STABILITY AND CONVERGENCE
OF EULER’S METHOD
FOR STATE-CONSTRAINED DIFFERENTIAL INCLUSIONS
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Abstract. A discrete stability theorem for set-valued Euler’s method with state constraints
is proven. This theorem is combined with known stability results for differential inclusions with
so-called smooth state constraints. As a consequence, order of convergence equal to 1 is proven for
set-valued Euler’s method, applied to state-constrained differential inclusions.
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1. Introduction and Preliminaries. Differential inclusions appear in various
fields of applications, e.g. in the study of (deterministic) perturbations of differential
equations, in dynamical systems with discontinuous system equations, optimal control
problems, viability theory, especially climate impact research, cf. e.g. [2} 3] 14} 10} 1], 6] .

An important subclass consists of differential inclusions with additional mono-
tonicity properties which, in general, guarantee uniqueness of the solution of the
initial value problem (cf. e.g. [2 [, 4} [5, 20, 21]). Differential inclusions with Lipschitz
right-hand sides (with respect to Hausdorff distance) in the usual sense form another
important subclass. The latter class is the principal focus of this paper which deals
with stability and convergence properties of set-valued Euler’s method for differential
inclusions with state constraints.

The main result of this paper is the proof of a discrete stability theorem for a
difference inclusion with state constraints in Section [3] which serves as a basis for
the convergence analysis for set-valued Euler’s method in Section[d] Intrinsically, this
result is a variant of Gronwall-Filippov-Wazewski’s theorem and in fact an existence
theorem as well. Whereas the proofs for explicit difference inclusions with appropriate
Lipschitz properties offer no difficulties, additional state constraints cause essential
problems.

Fortunately, since some years there are remarkable stability results for state-
constrained differential inclusions available in the literature, cf. [22] [I5] [17, 18] [7, 8]
23]. But discrete analogues for the approximation of all feasible trajectories under
comparably weak conditions are still missing. Therefore, we concentrate on the so-
called smooth case where the state constraint is described by a single scalar inequality
resp. by a smooth signed distance function. This case has already been treated in [€],
but contrary to [6] we allow time-dependent state constraints and improve the final
error estimate.

In Section [3] we give a rather complete analysis of the discrete situation which
heavily relies on the proof strategy in [I5] Theorem 4.1] for the continuous problem.
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In some respects, the discrete analysis is rather technical, and some additional dif-
ficulties have to be overcome. Especially, a discrete solution might not hit exactly
the boundary of the state constraints, neighboring continuous solutions of feasible
discrete solutions could violate the state contraints outside the grid, and additional
error terms appear in Taylor expansions.

But, we want to emphasize urgently the fact, that only both stability results, the
continuous and the discrete one together, will give us convergence results for discrete
approximations of state-constrained differential inclusions. This is the essential sub-
ject of Section [ where order of convergence O(h) with respect to the step-size h is
proven for set-valued Euler’s method in the presence of state constraints.

In Section [5] the results are applied to a differential inclusion resulting from a
state-constrained bilinear control problem which originally served as an academic test
example for unconstrained problems and was communicated by Petar Kenderov. The
order of convergence of the reachable sets of Euler’s difference inclusion with state
constraints to the corresponding reachable sets of the differential inclusion is visualized
by computer tests. For a more detailed discussion and applications to climate impact
research cf. [6].

Hence, the main objective of this paper is the discrete approximation of the whole
solution set of state-constrained differential inclusions, especially the whole feasible
set of state-constrained optimal control problems. But, in addition, the authors are
convinced that this methodology, if combined with sufficient optimality conditions,
could turn out to be another conceptual approach to order of convergence proofs for
numerical methods for the direct computation of optimal solutions, cf. e.g. [I3], 12].

Naturally, convergence of the whole set of discrete solutions to the solution set
of the continuous differential inclusion, implies the convergence of the corresponding
reachable sets. Hence, at least for set-valued Euler’s method we need not distinguish
between these two aspects, but cf. in this connection the papers [24 [25] which extends
the results in [I1] for set-valued Euler’s method to Runge-Kutta methods of order at
least equal to 2 for problems without state constraints.

We denote by AC(I) the set of all absolutely continuous functions y : I — R"
and by © : I = R"™ a set-valued map with nonempty subsets of R" as images.

PROBLEM 1.1. Given an interval I = [to, T], a nonempty set Yo C R", set-valued
maps F : I XxR™ = R" and © : I = R"™ with nonempty images.

Find all absolutely continuous solutions y(-) of the state-constrained differential
inclusion (DIC)

y'(t) € F(t,y(t)) (a.e. t € 1), (1.1)
y(t) € () (tel),
y(to) = yo € Yo.
Clearly, yo € O(to) must be demanded as well.

The unconstrained problem (DI) is given by (1.1),(1.3). The set of solutions of
(DI) and (DIC) is denoted by V[T, to,Yy] resp. VO[T, to, Yo.
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ALGORITHM 1.2. Euler’s method for (DIC) in Problem|[I.]with N € N as number
of subintervals and step-size h = T&“’ s given by

YRlto, to, Yo] := Yo N O(to), (1.4)

YRltjt1,to, Yo] i= U (nj +hF(tj,m;)) NO(tj41) (1.5)
n; €Vt .to,Yo]

forj=0,...,N—1.

Problem (DDIC) describes the solution of f, its set of solutions is de-
noted by YQ[T, to, Yo]. In the absence of state constraints, the problem is called (DDI)
and Yn[T,to,Yy] denotes the corresponding set of solutions.

To measure distances, we define for n = (;);=0,..n € YOIT, to, Yol

distoo (y(-), VNI, to, Yo]) := inf{ sup |ly(t;) —n;]l : 0 € YR[T,to, Yol},

Jj=0,....,N

disteo (1, VO[T, to, Yo]) = inf{ S In; = y(t)| = y(-) € VO[T, to, Yol},

.....

dH,oo(y [T tO7Y0] yN[T tO7YO - max{ sup dlStOO(y()7y]C:)][T7 tO7YO])7
VEYO(T t0,Yo]

sup distoe (1, VOIT, tO,YO])}
neYQIT,to,Yo)

Here, the Euclidean vector norm on R is denoted by || - ||. For a subset U C R™,
we denote by dist(z, U) the infimum of all Euclidean distances of the point = € R™ to
the points in U. d(U, V') = sup,, ¢y dist(u, V) is the one-sided Hausdorff distance from
a subset U C R™ to another subset V' C R", and dg (U, V) is the Hausdorff-distance
defined as

du(U, V) = max{d(U,V),d(V,U)}.

We pose some of the following basic assumptions on the right-hand side:
(H1) F satisfies a linear growth condition, i.e. there exists C' > 0 with

[F(t )l == sup |yl <C(lzll+1) (t€l, zeR").
yeF(t,x)

(H2) F has nonempty, compact, convex images in R™.
(H3) F is Lipschitz in (¢, ) for all ¢ € I, z € R™ with constant L > 0, i.e.

du(F(s,2), F(t,y)) < L-([s =t + [lz = yll) (s,t €1, 2,y € R").

The linear growth condition (H1) gives locally a boundedness of the images F'(t,x).
A sufficient condition for (H1) is (H3) together with one bounded set F(f,%) (or
(H2)). Condition (H2) is needed, since we want to apply the results from [II] for the
unconstrained case. For practical applications, e.g. the Lipschitz condition could be
restricted onto a compact set in which all values of all trajectories stay.
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The following assumptions are required for the state constraints:
(C1) ©: I = R™ has nonempty images explicitely given as

O(t) :={z eR": g(t,x) <0}

by a single scalar function g : I x R® — R which fulfills g(-,-) € C**(I x R™), i.e. the
derivative Vg(-,-) is Lipschitz on I x R™.
Furthermore, points x € 90(t) with t € I are characterized by g(¢,z) = 0.

(C2) The boundary of O(:) fulfills the “strict inwardness condition” (cf. [I5] 7]
I8, [7]), i.e. there exists c, ¢ > 0 such that for all (¢,z) € B, (graph 00(-)) N (I x R™)
it follows that

in (Vg(t DYy <
UGI?%EI>< g(t,z), () < —a,

where

B, (graph90(-)) = {(}) e R"*" : dist((}), graph 00(")) < pu}.

From (C1) it follows that the images of O(-) are closed. Existence of viable
solutions could be proven under weaker assumptions, cf. in this respect e.g. [16]. But
since we are interested mainly in stability results, which require stronger assumptions
anyway and imply existence as well, we will not discuss weaker existence results for
the continuous and the discrete case in this paper.

For the discrete situation in Section [2] it is sufficient to pose weaker assumptions
on F(--):

(H1’) F satisfies a linear growth condition in integrable form, i.e. there exists a
non-negative function C(-) € £4(I,R) with

[F(t,2)|| == sup [yl <C@)- (o[ +1) (te€l, zeR).
yEF(t,x)

(H2’) F has nonempty, closed images in R™.
(H3’) Fis L(t)-Lipschitz in « for all ¢t € I with L(-) € £1(I,R), i.e.

du(F(t,2), F(t,y)) < L@) - |z —yll  (z,y € R").

Usually, uniform boundedness of C() is assumed in (H1’), i.e. (H1). The same remark
applies to L(-) in (H3’).

2. Stability for the Unconstrained Case. The essential stability result for
differential inclusions without state constraints is given by (for a complete proof cf.
[9, Lemma 8.3])

THEOREM 2.1 (Gronwall-Filippov-Wazewski’s Theorem). Let F(-,-) have closed
images in R™, and let Yy C R™ be nonempty, closed. For a given n(-) € AC(I) with

dist(n(to), Yo) S 50,
dist(n'(t), F(t,n(t))) <46(t) (a.e. t 1)

with 6o > 0 and non-negative §(-) € L1(I,R), assume that

S:={({t,z) eI xR" : ||z —n()|| <~} C dom(F)
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for some v > &g. Let F(-,x) be measurable in t for all x € S and fulfill (H3’) on S.
Let z(+) be the solution of

2(t)=L(t)z(t) +6(t) (a.e tel),
Z(to) = (50.

Then for all T € I with z(T) < ~ there exists a solution y(-) on [to,T] C I with

y'(t) € F(t,y(t)) (a.e. t € [to, T]),
y(to) = o € Yo,

fulfilling the estimates

ly(&) = n(®)Il < 2(t) (t € [to, 1Y),

ly'(t) =" (@)l < LE)=(t) +6(t)  (a.e. t € [to, T)),

where

t t t
z(t) = elio L(@) do do +/ elr Llo) do, o(r) dr.

to

It will turn out in Section [3| that Theorem together with the following dis-
crete analogue is essential for the proof of stability for state-constrained differential
inclusions.

THEOREM 2.2 (Discrete Gronwall-Filippov-Wazewski’s Theorem).

Let F : [to,T] xR™ = R™ fulfill (H2’) and (H3’).

Consider the discrete difference inclusion

P € Pt ) (k=0,...,N-1), (21)
Yo € Yo (2.2)
for a given N € N, the step-size h = % and a closed, nonempty starting set

Yy C R™.
Let (nk)k=o0,...n be a grid function with values in R™ and

diSt(no,Yo) S 60,
dlSt(W7F(tkank)) Sék-‘rl (kzoaaN_l)

Abbreviate L, = L(tx), k=0,...,N, and let (zx)k=0,..n C R be the solution of

Zk+1 — 2k

5 = Lz + 641 (k=0,...,N—1), (2.3)

zZ0 — 60.
Then there exists a solution (yx)r=o,....N of the discrete problem (2.1)~(2.2) with
||77k_yk||§3k (k:Oa7N)a

Hﬁkﬂhf Mk yk+1h* ka < Lizk+ k1 (h=0,...,N—1).
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Proof. Since Yy C R”™ is nonempty, there exists y € Yy with dist(ng, Yy) <
llno — y|| =: r. Hence, the best approximation yo of 1y in Yy coincides with that in
the compact set Yy N B.(no), i.e.

70 = yol| = dist(no, Yo) < do = 2o.
Assume that the assertion is true for j = 0,...,k, k € {0,...,N — 1}. Arguing
as in the case k = 0, there exists & € F(tg, yx) for & = +(ney1 — ni) with

€0 — &Il = dist (&), F(te, yr)),
€0 — &Ll < dist(&)], F(te, me)) + da(F(tr, ), F(te, yk)) < Lellne — yrll + Okg1-

Setting yr41 := yr + h&} yields

a1 = yera | = 11 +hEY) — (yre + REDI < Nl — wrll + RIIEL — &L
< (1+ hLg)|mk = yll + hérsr < (14 hLi)zk + hdps1 = 2p11. O

The explicit solution formula for the linear difference equation yields im-
mediately the following more specific estimates of the growth of the error bounds zj
(k=0,...,N).

COROLLARY 2.3. With the assumptions as in Theorem [2.9 and for a Riemann

integrable L(-) in (H3’), we can estimate the error bounds zy for k =0,...,N as
k—1 k k—1
z =00 [[(A+nhLy)+n> 6 [J+hL),
=0 =1 u=j
k—1 k-1 WS L
[[a+nL,) <[] =e = " <% (j=0,....k), (2.4)
=y n=J

where Cp, is an upper bound for the Riemann sums of the integral ftjc: L(t) dt.
If furthermore Ly = L for k=0,...,N, then (1 +hL)* < eP*" and for L > 0

=

Lkh
~1)- S
(e ) jMax. 0,

2 < eFFhgy + (2.5)

k
el(k=Dh . p Z 5]"

Jj=1

The following lemmas are simple consequences of the growth condition and well-
known in the literature (cf. e.g., [II}, 19, 6]). They exhibit interesting connections
between the continuous situation and the discrete situation in case N — oo.

LEMMA 2.4. Let F(-,-) satisfy (H1’). Then all solutions y(-) of (DI) in Problem
with bounded starting set Yo C R™ are uniformly bounded by M := (||Yo|| + CL) -
(14 Cre®r) with Cr, := ||C(*)|lz,(r) and stay in a compactum S C R™.

LEMMA 2.5. Let F(-,-) satisfy (H1). Then all solutions y(-) of (DI) in Problem
with bounded starting set Yo C R™ have a uniform Lipschitz constant.

LEMMA 2.6. Let F(-,-) satisfy (H1’) with Riemann integrable C(-), and let Cr
denote an upper bound for the Riemann sums. Then all solutions (ng)k=o,.. n of
(DDI) in Euler’s method with bounded starting set Yy C R™ are bounded uniformly
in N €N by M := (|Yo|| + Cr) - (1 4+ Cre®®) and stay in a compactum S C R™.
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Choosing Cr = ||C(-)||z, (1) + ¢ for all N > Ny(e), emphasizes the similarity to
Lemma

LEMMA 2.7. Let F(-,-) satisfy (H1). Then all solutions (ni)k=o,...n of (DDI)
in Euler’s method with bounded starting set Yo C R™ have a Lipschitz constant
uniformly in N € N.

Proof. Let M be the bound for all discrete solutions (n)g=0,....n according to
Lemma 2.6 Then it follows for N € N and j,k € {0,1,..., N} with j <k

k—1 k—1 k—1
1
e =il = 1Y (g = mp) | < B Y 5, (s = )l < N PAEWI
w=j w=j n=j
k—1
<hY Cllnll+1) < CM +1)(k = jh=C(M +1)(t; —t;). O
w=j

3. Stability Analysis for the State-Constrained Case. There are several
variants of the Gronwall-Filippov-Wazewski’s Theorem for the continuous state-con-
strained case in the literature (cf. [I5, Theorems 4.1 and 4.2], [I7, Lemmata 3.3 and
4.4], [18 Theorem 3.1], as well as [7, Lemma 3.9], [§], [23, Lemma 2.2(b)] based on
Soner’s work in [22]). They were also denoted as theorems on the ”existence of feasible
neighboring trajectories” or as ”tracking lemma”. Exemplarily, we treat here the so-
called “smooth” case, where the function g(¢, ) determines the state constraints O(¢)
and g(-,-) € CHL(I x R™).

A typical result for the continuous situation is given in the following

THEOREM 3.1. Consider Pmblem with time-dependent state constraint ©(-).
Assume the conditions (H2)-(HS3) on the right-hand side F(-,-) and conditions (C1),
(C2) on the state constraints.

Then for every yo € O(ty) there exists a positive constant C such that for every
n(-) € V[T, to, yo] there exists y(-) € VO[T, to, yo] with

sup ||In(t) —y(t)[| < C sup dist(n(t), O(t)).
tE[to,T] tE[to,T]

We will omit the proof of this theorem, since it exploits a similar strategy as [I5]
Theorem 4.1], using in addition a result from [6, Theorem 3.2.4].

The reader should be aware that under considerably weaker assumptions, e.g.
no convexity is needed, Lipschitz with respect to both variables can be weakened,
analoguous results for the continuous situation hold. But, the proof of the discrete
analogue presented here could be given only under stronger assumptions until now.
Contrary to the assumptions (HC;)—(HC,) in [6], we allow time-dependent state con-
straints even in the discrete situation and simplify the conditions for the error esti-
mate.

In any case, we want to emphasize the fact that both stability results for the
continuous and the discrete case are needed for convergence of discrete approximations
of state-constrained differential inclusions, described in Section

We now present a rather detailed analysis of the discrete analogue of Theorem
following partly [6], but admitting time-dependent state constraints. We want
to stress that this discrete analysis is in some respects rather technical, but never-
theless essential for the convergence analysis in the following Section [4] It would be
very desirable to have available the discrete analogues of all those refined results [15]
Theorem 4.2], [I7, Lemma 3.3], [I8, Theorem 3.1] (smooth case) resp. [15, Theorem
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4.1], [I7, Lemma 4.4] (non-smooth case), for the continuous situation. Cf. [I7] for a
detailed discussion of the smooth and non-smooth case.

THEOREM 3.2. Consider Problem (DDIC) in (L4)—~(L5) with time-dependent
state constraint O(-). Assume the conditions (H2)—(H3) on the right-hand side F(-,-)
and conditions (C1), (C2) on the state constraints.

Then for every yo € ©(tg) there exist Ng € N and a positive constant C' such that
for all N > Ny and for all discrete solutions (nx)k=0,...n € YN[T,t0,Yo] there exists
a discrete solution (y)r=o...n € YSIT,to, yo] with

.....

_ < C(h dist t .
k:rg,z?(w lme — k]l < C(h+ k:%%%N ist(nx, ©(tx)))

Proof. Consider an arbitrary, in general non-feasible solution (1 )g=0,... v and set

on = phax dist(ng, O(tr)).
Case A: solution ny, is feasible for k € T =1{0,...,N}
Clearly, 5 = 0 and the assertion is valid for y := g, k € Z.

Case B: solution ny, is not feasible for some k € T

In this case, dy > 0. On a small index set Zy = {0,..., k1 } with k; independent
from (nx)kez the result will be proven as a first step.

Denote by L, the uniform Lipschitz constant for all discrete solutions according
to Lemma by L resp. Ly, the Lipschitz constant of F(-,-) resp. Vg(-,-), and
choose the constants p and « as in (C2). Without loss of generality, L > 0. Let M>
be the maximum of ||Vg(¢,z)| for (¢,z) € I x S, S being the compactum according
to Lemma

Define

T1 = max{te [to,T] : t§t0+ﬁ, (31)
n
My
Ly, ,(t —ty) < ———— 3.2
Vg( 0)_ Q(Ln—‘rl)’ ( )
L

masx{Mp(Ly + 1), (Ly + 1)* - =72} - ("1 — 1) < f;} (3.3)

which is independent of all discrete solutions and all N € N. E|
For the discrete case additional assumptions on the step-size are necessary to

construct a viable solution.
Choose Ny € N with

T—t
hNo = NOO STl_tO; (34)
I
hy, < ——— .
(0%
hnyLvg < ma (3.6)
n
M,
L < — .
hg Vg_Ln+1> (3.7)

Linequalities (3.1)—(3.3)) are used in (3.14)), (3.27) resp. in (3.25), (3.26))
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determining the maximal allowed step-size hy,. E|

is needed to guarantee that at least one step of Euler’s method can be
performed to reach a time not exceeding . follows from and . It
ensures that a discrete solution, before violating the state constraints at the next
index, will be sufficiently near to the boundary such that there exists a direction which
steers the solution into the interior. (3.6)-(3.7) are needed to show the viability of
the solution in this phase and control the error of Taylor expansions.

From now on, let N > Ny, h = %, and define in view of

71 — 1o
>1 .
hoys, (3

]%1 = mll’l{k el : Nk+1 ¢ @(tk+1)} < N,

]Cl I:|_

where k; is the biggest natural number not exceeding Z—to.

It is clear that ¢, < 7 also satisfies the requirements in (3.1)—(3.3).

Case B, (i): k1 < l%l, i.e. the solution ny, is feasible for k € fo ={0,..., ]Aﬂl} D1y
Define

Y = Nk (k c Io)

which fulfills the assertion on Zj.
Case B, (ii): k; > ki1, i.e. the solution Nk 18 feasible for k € Zo ;ZO
In the first phase, set

ye =m  (k€Ty). (3.9)

Since 1, € 00O(t;, ) cannot be guaranteed in the discrete case (only n; € ©(ty,)),
the distance to the boundary must be estimated and should not exceed § to guarantee

an inward steering direction. The function p(s) = g(t; + s,n;, + s%) is

continuous on [0, h] with

©(0) =gt »m,) <0, w(h) =gt;, 1:M%,41) > 0.

Therefore, there exists a zero 5 € [0, h] of the function (-). Now, use (3.5) and
(C1) to show
dist((“: ), graph 90()) < || (%) — e I
s , grap = %lJrgm;ﬁ{nh
_ 1 M

<S043 gy~ )< Q4 Lh< b (3.10)

Define (without loss of generality, the Lipschitz constant L, of ¢(-) is greater 0)

ki —k; 3

K1 1= min{l_’_%\r ,E(Lg+3M2(Ln+1))}, (3.11)
- 1

b= m(l+50) +1) 21, (3.12)
];51 = ];’1 + 51

2inequalities (3.4)-(3.7) are used in (8.8), (3.10), (3.16) resp. (3.24)



10 R. BAIER, I. A. CHAHMA AND F. LEMPIO

which determines the length of the inward steering phase Zg := {k1, kv +1,... ki} C
Zo. E| k1 controls that the corresponding time interval either reaches tj, or guarantees
the feasibility on the second time interval, 6; is the number of steps in the second
phase in Case (ii.1) resp. (ii.2). Notice that x; and k; depend on the individual
solution.

Consider the solution ()7, of the discrete inclusion

%(karl —xy) € Y(tg,xr) (k€ f0 \ {]_gl})v

Ty = Uiy
on the second index set Zg. Here, Y (t,z) is defined as follows:

p(t.x) = min (Vg(t.x) () (3.13)

Y(t,2) ={ve Ft,x) : (Vg(x),(,)) = o(t,2)},

where ¢(+, -) is continuous on graph O(-) by [3, Theorem 1.4.16] and Y (¢, z) has com-
pact, nonempty images and is upper semi-continuous by [2 §1.2, Theorem 6].

ky is chosen so that inward steering is possible. We show that this is the case for
all k € 7 as well. From the Lipschitz continuity of all discrete solutions by Lemma

and (3.10) we get for k € Zo:
1 = i, | < L(k = k1),

dist((), graph 96()) < [|5) = (G2 ) 1| + dist((3), graph 90())

Yk

~ o~ o
< Jte =, 1+ 10 — U, 1+ 5
Estimate (k — k;)h by t, — to and use (3.1) to show

dist( (%), graph 90(-)) < (Ly + 1) (k — k1)h +

=

< p. (3.14)

The proof of the feasibility of (yi), <7, is not as simple as in the continuous case.
Since @}Cl € @(tkl) per definition, we have g(tiCl , g/jkl) < 0, and with the telescopic sum

k1
9tk ) < 9tk T) — 90t T5,) = D (941, Tj1) — 9(t5,55)-

j=Fk1

Set ¢(s) = g(tj +sh,y; + s(yj4+1 —y;)) for s € [0,1] and some j € Zo, then Taylor
expansion up to terms of order 1 yields by the Lipschitz continuity of Vg(-, )

9(tj+1,Tj+1) < 9(t5,05) + (Vo(t,55), (5, 15 )) + Lvg(Ly + 1)%0%. (3.15)

3The first term in (3.11)) is used in (3.19)), the second one in ([3.29)), while (3.12) is used in (3.28))
and (3.33).
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Hence, due to (3.6) it follows

tkayk Z h Vg jayj (y1+1 Uj )> + (LVg(Ln + 1)2h) ' (k - kl)h
Jj= kl
k—1

~ o A
j=k1

Using (C2) due to (3.14) and @ € Y (t;,7y;) together with (3.13]) we progress
to the inequalities

9(tk, Ur) (5. 95) S (k- kl)h<—f (k — k1)h. (3.17)

H M?’“

Therefore, we have finally proven that 3 € ©(t;) and

15k = nell < 15k — i, | + g, — mall < 2L (k — k)b < 2L,00h (k€ Zo).  (3.18)

Case B, (ii.1): inward steering phase reaches end of index set Iy

Ik = k146 = k1, then the definition of the constructed solution is continued
to Zy as

yr =0 (keZo\ {k}),

so that the claim is verified on fo and therefore also on Zg.

Case B, (ii 2): Filippov solution follows time-delayed solution for the rest of
indices in Ty \IO

Now ki = ki + &1 < ki, set Zo := {ki,k1 +1,..., ki }. From w(1+ %) < §
follows that k1 = 2(Lg 4+ 3Mz (L, + 1)), since

ki — ky

K1 < .
148

(3.19)
Consider the Filippov solution (x)zez, of

($k+1 —:L‘k) S F(tk,l'k) (k Ejo\{kl}),

Thy = Uy

S

following the solution (1,5, )xez,- Since the discrete version of Filippov’s Theorem
will be applied, we study the following error terms:

17, — 155,11 = llyg, —m3, 1 = vk, — g, | < Ly, (3.20)

1 _
dlSt(ﬁ(nkJrlfSl = Mgy ), F'(tk, m—5,)) < Lorh

EF(th_5, M—5,)
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The time delay &; does not only help in (3.20)), since Mk, —s, coincides with yg .

but also allows to reuse the estimates on the second index set Zy (namely (3.18)) for
the starting values on the third index set. For the distance to the right-hand side of
the difference inclusion, the Lipschitz continuity of F(-,-) with respect to ¢ was used.
The discrete Filippov’s Theorem together with Corollary finally establishes
the estimates

19k =M, | < (L+RL) M Lydih+ (1 +hL)*5 = 1)3ih
= ((Ly 4+ 1)(1 + hL)* % — 1), h, (3.21)
1 1 _
||E(77k+1751 - 771@751) - E(yk+1 — )|l
< L(Ly 4+ 1)(1 4+ hL)* %18, h (3.22)

on Iy. They are used twice, first to estimate the deviation of the feasible solution to
the given one in

9% = mell < 1Tk = ng—5, | + k-5, —
< ((L,, + 1)elkoh 1> o1h (3.23)

and secondly, to show feasibility. To this purpose, the state constraint is splitted into
four terms for each k € Zy. Hereby, the Taylor expansion as in (3.15)) will be used:

9k, Uk) = 9(tg, Uk,) + 9(tk—5, Me—s,) — 9tk =5, My —5,)
——

=Ta =Tp

k1
+ > (9(t41,G541) — 9(t5,95))
j=k1

k—1
- Z (9t 11-5,M501-5,) — 9(t;-5,,m;-5,))

j=k1
k—1 B
<Ta+Tp+h Z <Vg(tj, ??j)v (@H}l*@j >> + LVg(Ln + 1)2(k - k1>h2
j=k1
k—1 L B
—h Z (Vy(t;_s,,m5-5,), (”Hlfﬁlhf”rél )) + Lvg(Ly +1)*(k — k1)h?
j=k1
k—1 L
_ 1
=Ty+Tp+h Z <Vg(tjyi‘/j)» (§j+1’@j) - ("j+1_31*"j—51 )>
— D i
j=k1
=Tc
k—1 )
+h Z <V9(tja gj) - vg(tj—Slanj—Sl)a ("J‘H—S%*”j—cﬂ )>
j=k1 '

=Tp
+ 2LVQ(L77 + 1)2(k — ]_€1)h2 =Tu+Tg+Tc+Tp +Tg.

=T
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The next task will be to estimate each term separately. We estimate
~ Q<
Ta = g(tz,, Ur,) < =5 010

by (3.17), the corresponding inequality on the second index set.
The treatment of the second term is slightly more complicated as in the continuous
case, since we can not assume that g(t,;l,nfcl) = 0. Nevertheless, we know that at

index l%l we are close to the boundary and at the next index 1%1 + 1 the iterate violates
the state constraints so that

Tp = g(ty_5Mk—5,) — 95, M) < 9(te—sysMe—s,) + 9, 41, 11) —9(Es,M5,)-
N————
>0

The difference of the last two terms could be estimated as in (3.15):

Nigyv1 — i
9t 1M 1) — 95 mp,) <RIVt )l (1 + IITH)

+Lyy(L, +1) hQS( max Vet )|l (1 + Ly)h + Lyg(Ly, + 1)%h?,

=Ms

where we used again that all discrete solutions are contained within a compactum S
by Lemma @ and that all discrete solutions have a uniform Lipschitz constant L,
by Lemma [2.7] Mimicing the proof in the continuous case, we distinguish two cases
to treat the first term in T'g.

If n,_5 € O(t,_5,), then g(t,_5,m,_5) < 0 so that this first term has an
advantageous sign. Otherwise, we introduce the projection ;7 5 € 00(t),_5,) and
estimate by using the definition of §y:

l9(tk—5,sMe—5,) — 9ti_s5, 51 < Lglme—s, — mi_s5, |l
= Ly dist(n;,_5,, O(tp—s,)) < Lgbn-
In both cases, due to (3.7)
Tp < Lyon + Mo - (1+ Ly)h+ Lyy(Ly + 1)?h* < Lyén +2Ms - (1 + L)k (3.24)

In term T¢, the difference quotient of both solutions is compared, which was
estimated in (3.22) by the discrete Filippov Theorem. Moreover, the boundedness of
the discrete solutions and the continuity of Vg(-,-) are used, yielding

k—1

_ Yi+1 =¥ Mjy1-5, — Mj—s
To <h Y Vgt gl | 220 - Bsh — i

j=/_f1
< Myh Z ( (Ly+1)(1 + hLY~*15,h ) = My(Lyy + 1)((1 + RLY*5 — 1)5,h.
Jj=k1

Since (1 + hL) ~F1 can be estimated by Corollary as eL(b=kh < oLkih <
el(m—=t0) "we can exploit that 7 was suitably chosen by (13.3), and we get

Te < —~51h. (3.25)



14 R. BAIER, I. A. CHAHMA AND F. LEMPIO

The same estimate will be reached for the term Tp. The main keys are the
Lipschitz continuity of Vg(+, -), the uniform Lipschitz constant for all discrete solutions
and the estimates ([3.21)) from the discrete Filippov Theorem together with the one in

(2.5):

k—1
_ Njy1-5, — -5
Tp <h Y |Vg(t;,5;) — Va(t;_s,.m-5) - (1 + II%II)
j=k1
k—1
<h Y Lyg(lty —tis, |+ 155 — nj—, 1) - (1+ Ly)
j=k1
k_l . i —
< (Ly+1)Lygh > (1+ (Ly + 1)(1+hL)Y ™" = 1) - 51k
i=Fs
L77 +1 ot R =
< (Ly + 1)Ly, —"7—hL > (U4 hL) ™R 51k
j=k1
L . _
< (L + 12222 ((1+ hL)*F —1) . 6, h.

L

Now, the reasoning is the same as for the term T, hence
Tp < 25k (3.26)
b=t '
For the estimation of Tz we need (3.2):

Tp = 2Lvg(Ly + 1)*(k — k1)h? < 2Ly (Ly + 1)*(tx — tj )1
< 2Lyy(Ly +1)*(r1 — to)h < Ma(L,, + 1)h. (3.27)

Now, we put all estimates together to show the feasibility. We have
o o =
9tk k) STa+Te+Tp+Tp+Tp < —501h +2- Soh+Tp + Tp

< _%Slh + T+ TE.

The definition (3.12) for 6, and k1 = 2(Ly 4+ 3Ma (L, + 1)) yield

o «o ON

had > = N .

351h7 3/{1(1—# 3 )h (3.28)
= (Ly+3Mz(Ly +1))(h+6n) > Lybn + 3Ma(Ly + 1)h (3.29)

and hence, the problematic term L,0n could be eliminated by

9(tk, Jx) < —Lgon — 3Mo(Ly + 1)h + Lyon + 2M(Ly + 1)h
+ Ms(L,, + 1)k < 0. (3.30)

Extend the feasible solution in the third phase to Zy by

k=0 (k€Zo\ {k1}). (3.31)
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For all k € Ty, (3.9) and the estimates (3.18)),(3.23) yield altogether

lyr — el < max{2L,, (L, + 1)l 4 1 —1}.6,h. (3.32)

=:M3>2L,

In the last inequality, (k; — k1)h was estimated by kyh < 71 — tg. Moreover,

_ ) é
bih=[mL(L+ =0 + 1) b < (mu(1+ 75) + Db
3

< (E(Lg+3M2(L,,+1))(h+5N)+h:O(h+5N), (3.33)

} 3
lye — mrll < M3zdrh < M3(1 + a(Lg +3Ma(Ly +1)))(h+dn) = O(h + 6n).

=M

Extension to the whole index set 7:

This process is well explained in the proof of [6, Theorem 3.2.6]: Divide the index
set in J subsets with k; elements and set Z; := {k;, k; +1,...,k;jx1} N {0,...,N}
with kj :jkl,j:O,...,J.

(1) first index set

For j = 0 the solution y; is already constructed for Zy. Set 6’0 =1+ ‘%N and
AO = Lnléo + 1J

(i) recursive approach

For j > 0 start the process by taking the end value of the feasible solution y;.;, on
Z;—1 as starting value for the next iteration. Now, apply again the discrete Filippov
Theorem to construct the (in general, non-feasible) solution (z,i] ))kte of

1
E(l‘k.H —xp) € Fty, ) (k€ Ij)?

Tr; = Yk;»
that follows the non-feasible one (ny)rez;. The error term is governed by the difference

of the starting values. Now, construct a feasible solution (yx)rez; from (z,(cj ))kte-

Then show that the deviation from (yx)rez, to (Mk)rez; could be estimated by

i
lys = nell < MY e IEREA L (k€ T;),

v=0
where for j =1,...,J
Cj=Co+ MY Uk Aj= |k Cj +1].
v=0

Estimate J uniformly for all N € N by LTi_}fg +1] so that finally we have proven
0
the overall order O(h + dy). 0
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REMARK 3.3. Assume that © : [ = R™ with images in C(R™) has a C**-signed
distance function

~ ' dist(x, 00(t)), if x € O(t),
| —dist(z,00(t)) = — dist(z, O(2)), if x € R™\ O(t).

Then O(t) = {z € R" : —d(t,z) < 0} fulfills the assumptions of Theorem .

4. Convergence Analysis. Combining the stability results from Section 3] for
the continuous and discrete situation, we are now in a position to prove order of
convergence results for the discrete approximation of the set of all viable solutions of
the differential inclusion by all viable discrete solutions.

An essential tool is the following result for differential inclusions without state con-
straints, cf. [IT), 1. Theorem] which we formulate under stronger assumptions, needed
later on anyway. The convexity is an important assumption for the convergence of
Euler’s method.

PROPOSITION 4.1. Choose a compactum S C R™ containing all solutions of ,
(L3). Let F(-,-) fulfill (H2)-(H3) on S and let Yo = {yo}.

Then there exists a positive constant C' such that for all N € N

dH,oo(y[Ta thyO]ayN[Ta thyO]) S Ch.

The stability results from Section |3| (Theorem for the continuous case and
Theorem for the discrete case) are essential for the convergence proof of Euler’s
discretization of differential inclusions with state constraints.

THEOREM 4.2. Assume hypotheses (H2)—(H3) together with (C1)-(C2) and let
Yo = {yo} with yo € O(to).

Then there exist a positive constant C' and Ny € N such that for all N > Ny

dH,oo(ye[T7 t07y0]7y]%[T7 t07y0]) S Ch.

Proof. This proof will use the notation of some constants from the proof of Theorem
Choose Ny € N from this theorem and N > Ny so that additionally Ay, < p and
(C(M +1)4+1)*Lyghn, < %, where M is the bound in Lemma [2.6{and «, 11 originate
from (C2).

Let us first construct a close discrete solution to a given y(.) € VO[T, tg, yo] to esti-
mate the one-sided distance. According to Proposition there exists (i )r=0,...N €
YN [T, to, yo] with

th) — 7|l < Cyh.
kzrgaxNHy( k) — k|l < C1

Since
dist (e, O (tk)) < [[7e — y(tx)|| + dist(y(te), O(tx)) < Cih,
a solution (nx)k=o0,... N € y}% [T, to,yo] can be constructed by Theorem with

— k|| € Cah.
p el — el < Co
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Hence, the grid function yx := (y(tx))k=o,... n fulfills

e = y(t)l < Il = ll + 17k — y(te)|| < (C1 + Ca)h,
disteo (yn, YNIT, to, yo]) < (C1 + Ca)h.
On the other hand, for a given discrete solution 7 := (i )k=0...~ € YT, to,Yo]

one has to estimate the other one-sided distance. Proposition [£.1] shows the existence
of g() € y[Tv Lo, yO] with

—§(te)| < Cih.
pmax e =yt < Co

The reasoning is now more complicated, since we need to estimate the following
distance for all ¢ € [ty, tk41] and all k € {0,..., N — 1},

dist(y(t), ©(t)) < [[y(t) — y(tw)ll + 5 (tr) — nell + dist(nx, O(1)). (4.1)

Since 1y € O(tx), the inequality g(tx,nr) < 0 holds.
(i) It (;’;) € B, (graph 09(-)), then there exists vy € F(tg,n,) by (C2) with

(Va(tr, ), (vlk)> < —a

For t € [tx, tyy1], we set n(t) := n; + (¢ — t)vr and consider

t

ot1(0) = o(tin) + [ Fotsne) ds < [ (Tas.n(o). (1)) ds

= /t (Va(te, ), (Ulk)) ds —|—/t (Vyg(s,n(s)) = Vag(tr, nr), (vlk)> ds

< —alt —te) + [ [[Vg(s,n(s) = Va(te, ne)ll - (1 + [Joell) ds.
tk
Let us estimate both terms using (H1) and Lemma by
L Jlopll < T4 1Ptk me)l| < 1+ C(llmell +1) < C(M +1) + 1,
IVg(s,n(s)) = Vg(te,m)ll < Lvg(ls — te] + [In(s) — nkl))
< ng(l + ||’UkH)(8 - tk) < (C(M + 1) + 1)ngh

and continue the inequality with
g(t,n(t)) < —a(t —t) + (C(M + 1) + 1)’ Ly h(t — tg) < —%(t —tx) <0.
Therefore, 7(t) € ©(t) is close to n; with
dist(, ©(8)) < [l — 1(8)| = (¢ — t)llewll < CM +1)(¢ — ).

(ii) If (f]’;) ¢ B, (graph 9O(-)), then (f]’;) ¢ graph 0B,,(0(-)) and dist(n, 00 (tx)) is
greater than p. Let us assume that g(¢,7) > 0. With the continuous function ¢(s) :=
g(s,mr) on [tg,tg+1], we will soon arrive at a contradiction. Since the inequalities

o(tr)
o(t)

(tk:ank) < 07

=g
=g(t,m) >0



18 R. BAIER, I. A. CHAHMA AND F. LEMPIO

hold, there exist

st € (tr,t) C (th,trt1] with (t) = 0. Then g(t,nx) = 0 and 7y €
9O(t) such that (, K

) graph 96(+). The following inequality shows the contradiction

dist (), graph 00()) < [[() — () = [E—ts| <2 < .

Hence, the assumption was wrong which yields now g(¢,mx) < 0 so that n; € O(¢).
In both cases (i)—(ii), dist(ng, ©(t)) < C(M + 1)(t — tx). Using (4.1), we get

dist(F(t), O(t)) < Ly|t — tx| + Crh + C(M +1)(t — tg) < (C(M +1) + Cy + L)h,

where Ly is the uniform Lipschitz constant from Lemma [2.5] . Therefore, a solution
y(+) € VO[T, to, yo] exists by Theorem [3.1] ! with

sup [|ly(t) — 7(t)|| < Csh.
tel

Hence,
e — y(t)|| < llne — Gl + 15(E) — ()| < (Cr + Ca)h,
distoo (17, VO[T, to, yo]) < (C1 + Cs)h. O

5. Example. The dynamical sytem, underlying the following two test examples,
is due to P. Kenderov. It serves as a model problem for the illustration of first order
convergence. We restrict ourselves to the visualization of the convergence of reachable
sets. The visualization of the convergence of the whole discrete solution sets would
require much more space and the choice of more appropriate data structures.

Naturally, the realization of set-valued Euler’s method 7 on a computer
amounts to an additional perturbation of the set-valued right-hand side of order 1 and
an evaluation of the set union with a local error of order 2 (with respect to Hausdorff
distance, uniformly in ¢ € I), for computational details cf. [6].

ExXaMPLE 5.1. Consider the following differential inclusion

y'(t) € F(t,y(t)) = {Ay(t) + uBy(t) e R* : 0<u <1} (a.e t€][0,8]),
y(t) € ©:={y e R : g(y) <0},
y(0) =y = (),
where
o2 -1 ov1— o2 0 —20v1 — 02
A<_am o2 1 ) B(zam 0 )
o) = g~ 2?12, =)

and o € (0,1) is a fized parameter.
The reachable set for the unconstrained case can be expressed by representing its
points with polar coordinates,

2_
R(t,to, 70 (gg((ig))) {r(t )(gfjgg(g;) r(t) = roel@ — 1,
P(t) = do + UM(% —-1t, 0<u<1},

where the initial point o has polar coordinates (g, o) = (2v/2, 7). Further on, we

-9
fix o = 15-
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FIGURE 5.1. Reachable sets for different end times t (without resp. with state constraints)
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In Figure[5.1] (left picture), the exact reachable sets for the unconstrained problem
with varying end time ¢; = i-3,4 = 0,..., 16, and the boundary of the (quadratic) state
constraint (dotted line) are illustrated. For ¢ = 0, the starting set is just the upper
right point in this figure (marked by the cross), for increasing time ¢ the reachable
set moves to the lower left of the figure and the two ends of the arcs approach each
other. Approximately for ¢ > 8, the two end points of the arc will overlap and the
reachable sets form the boundary of a circle. In the right picture of Figure the
reachable sets for the state-constrained problem are visualized for the same times. In
contrast to [0, Example 5.2.2] with a linear constraint, the reachable set cannot be
gained by the intersection R(t, o, Yp) N O, as the comparison of both pictures shows.
For t > 7.2, the small part of the circle that moves out of the interior of © (everything
below the quadratic function) originates from points that were already cut off by the
quadratic state constraint at an earlier time.

Figure [5.2] shows the integral funnel with state constraints.

FIGURE 5.2. Integral funnel of Euler’s method with N = 240 and state constraints
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This second figure was calculated with set-valued Euler’s method for N = 240 on
the interval [0, 8] (cf. [0, §4] for details on the implementation of Euler’s method for
the approximation of nonlinear differential inclusions).

Let us check, whether Theorem [1.2] for state-constrained Euler’s method can be
applied. Observe that F(t,y) = {f(¢t,y,u) : v € [0,1]} with f(¢,y,u) = Ay + uBy is
Lipschitz with respect to (t,y) and has nonempty, compact, convex images. Clearly,
(H1) and (C1) are also fulfilled. Furthermore,

1 1
(Vg(y) T, v) =—(c? = 1) - 51/? +oV1i—o%(1-2u) Sy (yi — 6y1 + 10)

for all y € 90 and v = f(t,y,u).
For y; < 0, the choice of u = 0 yields

(Vgy)"v) = lyl coV/1—02- (y7 — (6 — % V1—0?)y1 +10).

2

=:h(y1)

A discussion of the function h shows h(y;) > (y1 — 4)? — 6 > 10 so that the scalar
product is less than zero.
For y; € (0,5], uw =1 is chosen such that

(Vy(y)",v) = —%yl coV/1—02- (yi — (6 + %\/1 — 02)y; + 10).

The quadratic function in this term could be strictly estimated from below by the
function h(y;) = y? — 1—23y1 + 10 which is strictly decreasing and is not less than
7(5

h(3) = 0. Hence, the scalar product is also negative.

Let us note that the final reachable set is a circle avoiding the origin, cf. Figure
Therefore, all discrete reachable sets for small step-sizes have a positive distance
to the origin so that on a compactum containing all Euler solutions and near to the
boundary of © we have a positive distance to the origin. A compactness argument
yields therefore the validity of (C2). Hence, order of convergence 1 with respect to
the step-size h holds by Theorem [1.2]

For the state-constrained case, Tables and visualize the order of conver-
gence for the approximation of the reachable set R (0.5, 0, (3)) resp. R(7.5,0, (g)) The
tables are calculated by using the theoretical reachable set as reference set.

TABLE 5.1
Estimated order of convergence for T = 0.5 (state-constrained problem)

estimated Hausdorff distance | difference

N from the reference set to ChP
16 0.0897488 -1.1E-02
32 0.0280925 9.2E-03
64 0.0182812 -6.6E-04
128 0.0104471 -2.1E-03
256 0.0036226 3.2E-04
512 0.0018178 4.8E-05
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Estimated order of convergence for T' = 7.5 (state-constrained problem)

TABLE 5.2

estimated Hausdorff distance | difference

N from the reference set to ChP
16 0.3275207 1.1E-02
32 0.1842108 -7.3E-03
64 0.0923952 -1.2E-04
128 0.0483326 -2.0E-04
256 0.0250892 2.0E-05
512 0.0129622 1.4E-04

21

Based on these data, a least squares problem with the function log(ChP) with un-
knowns C,p > 0 yields the values p = 1.0800 and C' = 1.1812 resp. p = 0.9388 and
C = 1.9156. The estimated order of convergence for T" = 7.5 is slightly worse than

for T'= 0.5 due to possible increasing rounding errors.

FIGURE 5.3. Discrete reachable sets for T = 7.5 and various step-sizes N = 16,32,64, 128
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In Figure [5.3| the difference between the discrete reachable set generated by Eu-
ler’s method (gray shaded set) and the theoretical one (arc with black solid line,
almost included in the gray set) is depicted. The pictures show the approximations
of the reachable set with state constraints at time ¢ = 7.5 for several numbers N of
subintervals: N = 16 (left upper picture), 32 (right upper one), 64 (left lower one)
and 128 (right lower one).

ExaMpLE 5.2. Consider the modified Example in which the state constraint
is now time-dependent, i.e.

y(t) € O(t) == {y € R* : g(t,y) < 0},
gt y) = —i-(2—é*4)-(y1—2)2+(2—éq)—ya y=()

Observe that ¢g(0,y) equals the time-independent state constraint in Example
From Figure it is clear that in the case of time-dependent constraints (right
picture), the reachable sets are bigger than in the time-independent case (left picture).
This figure shows the discrete reachable sets for the constrained problem at the times
t € {0, %,1, %,2,3,4,6,8}. For these times, the boundary of the state constraints
g(t,+) = 0 are depicted in the right picture with dotted lines.

FIGURE 5.4. Discrete reachable sets from Euler’s method with N = 128 for both examples
2.5 2.5
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With considerable more effort, it is even possible to show the validity of (C2) by
choosing the same values u depending on the sign of 4; as in Example

Table is created for the time T' = 7.5 similarly to the tables for the previous
example, but include the data for the time-dependent state constraint. A least squares
approximation with log(ChP) yields the values p = 0.9431 and C = 1.9387.

Figure [5.5] visualizes how the discrete reachable sets generated by Euler’s method
(gray shaded sets) approximate the theoretical reachable sets.



EULER’S METHOD FOR STATE-CONSTRAINED DIFFERENTIAL INCLUSIONS

TABLE 5.3

Estimated order of convergence for T = 7.5 (time-dep. state-constrained problem)

estimated Hausdorff distance | difference

N from the reference set to ChP
16 0.3371631 7.2E-03
32 0.1842111 -5.1E-03
64 0.0931844 -4.1E-05
128 0.0483323 1.1E-04
256 0.0250866 1.1E-04
512 0.0130925 1.2E-05

FIGURE 5.5. Discrete reachable sets for T = 7.5 and various step-sizes N = 16,32, 64, 128
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