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Abstract
We propose a cubic regularization algorithm that is constructed to deal with non-
convex minimization problems in function space. It allows for a flexible choice of the
regularization term and thus accounts for the fact that in such problems one often has
to deal with more than one norm. Global and local convergence results are established
in a general framework.
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1 Introduction

In broad terms, non-linear optimization algorithms rely on two types of models. A local
model g, at a given point x of the functional f to be minimized that can be treated with
techniques of linear algebra, and a rough parametrized model for the remaining difference
between ¢, and the functional, i.e., the local error f — g,. Usually such an error model is
based on a norm || - ||. In classical trust region methods (cf. e.g. [4]) the error model is 0
inside a ball of varying radius around the current iterate (the trust-region) and +oo outside.
In cubic regularization methods the error model is chosen according to the assumption that
f — qu is of third order. Thus, a scaling of || - ||* by an algorithmic parameter (called w in
the following) is taken as a model for the error.

The reason for introducing such an error model (in contrast to a line-search approach)
is the wish to transfer information about the f — ¢, attained at sampling points (i.e., at
trial steps) to a whole neighborhood of the current iterate. The implicit assumption behind
this reasoning is that the error indeed behaves more or less isotropically with respect to the
chosen norm. Of course, this cannot be guaranteed in general, but in those cases where the
error model predicts the actual error well, we expect a stable and efficient behavior of our
algorithm. It is thus important, in particular for large scale problems, to choose the error
model, and thus the underlying norm, carefully. Many state-of-the-art optimization codes
incorporate this idea by allowing the use of a preconditioner for the problem, which in turn
defines a problem related norm || - ||.

In this paper we consider a cubic error model. This idea is not new, and, to the
best knowledge of the author, has first been proposed by Griewank [9] in an unpublished
technical report. Independently, Weiser, Deuflhard, and Erdmann [20] proposed a cubic
regularization in an attempt to generalize the works [6, 7] on convex optimization to the non-
convex case. Focus was laid on the construction of estimates for the third order remainder



term. Even more recently Cartis, Gould, and Toint proposed an algorithmic framework,
similar to trust-region methods, but with a cubic regularization term, and provided detailed
first and second order convergence analysis [2] and a complexity analysis [3]. Common idea
of all these methods is the cubic regularization, but apart from this basic idea the proposed
methods differ significantly.

Compared to trust-region methods cubic regularization methods have some appealing
features which caused recent interest in them. First, as already indicated, the cubic term
can straightforwardly be interpreted as a model for the local error f — ¢, as long as the
model is second order consistent. At least in the smooth case Taylor expansion shows that
this difference is of third order. This allows for an elegant update of the scaling parameter
w (cf. (26), below). Second, [3] have shown that cubic regularization methods exhibit
better worst case complexity bounds than trust-region methods. Nevertheless, both classes
of methods have many things in common, and even admit a unified convergence theory, as
shown in [16].

Many large scale optimization problems are discretizations of problems with partial
differential equations (PDEs). These may comprise problems of energy minimization, such
as nonlinear elliptic problems, or problems from optimal control of PDEs. If one wants
to apply cubic regularization methods in this setting, one is naturally led to versions that
work in function space, and the need for a convergence theory in function space arises. In
trust-region methods this topic is well understood and several works have been published
that pursue this line of thought (cf. e.g. [15, 11, 19, 18]). Concerning cubic regularization a
global convergence theory as performed in [2] may be lifted to function space in a relatively
straightforward way. If f is continuously differentiable and the second order term is bounded
above and below with respect to a norm || - ||, one ends up with a globally convergent cubic
regularization method that is equipped with the error model f — g, ~ ||-||3. Thus, the error
model is based on the same norm that is used to define directions of steepest descent and
thus Cauchy points, which are needed to define acceptable search directions.

However, analysis reveals, as we will sketch in Section 2.2, that there are large classes of
infinite dimensional problems where the behaviour of f — ¢, is not described adequately by
the norm ||-||. The error term would appear highly anisotropic, when compared to the model
| -]]?. Rather, one can find different third order models, which we call R,(-), that are much
better suited as a model: f — g, ~ R,(:). This analytic structure calls for decoupling the
norm || - || used to define directions of steepest descent, and the model R, (-) for third order
terms. In cubic regularization methods this can be realized easily. Of course, R, (-) cannot
be chosen arbitrarily, but has to be compatible with the problem. The aim of this paper
is to find and analyse such compatibility conditions on the choice of R,(-). Our framework
employs two norms which are used to formulate the required regularity assumptions on f.
Then conditions depending on these norms are imposed on R, (-) which allow for a global
and a local convergence analysis.

In particular, we will introduce our flexible analytic framework in Section 2. In particu-
lar, we discuss some examples to illustrate and motivate the abstract concepts. In Section 3
we develop our algorithmic framework. It resembles in a couple of points the classical trust
region-like algorithms with the usual fraction of model decrease acceptance criterion and
a fraction of Cauchy decrease condition. However, the latter condition has to be modified
to take into account non-equivalence of norms. Also here it was our aim to leave as much
flexibility for concrete implementations of algorithms, concerning updates of regularization
parameters and computation of steps. Within this framework we show in Section 4 global
and local convergence results.

We emphasize that the focus of this paper is to establish a framework for algorithms,
rather than propose concrete implementations. In particular, we will only briefly address



the issue of step computation and rather provide minimal requirements that acceptable
steps have to fulfill. There are excellent candidates available in the literature (cf. e.g. [4,
Chapt. 5] in a general context and [9, 20, 2] for cubic regularization) that certainly can
be used within our framework. We would like to postpone the treatment of the arising
algorithmic issues and also numerical testings to a future publication.

2 Functional analytic framework

Consider for a given function f : X — R on a linear space X the minimization problem

Suppose that we can compute for each x € X a quadratic model, consisting of a linear
functional f! : X — R and a bilinear form H, : X x X — R:

0:(50) = (&) + 0w + 5 Ho (5, ). (1)

Further, let us denote the error of the quadratic model as follows
wa(62) i= f(x + 62) — g, (5%) (2)

with the help of a function w, : X — R. Later, we will impose various smoothness condi-
tions on f, i.e., make assumptions on the limiting behavior of w, for small §z. Depending
on the smoothness of the problem, w,(Adx) may be of higher order locally, such as o(}\),
0(\?) or even O(\?) as A — 0. The last case motivates the construction of the following
cubic model for f with parameter w > 0:

1
Fa +82) = f(a) ~ ms (52) = f1de + 5 H, (0, 0x) + %Rl.(éx). (3)
Here R, is a functional, which is homogenous of order 3:
R,(\oz) = |\?R.(6x) vAeR (4)

and positive:
R.(6z) >0 Wz #£0. (5)

In (3) the parameter w > 0 is updated adaptively during the course of the algorithm in
order to globalize the method. Comparison of (2) and (3) yields that (w/6)R, can be seen
as a model for w,. The subscript in R, indicates that R, may vary from point to point, as
long as the conditions imposed below hold independently of .

2.1 Assumptions for global and local convergence

If X is equipped with the norm || - ||, the classic cubic regularization method uses R, (dx) :=
|62]|2. However, in most function space problems an adequate analysis requires the use
of several non-equivalent norms. There are a couple of different issues, which each on its
own may require a separate choice. This is why we aim for a theoretical framework that is
flexible with respect to choosing more than one norm.



Assumptions for global convergence. Let us collect the following set of assumptions
for later reference, which are needed to show global convergence, i.e., liminfy o [|f;, || = 0
for our algorithm.

(i) Let (X, - ||) be a Hilbert space and X* its normed dual. The primary norm | - || on
X has to be strong enough that f is continuously differentiable on X. This means in
particular that we have for each x € X the property:

If2ll = sup |fydz| < oo, (6)
llzll=1
and, moreover that x; — z, in (X, -||) implies f,, — f; in X*, i.e., w.r.t the norm

(6)-

(ii) The secondary norm | - | of X is used to describe possible non-convexity of the
quadratic model g,. We assume that | - | is weaker than || - [|:

AC <o || <] YveX.
With the help of our two norms we impose a condition of Garding-type:
Iy > —00, T <oo: yw]? < Hy(v,0) <T|o|]* Vo€ X. (7)

He do not assume completeness of (X, |- ), which allows to choose |- | strictly weaker
than || - ||. Hence, H, is assumed to be bounded below in a weaker norm than it
is bounded above. Similar conditions appear, for example, in the theory of linear
monotone operators (cf. e.g. [22, Chap. 22]). In the next section we will discuss some
examples, where this condition is fulfilled.

(iii) The main purpose of R, is to compensate the possible non-convexity of the quadratic
models and to model the remainder term. Thus, we impose the following flexible
boundedness and coercivity condition (without a constant in the left inequality for
simplicity):

v < R.(v) <C|v||®?  WwveX. (8)

Among these assumptions the only standing assumptions we will use is existence of f. in
X*. All other assumptions will be referenced later, when needed.

Lemma 2.1. Consider a sequence xj in X that converges to some limit x, and sequence
dvg — 0 in X. Assume that f is continuously differentiable and (7) holds. Then for the
remainder term, defined in (2) we conclude
. Wy (5Uk)

lim —%—= =0. 9

k—o0 ||6'UkH ( )
Proof. Concerning (9), we conclude from a standard result of analysis (cf. e.g. [14, Thm.
25.23], an application of the fundamental theorem of calculus) that

fxp +0vg) — f(og) — fi, ovk

=0.
160kl

lim [[dvg] =0 = lim
k—o0 k—oo
Moreover, if v, — 0, then (7) implies H,, (dvg, dv) = o(||6vg]|). Hence

Wy, (0v) = f(xk + 00k) — oy, (Svr) = f(@k + dvi) — far) — fr, 0vk + 0(dvp).

Combining these two results yields (9).



Our global convergence results will be proved by contradiction. The following lemma,
which uses reflexivity of the Hilbert space X, will serve as a key facility to obtain this
contradiction (see Theorem 4.3).

Lemma 2.2. Let z;, € X be a sequence such that |xp| — 0 and ||| is bounded. Then by
reflexivity of X :
xp — 0 weakly in (X, || - ).

Proof. Since (X, || - ||) is reflexive, x; has a weakly convergent subsequence, say Tx;, — ..
Since |zx,| — 0 we conclude that for each € > 0, xy, is eventually contained in a ball of
| - |-radius €, and thus also z. has to be contained in that ball. It follows that =, = 0.
This also shows that every possible weak accumulation point of our sequence is 0, so by a
standard argument the whole sequence converges weakly to 0. O

Assumptions for fast local convergence. If we want to show fast local convergence we
need the following additional assumptions, which strengthen assumption (i) and (ii) from
the above list:

(i)10c Setting dzy = xp+1 — xx we need a second order approximation error estimate in (2):

Wy, (0xg)

im =0, 10
o —z. =0 [0z (10)

close to a local minimizer, which is fulfilled in particular, if f is twice continuously
differentiable and H, = f/.

(ii)joc Locally, we have to impose stronger assumptions on H,. Close to a minimizer we
assume in addition to (7) ellipticity of H, with respect to the strong norm || - ||:

Iy>0: Al6x|? < Hy(6x,02). (11)

2.2 Examples

To get a feeling for the peculiarities of the class of problems that fit into our framework,
we will discuss a couple of typical examples. The purpose of Section 2.2.1 is to show that
several norms appear naturally in non-convex optimization problems in function space,
while the Section 2.2.2 illustrates, how R, can be chosen, and why the additional flexibility
of our new framework is beneficial. In Section 2.2.3 a further important class of problems
is introduced that fall into our framework.

2.2.1 Two illustrative examples

The following well known simple examples serve as an illustration, why the choice of two
norms in (7) is quite natural in infinite dimensional optimization.

In contrast to finite dimensional problems, where existence of minimizers of lower semi-
continuous functions is obtained by the classical theorem of Weierstrass, infinite dimensional
problems are notoriously hard to analyse. The main reason is the lack of compactness of
closed and bounded sets in infinite dimensions. By turning to weak lower semi-continuity
existence of minimizers can often still be attained, but this property only holds under certain
convexity or compactness assumptions on the problem, or subtle combinations of both. As a
rule, non-convex problems are tractable, as long as there are other, additional compactness
results available, such as compact Sobolev embeddings, e.g., E : H} < L, (cf. e.g. [1]).
The interested reader is referred to the textbooks [8, 5] for a thorough introduction.



Let us consider the following two functionals:

o(v) ::/0 %v(t)2 dt, P(v) ::/O (v(t)* —1)%dt.

We observe that ¢ : L2(0,1) — R is convex, while ¢ : L4(0,1) — R is non-convex (the
integrand has minima at +1) and both functionals are non-negative.

The following minimization problem, which involves the first derivative @ = du/dt is
well defined in HE(0,1):

min f(u) = 6(@) + (E).
ueH}(0,1)

The non-convex part of this problem appears together with the compact Sobolev embed-
ding E, which suffices to show weak lower semi-continutiy of f and conclude existence of
minimizers.

In contrast, the following minimization problem, commonly attributed to Bolza, which
is well defined on W, *(0,1):

min f(u) == ¢(Bu) + (i)

wEW,*(0,1)

does not admit a global minimizer as is well known. .
In view of (7), let us consider the (formal) second derivatives of f and f, for example
at u, = 0:

1
" (5u, Su) = / (G —dbuPdt = —4|duld, < f7 (Su.6u) < [[5uld
0
1
f;’* (Ou, du) :/ Su? —4(su' )2 dt = —4||dulF < f;’* (6u, du) < ||0ul%..
0

We observe that (7) is fulfilled with two different norms for f with the weaker norm mea-
suring the non-convexity. We may set || = || ||z, and || - || = || - ||z2. For f the choice of
a weaker norm for the lower bound is not possible.

The bottom line is that compactness, an important principle on which existence of
minimizers for non-convex problems rests, is closely related to the presence of two norms
in (7), where the lower bound is measured in a weaker norm than the upper bound.

2.2.2 Semi-linear elliptic PDEs

In the following let © C R? (1 < d < 3) be a smoothly bounded open domain. Further,
let H}(Q) be the usual Sobolev space of weakly differentiable functions on Q with zero
boundary conditions. By the Sobolev embedding theorem there is a continuous embedding
HYQ) — Lg(Q) for d < 3. Further, denote by v - w the euclidean scalar product of
v,w € R%. We denote the spatial variable by s € R

As a prototypical example we consider the following energy functional of a semi-linear
elliptic PDE f: H3(Q2) — R:

fu):= /Q %Vu(s) -Vu(s) + a(u(s), s) ds.

Here a : Rx Q) — R is a Carathéodory function that is twice continuously differentiable with
respect to u. For more information on the theory of semi-linear PDEs and wider classed of



problems we refer the reader to the textbooks [23, 12], variational approaches can be found
e.g. in [8, 21, 5].

In the following discussion we will consider a second order model g, setting H,, = f//.
We are looking for the solution of the minimization problem

min  f(u).

u€H} ()

Its (formal) first and second derivatives are given by:

fiou = / Vu - Viu + 2a(u, s)ou ds
Q 3u

2

I (Suy, dug) = / Véuy - Voug + %a(u, $)0udus ds.
u

Q

Let us analyse these functionals. We may assume that u € H}(Q), which implies that

< c(w)|0ul|

/ Vu-Vouds
Q

and similarly
0< / Véu - Voudz < ||0u|%.
Q

Let us now assume for simplicity that %a(u, -) € Ly and aa—;a(u, -) € Loo. We obtain the
following estimates for the second parts of the derivatives via the Holder inequality:

/(,%a(u,s)éuds
Q

62
/%a(u,s)éul&m ds
Q

0
< g atu, )l 19ullz, < e(u)|dullm

82
< gz alus e llduslz,llous| 2,

Taking these estimates together, we obtain the following results:
[ fuoul < c(u)floul g
co(w)lldullz, < £ (du, 6u) < c1(u)]|dullz,
where ¢o(u) > —oo may be negative, and c(u), ¢1(u) < 400 are positive. Our first observa-
tion is that f” and f” can be bounded (from above) via a strong norm || - || := || - || g1, while

it only takes a weaker norm |- | := || - ||, to formulate a lower bound on f”.
Thus, the condition (8) on R, reads in this example

I6ull, < Ru(du) < Clldul3.

Let us take into account that R, (du) should model the qualitative behaviour of the difference

w,, of f and its quadratic model g, (cf. (2)). Under the assumption that 8‘%& is Lipschitz
w.r.t uw with Lipschitz-constant w, repeated application of the fundamental theorem of
calculus yields

|wu(du)] = [f(u+ 0u) — qu(0u)| = | f(u+ du) = f(u) = f,,0u - %f{[@u, ou)

2

0 190 9
/Q a(u + ou, s) — alu, s) — %a(u7 s)ou — §Wa(u, s)ou” ds

IA

w w
o [ toul* s = sl



In particular, we observe that |w,(du)| only depends on the values of du, but not on its
derivatives. Thus, an appropriate choice for R,, in this context is

R, (5u) := [I5u],.

This is allowed in our flexible framework, while without the added flexibility we would have

to choose R
Ry (6u) = [|6ul[: -

These two error models differ significantly. In particular for corrections du that are highly
oscillating (like for example du(s) := ¢sin(v|s|), where the frequency v is large), we get that
Ry (0u) > R,(6u), while for smooth corrections du we expect R,(0u) ~ R, (0u). Thus,
in view of our calculation, R, would tend to overestimate |wy| for rough corrections, so
that |w,| may appear highly anisotropic w.r.t. R,(5u). This example also demonstrates
that the norm, induced by a good preconditioner (which would be of H'-type here) is not
automatically a suitable norm for measuring remainder terms.

2.2.3 Nonlinear optimal control: black-box approach

The aim in (PDE constrained) optimal control is to minimize a cost functional subject to
a (partial) differential equation as equality constraint. For an introduction into this topic,
we refer to the textbooks [13, 17, 10, 18]. Usually, the optimization variable is divided
into a control u which enters the differential equation as data, and the state y, which is
the corresponding solution. This relation can be described by a nonlinear operator via
y = S(u). Elimination of y then yields an optimization problem of the following form:
in f(S .

min f(S(u), u)
This general problem, however, is hardly tractable theoretically, and thus, one restricts
considerations often to the following special case:

F(S(u),u) = g1(S(w) + g2(w) = 91(S(w)) + 5 ull?-

If, for example, S is the solution operator for a non-linear elliptic PDE, and U = Lo(12),
then an appropriate choice of norms would be

ol = llvllzo@) ol = 15" (w)v]lay-

Here |- | depends on wu, an issue that is encountered frequently. We will ignore this, however,
for the sake of simplicity. Usually, S’(u) is a compact linear operator, so that | - | is strictly
weaker than || - ||.

Due to the special form of f, which only allows non-convexity in g; o S we obtain,
similarly as above the following estimates:

| fudul < c(u)]|ou]
co(w)]ul® < fil (u, §u) < ci(u) | dull*.

3 Algorithmic framework

In this work we will follow to some extent the ideas of [20] and [2] and consider algorithms
that are based on successive computation of trial steps, acceptance or rejection of these



steps, and update of the model parameters. We consider in the following Algorithm 3.1,
which consists of a simple outer iteration in which accepted steps dxy are added to iterates
Ty, and an inner loop, summarized here in the subroutine “CompAccStep”. At a given point
x “CompAccStep” computes an increasing sequence of parameters w; and corresponding
trial steps dx; until one of them is found acceptable. Moreover, it returns a parameter
w;+1, which is used in the next call of “CompAccStep” as a starting value wy. The boolean
variable tmoq which appears in the algorithm is used in Condition 3.5 (below) to switch a
modification of a “fraction-of-Cauchy-decrease” condition on or off.

Concerning the naming of the indices we use the convention that an index k always
refers to the outer loop, while the index 4 is connected to the inner loop at a given point x.

Algorithm 3.1.
Input: initial guess xg, initial parameter wq
k+ —1, tmoa <0
repeat  (outer loop)
k+—k+1
(0Zk, Wkt1,05 tmod, Wr)=CompAccStep(xx, Wr,0, tmod)
Tpy1 = 2k +6x,  ( dxy is an accepted step for the model my* )
until convergence test satisfied
Output: xpy1

subroutine CompAccStep(z, wo, tmod)
Input: current iterate x, current parameter wg, current value of ¢y,0q
74— —1
Specify at x the quantities f., H,, R,
Compute a direction Az that satisfies Condition 3.4
repeat (inner loop)
i—i+1
Create model function my:

Compute dz§ along the direction Az (cf. Condition 3.4)
if w;i Ry (325
6z
Compute dz; that satisfies Condition 3.5 (which depends on tyeq)
Compute w; 1 as described in Section 3.4
until dz; satisfies Condition 3.7 with m%:.
if wiRy (61:10)
e
Output: (0x;, Wit1, tmod; Wi)

> Chod then t0q <+ 1

< Ciod then ty0q < 0

This general algorithm offers room for a large variety of implementations. They may
differ in the way dx is computed, w is updated, and iterates are accepted. In this section we
will discuss the main features of this algorithm and show that the subroutine “CompAcc-
Step” terminates after finitely many iteration. Global and local convergence properties of
the overall algorithm are discussed in Section 4.

In practical implementations, a convergence test (last line of the outer loop) may check,
whether [|f;, || is sufficiently small. For our theoretical purpose, where we consider a

possibly infinite sequence of iterates, it is sufficient to check whether f; . =0



10

3.1 Directional model minimizers

As a minimal requirement, we suppose that any trial step dx computed in Algorithm 3.1
minimizes m¥ (defined in (3)) on span{dz}. We call any such a correction dx a directional
minimizer of m%. Directional minimizers are easy to compute and have nice properties.

Existence of a minimizer of m% in X may not hold due to a possible lack of ||-||-coercivity
(consider e.g. the case m¥ (dz) = f.dx +w/6|dz|3). However, directional minimizers of m<
always exist.

Lemma 3.2. For a directional minimizer dz of m¥ it holds flox <0 and

0= f'0z + H,(6x,0z) + %Rm(ém), (12)

“(62) = + L6z — L R, (62) (13)
mg (62) = 5 fodr — 15 Ra (02

- —%Hi(éx,éx) ~ 2Ry (5%). (14)

Proof. Since the term 1 H, (6z,6z)+w/6R,(6z) is the same for +dx and —dz it follows that
me (—d0x) < m¥(dx) if fLéx > 0. Hence, a directional minimizer of m¥ satisfies f.éx < 0.
As first order optimality conditions for a minimizer dz of m% we compute:

0= (m%) (6z)v = fiv+ H,(6x,v) + %Ré(&r)v Vv € span{dz}. (15)

and thus, by homogeneity (4) of R, we conclude R/ (éx)v = 3R;(dz)v and thus (12).
Inserting this into the definition of m%, we obtain (13) — (14). O

The following basic property is a simple consequence:

Lemma 3.3. Denote by dz(w) = AMw)Az directional model minimizers along a fixed direc-
tion Ax for varying w > 0. We have

wl;n;o [[0x(w)| = whﬁrrolo AMw) = 0. (16)

Proof. Fix wg > 0 and denote the corresponding directional minimizer in our direction by
Az. For any other w > 0 we have Jz(w) = AAz with some A > 0. Inserting this into (12)
and dividing by A we obtain the following quadratic equation for A:

0= f/ Az + Hy(Az, Ax)A + %RI(A:E)AQ (17)

that depends on a parameter w > 0, and which is of the form 0 = ¢ + 2b)\ + aw\? with
c¢= flAz < 0 and aw > 0. This yields exacly one non-negative solution

1
Mw) = — (—b—|— b2 + |c\aw)
aw
Considering the limit w — oo we find that (16) holds. O

3.2 Acceptable steps

In addition to being a directional minimizer, a trial step dx has to satisfy a “fraction of
Cauchy decrease” type condition. Classically, this involves the explicit computation of a
direction of steepest descent Az°P in each step of the outer loop. Its purpose is to establish
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a link between primal quantities dz and dual quantities f,. We emphasize that steepest
descent directions depend on the choice of the norm || - ||.

In many cases the analytically straightforward choice of ||-|| will lead to a rather expensive
computation of AzSP. For example, if || - || g1 is used, then Az“P has to be computed from
f2 via the solution of an elliptic partial differential equation. It is sufficient, however, to
compute directions of significant descent:

Condition 3.4. Let 1 > pu > 0 be fired. We compute at the beginning of each inner loop a
fized direction AxC that satisfies

fola® < —pl fr 11 Az, (18)

and call Az a direction of significant descent. For given w > 0 the directional minimizer
of m% in direction of Az is called quasi Cauchy step dx©.

Often such steps are much cheaper to compute via a preconditioner than exact steepest
descent directions. The corresponding parameter p does not need to be specified explicitely.
Note that 6x¢ results from a scaling of Az® (cf. Lemma 3.3):

6% = AMw)Az, for some A(w) > 0.

In our flexible framework R, can be chosen quite independently of || - ||. This results
in a modification of the classical Cauchy decrease condition. This modification penalizes
irregular search directions, i.e., directions, where [|0z|® > R,(6x) and thus avoids that
iterates leave (X, | - ||).

However, since such a modification might exclude useful search directions, we will only
employ it to enforce global convergence in difficult cases. To this end we introduce the logic
variable tmoq € {0,1} which is set to 1, if during an inner loop the relation

w”(s(clxg) > Chod for some constant Coq > 0 (19)
Z;
holds, and it is set to 0, if after acceptance of a step the converse relation holds (cf. Al-
gorithm 3.1). We will show in the course of our analysis that the left hand side of this
inequality tends to oo (thus tmeq = 1 eventually), if global convergence is delayed, while it
tends to 0 (thus tmeq = 0 eventually) in case of fast local convergence.

Condition 3.5. Let 1 > 8 > 0 be fized and 5xC be the quasi Cauchy step of m%. For a
given directional minimizer 0x define

Ry (02%)  |[b=|®

7= ToaCF  Ry(o3)
— ﬁ Zf lmod = 0
b= { Bmax{1,\/d} if imoa =1. (20)

Then choose dx as a directional minimizer of m&, such that

me (6x) < fm< (6z°). (21)

The criterion (20) reduces to § = f3, if either dz = 52, so that §2¢ is always acceptable,
or Ry(-) = || - ||3, which is the classical case.
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Lemma 3.6. The following inequality holds for 6x€, as defined in Condition 3.4:
ull£2182C | < Hy (02,62 + 5 Ry (52€). (22)

Let dx be a directional minimizer that satisfies Condition 3.5 with tmeq = 1. Then there is
c(p, B) > 0, such that

R, (dx) S R, (62¢)

. 2
foall = o )
Proof. From (12) and (18) we conclude (22):
(18)
ullFool < 11500 2 Ha (02, 02%) + 5 Ru (02).
To show (23) assume first that f.éz + 8| f.02°| < 0. Then
£ 0]l = |f62] = = fro@ > Bull £, ][621,

and thus ||6z|| > Bu|dzC||. Inserting (20) we obtain

(Rm(éx)>1/2 > (Rz((st))l/Q

[[6x| T\ ez
which implies (23) in this case.
Otherwise, we use (13) for dz, (21), and (13) for 6z to compute
%RI(&U) = {15z — 2m¥ (62) > f.6z — 2Bm (62C)
= fid2 + 1100 | +BZR,(62) 2 B Ry (027,
—_—
>0

and thus, R, (6x) > BR.(6x%). Inserting once again (20) we get

(Rxwx))‘”’” - (Rxwx%)?’”

15| o\ ez '

and thus also (23). 0

3.3 Acceptance of trial steps

After a directional minimizer of our model has been computed and serves as a trial step,
we have to decide, whether this trial step is acceptable as an optimization step. For this
purpose we impose the following relative acceptance criterion, which is well known and
popular in trust-region methods. To this end, let us define the ratio of decrease in f and
in the model my:

g Hatb0) = @) _ fator)— (@) o
' mé (6x) mg (0z) —mg (0)

Recall that we have chosen m% in a way that m%(0) = 0. Since m¥ (dx) < 0, we see that

n > 0 yields a decrease of f, and n = 0 means that f has remained constant. This yields

the following classical condition:

Condition 3.7. Choose 1 €]0,1[. A trial step dx is accepted, if it satisfies the condition
nzn. (25)

Otherwise it is rejected.
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3.4 Adaptive choice of w

In this section we discuss the adaptive choice of the sequence of regularization parameters
w; in m¥*, needed in subroutine “CompAccSteps” at a given point . We assume that w;
and dz; have already been computed, and the update w; 1 has to be made.

In [2] the choice of regularization parameters is made according to a classification of the
steps into “unsuccessful”, “successful” and “very successful”. Here we follow [20] and base
our considerations on the idea that w; /6 R, should be a third order model for the difference

f — gz, which leads to the assignment:

6(f(x +6my) — o (0x4)) (2) 6wy (d;)
Wi, raw = Rx(él'z) - Rm(él'z) . (26)

Of course, wj raw cannot be used directly as w;41 in our algorithm. We have to introduce
some safeguard restrictions.

In order to guarantee positivity of w;+1 and to avoid oscillatory behavior, we assume
that the algorithm provides restrictions on updates w; — w; 1 to guarantee:

Wi41 >0

! Cp|fr0i| + |Hy (624, 64
Wi+1§p(wi+0w+2 g1 F20i| + [Ha (O 33)|>

for constants 0 < p < 1,0y > 0,C, > 0.

(27)

Positivity of w is, of course, a basic requirement which guarantees that the term R, is
present throughout the computation. The second condition (27) inhibits that w is increased
too quickly, with the result that the next trial step has to be chosen much shorter than
the previous one. However, in a certain range (corresponding to C,,) the increase can be
performed freely. If R, is much smaller than the remaining terms of m¥* a fast increase of
w is also possible. Technically, this restriction enters into the global convergence proof in
(54), below.

The following theory will cover algorithms that respect these restrictions, and increase
w after a rejected trial step, according to

After rejected trial step:  wit1 > min{w; raw, P Wi} (p as defined in (27))  (28)

Any algorithm that does not allow an increase like this, is likely to get stuck in an inner
loop. Technically this condition is used at the beginning of the proof of Theorem 3.8. Next,
we impose the restriction on our algorithm that after an increase of w, w;4+1 should not be
chosen larger than w; raw:

wit1 < max{w;, Wi raw }-

By (26) this implies the following estimate:
Wit > w; = w¢+1Rm(5:z:i) < 6’[1)%(51‘2) (29)

To obtain fast local convergence under weak assumptions on R, we do not increase w if
7; (defined via (24) for dx;) is very close to 1. Let us choose 7 € [n, 1] and state

If n; >7n then Wit1 < wj. (30)

The following simple example update that satisfies all these requirements is the following
rule (where we could replace the simple upper bound p~'w; by the right hand side of (27)):
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- If g <7 wigpr = max{pw;, min{p~ w;, w; raw } } for some 0 < p < 1
- If Ny >N Wit1 = Wi

In our framework we deliberately dispense with a-priori restrictions like w < w; for some
very small lower bound 0 < w < 1. Such restrictions can, and should of course, be added
in finite precision arithmetic.

3.5 Finite termination of inner loops

Next, we show that each inner loop, i.e., the subroutine “CompAccStep” of our algorithm
accepts a finite w after finitely many updates and thus terminates finitely. Hence, in the fol-
lowing we consider fixed x and a sequence w; of parameters and dx; of trial steps, computed
by the subroutine “CompAccStep”.

Theorem 3.8. Assume that f is Fréchet differentiable at x and f), # 0. Moreover, assume
that the left inequalities of (7) and (8) hold at x. Then:

(i) If a trial step éx; is rejected, then wity > min{p™*, (1 —n)/2 + 1}w; > w;.
(i) The inner loop terminates successfully after finitely many iterations.

Proof. In view of (28), assume that w; 11 < p~tw;. Then violation of (25) implies

6
> — ) )
Wit+1 2= Wi raw R, (5.1%) (f(if + &Ez) qx (&Ez))

- % (f(fr +0x;) — f(x) —my (6x;) + %Rm((;zin
6 o

> m(n — 1)m¥ (6x;) + ws

- %ﬂ =) <_1/2f;6$i + %Rw(éxi)) +wi

> ((1—1)/2+ Duw;.

Hence, (i) is shown: each rejection is followed by an increase of w by at least a fixed factor.

Next, assume for contradiction that (25) fails infinitely often during successive updates
from w; to w;y1. Then, we have lim; ,o, w; = 0o so that Lemma 3.3 yields for the quasi
Cauchy steps (which are all scalings of a fixed direction: §x¢ = \(w;)Az?)

lim [|6z{|| = lm A(w;) =0
71— 00 71— 00
and thus
wiR, (625 (22) H, (62§, 6x%)
lim inf i Ll i > o li T I 7
T I A e
H,(AzC, Az©)
_ AT ] T y _ /
since || f2]] # 0. This implies that
wiR,(0z%) e

im ———=——+
ivoo [0z
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and thus tmeq = 1 by (19) for sufficiently large ¢. It thus follows from (23) that there exists
a constant Wy > 0 such that for the following positive sequence

C‘WZWO>O Vi € N. (31)

Since w;11 > wj, (29) holds for w;41. Thus, we conclude that

0 < WO (3<1) w1R$(6xZ) < wi+1Rm((5$i) (2<9) wa(éxl)

< < , 32
o] o] o] (32)

and hence by Fréchet differentiability and Lemma 2.1 (with x; = x the constant sequence)
there is Do > 0 such that ||0z;|| > Dy, and hence, by (32) also

With this, we compute from (12) (using f.éx; = —|fL0x;|)

| fz0i] H,(6z;,6x;) 1

By (7), if the middle term including the Hessian has a negative contribution it vanishes
asymptotically:

min{#, (6z;,02;), 04| @\~ llomi* & ol (33)

li ="0.
Parl w; Ry (0x;) T imoo wiR.(0m;) T imeo wf/g(wiRﬁ((Swi))l/?’

Thus we conclude that

.. |f/637z| 1
1 f—=——>->0 34
llIEng szx((;xz) -2 ( )
and thus via (31) that also
e fRom] W
1 == > —>0. 35
W e — 2 (85)
However, as a consequence of (33) and (8) we have:
Q (33)
wiRy, (627) > wiRy(52:)%3|625] > (WoDo)*3w/? |64, (36)
Thus, by (34) we conclude
ox; Pox| (39 1 wiR,, (8x;) 36) 1 (WoDg)?/?
1i ||xH7 7|f1; x/| > lim fiwpt’(iv) > 77( 0 /O) .limwil/gzoo.
imoo [0wi| T imoo |0zl 7]l T imee 20 |0myl]| f7]] 2 |2l e
Thus, lim;_, |62;|/||0z;|| = 0 and by Lemma 2.2 we conclude weak convergence dz; /||dz;|| —

0 in (X,]| -]|). This, however, implies

po oozl

k—oo ||0zs|

in contradiction to (35). O
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4 Convergence Theory

In this section we will establish first order global convergence, and second order local conver-
gence results. In the following we will consider the sequence zy, generated by Algorithm 3.1,
corresponding derivatives f; € X*, and accepted corrections dzy. We denote by wy that
parameter for which éx; has been computed as an accepted directional minimizer of mg*.
At the end of subroutine “CompAccStep”, after the inner loop, this parameter appears as
wj, to be distinguished from the update w;;; that corresponds to w410 in the outer loop
and is computed after acceptance of dxi. Similarly, 590,? denotes a quasi-Cauchy step for
m¥ and 7 is defined by (24) for dxy.

In the whole section we use that the computed quantities satisfy Conditions 3.4, 3.5,
and 3.7 and the update conditions from Section 3.4. Moreover, we assume throughout the
basic properties, introduced in the beginning of Section 2. From the assumptions Section 2.1
we only use existence of f, € X* throughout, as well as all assumptions, needed to show
finite termination of the inner loops, i.e., existence of the sequence x. All other assumptions
will be referenced explicitly, when needed.

In the whole section we exclude the trivial case that f; = 0, for some k, which leads
to finite termination of our algorithm. Moreover, we may assume that the sequence of
computed function values f(zy) is bounded from below. Otherwise our algorithm, which
enforces descent, fulfills its purpose of minimization by generating a sequence xj with

4.1 Global Convergence

Under mild assumptions we will show that our algorithm cannot converge to non-stationary
points, while slightly stronger assumptions yield convergence of derivatives to 0. Our tech-
nique will be to derive a contradiction to the case that xj converges to a non-stationary
point, so that in particular || f; || remains bounded away from zero.

Lemma 4.1. Assume that Algorithm 3.1 generates an infinite sequence xy, such that f(xy)
1s bounded from below. Then

Dol s || < oo (37)
k=0
Zkazk (62%) < oo, Zkamk(dxk) < 0. (38)
k=0 k=0

Proof. We use (25) and (21) (using only 8 > j3) to compute

(25) 1
f(@pgr) — flo) < pmgk(0xk) =2 n (fg/ck&tk - kamk(&Ek))

(21) 1 1, w
< oz (0u) < nom (5a§) 2 g (11,006 - SR, 505

12
np (18)  un B
?f;ﬁxkc < —T\\fék\lllhfll <0.

By monotonicity and boundedness

<

S flansn) = fon) = int (oe) = (o) > —o0,
k=0
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and by our chain of inequalities we conclude (37) and (38). O

The main observation here is that || £, ||[|6z || — 0, and to obtain ||, || — 0 it remains
to prevent ||6z{ || from becoming too small, compared to [|f. |. The extraordinary role of
Sz has its origin in the acceptance criterion (21), which compares all steps to the quasi
Cauchy steps.

To obtain a quick understanding of the situation, take a look at (22) and observe the
following relation:

’ (22) Hy, (5zkc’5xkc) wi R, (55%0)
ﬂ”ka” < C ry C
62 | 2 floay |l

The undesired case is that ||f;, || is bounded away from zero, which in turn implies that
limy 00 |62 || = 0 by (37). Taking into account the upper bounds (7) for H, and (8) for

R,, we see that

Hy,, (62¢,62$)

lim sup =2k Tk 77k )
boso. [0z

Ra, (02)

lim —207k 2 . (40)
koo oz ||

<0, (39)

In fact for all global convergence results we may replace the upper bounds of (7) and (8)
by these weaker assumptions.

In view of (39) and (40), which exclude that our iteration is stalled by H, and R,
being overly large, the “bad case” can only happen, if wy is increased too rapidly. Under
smoothness assumptions on f that imply boundedness of wy (a global Lipschitz condition
on H, = f"(x)) we would be finished at this point. To cover the more general case, we have
to invest some more theoretical work. Let us start with collecting some simple consequences
of ||z, |l being bounded away from 0:

Lemma 4.2. Assume that the sequence f(xy) is bounded from below. For fized v > 0
assume that the following set of indices is infinite:

0= k£ 2 vh

Assume that (39) and (40) hold for 6z along the sequence of iterates xy, for k € L. Then

kaxk(éxg)
= 41
N T ”
kegrr;ocwk = 00. (42)

Let 6y be any directional minimizer of my* that satisfies Condition 8.5 with tmeq = 1.
Then

kaw (5vk)

inf ————= >0 (43)
keL || fz, 0wkl

For iteration k € L” let dxy, be the accepted step. FEventually, (for sufficiently large k) oxy,
satisfies Condition 8.5 with tmeq = 1 and it holds:

Z Iz < 0. (44)

keLv
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Proof. From || f. || > v we get [|6z{|| — 0 due to (37) and thus, via (22) and (39):

¢y (22) H ¢ ox) (39)
lim inf M > p— limsup M > W (45)
keLr—oo 2| f7, ([0 || kecr—oo [ f2, 0z |

Since limpe zv o0 |62 || = 0and || f1, || > v for k € £ multiplication of (45) by || f2. |I/[l6z§ ||
implies (41). By (45) we compute, using again limye v 00 [|62§ || = 0 and (40):

45 R, (62¢) (a0)
2 f fwrt < ek LT,
wak”wk = ¢ H(;x(kJ”

From that (42) follows from || f; || > v for k € L".
By (23) we also have
vy, (0
Jim inf s O%)
koo || f7, MMISvell —
and thus (43), because all members of the sequence are strictly positive.
C
Due to (41) %c(ﬁf’“) > Cod eventually, i.e. for all k& € LY sufficiently large. In
zC
subroutine “CompAccStep” this relation is evaluated before dxjy is computed, and thus
tmod = 1 when dxj, is computed.
Now (44) follows from (38) and (43) via the computation

wi Ry (6371@) !
f:vk dxg| = WkRZk 6$7€ ( -
A LAESY 172, o]

> 2cp >0

keLv keLv
Wer (5mk) -1
< wr Ry, (0xy) ( inf ————r < 00,
2, orfia Lo Tfe ozl
and the fact that || f;, || is bounded away from 0. O

An important conclusion of this lemma is that if £ = N, then by (44) zj is a Cauchy
sequence in (X, | - ||), and thus xj converges to some limit x..

Up to now, the smoothness of f and the lower bound in the Garding inequality (7)
did not enter our considerations. In the following theorem, which is the main step of our
study, we will take this and the safeguard restrictions (29) and (27) on the update of w into
account.

We are interested in the case that our algorithm converges to a non-stationary point.
We show in this case that the following set is infinite:

T :={k € N : subroutine “CompAccStep” at xy,

computes at least one rejected trial step }.

In what follows, we will need for k € Z the last rejected trial step in the call of subroutine
“CompAccStep” at zj. We will denote this trial step by éx ¢ with corresponding wy ¢ and
quasi Cauchy step (5;ka,5. In the context of the subroutine, if dz; is returned as acceptable

correction dzy, then (dzy ¢, Wk e, 625 ) = (S2i—1,wi—1,625 ).

Theorem 4.3. Let x,. € X. Assume that f is Fréchet differentiable in a neighborhood of
z, and [’ is continuous at x.. Suppose that x), converges to x,.. Assume further that along
Tk (39) and (40) hold for 6z . Further, assume that the left inequalities of (7) and (8)
hold along xy, k € T for dxye. Then f, = 0.
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Proof. Assume for contradiction that f, # 0. Since x3, — x, we also have |[dx| — 0 and
the sequence f(x) is bounded from below by f(z.) and also f, — f. in X*, so that the
positive sequence || f;, || converges to a non-zero value and thus

v >0,Co <oo:v < | fy |l < Co. (46)

Then by (39) Lemma 4.2 applies for £ = N for v > 0, and in particular wy, is increased
infinitely many times due to (42). Moreover, due to (41) we have eventually tyoq = 1 for
the computation of all trial steps. These facts will be used throughout the proof.

An increase of w can occur in two cases: first, after an accepted trial step dxy, second
after a rejected trial step. In the first case, i.e., wry1,0 > wy in Algorithm 3.1, we compute
by (29):

(29)
kawk (637k) S wk+1’0ka((5l‘k) S wak((s.%'k)

and thus, by (43) we conclude that there exists ¢; > 0, such that:

611/)%(5%) > wkf%xk(&?k) (423) .
£z Mozxll = [1f2, 10wl

It follows that there is a constant Wo > 0 independent of k, such that

Wy, (0x)

>Wo:=ve>0 (47)
16|

for every k after which wy was increased. However, since [[dxg| — 0 by assumption,
Lemma 2.1 implies that the left hand side of (47) tends to 0 along the sequence xp — .
Thus, the first case can only happen finitely many times.

Hence, the second case must occur infinitely many times, i.e., there must be infinitely
many rejected trial steps, and thus infinitely many calls of “CompAccStep” in which a trial
step is rejected. This means that Z is a set of infinite size. The lower bound of (7) implies:

Hg, (0xk.0,0%k.0)

Fve > —00:
|0 0|2

>~ VkeT (48)

We divide the remaining argumentation into 3 steps. In the following we will consider k € 7
only.

Step 1: For the inner loop k£ at xj consider the last rejected trial step dxj, with
corresponding regularization parameter wy . Recall that dzy ¢, like every trial step, is a
directional minimizer of mg: ‘. After rejection of 0z ¢ the next regularization parameter
corresponds to the final accepted trial step in this loop dz and is thus denoted by wy. Let
5$€g be the quasi Cauchy step for wy, ¢ and 595,? the quasi Cauchy step for wy. Since (5ka
and 61’25 both point in the same direction, and since by Theorem 3.8 wy, > wy, ¢, we have

éx,gz = \z{  with A>1.

Then by (23) and (43) for dvy = dz¢, taking into account (46), we get constants c, ¢ > 0,
such that

wi Ry (6z10) 23 wpRa, (625 ,)  wiRy, (Az€)

> ¢ =c
[02k,ell 1625, | gz |

WA Ry, (628) wip Ry, (02§) 43 _ ~
=c >c > &\ f., || > év>0.
Allozg | 1oz | *

(49)
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By (29) this implies that there is a constant Wy > 0, such that

6wy, (0xr ) _ wiRe, (0xk )

> Wy :=cv > 0. 50
E Y (50)

This in turn implies by Lemma 2.1 that there is a constant Dy > 0, such that for these
rejected trial steps ||0zk.¢]| > Do and thus

Wi Ry, (61,0) > Wo Do > 0, (51)

in contrast to (38), which holds for accepted trial steps.
Step 2: In this step we will show that there are kg and My such that

| f2,. 0%k e

—k 7 > My;>0 VkeZl: k> k. 52
kaxk((sxk)g)_ 0 =" ( )

Here our safeguard restriction for the update wy ¢ — wy (27) comes into play, which reads
now:

(2<7) wi,e + Co

gkaaj((ka,g) < 5 RI((SCL‘]@,@ + Cf;|f;(5$k)g| + |Hx((5$k,g, 5$k,2)|- (53)

We insert this relation into (12), the optimality condition for directional minimizers:

12) W,
| [, 0ke|l = —fo, Oxk = ;’Z Ry, (0zk,0) + Hy (02,0, 0k 0)
(5>3) PWE — Cw
- 2
_ PWE — Cw
N 2

Ry (0z0) — Cprlfaday el — |Hay (0250, 0Tk 0)| + Hayy (0280, 021 0)
Rmk (5.%‘1975) — Cf/ |f;(5l‘k7g| + 2min{Hwk ((5$k)g, (5%/%@), 0},

so that we obtain:

(1+Cp)|fz, 02k ]
kawk ((Sl‘hg)

min{ Hy, (62, 0k, ¢), 0}
kawk (6xk7€)

p Gy
> 2w
202 2| (54)

Since wy, — 00, the second term on the right hand side of (54) tends to zero. Moreover, by
(48), (8), and (51) the same is true for the third term:

i (48) 2 (¥
i |y (O, 621,0), 0} 2 lim Vel |0z ¢ 2 el
k€Z—o00 kal‘k (5%1@,@) k€Z—o0 kal-k (§$k7g) k€Z—o0 kark (5$k7g)1/3
(51)
< 1lim el (42) 0

k€I o0 wi/g(WoDo)l/?’

Hence, in the limit the left hand side of (54) is strictly positive, which implies (52).
Step 3: Let us finally derive our contradiction. Multiplication of (52) with the middle

term in (50) implies on the one hand

|f 2, 02h.el

> MgWo >0 YkeT:k> k. (55)
[0z kel
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On the other hand we have for k € Z,k > kq:

02k ¢l 12 0ake] 5D wyRy, (02k)
B = 02"
|5-Tk7e ||f;k||‘5.ﬁk,[| Hf_ik|||5l'k7£|
(8) M, 46),651) 1
- (llf’oll(”’“R””’“(‘sx’“’”)z/gM/S > 22 (WoDo)Pwy* B o
T A

and thus
|0k

1 =
k€EZT— o0 ||533k,€||

Via Lemma 2.2 we conclude that the normalized sequence dxy ¢/||0x) ¢]| converges to 0
weakly in X. Since f, — f. strongly, we obtain a contradiction to (55):

L e

= f10=0.
k€Z—o0 ||5.7Jk4|| f*

This is due to a standard result in functional analysis which states that the duality product
is continuous with respect to strong convergence in the dual space and weak convergence
in the primal space. O

If 3, does not converge, we can still show convergence properties for f; , following the
standard pattern that continuity of f, yields subsequential convergence of f to 0, while
uniform continuity yields convergence of the whole sequence.

Theorem 4.4. Let [ be continuously Fréchet differentiable. Assume that f(xy) is bounded
from below and H, satisfies the Garding inequality (7). Further, assume that R, satisfies
(8). Then
liminf || f;, || = 0. (56)
k—o0 ’

If x), converges, or if [’ is uniformly continuous, then
li ' =0.
Jm [

Proof. If . converges, then [ f;, || — 0 by Theorem 4.3.

Otherwise, for the purpose of contradiction we assume that || f;, || is bounded away from
zero. Then z is a Cauchy sequence in X by (44), and hence convergent to a limit point x.
by completeness of X. This is a contradiction our premise that x; does not converge and
hence (56) must hold.

It remains to assert that £¥ is finite for any v > 0 if f] is uniformly continuous. For
this we use a standard trick (cf. e.g. [4, Thm 6.4.6]), exploiting uniform continuity of the
function z — f.. For any index n € £V choose the first index k(n) € N\ £*/? that satisfies
k(n) >n. Then {j :n < j < k(n)} C £*/? and by (44)

J<k(n)
Tl — il <t 3 oy = 0
j=n
and thus, if £” was infinite, || f, — f;k(n) || = 0. However, eventually
1fz 1l = v,
1z Il < w72

Hence, we have a contradiction and £” must be finite. This argument holds for every v > 0
and thus implies limy_, || f;, [| = 0. O
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4.2 Local convergence

Next we consider local convergence of our method towards a local minimizer z,. We will
first show under some convexity assumptions that a computed sequence converges to x, if is
started close enough. Then we will show under additional smoothness assumptions that our
globalization scheme does not interfere with any method to compute search directions and
finally we will show local superlinear convergence if directional minimizers along inexact
Newton steps are used as trial steps.

Let us start with some auxiliary estimates, which capture the effect of positive curvature
of H, along a directional minimizer. These estimates do not rely on a fraction of Cauchy
decrease condition:

Lemma 4.5. Let dv be a directional minimizer and

H, (v, dv)
You = — 5 — = 0.
16v]2
Then we have the following estimates:
mi (9v) < —12 0] (57)
Yoollov]| < [I£2]I- (58)

Proof. Equation (57) directly follows from (14), taking into account positivity of R,.
Equation (12) yields

0 [80]2 < 5,160 + 5 Ra(60) = Hy(80,60) + 5 Ro(80) = —f100 < | £2[]60]
and thus (58). O

4.2.1 Convergence to local minmizers

Our basic theoretical framework comprises the following assumptions, which we impose
throughout the whole section. For fast local convergence we will later impose further
smoothness assumptions.

Assumption 4.6. Let z, € X be a local minimizer, and assume that there exists a
neighborhood U of x, with the following properties:

(i) The assumptions of Theorem 4.4(i) on global convergence hold in U.
(ii) For € > 0 define the local level sets
Le:={z€U: f(z) < f(z«) +e} CU.

Assume that these sets form a neighborhood base of x, i.e., each neighborhood of .
contains one of these level sets (and hence all with smaller ). This implies that x, is
a local minimizer. The converse is not true, in general.

(ili) We have the estimate
S0 <00 (@) - fl@.) < allfillle — ) Vo eU.

This holds with « = 1, if f is convex in U, and implies, together with (ii) that x, is
an isolated critical point.
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(iv) The ellipticity assumption (11) for H, holds in U:
Iy >0: A||oz|* < Hy(6x,0z) Ve X,Vore X

If f is twice differentiable and H, = f/, then this implies convexity of f in U and
thus (iii).

It follows from continuity of f that the interior of L. is non-empty, and (ii) implies
via differentiability of f that f, = 0. Alternatively to (iii) we could assume continuous
invertibility of the mapping x — f7.

First we show that if our algorithm comes close to a local minimizer with the above
properties, then it will converge towards this minimizer.

Lemma 4.7. If Assumption 4.6 holds, then there exists eg > 0 such that if x € L., and dx
is an acceptable directional minimizer then x + dx € L. for all 0 < € < &g.

Proof. By Assumption 4.6(ii) we can choose for any neighborhood V' C U of z, an € > 0,
such that L. C V. Recall that H, is uniformly elliptic on U and thus on V' with a constant
v > 0. By continuity of f. we can in turn choose V, such that || f.|| < v~ !v for every z € V,
for every given v > 0. It follows by (58) that [|dz| < v for every acceptable directional
minimizer, and thus x +dx € U, as long as V' and v have been chosen sufficiently small, and
x € L. C V. Thus, we conclude by the descent property that « + dx € L. C V, again. O

Proposition 4.8. Suppose that Assumption 4.6 holds. If the sequence of iterates, generated
by our algorithm comes sufficiently close to x., then it converges to ..

Proof. By Lemma 4.7 the sequence, generated by our algorithm remains in L., as long as
one iterate comes sufficiently close to x.. Thus, ||z; — x| remains bounded. Theorem 4.4
implies || f, || — 0, at least for a subsequence xy;, and thus

J

flar;) = f(ws) < allfz, Mlzk, —zall = 0.

So, for each € > 0, z; € L., eventually. Since x3 does not leave level sets by Lemma 4.7,
the same holds for the whole sequence. Since the level sets form a neighborhood base of
., we conclude that x, — z.. O

4.2.2 Asymptotic behaviour of the globalization scheme

Next, we will study conditions under which the effect of globalization vanishes close to x,.
We do this by comparing the actually computed step dz, some directional minimizer of the
model function m¥ with a step Az in the same direction computed for w = 0, i.e., the
minimizer of

0:(0) = F(@) + fio + L He(w,0) = f() +mi(o)

on span{dz}. Close to z, the Hessian H, is elliptic by assumption, so that Az is well
defined.

Considering a sequence xj — z, and corresponding sequences wy and dxy, generated
by our algorithm, we will show in the following that the quotients

L [REA
[Azg| —

tend to 1. Note that by definition of Az and dxi we have dxp = A\pAxg.
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For the following we will only need a slightly weaker version of the upper bound of (8):

Ry (v
Tk — Ty, v — 0 implies lim M

=0. 59
k—o0 ||'UkH2 ( )

Lemma 4.9. Let xj, be any sequence of iterates with accepted steps dxy, such that Hy, are
uniformly elliptic. Then

i el OT) o
k—o00 ||5$k||2 k—o0
Proof. To show the above equivalence we insert 0z, and Az into (12) and set

L ka(ézk,éxk) _ ka(AJCk,AIk)
T T a2 [Azy[?

We obtain from (12) (with w = 0 for Ax):

o (% e O

(12) | o
L R AT

(12)
= 12, Al /| ]| E) A
By assumption, the sequence ~y; is positive and bounded away from 0 and thus we obtain
by division

3l "
1> X = -
180~ g FaGoed

ka”"k (ka)
[EEIE

The right hand side tends to 1, if — 0. O

The following result is an immediate consequence:

Corollary 4.10. Let xj, be a converging sequence, such that Hy, are uniformly elliptic,
and suppose that (59) holds. If wy is bounded, then limg_, oo A = 1.

To show boundedness of wy we consider the acceptance indicators 7 as defined in (24)
and show that they tend to 1 asymptotically if the quadratic model is really a second order
approximation of f in the sense of (10):

lim ———* = 0.

e P

It can be shown that such a condition holds, if f is twice continuously differentiable in a
neighborhood of x, and H, = f7.

Proposition 4.11. Suppose that x, — x. and assume that the second order approximation
error estimate (10) holds. Then, independently of the choice of wy, > 0 we conclude for ny,
defined in (24):

liminfn, > 1
k—o0

for any corresponding sequence of directional minimizers dvy.
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Proof. Since, by assumption x — x., we also have | f; || — 0 and thus [|dvi| — 0 by (58).
Thus, by (10) we conclude

. W, (Oug) . mgr (6vk) gl
lim —*~—2 =0, while by (57) we have —2——~- < —=
koo ([0 )2 y (57) AR 2
Thus, taken together, we obtain
2, (0
lim o) _
k—o0 mx’,j (51%)
Hence, by definition (2) (recall that mg* (dvy) < 0)
_ Wi (§u) — Y2 R, (6 (0
liminf g = lim int LEE 000 = S@) _ i Mk (O0k) = 56 (O0) - w0, (O
k—o0 k—o0 maF (5vk) k—oo mgr (5’Uk)

> lim (1+w“”°(5”’“)>:1.

k—o0 mf,’j (5’Uk)
0

Theorem 4.12. In addition to Assumption 4.6 suppose that (59) and (10) hold in U along
x generated by our algorithm. If xi comes sufficiently close to x, then xi — T., wg 1S
bounded and A\, — 1.

Moreover, eventually, tmoqa = 0 and all calls of subroutine “CompAccStep” terminate
after one iteration.

Proof. By Theorem 4.8 we conclude that x, — x, and by (58) ||dvk|| — 0 for any directional
minimizer dvy of mg*. In particular the quasi-Cauchy steps éxkc and the accepted steps
dxy tend to 0 in || - ||-norm.

By Proposition 4.11 eventually every trial step is accepted with some 7, > 7. Hence,
subroutine “CompAccStep” terminates at the first step and by our algorithmic restriction

(30) wg is not increased anymore so that it follows that wy is bounded above. This and
wi Ra,, (32F))
[REEE

Finally, Lemma 4.9, taking into account boundedness of wy and ||dzk| — 0 yields

|62$|] — 0 implies via (59) that limy_ o = 0 so that tmeq = 0, eventually.

4.2.3 Fast local convergence along Newton directions

As an illustration of this result consider the case, where dx is computed from a Newton
direction Az in case that H, = f is elliptic:

AzN € argming, < flo+ H.(AzV,0)=0 Vo€ X.

In the following, we denote by ||v||z, := H,(v,v)'/?

tions, we have equivalence of norms:

the energy norm. Under our assump-

Fy>0,T <oo: A|v]? < [loll3, < Tvlf.

It is well known that the sequence, generated by these steps converges locally superlinearly
to z, as long as f is twice continuously differentiable in a neighbourhood of x,. Let us
denote by 6zV the directional minimizer of m® in Newton direction.
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Lemma 4.13. dz satisfies the fraction of Cauchy decrease condition (21) if

B ng(AxN)
3 (| Az,

B<1 (60)

Proof. We compute, using that dz”¥ and Az” are directional minimizers of m% and m2:

m® (6zV) < m® (AzN) = m0(AzN) + %Rx(AxN)

1

1 (AzN
=~ 1A, + £ Ro(AaY) = =3 {1 S TaT,

3 (| AzN|E,

= . | haa

Observing that the term in square brackets is greater or equal 8 by (60) we can continue
to compute:

m(62N) < ~ L BIATN 3, = BmY(AxY) = finfm < Finfms < fmS (52°).

O

In the following we consider for a sequence z the Newton steps Am{f computed at xy
and corresponding directional minimizers 6z}, of m&k.

Theorem 4.14. Suppose that the conditions of Theorem 4.12 hold and assume that f is
twice continuously differentiable. Assume that 8 < 1 in Condition 3.5.

Then, if xi comes sufficiently close to x,, eventually all 51,16\’ are acceptable, so that
Tpy1 = T + 5ka, and the sequence xy, converges locally superlinearly to x..

Proof. By boundedness of wy, equivalence of the norms || - || and || - | g, , and (59) we obtain
that the right hand side of (60) tends to 1 and is thus larger than (3, eventually. Thus,
eventually, =¥ is acceptable in terms of Condition 3.5 (recall that eventually tmeq = 0
by Theorem 4.12), and also in terms of Condition 3.7 by Proposition 4.11. Hence xp41 =
T, + 6z . Now we compute

o + 02y — 2l _ lloe + Az — 2l + 102 — Ay ||m,
ok — 2ullm, 2k — 2ull 1,
ek Axy —alm, | (= M)A a,
ok — 2l a2, 2 — 2ellm,

The first term of the right hand side vanishes asymptotically due to local superlinear con-
[
Tk 1,

vanishes asymptotically due to A\, — 1 by Theorem 4.12 and thus

vergence of Newton’s method, which also implies — 1. Then the second term

i Mkr1 = Tl o
koo ok — @4l H,
By induction we conclude superlinear convergence of z, to x,, also w.r.t || - || by equivalence

of norms.
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