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Abstract

In recent years it becomes more and more important to learn hidden and complex structures
from a given data set in an automatic and efficient way. Here statistical machine learning
and in particular support vector machines are located. A lot of theoretical work on machine
learning has been done under the assumption that the observations are realisations of in-
dependent and identically distributed (i.i.d.) random variables. This assumption might be
mathematically convenient but it is often violated in practice or at least a doubtful assump-
tion. Recently some work has been done to generalize statistical machine learning theory
to non-i.i.d. stochastic processes, which also is the topic of this thesis.

Throughout this work we examine statistical robustness and consistency of estimators, in
particular of support vector machines, for data generating stochastic processes with dif-
ferent dependence structures. To get reasonable results, we first introduce stochastic pro-
cesses which provide convergence of their empirical measures to a limiting distribution. We
call such processes weak respectively strong Varadarajan processes. FExamples are many
a-mixing processes, many Markov chains, and several weakly dependent processes. Con-
cerning qualitative robustness, we prove a generalization of Hampel’s famous theorem to
Varadarajan processes. Estimators which are continuous and can be represented by a sta-
tistical operator on the space of probability measures are qualitatively robust if the data
generating stochastic process is a weak Varadarajan process. It is not even necessary to
strengthen the assumptions on the estimator, compared to those in Hampel’s theorem for
the i.i.d. case.

Further, qualitative robustness of bootstrap approximations is a desirable property, as the
true distribution of the estimator is unknown in all cases of practical importance and there-
fore often replaced by a bootstrap approximation. Dropping the assumption of identical
distributions, we show that the bootstrap approximation is still qualitatively robust if the
empirical bootstrap is used and if the assumptions on the input space are strengthened.
Compared to the results of the i.i.d. case, we have the same assumptions on the estimators,
but require the process to be a strong Varadarajan process. Assuming uniform continuity
instead of continuity of the statistical operator and assuming the input space to be compact,
we achieve qualitative robustness for some a-mixing stochastic processes if the blockwise
bootstrap is used.

Besides statistical robustness, consistency is of course also an important property of a se-
quence of estimators. Therefore the second part of this thesis focusses on consistency of
support vector machines. We achieve consistency under common assumptions on the loss
function and on the kernel. The stochastic process is assumed to be asymptotically mean
stationary, which is implied by the Varadarajan property, and it is assumed to fulfil an
almost sure convergence condition, similar to a law of large numbers. We show that many
asymptotically mean stationary C-mixing, weakly dependent, and a-mixing processes pro-
vide this assumption and therefore support vector machines are consistent for such processes.
Compared to the i.i.d. case, our assumption on the convergence rate of the sequence of reg-
ularization parameters is only slightly stronger.






Zusammenfassung

Heutzutage wird es immer wichtiger, versteckte und komplexe Strukturen in Datensitzen
moglichst automatisch und effizient zu finden. Oft werden hierzu Methoden der maschinellen
Lerntheorie, zum Beispiel Support Vector Machines, eingesetzt. Die meisten theoretischen
Ergebnisse zu Support Vector Machines sind allerdings fiir den Fall von unabhingig iden-
tisch verteilten (u.i.v.) stochastischen Prozessen hergeleitet. Dieser ist zwar mathematisch
geeignet, in der Praxis ist die u.i.v.-Annahme aber hiufig verletzt oder es ist unklar ob
diese gilt. Deswegen versuchen wir zwei wichtige Figenschaften von Schétzern, statistische
Robustheit und Konsistenz, fiir datenerzeugende stochastische Prozesse zu zeigen, die nicht
der u.i.v.-Annahme unterliegen. Dazu fiihren wir zunéchst die sogenannten Varadarajan-
Prozesse ein, diese garantieren Konvergenz ihres empirischen Mafes gegen eine Grenz-
verteilung. Beispiele fiir solche Prozesse sind einige a-mixing-Prozesse, Markov-Ketten und
schwach abhéngige Prozesse. Angelehnt an das bekannte Theorem zur qualitativen Robus-
theit von Hampel betrachten wir Schétzer, die stetig sind und durch einen statistischen
Operator auf dem Raum der Wahrscheinlichkeitsmafie reprisentiert werden kénnen. Fiir
solche Schitzer und schwache Varadarajan-Prozesse erhalten wir die qualitative Robustheit
des Schéitzers. Im Vergleich zu Hampels Theorem fiir den u.i.v.-Fall dndert sich nur die
Voraussetzung an den stochastischen Prozess, die an die Schétzer bleibt gleich.

Zusatzlich ist die Verteilung der datenerzeugenden Prozesse oft unbekannt und wird mit
Hilfe eines Bootstrap-Verfahrens angendhert. Auch hierfiir ist qualitative Robustheit eine
wiinschenswerte Eigenschaft. Fiir den empirischen Bootstrap und stochastische Prozesse,
die zwar unabhangig aber nicht identisch verteilt sind, erhalten wir qualitative Robustheit
unter den gleichen Voraussetzungen an die Schitzer wie im u.i.v.-Fall, der stochastische
Prozess muss die Varadarajan Eigenschaft besitzen und die Voraussetzungen an den zu-
grundeliegenden Datenraum muss verstirkt werden. Auch fiir einige a-mixing-Prozesse
zeigen wir qualitative Robustheit der Bootstrap- Approximation. Hierzu nehmen wir gleich-
méfige Stetigkeit der Schitzer sowie einen kompakten Datenraum an. Die Approximation
wird hierbei durch einen ,,Block-Bootstrap® erreicht, dieser eignet sich besser flir abhéngige
Daten als der klassische empirische Bootstrap.

Neben der Robustheit ist auch Konsistenz eine zentrale Eigenschaft von Schétzern. Im
zweiten Teil der Arbeit zeigen wir Konsistenz fiir Support Vector Machines. Zusétzlich zu
den iiblichen Voraussetzungen an den Kern und die Verlustfunktion, benétigen wir einen
stochastischen Prozess, der asymptotisch mittelwertstationér ist. Diese Eigenschaft wird
zum Beispiel durch die Varadarjan Eigenschaft impliziert. Weiterhin muss der Prozess eine
Konvergenzbedingung, dhnlich dem starken Gesetz der grofen Zahlen, erfiillen. Fiir solche
Prozesse sind Support Vector Machines konsistent. Wir zeigen, dass einige schwach ab-
héngige, a- und C-mixing Prozesse diese Konvergenzbedingung erfiillen. Verglichen mit
u.i.v. stochastischen Prozessen muss die Folge der Regularisierungsparameter nur unmerk-
lich langsamer konvergieren, diese Voraussetzungen sind also fast identisch.
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Chapter 1

Introduction

"If we have data, let’s look at data. If all we have are opinions, let’s go with
mine.”
James L. Barksdale

Today, the question is, how to look at data? How to extract information from data? Often
the relations and questions are too complex to solve for a human being or the amount of
data or variables is too big. Here statistical machine learning is located. Machine learning
"gives computers the ability to learn without being explicitly programmed", see Samuel
(1959). The goal of supervised statistical learning is to find a function f: X — Y, XY
sets, by using a given data set wy, := ((z1,41),- -, (Tn,Yn)) € (X x V)™ to learn the relation
between input values z € X and output values y € ), see for example Vapnik (1995) or
Hastie et al. (2001). The learning algorithm is trained by a given data set, in order to be able
to predict the outcome of a new input value. Consider, for example, certain characteristics
of a vehicle, such as speed, height, or mass, used to assign the vehicle to different groups, for
example "car" and "truck". After learning by means of some training data, where height,
speed, and mass (input variables) of the vehicle and the kind of vehicle (output variable) is
known, the algorithm should be able to classify every new, unknown combination of speed,

height, and mass to one of the two groups, with small error probability.

There are various types of machine learning algorithms, the one we focus on are support vec-
tor machines (SVMs), see e.g. Boser et al. (1992), Vapnik (1995, 1998), Poggio and Girosi
(1998), Scholkopf and Smola (2002), Cucker and Zhou (2007), and Steinwart and Christ-

mann (2008). Support vector machines are considered as a nonparametric learning method
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and can, in the case of supervised learning, be used either for classification, regression, or
quantile regression. Historically support vector machines have been introduced for classi-
fication and linear functions only, see for example Vapnik (1995). Now, they are applied
in a much broader sense. In case of support vector machines the function f is implicitly
determined by a regularized optimization problem. Therefore we introduce the loss function
L, a non-negative measurable function, which measures the distance between the observed
output value and the predicted output value, and the risk, which is defined as the expected
loss. Given a data set, wy, := ((x1,91), ..., (Tn,yn)) € (X x Y)™, the statistical estimate is
computed by minimizing the empirical risk added to a penalty term over a certain Hilbert

space H of functions:

1
JLPu, A i= argmin— ZL(%‘,Z/ia Fla)) + Al fI13
fem M

Note that the penalty term is added in order to prevent overfitting and is weighted by
A > 0, more details can be found in Section 4.1. For the classification example above, the
two groups "car" and "truck" would be labelled either "1" or "-1", and the SVM learned is
a function frp, x: & — {-1,1}.

From a theoretical point of view the definition can be generalized to arbitrary probability
measures P on X x Y (and the corresponding o-algebra), that is the risk is computed with
respect to the theoretical distribution P, A € (0, 00):

iy = arguin [ Lz,y, f(a)) dP(a,y) + M Ty
feH
So far, the overwhelming part of theoretical works in machine learning has been done un-
der the assumption, that the data can be considered as realisations of independent and
identically distributed (i.i.d.)random variables. However, this assumption is not fulfilled
in many practical applications so that non-i.i.d. cases increasingly attract attention. In ad-
dition to estimators especially designed for certain non-i.i.d. cases, practitioners often also
use estimators originally designed for the i.i.d.case even if this assumption is violated. In
Mukherjee et al. (1997) and Miiller et al. (1997), for example, support vector machines are
used for predicting time series with good results. Therefore this thesis focuses especially on
non-i.i.d. stochastic processes, for example mixing processes or weakly dependent processes
(in the sense of Doukhan and Louhichi (1999)). In particular, we mainly work with stochas-
tic processes (Z;);cy which provide convergence of the empirical measures Pw,, n € N,

W, = (Z1,...,%y,), to a limiting distribution P on the space of probability measures, for



example with respect to the Prohorov metric 7. That is
m(Pw,, P) — 0 almost surely (or in probability), n — oo,

to which we refer as Varadarajan property, as it is similar to the result of Varadarajan’s
theorem for i.i.d.random variables, see Dudley (1989, Theorem 11.4.1). There are many
stochastic processes which fulfil this assumption, for example many Markov chains, some
martingales, several mixing processes or several weakly dependent process, see Chapter 3.2.
Moreover we show: stochastic processes which fulfil a law of large numbers for events, in
the sense of Steinwart et al. (2009), are Varadarajan processes under weak assumptions, see
Theorem 3.2.1. An even weaker assumption on the stochastic process, also used here, is

asymptotically mean stationarity, which is implied by the weak Varadarajan property.

Throughout this thesis some important properties of estimators are shown for those pro-
cesses. A desirable property for estimators is qualitative robustness, which was first proposed
in Hampel (1968). Roughly speaking, statistical robustness in general means that the es-
timator is only rarely affected by outliers or other small violations. Qualitative robustness
in particular means, that the distributions of an estimator differ only slightly, if the under-
lying distributions of the data generating stochastic process are close together. That is, we
assume a data set to be realisations of a stochastic process, with distribution Py, but the
real data set may contain some additional errors or the assumption on the distribution is
wrong. So the contaminated data set is generated by a stochastic process which may have a
slightly different distribution Qn. The goal of qualitative robustness is to guarantee that the
distribution of the estimator under the two distributions Py and Q are close, as long as the
distributions Py and @y are close. It is well known that many classical estimators are not
statistically robust, see for example Huber (1981), Hampel et al. (1986), Jureckova and Picek
(2006), and Maronna et al. (2006) for some textbooks on robust statistics. The definition of
qualitative robustness can be found in Hampel (1968) for the i.i.d. case, some generalizations
can be found in Papantoni-Kazakos and Gray (1979), Cox (1981), and Boente et al. (1987).
Throughout this work we use a generalization of Hampel’s concept of II-robustness proposed
by Bustos (1980) to define qualitative robustness for non-i.i.d. observations, see Definition
3.1.1. In Theorem 3.1.3, we show that one of the classical results of qualitative robustness in
the i.i.d. case, Hampel’s theorem, can be generalized to the non-i.i.d.case if the underlying
stochastic process fulfils the Varadarajan property. Compared to the i.i.d.case we do not

strengthen the assumptions on the estimators and of course the i.i.d. case is included.

Moreover, the finite sample distribution of the data generating stochastic process is com-
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monly unknown in practice. One way to get some information about this distribution are
bootstrap methods. Here the distribution of the data generating stochastic process is esti-
mated by resampling from the given observations. Historically, the bootstrap was introduced
for the i.i.d. case, see Efron (1979). But there are various kinds of bootstrap methods used
for different kinds of not necessarily i.i.d.stochastic processes, see for example Efron and
Tibshirani (1993) and Shao and Tu (1995) for an introduction and an overview to the boot-
strap theory. Regarding the bootstrap approximation for the distribution of the estimator,
qualitative robustness is still desirable. The definition of qualitative robustness for boot-
strap approximations can be found in Cuevas and Romo (1993). In Christmann et al. (2013)
qualitative robustness for SVMs has been shown for the i.i.d. case. Our Theorem 3.4.2 gives
a generalization of this result to the case of independent, but not necessarily identically
distributed random variables. Additionally the assumptions on the sequence of estimators
are slightly weakened. Strengthening the assumptions on the sequence of estimators and
the assumptions on the stochastic process, we also achieve qualitative robustness for the

bootstrap approximations of some a-mixing sequences, see Theorem 3.4.5 and 3.4.6.

Whereas the first results cover a broader class of estimators than support vector machines,
the second part of this thesis focuses on robustness and consistency of support vector ma-
chines. For a given data set, the estimator can be computed with respect to this data
set, that is we compute the empirical SVM. But for every data generating stochastic pro-
cess, of course, there is the smallest possible risk, which relies on the distribution of this
process. This distribution is commonly unknown, and therefore the empirical estimate is
used. Hence, it is crucial to establish some kind of convergence of the empirical solution,
that is statistical consistency. Here, we again consider stochastic processes which have the
Varadarajan property or are asymptotically mean stationary. We examine convergence in
probability of the risk of the empirical SVMs computed with respect to the limiting distribu-
tion P to the Bayes-risk R} p, which is defined as the smallest possible risk if all measurable

functions f : X — Y are considered:
/L(a:,y, fLPw, A () dP(2,y) — Ry p in probability, n — oo,

where the sequence of regularization parameters (A, )n,eny C (0, 00) is a suitable null-sequence.
This is called L-risk-consistency. For the i.i.d.case, consistency of support vector machines
is already shown, see for example Zhang (2004) and Christmann and Steinwart (2007)
and the references in Chapter 4.4. Also learning rates are provided in this case, see e.g.
Koltchinskii and Beznosova (2005), De Vito et al. (2005), and Blanchard et al. (2008). In

the non-i.i.d. case, there are also some results, which yield that support vector machines are



still consistent and which provide learning rates. Therefore concentration inequalities for
different dependence structures have been established, see for example Sun and Wu (2009)
and Hang and Steinwart (2015). In Steinwart et al. (2009) consistency of support vector
machines and of other regularized kernel methods is shown for a class of stochastic pro-
cesses which satisfy some mixing conditions, or more generally, fulfil a law of large numbers
for events. In Section 4.4, we show that support vector machines are consistent for some
a-mixing, several weakly dependent and some C-mixing processes, if they are additionally

asymptotically mean stationary.

The next chapters are organised as follows: Chapter 2 gives a short introduction to weakly
dependent processes in the sense of Doukhan and Louhichi (1999), a-mixing, and C-mixing
processes, as they are often used throughout this work. Chapter 3 focusses on qualitative
robustness, including the introduction and definition of qualitative robustness in Section
3.1 and our generalization of Hampel’s theorem, see Theorem 3.1.3. Moreover Varadarajan
processes are introduced in this section. Examples for Varadarajan process, as well as the
relation between laws of large numbers and Varadarajan processes are included in Section
3.2, examples for qualitatively robust estimators can be found in Section 3.3. Section 3.4
contains the definition and the main results about qualitative robustness of the bootstrap
approximation, Theorem 3.4.2, Theorem 3.4.5, and Theorem 3.4.6.

The fourth chapter covers the results about support vector machines. A short introduction
to support vector machines and reproducing kernel Hilbert spaces is given in Section 4.1.
Results on qualitative robustness and the maximum bias of support vector machines are
given in Theorem 4.2.1 and Theorem 4.3.2. Consistency of support vector machines is shown
in Section 4.4. It contains a general result about consistency of support vector machines
requiring a convergence assumption on the stochastic process, Theorem 4.4.4, and examples
for stochastic processes which fulfil this assumption, see Theorem 4.4.6, Theorem 4.4.10,
and Theorem 4.4.12. We would like to mention, that some results of Chapter 3 as well as
Section 4.2 are already published in Strohriegl and Hable (2016), some parts of Section 3.4
are published in Strohriegl (2017) on arXiv. Concluding with Chapter 5 we give a short

summary and propose some future research problems.
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Chapter 2
Dependence structures

In order to work with general stochastic processes, a lot of different dependence notions have
been introduced until now. For example Markov, mixing- and ergodic properties as well as
mixingale structures, associated processes or weakly dependent processes. Throughout this
thesis we regard qualitative robustness of estimators on general stochastic processes as well
as consistency of support vector machines for general stochastic processes and therefore try
to show our theorems for different dependence structures. Mainly used are weak dependence,
mixing structures and C-mixing processes. These dependence notions are shortly introduced
in this chapter. Some results, for example the qualitative robustness, are more general and
also work for Markov chains or martingales. The proofs of the results mainly require limit
theorems, such as laws of large numbers or convergence conditions on empirical measures.
Therefore we regard processes which describe the dependence between "past events" and
"future events", which decreases when the gap between past and future increases. Roughly
speaking, processes which forget the "past" if only the time gap is big enough. Weak
dependence (in the sense of Doukhan and Louhichi (1999)) is based on the covariance
between events in the past and events in the future. Whereas the mixing notions used here
measure the dependence between the o-algebras generated by the stochastic process. The C-
mixing structure is introduced separately, although it belongs to the mixing structures, but
has been introduced in the context of dynamical systems. The C-mixing coefficient is based
on the covariance between the stochastic process and an arbitrary, bounded measurable

function with respect to the o-algebra generated by the stochastic process.
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2.1 Weak dependence

This dependence notion has been introduced by Doukhan and Louhichi (1999) and Bickel
and Biithlmann (1999). Roughly speaking, the dependence structure of a weakly dependent
process is described through the covariance of a function f of "elementary events in the
past" and another function g of "elementary events in the future". A process is considered
to be weakly dependent if the covariance tends to zero as the distance between events in
"past" and "future" increases. There are different types of weak dependence, named with
different dependence coefficients. For the following results, we only consider non causal
cases of weak dependence: n-, A-, k-, (- and O-dependence. Therefore, we reduce the
definition of weak dependence from Dedecker et al. (2007, Definition 2.2) to these cases.
Let (2, A, P) be a probability space, Z a Polish space, and (Z;),cy, Zi : @ — 2,1 € N,
a stochastic process. For every u,v € N, let F, and G, be classes of measurable functions
[ 2" = Rrespectively g : Z¥ — R; define F := ey Fus G := Upen G and fix a function
U: FxG— (0,00]. For every u,v € N, let I'(u, v, £) be the set of (i,7) € Z" x Z" such that
N<...<iyg<iu+l<j1<...<jy, LEN.
Then, the (F,G, ¥)-dependence coeflicient £(¢) for the stochastic process (Z;);en is defined
by

() = sp sup sup \Cov (f(Ziys s Zi), 9(Z51, ...,Zjv))}'

uwEN (i,§) €T (u,0,0) fE€Fu,gEG U(f,9)

(2.1)
The stochastic process (Z;);en is called (F, G, ¥)-dependent if

elirgo e(l) = 0.
For our cases the functions f : Z“ — R are Lipschitz continuous with respect to the
distance dy, ;1 on Z* defined by dy, 1(2,2') := > i, dz (2, z.), where dz is a metric on Z, and
the class G equals F for the non causal cases. Depending on the choice of the function ¥ and
additional regularity assumptions on the functions in F, different dependence coefficients
are defined, see Dedecker et al. (2007): Here |f[1 := sup,_,/ F@H=SEL qenotes the Lipschitz

dn,1(2,2")

constant of f, || - ||« the supremum norm, and for f € F,, dy := u.

e The coefficient n corresponds to the choice W(f,g) = d¢||glloo|f|1 + dgll flloc|g|1, and
Fu = Gy is the set of all bounded Lipschitz functions f: Z* — R .

e The coefficient A corresponds to the choice W(f, g) = df||glloo| fl1 + dgl| flloclg]1
+ dgdslgli|f|1, and F, = G, is again the set of all bounded Lipschitz continuous

functions.
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e The coefficient x corresponds to the function ¥(f,g) = dsdy|f|i|g|1 and F, = G, is

the set of all integrable Lipschitz continuous functions.

e The coefficient ¢ corresponds to the choice ¥(f, g) = min{dy,dy}|f|1|g|1 and F, = G,

is again the set of all integrable Lipschitz continuous functions.

e Finally, the coefficient 6 corresponds to the choice V(f,g) = dg||f|loo|g]1, Fu is the
set of all bounded functions f : Z* — R and G, is the class of Lipschitz continuous
functions g : Z¥ — R. Moreover the random variables Z;, i € N, are assumed to be

L' integrable.

A good overview of result and definitions as well as examples for weakly dependent processes
can be found in Dedecker et al. (2007).

2.2 Mixing processes

Another dependence structure which is used throughout this thesis are mixing processes.
Mixing conditions of a stochastic process (Z;);cn are defined via various mixing coefficients
which quantify the degree of dependence of the process. There exist several types of mixing
coefficients, but all of them are based on differences between probabilities (A N Az) —
p(A1)p(Asg). There is alarge literature on this dependence structure. For a detailed overview
on mixing, see Bradley (2005), Bradley (2007a,b,c), and Doukhan (1994) and the references
therein. We mainly use the a-mixing structure, which has been introduced in Rosenblatt
(1956). Also examples of relations between dependence structures and mixing coefficients

can be found in the references above.

Let © be a set equipped with two o-algebras A; and As and a probability measure p. Let
LP(A, 1, H) be the space of all H-valued, A-measurable, p-integrable functions. Analogously
to e.g. Bradley (2005), using the convention % = 0, we can define the following measures

of dependence:

(A1, Az, 1) = sup{ (A1 N Ag) — pu(A2)(Az)| | A1 € Ar, Ag € Ao}, (2.2)

R (A1, Ay, ) = sup ]Ei’f S | f e (R, g e c°°<A2,u,R>}, 2.3

¢( A1, Ag, 1) = sup{|p(A2] A1) — p(A2)| | A1 € A1, Az € Az, pu(Ar) > 0}, (2.4)
. ,u(A1 M Ag) B A A _ .

D( A1, Az, ) .—Sup{‘M(Al)M(Az) 1‘ ‘Al € A;, p(Ay) >0, i€ {1,2}}, (2.5)
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p(A17A27/"L) = Sup{‘COI‘I‘(f,g” | f € £2(-A17,UaR)v g€ EQ(-AQMLL?R)}? (26)

I
1
BlAL Az, ) = sup 5 > 0> |u(Avi N Ag ) — p(Ari)(Az)l,
s (2.7)
where the supremum is taken over all (finite) partitions {Ay1,..., A4} and

{A21,..., Az, s} of Q, such that A;; € Ay, for all i and A ; € Ay for all j.

By definition the coefficients equal zero, if the o-algebras are independent. Moreover the
coefficients, besides ¢, are symmetric in A; and As. Among those mixing properties a-

mixing is the weakest condition:

2a( Ay, Az) < B(A1, A2) < ¢(Ar, A2) (2.8)
da(Ar, Az) < p(Ar, Az2) < (A, Ag),

see Bradley (2005, page 109). Again there are many other inequalities, which can be found
therein. An important relation for the proofs of qualitative robustness and for the consis-
tency of a-mixing sequences is the equivalence between the a-mixing coefficient and the
RR -coefficient, see Bradley (1985), as it directly links the covariance to the a-mixing coef-

ficient. According to this we have:
RE (A1, Az, p) < 2ma( Ay, Az, ). (2.9)

Moreover mixing can be defined for stochastic processes. We follow Steinwart et al. (2009,
Definition 3.1):

Definition 2.2.1 Let (Z;)ien be a stochastic process, Z; - Q2 — Z, i € N, and let 0(Z;) be
the o-algebra generated by Z;, i € N. Then the a-bi-, the a- and a-mizing coefficients are
defined by

a((Z)ien, psi,§) = a(a(Zi), 0(Z;), 1)
a((Z)ien, psn) = siglfa(a(Zi), 0(Ziyn), 1)

a((Z)iEN) , ’I’l) = S_gli)a(o-(zlv sy ZZ)7 O-(Zi-‘t-nu Zi-i-n-‘rla .- ')a /'L)
i>
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A stochastic process (Z;)ien is called - respectively a-mizing with respect to p if

lim a((Z)iENaﬂvn) = O)

n—o0

respectively JLH;OE((Z)ieN,u,n) =0.

It is called weakly a- respectively weakly a-bi-mizing with respect to p if

n

nh—>nolo E ; a((Z)ieNa H, 6) =0,
1 n t—1

respectively nh_)rglo ) Z Z a((Z)ien, p,1,7) = 0.
i=1 j=1

Of course these definitions can be used similarly for other mixing coefficients. Obviously
a((Z)ien, yn) < @((Z)ien, 1, n). In most of the literature a-mixing for stochastic processes
is defined similar to the a-mixing coefficient above. Also the inequalities can be expressed

in terms of random variables, important for our proofs is:
R&(J(Zi)>o-(zj)vﬂa) < QWQ(Z,[L,Z',j). (210)

Similar to Steinwart et al. (2009), the following results only assume the process to be weakly
a-bi-mixing, which is a slightly weaker assumption than the usual a-mixing condition, and

is therefore introduced here.

2.3 (C-mixing processes

C-mixing processes also belong to the group of mixing processes. They have been introduced
especially to cover dynamical systems, as there are several examples of dynamical systems
which are not a-mixing, see e.g. Doukhan and Louhichi (1999, page 41) and Dedecker
and Prieur (2005) for other examples of stochastic processes which are not a-mixing. In
Maume-Deschamps (2006), Hang and Steinwart (2015), and the references therein, examples
of C-mixing dynamical systems can be found. The C-mixing coefficient as well as the a-
mixing coefficient generalizes ®-mixing. But in general neither C-mixing implies a-mixing
nor the other implication is right. According to Maume-Deschamps (2006, Definition 1)
and Hang and Steinwart (2015, Definition 2.5) we define C-mixing for stochastic processes

(Zi)ien > Zi : 2 — Z for a measurable space Z.
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Let C be the Banach space of bounded functions f: Z — R with respect to the C-norm
1 lle:

1flle := 1f lloe + I/l (2.11)

where || - || denotes the supremum norm and || - || is a semi-norm on a vector space of

bounded measurable functions f: Z — R. For example consider the space of Lipschitz con-

tinuous functions with semi-norm || f|| = | f|1 = sup,, %, where | f|; is the Lipschitz

constant of f, the space of C! := {f : Z — R | f bounded and continuously differentiable}
functions on Z C R open, equipped with semi-norm || f|| = sup,cz |f’(2)|, or the space of
functions with bounded total variation with || f|| = || f|lsv. Moreover let C; be the closed
unit ball of functions f with respect to | - ||c.

Let || - |1 be the usual L'-Norm on Z, then C-mixing processes are defined as follows:

Definition 2.3.1 (C-mixing processes) Let (2,A, u) be a probability space and (Z,B)
be a measurable space. Let (Z;)ien, Zi : Q@ — Z be a stochastic process and let A% be the
o-algebra on Q generated by (Z;,...,Zy), i < € N. Now define

e the C-mixing coefficient by:

®c(Z,n) == sup{|E(f 0 Zitn)p — EQEf 0 Zitn] |
i €N, f €, ¢ (AL, B) measurable with ||| < 1 b (2.12)

o the time reversed C-mizing coefficient by:

D¢ ren(Z,n) :=sup{|E(f o Z;)p —Ef o Z;Ep| |
i €N, feCli, o (AX,,B) measurable with |jp]y <1 }. (2.13)

A stochastic process is called C-mizing or time reversed C-mizing if the coefficients ®¢ re-

spectively P re are summable.

Throughout the thesis, we are concerned with C-mixing with respect to the class of bounded
Lipschitz functions BL(Z) :={f : Z - R | || f||pL < oo} and therefore have:

I flle == [ flloo + |flx = | flIBL:

where || - ||r, is called the bounded Lipschitz norm.



Chapter 3
Qualitative robustness

Qualitative robustness is a continuity property of the estimator and means roughly speaking:
small changes in the distribution of the data only lead to small changes in the distribution
(i.e. the performance) of the estimator. In this way the following kinds of "small errors"
are covered: small errors in all data points and large errors in only a small fraction of the
data points (gross errors, outliers). Qualitative robustness of estimators has been defined
originally in Hampel (1968) and Hampel (1971) in the i.i.d. case and has been generalized
to estimators for stochastic processes in various ways, for example, in Papantoni-Kazakos
and Gray (1979), Bustos (1980), which will be the one used here, Cox (1981), Boente et al.
(1987), Zahle (2015), and Zahle (2016), for a more local consideration of qualitative robust-
ness, see for example Kratschmer et al. (2017).

In the i.i.d. case, qualitative robustness is often proved by use of Hampel’s theorem, see
Hampel (1971) and also Cuevas (1988), as it is usually hard to be shown directly. By
Hampel’s theorem, qualitative robustness of an estimator is ensured if the estimator can be
represented by a continuous statistical operator on the space of all probability measures.
Here we generalize this theorem to those non-i.i.d. processes which provide convergence
of their corresponding empirical measure. We also show that the empirical measure con-
verges if the process satisfies a law of large numbers; this leads to various generalizations of
Varadarajan’s theorem to non-i.i.d. cases. Alternative generalizations of Hampel’s theorem
can be found in Z&hle (2015) and Zahle (2016). Here only independence is weakened, while
the data still have to be identically distributed. For a slightly different generalization of
qualitative robustness, Hampel’s theorem has been formulated for strongly stationary and
ergodic processes in Cox (1981) and Boente et al. (1982); these processes are covered as a

special case of our result.

13
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3.1 Qualitative robustness for non-i.i.d. observations

Let (Z,dz) be a complete separable metric space with Borel o-algebra B. Denote by M(2ZY)
the set of all probability measures on (ZN, BEN). Let (ZN, BN M(2Y)) be the underlying
statistical model. If nothing else is stated, we always use Borel o-algebras for all topological
spaces. Let (Z;)ien be the coordinate process on ZN, that is Z; : ZN — Z, (2j)jen = 21,1 €
N. Then the process has law Py under Py € M(ZN). Moreover let P, := (Z1, ..., Z,)(Px)
be the n-th order marginal distribution of Py for every n € N and Py € M(2ZY). We
are concerned with a sequence of estimators (S,)neny on the stochastic process (Z;)ien.
The estimator may take its values in any complete separable metric space H; that is,
Sn : Z™ — H for every n € N.

Following Boente et al. (1987), we use a definition originating from Bustos (1980) which

generalizes Hampel’s concept of II-robustness:

Definition 3.1.1 (Qualitative robustness (Bustos (1980))) Let m, be the Prohorov
metric on M(Z™) for every n € N. Then, the sequence of estimators (Sp)nen is called

qualitatively (mp)nen-robust at Py if, for every e > 0, there is a 6 > 0 such that, for all
n €N and Qn € M(ZY),

ﬂ'n(Pm Qn) <d = Tdy ([’Pn (Sn)v [’Qn(sn)) <e

where Lp, (Syp) (and Lg, (Sp)) denotes the distribution of the estimator S,, under P, (and

Qn respectively) and 74, denotes the Prohorov metric on M(H).

Note that qualitative (m,),en-robustness at Py is a local property.
Recall that the Prohorov metric 7, of two probability measures P and ) on any metric

space (X, e) is given by
Te(P,Q) = inf{e>0: P(A) < Q(A®) +¢ for all measurable A C X'}

where A* = {x € X :e(x,A) < e}

Even in the i.i.d. case, it is usually hard to directly show qualitative robustness of estima-
tors. Instead, qualitative robustness in the i.i.d. case is typically shown by use of Hampel’s
theorem (Hampel (1971, page 1892)); see also Cuevas (1988, Theorem 2) for estimators

taking values in an arbitrary complete separable metric spaces. This theorem applies to
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estimators which can be represented by a statistical operator S. This means, that there is
amap S: M(Z)— H such that:

S(Pwn) = Sp(Wn) = Sp(z1,...,2n) YWy = (21,...,2,) € 2" VneN (3.1)

where Py, denotes the empirical measure defined by Py, (B) := 2 3" | Ip(z;), B € B, for
the observations w,, = (21, ...,2,) € Z2™. Then, according to Hampel’s theorem, a sequence
of estimators which can be represented by a operator via (3.1) is qualitatively robust with
respect to the Prohorov metric 7 on M(Z2) in the i.i.d. case if S is continuous (with respect

to the Prohorov metric on M(Z2)).

The goal of this section is to obtain a similar result also in the non-i.i.d. case: accordingly,
we restrict our attention to estimators which can be represented by a statistical operator.
These estimators can be seen as plug-in estimators using the empirical measure. In case
of non-i.i.d. data, applying an estimator based on the empirical measure is not always
sensible because the empirical measure does not need to be meaningful then. However,
using the empirical measure is possible if it converges for increasing sample size n. As will
be seen, such a convergence of the empirical measure is the only assumption we need for
(Zi)ien, respectively Py. When working through the original proof of Hampel’s theorem
in Hampel (1971), it turns out that the i.i.d. assumption is only needed in one step of
the proof in which Varadarajan’s theorem is used: if Z; ~ P i.i.d., then, for almost every
(2j)jen € ZN_ the empirical measure Pw,,(z,.) converges weakly to P for n — oo and
W, = (Z1,...,Z,). That is, in order to generalize Hampel’s theorem, it is crucial to
generalize Varadarajan’s theorem to the non-i.i.d. case. This is the goal of the following
section in which it is shown that Varadarajan’s theorem can be generalized to many other
processes such as certain mixing processes, strongly stationary ergodic processes, and certain
weakly dependent processes. In particular, the independence assumption in Varadarajan’s
classical theorem can be relaxed to pairwise independence. Recall that weak convergence
of probability measures on Polish spaces can be expressed by use of the Prohorov metric so

that a reformulated version of Varadarajan’s theorem says that, for Z; ~ P i.i.d.,

Ty (Pw,,P) — 0 almost surely for W, =(Z1,...,2,). (3.2)

n—oo

As shown in Section 3.2, also many non-ii.d. processes fulfil (3.2) and we call any such
process a (strong) Varadarajan process — and, if a.s.-convergence is replaced by convergence
in probability, we use the term weak Varadarajan process. Recall that the convergence above

depends on the probability measure, i.e. the Varadarajan property is a local property.
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Definition 3.1.2 Let (2, A, u) be a probability space and (Z,dz) a separable metric space.
Define Wy, = (Z1,...,2Zy) for every n € N. Then the stochastic process (Z;),cr, Zi :
QO — Z,i €N, is called (strong) Varadarajan process if there exists a probability measure
P e M(Z) such that

m(Pw,,P) —— 0 almost surely.

n—oo
It is called weak Varadarajan process if

m(Pw,,P) —— 0 in probability,

n—00

where  is the Prohorov metric on M(Z).

Now, we can state our generalization of Hampel’s theorem, which is one of our main results.
It says that, by use of our definition of Varadarajan processes, Hampel’s theorem can be
generalized to Bustos’ notion of qualitative robustness for dependent data. A second result,
stated later on (Theorem 3.2.1), then yields many examples for Varadarajan processes:
whenever a process fulfils a law of large numbers, then it is a Varadarajan process. There
are different kinds of generalizations of Hampel’s theorem to the non-i.i.d. case. For example
Cox (1981, Corollary 1) and Boente et al. (1982, Theorem 4.3) derive qualitative robustness
at a probability measure Py for strongly stationary ergodic processes. The assumptions
on the statistical operator S and the estimator .S, namely the continuity in Py and the
continuity on ZN, are the same as in Theorem 3.1.3 below. As shown in Section 3.2,
strongly stationary ergodic processes also have the Varadarajan property so that we cover

these processes as a special case for qualitative robustness in the sense of Definition 3.1.

Theorem 3.1.3 Let Z, H be complete separable metric spaces. Let the sequence of estima-
tors (Sp)nen be represented by an operator S : M(Z) — H wvia (3.1). Let Py € M(ZY). If
(Zi)ien » Zi - zZN 4z, (2j)jen = zi, © € N is a weak Varadarajan process under Py with
limiting distribution P, S : M(Z) — H is continuous (with respect to the Prohorov metric
on M(Z)) in P and the estimators Sy, : 2" — H, n € N, are continuous, then the sequence
of estimators (Sp)nen s qualitatively (mq, )nen-robust at Py where the metric d,, on Z" is
defined as

dn((21,--.,2n), (21, ..., 2,)) = inf{e>0:8{i:dz(z,2) >e}/n<e}. (3.3)

Before we prove the result, it is advisable to have a closer look on the metrics, which should

be used here. For the metric m,, on M(Z") it is tempting to use a p-product metric d,, 5, on
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Z™ that is,

dnyp((zl, e zZn), (21, ,z;)) = H (dg(zl, ), dz (2, Z;L)) Hp (3.4)
where || - ||, is the p,-norm on R" for 1 < p < oo. For example, d, 2 is the Euclidean
metric and dp oo ((21, ..., 2n), (21, ..., 2,)) = max; dz(z;,2]); all these metrics are strongly

equivalent (see Definition Al). However, some more care is needed here because, with these
common metrics, the sample mean would turn out to be qualitatively (74, ,)nen-robust at
every Py € M(ZY); see Proposition 3.1.4 below. Following Boente et al. (1987) again,
we use the metric d,, on Z™ defined in (3.3). This metric covers the intuitive meaning of
robustness: two points in 2™ (i.e., two data sets) are close if only a small fraction of the
coordinates are far-off (gross errors) and all other coordinates are close (small rounding
errors). The ordinary p-product metrics d,,, would only cover rounding errors but exclude
gross errors so that the sample mean becomes "robust", see Proposition 3.1.4. Though
dy is not strongly equivalent to d,, in general, it is always topologically equivalent; see
Lemma 3.1.5 in the Appendix. This is important as we consider Z™ as the n-fold product
space of the Polish space (Z£,dz). The product space Z™ is again a Polish space (in the
product topology) and, according to Lemma 3.1.5, it is metrizable also with metric d,,. By
use of m, = 7y, in Definition 3.1.1, this notion of qualitative robustness indeed generalizes
Hampel’s II-robustness: if (Z,)nen, Z; ~ P i.i.d., then any sequence of estimators (S, )nen
is qualitatively (74, )nen-robust at Py if and only if it is II-robust in P;; see Boente et al.
(1987, Theorem 3.1).

The following Proposition shows that the robustness of the sample mean depends on the
metric; in a somewhat different setting, a similar result is given by Cox (1981, Proposition
3).

Proposition 3.1.4 Let Z =R, dz(z,2') = |z — 2| for all z,2' € R.

(a) The sample mean is (7, ,)nen-robust at every Py € M(ZV).

(b) Let (ZN,B®N Py), Py € M(ZY) be an arbitrary probability space and let (Z;)ien, Zi :
ZN 5 Z, (2)jen > 2i, i €N, be a stochastic process. If (Z;)ien satisfies

1 n
— E Zi — ¢ n probability
n

i=1

for a constant ¢ > 0 then the sample mean is not (7g, )nen-robust at Py.
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Note that if the assumption in part (b) of Proposition 3.1.4 is violated for (Z;);en, then

using the sample mean is pointless anyway.

To prove Proposition 3.1.4 we need the following lemma on the topological equivalence of

the metrics d,, and d,, ,, mentioned above.

Lemma 3.1.5 Let (£,dz) be a metric space. Then, for every n € N and p € [1,00], the
metrics dyp, and d,, defined in (3.4) and (3.3) are topologically equivalent on Z".

Proof: Let w%k) = (z%k), el zT(lk)) € Z" for all k € N and w,, = (21,...,2,) € 2™

First, let dmp(W,(lk),wn) — 0 for k — oo. Then, according to (3.4) and (3.3) we have:

dn(wg‘:),wn) < max dg(Zi(k),ZZ‘) < dnyp(wgﬂ),wn) — 0, fork — oo.

i€{1,...,n}

Conversely let dn(wgﬂ),wn) — 0 for k — co. For every g € (0,2) there is a ko € N such

that dn(wgf), wy) < gg for all k& > kg. Therefore the definition of d,, yields:
Hie{l,...,n}| dg(zi(k),zi) > g0} <eon < 1, for all k > k.

So, #{i € {1,...,n} | dg(zi(k),zi) > g0} = 0 and therefore d(zi(k),zi) < gg for all i €
{1,...,n} and k > ko. Hence,

dn’p(w(k),wn) < n'Pey, for all k > ky. d

n

Now, we prove Proposition 3.1.4 concerning the qualitative robustness of the sample mean.

Proof of Proposition 3.1.4: For € > 0, chose § = %6. Let Py € M(ZY) be an arbitrary
probability measure, (Z;)ien, Z; : 2N — Z, (2j)jen — 2, i € N, the i-th coordinate projec-
tion and define P, := (71, ..., Z,)(Py). Now choose Qy € M(ZY), Q, = (Z1,..., Z,)(Qn),
such that mg, ,(Pn,Qn) < 6, for all n € N and let the estimate S, (w;,) be the sample mean

% Yoy 2. According to the definition of the Prohorov distance:
Py(A) < Qn(A% +6 VYAeB®, neN.
Hence with A := S, 1(B), B € B:

Lp (Sp)(B) = Py(A) < Qn(A%) +6, neN.
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As dyp(Wp,wy,) < 6 implies |S,(Wy) — Sp(w))| = |5 EZ (zi = 2| < dpp(wp, W) <0,

we see A% € S 1(B?), n € N. Therefore Lp, (S,)(B) < Qn(S;1(B%)) + 6, respectively

7d(Lp, (Sn)(B), L, (Sn)(B)) <6 <eforalln eN

which implies the qualitative robustness at Py and proves part (a) of Proposition 3.1.4.

For the second part choose ¢ = 1 and B = [c — 1,c+ 1].

We show that for every § > 0, thereisann € Nand a Q,, € M(Z") such that 7g, (P, @Qn) <
d but Lp,(Sp)(B) > Lg, (S, )(B‘S) + ¢; this proves part (b). There is ny € N such that for
every n > ni: Lp,(Sn)(B) > 3, as £ Y | Z; converges in probability to c. Furthermore
define Qp, = Lo (Z1,. .., Zy) with Qn((21 + 21, 22,...,2y)) = Pn(21,22,...,2,). Hence

— Z Z; —— c+ 2 in probability

n—oo
=1
and therefore there is ny € N such that for all n > ny: Lo, (Sn)(B°) < 1.
Now choose an arbitrary 6 > 0, and n3 € N such that n% < 4.
Since dp((21, .-, 2n), (21 +2n,29,. .., 2p) < % < ¢ for every n > ng it follows,

Po(B) < Qn(B°) +6, VB € B*",
respectively mg, (Ppn, Qn) < 6, for all n > n3. But for any n > max{nj, ne, ng} we have:

Lo (Sn)(B) >

3 > £q,(S)(B7) + ¢

and therefore the sample mean is not qualitatively (74, )nen-robust. ]

The proof of Theorem 3.1.3 follows the lines of the proof of Hampel (1971, Theorem 1).
However, some care is needed as independence is dropped and we have to work with prob-
ability measures on the product space Z" and with the special metric d,. First, we need
the following Lemma which gives us a condition that implies qualitative robustness. It is
a generalization of Hampel (1971, Lemma 1) but the proof is only a variant of the original

proof. Let Z, H be complete separable metric spaces.

Lemma 3.1.6 Let (Sp)nen, Sn: 2" — H, be a sequence of estimators. Let Py € M(2ZY)
be probability measures with n-th order marginal distribution P, = (Z1,...,Z,)(Py), such
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that for all € > 0 and for all n > 0, there exists a & > 0 such that, for all n € N, there is a
B, € B®™ with the following properties

(2> Pn(Bn) >1- n (3.5)
(i1) If dp(Wp, W) < 8, Wy, € By, Wi, € Z" then dy(Sn(wy), Sp(w))) < e. (3.6)

Then the estimator Sy, n € N, is qualitatively (7g, )nen-robust at Py.

Proof: Let ¢ >0, n € Nand n:= %5. By assumption, there is a 6 > 0 such that (3.5) and
(3.6) applies. Define 6 := min{%é, $} and choose Qy € M(ZN) such that 74, (P, Qn) < 4,
n € N. Then, according to Dudley (1989, Theorem 11.6.2), there exists K,, € M(Z" x Z")
with:

K,(By x 2") = P,(B,) VB; € B®" (3.7)
Kn (2" x By) = Qu(By) VBy € B (3.8)
K, ({(Wn,w;) € Z" x Z" | dp(wp, W) > 5}) < 0. (3.9)

With n = %5, it follows that

Ky ({(wn,w;) € 2" x Z™ | dg(Sn(wn), Sn(wy,)) < €})

> K, ({(Wn,W;L) € Z" x Z" | dp(wWn, W) <6, wy € Bn})
> K, ({(wn,w;) € 2" X Z" | dy(Wn, W) < 8, Wi € Bn})
= 1-K, ({(wn,w;) € 2" x Z" | dp(Wp, W) >0 or w, ¢ Bn})
7 ~
ok, ({(wn,w;) € 2" x Z" | dy(Wn, W) > 5}) — P, (BY)
(3.9),(3.5) ~

1-6—-n>1-¢

and K, ({(wn,w)) € 2" x Z"™ | dg(Sp(wy), Sp(w))) > e}) < e.

Now define Ky € M(2ZN x 2V) such that (W,, W,)(Ky) = K,, n € N, where W,, =
(Zy,...,Zy,) : ZN¥ — Z™ the projection on the first n coordinates.

Then we have:

(W, W) (Ky)(B1 x 2") = K,,((By x 2") = P,(B1) VB € B*"
(W, W) (Kn) (2™ x Bg) = K (2" x By) = Qn(B2) VB € B,
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The boundedness of the Prohorov metric by the Ky Fan metric, see Dudley (1989, Theorem
11.3.5), yields for the Prohorov distance:

Ty (Sn(Pn)s Sn(@n)) = Tay (Sn o0 Wi (Py), Sn o Wi (Qn))
< nE{E> 0| Kn(dn(Sy 0 Wi, S0 W,) > &) < &}
= inf {&> 0| (Wp, Wy)(Kn)({(Wn, Wy,) | dir(Sn(Wn), Sn(w})) > }) < €}
= inf{&> 0| Ky({(wn, W) | dir(Sn(Wy), Sn(wy,)) > €}) <&} < ¢

and therefore, the assertion. O

Proof of Theorem 3.1.3: As in the original proof of Hampel (1971, Theorem 1), we show
at first that the conditions of Lemma 3.1.6 are satisfied for sufficiently large n.
Let € > 0 and n > 0. With S being continuous at P, there exists a §o > 0 such that, for

every wy, € Z™:

(P, Py,) <200 = dy(S(P),S(Pw,)) < g (3.10)
Now, let dz denote the metric on Z and d,, is defined as in (3.3). For w,, = (z1,...,2p)
and w), = (21,...,2},), define T = {i € {1,...,n} | dz(zi, z}) > do}. Then dp(wy,,w,) < dy

implies 7 < ndy and therefore:

ZIB () =+ S Tpa) b S Tn(=) < ZIB% )00 = Puuy (B%) +65.

z¢z ieT

With the definition of the Prohorov distance 7 it follows that:

dn(Wn,W;) <dy = 7ng<]P>wn>Pw;L) < do. (3.11)

Knowing that (Z;);en is a weak Varadarajan process, we can find an ng € N with
P, {w, € 2" | 14, (P,Pyw,) > do}) <n ¥n>ng

Define the set By, := {w,, € 2" | mq, (P, Py, ) < do}, then: P,(By,) >1—n.
Therefore, for w,, € B, and w), € Z™ with d,,(w,,w]) < do:

(3.11)
WdZ(PW%,P) < de(Pme) +7ng(]P)wnan§L) < 206¢p asw, € B,.
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So, for every w,, € By, w,, € 2™, (3.10) leads to:

A1t (Sn (W), Sn(W})) < dir(Su(Wa), S(P)) + dir(Su(w}), S(P)) < 5+ - =e. (312)
Due to Lemma 3.1.6 we can conclude: for all € > 0, there is a dy such that for all n > ng,

T (Pn, Qn) < 00, Qn € M(Z") = 74, (Lp,(Sn), L, (Sn)) <e.

For n < ng we proceed as follows: as w, — S,(wy,) = S(Pw,) is continuous, so is
Qn — Lg,(Sy) with respect to the weak topology. To show this, consider a sequence
(Qnk)ken C M(Z2™) with Q. — Qno as k — oo in the weak topology on M(Z"). Then,
for every continuous and bounded f, the composition fo.5, is again continuous and bounded
so that:

[ $d@u) = [ 1o SudQui 22 [ £08,d0u0 = [ 1(u(Quo)).

So, for every n < nyg, for every € > 0 there exists a d,, such that:

Td, (Pna Qn) <o, = Tdgy (ﬁPn (Sn)v ﬁQn(Sn)) <e.

By choosing § = min{dyp, 01, ..., dn,—1} the assertion of Theorem 3.1.3 follows. O

Another short remark should be made about the required continuity of Sy,:

Remark 3.1.7 The continuity of S, on Z" is with respect to the product topology on Z"
which is also generated by the p-metrics dy . As already mentioned above, these metrics
are topologically equivalent to d,. Continuity of Sy, is automatically fulfilled if S is not only
continuous in P but on the whole domain M(Z). This follows from (3.11) and (3.12) in
the proof of the above theorem, as we can use the continuity of S to show the continuity of

w,, — Sp(wy,) there.

In many cases, estimators originally developed for i.i.d. data are also used by practition-
ers in their data analysis for non-i.i.d. data. In this situation, a pleasant consequence of
Theorem 3.1.3 is: any estimator which has been shown to be qualitatively robust by use
of Hampel’s theorem in the i.i.d. case is also qualitatively robust for the non-i.i.d. case
without further ado — as long as (Z;);en is a Varadarajan process on (ZY, B8N, Py). Note

that Py plays the role of the ideal, uncontaminated distribution and that we only assume
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the Varadarajan property for (Z;);en for this ideal distribution. The observations may be
contaminated and, accordingly, come from a different distribution Q. The observed, con-
taminated process (Z;);en on (ZY, BN, Qy) does not need to be Varadarajan. In view of the
examples presented in the following section, this means that our results also cover violations
of properties such as stationarity, ergodicity, mixing etc. This is contrary to Zahle (2015)
and Zahle (2016) in which an alternative generalization of Hampel’s theorem for non-i.i.d.
cases is shown. There, the empirical measure has to converge not only for the ideal, uncon-
taminated process (Z;);en for Py but also for the observed, contaminated process (Z;);en
on (2N, B%N Q) . Furthermore, only independence is dropped in Zihle (2015) and Zihle
(2016) but the Z;, i € N, are still assumed to be identically distributed for Py as well as for
Qn. However, the continuity assumption on S is less restrictive in Zahle (2015) and Zéahle
(2016) than in our Theorem 3.1.3; it is only assumed that S is continuous in P.

Different kinds of generalizations of Hampel’s definition of qualitative robustness and their
relationship can be found in Cox (1981) and Boente et al. (1982).

3.2 Examples for Varadarajan processes

3.2.1 Glivenko-Cantelli theorems, laws of large numbers, and the Varadara-
jan property

In order to find examples for Varadarajan processes, we connect the Varadarajan property
to two classical concepts concerning convergence of the empirical distribution. Glivenko-
Cantelli theorems are the first concept. The classical Glivenko-Cantelli theorem assumes
i.i.d. stochastic processes with values in R, and states the uniform convergence of the em-

pirical distribution function FF,, to the distribution function F":

su]g |Fn.(t) — F(t)] — 0 almost surely (3.13)
te

As we are especially interested in results for dependent observations, we now consider an
arbitrary stochastic process with values in R, that is a process which is not necessarily
i.i.d. If this process also fulfils (3.13) as in the classical Glivenko-Cantelli theorem for i.i.d.
processes, then it easily follows (from the Portmanteau theorem) that the process is also a
a strong Varadarajan process. If convergence almost surely is replaced by convergence in
probability, then it is a weak Varadarajan process. It is even possible to reformulate the

definition of the Varadarajan property in terms of Glivenko-Cantelli theorems. A class F of
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measurable functions f : Z — R is called Glivenko-Cantelli class if there exists a probability
measure P € M(Z) such that: supsc |5 f(Zi) — [ fdP| — 0 almost surely, see e. g.
(van der Vaart, 1998, p. 269).

Now, let F := BL1(Z,dz) = {f: Z =R || fllsL <1} be the set of bounded Lipschitz
functions with || f||g, < 1, where || - || := |- |1 + | - [|o denotes the bounded Lipschitz
% and || - [|so the supremum norm || f||eo := sup, |f(x)| and
dz is a metric on Z. Then, it follows from Dudley (1989) Theorem 11.1.2 that (Z;);en is a

Varadarajan process if and only if F is a Glivenko-Cantelli class for (Z;);en.

norm with |f|1 = sup,,

To verify that a stochastic process fulfils a Glivenko-Cantelli theorem it is always necessary
to show uniform convergence of the empirical distribution function. As it is often hard to
show uniform convergence in applications we relate the Varadarajan property to a second
classical concept, namely laws of large numbers. Theorem 3.2.1 below shows that any
process which fulfils a (weak) law of large numbers is a (weak) Varadarajan process. This
is of great practical value because, usually, it is much easier to show a non-uniform law of

large numbers than Glivenko-Cantelli theorems or convergence in the Prohorov distance.

According to Definition 2.1 in Steinwart et al. (2009), a Z-valued stochastic process on a
measurable space (Z, B) satisfies the weak law of large numbers for events (WLLNE) if, for
all B € B, there exists a constant cg € R such that: %Z?:l Ip o Z; — cp in probability
as n tends to infinity. The process (Z;);cn is said to satisfy a strong law of large numbers

for events (SLLNE) if the above convergence applies almost surely.

Theorem 3.2.1 Let (2, A, 1) be a probability space, (Z,dz) a separable metric space, and
(Zi)ien a stochastic process with Z; : Q@ — Z.

(a) If (Z;)ien satisfies the SLLNE then (Z;);eN is a strong Varadarajan process.

(b) If (Z;)ien satisfies the WLLNE then (Z;)icn is a weak Varadarajan process.

This theorem does not only provide us with many examples of (weak) Varadarajan processes
in the next subsection, but is also interesting on its own as it can be seen as a generaliza-
tion of Varadarajan’s theorem for non-i.i.d. cases. In particular, from Etemadi’s law of
large numbers (see, e. g., Hoffmann-Jgrgensen (1994, Chapter 4.12)) it follows then that the
assumption of independence in Varadarajan’s theorem can be relaxed to pairwise indepen-
dence. Furthermore, from Birkhoff’s ergodic theorem (see, e. g., Breiman (1968, Chapter 6)),

it follows that Varadarajan’s theorem is also valid for strongly stationary ergodic processes.
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We need the following lemma which provides the fact that the set of bounded Lipschitz
functions BL(Z,e) :={f: Z = R | ||f|lBL < oo} is separable with respect to || - ||« if (£, €)
is totally bounded, in order to prove Theorem 3.2.1(a) and 3.2.1(b) The proof can be found
in Dudley (1989, included in the proof of Theorem 11.4.1).

Lemma 3.2.2 If (Z,e) is a totally bounded metric space, then BL(Z,e) is separable with

respect 1o || - || co-

With this result we can give the proof of Theorem 3.2.1(a) and 3.2.1(b) for processes (Z;)ieN

with values in arbitrary separable metric spaces (Z,dz).

Proof of Theorem 3.2.1(a): According to Dudley (1989, Theorem 2.8.2) we can find a
metric e on Z defining the same topology as dz such that (Z,e) is totally bounded. Then
Lemma 3.2.2 yields existence of a countable and dense subset G of BL(Z,e) with respect
to || - |leo- As (Z;)ien satisfies the SLLNE, there exists a probability measure P such that,
for all f € L>(2):

1
Epf = nh_{go - Z} foZ; p-almost surely,
i=

see Steinwart et al. (2009, Lemma 2.5). Then, for all g € G, we have a subset N, € A with
p(Ng) = 0 such that

N
Epg = nh_}n;() ﬁ 29 o Zl(w) Yw € Q\Ng (314)

Due to the countability of G, we find N = {J cg Ng with p(N) = 0 and for all w € Q\N,
g € G, (3.14) applies.
Let f be in BL(Z, e), then for every ¢ > 0 there is a g. € G such that || f — ¢:||cc < € and

1 n
EPf_nZ;fOZi
1=

n

: (fOZi—gaoZZ‘)

=1

1 n
Epge — > g0
=1

1 n
< |Epf—Epge|+ +|Epge — = Y ge0Zi
n

i=1

S|

IN

2/l = gelloo +

Hence, it follows from the definition of N and (3.14) that
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<2 Ve>0,Vwe Q\N

lim sup
n—oo

Epf—%ZfoZi(w)
=1

and, therefore,

u({weﬁ nlLIgoi;foZi(w):/zfdP, f€BL(Z,e)}>:1.

Due to the Portmanteau theorem, e.g. see Dudley (1989, Theorem 11.3.3), this implies

Pw, ) — P weakly for almost every w € €2, i.e., if C4(Z) is the set of all continuous and
bounded functions f: Z — R:

Now the continuity of a function is a topological property and does not depend on the metric
dz or e, if they define the same topology. Then we follow, again with the Portmanteau
theorem, 1 ({w € Q| limy, 00 T, (P, Py, (o)) = 0}) = 1 and therefore, the assertion. [

To prove the second part of Theorem 3.2.1 we need the following lemma;

Lemma 3.2.3 Let BLy := {f € BL(Z,¢) | ||fllsr < 1}. If (Z,e) is a totally bounded
metric space, then BLi(Z,e) is totally bounded.

Proof: Let (C,ep) be the completion of (Z,e), according to Dudley (1989, Theorem 2.5.1).
That is, there is a bijective isometry I: (Z,e) — (A, ep) such that A C C is dense. With
(Z, e) being totally bounded, (A4, ep) is also totally bounded. This applies, because for every
e > 0 there are 27, ...,z € (Z,¢e) such that for every y € (Z,e) thereis a j € {1,..k} such
that e(y,z5) <e.

Now, choose an arbitrary ¢ > 0 and define s{ := I(x7), ..., s}, := I(x},). For every s € A
there is a € Z with I(z) = s and there is a 2§ with e(z,25) < e. Then, applying that I

J

is an isometry, ea(s, s5) = ea(I(2), [(25)) = e1(x,25) < e. So, for every € > 0 one can find

57, ..., s, such that A C Ule B.(s¢) where B:(s) denotes the ball around z with radius e.

So, the completion (C,ep) is compact, as A is dense in C. Define the set G := {g €
BL(A4,¢e0) | llgllBr(a,eo) < 1}. Then we see from Dudley (1989, Proposition 11.2.3) that
every g € G has an extension h € BL(C, ep) with hjy = g and [|h||lgr(ce0) = 19/lBL(A,e0)-

Moreover, the set H := {h € BL(C, ep) | h is an extension of ¢ € G} is uniformly bounded
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in C(C), where C(C) denotes the set of all continuous functions f : C' — R because
[hlloc < IRllBL(Ce0) = Nl9llBL(Aee) < 1 for every h € H, and H is equicontinuous as ev-
ery h € H is Lipschitz with |h|; < [|h||gr, < 1. Applying the Arzela-Ascoli theorem, see
e.g. Conway (1985, Theorem VI 3.8), the set H, considered as a subset of C(C), is totally
bounded with respect to || - |- 1.€., for every € > 0 there is a kK = k. € N such that there
are S, ..., h such that H U, B.(hS).

Define ¢j := hilA,...,g,‘i = hi‘A for every € > 0. Using that H is totally bounded, we
can find, for every g € G, a j € {1,...,k} such that ||g — gllc = supealg(s) — g5(s)| =
supgea [h(s) — 5, (s)] < supee [h(s) —h5(s)| <e. So G is totally bounded with respect to

Jla

I Tloo-

A simple computation using the properties of I shows that, for all ¢ € G, the composi-
tion g o I is an element of BL(Z,e) with [|g o I||gr(z,.e) = l9llBL(4,e0) < 1. And therefore
{goI |g € G} C BL;. An analogous computation shows that, for every f € BL,(Z,e), the
composition fol~!is an element of BL(A4, eg) with 1 fllBrL(z,e) = ||f01.71||BL(A7e0) and there-
fore, fol~! € G. Hence we find, for every f € BL1(Z,¢e), a g € G such that g = fol~! and
therefore, f = go I, respectively BL1(Z,e) = {f € BL(Z,¢) | || fllr. <1} C{goI|g € G}.
So both sets are equal. Now define, for every € > 0, f{ :=gjiol,...,ff == grol. AsG
is totally bounded we find, for every ¢ > 0 and every g € G, a j € {1,...,k} such that
l9—95llc <e. Asthereis, for every f € BL1(Z,e), a g such that f = goI we can conclude
for all f € BLi(Z,e): |[f —g5ollc = llg01 = g5 o1l < ¢, i.e. BL1(Z,¢) is totally
bounded. g

Proof of Theorem 3.2.1(b): Using that (Z,dz) is a separable metric space, Dudley
(1989, Theorem 2.8.2) states that there is a metric e defining the same topology as dz such
that (Z,e) is totally bounded.
As required the process (Z;);en satisfies the WLLNE, and therefore, see Steinwart et al.
(2009, Lemma 2.5), for all € > 0 and for all f € L>(Z):

> e}) =0.

smn({oeal

Particularly this is true for every f € BL1(Z,e). Because the space BL;(Z,e) is totally
bounded, see Lemma 3.2.3, for every € > 0, there are k = k. € N and fj, ..., [r € BLi(Z,¢)

Epf— >3 fo Ziw)
=1
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such that, for every f € BLi(Z,e) we can find a j € {1,...,k} with [[f — f[lec <e.

/ZfdP—/ZdeP’wn

IN

M(f—f;)dP‘+]/z<f—f;>den

/ fidP — / fidPy,
zZ zZ

2N = fEllo + ’/fodP—/foden |

+

IN

Hence, for all € > 0 :

/ZfdP—/ZdeP’Wn

and, for all & > 0

({eeo 5o

k
< ZMGWGQ‘ '/ ffdp—/ffdpwn(m
= Z z

< 24+ max

su
i je{l,....k}

feEBLy

Lﬁw—éﬁww
>€'}>

>6/}>—>0, n — 00

because of the required properties of (Z;)en -

For all € > 0 we obtain with € = %l:

pwl we ’ sup /fdP—/deP’Wn(w) > g
feBLy |/ Z zZ

< u({wGQ 2¢ + max /f;dP—/fdeP’wn(w)
z z

je{l,...k}

(foesl 500 [ o

We choose the metric . on the set of all distributions on (Z,e):

-4)

8/
>3}>—>O,n—>oo.

B.(P.Q) = sup{‘/zfdP _ /ZfdQ‘ . fEBL(Z.0), |f]lor < 1}.

Then the above convergence yields: for all e > 0, u ({w € Q| Be(P,Pw,,) > ¢}) — 0 for n —
00, see e.g. Dudley (1989, Proposition 11.3.2 and Theorem 11.3.3). It is also shown there
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that for two distributions P and Q:

N[

me(P, Q) < C(Be(P, Q)
for some constant C' € (0,00). Therefore, for all ¢ > 0 and n — oo:
7 ({w €N | We(Pa]P)Wn(w)) > E}) — 0. (315)

The last step is to show that this applies not only for the metric e, but also for dz. Therefore,
we choose an arbitrary subsequence of Py, . As this subsequence satisfies the convergence
in (3.15), there has to be a sub-subsequence (Pw,, )n,en which converges almost surely, that
is p ({w € Q| limy, oo me (P, PWnk(w)) = O}) = 1. According to Dudley (1989, Theorem
11.3.3) this is equivalent to

,u<{w€ Q| TLl@wéfdPWnk(w) :/ZfdP, fe Cb(Z)}> =1

where C,(Z) denotes the set of all continuous and bounded functions on Z. As the metrics
dz and e define the same topology on Z, it follows again from Dudley (1989, Theorem
11.3.3) that p ({(w € Q| limy, oo a (P, ]P)Wnk(w)) = O}) = 1. So, for every subsequence
of Py, there always exists a sub-subsequence Pwnk with limy,, o0 74 (P, Pwnk) = 0 p-almost

surely. Hence, we can conclude that the whole sequence satisfies for all € > 0:

n({we Q| 7, (P, Pw, @) >e}) =0,

which means, (Z;);en is a weak Varadarajan process. O
The proofs above show, that the process has to satisfy, for all € > 0 and for all f € BL(Z,e):

1 n
lim — E foZ;=Epf p-almost surely
n—oo N pt
respectively, for all € > 0 and for all f € BLi(Z,e):
1 n
lim —~ Y foZ =Epf in probability,
n—oo N P

in order to be a strong, respectively a weak Varadarajan process. This is a slightly weaker
condition which follows from the SLLNE, respectively the WLLNE property, see Steinwart

et al. (2009, Lemma 2.5). Therefore we can weaken the assumptions in Theorem 3.2.1:
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Theorem 3.2.4 Let (2, A, 1) be a probability space, (Z,e) be totally bounded, and (Z;)ien
a stochastic process with Z; : Q — Z.

(a) If there is a probability measure P on (Z,B) such that (Z;)ien satisfies
1 n
Epf = nh—>Holo - Zl foZ; p-almost surely
1=

for all f € BL(Z,e), then (Z;)ien is a strong Varadarajan process.

(b) If there is a probability measure P on (Z,B) such that (Z;)ien satisfies

1 n
Epf = lim — Zf o Z; n probabilily
i=1

n—oo N, 4

for all f € BLy(Z,¢e), then (Z;)en s a weak Varadarajan process.

3.2.2 Examples

In the following, we briefly list examples for processes which satisfy a law of large numbers.
The examples listed in Subsection 3.2.2 are all taken from Steinwart et al. (2009, Section
2.2 and 3.1). Then, we show in Subsection 3.2.2 that weakly dependent processes in the
sense of Doukhan and Louhichi (1999) also satisfy a law of large numbers and, therefore,
have the Varadarajan property. Here (Z;);cn is always a stochastic process with values in a

Polish metric space Z equipped with some metric dz.

Stationary ergodic processes, Markov chains and mixing processes

Let (Z;);en be a strongly stationary ergodic process. Then, for every measurable f : Z — R,
the process (f o Z;);en is again strongly stationary and ergodic. (Stationarity is an easy
consequence of the definition; for ergodicity, see, e.g., Krengel (1985, Proposition 4.3)).
Accordingly, it follows from Birkhoff’s ergodic theorem (see, e.g., Breiman (1968, Chapter
6)) that

1 n

- Z foZiy —— EfoZz; almost surely

n n—00

i=1

provided that E|f o Z;| < co. Hence, by choosing indicator functions f = Ip, it follows that
(Zi)ien satisfies the SLLNE and, therefore, is a strong Varadarajan process.



3.2. EXAMPLES FOR VARADARAJAN PROCESSES 31

Markov chains are another example; these are often used when a future event depends only
on the current state, and not on the past. We assume that (Z;);en is a strongly stationary
Markov chain so that, in particular, ,u(ZnH € B ’ Zyn) = ,u(Z2 € B ’ Zy) for every n € N
and assume that the so-called "Doeblin condition" is fulfilled: there is a finite measure
Q on B, an n € N, and an € > 0 such that, for all B € B with Q(B) < &, we have
W(Zny1 € B|Zy =) <1—¢. Then, (Z;);en satisfies the SLLNE and, therefore, is a strong
Varadarajan process; see Steinwart et al. (2009, Theorem 2.12) and the references therein.
As the Doeblin condition does not imply ergodicity, these processes are not covered by the
example above.

Finally, many mixing processes also have the Varadarajan property. Mixing conditions of
a process (Z;);en are defined via various mixing coefficients which quantify the degree of
dependence of the process. There exist several types of mixing coefficients but all of them are
based on differences between probabilities (AN B) and pu(A)u(B). According to Steinwart
et al. (2009, Proposition 3.2), a weakly a-bi-mixing processes (Z;);en satisfies the WLLNE
if it is also asymptotically mean stationary, i.e., lim, o % Yo Elp o Z; exists for every
B € B. For example, let (Z; = T""!);cy be an asymptotically mean stationary dynamical
system, with strong mixing property limy, 0o Sup 4 gea [(T ™" ANB)—p(T~" A)(u(B))| = 0.
Then the process is a-mixing and therefore satisfies the WLLNE and hence is a weak
Varadarajan process. Although strong mixing for asymptotically mean stationary dynamical
systems implies ergodicity, see Gray (1988, p. 212) these processes are, due to the non-
stationarity, not covered by the results of Cox (1981) and Boente et al. (1982).
Additionally, Bradley (2005, Theorem 3.3) shows, that for Markov chains boundedness of
some mixing coefficients, such as 1, ¢ or p- mixing, implies exponentially fast decay of these
mixing coefficients, which implies a-mixing, see Bradley (2005, p. 112). If the Markov chains
are additionally asymptotically mean stationary, they also satisfy the WLLNE. Obviously,
any strongly stationary process is asymptotically mean stationary, so these processes are
covered, too. If a-bi-mixing is replaced by @-mixing, then (Z;);cn even satisfies the SLLNE;
see Steinwart et al. (2009, §3.1) and the references cited therein.

Weakly dependent processes

Another dependence structure which often leads to the Varadarajan property is the concept
of weak dependence, introduced by Doukhan and Louhichi (1999) and Bickel and Biihlmann
(1999). As introduced in Section 2.1 we examine the non-causal case of weak dependence,

in particular -, A-, (-, k-mixing, and #-mixing processes.
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The following theorem shows the Varadarajan property for strongly stationary processes,

which are weakly dependent.

Theorem 3.2.5 Let (Q,A, 1) be a probability space, (Z,dz) be totally bounded and let
(Zi)iens Zi + @ — 2,10 € N, be a stochastic process. If the process (Z;)ien is strongly
stationary and weakly dependent for one of the cases mentioned above, then it is a weak

Varadarajan process.

Proof of Theorem 3.2.5: The proof shows that a stochastic process whose dependence
coefficients behave as required fulfils the conditions of Theorem 3.2.4, and therefore is a
weak Varadarajan process. As the proofs for the different dependence coefficients follow the

same lines we will treat the coefficients separately only where necessary.

Due to the stationarity of (Z;);en,
1 n
nlggo ; ZlE'ulB o ZZ = Eulg o) Zl;
1=

In particular, the limit exists for every B € B.

Let f: Z — R be a function in BL1(Z,dz) ={f: Z = R| ||f|sL < 1}, such that f is not
constant, i.e. f # ¢, ¢ € R. For all f € BL;(Z,dz), which are constant, the condition of
Theorem 3.2.4 is clearly right. As convergence in £P(u) implies convergence in probability

we compute:

n 2
1
E(= Zi—EufoZi| =
(5 ron-mien)

n n i1—1
- %E Z(fozi_E“fozl)2+2zz(fozi_Eufozl)(fozj_EufOZl)
=1 i=1 j=1
n 1—1
= % ZVar 0 Zi)+2> Y Cov(foZ,foZ)
=1 j=1
1 S Cov(f o Zi, f 0 Z;)
= — Var(f o Z;) + 2 U(f, f) J
n? Z ZZ V(7. f)
1 " L Cov(fo Zi, foZ;)
< 3 n+20(f, > > T 7 J

i=1 j=1



3.2. EXAMPLES FOR VARADARAJAN PROCESSES 33

Note that the assumption, that f is not constant, yields ||f||cc > 0 and |f|; > 0. This
implies W(f, f) > 0. Also f € BLy(Z,dz) implies Var(f o Z;) < 1.

Moreover f € BL1(Z,dz) yields ¥(f, f) < 3, for every considered dependence coefficient,
i.e. the function U(f, f) is uniformly bounded for every f € BL1(Z,dz).

Therefore we have:

" 2 n i—1
C © 4, ] ©4j
E(ZfoZi—Eufo&) g% 14_222\ OV(fg;(i;; Z;)|

i=1

(VAN
S|
VR
—
+
S|lo

- |
£

|

S

I

=
~_

where the convergence of the second term follows from the fact, that the sequence (¥)
converges to 0 for £ — oo and, accordingly, the arithmetic mean %Z?:l e(¢) converges to 0
for n — oo, by Kronecker’s Lemma, see Hoffmann-Jorgensen (1994, Theorem 4.9, Equation
4.9.1). Applying Theorem 3.2.4 yields, the weak Varadarajan property of the stochastic
process (Z;);en- O

C-mixing processes

Another example for weak Varadarajan processes are C-mixing processes, which are in-
troduced in Section 2.3. We use C'c-mixing with respect to the space of bounded, Lips-
chitz continuous functions f: Z — R. That is the class C of functions equals the set of

bounded Lipschitz functions BL := {f: Z = R | ||f||pL < oo} equipped with semi-norm
[flle = [IfllBr = [[flloo + |f11-

Theorem 3.2.6 Let (2, A, u) be a probability space, let (Z,dz) be a totally bounded mea-
surable space, and let (Z;)ien be an asymptotically mean stationary and C-mizing stochastic

process with Z; : Q — Z,i € N. Then (Z;)ien 15 a weak Varadarajan process.

Before we proof the result above, we need the following technical lemma which generalizes

the AMS property to bounded and continuous functions.
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Lemma 3.2.7 Let Z be a metric space and let (Z;);en be an asymptotically mean stationary
stochastic process with limiting distribution P. Then, for every bounded and continuous
function f: Z — R:

1
HILH;ORZ;EMfoZi =Epf. (3.16)
Proof: Since (Z;);en is asymptotically mean stationary we have

nh—{EOHZE Ipo Z; = P(B), for all B € B.

Let f: Z — R be a continuous bounded function. As every measurable function can be
approximated by simple functions, see for example Denkowski et al. (2003, Theorem 2.1.
68) we have: for every € > 0, there is a simple function g = Z§:1 ajla;, L €N, Aj C Z,
a; €R, je{l,..., ¢}, such that ||f — g|lec <e.

Hence,
1 n
EZEu(fOZi) —Epf
=1
1 @& 1 @&
< DD BulfeZi—goZ|+ | Eulgo Zi) — Epg| + [Er(g - /)]
i=1 =1
IF=glloo<e 1 ¢
< 2 — E I Z; —E I
< €+n; #Z%AO pZa]A
V4 1 n
< 2+ | a; (nZ(EMIAoni—EpIAJ.)> .
j=1 i=1
As lim,, oo % S Eulpo Z; = P(B), for all B € B, we have
-
Jingonz;EufoZi:Epf. 0

Proof of Theorem 3.2.6: Let A” be the o-algebra on Q generated by (Zi, ..., Zg), i <

k € N. As (Z;)ien is asymptotically mean stationary, there exists a probability measure
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P € M(Z) such that

n—00 77 4

1 n
lim ~ > "E,IpoZ; = P(B)for all B € A.
=1
With Lemma 3.2.7, we have for every f € Cy(Z2):
lim . E,foZ;=E
nggonZ; ufoZ =Epf.

Respectively, there is ng € N such that for all n > ng :

(3.17)

1 & €
— E Z; — E < —.
n; ufo Pf_4

As (Z,dz) is a totally bounded metric space Lemma 3.2.3 yields that BLy(Z,dz) is totally
bounded with respect to || - [[«. That is, there is a finite subset G C BL;(Z,dz) such that
for every € > 0 and for every f € BLi(Z,dz) there is g. € G such that

9
I = gelloo < 5.

Hence,

1 n
'n;foZi—/fdP

1 — 1 —
ngnfozi_gsozz"‘m‘*' nZQEOZi—/gedP +/’f_gs||oodp
i=1 i=1
€ 1 <&
<tt n;gsozi—/ggdp.

And therefore

sup . (3.18)

< = + max
fEBL1(Z) 2

geg

Lo
n;foZi—/fdP

1 n
ZgoZi—/gdP
ni:l
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Now, (3.17) , (3.18) and Markov’s inequality, see for example Hoffmann-Jorgensen (1994,
Theorem 3.9) yield for all n > maxzeq{nd}:
1 n
pwlsweN| sup ZfOZi(oJ)—/fdP
f€BLy n i=1

(3.18) 1 &
< pldweQ| max

nZgoZi(w)—/gdP

)
i)

geg i
1 — €
< — . — —
< ggegu<{w€§2| n;:lgoZz(w) /gdP > 2})

(3.17) 1 & 1 &
< Zﬁ‘({wefﬂ n;gozi(w)_n;E“gOZi

geg

16 1< 1< ’
< 52E“<nZgOZi_nZE“gOZi>
geg i=1 i=1
16 | 5
S ZW ZE}L(gOZZ_E,LLgOZZ)
g€eg i=1
n—1 n
+2 Z Z E.(g9o0Zi—EugoZ;)(go Z; —E,go Zj)
i=1 j=i+1

As g € BL1(Z,dz), we have ||g]/cc <1 and therefore for every g € G:

n
ZE“ (9o Z; —Eugo Zi)Q < n.
i=1
Moreover (Z;);en is C-mixing by assumption, that is

oo
ZSUPUEQO(fo ir0) —EQEf o Ziyl;
=1

i €N, f €, ¢ (A}, B) measurable with ||| < 1 } < o0,

see Definition 2.12 in Section 2.3.
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Now, ||g]lcc < 1 implies ||g||1 < 1. Hence, we have for the sum of covariances above:

> > Eulgo Zi— Eugo Zi)(go Z; — Eug o Zj)
i=1 j=i+1

=YD EulgoZi— Eugo Zi)(go Zivk — Bugo Ziyy)
k=1

= Eu(go Zi)(g o Zivk) = Eulg 0 Zi)Eyu(g © Zitk)
1=1 k=1
<ny sup [B(g Zi)(g Zins) = Enlg0 Z0Bulg© Zisw)
k=1 1€1,....,n

n
<nY sup  [Bu(e(go Zik)) — BupBulg o Ziyr)|
k=1 iE{l,...,n}, 4

for A%-measurable functions ¢ with ||¢|l; < 1.

Moreover as the process is C-mixing the last sum is finite.
Therefore:

,u({weQ] sup >€}>
feBLy

16 | <
> 2 [E%(go&—&go%f

geg =1

iZfoZi(w)—/fdP

i=1

n n
+2) > Eu(go Zi— Eugo Zi)(go Zj —Eug o Z;)
=1 j=it1

> 16 [4n + 20 " ®c(Z,0)]

2,2

e“n
9€G =1
C

< — —0, n— o0,
n

IN

for a constant C' > 0. Hence, (Z;);en is a weak Varadarajan process. O
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3.3 Examples for qualitatively robust estimators

In this chapter estimators which are qualitatively robust even for non-i.i.d. observations are
given. Another example are support vector machines or, more generally, regularized kernel

methods, which are discussed in Section 4.2.

A first example for qualitatively robust estimators are maximum likelihood type estimators

(M-estimators). These are defined as solutions of
n
Z p(zi, Sp) = min!
i=1

or implicitly by
> (2, Sn) =0,
=1

see Huber (1981). Especially we consider estimators for location, that is ¥(z, S,) = ¥(z —
Sp). In Hampel (1971) these estimators are already taken as examples for qualitatively
robust estimators in the i.i.d. case. As we are not requiring additional properties on the
estimators then those needed in the i.i.d. case, M-estimators are also qualitatively robust for
the non-i.i.d. case. We take a result from Huber (1981): If S : M(X) — X is the operator
representing the estimators Sy, i.e. S is the solution of [ (z — S(P))dP = 0, it is shown
in Huber (1981, Chapter 3, Theorem 2.6 and Example 2.2) that this operator is continuous
for every P as long as ¢ is bounded and strictly monotone and if the solution of the "true"
distribution Py is unique. Examples for suitable functions ¢ are the Huber estimators see
Hampel (1971) or the ®-estimator, see Hampel (1968). Therefore, according to Theorem

3.1.3, these estimators are also qualitatively robust in the non-i.i.d. case.

A second example are R-estimators. R estimators are based on a rank test for two indepen-
dent samples of size m and n and of shifted distributions F(x) and G(z) = F(x — A). The

test statistic for a rank test for A = 0 versus A > 0 is
1 m
i

and is based on the ranks R; of one sample in the combined sample and on the scores a;, 1 €
{1,...,m}. The scores a; are determined by a function J, which is (m+n) f;ﬁgﬁ:ﬁgn) J(s)ds,
moreover [ J(s)ds = 0.

According to Hampel et al. (1986, Definition 3), an estimator S,, of location can be defined
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such that (3.19) is almost zero for the samples Xi,..., X, and 25, — X3,...,2S5, — X,,.

Hence the estimator derives from a statistical operator S(F') which is defined implicitly by:

/J (;[s +1—F(28(F) — F—l(s))]> ds = 0. (3.20)

According to Huber (1981, Chapter 3, Theorem 4.1) the operator S is continuous at F as
long as the function J is monotone increasing, integrable, and symmetric J(1 —¢) = J(¢),
and as long as it is uniquely defined by (3.20). Hence the estimate is qualitatively robust
due to Hampel’s theorem for i.i.d. observations, see Hampel (1968, Example 7(iii)) and due

to Theorem 3.1.3 it is also qualitatively robust for Varadarajan processes.

More examples can be found in Hampel (1968, Section 7). Moreover, qualitative robustness

for support vector machines, is shown in Chapter 4.2.1, Theorem 4.2.1.

3.4 Qualitative robustness for bootstrap estimators

Often the finite sample distribution of the estimator or of the stochastic process of interest is
unknown, hence an approximation of the distribution is needed. Commonly, the bootstrap
is used to receive an approximation of the unknown finite sample distribution by resampling

from the given sample.

The classical bootstrap, also called the empirical bootstrap, has been introduced by Efron
(1979) for i.i.d. random variables. This concept is based on drawing a bootstrap sample
(Z%,...,Z7%) of size m € N with replacement out of the original sample (Z1,...,2Z,), n €
N, and approximate the theoretical distribution P, of (Zi,...,Z,) using the bootstrap
sample. For the empirical bootstrap the approximation of the distribution via the bootstrap
is given by the empirical distribution of the bootstrap sample (Z7,...,Z},), hence P} =
(2T 52;). The bootstrap sample itself has distribution ®7, (2 37" | 67,).
For an introduction to the bootstrap see for example Efron and Tibshirani (1993) and van der
Vaart (1998, Chapter 3.6). Besides the empirical bootstrap many other bootstrap methods
have been developed in order to find good approximations also for non-i.i.d. observations,
see for example Singh (1981), Lahiri (2003), and the references therein. In Section 3.4.2 the
moving block bootstrap introduced by Kiinsch (1989) and Liu and Singh (1992) is used to

approximate the distribution of an a-mixing stochastic process.
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It is, also in the non-i.i.d.case, still desirable that the estimator is qualitatively robust
even for the bootstrap approximation. That is, the distribution of the estimator under the
bootstrap approximation Lpx(S,), n € N, of the assumed, ideal distribution P, should still
be close to the distribution of the estimator under the bootstrap approximation Lg= (Sy),
n € N, of the real contaminated distribution @,. Remember that this is a random object as
P respectively @y, are random. For notational convenience all bootstrap values are noted
as usual with an asterisk. To show qualitative robustness often generalizations of Hampel’s
theorem are used. Accordingly we try to find results similar to Hampel’s theorem for the case
of bootstrap approximations. Cuevas and Romo (1993) describes a concept of qualitative
robustness of bootstrap approximations for the i.i.d.case and for real valued estimators.
Also a generalization of Hampel’s theorem to this case is given. In Christmann et al. (2013,
2011) qualitative robustness of Efron’s bootstrap approximation is shown for the i.i.d. case
for a class of regularized kernel based learning methods, i.e. not necessarily real valued
estimators. Moreover Beutner and Zéhle (2016) describes consistency of the bootstrap for
plug in estimators. In this chapter estimators with values in a complete separable metric
space, which can be represented by a continuous statistical operator on the space of all

probability measures are considered.

Based on the generalization of Hampel’s concept of II-robustness from Bustos (1980), we
define qualitative robustness for bootstrap approximations for non-i.i.d sequences of random
variables. The stronger concept of II-robustness is needed here, similar to Definition 3.1.1
in Chapter 3, as we do not assume to have i.i.d. random variables, which are used in Cuevas
and Romo (1993).

Therefore the definition of qualitative robustness stated below is stronger than the definition
in Cuevas and Romo (1993), i.e. if we use this definition for the i.i.d.case the assumption
dpr,(Pn, @Qn) = dpr(®]1 P, ®]_,Q) < ¢ implies dpy,(P, Q) < d. This can be seen similar to
the proof of Lemma 3.4.4 in Section 3.4.1.

Remember the statistical model from Chapter 3: (ZN, BN, M(2ZN)), where (Z,dz) is a
complete separable metric space and (Z;)ien is the coordinate process on ZN. (S,)nen
is a sequence of estimators on the stochastic process (Z;);en. The estimator may take
its values in any complete separable metric space H; that is, S, : Z" — H for every
n € N. Moreover let P be the approximation of Py with respect to the bootstrap. De-
fine the bootstrap sample (Z7, ..., Z}) as the first n coordinate projections Z; : zZN 5 z
where the law of the stochastic process (Z;);cn has to be chosen according to the boot-
strap procedure. For the empirical bootstrap, for example, the bootstrap sample is chosen

via drawing with replacement from the given observations zi,...,2s, £ € N. Hence the
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distribution of the bootstrap sample is ®n€N% Zle d,,, with finite sample distributions
®;’L:1% Zf:l 0z = (Zf7 s Zy) <®n€N% Zle 521)

Contrarily to the classical case of qualitative robustness the distribution of the estimator un-
der P}, Lp:(S,) is a random probability measure, as the distribution P} = @7 1 S 67z,
zr : ZN — Z, is random. Hence the mapping 2y — Lpx(Sy,), 2y € ZV, is itself a random
variable with values in M(H), i.e. on the space of probability measures on H, equipped
with the weak topology on M(H). The measurability of this mapping is ensured by Beutner
and Z&hle (2016, Lemma D1).

Contrarily to the original definitions of qualitative robustness in Bustos (1980) the bounded
Lipschitz metric dgy, is used instead of the Prohorov metric 7 for the definition of qualitative
robustness of the bootstrap approximation below. This is equivalent to Cuevas and Romo
(1993). Let X be a separable metric space, then the bounded Lipschitz metric on the space
of probability measures M(X) on X is defined by:

dn(P, Q) i= sup{‘/fdP—/fdQ

. [ € BL(X), || flln < 1}

where [|-||L, := |-|1+]|[|lcc denotes the bounded Lipschitz norm with | f[; = sup,_, %
and || - ||so the supremum norm || f||oc := sup, | f(z)|. This is due to technical reasons only.

Both metrics metricize the weak topology on the space of all probability measures M(X),
for Polish spaces X, see, for example, Huber (1981, Chapter 2, Corollary 4.3) or Dudley
(1989, Theorem 11.3.3), and therefore can be replaced while adapting ¢ on the left hand-
side of implication (3.21). If X is a Polish space, so is M(X) with respect to the weak
topology, see Huber (1981, Chapter 2, Theorem 3.9). Hence the bounded Lipschitz metric
on the right-hand side of implication (3.21) operates on a space of probability measures on
the Polish space M(X'). Therefore the Prohorov metric and the bounded Lipschitz metric
are again strongly equivalent and can be replaced while adapting ¢ in (3.21). Similar to
Cuevas and Romo (1993) the proof of the theorems below rely on the fact that the set
of bounded Lipschitz functions BL is a uniform Glivenko-Cantelli class (see Definition A3),
which implies uniform convergence of the bounded Lipschitz metric of the empirical measure
to a limiting distribution, see Dudley et al. (1991). Therefore the definition is given with
respect to the bounded Lipschitz metric.

Definition 3.4.1 (Qualitative robustness for bootstrap approximations)
Let Z, H be complete separable metric spaces. Let Py € M(ZY) and let Pt € M(ZYN) be the
bootstrap approzimation of Py. Let P C M(2ZN) with Py € P. Let S, : 2" — H, n € N,
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be a sequence of estimators. Then the sequence of bootstrap approzimations (Lpx(Sn))nen
1s called qualitatively robust at Py with respect to P if, for every e > 0, there is § > 0 such
that there is ng € N such that for every n > ng and for every Qn € P,

dpL(Pn, @Qn) <9 = dpL(L(Lpr(Sn)), L(Lg: (Sn))) <e. (3.21)

Here L(Lpx(Sy)) (respectively L(Lgx(Sy))) denotes the distribution of the bootstrap approz-

imation of the estimator S,, under P} (respectively Q} ).

This definition of qualitative robustness with respect to the subset P indicates that we do
not show (3.21) for arbitrary probability measures Qy € M(ZY). All of our results require
the contaminated process to at least have the same structure as the ideal process. This is
due to the use of the bootstrap procedure. The empirical bootstrap, which is used below,
only works well for a few processes, see for example Lahiri (2003), hence the assumptions
on the contaminated process are necessary. To our best knowledge there are no results
concerning qualitative robustness of the bootstrap approximation for general stochastic
processes without any assumptions on the second process and it is probably very hard
to show this for every Qn € M(ZV), respectively P = M(ZY). Another difference to
Definition 3.1.1 is the restriction to n > ng. As the results for the bootstrap are asymptotic

results, we can not achieve the equicontinuity for every n € N, but only asymptotically.

The next two sections establish results about qualitative robustness of the bootstrap approx-
imation. First we examine stochastic processes with independent but not necessarily iden-
tically distributed random variables, the second kind of stochastic processes are a-mixing

processes.

3.4.1 Qualitative robustness for independent not necessarily identically
distributed stochastic processes

In this section we relax the i.i.d. assumption in view of the identical distribution. We as-
sume the random variables Z;, ¢ € N, to be independent, but not necessarily identically
distributed.

The result below generalizes Christmann et al. (2013, Theorem 3) and Christmann et al.
(2011), as the assumptions on the stochastic process are weaker as well as those on the
statistical operator. Compared to Theorem 3 in Cuevas and Romo (1993), which shows

qualitative robustness of the sequence of bootstrap estimators with values in R, we have
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to strengthen the assumptions on the sample space, but do not need the estimator to be
uniformly continuous. But keep in mind, that the assumption dpr(P,,Q,) < J implies
dp(P, Q) < d, which is used for the i.i.d. case, in Christmann et al. (2013) and Cuevas and
Romo (1993).

Theorem 3.4.2 Let the sequence of estimators (Sp)nen be represented by a statistical oper-
ator S: M(Z) — H wvia (3.1) for a complete separable metric space (H,dr) and let (Z,dz)
be a totally bounded metric space.

Let Py = ®;enP?, P' € M(Z2) be an infinite product measure such that the coordinate pro-
cess (Zy)ien, Zi: 2N — 2, i € N, is a strong Varadarajan process with limiting distribution
P. Moreover define P := {Qn € M(ZY); Qn = ®;enQ’, Q" € M(Z2)}. Let S : M(Z) —
H be continuous at P with respect to dgi, and let the estimators S, : Z" — H, n € N, be
continuous.

Then the sequence of bootstrap approzimations (Lpx(Sn))nen, is qualitatively robust at Py
with respect to P.

Remark 3.4.3 The required properties on the statistical operator S and on the sequence of
estimators (Sp)nen in Theorem 3.4.2 ensure the qualitative robustness of (Sp)nen, as long
as the assumptions on the underlying stochastic processes are fulfilled.

The proof shows that the bootstrap approximation of every sequence of estimators (Sp)nen
which is qualitatively robust in the sense of the definitions in Bustos (1980) and Definition
3.1.1 is qualitatively robust in the sense of Theorem 3.4.2.

All estimators (S, )nen which are mentioned in Section 3.3 and support vector machines, see
Theorem 4.2.1, are included. Hence Hampel’s theorem for the i.i.d. case can be generalized to
bootstrap approximations and to the case of not necessarily identically distributed random

variables if qualitative robustness is based on the definition of Il-robustness.

Unfortunately, the assumption on the space (Z,dz) to be totally bounded seems to be
necessary. In the proof of Theorem 3.4.2 we use a result of Dudley et al. (1991) to show
uniformity on the space of probability measures M(Z). This result needs the bounded
Lipschitz functions to be a uniform Glivenko-Cantelli class, which is equivalent to (Z,dz)
being totally bounded, see Dudley et al. (1991, Proposition 12). In order to weaken the
assumption on (Z,dz), probably another way to show uniformity on the space of probability
measures M (Z) has to be found.
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Before proving Theorem 3.4.1, we state a rather technical lemma, connecting the prod-
uct measure ®?:1Pi € M(Z") of independent random variables to their mixture measure
LS PPe M(Z). Let (Z,dz) be a Polish space.

Lemma 3.4.4 Let P,,Q, € M(Z") such that P, = @, P" and Q, = ®"_,Q", P',Q" €
M(Z), i € N. Then for all 6 > 0:

Iem 5 1~
dpr (P, Q) < 6 don [ =S PL 2570 <6
BL(Pn, Qn) = BL(TL; n;@)
Proof: By assumption we have dgy, (P, @) < 0. Moreover for a function f : Z — R:
[reiarcy= [ [ i d(euP ). (3.22)

Then,

SR
M-
s
5

sup
fEBL1(2)

/Zf(zz')d[

= sup
fEBL1(2)

Tllln {/ f(zz')dPi(Zz')—/Zf(zz)dQ(Zz)H

(3.22) 1
= sup

feBLy(2) | T [/gn 1/ F(z) dP'(z) d (@52 (25))

/Zn 1/ F(2) dQ' () d (®,4Q° (zj))H
= sup *Z [ f(zi) d (51 P (25)) — - f(zi)d (®?=1Qj(zj))H

feBL1(2) | M T
1 n

IS

n i—1 f€BL1(Z)

IN

fz)d (&1 P/(%)) — | f(z0) d(®71Q(2))) ‘ :

Z’!L Z'!L

Now every function f € BLi(Z) can be identified as a function f : 2" — Z, (z1,...,2,) —

f(z1,...,2n) :== f(z). This function is also Lipschitz continuous on Z" :

1F(z1, )= F 2] = (£ () = f(2)
< ‘f|1d(z’mz;) < |f|1(d2(21,zi) +... +d2(zlazg> +... +d2(zn>z7/1))7
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where dz(z1,21) + ... +dz(zi, %) + ... + dz(zn, 2,) induces the product topology on Z".
That is f € BLi(Z2™). Note that this is also true for every p-product metric d,, in 2",

1 < p < o0, as they are strongly equivalent. Hence,
/ gdpr, — / 9dQn
n zZn

1 n
E ZdBL (Pan) S 57
i=1

n

J R PR 1
dgl, EZP’EZQ —> sup
=1 =1

N ] geBL1(Z7)

IN

IA

which yields the assertion. O

Proof of Theorem 3.4.2: To prove Theorem 3.4.2 we first use the triangle inequality to
split the bounded Lipschitz distance between the distribution of the estimator S,,, n € N,
into two parts regarding the distribution of the estimator under the joint distribution P, of
(Z1, ..., Zy):

dpL(Lp: (Sn), L@z (Sn)) < dBL(Lp:(Sn), Lp,(Sn)) +dBL(LP, (Sn), Lz (Sn)) -
I II

Then the representation of the estimator S, by the statistical operator S and the conti-
nuity of this operator in P together with the Varadarajan property and the independence

assumption on the stochastic process yield the assertion.

First we regard part I: Define the distribution Py € M(ZY) and let P be the bootstrap
approximation of Py. Define, for n € N, the random variables

W, : 2N = 20 W, = (Z1,...,Z,), 2n — Wy(zn) = Wy, = (21,. .., 2,), and

W 2N Zn W = (Z1,...,7]), an — W,

such that W, (Py) = P, and W, (Py) = Py,

Denote the bootstrap sample by W = (Z5,..., Z), Wi : ZN & 2" 2y wi.

As Efron’s empirical bootstrap is used, the bootstrap sample, which is chosen via resampling
with replacement out of Z1,...,Z,, £ € N, has distribution Z ~ Pw, = %Eﬁzl 0z;,1 €N,
respectively W := (Z},...,Z}) ~ ®!_Pw,. The bootstrap approximation of P, ¢ € N,

is the empirical measure of the bootstrap sample P/ = ®f:1% 2?21 é -

Further denote the joint distribution of Wy, W, and W by Ky € M(ZN x 2N x 2ZN),
Then, Ky has marginal distributions Kn(B; x 2N x 2Y) = Py(By) for all By € BN,
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Kn(ZN x By x 2N) = ®;enPw, (B2) for all By € BN and Kn(ZN x 2N x B3) = B3(Bs)
for all Bs € B®N,

Then,
Lp (Sp) = Sp(Pn) = SpnoW,(Py) and Ep;{(Sn) = Sn(Py) =Spo0 W;L(Pg‘])
and therefore

dBL(EPX{(Sn)a Lp,(Sn)) = dBL(L(Sn o erz)a L(Sp o Wy)).

By assumption the coordinate process (Z;);cn consists of independent random variables,
hence we have P, = ®7_, P!, for P' = Z;(Py), i € N.

Moreover (Z,dz) is assumed to be a totally bounded metric space. Then, due to Dudley
et al. (1991, Proposition 12), the set BL1(Z,dz) is a uniform Glivenko-Cantelli class (see
Definition A3). That is, if Z; ~ P ii.d. i € N, we have for all n > 0:

lim sup Fy <{2N e 2N | sup dBL(Pw,, () P) > 77}) =0.
Applying this to the bootstrap sample (Z7,...,Z%), m € N, which is found by resampling

with replacement out of the original sample (71, ..., Z,), we have, for all w,, € Z™,

lim sup ®i€N]P)wn <{ZN € zZN ’ sup dBL(PW;‘n(zN)?PWTL) > 77}) =0.
N0, eM(2) m>n
Let € > 0 be arbitrary but fixed. Then, for every dp > 0 there is n; € N such that for all
n > np and all Py, € M(2):
€

]

And, using the same argumentation for the sequence of random variables Z/, i € N, which

are i.i.d. and have distribution % Yoy Ozx = Pwy:

lim sup Py ({zN e ZV| sup dBL (Pw_ () Pwsz ) > 77}) =0.
(2)

n—oo ]Pw* EM mZn
n
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Respectively, for every dg > 0 there is ng € N such that for all n > ng and all Pyx € M(Z):

™

0

As the process (Z;);en is a strong Varadarajan process by assumption, there exists a prob-
ability measure P € M(Z) such that

dpr.(Pw,, , P) — 0 almost surely with respect to Py, n — o0.

That is, for every §y > 0 there is ng € N such that for all n > ngs:

0
P, ({wn € 2" | dpy,(Pw,, P) < 2“}) >1- Z. (3.25)
The continuity of the statistical operator S : M(Z) — H in P € M(Z2) yields: for every

e > 0 there exists §p > 0 such that for all Q € M(2):

dpL(P,Q) <do = du(S(P),S(Q)) < (3.26)

=~ m

As the Prohorov metric 74, is bounded by the Ky Fan metric, see Dudley (1989, Theorem
11.3.5) we conclude:

Tdy (L (Sn), L, (Sn)) = Tay (Sn 0o W, S, 0 W,p,)
<inf{é>0| Ky ({du(SnoW,,S, 0 W,)>¢e}) <&}
=inf {£€> 0] (W, W, W),)(Kn) ({(wn, W}, w),) € 2" x 2" x 2" |
A (Sn(Wh), Sn(Wy)) > &, wi € Z"}) <&} (3.27)

Due to the definition of the statistical operator S, this is equivalent to
inf {€> 0] (Wy, W, W, )(Kn) ({(wn, Wy, w),) € 2" x 2" x Z" |

di(S(Pw: ), S(Py,)) > &, wh € Z7}) < &}

The triangle inequality

dg(S(Pwy, ), S(Pw,)) < du(S(Pw;,), S(P)) + du(S(P), S(Pw,)),

n n
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and the continuity of the statistical operator S, see (3.26), then yield, for all £ > 0,

(W, W5, W) (Ky) ({(wn,w;;,w;) € 2" x 2" x 2" | dy(S(Pys ), S(Py,)) > %,w;; € zn})

< (W, Wi W) (Ki) ({ (W Wi wh) € 27 x 27 % 27 | dig(S(Pwy, ), S(P)) > 5

4
€ * n
or dir(S(P), S(Pw,)) > 7. W} € Z })
(3.26) * / * )
< (Wn,Wn,Wn)(KN) ({(wn,wn,wn) e Z"x Z"x Z" ‘ dBL(Pw;“P) > do
or dpr,(P,Pw,, ) > do,w,, € Z"}).
Using the triangle inequality,
dpL.(Pw/ , P) < dBL(Pw/ , Pw:) + dpL(Pw:, P) (3.28)
and dBL(PW;‘L; P) < dBL(PWf“]P)Wn) + dBL(]P)Wn7P)7 (329)

gives for all n > max{ni,na, n3}:

(Wo, Wi, W, ) (Kn) ({(Wn, W), wy,) € 2" x Z" x Z" | dgr,(Pw, , P) > 0o

or dp, (P, Py, ) > 0o, W), € Z"})
(3.28) . , .y . . . 5o
< (Wi, Wi, Wi )(Kn) (Wn, Wy, wy,) € 2" x Z" x Z" | dBL(Pw%’PW;‘L) > 2

5
or dpy,(Pys, P) > 50 or dpr,(P, Py, ) > 50}>

(3.29) S
< (Wn,W:L,W;.L)(KN) ({(wn,wfww;) e Z"x Z"x Z" ’ dBL(]P)w{“]Pw;‘L) > 50

or dBL(Pw;,]P)wn) > i—o or dp, (P, Py,,) > if})
< P* / n (50 n (50
<Py (Wn € 2" [dpL(Pw Puz) > 5 ¢ )+ Po| ¢ Wn € 27 [ dpL(Pw,, P) >

1)

(3.23),(3.24),(3.25) ¢

0g)
= M
oo
DO | ™
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Hence, for all ¢ > 0 there are nj,ne,n3 € N such that vor all n > max{ni,na,ns}, the
infimum in (3.27) is bounded by 5. Therefore

Ty (Lps(Sn), Lp, (Sn)) < g

The equivalence between the Prohorov metric and the bounded Lipschitz metric for Polish
spaces, see Huber (1981, Chapter 2, Corollary 4.3), yields the existence of ng; € N such
that for all n > ng 1 :

dpL(Lps(Sn), Lp, (Sn)) < g (3.30)

To prove the convergence of the term in part IT, consider the distribution Qy € M(ZY) and
let @ be the bootstrap approximation of ()n. Define, for n € N, the random variables
W, : 2N 5 20 W, = (Z1,...,Zy), 25 — Wy, with distribution W, (Qy) = Qn,

W! 2N 20 W = (Z),...,Z}), 2n = W/, with distribution W/,(Q%) = Q}, and

the bootstrap sample Wi : 2N — 20 Wi = (Z5,...,Z), 2y +— W, with distribution
1\
i1 Qw, = ®iL17 2i-1 07,

Moreover let Ky € M(ZN x 2N x ZN x ZN) denote the joint distribution of Wiy, VVN,
V~VI§, and VNV{\]. Then, Ky € M(2N x 2N x 2N x 2N) has marginal distributions Py, Qx,
®RienQyy, , and Q.

First, similar to the argumentation for part I, Efron’s bootstrap and Dudley et al. (1991,
Proposition 12) give for w,, € Z™:

lim Sup( )®n€Nan <{ZN € ZN | sup dBL(QW:n(zN)7@V~Vn) > 77}) = 0.
Z

n—oo vin eM mzn

Hence, for arbitrary, but fixed € > 0, for every dp > 0 there is ny € N such that for all
n > ny and all Qg, € M(2):

- % n 1)
Ri=1Qw%,, ({Wn € 2" | dpr(Qw:, Qw,) < 6}) >1- 10 (3.31)

Further,

lim sup )QK] <{ZN e zN | sup dBL(@VV;,L(zN)’QW}E) > n}) =0.
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Respectively, for every oo > 0 there is n5 € N such that for all n > ns and all Qg =
2y 0z € M(Z2):

€

Q; ({w € 27| iy (Quy Quiy) < %}) SN (3.32)

Moreover, as the random variables Z;, Z; ~ P! i € N, are independent, the bounded
Lipschitz distance between the empirical measure and %Z?:l P can be bounded, due to
Dudley et al. (1991, Theorem 7). As totally bounded spaces are particularly separable,
see Denkowski et al. (2003, below Corollary 1.4.28), Dudley et al. (1991, Proposition 12)
provides that BL;(Z,dz) is a uniform Glivenko-Cantelli class. The proof of this proposition
does not depend on the distributions of the random variables Z;, i € N, and is therefore also
valid for independent and not necessarily identically distributed random variables. Hence
Dudley et al. (1991, Theorem 7) yields for all n > 0:

1~
lim sup Py <{2N € 2N sup dpg, (IPWM(ZN), — g PZ> > 77}) =0,
NN n

0 (Pi);enE(M(Z m2n i=1

as long as the assumptions of Proposition 12 in Dudley et al. (1991) apply. As BL;(Z,dz)
is bounded, we have Fy = BL;(Z,dz), see Dudley et al. (1991, page 499, before Proposition
10), hence it is sufficient to show that BL;(Z,dz) is image admissible Suslin (see Definition
A5). By assumption (Z,dz) is totally bounded, hence BL; (2, dz) is separable with respect
to || - |0, see Lemma 3.2.3. As f € BL1(Z,dz) implies ||f|c < 1, the space BL1(Z,dz)
is a bounded subset of (Cy(Z,dz), | - ||s), which is due to Dudley (1989, Theorem 2.4.9) a
complete space. Now, BL1(Z,dz) is a closed subset of (Cy(Z,dz), || - ||oo) with respect to
| - [loo- Hence BL1(Z,dz) is complete, due to Denkowski et al. (2003, Proposition 1.4.17).
Therefore BL1(Z,dz) is separable and complete with respect to || - ||« and particularly a
Suslin space (see Definition A4), see Dudley (2014, p.229). As Lipschitz continuous functions
are also equicontinuous, Dudley (2014, Theorem 5.28 (c)) gives that BLi(Z,dz) is image

admissible Suslin.

Hence, Dudley et al. (1991, Theorem 7) yields

1
sup dgr, (]P’Wn, — Z P’) — 0 almost surely with respect to Py, n — 00,
(P*)sen€(M(Z)N i
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and

1
sup dpy, (an, — Z Q’) — 0 almost surely with respect to Qn, n — co.
(Q*)iene(M(Z)N i

That is, there is ng € N such that for all n > ng

P, ({wn € 2" | dpr ( W ZPZ> < }) 1— 160, (3.33)

%
6
~ n 5 - ) @ _i
and Qn ({Wn ez | dgi, (an, " ;Q) < 6 }) >1 0 (3.34)

Moreover, due to Lemma 3.4.4, we have

5o Im i Im ) %o
dpr (P, <—= = d — P — < —. 3.35
BL( naQn)_ 6 BL(n; 771122262 =6 ( )
Then the strong Varadarajan property of (Z;);en yields that there is ny € N such that for
all n > ny:
n (50 g

Similar to the argumentation for part I we conclude, using again the boundedness of the
Prohorov metric mq,, by the Ky Fan metric, see Dudley (1989, Theorem 11.3.5):

Tdy (EPn(Sn)» £Q;§ (Sn)) = Tdy (Sn oWy, S, 0 W;L)
= inf{& > 0 | (W,,, Wy, Wi, W0)(Ky) ({ (W, Wy, W
A (Sn(Wn), Sn(W))) > &, Wy, Wi € 2™}) <&},

Due to the definition of the statistical operator S, this is equivalent to

inf{& > 0| (W, W,,, Wi, WO (Kn) ({(Wn, Wp, Wi, W)) € 2™ x 2" x 2" x 2" |
dH(S(PWn)as(QVV%)) > €, anaVNVZ € Zn}) < é}

Moreover the triangle inequality yields

di(S(Pw,), S(Qw;)) < di(S(Pw,), S(P)) +du(S(P), S(Qwy,))-
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Hence, for all n > max{ny4, ns, ng, n7}, we obtain

(Wn,Wn,W;,w;)(KN)({(wn,wn,w;,w;) €2 x 2 x 2" x 2" |
€ - ~ %
A (S(Pw,). S(Quy)) > 5, W Wy € 2" })
< (wn,wn,W;,Wg)(kN)({<wn,wn,w,’;,v~v;) CZMx Z"x Z" x 2" |

3

A (S(Pw,), S(P)) > < or dia(S(P), S(Quy)) > 7. Wa, W;, € 2" ).

The continuity of the statistical operator S in P, see (3.26), gives

dBL(P, Q) <do = du(S(P),S(Qw,)) < 7,

and dBL(P,]P)Wn) < = dH(S(P)aS(]P)Wn)) <

Further, the triangle inequality yields

n

1 (RO /
d P ! <d P,]P)w d ]P)w,* Pl d — Pl,* 7
BL(P, Qur ) < dpy( 2) + BL( n nz >+ BL(n; n;@)

=1

+ dpr, (Tll Z Q' vin> + dp1.(Qw,,, Qw:) + dBL(Qw:, Qwr ). (3.37)
=1

Therefore we conclude, for all n > max{ng4, ns, ng, n7},

(W, Wo, Wi W) (i) ({(Wiy W, Wi, W) € 27 x 27 x 27 x 27 |
i (S(By, ), S(P)) > Z or d(S(P), S(Qar ) > i W, W € z"})

(3.26)

< (Wi, Wo, Wi W) (Kr) ({(Wiy W, Wi, W) € 27 x 27 x 27 x 27 |
dBL(waP) > dg or dBL(P,Q"g) > 50, \X/‘TL,VV: € Zn})

(3.37) L -
< (W, W, WE W) (Ky) ({(Way W, W, W) € 27 x 27 x 27 x 27|
n

50 1 ; 50
dpL(Pw. . P) > 2 ordgp, [ Pw.,— > P/ > 2

or dpr, <n;P’n;Q> >€0rdBL <n;Q’@W"> >E

)
or dBL(Qv”vn;Qv”v;ﬁ) > 60 or dBL(Qv”v;;QvVn) > 6}) .
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Now, assume dgr, (P, @) < %0 , then (3.35) yields dpy, (% S, P TIL S Qi) < %0, there-
fore this term can be omitted. Note that this is only proven for the p-product metrics on
Z" and not for the metric d,, from (3.3). For this metric we need a different argumentation,

which is stated below the next calculation.

Hence, for all n > max{ng4, ns, ng,n7},

(W, Wo, Wi W) (K ({ (Wi W, Wi, W) € 27" x 27 x 27 x 2 |
di(S(Pw,), S(Qwy,)) > &, Wy, W), € 2"})

(3.35) - - - -
< (Wi, Wy, Wi W) (Ky) ({(Wn, Wi, W, Wy) € 2" x 2" x 2™ x 2™ |

]
dpL(Pw,,, P) > Eo or dpr, ( Wi ZP2> > —- or dpr, ( ZQl,an>
(50 50
or dpr.(Qw,,, Qwz) > 5 °F dL(Qwx, Qwr) > —

6
n do

+ P ({Wn € Z" | dp (Pwn,iipi> > %})
+ Qn <{wn € 2" | dn ( ZQZ,QWR> })

+ ®i21Qw,, ({VVZ € 2" | dpL (Qw,,, Qwz) > 60}>
s ({w € 2" | dpy (Qus. Q) > f;})
g

(3.31),(3.32)(3.33),(3.34),(3.36)
<

oqcm\

i+—+—+—+——E
10 1010 10 10 2

In order to show the above bound for the metric d,, see (3.3), on Z", we use another variant

of the triangle inequality in (3.37):

dBL(P,Qw: ) < dpL(P,Pw,) + dsr (Pw,, Qw,) + dBL(Q%,,, Qw: ) + dBL(Qw:, Qw: ).
(3.38)
5

Assume dpr,(Pn,@Qn) < gy. Then, the strong equivalence between the Prohorov metric

and the bounded Lipschitz metric on Polish spaces, see Huber (1981, Chapter 2, Corollary
4.3), yields g, (Pn,Qn) < /dpL(Pn,@n) < %0. Due to Dudley (1989, Theorem 11.6.2),
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Td, (Pny Qn) < %0 implies the existence of a probability measure u € M(Z"™ x Z™) with
marginal distributions P, and @Q,,, such that p ({(wn,wn) € Z" X Z" | dp(Wp, Wp) > %}) <

%0. As dp(Wy, Wp) < 580 implies mq, (£ 300,250 1 65,) < % see (3.11), we have:

8 n Zirm 8

do

w <{(men) ezZhxzZ" ’ de(Pwnaan) > 50}) < g

8

Again the equivalence between the metrics m and dg, yields:

do

u <{(wn,v~vn> € 2" x 2" | dpy (P, Qs,) > 50}) <%

4

Now we choose the joint distribution Ky of Wy, Wiy, VNVI’{], and V~V1’\I such that the distri-
bution of (W,,, W) : ZN x 2N 4 27 x 2" is ;€ M(Z" x Z"). Then we conclude:

(W, W, Wi W) (K) ({ (Wi, Wi, Wi, W) € 20 x 27 x 27 x 2" |
di(S(Py. ), S(P)) > Z or dg (S(P), S(Qar)) > =, W, W5 € zn})

(3.26),(3.38) o '
T (W, W, W W) (Kiy) ({ (W, W, W, W) € 27 % 27 x 27 % 27|
dpy,(Pw,,, P) > %O or dpy, (Pw,,, Qw,, ) > 620
or dpr,(Qw,,, Qwx ) > %O or dpr,(Qw:, Qwr ) > if}) :
<

5
P, <{wn € 2" | dyp,(Py,, P) > f})
do

+,U' <{(Wnuwn) € A | dBL (PWH7QWn) > 4}>
do

+ @ 1Qwx, ({‘7"2 € Z" | dpr (Qw,, Qw: ) 4}>

+Qy, <{V~V% € Z" | dpr, (Qw:, Qwr ) > if}) :

Now, adapting the inequalities in (3.31), (3.32), and (3.36) in e respectively n yields the
2

boundedness of the above term by § for dpy, (P, Qn) < g—?l and for all n > {n4,ns,n7}.

Now we can go on with the proof similar for both kinds of metrics on Z".

The equivalence between the Prohorov metric and the bounded Lipschitz metric on Polish

spaces, see Huber (1981, Chapter 2, Corollary 4.3), yields the existence of np2 € N such
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that for all n > ng 2, dpL (P, Qn) < %0 (respectively dpr, (P, Qn) < g—ﬂi) implies

€
dpL(Lp,(Sn), Lgz (Sn)) < 7 (3.39)
Now, (3.30) and (3.39) yield for all n > max{ng 1,102}
dBL(ﬁp;: (Sn),ﬁQ;(Sn)) < €. (3.40)

Recall that Lpx(Sy,) =: (n and Lgx (Sn) =: &, are random quantities with values in M(H).
Hence (3.40) is equivalent to

E [dBL(Lp: (Sn), Lg: (Sn))] < &, for all n > max{ng 1,102},

respectively
E [dBr(Cny &n)] < €, for all n > max{ng 1,102}

Therefore, for all f € BL1(M(Z)) and for all n > max{ng1,n0.2}:

‘/fd(ﬁ(én)) - /fd(ﬁ(fn))‘ = [Ef(Cn) —Ef(&n)| < E|f(Cn) = f(&n)]

SE(|f|1 dBL(Cnyfn)) <g,

by a variant of Strassen’s Theorem, see Huber (1981, Chapter 2, Theorem 4.2, (2)=-(1)).
That is,
dpr,(L(Lp:(Sn)), L(Lg: (Sn))) < € for all n > max{ng,1,no2}

Hence for every € > 0 we find 6 = %0 and ng = max{ng,1,no2} such that for all n > ny:

dBL(Pn,@n) <0 = dBL(L(Lp;(Sn)), L(Lq;(Sn))) <e,
which yields the assertion. O

The next part gives two examples of stochastic processes of independent, but not necessarily
identically distributed random variables, which are Varadarajan processes. In particular
these stochastic processes even satisfy a strong law of large numbers for events (SLLNE)
in the sense of Steinwart et al. (2009) and therefore are, due to Theorem 3.2.1, strong
Varadarajan processes. The first example is rather simple and describes a sequence of

univariate normal distributions.
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Ezxzample 1 Let (a;)ien C R be a sequence with lim; ,oca; = a € R and let |a;| < ¢, for
some constant ¢ > 0 for all i € N. Let (Z;)ien, Zi : Q@ — R, be a stochastic process where
Z;i, i € N, are independent and Z; ~ N(a;,1), © € N. Then the process (Z;)icN 1S a strong

Varadarajan process.

Proof: Without any restriction we assume a = 0. Otherwise regard the process Z; — a,
1 € N. By assumption, the random variables Z;, ¢+ € N, are independent. Hence Ig o Z;,
i € N, are independent, see for example Hoffmann-Jorgensen (1994, Theorem 2.10.6) for all
measurable B € B, as Ip is a measurable function. According to Steinwart et al. (2009,
Proposition 2.8), (Z;)en satisfies the SLLNE if there is a probability measure P in M(Z2)
such that lim,,_yoo % Yo Eulp o Z; = P(B) for all measurable B € B. Hence:

1 — 1 — 1 —
“N"E g0 Z; = = IgdZi(n) = = Igfi d\Y,
PIREEE ngzj/g () n;/ 5t

where fi(z) = \/%e_%(x_‘“y denotes the density of the normal distribution N(0,1) with

respect to the Lebesgue measure A\'. Moreover define g : R — R by

1 2
—5(z+c
e 2( ) s

x < —c
g(x) = 127r, —c<z<c zeR
efé(xfc)a c<x

Therefore |f;| < |g|, for all ¢ € N, g is integrable and due to Lebesgue’s Theorem, see for
example Hoffmann-Jgrgensen (1994, Theorem 3.6):

L1 ,1_-1n.1_'1n41
n11_>ngonz;/13fld)\ _nll)rrolo/nZ;IszdA = /Jggonz;.fgfzd)\. (3.41)

We have f; — fo, where fy = \/%e_%‘ﬁ for all x € R, as a; — 0 and therefore the Lemma of

Kronecker, see for example Hoffmann-Jgrgensen (1994, Theorem 4.9, Equation 4.9.1) yields:
limy oo 2 30 fi(z) = fo(xz) for all z € X.

Now (3.41) yields the SLLNE:

1 n
lim Z/IBfid)\l = /IBfod)\l = P(B), for al B € B.
=1

n—00 N 4

With Theorem 3.2.1 the Varadarajan property is given. O



3.4. QUALITATIVE ROBUSTNESS FOR BOOTSTRAP ESTIMATORS o7

The second example are stochastic processes where the distributions of the random variables

Zi, 1 € N, are lying in a so-called shrinking e-neighbourhood of a probability measure P.

Ezxzample 2 Let (Z,B) be a measurable space and let (Z;);en be a stochastic process with
independent random variables Z; - Q — Z, Z; ~ P, where

Pi=(1—-¢)P+eP!

or a sequence €; — 0, 1 — 00, &, > 0 an M, € , €N, en the process (Z;)ieN
0,1 0 and P, Pe M(Z N. Then th Z

1s a strong Varadarajan process.

Proof: Similar to the proof of Example 1, we first show the SLLNE, that is there exists a
probability measure P € M(Z) such that

1 n
lim — g /IB o Zjdp = P(B), for all measurable B C ).
n—o00 M, 4 -

1=

Now let B C Q be an arbitrary measurable set. Then:
1o 1o : 1o iy
o 32 [ ozt =t 37 [ dap =t 37 [ sl =P <
1= 1= 1=

RS RS 1
:nh_{gon;/ZIBdP—nh_)ngon;q/ZIBdP+nh_>Holon;5i/ZIBdP. (3.42)

As, 0< L3 & [IpdP < 1Y% e and g; — 0, we have
1< 1<
N _ < lim & '
JIHH;onZ;El/IBdP_nhﬁnolonz;&HO’ n — 00
and similarly
1< 1<
. . 7 . - )
nlgn;on‘z;sl/IBdP < nlgglon ;EZ — 0, n — oo.
1= 1=
Hence (3.42) yields

1< 1<
lim =Y IgoZ; = lim Z/IBdP:P(B)
=1 i=1

n—00 7 4 n—oo 1 4

and therefore, due to Theorem 3.2.1, the assertion. 0
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In the next chapter a result for more general stochastic process, namely a-mixing processes,
is established. Due to the possible dependence, stronger assumptions on the statistical

operator are required.

3.4.2 Qualitative robustness for the moving block bootstrap of a-mixing
processes

Dropping the independence assumption we now focus on real valued mixing processes, in
particular on strongly stationary a-mixing or strong mixing stochastic processes. The mixing
notion is an often used and well-accepted dependence notion which quantifies the degree of

dependence of a stochastic process.

Instead of Efron’s empirical bootstrap another bootstrap approach is used in order to rep-
resent the dependence structure of an a-mixing process. Kiinsch (1989) and Liu and Singh
(1992) introduced the moving block bootstrap (MBB). Often resampling of single observa-
tions can not preserve the dependence structure of the process, therefore they decided to
take blocks of length b of observations instead. The dependence structure of the process is
preserved, within these blocks. The block length b increases with the number of observa-
tions n for asymptotic considerations. A slight modification of the original moving block
bootstrap, see for example Politis and Romano (1990) and Shao and Yu (1993), is used in

the next two theorems in order to avoid edge effects.

The following proofs are based on central limit theorems for empirical processes. There are
several results concerning the moving block bootstrap of the empirical process in case of mix-
ing processes, see for example Bithlmann (1994), Naik-Nimbalkar and Rajarshi (1994), and
Peligrad (1998, Theorem 2.2) for e-mixing sequences and Radulovi¢ (1996) and Biihlmann
(1995) for B-mixing sequences. To our best knowledge there are so far no results concerning
qualitative robustness for bootstrap approximations of estimators for a-mixing stochastic
processes. Therefore, Theorem 3.4.5 shows qualitative robustness for a stochastic process
with values in R. The proof is based on Peligrad (1998, Theorem 2.2), which provides
a central limit theorem under assumptions on the process, which are weaker than those
in Biihlmann (1994) and Naik-Nimbalkar and Rajarshi (1994). In the case of R%valued,
d > 1, stochastic processes, stronger assumptions on the stochastic process are needed, as
the central limit theorem in Biithlmann (1994) requires stronger assumptions, see Theorem
3.4.6.
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Let Z1,...,Z,, n € N, be the first n projections of a real valued stochastic process (Z;);en
and let b € N,;b < n, be the block length. Then, for fixed n € N, the sample can be
divided into blocks B;p := (Zi, ..., Zitp—1). If i > n— b+ 1, we define Z,,,; = Z;, for the
missing elements of the blocks. To get the MBB bootstrap sample W}, = (Z7,...,2%), ¢
numbers 1, ..., I; from the set {1,...,n} are randomly chosen with replacement. Without
loss of generality it is assumed that n = £b, if n is not a multiple of b we simply cut
the last block, which is usually done in literature. Then the sample consists of the blocks
Br, b, Brypy -+ Brp, that is Z7 = Z1,, 75 = Zp41, - Zy =n4v-1,Zpq = Zlys -5 Ly =

Zlvb-1-

As we are interested in estimators Sy, n € N, which can be represented by a statistical op-
erator S: M(Z) — H via S(Pw,,) = Sn(21,-..,2n), for a complete separable metric space
LS 6 z; should

H, see (3.1), the empirical measure of the bootstrap sample Pw: = -

approximate the empirical measure of the original sample Pw, = %Z?:l 0z,. Contrarily
to qualitative robustness in the case of independent and not necessarily identically dis-
tributed random variables (Theorem 3.4.2), the assumptions on the statistical operator S
are strengthened for the case of a-mixing sequences. In particular the statistical operator
S is assumed to be uniformly continuous for all P € (M(Z),dpr,). For the first theorem
we assume the random variables Z;, i € N, to be real valued and bounded. Without loss
of generality we assume 0 < Z; < 1, otherwise a transformation leads to this assumption.
For the bootstrap for the true as well as for the contaminated process, we assume the block

length b(n) and the number of blocks (n) to be sequences of integers satisfying
1 1
n" € O(b(n)), b(n) € On3~), for some 0 < h < 3% 0<a< 3

b(n) = b(29) for 29 <n < 2971 g €N, b(n) — 0o, n — co and b(n) - €(n) =n, n € N.

Theorem 3.4.5 Let Py € M(RY) be a probability measure on (RN, BEN) such that the

coordinate process (Z;);cn, Zi : RN — R is bounded, strongly stationary, and a-mizing with

Z a(o(Z1y.. ., Zi)y0(Zigm,--.), Pn) = O0(n™7), i €N, for some~ > 0. (3.43)

m>n
Let P C M(RN) be the set of probability measures such that the coordinate process fulfils
the properties above for the same v > 0. Let (H,dp) be a complete separable metric space,

let (Sp)nen be a sequence of estimators which can be represented by a statistical operator
S: M(R) — H wvia (3.1). Moreover let Sy, be continuous and let S be additionally uniformly
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continuous with respect to dgy,. Then the sequence of estimators (Sy)nen is qualitatively

robust at Py with respect to P.

The assumptions on the stochastic process are on the one hand, together with the assump-
tions on the block length, used to ensure the validity of the bootstrap approximation and
on the other hand, together with the assumptions on the statistical operator, respectively

the sequence of estimators, to ensure the qualitative robustness.

Proof of Theorem 3.4.5: Let P, Q} € M(ZN) be the bootstrap approximations of the
true distribution Py and the contaminated distribution Q. First, the triangle inequality
yields:

dpL(Lpx(Sn), Loz (Sn))
< dBL(,Cp;{ (Sn), Epn(sn)) + dBL(,Cpn (Sn), 'CQn (Sn)) + dBL(»CQn (Sn), ‘CQ;E (Sn)) .
I 11 111

First, we regard the term in part II. Let 0(Z;), i € N, be the o-algebra generated by Z;.
Due to the assumptions on the mixing process ) . a(o(Z1,...,%Z;),0(Ziym,--.), Pn) =
O(n™7), i € N,y > 0, the sequence (a(o(Z1,...,2;),0(Zivms---)s ) men 15 a null se-
quence. Moreover it is bounded by the definition of the a-mixing coefficient which, due to

the strong stationarity, does not depend on ¢. Therefore

n2 ZZ ZlENaPN7Z7J QZZ ')7PN)

i=1 j=1 i=1 j=1
9 .
< 53N alo(Z).0(2). Py)
i=1 j>i
SHQZZ o(Z1,...,2:),0(Z;,...), Py)
=1 j>i
n n—i
= QZZ o(Zy,...,2Zi),0(Zise,...), Pn)
i=1 {=0
stationarity 9 n
< E O[(O'(Zl,..-,Zi),U(ZqH_Z,.-.),PN), 1€N
£=0

— 0, n — 0.

Hence, the process is weakly a-bi-mixing with respect to Py, see Definition 2.2.1. Due to the

stationarity assumption, the process (Z;);en is additionally asymptotically mean stationary,
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that is lim,,_yeo % > EIgoZ; = P(B) for all B € Afor a probability measure P. Therefore
the process satisfies the WLLNE, see Steinwart et al. (2009, Proposition 3.2), and therefore

is a weak Varadarajan process, see Theorem 3.2.1.

As the process is assumed to be a Varadarajan process and due to the assumptions on
the sequence of estimators (Sy)nen, qualitative robustness of (Sy), oy is ensured by The-
orem 3.1.3. Together with the equivalence between the Prohorov metric and the bounded

Lipschitz metric for Polish spaces, see Huber (1981, Chapter 2, Corollary 4.3), it follows:

For every € > 0 there is § > 0 such that for all n € N and for all @, € M(Z") we have:

dBL(Pm Qn) <4 = dBL(ﬁPn (Sn)a ﬁQn(Sn)) <

W ™

This implies

E[dsL(Lp, (Sn); L@, (5n))] < (3.44)

w | ™

Hence the convergence of the term in part II is shown.

To prove the convergence of the term in part I, consider the distribution Py € M(2N)
and let P be the bootstrap approximation of Py, via the blockwise bootstrap. Define, for
n € N, the random variables

W, : 2N = 2" W, = (Z1,...,2,), 25 = Wy, = (21, ..., 2,), and

W 2N Zn W = (Z),...,7)), 2n — Wi,

such that W, (Py) = P, and W,(Py) = Py,

Moreover denote the bootstrap sample by W7 : ZN — Zn Wi = (ZF,...,Z), 2n — W,
and the distribution of W} by P,,. The blockwise bootstrap approximation of P,,, m € N,
is Py = ;”:1% v 5Z;‘; m € N. Note that the sample Z7,...,Z} depends and on the

blocklength b(n) and on the number of blocks £(n).

Further denote the joint distribution of Wy, W, and W by Ky € M(2ZN x 2N x 2ZN),
Then, Ky has marginal distributions Kn(B; x 2N x 2Y) = Py(By) for all By € B®N,
Kn(2N x By x 2N) = Py(By) for all By € BN, and Ky(2N x 2N x Bs) = P%(Bs) for all
B3 € B®N,

Then,

Lp,(Sn) = Sn(Pn) = SpnoWy(Py) and  Lp:(Sp) = Su(Py;) = Spo W/ (P})
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and therefore
dp(Lp; (Sn), Lp,(Sn)) = dBL(L(Sy © W), L(Sp 0 Wy)).

By assumption we have 0 < z; <1, i € N. Hence Z;(zy) = 2; € [0,1], i.e. Z = [0, 1], which
is a totally bounded metric space. Therefore the set BL1([0,1]) is a uniform Glivenko-
Cantelli class, due to Dudley et al. (1991, Proposition 12). Similar to part I of the proof of
Theorem 3.4.2, the blockwise bootstrap structure and the Glivenko-Cantelli property yield:

lim sup Py ({ZN e 2N sup dL.(Pw: (z)s Pws) > 77}) =0.

NTIOP . M(Z) m>n

Respectively, for fixed € > 0, for every dp > 0 there is ny € N such that for all n > ny and
all Pywx € M(Z2):

S M

Regard the process G, (t) = ﬁ > Iizrasy — ﬁ >ic1 Iizi<y, t € R. Due to the assump-
tions on the process and on the moving block bootstrap, Theorem 2.3 in Peligrad (1998)

yields the almost sure convergence in distribution to a Brownian bridge G:

1 ¢ 1 ¢
=1 1=1

almost surely with respect to Py, n — oo, in the Skorohod topology on DI0,1]. Here —p
indicates convergence in distribution and DJ0, 1] denotes the space of cadlag functions on
[0, 1], for details see for example Billingsley (1999, p. 121).

This is equivalent to
1< 1 <
NG Z Iize<ty — 7 Z Iz,<1y —p G(t), almost surely with respect to Py, n — oo,
i=1 i=1

for all continuity points ¢ of G, see Billingsley (1999, (12.14), p. 124).

Multiplying by ﬁ yields for any fixed continuity point ¢t € R :

I 1o 1 ‘
- Z;I{Zfﬁt} - Z; Liz,<iy — —nG(t) —p 0 almost surely with respect to Py, n — oo.
1= 1=

NG
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As convergence in distribution to a finite constant implies convergence in probability, see
1

NG (t) — 0 in probability, for

for example van der Vaart (1998, Theorem 2.7(iii)), and as
all t € R:

1 1o
— ZI{Z_*Q], - — ZI{Zi<t} —p 0 almost surely with respect to Py, n — oo,
=i s -

for all continuity points ¢ of G, where — p denotes the convergence in probability.

Hence, Dudley (1989, Theorem 11.12) yields the convergence of the corresponding proba-

bility measures:

1< 1<
dgpr, | — Z Ogx, — Z 0z, | —p 0 almost surely with respect to Py, n — 0o.
[Corer L

Respectively

dpr.(Pw: , Pw,) —p 0 almost surely with respect to Py, n — oo.

Define the set B,, = {wn € 2" | dpL(Pw:,Pw,) —p 0, n — oo}. Hence,
Po(Bn) = Py ({zN € 2N | W, () € Bn}> =1 (3.47)

and, for all w,, € B,,, there is no w, € N such that for all n > ng w, € N:

_ )
P, ({W; c Z" | dg1, (Pw;‘“Pwn) > f}) < % (348)

By assumption we have 0 < z; < 1, i« € N. Hence the space of probability measures
{Pw,, | wn €]0,1]"} is a subset of M([0,1]) and therefore tight (see Definition A6), as [0,1]
is a compact space, see e.g. (Klenke, 2013, Example 13.28). Then Prohorov’s Theorem, see
for example Billingsley (1999, Theorem 5.1) yields relative compactness of M(]0, 1], dpL)
and in particular the relative compactness of the set {Py,, | w, € [0,1]"}. As M([0,1],dpL)
is a complete space, see Dudley (1989, Theorem 11.5.5), relative compactness equals total
boundedness. That is, there exists a finite dense subset P of {Py, | w,, € [0,1]"} such that
for all p > 0 and Py, € {Py,, | Wy, € [0,1]"} there is P, € P such that

dp1(P,,Pw,) < p. (3.49)
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The triangle inequality yields:

dsr (Pws:,Pw, ) < dpL (Pw;715p) +dpL <Pp,Pwn) .

Define p = %0. Then (3.48) yields for every P, € P the existence of an integer n > nyp €N
such that, for all n > n, 5 and all w,, € By:

< Fn ({W; e zZ" | dBL (Pw;‘lvﬁp) > (S;TO or dBL (ﬁp’PW") = if})

(3.49) _ . ) (3.48)
<P, ({w,’; e 2" | dpy, Py, P,) > i}) e
Hence, for all n > ng := maxp_g{n, p} and for all w, € B,, we have:

= 8
sup Py ({w;; € Z" | dpr, (Pws,Pw,) > 20}) < %. (3.50)
Py, EM(Z)

Due to the uniform continuity of the operator S, for every € > 0 there is §g > 0 such that
for all P,Q € M(Z2) :

€
dpL(P,Q) <d = du(S(P),S(Q)) < 3 (3.51)
Moreover, the triangle inequality yields:
dBL(Pw! , Pw, ) < dBL(Pw! , Pw: ) + dBL(Pws, Pw,, ). (3.52)

Again we use the relation between the Prohorov metric 74, and the Ky Fan metric, Dudley
(1989, Theorem 11.3.5):

Ty (Lpz(Sn)y Lp,(Sn)) = Ty (Sn 0 Wi, S0 W)
< inf{é >0 KN<{ dpr(Sp o W', S0 W) > & wi € ZN}) <&}

=inf {€> 0| (Wy, W, W) (Kn) ({(Wn,w},,w},) € Z" x Z" x Z" |
A (Sn(W,), Sn(wy)) > &,w), € Z"}) < £}
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Due to the definition of the statistical operator S, this is equivalent to

inf{é > 0| (W,,, W, W))(Kn) ({(wn, W}, w),) € 2" x 2" x 2" |
di(S(Pw:), S(Pw,) > &, w;, € Z"}) < &}.

Due to the uniform continuity of S, see (3.51), we obtain, for all n > max{n;,na} :

(W, W, W) (Ky) ({(wn,w;;,w;) € 2" x 2" x 2" | dyy(S(Py; ), S(Py,)) > %,w;; e z"})

(3.51)
< (W, Wi W) (Kr) ({(Wn, Wi wh) € 27 x 2" x 2" | dpp, (Pt , Pa,) > 00, W5 € 2})

= (W, Wi, W) (Ky) ({(Wy, W), w),) € 2" x 2" x Z" |
{wn, & Bn, dgr(Pw, ,Pw,) > b} or {wy, € By, dp(Pw/,Pw,) > do}, w), € Z"})

< (W, Wi, W) (Kn) ({(Wn, Wy, wy) € 2" x 2" x 2™ |
Wi, & By, dpL(Pw: ,Pw,) > 6, w), € Z2"})
+(Wo, Wi W) (Kn) ({ (W, Wi, wy) € 2" x 2" x 2" |
Wn, € By, dpr(Pw: ,Pw,) > 6, w), € Z2"})
(3.47)

=7 (W, Wi, W) (Kn) ({(wWy, W), w),) € 2" x 2" x Z™ |
w, € By, dBL(IP)w’nann) > (50,WZ S Zn}) .

The triangle inequality, (3.52), then yields for all n > max{ni,na}:

(Wn,W;,W;)(KN) ({(Wn,WZ,W;l) € Z"x Z" x Zn‘ W, € BnadBL(Pw;“Pwn) > (50,W; € Zn})

(3.52)
< (Wn,w;,w;)(KN)({(wn,w;,w;) € 2" x 2" x Z" | {w, € By

and dgr,(Pw! , Pws) > 52—0} or {w, € B, and dpr,(Pw:, Pw,) > %O}})

1
<P ({W; e Z" | w, € B,, dBL(PwﬂLy]P)w;;) > 20}>

— 4
+ Py <{w;‘l € 2" | wy € By, dpL(Pws,Pw,) > ;})

(3.45),(3.48)
<

+

€
3

™
[«2R N0

The equivalence between the Prohorov metric and the bounded Lipschitz metric on Polish

spaces, see Huber (1981, Chapter 2, Corollary 4.3), yields the existence of 77 such that for
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every n > nj :

dBL(ﬁP; (Sn)7 EPn (Sn)) <

W ™

And therefore

E [dBL (EP:Z (Sn), EP,L(STL))] < (3.53)

Wl m

For the convergence of the term in part III the same argumentation as for part I can be
applied, as the assumptions on Qn and Q) are the same as for Py and Py. In particular for
every € > 0 there is ng € N such that for all n > no:

dBL (£gz(Sn), £q, (Sn)) <

Y

Wl ™

respectively

E [daL (Lq; (Sn), £q. (Sn))] < (3.54)

w | ™

Hence, (3.44), (3.53), and (3.54) yield, for all n > max{n;, na}:

E [dar, (Le; (Sn), Loz (Sa))] < 5 +5 +5 =<
As Lp+(Sy) and L= (Sy) are random variables itself we have, due to Huber (1981, Chapter
2 Theorem 4.2, (2)=-(1)), for all n > max{ni,n2}:

dpr, (L(Lp;(Sn)), L(Lq; (Sn))) < e

Hence, for all € > 0 there is 6 > 0 such that there is ny = max{ni,n2} € N such that, for
all n > ngp:
dpL (P, Qn) <0 = dsr(L(Lp;(Sn)), L(Lq;(Sn))) <e

and therefore the assertion. OJ

The next theorem generalizes this result to stochastic processes with values in [0,1]%, d > 1,
instead of [0,1] C R. Therefore, for example, the bootstrap version of the SVM estimator
is qualitatively robust under weak conditions. The proof of the next theorem follows the
same lines as the proof of the theorem above, but another central limit theorem, which is
shown in Biihlmann (1994), is used. Therefore the assumptions on the mixing property of

the stochastic process are stronger and the random variables Z;, ¢ € N, are assumed to



3.4. QUALITATIVE ROBUSTNESS FOR BOOTSTRAP ESTIMATORS 67

have continuous marginal distributions. Again the bootstrap sample results of a moving
block bootstrap where £(n) blocks of length b(n) are chosen, again assuming ¢(n)-b(n) = n.

Moreover, let b(n) be a sequences of integers satisfying

b(n) = O(n%_a) for some a > 0.

Theorem 3.4.6 Assume Z = [0, 1]d, d > 1. Let Py be a probability measure such that the

coordinate process (Z;);cn, Zi ZN 5 Z is strongly stationary and o-mizing with
e 1
> (m+ 1 (a(o(Z, ..., Zi),0(Zism, - ), Py))2 < 00, i €N. (3.55)
m=0

Assume that Z; has continuous marginal distributions for all i € N. Define the set of
probability measures P C M(Z) such that the coordinate process is strongly stationary and
a-mizing as in (3.55).

Let (H,dp) be a complete separable metric space, (Sp)nen be a sequence of estimators such
that S, : 2" — H is continuous and assume that S, can be represented by a statistical
operator S : M(Z2) — H wia (3.1) which is additionally uniformly continuous with respect
to dpy,.

Then the sequence of estimators (Sy)nen @5 qualitatively robust at Py with respect to P.

Proof of Theorem 3.4.6: The proof follows the same lines as the proof of Theorem 3.4.5

and therefore we only state the different steps. Again we start with the triangle inequality:

dsL(Lp:(Sn), Loz (Sn))
< dr(Lp;(Sn), Lp,(Sn)) + dBL(LP, (Sn), L£q, (Sn)) + dBL(LQ, (Sn), Loz (Sn)) -
I 11 111

To proof the convergence of the term in part II, we need the weak Varadarajan property
of the stochastic process. Due to the definition a(o(Z1,...,2Z;),0(Zite,...), ) < 2 for all
¢ e N, i e N, and obviously:

a(0(Z1,. .., 2),0(Zise,..), Py) < L+1, £>0. (3.56)
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Hence, due to the strong stationarity of the stochastic process, we have:

QZZ zEN»PNaz] = QZZ )PN)

i=1 j=1 i=1 j=1

< QZZ Zj), Pr)
= 1]>z

< 222 o(Zy,....Z),0(Zj,...), Py)
= 1]>z

— 22;% o(Zy,...,Z5),0(Zig,...), Pn)

stationarity 9

- a(U(Zl7'"aZi)’O-(Zi-‘rb"')?PN)a i €N

n -
2 — 1 1
= ﬁ ( ( (Zl,...,Z') O'(ZiJrg,...),PN))?(Oé(O’(Zl,...,ZZ'),O'(ZZ'+3,...),PN))2, 1 €N
£=0
(3.56) 9 =2
< SY () (0(Z1y .., Z),0(Zises- . ), Pu))2 , i €N
(=0
(3.55)

— 0, n — oo.

Now, the same argumentation as in the proof of Theorem 3.4.5 yields the weak Varadarajan

property and therefore, for all € > 0,

E[dBL(Lp, (Sn); L@, (5n))] < (3.57)

w| ™

Regarding the term in part I, we use a central limit theorem for the blockwise bootstrapped
empirical process by Biithlmann (1994, Corollary 1 and remark) to show its convergence.
Again, regard the distribution Py € M(ZY) and let P be the bootstrap approximation of
Py, via the blockwise bootstrap. Define, for all n € N, the random variables

W, : 2N 20" W, = (Z1,...,2,), 2y — Wy, and

W 2N Zn W = (Z),...,7]), 2n — Wi,

such that W, (Py) = P, and W, (Py) = Py,

Moreover denote the bootstrap sample by W7 : ZN — 2% Wi = (Zf,...,Z%), 2y =
w’, and the distribution of W* by P,. The bootstrap approximation of P,, is Pf =

n’
m 1

ety Qi1 10z = @i Pwy, m € N, by definition of the bootstrap procedure. Note that
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the sample Z7,...,Z} depends and on the blocklength b(n) and on the number of blocks
L(n).

Further denote the joint distribution of Wy, W3, and Wi by Ky € M (2N x ZN x 2ZN).
Then, Ky has marginal distributions Ky(B; x 2N x 2N) = Py(By) for all By € B®N,
Kn(ZN x By x 2N) = Pn(By) for all By € BN and Kn(ZY x 2N x B;) = P%(Bs) for all
B3 € B®N,

Then,
Lp,(Sn) = Sn(Pp) = SnoWy(Py) and  Lp:(Sp) = Su(Py) = Sno W, ()
and therefore
dBL(Lps(Sn), Lp,(Sn)) = dBr.(L(Sn 0 W},), L(Sp 0 Wy)).

As Z = [0,1]¢ is compact, it is in particular totally bounded. Hence the set BL1(Z,dz)
is a uniform Glivenko-Cantelli class, due to Dudley et al. (1991, Proposition 12). Similar
to part I of the proof of Theorem 3.4.5, the bootstrap structure and the Glivenko-Cantelli
property given above yield for arbitrary, but fixed € > 0:

for every dg > 0 there is ng € N such that, for all n > ng and all Py: € M(Z2),

M

0
P;: <{W;.L e Z" | dBL(Pw%an;) < 20}) >1-—

Now, regard the empirical process of (Z1,...,2,). Set t = (t1,...,t5) € R% Moreover
t < b means t; < b; for all ¢ € {1,...,d}. Hence we can define the empirical process and

the blockwise bootstrapped empirical process by

1 1<
~> Mz and —> Lizecy
i=1 =1

Regard the process G, (t) = ﬁ Yoy L7z <ty —ﬁ Y1 Iiz,<ey, t €0, 1]¢. Now, due to the
assumptions on the stochastic process and on the moving block bootstrap, Bithlmann (1994,

Corollary 1 and remark) yields the almost sure convergence in distribution to a Gaussian

process G:

1 & 1 &
ZI{ZZSt} - E Iiz,<ty —p G(t), te [0, 1]d,
vn i=1 Vn i=1
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almost surely with respect to Py, n — 00, in the (extended) Skorohod topology on D?([0,1]).
The space D?([0,1]) is a generalization of the space of cadlag functions on [0, 1], see Billings-
ley (1999, Chapter 12), and consists of functions f : [0,1]% — R. A detailed description
of this space and the extended Skorohod topology can be found in Straf (1972, 1969a) and
Bickel and Wichura (1971). The definition of the space D%([0, 1]) can, for example, be found
in Bickel and Wichura (1971, Chapter 3).

Straf (1972, Lemma 5.4) yields, that the above convergence in the Skorohod topology is

equivalent to the convergence for all continuity points t of G. Hence,
1 < 1
— Iizs - — Iy —p G(t) almost surely with respect to Py, n — oo,
\/ﬁ; (Z: <t} \/ﬁ; (zi<ty — G(t) y W p N
for all continuity points t of G.

Multiplying by ﬁ yields, for every continuity point t of G,

1 ¢ 1 1
- E Iizr<ty — - E Liz,<ty — ﬁG(t) —p 0 almost surely with respect to Py, n — oo.
i=1 i=1

As convergence in distribution to a constant implies convergence in probability, see e.g.
van der Vaart (1998, Theorem 2.7(iii)) and as ﬁG(t) converges in probability to 0, for all
fixed continuity points t € [0,1]¢ of G-

1 n 1 n
— E T g I 7,<¢y — p 0 almost surely with respect to Py, n — oo.
n i n =

i=1 1=1

This yields the convergence of the corresponding probability measures, see for example
Billingsley (1995, Chapter 29) for a theory on R%:

1 n 1 n
dBL(ﬁ Z dzz, - Z dz,) — p 0 almost surely with respect to Py, n — oo,
i=1 i=1

respectively

dpr,(Pw: , Pw, ) —p 0 almost surely with respect to Py, n — oo.

As the space [0, 1]% is compact, we can use an argumentation similar to the proof of Theorem
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3.4.5. Then, for every € > 0, there is nq € N such that for all n > ny
€
dBL (*CP;{(Sn)a LPn(Sn)) < ga

respectively,

E [dis (Lr; (S0), £p, (S0)] < - (3.58)

The convergence of the term in part III follows simultaneously to part I for the distributions

Qn and Q. Hence, for every € > 0, there is ny € N such that for all n > ny

E [dL (Lq; (Sn), £q. (Sn))] < (3.59)

w | ™

The combination of (3.57), (3.58), and (3.59) yields for all n > max{ni,ns}:

E [dpr, (Lp; (Su) Lo+ (Sw)] < 5+ 5+ ==

As Lp+(Sy) and L= (Sy) are random variables itself we have, due to Huber (1981, Chapter
2, Theorem 4.2, (2)=-(1)), for all n > max{ni,na} :

dpr, (L(Lp;(Sn)), L(Lq; (Sn))) < e

Hence, for all € > 0 there is 6 > 0 such that there is ng = max{ni,n2} € N such that for all
n>mng:
dBL(Pn,@Qn) <8 = dBr(L(Lp;(Sn)), L(Lg;(Sn))) <e.

This yields the assertion. g

Although the assumptions on the statistical operator S, compared to Theorem 3.4.2, were
strengthened in order to generalize the qualitative robustness to a-mixing sequences in The-
orem 3.4.6 and 3.4.5, the M-estimators introduced in Chapter 3.3 are still an example for
qualitative robust estimators if the sample space (Z,dz), Z C R is compact. The com-
pactness of (Z,dz) implies the compactness of the space (M(Z2),dpL), see Parthasarathy
(1967, Theorem 6.4). As the statistical operator S is continuous, the compactness of M(Z)
implies the uniform continuity of S. Another example of M-estimators which are uniformly
continuous even if the input space is not compact is given in Cuevas and Romo (1993, The-
orem 4). Chapter 4.2.1 shows, that the SVM estimator is still qualitatively robust for the
empirical bootstrap. If the space Z = X x ) C R?, d > 1, is compact, the same holds for

the blockwise bootstrap for the given a-mixing sequences.
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Chapter 4
Support vector machines

The following chapter contains robustness and consistency results concerning support vec-
tor machines. First we give a short introduction to SVMs, the ensuing section contains
robustness and the last sections gives the consistency result. Again, if nothing else is stated

we consider Borel o-algebras throughout this chapter.

4.1 A short introduction to support vector machines

In recent years statistical machine learning and hence support vector machines became
more and more important. A lot of introductory literature on support vector machines is
available, for example Vapnik (1995, 1998) and Scholkopf and Smola (2002), Cristianini and
Shawe-Taylor (2000), and Cucker and Zhou (2007). Most of the definitions below can be
found in Steinwart and Christmann (2008). The goal of SVMs is to learn a relation between
input variables x € X and output variables y € ), that is a function f: X — Y, &Y
sets. This function should give a prediction of the output value y for a given input value x.
Therefore the algorithm is given a set of training data, consisting of pairs of input values
and output values (z;,y;), i € {1,...,n}, n € N. Then, based on the knowledge of the
training data, the predictor f is learned. The quality of the prediction is given in terms of
the loss function L and the risk R. The loss function L measures the distance between the

true value y and the predicted value f(x) and is defined as follows:

Definition 4.1.1 (Loss function) Let X' be a measurable space and Y C R a closed subset,

then a function L : X x Y x R — [0,00) is called loss function if it is measurable.

73
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Obviously a perfect prediction, i.e. the prediction equals the true value, should not be
punished. Therefore it is assumed, that L(z,y,y) = 0 for all (z,y) € X x Y, that is the
loss is zero if the prediction equals the true value. A few useful properties and examples of
common loss functions are stated later. By means of the expected loss, the risk, a predictor

f is considered to be "good" or "bad". The risk is defined as follows:

Definition 4.1.2 (Risk) Let L : X x Y x R — [0,00) be a loss function and P be a
probability distribution on X x Y, where ) is a Polish space. For a measurable function

f:X =Y, the L-risk is defined by

Ree(f)i= [

XxY

Liz,y, f(x)) dP(z,y) = /X /y Lz, y, f(2)) dP(yla) dPx(z),  (4.1)

where Py denotes the marginal distribution on X and P(-|z) denotes the reqular conditional

probability for o given X =x € X on Y.

Moreover we define the smallest possible risk, the so-called Bayes risk R} p, by Ry p(f) =
inf{Rr p(f) | f: X — R measurable}. A measurable function f* : X — R such that
Rp p(f*) = R} p is called a Bayes decision function.

Instead of minimizing over all measurable functions, the support vector machine minimizes
over a special Hilbert space consisting of functions, a so-called reproducing kernel Hilbert
space (RKHS) H with corresponding kernel k. Some properties of RKHS are listed below, for
a detailed description see Berlinet and Thomas-Agnan (2004) and Steinwart and Christmann

(2008, Chapter 4) for an overview.

This leads to the definition of the support vector machine:

Definition 4.1.3 (Support vector machine) Let L : X x Y x R — [0,00) be a loss
function and let H be a reproducing kernel Hilbert space. Let P be a probability distribution
on X x Y and let X\ € R, X > 0 be an integer. Then the support vector machine fr px is
defined via:

fr.px = arginfRy p(f) + A fl|%- (4.2)
feH

Additionally to the risk Ry, p the definition of the SVM includes a regularization term || f||%

to prevent overfitting.
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Moreover, for a given data set w, = ((x1,91),. .., (Tn,yn)) € (X x V)" the SVM computed

with respect to the empirical measure Py, = % D i1 0 is called the empirical SVM:

Ti,Yi)

R
L Py = arginf =Y " L(wi,yi, f (1)) + A Il (4.3)
fem M

To justify this definition for the non-i.i.d. case we again regard stochastic processes which
are Varadarajan processes or fulfil a law of large numbers. Then, the existence of a limiting
distribution P of the empirical measure is assured. The even weaker assumption of an
asymptotically mean stationary process is used in Chapter 4.4 to show consistency of the

SVM, that is stochastic convergence of the risk of the empirical estimate to the Bayes risk.

Steinwart and Christmann (2008, Lemma 5.1) provides the uniqueness of a SVM under
some mild conditions on the loss function L and the risk Ry p. Existence of a SVM is,
again under mild conditions on the loss function L, also shown in Steinwart and Christmann
(2008, Theorem 5.2).

Moreover representer theorems for the empirical SVM and for general SVMs are shown in
Steinwart and Christmann (2008, Theorem 5.8 and Theorem 5.6) and in De Vito et al.
(2003/04). In Steinwart et al. (2009) the representer theorems are also used for the non-

i.i.d. case.

While working with SVMs, often assumptions on the existence of moments with respect
to P are needed. As these assumptions restrict the applicability of SVMs, often the trick
of shifting the loss function L is used. Then the shifted loss L* : X x Y xR - R =
L(z,y,t) — L(x,y,0) is used instead of the loss function L. For details on this concept see
Huber (1981) and Christmann et al. (2009).

For the shifted loss L* existence and uniqueness as well as a representer Theorem can
be found in Christmann et al. (2009, Theorem 5,6,7) if the loss function L is Lipschitz
continuous. This concept is applied in Section 4.2 and 4.3 to show that the SVM estima-
tor is qualitatively robust under some assumptions on the statistical operator S for weak

Varadarajan processes and to give bounds on the maxbias.

As those results do not depend on the distribution of the data, they are also valid for general
stochastic process (X;,Y;)ien. In particular the proofs of these results do not rely on an

i.i.d. assumption of the stochastic process.
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Some properties of loss functions and reproducing kernel Hilbert spaces
Due to computational feasibility convex losses are often used, moreover continuity and
especially Lipschitz continuity are useful properties of loss functions:

Definition 4.1.4 Let L : X x Y x R — [0,00) be a loss function, then

L is said to be convez if L(x,y, ) : R — [0,00) is convex for all (z,y) € X x V.

L is said to be continuous if L(x,y,-) : R — [0,00) is continuous for all (x,y) €
X x ).

L is said to be locally Lipschitz continuous if for all a > 0:

L t)— L t
|Lla1 = sup sup [E(,9,1) /(:B,y, ) < 0. (4.4)
t,t'€[—a,al, t#t (x,y)EX XY |t —t ‘

L is said to be Lipschitz continuous if |L|; := sup,~q |L|s1 < o0.

There are several examples of loss functions. For example the classification loss L(y,t) =
L(—o0,0)(ysign(t)), which is not convex. Therefore, often the hinge loss L(y,t) = max{0,1 —
yt}, y = £1, t € R, is used as a surrogate loss. Moreover it is distinguished between
supervised losses L : J x R — [0,00), which are independent of the input value z, and
unsupervised losses L : X X R — [0, 00), which are independent of the output value y. In
the following only supervised losses are considered. Examples of supervised losses are the
least squares loss L(y, t) = (y—t)?, which is strictly convex but not Lipschitz continuous, the
logistic loss for regression L(y,t) = —In % and classification L(y,t) = In(1 + e~ %),
which are Lipschitz continuous and strictly convex. For more examples see Steinwart and
Christmann (2008, Chapter 2). According to their applicability the supervised losses can
be margin-based, used for classification problems, or distance-based, used for regression

problems:

Definition 4.1.5 (Margin- and distance-based losses) A supervised loss L : ) xR —
[0,00) is called

margin-based, if there exists a representing function ¢ : R — [0, 00) such that

L(y,t) =v¢(yt), ye Y, t €R.
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distance-based, if there exists a representing function ¢ : R — [0,00) such that 1 (0) =
0 and

Ly, t) =9y —t), ye Y, t e R.

Examples of margin-based losses are the hinge loss, the logistic loss for classification, or
the least squares loss ¢(y —t) = (1 —yt)?, y = £1, t € R. For distance-based losses and
y,t € R there is the least squares loss ¥(y —t) = (y — t)?, the logistic loss for regression
PY(y—t) =—In %, the e-insensitive loss ¢ (y —t) = max{0, |y —t| —¢}, and the pinball
loss

o) =)y 1), ify—1) <0
Yy —t) {T(y_t)’ Fly—1)30

The representing function 1 inherits some properties from the loss function L, in the margin-
based, as well as in the distance-based case. For example v is continuous, Lipschitz contin-
uous, and convex if and only if L is continuous, Lipschitz continuous, and convex, see e. g.
Steinwart and Christmann (2008, Lemma 2.25 and 2.33).

Another important tool for the analysis of SVMs is the reproducing kernel Hilbert space H,
respectively the corresponding reproducing kernel k. For detailed information on kernels
and RKHS see Berlinet and Thomas-Agnan (2004), Aronszajn (1950), and Steinwart and
Christmann (2008, Chapter 4). A kernel is defined as follows:

Definition 4.1.6 (Kernel) Let X be a non-empty set. Then a function k : X X X — R is
called a kernel on X if there exists a R-Hilbert space H and a map ® : X — H such that

for all x,x' € X we have
k(z,2') = (®(z), ®(2')).

We call ® a feature map and H a feature space of k.

There are several examples of kernels, a kernel which is often used in practice is the Gaussian
—a'|l3

RBF kernel k. ga(7,2") = exp(—HmT)a v > 0.

In general the feature space and the feature map are not uniquely determined. Therefore
the reproducing kernel Hilbert space (RKHS) is defined, which is in some sense a canonical

choice of feature space and uniquely determined.

Definition 4.1.7 (Reproducing kernel) Let X # () and H be a R-Hilbert function space

over X, i.e., a R-Hilbert space that consists of functions mapping from X into R.
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A function k : X x X — R is called a reproducing kernel of H if k(-,z) € H for all
x € X and the reproducing property

applies for all f € H and oll x € X

The space H is called a reproducing kernel Hilbert space (RKHS) over X if for all
x € X the Dirac functional 0, : H — R, defined by

0:(f) = f(z), f € H,

18 continuous.

The canonical feature map ® : X — H is given by

O(x) =k(,x), x € X,

In Steinwart and Christmann (2008, Theorem 4.20 and Theorem 4.21) the correspondence
between kernels and RKHS is given. Every RKHS corresponds to exactly one reproduc-
ing kernel, which is a kernel, and every kernel has exactly one RKHS, for which it is a

reproducing kernel.

The next theorem states a few inequalities, which are frequently used in the next sections.
Theorem 4.1.8 Let X be topological space and k a kernel on X with RKHS H.

Then k is bounded and k(-,x) : X — R is continuous for all x € X if and only if every

f € H s a bounded and continuous function.

Then we have

[flloo < lF Iz 1%l oo, (4.5)
1@ loc = jtég(lfb(x)(w/)\ < |lkl%  and (4.6)
12(2) % = (B(2), ®(2)) = k(z,z) < [|k]Z. (4.7)

For the proofs of this results, see Steinwart and Christmann (2008, Lemma 4.23 and 4.24).
Continuity of the kernel £ : X x X — R as well as measurability and further useful properties
of RKHS and kernels can also be found in Steinwart and Christmann (2008, Chapter 4).



4.2. QUALITATIVE ROBUSTNESS OF SUPPORT VECTOR MACHINES 79

4.2 Qualitative robustness of support vector machines

In this chapter, we use Theorem 3.1.3 to show qualitative robustness of support vector ma-
chines for non-i.i.d. observations, that is, we show that the estimator .S,, can be represented
by a functional S, which is continuous in P. For SVMs the estimator S,, maps the training
data ((w1,41),..., (Zn,Yn)) to a function frp, » € H and is given by the function which
minimizes A|| f||% + 2 S0, L(2i, s, f(25)).

To use Theorem 3.1.3 we would like to consider a statistical operator S : M(X x V) —
H, P~ fr px, but the SVM need not exist for every P € M(&X x)). By using the L*-trick,
see Section 4.1, we gain the existence of a SVM fr« p for every P € M(X x ), where the
SVM fr+ p is analogously defined as fr_px with the use of L* instead of L. Therefore, it

is easy to see: if f, p exists it equals fr« p, see Christmann et al. (2009).

Now we can define a statistical operator by

S: MXxY)—»H (4.8)

P frpx
in the sense that S(Pw,,) = Sn(Wn) = fL* Py, A-

Using the shifted loss function L*, qualitative robustness of the SVM estimator (Sy,)nen i8
ensured for any fixed regularization parameter A > 0 and under mild conditions on the loss
L and the kernel k, see Hable and Christmann (2011, Theorem 3.1).

However, the estimators (S, )nen are not consistent for fixed regularization parameter A. To
obtain consistency the fixed A\ has to be replaced by a sequence A\, converging to zero, as n
tends to oo, see e.g. Steinwart and Christmann (2008). But then Hable and Christmann
(2011, Proposition 5.2) yields that this sequence of estimators is not qualitatively robust
any more. This is not a special property of SVMs but an unavoidable consequence of the
fact that risk minimization is an ill-posed problem. For such a problem it follows from
Hampel’s second theorem that no estimator can simultaneously be consistent and robust,
see Hable and Christmann (2013). In order to find a good compromise between consistency
and robustness, we fix a possibly small A\g > 0 and allow for a sequence of regularization
parameters with A, — Ag. Then, the following theorem shows qualitative robustness for

the sequence of estimators Sy, : Wy, — frp, ., €ven in the non-i.i.d. case.
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Theorem 4.2.1 Let Z, H be complete separable metric spaces, let (Z;)ien, Zi + Q — Z =
X x )Y, be a stochastic process satisfying the weak Varadarajan property, Y C R closed,
(An)nen a sequence of positive real valued numbers with A\, — Ao, n — 00, for a A\g > 0. Let
Sy, 1 (X x V)" = H be the SVM estimator, which maps Wy, to fr«p, , for a continuous
and convex loss function L : X x Y X R — [0,00). Assume that L(x,y,y) = 0 for every
(x,y) € X x Y, that L is additionally Lipschitz continuous in the last argument, and that

the kernel k is continuous and bounded.

Then, the sequence of estimators (Sx, )nen s qualitatively (mq, )nen-robust at Py.

Remember, that the metric 7y, is defined by:
dn((z1,-- s 2n), (21, .., 2)) = inf{e >0:#{i:dz(z,2) > e}/n <e}.

Proof of Theorem 4.2.1: To prove qualitative robustness of the SVMs we choose an
arbitrary € > 0. Similarly to Hable (2013, Lemma 9(b)(i)) we have:

An — Ao
AnAo

1L Pay A = JL* Puy Mol < 2L [ loo, (4.9)
where L* is the shifted loss function and |L|; denotes the Lipschitz constant of L respectively
L*. In Hable (2013, Lemma 9(b)(i)) the above result is given for the regular loss L, but
the proof is the same for the shifted loss L* except for the last step. Here || fz+p,, o llz <
%OHLHLHkHom see Christmann et al. (2009, Proposition 3(iv)), can be used instead of the
corresponding bound by use of the risk.

According to (4.9), with \,, — \o, there exists ng € N such that, for every n > ng, w, € Z™:
| f2 Py A — L5 P, Mol < 5. Now let n < ng. Due to the regularity assumptions on the
loss function L and the kernel k, the qualitative (74, )nen-robustness for the estimator
wy, — arginfrey A||f[|%+2 >0 L*(2,y, f(z)) follows from Hable and Christmann (2011,
Theorem 3.1). Hence we have for the estimator S, : Wy, — fr«p, ,: for every € > 0 and

for every n < ng there is 6,, > 0 such that:

de(PnaQn> < 5n = WdH(Sn(Pn)7Sn(Qn)) <e.

For n > ng, choose 0y, such that mg, (P, @Qn) < 0p, implies ﬂdH(SQO(Pn),S,’l\O(Qn)) <5,
where SN0 : w,, JL* Py, Ao for the fixed Ao, which is again possible due to Hable and
Christmann (2011, Theorem 3.1). Now let a measurable A C H be arbitrarily chosen and
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define D, := S, 1(A), then

Su(Pa)(A) = Pa(S,'(A)) = Pu(Wy,) < Pu((S30) (A7)

because [|Sn(wn) — Sp®(Wo)llir = || few, An — fPu, tollir < § by assumption and therefore
W, C (S})"1(A%/?). Remember, that A° = {z € H : dy(z,A) < €}. By use of the

qualitative robustness of Sy, and the choice of dy,, it follows, that:
Su(Pa)(A) < Pa((830) 71 (A7) < Qu((Sp°) 1 (AT3H/%)) + %
and with the same argument as before: Q,,((S}0)~1(A%/3)) < Q, (S, 1 (A%/3+¢/3)). So,
Su(Pa)(A) < Qn(S,7(A%)) +2/3 < Qu(S, (A7) +¢

and therefore for every n > ng: if mq, (P, Qn) < On,, then 74, (Sn(Pp), Sn(Qr)) < e. Now
choose § = min{d1,...,0n,}- O

The proof above shows, if we have qualitative robustness for the sequence of estimators
Snt 2" — H, wy = fr-p, a for fixed A > 0, the sequence of estimators S, : Z" —
H, wn = frp,, A, is also qualitatively robust for A\, — Xo, n — oo, Ag > 0. A
similar argument as above can be used to show qualitative robustness of the bootstrap
approximation for the SVM estimator for independent, not necessarily identically distributed

stochastic processes, see Theorem 3.4.2, Chapter 3.4.

Corollary 4.2.2 Let Py = ®;enP?, P' € M(Z) be an infinite product measure such that
the coordinate process (Z;)ien s a strong Varadarajan process. Define the set of product
measures on ZY, P := {Qn € M(Z"); Qn = ®ienQ’, Q" € M(Z)}. Let (An)nen be a se-
quence of positive real valued numbers with A, — Ao, n — 00, for a A\g > 0 and let
Sx, 1 (X x V)" — H be the SVM estimator, which maps wy, to fr«p, A, for a continuous
and convex loss function L : X x Y xR — [0,00). Let L(x,y,y) = 0 for every (z,y) € X x ),
let L be Lipschitz continuous in the last argument, and let the kernel k be continuous and
bounded.

Then the sequence of bootstrap approzimations (Lpx(Sn))nen 45 qualitatively robust at Py

with respect to P.

Proof: The regularity assumptions on the loss function L and the kernel k imply the
continuity of the statistical operator S : M(X x )) — H, see Hable and Christmann (2011,
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Theorem 3.2), as well as the continuity of the estimators S, : (X x V)" — H, w, —
S Pw, Ao for every A, € (0,00), n € N. Hence, for fixed X the bootstrap approximation
of the SVM estimator Sy, : wy, — fr+p, A is qualitatively robust, that is, for every ¢ > 0
there is § > 0 such that there is ng € N such that for all n > ng and for all Qn € P:

dBL(Pn,Qn) <) = dBL(ﬁ(ﬁp;: (Sn)),E(EQ:L(Sn))) <eE.

Moreover the proof of Theorem 3.4.2, (3.40), and the strong equivalence between the
bounded Lipschitz metric and the Prohorov distance on Polish spaces, see e.g. Huber
(1981, Chapter 2, Corollary 4.3), yield: for every € > 0 there is § > 0 such that there is
no € N such that for all n > ng and if dpp,(P,, @n) < ¢:

7(Lpx(Sn), Lgz (Sn)) < € almost surely.

Similarly to the proof above, for every € > 0 there is n. such that for all n > n.:

Wl m

L% Payy A — JL* Puy Mol <

Now, the same argumentation as in the proof above for the cases ng <n < n. and n > n.

for the sequence of estimators Sy, : wn = frp,, . yields the assertion. O

As already described for M-estimators at the end of Chapter 3.4.2, the statistical operator
S : M(Z) — H is uniformly continuous if the space Z is compact. Therefore qualitative
robustness of the bootstrap approximation of the SVM estimator for a-mixing sequences
with values in [0,1]%, d > 1, follows in the same way as above. By assuming the space X x )/
to be compact, Theorem 3.4.5 and 3.4.6 yield the qualitative robustness of the bootstrap
approximation for the SVM estimator for fixed regularization parameter A under the as-
sumptions on the kernel and the loss function given above. Then the same argumentation

as above yields the qualitative robustness of the bootstrap approximation of (Sy, )nen-

4.3 Quantitative robustness of support vector machines - max-

imum bias

Besides qualitative robustness we shortly regard the maximum bias of SVMs, which is a
quantitative approach to robustness. Quantitative robustness describes the influence of a

small change in the underlying distribution to the test statistic S, : Z" — H or to the
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distribution of the estimator £(S,). This can be useful, for example, to select a statisti-
cal procedure, whereas the qualitative robustness does not give a quantitative measure to
compare two stochastic procedures. There are many more different kinds of quantitative
robustness, for example the influence function, the sensitivity curve, and the breakdown
point, see Huber (1981, Chapter 1.4 and 1.5) for a detailed description.

Again we are concerned with the SVM estimator Sy, : 2" — H, w, — fr«p, . for fixed
A > 0 and a dataset w,, = ((z1,91), ..., (Tn,Yn)), respectively the operator S : M(Z) —
H, P— fL*,P,)\; see (4.8).

To describe the term "small change" of the underlying distribution, neighbourhoods of the
true distribution P are investigated. Commonly used neighbourhoods, see for example

Huber (1981), are the contamination neighbourhood Neon

Neone(P) :={P: |Q = (1 —e)P+Q, Q € M(2)}, (4.10)

which is not a neighbourhood in the topological sense. And the total variation neighbourhood
Nry
Ny e(P) :={Q € M(Z) | drv(P,Q) < ¢}, (4.11)

where € > 0 and

drv(P,Q) = sup |P(A)— QA)| = sup ‘/fdP /fdQ‘

AeB(2) 7ozt 2
is the total variation metric. Note that dpv (P, Q) < 1, for every P,Q € M(Z2).

A characteristic which is often used to describe quantitative robustness is the mazimum
bias. An estimator is said to be quantitative robust if the maximum bias is bounded for
sufficiently large €. To compare two statistical methods the estimator with the smaller
maximum bias is considered to be better. The following definition is a straight forward

modification of the definition in Huber (1981, p.11) to our set-up.

Definition 4.3.1 (Maximum bias) Let Z, H be complete separable metric spaces, let S :
M(Z) — H be a statistical operator, then the mazimum bias of S is defined by:

be, P) = sup [[S(P) = S(Q)lu- (4.12)
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The following theorem shows, that there exists a linear bound on the maximum bias of the
SVM estimator S : P +— fr= p. This result is similar to the results in the i.i.d.case which
also provide a linear bound on the maxbias, see e.g. Christmann and Steinwart (2004,
Remark 14) and Christmann et al. (2009, Theorem 12).

Theorem 4.3.2 Let Z = X X Y be a complete separable metric space, Y C R, let S :
M(Z) = H, P~ fr-px be the SVM operator in (4.8), let L : X x Y x R — [0,00[ be a
convex, Lipschitz continuous loss function and L* : X x Y xR — R the shifted loss function,
let H be the RKHS to a continuous, bounded kernel k : X x X — R and X\ > 0, then the

mazimum bias b(e, P) is bounded:

i) for the contamination neighbourhood
1
beon (g, P) < XCE, (4.13)

i) for the total variation neighbourhood

1
bTv(E,P) < XC&‘, (4.14)
where C' > 0 depends on the loss function L and the kernel k.

Proof: The proof of Theorem 4.3.2 is based on the representer theorem which can be found
in Christmann et al. (2009, Theorem 6).

i): Let P € M(X x ) be a fixed probability measure. Then for every ¢ > 0, for every
P. € Neone(P), i.e. for every P. = (1 —¢)P +eQ, Q € M(X x )), the maximum bias is
given by:
bcon(f‘:yP) = Ssup HS(P)_S(P&‘)HH
PEENcon,E

= sup |[frpx— frepoallH-

e E€Ncon,e

The representer theorem, see Christmann et al. (2009, Theorem 6), ensures the existence
of a bounded function hp : X x Y — R, element of the subdifferential (see Definition A8)
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OL(x,y, fr= px(x)) of the loss function L, such that for all A > 0:

1
| foepx — frepoplly < X |Ephp® — Ep.hp®||

1
S H/ hp® dP — hpdd ((1—5)P+5Q)H
MMl xxy XxY H

[

H

hp®d(P —
g/Xxy i ( Q)H

H
1
< Sellhplloe sup [ B(@) L dry (P, Q).
TEX
As L is Lipschitz continuous, the function & is bounded by the Lipschitz constant |L|; of L,
respectively L*, see Christmann et al. (2009, Theorem 6). Moreover ||®(x)|g < ||k]/co, s€€

(4.7), and dry (P, Q) < 1, for all P,Q € M(X x )). Hence:

1
bcon(gap) < XE‘LthHOO

The proof of part ii) is similar to the first part: Fix any P € M(X x Y) and A > 0. Then,
for every € > 0, for every Q € N v, i.e. for every Q € M(X x ), with dpy(P,Q) < e:

brv(e,P):= sup [|S(P)—-S(Q)lu

QENTV ¢

= sup |fr,pa — freally
QENTV ¢

1

< sup — HEphP(I) — Eth(I)HH
QENTV ¢

<

1
S 1hpllso sup [|@(2) | mdry (P, Q)
A TeEX

(471
< JelLhlkle.

0

Clearly, the maximum bias b is bounded if the kernel k is bounded, and therefore the SVM
fr+ P is bounded.

As the computation of empirical SVMs is based on a data set, we shortly discuss the max-
imum bias for two empirical measures: Let Py, be the empirical measure for the data set

(21,...,2,) and Py, the empirical measure for (2155 20)-
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If (2],...,2,) equals (z1,...,2,) except from a fraction «, then the maximum bias, anal-
ogously to the theorem above, is bounded by %Ca. That means, if an experiment is done
twice for the same input variables x and the output values are the same except from a few,
then the bias of the estimates is smaller then %Ca. This can be seen by following the proof
of Theorem 4.3.2 and by computing drv (Puw,,, Pw;,) = supj | <1 : }% Yo f(z) — f(zl’)‘ <
S 1) — £ <

Regarding rounding errors, that is the difference between the observations |z; — z/| of two
data sets is smaller than 0 for all ¢ € 1,...,n, the maximum bias b is smaller than %C.
Again computing dry: drv(Pw,, Pw:,) = Supjj <1 32500 f(z) = f(2))] <1 leads the
assertion.

Now assume, that (2, ..., 2/,) results from (z1,...,2,) by adding n’ —n,n’ > n data points,
then b < %C- non

n

Besides robustness another important property of an estimator is consistency. The next
chapter introduces L-risk-consistency of support vector machines, which justifies, that the

estimate f can be learned on a given data set and converges to the theoretical solution.

4.4 Consistency of support vector machines

As the theoretical distribution of the data generating random variables is commonly un-
known, the predictor f is learned from a given data set. That is, an empirical estimate
is used instead of the theoretical solution. Therefore it is crucial to claim some kind of
convergence of the empirical result to the true theoretical solution, that is consistency in
a probabilistic sense. Here, we examine L-risk-consistency of support vector machines, i.e.
convergence in probability of the expected loss of the empirical estimate to the theoretically

expected loss.

In thei.i.d. case the risk Ry p(f) is computed with respect to the distribution P = £(Z;), i €
N. For general stochastic processes we do not require the random variables to be identically
distributed and independent, so no intuitive choice of distribution exists. Moreover, as
working with the empirical SVM, we need to ensure that this definition is reasonable for
the non-i.i.d.case. Hence, we assume convergence of the empirical measure to a limiting
distribution. Therefore we work with processes which are asymptotically mean stationary

(AMS). Remember from Chapter 3.2.2, a process is called asymptotically mean stationary,
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if there exists a probability measure P € M(Z) such that

1 n
P(B) = lim — > EulpoZ;, forall B € B. (4.15)
=1

In particular, every strongly stationary process is AMS. The AMS property indicates that
there exists a limiting distribution P such that the distribution of the random variables
asymptotically equal each other, hence this choice intuitively implies the computation of

the risk with respect to the limiting distribution P.

AMS processes are introduced for dynamical systems in Gray (1988) and are used for general
stochastic processes in Steinwart et al. (2009). Many examples for AMS processes are
provided via Varadarajan processes, see Chapter 3.2, and processes which satisfy a law of
large numbers for events, see Steinwart et al. (2009). Both notions imply convergence of the
empirical measure to a limiting distribution P and the AMS property, see (Steinwart et al.,
2009, Theorem 2.4) and Lemma 4.4.1 below.

Additionally, a process which satisfies a (weak) law of large numbers for events is a (weak)
Varadarajan process, see Theorem 3.2.1. Examples are a-mixing processes, certain Markov
chains, weakly dependent processes or strongly stationary ergodic processes, see Steinwart

et al. (2009) and Chapter 3.2.1 for more examples.

Lemma 4.4.1 Let (2, A, p) be a probability space and let Z be a Polish space equipped with
the Borel o-algebra B. Then, for a stochastic process (Z;)ien, Z; : Q@ — Z, 1 € N, the weak
Varadarajan property implies the AMS property. That is:

1 n
©(Pw,,, P) — 0 in probability = ILm — ZEMIB o Z; = P(B), for all B € B,
n—oo N
i=1
where P is the limiting distribution of the Varadarajan process.

Proof of Lemma 4.4.1: Let B € B be a Borel set. Therefore, countable many open
subsets B; C Z, i € N, exist such that B = |J;cy Bi. Without loss of generality we assume
B; to be pairwise disjoint. Hence Ip(2) = >,y IB;(2).

By assumption (Z;);en is a weak Varadarajan process, that is, due to Dudley (1989, Theorem
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11.3.3), equivalent to
ol : "
lim — g foZ;, = /fdP in probability, for all f € Cy(2).
n—oo n —

Hence, for all f € Cy(Z), there is m € N such that for all n > m:

,u({wEQ ‘ ZfoZ /fdP >5}>_5. (4.16)

Now for every B;, i € N, define the function f;, : 2 = R, fi,(z) = min{l,nd(z, Bf)},
n € N, where Bf = Z\B; and d(z, Bf) := infzepe dz(2, Z) measures the distance between

the point z € Z and the set Bf C Z and dz denotes a metric on Z. It can easily be seen,
that this function is continuous and for every 6 > 0 and ¢ € N there exists n; € N such that
1B, = fimn;lloo < 6. Then, for every € > 0 there are n; € Nsuch that || Y.y fin, —IBlloe < 5
By choosing a suitable partial sum we approximate ) ; .y fin, as follows: for every ¢ > 0
there exists ng € N such that || Yo fin, — 2oieq fimlloo < 5

Therefore, for every ¢ > 0 there is ng € N and there are positive integers ni,ng, ..., ny,
such that

no
1D fimi = Bl <.
=1

The function Y1, f;n, := F'is continuous as it is a finite sum of continuous functions. Addi-
tionally |F'| < 1 by definition of the functions f; ,,,. Hence, for all n > max{ng,n1,...,n,,, m},
n € Ny, the triangle inequality yields:
1 1
—Y EuIpo Z;— P(B)| = ‘/ZIBoZidu—/IBdP
n “ n -
i=1 i=1
= ‘/ Z IBOZ /IBdP:| du

1 n
< /n;]IBoZi—FoZi]d,u—i—/ n;FoZi—/FdP n
+/U1F—IBydP] du
< 25+/ 1ZFoZi—/FdP dul .
ni:l
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Due to the Varadarajan property and the continuity and boundedness of F', (4.16), yields
for A.:={weQ ||t Y FoZw)— [FdP| >e} and AS = Q\A.:

[[irea frar
[ [i5rea- frar

dp

du| +

1 n
Aan<FoZZ-—/FdP> du
€ =1

(4.16) 1<
< 5+/ ZFoZi—/FdP du
Ag |
< 2¢e.
Therefore, for all B C B,
R
nl;n;onZ;/IBoZi—/IBdP dp = 0. O

Now, we define L-risk-consistency of SVMs for AMS stochastic processes with different
dependence structures. Using the empirical SVM ff py, ), as an estimate for the true
solution fr, p»,, it is important to show consistency. In our case we require the L-risk-
consistency of the SVM. That is the stochastic convergence of the risk computed for the

empirical SVM to the Bayes risk.

Definition 4.4.2 ( L-risk-consistency of support vector machines) Let P be a prob-
ability distribution on a Polish space Z =X x Y and let L: X x Y x R — [0,00) be a loss

function. Then a learning method is said to be L-risk-consistent for P if, for every e > 0,

RL p(fpw, an) = Rpp in probability, n — oo,

where R, p is the Bayes risk. Moreover, the learning method is called universally L-risk-

consistent if it is L-risk-consistent for all probability distributions P on Z.

For general stochastic processes this definition is only reasonable if the distribution P is
related to the process (Z;);en. Hence processes which are asymptotically mean stationary
and therefore provide the existence of a limiting distribution P are regarded. Then the risk

is computed with respect to this distribution.



90 CHAPTER 4. SUPPORT VECTOR MACHINES

As explained in Section 4.1, instead of searching for the minimizer f among all measurable
functions, SVMs are computed for a RKHS of functions. Informally spoken, we can still
achieve convergence against the Bayes risk if the RKHS is large enough. The term "large

enough" can for example be defined via universal kernels:

Definition 4.4.3 (Universal kernel) A continuous kernel k on a compact metric space
(X,dx) is called universal if the RKHS H of k is dense in C(X), i.e. for every function
g € C(X) and all € > 0 there exists f € H such that

Hf _gHoo <e.

For universal kernels, Steinwart and Christmann (2008, Corollary 5.28) shows that the Bayes
risk can be approximated by the minimal risk computed over all functions in the RKHS,
for continuous integrable Nemitsky losses, in particular for Lipschitz continuous losses. The
Gaussian RBF kernel and the exponential kernel, for example are universal, see Steinwart
and Christmann (2008, Corollary 4.58).

For the i.i.d. case universal L-risk-consistency, also for non-compact input spaces X, is for
example established in Steinwart (2002), Zhang (2004), Steinwart (2005), and Christmann
and Steinwart (2007). Moreover learning rates for SVMs corresponding to different loss
functions can be found in Koltchinskii and Beznosova (2005), Steinwart and Scovel (2007),
Blanchard et al. (2008), for classification, and in De Vito et al. (2005), Steinwart and
Christmann (2011), and Eberts and Steinwart (2011) for regression. Unfortunately, universal
consistency, that is consistency for general stochastic processes, can not be achieved without
any assumptions for the non-i.i.d. case. In Steinwart et al. (2009, Theorem 2.2), for example,
it is shown that it is impossible to show universal consistency for processes which satisfy a
law of large numbers for events. Therefore special classes of dependencies, namely a-mixing,
C-mixing and weakly dependent processes (in the sense of Doukhan and Louhichi (1999))

are investigated throughout the next chapters.

Often consistency is proven via concentration inequalities, for example using Hoeffding’s
inequality or Bernstein-type inequalities, in order to additionally achieve learning rates,
see Boucheron et al. (2013) for an overview of different concentration inequalities. For the
non-i.i.d. case there has been some effort in showing consistency of SVMs via concentration
inequalities. A dependence notion which is widely used, is the mixing notion. In Xu and
Chen (2008), Sun and Wu (2009), Pan and Xiao (2009) consistency and learning rates

are achieved for SVMs using the least squares loss function under a-mixing conditions.
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The article Hang and Steinwart (2015) shows a Bernstein-type inequality for o- and C-
mixing, which implies the consistency of empirical risk minimization (ERM) algorithms and
support vector machines, while Kulkarni et al. (2005) establishes consistency of regularized
boosting algorithms for 3-mixing sequences. Zou et al. (2009a) gives generalization bounds
of ERM for a-mixing sequences and Zou et al. (2009b) provides consistency of the ERM
algorithm for uniformly ergodic Markov chains. Based on Markov’s inequality, Steinwart
et al. (2009) presents consistency of support vector machines for a-mixing processes, which
provide an uniform decay of the mixing coefficients and a stability assumption. In Smale and
Zhou (2009) consistency for regularized online learning for Markov chains is given. Fender
(2003) examines ERM for martingale and mixingale structures. As the properties of these
dependence structures are hard to transfer to the loss function, the dependence structures
therein are not defined for the observations but for the losses. Moreover a Bernstein-type
inequality for weakly dependent random variables is shown in Doukhan and Louhichi (1999,
Theorem 4.5). As we have a slightly different consistency result we do not work with
this Bernstein-type inequality but show consistency for weakly dependent processes using

Markov’s inequality.

The consistency for SVM estimators is established, in Theorem 4.4.4, under common as-
sumptions on the reproducing kernel k& and on the loss function L. Moreover we assume
almost sure convergence of # Sty Ly, 0Zi— [Ly, o Zijdy — 0, n — oo, for some
0<r< % and for uniformly bounded functions f,, n € N. The proof is based on Markov’s
inequality and the convergence above. Contrarily to Steinwart et al. (2009), where consis-
tency of the SVM estimator for a-mixing processes is shown in a similar way, we do not
need strict assumptions on the stochastic process or on the decay of the mixing coefficients,
but require the stochastic process to be asymptotically mean stationary, as long as the con-
vergence assumption is fulfilled. On the other hand our restriction on the input space &
to be compact is stronger than in Steinwart et al. (2009). Theorem 4.4.10 shows that an
assumption on the a-mixing process, as used in Steinwart et al. (2009, Theorem 3.4), al-
ready leads to the required convergence (4.17) and therefore guarantees consistency without
additional assumptions on the process. In particular we need the AMS property as well
as either the convergence assumption or certain dependence conditions on the stochastic
process. Theorem 4.4.6 and Theorem 4.4.12 show that several weakly dependent (in the
sense of Doukhan and Louichi) and C-mixing processes satisfy (4.17). That is again, conver-
gence is given by conditions on the weak dependence coeflicients respectively on the mixing
coefficients. Moreover Theorem 4.4.12 covers Lipschitz continuous loss functions, whereas

the L-risk-consistency which is shown in Hang and Steinwart (2015) via the Bernstein-type
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inequality, applies for the least squares loss, which is not Lipschitz continuous. Also (4.19)
covers more processes, as the assumptions on the process are weaker, see also Theorem
4.4.12. But, unlike Hang and Steinwart (2015), we do not achieve learning rates.

For notational convenience we write: Ly o Z; := L(X;,Y;, f(X;)) and E, fo Z; = [ fdP".

Theorem 4.4.4 (L-risk-consistency of support vector machines) Let (2, A, 1) be a
probability space, let (Z,dz) = (X x V,dxxy) be a separable metric space, let (X,dx) be
compact, and let Y C R be closed. Let L: X x Y x R — [0,00) be a convexr and Lips-
chitz continuous loss function which is also continuous in (x,y) for all (z,y) € X x Y, and
SUP(gy)exxy L(,y,0) < S, for some constant S € (0,00). Moreover let H be the repro-
ducing kernel Hilbert space of a bounded continuous kernel k : X x X — R and let (Z;);en,
Zi : Q — Z be an asymptotically mean stationary stochastic process. Let 0 < r < % be a

real number such that:

n

1
Z (Lfn o Z; — /Lfn o Z; du) — 0 almost surely, n — oo, fn€G, (4.17)

nl—r :
=1

where G is any uniformly bounded subset of functions f € H, i. e. there is a constant M > 0
such that || fllg < M for all f € G.

Let (Ap)nen C (0,00) such that A, — 0 and A\,n” — oo, and let the sequences (f% ZPi,/\n)”EN
and (f[P’wn(u)v\n)"EN be bounded for all w € Q, i. e. there are constants M, M > 0 such that
1252 pos, llm < M and || feg,, o llz < M, neN.

Then:
RL,p(f]me,\n) — RE,P,H in probability,n — oo, (4.18)

where R} p = infrey [ L(z,y, f(x))dP is the Bayes risk over H.

Remark 4.4.5 For practical purposes, convexity and Lipschitz continuity are common as-
sumptions on the loss function L.

Moreover the continuity assumption in (x,y) on the loss function L is not restrictive. For
example, every supervised, distance-based continuous loss is also continuous in (y,t). As
(y,t) — y —t is continuous and Y (r) is conltinuous the composition is also continuous. The
same applies for continuous margin-based loss functions, as again (y,t) — yt is continuous.
As we also assume the loss function L to be continuous in the last argument we implicitly
ensure the continuity of the representing function .

The assumption on the uniform boundedness of the sequences of SVMs (f% S P Jnen and

n

(fPWn(w)1)‘n)n€N for all w € Q with respect to || - ||, however is not easy to check in practice.
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Proof of Theorem 4.4.4: With help of the triangle inequality we split the proof in two

parts:

[Rep(fow,2) = Ripul

+ ‘RL,P(J‘% s pin,) ~BLpm (4.19)

1 11

where 250 Pl = 15" Zi(p).

< ‘RL,P(fIPWn,)\n) —Rrp(fiyn piy,)

Part I: The first part of the proof shows the convergence in probability of term I in (4.19).

By assumption the kernel k is bounded. Therefore f € H is bounded, see Steinwart and
Christmann (2008, Lemma 4.23). Hence, the function L(-,-, f(-)) satisfies for all f € H:

sup L(SE,y,f(ZL')) < sup |L(CL‘,y,f(£L‘))—L(IE,y,O)‘+ sup |L(£C,y,0)|
(z,y)EX XY (z,y)EX XY (z,y)EX XY

< L[ fllee + 5 < o0,

because SUDP(3,4) € x Y L(z,y,0) < S by assumption. Using (4.5), || fllec < |kllcoll f |l 2z, We

have:

sup  L(z,y, f(z)) < S+ L1l fllallkllec < o0 (4.20)
(z,y)EX XY

Moreover, this yields Ry, o(f) < oo for all probability measures @ € M(Z), f € H, and in
particular the existence of the risk RL,% s pi(0) for every LS, Pl

Additionally for a uniformly bounded (with respect to || - ||z ) class of functions G C H,
this yields the existence of a constant Cr, > 0 such that

sup  L(z,y, f(z)) < Cf.
(z,y)eX XY

That is L(-,-, f(+)) is uniformly bounded for all f € G.
According to the Lipschitz continuity of L we have:

1 ({w € Q| ‘RL,P(fIP’wn(w),An) - RLvP(f%ZPi:An)‘ = 6}>

< w({w e lizh |[frw,wan — Frsra,

L2)

@ M({wem|L!1Hk\|oonPwn<ww‘f%ZPW H )
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Markov’s inequality, see for example Hoffmann-Jorgensen (1994, Theorem 3.9), and the

boundedness of the functions f € H, due to the boundedness of the kernel, see (Steinwart

and Christmann, 2008, Lemma 4.23), yields:
=)

OOE HfIP’wn,An f1 ST P,

L ({w €N ‘ |L|; Hf]pwn(w An flzpi,,\n
|L\ Hkll
g2

2

(4.21)

Now, as X is compact and therefore separable, the RKHS H is separable, see Steinwart
and Christmann (2008, Lemma 4.33). According to the generalized representer theorem
in Steinwart and Christmann (2008, Theorem 5.10) and due to the Lipschitz continuity of
the loss function L, there is a function hg : 2 — R, Q € M(Z), which is element of the
subdifferential (see Definition A8) 0L(x,y, ) of L(x,y, fox,(z)), such that:

1
for, = _KEQ (ho®), forall @ e M(Z).

Here ® : X — H denotes again the canonical feature map of the kernel k£ and the integral

with respect to @ is a Bochner integral. In particular we have

1 1
Fowntn = =53 Ebw, (p, ®) and f15-piy, = —51Eisp (hiym®).  (422)

Hence,

<fJP’wn,/\n flzpu\naflf’wm An flzpl,\n>

2
HfPan/\n - f%zpi,xn i =

4.22 1
( ) <fPWn,)\n f%zpiﬂn’_iEPWn (hPWn(I))_FKE%ZPi (h%ZPz(I)>>H
1
= ﬁ<fpwn7)\n - f%ZPiJ\TN]E%ZPi (h%ZPL¢>>H
1
_ E(fpwnm — 15 pinEpw, (hw, ®))- (4.23)

Now the reproducing property

f@) =}, 2(x)y = (fi k(@) v € X, feEH, (4.24)
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of the kernel and (4.23) yields

HflP’wn,An —fispin, j{
2;\ (E1 s pi <h1 S pi <f1P>wn,>\n f%zpi,)\n» + Epy, (}”P’wn (f%ZPi,/\n B fPWn’A“)» '

(4.25)

As the functions h]pwn,h 1y pit X x Y — R are elements of the corresponding subdiffer-
entials OL(x,y, ), the following inequalities apply, see Denkowski et al. (2003, Definition
5.3.20),

h]P’wn (.CE, y) (f% S P, (:B) - fPWm)‘” (.’L’)) < L(.’IJ, Y, f% S P, (l‘)) - L(.’L’, Y, fIP’Wn,/\n ($)),
s p1(9) (Foaw (@) = P52 i, (2)) € L3 Fo, 00 () = L@ 0. F 52, (@)
for all (z,y) € X x Y. Using this, (4.25) gives:
E%Z i (h%zpz (fIP’WW,\n - f% zPi7>\n>> + EPWn (hIPWn <f%ZPi7/\n - fIP’wn,/\n)>
<Eiyp (Lfn)wn,xn —Lfy zmn> + Epy,, (Lf%zpm - qu»wn,xn)

(/ Lf]PW"’A" AP’ - LfPWn**" °Zi+t Lf% S PiAn °Zi~ /Lfi S PiAn dPi) .

(4.26)

Applying (4.23), (4.25), and (4.26) to (4.21) we have:

2

2

u({w € Q1T Ikl || fow, o = 1551,
LRI

OOE Hf Wn7)\ﬂ lePz An

LEIHE. P
252)\n ©w <f[P’wn,)\n f%ZPZ7,\n7 %Zpl %sz >H

,\ ,\
- -
ANSERVAN S
w =
Nt =z

_<fIP’wn,/\n - fTIL ST P A EPW” hPWn @)H}

n

1 .
52 </LfPWn7/\n dP’ _ LfPan’\n OZi

=1

+Lf%2pi,,\n oZi - /Lflzpi)\n(x) dPI>:|

1 — A
EODY RIS DL NNEE
i=1 =1

@m0 LRI
22\, M

|LIZ[I%13
2e2 )\,
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n

LB [ L oy
- 252)\nnr H nl-r Z f]P’Wn,An fﬂ”wn-,)\n 0 44
i=1

Contrarily to f1 S P the function fpy, », is a random element with respect to p.

By assumption the kernel k is continuous. Therefore every f € H is continuous, see Berlinet
and Thomas-Agnan (2004, Theorem 17), in particular every SVM fp, 5,

Let K := {fpwn(w)m,w €EQlne N} be the set of support vector machines for the prob-
ability measures Py, (), w € £, n € N. By assumption the sequence ( wan(w),An)neN is
bounded by M, for all w € €2, and therefore K is a uniformly bounded subset of H.

The reproducing property of the kernel yields the equicontinuity of the functions f € K:
Let dy be the metric on X. By assumption the kernel k is continuous, that is, for every
e > 0, there is § > 0 such that for all 2’ € X:

dy(z,2') <0 = [k(,2) = k(,2")||lu <e.

Due to the reproducing property of the kernel, see (4.24), we have for 2’ € X with dy(z,2’) <
o:

F@) = £ “E kG @) — kG u| = [ kG, 3) — k(2]
< UflallkCsz) = k2 < 1 Flle.

And by assumption || ||z is bounded by M, hence

[f(@) = f(@)] < |fllme < Me.

Hence K C C(X) is equicontinuous. As & is compact and K uniformly bounded by assump-
tion, the Theorem of Arzela-Ascoli, see for example Dudley (1989, Theorem 2.4.7), states:
K is totally bounded with respect to || - ||cc on X. That is for every £ > 0 there is a finite
subset K C K such that for every f € K there is g. € K such that ||f — g:||co < €.

In particular, for every n € N there is a finite subset K, of K such that for all n € N and

for all functions fpy, () A there is a function g, ., € K such that

1

HfPWn(w)z)‘n — Gnwlleo < e (4.27)
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Note, that gn. depends on n and w as it is the corresponding function to fpy, () but is

n?

an element of a finite subset K,, C K. And remember, that the loss function L is Lipschitz

continuous.

Then,

B, [ U~ o
2¢2)\ nr - H | pl-r Z f]P’Wn,An f]PWny,\n O 4
" i=1

R [ SN[ e [, ap
a 2e2\,n"  F | nt-r feswr,, An In,w
=1
* (/ Lgnw dPZ B Lgn,w © Zl) + (Lgn,w 0 Zl - LfIP’wn,An 0 ZZ):|:|
L3 |1%1%

IN

2e2\,n" M

1 & . 4
nl-r Z <'/Lﬁ?’wymn dp* — /Lgn,w dpr*
i=1

1 « ;
=1

+/Lgn,w dPZ - Lgn,w © ZZ + |L‘1||gn o Zl - fpwn,)\n © ZZHOO>:|

1 & [2|L| :
nl_r Z( nr +/L97z,w dP _Lgn,w OZZ)

i=1

ILIFIRIZ, | LN 1 < ;
= g2 \,n" + 2eZ\,n" Ey ;Iel?()i nl-r z; LgdP' = Lgo Z;
=

)

|LIFII*]I%
- 2e2\,n" M

@20 |LIR]E(3
< "
2e2 )\, n"

Now, Assumption (4.17) yields the existence of a set N C Q with pu(N) = 0 for every
arbitrary sequence (fy)nen, fn € H, which is uniformly bounded, such that:

1< ‘
= (/ Ly, dP'— Ly, o Zi(w)> — 0 for all w € Q\N, n — oo.
n
=1

Choose f,, = argmaxgecgn # >y (f LydP'—Lgo Zi)7 i € N. By construction K,
n € N, are subsets of I, and therefore for every n € N uniformly bounded by the same

constant. Hence the sequence (fy), ¢y is uniformly bounded and a subset of H.
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Then,
1 < ,
By | D </Lfn dP' — Ly, OZi)
i=1
1 < i (4.17)
= 1r Z Ly, dP*— Ly, oZ; || dp — 0, n — 00 (4.28)
aw [

and, due to the implications given above and the assumption A,n" — co, n — oo:

i ({oe @ | 1EhIb o000 = P, 2 })

n

LIRS, | ILIEIRS 1 i
62)\nnfo + 262)\71,7’;;‘0 EN nl_T Z prw’ﬂ’kn dP B prwn’kn © Zl

=1
IL}NkNZ, | L3Ik 1 o ;
< nf°+ 282/\nniOE“ nl_rz Ly, dP'— Ly, o Z;
n i=1

(ﬁ) 0, n — oo.

This proves part 1.

The next part proves the convergence of the term in part II of (4.19):
RL,P(]{% >, Pi7)\’n) — RE,P,H‘ — 0, n — oo.

First we show that there is a weakly convergent subsequence of ( fi T Pi ) N converging
n s\ ne
to the Bayes decision function f* in H, then we conclude the strong convergence of f1 S Pi,

to f* and therefore the convergence of the risks.

By assumption the sequence (f%EPi,An)"GN is uniformly bounded, i.e. ”f%ZPi,/\nHH <
M. Since H is a Hilbert space and therefore reflexive, see Dunford and Schwartz (1958,
Theorem 11.4.6), there exists, according to Dunford and Schwartz (1958, Theorem 11.3.28),
a subsequence (fﬁzpiv)‘nk Jnyen which converges weakly in H. i.e. there exists feH
such that

<J‘% S P, [IH — (f: fr, mi = oo, (4.29)
for all f € H, see Dunford and Schwartz (1958, Definition 3.25). Moreover Dunford and
Schwartz (1958, Lemma I1.3.27) yields

rs < . . . . .
Il < M inf [ fr 5 iy, e (4.30)
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The sequence <||lePi A kHH> is bounded by assumption. As it is a sequence in
"k y\N g,
R, the Bolzano-Weierstrass theorem yields the existence of a convergent subsequence of

<||f LS pi,, I H) . Hence there exists a weakly convergent subsequence, which addi-

N
tionally to (4.30) possesses the following property:

Hfﬁ > Pidn, |zr — ¢, for a constant ¢ > 0. (4.31)
l ;

Now, (4.30) yields for this sub-subsequence:
Ifllm < e (4.32)

Following the Riesz’ Representation theorem, see for example Conway (1985, Theorem 3.4),

the weak convergence in (4.29) is equivalent to:

. * * * *
nklllglooh (fﬁZPivAnkl) — h*(f), forallh* € HY,
where H* denotes the dual space of H. As the Dirac functional §,(f) = f(x) is continuous
on H, see Berlinet and Thomas-Agnan (2004, Lemma 8), it is an element of H*, see Dudley
(1989, Theorem 6.1.2). Then the above convergence implies for all x € X,
fﬁzpi,xnkl (@) =05 4 ooy (@) — 05(2) = f(@), ng, — oo
1 g,

Ang,

i.e. the pointwise convergence of f_1_ s~ pi () to f(z), z € X.

Ang,

As the kernel k is continuous, f is continuous, see Berlinet and Thomas-Agnan (2004,
Theorem 17).

Due to the assumptions on the continuity of the loss function L for all (x,y) € X x Y, the
function L o f is continuous. Then the dominated convergence theorem, see for example
Hoffmann-Jgrgensen (1994, Theorem 3.6), yields:

nkl nkl—>oo

H—>noo L7P(f%kl P ’)‘”kl) 1m fﬁzpz*knkl ( )

:/ lim L(l"y’fﬁzpi’)\"kl ($>) dP(.’L',y)
)

nkl—>oo

_ / L(z,y, f())dP(z,y) = Rpp(f). (4.34)
XxY
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Now we show the convergence of the risks

RLLZP@'(,}CL S Pin, ) - RL,P(fL > Pin, ) — 0, ng, — 00.
nk, n, l g, l

Regard the set U := {f% S P, X —>R, ne N} of support vector machines for the prob-
ability measures %ZPi, n € N. The same argumentation as in part I shows the equicon-
tinuity of . As U is uniformly bounded and X compact by assumption, the Theorem of
Arzela-Ascoli, see e. g. Dudley (1989, Theorem 2.4.7), states the uniform boundedness of U
with respect to || - ||oo- That is for every € > 0 there is a finite dense subset U C U such
that for every f € U there is g € U such that ||f — gc]|eo < e

Hence the triangle inequality yields:

‘RL’nl sz(fril ZPi’)‘nkl) - RL’P(f%ZPi:)‘nkl )‘

ki

nkl
2 -/
= |— L AP - | L . dP
N, ; zZ fﬁzpl’mkl Z fT}cZZPZ’A"kl
1 1
= |— L o — L, | daP'| +|— /LEdPi—/LEdP
ng, ;/Z( fﬁzngnkl g) ng, ; = 9 = g

L(@k‘”@ZWMM>“)

Due to the Lipschitz continuity of L in the last argument and the approximation of the
SVM by g. we obtain

1 .
— E L ‘ — L dP’
Nk, /z ( fni-l 2Pty g5>

=1

+

_l’_

_|_

n,
MRS
— L, dP"'— L, dP
nklz = e = e

=1

[t m, )

ng,
Lt
— L, dP'— L, dP
nklz = 9ge = ge

i=1

+

L Lipschitz 1 i
< S LIRS s, —eldP +
Nk /2 ng, ky

+ L — i dP
e F s, I
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1 —gelloo<e 1 )
< 2| L& + Z/ Ly. dPl—/ L, dP
1
< 2|L]1e + max | — /L dPi—/L dP|. 4.35
’ ‘1 9l nkl; = g = g ( )

By assumption L is continuous in (x,y) € X x Y and ¢g. € U is continuous by construc-
tion. Hence Ly : X x )Y — R is continuous in (z,y) € X x Y, and due to (4.20) L, is
bounded, even uniformly bounded, as U is. Since additionally (Z;);cn is asymptotically

mean stationary by assumption, Lemma 3.2.7 yields:

n,

L2t
= L, dP' — [ L, dP
nkl;Z g Z g

And as U is a finite set:

— 0, ng, — oo.

l

nkl

2 )t
— L,dP" — L,dP
nk‘l ZZ; Z g Z g

Applying this to (4.35) shows:

max

— 0, ng, — oo.
geU

— 0, ng, — 0. (4.36)

’RLmlk Epi(fLZPiA"kl) - RLP(f%}chPi’/\”kz)

nkl

Now we considef the minimal risk R} p g over functions f in H. By definition of R} p g
we have for all f € H:
_ (432) -
0<RrLp(f)—RLpmw < X +Rpp(f)—RLpu
(4.31),(4.34)

22 ] . 2 . — *
= nklllgloo Ang, Hfﬁ 5Py, 7 + RL,P(fﬁ 5Py, )= RLpu

B lelllgloo )\nkl ||fr}€l ZP1>)‘nkl HH + RLvT;l ZPZ (fril ZPl’)‘nkl) RL7P7H

= lim ig}g)\nkl||f||%{+RL,%ZPi(f)_REPH'

Ng, —00 f k; [

For fixed f € H, regard the functions A — A||f[|% + R, 1 spi(f); A > 0and Q —
’nkl
)\nlefH%{ + Rro(f), @ € M(Z). As XA = A|flI% + Ry 1 s pi(f) is a linear function

in A, it is continuous. Moreover for every sequence (Qn)nen C (M(Z")),cny Qn ~ Q s
equivalent to [ g dQ, — [ g dQ for every continuous and bounded function g by definition.
Hence @ — Ap,, | £11% + Rro(f) is continuous for fixed f € H, since L is continuous by
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assumption and bounded by (4.20).
Therefore limnkl_>oo inf re gy )\”kz 1£11% + Ry 1 ZPi(f)> — R} pp is upper semicontinuous,
7nkl K b

see Denkowski et al. (2003, Theorem 1.1.36).
Then,

i inf (g I+ Re, 5o (1)) = R
l

Ny —+00 feH

= timsup ot (i, 111+ By (1)) = R

nkl%OO

: f A 2 D
]}gH (MIfIE + Re,p(f)) RT p s

IN

as )\”k‘z — A, n, — 00, and due to the AMS property of the process and Lemma 3.2.7,
which implies % Z?:kll [ fdP" —s [ fdP, for f bounded and continuous.
Now A = 0 yields:

0< RL,P(f) - RE,P,H < }QE RL,P(f) - RZ,P,H'

Hence f =arg infrey Ry p(f), i-e. f is a minimizer of Ry p . Then Steinwart and Christ-
mann (2008, Lemma 5.16) yields || f|lz > ||f*|x, where f* is the Bayes decision function in
H.

With A > 0 we can conclude:
0< Rpp(f) - Rl pu < }}gjf{A”fH%{ + R p(f) = RLpu,

that is f is a minimizer of A||f||% + Rrp(f) and therefore |||z < || f*| &

Combining these two observations, we have: ||f||z = ||f*|l# and due to the uniqueness

of the Bayes decision function in H, see Steinwart and Christmann (2008, Lemma 5.16):
f=r

Furthermore, the preliminary considerations show,

0< A+ Rpp(f) - Rl py < }SIEAWH% + Rrp(f) = RLpu

A I3+ Re.p(f) — RI pu-

Thus || f||3; > ¢, with (4.32) actually equality is given. The convergence in (4.31) then
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yields limp, oo ||f 1 s~ piy, o — | fllz = ¢, ng, — oo. Convergence of the norm and
"k ky '

the weak convergence in (4.29) imply:

Therefore, ;
f ﬁ P

2

- ||f||%—2<flzpvz,xnk ,f> s pin,
! H n l

nkl

T sran, ~I|,

4.29 ~ ~ o~ ~
N - 27 F), +IFIE = 0, ng = oo,

Ang, — f = f*, ny — oo in H. Assume that f%ZPMn does not
converge to f*, hence there exists a subsequence which does not converge to f*. As this
subsequence is bounded, the result above shows the existence of a sub-subsequence which

converges strongly to f*. This leads to a contradiction. Hence,

RL,P(f%L S Pi) ~ Ri,p,H\ =

/LofIZPi)\ dP—/Lof*dP’
Z n o Z
LWl [ 17y 5, = £l dP

— 0, n = oo.

IN

Using part I and part II yields the assertion of Theorem 4.4.4. O

The next section links assumptions on the dependence structure of a stochastic process
to (4.17). If such stochastic processes are additionally asymptotically mean stationary,
the SVM estimator is consistent. For weakly dependent processes and C-mixing processes,
the speed of the decay of the dependence coefficients does not influence the choice of the
sequence (Ap)nen directly. If the coefficients are summable, the consistency is ensured for
every 0 < r < %, as long as A,n” — 0o, n — oco. In all cases the condition on the sequence
(An)nen nearly equals the condition for the i.i.d.case, which is r = %, that is the SVM

estimator is rather robust against violations of the i.i.d. assumption.

4.4.1 Weakly dependent processes

The first example are weakly dependent processes, introduced by Doukhan and Louhichi
(1999) and Bickel and Biihlmann (1999). They satisfy the almost sure convergence in (4.17)

as long as their dependence coefficient £(¢), ¢ € N, decreases fast enough to be summable.

Theorem 4.4.6 Let (2, A, ) be a probability space, let (X,dx) be compact and (Y, |-|) C R,
N closed, and let (Z)dZ) = (X X y’dXX)))z with dXxy((xay)v (I’l,y,)) = d(m,x’) + |y - y,‘
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be a separable, metric space. Let L: X x Y x R — [0,00) be a distance-based, Lipschitz
continuous loss function with sup( yexxy L(x,y,0) < S, for a constant S € (0,00), and
|L|1 > 0. Let k be a continuous, bounded kernel with corresponding RKHS H. Further let
(Zi)ien, Zi - Q2 = X x Y, be an-, A-, (-, k- or O-weakly dependent stochastic process with
S e(l) < oco. Then for0<r <3

1 o .
e Z (Lfn o Z;— /L(az,y, fn(x)) dPl(x,y)> — 0 almost surely, n — oo, fn € G,
i=1

where G C H is any uniformly bounded subset of functions f € H, i.e. there is a constant

M > 0 such that ||f||g < M for all f € G.

The metric dxxy on the space X x Y is chosen for technical reasons. Due to the definition of
weak dependence, Lipschitz continuous functions are needed. In the proof of Theorem 4.4.6
the Lipschitz continuity of a distance-based loss function L; with respect to dyxy is shown
if L, respectively ¢, and f are Lipschitz continuous. It is tempting to expect the p-product
metric d((z,y), (z/,y')) = Vdx(z,7')2 + dy(y,y')? instead of dyxy = d(z,2') + |y — ¥/,
but we need to choose a metric for which we can guarantee the Lipschitz continuity of
L(-,+ f(+): XxY —R. If ¥ C R we can for example use the Euclidean metric, due to the
strong equivalence of the metrics on R or, for X € R%, we can choose a p-product metric

on R+,

Without loss of generality |L|; > 0 is assumed. |L|; = 0 implies the function L to be
constant with respect to the last argument, hence L(z,y,t) = L(x,y,t) for all t,t' € R.
This leads to a risk which does not depend on the prediction f(x) and therefore is not useful

for practical purposes.

In order to prove Theorem 4.4.6 the following technical Lemmata are needed. As we are
going to use a moment inequality of the maximum of a sum of random variables by Serfling
(1970) (see Theorem A10) we use Lemma 4.4.7 to introduce a certain function h, depending
on the joint distribution of arbitrary random variables Z;, i € N. Let P,, be the joint
distribution of (Zy41,..., Z44n), a,n € Ny n > 1.

Lemma 4.4.7 Let Zy,..., Zg+n be square integrable random wvariables and f : Z — R a

measurable, square integrable function. Then the function

a+n a+n—1 a+n

ham(Pan) = Y _ Var(foZ)+2 > Y |Cov(foZi,foZ))|, a,n €N, n>1, (4.37)
1=a+1 t=a+1 j=i+1
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has the following properties for a,k,n € N, n,k > 1:
ha,k(Pa,k) + ha—i—k,n(Pa-‘rk,n) < ha,k+n(Pa,k+n)a

a+n 2
and E, ( > (foZi—Eufo ZZ-)> < han(Pan).

1=a+1

Proof: The proof of both properties is straightforward. Let a,k,n € N and n,k > 1. Then

a+k at+k—1 a+k
han(Pag)tharkn(Poskn) = > Var(foZ)+2 > Y [Cov(foZi, foZ)
i=a+1 i=a+1 j=i+1
at+k+n a+k+n—1 a+k+n
+ > Var(foZ)+2 > ) |Cov(foZ,foZ))
i=atk+1 i=a+k+1 j=i+1
at+k+n at+k+n—1a+k+n
< > Var(foZ)+2 > Y |Cov(foZi,foZ)
i=a+1 i=a+1 j=i+1

= ha,k+n(Pa,k+n)~

And
a+n 2 a+n a+n—1 a+n
E, ( > (foZi—EufoZi)> = > Var(foZ)+2 Y Y. Cov(foZ,foZ)
i=a+1 i=a+1 i=a+1 j=i+1
S ha,n(Pa,n)' O

Lemma 4.4.7 is also used to prove the almost sure convergence in (4.17) of C-mixing and
o-mixing random variables in Theorem 4.4.12 and 4.4.10.
Lemma 4.4.8 gives a bound on the Lipschitz constant of a family of Lipschitz continuous

and equicontinuous (see Definition A9) functions.

Lemma 4.4.8 Let G be a family of equicontinuous and Lipschitz continuous functions f; :

X =R, ieN, where (X,dx) is a metric space. Then

sup{|fil1} < 0.
fi€g
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Proof: By assumption f; is Lipschitz continuous. Hence for every f; € G there is |fi|1 :=
SUPy 27ex M, x # 2/, such that

dx (z,2’
|fi(x) — fi(2))| < |filidx(x,2"), for all z,2’ € X.
Note that we do not need to consider functions with Lipschitz constant |f;|; = 0, as they

do not change the supremum in Lemma 4.4.8. Due to the Lipschitz continuity of f; the

function is also uniformly continuous, as for every € > 0, §; := ﬁ gives:
K2

dy(z,2') < = |fi(z) = fi(2))| < |filhdx(z,2") <&, forallz,a’ € X.

€
| fil1

|fi(z)—fi(z")]

In particular the definition of the Lipschitz constant as smallest upper bound on D)

x # 2/, implies, that there is no § > ﬁ such that the above equation applies.

Moreover the set G is equicontinuous by assumption, hence for every € > 0, for every x € X,
there is 8 > 0 such that for all 2/ € X with:

v —2/| < 5 = |fi(z) — fi(2))| < e, for every f; € G.

Due to the uniform continuity the family of functions G is uniformly equicontinuous. In
particular & < &;, i € N. Assume that the sequence |fil1 is unbounded. Then we obtain
0 = 0, which is a contradiction to the equicontinuity of G. Hence the set {|f;|1 | fi € G} is
bounded. O

Now we can prove Theorem 4.4.6.

Proof of Theorem 4.4.6: We have:

n n

nll—r Z <Lfn o Z; — /Lfn o Z; du) = nll—r Z (Lfn o Z; — /L(m,y, fn(x)) dPi(J:,y)> .

i=1 i=1

(4.38)

Let G C H be a set of uniformly bounded functions f € H. Since X is a compact space
by assumption, Dudley (1989, Theorem 11.2.4) states, that the space of bounded Lipschitz
functions BL(X) = {f: X — R | f Lipschitz and || f||pr, < oo} is dense in C'(X') with respect
t0 || - [|oo- Moreover Dudley (1989, Corollary 11.2.5) states the separability of (C'(X), |- |loc)-
As G C H C C(X) and as (C(X),] - |l) is a metric space, G is separable with respect
to || - |0, see Denkowski et al. (2003, Corollary 1.4.12). Therefore the set BL(X) NG is
dense in G with respect to || - |[. Then, for every p > 0 and for every f, € G there is
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Gpm € BL(X) NG such that:
an - gp,n”oo S pP- (4.39)

Now, for any fixed n € N and for f, € G, the triangle inequality and the approximation
(4.39) above yield:

n n

1 ) 1
oy Z (Lfn oZ;— /Lfn dPZ> < = Z ‘L,fn ©Zi—Lg,, o Zi}
i=1 i=1
Ly i 1 < i i
= D\ Lopm 0 Zi = [ Lo dP' )|+ == > | [ Ly, dP' = | Ly, dP
=1 =1

L Lipschitz 1 n
nl—r Z |LI1 [l fr = gpnlloo +
=1

n

1 )
nl—r Z <Lgp,n °Zi— /Lgﬁ,n dPl)

=1

1

n

ni—r Z/‘Lh‘f_gp,n”oo dP"
=1

n

1 i
4 > <Lgp,n o Z; — / Ly, dP ) .

i=1

4_

(4.39)
< 2w|Lhp+

Define p(n) = nl% Therefore the above computation leads the following bound on (4.38):

1 o .
1—r <LanZZ‘—/LfndPZ>‘
n
i=1

n

1 .
< 2nT\L|1p(n) + E Z (Lgp(n)’n oZ; — /Lgp(n),n sz>‘
i=1
p=YnT QL | 1§ |
= n + nl—r Z <L9p(n),n °Zji— /‘Lgp(n)’n dPZ> . (4.40)
i=1

To show the almost sure convergence of the last part we follow the same lines as the proof
of Hu et al. (2008, Theorem 1). We split the sum in two parts and show that both parts

converge almost surely. For every n > 1 choose s € N such hat 27! < n < 2%. Then,

1 « ,
i Z (Lgpm)m ©Z; — /Lgmn),n dPZ) ‘

=1
25—1

n
= i Z <L9p<n>,n °Zi— /Lgp(nm dPl) + Z (Lgpw)m °Zi— /Lgpm),n dPZ)

i=1 i=25—141
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2571

1 ,
S nl_r Z <Lgﬂ("7'):" °© ZZ - /Lgp(7L),7L dPZ)
=1
2571+q
%
T 1§Iqugaé}§—1 ) Z <Lgﬂ(’ﬂ>,’ﬂ © Z’L - /Lgp(n),n dP )
1=25—141
n>25"1 1 2! .
= 9(s—1)-(1-r) Z (Lgmn),n °©Zi _/Lgmn),n dP>
=1
I
1 2571+q
+ m 1<Iqu<fiZ)S(_l Z (Lgp(”)a" © ZZ - /Lgp(n),n dpl) * (441)
T i=25—141

17

The almost sure convergence of the terms in part I and II is shown via the boundedness of
Io(mym oZj)fora,beN, a<b—-1.
In particular we show that the bound does not depend on the function g, ,, respectively

the sum of covariances Zz a1 J —i+1Cov(Lg,,, 0% L

n. The next part of the proof leads to this bound.

By assumption the loss function L is Lipschitz continuous and distance-based, i.e. there
exists a function ¢ : Y xR — [0, 00) such that L(z,y,t) = ¥(y—t), for all (z,y,t) € XxY xR
and 1(0) = 0. The Lipschitz continuity of L is equivalent to the Lipschitz continuity of ¢ in
t, see Steinwart and Christmann (2008, Lemma 2.33). Hence, for all (z,y,t) € X x Y x R:

[y —t) = =) = [0y —t) =y —(y—y +1)| <[Wh|t = (y—y +1)]
Wl ly —y+t =t <[h (ly—y/|+[t=7]).

IN

That is ¢ is Lipschitz continuous with respect to the metric given by dyxr((y,t), (¢, t")) =
ly — 4| + |t — t'|. Using the Lipschitz continuity of g,,), € BL(X) with respect to dx, we
have for all z,2' € X, y,y € V:

‘L(xay7gp(n),n(x)) L(J; y gp(n n ‘ - ‘d} (y gp( ),n ( )) _¢(y gp(n n( ,))}
|

< |¢}|1 (‘y_y|+|gp(n),n( ) Go(n),n ( ) )
gp(n),neBL(X) ' )
< |77Z)|1 (|y -y | + ‘gp(n),n 1d;((l‘,l’ ))

< max{|91 - 9oyl [0} - (v = [+ dx(z,2")) .
(4.42)
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Hence the function Ly is Lipschitz continuous with respect to dxxy((z,y), (2',y")) =
dx(z,2") + |y — ¢'|. Therefore the function Ly, is an element of Fi, where Fi is the
function class defined for the A-, n-, (-, and k-dependence coefficients in Section 2.1, re-

spectively, in case of #-dependence, the function L belongs to both required function

Gp(n),n
classes F1 and G.

Due to the uniform boundedness of G and due to g,), € BL(X)NG C H we have
9p(m)mllH < M. Now Inequality (4.20), leads to the boundedness of L

Cr > 0:

Ip(rym by a constant

(4.20)
HLgp(n),nHOO <S5+ ’L‘lngp(n),n”oo < S+ ‘L|1||gp(n),nHH||k”OO
< S+ |LLM|k||w < Cr. (4.43)
Furthermore,
Var(Ly, . 0 %) < |lLgy I < C2 (4.44)

and »_ ", Var(Lgp(n)?n 0 Z;) < C’%n. Note that the constant Cf, does not depend on n and
that the boundedness of ”Lgpm),

(n = 1) of the sequence ‘nl%r Yoy (Lgp(n),n °Zi— [ Ly, dPi> ’ by 2C}.

oo by Cr implies the boundedness of the first element

In order to relate the covariances to the different dependence coefficients, we need to regard
the function ¥: F; x F; — R, which depends on the type of weak dependence, i.e. on the

dependence coefficients, see 2.1.

The function ¥(f, f) varies for the different dependence coefficients €(¢), but always depends
on || f|lec and on the Lipschitz constant |f|; of f, see Doukhan and Louhichi (1999, page
12) and Section 2.1. As |Lg,
considered dependence coefficient, the function ¥(L
C, depending on M, ||k||oc and |L

oo < Cp, for all gy, € G, we get that, for every

L ) is bounded by a constant

Ip(n),n* H9p(n).n

9p(n),n ’1:

for n-weakly dependent processes we have for f = Ly

V(s f) =20 fllol flr < 2CLILg, 115

for A-weakly dependent processes we have for f = Ly

U(f, ) =2 lol f1r + 112l flr S 2CLILg 0y 1+ L,y |
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for k- and (-weakly dependent processes we have for f = Lg,n

for §-weakly dependent processes we have for f =L, . -

(f, f) = fllolflr < CLlLg, 0 1

Similar to the proof of Theorem 4.4.4, the reproducing property of the kernel yields the
equicontinuity of the functions f € G: Let dx be the metric on X. By assumption the
kernel k is continuous, that is, in particular, for every € > 0, there is 9 > 0 such that for all
¥eX

dy(z,2') <6 = k(o) —k(,2)|g <e.

Due to the reproducing property of the kernel, (4.24), for all 2/ € X with dx(z,2’) < ¢:

1£@) = £ 20 |k ) — (k) ] = [ kG 2) — k()|
< | fllullk(,z) = k(. 2')||m < Me.

Hence BL(X) N G is equicontinuous. As (X, dy) is a compact metric space by assumption,
Dudley (1989, Theorem 2.4.5) yields the uniform equicontinuity of BL(X) NG with respect

60 | - [loo-

Due to Lemma 4.4.8 the set {[gpm)nl1 | gpmn),m € BL(X) N G} of Lipschitz constants of
the functions g,(,), is uniformly bounded. Hence {‘Lgpm),nh’ Ip(n)m € BL(X) ﬂg} is
uniformly bounded, see (4.42). Therefore there exists, separately for every dependence
coefficient, a constant Cy, depending on the kernel and the function class G such that
\P(Lgpm),n’ L

9p(n)n> Tespectively of n.

gp(n),n) < Cyg for all n € N. In particular C'y does not depend on the choice of

Without loss of generality we assume for the next calculations that there is (z,y) € X x Y
such that Ly - (2,y) #0,1.e. Ly . # 0. Together with the assumption [L|; > 0, this
implies that ¥(Lg,, .. L
is denoted by L = 0, the calculations in (4.48) and (4.49) on the next page are trivial.

gp(n),n) > 0 for alln € N. If Lgp(m,n equals the null-function, which

9p(n),n



4.4. CONSISTENCY OF SUPPORT VECTOR MACHINES 111

Hence we have for a <b—1, a,b € N, and for all n € N such that Ly = 0:

b—1 b
Z Z Cov (Lgpm),n © Zis L,y © Zj)

i=a+1 j=i+1
Z Z )COV(Lgp(n),n ° Zi’ Lgp(n),n © Z])
g (n),n? g (n),n
i=a+1j=i+1 ’ : \Il(Lgp(n),n’Lgp(n),n)
b
Cov (L, oZ;, L o Zj)
p(n),n ’ H9p(n),n J
SETSIAIRD Sl sies o
i=a+1j=i+1 9p(n),n’ “Yp(n),n

Now (4.45), the assumption on the dependence coefficients 752, £(¢) < C for a constant
C < oo, and the Lipschitz continuity of L, . yield for a < b—1, a,b € N, and for all
n € N such that Ly 0:

b—1 b
Z Z COV(Lgp(n),n o ZZ’ Lgp(n),n © Z])
i=a+1 j=i+1
(445) b COV g ( © ZZ" Lg n),n ° Z])
< \II( 9p(n)? gp(n) Z Z - L “ )’)
i=a+1 j=i+1 gp(n),n’ 9p(n),n
|Cov(f o Zi, foZ)
< Cy
zza—:i-ljzz—i:-lfe}—l U (f, f)
(2.1) b—a—1
< Y h-a-0e)
(=1
b—a—t<b—a °°
< Cu(b—a)) =(0) (4.46)
/=1
< CCy(b—a). (4.47)

To show almost sure convergence of the term in (4.41) part I, we show for all € > 0:

0o 2571

1 .
ZIU/ w € Q m Z <Lgp(n),n @) ZZ(CL)) - /Lgp(n),n dPl> > € < 0.
s=1 i=1

(4.48)

Then the Lemma of Borel-Cantelli, see e.g. Hoffmann-Jgrgensen (1994, Theorem 2.11),
. 2571 .
ylelds 2(3*1}'(1*7) Z’Lzl (Lgp(n),n ° ZZ - f Lgp(n),n dPl)

to 0, almost surely, n — oo.
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A short note should be done on the argumentation. Remember that s is chosen such that
2571 < n < 2% Regarding the sum over s, we do not cover every element of the sequence
ﬁ Sy (Ly, 0 Zi — [ Ly, dP"). The last computation shows that the sum of covariances
does not depend on n, but only on the number of summands. To get the sequence for n € N,
you only add, for every s € N, at most countable many elements, which are bounded by
the given element for s € N. Hence, if the almost sure convergence for the sequence in s is

shown, the almost sure convergence of nl—l_r Sy (Ly, 0 Zi — [ Ly, dP") is still implied.

By Markov’s inequality, see for example Hoffmann-Jorgensen (1994, Theorem 3.9), we have,
for all € > 0, s > 1 and for all n € N such that Ly = # 0:

23—1

1 ,
1% w € Q m Z <L9p(n),n e} Zz((d) - /Lgp(n),n dPZ) > €
i=1
2
Markov 1 27! i
< ?EM 9(s—1)-(1-r) (1 ) Z Ip(n),n /L9p<n>,n ap

s—1

1 2 2
_ L 7\ 2
T2 <2 (1—r) ) gp(n) °©Zi /Lgp(n),n dp*)

95— 1_1 25— 1
Sy Y Eu( 22 [ o P02 [ L)

i=1 j=i+1

1 2 95— 1 2571_1 2571
T2 <2 ) Var(Ly,,., © Zi) +2 Z Z Cov(Lg, () © Zis Ligyy.0 © Z5)
i=1 i=1  j=i+1
(4.49)
(4.44),(4.47) 1 1 9 1 Sos—1
< =2 {2(5—1)(1—2@ CL+ 22(3—1).(2—2r) CoC2° ]
S S

2 2(5—1)-(1—27")

for a constant é’ = C% + 20\1/@ > 0.
If there exists n € N such that Ly, . =0, the calculation above easily yields

2571
1 .
a wel 9(s—1)-(1-7) Z (Lgnw),n ° Zi(w) - /Lgmn),n dPZ) - e
=1
Lgp(n:),nzo 0 < l 1 z
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For s = 1 we obtain

) 1 (1.44) 2
'u w e Q Lgp(n),n © Zl(W) - /Lg;)(n),n dP > € S ?va’r(Lgp(n),n © Zl) S T
(4.50)

As 21%% <lforall D <r< %, the series above equals a geometric series and therefore is

convergent:
o] 00 S
1 1 = 1 = 1 1 = 1
> (522@1).(12@ C) = ;QOZ (2<12r>> <@l <>
s=1 s=0 21-—2r

Hence the term in part I in (4.41) converges almost surely to zero.

The almost sure convergence of the second part in (4.41) is shown via a maximal inequality

and again the application of the Borel-Cantelli Lemma. It is to show, that for all € > 0

2571+q

oo
1 i
D@l sampamy max | > (Lgpm),n ° Zi(w) _/Lgmn)m dP> >e
s=1 - i=25-141
(4.51)
is finite.
Again Markov’s inequality yields:
1 2571+q
1 w e 26D 1<rqn<az}§71 Z <L9p(n),n o Zi(w) — /Lgp<n),n dPZ> > €
=S g=2s-1lp
1 1 2 ¥ 3 A
{2
=2 <2(s—1)'(1—7")> Eu | <qsge-1 Z (Lgpw,n OZi_/L9p<n>,n dp) - (4.52)
=TT =24

Moreover we assume L # 0, n € N, similar to the first part.

9p(n),n

Now we can use a generalization of the Rademacher-Mensov-Inequality in Serfling (1970,
Theorem A). We choose the function

a+m a+m—1 a+m
ham(Pam) = > Var(foZ)+2 > > |Cov(foZ,foZ)l
a+1 i=a+1 j=i+1

a € N, m > 1, which has due to Lemma 4.4.7 the required properties for Serfling (1970,
Theorem A).
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Hence, we have, for all n € N and s > 1 such that Lg,ym # 0,

23—1+q 2
E” 1<an<a2)§71 Z <Lgﬂ(n)m ©Z;— /Lgp(n),n dpl)
=TT =2l
Ser fling
S (10g2(2 . 28_1>)2h257172571 (P257172571)
25
= (logy(2-227")* | Y Var(Ly,,, o Z)
25—141
251 2¢
+2 > Y [Cov(Ly,,,. © Zis Ly, 0 Zi)l| - (4.53)
i=25"141j=i+1
Now,
logy(2-2571)2 < (1 +1ogy 2712 < C(logy 26712, s > 1, C:=4. (4.54)
For s = 1, we have logy(2-2°7!) =1 and
2571+q 2
L i
Bu || mmax, > (Lgp(nm °Zi /Lgmn),n ar >
=TT =214
(4.43)
= Var(Ly,, , © Z2) <|[Lg,y,l% = C} <o (4.55)

Then, we get with Markov’s inequality (4.52) and (4.53), for all Ly, # O

2s—l+q

Z/J, weN m 1<an<32)§71 Z <Lgp(n),n o Zl((,(.)) — /Lgp(n),n dPZ> > €
s=1 =9=2 0 mgs-1 g
(452),(453),(455)  C2 L 1 1 2 e 2
. ERPY. <2<1><1>> (logy(2- 271 - | D Var(Lg,, © Zi)
s>1 2s—141

29-1 29

+2 Z Z ‘COV(LgP(’ﬂ),n °© Zi7 Lgp(n),n o Z])|
i=2s—141 j=i+1

. 2 ad C 1 2 s—1\2 =
< A2 5 () G| 3 vl 08

25—1 29

+2 Z Z [Cov(Lg, 0 © Zir Ly, 0 Z5)]
i=25—141 j=i+1
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(4.44),(4.46) C% > C 1 2 s—172 | as—1.~2 s— 1
< +Z<W) (logy 2°71)% |2°7°CF 4+ 2(2° — 2 che

g2 g2
s>1
(4é7) C% io: 10g2 28 1 2371 ~ i 00 10g2 95— 1
= -2 52 = 22 52 2(5 D-(1— 27«
2 O] (s—1)?
< 2 T2 5y < (4:56)
s>1

for a constant C' := C%? +2Cy > 72, e(¢) > 0.

Note that the same argumentation as in part I yields for Lgp(n),n =0:
1 2371+q
() — i
p|qwef 2G-1)-(1-1) 1<q<32>§ . Z (Lgp('n),n © Zi(w) /Lgp(n),n dP> > €
=2s"141

Lop(n),n=0 0 < g (s —1)2
- = g2 2(371)-(1727“)’

respectively for s = 1:

i L9pn),n =0
wlswe Loy © Zi(w) — /L9a<n>,n dP" || > ¢ = 0.

The convergence of the last series in (4.56) follows directly via the ratio test:

(s+1)? 2
7W < (14 } 71 O<r< 1

As (1+ 1?2 — 1, s - 0o and =5~ < 1, for every < a < 1, there exists s € N
s 2(1 2r) 2(1— 2r)

such that (1 + %)2 . ﬁ < a. Hence the series converges and we have the almost sure

convergence of the term in part II in (4.41).

Then, the almost sure convergence in (4.38) is implied, n > 1:

n

1 )
. <Lfn 0 Z; - / L(z,y, fa()) dPl(x,w)
=1
1 < ;
n1 r Z Ip(n),n o Lgp(n)m ap

=1

(4.40)
2 Q\Lh
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2571

(4.41) 2|L|y 1 .
S n + 2(8—1)'(1—T) Z <Lgﬂ(n),n © ZZ - /Lgp(n),n dP )
i=1
I —0 almost surely
1 2sfl+q
R )
toeona-n e Z (Lgp(nm °©Zi /Lgp(m,n ap >
T 1=25—141

11 —0 almost surely

— 0 almost surely.

This proves the assertion. O

Corollary 4.4.9 Let (2, A, 1) be a probability space, let (X,dx) be compact and (Y, |-|) C
R, Y closed, and let (Z,dz) = (X X Y,dxxy), dxxy(z,y), (z',y") = d(x, ')+ |y — /| be a
separable, metric space. Let L: X x )Y xR — [0,00) be a convex, distance-based and Lipschitz
continuous loss function, which is additionally continuous in (x,y) for all (x,y) € X x Y,
with sup(, yexxy L(x,y,0) < S for some constant S € (0,00), and |L|y > 0. Moreover
let H be a reproducing kernel Hilbert space of an universal, bounded and continuous kernel
E:XxX — R. Let (Zi)ien, Zi - Q@ — Z, i € N, be an asymptotically mean stationary,
n-, A-, C-, k- or O-weakly dependent stochastic process with dependence coefficients e({)
such that >";2 () < oo. Let (Ap)nen C (0,00) such that X\, — 0 and \yn” — oo, for
some 0 < r < %,
for all w € Q, i.e. there are constants M, M > 0 such that ”f%ZPi,)\nHH < M and
| fow,, oy re I < M, € N.

and let the sequences (lePi,An)neN and (wa,L(w)«\n)neN be bounded

Then:
RL p(few, An) = Rp p in probability, n — oo.

That is, the SVM estimator is L-risk-consistent for asymptotically mean stationary weakly
dependent processes, which have summable dependence coefficients, given the assumptions
on k, L, and X. The sequence (A,)nen has to satisfy A\,n" — oo, n — oo, for some
0<r< %, which is stronger than the assumption A2n — oo for the i.i.d. case. In particular

the proof shows that, given the assumptions, (4.17) is fulfilled for every 0 < r < % For

r= %—e, % > ¢ > 0, the assumptions on the sequence (A )nen is only slightly stronger than

the assumption for the i.i.d. case. We can still weaken the assumptions on the stochastic
oo (s—1)2
s=1 21-2r

process. Aslongas ) > e(f) < oo, the proof can easily be adapted. Moreover, the
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smaller the constant r the weaker the assumption on the process, but the sequence (A, )nen

has to converge appropriately slow, such that A n — oo, which is a stronger assumption.

Theorem 4.4.4 shows the convergence of the empirical risk to the minimal risk with respect
to the function space H. Since k is a universal kernel, even the convergence to the Bayes risk
R}a p over all measurable functions f : X — R is ensured, see Steinwart and Christmann
(2008, Corollary 5.29).

4.4.2 «-mixing processes

The next example are c-mixing processes. In Steinwart et al. (2009, Theorem 3.3) L-risk-
consistency of SVMs for a-mixing processes under some assumptions on the dependence
coefficient is shown. The process is assumed to be asymptotically mean stationary and o-
bi-mixing with a special rate and needs to fulfil a stability assumption. For a compact input
space X, the next theorem shows that, to ensure consistency of SVMs, the assumptions on
the stochastic process can be reduced to the AMS property and an assumption on the a-bi-
mixing. Of course the compactness of X assumed in Theorem 4.4.4 is restrictive, however
this assumption is easy to check. Note that a-bi-mixing is a slightly weaker assumption on

a stochastic process, than the commonly used a-mixing assumption.

Theorem 4.4.10 Let (Q, A, ) be a probability space and Z = X x ) a Polish space,
Y C R closed. Let L: X x Y xR — [0,00) be a Lipschitz continuous loss function such
that sup(g yexxy L(z,9,0) < S, for some constant S € (0,00). Let H be a Hilbert space
consisting of bounded measurable functions f: X — R. Moreover let (Z;);cn, Zi - 0 = 2,

1 € N, be a stochastic process such that there is a constant Cy > 0 with:

n 1—1

1 - Ca
EZZO‘(Z’“’ZJ) < — n € N. (4.57)
i=1 j=1

Then, for 0 <r < %,

n

1 )
Z (Lfn oZ; — /L(az,y, fn(x)) dPZ(x,y)> — 0 almost surely, n — oo, fn €3G,

nlfr A
i=1

where G C H is any uniformly bounded subset of functions f € H, i.e. there is a constant

M > 0 such that ||f||g < M for all f € G.
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The assumption on the a-mixing process in Theorem 4.4.10 can be weakened, depending on
the constant . For every a € (2r,2), r € (0, %), the almost sure convergence of the sequence
ﬁ Sy (Ly, 0 Zi — [ L(z,y, folx)) dP(z,y)) — 0, n — o0, fn € G, can be shown in

the same way as below if

1 & C,

) Zv ) .7 . g ) eN.
2.2 (Zpig)<2n

Only the exponents have to be adapted. Again, the choice of r can weaken the assumptions
on the process but then strengthens the assumption on the sequence (A, )nen. For a = 1 we
get r = %—5, e > 0. Compared to Steinwart et al. (2009, Theorem 3.3), this results in almost
the same assumptions on the convergence rate of the sequence (A,)pen, )\nn%_‘€ — 00,

although we do not require a stability assumption.

Proof of Theorem 4.4.10: The proof follows the same lines as the proof of the consis-
tency for weakly dependent processes, see Theorem 4.4.10. Therefore some calculations are
shortened.

Let G C H be a set of uniformly bounded functions f € H. Similar to the proof of Theorem
4.4.6, (4.41), we split the sequence — "7 | (Ly, o Zi — [ L(z,y, fn(x)) dPi(z,y)) in two
parts for n > 1:

n

=3 (Lfn 02~ [ Lay. ful@) dP'(a, y>)

i=1
1 2571
S S ) (LanZz‘—/LfndP’>
=1
I
1 2571+q
R %
e | s, D (Lfn ° Zi / Ly, dP) S (@s8)
- i=2s"141
11

Again the Lemma of Borel-Cantelli is used to show the almost sure convergence of part I,
that is we show that for all € > 0:

Zu we Sl)ur Z(Lf o Zi(w /LfndPZ) > < 0.
s=1 i=1
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Since sup(, y)ecxxy L(,y,0) is bounded by assumption and G is uniformly bounded, there
is a constant C, > 0 such that

[Lfulloc :=" sup [L(z,y, f(z)| < CL, (4.59)
(zy)€XXY
for all f,, € G, see (4.44). For n = 1 this yields the boundedness of the first element of the

sequence:
n

3 (Lfn o Zi— /L(:J:,y, Jul2) dpi(x,y)> "2l a0y

=1

1

nl—r

By Markov’s inequality, see for example Hoffmann-Jorgensen (1994, Theorem 3.9), we have:

fors=1
R . 2
2 we 9(s—1)-(1—r) Z <Lfn © Zl(w) - /Lfn dPZ) > € < ?5
=1
and
0o 1 2s—1 .
s=1 =1
02 0o 25—1 2
<

1 1 .
T _
2t 2_ 38 | semnaon > (Lfn °©Z /Lfn dpl)
s>1 i=1

(7% o0 1 1 2 25—1 .
=2 tla (2(—1)(1—)> Eu(Ly, 0 Zi — / Ly, dP")

s>1 i=1
251 -1 ‘ ‘
2 Y8 (o zi- [LoaPLg o2~ [Lhar))| . (o0
i=1 j—1

Without loss of generality we assume || Ly, [|c > 0,7 € N. || Ly, [|oc = 0 implies that Ly, =0,
as L: X x Y xR — [0,00). Then we easily obtain

23—1

1 .

=1
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Moreover we use that the covariance of a stochastic process is related to the R% -mixing
coefficient, see Definition 2.3, which is on the other hand related to a-mixing, see (2.10).

Then for all n € N such that || Ly, || # O:

2 X1 1 22
L 7\ 2
2571 1 ' ‘
i=1 j=1

(4.59) 2 [2°7] )
< 52 52 Z ( 1)-(1- r)) Z CL
i=1

+2251¢1”L IQE (Ly,0Zi— [ Ly, 0 Zidu)(Ly, o Zj — [ Ly, o Z;j dp)
o = s 1L g oI L7, oo
(4.59),(2.3) [ 1 2 s 9s—1 !
< 52 EQZ a2 Gt 31)(” ZZR
s>1 i=1 j=1

s—1
(2.10) C% 1 1 ) 225 1i—1
S 2 T ;zz Se-na—an CL HAT (2(5 D > a(Z, p,i, j)
s>1 =1 j=1

Assumption (4.57) gives 2 Yo Z] Ya(Z, i, ) < % Hence > 7", Zj 1o(Z,p,i,5) <
Cn. Therefore,

o0 s—1 i—1
1 (L 2 -
L 2
2 72 (s—1) (1 2r)CL+47T (2(51)(1’”)> ZZOZ(ZaMJ,J)
>1 i=1 j=1

(457) 2 1 CL ? s—1
< = €QZ[WCL+4”(W> Ca 2
52 522 (s— 1) (1—2r) C,

where C := (1 +47C,)C% > 0. As 21%% <lforall0<r< %, the series equals a geometric

S
><oo.

series and therefore is convergent:

1 — - 1°°
72_: 12rczz_;)<
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This implies the almost sure convergence of the term in part I.

For the second term we show that again the generalization of the Rademacher-Menosv-

Inequality by Serfling (1970, Theorem A) leads the almost sure convergence.
First Markov’s inequality, see Hoffmann-Jergensen (1994, Theorem 3.9), gives:

2571+q

oo
1 .
s=1 i=2s—141

2.9—1+q 2

1 & 1 2 .
< (o) By X (bnosi [1a0r)

i=25—"141
For s = 1 we obtain

2571+q 2

2 2
E |  max | > (Lfnozi—/Lfn dP’) =E, (Z;Lfnozi—/Lfn dP1>

i=25"141

(4.59)
<lLplZ < k. (4.61)

Again we assume ||Ly, |loo # 0, n € N. If there exists n € N such that ||Ly, [ = 0 the
calculations are again trivial. The maximal inequality by Serfling (1970) for the function
hgs—1 951, see Lemma 4.4.7, and the definition of the mixing coefficient R% , Definition (2.3),
and Inequality (2.10), yield:

2571+q

oo
1 .
s=1 i=2s—141

Lem (4.4.7),(461) 02 & 2°

1 2 —1\\2

s>1 2s—141

25—-1 29

+2 ) > |Cov(Ly, 0 Zi, Ly, o Zy))|
i=2s—141 j=i+1

(459) 02 & 1 2 1o
< €2+Z>;C(2(31)M> (logy 2°77)

2 s . E,(Lys, o Zi — [ Ly, o Zidu)(Ly, o Z; — [ Ly, o Z; du)
1L s ool L s, oo

257102 +

i=25"141 j=25"141
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INZ

(2.3),(2.10),(4.54) log, 25—1 \ 2
+CZ( (2g? > 257 1C2+47TCL Z Z ZMJ’]

1=28—141 j=2s—141

(4.57) o s—
< CZ 1°g22 [28 0% + 47 C2C0(2° — 2°71)]
02 / (S — 1)
< Groy bl <

s>1

for a constant C” := (1 + 47C,)CC?% > 0. The convergence again follows via the ratio test,
similar to (4.56).

Hence,
I < :
=2 (Lnozi- [ L sian P )
i=1
(4.58) 1 iy .
S e | (b0 1,07
1=
I —0 almost surely
1 23—1+q
o i
+ SG-D-a-n) 1<1;rl<a2>§71 Z (Lfn o Z; /Lfn dpP >
- 1=25—141
11 —0 almost surely
— 0 almost surely. O

The L-risk-consistency is ensured for the following assumptions:

Corollary 4.4.11 Let (Q, A, 1) be a probability space, let (Z,dz) = (X x V,dxxy) be a
separable, metric space and let X be compact and Y C R closed. Let L: X x Y xR — [0, 00)
be a loss function which is convex and Lipschitz continuous in the last argument, continuous
in all (z,y) € X X Y and sup(,yexxy L(x,y,0) < S, for a constant S € (0,00). Let
H be a reproducing kernel Hilbert space of an universal, bounded and continuous kernel
kE:X xX —R. Let (Z;)ien, Zi : Q — Z, be an asymptotically mean stationary, a-mizing

stochastic process such that there is a constant C > 0 with:

n 1—1

=1 j=1
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Let (Ap)nen C (0,00) such that A, — 0 and Ayn™ — oo for some 0 < r < 1. Let the
sequences (f1 S pi ,\n)neN and <fIF’wn(w>«\n)n€N be bounded for oll w € €, i.e. there are

constants M, M > 0 such that || f1 s pix lH <M and || fey,, 22 < M, neN.

Then:
RL p(few, A.) = Rpp in probability, n — oo.

The L-risk-consistency in H follows directly from Theorem 4.4.4 and 4.4.10. As k is a
universal kernel by assumption and X is compact, the convergence to the Bayes risk R’z’ P
follows by Steinwart and Christmann (2008, Corollary 5.28).

4.4.3 (C-mixing processes

Another example for processes which guarantee almost sure convergence in (4.17) are cer-
tain C-mixing processes. The next theorem shows that C-mixing processes on the space of
Lipschitz continuous, bounded functions comply with (4.17). That is the class C of functions
equals the set of bounded Lipschitz functions BL(Z) := {f : Z — R | || f||sL < oo} equipped
with semi-norm ||f|lc := || fllsL. = ||fllcc + |f]1- Hang and Steinwart (2015, Theorem 4.7)
show a Bernstein-type inequality for strongly stationary (time reversed) geometrically C-
mixing processes, that is ®¢ < cexp (—bn?), v,b,c > 0. Moreover learning rates for support
vector machines for the least squares loss and for the pinball loss are achieved. This implies
the L-risk-consistency of the SVM estimator under this C-mixing condition. Hence, con-
cerning L-risk-consistency, we regard other loss functions. Contrary to Hang and Steinwart
(2015), Theorem 4.4.4 does not cover the least squares loss, as it is not Lipschitz continu-
ous, but the pinball loss and other Lipschitz continuous losses. The theorem below shows
that (4.17) covers more processes than the Bernstein-type inequality in Hang and Steinwart
(2015). We do not need an exponential decay of the mixing coefficients, but require that ®¢
is summable. Furthermore we require the AMS property, see (4.15), instead of the station-
arity of the stochastic process. That is we require the existence of a probability measure
P € M(Z) such that P(B) = lim, 00 = .7 | E,Ip 0 Z;, for all B € B. The AMS property
is not necessary if the process is strongly stationary. Due to the weaker assumptions on the
process it covers more processes than the Bernstein-type inequality in Hang and Steinwart

(2015), but we do not achieve learning rates or a concentration inequality.

Theorem 4.4.12 Let (2, A, 1) be a probability space and let (Z,dz) = (X x V,dxxy) be
a measurable space, (X,dx) compact and Y C R closed. Let L: X x Y x R — [0,00) be a
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distance-based Lipschitz continuous loss function with sup(, \exxy L(x,y,0) < S, for some
constant S € (0,00), and |L|; > 0. Let k: X X X — R be a continuous and bounded kernel
with RKHS H. Moreover let C = BL(Z) be the space of Lipschitz continuous, bounded
functions Z — R. Let (Z;)ien, Zi : Q — Z, be a C-mizing stochastic process.

Then, for 0 <r < %,

nlfr .

1 n
ZLf" o0 Z; — /Lfn o Zidp — 0 almost surely, n — oo, f, € G, (4.62)
1=1

where G C H is any uniformly bounded subset of functions f € H, i.e. there is a constant
M > 0 such that ||f||g < M for all f € G.

Proof of Theorem 4.4.12: The proof follows the same lines as the proof of Theorem 4.4.6

and 4.4.10, Therefore some calculations are again shortened. We have

n

1 1 «— ,
= (Lfn o Zi — /Lfn o Zi) == (Lfn 0 Z;i — /Lfn dP’) . (4.63)

i=1 i=1

Analogously to the proof of Theorem 4.4.6, (4.39) and (4.38), for any p(n) = #, n € N,
there is a function g, , € BL(X) NG such that

n n

1 < 2|L|y 1
nl-r Z (Lfn °Zi— /Lfn dPZ) < n + nl—r Z

i=1 =1

Ly, n©Zi— /Lgp(n),n dP*|.

The last term on the right hand side can be split up for n > 1, see (4.41):

n
nllﬂ" Z <L9p(n>,n °Zi— /Lgp(m,n dPi)

i=1 1 .

= 9N Z; <L9a<n>,n °Zi— /Lgp(nm dPi)

=
~
1 257 4q ‘
+ 9(s—1)-(1-r) 1§gg}s{f1 i2§+1 <L9p(n),n °Zi— /Lgp(n),n dPZ) . (4.64)

11
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Now the almost sure convergence of the terms on the right hand side follows, as the sum of

covariances

]E)u Z Z (Lgp(n),n ° Z E Lgp(ﬂ n © ZZ) (Lgp(n),n © Z.] - EﬂLgp(n),n © Z]) ?
i=a+1 j=i+1

a,b € N, a < b—1, is bounded under the assumptions on the C-mixing coefficients. For

n =1 the boundedness of Ly, see the proof of Theorem 4.4.6, (4.43), yields

n

Z (Lgp(nm °Zi— /Lgmn)m dPi)

i=1

n=1

1
< 2CL7

nlfr

i.e. the boundedness of the first element of the sequence.

Calculation (4.42) in the proof of Theorem 4.4.6 shows that the function Ly,
continuous with respect to dxxy((z,v), (2',vy")) = dx(z,2") + |y — y/| as L is distance-based

is Lipschitz

and Lipschitz continuous. Again the same argumentation as in the proof of Theorem 4.4.6
and Lemma 4.4.8 ensures the existence of a constant M’ > 0 such that [g,m) .1 < M
and therefore [Lg |1 < M for a non- negative constant M = max{|L|1, [L|1 - |gpmymli} =
max{|L|1, |L|1-M'}, see (4.42). In particular this constant does not depend on n respectively
on g,m),n € BL(X)NG. Further

HLgp(n),nHC = ”Lgp(n),nHBL =L 9p(n),n oo + |Lgp(n),n|1 <M, (4.65)

where
M :=S+|LiM|kllos +M >0 (4.66)

is a constant, which again does not dependent on n. Also ||L |lsr. > 0, as |L|; > 0 by

€ BL(X x )) and

9p(n),n
assumption. Hence L

9p(n),n
Lgp(n),n
———— € BL1(X x ). (4.67)
HLgp(n),n”BL
Moreover Lopmn <1, as Lopmn 1.
HegpimynliBr ]|, = 77 HgpmymlBe || =
Now Lg . .+ X xY — R is continuous by assumption and therefore measurable with

respect to the Borel o-algebras on X x ) and R, hence Lo,y © Zi 18 measurable with
respect to (A% B), i € N, where A! is the o-algebra generated by Z;, i € N, on Q. In

particular each function L, o Z; is measurable with respect to (A%, B), i € N, where
p(n),n
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b—1 b
EN Z (Lgp(n) n © ZZ EuLgp(n),n © ZZ) (Lgp(n),n © Z] - E:U'Lgp(n),n © Z])
i=a+1 j=i+1
b—a—1 b4
= EM(Lgp(n),n © Zz) ’ (Lgp(n),n © Z'H’Z) - E/L(Lgp(n),n ZZ)E/J‘(Lgp(n),n ° ZZ+£)
(=1 i=a+1
b—a—1
< (b - g - a) sup EN(Lgp(n),n ° Zl) ' (Lgp(n),n © ZZ+€)
=1 i=a+1,...,b—¢

_EN(Lgp(n),n ° Zi)E#(Lgp(n)m © Zi—‘rf)

(2.12),(4.67) bl

< > (b—t—=a)(| Ly, IBL) ®c(Z, 0)
=1
(4.65),(4.66) b_aTl Y
< (b= € — a) 120 (2, 0). (4.68)
=1

Now, we can use the same argumentation as in the proof of Theorem 4.4.6 to show the
almost sure convergence of the terms in part I and II. For part T we have, see (4.49), for

every € > 0 and s > 1,
2571

1 i
1% w e N W Z (Lgp(n),n o) ZZ((,(.)) — /Lgp(n),n dP > >e€

i=1

s—1
Markov 1 1 2|2 -
= e2 (2(5—1)-(1_r)> Z - B (Lgyiy. © i = /Lgpm),n dP’)
1=

23—1_1 25—1

+2 Z Z o (Lgmn),n °Zi— /L9p<n>,n dPl) <Lgp<n),n °Zj— /Lgpm)m dpj)

i=1 j=i+l

(4.68) 1 1 2 |2o7! 20-1-1 B .
< - (2(5—1)(1—1«)) Z Var(Lgp(n)ﬂn oZi)+2 Z (2°7 = OM*Pe(Z,0)| . (4.69)
1=1 /=1

For s = 1 we obtain

; 1
M ({w RY) ' ‘(Lgp(n),n o Z1(w) — /Lgp(n),n dPZ>‘ > 5}) < ?Var(Lgp(n)m o Zy). (4.70)
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As (Z)ien is C-mixing, i.e.
D ®c(Z,4) < Co < o0, (4.71)
=1

and due to the uniform bound on the variance, see (4.44), we have:

oo 2s—1
1 7
Z/’L w € W Z (Lgp(n),n ° Z'L(w) - /Lgp(7z),n ar > > €
s=1 i=1
(4.69),(4.70) 1
< —2Var(Lgp(n)’n 0 Z;)
92s—1 9s—1_1 .
T3 53 < = T)) 3 Var(Loy, 0 2042 3 (7 —ONR(2,0

(4.44)(4.71)

C% 1 = 1 ? s—1,2 s—1 72
< 52+g2§[<2<s—1)-(1—r)> [271CF + 2. 27 012Cy |

C% 1 1 2 T2
s=1

where the last sum again is a geometric series and therefore finite for 0 < r < % Hence the

almost sure convergence of the term in part I follows.

For part II, again Markov’s inequality, see Hoffmann-Jgrgensen (1994, Theorem 3.9), and
the maximal inequality by Serfling (1970) for the function hgs-1 951, see Lemma 4.4.7, are

used. For s =1 we have, similar to (4.55),

r 3 i (444)
] 2
EM 1<I;1<%)§_1 Z <L9p(2),2 © Zi - /Lgp(2),2 dPZ) < ”L H CL < 0.
=0T =21
(4.72)
Then,
00 1 257 14g
) _ %
Z,u w e N 26D 1<rqn<a2>5<71 Z (Lgp(n),n o Zi(w) /Lgp<n),n dP > > €
s=1 S L |
. 2
Mark:ov 21+

52 Z < (S 1 1 T)> ]EM 1§I;1§a;§—1 Z <L9P(”)v" © ZZ B /Lgﬁ(")a’ﬂ dPZ)

i=25"141
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Ser fling,(4.72)

25‘
< 52 522< s 7«)> (logy(2-2°71)2 | Y Var(Lg,,, . °Z)

25-141
251

+ 2 Z Z |COV 9p(n),n Zi’ Lgp(n),n © Zj)|

§=25—141 j=i+1

2 23
= 52 522(2(8 1): > (logy 2°71)* Z Var(Ly,,,., © Zi)

25—141
25—1

+ 2 Z Z ’COV 9p(n),n Zi’ Lgp(n),n © ZJ)|
1=25—141j=i+1

2
S 52 Z ( = r)> (logy 2°71)?
s>1

1 s—1 -
52 52 Z ( ((S)g?21 T)> 251 [QMCq) + C’,%}

CL S—l
Z oy <

o0
2710 + 2571 2M ) " @e(Z,0)
=1

IN

IN

for a constant ¢’ := 2MCy + C’% > 0. The convergence again follows via the ratio test,
similar to (4.56), as 0 < r < 3.
Combining these results, the assertion follows:

n

= (Lfn 0%~ [ L(wy. ful@) dP' (s, y>>

i=1
(4.63) 2|L|; 1 n 4
< Tt o > <Lgp(n)m 0 Z; — / Lgy dPZ>
=1
(409 2|L]; L, L[ .
o n + 2(5_1)'(1_T) Z g/’(n)vn © i gp(n),n d
i=1
I —0 al;nr(Jst surely
1 23—1+q
e [ e, D <Lgp<n>,n ° Zi - / Loyt dP’)
- 1=25"141

II —0 almost surely

— 0 almost surely, n — oo.
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Therefore, the SVM is consistent also for C-mixing stochastic processes.

Corollary 4.4.13 Let (2, A, u) be a probability space and let (Z,dz) = (X x Y, dxxy) be
a separable, metric space, let (X,dx) be compact and Y C R closed. Let L: X x Y xR —
[0,00) be a distance-based loss function which is conver and Lipschitz continuous in the last
argument, continuous in (x,y) for all (v,y) € X x Y and sup(, yyexxy L(7,y,0) < S, for
some constant S € (0,00), and |L|; > 0. Moreover let H be the reproducing kernel Hilbert
space of an universal, bounded and continuous kernel k : X x X — R. Let C be the space of
Lipschitz continuous functions Z — R and let (Z;)ien , Zi - Q — Z, be an asymptotically
mean stationary and C-mixing stochastic process.

Let (A\p)nen C (0,00) such that A\, — 0 and A\,n" — oo, for some 0 < r < %, and let
the sequences (f%ZPHAn)"GN and (wan(w),/\n)neN be bounded for all w € Q, i.e. there are
constants M, M > 0 such thal Hf%ZPi,/\n”H <M and || fey, oy o llz <M, neN.

Then:

RL p(few, an) = Rp p in probability, n — oo.

Again the proof of this corollary follows directly from Theorem 4.4.12 and 4.4.4 and the

assumption, that k is a universal kernel.
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Chapter 5

Conclusion and outlook

Throughout this thesis we generalize properties of support vector machines (SVMs), in
particular robustness and consistency, to data generating stochastic processes which are not
necessarily independent and identically distributed. In case of qualitative robustness our

results are more general and can be applied to a larger class of estimators than just SVMs.

To operate the dependence of the data generating stochastic process, we introduce strong
respectively weak Varadarajan processes in Chapter 3. These are stochastic processes which
provide almost sure convergence, respectively convergence in probability, of their empirical
measures Pw,, n € N, to a limiting distribution P with respect to the Prohorov metric
or with respect to the bounded Lipschitz metric. Examples are stochastic processes which
fulfil a law of large numbers for events, for example many Markov chains, many a-mixing
processes or some strongly stationary ergodic processes, as well as several weakly dependent
processes or some C-mixing processes. Both properties, statistical robustness as well as
consistency, rely on the empirical distribution of the data generating stochastic process,

which justifies the above definition.

For the i.i.d.case a lot of theory on robustness properties, consistency, and learning rates
of SVMs is available, see e.g. Christmann and Steinwart (2004), Hable and Christmann
(2011) for robustness of SVMs and Koltchinskii and Beznosova (2005), Christmann and
Steinwart (2007), and Eberts and Steinwart (2011) for consistency and learning rates. Also
in the non-i.i.d. case, some effort has been done in order to find concentration inequalities
for different kinds of dependence structures and hence to obtain consistency and learning
rates, see e.g. Xu and Chen (2008) and Pan and Xiao (2009).
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Concerning qualitative robustness, a lot of generalizations of the original definition in Ham-
pel (1968), which also apply for non-i.i.d. cases, have been proposed, but there is not so much
literature which deals with these cases. Papantoni-Kazakos and Gray (1979) and Bustos
(1980) for example introduce different kinds of qualitative robustness. Some generaliza-
tions of Hampel’s theorem for qualitative robustness can be found in Cox (1981), Boente
et al. (1982), and Zahle (2015). Qualitative robustness of the bootstrap approximation is
also introduced in the i.i.d. case, see Cuevas and Romo (1993), but, to my knowledge, not

generalized to non-i.i.d. observations.

In this thesis we generalize Hampel’s theorem for qualitative robustness of estimators to
Varadarajan processes. That is, Theorem 3.1.3 shows that a sequence of continuous esti-
mators (S, )nen which can be represented by a statistical operator S, which is continuous
in the limiting distribution P, is qualitatively robust for weak Varadarajan processes. Re-
garding support vector machines, we show that the sequence of estimators which maps the
given data set w,, to the SVM frp, . is qualitatively robust under common assumptions
on the kernel and the loss function, as long as the sequence of regularization parameters
(An)nen C (0,00) converges to A\g # 0, n — oo, see Theorem 4.2.1. Compared to consis-
tency, where A, N\ 0 is required, we can not achieve qualitative robustness in this case. This
is due to the problem, which is a so-called ill-posed problem. This implies that consistency
and qualitative robustness can not be achieved simultaneously, see Hable and Christmann
(2013). Therefore we regard qualitative robustness for the sequence of estimators where the

sequence (Ap)nen C (0,00) converges to a positive but small value.

Moreover we generalize qualitative robustness to bootstrap approximations in Theorem
3.4.2, 3.4.5, and 3.4.6. We have to strengthen the assumptions on the stochastic process
and the sample space Z and for the last two results the statistical operator is assumed to be
uniformly continuous on the space of probability measures on Z. The first theorem refers
to the case of independent, but not necessarily identically distributed random variables, the

last two results cover some a-mixing processes.

The second part of this thesis, i.e. Chapter 4, focusses on consistency of support vector
machines for data generating stochastic processes with different dependence structures. We
show that SVMs are L-risk-consistent for such processes in Theorem 4.4.4, under common
assumptions on the loss function and on the kernel and under the assumptions that the
stochastic process is asymptotically mean stationary and fulfils a convergence condition
similar to a law of large numbers. Moreover we assume the sequences of empirical estimates

fL7]pwn(W)7)\n, w € Q, n €N, as well as the sequence of theoretical estimates fL,% S P
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n € N, to be uniformly bounded. Consistency is achieved for many C-mixing, a-mixing and

7-, A=, (-, k- and 0-weakly dependent stochastic processes.

Hence, statistical robustness and consistency can also be shown for non-i.i.d. observations,
which enlarges the applicability of SVMs to a broader class of stochastic processes. Of course
there are still several open questions concerning consistency and robustness of support vector

machines or more general of estimators for non-i.i.d. observations.

A first one is the generalization to other dependence structures, for example, some martin-
gales or other mixing structures might also be Varadarajan processes. In Steinwart et al.
(2009) it is shown that some martingales fulfil a law of large numbers for events and therefore
Theorem 3.2.1 shows that they are Varadarajan processes, but, from my point of view, the
assumption on the process is very strong. So the question in case of martingales is, weather
these assumptions can be considerably weakened. We have not been working with these
dependence structures as their properties are hard to transfer from the original stochastic

process (Z;);en to the stochastic process (foZ;)en, if f is a continuous function for example.

Qualitative robustness of the bootstrap approximation for a-mixing processes is achieved if
the statistical operator is uniformly continuous. For independent not necessarily identically
distributed random variables this assumption was weakened, see Theorem 3.4.2. It would
also be of interest to weaken the assumption of uniform continuity for a-mixing processes,
one way might be to achieve a uniform continuity of the bootstrap approximation. Moreover
the assumptions on the input space to be totally bounded or compact are strong. These

assumptions should also be weakened if possible.

Our proof of consistency of support vector machines is based on two convergence prop-
erties of the stochastic process: the AMS property and the almost sure convergence of
ﬁzyzl (Lfn oZj— [ Ly, oZZ-d,u) to 0, n =00, 0<r< %, where we do not assume
any convergence rates. Hence, we do not achieve learning rates. Trying to assume rates
of convergence for the AMS property and for the almost sure convergence could lead to a
learning rate. But probably the learning rates would be very bad compared to the i.i.d. case
and those which are achieved via other concentration inequalities, see for example Sun and
Wu (2009) and Hang and Steinwart (2015).

Moreover both parts, statistical robustness and consistency require the stochastic process to

be either asymptotically mean stationary or a Varadarajan process. These properties yield

convergence of the mixture distribution % S, Pi, respectively convergence of the empirical

distribution of the stochastic process to a limiting distribution. It would be interesting if
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these properties are in general implied by the dependence structure of the process, without

assuming stationarity or identical distributions.

Also some numerical simulations should be done in order to illustrate qualitative robustness
and consistency of SVMs for finite n € N, under different dependence assumptions on the

data generating stochastic process.



Appendix A

On the following pages some definitions which are used in different meanings in the literature

or might not be immediately remembered by the reader, can be found.

Definition A 1 (strong equivalence of metrics, Sutherland (1975), p.39) Two met-
rics dx and d’y on a topological space are called strongly or Lipschitz equivalent if there exist

strictly positive constants m, M such that for all x,2' € X
mdy(z,2') < dy(z,2") < Mdy(z,2").

Definition A 2 (strong stationarity, Krengel (1985) p.25) Let (2, A, P) be a prob-
ability space. A stochastic process (X;)ien on (2, A, P) is called stationary or strongly
stationary, if the distribution of (Xs1:)ien does not depend on the shift s. That is

P(Xi, € A1, Xy, € Ag,y. o, Xy, € Ap) = P(Xyy4s € A1, Xiy s € Aoy oo, Xiyys € Ap),
applies for alln,s € N, for all Ay,.... A, € Aand allt; €N, i € N.

Definition A 3 (uniform Glivenko-Cantelli class, Dudley et al. (1991) p.2) Let Z
be a separable metric space and P € M(Z2). A class of functions F := {f: Z — R} is called

a uniform Glivenko-Cantelli class if

lim sup Pr {sup |Pw,, — Pl > E} = 0.
N0 pe M(Z) m2>n

Where Pr denotes the outer probability and Py, = %Z?:l 0., an empirical measure of

i.i.d. random variables Z; ~ P. |G| r = sup{G(f), f € F}, G: F — R, here ||Pyw,, —
Pllr =supser| [ fdPw,, — [ f dP|.
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Definition A 4 (Suslin space, Dudley (1989) p.229) A separable and measurable space
(V,S) is called a Suslin space if there is a Polish space X and a Borel measurable map from
X to ).

Definition A 5 (image admissible Suslin, Dudley (1989) p.229) Let (Q2,.A) be a mea-
surable space and F a set. Then a real valued function X : (f,w) — X (f,w) is called image
admissible Suslin via (Y, S,T) if (¥, S) is a Suslin space, T is a function from Y to F, and
(y,w) = X(T'(y),w) is jointly measurable on ) x €.

Definition A 6 (tight, Billingsley (1999), p.8, p.59) A probability measure P on a met-
ric space (X,dy) is tight if for each € > 0 there exists a compact set K C X such that
P(K)>1-—e.

A family P of probability measures is tight if for every ¢ > 0 there exists a compact set
K C X such that P(K) > 1 — ¢ for every P € P.

Definition A 7 (totally bounded, Dudley (1989) p.35) Let (X,dx) be a metric space.
The space (X,dx) is called totally bounded if for every € > 0 there is a finite set Y C X
such that for every x € X, there is some y € Y with d(z,y) < ¢.

Definition A 8 (subdifferential, Denkowski et al. (2003) Definition 5.3.20) Let X
be a Banach space and X* the topological dual, f: X — RU{oco} be a conver function, and
let x € X with f(x) < co. Then the subdifferential Of of f at x is defined by

Of(x) ={2" € X, («",y —x) < f(y) — f(x) for ally € X}.

Definition A 9 (equicontinuous, Dudley (1989) p.39/40) A collection of functions
F from a topological space X into Y, where (¥,dy) is a metric space, is called equicon-
tinuous if for every x € X there is a neighborhood U of x such that dy(f(z), f(2')) < e for
all 2’ € U and all f € F.

If (X,dy) is a metric space and for every € > 0 there is a & > 0 such that dy(z,2') < §
implies dy(f(x), f(2")) <e for all x and 2’ in X and all f € F is called uniformly equicon-

tinuous.

Theorem A 10 (maximal inequality Serfling (1970)) Letv > 2. Let P, ,, be the joint
distribution of random variables (Zgy1, ..., Za4n), a,n € N. Suppose that there exists a



137

function h(P,.), such that

h( ak)+h( a+kn) < ( a,k n)v a,k,nEN,1§k<k:+n
and  E|YX00 Z’ < h3v Y(Pan), a,m €N, n > 1.
Then,
a+q v .
(121(?2’(” ‘ZHZ > < 1092(2n)) hQU(Pa,n)'

The space DP[0,1](see Bickel and Wichura (1971) p. 1662)

The following descriptions and definition of the space D(T) can be found in Bickel and
Wichura (1971, Chapter 3, p. 1662):
Let T denote the unit cube [0,1]¢ . Call a function X : T — R a step function if = is a

linear combination of functions of the form

t— _[E1><E2><...><Ep(t)?

where each E, is either a left-closed, right-open subinterval of [0,1], or the singleton {1}
and where Ip denotes the indicator of the set E. Let D? be the uniform closure, in the
space of all bounded functions from T to R, of the vector subspace of simple functions. The
functions in D% may be characterized by their continuity properties, as follows. If t € T and

if, for 1 <p < d, R, is one of the relations < and >, let Qg, ... r,(t) denote the quadrant

-----

{(s1,...,54) € T; spRpty, 1 < p < d}

Then (see Neuhaus (1969), Straf (1969b)), page 29) x € DY iff for each t € T

(a) g = limgy, se z(s) exists for each of the 2¢ quadrants Qr,,..Rr,(t), and

(b) 2(t) = 7.
In this sense, the functlons of D% are "continuous from above, with limits from below". One
can introduce a metric topology on D% which for d = 1 coincides with Skorohod’s well-
known and useful Ji-topology (see Billingsley (1999), for example). For this, let A be the
group of all transformations A\ : 7' — T of the form A(t1,...,tq) = (A(t1),..., A(tq)), where
each X, : [0,1] — [0, 1] is continuous, strictly increasing, and fixes zero and one. Define the

"Skorohod" distance between z and y in D? to be

d(z,y) = inf{min([lz — yA[l, [IAl) : A € A},
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where ||z — yA|| = sup{|z(t) — y(A(¢))|, t € T} and ||A|| = sup{|A(t) — t|, t € T}. With
respect to the corresponding metric topology (S-topology), D¢ is separable and topologi-
cally complete, and the Borel o-algebra D¢ coincides with the o-algebra generated by the
coordinate mappings (Billingsley (1995), Neuhaus (1969), Straf (1969b). Consequently, a

stochastic process (X (t));er taking values in D? is D%measurable.
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