of the electron confinement length, i.e., 6 nm = 2ae , as quoted in the main text.
Finally, radiative decay of the QD exciton as well as cavity losses are included via Lindblad-type superoperators
L|GihX|,γ • and La,κ •, respectively, with


1
•, O† O + .
(8)
LO,Γ • = Γ O • O† −
2

Here, {·, ·}+ denotes the anti-commutator, O is a system operator, and Γ the decay rate of the associated loss process.
We solve the Liouville-von Neumann equation
i
ρ̇ = − {H, ρ}− + Lρ
~

(9)

with H = HDL + HC + HPh and L• = L|GihX|,γ • +La,κ •, where {·, ·}− is the commutator. The density matrix ρ is
assumed to initially factorize into a subsystem part corresponding to the dot-cavity system (DL+C) and a phonon
part (Ph). The phonon part is initially taken to be a thermal distribution. We employ an iterative real-time path
integral method [6, 7] to obtain the time-dependent reduced density matrix ρ̄ = TrPh [ρ]. To the best of our knowledge
this method is so far the only one where accounting for the influence of the infinitely many LA phonon modes has been
realized in a numerically complete way, i.e., without any further approximations to the model described above, since
all phonon contributions can be integrated out analytically. Furthermore, recent developments within this formalism
allow for the consistent and natural inclusion of Lindblad-type losses [8] and the consideration of more subsystem
levels beyond the few-level limit due to an exact reformulation of the iterative scheme [9]. In fact, the reformulation
presented in the supplement of Ref. [9] reduces the numerical demand in our present application by many orders
of magnitude without which the simulations presented in the main text would have been impossible. Finally, the
two-time photonic correlation function G(2) (t, τ ) = ha† (t)a† (t + τ )a(t + τ )a(t)i necessary for the calculation of the
single-photon purity is obtained following a numerically complete algorithm that has been proposed recently [10]. In
particular, this algorithm avoids the quantum regression theorem, which is valid only when all bath interactions are
Markovian [11]. Indeed, it is known that the coupling to LA phonons induces a memory of several picoseconds [4]
and thus a Markovian treatment of the QD-phonon interaction would not be adequate.
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Light trapping is a crucial mechanism for synchronization in optical communication. Especially
on the level of single photons, control of the exact emission time is desirable. In this paper, we
theoretically propose a single-photon buffering device composed of a quantum dot doped with a
single Mn atom in a cavity. We present a method to detain a single cavity photon as an excitation
of the dot. The storage scheme is based on bright to dark exciton conversion performed with an offresonant external optical field and mediated via a spin-flip with the magnetic ion. The induced Stark
shift brings both exciton states to resonance and results in an excitation transfer to the optically
inactive one. The stored photon can be read out on demand in the same manner by repopulating
the bright state, which has a short lifetime. Our results indicate the possibility to suspend a photon
for almost two orders of magnitude longer than the lifetime of the bright exciton.
I.

INTRODUCTION

Self-assembled quantum dots (QDs) are optically active and allow the control of electronic states with
light.1–4 In return, they can serve as photon sources,
which makes them attractive for quantum communication devices.5,6 A QD–cavity system greatly increases
light emission efficiency due to the Purcell effect7 and
has a favored direction of emission in contrast to a standalone QD, providing easier in- and outcoupling. While
QDs in cavities are a suitable platform for quantum information processing devices,8 the realization requires the
synchronization of signals,9 for which a photon buffer is
desirable.
In all-optical systems, buffers were realized with fibers
and waveguides.9–12 Another proposed realization of an
optical memory cell is a three-level Λ system, which gives
the possibility to store information in a dark state.13 Extremely long light storage was achieved in atomic systems, where the slow light effect is commonly based on
electromagnetically induced transparency (EIT). Adequate coupling in the Λ system highly reduces the group
velocity of light and results in slow propagation of a
beam through atoms or even reversible trapping of light
in atomic excitations.13–16 Recent experiments were performed even on the single-photon level,17–19 raising hopes
for use in quantum communication. Atomic systems
were also used to store time-entangled solitons in a cavity, representing a step towards multiplexed quantum
communication.20
In solid-state systems, photons may be absorbed and
stored as excitons. However, the typical lifetime of a
bright exciton is short (typically a few hundred ps up to
one ns). Therefore, a separated electron-hole pair, the

indirect exciton, was used in coupled nanostructures to
extend the storage time.21–29 On the other hand, in a single QD–cavity system, the lifetime of an exciton may be
increased by the Stark shift, which decouples the exciton
from the cavity mode.30 A more attractive direction for
storing excitations in a QD is to use a dark state, which
lives for at least an order of magnitude longer than the
bright one. For a long time, dark excitons were beyond
much interest as they are not optically active and hence
not directly accessible.
Recent progress allows for indirectly accessing the dark
exciton with light31,32 or other complexes,33 but alloptical control of the dark state using an intermediate biexciton state has also been proposed for the use
as a long-lived qubit.31,34–37 Another possibility is the
coupling of bright and dark states using micromechanical resonators, making the dark state addressable by
light.38 Still, it is much easier to excite the bright state.
Hence, a method to realize the bright-to-dark conversion
for excitation storage was already proposed for colloidal
systems.39 Yet, they cannot be easily integrated on-chip.
A dark state was also used as a microsecond valley polarization memory in transition metal dichalcogenides.40
More recently, a controllable occupation transfer between
bright and dark excitons in a QD–cavity system was
suggested.41
Our method facilitates QDs with a single magnetic
dopant, which can be deterministically fabricated for
several years,42 with dopand atoms like Manganese
(Mn),43,44 Cromium,45 Iron,46 or Cobalt.47 Interestingly,
the spin state of the dopant can be changed via optical
control.48–52
Here, we choose a Mn doped CdTe/ZnTe QD in a
microcavity.53 The exchange coupling between the Mn
and the electron spin enables a coupling between bright

2
in the p-like heavy-hole band.
Excitons form as pairs of conduction band electrons
and valence band heavy holes. Having a spin component
of Szh = ± 23 , heavy holes can form two types of excitons with the spin- 12 electrons: the optically active bright
states with a circular polarization of ±1 and the dipoledark states with ±2. For typical fine-structure splittings
of a few tens of µeV57 between the two bright exciton
states of opposite circular polarization, only excitons of
one polarization need to be considered, if the external
driving has a defined circular polarization.55,58,59
Doping such a QD system with a single Mn ion, which
has a spin of 25 , introduces an additional state space,
namely the six possible orientations of its spin. The Mn
spin interacts with electrons and holes via the exchange
interaction43,48,62,72–74
Hex = je M · S e + jh M · S h ,

(1)

where M denotes the spin of the Mn ion. S e (S h )
is the operator of the electron (hole) spin in the QD.
e/h

je/h = Je/h Ψ0 (rMn )

FIG. 1. (a) Sketch of the QD–cavity system. The Mn ion
provides the magnetic field necessary to facilitate the storage of a single cavity photon. An off-resonant external laser
controls both the storage and the release time and thus the
entire buffering procedure deterministically. (b) The Λ-type
three-level model of the QD. The spin configuration of the
two exciton states is symbolized by arrows.
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are composed of the coupling

constants Je/h between the electon/hole and the Mn spin
(cf., Table I) and the carrier ground state wave function Ψ0 at the position rMn of the Mn atom. Modelling
the QD with a hard wall cubic potential74,75 with inplane widths of 6 nm and a height of 2 nm, the coupling
strengths je/h depends on the position of the Mn atom.
For a more intuitive understanding of the exchange
Hamiltonian, it can be rewritten as

je
e
e
M+ S−
+ M− S+
2

jh
h
h
+jh Mz Szh +
M+ S−
+ M− S+
2

Hex = je Mz Sze +
and dark excitons in the quantum dot under the simultaneous flip of the Mn spin.48,54 Given a spin state, the
states can be interpreted as a Λ-type three-level system,
as specified in the next section. The main advantage
of using a magnetically doped QD is its intrinsic property to couple bright and dark excitons, such that no
external magnetic field needs to be applied as in other
studies.41,55,56
The buffering scheme relies on storing the photon in
the dark state. After the photon is converted to the
bright exciton state, an AC-Stark pulse is utilized to facilitate the conversion of the bright into a dark exciton.
We stress that the Stark pulse is the only external pulse
which is used in the buffering scheme.

II.

MN-DOPED QUANTUM DOT SYSTEM

We consider a self-assembled CdTe quantum dot (QD)
doped by a single Mn ion inside a ZnTe micropillar cavity. Due to the strong spatial confinement of the carriers
in the QD, only the lowest conduction band state and
the uppermost valence band state need to be considered,
namely electrons in the s-like conduction band and holes

e/h

e/h

(2)
e/h

with M± := Mx ± iMy and S± := Sx ± iSy . The
Ising terms1 arising from the z-component of the interaction lead to energy shifts of the exciton states with
different spin configuration. These contributions lead to
the characteristic splitting of the exciton line into six lines
even at zero magnetic field.42–44,73 The electron flip-flop
term2 on the other hand results in a coupling between
the excitonic bright state with total spin ±1 and the excitonic dark state with ±2 via simultaneous spin flip.
While usually the flip-flop term is much weaker than the
energetic splitting, for an applied magnetic field in Faraday configuration, this coupling is seen as anti-crossing
in the optical spectrum at a field of several Tesla. Note
that the flip-flop term regarding the hole3 can be neglected since the hole spin is pinned in a pure heavy-hole
system.48
Assuming the Mn spin to be initially prepared in the
state Mz = − 25 , we can reduce our system to a threelevel system. This preparation can be achieved by thermal occupation at low temperatures: by applying a magnetic field, it becomes the energetically lowest state.48
Then, the three states are: the ground state without an
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TABLE I. Parameters used for the simulations.
Electron-Mn coupling
Je [meV nm3 ]
Hole-Mn coupling
Jh [meV nm3 ]
Intrinsic dark-bright splitting
δXD [meV]
Mn g-factor
gMn
Electron g-factor
ge
QD–cavity coupling
~g [meV]
Cavity loss rate
κ [ns−1 ]
Radiative decay rate of |Xi
γX [ns−1 ]
Residual decay rate of |Di
γD [ns−1 ]
Electron deformation potential
De [eV]
Hole deformation potential
Dh [eV]
Density
ρD [kg m−3 ]
Sound velocity
cs [m s−1 ]
Electron-to-hole confinement ratio
ae /ah
Electron confinement radius
ae [nm]

electronic excitation |Gi := |0, − 52 i, the bright exciton
|Xi := | − 1, − 52 i, and the dark exciton |Di := | − 2, − 32 i.
Here, the first entry denotes the total spin of the electronic excitation and the second one the Mn spin orientation. Note that a circular polarization of the external
laser of −1 is assumed, from which the sign of the bright
exciton spin follows.
III.

MODEL OF THE Λ-TYPE THREE-LEVEL
SYSTEM

In the basis of the three states |Gi, |Xi, and |Di the
Hamiltonian reads as follows:
H = HQD + Hflip + Hdriv (t) + HC + HPh ,

(3)

consisting of the QD part HQD and the flip-flop term Hflip
as introduced in Equation (2). In addition, we account
for the driving of the system with an external laser pulse
Hdriv (t), the coupling to a single-mode cavity HC , and
the coupling to longitudinal acoustic (LA) phonons HPh .
A sketch of the system and its level structure is shown in
Figure 1.
The QD part is composed of
HQD = ~ωX |XihX| + (~ωX − δeff ) |DihD| ,

(4)

where the energy of the ground state is set to zero, the
bright exciton has the energy ~ωX , and the effective darkbright splitting is δeff . Three contributions enter the
latter quantity: the intrinsic splitting δXD due to the
electron-hole exchange interaction, the splitting arising
from the Ising terms in Eq. (2), and a Zeeman splitting
due to an external magnetic field in Faraday configuration B = Bz ez
3
δeff = δXD − 2je + jh + (gMn − ge ) µB Bz .
2

(5)

−15
60
0.95
2.0075
−1.5
0.1
8.5
2.4
0.01
−5
1
5510
4000
1.38
3.0

60
60
61
62
43
63
64
63
65
66
66
66
66
67,68
69–71

gMn and ge denote the Mn and the electron g-factors (cf.,
Table I), respectively, and µB is the Bohr magneton.
One arm of the Λ-type system is coupled by the flipflop term
1
Hflip = − J (|XihD| + |DihX|) .
2

(6)

The interaction strength results from calculating the corresponding
matrix elements in the three-level basis as
√
J = − 5je . We assume the position of the Mn atom to
be 30 % away from the QD edge in both x and y direction and 13 % in z direction. This results in a coupling
strength of J = 0.25 meV. This value can be interpreted
as the Mn spin providing an effective magnetic field for
the excitons with a strength of roughly 3 T.
The other arm of the Λ-type system, i.e., the ground
to bright exciton state transition is driven by an external laser classically described by the function f (t) =
fACS (t)e−iωACS t with the real envelope function fACS (t)
and the off-resonant AC-Stark frequency ωACS [cf., Figure 1(b)]. Although the AC-Stark pulse is off-resonant,
the parameters are chosen such that the conditions for
the usual dipole and rotating wave approximations still
hold and the corresponding coupling can be written
as:76,77
~
Hdriv (t) = − (f ∗ (t)|GihX| + f (t)|XihG|) .
2

(7)

The coupling to the single-mode cavity with strength
g [cf., Figure 1(b)] is described by a Jaynes-Cummings
model

HC = ~ωC a† a + ~g a|XihG| + a† |GihX| ,
(8)
where a (a† ) is the annihilation (creation) operator for a
photon at the cavity frequency ωC , which is assumed to
be on resonance with the bright state ωX .

4

X
q


γq b†q + γq∗ bq (|XihX| + |DihD|) . (9)

bq (b†q ) annihilates (creates) a phonon in the mode q
with the frequency ωq . Both exciton states are assumed
to couple to the environment with the same strength
γq . The role of phonons in QD–cavity systems is typically considered to be detrimental to the preparation
of photonic quantum states, e.g., single photons83–91 or
entangled photon pairs.92–98 Nonetheless, in specific situations a phonon enhancement of the single-photon purity
is found.99,100 Also, a boost in the entanglement of two
photons has been predicted to be a result of the phonon
interaction.101
Furthermore, we account for cavity losses (La,κ ) as well
as radiative decay of the bright exciton (L|GihX|,γX ) and
losses of the dark exciton (L|GihD|,γD ) using Lindblad superoperators acting on the density matrix ρ as


1
ρ, O† O + ,
(10)
LO,Γ ρ = Γ OρO† −
2
where {A, B}+ is the anti-commutator of operators A
and B. These superoperators describe phenomenologically loss processes with rate Γ on a dissipation channel
O.
We use an interaction picture representation of this
Hamiltonian for the numerics as well as the physical discussion, in order to eliminate fast oscillating terms in
the dynamics resulting from transition energies in the
eV range. The noninteracting Hamiltonian used for this
transform is41
H0 = − ~∆ωAX |GihG| + ~ωX (|XihX| + |DihD|)
+ ~ωACS a† a .

(11)

Here, the detuning between the laser and bright exciton
frequencies ∆ωAX := ωACS − ωX has been introduced.
Then, the transformed Hamiltonian is HI = U † (H −
H0 )U with U = exp [−(i/~)H0 t].
We choose parameters from the experimental literature, in order to perform simulations as realistic as possible. The values are given in Table I together with corresponding references.
The dynamics is obtained as the solution of the
Liouville-von Neumann equation
∂
i
ρ = − {H, ρ}− + La,κ ρ + L|GihX|,γX ρ + L|GihD|,γD ρ
∂t
~
(12)
with the commutator {A, B}− of operators A and B.
We treat the phonon Hamiltonian in a numerically exact
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To model the decoherence in the QD, we consider that
the QD is coupled to an environment of LA phonons in
the bulk material [cf., Figure 1(a)]66,78–82
X
HPh = ~
ωq b†q bq
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FIG. 2. A single cavity photon is stored in the dark exciton
state of the QD using a first writing AC-Stark pulse (bottom
panel). The occupations of the ground state |Gi, the bright
exciton |Xi, the dark exciton |Di, and the 1-photon Fock
state |1i are depicted: ideal case without phonons and losses
(dashed lines); including radiative and cavity loss effects (solid
lines). A second readout AC-Stark pulse retrieves the single
photon. The time between the pulses is the buffer time τ .

way using a path-integral formalism.69,102–105 By numerically exact we denote a solution that depends only on
the time discretization and the memory length as the sole
convergence parameters. Beyond these two convergence
parameters, no approximations enter the solution for the
QD–cavity dynamics.
Physically, the phonon influence isPfully captured by
the phonon spectral density J(ω) = q |γq |2 δ(ω − ωq ).
Assuming harmonic confinement and a linear dispersion
ωq = cs |q| with sound velocity cs , the spectral density
reads

2
ω3
−ω 2 a2e /(4c2s )
−ω 2 a2h /(4c2s )
J(ω) =
D
e
−
D
e
,
e
h
4π 2 ρD ~c5s
(13)
where we have considered deformation potential coupling
which is usually the dominant coupling mechanism.79
Here, ρD is the density of the material, De (Dh ) the
electron (hole) deformation potential, and ae (ah ) the
electron (hole) confinement radius, listed in Table I.
IV.

BUFFERING PROTOCOL
A.

General idea

We propose a protocol to buffer a single cavity photon
deterministically using the Λ-type three-level system described in Section III. Initially, we assume the QD to be
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in its ground state |Gi and one photon to be present in
the cavity, i.e., the initial state of the QD–cavity dynamics is |G, 1i (cf., Figure 2), where we have introduced
the notation |χ, ni for the QD–cavity product space with
χ ∈ {G, X, D} and the photon number n. Due to the
QD–cavity coupling, the cavity photon is absorbed into
the bright state |Xi after half a coherent Rabi oscillation.
Then, the dark state |Di is prepared using a recently proposed protocol relying on the optical Stark shift.41 The
transfer of the excitation from the bright to the dark
state is triggered deterministically using an off-resonant
AC-Stark pulse, which shifts the bright state energy such
that the bright and dark states are effectively in resonance. The pulse duration is chosen such that exactly
half a Rabi oscillation between the two exciton states is
possible.
To present a physically clear picture of the processes involved in the buffering scheme, we use rectangular pulses
with smoothed edges for the AC-Stark pulse envelopes,
following Ref. 41
fACS (t) =

1+

e−α(t−ton )



f0
.
1 + e−α(tACS −(t−ton ))
(14)

Here, α determines the rise time of the pulse, which we
set to 10 ps−1 , ton is the switch-on time, and tACS the
pulse duration. The pulse amplitude f0 is determined by
the effective dark-bright splitting δeff , which needs to be
bridged, and the pulse duration tACS by the oscillation
frequency J.
During the pulse, when the amplitude is essentially f0 ,
the induced optical Stark shift is
q

~
2 + f 2 − ∆ω
∆EStark =
∆ωAX
(15)
AX
0
2
for ∆ωAX > 0.41 By setting ∆EStark = δeff , the pulse
amplitude necessary to bridge the dark-bright splitting
is determined to be
s
2
δeff
2 .
f0 =
2
+ ∆ωAX − ∆ωAX
(16)
~
The length tACS of the pulse has to correspond to half a
Rabi oscillation between the two exciton states mediated
by the spin-flip coupling41
2π~
tACS = q
,
2
2 J 2 + (δeff − ∆EStark )

(17)

which simplifies to tACS = π~/J for ∆EStark = δeff .
This leaves only the detuning with respect to the bright
exciton frequency ∆ωAX as a free parameter. For a darkbright splitting in the order of a meV, it has been shown
that a detuning of ∆ωAX = 15 meV is favorable for the
transfer of the excitation from the bright to the dark
state.41

Since the dark state is not optically active, it is a
metastable state. This is reflected in its decay rate γD
being about two orders of magnitude smaller than the
radiative decay rate γX of the bright state (cf., Table I).
Therefore, in an ideal system free of losses and decoherence, the excitation is expected to stay in the dark state
indefinitely. The release of the photon is facilitated by
the reverse process with a second AC-Stark pulse.
The time evolution of this protocol in the ideal case
(without taking phenomenological losses or phonons into
account) is presented in Figure 2 (dashed lines), which
shows the occupation of the three states together with
the occupation of the 1-photon state and the applied laser
pulses as functions of time. The dynamics behaves as predicted by the writing scheme described above. Indeed,
the occupation of the dark state after the first writing
pulse is close to unity. Small-amplitude oscillations appear due to the residual coupling to the bright state,
which depend both on the coupling J and the splitting
δeff between the bright and the dark state.
To release the photon after the buffering time τ (23.5 ps
in the example shown in Figure 2), a second readout ACStark pulse is required (cf., bottom panel of Figure 2).
When the excitation is transferred back to the singlephoton state, Rabi oscillations between the cavity mode
and the bright exction are observed. These oscillations
are undamped in the ideal case, where no phonon coupling and no phenomenological loss processes are considered (cf., dashed lines in Figure 2). The maximum
occupation of the 1-photon state |1i is 99.95 %, implying a close to perfect writing and readout of the buffered
single photon in the ideal case.

V.

STORAGE PERFORMANCE

The key quantity of interest in a buffering scheme is
the retrievable percentage of the stored photon after the
buffering time τ . Therefore, we here discuss the dependence of this captured 1-photon occupation on the buffering time τ and various system parameters, including the
dark-bright coupling J, the splitting δeff , and the temperature T . An example of the influence of phenomenological losses on the buffering scheme is shown in Figure 2(b) (solid lines). We find that the scheme is degraded and here we quantify the amount of storage which
is still achievable. Since damped Rabi oscillations between the bright exciton and the cavity occur in the protocol proposed in Section IV after the readout AC-Stark
pulse when including phenomenological losses, we take
the maximum captured 1-photon occupation (C1PO) after the readout pulse as a measure of the retrievable percentage of the stored photon.
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FIG. 3. The maximum captured 1-photon occupation (C1PO)
after the second AC-Stark pulse as a function of the buffering
time τ , i.e., the delay time between the two pulses. The dependence is shown for different coupling strengths J between
the bright and the dark state. Labels indicate the decay time
τ ∗ extracted from fitting an exponential function to the corresponding curve (cf., main text for detailed explanation).

A.

Influence of the dark-bright coupling J

Figure 3 shows the dependence of the C1PO on the
buffering time τ , i.e., the delay time between the two ACStark pulses. These calculations are performed considering phenomenological losses, but without taking phonons
into account. The red line corresponds to the coupling
J = 0.25 meV. After initial oscillations, the C1PO decreases exponentially. The oscillations are a direct consequence of the dark-bright coupling with strength J,
which is off-resonant due to the dark-bright splitting δeff .
This off-resonance leads to low-amplitude high-frequency
oscillations of the dark state occupation in between the
writing and readout pulses (cf., Figure 2). When the
second AC-Stark pulse arrives during a minimum of this
oscillation, the corresponding value of the C1PO also becomes minimal.
The damping of these oscillations and the subsequent
exponential decay shown in Figure 3 is a result of the
decay of the dark state |Di. While its decay rate γD corresponds to a lifetime of 100 ns, the residual off-resonant
coupling to the bright state, which decays two orders of
magnitude faster, leads to a much faster effective decay
of the dark state.
Fitting an exponential function of the form
C1POfit (τ ) = c e−τ /τ

∗

(18)

using the scaling constant c and the decay time τ ∗ as
free parameters, one obtains a decay time of τ ∗ = 45.8 ns.
This value corresponds exactly to the effective decay time
of the dark state (not shown here), corroborating the
conclusion that the storage performance between writing
and readout only depends on the decay of the dark state
|Di.

Increasing J while keeping all the other parameters
fixed, yields a shorter decay time τ ∗ (cf., black line in
Figure 3) and thus a worse performance of the storage
protocol. The reason is the increased oscillation amplitude between |Di and |Xi stemming from the larger
dark-bright coupling. Therefore, the interaction with
the faster-decaying bright state is more effective. The
higher oscillation amplitude is reflected in the larger initial oscillation amplitude of C1PO. The reverse argument
holds for a smaller coupling strength J and indeed for
J = 0.05 meV (cf., blue line in Figure 3) τ ∗ = 95.8 ns is
already close to the lifetime of 100 ns of the dark exciton
without exchange coupling to the bright exciton.
Overall, decay times on the order of a few tens of ns
suggest a high storage performance. In comparison, a
single photon inside a high-Q cavity with a quality factor of 2.68 · 105 ,64 corresponding to our value of κ (cf.,
Table I), has a decay time of κ−1 = 118 ps. Therefore,
the buffering protocol presented here facilitates a storage
time roughly two orders of magnitude longer.
Note that changing the dark-bright coupling J experimentally means that the location of the Mn atom rMn
needs to be changed, thus requiring different QD samples. Changing the Mn position also changes the shifts
induced by the carrier-Mn Ising terms. Therefore, an additional magnetic field in Faraday configuration would be
necessary to keep δeff constant [cf., Eq. (5)].

B.

Influence of the dark-bright splitting δeff

In the previous section, it became clear that the main
loss channel during the storage time is the effective decay
of the dark state. This in turn depends on the residual
coupling to the bright state, which is determined by J
and δeff . In this section, we analyze the influence of the
latter by repeating the calculations of C1PO(τ ) by varying δeff and fitting Eq. (18) to the resulting curves, in
analogy to Figure 3. We keep the dark-bright coupling
fixed at J = 0.25 meV.
The dependence of the decay time τ ∗ on the effective
dark-bright splitting δeff is shown in Figure 4(a). Without an external magnetic field in Faraday configuration,
the splitting is 1.85 meV and the decay time τ ∗ corresponds to the red line in Figure 3.
By applying a field with magnitude Bz , the effective
splitting is changed [cf., second axis in Figure 4(a)]. At
constant J, a higher splitting means that the residual
coupling of the dark to the bright state is weaker. This
closes the corresponding radiative loss channel more and
more, such that τ ∗ converges to the intrinsic decay time
−1
of the dark state γD
= 100 ns. The opposite argument
holds for smaller splittings. Without any splitting, the
two exciton states would perform coherent full-amplitude
Rabi oscillations with a frequency corresponding to J,
such that the radiative decay channel would diminish the
storage performance maximally.
Assuming g  δeff and J  δeff , which holds well for
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FIG. 4. The dependencies of the decay time τ ∗ and the C1PO at τ = 0 on the effective splitting δeff between the dark and
bright state [panels (a) and (b)] without taking phonons into account and on the temperature T [panels (c) and (d)] including
phonon effects. The red solid line in panel (a) is the approximate analytical prediction from Equation (19). For the temperature
dependent study, the splitting is set to δeff = δXD = 0.95 meV.

the parameters considered in Figure 4(a), an analytical
approximation of the following form can be derived:
∗

τ (δeff ) =

"

J
2δeff

2

(γX − γD ) + γD

#−1

.

(19)

This function is plotted in Figure 4(a) as a red solid
line, reproducing the numerically obtained data well.
To analyze the performance of the writing and reading
process separately from the losses during storage, we take
the C1PO for τ = 0 as a measure, i.e., the writing and
readout pulses merge to a single pulse of length 2tACS .
This value indicates, what percentage of the initially
present photon can be retrieved after writing it to the
dark state and immediately reading it out again. Note
that due to the initial oscillations of C1PO(τ ) (cf., data
shown in Figure 3), the fit parameter c in Eq. (18) does
not necessarily correspond to the value of C1PO(τ = 0).
The results are shown in Figure 4(b). Overall, the
losses during writing and readout are restricted to values
between 10 % and 20 %, originating from the loss rates
γX and κ.

C.

Temperature dependence

Including the coupling of both the bright and the dark
exciton states to LA phonons as described by Equation (9) leads to a faster decay of the initial oscillations

of C1PO(τ ) and a faster subsequent exponential decay.
We perform this analysis for a dark-bright splitting of
δeff = δXD = 0.95 meV, i.e., for the intrinsic splitting
due to the electron-hole exchange, with a coupling of
J = 0.25 meV.
The resulting decay times τ ∗ and values of C1PO(τ =
0) are shown in Figure 4(c) and (d), respectively. The
phonon-free results are marked by dashed black lines.
At T = 4 K, the decay time is close to its phonon-free
counterpart. With rising temperature, though, the decay
times become drastically shorter. At T = 77 K, it is only
roughly a quarter of the phonon-free value. The reason
is the asymmetry of phonon absorption and emission at
low temperatures that vanishes at higher temperatures.
During storage, the state |D, 0i is mostly occupied. The
state |G, 1i lies δeff = 0.95 meV above it and thus cannot
be reached by phonon emission, which is predominant at
low temperatures. In contrast, at higher temperatures,
δeff can be bridged by phonon absorption. Thus, an additional decay channel of the dark state |D, 0i opens during
storage. Reducing the residual coupling during storage
by means of smaller J or a δeff much larger than the
maximum of the phonon spectral density should therefore weaken the phonon influence, too.
The losses due to writing and readout are also hardly
influenced at low temperatures, while they become
stronger with rising T . This means that the preparation
of the dark state during writing is already incomplete.
The reason lies in the fact that the phonon interaction
dampens the Rabi oscillations between the bright state
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and the cavity to an extent that already the transfer from
the single-photon state to the bright exciton (before the
writing pulse) is incomplete.

VI.

STORAGE OF A SINGLE PHOTON OUT
OF THE STATE |ni WITH n > 1

We have demonstrated the buffering capacity of our
protocol concerning a single-photon state. Now, the
question arises how it performs, when higher-order Fock
states are present in the cavity. To this end, we consider the state |G, 2i as the initial value of the QD–
cavity system and buffer one of the two photons present
in the cavity using the presented protocol. The occupation dynamics is shown in Figure 5(a) for a fixed
τ = 15.5 ps. The analysis is performed for J = 0.25 meV
and δeff = δXD = 0.95 meV as before. Dashed lines show
the ideal case, while solid lines depict the case including
phenomenological losses.
We consider both the C1PO and the captured 2-photon
occupation (C2PO) after the buffering time τ in Figure 5(b) (black and red lines, respectively). All loss processes and the phonon influence at T = 4 K are taken
into account in these results. The C2PO decays exponentially. The rate corresponds exactly to the cavity loss
rate κ. Since one of the two initially present photons is
stored in the dark state, the remaining single photon can
leave the cavity via the cavity loss channel. Retrieving
the other photon from the dark state and recombining it
with the remaining one to yield the initial Fock state |2i
is only possible, when the remaining one has not left the
cavity yet.
Nonetheless, the effective buffering of the 2-photon
Fock state outperforms the case, where the state |2i decays without using a storage scheme. The reason is the
fact that the Fock state |ni decays with an effective rate
of nκ. Therefore, our single-photon buffering protocol
can reduce this effective rate to (n − 1)κ, as shown here
for the case n = 2. Meanwhile, the dependence of the
C1PO on the buffering time corresponds again to the
effective lifetime of the dark state of about ∼ 20 ns. Interestingly, the dependence of the C1PO on τ is, even
when disregarding the high-frequency oscillations in the
beginning, nonmonotonous. The reason is the photon
that remains in the cavity: the Rabi frequency of the oscillations between the bright state and the cavity depends
on the number of photons present in the cavity. Since the
frequencies for the different photon numbers are incommensurable, changes in the amplitude and therefore the
nonmonotonicity of the C1PO are the consequence.

VII.

TOWARDS EXPERIMENTAL
REALIZATION

To present a clear and well understandable physical
picture of the buffering scheme, we used rectangular

pulses with smoothed edges as model AC-Stark pulses
[cf., Eq. (14)]. While such pulses can be generated using fast electro-optical modulators to cut the desired envelopes out of a continuous wave laser,41 the rise time
of 1/α = 0.1 ps assumed in Section IV A in combination
with the pulse length necessary for the protocol is out of
reach with current state-of-the-art equipment.41 Experimentally, it is a far lesser challenge to use pulses with
Gaussian envelopes.
The AC-Stark pulses are needed for the excitation
transfer from the bright to the dark state for the writing and vice versa for the readout procedure. Therefore,
we compare the storage capacity of differently shaped
pulses by using the maximum occupation of the dark
state |Di after the first (writing) pulse (cf., Figure 2) as
a target quantity in the following. Note that any losses
experienced during writing occur again at readout, thus
influencing the C1PO two times. Nonetheless, the pulse
shape should not have any influence on the decay time
τ ∗ during storage, since there are no pulses in the time
interval between writing and readout.
Using Gaussian pulses of the form
fACS (t) = √

(t−t0 )2
Θ
e− 2σ2 ,
2π σ

(20)

three parameters have to be determined: the pulse area
Θ, the standard deviation σ, which is connected
√ to the
full width at half maximum via FWHM = 2 2 ln 2 σ,
and the time t0 , where the maximum of the pulse occurs.
While the three parameters f0 , tACS , and ton can be determined from analytical considerations for rectangular
pulses from Ref. 41, predicting an optimal set of Gaussian
pulse parameters is not straightforward. Therefore, we
numerically search for the maximum occupation of |Di
in the parameter space spanned by Θ, σ, and t0 by discretizing all three parameters. At T = 4 K for example,
this optimum is given by Θ = 33.77π, FWHM = 7.14 ps,
and t0 = 15.01 ps. We perform this optimization for
the parameters used in the last two sections, namely
J = 0.25 meV and δeff = δXD = 0.95 meV.
Figure 6 shows the results depending on the temperature T . Although the rectangular pulses consistently outperform the Gaussian ones, the loss in occupation due to
the experimentally easier to implement Gaussian shape is
only around 5 percentage points for all considered temperatures. Therefore, the presented buffering protocol
also works with Gaussian instead of rectangular pulses.
This provides a path to an experimental realization in
the near future.
Finally, let us comment on the usage of a semimagnetic QD for this protocol. The dark-bright coupling
provided by the Mn atom is crucial for the operation of
the protocol. The advantage of the Mn doping is that
the dark-bright interaction is provided by an intrinsic
degree of freedom of the QD. Nonetheless, this coupling
could also be provided by an additional external magnetic field in Voigt configuration without using the Mn
atom as a mediator.41 Therefore, our proposed storage
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FIG. 5. (a) Same protocol as in Figure 2, but for an initial QD–cavity state of |G, 2i. While one of the photons is stored in
the dark state, the remaining one can leave the cavity, when cavity losses are taken into account. Ideal case without phonons
and losses (dashed lines); including radiative and cavity loss effects (solid lines) (b) The maximum captured photon occupation
after the second AC-Stark pulse as a function of the buffering time τ . Here, both phenomenological loss effects and the phonon
influence at T = 4 K are taken into account.
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state and one that is dipole dark. The storage protocol
relies on a coherent transfer of the photon occupation
to the bright exciton due to Rabi oscillations. Then, an
AC-Stark pulse shifts the bright state to be in resonance
with the dark exciton. A coherent excitation transfer
during the length of the pulse prepares the dark state,
which due to its optical inactivity is a metastable state
with long lifetime. The readout procedure is exactly the
reverse process.
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FIG. 6. The maximum occupation of the dark exciton |Di
after the storage pulse depending on temperature. Pulses
with rectangular envelope are compared with Gaussian pulses.

protocol should in principle also work in nonmagnetic
QDs.

VIII.

CONCLUSION

We proposed a protocol to deterministically write and
read a single photon in a QD–cavity system. Assuming
a CdTe QD isoelectrically doped with a single Mn ion
yields a Λ-type three-level system consisting of a ground
state and two exciton states, one optically active bright

We analyzed the influence of the dark-bright coupling
strength J and the effective dark-bright splitting δeff on
the performance of the protocol as well as its dependence
on temperature. During storage in the dark state, its
residual coupling to the bright state and thus to faster
loss channels is controlled by J and δeff . Reducing this
residual coupling by decreasing J or increasing δeff leads
to a better overall performance of the buffering scheme.
At rising temperatures, the phonon environment acts on
the coupling between the bright state and the cavity.
Thus, an additional loss channel during storage has to be
considered, which again can be influenced by adjusting
the residual coupling of the dark to the bright exciton.
Furthermore, phonons have a rather strong influence on
the writing and readout procedure. At high enough temperatures, already the transfer of the photon to the bright
exciton before writing becomes incomplete.
Nonetheless, for all considered parameter sets the overall storage time as measured by τ ∗ ranges from a few to
tens of ns. Thus, it is two orders of magnitude longer
than the lifetime of a photon in a high-Q cavity with a
quality factor of 2.68 · 105 .64
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Furthermore, we have shown that the proposed scheme
can store a single photon out of a higher-order Fock state
|ni with n > 1. Thus, the lifetime of the state |ni, which
is (nκ)−1 in a cavity with loss rate κ, can be extended to
[(n − 1)κ]−1 (for γD  κ).
Finally, we discussed the possibility of using Gaussian
pulses for the buffering protocol instead of rectangular
ones, which are experimentally out of reach with current
equipment for the pulse characteristics needed for the
protocol. For optimal pulse parameters, Gaussian pulses
can be used successfully. Pulses of rectangular shape are
only ∼ 5 percentage points better concerning the dark
state occupation after the writing procedure.
Thus, we expect the proposed scheme to be realizable
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V. Savona, R. Houdré, and A. Badolato, Scientific Reports 8, 14811 (2018).
C. Liu, Z. Dutton, C. H. Behroozi, and L. V. Hau, Nature
409, 490 (2001).
L. V. Hau, S. E. Harris, Z. Dutton, and C. H. Behroozi,
Nature 397, 594 (1999).
Y. O. Dudin, L. Li, and A. Kuzmich, Physical Review A
87, 031801 (2013).
O. Katz and O. Firstenberg, Nature Communications 9,
2074 (2018).

with state-of-the-art equipment. After QDs have long
been discussed as on-demand single-photon sources, this
work paves the way for them to also be used as storage
components. Such a QD buffering device for single photons could serve as a building block in more complex QD
quantum information processing devices.
ACKNOWLEDGMENTS

This work was funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) –
project No. 419036043. M.Co. gratefully acknowledges
support by the Studienstiftung des Deutschen Volkes.

17

18
19

20
21

22

23

24
25

26
27

28
29

30

31

32
33

34

35

H. de Riedmatten, M. Afzelius, M. U. Staudt, C. Simon,
and N. Gisin, Nature 456, 773 (2008).
M. T. Rakher, R. J. Warburton, and P. Treutlein, Physical Review A 88, 053834 (2013).
E. Saglamyurek, T. Hrushevskyi, L. Cooke, A. Rastogi,
and L. J. LeBlanc, Physical Review Research 1, 022004
(2019).
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L. Schweickert, K. D. Jöns, K. D. Zeuner, S. F. Covre da
Silva, H. Huang, T. Lettner, M. Reindl, J. Zichi,
R. Trotta, A. Rastelli, and V. Zwiller, Appl. Phys. Lett.
112, 093106 (2018).
L. Hanschke, K. A. Fischer, S. Appel, D. Lukin,
J. Wierzbowski, S. Sun, R. Trivedi, J. Vučković, J. J.
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Diﬀerent Types of Photon Entanglement from a Constantly
Driven Quantum Emitter Inside a Cavity
Tim Seidelmann,* Michael Cosacchi, Moritz Cygorek, Doris E. Reiter, Alexei Vagov,
and Vollrath M. Axt
Bell states are the most prominent maximally entangled photon states. In a
typical four-level emitter, like a semiconductor quantum dot, the photon
states exhibit only one type of Bell state entanglement. By adding an external
driving to the emitter system, also other types of Bell state entanglement are
reachable without changing the polarization basis. In this work, it is shown
under which conditions the diﬀerent types of entanglement occur and
analytical equations are given to explain these ﬁndings. Furthermore, special
points are identiﬁed, where the concurrence, being a measure for the degree
of entanglement, drops to zero, while the coherences between the two-photon
states stay strong. Results of this work pave the way to achieve a controlled
manipulation of the entanglement type in practical devices.

1. Introduction
Entanglement of quantum states is one of the most remarkable and interesting physical eﬀects that separate the quantum mechanical from the classical world.[1,2] Entanglement
can be used to test quantum mechanical principles on a fundamental level, for example, by revealing violations of Bell
inequalities.[2,3] Furthermore, many fascinating and innovative
applications, for example, in quantum cryptography,[4,5] quantum communication,[6,7] or quantum information processing
and computing,[8–11] rely on entangled photon pairs.
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The deﬁning property of an entangled bipartite system is that its quantum mechanical state cannot be factorized into parts corresponding to the constituent subsystems.
There are four prominent states, which are
maximally entangled and known as the Bell
states, established for two entangled photons with horizontal H polarization and vertical V polarization
1
|Φ± ⟩ = √ (|HH⟩ ± |VV⟩),
2

(1)

1
|Ψ± ⟩ = √ (|HV⟩ ± |VH⟩).
2

(2)

In the following we will refer to these states as Φ Bell state (ΦBS)
and ΨBS. To create maximally entangled states, one of the best
established routes is via the cascaded relaxation in few-level systems like atoms, semiconductor quantum dots or F-centers.[12–15]
In this paper, we study under which driving conditions, a fourlevel emitter (FLE) placed in a microcavity produces entangled
photons being either in a ΦBS or ΨBS. We demonstrate that
a constantly driven FLE undergoes a sharp transition between
regions of high ΦBS and ΨBS entanglement for a certain twophoton resonance. At the transition the degree of entanglement
drops to zero at a special point, because the quantum state of
the system becomes factorizable. We will further study all twophoton resonances revealing a rich variety of diﬀerent scenarios
with or without switching the type of entanglement and with or
without special points of zero concurrence.

2. Generation of Entangled States
The generation procedure of entangled photons in a typical (nondriven) four-level system is as follows [see also Figure 1 (left)]:
In a ﬁrst step the uppermost state is prepared, for example, by
using two-photon resonant or near-resonant excitation with short
coherent pulses[16–24] or adiabatic rapid passage protocols.[25–28]
The excited emitter then decays into a superposition of the two
intermediate states which can be reached from the uppermost
state by emission of either a horizontally or vertically polarized
photon. In the subsequent decay to the ground state a second
photon is emitted. Since a component in the superposition that
was created by emitting a photon with a given polarization gives
rise to a second photon having the same polarization a ΦBS twophoton state is generated. Experiments and theoretical studies
in semiconductor quantum dots demonstrated the possibility to
generate ΦBS entanglement.[3,16,29–50]

© 2020 The Authors. Advanced Quantum Technologies published by Wiley-VCH GmbH
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The situation changes profoundly when the few-level system
is continuously driven by an external laser. Then additionally, it
becomes possible to create ΨBS entanglement. A possible mechanism could be that the uppermost state emits a horizontally polarized photon via one path way, is then re-excited by the laser
and then emits a vertically polarized photon via the other path.
Since the sequence of emission of a pair of H, V or V, H polarized
photons is identical, this process results in an entangled ΨBS.
Note that the states |HV⟩ and |VH⟩ are distinguished by the temporal order of the H or V polarized photon emissions. Indeed,
Sánchez Muñoz et al. found that under speciﬁc conditions the
resulting two-photon state is close to the ΨBS.[51] Here we will
show that ΨBS entanglement occurs under various conditions,
but also ΦBS entanglement is supported by a driven FLE system.
The key is adjusting the cavity modes to two-photon transitions
between the emerging laser-dressed states of the FLE. The situation of constant driving was also studied experimentally,[52,53]
where the emission spectra clearly demonstrated the transition
from the bare states toward the laser-dressed states.
To create entangled photon states in an optimal way, the FLE
is embedded inside a microcavity. By this, the coupling to the
cavity enhances the light-collection eﬃciency and the photon
emission rate due to the Purcell eﬀect.[42,54] Additionally, the
energetic placement of the cavity modes can have a profound
impact on the resulting degree of entanglement. By placing
the cavity modes in resonance with a two-photon transition of
the emitter[29,32,33,47,51,55] direct two-photon emission processes
dominate over sequential single-photon ones. Since the direct
two-photon emission is much less aﬀected by a possible whichpath information this conﬁguration results in a high degree of
entanglement of the emitted photon pairs,[32,33] at least at low
temperature.[29]

3. Driven Four-Level Emitter
3.1. Bare State Picture
We consider an externally driven FLE embedded inside a microcavity, adopting the model from ref. [51]. The FLE comprises the
energetic ground state |G⟩ at energy 0, two degenerate intermediate states |XH/V ⟩ with energy ℏ𝜔X , and the upper state |XX⟩
at energy 2ℏ𝜔X − EB . Note that it is quite common to ﬁnd the
state |XX⟩ not exactly at twice the energy of the single excited
states, which in quantum dots is known as the biexciton binding energy.[2,55,56] Optical transitions which involve the state |XH ⟩
(|XV ⟩) are evoked by horizontally (vertically) polarized light. Following ref. [51], we assume the ﬁne-structure splitting between
these two intermediate states to be zero. A sketch of the FLE is
shown in Figure 1 (left). The Hamiltonian of the FLE reads

Figure 1. Left: Sketch of the FLE including optical selection rules for transitions with either horizontally (H) or vertically (V) polarized light. In
addition, an external laser ﬁeld excites the system. Right: Sketch of the
laser-dressed states.

information is introduced by the external laser. In the frame
co-rotating with the laser frequency 𝜔L the corresponding
Hamiltonian reads
(
(
)
) √
̂ L = Ω 𝜎̂ D + 𝜎̂ † ;
(4)
𝜎̂ D = 𝜎̂ H + 𝜎̂ V ∕ 2
H
D
with the transition operators
𝜎̂ H = |G⟩⟨XH | + |XH ⟩⟨XX|,

(5a)

𝜎̂ V = |G⟩⟨XV | + |XV ⟩⟨XX|.

(5b)

We ﬁx the laser frequency to ℏ𝜔L = (2ℏ𝜔X − EB )∕2, such that
the energetic detuning between emitter transitions and laser is
set to
(
) E
Δ0 := ℏ 𝜔X − 𝜔L = B .
2

By this, we resonantly drive the two-photon transition between
ground state |G⟩ and upper state |XX⟩.
The FLE is embedded inside a microcavity and coupled to two
orthogonal linearly polarized cavity modes with energies ℏ𝜔cH
and ℏ𝜔cV , which we assume to be energetically degenerate, that
is, 𝜔c := 𝜔cH = 𝜔cV . The cavity mode is best deﬁned with respect
to the driving laser frequency (or the two-photon resonance to
|XX⟩) via the cavity laser detuning
(
)
)
(
Δ := ℏ 𝜔c − 𝜔L = ℏ𝜔c − ℏ𝜔X − Δ0 .

The FLE is continuously driven by an external laser with frequency 𝜔L and driving strength Ω. The laser driving is assumed
to be linearly polarized, such that the H and V polarized transitions are driven with equal strength ensuring that there is
no preferred polarization and, consequently, no which-path
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(7)

The Hamiltonian describing the cavity modes and their interaction with the FLE reads
∑
̂ FLE-c .
̂c =
Δ̂a†𝓁 â 𝓁 + H
(8)
H
𝓁=H,V

In matrix form, using the basis |XX⟩, |XH ⟩, |XV ⟩, and |G⟩, the
interaction Hamiltonian is given as

) (
(
)
̂ FLE = ℏ𝜔X |XH ⟩⟨XH | + |XV ⟩⟨XV | + 2ℏ𝜔X − EB |XX⟩⟨XX|.
H
(3)

(6)

̂ FLE-c
H

⎛ 0
⎜ g â †
= ⎜ H†
⎜ g â V
⎜
⎝ 0

g â H

g â V

0

0

0

0

g â †H

g â †V

0 ⎞
g â H ⎟
⎟,
g â V ⎟
⎟
0 ⎠

(9)

where the emitter-cavity coupling constant g is assumed equal for
all transitions. The bosonic operators â †H/V (̂aH/V ) create (annihilate) one cavity photon with frequency 𝜔c and H∕V polarization.
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̂ c is again written in the rotating frame. From the inNote that H
teraction Hamiltonian we can already see that in the un-driven
situation the cascade from the state |XX⟩ into the state |G⟩ can
only go via the emission of two H or two V polarized photons and
therefore can result exclusively in the generation of ΦBS entanglement.

3.2. Laser-Dressed States
The creation of entangled two-photon states is facilitated by resonant transitions between quantum states of the FLE with the
emission of two photons. Further analysis of the system dynamics reveals that such transitions take place not between the original FLE basis states but between the dressed states of the laser
̂ L . For the diaĝ FLE + H
driven FLE, obtained by diagonalizing H
onalization we go into a frame rotating with the laser frequency
𝜔L . The eigenenergies of the dressed states read
(
)
√
1
EU =
Δ0 + Δ20 + 8Ω2
2

(10a)

EM = Δ0

(10b)

EN = 0

(10c)

(
)
√
1
2
2
Δ0 − Δ0 + 8Ω
EL =
2

(10d)

)
(
|U⟩ = c(|G⟩ + |XX⟩) + c̃ |XH ⟩ + |XV ⟩

(11a)

)
1 (
|M⟩ = √ |XH ⟩ − |XV ⟩
2
1
|N⟩ = √ (|G⟩ − |XX⟩)
2
)
(
(
|L⟩ = c̃ |G⟩ + |XX⟩) − c |XH ⟩ + |XV ⟩

(11b)
(11c)
(11d)

with the coeﬃcients
2Ω
,
(
)2
√
8Ω2 + Δ0 + Δ20 + 8Ω2

√
c̃ =

1
− c2 .
2

(12)

A sketch of the four laser-dressed states is given in Figure 1 (right
panel). The dependence of the dressed state energies on the driving strength Ω is illustrated in Figure 2. The uppermost |U⟩ and
the lowest |L⟩ states have contributions of all four original (bare)
FLE states. In the limiting case of strong driving the contribution coeﬃcients c and c̃ approach 1∕2. On the other hand, the
composition and energies of the intermediate dressed states |M⟩
(“middle”) and |N⟩ (“null”) are independent of Ω. In general, the
laser-dressed states and the transition energies between them are
functions of Ω. Therefore, also the cavity frequency associated
with a two-photon resonance between two given dressed states
depends on the driving strength, the only exception being the
resonance between the states |M⟩ and |N⟩.
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The Hamiltonian describing the coupling to the cavity also
changes profoundly by using the dressed state basis and now
reads in the basis |U⟩, |M⟩, |N⟩, |L⟩

̂ DS-c
H

√
⎛ 2 2c̃c â †
D
⎜
⎜
c â †A
=g⎜
⎜
c̃ â †D
⎜√
⎜
2
2 †
⎝ 2(̃c − c )̂aD

c â †A
0
1
√
2

−̃c â †D
−1 †
√ a
̂
2 A

â †A

c̃ â †A

0
c â †D

√

2(̃c2 − c2 )̂a†D ⎞
⎟
⎟
c̃ â †A
⎟ + c.c.
⎟
−c â †D
⎟
√
† ⎟
−2 2c c̃ â D ⎠
(13)

and the corresponding laser-dressed states are

c= √

Figure 2. Energies of the laser dressed states (in the units of the emitterlaser detuning Δ0 ) as a function of the driving strength Ω (in the units of
the emitter-cavity coupling strength g).

2000108 (3 of 14)

√
√
with â †D = (̂a†H + â †V )∕ 2 and â †A = (̂a†H − â †V )∕ 2 being the creation operators in the diagonal and anti-diagonal polarization,
respectively.
One notes that the two-photon transitions between the dressed
states can follow diﬀerent pathways that connect those states.
Considering as an example the transition from |U⟩ to |L⟩, one
path is to emit two photons with anti-diagonal polarization A via
the intermediate state |M⟩, while another path is a self interaction
within |U⟩ and then a direct transition to |L⟩ via emission of two
diagonally D-polarized photons. This already indicates that due to
the constant optical driving it is not clear a priori, which entanglement type occurs. We will show below that new types of entanglement become possible and analyze their respective strength.

3.3. Cavity Losses and Radiative Decay
To account for cavity losses and radiative decay, present in every
FLE-cavity system, we introduce Lindblad-type operators
O,Γ
̂ 𝜌̂ =

)
Γ( ̂ ̂ †
̂ −O
̂ †O
̂ 𝜌̂ ,
̂ †O
2O𝜌̂O − 𝜌̂O
2

(14)

̂ is the system operator associated with a loss process with
where O
corresponding loss rate Γ in the bare state system. The dynamics
of the statistical operator of the system 𝜌̂ is then determined by
the Liouville-von Neumann equation
}
∑ {
i[̂ ]
d
𝜌̂ +
𝜌̂ = 𝜌̂ := − H,
â 𝓁 ,𝜅 + |G⟩⟨X𝓁 |,𝛾 + |X𝓁 ⟩⟨XX|,𝛾 𝜌,
̂
ℏ
dt
𝓁=H,V
(15)
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Table 1. Fixed system parameters used in the calculations.
Parameter

Value
g

0.051 meV

Detuning

Δ0

20 × g = 1.02 meV

Cavity loss rate

𝜅

0.1 × g∕ℏ ≈ 7.8 ns−1

Radiative decay rate

𝛾

0.01 × g∕ℏ ≈ 0.78 ns−1

Emitter-cavity coupling strength

where [⋅, ⋅] denotes the commutator, 𝜅 is the cavity loss rate, and
̂
𝛾 the radiative decay rate. The complete system Hamiltonian H
includes all contributions discussed in Section 3.1. The system
is assumed initially in the ground state |G⟩ without any cavity
photons. Note that we performed all numerical calculations in
the rotating frame with the laser frequency 𝜔L and use the bare
state system, while for the interpretation the dressed state picture
is advantageous.
The parameter values used in our simulations are listed in
Table 1, where we followed ref. [51]. The frequency of the cavity
mode is taken to ℏ𝜔c = 1.5 eV. The adopted parameter values
correspond to a high quality cavity resonator with Q = 1.5 × 105 .

4.1. Two-Photon Density Matrix
The basis for quantifying the degree of entanglement is the determination of the two-photon density matrix 𝜌2p . Experimentally, 𝜌2p can be reconstructed using methods of quantum state
tomography,[57] a technique based on polarization-resolved twotime coincidence measurements. The detected signals are proportional to the two-time correlation functions
⟨
⟩
(2)
Gjk,lm (t, 𝜏) = â †j (t)̂a†k (t + 𝜏)̂am (t + 𝜏)̂al (t) ,

(16)

where {j, k, l, m} ∈ {H, V}, t is the real time when the ﬁrst photon is detected, and 𝜏 the delay time between the detection of
the ﬁrst and the second photon. Note that in experiments one
typically measures photons that have already left the cavity. However, considering the out-coupling of light out of the cavity to be
(2)
a Markovian process, Equation (16) can also describe Gjk,lm (t, 𝜏)
measured outside the cavity.[10,30]
In experiments data is typically averaged over ﬁnite real time
and delay time windows. Thus, the experimentally reconstructed
two-photon density matrix is calculated as [30,51]
(2)

Gjk,lm (𝜏)
= { (2) } ,
Tr G (𝜏)

where G

(2)

(17)

𝜏

1
(2)
Gjk,lm (𝜏) =
dt d𝜏 ′ Gjk,lm (t, 𝜏 ′ ).
∫
Δt 𝜏 ∫
(2)

t0

(18)

0
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Using the two-photon density matrix we determine the corresponding concurrence C,[59] which is a widely accepted measure
for the degree of entanglement of a bipartite system. The concurrence is calculated from a given two-photon density matrix 𝜌2p
according to [47,57,59]
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(19)

where 𝜆j are the (real and positive) eigenvalues in decreasing order, 𝜆1 ≥ 𝜆2 ≥ 𝜆3 ≥ 𝜆4 , of the matrix
M = 𝜌2p T (𝜌2p )∗ T,

(20)

where T is an anti-diagonal matrix of rank 4 with elements
{−1, 1, 1, −1} and (𝜌2p )∗ is the complex conjugated two-photon
density matrix. In the standard situation without driving, where
only a ΦBS |Φ± ⟩ can be generated, the full expression for the con2p
currence reduces to C = 2|𝜌HH,VV |. Thus, the degree of entanglement is closely related to the corresponding coherences in the
two-photon density matrix. Note that like the two-photon density
matrix 𝜌2p (𝜏) also the concurrence C(𝜏) depends on the measurement window 𝜏. A ﬁnite delay time window 𝜏 is necessary for the
detection of ΨBS entanglement since the two contributions that
build up |Ψ+ ⟩ in Equation (2) can only be distinguished if the two
photons are detected at diﬀerent times.[51]
For the numerical calculation of the concurrence we use the
following procedure: First, following ref. [60], the averaged two(2)

time photon correlation G is calculated. This quantity is then
used to obtain the time-averaged two-photon density matrix in
Equation (17). Finally from the two-photon density matrix the
concurrence is determined according to Equation (19). Note that
we do not use any further approximations in the calculation of
(2)

G .

5. Two-Photon Transition Between Upper and
Lower Dressed State

is the time-averaged correlation with
t0 +Δt

4.2. Concurrence

{ √
√
√ }
√
C = max 0, 𝜆1 − 𝜆2 − 𝜆3 − 𝜆4

4. Photon Entanglement

2p
𝜌jk,lm (𝜏)

Here, 𝜏 (Δt) is the delay time (real time) window used in the coincidence measurement and t0 is its starting time. The trace Tr{⋅}
is introduced for normalization. For simplicity we refer to 𝜌2p as
the two-photon density matrix in the following.
Throughout this work we calculate the two-photon density matrix for the system that reached its steady state so that the taverage is independent of t0 and Δt. The steady state of the system
𝜌̂s is deﬁned by dtd 𝜌̂s = 𝜌̂s = 0. This state is obtained numerically
by letting the system evolve in time until its density matrix becomes stationary. We will further set 𝜏 = 50 ps, which is a realistic value for the delay time window used in experiment.[58] More
details on the calculation of the two-time correlation functions
for systems including Markovian loss processes can be found in
ref. [60].

The emission of entangled two-photon states is associated with
two photon transitions between the dressed FLE states. The
dressed FLE states feature two-photon emissions, which are
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Figure 3. a) Concurrence as function of the laser driving strength Ω for the full model (solid line), the analytic approximation C(r) presented in Equation (29) (dotted line), and with a ﬁnite ﬁne-structure splitting 𝛿 = 0.1Δ0 (dashed line). Inset: Dressed state energies as a function of the driving strength
and the two-photon resonant cavity modes (green arrows) for three selected Ω values. b–d) Absolute value of the two-photon density matrix |𝜌2p (𝜏)| for
driving strength (b) Ω1 = 8 × g, (c) Ω2 = 12.25 × g, and (d) Ω3 = 30 × g (indicated by vertical lines in (a)).

largest every time the cavity frequency is tuned in resonance with
a possible two-photon transition, that is, when twice the photon
energy (here Δ) is equal to the transition energy between the
dressed state pairs. Therefore, the analysis is focused on these
resonant situations.
We start our analysis with the case where the cavity photons
are in resonance with the transition between the states |U⟩ and
|L⟩, that is, the cavity frequency is always tuned such that
Δ=

√
EU − E L
1
Δ20 + 8Ω2 .
=
2
2

(21)

Notice, that keeping this condition requires the cavity frequency
𝜔c to change with the driving strength Ω. This resonance for a
driven FLE was considered in earlier works,[51] where a possibility to achieve a high degree of ΨBS entanglement was demonstrated. Here we demonstrate that ΨBS entanglement is not the
only type of two-photon entanglement that can be obtained. It
will be shown that by varying the driving strength (while keeping
the system at the considered resonance) the FLE can reach the
domain of ΦBS entanglement, separated from that of the ΨBS
by a special critical point of zero concurrence.
5.1. Transition Between 𝚽BS and 𝚿BS Entanglement
The concurrence as a function of the driving strength Ω is shown
in Figure 3a, where the inset illustrates the resonance in question. In full agreement with earlier calculations[51] one observes
ΨBS entanglement when the driving is strong. However, when
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the driving strength is lowered the entanglement changes its type
to ΦBS entanglement. A sharp transition between the two types
occurs at a special critical point Ω ≈ 12.25 × g where the concurrence is exactly zero. The ΦBS entanglement obtained for weak
driving reﬂects the fact that for small Ω the system approaches
the undriven case. Recalling that ΨBS entanglement has been
found in ref. [51] for higher Ω, it is clear that a transition has to
take place in between.
More insight into the entanglement change is obtained by
calculating the corresponding two-photon density matrices as
presented in Figure 3b for the driving strength Ω1 = 8 × g and
Figure 3d Ω3 = 30 × g. At Ω1 the occupations of the states |HH⟩
and |VV⟩ and their coherence clearly dominate over the remaining elements representing ΦBS entanglement. A very diﬀerent
behavior is found at Ω3 = 30 × g, where the occupations of the
states |HV⟩ and |VH⟩ and the corresponding coherences exhibit
the highest values and, consequently, are associated with ΨBS
entanglement.
Let us now focus on the special point at Ω2 = 12.25 × g. The
two-photon density matrix at the special point, shown in Figure 3c, reveals that the concurrence does not vanish because of
the absence of coherences. On the contrary, all coherences are
close to their maximal possible value of about 0.25. Further analysis reveals that the corresponding two-photon state is
1
(|HH⟩ − |HV⟩ − |VH⟩ + |VV⟩)
2
) 1 (
)
1 (
= √ |H1 ⟩ − |V1 ⟩ √ |H2 ⟩ − |V2 ⟩ .
2
2

|𝜓sp ⟩ =

(22)
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Figure 4. Schematic depiction of the possible transitions connecting
|U, 0, 0⟩ to the two-photon states |L, 1, 1⟩, |L, 2, 0⟩, and |L, 0, 2⟩. All but the
direct two-photon emission process (bold orange arrow) are eliminated in
the Schrieﬀer–Wolﬀ transformation.

ation and, thus, represent a small perturbation. More details on
the Schrieﬀer–Wolﬀ transformation can be found in Appendix A.
After the Schrieﬀer–Wolﬀ transformation, which is treated
within the photon number states, we afterward perform additionally a basis transformation to rotate the system partially into the
Bell basis with {|U, 0, 0⟩, |L, 1, 1⟩, |L, Φ+ ⟩, |L, Φ− ⟩}. In this representation |L, 1, 1⟩ corresponds to the possibility of ΨBS entanglement, where two photons are generated such that one is Hand the other V-polarized. However, without further analysis, we
cannot distinguish between Ψ± BS entanglement. The eﬀective
Schrieﬀer–Wolﬀ Hamiltonian is then given by
⎛ 𝛿 UL
⎜ UL
⎜ 𝛾
= g2 ⎜ 1
⎜ −𝛾2UL
⎜
⎝ 0

̃̂ (2)
H
UL
Remarkably, this is a pure state and |𝜓sp ⟩ can be factorized
into a product of two one-photon states describing the ﬁrst and
second detected photon, respectively (indicated by 1 and 2).
Since |𝜓sp ⟩ can be factorized, it is not entangled and, thus, the
concurrence vanishes at this point. Therefore, instead of a direct
transition from high ΦBS to high ΨBS entanglement the system
passes through this special point with vanishing degree of
entanglement.
We note that the special point occurs at a distinct resonance
condition. Beside the two-photon transition between the two outermost dressed states, also the one-photon process between the
intermediate states |M⟩ and |N⟩ becomes resonant.

In order to understand the underlying physics of the crossover
between the entanglement types we derive an eﬀective Hamiltonian that describes the most relevant transition processes involving the |U⟩ and |L⟩ states. To be more speciﬁc, we account only
for the uppermost state without photons |U, 0, 0⟩ and the lowest states with two photons |L, 1, 1⟩, |L, 2, 0⟩, and |L, 0, 2⟩. Here,
|𝜒, nH , nV ⟩ is the product state of |𝜒⟩ ∈ {|U⟩, |M⟩, |N⟩, |L⟩} and
the photon number state for H and V polarization.
Besides the direct two-photon transitions, there are several
other possibilities to go from the initial to the ﬁnal states. One
example are subsequent one photon transitions, either going
via one of the intermediate states or by a self-interaction and
then a one-photon process. Also, from the ﬁnal states, a sequential photon emission and absorption (or the other way around)
can take place. These processes are depicted in Figure 4. Therefore, the states mentioned above are coupled to a bunch of other
states, namely the one-photon states |𝜒, 1, 0⟩, |𝜒, 0, 1⟩ and the
three-photon states |𝜒, 3, 0⟩, |𝜒, 2, 1⟩, |𝜒, 1, 2⟩, and |𝜒, 0, 3⟩ (with
𝜒 ∈ {U, M, N, L}), while the latter can be reached in sequential
emission/absorption processes.
Using a Schrieﬀer–Wolﬀ transformation, it is now possible to
encode these transitions into a single matrix, acting only within
the basis spanned by the direct two-photon transitions, that is,
|U, 0, 0⟩, |L, 1, 1⟩, |L, 2, 0⟩, and |L, 0, 2⟩.[61,62] A Schrieﬀer–Wolﬀ
transformation thereby performs a block-diagonalization, which
decouples the desired states from the rest. This is reasonable,
because the removed states are strongly oﬀ-resonant in this situ-
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−𝛾2UL

−𝛿 UL

𝛼 UL

𝛼 UL

−𝛿 UL

0

0

0 ⎞
⎟
0 ⎟
⎟
0 ⎟
⎟
−𝛿 UL ⎠

(23)

with
𝛿

UL

(
)
= c̃ 2 − c2

𝛾1UL = 4c̃c

(

4
2
+
Δ0 ΔUL

)

(
) 1
1
− 16c̃c c̃ 2 − c2
Δ0
ΔUL

(
) 1
𝛾2UL = 16c̃c c̃ 2 − c2
ΔUL
𝛼 UL =

5.2. Eﬀective Hamiltonian of the System at the Resonance

𝛾1UL

(
) 1
1
− 1 − 16c2 c̃ 2
,
Δ0
ΔUL

(24)

where ΔUL = EU − EL . The given expressions contain only the
most important contributions. The full expressions can be found
UL
in Appendix A.1. It is interesting to note that the coeﬃcients 𝛾1∕2
stem from the subsequent emission of two single photons (faded
orange arrows in Figure 4) and simultaneous two-photon emission, while 𝛼 UL accounts for the fact that from the two photon
states, coupling to higher (lower) photon states can take place
and therefore couple diﬀerent types of two-photon states (faded
red arrows in Figure 4). An example for the latter case is the coupling of |L, 2, 0⟩ → |L, 2, 1⟩, followed by a photon number reduction via |L, 2, 1⟩ → |L, 1, 1⟩ illustrating why diﬀerent two-photon
states are coupled.
From this Hamiltonian, we can now deduce which type of entanglement is created: First of all we ﬁnd that the state |L, Φ− ⟩
is decoupled, such that we see that photons with this type of entanglement are not created. In contrast, the initial state |U, 0, 0⟩
is coupled to the |L, Φ+ ⟩ state via 𝛾2UL and to the state |L, 1, 1⟩ via
𝛾1UL . Therefore in principle both ΦBS and ΨBS entanglement can
be created. The diﬀerent types of entangled states are coupled via
the coeﬃcient 𝛼 UL , however, we will for now neglect this coupling
(see discussion at the end of the next section). Which type of entanglement dominates depends on the ratio
r=

𝛾1UL
𝛾2UL

( )2
Ω
1
=4
− .
Δ0
2

(25)

This means, we obtain preferably ΦBS entanglement, when
𝛾2UL > 𝛾1UL (or |r| < 1), and preferably ΨBS entanglement if
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In Figure 3a the approximate result C(r) is included as a dotted
line. The approximate solution agrees quite well with the numerical results. This underlines the idea that the concurrence
depends essentially on the ratio r. Also for the approximate solution we have the special point at r = 1 and the regions of high
entanglement and the corresponding type of entanglement can
be directly extracted from the analytical result. Below the special
point we have |r| < 1, therefore, r 2 < |r|, resulting in a density
matrix of ΦBS entanglement. The maximum concurrence value
appears around Ω = √1 Δ0 ≈ 7.1 × g where the ratio r passes

through zero. Above Ωsp , we have r ≥ 1 and r 2 > r. Thus, in this
regime one obtains ΨBS entanglement in the two-photon density
matrix.
We now discuss the deviations between the numerical and the
approximate result for the concurrence. One obvious reason for
the diﬀerence is the obmission of the coupling between the twophoton states (via one- or three-photon states), as indicated by
𝛼 UL in Equation (23). This coupling mixes ΦBS and ΨBS, such
that in the full model, the total obtained concurrence is reduced.
Nonetheless, neglecting 𝛼 UL for the analysis is reasonable, when
taking the cavity losses into account. By analyzing the values of
𝛼 UL and 𝛾 UL , we ﬁnd that these are always smaller than the cavity
loss rate 𝜅. This means that the losses relax the system before the
coupling between the diﬀerent photon states becomes eﬃcient.
Another reason for the deviations is that for low driving strength
values, other transitions between the laser-dressed states besides
the discussed direct two-photon one become important as they
get closer to resonance.
2 2

Figure 5. Eﬀective coupling constants 𝛾1UL and 𝛾2UL and the ratio
r = 𝛾1UL ∕𝛾2UL as function of the driving strength Ω.

𝛾2UL < 𝛾1UL (or |r| > 1). Figure 5 displays the ratio r as well as the
couplings 𝛾1UL and 𝛾2UL as a function of the driving strength Ω. In√
deed, r = 1 corresponds to Ωsp = 3∕8Δ0 and we obtain our special point, when both types of entanglement are occurring with
equal weight and we have zero concurrence since their superposition results in a factorizable state.

5.3. Approximate Two-Photon Density Matrix
Further insight is obtained by calculating the two-photon density matrix assuming the delay window 𝜏 is small and can be neglected so that
}
{
2p
𝜌jk,lm (𝜏) ≈  Tr â m â l 𝜌̂s â †j â †k

(26)

where  is a normalization constant and 𝜌̂s describes the steady
state of the system. Note that only states with at least two photons
inside the cavity contribute to the two-photon density matrix. Neglecting the coupling 𝛼 UL in the eﬀective Hamiltonian (23) and
performing another basis transformation, one ﬁnds that the only
two-photon state coupled to |U, 0, 0⟩ is
|𝜓s ⟩ = √
(

)
( UL
1
𝛾1 |L, 1, 1⟩ − 𝛾2UL |L, Φ+ ⟩ .
(
)
)
2
2
𝛾1UL + 𝛾2UL

(27)

Therefore, in this approximation, also the contribution to the
steady state which contains two photons inside the cavity should
be proportional to |𝜓s ⟩. Consequently, the approximate normalized two-photon density matrix can be calculated by inserting
𝜌s = |𝜓s ⟩⟨𝜓s | into Equation (26) which results in

𝜌2p
approx

⎛ 1
⎜ −r
1
=
⎜
2(1 + r 2 ) ⎜ −r
⎝ 1

−r
r2
r2
−r

−r
r2
r2
−r

1 ⎞
−r ⎟
,
−r ⎟
⎟
1 ⎠

(28)

For this simpliﬁed density matrix, we can analytically calculate
the concurrence C [Equation (19)] to
C(r) =

|1 − r 2 |
.
1 + r2
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5.4. Inﬂuence of a Finite Fine-Structure Splitting
So far only the situation of degenerate intermediate bare states
|XH ⟩ and |XV ⟩ has been analyzed. However, an often discussed
asymmetry in the system is a possible ﬁnite ﬁne-structure splitting 𝛿 between these two intermediate states.[29,32,41,45,46] A ﬁnite ﬁne-structure splitting introduces which-path information
into the system and can, therefore, result in a reduced degree of
entanglement.[3,29,32]
In Figure 3a the inﬂuence of a ﬁnite splitting 𝛿 on the concurrence is shown, where 𝛿 = ℏ𝜔XH − ℏ𝜔XV is the diﬀerence
between the energies of the horizontally and vertically polarized intermediate state ℏ𝜔XH∕V = ℏ𝜔X ± 𝛿∕2. Even in the case
of a rather large splitting 𝛿 = 0.1Δ0 , the resulting degree of
entanglement as measured by the concurrence is only weakly
inﬂuenced by the ﬁne-structure splitting. Furthermore, all main
features discussed before remain unchanged: A sharp transition
between regions of high ΦBS and ΨBS entanglement takes
place at a special point of vanishing concurrence. Note that the
chosen parameters reﬂect the often realized situation where
the ﬁne-structure splitting is one order of magnitude smaller
than the binding energy.[3,16,41,45] Thus, the energies of the laserdressed states and their character do not change signiﬁcantly.
Therefore, also the resonance conditions and optical selection
rules stay roughly the same leading to very similar results.
Consequently, the resulting two-photon state and its degree
of entanglement are robust against a possible ﬁne-structure
splitting.
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Figure 6. Concurrence as function of the cavity laser detuning Δ for ﬁxed values of the external laser driving a) Ω = 8 × g, b) Ω = 12.25 × g, c) Ω = 30 × g,
and d) Ω = 40 × g. The color code indicates the type of entanglement: blue curves symbolize ΦBS and red curves are ΨBS entanglement. The vertical
lines mark the position of photon resonances labeled by np 𝜒1 |𝜒2 . e) Energy of the laser-dressed states as a function of the driving strength Ω marking
the four selected two-photon resonance conditions which correspond to the two-photon resonances of the same color in panels (a)–(d). f) Concurrence
and mean photon number ⟨n⟩ for Ω = 12.25 × g in the vicinity of Δ = ΔMN ∕2.

6. Entanglement at the Other Two-Photon
Transitions
Having discussed the transition between |U⟩ and |L⟩, we now
want to examine the behavior of the other two-photon resonances. In particular, there are three other two-photon resonances matching the transitions between the corresponding
dressed states (given by Δ𝜒1 𝜒2 = E𝜒1 − E𝜒2 ) in the system at
(√
)
Δ
ΔUM
1
Δ20 + 8Ω2 − Δ0
= NL =
2
2
4
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(√
)
ΔUN
Δ
1
Δ20 + 8Ω2 + Δ0
= ML =
2
2
4
Δ
ΔMN
= 0.
2
2

(30)

Therefore, to sweep through the respective resonances, we now
ﬁx the driving strength and vary the cavity laser detuning Δ.
The corresponding concurrence is calculated and the results are
shown in Figure 6 for four diﬀerent driving strength values Ω =
8 × g, 12.25 × g, 30 × g, and 40 × g.
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The type of entanglement is encoded in the color: Blue lines
are for ΦBS and red lines for ΨBS entanglement. On ﬁrst sight,
we ﬁnd that both types of entanglement occur when we vary
Δ. In addition to a strong concurrence at the four two-photon
resonances, we ﬁnd several other cavity detuning values with
non-vanishing concurrence. We can attribute these to the onephoton resonances U|M and N|L and several three-photon
resonances, which occur between the respective states. Accordingly, we have labeled all resonances by np 𝜒1 |𝜒2 , which denotes
the n-photon resonances between the laser-dressed states |𝜒1 ⟩
and |𝜒2 ⟩.
Figure 6e shows the dressed states as a function of the driving strength and we used colored arrows to mark the diﬀerent
two-photon resonances. The same colors are used to indicate the
position of the two-photon resonances in Figure 6a–d. Before we
will go through the two-photon resonances one-by-one (note that
we already discussed the 2p U|L resonance), let us brieﬂy remark
some general ﬁndings:
While some n-photon transitions are always associated with
the same type of entanglement, others can change from one
to the other. This change may happen as a result of changing
the cavity laser detuning or the driving strength. Furthermore,
in between some of the resonance conditions the concurrence
value stays at a ﬁnite level, whereas it passes through zero in
other situations. A striking feature is the appearance of a second special point with vanishing concurrence between regions
of high entanglement when the cavity laser detuning is approximately Δ ≈ ΔUM ∕2 = ΔNL ∕2, which we will discuss in detail in
Section 6.2.
Next, we will go through the two-photon resonances one-byone. For each two-photon resonance we perform a Schrieﬀer–
Wolﬀ transformation, followed by a rotation of the states, such
that each Hamiltonian in the following is given in the basis
{|𝜒1 , 0, 0⟩, |𝜒2 , 1, 1⟩, |𝜒2 , Φ+ ⟩, |𝜒2 , Φ− ⟩}

(31)

with 𝜒1 being the higher energy state and 𝜒2 being the lower
energy state of the 2p 𝜒1 |𝜒2 resonance. More details on the
Schrieﬀer–Wolﬀ transformation are given in Appendix A.

6.1. Two-Photon M|N Resonance
We start by looking at 2p M|N, which is the only two-photon transition for which the resonance condition does not depend on the
driving strength. The corresponding transitions are marked by a
light green line in Figure 6. At this resonance the concurrence
always displays ΦBS entanglement. While the concurrence is
mostly maximal at the resonance, we ﬁnd a decrease in strength
at the maximum at Ω = 12.25 × g.
We use the Schrieﬀer–Wolﬀ transformation to obtain the effective Hamiltonian
MN

̃̂ (2)
H
MN

⎛𝛿
⎜ 0
= g2 ⎜
⎜ 0
⎜ MN
⎝ 𝛾2

0
−𝛿 MN

0
−𝛿 MN

−𝛿 MN

−𝛿 MN

0

0
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𝛾2MN ⎞
0 ⎟
⎟
0 ⎟
⎟
−𝛿 MN ⎠
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(32)

with
(
) 1
𝛿 MN = 2 c̃ 2 − c2
ΔUL
𝛾2MN = −4 c c̃

1
.
ΔUL

(33)

Note that these are shortened expressions and the full expressions can be found in Appendix A.2. From the Hamiltonian, it
is obvious that the initial state is only coupled to the ﬁnal state
|N, Φ− ⟩, while the other two-photon states become uncoupled.
This is in agreement with Figure 6, where we only ﬁnd ΦBS entanglement at the 2p M|N resonance.
The smaller height in concurrence at Ω = 12.25 × g (see also
Figure 6f), can be traced back to the occurrence of several resonance conditions at the same driving strength, in particular the
one-photon transitions 1p U|M and 1p N|L. This is conﬁrmed
by looking at the mean photon number ⟨n⟩ = ⟨̂a†H â H + â †V â V ⟩ as
displayed in Figure 6f. The alignment of several resonance conditions causes the peak to split into two separate resonances, as
indicated by the mean photon number. Due to the additional
one-photon resonances three-photon states with all four possible combinations of polarized photons gain a noticeable popu2p
lation and the extracted (two-photon) coherence 𝜌HH,VV reaches
2p

2p

only about half the value of the occupations 𝜌HH,HH and 𝜌VV,VV .
As a result, the degree of entanglement is strongly reduced.

6.2. Two-Photon U|M and Two-Photon N|L Resonance
Next we consider the two-photon resonances between the laserdressed states |U⟩ and |M⟩, and between |N⟩ and |L⟩, which have
the same energy. In Figure 6, these resonances are indicated by
a dark green line. From Figure 6, we see that here always a sharp
transition between ΦBS and ΨBS entanglement takes place. This
is highlighted in Figure 7a, which presents a closer look at this
resonance condition for Ω = 30 × g. Figure 7b–d display the corresponding two-photon density matrices for three selected detuning values. With rising cavity laser detuning the entangled state
created inside the cavity changes from ΦBS to ΨBS entanglement, passing through a special point at Δ ≈ 0.836Δ0 where the
concurrence drops to zero.
Here, we have two transitions, for which the corresponding
Schrieﬀer–Wolﬀ analysis yields the Hamiltonians
⎛ 𝛿1 − 𝛿2
⎜
0
= g2 ⎜
⎜
0
⎜
⎝
𝛾2UM
UM

̃̂ (2)
H
UM

UM

0

0

𝛿3UM
UM

𝛼

UM

𝛿3UM

𝛼

0

0

𝛾1NL

𝛾2NL

𝛿3NL

NL

𝛾2UM ⎞
0 ⎟
⎟
0 ⎟
⎟
𝛿3UM ⎠

(34)

and

̃̂ (2)
H
NL

⎛ 𝛿1UM − 𝛿2UM
⎜
𝛾1NL
2⎜
=g ⎜
𝛾2NL
⎜
⎜
0
⎝

𝛼

NL

0

𝛼

𝛿3NL
0

0 ⎞
⎟
0 ⎟
⎟
0 ⎟
⎟
𝛿3NL ⎠

(35)

© 2020 The Authors. Advanced Quantum Technologies published by Wiley-VCH GmbH

www.advancedsciencenews.com

www.advquantumtech.com
This interpretation is conﬁrmed by the mean photon number ⟨n⟩
(dotted line in Figure 7) which also displays two separate maxima,
indicating two close-by resonances (confer Figure 7a).
𝜒 𝜒
Also, the 𝛿j 1 2 depend sensibly on the driving strength Ω. For
√
a driving strength being smaller than Ωm = 3Δ0 ≈ 34.6 × g we
̃ NL , while for Ω > Ωm this order is reversed.
̃ UM < Δ
ﬁnd that Δ
Therefore, in Figure 6d for a driving strength Ω = 40 × g the arrangement of ΨBS and ΦBS entanglement is swapped.
In between the regions of ΦBS and ΨBS entanglement we have
̃ NL )∕2. From the density matrix at
̃ UM + Δ
the special point at (Δ
this special point (confer Figure 7c), we see that the concurrence
does not vanish due to the lack of coherences. We ﬁnd that at the
special point the generated two-photon state is essentially the superposition of the two density matrices created by each transition
individually with

Figure 7. a) Concurrence and mean photon number ⟨n⟩ for Ω = 30 × g.
̃ UM (Equation (37)) and Δ
̃ NL
Vertical lines indicate the position of Δ
(Equation (38)). b–d) Absolute values of the two-photon density matrices
|𝜌2p (𝜏)| for Δ as indicated.

with the coeﬃcients given in Appendix A.3. While the Hamiltõ̂ (2) has the same form as H
̃̂ (2) in Equation (32), the Hamilnian H
UM
MN
̃̂ (2) has a form similar to H
̃̂ (2) in Equation (23).
tonian H
NL
UL
From the eﬀective Hamiltonian, it is evident that the isolated
2p U|M resonance supports only ΦBS entanglement, while the
isolated 2p N|L resonance has competing channels for both ΦBS
and ΨBS entanglement. From the coeﬃcients, we can deduce the
strengths of the competing channels, ﬁnding that
|𝛾1NL | = |𝛾2NL | +

√
2 2̃c
.
2Δ0 + ΔUM

(36)

Therefore the ratio 𝛾1NL ∕𝛾2NL is always larger than 1 and the preferred type of entanglement for the 2p N|L resonance is always
ΨBS entanglement.
A zoom in around the two-photon transition at Δ = ΔUM ∕2,
presented in Figure 7a for Ω = 30 × g, shows clearly that two
peaks appear, a ΦBS one and a ΨBS one. The approximate position of these peaks can be determined by the diagonal elements
of the Schrieﬀer–Wolﬀ Hamiltonians in Equation (34) and Equation (35). Due to the transformation, diagonal elements appear
𝜒 𝜒
encoded by 𝛿j 1 2 , which slightly shift the resulting resonance,
such that now we have the resonances for the 2p U|M transition
with ΦBS entanglement at
(
)
̃ UM = 1 ΔUM + (𝛿 UM − 𝛿 UM ) − 𝛿 UM
Δ
1
2
3
2

(37)

and the 2p N|L transition with ΨBS entanglement at
(
)
̃ NL = 1 ΔUM + (𝛿 UM − 𝛿 UM ) − 𝛿 NL .
Δ
1
2
3
2

(38)

𝜒 𝜒

The values of the diﬀerent 𝛿j 1 2 are given in Appendix A.3. Indeed, the position of the peak maxima visible in Figure 7 agree
well with these shifted resonances (indicated by vertical lines).
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2p
𝜌sp2

⎡ ⎛0
1⎢1 ⎜0
= ⎢ ⎜
2⎢2 ⎜0
⎣ ⎝0

0
1
1
0

0
1
1
0

0⎞
⎛ 1
0⎟ 1 ⎜ 0
+
0⎟ 2 ⎜ 0
⎜
⎟
⎝ −1
0⎠

0
0
0
0

0
0
0
0

−1 ⎞⎤
0 ⎟⎥
0 ⎟⎥
⎟⎥
1 ⎠⎦

(39)

This can be rewritten into
𝜌sp2 =
2p

1 (+)
1 (−)
(+)
(−)
|𝜓 ⟩⟨𝜓sp2 | + |𝜓sp2 ⟩⟨𝜓sp2 |,
2 sp2
2

(40)

with
) 1 (
)
1 (
(±)
|𝜓sp2 ⟩ = √ |H1 ⟩ ± i|V1 ⟩ √ |H2 ⟩ ± i|V2 ⟩ .
2
2

(41)

Thus, the density matrix can be written as a mixed state, where
both contributing states are products of two one-photon states,
that is, the states are factorizable states, and, accordingly, the corresponding concurrence vanishes.
We emphasize that this is a diﬀerent type of special point than
the one discussed in Section 5.1 where the system approaches a
pure factorizable state. Another diﬀerence in comparison to the
2p U|L resonance can be found in the limit Ω → ∞. While the
concurrence obtained at the 2p U|L resonance approaches a high
ﬁnite value and becomes independent of the driving strength, the
concurrence for the 2p U|M and 2p N|L resonances approach
̃ NL vanishes and,
̃ UM − Δ
zero. In the limiting case the diﬀerence Δ
therefore, the two resonances merge together and the diﬀerent
types of entanglement cancel each other.
6.3. Two-Photon U|N and Two-Photon M|L Resonance
Finally, we analyze the remaining two resonances 2p U|N and
2p M|L. In Figure 6 we see that always ΦBS occurs at this
transition.
The analysis with the Schrieﬀer–Wolﬀ transformation results
in a similar situation as discussed in the previous subsection 6.2:
The Hamiltonian of the 2p M|L transition has the same form as
the 2p U|M transition [Equation (34) or also Equation (32)] and
therefore promotes exclusively ΦBS entanglement. On the other
hand, the Hamiltonian of the 2p U|N transition has the same
form as the 2p N|L transition [Equation (35) or also Equation (23)]
and therefore promotes both ΦBS and ΨBS entanglement. The
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Table 2. Various scenarios: Similarities and diﬀerences at the diﬀerent two-photon resonances.
Small driving Ω

Resonance
2p U|L

Ω < 12.25 × g: ΦBS

Large driving Ω

Special point

Limit Ω → ∞

Ω > 12.25 × g: ΨBS

for Ω ≈ 12.25 × g

high ΨBS ent.

none

high ΦBS ent.

2p M|N

always ΦBS

2p U|M

always ΦBS

in between the two close-by resonances

resonances coincide and ent. vanishes

2p N|L

always ΨBS

in between the two close-by resonances

resonances coincide and ent. vanishes

not observed for Ω ≤ 40 × g

resonances coincide and ent. vanishes

2p U|N

Ω < 20 × g: ΦBS

Ω > 20 × g: ΨBS

2p M|L

ΦBS (irrelevant)

ΦBS (dominant)

dominating type of entanglement depends on the ratio of 𝛾1UN to
𝛾2UN , but also on the splitting from the other resonances given
𝜒 𝜒
by the diagonal elements 𝛿j 1 2 . For small driving strength values
Ω < 20 × g the 2p U|N transition dominates the dynamics and
the resulting entanglement is ΦBS entanglement. For larger Ω
both two-photon resonances become of equal importance and a
transition between ΦBS and ΨBS entanglement is expected, similar to the results presented in Section 6.2. But, in contrast to the
previous section, here, the splitting of the two peaks is too small
for the given driving strength values, therefore, we only observe
ΦBS entanglement in Figure 6. The corresponding Hamiltonians and constants are given in Appendix A.4.
By investigating the various two-photon resonances we are
able to understand the origins of all regions of high entanglement
observable in Figure 3 and 6. We stress that, we ﬁnd a rich variety
of diﬀerent scenarios depending on the considered resonance
condition, which are all equally fascinating. For example, at the
2p M|N resonance one always obtains a high ΦBS entanglement.
In contrast to this, in case of the 2p U|L transition, the type of
entanglement undergoes a sharp transition at a special point
of vanishing concurrence when the driving strength is varied.
Additionally, a second type of special point can occur between
two close-by resonances, as demonstrated by the 2p U|M and
2p N|L resonances. Table 2 provides a short overview over the
similarities and diﬀerences between the various scenarios at the
diﬀerent two-photon resonances. Using the same analytic formalism based on a Schrieﬀer–Wolﬀ transformation, we are able
to successfully predict the resulting type of entanglement at all
two-photon resonances, and even more important, we can also
explain these various features.

7. Conclusion
In conclusion, we have investigated the possible types of entanglement generated by a driven four-level emitter-cavity system.
We found that two diﬀerent types of entanglement can occur,
which we classiﬁed as ΦBS and ΨBS entanglement.
By adjusting the driving strength as well as the cavity detuning,
we found a rich picture showing a ﬁnite concurrence at various
transitions. Using a Schrieﬀer–Wolﬀ transformation, we were
able to give analytical insight into the occurrence of the diﬀerent types of entanglement showing that either ΦBS or a mixture of ΦBS and ΨBS is promoted at the two-photon transitions.
Most excitingly, we found special points, where the concurrence,
a measure for the entanglement, drops to zero, though the corresponding coherences in the two-photon density matrix are not
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not observed for Ω ≤ 40 × g

resonances coincide and ent. vanishes

absent. Instead, factorizable (and therefore not entangled states)
are reached.
In principle, the resulting type of Bell state could also be
changed afterward, for example, by the use of waveplates or
polarization ﬁlters. But these additional components often lead
to a signiﬁcant loss of photon yield. These kinds of losses can
be avoided when the target photonic state is generated directly.
Furthermore, although ΦBS and ΨBS entanglement can be
converted into each other by postprocessing, they are clearly
distinguishable in a ﬁxed basis and reﬂect the systems ability to
get entangled in more than one fashion. Seeing that entanglement, being one of the most remarkable and interesting physical
eﬀects that separates the quantum mechanical from the classical
world, can change its character by just adding an external driving
to a few-level emitter is exciting from a fundamental point of
view and can also lead to new possibilities for using few-level
emitters in quantum information technology.

Appendix A: Schrieﬀer–Wolﬀ Transformation
For the Schrieﬀer–Wolﬀ transformation we consider the FLEcavity system without losses and use the states |𝜒, nH , nV ⟩ where
|𝜒⟩ ∈ {|U⟩, |M⟩, |N⟩, |L⟩} is one of the four laser-dressed states
deﬁned in Section 3.2 and nH (nV ) denotes the number of photons present in the horizontally (vertically) polarized cavity mode.
The direct two-photon transition from |𝜒1 ⟩ to |𝜒2 ⟩ involves only
the states
A : |𝜒1 , 0, 0⟩, |𝜒2 , 1, 1⟩, |𝜒2 , 2, 0⟩, |𝜒2 , 0, 2⟩.

(A.1)

As discussed in Section 5.2, there are also several other paths
to create the two-photon states, thereby coupling the aforementioned states. These processes are depicted in Figure 4 and include the states
B : |𝜒, 1, 0⟩, |𝜒, 0, 1⟩,
|𝜒, 3, 0⟩, |𝜒, 2, 1⟩, |𝜒, 1, 2⟩, |𝜒, 0, 3⟩,

(A.2)

where the one- and three-photon states include all four bare
states, that is, |𝜒⟩ = |U⟩, |M⟩, |N⟩, |L⟩. This results in a 28 × 28
matrix. To reduce this to a 4 × 4 matrix for the relevant states
in subset A [see Equation (A.1)], we use a Schrieﬀer–Wolﬀ
transformation.[61,62] In the transformation, we perform a

© 2020 The Authors. Advanced Quantum Technologies published by Wiley-VCH GmbH

www.advancedsciencenews.com

www.advquantumtech.com

block-diagonalization of the system Hamiltonian via the unitary
transformation

A.1. Eﬀective Hamiltonian for the 2p U|L Resonance
The eﬀective Hamiltonian is

̂ Ŝ ,
e He
−Ŝ

(A.3)

where Ŝ is an anti-Hermitian operator.[61] After the decoupling
procedure, the states in set B [see Equation (A.2)] can be disregarded as they are insigniﬁcant for the system dynamics. This
formalism can be applied here since, for a given two-photon
resonance, where the cavity laser detuning matches half the
transition energy between the states |𝜒1 ⟩ and |𝜒2 ⟩, one-photon
transition processes between the laser-dressed states are typically
strongly oﬀ-resonant.
In second order the eﬀective Hamiltonian for the states
̂ 𝜒(2)𝜒 = {H(2) ′ }𝜒 𝜒 with the matrix
in set A is then given by H
a,a
1 2
1 2
[61]
elements
(2)

Ha,a′ = Ha,a′ +

{
1 ∑
2

[
Ha,b Hb,a′

b

1
1
+
Ea − Eb Ea′ − Eb

]}
,

̃̂ (2)
H
UL

(A.5)

is the energy of the state |j⟩ = |𝜒, nH , nV ⟩ ∈ A, B. The matrix elements are calculated from the system Hamiltonian with
Ha,a′ = Ea 𝛿a,a′ ,

−

𝛿3UL

𝛼

UL

𝛼 UL

−𝛿 UL − 𝛿3UL

0

0

0

⎞
⎟
⎟
⎟
0
⎟
UL ⎠
UL
−𝛿 − 𝛿3
0

in the basis |U, 0, 0⟩, |L, 1, 1⟩, |L, Φ+ ⟩ and |L, Φ− ⟩ with
(
)
𝛿 UL = c̃ 2 − c2

𝛿3UL

(
)
̂
= E 𝜒 + n H + nV Δ
Ej = ⟨j|H|j⟩

−𝛿

UL

(A.10)

(A.4)

where a runs over the states in subset A, the index b runs over
the states in B, and

−𝛾2UL

𝛾1UL

UL
⎛ 𝛿
⎜ 𝛾 UL
= g 2 × ⎜ 1 UL
⎜ −𝛾2
⎜
⎝ 0

=

(

4
2
+
Δ0 ΔUL

(
)2
8 c̃ 2 − c2
3ΔUL

𝛾1UL = 4c̃c

+

)

2̃c2
2c2
+
ΔUL + Δ0 ∕2 ΔUL − Δ0 ∕2

(
) 1
1
− 16c̃c c̃ 2 − c2
Δ0
ΔUL

(
) 1
𝛾2UL = 16c̃c c̃ 2 − c2
ΔUL
𝛼 UL =

(
) 1
1
1
2̃c2
− 1 − 16c2 c̃ 2
− 𝛿3UL +
.
Δ0
ΔUL 2
ΔUL + Δ0 ∕2

(A.11)

(A.6)
A.2. Eﬀective Hamiltonian for the 2p M|N Resonance

This term can be dropped since it represents a constant energy
shift as the four states in set A are energetically degenerate.
The remaining matrix elements for a ≠ b are given by the
coupling Hamiltonian in the dressed state basis [Equation (13)]
with

The eﬀective Hamiltonian is

MN

̃̂ (2)
H

̂ DS-c |b⟩
Ha,b = ⟨a|H

(A.7)

MN

⎛𝛿
⎜ 0
= g2 × ⎜
⎜ 0
⎜ MN
⎝ 𝛾2

0

0

−𝛿 MN + 𝛿3MN

𝛼 MN

𝛼 MN

−𝛿 MN + 𝛿3MN

0

0

𝛾2MN

⎞
⎟
⎟
⎟
0
⎟
−𝛿 MN + 𝛿3MN ⎠
0

After the Schrieﬀer–Wolﬀ transformation we perform a rotation
to the basis
|𝜒1 , 0, 0⟩, |𝜒2 , 1, 1⟩, |𝜒2 , Φ+ ⟩, |𝜒2 , Φ− ⟩

(A.8)

using

̃̂ (2)
H
𝜒 𝜒

1 2

⎛1
⎜0
⎜
† ̂ (2)
= T H𝜒 𝜒 T with T = ⎜ 0
1 2
⎜
⎜0
⎝

0

0

1

0

0

1
√
2
1
√
2

0

0 ⎞
0 ⎟
⎟
1
√ ⎟
2 ⎟
− √1 ⎟⎠

(A.9)
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in the basis |M, 0, 0⟩, |N, 1, 1⟩, |N, Φ+ ⟩ and |N, Φ− ⟩ with
(
) 1
𝛿 MN = 2 c̃ 2 − c2
ΔUL

We performed this procedure for all two-photon resonances.
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(A.12)

𝛿3MN = −

4̃c2
2
4c2
−
−
2Δ0 + ΔUL 3Δ0 2Δ0 − ΔUL

𝛾2MN = −4 c c̃
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A.3. Eﬀective Hamiltonians for the 2p U|M and 2p N|L Resonance
The eﬀective Hamiltonian for the 2p U|M resonance is
⎛ 𝛿1 − 𝛿2
⎜
0
= g2 × ⎜
⎜
0
⎜
⎝
𝛾2UM
UM

̃̂ (2)
H
UM

UM

0
𝛿3UM
UM

𝛼

0
𝛼

UM

𝛿3UM

0

0

The energies and coupling strengths are
𝛿1UN

𝛾2UM ⎞
|U, 0, 0⟩
0 ⎟
|M, 1, 1⟩
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⎟
0
|M, Φ+ ⟩
⎟
|M, Φ− ⟩
𝛿3UM ⎠

𝛿2UN = −

2̃c2
1
2c2
+
+
ΔUN ΔUN − 2Δ0 3ΔUN − 2Δ0

4̃c2
2
4c2
−
−
3ΔUN 2Δ0 + ΔUN 2Δ0 − ΔUN
√ (
)
√
√
2 2 c̃ 2 − c2 c
2c
4 2c̃c2
=−
−
−
ΔUN
ΔUN − 2Δ0
3ΔUN − 2Δ0
√
2 2c
= 𝛾1UN +
ΔUN − Δ0

𝛿3UN = −

(A.14)
𝛾1UN

where

(
)2
4 c̃ 2 − c2
16c2 c̃ 2
2c2
=−
+
+
ΔUN
ΔUN − 2Δ0 3ΔUN − 2Δ0

𝛿1UM = −
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+
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2
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4c2
2
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1
𝛼 UM = −𝛿2UM − 𝛿3UM
2

For the 2p M|L transition we have

̃̂ (2)
H
ML
(A.15)

The eﬀective Hamiltonian for the two-photon transition between
the states |N⟩ and |L⟩ is given by
UM
UM
⎛ 𝛿1 − 𝛿2
⎜
NL
𝛾1
= g2 × ⎜
⎜
𝛾2NL
⎜
⎝
0
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𝛼 NL

0

0

𝛼
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⎟
0
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0

0

𝛿3ML

𝛼 ML

ML

𝛿3ML

𝛼

0

0

𝛾1UN ⎞
|M, 0, 0⟩
⎟
0
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0 ⎟
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with
𝛿3ML

=
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ABSTRACT
The cascaded decay in a four-level quantum emitter is a well-established mechanism to generate polarization-entangled photon pairs, the
building blocks of many applications in quantum technologies. The four most prominent maximally entangled photon pair states are the Bell
states. In a typical experiment based on an undriven emitter, only one type of Bell state entanglement can be observed in a given polarization
basis. Other types of Bell state entanglement in the same basis can be created by continuously driving the system by an external laser. In this
work, we propose a protocol for time-dependent entanglement switching in a four-level quantum emitter–cavity system that can be operated
by changing the external driving strength. By selecting different two-photon resonances between the laser-dressed states, we can actively
switch back and forth between the different types of Bell state entanglement in the same basis as well as between entangled and nonentangled
photon pairs. This remarkable feature demonstrates the possibility to achieve a controlled, time-dependent manipulation of the entanglement
type that could be used in many innovative applications.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0045377

Entangled qubits are the building blocks for fascinating applications in many innovative research ﬁelds, like quantum cryptography,1,2 quantum communication,3,4 or quantum information
processing and computing.5–8 Besides possible applications, the phenomenon of entanglement is also important from a fundamental point
of view, being a genuine quantum effect. Especially, attractive realizations of two entangled qubits are polarization-entangled photon pairs,
because they travel at the speed of light and are hardly inﬂuenced by
the environment.9
The most prominent maximally entangled states, established for
polarization-entangled photons pairs, are the four Bell states (BS)
1
jU6 i ¼ pﬃﬃﬃ ðjHHi6jVViÞ;
2
1
jW6 i ¼ pﬃﬃﬃ ðjHVi6jVHiÞ;
2

Appl. Phys. Lett. 118, 164001 (2021); doi: 10.1063/5.0045377
Published under license by AIP Publishing

(1a)
(1b)

where H and V denote horizontally and vertically polarized photons,
respectively. The order corresponds to the order of photon detection:
in a U Bell state (UBS), the ﬁrst and second detected photon exhibit
the same polarization, whereas in a W Bell state (WBS), the two
detected photons have exactly the opposite polarization.
A well-established mechanism for the creation of these maximally entangled Bell states is the cascaded decay that takes place in a
four-level quantum emitter (FLE) after an initial excitation. Such an
FLE can be realized by a variety of systems, including F-centers, semiconductor quantum dots, or atoms.10–13 Employing a FLE, UBS entanglement in the chosen basis of linearly polarized photons was
demonstrated for various conditions in both theoretical and experimental studies.14–37 In contrast, WBS entanglement in the same linearly polarized basis has only been predicted in the case of continuous
laser driving.38,39 For the driven FLE, laser-dressed states emerge,
which have been observed experimentally.40,41 By embedding the FLE

118, 164001-1
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inside a microcavity with cavity modes tuned in resonance with the
desired emission process, certain two-photon emission processes
between the laser-dressed states can be favored.38,39 The emerging
type and degree of entanglement depend strongly on the dominant
two-photon emission path between the laser-dressed states, which, in
turn, can be tuned by the external driving strength.39
Based on these ﬁndings, we propose a protocol for timedependent entanglement switching using a driven FLE-cavity system.
Simply changing the external driving strength in a step-like manner
enables one to actively switch between the generation of UBS and
WBS entanglement as well as between entangled and nonentangled
photon pairs. Therefore, different entangled states can be generated
from the same source without further processing the photons to
change the entanglement, e.g., by wave plates.
We consider an externally driven FLE-cavity system, which has
been presented in detail in Refs. 38 and 39. Figure 1 depicts a sketch of
this system. A generic FLE comprises the ground state jGi, two degenerate intermediate single-excited states jXH=V i, and the upper state
jXXi. Typically, jXXi is not found at twice the energy of the singleexcited states but is shifted by the value EB , e.g., in quantum dots, EB is
referred to as the biexciton binding energy.9,42 Transitions between the
FLE states that involve the state jXH=V i are coupled to horizontally/
vertically polarized light. If the jXXi state has been prepared,29,43–45
cascaded photon emission takes place when the FLE relaxes to its
ground state resulting in the typical UBS.
An external laser with driving strength X is used to excite the
FLE. The laser frequency is adjusted such that the two-photon transition between the ground state jGi and jXXi is driven resonantly,
resulting in a ﬁxed energetic detuning D0 ¼ EB =2 between the singleexcitation transitions and the laser (cf. Fig. 1). The laser polarization is
chosen to be linear with equal components of the H and V polarization. The FLE is placed inside a microcavity and coupled to its two
energetically degenerate linearly polarized modes, H and V. The energetic placement of the cavity modes is described by the cavity laser
detuning D, i.e., the difference between the cavity mode and laser
energy. In typical setups, the fabrication process determines D, and it
cannot be changed afterward. Accordingly, we ﬁx the cavity laser
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detuning to D ¼ 0:8D0 . The coupling strength g between cavity and
FLE is assumed to be equal for all FLE transitions.
Furthermore, important loss processes, i.e., radiative decay with
rate c and cavity losses with rate j, are included using Lindblad-type
operators.39,46 The time evolution of the statistical operator of the system and two-time correlation functions are calculated by numerically
solving the resulting Liouville–von Neumann equation.47 The system
parameters for the calculations are displayed in Table I.38,39 Initially, the
system is in the FLE ground state jGi without any cavity photons. For
the Hamiltonian and details on the calculations, we refer to Ref. 39.
The entanglement characterization relies on the standard twotime correlation functions
ð2Þ

Gjk;lm ðt; s0 Þ ¼ h^a †j ðtÞ^a †k ðt þ s0 Þ^a m ðt þ s0 Þ^a l ðtÞi;

(2)

with fj; k; l; mg 2 fH; Vg.15 Here, t is the real time of the ﬁrst photon
detection and s0 is the delay time between this detection event and the
detection of the second photon. The operator ^a †H=V creates one horizontally/vertically polarized cavity photon.48 In realistic two-time coincidence experiments, the data are always obtained by averaging the
signal over ﬁnite real time and delay time intervals. Consequently, we
use averaged correlation functions that depend on the starting time of
the coincidence measurement t0, the used real time measurement
interval Dt, and the delay time window s (see also Ref. 39).
A measure to classify the entanglement is the two-photon density
matrix q2p , from which the resulting type of entanglement can be
extracted directly from its form. In standard experiments, q2p is reconstructed employing quantum state tomography,49 and, consequently,
it is obtained from the averaged correlation functions as detailed in
Ref. 39.
To quantify the degree of entanglement, we use the concurrence
C, which can be calculated directly from the two-photon density
matrix.34,39,49–51 Note that both, the two-photon density matrix and
the concurrence, depend on the parameters of the coincidence measurements: t0, Dt, and s. Throughout this article, a delay time window
s ¼ 50 ps is assumed.52
Before presenting the switching protocol, we study the behavior
of the constantly driven FLE-cavity system as a function of the driving
strength for a ﬁxed selected cavity laser detuning. The resulting type of
entanglement and its degree depend on the cavity laser detuning D
and the driving strength X, as demonstrated in Ref. 39. In particular, a
high degree of UBS or WBS entanglement is only possible, when the
cavity modes are close to or in resonance with a direct two-photon
transition between the laser-dressed states of the FLE. In the present
setup, we have ﬁxed all frequencies and detunings, such that the only
free tuning parameter is the driving strength X.

TABLE I. Fixed system parameters used in the calculations.

Parameter
FIG. 1. Sketch of the driven FLE-cavity system. The FLE consists of the states
jGi; jXH=V i, and jXXi, which are coupled via optical transitions by horizontally/vertically polarized light (green/purple straight arrows). The FLE is driven by an external laser at the two-photon resonance, which results in a detuning of D0 to the
intermediate states (orange arrows). The FLE is embedded into a cavity with two
energetically degenerate but orthogonal horizontally/vertically polarized cavity
modes (green/purple wavy arrows) detuned by D to the laser energy.
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Coupling strength
Detuning
Cavity laser detuning
Cavity loss rate
Radiative decay rate

Value
g
D0
D
j
c

0.051 meV
20g ¼ 1:02 meV
0:8D0 ¼ 0:816 meV
0:1g=h  7:8 ns1
0:01g=h  0:78 ns1
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The constant driving of the FLE results in a mixing of the bare
states jGi; jXH=V i, and jXXi, such that the new eigenstates are the
laser-dressed states, which we label by jUi; jMi; jNi, and jLi. Their
respective energies are given by39

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
(3a)
D0 þ D20 þ 8X2 ;
EU ¼
2
EM ¼ D0 ;
(3b)
EN ¼ 0;
(3c)

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
(3d)
D0  D20 þ 8X2 :
EL ¼
2
Both the state mixing and the energies depend on the driving strength
X, which we will now use to tune certain two-photon transitions in
resonance with the cavity modes.
Figure 2 depicts the dressed state energies [panel (a)], the mean
photon number hni ¼ h^
a †H ^a H þ ^a †V ^a V i [panel (b)], and the concurrence [panel (c)] as functions of the driving strength X. All quantities
are calculated at times where the system has reached its steady state,
i.e., it is assumed that the coincidence measurements necessary to
determine q2p and C are performed after the steady state in the system

FIG. 2. (a) Energies of the four laser-dressed states as function of X (in units of g).
Green double-headed arrows symbolize the cavity mode energy. (b) Mean photon
number hni and (c) concurrence as functions of the driving strength X for a cavity
laser detuning D ¼ 0:8D0 . n-photon resonances between the dressed states jv1 i
and jv2 i are labeled by np v1 jv2 . The type of entanglement is color-coded:
blue ¼ UBS entanglement, red ¼ WBS entanglement, purple ¼ no entanglement.
Straight lines mark the driving strengths used for switching in Fig. 3.
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dynamics has been achieved.53 A color code is used to distinguish
among UBS (blue) entanglement, WBS (red) entanglement, and nonentangled photon pairs (purple).
The mean photon number exhibits a series of differently shaped
peaks related to n-photon transitions between the four laser-dressed
states. An n-photon transition between a pair of dressed states jv1 i
and jv2 i, labeled as np v1 jv2 in Fig. 2(b), is in resonance with the cavity modes when n-times the cavity laser detuning D matches the transition energy Ev1  Ev2 . Based on this condition, all peaks of enhanced
photon production can be linked to one-, two-, or three-photon resonances between the dressed states. In particular, two-photon resonances manifest themselves as high and narrow peaks, e.g., for X  9g,
14g, or 29g.
Turning to the concurrence, presented in Fig. 2(c), one obtains
again a peak-like structure and both types of Bell state entanglement
occur. By comparing the concurrence and hni, one notes that the
regions of high entanglement are associated with two-photon resonances. A more detailed analysis reveals that the features observable for
X  14g (29g) are actually caused by two closely spaced resonances,
2p UjN and 2p MjL (2p UjM and 2p NjL), which result in a double
peak in the concurrence. A particularly high degree of UBS entanglement is obtained for XU ¼ 8:85g when the cavity mode is almost at
resonance with the two-photon transition between the dressed states
jUi and jLi, while at XW ¼ 28:75g, a high WBS entanglement occurs
at the two-photon transition between jNi and jLi. This behavior can
be well understood using an analysis based on a Schrieffer–Wolff
transformation.39 Additionally, three-photon resonances lead to small
peaks in the concurrence and in the mean photon number.
Besides the regions of high UBS and WBS entanglement, also a
wide regime of vanishing concurrence is found, between
X ¼ 16g; :::; 25g, where the cavity modes do not match any multiphoton transition process, cf. Fig. 2. Note that the vanishing degree of
entanglement in this parameter regime is not due to a lack of emitted
photons. On the contrary, the photon generation can be comparatively
high due to the proximity to one-photon resonances, cf. Fig. 2(b).
Therefore, in this parameter regime, the measurement detects two subsequent photons that are not entangled.
According to our ﬁndings, we choose three driving strengths Xj
with similar photon number, but different types of entanglement for
the switching protocol: at XU ¼ 8:85g, we have a strong UBS entanglement, at X0 ¼ 18:00g, we have no entanglement, and at
XW ¼ 28:75g, we have a strong WBS entanglement.
We propose a step-like excitation protocol to demonstrate timedependent entanglement switching. The results are presented in Fig. 3.
A schematic sketch of the protocol is depicted in Fig. 3(a). The basic
idea is to change between three different driving strengths Xj that, in
the stationary case, are associated with different types of entangled
photon pairs. During the protocol, the FLE is continuously driven
with a constant driving strength Xj for a ﬁxed time period T, and then
X changes step-like to one of the other two values. Accordingly, the
resulting time-dependent laser driving has a step-like structure with
step length T. In order to allow for a time resolved detection of the
entanglement type, measurements with measurement interval
Dt ¼ T=4, delay time window s ¼ 50 ps, and varying starting times t0
are performed.
Figure 3(b) displays the calculated concurrence for each measurement as a function of its respective starting time t0, where a step length
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FIG. 3. (a) The proposed protocol that enables time-dependent entanglement switching.
The driving strength is changed instantaneously between the three values XU ; XW ,
and X0 after a time interval T, resulting in a
step-like time-dependent laser driving with
step length T. During each step j, coincidence
measurements with starting time t0, measurement interval Dt ¼ T=4, and delay time window s ¼ 50 ps can be performed. (b)
Concurrence calculated for the respective
measurements as a function of the starting
time t0 for a step length T ¼ 1 ns. Results are
calculated for degenerate intermediate states
jXH=V i (solid line), for the ﬁnite ﬁne-structure
splitting d ¼ 0:1D0 between them (dashed
line), and including pure dephasing with
hcPD ¼ 3 leV (dotted line). The cavity laser

detuning is set to D ¼ 0:8D0 , and the driving strength values XU ¼ 8:85 g; XW
¼ 28:75 g, and X0 ¼ 18 g are used. A
color code indicates UBS (blue) and WBS
(red) entanglement as well as nonentangled
photon pairs (purple). (c)–(e) Corresponding
two-photon density matrices q2p obtained for
the
measurements
performed
at
t0 ¼ T=2; 3T=2, and 5T=2 for the case of
degenerate intermediate states.

of T ¼ 1 ns is assumed. As before, the entanglement type is color
coded: blue (red) indicates UBS (WBS) entanglement and purple symbolizes nonentangled photon pairs. The corresponding two-photon
density matrices for the measurements performed at t0 ¼ T=2; 3T=2,
and 5T=2 are depicted in Figs. 3(c)–3(e).
The protocol starts with the driving strength XU , and indeed,
UBS entanglement with a high concurrence is obtained. The corresponding two-photon density matrix shown in Fig. 3(c) represents a
two-photon state close to a maximally entangled UBS. We ﬁnd that
the occupations of the states with two equally polarized photons,
jHHi and jVVi, and the coherence between them dominate q2p such
that their absolute values are close to 1/2. In the second step, we switch
to XW and obtain a high concurrence related to WBS entanglement. In
the two-photon density matrix, presented in Fig. 3(d), the states jHVi
and jVHi display the highest occupations and coherence values. In the
third step with X0 , the entanglement is switched off with zero concurrence. The corresponding, reconstructed density matrix is similar to a
statistical mixture, where the coherences needed for an entangled Bell
state are practically absent, resulting in a vanishing degree of
entanglement.
Having demonstrated that all types of entanglement can be created,
we continue the protocol demonstrating that the order of switching does
not play a role. Accordingly, in step 4, we switch into WBS entanglement; in step 5, we switch into UBS entanglement; and in step 6, back to
no entanglement. The obtained concurrence is similar to that in steps
1–3. We also checked that density matrices q2p obtained in the middle
of steps 4, 5, and 6 are almost identical to those presented in Figs.
3(c)–3(e) for the respective driving strength (not shown).
It is also interesting to look at the case when the measurements
start in the vicinity of switching times jT, where j 2 f1; 2; …; 5g.
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Here, one observes a continuous transition between the different
entanglement types. This transition begins when the measurement
starting at t0 extends into the next step, i.e., when t0  jT  Dt.
During this transition process, the degree of entanglement, as measured by the concurrence, passes through zero when one switches
between UBS and WBS entanglement, or vice versa. After a short transition interval, the measured concurrence enters either a plateau of
high entanglement associated with the used driving strength or
remains zero, when the driving strength is X0 .
An important question is how sensitive the proposed protocol is to
parameter variations. The main requirement is that different types of
entanglement can be obtained at different driving strength values. While
regions of high UBS entanglement can be found rather easily, WBS
entanglement occurs not so often. Only the two-photon transition 2p
NjL always features WBS entanglement, while for high driving strengths,
it can be found also at the 2p UjL resonance.39 Furthermore, the necessary precondition to obtain WBS entanglement at these resonances is a
ﬁnite detuning D0 . In principle, in these situations, one can then switch
between the different entanglement types using any ﬁnite cavity laser
detuning D. Hence, we expect that the protocol also works for different
values of D0 and D. However, a more elaborate analysis suggests that
high concurrence values for both entanglement types are only obtained
if D and D0 are of the same order.
Another possible perturbation is an energy difference between
the single-excited states jXH=V i, which, in quantum dots, is known as
the ﬁne-structure splitting (FSS). A ﬁnite FSS, deﬁned as
d ¼ hxXH  hxXV , between the energies of the intermediate bare
states jXH=V i, is regarded as a main obstacle for entanglement generation,14,17,26,32,33 because it introduces which-path information and,
thus, reduces the degree of entanglement.14,17,31
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To consider the effect of a FSS on the switching protocol and
entangled photon pair generation, we included an FSS of d ¼ 0:1D0 in
our calculations [dashed line in Fig. 3(b)], which is a typical value
being one order of magnitude smaller than the binding
energy.26,29,31,32 We ﬁnd that this rather large FSS only marginally
reduces the concurrence compared with the previous results. The reason is that the transitions in the driven system take place between the
laser-dressed states. The FSS affects the energies of the laser-dressed
states and their composition only weakly such that the resonance conditions and optical selection rules hold. This implies that the generated
photonic states are practically the same, and the proposed protocol is
robust with respect to a nonzero FSS.
By adding a phenomenological rate model17,35
^¼
LPD q

1 X
c jvihvj^
q jv0 ihv0 j;
2 v; v0 PD

(4)

v 6¼ v0
0

with rate cPD and v; v 2 fG; XH ; XV ; XXg acting on the statistical
^ , we, furthermore, consider the inﬂuence of pure dephasing.
operator q
Using a realistic value for quantum dots at low temperatures,17
hcPD ¼ 3 leV, we ﬁnd that, although the concurrence is reduced, all

essential features are unaffected. In particular, one can still switch
between different entanglement types with corresponding concurrence
C  0:5 [dotted line in Fig. 3(b)].
In conclusion, this work presents a protocol for time-dependent
entanglement switching based on a driven four-level emitter–cavity
system. The protocol is operated by simply switching between different driving strengths in a step-like manner. Depending on the driving
strength, one obtains either UBS entanglement, WBS entanglement, or
nonentangled photon pairs in the respective measurements. Thus, this
work demonstrates a possibility to actively switch between different
types of entanglement using a time-dependent external laser excitation. The protocol is also robust against a possible FSS. It is stressed
that the protocol enables one to achieve different types of entanglement within the same basis and without further post-processing of the
generated photons.
The proposed protocol is, therefore, a suitable candidate for the
realization of time-dependent entanglement switching, which is an
important step toward future applications.
D. E. Reiter acknowledges support from the Deutsche
Forschungsgemeinschaft (DFG) via the Project No. 428026575.
We are further grateful for support from the Deutsche
Forschungsgemeinschaft (DFG, German Research Foundation) via
the Project No. 419036043.
DATA AVAILABILITY
The data that support the ﬁndings of this study are available
from the corresponding author upon reasonable request.
REFERENCES
1

N. Gisin, G. Ribordy, W. Tittel, and H. Zbinden, Rev. Mod. Phys. 74, 145
(2002).
H.-K. Lo, M. Curty, and K. Tamaki, Nat. Photonics 8, 595 (2014).
3
L.-M. Duan, M. D. Lukin, J. I. Cirac, and P. Zoller, Nature 414, 413 (2001).
4
D. Huber, M. Reindl, J. Aberl, A. Rastelli, and R. Trotta, J. Opt. 20, 073002
(2018).
2

Appl. Phys. Lett. 118, 164001 (2021); doi: 10.1063/5.0045377
Published under license by AIP Publishing

scitation.org/journal/apl

5

J.-W. Pan, Z.-B. Chen, C.-Y. Lu, H. Weinfurter, A. Zeilinger, and M.
_
Zukowski,
Rev. Mod. Phys. 84, 777 (2012).
C. H. Bennett and D. P. DiVincenzo, Nature 404, 247 (2000).
7
S. C. Kuhn, A. Knorr, S. Reitzenstein, and M. Richter, Opt. Express 24, 25446
(2016).
8
A. Zeilinger, Phys. Scr. 92, 072501 (2017).
9
A. Orieux, M. A. M. Versteegh, K. D. J€ons, and S. Ducci, Rep. Prog. Phys. 80,
076001 (2017).
10
K. Edamatsu, Jpn. J. Appl. Phys., Part 1 46, 7175 (2007).
11
S. J. Freedman and J. F. Clauser, Phys. Rev. Lett. 28, 938 (1972).
12
J. Wen, S. Du, Y. Zhang, M. Xiao, and M. H. Rubin, Phys. Rev. A 77, 033816
(2008).
13
J. Park, T. Jeong, H. Kim, and H. S. Moon, Phys. Rev. Lett. 121, 263601 (2018).
14
T. Seidelmann, F. Ungar, M. Cygorek, A. Vagov, A. M. Barth, T. Kuhn, and V.
M. Axt, Phys. Rev. B 99, 245301 (2019).
15
M. Cygorek, F. Ungar, T. Seidelmann, A. M. Barth, A. Vagov, V. M. Axt, and
T. Kuhn, Phys. Rev. B 98, 045303 (2018).
16
T. Seidelmann, F. Ungar, A. M. Barth, A. Vagov, V. M. Axt, M. Cygorek, and
T. Kuhn, Phys. Rev. Lett. 123, 137401 (2019).
17
S. Schumacher, J. F€orstner, A. Zrenner, M. Florian, C. Gies, P. Gartner, and F.
Jahnke, Opt. Express 20, 5335 (2012).
18
D. Heinze, A. Zrenner, and S. Schumacher, Phys. Rev. B 95, 245306 (2017).
19
A. Carmele and A. Knorr, Phys. Rev. B 84, 075328 (2011).
20
R. M. Stevenson, R. J. Young, P. Atkinson, K. Cooper, D. A. Ritchie, and A. J.
Shields, Nature 439, 179 (2006).
21
R. J. Young, R. M. Stevenson, P. Atkinson, K. Cooper, D. A. Ritchie, and A. J.
Shields, New J. Phys. 8, 29 (2006).
22
A. Muller, W. Fang, J. Lawall, and G. S. Solomon, Phys. Rev. Lett. 103, 217402
(2009).
23
D. Huber, M. Reindl, S. F. Covre da Silva, C. Schimpf, J. Martın-Sanchez, H.
Huang, G. Piredda, J. Edlinger, A. Rastelli, and R. Trotta, Phys. Rev. Lett. 121,
033902 (2018).
24
H. Wang, H. Hu, T.-H. Chung, J. Qin, X. Yang, J.-P. Li, R.-Z. Liu, H.-S. Zhong,
Y.-M. He, X. Ding, Y.-H. Deng, Q. Dai, Y.-H. Huo, S. H€oﬂing, C.-Y. Lu, and J.W. Pan, Phys. Rev. Lett. 122, 113602 (2019).
25
J. Liu, R. Su, Y. Wei, B. Yao, S. F. C. d Silva, Y. Yu, J. Iles-Smith, K. Srinivasan,
A. Rastelli, J. Li, and X. Wang, Nat. Nanotechnol. 14, 586 (2019).
26
S. Bounouar, C. de la Haye, M. Strauß, P. Schnauber, A. Thoma, M. Gschrey,
J.-H. Schulze, A. Strittmatter, S. Rodt, and S. Reitzenstein, Appl. Phys. Lett.
112, 153107 (2018).
27
A. Dousse, J. Suffczy
nski, A. Beveratos, O. Krebs, A. Lema^ıtre, I. Sagnes, J.
Bloch, P. Voisin, and P. Senellart, Nature 466, 217 (2010).
28
R. Winik, D. Cogan, Y. Don, I. Schwartz, L. Gantz, E. R. Schmidgall, N. Livneh,
R. Rapaport, E. Buks, and D. Gershoni, Phys. Rev. B 95, 235435 (2017).
29
M. M€
uller, S. Bounouar, K. D. J€ons, M. Gl€assl, and P. Michler, Nat. Photonics
8, 224 (2014).
30
A. Fognini, A. Ahmadi, M. Zeeshan, J. T. Fokkens, S. J. Gibson, N. Sherlekar,
S. J. Daley, D. Dalacu, P. J. Poole, K. D. J€ons, V. Zwiller, and M. E. Reimer,
ACS Photonics 6, 1656 (2019).
31
N. Akopian, N. H. Lindner, E. Poem, Y. Berlatzky, J. Avron, D. Gershoni, B. D.
Gerardot, and P. M. Petroff, Phys. Rev. Lett. 96, 130501 (2006).
32
R. Hafenbrak, S. M. Ulrich, P. Michler, L. Wang, A. Rastelli, and O. G.
Schmidt, New J. Phys. 9, 315 (2007).
33
A. J. Bennett, M. A. Pooley, R. M. Stevenson, M. B. Ward, R. B. Patel, A. B. de
la Giroday, N. Sk€old, I. Farrer, C. A. Nicoll, D. A. Ritchie, and A. J. Shields,
Nat. Phys. 6, 947 (2010).
34
E. del Valle, New J. Phys. 15, 025019 (2013).
35
F. Troiani, J. I. Perea, and C. Tejedor, Phys. Rev. B 74, 235310 (2006).
36
R. M. Stevenson, C. L. Salter, J. Nilsson, A. J. Bennett, M. B. Ward, I. Farrer, D.
A. Ritchie, and A. J. Shields, Phys. Rev. Lett. 108, 040503 (2012).
37
O. Benson, C. Santori, M. Pelton, and Y. Yamamoto, Phys. Rev. Lett. 84, 2513 (2000).
38
C. Sanchez Mu~
noz, F. P. Laussy, C. Tejedor, and E. del Valle, New J. Phys. 17,
123021 (2015).
39
T. Seidelmann, M. Cosacchi, M. Cygorek, D. E. Reiter, A. Vagov, and V. M.
Axt, Adv. Quantum Technol. 4, 2000108 (2021).
40
P.-L. Ardelt, M. Koller, T. Simmet, L. Hanschke, A. Bechtold, A. Regler, J.
Wierzbowski, H. Riedl, J. J. Finley, and K. M€
uller, Phys. Rev. B 93, 165305 (2016).
6

118, 164001-5

Applied Physics Letters

41

F. Hargart, M. M€
uller, K. Roy-Choudhury, S. L. Portalupi, C. Schneider, S.
H€oﬂing, M. Kamp, S. Hughes, and P. Michler, Phys. Rev. B 93, 115308
(2016).
42
Q. Mermillod, D. Wigger, V. Delmonte, D. E. Reiter, C. Schneider, M. Kamp,
S. H€oﬂing, W. Langbein, T. Kuhn, G. Nogues, and J. Kasprzak, Optica 3, 377
(2016).
43
D. E. Reiter, T. Kuhn, M. Gl€assl, and V. M. Axt, J. Phys. 26, 423203 (2014).
44
M. Reindl, K. D. J€ons, D. Huber, C. Schimpf, Y. Huo, V. Zwiller, A. Rastelli,
and R. Trotta, Nano Lett. 17, 4090 (2017).
45
L. Hanschke, K. A. Fischer, S. Appel, D. Lukin, J. Wierzbowski, S. Sun, R.
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The on-demand preparation of higher-order Fock states is of fundamental importance in quantum information
sciences. We propose and compare different protocols to generate higher-order Fock states in solid state
quantum-dot–cavity systems. The protocols make use of a series of laser pulses to excite the quantum dot
exciton and off-resonant pulses to control the detuning between dot and cavity. Our theoretical studies include
dot and cavity loss processes as well as the pure-dephasing type coupling to longitudinal acoustic phonons in
a numerically complete fashion. By going beyond the two-level approximation for quantum dots, we study the
impact of a finite exchange splitting, the impact of a higher energetic exciton state, and an excitation with linearly
polarized laser pulses leading to detrimental occupations of the biexciton state. We predict that under realistic
conditions, a protocol which keeps the cavity at resonance with the quantum dot until the desired target state is
reached is able to deliver fidelities to the Fock state |5 well above 40%.
DOI: 10.1103/PhysRevResearch.2.033489

I. INTRODUCTION

Semiconductor quantum-dot–cavity (QDC) systems are
widely discussed as candidates for highly integrable ondemand emitters of nonclassical states of light. They have
been successfully proven to be reliable sources of high
quality single photons [1–10] as well as entangled photon
pairs [11–18]. Nonetheless, the preparation of higher-order
Fock states remains a challenge. These states find vast applications in quantum metrology [19–21], as building blocks for
more complex quantum states of light such as Schrödinger cat
states [22], and in quantum computing [23].
While schemes to prepare higher-order Fock states have
been known in atomic cavity systems for decades [24–26],
these protocols rely on properties specific to atoms, such as
the finite time of flight through a resonator, which cannot
be translated straightforwardly to a locally fixed solid state
qubit as encountered in quantum dots (QDs). Nonetheless, this
protocol has been applied to a superconducting qubit coupled
to a microwave cavity [27]. In this setup, coupling the qubit
and the cavity only temporarily is achieved by changing the
structure of the potential with an external flux bias and thus
directly tuning the resonance frequency of the qubit. This is
not possible in QDCs after the growth process is completed
and thus the confinement potential set. Furthermore, protocols
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involving parametric down-conversion have achieved remarkable fidelities to the targeted higher-order Fock states [28]. A
huge challenge in such setups to be solved is the on-demand
character of these sources.
In this work, we propose protocols for the preparation of
higher-order Fock states in QDCs and explore their feasibility
up to n = 5. The protocols rely on the application of a series
of ultrashort laser pulses combined with off-resonant laser
pulses to induce an AC-Stark effect. In contrast to atoms,
QDs are solid state systems and are therefore affected by the
electron-phonon interaction. The pure-dephasing type coupling of the excitonic states to longitudinal acoustic phonons
is known as the main source of decoherence in QDs even at
cryogenic temperatures of a few Kelvin [29–33]. Accordingly,
we study the influence of phonons as well as of cavity and
radiative losses on the proposed protocols. Because we use
ultrashort pulses, we further calculate the influence of higher
energetic excitons on the preparation schemes. In neutral QDs,
the approximation of the QD as a two-level system is often
reasonable. In particular, this is the case when transitions to
the biexciton are forbidden by selection rules. Note that this
sets constraints on the polarization of the driving laser as well
as on the resonantly coupled cavity modes. Furthermore, the
two-level approximation holds well, when the fine-structure
splitting (FSS) happens to be absent or is suppressed, e.g.,
by external fields, strain, or by fabricating highly symmetrical QDs [12,34–37]. We study the respective influences by
extending our system to a three- or four-level system.
We show that even under these realistic conditions, our
preparation schemes can reach fidelities to the Fock state |5
well above 40%. To put this value into perspective, let us
compare it to other works. Hofheinz et al. [27] prepared Fock
states with up to six photons in their superconducting qubit
Published by the American Physical Society
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setup but do not report a value for the fidelity. To be able to
compare our results with theirs, we simulated the experiment
described in Ref. [27] to reproduce the figures therein, while
giving an estimate for the preparation fidelity of their setup.
For the fidelity to the state |5 our estimate yields ≈20%.
Tiedau et al. [28] use heralded parametric down-conversion to
generate higher-order Fock states. Their best fidelities to Fock
states with n  5 do not exceed 50%. Therefore our QDC
protocol is competitive with other means to prepare higherorder Fock states. Compared with superconducting qubits,
QDCs have the advantage of being in an energetic regime
corresponding to the ps- rather than the nanosecond timescale,
thus making the total preparation time for the Fock state |5
about three orders of magnitude faster.
In the following, we start our analysis with a simple twolevel QD-model and subsequently shift our focus to more
complex situations by taking into account levels present in a
QD that might have adverse effects on the preparation fidelity
of higher-order Fock states.
II. PROTOCOLS FOR A TWO-LEVEL SYSTEM

In atomic cavities, protocols for the preparation of higherorder Fock states have been successfully employed in the
1980s. A well known example is the so called micromaser
setup, where a highly excited Rydberg atom is brought to
resonance with a single-mode cavity only during its time of
flight through the resonator [24–26]. Sending excited atoms
subsequently through the cavity fills the latter with one more
photon at a time, thus preparing a higher-order Fock state.
While earlier experiments [25] succeeded in the preparation
of up to n = 2, recent results yield states with up to seven
photons [26]. This technique was translated to a solid state
platform by Hofheinz et al. [27]. In that work, a superconducting qubit is coupled to a single mode of a microwave cavity.
The transition frequency of the former can be tuned to bring it
to resonance with the resonator frequency only during a finite
time window, in which half a Rabi oscillation transfers the
excitation from the qubit to a cavity photon. This procedure
simulates the finite dwell time of an atom in a cavity with a
locally fixed superconducting qubit.
In the QDC case, there are several differences to the atomic
situation. Firstly, the interaction between the QD and the
cavity cannot be turned off by removing the QD from the
cavity. Secondly, the transition frequency of the QD is set once
the nanostructure is grown. Nonetheless, preparation schemes
similar to those used in atomic cavities can be realized also
in QDCs using the mechanisms sketched in Fig. 1. An interchange between exciting the QD with a sequence of π -pulses
and controlling the effective cavity-QD coupling by inducing
AC-Stark shifts lies at the heart of the two schemes we present
here. The difference between them is the way the AC-Stark
pulses are used: in the first scheme, they lead to a cavity-QD
coupling, while in the second one, they decouple the two
subsystems at the end of the protocol. Note that inducing
ultrafast Stark shifts is also possible by electrical, rather than
optical manipulation of the system [38].
We start by assuming that the QD can be modelled as a
two-level system, while we will discuss more realistic QD
models in Sec. III. This approximation holds very well for
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FIG. 1. Sketch of the QDC system, where photons are created
by recombination of the QD exciton. A Stark pulse from the side
controls the photon emission such that Fock states can be generated
on demand.

strongly confined charged QDs where the ground state is
coupled to a trion state and higher excited states are energetically well separated. But it can also be realized in neutral
QDs where, however, it entails constraints on the FSS, the
polarizations of the driving laser, and the cavity modes.
The Hamiltonian for the two-level QD coupled to a single
cavity mode and driven by external laser pulses reads
H2LS = h̄ωX |X X | + h̄ωC a† a + h̄g(aσX† + a† σX )
h̄ ∗
( f (t )σX + fX (t )σX† ),
2 X
fX (t ) = f pulses (t ) + f AC-Stark (t ),
−

(1)

where |X  is the exciton state at energy h̄ωX and σX :=
|GX | is the operator for the transition between |X  and
the ground state |G. The energy of the latter is set to zero.
a denotes the photonic annihilation operator. The QDC is
described by the Jaynes-Cummings model and the exciting
and Stark laser pulses are represented by the function fX (t ),
which is specified in Appendix A 1, in particular its two parts
f pulses (t ) and f AC-Stark (t ). The cavity frequency is denoted by
ωC and its coupling to the QD by g. We further account for
the pure-dephasing type interaction with longitudinal acoustic
(LA) phonons [29–33], the radiative decay of the QD excitons, and cavity losses. In this work, whenever we consider
phononic effects, the phonons are assumed to be initially in
thermal equilibrium at a temperature of T = 4 K. We solve the
corresponding Liouville equation in a numerically complete
manner by employing a path-integral formalism (for details
see Refs. [39–41] and Appendix A 1). The parameters for the
calculation are given in Appendix A 2.
A. Protocol with interrupted coupling (PIC)

In a first step, we would like to translate the protocol known
from atomic cavities as closely as possible to our solid state
platform. Therefore we assume that the QD transition and
the cavity mode are off-resonant. In particular, we assume
that ωCX := ωC − ωX > 0, i.e., the QD line lies below the
cavity. In order to enable the efficient generation of a single
photon in the cavity we apply an AC-Stark pulse tuned below
the exciton line to bring the QD in resonance with the cavity.
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FIG. 2. Dynamics of a QDC for the PIC. Panels from bottom to
top: series of ultrafast π -pulses and off-resonant AC-Stark pulses
(green); the occupation of the exciton |X  (blue), occupation of
the photon states |n = |1, |2, . . . , |5 (red/orange). Dashed lines:
without phonons and without losses. Solid lines with phonons as well
as cavity losses and radiative decay.

Each Stark pulse is a rectangular pulse with softened edges
[cf., Eq. (A3)]. Whilst in resonance, the QD exciton can emit
a photon. Before a re-absorption of this photon occurs, we
switch off the AC-Stark pulse, thus effectively interrupting the
coupling of QD and cavity. Now these steps can be repeated
to reach any desired photon state. In the following, we refer to
this scheme as protocol with interrupted coupling (PIC).
The corresponding dynamics of the PIC is displayed
in Fig. 2. The panels from bottom to top show the laser
pulses (green), the occupation of the exciton |X  (blue), and
the occupation of the photon states |n = |1, |2, . . . , |5
(red/orange). We use our procedure of alternating π - and ACStark pulses five times until the Fock state |5 is prepared. The
dashed lines show the protocol in the ideal case of a two-level
system without phonons and losses. Here, every Fock state
is reached with a near-unity fidelity of 96.3% (cf., Sec. II C
for a formal definition of this quantity). Because the Rabi
frequency depends on the number of photons already present
in the cavity, the√length of the AC-Stark pulses for each step
is reduced by 1/ n compared to the first Stark pulse.
When taking both the phonon Hamiltonian and Markovian
loss processes into account, both the exciton occupation and
the occupation of the photon states are reduced (solid lines in
Fig. 2) and the fidelity of the protocol diminishes considerably. Nonetheless, we are still able to address each Fock state
with our protocol. We note that cavity losses are responsible
for the refilling of the Fock state with n − 1 photons during
the preparation of the state with n leading to an additional loss
of fidelity. Moreover, this effect yields second local maxima
in the fidelity after the first ones intended by the preparation.
Even when considering all loss channels, we find a fidelity of 38.5%, which is in good comparison with other
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FIG. 3. Dynamics of the QDC for the PUC. Panels and line types
as in Fig. 2

protocols [27,28]. A further advantage of the PIC is that
the preparation is on-demand, which is a challenge in setups
relying on parametric down-conversion.
B. Protocol with uninterrupted coupling (PUC)

In contrast to the previous situation, now we consider the
case that the QD and the cavity shall be grown such that
they are on-resonance (ωCX = 0). Such systems are nowadays common in QDCs [42,43]. If now a series of resonant
π -pulses hits the QD, such that the exciton performs half a
Rabi oscillation in the time between the pulses, a number of
photons according to the number of π -pulses is created. Since
in this scheme the coupling between QD and cavity is kept
at resonance until the final state is reached, we refer to it as
protocol with uninterrupted coupling (PUC). Note that like
for the√PIC the delay between the pulses has to be scaled
by 1/ n. Only when the target state has been reached, an
AC-Stark pulse decouples the QD and the cavity to store the
desired number state.
Figure 3 shows the dynamics of the participating quantities for the PUC. In the phonon- and loss-free case (dashed
lines in Fig. 3), the fidelity to the five-photon state is 99.4%
which is even slightly higher than in the PIC, where we only
reached 96.3%. Including the influence of phonons and losses,
qualitatively the same effects as in the PIC can be observed, in
particular the refilling of lower number states due to the cavity
losses (solid lines in Fig. 3). We achieve a fidelity including
phonons and Markovian losses of 45.1%.
C. Comparison of the two protocols

The striking difference between the two protocols is their
total duration. The PUC is roughly 15% faster than its PIC
counterpart. This minimizes the time when losses can influence the dynamics.
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Maximum Fidelity maxt F(t)

the experimental realization, since only one AC-Stark pulse is
necessary to decouple the system at the end of the protocol.
Even the field strength of this final pulse need not be precise,
as required in the PIC, as long as it is large enough to effectively detune the dot from the cavity.
Therefore we conclude that our protocols both perform
well in comparison with existing protocols to prepare higherorder Fock states [27,28]. The PUC outperforms the PIC with
respect to the total duration as well as the fidelity as long as
the conditions for using a two-level model are fulfilled.

ideal
with losses
with phonons and losses
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PUC
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0.8
0.6
0.4

III. PROTOCOLS FOR A MULTILEVEL QUANTUM
DOT SYSTEM
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FIG. 4. The maximum fidelity over time to the Fock states |n,
n ∈ {1, 2, . . . , 5} for the PIC (left bars, red) and PUC (right bars,
blue) for the cases without phonons and without losses (light colors),
without phonons and with losses (middle colors), and with phonons
and with losses (dark colors).

We summarize our findings by looking at the maximum
fidelity over time for each Fock state in Fig. 4 for the different
levels of approximation. The fidelity is a generalization of the
overlap projection between two pure states to mixed states first
introduced by Jozsa [44]. For two arbitrary density matrices
ρ1 and ρ2 , it is defined as
 √
√ 2
ρ1 ρ2 ρ1
.
(2)
F (ρ1 , ρ2 ) = Tr
It is bounded between zero and unity and symmetric in its
two arguments. In our case, we consider the photonic reduced
density matrix ρ1 = TrQD [TrPh (ρ)], which is the full density
matrix ρ obtained as a solution of Eq. (A8) traced over the
phononic (Ph) and the electronic (QD) subspaces. We compare this state to the target Fock states |n, i.e., ρ2 = |nn|.
In this special case, the fidelity simplifies to the occupation
of |n.
The red bars in Fig. 4 correspond to the PIC, while the blue
bars are for the PUC. The lightly colored bars show the ideal
case without phonons and without losses, the medium colored
bars are without phonons, but with losses, and the dark colored
bars are with phonons and with losses.
Looking at the fidelity of the Fock states, we can see several
trends: The effect of cavity losses and radiative decay is more
detrimental than the phonon influence. As an example, for
the n = 5-Fock state prepared by the PIC, the losses reduce
the fidelity from 96.3% to 48.5%, while the phonons further
lower this value only to 38.5%. Note that this is a quantitative
result for the considered GaAs/In(Ga)As QD at T = 4 K. In
particular, this behavior might change in other materials or at
higher temperatures. The PUC is better than the PIC for all
cases. Overall, the 15% saving of time in the PUC yields a
clear benefit. The maximum fidelity to the n = 5-Fock state
including phonon and loss effects is now 45.1% (compared
with 38.5% in the previous paragraph), a significant improvement by 17%. Furthermore, the PUC poses less demand on

For charged QDs, the transition between the residing electron and the trion state (i.e., the charged exciton) can be well
modelled by a two-level system [45]. However, for a neutral
QD, the assumption of a two-level system imposes further
constraints. In particular, the single exciton manifold in a
neutral QD comprises two states, which can be selectively
addressed by circularly polarized laser pulses. A finite exchange interaction couples these states resulting in a finite
FSS and corresponding new eigenstates that couple to linearly
polarized light [32,46–49]. Also, there exists the biexciton,
which can be addressed using linearly polarized pulses. Additionally, using ultrashort π -pulses, might lead to the excitation
of higher energetic exciton states. Note that these states are
also present in charged QDs, thus affecting the two-level
approximation even in this favorable system. In the following,
we study how these deviations from a two-level system affect
the Fock state preparation fidelity.
A. Systems

(1) Four-level system (4LS). For modeling a neutral QD,
we consider a four-level system accounting for the ground
state |G, the left and right circularly polarized exciton |XL 
and |XR  as well as the biexciton |B
H4LS = h̄ωX (|XL XL | + |XR XR |)
Vex
(|XL XR | + |XR XL |)
2
+ (2h̄ωX − EB )|BB|

[h̄ωC a†j a j + h̄g(a j σ j† + a†j σ j )]
+

+ h̄

j=L,R

h̄ ∗
( f (t )σL + fL (t )σL† ) ,
(3)
2 L
h̄Vex is the exchange splitting between the linearly polarized
exciton states, and EB the biexciton binding energy. The allowed dipole selection rules lead to the following transition
operator matrices:
−

σL := |GXL | + |XR B|,
σR := |GXR | + |XL B| .

(4)

The exchange interaction couples the two oppositely polarized
exciton states |XL  and |XR , thus opening up a path to occupy
the biexciton state |B even when the QD is driven by pulses
fL (t ) that all have the same circular polarization. The cavity
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For all systems, we again take into account the electronphonon coupling and losses as described in Appendix A 1.
H

B. Results
L

L

H

FIG. 5. Level schemes for: (a) the four-level system representing a neutral QD, (b) the system with a higher energetic exciton
and (c) the three-level system for a neutral QD driven by linearly
polarized light. Arrows denote the optically allowed transitions with
the corresponding polarization.

Now we analyze the different influences on our preparation
protocols. Figure 6 shows the maximal fidelity over time for
the Fock states in the different systems. The values obtained
for different n are compared with the corresponding results
of the PUC for an ideal two-level system accounting both for
phonons and losses. This benchmark is displayed by a blue
box around the bars.
1. Influence of a finite exchange splitting - 4LS

modes are described by the photon annihilation operators aL
and aR . Note that here two cavity modes are coupled which are
assumed to be degenerate. The coupling strength is denoted by
g and assumed to be equal for all modes. A sketch of the 4LS
is shown in Fig. 5(a).
(2) Higher energetic exciton system (HEES). To account
for a higher energetic exciton, we assume a three-level system
consisting of the ground state |G, the lowest energetic exciton
|X , and an additional higher energetic exciton state |X1 .
HHEES = h̄ωX |X X | + ( h̄ωX + E1 )|X1 X1 |
+ h̄ωC a† a + h̄g(aσX† + a† σX )
h̄ ∗
( f (t )σX + fX (t )σX† )
2 X
h̄
− ( fX∗ (t )σ1 + fX (t )σ1† ) ,
2

−

(5)

where the higher energetic exciton lies few tens of meV above
the exciton energy as denoted by E1 . The corresponding
transition operators in this system are
σX := |GX |,
σ1 := |GX1 |.

(6)

Because it is strongly off-resonant, we do not consider the
coupling of σ1 into the cavity mode. A sketch of the HEES
is shown in Fig. 5(b).
(3) Three level system (3LS). The degeneracy of the two
cavity modes in the 4LS implies that when driving with pulses
all having the same linear polarization, one exciton becomes
dark and the 4LS with two cavity modes reduces to a 3LS
coupled only to a single linearly polarized mode as follows:
H3LS = h̄ωX̃ |XH XH | + (2h̄ωX̃ − EB )|BB|
+ h̄ωC aH† aH + h̄g(aH σH† + aH† σH )
−

h̄ ∗
( f (t )σH + fH (t )σH† ) ,
2 H

(7)

with the exciton energy lying at h̄ωX̃ and the transition operators
σH := |GXH | + |XH B| .

The leftmost (pink) bars in Fig. 6 show the maximal fidelities for the four-level system with an exchange splitting
of h̄Vex = 20 μeV and a biexciton binding energy of EB =
2 meV, which represents values typically encountered in QDs.
We find that for all Fock states the deterioration of the fidelity due to the finite exchange coupling is nonessential. As
example consider the fidelity to the five-photon Fock state,
which reduces only to a value of 44.4%, i.e., only by 0.7%.
For lower values of Vex the fidelity becomes even higher. We
conclude that, typical exchange splittings of up to 20 μeV
encountered in QDs do not influence the performance of the
protocol significantly when it is excited with a well defined
circular polarization.
2. Influence of a higher energetic exciton state - HEES

The purple bars in Fig. 6 show the resulting fidelities for
exciting the three-level system with E1 = 60 meV, which
is a typical value for strongly confined QDs [50]. Again, we
find that the decrease of the fidelity is negligible. For E1 =
60 meV, we obtain a five-photon fidelity of 43.8%, while for
E1 = 40 meV (not shown) the fidelity drops to 40.8%. This
value is only 1.3% (or 4.3%) below the result of the two-level
model. Therefore we conclude that the influence of the higher
lying exciton state is not important as well as long as E1 is
sufficiently large which is the case for strongly confined QDs.
It is interesting to note that an increase of the pulse length
does not necessarily improve the performance of the protocol in this case, even though this would result in a sharper
spectral width of the pulse. To understand this effect, imagine
lengthening the excitation pulses in the two-level case. When
the pulses are long enough so that the dynamics induced by
the cavity coupling g sets in during the pulse, the exciton
cannot reach its highest possible occupation anymore. Thus
the photon occupation and therefore the fidelity both decrease.
Therefore there is a competition between the detrimental
influence of the simultaneous QD and cavity dynamics for
longer pulses and the larger spectral width for shorter pulses
which might lead to a spectral overlap with the higher lying
exciton state for a given value of E1 .

(8)

The cavity photon is annihilated by the operator aH and the
laser driving is described by the function fH (t ). A sketch of
the 3LS is shown in Fig. 5(c).

3. Linearly polarized excitation and pulse shaping—3LS

Finally, we study the 3LS representing a neutral QD driven
by linearly polarized pulses. Here, |B is the parasitic state
with the difference that the energy spacing to be bridged is the
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FIG. 6. The maximum fidelity over time to the Fock states |n, n ∈ {1, 2, . . . , 5} for different systems. The blue rectangles mark the values
obtained for an ideal two-level system. From left to right: (pink) four-level system with circular polarization with finite exchange splitting of
h̄Vex = 20 μeV and a biexciton binding energy of EB = 2 meV. (Purple) Three-level system including an additional higher lying exciton state
|X1  excited at an energetic difference of E1 = 60 meV. (green) Linearly excited biexcitonic three-level system using shaped or unshaped
pulses (left) and shaped pulses for different biexciton binding energies EB = ±2 and −6 meV (right). In all calculations, the PUC has been
used.

−1
√
2
with fH,0 = [ π[ 2s1 − 2s2 exp {−( E2h̄B 2s2 ) }]] . The
two free parameters s1 and s2 can now be used to tune
the spectral maximum to the transition to be addressed and
the spectral hole to the parasitic state, in our case |B. For a
binding energy of EB = 2 meV, this is achieved by setting

√

√

s1 = 0.42 ps and s2 = 0.18 ps. The spectrum of this shaped
pulse as well as the respective spectra of its two constituent
Gaussians are depicted in Fig. 7.
The upper left green bars in Fig. 6 show the results for
the pulse shaping protocol without phonons and losses. Remarkably, this simple pulse shaping technique boosts the
five-photon fidelity from essentially zero back to 33.4%.
Next we study how phonons and losses affect the PUC with
shaped pulses (right green bars in Fig. 6). We find a strong
detrimental effect on the fidelity for EB = +2 meV (lower
right green bars), which reduces the fidelity to the five-photon
state from 33.4% to 14.4%.
We have also considered negative binding energies of EB =
−2 meV (middle right green bars) and EB = −6 meV (upper
right green bars). QDs can be grown to have negative biexciton binding energies [54]. Alternatively, EB can be tuned by

laser spectrum (arb. units)

biexciton binding energy EB , which is an order of magnitude
smaller than E1 .
This case is often studied in the literature as a limiting
factor in the operation of QDs, both with respect to photonic properties [51] and to the preparation of specific QD
states [52]. Therefore we investigate this rather unusual case
of linearly polarized excitation in more detail. Furthermore,
this model is a prototype for a system with a parasitic state that
is energetically close. Discussing a solution in such a situation
is a key point of this paragraph.
The green bars in Fig. 6 display the results for a finite
binding energy. For EB = 2 meV already in the phonon- and
loss-free case (lower left green bars), the PUC acting on this
biexcitonic 3LS breaks down drastically and the fidelity to
the state |5 drops below one percent. It is clear that the
dynamics induced by significantly occupying the state |B has
a catastrophic effect on the success of the PUC.
To remedy this insufficiency, we employ shaped pulses
that provide spectral holes at precisely the energies, where
the parasitic states are found. A simple pulse shaping scheme
for such purposes, proposed in Ref. [53], is based on a superposition of two Gaussian pulses with central frequencies
separated by EB with different widths s1 and s2 in the time domain. The corresponding envelope function, which is put into
Eq. (A1), is
E
 −( √ t )2
−( √ t )2 +i h̄B t
fHp (t ) = fH,0 e 2s1 − e 2s2
(9)
√

1.2
1.0
0.8
0.6
0.4
0.2
0.0
h̄ωX̃ -EB h̄ωX̃
frequency

FIG. 7. The spectrum of the shaped laser pulse as in Eq. (9)
(black solid line) as well as the respective spectra of its two constituent Gaussians (red dashed and blue dotted lines).
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applying electrostatic fields [55,56] or biaxial strain [57], even
to become negative. Clearly, the fidelities to the Fock states
become higher for negative EB . We notice that even larger
negative binding energies give rise to higher fidelities.
A negative biexciton binding energy has the advantage
that phonon emission processes that lead to an occupation of
the biexciton state are suppressed since in a frame rotating
with the laser frequency the biexciton state is not the energetically lowest one anymore [58]. Accordingly, we find for
EB = −2 meV that the fidelity is higher (20.9%) for n = 5
than what is obtained for the corresponding positive binding
energy EB = 2 meV. For the higher negative value of EB =
−6 meV (upper right green bars in Fig. 6) with the pulse
shaping proposal (now with s1 = 0.21 ps and s2 = 0.04 ps)
we obtain a five-photon fidelity of 31.8%.
Even though phonons always degrade the performance of
the here proposed protocols, they suppress an unfavorable
process when the sign of the binding energy is chosen accordingly. It is worthwhile to note that there are situations where
phonons are even more beneficial [33]. Examples include
phonon-assisted preparation schemes for excitons and biexcitons [59–64], the introduction of off-resonant QD-cavity
couplings [65–73], the phonon-induced enhancement of photon purities [10] or the photon-pair entanglement [18] as
well as enabling correlated emission from spatially remote
QDs [64].
In summary, even in the worst case of linearly polarized
excitation pulses, the fidelity to the five-photon Fock state can
be enhanced from essentially zero to above 30% even when
the phonon-induced and other loss mechanisms are present.
This is made possible by a combination of shaping the spectral
characteristics of the laser pulses and tuning the biexciton
binding energy to negative values, taking advantage of the
otherwise interfering LA phonon coupling.

IV. CONCLUSION

We have presented and investigated two protocols for the
preparation of higher-order Fock states in QDCs. To this end,
we adapted a standard protocol, developed for the atomic
physics platform, to QDC-based devices. The basic ingredients of this scheme are a series of π -pulse excitations and
effective energy shifts induced by AC-Stark pulses that effectively interrupt the coupling between the QD and the cavity.
It turns out, however, that a protocol where the coupling is
uninterrupted until the final target state is reached outperforms
this standard scheme both in terms of duration and in terms
of fidelity as long as it is justified to treat the system as a
two-level system. In our analysis, we include radiative decay,
cavity losses, and phonon effects, which are specific to solid
state QDCs. We predicted in the two-level system a fidelity
to the Fock state |5 of over 40% when the protocol with
uninterrupted coupling is used. This value is comparable to
results achieved in superconducting qubit setups as well as
by parametric down-conversion. We have tested our protocol
against the influence of the fine structure splitting and higher
excited exciton states and have demonstrated that in all of
these cases fidelities above 40% can be achieved. The advantage of using this protocol for a QDC platform is its total

duration on a timescale of a few tens of picoseconds and its
on-demand character.
We further discussed the excitation with linearly polarized
pulses, which entails detrimental excitations of the biexciton
in the QD. The coupling to the biexciton leads to a complete
breakdown of our protocols already in the loss- and phononfree case. Nonetheless, a combination of a pulse shaping
technique, tuning the biexciton binding energy to negative
values, and the influence of phonons is able to push the fidelity
to |5 back to 31.8%.
With these easy to implement protocols, we are confident
that also in solid state cavity systems the on-demand preparation of higher-order Fock states on the picosecond timescale
becomes possible.
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APPENDIX: THEORETICAL MODEL
1. Coupling Hamiltonian

The external laser pulses are described by
 p
f j (t ) =
f j (t − tm )e−iωp (t−tm )
m

+



:= f pulses (t )

f jACS (t − tn )e−iωACS (t−tn ) .

(A1)

n
:= f AC-Stark (t )

f jp (t ) and f jACS (t ) are the envelope functions of pump fields
and AC-Stark pulses, respectively, with j ∈ {X, L, H}. ωp and
ωACS are the corresponding laser frequencies. The pump fields
are Gaussian π -pulses
f jp (t ) = √

π
2π σ

t2

e− 2σ 2 ,

(A2)

where σ denotes the standard deviation, which is connected
to√the full width at half maximum (fwhm) by fwhm =
2 2 ln 2σ . We assume ωp = ωX for the 2LS, the HEES, and
the 4LS and set ω p = ωX̃ for the 3LS, i.e., the laser is in
resonance with an exciton resonance in the 2LS, the HEES,
and the 3LS cases while it is in the middle between the finestructure split exciton resonances for the 4LS. The AC-Stark
pulses are of rectangular shape with the edges smoothened by
half Gaussians
⎧
τ
2
τ
−(t+ length
)2 /(2σon
)
⎪
2
f
e
t < − length
⎪
j,s
2
⎨
τ
τ
− length

t  length
f jACS (t ) = f j,s
2
2 ,
⎪
⎪
τlength 2
2
⎩
τ
f j,s e−(t− 2 ) /(2σoff ) t > length
2
(A3)
where f j,s denotes the field strength, i.e., the plateau height
of the rectangular pulse, τlength its length, and σon (σoff ) the
width of the rise (fall) of the smoothened edges. Note that
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by letting σon (σoff ) → 0, high-frequency components disrupt
the dynamics and thus the fidelity of the effective coupling of
cavity and QD. We checked this by observing a decreasing
fidelity to the Fock state |1 with lower values of σon (σoff ).
We would like to stress that any smooth rise and fall of the
rectangular pulse is sufficient, which we tested by using cosine
edges instead. The key point is the modeling of a realistic
rectangular pulse, which has never mathematically precise
Heaviside-shaped edges.
Also, the precise shape of the pump pulses is of minor importance as a test with hyperbolic secant pulses showed. The
main requirement is the shortness of the pulses compared with
the timescale of the QDC dynamics. Furthermore, the pulses
need not be phase-locked, as we checked by introducing random mutual phases between the pulses. This finding vastly
reduces the experimental demand of realizing the proposed
protocols.
In Sec. III B 3, the pump pulses fHp (t ) are shaped according
to Eq. (9). The respective spectrum is depicted in Fig. 7 as
a black solid line. The spectral hole at the biexciton binding
energy EB is clearly visible. The spectra of the constituent
Gaussian pulses are plotted as red dashed and blue dotted
lines.
The AC-Stark pulses are tuned below the exciton line by
ωACS,X := ωACS − ωX that is within the range of validity of
the RWA. The resulting shift of the exciton line can be calculated from the energies of the laser dressed states. Matching
the shift to ωCX , an AC-Stark pulse brings the exciton transition in resonance with the cavity provided that

2
ωCX = ωACS,X + ωACS,X
+ fs2 .
(A4)

a laser pulse can be shaped to vary the edge characteristics,
which introduces additional dials for optimizing the protocol.
The QD is coupled to LA phonons in a pure dephasing-type
manner [29–33]:


h̄ωq b†q bq +
nχ (γq b†q + γq∗ bq )|χ χ | , (A5)
HPh =

Note that tuning the coupling with an AC-Stark pulse is much
more accurate than controlling the time of flight of an atom
through a cavity. Any resonator has stray fields at its edges that
depend on its geometry. Therefore the time dependent coupling of the atom to the resonator is not rectangular, but has
smoothened edges that are fixed by the geometry. In contrast,

i
∂
ρ = − {H, ρ}− + Lρ ,
∂t
h̄

L• =

q

where b†q and bq are the phonon operators with wave vector
q and energy h̄ωq . Bulk phonons with linear dispersion are
considered that are coupled to the electronic states that are
present in our respective systems |χ  ∈ {|XL , |XR , |X1 , |B}
by the deformation potential-type coupling constant γq . nχ is
the number of electron-hole pairs present in the state |χ .
Finally, we take radiative recombination of the excitons
and cavity loss processes into account by introducing Markovian Lindblad-type operators



LO, • = O • O† − 21 •, O† O + ,
(A6)
where {·, ·}+ denotes the anti-commutator. O is a system operator and
the decay rate of the associated loss process.
We assume the radiative decay rate γ is the same for all
electronic transitions and take the same cavity loss rate κ for
both polarizations of the modes in the cavity.
The full Hamiltonian then reads as
H = H j + HPh

(A7)

with the different system Hamiltonians H j with j ∈
{2LS, 4LS, HEES, 3LS} as defined in Sec. III A. The dynamics of these systems is then described by the Liouville-von
Neumann equation
(A8)

where {·, ·}− denotes the commutator. The superoperator L•
comprises all Lindblad-type contributions to the dynamics for
each considered system as follows:

⎧
La,κ • +L|GX |,γ •
⎪
⎪
⎪
⎪



⎪
⎨
j=L,R La j ,κ • +L|GX j |,γ • +L|X j B|,γ •
⎪
La,κ • +L|GX |,γ • +L|GX1 |,γ •
⎪
⎪
⎪
⎪
⎩L
aH ,κ • +L|GXH |,γ • +L|XH B|,γ •

We solve Eq. (A8) in a numerically complete manner by
employing a path-integral formalism [39,40,74,75] that allows
for the analytical integration of the infinitely many phonon
modes. Tracing the phonon degrees of freedom out yields a
phonon induced memory kernel for the subsystem of interest.
By the term “numerically complete,” we denote a solution that
does not change noticeably by making the time discretization
finer and the memory taken into account longer. Recent advances within this method allows one to obtain solutions for
systems with many quantum levels [41], which is paramount
for the problem posed in this paper, since the relevant basis
states to be considered are product states of the QD states and
the number states of the two cavity modes.

q,χ

for the 2LS
for the 4LS
for the HEES

.

for the 3LS

2. Parameters

For the numerical calculations we use typical parameters for self-assembled strongly confined GaAs/In(Ga)As
QDs [41,76]. The QD diameter is set to 6 nm. The cavity
coupling is assumed to be h̄g = 0.1 meV and the cavity losses
are set to κ = 0.0085 ps−1 . Assuming a mode frequency of
h̄ωC = 1.5 eV, this value of the loss rate corresponds to a
cavity quality factor Q ≈ 268, 000, which was reported in
Ref. [77] as an extremely high but experimentally achievable
value in QDCs. The radiative decay rate of the QD exciton is
set to γ = 0.001 ps−1 . This corresponds to a typical lifetime
of 1 ns. Whenever phonon effects are considered in this work,
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Cavity Quality Factor Q
1×106
maxt F(t) to |5

the phonons are assumed to be initially in thermal equilibrium
at a temperature of T = 4 K.
The detuning between the cavity and the QD is assumed to
be h̄ωCX = 5 meV in the case of the PIC and the difference
between the AC-Stark pulse and the QD is set to h̄ωACS,X =
−40 meV. Following from the condition Eq. (A4), the ACStark amplitude has to be h̄ fs = 21 meV. Furthermore, the
width of the smoothened edges is chosen to be σon = σoff =
0.28 ps. The pump pulses are on-resonance with the QD
exciton and have a width of fwhm = 0.1 ps.

1×105

5 ×104 4 ×104

3 ×104

1.0
0.8
0.6
0.4
0.2
0.0
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10
κ (ps−1 )

3. Time discretization of the path-integral calculations

The phonon induced memory kernel for GaAs/In(Ga)As
QDs of 6 nm diameter at T = 4 K decays on a timescale
of ≈3 ps to zero [39–41]. Therefore numerically complete
converged results are typically obtained for a discretization of
tPh = 0.55 ps and nm = 6 memory steps. With these values,
the memory kernel is well sampled. In this work, we use
tPh = 0.5 ps and nm = 7.
To be able to resolve 0.1 ps-pulses, we first note that the
dynamics induced by these ultrashort pulses is separated by
one order of magnitude from the phonon timescale defined by
the memory kernel. Thus, on this fast timescale, the phonon
coupling has no influence on the system. Therefore a finer
time discretization grid of t = 0.01 ps is put on top of
the phonon discretization tPh . On this finer grid t, the
dynamics is calculated using the phonon-free propagator. This
two-grid strategy is necessary since the discretization of the
phonon memory with a time step of t = 0.01 ps would make
the numerics intractable.

FIG. 8. Dependence of the maximum fidelity over time to the
five-photon Fock state on the cavity loss rate. The cavity quality
factor Q is calculated assuming a mode frequency of 1.5 eV. The
radiative decay has been kept fixed at γ = 0.001 ps−1 (cf., Appendix A 2), while phonon effects are not considered in this plot.

fs with f ACS (t ). Thus the largest detuning in the system
is |h̄ωCX | = 5 meV in the implicit model compared with
|h̄ωACS,X | = 40 meV in the explicit incorporation of the
AC-Stark pulses.
Comparing the implicit and the explicit model in the
phonon-free case by studying the occupational dynamics of
the system reveals that the amplitude of the oscillations is
nearly identical, while their frequencies differ slightly for
h̄ωACS,X  10 meV. For values greater than that and, in particular, in the limit ωACS,X → ∞, the implicit and explicit
models yield identical occupational dynamics.
5. Influence of the cavity losses

In the PIC presented in Sec. II A for the two-level case,
a sequence of AC-Stark pulses that are highly off-resonant
(h̄ωACS,X = −40 meV) is the key ingredient. To study the
phonon effect on this protocol, the double grid scheme explained in Appendix A 3 is not sufficient, since the fast
oscillations induced by the AC-Stark pulses have to be sampled on the phonon discretization grid tPh to fully capture the
energy shifts induced by the off-resonant nature of the pulses
and their interplay with the phonon environment.
To this end, an implicit model is introduced that does not
include the AC-Stark pulse explicitly, i.e., f ACS (t ) = 0 in the
driving term f (t ). Instead, in a frame co-rotating with the
exciton frequency ωX the detuning ωCX becomes effectively
time-dependent when a sequence of AC-Stark pulses is applied. It is calculated according to Eq. (A4) by replacing

The analysis in the main text, in particular, Sec. II C and
Fig. 4, shows that the most influential parameter concerning
the preparation fidelity of the Fock states is the cavity loss
rate, i.e., the cavity quality factor Q. Therefore it is clear that
lower Q values worsen and higher Q improve the results.
Nonetheless, it is of interest to quantify this effect due to
its relevance for practical implementations of our scheme.
Figure 8 displays the fidelity reached for the five-photon Fock
state by the PUC as a function of the quality factor, which is
varied by changing the cavity loss rate.
Indeed, the expectation that the fidelity to the five-photon
Fock state monotonically increases with higher Q is fulfilled.
The calculations shown are performed without considering
phonon effects and keeping all the other parameters the same
as in the main text. In particular we have kept the radiative
decay at the finite value of γ = 0.001 ps−1 . This is the main
reason why the fidelity stays noticeably below one in the limit
of high Q values.
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N -photon bundles constitute a class of
highly nonclassical quantum states of light.
They are a specific type of photon emission, where light quanta are released from
a cavity only in groups of N particles with
a characteristic photon number statistics
that may be taken as their fingerprint.
We consider two solid-state cavity quantum electrodynamics (cQED) systems in
terms of their suitability as emitters of
N -photon bundles. As one example, we
consider a semiconductor quantum-dot–
microcavity system coupled to longitudinal acoustic phonons. There, we find the
environmental influence to be detrimental
to the emission of N -photon bundles. The
other example is a superconducting qubit
inside a microwave resonator. In these
systems, pure dephasing is not important
and an experimentally feasible parameter
regime is found, where bundle emission
can be observed.

Figure 1: Sketch of a two-level system (2LS) embedded
in a cavity resulting in the coupling to one cavity mode.
The 2LS is driven by a continuous external excitation. It
can decay radiatively, while the cavity is lossy. For particular sets of parameters, N -photon bundles leave the
cavity. They are characterized by the specific temporal
spacing between the constituent photons and their specific photon number statistics. Exemplary, four 5-photon
bundles are depicted.

proposed or achieved. Recently, a new class of
emitters of N -photon bundles has been proposed
[27], where the photon emission takes place only
in groups of the integer bundle number N . They
are characterized by a specific temporal spacing
between their constituent photons, see sketch in
Fig. 1. In contrast to the ordinary Fock state |N i,
a bundle is emitted as a cascade over successive
Fock states |ni, where 0 ≤ n ≤ N , which is a direct result of the outcoupling via resonator losses.
In a resonator with loss rate κ, the Fock state |ni
effectively decays with the rate nκ, explaining
the temporal spacing between the photons constituting the bundle. This is also reflected in the
photon statistics of the resonator photons, which
is

1 Introduction
Many innovative applications of the quantum
realm rely on the on-demand preparation of specific, highly nonclassical target states. Cavity
quantum electrodynamics (cQED) is a machinery
well suited for this purpose. On numerous different platforms, e.g., atoms in resonators [1, 2, 3],
superconducting qubits in microwave resonators
[4, 5], or semiconductor quantum dots in microcavities [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18,
19, 20, 21, 22, 23, 24, 25, 26], preparation of single photons, entangled photon pairs, Fock states,
and Schrödinger or Voodoo cat states has been
1
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1
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N
j

j=1
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N n


0

n=0
1≤n≤N
n>N

(1)

2 Model and methods

in the ideal case of an N -photon bundle emission
[27] with hni being the average photon number
in the resonator. Considering this from a detection point of view means the following: When
a Poissonian source emits photons, their arrival
times at the detector are distributed randomly;
in the case of an N -photon bundle emission, the
bundles arrive randomly, but the photons contained in each bundle obey the temporal order
as sketched in Fig. 1. Therefore, there is a Poissonian distribution over bundles. In this sense,
N -photon bundles can be considered as an alternative to Fock states as building blocks for more
complex quantum states of light. Furthermore,
N -photon bundles have the property to herald
a Fock state. Finally, on timescales longer than
the size of the bundle, Planck’s constant is effectively renormalized in the relationship between
frequency and energy, E = N ~ω. Therefore, N photon bundles are even discussed for medical
applications due to a greater penetration depth
and increased resolution [27].

2.1 cQED model
Both example systems can be described by a
strongly driven Jaynes–Cummings model with
the Hamiltonian in a frame co-rotating with the
frequency of the external excitation ωL in the
usual dipole and rotating-wave approximations
H = − ~∆ωLX |XihX| + ~∆ωCL a† a


+ ~g |XihG|a + |GihX|a†

+ ~f (|XihG| + |GihX|) .



(2)

The two-level system (2LS) has an excited state
|Xi at energy ~ωX and a ground state |Gi at
energy zero. a (a† ) is the annihilation (creation) operator of a photon in the single resonator mode at energy ~ωC coupled to the 2LS
by g. The detuning between the external excitation with strength f and the upper state |Xi
is denoted by ∆ωLX = ωL − ωX and the detuning between resonator and external excitation
∆ωCL = ωC − ωL is defined analogously. The
detuning between resonator and the upper state
|Xi, ∆ωCX = ωC −ωX , is fixed by the growth process of the structure. Hence, we keep it constant
in our analysis.
When the 2LS is strongly driven (f  g) and it
is in the dispersive regime (∆ωCX  g), a sharp
N -photon resonance emerges with N being an integer. It corresponds
√ to a polariton of the type
(|G, 0i ± |X, N i)/ 2, where |χ, ni denotes the
product state of the 2LS state |χi and the photon number state |ni. When dissipative channels
are included by introducing the excited state’s
radiative decay with rate γ and resonator losses
with rate κ, this resonance becomes a source of
N -photon bundles, when the stationary state is
reached [27].
We include these dissipative effects by accounting for the Lindblad superoperators L|GihX|,γ and
La,κ acting on the density matrix ρ as

In this work, we study the suitability of solidstate platforms as sources of such N -photon bundles. We consider two platforms: (i) semiconductor quantum dots (QDs) in microcavities and (ii)
superconducting qubits in microwave resonators.
In QDs, where the coupling to longitudinal
acoustic phonons is known as the main source
of decoherence, the pure dephasing interaction
is the most important loss channel. We analyze a QD–cavity system coupled to a phonon
environment modeled by a microscopic phonon
Hamiltonian. This full many-body problem is
solved in a numerically exact way by employing a path-integral formalism. We compare these
results with those found in a model accounting
for phonons only via a phenomenological pure
dephasing rate. For realistic parameters that
are currently achievable, we find that the bundle emission is completely destroyed by phonons.
In superconducting qubit–microwave resonator
systems, pure dephasing is negligible. For these
systems, we propose a set of parameters experimentally well within reach, where bundle emission with N = 2 can be observed. We show that
for a bundle emission a resonator with a mediocre
Q-factor is optimal.
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describing loss processes with rate Γ on a dissipation channel O, where {A, B}+ is the anticommutator of operators A and B.
2

2.1.1

2.1.2

QD model

As a second example, we consider a superconducting qubit in a microwave resonator. Here,
pure dephasing is negligible. Therefore, no addition to the model in Sec. 2.1 is necessary.
We use the parameter set ~g = 0.079 µeV, γ =
1.54 µs−1 , κ = 0.29 µs−1 , i.e. κ  γ, taken from
Ref. [5]. Again, following Ref. [27], we choose
~∆ωCX = −60~g = −4.71 µeV and ~f = 32~g =
2.51 µeV.

At first, we consider a self-assembled GaAs QD
system in a single-mode microcavity. In these
systems, additionally the pure-dephasing coupling of the electronic states to an environment
of longitudinal acoustic phonons is important
[28, 29]. It is described by the Hamiltonian
[30, 31, 32, 33]
HPh = ~

X
q

+~

ωq b†q bq

X
q

γqX b†q

+

γqX∗ bq



|XihX| ,

Superconducting qubit model

3 Results: QD–cavity system

(4)

3.1 Resonance landscape and N=2
The resonance corresponding to an N -photon
bundle are found at [48, 27]

where bq (b†q ) annihilates (creates) a phonon of
energy ~ωq in mode q with the coupling strength
γqX . The phonons are assumed to be initially in
thermal equilibrium at temperature T .

∆ωLX =

q

2 + ∆ω
4 (N 2 − 1) f 2 + N 2 ∆ωCX
CX

+ ∆ωCX .

This coupling to phonons is the source of many
well-known effects in QDs, like the phonon sideband in the QD emission spectrum [30, 34], the
renormalization of the Rabi frequency [35, 36],
and the damping of Rabi oscillations [37, 38, 39].
To discuss resonances, the most important effect is the polaron shift of the excited state |Xi.
Whenever we refer to the excited state energy
when phonons are taken into account, we mean
the polaron-shifted excited state energy.

N2 − 1

(5)

In this work, we focus mostly on the case
N = 2. For the QD–cavity system, this results in a detuning value of ~∆ωLX = −0.51 meV.
Higher-order bundles with N > 2 can be reached
by tuning the excitation to the corresponding resonance according to Eq. (5), however for the realistic set of parameters assumed here they are
negligible.
To illustrate the appearing resonances, we scan
the stationary photon number occupation with
the laser frequency ωL . Figure 2 shows the corresponding results for the photon numbers n = 1,
2, and 3 in the QD–cavity system. Three resonance peaks emerge in the vicinity of the bundle
resonance [presented in Fig. 2(a)], which itself is
shown on a magnified scale in the inset.
The most prominent peaks are found for the
limiting cases N → ∞ and N = 1. For
N → ∞ a double-peaked structure emerges at
~∆ωLX = ~∆ωCX = −1.2 meV (cf., Fig 7 for a
zoom-in). At its center the photon statistics is
Poissonian and is hardly influenced by phonons
[cf., Figs. 2(a) and (b)]. In contrast, the peak
at ~∆ωLX ≈ 0.08 meV corresponds to the resonance for N = 1. Here, Fock states with n > 1
are not occupied due to a photon blockade effect
[cf., Fig. 2(a)], which is spoiled once phonons are
considered: then, the system can climb up the
Jaynes-Cummings ladder [cf., Fig. 2(b)]. The different physical mechanisms giving rise to these

To treat this full many-body Hamiltonian in
a numerically exact way, we employ an iterative
real-time path-integral formalism [40, 41] to solve
the Liouville–von Neumann equation (details are
explained in Refs. [42, 43, 44]). Within this approach, all effects mentioned above are thus taken
into account.
Unless noted otherwise, we take ~g = 0.02 meV
[45], γ = 1 ns−1 , and κ = 8.5 ns−1 [46]. These
values, in particular, the cavity loss rate κ are
realistically achievable [46]. The record in cavity quality so far is around κ ≈ 4 ns−1 to 6 ns−1
[45], which means that it should be possible to
achieve the value of κ chosen here with current
state-of-the-art equipment with reasonable effort.
Further, following Ref. [27], we set ~∆ωCX =
−60~g = −1.2 meV and ~f = 32~g = 0.64 meV.
For the phonon coupling, standard GaAs parameters [47, 44] are chosen for a QD with a radius
of 3 nm.
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Figure 3: The stationary photon number occupation normalized to its value at n = 1 for the QD–cavity system.
While the data labeled ’realistic losses’ is obtained using the parameters listed in Sec. 2.1.1, weaker losses of
γ = 0.01g and κ = 0.1g were chosen following Ref. [27]
for the calculation shown in gray. Note that in the
phonon-free case, the absolute values of the Fock state
with n = 1 are 0.016 for the weaker losses and 0.003 for
the realistic parameter set.
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ble for the 2-photon bundle shown in the inset of
Fig. 2(a), in particular, the 3-photon occupation
is zero.
To understand all the resonances, we diagonalize the Hamiltonian of the laser-driven 2LS
neglecting the cavity (since f  g). As a result,
we obtain the dressed states |+i and |−i. Their
energies in the laser-rotating frame are plotted in
Fig. 2(c) along with the energy of a cavity photon
given by ~∆ωCL in this frame.
The analysis in terms of laser-dressed states
reveals the fact that the 2-photon bundle resonance at ~∆ωLX = −0.51 meV originates from
a 2-photon process [27], in this case a transition
from |−, 0i to |+, 2i. The study of the influence
of the phonons on this resonance shows that already at 4 K [inset of Fig. 2(b)], it is strongly
suppressed. The occupation of n = 1 strongly
rises around the resonance peak. Apparently,
phonon-assisted 1-photon transitions are favored
against the 2-photon process creating the bundle.
In particular, the characteristic 1/n feature [cf.,
Eq. (1)] of the number distribution is destroyed.
To illustrate this point in more detail, the stationary photon number distribution normalized
to its value at n = 1 is shown in Fig. 3. First of
all, it is interesting to note that the ideal bundle
statistics ∝ 1/n is only observed for loss parameters weaker than the realistic, state-of-the-art

0.5

h̄∆ωLX (meV)

Figure 2: Stationary photon number occupation in the
QD–cavity system as a function of the laser–exciton detuning ∆ωLX (a) without taking phonon effects into account, (b) including phonons initially at T = 4 K (the
insets show the region marked by yellow boxes on a
larger scale), (c) the corresponding energies of the laserdressed states |+i and |−i. The energy of a photon
in the rotating frame is given by the cavity–laser detuning ~∆ωCL , which is plotted as a shaded area to
illustrate its modulus. Arrows indicate the number of
photons involved in the processes leading to the various
resonance peaks, while their length corresponds to their
energy ~∆ωCL . The circular arrow indicates a 1-photon
process with a photon energy (in the rotating frame) of
~∆ωCL = 0. The blue lines above panel (a) mark the
energetic positions of the bundle resonances, starting for
N = 1 and quickly converging to ~∆ωCX for larger N .
Since the bundle resonance is derived from the condition
that N cavity photons energetically fit between the two
dressed states, an equation analogous to Eq. (5) can be
found for the trivial case N = 1.

two limiting cases and the phonon influence on
them is discussed in detail in Appendix A.
We now consider the range of bundle physics
for 1 < N < ∞ and focus on N = 2. The characteristic feature of N -photon bundles reflected in
their statistics as denoted in Eq. (1) is well visi4

stationary 2- to 1-photon ratio r

0.5

Ref. [27], the dephasing has been analyzed using
a phenomenological Lindblad operator L|XihX|,γφ .

(b) (c)

0.4

It is therefore instructive to compare the microscopic model with the phenomenological one
to check whether the latter is valid. On first
sight, we find a quite different behavior: for the
phenomenological model taking values for the
corresponding Lindblad rate γφ from the literature on semiconductor QD–cavity systems, the
impact of pure dephasing is almost negligible [27].

0.3
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0.1
(a)
0.0

10−5
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To analyze this in more detail, we have plotted
results of the phenomenological model in Fig. 4,
which shows the stationary ratio r as a function
of the phenomenological pure-dephasing rate γφ
which is incorporated into the model by the addition of the Lindblad operator L|XihX|,γφ instead
of the microscopic Hamiltonian model HPh . Indeed, in that approximation a large plateau range
is found where the ratio stays essentially at its
phonon-free value of r = 0.45 (cf., also Fig. 3).

phenomenological pure-dephasing γφ (meV)

Figure 4: The stationary ratio between the 2- and the
1-photon occupation in the QD–cavity system with the
phonon influence approximated by an Lindblad operator
with a phenomenological pure dephasing rate γφ instead
of the microscopic Hamiltonian HPh in Eq. (4), cf. main
text. (a) γφ corresponding to the full driven Jaynes–
Cummings model at T = 4 K. (b) γφ corresponding to a
Jaynes–Cummings dynamics with n = 1. (c) γφ corresponding to a Jaynes–Cummings dynamics with n = 2.

To assess, what γφ should be chosen in the reduced model to best approximate the full phonon
effect, we apply the following procedure: We
compare the exciton dynamics resulting from the
full calculation (where phonons are included by
HPh ) with the phenomenological model (where
HPh is replaced by L|XihX|,γφ ) and vary γφ until
the envelopes of the two dynamical results essentially match. Note that we set κ = γ = 0
for this procedure to extract the pure phonon influence on the dynamics. Furthermore, this comparison is conducted for the all-resonant case, i.e.,
∆ωLX = ∆ωCX = 0. We perform this procedure
at T = 4 K for three different cases and mark
the resulting rate γφ by red squares in Fig. 4: (a)
Driven Jaynes–Cummings system with the initial
state |G, 0i, resembling the closest approximation
to the full calculation, (b) Jaynes–Cummings system without driving (f = 0) for the initial state
|G, 1i, and (c) same as (b) but with |G, 2i as
the initial state. The three extracted rates (cf.,
Fig. 4) indicate that a very large pure-dephasing
rate of the order of 10−1 meV is necessary to
reproduce the dynamics of the full microscopic
model [cf., red square labeled with (a)]. With
such a large rate, the ratio r is close to zero,
meaning that no 2-photon bundle emission takes
place in accordance with the results of the full
model at T = 4 K (cf., Fig. 3).

values (cf. gray data in Fig. 3). This parameter set consists of γ = 0.01g = 0.3 ns−1 and
κ = 0.1g = 3 ns−1 , following the values chosen
in Ref. [27]. Already the slightly higher values
chosen in our work (cf. Sec. 2.1.1) lead to a ratio
of the stationary 2- to the 1-photon occupation
r := lim

t→∞

h|2ih2|i(t)
h|1ih1|i(t)

(6)

equal to 0.45. Thus, the ratio deviates from the
target of 0.50, which is a necessary indicator for
an N = 2 bundle state. The phonon coupling
pushes this value down to r = 0.20 already at
T = 1 K. For higher temperatures up to 10 K,
r swiftly approaches zero and the 2-photon bundle is completely destroyed. QD–cavity systems
are therefore not a suitable platform to design an
emitter of N -photon bundles (1 < N < ∞).

3.2 Comparison with a phenomenological dephasing model
The phonon environment has a drastic influence
on the emission of an N -photon bundle as shown
in the previous section for the case N = 2. Already at a low temperature of T = 1 K the
1/n-distribution characteristic for the bundle [cf.,
Eq. (1)] is not recognizable anymore (cf., Fig. 3).
This result was obtained within a microscopic
model of the phonon influence. In contrast, in

The reason for such a significant increase in γφ
lies in the impact of pure dephasing mechanism,
5

[5]. In none of these experiments, a significant
impact of pure dephasing was reported.

which gains in strength for larger Rabi frequencies related to the effective couplings present in
the system. While in (b)√and (c) the cavity Rabi
frequency amounts to 2g n + 1 with n the number of photons present in the cavity, the driving f  g introduces the highest transition frequency in (a). In Fig. 4, it becomes clear that
the pure-dephasing rate increases with larger effective coupling, in accordance with earlier observations in the case of a microscopic description
of phonons [38, 49, 50]. The values of γφ in (b)
and (c) are of the order of experimentally found
pure-dephasing rates for strong QD–cavity coupling like the one studied here (cf., Sec. 2.1.1),
but without external driving. Choosing such values for the rate indeed results in a marginal influence of pure dephasing, since both points lie
well inside the plateau region.
Thus, the conclusion in Ref. [27] that dephasing does not significantly affect the N -photon
bundle generation can be traced back to the fact
that values for dephasing rates have been considered that are no longer applicable in the regime of
very strong driving as required for this protocol.
The physical reason lies in the fact that an optically driven system is influenced by the phonon
Hamiltonian in a profoundly different way than
its non-driven counterpart: while phonons cannot induce transitions between the two electronic
states in the undriven case, they can lead to transitions between the laser-dressed states, which
are the eigenstates of the driven two-level system. In essence, the dephasing rate depends on
the driving strength. A quadratic dependence
γφ ∝ f 2 can be derived in a weak-coupling limit
[51].
In conclusion, a phenomenological pure dephasing model is also able to qualitatively predict the destruction of the N -photon bundle. The
challenge is the choice of a proper rate, which has
to be calibrated to the full phonon system.

For state-of-the-art superconducting systems
[5], the resonator losses are much smaller than
the decay of the qubit (κ  γ as in Sec. 2.1.2).
Again, the 2-photon bundle resonance is achieved
by an external excitation tuned according to
Eq. (5). The resulting photon number distribution is shown in Fig. 5, normalized to its value
at n = 1 (light blue bars). Surprisingly, no bundle is emitted, as the photons are able to climb
up the Jaynes–Cummings ladder instead. In particular, the characteristic cutoff for n > N = 2
is not observed. The reason lies in the fact that
the radiative decay γ can induce transitions from
|+, ni to |−, ni. From the latter, additional photons can be emitted to break the cutoff and reach
higher n.
The failure of the superconducting qubit to
emit a bundle can be traced back to the lack of
resonator losses κ in comparison to radiative decay γ. Indeed, if we consider a resonator loss
rate much larger (following Ref. [27], κ = 0.1g
has been chosen, cf., also Fig. 3 for this specific
choice), we can obtain a near-perfect 2-photon
bundle. The resulting photon number distribution (cf., dark blue bars in Fig. 5) indeed shows a
near-perfect 2-photon bundle, with r = 0.49 and
no occupation for n > 2. This means that though
much effort is usually invested into resonators of
better quality, here the use of a bad resonator is
mandatory when bundle generation is the target.
To analyze the impact of the losses in more detail, we study the quality of the emitted 2-photon
bundle as a function of the resonator losses. To
this end, the 2- to 1-photon ratio r is shown as
a function of κ in Fig. 6 as well as the 3- to 1photon ratio, which should vanish for an ideal
2-photon bundle emission due to the cutoff for
n > N = 2. Indeed, these two quantities confirm that the chosen value of κ = 0.1g = 7.76γ
lies well within a plateau region of r ≈ 0.5 and
a vanishing occupation for n > 2. While resonator losses too low compared to the decay of
the qubit results in the occupation of states with
n > 2, using very low-quality resonators with
κ & 20γ (cf., Fig. 6) leads to a drastic reduction
of r and thus an emission, which has no bundle structure anymore. While constructing resonators of better quality is always an experimental challenge, creating a bad resonator should be

4 Results: Superconducting qubit–
microwave resonator systems
Superconducting qubit–microwave resonator systems have been successfully used to demonstrate
the on-demand preparation of various highly nonclassical photon states, such as Fock states [4], superpositions thereof, and Voodoo cat states, i.e.,
coherent superpositions of three coherent states
6

normalized photon number occupation

1.0

In quantum-dot–cavity systems, pure dephasing is induced by longitudinal acoustic phonons.
We have found that even at low operating temperatures of a few kelvin, a 2-photon bundle is destroyed, thereby crushing the hopes for the emission of bundles with N > 2. The reason is the
considered driving regime that is required to address the bundle resonance, which also favors the
phonon activity in the electronic subsystem of
the quantum dot.
In contrast, superconducting qubit–microwave
resonator systems are suitable to generate N photon bundles. Here, the pure dephasing does
not play a notable role. However, the quality of
the resonator should not be too high to facilitate
the emission of photon bundles.
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Figure 5: The stationary photon number occupation normalized to its value at n = 1 for the superconducting
qubit–microwave system. The data labeled κ  γ is
obtained using the parameters from Sec. 2.1.2. In dark
blue, the result of a calculation with a cavity loss rate two
orders of magnitude larger than in Sec. 2.1.2 is shown,
namely κ = 0.1g = 7.76γ, cf. Fig. 3.
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Since the peaks at ~∆ωLX = −1.2 meV and
0.08 meV are the most striking features in Fig. 2,
we shall discuss them in some detail in this appendix. This will give additional insights into the
physics taking place in this parameter regime in
general, although the analysis reveals that these
peaks are not related to the bundles which are the
main target of our paper. The most prominent
peak in Fig. 2 at ~∆ωLX = ~∆ωCX = −1.2 meV
is obtained in the limit N → ∞ and corresponds
to a process where the photon energy in a frame
rotating with the laser frequency is ~∆ωCL = 0
and the system can climb up the photon ladder
from |−, ni to |−, n + 1i, such that a Poissonian
distribution with respect to n emerges. Note that
one observes a double-peaked structure at this
resonance in Fig. 2. At its center, the order of
the photon occupations is reversed, i.e., the occupation of n = 2 is higher than that of n = 1,
consistent with a Poissonian with an average photon number of hni = 6.6 and a maximum occupation of 0.15 at n = 6. A magnification of this
peak, where the reversal of the photon order is
visible, is replotted in Fig. 7. An analysis of the

103

resonator loss rate κ (γ)

Figure 6: The stationary ratios of the 2- to 1-photon
occupations r and of the 3- to 1-photon occupations as
functions of the resonator loss rate κ (in units of γ) for
the superconducting qubit–microwave system. The two
vertical black lines mark those values of κ, which are
used to obtain the corresponding data in Fig. 5. The
dotted black line shows the target value of 0.5 for the
ratio r.

a lesser problem. Thus, superconducting qubit–
microwave resonator systems are indeed suitable
candidates for sources of N -photon bundles.

5 Conclusion
We have studied two solid-state platforms as possible sources of N -photon bundles [27]: semiconductor quantum-dot–cavity systems and superconducting qubit–microwave resonator systems.
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0.4
photon number occupation

corresponding Wigner function [5, 26] (not shown
here) confirms that the corresponding state is a
(Glauber) coherent state.
The peak at ~∆ωLX ≈ 0.08 meV corresponds
to a 1-photon bundle, i.e., a 1-photon Fock state,
and also results from a one-photon process. But
in contrast to the previously discussed case, the
photon is emitted by the transition from |−, 0i to
|+, 1i. Due to an energy mismatch between the
photon energy and the transition between |+, 1i
and |±, 2i, no further photons are put into the
cavity, as can be seen in the stationary occupations of this peak in Fig. 2(a). This effect is commonly known as the photon blockade [52].
The phonon influence on the occupations at
T = 4 K as shown in Fig. 2(b) could not be more
different for these two resonances. The first one
for N → ∞ at ~∆ωLX = −1.2 meV is hardly
influenced by phonons at all. Indeed, the photon
number distribution remains Poissonian with a
slightly lower average photon number of hni =
5.6 and a similar maximum occupation of 0.16
at n = 5. The reason lies in the fact that the
photons are emitted from transitions, where the
electronic (laser-dressed) state remains |−i and
does not change. Since this is the energetically
lower dressed state and at temperatures below a
few tens of kelvins phonon absorption is highly
unlikely, phonons have only a slight influence on
the stationary photon distribution.
On the other hand, the second peak at
~∆ωLX ≈ 0.08 meV for N = 1 experiences strong
phonon-enhancement, since the photon blockade
is spoiled. The energy mismatch between |+, ni
and |−, ni is now bridged by phonon emission,
which is possible for all temperatures down to
absolute zero, and a subsequent resonant transition to |+, n + 1i can take place. Therefore, the
phonon coupling drives the occupation of higherorder Fock states beyond n = 1 [44, 53].
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Figure 7: Stationary photon number occupation in the
QD–cavity system as a function of the laser–exciton detuning ∆ωLX without taking phonon effects into account. This is a magnification of the resonance peak
for N → ∞ in Fig. 2(a). On this scale, the doublepeak structure and the reversal of the photon order at
its center are well visible.
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Lu, J.-W. Pan. ‘On-demand single photons with high extraction efficiency and
near-unity indistinguishability from a resonantly driven quantum dot in a micropillar’. Phys. Rev. Lett. 116, 020401 (2016).
doi:10.1103/PhysRevLett.116.020401.

[19] A. Dousse, J. Suffczynski, A. Beveratos,
O. Krebs, A. Lemaître, I. Sagnes, J. Bloch,
P. Voisin, P. Senellart. ‘Ultrabright source
of entangled photon pairs’. Nature 466, 217
(2010).
[20] E. del Valle. ‘Distilling one, two and entangled pairs of photons from a quantum dot
with cavity QED effects and spectral filtering’. New J. Phys 15, 025019 (2013).

[12] N. Somaschi, V. Giesz, L. De Santis, J. C.
Loredo, M. P. Almeida, G. Hornecker, S. L.
Portalupi, T. Grange, C. Antón, J. Demory,
C. Gómez, I. Sagnes, N. D. LanzillottiKimura, A. Lemaítre, A. Auffeves, A. G.
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[13] L. Schweickert, K. D. Jöns, K. D. Zeuner, S. F. Covre da Silva, H. Huang,
T. Lettner, M. Reindl, J. Zichi, R. Trotta,
A. Rastelli, V. Zwiller. ‘On-demand generation of background-free single photons from
a solid-state source’. Appl. Phys. Lett. 112,
093106 (2018). doi:10.1063/1.5020038.

[22] A. Orieux, M. A. M. Versteegh, K. D. Jöns,
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We have simulated the time evolution of the photon number distribution in a semiconductor quantumdot–microcavity system driven by chirped laser pulses and compare with unchirped results. When phonon
interactions with the dot are disregarded—thus corresponding to the limit of atomic cavity systems—chirped
pulses generate photon number distributions that change their shape drastically in the course of time. Phonons
have a strong and qualitative impact on the photon statistics. The asymmetry between phonon absorption and
emission destroys the symmetry of the photon distributions obtained for positive and negative chirps. While
for negative chirps transient distributions resembling thermal ones are observed, for positive chirps the photon
number distribution still resembles its phonon-free counterpart but with overall smoother shapes. In sharp
contrast, using unchirped pulses of the same pulse area and duration wave packets are found that move up
and down the Jaynes-Cummings ladder with a bell shape that changes little in time. For shorter pulses and lower
driving strength Rabi-like oscillations occur between low photon number states. For all considered excitation
conditions transitions between sub- and super-Poissonian statistics are found at certain times. For resonant
driving with low intensity the Mandel parameter oscillates and is mostly negative, which indicates a nonclassical
state in the cavity field. Finally, we show that it is possible that the Mandel parameter dynamically approaches
zero and still the photon distribution exhibits two maxima and thus is far from being a Poissonian.
DOI: 10.1103/PhysRevB.101.205304

I. INTRODUCTION

Semiconductor quantum-dot–cavity (QDC) systems continue to raise attention as highly integrable on-demand emitters of nonclassical states of light. In particular, QDCs have
proven to be rather successful providing, e.g., reliable ondemand high quality single photon sources [1–10] as well as
sources for entangled photon pairs [11–18]. Clearly, QDCs
support a much larger class of excitations when higher mean
photon numbers are reached. The additional degrees of freedom provided by higher number photon states obviously allow
for a rich variety of dynamical scenarios and may open the
way to new kinds of applications such as, e.g., the encoding of
quantum information in the photon number state distribution.
These possibilities are, however, far from being explored.
Often, the first step to characterize systems with photon
distributions ranging up to higher photon numbers is to record
a few characteristic numbers such as the mean photon number
[19] and/or the Mandel parameter [20]. In simple cases, the
mean photon number is indeed enough to capture the whole
information about the photon distribution even when the latter
is time dependent. This applies in particular when photons
are generated by classically driving an empty cavity without
a quantum dot (QD) where the photonic system is at all times
in a coherent state and thus the distribution is a Poissonian
[21,22], i.e., in this case the photonic excitation is always as
close as possible to a classical light field and thus nonclassical
2469-9950/2020/101(20)/205304(11)

states cannot be reached. Moreover, although the mean photon
number varies in time, the photon distribution keeps its shape
at all times.
The situation is different when a system with few discrete
levels near resonance to a cavity mode such as an atom
or a quantum dot is placed inside the cavity. When driving
transitions between these discrete levels deviations from the
coherent state may occur as is evident, e.g., by monitoring the
Mandel parameter,
Q(t ) = (n2  − n)/n.

(1)

Q(t ) measures the deviation of the mean-square fluctuation
from the mean photon number normalized to the latter.
Therefore, Q vanishes for a Poisson distribution. A positive Q indicates a super-Poissonian distribution with larger
fluctuations than in a coherent state with the same mean
photon number while negative Q values correspond to the
sub-Poissonian regime which is known to have no classical
analog [23]. Indeed, deviations from the coherent state have
been reported for the stationary distribution obtained in an
atomic cavity with constant driving where different signs of
Q have been found for different ratios between cavity loss and
radiative decay rates [24]. In Ref. [25] it has been shown that
the statistics of photons emitted from the exciton-biexciton
system of a QD can be steered from sub- to the superPoissonian by varying the biexciton binding energy, the pump
strength or the temperature [26]. Although the experiments in
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Ref. [25] have been performed on QDs without cavity, the
number of modes in the theoretical modeling was restricted
to two which corresponds to the situation in a QDC. Therefore, the results should also apply to QDCs. Simulations for
a pulsed excitation of a QDC indicate that Q can exhibit
oscillations and change its sign repeatedly in time [27].
It is clear, however, that in general the photon number
distribution contains much more detailed information than
captured by the mean photon number or the Mandel parameter. Recently, calculations of the stationary photon number
distribution in a constantly driven QDC revealed a strong
qualitative influence of phonons on the shape of the distribution [28,29]. While without phonons distributions with
many different shapes were found for different detunings, the
stationary distribution with phonons turned out to be close to
a thermal state with a high effective temperature. Note that the
case without phonons describes, e.g., a cavity with a trapped
atom.
Advances in measuring techniques have demonstrated possibilities for observing directly the photon number resolved
distributions in various systems without the necessity to perform quantum tomography to reconstruct the entire state [30],
ranging from bimodal microlasers [31] over QDs [32,33] to
exciton-polariton condensates [34]. Furthermore, a novel algorithm for data evaluation free of systematic errors to obtain
number distributions has been successfully employed [35].
These achievements could pave the way to novel applications
where easy access to information encoded in the photon
number distribution is needed.
The focus of the present paper is on the transient behavior
of the photon number distribution in a QDC system driven
by chirped pulses in comparison to the unchirped case. Our
most striking result is the finding that the shape of the number distribution changes dynamically when driving the QDC
with chirped pulses. In sharp contrast, for sufficiently strong
unchriped excitations a wave packet which keeps a bell shape
for all times moves up and down the Jaynes-Cummings ladder.
Phonons have noticeable effects on the photon statistics for all
excitation conditions that we compare. Notably, for chirped
excitation the phonon impact induces qualitative changes of
the shape of the distribution in particular for negative chirps.

where the detuning between the exciton and central laser
frequency ωLX := ωL − ωX is introduced. Here, the ground
state |G is chosen as the zero of the energy scale. Note that the
usual dipole and rotating wave approximations are employed
and the Hamiltonian is written down in a frame co-rotating
with the laser frequency ωL . The real amplitude f (t ) and the
phase ϕ(t ) are related to the instantaneous Rabi frequency
(t ) by
(t ) := 2M0 · E(t ) = f (t ) e−i(ωL t+ϕ(t )) ,

(3)

where M0 is the dipole matrix element of the transition
between the QD ground |G and exciton state |X  and E is
the positive frequency part of the laser field.
To enhance the coupling between the QD and the electromagnetic field, the dot can be placed into a microcavity. We
account for a single cavity mode with frequency ωC far from
the electromagnetic continuum and a QD coupled to that mode
close to resonance via


(4)
HC = h̄ωCL a† a + h̄g a† |GX | + a|X G| ,
where the cavity photons are created (annihilated) by the
bosonic operator a† (a) and are detuned by ωCL := ωC − ωL
from the laser frequency. The QD is coupled to the cavity with
a strength of h̄g.
The subsystem of interest comprising the dot laser and the
cavity Hamiltonian HDL and HC , respectively, is not an ideal
few-level system, since it is embedded into the surrounding
solid-state matrix. Even at cryogenic temperatures of a few
Kelvin, the QD exciton is prone to the coupling to phonons.
In strongly confined excitonic systems, the most important
phononic contribution usually results from the deformation
potential coupling to longitudinal acoustic (LA) phonons and
is of the elastic pure dephasing type [36–39],



ωq b†q bq + h̄
γqX b†q + γqX∗ bq |X X |, (5)
HPh = h̄
q

q

We study a self-assembled QD, e.g., GaAs/In(Ga)As, with
strong electronic confinement, such that only the lowest conduction and the highest valence band states need to be taken
into account. Furthermore, we consider only situations where
the system is well represented by a two-level model. The latter
applies, e.g., for resonant driving of the exciton by circularly
polarized light when the fine-structure splitting is negligible
or when all other states such as the biexciton are sufficiently
far from resonance. Then the Hamiltonian for the laser driven
dot reads

where the bosonic operator b†q (bq ) creates (destroys) phonons
with frequency ωq . γqX denotes the coupling constant between
the exciton state and the bosonic mode labeled by its wave
vector q which is adequate for bulk phonons. Here, we use
the fact that in GaAs/In(Ga)As the lattice properties of the
dot and its surroundings are similar, such that phonon confinement is negligible. Other QD-phonon interaction mechanisms
like, e.g., the piezoelectric coupling to LA and transverse
acoustic (TA) phonons can become important in strongly polar
crystals such as, e.g., GaN-based QDs [40,41], but are of
minor importance for GaAs-type structures.
Finally, we account for Markovian loss processes by phenomenological decay rates for the radiative decay and cavity
losses, respectively, that are incorporated into the model as
Lindblad-type superoperators L|GX |,γ • +La,κ • with


1
†
†
(6)
LO, • =  O • O − {•, O O}+ ,
2

h̄
HDL = −h̄ωLX |X X | − f (t )
2
 −iϕ(t )

× e
|X G| + eiϕ(t ) |GX | ,

where {·, ·}+ denotes the anticommutator. O is a system
operator and  the decay rate of the associated loss process,
i.e., in our case γ stands for the radiative decay rate while κ is
the cavity loss rate.

II. THEORY
A. Model and methods

(2)
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The dynamical equation to be solved is the Liouville-von
Neumann equation for the density matrix,
i
∂
ρ = − {H, ρ}− + L|GX |,γ ρ + La,κ ρ,
∂t
h̄

(7)

with the total Hamiltonian H = HDL + HC + HPh and {·, ·}−
denotes the commutator.
We employ a path-integral formalism for simulating the
dynamics in the above-defined model in a numerically complete fashion. By tracing out the phonon degrees of freedom
analytically, a non-Markovian memory kernel decaying on a
time scale of a few picoseconds is obtained that manifests
in experiments as, e.g., non-Lorentzian line shapes in linear
and nonlinear spectra [37,38,42,43] or in characteristic dependencies of the phonon-induced damping of Rabi rotations
[44–47]. Therefore, this memory cannot be neglected in calculating the QD dynamics which takes place on a similar
time scale. We call a numerical solution complete if a finer
time discretization or a longer cutoff of the phonon-induced
memory kernel does not change the results noticeably.
Most current implementations of the real-time pathintegral approach are based on the pioneering work of Makri
and Makarov [48,49], who introduced an iterative scheme for
the augmented density matrix of the subsystem of interest. We
are using an extension of this scheme that allows the inclusion
of non-Hamiltonian Lindblad-type contributions into the pathintegral algorithm without the loss of precision with respect
to the phonon-induced part of the dynamics by formulating
the iterative scheme not in a Hilbert, but a Liouville space
[50]. In the present study, the system that couples to the
phonons is represented by a large number of basis states of
the form |G, n and |X, n where n denotes the photon number
and G or X indicates whether the dot is in its ground or
excited state. A numerically complete study of such systems
is currently impossible with the Makri-Makarov algorithm
due to the extreme growth of the numerical demand with
rising number of system states. Nevertheless, we are able to
present numerically complete results because we are using a
recently developed reformulation of the algorithm that iterates
a partially summed augmented density matrix [28]. Note that
this reformulation of the path-integral algorithm does not
introduce any additional approximations. For details on the
methods, consider the supplement of Ref. [28]. The photon
number distribution is obtained by taking the corresponding
matrix element of the subsystem’s reduced density operator
ρ̄ = Tr Ph [ρ], with Tr Ph denoting the trace over the phonon
degrees of freedom,

Pn (t ) =
ν, n|ρ̄(t )|ν, n.
(8)
ν=G,X

B. Chirped pulses and laser-dressed states

In order to generate a chirped pulse one usually starts with
a Gaussian pulse with an envelope and phase:
(t−t0 )2

e− 2σ 2 ,
f0 (t ) = √
2π σ
ϕ(t ) = const.,

(9)
(10)

where denotes the pulse area and σ determines the duration
corresponding
√ to a full width at half maximum (FWHM) of
FWHM = 2 2 ln(2)σ and t0 marks the time of the pulse
maximum. We shall assume in the following a resonant excitation where ϕ(t ) = 0 in Eq. (3) for an unchirped pulse.
We note in passing that also other pulse shapes are possible
as a starting point for the generation of chirped pulses. In
particular, secant hyperbolic pulses may have advantages in
certain circumstances [51].
Passing the initial pulse in Eq. (9) through a Gaussian chirp
filter [52] yields a chirped pulse with envelope and phase:
chirp

−

(t−t0 )2
2σ 2
chirp

e
,
(11)
fchirp (t ) = √
2π σchirp
ϕ(t ) = a (t − t0 )2 /2,
(12)

pulse area
σchirp /σ and duration σchirp =
chirp =

(α 2 /σ 2 ) + σ 2 . The phase in Eq. (3) has acquired a quadratic
time dependence, which corresponds to an instantaneous laser
frequency ωL + ϕ̇ = ωL + a (t − t0 ) that changes linearly in
time and for ωL = ωX crosses the exciton resonance at the
pulse maximum t = t0 . The strength of the chirp is commonly
expressed in terms of the chirp parameter α which is related
to the coefficient a in Eq. (12) by a = α/(α 2 + σ 4 ). Note
that the pulse area and in particular the pulse length increases
drastically when chirps are introduced (cf. the definition of
σchirp ).
III. NUMERICAL RESULTS ON TRANSIENT PHOTON
STATISTICS

For the numerical calculations, we assume a QD with 6-nm
diameter and standard GaAs parameters [28,41]. The cavity is
coupled to the QD exciton with a strength of h̄g = 0.1 meV
while it is on resonance, i.e., ωCX := ωC − ωX = 0. The
cavity losses are taken to be h̄κ = 6.6 μeV, which corresponds to a quality factor ≈105 assuming a mode frequency
of h̄ωC = 1.5 eV. The radiative decay rate of the QD exciton
is set to h̄γ = 2 μeV.
A. The chirp-free situation

Let us first concentrate on the chirp-free case. Figures 1(a)
and 1(c) display photon number distributions at different times
for a QDC driven by an unchirped Gaussian pulse with a pulse
area of 5π and a duration of 2.4 ps FWHM. Figure 1(a) shows
results without phonons while in Fig. 1(c) the corresponding
simulations with phonons are depicted assuming the phonons
before the pulse to be in thermal equilibrium at a temperature
of T = 4 K. The initial state for the cavity photons is taken
to be the vacuum, i.e., the n = 0 Fock state and the QD is
initially in the ground state.
As expected the photons stay in the vacuum state until the
arrival of the pulse. At the end of the 5π pulse (cf. black
markers in Fig. 1) the QD is in the exciton state and the
resonant coupling to the cavity initiates vacuum Rabi oscillations [53–57], i.e., oscillations between the |X, n = 0 and the
|G, n = 1 states. This is reflected in the photon distribution
as oscillations between the n = 0 and n = 1 Fock states and
results in damped oscillations of the mean photon number
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FIG. 1. Transient photon number distributions for laser excitations with unchirped pulses with (a) and (c) pulse area = 5π and duration
FWHM=2.4 ps, (b) and (d) pulse area = 31.63π and duration FWHM = 94.22 ps. Panels (c) and (d) display results accounting for phonons
that are initially at equilibrium at a temperature of T = 4 K while the corresponding phonon-free results are shown in (a) and (b). The pulse
has its maximum at t = t0 . Black markers indicate the FWHM of the pulse.

between zero and and a maximal amplitude that due to losses
and phonon effects is below one [cf. orange curve in Fig. 3(a)].
Quantitatively, a small occupation of the two-photon state |2
is observed, seen, e.g., for t − t0 = 10 ps in Figs. 1(a) and 1(c).
The reason lies in the re-excitation of the QD during the same
pulse, whereby effectively two photons can be put into the
single cavity mode.
The phonon impact on Rabi-type oscillations in a two-level
system has been extensively studied [29,44–47,58–64] and
shall therefore not be analyzed here in detail. We just note
that the main effects are a phonon-induced damping, which
depends on the driving strength, and a renormalization of
the Rabi frequency. The renormalization of g is reflected in
Figs. 1(a) and 1(c) by slightly different oscillation frequencies. The damping seen in the orange curve in Fig. 3(a) is the
result of the combined effects of phonons, cavity losses, and
radiative decay.
For a fair comparison between unchirped and chirped
pulses, recall that the application of a Gaussian chirp filter involves besides the time-dependent variation of the phase ϕ(t )
in Eq. (12) also a considerable increase of the pulse duration
and of the pulse area. Therefore, we show in Figs. 1(b) and
1(d) the photon distribution with and without the influence of
phonons for a pulse with pulse area = 31.63π and duration

FWHM = 94.22 ps, which corresponds to the application of a
filter with an effective value of |α| = 40 ps2 in Eq. (11) but
keeping the phase ϕ(t ) = 0 constant. Most strikingly, with
this driving there are no traces of vacuum Rabi oscillations
visible. Instead, a wave-packet-type dynamics sets in, where
a bell-shaped distribution is found for all times. The mean
photon number rises monotonically in time to values n ≈ 12
[note that the blue curve in Fig. 3(a) is scaled down by a factor
of 5 for better visibility] and subsequently falls back to zero
after the pulse has vanished.
B. Finite chirps

Figure 2 displays transient photon number distributions
obtained for chirped pulses that are generated by passing
the Gaussian pulse used in Figs. 1(a) and 1(c) through a
chirp filter with α = ±40 ps2 [(a) and (c) α = −40 ps2 ,
(b) and (d) α = +40 ps2 ]. The upper panels correspond to
simulations without phonons while for the lower panels the
interaction with phonons has been included. Note that the
pulses used in Fig. 2 have the same pulse area and duration as
the unchirped pulses used in Figs. 1(b) and 1(d) which allows
us to compare excitation conditions where the only difference
is the frequency modulation.
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FIG. 2. Transient photon number distributions for laser excitations with chirped pulses with pulse area and FWHM before the chirp filter
of = 5π and FWHM=2.4 ps, i.e., chirp = 31.63π and duration FWHMchirp = 94.22 ps for |α| = 40 ps2 . (a) and (c) Calculated with chirp
parameter α = −40 ps2 , (b) and (d) α = +40 ps2 . (c) and (d) Displayed are results accounting for phonons that are initially at equilibrium at
a temperature of T = 4 K while the corresponding phonon-free results are shown in (a) and (b). The pulse has its maximum at t = t0 . Black
markers indicate the FWHM of the pulse after the chirp filter.

FIG. 3. The time-dependent (a) mean photon number and (b) Mandel parameter Q(t ) = (n2  − n)/n for the cases indicated by the
labels. All curves are calculated with phonons initially at T = 4 K, except for the gray curves which correspond to the phonon-free case. The
blue curve is scaled down by a factor of 5 for better visibility. The inset in (b) corresponds to a zoomed-in scale.
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In the phonon-free case identical distributions are obtained
for positive and negative chirp [cf. Figs. 2(a) and 2(b)]. This
symmetry is removed when phonons are taken into account
[cf. Figs. 2(c) and 2(d)]. In contrast to the unchirped case with
the same pulse area and duration in Figs. 1(b) and 1(d), the
photon number is close to zero until the pulse maximum is
reached, which can be explained by noting that for chirped
pulses the instantaneous laser frequency is strongly detuned
from the QD resonance for times away from the pulse maximum. The most striking difference compared with Figs. 1(b)
and 1(d) is, however, that the photon distributions in Fig. 2
significantly change their shape in time. The distributions
found in the phonon free case have at early times after the
pulse maximum a bell shape with a single maximum and
transform into a bimodal distribution with two well-separated
bell-shaped contributions at later times [cf. t − t0 = 20 ps
in Fig. 2(a)]. Subsequently, at times t − t0 ≈ 30−50 ps the
distribution still has two peaks but looks rather jagged having
little resemblance with bell-shaped distributions. Eventually,
at later times only a single maximum is found which appears
at a finite photon number or at zero, depending on time.
Phonons change the situation qualitatively for negative
chirp [cf. Fig. 2(c)], where now the photon number distribution has a single maximum at n = 0 for all times. The
shape of the transient distribution resembles thermal photon
occupations, which due to mean photon numbers around n =
2 [cf. Fig. 3(a)] corresponds to an effective temperature above
Teff ≈ 40 000 K for photon energies h̄ωC ≈ 1.5 eV. A similar
impact of phonons on the photon number distribution has been
reported previously for the stationary distribution found at
long times for permanent driving [28]. The phonon impact
for positive chirp is less dramatic [cf. Fig. 2(d)]. As in the
phonon-free case, there are still times where the distribution is
bi-modal while at other times only a single maximum is found.
Overall, the irregular looking shape appearing at certain times
in Figs. 2(a) and 2(b) is smoothened. Moreover, there is a
tendency to build up a maximum near n = 0.
Further differences between the number distributions in
Figs. 1 and 2 are revealed by looking at the time evolution of
the corresponding Mandel parameters Q(t ) in Fig. 3(b). For
a Fock state the number fluctuation disappears, leading to a
negative Mandel parameter, except for the n = 0 Fock state,
where the Mandel parameter approaches an expression of the
form zero divided by zero. We see from the orange curves in
Fig. 3 that for weakly driven unchirped pulses the damped
oscillation of the mean photon number between 0 and at
most 1 is accompanied by damped oscillations of the Mandel
parameter ranging down to almost −1 and up to essentially 0.
The negative values of the minima correspond to times where
the system is close to the n = 1 Fock state. If the dynamics
would exclusively involve states with photon numbers 0 or 1
such that only P0 and P1 are different from zero, it is easy to
show that for all times, where P1 = 0, the Mandel parameter
is Q(t ) = −n. Therefore, Q should approach 0 when the
n = 0 Fock state is approached. We see, however, from the
orange curve in Fig. 3(b) that the first maxima of the Mandel
parameter Q are a bit above 0, indicating small admixtures of
higher number states.
For higher pulse areas Q is positive for most of the time for
chirped as well as for unchirped pulses. Interestingly, although

the bell-shaped distributions in Figs. 1(b) and 1(d) at first
glance resemble much more Poissonian distributions than the
somehow irregular ones found for chirped pulses in Figs. 2(b)
and 2(d) their deviation from a Poissonian as measured by the
Mandel parameter is much larger than for chirped pulses [note
that the blue curve in Fig. 3(b) is scaled down by a factor of
5]. But most remarkably, in the calculation with finite chirp
without phonons [cf. the gray line in Fig. 3(b)] the Mandel
parameter decays extremely fast after its initial rise to positive
values compared with the other situations considered. Most
notably, already at around ∼40 ps after the pulse maximum it
has dropped close to zero. In sharp contrast to the common
interpretation that a Mandel parameter near zero implies a
distribution with a shape close to a Poissonian, Fig. 2(b) shows
a jagged distribution with two maxima at ∼40 ps after the
pulse maximum. Therefore, using the Mandel parameter as
a measure for the deviation from a Poisonian is not valid in all
physically relevant situations.
We further note that the Mandel parameter calculated for
all excitation conditions studied in this paper changes its sign
during the course of time. Without chirp and low intensities
(orange curve) this happens near the first maxima of the Q
oscillations, as discussed above, but also for higher driving
strength (blue curve) a sign change occurs indicating that
before the pulse maximum is reached the photon distribution
is sub-Poissonian and switches at the pulse maximum to
super-Poissonian. Also for the chirped excitations Q exhibits
sign changes as revealed by the inset in Fig. 3(b). Actually,
the Mandel parameter calculated for high pulse areas falls
below zero before approaching its asymptotic value of zero
from below for chirped as well as for unchirped excitations.
Indeed, also the blue curve in Fig. 3(b) falls below zero at
t − t0 = 1090 ps (not seen in the plotted range). This sign
change of Q shortly before cavity losses have relaxed the
photon distribution to the empty cavity, can be understood
as follows. The maximal photon numbers that are transiently
reached for high pulse areas are well above one. The cavity
losses remove photons from the cavity such that eventually
the limit of n = 0 with zero fluctuations is reached. However,
since the cavity losses for a state with n photons scale like
∼n, the relaxation from states with n > 1 to lower states is
faster than the final relaxation from the n = 1 to the n = 0
states. Therefore, before the final relaxation is completed the
photons preferably occupy the n = 1 state which results in
a negative Mandel parameter before the asymptotic value of
zero is reached. Note that this effect presumes only κ = 0
and thus should be robust with respect to variations of this
parameter.
Finally, we note that Q exhibits small amplitude oscillations for chirped pulses which are absent in the unchirped
case. A similar but less pronounced tendency is seen in the
mean photon number.
C. Interpretation in terms of laser-dressed states

A popular application of driving QDs with chirped laser
pulses is the robust preparation of exciton or biexciton
states by invoking an adiabatic rapid passage (ARP) process
[65–75]. ARP exploits the adiabatic theorem of quantum mechanics which predicts a time evolution through instantaneous
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FIG. 4. Time evolution of the upper and lower laser-dressed state energies with respect to the excitation pulse maximum at t = t0 . While
for negative chirps (a) phonon emission is probable (represented by black arrows), for positive chirps (b) phonon absorption is suppressed at
low temperatures, which is indicated by the dashed arrows. Green curly arrows indicate transitions between laser-dressed states due to the QD
cavity feeding.

eigenstates (dressed states) of the system provided the external
driving fulfills the restrictions of the adiabatic regime [76].
In order to comply with these restrictions for a two-level
system driven by Gaussian chirped pulses with a frequency
modulation given by Eq. (12), it is advisable to transform the
QD-laser Hamiltonian HDL in Eq. (13) to a frame co-rotating
with the phase ϕ to get rid of a possibly rapidly changing
coupling. The transformed Hamiltonian reads
DL = − h̄(ωLX + a (t − t0 ))|X X |
H
−

h̄
f (t )(|X G| + |GX |).
2

(13)

The laser-dressed states can now be defined as the instantaDL . The corresponding eigenenergies
neous eigenstates of H
are plotted in Fig. 4, where the left panel corresponds to a
negative chirp while the result for positive chirp is shown in
the right panel. The distinctive feature of ARP is that when the
system is in the ground state |G long before the pulse (i.e.,
for t → −∞) it will evolve adiabatically towards the exciton
state |X  after the pulse (i.e., for t → +∞) independent of
the sign of the chirp. However, it is important to note that
the evolution proceeds along the lower (upper) branch for
positive (negative) chirp. This affects in particular the impact
of phonons. In general phonons can efficiently induce transitions between the two branches. However, at low temperatures
phonon absorption is strongly suppressed and phonon emission can invoke only transitions from the upper to the lower
branch (cf. the black arrows in Fig. 4). That is why phonons
have little effects on the ARP dynamics for positive chirp
while for negative chirp the ARP-based exciton preparation
is strongly disturbed [68,70,73,74]. In order to preserve an
efficient exciton preparation also at negative chirps, it has been
recently demonstrated that high pulse areas can be used since
this effectively decouples the phonons from the electronic
system [29,75].
When also a cavity is coupled to the QD, then the coupling leads to Rabi-type rotations between states |X, n and

|G, n + 1 with different numbers n of cavity photons. In
particular for times when the laser is far off-resonant and
the laser-dressed states are close to the undressed states, the
effect of coupling the QD to a cavity can be understood as
inducing a transition between the dressed states similar to
the coupling to phonons. To be a bit more specific, when the
system is in the exciton state the QD-cavity coupling leads to a
feeding of the cavity by an additional photon accompanied by
a transition from the |X -like branch to the |G-like branch (cf.
the green curly arrows in Fig. 4). At early times, the reverse
process, where one photon disappears from the cavity while
transferring the system from the ground to the exciton state is
suppressed since there are initially no photons in the cavity.
We shall now try to interpret the pertinent features of the
photon dynamics in some more detail using the simplified
picture where the system evolves adiabatically through the
laser-dressed states in Fig. 4 while phonons and cavity feeding
induce transitions between these states.
In the case of a negative chirp [cf. Fig. 4(a)] transitions
form the upper branch to the lower branch of the laser-dressed
states accompanied by phonon emission are possible before
and after the pulse maximum at t = t0 . Thus, phonons should
have a profound impact on the resulting photon statistics during the entire pulse. In fact, this explains why the distribution
is close to a thermal one at all times [cf. Fig. 2(c)]. For times
before the pulse reaches its maximum, cavity feeding can
occur form the excitonlike lower branch to the upper branch,
which has a large ground-state contribution. Subsequently, the
system can again decay to the lower branch by phonon emission followed by another cavity feeding process back into the
upper branch and so on. Because of this constructive interplay
between phonon and cavity feeding processes, higher photon
states can be reached compared with the phonon-free situation
for t  t0 [cf. Figs. 2(a) and 2(c)]. In the time interval shortly
after the pulse maximum the upper branch becomes the state
with the excitonlike characteristics and cavity feeding now
takes place from the upper branch into the ground-state-like
lower branch of the laser-dressed states. Thus, after the pulse
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FIG. 5. (a) Linear absorption spectrum of the QDC system. (b) Time-dependent instantaneous frequency, blue (red) for positive (negative)
chirp. t marks the time elapsed between the crossing of the two resonances. (c) and (d) Time evolution of the occupations of the lowest
excited eigenstates of the QDC system [(c) for positive and (d) for negative chirp]. (e) and (f) Photon number distribution at t − t0 = 20 ps
(gray); red, accounting only for |n, + (e) or |n, − (f) states. Here, only phonon-free results are shown.

maximum has appeared phonon and cavity feeding processes
are now in direct competition with each other. Therefore,
compared with the phonon-free situation, the mean photon
number should be reduced. Altogether, for negative chirp, the
phonon impact on the photon distributions is visible at all
times leading to nearly thermal distributions. At times before
the pulse maximum the interaction with phonons increases
the mean photon number because of a constructive interplay
between phonon and cavity feeding processes. This effect
is reversed after the pulse maximum and the mean photon
number is reduced compared with the phonon-free situation
due to the phonon interaction, as can be seen comparing the
red with the gray curve in Fig. 3(a).
The situation is different when the chirp is positive as
seen in Figs. 2(b) and 2(d). Here, a phonon influence on
the photon statistics can be hardly seen before the pulse
maximum. This can again be explained by inspection of the
branches of the laser-dressed states. Starting in the ground
state the system evolves adiabatically alongside the lower
branch. Since phonon absorption processes are suppressed at
low temperatures, transitions to the excitonlike upper state
are unlikely to occur. Also cavity feeding is hardly possible
[cf. Fig. 4(b)] and, like in the phonon-free situation, the
system remains essentially in the ground state without photons
and phonons have almost no visible effect. This observation
changes after the pulse maximum. Now, cavity feeding pro-

cesses accompanied by transitions from the excitonlike lower
branch to the upper branch appear. Subsequently, phonon
emission processes take place, resulting in a transition back to
the lower branch. Thus, now, a constructive interplay between
phonon emission and cavity feeding is possible, leading to
a thermalization of the photon distribution. Therefore, after
a transition time of a few 10 ps the distribution resembles
a thermal distribution. Because of the constructive interplay
the mean photon number is increased compared with the
phonon-free situation, as can be seen comparing the cyan with
the gray curve in Fig. 3(a). Consequently, only for a finite
time interval after the pulse maximum photon distributions
can be detected which are similar to the distributions in the
phonon-free situation and display irregular behavior or several
maxima.
D. Interpretation in terms of cavity-dressed states

Finally, we would like to explain why chirped pulse excitation leads to photon number distributions where the number
of maxima changes dynamically from one to two and back
to one. To this end we have to go beyond the laser-dressed
state picture and recall that the linear absorption of a QDC
comprises two lines split by ω = 2g [cf. Fig. 5(a)]. Thus,
the instantaneous frequency of a pulse with positive chirp first
crosses the energetically lower resonance and then, delayed
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by a time t = 2g/a, the higher one [cf. Fig. 5(b)]. Each
crossing of these resonances initiates a wave packet climbing
up the Jaynes-Cummings ladder. This behavior is efficiently
described in the picture of the cavity-dressed states, i.e., the
eigenstates of the dot-cavity Hamiltonian, which relate to the
bare QD states by
1
|n, + = √ (+|X, n + |G, n + 1),
2
1
|n, − = √ (−|X, n + |G, n + 1),
(14)
2
in the case of a resonant cavity mode ωX − ωC = 0.
Starting from the state |G, 0 only the two states |0, ±
can be reached directly by the laser coupling and thus climbing up the Jaynes cummings ladder one has to pass these
states. Since the corresponding eigenenergies are separated
by 2g, the transitions to these states are in resonance with
the instantaneous frequency of a chirped pulse at different
times. Indeed, Fig. 5(c) reveals that the occupation of the
lowest excited eigenstate of the QDC system |0, − rises
before the upper state |0, + acquires a noticeable occupation.
The maximum occupation of |0, − is reached ≈ 5 ps after
the instantaneous frequency has crossed the lower resonance,
revealing the reaction time of the system. |0, + is maximally
occupied delayed exactly by t from the maximal occupation
of |0, −. The time ordering of the excitation of the |0, ±
states is reversed when reversing the sign of the chirp [cf.
Fig. 5(d)] since now the upper resonance is crossed first.
The laser driving couples |n, + to |n, − states. However,
when the instantaneous frequency is in resonance with transitions between |n, + states with adjacent n then the transitions
to |n, − states are off-resonant and vice versa. Thus, it can be
expected that the packets running up the Jaynes-Cummings
ladder are essentially composed either of |n, + or |n, −
states. Indeed, this is confirmed by Figs. 5(e) and 5(f) which
displays in gray the photon number distribution at time t −
t0 = 20 ps, i.e., the time where according to Fig. 2(b) the two
maxima are most pronounced. Also shown in red are photon
number distributions calculated according to
⎧1
(n, ±|ρ|n, ± + n − 1, ±|ρ|n − 1, ±)
⎪
⎪
⎨ 2 for n > 0,
(±)
.
Pn = 1
⎪
⎪
⎩ 2 (0, ±|ρ|0, ± + G, 0|ρ|G, 0)
for n = 0
(15)
Recalling that for a cavity in resonance with the QD transition
the |n, ± states have a probability of 1/2 for finding n or
n + 1 photons, Eq. (15) yields, for n > 0, the probability for
having n photons when accounting only for either the |n, +
or the |n, − states. For n = 0 the contribution from |G, 0 is
counted by 1/2 for the plus and minus branch, since this state
can be counted as lower or upper state. We note in passing
that Pn(−) [red bars in Fig. 5(e)] does not add up with Pn(+)
[red bars in Fig. 5(f)] to the total photon number Pn (gray
bars in Fig. 5), because Pn comprises coherences between the
|n, + and the |n, − states in addition to their occupations.
Nevertheless, Fig. 5 reveals that the two peaks in the photon
number distribution can be attributed unambiguously either to
the upper or lower branch of the QDC states.

Altogether this explains the time evolution of the peaks
in the photon number distribution. After crossing the first
resonance the distribution has a single peak since at first only
a single packet is climbing up the Jaynes-Cumming ladder.
When the second resonance is crossed a second packet is
initiated such that at t − t0 ≈ 20 ps two well-resolved packets
are observed. Both packets move up and down the JaynesCummings ladder similar to the single wave packet observed
for the unchirped excitation in Figs. 1(b) and 1(d). Since the
decline of the first packet starts while the second is still rising,
at some time both packets overlap. Although the packets are
no longer well resolved, two maxima are still found over an
extended time period [30 ps  t − t0  50 ps in Fig. 2(b)]. At
later times the relaxation drives both packets to low photon
numbers such that the maxima merge and a single-peaked
distribution is recovered.
Finally, we note that for a cavity in resonance with the
QD transition the energies of the QDC eigenstates
|n, ±
√
are found in the rotating frame at h̄ωn,± = ±g n + 1 such
that the transition energies between states with adjacent n
are all different and decrease with rising n. Therefore, the
instantaneous frequency of a chirped pulse crosses all of these
resonances at different times which is likely to contribute to
the somewhat irregular looking time evolution of the photon
number distribution found in particular in the intermediate
time interval 30 ps  t − t0  50 ps in Fig. 2(b).
IV. CONCLUSION

We have studied transient photon number distributions
generated in a microcavity by a pulsed excitation of an embedded quantum dot. We find qualitatively different photon
distributions for chirped and unchirped pulses. Phonons have
a noticeable influence on the photon distributions in particular
for negative chirps, where the phonon coupling introduces
qualitative changes of the shape of the distribution already
at a temperature of T = 4 K. To be more specific, phonons
lead in this case to almost thermalized photon distributions at
high effective temperatures for all times. For positive chirp,
the transient distributions are far away from a thermal one for
times after the pulse maximum until about 80 ps afterwards.
For all investigated cases, we find that the Mandel parameter changes its sign during the time evolution of the system,
indicating the ability to enter and leave a regime of genuine
nonclassical photon statistics in the course of time. Moreover,
cases were encountered where the Mandel parameter is zero,
but the photon number distribution has two peaks and is definitely not a Poissonian. Therefore, one has to be careful when
using the Mandel parameter as a measure for the deviation
from a Poissonian distribution, as it is often done [24,77–80].
This finding underlines the necessity to carefully consider the
definition of the Mandel parameter, which indeed yields zero
for a Poissonian distribution. But the reverse implication is
obviously not true for all cases.
Our most striking result is, however, that the shape of
the photon number distribution changes significantly during
the time evolution when the system is excited by chirped
pulses. In fact, when the excitation starts to populate states
with higher photon numbers, one observes at first bell-shaped
distributions with a single maximum that increases in time.
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Subsequently, two well-separated bell-shaped contributions
develop which at later times first evolve into a single broad
feature with two peaks and eventually merge into a distribution with a single peak. This is in sharp contrast to the
unchirped case, where for the same high driving strengths the
photon number distributions keep a bell shape with a single
maximum for all times. Our analysis reveals that the transient
changes of the shape of the photon distribution in the chirped
case can be attributed to subsequent crossings of resonances
of the quantum-dot–cavity system by the instantaneous frequency.
We believe that our findings deepen the understanding
of the transient behavior of photon distributions in a driven
quantum-dot–cavity system and its dependence on the driving

conditions. This might pave the way to targeted manipulations
of photon distributions which could result in new types of
photonic applications in the future.
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A Schrödinger-cat state is a coherent superposition of macroscopically distinguishable quantum states, in
quantum optics usually realized as superposition of coherent states. Protocols to prepare photonic cats have been
presented for atomic systems. Here we investigate in what manner and how well the preparation protocols can
be transferred to a solid-state platform, namely, a semiconductor quantum-dot–cavity system. In quantum-dot–
cavity systems there are many disruptive influences like cavity losses, the radiative decay of the quantum dot,
and the coupling to longitudinal acoustic phonons. We show that for one of the protocols these influences kill
the quantum coherence between the states forming the cat, while for a second protocol a parameter regime can
be identified where the essential characteristics of Schrödinger-cat states survive the environmental influences
under conditions that can be realized with current equipment.
DOI: 10.1103/PhysRevResearch.3.023088

which are described by the density matrix

I. INTRODUCTION

Schrödinger cats are probably the most popular example of
highly nonclassical, purely quantum mechanical states. Realizing a coherent superposition of two macroscopically distinct
states, where in analogy to Schrödinger’s Gedankenexperiment [1] the cat is simultaneously dead and alive, remains a
challenge due to the inevitable decoherence induced by the
environmental coupling. A general Schrödinger-cat state with
two macroscopically distinguishable states |alive and |dead
can be written as
|cat = N (|alive + eiϕ |dead)

(1)

with normalization N and phase ϕ. These states find numerous applications in advanced quantum metrology [2,3],
quantum teleportation [4], quantum computation [5–7], and
quantum error correction algorithms [8]. Cat states being a superposition of more than two states [9–11] as well as phononic
cat states [12] have been investigated. Schrödinger-cat states
are a suitable platform to study the decoherence between two
superposed quantum objects, in other words, to observe the
quantum-to-classical transition [13]. Therefore, Schrödingercat states are of fundamental interest in understanding the very
foundations of quantum mechanics.
Schrödinger-cat states have to be sharply distinguished
from incoherently superposed macroscopically distinct states,

*

ρmixture = 21 (|alivealive| + |deaddead|),

(2)

where the interference terms are missing. This discrimination is best visible in the Wigner function. While in the cat
state there are negative parts, which imply nonclassicality, the
Wigner function of the classical incoherent mixture ρmixture is
strictly positive.
Because of the fundamental and technological importance
of Schrödinger-cat states, their preparation has long been a
research target. Earlier efforts in this direction focused mostly
on atom-based systems, where atoms are placed in an optical
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FIG. 1. A Schrödinger-cat state appearing in a QDC system.
Photons are created by recombination of the QD exciton. The photoemission is controlled such that cats are created on demand.
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cavity [14–16]. Recently, many concepts of atom quantum optics have been transferred to solid state systems, in particular
to semiconductor quantum-dot–cavity systems (QDCs) giving
rise to the field of semiconductor quantum electrodynamics.
QDCs already have been shown to be highly integrable ondemand emitters of photons in nonclassical states including
high-quality single photons [17–26] and entangled photon
pairs [27–37]. QDC-based protocols for generating higherorder Fock states have also been developed [38]. An easy to
use solid-state-based source of Schrödinger cats would be a
highly attractive extension of these achievements.
As atomic systems, QDCs have loss channels, namely,
the energetic loss channels provided by the radiative decay
of a quantum dot (QD) and the finite cavity quality factor.
The main difference between QDC and atomic systems is the
presence of longitudinal acoustic phonons, which is a wellknown source of decoherence even at cryogenic temperatures
of T = 4 K [39,40]. Hence, it is an open question whether in
the QDC platform as well the generation of Schrödinger-cat
states is possible.
In this paper, we consider two protocols to prepare
Schrödinger-cat states in a QDC. For both protocols we adapt
existing preparation schemes and apply them to the QDC
system. The first protocol is based on the proposal by Law
and Eberly [15]. To use this protocol in the QDC we rely
solely on driving the QD by external laser pulses. To create
a Schrödinger-cat state we need a precise timing of the arrival
time of the pulses steering the QD-cavity coupling. We call
the protocol DOD, short for dot-driven protocol. The second
protocol is adapted from Gea-Banacloche [16] and can be
transferred to the QDC system by producing a coherent initial
state. This can be achieved by driving the cavity, hence we call
this protocol CAD, short for cavity-driven protocol.
For both protocols, we analyze the impact of losses and
phonon coupling in detail using realistic parameters that have
been realized in current experiments. For the DOD protocol
we show that the losses are a detrimental influence on the
sensitive coherence in a Schrödinger cat and the protocol
can produce only mixed states [cf. Eq. (2)] under realistic
conditions. In contrast, for the CAD protocol we find that even
under realistic conditions it is possible to create a cat state,
and we identify experimentally accessible parameter regimes
favorable for generating photonic Schrödinger cats.
Our work demonstrates that also in QDCs the preparation
of Schrödinger-cat states is possible, and we propose a protocol and specify a suitable parameter regime to prepare them.
II. THEORETICAL MODEL

The QDC system can be well modeled by a driven twolevel QD coupled to a single photon mode [38,40]. The
corresponding Hamiltonian then reads
H = HQDC + Hdriving + Hac-Stark .

(3)

The QDC is described by the Jaynes-Cummings model
HQDC = h̄ωX |X X | + h̄ωC a† a + h̄g(aσX† + a† σX ),

(4)

where |X  is the exciton state at energy h̄ωX . σX := |GX |
is the transition operator between the excited state |X  and
the ground state |G. The energy of |G is set to zero. a

(a† ) denotes the photonic annihilation (creation) operator. The
cavity frequency is denoted by ωC and its coupling to the QD
by g. We consider two different forms of driving Hamiltonians
for the two protocols:
 h̄ 

− 2 fp∗ (t )σX + fp (t )σX†
DOD
Hdriving =
.
(5)
 ∗

h̄
†
CAD
− 2 fp (t )a + fp (t )a
Effectively decoupling the QD from the cavity can be
achieved with an ac-Stark pulse driving the QD [38,41], described by

h̄  ∗
fac-Stark (t )σX + fac-Stark (t )σX† .
(6)
2
The exciting and Stark laser pulses are represented by the
functions fp (t ) and fac-Stark (t ), which are specified in Appendix A.
We also account for the coupling to longitudinal acoustic
(LA) phonons [40,42–45] (as detailed in Appendix A) as
well as the radiative decay of the QD exciton and cavity
losses. Whenever we consider phonon effects, the phonons
are assumed to be initially in thermal equilibrium at a temperature of T = 4 K. A sketch of the QDC system is shown
in Fig. 1. The corresponding Liouville equation is solved in a
numerically complete manner by employing a path-integral
formalism (for details see Refs. [46–48]). The parameters
used in the calculations are given in Appendix C.
Hac-Stark = −

III. DOT-DRIVEN (DOD) PROTOCOL

In the optical realm, coherent states |α are the most classical states. A general coherent superposition of two coherent
states of the form
N (|α + eiϕ | − α)

(7)

with normalization N and phase ϕ is one of the most common
realizations of Schrödinger-cat states in quantum optics [14].
Hence, we choose this realization as the target state for the
DOD protocol and set α = π /2 and ϕ = 0. This choice ensures that the corresponding coherent states are distinct, while
their average photon number is low enough that we expect the
influence of cavity losses to be limited.
To prepare this target state we adapt the protocol from
Ref. [15], which is proposed to create arbitrary photonic states
in a single-mode microcavity. However, the originally proposed protocol does not account for any loss channels. The
requirements are a driven Jaynes-Cummings model with controllable driving f (t ) and coupling g(t ) between the two-level
system and the cavity. To transfer the proposal to QDCs, a few
obstacles have to be overcome. While time-dependent driving
of a QDC is possible by applying appropriate laser pulses,
controlling the QD-cavity coupling time dependently remains
a challenge. In particular, the protocol in Ref. [15] relies on a
stepwise switching between f (t ) and g(t ); i.e., one has to be
off, whenever the other one is on.
Accordingly, the challenge of implementing this protocol
in a QDC protocol is twofold: (1) the magnitude of the QDcavity coupling has to be varied and (2) the QD and cavity are
supposed to be decoupled during the time the driving is on.
In Ref. [15] the time intervals τ , when either f (t ) or g(t ) is
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TABLE I. Pulse sequence for the DOD protocol in Sec. III. The
times tc of their maxima and their pulse areas are given.
Number of the pulse
1
2
3
4
5
6
7
8
9
10

FIG. 2. Dynamics of the QDC in the DOD protocol. Panels from
bottom to top: External pulses as well as the Stark pulse, exciton occupation nX , average photon number n, and time-dependent fidelity
F (t ) to the target Schrödinger-cat state in Eq. (7). Dashed lines:
ideal case without phonons and losses. Dashed-dotted lines: without
phonons but with losses. Solid lines: with phonons and losses.

on, are kept constant. Only the products fi τ and gi τ in the ith
interval are relevant for the success of the protocol. Therefore,
problem (1) can be solved by varying the time interval while
keeping the coupling constant, i.e., we use gτi . Concerning
problem (2), the decoupling suggested in Ref. [15] can in
principle be realized by inducing suitable Stark shifts, which
is, however, highly demanding experimentally. As demonstrated for protocols to prepare higher-order Fock states [38],
it can be advantageous to avoid the decoupling provided the
desired goal can be achieved by short enough pulses. Indeed,
when the switching induced by the laser driving f (t ) takes
place on timescales shorter than the dynamics induced by
the cavity, the action of the latter cannot interfere noticeably
with the switching, even though the QD and the cavity are
coupled. Furthermore, on such fast timescales, the precise
shape of the pulse becomes irrelevant (see, e.g., Appendix
A 1 of Ref. [38]). Therefore, a Gaussian pulse with the same
area as the rectangular fi τ can be used, which vastly reduces
the experimental demand. Its full width at half maximum
(FWHM) is chosen to be 100 fs. Note that the corresponding
spectral width of the pulse is quite large. Nonetheless, for
typical energetic spacings to higher lying exciton states [49]
the two-level approximation to the QD still holds well [38].
A. The ideal case

Figure 2 shows the dynamics of the QDC in the DOD protocol. The lowest panel displays the sequence of laser pulses
proposed to prepare the Schrödinger-cat state in Eq. (7). The
pulse sequence is derived by solving the set of equations determining the protocol to prepare arbitrary states in Ref. [15].
After adapting the solution to pulses as explained above, one

tc (ps)

(π )
−1
−1
−1
1
−1
−1
−1
−1
−1
−1

0.1
14.2
24.1
34.6
40.0
46.5
53.7
60.7
67.2
72.1

obtains the pulse areas and central peak times necessary to
prepare the target state. In total, a series of ten π pulses
is applied. Note that relative phases of π of the pulses are
absorbed into the definition of the pulse areas and that the
time difference between two subsequent pulses is the time
τi where the cavity coupling g takes effect. The arrival times
and pulse areas are listed in Table I. After reaching the target
state, the cavity needs to be decoupled from the QD in order
to preserve the preparation, which is achieved by an ac-Stark
pulse as shown in the lower panel of Fig. 2 .
The resulting time evolution of the exciton occupation nX
is shown in blue in Fig. 2, where the dashed lines correspond
to the ideal case without phonons and losses. Each laser pulse
partially excites the exciton, which then decays by photon creation. Accordingly, the average photon number n, as shown
in the second panel from top in Fig. 2, increases after each
pulse.
To see whether we have created a Schrödinger-cat state, we
consider the fidelity defined as
 √
√ 
ρ1 ρ2 ρ1
F (ρ1 , ρ2 ) = Tr

2

(8)

for two arbitrary density matrices ρ1 and ρ2 [50]. Setting one
density matrix to the target Schrödinger-cat state in Eq. (7), we
get a measure how close we are to this specific cat state. The
results are shown in the topmost panel of Fig. 2. We see that
after the pulse sequence the fidelity reaches unity, implying
that in the purely Hamiltonian ideal case without losses and
phonons, this protocol is able to perfectly prepare the target
state.
This is confirmed by looking at the Wigner function (definition in Appendix B) in Fig. 3(a). We see all relevant features
of a Schrödinger cat where the two Gaussians indicate the
two macroscopically distinct states, here, coherent states, and
the oscillations between them point to a coherent character of
their superposition.
An important property of a cat state is its nonclassicality.
In general, the nonclassicality δ of a state can be measured
by considering the negative part of its Wigner function W (α),
since all Wigner functions corresponding to classical states are
positive. The doubled volume of the integrated negative part
of the Wigner function was introduced in Ref. [51] as such a
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FIG. 3. Wigner functions of the photonic states prepared by the DOD protocol (a) for the ideal case, (b) including losses, and (c) taking
both phonons and losses into account. The Wigner functions are calculated at the start time of the decoupling Stark pulse, t = 75.5 ps.

nonclassicality measure:
δ=

[|W (α)| − W (α)] dα
,
W (α) dα

(9)

where δ = 0 implies a classical state. For the DOD protocol
we obtain δ = 0.51 for this Schrödinger cat, thus, indeed
implying quantum features of the state.
The results in Figs. 2 and 3 as well as the value of δ indicate
that the adaption of the protocol in Ref. [15] to ideal QDCs
with constant cavity coupling g is accomplished successfully.
B. Loss and phonon effects

Next, we account for the loss channels. When taking the radiative decay of the QD and the cavity losses into account, the
preparation fidelity drops to F = 48.7 % (cf. dashed-dotted
lines in Fig. 2). Interestingly, the nonclassicality measure δ
drops to 0.03. Looking at the corresponding Wigner function
in Fig. 3(b) reveals that the domains of negative values of the
Wigner function have practically disappeared.
Phonons destroy even the remaining nonclassicality. While
the fidelity in the case including all loss and phonon effects
still yields F = 25.0 % (see solid lines in Fig. 2), δ is identically zero, thus indicating a classical state. Indeed, the Wigner
function in Fig. 3(c) shows two blurred macroscopically distinct states, here again coherent states, but no oscillations
between them. Thus, they are superimposed incoherently and,
therefore, closely resemble the statistical mixture in Eq. (2).
The reason for this behavior lies in the nature of a
Schrödinger-cat state, which involves the formation of a
quantum mechanical superposition of distinct states with a
well-defined relative phase. All processes diminishing this
phase relation lead to a degradation of the cat state. For typical
QDCs, the cavity loss rate is much larger than the radiative
decay rate, thus having greater impact on the preparation
scheme. Furthermore, the effective cavity loss rate is proportional to the photon occupation, thus degrading especially
states with large multiphoton contribution, such as cat states.
The phonons then destroy any nonclassicality left after taking
the other two processes into account.
From the analysis in this section it becomes clear that the
fidelity alone is not sufficient to characterize a Schrödinger-cat
state, since it may miss the essential feature of oscillations of

the Wigner function to negative values. Therefore, it is necessary to simultaneously consider a nonclassicality measure
like δ.
In summary, the DOD protocol is not suitable to prepare
the Schrödinger-cat state in a QDC under realistic conditions,
because the interference terms of a cat state do not survive
the environmental coupling. Even at T = 4 K, phonon effects
destroy the coherent superposition of the two macroscopically
distinct states. Note that it is interesting from a fundamental
point of view that the phonons provide sufficiently strong
environmental coupling necessary to facilitate the quantumto-classical transition, which in this case is a transition from
a Schrödinger cat as in Eq. (7) to an incoherent mixture as in
Eq. (2).
IV. CAVITY-DRIVEN (CAD) PROTOCOL

The CAD protocol is based on the ideas of Refs. [16,52],
which showed that the textbook collapse-and-revival example in the Jaynes-Cummings model has two additional very
striking features: (1) at half the revival time the QD and
photonic subspaces factorize and (2) at precisely this time a
Schrödinger-cat state appears in the cavity mode.
The main requirement for this cat state preparation scheme
is a coherent state in the cavity mode as the initial state
of the Jaynes-Cummings dynamics [16]. The photonic state
prepared at half the revival time is [52]
N (|

+

+|

− ),

(10)

which is another realization of a Schrödinger-cat state as defined in Eq. (1). Here N is a normalization constant and
|

±

= e− 2 n
1

∞

n=0

nn/2 −inφ ∓iπ √nn
e
|n
√ e
n!

(11)

with n = |α|2 the average photon number of the initial coherent state and φ the phase of α. When using a real envelope
Gaussian pulse as in our case, this phase is determined to be
3π /2 as a short analytical calculation shows (cf. Appendix
D). These two states are macroscopically distinguishable, but
they are not coherent states as in Eq. (7) because of the nand n-dependent phase in Eq. (11). However, it should be
noted that | ±  approaches in the limit n → ∞ the coherent
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state | ±  → e∓inπ/2 | ∓ iα (cf. Ref. [52]), and therefore the
state in Eq. (10) becomes N (|iα + e−inπ | − iα), which has
the form given in Eq. (7). The fidelity with which the state
in Eq. (10) is reached in the Jaynes-Cummings dynamics at
half the revival time is unity only in the limit n → ∞ [52].
Thus, in the ideal phonon and loss-free case higher average
photon numbers are favorable in this scheme. However, since
the revival time is longer for higher mean photon numbers, the
preparation time rises with increasing mean photon numbers.
The system is thus exposed a longer time to losses before the
end of the protocol. As a result of this trade-off situation, there
is an optimal photon number when losses are accounted for.
Using this idea for a preparation protocol of Schrödingercat states in the microcavity mode, we have to face two
tasks: (1) preparing a suitable initial state in the cavity and
(2) finding a suitable n to achieve maximum fidelity to the
cat state in Eq. (10). Task (1) is solved easily, since it is
textbook knowledge [14] that driving an empty cavity with
a classical laser yields a coherent state in the cavity. Now, the
cavity in a QDC is not empty, but as long as the laser pulse
driving the cavity mode is short enough compared with the
dynamics induced by the coupling g, it may be approximated
as such. We use a 1 ps Gaussian pulse (cf. bottom panel of
Fig. 4) to drive the cavity mode and vary its pulse area
to analyze the success of the protocol depending on n to
tackle task (2). Note that the average photon number of the
prepared coherent state is connected to the laser pulse area via
n = |α|2 = ( /2)2 .
A. The ideal case

Figure 4 shows the dynamics of the QDC in the CAD
protocol when driving the cavity with a pulse of area 1.2π .
As we show later this is the optimal pulse area when losses
are taken into account. The dashed lines in Fig. 4 correspond
to the ideal case.
For the chosen pulse area the average photon number, as
shown in the middle panel in Fig. 4, is about 3. While this
is not high enough to lead to a clear-cut collapse-and-revival
signature, the exciton dynamics (blue curves) shows hints of
this feature with a revival at about 80 ps. The fidelity F shows
oscillations within a bell-like envelope to reach its maximum
of F = 88.1 % at 39.5 ps after the pulse. At the same time,
the photonic subsystem is close to a pure state as indicated
by the near-unity value of the trace of the squared photonic
density matrix. Thus, the QD and photon subspaces factorize.
To preserve the Schrödinger-cat state as it appears at this
point in time, an additional QD-driving pulse is needed to
effectively decouple the QD from the cavity. This is in analogy
to the ac-Stark pulse shown for the DOD protocol in Sec. III.
Figure 5(a) shows the corresponding Wigner function evaluated at the time of maximum fidelity when the decoupling is
evoked by a Stark pulse for the ideal case. Two macroscopically distinct states are clearly visible as elongated Gaussians
corresponding to the states | ±  in Eq. (11). Oscillations
to negative values between these two structures indicate
a coherent superposition. Therefore, this state is clearly a
Schrödinger-cat state.
As the CAD protocol depends sensitively on the pulse
areas, we plot in Fig. 6(b) the maximum fidelity to the

FIG. 4. Dynamics of the QDC in the CAD protocol. Panels from
bottom to top: the exciting laser pulse, the occupation of the exciton
2
) which indicates how
nX , the average photon number n, Tr(ρphoton
close the photonic system is to a pure state, and the fidelity to the
Schrödinger-cat state in Eq. (10). Dashed lines: ideal case without
phonons and losses. Dashed-dotted lines: without phonons but with
losses. Solid lines: with phonons and losses. The temporal range
where the fidelity reaches its maximum value in all three considered
cases is shaded in gray.

Schrödinger-cat state in Eq. (10) during the time evolution
after the cavity preparation pulse as a function of the pulse
area, i.e., the average photon number of the initial state.
Having seen that the fidelity is not sufficient as a measure
for obtaining a nonclassical photon state as the cat state, we
additionally show in Fig. 6(a) the nonclassicality measure δ at
the time of maximum fidelity.
For the ideal case (black lines in Fig. 6) the nonmonotonic
behavior of the fidelity is prominent. In contrast to the naive
expectation that it rises monotonically with , i.e., n, it
increases for n → 0 and shows an oscillatory behavior for
higher n. For decreasing n, the prepared state contains a
larger contribution of the vacuum, while the target state in
Eq. (10) itself shows more vacuum characteristics. Therefore,
the fidelity approaches unity, while the nonclassicality measure δ decreases [cf. Fig. 6(a)]. Thus, the state for low n
cannot be considered to be a genuine Schrödinger cat, since
the target state in Eq. (10) ceases to be a superposition of two
macroscopically distinct states.
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FIG. 5. Wigner functions of the photonic states prepared by the CAD protocol (a) for the ideal case, (b) including losses, and (c) taking
both phonons and losses into account. The Wigner functions are calculated at the respective times of maximum fidelity (cf. Fig. 4): t = 39.5 ps
(ideal case), t = 38.5 ps (including losses), and t = 41.0 ps (including losses and phonons).

The nonmonotonic behavior of the maximum fidelity in
Fig. 6(b) starting at
= π has its origin in the dynamics
of the fidelity as shown exemplary in Fig. 4. The oscillation frequency within the bell-like envelope increases with
rising
(not shown in the figure), while the maximum of
the oscillation need not coincide with the maximum of the
envelope. Therefore, maxt F (t ) does not rise monotonically
with , contrary to the naive expectation.
The proposal in Ref. [16] is based on the assumption of
a coherent state in the cavity mode as an initial state of the
dynamics. The orange line in Fig. 6(b) shows the fidelity
corresponding to the solution of the initial value problem

posed in Ref. [16], i.e., without first preparing the initial state
with a laser pulse. If such a coherent state is to be prepared
in a cavity mode, an external laser pulse is necessary [cf. task
(1) in Sec. IV]. For pulse areas greater than π , the maximum
fidelity obtained after solving the initial value problem perfectly coincides with the result obtained in the ideal case of
the preparation. This implies that indeed a coherent state is
prepared in the cavity mode by the external driving. The
deviations seen at smaller pulse areas have their origin in the
finite length of the preparation pulse.
The overall rise of the nonclassicality measure δ with
n, on the other hand, and its oscillations [cf. black line
in Fig. 6(a)] are a known feature [51]. In particular, the oscillation is a signature of a nonzero phase due to a finite
momentum of the cat state in (q, p) representation that distinguishes “standing” and “moving” cats [51]. Note that the
Wigner function in (q, p) and (Re(α), Im(α)) representation
are connected by a factor of 2π h̄ [53–55]. Since the nonclassicality measure δ is a ratio of volumes of the Wigner function,
it is independent of the representation.
B. Loss and phonon effects

FIG. 6. (a) Nonclassicality measure δ at the time of maximum
fidelity and (b) maximum fidelity during the time evolution as a
function of the pulse area, i.e., the average photon number of the
initial state. Black: ideal case, blue: including losses but without
phonons, red: with losses and phonons, orange: solution of the initial
value problem.

The influence of cavity losses and radiative decay on the
preparation using the CAD protocol is very strong. The dynamics of all photonic variables shown in Fig. 4 are damped
(orange dashed-dotted line). The effect is even more pronounced when looking at the protocol as a function of n
in Fig. 6 (blue lines). In particular, at high n, where the
highest fidelity in the ideal case is achieved, the losses have
the greatest impact and the fidelity drops to almost zero. This
is due to the fact that the effective loss rate for a Fock state |n
is proportional to the photon number n, i.e., nκ. Likewise, the
nonclassicality measure δ becomes identically zero when the
pulse area exceeds 1.5π . Thus, in stark contrast to the ideal
case, the limit n → ∞ yields no Schrödinger cat at all.
Considering phonon effects on top of the loss influence
further smooths out the dynamics (cf. solid lines in Fig. 4) and
lowers both the fidelity and the nonclassicality of the target
state (cf. red lines in Fig. 6), while showing qualitatively the
same behavior as in the case with losses but without phonons.
These findings depend on the considered temperature, the
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This is due to a competition between the rising fidelity for
n → ∞ as predicted in Ref. [52] and the inclusion of losses,
which also become stronger for increasing n. As a check,
whether we indeed have created a cat state at = 1.2π , we
have a look at the Wigner function in Fig. 5(c). The Wigner
function clearly shows two macroscopically distinct states and
oscillations between them, thus indicating a Schrödinger-cat
state even when losses and phonons are accounted for under
realistic conditions.
V. CONCLUSION
FIG. 7. The maximum fidelity to the Schrödinger-cat states in
Eqs. (7) and (10) in the case of the DOD protocol (black solid
line) and the CAD protocol (red dashed line), respectively, and the
nonclassicality measure δ (open rectangles and circles) as a function
of the cavity loss rate κ. The cavity quality factor assuming a mode
frequency of h̄ωC = 1.5 meV is displayed as a second axis.

GaAs material parameters, and the QD geometry and might
differ for other parameter sets. In the case considered in this
work, however, the loss effects have the most detrimental influence on the preparation of the target Schrödinger-cat state.
This is further underscored by considering the dependence
of the protocols’ success on the cavity loss rate, as shown in
Fig. 7 for the case without phonons. For both the DOD and the
CAD protocols, the preparation fidelity rises monotonically
with the quality factor, as does the nonclassicality measure δ.
The latter rises faster for the case of controlling the cavity,
implying a comparatively higher robustness of this scheme
with respect to cavity losses. This is due to the fact that the
total length of the DOD protocol of about 80 ps is roughly
twice the length of the CAD protocol of about 40 ps. Therefore, loss processes have less time to take effect in the CAD
protocol. Furthermore, the DOD protocol presumes 10 operations, i.e., pulses which need to be timed exactly, whereas the
CAD protocol relies only on one pulse. This also makes the
CAD protocol more stable against environmental influences
and more attractive for experiments.
Note that it has been shown experimentally that a system
with a Purcell factor roughly three orders of magnitude larger
than in our case is well suited for the preparation of exotic
photonic states. Hofheinz et al. showed [56] that a so-called
voodoo-cat state, a superposition of three coherent states, can
be prepared in a system consisting of a superconducting qubit
in a microwave resonator with a fidelity of 83 %. While such
a setup has drawbacks, such as the wavelength of the emitted
photonic state and the temperature in the mK-regime needed
for the qubit to operate, this amazing result underscores the
necessity of a high-quality resonator, both concerning the
quality factor and the Purcell enhancement for the preparation of Schrödinger-cat or even more complicated voodoo-cat
states.
Strikingly, in our QD-cavity system there is still a window of pulse areas, where the fidelity and the nonclassicality
measure are rather high. The optimum pulse area yielding
the maximum preparation fidelity under loss and phonon influence for our parameters is at = 1.2π , where both the
fidelity and the nonclassicality measure have a maximum.

We have investigated two protocols for the preparation of
photonic Schrödinger-cat states in the light field mode of a
quantum-dot–cavity system (QDC). While in atomic systems
Schrödinger cats have been already prepared, we here adapted
the protocols used in the atomic case to a solid state system. In
the calculations, we considered realistic values for the cavity
losses as have been reported in QDCs, which showed that the
radiative decay and cavity losses can be quite detrimental to
the preparation scheme. In contrast to atoms, in QDC devices
phonons also play a role, which have a great impact on the
Schrödinger-cat preparation. Therefore, a theoretical guidance
on the feasibility to prepare cat states is of high importance.
The first scheme relies on controlling the quantum dot with
external laser pulses (DOD protocol) by adapting Ref. [15].
We developed a multipulse protocol for the QDC, where
both the precise timing of the pulses and their mutual phases
are of utmost importance. Most detrimental to the fidelity
to the Schrödinger-cat state are cavity and radiative losses.
The environmental coupling to longitudinal acoustic phonons
further reduces drastically the fidelity and completely destroys
the coherence between the two states. Only an incoherent
mixture of the two macroscopically distinct states with zero
nonclassicality remains, such that this scheme is not suitable
to prepare Schrödinger cats in realistic QDCs. We mention
that this is different for superconducting qubits in microwave
cavities, where similar protocols have been successfully employed [56], because the quality factor of microwave cavities
relative to the coupling strength is higher than in QDCs. A
similar boost of the quality factor would be needed to enable
a Schrödinger-cat preparation with this protocol also in QDCs.
The second protocol exploits the internal dynamics of the
Jaynes-Cummings model, where a Schrödinger-cat state can
be found naturally in the time evolution of the system [16,52].
Only one pulse driving the cavity is necessary to prepare a
single coherent state in the field mode (CAD protocol), which
serves as an initial state for the subsequent Jaynes-Cummings
dynamics. While this protocol in the ideal case works best
for high-pulse areas, the losses also increase in this case such
that no preparation is possible. Again, the losses are the main
cause of destroying the cat, while the phonon effects are less
dramatic than in the first protocol. Remarkably, for intermediate pulse areas between π and 1.5π , the coherences as well as
the nonclassicality of the Schrödinger cats survive even under
the influence of both losses and phonons. Also in the CAD
protocol, a boost of the cavity quality factor would improve
the characteristics of the prepared cat state.
Our results show that Schrödinger cats in QDCs can be prepared under realistic conditions with an easy to use protocol.
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TABLE II. Relevant system parameters.
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APPENDIX A: COUPLING HAMILTONIAN

The external laser pulses are described by
fmp (t − tm )e−iωp (t−tm ) .

fp (t ) =

(A1)

m

fmp (t ) are the envelope functions of the pump fields and ωp the
corresponding laser frequencies. The product ωPtm is chosen
as an integer multiple of 2π . The pump fields are Gaussian
pulses with area j ,
t2

f jp (t ) = √
(A2)
e− 2σ 2 ,
2π σ
where σ denotes the standard deviation. It is connected to
the
√ full width at half maximum (FWHM) by FWHM =
2 2 ln 2σ . Throughout this work, ωp = ωX is assumed. The
ac-Stark pulses are assumed to be of rectangular shape:
⎧
τlength
⎨0 t < − 2
τ
τ
length
fac-Stark (t ) = e−iωACS t fs − 2  t  length
(A3)
2 ,
⎩
τ
0 t > length
2
j

where fs denotes the field strength, i.e., the plateau height of
the rectangular pulse, and τlength its duration.
The ac-Stark pulses are tuned below the exciton line by
ωACS,X := ωACS − ωX , which is chosen within the range of
validity of the RWA. The resulting shift of the exciton line
can be calculated from the energies of the laser-dressed states.
The QD is coupled to LA phonons [40,42–45,57].
HPh =

(γq b†q + γq∗ bq )|X X |,

h̄ωq b†q bq +
q

(A4)

q

where b†q and bq are the (bulk) phonon operators with wave
vector q and energy h̄ωq . The deformation potential-type coupling to the electronic state is denoted by γq . This Hamiltonian
is of the so-called pure dephasing type [44,58]. Many wellknown phenomena emerge from the interaction described by
this Hamiltonian, e.g., the phonon sideband in the QD emission spectrum [42,59], the damping of the Rabi oscillations
[39,60], as well as the renormalization of their frequency
[61,62]. Since our treatment of this Hamiltonian is numerically complete, all of these phenomena are included in our
results.
Finally, we take radiative recombination of the excitons
with rate γ and cavity loss processes with rate κ into account
by introducing Markovian Lindblad-type operators



1
†
†
LO, • =  O • O − •, O O + ,
(A5)
2
where {·, ·}+ denotes the anticommutator. O is a system operator and  the decay rate of the associated loss process.
The full Hamiltonian then reads as
Hfull = H + HPh

(A6)

QD-cavity coupling (meV)
Cavity loss rate (ps−1 )
QD radiative decay rate (ps−1 )

h̄g
κ
γ

0.1
0.0085
0.001

with the system Hamiltonian H as defined in Sec. II.
The dynamics of these systems are then described by the
Liouville–von Neumann equation
i
∂
ρ = − {Hfull , ρ}− + La,κ ρ + LσX ,γ ρ,
(A7)
∂t
h̄
where {·, ·}− denotes the commutator.
A path-integral formalism [46,47,63,64] is used to solve
Eq. (A7) in a numerically complete manner. Tracing out the
phonon degrees of freedom analytically yields a phononinduced memory kernel for the subsystem of interest H in
Eq. (A6). We call a solution “numerically complete” if a finer
time discretization and considering a longer memory do not
change the result noticeably. Since the states considered in
this paper are product states of the QD and number states
of the cavity mode and therefore quite numerous, no solution
within the path-integral framework could be obtained without
the advances presented in Ref. [48].
APPENDIX B: DEFINITION OF THE OPTICAL
WIGNER FUNCTION

The optical Wigner function, which is a function of the
complex coherent amplitude α, can be obtained as [53–55]
†

W (α) = 2Tr[ρphoton D(α)(−1)a a D(−α)],

(B1)

where ρphoton is the photonic density matrix of the system
and D(α) the coherent displacement operator. The photonic
density matrix is obtained by tracing out the phonon and QD
degrees of freedom:
ρphoton = TrQD [TrPh (ρ)].
(B2)
Using the Fock basis and introducing ρphoton (α) :=
D(−α)ρphoton D(α), this expression simplifies to
W (α) = 2

[ρphoton (α)]nn (−1)n .

(B3)

n

APPENDIX C: PARAMETERS

For the numerical calculations we use typical parameters
for self-assembled strongly confined GaAs/In(Ga)As QDs
[48,65]. Other relevant parameters are summarized in Table II.
Assuming a mode frequency of h̄ωC = 1.5 eV, the cavity
loss rate κ corresponds to a quality factor Q ≈ 268 000,
which has been reported in the experiments in Ref. [66]. The
phonons are assumed to be initially in thermal equilibrium
at a temperature of T = 4 K, whenever phonon effects are
considered in this work.
On a timescale of ≈ 3 ps, the phonon-induced memory
kernel for GaAs/In(Ga)As QDs of 6 nm diameter at T =
4 K decays to zero [46–48]. To obtain numerically complete
converged results, a two-grid strategy is employed for the
time discretization. Details can be found in Appendix A 3 of
Ref. [38].
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APPENDIX D: CALCULATION OF THE PHASE IN THE
CAD PROTOCOL

The phase φ in Eq. (11) is the phase of the coherent state
which is prepared in the cavity mode by the initial laser pulse
driving the cavity. Since the pulse used to prepare the coherent
state is short compared with the scale of the dynamics induced
by the coupling to the QD, we can neglect the latter in the
analysis of the preparation. In a frame corotating with the laser
frequency, the Hamiltonian thus reduces to

h̄  ∗
fp (t )a + fp (t )a† .
(D1)
Hdriving (t ) = −
2
Up to second order in the time increment t, the time evolution operator reads

with u(t ) := 2i fp (t ) and the coherent displacement operator D.
Using the relation D(α)D(β ) = exp [Im(αβ ∗ )]D(α + β ) and
noting that the phase vanishes since u(t ) is purely imaginary
for real pulse envelopes, one obtains for a pulse with center tc
that is chosen such that at 0 and τmax the envelope is essentially
zero (again up to second order in t)
U (τmax , 0) = D[α(τmax )],
with
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The central challenge for describing the dynamics in open quantum systems is that the Hilbert space
of typical environments is too large to be treated exactly. In some cases, such as when the environment
has a short memory time or only interacts weakly with the system, approximate descriptions of the system
are possible. Beyond these, numerically exact methods exist, but these are typically restricted to baths
with Gaussian correlations, such as non-interacting bosons. Here we present a numerically exact method for
simulating open quantum systems with arbitrary environments which consist of a set of independent degrees
of freedom. Our approach automatically reduces the large number of environmental degrees of freedom to
those which are most relevant. Specifically, we show how the process tensor—which describes the effect
of the environment—can be iteratively constructed and compressed using matrix product state techniques.
We demonstrate the power of this method by applying it to problems with bosonic, fermionic, and spin
environments: electron transport, phonon effects and radiative decay in quantum dots, central spin dynamics,
anharmonic environments, dispersive coupling to time-dependent lossy cavity modes, and superradiance. The
versatility and efficiency of our automated compression of environments (ACE) method provides a practical
general-purpose tool for open quantum systems.

An inevitable property of quantum technologies is that
quantum devices interact with their environment [1].
This interaction gives rise to dephasing and dissipation
but, if understood, it can be exploited for example in
environment-assisted quantum transport [2–4], or even
quantum information processing [5, 6]. Because of the
exponential growth of Hilbert space dimension, and the
large number of environmental degrees of freedom, the
direct solution of Schrödinger’s equation for system and
environment is usually infeasible. As such, one requires
practical methods that allow simulation of the dynamics
of the system, while accounting for effects of the environment [1, 7–9].
Among such approaches, those most frequently used
rely on the Born and Markov approximations, which enable one to derive time-local equations of motion for the
reduced system density matrix [1, 10]. The Born approximation implies that the environment does not change significantly with time—i.e. that system-environment correlations are weak and transient. While valid for weakly
coupled open quantum systems, other environments lead
to strong system-environment correlations [11]. The
Markov approximation depends on the memory time of
the environment being short compared to the time evolution of the system. This fails if the spectral density is
highly structured, or if there is a long memory time [12].
Given these widespread limitations, approaches beyond
the Born–Markov approximation are clearly necessary.
Numerically exact methods—where tuning convergence parameters allows one to trade off precision against
computation time—do exist for some non-Markovian
problems: those where the environments have Gaussian correlations, such as non-interacting bosonic modes.
Such methods include hierarchical equations of motion

(HEOM) [13, 14], chain mapping through orthogonal
polynomials [15–17], or the Feynman-Vernon real-time
path integral formalism [18]. In particular, the iterative form of the path integral [19–21] and its reformulation with matrix product operators [22] have been used
successfully, e.g., to simulate phonon effects on spectra [23, 24], to devise robust and high-fidelity protocols for the emission of nonclassical light [25–27], and
to model concrete experiments on optically driven quantum dots [28–30]. Such approaches have been extended
to systems with multiple environments [31], to multi-level
systems [21], and to special types of non-Gaussian baths
such as quadratic coupling to bosons or fermions [32].
Some methods for general environments do exist, such
as correlation expansion [33], but it is complicated to
derive these equations at higher expansion order. As
such, a challenge remains: to provide general and efficient numerically exact methods which can also model
non-Gaussian non-Markovian environments.
Here we provide such a method, which can be used
to simulate open quantum systems coupled to arbitrary
environments (see Fig. 1a). We demonstrate its practical application with a variety of forms of environment—
bosonic, fermionic, and spins. Because the derivation is
general the same code can be used to simulate the dynamics of a large variety of different physical systems. At
the core of our automated compression of environments
(ACE) method is the explicit microscopic construction
of the process tensor (PT) [34, 35]—an object originally
conceived as a way to conceptualize correlations for a
general non-Markovian environment—and a route to efficiently compress this object using matrix product operator (MPO) techniques [36, 37]. Specifically, we provide
a general and efficient algorithm to directly construct an
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FIG. 1. Depiction of the automated compression of environments approach. a, The identification of an efficient
representation is fully automatic and does not rely on any a priori approximations or assumptions. b, The time evolution of
system plus its compressed environment proceeds in discrete time steps. Information flow is indicated by the coloured arrows.
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process tensor in MPO form: this corresponds to the schematic situation depicted in panel b. e, Combination of the influence
of environment mode K with the process tensor containing the influences of modes 1, 2, . . . , K − 1. Red semicircles indicate
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MPO representation of the PT, corresponding to an automated projection of the environment onto its most relevant degrees of freedom.

duced system density matrix at time tn can be written
Y

n
X
Mα̃l αl−1 ρα0 , (1)
I (αn α̃n )...(α1 α̃1 )
ραn =
αn−1 ...α0
α̃n ...α̃1

Results
Automated compression of environments. The
working principle of ACE is to represent the environment efficiently by concentrating on its most relevant degrees of freedom (cf. Fig. 1a). These are selected automatically using MPO compression techniques and may
differ from one time step to another. This procedure
guarantees fully capturing the non-Markovian information flow from past time steps to later time steps via
the environment (cf. Fig. 1b). We now summarise the
ACE method introduced in this paper; further details
are provided in the Methods section. Our goal is to obtain the reduced system density matrix ρνµ (t) at a time
t, accounting for coupling to a given environment. We
discretise the time axis on a grid tl = l∆t with equal
time steps ∆t (Fig. 1b-d); then, for a single time step,
i
the time evolution operator U (∆t) = e− ~ H∆t of the total system can be factorised using the Trotter expansion
i
i
U (∆t) = e− ~ HE ∆t e− ~ HS ∆t + O(∆t2 ), where the total
Hamiltonian H = HS + HE is decomposed into the system Hamiltonian HS and the environment Hamiltonian
HE including the system-environment coupling. Inserting a complete set of basis states for the system and the
environment and tracing out the environment, the re-

l=1

where we have defined α = (ν, µ) to combine two Hilbert
space indices into a single Liouville space index. A visual
representation of Eq. (1) is depicted in Fig. 1c. Here,
M describes the free propagation of the system. This
can be time-dependent, and can additionally include effects of Markovian baths. The effects of the general
non-Markovian non-Gaussian environment are captured
in the quantity I, which we refer to as the process tensor (PT). This object differs slightly from the original
definition of the PT [35], in that we have separated out
the initial state and the free system evolution. When
I is non-zero only for diagonal couplings αl = α̃l this
object becomes equivalent to the Feynman-Vernon influence functional [18]. The PT can thus be considered as
a generalisation of this influence functional to the case of
non-diagonal couplings. From the explicit expression for
the PT we find that it automatically has the form of an
MPO:
I (αn ,α̃n )(αn−1 ,α̃n−1 )...(α1 ,α̃1 ) =
X
(αn ,α̃n ) (αn−1 ,α̃n−1 )
(α ,α̃ )
Q1dn−1
Qdn−1 dn−2 . . . Qd1 11 1 .

(2)

dn−1 ...d1

Here the dimension of the inner indices dl is very large,
corresponding to a complete basis of environment states

3
in Liouville space. This large dimension precludes the
direct application of Eqs. (1) and (2) for typical environments. However, the MPO form of the PT means it
is in principle amenable to standard MPO compression,
based on singular value decomposition as described in the
Methods [36, 37]. Such compression corresponds physically to reducing the environment to its most relevant
degrees of freedom, which, as theoretical consideration
of PTs suggest [38], may be few in number.
The key challenge is thus to find an efficient way to
calculate the compressed form of the PT MPO, without first constructing the uncompressed PT. This can be
achieved through the ACE approach, for any problem
with an environment that can be decomposed into NE
different noninteracting degrees of freedom:
H = HS +

NE
X

k
HE
.

(3)

k=1

The label k can describe both the different degrees of freedom within a bath (e.g. different spins, or photon modes
defined by their wave vector q), but can also enumerate
multiple environments coupled to the same system. In all
of these cases, the PT can be constructed iteratively, by
adding successively the contribution of each bath degree
of freedom. The process of combining the influence of the
K-th degree of freedom, B[K], with an existing PT MPO
Q[K − 1] is shown in Fig. 1e. If the resulting MPOs are
compressed after each step (red semicircles), the inner dimension remains manageable and exact diagonalisation
can be used for the singular value decomposition. This
is described in more detail in the Methods section.
Once one has the compressed PT in MPO representation, this can be substituted into Eq. (1). The calculation of the reduced system density matrix then amounts
to the contraction of a network of the form shown in
Fig. 1d. If the PT MPO has a sufficiently small inner
dimension, this contraction is straightforward. Because
this algorithm can be applied in principle to arbitrary
environments simply by specifying the respective envik
ronment Hamiltonians HE
, ACE allows investigations of
a huge variety of different open quantum systems. We
next show how this method works in practice for a few
paradigmatic example problems.
Resonant-level model. As a first test of ACE,
we consider the archetypal problem of electron transport between a single localised electron state and other
nearby environment states, described by the resonantlevel model. The k-th environment state is described by
k
HE
=~ωk c†k ck + ~gk (c†k cS + c†S ck ),

(4)

where c†S (cS ) and c†k (ck ) create (destroy) a fermion in the
localised system state and the k-th environment state,
respectively, ~ωk is the energy of the k-th environment
state with respect to the system state, and gk is the coupling constant, which we assume to be independent of

k, gk = g. The free system Hamiltonian is HS = 0.
The Hamiltonian in Eq. (4) shows distinct behaviour depending on the number of environment modes: coherent
oscillations for few modes, and irreversible decay for a
broad continuum of modes. In the following we show
that ACE can automatically capture both these limits,
and interpolate between them.
For a few environment modes, the dynamics is described by coherent oscillations at the eigenfrequencies
of the coupled system and environment. Here, we consider the situation depicted in the inset of Fig. 2a where
a single initially empty site is connected to two sites at
the same energy ωk = 0, which are initially occupied. In
this scenario the time-dependent many-body state of the
total system is
 †

√
√
c† + c†
c − c†
|Ψ(t)i = cos( 2gt) 1√ 2 − i sin( 2gt)c†S 1√ 2 |0i.
2
2
(5)
In Figure
2a, we compare the occupation nS =
√
sin2 ( 2gt) to the results of ACE simulations for convergence parameters ∆t = 0.01g and  = 10−7 (see Methods). We see the results match perfectly. Since the oscillations are undamped, the memory time of the environment is infinite. Furthermore, whenever nS = 12 , Eq. (5)
describes a state with maximal entanglement between
system and environment. This demonstrates that ACE
can account for infinite memory times as well as strong
system-environment correlations.
Different behaviour occurs for a quasi-continuum of environment states, e.g., metallic leads coupled to a quantum dot [39], as depicted in the top left inset of Fig. 2b.
The oscillatory contributions of the different modes interfere destructively, suppressing oscillations. When the
continuum is broad enough, there is a short memory time
and weak system-bath correlations, so the situation is
well described by Markovian master equations. These
predict charge transfer to the localised state at a rate
γ = 2π~g 2 D, where D = (NE − 1)/(~ωBW ) is the density of states and ~ωBW is the bandwidth. Figure 2b
shows the corresponding dynamics for different numbers
of environment modes NE with a fixed density of states
D = 1/(~γ). As the number of environment modes (and
therefore the bandwidth) increases, the simulations approach the Markovian analytic result 1 − exp(−γt). For
intermediate NE = 10, the finite bandwidth introduces
a finite memory time ∼ 1/ωBW . To check the validity
of the ACE results in this more complicated crossover
regime, we also plot the analytic short-time Taylor expansion, nS ≈ γωBW t2 /(2π) for the case NE = 10.
The inset in Fig. 2b shows the maximal inner dimension dmax of the PT MPO as a function of the number of
modes NE . We see this scales linearly with the number
of modes, indicating a very efficient reduction, compared
to the exponential scaling of the dimension of the full environment Liouville space of up to 4100 ≈ 1.6 × 1060 for
NE = 100. A more detailed analysis of numerical convergence is given in the Supplemental Material S.2. This
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FIG. 2. Resonant-level model application of ACE, spanning small to infinite bath memory time. a, Dynamics of
the occupations of a single localised quantum state (S) coupled to two resonant environment modes. b, Dynamics of a quantum
state coupled to a quasi-continuum of modes. ACE simulations (points) are shown together with analytic solutions (lines). In
b, the analytic result in the Markov limit corresponds to an exponential transfer with the rate obtained from Fermi’s golden
rule. The result of a quadratic Taylor expansion around t = 0 is depicted for the case NE = 10. The top left insets depict
the respective physical situations. The bottom right inset in b shows the maximal inner dimension dmax of the PT MPO as a
function of the number of environment states NE for constant density of states.

simple example demonstrates that ACE is able to reproduce analytic results in all regimes from infinite memories to Markovian environments and from strong to weak
system-environment correlations.
Simultaneous coupling of quantum dots to
phonons and electromagnetic field modes. Our second example involves a system coupled simultaneously
to two structured baths, as exemplified by a semiconductor quantum dot, coupled both to acoustic phonons and
an electromagnetic environment. The acoustic phonon
modes couple via a pure-dephasing interaction:

q
Hph
=~ωq b†q bq + ~γq b†q + bq |XihX|,
(6)

where b†q (bq ) creates (annihilates) a phonon with wave
vector q and |Xi denotes the exciton state of the quantum dot. If this were the only interaction, its linear and diagonal structure would mean it could be
treated within the iterative quasi-adiabatic path integral
(iQUAPI) method [19, 21, 23]. We will use this below to
compare the results of ACE to that of iQUAPI.
In addition to the bath of phonons, QDs also couple
to the continuum of electromagnetic modes, which are
responsible for radiative decay. Here the interaction with
photon mode k takes the Jaynes-Cummings form:

k
HJC
=~ωk a†k ak + ~gk a†k |GihX| + ak |XihG| ,

(7)

where a†k (ak ) is the bosonic creation (annihilation) operator for a photon in mode k.
There are several ways of including both baths in simulations: First, for unstructured (i.e. Markovian) photon
environments, the Born–Markov approximation holds, so
we can account for the radiative decay as a Lindblad



term, κL |GihX|, ρ where


L |GihX|, ρ

≡ |GihX|ρ|XihG| −

1
2


|XihX|ρ + ρ|XihX| . (8)

In both ACE and iQUAPI [40], such Markovian dissipation can be included into the free system Liouville propagator M. Due to the flexibility of ACE, we can also
describe the radiative decay microscopically by including both the phonon and electromagnetic environments
in the PT. This has the advantage that it automatically
captures possible non-additive effects of the simultaneous
coupling to multiple baths [41–43], and also allows one
to extend to structured electromagnetic environments.
In Fig. 3a, we show how the occupation of a QD responds to off-resonant excitation by a Gaussian laser
pulse. This drive corresponds to the following timedependent Hamiltonian in the rotating frame of the laser:

HS = −~δ|XihX| + ~2 Ω(t) |XihG| + |GihX| ,
(9)

where δ is the laser detuning and Ω(t) is a Gaussian envelope centred at t0 = 7 ps with pulse duration τFWHM =
5 ps. The QD simultaneously interacts with the phonon
and photon baths, which are treated within different theoretical approaches. In this figure we assume a flat electromagnetic environment, so all approaches should work
equally well. The simulation parameters are summarised
in the Methods section.
In the absence of QD-phonon interactions, the exciton is only occupied transiently during the pulse, as
absorption is suppressed by the detuning of the laser
from the exciton energy. Including phonons within ACE
but disregarding radiative decay entirely results in a
nonzero stationary exciton occupation, as the detuning
may be bridged by phonon emission. Including both
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FIG. 3. Dynamics of quantum dots embedded in (non-additive) photon and phonon environments. a, Dynamics
of the exciton occupation for phonon-assisted off-resonant excitation of a QD driven by a Gaussian laser pulse and subject to
radiative decay according to different theoretical approaches: The QD-phonon interaction may be disregarded (none) or treated
within ACE or iQUAPI. The coupling between the QD and the photonic modes may be disregarded (none), included explicitly
in ACE via its Hamiltonian, or replaced by a Lindblad term for radiative decay. b, Radiative decay of an initially occupied
exciton state with and without interactions with phonons for model photon densities of states with different bandwidths ~ωBZ .

phonons and photons, one sees absorption followed by
radiative decay. Identical results are found for this case
for both ACE—treating the electromagnetic environment
microscopically—and
for iQUAPI with photon decay


κL |GihX|, ρ . As such, we both further confirm the capabilities of ACE, and see that—as may be anticipated—
for an unstructured photon environment, no cross-action
between the coupling to photon and phonon baths can
be identified.
As already noted, ACE is also able to treat situations
with non-additive environments, as is relevant for structured photonic environments like waveguides or microcavities [44, 45]. Figure 3b shows the decay of an initially occupied exciton state (with HS = 0) where, in
addition to the non-Markovian phonon bath, we use a
photon bath with a finite bandwidth ~ωBW . For large
bandwidths, no cross-interaction between the couplings
to the two baths is found (and so the results again match
iQUAPI with Lindbladian photon loss). For small bandwidths ωBW = 0.4 ps−1 , the photon environment obtains
a memory time τ ∼ 1/ωBW of the same order of magnitude as the phonon environment. As a result the two
baths couple non-additively, as can be seen by the fact
that the coupling to phonons significantly influences the
decay of excitations into the electromagnetic modes.
Spin dynamics. Our third example concerns the spin
dynamics in the presence of a spin environment [46, 47].
Besides demonstrating the applicability of ACE to nonGaussian spin environments, this example also identifies
the limits on efficient environment compression. We con-

sider a central spin coupled to a bath of environment
spins by a Heisenberg interaction
k
HE
=

Jk
Ŝ · ŝk ,
~2

(10)

where Ŝ and ŝk are the spin- 21 operators of the central
spin and the k-th environment spin, respectively—see inset of Fig. 4. In the following we choose the coupling constants Jk = J/N , where N is the number of environment
spins and J defines the energy scale of the coupling. We
set HS = 0 and initially prepare the system spin in the
state with maximal hSx i. We then explore how the initial degree of polarisation of the environment affects the
system dynamics, and the ability to efficiently compress
the environment.
First, we focus on the situation where the environment
spins are completely polarised along the z-axis. The respective dynamics of hSx i is depicted in Fig. 4a for different numbers of environment spins N = 10, N = 100, and
N = 1000 and for convergence parameters ∆t = 0.01~/J
and  = 10−10 . The Heisenberg coupling leads to a coherent precession of the system and environment spins
about each other. In the limit N → ∞, there is no
back-action on the environment so the environment remains in its initial state. The dynamics is then equivalent to a precession about a constant
effective
magnetic


field, for which hSx i = (~/2) cos (tJ)/(2~) . We see the
ACE simulations for N = 1000 approach this limit. It
is noteworthy that for all N the inner dimension of the
PT MPO remains 4, corresponding to the Liouville space
dimension of a single spin 12 . This is because all environ-
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P
k Jk = J constant. Colours correspond to different numbers of environment spins N while point types correspond to
different values of the MPO compression threshold .

ment spins behave identically, so the environment can be
replaced by a single effective spin.
We next explore the limitations of compression of the
environment, by considering randomised initial conditions for the environment spins. In Fig. 4b and c we
present ACE simulations with N = 10 and N = 100 environment spins for different values of the MPO truncation
threshold . In Fig. 4b the bath is partially polarised:
we randomly select pure spin states from an isotropic
distribution
 these with a rejection probability
 and filter
1 − exp b szk /~ − 21 . Here, b = (gµB B)/(kB T ) is a
Boltzmann factor, taken as b = 20 for Fig. 4b. In Fig. 4c
we instead use a uniform distribution (i.e. b = 0). In both
cases a dephasing of the central spin is visible. However,
for the unpolarised case, the spin dynamics for different
 start to diverge at long times. The slow convergence
with  in this situation is a consequence of the intrinsic
incompressibility of the environment degrees of freedom.
That is, because each environment spin reacts differently
to the system spin, the joint PT cannot be compressed
efficiently. Furthermore, environment spins can become
correlated via an effective interaction mediated by the
system, and without an external magnetic field the environment states are highly degenerate. Consequently,
there is no clear physical constraint on the accessible environment Hilbert space. In the partially polarised case,
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FIG. 5. Two-level system coupled to a bath of anharmonic modes. a: Morse potential, Eq. (11), with parameter Λ = 5 and its bound eigenstates obtained numerically.
Crosses mark the average position hi|x̂|ii for each eigenstate.
b: Coupling coefficients gk corresponding to a Lorentzian
spectral density of environment modes. c: ACE simulations
with M = min{5, Λ} environment levels for: the spin-boson
model (SBM), harmonic oscillator (HO) modes obtained by
the finite differences method, and finite differences solutions
of the Morse potential for different Λ. d: Analogous calculations to c but where energy shifts due to non-zero hi|x̂|ii have
been subtracted.

the environment can be compressed more efficiently, so
that the ACE simulations show a better convergence.
Anharmonic environments. While a bath of harmonic oscillators forms a Gaussian environment, which
can be addressed by a multitude of existing numerically
exact methods, anharmonic environment modes have so
far been out of reach. Anharmonicities are found in practice, e.g., in vibrational modes of molecules with a finite
number of bound vibrational states, commonly modelled
by a Morse potential [48]


v(x) =Λ2 e−2x − 2e−x ,

(11)

where Λ controls the depth of the potential and number
of bound states. Here, we use the Morse potential as
a demonstration of simulating environment modes with
arbitrary potentials v(x).
As described in more detail in the Supplementary Material S.4, we first use a finite differences method to numerically find the eigenstates of a single uncoupled environment mode, before introducing coupling to the system. For example, the bound eigenstates of the Morse
potential for Λ = 5 are depicted in Fig. 5a. Keeping only
the M lowest energy eigenstates and choosing a systemenvironment coupling proportional to the environment
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position operator, we find that for environment mode k
k
HE
=

M
−1
X

k
~ωk Ẽj σjj
+ ~gk

j=0

M
−1
X

√

i,j=0

k
2hi|x̃|jiσij
|eihe|, (12)

where Ẽj and hi|x̃|ji are scaled so that the spin-boson
model Hamiltonian is recovered when v(x) is the harmonic oscillator potential.
~
ACE
 simulations are performed for HS = 2 Ω |eihg| +
|gihe| , describing a continuously driven system performing Rabi oscillations damped by the anharmonic environment. We choose a set of ωk and gk that correspond to a
Lorentzian spectral density as shown in Fig. 5b; for other
parameters see Supplementary Material S.4. The resulting excited state occupations ne are shown in Fig. 5c.
As a validity check, we first apply the above method to
a harmonic potential, and recover exactly the dynamics
of the spin-boson model. On moving to Morse potential
environments, we find significant differences, especially
for small Λ. Much of the difference is due to the asymmetry of the Morse potential, leading to an average position
hi|x̃|ii that increases for higher excited states, indicated
as crosses in Fig. 5a. This enters in HE via the systemenvironment coupling and results in an energy shift of
the |ei system state. To better identify intrinsic effects
of anharmonicity, Fig. 5d shows ACE results where this
shift has been subtracted. For small Λ, one sees effects of
the anharmonicity of the Morse potential, while for large
Λ the anharmonicity becomes negligible and the result of
the Gaussian simulations is recovered.

Discussion
We have presented a novel, numerically exact, efficient,
and versatile method: automated compression of environments (ACE), which makes it possible to simulate the
dynamics of N -level quantum systems coupled to arbitrary environments directly from the microscopic systemenvironment coupling Hamiltonian. We have illustrated
the power of this method with examples of electron
transport, the simultaneous interaction of a QD with
phonon and photon modes, spin dynamics, and anharmonic environments. In the Supplementary Material S.5,
we provide an example exploring superradiant decay, il-
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where

Derivation of the process tensor. We consider an arbitrary open quantum system specified by the Hamiltonian H = HS +HE , where HS is the free system Hamiltonian without coupling to the environment. For simplicity
of notation we assume a time-independent Hamiltonian
in the following, but generalisation to the time-dependent
case is straightforward. The time evolution of the system
density operator ρ̂S can be obtained from the time evolution operator U (t) of the total system, including the
environment, by tracing out the environment to give:
h
i

ρ̂S (t) =TrE U (t) ρ̂S (0) ⊗ ρ̂E (0) U † (t) .
(13)

QnWe discretise the time evolution operator U (t) =
l=1 U (∆t) on a time grid tl = l∆t, l = 1 . . . n and apply
i
i
a Trotter decomposition U (∆t) = e− ~ HE ∆t e− ~ HS ∆t +
O(∆t2 ). Next, we introduce a complete basis for the system (ν or µ) as well as for the full environment (ξ or η).
We then introduce the matrix elements
i

l
Aνξllξν̃l−1
=hνl , ξl |e− ~ HE ∆t |ν̃l , ξl−1 i,

M ν̃l νl−1 =hν̃l |e

− ~i HS ∆t

|νl−1 i,

(14)
(15)

and, using calligraphic symbols, their counterparts in Liouville space:
(ν ,µ ),(ν̃ ,µ̃ )

(16)

ν̃ ν

(17)

νl ν̃l
l
l
µl µ̃l ∗
A(ξll,ηll),(ξl−1
,ηl−1 ) :=Aξl ξl−1 Aηl ηl−1

Mµ̃ll µl−1
:=M ν̃l νl−1 M µ̃l µl−1 ∗ .
l−1

The reduced system density matrix at time step tn = n∆t
can then be expressed as

Y
n
X
ν̃ ν
(ν ν̃ )...(ν ν̃ )
ρνn µn =
I(µnn µ̃nn )...(µ11 µ̃11 )
Mµ̃ll µl−1
ρν0 µ0 ,
l−1
νn−1 ...ν0
ν̃n ...ν̃1
µn−1 ...µ0
µ̃n ...µ̃1

l=1

(18)

(ν ν̃ )...(ν ν̃ )

I(µnn µ̃nn )...(µ11 µ̃11 ) =

X

δ ξn η n

ξn ...ξ0
ηn ...η0

Y
n
l=1


(ν ,µ ),(ν̃l ,µ̃l )
E
A(ξll,ηll),(ξl−1
,ηl−1 ) ρξ0 η0 .
(19)

Here, ρν0 µ0 and ρE
ξ0 η0 are the initial system and environment states, respectively. The implicit assumption of
a factorisation of the initial state into system and environment parts, i.e., uncorrelated initial states, does not
restrict the generality, because initial states with finite
system-environment correlations can always be rewritten
as sums of product states using Schmidt decomposition.
By combining pairs of Hilbert space indices into Liouville space indices αl = (νl , µl ), α̃l = (ν̃l , µ̃l ) and dl =
(ξl , ηl ), Eq. (18) becomes Eq. (1) and Eq. (19) takes the
form of Eq. (2). The matrices Q can be obtained by
comparison with Eq. (19) as
P 1 ,α̃l E

δd0 ,1 Aα
l = 1,

d1 ,d00 ρd00


d00

(α ,α̃ )
l ,α̃l
Qdl dl l−1l = Aα
(20)
1 < l < n,
dl ,dl−1

P

αn ,α̃n

δdn ,1 Id0n Ad0 ,dn−1 l = n.
d0n

n

where Id0n =(ξ,η) = δξ,η .

Network summation. The network structure determining the reduced system density matrix, visualised in
Fig. 1d, can be most easily evaluated by propagating the
quantity Rαl dl defined recursively via
Rα0 1 =ρα0 = ρν0 µ0 ,
X X (α ,α̃ )
Rαl dl =
Qdl dl l−1l Mα̃l αl−1 Rαl−1 dl−1 .

(21a)
(21b)

α̃l αl−1 dl−1

Comparing with Eqs. (1) and (2), it can be seen that the
density matrix at the last time step is given by ραn =
Rαn 1 .
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When the environment time evolution operator is unitary, the reduced density matrix ραl at intermediate time
steps tl can be easily obtained from Rαl dl as
X
ραl =
qdl Rαl dl
(22)
dl

using the closures qdl defined by the recursion (cf. Supplementary Material S.1 for a detailed derivation)
qdn =1 =1
X
X
(α 0)
qdl−1 =
qdl
Iαl Qdl dl l−1 .

(23)
(24)

αl

dl

Thus, in practice one needs to calculate only a single PT
MPO with n time steps, where n∆t = tfinal is the final
time one is interested in, and obtains the density matrix
at all intermediate time steps l∆t at marginal numerical
extra cost.
PT combination rule. In order to combine the influences of multiple environments or of independent environments into a single PT, consider a system coupled
to multiple environmental degrees of freedom (which we
henceforth call modes) via
HE =

NE
X

k
HE
.

(25)

k=1

We define the partial sum of the Hamiltonians from
modes 1, 2, . . . K as
HE [K] =

K
X

k
HE

(26)

k=1
(α ,α̃ )

and denote by Qdl dl l−1l [K] the l-th MPO matrix of the PT
including the influences of the modes 1, 2, . . . K. Then,
by means of the symmetric Trotter decomposition

K
i
i
e− ~ HE [K]∆t = e− ~ HE [K−1]+HE ∆t
i

K ∆t
2

= e − ~ HE

i

i

K ∆t
2

e− ~ HE [K−1]∆t e− ~ HE

+ O(∆t3 )

(27)

the influence of mode K can be combined with the PT
containing already the influences of the first K − 1 modes
by
 
(α ,α̃ )
Q(d0l,dll)(d0 ,dl−1 ) K
l
l−1
X (α ,γ )
(γ ,γ̃ ) 
(γ̃ ,α̃ )
≈
Bd d˜l l (K) Qd0 dl 0 l K − 1] Bd˜ dl l (K), (28)
γl ,γ̃l ,d˜l

l l−1

l l

l l−1

where
((ν ,µ ),(ν̃ ,µ̃ ))

l
l
l
l
B(ξl ,η
(K)
l ),(ξl−1 ,ηl−1 )
i

K ∆t
2

= hνl , ξl |e− ~ HE

i

K ∆t
2

|ν̃l , ξl−1 ihµ̃l , ηl−1 |e ~ HE

|µl , ηl i.
(29)

This step is visualised in Fig. 1e.
In practice, we start with the trivial PT MPO with
(α ,α̃ )
matrices Qdl dl l−1l [0] = δdl ,1 δdl−1 ,1 δαl ,α̃l and add the influence of all environment modes by recursively applying
Eq. (28) until K = NE . After each combination step,
the PT MPO is compressed using the SVD-based compression as described in the next section.
MPO Compression. In order to reduce the inner dimension of the MPO representing the PT, we perform
sweeps of singular value decompositions (SVDs) across
the MPO chain. Any matrix A ∈ Cn×m can be factorised
into a product
A =U ΣV † ,

(30)

where U ∈ Cn×k and V ∈ Cm×k are matrices with orthogonal column vectors and Σ is a diagonal matrix containing the k = min(n, m) real and non-negative singular
values σi in descending order. Here, we start with the
first MPO matrix, we define
(α ,α̃1 )

Ad1 ,(α1 ,α̃1 ) = Qd1 11

,

(31)

and we calculate a SVD of the matrix A. In order to reduce the inner dimension, we truncate the matrices U, Σ,
and V , keeping only the keff ≤ k singular values with
σi > σ1 , where σ1 is the largest singular value of A and
(α ,α̃ )
 is a predefined threshold. Then, we replace Qd1 11 1

(α ,α̃ )
by V † k (α1 ,α̃1 ) and multiply the next matrix Qd2 d2 1 2
eff
from the right by Ud1 keff σkeff and perform a SVD of
X (α ,α̃ )
Ad2 ,(α2 ,α̃2 ,keff ) =
Qd2 d2 1 2 Ud1 keff σkeff .
(32)
d1

The reduction is continued until the end of the MPO is
reached. Then, another line sweep is performed in the
opposite direction. Note that sweeps along the whole
chain are required between each PT combination step,
because information necessary to effectively compress the
MPO, such as the initial environment state, needs to be
propagated from the ends throughout the whole MPO.
In the overall process, the inner dimensions di are reduced to the respective effective ranks keff , where the
latter are controlled by the threshold .
Parameters for QD, QD-phonon, and QD-photon
Hamiltonians. The effects of the dot-phonon coupling
are completely defined by the phonon spectral density
X
J(ω) =
γq2 δ(ω − ωq ).
(33)
q

Using established parameters [51] for a GaAs quantum
dot with electron radius ae = 3.0 nm and hole radius
ah = ae /1.15

2
ω3
−ω 2 a2e /(4c2s )
−ω 2 a2h /(4c2s )
J(ω) =
De e
− Dh e
4π 2 ρ~c5s
(34)

11
with mass density ρ = 5370 kg/m3 , speed of sound
cs = 5110 m/s and electron and hole deformation potential constants De = 7.0 eV and Dh = −3.5 eV. We discretise the phonon continuum using steps of equal width,
so that ωq = qdω with dω = ωmax /NE , NE = 100 and
ωmax = 5 meV/~ and we obtain the coupings
γq from
p
the phonon density of states using γq = J(ωq )dω. The
phonon modes are initially assumed to be in thermal
equilibrium with temperature T = 4 K. We have checked
that for these parameters it is enough to consider up to
two excitations per mode.
We use a radiative decay rate of κ = 0.1 ps−1 .
When the electromagnetic environment is treated microscopically we assume a constant density of states with
bandwidth ωBW = 10 ps−1 , discretised using NE = 100
equally spaced modes. The coupling constants gk are
taken to be constant and the value is chosen such that
Fermi’s golden rule reproduces the radiative decay rate
κ. The PTs for the phonon and photon environments
are calculated separately and combined using Eq. (28)
without performing a final SVD sweep. For both baths,
we use time steps ∆t = 0.1 ps and an MPO compression
threshold  = 5 × 10−8 .
The Gaussian excitation pulse is detuned ~δ =
1.5 meV above the quantum dot resonance and the envelope is described by
Ω(t) = √

A
exp
2πσ




(t − t0 )2
−
,
2σ 2

(35)

where we use the pulse area
√ A = 3π, pulse centre t0 =
7 ps, and σ = τFWHM / 2 2 ln 2 with τFWHM = 5 ps.

Numerical implementation. We have implemented
ACE in a C++ code using the Eigen library to calculate
matrix exponentials and singular value decompositions.

All calculations have been performed on a conventional
laptop computer with Intel Core i5-8265U processor and
16 GB of RAM. The computation times for the presented
examples are listed in the Supplementary Material S.3.

Data availability
The data presented in the figures as well as the computer code including documentation is available online
at https://doi.org/10.5281/zenodo.5214128
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S.1.

CALCULATION OF INTERMEDIATE-TIME CLOSURES

In Eq. (18) we gave an expression for the reduced system density matrix at time tn using the process tensor (PT)
for n time steps. In practical applications, it is desirable to also be able to calculate the reduced system density matrix
at intermediate times tl to extract the full dynamics of the system. Here we show how this can be extracted. As a
reminder, in the following we use the symbols ν or µ to enumerate system states, and ξ or η for environment states.
The calculation of ραl for l < n requires the knowledge of a PT for l time steps. From Eq. (19) it is clear that,
before any matrix product operator (MPO) compression, the P
PT for l time steps can be obtained from the PT for
n > l time steps by tracing over the environment at that step, ξl ,ηl δξl ,ηl . After compression, it is less clear how this
trace is to be executed on the inner indices dl . In principle, it is possible to track how the trace operation transforms
under the individual MPO compression steps. A more practical alternative is to make use of the unitarity of the
environment evolution and recursively obtain the PT for n − 1 time steps from the PT for n time steps.
Consider the terms corresponding to the last time step in Eq. (19):
X
X
i
i
n
n∗
δξn ηn Aνξnnξν̃n−1
Aηµnnηµ̃n−1
=
hµ̃n , ηn−1 |e ~ HE ∆t |µn , ξihνn , ξ|e− ~ HE ∆t |ν̃n , ξn−1 i.
(S.1.1)
ξ

ξn ηn

Performing the trace over the system states
X

νn µn

δνn µn

X

ξn η n

n
n∗
δξn ηn Aνξnnξν̃n−1
Aηµnnηµ̃n−1

P

δνn µn in addition to the trace over the environment states yields
X

i
i
HE ∆t
~
|ν, ξihν, ξ| e− ~ HE ∆t |ν̃n , ξn−1 i
=hµ̃n , ηn−1 |e
νn ,µn

ν,ξ

=hµ̃n , ηn−1 |e

i
~ HE (∆t−∆t)

|ν̃n , ξn−1 i = hµ̃n , ηn−1 |ν̃n , ξn−1 i = δµ̃n ν̃n δηn−1 ξn−1 .
(S.1.2)

Together with the sum over the ηn−1 and ξn−1 in the (n−1)-th time step in the PT, the term δηn−1 ξn−1 again becomes
equivalent to calculating the trace over the environment modes, but at time step n − 1. Therefore, the PT for n − 1
time steps can be related to the PT for n time steps by
X
(ν
ν̃n−1 )...(ν1 ν̃1 )
(ν ν̃)(ν
ν̃n−1 )...(ν1 ν̃1 )
I(µn−1
=
δνn µn I(µnn ν̃)(µn−1
,
(S.1.3)
n−1 µ̃n−1 )...(µ1 µ̃1 )
n−1 µ̃n−1 )...(µ1 µ̃1 )
νn µn

where ν̃ is an arbitrary system state, which we choose as ν̃ = 0. As this expression only involves outer indices and is
independent of the inner indices, it applies equally to the PT after MPO compression. Thus, given the PT for n time
steps in MPO form in Liouville space
X
(αn ,α̃n ) (αn−1 ,α̃n−1 )
(α ,α̃ )
I (αn ,α̃n )(αn−1 ,α̃n−1 )...(α1 ,α̃1 ) =
Q1dn−1
Qdn−1 dn−2 . . . Qd1 11 1 ,
(S.1.4)
dn−1 ...d1

we can obtain the PT for l time steps as
I (αl ,α̃l )(αl−1 ,α̃l−1 )...(α1 ,α̃1 ) =

X

dl ...d1

(α ,α̃ )

(α

,α̃

)

(α ,α̃1 )

l−1
l−1
qdl Qdl dl l−1l Qdl−1
. . . Qd1 11
dl−2

,

(S.1.5)

where the closures qdl are calculated recursively via
qdn =1 =1
X
X
(α 0)
qdl−1 =
qdl
δαl ,(νl ,νl ) Qdl dl l−1 .
dl

(S.1.6)
(S.1.7)

α l νl

With the closures qdl the reduced system density matrix ραl at time step tl can be extracted from the propagated
quantities Rαl dl defined in Eq. (19) as
X
ραl =
qdl Rαl dl .
(S.1.8)
dl

2
S.2.

NUMERICAL CONVERGENCE OF THE ACE ALGORITHM

The ACE algorithm, as described in the main text, is numerically exact in the following sense: Every step in the
derivation that involves an approximation is controlled by convergence parameters, such that in principle the error can
be made arbitrarily small as the corresponding convergence parameters are taken to zero or infinity as appropriate.
Thus, in principle, exact results can be approximated to arbitrary precision given enough computational resources.
In this section we first review the sources of numerical error that exist—time discretisation, MPO compression, and
discretisation of a continuum of environment modes. We then present a study of the tradeoff between accuracy and
the computational cost of a calculation.
A.

Sources of numerical error
1.

Time discretization

The starting point of the derivation of ACE is the introduction of an equidistant time grid tn = n∆t, defined by a
time step width ∆t. The maximal number of time steps nmax then determines the simulation end time te = nmax ∆t.
Decomposing the total time evolution operator into system and environment parts for a time step ∆t introduces
numerical Trotter errors. For the system–environment decomposition we use a first-order expansion
i

i

i

SE
e− ~ (HS +HE )∆t = e− ~ HE ∆t e− ~ HS ∆t + ETrotter

(S.2.1)

while between different environment modes we use a second-order expansion

K
i
K
∆t
i
i
∆t
i
K
e− ~ HE [K−1]+HE ∆t = e− ~ HE [K−1] 2 e− ~ HE ∆t e− ~ HE [K−1] 2 + ETrotter
.

(S.2.2)

is related to the product obtained by symmetric Trotter decomposition
i
i
i
i
i
i
i
i
i
∆t
∆t 
∆t
∆t 
∆t
∆t 
P2 := e− ~ HS 2 e− ~ HE ∆t e− ~ HS 2 e− ~ HS 2 e− ~ HE ∆t e− ~ HS 2 . . . e− ~ HS 2 e− ~ HE ∆t e− ~ HS 2 ,

(S.2.4)

While there has been considerable work on finding rigorous bounds for Trotter errors (see e.g. Childs et al. [1] and
references therein), here we limit our discussion to a simple analysis in terms of a Taylor expansion orders. This
SE
K
yields single-step error terms of the order ETrotter
= O(∆t2 ) and ETrotter
= O(∆t3 ), respectively. Regarding the
system–environment decoupling we may note however, that when the full time evolution up to the final time te is
considered, the product



i
i
i
i
i
i
(S.2.3)
P1 := e− ~ HE ∆t e− ~ HS ∆t e− ~ HE ∆t e− ~ HS ∆t . . . e− ~ HE ∆t e− ~ HS ∆t
i

∆t

i

∆t

by the relation P2 = e− ~ HS 2 P1 e+ ~ HS 2 . Thus, the results obtained by first-order Trotter decomposition converge
identically to those obtained by a second-order Trotter decomposition, up to evolving the initial and final states by a
half time step.
By keeping the final time te fixed and expressing the time step width ∆t = te /nmax , the total error accumulated
can be written in terms of the total number of time steps nmax . For the second-order Trotter decomposition the total
i
i
error is e− ~ (HS +HE )t − P2 = nmax O(1/n3max ) = O(1/n2max ). As the environment propagator e− ~ HE ∆t itself is also
approximated up to an error O(1/n3max )— arising from decomposing it into different modes— the overall Trotter error
accumulated during the simulation scales as O(1/n2max ). This error can thus be made arbitrarily small by choosing a
fine enough time discretisation.
2.

MPO compression

A second source of numerical error occurs when the MPO representing the process tensor is compressed. This
compression is done using a singular value decomposition (SVD), and truncation by neglecting singular values below
a given threshold. A sequential sweep of SVDs is performed across the MPO.
For a single SVD step the Eckart–Young–Mirsky theorem [2] provides concrete error bounds: Given the SVD of a
matrix A, we define
A =U ΣV † =

n
X
i=1

σi ui vi† =

k
X
i=1

|

σi ui vi† +
{z

=:Ã

}

n
X

σi ui vi† ,

i=k+1

|

{z

=:δA

}

(S.2.5)
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where σi are the singular values in descending order, ui , vi the corresponding singular vectors, and k is the smallest
number such that σi < σ1 for all i > k. Ã represents the relevant part of the matrix A, whereas δA is considered
irrelevant and is therefore neglected. The Eckart–Young–Mirsky theorem states that the matrix Ã provides the best
approximation to A of all matrices with rank
q k. In particular, the error in the spectral norm is kA − Ãk2 = σk+1
2
2
σk+1
+ σk+2
+ · · · + σn2 . In any case, for  → 0 one finds kA − Ãk → 0

while for the Frobenius norm kA − ÃkF =

and the low-rank approximation Ã → A becomes exact.
Exact bounds for the accumulated error of a full line sweep are more difficult to assess. This is because, e.g., in a
sweep from right to left, the next matrix is multiplied with vectors σi ui (i = 1, 2, . . . , k) from the SVD of the previous
matrix, so the result depends on the overlap between ui and the row vectors of the next matrix. Furthermore, it is a
priori not clear how strongly a given matrix element of the PT MPO contributes to the reduced system density matrix
at a given point in time, in particular because this also depends on the concrete system Hamiltonian HS . It also
remains an open question how numerical errors propagate, e.g., if small deviations from Hermitianity and positivity
of the density matrices grow exponentially or behave more advantageously.
A rigorous mathematical analysis of the error bounds for tensor network methods is beyond the scope of the present
article. Yet, it is clear that the MPO compressed object turns into an exact reformulation of the original uncompressed
PT in the limit  → 0. As such, in this work, we restrict further analysis to numerical convergence tests.
3.

Continuum discretisation

While some open quantum systems, such as the example of spin baths in the main text, contain a finite number
of environment modes, others involve a continuum of modes that require discretisation in order to apply the ACE
algorithm. For this discretisation to converge numerically, one has to additionally demand piecewise continuity of the
environment initial state as well as the environment Hamiltonian with respect to the index k describing the continuum.

B.

Numerical convergence and computational cost

To numerically test the convergence of ACE with respect to different convergence parameters, we consider again
the example of the resonant level model (first example in the main text). In particular, we focus on the case of band
width ωBW = 10γ, where visible deviations from the Markovian result can be seen.
First, using NE = 10 modes to discretise the continuum and fixed final time γte = 2.5, we investigate the numerical
error for different time step widths ∆t and MPO compression thresholds . Here, we define the error as


Error = max nS ti , {∆t, } − nS ti , {∆t, min } ,
(S.2.6)
i



where nS ti , {∆t, } is the system site occupation at time ti = i∆t calculated using the set of convergence parameters
{∆t, }. Because the computation time and the convergence with respect to the threshold  differ vastly for different
time discretisations ∆t, we use reference calculations with different min for each ∆t. Specifically we use min (γ∆t =
0.1) = 3 × 10−9 , min (γ∆t = 0.05) = 3 × 10−10 , and min (γ∆t = 0.01) = min (γ∆t = 0.005) = min (γ∆t = 0.001) =
10−11 .
These numerical errors vs compression threshold  are depicted in Fig. S.2.1a on a double logarithmic scale. As
expected, the numerical error generally decreases as the threshold is reduced. The threshold needed to obtain a given
numerical accuracy is found to depend strongly on the time step width ∆t. Furthermore, a common feature in all
curves is that there exists a plateau where for a broad range of thresholds no significant gain in accuracy is observed.
These facts can be explained by the distribution of singular values: The uncompressed PT MPO matrices are
i
directly related to the environment propagator, which for very small time steps can be approximated as e− ~ HE ∆t ≈
1 − ~i HE ∆t and therefore possesses matrix elements (diagonals) of order 1 as well as contributions (off-diagonals) of
order kHE k∆t/~, but hardly any elements in the intermediate range. Matrix elements of vastly different orders of
magnitude translate into singular values of different orders of magnitude, leading to a corresponding gap in the SVD
spectrum. This analysis also demonstrates that smaller time steps require smaller convergence thresholds to produce
the same level of accuracy, to avoid terms of the order kHE k∆t/~ .  being disregarded.
Figure S.2.1b depicts the results of the same calculations plotted against the maximal inner dimension dmax of the
PT. Displayed in this way, the curves calculated for different time step widths ∆t all nearly overlap, suggesting that
the maximal inner dimension is a more reliable measure of the numerical accuracy than the compression threshold 
itself. Note, however, that in our fixed-precision algorithm, dmax is not known a priori.

4
a

γ∆t = 0.01
γ∆t = 0.05

b

γ∆t = 0.1

10−2
10−3
10−4
10−5

c

γ∆t = 0.001
γ∆t = 0.005

γ∆t = 0.01
γ∆t = 0.05

γ∆t = 0.1

10−1
10−2
10−3
10−4
10−5
4



6

10

16

30

50

100

Maximal inner dimension

200

400

dmax

d

γ∆t = 0.1

ACE

Fit to

10−3

α∆t2

10−1
Trotter error

Compression error

100

γ∆t = 0.01
γ∆t = 0.05

10−6

10−6
10−3 10−4 10−5 10−6 10−7 10−8 10−9 10−10 10−11
SVD truncation threshold

γ∆t = 0.001
γ∆t = 0.005

100

10−1

Compression error

Compression error

100

γ∆t = 0.001
γ∆t = 0.005

10−2
10−3
10−4

10−4
10−5

10−5
10−6

10−6
1 s

10 s

1 min
CPU time

10 min

1 h

0.01

0.1
Time step width

γ∆t

FIG. S.2.1. Convergence of ACE simulations with respect to SVD truncation threshold  (panel a). Note the horizontal axis
goes from largest  to smallest. The same results are also plotted as a function of the maximal inner dimension dmax (panel
b) and the total CPU time (panel c) needed for the calculations on a conventional laptop computer with Intel Core i5-8265U.
The error associated with the time discretisation (Trotter error) is depicted in panel d.

For practical applications it is important to relate these parameters controlling precision to the computation time
needed to perform ACE simulations. We therefore also present the numerical error of the above calculations as a
function of the CPU time in Fig. S.2.1c. These were obtained on a conventional laptop computer with Intel Core
i5-8265U processor. For a given accuracy, the fastest computation is achieved for the largest time steps because the
PT MPO has fewer sites and, thus, fewer SVDs to perform. In particular, for this problem, we find that very accurate
results are achievable within minutes of computation time.


Figure S.2.1d, shows the Trotter error maxi nS ti , {∆t, min } − nS ti , {∆tmin , min } defined as the difference
with respect to reference calculations with time step width γ∆tmin = 0.005, where for given ∆t the corresponding
best converged results with smallest threshold min is used. The theoretical expectation that the accumulated Trotter
error is proportional to ∆t2 (or 1/n2max ) is corroborated by a fit of the data points to this trend.
Finally, we numerically investigate the convergence of the PT with respect to the mode discretisation of a continuum
of environment modes. Figure S.2.2a shows the time evolution of the system occupation for the same Fermionic open
quantum system as discussed above. Results are shown up to final time γte = 5 using a fixed compression threshold
 = 10−6 and a fixed time step width γ∆t = 0.05, comparing the results for different numbers of environment modes
NE spanning the total band with ωBW = 10γ. For a large number of modes NE = 100 the results shown in the main
text are reproduced, i.e. system occupation grows roughly as predicted by the Markovian limit 1 − e−γt , albeit with
visible deviations. However, if the continuum discretisation is too coarse as in the case NE = 2, the description is
only accurate for a short time, after which strong deviations occur. For small NE this is inevitable, because there
is a limited set of degrees of freedom, corresponding to a limited set of frequencies controlling the dynamics of the
system. With increasing number of modes NE , the time at which these strong deviations appear becomes later. Here,
for NE = 8 this point is almost beyond the final time te , so a good description of environment effects is retained for
the full simulation.
The mode discretisation has a significant impact on the structure of the process tensor. In Fig. S.2.2b, the inner
dimension di at every time step ti is depicted. The typical shape of the di distribution is roughly trapezoidal; this
reflects the constraint in the bond dimension near the ends of the MPO, so that the maximum inner dimension dmax
occurs near the centre of the MPO. Notably, we find that increasing the number of modes leads first to an increase
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FIG. S.2.2. Convergence of ACE simulations with respect to the number of modes NE used to discretise a continuum. Panel (a)
compares the time dependence of occupation for different values of NE . Panel (b) shows how NE affects the inner dimensions
of the MPO, while panel (c) shows how this affects the computation time required.

in dmax up to a certain NE after which dmax begins to decrease. The initial increase can be explained by the PT
including more and more degrees of freedom. The eventual decrease is due to dephasing between modes with similar
frequencies. This result is consistent with recent results by Ye and Chan [3]. The largest values of dmax are found at
similar values of NE to the conditions where convergence of the result with NE is first reached, as seen in Fig. S.2.2a.

The dependence of the inner dimensions of the PT on the mode discretisation has a significant impact on the
computational resources required for the ACE method. Figure S.2.2c shows the CPU time needed for carrying out
the ACE simulation for two different final times γte = 5 and γte = 2.5. The computation time is found to increase
rapidly with NE when NE is small, but then reach an approximate plateau at large NE . (The required computation
time can even have a minimum, as seen around NE = 20 in the case γte = 5.) These trends can be explained by
a simple scaling argument: Exact SVD routines scale as d3 where d is the matrix dimension. The number of SVDs
performed in total is proportional to the number of time steps nmax times the number of environment modes NE .
Using the maximal inner dimension dmax as a proxy for the typical dimension, one expects the computation time to
scale as testimate = α nmax NE d3max . With dmax extracted from the simulations, testimate is fit against the CPU times of
the curve for γte = 5. This is depicted in Fig. S.2.2c. We find that this formula, with a constant α, indeed captures
the trends in the computation time well.
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RUN TIMES AND COMPARISON TO GAUSSIAN METHODS
A.

Example
Resonant level model:
NE = 2
NE = 4
NE = 10
NE = 100
Phonons & photons:
Construct PT phonons
Construct PT photons, ωBW = 10 ps−1
Construct PT photons, ωBW = 0.4 ps−1
Contraction of PT (combined)
[iQUAPI: phonons]
Spins, fully polarised:
N = 10,  = 10−10
N = 100,  = 10−10
N = 1000,  = 10−10
Spins, partially polarised:
N = 10,  = 10−10
N = 10,  = 10−13
N = 10,  = 10−16
N = 100,  = 10−10
N = 100,  = 10−13
N = 100,  = 10−16
Spins, unpolarised:
N = 10,  = 10−10
N = 10,  = 10−13
N = 10,  = 10−16
N = 100,  = 10−10
N = 100,  = 10−13
N = 100,  = 10−16

Run time for examples provided

Run time
<1s
4s
56 s
13 h 3 min
1 h 14 min
10 h 47 min
17 s
40 s
[1 min 0 s]
1 min 10 s
4 min 09 s
13 min 50 s
3 min 32 s
19 min 59 s
1 h 45 min
5 min 30 s
33 min 12 s
2 h 28 min

Example

Run time

Morse potential:
SBM, M = 5
HO, M = 5
Λ = 2, M = 2
Λ = 2, M = 2, renorm.
Λ = 3, M = 3
Λ = 3, M = 3, renorm.
Λ = 4, M = 4
Λ = 4, M = 4, renorm.
Λ = 5, M = 5
Λ = 5, M = 5, renorm.
Λ = 10, M = 5
Λ = 10, M = 5, renorm.
Λ = 100, M = 5
Λ = 100, M = 5, renorm.

20 min 17 s
23 min 30 s
3 min 39 s
3 min 48 s
22 min 39 s
21 min 58 s
1 h 37 min
1 h 36 min
4 h 4 min
3 h 48 min
1 h 6 min
1 h 7 min
33 min 15 s
32 min 15 s

Superradiance:
Construct PT
Contraction of PT

31 min 39 s
2s

Dispersive coupling:
single mode
instant. Fock
pulsed, no losses
pulsed, with losses

7
2
23 min 36
13 min 2

s
s
s
s

5 min 21 s
34 min 2 s
4 h 40 min
8 min 27 s
40 min 52 s
3 h 8 min

TABLE S.3.1. Run times for the examples discussed in the main text and the Supplementary Material. In some examples
(“phonons & photons” and “superradiance”), we use the fact that the construction of the process tensor (“Construct PT”)
using ACE and the subsequent contraction to determine time evolution can be separated. This separation is useful when one
environment is used multiple times with different system Hamiltonians.

The simulations for this article are performed on a conventional laptop computer with Intel i5-8265U processor
and 16 GB of RAM. The ACE code is available at Ref. [4]. The numerically most demanding part, the MPO
compression using SVDs, is done using the JacobiSVD routine provided by the Eigen library (version 3.4-rc1), which
calls the corresponding LAPACK routines when compiled and linked appropriately. Here, we use the LAPACK
implementation provided by the Intel MKL (version 2021.3.0). The C++ code is compiled and linked using the GCC
compiler (version 9.3.0).
The run times of the simulations for the examples discussed in the main text as well as in other sections of the
Supplemental Material are listed in Tab. S.3.1. As can be seen, typical calculation times for these examples range
between minutes to several hours, demonstrating the efficiency and practicability of ACE over a broad range of
different physical systems. The challenging simulations of spin baths with tiny thresholds  = 10−16 require more
than the physical 16 GB of RAM, and so the times observed here are affected by swapping to disk. Note that swapping
is efficient for ACE simulations because a single MPO compression step only modifies a single MPO matrix at a time.
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FIG. S.3.1. Comparison of different numerically exact methods for Gaussian environments: ACE, Gaussian PT calculation,
and TEMPO for the example of an off-resonantly driven quantum dot coupled to a bath of phonons. To control the nonMarkovianity of the bath, the spectral density is manually restricted to a finite spectral range ∆E centred around the energy
~δ = 1.5 meV corresponding to the detuning of the excitation, as depicted in panel a. The corresponding computation times
are shown in panel b.

B.

Comparison with numerically exact methods for Gaussian baths

In the special case of Gaussian environments, other numerically exact methods have been established such as the
calculation of PTs for Gaussian baths devised by Jørgensen and Pollock [5] building on the TEMPO algorithm [6],
which itself is a reformulation of the iterative path integral approach iQUAPI [7]. In such methods, the augmented
density matrix is presented, compressed, and propagated in MPO representation. An implementation of these two
methods is incorporated into our ACE computer code [4].
These methods rely on the fact that for Gaussian baths, the path integral over the environment can be solved
analytically, giving explicit expressions for the Feynman-Vernon influence functional. As all these methods are numerically exact, it is an interesting question which method performs best (requires least computation time) in which
situation—restricting to Gaussian cases where all methods are available. To this end, we consider again the example
of the quantum dot coupled to phonons and subject to radiative losses discussed in the main text, focusing on the
numerically exact modelling of phonon effects while losses are accounted for by Lindblad terms. Anticipating that
the performance of the different methods strongly depends on the memory time of the environment, we perform
calculations for various widths of the spectral density. As depicted in Fig. S.3.1a, we use the envelope of the spectral
density as in the main text, but restrict it to a finite support of ∆E centred around ~δ = 1.5 meV, corresponding to
the detuning of the excitation from the quantum dot transition. For large values of ∆E ≈ 3 meV, the memory time
of the environment is shortest, while in the limiting case for small widths ∆E → 0 only a single environment mode
energy exists and the memory time becomes infinite.
In all methods, we use a time step width of ∆t = 0.1 ps, compression threshold  = 10−7 and initial bath temperature
T = 0 K. For ACE, we discretise the continuum ∆E on NE intervals with a density of states NE /∆E = 20 meV−1
and we truncate the environment Hilbert space per Boson mode to dimension M = 2 or M = 3. For this set of
parameters, the typical relative difference between exciton populations in the different methods is ≈ 2 × 10−3 .
In Fig. S.3.1b, the computation times needed for the different methods are depicted as a function of the spectral
density width ∆E. For large widths ∆E & 1.4 meV, we find the Gaussian PT calculation to be faster than both
ACE and TEMPO without memory truncation. Note, however, that TEMPO can benefit significantly from memory
truncation, as this reduces the length of the MPO chain to be compressed and propagated. Fixing the memory time
to τmem = 2.5 ps in TEMPO leads to the fastest results of all considered methods in the regime of large ∆E. Yet, for
smaller widths ∆E . 1.5 meV, the bath memory time starts to exceed 2.5 ps, which leads to visible deviations in the
occupations (not shown). The smaller (disconnected) pink dots in Fig. S.3.1b indicate data points where the relative
error with respect to Gaussian PT calculations exceeds 1%. For narrow spectral densities, we observe a cross-over
rendering ACE faster than all other methods. As shown, the required dimension M per boson mode has a large
influence on the run time for ACE.
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To summarize, in the special case of Gaussian baths, alternative methods can benefit from the existence of analytical
expressions for the influence functional describing the environment, and therefore perform faster than ACE in cases
where broad spectral densities lead to short memory times. On the other hand, for narrowly peaked spectral densities
that can be well described in terms of a few environment modes, the general method ACE can even outperform
specialised methods for Gaussian baths. Finally, it is noteworthy that our computer code produces Gaussian PTs
that are completely compatible with the PTs utilised by ACE, paving the way for prospective hybrid approaches for
spectral densities with sharp peaks on top of broad continua.
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S.4.

ENVIRONMENT MODES WITH ANHARMONIC POTENTIALS

In the main text, we present ACE simulations for an open quantum system coupled to a bath of anharmonic
environment modes whose free evolution is governed by the Morse potential. Here, we lay out the full numerical
treatment starting from the Schrödinger equation of a single environment mode for an arbitrary potential V (r)
directly from a numerical representation of the potential on a real space grid.
A.

Finite differences to find environment states

We start from the one-dimensional Schrödinger equation for a given potential V (r):
H =−

~2 ∂ 2
+ V (r).
2m ∂r2

(S.4.1)

We first map this onto a dimensionless ordinary differential equation by introducing a characteristic length scale a0 and
energy scale  = ~2 /(2ma20 ), and defining the dimensionless coordinate x = r/a0 . We then define the dimensionless
Hamiltonian
1
∂2
h := H = − 2 + v(x),

∂x
1
v(x) := V (a0 x),


(S.4.2)
(S.4.3)

where v(x) is the dimensionless potential. The dimensionless problem is solved by a finite differences method, where
a real space grid xj = x0 + j∆x with width ∆x and Nx sample points is introduced and the second derivative is
approximated by
∂2
f (xi−1 ) − 2f (xi ) + f (xi+1 )
f (xi ) =
.
∂x2
∆x2

(S.4.4)

The ODE in Eq. (S.4.2) then takes the form of a symmetric tridiagonal matrix, which is diagonalized numerically.
For simulations in ACE, we work in the truncated energy eigenbasis accounting for only the M lowest energy
eigenstates of a given mode. The energy eigenvalues Ei of the original problem are obtained by multiplying the
eigenvalues of h with . The operators describing the system-environment coupling are evaluated in the truncated
basis depending on the concrete details of the model. For example, if the system couples to the environment modes via
the position operator r̂, one has to numerically evaluate matrix elements hi|r̂|ji = a0 hi|x̂|ji with i, j ∈ 0, 1, . . . , M − 1.
B.

Example: Harmonic oscillator
2

2
As a reference, we first consider the example of the harmonic oscillator potential V (r) = mω
2 r . Defining length
q
~
and energy scales a0 = mω
and  = ~ω
2 , the corresponding dimensionless Schrödinger equation is

h := −

∂2
+ x2 .
∂x2

(S.4.5)

Back-transforming the
 numerically obtained eigenvalues of h : 1, 3, 5, . . . , by multiplying with , one recovers the
series En = ~ω n + 21 with n = 0, 1, 2, . . . . From the conventional definition of the harmonic oscillator climbing
q


a0
~
operators it follows that a0 x̂ = r̂ = 2mω
a† + a = √
a† + a . Consequently, to enable a comparison with the spin
2
Boson model, we consider an environment Hamiltonian for ACE simulations of the form

 X
X
1
HE =
~ωk a†k ak +
+
~gk (a†k + ak )|eihe|
2
k

=

k

−1
XM
X
k

j=0

~ωk

Ej k
σ +
2 jj

X
k

~gk

M
−1 
X

i,j=0

√


k
2hi|x̂|ji σij
|eihe|,

(S.4.6)

k
where σij
describes the effect of the single-particle operator |iihj| for the k-th environment mode. As shown in Fig. 5
of the main text, this procedure perfectly reproduces the results of the spin Boson model.
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C.

Example: Morse potential

The Morse potential [8] is an asymmetric anharmonic potential with a finite number of bound states below a
continuum of unconfined states. It is often used to describe molecular vibrations with a finite dissociation energy [9].
It takes the form


V (r) =De e−2(r−re )/a0 − 2e−(r−re )/a0 ,
(S.4.7)

where De is the well depth, re is the position of the minimum of the potential, and a0 defines its spatial extent.
Here, we use a0 as the length scale and shift the coordinate system such that re = 0. The Morse potential is made
dimensionless


(S.4.8)
v(x) =Λ2 e−2x − 2e−x
p
p
by introducing the parameter Λ = De / = 2ma20 De /~2 . The Morse potential is known to have M bound states [8],
where M is the largest integer smaller than Λ + 21 , with energies




1 2
1 2
1 
En = − Λ − n −
=  − Λ2 + 2Λ n +
− n+
.
(S.4.9)
2
2
2

For deep potentials Λ → ∞, the spectrum of the lowest states becomes equivalent to that of a harmonic oscillator with
2
2
~ω = 2Λ, which is consistent with the second-order Taylor expansion around r = re being V (r) ≈ −De + mω
2 (r−re ) .
For general Λ, the level spacings between confined states are

n + 1
.
(S.4.10)
∆En = En+1 − En = ~ω 1 −
Λ
 q 2
~2
The energy difference between first excited state and ground state is ∆Eg = ~ω 1 − Λ−1 = 2~maD2 e − ma
2.
0
0
In Fig. 5a in the main article, the five bound eigenstates of the Morse potential with Λ = 5 obtained from numerical
finite-differences calculations are depicted. In contrast to harmonic oscillator wave functions, the anharmonicity of
the Morse potential manifests itself in the decreasing level spacings for higher states. Furthermore, the wavefunctions
are strongly asymmetric leading to nonzero values of the average position operator hi|x̂|ii for the i-th state. This
non-zero expectation has a significant impact on the system-environment coupling.
Note that the matrix element of√the dimensionless
position operator x̂ between subsequent eigenstates of the Morse
√
potential behaves as hi+1|x̂|ii → i + 1/ 2Λ for Λ → ∞, so that a situation comparable with the independent-boson
model in this limit requires an environment Hamiltonian of the form
HE =

XX
k

k
~ωk Ẽj σjj
+

j

X
k

~gk

M
−1 
X

i,j=0

√


k
2hi|x̃|ji σij
|eihe|,

(S.4.11)

√
with Ẽj = Ej /∆Eg and hi|x̃|ji = Λhi|x̂|ji.
With nonzero diagonals hi|x̂|ii for finite Λ, the asymmetry of the potential leads
to the additional
√
√ effect of a
P
P
renormalisation of the system excited state energy by a value of ∆E = k ~gk 2Λ hx̂ikE = k ~gk 2Λ Tr x̂ρkE ,
which depends on the state of the environment.
D.

Details of the calculation and parameters

For the ACE simulation depicted in Fig. 5 in the main
 article, we consider a continuously driven two-level system with system Hamiltonian HS = ~2 Ω |eihg| + |gihe| . The environment is described by the Hamiltonian HE in
Eq. (S.4.11) with parameters ωk and gk sampling a Lorentzian spectral density
J(ω) = C

1
γ
.
π (ω − ωc )2 + γ 2

(S.4.12)

p
We do this by discretising ωk /Ω equidistantly in the range [0, 7.5] with NE = 100 modes, and setting gk = J(ωk )∆ω,
where ∆ω is the distance between subsequent ωk sample points. Here, we set ~ = 1, and fix the parameters of the
spectral density to C = 0.1Ω2 , γ = 0.1Ω, and ωc = Ω. The corresponding values gk /Ω are plotted in Fig. 5b in the
main article. The environment modes are initialised with thermal states at temperature kB T = 0.5Ω.
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S.5.

SUPERRADIANCE OF TWO QUANTUM EMITTERS

In this section we present an additional illustration of the potential of ACE. We consider the radiative decay of two
quantum emitters coherently coupled to the same radiation field as depicted in Fig. S.5.1a. If the distance d between
the emitters is much smaller than the wavelength λ associated with the fundamental transitions of the emitters, both
emitters couple with the same phase to the radiation field. This gives the Hamiltonian of photon mode k as
h
i

k
HE
=~ωk a†k ak + ~gk a†k |g1 ihe1 | + |g2 ihe2 | + h.c. ,
(S.5.1)

where |gi i and |ei i denote the ground and excited state of emitter i = 1, 2 and a†k creates a photon in mode k. In
analogy to the first example in the main article, our environment is a discretised quasi-continuum of electromagnetic
modes with a density of states which would correspond to keeping the Fermi’s golden rule rate for the decay of a
single emitter, κ, fixed. We admit in general a detuning
δ between the transitions of the two emitters, which enters

|e
ihe
|
−
|e
ihe
|
.
The
initial conditions are chosen such that both emitters are
the system Hamiltonian HS = ~δ
1
1
2
2
2
excited at time t = 0.

a

b

c

Total occupation

d

δ=0
δ=κ
δ = 10 κ

2
1.5

independent emission
coherent emission

1
0.5
0
0

0.5

1

1.5

2

2.5

κt
FIG. S.5.1. Transition between independent and superradiant emission of two proximal optical dipoles. a, Two
quantum emitters detuned by an energy ~δ and separated by a distance d much smaller than the wavelength λ corresponding to
the emitter transitions. b, Radiative decay of two independent emitters. c, Superradiance of two coherently coupled emitters.
The transition through the symmetric state |+i has twice the rate compared to that of independent emitters whereas the
transition through the antisymmetric state |−i is forbidden. d, ACE simulations for different detunings δ and analytic results
for independent emission and for coherent emission in the superradiant regime of two emitters.

This situation is interesting as it constitutes a minimal setup for superradiance: If the emitters are distinguishable,
e.g., if the detuning δ is large, both emitters radiatively decay with a rate κ, as depicted in Fig. S.5.1b, so that the
sum of the occupations decays as 2 exp(−κt). If, however, the emitters are indistinguishable δ = 0, the coherent
coupling makes it necessary
to derive the respective decay rates in the symmetrised basis including the states |±i =
√
|e1 , g2 i ± |g1 , e2 i / 2. The dipole for transitions involving the symmetrised state |+i is larger than that of a
single emitter, whereas it is zero of the antisymmetrised state |−i. Consequently, |−i is dark and the decay takes
place from |e1 , e2 i to |+i and from |+i to |g1 , g2 i with the rate 2κ, as depicted in Fig. S.5.1c. Taking into account
the dynamics of the intermediate state occupations, the total occupation of the two indistinguishable emitters is
ntot = 2(1 + κt) exp(−2κt) [10].
Figure S.5.1d shows the total occupation of the two emitters for δ = 0, δ = κ, and δ = 10κ obtained using the ACE
method as well as the analytic results corresponding to the case of distinguishable and indistinguishable emitters.
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For δ = 10κ, the ACE simulation agrees with the exact result for independent emitters, while for δ = 0 the result
for coherently coupled indistinguishable emitters is reproduced. In the intermediate regime δ = κ, the dynamics can
be understood qualitatively by interpreting δ as a perturbation facilitating a rotation from the symmetric |+i to the
antisymmetric |−i state. As the latter is dark, the total occupation at long times is found to be even slower than the
decay of independent emitters.
This example demonstrates that in a situation where rate equations crucially depend on the basis in which they
are derived, the ACE reproduces correct results independent of the basis. Thus, even in Markovian scenarios, ACE
simulations can have an advantage over conventional techniques in that it can be applied straightforwardly in an
arbitrary basis.
On the technical side, we have solved the dynamics of a four-level system, showing that the method is not restricted
(α ,α̃ )
two-level systems. To achieve this, we have made use of the fact that the matrices Qdl dl l−1l are identical for some
combinations of (αl , α̃l ). This can be done by analogy with the method devised for iQUAPI [11], using a decomposition
into groups with identical couplings. With this, we only compute non-redundant values, which reduces the 256 possible
combinations of (αl , α̃l ) to 18. These groups can be identified numerically from the specified environment Hamiltonians
k
HE
, so that this step is also automated.
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S.6.

DISPERSIVE COUPLING

Here, we consider a toy model of a TLS dispersively coupled to a multi-mode microcavity, in order to demonstrate
several remaining aspects of the generality of ACE that were not covered in previous examples. Specifically: nonGaussian interactions due to non-linear system-environment coupling, time-dependent driving of the environment,
and non-unitary evolution of the environment modes.
A common situation in which non-Gaussian environments emerge is when the coupling to the environment
is non-linear in environment mode creation and annihilation operators. The simplest case is that of quadratic
system-environment coupling, as in the case of dispersive coupling described by an interaction Hamiltonian HI =
P
†
k ~gk ak ak σz . Such a coupling arises, e.g., in an effective description of a two-level system (TLS) coupled to a
microcavity in the limit where the detuning between TLS and cavity is much larger than the coupling strength [12].
The main effect of dispersive coupling is that the TLS transition energy experiences a shift depending on the cavity
photon number and, vice versa, the cavity mode energy is modified by the excited state population ne of the TLS.
The former paves the way for quantum non-demolition measurement of the cavity photons by probing the TLS [12].
We consider the setting depicted in Fig. S.6.1a: A TLS is coupled to a microcavity that supports multiple discrete
photon modes which can be individually addressed by external driving. The cavity modes are assumed to be detuned
far enough from the fundamental TLS transition that the TLS-cavity coupling is well described by a dispersive
interaction. The initially empty cavity modes are then driven one-by-one by short external pulses centred around
times τk , k = 1, 2, 3, 4. As a result of the dispersive coupling, this leads to a shift of the TLS transition energy, which
is probed by driving the TLS directly and continuously with a driving field (driving strength Ω) that is resonant with
the bare TLS transition frequency.
P
k
To this end, we apply ACE to the Hamiltonian H = HS + k HE
with

~
HS = Ω |eihg| + |gihe| ,
2

k
HE
=~ga†k ak σz + ~ωk a†k ak +

(S.6.1)


~
Gk (t) a†k e−iωk t + ak eiωk t ,
2

(S.6.2)

using model parameters Ω/g = 8.5π/10, and ωk /g = 10 + k, as well as convergence parameters g∆t = 0.01 and
 = 10−9 accounting for up to four bosons per cavity mode.
In a first step, to aid understanding of the general case, instead of modelling the cavity mode excitation explicitly
by pulses with envelope Gk (t), we consider the instantaneous preparation of one-photon Fock states. This corresponds
to applying creation operators a†k to the forward propagating part of the environment mode Liouville propagator, and
the annihilation operators ak to the backward propagating part at time gτk = 10k for the k-th mode. The results
are depicted in Fig. S.6.1b and indeed show that whenever a photon is added to a cavity mode, the observed Rabi
oscillations of the TLS become more and more off-resonant as indicated by their decreasing amplitude and increasing
frequency.
Next, we consider explicit time-dependent driving of the cavity modes by Gaussian pulses with


(t − τk )2
Ak
exp −
Gk (t) = √
,
(S.6.3)
2σ 2
2πσ
√
with σ = τFWHM /(2 2 ln 2), gτFWHM = 0.2, and Ak = 2. These parameters are chosen such that after the k-th pulse
the cavity photon number ha†k ak i ≈ 1. As can be seen in Fig. S.6.1c, the TLS dynamics is now more complicated.
As seen for instantaneous Fock state preparation, the oscillation amplitudes are reduced when another cavity mode
is excited, however the signal now involves more than a single frequency. This is due to the fact that the external
k
driving as described by HE
induces coherent states as opposed to one-photon Fock states, so that now contributions
corresponding to Fock states with n = 0, n = 2, n = 3, and n = 4 are also excited with a finite probability. The joint
state of TLS and cavity is therefore best discussed in terms of sectors with fixed photon and excitation numbers n and
ne , respectively. This can be illustrated by considering a single cavity mode, where the total system plus environment
is tractable without compression, so that the total system can be propagated as a single, closed quantum system.
This provides access to the full state including photon-number-resolved TLS populations |e, ni, where |ei refers to the
excited state of the TLS and n is the cavity photon number. These are shown in Fig. S.6.1d. This calculation agrees
with the ACE simulations in Fig. S.6.1c up to time τ2 , when a second mode becomes involved. This demonstrates
that the complicated evolution of the TLS occupation is just a sum of contributions from individual n-photon sectors,
each evolving with a single, well-defined frequency.
Finally, because the starting point of ACE are the propagators of the environment modes in Liouville space, it
is straightforward to include non-unitary evolution of the environment, such as loss terms that directly affect the
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FIG. S.6.1. a: Sketch of a TLS dispersively coupled to a multi-mode microcavity, resulting in changes of the effective transition
frequency of the TLS when the cavity modes are driven externally by pulses arriving at times τk . The TLS itself is continuously
driven with bare Rabi frequency Ω, allowing one to detect signatures brought about by changes of the transition frequency.
Photons are lost from the cavity modes with rate κ (but κ = 0 for panels b-d) b: Evolution of the excited state population ne
when the pulses exciting the cavity modes are replaced by an instantaneous change of the state of the i-th cavity mode from the
vacuum to the one-photon Fock state at time τi indicated by blue vertical lines. c: Excited state population when the cavity
modes are excited by Gaussian pulses. d: Numerical simulation accounting for a single cavity mode as part of the system. The
total TLS excitation is presented as well as the photon-number-resolved TLS excitations. e: Like c but additionally accounting
for non-zero photon loss rate κ = 0.1g.

dynamics of the environment modes. Including Lindblad terms



1
κ ak ρa†k − a†k ak ρ + ρa†k ak
2

(S.6.4)

describing the loss of photons with rate κ = 0.1g to the environment propagator, one obtains the results depicted in
Fig. S.6.1e. While generally very similar to the behaviour in the case without losses shown in Fig. S.6.1c, losses with
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a finite rate κ are found to lead to more efficient dephasing as they intermix sectors with different photon numbers.
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