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Abstract

The focus of this thesis lies on examining the solvability of optimal control prob-
lems constrained by nonlinear partial differential equations (PDE) and inclusions
(PDI). There exist statements on the existence of solutions for optimal control
problems with linear and semi-linear PDEs with monotone parts. The theory for
non-monotone PDEs resp. the related optimal control problems is, to the authors
knowledge, incomplete regarding important issues. This concerns particularly the
case of PDEs containing mappings, which only satisfy boundedness conditions on
restricted sets. The optimal control problem considered first is characterized by
a Laplace equation with Dirichlet boundary conditions:

—Ay+goy=finQ (PDE1)
y=0onT

Under the decisive assumption of the existence of so called sub- and superso-
lutions for and by introducing a truncation operator we can define an
auxiliary problem which is characterized by a pseudomonotone operator. Thereby
the solution theory for pseudomonotone operators of Brézis (1968)) is applicable.
Moreover, starting with the definitions of sub- und supersolution it can be shown,
that every solution of the auxiliary problem is a solution of the original problem.
The choice of a new optimal control problem which substitutes the original opti-
mal control problem is again governed by the properties of the auxiliary operator.
The equivalence of the auxiliary problem to the original problem and the existence
of at least one solution can be shown. The technique of applying the Theorem
of Lax-Milgram on a linearized problem can be adapted to the semi-linear non-
monotone case. This procedure is already known from the theory of semi-linear
monotone problems.

For optimal control problems with quasi-linear differential equations, different
methods are required. As in the semi-linear case, the property of pseudomono-
tonicity plays a key role in proving the existence of a solution of the quasi-linear
PDE. In the proof of the existence of a solution for the optimal control prob-
lem other properties of the auxiliary operator are exploited. In the elliptic case
operators which satisfy the S -property are important. In order to utilize this
property, a transformation of the operator to some coercive auxiliary operator is
necessary. For this reason a term is added, which penalizes the deviation from the
admissible set of states. This term is characterized by a factor, which is derived
explicitly in this work.

The proof of the existence of a solution of the optimal control problem with
parabolic equations is based on the definition of an auxiliary operator, coercivity
and the S, -property of operators.



The set of solutions of the considered PDE is compact, but the number of solu-
tions and the situation to each other is unknown. This leads to difficulties in de-
riving necessary optimality conditions. For this reason a direct approach to solve
the optimal control problem with semi-linear PDEs is introduced. It is assumed,
that the state constraints coincide with the sub- and the supersolution of the PDE
with the upper and lower boundary of the control variable. Using an auxiliary
operator, this assumption allows the formulation of an equivalent optimal control
problem without pointwise state constraints. Through semi-discretization we can
define a family of optimal control problems on a finite dimensional state-space.
Existence of a subsequence of solutions of these optimal control problems which
converges to a solution of the original problem is shown.

Another important class of optimal control problems include differential inclu-
sions which are described by multivalued operators. Quasi-linear elliptic inclu-
sions are examined under global as well as local boundedness conditions. Under
the assumption of global boundedness the properties of pseudomonotonicity and
coercivity for a multivalued auxiliary operator are proven. The existence of at
least one solution for the original inclusion follows from the application of a re-
sult from Hu and Papageorgiou (1997)) on the auxiliary problem. The existence
of at least one solution of the optimal control problem is proven by exploiting
the coercivity of the multivalued auxiliary operator and the S, -property of the
non-multivalued part of this mapping.

In the case of multivalued mappings of Clarke’s gradient type, the existence of
at least one solution of the optimal control problem can be shown under local
boundedness conditions. Elliptic as well as parabolic quasi-linear inclusions are
considered. The proof is again based on coercivity and the S, -property of the
related auxiliary operators and the embedding properties of the spaces.



Zusammenfassung

Gegenstand dieser Arbeit sind Untersuchungen zur Losbarkeit von Optimal-
steuerungsproblemen, welche durch nichtlineare partielle Differentialgleichungen
(PDG) und Inklusionen (PDI) restringiert sind. Die Beriicksichtigung nichtli-
nearer Terme spielt dabei die zentrale Rolle. Wahrend fiir lineare und semili-
neare PDGs mit monotonen Anteilen Aussagen iiber die Existenz von Losungen
der zugehorigen Optimalsteuerungsprobleme bekannt sind, ist, nach Kenntnis der
Autorin, die Theorie fiir nichtmonotone PDGs bzw. deren Optimalsteuerungspro-
bleme fiir wichtige Fragestellungen unvollstédndig. Dies betrifft insbesondere den
Fall von PDGs, welche Abbildungen enthalten, die nur auf einem begrenzten
Bereich Beschranktheitsbedingungen erfiillen.

Das zunéchst betrachtete Optimalsteuerungsproblem wird durch eine Laplace-
gleichung mit Dirichlet-Randbedingung charakterisiert:

—Ay+goy=fin (PDG1)
y=0aufl’

Unter der mafigeblichen Annahme der Existenz von sogenannten Sub- und Su-
perlosungen fiir kann mit Hilfe eines Abschneideoperators ein Hilfs-
problem formuliert werden, welches durch einen pseudomonotonen Operator be-
schrieben wird. Das ermoglicht die direkte Anwendung der Losungstheorie fiir
pseudomonotone Operatoren von Brézis| (1968). Zudem kann ausgehend von den
Definitionen fiir Sub- und Superlosung gezeigt werden, dass jede Losung des Hilfs-
problems auch eine Losung des urspriinglichen Problems darstellt.

Auch bei der Wahl eines neuen Optimalsteuerungsproblems, welches das eigent-
liche Optimalsteuerungsproblem ersetzt, sind die Eigenschaften des Hilfsope-
rators maBgebend. In diesem Zusammenhang kann die Aquivalenz des Hilfs-
problems zum urspriinglichen Problem und die Existenz mindestens einer Losung
nachgewiesen werden. Auf diesen semilinearen, aber moglicherweise nichtmono-
tonen Fall lasst sich die Technik - die Anwendung des Satzes von Lax-Milgram
auf ein linearisiertes Problem - tibertragen. Dieses Vorgehen ist bereits aus der
Theorie semilinearer monotoner Probleme bekannt.

Fiir Optimalsteuerungsprobleme mit quasilinearen Differentialgleichungen miissen
andere Methoden gesucht werden. Wahrend zum Nachweis der Existenz einer
Losung der quasilinearen PDG wie im semilinearen Fall die Pseudomonotonie-
Eigenschaft eine zentrale Rolle einnimmt, werden im Existenzbeweis einer Losung
fiir das Optimalsteuerungsproblem andere Besonderheiten des Hilfsoperators aus-
genutzt. Im elliptischen Fall kommt dabei den Operatoren, welche die S, -
Eigenschaft besitzen, eine grofle Bedeutung zu. Um diese Eigenschaft gezielt
ausschopfen zu kénnen, wird zunéchst eine Uberfithrung des Operators in einen
koerzitiven Hilfsoperator notig. Aus diesem Grund wird ein Term addiert, der die



Abweichung vom zulassigen Zustandsbereich bestraft. Dieser Term wird durch
einen Faktor charakterisiert, welcher in dieser Arbeit hergeleitet und explizit
angegeben wird.

Der Nachweis der Existenz einer Losung des Optimalsteuerungsproblems mit
parabolischen Gleichungen basiert wie im elliptischen Fall auf der Konstruktion
eines Hilfsoperators, der Koerzitivitat und der S, -Eigenschaft von Operatoren.
Bei der Herleitung notwendiger Optimalitatsbedingungen liegt die Schwierigkeit
darin, dass die Losungsmenge der PDG zwar kompakt ist, die Anzahl und die
Lage der Losungen zueinander jedoch unbekannt ist. Aus diesem Grund wird zur
numerischen Bestimmung einer Losung des Optimalsteuerungsproblems mit semi-
linearen PDGs ein direkter Ansatz vorgestellt. Dabei wird vorausgesetzt, dass
die Zustandsschranken Sub- und Superlosung einer PDG mit unterer bzw. oberer
Schranke fiir die Steuerung als rechter Seite darstellen. Unter Verwendung eines
Hilfsoperators ermdglicht diese Annahme die Formulierung eines dquivalenten
Optimalsteuerungsproblems ohne punktweise Zustandsbeschrinkungen. Mittels
Semi-Diskretisierung lasst sich eine Schar von Optimalsteuerungsproblemen iiber
einem endlich dimensionalen Zustandsraum definieren. Es wird gezeigt, dass min-
destens eine Teilfolge der Losungen dieser Optimalsteuerungsprobleme existiert,
die gegen eine Losung des urspriinglichen Problems konvergiert.

Eine weitere wichtige Klasse von Optimalsteuerungsproblemen enthalt Differen-
tialinklusionen, welche durch mengenwertige Operatoren beschrieben werden. Im
Fall quasilinearer elliptischer Inklusionen werden dabei Probleme sowohl unter
globalen als auch unter lokalen Beschranktheitsbedingungen betrachtet. Unter
der Annahme globaler Beschrankungen werden die Eigenschaft der Pseudomono-
tonie und der Koerzitivitat fiir einen mengenwertigen Hilfsoperator nachgewiesen.
Die Existenz mindestens einer Losung der urspriinglichen Inklusion folgt dann
aus der Anwendung eines Resultates von [Hu and Papageorgiou (1997) auf das
Hilfsproblem. Der Beweis der Existenz mindestens einer Losung des Optimal-
steuerungsproblems erfolgt unter Ausnutzung der Koerzitivitat des mengenwer-
tigen Hilfsoperators und der S -Eigenschaft des nicht mengenwertigen Anteils
dieser Abbildung.

Auch unter lokalen Beschranktheitsbedingungen wird die Existenz mindestens
einer Losung des Optimalsteuerungsproblems gezeigt, wobei in diesem Fall aus-
schliellich mengenwertige Abbildungen in Form des Clarke-Gradienten betrach-
tet werden. Dabei werden sowohl elliptische als auch parabolische quasilineare
Inklusionen zugelassen. Der ausgefithrte Existenzbeweis baut erneut auf den
Merkmalen der Koerzitivitat und der S;-Eigenschaft der entsprechenden Hilfs-
operatoren bzw. den Einbettungseigenschaften der Raume auf.
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1 Introduction

Several systems with physical or biological origin can be described by partial
differential equations (PDEs). In an easy case, a linear model is a sufficiently
precise simplification of reality. The solution theory for linear PDEs is in general
well known and is based on the Theorem of Lax-Milgram. More sophisticated
techniques are required in the nonlinear case. Let us consider the following non-
linear problem with Dirichlet boundary conditions which appears, for example,
in plasma physics:

exp(—y)
(Jo exp(=y) dAa)”
y=0 on 0N

—Ay —« =0 on (1)

Here, a and p denote positive real numbers. For p = 1, this PDE plays an im-
portant role in kinetics and is called Poisson-Boltzmann equation. A discussion
of this model can be found in Bavaud| (1991)).

In the case p = 0, equation includes a nonlinear, but monotone term. This
allows us to apply the solution theory for monotone operators. We refer to|[Zaran-
tonello| (1960). The solution theory for nonlinear and non-monotone problems
differs from the linear and nonlinear monotone coercive case. Even if solvability
is warranted, a lack of uniqueness appears for non-monotone operators. In Car-
rillo| (1998) it is shown that for p > 2 and « smaller than some critical value the
boundary value problem possesses exactly two solutions.

Other PDEs including nonlinear and non-monotone terms can be found in|Takeuchi
(2001)) in which the multiplicity of solutions of the problem

—Apy = Ay (1 —y") on Q (2)
y =0 on 0f2

is shown. Here A, describes the p-Laplacian, whereas 2 < p < ¢, A >0andr >0
are constants. Moreover, the model of a molten carbonate fuel cell contains a
quadratic term, see Sternberg| (2006]).

A powerful tool to handle this kind of PDEs is the method of sub- and super-
solutions. Theoretical results can be found, e.g., in the monographs Pao| (1992),
Heikkila and Lakshmikantham| (1994) and (Carl et al.| (2007)).

Regarding optimal control problems, differences in the theory of the corres-
ponding PDEs have to be taken into account. In |Casas (1986) optimal control
problems including linear elliptic PDEs with state constraints have been con-
sidered. An overview about optimal control problems constrained by linear and
semi-linear elliptic and parabolic equations is given in [Troltzsch (2009). Therein,
for problems with linear PDEs, the related operator is assumed to be bounded and



coercive. In the case of a Laplace equation with Neumann boundary conditions
the corresponding operator fails to be coercive. Linear, non-coercive operators
lead to so called singular problems. In Lions| (1985) the existence of multiple
solutions for such a PDE is shown. Nevertheless, for the optimal control problem
with boundary control and a well chosen objective functional the optimal control-
state pair is unique. A singular optimality system is stated for this problem.

In the papers |Papageorgiou (1991)), Papageorgiou (1993) and Halidias and Pa-
pageorgiou| (2002)), the existence of a solution for optimal control problems of
nonlinear and non-monotone type is proven. Therein the Carathéodory function
which describes the nonlinear term is assumed to be bounded on the whole real
axis. This condition is not satisfied in the above example with p > 2.
Optimal control problems with quasi-linear PDEs of the form

—div(Ay Vy) + Fy = u on 2 (3)
y =0 on 0N

are considered in |Casas et al.| (1995) and |Casas and Troltzschl (2008). A and F
are Nemytskii operators related to some Carathéodory functions. For the map-
ping F' a monotonicity condition is assumed in both papers. The existence of a
solution and necessary optimality conditions are proven.

Another important class of optimal control problems contains partial differential
inclusions (PDIs) which can be described by multivalued mappings. As shown in
Smirnov| (2002)), differential inclusions are often generated by differential equa-
tions with discontinuous right hand side. One of these situations is the following:

—Apy 2 A0Fy on () (4)
y =0 on 0N2

Here OF denotes Clarke’s subdifferential of a locally Lipschitz mapping F'. In
Dai and Liu| (2009) it is shown that for some A > 0 there exist multiple solutions
of . Similar results for Neumann boundary conditions are obtained in |Dai
(2009). In Bauwe (2007) the sub-supersolution technique has been applied on
stochastic PDIs including maximal-monotone mappings.

In the monographs Hu and Papageorgiou/ (1997) and |Hu and Papageorgiou (2000))
results for a large variety of PDIs and adjusted optimal control problems are
proven. Nevertheless, strong boundedness conditions for nonlinear terms are as-
sumed.

Also in the works of |Lukaszewicz and Ton| (1994)) and Ton| (1996) optimal control
problems with constraints of PDIs haven been considered.

The present work includes examinations for partial differential equations and



inclusions with non-monotone and nonlinear terms and for the corresponding op-
timal control problems. The main focus lies on proving the existence of solutions
for the state constrained optimal control problems.

In the first chapter the Laplace equation with a non-monotone nonlinearity de-
scribed by a Nemytskii operator will be considered. Dirichlet boundary conditions
are assumed. To prove the existence of at least one solution of the partial dif-
ferential equation a boundedness condition for the nonlinear term on a so called
sub-supersolution interval has to be assumed, see |Carl et al.| (2007). By trunca-
tion techniques a pseudomonotone auxiliary operator is obtained. Now the work
of Brézis (1968) can be applied. The properties of the auxiliary operator are also
useful in proving the existence of the corresponding optimal control problem,
where the states have to be constrained on the interval on which the bounded-
ness of the nonlinearity is warranted.

In Theorem numerical results for problems in which the state constraints
coincide with the sub-supersolution interval are stated. We examine the proper-
ties of problems which are discretized with respect to the state variable. These
so called "first discretize - then optimize” methods converge under a regulariza-
tion assumption. The crucial technique for proving the existence of a solution is
solving the unconstrained auxiliary optimal control problem. Since the auxiliary
problem yields only solutions in the admissible set of states, this constraint can
be omitted.

General boundary conditions for elliptic equations are admitted in the following
Chapter

In Papageorgiou (1991)), the existence of an optimal control-state pair for a La-
grange type optimal control problem is proven. The considered partial differential
equation includes non-monotone, but bounded nonlinearities which are described
by a Carathéodory function. The boundedness of the Carathéodory function is
assumed on the whole real axis whereas in this work we will only assume bound-
edness on a restricted set. This weakened assumption is decisive for nonlinear
terms as > or avexp(—y)( [, exp(—y) dAq) P with p > 2 from the above example
in which the hypotheses of |Papageorgiou (1991)) are not satisfied. The prop-
erty of pseudomonotonicity plays a key role in this work as well as in the paper
Papageorgiou (1991)).

Under a boundedness assumption for the nonlinear term on a given set of the
states, the statements obtained for the previous optimal control problem can
be adapted for results of a greater class of pointwise state-constrained optimal
control problems. Moreover, for a restricted class of PDEs the assumption of
a two-sided pointwise constraint can be substituted by a condition including an
upper or a lower bound. In this case stronger hypotheses for the leading operator
and the nonlinear term are supposed.



In Chapters [5] and [6] results for the parabolic case are derived in which gen-
eral boundary conditions are admitted. A boundedness condition is again only
assumed on a certain state-interval in contrast to the hypotheses in the works
Papageorgiou (1993) and |Halidias and Papageorgiou (2002)).

In the last part of this thesis differential inclusions of the form

Ay+Gy+ My > fin V* (5)

and corresponding optimal control problems are examined. Here, A denotes an
operator satisfying the Leray-Lions conditions and G is some nonlinear mapping
bounded on a given interval. The operator M forms a multivalued mapping which
can be assumed to be, e.g., a subdifferential of some locally Lipschitz functional.
A solution of exists, if there is some so called selector m € M with

Ay +Gy+my = fin V™. (6)

At first, the multivalued mapping satisfies a bounded global growth. Later, the
multivalued mapping is formed by a subdifferential of some locally Lipschitz func-
tional. For this case only a local growth condition is assumed.

The examinations for stationary inclusions are adapted to the evolutionary case
in the ensuing section.

The appendix includes some basics referring to Sobolev theory and nonlinear and
multivalued analysis.

Finally, some open questions are formulated in the conclusion.

We agree on the following denotations in the whole thesis: We assume that
Q C RN, N € N, is a bounded domain with Lipschitz boundary I' := 9€2. The
Lebesgue measure on € is denoted by Ag and Ar is the corresponding boundary
measure on I'. For LP(€, Aq) resp. LP(I', Ar), 1 < p < oo, we write shortly LP(2)
resp. LP(T"). The set L (€2) contains all positive functions of LP(f2).

Let f; and fy be some Ag-measurable functions. The notation fi(x) < fo(x)
Xa(dz)-a.e. is abbreviated by f1 < fo. The inclusion f € [f1, fo] means f; < f <
fo in which f1, fs, f are Ag-measurable functions on Q with f; < fs.

For appropriate mappings F, G, we write F'G instead of F' o .

We denote the operator norm of A by [[Afp, and the indicator function on the
set M by I.



2 Optimal Control Problems for Semi-linear
Elliptic PDEs with Dirichlet Boundary
Conditions

2.1 Existence of Solutions for Optimal Control Problems

In this chapter we consider optimal control problems including a semi-linear PDE
with a (possibly) non-monotone mapping. We concentrate on the Laplace equa-
tion with a non-monotone summand and Dirichlet boundary conditions. In later
presentations these restrictions are weakened. The ideas of handling optimal con-
trol problems including nonlinear and non-monotone PDEs are demonstrated in
detail in this section.

We agree on the abbreviations V' and V; for the Sobolev spaces W12(Q) resp.
W,2(Q).

2.1.1 Motivation

For a continuous function g: R — R and a sufficient smooth function f: 2 — R
we consider the boundary value problem (BVP) in the strong formulation:

Problem 1. Find some y € C%*(Q) N C(Q) such that

—Ay+goy=fin (BVP1)
y=0onT

Choose any test function ¢ € C§°(£2). We assume that y solves (BVP1)) and
apply the integration by parts formula

/<_Ay+goy>¢d)\9:_/auy¢dAF+/ VyVodig
Q T Q
+/Q(goy)¢dAQ,

where 0, denotes the normal derivative. From ¢ € C5°(€2) we infer

/QVyv¢d)\g—|—/g(goy)qbd)\gz/9f¢d)\g. (7)

Varying ¢ in C§°(€2) yields the weak representation. Since C§°(€2) is dense in Vj,
this formula can be regarded as an equation in the dual space V*. The considered
technique leads to an operator equation which we are going to formulate in the
next subsection.



2.1.2 Operator Equation

In the following we introduce the Laplace operator in the generalized form and
the Nemytskii operator G referring to g.

Definition 2.1. a) The Laplacian —A: Vo — Vo*, y — —Ay is given by
(—Ay, ¢) = / Vy Vo dig for all p € Vj.
Q

b) Let g: R — R be continuous. The related Nemytskii operator G is induced by

Gy :=gouy.

Let now f € V*. Denote by Ty, 2 the compact embedding from V; into L?(£2)
and by Ty, 9" its adjoint. The isomorphism from L?(€2) to L*(Q)" is denoted by
. Using the embedding operators, the term 7y, 2*iGTy; 2 represents a mapping
from V; to Vp*. With these notations, the formulation of the boundary value
problem can be written as:

Problem 2. Find some y € Vi such that
_Ay + (TVo,Q*iGTVo,2>y = f imn VE]* (BVPQ)

To ensure that this equation is well defined, we have to assume (GTy2)y €
L3(9).

Definition 2.2 (solution). The function y € Vy is called a solution of Problem

if (Gry,2)y € L*(Q) and
/ Vy Vo dha + (2 iGrye)ys 8) = (f,8) for all ¢ € Vo,
Q

Remark 2.1. As stated in|Zeidler| (1990V), p. 1027, the embedding Vo — L?*(2)
is compact. Hence the embedding operator Ty, 2 and its adjoint Ty, 2* are strongly
continuous (see Theorem VI.4.8.2 (Schauder) in | Dunford and Schwartd (1957)).
By Lemma the isomorphism i: L*(Q) — L*(0)" is weakly continuous. The
combined strongly continuous mapping Tv, 2*i: L*(Q) — Vo*, y — Ty, 2%y is given
by

<TV0,2*iy7 gb) = (y7 ¢)L2(Q)

Let the mapping 72: V — L%(T") denote the trace operator. In order to guar-
antee a solution for (BVP2)) we assume the existence of a sub- and a supersolution
as defined in:



Definition 2.3 (subsolution). The function y € V is called a subsolution of
Problem if (Gryv2)y € L*(Q), 12y <0 on T and

/Q VyVodia + ((Tv, 2 iGTv2)y, ¢) < (f,¢) for all g € Vo N L2 ().

Definition 2.4 (supersolution). The functiony € V is called a supersolution of
Problem if (Grv2)y € L*(Q), %2y >0 on T and

/Q VyVodig + (v 2 1GTv2)Y, @) > (f,¢) for all o € Vo N Li(Q)

In the following lemma a certain kind of transitivity is shown for sub- and
supersolutions.

Lemma 2.2. Let uy € L*(Q). Then it holds:

a) Let the function y € V be a subsolution of with right hand side
[ = Ty2%iug € Vo*. We consider an arbitrary function u € L*(Q) withu; < u
and the corresponding element Ty, o*iu € Vo*. Then y is a subsolution of the

boundary value problem with right hand side v, 2*iu, too.

b) Let the function y € V be a supersolution of with right hand side
[ = Ty2%iug € Vo*. We consider an arbitrary function u € L*(Q) withu; > u
and the corresponding element Ty, 2*iu € Vo*. Then § is a supersolution of

the boundary value problem with right hand side Ty, 2*iu, too.

Proof. [a]) From the definition of subsolution it follows for every ¢ in VN L2 (Q):
/ Vy Vo dig + (1,2 1GTv 2y, ¢) < (T2 iur, @) = (U1, T 290) 12(0)
Q

:/ U17'V0,2¢d)\9§/ U Ty, 20 dAq
0

Q
= (uaTV0,2¢)L2(Q) = <TV0,2*iU, ¢>-

|E[) is along the lines of @ O]

Remark 2.3. i) Let Uy := [u,u] N L*(Q) with u, u € L*(Q), u < U and
assume that there exist
- a subsolution for with right hand side Ty 2*iu and
- a supersolution for with right hand side Ty o*iu.

Applying Lemma yields the existence of a sub- and a supersolution of
for every Ty, o*iu with u € Uyg.



i) Consider the mapping B: L*(Q2) — L*(Q), u — Bu. We assume that there
exist some uy, ug € [u,u| N L*(Q) with

Buy < Bu  for all u € [u,u] N L*(Q) and
Buy > Bu  for all u € [u,u) N L*(Q).
Moreover, suppose the existence of

- a subsolution for with right hand side Ty, 2*1Buy and
- a supersolution for with right hand side Ty, 2*iBus.

Applying Lemma yields the existence of a sub- and a supersolution of
for every Ty, 2 iBu with u € Uyg.
The following lemma is due to (Carl et al.| (2007).
Lemma 2.4. Lety, 7 € L*(Q) with y <7.

a) The Laplacian —A:Vy — Vo*, y — —Ay is a continuous, bounded and
strongly monotone mapping.

b) Assume that there exists some kg € L3 (Q) with

|Gy(z)| < kg(z) Aa(dz)-a.e. for all y € [y, 7] N L*(Q). (8)

Then the restricted operator G: [y, y] N L*(Q) — L*(Q) is continuous.

¢) The truncation operator T: L*(Q2) — L*(Q)) given by

y(x) i ylz) >7y(a)
Ty(x) =< ylx) if ylx) <ylr) <ye) (9)
y(x) if  y(r) <y(x)

18 continuous and bounded.

Proof. [d]): See Lemma 2.111 in [Carl et al/ (2007).
@: Choose any sequence (Ym)men C [y, 7] with y,, — yo in L*(Q). Obviously
Yo € [y, 7). To show continuity of G assume that (Gym,)men does not converge to

Gyo in L*(2). Given € > 0, choose a subsequence (G¥y,)mercy with
|GYm — Gyol|12(q) > € for all m € M. (10)

By the Riesz’s Theorem there is a subsequence (Y )menrcy which converges
Ag-a.e.. The continuity of the Carathéodory function g implies that the sequence
(GYm: — GYo)men converges to 0 Ag-a.e.. According assumption it holds

|Gy () — Gyo(x)| < 2ka(z)  Aaldz)-a.e..



With Lebesgue’s Theorem we can infer
||Gym’ - G?JOHLZ(Q) — 0,

contradicting .
[): See Lemma 2.89 in [Carl et al| (2007) resp. Lemma 1.22 in [Heinonen et al.

(1993). 0

Remark 2.5. Since the mappings Tv, 2 and Ty, 2*i are strongly continuous (see
Remark s T2 1G Ty 20 [y, 9] N Vo — Vo™ s strongly continuous, too.

The following theorem refers to Theorem 3.4 in (Carl et al.| (2007)).

Theorem 2.6. Let y and § be a sub- and a supersolution of satisfying
y <7 and assume that there exists some kg € L3 (Q) with

|Gy(2)| < kg(z) Aa(d)-a.e. for all y € [y, 7] N L*(Q). (11)

Then there ezists at least one solution of which lies in [y, 7).

For proving Theorem an auxiliary problem is introduced in [Carl et al.
(2007):
Find some y € Vj such that (GT'my,2)y € L*(Q) and

—Ay + (T 2" GT Ty 2)y = f in W', (A-BVP2)

where T is the truncation operator defined in Lemma [2.4]

It is shown that every solution of (A-BVP2)) is a solution of (BVP2|) under the

assumption that y resp. 7 is a sub- resp. a supersolution.
For f € V4" we denote the set of all solutions of (BVP2) within [y, 7] by S(f).
Due to Theorem 3.10 in |Carl et al.| (2007)) it holds:

Theorem 2.7. S(f) is compact in Vj.

2.1.3 Optimal Control Problem

Fory, 7 € V and u, u € L?(R) with y <7 and u < u let the mappings R: [y, 5] N
L2() — R and Q: [u, 7] N L2(2) — R be convex and continuous. We assume an
objective functional J of the form J(y,u) := (R7y,2)y + Qu and introduce the
abbreviation U,y := [u,u] N L*(2). With these definitions we can formulate the
following optimal control (OC) problem.

Problem 3.
min J(y,u)
st — Ay + (T2 iGTy 2)Y = Ty 2 tu in Vi~

and u € [u,u) N L*(Q)
y €W
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Since the continuity of G is only guaranteed on [y, ], we introduce an addi-
tional pointwise state constraint.

Problem 4.

min J(y,u) (OC-BVP2)
st — Ay + (T 2 iGTy 2)Y = Ty 25w in Vp*
and u € [u,u) N L*(Q)

yelyyln

Now, the main theorem about the existence of a solution for the nonlinear

optimal control problem (OC-BVP2) is stated.

Theorem 2.8. Let y be a subsolution of with f = Ty 2%iu and y be a
supersolution of with f = Ty, 2 and suppose y <y. We assume (L1)).

Then the optimal control problem (OC-BVP2|) has a solution (y,u).

Proof. Since the assumptions of Theorem are satisfied for every u € [u,u] N
L?(Q), there exists at least one y € [y,7] for every u € Uy,q which solves (BVP2).
Let (Ym, Um)men be the infimal sequence with

m J(Ym, um) = inf J(y,u).

m—00 uelxlad,yGS(Tvog*iu)

Since L?(f2) is reflexive and [u,u] N L?(Q2) is nonempty, convex, bounded and
closed in L?(Q), the set [u,u] N L?(Q) is weakly sequentially compact. Thus,
there exist a weakly convergent subsequence (U, )merr, M C N, and a weak limit
ug € [u,u] N L3():

Uy, — Up in L*(9). (12)
By the strong continuity of 7y, 2*¢ we can infer
TVO72*ium — 7'\/072*7:11,0 in ‘/E)*. (13)

By assumption, the sequence (zy)menm Wwith 2, := (GTy,2)ym is bounded in
L?(2). Hence there exist a weakly convergent subsequence (2,,)men (w.l.0.g.
M = M’) and a weak limit 2o € L?(2). Tt follows Ty 9*i2,, — Ty, 25120 in Vo™
We consider the linearized boundary value problem

—Ay = Zy, i= Ty 2 (U, — ) 10 V5,

which is solved by y = y,,,. Lax-Milgram’s Theorem (see, e.g., Aufgabe V.6.18 in
Alt| (2006))) yields that the mapping Z,, — y, Vo* — Vj is linear and continuous.
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Hence y,, converges to some limit yo in Vj and with Lemma [2.4] we can observe
that

— Ay, — —Ayo in V™. (14)
From the convergence of 1, to yo in V) we can infer

TV 2Ym — Tvp.2Yo N L2(Q). (15)

Since G: [y, 7] N L*(Q) — L*(Q) and 7y; »*i are continuous mappings (see Lemma

2.4), we have
(75,2 G TV 2)Ym — (14,271 G Ty, 2) Y0 In Vo™ (16)

By (13)

* ¢ * - * ¢ : *
—AYpm + (11, 2" 1G TV 2) Y = Tvp 2 U — Typ 2 iU in V™.

The convergence results in and imply
_Aym + (TVO,Q*iGTVo,Q)ym - _AyO + (TVo,Q*iGTVm?)yO in ‘/0*~

We obtain the equality —Ayg + (7v;,2 G Ty, 2) Yo = Ty, 2 1Uo.

Because () is convex and continuous, it is lower semi-continuous and the level
set {u € L*()]Qu < A} is convex and closed for any A € R. For convex sets
it holds closedness if and only if the set is weakly closed, see Theorem 3.12 in
Rudin/ (1991). This implies the weakly lower semi-continuity of ). Therefore by

and we derive
Hm J(Ym, u) = Im (R7y 2)Ym + Im Qu,, = (R7y, 2)y0 + liminf Qu,,
> (R1vy2)y0 + Quo = J (Yo, uo)

and conclude that the pair (yo, ug) solves Problem (OC-BVP2). O

2.2 Examples

In [Troltzsch| (2009) hypothesis 4.14, including boundedness, locally Lipschitz
and monotonicity conditions, is assumed for the existence of a solution for a
semi-linear optimal control problem (see Theorem 4.15 in Troltzsch| (2009) with
Neumann boundary conditions). Only the case of monotone, locally Lipschitz
functions g is considered. For this kind of problems the corresponding boundary
value problem is uniquely solvable. The following examples show two cases for
which Theorem 4.15 Troltzsch (2009) is not applicable.
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Example 2.9.

min /yd)\g+/ud/\9
Q Q

st —Ay+y =uin0,1]
and 0<u<1, y<y<y
4(0) = y(1) =0

The mapping \/ - is not locally Lipschitz around 0. Choose the subsolution y=0
and the supersolution y = 1. The solution is obviously ug = yo = 0.

Example 2.10.

min / ly — yal” dAo +/ lul> dhg  with yg(-) = sin(-)
0 0

st —Ay+y’ —y—yd=uin[-m,m]
and 0<u<l, Y<y<y

y(=m) = y(r) =0

Choose the subsolution y = yq and the supersolution y = 10. Since y,y €
C?*([—m, m|) we can use the strong formulation:

—Ay —|—g2 —y - Y3, = sin(-) + sin®(+) — sin(+) — sin*(-) = 0
A+ T — 7 —ys =90 —sin?(-) > 1

The obvious solution is given by ug = 0 and yy = yq even though y, = —yq is a
solution of the partial differential equation with right hand side ug = 0, too.

2.3 Approximation of Solutions for Optimal Control
Problems

We are interested in the numerical approximation of a solution of the optimal
control problem . Direct methods, also known as "first discretize -
then optimize” techniques, are based on the transcription of the original optimal
control problem by a sequence of problems in a finite dimensional space. The
optimization is made for the finite dimensional problem. The aim of the present
section is to show the convergence of the sequence of solutions of semi-discretized
optimal control problems to one solution of the original problem. The proof is
based on the techniques used in Theorem [2.8] and Galerkin convergence argu-
ments.

Let y be a subsolution of (BVP2) with f = 7 2*iu and y be a supersolution of
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(BVP2)) with f = 7y, 2 iu. We denote with (o, ug) a solution of (OC-BVP2)) and

with {wy,ws, ...} a basis of V. For n € N we set

Vo' :=lin{wy, ..., w,}, (17)
P,: Vo — Vj the orthogonal projection onto V{", (18)
Tvyn vt Vo'r — Vo the linear continuous embedding of V4" into V; and (19)
Tvor v, s Vo — Vo''* its adjoint. (20)

Since —A: Vy — V* is strongly monotone (see Lemma , the mapping
_An: ‘/0"1 - %n*7 Y= _TV()”,VO*ATVO",V()y
is strongly monotone as well. For all y € V4" it holds

(=D, y) = (A1 vy, Tver ) = cllmven vylly, = el wollop 19ll7,n -

In the following we write 7y, o for the combined mapping 7y, 2 © Ty, v;,. Observe
that Ty,mv,* © Ty 2* = Ty 2 and (v, 2%y, w) = (Tym 2%y, w) for all y € L*(),
w e V"

In the proof of Theorem it was shown that every solution of the auxiliary
problem is a solution of under the assumption that y resp.
7 is a sub- resp. a supersolution. For Problem the theory of pseu-
domonotone operators can be applied. Therefore, it suggests itself to use the
Galerkin method for approximating the solution of the unconstrained problem

(A-BVP2) and not for (BVP2) itself.

Problem 5. Find some y € Vi" such that

<_Any + (TVO”,Q*iGTTVon72)y7 'lU1> = <f7 wz> fOT CLll 1= 1a e,y S Vbn
(BVP2-n)

We denote the set of all solutions of (BVP2-n|) with S,(f) and remark that

these solutions do not necessarily lie in [y, 7].

Theorem 2.11. Assume (|11)). There exists at least one solution of (BVP2-n)).

Proof. As shown in Carl et al.| (2007) the operator —A,, 4+ 7y;,» 2*iGT Ty, 2 defined
on Vi" is pseudomonotone, bounded and coercive. Hence we can apply Theorem
27.A (b) in [Zeidler| (1990Db)). O

Regularity Assumption 2.12. There ezists a subsequence (Yn)nerr, M C N,
with y, € Sn(Tvy2%iug), n € M, and Ty, 2y — Tvy2Y0 in L*(2).

For every n € N we now define the optimal control problem in which y varies
over Vi". The objective functional J is defined as before.
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Problem 6.

min J(y,u) (OC-BVP2-n)
st (=Any + (Tyyn 2 IGT Ty 2)y, wi) = (Tyn 2 iu, wy) foralli=1,....n
and u € [u,u) N L*(Q)

yeW"

Theorem 2.13. Assume . Then the optimal control problem (OC-BVP2-nl)

has a solution (y,u).

Proof. The same arguments as in Theorem [2.§] stay valid. For any infimal se-
quence (Yn)nen the sequence ((GTTyyr2)Yn)nen is bounded due to assumption

[T). 0
Theorem 2.14 (Approximation Theorem). Assume (11)) and suppose Regularity

Assumption . Let the pair (y,,u,) be the solution of (OC-BVP2-n|) for any

n € N. Then there exists a subsequence (Yn, Un)nepcn which converges to some
(o, To) in Vo x (L*(Q))w, where (L*(Q)), denotes the space L*(Q) equipped with
the weak topology. The pair (Yo, o) solves (OC-BVPY).

Proof. Let (yo,uo) be a solution of Problem (OC-BVP2) and v, be a solution
of with right hand side 7y;» 2*iug for any n € N. Due to Assumption
there exists a weakly convergent subsequence (yon)nemcy such that yo,
solves referring to f = 7y, 2iug. Choose a sequence (yy,, Uy, )nen, Where
(Yn, uy) is a solution of for any n € N. Then it holds

J(yn7 Un) S J(yO,na UO)-
The continuity of R implies
nhj{.lo J(Yon, o) = (R7vp.2)y0 + Quo = J (Yo, uo).

Now we consider the associated subsequence (y,, t,)ners- As shown in the proof

of Theorem we obtain a subsequence (up)ners (w.lo.g. M’ = M) and a
function g € [u,u] N L*(Q) with

Uy, — Gp in L*(£2). (21)

The following arguments are similar to those in the proof of Theorem [2.8|
Because the sequence (2, )nen With z, := (GT7y, 2)y, is bounded in L*(Q) (as-
sumption ((11))), there exist a weakly convergent subsequence (z,)nenr and a cor-
responding weak limit zy € L*(Q2). It holds 7y, o*i(un — 2,,) — Tvp2%i(tig — 20) in
Vo*. We consider the linearized Galerkin equations

(—Ay,w;) = (—Apy, wi) = (Tvpn 2" (Un — 2n), W)
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forall =1,...,n and y € V", which are solved by y = y,,. Now we can apply
Lemma since —A is strongly monotone (see Lemma . There exists some
Jo € Vo with

Yn — o in V. (22)

The mapping 7y, 2 iGT 1y, 2: Vo — W is strongly continuous (see Lemma ,
hence it is

(712 1GT Ty 2)Yn — (Tvp 2 IGT Ty, 2)T0 in Vo™ (23)
Choose any ¢ € V; and fix some ng € N. Then we have

(—Ayy + (11, 2" 1GT Ty 2)Yny Prg®) = (Tvg.2 0, Py @) — (Tvp 2 100, Py ).
With Lemma and we get:

(=Ayn + (Tv 2 1GT TV 2) Y, Prg®) — (= Ao + (T 2" 1 GTTv;,2) 50, Py @)
We obtain

(—AYo + (T, 2" 1GT Ty, 2)Yos Pry®) = (Tvp 2 100, Pry¢p) for all ng € N.
With P,¢ — ¢ in V) we have

(—Ao + (Tv,,2 G Ty 2) 0o, Pad) — (—AGo + (Tv4,2 G T Ty 2) 00, &)

and (7y, 2 1o, Pr@) — (v, 2 1o, @)
and therefore
— Ao + (Tv, 2 1GT Ty, 2) o = Ty 2 0o in V™.
Together with and it holds:
(o, o) < 1im (Y, ) < 1im T (Yo,n, 10) = J(yo, o).
O

Remark 2.15. In general we can not show that 1y resp. iy and yo resp. uy are
equal. The same situation appears for the boundary value problem itself. For the
Galerkin approximation of the solution of any pseudomonotone, bounded and co-
ercive operator equation, we only can show the weak convergence of a subsequence
to one solution (see Theorem 27.A in|Zeidler (1990b)).



16

3 Optimal Control Problems for Semi-linear
Elliptic PDEs with General Boundary
Conditions

3.1 Existence of Solutions for Optimal Control Problems

3.1.1 Motivation

Let I'y and T'y be a disjoint decomposition of the Lipschitz boundary I'. Denote
Vi={y € W"2(Q)| vy = 0 on 'y} C WH(Q),

where the topology is induced by W12?(Q) and V is closed, see Lemma . It
holds

Wy (Q) CV C Wh2(Q).

The embeddings Ty12()2 and 7ys of W2(Q) resp. V in L*(Q) are compact,
since the embedding of W'2(Q) in L*(12) is compact, see Lemma [8.1]

For a Carathéodory function g: 2 x R — R and a sufficient smooth function
f: € — R we consider a mixed boundary value problem in the strong formulation:

Problem 7. Find some y € C*(Q) N C(Q) such that

—Ay+go(id,y) = f in (BVP3)
d,y+y=0only
y=0onTy

The mapping id: 2 — €0, x — x denotes the identity.
Choose any ¢ € C*(Q2) with ¢ = 0 on I'y. We assume that y solves Problem
(BVP3|), apply the integration by parts formula and use that d,y +y =0 on I'y:

| au+gotidgodn=-[

I

Dy & dAr — / Dy b
1)
—|—/Q Vyv¢d)\g+/g(go(id,y))¢d)\g.
:—/ &,yqﬁd)\p—l—/ Vy Vé drg
1N Q
+/Q<go<z'd,y>>¢dm+/r yédir.

Since ¢ = 0 on I'y we obtain the following condition:

/QVngbd)\Q—l—/Q(go(id,y))gbd)\g—i—/Fy<bd>\p:/gf¢d)\g. (24)
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3.1.2 Operator Equation

We assume that V' is some arbitrary closed subset of the space W12(Q) satisfying
Wy?(Q) CV C W2(Q). For f € V* and the operators A: V — V* y — Ay
and G, specified below, we consider the following nonlinear operator equation:

Problem 8. Find some y € V such that

Ay + (1v2"iGrya)y = f in V* (BVP4)
Definition 3.1 (solution). The function y € V is called solution of if
(Grva)y € L*(Q) and

(Ay + (1v2"iGTv2)y, ¢) = ([, ¢) for all p € V.

To derive existence results for Problem (BVP4)), we formulate the following
conditions:

(HA) There exists some symmetric bilinear form
a: WH(Q) x WH(Q) — R, (y,2) — a(y, 2)
with a(y,y") = a(y",y") for all y € W"?(Q) such that the operator
AV =V y—aly,-)

is continuous and strongly monotone.

(HG) There exists some Carathéodory function ¢g: 2 x R — R such
that the operator G is the corresponding Nemytskii operator
given by

Gy (x) = g(z,y()).
We remark that for y € W2(Q) it follows y™ € W2(Q), see Lemma 1.19 in
Heinonen et al.| (1993).

Example 3.1. Let A = (A;;);j=1..~n be a symmetric matriz with components in
L>(Q) and assume that A is uniformly positive definite, i.e. there exists some
positive oy € R:

CA(x)¢ > oo ¢ Na(dz)-a.e. for all ¢ € RY, (25)
i.e. the uniform ellipticity condition (compare, e.g., |Troltzsch (2009) p.30) is
satisfied:

N
D Ay(@)iG = ao¢® Aa(dx)-a.e. for all ¢ € RN,

ij=1
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Let 'y and 'y be a disjoint decomposition of the Lipschitz boundary I' and choose
Vi={y € W"2(Q)| vy = 0 on Ty}. A general linear elliptic differential operator
AV = V* y— Ay is given by

(Ay, o) :=/ Vy’AV¢d/\Q+/ Coy¢d>\ﬂ+/a72y’72¢d>\r pevV,
Q Q

r

(26)

where ¢y € L>®(Q), cg > 0 on Q, o € L>®(") and a > 0 on 'y and one of the
following conditions is satisfied:

Z) /\p(FQ) >0
ii) fQ Cg dq + fF a? dA\r >0

Analogously to Satz 2.7 in |Troltzsch (2009) we obtain that the general linear
elliptic differential operator A is continuous and strongly monotone. The sym-
metry of the corresponding bilinear form is obvious. Moreover, it holds a(y,y™) =

a(y™,y") for ally € WH2(Q).

Proof. A is symmetric and uniformly positive definite. Thus there exists some
matrix B = (B); =1~ With components in L>°(2) and

A= B'B.

We show at first that A is continuous. Since the trace operator ~o: Wh2(Q) —
L3(T'), y = 72y is bounded (see Lemma [8.3)), it holds:

/ CyY ¢ dq
Q
/Q (BVy) (BVS) dra

+ el ooy 12yl 2y (2@l 2y
< 1B 7o IWllwr2@) lollwr2)

[(Ay, )| < + -

/ Vy' AV dig
Q

/ a2l Yop dAr
r

< + llcoll o) ¥l L2 191 L2 ()

+lleoll =) [yllwrz) [[0lwi2 @)
+ [leell ooy 172llBp 1llwr ) 10l 2@
< c|lyllwrz) [|0llwr2)

where

¢ = [[Blls) + leollz=@ + lalli=w) [12llop
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and ||B||zec(0) = max; j—1_.~ || Bi;l L) . Therefore, we get
[ Ay [l w20+ Ay, ¢
[Allop = sup LAV _ gy gy AL
vev  Wllwrze)  yeveev [[yllwrzg) |9llnrz@)

<c

< ¢ H?/HW1,2(Q) H¢HW1’2(Q)
< sup sup
vev oev [Yllwiz) |llwrz)

Now we show that A is strongly monotone. For the next argumentation we follow
Troltzsch (2009), p.29. Since (i) or fii) holds and
lyll2 == ||V?/||%2(Q) + ||72?/||%2(r)

defines an equivalent norm on W2(Q) (see [Carl et al.| (2007) p.39), there exists
some ¢ > 0 so that

(Ay,y) = / Vy' AVy dig + / coy’ dhg + / a Y2y dAr
Q Q

T

zao/ Yyl dAQ+/ cOdeAQ+/ oy dAr
Q Q T

> cllyllfe) -

We applied . For the derivation of ¢ > 0 see p. 29, 30 in [Troltzsch| (2009).
Since A is linear, the last inequality is equivalent to the property of strong mono-
tonicity of A. Moreover, by I,~03Vy = Vy* and (72y)" = vy™ (see Example
2.86 in |Carl et al. (2007)) or Theorem 2.8 in |Chipot, (2000)) it holds

a(y,?ﬁ):/ Vy’AV?ﬁdAmL/ COyy+dAQ+/ayy+dAr
Q Q T

= / Vy AVyT dig + / coyy dAg
{y>0} {y>0}

+ / a vy Yoy dAr
{y2y>0}

= / Vyt AVyTdAg + / oyt yTdrg
{y>0}

{y>0}

=+ / ayey vyt dAr
{72y>0}

_ / Yyt AVyt drg + / oyt yt dra + / oy Yoy A
Q Q I
=a(yt,y") for all y € W(Q).
]

The definitions of sub- and supersolution follow analogously to the previous
section.
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Definition 3.2 (subsolution). The function y € W*(Q) is called subsolution of
BVP4|) if (Grwi2)2)y € L*(Q), (y—y)T €V forally eV and

a(g, o) + <<TV72*Z-GTwl,2(Q),2)g, o) < {(f, ) forallp €V N Li(Q) (27)

Definition 3.3 (supersolution). The functiony € W42(Q2) is called supersolution
of (BVPJ) if (Grwrzi2)y € L*(Q), (y—y)" €V for ally € V and

a(F, d) + (v iGTwr2(0)2)Y, ¢) > (f, @) for all p € V N Li(Q) (28)

Remark 3.2. The condition "(y—7y)* € V for ally € V7 replaces the condition
“voy > 0 on I'7 in the case of Dirichlet boundary conditions.

Let V= {y € W'(Q)|y2y = 0 on Ty} be chosen as in Section[3.1.1, where I'y U
[y is a disjoint decomposition of the Lipschitz boundary T'. By y,y € WH(Q) we
have (y —y)t € WH%(Q), see Lemma 1.19 in|Heinonen et al.| (1993). Moreover,
vy > 0 and vy = 0 on Ty imply that v(y —5) < 0 on T's. Hence it holds
Y2(y —7)T =0 on Ty and therefore (y —y)T € V.

The following theorem states an existence result for Problem (BVP4)) and is a
slight generalization of Theorem 3.4 in Carl et al.| (2007). In the proof arguments
of (Carl et al.| (2007)) and Bauwe| (2007)) are applied.

Theorem 3.3. Assume (HA) and (HG)). Lety andy be a sub- and a supersolu-
tion of (BVP4) that satisfy y <y and assume that there exists some kg € L2 (Q)
with

(Gy)(@)| < ka(@) Aalda)-a.e. for ally € [y,5] N LA(Q). (29)
Then there exists at least one solution of which lies in [y, 7].
Proof. We consider the following auxiliary problem
Ay + (tv2"iGTryo)y=f in V7", (A-BVP4)

where T is the truncation operator defined in Lemma [2.4, Since T" and G are
continuous (see Lemma [2.4) and 7v5 and 7v9*i: L*(Q) — V*, y — 1y2%iy with

<Tv,2*iy> ¢) = (y, ¢)L2(Q)

are strongly continuous mappings (see Lemma , the operator 79" 1GT'Ty 2
is strongly continuous. Observe that the strong monotonicity of A implies the
pseudomonotonicity of the operator A+ 72 iGT Ty 2, see Proposition 27.7 (d) in
Zeidler| (1990b).
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The mapping A + 7v2*iGT'1y 2 is coercive, since A is strongly monotone and
Tv2*iGT'Ty2 is bounded uniformly w.r.t. y due to (29):
(Ay + (1v2"iGTv2)y,y) = cllylli = lkallzze lyllv

where ¢ is some positive constant. A is linear and continuous and 7y, iGT'1y 2
is bounded uniformly w.r.t. y. Thus, the operator A + 7y2*tGT'1y 5 is bounded.
Now we can apply Theorem 27.A in Zeidler (1990b)) and obtain that the auxiliary

problem (A-BVP4) has a solution.
We show that every solution of (A-BVP4) lies in [y,%]. Let y be any solution of
(A-BVP4)) which is equivalent to

(Ay + (1v2"iGT1v2)y, ¢) = (f,¢) forall ¢ € V.

Subtracting the inequality for the supersolution yields

a((y =), ¢) + (72" iGT1v2)y — (Tv2"iGT 120 2)¥, ¢) < 0 (30)
for all ¢ € VN L2 (Q). For ¢ := (y —7)* € VN L3 (Q) we have

(1v2"iGT1v2)y — (Tv2" iGT T2 2)Y, (y — 7)) =0,

since ((1v,2*iGTTv2)y — (Tv2 IGT T 12(0) 2)T) | {(y—7)+>01 = 0. Testing with
(y — 7)™ € V and making use of (H.A)) the last equation implies
0<clly =9 vz <Ay -9 -0 =ally-9" -7")
=ally=7),(y=9)") <0
and hence |[(y = 9)* {12 =0, le. y < 7.
The proof of y < y follows with the same arguments. Since every solution of the

auxiliary problem (A-BVP4) lies in [y, 7], it solves (BVP4), too. ]
By strengthening condition , the continuity of every solution of (BVP5|)

can be shown.

Proposition 3.4 (Continuity result). Let uw € L"(Q2), r > max{N/2,2} and r’
its conjugate exponent. We consider the following

Problem 9. Find some y € WY%(Q) such that g o (id,y) € L"(Q) and
Ay + TW1,2(Q)7LT/(Q)*T:Q o (Zd, y) = TW1,2(Q)’LT’(Q)*Z.U m Wl’Q(Q)*, (BVP5)

where A s the elliptic operator defined in and i: L"(Q) — L (Q)" denotes
the isomorphism. We assume that the coefficients A;j, 1,7 = 1,...N, are in
CHQ) and fQ c2dhqg > 0. Let y and y be some corresponding sub- and superso-
lution with y <. In addition, we suppose that inequality (29) holds with k¢ in
L’ (2). Then there exists at least one solution of Pmblem which has a
representation lying in [y, 7] N C(£2).
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Proof. Applying Theorem 3.3/ yields the existence of a solution y € [y, y]N L3 ().
Hence it holds

Ay = Tynaq) ) i(u — g o (id, y)),

where the right hand side u — g o (id, y) lies in L"(€2). The statement y € C(Q)
follows from Theorem 3.1 in |Casas| (1993). O

3.1.3 Optimal Control Problem
For f € V*, we denote the set of all solutions of (BVP4)) which lie in [y, 7] by

S(f). Let y, 7 € W"*(Q) and u, w € L*(Q2) with y <7 and u < . Assume the
following properties of the objective functional J.

M) J: ([y.y]NV) x ([u, ] N L*(Q)) — R satisfies the condition:
From y, — y in V with (yn)nen C [y, 7] NV and u,, — u in L*(Q)
with (un)nen C [u, 1] N L*(Q) it follows J(y,u) < liminf J(y,, u,).

Now we consider the following optimal control problem:

Problem 10.

min J(y,u) (OC-BVP4)
s.t. Ay + (1v2"iGTy2)y = Tvo iu in V*
and u € [u,u] N L*()

y€ly,ynVv

According to Theorem [2.8]in Section [2] it holds:

Theorem 3.5. Assume (HA|), (HG)), and (HJ). Let y be a subsolution of
\BVPJ) with f = 1y2%iu and § be a supersolution of (BVP/) with f = 1yo*iu
and suppose y <y. Then the optimal control problem (OC-BVP4) has a solution

(y, u).

Proof. The same arguments as in the proof of Theorem hold. The properties
of the embeddings are the same, since V' forms as well as VVO1 2(Q) a closed sub-
space of W12(Q). Applying Lax-Milgram’s Theorem on A, the inverse A~! exists
and is continuous. Thus, for any sequence (Z,,;)mency With Z,, — Z in V* we
obtain that the sequence (Y )men With vy, := A7'Z,, converges to y := A™1Z
in V. ]
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3.2 Approximation of Solutions for Optimal Control
Problems
Let y be a subsolution of (BVP4)) with f = 7y2*iu and i be a supersolution of

(BVP4) with f = 7y»*iu and suppose y < 7. We denote with (yo,ug) a solution
of (OC-BVP4)) and with {wy, ws, ...} some basis of V. For n € N we set

V= lin{w, ..., w,}, (31)
P,: V — V the orthogonal projection onto V", (32)
Tyny: V" — V the linear continuous embedding of V" into V and  (33)
Tyny ™ V5 — V™ its adjoint. (34)

In the following we write Tyn o for the combined mapping 72 o Tyn 1. Observe
that Tyn y* o Tyo* = Tymo* and (Tyo*iy, w) = (Tyn %y, w) for all y € L*(),
weVn.

Since A: V' — V* is strongly monotone by assumption , the mapping

A V=V gy 1ty y Aty vy
is strongly monotone as well:

(Any,y) = (Arvayvy, Tvevy) = vyl = cllylli. for all y € V™.
With these definitions we can formulate the following semi-discretized problem:

Problem 11. Find some y € V"™ such that

<Any + (TV”,2*iGTTV",2)y7 wz) = <fa wz) fOT’ (I” 1= 17 R I € Vn
(BVP4-n)

We denote the set of all solutions of (BVP4-n|) with S,,(f).

Theorem 3.6. Assume (HA), (HG) and (29). There exists at least one solution
of (BVPJ1).

The proof is analogous to Theorem [2.11]

Regularity Assumption 3.7. There ezists a subsequence (Yn)nem, M C N,
with y, € Sp(Tva*iug), n € M, and Tyay, — Tyayo n L*(9).

Problem 12.
min J(y,u) (OC-BVP4-n)
s.t. (Apy + (Tyn 2IGT Ty 2)y, wi) = (Tyn 2 tu, w;) foralli=1,....n
and u € [u,u) C L*(Q)
yeVv”"



24

Theorem 3.8. Assume (HA), (HG)), and (HJ)). Then the optimal control
problem (OC-BVP4-n|) has a solution (y,u).

According to Theorem in Section [2] it holds
Theorem 3.9 (Approximation Theorem). Assume (HA), (HGJ), and (HJ))

and suppose Regularity Assumption (3.7). Let the pair (y,,u,) be a solution of

OC-BVP/-n|) for any n € N. Then there exists a subsequence (Yn, Un)nercn

which converges to some (4o, o) in V X (L*())w, where (L*(Q))., denotes the
space L*(Q) equipped with the weak topology. The pair (o, tg) solves (OC-BVPJ)).

The proofs of the last two theorems are analogous to Section [2]

4 Optimal Control Problems for Quasi-linear
Elliptic PDEs

4.1 Existence of Solutions for Optimal Control Problems

Let Q@ C RY be a bounded domain with Lipschitz boundary I'. We assume
that V' is some closed subspace of WP(Q), 1 < p < oo, % +% = 1, with
WyP(Q) €V C W(Q). The embedding of WP(Q) in LP(Q) is compact.

Let a: W'?(Q) x W'?(Q)) — R be the semi-linear form given by

N 96
ol0.6)= > [ aiid,y.99) 5% dra, (3)

i—1 Y/ L
where a;: @ x R x RY, i =1,..., N denote the coefficient functions. The map-

ping A: V — V* y +— a(y,-) denotes the associated operator. We suppose the
following assumptions including the Leray-Lions conditions for the functions a;
which guarantee important properties of the operator A (compare, e.g., Theorem
2.109 in |Carl et al.| (2007)):

(H1) Carathéodory and Growth Condition: Every coefficient a;, i = 1,--- | N
satisfies the Carathéodory conditions, i.e.

- a;(+, 5,¢) is measurable for all (s,¢) € R x RY and

- ai(z,-,-) is continuous for a.e. x € Q.

There exist some constant co > 0 and a function ky € L2 (Q) with

lai(, 5, Q)] < ko(w) +colls]™ + [,
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(H2) Monotonicity Type Condition: The coefficients satisfy the monotonicity
condition w.r.t. ¢, i.e.

N

Z(ai($’ 3>C) - ai(fxﬁ S>C/))(Ci - Czl) >0

i=1
for a.e. x € Q, for all s € R and all ¢, ¢’ € RY with ¢ # (.

(H3) Coercivity Type Condition: There exist some constant ¢; > 0 and a func-
tion k; € L*(Q) with

ai(l‘7 S, C)Cz > |g|p - ]{?1<1')

i=1

for a.e. x € Q), for all s € R and all ( € RV

(HG) There exists some Carathéodory function g: 2 x R x RY — R
such that the operator G is the corresponding Nemytskii operator
given by

Gy(z) = g(z,y(z), Vy(z)), yeW"P(Q).

Remark 4.1. An operator A which satisfies these Leray-Lions conditions (—
(b@) 15 not necessary coercive. For example, the p-Laplacian

Ay VSV gy / IVy[P 2 Vy V- dig
Q
satisfies (b@) and is uniformly monotone for V = Wol’p(Q). Hence it is coercive

for 2 < p < oo in this case. If Wy P(Q) C V = WhP(Q), then the p-Laplacian is
not coercive: Choose a sequence (Yp)neny C R with |y,| — oo in R. Then

n—oo  |[ynllwir)

But in this case an auxiliary problem can be formulated which is described by a
coercive operator. Therefore, a penalty term has to be introduced which requires
the existence of a sub- and supersolution, see the definition below. Moreover, every
solution of the auziliary problem lies in the interval of the sub- and supersolution.
Thus it is a solution of the original problem, too.
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Let the isomorphism ¢ and the embedding operator 7y, be defined as in Subsection
8.2 Now we examine the solvability of the following quasi-linear PDE for f € V*:

Problem 13. Find some y € V' such that
Ay + (v, 1G)y = f in V* (BVP6)
Definition 4.1 (solution). The function y € V is called a solution of Problem
if Gy € L) and
(Ay + (v, iG)y, @) = (f,¢) for allp € V.

As in the previous chapters, the terms sub- and supersolution play a key role
in the proof of the existence of some solution for (BVPG)).

Definition 4.2 (subsolution). The function y € W'?(Q) is called a subsolution
of Problem if Gy e LY(Q), (y—y)" €V forally €V and

a(y, @) + ((1vp"iGQ)y, ¢) < (f, @) for all g € V N LE(Q).

Definition 4.3 (supersolution). The function y € WP(Q) is called a supersolu-
tion of Problem ifGye LYQ), (y—9)T €V forally €V and

a(y, ) + ((1vp"IG)Y, ) = (f,d) for all € V N LE(Q).
Now the existence of a solution of (BVP6)]) is stated.

Theorem 4.2. Assume ( - ([1@) and (HG)). Let y and § be a sub- and
a supersolution of satisfying y < ¥ and assume that there exist some

ke € L2(Q) and some constant ¢ > 0 with

lg(x, 5,0)| < kg() +cq |CP~" for all s € [y(z),7(x)] Ao(dz)-a.e. and ¢ € RY.
(36)

Then there exists at least one solution of which lies in [y, 7y].

For the proof we refer to Theorem 3.17 in |Carl et al.| (2007)), in which the
proof is given for V = VVO1 (). The case for arbitrary V' is along the same lines.
The next lemma yields some technical results and generalizes the statement from

Lemma .
Lemma 4.3. a) Let a,b € W' (Q) with a < b. The truncation operator
T: LP(Q) — LP(Q) resp. T: WHP(Q) — WP(Q) given by
b(x) if ylx)>b(z)
Ty(x) =< ylx) if a(zr) <y(r) <b(z) (37)
a(z) if  ylz) <a(z)

18 continuous and bounded.
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b) The Nemytskii operator B: LP(Q)) — L1(Q2) given by the Carathéodory func-
tion b: Q@ x R — R with

(s — b(z))P~t if s> b(x)

b(z,s) =1 0 if  a(x) <
—(a(z) — )Pt f  s<alx)

< b(x) (38)

18 continuous and bounded. Moreover, the inequalities

[6(2, )] < cpa(lal@)] + [b(x) )P~ + e s (39)
and
[ elid gydra = callylly ) — O (40)
Q
hold for all y € LP(S2), where ¢ := cp% —ecand ) <e< cp% is arbitrary. The
constants ¢, and c,o are defined by 7
B 2. 1<p<?
Cp’l_{ 2l 2<p<oo (41)

and
1, 1<p<?2

C”’2:{2p‘2, 2<p< oo’

Cw denotes a constant given by

1
Co= (4 =) +20.) (Il + W) 89

D,2

(42)

= —a/pl
where Ce := (ep) 7.

For the proof Of@ we refer to Lemma 2.89 in |Carl et al.| (2007)) resp. Lemma
1.22. in |Heinonen et al| (1993). The last part of the lemma is proven in the
Appendix.

In the following, the operators T" and 8 are defined with a := y and b :=7. In
the proof of Theorem 3.17 in [Carl et al| (2007) it is shown that every solution of
the equation

Ary 4+ M1vp iB1v,)y + (TvpiGT)y = fin V* (A-BVP6)

solves (BVPG|) as well. Here, A denotes a positive constant and the operator Ay
is given by

N
0
(Ary, @) = ;/ﬂ a;(id, Ty,Vy)a¢ d)q. (44)

€T
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In Theorem 2.109 in |Carl et al.| (2007) it is shown that under the boundedness
condition the operator A+ (7v,,"1GT) satisfies the S, -property which plays
a key role in the later proof of the existence of a solution for the optimal control
problem. We remind the definition of the S, -property, see, e.g., |Zeidler| (1990b)
27.1.:

yn — y and limsup(Ay, — Ay, y, —y) < 0 imply vy, — .

For example, every uniformly monotone operator has the S, -property, see ex-
ample 27.2. in |[Zeidler (1990b). Every p-Laplacian, 1 < p < oo, defined by
A, WaP(Q) — WP (Q), y — div(|Vy[P~* Vy), is uniformly monotone. We re-
fer to (Carl et al.| (2007)).

Let y, 7 € V and u, u € L(2) with y <7 and u < u. Assume the following
properties on the objective functional J.

M) J: ([y. 7] NV) x ([u,u] N LYQ)) — R satisfies the condition:

From y, — y in V with (yn)nen C [y, 7] NV and u,, — u in L(Q2)
with (u,)nen C [u,u] N LY(Q) it follows J(y, u) < liminf J(y,, u,).

With these definitions we can formulate the following optimal control problem.

Problem 14.

min J(y, u) (OC-BVP6)
s.t. Ay + 1y, iGTy = 1y,%u in V*
and u € [u,u] N L)

yElyynVv

For f € V* we denote the set of all solutions of (BVP6|) lying in [y, 7] with
S(f). In the later proof of the existence of a solution for Problem (OC-BVPG6)
we make use of the following statement.

Lemma 4.4. Let X be some Banach space and A: X — X* a coercive operator,
1.€.

(Ay,y)
_)
lyllx —oo ||yl x

Moreover, assume that the equations
Ay, = fn, n €N (45)

are satisfied for some given sequences (Yn)nen C X and (fn)neny C X*, where the
sequence (fn)nen 1S assumed to be bounded in X*. Then (Y, )nen 1S bounded.
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Proof. Assume that the sequence (y,)nen is unbounded. Then there exists some
subsequence (Yn/)nen, M C N, such that lim, . ||yn|x = 00 and [|yu]|x >0
for all n” € M. By we obtain

(AYnr, Y )

1 llop lymllx = (s ) = (A ynr) = llyme | x
1yl x

and hence by the coercivity of A

(Ayw o)

[ fallop =
Pyl

?

which is a contradiction to the assumption of boundedness for the sequence
(fn’)n’eM . L

Now we derive an existence result analogously to Theorem 2.8/ In contrast
to the case when A is a linear operator, we can not apply the Theorem of Lax-
Milgram. Instead we use a technique which, for example, has been applied in the
proof of Theorem 4.31 in |Carl et al.| (2007).

Theorem 4.5. Let y be a subsolution of with f = v, iu and § be a
supersolution of (BVPG) with f = 1v,*iu. We suppose y <y and assume ( -

(H3), (HG), and (HJ). Then the optimal control problem (OC-BVPG) has

a solution (y,u).

Proof. We define the operator Ar: V' — V* as in (44]) and consider the following
related auxiliary problem:

min J(y, u) (A-OC-BVP6)
s.t. Ary + AN7v, 1B 7v,)y + (v, 1GT)y = v, u in V*
and u € [u,ul N LI(Q)
y€ly,ynV

The constant A > 0 satisfies

Gq) _p/qCG

A > ( , where € < a (46)

DPCsy Ca

Since every state in [y, 7] solves (BVP6)) if and only if it solves (A-BVPG6)), every
solution of the optimal control problem (A-OC-BVP6) is a solution of the optimal

control problem (OC-BVPG6). As shown in the proof of Theorem 3.17 in |Carl
et al.| (2007)), the equation (A-BVPG) is solved by at least one y € V satisfying
y € [y,7]. Hence for every u € [u,u] N L(S2) there exists at least one y € [y, 7]
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solving (A-BVP6)). Let (Y, tm)men be the infimal sequence of Problem (A-OC-]
BVPG) with

Hm J (Y, ) = inf J(y,u),

m—o0 wEluTNL(Q),y€S A (ry i)

where S, (f) denotes the set of all solutions of (A-BVPG) lying in [y, 7] with right
hand side f.

Since L%(2) is reflexive and [u,u] N L(£2) is nonempty, convex, bounded and
closed in L%(€2), the set [u,u] N L) is weakly sequentially compact. Thus
there exist a weakly convergent subsequence (uy,)men, M C N and a weak limit

Uy € Lq(Q), ie.
U, — U in LY(9). (47)

The weak closedness of [u,u] N L(2) implies uy € [u,u] N L($2). By the strong
continuity of 7y,,*i we can infer

Typ WU — Ty, g in V™. (48)

As shown in the proof of Theorem 3.17 in [Carl et al. (2007)) the mapping Az +
ATy tB71y,) + Ty, iGT: V. — V* is coercive. Hence the sequence (Y, )menr is
bounded in V' since (7y,* it )menr is bounded, see Lemma . By the Eberlein-
Smulian Theorem there exists some subsequence (y,,)y which is weakly conver-
gent in V:

Ym — Yo in V. (49)

The limit v,y lies in [y, 5] N LP(£2) since the embedding 7y, is compact and the
set [y, 7] N LP(Q) is closed. By Theorem 2.109 in |Carl et al.| (2007) the operator
Ap + v, iGT satisfies the S, -property. If we can show

lim sup((Ar + 7v,, i GT) Y, Ym — Yo) < 0,

then it follows the strong convergence v, — 1o in V.
The convergence in vields Tv,ym — Tvpyo in LP(Q2). The continuity of the
operator B: LP(Q2) — L(Q) (see Lemma [4.3)) and imply

<(~AT + TV,p*iGT)yma Ym — y0> = <7-V,p*ium - ATV,p*i%TV,pymu Ym — y0>

= / (um - /\%Tv,pym) 7-V,p(ym - yO) d)\ﬂ
Q

— 0
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and hence v, — yo in V. By the continuity properties of Ap, B and 7y,,*:GT,
see Theorem 2.109 in (Carl et al| (2007) and Lemma we obtain

ArYm + M1y, 1B 7V, )Y + (v, iGT) Y,
— Aryo + M1vp 1B 7vp)yo + (Tv,, iGT )yo in V™.

Therefore, by and (HJ) it holds

J (Yo, ug) < Hminf J (Y, ).

]

Remark 4.6. The constant A has to be sufficiently large. If \ satisfies condition
, the coercivity of the operator defining equation (A-BVP0) is guaranteed.

This can be seen by the relations

(Ary,y) > ClHVyH]Zp(Q) = [[F1ll Lo
(v iB7vp)y, y) = csllyllip) — O
<(7'V,p*iGT)y»y> < HkGHLQ(Q) ||y||LP(Q) + CG||VT?J||Z£;(IQ) ||y||LP(Q)
< kGl oy 19l Loy + cacoll [Vy] + VG o) 19l o)
+ CGHVyHIIi;(lﬂ) 1yll e (o
< (Mgl ey + cacoll [Vyl + 1951 2ty ) 1l ogey
+ ol Tullng + ol

with € < <+ and C. := (eq)™P/7% and
e p

1, 1<p<L2
e = 2, 2<p<3 . (50)
272 3<p<oo

These inequalities imply the following relation:
<(.AT + TV,p*i%TVJJ + Tup*iGT)y, y>
> (1 = ca)IVyll7a) + (Aes = ccCllyllaq) — IkllLig) — Co

— (Il +cocall [V3] + 191 15k ) 1l oiey

4.2 Existence of Solutions for Extended Optimal Control
Problems

In (OC-BVP6|) we have considered pointwise state constraints described by the
sub- and supersolution. We now admit generalized pointwise state constraints.
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The boundedness assumption for G on [y, 7], see , has to be modified accord-
ing to a condition referring to the considered admissible states. Let Y := [yy, yo]
with y1, y2 € WHP(Q) and y; < y» and denote Y (z) := [y1(x),y2(x)] for z € Q.
The optimal control problem we are now interested in has the following form:

Problem 15.

min J(y,u) (OC-BVP6-G)
s.t. Ay + 1,5 1Gy = Ty piu in V*
and w € [u,u) N L)

yeYnv

Assumption (HJ|) has to be adapted to the set Y.

(HJ) J: (YNV)x ([u,a] N L)) — R satisfies the condition:
From y, — y in V with (yn)ney C Y NV and w,, — u in L4(Q)
with (up)neny C [w, @] N LY(Q) it follows J(y,u) < liminf J(y,, u,).

We now state the existence theorem for Problem (OC-BVP6-GJ).

Theorem 4.7. We suppose (Hi) - (H3), (HG) and (HJ). Assume that there
exists at least one u € [u,u] N LI(QY) such that has a solutiony € Y NV

Moreover, we assume that there exist some kg € LL(2) and some constant cg > 0
such that

l9(,5,0)| < kalz) + e |¢)P™" for all s € Y(z) Ao(dz)-a.e. and € RY.
(51)

Then the optimal control problem (OC-BVP6-G)) has at least one solution pair
(v, u).

Proof. We set the truncation operator T: WP(Q) — WP(Q) resp. T: LP(Q2) —
LP(Q)) given by

_ yox) if y(z) > ya(w)
Ty(z) =< yl@) if yi(2) <ylo) <ylv)
yi(x) if y(z) <wyi(z)

The Nemytskii operator B: LP(Q) — L(Q) is given by the Carathéodory func-
tion b: 2 x R — R with

(s — yo(x))P~1 if s> ()
b(z,s) =< 0 if yi(z) <s <o)
—(p(x) =8Pt if s < ()
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By assumption, there exists at least one solution of (BVP6|). Hence there exists
for at least one u € [u,u] N LI(2) a solution y € Y NV of the equation
A7y + A By + (1v,"iGT)y = 7, %iu in V*, (52)

where Az is defined analogously to and A > 0 satisfies . Moreover,
every solution of with y € Y is a solution of (BVP6)). Hence the problems
(OC-BVP6-G)) and

min J(y,u) (A-OC-BVP6-G)

st Azy + M7y, i1B1v,)y + (1v,5GT)y = 7y, u in V*

and w € [u,u] N LY(NQ)

yeYnvV

are equivalent. The operator Az + 7y,*iGT: V — V* is bounded and contin-
uous. The mapping Az + A7y, *iB71y, + 7v,"iGT is coercive and satisfies the

S -property, see Theorem 2.109 in |Carl et al.| (2007). The further proof is now
along the lines of Theorem [4.5] O

Remark 4.8. i) There may exist solutions y € V' of equation (@ with u €
[w, @] N LI(Q) which do not lie in [y1,ys]. In the case that y, and yo are sub-
resp. supersolutions, it holds y € [y1, ya].

i) Foru, ue LYQ) resp. LYI") let U = [u,u] N LY(Q) or U = [u,u] N LIT)
(in the case of no Dirichlet boundary conditions) and consider the optimal
control problem

min J(y, u) (53)
s.t. Ay + 1y, Gy = 1y,"Bu  in V*
and ue U
yeYnV.
Here, the operator B: U — LP(Q)" is assumed to be weakly continuous. The
existence of an optimal pair can be proven analogously to Theorem [{.7]

We now consider the case of one-sided pointwise state constraints. Let Y =
(—o0, 1] resp. Y = [y, 00) with y; € WHP(Q) and introduce the abbreviations
Y(z) := (—o0,y1(x)] resp. Y(x) := [y1(x), 00). The optimal control problem with
one-sided pointwise state constraints reads as follows.

Problem 16.
min J(y,u) (OC-BVP6-G2)
s.t. Ay + v, Gy = 1y, in V™
and u € [u,u) N L)
yetYNnvV
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Under appropriate assumptions, the existence for a solution of (OC-BVP6-
G2|) can be proven.

Theorem 4.9. We suppose (HI|), (H3), (HG) and (HJ). Assume that there
exists at least one u € [u,u] N LY(Q) such that has a solutiony € Y NV

Moreover, we assume that there exist some positive constants ¢1 and Cy with

(Ay,y) = allylly, = Cr for ally €V (54)
and some kg € L% (Q) such that
l9(z,5,0)| < kg(z) for all s € Y (x) Ag(dz)-a.e. and ¢ € RY. (55)

Then the optimal control problem (OC-BVP6-G2)) has at least one solution pair
(y, u).

Proof. We set the one-sided truncation operator T: W'P(Q2) — WLP(Q) resp.
T: LP(Q) — LP(Q) given by - if Y = (—o00, y1]

= )i y(2) > ()
Ty(z) == { yz) it y(z) <yi(z)
orif Y = [y;,00)
oo [yla) i y(a) > o)
Ty(z) == { y1 () if  y(x) <wyilx).

By assumption, there exists at least one solution of (BVP6|). Hence there exists
for at least one u € [u,u] N LI(2) a solution y € Y NV of

Ay + (1v,5iGT)y = 7y, u in V*. (56)
We show that the operator A + 7y,*GT satisfies the coercivity condition of
Lemma . We obtain by and the inequality
((A+ 1,5 GT)y,y) > eallylly — Cr = Ikl Loy 19l o (@) -
The last part of the proof is along the lines of Theorem [4.7] ]

Remark 4.10. i) For example, the absolute values of the nonlinear and non-
monotone functions y — y* on the interval [—1,1] and y — exp(y)—5 |y|—5y
on (—oo, 1] are bounded by a constant.

ii) FEvery solution of the auziliary PDE related to is a solution of ,
if there exists a positive constant c, such that the semi-linear form a defined

m is satisfying the inequality
a(y,(y —2)") —alz, (y —2)7) = call(y — 2) " [|70 (0
for all y, = € WHP(Q).



35

5 Optimal Control Problems with Semi-linear
Evolution Equations

5.1 Existence of Solutions for Initial Boundary Value
Problems

In contrast to the previous chapters, we now consider equations depending on a

time variable defined on an interval [0,7] C R, 0 < T" < oo. The approach is

along the lines of the elliptic equations although the embedding properties are
different. We introduce the following denotations:

Q:=Qx(0,7)
Y :=Tx(0,7)

5.1.1 Motivation

Let 'y U Ty be a disjoint decomposition of the Lipschitz boundary I'. For a
Carathéodory function g: Q2 x R — R and a sufficient smooth function f: 2 — R
we consider the initial boundary value problem:

Problem 17. Find some y € C*1(Q) N C(Q) such that
Yy — Ay +go (id,y) = f in Q (Parl)
y=0onTy x(0,7T)
Oy+y=0onTyx(0,7T)
y(+,0) = yo on Q

By observing that every test function satisfies ¢ = 0 on I'; x (0,7") we obtain
the following formulation:

/Q hodg + /Q VyVédig + /Q golidpodo+ [ yodrs

Iy x(0,T)

(57)

- /Q fodrg.

5.1.2 Operator Equations

Let V be some closed subspace of WhP(Q) with W,*(Q) € V C W'(Q) and
2 <p< oo, % + % = 1. We introduce the abbreviations

W= {y € LP(T; W"P(Q))| g € LY(T; W"P(Q)")} and

Wy :={y € LP(T;V)|y, € LY(T;V*")},
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where y; denotes the generalized derivative, see Definition [8.3] Due to the Theo-
rem of Lions and Aubin (see Example , W and Wy, are compactly embedded
into LP(Q).

Since V is a closed subspace of W1?(Q), for every functional f € V* there exists
some linear and continuous extension f on WP(Q), i.e. f € WH(Q)", due to
the Theorem of Hahn-Banach, see, e.g., Zeidler| (1986).

We denote the domain of the operator L by

D(L) := {v € L’(T; V)| v, € LY(T; V*),0(0) = 0}

and define L: D(L) C LP(T;V) — LY(T;V*), y — Ly by

<Ly7¢>Lq(T;V*) = /0 (y: (1), d(t)) v+ /\[O,T](dt)7 ¢ € LP(T;V). (58)

The space LI(T;V*) can be identified with LP(T; V)", see Lemma [8.13, Let
f e LYT;V*) and A: LP(T; V) — L%T;V*) be an operator specified below.
With these definitions the initial boundary value problem reads as follows:

Problem 18. Find some y € D(L) such that

Ly+Ay = f in LY(T;V*) (Par2)

5.1.3 Properties of the Operators

In this section we state the properties of the operator L and specify conditions
for the operator 2 which guarantee the existence of a solution for the operator
equation (Par2]).

Proposition 5.1. The linear operator L: D(L) C Wy, — LY(T;V*), y — Ly is
densely defined, closed and maximal monotone.

This is true also if the initial condition y(0) = yo is replaced by a periodicity
condition of the form y(0) = y(T).

Proof. The proposition is stated in Zeidler, (1990b) (Proposition 32.10) and in
Carl et al. (2007) (Lemma 2.149). O

The operator 2 can be defined by a family of time-dependent elliptic operators
{A(t): V — V*|t € [0,T]} in the following way:

A(y)(t) == A(t)y(t), tel[0,T]. (59)
We now state hypotheses for the time-dependent operators A(¢):

(H1) JADyllv- < collylls + ko(t) for all y € V and t € [0,T] with some

positive constant ¢y and ko € LI([0, 7).
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(H2) A(t) is continuous for all ¢ € [0, T7.
(H3) The function t — (A(t)y, v) is measurable on (0,7) for all y,v € V.

(H4) (A(t)y,y) > cil|lylly —Fki(t) for all y € V and ¢ € [0, T] with some constant
c1 > 0 and function ky € L'([0, 7).

Remark 5.2. If there exist a constant ¢ > 0 and functions ky in L([0,T]) and
ko in LY([0,T)) satisfying the inequality

(A@)y,y) = cllylly, = Fa@llylly — k2 (t)
then there exist some ¢ > 0 and some function ky in L*([0,T)) with
(Ay,y) > ellylf, — k().
For example, choose ¢ := 5 and ki(t) = ki (2) "’\1/@ — ka(t) (w.l.o.g. assume

. cllyll® cllyll?
ki > 0). Consider the two cases ||yl|l,, > 2;’1”&3 and ||yl < 2“%”(;’)

The next theorem shows the link between the properties of A(t) for fixed
t € [0,T] and the operator 2 defined in (59).

Theorem 5.3. a) Assume that hypotheses (HI|)-(H3) are satisfied. Then the
mapping A: LP(T; V) — LI(T;V*) is continuous.

b) Assume that the conditions (H1)) and (H3) hold and that the operators A(t)
are demi-continuous for all t € [0,T]. Then A: LP(T;V) — LUT;V*) is
demi-continuous.

¢) Assume that the conditions (HI))-(H{|) hold. If A(t) is pseudomonotone for
allt € [0,T], then A: LP(T; V) — LU(T;V*) is pseudomonotone with respect
to D(L).

d) Assume that the conditions (H1))-(H4)) hold. If A(t) satisfies the S, -property
for all t € [0,T], then A: LP(T;V) — LIY(T;V*) satisfies the S -property
with respect to D(L).

e) Assume that (HI) and (H3) hold. ThenA: LP(T;V) — LU(T;V*) is bounded.

Proof. For the proofs of [) and E[) see Theorem 2. in |Berkovits and Mustonen
(1996). The proof of@ is stated in Lemma 1, Berkovits and Mustonen| (1996),
and the proof of E[) is similar. The last statement E[) is given in Theorem 2.153
in |Carl et al.| (2007). O

Example 5.4. In the case p = 2, the linear operators A(t), t € [0,T], defined in
Example satisfy (—( if the constants are independent of time t.



38

We now derive some useful technical results. Analogously to Lemma we
obtain:

Lemma 5.5. Let a, b be functions in LI(Q) resp. LP(T; WHP(Q)) with a < b.
a) Assume that there exists some k € LL(Q), 1 < p < oo, % + é =1, with
\Grwpy(z,t)| < k(z,t) A\o(d(z,t))-a.e. for ally € [a,b] N LP(Q).
Then G: [a,b] N LP(Q) — LUQ) is continuous.

b) The truncation operator T: LP(Q) — L*(Q),y +— Ty resp. the operator
T: LP(T; Whr(Q)) — LP(T; WHP(Q)) given by

b(x,t) if  y(x,t) > b(z,t)
Ty(z,t) == y(x,t) if a(z,t) <y(r,t) <b(z,t) (60)
a(x,t) if  y(z,t) < a(zx,t)

18 continuous and bounded.
¢) The Nemytskii operator B: LP(Q) — L1(Q) given by the Carathéodory func-
tion b: Q x R — R with

(s — b(z,t))r? if s> b(x,t)
b(z,t,s) =4 0 if  a(z,t) <
x

s < b(x,t) (61)
—(a(z,t) — )Pt if s <a(x,t)

18 continuous and bounded. Moreover, the inequalities
[6(z,t,5)] < cpallale, )] + bz, )~ + cpa |s|” (62)

and
/Q b(id, )y dAg > cnllylnq) — C (63)

hold for all y € LP(Q), where co = ﬁ —eand () <e< —2 s arbitrary. The
constants cp1 and cpo are defined by "

2, 1<p<?2
e ’ - 4
“p1 { -l 2<p< oo (64)

and

- 1, 1<p<?2

Cw denotes a constant given by
1
Cnim (1o~ ) +20) (Il + 10120 (60

where C, := (ep)~¥/PL.

q
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The proof of [a)) is analogous to Lemma [2.4 For the proof of [b) we re-
fer to Lemma 2.89 in Carl et al.| (2007) and Theorem ). The operator
T: LP(T;Wh(Q)) — LP(T; W'P(Q)) is continuous, too. This is, for example,
shown in Proposition 3.1 in [Kandilakis and Papageorgiou (1998)). The techniques
to show |c]) are similar to the elliptic case.

5.1.4 Semi-linear Evolution Equations

We now concentrate on the case p = 2. As we have seen in Problem (Par2)) we
are dealing with mappings of the form L + 2, where L is defined on D(L). The
following assumptions are made:

(HRA) There exist a family {a(t): W*(Q) x W(Q) — R|t € [0,T]}

containing symmetric bilinear forms and related operators

A(t): V= V* y+— a(t)(y,-) which satisfy the conditions:

(1) [ A@®)yllve < collylly + ko(t) for ally € V and t € [0, T
with some positive constant ¢y and ko € L*([0, T)).

(2) A(t) is continuous for all ¢ € [0, T.

(3) The function ¢ +— (A(t)y,v) is measurable on (0,7) for all y,v € V.

4) (A®)y,y) > cillylly — k1) for all y € V and ¢ € [0, T] with some
constant ¢; > 0 and function k, € L'([0,T)).

(5) The relation

a(t)(y,y") = alt)(y",y")

holds for all ¢ € [0, 7] and for all y € W?(Q).

(HG) The mapping g: @ X R — R is a Carathéodory function and the

operator G is the corresponding Nemytskii operator given by
Gy (x,1) = g(x,t, y(z, t)).

Remark 5.6. The assumption (HRl|)(5) is used to show that the truncated auzil-
1ary problem yields solutions only within the sub-supersolution interval.

We define the operator 2: L*(T;V) — L*(T;V*) by the family of time-
dependent elliptic operators in the following way:

(RAy) () := A(t)y(t), te[0,T].
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From the family of time-dependent mappings a(t) we deduce the related bilinear
form a: L*(T; Wh2(Q)) x L*(T; W'2(Q2)) — R by the definition

a(y, ¢) == (Ay, ¢),

where 2: L2(T;W'2(Q)) — LA(T;W'(Q)") and (Ay)(t) = a(t)(y(t),-) for
€ [0,7]. Now we consider the following differential equation in the weak for-
mulation:

Problem 19. Find some y € D(L) such that
Ly + Ay + (Tr2ryv) 2" iG T2y 2)y = [ in LA(T; V%) (Par3)

Definition 5.1 (solution). The functiony € D(L) is called a solution of Problem

if (GTrarvy2)y € LP(Q) and
(Ly + Ay + (o2 2 1GTTr2(00) 2)Y, @) = (f, D)
for all test functions ¢ € L*(T;V).

In order to derive existence results for (Par3|), we introduce the definitions of
sub- and supersolution.

Definition 5.2 (subsolution). The function y € W is called a subsolution of

Problem if
i) (Grwa)y € L?
i) (y—y)* el T

(@

(T

iii) (Y, @) + a(y, &) + ((Traerw) 2 iGT T 2@ 2)y, ) < (f0) for all test
functions ¢ € L*(T; V) N L2(Q).

),
V) and (y —y)*(0) = 0 for ally € D(L) and

Definition 5.3 (supersolution). The functiony € W is called a supersolution of

Problem if
i) (Grwa)y € L*(Q),
i) (y—7y)" € L*T;V) and (y —5)"(0) =0 for ally € D(L) and

W) (Y, &) + a(y, ) + (Tr2v) 2 iGT T2 (w2 )),2)¥s @) = (f, @) for all test
functions ¢ € L*(T; V) N L2(Q).

The following theorem yields an existence result for (Par3)). The proof is
based on techniques used in |Carl et al.| (2007).
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Theorem 5.7. Suppose (H2U)) and (HG). Let y and y be a sub- and a superso-
lution of satisfying y <y and assume that there exists some kg € L% (Q)
with

[(Gy)(z,t)| < ka(x,t)  Ag(d(z,t))-a.e. for all y € [y, 7] N L*(Q). (67)
Then there exists at least one solution of which lies in [y, 7).

Proof. We consider the following auxiliary problem:
Find some y € D(L) such that

Ly + Ay + (tr2(rv) 2 iGTTr2ra2)y = f in L*(T;V*),  (A-Par3)

where T is the truncation operator relating to y and 7 which is defined in Lemma
5.5 The mapping GT is continuous, see Lemma We show that the operator
A+ Tr2(v) 2" 1GTT2(7,v) 2 i pseudomonotone w.r.t. D(L), continuous, coercive
and bounded. Then we can apply Theorem and obtain that the auxiliary

problem (A-Par3|) has a solution.
By proving the conditions (HI)-(H4), the pseudomonotonicity w.r.t. D(L) follows

from Theorem .
(H1) is valid since it is [k (t)];2(q) € L*([0,77]) and for all y € V
| (A#) + v G Tirva) yllve <A@ yllve + [[Tv2 G Tyl v+
< collylly ™ + ko) + ka(t)]l 20

where the definitions Gy (x) := g(z,t,y(x)), y € V, and

(v,t) i y(z) >7(e,?)
Tiy(z) == ¢ y(z) if  y(e,t) <y(z) <yla,t) (68)
(z,t) if  y(z) <y(z,t)

<

<

hold. We remark that it is (TL2(T;V)72*2.GTTL2(T;V)72y) (t) = (TVQ*EGtTtTm) y(t)
for all y € L*(T;V) with the isomorphism i: L*([0,T]) — L?([0,T])". For fixed
t € (0,T) we can apply Lemma and obtain the continuity of the Nemytskii
operator GT; on L*($2). This implies (HZ2).

The measurability of t — ((A(t) + 121G TyTv2) y, v) for all y, v € V., ie. (H3),
is given since t — fQ g(id,t,y)v dAq is measurable due to Fubini’s Theorem.
The last condition (H4|) is proven by

(A@) + 1v2"iG Tirv2) y,y) = allylly = ka2 191l 20 -

Continuity is implied by Theorem @), since the conditions ( —( are sa-
tisfied, compare Remark
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We show that the operator 2l + 727, 2*1GT Tr2(7,vy 2 s coercive. Due to it
holds

(Tr2r) 2 IGTTr2(m0) 29, ) =/ GT'Tr20m,v),20 Tr2(1v),2Y dAQ
Q

_||GTTL2(T;V),2?J||L2(Q) ||TL2(T;V),2?J||L2(Q)

(AVARVS

_HkGHL?(Q) ||TL2(T;V),2?/||L2(Q)
= _HkG”LZ(Q) ||TL2(T;V),2||op Hy”L2(T;V) :
Together with the strongly monotonicity of 2 this yields
Ay + (1200 2 1GT L2101 2)Y, ¥) = cllylliz
= lkcllz2@) Iz 2llop 1l L2y -

2L is linear and continuous and 7r2(7,v) 2*tGT Tr2(7,1y 2 is bounded uniformly w.r.t.
y. Thus, the mapping A + 7r2(7.v) 2 tGT'Tr2(,1) 2 is bounded.

We show that every solution of lies in [y,7]. Let y be any solution of
, i.e. that the equation B

(Ly + Ay + (o2 2 1GTTr2(00) 2)Y, @) = (f, D)

holds for all ¢ € L?(T; V). Subtracting the inequality for the supersolution
yields

Ve =T, &) +a(y =7, 0) + ((Tr2v) 2 1 GTT2(7,0),2) Y, @) (69)
— ((Tr2r,) 2 1 GT Tr2 (21 2)7, @) < 0

for all ¢ € L*(T; V) N L3(Q). By definition it holds that (y —7)* € L*(T;V) N

L3 (Q) and (y — 7)™ (0) = 0. We are now testing with ¢ := (y — y)*. For
the first term, the generalized integration by parts formula, compare Proposition
or Remark 2.145 in |Carl et al.| (2007)), implies

w0 -0 = 5 (10 =9 D)~ 16 -9 Ol )
= I =5 (D) >0

Since 2 satisfies assumption (H2(), it holds

allty = D)y :/0 1y (&) =TI Aoz (dt)

IN

/0 AW — T Wt) — T Moury ()

aly =7,y —7)").
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The equality

((GTTL2(T;V),2>?/ - (GTTLQ(T;V)J)@) |{(y—@)+>0} =0

implies that the term

(Tr2erpn 2 1GTTr2mv) 2)Y — (Tr2erv) 2 iGT T2 (rv) 2)T, (y — §) )
is equal 0. Therefore, we obtain together with the inequality that

0<aly=9"mw <aly-73,(y 7))
<=7, —9") +aly—-7,@y-79)") <0,

which implies (y — )t =0, i.e. y <7.
The proof of y <y follows with the same arguments. O]

5.2 Existence of Solutions for Optimal Control Problems

After proving the existence of at least one solution of Problem ([Par3)) with fixed
right hand side, we are going to show the solvability of the related optimal control
problem. We denote the set of all solutions of (Par3 m lying in [y, 7] N L*(Q) with
S(f). Let y, 7 € Wand u,u € L*(Q) with y < 7 and u < u. Assume the
following properties on the objective functional J.
HT)  J: ([y. 7] N LAQ)) x ([w, 7] N L*(Q)) — R satisfies:

From y, — y in L*(T; V) with (yn)nen C [y, 9] N L*(T; V) and u, — u

in L?(Q) with (u,)nen C [u, 7] N L*(Q) it follows

J(y,w) < lminf J(yp, u,).

With the previous definitions, the optimal control problem reads as follows.

Problem 20.

min J(y,u) (OC-Par3)
s.t. Ly + Ay + (Tr2v) 2 iGTTr2rv) 2)yY = Traravy2 i in L*(T5 V)
and u € [u,u) N L*(Q)
y € ly,ylND(L)
The existence of at least one solution of is shown in the proof of

the next Theorem.

Theorem 5.8. Let y be a subsolution of (Par3 W with [ = Trarvy 2w and Y be a
supersolution of with f = Tr2(py 2", Assume y <7y and the hypotheses

-, m, and (HJ)). Then the optimal control problem (OC-Pard) has

at least one solutz’on (y,u).
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Proof. The first part of the proof is analogous to Theorem [2.8]
Let (Ym, Um)men be the infimal sequence with

Im J (Y, Um) = inf J(y,u).

m—o0 u€uaNL2(Q),yES(Tr2 1,y 2 1)

Then we know that there exist a weakly convergent subsequence (t,)menr, M C
N, and a weak limit uy € L*(Q) with

Um = up in L*(Q)  and  Tr2(pvy 2 ithm — Tr2(rv) 2 ing in L2(T;V*)  (70)

due to the weak continuity of 7727, 2™, see Lemma m (In Theorem [2.8) we
obtained here strong convergence because V' is compactly embedded into L*(€2).
But this fact does not imply that the embedding of L*(T;V) in L*(T; L*(Q2)) is
compact.)

Under there exist a weakly convergent subsequence (2,,)men (w.lo.g. M =
M') with z, = (GTr2(rv)2)ym and a weak limit zp € L*(Q). We obtain
Tr2rv) 2 1 (Um — 2m) = Tr2erv) 2 i (uo — 2o) in L*(T; V*).

We consider the linearized boundary value problem

Ly + Ay = Zp, = Tr2r3),2"1(Un — 2p) in L*(T5 V),

which is solved by y = y,,,. Theorem 23.A in |[Zeidler| (1990a)) shows that the
solution of this linear problem depends continuously on the data. Hence we get

Ym — Yo In Wy. (71)
The linearity and continuity of 2 (see Theorem ) imply
gy, — Ay in L2(T; V). (72)
Since Wy, — L?(Q) is compact, see Example , it holds
TL2(T;v),2Ym — TL2(T;v),2Y0 in LZ(Q)- (73)
It follows by Lemma [5.5] and Lemma that
(Tr20).2 G T2 (rv) 2)Ym — (Tr2ra) 2 1GTr2(r vy 2) Yo in L (T3 V*). (74)

Due to || Lym| 2(ryvsy < ||Ymllwy, we know from the Eberlein-Smulian Theorem
that there exists some convergent subsequence with Ly,, — 1 in L*(T;V*) for
some | € L*(T;V*). As stated in Proposition , the mapping L is closed, i.e.
the set

Gr (L) :={(z,y)|z € D(L), Lx = y} (75)
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is closed in L*(T;V) x L*(T;V*). By the linearity of L we obtain that the
set Gr (L) is convex and hence weakly closed. This implies that from and
Ly, — Lin L*(T;V*) it follows yo € D(L) and [ = Ly, i.e.

Ly, — Lyo in L*(T; V™). (76)

Together we obtain from , , , and the weak convergence in
LA(T; V*):
Ly + Qlym+(TL2(T;V),Q*iGTLQ(T;V),2)ym -

Lyo + Ayo + (Tr2rv) 2 1GTr2mv),2)Y0 = Tr2(rv)2 .
Due to the assumptions on J we obtain by and
J (Yo, wo) < liminf J(y,, uy,).

]

6 Optimal Control Problems with Quasi-linear
Evolution Equations

6.1 Existence of Solutions for Optimal Control Problems

In the previous Section [5| semi-linear parabolic equations have been considered.
Now, we examine the quasi-linear case. Assume that V' is some closed subspace of
WP(Q), 2 < p < co with W, ?(Q) € V C W'(Q). The mapping i denotes the
isomorphism from L9(Q) into LP(Q)" and the operator 7rs(r,v), is the embedding
from LP(T;V) into LP(Q). Let V, W, Wy and L be defined as in the former
section.

For coefficient functions a;: Q x [0,7] x R x RY 4 = 1,..., N let the semi-li-
near forms a(t): WhP(Q) x W'?(Q) — R, ¢t € [0,T] and a: LP(T; W'?(Q)) x
LP(T; WHP(€2)) — R be given by

ov

N
t = (id. t, vy, dha, y,ve WHP(Q) and
o00) = [ St Vg Do e WD) o

ov

N
Cl(y, U) = /Q Z ai(ida Y, Vy)ﬁ_x dAQv Yy,v € Lp(T; WLP(Q))'
i=1 '

We introduce the associated operators

At): V = V* y—a(t)(y,-) and
A: LP(T; V) — LUT; V™), y — a(y, ).
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In the following we impose the Leray-Lions conditions on the coefficient functions
;.

(H1) Carathéodory and Growth Condition: Every coefficient a; satisfies the
Carathéodory conditions, i.e.

- a;(+,+, 8,¢) is measurable for all (s,¢) € R x RY and
a;(x,t,-,-) is continuous for a.e. (z,t) € Q.
There exist some constant ¢g > 0 and a function ky € L (Q) with

Jai(,t, 5, Q)| < kol t) + eo|sI” +[¢77).

(H2) Monotonicity Type Condition: The coefficients satisfy the monotonicity
condition with respect to ¢

N

Z(ai(x,t, 8,¢) — ai(w,t,5,¢))(G = ¢) >0

i=1
for a.e. (z,t) € Q, for all s € R and all ¢, (' € RY with ¢ # (.

(H3) Coercivity Type Condition: There exist some constant ¢; > 0 and a func-
tion k; € L'(Q) with

Z Z, l,s C Cz > ’C’p kl(x>t)'

=1

(HG) There exists some Carathéodory function g: Q@ x R x RY — R
such that the operator G is the corresponding Nemytskii operator

given by
Gy(x,t) = g(w,t,y(x,1), Vy(z,1)), y € L(T;WH(Q)).
Now we examine the solvability of the following quasi-linear PDE for f € LY(T; V*):
Problem 21. Find some y € D(L) such that
Ly 4+ Ay + (Too vy p Gy = f in LY(T; V™) (Par4)

Deﬁnition 6.1 (solution). The functiony € D(L) is called a solution of Problem

4) if Gy € LY(Q) and
(Ly + Ay + (T1o(r,v) " 1GT)y, ) = (f, 9)
for all test functions ¢ € LP(T; V).
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Deﬁnition 6 2 (subsolution). The function y € W is called a subsolution of

Problem 4l) if
1) Gy e LUQ),
i) (y—y)" € LP(T;V) and (y — y)*(0) =0 a.e. on Q for ally € D(L) and

iii) (gt,gb) +a(y, @) + ((Tr(r) " IGT)y, &) < (f, @) for all test functions ¢ €
LP(T; V)N LE(Q).

Deﬁnition 6.3 (supersolution). The functiony € W is called a supersolution of
Problem A1) if

1) Gy e L1(Q),

i) (y—y)t e LP(T;V) and (y —7)"(0) =0 a.e. on Q for ally € D(L) and

iti) (U, @) + a(¥, ¢) + ((Torv) p iGT)Y, ¢) > (f,¢) for all test functions ¢ €
LP(T: V)N LE(Q).

Theorem 6.1. Let y and y be a sub- and a supersolution of ( satisfying

y <Y and suppose (}l) (b@) (m) Assume that there exist some kg € L4 (Q)
and some constant cq > 0 with

l9(z,t,5, Q)| < ka(a,t) +ca ¢ (77)

for all s € [y(z,t),75(x, 1)) Ag(d(z,t))-a.e. and ¢ € RN. Then there exists at least
one solution of (Par/) W which lies in [y, 7).

For the proof we refer to Theorem 3.37 in |Carl et al.| (2007)) in which the proof
is given for V = W,”(Q). The case for arbitrary V is along the same lines.
The next lemma yields a technical result.
Let the constant A > 0 satisfy the inequality

—p/q
(EQ)—CG, where ¢ < L. (78)
PCss Ca

A >

For the constant cgs see Lemmal5.5]c]). We introduce the operator r: LP(T;V) —
LYT;V*):

Ary(w,t) Z 88% (x,t,Ty(x,t), Vy(z,t)).
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In the proof of Theorem 3.37 in |Carl et al. (2007)) it is shown that every solution
of the equation

Ly + QITy + )\(TLp(T;V)7p*i%TLp(T;V)7p>y + (TLP(T;V)J)*Z.GT)y = f (A—Par4)
in LYT; V™)
solves (Par4) as well.

Let y, 7 € W and u, u € LYQ) with y <7 and u < u. Assume the following
properties on the objective functional J.

HT)  J: ([y. ¥l N LAT; V) x ([u,u] N LYQ)) — R satisfies:
From y,, — y in LP(T; V) with (yn)nen C [y, 7] N LP(T; V) and
up, — w in LY(Q) with (un)neny C [u, @] N LY(Q) it follows
J(y,u) < liTIlI_l)golf I (Y, ).

With these definitions the optimal control problem reads as follows.

Problem 22.

min J(y,u) (OC-Par4)
s.t. Ly + Ay + (Toorvy p iG)y = Ty p tu in LY(T; V™)
and u € [u,u) N LY(Q)

y€ly,yND(L)

For f € L(T;V*) we denote the set of all solutions of (Par4) lying in [y, 7]
with S(f). In the later proof of the existence of a solution for Problem (OC-Par4))

we make use of the following statement.

Lemma 6.2. Let A: LP(T;V) — L9(T;V*) be a coercive operator, i.e.

(Ay,y)
1z ey =20 YN o vy

Moreover, assume that the equations
Ly, + Ay, = fu, n €N (79)

are satisfied for some given sequences (Yn)nen C D(L) C LP(T; V') and (fn)nen C
LYT;V*), where the sequence (fn)nen is assumed to be bounded in L(T;V™*).
Then (Yn)nen is bounded in LP(T; V).
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Proof. Assume that the sequence (y,)nen is unbounded. Then there exists some
subsequence (yn)wenm, M C N, such that it holds limy oo [y || 1o (71 = 00 and
Y | Loy > 0 for all n” € M. By (79 (79) and

(L) = 5 (I ey~ DOl )
(see, e.g., Remark 2.145 in |Carl et al. (2007) we obtain

Lfwllop 19w oy = (Fors ) = (L + At Yr)

. (”yn’(T)HL?(Q) i <Ayn’;yn’>

1Yo\l o
20y llioiray 9w lloay ) sy

and hence by the COGI‘CiVity of A
”yn ( )H A n'y Yn'
L2(Q) < Yn', Y >

lop >
Op QHyn HLP(T;V) Hyn’”Lp(T;V)

1f3

?

which is a contradiction to the assumption of boundedness for the sequence
(fr,z)’n’GM . O

Now we derive an existence result analogously to Theorem

Theorem 6.3. Let y be a subsolution of (| with f = Treerv)p iu and
be a supersolution of ( with f = Toe(rv)p iU, Assume y <7 and suppose

(H1)-(H3), (HG), (77) and (HJ). Then the optimal control problem (OC-Pard)

has a solution (y,u).

Proof. We consider the following related auxiliary problem:

min J(y,u) (A-OC-Par4)
s.t. Ly + QlTy + )\(TLP(T;V)@*@'SBTLP(T;v),p)y + (TLP(T;V)’p*/I;GT)y
= TLp(T;V)p*iu in Lq(T; V*)
and u € [u,u] N LYQ)
y € [y, 7] N D(L)
Since every state in [y, 7] solves (Pard)) if and only if it solves (A-Pard), every
solution of the optimal control problem (A-OC-Par4]) is a solution of the optimal

control problem (OC-Par4)). As shown in the proof of Theorem 3.17 in
(2007)), the equation ((A-Pard)) is solved by at least one y € LP(T; V') satisfying y €

[y, 7]. Hence for every u € [u,u] N L7(Q) there exists at least one y € [y, 7] D(L)
solving (A-Par4)). Let (¢, uUm)men be the infimal sequence of Problem (A-OC-|
Pard) with

Im J (Y, um) = inf J(y,u),

m—00 u€lw,u]NLY(Q),yESA(TLr (1;v),p 1)
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where S4(f) denotes the set of all solutions of (A-Pard)) lying in [y,y] N D(L)
with right hand side f € LY(T; V™).
There exist a weakly convergent subsequence (t,)menr, M € N, and ug € [u,u]N

L9(Q) with
Up, — up In LYQ) and Tre(ryv)p tUm — Trorvyp itg in LY(T; V). (80)

Due to the choice of A, see , the mapping Ay + ATre(rv) p 1B Tre vy p +
Tre(T;v)p tGT 1s coercive:

(A + Too ) p B TLo vy p + Toovyp 1GT)Y, y)
> (a1 = CGE)HvyHIZ,P(Q) + (Aews — CGOE>||y||iP(Q) - ||k1||L1([0,T]) —Cn

- <HkGHL‘1(Q) + caopll ‘VQ‘ + | V7| |I[),;(1Q)) 191l 2o ()

with e < 2L and C. := (eq)_p/q%. The constant ¢, is defined in (50). The
sequence (Ym)men is bounded in LP(T; V') since (Tre(1v)p tUm )menr is bounded,
see Lemma[6.2] Thus, there exists some subsequence (Y, )men which is weakly
convergent to some yo in LP(T;V):

Ym — Yo in LP(T; V). (81)

The limit 72 (7;v) p¥0 lies in the weakly closed set [y, y]NLP(Q). The operators Az,
Tro(rv)p 1GT and Treryv) p 1B T e (1), are bounded mappings from LP(T; V) in
L1(T;V*), see Theorem [5.3)[¢)). By the equation

Lym = TLP(T;V),p*'éum - mTym - )‘(TLP(T;V),p*i%TLP(T;V),p)ym
= (7o) o 1GT )Y
and the boundedness of the right hand side, the boundedness of the sequence
(LYm)men in LI(T;V*) follows. Hence there exists a weakly convergent subse-
quence (Lym,)men in LY(T;V*). The linear operator L is closed. This implies
the weak closedness of L. Therefore, Ly, converges weakly to Ly in L¢(T; V™)

and it holds that (Y,,)menr is bounded in Wy,. The embedding of Wy into LP(Q)
is compact, see Example |8.18, Thus, we obtain

TLo(TV) pYm — Too(T:v) pYo i LP(Q). (82)

We show that 9B satisfies the properties (HI)-(H3) in Section By Lemma
E[) it holds for all y € V

.y . . -1 -1
7oz 100, £ )l < cpull [yid, )] + [5id, )] 250y + conllylsle

For fixed ¢t € (0,7) we can apply Lemma and obtain the continuity of the
Nemytskii operator B, on LP(Q)), where we define B,y () := b(z,t,y(x)) for



ol

yeV.
The measurability of ¢ — ((7v,,*iB7v,,) y, v) for all y, v € V, i.e. (H3), is given
since t — [, b(id, t,y)v d)q is measurable due to Fubini’s Theorem.

Theorem @) implies that the operator
Q[T + )\TLP(T;V)J;*Z.%TLP(T;V)’I) + TLp(T;VLp*Z'GTZ Lp(T; V) — Lq(T; V*)

is continuous.

For the underlying operators of the mapping 2y +71» (1), iGT conditions (H|L)-
(H4) in Section hold. Applying Theorem 2.109 in |Carl et al| (2007) and
Theorem @ shows that the operator Ar + 7rp(7,v) " iGT satisfies the S -
property w.r.t. D(L). Hence we obtain from

(Arym + Too ) p 1GT Y, Ym — Yo)
= (TLo(ryv)p WU — AT p EBTLo(13v) pYm> Ym — Y0)

= / (U — ABTLo1v) pYm) TLo@v),p(Ym — Yo) dAg — O
Q

the convergence
Ym — Yo in LP(T; V).
Together with Ly, — Lyo in L(T; V*) the convergence

(L + Q(T + TLp(T;V)’p*i%TLp(T;v),p + TLp(T;v)yp*Z'GT) Ym
— (L + Q[T + TLp(T;V%p*Z‘%TLp(T;V)’p + TLP(T;V)J;*Z‘GT) Yo

holds in LY(T;V*). Now we can conclude that

(L + Q[T —+ TLp(T;V),p*Z'%TLp(T;V),p + TLP(T;V)J)*?:GT) Yo = TLp(T;V),p*Z'UO.

Therefore, by (30), and (HJ|), we get that

J (Yo, ug) < Hminf J (Y, ).

o0

]

6.2 Existence of Solutions for Extended Optimal Control
Problems
In (OC-Par4]) we have considered pointwise state constraints described by the

sub- and supersolution. We now admit generalized pointwise state constraints
independent of the sub- and supersolution. The boundedness condition of G on
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[g, 7], see , and the assumption on the objective functional .J, see , have
to be adjusted appropriately. Let Y := [y1,ya] with yy, yo € LP(T; WP(Q)) and
y1 < yo and denote Y (x,t) := [y1(x,t),ya(x, t)] for (x,t) € Q x [0,T]. Assume
u, u € L9(Q). The optimal control problem we are now interested in has the
following form:

Problem 23.
min J(y,u) (OC-Pard-G)
s.t. Ly + Qly + (TLP(T;V)J)*?:G)y = TLP(T;V)JJ*Z'U m Lq<T; V*)
and u € [u,ul N LY(Q)
y €Y ND(L)
Assumption (HJ|) is now replaced by:
(HJ) J: (YNLPT;V)) x ([u,@] N LY(Q)) — R satisfies the condition:
From y, — y in LP(T; V) with (y,)ney C Y N LP(T; V) and
u, — u in LY(Q) with (uy)nen C [u, @] N LY(Q) it follows
J(y,u) < lminf J(y,, uy,).
Theorem 6.4. Suppose (H1|)-(H3), and ({HJ)). We assume that there exists

at least one u € [u,u| N LI(Q) such that has a solution y € Y N D(L) and
that there exist some kg € L% (Q) and some positive constant ce with

l9(z.t,5,0)] < ka(x,t) + cq (P (83)

for all s € Y(z,t) A\g(d(x,t))-a.e. and ( € RYN. Then the optimal control problem

(OC-Pard-Gl|) has at least one solution (y,u).

Proof. The truncation operator T: LP(T; WP(Q)) — LP(T; WHP(Q)) resp. the
operator T: LP(Q) — LP(Q) is defined by

B yo(z,t) if  y(x,t) > yo(z,t)
Ty(z,t) =< y(x,t) it y(x,t) <y(x,t) < yolz,t). (84)
yi(z,t) if y(x,t) < yi(z,t)

The Nemytskii operator B: LP(Q) — L9(Q) is given by the Carathéodory func-
tion b: Q x R — R with

B (s — ya(z,t))P~1 if s> ys(,t)
b(x,t,s) =1 0 it y(x,t) < s <uyo(x,t). (85)
_(yl (l‘, t) - S>p_1 if s < U1 (LC, t)
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By assumption, there exists at least one solution of (Par4)). Hence there exists
for at least one u € [u,u] N LI(Q) a solution y € Y N D(L) of

Ly + gy + M7Lo(rv),p 1B TLo(1:),)Y (86)
+ (TLp(T;V)J,*Z'GT)y = TLp(T;V)J,*iu in Lq(T; V*),

where )\ > 0 satisfies

. eq)~Pic c
/\>(q)—G, with € < —-.
bty Ca

Moreover, every solution of with y € Y is a solution of (Pard]). Hence the
problems (OC-Par4-G|) and

min J(y,u) (A-OC-Par4-G)
s.t. Ly + Ay + MNToo@v) p 1B o) p)Y
+ (Toorv)p IGT )y = Troeravyp iu in LY(T; V*)
and wu € [u, ] N LIQ)
y €Y ND(L)

are equivalent. The operator
Az + Trorvy, iGT: LP(T; V) — LY(T; V*)

is coercive and continuous. The further proof is along the lines of Theorem
0.0l O

Remark 6.5. For u, uw € L%(Q) resp. LYX) let U = [u,u] N LYQ) or U =
[u, @] N LYX) (in the case of no Dirichlet boundary conditions) and consider the
optimal control problem

min J(y,u) (87)
s.t. Ly + Ay + (Tooyv) p 1G)y = Treervyp Bu in LI(T; V™)
and ueU

yeYnD(L).

Here, the operator B: U — LP(Q)" is assumed to be weakly continuous. The
existence of an optimal pair can be proven analogously to Theorem [6.4)

We now consider the case of one-sided pointwise state constraints. Let Y €
{(—o0, 1], [y1,00)} withy; € LP(T; W'?(Q)) and denote Y (z,t) := (—o0, y1(, t)]
resp. Y (z,t) := [y1(x,t),00). The corresponding optimal control problem reads
as follows.
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Problem 24.
min J(y,u) (OC-Par4-G2)
s.t. Ly + Ay + (oo p iG)y = Ty p tu in LY(T; V)
and u € [u,u) N LY(Q)
yeYnD(L)

Under appropriate assumptions, the existence of a solution for (Par4)) can be
proven.

Theorem 6.6. Suppose (H1|)-(HJ), and (HJ)). We assume that there exists
at least one u € [u,u] N LI(Q) such that has a solution y € Y N D(L).

Moreover, we assume that there exist some constant ¢y > 0 and some ki €
LY([0,T]) with

(A)y,y) = allylly — ku(t) for ally € Vit € [0,T] (88)
and some kg € L4 (Q) such that

l9(2,t,5,0)| < ka(z,t) for all s € Y(x,t) Ao(d(w,t))-a.e. and ¢ € RY.
(89)

Then the optimal control problem (OC-Pard-G2|) has at least one solution pair
(Y, u).
Proof. We set the one-sided truncation operator T: LP(Q) — LP(Q) given by -
iy = (_007 yl]

m, L yl(xvt) if Yy
Ty, 1) = { y(x,t) if y

—~

x,t) > yp(x,t)
.T,t) S yl('r7t)

—~

orif Y = [y;, 00)

— ] y(=,t) it y(x,t) > yi(x,t)
Tylet) = { yi(a,t) i y(x,t) <l t).

By assumption, there exists at least one solution of (Par4)). Hence there exists
for at least one u € [u,u] N LI(Q) a solution y € Y N D(L) of

Ly + ‘21y + (TLP(T;V)J)*iGT)y = TLp(T;V)’p*Z'u in Lq(T; V*) (90)
We show that the operator
2A + TLp(T;V),p*Z'GT: Lp<T; V) — Lq(T; V*)

satisfies the condition of Lemma By assumptions and , we obtain
the relation

(A + TLp(T;V)7p*7:GT>y7 y) > 01||y||’£p(T;V) - HleLl([O,T})

- HkGHL‘I(Q) HyHLP(Q) .
The last part of the proof is along the lines of Theorem [6.4] O
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7 Optimal Control Problems with Multivalued
Variational Equations

Let V be some closed subspace of WP(Q) with W,?(Q) C V C W'(Q), 1 <
p < oo and ¢ its conjugate exponent. As shown in Lemma the mapping
Typ*i: LI(Q) — V* y — (7v,%1)y is strongly continuous. In what follows, by
P.(X), X some Banach space, we will denote the family of nonempty closed and
convex subsets of X.

Let M be some subset of W'P(Q2). We denote the set {ry,m|m € M} with
’7'V7pM.

7.1 Elliptic Inclusions
7.1.1 Global Growth Condition

7.1.1.1 Existence of Solutions for Multivalued Variational Equations
In contrast to the previous chapters we are now considering an inclusion problem
instead of equality. Let f € V™*.

Problem 25. Find some y € V' such that
Ay + (v, 1G)y + (Tvp, iMTy )y 3 f in V™, (M_EIN)
where A and G are operators and M is a multivalued mapping specified below.

Definition 7.1 (solution). The function y € V is called solution of the inclusion
problem (M_FEIl1) if there is a function w € L9(Q)) such that

1) Gy e L1(Q),
i) w e Mtyyy and
wi) Ay + (1vp Gy + Tvptiw = f in V.

The Leray-Lions conditions (H]|)-(H3|) of Section [4] are assumed for the coef-
ficient functions a;: 2 x R x RY, i =1,..., N, where the definitions

- . ¢
aly, o) = ZZI/Q a;(id,y, Vy)axi d\q

and A: V — V* y+— a(y,-) hold.
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Moreover, we suppose the following hypotheses for M.

(HM) M: LP(Q) — P.(LY(R)), y — My is a multifunction such that
(1) M is weakly closed.
(2) There exist some ¢y > 0 and kag € L% () such that for all
y € LP(2) and for all w € My the inequality
lw(x)| < k(@) + eum |y(@) P Aao(dz)-ae.
holds.
(3) There exists some constant ¢y > 0 such that for all vy, yo € V
with y; < vy it holds
wi — wy < oy — 1)

for all wy, € My, and we € Mys.

Example 7.1. Let us consider a locally Lipschitz mapping j: R — R. Clarke’s
generalized gradient is given by

0j(s) :={C € R|j°(s;r) > for all r € R},

where j° denotes the generalized directional derivative, see , e.g., |Clarke (1985)
or |Motreanu and Radulescu (2003). We define the functional J: LP(Q)) — R by

J(y) = / joyda e IMQ).

By the Aubin-Clarke Theorem, see ,e.q., Theorem 1.3 in|Motreanu and Radulescu
(2005), it holds 0J C 0j(y) for all y € LP(Y). This property plays an important
role in the proof of the existence of a solution for the inclusion problem

Ay + (v, 1G)y + 9j(y) > f in V7,

which is considered in Section 4.2 of |Carl et al.| (2007). The chain rule implies
for 0J: LP(Q) — 2@ the identity 0J1y, = Ty, 0J1v,: V. — 2V see, e.g.,
Corollary 2.180 in |Carl et al.| (2007). The mapping 0J satisfies, under the con-
ditions (H1) and (H2) on p.155, 156 in|Carl et al| (2007), hypothesis (HM)), see
Proposition 2.171 in|Carl et al| (2007).

The following lemma is analogous to Lemma 4.16 in (Carl et al.| (2007)).

Lemma 7.2. Under (HM) the multifunction Ty, iMty,: V. — 2V is pseu-
domonotone in the sense of Definition [8.7.
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Proof. For every y € V the set Mty,y is nonempty, closed and convex. By
the linearity of 7v,* and ¢, the set 7y,,*iMTy,,y is nonempty and convex, too.
Choose a sequence (wy)neny C Ty iMTy,y with w, — w in V*. Then there
exist elements z, € Mry,y with w, = 7,2, for all n. Applying Minkowski’s
Inequality and (2) shows that the sequence (zy)nen is uniformly bounded
in L4(Q):

—1
lznllza) < NEmllza) + cmll [Tvpyl”™ [lLae)

= [kl Lag) + CMHTv,pyHg(lm for all n.

This implies the existence of some subsequence which converges weakly in L9(€2)
to some z and it holds w = 7y,;,*t2. Since the set My ,y is closed and convex, it
is weakly closed and therefore z € Mry,y. This implies w € 7y, iMTypy.

We show that 7y, My, is generalized pseudomonotone in the sense of Defini-
tion[8.8 The closedness of the sets 1y,,*iM7y,y, y € V, has already been proven.
Choose a sequence (Y, )nen C V with y,, =y in V, hence 7y,,y,, — Tv,py in LP(Q2).
Moreover, we assume w, — w in V* with w,, € 7v,,*tM7y,y,. Then there exists
a sequence (2 )neny With 2, € M7y,y, and 7y,%iz, = w,. Since

12all oy < kadllzo) + canllTvipynllfoig, for all o,

there exist some subsequence (z,/)nenmcny and some z € L9(Q2) with z,, — z in
L4(€2). Due to the hypothesis that M is weakly closed, we have that z € My ,y.
By the uniqueness of the weak limit we obtain w = 7y,,*iz € 7y,"tMTy,y. Since
V resp. V** is a dense subset of LP(Q) resp. LP(Q)™ and the sequence (i2,)nen
is bounded in L?(€)*, we can apply Proposition 21.23 (g) in |[Zeidler (1990a) and
obtain for the whole sequence (z,),en that

iz, — iz in LP(Q)".
It follows by Proposition 21.23 (k) in Zeidler (1990a)) that
(wn, yn)ve = (Tvp" 120, Yn ) v+
= (i2n, TvpYn) Lr()* — (12, TvpY) Lr()r = (W, Y)v+.
By using Proposition [8.24] the pseudomonotonicity is now proven. O

Remark 7.3. For every y € V the set 7y, tMTy,y is even weakly closed. This
can be seen immediately by replacing the convergent sequence (wy,)nen by a weakly
convergent sequence in the proof of Lemma[7.9

Definition 7.2 (subsolution). The function y € W'?(Q) is called subsolution of
the inclusion problem (M_FEIl1)) if there is a function w € L(Q) such that
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i) Gy e LY(Q),
i) (y—y)" €V foralyeV,
i) w € MTwipq)py and
w) a(y,-) + (Tvp*iG)y + Tvptiw < f in V*,

Definition 7.3 (supersolution). The functiony € W'P(Q) is called supersolution
of the inclusion problem (M_EIl1) if there is a function w € LY(S2) such that

i) Gye LQ),
i) (y—y)t eV forallyeV,
W) W e MTwipq)py and
w) a(y,-)+ (1vp Gy + Tv, iw > fin V.

Theorem 7.4. Lety and ¥ be a sub- and a supersolution of (M_EIl1)) that satisfies
y < ¥ and suppose (-(b@) and (HG)) of Section 4| and (HM)). Assume that

there exist a constant cg > 0 and kg € L%(Q) with

lg(z,5,0)| < kg(x) + cq |C|p*1 for all s € [y(z),7(x)] Aa(dz)-a.e. and ( € RY.
(91)

Then there exists at least one solution of (M_EIl1) which lies in [y,7].

Proof. We make use of the penalization operator B: LP(Q}) — LP(Q),y —
b(id,y) which is the Nemytskii operator generated by b: Q x R — R with

(z —y(z))P? it z>7y(x)
b(z,2) =4 0 if y(r)<z<7y(r). (92)
—(y(x) — 2P 2 < y(x)

As shown in Lemma there exist some positive constants ¢y, Cog with
/Q b(id,y)ydrq > c%HyHip(m —Cy forall y € LP(Q). (93)
As in the previous chapters we define the semi-linear form
ap: WH(Q) x WH(Q) — R

by
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and the operator Ar: V — V* y — ar(y,-). The operator T is the continuous
truncation operator defined in Lemma {4.3|
With these denotations we can consider the following auxiliary problem with

fev~
Find some y € V such that

.ATZ/ + (Tvvp*’l'GT)y + TV,p*iMTMpy + )\(TV,p*i%TV,p>y =) f in V*,
(A-M-EII1)

where \ satisfies
A > max{c%l(cGCeG +cm)s Cmzt

with C, 1= (egp)~ Q/pq and €g . Since the hypotheses ( and (HG))
of Sectlon ' the assumptlon and the results of Lemma E hold we can

apply Theorem 2.109 in Carl et al. (2007). For this reason the multivalued aux-
iliary operator Ar + 7yp,*iGT + A1y, iB71y,: V — V* is continuous, bounded
and pseudomonotone. The boundedness and pseudomonotonicity of 7y, i My,
see Lemma implies that Ap + 7v,"iGT + 1v,"iMTy,, + Tv, By, is pseu-
domonotone, see Theorem 2.124 (ii) in |Carl et al.| (2007). We show coercivity
which follows by the assumptions on A, of Section , and :

For all w € Mry,y it holds

(Ary + (v, iGT)y + w + AN(1v,, 1B 7v,)Y, y)
2 01||Vy||’£p(9) - ”klnLl(Q) - CGEGHV?JHZ(Q) - CGC€G||y||Z[),P(Q)
= (Ikelluy + catoll V9l + V52l 52y ) Il rc0)
— sl o 19 oy — cadllyloay + Acmllylluy — A
= (e1 = caea) |Vl + (em — caCe — can) 80

(Mdmmy+%%mv%wuv%m )+ eadllzagey ) Iolrcoy
— k1l 1) — ACs,

where ¢; > 0 and k; € L'(Q2) exist due to hypothesis (H3) of Section [i] and ¢,
defined as in (50)). Due to the choice of e and A, the coefficients of the two first
summands are positive. Applying Theorem yields the existence of a solution
of (-NEETI)

We show that every solution y lies in [y,7]. Let w € Mry,y be the element
corresponding to the solution. By definition of the supersolution y there exists
some W € MTy1p(q),y With

aT(y, ) -+ (Tv,p*’l'GT)y +w+ )‘(T‘/,p*i%TV,p)y Z f in V*.
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Subtracting the last inequality from (A-M-EIll) and testing with (y — y)" €
VN LE(Q) yields:
ar(y =9, (y = 9)") + {((n, iGT)y — (1v,"iG)g) + (w — ), (y — 7)) < 0.

Since A7 satisfies the Leray-Lions condition (HZ2) of Section 4| we have already
seen that it holds:

ar(y —7.(y—7)") > 0.
In addition we have ((7v,"iGT)y — (7v,"iG)y, (y —y)") = 0. With (HM)) we

obtain

(w—1,(y—F)*) = / (w =)y —7)* dra

{y>7}

> / —epma(y — 7"y — )" dAa
{y>7}

= / —ema(y =) dha = —cmall(y =9 g -
Q
The definition of B shows

(7vp"1Brva)y, (v — 7)) = / b(id, )y — 7)* dra

{y>75}

- / (=7 —5)" drg
{y>7}

Q
This yields the following result with A > caq2

0<(A—cma)ll(y— ?)+|l’2p(g)
<ar(y—-7, -9+ w-w (y-7)")
+ (M1v, 1B 1v)y, (y —9)7)
<0

and hence (y — 7)™ = 0. This implies y < 7.
The proof of y <y follows with the same arguments. O]

7.1.1.2 Existence of Solutions for Optimal Control Problems In this
section we consider optimal control problems with pointwise two-sided state
constraints. Let Y = [y, 40] with vy, y» € WIP(Q) and y; < y, and write
Y(z) := [yi(z),y2(z)]. We denote the set of all solutions of lying in
Y with S(f), where f € V*. Let u, w € L%(2) and assume that the mapping

J: (Y NV)x ([u,u] N LYQ)) — R satisfies (HJ) of Section .2} The generalized
optimal control problem reads as follows.
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Problem 26.

min J(y,u) (OC-M-Ell1)
s.t. Ay + (1v,"1G)y + (Tv, iMTyp)y 3 v iu in V*
and u € [u,u] N LIQ)

yeYNnv

For the later proof of the existence of some solution for (OC-M-EIl1), we need
a generalization of Lemma [4.4]

Lemma 7.5. Let X be some Banach space and A: X — 2% a multivalued
mapping which is coercive in the sense of Definition[8.9. Moreover, assume that
the inclusions

Ayn > fu, m €N (94)

are satisfied for some given sequences (Yn)nen C X and (fn)nen C X*, where the
sequence (fn)nen 1S assumed to be bounded. Then (yn)nen 1S bounded in X.

Proof. Assume that the sequence (y,)nen is unbounded. Then there exists some
subsequence (Yn/)nenr, M C N, such that lim, . ||yn||x = 00 and ||y ||x >0
for all n’ € M. Let v, € Ay,. By we obtain

<Un’7yn’>
[ frrllop lomllx = (fars ymr) = (onrs ) = Ny |l x 77—
[maips
and hence by the coercivity of A
an’HOp > <Un’7yn’> > inf <wn’ayn’> — 00,
[y llx 7 wwdu [yl

which is a contradiction to the assumption of boundedness for the sequence
(fo)wen- O

Theorem 7.6. Suppose (Hi)-(H3), (HG]) and (HJ) of Section [ resp. and
(HM)). Assume that there exists at least one u € [u,w]NLY(Q) such that (M_Ell1

has a solution in Y. Suppose that there exist a constant cqg > 0 and a function
ke € LL(Q) satisfying

9(x,5,0)] < ka(z) +cq|C[P~" forall s € Y(x) Ao(dz)-a.e. and { € RY.

Then the optimal control problem (OC-M-EIll) has a solution (y,u).
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Proof. The proof is analogous to Theorem [£.7] resp. Theorem [4.9
We consider the following auxiliary problem:

min J(y,u) (A-OC-M-Ell1)
st Apy + Ay, i B,y + v, IGT y + v, i M1y, y D Ty iu in V*
and u € [u,u] N LIQ)
yeYnv

Here, the definitions of the operators T, Az, B are analogous to Theorem .
The constant A\ > 0 satisfies the inequality

A > c%l(cGC’EG +cm)

with C¢, = (EGp)*Q/p% and eg < 5_(1;
By assumption, there exists at least one admissible pair (y,u). Let (Y, Um)men
be the infimal sequence with
i J (s tm) = ue[g,a}m(slzrifyes<w,p*m> Iy, ).

Then we know that there exist a weakly convergent subsequence (t,)menrr, M C
N, and a ug € [u, ]NLI(Q) with w,, — uo in LI() and Ty,*iu, — 7y, ug in V*.
Let w,, € MTy,y, be the corresponding sequence. Analogously to the proof
of Theorem it can be shown that the multivalued auxiliary operator Az +
ATy BTy + Ty iGT 4 Ty iMry,: V. — 2V is coercive in the sense of Defi-
nition [8.9] This property implies with Lemma [7.5] that there exists some weakly
convergent subsequence (Y, )men With limit yo in V. The inequality

[wmllzo) < IEsllza@) + eadlmvpymllf, for all m,

allows passing to a weakly convergent subsequence (w,)men with limit wy in
L9(€2). As supposed in (HM)), M is weakly closed and hence wg € Mmy,yo. It
follows

(A7 + 1vp" iGT )Y, Ym — o)
= (Tvp WU, — ATV IB TV pYim — TV Wi,y Y — Yo) — O.

By Theorem 2.109 in |Carl et al.| (2007) the operator Az + 7y,*iGT satisfies the
S, -property, therefore y,, — yo in V. From the continuity of the operators the
convergence

Ay + N1y 1B7v) Y + (Tv,p IGT ) Y + T i,
— Agyo + M7vp iB7v,)y0 + (11, iGT)yo + Ty iwg in V*
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can be deduced. Hence, the inclusion (M_Ell1]) holds for the limits yq, wo and wug.
We obtain

J (Yo, ug) < Hminf J(yp,, ).

o0

7.1.2 Local Growth Condition

7.1.2.1 Existence of Solutions for Multivalued Variational Equations
The growth condition on the multivalued mapping M in hypothesis was
assumed to be of global character. In this section we consider the case of a
multivalued mapping defined as Clarke’s generalized gradient of some locally
Lipschitz mapping j: 2 x R — R. We are in the situation of Section 4.3 of |Carl
et al. (2007). Let g: 2 x R — R be a measurable and locally bounded function
and assume that j is the primitive of g, i.e.

jas) = [ o) 2ar),
0
Clarke’s generalized gradient is given by
dj(x,s) :={C € R|j°(x,s;r) > r for all r € R}.

Here, j° denotes the generalized directional derivative. For further details on
generalized derivatives we refer to [Clarke| (1983) and Motreanu and Radulescu
(2003).

We assume that the operator A: V' — V* defines a Leray-Lions operator satisfy-
ing hypotheses (HI)-(H3)) of Section [ The mapping a: WP(Q) x WP(Q) — R
denotes the corresponding semi-linear form. With these definitions we are now
considering the following inclusion problem.

Problem 27. Find some y € V such that
Ay + (TVJ,*’L'G)y + 7'V7p*aj(l'd, TVJ,y) > f n V* (M,EHQ)

Definition 7.4 (solution). The function y € V is called solution of the inclusion
problem (M_Ell2) if there is a function w € L(Q) such that

i) Gye L),
i) w(x) € dj(x,y(x)) Aa(dr)-a.e. and

wi) Ay + (tvp Gy + Tvptiw = fin V.
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Definition 7.5 (subsolution). The function y € W'P(Q) is called subsolution of
the inclusion problem (M_EI2) if there is a function w € LY(Q) such that

i) Gy € L),
i) (y—y)t eV foralyeV,
i) w(r) € 9j(w,y(r)) Aa(dr)-a.e. and
w) a(y,-) + (Tvp*iG)y + Ty iw < f in V>

Definition 7.6 (supersolution). The functiony € W'P(Q) is called supersolution
of the inclusion problem (M_EII2) if there is a function w € LY(S2) such that

i) Gy e L),
i) (y—y)t eV forallyeV,
i) w(z) € dj(zr,y(x)) Aa(dr)-a.e. and
w) a(y,-) + (1vp"iG)y + Tv, iw > f in V*.
Instead of hypothesis of the previous Section , we assume:

(Hj)  The function g: 2 x R — R satisfies the following conditions:
(1) g is measurable and g(x,-): R — R is locally bounded Aq(dx)-a.e..
(2) There exist some constant o > 0 and some function k; € L% ()
such that for all s € [y(z) — 2a,7(z) + 2a] it holds
g(z, )| < kj(x) Ao(dz)-ae..
(3) There exists some constant ¢; > 0 such that for all s;, so € R
with y(z) —a < s; < sy <¥(x) + « it holds
g(x, s1) — g(z, s2) < c¢j(s2 —s1) Aa(dr)-ae..
As shown in Remark 4.30 in [Carl et al.| (2007), condition (Hyj))(1) implies

0j(z,s) = [g(x,s),8(z,s)], s€R Aq(dr)-a.e., (95)

where

g(z,s) = lig}less inf{g(z,t)| |t — s| < €} and

g(x,s) = lilr(r)less sup{g(z,t)| |t — s| < €}.

Under these assumptions, in Theorem 4.31 in |Carl et al.| (2007)) the existence of

a solution of (M_EI2)) is proven.
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Theorem 7.7. Let y and § be a sub- and a supersolution of (M_Ell3) which
satisfy y <Y and suppose the hypotheses (—(h@) and (HG)) of Section and

(Hj)). Moreover, we assume that there exist a constant cg > 0 and a function
ke € L(Q) satisfying
92,5, Q)] < k(@) + cg | for all s € [y(x), 5(2)] Aa(dz)-a.c. and ¢ € RY.

Then there exists at least one solution of (M_EIIZ) which lies in [y,7].

7.1.2.2 Existence of Solutions for Optimal Control Problems In the
following we are interested in a statement about the solvability of the optimal
control problem formulated below. We assume pointwise state constraints with

boundaries y;, yo € WP(Q) and Y := [y;, 32| as defined in paragraph [7.1.1.2,
Problem 28.

min J(y,u) (OC-M-El2)
s.t. Ay + (1v, 1G)y + v, 07 (id, Tvpy) 2 Tvp i in V™
and w € [u,u] N LYNQ)

yeYnvVvV

The previous assumptions on j have to be modified according to the admissible
set Y.

(Hj’) The function g: Q@ x R — R satisfies the following conditions:
(1) g is measurable and g(x,-): R — R is locally bounded \q(dz)-a.e..
(2) There exists some function k; € L% (€) and some constant a > 0
such that for all s € [y;(x) — «, ya2(x) + @] it holds

lg(,8)| < kj(z) Aa(dr)-ae..

The truncation operator T' and the penalization operator B are introduced as in

the previous paragraph [7.1.1.2] Due to assumption (Hj))(2) and (95)), every w €
97(id,y) with y € Y is an element of L(2). Hence, the term 7y,*i0;(id, Ty ,y)
is well defined.

Theorem 7.8. Suppose the hypotheses (H1)-(H3), (HG) of Section[{.1, (HJ) of
Section and (Hj'). Assume that there exists at least one u € [u,u| N L1(2)

such that (M_EIll2) has a solution in Y N'V. Suppose that there exist a constant
ce > 0 and a function kg € LL(Q2) satisfying

l9(z,5,0)| < ka(z) + g |CP™" forall s € Y(z) Ao(dz)-a.e. and ¢ € RY.
(96)

Then the optimal control problem (OC-M-EII2)) has a solution (y,u).
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Proof. We consider the following auxiliary problem
A7y + v, iGTy + 7,105 (id, T1ypy) + Ay, 1B 7v,y S f in V*,
(A-M-ElI2)
and the corresponding optimal control problem:
min J(y,u) (A-OC-M-El12)
st. Ay + 1y, GT y + 7v, 505 (id, Tty ,y) + My, BTy, y D Ty iu in V*
and u € [u,ul N LY(Q)
yeYnv

Here, the definitions of the operators T, Az, B are analogous to Theorem .
The constant A > 0 satisfies

A > C%ICGcgc

with C., = (er)_‘I/p% and eg < s—é By assumption, there exists at least one

admissible pair (y,u) which solves (M_Ell2) and hence (A-M-El2), too. We
denote the set of solutions of the equation (A-M-ElI2) lying in Y with S(f). Let

(Ym Um)men be the infimal sequence with

Hm J (Y, Um) = inf J(y,u).

m—oo u€[w,u]NLI(Q),yeS(Tv,p*iu)

Then there exist a weakly convergent subsequence (u,)menrr, M C N, and some
function ugy € [u, w]NLY(?) with u,, — up in L4(Q) and 7y, %iw,, — Ty, iug in V*.
Let w,, € j(id, Ty pym) be the corresponding sequence which is due to (H;7)(2)
bounded in L%(£2).

We show coercivity of the operator
'AT + 7'V7p*Z.GT + TVJ,*Z.aj (’Ld, T’Tvm ) + XTVJ)*Z.%TV,I,,

which follows by the assumptions (H3) and (HG]) of Section [4.1] (Hj7), and
(93): For all w € 0j(id, Tty,y) it holds

(Azy + Tv, " iGTy +w + N1y, iB7v,)y, y)
> e[ Yyl ) — Il — el Vol — coCeallvlg
= (Ikallaey + caeoll V9l + V92l 5oy ) 1m0y
— 1kl ooy 1z +Aﬁ||y||m ~XCsg
— (e1 - cGec>||Vy|| + (g - ccCe
~ (ke 2oy +chp|||Vy1|+|Vy2\|| oy + sllzagey ) Ilrcoy
- HleLl(Q) HyHLP(Q) —XC’@
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where ¢, is defined as in . Due to the choice of ez and X, the coefficients
of the two first summands are positive. Applying Lemma allows passing to
some weakly convergent subsequence (Y,)men With limit yo in V. Moreover,
it holds, due to the boundedness of (w,)men in LI(2), that there exists some
weakly convergent subsequence in L%(£2). We denote the weak limit with wg. It
follows wy € 07(id,yo(+)) from the upper semi-continuity of the mapping s —
dj(x,s) = [g(w, s),8(z, s)], compare Carl et al.| (2007), p. 178. Since the operator
Az + 1y, *iGT satisfies the S, -property, the strong convergence of (Y, )mens in V
follows. The further proof is along the lines of Theorem O

7.2 Parabolic Inclusions
7.2.1 Existence of Solutions for Multivalued Variational Equations

In Section [6] we have considered evolution equations. We now consider differential
inclusions for the parabolic case. Let 2 < p < oo and % + % =1. Let V, W, Wy,
L and D(L) be defined as in Section [f] We are now in the situation of Section
4.5 of |Carl et al.| (2007). For the operator 21: LP(T;V) — L4(T;V*) defined by
coefficient functions a;, i = 1,..., N, we assume the Leray-Lions conditions (H])-
(HB) of Section[6.1] which coincide with the assumptions (A1)-(A3) stated in|Carl
et al| (2007), p. 191. Let the mapping s — j(+,-,s) with j: Q@ x [0,T] x R — R
be locally Lipschitz. The assumptions on the Clarke’s gradient of j and the
Nemytskii operator G are stated in (H1) and (H2), p. 192 and 193 in (Carl et al.
(2007). We assume a structure of the next differential inclusion as introduced in
Chapter 4.5 in (Carl et al.| (2007). Let f € LY(T; V™).

Problem 29. Find some y € D(L) such that
Ly + Ay + (TLP(T;V)JJ*Z'G)Z/ + TLp(T;V)’p*Z'aj(Z'd,TLp(T;V),py) > f
in LY(T;V*)  (M_Par)

Definition 7.7 (solution). The function y € D(L) is called solution of the in-

clusion problem if Gy € LYQ) and there is a function w € LY(Q) such
that

i) w € 8j(id, TLP(T;V)JJZ/)
ii) Ly + Qly + (TLp(T;v)7p*iG)y + TLp(T;V),p*U) = f m Lq(T; V*)

Definition 7.8 (subsolution). The function y € W is called subsolution of the

inclusion problem if Gy € LYQ) and there is a function w € Li(Q)
such that

i) (y—y)t e LP(T;V) for ally € LP(T;V)
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ii) w € 8j(id, TLP(T;V),pg>
iii) gt + Cl(g, ) + (TLp(T V),p zG)y + TLP(T;V),p w < f m Lq(T V*)

Definition 7.9 (supersolution). The function y € W is called supersolution of

the inclusion problem if Gy € LY(Q) and there is a function w € L1(Q)
such that

i) (y—1y)t € LP(T;V) for ally € LP(T;V)
ii) W e 0j(id, Ta(rav p7)
i) Y+ a(y, ) + (T p Gy + Troeray W > f in LY(T; V*)
The following theorem is stated in |Carl et al. (2007), Theorem 4.46.

Theorem 7.9. Lety andy be a sub cmd a supersolution of (M. that satisfies
y < ¥y. Suppose (}l) (b@) and (HG)) of Section and the assumption (H1)

on j formulated on p. 192 in Carl et al.| (2007). Assume that there exists some
ke € LL(Q) with

lg(z,t,8)| < ka(x,t) for all s € [y(x,t),y(x,1)] A\g(d(,t))-a.e.. (97)

Then there exists at least one solution of which lies in [y, 7).

7.2.2 Existence of Solutions for Optimal Control Problems

Now we admit general two-sided pointwise state constraints. Let Y be defined as
in Chapter [ We denote the set of all solutions of (M_Par]) lying in Y with S(f).
Assume that the mapping J: (Y NLP(T;V)) x ([u,w] N LI(Q)) — R satisfies

(HJ) of Section [6.2]
Problem 30.

min J(y, u) (OC-M-Par)
st Ly + Ay + (Treery) "Gy
+ TLp(T;V)m*iaj(id, TLp(T;V),py) 3> TLP(T;V),p*iu in LY(T; V™)
and u € [u,u] N LYQ)
y €Y ND(L)

For the later proof of the existence of some solution for a gener-

alization of Lemma [6.2] is needed.
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Lemma 7.10. Let A: LP(T;V) — 2X V") be o multivalued mapping which is
coercive in the sense of Definition[8.9. Moreover, assume that the inclusions

Ly, + Ay, > fn, n €N (98)

are satisfied for some given sequences (Yn)nen C D(L) C LP(T5 V') and (fn)nen C
LY(T; V™), where the sequence (fn)nen is assumed to be bounded in LI(T; V™).
Then (Yn)nen 1s bounded in LP(T; V).

Proof. Assume that the sequence (y,)nen is unbounded. Then there exists some
subsequence (Y )wen, M C N, such that it holds limy oo ||yl s,y = 00 and
19w | Loy > 0 for all w’ € M. By we obtain

Lo llop ymlLocrvry 2 (s ) = (L + 0w, )

[y (T 1o T
:< Q) (U, Yor)

2||ym HLP(T;V) [y HLP(T;V)

) Hyn’HLP(T;V)

for all v, € Ay,, and hence by the coercivity of A

ullgy = M Dlary e,
" 2yn

/HLP(T;V) ||yn'HLP(T;V)
(T Yt
[ )HLP(Q) © inf (Wit Yt )

= — 00,
QHyn’”Lp(T;V) W €AY ||y || x

which is a contradiction to the assumption on the boundedness of the sequence
(fo)wen- O

The previous assumptions on j have to be modified according to the admissible
set Y.

(Hj’) The function j: @ x R — R satisfies the following conditions:
(1) j(-,-,s): @ — R is measurable for all s € R.
(2) j(x,t,-): R — R is locally Lipschitz.
(3) There exists some function k; € L% (Q) such that for all s € Y (x,1)
and all w with w(z,t) € dj(z,t,s) it holds

\w(z,t,s)| < kij(z,t) Ao(d(z,t))-a.e..
Now we derive an existence result as in the proof of Theorem [5.8|.

Theorem 7.11. Suppose (HI)-(H3) and (HJ)) of Section[6.4 and (Hj’)). Assume
that there exists at least one u € [u,w] N LI(2) such that has a solution
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y €Y ND(L). We assume that there exist some kg € L (Q) and some cg > 0
with

l9(z.t,5,0)| < ka(x,t) + cq ¢ (99)

for all s € Y(z,t) A\g(d(z,t))-a.e. and ¢ € RYN. Then the optimal control problem

(OC-M-Par|) has at least one solution (y,u).

Proof. We consider the following auxiliary problem

Ly + A7y + TLp(T;V)’p*Z'GTy + TLp(T;V)Vp*iaj(id, TTLP(T;V)J)y)
+ ANTLo(rv)p 1B Lo p)y D f in LYT;V*),  (A-M-Par)

and the corresponding optimal control problem:

min J(y,u) (A-OC-M-Par)
st Ly + Ay + ooy i1GTY + ooy, 105 (id, TTrorv) py)
+ M T30 IBTLo vy )Y D TLo(ravy,p iu in LY(T; V?*)
and u € [u,u]NLYQ)
y €Y ND(L)

Here, the definitions of the operators T, 2+ and B introduced in the proof of
Theorem hold. The constant \ > 0 satisfies the inequality

2> c%l(cGCEG +¢j)

with C¢, := (er)_‘I/p% and e¢ < <~. By assumption, there exists at least

one admissible pair (y,u) which solves (M_Par)) and hence (A-M-Par)), too. We
denote the set of solutions of (A-M-Par]) lying in Y with S(f), f € LY(T; V™).

Let (Ym, Um)men be the infimal sequence with

WILLH;O Yy tm) = uE[y,ﬂ]ﬂLq(Q),:IIJIEI‘E(TLp(T;V)yp*Z'u) Iy, w).
There exist a weakly convergent subsequence (t,)men, M C N, and some func-
tion ug € [w, u|NLY(Q) with u,, — ug in LY(Q) and 7o,y p ity — Tre(rv)p ito
in LY(T;V*). Let wy, € 9j(id, TTror.v)pYm) be the corresponding sequence
which is due to assumption bounded in L1(Q).
We show coercivity of the operator

Az + Too(13v) " 1GT + ooy p 105 (id, TToomv)p ) + ATo(ry) p iBTLo(1v) s
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which follows by the assumptions on 2, (HG]) of Section (Hy'), and
Lemma 5.5}
For all w € aj(id,TTLp(T;V)J)y) it holds

<917y + (TLP(T;V),p*iGT)y —+ w + X(TLp(T;V)7p*Z'§TLp(T;V)7p)y, y)
> (a1 — CG€G>||V?/||p y (Aeg — CGCec)”y”Izp(Q)

~ (IIkcll oo +cecp|||w1|+|wg||| o kil ) Il

The constant ¢, is defined in . Applying Lemma allows passing to
some weakly convergent subsequence (Y, )men With limit yo in LP(T; V). By the
estimation

||Lym||Lq(T;V* ||91T?Jm||Lq(TV*) +C||wm||Lq +)‘c||%TLp(TV),pymHLq

+cllGTymll o C—HTLp(Tv “illop

the boundedness of the sequence (Ly,)menr in LI(T;V*) follows from the as-
sumptions ( of Section , , and Lemma .

Due to the boundedness of (wp,)men in L9(Q), see assumption (Hj7), there exists
some weakly convergent subsequence with limit wy in L(Q). Moreover, observing
that the embedding of Wy into LP(Q) is compact yields the (strong) convergence
of the sequence (TLP(T V)pYm)menm in LP(Q). By the continuity of T we obtain
TTLp(T V) pYm TTLP(T vypYo in LP(Q). It follows wy € 8j(id,TTLp(T;v),pyo)
by the upper semi-continuity of the generalized directional derivative and a
Lebesgue’s point argument, compare (Carl et al.| (2007)), p. 206.

The last part of the proof is along the lines of Theorem [7.6] n
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8 Appendix

8.1 General Results

Lemma 8.1. Let Y and Z be real Banach spaces and X a closed subspace of
Y. Assume that the embedding 7:Y — Z is compact. Then the embedding
To: X — Z 1is compact, too.

Proof. Let (z,)nen C X be a sequence with
T, —x in X.
Due to the compact embedding of Y in Z it holds the convergence
ToLy = T1Ly — TIT = ToZ In 2.
0

Theorem 8.2. Let Y and Z be real Banach spaces and A:Y — Z be a linear
operator. A is continuous if and only if it is weakly continuous.

For the proof see, e.g., Proposition 4.2 in [Morrison (2001]).

8.2 Embedding Theorems

Let € be a bounded domain with Lipschitz boundary I'.  We denote the trace
operator with v,: W'?(Q) — LP(T'), where 1 < p < oo. The continuity of v, is
shown in [Zeidler| (1990b)), p. 1026 and p. 1029.

Lemma 8.3. For each p, the trace operator -y, is linear and continuous.

The mapping sy, WH(Q) — LI(Q), % +
operator.

% = 1, denotes the embedding

Assumption 8.4 (Embedding assumption). For dimension N € N of the bounded
domain ) and exponent 1 < p < 0o we assume

(i) 2N < Np+p or

(i) 2N < Np+ p.

Remark 8.5. Under assumption resp. the embedding operator Ty 1.p(q)q
is continuous resp. compact. This can be seen in, e.g., |Zeidler (1990b), p. 1028
or|Adams and Fournier (2005). If N < p, then is satisfied. If N > p, then

N
p < p ’
p—1 N-p
i.e. q is smaller than the critical exponent (Np)/(N — p). For p > 2, is
satisfied for every N € N.

2N <Np+p & N-p<N(p-1) & gq=
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Lemma 8.6. Let 1 < p < o0, %—l—é = 1. The isomorphism i: LI(Q)) —
LP(Q)", y— [,y - dAg is weakly continuous.

Proof. We show that ¢ is continuous. Then the statement is proven by applying
Theorem . Assuming y,, — y in L9(Q2) implies

o [,y — y) ddAe]
7yn — iyllLr@)r = sup
$eLP(Q) ol ze )

< yn = Yllzeg) — 0.

O

Lemma 8.7. Let 1 < p < o0, }—17—}—% =1 and let X be a closed subset of WP(L2).
Denote by i: LI(2) — LP(Q)* the isomorphism defined in Lemmal[8.6, Then the
mapping Tx % i: L1(Q) — X*, y — (7x,%1)y is linear and strongly continuous.

Proof. The embedding W1P(Q2) < LP() is compact, see, e.g., Zeidler (1990b)), p.
1027. In Lemma it is shown that the embedding X — LP(£2) is compact, too.
Hence the embedding operator 7x , and its adjoint 7x ,* are strongly continuous,
see Theorem VI1.4.8.2 (Schauder) in Dunford and Schwartz| (1957)). The statement
is proven since the isomorphism i: L4(Q) — LP(Q)" is weakly continuous, see
Lemma [8.6 O

8.3 Elliptic Case

Lemma 8.8. Let X be a separable infinite-dimensional Hilbert space, the set
{wy,...} a countable basis in X and X,, := lin{wq,...,wy}. Let (2pn)men with
Zm — z i X*. Assume that (Ym)men 1S a sequence in X with y,, € X,, and

(AYm, &) = (zm, @) for all p € X, for allm € N, (100)

where A: X — X™* is a linear, strongly monotone and continuous operator. Then
there exists an element y with y,, — y in X.

Proof. For the proof we follow Theorem 21.G in |Zeidler| (1990a)).

Since the sequence (z,)men converges in X*, there exists some constant b > 0
with ||zp]|x+ < b for all m € N.

Let P,: X — X, ¢ — P,,¢ be the orthogonal projection on X,, and denote
with P,*: X* — X*, ¢ — P,,"¢ its adjoint, where it holds that P,,*X* = {y* €
X*|(y*,y) =0,y € (I — P,,)X} (see Lemma VI.3.2.3 in Dunford and Schwartz
(1957)). By the strong monotonicity of A we can derive the strong monotonicity
of P, A: X, — X,,”:

(Pn*Ay,y) = (Ay, Pny) = (Ay,y) > clly|lx  forally € X,,.  (101)
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By Lax-Milgram’s Theorem, the operator equations

Ay=2 inX* yeX
P Ay = Pz in X7 ym € Xy (102)

have unique solutions y € X resp. y,, € X,,. If m > 7, then it follows from ((102)

(AYp, wj) = (2m, w;) and (103)
<Aym7ym> = <2maym>- (104)

By (101]) we have:
cllymllx < (AYm, Ym) = (Zm, Ym) < Nzmllxe [Ymllx < bllymllx -
This yields the a priori estimate
cllymllx <0,

i.e. the sequence (¥, )men is bounded. Since X is reflexive, there exists a weakly
convergent subsequence with

Yy — 1y Iin X.
By (103) and z,, — z in X*,
(AYpy — 2z, ) — 0 for all ¢ € UXm.
The linearity and continuity of A implies the weak continuity, see Lemma 8.2
Hence it holds Ay,,, — Ay in X* and it follows the boundedness of the sequence

(AYm)men. Since J,, Xy, is dense in X, we can apply Proposition 21.23 (g) in
Zeidler| (1990a)) and obtain that

Ay — 2z in X™.

This implies the equation Ay = z in X* and the identity § = y. The weak limit is
the same for all weakly convergent subsequences of (¥, )men. Thus, we get with
Proposition 21.23 (i) in |Zeidler (1990a) that

Ym — vy in X.
It follows from

Nym = yllx < (AYm — Ay, Ym — ¥)

the convergence y,, — vy in X. O]
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The following lemma gives an example of a closed subset of the Sobolev space
Whp(Q).

Lemma 8.9. Let I'y CT' be measurable and
Vi={ve W(Q)|yv=0onT} CW(Q),
where 1 < p < oco. Then V is a closed subset of W'P(Q).

Proof. Let (v,)nen be a sequence in V' with v, — v in W'P(Q). The trace
operator 7, is continuous, see Lemma [8.3] Therefore, the convergence y,v, — 7,v
in LP(I") holds. Because of (v,,)neny C V/, we have vy,v,, = 0 on I'; for every n € N.
It follows y,v = 0 on I'y by
1(vpv) Ir [ ey < N (vpvn) Iry (e oy + (00 = Ypvn) Ir [ Loy
= [[(9pv — ¥n) I, HLP(F)
< v = Wnll Loy — 0,

where Ip, denotes the indicator function on I';. O

Now we proof the inequalities stated in Lemma [4.3]

Lemma 8.10. a) For 1 < p < oo with the definition of b in it holds for
all s € R:

6(z, 5)| < cpa(a(@)| + [b(z))P~" + cpalslP™" Aa(dr)-a.e., (105)
where
o 2, 1<p<2
PLT Y 2l 2 < p<oo

b) The inequality
. 1
[ st gare = (5= ) ol - Ca (106)
Q Cp,2
1s valid for any 0 < e < Cp%, where

- 1, 1<p<?
Cp,2 T { 2p727 2 S P < 00 ) (107)

1
Cni= (1(5 =) 20 (laltey +100w)  108)

Cp,2
and

C. = (ep)—q/pa. (109)
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Proof. E[): We fix some s € R and some x € 2 and write shortly a resp. b for
a(x) resp. b(x).

’Case 1<p< 2‘

Case b<0<q

(b—spt< s, s<b
O§|s|p71, b<s<a,
(s—ap ' <|s™", a<s

ie. [b(z,s)] <|s"!
Case 0<b<a

(b—s)P 1< 2|, s<b, |s|>b

(b— syt <2t s <b, |s| <b
0§|s|p71, b<s<a ’

(s—apt <|s, a<s

ie. |[b(x,s)] <20pP " +2]sf""
Case b < a < 0 is similar to the previous case:

(2, s)| < 2|af/ " +2]sP".

Conclusion
|b(z, 5)] < 2(|a| + [b))P~" + 25"

Case 2 < p< oo‘
By definition we have

6(z,s)| < |b—s""+|s—alP".
Since
="t <22 (P fsl7T) and s —afP T <277l 4 ")
by Jensen’s Inequality we have
[b(z, )] < 277 (Ja”™" 4 oY) + 27 s
and with p > 2 it follows that
[b(z,5)[ < 277 (|a] + b)) + 277" s

@: By definition it holds

/ b(id,y)y drg = / (y — b)Plydrg +/ 0dAg — / (a — )Pty drg.
Q y>b a<y<b y<a
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Case 1l <p<?2
Assume y > b. For y < |b] it holds

ly—b" " > 0> [y —
In the case y > |b|, the inequality
ly = o =yl — o

can be shown by applying the Fundamental Theorem of Calculus (FTC) and
observing that the derivative of the mapping = +— 2P~! is monotone decreasing.
Using Young’s Inequality with € > 0 and C, defined in ([109) yields

Py < ey? + C. (b]P1)" = ey + C b

This implies with € > 0 the inequality

[ w=vrtvaraz [l tyda- [pr i a
y>b y>b y>b
> (1—- 6)/ y" drq — Ce[lbl[ 75 -
y>b

Furthermore we have

/ oczxgz/ P d)\g—/ B dAa
a<y<b a<y<b a<y<b

> [ e [ alda- [
a<y<b a<y<b a<y<b

For y < a it holds
ja =yt <Jaf” "t < 2ot = [y

and hence

/ (a—y) 'y drg = — / la— 3" lyl dra
y<a

y<a

> [ a2 [l v
u<a y<a

z/ ly|P ! dAQ—2/ la|” d)q.
u<a y<a

Consequently it holds
/ b(id, y)y dAo
Q

> (1= ) Iy — 20—+ (el + 00y )



Case 2 <p< o0
We obtain from Jensen’s Inequality that

1 B
ly — bt > [yPt = b
Cp’g

and hence

1
/ (y — b tydrg > — yP dhg — / P!y dA
y>b Cp2 Jy>b y>b

Using Young’s Inequality with € > 0 and C, defined in ([109)) yields
B" "y < ey” + Cc bl

and we get with € > 0 that

1
/ (y — b)P Ly drg > (— — e) / yP d\g — CG/ [b]P dAq.
y>b Cp,2 y>b y>b
Furthermore we have
/ 0dN\qg = / yPdq — / yP dq
a<y<b a<y<b a<y<b
2 / ypd)\g — (/ ]a\p d —|—/ ’b‘p d)\Q) .
a<y<b a<y<b a<y<b
Lastly

/ (a —y)Plydig < / (2aP7 —yP Hydrg < 2/ a? d\ — / Yy dq
y<a y<a y<a y<a

and consequently it is for € < i
P,

/b )y da
1 1 P V4
2 (52 =) Wl = (255 =) +€) (llliey +1¥1E)-

Case 1 <p<2
For y > b it holds

ly— [P < (bt < 20pPt — [yl

78
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and hence

/ (y— b lydrg = —/ ly — b y| d)a
y>b

y>b

> [ Wt da-z [l v
u>b y>b

z/ P! dg —2/ 6" dXq.
u>b y>b

Furthermore we have

a<y<b a<y<b a<y<b

2/ ly[” dAo — (/ lal” dA\q +/ |b]? dAQ> .
a<y<b a<y<b a<y<b

Assume y < a. For |y| < |a| it holds
ja =yl = 0> |yt — o]
In the case y > |al, the inequality
ja =yt >yl = Ja

can be shown by applying the FTC and observing that the derivative of the
mapping = — xP~! is monotone decreasing. Using Young’s Inequality with € > 0

and C, defined in (|109)) yields
lal” ™y < ey” + Cclal”

and we get with € > 0 that

- / (a— gy dirg = / (a— ) lyl drg
y<a

y<a

> / WPty drg — / a" y] dr
y<a y<a

> (1 —e)/ P dAg — C’e/ lal” d)a.
y<a y<a

Consequently it holds

/ b(id, y)y dho
Q

> (1= ) Iy — 20—+ (el + 80y )-



Case 2 <p< o0
For ¢, 5 defined in (107)) we obtain that

/ (b tydda = - / ly— b Jy] dag
y>

y>b

—2/ b7~ [y dAnJr/ Yyl drg
u>b y>b

—2/ B[P dAQ+/ P dho.
y>b y>b

v

Vv

Furthermore it holds

/ 0dra — / P dra — / yl” dra
a<y<b a<y<b a<y<b

2/ ly|” dAa — (/ lal? d)q +/ |b|? dAg) .
a<y<b a<y<b a<y<b

Lastly
[ @y tyda= [ syl v
y<a y<a

and since )

(a+ Iy > — Iyl —a"™

D,2

we have

_ 1 _

[ iz = [ o= [l
y<a Cp2 Jy<a y<a

Using Young’s Inequality yields
jal" ™ y| < ey” + Cc|af’

This implies

1
—/ (a —y)P lydrg > (— — e) / ly|? d g — Ce/ la|” d\q
y<a Cp,2 y<a y<a

and hence

/b(id, Y)y dg

1 1
. p . - p p
> (_c ; 6) ||y||L:D(Q) (2 <Cp,2 6) + CE) <||a||LP(Q) + HbHLP(Q)) :

D

80
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Conclusion

By definition it holds

/ b(id, y) y dho = / (y— by drg + / 0drg — / (a -y 'y dra.
y>b a<y<b y<a

By the results from above, splitting in positive and negative part yields

/ b(id, y)y drg = b(id, y)y dra + b(id, y)y dAa
Q

y<0 y=>0

1
> - p
> (Cp? 6) ||y||LP(Q)
1
_ (4 (C— _ e) n 205) (Ilallﬁp(g) + ||b||lip<9)> :
D,2

8.4 Parabolic Case

Throughout this chapter we will assume that 7' is some positive constant. For
the following definition see, e.g., Definition 23.1. in |Zeidler| (1990a)).

Definition 8.1. Let X be some Banach space. For 1 < p < oo, the space
LP(T; X) consists of all measurable functions y: [0,T] — X for which it holds

T
A / Iy 1% Ao (dE) < oc.
0

Here, a function y: [0,7] — X is called measurable, if there exists a sequence
(8n)nen of functions s,(t) = >, L, (1) Win, Agn € o([0,T]), wp, € X,
which satisfy s,(t) — y(t) Ajo(dt)-a.e. in X, compare Denkowski et al.| (2003).
0([0,77) denotes the Borel-o-Algebra on [0, 7.

Remark 8.11. The spaces LP(Q) and LP(T; L*(2)) can be identified. On the one
hand, (strong) measurability of y: [0, T] — LP(Q) is equivalent to weak measura-
bility by the separability of LP(S2), see Pettis’ Theorem, e.g., in|Denkowski et al.
(2003). For any F € LP(Q)* with the associated element f € LI(Q), the measur-
ability of the mapping t — [ fy(t) dAg = Fy(t) follows by Fubini’s Theorem.

On the other hand, for any measurable mapping y: [0,T] — LP(2) there exists
a representative § of y such that the mapping @@ — R, (t,w) — §(t)(w) is mea-
surable. The proof consists of two parts. At first we prove as shown in |Hille
and Phillips (1957), p. 69, (for the Riemann-Stieltjes integrals) that for every
y € C(T,LP(Q))(C LP(T; LP(Q))) there exists a mapping z: Q — R which is
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o(Q)-o(R)-measurable with z(t,-) = y(t) in LP(Q) Ajor)(dt)-a.e.. In the follow-
ing step the same result is shown under the assumption y € LP(T; LP(2)).

Let yo: Q@ — R be a representation of y with yo(t, ) = y(t) in LP(Q) Ao r(dt)-
a.e..

ForneNlet0=ty,...,t, =T be a decomposition of [0,T] and define

2 Q — R, (t,w) = yo(Lo,,(2) t0—|—Z](t toa] (1) iy w).

The mappings

Q — {to, - ,to} X Q, (t,w) — to t1] )to + Z I[tl t1+1] ) and
{th e 7tn} x 1 — Ra (tlaw) = yO(tuw)

are measurable due to the measurability of y(t): Q@ — R for fized t € [0,T],
finity of the set {tg, - ,t,} and o(Q) = o(][0,T]) ® 0(Q). Hence the o(Q)-o(R)-
measurability of z, follows. By the continuity of yo resp. y it holds

/|Zn ‘ t,)|” dxg — 0

and there exists a constant M > 0 with ||z,(t,-) — 2m(t,)||ze) < 2M for all
t € [0,T]. Hence by Fubini’s and Lebesque’s Theorem the convergence

/|Zn d/\Q—/ /|Zn -) — m )|p d)\Q)\[()’T](dt)—)O
(0,77

is given. Completeness of LP(Q)) implies the existence of some zy € LP(Q) with
20(t,-) = y(t) in LP(Q) Ajor(dt)-a.e. since

0<—/|zn—z0]p g = / /|y0 ) = 20(t, )P dda Moy (dt)
0,7]

with t,(t) = Ty () to + S0y Ttstisn) (£)-

Now we assumey € LP(T; L*(Q2)). By Proposition 23.2 (c) in|Zeidler| (1990a) the
space C(T, LP(QY)) is dense in LP(T; LP(Q2)). Therefore, there exists a sequence
(Yn)nen C C(T, LP(2)) such that

yn =y in LP(T5 LP(Q)).
Moreover, there exists a corresponding sequence (U )nen C LP(Q) where

Yn(t) = Gnlt,-) in LP(Q) Ajo,r(dt)-a.e. for alln € N
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are 0(Q)-o(R)-measurable mappings. Since (Yn)nen s a Cauchy sequence in
LP(T; LP(QY)) it holds:

/ G — Gnl? A = / 190 (8) = Y ()2 ) Moy () — 0.
Q (0,17

Therefore, (Un)nen is a Cauchy sequence in LP(Q) and by completeness of LP(Q))
there ezists some § € LP(Q).
FromY :[0,T] — LP(Q), t — g(t,-) € LP(T; L (Q)) it follows

| lon6) = Y @010y Nomtat) = [ 152 = drg =0
(0,77 Q

and hence y, — Y in LP(T; LP(QQ)). This implies y =Y in LP(T; LP(Q))).

The well known Holder Inequality for LP-spaces can be formulated for vector-
valued functions.

Lemma 8.12. Let V' be some Banach space, 1 < p < oo and ]% + é = 1. Then
the Holder Inequality

/0 (), y(E)v ] Ao (d)

<(/ " el A[o,mdt)); (/ "l Nom(d))

holds for ally € LP(T; V') and v € LI(T; V™).

=

For the proof we refer to Proposition 23.6 in [Zeidler| (1990a).
The Hélder Inequality is applied in the proof of the following lemma which states
that the space LP(T; V)" can be identified with L?(T; V*), see Proposition 23.7
in |Zeidler| (1990a)).

Lemma 8.13. Let V' be some reflexive and separable Banach space, 1 < p < 00
and q its conjugate exponent. Then:

a) LP(T;V) is reflexive and separable.

b) For everyv € LY(T;V*) there exists an unique element v € LP(T; V)" with

(Tv,Y) Lo(Tyv) = /0 ((t),y(t))v Ao, (dt) — for ally € LP(T;V).
(110)
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c) For every v € LP(T; V)" there exists an unique element v € LY(T;V*) with

H@HLP(T;V)* = HUHLQ(T;V*)

and (T10).

By the last lemma, there exists a linear bijective isometric mapping from
LP(T; V)" to LY(T; V*), see Convention 23.8 in Zeidler| (1990a)). In the following
we will identify LP(T; V)" with L¢(T; V™).

Definition 8.2 (Evolution Triple). An evolution triple (V, H,V*) is defined by

i) (Vo|I-llv) is a real, separable and reflexive Banach space. (H,(-,-)u) is a
Hilbert space.

ii) 'V is dense in H and V is continuously embedded into H.
iii) The mapping 7: H — V*, y — Ty, given by
<Ty7 ¢>V* = (ya ¢)H fOT ¢ € ‘/7

18 linear and continuous.

Example 8.14. For a bounded region Q C RN with Lipschitz boundary T, T; C T
and 2 < p < 0o, the following spaces form an evolution triple:

Vi={ye W Q)|yy=0o0nT1} and H:=L*Q).
Lemma shows that V is closed in WYP(Q2). Thus, V forms a real, separable

and reflexive Banach space. Since the embedding WP (Q) — L*(Q) is continuous
(see the Sobolev Embedding Theorem, e.g., Theorem 4.12 in|Adams and Fournier
(2003)), it holds the same for V. As WyP(Q) is dense in L*(Q), this follows for
V O W,yP(Q), too.

Definition 8.3. Let V, X be Banach spaces, y € L*(T;V) and w € L*(T; X),
1 <p < oo. The function w is called generalized derivative of y in [0,T], written
w =1y, if it holds:

| 9160 (e == [ wit) 60 o (dt) for al 6 € €5 (0.7)).

Theorem 8.15. Let V C H C V* be an evolution triple and % +% = 1 with
l1<p<ooand 0 < T < oo. Then the generalized derivative y, € LI(T;V*)
exists if and only if there is a mapping w € LI(T;V*) such that

/0 (y(£), 0) i bo() Ay () = — / (w(t). vy H(1) Aoy (de)

forallv € V, ¢ € C§°((0,T)). The generalized derivative y, = w 1is uniquely
defined.
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For the proof see Theorem 2.139 in (Carl et al.| (2007). The next proposition
is stated in Zeidler| (1990a), Proposition 23.23.

Proposition 8.16. Let V C H C V* be an evolution triple and let % +% =1
with 1 < p < 0o. Then it follows:

i) The set
W={y e LX(TV)|y € LY(T;V")}
forms a real Banach space with the norm
[yllw = [ylleocrwy + [yellLacve) -

ii) The embedding W — C([0,T], H) is continuous.

iii) Let y,v € W and t,s with 0 < s <t <T. Then the following generalized
integration by parts formula holds

(y(@),v(t) i — (y(s), v(s))m = / (i (1), 0(m))v + (0(7), y(7))v Ao,y (d7),

[s:1]

where the values y(t) and v(t) are the values of the continuous functions
y,v: [0,T] - H.

In the next lemma a well known result of Lions and Aubin about compact
embedding is stated.

Lemma 8.17 (Lions-Aubin). Let By, B, By be reflexive Banach spaces with
By € B C Bj and assume that By is compactly embedded in B and that B 1is
embedded continuously in By. Let 1 < p < oo, q its conjugate exponent and define

W by
W= {y € L’(T; Bo) |y, € L(T; B1)}.
Then W is compactly embedded into LP(T'; B).

Example 8.18. Assume (i) in Assumptionfor 2 <p<ooandletV be
some closed subspace of WYP(Q) with WyP(Q) C V C W'(Q). Then it holds
that the embedding V — LP(2) is compact and that the mapping LP(Q) — V* is
continuous. Applying Lemma[8.17 shows that the set

W={ye LP(T;V)|y € LY(T;V*)}

is compactly embedded into LP(T; LP(2)), which can be identified with LP(Q), see
Remark (811l



86

Lemma 8.19. In the situation of example the embedding Trv(r,vy, from
LP(T; V) into LP(Q) is continuous.

The proof can be found in Proposition 23.2 (h), |Zeidler| (1990a).
Lemma 8.20. The trace operator
W W= LP(X), y = py
with 2 < p < 00 1s compact.
For the proof we refer to Proposition 2.143 in |Carl et al.| (2007).

Remark 8.21. The isomorphism i: L1(Q) — LP(Q)", % + % =1, is continuous
(see Lemma and the adjoint mapping Tre(1,v) " as well by Lemma and
Theorem VI1.4.8.2 (Schauder) in |Dunford and Schwartz (1957). It follows that
Too(rvyp™ 010 LY(Q) — LYT; V™) is continuous.

The property of pseudomonotonicity plays as in the stationary case an im-
portant role.

Definition 8.4. Let X be a reflexive Banach space and let L: D(L) C X — X* be
linear, closed, mazimal monotone and D(L) dense in X. A mapping A: X — X*
is called pseudomonotone with respect to D(L) if for any sequence (y)nen in
D(L) with x, — z in X, Lz, — Lz in X* and lim sup(Az,,, z, —z) < 0 it follows
lim(Ax,,z, —x) =0 and Az, — Az in X*.

In order to derive an existence result for pseudomonotone operators, we sup-
pose the following hypotheses.

(H1) (V,H,V*) is an evolution triple.

(H2) A: LP(T;V) — L9(T; V™) is bounded, demi-continuous, coercive and pseu-
domonotone with respect to D(L).

Let f € L4(T;V*) and let L be the mapping defined in (58). A general evolution
equation reads as follows.

Problem 31. Find some y € D(L) such that
Ly + Ay = f in LY(T; V™). (Par3)

For this equation an existence result is proven in Berkovits and Mustonen
(1996) (Theorem 1).

Theorem 8.22. Assume (HI) and (HJ). Then problem has a solution
for every f € LY(T; V™).
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8.5 Multivalued Mappings

We now state some basic definitions of properties of set-valued mappings. We
refer to Smirnov| (2002), |Carl et al.| (2007) and |Aubin and Cellina| (1984). For a
detailed survey of multivalued analysis see, e.g., |/Aubin and Frankowska/ (1990)
or Hu and Papageorgiou (1997).

Definition 8.5. Let X be a real Banach space and A: X — 2% a multivalued
mapping. We define the domain of A by

D(A) :={z € X| Az # 0}
and its graph by
Gr(A) :={(z,z") C X x X*|z* € Az}.
We declare the following notation:
P.(X) :={M C X| M is nonempty, closed and convex}.

Definition 8.6 (Monotone Operators). Let X be some Banach space and M a
subset of X. The mapping A: M C X — 2% is called

i) monotone if

<y* - U*ay - U) Z 0 fO’f’ all (y*>y)7 (U*,U) € GT (A)

ii) mazimal monotone if A is monotone and it follows from (y,y*) € M x X*
and

(y,y" ) € M x X*: (y* —v*,y—v) >0 forall (v,v*) € Gr(A),
that (y,y*) € Gr(A)
Remark 8.23. As shown in|Carl et al. (2007), p.47, a single valued map
A: D(A)C M — X*
can be identified with a multivalued map A: M — 25 by
Ay ::{ Ay yeDA)

0 otherwise
Thus, the operator A is maximal monotone if A is monotone and the condition
(y,y") € M x X*: (y* — Av,y —v) >0 for allv € D(A)

implies y € D(A) and y* = Ay. For example, this property is satisfied by the
operator L defined in (58).
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For the next definition compare Chapter 2 in Naniewicz and Panagiotopoulos
(1994)). The term upper semi-continuity can be found, e.g., in |Carl et al.| (2007)).

Definition 8.7. Let X be a reflexive Banach space. The operator A: X — 2X°
15 called pseudomonotone if the following conditions hold:

i) For each y € X the set Ay C 2% is nonempty, bounded, convexr and closed
mn X*.

ii) A is upper semi-continuous from each finite-dimensional subspace of X to
the weak topology on X*.

iii) If (Yn)nen € X with y, =y in X and if w, € Ay, such that
lim Sup<wn7 Yn — y) S 07
then for all v € X* there exists an element w = w(v) € Ay with

lim inf (wy,, y, — v) > (w,y —v).

A weakened condition yields the notion of generalized pseudomonotonicity.

Definition 8.8. Let X be a reflexive Banach space. The operator A: X — 2%
is called generalized pseudomonotone if the following condition holds:
If (Yn)nen C X with y, =y in X and if w, € Ay, with w, — w in X* such that

lim Sup<wn7 Yn — y) S Oa

then w lies in Ay and it holds

(Wny Yn) — (W, y).

In Proposition 6.11 in Hu and Papageorgiou| (1997) or Proposition 2.2 in
Naniewicz and Panagiotopoulos| (1994) sufficient conditions for pseudomonotone
operators are stated and proven:

Proposition 8.24. Let X be a reflexive Banach space. If A: X — P.(X*) is
bounded and generalized pseudomonotone, then A is pseudomonotone.

The definition of coercivity for the multivalued case is stated, compare, e.g.,
Definition 3.1.4., p. 302, in [Hu and Papageorgiou| (1997)).

Definition 8.9. Let X be a reflexive Banach space. The operator A: X — 2%
is called coercive, if either D(A) is bounded or A is unbounded and

—oo asyllx — oo
wedy [|yl| x *
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The important result for the solvability of differential inclusions is stated in

the next theorem which is proven in Theorem 2.6 and Remark 2.7 in

land Panagiotopoulos| (1994) and Corollary 3.6.30 in Hu and Papageorgiou (1997)),
p- 372.

Theorem 8.25. Let X be some reflexive Banach space and let A: X — 2% be
a pseudomonotone and coercive multivalued mapping. Then Ra (A) = X*.

For parabolic inclusions with pseudomonotone operators an existence result
is stated in Theorem 2.33 in [Hu and Papageorgiou/ (2000).




90

9 Conclusion and Outlook

In this thesis we have considered the solvability of optimal control problems,
which are constrained by nonlinear PDEs and PDIs. Existence results for opti-
mal control problems including monotone nonlinearities have been proven, e.g., in
Troltzsch| (2009), Casas et al.| (1995)) and (Casas and Troltzsch (2008). In contrast
to the methods used in the monotone case, we have examined the application
of sub- and supersolution techniques for dealing with optimal control problems
which are constrained by nonlinear non-monotone PDEs. In the Chapters [2]
and [5| we have assumed the existence of sub- and supersolutions of the PDE
with right hand side being the lower and the upper bound of the control. If
the sub- and supersolution coincide with the pointwise state constraints, several
properties of the optimal control problem could be proven. On the one hand, the
substituting auxiliary problem characterized by the truncation operator can be
defined without pointwise state constraints. On the other hand, the existence of a
solution for the PDE with arbitrary admissible right hand side is given and hence
the non-emptiness of the admissible set referring to the optimal control problem
follows and has not to be assumed. This property of the sub- and supersolution is
exploited in the Chapters [2], [ and [4.1] for optimal control problems with elliptic
PDEs and in |5| and for optimal control problems with parabolic PDEs.

The quasi-linear case investigated in Chaptersd and [6] has required different tools.
If the leading operator fails to be strongly monotone, a penalty term secures the
coercivity of an auxiliary operator. For elliptic PDEs, coercivity and the S -
property of the auxiliary operator play a crucial role in replacing the linearizing
step, which is in the semi-linear case an important tool in the proof. As we have
seen in Chapters [5] and [6], for optimal control problems with parabolic PDEs the
embedding properties, coercivity of the auxiliary operator and the S, -property
of a part of the auxiliary operator are dominant to show the existence of at
least one solution. The main difference in contrast to the works of [Papageorgiou
(1991)), Papageorgiou (1993) and Halidias and Papageorgiou| (2002)) is the bound-
edness assumption. In contrast to these works we have supposed boundedness
properties only on a restricted set characterized by pointwise state constraints,
compare, e.g., of Chapter [2 As well as in |Papageorgioul (1991), Papageor-
giou (1993) and Halidias and Papageorgioul (2002), the nonlinear terms may be
non-monotone.

The introduced methods have been applied to problems with two-sided and one-
sided pointwise state constraints in this work. In the case of one-sided pointwise
state constraints, we have made additional restrictions for the leading operator
A. The operator A was assumed to be strongly monotone, where for optimal
control problems with two-sided pointwise state constraints, Leray-Lions condi-
tions have been sufficient.
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Moreover, in Chapter [7| the class of optimal control problems constrained by
quasilinear elliptic and parabolic PDIs has been considered. Supposing proper
hypotheses, in particular global assumptions of boundedness for the multivalued
term, the pseudomonotonicity of the PDI describing multivalued auxiliary oper-
ator has been shown. This is the essential property for applying a result of Hu
and Papageorgiou (1997), see Theorem . By making use of the S, -property
and the coercivity of the auxiliary operator the existence of at least one solution
for the optimal control problem has been proven in Section [7.1.1]

The case of elliptic and parabolic inclusions of Clarke’s gradient type has been
examined under local assumptions of boundedness, compare Sections and
[7.2] New results presented in [Carl et al| (2007) on the existence of a solution for
the PDI have been applied and form a basis of the proof of the existence of a
solution for the optimal control problem.

The derivation of necessary and sufficient optimality conditions is well known
for some PDEs and their corresponding optimal control problems. Not only for
the linear and semi-linear case results have been obtained (compare [Troltzsch
(2009)), but also for optimal control problems with a PDE of quasi-linear type,
see |Casas et al.| (1995)) and |Casas and Troltzsch (2008). The PDEs, considered
in this work, often yield multivalued control-to-state mappings. The derivation
of necessary optimality conditions is much more difficult in this case and remains
open.

In Sections 2.3 and 3.2 we have seen that under certain assumptions a solution of
the optimal control problem can be approximated by solutions of optimal control
problems with a finite dimensional space of the state variable. For the proof it
was assumed that the lower and upper bound of the state variable are formed by
a sub- resp. a supersolution. In this case an optimal control problem including
pointwise state constraints is equivalent to some auxiliary problem without point-
wise state constraints. It was shown, that there exists a sequence of problems
defined on finite dimensional spaces for the state variable which have at least
one solution. Under a regularity assumption, the convergence of a subsequence
to some solution of the original optimal control problem was proven. If the ex-
istence of a solution for every semi-discretized optimal control problem can be
warrented, then the assumption on the existence of a sub- and a supersolution is
dispensable.

In the paper Papageorgiou (1992) another method for the derivation of necessary
optimality conditions is introduced. The PDE constraining the optimal control
problem is not assumed to be uniquely solvable. The technique is based on a
penalty term measuring the derivation from some fixed solution of the considered
optimal control problem. In my opinion applying this method on the auxiliary
problem is promising. Problems may occur since the truncation operator fails to
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be differentiable. To avoid this situation, mollifier functions have to be included.
Another important class of optimal control problems is constrained by variational

inequalities. The methods applied in this thesis may be helpful in dealing with
these problems.
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