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Reorientation of a hexagonal pattern under broken symmetry: The hexagon flip
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An unexpected pattern transition has been found experimentally in the transformation from hexagons to
stripes caused by an applied anisotropy effect. The particular system studied is the surface instability of a
horizontal layer of magnetic liquid in a tilted magnetic field. Two orthogonal Helmholtz pairs of coils provide
a vertical and a tangential magnetic field. Whereas the vertical component destabilizes the flat layer, the
tangential one preserves its stability. The ensuing surface patterns comprise regular hexagons, anisotropic
hexagons, and stripelike ridges. The phase diagram for the tilted field instability is measured using a radio-
scopic technique. The investigation reveals an interesting effect: the flip from one hexagonal pattern to another
under an increasing tangential field component, which is explained in terms of amplitude equations as a

saddle-node bifurcation.
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Hexagonal patterns are a common feature in the evolution
of instabilities of continuous systems that are isotropic in two
dimensions [1]. In systems that are still homogeneous in two
dimensions, but without isotropy, instabilities typically ex-
hibit stripelike patterns. Under increasing anisotropy a tran-
sition from hexagonal to stripelike patterns can be observed.
We report here an intriguing type of pattern transition within
this scenario.

Symmetry breaking of hexagonal patterns through aniso-
tropy has been reported in early convection experiments [2],
in a chemical oscillator [3], in sorted patterned ground
caused by freeze-thaw cycles [4], and in laser experiments
[5-8]. In some cases states like “stretched” hexagons were
observed, but the underlying bifurcation scenarios remained
unclear. This is mainly because of experimental difficulties
in tuning the anisotropy at will.

This has become possible in a recent experiment [9]
where a magnetic field acts on a layer of ferrofluid, a colloi-
dal dispersion of magnetic nanoparticles [10]. In the ideal
horizontally isotropic system, hexagons, as presented in Fig.
1(a) will occur under the influence of a magnetic field that is
perfectly normal with respect to the fluid surface [11]. The
slightest change of the orientation of the field is predicted
[12] to change the regular hexagonal lattice to “stretched”
hexagons, as can be seen in Fig. 1(b). For even larger field
inclination only liquid ridges along the favored directions
remain, as shown in Fig. 1(c). For this transition it was as-
sumed [12] that one of the vectors of the hexagonal lattice is
already colinear with the favored direction along the hori-
zontal field component B,. Due to the isotropy of the hex-
agonal pattern, this is not generic, however. In the following
we present a transition—namely, the reorientation of the hex-
agonal pattern in the course of increasing anisotropy. For that
purpose the surface reliefs are quantitatively characterized
via help of a radioscopic technique.

Our experimental setup is shown in Fig. 2. In the center is
a rectangular vessel machined from Perspex. The inner di-
mensions are 100 mm (x), 120 mm (y), 25 mm (z). It is
filled up to a brim, fabricated at z=3 mm, with magnetic
fluid mark APG 512 A (Ferrotec Co.). The vessel is fixed in
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the center of two Helmbholtz pairs of coils, which are oriented
orthogonally to each other. Each coil generates a component
of the applied field tilted to the magnetic fluid surface. An
x-ray tube is mounted above the center of the vessel at a
distance of 1606 mm. We measure the attenuation of x rays
passing the magnetic fluid layer in the vertical direction with
a photodiode array detector (16 bits). The full surface topog-
raphy is then reconstructed from the calibrated radioscopic
images. For details see Ref. [13].

Due to the separate pairs of field coils, we are able to
control the induction components independently. First we
generate an isotropic hexagonal pattern by increasing B,
with B, fixed to O mT. For this normal field instability [11]
the critical induction is surpassed at B.=16.76 mT, resulting
in a hexagonal pattern of crests on the magnetic fluid. Figure
3(a) gives the surface topography, where the tips of the crests
(red) are positioned in the center of the elevations. In Fourier
space all modes have the same amplitude. As indicated in
Fig. 4 we denote by 7 the mode oriented transversally to the
horizontal induction component B, and by C the other modes
contributing to the hexagon with 7.

Next we are breaking the symmetry by increasing B,,
which modifies the hexagons, as shown in Fig. 3(b). The tip
of the crests is then tilted towards the direction of B,. In-
creasing B, further gives rise to a reorientation of the hex-
agonal pattern. Starting at the edges, as shown in Fig. 3(c),
all hexagons have flipped in Fig. 3(d) by 30°. In Fourier

FIG. 1. Surface protuberances on magnetic fluid, where the view
is directed along the y axis. Hexagonal pattern for the vertical in-
duction B,=19.4 mT (a). Increasing the horizontal component from
zero to B,=7.7 mT results in stretched hexagons (b) and finally at
B.=22.4 mT in ridges (c).
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FIG. 2. Scheme of the experimental setup with two Helmholtz
pairs of coils for the vertical and horizontal components of the
induction, B, and B,, respectively.

space the transition is more clearly visible. The prominent
longitudinal mode L (cf. Fig. 4) appears first in Fig. 3(c) and
is followed by the less dominating mode D in Fig. 3(d). This
transition will be referred to as a hexagon flip. A further
increase of B, is weakening the D mode until only the L
mode survives, as presented in Fig. 3(f). It describes the final
pattern of liquid ridges.

When the amplitudes of the selected modes are plotted
versus B, the diagram in Fig. 5 results. At low field values
the modes C and T are dominating. Both amplitudes decrease
by increasing the horizontal field, which in turn is increasing
the L mode. At a threshold the C and T modes disappear and
the D mode has a flare, until finally only the L mode is left.

A precondition for the hexagon flip is a less than optimal
alignment of the primary hexagonal pattern with the direc-
tion of anisotropy. Starting from an L hexagon, which is
already properly aligned, the flip is not observed. We can
prepare such a start configuration in the experiment by start-
ing from liquid ridges and adiabatically reducing B, to zero.
Increasing B, again results in the transition of Fig. 6, which
shows a simple, monotonous decay of the D mode, in accor-
dance with the model of Ref. [12].

In order to check whether the hexagon flip is a robust
phenomenon, we measured it for different values of B, and
estimated the induction B, for which C=D. The results are
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FIG. 4. The transversal (7) and longitudinal (L) modes and the
other contributing modes before (C) and after (D) the hexagon flip.

marked by open circles in Fig. 7. To guide the eyes the points
are connected by lines (dashed line). The other boundaries
were measured by fixing B, and changing B, in this way
avoiding a hexagon flip. The solid (dotted) lines denote the
bifurcation points for an increase (decrease) of B,, respec-
tively. The critical values for the forward bifurcation to
ridges have been extracted by fitting the square-root-like
evolution of the amplitudes.

For the secondary bifurcation to stretched hexagons the
Fourier-domain-based angular correlation function [cf. Egs.
(3)—(6) in [14]) was examined to surpass a threshold of 0.25
of the hexagon amplitude at 60°. The obtained phase diagram
displays for B,—0 mT a narrowing zone of liquid ridges
(see Fig. 7) in agreement with theory [12] and a coarser
experiment [9]. Similarly the zone of the L hexagons (en-
closed by the two upper curves) is narrowing. Note the bi-
stability of 7" and L hexagons left of the dashed line.

In order to shed some light on the nature of the hexagon
flip we present a weakly nonlinear analysis of the competi-
tion between hexagonal patterns in an infinitely extended
horizontal layer. In the case of horizontal isotropy there is no
preferred orientation for a hexagonal pattern, but as soon as a
slight homogeneous anisotropy is introduced as by the x
component of the applied magnetic field, two steady hexagon
patterns are distinguished by their symmetry. The pattern
characterized by the (transverse) roll component with wave
vector in the x direction consists of T hexagons (see Fig. 4)
while the other pattern contains L hexagons. The two other
roll components in the hexagon patterns are described by

o 0 g e W W Q'
) W H Ve W96 W

a) . b)'. c) D

FIG. 3. (Color) Series of surface profiles recorded by the radioscopic technique. The surface elevation is color coded by hue, saturation,
value (HSV). H is increased proportional to the height from zero to 360 degree, whereas S and V were fixed to 100%. The horizontal
component B, of the induction is oriented towards the right. Underneath, the surface patterns are shown in Fourier space. The vertical
induction is fixed to B,=18.6 mT. The horizontal induction B, increases from (a) 3.0 mT, via (b) 3.8 mT, (c) 5.3 mT, (d) 5.8 mT, (e)

6.4 mT, to (f) 7.7 mT.
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FIG. 5. The measured amplitudes C (black solid circles), T
(black open squares), L (gray open squares), and D (gray solid
circles) for increasing B,.

wave vectors in the directions (1/2, i\«"m) in the case of
the T hexagons and in the directions (\e"m,il/ 2) in the
case of L hexagons. For reasons of symmetry the amplitudes
of the two oblique roll components must be equal. In de-
scribing the weakly nonlinear states of the two hexagonal
patterns and their interactions we are led to the following
system of coupled amplitude equations:

C=(e-h)C+7yTC-[y2D*+L*+2C*+T?)
+8(C*+T%) + N(D* + L% + uD?]C, (1a)

T=(e-4h)T+ nC* = [y(2D*+ L>+2C*+ T?)
+ 82C% + \2D? + ul AT, (1b)

D=(e-3h)D+ LD -[y(2D*+ L*+2C*+ T?)

+8D*+ L) + N(C*+ T%) + uC*D, (1c)
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FIG. 6. Evolution of the amplitudes L and D under an increase
of B, for hexagons already properly aligned at B,=0 mT.
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FIG. 7. Phase diagram for the transition to liquid ridges and to
hexagons upon increase (solid line) and decrease (dotted line) of B,
in steps of 75 uT for 60 different values of B,. The open circles are
indicating the hexagon flip for increasing B, and fixed B,. To guide
the eyes the latter are connected by lines (dashed line).

L=¢L+pD*—[y(2D*+ L*+2C* + T?)
+ 2D? + \2C? + uT?]L, (1d)

where € is proportional to the supercritical portion of the
control parameter in the isotropic case. The stabilizing influ-
ence of the homogeneous anisotropy in the x direction will
be proportional to the square of the x component of the wave
vector in first approximation. The longitudinal roll part de-
scribed by the amplitude L thus remains unaffected, while
the transverse roll component described by the amplitude T
suffers the maximum stabilizing influence given by 4k in
Eq. (1b). The oblique roll components with amplitudes D (C)
of the L (T) hexagons are stabilized by 3/4 (1/4) of that
amount, respectively.

In the isotropic limit =0, the two steady hexagon solu-
tions D=L, C=T=0 and C=T, D=L=0 are stable if 7\e is
sufficiently large. As h increases the longitudinal roll solu-
tion L>=g/y, D=C=T=0 will eventually become the only
stable steady solution, but dependent on the values of the
coefficients », y, &, N, and u, other solutions may become
stable for an intermediate range of 4. While the system of
equations. (1) is universal in that it applies to all systems
exhibiting spontaneous hexagonal patterns in the weakly
nonlinear limit, the coefficients will depend on the particular
realization. Unfortunately coefficients for the Rosensweig in-
stability are not available. We turn to Rayleigh-Bénard con-
vection in an electrically conducting fluid with non-
Boussinesq effects as a proxy problem. Here as well as in
other situations exhibiting the spontaneous formation of hex-
agonal patterns we may expect the phenomenon of the hexa-
gon flip. In the case of a convection layer with stress-free and
isothermal boundaries, values for 7y, &, N, and w have been
derived [15,16]. Using the limit of infinite Prandtl number
and setting e=1 without losing generality one gets y=1.0,
0=0.5676, N=0.2141, and ©=0.4228. The parameter i de-
scribes the effect of a horizontal magnetic field on convec-
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tion in an electrically conducting fluid, whereas 7 depends
on the magnitude of the non-Boussinesq effects and was cho-
sen to be n=5.5.

Integration in time of Egs. (1) yields either the L-hexagon
solution or the upper branch of the 7-hexagon solution as
asymptotic steady states depending on initial conditions.
Through the superposition of noise it can be tested that both
solutions are stable within Egs. (1).

It turns out, however, that the 7-hexagon solution always
is replaced at its saddle node by the longitudinal roll solution
without an intermediary L-hexagon solution. Only when we
introduce a slight preference for the L-hexagon solution by
introducing e=1.2 in Egs. (1¢) and (1d) instead of e=1 does
the L-hexagon pattern appear with a finite amplitude D as
demonstrated in Fig. 8. This assumption of different thresh-
old values for L and 7 hexagons can be justified by the
observation that in the experiment the amplitude of the L
hexagons for B,=0 mT is slightly larger than those of the T
hexagons (cf. Figs. 6 and 5, respectively). Because the con-
tainer is not exactly quadratic, the absolute value of the wave
vector of the L hexagons may be closer to the critical value
than that of the 7 hexagons. A small difference in & is cor-
roborated by Fig. 3. Also indicated in Fig. 8 is the unstable
lower branch of the T-hexagon solution, obtained through a
Newton-Raphson procedure.

To conclude, we have discovered a bifurcation in the tran-
sition scenario from hexagons towards stripes, caused by an
increasing strength of a homogeneous anisotropy. Two dif-
ferent steady hexagon states—which are experimentally fa-
vored by the rectangular layer—are found to be stable for
small anisotropy strengths. One of the two states is termi-
nated by a saddle node at a critical strength of anisotropy.
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amplitude

FIG. 8. The calculated amplitudes of the selected modes vs the
increasing horizontal induction (cf. Fig. 5). The dashed lines indi-
cate the unstable branches.

The other state continues to evolve into the state of pure
stripes with a further increase of the anisotropy strength. The
flip transition is of general interest since it may be important
for many systems [2—8]. Examples for stretched hexagons of
different orientation are reported from laser optics [8]. More-
over, we predict this transition for non-Boussinesq inclined-
layer convection [17] and for convection in electrically con-
ducting fluids or plasmas in magnetic fields.
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