DESIGNING CODES FOR STORAGE ALLOCATION

SASCHA KURZ

ABSTRACT. Service rates for storage allocation were considered in [[11]]. In this notes we consider the de-
sign of good or optimal codes with respect to this metric. The cases of two files is completely and the case of
three files is partially resolved, see also [8] where a subset of these results are presented in a more compact
way.
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1. PRELIMINARIES

Suppose there are k files f1, ..., fx with request rates A1, ..., A;. The service rate region S(G, ) C
R’;O is defined as the set of all request vectors A that can be served by a coded storage system with
generator matrix G € IF’;X" and service rate p. In the following we assume p = 1, i.e., yu; = 1 for all
i € [n], where [n] = {1,...,n} for each integer n, and abbreviate S(G, 1) as S(G). In order to be more
precise we need to introduce more notation. A linear code C of dimension % over I, can be described
by a generator matrix G € F’;X". Note that there are usually generator matrices that span the same
linear code, i.e., whenever the row span of two matrices G and G’ coincides, the span the same code.
Another representation of a linear code C over [F,; is a multiset G of points in PG(k — 1, ¢), where a point
is a 1-dimensional subspace of IF’; In what follows, we restrict ourselves to the binary field Fy, which
allows us to simplify the notation a bit. First we associate the points of PG(k — 1, 2) with the non-zero
vectors in F%, then we interpret each such vector v as the binary expansion of a corresponding integer
1 < i <1:=2%—1. We denote the vector corresponding to the integer i € [I] by v;. As examples,
the vector v4 = (1,0, 0) corresponds to the integer 4 and the vector vs3 = (0, 1,1) corresponds to the
integer 3. In order to uniquely characterize a multiset of points G in PG(k — 1, 2) we use multiplicities
n; € N, where i € [I], counting the number of occurrences of the vector v; in F5\{0}, where i € [I], in
the generator matrix G. So, we have ) ieq) i = M- The notion of a multiset of points G factors out the
symmetry of column permutations of corresponding generator matrices G. Due to the correspondence
between a generator matrix G and a multiset of points G we also write S(G) instead of S(G) for the
service rate region and remark that we will directly define S(G) later on.

A recovery set Y for file f;, where ¢ € [k], is a subset of S C [{] such that the span ({v; | j € S})
contains the ith unit vector e;. We call a recovery set S reduced for i there does not exists a proper subset
S" C Swithe; € ({vj | j € S'}). For ¢ = 2 and a reduced recovery set .S there is no need to specify the
index ¢ of the file that is recovered since ZjeS v; = e;. However, in F3 the set {e; + e, e; + 2e2} spans
a 2-dimensional subspace containing both e; and e, while none of these two unit vectors is contained in
the span of a proper subset. Since we assume ¢ = 2, we will mostly speak just of a recovery set without
specifying i. By J* we denote the set of all reduced recovery sets for file f;, where i € [k]. For k = 3
and ¢ = 2 we have

2 = {{244,6}, {131, {5, 7} {L 4T},
which corresponds to

{{(O, 1,00}, {(1,0,0),(1,1,0)},{(0,0,1),(0,1,1)},{(1,0,1), (1,1, 1)}, {(0,0, 1), (1,0,0), (1,0, 1)}}.
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We remark that the maximum cardinality of a reduced recovery set is k, which can indeed be attained.
Given a multiset of points G in PG(k — 1, 2), described by the multiplicities n;, the service rate region
S(G) is the set of all vectors A € RE , for which there exists «;,y, satisfying the following constraints:

Z iy = N, foralli € [k], (la)
Yey!

k

Z Z a;y < ny, forall j € [I], (1b)
i=1 YeYi:jey
aiy € Rsq, foralli € [k], Y € V" (Ic)

The constraints (Ta)) guarantee that the demands for all files are served, and constraints (Ib) ensure that
no node receives requests at a rate in excess of its service rate.

As noted before, for ¢ = 2, each reduced recovery set uniquely characterizes the file it recovers. In
other words the )* are pairwise disjoint and form a partition of ) := uie[k]yi. With this we can simplify
the above characterization, i.e., the service rate region S(G) is the set of all vectors A € R’;O for which
there exists ay, satisfying the following constraints: B

Z ay > \;, foralli € [K], (2a)
Yey:
Z ay <nj;, forall j € [l], (2b)
YEY:jeY
ay € Rxg, forallY € Y. (2¢)

Note that constraint looks like a relaxation of constraint (Ta), while it does not matter for the defini-
tion of S(G) if we use “="or “>".

After these preparations we can come to the main questions of this paper. For each (bounded) subset
R C R%, we can ask for the minimum number n(R) of servers such that there exists a generator matrix

G € F5*" with R € S(G) (or alternatively, such that there exists a multiset of points G in PG(k — 1, 2)
with R C §(G)). So, we ask for lower bounds for n(R) and constructive upper bounds for n(R), i.e.,
the construction of good codes. Note that we can have S(G) # S(G’) or S(G) # S(G’) even if G, G’
or G, G’ generate the same linear code C, so that we have to speak of the construction of good generator
matrices or good multisets of points, in order to be more precise.

Before we give integer linear programming (ILP) formulations for the determination of n(R) we first
study a few structural properties.

Lemma 1.1. We have n(R) = n(conv(R)), where conv(R) is the convex hull of R.

Proof. Tt suffices to observe that the service rate region S(G) of every generator matrix G € F’Q"X" is
convex. 0

The relation x < vy, ie, x; < y; forall 1 < ¢ < k, forms a poset in R’ﬁo with the unique

minimal element 0. In that context, the lower set S| of a subset S C R’go is defined via S|:=

{reRE|3yeS:z <y} Asanexample we consider the set S = conv({(0,0),(1,2),(2,1)}) C
RQZO, which is a triangle with area % Here, the corresponding lower set

Sl= conv({(0,0),(0,2),(2,0),(1,2),(2,1)})

7
3

Lemma 1.2. We have n(R) = n(R|), where R, is the lower set of R.

is a pentagon with area
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Proof. Tt suffices to observe that the service rate region S(G) of every generator matrix G € F '2“ *™ s its
own lower set, i.e., S(G) = S(G)J. O

Taken the above two observations into account, we want to parameterize a large class of reasonable
subsets R C R% , by a function 7': 2{1k} 5 N that maps the subsets of {1,...,k} to integers, where
TM)=0.

Definition 1.3. Let 7: 2{%*} — N with T()) = 0. With this, we set

R(T) := {AGR’;O > NSTS)V#SC {1,...,k}}

€S
and abbreviate n(R(T))) as n(T).

By construction R(T) is a polytope, i.e., a bounded polyhedron, which especially is convex, see
e.g. [7] for more details. Moreover, R(T)|= R(T), i.e., R(T) is its own lower set. In some cases we
can modify values of the function T’ without changing R(T").

Lemma 1.4. Ler T: 211k — N wirh T(@) = 0 and let T' be given by the following algorithm:

Joreach S C{1,...,k}do
T'(S) + T(S)
end for
changed <+ true
while changed = true do
changed < false
foreach S C {1,...,k}do
foreach ) U C Sdo
if T'(S) > T'(U) + T'(S\U) then
T(S)« T'(U)+T'(S\U)
changed < true
end if
end for
Joreach S CV C{1,...,k}do
if T'(S) > T'(V) then
T(S)«T'(V)
changed < true
end if
end for
end for
end while

Then, we have R(T) = R(T'). Moreover, if we apply the algorithm again on T' and obtain T", then
T =T1".

Proof. After the first initializing loop we obviously have R(T") = R(T”). Now we consider a single step
where 7" (S) is replaced by either 77 (U) +T"(S\U) or T'(V'). Inductively we know that each A € R(T")
satisfies ) ;g Ay < T7(S') forall " C {1,..., k}. Since this especially holds for S" = U, S" = S\U,
and S’ = V we also have

> N <T(U)+T'(S\U)

i€S
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and
A>0
Z/\i < Z A <T(V).
i€s i€V
So, after each replacement we still have R(T) = R(T").
In order to show that the algorithm terminates let

e=min{T(U)-T(V)|0CUV C{l,....k},T(U)-T(V)}.
By induction over the number of replacements we can easily show that ¢ < min{7"(U) — T'(V) |
0 CUV CA{L,...,k},T"(U) — T'(V)} at each time after the initialization loop. Thus, every replace-
ment reduces the value of g (1, T'(S) by at least ¢, so that the algorithm terminates after at least
(ng{l,..i,} T(S)) /€ + 1 iterations of the while loop.

Since in the last iteration of the while loop non of the if-conditions were true, this is also the case if
we apply the algorithm again. O

We remark that the function 7" constructed by the algorithm of Lemma is subadditive, i.e., we
have T'(U) + T'(V) > T'(U U V) (since T” is non-negative it is no necessary to restrict to the cases
where U NV = (}), and monotone, i.e., we have T"(U) < T'(V) forall ) CU C V C {1,...,k}.
Indeed, the proof of the following characterization is easy:

Lemma 1.5. A function T: 211kt — N, with T(0) = 0, satisfies T' = T, where T’ is the result of the
algorithm of Lemmal[l. 4| applied to T, iff T is monotone and subadditive.

As an example we remark that a function for k = 1 each function 7': 2{1-~*} — N is monotone and
subadditive, while for £ = 2 the conditions can be summarized to

max{T({1}), T({2})} < T{L2}) < T{1})+T({2}). )

Definition 1.6. Let R C R’;O be a subset that cannot be enlarged by building the lower set, i.e. R]=R.
Then, we say that a finite set S' C Rgo is a generating set of R if conv(S)]= R. Moreover, we call S
minimal if no proper subset of .S is a generating set of R.

As an example we consider the function 7': 2{12} — N given by 7'(0) = 0, T({1}) = T({2}) = 2,
and T'({1,2}) = 3. Here, a generating set of R(T') is given by {(1,2), (1,2)}. Actually, the generating
set of R(T') is always unique, since R(7T’) is a polytope that can be written as R(T") = conv(V'), where
V is the set of vertices of the polytope, which is the unique minimal set with R(T") = conv(V'). We
obtain a generating set of R from V' be removing all v € V' such there is a different v’ € V with v < v'.

Before we study bounds for n(R(T')), we give ILP formulations for the determination of n(R).

Proposition 1.7. Let {)\(1), ceey )\(m)} be a generating set of R, i.e., we assume that Rl= R. Then,
n(R) coincides with the optimal target value of

min E Uz

Jell]
Z o <y Vi e [l],Vi € [m]
Yey:jey
S ab =AY vie[m], je K]
Yeyi

n; €N Vi e [l]
o €Rso Vi€ [m],VY €,
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Proof. Let the multiset of points G be uniquely characterized by the integer multiplicities nj, j € [I]. The
stated ILP formulation minimizes the code size n = }_,.; ; and ensures that M(i)] € S(G) by using
the characterization (2a)-(2c) for each i € [m]. O

The drawback of the ILP formulation of Proposition is that #) grows doubly exponential, i.e.,
#Y gets quite large, even for moderate values of k.

Example 1.8. For ¢ = 2, £ = 2 consider the desired service rate region
R={(A1,22) €RZ; : A1 2,00 <2, A + Ay <3}

and generating set { \(), \(*)} of cardinality m = 2, where A\('). = (2, 1) and A(?) = (1, 2). The possible
columns of a generator matrix G, i.e., the non-zero vectors in IF% are
v1 = (0,1), vy =(1,0),and v3 = (1,1).
The recovery sets are given by
¥ = {{23.{1,3}}.
and
¥ = {{1},{2,3}}
With this, the ILP of Proposition|1.7|for the determination of n(R) is:
minni + ng + ng
apy +aj g <m
Qfa3) + gz < N
A2y + 13y S 3
afyy +afig Sm
023y + 0y S 12
a2y +0f15) S 3
afa) + g1y 2 2
afy + g 2 1
afy +afig 2 1
afyy +afay 22
ny,no,ng € N
0/{1}704273}7 af{Q},of{Lg} € R>p Vi € [2]

An optimal solution is given by n; = 2, ng = 2, and ng = 0, i.e., a code of length n = 4 with generator

matrix
1 1 0 0
00 1 1/)°

Optimal multipliers for the recovery sets are given by ah} =2, ab 3y =0, 0%2} =1, ozh 3y = Oand
a%l} =1, O‘?2,3} =0, a%Q} =2, O‘%LS} = 0. For the optimal multiset of points there are two further
possibilities: (ny,ng2,n3) = (2,1,1) and (n1,ne, ng) = (1,2, 1).
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If we only want to obtain an easier to computer lower bound for n(R), then we can consider the LP
relaxation of the ILP of Proposition
min Z n;

Jjell]
nj — Z ok, >0 Vi € [l],Vi € [m]
Yey:jey
S o =AY vielm], je k]
Yeyi

n; € R>o Vi e [l
oy €Rsg Vi€ [m],VY €,
The LP relaxation of the ILP in Example[I.8]is given by

minng + ng +n3

n—ajpy —ajp g >0

ng — a‘b_’g} — ab} >0

ns — 0%2,3} - 0‘%1,3} >0

ny — Oz%l} — 04%1,3} >0

ng — O‘%2,3} - a%z} >0

ng —afy g —af g >0

ozb} + 04%1,3} >2

afyy +ajpzy > 1

oz%Q} + 04%1,3} >1

afy +afyg > 2

ni,n2,n3 € Rxg
az{l}’a?{zi’,}vaiz}’ah,g} € Rx>o Vi € [2]

2’
0‘%2:3} =1, ab} =1, O‘}LL?)} = 0 and 0‘%1} =1, 0‘%2,3} =0, a%2} =3, a%m} = £ for the recovery

and has the unique optimal solution n; = 3, ny = 2, and ng = 3 with optimal multipliers apyy = 3,

sets. The optimal target value n = nl 4+ ny + ng = % can be rounded to 4 taking into account that the
length of the code has to be an integer.

As mentioned before, the ILP formulation of Proposition |'1;7| underlies a massive combinatorial ex-
plosion. To be more precise, the number of variables grows exponentially and the number of constraints
grows doubly exponentially.

Lemma 1.9. Let G € IFZX” be the generator matrix of an [n, k|4 code C and G be the corresponding
multiset of points of cardinality n described by point multiplicities n;. If {)\(1), . )\(m)} is a generating
set of R, then we have

Z nj > max Z )\gi)\lgigm , )

v; EPG(k—1,2)\H SEE(H)
where H is a hyperplane of PG(k — 1,2) and
EH)={helk]|en ¢ {v|ven})}
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is the set of indices h such that the hyperplane H does not contain the unit vector ey, i.e., ey, lies in
PG(k—1,2)\H.

Proof. Let 1 < i < m be an arbitrary index. From the ILP of Proposition[I.7] we conclude
> ay =l ©)
Yeys
foreach s € £(H) and
@y 20 ,
>y ay >y > o (6)
YeY:jey s'€E(H) Yeys' :jey
for each j € [I] with v; € PG(k — 1,2) \ . Thus, we have
2 omz ) > av= ) ) >, o
v; €PG(k—1,2)\H v; EPG(k—1,2)\H s€E(H) YeYs:jeY SEE(H) v;€EPG(k—1,2)\H YEY=: jEY

The unit vectors e, with index s in £(H) are not contained in the chosen hyperplane #, so that for each
Y € Y® with s € £(H) there exists an index j € [I] with j € Y and v; € PG(k — 1,2) \ H. Thus, we

conclude
) > D D oov= 3 A

’UjEPG(k}*l,2)\H SEE(H) YEYS se€E(H)
from Inequality (5). O

Corollary 1.10. If{)\(l), ceey )\(m)} is a generating set of R, then n(R) is lower bounded by the optimal

target value of
min Z n;j
Jell]

Z n; > max Z )\gi) |1<i<m Y hyperplanes H of PG(k — 1,2)
v; EPG(k—1,2)\H s€E(H)
n; €N Vjell.
Note that the ILP of Corollary contains exactly 2% — 1 constraints and (integer) variables. So
we have obtained a, with respect to Proposition smaller formulation for the determination of n(R).
However, we only obtained a lower bound on n(R). Indeed, from the context of private information

retrieval (PIR) codes, see [9], we know that the optimal target value of the ILP of Corollary can
differ from n(R), i.e., it can be strictly smaller.

Example 1.11. For A = (3,4, 5) the ILP of Corollary reads

ng + ngs + ng + ny

n2+n3+n6+n7

ny +ng +ns +ny

no + Nz + ng + ny

ny +n3 + ng + ne )

© 00 N Ut s W

n1+n2+n5+n6

7

12.

IV IV IV IV IV IV IV

ny + no + ng + Ny

An integral solution is e.g. given by ng = 7, ng = 8, ny = 12, and n; = 0 for the remaining ¢ €
{1,2,3,4}. If G is the multiset of points in PG(3 — 1, 2) that is uniquely described by the n;, then we
have A € S(G). We have v5 = (1,0,1), vg = (1,1,0), and v; = (1,1, 1), so that the only usable
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recovery set for e; is given by {5, 6, 7}, for e; we only can use {5, 7}, and for e3 the only possibility is
{6, 7}. Taking these recovery sets with multiplicities 3, 4, and 5 uses all available servers and is indeed
the unique solution of the ILP of Proposition

Lemma 1.12. Let {\} be a generating set of R C RQZO and n be an integral solution of the ILP of
Corollary If )\ e Rzzo and G is the multiset corresponding to n, then A € S(G), i.e., there exists a
feasible choice of ay satisfying (2a))-(2c).
Proof. The constraints of the ILP of Corollary [I.10]read

ng+nz > Ap,

ni+ng > Ag,

ny+ng > A+ A

and the recovery sets are given by

» o= {@has
Setting
gy = min{ng, A1},
apy = min{ng, A2},
agpz = max{0,\; —na},
age3y = max{0,ly —ny}
we have
apytapz = Al
apy +apa = Ag
any oz <ong
CV{Q} + a{273} < Nno, and
aq13) tapsy < ns.

Only the latter inequality needs a short case analysis. If no > A; and ny > Ao, then ayy 3y + aqa3y =
0 < ns. Since nq +ng > A1 + Ay we cannot have ny < A and n; < Aa. So, let us assume ny < A1 and
n1 > Az. Then, a3y = 0, a1y = A2, ooy = N2, 13y = A1 — ng, and aqy 33 + @233 = A1 — na,
which is at most ng due to ns + n3 > A;. The other case no > A; and ny < Ag follows analogously. [

In order to apply Corollaryto Examplewe write H = {j € [k] | v; € H} for each hyperplane
‘H and obtain:
Hi={ex}, Hi={1} = na+nz>2,
Ho={e1}, Ho={2} = nj;+n3>2
Hz={e1+e}, Hi={3} = ni+ny>3.

Summing up all three inequalities and dividing by two yields n = ny + ng + ng > % sot that n > 4. As
3.5 is the optimal target value of the LP relaxation of the ILP from Proposition [I.7] it also has to be the
optimal target value of the LP relaxation of the ILP from Corollary[T.10] Again the optimal ILP solutions
are given by

(nly na, TL3) S {(27 2a 0)7 (27 17 1)a (1, 27 1)}7

where all corresponding generator matrices G indeed achieve a service rate region S(G) 2 R.
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Let us consider another example in order to illustrate that solving the LP relaxation and uprounding
the target value can yield a weaker bound than solving the corresponding ILP.

Example 1.13. For ¢ = 2, k = 3 consider the desired service rate region R = R(T'), where T'(#) = 0
and T'(S) =#S+ 1for) #£ S C [3], ie.,

R={(A,A2,X2) ERL) : AL <2, <2 A3 <2 A+ A <3, A +A3 <3, A+ A3 <3, A1+ Ao+ A3 <4}

A generating set { \(), A\(2), \®)} or R of cardinality m = 3is givenby A1) = (2,1,1), \(®) = (1,2,1),
and \®) = (1,1,2). The possible columns of a generator matrix G, i.e., the non-zero vectors in F3 are

v; = (0,0,1), va =(0,1,0),v3 = (0,1,1),v4 = (1,0,0),v5 = (1,0,1),v6 = (1,1,0), and vy = (1,1, 1).

In order to write down the inequalities from Lemma [I.9] we describe a hyperplane H as a set of vectors
(21,9, 23) € F3\ {0} satisfying a certain constraint > °_, ¢;x;, where (c1, ¢o, ¢3) € F3\ {0}:

Hi: 21=0 = e1 ¢ H1 = ng+ns+ng+nr 22:max()\(11),)\§2),)\§3)) @)
Ho: 20=0 = ey ¢ Ho = na+ng+ng+nr 22:max()\é1),)\gz),)\§3)) 8)
Hs: 23=0 = e3¢ Hs = ny+ng+ns+ny 22:max()\é1),)\:(32),)\:(33)) ©)
Hy: 21+22=0 = ej,ea ¢ Hy = no+nzg+ng+ns 23:max( Z A;i) NS [3])(10)
j=1,2
) _ _ @ .,
Ms: x1+a3=0 = ej,eg¢ My = ny+ng+ns+neg>3=max( » N :ie3))\il)
j=1,3
) _ _ @ .,
H(;. 932+JC3—O = 92,93¢H6 = n1—|—n2+n5—|—n623—max( Z )\j S [S]XIZ)
j=2,3
Hr:x1+x0+23=0 = ej,er,e3 ¢ Hy = ni+ngt+ng+ny > 4:max(2)\§i) 11 € [3])(13)
3=13]

Summing up inequalities H and dividing by four gives n > {%1 = 5. Indeed, the LP relaxation of
the ILP from Corollary has an optimal solution ny = ny = ng = 2, ng = ns = ng = ny = 1 with
target value %. Next we will show n > 6 for the ILP and assume that there exists an integral solution
with n = 5. Summing the inequalities over all hyperplanes ; containing v; = es, i.e., (7), (), and
1i and dividing by two gives Zje[l]\{l} n; > 3.5, so that n; < 1. By symmetry, we also conclude
ng,ng < 1. Summing the inequalities over all hyperplanes ; not containing v; = eg, i.e., @), (ﬂ;f[),
, and , and dividing by two gives 2ny + Zje[l]\{l nj > 6, so that ny > 1. Thus, n; = 1 and,
by symmetry, also no = ns = 1. Summing inequalities @-@) plugging in the known values, and
dividing by two gives ns + ns + ng > 1.5, so that n; < 0.5, i.e., n; = 0. However, this contradicts
Inequality (T3).

An integral solution for n = 6 can indeed be attained by n; = ng =ng4 = 2,13 =ns = ng =ny = 0.
It can be easily checked that the corresponding generator matrix

110000
G=|0 011 0 0
00 0 0 11
satisfies S(G) 2 R.

In Proposition we will give a general result that directly yields n(R) > 6 for Example
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2. BOUNDS FOR n(T)
Let T: 212 — N be monotone, subadditive, and satisfy T'(0) = 0, i.e., by Inequality
max{T({1}),T({2})} < T({L,2}) < T{1})+7T({2}).

The corresponding generating sets of R(T") can be easily described:

Lemma 2.1. IfT: 212 — N is monotone, subadditive, and satisfies T(0) = 0, then a generating set of
R(T) is given by

s = { (T, 71,20 - 7)), (T({1,21) - T({21), T({2D)) }-

Proof. First, we check that each A € S satisfies the constraints \; < T({1}), A2 < T({2}), and
AL+ Ao < T({l, 2})

For the other direction let A € R ; satisfying the constraints Ay < T'({1}), A2 < T'({2}), and \; +
A2 < T({1,2}). W.lo.g. we assume that at least one of these three inequalities is satisfied with equality,
since we could increase A otherwise. If \; + Ao = T'({1,2}), then A € conv(S) since A\; < T'({1}) and
A2 < T({2}). So let us now consider the case \y = T'({1}). If Ao < T'({2}) and \; + A2 < T'({1,2})
then we could increase A, so that we can assume Ao < T'({2}) and conclude A\; + A2 = T'({1,2}) from

the subadditivity of T'. The case Ay = T'({2}) can be treated analogously. O

We remark that the generating set of Lemma [2.1] has cardinality 2 or 1, where the latter happens if the
two vectors coincide, which happens iff T'({1}) = T'({2}) and T ({1, 2}) = 2T ({1}).

Definition 2.2. For a set ) £ S C Ny of positive integers we denote by Simpl(S) the set of non-zero
vectors in ({e; | i € S}) over Fs.

We remark that Definition defines binary simplex codes, which can be easily generalized to arbi-
trary finite fields IF,,.

The following is well-known:

Lemma 2.3. Foreach ) # S C [k] C Nxsg we have # Simpl(S) = 2° — 1 and S(Simpl(S)) = R(T),
where s = #S and T: 2F1 — N is given by T(U) = 2°~Lif U N S # 0 and T(U) = 0 otherwise (for
allU C [k]).

As an abbreviate we write 1 - Simpl({i,j}) = {e;, e;} for two different positive integers i and j.
Note that the cardinality is [% - # Simpl({s, ]})] = 2 and the service rate region contains the service rate
region of Simpl({i, j}) scaled by a factor of 1, i.e.,

S{ee) ={AeRE [N SN <1} D {AeERE, [N <LA <L+ <1},
Theorem 2.4. For the service rate region
R = {/\ ERZy M < X, SV, A+ A < z},
where X, Y, ¥ are non-negative integers with max{X,Y} <X < X +Y, we have n(R) = [ X2+=].

Proof. Note that the condition of Inequality (3) is satisfied, so that we can apply Lemma [2.1} The in-

equalities from Lemma[I.9|read
ni+nsg > X =max{X,¥-Y},
na+ng > Y =max{Y,X - X},
ny+ny > Y =max{%, X},

so that summing up and dividing by two gives

X+Y +X

n=mn;+ng+ng=> 5
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Since n is an integer, we obtain n(R) > [XE+=].

For the upper bound on n(R), i.e., the constructive part, we let G consist of X — Y copies of
Simpl({1}), G? consist of $— X copies of Simpl({2}), and G consist of *+X=2 copies of Simpl ({1, 2}).
Now, we set G = uie[g]g@), which is a multiset of point in PG(2 — 1, 2) of cardinality

(V)4 (B X)+ {3(X—|—Y—E)" _ [X+Y+E".

2 2
By construction we have R(G) 2 R(T) for T'(0) = 0, T({1}) = X, T({2}) = Y, and T({1,2}) =
%, O

Of course, we might give a more direct proof of Theorem [2.4] Instead of basing the constructive
part on the “subcodes” introduced in Definition 2.2] we can directly write down the multiplicities for the
columns eq, e, and e + es.

Conjecture 2.5. n(R(T)) can be attained by a union of Simpl(S™).
Lemma 2.6. If T: 21¥l — N is monotone, subadditive, satisfies T(0)) = 0 and T([3]) + T({i}) <
Zje[?)]\{i} T({i,j}), then a generating set of R(T) is given by

5= {(T(@) — T(re1), T(m<s) — T(res), T(r<y) — T(7r<3)) | m is a bijection [3] — [3]},

where m<; = {j € [k] | 7(j) < 7w(i)} and ne; = {j € [k] | () < w(i)}.

Proof. First, we need to check that each A € S satisfies the constraints ) 3, ,; \; < T'(U) forall U C [3].
In explicit form the elements of S in Lemma [2.6]are given by

(T, T({1,2}) - T, T({1,2,3) — T({1,2}))
T({1), 7({1,2,3}) = T({1,3}), T({1,3}) - T({1}))
T({1,2}) - T({2}), T{2}), T({1,2,3}) - T({1,2}))
T({1,2,3}) - T({2,3}), T({2}), T({2,3} - T{z}»),
(ts1)
((3h).

)
i

)

T({1,3}) - T({3}), 7({1,2,3}) - T({1,3}), ({3}
(7({1.2,3)) ~ T({2,3)), T({2,3}) - T({3}), T({3)

, and

It can be easily verified that under the conditions of Lemma each A € S satisfies the constraints
>icv A <T(U) forall U C [3]. For the other direction, we need to show that each A € R? ; satisfying
the constraints >, _,; A; < T(U) for all U C [3], is in conv(S)]. The proof is similar to the proof of
Lemma[2.T} W.L.o.g. we assume that at least one of these seven inequalities is satisfied with equality, since
we could increase A otherwise. If Ay + Ao + A3 = T'({1,2,3}), then A € conv(S) since all other six
inequalities are satisfied. So now let us consider the case \y = T'({1}). If Ao < T'({2}), A3 < T'({3}),
At < T({l, 2}), At+A3 < T({l, 3}), Ao+ A3 < T({Z, 3}), and A1 +Aa+ Ao < T({l, 2, 3}), then we
could increase A, so that Ay + Ao = T'({1,2}) and Ay + A2 + A3 = T'({1, 2, 3}) from the subadditivity
and T'([3]) + T'({i}) < >_ e iy T({i, 4}) properties of 7. All other cases can be treated analogously.

|
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The notion of Lemma[2.6]can also be used to characterize the generating set in Lemma[2.1] In explicit
form the elements of .S in Lemma[2.6]are given by

(T, ({12 - T, THL 2.3) - T({1,2).
(T, T({1,2,3) - T({1,3)), T({1,3}) - T({1})
(T({1,2)) = T({2), T2D), T({1,2,3}) - T({1,2})
(T({1,2,3) - T({2,3), T({2)), T({2, 3} - T({2}))
(T({1,3) = T({1)), T({1,2,3}) — T({1,3}), T({3})
(T({1,2,3) - T({2,3}), T({2.3}) — T({3)), T({3})).

Under the conditions of Lemma|2.6{none of the constraints ), ., A; < T'(U), for 0 # U C [3], is strictly
redundant, i.e., each inequality can be attained with equality by some A € R, without violating one of
the other constraints. B

, an

Example 2.7. For k = 3 the function T": 2[*] — N, given by

0 : #U =0,

4 U=1,
=95 . zU:2 ’

7T . #U=3

is monotone and subadditive but does not satisfy the last condition of Lemma[2.6] A generating set of
R(T) is given by

ﬂ&LUJL&UJLL@J&Z%K&&@AZZ@}
We have n(R(T)) = 9.

Lemma can be generalized in the sense that we can characterize some elements of R(7') at the
very least.

Lemma 2.8. If T: 281 — N is monotone and satisfies T(9) = 0 for some positive integer k, then
R(T') contains the vector ™ for every bijection m of k], where the components of ™ can be computed
recursively in the ordering of :

xl =ming T(U U{i}) Zm]|UC7r<Z ,
JjeU

where me; = {j € [k | 7(j) < (i)},

Proof. Directly from the definition of the =] and the ordering 7 of the evaluation we conclude that the
are uniquely defined. Next we want to show ™ > 0. So, assume to the contrary that ¢ is the with respect
to 7 earliest index in [k] with 27 < 0. Now let U C 7g a subset with 27 = T'(U U {i}) — >, @;
By construction we have 3. ; z; < T'(U), so that monotonicity of 7', i.e., T'(U U {i}) > T'(U), yields
xI > 0, which is a contradiction. Finally we show that ZjeU xzj <T(U)forall ) # U C [k]. So, let
such a subset U be given and let ¢ be the with respect to 7 latest element in U. By construction we have

xf <T(U U {i}) Z zj,
jeu’
where U’ = U\ {i},sothat >, z; <T(U). O
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If T: 28] — N is monotone, subadditive and satisfies T(0) = 0, then the formula for 2™ of Lemma
can be simplified to

gy = T{r1)}),
thoy = T{r(1),7(2)}) —T({r(1)}), and
try = min{T([8]) - T{r(1),7(2)}), T({m(1),7(3)}) = T{m(1)})}.
Example 2.9. Let k& = 3 and 7: 2*] — N by defined by T(#) = 0, T({1}) = 13, T({2}) =
T({5}) = 15, T({1,2}) = 18, T({1,3}) = 21, T({2,3}) = 22, and T({1,2,3}) = 30. From
Lemma[2.8] we conclude
{(13, 5,8), (4,14, 8), (6,7, 15)} C R(T).

We can easily check that also (9,9, 12) € R(T), while (9,9, 12) ¢ conv({(13,5,8), (4,14, 8),(6,7,15))})
since

13a+4b+6¢c > 9 (14
5a+14b+7¢ > 9 (15)
8a+ 8 +15¢ > 12 (16)

with a,b,c € R>g and a + b + ¢ = 1 implies @ + b > 1 (summing the first two inequalities), so that
¢ = 0, which contradicts the last inequality. A generating set of R(7') is given by

{(13.5,8),(4,14,8),(6,7.15),(9,9.12), (8,10,12), (8,9, 13) }

as we will see in the subsequent lemma. The ILP of Corollary [T.10| has an optimal solution n; = 10,
ng =9, n3 =1, ny =8 ns =1, ng = 2, and ny = 3, so that n(R(T")) > 34. We remark that
Proposition 2.12] gives n(R(T)) > [33.25] = 34.

Proposition 2.10. Let T': 2181 — N with T(0) = 0 and none of the constraints 3, ., v; < T(U) is
strictly redundant in R];o Jor ® # U C [3]. Then, the following list of vectors gives a generating set of
R(T): -

o Ty = (T(1),T(12) — T(1), min{T(123) — T(12), T(13 (1)})

oT,— (T(l mm{T (123) — T(13),7(12) — T(1)}, ( ) T(l)),

o Ty = (T(l 2), min{T(123) — T(1 ) 2)})

o T, = (mm{T (123) T(23) T(12) - T(2)},T(2 ( 3) - T(2));

o T = (T( 3), min{T(123) T(13) T(23) 7(3)}, (3))

o Tg— (mm{T (128) - 7(28), T(13) - T(3)}, T(23) — T(3), T(3) )

o T, — (T(12 )+ T(13) — T(123), T(123) — T(13), T(123) — T 12)) ifT(12)+ T(13) < T(123) +
T(1);

o Ty — (T (123) — T(23), T(12) + T(23) — T(123), T(123) — ) iFT(12) +T(23) < T(123) +
1(2);

o Ty = (T (123) — T(23), T(123) — T(13), T(13) + T(23) — T(123) ) ifT(13)+T(23) < T(123) +
T(3).

Proof. Due to our assumption 7" is monotone and subadditive. The first six vectors of our list are con-
tained in R(T’) due to Lemma[2.8] Given the assumption 7(12) + T/(13) < T(123) + T(1) we have
for (1‘17.’172,,%3) = I'y that 1 + 22 = T(l?), T+ x3 = T(l?)), and x1 + x2 + 3 = T(123) The
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condition xs + x5 < T(23) follows from 27'(123) < T(12) + T(13) + T(23) since z3 + 23 =
2T(123) — T(12) — T'(13). The conditions zo < T'(2) and x5 < T'(3) follow from the subadditivity of
T and the condition z; < T'(1) is equivalent to the assumption. Thus, given the assumption, I'; € R(T).
By symmetry, we have the analogues statement for I's and I'g. The polytope R(T') is described by four
types of inequalities:

(1) 1 20,22 >0, z3 > 0;
(111) 1+ o S T(12), xr1 + X3 S T(lS), To + I3 S T(23),
(iV) 1+ X9 + T3 < T(123)
Since we assume that no constraint is strictly redundant the vertices of R(T’) are given by each triple of
linear independent inequalities, i.e., the coefficient vectors of the inequalities are linearly independent.
Next we will check all possible cases taking the symmetry of the symmetric group on 3 elements into
account. Note that I'y, ..., I'g form indeed an orbit under this group action. The vectors I'7, ..., I'g form
another orbit under this group action.

Three times type (i) gives the vertex (0,0,0) < I'y. If type (i) occurs two times, then we assume
z1 = zo = 0 w.l.o.g. Since min{7'(3),7(13),7(23),7(123)} = T'(3) the corresponding vertex is given
by (0,0,7(3)) < T's. If type (i) occurs exactly one time, then we assume 3 = 0 w.l.o.g. Moreover
for the other two inequalities we only need to consider those which do not involve x3. If the other two
are x1 < T(1) and xo < T'(2), then the corresponding vertex is given by (7(1),7(2),0) < T'; since
T is subadditive, i.e., T(12) — T(1) < T'(2). If the other two are 1 < T'(1) and 1 + 22 < T(12),
then the corresponding vertex is (7°(1),7°(12) — T'(1),0) < I'y. If the other two are zo < T'(2) and
x1+ 9 < T(12), then the corresponding vertex is (7'(12) — T'(2), T(2),0) < T'y. Thus, in the following
we can assume that type (i) does not occur at all.

If type (ii) is attained at least once then we assume 27y = T'(1) w.lo.g. If either z3 < T(3) or
x1 + x3 < T(13) occurs then we assume w.l.o.g. that x5 < T(2) or 1 + 22 < T(12). Due to
subadditivity of T' we then have 1 + xo = T'(12), i.e., zo = T'(12) — T'(1). For 3 we then have

23 = min {T(S), T(13) — T(1), T(123) — T(12), T(23) — T(12) + T(1)},

so that the corresponding vertex equals I'y. Otherwise, neither zo = T'(2), z3 = T(3), 1 + 3 =
T'(13), nor zo + x3 = T'(23) are valid. The only two remaining possibilities are x5 + x3 = T'(23) and
x1 + 22 + 3 = T(123), which, however, are linearly dependent.

In the remaining cases types (i) and (ii) do not occur at all. If type (iii) is attained three times, then we
have 1 = (T(12)+T(13)=T(23)) /2, 25 = (T(12)+T(23) = T(13))/2, and w3 = (T(13)+T(23) -
T(12))/2, so that w1 +x2 +x3 = (T(12) +T(13) 4+ T(23)) /2. Since the inequalities 1 + x5 < T(12),
z1 + 3 < T(13), and z2 + 23 < T(23) imply T(123) < (T(12) + T(13) + T(23))/2, so that
T(123) = (T(12) + T(13) + T'(23)) /2. In this situation our vector (1, za, z3) equals I'y = I's = T'y.

Next, we assume x1 + x2 = T(12), 1 + 23 = T(13), and 1 + x5 + x5 = T(123), ie., x3 =
T(123) — T(12), z3 = T(123) — T(13), and z; = T'(12) + T'(13) — T'(123). So, the corresponding
vertex equals I'7. Due to our symmetry assumptions we also have to consider I'g and I'. g

While it might be hard to give explicit formulas for the generating set of R(T)E] we can easily gener-
alize the lower bound of Theorem [2.4]if we assume that none of the constraints is (strictly) redundant.

Definition 2.11. Let P = {z € R* | Az < b,z > 0} be a polyhedron in R* with description (4, b). We
say that a constraint a(Yz < b; is redundant, where a(*) denotes the ith row of A, if P = {x ERF | Az <V, x> 0},

n+1

. J)—i—(m_mﬂfl 1) extreme
points [10], which are vertices in the case of a polytope. This upper bound is attained by the so-called cyclic polytopes, see [4]. If
the entries of A are all contained in {0, 1}, then there is an upper of n!, see [3].

—|ntl
I general a polytope {x € R™ : Az > b} described by m “>"-inequalities has at most (m m[ 721
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where A’ and V' arise from A and b by removing the ith row, respectively. We say that a constraint
aDg < b, is strictly redundant if there does not exist z € P with aDz =b,.

As an example consider T': 2[?) — N defined via T'(#) = 0 and T({1}) = T({2}) = T({1,2}) = 1.
With this we consider the polyhedron in R2  defined by the inequalities >_,.; Ai < T'(U) (choosing
as variable) for all ) # U C [2]. Since the vectors (1,0) and (0, 1) are contained in the polyhedron, no
inequality is strictly redundant. The inqualities \; < T'({1}) and A\ < T'({2}) are redundant, while the
inequality A1 + Aa < T'({1,2}) is not redundant since e.g. (1, 1) is not contained in the polyhedron.

Proposition 2.12. We have

n(R(T)) > F“’ﬂ;%_’?ﬂw

i

where T': 2IF] — N for some positive integer k and none of the constraints Yoicu Ai < T(U) is strictly
redundant in Rg(y

Proof. We want to apply the ILP formulation of Corollary[I.10] First we observe that each hyperplane #
in PG(k — 1,2) can be uniquely characterized by a set ) # S C [k] such that {i € [k] | e; ¢ H} = S.
So, we will write S(H) for this set S in the following. Due to our assumption that no constraint (of the
ILP formulation of Corollary is strictly redundant, we can choose 7'(S) as right hand side, i.e.,

Y i 2T(S(H),

JE[] :v; ¢H

where S(H) = {i € [k] : e; ¢ H}, as described above. For each j € [I] we have v; ¢ H for exactly
2F=1 hyperplanes . Thus, summing all of the above 2¥ — 1 inequalities and dividing by 2! yields

E(B#UC[I@] T(U)
n= Z n; > —2;_1 .
Jel]

Finally, we observe that n has to be an integer. ]

We remark that the lower bound of Proposition is indeed tight (if £ = 2 and 7" is monotone and
subadditive), see Theorem However, it is not tight in general, e.g., in Example n(R(T)) is
one larger than the corresponding lower bound of Proposition [2.12] while none of the constraints strictly
redundant.

Corollary 2.13. We have

. (9F —
n(R(T)) > F(fﬂ ,

where T': 2I¥] — N for some positive integer k, X € N, T()) = 0, and T(U) = X forall ) # U C [k].
redundant in Rgo' Moreover, if X =t - 271 for some integer t, then the lower bound is tight.

Proof. We can easily check that none of the constraints is strictly redundant, so that we can apply Propo-
sition Indeed, a generating set of R(T') is given by {X -e; | i € [k]}. A t-fold k-dimensional
binary simplex code Simpl([k]) achieves the desired service rate region. ]

We remark that the situation of T'(U) = X € Nforall ) # U C [k] is equivalent to the situation of
PIR codes, see e.g. [9] for some recent lower bounds.
In the light of Example [T.13] we want to give further general lower bounds similar to the bound of

Proposition[2.12}
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Proposition 2.14. For some positive integer k > 2 let T: 2¥! — N be a function such that none of

the constraints Y., \i < T(U) is strictly redundant in RS . For each i € [k] we have n(R(T)) >
{L;Bi—‘ where

2k—2

o — {EWUCU@]\{%‘} TWW

and

ok—2

5 — {E:ﬁ}CUCMqTKU)W.

Proof. We proceed similar as in the proof of Proposition[2.12]and utilize
> 2 T(SH)), (17)
je [l] LU5 iH

where S(H) = {i € [k] : e; ¢ H}. We can also parameterize those constraints by subsets () # U C [k]
by uniquely characterizing H by S(H) = U. Now let i € [k] be arbitrary but fix and i = 2%, so that
v; = €;. Summing Inequality forall ) #£ U C [k] \ {i} gives

A D - Y A (2
JEN{7} 0AUC[R\{i}
Summing Inequality (17)) for all {i} C U C [k] gives
ok=1 .z 4 2k=2. Z n; > Z T(U).
JEMN{i} {iyCUClk]

Since the n; are integers we have Zje[l]\{;} n; > «a; and 2n; + Zje[l]\{i} n; > (3;. Dividing the sum
of these two inequalities by 2 gives

JelN{i}
where we again can upround the right hand side since n is an integer. g
We remark that Proposition [2.14] implies Proposition 2.12] (for k& > 2). However, for Example [T.13]

also Proposition implies only n(R) > 5 since we have o; = 4 and 3; = 6 for all ¢ € [3]. We remark
that Proposition gives the tight lower bound n(R) > 6.

Proposition 2.15. For some positive integer k > 2 let T: 2I¥] — N be a function such that none of the
constraints Y, ; \i < T(U) is strictly redundant in R’§0~ For each j € [l] we have

E(Z) UC[k]: #(UNJ)=0 (mod 2 T(U)
n(R(T)) > { P

where J C [k] such that vy = ),  ; ep.

Proof. We proceed similar as in the proof of Proposition[2.12]and utilize
ST n = T(S(H)), (18)
je [l] L5 i”H

where S(H) = {i € [k] : e; ¢ H}. We can also parameterize those constraints by subsets ) # U C [k]
by uniquely characterizing H by S(H) = U. Now let j € [I] by arbitrary but fix. Our aim is to sum
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Inequality over all 2°=1 — 1 hyperplanes H that contain vj. We claim that v; = >, e, € Hiff
#UNJ)=0 (mod 2), where U = S(H). If #U > 2, then for some arbitrary element € U the set

feilie B\U}U{e, +e;|icU\x}

is a basis of 1. So, we have v; = 3, ;e € Hiff #(UNJ) =0 (mod 2). In the remaining cases we
have #U = 1 and choose = € [k] such that U = {x}. A basis of H is given by {e}, | h € [k] \ {z}}. So,
v; e Hiffx ¢ J,ie,#(UNJ)=0= (mod 2). Thus, we obtain

262 Ny = > > na> > T(U).

ac[\{s} hyperplane H : v; EH a: v, H 0AUC[k]: #(UNJ)=0 (mod 2)

O

Since Zae[l]\ (i} Na is not larger than n and an integer, we obtain the stated lower bound.

Example 2.16. Let x be a positive integerand 7: 23] — Nbe defined by T'({1}) = T({2}) = T({3}) =
T({1,2}) = T({1,3}) = z and T({2,3}) = T({1,2,3}) = 2z. Proposition gives n(R(T)) >
[22]. For j = 3 Proposition gives n(R(T)) > [5%].

So, there for £ = 3 (and indeed for all £ > 3) there is no finite upper bound on the deviation of the
lower bound of Proposition and the exact value of n(R(T)).

3. PARTIAL RESULTS FOR THREE FILES

For k = 3 files the possible reduced recovery sets are given by
Y= {{4},{1,5},{2,6},{3,7},{5,6,7},{2,3,5},{1,3,6},{1,2,7}},
¥ = {{2h{4,61,{1,3},{5,71,13,6,7},{1,5,6}, {3,4,5},{1,4,7}}, and
¥ = {111{4,51,42.31, 46,71, 13,5, 7}, {2.5,6}, {3,4,6}, {2,4. 7} }.

Lemma 3.1. Let {\} be a generating set of R and n be an integral solution of the ILP of Corollary
withny =ng =ng =0. IfA € R‘;O, and G is the multiset corresponding to n, then A € S(G), i.e., there

exists a feasible choice of avy satisfying (2d))-(2¢).
Proof. Plugging in ny = ny = n4 = 0 the constraints of Corollary [I.10|read

ns+ne+ny > A,
n3 +ne +ny > A,
ng+ns+ny > As,
n3+ns > A+ Ag,
nz+mng > A+ Az,
ns+mng > A2+ Az, and
nr > A1+ A2+ Az,
We choose
agsry = min{A;,ns},
gy = min{lg,ns},
agery = min{As,ng},
apsery = A1 — o3y,
04{3,6,7} = /\2 — 05{5’7}, and

ag3s7y = A3 — Qqe},
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so that we can clearly recover A. It remains to be checked that the node capacities of Inequality (2b)
are satisfied. Since 3.7} + Q56,77 = )\1, 5.7} + Q436,73 = )\2, 16,7} + Qy357F = )\3, and
n7 > A1 + A2 + A Inequality (2b) is valid for j = 7. Since we do not use the corresponding nodes at all,
Inequality is valid for j € {1,2,4}. If Ay < n3, Ao < ns, and A3 < ng, then ags 67y = aqs 67y =
ay3 5,7y and Inequality is valid for j € {3,5,6}.

So, let us assume n3 < A;. Due to ng + ns > A1 + Ay we have n5 > Ay and due to ng + ng >
A1 + A3 we have ng > s, so that 57y = A2, 06,7y = A3, and agze7y = 357 = 0. Thus,
Inequality @ is valid for j = 3. Since ays67) = A1 — ng, we can use ng + ns > A; + Az to
conclude ns > (A1 —n3) + Ao = ay5.6,7y + 5,7y + Q3,5,7}, i.€., Inequality is valid for j = 5.
Similarly, Since a5 6,7y = A1 — n3, we can use n3 +ng > A1 + A3 to conclude ng > (A; —n3) + Az =
Qgs.6,7y + 6,7} + 36,7} i.€., Inequality @ is valid for j = 6.

The cases n5 < A2 and ng < A3 can be treated analogously. O

Lemma 3.2. Ler {\} be a generating set of R and n be an integral solution of the ILP of Corollary
X € RS, and G is the multiset corresponding to n. If one of the following three conditions is satisfied,
then \ € S (G), i.e., there exists a feasible choice of oy satisfying —.'

[ ] n1=O,n2:O,)\1=O;

[ ] TLl:O,TL4:0,)\2:0;

o n2:0,n4:0,)\320.

Proof. We only treat the first case, i.e., n; = 0, no = 0, and A\; = 0. The other two cases can be handled
analogously. Plugging in n; = ny = 0 and A\; = 0 the constraints of Corollary read

ng+ns+ng+ny > 0,
ng+net+ny > Ag,
ng+mns+ny > As,
ng+ng+ns > Ao,
ng+mng+ng > As,

ns+ng > Ao+ A3, and
ng+ny > Ao+ Az

We assume n4 > 0 since we can otherwise apply Lemma[3.1]

If ny = 0, then we have Ny > )\2 + )\3, ns + ng > )\2, ns + ns > )\3, and ns + Ng > )\2 + )\3
Due to n5 + ng > Ao + A3 we have nsg > Az or ng > Ao. If n5 > A3 and ng > Ao, then we
choose gy 53 = Az and agy) = A2, which is feasible since ny > Ao + A3 = aqss5; + agae),
ng > A3 = ay45), and ng > Ay = ags6y. Ifns > A3 and ng < A9, then we choose Qg5 = A3,
apa6) = ne < Az, and a3 457 = A2 — ng, which is feasible since n3g > A2 —ng = ay345),
ny > A2+ A3 = Qa5 + a6y T @345, and ns > Aa + A3 — ng = aqq 5} + @345} Similarly,
if n5 < Az and ng > A2, then we choose ay 61 = A2, aqs51 = n5 < A3, and a3 461 = A3z — 15,
which is feasible since n3 > A3 — n5 = aq3 4,6}, N4 > A2 + A3 = aqa5) + a6} + Qq34,6), and
ne > A2 + A3 — N5 = Qy4,6) + @(34,6). Thus, we can assume ny > 0.

Ifn5 = O, then we have ne Z )\2 + )\3, ns +ny Z )\3, n3 + nq Z )\2, and ng +ny Z )\2 + A3. Due to
ng +n7 > Ao + A3 we have ny > A3 or ng > Ao. If n7 > A3 and ngy > Ao, then we choose Q67 = A3
and a6y = A2, which is feasible since ny > A2 = ays6), M6 = A2 + A3 = a7y + a6y
and n7 > A3 = ayery. Ifny > Az and ny < A2, then we choose ayg 7y = A3, agyey = ng, and
a36,7) = Ao — ny, which is feasible since ng > Ao — nyg = 36,7y = Ao — N4, Ny = Qyg,6), N6 =
A2+ A3 = agery +aqaey 36,7y, and ny > Ao+ A3 —ny = e 7y T Q367 = A2 —na. ling > Ay
and n7 < A3, then we choose a4,6) = A2, 6,7} = N7, and a3 4,61 = Az — ny, which is feasible since
N3 > A3 — N7 = Qq346) = A2 — N4, Mg > A2 = a6}, M6 = A2 + A3 = Qqe,7y + Q{a,6) T O{3,4,6}>
and n7 = aye,7y. Thus, we can assume ng > 0.
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For the case ng = 0 we can proceed similarly as for the case n5 = 0, so that we can assume ng > 0.

As argued above we can assume ng4,ns,ng,n7 > 0 w.l.o.g. Now assume that at least of of the
equations n3 + ng + N7 > Ao, N3 +ns + N7 > Az, N3 +ng +n5 > Ao, or ng + ng + ng > A3
is tight, i.e., satisfied with equality. Here we consider only the case n3 + ng + ny = Ao and remark
that the other three cases can be treated analogously. If also ng 4+ ns + n7; = A3, then summing yields
2n3+ns +mng+2n7 = Ao+ A3, so that ns +ng > A2+ A3 gives ny = 0 — contradiction. If, alternatively,
also ng +n4+mng = A3, then summing yields 2ns +n4 + 2ng +ny = Ao+ A3, sothat ng+n7 > Ao+ A3
gives ng = 0 — contradiction. Thus, we have ng +ns +n7 > A3+ land ng +ng +ng > Az + 1. If
ns + ns +ny = A3 + 1, then n3 + ng + ny = Ag yields 2ng + ns + ng + 2n7 = Ao + A3 + 1. Since
ns + ng > Ao + A3, we conclude n; = 0 — contradiction. Thus, we have n3 + n5 + ny > A3 + 2.
Next we choose a5 73 = 1and setny = ny = 0, ny = ny = 0, n3 = n3, nj = ng, N5 = ns — 1,
ng = ne, Ny, = ny — 1, A = A\ = 0, A}, = max{0, 2 — 1}, and \; = A3. With this we have
n' = (ny,...,nt) € N"and N = (\], N, \;) € N? satisfying

ny +ns+ng+n, > 0,
ng+ng+nz = A,
ny+ng+ng >0 A,
ngtn)+ng > X,
ny+ny+ng > A\,

ns+ng > Ay + A,

ny+n, > A+ A,
ny = 0, and
ny, = 0.

If none of the four inequalities n3 + ng + n7 > Ao, n3g + ns +n7 > A3, ng + ng +ns > Ao, Or
ng + ng + ng > Ag is tight, i.e., satisfied with equality, then we can choose avs 5y = 3, as6) = 3.
agsry = %, Qg6 = % andsetn) =ny =0,ny, =ng =0,n5 =ng,ny =ng — 1, nf =ns — 1,

ng =neg — 1,nh =ny — 1, \] = A\ =0, A, = max {0, \y — 1}, and A\ = max {0, A3 — 1}. With this

we have n’ = (n},...,n%) € N"and ' = (A}, \;, \;) € N3 satisfying

ny +ns+ng+n, > 0,
W 2
! ! / !
ng +ns+ny; > A,
ny +ny+ns > A\,
ny+ny+ng > A,

ng+mng > Ay + Aj,

ny+nt > Ay+ Aj,

ny = 0, and
/

ny = 0.

Thus, in all remaining cases we can iteratively decrease the value of Ziem n; by at least one and receive a
smaller instance satisfying the same assumptions as the original one. So, the proof if finished by induction

on 226[7] ni. D

We remark that in Lemmait is essential, that we allow fractional vy, since for A = (0,1, 1) and
n = (0,0,0,1,1,1,1) no integral solution of the constraints (2a)-(2¢) exists.



20 SASCHA KURZ

Lemma 3.3. Ler {\} be a generating set of R and n be an integral solution of the ILP of Corollary
X € RS, and G is the multiset corresponding to n. If one of the following three conditions is satisfied,
then \ € S (G), i.e., there exists a feasible choice of oy satisfying -.'

e n; =0n3=0n5=0 min{ngn;} =0, A\ =0, Ay =0;

e ny=0,n3=0ng =0 min{ns,n;} =0 A\ =0, \3 =0;

® Ny = 0, Ny = 0, ng = 0, min{ng,n7} = 0, AQ = O, )\3 =0.

Proof. We only treat the first case, i.e., n1 = 0, n3 = 0, n5 = 0, min{ng,n7} = 0, A1, and Ay =
0. The other two cases can be handled analogously. Plugging in these assumptions the constraints of
Corollary [[.10]read

ng+neg+ny > 0,
ng+neg+ny > 0,
ny > Az,
ng+ng > 0,
ng+ng > Ag,
ny+ng > Mg, and
ng+ng+n7 > As.

If n; = 0, then A3 = 0. In this case we have A = 0 for which the statement is satisfied by choosing
ay = 0 for all reduced recovery sets Y. Thus, we have ng = 0, n7 > A3, ng > A3, and no > Ag, so that
we can choose oo 4 73 = As. O

Lemma 3.4. Let {\} be a generating set of R and n be an integral solution of the ILP of Corollary
A€ R?;O, and G is the multiset corresponding to n. If one of the following three conditions is satisfied,
then \ € S(G), i.e., there exists a feasible choice of cy satisfying —:

L] 77,1:0, )\1:0,)\2:0,'

L] ﬂ2:0, )\1:0, )\3:0,

[ ] 77,4:0,)\2:0,)\3:0.

Proof. We only treat the first case, i.e., n; = 0, A1, and Ay = 0. The other two cases can be handled
analogously. Plugging in n; and \; = Ay = 0 the constraints of Corollary [T.10|read

ng+mns+neg+ny > 0,
ng+nz+ne+ny > 0,
ng +ns +ny > As,
ng+ng+ns+ns > 0,
ng+ng+ng > As,
ng +mns+ng > As, and
no +ng +ny > Az,
We choose
Q23) = min{ny,na},
Q45 = min{ng,ns},

age7y = min{ng, ns}



and set

With this we have n’ = (nf, ...
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= ni,

= N2 — Q23},
n3 — {23},

= N4 — Qf45},
N5 — QL4,5}

= MNg — 6,7}
ny — &e,7},

= A,

= )\2, and

= max {07 )\3 — 04{2,3} — 0{475} — 0{6,7}} .

,nh) € N"and \ =
/ / / /
Ny + Ny + ng + ny
/ / / /
Ny + N3 + ng + 1y
/ ! / /
ny +ng +ng +ny
/ / / /
Ny +n3 +ny + ny
/ / / /
ny + Ng + Ny + ng
/ / / /
ny + Ny +ny + ng
/ / / /
ny + Ng +ny +ny
/
ny
)\l
1
%
/
ng =0
ny =0

ng =0

IV IV IV IV IV IV IV

V
V
V

(A7, Ay, \s) € N2 satisfying

!/
1>
!
29

A3,
A+ A%,
5+ As,
AL+ A5,
N+ Ay + A5,

0,

0,

ny =0,

ng =0, and
ny = 0.

21

If n;, = 0 or ny = 0, then we can apply Lemma Otherwise we have n5 = n; = 0 and can apply

Lemma[3.3]

O

Theorem 3.5. Let {\} be a generating set of R and n be an integral solution of the ILP of Corollary

If X € RY,, and G is the multiset corresponding to n, then X\ € S(G), i.e., there exists a feasible choice

of ay satisfying ([2a)-2d).

Proof. The constraints of Corollary [T.10|read

Nng + N5 + ng + Ny
ng + Nz + ne + N7
ny +ns+ns+ny
Nno + N3 + ng + N3
niy +ns+nqg + ng
ni +ng + N5 + Ng
ny +ng +ng4 +n7

IV IV IV IV IV IV IV

A1,

A2,

A3,

A1+ Az,

A1+ As,

Ao + Az, and

A1+ Ay + As.
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We choose

and set

With this we have n’ = (n],
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agyy = min{ng, A1},
agy = min{ng, A2},
apy = min{ng, Az}
ny = m — Qy1y,
ny = ny — a1,
ny = ns,
ny = g — 04},
ny = ns,
ng = ng,
nt = ng,
1= AL—agqy,
Ny = Az — ooy, and
5 = A3—agq.

...,nh) € NTand N = (A, A, \y) € N3 satisfying
ny +mns+ ng+nh > N,
ny+nh +ng+nh > A\,
ny+ns+ns+n, >\,
ny+ny+ny+ng > N+ A,
ny +nh+ns+ng > Ay + Aj,
ny+ns+n)+ng > A+,
ny+ny+ny+n; > A 4N+ A,

ny=0 VvV X =0,
ny=0 V MX,=0, and
np=0 VvV A;=0.

If A’ = 0, then our choice of the ay is feasible. If n} = n}, = n), = 0, then we can apply Lemma
If exactly one value in {n/,nf,n}} is equal to zero, then we can apply Lemma|[3.4] if there exactly two

zero values, then we can apply Lemma[3.2]

O

In the following we assume that T': 23] — N is a function such that that 7'() = 0 and none of the
constraints >, _,; A; < T(U) is strictly redundant in R2 . Especially, we have that " is monotone and

subadditive. As an abbreviation we write T'(0) = T'(0), T({1}) = T(1), T({2}) = T(2), T({3}) =

T(3), T({1,2}) =T(12), T({1,3}) =T(13), T({2,3}) = T(2,3), and T'({1,2,3}) = T(123). Next,

we start to study the LP relaxation of the ILP of Corollarsﬁ Under certain conditions the optimal
2.12

target value is

2ozvciz TWU)
1

, which is used in Proposition
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Due to our assumption that none constraint is strictly redundant the constraints of the ILP of Corol-
lary [I.T0]are given by

N4 +ns +ng + Ny

U») —+ ns =+ Ng =+ nr

ni +mng + ns +ny

VvV IV IV IV IV IV IV
S
A/—\A/;\/—\/—\/—\
[\

ng +n3 +ng4 +ns )s
ny + n3 + ng + ng T(13),
ni + no + ns + ng T(23), and
ny +ng +ng + ny T(123).
Lemma 3.6. If
—T(123)+T(12)+T(13) —=T(23)+T(2)+T(3)—-T(1) > 0,
—T(123)4+T(12)+T(23) —T(13)+T(1)+T3)—-T(2) > 0,
—T(123)4+T(13)+T(23) - T(12)+T(1)+T(2)—-T(3) > 0, and
T(123) —T(12) = T(13) = T(23)+ T(1)+T(2)+T(3) > 0,
then the LP relaxation of the ILP of Corollary[I. 10 admits
dny = T(123)+T(13)+T(23) —T(12) = T(1) —T(2) + T(3),
dny = T(123)4+T(12)+T(23) - T(13)-T(1)-T(3)+T(2),
dng = -=T(123)+T(12)+T(13) -T(23)+T(2)+T(3) —T(1),
dny, = T(123)+T(12)+T(13) —T(23) —T(2) - T(3) + T(1),
dns = -—-T(123)+T(12)+T(23) —-T(13)+T(1)+T(3) —T(2),
dng = —=T(123)+T(13)+T(23) —T(12)+T(1)+T(2) — T(3),
dn; = T(123)—T(12) —=T(13) —T(23)+T(1)+T(2) + T(3),

as an optimal solution with target value
T(123) 4+ T(12)+T(13)+ T(23)+ T(1) + T(2) + T(3)
1 .

Proof. As mentioned before, we have

> = T(S(H)),
Jel]:v; ¢H
where S(H) = {i € [k] : e; ¢ H}. We can easily check that the proposed vector n = (ng,...,n7)
satisfies all of these equations with equality so that ser) M clearly is minimal and has the stated value.
In remains to check n > 0. From the monotonicity of 7' we conclude 7'(123) > T'(12), T'(13) > T'(1)
and T'(23) > T'(2), so that ny > 0. Applying the symmetries of the symmetric group on three elements
we similarly conclude ny > 0 and ny > 0. The conditions for ns, ns, ng, ny > 0 are equivalent to the
assumed constraints. g

We remark that the values of n3, ns, and ng can indeed be negative as it is the case in Example [2.16]
For n; such an example is given by:

Example 3.7. Let x be a positive integer and 7': 23] — N be defined by T'({1}) = T'({2}) = T({3}) =
zand T({1,2}) = T({1,3}) = T({2,3}) = T({1,2,3}) = 2x. Proposition gives n(R(T)) >
[L£]. For j = 7 Proposition gives n(R(T)) > [%] = 3z. In Lemma 3.6|the value for n7, i.e.,
(T(123) =T (12) = T(13) = T(23) + T(1) + T(2) + T(3)) /4, equals —z /4, which is negative for z > 0.
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Conjecture 3.8. Given the assumptions of Lemma|[3.6] we have

{Z@#qu T(U)—‘
4

n(R(T)) < +5

and a corresponding code is obtained by uprounding the values for the n; in Lemma[3.6]

Next we want to reduce the complexity of the problem an restrict ourselves to functions 7": 213 — N,
where T'(U) only depends on the cardinality of U, i.e., we set T(0) = 0, T'(1) = T'(2) = T(3) = X,
T(12) =T(13) = T(23) =Y, and T'(123) = Z for X,Y, Z € N. Monotonicity of 7" is equivalent to
X <Y < Z and subadditivity is equivalent to Y < 2X and Z < X + Y. The latter constraint can be
tightened to Z < |2 |, since \; + A2 <Y, A1 + A3 <Y, and Ao + A3 < Y imply A + Az + A3 < 32,

which is upper bounded by X + Y dueto Y < 2X (in general: 7'(123) < {T(HHT%SHT(Q?’)J).
In our situation the constraints ;. Aj < TO(U) forall ) # U C [k] read

A <X, (19)

Ay < X, 20)

Az < X, (21)

A+ <Y, (22)
Ai+2A3 <Y, (23)
A+ A3 < Y, and 24)
AMt+A+As < Z. (25)

Before we study under which conditions non of these is strictly redundant, we state that the list of vectors
of Proposition that form a generating set “simplifies” to:

ol — (X,Y—X,min{Z—Y,Y—X});
oy — (X,min{Z—Y,Y—X},Y—X);

(YfX,X,min{Z—Y,Y—X});
(min{ZfY,YfX},X,YfX
(Y—X,min{Z—Y,Y—X},X :
(

N——

)

I's
o [y
I
Is

min{Z -Y,) Y - X}, Y - X, X );
QY — 2,72 -Y,Z-Y)if2Y <X + Z;
o Ts=(Z-Y,2Y — 2,7 -Y)if2Y < X + Z;
e To=(Z-Y,Z-Y,2Y — 2)if2Y < X + Z.

Lemma 3.9. Given (X,Y,Z) € N3, then none of the constraints - is strictly redundant iff X <
Y <2XandY < Z < |2°].

~

o I';
I's

Proof. As shown above, the conditions X <Y <2X andY < 7 < [%J are necessary. It remains
to show that for each of the above seven constraints there there exists a vector A € N3 for which this
constraint is tight, i.e., satisfied with equality, and also the other six constraints are satisfied.

If2Y > X 4 Z we can easily check that the vectors

T, — (X,Y—X,Z—Y);
oy — (X,Z—Y,Y—X);
o Iy — (Y—X,X,Z—Y);
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o T, — (Z—Y,X,Y—X);
o T;— (Y—X7Z—Y7X);

o Ty — (Z—Y,Y—X,X)
satisfy all constraints (T9)-(23). Moreover, all of them satisfy Inequality (23] with equality and for each
other constraint there exists an index ¢ € [6] such that it is tight for I';.

If 2Y < X + Z we can easily check that the vectors

Ty — (X,Y—X,Y—X);

o Iy — Y—X,X,Y—X);

o I's— (Y—X,Y —X,X);
oI =02Y-Z,Z-Y,Z-Y);
e Is=(Z-Y,2Y-Z,Z-Y);
e gy=(Z-Y,Z-Y,2Y - 2)
satisfy all constraints —. Moreover, for i € {7,8,9} the vector I'; satisfies Inequality with
equality and for each other constraint there exists an index {1, 3,5} such that it is tight for T';. ]

So,assuming X <Y <2XandY <7 < L%J we have: Propositionmgives

3X+3Y +7
n(R(D) = | HEEE), 26)
Proposition 2.14] gives
[2X4Y] 4 [X£2V4Z]
n(R(T) 2 | ———— : @7)
Proposition 2.13] gives

i [P, [FE [ {2 2] e

Note that the assumption that none of the constraints (T9)-(23) is strictly redundant is indeed essential. To

this end consider (X, Y, Z) = (8n, 8n, 40n) for some integer n. Here Inequality and Inequality

both would give n(R(T)) > 22n while the 3n-fold 3-dimensional simplex code gives n(R(T)) < 21n.

Note that we also have (w] = 28n > 21n. These contradictory results are due to the fact that there

are indeed strictly redundant constraints. Similarly, for (X,Y, Z) = (4n, 16n, 16n), for some integer n,
3y

we have [2X]| = 24n, while the 3n-fold 3-dimensional simplex code gives n(R(T)) < 21n.

The constraints of the ILP of Corollary [I.T10]simplify to

ng+ns+ng+nr > X, (29)
ng+nz+ng+ny > X, (30)
ni+ns+ns+ny > X, (31
ng +ng+ng+ns > Y, (32)
ny+ng+ng+ng > Y, (33)
ny+ngs+ns+ng > Y, and (34)
n+ng+ng+ny > Z (35)

For the corresponding LP relaxation we can utilize the group action of the symmetric group S on 3
elements. More precisely, for a permutation 7 € S3 and a vector x € {0, 1}3 let x™ € {0, 1}3 denote the
vector arising from x by permuting the coordinates according to 7. Using this, we can write ¢™ for each
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i € [7] by setting i™ = j € [7], where v] = v;, i.e., we use the correspondence used in our indexing.
Next, we extend the notation to solution vectors n = (n1,...,n7) € RL by setting

n" = (nlw,...nw).

Due to the underlying symmetry of the constraints (29)- (35) we have that n is a feasible solution iff n™
is a feasible solution, where m € S is arbitrary. Since the problem is convex, also

1
n* = . Z n”
TeS3

is a feasible solution. (In this last step it is essential that we have removed the integrality conditions on
the n;.) The group action of the S partitions the variables into orbits

{n17n21n4}7 {n3vn57n6}a and {n7}7

so that we replace the variables of the first orbit by /N1, those of the second orbit by Vo, and, for con-
sistency, set n; = N3. With this the target function Zie[?] n; translates to 3/N; + 3N2 4+ N3. Plugging
in these new variables into the constraints (29)- yields several duplicates. (Also set of constraints is
partitioned by the group action into orbits and we only have to take one representant from each orbit.) So,
in our case the system reduces to

Ny +2N, +Ns > X, (36)
9N, +2N, > Y, and (37)
3N, +N; > Z, (38)

and X,Y,Z > 0. We remark that this “symmetrization technique” is well known in the context of
semidefinite programming, see e.g. [} [5]. For an application to symmetric linear programs we refer to
e.g. [2].

Proposition 3.10. If X,Y,Z € Nsatisfy X <Y < 2X andY < Z < |3Y|, then for T: 288/ — N
depending on X, Y, and Z as described above we have

L [3X4+Y+2Z Cr2X43y 3Y42Z7 _ = .

where ) = [W]
Proof. First we show

F), {3X+2Y+Z"| +3. {2X-2i-3Y'| + (3}/;22] _ TQ} i1

3 < .
To this end we observe
F~ [BXEY427 4 3. [2X48Y] y [3Y222] 7.ﬂ - P (BX +3Y +2) - 70+ ;W “0)
3 - 3 '

ItfQ - % > %, then the right hand side of Inequality is at most

0.3x 43y +2)-10+ 2
[4( + 3+) +2]=F)X+3Y+Z+WSQ+1.

4 12
3X+3Y+Z
4

Now, let us assume ) = , so that either two or none of the integers X, Y, and Z is odd. In
that case the left hand side of Inequality (0) is at most

{?.(3X+3Y+Z)_7Q+ﬂ _ {3X+3Y+Z+ﬂ <O+1
3 4 s |
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Thus, we can assume

3X+3Y+Z2
n1+n2+n3+n4—|—n5+n6+n7§{4—‘20 41
for a solution (nq,...,n7) for a moment (since for ny + na + ng + ng + n5 + ng + n7 > Q + 1 the
proposed inequality is satisfied). Now we combine the inequalities (29)@T):
[3X +Y + 7] ] 1 ] ] ] ]
Mg + ng + ny > % —a (2 5.(31+32+35)741;
[3X +Y + 7] ] 1 ] ] ] ]
ng + ng + ny > % —Q (30 +§-(29+34+35)—41;
[3X +Y + 7] ] 1 ] ] ] ]
ny + s +np > % 0 @ +§-(30+33+35)—41;
[2X +3Y] ] 1 ] ] ] ]
n3 +ng + ng > + -Q 32 +5~(29+31+33)—41,
[2X +3Y ] 1 ] ] ] ]
1+ ng 4 ng > + —ao (33 +§.(30+31+34)—41;
[2X +3Y] ] 1 ] ] ] ]
Ny + 15 4 ng > + —a (4 +§~(29+30+32)741;
3Y + 277 ] 1 ] ] ] ™
n1+n2+n42[; —o (35 +§-(32+33+34)—41,
using the fact that the left hand sides are integers, so that summing up and dividing by three yields
3. [8X4Y4Z] | g [2X+3Y 34227 _ 7. ()
Jel]

since the left hand side is an integer. (So either n(R(T)) is at least 2 + 1 € N or at least as large as
the right hand side of Inequality (42), which gives Inequality (39). Technically, if the right hand side of
Inequality (@2) equals Q + 1, then our assumption nq + 1o + ng + ng + ns + ng + ny < Q yields a
contradiction. So, in any case, Inequality (39) is a valid inequality.) g

Example 3.11. For (X,Y,Z) = (80,105,120) and a corresponding function 7': 23 — N Inequal-
ity and Inequality both yield n(R(T)) > 169. Inequality (28) yields n(R(T')) > 158, while
Proposition [3.10| yields n(R(T")) > 170, which is indeed attained}| For (X,Y,Z) = (80,104,121)
Proposition [3.10| yields n(R (7)) > 167 and Inequality yields n(R(T")) > 169, which is indeed
attained.

We remark that
{{47 5’ 7}’ {27 6’ 7}’ {]‘3 3’ 7}’ {3) 47 5}? {17 3’ 6}’ {2’ 57 6}7 {]" 27 4}}
isa2—(7,3,1) design, i.e., isomorphic to the Fano plane.

Proposition 3.12. If X, Y, Z are integers with X <Y <2X,Y < Z < L%J, and3X —3Y +72 >0
then for T: 281 — N depending on X, Y, and Z as described above we have

n(R(T)) = maX{Q’ F" [PHE] 43 2] + 222 - 7'ﬂ } <41,

3

2This instance is an example of a non-IRUP instance, see e.g. [6], i.e., the optimal target value of the ILP is strictly larger than
the uprounded optimal target value of the corresponding LP relaxation. In general, this happens frequently for ILPs. The interesting
case is when the ILP gap, i.e., the difference between both values, is small. So far, it is unclear what happens in our problem.



28 SASCHA KURZ

where §) = [W]

Proof. Using 3X — 3Y 4 Z > 0 we conclude that an optimal solution of the symmetrized LP relaxation
of the ILP of Corollary[T-I0} i.e., constraint (36)-(38), is given by

—-X
N, XEYez
4
X+Y -7
Ny = —
X -3Y+7
Ny = 3 ?:1 +

with target value W. (Le., all constraints - are tight. Since we do not need the optimality
but only feasibility, we will only show the latter.) Since Y > X we have Ny > 0. From 2X —Y > 0 and
3Y —2Z > 0 we conclude 2Ny = 2X +2Y —2Z > 0. Letr = (r1,79,73) € {0,1,2,3}> be defined by
r1 = 4N7, 79 = 4N, and r3 = 4N3. Depending on r we will define a code by (s1 2 54) (83 S5 S6) (S7)s
where s; € { <, =,> } The translation to (ny nsnyg) (n3nsne) (n7) is as follows: “<” means down-
rounding, “>"" means uprounding, and “=" means no rounding of Ny, N2, or N3 for the first, second or
third block, respectively.

(1) (0,0,0): (===)(===)(=

)(=)
() (07270): (:::)(<>>)(:)
3) (1,1,1): (<<<)(<>>)(>)
@) (1,3,1): (<<<)(>>>)(>)
6) (2,0,2): (>>>)(===)(<)
6) (2,2,2): (<<>)(<>>)(>)
7 (3,1,3): (>>>)(<<<)(>)
8) (3,3,3): (<>>)(>>>)(>)

Note that in the cases (1), (2), (4), (6), (7), and (8) the proposed value of n(R(T')) equals 2 and
n= Zje[l] n; also equals 2. The lower bound n(R(T)) >  is given by Proposition i.e., Inequal-
ity . In the remaining cases (3) and (5) proposed value of n(R(T')) equals Q2 + 1 and n = Zje[l] n;
also equals 2 + 1. The lower bound n(R(T')) > Q + 1 is given by Proposition[3.10] where we have to
check that the stated lower bound indeed equals €2 + 1 in the mentioned cases.

Thus, it remains to show that the desired service rate region is attained. Since the chosen n is integral
and satisfies the constraints of Corollary in all cases we can apply Theorem [3.3]to every vector A of
the desired service region (or to every vector of a generating set, where it is not necessary to known how

those vectors look like). O
(X,Y,Z)  (n1,mg,m4) (n3,ms,me) (n7) b n(R(T))
(80,104,120) (36,36,36) (16,16,16) (12) 168 168
(80,104,121) (36,36,37) (15,16,16) (13) 169 169
(80,104,122) (36,36,37) (15,16,16) (13) 169 169
(80,104,123) (37,37,37) (15,15,15) (13) 169 169
(80,105,120) (36,36,36) (16,17,17) (12) 169 170
(80,105,121) (36,37,37) (16,16,16) (12) 169 170
(80,105,122) (36,37,37) (16,16,16) (12) 170 170
(80,105,123) (37,37,37) (15,16,16) (12) 170 170
(80,106,120) (36,36,37) (16,16,17) (11) 170 170

(83,107,123) (36,37,37) (17,17,17) (13) 174 174
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Proposition 3.13. If X, Y, Z are integers with X <Y <2X,Y < Z < L%J and 3X —3Y + Z <0,
then for T': 231 — N depending on X, Y, and Z as described above we have

mn@»:%f]

Proof. Using 3X —3Y +Z < —1 we conclude that an optimal solution of the symmetrized LP relaxation
of the ILP of Corollary [I.I0] i.e., constraint (36)-(38), is given by

N, = Y-X,

2X - Y
Ny = o
Ny = 0

with target value % (L.e., the constraints , , and N3 > 0 are tight. Since we do not need the
optimality but only feasibility, we will only show the latter.) Since X < Y we have N; > 0 and since
Y < 2X we have Ny > 0.

If Y is even, then we choose the multiset of points G by settingn; =ny =ny, =N =Y — X € N,
ng =ng = ng = X — % € N, and n; = 0, so that Zie[?] n; = % If Y is odd, then we choose
the multiset of points G by setting ny = ng =ngy =Ny =Y — X € Nyng =n5 = X — % €N,
ng =X — Y+1 € N, and n; = 0, so that 216[7] n; = SYEL — {33/1

2 2
In both cases nis an 1ntegra1 solution of the ILP of Corollary [I.10]so that we can apply Theorem [3.3]

to conclude n(R(T)) < [2F 1 The matching lower bound is given by Inequality (28) based on Proposi-
tion [2.15] |

An example where Proposition can be applied is given by (X,Y, Z) = (5,9,9).

Theorem 3.14. If XY, Z are integerswith X <Y <2XandY < 7 < L%J, and 3X —3Y + 7 <0,
then for T': 23] — N given by

0 #U =0,
) X - #U=1,
W) = Y . #U =2,
Z . #U =3
we have
[3X4Y+4Z C[2X43Y 3Y42Z7 _ .
n(R(T)) = max{Q,’V?) o il BN 32 [l o el Bk Q“Wi%;/"}
<maX{Q—|—1 [TY]},
where §} = (73X+i’y+z].

Proof. We apply Proposition [3.12] and Proposition [3.13| noting that the corresponding lower bounds are
valid in both cases. |

We remark that for (X,Y, Z) = (n,2n,2n) we have

11
F);/-‘ =3n and Q+1= {471-‘—&-1

and for (X,Y, Z) = (2,2n,2n) we have
{?ﬂ—&zmdﬂ+l—ﬁﬂ+1
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