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Abstract

The magnetic field outside the earth is in good approximation a harmonic vector
field determined by its values at the earth’s surface. The direction problem seeks
to determine harmonic vector fields vanishing at infinity and with the prescribed
direction of the field vector at the surface. In general this type of data neither guar-
antees the existence nor the uniqueness of solutions of the corresponding nonlinear
boundary value problem. To determine conditions for existence, to specify the
non-uniqueness and to identify cases of uniqueness is of particular interest when
modeling the earth’s (or any other celestial body’s) magnetic field from these data.
Here we consider the case of axisymmetric harmonic fields B outside the sphere
§% c R3. We introduce a rotation number 7o € Z along a meridian of S for any
axisymmetric Holder continuous direction field D # 0 on S2 and, moreover, the
(exact) decay order 3 < § € Z of any axisymmetric harmonic field B at infinity.
Fixing a meridional plane and in this plane ro — § + 1 = 0 points z,, (Symmetric
with respect to the symmetry axis and with |z,| > l,n =1,...,7r0 — 6 + 1), we
prove the existence of an (up to a positive constant factor) unique harmonic field B
vanishing at z,, and nowhere else, with decay order § at infinity, and with direction
D at S2. The proof is based on the global solution of a nonlinear elliptic boundary
value problem, which arises from a complex analytic ansatz for the axisymmetric
harmonic field in the meridional plane. The coefficients of the elliptic equation
are discontinuous and singular at the symmetry axis, and this requires solution
techniques that are adapted to this special situation.

1. Introduction

The standard boundary value problems for harmonic vector fields in exterior
domains prescribe, besides asymptotic conditions at infinity, either the normal com-
ponents or the tangential components of the sought-after field at the boundary. The
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Fig. 1. Example of an axisymmetric direction field (shown along two meridians on a trans-
parent sphere) with rotation number ro = 3

well-posedness of these problems, solution methods, and corresponding results on
existence and uniqueness are well-known (see for example [19]). Concerning the
geomagnetic field, however, these types of data are not always available or expensive
to provide. In fact, archaeomagnetic, palaeomagnetic, and even historical magnetic
data sets up to the 19th century contain either exclusively information about the
direction of the magnetic field vector or provide the directional information more
reliably than information about the magnitude of the field vector (for more informa-
tion about the significance of the direction problem for geomagnetism, we refer to
[20], [22], [9] and references therein). In view of the (meanwhile well-established)
fact that the geomagnetic field differed in its history drastically from its present
form (especially during “pole reversals"), a general solution theory for large data
of the direction problem would be of considerable interest.

When accepting some simplifications such as approximating the earth’s surface
by the unit sphere $2, neglecting additional sources of the harmonic field in the
exterior space E C R? of the unit ball, and assuming discrete boundary data to
be continuously interpolated all over S2, the essence of the direction problem may
be formalized as follows: let D : §> — R> be a nonvanishing continuous vector
field (the “direction field”, see Fig. 1 for an example) and § € N\{1, 2} (the “decay
order” of the harmonic field at infinity). Given a direction field and a decay order,
the direction problem Pp asks for all vector fields B € C 1(E) N C(E) for which a
positive continuous function a : §> — R (the “amplitude function™) exists such
that the conditions

VxB=0, V.-B=0 in E,
IB(x)| = O(]x|™%)  for |x] — oo, (L.1)
B=uaD on 2

are satisfied. The decay order § is called “exact" if |B(x)| = O(|x|~?%) but not
IB(x)| = O(]x|~®*+D) for |x| — oo; it will play a crucial role in the classification
of solutions. Note, however, that usually the exact decay order is not part of the
data in the direction problem and Pp is formulated with § = 3, which is the lowest
possible decay order for magnetic fields vanishing at infinity.
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As is obvious from (1.1)3, the direction problem is nonlinear in the sense that
there is no linear relation between solution B and boundary data D, which means
that the usual solution techniques for the above-mentioned standard boundary value
problems are not at our disposal and, moreover, that the solution set Sp for a given
direction field D is not a linear space. However, the problem can be slightly relaxed
so that the enlarged solution set becomes a linear space; dropping the positivity of
the amplitude function defines the “unsigned" direction problem Py with solution
space Lp D Sp.!

The boundary condition (1.1)3 resembles a well-investigated boundary condi-
tion, viz.,

D-B=b on S2,

with given direction field D and scalar field b on S%. The “oblique” case, that is, D
is nowhere tangential to the boundary surface, is well understood and has much in
common with the standard boundary value problems (see, for example, [18]). For
the “Poincaré problem”, where the obliqueness condition is violated in some part
of the boundary, only partial results are so far available and the problem seems not
yet to be well understood (see, for example, [21]). Only in two dimensions, where
the Poincaré problem for harmonic fields is known as “Riemann—Hilbert problem”,
there is a close relationship to the (unsigned) 2D-analogue of (1.1) (see [13]).

So far, for both, the signed and the unsigned, versions of (1.1) there are only a few
results concerning existence and uniqueness of solutions: non-uniqueness is known
by examples for the (signed and unsigned) direction problem in the axisymmetric
case [22] and in the non-axisymmetric case [ 14]. For the unsigned direction problem
there is, furthermore, an upper bound on the dimension of the solution space Lp in
terms of the number Iy of “poles” of the direction field D (loci on S with vanishing
tangential components):

dimLp <Ip—1

[12]; in general, however, this bound is not sharp [ 14]. In the axisymmetric situation
a better bound has been formulated in terms of rotation number and decay order
[13], and that this bound is sharp will be a corollary of the present work. Concerning
the existence of solutions there is a small-data result in the axisymmetric case ([13],
see below) and some results for special direction fields [15]. The approach in this
latter reference is based on LZ-expansions in spherical harmonics, a method, which
works well if the direction field is itself a single spherical harmonic.

The present paper provides a complete solution of the axisymmetric direction
problem. The method is inspired by the solution of the two-dimensional version of
this problem [13,22], which used methods of complex analysis. Axisymmetry leads
- in cylindrical coordinates p, ¢ in a meridional plane 6 = const - likewise to a two-
dimensional problem, which, although complicated by the coordinate singularity
at p = 0, is amenable to a complex formulation and corresponding ansétze. With

' Sometimes, if the distinction between “signed” and “unsigned” direction problem is to
be stressed, we use the notation Pp = PIS) as opposed to P]’;.
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(B¢, B)) representing the nonvanishing components of the axisymmetric harmonic
field we make the ansatz

Be@ p) +i By 6 ) = Wt +ip)exp (5 (0, 0) +ig(@. p)) (1)

with the given holomorphic (£ complex analytic) function 4 representing the zeroes
and the asymptotic behaviour of the harmonic field, and the “correction functions”
p and ¢g. Contrary to the two-dimensional case the axisymmetric problem then
requires the solution of the following boundary value problem for the (angle-type)
variable ¢ in Ago :={(¢, p) € R? : 2 4 p> > 1} C R*%:

“Ag = —3;( cos(q — \y)) n ap(— sin(q — \1/)) in Aco,
q=¢ g on S

(1.3)

Here the bounded but discontinuous (angle-type) function W is derived from i. W,
the boundary function ¢, and the (weak) solution g are assumed to be antisymmetric
with respect to the variable p. The key problem with (1.3), which prevents the appli-
cation of more or less standard solution methods, is clearly the singular coefficients
on the right-hand side of (1.3);. In particular the second term on the right-hand side
behaves near the symmetry axis {p = 0} like a second order derivative, which has
to be controlled by the left-hand side. In [13] this problem could be bypassed by a
suitable embedding of the problem in R> that eliminated the coordinate singularity;
however, at the price of a then unbounded nonlinearity. Accordingly, only a small
data result could be achieved (by the Banach fixed point principle). Unfortunately,
the smallness assumptions were depending on constants whose numerical values
are unknown; so, the compatibiliy of these assumptions with the physical data of
the problem (direction field and decay order) remained an open question.

In this paper the two-dimensional, singular, but nonlinearly bounded problem
(1.3) is directly attacked via Schauder’s fixed point principle. Without smallness
assumptions the structure of the nonlinear terms must now more carefully be uti-
lized. Key to success is a suitable choice of auxiliarily introduced parameters at the
linear as well as at the nonlinear level of the solution procedure. At the linear level
weighted Hardy-type inequalities of the form

2 2

[P (i) [t secRmxry £ -1
RxR, +v/ JRxR,

allow the control of the right-hand side in (1.3); by the left-hand side. The solution
of a linearized version of (1.3) then proceeds by a weighted Lax-Milgram-type
solution criterion, whose applicability depends on two coercivity-type constants
which in turn depend on the weight. The optimal constants are determined by
min-max problems depending on y and further parameters. Assisted by numerical
computations we derive rigorous lower bounds on these constants with the result

that the criterion works but only in a small “window” of y-values. At the nonlinear
level, the crucial point is to devise a space large enough to comprise the solutions

(1.4)
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of the linearized problem but not too large in order not to loose control of the
nonlinear terms. Here we make use of a weighted L”-space and, again, only the
subtle balance between p and the weight makes Schauder’s principle work.

Inafirststep of this program is carried out in the bounded regions A,,:={(¢, p) €
R? : 1 < ¢2+ p? < n?}, n € N\{1} with artificial conditions at the exterior
boundaries. The corresponding sequence of solutions turns out to be uniformly
bounded, so, in a second step, by means of a “diagonal argument”, one then obtains
asolution of (1.3) in the unbounded region A . Finally, the function p is determined
from ¢ up to a constant pg, and by substitution into (1.2) one obtains the complete
set of solutions of the (signed as well as unsigned) direction problem (1.1).

2. Reformulation of the Problem, Results, and Sketch of Proof

This section provides the mathematical framework for our treatment of the
direction problem, we review results from [13] as far as they are relevant for the
following, reduce problem (1.1) to (1.3), and present our results in the Theorems
2.1-2.5. Finally, we give an outline of the proofs.

Axisymmetric harmonic vector fields B, expressed in cylindrical coordinates
(0,0, ¢), have just two nontrivial components B, and B, depending on p and ¢,
which satisfy the system

B, —apBa:O, .
9B +0,By +— By = 0. @D

So far, B is defined on the half-plane H = {(¢, p) € R? : p > 0} bounded by
the symmetry axis {p = 0}. It is convenient, however, to extend the domain of the
definition to R? by an (anti)symmetric continuation:

B{ (gv _10) = B{ ({7 ,0),
B, (¢, —p) = — By(¢&, p),

Note that (2.1), implies (if defined) B, (¢, 0) = 0.
On R? also polar coordinates (r, ¢) € (0, 00) x (—m, ] with basis vectors e,
and e, are useful. They are related to (¢, p) by

} (¢, p) € H. (2.2)

L =rcosg, p=rsing (2.3)
(see Fig. 2). In these coordinates, condition (2.2) takes the form

@m—w=&yw,}

2.4
Bo(r—¢) = —B,(r. @), @4

where B(r cos ¢, r sing) =: ﬁ(r, ¢). Harmonic fields are associated with harmonic
potentials Y (r, ¢) by

- 1
B=VY=08"e +-9,Te,,
r
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Fig. 2. Various coordinates in the meridional cross section A g

and these potentials have well-known series representations in Aso, which is a
cross-section of the exterior space E through the symmetry axis:

oo

C, ~
Yo=Y, rn%P,,(cosw), s, 70, §eN\{1,2}

n=5§—-2

(see, for example, [6], p. 144). Here P, is the Legendre polynomial of order n and
8 € N\({l, 2} is the exact decay order of the associated magnetic field’:

(0.¢]
- s C
Br.p) =B o) =VT(np)=~ ) —55D"()
==Y 2.5)
- _ 8;2 D6_2(§0) + 0(’,.—(5+1)) forr — 00,

r

where
D" (¢):= (1 + 1)P,(cos ) e, + P,; (cosg)singpe,

is the exterior axisymmetric 2”-pole field restricted to the unit circle. These series
are converging uniformly and absolutely for any r > 1.

Axisymmetric harmonic fields have only a finite number of isolated zeroes
with finite negative indices (“x-points”) in A. Let these zeroes be contained in
the annulus Ag :={(z,p) € R? : 1 < {2+ p? < R?} C Ax, then its number
v(B, ARr) can be computed by

v=v(B,AR) =r0 — 70, (2.6)

where ro and 70 mean the rotation numbers of B along the circles S and Sy of radii
land R, respectively.3 The rotation number ro € Z counts the number of turns, the
field vector makes when circling once around Sj. In v zeroes are counted as often
as indicated by its index. Equation (2.6) is clearly an analogue of the argument
principle in complex analysis and it has likewise some invariance properties with

2 Exact decay orders are often denoted by & as opposed to 8 for decay orders in general.
3" Henceforth we skip the upper index 1 at S indicating the dimension of the “sphere”.
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respect to continuous deformations (see Section 9); in particular, 7o is constant in
the limit R — oo, which yields, for A, the relation

v=vB,Ax) =r0—8+1. 2.7)

As in the two-dimensional case a complex formulation of the (signed) axisym-
metric direction problem is promising as it allows us to view the direction of B as
the argument of a complex function f. With the identifications

Nz:=¢, Sz:=p, Nf:=B;, Sfi= -8B, (2.8)

Equations (2.1) then take the form

wef -3 =L =0

2 z—-2 29

and the symmetry condition (2.2) amounts to

f(z2)=f@2). (2.10)

We made there use of the Wirtinger derivatives 9, := %(85 —i0,) and 07 := %(3; +
id,) acting on functions f : C x C — C, (z,2) = f(z, 7). Other than in two di-
mensions, where harmonic fields satisfy 9z f = 0 (thatis, f is an analytic function),
we are here left with the solution of the singular equation (2.9).

Direction fields D : S — R2, ¢ > D(g) are called symmetric if

Dy (¢) = De(—¢), D,(p) =—Dy(—9), (2.11)

and fields B and functions f are called symmetric if they satisfy (2.2) and (2.10),
respectively. Symmetry implies, obviously, D,(0) = D,(xw) = 0, and hence, as
D # 0, D:(0) > 0 or D;(0) < 0. The condition D;(0) > 0 is no restriction in
problem (1.1) and is henceforth considered as implied by symmetry. The axisym-
metric direction problem Pp = Pp(As) then reads as follows:

Problem. Pp(As): Let D € C(S1,R?) be a symmetric directiﬂﬁeld and § €
N\{1, 2}. Determine all symmetric solutions B € C'(As) N C(Ax) of (2.1) with
decay order § and boundary condition

EiaeC(Sl,R+):B|Sl =aD. (2.12)
Equivalent is the following complex formulation:

Problem. Pj(Ac): Let D € C(Sy, Rz) be a symmetric direction field and § €
N\{1, 2}. Determine all symmetric solutions f € C'(Ax) N C(Axo) of (2.9) with
decay order § and boundary condition

argf|Sl =arg D, , (2.13)

where D.:= D; — iDp.4

4 Note that the definitions of D, here and in Ref. [13] differ by complex conjugation.
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The ambiguity in the arg-function is removed by the condition that ¢ +— arg D, is
continuous on (—m, 7). We then have arg D.(0) = 0 and arg D.(£m) = Fro .
A bounded version of the problem reads as follows:

Problem. PS <(Ag): LetD € C(S1,R?) andD € C(Sg, R?) be symmetric direc-

tion fields. Determine all symmetric solutions f € C LAR) N C(AR) of (2.9) with
boundary conditions

alrgf|s1 =argD., arg f‘SR = arg BC, (2.14)
where D, := D; —iD, and 5c = 5; - iﬁp.

The basic idea to solve the direction problem is to extend the direction field
from the boundary to the entire annulus and to replace the boundary value problem
for the harmonic field by one for the direction field. The direction field, however,
is in general multivalued and not well-defined at the zeroes of the harmonic field.
This suggests for the harmonic field an ansatz with a given field describing the
zeroes and by (2.6) the rotation numbers at the boundaries, and a further zero-free
field with well-defined directions on the entire annulus. For the bounded complex
problem P]‘)"ﬁ(A Rr) such an ansatz is

f@.2) = h(z) ef&? (2.15)
with the analytic function
ro—ro
h@=[]G@=m)z™ (2.16)
n=1

and the exponential function e8 with well-defined argument function Jg on Ag.
Note that for given direction fields D and D and hence rotation numbers 7o and
70, the number of zeroes in A is fixed by (2.6), so that the ansatz (2.15) does not
restrict the solution set of P]; ﬁ(A r). However, there is a (preliminary) restriction:
in order that i (z) is a symmétric function, the set S of zeroes must be symmetric,
that is z € § implies 7 € S. If zeroes on the symmetry axis are not allowed (as
it will be the case in the subsequent solution procedure), ro — ro must be an even
number (a restriction that is lifted in Section 9).
When inserting (2.15) into (2.9), one obtains

1 1 /h
dg=- (— —2“‘8—1), 2.17
Tz @17)

which, by further differentiation, can be reduced to a semilinear elliptic equation
in the variable 23g =: ¢ alone:

—aza%zqzs{az[L(’ie—"‘f - 1)]} (2.18)

z—27\h
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As |h/h| = 1, an angle-type variable ¥ may be introduced by i1/ h =: ¢!V, where
W is a bounded but discontinuous function on Ag (see Appendix A). Using the real
variables (¢, p) in Ag, Equation (2.18) then takes the real form

Aq — (%(cos(q —w) = 1))+, (% sin(g = W) =0, (219)

where A = 8? + 8/%. Boundary values for ¢ on S arise from (2.14)—(2.16) as
follows:

r0—io
arg D = arg fls, = ( Z arg(z — zp) —roargz + Sg>

n=1

’

S
which give rise to the definition

ro—ro

$(9) =31, p) = 2(ro¢> — Y arg (e —z,) +arg Dc(@), (2.20)

n=l1
and analogously, on Sg,

ro—ro

#(0):=G(R, ¢) = 2<m<p — Z arg (Re'Y — z,,) + arg Bc(<p)).5 (2.21)

n=1

Note that by construction ¢ () = ¢(—7) = () = p(—7) = 0,i.e. D. € C(S})
implies ¢ € C(S7), and analogously for ZE

Once g is determined, the real part p :=29ig of g is given by the other half of
Equation (2.17) up to a constant pg:

Z—2

—dzp=idzq+ (7= —1). (2.22)

It is useful, in particular for a weak formulation of the problem, to transform
to zero boundary conditions. To this end let @ be a harmonic interpolation of the
boundary functions, that is a solution of the (standard) boundary value problem

AP =0 in Ag, } (2.23)

¢|51:¢’ ¢|SR:$’

and define u :=¢q — @, 2: =W — @. In these variables Equation (2.19) takes the
form

Au+ 0, (%(1 — cos(u - 2))) + ap(% sin - Q) =0 (224)
or

v. (w talu— Q] %) —v. (a[u —Q %) (2.25)

5 The tilde denotes, again, dependence on polar coordinates: g (r, ¢) := g (r cos ¢, r sin ¢).
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with
aclx]:= l_xﬂ a0 (2.26)
and
Ulgs, =0. (2.27)
The symmetry of f and & implies
P& =p)=pi&p), 9 —p)=—-q p), (2.28)

and by (2.20), (2.21), ¢ (—¢) = —¢(¢), p(—p) = —¢ (), and hence (see Appendix
B)?

P, —p) =P, p), W —p)=-V( 0, (2.29)

which implies, finally,

u@ —p) =—-u@, p), Q& —p)=-R(C p). (2.30)

The boundary value problem (2.25)—(2.27), and (2.30) for u with given 2 is hence-
forth called problem Pqo(AR).

The divergence structure of Equation (2.25) and its non-smooth coefficients
suggest a weak formulation of Pq(AR): a function u € H&_aS(A R) is called weak
solution of Pq(AR), if u satisfies

/ Vu - Vyr d{dp—i—/ Za[u—Q] -Vyrdedp = / ga[u—Q] - Viyrdedp
AR AR p ,0

AR
2.31)

for all antisymmetric testfunctions i € Cf)’oas (AR), where

Coos(AR) = (¥ € C°(AR) 1 ¥ (¢, —p) = =¥ (¢, p)}

and
H o5 (AR) = clos(C§o (AR) . IV -l 12(4p))-

Note that in the bounded domain Ag by (1.4) ||V - |2 is equivalent to the usual
H'-norm || - |2, = || - 3, + IV - 2,5 C3°(AR) denotes as usual the space of
infinitely differentiable functions compactly supported in Ag. In the unbounded
case a function u € Hllo c.as (Acc) with trace u|g, = 0 is called a weak solution of
problem Pq(Ax), if u satisfies (2.31) (with Ag replaced by A) for every test
function ¥ € C§°,(Ax). The following theorems assert the existence of unique

weak solutions in bounded annuli Ag and in the exterior plane Axo:



Axisymmetric Solutions in the Geomagnetic Direction Problem 339

Theorem 2.1. Let R > 1 and Q2 € L°°(AR) with bound
120, 9)| < K |sing| in Ag (2.32)

for some constant K > 0, then problem Pq(AR) has a unique weak (in the sense
of Equation (2.31)) solution u € Hol,as(AR) with bound

/ IVl o] # dedp < C 233)
AR

where B = 1/5 and C is some constant that depends on K, but does not depend on
R.

Theorem 2.2. Let Q € L*°(Ax) with bound
1QC, )| £ K |sing| in A (2.34)

for some constant K > 0. Then problem Pq(A~) has a unique weak solution
ueH! (Aso) with trace u |S1 = 0 and the bound

loc,as
/ VP ol dedp < € (2.35)
Ao

with B = 1/5 and some constant C > Q.

Based on these results the subsequent Theorems (2.3)—(2.5) give answers to the
direction problems P]g ﬁ(A r)» Pp(AR), and Ppj(Ax), respectively. To this end

recall that for any continuous, symmetric direction field the p-component vanishes
by (2.11); at the symmetry axis. The more precise condition

D,(¢) = O(p) for ¢ — 0, D,(p) =0(r —¢) for ¢ /' (2.36)
or, equivalently with D, = Dy —iD,,

arg D.(¢p) = O(p) for¢e — 0, arg Do(p)+rom = O(m—¢) fore /'m
(2.37)

turns out to be more appropriate in the following. Moreover, Holder continuity of
D will help to establish continuity of the solution up to the boundary.

Theorem 2.3. Let D and D be Holder continuous, symmetric direction fields with
rotation numbers ro and o € N\{1}, respectively, ro — o = 0 and even, and
satisfying condition (2.36) at the symmetry axis. Let, furthermore, {21, ..., Zjo—7}
be a symmetric set of points in Ag. Then, problem P];’ﬁ(AR) has a unique solution

f=B;—1iB, £B vanishing at z1, . .., Zro—ip and nowhere else.

Theorem 2.4. Let D be a Holder continuous, symmetric direction field with rotation
number ro € N\{1} and satisfying condition (2.36) at the symmetry axis. Let,
furthermore, § € N\{1,2}, 8 < ro+ 1, and {zy, ..., Z,,_§41) be a symmetric set
of points in Aco. Then, problem Pyy(Aso) has a unique solution f £ B with exact
decay order § vanishing at 71, . . ., Z 11 and nowhere else.
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When the zeroes of a solution do not matter, the total set of solutions (with un-
specified zeroes) of the signed direction problem can best be “counted” by means
of the unsigned problem. Let D be a Holder continuous, symmetric direction field
with rotation number ro satisfying the axis-condition (2.36) and let Sf) and Cf, be
the solution sets of the signed direction problem Pjj(Ax) with exact decay order
§ and (not necessarily exact) order 8, respectively. Let furthermore, L‘Is, be the set
of solutions of the unsigned problem Pp(Ax), then we clearly have

shcchcly. o= |J Sh.
8§<5<r0+1

where 3 < 8 < § < ro + 1. Moreover, Lf) is a linear space, whose dimension is
determined by ro and §. More precisesly, the following theorem holds:

Theorem 2.5. Let S]‘S), C]‘S), and L% be the solution sets of the signed direction
problem with exact decay order 8, of the signed problem with decay order §, and of
the unsigned problem with decay order 8, respectively. If 3 < 8§ < ro + 1, we have

Ly = (Ch) = (Sh) . (2.38)
dimL) =r0—8+2, (2.39)

where ro is the rotation number of D and (S) denotes the real linear span of the set
S.If§ > ro + 1 we have L%, = {0}.

Some comments are in order:

1. Theorems 2.1 and 2.2 are robust in the sense that the theorems still hold for
weights § that vary in some interval around 1/5.

2. The restriction to an even number of zeroes in Theorem 2.3 can supposedly
be removed. The physically relevant case, however, is the unbounded one, where
this restriction does not apply, and we saved us this effort.

3.In view of the regularity of the data Q2 (see Appendix A), much more regularity
than u € Hzloc can not be expected.® However, when inserting ¢ = u + ® into (1.2)
the result will be more regular (by exponentiation of ¢ and by multiplication by
the zeroes of £). In fact, the harmonic vector field B is known to be analytic in the
exterior space E.

4. According to Theorems 2.3 and 2.4, all the nonuniqueness of the signed
direction problem is encoded in the arbitrary positions of the zeroes. Uniqueness
(up to a positive constant factor) in A is thus only guaranteed if § = § = ro + 1;
if the direction field is the only data (and hence § = 3) this requires ro = 2, which
holds, for example, for “dipole-type” direction fields.

5. The unsigned direction problem prescribes the direction of the field vector
only up to a sign at S;. Arbitrary linear combinations of different solutions for the
same direction field D are thus again solutions for D, forming the linear space L‘SD.

6 Holder continuity of u, ¢, and p is shown in Section 9.
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Fig. 3. Graphs of the functions a; : x = (I —cosx)/x and ap : x > sinx/x

As to the signed problem only positive linear combinations are admissible, that is
Cl‘s) has the representation

N
cg:{z,\an:Bnecg, M>0,n=1,....N, NeN}, (2.40)

n=1

which is a cone in L%.

As to the solution of problem Pg (A g) note that it does neither have a variational
form nor does it have (obvious) monotonicity properties, but a favourable feature
clearly is the boundedness of the nonlinear term. The method of choice to obtain
global solutions of Pg (AR) is thus to solve a suitably linearized version and to define
thereby a compact mapping to which Schauder’s fixed point principle applies. In the
weak setting of Equation (2.31), linearized by replacing a[u — 2] by a[w — Q2] with
given function w , the Lax-Milgram criterion provides easily general solvability,
if only (besides boundedness) some coercivity condition is satisfied. This latter
condition amounts to

u < 2
—a-Vud¢dp :C”VMHLZ(AR)
Ag P

for some C < 1. A superficial estimate of the left-hand side by (1.4) with y = 0
and |a;| £ 0.73, |a,| < 1 (see Fig. 3), however, fails:

u
AR

A great deal of the present work is devoted to overcoming this problem by the
combined effect of three measures:

(i) We introduce the variable v:= p“u in A}; with suitable « > 0, which has
the effect that a, is shifted by o and allows a bound better than 1. Note that by
antisymmetry it is sufficient to do calculations on A} := Az N {p > 0}.

(i1) A p-dependent weight can improve the optimal constant in the Hardy inequality
(1.4). But this requires a generalized (p-weighted) version of the Lax-Milgram
criterion.
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(iii) d;u and d,u do not appear symmetrically in inequality (2.41). A weighted
gradient V4 :=d e; 9; + €, 3y, d > 0 can exploit this for further improvement.

Unfortunately, in the generalized Lax-Milgram criterion the coercivity con-
dition is now governed by constants C. and 50, which are defined by min-max
problems, viz.

fA; Vv -V p~%dedp

C.:= inf sup 7 I
v

U (fap IVavP pmey dedp) ([ IVe w2 o7 dedp)

(2.42)

2

and similarly for a., Here v and ¢ vary in differently weighted versions of H(} (A}f).
The case y = 0, d = e = 1 corresponds to the ordinary coercivity constant
C. = 1;increasing y leads to decreasing C.-values thus strengthening the coerciv-
ity condition. It needs a subtle balance of all involved parameters (¢, y, d, and e)
to meet, finally, the coercivity condition of the generalized Lax-Milgram criterion.

To obtain sufficiently sharp lower bounds on C,. we proceed as follows. Firstly
the annular region Ay, is replaced by arectangle Q, which allows us to split the two-
dimensional problem in a sequence of one-dimensional problems in the variable p.
The Euler-Lagrange equations for these problems amount to low-dimensional sys-
tems of ordinary linear differential equations, which constitute eigenvalue problems
whose minimum eigenvalue bounds C.. The numerical solution of these equations
has heuristic value in that it allows us to identify appropriate values of the above
parameters. A special case can be solved fully analytically and this solution hints to
the kind of test function that, finally, yields rigorous lower bounds on C, sufficient
for our needs.

Once the solution of the linearized problem is established, a successful iteration
depends crucially on the underlying space, which is here an L?”-space that is again
suitably weighted by some power of p. L?-generalizations of (1.4) of the form

2 d¢dp
1] <Cf|Wﬂ%%r
P A} P

LP(AD) —
with as large as possible values of p and & for given B play here a major role.
Optimal estimates of this type in two dimensions for “small” and “large” values of
p are the key to prove continuity of the nonlinear iteration mapping. Compactness
of the mapping then is a comparatively easy consequence of well-known embedding
theorems.

Schauder’s fixed point principle does not provide uniqueness; so, this issue has
to be faced separately. A heuristic consideration exploiting the divergence-character
of Equation (2.25) suggests the kind of test function that would exclude nontrivial
solutions of the corresponding equation for the difference of two solutions. In fact,
in order to prove rigorously uniqueness in HO1 (Apg) it takes a whole sequence of
test functions and special attention has to be given to the behaviour at the symmetry
axis. In Ao the weight |p|~# in (2.35) cannot be neglegted. Starting point is now
a formulation of Equation (2.25) that incorporates the weight while keeping the
divergence structure. The proof then proceeds quite analogously to the bounded case
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providing, finally, uniqueness for functions in Hlloc,as(Aoo) satisfying the bound

(2.35) for 0 < B < 1. Recall that all the nonuniqueness that is typical for the
solutions B of the direction problem is encoded in the zero-positions angle W,
which is part of the data in Equation (2.25).

The transition from Ag to the unbounded region A, proceeds by a suitable
sequence of solutions (u,) defined on A, with boundary values on S, that are
obtained from the exterior harmonic potential with boundary function ¢ on Sj.
Restricting u, on A,,,m < n yields actually a double sequence (u, ) with uniform
bound (2.33). A suitably defined diagonal sequence (u®) then has the favourable
property that u**1 extends u® defined on Ay onto Aj1. Thus (u®) allows for
the definition of a function u on A, that satisfies the bound (2.35) and that is in fact
a weak solution of Pg(A). Once u and hence g are known, p is determined by
(2.22) up to a constant pg. By substitution into the ansatz (2.15) one obtains, finally,
f, which corresponds to a weakly harmonic field B. Higher interior regularity
then follows from standard elliptic regularity theory, whereas continuity up to the
boundary requires some more subtle arguments depending on the Holder continuity
of the boundary data.

So far zeroes on the symmetry axis are not allowed mainly for the technical rea-
son not to loose favourable properties of the zero-positions angle W at the symmetry
axis. So the number of zeroes in A must be even, which means, for example for
6 = 3, arestriction of possible direction fields to those with even rotation numbers
(see (2.7)). This limitation can be overcome by taking suitable linear combinations
of “even solutions”. The coefficients of a linear combination can be viewed as “de-
formation parameters” that govern the positions of the zeroes. Based on invariance
properties of the degree of mapping with respect to continuous deformations (which
are recalled in this context), single zeroes can be eliminated from Ao, by “pushing”
them to infinity. A crucial point is here to keep control over the other zeroes, which
will move but which had to avoid the boundary.

Finally, we characterize and, in particular, determine the dimension of the solu-
tion space of the unsigned direction problem. The presentation follows here largely
the corresponding one in the two-dimensional case in [13]. The basic result is that
LIS) is generated by an arbitrary set of 7o — § + 2 solutions of the signed problem
with precisely 0, 1,...,70 — § + 1 zeroes. In this sense no fundamentally new
solutions appear in the unsigned problem and L‘SD can be viewed as a convenient
way to quantify the nonuniqueness of the direction problem.

The material just described is organized in the following sections: Section 3
collects the various Hardy-type inequalities we make use of in the course of the
proof. Uniqueness in the problem Pg, an issue that is independent of the rest of
the paper, is proved in Section 4. Sections 5 and 6 are devoted to the linearized
problem and, as an essential part of it, to the min-max problem. Sections 7 and 8
present solutions of Pg in annuli A g and in the exterior plane A, respectively. The
direction problem itself, again in Ar and in A, is solved in Section 9 under the
restriction that no zeroes are lying on the symmetry axis. Zeroes on the symmetry
axis are discussed in Section 10 and the unsigned problem in Section 11. Some
more technical estimates and some additional material are deferred to a number
of appendices: appendices A and B contain estimates of the zero-positions angle
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W and of the boundary function @, respectively. Appendix C contains a proof of
the generalized Lax-Milgram criterion. Appendices D and E contain the analytic
solution of a special one-dimensional min-max problem and numerical solutions
of the general one-dimensional problem, respectively. Finally, Appendix F con-
tains an explicit exemplary solution of the 2D-direction problem that illustrates the
migration of a zero.

3. Hardy-type inequalities

The results 3.1-3.3 are formulated for (not necessarily bounded) domains G in
the n + 1-dimensional half-space

HD = (... xp, ) eR7H :y >0}, neN,

without causing additional effort. All other results hold for bounded domains G C
H with

H::H(2):{(x,y)eR2:y>0}.

Note for subsequent applications the correspondence (x, y) £ (¢, p).
y?-weighted L”-norms, especially with p = 2, play in this paper a dominant
role. Here the following notation is useful:

1/p
- 1lpy = (/ |- |pd,uy> , duy ==y Vdxy...dx,dy, 3.1
G

with given domain G ¢ H”*D p > 1, and y € R. For p = 2 we use the
simplified notation: || - [l2,, =: || - |l,/, and for p = 00: || - [loo,0 = || - llco- The
following function spaces are associated to these norms:

H;i)y(G) i= clos(CEP(G), Ve - llp.y) s H;C)(G) :=H§f;(6) (3.2)
where
Vei=(cVy, dy), ¢20.
For bounded G ¢ H®™tD we have the well-known inclusion
M), (G) CHE,(G)  for p2q,
as well as
HO,(G) c HYN(G)  for y 26, (3.3)

where the latter inclusion is in fact an equivalence in the case G € H, that is that G
is compactly contained in H. With respect to ¢ only the difference between ¢ = 0
and ¢ > 0 matters:

(c) — HD (0) 7
H(G) =HD(G) cHYL(G),  ¢,d>0.



Axisymmetric Solutions in the Geomagnetic Direction Problem 345

The following proposition is a weighted L?-version of Hardy’s inequality (see [10],
p. 175) suitable to our needs.

Proposition 3.1. Let G ¢ H"*V be a domain and f HE,C,);, (G)withy #1—p
and p 2 1. Then, the following inequalities hold:

fH < p
= S ————— 10y fllp, (3.4
Hy py " p+y =11
and, especially for p = 2,
=l = 9y flly - (3.5)
Hy y Tyl

Proof. Let ¢ € C3°(G) C Cy°(H) and let us define 1; € Ci°(R,) by fixing
(x1,...,x) =x € R"in y:

U=Vx:RL >R, yr ¥(x,y).

Integrating by parts then yields

/ W1 ! /W( 1 Ja
R, yPtY YTty -1 R, yrir=1)

~ ~ o~ 1
P / WAl
Ry

N S d
p—|—y—1 yp"l‘V—l y

< P it W
“lp+y—1] R, yP+Vp=D/p yy/p

~ =1 ~ 1

p [yr|? av) IW’I”cl 2

= — 1 oy &Y S
lp+y—1I\Jr, ¥ R, Y

where in the last line we applied Holder’s inequality. By cancellation one obtains

- ) 5
/ ‘E‘pyydyé(L) / [W'1P y~V dy.
Ry 'Y lp+y—1i Ry

Finally, applying Fubini’s theorem in the form

/ x(x,y)dx;...dx,dy =/ (/ )’Zx(y)dy)dxl coodxy
H n R+

yields the assertion for » € C§°(G) and by approximation for f € HE,C,)V. O

A

Remark. In the case that G is contained in the half-ball B C H®* of radius
R centered at the origin, inequality (3.4) provides immediately a Poincaré-type

inequality:
p
I llpy = R—_1| 10y fllpy = R

p
—— IV fllp,y . (3.6)
p+y -1

lp+vy

7 To simplify the notation we sometimes omit the upper index ¢, which means that ¢ > 0,
or omit the indication of G if the underlying domain is clear from the context.
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The following lemma demonstrates that the constant in inequality (3.5) cannot
be improved in the case that G contains a box that touches the symmetry axis:

Lemma 3.2. (box-criterion) Let G € H™V be a domain and Q C G a box of
the form Q = Q™ x (a,b) C R" x Ry with0 < a < b. Then, any admissible
constant c in inequality (3.5) satisfies

€= [<1;y)2 + (m(Z/a))z]_l/z' G

In particular, if G contains a box of the form Q™ x (0, b), the constant in (3.5) is
the smallest possible.

Proof. The smallest constant ¢, in (3.5) is associated to a variational problem,
viz.,

a,v)>d
o = inf Jo 10V diy, (3.8)

veCG) [ 1W/yI>duy

It suffices for our purposes to consider the following simpler, one-dimensional
version:

b _
[ fy7rdy

in —c = = Amin. 3.9)
redl@by [Pf/y2yrdy

Problem (3.9) is in fact a standard problem in the calculus of variation. The asso-
ciated Euler—Lagrange equations,

f//_gf/+%f:0 in (a,b),
f=0 at {a, b},

constitute an eigenvalue problem in A, which can explicitly be solved. The mini-
mizer in (3.9) is the eigenfunction with smallest eigenvalue:

()
a

hmin = (H_Ty)z + (ln(Z/a))z'

Let now é O™ x (a, b) be an extension of Q := Q™ x (a, b) such that ™ &
O™ and |0\ Q| < e. Let, furthermore, f : Q — Rbe givenby (-, y) = fmin()
and f be a C!-extension onto Q such that f lyg = 0 and

Smin(y) =y

max |3y £ < max |3, f| = max | fl
0 0 [a,b]
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For f we then have the estimate

318y FPduy _ Jo 10y f17 iy + [5,0 18, S Py
f~|f/y| dMy lef/Y|2dﬂy
< Ju Faga v dy max(a,b){ fin Y7} (3.10)

&
f (fmm/y) y—vdy fQ|f/y|2dMy
b*(b/a)? max(,. b] fmm

PRI

= )Lmin +¢€

]‘l’llI'l

As C8°(Q) is dense in H (Q) we can approximate f on the left-hand side of (3.10)
by ¢ € C °°(Q) C C °°(G) and find the infimum in (3.8) be bounded from above
by the right-hand side in (3.10). As ¢ > 0 is arbitrary we thus obtain

-2
Chin = < Amin »

which is (3.7).
If G contains a box of the form Q(”) x (0, b), the first assertion holds for any
a € (0, b), that is
2 < Cmin S 2 >
114yl 1+ vl

which is the second assertion of the box-criterion. O

Inequality (3.5) allows for some alternative characterizations of H,(,C) (G), which
will be useful when dealing with the min-max problem.

Lemma 3.3. Let G ¢ H"Y be a domain and —1 # y € R. On H;C)(G) we then
have the equivalence of norms

CyllVe - lly SNV )Mo £ Cy Ve -y (3.11)
with constants
C},:=1+‘L , ay:zmin{l,
1+y 14+ y|

Proof. By

0,672 = (10,0 v % oyv + %2(%)2 iné

and repeated use of (3.5) one obtains for ¥ € CgO(G):
- 14 G
IV S IVew i} + vt | T navwy + 7| ]

21yl v > lyl \2 >
1+ + ) % =(1+ Vvl
( TEsrRarwamed N1 |1+y|) IVe w2

A
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Similarly, by

1
—y fG vy y~ Y dydxy ... dx, = v+ 1)/Gw2y—(y+2>dydx1 ... dx,,

and again by (3.5), one obtains
1
—y/2 02 _ 2 2, b 2\ .~y
19y w>||o—/G(c Vb P+ g P )y T dudy
1 1 AR AL
T e
( LA T A ] kel Bl el

1 2
> min {1, (1+ 1) 2} IVepI + 5 ((1+y>2—1—2y(y+1>+y2)H%HV

=min {1, (1 +) 2} Ve yII2.

O
H_} (G) denotes the usual Sobolev space clos(C5(G), | - || 1) with
13,1 =/G(|w|2+|vx1//|2+|ayw|2)dx1...dxndy.
By (3.6) we have thus the norm equivalence || - ||[z1 ~ [|V¢ - [lo and hence the

identity
H}(G) = HY(G),

provided that G is bounded and that ¢ > 0. More generally, for y # —1, (3.6) and
(3.11) imply, under these conditions,

H)(G) = clos(CEG), Iy /2 - llgn) = {¥ - vy € HJ(G))

(3.12)
={y"?x 1 x € H} (G},
and (3.3) implies
H(G) C Hy(G)  for y 20. (3.13)
Note, finally, that 'H;(,C) (G), ¢ > 0 equipped with the scalar product
(> [ Ve Very . dudy G.14)

is a Hilbert space, which implies in particular that H;C)(G) is a reflexive space.
The rest of this section is devoted to inequalities of type

— SC|V , 3.15
5500 S €19 Fles (3.15)

which will be necessary in Section 7. G is now a bounded domain contained in
some half-ball B;g C H c R?and we suppose ¢ > 0. The focus is now on “optimal
values” of p and § for given values of ¢, especially for ¢ = 2, and 8.
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We start with some one-dimensional inequalities, which are comparatively easy
to derive. Let f € H L0, R)) with f(©) = 0. By the fundamental theorem of
calculus and by Holder’s inequality one obtains

y y -7 y 7
1f Ol g/ If1dz < (/ zﬂ/<ff—1>dz) (/ T z-ﬁdz)
0 0 0
1 B-1 y 7
< (1+L)q yl+‘1</ If/lqzﬂdz>q,
qg—1 0

that is
f | < B \-0-0)
s < (1 ) , 3.16
[ 5].0 = (14 5 1/ Nl p (3.16)
where
B—1
=14+—, l<q <o0, B>1—gq.
q
Inequality (3.16) contains the special case
Lf y™ PP loco < A+ BTN g, B> -1, (3.17)
and (formally) the limit cases
I f/¥llo0,0 = 11 Nloc.0 5
1F/3 lloo0 S 1F g - (3.18)

Inequality (3.18) is clear for § = 0. Otherwise we have
y y
foy = /0 f'z7Pdz B /O fz 7Pz,

oyt =- [

y

R R
flz7Pdz + /3/ fz17Pdz.
v
Thus, by summation and using (3.4) with p = 1, one obtains
R R R
21y " gfo FlzPdz 4 |ﬂ|/0 (f1/2) 2 Pdz < 2[0 Pz,

which is (3.18). Finally, interpolation between (3.17) and (3.5)% yields a (one-
dimensional) inequality of type (3.15):

R R
_ -2 _
fo |f/y‘3|”dy=/O | [y WHRRIPT2 pry)2 y Py <

SIFy ORI N5 S (L4 BT 2A+ B2,
d:=1+p8)/2+1/p,

8 Note that the proof of Proposition 3.1 works as well for functions f : (0, R) — R
without zero-boundary-condition at R.
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that is
fH (LN
<o} 3.19
1500227 () 715 (3.19)
with
| |
5=l a<,<00. gt
2 P

Inequalities (3.16) and (3.19) are optimal in the sense that § cannot be enlarged as
can easily be seen by testing the inequalities with f(y) = y*.

In 2 dimensions we must proceed differently since a result of type (3.16) with
g = 2 cannot be achieved (not even for § = 8 = 0). We thus assume p < oo and
distinguish, moreover, between “small p” and “large p”.

Proposition 3.4. (small-p-case) Let G be a domain contained in B; C HCR?
and f € H(C) (G) with B > —1 and ¢ > 0. Then, the following inequality holds

|51
y3 p,0

2 6—p R p—2

(m) 7 (5) 7 Ve Fls (3.20)

A

with
+——, 2<p<4, B>-I.
Proof. ltis sufficient to prove (3.20) for functions ¢ € Cgo(G). By (3.17) we have
2 1 1 K 2
W, Py P <1+ 8)” / oy ?y~?
0
and by the fundamental theorem
2R (R
W, I < —2f e oy dx .
¢ J-R
With these estimates one obtains
R /R
/ Wy D dp, = / / =2 dxdy
G 0 J-R

R R
gf sup{w(x 2y P dx x/ Sup [ (¥, My~

_1+/3/ / |3 W|2 —lgdydxx—/ / |c O IMZ ﬁdxdy
2

- _ 2
(Hﬁ)Cz(f [ weury dxdy> o ([ 19w ans)
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Interpolation with (3.5) then yields

_ 2(p—2 _
th/f/y“V’dxdy:fle DA PP gy 1P d g

< ( /G |w|4y—“+ﬂ>duﬂ> : ( / |w/y|2duﬁ> :

§((1421163)c2>%(1+ﬁ </ Ve ¥ d”ﬁ> ’

where we set 6 := /2 + (6 — p)/2p and made use of Holder’s inequality in the
second line. This is (3.20). o

Proposition 3.5. (large-p-case) Let G be a domain contained in B; CHCR?

and f € H(:i B(G) with p 22, B > 0and ¢ > 0. Then, the following inequality
7

holds:

HiH 0 =32 Ve Ml 5 (3.21)

£
0= \/_
with

< ~24p .
p

Moreover, for | € H(L)(G) with B > —2/p it holds that

f p (2 7
J < +e
EIEE A (3.22)
with
1 - 2
8:E+ 8, p=22, B>-——, &£>0.
2 p p

Proof. Let Yy € C3°(G). We proceed similarly as in the proof of Proposition 3.4,
starting this time, however, with (3.18), that is

R
W ]y gfo 9yw |y Pdy

and

R
(e )| < fR|axw|dx.
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‘We then obtain

R R
/ W2y Pdus = f / 2 y~Pdxdy
G 0 —R
g/ sup{|w<x Wy~ }dxx/ sup|w<x nly™?
/ / oyl y™ ﬂdydxx—/ / e x| yPdxdy
(/ v wduﬁ) .

By approximation, inequality (3.23) holds for any g € ’H(L) (G). Inserting

g =: |fI?/? and 28 =: B(p/2 + 1) and using Holder’s inequahty, we further
obtain that

(3.23)

1
—B2p g 212 —B/D(p/2-D) 4,, -
</G!fy P2 duﬂ) <7 [Ve L£IPP[7y= P20 dpg

p -y /2—1
<= BRIPIZV, fldpg
_zﬁL|fy \ Ve fl Mﬁ
2+p

e retron) (s on)

After cancellation we have

(i

dxd <7 = V 221)[‘ d/l/ ’
y = \/— | c fl 5 ’

Using once more Holder’s inequality, the right-hand side in (3.21) can be linked
up with the L2-norm:

=

2+p

IVe fll 22 5= (f Ve f|z+v ﬂdxdy) !
(3:24

= </Gy_(1_8)dxdy> </G|Vc f|2y_ﬁdxdy) < <2R8R8) Ve flig

with e:=1 — B + 2+ p)(B — B)/2. The - necessary condition & > 0 implies
B < B+2(1—pB)/(2+ p), whichinturnby 8 > 0implies 8 > —2/p. Combining
(3.21) with (3.24) yields, finally, (3.22) with § :=8/2 4+ (1 — ¢)/p. O
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4. Uniqueness in the problems Pq(Ag) and Po(Aso)

Uniqueness for fixed function 2 means, in particular, uniqueness for fixed
boundary values represented by the harmonic function ® and fixed set of zero-
positions represented by the angle W. Together with the (up to a constant pg)
unique solution of (2.22) for given ¢, this implies by (2.15) an (up to a positive
constant factor) unique solution f of the direction problem.

Let u; and up be weak solutions of Po(Ag), R > 1. Then, du:=u; — up
satisfies, weakly, the following “perturbation equation”:

V-(Vau+a’&l)=0 in Ag, &, =0 4.1)
P JdAR
with
aé = —cos(u; — Q) + cos(up — Q)
:sin(%(u1+u2)_Q)M’
/ . . (1 —u2)/ (4.2)
a,:= sin(u; — 2) — sin(uy — Q)
1 i — 2
= cos (E (w1 + up) — Q) %

Note that given u; and u, a’ is here considered as a given (bounded) vector field
on Ag and (4.1) is thus a linear equation in &u.

Proposition 4.1. Let uy, uy € Hd’ 25 (AR) be weak solutions of problem Pq(AR)
with R > 1 and Q € L°°(AR) satisfying the bound (2.32). Then

Uy =ur a.e.in Ag.

Proof. For functions f € Hol, «s (AR) we have by definition trace f | (=0} = 0;itis

thus sufficient to consider functions f € H(} (A;f), where AL :=ArN{p > 0} C
H.

Let us start with a heuristic consideration that motivates the choice of test
functions we will make use of in the following. Let &« := max{éu, 0} and integrate
(4.1) over supp &u™ to get

Su+
V. (vau++a’—) dedp =0. 4.3)
supp &u™ Y

On the assumption that &u™ and supp & are such that Gauss’ theorem is applicable
one obtains

Sut
/ n-V&ﬁds—i—/ n-a—ds=0, (4.4)
d(supp &ut) 9 (supp &u™) P

Where n denotes the exterior normal at d(supp&u™). By definition we have

sut |3(Supp&l+) =0andn-Véat |3(supp8u+) < 0 and thus from (4.4) we conclude:

uT=Vaut=0 on d(uppiuT). 4.5)
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This conclusion continues even in the case that d(suppdu™) N {p = 0} # @. On
that portion of {p = 0} the second term in (4.4) need not vanish, but it exhibits a
sign that fits to that of the first term:

&l+
. ’ _ / + — +
;%n A= —ay| o dpdu™| g = —dp&T| _ 0.

At least in the real-analytic framework, (4.5) then implies by Cauchy-Kovalevs-
kaya’s theorem &u™ = 0 (end of the heuristics).

Equation (4.3) suggests a test function that is constant on supp & ™. The se-
quence

+ +
(Vn) = (ngfer 1> - (&ﬁai 1/n)

approximates for n — oo such a test function. Note that with & € HOI(A;) we
also have ™ and v, € HO1 (A}f) (see, for example, [8], p. 152f). Testing of (4.1)
by v, yields

du u
_ /_ /_ .
o_fA; (V&t—i-a; ; e +a, S ep) Vi, dedp

/

1 |Véut|? ag sutacqut
= - + (4.6)
A+
R

n Gut+1/m2 " p (ut+1/n)2

+<a;)—1+1) &t+ap&l+ >d§d
o )@ )
where we made use of
1 Véut st
———————  on su ,
V¥n =11 "+ 1/n)2 PP
0 else .

By rearrangement, use of Cauchy-Schwarz’s inequality and some more estimates,
(4.6) takes the form

f —|V&’+|2 ded +/ 1 &t opdt ded
wr G 12 T o p @ e €
1 1
a.\2 2 a —1\2 2
< £ L
- K/A;<p> dgdp) - </A;( o ) dgdp) } @7

([, e o)
N @ ym2 %)
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By (4.2), (3.5), (A.7), and (B.4) the a’-related terms have the n-independent bound
a.\2 1 1 2
[ (Y aeaps [ [ sin(5 - 2)aces
AL NP AL Lo 2
1 /1 2
< — (= _
_/A; e (2 (uy + un) Q) dedp

[ () o o2 [, (B

< 4/+ (IVir 2 + [VuoP)dgdp + 47 K2R? = Cy,
A

R

and similarly,

'
/A; (app )2d;“d/)

1 1 sin ((u1 —Mz)/z) ?
< /A; — [1 — cos (E (uy +up) — Q) (Wﬂ dede

I

1 1
<| = 1—COS(—(u1+u2)—Q)
AT 2
R

1 sin ((uy —u2)/2)\7?
+cos (E (I/l] +M2) - Q) (1 - W)} dé‘dp

2 1 |
< - _ _ z . 2 < )
= /A; 02 [(2 (uy +u2) Q) + 4(141 u) ]d;“dp < 3Cy.

The second term on the left-hand side of (4.7) is finite by (3.5) for any n € N:

1 &t a0t
/ _%didpgbﬂf \Vaut|Pdzdp < oo,
AL p (™ +1/n) Ak

and, moreover, by integrating by parts, it turns out to be nonnegative (see Fig. 4):
1 &t a,0ut
/ - +—92 d¢dp
At P @+ 1/n)

f 13[ 1/n 1+1 (&4++1) 1 l]dd
AL P PLlout+ 1/n n n tdp (4.8)
+

_ 1 + __n& >
_fA; pz[ln(n(?u +1) n8u++1]d§dp20.

We therefore conclude from (4.7) that

1

[Vt / |Vaut |2 3

———d¢dp £ 3,/Cy ———dzd ,
/A; @y iyme =NV G e €
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0.8 |- 4
0.6 - ~lInz
0.4 -

0.2 + 4

Fig. 4. Graph of the function f : x — In(1 +x) —x/(x + 1), x 20

and, furthermore, by (3.6) that

|Véu™|? 2
9Cy 2 | —F———dedp = | |[VIn(l +n&™)|"dedp
at (Gut+1/n)? AL
R R (4.9)

1 2
> +
2 3 /A; (ln(l +néu )) d¢dp .

The monotonically increasing sequence (ln(l +n &4*))” <y thus has a bounded
sequence of integrals, and Levi’s theorem implies convergence almost everywhere,
which in turn means &u™t = 0 almost everywhere. This argument works for —&u ™~ :=

— min{&u, 0} as well, which completes the proof. O

In the unbounded case we deal with solutions u € H!

Joc.as (Aoo) Of the problem
Pqo(Ax) that satisfy a bound of the form

|Vullj =fA IVulPlplPdedp =€, 0<p <1 (4.10)

with weight | p| ~# that cannot be neglected. To incorporate the weight while keeping
the divergence-character of the governing equation, we rewrite Equation (2.24) in
the region AZ in the variable v := pfu:

1 1
AP —(1— B, _ A sin(oPyv—O)V—_Bp—B —
\Y (,0 Vv)+8§[p(1 cos(p~Puv SZ))]—i—Bp[p(sm(p v—Q)—Bp v)] 0.
4.11)
From (4.11) follows a perturbation equation for fv := v{ — v, analogous to (4.1):
8

V'[p_ﬂ(VrSv—i—(ageg—{—(a;—ﬁ)ep)—v)] =0 in AL, [, =0@412)

p o0

with a’ given by (4.2) and again considered as a given vector field on AL .

Proposition 4.2. Let uy, up € Hlloc a5 (Aoco) be weak solutions of problem Pq(Ax)

with vanishing trace on Sy and bound (4.10); let Q € L™ (Aso) satisfy the bound
(2.34). Then

Uy =ur a.e.in Ax.
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Proof. Based on Equation (4.12) the proof proceeds quite analogously to that of
Proposition 4.1; we skip thus the details. With the sequence of test functions

+

one obtains instead of (4.6)

vati2  ap sty st ay,—1 1-g\ &ta,nt
O:/ | |2+_§ +§ 2+(p +/3> 2% Vapup.
Gvt+1/n)>  p Bv+1/n) o o /(SvT+1/n)

(4.13)
The a’-related estimates are now done by (A.8) and (B.5):
[ Y am = [ 1)+ (2) Joms 2 [ (5o
47 K? ~

e 5
= (1p) (Vw4 19ial) + = = G

and analogously for a;). The fourth term in (4.13) is still nonnegative,

1 &uta,et

1
_ T =(1 — _ + >
1-p) A;p(&v++l/n)2dﬂﬁ (1 ﬂ)(1+ﬁ)/A;p2f(nr5v ydug 20,
and (4.9) takes the form
~ |Vt |2 2
9C§/ = /A+ mdﬂﬁ 2 /1;1’ ‘Vll’l(l +7’l(§U+)| dﬂﬁ
e} R
(1 +ﬁ)2/ 2
22— In(1 +n&*)) du
2 ( B
4R A;

with arbitrary R > 1. By n — oo we can thus again conclude that v = 0 and
hence &u™ = 0 almost everywhere in A‘IE forany R > 1. O

5. The Linearized Problem

This section is devoted to the solution of Equation (2.31) for given right-
hand side and given coefficients a;[-] and a,[-] of type (2.26) with measurable
but otherwise not further specified argument. Let us start with the observation
that by antisymmetry it is sufficient to consider (2.31) in A = Ar N{p > 0}.
Given Q, u € H, (A+) is called a weak solution of the problem Po(AD) if u
satisfies (2.31), Wlth Ap replaced by A}, for any test function ¥y € C§° (Af) The
equivalence with Pg(ARg) is clear when observing the one-to-one correspondence
between elements of HO1 (A;) and H()l,as(A r) (by antisymmetric continuation and
restriction, respectively).
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The general solution strategy for equations of type

/Vu«Vt/fdg“dp—i—/ Za.wfcl;dpzf & Vydedp. (5.0
At AT P AL P

R R R

where a abbreviates a[ f] with some measurable function f : A}f — R, is to apply
a Lax-Milgram type criterion, which requires, in particular, coerciveness of the
bilinear form on the left-hand side of (5.1). In this situation as sharp as possible
bounds on a play a crucial role. A first step in this direction is to introduce the
variable v := p%u that allows us to shift a, by o and thus to take advantage of the
asymmetry between upper and lower bounds on a,, (see Fig. 3). In fact, expressing
(5.1) by v, one obtains

Q
/Vl%Vl//d,ua—}—/ Ea“.wduazf La.vydedp  (5.2)
AT +p +p

R AR AR
with duy = p~%d¢dp and a% = (a;, a, — a). Proper choice of a “centers” a,
with the effect of an improved bound:
laglloo = lla, — alloc = 0.61 for « = 0.39. (5.3)
Obviously the bound
llaclloo < 0.73 (5.4)

on the antisymmetric function a; cannot be improved this way.

In a second step we want to take advantage of the improved constant in the
Hardy inequality (3.5) when weighted by a factor p~7, ¥ > 0. Note that by the box
criterion 3.2 this constant is optimal in A;. The Lax-Milgram criterion must now
be adapted to this weighted situation. A suitable version is given in the following
proposition whose proof is deferred to Appendix C.

Proposition 5.1. (generalized Lax-Milgram criterion) Let BB and B be reflexive
Banach spaces and B : B x B — R be a continuous bilinear form, that is for some
K > 0 holds

B(u,u) = K |lullgllillg forall ueB, ichB. (5.9

Let, furthermore, B’ be the dual space of B with norm

(w, i)
lwlig = sup_ il
0#£ueB B

(5.6)

where (-, -) denotes the dual pairing between B and B. Let, finally, ¢ > 0 and
¢ > 0 be constants such that

Bu, i
W) > \ulg  forallucB. (5.7)
ozicB illg
B, i) _ . .
) Glillg  forall iieB. (5.8)

su
0#£uelB lullp
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Then, the equation
B(u,i) = (w, @) forallieB (5.9)

withw € B’ has a unique solution u € B with bound
< 1
lulls = — llwllz - (5.10)

Obviously, conditions (5.7) and (5.8) replace the coercivity condition B(u, u) =
¢ lu||? of the ordinary Lax-Milgram criterion for a single (Hilbert) space.
To apply the criterion we set

B:=H{) (Ah), B:=H (ah,

with H/(gc) (G) defined in (3.2) and with parameters
az0, yZ2a, 0<d=<1, e=1 (5.11)

yet to be fixed. The bilinear form B is given by

B[v, ¥']:= Bolv, ¥1+Bilv, ¥]:= /+Vv : Vl//dua+/+ %a“ Virdug (5.12)

AR Ag

with
veHY (AR C Hau(AR) C HY(AY). ¥ e MY (AR) D H(AR). (5.13)

Condition (5.5) may easily be checked by Cauchy-Schwarz’s inequality and (3.5):

|Blv. y1| < f Vol p @R vy | pm @ dedp

AR
4 f v/l o~ @2 219y | p @ drdp
A (5.14)
< V0llasy 1V ey + V2 10/ Pllaty IV oy

1 2v2
(g + m)HVd Vllg+y Vel lla—y -

<

As to conditions (5.7), (5.8) note that there is no useful information about a® other
than the bounds (5.3), (5.4). In (5.12), By is thus considered as a perturbation of
By. The optimal (£ largest possible) constants in (5.7), (5.8) with respect to By
then are determined by the following min-max problems:

Sax Vv -V dpug
inf sup R =:C., (5.15
0£veH) (A%) 0y eHE) (A% IVa vllg+y Ve ¥lla—y

[ax V- Vi dug N
inf sup R =:C.. (5.16)
04y eHY  (A%) 0veH D (A% IVa vllg+y Ve ¥lla—y
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On the other side, B1 may be estimated similarly as in (5.14):

/+ Y 2% Vi dutg
Ag P
v —_ — —
< IIafjlloof Hp @HNV2 (j | + 10,9 ]) p~ @72 dgdp
(5.17)

18pvllaty V2 I Vel la—y

§||ag||oo—1+a+y
232 [[a% oo

<P TV V. .,

e IVa vty Ve la—y

where we have set
gl 518)

Tl
It is this estimate that profits by the introduction of the parameters d and e; note that
any d > 0 is allowed in (5.17). Combining (5.12), (5.15), and (5.17) one obtains

for any v € Hgﬂzy (A;):

Blv, ¥]
sup _—
0UeH) (A) VeV lla—y
Bolv, v]  2v2la%ls
> sup { - 21 9 vy b (5.19)
Vet llo—y I+a+y

O£y M (A%)

2v2 a2l
2 c— ————— |IIVa vlla+y »
l+a+y

which is condition (5.7), provided that

242 ||a®
LA (5.20)
l+a+y
An analogous estimate yields
B, ~  2V2llag|
sup w1y (C - —”m) Ve llamy
O;éverﬂy(A;) IVa U||a+)/ l+a+y
which is (5.8), provided that
(5.21)

x _ 2V20a5l
¢ l+a+y

By (5.20) and (5.21) the generalized Lax-Milgram criterion 5.1 provides a solution

(A;g) of Equation (5.2), which by (5.6) and (5.10) satisfies the bound

v e 'H((;{iy
Q a
1 11 Jay o 2% V¥ dgdp
IVollary = GIVavlary = 5 % s0p AT
0£Y e (AD) erier
11 e V2
< H_ a® S — 12024y -«
y—o d




Axisymmetric Solutions in the Geomagnetic Direction Problem 361

with

e Y

_ 2\/5 ||ag||oo (5.22)
l+a+y '

Having in mind problem PQ(A;) we call a function v € Hza(A;) solution of
Equation (5.2) with given measurable functions a, ag, Q: A;ﬁ — R, if v satisfies
(5.2)forany ¢ € C(‘)>o (A‘lg). By (5.13), Proposition 5.1 obviously provides a solution
of this type. We summarize these results in the following proposition.

Proposition 5.2. Let a;, aj be bounded, measurable functions on A, satisfying
(5.3) and (5.4), and let «, vy, d, e, and R be such that conditions (5.11), (5.20), and
(5.21) are satisfied, where C. and 60 are given by (5.15) and (5.16), respectively.
Let, furthermore, 2 : A; — R be such that ||Q2||24y—o < 00. Then, Equation

(5.2) has a unique solution v € Hgdiy (A;) C Hag (A;) satisfying the bound

V2
Vi vllgry = Ad 121124y —« (5.23)

with A given by (5.22).

By Lemma 3.3 the grad-norms of u and v are related by

~

Cy+ Cy+t
"N Vllgty S IVully—o £ g CNIVUllasty - (5.24)

y—o y—a

The following corollary is thus an immediate consequence of the preceeding propo-
sition:

Corollary 5.3. Under the conditions of Proposition 5.2, Equation (5.1) has a unique
solution u € HO1 (A‘,g) with bound

IVitlly—a < ClIR024y - » (5.25)
where the constant C depends on «, vy, d, e, and R.

Remark. Inequality (3.4) offers yet another possibility to improve the Hardy con-
stant: higher L?-spaces. The generalized Lax-Milgram criterion then is applied to
conjugate LP-spaces (see [13]). However, the determination of the constants cor-
responding to (5.15) and (5.16) requires now the solution of systems of nonlinear
partial differential equations as opposed to the linear systems associated to (5.15)
and (5.16), which are considered and solved in Section 6.
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6. A Minimum-Maximum Problem

In this section the min-max problems (5.15) and (5.16) are studied in some
detail with the goal to establish parameter sets {«, y, d, e} that satisfy the suffi-
cient conditions (5.20) and (5.21) for solvability of the linearized equation (5.2).
Proposition 6.1 allows us to relate the problem posed in AZ to one posed in some
finite rectangle Q0 C H. The rectangular geometry then allows the reduction of
the two-dimensional problem to a sequence of one-dimensional ones (Proposition
6.3). We determine the Euler—-Lagrange equations for the two-dimensional as well
as for the one-dimensional problems and find a common lower bound on C. and
C. in terms of the minimum eigenvalue associated to these equations (Proposition
6.2). The analytic solution of even the one-dimensional problems succeeds only in
a special (the x-independent) case either directly (see Appendix D) or via Euler—
Lagrange equations (see subsection 6.3). Finally, based on the analytic solution, we
derive explicit rigorous lower bounds on C. and Ce (Proposition 6.4), which are
corroborated by the numerical solution of the general one-dimensional equations
(see Appendix E).

Let us start with some simple observations. Using the notation

Jo Vv Vi dug
IVa vllaty Ve lla—y
/ (0xv 0¥ + 0y 0y ¥) y~* dxdy

G

Flv, ¥]:=Flv, ¥; G]:=

2 2\ —(@+y) v D
f ((d 0:v)" + (3yv)*)y ™™ dxdy
G
1
X 1/2
(/ (e 9 + @y¥)?)y™ 7 dxdy )
G
and
C.:=Ce(G):=Ce(G;t,y,d,e):= inf sup Flv, ¥ Gl (6.2)
0£veH(, (G) 0£yeH,(G)

.= C(G) = Cu(Gra, yod. ) = inf sup Flv, ¥; Gl, (6.3)

0£y ey, (G) A (e

where G C H and «, y, d, and e satisfy (5.11), one obtains, by Cauchy-Schwarz’s
inequality,

< IVige vllaty IVe¥lla—y _ IV1/e Uity
~ IVavllaty Vel lla—y Va vllaty

Let I, x I, C G some rectangle, B € R, 0 # x, € C5°(I), and (x,) C C5°(1y)
a sequence of test functions with

Flv, ¥] (6.4)

— . 2 -
/X'fy Ty=1. JL“;O/ a7y = co.
Iy I,
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Setting vy, (x, ) := xx (x) x2 (y) € C°(G) and B :=a + y we find

Vi/eV
lim IVije vallaty _ 1. (6.5)
n—oc ||Vy vn||oz+y

which implies C. < 1. The lower bound C, = 0 follows for given v and v by
proper choice of the relative sign.
In the case y = 0 by the choice ¥ := v we obtain the lower bound

2 2 2
” (/G ((3:v)? + (3yv) )dMa)
0£0E10(0) g ((d 8502 + 0,0)2) At [ (€000 + (3y0)7) ke
> in _ (49?2
= 0<s<0 (d2 +S)(62 +5) ’

c:z

where s denotes the ratio fG(ayv)sza/ fG(axv)zdua. By the condition

d? + ¢
2

it is easily checked that C. = 1 and hence C.(G; «,0,d, e) = 1.
Concerning G the following scaling property of F plays an important role. Let
G, ={(x,\y) e H:(x,y) € G} and

Sy i Hp(G) — Hp(Gh), f> fi=f0""), 1>0. 6.7)

Obviously we then have

2d* <

<1, (6.6)

Flv, ¥; G] = Flus, ¥ Gl (6.8)
andhence C.(G) = C.(G},).Inparticular, applying S; on B;{ and A;B,OO ={(x,y) €
H:x%+ y2 > rg} we find in the limits A — oo and A — 0, respectively,

Co(BY) = Ce(H) = Co(A} o) (6.9)

for any R > 0, ro = 0. Similary, for any rectangle Q :=(—a,a) x (0,b) C H
holds

Cc(Q) =Cc(H). (6.10)

The same or similar arguments apply to C, with identical results. We summarize
these results in the following proposition:

Proposition 6.1. Let G C H and let «, y, d, and e satisfy the conditions (5.11)
and (6.6). Then, the variational constants C. and C. given by (6.1)—(6.3) satisfy
the bounds

0<c. <1, 0ZC,

A
A

1. (6.11)
For y = 0 holds
Ce(G;,0,d,e) =1 =Co(G;,0,d, e), (6.12)

and C.(H) and GC(H ) coincide with C. and 50, respectively, for some (bounded

and unbounded) standard domains such as Q, B, or Al oo
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6.1. Euler—Lagrange Equations

Critical points of the variational expression (6.1) are (weak) solutions of the
associated Euler—Lagrange equations. We derive these equations in two steps. First
we fix v € Hgy4y (G) and vary the functional

/ Vv - Vi y"*dxdy (6.13)
G

with respect to ¥ under the constraint ||V, ¥ [lo—y = (V4 V|la+y . Introducing the
Lagrange parameter A € R, this is equivalent to the variation of the extended
functional

fG V- Vi y @ dxdy — A (IVevllo—, — IVavlizy,)

with respect to ¥ and X (see, for example, [4], vol. I, p. 216 ff). Setting this variation
to zero one obtains

V- (y4Vu) =24V, - (yT@TIVy) =0, }
IVe¥lla—y = 1IVa llaty -

In the second step we vary (6.13) under the differential constraint (6.14); and
IVa vlle+y = 1 with respect to v and . Introducing the Lagrange multipliers p,
where y’(""?’)/ 2 peH 1 (G), and p € R, this is equivalent to the variation of the
extended functional

(6.14)

/ Vv - Vi y % dxdy
G
+f Vp-Voy @ —2iV, p- Ve y~ @) dxdy
G
—u(IVavlZ,, —1)

with respect to v, ¥, p, and p. Setting again the variation to zero one obtains
together with (6.14),:

(6.15)

V(YY) = 2uVy - (yT IV 0) + V- (T4 Vp) =0,
V.- (y ™ *Vv) =24V, - (y" @V, p) =0,
V.-(y V) —2AV, - (y" @ V,y) =0, (6.16)
y—(a—y)/Z p|3G =0,
||Vew”0t7y =[|Vqg U||ot+y =1.

This system is yet somewhat redundant. By (6.16)4 and (3.12) one finds p €
Ho—y (G); setting thus p :=  makes Equations (6.16); 3 equivalent. Furthermore,
multiplying (6.16); by v and (6.16)3 by ¥ and integrating over G one finds by
(6.16)5 that . = 2 A. Finally, when discarding conditions (6.16)5, we end up with
the eigenvalue problem

Ve (VY = Ve (7T 0) =0, 6.17)
V- (y™*Vv) — uVe - (y"@IV,9) =0, '
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whose eigenvalue u is related to the critical point (v, ¥) by
_ Jo Vv - Vy y~“dxdy
IVa vlia+y Vel lla—y

Note that stationarity of the functional (6.1) is only a necessary condition for min-
max-points. Comparing (6.18) with (5.15) we can thus only conclude that

(6.18)

Ce 2 fimin
where
Wmin := inf { u : @ eigenvalue of (6.17) } . (6.19)

Repeating this procedure with v and v interchanged yields instead of (6.14)

V(YY) — 20V (@) =0, } (6:20)

IV vlla+y = IVe¥lla—y -

Therefore, in the second step we vary instead of (6.15) the functional

/ Vv -V y~*dxdy
G
+/ Vp -V y ™ *—2iVyp-Vgvy @) dxdy (6.21)
G
(Ve ll—, —1)
with respect to v, ¥, p, and . Instead of (6.16) one obtains
Vo (yTIVY) =24V - (yT @IV p) =0,
V(YY) = 20uVe - (yTOTVey) = V- (V) =0,
V-GV =22V - (T TV 0) =0, (6.22)
y—(a+y)/2p’aG =0,
IVa vllaty = Ve lla—y = 1.

Here, p € Hy+, (G) and setting p := v makes (6.22)1 3 equivalent. As before we
find u = 2 A with the result that v, 1, and w satisfy precisely the Equations (6.17).
We summarize these findings in the following proposition.

Proposition 6.2. Let (6.15) and (6.21) be the extended functionals associated to the
variational problems (5.15) and (5.16), respectively. Then both functionals share
the same set of critical points and their min-max-related critical values C. and C,
satisfy the common lower bound

Ce Z Wmin » 65 2 Mmin (6.23)
With min given by (6.19). In the case of a unique critical value p we have

Co=pn=C,. (6.24)
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AX H
a
Q
0 b 'y
-a

Fig. 5. The rectangle Q in the half space H

6.2. One-Dimensional Min-Max Problems

Let us now specialize to the rectangular domain Q = (—a, a) x (0, b) (see Fig.
5), which suggests the following product ansatz for the variational functions v and

v

v(x, y) =5, () va(y)  Y(x,y) = su(x) Yn(y) (6.25)
with
() = — sin o k=1 N (6.26)
snx._\/asm,,x—i—a), n._nza, neN. .

Note that s,, obeys the boundary conditions s, (+a) = 0. Inserting (6.25) into the
two-dimensional variational expression (6.1) yields a sequence of one-dimensional
expressions. The following proposition relates the associated min-max problems
with each other.

Proposition 6.3. Let s, as in (6.26) and let vy, Yy, : (0, b) — R such that s,v, €
Ha+)¢(Q), Sn¥n € Ho—y(Q) for any n € N. Let, furthermore, F|v, ¥; G|, Ce,
and C, as given in (6.1)—(6.3). Then

Cc(Q) = inf inf sup Flsnvn, sn¥n; O, (6.27)
neN s,v, eHot+y Q) Sn¥n GHU*V Q)

5C(Q) = inf inf sup Flsnvn, Sn¥n; Q1. (6.28)
neN Sn"/fnel}'[ocfy Q) SnUn eHaJrV(Q)

Proof. Letus start with the observation that {s,, : n € N} is a complete orthonormal

setin L2((—a, a)). We may thus assume for v and y L?—expansions in the variable

x with coefficients v, (y) and v, (y), respectively:

v, ) =Y @), YE ) =Y s @Y. (629

n=1 n=1
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Inserting (6.29) into F[v, ¥] and performing the x—integration one obtains

ZNn[vn’ Yl
Flv, ¢¥] = = (6.30)

(X (o, ) Z(i(D;[wn])z)l/2

n=1 n=1

with

b
Nn[vn» Ynli= /O (U;,lﬁ,é + kﬁ Uan)yiady s

1

b 2
D [va]:= (/0 (vF +d*k; v,zl)y_(“"’y)dy) ,
b :
Dy [l = ( /O (v +ky w,%)y‘“"‘”dy) :

Fixing v(x, y), that is now fixing {v,(y) : n € N}, and using Cauchy-Schwarz’s
inequality in the form

o0

1 o o\ 1/2
= n
TR §<§(E)> . by>0, neN

n=1

we may estimate:

ZNn[Uns Ynl

n=1

A

<§:< nlon, ¥ >2>1/2

sup Nalon. ] . (6.31)
n ad n D n
{Yn:neN) (Z(D;Wn])z)l/z ot x/f [Vnl

n=1

Inequality (6.31) is in fact an equality as can be seen by a more careful consideration
that makes use of an optimal choice of the relative amplitudes of the ¥,. Let us
demonstrate this by just two terms. Replacing yr» by A i, one obtains

Nilvi, Y11+ Nafva, A 9]
sup  sup

72
{¥1.92) reRy ((Df[¢1])2+ (D;[A 1/f2])2)
_ Nilvi, 1l + A Na[va, Yo
= sup sup

12
{¥1.92) reRy ((pl—[l/,l])2 + Az(DZ_[lﬂz])2>

B < (Nl[vl, Wl])z (Nz[vz, %])2)1/2
=|\sup|\——) +tsup\——— ,
Y1 Dl (Y] Y2 Dz [¥2]
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as
ar+rap ar\?2 a2\ '?
Eﬁkwf+x%9”2:<<5> +(E>> ’
where w.l.o.g. we may assume a; > 0, ap > 0, by > 0, by > 0. Iterating this

argument yields (6.31) as equality.
Applying (6.31) as equality to (6.30) yields

inf sup  Flv, ¢l
VE€Hu+y () yeHy—y (0)

ZA/n[Uns Ynl

1 —
= inf sup n=l

" (n:neN) <§: (D,T[vn])z)l/z {¥n: neN} (i (Dn_[l//n])z)l/z

n=1 n=1 (632)

. < (D lwal) Nolva, ¥l \2\'"/?
%%d;iWH<ﬁWmmw»
m=1 "

Nalvn, wn
2 inf inf sup ————
neN Un oy D [va1 D, Wn

On the other hand, let ((vn, I/fn))neN be an optimizing sequence for the right-hand
side of (6.32). The sequence ((sn Un, S wn)) when inserted into F[-, -], clearly
satisfies

neN’

Flsnvn, Su¥u] = sup Flsyvn, ¥],
4

and hence demonstrates that

. vn ’ 1//11
inf sup Flv, ¥] < inf inf sup n—
vy neN vn D+[Un] D [1//11
Inequality (6.32) is thus an equality, too. By (6.2) this is the assertion (6.27). With
obvious modifications these arguments apply to (6.28) as well. O

6.3. A One-Dimensional Analytical Test Case

An especially simple one-dimensional problem is the x-independent case. It
allows a direct analytic solution of the min-max problem (see Appendix D). Here
we consider the corresponding Euler-Lagrange equations, which allow likewise
an analytic solution. This solution is useful to estimate the min-max value and its
dependence on the parameters also in the general case and, even more important, it
gives the decisive clue how to obtain the sufficient lower bounds in subsection 6.4.

Let us introduce new variables, viz.,

—(a+y)/2

wi=y Pry=y xi=y Pyi=y @2y (6.33)
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which by (3.12) have the advantage to be both in H&. In the x-independent case
system (6.17) then takes the form

Xﬁ_ﬁ+—ﬂ_x_fﬁ++nﬁ_xo:prdtjﬂ++nﬁ+w@
0 y 0 yz 0 yz ’

v By—B- , (B-+Dpy s B+ DB

() + Wy — y2 wo = HO[XO - T XO] .

(6.34)

A power ansatz of type

wo\ _ (a §
(X0>—<b)y, a, b, e R

is here successful and yields without difficulty 4 linear independent solutions:

N 5 (O\ 5 moBo \ g+t (2B-+1\ g4
(o) () i) ()

where By := B+ + - + 1. Implementing the boundary conditions
wo(bo) = xo(bo) =0,  wo(b1) = xo(b1) =0, 0=by<b

yields a homogeneous 4 x 4 system in the amplitudes, whose determinant must
vanish:

bPt 0 moBobftT g+ b
0 by @B+ 1bY o pobh !
bi% 0 b s+ npf!
0 b @B+ DB g pobf

=0. (6.35)

Equation (6.35) determines a unique nonnegative eigenvalue (g, viz.

p2 = <1 _ ( B+ — B- )2> (1 — (bo/by)P+HE-+1)?
’ B+ +B—+17 ) (1 = (bo/b1)?>P++1)(1 — (bo/by)?P-+1)
_ (1 (2 )2) (1= Go/b'*®) (1= o/bn™™) (636
1+« (1 — (bo/bl)l+ot+)’) (1 _ (bO/bl)H'a_V)
_1+»H1-B) -1 ~-B)

1 — BV 1-Bl-V
where in the last line we have set
- b\ 1+a
e ()
1+« b

As canberead off (6.36), 1o depends only on the ratio by /b1, which is in accordance
with the scaling property (6.8); B +> 1o is a monotonically increasing function
on [0, 1] taking its minimum value (1 — 572)1/ 2 at B = 0, which corresponds to an
interval that touches the origin or stretches up to infinity. 7 — 1 is a monotonically
decreasing function on [0, 0o) with ug = 1 at ¥ = 0 in accordance with (6.12).
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Fig. 6. jq versus y for o« = 0.39 and by /b1 = 0, 109, 10~%, 10~2 (from bottom to top)

Figure 6 shows curves po versus y for some ratios bo/b1; note that y > 1 4+ «
makes sense in the case that by/b; > 0.

Computing wg and xo explicitly we find up to positive factors and a global sign
the unique optimal pair

I+(a+y)/2 _ (1 _ BHV)(l

)1-‘:—(0!—)’)/2
by

wo = (1 — B)(by_l)
+B(1 - BV)(by_]
xo=(1- Bl—)7)<l>l+(a+)/)/2 - B)( y >1+(a7y)/2 ’

3

)—(Ot-i-y)/2

by by
> —(a=y)/2
p- ()"
by
with the remarkable property that wo and xo conicide in the limit B = O:
I+(a+y)/2 1+(a—y)/2
wo = (bl) _ (bl> =xo on (0,b1).  (637)
1 1

Note, by the way, that the uniqueness of the solution according to (6.24) implies
C. = no = C, for the x-independent versions of problems (6.2) and (6.3).

6.4. Lower Bounds on C. and EC

Lower bounds on C, and C, are obtained by replacing the maximizing function
by a test function leaving us with a pure minimization problem. When using the
“symmetrical” variables w and y, the test case of the preceeding subsection suggests
the kind of test function that yields sharp bounds — at least for large domains. Note,
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moreover, that differently to min-max values a pure minimum has the advantage to
depend monotonically on the domain.

Let us start with rewriting the functional (6.1) in the variables (6.33). The v-
related denominator then takes the form

1/2
DT [v]:= (/G (dd,v)* + (Byv)z)y_(““Ly)dxdy)

= (/G ((d dew)® + (8yw + B+ %)z)dxdy)

172

= ([ (mawr+ 5 (2) Jaxay) " = B,

where we made use of the notation S84 := (¢ £ y)/2 and 64 := B+ (B+ + 1). In the
last line we applied integration by parts. Similarly, one obtains

1/2

1/2
D[y]:= ( fG ((e dxy)* + (ayvf)Z)y‘(“‘”dxdy)

1/2

2 ~
= VexP+s_ (% dd) — Dy,
(fG(| % (y))xy [x]
N[U, W]=/ (axvaxl//"i_ayv ayW)y_adxdy
G

w ~
- / (Bwaox + (oyw + B+ =) (dyx + 8- 2 ) )dxdy = Nw, 11,
G y y
and hence,

Nw, x]

= Brwp g el

Flv, ¢; G]

In view of (6.37) we now replace x by w and obtain thus a lower bound on C:

C.(Ap) = inf sup  Flw, x: Al
weHy (AR) yeH! (A}

> inf Flwow ARl = inf - Flwowi ALl (638)

weH] (A}) weH} (AL)
= inf Flw,w;H]l = inf Flw,w;Q].
weHJ (H) weHJ (Q)

Here, in the last line we made use of the scaling property (6.8). As in subsection
6.2 the two-dimensional variational problem can be reduced to one dimension by
expanding w into the complete orthonormal system {s,(x) : n € N} with s,(x)
given by (6.26):

w(x,y) =D 50 () wa (). (6.39)

n=1
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Inserting (6.39) into D* 1] yields
DTl = (i/b d2k5w5+w;2+5+(ﬂ)2)dy>”z
<Z / (d2w2+w’2+3+( n)z)dz)l/z
L (SuEmy)”
o

where we have introduced the variables z _kn y and w,(z) :=w,(y). An ana-

logous calculation holds for D [w], whereas N [w, w] can be further simplified
by integration by parts:

with the abbreviation &y := B4 B— + (B+ + B-) /2. Using the elementary inequality
o
2o
> inf { b“”
(sz)l/z(z )1/2 n Cn

n=

:neN}, a, 20,b,>0,c¢, >0,

(6.38) can thus be further estimated as

Cc(Af) = inf Nwwl e ﬂ[—“i_]N
weH (@) DFH[w]D~[w] — neN @, enf (kb)) Dy [Wn] Dy [Wn]
. Nool[w]
inf P
eHy((0.00)) Doo[W] Doo[W]

1A%

\Y

where the index “oco” indicates the interval (0, co) of integration. Introducing the

ratios
ooN2 N2
w*dz (—) dz
Jo L N
) ’ i 4 00 ’
/ % dz / % dz
0 0

s =
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we obtain the final lower bound on CC(A;):

Co(Af) = inf f(s, 1), (6.40)
0<Ss <o
05t
with
14+s+4060t
[, 0= 2 12 2 172
(I+d%s +48, )V2(1 + €25 +45_1)1/
and

Sa=(@+1£y)?—1, So=(@+1>—y>—1.

Note that the range of 7 is restricted by inequality (3.5). The minimization in (6.40)
is elementary with minima obtained either at s = 0 or ¢+ = 1 (depending on the
parameters «, ¥, d, and ¢). Denoting this lower bound by LB = LB(w, y,d, e), it
obviously holds for C. (A+) as well and, moreover, for any R > 1.

According to (5.20), (5.21) this bound has to be compared with the “comparison
function”

22 lap — allos
l+a+y

Figure 7 displays the curves y +— LB(0.39, y,d, 1.2) ford = 1 and 0.1 together
with y > CF(0.39, y), where « and e have been fixed according to (5.3), (5.4),
and (5.18).

Ford = 1 the bounding curve lies strictly below the comparison function, for
d= O 1, however, a “y-window”opens up, where the lower bound LB on C, (A+)
and CC(A ) clearly exceeds its comparison values. Further lowering of d does not
improve LB in a significant way. Also shown in Fig. 7 is the exact x-independent
curve y > g in the limit B = 0, which coincides with LB(0.39, y, 0.1, 1.2) up
to y & 0.56; this is in accordance with the fact that up to this value the minimum
in (6.40) is taken at s = 0 and

f 0 ) y 2\1/2
in n=>0-(+=))""
0=r<1 A I+«
Above y &~ (.56 the minimum is located at t = 1.
To be definite let us fix y = 0.6 and d = 0.1. We then have the proposition:

CF(a,y):=

Proposition 6.4. Let
(a,y,d,e) =(0.39,0.6,0.1,1.2), (6.41)

then inequalities (5.20) and (5.21) are satisfied for any R > 1 and for the quantity
A from (5.22) holds the lower bound

A >0.027 > 0. (6.42)

Better lower bounds on C., C, can be obtained according to Proposition 6.2 by
a numerical evaluation of the Euler—Lagrange equations (6.17) (see Appendix E)
corroborating on one side the lower bound LB and demonstrating on the other side
that LB generally is not sharp.
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0.2 I I I I I I . I

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

Y

Fig. 7. The lower bound LB(«, y, d, e) with e = 1.2 and d = 1 (dashed line) or d = 0.1
(solid thin line) together with the comparison function CF (¢, y) (solid thick line) and the

exact x-independent curve o = (1 —(y/(+ (1[))2)1/2 (dotted line). @« = 0.39 has been
set throughout

7. Solution of Pg in Annuli

This section contains the proof of Theorem 2.1 based on Schauder’s fixed point
principle and the general solution of the linearized problem in Section 5.

The next proposition provides a suitable version of Schauder’s theorem (see
[S], p- 504, Theorem 4), which is often attributed to [23].

Proposition 7.1. (fixed point principle) Let T : B — B be a continuous, compact
(or completely continuous) mapping of the Banach space B into itself and let the
set

{ueB:u:)»Tuforsome)»e[O, 1]} (7.1
be bounded. Then, T has a fixed point uy € B, that is
Tuo =ug. (7.2)

In order to find a (nonlinear) mapping 7" suitable for our purpose let us fix the
parameters «, ¥, d, and e according to Proposition 6.4 such that conditions (5.11),
(6.6), (5.20), and (5.21) are satisfied for any R > 1. Let B:= L',p,(g(A;) with

Lys5(G):=clos(CP(G), |- y°llpo), GCH
and p and § yet to be fixed. With w € Ep’g(A;) and
a® = (a;[wp™ — Q], aplwp™® — Q] —a), (7.3)
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where a;[-] and a,[-] are given by (2.26), we solve Equation (5.2) and obtain by

Proposition 5.2 a solution v € fodly (A;g) with bound

V2 4r 2 K
v <25 < — 7.4
Va vllaty = Ad” 24y = <(y—a)(1+ot—)/)> Ad 7

The last inequality in (7.4) follows by condition (2.32) as in Lemma A.1. Supposing
that

1
st 2 (7.5)
2 p
we find by (3.22) that
MY (AR) C Lps5(A%) forany p>2. (7.6)
The mapping
T:Lys(A}) > Lps(A}), wrv (7.7)

is thus well defined and, moreover, continuous and compact.
To see the continuity of 7' let v and v be two solutions of Equation (5.2) with
(7.3) and

aY = (a;[@p‘“ —Q], ap[wp™ — Q] — a) ,
respectively, w and W € Ep,g(A;), /S CSO(A;), and Q € Hoqy—o (A;). The

difference of (5.2) for v and v reads

/ V(u—0) - Vipdpa+ / (Za%lwp™o—Q1-a®(ip ™" ~Q]) - Virdug
A AL NP P

R

Q e SO
:/N;(a[wp — Q] —alip —Q])Vl/fdfdﬂ”
R

or, after some rearrangement,

5 vV—10
/ (V(v — 9+ a%[wp~® — sz]) Ve dug
Ah P

8 ioQ .
- _/ (3 - p“)(a[wp-“ — Q] —a[@p ™ - Ql) - V¥ dug .
AL NP P

Using (5.12) on the left-hand side and estimating the right-hand side by Cauchy-
Schwarz’s and Holder’s inequality one obtains

B[U—5,W]§/

L Llw—=115/p"* = Q/pl VY] dpta
A

R

< Ll —@115/0" ~ Q/pl| .y, 19V lamy 7.8)

Sl —@)p~ 2,0 (1570 g0 + 182/2114,0) 1 Ve¥ la—y »
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where £+ 4+ L = % and L < 1 is some Lipschitz constant for a[-]. The critical step is
to find a bound on the parantheses in the last line. A bound on 2 is easy by (2.32):

2], = 3¢
p g0 —

Q p=2
= H <|ANT K. (1.9
p oo

A bound on v, however, requires the refined inequality (3.20) for “small ¢”:

v -
|5, o < €100 Blary (7.10)
provided that
at+y 6—gq 1 1 yv—«
l+a= + = = —2-- = p2 ,
*="3 2q 752 "6 P=y"4%

which means for the parameter set (6.41) that
p=29. (7.11)
By (7.4), inequality (7.8) may thus be rewritten as

Blv — v, ¥]

SCK ll(w—@)p @720, (7.12)
Ve lla—y P

where C denotes a constant depending on p, «, Y, d, e, and R. By approximation
(7.12) holds for any ¥ € M), (A}). In view of (7.12) and (7.5) we choose
é:=(a+y)/2in (7.6) and find by combination of (3.22), (5.19) with (5.22), and
(7.12):

(v —D)p= @2, 0 < CIVa (v — D laty

o~

c B[v—ﬁ,w]<cél(
— Su
A A

s < l(w —@)p~ @20,
020 IVeWllaey r

which implies continuity of T in £, (4y),2 (A}f).

To see the compactness of 7 it is sufficient to prove compactness of the em-
bedding (7.6). This, however, is equivalent to the well-known compact emded-
ding Hj(G) € L?(G) for bounded G C R*> and 1 £ p < oo. In fact, by
(3.12) we can conclude that a bounded sequence (v,) C Hg (A',g) implies bound-
edness of the sequence (v, p~ P2y ¢ HO1 (A‘Ig) and convergence of a sequence
(v p~P1%) LP(A;) is equivalent to convergence of (v,) C Ly g/2 (A“I;).

Finally, boundedness of the set (7.1) is immediate by (3.22) and (7.4):

lwp= @721, 0 < C |Va wllasy = C [Va O Tw)llasy

1 ~
~ 2
§C||Vdv||a+)/ s ((y_a)(“-ln—’i—a—)’)> il;

forany w € L, (a4y),2 (A}f) and any A € [0, 1] satisfying w = A Tw.
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The fixed point vy = wy according to Proposition 7.1 is a solution of Equation
(5.2) with

a®:=(as[vop™" — Q1. aplvop™ — Q] — ),

hence uq :=vpp ¢ is a solution of the (nonlinear) equation (2.31) in AT, and by
antisymmetric continuation in Ag.

The bound (2.33) follows by (5.24), (6.41), (6.42), and (7.4). Note that this
bound depends (besides the in (6.41) fixed parameters) on K but not on R. This
together with Proposition 4.1 concludes the proof of Theorem 2.1.

8. Solution of Pg in the Exterior Plane

The construction of solutions in the last section heavily depended on estimates
that involved the diameter R of the underlying domain, the bound (2.33), however,
does not (see the discussion at the very end of the preceeding section). This allows us
to construct the solution of problem Pg (A ) by suitably manipulating a sequence
of solutions on Ag with R — 00, and to prove this way Theorem 2.2.

More precisely let 2, := Q|An forn € N\ {1} and Q € L*(Ay) satisfying
the bound (2.32) for some K > 0. By Theorem 2.1 we then have a sequence of
solutions (u,) C Hol,as(An) of the problems Pq, (A,), n € N\ {1}, with bounds

IVuallg V€, neN\{1). 8.1)

Restricting u, onto A, the sequence (u,|4,)nen\(1} is bounded by (8.1). There
is thus a subsequence (7)) c N such that (unlgl)l A2)i oy coverges weakly to
some uM € ‘Hp(A2) with bound ||Vu(1)||,g < JC. Applying this argument
to the sequence (ung) | A3)ieN one obtains a further subsequence (n®) c (nM)
such that (”n@l 43);eny CONverges weakly to some u® € Hg(A3) with bound

Vu® | g = V/C. Repeating this process one obtains a sequence ((n(k))) reny Of
sequences with each element being a subsequence of its predecessor. Let n,(ck) de-
note the kth element of the subsequence (n(k)) and (n,(ck))keN =: n* the diagonal
sequence. By construction we have (n;k)izk C (n(k)) and hence

IV-lls

——u"’ € Hg(A1qx) forany k € N (8.2)

Atk 5 00

Up?
with
IVu® g <VC, keN. (8.3)
Asu®]4,., = u® forany I < k, the definition
u:Asx — R, u|A|+k:=u(k), keN

is unique and yields by (8.3) a function € Hg(A) C Hlloc,as(Aoo) with bound
(2.35).
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In order to see that u satisfies Equation (2.31) in A recall that by antisymmetry
it is enough to satisfy (2.31) in A%. So, let ¢ € C(‘)’O(Ago) and [ € N\ {1} such
that in fact y € C3° (Al+). For Un* then holds

U, *

/ Vu, - Virdedp +/ " afu,s — Q1 Vi dedp

Af ! AP P !

l Q ! (8.4)
= / —afu,;» — Q]-Vydedp.
Af P !

Letting i — oo the passage to u in the first term on the left-hand side of (8.4) is
justified by weak convergence. For the other two terms recall that by compactness
weak convergence in HOl (Al"’) implies strong convergence in Lz(Al"’). Therefore,
by the estimate

‘/ (Wrﬂ%f—ﬂy—ﬁﬂu—ﬂﬂ~vw®d4
AF NP ! p

vy
</, (|un;f| |afu,s — Q1 —alu — Q1| + lalu — Q| [, — u|>‘7‘dgdp
Al
= M L g lo lutny = wllo + M2 |AS 12 = ulo

where L denotes a Lipschitz constant fora[-] and M abound on |Vyr/p|insupp ¥ €
Al+, the passage to u in the second term on the left-hand side is justified, too, and a
similar argument applies to the right-hand side. This together with Proposition 4.2
concludes the proof of Theorem 2.2.

9. Solution of the Signed Direction Problem Without Zeroes on the
Symmetry Axis

In this section we prove Theorems 2.3 and 2.4 (with the stated restriction),
which contain the solution of the axisymmetric signed direction problem (1.1) in
spherical shells and in exterior space, respectively, by applying the results gathered
so far and formulated essentially in Theorems 2.1 and 2.2 and the Appendices A and
B. This application is straight forward; only to establish continuity of the solution
up to the boundary requires some additional considerations.

To apply Theorem 2.1 let R > 1 and let D and D be continuous symmetric
direction fields with rotation numbers ro and 70 along the boundaries S; and Sg
of the annulus A, respectively. Let ro = 70 2 2 and ro — 70 be an even number
(including zero). Let, furthermore, {z1, ..., Z,—7} be a symmetric set of points in
A g, which do not lie on the symmetry axis.’ By (A.6) the associated zero-positions
angle W then satisfies condition (2.32). By (2.20) and (2.21), direction fields D
and D, which satisfy the axis condition (2.36) give rise to boundary functions ¢
and a)\, respectively, that satisfy (B.1). By (B.3) the harmonic interpolation & then
satisfies condition (2.32) as well. By Theorem 2.1 we thus obtain a weak solution

9 In the case ro — 7 = 0 the set is empty.
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u e H()l,us (Ag) of Equation (2.24), which implies a weak solutiong = u + ® €
HalS (AR) of Equation (2.19). Given ¢, the function p is determined by (2.22) up to

a constant pg. In fact, writing (2.22) in Cartesian coordinates in the form
sin(g — V) g — W

qg—Vv p

cos(q—V¥)—1qg—V
d,p=—0 ,
o P ¢q+ q— v P

’

9.1)

we find by (3.5) the right-hand side in L?(AR). The integrability condition for (9.1)
is just (2.19), which takes the weak form

_cos(q—lll)—l q—Vv
/AR{I:B{Q q—Vv P ]8{1#

sing = W) ¢ = \p]apw}dg‘dp —0

+[8p q+ _
for any ¥y € C3°(Ag). We obtain thus a symmetric function p € H '(Ag) that
solves (2.22) (see, for example, [7], Lemma 1.1, p. 101, and corollary 4.1, p. 53).
Inserting /1 as given by (2.16) and g = (p+ig)/2into (2.15) then yields a symmetric
weak solution f € H'(Ag) of Equation (2.9) with boundary condition (2.14),
which by (2.8) is equivalent to an axisymmetric magnetic field (B,, B;) satisfying
(2.1) almost everywhere in Ag. To obtain higher (interior) regularity let us switch
from cylindrical to Cartesian coordinates in R3. The field

Bc:=(Bi, B2, B3) := (B, cosf, B, sin6, B;) € (H'(SSx))’
then satisfies the system
VxBc=0, V-Bc=0 almost everywhere in SSg ,

where SSg denotes the spherical shell Bg \ Bi C R? corresponding to Agr C RZ.
By the vector analysis identity

3
/VXBC~VX1//dv+/V-BCV~1/fdv=Z/ VB; -V, dv,
D D i1 /D

where ¥ = (Y1, ¥, ¥3) € (CSO(D))3, one finds each component to be a weakly
harmonic and hence harmonic function in SSg. B; and hence B; and B, are thus
smooth functions in their respective domains.

Improved boundary regularity, in particular B € C(Ag), needs some more
subtle arguments, which in part are specific for two dimensions. As to the variable
q we rely on a boundary-regularity theorem asserting Holder continuity of a weak
solution up to the boundary provided that the boundary values themselves satisfy
a Holder condition ([17], Theorem 14.1, p. 201f.). For this purpose let us write
Equation (2.19) in the form

1 1
Aq = 0= (coslg — W) = 1)) = 8, (= sin(g — W)} =: 8 F; + 8, F,
P p
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Fig. 8. A'}g . and the curved boundary components S i" . and S; R

with bounded F on AF, _:
|Fy | : | Fpl :
< -, < —.
¢ & P &

Here, A',;g = A;“ N {p > €} denotes that part of AT, which has a distance & > 0
to the symmetry axis, and S ﬁe and S; . denote the corresponding curved boundary
components (see Fig. 8).

The direction fields D and D are now assumed to be of Holder class CO-# (S1)
and COB(Sg), respectively, for some 0 < B < < 1, which implies the boundary
functions ¢ and qb to be of the same class. By g — & € H0 (AR) we thus have

trace = s trace = n .
q |5ﬁ€ ¢|Srs ql 5;’8 ¢|S}§,S

To this situation the boundary-regularity theorem may be applied asserting g €
CE*"‘(A;L_A) for some 0 < o < 1, which depends on &, R, ||g]lo, and B, ||¢|lc0.s,
l¢ ]l co.s. This implies, in particular, continuous assumption of the boundary values
on Sta U S,}L’s for any ¢ > 0, and hence on S1+ U S;.

This argument does not apply to p since a-priori no boundary values are pre-
scribed for this quantity. However, according to the governing equations for p,
Equations (9.1), the variables p and g are complex conjugate variables up to a (in
A;’ ) bounded “perturbation”. Without this perturbation Privaloff’s theorem guar-
antees uniform Holder continuity of both variables in a disc if only one variable
takes continuously boundary values that are in some Holder class at the boundary
(see [2], p- 279 or [13], Lemma 2.4). In order to take advantage of Privaloft’s theo-
rem the following representation theorem (slightly adapted to our needs) is useful
(see [3] or [2], p. 259).

Theorem 9.1. (Bers and Nirenberg) Let G C Bgr C C and let w € H'(G) be a
solution of the equation

Zw =y almost everywhere in G 9.2)
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with y € L°°(G). Then w has the representation
w(z,2) = f(z) +50(z,2) in G, 9.3)

where f is complex analytic in G and where sq is uniformly Holder continuous in
Bg and real on Sg.

With
Nz:=¢, [Bzi=p, RNw:=p, Sw:=q, Ry:=F,, Jy:=F,
Equations (9.1) are clearly of type (9.2) in G := A}, Roe/2> . 3) then yields, on S} R
g, = Swlsy, =3/ sg-
X f is thus of class C%% on S;s and even analytic on (say) 8(A ) \ SR > Where
X;’gzz{(g,p) e H: (1+8)2 < §2+/o2 < R?, P >£}.
Applying Privaloff’s theorem on f in the Lipschitz-domain!? Z; . yields f €
CO*“(Z;F’E), which implies, in particular,
p=NRw=NR[f+ N

to be Holder continuous up to the boundary component S; .- To see continuity up

to the other boundary component Sffg let us apply the inversion z +— % to (9.2),
which yields an equation of the same type in the inverted half-annulus

‘ZI_/R,I ={¢.peH: (I/R* <>+ p* <1, p< 0}

with outer boundary S§;". The above argument can thus be repeated establishing,
finally, continuity of p up to the boundary § {F U S;.

Concerning uniqueness let us remind that the number of zeroes is fixed by
(2.6) for any solution f of problem PB,ﬁ(A Rr). Two solutions f and f, with the

same boundary direction fields D¢ and D¢ and the same set of zeroes are thus
represented by u; = q; — ® and up = g — @ satisfying (2.25) with the same
boundary function ® and zero-positions angle W, and hence the same Q = ¥ — &.
According to Proposition 4.1 there is u; = u> and the only nonuniqueness left is
due to pg, which in (9.1) remains free. Therefore, f; and f> differ by the positive
factor eP0/2_ This proves Theorem 2.3 in the case of no zeroes lying on the symmetry
axis.

With some obvious modifications all these arguments work in the unbounded
case as well: 70 + 1 has to be replaced by the exact decay order 8, D and ¢ can
be discarded, and H, 1 ,(Ap) is replaced by Hl oc.as (Aso), existence and uniqueness
of ¢ then follow from Theorem 2.2 and Proposmon 4.2, p is again determined
by Equations (9.1), and all the regularity arguments, local in character, apply to
the unbounded case as well. This proves Theorem 2.4 (again with the mentioned
restriction on the zeroes).

10 By a conformal transformation with Lipschitz-continuous extension on the boundary,
A; ¢ 18 equivalent to a disc.
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10. Zeroes on the Symmetry Axis

Zeroes on the symmetry axis are so far excluded. Overcoming this restriction
by continuous deformation of known solutions is the subject of this section.

Let us start with alemma on a general invariance property of the rotation number
that is tailored to our needs (see, for example, [11], Theorem 3 or [13], Lemma
3.2).

Lemma 10.1. (deformation invariance) Let B be a continuous vector field on
Ag x I, where ) varies in the closed interval I. Let B, # 0 on SgxI, 1< RS R,
and let 10;, be the rotation number of By, along Si. Then, 105 = const =: 7o for
any A € 1.

In the case that B;, is a harmonic vector field in Ag or A, by (2.6) and (2.7) we can
draw from Lemma 10.1 some consequences, which in a somewhat lax formulation
can be summarized as follows:

(1) In the case that By |(s,usz)x1 7 0, zeroes of B, can shift with A, can split or
coalesce, but they can never spring up or vanishin Ag.

(ii) If a zero with index —n, n € N, crosses Sz, 1 < R < R, at (say) A = Ao,
according to (2.6), 70, jumps at Ag by +n in the case of “emigration” and by —n
in the case of “immigration” into A .

(iii) In A zeroes can vanish at infinity or originate from infinity at (say) A = Ag;
according to (2.7) the exact decay order § increases or decreases at Ao according to
the index of the zero.

(iv) If 7o is fixed (as is the case in the direction problem for ro along S| and
7o along Sg), zeroes cannot cross S # (cannot originate or vanish at Sy or Sg).
However, zeroes can migrate from Ag onto S; (or Sg), split there and migrate as
“border zeroes” along S (or Sg), and they can coalesce again and reenter into Ag
(see Appendix E for a (two-dimensional) example of this behaviour).

In the following we denote by

B=B =B[z1.....2, 5]

the unique solutions of problem Pp(A) according to Theorem 2.4 with rotation
number 7o, exact decay order §, and zeroes 71, . . which do not lie on the
symmetry axis. In particular, let

< Lpp—§+10
Bl....z.7]. B[...%Z], B2

be three solutions of Pp(As) with ro — § — 1 common zeroes indicated by “...”
and, additionally, the simple zeroes z, 7 in the first case and Z, Z in the second case.
Let By = B(,\ b be the linear combination

B, =B’ + 1B+ AB%2:

let, furthermore, zs = ¢s and zg = ZS be two positions on the symmetry axis in
Ao, and let c5_, and C5_, be the leading coefficients in the representation (2.5) of

B® and I~3‘§, respectively.
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For 7 # 7 the fields BS, I~$‘§, and B2 are clearly linearly independent and the
linear systems (in the variables A, A, 1)

Bra(¢s.0) =0, Ac; ,+Aié5,=0 (10.1)
and

Ba(ls,0)=0,  Bra(Zs,00=0 (10.2)

have each up to (for the present arbitrary) factors unique solutions A and A such
that By, has the ro — 8 — 1 common zeroes outside the symmetry axis and the
simple zero zs on the symmetry axis, and By, has, besides the common zeroes, the
simple zeroes zg and Zg on the symmetry axis. Note that by (10.1); By, has the
decay order §+1,and by (10.1), and (2.7) this decay order is exact.

There is one question left open: Do By , satisfy the boundary condition By, , [,
= ay,» D for some positive amplitudes a;,»? A-priori the linear combinations By, ,
can have additional zeroes on S;. To refute this presumption let & — A(®), u €
[0, 1] be a continuous path in A-space connecting A = (1,0,0) with A1; u —
Bj () is thus a continuous deformation of By ) = B°[...,z,Z] with final state

By = BiTl [..., zs]. During the deformation the common zeroes remain fixed,
whereas z, z will move. They can possibly enter S; and leave again; finally, however,
one zero migrates to zg, whereas the other vanishes at infinity. Additional zeroes
cannot emerge, neither from S} (see (iv)) nor from infinity (see (iii)!"). Therefore,
By, |s, # 0, that is, By, is a signed solution of the direction problem. A similar
argument applies to By,, which is thus a signed solution of the direction problem,
too.

Further zeroes can be shifted to the symmetry axis just by repeating the proce-
dure with solutions, which possess already common zeroes on the symmetry axis.
In the case that 7o —§ 4+ 1 = v is even, this way all zeroes can be shifted to arbitrary
positions at the symmetry axis. In the case that ro — § + 1 = v is odd, one simply
solves the direction problem with § — 1 instead of §; we are then again in the even
case and solution of the system (10.1) provides us with a field that has an odd
number of zeroes on the symmetry axis, an even number = 0 of zeroes outside,
and the original exact decay order §.

In the case of a bounded domain Ag, solutions of type (10.2) still exist, that
is, an even number of zeroes can likewise be shifted to the symmetry axis; (10.1),
however, does no longer work: zeroes cannot be expelled from Ag with its fixed
direction fields at the boundaries S| and Sg (see (iv)).

In conclusion, these remarks remove the limitation in Theorems 2.3 and 2.4 we
had to impose in Section 9.

11. The Unsigned Direction Problem

This concluding section discusses the unsigned direction problem, its relation
to the signed problem, and proves, in particular, Theorem 2.5.

11" Observe that by construction the decay order of By () cannot fall below 5.
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Let us start with recalling some definitions given in Section 2: S% means the set
of all solutions of the signed direction problem PIS) (Aso) with direction field D and
exact decay order § and L% means the linear space of all solutions of the unsigned
problem Pp(Ax) with decay order §. Taking arbitrary linear combinations does
clearly not respect the positivity of the amplitude function nor the exact decay order,
but it respects the boundary condition up to a (locally varying) sign and the decay
order. When taking only positive linear combinations, which defines a cone in L2,
positivity of the amplitude and decay order are preserved, exactness of the decay
order, however, can get lost. The set C% of all solutions of PB(AOO) with decay
order § is of this type.

The proof of Theorem 2.5 is based on the following relations between these
sets:

= U . (11.1)
8§(§§m+1

5 [(C)) ifro=8—1

LD_{ 0} if2<mw<s-1" (11.2)

S5 (s  for3<8<d<ro+1, (11.3)

dim(S) =m0 —6+2 f3<6<ro+1. (11.4)

Here ro denotes again the rotation number of D and (S) the real linear span of the
set S.

(11.1) is obvious by definition and (2.7).

As to (11.2): Let ro = § — 1. To prove the nontrivial inclusion Lis) C (Cg),
let B € L) with B|s, = aD and a € C(S)). By Theorem 2.4 we have CJ) # 0.
Let B € C)) with B| s; = aD and continuous @ > 0. Choosing A > 0 such that
a + Aa > 0on S, we have

B,:=B+iBecC),
which implies, for B the representation,
B=B, - B,

thatis, B € (C})).
Inthecase2 < ro <8 —11etB € Lis) and let B*! be the unique solution

€ Sﬁ’“. Choose as above A > 0 such thata + Xa > Oon S;. Then,byro+1 < §
the linear combination

pro+l _. +1
B+ Bt = BP

has exact decay order ro + 1, that is, we find B§”+1 €Sy *1 as well. By uniqueness
we have BT“ = uB™*! for some u > 0, which implies B = (u — A)B™*L.
Thus, either B has the exact decay order ro + 1, which contradicts B € L‘IS) with
§>ro+1,orB=0,hence L, = {0}.
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As to (11.3): Choose arbitrary B ¢ S{), i = 4§,...,r0 + 1; then, the set
S:={B' : 8 <i < ro+ 1}is linearly independent as the B! differ pairwise by their
asymptotic terms in the representation (2.5). Defining

BS:=B' +B’,

the set S := {]~3i : 8 < i < ro+ 1} is likewise linearly independent and, moreover,
we have S C S]‘S). To prove (11.3) we show that any B’ Sis) forany § < §<r+l
has a representation in S:

ro+1
=Y uB), eR. (11.5)
As BS has exact decay order § and precisely ro — S+1 ZeTOeS, SAY Z1, - - -5 Zyy 5415

the A; have to satisfy the following linear system of equations:

ro+1
> AiBl@) =0, n=1..ro-5+1,

ro+1

D hiéin=0, §<n
i=48

Here ¢; 5 is the coefficient ¢, in the representation (2.5) of ﬁf These (ro —§ + 1) +
(3 — §) = ro — & + 1 equations for ro — § + 2 unknowns have always a nontrivial
solution, say {u; : 8§ <i < ro+ 1}. Let

[IA

§—1.

ro+1

=Y wh.
i=48

If B5| s; 7 0 either BS or —B® belongs to S5 and has, moreover, the same zeroes
as B, By uniqueness we thus have B’ =p B‘S with u # 0, that is, (11.5) holds. If
B’S has zeroes on S| consider

B =B + B’
with A > 0 such that Iv3‘§|5l # 0, that is, B’ e ng). Again by uniqueness we find
B = uB — (1—unB =B’

with £ > 0 and hence 1 — X # 0, that is, (11.5) holds again.

As to (11.4): This is an immediate consequence of the preceedmg arguments:
the set S is linearly independent by construction and generates SD according to
(11.5). S with its 70 — & + 2 elements is thus a basis of 55

The proof of Theorem 2.5 now follows by (11.1)— (11 4) and the following
concluding remark.
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Remark. Inthe “trivial case” § > ro+ 1, the condition ro = 2 as stated in (11.2), is
not necessary; the argument given there, however, must be altered. Equation (2.7)
holds in fact for any ro € Z, which implies immediately st) = (). To prove L‘SD =0
assume 0 # B € L%, which then has necessarily zeroes on S;. Let ¢ > 0 such that
B # 0 on By, \ By and compare ro with the rotation number ro. of B along S} .
For ¢ — 0, ro, remains constant; however, it will differ from ro by —% x number
of sign reversals of B along S; (for an illustration see Fig. 14). Thus, ro, < ro and
applying (2.7) on B in R?\ By yields a contradiction. The assumption B # 0 has
thus to be dismissed.
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A. The Zero-Positions Angle W

Let us write the analytic function (2.16) in the form

~

N
h(z)y=2z"" l_[(z -z —Zp)=27""
n=1 n=l ' (A1)

—=
—
P
|
N‘é\]
~—~—
—
[
|
N‘é\]
~—~

ro—rmw=2N, NeNy

with points {z1, ..., 25} C A;ro, which satisty, in particular, Iz, = p; > 0. Decomposing
h/ h into real and imaginary parts one obtains

=U(§, p)+lw(;7 p)v (;7 p) € AOO (A‘2)

S

with
72432 72 _ 32
W+ h h>—h 5,
T AT TR A
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Fig. 9. Lines of discontinuity of W for ro =70 =2

We now define

w(¢, p)

, A4
v(¢, p) (A4)

W (¢, p):= arctan

where arctan means the principal branch of the inverse tan function with arctan O = 0. This
definition resolves the ambiguity in the choice of W and fixes the discontinuities of W at the
zeroes of v. Let us illustrate this by the special case hg = z~'°. With z = re'? one obtains

i .

h—o = %09 — cos2r0 ¢ + i sin2r0 ¢
0

and hence,

\TJO = arctan(tan 2ro ¢) ;

lTlo jumps by 7 along all rays with angles ¢, = 4”% (1 4 2v), where v is an integer and
v € (=, 7) (see Fig. 9).1? B B
Moreover, by the reflection symmetry Wo (-, 7 — ¢) = —Wo(-, ) and the estimate ¢ <

% sin ¢ on [0, 7r/2], one finds the estimate
[ToC, @) < rolsing| in Ap. (A.5)

According to the following lemma inequality (A.5) (and some consequences) hold for general
.

Lemma A.1. Let V as given by (A.1)—(A.4). Then the following inequalities hold:

W, @) S K [sing| in Asc, (A.6)

W(,p)/pl S K in A, (A7)
27rK2

W2 @B qrdp< 2 1 A.8

fAm P Cdp S L 0<f< (A.8)

for some K > 0.

12 Recall that tilde denotes dependence on polar coordinates:
W (r, @) :=W(rcos g, rsin @).
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@
A 4
Rl--® / Ao
o
A "/
2// *Zl
1 /
0 A ——>p
. *Z,
S
A2 N *23
A
> \
- \
A g,

Fig. 10. The decomposition AT =A1UAU Az

Proof. Inequality (A.7) is an immediate consequence of (A.6):
W (., p)/pl = 18(r, @)/rsing] SK/r <K in As,
and (A.8) follows by integration:

S Rl X))
w2 5= @+B) grd :2/ / " drd
/Aw P Co=2) ) T g Y

oo 71/2 2 K2
< 41<2/ r= 1) gy / sing| Pdp < .
1 0 B —p)
Here we made use of sing > 2¢ /7 on [0, 7/2].

It remains to prove (A.6). For this purpose we decompose A& into wedge-type components
A1 U Ay U Az with

AI::{(r,<p):1<r<OO, (/J()§<P§7T_¢’O},
Ay:={(r.¢): 1 <r <R, 0 <sing <singp},
A3::{(r,<p):r§ﬁ, 0<sin(p<sin(p0}

(see Fig. 10).
Here R (and ¢) are chosen such that

~ 1 8e 1
R > — max |zp],

£ 1SS =3 “2cn) " (&.9)

where C(N) is some combinatorial constant that appears in inequality (A.12). Note that by
(A.3) v(¢, p) and w(¢, p) are real analytic functions in a neighbourhood of the symmetry
axis {p = 0} with v(-, 0) = 1 and w(-, 0) = 0. ¢( can thus be chosen such that v > 1/2 and
lw| £ ¢ pin Ay for some ¢ > 0. Moreover, it is assumed that

00 < — . (A.10)

8710

Under these conditions, inequality (A.6) then holds trivially in A1 U Aj:
T

W(, )| < o
sin ¢q

sing in Ay,

~ w ~
[Te.pl < — S2Rsing in Ay,
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For A3 we need a more careful consideration. Let

. (1= (zn/2))(1 = @n/2))
"= @/0) (1 - @)’

n=1,...,N.

Byz = rel?, zy = rpé¥n, gn may be expressed as

1 =2 (rp/r)e'® cosgn + (rn/r)2 o2
1= 2(rn/r) =% cos gy + (rn/r)% e=2i¢
— 14 —4 (ry/r) sin (p'cos @n —I—Z(rn/r)2 sin 2fp
L —2(ry/r)e" % cos gy + (rp/r)2 e 29"

&n =

which allows, by (A.9), the estimate

8
lgn — 1] £ —=
1 -3¢

sing =nsing.

By (A.11) and the abbreviation 8¢/(1 — 3¢) =: n it follows for g := ]_[,11\/:1 gn:

N

]_[gﬁ—l‘Z

n=1

1
< @nsing+ DN — 1 < C(N) psing < 5 sing <

ey — 1] =

N
[](@n—Den+D+1)—1
n=1 |

2

and, furthermore,

> .
& l‘g (1/2)sing _
gy +1

1
sing < 3

1
2—-1/2 3
Expressing now w/v by gy, using at that (A.1) and (A.3), one obtains

N L e S s

= 1 — = —1 T~
v (h/h)2 +1 e4zr0gag12v +1

(@} + Dsin2p —i (g3 — Dcos2ig

T (gh + Deos2 e +i (g5 — Dsin2ig

a2 —i(gy — D/@k + 1)
I +itan2/¢ (g% — 1)/(g% +1)

389

(A.11)

(A.12)

(A.13)

(A.14)

Combining (A.4), (A.13), and (A.14) yields, finally, the desired estimate for W in A3:

tan 270 ¢ + (1/3) sing
1—(1/3)tan2r0 ¢

w 3 1
e <3 Iy
|\11|:‘v’: :2(2J§ro+3)s1n<p,

where in the last estimate we made use of (A.10).
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B. Harmonic Interpolation of the Boundary Data

The solution of the Dirichlet problem in bounded domains with regular boundary for con-
tinuous boundary data is a standard problem (see, for example, [8], p. 26). The only not
quite standard issue is antisymmetry and some estimates related to it. We summarize useful
properties in the following proposition:

Proposition B.1. Let ¢ and (}5 1 [—7m, 7] — R be continuous, antisymmetric functions with
¢(—m) = ¢ () and axis condition

¢(p) = 0(p) for ¢ — 0, @ —9)=0(p) for ¢ O (B.1)

and analogously for 3 Then there is a unique antisymmetric solution ® € C 2(A R)NC(AR)
of the Dirichlet problem

B)es, S5 =3, } B2
which, moreover, satisfies the estimates
[BC.9) < K |sing| in AR, (B.3)
|, p)/pl =K in Ag, (B.4)
/ ~CH+B) drdp < 27K? 0<pB<l (B.5)
AR ﬁ(l B’

Jor some K > 0, which does not depend on R. 13
Proof. Let @ be the unique solution of the Dirichlet problem

APt =0 in A},

(L p)=d(@), dT(R.¢)=d(p) for 0S¢ <7,
O (r,00 =0 (1) =0 for 1 <r <R

in the half-annulus A; :=Ag N {p > 0} with continuous boundary data on the regular
boundary 8A'£. By antisymmetric continuation onto A g one obtains a function that is har-

monic in A'}é U AE and, by means of the mean-value characterization of harmonic functions,
in fact in A g. This is the asserted antisymmetric solution of (B.2).

The bound (B.3) holds by (B.1) on the boundaries S; and Sg with some constant K > 0.
To extend this bound onto A g consider the comparison function

6+(r,<p): K ( —|—R)sin(p,
1+R
which satisfies the Dirichlet problem
AT =0 in Af,
3 (1,0) =B (R, ¢) = Ksing for 0S¢ <7,

3T 0) =3 T (nm) =0 for 1<r<R.

J3 Recall that tilde denotes dependence on polar coordinates:
D(r, @) := D (r cos @, r sin @).
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Applying the maximum principle to ot F 3 then yields

K
+ < . < . . +
[@T (r, )| = 7+R(r+ )51n<p:Ksm<p in Ay,

which is (B.3). (B.4) and (B.5) follow from (B.3) as in Appendix A. m]

Analogous results hold in the unbounded case, which by Kelvin’s transformation (see, for
example, [1], p. 54f) can be reduced to a bounded problem.

Proposition B.2. Let ¢ : [—m, 7] — R be a continuous, antisymmetric function with
¢(—m) = ¢ () and axis condition (B.1). Then there is a unique antisymmetric solution
[ONS CZ(AOO) N C(Axo) of the exterior Dirichlet problem

AP =0 in A,

O, )=¢, |®r, ) —0 forr— oo,

which, moreover, satisfies the estimates (B.3)—(B.5) (with AR replaced by Ao ) for some
K > 0.

Proof. The most simple way to obtain a solution of the asserted kind is to solve again a
bounded problem, viz.,

ACI>/+ =0 in Bf»,
P (1,9) = —¢(p) for 0S¢ <
(0= (r,7)=0 for0<r <1,

to continue the solution ®’T antisymmetrically onto By, and to reflect &’ by Kelvin’s trans-
formation into Aso. The estimates (B.3)— (B.5) are proved as in the bounded case, where

= (K /r) sin ¢ is a suitable comparison function in A+ O

C. Proof of the Generalized Lax-Milgram Criterion

The proof of Proposition 5.1 is an exercise in standard functional analysis and is given here

for completeness.

Fixing some u € B3 in the bilinear form B(-, -) yields a linear form on B. The mapping
A:B—>B, uw— Bu,)

is thus well defined with Au acting on B according to

(Au,u) = B(u,u) forany u € B. (C.1)

This mapping is bounded by (C.1), (5.6), and (5.5):

B(u, it)
lAullz = sup SKlulp.
ocicB IAllgE
and injective by (5.7):
B(u, ut)
lAullz = sup Zcllullg- (C.2)

ozicB N3
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The range A(B) of A is thus a closed set.

In order to prove A(B) = B’ let us assume AB) & CR. According to a well-known conse-
quence of Hahn-Banach’s principle there is a nontr1v1al functional Fj € (B’ ) vamshmg on
A(B) (see, for example, [16], p. 135). By reflexivity of B, Fy is associated to some i € B
such that

(Fo, f) = (f. ug) forany f € B (C.3)
By || Foll 5, # 0 and (C.3), we find for i

0<lFolg = sup 0L gy WHO oz (C.4)

oirei Vg oirep 1715

On the other hand, by F0|A(B) =0 and (C.1) we have for any u € B:
0 = (Fp, Au) = (Au, ug) = B(u, ug) ,
and hence, by (5.8),
liollz = 0.

which contradicts (C.4).
A : B — B'is thus an isomorphism, which guarantees the unique solvability of the equation

Au=f,

which by (C.1) is equivalent to Equation (5.9). Finally, the estimate (5.10) follows from
(C.2). O

D. The x-independent min-max problem

We give here a direct (that is without use of Euler—-Lagrange techniques) solution of the
min-max problem (6.1), (6.2) corroborating the result (6.36).
In the x-independent case problem (6.1), (6.2) in the interval (bg, b1) reads

inf sup Folv, ¥] = D.1)
v7#0 20
with
bl / /., —o
A vty Cdy
Folv. ¥1:=— 0 (D.2)
1 B 12, b o 1/2
(/ o2y (a+y)dy> (/ §'2 e y)dy>
bo bo
and
y @Iy e Hy((bo. b)),y T2y € Hy((bo. b)) (D.3)

(D.2) may be simplified by the substitution (y/b1)l+°‘ =: z; Fo then takes the form

1
/ % ‘l’/ dz
B (D.4)

(/Bl U/ZZ_7d2>]/2(/: 1///zzfdz)l/z

Folv, ¥]:=
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with ¥ :=y /(1 +a) and B := (bo/b; Yo and prime denoting derivation with respect to z.
To determine the maximizing ¥ for given v let us estimate the numerator in (D.4) in the

form
1 1 1 - 3 1 ~ 3
/ v'y'dz :/ W +C)y'dz £ (/ (v’—l—C)zz*ydz) </ w/zzydz> ,(D.5)
B B B B

where we made use of the boundary conditions on . The maximum is reached if (D.5) is
an equality, that is

TRy =320 )

with some A € R. Given v with z77/2 v € Hol((B, 1)), which corresponds to (D.3),, the
choice

1 - 1—5 1 -
o / ==V a4z o 14 /o~y
Yvl(2) -—)»/Z W+0z7Vdz, C:= T 5= —31—7/3 vVz7Vdz  (D.6)

is admissible, that is 1’7/2 Ylv] e HO1 (B, 1)).]4 Inserting (D.6) into (D.5) yields

1

1 1

/Bv’xp’dz /Bv/t//[v]’dz | NN
_ _ / -y

51712) o an i o 1/2—(/;(U+C)z dz)
(/ vz dz) (/ vl 2 dz) ,
B B

1 N 11— 1 2\ 2
_ 12, ~V4,_ "V .~
(/B T o i ([ v dZ))

and hence,

1 ~ \2

s 1

(1 17 (fB vz dz) )j
1 - BI-7 lu’zz_de

1 B B 5 D.7)

~ ( V'Y dz) 1

11—y B 2

=(1- =~ sup .

1-Bl-V

1 ~
#0 /U’Zz_ydz
B

Similarly, using the boundary conditions on v, we can estimate

L U _
/ vz TV dz = / VTV (V2 — Y P)de
B B

inf sup Folv, ¥] = inf
v#£0 v,#po v#£0

L N\ 1— BT Ji—pryy PP
g(/ v z*de> <7~ -2C1-B)+C* ——— ) )
B 1=y L+y
Choosing C:=(1 — B)(1 +y)/(1 — 317}7), (D.8) implies
1 ~ \2
(f ve7e) 7
vV Z Z 1— ~
1-B'77 1
sup —2B < _ _g-pr Y (D.9)
v£0 1 2 % 1—y 1 — BI+V
/ v 77V dz
B

14 1n the case that B = 0, y < 11is assumed.
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and the admissible function
1-B

1+y
S
1—B‘+V( 2)

vo:=1—2z—

demonstrates that inequality (D.9) is in fact an equality. Combining (D.1), (D.7), and (D.9)
we thus obtain

1—% ,1-Bl-V
24 )4 ( 1 m2
m =11y ~U=B

1-y 14+9y

o2 Y y

=U=5 1—Bl=¥ 1 —BI+V"

1+y )
I_Bl+}7

which is (6.36).

E. Numerical Solution of the Euler-Lagrange Equations Associated to the
Min-Max Problem

In subsection 6.2 the product ansatz (6.25), (6.26) in the rectangular domain Q allowed
the reduction of the two-dimensional min-max problem to a sequence of one-dimensional
problems labeled by the index n € N. The corresponding one-dimensional Euler-Lagrange
equations are obtained by inserting (6.25) into (6.17). Moreover, using the symmmetric
variables w and x as given by (6.33), one obtains the following second-order system of
ordinary differential equations on the interval (0, b):

;_gﬁ_(m+yzgw—yxwah
[ wy <(°‘ + :yzz)(“ a2 a3 Jwn ] =0,
wg+ZwJ_Ca—y+?w+v)+&yW E1
y 4y
-wdd—(w_yzgm_yxw%@m]zo
together with the boundary conditions
wp(0) = xn(0) =0,  wp(b) = xn(b) =0 (E2)

and eigenvalue (.
For a numerical treatment of system (E.1) two more transformations are appropriate. Intro-
ducing the variable z :=kj,y yields the system

ooz (Etegen ),
_MI:U)N— <(0l+)/+2)(ot+y) +d2>w] _o,
w//+Vw,_<(Ot—y+2)(a-f)Z/2)+1)w (E.3)
z 472
_M[X” _ <(<x -y :;)(a -v) +€2>X] o,

where we omitted the index » at x, w, and p and where prime denotes differentiation with
respect to the variable z € [0, k,b]. Note that the parameters a, b, and n are now combined
into the single parameter

N b
himkyb=n2 2,
2 a
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Fig. 11. pq versus y for « = 0.39 and bg/b; = O, 107° (cross), 10~4 (square), 10~2
(asterisk). Solid lines denote analytical curves, symbols denote numerical values

which limits the interval [0, 5] of integration in (E.3). Finally, the change of variables

fi:=w £ x separates the highest (£ second) derivatives; in these variables (E.3) takes
the form

) 2
a-wff=0-w 2 e S+ (-5 @A)

T4 (U e D)5 2f——f(d2 A,

A+l =1+ )Mf — (- Sy ( + @)
-= f+ + (14 ple+ 1)) f+ + = (d2 A fy .
(E4)
Equations (E.4), together with the boundary conditions
fe(bo) = fx(b) =0. (E.5)

are solved in the interval [b, b] by a shooting method. To this end, trajectories are calculated
starting from both ends of the interval towards the center for a given value of x. The integra-
tion is done with the standard Runge-Kutta-Fehlberg method, consisting of a fourth-order
Runge-Kutta solver with fifth-order error prediction to control the stepsize. The matching
of the trajectories at the center of the interval amounts to the vanishing of a 4 x 4 determi-
nant computed from the trajectories at the center. The search for zeroes of this determinant
depending on w is done by an interval method with respect to w: we scan systematically
the interval [e, 1] for subintervals exhibiting a sign change at the endpoints and refine in
the positive case the subinterval subsequently. In order not to miss higher-order zeroes we
looked, additionally, for minima of the modulus of the determinant. These zeroes correspond
to the eigenvalues of 1 and, in particular, the lowest one corresponds to ftmin-



396 RALF KAISER & ToBIAS RAMMING

1.1

Hmin

0.6 I I I I I I I

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1

v

Fig. 12. (i versus y (crosses) together with the comparison function CF (¢, y) (thick line)
and t~he lower bound LB(«, y, d, e) (thin line) for@ = 0.39,d =0.1,e¢ = 1.2, bg = 10_3,
and b = 102

To validate the numerical code let us first consider the x-independent case as described
by Equations (6.34). These can be obtained from (E.4) just by dropping the coefficients
1F %(d2 + ¢2) and %(d2 — 2. Figure 11 demonstrates good agreement of this way
numerically determined points in a y—po—diagram with curves y +— g as described by
the analytical result (6.36) for o = 0.39 and three representative ratios bg/b;. For all three
ratios the deviation of the numerical data from the analytical curve is beyond the resolution
of the plot.

The full equations (E.4) with boundary conditions (E.5) have been run with « = 0.39,
e = 1.2, and a variety of values for d, by, and b. With respect to b we find gy to be
a monotonically decreasing function. Figure 12 displays results in a y—pumin—diagram for
d=0.1,by = 1073, and b = 102 together with the comparison function CF(0.39, y) and
the lower bound LB(0.39, y, 0.1, 1.2). For y 2 0.6, ttpmin is above LB, which means an
improvement of the lower bound LB.

Further decreasing b or increasing b does not lower pimin in a significant way, which
indicates that (10_3, 102) is a sufficient approximation of the interval (0, 00). For 0.5 <
Pmin S 0.6, wmin and LB coincide within numerical accuracy. No results are shown for y
below 0.5 because of numerical instability of our code in this range (a problem that we did
not further pursue).

Let us finally recall that in the case that iy, 1S unique, which holds in the x-independent case
but has not been proven in the general case, (tyin Tepresents the (in the limits of numerical
accuracy) exact value C. = C. of the min-max problem.
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Fig. 13. The two-dimensional direction field (F.1) with rotation number ro = 3

F. An Analytic Solution with Single Zero in Two Dimensions

This appendix presents the explicit solution of the direction problem for a simple direction
field in two dimensions. ! The solution contains a single zero, whose position is governed by
aparameter 1. The example illustrates the migration of this position with A and, in particular,
the splitting of the zero when hitting the boundary.

Let (, ¢) be polar coordinates in R2 with basis vectors e, and ey, and Ao the exterior plane
with boundary S;. Furthermore, let

D:= cos2¢p e, +sin2¢pey (E.1)
be a (symmetric) direction field on Sy (see Fig. 13) and
~ cos 2¢ 2. [COSQ  cos3¢p
B (r, ) :=VYy(r,p):=V| 31 — (=1 (—
2. 9):= VT3 ) ( S 1= (= 250)
(S 4 3y gy o520 #2)
r r r
s /sing  sin3¢ sin 2¢
+Ha-23( o+ ) -3 . I

a vector field on Ao.
An elementary calculation shows that

AY;, =0 in Axo
and
ﬁx(l, Q) = [(1 — AZ)(Cosw + cos 3¢) — 31 cos 2(p]er
+[(1 — A2)(sing0 + sin 3¢) — 31 sin Z(p]e(p
=[2(1 - 22) cos ¢ cos 2¢ — 3A cos 2¢]e;
+[2(1 - Az) cos @ sin 2¢ — 3\ sin 2<p]e(p
= (2(1 =A%) cos ¢ — 32)D =: a; (9) D.

B » 18 thus a harmonic vector field in A that solves the (unsigned) direction problem.

15 The two-dimensional field mimics an axisymmetric field in three dimensions, where
polynomial solutions of type (F.2) are not at our disposal.
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Fig. 14. Zeroes of ﬁ;t for 5 different values of A. Arrows at the zeroes indicate in- and
outgoing field lines

Let us consider the parameter range A € (—1, 1) , where B » has the exact decay order § =2.
Aslong as a;_ # 0 the 2D-analogue of Equation (2.7) predicts ro —§ = 3 —2 = 1 zero of By,
in Axo, Where ro is the rotation number of D (see [13]). From (F.2), one obtains, explicitly,
for zo = xqg + iyg = ro(cos ¢o + i sin ¢g), that

(n++Vu?—=1,0 w>1

(ro, wo) = { (1, arccos p) 1<u<t,

(—u+vVu>—1,m1) p<-1

where p©:=31/(2 — 2A2). With A running through the interval [—1, 1] from 1 to —1 one
finds the following behaviour of zg (see Fig. 14): zg moves from o0 (A = 1) along the
x-axis, hits the boundary at x = 1 (A = 1/2), splits into two “boundary-zeroes”, which
move symmetrically along S; and coalesce againatx = —1 (A = —1/2);for A < —1/2, 29
enters again Axo and moves along the negative x-axis up to —oo (A = —1).

Note that Equation (2.7) remains valid in the presence of boundary-zeroes, if these are
included on the left-hand side, however weighted by a factor 1/2.
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