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Abstract Subspace codes are the g-analog of binary block codes in the Hamming metric. Here the
codewords are vector spaces over a finite field. They have e.g. applications in random linear network
coding [148]], distributed storage [[191}[192], and cryptography [92]. In this chapter we survey known
constructions and upper bounds for subspace codes.
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1 Introduction

An important and classical family of error-correcting codes are so-called block codes. Given a
non-empty alphabet X and a length n € N5, a block code C is a subset of X"*. The elements of
C are called codewords. For ¢, ¢’ € £" the Hamming distance is given by

du(e,¢)=#{l <i<n:c #c}}, (L.1)

i.e., the number of positions where the two codewords differ. With this, the minimum Hamming
distance of a block code C is defined as

dy(C) = min{dy(c,¢’) : ¢,¢’ € C,c #¢'}. (1.2)

By convention we formally set dy(C) = oo if #C < 2, i.e., dg(C) > m for each integer m. If the
alphabet X is a finite field (or a ring), we can call a block code C linear if it is linearly closed.
While there is a lot of research on block codes with #% > 2, we want to consider the binary case
> =F, ={0, 1} only. By A(n, d) we denote the maximum possible cardinality of a binary block
code C with length n and minimum Hamming distance at least d. The determination of A(n, d)
is an important problem that has achieved wide attention but is still widely open, i.e., except for a
few special cases only lower and upper bounds for A(n, d) are known, see e.g. [1}[167,[174][196].
For a vector ¢ € F) the Hamming distance du(c, 0) between ¢ and the all-zero vector 0 € F7 is
called the Hamming weight wt(c) of ¢, counting the number of non-zero entries. A block code
C where each codeword has the same Hamming weight, say w, is called constant weight (block)
code. The corresponding maximum possible cardinality is denoted by A(n, d, w). For bounds
and exact values for A(n, d, w) we refer the reader e.g. to [40} (186}, [190] and the citing papers.

The aim of this chapter is the study of so-called subspace codes. One way to introduce these
codes is to consider them as g-analog of binary block codes, i.e., the codewords are subspaces
of the vector space Fy.

g-analogs

Many combinatorial structures are based on the subset lattice of some finite set 2/, which is mostly
called “universe”. If we replace the subset lattice with the subspace lattice of a #4{-dimensional
vector space V over F,, then we obtain a g-analog, see e.g. [12, 20, 168, 212] for examples.
The elements of U correspond to the 1-dimensional subspaces of V, ¢-subsets correspond to
t-subspaces, and the union of two subsets corresponds to the sum of two subspaces. In Section 2]
we will introduce the g-binomial coefficient [Z]q that corresponds to the binomial coefficient
(;‘) See also Section 4 where we mention the g-Pochhammer symbol.

Endowed with a suitable metric, see Sectionfor details, the maximum possible sizes A (n, d)
of subspace codes in F; with minimum distance at least d can be studied. If all codewords of
a subspace code C have the same dimension, say k, we speak of a constant dimension code
and denote the corresponding maximum possible cardinality by A, (n,d; k). More precisely,
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here we want to survey known lower and upper bounds for A, (n,d) and A, (n,d; k) cf. [122].
Besides being a generalization of classical codes, another motivation comes from e.g. random
linear network coding, see [24, (105 [144]].

The remaining part of this chapter is structured as follows. First we introduce necessary
preliminaries in Section 2] Due to their close connection to constant dimension codes rank
metric codes are discussed in Section In SectionE]we survey upper bounds for A, (n, d; k) and
lower bounds, i.e. constructions, in Section [S| The special parameters A,(7,4;3), i.e. the first
open case where A, (n, d, k) has not been determined so far, is treated in Section@ In Section
we summarize the currently best known lower bounds for constant dimension codes for small
parameters. Mixed dimension subspace codes are the topic of Section[8] We close with a few
remarks on related topics in Section 0]



2 Preliminaries

For a prime power g > 1 let F, be the finite field with g elements. By Fj we denote the standard
vector space of dimension n > 0 over F,,. The set of all subspaces of IF;;, ordered by the incidence
relation C, is called (n — 1)-dimensional (coordinate) projective geometry over F, and denoted
by PG(n -1, q), cf. [211]]. It forms a finite modular geometric lattice with meet U AW =UNW
and join U VW = U + W. The graph theoretic distance

ds(U, W) = dim(U + W) — dim(U N W) Q2.1

in this lattice is called the subspace distance between U and W. By P, (n) we denote the set
of all subspaces in Fy and by G,(n, k) the subset of those with dimension 0 < k < n, i.e.,
U’,Zzogq (n, k) = Py(n). The elements of G,(n, k) are also called k-spaces for brevity. Using
geometric language, we also call 1-, 2-, 3-, 4-, and (n — 1)-spaces points, lines, planes, solids,
and hyperplanes, respectively. An (n — k)-space is also called a subspace of codimension k,
i.e., a hyperplane has codimension 1. A subspace code C is a subset of P, (n), where n > 1 is
a suitable integer. If C € G,(n, k), i.e., all elements U € C have dimension dim(U) = k, we
speak of a constant dimension code (CDC). A subspace code C that is not a constant dimension
code is also called mixed dimension (subspace) code (MDC).

Exercise 2.1. Verify that the subspace distance ds is a metric on Py(n) and satisfies
ds(U,W) = dim(U) +dim(W) -2 - dim(U N W) 2.2)
= 2-dim(U+ W) —dim(U) — dim(W). (2.3)
The minimum subspace distance ds(C) of a subspace code C is defined as
ds(C) =min{ds(U,W) : U,W e C,U + W},

where we formally set ds(C) = oo if #C < 2, i.e., ds(C) > m for each integer m. The maximum
possible cardinality of a subspace code in Fj with minimum subspace distance at least d is
denoted by A, (n, d). For constant dimension codes with codewords of dimension k we denote
the maximum possible cardinality by A, (n, d; k). Note that the subspace distance between two
k-spaces satisfies ds(U, W) =2k —=2 - dim(U N W) = 2 - dim(U + W) — 2k, i.e., it is an even
non-negative integer. For each subset T C {0, 1, ..., n} we denote by A, (n, d;T) the maximum
possible cardinality of a subspace code C in F with ds(C) > d and dim(U) € T for all U € C,
so thate.g. A, (n,d; k) = Ay(n,d;{k}). Mostly we omit curly braces for one-element sets. If
C C Gy (n, k) with d(C) > d, then we also speak of an (n, d; k),—CDC. From Equation we
conclude that the dimension of the intersection of two codewords in C is at most k —d /2 and also
the minimum subspace distance is determined by the maximum dimension of the intersection of
a pair of different codewordsﬂ

IThe same is true for the minimum dimension of the sum of two different codewords. The dimension of the sum
of triples of codewords was considered in [[18]] as another invariant of a CDC.
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Exercise 2.2. Let B be a non-degenerated bilinear form on Fy and
Ut = {x €F, : B(x,y)=0Vye€ W},

i.e., Ut is the orthogonal complement of U with respect to B. Show dim(U*) = n —dim(U) and
ds(U*, W) =ds(U,W) forallU,W € P,(n).

As an implication we remark
Ay(n,d;T) =Ay(n,d;{n—t:teT}) 2.4)

and
Ay(n,d; k) = Ay (n,d;n— k), 2.5

so that we will mostly assume 2k < n. Under this assumption the maximum possible subspace
distance between two k-spaces is 2k, i.e., we have A,(n,d; k) = 1if d > 2k and 0 < k < n.
If n <0,k <0, or k > n, then we set A;(n,d;k) = 0, which allows us to omit explicit
conditions on the parameters n, d, and k in the following. For A, (n, d;T) we use the same type
of conventions. Using geometric language, an (n, 2k; k),—CDC is also called partial spread or
partial k-spread, to be more precise. Note that for a partial k-spread C of cardinality at least 2
we have n > 2k.

Given a CDC C we also call C+ := {U* : U € C} the dual code.

As a representation for a k-space U € P, (n) we use matrices M € ]FfIX" whose k rows form
a basis of U and write U = (M). In this case we say that M is a generator matrix of U. If the
underlying field is not clear from the context we more precisely write (M)g, for the row span of
M.

Definition 2.3. Lez C be a subspace code in F;. We call a set of matrices G a generating set of
Cif#C =#G and C ={(G) : G € G}.

In other words a generating set of a subspace code consist of a corresponding set of generator
matrices.
For U,W € #,(n) we have

dim(U + W) = rk((GU)) ,
Gw
where rk(X) denotes the rank of a matrix X and Gy, Gw are generator matrices of U and W,
respectively. Inserting into Equation (2.3)) gives

ds(U,W)=2- rk((gU )) — dim(U) — dim(W). (2.6)
w
The number of k-spaces in [Fj can be easily counted:

Exercise 2.4. Show that there are exactly ]_[f.‘:_o1 (¢" - qi) generator matrices (or ordered bases)
Jor a k-space in Fy and that each such k-space admits ]_[f.:()l (qk —q') different generator
matrices, so that

k-1 qn—i -1
#G, () = | | = 27)
i=0
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As further notation we set [Z] 4= #G, (n, q), which is called g-binomial or Gaussian binomial

coefficient since they are the g-analog of the binomial coefficient (’,Z) counting the number of
k-element subsets of an n-element set.

Exercise 2.5. Consider [’]:]q as a function of q on R using Equation and show

n] 3 (n)
ki, \k
for all integers 0 < k < n.

Exercise 2.6. Show [Z]q = [nﬁk]q and [Z]q = qk [nlzl]q + [Z:}]q = [nlzl]q + qn_k [Z:}]q
whenever the occurring Gaussian binomial coefficients are well defined.

lim
g—1

For lower and upper bounds for [Z] g Ve refer to the beginning of Section |4} see e.g. Inequal-
ity @.2).

Applying the Gaussian elimination algorithm to a generator matrix G of a k-space U gives a
unique generator matrix E(G) in reduced row echelon form. Since E(G) = E(G’) for any two
generator matrices G and G’ of U, we will also directly write E(U). By v(G) € F} orv(U) € F}
we denote the characteristic vector of the pivot columns in E(G) or E(G), respectively. These
vectors are also called identifying or pivot vectors. If U € G, (n, k), then wt(v(U)) = k, i.e., the
identifying vector of a k-space consists of k ones (and n — k) zeroes. Slightly abusing notation
we use G (n, k) := {v eF) : wi(v) = k}.

Example 2.7. For

101110101
100111111
U=llo o o100 0 1 0|92
0000O0T1T1G0°1
we have
100010000
0010007111
EV=lg0 00100010
0000017101

and v(U) = 101101000 € F.

Consider My = E(U) and My = E(W) in Equation (2.6). Since the union of the pivot
positions in E(U) and E (W) has cardinality

du (v((U), v(W)) + dim(U) + dim(W)
> :

we have have

2. rk((g((vl{,)))) > dy(v((U), v(W)) + dim(U) + dim(W),
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so that applying Equation (2.6) gives
ds(U,W) = du(v(U),v(W)), (2.8)
cf. 76, Lemma 2].

Exercise 2.8. Let g > 1 be a prime power, u,w € F?, and

dy(u,w) <d < min{wt(u) +wi(w), n — wt(u) + wt(w) —dg(u, w)}

2

withd =0 (mod 2) be arbitrary. Construct subspaces U € Gy(n, wt(u)) and W € G,(n, wt(w))
with dg(U, W) = d.

Note that v(U) depends on the ordering of the positions. By S, we denote the symmetric
group on {1,...,n}. Let 7 € S, be a permutation, and M € IF’(;X” be a matrix. By 7M € F’;X”
we denote the matrix arising by permuting the columns of M according to 7. For a subspace
U € G,(n, k) we denote by nU the k-space (mE(U)). Note that (nG) = (rE(U)) for every
generator matrix G of U.

Exercise 2.9. Show dim(U) = dim(nU) and ds(U, W) = ds(nU, nW) forallU, W € P,(n) and
nesS,.

Example 2.10. Consider the two 2-spaces

{0 ) (2 )

in P3(4). We have v(U) = 1100 € F; and v(W) = 1100 € F;, so that dy(v(U),v(W)) =
0 < 4 = ds(U,W). For the permutation n = (13)(24) we have v(zU) = 0011 € F} and
v(zW) = 1100 € IF‘Z‘, so that dg(v(nU),v(zW)) = 4 = ds(U, W).

Exercise 2.11. Let U,W € P,(n) be arbitrary. Show the existence of a permutation n € S,

with ds(U, W) = dy(v(zU), v(zW)).

In other words, we have ds(U,W) > dy(v(zU),v(xW)) for all # € S, and there exists a
permutation attaining equality.

Definition 2.12. Let C C G,(n, k) be a CDC. The pivot structure of C is the subset V :=
{v(U) : U € C} C Gi(n, k) of binary vectors that are attained by pivot vectors of the codewords.
By Ay(n,d; k;V) we denote the maximum cardinality of a CDC C € G, (n, k) with minimum
subspace distance at least d whose pivot structure is a subset of V.

In order to describe specially structured subsets of G (n, k) we denote by

()

the set of binary vectors which contain exactly k; ones in positions 1 + Z;_:ll njto Zj.:  n; for all
1 <i < [. The cases of at least k; ones are denoted by (>";<) and the cases of at most k; ones are
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denoted by ( S";q) Also in this generalized setting we assume that the described set is a subset of
Gi(n, k), where n = Zﬁzl n; and k = 25:1 ki, ie.

ni n—nj
(S kl)’ (Z k — kl) < Gi(n k).

For two subsets V, V' C F} we write du(V,V’) for the minimum Hamming distance du (v, v')
for arbitrary v € V and v’ € V.

Exercise 2.13. Let V = (7). (") and V' = (Sk'_"d/z), (Z;%) be two subsets of G\ (n, k). Verify
dg(V, V") = d.

Our counting formula for k-spaces in Equation can be refined to prescribed pivot vectors.
To this end, let the Ferrers tableaux T (U) of U arise from E(U) by removing the zeroes from
each row of E (U) left to the pivots and afterwards removing all pivot columns. If we then replace
all remaining entries by dots we obtain the Ferrers diagram  (U) of U which only depends on
the identifying vector v(U).

Example 2.14. For the subspace U from Example[2.7\we have

01 0 0 O e o o o o
0111 e o o

T(U) = 00 10 and F(U) = . o o
1 0 1 o o o

The partially filled k x (n — k) matrix T(U) contains all essential information to describe
the codeword U. The entries in 7(U) have no further restrictions besides being contained in
F,, which is reflected by the notation #(U). Indeed, every different choice gives a different
k-dimensional subspace in . So, the pivot vector v(U) and the Ferrers diagram ¥ (U) of U
both partition G, (n, k) into specific classes. As indicated before, these classes are not preserved
by permutations of the coordinates. If n is given, v(U) and ¥ (U) can be converted into each
other So, we also write v(¥) for a given Ferrers diagram and # (u) for a given vector u € FJ.

Denoting the number of dots in ¥ (u) by #F (u) we can state that the number of wt(u)-spaces
in Fy is given by g"T W,

Exercise 2.15. Show that for u € F} we have #F (u) = Y./, u; - Z_?:Hl (1—uj).

For two k-spaces with the same pivot vector Equation (2.6) can be used to relate the subspace
distance with the rank distance of the corresponding generator matrices:

Lemma 2.16. ([203, Corollary 3]) ForU,W € G, (n, k) withv(U) = v(W) we have ds(U, W) =
2dr(E(U), E(W)).

2The only issue occurs for pivot vectors v(U) starting with a sequence of zeroes corresponding to the same
number of leading empty columns in the Ferrers diagram. The latter, or their number, may not be directly visible.
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As we will see later on, a different kind of codes is closely related to subspace codes. For
two matrices U, W € FZIX” the rank distance is defined as dr (U, W) = tk(U — W). As observed
e.g. in [87], dr is indeed a metric on the set of (m X n) matrices over F, with values in
{0,1,...,min{m,n}}. A subset M C F/™" is called a rank metric code (RUC) and by dr (M) :=
min {dr(A, B) : A,B € M, A # B} we denote the corresponding minimum rank distance. As
a shorthand, we speak of an (m x n, d),—RMC. We call M additive if it is additively closed and
linear if it forms a subspace of Fg”". In Section we will summarize more details on RMCs that
actually are part of the preliminaries and relevant for the later sections.

For the sake of completeness, we mention a few standard notations that we are using in the
following. The sum of two sets A and B is givenby A+ B :={a+b : a€ A,b € B}. Fora € A
we also use the abbreviation a + B for {a} + B.

Definition 2.17. (Packings and partitions)

A packing P = {P1,..., P} of a set X is a set of subsets P; C X such that P; N P; = () for all
1 <i<j<s,i.e., the subsets P; are pairwise disjoint. The number of elements s is also called
the cardinality #P of P. If additionally U}_, P; = X, then we speak of a partition.

For packings or partitions of CDCs or RMCs we will need a stronger condition than pairwise
disjointness in some applications.

Definition 2.18. (d-packings and d-partitions of codes)

A packing P = {P1,...,Ps} of a CDC C is called d-packing if dg(P;) = d (and P; C C) for all
1 <i < s. Similarly, a packing P = {Py, ..., Ps} of a RMC M is called d-packing if dr(P;) = d
(and P; € M) forall 1 <i < s. If the packings are partitions, then we speak of a d-partition in
both cases.
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Since rank metric codes (RMCs) are closely related to subspace codes, we summarize several facts
on ranks of matrices and rank metric codes that will be frequently used later on in this chapter.
For a broader overview we refer to e.g. [88]] and the references mentioned therein.

Via Equation @) the subspace distance between two spaces U, W € Fy is linked to the ranks
of certain matrices. l.e., if Gy and Gy are generator matrices of U and W, respectively, then
we have

ds(U, W) = 2rk((g’f)) _ik(Gy) - tk(Gw). 3.0
w

So, we summarize a few equations and inequalities for the rank of a matrix. First note that the
operations of the Gaussian elimination algorithm do not change the rank of a matrix, which also
holds for column permutations.

Exercise 3.1. Show that for compatible matrices we have
k(M) =rtk(M™);

k(M) <tk (M M) < tk(M) +k(M);
| tk(M) = tk(M")| < dr(M,M") = |tk(M = M")| < 1k(M) +1k(M");

My My ... My,
0 My ... My, !
rk . . . . = Z rk(Mi,i)fOI”l > 1.
: . . . P
0 ... 0 My

Lemma 3.2. (Singleton bound for rank metric codes — e.g. [87])
Let m,n > d be positive integers, q > 1 a prime power, and M C FZ“” be a rank metric code
with minimum rank distance d. Then, #M < qma"{”’m}'(min{”’m}_d“).

Codes attaining this upper bound are called maximum rank distance (MRD) codes. More
precisely, (m X n,d),—MRD codes. They exist for all (suitable) choices of parameters, which
remains true if we restrict to linear rank metric codes, see e.g. the survey [200]. If m < d or
n < d, then only #M = 1 is possible, which can be achieved by a zero matrix and may be
summarized to the single upper bound

{ 5 }( i { > }_d 1) —. R
#M < [grxtnmbininml D] = AR x n, d). (32)
Delsarte-Gabidulin codes [46, 55,87, 193]

A linearized polynomial (over Fyn) is a polynomial of type fox + fix? +--- + fn_l)c‘lm1 with
coefficients f; € F,n. The g-degree of a non-zero linearized polynomial is the maximum i
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such that f; # 0. A rank metric code can be described as a set of linearized polynomials. By
Lk, q4,n We denote the set of linearized polynomials of g-degree at most k — 1 over F;n. Now
dimg,, (Lk,q,n) = nk, and since every non-zero element of £y , , has nullity at most k — 1 it has
arank of atleast n — k + 1. Thus, Ly 4., gives an (n X n,n — k + 1),—MRD code. Via puncturing
or shortening, see e.g. [200], (m X n, d),~MRD codes can be obtained for the cases m # n. One
might say that Delsarte—Gabidulin codes are the rank metric analogue of Reed-Solomon codes.

In [207, Section IV.A] RMCs were related to CDCs via a so-called [lifting construction, cf.
Subsection Given a matrix M € F£*™ its lifting is the k-space ((IxM)) € G, (k+m., k). By
lifting a given RMC M we understand the CDC C arising as the union of the liftings of the elements
of M. If U arises from lifting M and U’ arises from lifting M’, then we have ds(U,U’) =

2rk((2: g,))—rk((lk M)) -k ((Ix M’)):2rk((1(;‘ Mjl4M,))—2k

= 2tk(Ix) +2tk(M — M) = 2k = 2dx (M, M),

cf. Lemma [2.16] so that ds(C) = 2dr(M). A CDC obtained from lifting a RMC is called lifted
MRD (LMRD) code yielding:

Theorem 3.3. (Lifted MRD code - [207)])
Aq(m+k,d; k) > AR (kxm, d/2) = gmxUmk} (mintm k}=d/2+1),

In some applications the ranks of the codewords of a RMC have to lie in some set R € Ny.
Each (m x n, d),—RMC M, where tk(M) € R for each M € M, is called (m X n, d; R),~RMC. The
corresponding maximum possible cardinality is denoted by Ag (m xn,d; R). For a non-negative
integer [ we also use the notations < [ and [0, /] for the set R = {0, ...,[}. More generally, we
also write [a, b] for the interval of integers {a,a+1,...,b—1,b}.

The number of matrices of given rank r in FZ‘X" is well known and its determination can be
traced back at least to [158]]. Clearly, these numbers yield the exact values of Ag (m xn,1;R)
for minimum rank distance 1.

Proposition 3.4.

r—

-U(q"—qi)=z

q i=0 reR

R Py — m
Aq(mxn,l,R)—Z[r

reR

’:L'Ij(q’"—qi)-

i=0

Corollary 3.5.
(¢" -1 (g™ -1)

I +1.
q_

Af;(mxn,l;s 1) =

If a MRD code M is additive, then its rank distribution is completely determined by its
parameters:

Theorem 3.6. (Rank distribution of additive MRD codes — |55, Theorem 5.6], [200, Theorem
5])

10
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The number of codewords of rank r in an additive (m X n, d),—MRD code is given by a,(m X
n,d;r) =

. -d
[mm{n,m}] rZ(—l)Sq(i) . H . (qmax{n,m}-(r—d—s+l) _ 1) (3.3)
r s
q s=0 q
foralld < r < min{n, m}.
Clearly, there is a unique codeword of rank strictly smaller than d — the zero matrix, which

has to be contained in any additive rank metric code. This may be different for non-additive MRD
codes.

Example 3.7. For n = m = 4 and d = 2 the rank distribution of an additive (4 X 4,2),—MRD is
given by
ag(4x4,2;0) = 1,
ag(4x4,2;1) = 0,
ag(4x4,2;2) = B+qd +2¢°+¢ - -2¢4>-g -1
2
= (q2+q+1) (612+1) (g+1)(g-1),
ag(4x4,2;3) = q” +q10—q8—3q7—3q6—q5+q4+2q3+2q2+q
2
= (q3 —q- 1) (q2+ 1) (g+1)*(q - 1)q, and
aq(4x4’2;4) — qll_qll_q10+2q7+q6_q4_q3

(q5 —q4—q3+q+1) (q2+1) (g+1D(g- g’

Of course, these five terms add up to Af; (4x4,2)=q"

Lemma 3.8. For each R C Ny we have

Ag(m Xn,d;R) > Zaq(m Xn,d;r).
reR

The easy observation in Lemma|3.8|is implicitly contained in e.g. [224]].

Example 3.9. From Example[3.7)and Lemma 3.8 we directly compute

AR(4%x4,2;00 > 1,
AR(4x4,2:<1) > 1,
AR(4x4,2:<2) > ¢*+q'+2¢°+q¢ -4 24" - q,
AR(4x4,2:;<3) > ¢"+¢"-2¢"-¢"+4* + 4, and
AR(4x4,2:<4) > ¢,

i, Ax(4%4,2;0) > 1, Ax(4x4,2;< 1) > 1, Ay(4x4,2;< 2) > 526, Ar(4x4,2; < 3) > 2776,
and Ay (4 x 4,2; < 4) > 4096.

11



3 Rank metric codes

Exercise 3.10. Let m, n, d be positive integers and R C Ny. Show
(1) Ag(m xn,d;0)=1;

(2) Ag(mxn,d;R) <1ifRC [0,|42]]:

(3) Ay(mxn,d;R") < Ay(mxn,d;R) if R C R; and
(4) Ay(mxn,d;R) =A,(mxn,d)if [0,n] CR.

In order to exploit the inequality dr(M, M’) > |tk(M) — rk(M’)| we define a metric d on
subsets of non-negative integers. Specializing the usual metric on R we set d(s,s’) = |s — ']
for all s,s” € Ny. With this, we set d(S) = min{d(s,s’), s,s’ € S,s # s’} and d(S,S’) =
min{d(s,s’) : s € S,s’ € S} for any two arbitrary subsets S,S" C Ny. Actually we use the
two later constructs for any metric, i.e., we also use the notations ds(C,C’) and dgr (M, M’)
for the minimum subspace distance between two subspaces from two different CDCs and for the
minimum rank-distance between two matrices from two different RMCs.

Lemma 3.11. Let M be an (m xn, d; R),—RMC and M’ be an (m X n, d; R"),—RMC. Ifd(R,R") >
d > 1, then MU M’ isan (m X n,d; R U R"),—RMC of cardinality #M + #M’.

Example 3.12. The union of a (4x3,2; < 1),—RMCand a (4x3,2;3),—RMCisa (4% 3,2;< 3),—
RHMC.

(m X n,d; R);—RMCs with R = {r} are also called constant rank codes and their relation to
constant dimension codes has e.g. been studied in [93)94]].

Lemma 3.13. /94| Proposition 3]
AR(mxn,d\/2+dy/2;r) > min {Ay(m,di;r), Ag(n,dp, 1)}

Example 3.14. From Lemma|3.13|we can conclude

4
AR(4x4,2:<1) > AR (4 x4,2:1) > A (4.2 1) = H =@ +q*+q+1
q

and
. 3
AR(4x3,2:1) > min {A,(4,2:1),4,(3,2; 1)} = H =q*+q+1.
q
Proposition 3.15. [94, Corollary 4] If 1 < r < min{m, n}, then we have
Ag(m Xn,r+1;r)= = A (min{m,n},2;r).
q

min{m, n}]

Further lower bounds for Ag (m xn, d; r) can be concluded from the pigeonhole principle. To
this end we use the following partitioning result for MRD codes.

Lemma 3.16. (Parallel MRD codes — [77, Lemma 5])
For d’ > d > O there exists an (n X m,d),—MRD code M that can be partitioned in a :=
Ag(n X m,d)/Ag(n xm,d") RMCs M; with dg(M;) = d’ for 1 <i < a.

12



3 Rank metric codes

Let M be a linear (n X m, d),—MRD code that contains a linear (n X m,d"),~MRD M’ as a
subcode. With this, the set {M + M’ : M € M} is such a partition described in Lemma 3.16}
cf. Lemma In terms of Definition we also speak of a d’-partition of M.

Exercise 3.17. Prove the following statements in order to deduce Lemma

(1) Let M be an (nxm, d),~RMC. For eachmatrix M € Fy>™ also M+ M is an (nxm, d),~RMC
with the same cardinality #M.

(2) Let M be an additive (nxm,d),—RMCand M, M’ € IFZX'" be arbitrary matrices. We have
M+M=M+Mif M'—M € Mand (M + M) 0 (M’ + M) = 0 otherwise.

(3) Let M be an (n x m, d),—RMC that contains an additive (n X m,d"),—RMC as a subcode,
where d’ > d. Then, {M + M’ : M € M} is a set of (n X m,d");—RMCs My, ..., M,
where s > #M[#M’ and dr(M;, Mj) > d for all 1 < i < j <'s. Moreover, U:_| M; is
an (n X m, d),—RMC of cardinality s - #M’.

(4) Use the Delsarte—Gabidulin MRD-codes to show that for any positive integers m and n there
exists a chain of linear m X n—MRD-codes My C Mj C ... such that M; has minimum
rank distance i for all 1 < i < min{n, m}.

Remark 3.18. Note that there are examples of MRD codes with minimum rank distance d which
cannot be extended to an MRD code with minimum rank distance d + 1, see e.g. [198, Section
1.6] and [42, Example 34]. In [199, Theorem 9] it was shown that every binary additive MRD
code with minimum rank distance n — 1 contains a binary additive MRD code with minimum rank
distance n as a subcode.

Lemma 3.19. For each R C Ny we have

R Ag(mxn,d)
Aq(an,d;R)Z max —— -
1<d’<d AR(m xn,d’)

Z ag(mxn,d’;r).

reR

Proof. Let M’ be a linear (n X m,d’),~MRD code that contains a linear (n x m, d),—MRD M
as a subcode. By My,..., M, we denote the @ := AR(m x n,d’)/AR(m x n,d) cosets

M + M of M in M’. By the pigeonhole principle there exists an index 1 < i < a such that
#{M e M; tk(M) € R} > L - #{M e M" : k(M) € R}. O

Example 3.20. From Theorem we compute a,(4x4,1;1) = ¢’ +q®+¢° +q* - ¢* —q* —q -1,
so that

R ' ag(dx4, L0 5 5,
Aq(4X4,2,1)Z’7T =q +tq +q +

q4—q3—qz—q} _ [4]
q* 1],

Due to Proposition this lower bound is tight. Note that tk(M’ — M) < tk(M) +tk(M’)
implies AR(4x4,2:< 1) = AR(4 x4,2;1). For AR(4x4,2;< 2) and AR(4x4,2;< 3)
Lemma yields a weaker lower bound than Lemma/3.8}

Removing the coset 0 + M = M from the consideration yields a slightly different variant of

Lemmal[3.10t

13



3 Rank metric codes

Lemma 3.21. For each R C Ny we have Ag (mxn,d;R) >

1

max :
1<d'<d AR(m xn,d")|AR(m xn,d) -1

reR

Corollary 3.22. (Cf. [169, Proposition 2.4]) If m < n and r < d, then we have

Af;(m Xn,d;<r)> max

Example 3.23. We compute

ag(5%5,1;0) = 1,

1
_— xn,d’;i).
1<d'<d gd-4' — | Z aq(mxn.di)

1<i<r

ag(5x5,1;1) = AP+ v+ - PP g1,

aq(5><5,1;2) - ql6+q15+2q14+2q13+q12_q11 —2q10—4q9—4q8
29" - ¢ +q° +2¢* +2¢° + ¢* + q,

ag(5%5,1:3) = ¢* +¢%0+2¢" +¢'% -3¢0 —4¢" - 5¢" =343 + 34"
+5¢'°+4¢° +3¢° - ¢° - 2¢° - ¢* - ¢,

ag(5x5,1;4) = q24+q23_q21_2q20_3q19_2q18+q17+3q16+4q15

+3q14 + ql

ay,(5x5,1;5) 5

q

+q12+q11_q ,

aqg(5%x5,2;0) = 1,
ag(5x5,2;1) = 0,

aqg(5%5,2:2)
aqg(5%5,2;3)

3_2¢12 3¢ — 240~ + 47 + 45,

17 _ 16 _ 15

24 q'% —¢",

P S S L SR B
10

q“+q10+2q9+2q8+2q7—2q4—2q3—2q2—q—1,
7'+ q"5 42" 4+ ¢ =3¢ — 4" —64° — 4¢° - 24" + ¢°

+3q5 + 4qr4 + 3q3 + 2q2 +4q,

ay(5%5,2;4)

g+ q"8 = ¢ —24"5 3¢ — 243 4 42 4 3¢ +5¢'°

+4q9 + 2q8 — q7 — 2q6 - 3q5 - 2q4 - q3, and

ay(5x5,2;5) 20 _

q

ql

9_q18+q15+q14+q13 q q]1_2q10+q7+q'

So, choosing d’ =1 in Lemma gives A§(5 %X 5,2;<3)

1
51

\%
N

r=1

— q16+q15+2q14+q13

3
> (ag(5x5,157) = ag(5x 5,2 7))

@4+q3+q2+q+1)-@9+q7—q6—q5—q4—q3+q2+q+l)-f
—2q11—3q10—3q9—q8+q7+2q6+3q5+2q4+q .

14

Z (aq(m xn,d';r)—ag(m Xn,d;r)).

6
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3 Rank metric codes

We remark that Lemma [3.8] gives only
AR(5x5,2:<3) > ¢" +¢'°+2¢° +2¢° + 29" - 24" - 2¢° - 247 — ¢.
Sometimes we want to control the possible ranks of submatrices of the elements in a RMC. By
suitably choosing the RMCs M; this is e.g. possible via:

Lemma 3.24. (Product construction for rank metric codes)
Letl > 1landii= (ny,...,n;) € NL. For1 <i<1let M; be a (k x n;, d)q—RMC. With this,

M={(M; ... M) : Mie M\V1<i<l}

is a (k x n, d),—RMC with cardinality #M = Hf‘:l #M;, where n = Zf.:] n;.

Proof. 1t suffices to show dr(M) > d. To this end let M = (M;... M;) and M’ =
(Ml’ ... Ml’) be two different codewords in M. Since M # M’, there exists anindex 1 <i </
with M; # M/, so that dg(M,M’) = tk((Mi-M] ... M;—-M])) > tk(M; - M])
dR(Mi,Mi') > dr(M;) = d.

O

As abbreviation we write M = M X - - - X M; for a RMC obtained by the product construction.
Another variant can be used to combine several RMCs to a RMC with a larger minimum rank
distance.

Lemma 3.25. (Diagonal concatenation of rank metric codes)
Let M be a (ki X ny,dy)q—RMC, My be a (kp X ny, dy),~RMC, and Mll, LM le, M
arbitrary enumerations of M and My, respectively. Then.

Mi 0k>< . .
M= 1 2] - 1 <7 < min{sy, s }
{(OM Mé) {s1.52)

isa ((ky +k —2) X (n1 +n2),dy + da) ,~RMC with cardinality #M = min {#M;, #M;,}.

Proof. LetG = My 0 and G’ = My 0, be two different elements in M. By construc-
0 M, 0 M

tion, G # G’ implies My # M| and M, # M, so that dr(G,G’) =

M -M; 0

rk(G—G):rk(( 0 M- M,

)) = rk(Ml’ - M) +I'k(M2, — M) > di + dy,

ie., dqg(M) = dy + dy. O

We remark that the iterative application of Lemma results in a (k x n, d) ,~RMC M with
cardinality min{#M; : 1 < i <} given (k; X n;,d;);—RMCs M; for 1 < i < [, where [ > 1,
n=yl_ n,d=3_ d,and k=3 k.

Sum-rank metric codes
In the following we want to consider restrictions on the ranks of different submatrices of a
rank metric code. It turns out that those restrictions fit into the framework of sum-rank metric

15



3 Rank metric codes

codes that were already used for space-time coding, see e.g. [66, [185]. For positive integers f,

mi,...,m, ny,...,n consider the product of r matrix spaces
t
11 = D o
i=1
and define the sum-rank of an element X = (X,...,X;) € [T as
t
srtk(X) = Z tk(X;). (3.4)

i=1
Exercise 3.26. Show that the sum-rank induces a metric on Il via (X,Y) + stk(X = Y).

Definition 3.27. A subset M C Il is called a sum-rank metric code (SRMC) and by ds.r(M) :=
min{dsg(A, B) : A, B € M, A # B} we denote the corresponding minimum sum-rank distance.
We call M additive if it is additively closed and linear if it forms a subspace of I1. By Ay, (my X
ni,...,m; X tr,d) we denote the corresponding maximum possible cardinality for minimum
sum-rank distance d. If we additionally require that the sum-ranks of the elements in M have to
be contained in a set R C Ny, then we denote the corresponding maximum possible cardinality
by A;(ml XNy,...,Mmy Xt,d; R).

In the following we will state two explicit construction for SRMCs and refer to e.g. [41]] for
further results.

Lemma 3.28. Let My be an (m; X nl,d;Rl)q—RMC and My be an (my X ny, d; Rz)q—RMC.
Then, there exists an (m1 X ny,my X na, d; Ry + Rz)q—SRMC with cardinality #M = # M - #M..

Proof. Let M = {(M, M) : My € My, M, € My}, so that #M = #M, - #M,. Consider
arbitrary elements (M1, My) , (M], M}) € M with (M1, M>) # (M, M}). If M, # M, then we
have

dsr((My, M), (M], M})) dr(My, M{) + dr (M3, M)

> dR(Ml,Mll) > dg(My) = d.
If My = M{, then we have M, # M; and
dsr((My, M>), (M{,M3)) = dr(Mi, M])+dr(M>, M})
> dR(Mz,MZI) > dg(M>) > d.

O

Lemma 3.29. Let My be an (my an,dl;Rl)q—RMC and My be an (I’I’lz X na,da; Rz)q—
RMC. Then, there exists an (my X ny,my X na, dy + dz; Ry + Ry) ,~SRMC with cardinality #M =
min {#M, #My}.

16



3 Rank metric codes

Proof. Let M LM f be an arbitrary numbering of the elements of M; and M. L Mzr be an
arbitrary numbering of the elements of M,. With this we set M = {(Ml’ , Mé) : 1 <i < min{s, r}},
so that #M = min {#M;,#M,}. Let (M, M) € M be an arbitrary element. By construc-
tion we have k(M) + tk(M>) € R; + R,. Let (Ml’,Mz’) € M be another element with
(M, M) # (M, M;). Then, we have M; # M| and M, # M}, so that

dsr((My, M), (M, M,)) dr(My, M) + dr (M>, M)

dR(M1) +dR(M2) >d +d>.

\%

Lemma 3.30. For M, M| € IF:]"'X"' and Ma, M) € Ff]"zxnz we have
dr(My, M) + dg(Ma, M) > |rk(My) — tk(M])| + |rk(M>) — tk(M3)|.

Example 3.31. Applying Lemmal[3.29to a (3x3, 1;0),—RMCand a (3%3,2;0),—RMC yields a (3%
3,3x%3,3,0),—SRMC M, of cardinality 1. Applying Lemma[3.29to a (3x3,1; 1),—RMCand a (3 x
3,2;2),—RMCyields a (3x3, 3%3, 3, 3)g—SRMC M; of cardinalitymin {AR (3 x 3,1; 1), AR (3 x 3,2;2)} >
[31’]61- (@ -1)=¢+q*+q*> - q¢*> - q - 1. Applying Lemmato a (3 x3,3;3),—RMC and

a (3 x 3,3;0),—RMC yields a (3 x 3,3 X 3,3,3),~SRMC M3 of cardinality > 1=¢q> From
Lemmawe conclude that M = My U My U M3 is a (3 x 3,3 x 3,3, < 3),—SRMC, so that
A§(3><3,3><3,3,S 3> P +q*+2¢° —g* —q, ie., A§(3X3,3X3,3,§ 3) > 58 forq = 2.

We remark that Example [3.3T| will be explicitly used in the construction for a CDC considered

in Example [5.83]
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4 Upper bounds for constant dimension codes

In this section we want to survey upper bounds for A, (n,d; k) and variants thereof. Since the

codewords of an (n, d; k),—CDC are contained in G, (N, k), we have A, (n,d; k) < [Z]q For

minimum subspace distance d = 2 this upper bound is tight, i.e., C = G,(n, k) is an (n,2; k),—

CDC with cardinality [Z]q. In [146, Lemma 4] the bounds 1 < ¢~/*=%) . [Z]q < 4 were shown.

The corresponding proof itself and associated remarks actually give a refined upper bound.
q-Pochhammer symbol

The g-analog of the Pochhammer symbol is the q-Pochhammer symbol

n—1

(a;q)n = l_[ (1-aq') 4.1)

i=0

with (a; ¢)o = 1 by definition. In the theory of basic hypergeometric series (or g-hypergeometric
series), the g-Pochhammer symbol plays the role that the ordinary Pochhammer symbol plays
in the theory of generalized hypergeometric series. It can be extended to an infinite product
(a;9)0 = T1520 (1 — ag'). Setting a = g this is an analytic function of ¢ in the interior of the unit
disk and can also be considered as a formal power series in g, whose reciprocal is the generating
function of integer partitions, see e.g. [219, Chapter 15].

Here we specialize the g-Pochhammer symbol to (1/¢;1/¢), = [T, (1 -1/ q') and state the
bounds

. e, 1 PR B
T gkl T (g g (g1 g)o — (1/251/2)e
see [1125) Section 5].

~ 3.4627, 4.2)

Exercise 4.1. Show that the sequence (1/q;1/q)s is monotonically increasing with q and
approaches (q — 1)/q for large q.
Exercise 4.2. Show lim 5], _

2. o e T g

ll/q)b for each b € Nx.

q 2 3 4 5 7 8 9 11 16 32 64 128 256 512
17(0/q:1/@)e | 346 179 145 132 120 116 114 LIl 107 103 102 101 1004  1.002

Table 4.1: Approximate values of 1/(1/g; 1/¢q)« for selected field sizes.

Due to A, (n,d; k) = Ay(n,d;n — k), see Equation (2.5), we assume 2k < n in this section.
For d we consider only even values between 4 and 2k, so that k > 2 and n > 4. Since the
maximum size of a code with certain parameters is always an integer and some of the latter upper
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4 Upper bounds for constant dimension codes

bounds can produce non-integer values, we may always round them down. To ease the notation
we will mostly omit the final rounding step. For other surveys on upper bounds for constant
dimension codes we refer e.g. to [[125] [142]]. First we want to study the g-analogs of the classical
upper bounds for binary constant weight codes. Then we briefly discuss other approaches from
the literature. The special case of the maximum possible minimum subspace distance d = 2k,
assuming 2k < n, is the topic of Subsection The latest improvements of upper bounds for
Ay (n,d; k) are based on g*'-divisible (multi-) sets of points. The necessary background and
the corresponding upper bounds for CDCs are presented in Subsection §.2]
Grassmann graph

The vertices of the Grassmann graph J,(n, k), named after Hermann Giinther Gramann, are the
[Z ] 4 k-spaces in Fy; where two vertices are adjacent when their intersection is (k—1)-dimensional.

Grassmann graphs are g-analogs of Johnson graphs and distance-regularﬂ
Note that dim(U N W) > k — ¢ is equivalent to ds(U, W) < m — k + 2t. The fact that the

Grassmann graph is distance-regular implies a sphere-packing bound. To this end we count
k-dimensional subspaces having a “large” intersection with a fixed m-dimensional subspace:

Exercise 4.3. Show that for integers 0 <t < k <nand k —t < m < n we have

t
#{Ue m |dim(UﬂW)2k—t}=2q(’”*i‘k)i[ m} ["_,m],
k =0 k=il L i,

where V =Fy, W <V, and dim(W) = m.

Theorem 4.4. (Sphere-packing bound — [146, Theorem 6])
il
q"[31,1""],

We remark, that we can obtain the denominator of the formula of Theoremd.4]by setting m = &,
2t=d/2—-1in Exerciseand applying [ k’ii]q = [’f ]q. The right hand side is symmetric with
respect to orthogonal complements, i.e., the mapping k +— n — k leaves it invariant.

By defining a puncturing operation one can decrease the dimension of the ambient space
and the codewords. Since the minimum distance decreases by at most two, we can iteratively

. . n-d/2+17 _ [n-d/2+1 . . _ v
puncture d/2—1times, sothat A, (n, d; k) < [k_d/2+1 . [ ook ]q since A, (v',2; k") = [k,]
Considering either the code or its dual code gives:

A (n,d; k) <
a(n.d: k) < T
>

i=0

g’

Theorem 4.5. (Singleton bound — [146}, Theorem 9])

n—d/2+1

Ag(n,dk) < [max{k’n_k}

q

A distance-regular graph is a regular graph such that for any two vertices v and w, the number of vertices at
distance j from v and at distance k from w depends only upon j, k, and the distance i between v and w.
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4 Upper bounds for constant dimension codes

Comparison between the Sphere-packing and the Singleton bound

Referring to [146] the authors of [[142] state that the Singleton bound is always stronger than the
sphere packing bound for non-trivial codes. However, for ¢ =2, n =8, d = 6, and k = 4, the
sphere-packing bound gives an upper bound of 200787/451 =~ 445.20399 while the Singleton
bound gives an upper bound of [2]2 =651. Forq =2,n =8,d =4, and k = 4 it s just the other
way round, i.e., the Singleton bound gives [;]2 = 11811 and the sphere-packing bound gives
[2]2 = 200787. For d = 2 both bounds coincide and for d = 4 the Singleton bound is always
stronger than the sphere-packing bound since [”Izl]q < [Z]q. The asymptotic bounds [146
Corollaries 7 and 10], using normalized parameters, and [[146| Figure 1] suggest that there is only
a small range of parameters where the sphere-packing bound can be superior to the Singleton
bound.

Exercise 4.6. Show that the sphere-packing bound is strictly tighter than the Singleton bound iff
qg=2,n=2k, andd = 6.

For k < n—k (or 2k < n) an LMRD code gives the lower bound A, (n, d; k) > g (k) (k=d[2+1)
see Theorem (3.3l In [146] it was observed that the Singleton bound implies A, (n,d; k) <
4. q(n=k)-(k=d2+1) ‘i e 'LMRD codes are at most a factor of four (2 bits) distant to optimal codes.
We will give a tighter estimate in Proposition |4.11

Proposition 4.7. (/125 Proposition 7])
For k < n — k the ratio of the size of an LMRD code divided by the size of the Singleton bound
converges for n — oo monotonically decreasing to

(/@ 1/ @Qr-aps1 > (1/q:1/q)e0 = (1/251/2)s > 0.288788.

Anticode bounds
Given an arbitrary metric space X, an anticode of diameter e is a subset whose elements have
pairwise distance at most e. For every association scheme, which applies to the g-Johnson
scheme in our situation, the anticode bound of Delsarte [54] can be applied. As a standalone
argument we go along the lines of [2] and consider bounds for codes on transitive graphs. By
double-counting the number of pairs (a, g) € A - Aut(I'), where g(a) € B, we obtain:

Lemma 4.8. (/2| Lemma 1], cf. [3, Theorem 1’])
Let T = (V, E) be a graph that admits a transitive group of automorphisms Aut(I") and let A, B
be arbitrary subsets of the vertex set V. Then, there exists a group element g € Aut(I") such that

g(A) N Bl _ 4|
ER

Corollary 4.9. (/2| Corollary 1], cf. [3| Theorem 1])

Let Cp C G,(n, k) be a code with (injection or graph) distances from D = {dy,...,ds} C
{L,...,v}. Then, for an arbitrary subset B C G,(n, k) there exists a code C,(B) C B with
distances from D such that

CoB) _ 1Col
B,
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4 Upper bounds for constant dimension codes

If Cp € G4(n, k) is a CDC with minimum injection distance d, i.e., D = {d,...,v}, and 8
is an anticode with diameter d — 1, we have #C},(8) = 1, so that we obtain Delsarte’s anticode
bound

n
2]

#Cp < #—B‘]. (4.3)

The set of all elements of G, (n, k) which contain a fixed (k — d/2 + 1)-dimensional subspace

is an anticode of diameter d — 2 with ["_Z;'g _/ f_l] elements. By duality, the set of all elements of
G4 (n, k) which are contained in a fixed (k +d/ 5 — 1)-dimensional subspace is also an anticode
of diameter d — 2 with [k+d,£2_l]q = [k:ﬁ,ﬁ;l]q elements. Frankl and Wilson proved in [85,

Theorem 1] that these anticodes have the largest possible size, which implies:
Theorem 4.10. (Anticode bound — [221] Theorem 5.2])
il

[max{k,n—k}+d/2—l]
d/2-1

Agy(n,d;k) <

q

Codes whose size attain the anticode bound are called Steiner structures. The reduction to
Delsarte’s anticode bound can e.g. be found in [80, Theorem 1].

Since the sphere underlying the proof of Theorem is also an anticode, Theorem is
implied by Theorem .10l For d = 2 both bounds coincide. In [223| Section 4] Xia and Fu
verified that the anticode bound is always stronger than the Singleton bound for the ranges of
parameters considered by us.

Proposition 4.11. (//25| Proposition 8])
For k < n — k the ratio of the size of an LMRD code divided by the size of the anticode bound
converges for n — oo monotonically decreasing to
(1/g;1/q)x
(/a;1/@)app-1 — q
The largest gap of this estimate is attained for d = 4 and k = |n/2]. If k does not vary with

n (or does increase very slowly), then the anticode bound can be asymptotically attained by an
optimal code.

Theorem 4.12. (Asymptotic value — [84) Theorem 4.1], cf. [34])
[l

lim =
oo {k,n—k}+d/2-1 .
" [max 5/2—1 ]q Ag(n,d; k)

C_] (g 1/q)k 2 2+ (1/2;1/2) > 0.577576.

Mimicking a classical bound of Johnson on binary error-correcting codes with respect to
the Hamming distance, see [[140, Theorem 3] and also [214], the following upper bound was
obtained:

Theorem 4.13. (Johnson type bound I — [223, Theorem 2])
If (g% - 1)2 > (q" = 1) (¢*4% = 1), then

(qk _ qk—d/Z) (qn _ 1)

A ,(n,d; k) < .
‘I(n )< (qk—l)z—(qn—l) (qk_d/z—l)
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4 Upper bounds for constant dimension codes

However, the required condition of Theorem [.13]is rather restrictive and can be simplified
considerably.

Proposition 4.14. (//25] Proposition 1])

For 0 < k < n, the bound in Theorem is applicable iff d = 2min{k,n — k} and k > 1.
Then, it is equivalent to

q" -1

Aqy(n,d; k) < gmintknk) 1

In other words, Theorem [4.13]is equivalent to a rather simple upper bound for partial spreads,
see Subsection .11

Let C be a CDC in PG(n — 1, g¢). For each point P and each hyperplane H in PG(n — 1, q)
consider the subcodes Cp :={U € C : P <U}andCy :={U € C : U < H}. Alittle counting
argument gives:

Theorem 4.15. (Johnson type bound II — [223, Theorem 3], [80, Theorem 4,5])
[n]gAy(n—1,d;k-1) _q"-1

A d; k) < = A (n—-1,d; k-1 4.4

q(n, s ) - [k]q qk—l q(” s Uy ) ( )
[n]gAyfn—1,d;k-1) qg"—1

A ,d; k) < = -A -1,d;k 4.5

q(n ) [n—k]q qn—k 1 q(” ) (4.5)

Type II Johnson bounds for binary constant weight codes

In [140, Inequality (5)] the upper bounds A(n, d; w) < |[n/w-A(n—1,d;w—1)] and A(n,d; w) <
ln/(n —w) - A(n — 1,d;w)] for binary constant weight codes were obtained. Of course both
bounds can be applied iteratively. However, the optimal choice of the corresponding inequalities
is unclear, see e.g. [173] Research Problem 17.1]. The bounds in Theorem [d.T5]are the g-analog
of the mentioned bounds for constant weight codes.

While e.g. the authors of [80, [142] stated that the optimal choice of Inequality (#.4) or
Inequality (#.5) is unclear too, there is now an explicit answer for CDCs:

Proposition 4.16. (/125 Proposition 3]) For k < n/2 we have

n_1 n
qk—Aq(n—l,d;k—l)J s{ q
q* -1 q

~1
A= 1dik)|

where equality holds iff n = 2k.

Exercise 4.17. Consider the dual code to show that Inequality and Inequality are
equivalent.

Knowing the optimal choice between Inequality (4.4) and Inequality (4.5), we can iteratively
apply Theorem in an ideal way (initially assuming k& < n/2):

Corollary 4.18. (Implication of the Johnson type bound II)

qn_l qn—l -1 qn—k+d/2+l -1
Ags(n,d; k) < Ay,(n—-k+d/2,d;d]2)| ...
/(&0 Lﬂ‘—l L}"‘l—l g4/ —1 aln / /2
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4 Upper bounds for constant dimension codes

We remark that this upper bound is commonly stated in an explicit version, where A, (n—k+
n-k+d/2

d/2,d;d]2) < [qutl_lJ is inserted, see e.g. [80, Theorem 6], [142, Theorem 7], and [223
Corollary 3]. However, better bounds for partial spreads are available now, see Subsection 4.1]
Comparison of the Johnson bound with the previous bounds
It is shown in [223] that the Johnson bound of Theorem [4.15|improves on the anticode bound
in Theorem |4.10} see also [15]. To be more precise, removirklgd/tzhe floors in the upper bound of
n-ktd/2_ |

Corollary |4.18|and replacing A, (n — k +d/2,d;d/2) by qdal_ gives

k—d /2 . k-1 g"" 1
l_f qn—l _ 1 Hl =0 qk i_ _ [Z]q (4 6)
k=i _ g"i-1 "~ [n—k+d/2-1] ’ :
o 41T | ]
i=0 i= k dj2+1 gk=i—1 di2-1 1,

which is the right hand side of the anticode bound for k < n— k. So, all upper bounds mentioned
so far are (weakly) dominated by Corollary 4.18] if we additionally assume k < n — k. We will
slightly improve upon Theorem [4.15]in Theorem [4.42] where we replace the possible rounding
down by a tighter variant based on divisible multisets of points.

As a possible improvement [2, Theorem 3] was mentioned in [142, Theorem 8], cf. [125)
Theorem 8].

Theorem 4.19. (Ahlswede and Aydinian bound — [2, Theorem 3])
Forintegers O <t <r <k, k—t<m<n,andt < n—mwe have

[Z]qu (m,2r =2t;k — 1)
Y el P T K

As Theorem [4.19] has quite some degrees of freedom, we partially discuss the optimal choice
of parameters. Fort =0andm <v-1, we obtalnA g(n,d;k) < [k] /[m] Ay (m,d; k), which
is the (n — m)-fold iteration of Inequality (4.5)) of the Johnson bound (Wlthout roundmg) Thus,
m = n — 1 is the best choice for t = 0, yleldlng a bound that is equivalent to Inequality (4.5).
For t = 1 and m = n — 1 the bound can be rewritten to A,(n,d; k) < Ag(n—1,d -2,k - 1).
For t > n — m the bound remains valid but is strictly weaker than for r = n — m. Choosing
m = n gives the trivial bound A, (n,2r; k) < A,(m,2r — 2t; k — t). For the range of parameters
2<g<94<n<100and 4 < d < 2k < n, where g is a prime power and d is
even, the situation is as follows. If d # 2k, there are no proper improvements with respect to
Theorem [.15] For the case d = 2k we have some improvements compared to most easy upper
bound A, (n,2k; k) < [(¢" - 1)/ (¢* - 1)] while the tightest known upper bounds for partial
spreads, see Subsectiond.1] are not improved.

Research problem
Verify that the upper bounds of Theorem {.19|are implied by other known upper bounds or find
specific parameters where this is not the case.

Linear programming bounds
Every association scheme gives rise to a linear programming upper bound, see e.g. [54]. For
linear codes this relation can be expressed via the so-called MacWilliams identities. General
introductions can e.g. be found in [[57,[210]. Explicit parametric upper bounds can be commonly

Ag(n,2r;k) <
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4 Upper bounds for constant dimension codes

obtained via this approach. Examples for linear codes are given in e.g. [32] and [33 Section
15.3]. For binary block and constant weight codes we refer e.g. to [175]]. The Delsarte linear
programming bound for the g-Johnson scheme was obtained in [56]. However, numerical
computations indicate that it is not better than the anticode bound, see [15]. In [226] it was
shown that the anticode bound is implied by the Delsarte linear programming bound. In [[15] it
was shown that a semidefinite programming formulatiorﬂ that is equivalent to the Delsarte linear
programming bound, implies the anticode bound of Theorem [4.10} the sphere-packing bound
of Theorem {.4] the Johnson type I bound of Theorem and the Johnson type II bound of
Theorem 131

Theorem 4.20. (Linear programming bound for CDCs — e.g. [226] Proposition 3])
Forintegers 0 < k < nand 2 < d < min{k,n — k} such that d is even, we have

k k
Ay(n,d; k) < max{1+ Z X; | Z -Q;()x; <u;jVvj=12,...,kand
i=d/2  i=d)2
x> 0Vi=d/2,d/2+ 1,...,k} 4.7)

with

STRERE
ot 1,

e ! _{\i-m (i—zm)+‘mk—m k—j| In—-k—-j+m
Eq(j) ,;‘)( 1)img (3 [k_lu . u L] @0
. uj .
Qj(l)ZVEi(])- (4.11)

Remark 4.21. Using Maple and exact arithmetic, we have checked that for all 2 < g < 9,
4<n<19 2<k<n/2 4 <d <2k the optimal value of the Delsarte linear programming
bound is indeed the anticode bound. Given the result from [226] it remains to construct a feasible
solution of the Delsarte linear programming formulation whose target value equals the anticode
bound. Such a feasible solution can also be constructed recursively. To this end, let x, . . ., Xg—1
denote a primal solution for the parameters of Ag(n —1,d; k — 1), then zo, ..., zx is a feasible
solution for the parameters of A, (n, d; k) setting z; = x; - [ﬂq [kl_i]qfor all0 <i<k-1and

Lk = ["] /["_k+d_/2_l] — 70—+ — Zk—1. For the mentioned parameter space this conjectured
klg ap-1 1y

primal solution is feasible with the anticode bound as target value.

ZDue to the property of the symmetry group of (Fg. ds), i.e., two-point homogeneous, the symmetry reduced
version of the semidefinite programming formulation of the maximum clique problem formulation collapses the
Delsarte linear programming bound for the g-Johnson scheme.
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4 Upper bounds for constant dimension codes

Research problem
Verify that the optimal solution of the linear program in Theorem 4.20]is given by the anticode
bound, see Remark .21} or give an explicit counter example.

The iterated application of the Johnson bound of Theorem [4.15|rounded down to integers in
each iteration can improve upon the anticode bound. In Subsection 4.2 and Subsection [4.1] we
will present further upper bounds that improve upon the anticode or Johnson bound. Adding
corresponding constraints to our linear programming formulation of Theorem [#.20] of course
gives tighter bounds.

Research problem
Find additional inequalities for the linear programming approach and improve at least one of the
known upper bounds for A, (n,d; k).

As mentioned in the introduction, semidefinite programming bounds for A (n, d) and A(n, d; w)
were quite successful in recent years, see e.g. [216]. The same is true for MDCs, i.e., upper bounds
for A, (n,d), see [15,[121]. For CDCs currently no improvement via semidefinite programming
is known, see the blog entry

https://ratiobound.wordpress.com/2018/10/11/.

For related literature into this direction we refer to [[62,|163]).
Another rather general technique to obtain upper bounds for the maximum clique sizes of a
graph is to use p-ranks of adjacency matrices.

Lemma 4.22. (E.g. [139 Lemma 1.3])
Let G be a graph with adjacency matrix A and Y be a clique of G, then

¥ < rank, (A) + 1 if p divides |Y| - 1,
- rank, (A) otherwise.

Some numerical experiments suggest that the resulting upper bounds are rather weak for
CDCs. We e.g. have Ap(4,4;2) <5, Ax(5,4;2) <19, Ay(6,4;2) < 49, Ay(6,4;3) < 223, and
A2(6,6;3) < 19.

Integer linear programming formulations for A4 (n, d; k)
The exact determination of A, (n, d; k) can be formulated as an integer linear program (ILP). To
this end we introduce binary variables xx € {0, 1} for each k-space K € G, (n, k) and maximize
their sum ), KeG,(n.k) Xk subject to the constraints

xg <1 (4.12)
KeGy(nk):S<K

forall § € G,(n, k—d/2+1), which guarantee the minimum subspace distance. This ILP can be
solved directly for rather small parameters only. However, it was the basis for the determination
of A»(6,4;3) = 77 and the classification of the corresponding five optimal isomorphism types
in [132]]. The determination of A;(8, 6;4) = 257 and the classification of the corresponding two
optimal isomorphism types required a tailored approach with relaxations to subconfigurations,
see [119]] for the detailsE] We remark that the ILP approach can also be used to construct CDC’s

3The intermediate upper bound A, (8, 6;4) < 272 was determined in [127].
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4 Upper bounds for constant dimension codes

of large cardinality. To restrict the search space typically a subgroup of the automorphism group
of the CDC is prescribed, see e.g. [147].

If the presence of certain automorphisms is assumed, then for many cases improved upper
bounds can be concluded from the LP relaxation. It is also possible to deduce parametric bounds
from this approach, see [115} Section 10].

We close this overview mentioning that CDCs containing a lifted MRD code as subcode allow
tighter upper bounds on their cardinality, see [77, [116, [152]. We remark that many of the
currently best known constructions for CDCs involve a lifted MRD as a subcode, see Section [5] In
[157, Section 4] the underlying techniques have been extended to infer upper bounds for CDCs
arising from other specific constructions from the literature.

Research problem
Provide more specialized upper bounds for subcodes appearing in constructions for CDCs in the
literature (or Section 3.

4.1 Upper bounds for partial spreads

Assume, as before, k < n — k. An (n,2k; k),—CDC is also called partial spread or partial
k-spread to be more precise. Those CDCs attain the maximum possible subspace distance, which
is equivalent to the geometric description that the pairwise intersection of the k-spaces is trivial,
i.e., 0-dimensional. Applying the Johnson bound of Theorem [4.15|to the parameters of a partial

spread yields
[7] [n]y

Ag(n, 2k k) < —=L . A (n—1,2k;k—1) = —2
! [klg [k]q

since Ay(n — 1,2k;k — 1) = 1. An easy direct geometric justification comes from the fact
that PG(n — 1, ¢) contains [n], points and each k-space contains [k], points. Spelling out the
g-factorials and rounding down we obtain

q" -1
Ag(n,2k; k) < {qk—lJ . (4.13)
In the following we review improved classical bounds for partial spreads from the literature.
Other surveys can e.g. be found in [134, 211]. In the subsequent Subsection 4.2 we will briefly
introduce a contemporary approach based on ¢*~!-divisible (multi-) sets of points. It will turn
out that all upper bounds of this subsection can be obtained from non-existence results for
g*~'-divisible sets of points in PG(n — 1, g), where n is assumed to be sufficiently large.

An (n,2k; k)4—CDC of cardinality [n],/[k], is called a k-spread (or just spread). A handy
existence criterion is known from the work of Segre in 1964.

Theorem 4.23. (Existence of spreads — [197| §VI])
PG(n — 1, g) contains a k-spread iff k is a divisor of n.

Exercise 4.24. Writen =tk +r with1 <r <k —1andt > 2. Verify

n_ tk+r _ 1 _ t-1
Aq(n,Zk;k)gv 1J:q q {‘1 IJ:quk+r: H
gk -1 gk -1 gk -1 4

§=
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4 Upper bounds for constant dimension codes

Definition 4.25. (Deficiency of partial k-spreads in PG(n — 1, q) - cf. [28]])
The number o defined by

-1
Ay(thk +r;2k; k) = Z q‘*kw -0,
s=0
where 0 < r < k—1andt > 2, is called the deficiency of the partial k-spreads of maximum
possible size in PG(tk +r — 1, q).

Deficiency of a partial k-spread # in PG(n - 1, q)
If P is a partial k-spread in PG(n — 1, q), where n = tk +r withQ < r < k — 1 and ¢ > 2, then
the deficiency of # is defined as 2;(1) g***" — #P in several papers. Le. the value o is just a
lower bound for the deficiency of a given partial spread and there is some interest in the possible
deficiencies of inclusion-maximal partial spreads.

Theorem 4.26. (/28 129), cf. [63| Theorem 2.7(a)])
The deficiency of a maximal k-spread in PG(n — 1, g), where k does not divide n, is at least

qg -1
We remark that we indeed have
-1

Ag(th+7,2k:k) 2 " g = (¢" = 1) (4.14)
s=0

for all k,# > 2and 0 < r < k — 1, see e.g. [28] or Exercise [5.32] So, the cases “r = 0” and
“r =17 are completely resolved.

Theorem 4.27. ([[49, Theorem 4.3]) We have

t—1
Ag(th +2,2k:k) < 2942 - (22 - 1) (4.15)
s=0

forallk > 4,t > 2.

Theorem 4.28. (k sufficiently large, the asymptotic case — [178, Theorem 5])

We have
t—1

Ag(th +r,2k; k) < Z ¢ = (g - 1) (4.16)
s=0

forallk > [r]g, t > 2.

Theorem 4.29. ([150, Theorem 2.9],[l134, Theorem 9],[134, Corollary 7])
Forintegersr > 1,t >2,u >0,and z > Owith k = [r], + 1 — z+u > r we have

t—1

Ag(tk+7r,2k:k) < 3" = (q" = 1) + 2(q - 1). (4.17)
s=0

4This makes sense also for r = 0: Spreads are assigned deficiency o = 0.
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4 Upper bounds for constant dimension codes

Setting z = 0 in Theorem [4.29] gives Theorem 4.28]
For a long time the best upper bound for partial spreads was given by Drake and Freeman:

Theorem 4.30. ([/l60, Corollary 8]) If n = kt +r withO <r < k and t > 2, then

=1 kt n r
ar g =1 9" —q
Aq(n.2kik) < ) g™ = 16) = 1=¢" - =10 = 1= T - 10) - L,

i=0 -

where 20 = \/1 +4gk (g% — q") — (2¢* = 24" +1).

Example 4.31. If we apply Theorem .30 with g =5, n = 16, k = 6, and r = 4, then we obtain
0 ~ 308.81090 and As5(16,12;6) < 9765941.

Theorem 4.32. ([[34, Theorem 10],[150, Theorem 2.10]) For integers r > 1, t > 2, y >

n-k

max{r,2}, z>0withd=q”,y <k k=[rlg+1-z>r,n=kt+r,andl = qqk—_—lq” we have

11
Ag(n,2k; k) < 1g* + /1—5—E\/1+4/l(/1—(z+y—1)(q—1)—1) . (4.18)

Using Theorem4.32|withg =5,k =6,n=15,r =3,z =17,and y = 5 gives A5(15,12;6) <
1953186. Choosing y = ¢ we obtain Theorem Theorem [4.32] also covers [177, Theorems
6,7] and yields improvements in a few instances, e.g. A3(15,12;6) < 19695.

A few further parametric upper bounds have been mentioned in [[150]]. For ¢ > 2 we have

© 241 +1 < Ay(41+3,8:4) < 2% +4, where | = 22

26t—2_24 X
201

« 20 +1 < Ay(6t+4,12;6) < 261 + 8, where [ =

26141 < Ay(61+5,12;6) < 251 + 18, where | = 22 =2

261
o 34 +1 < A3(41+3,8;4) < 3%+ 14, where [ = 34;;'_‘133;
© 35+ 1 < A3(51+3,10;5) < 3% + 13, where [ = 272,
© 35+ 1< A3(51+4,10;5) < 3% + 44, where | = 2 =5
© 390+ 1 < A3(61+4,12;6) < 361 +41, where [ = =3

« 3041 < Ag(61+5,12;6) < 3 + 133, where [ = 3222,

37[—3 _34 .

« 371+1 < A3 (71 +4,14;7) < 371+ 40, where [ = 323

442—2_42 X

© 4M+1 < Ay(41+2,8:4) <4 +6, where [ = 1=

« 8141 < Ay(50+3,10;5) < 451 +32, where [ = £=4;
o 457+ 1 < Ag(61 +3,12;6) < 4°1 + 30, where [ = 4—6;;3_‘143;
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4 Upper bounds for constant dimension codes

© 45041 < Ay(61+5,12;6) < 451 +548, where [ = 224

« 4141 < Ay(Tr+4,14;7) < 471+ 128, where | = 28,

© 5°1+1 < As(5t+2,10;5) < 571 +7, where [ = —55;3_‘152;

« 5% +1 < As(5t+4,10;5) < 551 + 329, where | = £=5;

» 541 < As(61+3,8:4) < 57+ 61, where [ = 355"
« 5%1+1 < As(6t +4,8;4) < 5%+ 316, where | = 56;2_‘154;

© TI+1 < A7(51+4,10;5) < 731 + 1246, where | = T2

« 7%1+1 < A7(6t+2,8;4) < 7% + 15, where [ = —76;;4_‘173;

* 81+ 1 < Ag(4r +3,8:4) < 8% + 264, where [ = S8,

84—1 ’
e 81+1 < Ag(5t+2,10;5) < 8%/ +25, where [ = —85;;3_‘182;
« 891+ 1 < Ag(6r +2,8;4) < 81 +21, where [ = =8,

© Bl+1< Ag(31+2,6:3) < 93 +41, where | = L=,

95t—2_93

* 91+1< Ag(5t+3,10;5) < 971 +365, where | = >5

Actually, each improved upper bound for A, (n, 2k; k) for specific parameters implies a parametric
series of upper bounds.

Lemma 4.33. (/34 Lemma 4])
For fixed q, k and r the deficiency o is a non-increasing function of n = kt +r.

4.2 Upper bounds based on divisible multisets of points

A multiset M of points in PG(n — 1, g) is a mapping M: G,(n,1) — Ny. For each point
P € G,(n, 1) the integer M(P) is called the multiplicity of P and it counts how often point P is
contained in the multiset. If M(P) € {0, 1} forall P € G,(n, 1) we also speak of a set instead of
a multiset (of points). We call a multiset of points A-divisible iff the corresponding linear code
C is A-divisible, i.e., if the weights of all codewords in C are divisible by A. Note that this is
equivalent to

M(H) =#M (mod A) (4.19)

for every hyperplane H, where M(H) is the sum of the multiplicities of the points contained in H
and #M is the sum of the multiplicities over all points. The set of points of a k-space, the multiset
of points of a multiset of k-spaces, and the set of holes of a partial k-spread are ¢*~!-divisible.
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4 Upper bounds for constant dimension codes

Here we briefly state upper bounds for A, (n,d; k) that can be concluded from non-existence
results of A-divisible multisets of points. For an introduction we refer e.g. to [[120} [134].

For each integer r and each dimension 1 < i < r + 1 the ¢"*'~/-fold repetition of an i-space in
PG(v - 1, g) is a ¢”-divisible multiset of points of cardinality g"+!~ - [i]4. So, for a fixed prime

power ¢, a non-negative integer r, and i € {0, ..., r}, we define
r+l _ i r ) . .
sq(rii)==q" - [r—i+1], = R Zq’ =¢'+¢gt 4. +q" (4.20)
g-1 p
and state:
Lemma 4.34. For eachr € Ny and eachi € {0, ...,r} there is a q" -divisible multiset of points

of cardinality s4(r,1).

As a consequence of Lernma all integers n = 37_ a;s4(r,i) with a; € Ny are realizable
cardinalities of ¢"-divisible multisets of points. Note that the number s, (r, i) is divisible by ¢,
but not by ¢'*!. This property allows us to create kind of a positional system upon the sequence
of base numbers

Sq(r) = (54(r,0),54(r,1),...,54(r,7)).

Exercise 4.35. Show that each integer n has a unique S, (r)-adic expansion

,
n= Z a;sq(r.i) 4.21)
i=0
with ag, . ..,a,-1 € {0,...,q — 1} and leading coefficient a, € Z.
Algorithm
Input: n € Z, field size g, exponent r € Ny
r
Output: representation n = ) a;sq4(r,i) withag,...,a,.1 €{0,...,g—1}anda, € Z
i=0
meen

Fori <« 0Tor -1

a; «— m mod ¢
m—a;-[r-i+l],

m <—
q

ar —m
Here m mod ¢ denotes the remainder of the division of m by q.

Example 4.36. The S»(2)-adic expansion of n = 11 is given by 11 =1-7+0-6+1 -4 and the
S»(2)-adic expansion of n =9 is given by 1 -7+ 1-6 —1-4, i.e., the leading coefficient is —1.

Exercise 4.37. Compute the S3(3)-adic expansion of n = 137 and determine the leading coeffi-
cient.

Theorem 4.38. (Possible lengths of divisible codes — [144, Theorem 1])
Forn € Z and r € N the following statements are equivalent:
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4 Upper bounds for constant dimension codes

(i) There exists a q" -divisible multiset of points of cardinality n over F,.
(ii) There exists a full-length q"-divisible linear code of length n over F,.
(iii) The leading coefficient of the S, (r)-adic expansion of n is non-negative.

So, the S, (r)-adic expansion of n provides a certificate not only for the existence, but remark-
ably also for the non-existence of a ¢”-divisible multiset of size n. As computed in Exercise[#.37}
the leading coefficient of the S3(3)-adic expansion of n = 137 is —2, so that there is no 27-divisible
ternary linear code of effective length 137.

Sharpened rounding

Definition 4.39. Fora € Zand b € Z \ {0} let |La/bll4r be the maximal n € Z such that there
exists a q" -divisible Fy-linear code of effective length a — nb. If no such code exists for any n,
we set |la/b|g = —oo. Similarly, let [a/b]l4r denote the minimal n € Z such that there exists
a q"-divisible Fy-linear code of effective length nb — a. If no such code exists for any n, we set

"-a/b-"qr = 00,

Note that the symbols | a/b]l,~ and [a/b], encode the four values a, b, g and r. Thus,
the fraction a/b is a formal fraction and the power ¢” is a formal power, i.e. we assume
1530/14 # 765/7 and 2° # 4! in this context.

Exercise 4.40. Compute || 765/7 |52 and || 1530/14 ]l41. Verify
LO/bllgr = TO/bTqr =0
and

.. < a/bl < La/bly < lLa/blgo = [%J
<a/b<[a/b]=Ta/blyp < Ta/bly < Ma/blyp < ...

Lemma 4.41. ([l/44) Lemma 13])
Let k € Zs and U be a multiset of k-spaces in PG(n — 1, q).

(i) If every point in P is covered by at most A elements of U, then
#U < || A[n]g/[k]glgx-1-

(ii) If every point in P is covered by at least A elements in U, then

#U > [A[nly/ [k T e

An improvement of the Johnson bound from Theorem [4.15|
Instead of rounding down the right hand side of Inequality (4.4) we can use the sharpened
rounding from Definition [4.39}

Theorem 4.42. ([[44) Theorem 12])

Agy(n,d;k) < “

[n]y-Ag(n—1,d;k - I)H
[k]q q'k—l
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4 Upper bounds for constant dimension codes

With n’ = n — k + d/2, the iterated application of Theorem yields
. [n] [n—1]
Aq(n,d,k) S “[k]z * H[k_l]z : “"'

H%-Aq(n',d;dﬂ)ﬂ H H “ :
q qd/2-1 Ay | ey g

Example 4.43. So far, the best known upper bound on A;(9, 6;4) has been given by the Johnson
bound @.4), using A»(8,6;3) = 34 from [67]:
[9]> 2° -1
Ar(9,6;4) < | —=-A2(8,6;3)| = | =—— - 34| = 1158.
20,64 < | 1 aa(s.69) | = | 5
To improve that bound by Theorem we are looking for the largest integer n such that a
gk~ '-divisible multiset of size

M(n) = [9], - A>(8,6:3) — n - [4]o = 17374 — 15n

exists.

This question can be investigated with Theorem We have S>(3) = (15,14,12,8). The
S»(3)-adic expansion of M(1157) = 17374 - 15-1157=19is1-15+0-14+1- 12+ (-1) - 8.
As the leading coefficient —1 is negative, there is no 8-divisible multiset of points of size 19 by
Theorem{.38} The S»(3)-adic expansion of M(1156) =34is0-15+1-14+1-12+1-8. As
the leading coefficient 1 is non-negative, there exists a 8-divisible multiset of points of size 34.
Thus, we have

A(9,6;4) < “@ : A2(8,6;3)H = [L17374/15 |, = 1156,
[4]2 23

which improves the original Johnson bound (4.4) by 2.

Lemma 4.44. ([[44, Lemma 17]) The improvement of Theorem over the original Johnson
bound [@.4) is at most (q — 1)(k — 1).

The sharpened rounding in Theorem [d.42]can also be evaluated parametric in the field size g.
Proposition 4.45. (/l/44, Proposition 2]) For all prime powers q > 2 we have
A,(11,6:4) < ¢ +g"M + "0 +2¢7 +¢° + * + g7 —2g + 1
=’ -+ (" +q" +¢*+d’" ++2¢" + ¢’ - —q + D).
As a refinement of the sharpened rounding from Definition [4.39| we introduce:

Definition 4.46. For a € Z and b € Z \ {0} let |la/b| 41 be the maximal n € Z such that
there exists a q"-divisible multisets of points in PG(v — 1, q) for suitably large v with maximum
point multiplicity at most A and cardinality a — nb. If no such multiset exists for any n, we set

La/blgra = —co.

SExpressions of the form L% - c]qr should be read as | %€ J4r.
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4 Upper bounds for constant dimension codes

With this we can sharpen the almost trivial upper bound (@.13)) for partial spreads, see e.g.
[120, [134] for the details.

Lemma 4.47. Let U be a set of k-spaces in PG(v — 1, q), where 1 < k < v, with pairwise trivial
intersection. Then, we have

HU < L[v]g/[Klg Doy (4.22)

So, for 2 < k < n/2 we obtain the upper bound A, (n, 2k; k) < || [n]4/[k]gl4x-1,- In contrast
to |La/b], there is no known efficient algorithm to evaluate ||a/b ;-1 in general. In other
words, the determination of the possible cardinalities of ¢g”-divisible multisets of points with
maximum point multiplicity A is a hard open problem, see e.g. [137]]. For a survey of partial
results for 4 = 1 we refer to [[120].

Example 4.48. In e.g. [I54] it was shown that no 2*-divisible set of 131 points exists in
PG(v—1,2). Thisimplies A>(13,10;5) < 259 since a partial 5-spread in PG(12, 2) of cardinality
260 would give a 2*-divisible set of 131 holes (i.e. uncovered points). With this, Theoremm
e.g. yields A;(14,10;6) < 67349.

Nevertheless, several parametric bounds for ¢”-divisible sets of points (where 4 = 1) are
known, see [[134]. And indeed, all upper bounds for partial spreads presented in Subsection 4.1
can be deduced from Lemma [4.47]

The tightest known upper bounds for CDCs
Assume k < n — k. All currently known upper bounds for partial k-spreads are implied by
Ag(n,2k; k) < |L[nlg/klglyx-11, see Lemma and non-existence results for g% !-divisible
sets of points. For d < 2k all currently known upper bounds for A, (n, d; k) are implied by the
improved Johnson bound in Theorem except A»(6,4;3) =77 and A,(8, 6;4) = 257, which
are obtained via extensive ILP computations, see [132] and [119], respectively.

In [118] it was observed that also a combinatorial relaxation of a CDC C C G»(8,4) with
minimum subspace distance 6 has a maximum possible cardinality strictly less than 289, which
is the upper bound for A;(8, 6;4) that can be obtained by Theorem Possibly the notion of
generalized vector space partitions from [[L18]] allows further theoretical insights.

The dominance relation between the upper bounds is just a snapshot
The clear picture on the dominance between the different known upper bounds for CDCs might
just reflect our fragmentary knowledge and may change with time. While we currently do not
know a single upper bound for A, (n, 2k; k) that cannot be obtained via a non-existence result for
g*~'-divisible sets of points, there are indeed known criteria to show that certain ¢*~!-divisible
sets of points cannot coincide with the set of holes of a partial k-spread.

Research problem
Find a computer-free proof of A»(6,4;3) < 81 or A>(8,6;4) < 289.
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5 Constructions for constant dimension codes

In this section we want to review lower bounds for A, (n,d; k), i.e., constructions for constant
dimension codes. Our aim will to be to make the underlying ideas as clearly as possible, to show
up the relations between different constructions from the literature, and to highlight potential
for further improvements. To this end, we introduce a classification scheme to get a quick,
rough picture of the different constructions. We will also try to decompose the, sometimes quite
involved constructions, into smaller and easier components. While we want to trace the evolution
of different constructions and their successive improvements, we will also have a closer look at
the underlying distance analysises and possibilities to add further codewords. In some cases we
so obtain improvements over the existing literature.

Common components are constant dimension codes (of smaller size), abbreviated by C, and
rank metric codes, abbreviated by R. A matrix description of a subspace code V is a dissection
of a rectangle into sub rectangles describing the structure of a generating set for V, i.e., the
structure of generator matrices for codewords in V. As an example we consider the following
matrix description for V:

¢ [ ®r ]

The meaning is that we assume the existence of a CDC C and a RMC M so that
{(A M):AeG.MeM}

is a generating set of V, where G is a generating set of C. Note that we need matrices representing
the constant dimension codes in the components, since we want to end up with a generating set of
matrices in the end. The fact that the matrices in G and M must have the same number of rows
is indicated by common vertical border edge between the two cells. However, we do not assume
that the rectangle dissection is true to scale. I.e., while the two cells have the same width, we
do not assume that the matrices in G and M have the same number of columns. Of course the
parameters of C and M determine the parameters of V. E.g. we are interested in a lower bound
for the minimum distance and the cardinality of V' as well as whether V is a CDC. The details
then are subject to a theorem. In our example the construction principle is called Construction
D in [205] and the details can be found in Theorem [5.1}

By 0 we denote a rectangular all-zero matrix and by I a unit matrix, which gives us the extra
condition that the corresponding rectangle has to be a square in the dissection. Since an identity
matrix generates a CDC of cardinality 1, we can specialize our example to:

I \ R

This construction is known under the name of liftfed MRD codes assuming that the involved RMC
is of maximum possible size, see Theorem [3.3]
Another, almost trivial, specialization of our initial matrix description is:
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5 Constructions for constant dimension codes

< [ o |

Since we may permute columns arbitrary, it is equivalent to the description:

s [ < |

Such a subcode will be useful if combined with others only. So, we will also consider the
combination of different matrix descriptions by listing them one underneath the other. An
example, corresponding to the linkage construction in Theorem[5.7] is given by:

< [ r ]
& [ < |

Here we align the vertical lines such that they reflect the relationship between the matrix sizes
involved in the different subcodes. As an example, the improved linkage construction, see
Theorem [5.12] is described by:

¢ [ ®r |
& [ c |

Le., the length of the second CDC can be strictly larger than the length of the used RMC.

While those matrix descriptions are useful, not all constructions from the literature can be
described that way.

For other surveys on constructions for constant dimension codes we refer e.g. to [138 [142].

5.1 Lifting, linkage, and related constructions

In this subsection we briefly survey the so-called linkage construction with its different variants.
The starting point is the same as for lifted MRD codes. Instead of a k X k identity matrix I (or
Irxx) we can also use any matrix of full row rank k as a prefix for the matrices from a rank metric
code.

Theorem 5.1. (Lifting construction / Construction D — [205, Theorem 37])
Let C be an (n1,d; k)q—CDC and M be a (k X ny,d/2)—RMC. Then

W:={((G M)):Geg MeM},
where G is a generating set of C, is an (ny + na, d; k)g—CDC with cardinality #W = #C - # M.
Proof. For all G € G and all M € M we have k > 1k((G M)) > 1k(G) = k, so that
dim(W) =k forall W € ‘W, i.e., W is a CDC with codewords of dimension k.
Now let G,G’ € G, M, M’ € M be arbitrary, U = (G), U’ = (G’), W = ((E(U) A)), and
W’ = ((E(U)’ A’)).IfG # G’, then we have U # U’ so that

ds(W, W) =2 rk((g, f‘;)) 2%k 2. rk((g)) _2k = ds(U,U") > d.
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5 Constructions for constant dimension codes

If G = G’, then we have U = U’ and M # M’ so that

G M G M
{(E )22, )

21k(G) + 21k(M’ = M) — 2k = 2dr(M, M) > d.

ds(W,W’)

O

This generalized lifting idea was called Construction D in [205, Theorem 37], cf. [101}
Theorem 5.1]. Note that if C contains two codewords U, U’ with distance ds(U,U’) = d and
M contains an element M with tk(M) < d/2, which is the case if #M > 1, then we have
ds(W,W’) = d for W = ((U,M)), W' = ((U’,M)). If M contains two elements M, M’ with
distance dr (M, M’) = d/2 and C at least one element U, then we have ds(W,W’) = d for
W= {((U,M)), W = ((U,M’")). So, the assumptions on the minimum distances of C and M
are tight, i.e., they cannot be further relaxed besides degenerated and uninteresting special cases.
Moreover, the parameter m is the only degree of freedom that we have if we want to end up
with an (n, d; k),—CDC in the end, i.e., the formulation is as general as possible (assuming the
corresponding matrix description).

Choosing C and M as large as possible and using the parameterization m = n; and n = nj +no,
we conclude:

Corollary 5.2. (C.f. [205| Theorem 37])
Ag(n,d;k) > Ag(m,d; k) - A% (k x (n—m),d/2) (5.1

We find it convenient to split [205, Theorem 37] into Theorem[5.T]and Corollary [5.2] since we
will use Theorem in other contexts where we assume further conditions for M. The matrix
description of construction D in Theorem [5.1]is given by

[ ¢ [ ®r |

Directly from the construction we read off:

Lemma 5.3. The pivot structure of a CDC obtained via construction D in Theorem|5. l|is a subset
of (%), ().
Corollary 5.4.

Aq (n d: k: (’Z) (” ;)’")) > Ag(m,d;k) - AR(k x (n = m)n,d}2) (5.2)

Besides being recursive, the lower bound in Corollary [5.4]is very explicit and the only subtlety
is a good choice of the free parameter m. Since the parameter space is rather small one may
simply loopoverall 1 <m <n-—1.

In [151] it was analyzed which codewords can be added to a subcode obtained via construc-
tion D in Theorem [5.1] without violating the minimum subspace distance.
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5 Constructions for constant dimension codes

Lemma 5.5. Let C be a CDC obtained via construction D in Theorem with parameters
(n1,n2,d, k) andU € G, (ny, k) with generator matrix G and pivot vectorv. We have ds(C,U) >
d,i.e. CU{U} is an (ny+ny, d; k)y—CDC, if one of the following equivalent conditions is satisfied:

(@) du (((}). (§)).v) 2 d;
(b) at least d /2 of the k ones in v are contained in the last ny positions;
(c) 1k(Gy) < k —d/2, where G| € FZX"‘, G, € ngnz with G = (G G»); and.

(d) dim(U N Ey) > d/2, where E, is the ny-space spanned by the unit vectors e; with
n+1<i<n+no.

While the listed conditions are only sufficient in general, in some sense, they are indeed also
necessary if our only information on C is its matrix description or the pivot structure from
Lemmal5.3]

Corollary 5.6.

m\ (n—m m =
Aq(n,d;k)qu(n,d;k;(k),( 0 ))+A‘1(n’d;k;(g k_d/z)’(z d/z))

See e.g. Exercise [2.13]for the corresponding distance analysis.

While the lower bound in Corollary [5.6]is very handy and indeed an essential ingredient for
many good constructions in the literature, the second summand gives no hint how to construct
corresponding subcodes.

Theorem 5.7. (Linkage construction — [205, Corollary 39], [102, Theorem 2.3])
Let Cy be an (ny, d; k);—CDC, C; be an (n2, d; k)q—CDC, and M be a (k X na, d[2)-RMC. Then,
W =W, UWsisan (n +ny, d; k)—CDC of cardinality #C - #M + #C, where

{(G M):GeG,MeM}

is a generating set of ‘W,
{(Okxn, G’) : G' € Go}

is a generating set of Wh, and Gy, G, are generating sets of Cy, Cy, respectively.

The matrix description of the linkage construction is given by:

¢ | R |
s [ < |

The properties of the subcodes ‘W, and ‘W, may be directly concluded from Theorem The
“linkage property” ds(W;, W») > d follows e.g. from Lemma [5.5](d) and d < 2k. The latter
also implies the observation

m n—m
Aq(n,d;k;(S k—d/2)’(2 d/2)) > Ay(n—m,d;k).
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5 Constructions for constant dimension codes

Example 5.8. Forny =4, np =4, d =6, and k = 4 choose C; = C; = {{I4)}, and M as a
(4 x 4,3),—MRD code in Theorem Since #Ci = #C = 1 and #M = ¢8 we have # W, = ¢,
#W>r = 1, and #W = q8 + 1, so that A,(8,6;4) > q8 + 1. We remark that this is still the best
known lower bound for all field sizes q and that A>(8,6;4) = 28 + 1 = 257 was shown in [[119].

We remark that the verbal comparison of [102, Theorem 2.3]), [205, Corollary 39], and
other similar variants in the literature with Theorem are a bit involved due to different
parameterizations and additional conditions that exclude cases where other constructions with
competing code sizes are known.

Exercise 5.9. Show:
(a) ifny <k, then#W) =0; ifny < k, then #W, = 0;

(b) if2k < ni+ny < 3k —1, then the optimal choice is ny = k, so that ‘W is an LMRD code, cf.
the additional condition 3k < ny + ny in [205] Corollary 39] noting that for 2k > ny + ny
one may consider the orthogonal code;

(c) if Cy, Co, and M have minimum distance d,, dy, and d,, respectively, then we have d| > d,
dy > d, and d, > d/2 for d = min{dy, d3, 2d, }, cf. [102] Theorem 2.3].

Corollary 5.10.
Ag(n,d k) = Ag(m,d; k) - AS (k x (n=m);d/2) + Ag(n —m, d; k)

Since the matrix descriptions of two subcodes in Theorem are just column permutations
of

¢ R |

we can use Lemma [5.5](d) to directly conclude a sufficient condition for the addition of further
codewords to a CDC constructed via the linkage construction:

Lemma 5.11. Let C be a CDC obtained via the linkage construction in Theorem with
parameters (nj,ny,d, k), Ey be the ny-space spanned by the unit vectors €; with nj + 1 <
i £ ny+ny and E| be the ny-space spanned by the unit vectors e; with 1 < i < ny. If
dim(U N Ey) > d/2 and dim(U N Ey) > d/2 for U € G,(ny + ny, k), then C U {U} is an
(l’ll +ny,d; k)q—CDC.

Since we actually have ds (Wi, ‘W>) > 2k in Theorem|[5.7]it can be easily improved if d < 2k:

Theorem 5.12. (Improved linkage construction — [125, Theorem 18])
Let Cy be an (ny,d; k);—CDC, Cy be an (ny+k —d/2,d; k)q—CDC, and M be a (k Xny, d [2)—-RMC.
Then, W = W), U W, is an (n; + ny, d; k)—CDC of cardinality #C; - #M + #C,, where

{(Gl M) Gy Egl,MEM}
is a generating set of ‘W,

{(Okx(ni-k+a/2) G2) : G2 € Go}

is a generating set of Wh, and G, G, are generating sets of Cy, C, respectively.
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5 Constructions for constant dimension codes

The matrix description of the improved linkage construction is given by:

¢ | ®r |
e [ < |

The “linkage property” ds (W), W,) > d follows e.g. from Lemma [5.5](b).

Corollary 5.13.
Ay(n,d; k) > Ay(m,d; k) - A(I;(k X(n-m);d/2)+A;(n—m+k—-d/2,d; k)

Clearly, the lower bounds that can be obtained with Theorem[5.12]are at least as large as those
from Theorem
Also using Lemma [5.5](d), we can adjust Lemma [5.T1]to the improved linkage construction:

Lemma 5.14. Let C be a CDC obtained via the improved linkage construction in Theorem[5.12]
with parameters (ny, na, d, k), E3 be the ny-space spanned by the unit vectors €; withn;+1 < i <
ni+ny, and E| be the ny — k+d/2-space spanned by the unit vectors e; with 1 <i < ni—k+d/2.
If dim(U N Ey) > d/2 and dim(U N E;) > d/2 for U € Gq(n, k), then C U {U} is an
(l’l] + ny, d; k)q—CDC.

Exercise 5.15. Let ‘W be a (12, 6;4),—CDC constructed via the improved linkage construction in
Theorem with m = 6. Determine all v € G(12,6) such that for every U € G,(12,6) with
pivot vector v we have ds(‘W,U) > 4.

A different variant of the linkage construction exploits Lemma[5.5}(c), i.e., we ensure that the
generator matrices of the additional codewords have rank at most k —d/2 in their first n; columns
to deduce the “linkage property” ds(W;, Ws) > d:

Theorem 5.16. (Generalized linkage construction — [47, Lemma 4.1 with 1 = 2])

Let Cy be an (n1, d; k);—CDC, C; be an (n2, d; k),—CDC, M be a (k X ny, d/2)-RMC, and M, be
a(kxny,d/2; < k—d/2)-RMC. Then, W := W, U W, is an (n| + ny, d; k)—CDC of cardinality
#Cl . #M1 + #Cz . Mz, where

{(Gi M) : GieGi, M e My}
is a generating set of W\,
{(My Ga) : GreGo, My e My}
is a generating set of Wh, and Gy, G» are generating sets of C1, Cy, respectively.

The matrix description of the generalized linkage construction is given by

< | R |
[ & [ ¢ |

so that the linkage construction is contained as a special subcase. See also [109, Theorem 2].
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5 Constructions for constant dimension codes

Corollary 5.17. We have A, (n,d; k) >
Ag(m,d;k) - AX(k x (n—=m);d[2) + Ag(n—m,d: k) - Af(k xm,d[2;k - d[2).

The right hand side can be attained as the cardinality of an (n, k; d);—CDC ‘W constructed by
the generalized linkage construction in Theorem[5.16]

Using Lemma[5.5](d) we can directly conclude a sufficient condition for the addition of further
codewords to a CDC constructed via the generalized linkage construction:

Lemma 5.18. Let C be a CDC obtained via the generalized linkage construction in Theorem[5.16|
with parameters (ny,ny, d, k), E, be the ny-space spanned by the unit vectors e; with ny + 1 <
i < ny+ny and E| be the ny-space spanned by the unit vectors e; with 1 < i < ny. If

dim(U N E;) > d/2 and dim(U N Ey) > d/2 for U € Gy(ny + ny, k), then C U {U} is an
(n1 +na,d; k)g—CDC.

Theorem [5.16] has a lot of predecessors in the literature that cover special subcases and also
alternative proofs. As indicated, Theorem [5.16]is just a special case of [47, Lemma 4.1]. In
Subsection [5.1.1 we will consider variants and generalizations of Theorem [5.16] However, for
none of these an explicit strict improvement over Theorem[5.16]is known. See also e.g. [45][162]
for further variations of the linkage construction.

5.1.1 Variants of the generalized linkage construction

In its original formulation of the generalized linkage construction in [47, Lemma 4.1], the
approach was extended to [ > 2 subcodes ‘W;. Here we decompose the result into a few sub
statements. Combining Construction D (Theorem [5.1)) with the product construction for rank
metric codes (Lemma [3.24)) yields:

Lemma 5.19. Let [ > 2 andii = (ny,...,n;) € NL. For2 <i <1 let M; be a (k x n;, d)4,—RMC
and C be an (n1, d; k),—CDC with representation set G. With this, let

{(G My ... M) :GeC,Mie MV¥2<i<I}

a generating set and ‘W be the generated subspace code. Then, W is an (n,d; k),—CDC with

1 !
cardinality #W = #C - | #M;, where n = ), n;.
i=2 i=1

The corresponding matrix description is given by

] C \ R \ \ R |

where the unique CDC-component may be permuted to each of the / > 2 positions.

Theorem 5.20. Let [ > 2 and i = (ny,...,n;) € NL. For1 <i <1 let C; be an (n;, d; k)4—CDC
and G; a corresponding representation set. For1 < j <i < lletM{ bea(kxn;,d;< k—d[2),~
RMCand for 1 <i < j <llet M] be a (k x n;, d)q—RMC. With this, let

{(M.l LMF G M _..Ml.l):Gl-egl-,Ml.jeM{Vlsjsl,j;ti}

L
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5 Constructions for constant dimension codes

be a generating set for the subcode ‘W;, where 1 <i < 1. Then, W = ngl(Wi is an (n, k;d),—
CDC, where n = Zf.zl n;.

Proof. For 1 <i <[ the subcode W; is an (n, d; k),—CDC with cardinality

]_[#Mf HC; - ]_[ M

J=i+l

by Lemma[5.19] Let
H=(M, ..M, G My ...M)

be an arbitrary element in the generating set of the subcode ' W;and H' = (M| ... M G’ M}, ...M))
be an arbitrary element in the generating set of the subcode ‘W;, where 1 <i < j <[ are arbi—

trary. Set H = (G M;) and H = (M G’) and note tk(H) = rk(H’) = rk(H) = rk(H’) =

sothat ds((H),(H')) > ds(< ) (H )) Since tk(M]) < k — d/2 we can apply Lemma.(c)

to deduce ds(‘W;, W;) > d, so that ds(W) > d. O

The corresponding matrix description is given by

| ¢ | r» | R | ... [ RrR |
. R | ¢ | R | ... [ R |
x [ . [ ® [ ¢ [ x|
L R | [ R | [ ¢ |

Corollary 5.21.
1 i1

Aq(n,d;k)zz ]_[Ag(kxnj,g;k—g) Ay (nid; k) - ]_[ AR(kxn;, 9

i=1 \ j=1 J=i+l

We remark that in the original formulation of [47, Lemma 4.1] the rank metric codes Mlj ;
where 1 < j < [ and j # i, are assumed to be subcodes of a (k X n;, d/2),—RMC M;, which
is not necessary and may make a difference if / > 3 only. However, currently none of the best
known codes uses Theorem [5.20] or [47, Lemma 4.1] with / > 3. Actually, the parameter [ in
Theorem [5.20] can be recursively reduced to 2, so that we finally end up with Theorem

Exercise 5.22. Let ‘W be an (n, d; k),—CDC constructed via Theoremwith [ > 3. Set
en;=n;foralll <i<Il-2 n_1=n_1+n;
e C =Ciforalll <i<l-2;
o M/ =M forall 1 <i,j<1-2i#]

o MM = MU x Ml forall 1 <i < 1-2;
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5 Constructions for constant dimension codes

e Ci_ to the CDC obtained from the generalized linkage construction in Theorem using
Ci-1, Gy, Mf‘l, and Mll_l; and
° /W{_l = M;;forall 1 <j<1-2, where he{l-1,1} maximizes #M}l X -+ X MZ‘Z,

Show that we can apply Theorem with the above components to obtain a CDC W with
#W > #W.

In principle it is not necessary that the matrix description of the generalized linkage construc-
tion has a grid-like structure.

Theorem 5.23. ([I17, Theorem 26]) Let Cy be an (n1,d; k)q—CDC, C> be an (ny +t,d; k) —
CDC, M| be a (k X np,d[2)-RMC, and My be a (k X (n] —t),d/2; < k — d/2 — t)—RMC. Then,
W =W, UWsisan (n + ny, d; k)—CDC of cardinality #C; - #M + #C, - # My, where

{(Gi M) :GieGi,M e M 1}
is a generating set of ‘Wi,
{(My Gi) : GreGo, My e My}
is a generating set of Wa, and Gy, G» are generating sets of Cy, Ca, respectively.

The corresponding matrix description is given by

¢ [ R ]
L & | < ]

so that Theorem [5.23] generalizes the improved linkage construction in Theorem[5.12] However,
currently no single case where Theorem yields strictly larger codes than Theorem [5.12]and
Theorem [5.16is known.

Corollary 5.24.

Ag(n,dik) > Ag(m,d;k)- AN (kx (n—m),d/2)
+Ag(n—m+t,d;k)- AN (kx (m—1),d/2;< k —d/2)

5.2 The Echelon-Ferrers construction and their variants

The basis for the Echelon—Ferrers or multilevel construction from [76] is Inequality (2.8), i.e.
ds(U, W) = du(v(U), v(W)).

Theorem 5.25. (Multilevel construction — [76, Theorem 3])
LetS C Gi(n, k) withdy(S) > d. IfC, € G,(n, k) isan (n, d; k);—CDCwhose codewords have
pivot vector v for eachv € S, then C = U, ¢sC, is an (n, d; k),—CDC with cardinality },, c s #C,.
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5 Constructions for constant dimension codes

Suitable choices for the C, are also discussed in e.g. [76] and we will do so in a moment, see
Example The set S is a binary code with minimum Hamming distance d and sometimes
called skeleton code. By A,(n,d;k;v) we denote the maximum possible cardinality M of an
(n,d,; k)q—CDC where all codewords have pivot vector v, so that Theorem gives the lower
bound

Ag(ndsk) 2 )" Ag(n,dsksv), (5.3)
veS
where dy(S) > d. Actually the notion A, (n, d; k; v) is aspecial case of our notion A, (n, d; k; V)
for arbitrary subsets V C Gi(n, k). And so also Theorem [5.25|can be generalized:

Theorem 5.26. (/57 Theorem 2.3])
Let V1, ..., Vs be subsets of Gi(n, k) with dg(V;,V;) > d forall 1 <i < j <s. IfCy, C

Gq(n, k) is an (n, d; k),—CDC with pivot structure V; for each 1 <i < s, then C = Uy<;j<sCy, is
an (n, d; k)4;—CDC with cardinality 3| <; < #Cy,.

We call S = {Vy,...,Vs} a generalized skeleton code, see [157]]. For constructions that fit
into the context of Theorem [5.26] we refer e.g. to [110} [157].

Given a Ferrers diagram ¥ with m dots in the rightmost column and / dots in the top row,
we call a rank-metric code C# a Ferrers diagram rank-metric (FDRM) code if for any codeword
M e IFZ‘XZ of C all entries notin ¥ are zero. By dr (C#) we denote the minimum rank distance,
i.e., the minimum of the rank distance between pairs of different codewords.

Definition 5.27. (/205/])
Let ¥ be a Ferrers diagram and Cy C ]FI;X("_k) be an FDRM code. The corresponding lifted
FDRM code Cg is given by

Cr={Ue€Gy(nk): F(U)=F.T(U) € Cs}.

Lemma 5.28. (/76| Lemma 4])
Let Cy C ng(n_k) be an FDRY code with minimum rank distance 6, then the lifted FDRM code
Cg C Gy(n, k) is an (n,20; k),—CDC of cardinality #C.

Example 5.29. For the Ferrers diagram

f

over Fy a linear FDRM code with minimum rank distance dg = 3 and cardinality 16 is given by

01 00 /1 000 /01100001
c¢:<00 1 0/,j0 0 1 1[,Jt 0 0 If,|1 1 O 1>QP§X4.
000 1/\001 0 \W1 001\l 010
Via lifting we obtain a CDCwith pivot structure {(1,1,1,0,0,0, 0) } showing A»(7,6;3;(1,1,1,0,0,0,0)) >

16. Since dH((l, 1,1,0,0,0,0),(0,0,0,1,1,0, 1)) = 6 we have

Ay(7,6;3) > Ax(7,6;3;(1,1,1,0,0,0,0)) + A2(7,6;3;(0,0,0, 1, 1,0, 1)).
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5 Constructions for constant dimension codes

The Ferrers diagram for pivot vector (0,0,0,1,1,0,1) is : with e.g. {((1))} as a possible FDRM

code. The corresponding lifted codeword has generator matrix

0001O0O0O0
000011 Of.
00 0O0O0O01

Since Ay(7,6;3) = 17, see e.g. the partial spread bound in Theorem[d.26] we have A»(7,6;3;(1,1,1,0,0,0,0)) =
16 and A(7,6:3:(0,0,0,1,1,0,1)) = 1.

Lifted FDRM codes C are exactly the subcodes C, needed in the Echelon-Ferrers construction
in Theorem[5.25] In [76, Theorem 1] a general upper bound for (linear) FDRM codes was given.
Since the bound is also true for non-linear FDRM codes, as observed by several authors, denoting
the pivot vector corresponding to a given Ferrers diagram ¥ by v(¥) and using Lemma [5.28|
we can rewrite the upper bound to:

Theorem 5.30.
Aq(l’l, d;k;v(?)) < qmin{v,—:OSiSd/Z—l},

where v; is the number of dots in ¥, which are neither contained in the first i rows nor contained
in the last % — 1 —1i columns.

If we choose a minimum subspace distance of d = 6, then we obtain
A>(9,6;4;101101000) < 27

due to

O O O O
e o o o
e o o o
O O O e
O O O e
e o o o
O O e e
O O e e
O O e e

where the non-solid dots are those that are neither contained in the first i rows nor contained in
the last % —1—icolumnsforl <i < 3.

While it is conjectured that the upper bound from Theorem[5.30](and the corresponding bound
for FDRM codes) can always be attained, this problem is currently solved for specific instances
like e.g. rank-distances 6 = 2 only. For more results see e.g. [14} 1371} [168]] and the references
mentioned therein.

Example 5.31. We choose a generalized skeleton code S with vertices (6).G))- 00010000111, 00010100011,
00011000011, 00011000110, 00100001011, 00100001101, 00100001110, 00100100101, 00100100110, 00100101001, 00101000101, 00110000110, 00110101000,

01100010001, 10000101100, 10001001001, 10011100000 10100000011, and 10100110000, SO that
A,(11,4:4) > ¢*' + ¢ +2¢P +3¢" + 4¢P + ¢ + ¢ + ¥ + 29" +2¢° + ¢ + A, (7,4 4),

see [157, Proposition 3.1].
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5 Constructions for constant dimension codes

While the upper bound from Theorem [5.30| can always be attained for minimum subspace
distance d = 4, the determination of a “good” (generalized) skeleton code is still a tough
discrete optimization problemE] In [153] several new (generalized) skeleton codes improving
the previously best known lower bounds for A, (n,d; k) are given. We remark that it is also
possible to compute upper bounds for the cardinalities of CDCs that can be obtained by the
Echelon—Ferrers construction and to perform those computations parametric in the field size ¢,
see [82]. There are many other papers with explicitly determine (generalized) skeleton codes
and heuristic algorithms to compute them, see the citations of [[/6]. For greedy-type approaches
we refer to e.g. [112, 201, 202].

For the case of partial spreads, i.e. for d = 2k < n, the determination of a good skeleton
code for the Echelon—Ferrers construction is rather easy. Note that the condition dg(v,v’) >
d = 2k for v,v’ € Gi(n, k) means that the ones of v and those of v’ have to be disjoint, so
that A(n,2k; k) < |n/k]. By choosing v\ € G(n, k) such that the k ones are in positions
(i—-Dk+1,...,ik for 1 <i < |n/k] the upper bound can be attained and all corresponding
Ferrers diagrams are rectangular, so that we can use MRD codes.

(n mod k)_l)_l
gk-1

We remark that a more general construction, along similar lines and including explicit formulas
for the respective cardinalities, has been presented in [209], see also [91]]. For another approach
how to select the skeleton codes via so-called lexicodes see [203]].

Consider the following three Ferrers diagrams

Exercise 5.32. Show A, (n,2k: k) > £~ for 2k <n.

O 0 O e e e o e e e e o o
o e e o, e e e, and e o o,
e o o e o o e o o

where we have marked a few special dots by non-solid circles. For minimum rank distance
dr = 3 corresponding FDRM or lifted FDRM codes can have a cardinality of at most ¢° in all three
cases (and this upper bound can indeed be attained). So, we can remove the non-solid circles
from the diagrams without decreasing the upper bound. Or, framed differently, we can used
this free extra positions to add a few more codewords. The single non-solid circle in the middle
diagram is called a pending dot, see [[77] for the details. This notion was generalized to so-called
pending blocks and the four non-solid circles in the leftmost diagram form such a pending block.
For details we refer to [204, 205, [215]).

Explicit series of constructions using pending dots are e.g. given by the following two theorems.

Theorem 5.33. (Construction 1 - [77, Chapter IV, Theorem 16])

Ay(n,2(k = 1);k) = >0 + A (n -k, 2(k = 2);k = 1)
ifg>+q+1>swiths=n—-4ifnisoddand s =n -3 else.
Theorem 5.34. (Construction 2 —[77, Chapter IV, Theorem 17])
a
Ay(n,4:3) > g 4 Zqz(n—a—(q2+q+2)i)

i=1

INote that it generalizes the computation of A(n, d; k).
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5 Constructions for constant dimension codes

ifg>+q+1 <swiths=n—-4ifnisoddand s =n -3 else and a = [qz’;{in

Explicit series of constructions using pending blocks are e.g. given by the following two
theorems.

Theorem25.35. (Construction A — [205, Chapter IIZI, Theorem 19, Cor;ollary 20]) .
Letn > %andq2+q+l > ¢, whereﬁzn—k%mforoddn—% (orfzn—%

. k2+k—6
for even n — %). Then Agy(n,2k —2;k) > g>=h 4 Z?;; qz("_zikw' D4 ["_ 5’ ]q.

Theorem 5.36. (Construction B — [205, Chapter 1V, Theorem 26, Corollary 27])
Letn > 2k + 2. Then we have A, (n,4; k) >

122 -1 _ ik

kZ (k=1)(n=ik) (@*2 D@D - D) sy mmik2yna
! (q"~ 17 ‘ |
i=1 q

5.3 The coset construction

The starting point for the so-called coset construction introduce in [126] was [[/7, Construction
II1] leading to the lower bound A;(8,4;4) > 4797. The corresponding generator matrices have

the form

Gi1 ¢n(M)

0 G»
where G| € F’;‘X"‘ and G, € FSzan are generator matrices of (ny,d; k1) - and (n2,d; k2),—
CDCs, respectively. The matrix M € FS‘X(”Z_W is an element of a (k; X (n2 - k2),d/2),,~RMC

and the function ¢, maps M into F’;'X"Z by inserting k, additional zero columns at a set S of
positions where corresponding submatrix of G, has rank k5.

Definition 5.37. Let M € F];X” be arbitrary and S a subset of {1, ...,n}. By M|s we denote the
restriction of M to the columns of M with indices in S.

For one-element subsets we also use the abbreviation M|; = M|;;.

1 01 01

11100

Example 5.38. For M = ( 1 10

)EF%XSandS={1,3,5}wehaveM|S=(1 ! 1).

Definition 5.39. Ler G € IFSZX" of rank ky and M € Fg‘x("_kZ) be arbitrary. We call function

FZIX("%Z) — ]F];lx" an embedding function compatible with G if there exists a subset

S € {1,....n} of cardinality ko such that ¢(M)|s = Ok, xk, and 1k(G|s) = 1k(G) = k.

In order to indicate the dependence on H we typically denote embedding functions compatible
with G by ¢G. As an abbreviation for the function value pg(M) we also write MTg or M T,
whenever G is clear from the context or secondary. A feasible and typical choice for ¢¢ is to
choose the index set S as the set of the pivot positions in E(G).
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5 Constructions for constant dimension codes

01 1010 (1) (1) 8 01 101
Example5.40. ForG=(0 1 1 1 1 O|andM = L0 1 wehave E(G)={0 0 0 1 O
0 00O0O0°1 000O0O
011
so that v(G) =010101 and S := {1 <i <6 : v(G)|; = 1} = {2,4, 6}. For the embedding func-

tion G compatible with H defined via the index set S we have

100000
001000
vaM)=11 o 0 0 1 ol
001010

Lemma 541. Let G € FZZX" with tk(G) = ky and ¢ : IFI,;'X("_’Q) — IFS‘X" an embedding
function compatible with G. Then, we have

k (((’OG((;M))) =rk(G) + k(M) = ky + rk(M) G4

forall M € FS‘X("_IQ) and

! !
rk((gl A QDG(Mi))) - 1k(G) + 1k (Z A Mi)
i=1

G
1
= k2+1'k (Z/l, Ml) (55)

i=1
foralll €N, and A; € Fy, M; € FSIX(n_kZ) withl <i <.

Proof. Let S C {1,...,n} be the subset in Definition corresponding to ¢ and [n]\S =
{1,...,n}\S. Note that we have pG(M)[s = Ok xkr, and oG (M)|,)\s = M for all M €
IFSIX(”_IQ). Since rk(G|s) = rk(G) = k, we have

rk((“’G(M))) = rk((o"lez M )) = k(M) +tk(Gs) = tk(G) + tk(M),
G Gls  Glups
i.e., the first equation is valid (using rk(G) = k).

Set M = 25:1 AiM; € F];'X(”_kz and M’ = 25:1 oG (M;) € F’;'X". Since G (M) = M’ the
second equation directly follows from the first. |

Lemma 5.42. (Product construction for constant dimension codes) Let C; be an (n1,d; k) g
CDC Gy be an (ny,d; k2) ,~CDC, M be a (ky X (n2 — k2),d/2),~RMC, and G\, G, be generating
sets of Ci, Gy, respectively. For each G, € G, we denote by ¢, an embedding function
F’;X("z_kZ) — lexnz compatible with G,. With this,

{( Gl ‘sz(M)

:GreG,Me M,Gy €
Ot Gy ) 1 €Gi 2 Qz}

is the generating set of an (ny +ny, d; ki + kz)q—CDC‘W with cardinality #Cy - #M - #C,.
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5 Constructions for constant dimension codes

Proof. Let W € ‘W be an arbitrary codeword with generator matrix

_ G| SOGz(M)
H= (G )

Since tk(H) = 1k(G1) +rk(G3) = ky + ko we have dim(W) = k| + k. Let W’ € ‘W be another

G/ , M/
codeword with W’ # W with generator matrix H’ = ( 1 pa (M) ) Set

0 G
Gi  ¢G,(M) G %G, (M)
0 G» G -G ¢g,(M') - ¢g,(M)
R :=r1k|]| -, NIELE RS 2 2
0 G 0 G} - G

and note that

ds({G1),(G"
rk((G;(ilcl)): - 1;< 1>)+k12§+"1
ds({G2) , (G’
rk((GéciZGz)) = M + k2 > §+k2‘

Since ds(W,W’) = 2 - (R — k| — k) it suffices to show R > ki + kp + % in order to deduce
ds(W,W’).
IfGy # Gi we have

G * G
R>1k|[G| -G % :rk((G, 1G ))+rk(G2)zd/2+k1+k2.
0 G e

If G| = G| and G, # G/, we have

1
Gy * G
>k|[ 0 G :rk(G1)+rk((G,_zG ))zd/2+k1+k2.
0 G)-Gs 2772

=

If G| = G| and G, = G/, then we have M # M’ so thattk(M — M’) = dr(M,M") > d/2 and

G * )
R > I'k(( 0 QDGZ(M’) — SOGZ(M))) — rk(Gl) +1k ((‘sz(M )G_ZQDGZ(M)))
0 G,

= ki+ko+rtk(M-M")> ki +ky+d/2.
Thus we have ds(‘W) > d and the stated cardinality follows from the distance analysis. O

The corresponding matrix description is denoted by

C R]
0 C

48



5 Constructions for constant dimension codes

where RT indicates a RMC whose length is increased by addition additional zero columns according
to a CDC sharing the same positions of the final code.

While the conditions on the components C;, C,, and M in the product construction in
Lemma(5.42]are rather demanding, one advantage is that the three code sizes are multiplied. The
other is that we can combine several such subcodes to a larger CDC:

Theorem 5.43. (Coset construction — [126) Lemma 3, Lemma 4])

Let Cy be an (ny, dy; kl)q—CDC, C, be an (ny, dy; kz)q—CDC, and M be a (ki X (ny —k2),d[2),—
RMC, where d = dy + d». For a positive integer s let Cl, .. .»C}] be a d-packing of C and
Czl, ..+»Cj be a d-packing of Cp. For j € {1,2} and 1 < i < s let Q}’ be a generating set of

CJl: and G = u;‘zlgj’., where j € {1,2}. For each G € G, let oG be an embedding function

F’;X("z_kZ) — FSIX"Z compatible with G. With this let

{( Gl SDGz(M)
0k2><n| G2

be a generating set of a subcode W' for 1 < i < s. Then, W = U;?zl(Wi is an (ny + np,dy +
dy; ki + k2)4—CDC with cardinality

) : Gy eg{,MeM,Gzeg;}

S S
#W = Y #W =M. > #C] - #C). (5.6)

i=1 i=1
Proof. The subcodes W' are (ny +ny, dy + da; k1 + k2),~CDCs forall 1 <i < sby Lemma ,
which also yields the stated cardinality of W. For arbitrary G1, G| € Gi, G2,G) € Go, and

M,M’" € M let
Gi1 ¢G,(M) G| ¢G,(M)
H= 2 H =71 7%
( 0 G and 0 G
i.e., W= (H), W = (H’) are arbitrary codewords in “W.
If Gy = G| or G, = G/, then there exists an index 1 < i < s so that W, W’ € W and either
W =W’ ords(W,W’) > ds(W') > d| +d>.
If G| # G| and G3 # G/, then we set U; = (G1), U[ = (G), Uz = (G2), U] = (G), so that

rk(( Gy )):ds(Ul,U;)+k _ ds(C)
Gl

d
+k 271+k1

-G 2 ! 2
and ds (U, U7)
Gy _ 481V, é ds(Cz) d
rk((Gé—Gg))_T+k22 2 +k22?+k2.
Since
G ¢G,(M) G *
0 G, G -G *
R = 1k , =1k 1
Gl ¢G§(M) 0 G»
0 G) 0 G, -G,
G] G2 dl +d2
= >
o R (| s SR
we have ds(W, W) =2- (R -k, — k) > dy + d>. O
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5 Constructions for constant dimension codes

The corresponding matrix description is denoted by

< RT
0 c!

where C' indicates that the have a sequence of CDCs and using the same superscript i indicates
how the components have to be arranged.

We remark that we may also use different RMCs M’ for the construction of the subcodes W*
instead a single RMC M for all. However, since there is no obvious benefit of such a generalization
we prefer the simplicity of the stated formulation and Equation (5.6) for the cardinality of the
resulting code.

Definition 5.44. By C,(n1,n2,d; ki, k2) we denote that maximum possible cardinality of a CDC
W obtained via the coset construction in Theorem with RMC M = {Ok]X(nz—kz)}’ where
dy, dy are arbitrary besides satisfying d; + dy = d.

In other words, C, (n1, na, d; k1, k») is a shorthand for the maximum possible value of Zle #C{-
#Cé in Equation (5.6).

Exercise 5.45. Show Cy(ni,n2, d; ki, k2) = Cq(na,ni,d; ka, ki) and Cq(ni,na, d; ki, k) =
Cy(ni,na, dyky,ny = ko).

Since the optimal choice for the RMC M in the coset construction for a CDC ‘W is an MRD code,
Cy(n1,ny,d; ki, k) is indeed the essential quantity to express the maximum possible cardinality

#W:

Lemma 5.46. Let ‘W be a CDC constructed via the coset construction in Theorem |5.43| with
parameters (ny,ny, d; ki, ka) of maximum possible cardinality. Then, we have

#W AR (ky % (n2 = k2),d[2) - Cq(ny,na, ds ki, k2)

= [qma"{k""z_kz}'(min{k""Z_kz}_d”)] - Cy(ny1,ny,d; ky, ko). .7

When estimating lower bounds for constant dimension codes we may also replace the term
Cy(ni,ny,d; ki, ky) by some lower bound. The matrix description underlying Definition
can be written as

ct 0
0 ct

We remark that [47, Lemma 4.4] for [ = 2 can be seen as a special case of this construction.
Before we state an example for the coset construction we introduce another notion from
geometry.

Definition 5.47. (Parallelisms)
A parallelism in G, (n, k) is a 2k-partition of the (n,2;k),—CDC G,(n, k). A 2k-packing of
Gq(n, k) is called partial parallelism in G, (n, k).
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5 Constructions for constant dimension codes

In other words, a parallelism is a partition of the k-spaces in Fy into k-spreads. The size of a
spread in G, (n, k) (or a k-spread in [Fy) is given by A, (n, 2k; k) = [ﬂq/ ['f]q = Z:j

Proposition 5.48. Parallelisms in G, (n, k) are known to exist for:
(a) k=2, q =2, andn even [16,17];
(b) k=2,all gandn =2" form > 2 [27];
(c) k=2,qg=3,andn=06[81];
(d) k=3,qg=2 andn =06 [130 195].

See e.g. [[78, Section 4.9] for more details. For lower bounds for partial parallelisms we refer
to [30L 70} 225]].

Example 5.49. Consider the coset construction for parameters (m ,na,dp,da, ky, kg) =(4,4,2,2,2,2).
To this end, let Cy = C, = G4(4,2) and M be a (2x2,2),—MRD code. For s = [g]q/Aq (4,4,2) =
g>+q+1let {Cl, cee Cf} and {Cl, cee, CZY} be parallelisms in G, (4,2). With this we can apply

the coset construction in Theorem to construct an (8,4;4),—CDC W,. Since #M = g% and

#le: =q¢’>+1forall j € {1,2} and all 1 < i < s we have

2
#"Wg:qz-(q2+q+1)-(q2+1) :qg+q7+3q6+2q5+3q4+q3+q2.

For the chosen parameters n;, k;, and d; the other choices are indeed optimal for the coset
construction. Le., starting from Equation li we note #M < Ag(kl X (np — kp), (dy + dz)/2)
and:

Lemma 5.50. (/126 Corollary 1])

nj

Cy(ni,ny,ds ki, k) < min [m] 'Aq(nz,d;kz),[ ] “Ag(ny,d;ky)
ki ko 4

q

Via orthogonality the existence question for a 4-partition of G, (6, 4) translates to the existence
question for a parallelism in G, (6,2), which is known for ¢ € {2, 3}, see Proposition[5.48]

Example 5.51. Consider the coset construction for parameters (nl, ny,dy, da, kq, kz) =(6,6,2,2,4,2)
and assume q € {2,3}. To this end, let C = G4(6,4), C> = G,4(6,2), and M be a (4x4,2),—MRD
code. For s = [(Z’]q/Aq(6,4;2) = [ﬂq let {Cl, .. Czs} be a parallelism in G,(6,2) and set

C]i = (Cé)Lfor 1 <i<s. Since Ay(6,4;2) = g* + ¢* + 1 we have

6
] -(q4+q2+1),
261

i.e., the upper bound from Lemma is attained with equality. Since #M = ¢'%, the CDC
W resulting from the corresponding coset construction has cardinality 55996416 if g = 2 and
532504413441 if g = 3.

S
Cq(6,6,4;4,2) > > #C] - #C} =
i=1
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5 Constructions for constant dimension codes

As conjectured in [77], Example [5.49]is just an instance of a more general result:

Proposition 5.52. ([/126, Theorem 9]) If parallelisms in G,(n1, k1), G4(n2, ko) exist and dy =
d> = 2, then we have

Cq(nl’ ny, 4, kl, kz) = mln{ Zl
1

< Ag(na,d; k), [Zz] 'Aq(nl,d;kl)}-
q 2lq
Example 5.53. Consider a CDC ‘W obtained by the coset construction in Theorem with
parameters (ny,ny,dy,ds>, ki, ky) = (4,6,2,4,1,3). For the components we do not have too
many choices. Since Ci € G,(4,1) we have s < [Al']q = ¢>+q¢*>+q+ 1. The fact that
2ky < dy + dy implies #Cf =1 foralll <i < s. Similarly, the (1 x 1,3),—RMC M has to
be of cardinality 1. The ambient code C, has to be a (6,3;4),—CDC and the Cj have to be
(6,3:;6),—CDCs, i.e. partial spreads, for all 1 <i < s. From Equation @ we conclude
S S
#C - #C) = > Ch <#Cy < Ag(6,4:3).

i=1 i=1
For g = 2 we have s < 15 and A5(6,4;3) = 77. In [I26l] a 6-partition with cardinality 15
of a (6,4;3),~CDC of cardinality 76 was obtained via ILP computations and its optimality was
shown, i.e., C2(4,6,6;1,3) =76. Here indeed the maximum cardinality of [‘1‘]2 = 15 is indeed a

limiting factor.

#W =#M.

The packing problem of a given ambient CDC into CDCs of larger minimum subspace distance
is a hard but interesting algorithmical problem. For ambient CDCs with a specific structure we
give preliminary parametric constructions in a moment. First we consider the compatibility with
other subcode constructions and the extenability problem.

Directly from the construction we conclude:

Lemma 5.54. The pivot structure of a CDC'W obtained via the coset construction in Theorem
is a subset of ((’,::), (Zz))
So we can directly apply the generalized Echelon—Ferrers construction:

Example 5.55. (Sequel of Example

Let ‘W, as in Example so that its pivot structure is contained in (3), (3) Let ‘W) be
the (8,4;4),—~LMRD code of cardinality q'? and Wz = {((04><4 I4)>} be an (8,4;4),—CDC of
cardinality 1. The pivot structures of these two codes are given by the unique vectors 11110000
and 00001111. Due to dH((;‘), (3), {11110000,00001111}) = 4 and dgz (11110000, 00001111) >
4 we have

ds(Wr, Wa), ds(W1, Ws), ds(Wa, W3) > 4,

so that W = Wy U Wy UWs is an (8,4; 4),~CDC of cardinality ¢'> + (¢* + g + 1) - (¢* + 1)2 +1.

We remark that corresponding lower bound
2
Ag3.44) 2 g+ (¢ 4g+1)- (P +1) +1 (5.8)

is still unsurpassed for all ¢ > 3. For g = 2 the corresponding code size of 4797 was surpassed
by CDCs of sizes 4801 and 4802, see [39] and [227]], respectively.
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5 Constructions for constant dimension codes

Exercise 5.56. Show that ((04><4 I4)> € G,(8,4) is the unique codeword that can be added to
the (8,4;4),—CDC W) + W, in Example without violating the minimum subspace distance.

From Lemma[5.54]and Lemma|5.3}(b)) we conclude:

Lemma 5.57. (Construction D + coset construction)
Let ‘W) be a CDC constructed via construction D in Theorem 5. 1|with parameters (ni,ny, d, k)
and W, be a CDC constructed via the coset construction in Theorem with parameters
(nl,nz,dl,dz,kl, kz), where k1 + k2 =k and d1 +d2 =d. Ifk2 > d/2, then W = Wl +W2 is
an (ny + ny, d; k),—CDC with cardinality # W, + #W,.

The corresponding matrix description is given by:

I N
C RT
) c!

Example 5.58. (Sequel of Example

Let ‘W, be constructed via construction D in Theorem with parameters (ny,n2,d, k) =
(4,6,6,4) and ‘W, be constructed via the coset construction in Theorem with parameters
(n1,n2,dy, da, ki, ka) = (4,6,2,4,1,3). Since the “linkage condition” ky > d /2 in Lemmal[5.57]
is satisfied, W) U W, is a (10, 6;4),—CDC of cardinality #W, + #W,, so that

Ag(10,6;4) > A (4,6;4) - AR(4x6,3) +Cy(4,6,6,1,3) = g% + C4(4,6,6,1,3).

Forq =2, C2(4,6,6,1,3) = 76 was mentioned Example so that # W, + W, = 4172 can be
attained. In [l126] it was observed by an exhaustive computer search that an additional codeword
can be added to ‘W, so that Ay (10,6;4) > 4173. This is still the best known lower bound.

We remark that Construction 1 in Theorem [5.33]yields the same lower bound.
Also different subcodes constructed via the coset construction can be combined to yield larger
codes. Here the distance analysis in the Hamming metric combined with Lemma [5.54] gives:

Lemma 5.59. (Coset construction + coset construction — cf. [126, Lemma 6])

Let ‘W) be a CDC constructed via the coset construction in Theorem with parameters
(n1,n2,dy,da, ki, ky) and W, be a CDC constructed via the coset construction in Theoremm
with parameters (nl,nz,d{,dé,k;,ké). If k .= ki +ky = k; + ké, d =d +dy = d; + dé
and |k1 - ki| + sz - ké! > d, then W = W) U W, is an (n1 + ny, d; k),-CDC with cardinality
W] + #(Wz.

The corresponding matrix description is given by:

C RT
0 c
c R
0 c!
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Example 5.60. Let W5 and ‘W5 be constructed via the coset construction in Theorem [5.43| with
parameters (ny,ny,dy, ds, ki, k) = (6,6,2,2,4,2) and (nl, no, di, dé, ki, ké) =(6,6,2,2,2,4),
respectively. Note that the conditions of Lemma for the combination of W5 and ‘W5 are
satisfied and C4(6,6,4;4,2) = C,4(6,6,4;2,4). The maximum size of the RMC for (6, 6,4,4,2) is
Ag (4x4,2) =q"% and Ag (2%2,2) = ¢> for (6,6,4,2,4). Since the conditions of Lemma
are satisfied for ky € {2,4}, we can choose W, as the (6 X 6,4),~LMRD code of cardinality g*°,
so that considering the CDC W = W, U W, U W5 yields

A,(12,4;6) > ¢*° +C,(6,6,4;4,2) - (q” + qz) .

For q € {2,3} we can use the exact value of C;(6,6,4;4,2) determined in Example to
conclude

Ar(12,4;6) > 1129792924 and A3(12,4;6) > 206423 645526 099.

Mirrored coset construction
Of course one can easily adjust the coset construction in Theorem [5.43] so that its matrix
description is given by

ct 0

R] c
instead of

C RT

0 ct

and call it mirrored coset construction. In Lemma we then have to replace the condition
ko > d/2 by ko —tk(M) > d/2 for all M € M if we use a subcode obtained by the mirrored
coset construction and M is its utilized RMC.

In Example the advantage of choosing the mirrored coset construction for ‘Wj with
parameters (n1,ny,dy, da, k1, k2) = (6,6,2,2,2,4) is that we can choose a RMC of size A(’f (4 x
4,2,< 2) > A§(2 X 2,2). However, in a modified version of Lemma considering the
combination of a subcode from the coset construction with a subcode from the mirrored coset
construction we have to replace the condition |k1 - k{| + |k2 - ké! > d. The following example
shows that the ranks of the elements in the involved RMCs have to be taken into account. The
generator matrix
100000 000000
010000 000000
001000 001000| ( G MTGz)

000100 000100 |~ \02ys Go

000000 100000
000000 010000

with G| € Fy*®, 1k(G1) = 4, G, € F2*°, 1k(G2) = 2, M € FJ*, and rk(M) < 2 fits into
the shape of the coset construction with parameters (ny, ns,d1,d>, k1, k2) = (6,6,2,2,4,2).
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Similarly, the generator matrix

100000 000000
010000 000000

000000 100000 _( G| 02><6)
000000 010000| \M'TG; G
001000 001000
000100 000100

with G| € F¥, 1k(G)) = 2, G; € F*%, 1k(G)) = 4, M’ € FJ**, and tk(M’) < 2 fits
into the shape of the mirrored coset construction with parameters (ny,nz,dy, ds, k1, kz) =
(6,6,2,2,2,4). However, as H’ arises from H by swapping row three with row five and
row four with row six, we have (H) = (H’), i.e., ds({(H),(H’)) = 0.

While it is possible to suitably modify the condition in Lemma [5.59] we are not aware of a
construction of a CDC leading to the best known lower bound that involves both a subcode obtained
from the coset construction and a subcode obtained from the mirrored coset construction. So,
we refrain from going into more details.

If we want to combine the generalized linkage construction with the coset construction, then
we eventually have the restrict the maximum occurring ranks in the RMC of the coset part, as it is
the case if we combine construction D with the mirrored coset construction.

Lemma 5.61. (Generalized linkage construction + coset construction)

Let ‘W be a CDC constructed via the generalized linkage construction in Theorem with
parameters (ny, ny, d, k) and ‘W, be a CDC constructed via the coset construction in Theorem
with parameters (ny,ny,dy,da, ki, k2) and RIC M. If ki +ky =k, d\ +dy = d, ky > d/2 and
ki—1k(M) > d/2forall M € M, then W = W1 UW, is an (ny+ny, d; k),—CDCwith cardinality
(Wl + (Wz.

Proof. Let E| and E; be as in Lemma for ‘W;. For each codeword U € ‘W, we have
dim(U N Ey) = ky = d/2 and dim(U N Ey) = k; —1k(M) > d/2, where M € M is the matrix
used in the generator matrix of U. m|

The corresponding matrix description is given by:

I

x| < |
ct RT
0 c

Example 5.62. Let ‘W) arise from the generalized linkage construction with parameters (ny,ny, d, k) =
(5,5,4,5), so that we can assume #W; = q20 + Ag(S X 5,2; < 3). Let ‘W, arise from the coset
construction with parameters (ni,ny,dy,ds, ki, k2) = (5,5,2,2,3,2), so that we can assume
#W, = A(I;(3 x3,2;< 1) - Cy(5,5,4,3,2). Due to Lemma we can consider the CDC

W, U W, to conclude

Ag(10,4;5) > ¢?0 + AR(5%5,2:<3) + AR (3x3,2;< 1) - C4(5,5,4,3,2),
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which can be refined to

3
Ag(10,4;5) > ¢* + AR(5%5,2;<3) +

i C4(5,5,4,3,2)

q

using Proposition For a lower bound for Ag (5% 5,2; < 3) we refer to Example and
for a lower bound for Cy(5, 5,4, 3,2) we refer to Proposition[5.68 and Exercise noting the
computer result C4(5,5,4,3,2) > 1313 mentioned in Subsection Plugging in these lower
bounds gives

Ag(10,4:5) > ¢ +4q'+q"+2¢" +¢" - q" - 24" - ¢’ + 24"
+5¢" +4¢° +7¢° + 11g* +15¢° + 12¢° + 6q + 2 (5.9)

and
A(10,4;5) > 1048576 + 130696 + 7 - 1313 = 1 188 463. (5.10)

Flawed bound in the literature
The construction for a lower bound for A, (10, 4; 5) from [47] was flawed. Applying Lemmal5.59
with (ki, k2) = (3,2) and (k{, k}) = (2,3) is possible for minimum subspace distance 2 only.
However, the lower bound from Example [5.62]is better anyway.

Example 5.63. Consider the construction from Example again, e.g. we choose the pa-
rameters (ny,np,d, k) = (6,6,4,6). This time we let ‘W) arise from the generalized linkage
construction, so that we can assume #W; = ¢>° + Ag (6 x6,2; < 4). For the CDCs ‘W, and Wh,
obtained from the coset construction, we have to adjust the corresponding RMC M so that the
condition ki —tk(M) > d/2 from Lemmal[5.61\is satisfied for all M € M. For W, with parame-
ters (ny,n,di, da, ki, ky) = (6,6,2,2,4,2) we can choose M as a (4x4,2; < 2),—RMC. For W
with parameters (ny,n,dy, da, ki, ky) = (6,6,2,2,4,2) we have to use a (2 X 2,2; < 0),—RMC,
i.e., we can just use the one-element RMC consisting of 0rx>. Considering the (12,4;6),—CDC
Wi UW, UW; yields

Ag(12,4;6) = g% + AR(6x 6,2, < 4) + C,4(6,6,4:4,2) - (A§(4 X 4,2:<2) + 1) .
Using Lemma 3.8 and Example we conclude

Ar(12,4;6) > 1212418496 + 7204617 =1219623113

and
A3(12,4;6) > 209943770460426 + 10422814402 = 209954193 274 828.

We remark that the stated construction constitutes the best known lower bound for (12, 4;6),—
CDCs where g € {2,3}. For ¢ > 3 the existence a parallelism in G, (6, 2) is unknown, so that we
cannot apply the construction in Example for C,(6,6,4;4,2) directly. In the subsequent
Subsection[5.4we study general constructions for d-packings of CDCs and take up the construction
in Example [5.63| again.
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Exercise 5.64. Compute a parametric lower bound for A;(12,4;6), where q > 4, based on the
construction in Example and the parametric lower bound for C,4(6,6,4;4,2) determined in
Subsection

What are sufficient conditions for a symmetric version of the coset construction?
Given the nice symmetry of the matrix description of the generalized linkage construction,
the question arises if a generalized version of the coset construction with matrix description
! RT
R <
The following example for subspace distance d = 4 shows that we need further, possibly quite
restrictive, conditions at the very least. The generator matrix

exists?

1000 0001
_|o100 0000 ( G, Mg,
10010 0100 \Malg, G2
0000 0010

with G| € FZ4, 1k(G1) = 2, Gy € FJ*4, 1k(G>) = 2, My € F2%, tk(M)) < 1, My € F2%, and
rk(M>) < 1 as well as the generator matrix

0100 0000

, _|0010 1000 _( G/ MI’TGQ)

~ 10000 o100 \Mjlg; G,
0001 0010

with G| € F2%, 1k(G1) = 2, G} € FZ*4, 1k(G}) = 2, M| € F2%, tk(M]) < 1, Mj € F2¥2,
and tk(M;) < 1 fit into the shape of the desired matrix description. Setting U; = (Gy),
Uz = (Gy), U] = (G}), U] = (G))) we observe ds(U;,U]) = 2 and ds(U,,U)) = 2, so that
ds(Uy, U{) + ds(Us, Ué) =4 > d. For

01 , (00 (10 , (00
R v A v R

we have dR(Ml,Ml’) =2 > d/2 and dr(M>, Mz') = 2 > d/2 (using the natural choice for 7).
However, both W := (H) and W’ := (H’) contain the 3-space generated by

0100 0000
0010 1000
0000 0100

as a subspace, so that ds(W,W’) < 2 < d. Restricting the ranks of My, M{ to be smaller than 1
or the ranks of M>, M to be smaller than 1, we end up with the original coset or the mirrored
coset construction, respectively.

We leave it as an open research problem to generalize the coset construction and refer to
Theorem [5.74] for a possible first step into that direction.
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5.4 Constructions for d-packings of CDCs and RMCs

As already mentioned, we can separate the problem of the choice of the RMC in the coset
construction and the problem of a coset construction with matrix description

ct 0
0 ct

where the parts C' correspond to d-packings of CDCs. If parallelisms are not available or the
desired minimum subspace distance is larger than 4 then we need different techniques for the
construction of the needed d-packings.

Without the relation to the coset construction the following result was obtain in [47] in the
context of the extension problem for the generalized linkage construction.

Proposition 5.65. (Cf. [47) Corollary 4.5 with | = 2])
2

Cq(m,na, ds ki, ko) > min{ar, a2} - [ | AR (ki x (ni = ki), d/2),
i=1

where a; = Ag(ki X (n; — ki),di/Z)/Ag(ki X (n; — k;),d/2) fori =1,2 and dy, d> € 2N with
di+dy =d.

The underlying idea can be briefly indicated by the matrix description

I R ) )
) 0 I R

and Lemma [3.16] mimicking parallelisms for LMRD codes, cf. [78] Section 4.9].

Lemma 5.66. (Parallel FDRM codes — C.f. [160, Lemma 2.5], [47, proof Corollary 4.5])

Let F be a Ferrers diagram and M be a corresponding additive FDRM code with minimum rank
distance d. If M is a subcode of a an additive FDRM code M’ with minimum rank distance
d’ < d and Ferrers diagram F, then there exist FDRM codes M; with Ferrers diagram F for
1 <i < a:=#M'/#M satisfying

(1) dg(M;) 2 dforalll <i < a;
(2) dg(Mi, M) > d’ forall1 <i<j<a;and
(3) My,..., My is a partition of M.

Proof. Foreach M’ € M’thecode M+M’ := {M+M’ : M € M} is an FDRM code with Ferrers
diagram ¥ and minimum rank distance d. For M’',M"” € M’ we have M" + M = M" + M
iff M —M" € Mand M" + M N M"” + M = 0 otherwise. Now let M;,..., M, be the
a = #M’/#M different codes M + M, which are cosets of M in M’ and partition M’. Since
all elements of M; and M; are different elements of M’ we have dr(M;, M;) > d’ for all
1<i<j<a. o
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Choosing 7 as a X b rectangular Ferrers diagram, we end up with [160, Lemma 2.5], see also
Exercise[3.17] Note that we have to choose Delsarte—Gabidulin (or some other specific class of)
MRD codes in order to ensure that an MRD code for minimum rank distance d contains an MRD code
with minimum rank distance d + 1 as a subcode. In the proof of [47, Corollary 4.5] this lemma
is indirectly applied with a = a; and b = n; — a;. Note that for minimum rank distance ¢ = 2
the upper bound from [76, Theorem 1], cf. Theorem [5.30] can always be attained by linear rank
metric codes. Moreover, the only choice for ¢’ then is ¢’ = 1 and M’ consists of all matrices
with Ferrers diagram 7. Thus, M’ is automatically linear and contains M as a subcode.

Research problem
Study the existence of “large” linear FDRM codes that contain FDRM codes of larger minimum rank
distance as a subcode.

A first approach might be to start from a linear Delsarte—Gabidulin MRD code and to consider
linear subcodes going in line with the support restrictions of a given Ferrers diagram 7.

pivot vector size m(q,F,2) # of cosets m(q,F,1)/m(q,F,2)
11000
10100
10010
10001
01100
01010
01001
00110
00101
00011

<

[SSREOS
NN NN W W W W

e S e S S
(3]
SIS N R R

Table 5.1: Data for Lemma with ¥ € G1(5,2).

skeleton code size # of used cosets
{11000,00110} ¢>+1 4°

{11000,00101} ¢*+1 ¢
{11000,00011} ¢*+1 1

{11000} g -4 —q-1
{10100,01010} ¢’+q ¢>
{10100,01001} ¢*+1 ¢

{10100} q° q* - 24?
{01100, 10010} ¢’+q ¢*

{10010} q -4
{10001} 1 q°

Table 5.2: 4-packing scheme for G, (5, 2).
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Corollary 5.67.
Cy(5,5,4:2,2) 2 ¢° +q" +q°+7¢° +5¢* +3¢° +2¢° + g + 1

Le., we have C»(5,5,4;2,2) > 1043. Proposition yields C,(5,5,4;2,2) > q°, ie.,
C»(5,5,4;2,2) > 512. Proposition[5.73)gives C; (5,5,4:2,2) > ¢°+q" +¢°+¢ +¢*+¢* +24°+
g+1,ie., C(5,5,4;2,2) > 771. In [157] the lower bound C;(5, 5,4;2,2) > 1313 was shown
by a heuristic computer search. By an easy argument the upper bound C5(5,5,4;2,2) < 1381
was shown.

We can also use more geometric ideas.

Proposition 5.68.
Cq(5’5’4;2’2) 2 C]9+q7+2616+6]5 —q4+4q3 +6q2+4q+2

Proof. Let m and 7’ be two plane in Ffl intersecting in a point P. Let C be an LMRD code disjoint
to 7 that can be partitioned into ¢> partial line spreads C; of cardinality ¢*. Similarly, let C’ be
an LMRD code disjoint to 7’ that can be partitioned into ¢ partial line spreads C; of cardinality
g>. Forl <i < B]q = ¢> + g + 1 we add one of the B]q different lines contained in 7z to C;.
To ensure that no line occurs twice we only keep those lines in C/ that intersect 7 in exactly
a point. Let us now determine the resulting sizes #C/. To this end, let £ be the set of the q°
lines in & that do not contain P. Since the elements of £ are pairwise intersecting in a point,
there are exactly g partial line spreads C/ that contain one element from L. For these, exactly

[ﬂq - [ﬂq — 1 = ¢ — 1 elements intersect in exactly one point. For the other ¢°> — ¢ partial

line spreads, [ﬂq — 1 = g% + q of its elements intersect 7 in exactly a point. Since n’ contains

H , = 4+ 1 lines intersecting 7 in a point, we can add a further line to ¢ + 1 of the latter partial
line spreads C/ each. This gives

i (#C)? + i (#c!)®
i=1 i=1
[ east) (o e1) o 0= -a-1)- ()

+q2-(q2—1)2+(q+1)-(q2+q+1)2+(q3—q2—q—1)-(q2+q)

= @ +q +2¢°+¢° —¢* +44° + 6% + 4 + 2.

2

2

O

Exercise 5.69. Improve the lower bound of Proposition by taking the unused lines into
account. Conclude a similar bound assuming that the planes n and nt’ intersect in a line.

Corollary 5.70.

Cy(6,6,4:2,2) > ¢ +q" +¢° +7¢® +5¢7 +64° +5¢° +4¢* +2¢° + 14> + g + 1
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pivot vector size m(q,F,2) # of cosets m(q,F,1)/m(q,F,2)

N
N

110000
101000
100100
100010
100001
011000
010100
010010
010001
001100
001010
001001
000110
000101
000011

w
<

(3]

(3]

(3]
[N I S R S R S R O o o s I N N Y

—_ = = =R '—‘»QQ»QQ)'—‘»QQQQ
S BICS SIS RS S BN N N BN NS N

Table 5.3: Data for Lemma with F € G1(6,2).

skeleton code size # of used cosets
{110000,001100,000011} g*+4*>+1 1
{110000, 001100} q*+q* q> -1
{110000,001010,000101} g¢*+g+1 ¢
{110000, 001010} q*+q -q
{110000,000110,001001} g¢*+g+1 ¢
{110000, 001001} gt +1 > -q
{110000} q* * - 3q¢7
{101000, 010100} @ +q 7
{101000, 010010} ¢ +q 7
{101000} 7 q*-24°
{011000, 100100} @ +q* 7
{100100, 010001} 1 q°
{100100} q q* -24°
(100010} q q'
{100001} 1 q'

Table 5.4: 4-packing scheme for G, (6, 2).
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L.e., we have C,(6,6,4;2,2) > 8719. Proposition 5.65: yields C,(6,6,4;2,2) > q'?, ie.,
C1(6,6,4;2,2) > 4096. The upper bound from Lemma|5.50|is given by

c112+c]11 +3q10+3q9+6qg+5q7+7q6+5qs+6q4+3q3 +3q2+q+ 1,

ie., C2(6,6,4;2,2) < 13671. Due to he existence of parallelisms in G, (6,2) for g € {2,3} the
upper bound is indeed attained. So our packing constructions are very far from being optimal.
(For g = 2 the polynomial in Proposition would result in 8839.)

Exercise 5.71. Improve the stated packing scheme for G,(6,2) for g > 2.
Proposition 5.72. For g > 3 we have
Cy(6,6,4;2,2) > g2+ g0+ +748 +5¢" +8¢° +4¢° + 64" + 3¢ +34% + ¢ + 1.

Proof. Let S be the solid with pivot vector 001111 in Fg and C be an LMRD code disjoint to S that
can be partitioned into ¢* partial line spreads C; of cardinality ¢*. Since § = Ffl there exists a
parallelism of S, so that we can add ¢® + 1 additional lines to g> + ¢ + 1 of the partial line spreads
C;. So, we have

qz (#C)?
i=1

2

2
(q2+q+1)-(q4+qz+1) +(q4—q2—q—1)-(q4)
= ¢ +2¢%+2¢" +5¢°+3¢° +5¢* + 2¢° + 347 + g + 1.

The lines used so far, all lines being either disjoint to S or contained in S, i.e., the have pivot

vector 110000 or their pivot vector is contained in ((g) (é)) For the remaining pivot vectors we

consider the packing scheme

skeleton code size # of used cosets
{101000,010100} ¢° +4¢*> 4°
{101000,010010} ¢*+q ¢°
{101000,010001} ¢*+1 4°
{100100,011000} ¢>+4¢> 4°

{101000} q° q* -3q°
{100100} q° qg* - ¢
{100010} q q*

{100001} 1 q*

yielding an additional contribution of

q10+q9+5q8+3q7+3q6+q5+q4+q3.

Proposition 5.73. (/157 Proposition 3.5])

Colmm 4k, k) > >0 Ag(n 13k;v) - Ag(n,2:k;v)
veG (n,k)
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5.5 Inserting constructions

We have seen in Subsection[5.I|that the generalized linkage construction yields CDCs with compet-
itive cardinalities. In Lemma[5.61] we have summarized sufficient conditions for the combination
with subcodes obtained via the coset construction. In these subsection we want to study further
variants of subcodes that can be used to improve the generalized linkage construction. In e.g.
[159, 182} [183]] the authors speak of inserting constructions cf. also [111].

Packings of RMCs constructed in Subsection [5.4] can be exploited as follows:

Theorem 5.74. (Block inserting construction I — [159, Theorem 4])

Let Cy be an (n1,d; k);—CDC, Cy be an (n3,d; k),—CDC, M3 be a (ki X n4,d/2;ky —d[2),—
RMC, My be a (ka X ny,d/2;ky — d/2),—RMC, My be a (ki X na,d;/2),—RMC, and M, be a
(ky X n3,d>/2)4—RMC, where dy + dy = d. Let Mf, ., M{ and M%, s M3 e %-packings of
cardinality s of My and My, respectively. With this let

{ ( Gl Ml Ole}’l3 M3

: Gre G, My € M, M3 € Ms,
Oun, Mi  Go Mz) 1 € G, My 1> M3 3

My e My,Gr € Go, M> € Mlz}

be a generating set of a subcode W' for 1 < i < s, where G| and G, are generating sets of
Cy and Gy, respectively. Then, ‘W = U‘l?ZI’Wi is an (n1 + ny + n3 + ng, d; ki + k2),—CDC with
cardinality

#W =

#W' = HC) - H#Cy - #Ms - #My - ) Mi - #ME.

i=1 i=1

Proof. Let

H= G, My 0 M;
“\0 My, G, M,

be the generator matrix of an arbitrary codeword W € ‘W. Since k| + ky > tk(H) > rk(G) +
rk(G,) = ki + ko, every codeword is a (k| + kp)-space.

Let
o= (G1 M]/ 0’ M3, )
0 M . G, M;

be the generator matrix of another codeword W’ € W,

G, M 0 M G 0 M, M
Reo|| ® Me G M|l HGI=Gi 0 M{=Mi Mi-Ms||
G, M 0 M, 0 G» My M

0 M, G, M] 0 G,-Gy M,—Ms M,-M

and Uy := (Gy), Us := (G2), U] :=(G}), Uj := (G}).
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5 Constructions for constant dimension codes

IfGy # Gi or G, # G/, then we have U; # U{ or U, # U), so that

G 0
ds(W,W') = 2(R—kj—ky) >2-1k GIBGI GO -2k = 2k
2
0 G} -G,

ds(Uy,U) +ds(U, U3) > d.
IfG, = Gi and G, = G/, then we have

M:=
G 0 M, M3
0 G M, M,
0 0 M -M M;-M
0 0 M;-My M;—M,

R =1k

=k +ks +rk((]‘/[1 - My My _M3)),

M) -My M,—- M,

so that it suffices to show rk(M) > d/2 in order to deduce ds(W,W’) > d.

If M3 # Mj or My # M,, then we have tk(M) > rk(M; — M}) + tk(My — M;) >
min {dg (M), dx (M)} > d/2. _

If M3 = Mj and My = M, then we have tk(M) = k(M — M{) +rk(Mp - M) = dr (M}, M{) +
dr(M>, M3). 1f My = M, then their exists an index 1 < i < s with M, Mj € M, and we
have My # M;, so that k(M) > dr(Mz, M}) > dr(M}) > d/2. Similarly, if My = M,
then their exists an index 1 < i < s with M, M{ € M| and we have M| # M|, so that
k(M) > dr(My, M) > dr(M}) > d/2. If My # M| and M, # M;, then we have rk(M) >
dR(Ml,Ml’) +dR(M2,M2') > dr(M)) +dr(Mp) =2 di /2 +dr /2 =d]2. O

The matrix description of the block inserting construction I is given by
C R' 0 R
0 R C R'

Corollary 5.75. Let ‘W be a CDC constructed via the block inserting construction in Theorem
with parameters (ny, ny, n3, na, d, k1, k»), where dy, d, with d+d, = d are arbitrary, of maximum
possible cardinality. Then, we have

#W > Ag(n.dik) - Ag(na.diko) - Af (ki xng, $5< ki - $) -
A";(kzxnz,%;kz—%)-Ag(klxnz,d/Z)-Af;(kzxm,d/Z)-a/,

where

a = ma

AR (ki X np,di[2) AR (ko x n4,da/2)
dl,dzzd,)idz:d n ’

AR(ky xny,df2) " AR(ky x n4,d)2)

Example 5.76. Let ‘W be a CDC constructed via the block inserting construction in Theorem[5.74|
with parameters (ny,ny, n3, na, dy, do, ki, k2) = (3,3,3,3,2,2,3,3) of maximum possible cardi-
nality. Then, we have

#W > ' A§(4><4,2;S 2) > ¢+ ¢ +2¢"% + ¢ — ¢ - 2¢" - 4¢P

using Lemma[3.8]
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5 Constructions for constant dimension codes

Note that the upper rank bounds for the matrices in M3 and M, are not necessary in the proof
of Theorem [3.74]

Lemma 5.77. (Generalized linkage construction + block inserting construction)

Let ‘W1 be a CDC constructed via the generalized linkage construction in Theorem with
parameters (n},n},d, k) and ‘W be a CDC constructed via the block inserting construction in
Theorem with parameters (ny,na,n3,ng,dy,da, ki, ka). If n{ = ni +ny, n}y = n3 +ny,
d =dy+dy, and k = ki + ky, then W = W U W, is an (n| + n}, d; k)g—CDC with cardinality
#W = #W, 1+ #Wz.

Proof. Let

o= G My 0 M3\ (P
10 My G, M, o P

be the generator matrix of an arbitrary codeword W, € W, U; := (P1), U := (P»), and E1, E;
be the special subspaces for W, as in Lemma Since dim(W, N E;) > dim(U; N Ep) >
tk(G) —rk(M3) > d/2 and dim(W, N E;) > dim(U, N E) = tk(G,) —rk(My) > d/2 we have
ds(Wi,W,) > d by Lemmal5.18] O

Example 5.78. The CDC obtained from the block inserting construction I in Example is
compatible with a CDC obtained from the generalized linkage construction with parameters
(n1,n;2,d, k) = (6,6,4,6), so that

Aq(12,4:6) > A4(12,4:6) > ¢ + AR (6% 6,2:<4) +¢'* - AR(4x4,2;<2).
However, as mentioned after Example[5.76] the effort for the more complicated coset construction
pays off, see Example

As a special case of the block inserting construction in Theorem we mention:

Proposition 5.79. (/160, Proposition 2.1])

Let M3 be a (ki X n4,d[2;ky —d[2)—RMC, My be a (ko X ny,d/2; ky — d[2),—RMC, M; be a
(k1 X ny,di/2)q—RMC, and M; be a (ky X n3, d»/2),—RMC, where dy +d, = d. LetMll, - Mf
and Mé, ... M be L-packings of cardinality s of My and My, respectively. With this let

{( I, My Ogxny, M3

: My e M, My € My, My € My, My € M
O My In, Mz) i M 3, My 4, My 2}

be a generating set of a subcode W' for 1 <i < s. Then, W = UfZI’Wi isan (ny + ny + n3 +
n4, d; k1 + k2),—CDC with cardinality

#W = D #WT =M #My - D MM,
i=1 i=1

Corollary 5.80. Let ‘W be a CDC constructed via Proposition[5.79with parameters (ny, na, n3, na, d, k1, k2),
where dy, d» with d| + dy = d are arbitrary, of maximum possible cardinality. Then, we have

#W > AR(kixng,$i<ki -9 ARk xng, $5ka - 9) -

AR (ki xnp,d)2) - AR (kyxn4,d)2) - a,
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5 Constructions for constant dimension codes

where

a = ma

AR (ki X np,di[2) AR (ko x n4,da/2)
d,,dg:d|)-¢(-d2:d n '

AR(ky xny,df2) " AR(ky x n4,d)2)

Example 5.81. Let ‘W be a (12,4;6),—CDC obtained via the block inserting construction in
Theorem with parameters (ny, ny, n3, ng,di, do, k1, k2) = (4,2,2,4,2,2,4,2). Let My =

{0252), so that we can assume
#W > g2 A§(4 X4;2<2)> g% +¢" +2¢"8 + g7 — g — 24" - ¢".

Example 5.82. Let ‘W be a (12, 6;6),—CDC obtained via the block inserting construction in
Theorem with parameters (ny, na, n3, na,di,ds, k1, k) = (3,3,3,3,2,4,3,3). Let M3 =
My = (03x3) and choose M| = My as (3 X 3,2),—MRD codes, so that we can assume #W > q°.

In [159, Theorem 5] another inserting construction being compatible with the generalized
linkage construction and the block inserting construction I was proposed as block inserting
construction I1. We give a slight generalization under the same name.

Theorem 5.83. (Block inserting construction II — cf. [159, Theorem 5], [160, Theorem 2.7])
Let M be a (ky X ny, ky X n3,d/2; < ky + ka — d/2),~SRMC, Cy be an (n, d; k1) ,~CDC, and be
a C be an (ng, d; kz)q—CDC. With this, let

{( M, Gy 0k1><n3 0k1><n4

G €Gl,Gyr € Gy, (M, M) e M
O, xn; Oioxn, Mo Gz) 1 € G1,G2 € Go, (M, M) }

be a generating set of a subspace code W, where G| and G, be generating sets of C, and Ca,
respectively. Then, Wisan (n; + ny + n3 +nyg, d; ki + kz)q—CDC with cardinality #Cy -#Cy - #M.

Proof. Let

My G 00
=55 6

be the generator matrix of an arbitrary codeword W € ‘W. Since k| + ky > tk(H) > rk(G) +
rk(G,) = ki + ko, every codeword is a (k| + kp)-space. Let

M G 0 0
’ _ 1 1
H‘(o 0 M G;)

be the generator matrix of another codeword W’ € ‘W,

M G, 0 0 G, 0 My 0
Ao 0 m G|l lei-er 0 mMi-m 0
R=tklly G0 o||=™|| o Gy 0 My ||
0 0 M G 0 G,-G, 0 Mj-M

and Uy := (G1), U, := (G»), U{ = (Gi), Ué = (Gé)
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5 Constructions for constant dimension codes

IfGy # Gi or G, # G/, then we have U; # U{ or U, # U), so that

G 0
ds(W,W/) = 2(R—k1—k2) >2-rk GlaGl GO -2k —2ky
2
0  G,-G,

ds(Uy, Ul/) + ds (U, Ué) >d.

If G| = G| and G = G/, then we have

Gy 0 M, 0
Ao G, o M, || , ,
R =1k 0 0 M{—Ml 0 —k1+k2+l‘k(M1 M1)+I‘k(M2 Mz),
0 0 0  M-M

so that k(M| — My) +tk(M] — M) > dr(My, M{) + dr(M2, M}) > d/2 implies ds(W,W’) >
d. O

Corollary 5.84. Let ‘W be a CDC constructed via the block inserting construction Il in Theo-
rem m with parameters (ny, no, n3, ng, d, ki, k2) of maximum possible cardinality. Then, we
have

#W > Aq(l’lz,d;kl) . Aq(l’l4, d; kz) . Ag(kl X ni, ka Xn3, < ki +ky —d/2).

Example 5.85. Let ‘W be the (12,6;6),—CDC obtained via the block inserting construction
Il in Theorem with parameters (ny,ny,n3, na, d, ki, kz) = (3,3,3,3,6,3,3) of maximum
possible cardinality. Since A,(3,6;3) = 1 we can assume #M > A,(3 x3,3x3,3,< 3) >
@ +q* +2¢° — ¢* — q using Example for the later estimation.

We remark that the variant of the block inserting construction II in [[159, Theorem 5] gives a
subcode of cardinality ¢° + ¢* + ¢> — ¢*> — ¢, i.e., ¢° codewords less.

Note that the upper rank bounds for the matrices in M are not necessary in the proof of
Theorem [5.83]

Lemma 5.86. (Generalized linkage constr. + block inserting construction LII)

Let ‘W) be a CDC constructed via the generalized linkage construction in Theorem with
parameters (ni, né, d, k), W, be a CDC constructed via the block inserting construction I in
Theorem with parameters (ny,ny,n3,ng,dy,da, k1, ky), and ‘W5 be a CDC constructed via
the block inserting construction Il in Theorem |5.83| with parameters (n,na,n3, ng, d, ki, k).
Ifn] =ny+ny n}) =n3y+ng d=d+dy, k =k +ky ky > d/2, and ky > d[2, then
W =W, UW,UW;isan (ni + né, d; k)q—CDC with cardinality #W = #W, + #W, + Ws.

Proof. From Lemma we conclude that W’ := W U W, is an (n] + n}, d; k),—CDC with
cardinality #W'’ = #W| + #W,. So, let

H_M]G]OO_'PI
37lo 0 M G, T \p,
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5 Constructions for constant dimension codes

be the generator matrix of an arbitrary codeword W3 € W3, U; := (P1), U, := (P3), and E1, E»
be the special subspaces for ‘W, as in Lemma Since dim(W3 N Ey) > dim(U; N Ey) =
k(G1) = k; = d/2 and dim(W; N E») > dim(U, N Ey) = 1k(Gy) = ky > d/2 we have
ds(Wi,Ws3) > d by Lemmal5.18]
Now let
G M 0 M
— (Y1 1 3
w= (G 6 )
be the generator matrix of an arbitrary codeword W, € ‘W,. Observe that the pivot vector v(H3)

of Hj is contained in ((z:), (‘%) (Zi), ('64)) Since rk(M;) + 1tk(M,) < ki + ky — d/2 we have

du(v(H3),v(H>)) > d, so that ds(W3, W) > d. O

Example 5.87. Let ‘W) be a CDC constructed via the generalized linkage construction in
Theorem with parameters (ni,n2,d, k) = (6,6,6), W> be a CDC constructed via the
block inserting construction I in Theorem with parameters (ny, ny, n3, na,dy, ds, ki, ky) =
(3,3,3,3,2,4,3,3), and ‘W3 be a CDC constructed via the block inserting construction Il in
Theorem [5.83| with parameters (ny, na, n3, na, d, ki, k2) = (3,3,3,3,6,3,3). Then, considering
the (12, 6;6),—CDC yields

Ag(12,6;6) > g™ +AR(6x6,3;<3)+q +Ay(3%3,3x3,3;<3)
> q24+q15+q14+2q13+3q12+3q”+3q10+3q9+q8—q7—2q6
-2¢° -2¢* - ¢’ - 34> - 2q

using AR(6x6,3; < 3) > [§]q~ (¢° = 1)+1=¢qB+q"+2¢"3+3¢"%+3¢" +3¢"°+2¢° +¢% - q" -
2¢% -3¢ -3¢* -3¢ - 2¢* - q from Lemmaand the lower bound for A, (3% 3,3%3,3; < 3)
from Example For g =2 we e.g. have A>(12,6;6) > 16865672.

5.6 Combining constant dimension codes geometrically

So far we have combined generating sets of CDCs and matrices of RMCs in order to obtain
generating sets of CDCs. Now we want to describe a different possibility how smaller CDCs
can be combined to larger CDCs. In [48]] the authors combined several (6, 4;3),-CDCs to show
Ay09,4:3) > g +2¢% +2¢7 + ¢° + ¢° + ¢* + 1, which improves upon the previously best
known lower bound A,(9,4;3) > ¢'2 + 2¢% + 247 + ¢® + 1, which was obtained from the
improved linkage construction. In [155] the mentioned lower bound was further improved to
Ag(9,4;3) = g2 +2¢% + 297 + ¢ +2¢° + 2¢* — 2¢® — 2q + 1. Here we want to present the
generalization of this approach as introduced in [47]. The ideaistouseaCDCC < G, (k+t, k) and
an s-space S outside of PG(k+7—1, k), i.e., we wanttouse PG(k+t—1, g) XS = PG(k+s+t—1, q)
as ambient space of the resulting CDC. For each codeword U € C we consider the (k + s)-space
D :=UxS = PG(k+s~-1,q). InD we can choose an (k + s,d; k),—CDC that contains U
as a specific codeword and whose codewords intersect S in at most a certain dimension. More
precisely, we assume that we have a list of choices for the chosen CDC in D.
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5 Constructions for constant dimension codes

Definition 5.88. An (n,d, k)-sequence of CDCs is a list (D, ..., D,) of (n,d; k)y-CDCs such
that for each index 0 < i < r there exists a codeword U € D; and a disjoint (n — k)-subspace S

such that dim(U’' N S) < i forall U’ € D;, wherer =k — %.

We remark that an LMRD code gives an example for Dy and for 9;, with i > 1, we can take
Dy. Another possibility is to start with an arbitrary (n, d; k),-CDC, pick the special subspace S,
and remove all codewords whose dimension of the intersection with S is too large.

Assume that U and U’ are two different codewords of C and D = U x S and D’ = U’ X S are
the corresponding (k + s)-spaces into which we insert codewords from an (k + 2, d; k),—CDC. If
U and U’ have a relatively large dimension of their intersection, so have D and D’. In order to
guarantee a minimum subspace distance of at least d between a codeword in D and a codeword
in D’, we can reduce the allowed dimension of the intersection of the codewords with S. To this
end we introduce:

Definition 5.89. A list (Cy,...,C,) is called a distance—partition of an (n,d; k),—CDC C, where
r= k—%, if Co, . . ., Cyr is a partition of C and U’J-:O Cjisan (n,2k—2i; k),—CDCforall0 <i <r.

A trivial distance-partition of an (n,d;k),—CDC C is given by (0,...,0,C). A subcode
C’ C C with maximal subspace distance d = 2k is called a partial-spread subcode. Given such
a partial-spread subcode C’, if d < 2k, then (C’,0,...,0,C\C’) is a distance-partition of C.

Lemma 5.90. (/47 Lemma 5.3]) Let (Co, . . ., C;) be a distance-partition of a (k +t, d; k),—CDC
Cand (Do, ..., D) be a (k +s,d, k)-sequence, where r = k — %. If A'is an (s,d; k)4—CDC,
then there exists a (k + s +1, d; k),—CDC C’ with cardinality

.
#C' = #A + Z 4C; - #D,_;.
i=0

Here A is a CDC that we can insert into the special subspace S and the combination of
codewords in C; with CDC D,_; ensures that the subspace distance between a codeword of the
resulting CDC in D and a codeword in D’, using the notation from above, has a subspace distance
of at least d. For more details we refer to the proof of [47, Lemma 5.3].

As examples we describe the application of Lemmal5.90]for the construction of CDCs reaching
the lower bound for A, (9, 4;3) and A, (10, 4; 3) presented in [[155]. First we constructa (6,4, 3)-
sequence (Dy, D). Here we choose Dy as an LMRD code of cardinality q6 and D, as a
(6,4;3),-CDC with cardinality g% + 24> +2q. The latter needs a bit more explanation. Choose a
(6, 4;3),~CDC Dy of cardinality q°+2g%+2g+1, see [49,[132]], and assume that U and S are two
disjoint codewords. Here U and S have the same meanings as above, i.e., U is a special codeword
and S is the special subspace used in the construction of the (s + k)-space D = U x S. With this
let D arise from D7 by removing the codeword §. Since D7, as well as Dy, is a (6, 4; 3),—CDC
every codeword of 9 has an intersection of dimension at most 1 with S, which is what we need
according to Definition [5.88]

For A4 (9,4;3), we choose the CDC C needed in Lemmaas a (6, 4; 3),—CDC with cardinality
g% +2¢* +2q + 1, see [49, [132]. In order to determine a distance-partition (Cy, C;) of C, we
need to find a large partial-spread subcode of C. In [48| Theorem 3.12], it is shown that we can
choose Cp of cardinality q3 — 1 if we choose C as constructed in [49]. However, as shown in
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[[155]], the same can be done if we choose C as constructed in [132]E] As subcode A we choose
a single 3-space, so that we obtain

Aq(9,4:3)

v

1+#C0-#D1+#Cl '#Z)o
1+(q3—1)-(q6+2q2+2c])+(q6—q3+2q2+2q+2) - q°

q12+2q8+2q7+q6+2q5+2q4—2q2—2q+1.

For A,(10,4;3) we choose C as the (7,4;3),~CDC of cardinality ¢® + ¢° + ¢* + ¢*> — ¢
constructed in [131), Theorem 4]. Again we need to find a large partial-spread subcode Cy of C.
Here #Cy = ¢* can be achieved, see [155]. Thus, we obtain

A, (10,4;3) = 1+#C)-#D) +#C) - #Dy

\%

6

1+q4-(q6+2q2+2q)+(618+q5+q2—q)-q
q14+q”+q10+q8—q7+2q6+2q5+1.

The determination of a large partial-spread subcode is mostly the hardest part in the analytic
evaluation of the construction of Lemma However, if C contains an (n, d; k)—CDC that
contains an LMRD code as a subcode, then it contains an (n, 2k; k)—CDC as a subcode that is again
an LMRD code, i.e., a partial-spread subcode.

Research problem
Determine large partial-spread subcodes for constructions of CDCs from the literature.

We remark that Lemma was used in [47] to construct lower bounds for A, (3k,4; k),

where k > 3, for A;(16,4;4), and for A, (6k,2k;2k), where k > 4 is even.

Research problem
Use Lemma [5.90| for the construction of large CDCs for further parameters or improve the known
constructions.

5.7 Other constructions for constant dimension codes

The list of constructions for CDCs presented in the previous subsections is far from being exhaus-
tive. There are several constructions based on geometric concepts, see e.g. [52] for an overview
and e.g. [51, 50]. As examples we mention two explicit and rather general parametric lower
bounds.

Theorem 5.91. (/51 Theorem 3.8])

2This can be made more precise in the language of linearized polynomials. For [132| Lemma 12, Example 4] the
representation Fg =F, 3 xXFis used and the planes removed from the lifted MRD code correspond to ux9 — u9x for

u € F3, so that the monomials ax fora € Fgs \{0} correspond to a partial-spread subcode of cardinality ¢> — 1.
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Ifn > 4 is even, then A, (2n,4;n) >

r

n-2 .
AREDY m Y=o [;Lq(r”(q””‘” 1) +

q =2

2
n
2

n n

M {H

1 7 1 o
n(n-1 n(n-2)

n—1
g+ D[[ @ +D-24"5 + " [ [ - D |-q-IG|+1
i=1 i=1

using
n/2—1

Gl=2 [ | (4 +1) 242
i=1

if n/2 is odd and

n/2-1 n/4
|G| =2 l_[ (q2l + 1) _ 2q(n(n—2)/4) + qn(n—4)/8 l_l(q4l—2 _ l)

i=1 i=1
if n/2 is even.

Theorem 5.92. (/51 Theorem 3.11])
Ifn > 51is odd, then A;(2n,4;n) >

n-2 r :
DY H D= H g (@ 1)+ y(y-1D+1
= Mg Jj=2 Jq

n-1
2

n—1
. n(n-1) n (n-1)(n-2) (n-1)(n-3) .
[ @ +0-4"7 - ¢ > -q ° @' =1,
i=1 1 q =1

~

n—4

usingy = q" 2 +q" 4+ -+ g7 + 1.

Riemann—Roch spaces can be used to construct CDCs, see [22,[108]. Removing and replacing
codewords of lifted MRD codes was the basis of a few specific constructions, see [131}[132]. An
entire theoretic framework for such approaches was introduced in [4]. For MRD codes linearity
plays an important and natural role. A variant of the concept is considered in [38]], see also [189].
Another well studied class are so-called cyclic subspace codes, see e.g. [26} 144} [161] [184, [187,
188L[194]]. In principle one can start with any construction of a CDC and check if it can be extended
by further codewords. This approach was e.g. successful for the (7, 4;3),—CDC of cardinality
6977 constructed in [131]]. Here, an extension by an additional codeword was possible, so that
A3(7,4;3) > 6978, see [122]]. However, even for moderate parameters [Z]q gets huge rather
soon, so that one faces algorithmical problems. In [227] the extension problem is restricted to
the set Cy, G, of codewords of two CDCs. More precisely, the problem of the determination of the
largest CDC with codewords in C; U C, was formulated as a minimum point-covering problem for
a bipartite graph that can be solved in polynomial time. As example the improved lower bounds
A(8,4;3) > 1331 and A,(8,4;4) > 4802 were obtained in [227].
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6 On the existence of a binary g-analog of the
Fano plane

For the binary case g = 2 the smallest unknown value A, (n, d; k) is A2(7,4;3). Inequality (4.5)
of the Johnson bound gives

127 - A>(6,4;2)

Ay(7,4:3) < { 7

J = 381

since A(6,4;2) =21 =3 -7 due to the existence of a 2-spread in PG(6,2). Also the improved
Johnson bound in Theorem cannot give a tighter bound since in a (7,4;3),—CDC Csg; of
cardinality 381 every point is contained in exactly 21 codewords. Also the anticode bound yields
the upper bound A;(7,4;3) < [;]2 / B]z = 381, so that any line is contained in exactly one
codeword of Csg1. If Csg1 exists, then it is a so-called g-design and called binary g-analog of the
Fano plane.

Exercise 6.1. Show #{U € C331 : U <K} = 5 and #{H € Cs31 : U < K} = 45 for each
K € G»(7,5) and each hyperplane H € G,(7,6). For each point P and each hyperplane H with
P < H show that#{U € C331 : P<U < H} =5.

Theorem 6.2. ([//45 Theorem 1])
The automorphism group of a binary g-analog of the Fano plane is either trivial or of order 2.
In the latter case, up to conjugacy in GL(7,2) the automorphism group is represented by

it

For each solid S € G»(7,4) we have #{U € Csg; : U < S} € {0, 1}. For the group G of order
two in Theorem there are exactly 15 fixpoints, i.e. points P such that the P8 = P for all
g € G, where P8 denotes the application of the group element g to P. These 15 fixpoints form
a special solid S = (e] + e;, e3 + €4, €5 + €5, €7). The [‘2‘]2 = 35 lines in S clearly are fixed by G.
The other 56 fixed lines are given by L = (P, P8), where P is a arbitrary point outside of S, so
that L intersects S in a point. Let 8B, denote the 91 fixed lines . It is a bit more tedious to check
that there are exactly 211 planes that are fixed by G. Let 83 denote these fixed planes. Note that
in Csg; each fixed line must be contained in a codeword U that is fixed by G, i.e. U € Bs.

Soocoo—O
Soocooo~
[=leleljelelo)
[eleleleljele)
[l l=lelelele)
[=leljelele]lo)
e =l=l=lelele)

Exercise 6.3. Verify

%- Z Z xu+;- Z Z xU:ZXU-

LeB,:L<S UeB;:L<U LeB,:L£S UeB5:L<U UeB;
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6 On the existence of a binary g-analog of the Fano plane

Since through line there is at most one codeword, we have # (Cszg; N B3) < % -35+ % -56 = 29.
On the other hand the 35 lines in S each have to be contained in a codeword from 83, so that
there exists a codeword in B3 that is contained in S and 28 codewords in Bj that intersect S in
a line each. Of course, this little insight does not exclude the existence of a CDC Csg; with G as
automorphism group.

Exercise 6.4. Assume that G is a subgroup of the automorphism group of Cig1. Show that the
set T of fixed points with respect to G is a subspace. Determine restrictions for the possible
dimension of F for #G € {2,3,5,7,31,127}.

Research problem
Decide whether there exist 240 planes in PG(6,2) and an automorphism 7 of order 5 such that
all planes are disjoint to the 3-space # of points fixed by 7, no two planes intersect in a line, and
each point outside of ¥ is covered 15 times.
We remark that the “complementary set”, admitting 7 as automorphism, consisting of # and
140 further planes intersecting  in a point, such that no line is covered twice indeed exists.

In [123]] A>(7,4;3) > 333 was shown. The constructed code has an automorphism group of
order 4 isomorphic to the Klein four-group. We remark that the corresponding code contains a
subcode of cardinality 329 that admits an automorphism group of order 16.

Theorem 6.5. (/l/23| Theorem 1])

Let C be a set of planes in PG(6,2) mutually intersecting in at most a point. If #C > 329,
then the automorphism group of C is conjugate to one of the 33 subgroups of GL(7,2) given in
[123, Appendix B]. The orders of these groups are 1'2'32475163728119212114116! denoting the
number of cases as exponent. Moreover, if #C > 330 then # Aut(C) < 14 and if #C > 334 then
#Aut(C) < 12.

Interestingly enough, it is not necessary to generate all subgroups of GL(7,2) of order at most
16 up to conjugacy to obtain the stated results, see [123]] for the algorithmic details. In [[115)
Section 10] parametric upper bounds for CDCs that admit certain automorphisms are concluded.
The group of order 12 mention in Theorem[6.5] that might allow a larger (7, 4; 3),-CDC, is given
by:

1000011 1000000 1000011
0001101 1100011 0101111
1111100 1010101 1011100

Gppi=(|l1100110],/] 1001000, 1100011 |)=7Z3=%Z4.
’ 0000001 0000100 1000100
0000111 0000010 1000010
0000100 0000001 0000010

In [176] it was shown that each hypothetical (7, 4; 3),—CDC of cardinality 380 can be extended
to a CDC of cardinality 381. Using divisible codes it was shown that either A,(7,4;3) < 378 or
Ay(7,4;3) = 381.

For each point P € G»(7, 1) the subcode Cp := {U € Csg; : P < U} gives rise to a 2-spread
Cp/P :={U/P : U € Cp} in PG(6,2)/P = PG(5,2). In our situation is called geometric
if for any two spread lines L and L’, the restriction of the 2-spread to the 4-space (L, L’) is a
2-spread itself, i.e., 5 lines are contained. Call every every point P such that Cp/P is geometric
an a-point. In [213]] it was shown that, even for general field sizes ¢, there always exists a non-a
point P in a g-analog of the Fano plane. For a binary g-analog of the Fano plane the result was
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6 On the existence of a binary g-analog of the Fano plane

tightened to the existence of at least one non-a point in every hyperplane [113]]. Recently this
result was generalized to all prime or even field sizes ¢ in [143]. Here we want to consider a
relaxation. Let C C G»(6, 3) such that

* every 5-space contains exactly five elements of C;

* every point is contained in exactly five elements of C;
¢ cach line is contained in at most one element of C; and
* each solid contains at most one element of C.

Such sets of 5-spaces indeed exist and have cardinality #C = 45, cf. [72]] for general field sizes
and the existence of induced substructures of a g-analog of the Fano plane. We call a point P an
a’ point if the five elements of C that are incident with P span a 5-space (and not the entire 6-
dimensional ambient space). Using an ILP formulation of the problem one can computationally
show that the maximum number of @’ points in a fixed 5-space lies between 15 and 22. The total
number of o’ points lies between 19 and 44.
Research problem

Determine the maximum number of &’ points.

For certain infinite fields a “g-analog of the Fano plane” indeed exists, see [217]. In PG(6, q)
the existence question or the maximum possible size A, (7,4;3) of a CDC with these parameters
is still widely open.

From the improved Johnson bound we conclude

[8] .
Aq(8,4;4) < “ﬁ'Aq(7’4’3)H
q s Ty = [4]q q3

If we cannot improve upon A,(7,4;3) < [;]q/ B]q, then this upper bound is equivalent to

A (8,4:4) < [g] q/ [g]q, i.e., the anticode bound. For ¢ = 2 we obtain A,(8,4;4) < 6477.
However, if such a code C of cardinality 6477 exists, then for each point P the set of codewords
of C that contain P would be a binary g-analog of the Fano plane.
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7 Lower bounds for constant dimension codes

In this section we summarize the currently best known lower bounds for constant dimension
codes. For subspace distance d = 2 we can choose C = G,(n, k), so that A, (n,d; k) = [Z]q. In
general we have A, (n,d; k) = Ay(n,d;n — k). Thus we assume 4 < d < 2k, d =0 (mod 2),
and 2 < k < n/2. For the dimension of the ambient space we restrict our consideration to
4 < n <9 and a few selected triples (n,d, k). We also treat the case d = 2k, i.e. the case
of (partial) k-spreads separately. If n = 0 (mod k), then k-spreads indeed exist and we have
Aqy(n,2k; k) = [n]q/[k]g, see Theorem For the cases where n # 0 (mod k) we have used
the Echelon—Ferrers construction to conclude a general lower bound in Exercise [5.32] see also

Inequality (.14):

<
<

t—1
Ag(th +7r,2k:0) = > g™ = (¢ - 1),
s=0
where k,t > 2 and 0 < r < k — 1. The only known improvement is

t—1
Ar(31+2,6:3) > Y 22— (22— 1) +1,
5=0

for arbitrary ¢ > 2, see [67)]. For upper bound for partial spreads much more can be said, see
Subsection For small parameters the known lower and upper bounds coincide. E.g. we
have A, (4,4;2) = ¢®> + 1, A;(5,4:2) = ¢* + 1, A4 (6,4;2) = ¢* + ¢* + 1, A4(6,6;3) = ¢°> + 1,
Ag(7,4;2) =q° + ¢+ 1,and A,(7,6;3) = g* + 1. For A,(8,6;3) the exact value is known for
q = 2 only. In the following we will discard the partial spread case and assume d < 2k.

For the smallest parameters we have

A (6,4;3) > ¢%+2¢% +2q + 1, (7.1)

see [132, 49]] for constructions. We remark that the lower bound is tight for ¢ = 2 [132]]. For
A, (7,4;3) alower bound for general g was given in [[131, Theorem 4]. For ¢ = 2 an improved
lower bound was found via extensive ILP computations in [124] and for g = 3 it was observed
that a theoretical construction can be extended by one further codeword, so that we have

A (1,43) >+ +q* +¢* —q,  Ax(7,4;3) > 333, A3(7,4;3) > 6978. (7.2)

The constructions for A, (6, 4;3) and A, (7, 4; 3) from [132] and [131]] can be described within the
framework of the so-called expurgation-augmentation method, see [4], where specially selected
codewords are removed from a lifted MRD code in order to allow the augmentation with more
codewords than removed before.
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7 Lower bounds for constant dimension codes

Construction 1, see Theorem [5.33]or [77, Chapter IV, Theorem 16] gives

Ag8.4:3) > ¢+ |

5 :q10+q6+q5+2q4+2q3+2q2+q+1. (7.3)

q

For g = 2 the improved lower bound A,(8,4;3) > 1326 was found via the prescription of
automorphisms.
The lower bound

\%

2
g2+ (g +1)-(P+1) +1
= ¢+ +q +3¢°+2¢° +3¢* + P + " + 1 (7.4)

is attained by several constructions. One examples is the coset construction of Theorem[5.43] see
Example [5.55] for the details. We remark that the stated lower bound is tight if we additionally
assume that a lifted MRD is contained as a subcode, see e.g. [77]]. For g = 2 this bound gives 4797
as the maximum possible size under this extra assumption. Nevertheless a construction showing
A>(8,4;4) > 4802 is known [227]]. It is obtained by extending an (8, 4; 4),—CDC with cardinality
4801, found in [39] via the prescription of automorphisms, by a single codeword.
For the skeleton code {1111000,00001111} the Echelon—Ferrers construction give the lower
bound
A, (8,6;4) > g% +1. (7.5)

In other words, a corresponding code consists of a lifted MRD code and another codeword. For
g = 2 it was shown in [119]] that the lower bound is indeed tight and that there are exactly two
isomorphism types of CDCs attaining the maximum possible cardinality 257.

The geometric combination of CDCs described in Subsection [5.6]yields the lower bound

A,09,4:3) > ¢ +2¢% +2¢" + ¢® +2¢° +2¢* - 24> - 2q + 1, (7.6)

see also [47]. For g = 2 the tighter bound A;(9,4;3) > 5986 was obtained in [39] via the
prescription of automorphisms.
The pending dots construction gives A»(9,4;4) > 37265 and

A 09,4:4) > ¢P +¢" +¢° +4¢3 +5¢7 +3¢° +2¢° + 3¢ +2¢° + 247 + g + 1 (7.7)

for ¢ > 3. Interestingly enough, for g > 5 get a tighter lower bound by reverting the Johnson
upper bound from Theorem §.15] cf. [224],

(" = 1) Ag(n+ 1,5k +1)

Ay(n,d;k) > .

(7.8)

Research problem
Improve the tightest known lower bound for A, (9,4;4) (and ¢ > 5) in a constructive manner.
For A,(10,4;5) an improved lower bound is described in Example [5.62] In Example [5.31]
see also [157, Proposition 3.1], an improved lower bound for A,(11,4;4) is presented. For
Ag4(12,4;6) improved lower bounds are obtained in Example Example and Exer-
cise For A, (12, 6;6) and especially A>(12,6;6) > 16865672 we refer to Example
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8 Constructions and bounds for mixed
dimension subspace codes

Most parts of this chapter are devoted to lower and upper bounds for CDCs the analog questions
for MDC are also of interest while so far less intensively studied. Here we restrict ourselves to the
subspace distance and refer to e.g. [141,2006] for the injection metric. In the classical situation of
block codes in the Hamming metric there are back and forth relations between constant weight
codes and their unrestricted versions, i.e., inequalities involving both A(n,d; k) and A(n, d)
are known. A few, very easy and natural, observations on the relation between A, (n, d; k)
and Ay(n,d) (or Ay(n,d;T) in general) are already known, see e.g. [133]]. The inequality
Ay(n,d;T) < Ay(n,d;T’) for T € T’, mentioned in the preliminaries in Section e.g. directly
implies A, (n,d; k) < Ay(n,d). In the other direction we can choose T C {0, 1, ..., n} such that
the differences between the occurring dimensions are sufficiently large with respect to a given
minimum subspace distance d.

Theorem 8.1. (Dimension layers — [133, Theorem 2.5])

n n-[d/2]

D Ag(n2[d/21:k) < Ag(nd) <2+ Y Ag(n,2[d/2];k)

k=0 -
k=|n/2] mod d k=l4/2]

We remark that this constitute the best bound for A, (n, d) that does not depend on information
about the cross-distance distribution between different “dimension layers” [‘Ij] and [‘z/] .
Lemma 8.2. (/l/33| Lemma 2.4])

For1 <6 < k < |n/2] the inequality
Agy(n,26;k)
Ay(n,205k —1)
holds with C(gq,1) = 1 and C(q,0) = 1 —1/q for 6 > 2; in particular, Ay(n,26;k) >

q-Aq(n,20;k —1). As a consequence, the numbers A, (n,20; k), k € [6,v — 6], form a strictly
unimodal sequence.

qn—2k+6 . C(q,é)

The bounds of Theorem [8.1] coincide for d = 1 where we have

iAq(nﬂ; k) = i
k=0 k=0

For minimum subspace distance d = n we have A,(n,n) = 2 for odd n and A, (n,n) =
Ay(n,nsk) = qk + 1 for n = 2k, see [133, Theorem 3.1] and also [90, Section 5] or [89].
In the latter case of an even dimension of the ambient space the maximum number of codewords
g* + 1 can only be attained if all codewords have dimension , i.e., the codes are k-spreads.

Agy(n, 1)

n
. 8.1
i,
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8 Constructions and bounds for mixed dimension subspace codes

Theorem 8.3. (Dimension layers are optimal for d = 2 — [133) Theorem 3.4])
(i) If n = 2k is even then

Agn2)= Y m
q

0<i<n
i=0 mod 2

The unique (as a set of subspaces) optimal code in PG(n—1, q) consists of all subspaces X
of Fy with dim(X) = k mod 2, and thus of all even-dimensional subspaces forn = 0 mod 4
and of all odd-dimensional subspaces for n = 2 mod 4.

(i) n =2k + 1 is odd then

Agn2)= Y [’ZL= > mq (8.2)

0<i<n 0<i<n
i=0 mod 2 i=1 mod 2
and there are precisely two distinct optimal codes in PG(n — 1, ¢q), containing all even-
dimensional and all odd-dimensional subspaces of F., respectively. Moreover these two
codes are isomorphic.

Ifn =2kiseventhen A, (n,n—-1) = A (n,n; k) = gk +1 and Ay (n,n—1) = Ay(n,n—1;k) =
qk+1 +1ifn=2k+1 > 5is odd, see [133, Theorem 3.2]. Note that we have to exclude the case
Ay(3,2) = g>+q+2, see Theorem The case of subspace distance d = n —2 > 3 is much
more involved and only partial results are known:

Theorem 8.4. (/l/33| Theorem 3.3])

(i) If n = 2k > 8 is even then A (n,n —2) = A (n,n — 2;k), and the known bound
g* +1 < Ay(n,n—2;k) < (¢* +1)? applies. Moreover, Ay(4,2) = ¢* +q> +2¢> +q +3
forall g, Ay(6,4) =77 and q® +2q*> +2q + 1 < A (6,4) < (¢® + )2 forall g > 3.

(i) If n = 2k +1 > 5 is odd then Ay(n,n —2) € 245 + 1,2¢%* + 2}, Moreover,
Aq(5,3) =2¢% + 2 forall g and Ax(7,5) =2 -2 +2 =34,

Note that the bounds for A;(n, n — 2) with odd n were already established in [68], Theorem 5]
and A (5, 3) = 18in [80, Theorem 14]. Further constructions for A, (5,3) = 2¢3+2 are discussed
in [53 99} [100]. The subspace codes attaining the upper bound A,(7,5) = 34 were classified
up to isomorphism in [135]. For £ > 3 it was shown in [[133] that subspace codes attaining the
upper bound A, (n,n - 2) € {2¢"*! +1,2¢**! + 2} for n = 2k + 1 have to consist of g¥*! + 1
codewords of dimension k and also g¥*! + 1 codewords of dimension & + 1. For dimension k the
codewords form a partial k-spread of maximum cardinality A, (2k +1,2k; k) = g**' + 1 and for
dimension k + 1 the codewords form the dual of such a maximum partial k-spread in PG(2k%, q).
Some authors also speak of a doubling construction.

Research problem
Does a doubling construction exist for k > 4 or for k = 3 and ¢ > 3?

Also the proven non-existence of a doubling construction is of interest, since it would yields

an improve upper bound for A, (2k, 2k —2; k).
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8 Constructions and bounds for mixed dimension subspace codes

The previous results imply that A, (n, d) is determined for all n < 5:

A,(3,2) = ¢ +q+2, (8.3)
A,(3,3) = 2, (8.4)
A (42) = ¢ +q+2¢° +q+3, (8.5)
A,(4,3) = ¢*+1, (8.6)
A (44) = ¢*+1, (8.7)
A4,052) = ¢®+q¢°+3¢"+3¢° +34° +2q +3, (8.8)
A,(53) = 2¢°+2, (8.9)
A,54) = ¢’ +1, and (8.10)
A,(5,5) = 2. (8.11)

ILP formulations for the exact determination of A,(n,d) and bounds for A;(n,d), where
n < 8, are provided in [[128]. In [79] an LP upper bound for A,(n,3) was presented. Another
LP upper bound for the general case A, (n,d) can be found in [2]. For upper bounds based
on semidefinite programming we refer to [15 [121]. The Johnson upper bound for CDCs from
Theorem 4. 15|was adjusted to MDCs in [[136]. There also the refinement using results for divisible
codes is discussed. A few general lower bounds for MDCs are surveyed in [[142]].

n/d 1 2 3 4 5 6 7 8
1 2

2 5 3

3 16 8 2

4 67 37 5 5

5 374 187 18 9 2

6 2825 1521 108-117 77 9 9

7 29212 14606 614-776 334-388 34 17 2

8 417199 222379 5687-9191 4803-6479 263-326 257 17 17

Table 8.1: Exact values and bounds for A, (7, d).

Research problem
Improve a few lower or upper bounds for A;(n, d), see Table
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9 Variants of subspace codes

In this section we want to briefly discuss topics that are closely related to the concept of subspace
codes. For block codes the (Hamming) weights of codewords as well as the minimum Hamming
distance are important invariants. For linear codes one may also consider the cardinality of the
support of the 2-dimensional subcode spanned by two codewords (which have to be linearly
independent). This idea can of course be generalized and leads to the notion of generalized
Hamming weights for linear codes, see e.g. [114} [129] 222]]. For networks and subspace codes
the notion was generalized in [[180] and [[18]], respectively. The latter considered the dimension
of the span of triples of codewords.
Research problem

Study the distribution of combinations of the span and the intersection for triples and quadruples
of codewords in CDCs.

Having a minimum subspace distance of at least d for a given CDC C C G, (n, k) is equivalent
to the property that the dimension of the intersection of two different codewords is at most
k — d/2. In other words, every (k — d/2 + 1)-space is contained in at most one codeword. A
natural generalization of CDCs is to ask for subsets C C G, (n, k) such that every ¢-space is
covered at most A times, see e.g. [73[74]. One may also ask for subsets C € G, (n, k) such that
every t-space is covered at least once (or at least A times), see e.g. [69].

Instead of PG(n — 1, ¢) as ambient space we can also consider subspace codes over different
over different geometries over finite fields, see e.g. [220]. For first results into this direction we
refer to e.g. [95,196} 197, 98, [106]]. For affine spaces we refer to [181]].

Research problem
For A,(n,d; k) with d < 2k and 2k < n almost all of the tightest known upper bounds are
implied by the improved Johnson bound in Theorem #.42] which is based on divisible codes.
Develop a similar theory of divisible codes and generalize the approach of the improved Johnson
bound to the settings of the paper mentioned above.

In Subsection 0.1] we briefly consider equidistant subspace codes and flag codes in Subsec-
tion

9.1 Equidistant subspace codes

Partial k-spreads or CDCs minimum subspace distance d = 2k, where n > 2k, are a special
class of so-called equidistant subspace codes. These are subspace codes where any two different
codewords have the same distance. Another special class of equidistant codes are so-called
sunflowers where all codewords pairwise intersect in the same subspace, say of dimension ¢. For
the classical set case “gq = 17, i.e. equidistant block codes in the Hamming metric, we refer the
interested reader e.g. to[l58), (86, (107, 208, 218]. Of course, geometers have already studied the
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9 Variants of subspace codes

case g > 2, see e.g. 19,31, 64} 165].

By By(n,t; k) we denote the maximum number of k-spaces in PG(n — 1, ¢g) such that the
intersection of each pair of different k-spaces has dimension exactly . We also speak of ¢-
intersecting equidistant codes of k-spaces in PG(n — 1, g).

Exercise 9.1. Show that B,(n,t; k) = 1 for t < 2k — n and that the maximum cardinality of a
sunfloweris Ay(n—t,2(k —t);k —t) ift > 2k —n.

Theorem 9.2. ([[75, Theorem 1])
If C in G4(n, k) is a t-intersecting equidistant code with

B

k_ t\2 k_ ¢
q q)+q 4

#C >
C_(q—l g-1

then C is a sunflower.

For 2k > n we obtain B, (n,t; k) = By(n,n — 2k + t;n — k) by duality. So, optimal codes can
also be duals of sunflowers and it remains to restrict to the cases where 2k < n.

Exercise 9.3. Show B,(n,1;2) = [n - 1], B2(3,1;3) = 1, B2(4,1;3) = 1, By(5,1;3) =9,
By(n, 1;3) = Ay(n—1,4,2) for n > 7, and that all values are attained by sunflowers or the dual
of a sunflower.

Sunflower codes and their properties have e.g. been investigated in [21} 35,159,103, 171} 172].
In general it seems to be easier to determine B, (v, t; k) if g gets larger, see e.g. [31]], so that we
here focus on the binary case g = 2. Cf. the remark in the third paragraph of the first section in
[36] on the “unusual property” of F, in our context. In [23] B»(6,1;3) = 20 > 9 was proven,
i.e., the optimal equidistant codes for these parameters are not given by sunflowers or their dual
codes.

An m X n equidistant rank metric code over F, with rank distance d is a set M of m X n
matrices over F,, such that for each pair of different M, M’ € M we have dr(M,M’) = d. As an
example, the five matrices

0000010 1\/1 0T1T1y/10O01,/01T1F0
1 o1 1fJj1r 1 1 01 01 1()J1 0 1 1)10 1 0 1
1 11 1170 0 0 Of)]O 1 O 1)1 1 O 1|1 0 O 1
000 1)\0010 ‘0110 1\l 01 1/\1 010

span a linear 4 X 4 equidistant rank metric code over F, with rank distance 3. By [61, Theorem
6] there cannot be six such matrices. By prepending a suitable unit matrix, i.e. by lifting, we
obtain an equidistant subspace code in general. So, our example gives B(8, 1;4) > 32. We
remark that several linear 4 x 4 equidistant rank metric codes over F, with rank distance 3 and
cardinality 2° exist and that their lifted versions allow the addition of further codewords. By a
computer search up to 8 additional codewords can be found easily, so that B, (8, 1;4) > 40.
Research problem
Determine the exact value of B, (8, 1;4).

81



9 Variants of subspace codes

Another example is given by the four matrices

1 00\ j/O1 1y /1 O 0\ /O O O
0 0 0,1 1 1],/ 1 0,|]O 1 O],
1 01/\0 1 1/ \1 0 O/ \0 1 1

which span a linear 3 X 3 equidistant rank metric code over F, with rank distance 2. By [61,
Theorem 6] there cannot be five such matrices. Note that this gives B»(6, 1;3) > 16. In [75]
an equidistant code with these parameters was stated by explicitly listing 16 codewords. There
it was mentioned as a counter example to a conjecture attributed to Deza, i.e., if a ¢-intersection
equidistant code of k-subspaces in PG(v — 1, ¢) has more than [kirl]q codewords, then it is a
sunflower. In [36] the author determined, using an exhaustive MAGMA search, that there are
exactly 1176 binary linear 3 X 3 equidistant rank metric codes over F, with rank distance 2 and
dimension 4. Under conjugation by GL(3, 2) they fall into 12 orbits, which are explicitly listed.
An example of a binary linear 4 X 4 equidistant rank metric codes over IF, with rank distance
3 and dimension 5 as well as a linear 5 X 5 equidistant rank metric codes over F, with rank
distance 4 and dimension 6, found by a heuristic search using MAGMA, is also stated there. By
[61, Theorem 6] the dimension is extremal in both cases. However, the resulting lower bounds
B>(8,1;4) = 32 and B;(10, 1;5) > 64 have not found their way into the literature on equidistant
subspace codes. With respect to the two latter bounds we mention the example

000O0T1}y/1 1 110/ 00O0T1°1
001101 00O0O| O1O0O0
1 11 0 17|t 1 1 1 0)f0 O 1 1 1)
11010/ 010 1/\1 0001
01 1011y/MO0O0OT1T17}/1 00T11
01 010|001 0O0O0O(0O0O0OO01
O1 10 17/t OO0 O 1)1 10 1 1)
01 011)\W010T1O0/\01O00O00

which shows B;(9, 1;4) > 64, see also [61, Example 1]. By [61, Theorem 6] there cannot be
seven such matrices.

According to [25]] the problem of determining lower and upper bounds for rank-k-spaces in
[F,m X n has been studied by matrix theorists, group theorists, and algebraic geometers, see his
list of references and [37,[104].

We remark B> (11, 1;5), B»(12, 1;6) > 64 since corresponding linear equidistant rank metric
codes can be found easily. However, [61, Theorem 6] might allow even linear equidistant rank
metric codes of cardinality 27.

Research problem
Study linear equidistant rank metric codes and their extendability to equidistant subspace codes.

Instead of restricting the dimension of the pairwise intersection of codewords to a single

dimension one might also allow e.g. two possible intersection dimensions, see [[170]].
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9.2 Flag codes

A full flag in PG(n — 1, g) is a sequence of nested subspaces with dimensions from 1 to n — 1.
If not all of these dimensions need to occur, we speak of a flag. (Full) flag codes are collections
of flags. The use of flag codes for network coding was proposed in [165]. In [164] the author
argues that subspace coding with flags can be ranged between random linear network coding,
using constant dimension codes, and optimized routing solutions, whose computation is time-
consuming. The interested reader can find more details on this e.g. in [83] [164} [165. [166]. For
special multicast networks network coding solutions also lead to hard combinatorial problems,
see e.g. [43]74]] for so-called generalized combination networks.

The set of all subspaces in PG(n — 1, ¢) is turned into a metric space via the injection distance

dy(U, W) = dim(U+ W) — min{dim(U), dim(W)}
max{dim(U), dim(W)} — dim(U N W) 9.1)

as it is the case for the subspace distance. Note that for U, W € G, (n, k) we have di(U, W) =
dim(U+ W) —k =k —dim(U N W).

Definition 9.4. A flag is a list of subspaces A = (Wy,...,W,,) of PG(n — 1, q) with
{0} < Wi < < W, <Fp.
The type of A = (W1, ..., W,,) is the set of dimensions
type(A) = {dim(W;) |l <i<m} c{l,...,n—1}.
Let
F(n,q) ={A| Aisaflagin PG(n-1,q)}
denote the set of all flags in PG(n — 1,q) and for T C {1,...,n— 1} let
Fr(n.q) = {A € F(nq) | tpye(A) =T}
be the set of all flags of PG(n — 1, q) of type T.

As noted in [165], the intersection of two flags is again a flag and the set of all flags in
PG(n - 1, g) forms a simplicial complex (with respect to inclusion).

Definition 9.5. Let A = (Wy,...,W,,) and N’ = (W/,...,W,,) be two flags of PG(n — 1,q) of
the same type T = {ky, ..., ky} with k; = dim(W;) = dim(W)) for all 1 < i < m. Then, the
Grassmann distance is defined as

m

dG(AN) = di(Wi, W)) = > (ki = dim(W; 0 W) .
i=1 i=1

So, for m = 1 the Grassmann distance corresponds to the injection distance, i.e., half the
subspace distance, between Wy and W|. For U,W € G,(n,k) we have 0 < 4;(U,W) <
min{k,v — k}, so that we set

m(n,T) = (min{ky,n—k},...,min{k,,,n — k,,}),
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where T = {ki,...,knt C{l,...,n—=1} with k| < --- < k,,,. If T ={1,...,n—1} we just
write m(n) instead of m(n, T). Denoting by x; the ith component for each vector x € R” we state

dg(A,N) < Z m(n,T);

forall A, A’ € Fr(n,q). As mentioned in [165, Remark 4.5] we have 1 < dg(A,A’) < |_(n/2)2J
for two distinct flags in PG(n—1, q). A flag code C of type T is a collection of flags in PG(n—1, q)
of type T. The minimum distance dg(C) is the minimum of dg (A, A”) over all pairs of distinct
elements A, A’ € C. By Az; (n, d; T) we denote the maximum possible cardinality of a flag code
C of type T in PG(n — 1, ¢) that has minimum Grassmann distance at least d. The case of full
flags,i.e. T = {1,...,n — 1}, is abbreviated as Ag (n,d). The dual of aflag A = (Wy,...,Wy,)
in PG(n—1,9) of type T C {1,...,n— 1}, denoted by AT, is given by (W,,,...,W[). Since
we have di(U,W) = di(UT,WT) for each U,W € G,(n, k), for some arbitrary integer k, the
minimum Grassmann distance d(C) of a flag code of type T in PG(n — 1, g) is the same as
d(CT), where CT := {AT | A € C}. Moreover, we have

type(CT) = {n—1 |1 € type(C)},
so that Ag (n,d;T) = A(J; (n,d;n—1t).

The arguably easiest case for the determination of ACJ; (n, d; T) is minimum Grassmann distance
d =1, where A} (n, 1;T) = #F7(n,q). T = {ki, ..., kp} with O < kj < -+ < k, < n, then

we have
n = [ n—kio
Al (n,1;7) = [ ] : [ } 9.2)
kil, D ki —ki-1],
and
ACE | %. 9.3)

i=2
For the maximum possible minimum Grassmann distance d = [(n / 2)2J we have:
Proposition 9.6. ([/l156] Proposition 2.4])
For each integer k > 1 we have
Al @k k) = g5 +1
and for each integer k > 2 we have

AL Qk+1,K2 +k) = g+ 1.

We remark that the case n = 2k of Proposition [9.6] was also proven in [7], where the authors
also give a decoding algorithm and further details. In [[156] Proposition 2.6] the exact value

4
A§(4,3)=H =@+ +q+1 (9.4)
q
was determined. In Table[9.1|and Table|9.2( we present the current knowledge on A{ (n,d) from
[156]. Research on bounds and constructions for flag codes currently is quite an active research
field, see e.g. [15, 16, 7,18} 19, 110, [11} 156, [179].
Research problem ‘
Find improved lower and upper bounds for Aé (n,d).
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n/d 1 2 3 4 5 6
2
3 21 7
4 315 105 15 5
5 9765 3120-3255 465 155 31 9

Table 9.1: Bounds and exact values for A; (n,d) forn <5.

n/d 1 2 3 4 5 6 7 8 9 101112
6 615195 205065 29295 9765 1953 567 63 21 9
7 78129765 26043255 3720465 1240155 248031 72009 8001 2667 1143 127 41 17

Table 9.2: Upper bounds for AJ (6, d) and A] (7, d) (tight bounds in bold).
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