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Abstract
The subject of this thesis is the investigation of the dynamics and statistics of
hydrodynamically interacting particles in low Reynolds number flows, which is
discussed in three interrelated themes.
The first theme focuses on polymer fractionation. With our basic model we
explore the possibility to sort dumbbells with respect to their size using a twodimensional periodic potential. It turns out that the purely diffusive behavior
of a dumbbell in this structured landscape is dominated by the ratio of two
characteristic length scales, namely the wavelength of the potential λ and the
size of the dumbbell b [1]. We explain why the diffusion constant in the potential
plane shows a pronounced local maximum around λ/b ≈ 3/2. Furthermore, the
influence of the spring rigidity and the hydrodynamic interaction on the diffusive
motion are examined as well as the dumbbell statistics. If the dumbbell is driven
by an external flow through the periodic landscape two different kinds of motion
occur: transport along a potential valley and a stair-like motion oblique to the
trenches [2]. In the latter case, the dumbbell jumps regularly to a neighboring
valley which results in an effective deflection. The onset of the oblique movement
as well as the deflection angle β depend on the hydrodynamic interaction, on the
ratio λ/b, and on the Brownian motion of the beads. Especially the significant
dependence of β on λ/b enables particle sorting. The results are published, cf.
pub1, pub2.
The second theme deals with the Brownian dynamics in shear flows. Here,
we investigate the correlations of particle fluctuations in order to characterize the direct interplay between thermal motion, hydrodynamic interactions,
and non-uniform flows. With respect to the experimental implementation the
particles are caught by harmonic potentials. First, we consider one trapped
Brownian bead in linear shear and Poiseuille flows. The correlation functions
of the particle’s position and velocity fluctuations are calculated analytically
[3]. The main result is the occurrence of shear-induced cross-correlations between orthogonal fluctuations in the shear plane which are asymmetric in time.
Moreover, the positional probability distribution, P(r), of a single bead in both
types of flow is determined [4]. In Poiseuille flow, where no analytical solutions
can be obtained, we use perturbation expansions to derive formulas for P(r)
that are valuable for the analysis of experimental data. In the case of a linear shear flow, a connection between the static correlations and the distribution
functions is derived which allows a consistency check between independent measurements. Considering a system with several Brownian particles it is obvious
that hydrodynamic interactions influence the correlations. In order to investigate this effect, we calculate the positional correlation functions for a setup of
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two trapped Brownian beads which are exposed to a linear shear flow [5]. As
expected, the one-particle correlations change compared to the single particle
case described above. They depend on the distance between the two beads.
In addition, we find inter-particle correlations between orthogonal positional
fluctuations of different particles. The structure of these new cross-correlations
depends significantly on the relative orientation of the two beads in the shear
flow. They can have zero, one, or two local extrema as a function of time.
In collaboration with Prof. Wagner from Saarbrücken some of our predictions
are already confirmed by experiments, where polystyrene beads are caught by
optical traps and simultaneously exposed to linear shear flows in a special microfluidic device [6]. The results are published, cf. pub3, pub4, pub5, pub6, and
further investigations are in progress.
The third theme concentrates on the rheology of colloidal suspensions. Our
deterministic model system consists of Hookean dumbbells suspended in a confined Newtonian fluid under constant shear. We perform a numerical study
using fluid particle dynamics simulations, where the effective viscosity of the
suspension, ηef f , and the dumbbell statistics are determined [7]. The investigations on the tumbling motion of a single dumbbell reveals that ηef f is influenced
by three different contributions: the volume fraction occupied by the dumbbell,
the hydrodynamic interaction between the beads, and elastic correlation effects.
For a suspension of independent spheres we observe in our simulations that the
viscosity, as a function of the volume fraction Φ, differs from the prediction
of Einstein, Batchelor and Green if Φ becomes larger than 8%. Replacing the
beads by dumbbells leads to an increase of ηef f , which depends significantly on
the length of the springs connecting the two beads. The distribution function
for the orientation angle of the dumbbells indicates the complex motion of the
individual objects in the suspension, which may lead to the so-called elastic
turbulence, as experimentally discovered by Groisman and Steinberg.
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Kurzdarstellung
Der Schwerpunkt der vorliegenden Dissertation ist die Untersuchung der Dynamik und Statistik von hydrodynamisch wechselwirkenden Teilchen in Strömungen
mit kleiner Reynolds Zahl. Diese Arbeit umfasst drei miteinander verknüpfte
Projekte.
Das erste Projekt beschäftigt sich mit der Fraktionierung von Polymeren.
Im Rahmen eines einfachen Modells wird die Möglichkeit untersucht, wie man
Hanteln in einem zweidimensionalen, periodischen Potential ihrer Größe nach
sortieren kann. In einem solchen System gibt es zwei charakteristischen Längenskalen: Die Hantellänge b und die Wellenlänge des Potentials λ. Ihr Verhältnis
zueinander bestimmt maßgeblich das diffusive Verhalten der Hantel in der Potentialebene [1]. Die Diffusionskonstante als Funktion von λ/b hat im Bereich
λ/b ≈ 3/2 ein lokales Maximum. Des Weiteren wird neben der Hantelstatistik auch der Einfluß der Federsteifigkeit und der hydrodynamischen Wechselwirkung auf die Diffusion untersucht. Falls die Hantel mittels einer Strömung
durch das Potential gezogen wird, ergeben sich je nach Parameterwahl zwei verschiedene Transportmuster: Die Hantel bewegt sich entweder geradlinig entlang
eines Potentialtals oder sie springt regelmäßig von einer Rinne zur nächsten
[2]. Im zweiten Fall entsteht eine stufenartige Trajektorie mit einem mittleren
Ablenkwinkel β. Sowohl der Übergang zwischen den beiden Bewegungsmustern
als auch β hängen von der hydrodynamischen Wechselwirkung, dem Verhältnis λ/b und der Amplitude der thermischen Fluktuationen ab. Besonders die
Abhängigkeit des Ablenkwinkels vom relativen Längenverhältnis ermöglicht die
Fraktionierung von Hantelsuspensionen. Die gefundenen Resultate sind bereits
veröffentlicht (vgl. pub1, pub2 ).
Im zweiten Projekt geht es um Brownsche Bewegung von kolloidalen Teilchen
in Scherströmungen. Die Korrelationen der Teilchenfluktuationen werden untersucht, um das Wechselspiel zwischen thermischer Bewegung, hydrodynamischer Wechselwirkung und Scherflüssen zu charakterisieren. Im Hinblick auf
eine experimentelle Realisierung werden die betrachteten Teilchen in harmonischen Potentialen gefangen. Zuerst wird das Verhalten einer Brownschen Kugel
in einem linearen Scherfluss und in einem Poiseuille-Fluss untersucht und deren
Geschwindigkeits- und Ortskorrelationen analytisch berechnet [3]. Dabei stellt
sich heraus, dass eine Scherströmung Kreuzkorrelationen zwischen zueinander
senkrechten Teilchenfluktuationen verursacht, die eine zeitliche Asymmetrie aufweisen. Darüber hinaus wird die Aufenthaltswahrscheinlichkeit P(r) des Teilchens in den beiden Strömungstypen bestimmt [4]. Da es im Poiseuille-Fluss
keine geschlossene Lösung für P(r) gibt, wird mit Hilfe einer Störungsrechnung
eine Näherungslösung hergeleitet, die besonders für experimentelle Ergebnisse
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von Nutzen ist. Im Falle der linearen Scherströmung wird ein Zusammenhang
zwischen den statischen Korrelationen und der Aufenthaltswahrscheinlichkeit
hergestellt, der eine Überprüfung der Konsistenz zwischen voneinander unabhängigen Messungen erlaubt. Natürlich beeinflussen die hydrodynamischen
Wechselwirkungen zwischen mehreren Brownschen Teilchen deren Korrelationen. Um diesen Effekt zu untersuchen, wurde für ein System aus zwei gefangenen Kugeln in einer linearen Scherströmung die Korrelationsfunktionen der
Teilchenfluktuationen berechnet. Die Einteilchenkorrelationen hängen wie erwartet vom Kugelabstand ab. Des Weiteren sind zueinander senkrechte Fluktuationen von verschiedenen Teilchen miteinander korreliert. Diese Zweiteilchenkorrelationen haben je nach Kugelkonfiguration ein, zwei oder drei lokale Extrema als Funktion der Zeit. Einige unserer vorhergesagten Ergebnisse wurden
bereits in der Gruppe von C. Wagner experimentell bestätigt. In einer speziellen
Versuchsanordnung, die einen linearen Scherfluss erzeugt, wurden dabei eine
oder zwei Polystyrol-Kugeln in optischen Fallen gefangen und deren Fluktuationen gemessen [6]. Unsere Ergebnisse wurden bereits veröffentlicht (vgl. pub3,
pub4, pub5, pub6 ) und weitere Untersuchungen werden folgen.
Das dritte Projekt beschäftigt sich mit der Rheologie von kolloidalen Suspensionen. Unser Modellsystem besteht aus Hanteln mit linearen Federn, die
in einer Newtonschen Flüssigkeit suspendiert sind. Mit Hilfe der sogenannten
Fluid Particle Dynamics Methode wird die effektive Viskosität ηef f der Suspension und die Hanteldynamik im linearen Scherfluss numerisch untersucht [7].
Anhand der Bewegung einer einzelnen Hantel wird gezeigt, dass ηef f von drei
verschiedenen Beiträgen bestimmt wird: vom Volumenanteil Φ der Hanteln, von
der hydrodynamischen Wechselwirkung und von elastischen Korrelationseffekten. Im Falle einer Kugelsuspension weichen unsere Simulationsergebnisse für
die effektive Viskosität als Funktion von Φ von der Vorhersage von Einstein,
Batchelor und Green ab, sobald Φ größer als 8% wird. Werden zwei Kugel zu
einer Hantel verbunden, führt das zu einer signifikanten Erhöhung von ηef f ,
die von der Federlänge abhängt. Die Wahrscheinlichkeitsverteilung der Hantelorientierung weist auf die komplexe Dynamik in diesem Vielteilchensystem hin,
die möglicherweise elastische Turbulenz zur Folge hat.
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Extended Abstract
This thesis focuses on the dynamics of Brownian particles in low Reynolds number flows. Despite the long history of this field of research it recently regained
considerable attention, not only from a fundamental point of view but also due
to possible applications in industry enabled by a new technique: Microfluidics.
The successful combination of the promising miniaturized fluid-devices with
Brownian particles or polymers during the nineties of the last century opened
the doors to an abundant world of opportunities. But this was only possible by
the development of new methods which facilitate direct access and control over
these systems.
Two important examples are modern microscopes, which track particle motions with a high spatial and temporal resolution [8], and laser tweezers [9],
which allow a precise manipulation of a colloid [10] as well as the detection of
its displacement [11, 12]. A laser can generate inhomogeneous potentials for
particles with a refractive index different from the solvent. The structure of
these potentials ranges from a simple harmonic trap to spatially periodic, random, or correlated landscapes. This technique triggered a variety of interesting
scientific areas such as two-point microrheology [13, 14], the propagation of hydrodynamic interactions [15], anomalous vibrational dispersion [16], and many
more.
Microfluidic devices consist of a system of small channels, usually 50 − 300µm
in diameter, in which the liquid is pumped by pressure gradients or electroosmosis [17]. An overview can be found in the book of P. Tabeling [18]. They
are used in chemical engineering to control strong endo- or exothermic reactions
as well as in medicine for blood analysis. The ultimate goal are so-called ’labon-a-chip’ devices [19] which combine a variety of different applications on a
single microchip. For instance, they permit to detect biological molecules, and
transport, mix, and characterize a raw sample within seconds. Especially for
colloidal, biological, and polymer research microfluidics are essential for experimental investigations. But they can be found in nature as well: Blood vessels
and the capillary network of plants are prominent examples [20].
Similar to macroscopic systems, like fire hoses or oil pipelines, the dynamics of
viscous liquids in microfluidic devices are usually described by the Navier-Stokes
equations for incompressible Newtonian fluids [21]. This equation of motion can
be formulated in terms of the velocity field v, the pressure p, and the external
force density f according to
ρ (∂t + v · ∇) v = −∇p + µ∇2 v + ρg + f ,
∇ · v = 0,

(1a)
(1b)
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with the viscosity µ, the density ρ, and the gravitation g. Typical material
parameters for water at room temperature are µ = 10−3 P a s and ρ = 103 kg/m3 .
Eq. (1a) ensures the conservation of momentum whereas the continuity equation,
Eq. (1b), expresses the conservation of mass. The Navier-Stokes equations can
be rescaled by the use of one dimensionless quantity describing the flow, the
so-called Reynolds number,
Re =

ρvL
,
µ

(2)

where v and L denote the characteristic velocity and length of the investigated
situation. Re is a measure for the ratio between inertial and viscous forces.
Macroscopic systems are usually governed by high Reynolds number flows with
Re > 1000, for example if v = 1m/s and L = 0.1m in water. In this case, inertia
is the dominant factor and complex flow dynamics like turbulence occur [22].
On the contrary, in microfluidics v and L are of the order of µm/s respectively
µm, which leads to Re  1, and Eq. (1a) can be linearized by neglecting the left
hand side. This results in the linear Stokes equations for incompressible fluids,
0 = −∇p + µ∇2 v + ρg + f ,

∇ · v = 0.

(3a)
(3b)

The content of this thesis is constricted to low Reynolds numbers, where the
flow is laminar and viscous forces dominate inertia effects. This has several
consequences that appear unusual compared to everyday experiences. For instance, two fluids injected in a micro-channel hardly mix. Only diffusion at
the fluid-fluid boundary layer starts a mixing process, which is very slow and
inefficient if Re  1 because an increase of interfaces does not occur contrary to
turbulent flows. However, adding a small amount of micron-sized particles can
have a significant effect on the flow dynamics and change the mixing properties.
Polymers, for example, can cause elastic turbulence at low Reynolds numbers
[23, 24] thus supporting the mixing of fluids [25].
This example reveals that there is a subtle interplay between colloids and
the surrounding fluid. The nonlinear interactions among the particles and the
feedback of their motion on the solvent causes a variety of complex phenomena.
Even the dynamics of one polymer in a simple shear flow can only be quantified
in a coarse-grained manner [26, 27]. However, in many cases a simple model
may be found to explain basic principles.
In general, the suspended particles perform Brownian motion [28] caused by
thermal fluctuations of the solvent molecules. Their random collisions with the
bigger colloids are the origin of the stochastic microscopic motion. In fluid
mechanics, which is based on a continuum description of the solvent through
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the Navier-Stokes equations, cf. Eqs. (1), the fluctuations of the velocity field
are the source of Brownian dynamics [29]. In quiescent fluids this process is well
understood. However, the Brownian motion in shear flows is a current field of
research as discussed later in this thesis.
Besides the Brownian dynamics, the interplay between the colloids via the
solvent, which is called hydrodynamic interaction, plays an important role in
microfluidic systems [30]. This long-range, nonlinear interaction is crucial for
various effects like the coil-globule transition of polymers [31], hydrodynamic
instabilities [32], collective motion [33, 34], or the synchronization of micromixers [35].
From a theoretical point of view, the origin of hydrodynamic interactions is
the response of the fluid to a point force. In the low Reynolds number regime,
where the Stokes equations are valid, the force f (r) in Eq. (3a) creates a flow
field u(r) according to the non-local linear relation
Z
u(r) = d3 r0 Ω(r − r0 )f (r0 ) .
(4)
Note that due to the linearity of the Stokes equations the superposition principle is valid. The integral kernel in Eq. (4) can be calculated by Fouriertransformation of Eq. (3a). The result is the so-called Oseen tensor [36],
Ω(r) =

1 h
rr i
I+ 2 ,
8πηr
r

(5)

with the unity matrix I. This Greens function is the basic expression for the
hydrodynamic interaction between point-like particles. Especially in connection
with microswimmers the solution (5) is called a Stokeslet [37, 38].
The dynamics of colloidal, spherical particles – often denoted as beads – can
be described by over-damped Langevin equations of the form

ṙi = u(ri ) + Hij fjd + fjs ,
(6)

with the particle indices i and j [39, 30]. The positions are labeled with ri ,
and u(r) is the velocity field of the external flow in the microfluidic device. The
mobility matrix Hij accounts for the friction and the hydrodynamic interactions
of the beads. In the Oseen approximation – the simplest case – these matrices
are given by
1
Hii = I ,
ζ


3a
rij rij
,
Hij =
I+ 2
4ζrij
rij

(7a)
(i 6= j) ,

(7b)
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where ζ = 6πµa is the Stokes friction coefficient of a point-particle with effective
hydrodynamic radius a [40], and rij = ri −rj describes the distance between two
beads. In the limit rij → 0, Hij becomes singular, cf. Eq. (7b). If two particles
come close to each other, this problem can be solved by introducing excluded
volume interactions and higher order terms with respect to a/rij in Eq. (7b).
The latter ones can be calculated by combining the method of reflections and
Faxén’s theorem [30], which leads to the Rotne-Prager matrix [41],





3a
2a2
2a2 rij rij
Hij =
1+ 2 I + 1− 2
,
(i 6= j) .
(8)
2
4ζrij
3rij
rij
rij
In a similar way expressions for hydrodynamic interactions with walls can be
derived as demonstrated in [42, 43, 44]. It is worth noting that in the Langevin
model, cf. Eq. (6), the colloids are considered as point-particles, so they cannot
rotate. However, the mobility matrix Hij can be modified to include effects of
external torque applied on the beads [45].
The vector fid in Eq. (6) denotes the sum over all deterministic forces acting
on the particles. For the stochastic force fis that incorporates the Brownian
motion one assumes a Gaussian distribution, which is completely defined via its
first and second moment [46, 47],
hfis (t)i = 0 ,

hfis (t)fjs (t0 )i

(9a)
0

= fij δ(t − t ) .

(9b)

In quiescent fluids the fluctuation dissipation theorem [48, 49] relates the strength
of the fluctuations and the mobility matrix,
−1
fij = 2kB T Hij
,

(10)

but in shear flows the situation is different as discussed later.
There are many applications of Langevin equations. For instance, they allow to determine analytical expressions for positional correlation functions of
Brownian particles [3] as well as the characterization of anomalous diffusion
in inhomogeneous viscosity landscapes [50]. Moreover, Langevin equations are
used in Brownian dynamics simulations in order to model polymers by beadspring chains [51]. This concept has proven to be valuable for explaining effects
like the coil-stretch transition [52, 53] and the dynamics of tethered polymers
in flows [54, 55, 56, 44].
Understanding the interaction between colloids and their dynamics in the
solvent allows applications like particle sorting. A practical example can be
found in medicine, where it is sometimes necessary to separate the blood cells
from the plasma. This can be achieved via deterministic hydrodynamics [57].

4

Dholakia and co-workers realized a related setup, where a monodisperse mixture
of silica and polymer beads was separated [58]. In a microfluidic device the rigid,
equal-sized beads were transported through a three-dimensional optical lattice
created by laser tweezers and thereby separated with respect to their refractive
index. With the same setup colloidal particles can be sorted according to their
size. Contrary to other methods, the experiment of Dholakia is very efficient
and flexible.
Due to its relevance for many applications, the transport of spherical colloidal
particles in periodic landscapes has been investigated intensively [59, 60, 61]. In
this context interesting questions arise: How do deformable or complex objects
like vesicles and polymers behave when they are driven by a flow through such
periodic potentials? Is it possible to do fractionation with such kind of setups?
In order to answer part of these questions we investigate the dynamics of a
Hookean dumbbell in the two-dimensional periodic landscape,
 



2π
2π
V (r) = V0 cos
x + cos
y
,
(11)
λ
λ
in terms of a Langevin equation. The dumbbell is a model system for entities
like dimers [62], pom-pom polymers [63], two polystyrene beads connected by
actin filaments, or other deformable objects. Its deformability can be tuned via
the stiffness of the spring connecting the two beads, and the influence of the
hydrodynamic interactions between them can be characterized in a systematic
manner. In an experiment the inhomogeneous potentials can be created by
interference of several split beams of a laser [10, 58].
Before investigating the dynamics of a flow-driven dumbbell we explore in
pub1 its diffusion in the periodic landscape. The important parameters characterizing the system are the length of the dumbbell b, the amplitude V0 and
the wavelength λ of the potential in x and y direction, as well as the strength
of the stochastic force given by the thermal energy kB T . The corresponding
Langevin equation is solved numerically. From an ensemble average over the
resulting particle trajectories the mean squared displacement can be calculated.
For small times t we obtain a sub-diffusive behavior, but at larger values of t
the mean squared displacement increases linearly,
hx2 (t)i = 2Dx t ,

(12)

similar to the case of free Brownian particles, where D = kB T /ζ according to
the Stokes-Einstein relation [28]. In the present situation Dx = Dy is smaller
than kB T /ζ because of the potential.
As expected, the diffusive motion in the potential plane and the influence
of the hydrodynamic interaction is reduced with increasing values of the ratio
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V0 /kB T . Especially for stiff springs the diffusion constant along the spatially
modulated directions, Dx , depends significantly on the ratio λ/b. In the parameter range λ/b ≈ 3/2 this interplay causes a maximum of Dx , because in
this case the two beads do neither fit into one single nor into two neighboring
potential minima. This mismatch reduces the effective barrier height and enhances diffusion. The height of the maximum decreases if the springs become
softer because the dumbbell can easier relax down to potential minima. If λ/b
gets larger than 3/2, the diffusion constant reaches a minimum value where
the whole dumbbell is essentially trapped in one potential minimum. Increasing
λ/b further, the influence of the potential starts to vanish until the free diffusion
limit is reached.
A possible application using these results is the fractionation of a polydisperse
mixture of dumbbells by diffusion. According to the dependency of the diffusion
constant on the ratio λ/b, some dumbbells can diffuse much faster than others.
Moreover, different values of the potential wavelength in x and y directions
cause an anisotropic diffusive behavior. Some dumbbells would prefer to diffuse
along the x direction while others move along the y direction. The drawback of
this idea is that the diffusive motion is rather slow.
An obvious extension of the work presented in pub1 is to consider a dumbbell
which is driven by a uniform flow, u = u(cos α, sin α, 0), through the periodic
landscape (11) as discussed in pub2. In the first step the Brownian motion is
neglected, and we investigate the purely deterministic transport. The analysis
reveals three different regimes of motion. If the flow velocity u is small, the
dumbbell is trapped by the potential. The drag forces are not sufficiently strong
to push the two beads over the potential barriers. However, if u exceeds a
certain threshold uc1 , the dumbbell surmounts the barrages and starts to move
straight along a wavy potential trench. The value of uc1 depends periodically
on the ratio b/λ. Increasing u further at a finite angle α the third regime
of motion is reached. Beyond a second threshold velocity uc2 the dumbbell
jumps regularly to a neighboring potential valley resulting in stair-like particle
trajectories. Especially near the onset at uc2 the effective deflection angle β of
the dumbbell is very sensitive to b/λ. In case of strong flows β approaches the
flow angle α. In addition, the critical velocity uc2 depends in a monotonous way
on the ratio between the two characteristic length scales. It is worth noting that
β is independent of b/λ if the hydrodynamic interaction between the two beads
is omitted. Just below the critical value uc2 thermal fluctuations support the
passage of the dumbbell between neighboring potential trenches and therefore
induce the stair-like motion in this parameter range. This effect of thermal
noise is investigated by taking the stochastic forces in the Langevin model into
account. As expected, the onset of the oblique dumbbell motion is shifted to
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smaller values of the second critical velocity. Moreover, the deflection angle β
shows some interesting resonances as a function of b/λ. If the dumbbell size is
a multiple of the wavelength, β is reduced.
These results offer several possibilities to sort dumbbells with respect to their
size if they are driven by a flow through a two-dimensional periodic potential.
Since uc1 depends on b some dumbbells remain caught by the potential at low
flow velocities while others start to move along a trench. The same idea holds for
the transition to the stair-like motion. Some dumbbells are deflected, others not.
The dependency of the deflection angle on the dumbbell size enables efficient
fractionation, especially in the parameter range 1/2 < b/λ < 3/2.
In pub2 the dumbbell is driven by a uniform flow with constant velocity
which can be realized in a microfluidic device only by electro-osmosis [17]. But
in general, non-uniform flow profiles are present in experimental setups. Two
famous examples are the linear shear flow – also called plane Couette flow – and
the Poiseuille flow which has a parabolic velocity profile. In such shear flows little
is known about the dynamics of Brownian particles and their hydrodynamic
interactions, although the interplay between these three ingredients causes a
variety of effects. In the literature prominent examples can be found like Taylor
dispersion [64], fluid mixing [65], dynamics of individual polymers [66, 26, 67],
and elastic turbulence [23]. The obvious attempt to gain more insight into
the fundamental principles causing these complex dynamics in shear flows is to
consider one free Brownian particle or dilute suspensions. There are already a
number of articles investigating this kind of systems using Langevin models [68,
69, 70], mesoscopic non-equilibrium thermodynamics [71, 72], or Fokker-Planck
equations [73, 74, 75, 76]. These works usually focus on statistical properties
like probability distributions and second moments.
However, even in the simplest case of one Brownian particle in a plane Couette
flow there is a fundamental question: What are the exact statistical properties
of the stochastic force f s in the Langevin equation, cf. Eq. (6)? This is a current
field of research because it is known that the fluctuation dissipation theorem in
shear flows differs from the one in potential flows [77, 78]. In quiescent fluids the fluctuations of orthogonal fluid-velocity fluctuations are uncorrelated in
the bulk [79]. But this is not true anymore in Couette flows [80, 81]. Here,
the shear-induced cross-correlations between perpendicular fluid-fluctuations in
the shear plane affect the Brownian motion of suspended particles. In the
Langevin description this fact should be included in the stochastic force f s .
Several attempts were made to determine the exact amplitudes in Eq. (9b) or
corrections to Eq. (10). For example, D. Bedeaux and co-workers started their
analysis from the hydrodynamic fluctuation theory [29, 82] and verified that
shear-induced cross-correlations in the fluid influence the Brownian motion of
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colloidal particles. But their results cannot be directly applied to Langevin
equations. However, L. Holzer has recently shown that the corrections to the
fluctuation-dissipation theorem for a single-particle,
fαβ = 2kB T ζδαβ ,

(α, β = x, y, z) ,

(13)

caused by a linear shear flow are small [83]. These theoretical findings justify
the use of Eq. (10), which holds approximately in shear flows as well. In the
following we focus on the direct interplay between Brownian motion and shear
flow while keeping Eq. (10).
A basic feature of Brownian motion in non-uniform flows can be explained
by considering the motion of a single bead. Assuming a linear shear flow in
x direction with xy shear plane, it is clear that random jumps of the particle
in y direction lead to a change in the particle velocity in x direction and an
additional displacement along the streamlines. This simple picture motivates
the existence of cross-correlations between orthogonal particle fluctuations in
the shear plane which are not present in quiescent fluids. They are a direct consequence of the shear flow and not caused by a coupling between perpendicular
directions of the stochastic forces in the Langevin model. Formula (10) remains
untouched. These shear-induced correlations for Brownian motion are expected
to be strongly asymmetric in time [70, 83]. However, a direct experimental
observation of this prediction was missing until 2009 as described in [6], pub3.
The dynamics of free Brownian particles in shear flows can be investigated
indirectly in light scattering experiments [84, 85, 86]. The basic principle is as
follows: Light emerges from a laser and strikes a sample cell. A detector measures the electric field amplitude of the scattered beam. The autocorrelation
function of the electric field, G(q, t), where q is the scattering wave vector, contains the information of the particle diffusion. For instance, in quiescent fluids
2
the relation G(q, t) ∼ e−Dq t holds, but in shear flows the connection is more
complicated. One problem in light scattering experiments is that the colloids
can enter and leave the laser spot which may lead to significant fluctuations of
the particle number.
Stochastic motions of free particles moving along streamlines and trapped
particles exposed to the same type of flow are equal in nature, as explained
further below. However, from the experimental point of view the second case is
more suitable for a precise statistical analysis because the objects do not diffuse
out of the focus of the laser beam. Moreover, wall effects can easily be excluded
if the Brownian beads are caught distant from the confinement. So, in order to
investigate Brownian dynamics in shear flows directly, we consider individual
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particles which are caught by harmonic potentials of the form
V (r) =

k 2
r .
2

(14)

We present in pub4 a basic investigation of the motion of a single bead in such
a situation, where in the beginning a quite general analysis is carried out. For
the Langevin equation, which includes inertia, we use Eqs. (9) for the stochastic
forces without further specifications, and the external flow in x direction is given
by
u(r) = (a + by + cy 2 )x̂ .

(15)

From the solution of the equation of motion several statistical properties of the
particle are determined, partly using computer algebra [87]. The shift of the
mean position in flow direction, hxi, includes a contribution proportional to
cfyy which is caused by Faxén’s law. Furthermore, the second moments, like
hxyi and hvx2 i, are calculated under the assumption of a Gaussian distribution
of the thermal noise. They can be measured by experiments and depend on
the amplitudes fαβ . This creates the opportunity to determine the strength
of the stochastic forces experimentally. For example, the measurement of a finite particle-velocity correlation hvx vy i ∼ fxy would confirm the existence of
cross-correlations between orthogonal fluid-velocity fluctuations, which is fundamental for the fluctuation-dissipation theorem in shear flows. However, fxy is
expected to be small which means that its detection is an intricate issue. The
detailed analysis of hvx vy i in the appendix of our work pub4 shows that in the
limit of a vanishing potential the free-particle results presented in Ref. [70] are
obtained. This substantiates the above statement about the similarity of Brownian motion for free and trapped particles in shear flows. Another interesting
result is the shear-induced increase of the mean kinetic energy of the bead. A
similar observation was made for sheared fluids without colloids [88, 89].
In the second part of pub4 the discussion is restricted by two assumptions:
Inertia effects are neglected, and we use the equilibrium fluctuation-dissipation
relation (13). Despite these approximations, the situation in common experiments is well described because the omitted effects can only be detected with a
very high temporal and spatial resolution, cf. [6, 90].
In case of a linear shear flow, with a = c = 0 in Eq. (15), the time dependent positional correlation functions are discussed in detail. An important
parameter in this case is the Weissenberg number Wi = bτ , which is the product of the shear rate b and the typical relaxation time τ = ζ/k of the particle
in the harmonic potential. The shear-induced correlations are proportional to
Wi and asymmetric in time, which is a characteristic signature in shear flows.
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hx(0)y(t)i decays exponentially while hy(0)x(t)i has a pronounced maximum.
Furthermore, the static correlations determine via the covariance matrix the
positional probability distribution P(r) of the trapped bead. The contour lines
of P(r) have an elliptical shape, and the inclination angle of the major axis as
well as the ratio between the two principal axes are functions of the Weissenberg
number only. The correlation and distribution functions can be measured independently in an experiment which allows a cross-check for the consistency of
the results.
A similar discussion is made in pub4 for a trapped particle in a Poiseuille flow.
However, compared to the case of linear shear flow there is a delicate difference.
Due to the y 2 dependence of u in Eq. (15) the particle positions are no longer
a linear function of the Gaussian distributed noise f s in the Langevin equation.
Consequently, the probability distribution of r is not only determined by the
covariance matrix, but higher order moments, like hx3 i, become important too.
Brownian dynamics simulations of the corresponding Langevin equation confirm this fact. In order to obtain an analytical expression for P(r) in Poiseuille
flow, one has to use a Fokker-Planck approach. For the diffusion of free Brownian particles this has already been done by T. van de Ven [74]. He derived
analytical expressions for the positional probability distributions which decay
in time. Recent works also consider inertia effects [91] and the relation between
the Gaussian nature of noise and time reversibility [92]. Compared to these
investigations, the probability distribution of a trapped Brownian particle is
stationary and can be measured in an experiment by microscopy. In pub6 we
address this question in detail.
In general, the evolution of P(r, t) is driven by the probability current j(r, t)
according to the Smoluchowski equation
∂t P = −∇j ,



1
j = −D∇P + u − ∇V
ζ



(16a)
P,

(16b)

with the diffusion constant D = kB T /ζ. In quiescent fluids, where u = 0,
Eqs. (16) lead to a Boltzmann distribution, P(r) ∼ exp(−V /kB T ). For a linear
shear flow, with a = c = 0 in Eq. (15), the expected Gaussian distribution is
recovered. In our work we discuss briefly the connection between the elliptical
shape of the contour lines of P(r) and the second moments. For a Poiseuille flow
there is no exact analytical solution of the Smoluchowski equation. However,
P(r) can be calculated by a perturbation expansion for the parameter c using
an ansatz of the form
P(x, y) ∼ ecf (x,y)+c
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2 g(x,y)

,

(17)

with the polynomials f (x, y) and g(x, y) which solves the Smoluchowski equation
up to the second order in c. After comparing these results with numerical
solutions we find a very good agreement for a large range of the perturbation
parameter c. This makes the provided analytical approximations useful for
fitting experimental data. In addition, the shape of the probability distribution
of one trapped Brownian particle in Poiseuille flow shows similarities with the
contour of vesicles in the same type of flow as reported in [20, 93, 94, 95].
So far, the discussion was restricted to the Brownian motion of one particle
in shear flows, which means that effects of hydrodynamic interactions were not
taken into account. The influence of this nonlinear interaction on the statistical
properties of trapped beads has been investigated by J. Meiners and S. Quake
in an interesting experiment [90]: Two Brownian particles were caught in two
optical traps, separated by a distance d in a quiescent fluid, and the correlations
of their positional fluctuations were measured. Due to the hydrodynamic interaction between the beads the one-particle correlations, like hx1 (0)x1 (t)i, depend
on the parameter d. In addition, the fluctuations of two distinct beads along parallel directions are correlated too. This results in inter-particle anti-correlations
like hx1 (0)x2 (t)i ≤ 0. The investigations of Meiners and Quake give insight into
the coupling between thermal motion and hydrodynamic interactions in fluids
at rest. However, the understanding of this interplay in shear flows is still far
from being complete, although it is the origin of interesting phenomena in the
field of polymer dynamics.
That is why we focus on the question, which kind of cross-correlations can be
expected between hydrodynamically interacting particles in shear flows. In pub5
we consider two Brownian beads, trapped in harmonic potentials at a distance
d and simultaneously exposed to a linear shear flow. Three characteristic setups are investigated: The connection vector between the traps can be parallel,
perpendicular, or oblique to the flow direction which affects the results substantially. From the solution of the corresponding Langevin equations we calculate
the positional correlation functions, which depend on d, on the Weissenberg
number, and on the particle configuration. Although the stochastic forces in
our model are assumed to be uncorrelated along orthogonal directions, we observe a coupling between perpendicular particle displacements caused by the
shear flow, which is similar to the findings presented in [3], pub4. The resulting
shear-induced cross-correlations are linear in Wi and occur between orthogonal
fluctuations of different particles as well. These inter-particle correlations have
zero, one, or two extrema as a function of time, depending on the particle configuration. Besides generating new cross-correlations, the shear flow causes a
contribution proportional to Wi2 in the correlation functions of particle fluctuations along parallel directions. In addition, a significant impact of the parameter
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d on the positional probability distribution of each particle in the shear flow is
observed. The shape of the elliptical distribution is tilted and stretched if the
two particles approach each other in the parallel configuration. The same observation is made if the shear rate is increased. So, the shear-flow effects are
enhanced by the presence of a second particle. In the oblique configuration the
opposite behavior is observed.
These results provide insight into the Brownian motion in shear flows that
might be useful for the analysis of the stochastic dynamics of a bead-spring
model for polymers too, where the Brownian particles are connected along a
chain and fluctuate around some mean distance to their next neighbors. The
fluctuations along and perpendicular to the connection vector between two
neighboring beads may exhibit similar correlations as for the three investigated
model configurations. In this spirit, a profound analysis of the stochastic motion of a bead-spring model in a linear shear flow is an interesting task and may
contribute further to the understanding of polymer dynamics.
The theoretical investigations in pub4, pub5, and pub6 go along with experiments in the group of C. Wagner. The major aim of this collaboration was
the direct detection of the predicted shear-induced cross-correlations of orthogonal particle fluctuations in linear shear flows. This was achieved recently, and
the results are published in pub3. According to our knowledge, this was the
first direct observation of this effect. In the experimental setup, one or two
uncharged polystyrene beads with a diameter of 3µm were caught by optical
tweezers. A special microfluidic device was designed in order to generate a perfect linear shear flow with zero velocity at the center, where the particles were
trapped. This has the advantage that the Stokes friction force on the beads is
kept small, even at high shear rates. A microscope with a resolution of 15kHz
and ±4nm recorded the particle positions [8]. From the experimental data the
different correlation functions and the particle distributions were determined.
In the single-particle case, a good agreement with the theoretical predictions
was found for the correlations as well as for P(r). The characteristic timeasymmetry in hx(t)y(t0 )i could be confirmed and a consistency check between
the positional distribution and the second moments was made. For the two
particle system the shear-induced inter-particle correlations were measured for
the parallel configuration, where a good agreement with our calculations was
observed too.
Further challenges in this project are measurements on the two-bead system
in the perpendicular or oblique setup in order to confirm the characteristic
dependency of hx1 (0)y2 (t)i on the configuration. In addition, experiments on the
probability distribution of trapped particles in Poiseuille flow should be made
and compared with the predictions in pub6. Current projects investigate wall
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effects on hydrodynamically interacting beads (S. Schreiber) [44], the Brownian
dynamics in a double-well potential, and the motion of a periodically driven
particle in shear flows (D. Kienle) as well as the anomalous diffusion in confining
potentials (J. Greber).
In pub5 we have shown that the interplay between hydrodynamic interactions and shear flows influences the dynamics and statistics of individual colloids. Above all, the behavior of the whole suspension is strongly affected as
well, because the suspended particles have a significant influence on the bulk
properties, even if their volume fraction is small. For example, adding only a
few ppm of the polymer polyethylene oxide into water reduces the effective viscosity substantially, so it is easier to pump the liquid through a fire hose. This
effect, called turbulent drag reduction [96, 97], is utilized for the transport of
oil in pipelines as well. In general, polymer suspensions are complex fluids. In
experiments, this class of liquids shows a variety of astonishing phenomena such
as shear thinning [98], where the effective viscosity of the suspension decreases
with increasing magnitude of the applied stress. An overview of the structure
and rheology of complex fluids can be found in the book of R. Larson [99].
Despite the huge amount of experimental investigations, there is a lack of
theoretical models explaining the observed effects. One approach to address
this complex problem is the kinetic theory [21], where the investigations start
from the general Navier-Stokes equations
ρ (∂t + v · ∇) v = −∇ · σ + ρg + f ,

(18)

for incompressible fluids. The effect of suspended particles is included in the
total stress tensor σ, which consists of two parts,
σ = pI + ς ,

(19)

where p is the pressure, I is the unity matrix, and ς is given by a constitutive
equation. For Newtonian fluids, one has

ς = −µ ∇v + (∇v)T ,
(20)

which leads to Eq. (1a). In order to describe complex fluids, more elaborate
formulas for ς are used which usually include the distribution function of the
underlying bead-spring models, cf. convected Jeffreys model in [21]. One example for a constitutive equation is given by the Oldroyd-B model, which is
motivated by the influence of the motion of a Hookean dumbbell on the stress
tensor. In this case, the expression for the matrix ς includes a contribution
λ = hRFi ,

(21)
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where R is the connection vector between the two beads and F is the spring
force. For the evaluation of the ensemble average in Eq. (21) the distribution
function for the dumbbell configuration is required. If such a suspension is
exposed to the linear shear flow
v(r) = γ̇xẑ ,

(22)

in z direction with a shear rate γ̇, one can determine the effective viscosity, ηef f ,
via the xz component of the stress tensor σ according to
ηef f =

σxz
.
γ̇

(23)

The Oldroyd-B model is one of few examples, where the resulting equations can
be solved analytically, but it does not reproduce shear thinning. Further details
can be found in the book of R. Bird [21].
Another way to investigate the behavior of polymer solutions is to perform
computer simulations. Depending on the numerical method, the polymers are
often represented by bead-spring models. For the simulation of their dynamics, one can choose between different methods. Famous examples are Brownian dynamics [51], multiparticle-collision dynamics [100], and lattice Boltzmann
methods [101].
It is needless to say that every numerical scheme has its benefits and drawbacks. Depending on the problem under consideration one has to make an
appropriate choice. In order to perform simulations on the rheology of polymer
solutions, there is a method which is superior to the examples described above.
It is called fluid particle dynamics (FPD) and was introduced by H. Tanaka and
T. Araki [102]. The advantages of FPD become obvious when the method is
explained.
The basic idea of this scheme is to identify the body of a colloidal particle
at the position ri as a region of high viscosity in an incompressible Newtonian
fluid. This leads to a spatially dependent viscosity field, η(r),
η(r) = ηs + (ηp − ηs )

N
X

ϕi (r) ,

(24)

i=1

where ηs is the solvent viscosity and ηp = 100ηs is the viscosity inside a bead.
The spheres at ri are described by the density field,



1
ν − |r − ri |
ϕi (r) =
1 + tanh
.
2
ξ
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(25)

The parameter ν describes the width of the ηp plateau, and ξ is the thickness
of the depletion layer. The viscosity field enters the unsteady Stokes equations


(26a)
ρ∂t v = −∇p + ∇ · η(r) ∇v + (∇v)T + f + ρg ,
∇ · v = 0,

(26b)

which are solved numerically in order to obtain the velocity and pressure field
of the fluid. The averaged velocity field around a particle is used to update the
particle position which leads to a new viscosity field, and the procedure starts
again. For further details and tests of the method we refer to [102, 103]. Note
that thermal fluctuations can be included by adding a stochastic tensor on the
right hand side of Eq. (26a), as described in [104].
The advantage of FPD is the clever implementation of the moving boundary
conditions on the particle surfaces. Compared to other schemes like Brownian dynamics [105] and multiparticle-collision dynamics [106], the beads have
a finite size and rotate in shear flows. Moreover, the complete hydrodynamic
interactions between the particles are included in the velocity and pressure field
of the solvent. Even at high volume fractions or large particle numbers no approximations must be made. Since the velocity field in the whole solvent is
computed, one can calculate the stress tensor, σ, which allows rheological investigations. The possible applications of FPD are wide-ranging. It has been
successfully applied to explore the dynamics of colloids in complex fluids [107],
the polymer coil-globule transition [31], the effect of confinement on the rheology of a suspension of spheres [108], and the effective viscosity of microswimmer
suspensions [109].
In pub7, we use the FPD method in order to investigate the connection between the motion of suspended objects and the rheology of the whole suspension.
Therefore, we perform a numerical study on the following deterministic model
system: One or several Hookean dumbbells are immersed in a Newtonian fluid
in a rectangular flow channel. The equilibrium length of the spring between two
beads is denoted with R0 . We create a linear shear flow in z direction with xz
shear plane, as given by Eq. (22). During the simulation we measure the trajectories of all suspended objects as well as the effective viscosity, ηef f , via the
stress tensor σ, cf. Eq. (23). We show that the effective viscosity is a function
of the dumbbell length R0 .
The analysis of the motion of a single dumbbell reveals interesting effects. In
the considered parameter range, the dumbbell is tumbling continuously, while
the relative spring deformation,  = (R(t)−R0 )/R0 , changes periodically in time.
The angle θ of the connection vector R between the two beads with respect to
the flow direction characterizes the rotational dynamics, which are reflected in
the course of ηef f (t). Our detailed examination in pub7 shows that the effective
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viscosity consists of three different contributions. The volume fraction of the
suspended object causes a constant offset, whereas the hydrodynamic interaction
leads to an increase of ηef f (t) when θ equals π/2. The third contribution is
caused by elastic correlation effects, which are described by the force-orientation
tensor λ = hRFi, as given by Eq. (21).
Increasing the number of dumbbells in the flow channel, and therefore the
volume fraction Φ, leads to complex dynamics caused by the nonlinear hydrodynamic interactions. The resulting particle trajectories indicate a chaotic behavior. In this situation, we measure the averaged effective viscosity η̄ef f = hηef f (t)i
as well as the dumbbell statistics. It turns out that the distribution function
of the orientation angle, P(θ), has two peaks at θ1 ≈ 0.1π and θ2 ≈ 0.9π. The
maximum at θ1 is enhanced because the shear flow breaks the symmetry with
respect to θ = π/2. The distribution function of the relative spring deformation,
P(), shows a symmetric peak around  = 0, which broadens with increasing
Weissenberg number.
Our numerical results for the effective viscosity of the dumbbell suspension
can be compared with analytical predictions. In general, η̄ef f can be given in
terms of a virial expansion for the volume fraction Φ,

η̄ef f (Φ) = ηs 1 + w1 Φ + w2 Φ2 + O(Φ3 ) .
(27)

For a suspension of spheres in the dilute regime, where hydrodynamic interactions between the beads are negligible, A. Einstein calculated w1 = 2.5
[110, 111], while G. Batchelor and J. Green determined the second order coefficient w2 = 5.2 [112]. By the use of FPD it was shown that both coefficients,
w1 and w2 , change if the suspension of spheres is strongly confined [109]. Note
that the shape of the suspended objects influences the viscosity as well [113].
First, we perform simulations on a suspension of beads in order to obtain a
reference curve for the effective viscosity as a function of the volume fraction.
Our numerical results are in good agreement with the Einstein-Batchelor-Green
prediction as long as Φ is smaller than 8%. Above this value, the increase of η̄ef f
is enhanced and higher order terms in the expansion (27) have to be included.
For a suspension of dumbbells, the effective viscosity is increased compared to
the case of spheres. A significant dependence of η̄ef f on the spring length R0 is
observed. For example, a duplication of R0 at Φ = 10% leads to an increase of
the effective viscosity by 25%.
Our results, as presented in pub7, lead to the following outlook: According to
Ref. [103] we expect to observe shear thinning for the investigated model system
at large values of the Weissenberg number, but we did not yet investigate this
parameter regime. Moreover, the complex nature of the individual particle
trajectories at high volume fractions gives rise to another interesting question:
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A. Groisman and V. Steinberg have shown in an experiment that polymers
induce a chaotic motion in a microfluidic flow [23]. They observed a turbulent
fluid motion, although the Reynolds number in the polymer solution was small.
The effect is called elastic turbulence, as already mentioned before. However, the
origin of this behavior is not completely understood due to the complexity of the
experimental system. The suspended polymers have many degrees of freedom
and are subjected to Brownian motion. Compared to that, we investigate a
deterministic minimal model with simple deformable objects. However, the
finding of complex, irregular motion in our simulations may contribute to the
understanding of the elastic turbulence.
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Dumbbell diffusion in a spatially periodic potential
Jochen Bammert, Steffen Schreiber, and Walter Zimmermann
Theoretische Physik I, Universität Bayreuth, D-95440 Bayreuth, Germany
共Received 2 October 2007; published 21 April 2008兲
We present a numerical investigation of the Brownian motion and diffusion of a dumbbell in a twodimensional periodic potential. Its dynamics is described by a Langevin model including the hydrodynamic
interaction. With increasing values of the amplitude of the potential we find along the modulated spatial
directions a reduction of the diffusion constant and of the impact of the hydrodynamic interaction. For modulation amplitudes of the potential in the range of the thermal energy the dumbbell diffusion exhibits a pronounced local maximum at a wavelength of about 3/2 of the dumbbell extension. This is especially emphasized
for stiff springs connecting the two beads.
DOI: 10.1103/PhysRevE.77.042102

PACS number共s兲: 05.40.⫺a, 87.15.Vv, 82.35.Lr

Investigations of the diffusion of different colloidal particles in a homogeneous solvent have a long history 关1,2兴,
while studies of the diffusion of small spheres, dimers, and
polymers in different potentials attracted considerable interest only for a short time 关3–9兴. Laser-tweezer arrays are a
new powerful tool for generating the desired spatially periodic, correlated, or unstructured potentials in order to study
the effects of inhomogeneous potential landscapes on the
motion of colloidal particles 关3–5,10兴. Furthermore, recent
studies of dumbbells and polymers in random potentials have
created exciting results in statistical physics 关11,12兴.
Several of these investigations are motivated by possible
applications like particle sorting in inhomogeneous potentials. For example, cross-streamline migration of colloidal
particles has been found in a flow through an optically induced periodic potential. Since this migration depends on the
extent of the colloidal particles, the laser-tweezer array has
been successfully used for sorting particles with respect to
their size 关4,10兴.
We investigate Brownian motion and the diffusion of
dumbbells through a two-dimensional periodic potential,
which is described by a Langevin model. In doing so we
include the effects of the hydrodynamic interaction between
the two beads of the dumbbell and focus on the interplay
between the dumbbell extension b and the wavelength  of
the spatially periodic potential. In the context of this work
the dumbbell may be considered as a simple model for anisotropic colloids 关13兴 pom-pom polymers 关14兴 or two
spheres which are connected either by a rather flexible
-DNA molecule or by a semi-flexible actin filament.
Our numerical studies reveal a significant dependence of
the dumbbell diffusion on the ratio  / b. With the potential
amplitude V0 of the order of the thermal excitation energy
kBT we find a remarkable maximum of the dumbbell diffusion constant in the range of  ⬇ 3b / 2. The height of this
diffusion maximum increases with the stiffness of the spring
connecting the two beads of the dumbbell. Another remarkable effect is the reduction of the influence of the hydrodynamic interaction with increasing potential amplitude.
We describe the Brownian motion of a dumbbell in a
two-dimensional periodic potential by the Langevin equation
共without inertia兲
1539-3755/2008/77共4兲/042102共4兲

V
S
ṙi = Hij共F⌽
j + F j 兲 + Fi

共i, j = 1,2兲

共1兲

for the bead positions ri = 共xi , y i , zi兲. The linear spring force
F⌽
i between them is determined by the harmonic potential
k
⌽共r1,r2兲 = 共b − 兩r1 − r2兩兲2 ,
2

共2兲

with the equilibrium length b of the spring and the corresponding spring constant k. The spatially periodic force
FVi = −V共ri兲 is derived from the two-dimensional potential
in the xy plane,

冉

V共ri兲 = 2V0 cos

冊 冉

冊

xi + y i
xi − y i
 cos
 ,



共3兲

which can be realized in experiments by a laser-tweezer array. Its amplitude V0 may be changed by varying the intensity of the laser light. The same wavelength  is chosen in
the x and y directions.
In the absence of hydrodynamic interactions 共HI兲 between
the beads the mobility matrix H is a diagonal matrix
共Hii = 1 I, Hij = 0 for i ⫽ j兲 being inversely proportional to the
Stokes friction coefficient  = 6a which depends on the
solvent viscosity  as well as on the effective hydrodynamic
bead radius a. The HI between the two beads is taken into
account by the Rotne-Prager tensor 关15兴 where the mobility
matrix for i ⫽ j has the following structure:
Hij =

1
8rij

冋冉

1+

冊 冉

冊 册

2 a2
a2
I
+
1
−
2
r̂ijr̂Tij .
3 r2ij
r2ij

共4兲

Note that rij = ri − r j is the distance vector between the beads
and rij is its norm.
The stochastic forces FSi caused by the thermal heat bath
are related to the dissipative drag by the fluctuation dissipation theorem which ensures the correct equilibrium properties. They can be combined to a single supervector
FS = 共FS1 , FS2兲, which reads
FS = 冑2kBTH .

共5兲

T is the temperature, kB the Boltzmann constant, and 共t兲 is
the uncorrelated Gaussian white-noise vector with zero mean
and unit variance:
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FIG. 1. The trajectory of the c.m. of the dumbbell in the xy
plane follows predominantly along the saddles between the minima
of the potential. Parameters: k = 10, V0 / kBT = 2, and  = 2b.

具共t兲典 = 0,

共6兲

具共t兲T共t⬘兲典 = ␦共t − t⬘兲I.

共7兲

The fixed parameters in our simulations are b = 1 for the typical length scale and kBT = 1 which determines the energy
scale. If not stated otherwise, we use ba = 51 ,  = 1. k determines the binding energy of the spring in units of the thermal
2
energy kkBbT . Most of our results were observed after averaging
over more than 104 ensembles.
A typical trajectory of the center of mass 共c.m.兲 of the
dumbbell, R = 共r1 + r2兲 / 2, in the xy plane is shown in Fig. 1
for k = 10,  = 2b, and V0 = 2kBT. It passes the saddles between the maxima of the potential, and accordingly the trajectory adapts to the quadratic structure of the potential landscape. If one of the two parameters k or  / b is reduced,
larger excursions of the c.m. away from the potential minima
occur and more diagonal jumps between the valleys are
found.
The mean-square displacement 具R2l 共t兲典 = 2Dlt 共l = x , y , z兲
increases linearly in time along each spatial direction as
shown for one parameter set in Fig. 2. This behavior is typical for normal diffusion. Parallel to the z direction one has an
undisturbed diffusion and therefore the mean-square displacement and thus Dz are much larger than in the modulated
x and y directions. Along these two directions the saddles
and the local maxima between neighboring potential valleys
act as barriers for the dumbbell motion and therefore Dx
共equal to Dy兲 is smaller than Dz. Moreover, for a dumbbell in
a solvent the HI between the two beads comes into play,
which in general enhances the diffusion as can be seen by the
shift between the solid and dashed lines in Fig. 2.
The decay of the dumbbell diffusion as a function of the
ratio between the modulation amplitude of the potential and
the thermal energy V0 / kBT is shown in Fig. 3 for one parameter set with HI 共solid line兲 and without HI 共dashed line兲
between the beads. The decay of Dx is similar to the results
described in Refs. 关6,7兴 on the diffusion of point like par-
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FIG. 2. The mean-square displacement of the c.m. of the dumbbell is shown along the x and y directions 共lower lines兲 and along
the z direction 共upper lines兲 with HI between the beads 共solid lines兲
and without 共dashed lines兲. The parameters are the same as in Fig.
1.

ticles. The difference between the two cases with and without HI is shrinking with an increasing modulation amplitude
of the potential, because the higher diffusivity caused by HI
becomes less important with increasing potential barriers.
Accordingly, the ratio Dx / Dz between the diffusion along
one modulated direction and the unmodulated direction is
smaller with HI than for the case without HI, as shown in
Fig. 3.
In contrast to the diffusion of point particles the diffusion
of a dumbbell along one modulated direction also depends
on the interplay between the two length scales: namely, the
bead distance b and the wavelength  of the periodic potential modulation. A typical functional dependence of the
dumbbell diffusion on the ratio  / b is shown in Fig. 4, where
the diffusion is remarkably enhanced for  close to 1
= 3b / 2. Further beyond this value the dumbbell diffusion decreases with increasing values of the wavelength up to a
minimum Dx共2兲, which is at about 2 ⬇ 6b for the given
parameters 共not shown in Fig. 4兲. The decay of Dx in the
range 1 ⬍  ⬍ 2 can be explained in the following way. For
increasing values  ⲏ 1 the beads become essentially caged
within one single potential valley and an escape from such a
1
0.8
Dx / Dz
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FIG. 3. The diffusion Dx 共=Dy兲 in the x direction is normalized
by the free diffusion Dz in the z direction and plotted as a function
of V0 / kBT for the case with HI 共solid line兲 and without HI 共dashed
line兲. The following parameters have been used: k = 10 and  = 2b.
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FIG. 4. The normalized diffusion constant Dx / Dz 共=Dy / Dz兲 of
the dumbbell is shown as a function of the ratio between the equilibrium bead distance b and the wavelength  for the case with HI
共solid line兲 and without HI 共dashed line兲. The insets illustrate possible locations of the dumbbell with respect to the periodic potential
for different values of  / b. The parameters are V0 / kBT = 2 and k
= 10.

trap gets more and more unlikely 共see right inset in Fig. 4兲. If
the wavelength  is increased further beyond 2, the meansquare displacement and the dumbbell diffusion increase
again and finally approach the value of the unmodulated
case, because for large wavelengths the dumbbell does not
feel the potential anymore.
If on the other hand the modulation wavelength is reduced
below 2, the distance from the potential minimum to a
saddle is shortened. In such a case it becomes more likely
that the dumbbell is kicked over a saddle to a neighboring
potential valley. So the diffusion Dx increases with decreasing values in the range 1 ⬍  ⬍ 2.
Near the maximum of the diffusion constant at  ⬇ 1 an
additional effect comes into play which supports a dumbbell
movement from one potential valley to another and accordingly enhances the dumbbell diffusion. In this range the two
beads hardly fit into one single potential valley as indicated
by the middle inset in Fig. 4. Moreover, for a rather stiff
spring both beads cannot reach the minima of two neighboring potential valleys simultaneously. So the required excitation energy is smaller than V0 and for this reason the diffusive motion is enhanced.
In the range  ⱕ b the dumbbell easily finds an orientation
in the potential plane where the two beads are located in two
distinct minima; cf. the left inset of Fig. 4. Only one bead
needs to be kicked to another valley in order to make
progress for the c.m. of the dumbbell. Therefore, irrespective
whether the two beads belong to nearest neighbor valleys or
not, the required excitation energy for a shift of the c.m.
depends only weakly on . This is the origin of the small
variations of Dx in the range  ⬍ b.
The explanation given for the local maximum of the diffusion constant in the range of 1 in Fig. 4 is supported by
the influence of the spring constant k on the height of Dx共1兲
and on the mean distance 具r12典. The local maximum of Dx is
especially pronounced in the case of a rather stiff dumbbell
共see Fig. 5兲 where the distribution of the bead distance 共r12兲
is not changed by the periodic potential 共see Fig. 6兲. On the
other hand, for smaller values of k the maximum of 共r12兲 is

1

1.5
λ/b

2

2.5

FIG. 5. The ratio between the diffusion constants Dx / Dz of the
dumbbell is shown for three different values of the spring constant
共solid line, k = 0.1; dash-dotted line, k = 1; dashed line, k = 10兲 as a
function of the ratio  / b. The potential amplitude is V0 = 2kBT.

more and more shifted from b to . In this case the beads
relax down to the potential valleys, so a higher excitation
energy is required for a shift of the c.m., which results in a
smaller diffusion constant as indicated by the solid line in
Fig. 5.
The distance between the potential valleys depends on the
direction in the xy plane, and therefore the orientational distribution of the dumbbell axis 共⌽兲 in Fig. 7 provides a
complementary piece of information to 共r12兲. The two beads
of the dumbbell may relax more easily to the potential
minima in the case of a soft spring 共cf. solid lines in Fig. 7兲
compared to a stiff spring 共cf. dashed lines兲. So the orientational distribution of the dumbbell axis in the xy plane
shows, besides the maxima along the x and y directions, a
local maximum for a diagonal orientation of the dumbbell
axis. This is displayed in Fig. 7共a兲. If the wavelength is reduced to  = b, one finds, in addition to the maximum in the
diagonal direction 共11兲, local maxima along the 共21兲 and 共12兲
directions, as indicated by Fig. 7共b兲.
The Brownian motion of a dumbbell in a two-dimensional
periodic potential has been investigated in terms of a
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FIG. 6. The distribution 共r12兲 of the bead distances is shown
for two different values of the spring constant, k = 10 共solid line兲 and
k = 1 共dashed line兲, and for the parameters V0 / kBT = 2 and
 / b = 3 / 2.
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FIG. 7. The orientational distribution 共⌽兲 of the dumbbell axis
in the xy plane is shown for two different values of the spring
constant 共solid line, k = 1; dashed line, k = 10兲 and for V0 / kBT = 2.
The angle ⌽ is measured with respect to the x axis, and the ratio
between the wavelength  and the bead distance b is 共a兲  / b = 2 and
共b兲  / b = 1.

Langevin model. For an increasing barrier height between
the potential minima, we find a decreasing diffusion constant
for the center of mass along the modulated spatial directions
as well as a reduction of the influence of the hydrodynamic
interaction. For stiff springs the diffusion additionally de-
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range  ⬇ 3b / 2 this interplay is especially pronounced, because the two beads do not fit into one single or two neighboring potential minima anymore and this mismatch causes a
reduced effective barrier height and thus an enhanced diffusion constant. If the spring constant is small, the beads can
relax down to the potential minima over a wide range of ,
which results in a diffusion constant that is rather independent from  in this domain. So the height of the maximum of
the diffusion constant at  ⬇ 3b / 2 increases with the spring
stiffness. For modulation wavelengths further beyond 3b / 2
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Abstract. We present theoretical results on the deterministic and stochastic motion of a dumbbell carried
by a uniform ﬂow through a three-dimensional spatially periodic potential. Depending on parameters like
the ﬂow velocity, there are two diﬀerent kinds of movement: transport along a potential valley and a
stair-like motion oblique to the potential trenches. The crossover between these two regimes, as well as the
deﬂection angle, depend on the size of the dumbbell. Moreover, thermal ﬂuctuations cause a resonance-like
variation in the deﬂection angle as a function of the dumbbell extension.
PACS. 47.61.-k Micro- and nano- scale ﬂow phenomena – 05.40.-a Fluctuation phenomena, random processes, noise, and Brownian motion – 05.60.Cd Classical transport

1 Introduction
The exploration of particle motion in microﬂuidic devices
and energy landscapes has attracted considerable attention recently, in particular due to its great potential for
applications in chemistry and biotechnology [1–7]. With
the successful generation of optically induced potentials by
holographic laser tweezers [1,8], a powerful tool has been
introduced for investigations of the classical transport of
colloidal particles through those two- or three-dimensional
landscapes. Since the interaction between the colloids and
the potential depends on the size and shape of the particles, such potentials may also be used in microﬂuidic
devices for a spatial decomposition of diﬀerent particle
species. For instance, spherical particles, carried by a ﬂow
with low Reynolds number, can be deﬂected into a direction oblique to the ﬂow lines, while transversing a spatially periodic energy landscape [3,9]. Since the deﬂection
angle is a function of the size and refraction index of the
particles, this behavior may be used for particle sorting.
For extended and deformable objects like vesicles, instead
of spherical particles, a similar cross-streamline deﬂection
has been found in Poiseuille ﬂow even in the absence of a
potential [6].
In this context, interesting questions arise: How are
deformable objects, like dumbbells that are carried by a
ﬂow, deﬂected by a spatially periodic potential? What effects are related to the interplay between the wavelength
of the potential and the size of the dumbbell [10]? What
a
b

e-mail: jochen.bammert@uni-bayreuth.de
e-mail: walter.zimmermann@uni-bayreuth.de

is the role of the hydrodynamic interaction between the
two connected spherical particles?
Our numerical investigation of the ﬂow-driven dumbbell motion in spatially periodic potentials can serve as
a simple model for other non-spherical objects, such as
dimers [11], pom-pom polymers [12], or two small beads
connected by polymers. We ﬁnd in this system two ﬂow
velocity thresholds separating three diﬀerent regimes of
motion: a locked stage, transport along a potential trench
and a stair-like motion. In addition we detect a remarkable dependence of the dumbbell deﬂection angle on the
ratio λ/b, where λ is the wavelength of the periodic potential and b is the length of the dumbbell. Furthermore, in
the presence of stochastic thermal forces, interesting deﬂection resonances have been found as a function of λ/b.

2 Model
We investigate the dynamics of a dumbbell that consists
of two beads connected by a linear spring, and driven by
the uniform ﬂow u = u(cos α, sin α, 0) through a threedimensional spatially periodic potential. The over-damped
motion of the dumbbell is described by the Langevin equation,


V
S
(i, j = 1, 2)
(1)
ṙi = u + Hij FΦ
j + Fj + Fi ,

for the two bead positions r1,2 . The spring force, FΦ
i =
−∇Φ(r1 − r2 ), between the beads is derived from the harmonic potential
Φ(r1 − r2 ) =

k
2
(b − |r1 − r2 |) ,
2

(2)
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with the spring constant k and the equilibrium bead distance b. The force FVi = −∇V (ri ) is caused by the periodic potential
V (ri ) = −V0 [cos(qxi ) + cos(qyi ) + cos(qzi )] ,

with rij = ri −rj and rij = |rij |. The diagonal component
of the mobility tensor, Hii = ζ1 I, with unity matrix I,
is inversely proportional to the Stokes friction coeﬃcient,
ζ = 6πηa, of a sphere with eﬀective hydrodynamic radius
a within a solvent of viscosity η.
The uncorrelated stochastic force FSi in equation (1)
has a vanishing mean value. The amplitude of FSi is determined by the ﬂuctuation dissipation theorem [14] and
includes the thermal energy kB T :
FSi (t)FSj (t ) = 2kB T Hij δ(t − t ).

5

(3)

with wavelength λ = 2π/q in all three spatial directions, and amplitude V0 . The third contribution on the
right-hand side of equation (3) is included in order to keep
the dumbbell axis in the xy-plane. In experiments such
potentials can be realized by laser tweezers [3,9], where
V0 may be changed by varying the intensity of the laser
beam.
Equation (1) is a nonlinear function of the bead distance due to the mobility matrix Hij , which describes the
hydrodynamic interactions (HI) between the two beads.
Within the Rotne-Prager approximation [13] it has, for
i = j, the form





2 a2
a2
3a
T
1+
I + 1 − 2 2 r̂ij r̂ij , (4)
Hij =
2
4ζrij
3 rij
rij

FSi (t) = 0,
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Fig. 1. Characteristic trajectory of the center of mass of a
dumbbell (solid line) in the xy-plane, which is driven by the
ﬂow u through a three-dimensional periodic potential V . The
mean velocity of the dumbbell is denoted by v and the horizontal dotted lines indicate the valleys of V parallel to the
x-axis.
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(5)
(6)

Equation (1) has been solved numerically by an Euler
method, as approximate analytical solutions can only be
obtained in some special cases. In our simulations we have
ﬁxed the values of λ = 1 and V0 = 1, while all other
lengths and energies are given in terms of them. Furthermore, we choose a radius of a = 0.2 for the beads, a spring
constant of k = 10 and a Stokes friction coeﬃcient of
ζ = 10. Angles are given in radians with respect to the
x-axis. The time scale is set by the relaxation time of
the spring τ = ζ/k, therefore the velocities are given in
units of λ/τ . Since the ﬂow direction u is restricted to
the xy-plane, the periodic variation of the potential in the
z-direction keeps the dumbbell axis in a single minimum
with respect to z, i.e. z = 0. At the initial state of the
calculations, we align the dumbbell parallel to the ﬂow
lines.
A typical situation investigated in this work is sketched
in Figure 1. The dotted lines in the ﬁgure indicate the
valleys of the periodic potential that are parallel to the
x-axis (trenches parallel to the y-axis are not shown). The
streamlines of the ﬂow ﬁeld u cross these valleys with an
angle α < π/4. This ﬂow imposes a drag force Fζ on the
beads of the dumbbell, which is proportional to u, and
which depends on the bead distance r12 . If Fζ is large
enough, the dumbbell moves with the mean velocity v.
Its deﬂection angle is denoted by β.

0

0.5

1

1.5

2

2.5

b

Fig. 2. The threshold velocity uc1 for driving the dumbbell
along the x-direction is shown as a function of the equilibrium
bead distance b (solid line). The dotted line indicates the analytical result calculated from equation (7).

3 Results
We ﬁrst consider the dumbbell motion in the limit of
vanishing thermal noise. For small ﬂow strengths u the
dumbbell is captured by the potential. If the ﬂow velocity u = u(1, 0, 0) exceeds a certain threshold value uc1 ,
the dumbbell surmounts the saddles of the potential at a
height V0 and moves along a wavy potential trench with a
periodically changing velocity parallel to the x-axis. The
threshold velocity uc1 is a function of the bead distance b
as shown in Figure 2 for one parameter set.
The dumbbell aligned with its axis parallel to the
x-direction and with a ﬁxed bead distance b experiences
a potential force related to equation (3),
F V (x, x + b) = −

∂
(V (x) + V (x + b)) .
∂x

(7)

This force vanishes at bead distances b = (2n + 1)λ/2,
and accordingly the required ﬂow velocity for driving the
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Fig. 3. The deﬂection angle β of the dumbbell is shown as a
function of the ﬂow velocity u at α = 0.2 for diﬀerent values
of the bead distance b. In the regime of β = 0 the dumbbell
moves along a potential trench.

dumbbell continously through the potential also vanishes.
However, at ﬁnite values of the spring constant k, corresponding to ﬂexible objects like polymers etc., the dumbbell is stretched and compressed during its motion through
the spatially modulated potential. With this degree of
freedom the threshold ﬂow velocity, uc1 , still has pronounced minima at the distances b = (2n + 1)λ/2 but
it does not vanish as in the case of a ﬁxed bead distance,
especially if the HI is taken into account. This can be seen
in Figure 2, where the dotted line indicates the threshold
velocity of a rigid dumbbell. Moreover the HI reduces the
drag force on the two beads. Since this reduction is proportional to 1/r12 , the maxima of the curve uc1 (b) decrease
with increasing values of b.
If the ﬂow velocity, u = u(cos α, sin α, 0), is increased
further, one reaches, for ﬁnite angles α and beyond a
second threshold velocity uc2 > uc1 , another regime of
dumbbell motion. If the y-component of the drag force Fζ
is large enough, the beads frequently jump to a neighboring trench of the potential parallel to the x-axis. Consequently the dumbbell performs a stair-like motion in the
xy-plane as indicated by the solid line in Figure 1. The
mean direction v of this motion has a ﬁnite deﬂection angle β, which depends on u as shown in Figure 3. In the
limit of large values of u, β approaches the inclination
angle α of the ﬂow u as expected.
Since the drag force imposed by the ﬂow on the dumbbell depends on the distance between the two beads, r12 ,
the deﬂection angle is sensitive to the equilibrium length
of the spring as indicated for three diﬀerent values of b in
Figure 3. Consequently the critical value uc2 , which marks
the transition to ﬁnite values of β, is also sensitive to the
bead separation. This monotone b-dependence of uc2 is
shown for three diﬀerent angles α in Figure 4.
During its stair-like motion in the xy-plane the dumbbell changes its orientation, which is described by the angle δ between r12 and the x-axis, while passing the saddles of the potential as indicated by the lower panel in
Figure 5. The amplitude of δ depends on the dumbbell
length b. With increasing values of u and α, those re-

2

2.5

b

u

Fig. 4. The critical velocity uc2 for the onset of the stair-like
motion is shown as function of b for three diﬀerent inclination
angles α and u = 1.
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Fig. 5. The trajectories of the two beads in the xy-plane are
shown in the upper panel for the parameters α = 0.2, u =
1, b = 1.5. The lower panel shows the corresponding evolution
of the orientation angle δ of the dumbbell.

orientation steps occur more often, accordingly the typical
frequency of δ(t) increases as well as the angle β.
Alternatively one may vary the inclination angle α instead of the ﬂow velocity u. If u is ﬁxed at values larger
than uc1 , the drag force Fζ is too weak at a small angle α to move the dumbbell across the potential barriers
in the y-direction. But above a critical value αc , which
again depends on the length b of the dumbbell, one ﬁnds
the transition from the motion along a potential valley to
stair-like trajectories. The relation between β and the inclination angle α is shown in Figure 6. Note that, if the HI
is neglected, all curves β(α) for dumbbells of diﬀerent sizes
coincide with the one of a single bead [15], which means
that without HI the deﬂection angle has no b-dependence.
Just below the critical values αc and uc2 thermal ﬂuctuations support the passage of the beads between neighboring potential trenches and therefore may induce a stairlike motion in this parameter range. We investigated this
inﬂuence of the thermal noise by taking into account the
additive stochastic force FSi in the equation of motion (1).
The deﬂection angle β as a function of α is shown for
diﬀerent values of the noise amplitude in Figure 7. These
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Fig. 8. The deﬂection angle β, averaged over 500 independent runs, shown as function of the dumbbell size b. It exhibits
an interesting resonance-like behavior, especially for the noise
amplitude kB T /V0 = 0.1. Parameters: u = 1, α = 0.2.

of the dumbbell is required. According to the behavior
shown in Figure 8, dumbbell sorting with respect to the
size is most eﬃcient within the range 0.5 < b/λ < 1.5 in
the limit of kB T  V0 .

4 Conclusions and discussion
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Fig. 6. The deﬂection angle β is shown as a function of the
ﬂow inclination angle α for diﬀerent values of the dumbbell
extension (dotted: b = 3, dashed: b = 1, dash-dotted: b = 0.5)
and u = 1. The solid line is obtained for a dumbbell in the
free-draining limit (without HI) and does not change with b. It
coincides with the curve β(α) of a single bead (crosses). The
inset shows the critical angle αc versus b for a dumbbell with
HI (solid) and without HI (dashed).
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Fig. 7. The deﬂection angle β, averaged over 500 independent
runs, of a dumbbell with b = 1 as a function of the ﬂow angle
α at u = 1 for diﬀerent noise amplitudes.

numerical results, which are obtained by averaging over
500 independent runs, show that the dumbbell motion is
most sensitive to thermal ﬂuctuations close to the critical
angle αc or close to the critical velocity uc2 . The onset
of the stair-like motion is shifted to smaller values of u
or α as explained above, and in the limit of small noise
amplitudes the deterministic result is approached. In the
case of a noise amplitude in the order of V0 , the angles α
and β become similar, indicating that the thermal motion
is strong enough to kick the beads across the saddles of the
potential. In this case all dumbbells are equally deﬂected
and particle sorting is no longer possible.
Another interesting dependence of the deﬂection angle on the noise strength is shown in Figure 8, where β
exhibits an interesting resonance-like behavior as a function of the bead distance b. The deﬂection angle is clearly
reduced in the regime, where the dumbbell length is a
multiple of the wavelength and a higher excitation energy

We investigated the ﬂow-induced transport of mesoscopic
and deformable dumbbells through a spatially periodic potential and found three diﬀerent regimes of motion. The
transitions between these regimes depend sensitively on
the ﬂow velocity, on the size of the dumbbell, and therefore
on the hydrodynamic interactions between the two beads.
Below a ﬁrst critical velocity the dumbbell is locked by the
potential while above this threshold the two beads start
to move along a potential valley. The critical ﬂow strength
depends on the length of the dumbbell in a periodic way.
If the ﬂow velocity increases further at a ﬁnite inclination
angle and crosses a second threshold, then a transition
to a stair-like motion occurs. The preferred mean direction of this motion is neither along the ﬂow nor along
a symmetry direction of the potential, and the resulting
deﬂection angle depends on the length of the dumbbell.
This allows for the use of periodic potentials, with their
symmetry axis oblique to the ﬂow direction, to deﬂect particles with respect to their size. The strongest sensitivity
of the deﬂection angle on the dumbbell length, which may
be employed for particle sorting purposes, occurs in the
crossover regime to the stair-like motion. This crossover
is sensitive to thermal noise because thermal ﬂuctuations
make the transition less sharp. Moreover they induce a
resonance-like structure in the deﬂection angle caused by
the interplay between the wavelength of the potential and
the size of the dumbbell. These eﬀects, which weaken the
eﬃcency of particle sorting, may be suppressed by increasing the potential amplitude and the ﬂow velocity simultaneously. Note that the results in the regime of the transition to the stair-like motion can be obtained qualitatively too, if an experimentally easier accessible potential
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is chosen by neglecting the ﬁrst contribution on the righthand side of equation (3).
We would like to thank L. Holzer and S. Schreiber for instructive discussions. This work has been supported by the German
Science Foundation through the priority program on microand nanoﬂuidics SPP 1164.
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Shear-induced cross-correlations of particle fluctuations perpendicular and along streamlines are
investigated experimentally and theoretically. Direct measurements of the Brownian motion of micronsized beads, held by optical tweezers in a shear-flow cell, show a strong time asymmetry in the crosscorrelation, which is caused by the non-normal amplification of fluctuations. Complementary measurements on the single particle probability distribution substantiate this behavior and both results are
consistent with a Langevin model. In addition, a shear-induced anticorrelation between orthogonal
random displacements of two trapped and hydrodynamically interacting particles is detected, having
one or two extrema in time, depending on the positions of the particles.
DOI: 10.1103/PhysRevLett.103.230602

PACS numbers: 05.40.Jc, 47.15.G, 82.70.y, 87.80.Cc

The Brownian motion of particles in fluids and their
hydrodynamic interactions are of central importance in
chemical and biological physics as well as in material
science and engineering [1–4]. However, our understanding of the dynamics of particles in flows is still far from
complete. Direct observations of particles at the mesoscale
substantially contribute to our understanding of their dynamics. At this scale optical tweezers are a powerful
experimental technique [5] with a number of innovative
applications. They include the detection of anticorrelations
between hydrodynamically interacting Brownian particles
[6], propagation of hydrodynamic interactions [7], shorttime inertial response of viscoelastic fluids [8], two-point
microrheology [9], anomalous vibrational dispersion [10],
and particle sorting techniques [11].
Neutral colloidal particles moving relatively to each
other interact via the fluid and these hydrodynamic interactions decay with the particle distance [2]. In shear flow
little is known about the dynamics of Brownian particle
motion and the hydrodynamic interaction effects in spite of
their fundamental relevance and importance in applications in microfluidics, Taylor dispersion [12], and in fluid
mixing [4,13]. In time dependent fields and in shear flow
surprising deterministic particle dynamics may be induced
by hydrodynamic interactions [14]. For polymers it is the
interplay of shear flow and fluctuations which leads already
at low Reynolds numbers, to rich dynamics [15], the socalled molecular individualism [16], causing elastic turbulence even in diluted polymer solutions [17] and spectacular mixing behavior [13].
It is the contribution ðu  rÞu to the Navier-Stokes
equation which causes interesting transient phenomena in
shear flows near the onset of turbulence [18], as well as
amplifications of fluctuations and their cross-correlations
along and perpendicular to straight streamlines [19,20]. A
cross-correlation is also expected between orthogonal
particle-fluctuations in the shear plane, because random
jumps of a particle between neighboring streamlines of
0031-9007=09=103(23)=230602(4)

different velocity lead to a change of the particle’s velocity
and displacement along the streamlines, similar as via
fluctuations. In some parameter ranges, inertia effects
may become important [21–23]. Cross-correlations between perpendicular fluid-velocity fluctuations and perpendicular fluctuations of particles are expected to be
strongly asymmetric in time [19,23,24]. In dynamic
light-scattering experiments certain aspects of these
shear-induced cross-correlations were observed indirectly
[25], but a direct measurement and characterization of
related particle fluctuations is missing.
Here we investigate in a linear shear flow the fluctuations of a single particle in a potential minimum and of two
hydrodynamically interacting particles trapped by two
neighboring potentials. We use a special shear-flow cell,
where one or two micron-sized beads are held at its center
by optical tweezers. The time asymmetry of shear-induced
cross-correlations were determined directly by measuring
the particle’s positional fluctuations. In addition the probability distribution of a single particle in a trap was measured, which can be also calculated in terms of a Langevin
model, similar to the correlations. Both the probability
distribution and the correlation can be fitted by using the
same value of the shear rate, which altogether gives a
consistent picture of not yet directly observed shearinduced cross-correlations of particle fluctuations.
By a dual beam optical tweezer setup, composed of two
solid state lasers and an oil immersion objective with a
numerical aperture of 1.4, two harmonic potentials are
generated in an inverted microscope (Nikon TE 2000-S)
to capture uncharged polystyrene beads (Duke Scientific
Corporation, R0300) with a diameter of 3 m in a flow of
distilled water. The beads were observed with a high speed
camera (IDT, X-Stream, XS-5) of 15 kHz and their positions were determined with a correlation tracking algorithm with a spatial resolution of 4 nm [26]. To avoid any
interference of the two potentials at small distances and to
maximize the hydrodynamic interaction effect between the
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two particles, they where held at a distance of d ¼ 4 m.
In a microfluidic device with two counter flows, as shown
in Fig. 1, a linear shear gradient with a vanishing mean
velocity was generated at the center of the cell, as experimentally verified by micro-PIV (see inset in Fig. 1). The
design of the flow chamber was optimized by numerical
simulations of the incompressible Navier-Stokes equation
(Multiphysics 3.4, Comsol AB, Stockholm, Sweden). The
small width in x direction of the center piece of the
chamber was chosen in order to minimize flow in y direction. The curved form of the boundaries was found to
suppress vortices. The channel was manufactured by standard soft lithographic techniques and the flow was driven
by gravitational potential difference. The distance of the
beads from the wall was always larger than 10 m in the z
direction and 25 m in the xy plane. Hence boundary
effects on the bead fluctuations could be excluded within
our experimental resolution, as verified by measurements
without flow, which were in very good agreement with
previous results (see, e.g., Ref. [6]). However, with flow
the experimental noise becomes larger, especially at longer
correlation times. The value of the shear rate _ has been
extracted from the fits of the correlation data and by
particle tracking methods. The highest shear rate that did
not lead to an escape of the particles from the traps was
_ ’ 50 s1 [27].
One or two Brownian particles with coordinates ri ¼
ðxi ; yi ; zi Þ (i ¼ 1, 2) are held in a linear shear flow uðyi Þ ¼
_ i e^ x by forces fVi ¼ kðpi  ri Þ close to the minima pi of
y
two harmonic potentials Vi ¼ 2k ðpi  ri Þ2 (spring constant
k). The overdamped particle motion is described by a
Langevin equation [2]:
r_ i ¼ uðri Þ þ Hij ðfVj þ fSj Þ:

(1)

The mobility matrix Hij accounts for the Stokes friction
and the hydrodynamic interactions between them. Here we

FIG. 1. A cell cross section (lithographic mask) is shown with
150 m depth in the z direction having opposite flow directions
in its upper and lower channel and a linear shear profile at its
center: see inset with PIV data () and linear fit. One or two
particles at a distance d ¼ 4 m were held by optical tweezers
in the center of the linear velocity profile uðyÞ.

use the Oseen approximation

H 12

1
H 11 ¼ H22 ¼ E;



1 3a
r12 rT12
¼ H21 ¼
Eþ 2
;
 4r12
r12

(2)
(3)

with the Stokes friction coefficient  ¼ 6a of a point
particle of effective hydrodynamic radius a in a fluid of
viscosity  and the unity matrix E. r12 ¼ r1  r2 is the
bead distance and r12 is its norm,  ¼ =k the particle
_
relaxation time in the potential and W ¼ 
the
Weissenberg number. The Brownian particle motion is
driven by the stochastic forces fSi ðtÞ in Eq. (1), for which
we assume vanishing mean values and correlation times:
hfSi ðtÞi ¼ 0;

(4)

0
hfSi ðtÞfSj ðt0 Þi ¼ 2kB TH1
ij ðt  t Þ:

(5)

At first we investigate the Brownian motion of a single
trapped particle in shear flow. Its autocorrelation along the
flow direction, hxð0Þxð0Þi ¼ kBkT ð1 þ W 2 =2Þ, depends on
W, but along the perpendicular direction, hyðtÞyð0Þi ¼
kB T
t
k expð Þ, it does not depend on W [24]. In a quiescent
fluid cross-correlations between particle displacements in
orthogonal directions vanish: hxðtÞyðt0 Þi ¼ 0. But shear
flow causes in the shear plane finite cross-correlations
[21,23,28], which are asymmetric with respect to t ! t
[24]:


k T W t=
t
hxðtÞyð0Þi ¼ B
e
(6)
1þ2 ;
k 2

kB T W t=
e
:
(7)
k 2
The algebraic prefactor in Eq. (6) illustrates that a fluctuation yð0Þ Þ 0 of a particle is carried away by the flow in the
x direction before the initial displacement yð0Þ relaxes.
This leads, during an initial period shorter than the relaxation time , to a growth of hxðtÞyð0Þi, while the expression
in Eq. (7) decays monotonically. As shown in Fig. 2, the
predicted elementary signatures for the shear-induced
cross-correlations, cf. Eq. (6), are in agreement with our
experimental data (triangles). Here hxðtÞyð0Þi takes its
maximum roughly at t  0:009s, corresponding via
Eq. (6) to a particle’s relaxation time   0:018s. Also
the initial decay of hxð0ÞyðtÞi (squares in Fig. 2) agrees with
our model; cf. Eq. (7). The additionally observed minimum
is possibly caused by a slight inclination of the laser beam
or it is a reminiscent of a long wavelength oscillation due to
the limited number of samples taken [27]. For fluid velocity fluctuations in orthogonal directions in the shear plane a
similar signature as in Eq. (6) has been found [19].
According to Eq. (6) and (7) one obtains the normalized
ratios of the static cross-correlations: hxð0Þyð0Þi=
W=2
hyð0Þyð0Þi ¼ W=2 and hxð0Þyð0Þi=hxð0Þxð0Þi ¼ 1þW
2 =2
[24]. From the fits, as indicated by the red and blue line
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hxð0ÞyðtÞi ¼

their random displacements for two different configurations: With the connection vector p12 ¼ p1  p2 parallel to
the flow direction as in Fig. 1 or perpendicular to it.
For Brownian displacements of the two distinct particles
along the same direction the quantities hxi ðtÞ; xj ð0Þi and
hyi ðtÞ; yj ð0Þi describe anticorrelations for i Þ j (see, e.g.,
Ref. [6]). The shear-induced corrections for both are of the
order of W 2 as described in more detail in Ref. [24]. For
random displacements of distinct particles, but along orthogonal directions, one only finds correlations in the
presence of shear flow. With the abbreviations

〈 x(0) y(t) 〉
〈 x(t) y(0) 〉

0.4

cross−correlations

0.3
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0.1
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t [s]

0.03
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1;3

FIG. 2 (color). Shear-induced cross-correlations between orthogonal random displacements: hxðtÞyð0Þi (triangles) and
hxð0ÞyðtÞi (squares). Lines are fits according to Eq. (6) and (7)
and open circles represent hxð0ÞyðtÞi in the absence of flow.

2;4

¼ 1  ;

¼

3a
; (10)
4d

and the connection vector p12 parallel to the flow two of the
anti-cross-correlations in the shear plane are [24]

k T W  2 t=
2 e 1 t=
hx1 ðtÞy2 ð0Þi ¼ B
e
þ e 4 t=  2
k 2
2 þ 3
 3 t= 
2 e
 4
;
(11)
2  3
hx1 ð0Þy2 ðtÞi ¼



kB T W e 2 t=
e 4 t=

:
k 2 2 þ 3 2  3

(12)

The cross-correlation hx1 ðtÞy2 ð0Þi (triangles) in Fig. 4 and
the fit (blue line) show a pronounced minimum at about the
particles relaxation time t  .
With a connection vector p12 perpendicular to the flow
lines we obtain a cross-correlation hx2 ðtÞy1 ð0Þ in the limit
of small values of ,


k T W t=
t
t2
e
hx2 ðtÞy1 ð0Þi   B
3þ2 þ6 2 ;
2k 2


which exhibits in contrast to Eq. (11) two extrema.
Shear-induced cross-correlations between random displacements of a single particle in a potential were calcu0.1
0
cross−correlations

in Fig. 2, we obtain hxð0Þyð0Þi=hxð0Þxð0Þi  0:26, which
corresponds to a Weissenberg number W  0:62.
The probability distribution of a Brownian particle in a
harmonic potential and exposed to a linear shear flow has
an elliptical cross section as shown by the particle’s position in Fig. 3 but it has circular symmetry in the absence of
flow. The angle  enclosed by the major axis of the
particle’s probability distribution and the x axis, as well
as the ratio R between the lengths of the two principal axes,
in the shear plane, depend on the Weissenberg number W
as follows [24]:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
tan ¼ 12½ 4 þ W 2  W;
(8)
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


4 þ W 2  W 1=2
R ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
:
(9)
4 þ W2 þ W
Using W  0:62 as determined above, one obtains via
Eq. (8) the angle   37 and via Eq. (9) the ratio
R  0:72. Within errors this is consistent with the angle
  38 and the ratio R  0:75 obtained from the measured particle’s distribution shown in Fig. 3.
For two particles, each trapped in a potential minimum
in shear flow, we investigated the correlations between

¼ 1  2;

−0.1
−0.2
−0.3
−0.4
−0.5

〈 x (t) y (0) 〉

−0.6

〈 x (0) y (t) 〉

1
1

0

0.002 0.004 0.006 0.008

0.01

2

2

0.012

t [s]

FIG. 3 (color online). The particle’s distribution in the shear
plane is shown in a) without flow and for a shear flow with _ ¼
49 s1 in b). The angle between the major and the x axis is  
38 and the ratio between the two principal axes is R  0:75.

FIG. 4 (color). Correlations hx1 ðtÞy2 ð0Þi (triangles) and
hx1 ð0Þy2 ðtÞi (squares) between random displacements of two
particles. Colored lines are fits according to Eq. (11) and (12).
Circles represent the same correlations in the absence of flow.
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lated and measured here for the first time, to the best of our
knowledge, cf. Fig. 2. At approximately half of the particle’s relaxation time  the correlation function in Eq. (6)
exhibits with its maximum a typical signature of Brownian
motion in shear flow, caused by the rotational part of the
shear flow as well as the non-normal property of the
linearized Navier-Stokes equation. Simultaneously, for a
particle in a harmonic potential and shear flow an elliptical
probability distribution was measured. Both independent
measurements are described by a Langevin model for the
same value of the Weissenberg number, which confirms the
validity of our approach to shear-flow effects on the
Brownian particle dynamics.
Theoretically, shear-induced correlations between perpendicular fluid velocity fluctuations have been investigated before [19,20]. Those are traced back to the nonnormal property of the linearized Navier-Stokes equation
[19] and they are important for the stability of shear flow
and the onset of turbulence. The cross-correlations between these velocity fluctuations are based on the same
mechanism as discussed here and they exhibit similar
extrema as our experimental and analytical results.
Stochastic forces on a suspended particle are caused by
velocity fluctuations of the surrounding fluid. Usually, they
are assumed to be isotropic in related Langevin models
with uncorrelated perpendicular components. However,
cross-correlations of the velocity fluctuations in shear
flow, as discussed in Refs. [19,20], will modify the crosscorrelations between orthogonal particle displacements, as
investigated here, but the related additional contributions
to the particle displacement correlations are expected to be
considerably smaller than the effects of isotropic random
forces [24]. It is, however, an interesting and challenging
future issue to separate these two nonequilibrium effects in
experiments.
For two hydrodynamically interacting particles, each
captured by an optical tweezer at the center of the shear
flow, we find shear-induced anticorrelations between orthogonal particle displacements with one extremum if the
vector connecting the mean particle positions is parallel to
the streamlines and two extrema, if the connection vector is
perpendicular to the flow lines. These properties may be
relevant for further understanding of the dynamics of polymer models in shear flow.
This work was supported by the German science foundation via the priority program on micro- and nanofluidics
SPP 1164 and the graduate school GRK 1276.
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The Brownian motion of a particle in a harmonic potential, which is simultaneously exposed either to a
linear shear flow or to a plane Poiseuille flow is investigated. In the shear plane of both flows the probability
distribution of the particle becomes anisotropic and the dynamics is changed in a characteristic manner compared to a trapped particle in a quiescent fluid. The particle distribution takes either an elliptical or a parachute
shape or a superposition of both depending on the mean particle position in the shear plane. Simultaneously,
shear-induced cross-correlations between particle fluctuations along orthogonal directions in the shear plane
are found. They are asymmetric in time. In Poiseuille flow thermal particle fluctuations perpendicular to the
flow direction in the shear plane induce a shift of the particle’s mean position away from the potential
minimum. Two complementary methods are suggested to measure shear-induced cross-correlations between
particle fluctuations along orthogonal directions.
DOI: 10.1103/PhysRevE.81.041124

PACS number共s兲: 05.40.⫺a, 87.15.Ya, 83.50.Ax

I. INTRODUCTION

The Brownian motion of particles in a fluid is of central
importance in chemical and biological physics as well as in
material science and engineering 关1–4兴. Despite the long history of Brownian motion, especially in quiescent fluids, our
understanding of thermally induced particle dynamics in
flows is still far from complete.
Moreover, neutral colloidal particles moving relatively to
each other interact via the fluid and these hydrodynamic interactions can cause a complex collective behavior 关2–6兴. In
shear flows little is known about the dynamics of Brownian
particles and the hydrodynamic interaction effects in spite of
their fundamental relevance and importance in microfluidic
applications. The Taylor dispersion 关7兴 and fluid mixing issues 关4,8兴 are well-known examples where fluctuations of
particles and their hydrodynamic interaction effects in simple
shear and Poiseuille flow play an important role. The interplay of shear gradients and thermal motion of polymers
leads, even at low values of the Reynolds number, to the rich
dynamics of polymers 关9兴, the so-called molecular individualism 关10兴. Polymers tumbling in a shear flow cause elastic
turbulence even in diluted polymer solutions 关11兴 and spectacular mixing properties 关8兴 in microchannels.
In shear flows, it is the contribution 共u · 兲u of the flow
field u共r兲 to the Navier-Stokes equation which causes interesting transient phenomena near the onset of turbulence 关12兴,
as well as amplifications of velocity fluctuations and their
cross-correlations along and perpendicular to straight streamlines 关13,14兴. A cross-correlation is also expected between
orthogonal particle fluctuations in the shear plane, because
random jumps of a particle between neighboring streamlines
of different velocity lead to a change in the particle’s velocity
and displacement along the streamlines, similar as via fluctuations. Nevertheless, there was no direct observation of
these cross-correlations until recently 关15兴. Here we present
the theoretical background for their determination.
The stochastic dynamics of free single spherical particles
in linear shear flows have been studied in terms of the
1539-3755/2010/81共4兲/041124共14兲

hydrodynamic fluctuation theory 关16兴, and in combined
Langevin and Fokker-Planck approaches, by taking inertia
into account 关17–19兴. Even effects of nonequilibrium thermodynamics were included in Ref. 关20兴. Experiments for
detecting shear-induced cross-correlations between perpendicular random displacements of free particles were described in Refs. 关21,22兴. Shear-induced cross-correlations between perpendicular fluid-velocity fluctuations and
perpendicular fluctuations of particles are expected to be
strongly asymmetric in time 关13,18,23兴. In dynamic lightscattering experiments certain aspects of this issue were observed indirectly 关24兴, however, a direct measurement and
characterization of related particle fluctuations in shear flows
remained an open question.
Direct observations of particle fluctuations at the mesoscale became possible only quite recently by using optical
tweezers. This rather young technique is a powerful experimental method for investigating the motion of a small number of particles 关25–27兴, which contributes substantially to
our understanding of the dynamics of particles and to a number of innovative applications. These include the inspiring
studies on single polymers 关28–35兴, the detection of anticorrelations between hydrodynamically interacting Brownian
particles by Femto-Newton measurements 关36兴, the propagation of hydrodynamic interactions 关37兴, wall effects on
Brownian motion 关38,39兴, short-time inertial response of viscoelastic fluids 关40兴, two-point microrheology 关41兴, anomalous vibrational dispersion 关42兴, particle sorting techniques
关43–46兴, and a number of further investigations in microfluidics. The laser tweezer technique has also been applied to
determine the force elongation relation of biopolymers 关47兴
or the effective pair potential in colloidal suspensions 关48兴.
Stochastic motions of a free particle moving along the
streamlines of a sheared fluid and of a particle trapped in the
minimum of a potential, while exposed to a shear flow, have
common characteristic signatures. Since the trapped particles
are more suited for a thorough statistical analysis of its
Brownian dynamics, we present calculations for particles
trapped by a harmonic potential and exposed to either a linear shear flow or to a plane Poiseuille flow. Our analytical
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results show that shear flow causes characteristic signatures
in the time dependence of the cross-correlation between particle displacements along orthogonal directions in the shear
plane as well as an inclined elliptical particle distribution.
Part of these results have already been applied and confirmed
in a recent experimental study 关15兴.
For our calculations, we utilize a Langevin model for the
particle motion, where stochastic forces with different statistical properties may be used. Stochastic forces acting on suspended Brownian particles are caused by velocity fluctuations of the surrounding fluid. In a quiescent fluid the
fluctuations of orthogonal velocity components are uncorrelated in the bulk 关49兴. Assuming such uncorrelated fluidvelocity fluctuations, and therefore uncorrelated stochastic
forces in the particle Langevin model, we show how shear
flow induces cross-correlations between particle fluctuations
along orthogonal directions. Conversely, we show how the
amplitudes of the stochastic forces acting on the particle can
be determined by measuring the static correlations of the
particle fluctuations.
In Sec. II the model equations of the Brownian particle
motion and their formal analytical solutions are presented.
The static correlation functions for the particle’s position and
velocity fluctuations are derived in Sec. III, where also the
corresponding distributions are calculated in terms of the
static correlations and under the assumption of Gaussian particle fluctuations. In addition, the ratio between the principal
axes of both distributions are determined as well as the angle
enclosed by each major axis and the flow direction. In Poiseuille flow the second derivative of the flow profile, as well
as the fluctuations perpendicular to the flow lines, cause a
shift of the particle’s mean position in the potential via
⌬u共r兲 ⫽ 0. The latter contribution is usually not taken into
account, if the effective particle radius is determined via
Faxén’s law from the particle displacement. In Sec. IV we
present and discuss these results for the special cases of linear shear flow and plane Poiseuille flow. In addition, we
compare the analytical results with numerical simulations of
the Langevin equation given in Sec. II and we suggest experiments to measure some of the flow-induced effects determined in this work. The article closes with a discussion
and possible further applications in Sec. V.

k
U共r兲 = r2 .
2

共2兲

The resulting linear restoring force is given by
F p = − U = − kr,

共3兲

in terms of the force constant k. Such a potential acting on a
colloidal particle may be realized by an optical tweezer 关25兴.
A particle moving with the speed v = ṙ in a flow of velocity u experiences, according to Stokes’ law, a hydrodynamic
drag force Fh = 6R共u − v兲 proportional to the effective radius R, to the shear viscosity  and to the difference u − v
between the velocity of the particle and the local flow velocity 关49,50兴. If the flow velocity u共r兲 is a nonlinear function
of the spatial coordinates, as in the case of a plane Poiseuille
flow in Eq. 共1兲, one has according to Faxén’s theorems 关51兴
an additional contribution to the drag force. This contribution
includes the Laplacian of the velocity field and has in terms
of the Stokes friction coefficient,  = 6R, the form

冉

Fh = −  ṙ − u共r兲 −

冊

R2
⌬u共r兲 .
6

共4兲

The Laplacian of the flow field in Eq. 共1兲, with the abbrevia2
tion ā = a + R3 c, gives the following expression for the hydrodynamic drag force,
Fh = − ṙ + 共ā + by + cy 2兲êx .

共5兲

The stochastic motion of a Brownian particle is caused by
the fluctuations ũ of the fluid-velocity field u共r , t兲 关52兴. The
effects of ũ on a particle can be taken into account in a
Langevin model by a random force Fb共t兲. In uniform flows,
namely with b = c = 0 in Eq. 共1兲, the cross-correlations of the
velocity fluctuations of the fluid, 具ũiũ j典, lead to a vanishing
cross-correlation of the random forces, 具Fbi Fbj 典 = 0 , 共i ⫽ j兲.
The shear-induced contributions to ũi and Fbi are a matter of
current research 关13,14兴.
In our model we assume a Gaussian distribution of Fb共t兲
with vanishing correlation time and mean value
具Fbi 共t兲典 = 0,

II. EQUATIONS OF MOTION AND THEIR SOLUTIONS

We consider a Brownian particle of mass m and effective
radius R suspended at the position r = 共x , y , z兲 in a flow field
with parallel streamlines in the x-direction, u共r兲 = ux共y兲êx. We
assume a velocity field
ux共y兲 = 共a + by + cy 2兲,

共1兲

which corresponds for b = c = 0 to a uniform flow, for a = c
= 0 to a linear shear flow with shear rate b, and for c = − la2 ,
b = 0 to a plane Poiseuille flow between two parallel walls at
a distance 2l. The particle is trapped by a harmonic potential
with its minimum at r0 = 共x0 , y 0 , z0兲 = 共0 , 0 , 0兲,

具Fbi 共t兲Fbj 共t⬘兲典 = f ij␦共t − t⬘兲

and i, j 苸 x,y,z.

共6兲

For the moment we leave the fluctuation matrix f ij unspecified, except to note that, according to time-translation and
time-reversal invariance, it is symmetric. In uniform flows,
namely, with b = c = 0 in Eq. 共1兲, the matrix f ij is diagonal
with f ii = 2kBT 关53兴 as mentioned before, whereas in a shear
flow the magnitude of the nondiagonal elements of f ij depends on the shear rate, but shear-induced contributions are
expected to be small 关13,16,23兴. However, we allow nondiagonal elements of f ij for the moment to show in Sec. IV
how these nondiagonal elements may be determined by measurements of the velocity fluctuations of the particle.
The net force acting on the particle,
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F = Fh + F p + Fb共t兲,

共7兲

together with Newton’s law gives the Langevin equations of
motion for the translational degrees of freedom of the particle
mẍ = − ẋ − kx + 共ā + by + cy 2兲 + Fbx 共t兲,

共8a兲

mÿ = − ẏ − ky + Fby 共t兲,

共8b兲

mz̈ = − ż − kz + Fzb共t兲.

共8c兲

Introducing the vectors X = 共x , vx兲, Y = 共y , vy兲, and Z = 共z , vz兲
one may express the second order differential Eq. 共8兲 in
terms of a system of coupled first-order equations
Ẋ = LX +

Fbx 共t兲
êv + 2␤共ā + by + cy 2兲êv ,
m

共9a兲

Ẏ = LY +

Fby 共t兲
êv ,
m

共9b兲

Ż = LZ +

Fzb共t兲
êv .
m

共9c兲

Herein we have introduced the matrix

冉

L=

0

1

−

− 2␤

2

冊

2 = mk

the squared frequency
the damping constant
and the velocity unit-vector êv = 共0 , 1兲. The rotational motion
of the particle, which may provide further corrections to the
leading order fluctuation effects discussed here, is not taken
into account in this work.
The general solutions of the equations of motion 共9兲 in
terms of the initial conditions X共0兲, Y共0兲, and Z共0兲 are given
by

+ 2␤

冕

冕

t

deL共t−兲

0

t

Fbx 共兲
êv
m

deL共t−兲共ā + by + cy 2兲êv ,

共11a兲

0

Y共t兲 = eLtY共0兲 +

冕

t

deL共t−兲

Fby 共兲
êv ,
m

共11b兲

deL共t−兲

Fzb共兲
êv .
m

共11c兲

0

Z共t兲 = eLtZ共0兲 +

冕

t

0


f yy
具x典 = ā + 2 c.
k
2k

This system of coupled equations is the starting point of the
following analysis, where the statistical properties of the particle’s motion are characterized by the correlations of its position and velocity.
III. DISTRIBUTION FUNCTIONS AND STATIC
CORRELATIONS

By taking the averages of Eq. 共11兲 and using the vanishing mean of the stochastic forces in Eq. 共6兲 we see that the

共12兲

This equation is discussed in more detail in Sec. IV for specific flows. Since the spring constant k of the potential enters
in different powers in Eq. 共12兲, this formula might be employed for the experimental determination of the effective
fluctuation magnitude f yy.
With a combination of the coordinates of the particle and
its velocities to a single six-dimensional vector, q = 共r , v兲
= 共x , y , z , vx , vy , vz兲, the probability distribution function of
the particle, P共q兲, may be formulated in a compact form in
terms of the deviations q̃ = q − 具q典 = 共x̃ , ỹ , z̃ , ṽx , ṽy , ṽz兲 from
the mean value 具q典. If the fluctuations q̃ are linear functions
of Gaussian distributed stochastic forces, which is the case
for uniform and linear shear flows, they can be expected to
be themselves Gaussian variables 关54兴 and can be described
by a Gaussian distribution as follows:

共10兲

,


␤ = 2m
,

X共t兲 = eLtX共0兲 +

mean velocity of a particle in a harmonic potential vanishes,
具v典 = 0. In the case r0 = 0 the mean value of the deviations of
the particle’s position from the potential minimum in the
directions perpendicular to the flow vanish too, 具y典 = 具z典 = 0.
However, the mean particle displacement in the direction of
the flow given by Eq. 共1兲 is nonzero

P共q̃兲 =

冊

冉

1

1
exp − q̃TC−1q̃ .
冑共2兲 det共C兲
2
6

共13兲

Here the covariance matrix C = 具q̃q̃T典 is used, which includes
second-order moments for the coordinates and the velocities
at equal times 共static correlations兲. The magnitudes of the
elements Cij depend on the correlation amplitudes of the stochastic forces, f ij, and can be measured in experiments. Consequently, one may reconstruct the stochastic forces from the
measurements, as discussed later.
For Poiseuille flow the relations between particle fluctuations and stochastic forces are nonlinear due to the contribution ⬀cy 2 in Eq. 共11a兲. Therefore, the particle distribution
P共q̃兲 is not necessarily Gaussian. However, in the course of
this work we use the formula in Eq. 共13兲 also for particles in
a potential, which are exposed to a Poiseuille flow, but with
the covariance matrix Cij now determined in terms of the
parameters for the Poiseuille flow. The validity of this heuristic approach will be tested later in Sec. IV B by numerical
simulations.
A. Covariance matrix and angular momentum

The covariance matrix C consists of four 3 ⫻ 3 submatrices
C=

冉

Crr Crv
Cvr Cvv

冊

,

共14兲

that describe the autocorrelation for the positions Crr and
velocities Cvv and their cross-correlations Cvr and Crv at
equal times. The matrices

041124-3

PHYSICAL REVIEW E 81, 041124 共2010兲

HOLZER et al.

冢

具x̃2典 具x̃ỹ典

0

Crr = 具ỹx̃典 具ỹ 2典

0

0

具z̃2典

冢

0

具ṽ2x 典

0

具ṽ2y 典

0

0

具ṽz2典

C rv =

0

冢

共15a兲

,

具ṽxṽy典

Cvv = 具ṽyṽx典

CTvr

冣

冣
冣

,

共15b兲

0

0 ,

共15c兲

0

0

具x̃ṽy典 0

0

= 具ỹ ṽx典
0

may be calculated in terms of the expressions given by Eq.
共11兲.
Under the Gaussian assumption, the four-point correlations of the stochastic forces, which occur due to the quadratic contribution y 2 of the flow in Eq. 共11a兲, can be decomposed into two-point correlation functions according to
Wick’s theorem 关54兴:
具Fbi 共t1兲Fbj 共t2兲Fbk 共t3兲Fbl 共t4兲典 = f ij f kl␦共t2 − t1兲␦共t4 − t3兲
+ f ik f jl␦共t3 − t1兲␦共t4 − t3兲
+ f il f jk␦共t4 − t1兲␦共t3 − t2兲.
共16兲
Introducing the relaxation time of the particle in a harmonic
potential


p = ,
k

共17兲

the nonzero components of the covariance matrices may be
written in terms of the amplitudes of the stochastic forces
and the flow parameters by the following set of equations:
具ṽ2y 典 =

具ṽz2典

1 f yy
,
4 m 2␤

1 f zz
=
,
4 m 2␤

具ỹ 2典 =

具x̃2典 =

具ṽ2y 典
,
2

具ṽ2典
具z̃ 典 = z2 ,

2

共18a兲

具ṽ2x 典
2 2 2 22
2 +  pb具x̃ỹ典 +  pc 具ỹ 典 .
3


共18g兲

The nondiagonal elements of Cvv, namely, the correlations of
the velocity fluctuations of the particle, 具ṽxṽy典 and 具ṽyṽx典, are
directly proportional to the amplitude f xy of the fluctuations
given by Eq. 共6兲. In contrast to this result for a fluctuating
particle in a potential, one finds for a free particle in shear
flow finite values for the cross-correlations 具ṽxṽy典 and 具ṽyṽx典
even in the case f xy = 0 关18兴. However, as shown appendix A,
in the presence of a harmonic potential these correlations
decay on a time scale 1 / 共2␤兲, which is very short for an
overdamped particle motion. In the case of a weak laser
tweezer potential the particle relaxation time  p =  / k becomes rather large and one obtains according to Eqs. 共A8兲
and 共A10兲 for f xy = 0 a contribution to the velocity correlation
具ṽx共t兲ṽy共t兲典 ⬀ exp关−2t /  p兴f yy, which decays slowly and gives
in the limit of a vanishing potential 共k → 0 ,  p → ⬁兲 a constant contribution to the velocity-velocity correlation, which
agrees with that in Ref. 关18兴 for a free particle, cf. Appendix
A. Therefore, finite values of 具ṽxṽy典 and 具ṽyṽx典 measured for
particles trapped in a potential are a direct indication of
cross-correlations of the stochastic forces along orthogonal
directions, 具Fbx Fby 典 ⫽ 0.
For b ⫽ 0 the contributions to the nondiagonal elements
具x̃ỹ典 and 具ỹx̃典 of the positional correlations Crr, which are
related to f xy ⬀ b, are expected to be small 关14,23兴. For this
reason f xy is neglected in the following. Both positional
cross-correlations 具x̃ỹ典 and 具ỹx̃典 are proportional to the local
shear rate b and to the fluctuation strength f yy in the y direction, cf. Eq. 共18d兲.
The autocorrelation of the velocity fluctuations 具ṽ2x 典 in the
flow direction includes several contributions. It depends on
the shear rate, the second derivative of the flow and the fluctuation strength f xx and f yy. The cross-correlations between
velocity and position appear only in the shear plane and they
are proportional to the local shear rate.
The submatrices Cvr and Crv, describing the crosscorrelations between the positional and the velocity fluctuations, are related to the mean angular momentum of the particle
具共mr ⫻ v兲z典 = m具x̃ṽy − ỹ ṽx典 = − mb具ỹ 2典.

共18b兲

共19兲

B. Distribution of position and velocity

1 f xy
,
具ṽxṽy典 = 具ṽyṽx典 =
4 m 2␤
具x̃ỹ典 = 具ỹx̃典 =

具ṽxṽy典 1
+ b p具ỹ 2典,
2
2

b
具x̃ṽy典 = − 具ỹ ṽx典 = − 具ỹ 2典,
2
具ṽ2x 典 =

8c22p2
1 2 2
1 f xx
具ỹ 2典2 ,
+
b
具ỹ
典
+
4 m 2␤ 2
3共1 + 22p2兲

共18c兲

共18d兲

Integrating the particle distribution function P共q̃兲 in Eq.
共13兲 with respect to its velocity degrees of freedom one obtains the particle’s positional distribution function P共r̃兲,
which may be expressed in terms of the covariance matrix
Crr as follows:
P共r̃兲 =

共18e兲

共18f兲

冕

dṽP共q̃兲 =

1

冉

冑共2兲3det共Crr兲 exp

冊

1
−1
− r̃TCrr
r̃ .
2
共20兲

A sketch of the distribution P共r̃兲 is shown in Fig. 1 for a
linear shear flow b ⫽ 0 and a = c = 0. The nondiagonal elements of the symmetric matrix Crr, cf. Eq. 共15a兲 and 共18兲,
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P共ṽ兲 of the particle’s velocity, which is obtained by integrating out the positional degrees of freedom in Eq. 共13兲

φ
d1

P共ṽ兲 =

冕

dr̃P共r̃,ṽ兲 =

冉

1

冊

1
exp − ṽTC−1
vv ṽ .
冑共2兲 det共Cvv兲
2
3

共26兲

d2

FIG. 1. The elliptical particle distribution in the xy shear plane
is sketched for a nonzero shear rate. d1 and d2 are the two principal
axes of an ellipse along which P共r̃兲 is constant. The Gaussian profiles along the two principal axes are also indicated.

The eigenvalues cv;1,2,3 and eigenvectors wv;1,2,3 of Cvv are
determined in a similar manner as for Crr. Again the eigenvalue cv;3 = 具ṽz2典 and the principal axis wv;3 = 共0 , 0 , 1兲 perpendicular to the shear plane are obvious. The remaining two
eigenvalues and eigenvectors are
1
1
cv;1,2 = 共具ṽ2x 典 + 具ṽ2y 典兲 ⫾ 冑4具ṽxṽy典2 + 共具ṽ2x 典 − 具ṽ2y 典兲2 ,
2
2

describe the cross-correlations of the particle fluctuations in
the x and y direction and therefore the deviation of P共r̃兲 from
a spherically symmetric distribution to an ellipsoidal one in
the shear plane. The principal axes of the particle’s positional
distribution are given by the eigenvectors w p;1,2,3 of the corresponding eigenvalues c p;1,2,3 of the matrix Crr.
In the z-direction one has c p;3 = 具z̃2典 and w p;3 = 共0 , 0 , 1兲.
For the other two directions in the xy shear plane one obtains
1
1
c p;1,2 = 共具x̃2典 + 具ỹ 2典兲 ⫾ 冑4具x̃ỹ典2 + 共具x̃2典 − 具ỹ 2典兲2 ,
2
2
w p;1 =

w p;2 =

冉

c p;1 − 具ỹ 2典

具x̃ỹ典
兩具x̃ỹ典兩

具x̃ỹ典

冉

− 1,

冊

具x̃ỹ典

冊

共21兲

,0 .

wv;2 =

tan v =

With the orthogonal transformation matrix
D = 共w p;1,w p;2,w p;3兲,

共22兲

the r̃-dependence of the exponential function 共20兲 can be
rewritten as follows:
1
1
−1
−1 −1
T
− r̃TCrr
r̃ = − 共DTr̃兲Tdiag共c−1
p;1,c p;2,c p;3兲共D r̃兲. 共23兲
2
2
The eigenvalues c p;1 and c p;2 determine the length of the
principal axes d p;1,2 = 冑c p;1,2 along the directions w p;1 and
w p;2 of an ellipse, where the longer one is rotated counterclockwise with respect to the x-axis by an angle  p, which is
given by the expression

冋 冑 冉
冊册

1 具x̃ỹ典
=
tan  p =
2
2
c p,1 − 具ỹ 典
兩具x̃ỹ典兩
具x̃ỹ典

−

冉

具x̃2典 − 具ỹ 2典
具x̃ỹ典

4+

具x̃2典 − 具ỹ 2典
具x̃ỹ典

冊

2

冑 冉

具x̃2典 + 具ỹ 2典 − 冑4具x̃ỹ典2 + 共具x̃2典 − 具ỹ 2典兲2
c p;2
=
c p;1
具x̃2典 + 具ỹ 2典 + 冑4具x̃ỹ典2 + 共具x̃2典 − 具ỹ 2典兲2

cv,1 − 具ṽ2y 典
−

共24兲

冊

具ṽxṽy典

具ṽxṽy典
兩具ṽxṽy典兩

冉

− 1,

冊

共27兲

,1,0 ,

cv;1 − 具ṽ2y 典
具ṽxṽy典

冊

共28兲

,0 .

冉

1/2

.
共25兲

Analogous to the particle distribution given above, one can
also derive an expression for the probability distribution

=

具ṽ2x 典 − 具ṽ2y 典
具ṽxṽy典

冋 冑 冉
冊册

1 具ṽxṽy典
2 兩具ṽxṽy典兩

4+

具ṽ2x 典 − 具ṽ2y 典
具ṽxṽy典

冊

2

,

共29兲

depends only weakly on the local shear rate, since the contribution of b to the shear-induced cross-correlation f xy is
small in magnitude, compared to f ii 关14,23兴. From a measurement of the distribution of the particle’s velocity one
may calculate the eigenvalues cv;1,2 and the angle v, which
may enable the determination of the stochastic force correlations f xx, f yy, and f xy.
The mean kinetic energy of a trapped particle in shear
flow is composed of two contributions, one induced by the
distribution of the fluctuations and an additional one by virtue of the rotational part of the flow
1 f xx + f yy + f zz b2 2
m 2
具ṽx + ṽ2y + ṽz2典 =
+ 具ỹ 典
4
2
2
m 2␤

2p2
8
具ỹ 2典2 .
+ c2
3 1 + 22p2

The ratio between the minor and the major axis is given by
Vp ª

具ṽxṽy典

Ekin =

.

冉

cv;1 − 具ṽ2y 典

They have the same structure like those for the covariance
matrix Crr. However, while the nondiagonal elements of Crr
are directly proportional to the local shear rate b, the nondiagonal elements of Cvv and therefore the angle enclosed between the principal axis of the distribution of the velocity
fluctuations and the x axis,

,1,0 ,

c p;1 − 具ỹ 2典

wv;1 =

共30兲

If the correlations of the stochastic forces are assumed to be
independent of the flow, the mean energy of the particle will
be increased by the flow, since all terms in this equation are
positive. But without knowing the explicit expressions for
the force correlations, it is not clear how the energy is really
changed. Recent calculations show that the mean kinetic energy of a fluid without an immersed particle increases in a
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冉

shear flow 关55,56兴. This indicates that the stochastic forces
and the particle’s mean energy, Eq. 共30兲, may be amplified as
well.
IV. RESULTS FOR SPECIFIC FLOWS

The results concerning the effects of a linear shear and a
plane Poiseuille flow on the Brownian motion of a particle in
a harmonic potential are presented in this section. Namely,
the properties of the correlation functions and the particle’s
distribution are analyzed as a function of the flow parameters. They share common trends for both flows but there are
also some characteristic differences, which are described in
this section.
A. Linear shear flow

If the center of the harmonic potential at r0 = 共0 , y 0 , 0兲
does not coincide with the center of the linear shear flow of
shear rate ␥˙ , we may insert in Eq. 共1兲 y = y 0 + ỹ, where ỹ
describes the deviation from y 0. Consequently, in terms of
the coordinates ỹ, the three coefficients in Eq. 共1兲 take the
following form
b = ␥˙ ,

a = ā = ␥˙ y 0

and c = 0.

共31兲

In the case y 0 ⫽ 0 the flow velocity has a finite value at the
center of the trap resulting in a nonzero mean position of the
particle in flow direction, which is given via Eq. 共12兲 by the
formula
具x典 = ␥˙  py 0 .

f yy = 2k具ỹ 2典,

共33a兲

冊

1
f xy = 2k 具x̃ỹ典 − ␥˙  p具ỹ 2典 ,
2

共33b兲

冊

1 ␥˙ 2 2
具ỹ 典 − ␥˙  p具x̃ỹ典 .
2 2

共33c兲

In the case of isotropic stochastic forces with negligible
cross-correlations, f xx = f yy and f xy ⬀ 具ṽxṽy典 ⬇ 0, one has in a
linear shear flow still a nonvanishing positional crosscorrelation 具x̃ỹ典 = ␥˙  p具ỹ 2典 / 2. Its magnitude is determined by
the shear rate ␥˙ and the noise strength via 具ỹ 2典. According to
this behavior and because 具x̃2典 ⫽ 具ỹ 2典, we expect an anisotropic distribution of the positional fluctuations P共r̃兲, as
sketched in Fig. 1 and as discussed below. For f xy ⫽ 0 the
anisotropy of the positional distribution has an additional
contribution that depends on the magnitude of f xy.
During the rest of the present Sec. IV A inertia effects are
neglected and in addition, we assume an isotropic noise distribution with f xy = f yx = 0 and f xx = f yy = f zz = 2kBT. Both are
good approximations for many experiments focusing on
leading order effects of a shear flow on the fluctuations of
particles. Taking into account the time dependence of the
positional fluctuations, as given by Eq. 共11兲, one obtains in
terms of the dimensionless Weissenberg number,
Wi =  p␥˙ ,

共34兲

and the Heaviside step function ⌰共t兲 the following timedependent correlations:
具x̃共t兲x̃共0兲典 =

共32兲

With the identifications 共31兲 the elements of the covariance
matrix C for the particle fluctuations around the potential
minimum may be determined for a linear shear flow by Eq.
共18兲 in terms of the noise amplitudes f xx, f xy, and f yy.
An interesting question is how to detect the noise amplitudes f ij in terms of the measured autocorrelations and crosscorrelations of the particle’s position- and velocity fluctuations. According to Eq. 共18c兲 there is a direct relation
between the velocity correlation 具ṽxṽy典 and the noise magnitude f xy. Therefore, a direct measurement of this velocity
correlation, if experimentally possible, would give f xy, or, the
other way around, a nonzero value of f xy ⫽ 0 is required in
order to obtain nonzero values of the cross-correlations between these orthogonal velocity components.
As already mentioned in the introduction, it is favorable
to investigate the particle fluctuations around a potential
minimum rather than those of free particles since trapped
particles can be investigated over a long period of time, as
demonstrated by several experiments, see e. g., Ref. 关36兴.
This opens the opportunity for the determination of the magnitudes of the noise f ij in terms of the positional fluctuations
via Eq. 共18兲, which in the case of a linear shear flow take the
following explicit form

冉

f xx = 2k 具x̃2典 −

冋

冉 冊册

兩t兩
Wi2
k BT
1+
1+
2
k
p

具ỹ共t兲ỹ共0兲典 = 具z̃共t兲z̃共0兲典 =

具x̃共t兲ỹ共0兲典 =

冉

e−兩t兩/p ,

kBT −兩t兩/
p,
e
k

冊

kBT Wi
t
1 + 2 ⌰共t兲 e−兩t兩/p .
k 2
p

共35a兲

共35b兲

共35c兲

The cross-correlation between fluctuations along orthogonal
directions, as given by the last equation, is shear induced and
its asymmetry 具x̃共t兲ỹ共0兲典 ⫽ 具x̃共0兲ỹ共t兲典 with respect to time reflection t → −t is one of the important effects of shear flow on
the distribution of fluctuations.
For t ⬎ 0, the algebraic prefactor in Eq. 共35c兲 illustrates
that a fluctuation ỹ共0兲 ⫽ 0 of a particle is carried away by the
flow along the x direction before the initial displacement
starts to relax remarkably. This leads, during an initial period
of time shorter than the relaxation time  p, to the growth of
具x̃共t兲ỹ共0兲典, while 具x̃共0兲ỹ共t兲典 decays monotonically 共solid line
in Fig. 2 corresponding to t ⬍ 0兲. The predicted elementary
signatures for the shear-induced cross-correlations, as shown
in Fig. 2, are in agreement with experimental data as described recently in Ref. 关15兴. The expression 具x̃共t兲ỹ共0兲典 is
proportional to the Weissenberg number and takes its maximum at half of the particle’s relaxation time tmax =  p / 2. For
the correlations of the velocity fluctuations of the fluid in
orthogonal directions a similar signature as in Eq. 共35c兲 has
been found 关13兴, where however the mechanism is slightly
different.
A comparison of the absolute values of the particle’s fluctuations with experimental results may be difficult. However,
one obtains from Eq. 共35兲 and in terms of the dimensionless
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FIG. 2. Time dependence of the shear-induced crosscorrelations 具x̃共t兲ỹ共0兲典 共dashed line兲 and 具x̃共0兲ỹ共t兲典 共solid line兲 as
given by Eq. 共35c兲 for the Weissenberg number Wi= 1 and the
relaxation time  p = 1.

FIG. 4. The angle of the ellipse in the xy plane with respect to
the flow lines as a function of the Weissenberg number Wi, as it is
given by Eq. 共37a兲. The triangles are the result of a simulation of
Eq. 共8兲 in the overdamped limit.

Weissenberg number the following normalized ratios of the
static correlations

共25兲, can be further simplified in the case of a linear shear
flow to functions of the dimensionless Weissenberg number
Wi only

具x̃共0兲ỹ共0兲典

Wi
,
2

共36a兲

Wi/2
.
1 + Wi2/2

共36b兲

具ỹ共0兲ỹ共0兲典
具x̃共0兲ỹ共0兲典
具x̃共0兲x̃共0兲典

=

=

The left hand side and the right-hand side of Eq. 共36兲 can be
measured independently in different experiments and the results can be compared afterwards.
An anisotropic distribution of the particle’s velocity P共ṽ兲,
as given by Eq. 共26兲, is only obtained in the case of a finite
cross-correlation f xy of the stochastic forces. In contrast to
this, the particle’s distribution P共r̃兲 has in the overdamped
limit an elliptical shape in the xy plane, even for a vanishing
cross-correlation magnitude f xy = 0. In this limit an elliptical
distribution P共r̃兲 is shown in Fig. 3 for the Weissenberg
number Wi= 2 and the relaxation time  p = 1. In Fig. 3 the
time evolution of the particle’s position, obtained by simulations of the basic Eq. 共8兲, is plotted at equidistant times. This
positional distribution can be characterized by the angle  p
of the ellipsoid and the ratio V p of its principal axis. The
general expressions for  p and V p, as given by Eqs. 共24兲 and

FIG. 3. Positional distribution of a particle in a harmonic potential with its minimum at r0 = 共0 , 0 , 0兲 and exposed to a linear shear
flow, as obtained by a stochastic simulation of the Eq. 共8兲 in the
overdamped limit for the Weissenberg number Wi= 2 and the relaxation time  p = 1.

1
tan  p = 关冑4 + Wi2 − Wi兴,
2

Vp =

冉 冑冑

4 + Wi2 − Wi
4 + Wi2 + Wi

冊

共37a兲

1/2

.

共37b兲

The two expressions in Eq. 共37兲 suggest measurements of the
shear-induced particle fluctuation effects, which are complementary to the measured static correlations. In experiments
the particle positions may be recorded at equidistant times.
By plotting these subsequent particle positions in the shear
plane, a similar distribution is expected as shown by our
numerical simulation in Fig. 3. From such an experimentally
measured distribution for different shear rates the angle  p
and the ratio between the principal axes, V p, may be determined. If the determination of the Weissenberg number Wi is
difficult or if the precision is not sufficient Eqs. 共36兲 and 共37兲
allow a consistency check between different aspects of the
particle fluctuations, without a separate measurement of Wi.
A cross-check has recently been performed in an experiment
in which a good agreement between both approaches has
been found, cf. Ref. 关15兴.
In the limit of a vanishing Weissenberg number, Wi→ 0,
the angle  p of the ellipsoidal particle’s distribution tends to
 p =  / 4 and the positional variance becomes isotropic,
具x̃2典 = 具ỹ 2典, corresponding to the ratio V p = 1. This trend is
similar to the dependence of the orientation of vesicles in
shear flow 关57兴 or to the local orientation of the order parameter of nematic liquid crystals in plane shear flows 关58兴.
If ␥˙ and therefore Wi is increased, the angle  p between
the longer semiaxis and the x axis as well as the ratio V p will
decrease as shown in Figs. 4 and 5. The triangles in those
figures have been obtained by numerical simulations of Eq.
共8兲 for the same values of the Weissenberg number as used
for the analytical curves. In our simulations of the Langevin
model we have assumed an isotropic and Gaussian distributed white noise and vanishing cross-correlations f xy = 0. The
simulation results confirm the assumption of a Gaussian dis-
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冋 冉

册

冊

1
具x典 =  p u p −  y 20 + R2 − 具ỹ 2典 .
3

FIG. 5. The ratio V p of the principal axis of the ellipse in Eq.
共37b兲, as a function of the Weissenberg number Wi. The triangles
are the result of a simulation of Eq. 共8兲 in the overdamped limit.

tribution of the particle positions in the case of a shear flow
in Sec. III. The analytical and numerical results on  p and V p
in Figs. 4 and 5 are in good agreement.
B. Plane Poiseuille flow

A Brownian particle is trapped by a harmonic potential
close to r0 = 共0 , y 0 , 0兲 and exposed to a plane Poiseuille flow
along the x direction,

冉 冊

u共y兲 = u p 1 −

y2
êx .
l2

In contrast to a linear shear flow, it includes a contribution
depending on the particle’s radius R, which is a pure deterministic effect due to Faxén’s theorem 关2,51兴. The last term
on the right-hand side describes an additional shift based on
the positional variance 具ỹ 2典 in the y direction. Both contributions are proportional to the second derivative  of the flow
profile and are therefore not present in linear shear flows.
In experiments Eq. 共42兲 may be used to measure the spatial variation in the flow profile by detecting the mean displacement of a particle of radius R out of the optical tweezer
potential. For such a measurement usually deterministic formulas are used to describe the relation between the displacement and the flow velocity. But Eq. 共42兲 indicates that a
correction due to thermal motion has to be taken into account.
The relations given by Eq. 共18兲 relate the fluctuations of
the velocity and the position of a particle to the externally
controlled flow properties and the magnitudes of the thermal
fluctuations. Consequently they allow, in a similar manner as
to the linear shear flow, a determination of the magnitudes of
the stochastic forces in terms of the measured covariances of
the particle fluctuations
f yy = 2k具ỹ 2典,

共38兲

冉

冉 冊

c=−ª−

up
,
l2

a = u p − y 20 ,
b = − 2 y 0 .

冉

f xx = 2k 具x̃2典 −

共40兲

具x̃2典 =

1 Wi共y 0兲 2
具ỹ 典
2  p 2

冊

冊

冉

冊

1
2
k BT
k BT
1 + Wi共y 0兲2 + 22p
,
2
3
k
k

共44a兲

k BT
,
k

共44b兲

kBT Wi共y 0兲
.
2
k

共44c兲

具ỹ 2典 =

共41兲

the local Weissenberg number Wi共y 0兲. With these identifications the elements of the covariance matrix C are again given
via the expressions in Eq. 共18兲 in terms of the strength of the
noise, f xx, f xy, f yy, and f zz and the flow parameters.
The mean position of the particle in a plane Poiseuille
flow can be determined via Eq. 共12兲

冉

共43b兲

The difference compared to Eq. 共33兲 is an additional contribution to f xx, which depends on the second derivative of the
Poiseuille flow. Further comments made above for a linear
shear flow hold as well.
Similar to the end of the previous Sec. IV A, we neglect
from here on the particle inertia and we assume in addition
isotropically distributed noise with f xy = 0 and f ii = 2kBT. The
static correlations of the particle’s positional fluctuations in
the shear plane, given by Eq. 共18兲, then reduce to

Here  describes the second derivative of the velocity profile, b the local shear rate and
Wi共y 0兲 ª − 2 py 0 ,

冊

5 + 22p2
2
具ỹ 2典2 − Wi共y 0兲具x̃ỹ典 . 共43c兲
− 2p2
3
1 + 22p2

共39兲

Comparing this expression with Eq. 共1兲 the coefficients in
the latter equation are given by

共43a兲

1
f xy = 2k 具x̃ỹ典 − Wi共y 0兲具ỹ 2典 ,
2

The particle fluctuations x̃ and ỹ describe deviations with
respect to the mean values y 0 and 具x典, which is not zero as
determined below. The flow velocity along the x direction
may be expressed for further analysis in terms of the fluctuations ỹ as follows
y2
u py 0
up
ux共ỹ兲 = u p 1 − 20 − 2 2 ỹ − 2 ỹ 2 .
l
l
l

共42兲

具x̃ỹ典 = 具ỹx̃典 =

The static cross-correlation 具x̃ỹ典 has the same dependence on
the Weissenberg number as in the linear shear case Eq. 共35c兲
at t = 0, if the local shear rate of the Poiseuille flow at the

041124-8

PHYSICAL REVIEW E 81, 041124 共2010兲

DYNAMICS OF A TRAPPED BROWNIAN PARTICLE IN…

FIG. 6. Positional distribution of a Brownian particle in the xy plane captured by a harmonic potential with its minimum at x0 = z0 = 0 and
for different values of y 0. The particle is exposed to a Poiseuille flow and its dynamics have been calculated by stochastic simulations of the
Eq. 共8兲 in the overdamped limit for  = 1, kBT = 0.1, and  p = 1.

potential center is taken. In contrast to a linear shear flow
profile, the mean-square displacement of the particle in x
direction, given by Eq. 共44a兲, includes an additional constant
contribution, G ª 2 / 3共 pkBT / k兲2, which is independent of
the position of the potential minimum in the Poiseuille flow
and therefore also independent of the local Weissenberg
number. Besides the dependence on the second derivative 
of the flow profile, the contribution G is a direct function of
the fluid temperature. Due to this contribution in Eq. 共44a兲
one has 具x̃2典 ⫽ 具ỹ 2典 and the isotropy of the particle’s positional distribution in the shear plane is broken. This broken
rotational symmetry also changes the analytically determined
distribution function in Sec. III B along with the correlation
matrix Cij for a Poiseuille flow.
In addition to the calculations, we have performed simulations of the particle dynamics where we used isotropic and
Gaussian distributed white noise in the overdamped version
of Eq. 共8兲. The resulting distributions for the particle’s position are shown in Fig. 6 for three different positions y 0 of the
potential center. With the potential minimum at the center of
the flow 共y 0 = 0兲 the numerical results show a broken mirror
symmetry in x direction of the particle’s positional distribution, cf. Fig. 6共a兲. One recognizes a parachute shape that is
similar to the well-known conformation of vesicles and red
blood cells in the center of a Poiseuille flow 关59兴. If one now
makes the heuristic assumption of a Gaussian distribution for
the particle’s position in the case of a Poiseuille flow, as in
Sec. III, but with the correlation matrix Cij determined in
terms of the Poiseuille flow parameters, one expects for the
parameters in Fig. 6共a兲 an elliptical shape of the particle
distribution. Indeed, the ratio between the principal axis in
Fig. 6共a兲 is slightly smaller than 1.0. But within this analytical approximation, the ⫾x symmetry is not broken, which
indicates the limitation of the heuristic approach.
Away from the center of the Poiseuille flow, for finite
values of y 0 ⫽ 0, the ⫾y symmetry of the particle’s positional
distribution is also broken, as shown in Figs. 6共b兲 and 6共c兲.
With increasing values of y 0 the local shear rate acting on the
particle increases as well as the local Weissenberg number
Wi共y 0兲. Consequently the cross-correlation 具x̃ỹ典 in Eq. 共44c兲
becomes nonzero and the particle’s positional distribution in
the xy plane approaches, according to our analytical results,
an elliptic shape as indicated by the ellipses in Figs. 6共b兲 and

6共c兲. Again the full numerical simulations show deviations
from the elliptical shape.
However, the inclination of the distribution and the inclination of the analytically determined ellipses agree rather
well and therefore a determination of the angle  p for a
Poiseuille flow according to Eq. 共24兲, similar to that in the
previous chapter, is reasonable and  p has the following
form
tan  p =

冋 冑 冉
冉

1
y0
−
2
兩y 0兩

4 + Wi共y 0兲 +

− Wi共y 0兲 +

4 2p2 2
具ỹ 典
3 Wi共y 0兲

4 2p2 2
具ỹ 典
3 Wi共y 0兲

冊册

冊

2

共45兲

.

We have shown in Sec. IV A, how the angle  p and the ratio
V p depend on the Weissenberg number of the linear shear
flow. Since the local shear rate in a Poiseuille flow depends
on the location y 0 of the minimum of the potential, one may
plot  p and V p 关which is calculated via Eq. 共25兲兴 as a function of y 0 as shown in Fig. 7. Since the particle’s distribution
is anisotropic in the xy plane even for y 0 = 0, see Fig. 6共a兲,
the corresponding principal axes are always unequal. This
behavior is reflected in Fig. 7共b兲 where the inequality V p
⬍ 1 holds for all values of y 0. The dependence of the angle
 p on the local shear rate in a Poiseuille flow differs from the
case of a linear shear flow: the function  p共y 0兲 is always well
defined, even at the center of the flow, where it vanishes.
This is one consequence of the asymmetry of the particle
distribution. With increasing values of 兩y 0兩 and therefore with
increasing values of the local shear rate, the angle 兩 p兩 increases as well until it reaches some maximum value max at
y 0;max, as given by the following equations:
y 0;max = ⫾

冉冑

max = ⫿ arctan

冑

具ỹ 2典
,
3

4
1 + 2p2具ỹ 2典 − 2 p
3

共46a兲

冑 冊

具ỹ 2典
.
3
共46b兲

y 0,max depends only on 具ỹ 典 and therefore on the width of the
particle’s distribution in y direction, which is determined by
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With the potential minimum located at 0 the coefficients
2
u
in the Eq. 共1兲 are a = u p共1 − d02 兲, c = − ª − dp2 , and b = 20c.
2 2
Moreover, one has to consider ā = a + 3 R c in Eq. 共5兲. The
major difference to the plane Poiseuille flow is the prefactor
2
1
3 instead of 3 . This is a consequence of the 2D Laplacian
instead of a 1D second derivative in Eq. 共4兲. The mean position of the particle is in terms of the pipe flow of the following form

冉

冊

2
具x典 = u p p −  p y 20 + R2 −  p具y 2典.
3

共48兲

Besides the factor 2 in front of R2 this expression corresponds to that in Eq. 共42兲.
V. CONCLUSION
FIG. 7. The angle  p in the xy plane according to Eq. 共45兲 is
shown in 共a兲 and the ratio V p between the two principal axes, as
determined by the Eq. 共44兲 and Eq. 共25兲, is shown in 共b兲. Both are
plotted as a function of the position of the potential minimum y 0
and for the parameters  =  p = 1 , 具ỹ 2典 = kBT / k = 0.1. The triangles
are the result of simulations of the Eq. 共8兲 with the same parameter
set.

the ratio between the thermal energy and the spring constant
related to the harmonic potential acting on the particle. Increasing 兩y 0兩 beyond 兩y 0,max兩 the local shear rate, Wi共y 0兲, increases too, but  p starts to decrease; a similar behavior as
seen in Sec. IV A. In the range 兩y 0兩 ⬎ 兩y 0,max兩 the local shear
dominates the curvature effects more and more and the Poiseuille flow resembles a linear shear flow. In addition, the
particle’s distribution approaches an ellipse as obtained by
the heuristic approximation. As mentioned above, the heuristic analytical approach becomes exact in the case of a linear
shear flow.
In Fig. 7 the analytical results on  p and V p have been
compared with our numerical simulations. In spite of the fact
that we assumed for our analytical calculations a Gaussian
distribution of the positional fluctuations x̃ and ỹ, the results
show surprisingly good agreement. The major reason for this
good agreement is that we calculated the inertia tensor for
the particle distribution, which includes only second order
moments as assumed for the Gaussian distribution.
C. Pipe flow

For a flow profile in a pipe of radius d, cylindrical polar
coordinates are appropriate. Similar to a plane Poiseuille
flow the dependence of the velocity profile on the radial
position  is also quadratic. Consequently, the  dependence
corresponds now to the y dependence in the case of the plane
Poiseuille flow. The velocity profile for the pipe flow, where
the pipe axis coincides with the x axis, is of the following
form,

冉 冊

ux = u p 1 −

2
.
d2

共47兲

The results described above in Sec. IV B apply qualitatively
also for the pipe flow.

In this work, we have calculated analytically and numerically the autocorrelations and cross-correlations between different components of the velocity and the positional fluctuations of a Brownian particle in a harmonic potential, which is
exposed to different shear flows. In addition, the particle’s
probability distribution in the harmonic potential has been
determined as a function of the flow parameters. By solving
an appropriate Langevin model, cross-correlations between
velocity and positional fluctuations along orthogonal directions have been found and several suggestions for experimental measurements are made.
Cross-correlations between orthogonal velocity components occur only if there is already a cross-correlation between stochastic forces along orthogonal directions in the
related Langevin model. On the other hand, we find crosscorrelations between particle fluctuations along orthogonal
directions without cross-correlations of orthogonal stochastic
force components and their magnitude increases with the dimensionless shear rate, the Weissenberg number.
There are recent calculations on shear-induced crosscorrelations between orthogonal fluctuations of freely floating particles 关16,18兴. They have the same origin as those
discussed in this work. However, while measurements of the
shear-induced cross-correlations of freely moving particles
may be difficult, shear-induced cross-correlations for particles in a potential can be measured in a controlled manner.
This insight was the basis of recent successful measurements
on the cross-correlations between particle fluctuations along
orthogonal directions as described in Ref. 关15兴. In this experiment, harmonic potentials for small latex spheres are induced by optical tweezers. The particle is simultaneously
exposed to a linear shear flow in a special flow cell and its
Brownian motion is investigated directly. In the same experiment and in a forthcoming work, the cross-correlations and
anticorrelations between two particles captured in two neighboring potentials and exposed to shear flows are also investigated.
The measurements on the positional cross-correlation,
具x共t兲y共0兲典, presented in Ref. 关15兴, exhibit a similar maximum
as predicted by the expression in Eq. 共35c兲 and as shown in
Fig. 2. This maximum is a typical signature of Brownian
motion in shear flow and it is found where the shear rate
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approximately equals half of the particle’s relaxation time.
Also the elliptic shape of the particle’s distribution, P共r兲, as
shown in Fig. 3, has been measured in Ref. 关15兴. The angle
 p, enclosed by the major axis of the distribution P共r兲 and
the ratio V p between the length of the two principal axes on
the one hand and the magnitude of the static correlations on
the other hand focus on different aspects of the dynamics of
a particle in a potential exposed to a shear flow. The interrelation between these different aspects of the Brownian particle dynamics can be used for consistency checks in experiments; such cross-checks are described Ref. 关15兴 for the case
of a linear shear flow. They are also possible in experiments
with Poiseuille flow as forthcoming measurements may demonstrate.
Shear-induced correlations of fluctuations of the fluid velocity with respect to a linear shear flow were found theoretically 关13,14兴. They are traced back to the non-normal
property of the Navier-Stokes equation linearized around the
linear shear profile 关13兴 and these velocity fluctuations play
an important role in a shear flow for its instability and the
onset of turbulence. The cross-correlations between these velocity fluctuations exhibit a similar extremum as given by
Eq. 共35c兲, but it is a slightly different mechanism leading to
this similar behavior on the level of the correlation function.
This interrelation may be discussed in more detail in future
work.
Stochastic forces acting on a particle in a fluid are caused
by the velocity fluctuations of the fluid surrounding a particle. In quiescent fluids the correlations for velocity fluctuations are isotropically distributed. For reasons of simplicity,
this is quite often assumed in models to investigate the
Brownian motion of particles in shear flow. In that case,
cross-correlations between stochastic forces along orthogonal directions vanish in the Langevin equation of motion.
Shear-induced cross-correlations between orthogonal components of fluctuations of the fluid velocity are indeed small
compared to the shear independent contributions 关14,23兴 and
hence this simplification is reasonable. However, to which
extent such cross-correlations of the fluid velocity may quantitatively modify the presented results on the crosscorrelations of particle displacements need further investigations.
In numerical simulations of the dynamics of a Brownian
particle in a potential and exposed to a Poiseuille flow we
found higher order correlations for the particle fluctuations
of non-Gaussian behavior. However, for deriving our analytical results on the angle  p, which the major axis of the
particle distribution encloses with the flow direction, and the
ratio V p between the lengths of the two principal axes, we
assumed Gaussian distributed particle fluctuations also in
Poiseuille flow. Accordingly, a perfect agreement between
the results of the numerical simulations and the analytical
calculations on  p and V p could not be expected. Nevertheless, we find good agreement between both approaches, cf.
Fig. 7, especially further away from the center of the Poiseuille flow, where the linear contribution in the flow profile
dominates and where the assumptions are better fulfilled.
ACKNOWLEDGMENTS

We would like to thank A. Ziehl and C. Wagner for in-

spiring discussions. This work was supported by the German
science foundation via the priority program on microfluids
and nanofluidics Grant No. SPP 1164 and via the research
unit Grant No. FOR 608.
APPENDIX A: CROSS-CORRELATION Šṽx(t)ṽy(t)‹

In this appendix, we discuss the correlation 具ṽx共t兲ṽy共t兲典
and we show that it includes, besides the contribution ⬀f xy in
Eq. 共18c兲, in the limit k → 0 an additional contribution ⬀f yy,
which corresponds to the result described in Ref. 关18兴 from
Eq. 共11兲 one obtains

冕

ṽx共t兲 =

t

davv共t − 兲

0

ṽy共t兲 =

冕

冋

册

Fbx 共兲
+ 2␤bỹ共兲 ,
m

共A1兲

Fby 共兲
,
m

共A2兲

t

davv共t − 兲

0

冕

ỹ共兲 =

t

d  ⬘a rv共  −  ⬘兲

0

Fby 共兲
,
m

共A3兲

with the abbreviations
avv共t兲 = êTv eL共t兲êv ,
arv共t兲 = êrTeL共t兲êv

with

êr =

共A4兲

冉冊
1
0

.

共A5兲

The equal-time velocity correlation takes then the form

冕 冕
t

t

d

具ṽx共t兲ṽy共t兲典 =

⫻

冓

d⬘avv共t − 兲avv共t − ⬘兲

0

0

Fbx 共兲Fby 共⬘兲
m2

冔

+ 2␤b

冕

t

davv共t − 兲

0

⫻具ỹ共兲ṽy共t兲典.

共A6兲

With the correlation between the position ỹ共t兲 and the velocity ṽy共t兲,
f yy
m2

具ỹ共兲ṽy共t兲典 =

冕

min共t,兲

d⬙arv共 − ⬙兲avv共t − ⬙兲,

0

共A7兲
one ends up with the expression
具ṽx共t兲ṽy共t兲典 =
+ 2␤b
=

f yy
m2

f xy
m2

冕

t

davv共t − 兲2

0

冕 冕
t

d

0



d˜avv共t − 兲arv共 − ˜兲avv共t − ˜兲

0

f yy G2共t兲
f xy G1共t兲
+ 2␤b 2
,
m 4
m2 2

共A8兲

where we have introduced the functions G1共t兲 and G2共t兲 as
well as the parameter ␦

041124-11

PHYSICAL REVIEW E 81, 041124 共2010兲

HOLZER et al.

G1共t兲 =

冋

册
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−
e
+
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␦2
␦
2 ␦ 2␤
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2␦2
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APPENDIX B: ANISOTROPIC TRAP

2␤

共B1兲

y ky
= .
x kx

共B2兲

=

between the eigenfrequencies in the shear plane, which is
used to express ky by kx via ky = kx.
The covariance matrix C from Sec. III depends now in a
complex manner on the different force constants, but in the
limit  → 1 and kz = kx the result from the previous sections
are obtained again.
The different static correlations as given for the isotropic
forces in Sec. III change as follows:
具ṽ2y 典 =

1 f yy
,
4 m 2␤

1
2
+ 2p;xb2具ỹ 2典⌸1 + 2p;xc2具ỹ 2典2⌸2
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2x 共1 + 2兲
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共B6兲

,

1 f zz
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2 2
2 2
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冉
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1 1
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2

and we further define the fraction

ª

2x

共B5兲

where the following abbreviations have been introduced:


,
ki

2i

具ṽ2x 典

+ b p;x

In experiments the force exerted by the optical tweezer on
a colloidal particle may be anisotropic in the shear plane. For
instance, the force constant may be different along and perpendicular to the laser beam. If the laser beam does not hit
the shear plane perpendicularly the difference between the
force constants in x and y direction increases with the deviation from the orthogonal direction to the shear plane. Let’s
assume in Eq. 共3兲 a different force constant for each direction: kx, ky, and kz.
The relaxation of the particle is now different along different directions around the potential minimum. In order to
take this effect into account, we introduce three relaxation
times in the same way as in Sec. III,

 p;i =

1 − 2 2具ṽxṽy典
,
1 + 2  p;x2x

具x̃2典 =

In the limit t → ⬁ the contribution G1共t兲 remains finite,
limt→⬁G1共t兲 = 21␤ . For finite values of  p =  / k the function
G2共t兲 vanishes on a time scale t Ⰷ 1 / 共2␤兲 too. But in the limit
of a vanishing laser tweezer potential, k ⬃ 2 → 0, one has
␦ ⯝ ⫾ i关␤ − 2 / 共2␤兲 + . . .兴 and in this limit some contributions
of G2共t兲 cancel each other and the remaining terms are proportional to exp共−2t /  p兲. These contributions do not decay in
the limit  p → ⬁ and one gets G2共t兲 = 1 / 共8␤3兲. In this case
one obtains even for f xy = 0 a nonzero cross-correlation
bf
具ṽx共t兲ṽy共t兲典 = 4yy2 , which is exactly the same result as described in 关18兴.

共B4兲
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共1 + 22兲 1 1 共1 – 42兲2
1+ 2 2
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3
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9

1+
⌸2 =

冉

冊

Since the y and z displacements are independent of any other
direction, as can be seen in Eq. 共11兲, their autocorrelations
are functions of the individual force constant only and do not
depend on . However, the autocorrelations for the velocity
and the position in x direction depends in a complex manner
on the different force constants. The same applies for the
cross correlations in the shear plane as follows
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Abstract. The dynamics of two Brownian particles trapped by two neighboring harmonic potentials in a
linear shear ﬂow is investigated. The positional correlation functions in this system are calculated analytically and analyzed as a function of the shear rate and the trap distance. Shear-induced cross-correlations
between particle ﬂuctuations along orthogonal directions in the shear plane are found. They are linear in
the shear rate, asymmetric in time, and occur for one particle as well as between both particles. Moreover, the shear rate enters as a quadratic correction to the well-known correlations of random displacements
along parallel spatial directions. The correlation functions depend on the orientation of the connection vector between the potential minima with respect to the ﬂow direction. As a consequence, the inter-particle
cross-correlations between orthogonal ﬂuctuations can have zero, one or two local extrema as a function
of time. Possible experiments for detecting these predicted correlations are described.

1 Introduction
The Brownian dynamics of particles in ﬂuids is of high
relevance in many ﬁelds of natural and applied sciences.
It is strongly aﬀected by the interplay between the particles via the liquid, the so-called hydrodynamic interaction.
Especially in the ﬁeld of microﬂuidics this nonlinear interaction plays an important role in subjects such as Taylor
dispersion [1] or ﬂuid mixing [2,3]. In a quiescent ﬂuid
there is already a considerable understanding of the dynamics of Brownian particles and their interactions [4,5].
Investigations on the positional correlation functions of
two trapped particles give further insight in the coupling
between thermal motion and the hydrodynamic interaction among them [6,7]. However, the understanding of this
interplay in typical laminar ﬂows, like in a linear shear ﬂow
or in a Poiseuille ﬂow, is still far from complete although
it is the origin of a number of interesting phenomena. For
example, polymers exhibit in shear ﬂows already at small
values of the Reynolds number the so-called molecular individualism [8,9], elastic turbulence, and spectacular mixing properties in the dilute regime [10]. The complex interplay between Brownian motion and hydrodynamic interaction also aﬀects considerably the conformational distribution functions of tethered polymers in ﬂows and their
dynamics [11–19]. When polymers are attached to a wall
and subjected to a ﬂow, an additional time-periodic behavior inﬂuences the dynamics [20–24], which shows similar features as tumbling polymers in shear ﬂows [8,25–27].
a

e-mail: walter.zimmermann@uni-bayreuth.de

Recent theoretical investigations on the ﬂuid velocity
ﬂuctuations in shear ﬂows show that in contrast to quiescent ﬂuids or uniform ﬂows, cross-correlations between velocity ﬂuctuations along and perpendicular to the streamlines occur [28,29]. For free Brownian particles in a linear
shear ﬂow in the x-direction, where the shear plane is parallel to the xy-plane, one also expects a cross-correlation
between the orthogonal positional ﬂuctuations x̃ and ỹ of
the particles, i.e. x̃ỹ = 0 [30–32]. In this case, random
jumps of a particle between neighboring parallel streamlines lead to a change of the particle’s velocity. For example, a positional ﬂuctuation, ỹ, perpendicular to the
streamlines may cause a ﬂuctuation, x̃, along the streamlines and contributes in this way to the correlation function x̃ỹ, which reﬂects the shear-induced coupling between ﬂuctuations along orthogonal directions.
The theoretical considerations described in ref. [33]
show that shear-induced cross-correlations between perpendicular random particle displacements, like x̃ỹ = 0,
survive if a particle experiences some constraints such
as a harmonic potential. This is important from various
points of view. First, these cross-correlations are inherently present in bead-spring models, which are used to describe polymer dynamics in shear ﬂows, because the individual beads along the chain are bound to their neighbors.
Second, this knowledge facilitates the experimental detection of these cross-correlations, because measurements of
particle ﬂuctuations in the spatially limited area of the
trapping potential can be performed in a controlled manner compared to tracing free Brownian particles. According to this strategy, the cross-correlations x̃ỹ of trapped

314

The European Physical Journal E

particles in a linear shear ﬂow have been measured directly
for the ﬁrst time and the results are in good agreement
with the theoretical predictions [34].
The optical tweezer technique, employed in ref. [34],
triggered a number of further direct observations of
particle ﬂuctuations. These include inspiring studies
on single polymers [11–13,35], the propagation of hydrodynamic interactions [36], wall eﬀects on Brownian motion [37,38], two-point microrheology [39], particle sorting techniques [40–43], the determination of the
eﬀective pair potential in colloidal suspensions [44], and
many other investigations in microﬂuidics, cf. [45,46]. By
femto-Newton measurements anti-correlations have been
detected between two hydrodynamically interacting and
neighboring particles in a quiescent ﬂuid, each one captured by a laser tweezer potential [6]. This was recently
extended in ref. [34], where shear-induced inter-particle
anti-correlations between orthogonal motions of the two
particles have been found.
The present work focuses on the question, which kind
of cross-correlations can be expected between hydrodynamically interacting particles in linear shear ﬂows. Such
inter-particle correlations along a single polymer and between diﬀerent polymers in ﬂows inﬂuence their dynamics. This paper is an extension of the theoretical work
on the single-particle dynamics described in ref. [33] to a
pair of two hydrodynamically interacting point-particles
with an eﬀective hydrodynamic radius and trapped in a
linear shear ﬂow. It provides the theoretical background
for the experimental results on the two-particle correlations presented in ref. [34]. The correlation functions
between the diﬀerent particle displacements are calculated analytically and we show how a second Brownian
particle inﬂuences the stochastic motion and the positional probability distribution of its neighbor compared
to the single-particle case [34,33]. In addition, we ﬁnd
that the anti cross-correlations between two ﬂuctuating
particles in a quiescent ﬂuid, as described in ref. [6], experience shear-induced corrections. We also describe the
occurrence of shear-induced anti cross-correlations between the ﬂuctuations of the two particles along two orthogonal directions. The results depend signiﬁcantly on
the orientation of the connection vector between the two
traps with respect to the ﬂow direction. We focus on the
leading-order contributions to the correlation functions
and neglect the eﬀects of ﬁnite size and rotations of the
particles.
The structure of the paper is as follows: In sect. 2, the
model equations are introduced and their formal analytical solution is presented, which results in the calculation
of the correlation functions for the random particle displacements. In sect. 3, the results for three representative
setups of the two-particle system are discussed in detail,
where the connection vector between the two potential
minima is either parallel, perpendicular, or oblique to the
shear ﬂow direction. In addition, the results are compared
with direct simulations of the Langevin equation for representative examples. For the parallel case, a few experimental and theoretical results have already been described
in ref. [34], where a good agreement between experiment

and theory was found. The article closes with a discussion
and further possible applications in sect. 4.

2 Equations of motion and their solution
The basis of our investigation is a Langevin model that
describes the over-damped dynamics of two particles, each
held by a harmonic potential in a linear shear ﬂow. In this
section the equation of motion is introduced and solved in
order to calculate the correlation functions analytically.
They consist of diﬀerent eigenmodes, which are discussed
brieﬂy.
2.1 Model equations
We consider two Brownian point-particles with eﬀective
hydrodynamic radius a, immersed in a Newtonian ﬂuid of
viscosity η at the positions ri = (xi , yi , zi ) with i = 1, 2.
Each particle is held by a linear restoring force,
fiV = −∇Vi = −k (ri − qi ) ,

(1)

close to the minimum qi of a corresponding harmonic potential,
k
2
Vi = (ri − qi ) ,
(2)
2
with the spring constant k. The distance between the potential minima is labeled with d. Uncharged polystyrene
latex beads of micrometer size that are trapped by laser
tweezers experience such a potential as described by
eq. (2) [6,47,48].
Both trapped particles are exposed to a linear shear
ﬂow in the x-direction with the shear plane parallel to the
xy-plane and the shear rate γ̇:
u(r) = γ̇yex .

(3)

This ﬂow causes a drag force on the hydrodynamically interacting Brownian particles, which is in competition with
the restoring force (1). In a recent experiment the interplay between these two forces has been studied [34], where
the size of the particles was about 5 μm and the shear rate
about 50 s−1 . At the length scale of the excursions of the
particles from their potential minima and the distance between the two beads, the Reynolds number is small and
therefore, we can describe the ﬂuid motion around the
beads in the Stokes limit. Consequently, the over-damped
particle dynamics is described by the Langevin equations,
ṙi = u(ri ) + Hij fjV + fiS ,

(4)

with the four 3 × 3 mobility matrices
1
I,
ζ


r12 ⊗ r12
1 3a
I+
,
=
2
ζ 4r12
r12

H11 = H22 =

(5a)

H12 = H21

(5b)
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2.2 Solutions and relaxation times
There are two characteristic time scales in the system.
One is determined by the inverse shear rate γ̇ −1 and the
other one is given by the relaxation time τ := ζ/k of the
particles in the two identical potentials. Their ratio gives
the dimensionless Weissenberg number,
Wi := γ̇τ,

Fig. 1. Two Brownian particles are kept by linear spring forces
V
f1,2
close to the minima of two corresponding harmonic potentials at q1,2 . Both particles are simultaneously exposed to a
linear shear ﬂow u(r). The angle φ between the ﬂow direction
u(r) and the vector q12 = q1 − q2 connecting the potential
minima at the distance d = |q12 | is either zero, as in part a),
or φ = π/2 as in b), or φ = π/4 as in c).

including the Stokes friction coeﬃcient ζ = 6πηa for a
single point-particle [49]. The latter two matrices describe
the hydrodynamic interaction between two point-particles
in terms of the Oseen tensor [5] and I represents the unity
matrix. The dyadic product (tensor product) ⊗ has been
used as well as the distance vector r12 := r1 − r2 between
the beads, with r12 = |r12 |.
The stochastic forces in the Langevin model have their
origin in the velocity ﬂuctuations of the surrounding liquid. In a quiescent ﬂuid these random forces are uncorrelated along orthogonal directions in the bulk [50].
This assumption is kept in our Langevin model, because
shear-induced cross-correlations between the stochastic
forces along orthogonal directions are expected to be
small [29,51,52]. So, for the contribution fiS (t) in eq. (4)
we assume a zero mean and a vanishing correlation time [5]


fiS (t) = 0,
(6a)


(6b)
fiS (t) ⊗ fjS (t ) = 2kB T Hij δ(t − t ).
The strength of the stochastic forces is proportional to the
thermal energy kB T .
The orientation of the connection vector between the
potential minima, q12 := q1 − q2 , with respect to the ﬂow
direction is described by the angle φ. It has a strong inﬂuence on the correlation functions of the positional ﬂuctuations of the particles. For this reason, we investigate
three characteristic setups, where q12 is either parallel to
the external ﬂow u (φ = 0), or perpendicular (φ = π/2),
or oblique (φ = π/4) as sketched in ﬁg. 1.

(7)

which will be useful for the further discussion.
The ﬁrst step in the solution of eq. (4) is to rewrite the
equation of motion in a more compact form by introducing
the positional vector R = (r1 , r2 ) with six components
and the 6 × 6 mobility matrix H,


H11 H12
,
(8)
H=
H12 H22
composed of the sub-matrices Hij from eqs. (5). The shear
ﬂow in eq. (3) can be written in an analogous manner with
the 6 × 6 shear rate tensor U,
U(R) = UR,

(9)

with U12 = U45 = γ̇ and all other Ukl = 0. The equation
of motion (4) then takes the form,
Ṙ = UR + kH (Q − R) + F,

(10)

where the vector Q = (q1 , q2 ) describes the positions of
the two potential minima being separated by the distance
d. The stochastic contribution F in eq. (10) is obtained
from eqs. (6)
F(t) = 0,
F(t) ⊗ F(t ) = 2kB T Hδ(t − t ).

(11a)
(11b)

We assume two well-separated point-particles with small
values of a/d and small ﬂuctuations around their mean
positions, i.e. kB T /(ka2 )  1. The experimental results
described in ref. [34], which were obtained for a/d ≈ 1/4
and a magnitude of the ﬂuctuations below a/10, are well
described within this approximation.
Since we investigate the particle ﬂuctuations, the mean
position Rφ := R(t) has to be determined ﬁrst. In the
case φ = 0 the mean positions are identical with the locations of the potential minima: R0 = Q. For φ = π/2
and φ = π/4, Rφ is obtained numerically by determining
the stationary solution of eq. (10) in the absence of noise.
Disregarding the hydrodynamic interaction between the
two particles, one ﬁnds the analytical expressions
d
(Wi, 1, 0, −Wi, −1, 0) ,
(12a)
2

√
√
√
d √
=
2 + Wi, 2, 0, − 2 − Wi, − 2, 0 , (12b)
4

Raπ/2 =
Raπ/4

which may serve as an approximation of the stationary solution and as the starting point of the numerical iteration.
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Fig. 2. The motion of particle 1 causes, via the hydrodynamic
interaction, a force f2hi on particle 2 and vice versa. In part a),
where the two particles move in the same direction, the resulting hydrodynamic forces accelerate the motion. This situation
corresponds to the parallel relaxation. Part b) shows the antiparallel case, where the forces fihi decelerate the motion.

The equation of motion for the particle ﬂuctuations
R̄ = (x̄1 , ȳ1 , z̄1 , x̄2 , ȳ2 , z̄2 ) are obtained by the ansatz R =
Rφ + R̄ and the linearization of eq. (10) with respect to R̄
˙ = UR̄ − kHR̄ + k ∇HR̄ (Q − R ) + F.
R̄
φ

(13)

Here the mobility matrix H and its derivative are evaluated at the exact mean positions Rφ . For φ = 0 one has
Rφ = Q and the third contribution on the right-hand side
vanishes. Introducing the matrix K := [∇⊗(H(Q−Rφ ))]T ,
eq. (13) can be rewritten to
˙ = − (kH − U − kK) R̄ + F = −MR̄ + F,
R̄

(14)

and this linear equation has the formal solution
t

R̄(t) = e−tM R̄(0) +



dt e(t −t)M F.

(15)

0

By introducing the scaled deviation
R̄
R̃ = √ ,
B

with

B=

2kB T
,
k

(16)

and taking into account the statistical properties of the
stochastic forces as given by eq. (11), one can determine
by a straightforward calculation, assisted by computer algebra, the correlation matrix C(t) deﬁned by
C(t) := R̃(0) ⊗ R̃(t),

for t ≥ 0.

(17)

The brackets · denote the ensemble average over a large
number of particle trajectories. The elements Ckl (t) of the
Matrix C(t) can be represented as a sum of six exponentially decaying contributions,
gα,kl e−λα t

Ckl (t) =

(α, k, l = 1 . . . 6),

(18)

α

where the coeﬃcients gα,kl depend on the Weissenberg
number Wi = γ̇τ and on the distance between the potential minima d.
The origin of the relaxation times 1/Re(λα ), given by
the eigenvalues λα of the matrix M := kH−U−kK, can be
explained as follows: After a stochastic kick that pushes
the particles away from their mean positions, the potential forces start to pull them back. During this relaxation
the particle motion can be decomposed into parallel or
anti-parallel translations as illustrated in ﬁg. 2. It is the

hydrodynamic interaction between the particles which accelerates or damps this process, since the resulting hydrodynamic forces depend on the relative particle motions.
The beads relax faster, if they move in the same direction. The whole relaxation process is described by six relaxation rates, λα , two for each spatial direction and in the
two cases φ = π/2 and φ = π/4 some of them may even
be complex. For the conﬁguration φ = 0, cf. ﬁg. 1a), two
relaxation modes coincide, so there are only four instead
of six diﬀerent relaxation times.

3 Correlation functions
In the two-particle system, the ﬂuctuation statistics of one
particle is inﬂuenced by its neighbor. We call the corresponding correlation functions “one-particle correlations”
and for the inter-particle cross-correlations between the
random displacements of two diﬀerent particles we use
the notation “inter-particle correlations”.
In a previous study on hydrodynamic interactions
between two trapped Brownian particles in a quiescent
ﬂuid, anti cross-correlations between their random motions along parallel spatial directions were found [6]. We
show that the shear ﬂow alters these correlations and additionally induces inter-particle cross-correlations along orthogonal directions in the shear plane.
In this section the exact expressions and the approximations of the correlation functions Ckl (t), as deﬁned by
eq. (17), are discussed in detail and they are also compared with numerically obtained solutions of the Langevin
equation (10). The behavior of Ckl (t) depends on the trap
distance d, and in the limit d → ∞, our formulas become identical to the recently presented results for a single
trapped particle in a linear shear ﬂow [33]. Since our results depend on the angle φ between the connection vector
q12 and the ﬂow direction, the three characteristic conﬁgurations, as sketched in ﬁg. 1, are analyzed.
3.1 Parallel case: φ = 0
At ﬁrst, we consider the two-particle conﬁguration with
the connection vector q12 parallel to the ﬂow lines u as
sketched in ﬁg. 1a), e.g. Q = d/2(1, 0, 0, −1, 0, 0). The
discussion of the one-particle correlations in sect. 3.1.1 is
complemented by the analysis of the inter-particle correlations in sect. 3.1.2.
Similar to the case of two trapped particles in a quiescent ﬂuid in ref. [6] there are four diﬀerent relaxation
rates describing the four relaxation times in the system,
cf. sect. 2.2
1 + 2μ
,
τ
1+μ
,
λ2 =
τ

λ1 =

1 − 2μ
,
τ
1−μ
λ4 =
.
τ
λ3 =

(19a)
(19b)

The parameter 0 < μ := 3a/(4d) < 3/8 is a measure
for the distance between the traps. λ1 and λ3 correspond
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 x̃1 (0) x̃1 (t), Wi = 0
 x̃1 (0) x̃1 (t), Wi = 1/2
 ỹ1 (0) ỹ1 (t)

0.4
0.3
0.2
0.1
0

0
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3

4

 x̃1 (0) ỹ1 (t), d = 4a
 ỹ1 (0) x̃1 (t), d = 4a
 x̃1 (0) ỹ1 (t), d = 100a
 ỹ1 (0) x̃1 (t), d = 100a

0.16
cross−correlations, φ=0

autocorrelations, φ=0

0.5

5

t [τ]

Fig. 3. The autocorrelations, x̃1 (0)x̃1 (t) = x̃2 (0)x̃2 (t),
along the ﬂow direction are shown for Wi = 0 (dash-dotted
line) and for Wi = 1/2 (dashed line). The correlation functions
perpendicular to the ﬂow direction, ỹi (0)ỹi (t) = z̃i (0)z̃i (t)
with i = 1, 2 (solid line), do not depend on the Weissenberg
number. All curves are obtained for a distance d = 4a and t is
given in units of τ .

to the particle motions parallel and anti-parallel to the
connection vector q12 (longitudinal displacements), while
λ2 and λ4 belong to the particle relaxations perpendicular
to q12 (transversal displacements).
3.1.1 One-particle correlations
The autocorrelations are identical for both particles but
they are diﬀerent for the longitudinal and transversal displacements: x̃1 (0) x̃1 (t) = x̃2 (0) x̃2 (t) and
ỹ1 (0)ỹ1 (t) = ỹ2 (0)ỹ2 (t) = z̃1 (0)z̃1 (t) = z̃2 (0)z̃2 (t).
The expressions

1  −λ1 t
e
+ e−λ3 t
4


e−λ2 t
Wi2 −(1 + μ)e−λ1 t
+
+
4μ
6μ2 + 7μ + 2
2 + 3μ


e−λ4 t
Wi2 (1 − μ)e−λ3 t
−
, (20a)
+
4μ 6μ2 − 7μ + 2 2 − 3μ

1  −λ2 t
e
ỹ1 (0)ỹ1 (t) = z̃1 (0)z̃1 (t) =
+ e−λ4 t , (20b)
4

x̃1 (0)x̃1 (t) =

are exponentially decaying in time and both functions
are plotted in ﬁg. 3 for diﬀerent values of the Weissenberg number Wi. Due to the scaling (16) the value of
ỹ1 (0)ỹ1 (0) is 1/2. The correlation functions (20) depend
via μ on the trap distance d, which leads to interesting
corrections to the autocorrelations compared to the case
of one isolated particle in ref. [33].
The distinct relaxation rates given by eqs. (19) lead to
diﬀerent autocorrelations of particle displacements along
and perpendicular to q12 , independent of the parameter
Wi. This is also indicated in ﬁg. 3 by the diﬀerence between the correlations x̃1 (0)x̃1 (t) (dash-dotted line) and
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Fig. 4. Shear-induced cross-correlations of a single particle
in the parallel case for Wi = 1/2 and d = 4a, respectively
d = 100a. x̃1 (t)ỹ1 (0) has a maximum around t ≈ τ , which
does not depend on Wi and only very weakly on d.

ỹ1 (0)ỹ1 (t) (solid line). The latter one is independent of
the Weissenberg number, which is similar to the case of an
isolated trapped particle, where only the autocorrelation
in ﬂow direction (20a) depends on Wi2 [33].
Any translation of a particle in the y-direction is coupled via the ﬂow proﬁle (3) to a change of the particle’s
velocity in the x-direction, which leads to a change of
the particle’s positional ﬂuctuation along the x-direction.
Consequently, the particle ﬂuctuations in the x- and ydirections become correlated due to the shear ﬂow. The resulting cross-correlations between the displacements along
orthogonal directions in the shear plane are linear functions of the parameter Wi, similar to the single-particle
case in refs. [33,34]. However, compared to these results,
we obtain for the two-particle system an additional dependence on the trap distance d. The time dependence of the
cross-correlations is given by the following expressions:


e−λ4 t
Wi e−λ2 t
+
,
(21a)
x̃1 (0)ỹ1 (t) =
4
2 + 3μ 2 − 3μ

Wi  −λ2 t
ỹ1 (0)x̃1 (t) =
e
− e−λ4 t
4μ


(1 + μ)e−λ1 t
Wi (1 − μ)e−λ3 t
−
.
+
2μ
2 − 3μ
2 + 3μ
(21b)
Both functions are plotted in ﬁg. 4 for two diﬀerent distances. The two sets of curves indicate that the magnitude
of the cross-correlation increases weakly with decreasing
values of d. The cross-correlation functions involving the
z coordinate vanish as in ref. [33].
The time asymmetry of the shear-induced cross-correlations, namely ỹ1 (0)x̃1 (t) = x̃1 (0)ỹ1 (t) with t > 0,
can be explained in the following way: A random particle
displacement at t = 0 in the y-direction leads immediately after the kick to a linear growth of the particle’s x
coordinate due to the larger ﬂow velocity u(r) at a larger
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with

x̃21  − ỹ12 
.
x̃1 ỹ1 

0.8
0.7
0.6
tan(θ), φ=0

value of the y coordinate. Consequently, for small values of
t, the product ỹ1 (0)x̃1 (t) grows in time until the particle
is pulled back by the linear spring force, which happens
on the time scale τ = ζ/k. The result is a maximum in
the correlation function ỹ1 (0)x̃1 (t) at a time of the order of τ . Considering the eﬀect of a random kick in the
x-direction at t = 0, the particle does not jump between
streamlines of diﬀerent velocity and therefore the crosscorrelation x̃1 (0)ỹ1 (t) does not show this maximum and
decays exponentially.
By replacing the time t by −t in eq. (21a) the two functions (21a) and (21b) can be combined to one correlation
function x̃1 (0)ỹ1 (t), where t can now take positive and
negative values. This function is asymmetric with respect
to time reﬂections t → −t. A similar behavior was previously found for the ﬂuctuations of the ﬂuid velocity in a
shear ﬂow [28].
The static correlation functions given by eqs. (20a)–
(21b) for t = 0 determine also the positional distribution
function P (r) of a Brownian particle in a potential as described in more detail in ref. [33]. It is an interesting question, how the single-particle distribution in a shear ﬂow is
changed by the presence of a second one.
In a linear shear ﬂow P (r) has an elliptical shape in
the shear plane and the angle θ between the major axis
of the ellipse and the ﬂow direction is determined by the
equation


1 x̃1 ỹ1  
2
4+G −G ,
(22)
tan θ =
2 |x̃1 ỹ1 |

0.5
0.4
0.3
Wi = 1/2
Wi = 1
Wi = 2

0.2
0.1

0

Consequently the inclination angle θ is a function of the
parameter d too. In ﬁg. 5 tan(θ) is shown as a function of
μ = 3a/(4d) for three diﬀerent values of the Weissenberg
number Wi and in all three cases tan(θ) decreases considerably when the two particles approach. Since θ changes
in the same manner by decreasing d or increasing Wi, the
shear ﬂow eﬀects can be considered to be ampliﬁed by the
presence of the second particle.
3.1.2 Inter-particle correlations
The motion of the two trapped Brownian particles is coupled via the hydrodynamic interaction. In a quiescent ﬂuid
this coupling leads to a cross-correlation between the thermal ﬂuctuations of the two particles along the same direction [6]. Since this cross-correlation is negative as a function of time, cf. ﬁg. 6, the notion “anti cross-correlation”
is used. For the anti cross-correlation of the longitudinal
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0.35
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−0.08

−0.12

(24)

0.2
μ

−0.04

Using the d-dependent static correlations from eqs. (20)
and (21), we obtain
1 + 3μ2
.
1 − 4μ2

0.15

−0.02

−0.1

G = Wi

0.1

0

(23)

G=

0.05

Fig. 5. The inclination angle θ of the single-particle distribution is shown as function of μ = 3a/(4d) for three diﬀerent
values of the Weissenberg number Wi.
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 x̃1 (0) x̃2 (t), Wi = 0
 x̃1 (0) x̃2 (t), Wi = 1/2
 ỹ1 (0) ỹ2 (t)
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Fig. 6. The cross-correlation functions between the two beads
along parallel directions are shown for φ = 0 and d = 4a.
The minimum of x̃1 (0)x̃2 (t) = x̃2 (0)x̃1 (t) increases with the
Weissenberg number Wi and is always deeper than the one of
the function ỹ1 (0)ỹ2 (t) = z̃1 (0)z̃2 (t), which is independent
of Wi.

displacements we obtain a shear-induced correction, similar to the one-particle autocorrelation in eq. (20a), which
is proportional to Wi2
x̃1 (0)x̃2 (t) =


1  −λ1 t
e
− e−λ3 t
4


Wi2 −(1 + μ)e−λ1 t e−λ2 t
+
,
+
4μ
6μ2 + 7μ + 2 2 + 3μ


Wi2 −(1 − μ)e−λ3 t e−λ4 t
+
+
. (25)
4μ
6μ2 − 7μ + 2 2 − 3μ

The cross-correlations between random particle displacements perpendicular to q12 are independent of the
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0

Weissenberg number Wi

1  −λ2 t
e
− e−λ4 t .
4

−0.01

(26)

Both correlation functions are plotted in ﬁg. 6.
As indicated in ﬁg. 2, the relaxation processes of the
displacements of the two particles along the same spatial
direction can be decomposed into a parallel and an antiparallel translation. In the present case the eigenvalue λ1
(λ2 ) in eqs. (19) corresponds to the parallel relaxation
modes along (perpendicular to) the connection vector q12 .
For the parallel motions, the signs of the particle displacements are always equal for both particles (+, + or
−, −), whereas for the anti-parallel ones the corresponding displacements have opposite signs (+, − or −, +). As
a consequence, the product of the two displacements is
always positive for the parallel case and negative for the
anti-parallel case, as indicated by the prefactors of the
corresponding contributions in the correlation functions
in eq. (25) and eq. (26). As the magnitudes of the antiparallel translations are larger than the parallel ones, the
superposition of the two diﬀerent modes is negative and
has a pronounced minimum at a time t ≈ τ , as shown
in ﬁg. 6. The value of t in case of eq. (25) depends only
weakly on the distance d between the two traps. For the
cross-correlation ỹ1 (0)ỹ2 (t) an analytical expression for
t and its magnitude can be given:


1+μ
τ
ln
,
(27)
t =
2μ
1−μ

 1+μ 
 1−μ 
1 − μ 2μ
1
1 − μ 2μ

ỹ1 (0)ỹ2 (t ) =
. (28)
−
4
1+μ
1+μ
For ﬁnite values of the Weissenberg number Wi
the cross-correlation of the longitudinal displacements,
x̃1 (0)x̃2 (t), also includes contributions describing relaxation processes perpendicular to q12 with the eigenvalues λ2 and λ4 . These additional contributions cause
larger shear-induced corrections to the cross-correlation in
eq. (25) than for the autocorrelation function in eq. (20a),
which can be seen by comparing the deviations between
the dash-dotted and the dashed curves in ﬁg. 3 and in
ﬁg. 6.
For a single particle in a linear shear ﬂow shear-induced
cross-correlations between displacements along perpendicular directions in the shear plane were found, which are
proportional to the Weissenberg number [33]. In the twoparticle system, one also obtains cross-correlations between the displacements of two diﬀerent particles along
orthogonal directions in the shear plane as described by


e−λ4 t
Wi e−λ2 t
−
,
(29a)
x̃1 (0)ỹ2 (t) =
4
2 + 3μ 2 − 3μ

Wi  −λ2 t
ỹ2 (0)x̃1 (t) =
e
+ e−λ4 t
4μ


(1 − μ)e−λ3 t
Wi (1 + μ)e−λ1 t
+
.
−
2μ
2 + 3μ
2 − 3μ
(29b)

cross−correlations, φ=0

ỹ1 (0)ỹ2 (t) = z̃1 (0)z̃2 (t) =
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Fig. 7. Shear-induced cross-correlations between orthogonal
ﬂuctuations of diﬀerent particles in the case where q12 is parallel to the streamlines, for Wi = 1/2 and diﬀerent distances.

Both functions are plotted for diﬀerent values of the trap
distance in ﬁg. 7 and one can see that the magnitudes
of the correlations are larger for smaller values of d. Note
that in general the particle index in the previous equations
can be interchanged: x̃1 (0)ỹ2 (t) = x̃2 (0)ỹ1 (t).
The ratio between the two shear-induced cross-correlations at t = 0 is independent of the Weissenberg number
Wi and given by
−3μ
−9a
x̃1 (0)ỹ2 (0)
=
=
.
x̃1 (0)ỹ1 (0)
2
8d

(30)

This relation is reasonable for a suﬃciently large ratio d/a.
It might serve in an experiment as a consistency check,
since the bead radius a and the particle distance d are
usually well known. If the two beads come close to each
other, additional eﬀects related to their shear-induced rotation may come into play. This is in general a limitation
of our Langevin model (4) for point-like particles with
an eﬀective hydrodynamic radius. In ref. [7] particle rotations caused by an external torque have been taken into
account in a Langevin model for two trapped particles in
a quiescent ﬂuid. This work describes a coupling between
translational and rotational particle motions, which was
conﬁrmed by experiments [53].
The asymmetry in eqs. (29) with respect to time, t →
−t, has a similar origin as explained above for the shearinduced one-particle correlations (21). The location of the
minimum is again mainly determined by the relaxation
time τ of the beads in the harmonic potentials.
Note that for all described correlation functions the
single-particle case is recovered in the limit d → ∞, which
corresponds to μ → 0, for example


t
Wi
1+2
e−t/τ .
(31)
lim ỹ1 (0)x̃1 (t) =
μ→0
4
τ
All the correlation functions presented in this subsection have already been measured in experiments [34,54].
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3.2 Perpendicular case: φ = π/2

 x̃1 (0) x̃1 (t)
 ỹ1 (0) ỹ1 (t)
 z̃1 (0) z̃1 (t)

For φ = π/2 the time dependence of the correlation functions and their magnitudes are changed compared to the
parallel orientation φ = 0. This subsection focuses on
these diﬀerences.
Formulas (19) for the eigenvalues of the matrix M were
derived for the identity R0 = Q. This allows the determination of exact analytical formulas for the correlations.
In the present case, Rπ/2 has to be determined numerically as well as the relaxation rates λi and the exact
functions Ckl (t). However, if we use the approximation
Rπ/2 = Q = d/2(0, 1, 0, 0, −1, 0), which is valid for small
Weissenberg numbers, we obtain analytical formulas for
the correlations that also describe quantitatively the characteristics of the functions Ckl (t) at large values of Wi.
Within this assumption eqs. (19) remain, but the eigenvalues exchange their meanings: Now λ1 and λ3 belong to
the longitudinal ﬂuctuations in the y-direction, whereas
λ2 and λ4 describe the transversal motions in x- and zdirection, perpendicular to q12 . We also compare the numerical solutions with direct simulations of the Langevin
equation (4).

3.2.1 One-particle correlation
For the perpendicular conﬁguration the one-particle autocorrelations are given for the approximation Rπ/2 = Q
by the following expressions:
x̃1 (0)x̃1 (t) =


1  −λ2 t
e
+ e−λ4 t
4


Wi2 (2μ−1)e−λ4 t e−λ3 t
+
+
4μ
3μ2 −5μ+2 2−3μ


Wi2 (2μ+1)e−λ2 t e−λ1 t
−
, (32a)
+
4μ
3μ2 +5μ+2 2+3μ


1  −λ1 t
e
+ e−λ3 t ,
4

1  −λ2 t
z̃1 (0)z̃1 (t) =
e
+ e−λ4 t .
4

ỹ1 (0)ỹ1 (t) =

(32b)
(32c)

While the correlations ỹ1 (0)ỹ1 (t) and z̃1 (0)z̃1 (t) of
the displacements perpendicular to the ﬂow lines were
identical in the case φ = 0, they are diﬀerent in the
present case, because they describe positional ﬂuctuations
either parallel or perpendicular to q12 . Only for a vanishing Weissenberg number one obtains x̃1 (0)x̃1 (t) =
z̃1 (0)z̃1 (t), but for a ﬁnite shear rate the correlation
functions are all diﬀerent —for the approximations in
eqs. (32) as well as for the numerical solutions shown in
ﬁg. 8.
The shear-induced cross-correlations between particle
displacements along orthogonal directions in the shear
plane behave qualitatively similar as in the case φ = 0.
For the approximation Rπ/2 = Q they are described by

autocorrelations, φ=π/2
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Fig. 8. Autocorrelations for φ = π/2, d = 4a and Wi = 1/2.
x̃1 (0)x̃1 (t), ỹ1 (0)ỹ1 (t) and z̃1 (0)z̃1 (t) are diﬀerent, because of the diﬀerent relaxation rates and additional Wi2
contributions in the x-direction. One has x̃1 (0)x̃1 (t) =
z̃1 (0)z̃1 (t) only for Wi = 0.

the formulas



e−λ3 t
Wi e−λ1 t
+
,
(33a)
x̃1 (0)ỹ1 (t) =
4
2 + 3μ 2 − 3μ

Wi  −λ3 t
ỹ1 (0)x̃1 (t) =
e
− e−λ1 t
4μ


(1 − 2μ)e−λ4 t
Wi (1 + 2μ)e−λ2 t
−
.
+
2μ
2 + 3μ
2 − 3μ
(33b)

The magnitudes of the diﬀerent contributions in eqs. (33)
changed compared to the expressions in eqs. (21), which
inﬂuences the positional probability distribution P (r) of
one particle. The dependence of the inclination angle θ
on the distance d is weaker in the present case than for
φ = 0, see ﬁg. 13 in the next section. Possible consequences
of this diﬀerence for the dynamics of beads-spring models
for polymers in shear ﬂows are discussed in the concluding
remarks.
The magnitudes of the correlation functions given by
eqs. (33) are smaller than those determined numerically
for the exact distance Rπ/2 , which are plotted in ﬁg. 9. In
the same ﬁgure these exact solutions are compared with
the results of a Brownian dynamics simulation of eq. (4),
where 2 · 106 ensemble averages were made. This example
illustrates the good agreement between both approaches,
which is not aﬀected by the choice of the Rotne-Prager
tensor instead of the Oseen tensor in the simulation. The
analytical expressions (33) turn out to be a good approximation for the parameters d ≥ 8a and Wi ≤ 0.1. Especially for smaller values of the trap distance d deviations
in the relaxation times occur.
3.2.2 Inter-particle correlations
The cross-correlations of the random displacements between the two particles in the same direction are given for
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Fig. 9. Comparison of the numerically determined one-particle
cross-correlations (lines) with the results from the direct simulation of eq. (4) (circles, squares). The error bars are smaller
than the symbols. Parameters: d = 4a, Wi = 1/2.
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Fig. 10. Inter-particle cross-correlations in the orthogonal
case for d = 4a and Wi = 1/2. x̃1 (0)x̃2 (t), ỹ1 (0)ỹ2 (t)
and z̃1 (0)z̃2 (t) are all diﬀerent and anti-correlated with pronounced minima. One obtains x̃1 (0)x̃2 (t) = z̃1 (0)z̃2 (t) for
Wi = 0.

Rπ/2 = Q by

1  −λ2 t
e
x̃1 (0)x̃2 (t) =
− e−λ4 t
4


Wi2 (1−2μ)e−λ4 t e−λ3 t
−
+
4μ
3μ2 −5μ+2 2−3μ


Wi2 (1+2μ)e−λ2 t e−λ1 t
−
, (34a)
+
4μ
3μ2 +5μ+2 2+3μ

1  −λ1 t
ỹ1 (0)ỹ2 (t) =
(34b)
e
− e−λ3 t ,
4

1  −λ2 t
e
(34c)
− e−λ4 t .
z̃1 (0)z̃2 (t) =
4

Similar to the one-particle correlations in sect. 3.2.1 and
in contrast to the case φ = 0 in sect. 3.1.2, all three correlation functions are diﬀerent for ﬁnite values of the Weissenberg number. This is indicated by the expression in
eqs. (34) as well as by the numerical correlation functions
displayed in ﬁg. 10, and they are again all anti-correlated.
The most striking diﬀerence between the case φ = 0
and φ = π/2 is found by looking at the shear-induced
inter-particle correlations between orthogonal directions
in the shear plane, which are given for Rπ/2 = Q by the
following expressions:


e−λ3 t
Wi e−λ1 t
−
,
(35a)
x̃1 (0)ỹ2 (t) =
4
2 + 3μ 2 − 3μ

−Wi  −λ1 t
ỹ1 (0)x̃2 (t) =
e
+ e−λ3 t
4μ


(1 − 2μ)e−λ4 t
Wi (1 + 2μ)e−λ2 t
+
.
+
2μ
2 + 3μ
2 − 3μ
(35b)
A Taylor expansion of the correlation function ỹ1 (0)x̃2 (t)
with respect to small values of μ reveals the diﬀerence
between the parallel and the perpendicular orientations.

For φ = 0 one obtains up to the linear order of μ


t2
t
ỹ1 (0)x̃2 (t) ∼ μ 3 + 4 + 6 2
τ
τ



e−t/τ ,

(36)



e−t/τ .

(37)

whereas for φ = π/2 one obtains


t2
t
ỹ1 (0)x̃2 (t) ∼ μ 3 + 2 + 6 2
τ
τ

The ﬁrst expression has only one extremum as a function
of time. The diﬀerent prefactor of te−t/τ in the second
expression is the origin of an additional extremum in the
case φ = π/2.
For Q = d/2(0, 1, 0, 0, −1, 0) the angle between the
vector connecting the resulting mean positions of the particles, r12 , and the y axis increases as a function of Wi. In
this conﬁguration the numerical solution for ỹ1 (0)x̃2 (t)
does not show a second extremum. However, if Q is tilted
against the ﬂow direction, like
d
(−Wi, 1, 0, Wi, −1, 0),
Q= 
2 1 + Wi2

(38)

the resulting vector r12  becomes nearly parallel to the y
axis and the second extremum of ỹ1 (0)x̃2 (t) is obtained
again, as predicted by the approximation in eq. (37). The
result for the tilted trap is shown in ﬁg. 11 for two diﬀerent
values of d. Moreover, the extrema are now stronger pronounced than predicted by eq. (37). Comparing this with
ﬁg. 7, where the results for φ = 0 are plotted, it can be
clearly seen that the correlation ỹ1 (0)x̃2 (t) now has an
additional local maximum, cf. solid and dash-dotted line
in ﬁg. 7, and that x̃1 (0)ỹ2 (t) has a minimum at small
values of the time t, cf. dashed and dotted lines in ﬁg. 7.
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the y-direction, and λ3 and λ6 to the z-direction. In contrast to the parallel case, the relaxation processes along
the x- and y-direction in the shear plane are now aﬀected
by the shear rate. So the corresponding eigenvalues depend directly on the Weissenberg number. This was not
the case in the previous section for Rπ/2 = Q. As long as
Wi = 0, the six relaxation parameters are diﬀerent and
can partly become complex numbers, causing oscillatory
contributions to the functions Ckl (t).
In order to write down the full expressions for the correlations in a compact form, we introduce the following
notions similar to eq. (18):

cross−correlations, φ=π/2
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Fig. 11. Shear-induced inter-particle correlations in case of a
tilted trap for a Weissenberg number Wi = 1/2 and for the two
distances d = 4a and d = 8a. The time dependence is diﬀerent
from the case φ = 0, cf. ﬁg. 7.

3.3 Oblique case: φ = π/4
If the connection vector q12 between the two potential
minima is oblique to the ﬂow direction, further aspects
for the correlation functions may come into play. In principle, the matrix Ckl (t) can be calculated for any angle
φ. However, we focus on the special case φ = π/4 as an
example. This has the advantage that analytical expressions can be obtained under the assumption Rπ/4 = Q.
These approximate solutions remain rather compact and
may serve as a guide for the qualitative behavior of the
correlation functions.
Since the linear shear ﬂow (3) dictates a preferred direction in the system, the particle ﬂuctuations are decomposed into eigenmodes parallel and perpendicular to the
x axis as described in sect. 2.2. That is why in the oblique
conﬁguration the longitudinal displacements consist of a
superposition of the eigenmodes in the shear plane. If
φ = π/4, the √
eigenvalues of the matrix M are given for
Rπ/4 = Q = d 2/4(1, 1, 0, −1, −1, 0) by the following expressions:

2 + 3μ + μ2 − 2μWi
,
(39a)
λ1 =
2τ

2 + 3μ − μ2 − 2μWi
λ2 =
,
(39b)
2τ
1+μ
,
(39c)
λ3 =
τ

2 − 3μ − μ2 + 2μWi
λ4 =
,
(39d)
2τ

2 − 3μ + μ2 + 2μWi
,
(39e)
λ5 =
2τ
1−μ
.
(39f)
λ6 =
τ
While λ1 and λ4 describe the parallel and anti-parallel
relaxation modes in the x-direction, λ2 and λ5 belong to

Analogous to the previous subsections, we discuss the
one-particle correlations ﬁrst. The autocorrelations of a
single particle show the same behavior as in the case φ =
π/2. They are diﬀerent in distinct directions as long as
Wi = 0 and decay exponentially in time. For Rπ/4 = Q
the analytical formulas read
x̃1 (0)x̃1 (t) =

g2,1 e−λ2 t
g1,1 e−λ1 t
+
8μ
8μ
+

ỹ1 (0)ỹ1 (t) =

g5,1 e−λ5 t
g4,1 e−λ4 t
+
,
8μ
8μ

(41a)

g2,2 e−λ2 t
g1,2 e−λ1 t
+
8(μ − 2Wi) 8(μ − 2Wi)

g5,2 e−λ5 t
g4,2 e−λ4 t
+
,
8(μ + 2Wi) 8(μ + 2Wi)

1  −λ3 t
e
z̃1 (0)z̃1 (t) =
+ e−λ6 t .
4
+

(41b)
(41c)

However, in contrast to eqs. (32) one can see that the two
autocorrelation functions for the particle displacements in
the shear plane, namely x̃1 (0)x̃1 (t) and ỹ1 (0)ỹ1 (t), include the four corresponding relaxation modes and depend
in a complex way on the Weissenberg number.
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Fig. 12. Single-particle correlations between orthogonal displacements in the shear plane for diﬀerent Weissenberg numbers, φ = π/4 and d = 4a. In contrast to the parallel or the
perpendicular case, x̃1 (0)ỹ1 (t) and ỹ1 (0)x̃1 (t) remain ﬁnite
for Wi = 0.

The one-particle cross-correlations between orthogonal
positional ﬂuctuations in the shear plane, like x̃1 (0)ỹ1 (t),
are purely shear-induced in the parallel and in the perpendicular case. They are linear functions of the parameter
Wi, which means that they vanish in the limit of zero shear
rate. This is diﬀerent in the orthogonal conﬁguration. For
φ = π/4 and Rπ/4 = Q the correlation functions are given
by the following expressions:
g1,1 e−λ1 t
g2,1 e−λ2 t
x̃1 (0)ỹ1 (t) = 
− 
8 μ2 − 2μWi 8 μ2 − 2μWi

g4,1 e−λ4 t
g5,1 e−λ5 t
+ 
− 
, (42a)
8 μ2 + 2μWi 8 μ2 + 2μWi

g1,2 e−λ1 t
g2,2 e−λ2 t
− 
ỹ1 (0)x̃1 (t) = 
8 μ2 − 2μWi 8 μ2 − 2μWi
−λ4 t

0.05

8

−λ5 t

g4,2 e
g5,2 e
+ 
− 
. (42b)
2
8 μ + 2μWi 8 μ2 + 2μWi

In the limit of very large particle distances, when μ →
0, x̃1 (0)ỹ1 (t) and ỹ1 (0)x̃1 (t) resemble the one-particle
case given by eq. (31), whereas in the limit Wi → 0 the
two functions become equal but do not vanish in contrast
to the previous subsections. Instead of the approximate
expressions (42) we display in ﬁg. 12 the full numerical
solution for these correlation functions. If Wi = 0, the
identity x̃1 (0)ỹ1 (t) = ỹ1 (0)x̃1 (t) is obtained, cf. dotted
line in ﬁg. 12. For larger values of Wi the two functions
resemble the curves shown in ﬁg. 4.
According to eq. (22) and eq. (23) the inclination
angle θ of the elliptical positional probability distribution is determined by the static single-particle correlation functions, which depend on the trap distance d. In
ﬁg. 13 tan(θ) is shown as a function of the parameter

0.1

μ

0.15

0.2

0.25

Fig. 13. The inclination angle of the single-particle distribution, as given by eq. (22), is shown as a function of the parameter μ. For Wi = 1/2 the exact results for the diﬀerent setups
described in the text are compared.

μ = 3a/(4d) for diﬀerent trap conﬁgurations. The analytical expression from the parallel case (solid line) is
compared with the full numerical solutions for the other
setups. For φ = π/2 (circles) the monotonous decrease of
tan(θ) is weaker than for φ = 0. For the tilted conﬁguration given by eq. (38) θ has a broad maximum (triangles), whereas in the oblique case, φ = π/4, the inclination angle is increasing continuously with increasing μ
(squares).
The inter-particle cross-correlations in parallel directions are again anti-correlated in the present case. For the
approximation Rπ/4 = Q, we obtain
g2,1 e−λ2 t
g1,1 e−λ1 t
+
8μ
8μ
−λ4 t
g5,1 e−λ5 t
g4,1 e
−
,
−
8μ
8μ
g2,2 e−λ2 t
g1,2 e−λ1 t
+
ỹ1 (0)ỹ2 (t) =
8(μ − 2Wi) 8(μ − 2Wi)
g5,2 e−λ5 t
g4,2 e−λ4 t
−
,
−
8(μ + 2Wi) 8(μ + 2Wi)

1  −λ3 t
e
z̃1 (0)z̃2 (t) =
− e−λ6 t .
4

x̃1 (0)x̃2 (t) =

(43a)

(43b)
(43c)

Equations (43) indicate that these correlations are diﬀerent from each other, similar to the perpendicular case.
The correlation functions for the correct Rπ/4 are shown
in ﬁg. 14.
The cross-correlations x̃1 (0)ỹ2 (t) and ỹ1 (0)x̃2 (t)
show the strongest dependence on the orientation of the
trapped particles with respect to the ﬂow direction. If
φ = π/4, they have one minimum each, which is diﬀerent
from the case φ = 0 and from the tilted conﬁguration (38).
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Fig. 14. Inter-particle cross-correlations in the oblique case
for d = 4a and Wi = 1/2. In the limit Wi = 0, x̃1 (0)x̃2 (t)
and ỹ1 (0)ỹ2 (t) become equal.
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Fig. 15. Cross-correlations in the oblique case for d = 4a and
diﬀerent Weissenberg numbers. The amplitude of ỹ1 (0)x̃2 (t)
increases more strongly with increasing values of Wi than the
amplitude of x̃1 (0)ỹ2 (t).

Within the approximation, the functions are given by
g1,1 e−λ1 t
g2,1 e−λ2 t
− 
x̃1 (0)ỹ2 (t) = 
8 μ2 − 2μWi 8 μ2 − 2μWi

g4,1 e−λ4 t
g5,1 e−λ5 t
− 
+ 
, (44a)
8 μ2 + 2μWi 8 μ2 + 2μWi

g1,2 e−λ1 t
g2,2 e−λ2 t
ỹ1 (0)x̃2 (t) = 
− 
8 μ2 − 2μWi 8 μ2 − 2μWi

g4,2 e−λ4 t
g5,2 e−λ5 t
− 
+ 
. (44b)
8 μ2 + 2μWi 8 μ2 + 2μWi

As illustrated by the numerical results for the correct
Rπ/4 in ﬁg. 15, it is remarkable that x̃1 (0)ỹ2 (t) does not
change very much with the Weissenberg number, while the
amplitude of ỹ1 (0)x̃2 (t) increases with Wi. Their asymptotic behavior for Wi → 0 is similar to the single-particle
correlations given by eqs. (42).

4 Conclusion
In this work we investigated the dynamics of two Brownian particles, each trapped by a harmonic potential and
exposed to a linear shear ﬂow. The one-particle and the
inter-particle positional correlation functions, which can
be measured in an experiment, were calculated by solving
an appropriate Langevin model. We discussed the correlations in detail as a function of the distance between the
two traps, as a function of the Weissenberg number Wi,
and for three diﬀerent conﬁgurations, where the vector
connecting the two potential minima was either parallel,
perpendicular, or oblique with respect to the ﬂow direction. This relative orientation strongly aﬀects the time
dependence of the correlation functions. For the parallel
conﬁguration exact analytical expressions were presented.

Otherwise, we provided numerical solutions and analytical
approximations for the correlation functions.
Although the stochastic forces in our model were assumed to be uncorrelated along orthogonal directions, we
found a coupling between perpendicular particle displacements caused by the shear ﬂow, similar to that in ref. [33].
The resulting shear-induced cross-correlations depend linearly on the Weissenberg number, Wi, and occur also between orthogonal ﬂuctuations of diﬀerent particles. These
inter-particle correlations have zero, one, or two extrema
as a function of time, depending on the particle conﬁguration. Besides generating new cross-correlations, the shear
ﬂow causes a contribution proportional to Wi2 in the correlation functions of particle ﬂuctuations along parallel
directions.
Due to the hydrodynamic interaction between the two
particles, the magnitudes of the one-particle correlations
are enhanced with decreasing trap distance d, while in the
limit of large distances the single-particle results presented
in ref. [33] were recovered. Moreover, we found a signiﬁcant impact of the parameter d on the positional probability distribution of each particle in the shear ﬂow. The
shape of the elliptical distribution is tilted and stretched
when the two particles approach each other in the parallel
conﬁguration. The same eﬀect is observed when the shear
rate is increased. So the shear ﬂow eﬀects are enhanced
by the presence of a second particle. In the oblique conﬁguration the opposite eﬀect is observed.
The shear-induced cross-correlations investigated in
this work are of the same origin as the correlations between orthogonal ﬂuctuations of a single freely ﬂoating
particle as discussed in refs. [30,32]. However, if the Brownian particles are trapped, a direct experimental detection of these correlations becomes possible. This has been
achieved recently in ref. [34], where two polystyrene latex
spheres were trapped by optical tweezers and exposed to
a linear shear ﬂow in a special microﬂuidic device. With
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this setup the cross-correlations of the positional ﬂuctuations for the parallel case, as shown in ﬁg. 7, were measured directly for the ﬁrst time. Moreover, we predict an
additional extremum for the shear-induced inter-particle
correlations, if the two particles are trapped perpendicular
to the ﬂow lines, cf. ﬁg. 11.
The two hydrodynamically interacting beads are
treated as point-particles. In forthcoming works, the presented results on the shear-induced correlations are extended by taking the ﬁnite particle extension into account.
Preliminary investigations show that the eﬀects of particle
rotations do not change the major trends in this work [55],
and for small Wi the rotation can be neglected anyhow.
The present article provides insight on the Brownian
motion of two trapped particles that might be useful for
the analysis of the stochastic dynamics of a bead-spring
model for polymers too, where the Brownian particles are
connected along a chain and ﬂuctuate around some mean
distance to their next neighbors. The ﬂuctuations along
and perpendicular to the connection vector between two
neighboring beads may exhibit similar correlations as for
the three model conﬁgurations investigated in this work,
cf. ﬁg. 1. In this spirit, a profound analysis of the stochastic motion of a bead-spring model in a linear shear ﬂow
is an interesting task and may contribute further to the
understanding of polymer dynamics.
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D. Kienle for instructive discussions and the anonymous referee
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supported by the German Science Foundation (DFG) through
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by the Bayerisch-Französisches Hochschulzentrum (BFHZ).
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Probability distribution of a trapped Brownian particle in plane shear flows
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We investigate the statistical properties of an overdamped Brownian particle that is trapped by a harmonic
potential and simultaneously exposed to a linear shear flow or to a plane Poiseuille flow. Its probability
distribution is determined via the corresponding Smoluchowski equation, which is solved analytically for a
linear shear flow. In the case of a plane Poiseuille flow, analytical approximations for the distribution are
obtained by a perturbation analysis and are substantiated by numerical results. There is good agreement
between the two approaches for a wide range of parameters.
DOI: 10.1103/PhysRevE.82.052102

PACS number共s兲: 05.40.⫺a, 05.10.Gg, 83.50.Ax

The dynamics of Brownian particles in fluids is of central
importance in many areas of science 关1,2兴. There is a profound understanding of Brownian motion in quiescent fluids,
but the situation is different for particles in flows. Several
statistical properties of free Brownian particles in open flows
have been investigated, for instance, in terms of the corresponding Langevin and Fokker-Planck equations 关3兴. Recent
works also consider inertia effects on diffusion in shear flows
关4,5兴 and the relation between the Gaussian nature of noise
and time reversibility in driven systems 关6兴. It has also been
shown that shear flow causes, compared to a quiescent fluid,
additional correlations of the particle’s velocity and positional fluctuations 关4,7,8兴. However, the detection of statistical properties of free particles in a flow is an intricate issue.
To overcome part of these problems, three recent works
focused on the dynamics of Brownian particles trapped by
harmonic potentials and exposed to shear flows 关9–11兴. It
was shown that the shear-induced correlations between the
positional fluctuations of a captured particle along orthogonal directions are essentially the same as in the free-particle
case 关10兴. Furthermore, surprisingly good agreement was
found between the predictions and the measurements of
these correlations 关9兴.
In Ref. 关10兴 the probability distribution of a trapped
Brownian particle in shear flows was obtained by simulations of the Langevin equation. In this brief report the related
Smoluchowski equation for the probability distribution is
presented and for a linear shear flow an exact analytical solution is given. For a plane Poiseuille flow we determine
approximate analytical solutions, which are in good agreement for a wide parameter range with numerical solutions of
the Smoluchowski equation and with simulations of the
Langevin equation as well.
We consider a Brownian particle trapped by a harmonic
potential with the spring constant k at the origin of the Cartesian coordinate frame 共x̄ , ȳ , z̄兲,
k
V共r̄兲 = r̄2 .
2

共1兲

The particle is exposed to a flow along the x̄ direction with a
ȳ-dependent magnitude,
u共r̄兲 = 共a + bȳ + cȳ 2兲êx .
1539-3755/2010/82共5兲/052102共4兲

Since the Brownian motion perpendicular to the shear
plane is decoupled from the one in the shear plane, we consider the quasi-two-dimensional problem with r̄ = 共x̄ , ȳ兲 and
¯ = 共 ,  兲.
ⵜ
x̄ ȳ
For a plane Poiseuille flow the position of the potential
minimum can be different from the center of the flow. In the
shifted coordinate frame, 共x̃ , ỹ兲 = 共x̄ , ȳ + ỹ 0兲, where ỹ 0 describes the y coordinate of the potential minimum, the flow
profile is given by u共ỹ兲 = u p共1 − ỹ 2 / l2兲êx with the flow velocity u p at its center and the confining plane boundaries at
ỹ = ⫾ l. If a particle is trapped at ỹ 0 ⫽ 0, one obtains with
ỹ = ỹ 0 + ȳ the coefficients a = u p共1 − ỹ 20 / l2兲, b = −2u pỹ 0 / l2, and
c = −u p / l2 in Eq. 共2兲. This work focuses on situations where
the particle positions are sufficiently far away from the
boundaries, so that hydrodynamic interactions with the wall,
as discussed in 关3兴 for instance, can be neglected.
The particle dynamics are determined by thermal motion,
potential forces and drag forces caused by the flow. The
thermal motion is characterized by the diffusion constant
D = kBT / , which is given by the Einstein relation in terms
of the temperature T, the Boltzmann constant kB and the
Stokes friction coefficient  = 6R, where  is the viscosity
of the fluid and R is the effective radius of the particle. The
external flow u is the origin of the Stokes drag force u on
the pointlike particle, which is balanced by the restoring
¯ V = −kr̄.
force −ⵜ
The diffusion and the two deterministic forces drive the
probability current j共x , y , t兲 of the Smoluchowski equation
共SE兲 for the particle’s positional distribution function
P共x̄ , ȳ , t̄兲 关12兴,
¯ j,
t̄P = − ⵜ
共3兲

冉

冊

¯ P + u − 1 ⵜ V P.
j = − Dⵜ


共4兲

With the expressions in Eqs. 共1兲–共4兲 the SE of a Brownian
particle trapped in a harmonic potential and exposed to a
shear flow reads
¯ 2P + D 共2 + x̄ + ȳ  兲P
t̄P = Dⵜ
x̄
ȳ
2

共2兲
052102-1

␦

− 共a + bȳ + cȳ 2兲x̄P.

共5兲
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case ␣ = 0, where a4 = a5 = 0 and the resulting distribution
function is denoted by Pa共x , y兲. Its elliptical contour lines
can be characterized by two principal axes. The ratio between their lengths as well as the angle between the major
principal axis and the flow direction are a function of the
Weissenberg number ␤. This was already discussed in Ref.
关10兴, where shear-induced corrections to the autocorrelations
as well as a cross-correlation between orthogonal particle
fluctuations in the shear plane were found. These correlations
can also be calculated in terms of the probability distribution
Pa共x , y兲 via the expression 具rir j典 = 兰兰dxdyPa共x , y兲rir j,
具xx典 = 1 +

FIG. 1. An elliptical contour line of the distribution of a trapped
particle in a linear shear flow is shown, cf. Eq. 共8兲 with ␣ = 0,
␤ = 1, as well as the vector field j共x , y兲. The broad arrows indicate
the two principal axes of the ellipse.

The two spatial coordinates may be rescaled by the length
␦ = 冑kBT / k, x̄ = ␦x and ȳ = ␦y, alike the time, t̄ =  / kt. This
results in the dimensionless SE

tP = 关ⵜ2 + 2 + y y + 共x − ␣ − ␤y − ␥y 2兲x兴P,

共6兲

with the parameters ␣ = a␦ / D, ␤ = b␦ / D and ␥ = c␦ / D describing the flow profile and y 苸 关共−l − ỹ 0兲 / ␦ , 共l − ỹ 0兲 / ␦兴. ␤ is
the so-called Weissenberg number. We note here, that a
modified Smoluchowski equation including inertia in shear
flows is presented in 关4,5兴. In comparison to these works, the
presence of the potential 关Eq. 共1兲兴 ensures a stationary solution P共x , y兲.
For a uniform flow, i.e., ␣ ⫽ 0 and ␤ = ␥ = 0, the static
solution of Eq. 共6兲 is the shifted Boltzmann distribution
2

Pn共x,y兲 = P0e−共1/2兲x

3

2−共1/2兲y 2+␣x

共7兲

,

Pab共x,y兲 = P0e

−共a1x2+a2y 2+a3xy+a4x+a5y兲

,

2
,
␤ +4

a2 =

␤2 + 2
,
␤2 + 4

a3 =

a4 =

− 4␣
,
␤2 + 4

a5 =

2␣␤
,
␤2 + 4

2

− 2␤
,
␤2 + 4

具yy典 = 1.

共10兲

P共x,y兲 = Pn共x,y兲e␥ f 1共x,y兲+␥

2g 共x,y兲
1

共11兲

,

with the two polynomials
f 1共x,y兲 = b1x + b2y 2 + b3xy 2 ,

共12a兲

g1共x,y兲 = 共c1x + c2x2兲共1 + y 2兲 + c3y 2 + c4y 4 .

共12b兲

The SE 关Eq. 共6兲兴 may then be rewritten,
关p0共x,y兲 + ␥ p1共x,y兲 + ␥2 p2共x,y兲兴P共x,y兲 = 0.

共9a兲

Since ␥ is an arbitrary, but small number, the polynomials
p0,1,2共x , y兲 in Eq. 共13兲 have to vanish separately. According
to Eq. 共8兲 the condition p0共x , y兲 = 0 is automatically fulfilled.
The second condition, p1共x , y兲 = 0, provides the first-order coefficients

共9b兲

and the norm P0 = 共冑␤2 + 4e2␣ /共␤ +4兲兲−1. In the case of a
finite Weissenberg number ␤ the contour lines of the probability distribution Pab共x , y兲 are elliptical, as shown in Fig. 1.
The probability current j共x , y兲, indicated by the vector field
in the same figure, characterizes the mean particle motion.
The parameter ␣, describing the contribution of the uniform flow, causes essentially a shift of the distribution
Pab共x , y兲 in the x direction. In the following we consider the
2

␤
,
2

共8兲

with the coefficients
a1 =

具xy典 = 具yx典 =

After rescaling to dimensional units, x → x̄, the results given
in Ref. 关10兴 are recovered.
In a plane Poiseuille flow all three parameters ␣, ␤ and ␥
in the SE 关Eq. 共6兲兴 may be nonzero and no exact analytical
solution was found in this case. Similar to 关3兴, the probability
distribution is calculated perturbatively and compared with
numerical solutions of Eq. 共6兲.
First, we consider a Brownian particle which is trapped at
the center of a plane Poiseuille flow, with ỹ 0 = 0. In this case
of vanishing ␤, the parameter ␣ = u p␦ / 共kBT兲 describes the
ratio between the drag force imposed by the flow and the
potential force on the particle. If ␣ is fixed, the parameter
␥ = −␣共␦ / l兲2 depends on the ratio between the two characteristic lengths l and ␦. Note, the hydrodynamic interactions
between the particle and the walls are small in the range
␦ / l ⬍ 1 / 2.
Our ansatz for the perturbation expansion of the solution
of Eq. 共6兲 up to the second order in ␥ reads

2

where P0 = 共2e␣ /2兲−1 is determined by 兰兰dxdyPn共x , y兲 = 1.
A superposition of a uniform flow and a linear shear flow,
i.e., ␣ ⫽ 0, ␤ ⫽ 0 and ␥ = 0, leads to the expected Gaussian
distribution

␤2
,
2

2
b1 = ,
3

2

b2 =

−␣
,
3

1
b3 = ,
3

共13兲

共14兲

whereas the third condition, p2共x , y兲 = 0, determines the coefficients at O共␥2兲,
c1 =

− 2␣
,
9

1
c2 = ,
9

c3 =

␣2 1
− ,
9 3

c4 =

−1
.
18

共15兲

With the potential minimum off the center of the Poiseuille
flow, one has ỹ 0 ⫽ 0, a finite Weissenberg number ␤ ⫽ 0
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and no longer ⫾y symmetry. Again we use an ansatz of the
form,
P共x,y兲 = Pab共x,y兲e

␥ f 2共x,y兲+␥2g2共x,y兲

2
1.5

共16兲

.

1

Due to the loss of the ⫾y symmetry, the polynomial f 2共x , y兲
has nine different contributions,
f 2共x,y兲 = d1x + d2y + d3共x − 3␣兲x + d4共x − ␣兲y
2

+ d5共x − 2␣兲xy + d6y .

0.5
y

2

−0.5

共17兲

3

−1

The condition that the O共␥兲-terms in Eq. 共6兲 have to vanish
determines the coefficients in the ansatz 关Eq. 共17兲兴. With
B = ␤2 + 4 and E = 2 / 共9B3兲 they are given by
d1 = 4E关共12 − ␤2兲B + 16␣2␤2兴,

64 2
E␤ ,
3

d4 = 2E共3␤4 − 8␤2 + 48兲,

d5 = 16E␤共4 − ␤2兲,
d6 =

− E␤
共5␤4 + 24␤2 + 144兲.
3

共18兲

In the limit ␤ → 0 the coefficients 关Eq. 共14兲兴 are recovered.
The polynomial g2共x , y兲 for the order ␥2 includes 14 lengthy
contributions, which we do not list here.
In order to estimate the validity range of the approximations presented above, we determine stationary solutions of
the SE 关Eq. 共6兲兴 numerically. To this end a simple Jacobirelaxation method, cf. Ref. 关13兴, or a direct integration of the
rescaled Eq. 共3兲 is sufficient. The probability current is determined via
j = − ⵜP +

冋冉

冊 冉 冊册

␣ + ␤y + ␥y2
x
−
0
y

P.

−1.5
−2

5

6

7

8

9

10

x

FIG. 2. 共Color online兲 Contour lines of the numerical solution of
Eq. 共6兲 as well as the vector field j共x , y兲 are shown for the case
where the potential minimum is at the center of a plane Poiseuille
flow. Parameters: ␣ = 8, ␥ = −␣共␦ / l兲2 = −1 / 2.

d2 = − 2E␤关共20 + ␤2兲B + 8␣2共␤2 − 4兲兴,
d3 =

0

共19兲

Figure 2 shows the contour lines of the numerically obtained
probability distribution P共x , y兲 in the case with the minimum
of the trapping potential at the center of a plane Poiseuille
flow. This distribution has similarities with the parachute or
bulletlike shape of vesicles in a Poiseuille flow 关14–16兴. In
comparison to similar numerical results, obtained via the related Langevin equation and presented in Ref. 关10兴, we additionally show the probability current j共x , y兲. As indicated in
Fig. 2, the vector field j共x , y兲 includes two counter-rotating
vortices that are symmetric with respect to the x axis.
In Fig. 3 contour lines of the numerically obtained probability distribution are compared with those obtained from
the perturbative solution 关Eq. 共11兲兴 for the parameters ␣ = 6
and ␥ = −␣共␦ / l兲2 = −3 / 8. In spite of this rather large 兩␥兩-value,
beyond the expected validity range of the perturbation expansion, the differences between both solutions in Fig. 3 are
surprisingly small. As expected, for decreasing values of 兩␥兩
these differences become even smaller, but the analytical formula 共11兲 may be useful for fitting experimental data up to
兩␥兩 ⯝ 3 / 8.

The symmetrical shape of the distribution is lost if the
particle is trapped away from the center of the plane Poiseuille flow. With increasing values of ỹ 0 and ␤, the shape of
the probability distribution deforms from a parachute or bullet toward an ellipse. Simultaneously one vortex of the probability current is enhanced while the other one is weakened.
For the values ỹ 0 = l / 4, ␦ / l = 1 / 4 and ␣ = 7, with ␤ = −2␣ / 15
and ␥ = −␣ / 15, the contour lines of P共x , y兲 as well as the
current j共x , y兲 are displayed in Fig. 4. In this case the lower
vortex in j共x , y兲 has already vanished and the distribution
P共x , y兲 shares similarities with the slipper shape of vesicles
in capillary flows 关17兴. Again the results are in good agreement with the simulations in Ref. 关10兴.
In conclusion, we investigated the positional distribution
of a Brownian particle, which is trapped by a harmonic potential and simultaneously exposed to different shear flows.
A complete analytical solution of the corresponding Smoluchowski equation is given in the case of a linear shear flow.
For a plane Poiseuille flow, we presented approximate analytical formulas, which are in good agreement with numeri2
1.5
1
0.5
y

0
−0.5
−1
−1.5
−2

4

5

6

7

8

x

FIG. 3. Comparison of the numerically determined distribution
共solid lines兲 with the analytical approximations, given by Eq. 共11兲
共dashed lines兲. The contour lines of both types are plotted at different heights in order to distinguish them to compare their shapes.
Parameters: ␣ = 6, ␥ = −3 / 8.
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FIG. 4. 共Color online兲 Contour lines of P共x , y兲 and vector field
j共x , y兲 for the case where the potential minimum is off the center of
the Poiseuille flow. Parameters: ␣ = 7, ␤ = −14/ 15, ␥ = −7 / 15.

in Poiseuille flow one expects probability distributions as
predicted in this work. The presented analytical approximations for the particle distribution may be useful for fitting the
experimental data.
Experiments with particles placed near the center of a
Poiseuille flow, where the flow velocity takes its maximum
value, may require large laser intensities in order to keep the
particles trapped by the potential. This constraint reduces the
flexibility for variations of the typical length scale ␦ of the
particle’s positional fluctuations. Since the flow profile determines the shape of the particle distribution and not the flow
velocity near the potential minimum, one may reduce the
drag force by moving the trap along with the flow.
The statistical properties of trapped Brownian particles, as
investigated in 关9,10,18兴, share similarities with those of
tethered polymers exposed to uniform flows 关19–22兴 or to
shear flows 关23兴. The related theoretical explorations are
mainly based on Brownian dynamics simulations. An interesting question is, how far can the analysis described here be
applied to tethered bead-spring models in shear flows? Do
such investigations exhibit temporal oscillations as found for
instance for deterministic models 关24兴?

cal solutions for a wide range of parameters. Some of our
results confirm earlier ones obtained in Ref. 关10兴 on the basis
of simulations of the related Langevin equation.
Our predictions of the particle’s probability distribution in
a Poiseuille flow may be measured in an experiment similar
to that in Ref. 关9兴. In this work, a micron-sized polystyrene
bead was trapped by an optical tweezer and the fluctuating
particle positions were recorded by a high speed camera in a
stroboscopic manner. For the positions of a trapped particle

We thank M. Burgis for inspiring discussions. This
work was supported by DFG via the priority program on
micro- and nanofluidics SPP 1164, and by the BayerischFranzösisches Hochschulzentrum.
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The rheological and dynamical behavior of a dumbbell suspension in a linear shear flow is investigated by using Fluid Particle Dynamics simulations. By exploring the motion of a single dumbbell in
shear flow, we identify three different effects which contribute to the effective viscosity: the volume
fraction, elastic correlation effects, and the hydrodynamic interaction between pairs of beads. For
a suspension of dumbbells, we observe a significant enhancement of the viscosity compared to the
case of independent spheres. This increase depends on the volume fraction and on the size of the
dumbbells.
PACS numbers: 83.50.Ax – Steady shear flows, viscometric flow, 47.15.G- – Low-Reynolds-number (creeping)
flows, 47.57.E- – Suspensions

I.

INTRODUCTION

Complex fluid flows reveal a variety of astonishing and
not yet completely understood effects [1]. Two famous
examples are shear thinning, where the effective viscosity of a polymer solution decreases with increasing shear
stress [2], and elastic turbulence [3], a type of turbulence at small values of the Reynolds number caused by
polymer dynamics. The latter effect enables an efficient
fluid mixing at low values of the Weissenberg number [4].
In both cases, a detailed explanation of the underlying
mechanisms is still missing.
One possibility to model complex fluids is the use
of constitutive equations for the stress tensor σ in the
Navier-Stokes equations [5]. Very often, the derived expressions are motivated by dumbbell models for the suspended polymer, which leads to a continuum description
of the complex fluid. Several examples for this procedure
can be found in literature [6–12]. Some of these models
can explain shear thinning partially but not completely,
because essential effects are lost during the approximations made in the continuum approach. For the phenomenon of elastic turbulence the comprehension is still
rather preliminary.
In both cases, it is desirable to develop improved
mesoscopic models with several particles in shear flow,
which could contribute to the understanding of the effects. However, the realization of the complex interactions among the particles is an intricate issue. Especially the nonlinear, long-range hydrodynamic interactions have to be considered as well as wall-effects.
One way to address the problem is to perform simulations. For instance, in molecular dynamics simulations
the suspended objects are usually described by beadspring chains, and their equation of motion is solved numerically. Depending on the considered situation one can
choose between many schemes like Brownian dynamics
[13, 14], multiparticle-collision dynamics [15], and lattice
Boltzmann methods [16]. The effect of shear thinning
has been observed numerically in many studies [17, 18],
while the mechanisms of elastic turbulence were mainly

explored by the analysis of single dumbbells or polymers
in random flows [19, 20].
In order to understand more about the connection between the rheology of polymer solutions and the dynamics of the individual colloidal particles, we perform a numerical study on a deterministic model system. We consider a suspension of Hookean dumbbells in an incompressible Newtonian fluid. The geometry is a rectangular flow channel, where we impose a linear shear flow.
The numerical scheme that we chose is called Fluid Particle Dynamics (FPD) and was developed by Tanaka and
Araki [21]. It is based on the continuum description of
the suspension by the unsteady Stokes equations.
The advantage of FPD is an efficient implementation of
the moving boundary conditions on the particle surfaces.
Compared to other schemes like Brownian dynamics and
multiparticle-collision dynamics, the beads have a finite
size and start to rotate in shear flows. Moreover, the
complete hydrodynamic interactions between the particles are included in the velocity and pressure field of the
solvent. Even at high volume fractions or large particle
numbers no approximations must be made. Wall-effects
are contained by the boundary conditions for the velocity
and pressure field. Since the velocity field in the whole
solvent is computed, one can calculate the stress tensor,
σ, which allows rheological investigations. The possible applications of FPD are wide-ranging. It has been
successfully applied to explore the dynamics of colloids
in complex fluids [22], the polymer coil-globule transition [23], the effect of confinement on the rheology of a
suspension of spheres [24], and the effective viscosity of
microswimmer suspensions [25].
The structure of the paper is as follows: In Sect. II the
numerical scheme of fluid particle dynamics is presented
as well as the dumbbell model. The connection between
a single tumbling dumbbell and the rheological response
of the fluid is analyzed in detail in Sect. III. We explain
that the effective viscosity in this case is composed of
three different contributions: the volume fraction, elastic
correlation effects, and the hydrodynamic interaction. In
Sect. IV we investigate the effective viscosity of dumb-
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bell suspensions as a function of the volume fraction. We
observe a significant enhancement of the viscosity compared to the case of independent spheres. This increase is
a function of the dumbbell size and the volume fraction.
The distribution functions for the dumbbell dynamics illustrate the complex dynamics of the individual objects
in the suspension.
II.

FPD AND DUMBBELL MODEL

Fluid Particle Dynamics (FPD) is a powerful method
for simulations of colloidal suspensions at small values
of the Reynolds number. Within this scheme, which
was developed by Tanaka and Araki [21], the unsteady
Stokes equations for an incompressible Newtonian fluid
are solved in three dimensions. The special feature of
FPD is that colloidal particles are described by regions
of high viscosity, which lead to a spatially dependent viscosity field, η(r), as given by
η(r) = ηs + (ηp − ηs )

N
X

ϕi (r) .

(1)

i=1

ηs is the bulk viscosity and ηp = 100ηs is the viscosity
in the range of a bead at ri , which is described by the
density field,



1
ν − |r − ri |
1 + tanh
.
(2)
ϕi (r) =
2
ξ
The parameter ν describes the diameter of the ηp plateau
and ξ the width of the depletion layer. In our model
we fix the values ν = 2 and ξ = 1/2, which results in
an effective radius a = 3 for each particle. Every bead
consists of more than 100 cells of the numerical grid.
The solution of the unsteady Stokes equations leads to
the velocity and pressure field of the fluid. The averaged
velocity field in the range of the enhanced viscosity is
used to update the particle positions. For further details
and tests of the method we refer to [18, 21].
The dynamics of a single as well as up to N = 180
dumbbells is investigated in a rectangular flow channel of
the size Hx × Hy × Hz with periodic boundary conditions
in the z direction, which is the direction of the flow. At
the walls in x and y direction no-slip boundary conditions
are imposed. By moving the upper plate at x = Hx with
a velocity v0 ẑ and the lower plate at x = 0 with −v0 ẑ we
create a stationary linear shear flow with a shear rate
γ̇ =

2v0
,
Hx

(3)

as sketched in Fig. 1.
The effective viscosity of a suspension at constant shear
stress is determined by the xz component of the stress
tensor, σ, averaged over the whole surface of the moving
plates,
σ̄xz (x = Hx ) − σ̄xz (x = 0)
ηef f (t) =
.
2γ̇

(4)

FIG. 1: This sketch illustrates the geometry of the investigated system. A dumbbell consists of two beads at the positions r1 and r2 which are connected by a linear spring along
the connection vector R.

According to the tumbling motion of a dumbbell, ηef f (t)
is a function of time as described in Sect. III. For its time
average, we will use the notation η̄ef f = hηef f (t)i.
The effective viscosity for a suspension of passive
spheres can be given in terms of a virial expansion for
the volume fraction Φ,

(5)
η̄ef f (Φ) = ηs 1 + w1 Φ + w2 Φ2 + O(Φ3 ) .
For the dilute regime, where hydrodynamic interactions
are negligible, Einstein calculated w1 = 2.5 [26, 27].
Batchelor and Green determined the value of the second order coefficient w2 = 5.2 [28], which has later been
evaluated for the high frequency regime as well by Felderhof and Cichocki to w2 = 5.0 [29]. By the use of FPD it
was shown that both coefficients, w1 and w2 , change if
the suspension of spheres is strongly confined [25]. The
shape of the suspended objects has an influences on the
viscosity too [30].
Throughout this work we will analyze the dimensionless relative viscosity change defined by
∆η(t) =

ηef f (t) − ηs
.
ηs

(6)

All simulations were performed at Reynolds numbers
Re ∼ a2 γ̇/ηs ≤ 0.64. If not stated otherwise we set
Hx = Hy = 60 and Hz = 100.
The dumbbells consist of two beads of radius a at the
positions r1 and r2 . They are connected by a spring
which has an equilibrium length R0 and a spring constant k. In general the spring force F is directed along
the connection vector R = (Rx , Ry , Rz ) between the two
beads and a function of the spring elongation R − R0 ,
F(R) = −∇ΦH = f (R)R .

(7)

The angle between R and the flow direction is denoted
by θ. In our notation F(R) is the spring force on particle
r1 as illustrated in Fig. 1.
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In this work we consider Hookean springs, where the
harmonic potential
ΦH =

k
2
(R − R0 ) ,
2

0.6
Wi = 0.2
Wi = 1.98
0.4

(8)

Wi = τ γ̇ .

(9)

In order to determine τ for the present model we compare the relaxation dynamics from the simulation with
the prediction of the Fraenkel model [6], which neglects
hydrodynamic interactions and the finite size of the two
beads. After an initial deformation a Fraenkel dumbbell
relaxes to its equilibrium shape in an exponential manner
according to
ε(t) =

R(t) − R0
R(t = 0) − R0 − t
=
e τ,
R0
R0

(10)

where ε is the relative spring deformation. τ is given by
τ = ζ/k ,

(11)

with the Stokes friction coefficient ζ = 6πηs a of a pointlike particle with an effective radius a [31]. In confined
geometries, it is known that ζ depends on the particlewall distance [30], which has been investigated in detail
with FPD in Ref. [18]. In our present study Hx is fixed to
20a and confinement effects are negligible. Our numerical
results for the dumbbell relaxation are in good agreement
with Eq. (10). Therefore we keep the formula (11) for
the relaxation time. Small deviations from Eq. (10) are
caused by hydrodynamic interactions between beads and
with walls. With respect to Eq. (9), high Weissenberg
numbers are equivalent to dumbbells with soft springs.
Note that in FPD simulations two approaching beads
usually avoid each other, if the volume fraction or the
driving forces are not too large. However, in order to exclude bead penetrations at any case, we use a short-range
repulsive potential (Lennard-Jones-(12,6) potential) between all particles with a cut-off length RL = 2a.
III.

SINGLE DUMBBELL DYNAMICS

In a first step we explore the relation between the dynamics of a single dumbbell and the resulting relative
viscosity ∆η(t).
For moderate values of the Weissenberg number Wi
one observes a tumbling motion of the dumbbell, similar

ε(θ)

0.2

leads to a linear restoring force in Eq. (7). Other spring
potentials could be used in order to take additional effects
into account, e.g. FENE springs show a finite extensibility at high shear stresses but for weak deformations the
deviations from Eq. (8) are small [7].
For further discussions it is useful to introduce the dimensionless Weissenberg number, Wi, which is defined as
the product of the shear rate γ̇ and the relaxation time
τ of the dumbbell,
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FIG. 2: Tumbling dynamics of a single dumbbell in shear
flow during one half-turn. The relative spring deformation as
a function of the orientation angle is shown for two different
values of the Weissenberg numbers.

to that of ellipsoidal particles [32] or similar to vesicles
with a high viscosity contrast [33, 34]. Above a critical
value of Wi, which is not reached in our simulations,
a vacillating-breathing mode is found too, as discussed
recently [18]. In the tumbling regime the angle θ evolves
as a function of time and passes periodically all values
in the interval [0, π]. During this dynamics the spring is
also deformed in a periodic manner, as shown in Fig. 2
for two different values of the Weissenberg number. In
this figure the relative spring deformation ε is given as
a function of the orientation angle θ, and it can be seen
that the dumbbell is stretched in the range of smaller
values of θ and compressed at larger values of θ. This
successive elongation and compression is caused by one
contribution of the shear flow. A linear shear flow is a
superposition of a rotational and an elongational flow,
where the second part stretches the dumbbell when θ ≈
π/4, and it compresses the dumbbell around θ = 3π/4.
For small values of the Weissenberg number the spring
is only slightly deformed and the resulting trajectory in
the ε-θ phase space is nearly point-symmetric with respect to θ = π/2. The deformation for Wi = 0.2 is
below 10%. Increasing the Weissenberg number leads to
asymmetric behavior of ε(t) for the tumbling dynamics
as illustrated for Wi = 1.98 in Fig. 2 too. This behavior
influences the relative viscosity ∆η(t) as discussed in the
following.
In the kinetic theory the dumbbell model is used to
motivate constitutive equations for the stress tensor of
complex fluids, cf. convected Jeffreys model in [5]. This
connection provides a link between the effective viscosity of a suspension and the dynamics of the suspended
objects. The total stress tensor for such a fluid includes
according to the Kramers-Kirkwood equation a contribution
λ̄ = hλ(t)i = hR ⊗ Fi,

(12)
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FIG. 4: Sketch of the tumbling motion at high Weissenberg
numbers to illustrate the connection between dumbbell dynamics and λxz (t).
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FIG. 3: Relative viscosity and λxz (t) during one half turn of
a single dumbbell at two different values of the Weissenberg
number Wi.

where R is the connection vector between the two beads
of a dumbbell and F is the spring force [5]. Using numerical methods like Brownian dynamics and multiparticlecollision dynamics on can only determine λ(t), but ∆η(t)
has to be calculated indirectly [35]. In our FPD simulations with a steady shear flow in the xz shear plane,
we determine the direct effects on the viscosity ∆η(t)
via Eq. (4) and λxz (t) via the spring forces and particle
positions according to
λxz (t) = f (R)Rx Rz = f (R)

R2
sin(2θ) .
2

(13)

∆η(t) and λxz (t) are both plotted in Fig. 3 as a function
of the dimensionless time tγ̇ during one half turn of the
dumbbell, where θ changes from π to 0. As can be clearly
seen, the temporal behavior of ∆η(t) and λxz (t) differ
and depend on the Weissenberg number.
The relative viscosity change ∆η(t) depends on three
different contributions. ∆η(t) increases according Eq. (5)
with the volume fraction Φ occupied by the beads. In the
present example of a single dumbbell one has Φ = 0.004
which leads to an offset of ∆η(t) of about 0.01 as shown
in Fig. 3. This corresponds to the viscosity enhancement
caused by two independent beads, and it is constant in
time.
Due to the hydrodynamic interaction between the two
beads the drag force on the dumbbell is a function of
its relative orientation in the flow, which causes the second contribution to ∆η(t). If R is parallel to the flow
the resulting drag force is much smaller than for the perpendicular configuration. In the range θ ≈ π/2 the two
beads cannot follow their local flow velocity according to
the connecting spring. The correlation due to the connection causes a drag force on each bead which leads to
an increase of the shear viscosity.

Considering the third contribution we observe that
∆η(t) shows as a function of time two maxima separated
by a local minimum, when θ is around π/2. This behavior
may be illustrated by the temporal evolution of λxz (t),
which covers the tumbling dynamics via the dumbbell
orientation R and the spring force F, cf. Eq. (7),. Similar to the relative viscosity, also λxz (t) shows two maxima
separated by a minimum during one half turn, which can
be explained by means of Fig. 4 in the following way.
According to Eq. (13), λxz (t) is the product of three
contributions: sin(2θ) and the prefactors f (R) and R(t),
which depend on the spring deformation ε(t). In the
interval [0, π] sin(2θ) is anti-symmetric with respect to
π/2. Since the spring is stretched for small values of the
angle θ and compressed at larger values, as indicated in
Fig. 3, the spring force f (R) being proportional to ε(t)
changes its sign with a similar anti-symmetric manner
with respect to π/2 as sin(2θ). For small values of W i
the spring is only slightly deformed during one half turn
and in this case ε(t) vanishes at θ = π/2, cf. Fig. 2, as
well as f (R) and sin(2θ). This results in a pronounced
minimum of λxz at θ = π/2 as indicated by the upper
left graph in Fig. 3, where the different heights of the
two maxima are caused by the different values of R2 .
For configurations as sketched in Fig. 4 i), the spring is
compressed and R is smaller than R0 , whereas in Fig. 4
v), the spring is stretched.
Eq. (13) includes essentially elastic effects of the dumbbell deformation and only partly the hydrodynamic interaction between the two beads. The latter effect is
completely taken into account in the time-dependence of
∆η(t). Therefore, the differences in Fig. 3 between the
temporal behavior of ∆η(t) and λxz are attributed to
hydrodynamic interaction effects.

IV.

SUSPENSION OF DUMBBELLS

The nonlinear hydrodynamic interaction between colloidal particles renders the dynamics of one dumbbell in
a suspension to be far more complex than the tumbling
motion of a single entity as described in Sect. III. Instead of characterizing the involved motion of a dumbbell
in a suspension, we consider its statistical properties. In
parallel, we calculate the time-averaged relative viscosity
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change,
∆η̄ = h∆η(t)i ,

0.8

via Eq. (4), which gives further insight about the macroscopic rheological properties of the suspension. This
quantity describes an overall response of the solution to
the applied shear.
First, we investigate a suspension of N = 80 dumbbells. As initial condition they are all placed on a lattice
with the same orientation angle θ each. Due to the shear
flow and the hydrodynamic interactions, the suspension
immediately starts to mix. The distribution functions for
the bead positions as well as for the orientational angle θ,
which were peaked at t = 0, broaden over time and reach
finally a steady state. As an example, Fig. 5 shows the
stationary distribution for the orientation angle, P(θ),
after the initial relaxation.

0.6
θ/π
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0.4
0.2
0

0

50

100

150

200

tγ̇

FIG. 6: Example of θ(t) for an individual dumbbell in a suspension. The dumbbell prefers to be aligned in flow direction,
but due to the complex interactions in the system it tumbles
from time to time. The preferred orientation angle θ is close
to 0.
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FIG. 5: Averaged distribution for the orientation angle, P(θ),
for a suspension of 80 dumbbells at Wi = 0.211. In the initial
setup, all dumbbells had the same orientation.

It is remarkable, that P(θ) is asymmetric with respect
to π/2. This behavior is also indicated by the temporal evolution of θ(t) as shown in Fig. 6. The angle θ
stays between the half-rotations a much longer time in
the range around θ(t) ≃ 0 than in the range θ(t) ≃ π.
The dumbbell rotation is caused by the rotational part
of the shear flow, whereas the elongational contribution
leads to a stretching and an alignment along a direction
θ = π/4, cf. Fig. 4. As described above for a isolated
dumbbell, it is the elongational part, which breaks the
symmetry of P(θ). Dumbbell orientations with θ < π/2,
as sketched in Fig. 4 v), are preferred, while others with
θ > π/2 as in Fig. 4 i) are destabilized.
Fig. 7 shows the corresponding distribution of the relative spring deformations ε of the suspension of 80 dumbbells. In general, P(ε) is peaked around ε = 0 and broadens with increasing values of Wi, but it also shows a small
asymmetry caused by the elongational part of the shear
flow. The positional probability distributions across the
channel are uniform other than the expected depletion
layer near the boundaries [36].

0.1

0.2

FIG. 7: Averaged distribution for the relative deformation,
P(ε), for a suspension of 80 dumbbells at Wi = 0.211. In the
initial setup, all springs were at equilibrium length R0 .

According to Eq. (5) the relative viscosity of a colloidal
suspension of spheres is connected to the volume fraction.
In the dilute regime, there is a linear relation between ∆η̄
and Φ in both cases, for beads and dumbbells. Above a
critical value of about Φc = 0.02 the hydrodynamic interaction between the spheres becomes important and deviations from the linear dependency on Φ come into play.
The volume fraction determines the average distance l
between the centers of two spheres according to
l=a



4π
3Φ

1/3

.

(15)

Consequently, Φc corresponds to a characteristic length
scale lc , which reads in the present case lc ≈ 6a = 18.
If two spheres are connected by a spring with equilibrium length R0 , a second length scale is introduced in
the system. Therefore, we expect deviations from the relation (5) with the coefficients from Einstein, Batchelor
and Green. Indeed, for a suspension of dumbbells ∆η̄ depends on R0 at constant values for the Weissenberg num-
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ber Wi and the volume fraction Φ. For this, we consider
suspensions where the number of beads changes from 10
to 320. These particle numbers corresponds to a volume
fraction varying from Φ = 0.0066 until Φ = 0.1056. All
simulations start with random initial distributions. The
equilibrium spring length is in the range 8 ≤ R0 ≤ 20,
and the Weissenberg number is fixed at Wi = 0.33. After
the initial relaxation process the averaged relative viscosity ∆η̄ is measured as well as other statistical properties.
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FIG. 9: The relative viscosity as a function of the spring
length R0 /a for a dumbbell suspension with Φ = 0.1056. η0
is the viscosity of a suspension of spheres at the same volume
fraction.
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FIG. 8: The relative viscosity as a function of the volume fraction for different suspensions. The viscosity for unconnected
beads differs from the prediction of Einstein, Batchelor and
Green (EBG) if Φ > 0.08. For dumbbell suspensions ∆η̄ increases with R0 .

In Fig. 8 we show numerical results for the dependency
of ∆η̄ on the volume fraction Φ at the spring length
R0 = 10 < lc and R0 = 20 > lc . For a suspension of unconnected beads the findings are in good agreement with
the prediction of Einstein, Batchelor and Green, Eq. (5),
until Φ becomes larger than 0.08. The deviations at high
volume fractions are expected, because at large values of
Φ higher order terms in the virial expansion Eq. (5) have
to be included. For dumbbell suspensions ∆η̄ is clearly
enhanced and this increase is related to two effects. The
first one has been already discussed in the previous section for a single dumbbell, where the spring connecting
two beads leads to a correlation of the motion of two
distant objects and therefore to an enhancement of the
effective viscosity. The second effect appears in the parameter range R0 > lc . Here, we observe a strong overlap
between moving dumbbells, which leads due to excluded
volume effects and due to hydrodynamic interactions, to
an additional correlation between many objects. This
stronger correlation causes a further enhancement of the
viscosity.
This qualitative expectation, that an increasing size
of the dumbbells leads to an enhancement of the effective viscosity of the suspension, is confirmed by the data
shown in Fig. 9, where ∆η̄ increases as a function of R0
in a nonlinear manner for Φ = 0.1056.

We have investigated the dynamics and statistics of
dumbbells in a linear shear flow as well as the rheology
of the whole suspension by using Fluid Particle Dynamics simulations. Our numerical results on the tumbling
motion of a single dumbbell show, that the viscosity is
influenced by three different contributions: the volume
fraction, elastic correlation effects and the hydrodynamic
interaction between the two beads of the dumbbell.
For a suspension of independent spheres, we determined numerically the viscosity as a function of the volume fraction. This reference curve shows expected deviations from the Einstein-Batchelor-Green prediction in
the semi-dilute regime. If two beads are connected by
a spring, the viscosity of the resulting dumbbell suspensions increases stronger as a function of the volume fraction, than in the reference case. This enhancement is
attributed to the correlation between the motions of the
two beads building up a dumbbell. If the size of the
dumbbells, namely the length of the springs, becomes
large enough, an additional correlation between the motion of the colloidal objects can be induced via hydrodynamic and excluded volume interactions, even at rather
small volume fractions. This viscosity depends in a nonlinear way on the dumbbell size.
Furthermore, a detailed analysis of the individual trajectories in a suspension with many dumbbells could
probably reveal characteristics of the so called elastic turbulence [3], which occurs a small values of the Reynolds
number as used in this work. How this can cause an efficient fluid mixing in the suspension, as experimentally
observed, is a further issue for forthcoming work.
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