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1 Introdu
tionFor over 5000 years the rational numbers have been known and have been a 
ornerstone ofmathemati
s sin
e then. The 
onsideration of polynomials and the symmetries of their rootsby the group of automorphisms was initiated by Galois and marks the starting point of modernnumber theory. The Galois group of a polynomial en
odes mu
h far-rea
hing information. Butwhat about the absolute Galois group GQ, whi
h is the group of automorphisms of the algebrai

losure of Q? Its stru
ture is still a mystery and far from being well-understood.In order to get partial answers, there are various di�erent approa
hes. First we have a look atthe fa
tor groups of the absolute Galois group. Espe
ially there is the unsolved question, if every�nite group is of this type, known as the inverse Galois problem (see [MM99℄). A se
ond promisingapproa
h are Galois representations, i.e. 
ontinuous homomorphisms of GQ to matrix groups
GLn(Qℓ). Often it is possible to 
onstru
t these in a similar way for all ℓ, whi
h yields under some
ir
umstan
es weakly 
ompatible systems. These are families of ℓ-adi
 Galois representations forea
h prime number ℓ. They have the property that a Frobenius morphism is mapped in su
h a waythat its 
hara
teristi
 polynomial is rational and independent of ℓ for almost all representations. Itis possible to des
ribe many arithmeti
 obje
ts by weakly 
ompatible systems, for example Galoisrepresentations on the Tate modules of ellipti
 
urves, whi
h are 
ru
ial to the proof of Fermat's
onje
ture, 
f. Theorem of Wiles [Wil95℄.The ℓ-adi
 Galois representations have interesting 
onne
tions in two dire
tions. First we 
anassign to an irredu
ible, weakly 
ompatible system of ℓ-adi
 Galois representations an analyti
fun
tion, known as L-fun
tion. If the system is automorphi
 its L-fun
tion is equal to an �analyti

L-fun
tion�. Therefore properties like meromorphi
 
ontinuation to the whole 
omplex plane andthe fun
tional equation 
an be transferred. The other way around the Langlands 
orresponden
eis 
onje
tured (
f. [BBG+03℄), whi
h says that ea
h L-fun
tion asso
iated to a weakly 
ompatiblesystem is obtained by su
h an automorphi
 representation. This is still mostly unproven. In[BLGGT10℄ Barnet-Lamb, Gee, Geraghty and Taylor re
ently provided some interesting tools forproofs in this dire
tion.The other 
onne
tion is to geometry. In order to 
ontrol the Galois group, one often 
hoosesfamilies of Galois representations given by lisse étale sheaves (see Corollary 2.2.12). In su
hfamilies it is possible to give far rea
hing information of the absolute Galois group on the stalksby topologi
al means, the so 
alled monodromy. A very important 
ase are the motivi
 familiesof Galois representations, whi
h des
ribe variations of ℓ-adi
 
ohomology groups for variable ℓ.
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1. Introdu
tionAn example is the variation of H1
ét of the Legendre family of ellipti
 
urves Eλ given by

Y 2 = X(X − 1)(X − λ)on A1
Q \ {0, 1}. More general for ellipti
 
urves E the 
orresponding Galois representation on the�rst 
ohomology

ρℓ : GQ −→ GL(H1
ét(E ,Zℓ)) ∼= GL2(Zℓ)

� � // GL2(Qℓ)is dual to the Galois representation on the Tate module Tℓ(E). Serre's �open image� Theoremgives information on the size of the image of the representation.Théorème ( [Ser72℄, (7) ):If E is an ellipti
 
urve without 
omplex multipli
ation de�ned over a number �eld K and
ρℓ : GK −→ GL2(Qℓ) the 
orresponding representation, then for almost all prime numbers ℓwe have

im (ρℓ) = GL2(Zℓ).Let λ be a geometri
 point whi
h is de�ned over Q su
h that Eλ has no 
omplex multipli
ation.Then the spe
ialization H1
ét(Eλ,Qℓ) is a GQ-module on whi
h the group GQ a
ts maximally foralmost all ℓ.The se
ond important property is that we get a weakly 
ompatible system of representations

(ρℓ)ℓ prime whi
h is automorphi
 in the sense of the Langlands program. This was shown in2001 by Breuil, Conrad, Diamond, Taylor [BCDT01℄ and Wiles [Wil95℄ in the proof of theTaniyama-Shimura-Weil 
onje
ture, whi
h is now known as modularity theorem, and is true forall ellipti
 
urves.The ambition of this work is to prove similar results for higher dimensional generalizations of theLegendre family. The key observation is that the monodromy of the Legendre family is given bya rigid lo
al system whi
h is the solution of a Pi
ard-Fu
hs equation, a spe
ial hypergeometri
di�erential equation:
λ(1 − λ)f ′′ + (1 − 2λ)f ′ − 1

4
f = 0.In this 
ontext, rigid means that the lo
al system admits no deformations, whi
h is equivalent to

rig(F) = 2 if the system is irredu
ible (see Theorem 3.1.5).In general it is possible to des
ribe rigid lo
al systems by Katz' theory of middle 
onvolution
MCχ (Chapters 5,6 of [Kat96℄). Let χ : πét

1 (Gm,K) −→ Qℓ
× be a geometri
ally non-trivial onedimensional representation and F a lisse étale sheaf on A1

K \ S, where S ⊆ A1
K is �nite. Thenone obtains a lisse étale sheaf MCχ(F) on A1

K \ S. If F is irredu
ible and rigid, then MCχ(F) isirredu
ible and rigid as well but usually rk(MCχ(F)) 6= rk(F).6



In summary we get the following 
onstru
tive statement, whi
h is known as Katz algorithm:Theorem ([Kat96℄):Let F be an irredu
ible rigid lo
al system of Qℓ-modules on A1
K \ S. There exist

n ∈ N0, lo
al systems L0, . . . ,Ln of Qℓ-modules of rank one on A1
K \ S and representations

χ1, . . . , χn : πét
1 (Gm,K) −→ Qℓ

×, su
h that
F = Ln ⊗MCχn

( . . . L2 ⊗MCχ2( L1 ⊗MCχ1(L0) ) . . . ).For S = {0, 1} if L0 has monodromy tuple (−1,−1, 1) (
f. Chapter 2.2) and χ = −1, the uniquequadrati
 
hara
ter, we get the Legendre familyMC−1(L0). This is the starting point of an in�nitefamily (Hm,ℓ)m∈N0 of lo
al systems of Qℓ-moduls on A1
K with

i∗Hm,ℓ = Ln ⊗MC−1( . . . L2 ⊗MC−1( L1 ⊗MC−1(L0) ) . . . ),where we have i : A1
K \ {0, 1}

� � // A1
K and Lj with monodromy tuple (1,−1,−1) for j oddrespe
tively Lj with (−1, 1,−1) for j 6= 0 even. This 
onstru
tion yields the following result:Theorem (
f. 3.3.1)Let ℓ be a prime number and K an algebrai
ally 
losed �eld with 
har (K) ∤ 2ℓ. Then, for any

m ∈ N0 there exists a 
ohomologi
ally rigid Hm,ℓ ∈ Tℓ(K) of generi
 rank m+1, a Qℓ-sheaf on A1
Kwhi
h is lisse on i : A1

K\{0, 1}
� � // A1

K . If m is even, then Hm,ℓ has orthogonal monodromy, andif m is odd, Hm,ℓ has symple
ti
 monodromy, i.e. there is an orthogonal respe
tively symple
ti
pairing
Hm,ℓ ×Hm,ℓ −→ Qℓ.The monodromy tuple of i∗Hm,ℓ has the following Jordan normal form:at 0:

J1(1)
m
2 ⊕ J1(−1)

m
2 +1 for 2 | m,

J2(1)
m+1

2 for 2 ∤ m,at 1:
J2(1)

m
2 ⊕ J1(−1) for m ≡ 0 mod 4,

J1(1)
m−1

2 ⊕ J2(−1)⊕ J1(−1)
m−1

2 for m ≡ 1 mod 4,

J3(1)⊕ J2(1)
m
2 −1 for m ≡ 2 mod 4,

J2(1)⊕ J1(1)
m−3

2 ⊕ J1(−1)
m+1

2 for m ≡ 3 mod 4,at ∞:
Jm+1(1).Here Jn(λ) denotes the upper triangular Jordan blo
k of length n and eigenvalue λ.
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1. Introdu
tionWe want to note that the 
ase rk(H6,ℓ) = 7 is of spe
ial interest. Its examination answered aquestion of Serre on the existen
e of motivi
 Galois groups of type G2 (
f. [Ser94℄). By this itwas possible to 
onstru
t su
h motives (
f. Dettweiler, Katz and Reiter [DR10℄). The motivi
des
ription of rigid lo
al systems by Katz yields lisse étale sheaves Hm,ℓ, whose analyti�
ations
ome from variations of Hodge stru
ture.Theorem (
f. 5.4.3)Let Hm,ℓ be as in Theorem 3.3.1. Then there exists a lo
al system of Z-modules Gm on A1
C \ {0, 1}underlying a polarized variation of Z-Hodge stru
ture (Gm,F•,∇) on C \ {0, 1} pure of weight msu
h that

(i∗Hm,ℓ)
an ∼= Gm ⊗Qℓ.The indu
ed isomorphism on the stalks (i∗Hm,ℓ)

an
x
∼=
(
Gm ⊗Qℓ

)
x
for x ∈ C \ {0, 1} is given by the
omparison isomorphism between étale 
ohomology and singular 
ohomology:

1

2
(1−σ)ker

(
Hm

ét (Xx,Qℓ)→ Hm
ét (Dx,Qℓ)

) ∼= 1

2
(1−σ)ker (Hm

B (X (C)x,Z)→ Hm
B (D(C)x,Z))⊗Qℓ.Moreover, the Hodge �ltration of Gm has maximal length.In this way we get, as in the Legendre 
ase, families of weakly 
ompatible systems of Galoisrepresentations ρm of Q by three transformations, namely by tensoring it with its determinant,spe
ializing like in Theorem 6.4.1 and �nally semi-simpli�
ation:

ρm = (ρm,ℓ)ℓ prime := ( ((ρi∗Hm,ℓ
⊗ det(ρi∗Hm,ℓ

)) ◦ ιx)ss
)
ℓ prime .Here ιx : GK

� � // πét
1 (A1

K \ {0, 1}) denotes the spe
ialization map for a �xed x ∈ A1
K \ {0, 1},whi
h 
omes from the morphism {x} � � // A1

K \ {0, 1} (
f. Se
tion 2.2). These representations
ρm have the property that they fa
tor over Zℓ and over a spe
ial orthogonal group for even m ora symple
ti
 group for odd m.If m is even, by tensoring the initial system of representations with the 
y
lotomi
 
hara
ter χℓto the power m

2 we get systems of weight 0 representations. The redu
tion mod ℓ is de�ned as
ρ̂m,ℓ :=

(
ρi∗Hm,ℓ

⊗ det(ρi∗Hm,ℓ
)
)
⊗ χ

m
2

ℓ : π1
ét(A

1
Q \ {0, 1}) −→ SOm+1(Fℓ).Theorem (
f. 6.4.1)Let x ∈ A1

Q \ {0, 1}, su
h that there exist odd prime numbers p, q 6= ℓ satisfying νp(x) < 0 but
ℓ ∤ νp(x) and νq(x− 1) > 0 but ℓ ∤ νq(x− 1). Then the following holds:If m ∈ N0 even and m ≥ 12 then Ωm+1(Fℓ) ⊆ im (ρ̂m,ℓ ◦ ιx) for almost all prime numbers ℓ,where ρ̂m,ℓ ◦ ιx : GQ −→ SOm+1(Fℓ) is the spe
ialization at x.If m = 6 then for almost all ℓ, we have im (ρ̂m,ℓ ◦ ιx) = G2(Fℓ)
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Therefore it is possible to spe
ialize in su
h a way, that we obtain an irredu
ible representation.Finally Theorem 7.2.2 and the motivi
 des
ription in Chapter 5 give the automorphy over anumber �eld.Theorem ([BLGGT10℄, Thm.5.3.1):Suppose that K is a CM (or totally real) �eld and that (ρℓ)ℓ prime is an irredu
ible, totally odd,essentially 
onjugate self-dual, regular, weakly 
ompatible system of ℓ-adi
 representations of K.Then there is a �nite, CM (or totally real), Galois extension L|K su
h that the restri
tion of
(ρℓ)ℓ prime to GL is automorphi
.The motivi
 des
ription of rigid lo
al systems by Katz shows that these systems of representationsare 
rystalline for almost all prime numbers ℓ. Under the assumptions of Theorem 6.4.1 usingthe work of Barnet-Lamb, Gee, Geraghty and Taylor, we obtain the following result. A weakerstatement was proved in [GMHK10℄.Theorem (
f. 7.2.4)For m = 6 or m ∈ N0 even, m ≥ 12 and K = Q the irredu
ible, weakly 
ompatible system
ρm = (ρm,ℓ)ℓ prime of Galois representations is potentially automorphi
.
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1. Introdu
tion1.1 EinleitungDie rationalen Zahlen sind bereits seit über 5000 Jahren bekannt und stellen seither einender Grundbausteine der Mathematik dar. Der Beginn der modernen Zahlentheorie war dieÜberlegung von Galois, seinen Bli
k auf die Symmetrien der Nullstellen von Polynomen dur
h dieBetra
htung ihrer Automorphismengruppen zu ri
hten. Die Galoisgruppe eines Polynoms enthältviele weitrei
hende Informationen. Do
h die naheliegende Frage na
h der Struktur der absolutenGaloisgruppe GQ, d.h. der Gruppe der Automorphismen des algebrais
hen Abs
hlusses von Q,konnte bis heute ni
ht beantwortet werden.Um wenigstens teilweise Antworten für dieses Problem zu erhalten, kann man auf vieleunters
hiedli
he Arten vorgehen. Zum einen betra
htet man die Faktorgruppen der absolutenGaloisgruppe. Hierbei stellt si
h insbesondere die Frage, ob jede endli
he Gruppe eine sol
heist - bekannt als das inverse Galoisproblem [MM99℄. Ein zweiter viel verspre
hender Ansatzist die Bes
häftigung mit Galoisdarstellungen, d.h. stetigen Homomorphismen von GQ inMatrizengruppen. Oft ist es mögli
h, diese für alle ℓ ähnli
h zu konstruieren, was dadur
h untergewissen Eigens
haften zu sogenannten s
hwa
h kompatiblen Systemen führt. Diese Systeme sindFamilien von ℓ-adis
hen Galoisdarstellungen für jede Primzahl ℓ. Sie haben die Eigens
haft, dassein Frobenius Morphismus so abgebildet wird, dass sein 
harakteristis
hes Polynom fast immerrational und unabhängig von ℓ ist. Viele arithmetis
he Objekte lassen si
h hierdur
h konkretbes
hreiben. Ein Beispiel hierfür sind Galoisdarstellungen auf dem Tatemodul einer elliptis
henKurve, wel
he beim Beweis von Fermats Vermutung, dem Satz von Wiles [Wil95℄, eine wi
htigeRolle spielen.Die ℓ-adis
hen Galoisdarstellungen haben in zwei Ri
htungen interessante Anknüpfungspunkte.Zu einem irreduziblen, s
hwa
h kompatiblen System von ℓ-adis
hen Galoisdarstellungen lässtsi
h eine analytis
he Funktion, L-Funktion genannt, konstruieren. Wenn das System automorphist, entspri
ht seine L-Funktion einer �analytis
hen L-Funktion�. Damit übertragen si
hbekannterweise Eigens
haften, wie die Funktionalglei
hung und die meromorphe Fortsetzbarkeitauf die gesamte komplexe Zahlenebene. Umgekehrt wird die Langlandskorrespondenz [BBG+03℄vermutet, nämli
h dass au
h jede L-Funktion von sol
hen Darstellungen herrührt. DieseVerbindung ist in weiten Teilen no
h unbewiesen. Barnet-Lamb, Gee, Geraghty und Taylor habenjedo
h in [BLGGT10℄ kürzli
h einige interessante Werkzeuge für Beweise der Automorphie vons
hwa
h kompatiblen Systemen bereitgestellt.Die andere Verbindung ist die zur Geometrie. Um die Galoisgruppe zu kontrollieren, wählt man oftFamilien von Galoisdarstellungen, wel
he dur
h glatte étale Garben gegeben sind (siehe Corollary2.2.12). In sol
hen Familien erhält man mit einem rein topologis
hen Mittel, der sogenanntenMonodromie, weitrei
hende Informationen über die Operation der absoluten Galoisgruppe aufden Halmen. Besonders bedeutend sind motivis
he Familien von Galoisdarstellungen, wel
he dieVariation von ℓ-adis
hen Kohomologiegruppen für variables ℓ bes
hreiben.
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1.1. EinleitungAls Beispiel sei hier die Variation vonH1
ét der Legendre-Familie von elliptis
hen Kurven Eλ gegebendur
h

Y 2 = X(X − 1)(X − λ)über A1
Q \ {0, 1} genannt. Allgemein ist für elliptis
he Kurven E die zugehörige Galoisdarstellungauf der ersten Kohomologie

ρℓ : GQ −→ GL(H1
ét(E ,Zℓ)) ∼= GL2(Zℓ)

� � // GL2(Qℓ)dual zur Galoisdarstellung auf dem Tatemodul Tℓ(E). Serres �open image� Satz, (7) in [Ser72℄, gibteine weitrei
hende Aussage über die Gröÿe der Bilder dieser Darstellungen.Théorème ( [Ser72℄, (7) ):Ist E eine über einem Zahlkörper K de�nierte elliptis
he Kurve ohne komplexe Multiplikation mitzugehöriger Darstellung ρℓ : GK −→ GL2(Qℓ), so gilt für fast alle Primzahlen ℓ
im (ρℓ) = GL2(Zℓ).Sei λ ein geometris
her Punkt, der so über Q de�niert ist, dass Eλ keine komplexe Multiplikationbesitzt. Dann sind die Spezialisierungen H1

ét(Eλ,Qℓ) GQ-Moduln, auf denen die Gruppe GQ fürfast alle ℓ so groÿ wie mögli
h operiert.Des Weiteren ergibt si
h so ein s
hwa
h kompatibles System von Darstellungen (ρℓ)ℓ prim,wel
hes automorph im Sinne des Langlandsprogrammes ist. Diese Eigens
haft zu zeigen gelang2001 Breuil, Conrad, Diamond, Taylor [BCDT01℄ und Wiles [Wil95℄ dur
h den Beweis derTaniyama-Shimura-Weil-Vermutung, die damit zum Modularitätssatz wurde. Sie gilt allgemeinfür elliptis
he Kurven.Das Ziel der vorliegenden Arbeit ist es nun, diese Resultate für höherdimensionaleVerallgemeinerungen der Legendre-Familie zu zeigen. Eine S
hlüsselbeoba
htung ist hierbei, dassdie Monodromie der Legendre-Familie dur
h ein starres lokales System gegeben ist, wel
hes dieLösung einer Pi
ard-Fu
hs-Glei
hung, einer speziellen hypergeometris
hen Di�erentialglei
hung,
λ(1 − λ)f ′′ + (1− 2λ)f ′ − 1

4
f = 0bes
hreibt. Starr heiÿt hier, dass das lokale System keine Deformationen zulässt, was imirreduziblen Fall zu folgender Glei
hung äquivalent ist: rig(F) = 2 (siehe Theorem 3.1.5).Allgemein kann man starre lokale Systeme mit Hilfe der Katzs
hen Theorie der Mittleren Faltung

MCχ (Chapter 5,6 von [Kat96℄) bes
hreiben. Dabei ist χ : πét
1 (Gm,K) −→ Qℓ

× eine ni
ht-trivialeeindimensionale Darstellung und F eine Garbe auf A1
K \ S, so dass S ⊆ A1

K endli
h ist. Wenn Firreduzibel und starr ist, so istMCχ(F) wieder irreduzibel und starr mit i.a. rk(MCχ(F)) 6= rk(F).
11



1. Introdu
tionZusammengefasst ergibt si
h so die folgende konstruktive Aussage, die au
h häu�g alsKatz-Algorithmus bezei
hnet wird:Theorem ( [Kat96℄ ):Ist F ein irreduzibles starres lokales System von Qℓ-Moduln auf A1
K \ S, so gibt es n ∈ N0,lokale Systeme L0, . . . ,Ln von Qℓ-Moduln von Rang eins auf A1
K \ S und Darstellungen

χ1, . . . , χn : πét
1 (Gm,K) −→ Qℓ

×, so dass
F = Ln ⊗MCχn

( . . . L2 ⊗MCχ2( L1 ⊗MCχ1(L0) ) . . . ).Für S = {0, 1}, falls L0 Monodromie-Tupel (−1,−1, 1) hat und χ = −1, dem eindeutigenquadratis
hen Charakter, ergibt si
h dur
h MC−1(L0) die Legendre-Familie. So entsteht eineunendli
he Familie (Hm,ℓ)m∈N0 von lokalen Systemen von Qℓ-Moduln auf A1
K mit

i∗Hm,ℓ = Ln ⊗MC−1( . . . L2 ⊗MC−1( L1 ⊗MC−1(L0) ) . . . ),wobei i : A1
K \ {0, 1}

� � // A1
K und Lj mit Monodromie-Tupel (1,−1, 1) für ungerades j bzw. Ljmit (−1, 1, 1) für gerades j 6= 0. Diese Konstruktion führt zu folgendem Ergebnis:Theorem (siehe 3.3.1)Für eine Primzahl ℓ und einen algebrais
h abges
hlossenen Körper K mit 
har (K) ∤ 2ℓ gibtes für jedes m ∈ N0 eine kohomologis
h starre Qℓ-Garbe Hm,ℓ auf A1

K von generis
hem Rang
m + 1, wel
he glatt auf i : A1

K \ {0, 1}
� � // A1

K ist. Ist m gerade, so besitzt Hm,ℓ orthogonaleMonodromie, und ist m ungerade, symplektis
he Monodromie, d.h. es gibt eine orthogonale bzw.symplektis
he Paarung
Hm,ℓ ×Hm,ℓ −→ Qℓ.Das Monodromie-Tupel von i∗Hm,ℓ hat die folgenden Jordans
hen Normalformen:an 0:

J1(1)
m
2 ⊕ J1(−1)

m
2 +1 für 2 | m,

J2(1)
m+1

2 für 2 ∤ m,an 1:
J2(1)

m
2 ⊕ J1(−1) für m ≡ 0 mod 4,

J1(1)
m−1

2 ⊕ J2(−1)⊕ J1(−1)
m−1

2 für m ≡ 1 mod 4,

J3(1)⊕ J2(1)
m
2 −1 für m ≡ 2 mod 4,

J2(1)⊕ J1(1)
m−3

2 ⊕ J1(−1)
m+1

2 für m ≡ 3 mod 4,an ∞:
Jm+1(1).Hierbei bezei
hnet Jn(λ) den oberen Jordanblo
k der Länge n zum Eigenwert λ.

12



1.1. EinleitungAn dieser Stelle kann konstatiert werden, dass vor allem der Fall rk(H6,ℓ) = 7 von besonderemInteresse ist. Seine Betra
htung gab Antwort auf eine Frage von Serre na
h der Existenz vonmotivis
hen Galoisgruppen vom Typ G2. So gelang es (siehe Dettweiler, Katz und Reiter [DR10℄),ein sol
hes Motiv zu konstruieren. Die motivis
he Bes
hreibung der starren lokalen Systeme vonKatz ergibt glatte étale GarbenHm,ℓ deren Analyti�zierungen von Variationen von Hodge Strukturherrühren.Theorem (siehe 5.4.3)Sei Hm,ℓ wie in Theorem 3.3.1, so gibt es ein lokales System von Z-Moduln Gm auf A1
C \ {0, 1},dem eine polarisierte Variation von Z-Hodge Struktur (Gm,F•,∇) auf C \ {0, 1} rein von Gewi
ht

m zu Grunde liegt, so dass
(i∗Hm,ℓ)

an ∼= Gm ⊗Qℓ.Der induzierte Isomorphismus auf den Halmen (i∗Hm,ℓ)
an
x
∼=
(
Gm ⊗Qℓ

)
x
für x ∈ C \ {0, 1}ist dur
h den Verglei
hsisomorphismus zwis
hen der étalen Kohomologie und der singulärenKohomologie gegeben:

1

2
(1−σ)ker

(
Hm

ét (Xx,Qℓ)→ Hm
ét (Dx,Qℓ)

) ∼= 1

2
(1−σ)ker (Hm

B (X (C)x,Z)→ Hm
B (D(C)x,Z))⊗Qℓ.Insbesondere hat die Hodge Filtrierung von Gm maximale Länge.Auf diesem Weg erhält man wie im Legendre-Fall eine Familie von Galoisdarstellungen ρm,ℓ von

Q dur
h folgende drei Transformationen. Dies wird errei
ht, indem man mit der Determinantetensoriert, wie in Theorem 6.4.1 passend spezialisiert und s
hlieÿli
h verhalbeinfa
ht:
ρm = (ρm,ℓ)ℓ prim :=

(
((ρi∗Hm,ℓ

⊗ det(ρi∗Hm,ℓ
)) ◦ ιx)ss

)
ℓ prim

.Hierbei bezei
hnet ιx : GK
� � // πét

1 (A1
K \ {0, 1}) die Spezialisierungsabbildung zu einem festen

x ∈ A1
K \ {0, 1}, die vom Morphismus {x} � � // A1

K \ {0, 1} herrührt (siehe Se
tion 2.2). DieseDarstellungen haben die Eigens
haft, dass sie über Zℓ und für gerades m über die spezielleorthogonale oder für ungerades m über die symplektis
he Gruppe faktorisieren.Fallsm gerade ist, erhält man Darstellungen von Gewi
ht 0, indem man die ursprüngli
hen Systemevon Darstellungen mit der m
2 -Potenz des zyklotomis
hen Charakters tensoriert. Die Reduktionmodulo ℓ ist de�niert als

ρ̂m,ℓ :=
(
ρi∗Hm,ℓ

⊗ det(ρi∗Hm,ℓ
)
)
⊗ χ

m
2

ℓ : π1
ét(A

1
Q \ {0, 1}) −→ SOm+1(Fℓ).Theorem (siehe 6.4.1)Sei x ∈ A1

Q, so dass ungerade Primzahlen p, q 6= ℓ existieren, die νp(x) < 0 aber ℓ ∤ νp(x) und
νq(x− 1) > 0 aber ℓ ∤ νq(x− 1) erfüllen. Dann gilt:Für m ∈ N0 gerade und m ≥ 12 gilt Ωm+1(Fℓ) ⊆ im (ρ̂m,ℓ ◦ ιx) für fast alle Primzahlen ℓ, wobei
ρ̂m,ℓ ◦ ιx : GQ −→ SOm+1(Fℓ) die Spezialisierung an x ist.Für m = 6 gilt für fast alle ℓ, dass im (ρ̂m,ℓ ◦ ιx) = G2(Fℓ). 13



1. Introdu
tionDies erlaubt es so zu spezialisieren, dass wir eine irreduzible Darstellung erhalten. S
hlieÿli
hergibt Theorem 7.2.2 und die motivis
he Bes
hreibung in Kapitel 5 die Automorphie über einemZahlkörper.Theorem ([BLGGT10℄, Thm.5.3.1):Sei K ein CM (oder total reeller) Körper und (ρℓ)ℓ prim ein irreduzibles, total ungerades,essentiell konjugiert selbstduales, reguläres, s
hwa
h kompatibles System ℓ-adis
her Darstellungenvon K. Dann gibt es eine endli
he CM (oder total reelle) Galois Erweiterung L|K, so dass dieEins
hränkung von (ρℓ)ℓ prim auf GL automorph ist.Aus der motivis
he Bes
hreibung der starren lokalen Systeme von Katz ergibt si
h, dass dieseSysteme von Darstellungen für fast alle Primzahlen ℓ kristallin sind.Unter den Voraussetzungen von Theorem 6.4.1 und Benutzung der Ergebnisse von Barnet-Lamb,Gee, Geragthy und Taylor, erhalten wir das folgende Resultat. Eine s
hwä
here Aussage wurde in[GMHK10℄ bewiesen.Theorem (siehe 7.2.4)Für m = 6 oder m ∈ N0 gerade, m ≥ 12 und K = Q ist das irreduzible, s
hwa
h kompatible System
ρm := (ρm,ℓ)ℓ prim von Galoisdarstellungen potentiell automorph.

14
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1.4. Notation1.4 Notation
N = {1, 2, . . .} natural numbers

N0 = {0, 1, 2, . . .} natural numbers with zero
K,L �elds
K algebrai
 
losure of K
Ksep separable 
losure of K in K

GK = Gal(Ksep/K) absolute Galois group of K
ΣK set of �nite pla
es of K
Kv 
ompletion of K at v
kv residue �eld of K at v

Cv = K̂v the 
ompletion of the algebrai
 
losure of Kv

Iw inertia group at w ∈ ΣL \ {0} for a �eld Extension L/K
Itame
K := πtame

1 (Gm,K) tame inertia group as in De�nition 2.2.4
Knr

v maximal unrami�ed extension
AK , IK adele ring of K and idele group of K

ℓ prime number
χ one dimensional ℓ-adi
 Galois representation
χℓ 
y
lotomi
 
hara
ter

1,−1 trivial and quadrati
 rank one representation
Lχ Kummer sheaf asso
iated to χ
L middle extension sheaf on A1

K

MCχ middle 
onvolution fun
tor as in De�nition 3.1.2
MTL middle tensor produ
t as in De�nition 3.1.6
Tℓ(K) 
ategory of spe
ial Qℓ-sheaves as in De�nition 3.1.3

i : U � � // A1
K in
lusion of an open dense subset of the a�ne line

R 
ommutative ring with 1

M(m× n,R) m times n matri
es over the ring R
GL(V ) group of invertible endomorphisms of the ve
tor spa
e V

An
K ,Ga,K ,Gm,K ,GLn(K), SLn(K) algebrai
 groupsOn(K) orthogonal group

SOn(K) spe
ial orthogonal group
Ωn(K) derived group of SOn(K)

Spn(K) symple
ti
 group
G2(K) a sporadi
 group
Jn(λ) upper triangular Jordan blo
k of length n and eigenvalue λ
ιx spe
ialization map to x (
f. Se
tion 2.2)
Hm,ℓ spe
ial Qℓ-sheaf 
onstru
ted in Se
tion 3.3

ρm,ℓ : GK −→ GLm+1(Qℓ) ℓ-adi
 Galois representation 
onstru
ted in Se
tion 7.2
ρ̂m,ℓ : π

ét
1 (A1

Q \ {0, 1}) −→ SOm+1(Fℓ) weight 0 representation of πét
1 (A1

Q \ {0, 1}) (see Se
tion 6.4)
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2 Preliminary ResultsIn this 
hapter, we want to �x the notation used in this work. In addition we give an overview of
on
epts and theorems 
losely related to Galois representations.2.1 Galois RepresentationsLetK be a �eld and denote an algebrai
 
losure byK. If L/K is a Galois extension (not ne
essarily�nite), we get the Galois group Gal(L/K) := AutK(L). The group is equipped with a naturaltopology, the Krull topology. This is the 
ase be
auseGal(L/K) is a topologi
al group as proje
tivelimit of the dis
rete �nite Galois groups of the �nite Galois sub extensions. Therefore the absoluteGalois group GK := Gal(Ksep/K) is a pro�nite group, where Ksep denotes the separable 
losureof K in K. We will regard all o

urring algebrai
 extensions of K as sub�elds of K. If K is aperfe
t �eld, the algebrai
 and the separable 
losure 
oin
ide.For a �xed prime number ℓ, we have the ℓ-adi
 integers Zℓ := lim
←−

Z/ℓnZ and the �eld of ℓ-adi
rational numbers Qℓ := Quot(Zℓ) = Zℓ[
1
ℓ ], whi
h is the 
ompletion of Q with respe
t to the ℓ-adi
dis
rete absolute value. This valuation extends uniquely to the algebrai
 
losure Qℓ. The ℓ-adi
distan
e given by this valuation indu
es for n ∈ N a topology onM(n×n,Qℓ). Beside the Zariskitopology on GLn(Qℓ) we get thereby another stru
ture as topologi
al group, whi
h we will use inthe following de�nition. This yields a natural 
ontinuous a
tion of this topologi
al group on Qℓ

nequipped with any norm, espe
ially the ℓ-adi
 one. This 
onstru
tion of the ℓ-adi
 topology issuitable for any �nite dimensional Qℓ-ve
tor spa
e V .For further details on the following de�nitions see [Ser68℄.De�nition 2.1.1For a �eld K an ℓ-adi
 Galois representation is a homomorphism
ρ : GK −→ GL(V )of topologi
al groups from the absolute Galois group of K to the general linear group of a �nitedimensional Qℓ-ve
tor spa
e V equipped with the ℓ-adi
 topology. The dimension of V is 
alledthe rank of ρ.This is the same as a Qℓ-ve
tor spa
e V equipped with the ℓ-adi
 topology and a 
ontinuous

GK-operation. Two representations ρ, ρ′ : GK −→ GL(V ) are equivalent, if there exists a linearmap φ ∈ GL(V ) su
h that φ−1 ◦ ρ(g) ◦ φ = ρ′(g) for all g ∈ GK . 19



2. Preliminary ResultsAn important example of an ℓ-adi
 Galois representation of GQ of rank one is the 
y
lotomi

hara
ter χℓ : GQ −→ GL1(Qℓ) = Qℓ
×. More pre
isely, it maps to Z×ℓ in the following way: Forea
h n ∈ N, we have a look at the 
y
lotomi
 extension Q(ζℓn) for a primitive ℓn-th root of unity

ζℓn . Then Gal(Q(ζℓn)/Q) ∼= (Z/ℓnZ)×, whi
h 
an be 
hosen in su
h a way that it �ts togetherwith the isomorphism for smaller n. Independent of the 
hoi
es, we get a 
ompatible system of
ontinuous group homomorphisms whi
h gives rise to the 
hara
ter.This 
onstru
tion 
an be generalized to a �eld K with 
hara
teristi
 unequal to ℓ.One of the main properties of the Galois representations ρHm,ℓ

onstru
ted in Se
tion 3.3 andSe
tion 7.2 is the existen
e of a long unipotent element in its image.De�nition 2.1.2We say that a representation ρ : G −→ GL(V ) for a group G and an n-dimensional ve
tor spa
e

V over a �eld K has a long unipotent element, if there exists an element g ∈ G su
h that theJordan normal form of ρ(g) is Jn(1) over K, where Jn(1) denotes a Jordan blo
k of length n tothe eigenvalue 1.For a good introdu
tion to the 
on
epts of algebrai
 number theory, have a look at [Neu99℄. If
K is a number �eld, i.e. a �nite extension of Q, then ΣK denotes the set of �nite pla
es, whi
his the set of normalized non-ar
himedean valuations of K. We identify ΣK \ {0} with the set ofnon-trivial prime ideals of OK . For v ∈ ΣK \ {0} we have two �elds: the �nite �eld kv := OK/vof 
hara
teristi
 pv and the 
ompletion via the indu
ed metri
 Kv := Quot(lim

←−
(OK/v

n)), as ea
hpla
e 
orresponds to a normalized dis
rete valuation.The adele ring AK of K is de�ned as
AK :=

∏

v|∞

Kv

︸ ︷︷ ︸
=:AK,∞

×
∏′

v∈ΣK\{0}

Kv,where AK,∞ is the produ
t of the 
ompletions of K a

ording to the valuation given by theAr
himedean pla
es and ∏′ is the restri
ted produ
t, i.e. almost all entries are in the rings ofintegers OKv
. The idele group IK is the group of units A×K of the adele ring.For a �nite Galois extension L/K and w ∈ ΣL \ {0} su
h that w | v, i.e. w ⊇ vOL,we obtain two 
anoni
al subgroups of the Galois group Gal(L/K), the de
omposition group

Dw := {σ ∈ Gal(L/K) | σw = w } and a normal subgroup of Dw the inertia group
Iw := {σ ∈ Dw | σ(x) − x ∈ w ∀x ∈ OL }. Fixing an embedding of K in Kv, we get a naturalembedding of GKv

in GK , whi
h 
orresponds to 
hoosing a �nite pla
e w in K extending v andtherefore �xing GKv
as a spe
i�
 de
omposition group Dw. Setting lw := OL/w, we have a shortexa
t sequen
e of �nite groups

1 −→ Iw −→ Dw −→ Gal(lw/kv) −→ 1.20



2.1. Galois RepresentationsFor a �nite pla
e w 6= 0 of L there is a unique �nite pla
e v of K, su
h that w | v. The extension
L/K is 
alled unrami�ed at w if [L : K] = [lw : kv]. In this 
ase we have Iw = 1. For a �nite pla
e
v 6= 0 of K multiple �nite pla
es w of L may exist, su
h that w | v. The �eld extension L/K is
alled unrami�ed at v if [L : K] = [lw : kv] for ea
h of them (equivalently one of them, as we havea Galois extension). Otherwise the �nite pla
es are 
alled rami�ed and for ea
h su
h extensionthere is only a �nite number of them.For a general �eld K and L an algebrai
 extension, L/K is unrami�ed at a non-ar
himedeanvaluation v of K, if for ea
h �nite �eld extension L′/K inside L/K and ea
h valuation w′ of L′extending v, l′w′ |kv is separable and [L′ : K] = [l′w′ : kv], otherwise L/K is 
alled rami�ed at v.In the number �eld 
ase, Gal(lw/kv) is a �nite 
y
li
 group generated by the Frobenius. If
w ∈ ΣL \ {0} is unrami�ed, we have Dw

∼= Gal(lw/kv) and we 
an talk of a Frobenius elementin the de
omposition group as well. For v ∈ ΣK \ {0} unrami�ed and w,w′ ∈ ΣL \ {0} su
hthat w,w′ | v, there is an element σ ∈ Gal(L/K) mapping one to the other, i.e. σw = w′.Therefore the 
orresponding de
omposition groups are 
onjugated , i.e. σDwσ
−1 = Dw′ , as wellas the Frobenius elements. The other way around, for 
onjugates of Frobenius elements we have
orresponding pla
es of L.If we generalize to an arbitrary algebrai
 Galois extension L/K, the set of �nite pla
es ΣL isthe proje
tive limit of the system of �nite pla
es of the �nite subextensions of L/K. This isde�ned via the following 
onne
tion morphisms: whenever we have a sub extension L/L1/L2/K,we map w1 ∈ ΣL1 to w2 ∈ ΣL2 , where w2 is the unique pla
e su
h that w1 | w2. The inertia andde
omposition group 
an be de�ned as proje
tive limits in the same way.De�nition 2.1.3For an ℓ-adi
 Galois representation ρ of a number �eld K, we say that ρ is unrami�ed at

v ∈ ΣK \ {0}, if ρ(Iw) = 1 for any valuation w of Ksep extending v.Let ρ be unrami�ed at v ∈ ΣK \ {0}, then the Frobenius element Frobv,ρ in the representation
ρ at v is the 
onjuga
y 
lass in GL(V ) of the images of the Frobenius element in Dw for any
w ∈ ΣKsep \ {0} extending v:

1 // Iw
� � //

ρ|Iw

��

Dw
� _

��

// // Gal(lw/kv) //

���
�

�
�

�
�

�
�

�
1

GK

ρ

��

1 // GL(V )

.

As the Frobenius element Frobv,ρ is a 
onjuga
y 
lass, its 
hara
teristi
 polynomial
fv,ρ(x) := det(1 · x− Frobv,ρ) ∈ Qℓ[x] 21



2. Preliminary Resultsis well-de�ned. An ℓ-adi
 Galois representation is rational (respe
tively integral) if at almost all�nite pla
es v it is unrami�ed, i.e. fv,ρ(x) exists, and the 
hara
teristi
 polynomial has rational(respe
tively integral) 
oe�
ients.We will keep to the language of Ri
hard Taylor (
f. [BLGGT10℄), for systems of ℓ-adi
 Galoisrepresentations.De�nition 2.1.4a) Let ℓ, ℓ′ be prime numbers. A rational ℓ-adi
 Galois representation ρ and a rational ℓ′-adi
Galois representation ρ′ of the same number �eld K are 
ompatible at v ∈ ΣK \ {0} ifthey are both unrami�ed at v and the 
hara
teristi
 polynomials fv,ρ(x) = fv,ρ′(x) ∈ Q[x]
oin
ide.b) A weakly 
ompatible system (ρℓ)ℓ prime of Galois representations of a number �eld K
onsists of a family of rational, semi-simple ℓ-adi
 Galois representations ρℓ of K for ea
hprime number ℓ and a �nite set S ⊂ ΣK , su
h that the following holds:1. For v ∈ ΣK \ S and prime numbers ℓ, ℓ′ unequal to the 
hara
teristi
 of kv, therepresentations ρℓ, ρℓ′ are 
ompatible at v.2. For v ∈ ΣK and ℓ equal to the 
hara
teristi
 pv of kv, the representation ρℓ is deRhamin v and 
rystalline in v if v 6∈ S (
f. De�nition 2.4.8).3. For ea
h embedding τ:K � � // Q the τ-Hodge-Tate numbers of ρℓ are independent of ℓ(
f. De�nition 2.4.9).
) A weakly 
ompatible system (ρℓ)ℓ prime is 
alled irredu
ible if there is a set P of primenumbers of Diri
hlet density 1, i.e.
lim

s→1+
| log(s− 1)|−1

∑

ℓ∈P

ℓ−s = 1,su
h that for all ℓ ∈ P the representation ρℓ is irredu
ible.It is also possible to extend this de�nition by 
hoosing a number �eld M instead of Q. In this
ase the family is indexed by the set of �nite pla
es of M and 
hara
teristi
 polynomials in thering M [x] are allowed. As this is not ne
essary for this work, we omit this and refer to the moregeneral [BLGGT10℄, De�nition 1.1.If ρ = (ρℓ)ℓ prime is a weakly 
ompatible system and S ⊂ ΣK the �nite ex
eptional set. For a �nitepla
es v ∈ ΣK \S the 
hara
teristi
 polynomials fv,ρℓ
(x) of the Frobenius elements 
oin
ide in Q[x]for almost all ℓ, whi
h will be 
alled fv,ρ(x). This will be the key ingredient in Se
tion 7.1 to de�nean L-fun
tion for a spe
ial kind of weakly 
ompatible systems of ℓ-adi
 Galois representations.
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2.2. Étale Fundamental Group Fun
tor πét
12.2 Étale Fundamental Group Fun
tor πét

1This introdu
tion to the étale fundamental fun
tor πét
1 from the 
ategory of Noetherian separated
onne
ted s
hemes to the 
ategory of groups is as in the �rst 
hapter of [FK88℄.De�nition 2.2.1a) A ring homomorphism f : A −→ B of lo
al 
ommutative rings with unit is unrami�ed, if

f(mA) · B = mB and the indu
ed �eld extension A/mA −→ B/mB is �nite and separable.b) Let X ,Y be Noetherian separated s
hemes. The morphism f : Y −→ X is étale, if thefollowing 
onditions are satis�ed:1. f is lo
ally of �nite type.2. for every point x ∈ X the morphism
f ♯
x : OY,f(x) −→ OX ,xis �at, unrami�ed and makes OX ,x a �nitely generated OY,f(x)-algebra.For a Noetherian separated s
heme X , we 
all a Noetherian separated s
heme Y with an étalemorphism X −→ Y an étale extension of X . We denote the full sub
ategory of étale extensions of

X in the 
ategory Sch(X ) of s
hemes over X by Ét(X ) (then every morphism in Ét(X ) is étale,
f. [FK88℄, Remark 2.2.).A morphism of Noetherian separated s
hemes is a 
overing if it is �nite and étale. Againthe full sub
ategory Cov(X ) of 
overings over X in Ét(X ) has only morphisms whi
h are
overings. This is be
ause an étale morphism is �nite, if and only if it is proper (see page282 of [FK88℄ and [Har06℄, Corollary 4.8 (e)). If we �x a geometri
 point s : spec(Ω) −→ X(Ω separably 
losed), we get the asso
iated fun
tor of geometri
 points over s
Cov(X ) −→ Sets, Y 7→ Y(s) := HomX (spec(Ω),Y).A pointed 
overing of (X , s) is a pair (Y, α) 
onsisting of Y ∈ Ob(Cov(X )) and an α ∈ Y(s). Theseform the 
ategory Cov(X , s) together with the mapping of pointed 
overing spa
es

f : (Y1, α1) −→ (Y2, α2)whi
h is an X -morphism f : Y1 −→ Y2 satisfying f ◦ α1 = α2.For a 
onne
ted Y ∈ Ob(Cov(X )), we have
|AutX (Y)| ≤ |Y(s)|,as there is at most one morphism from a pointed 
overing s
heme to a 
onne
ted pointed s
heme(see [FK88℄, (1)). Now we will have a look at the 
ase when there exists exa
tly one morphism.23



2. Preliminary ResultsDe�nition 2.2.2For a Noetherian separated s
heme X and a geometri
 point s of X a Galois 
overing is a 
onne
ted
overing s
heme Y over X if
|AutX (Y)| = |Y(s)|.This leads to the full sub
ategory Gal(X , s) of Galois 
overings in Cov(X , s). Sin
e between twoobje
ts there is at most one morphism, we obtain a total ordering on the isomorphism 
lasses.Furthermore we get that the obje
ts form an inverse system. For an X -morphism f : Z −→ Ybetween two Galois 
overings and σ ∈ AutX (Z), there is exa
tly one σ′ ∈ AutX (Y) su
h that

f ◦ σ = σ′ ◦ f . This mapping de�nes a surje
tive group homomorphism (see [FK88℄, (4)) andhen
e an inverse system of groups.De�nition 2.2.3For a Noetherian separated s
heme X and a geometri
 point s of X , we de�ne the étale fundamentalgroup (a pro�nite group) as the following inverse limit of �nite groups with the dis
rete topology:
πét
1 (X , s) := lim

←−
(Y,α)∈Ob(Gal(X ,s))

AutX (Y).

Then πét
1 be
omes a 
ovariant fun
tor from the 
ategory of pointed s
hemes to the 
ategory ofpro�nite groups by 
onstru
ting suitable morphisms between the inverse systems out of a morphismof s
hemes (see [FK88℄, A1.3).The tame fundamental group is a fa
tor group of the étale fundamental group. This group will be ofimportan
e be
ause 
ontinuous representations of πtame

1 (X , s) give ni
e 
ontinuous representationsof πét
1 (X , s).De�nition 2.2.4The tame fundamental group πtame

1 (X , s) of a Noetherian separated s
heme X and a geometri
point s of X is the proje
tive limit of all pointed Galois 
overings whi
h are tamely rami�ed i.e. forea
h geometri
 point α : spec(Ω) −→ Y the 
ardinality | {σ ∈ AutX (Y) | σ ◦ α = α} | is invertiblein OY,α.If X is 
onne
ted and s′ is another geometri
 point of X , the étale fundamental groups areisomorphi
: πét
1 (X , s) ∼= πét

1 (X , s′) (see [FK88℄, A1.2). In this 
ase we write πét
1 (X ) := πét

1 (X , s)and view it as a fun
tor from the 
ategory of 
onne
ted s
hemes to the 
ategory of isomorphism
lasses of pro�nite groups. This is valid as well for the tame fundamental group. We de�ne thetame inertia group Itame
K := πtame

1 (Gm,K).24



2.2. Étale Fundamental Group Fun
tor πét
1If we �x a Noetherian separated 
onne
ted s
heme and a geometri
 point s of X together with a
overing Y, there is a natural 
ontinuous πét

1 (X , s)-a
tion on Y(s). We will now explain this a
tionin more detail. By [FK88℄, (2) and (3) there is a Galois 
overing Z of X dominating Y, i.e. su
hthat there is an X -morphism Y −→ Z. Choosing an α ∈ Z(s), we get a pointed Galois 
overing
(Z, α) of (X , s) and a natural bije
tion

HomX (Z,Y) −→ Y(s), f 7→ f ◦ α.Therefore the 
anoni
al right a
tion of AutX (Z) on HomX (Z,Y) yields a right a
tion on Y(s).As we have a dis
rete group, this a
tion is 
ontinuous and 
an be extended to a 
ontinuousright a
tion of πét
1 (X ) on Y(s) via the 
anoni
al proje
tion πét

1 (X ) // // πét
1 (X )/πét

1 (Z, α). Fora di�erent 
hoi
e of α we obtain a di�erent a
tion, but this transformation is the same as a
onjugation in πét
1 (X , s). Furthermore it is independent of the 
hoi
e of Z, as for two 
hoi
es thereis a third dominating them.Proposition 2.2.5Let X be a Noetherian separated 
onne
ted s
heme. The assignment

Y 7→ Y(s)establishes an equivalen
e between the 
ategory of 
overing spa
es of X and the 
ategory of �nite
ontinuous πét
1 (X )-sets ([FK88℄, A I.5).In order to generalize the 
on
ept of sheaves the following de�nition was given by Artin in[Art62℄, De�nition 1.1.1.De�nition 2.2.6A Grothendie
k topology 
onsists of a 
ategory T and a set Cov T of families {Ui

φi−→U}i∈I ofmaps in T 
alled 
overings (where in ea
h 
overing the range U of the maps φi is �xed) satisfyinga) if φ is an isomorphism then {φ} ∈ Cov T ;b) if {Ui → U}i∈I ∈ Cov T and {Vij → Ui}j∈Ji
∈ Cov T for ea
h i then the family

{Vij → U}i∈I,j∈J obtained by 
omposition is in Cov T ;
) if {Ui → U}i∈I ∈ Cov T and V → U ∈ Mor(T ) is arbitrary then Ui ×U V exists and
{Ui ×U V → V }i∈I ∈ Cov T .As Ét(X ) ful�lls all these properties for a Noetherian separated s
heme X this yields an exampleof a Grothendie
k topology.
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2. Preliminary ResultsLet T be a Grothendie
k topology and C a 
ategory with produ
ts. A presheaf on T with values in
C is a 
ontravariant fun
tor F : T → C. A sheaf F is a presheaf, su
h that if {Ui → U}i∈I ∈ Cov Tthen the sequen
e

F(U)→
∏

i∈I

F(Ui)⇉
∏

i,j∈I

F(Ui ×U Uj)is exa
t.As in the topologi
al setting one 
an restri
t sheaves and to ea
h presheaf there is an asso
iatedsheaf (see [Art62℄, Theorem 2.1.1).We 
all a sheaf on Ét(X ) an étale sheaf.De�nition 2.2.7Let X be a Noetherian separated s
heme, C a 
ategory with produ
ts and F a sheaf on X withvalues in C.a) The sheaf F is 
onstant if there is an O ∈ Ob C, su
h that F is the asso
iated sheaf of thepresheaf
U 7→ O.b) The sheaf F is lo
ally 
onstant if there is a 
overing {Ui

φi−→X}i∈I , su
h that F|Ui
is 
onstantfor i ∈ I. It is �nite lo
ally 
onstant if the appearing F|Ui

are �nite.
) The sheaf F is 
onstru
tible if there is a �nite 
overing with lo
ally 
losed subs
hemes Y ⊆ X ,i.e. the subs
hemes are open in their 
losures, su
h that ea
h F|Y is �nite lo
ally 
onstant.There is a 
orresponden
e between lo
al systems and representations of the topologi
alfundamental group. This 
an be extended to lisse Qℓ-sheaves and 
ontinuous representationsof the étale fundamental group. For the 
ontinuous 
ase, we need some notation for the proje
tivelimit of lo
ally 
onstant sheaves.De�nition 2.2.8Let X be a Noetherian separated s
heme, C a 
ategory with produ
ts and F a sheaf on X withvalues in C.a) An ℓ-adi
 sheaf F is a proje
tive limit of a proje
tive system (Fn)n∈N of 
onstru
tible sheavesof free Z/ℓnZ-modules Fn of �nite rank su
h that for all n ∈ N

Fn
∼= Fn+1/ℓ

nFn+1.b) If the system (Fn)n∈N of an ℓ-adi
 sheaf F 
onsists of lo
ally 
onstant sheaves, then F is
alled lisse Zℓ-sheaf.
) Let R be either Qℓ, a �nite integral ring extension of Zℓ or a �nite algebrai
 �eld extensionof Qℓ. A lisse R-sheaf is the tensor produ
t of a lisse Zℓ-sheaf F with R.The full sub
ategory of lisse R-sheaves will be denoted by LisseR(X ).26



2.2. Étale Fundamental Group Fun
tor πét
1Let now X be a 
onne
ted and lo
ally 
onne
ted topologi
al manifold and V a free R-module of�nite rank over a 
ommutative ring R with 1. A representation of the topologi
al fundamentalgroup ρ : πtop

1 (X, x) −→ GL(V ) 
an be used as gluing data to obtain a lo
ally 
onstant sheaf Vρ.We will see that this sheaf stores all the information of the representation ρ.De�nition 2.2.9A lo
al system of R-modules on X is a lo
ally 
onstant sheaf V of R-modules su
h that ea
h stalkis a free R-module of �nite rank. As X is 
onne
ted, all ranks 
oin
ide and this natural numberis 
alled the rank of V.The full sub
ategory of lo
al systems in the 
ategory of sheaves will be denoted by LSR(X).If we take a path γ : [0, 1] −→ X and a lo
al system of R-modules V on X , we get a naturalsequen
e of isomorphisms
Vγ(0) ∼−→ (γ∗V)0 ∼−→ γ∗V([0, 1]) ∼−→ (γ∗V)1 ∼−→ Vγ(1)whi
h only depends on the homotopy 
lass of γ. This yields representations

ρV : πtop
1 (X, x) −→ GL(Vx) for ea
h x ∈ X whi
h are equivalent.Both 
onstru
tions are fun
torial and lead to the following equivalen
e of 
ategories.Corollary 2.2.10The 
ategory of lo
al systems of R-modules LSR(X) and the 
ategory of representations of thetopologi
al fundamental group Rep

R
(πtop

1 (X, x)) of �nite rank are equivalent. This equivalen
e isestablished by ρ 7→ Vρ and V 7→ ρV :
LSR(X) ⇄ Rep

R
(πtop

1 (X)).For the proof in the 
omplex 
ase see [Del70℄, Corollaire 1.4, the general 
ase is analogous.The following Proposition [FK88℄, A I.8 introdu
es a new a

ess to ℓ-adi
 Galois representationsby 
onstru
ting lisse Qℓ sheaves.Proposition 2.2.11Let X be a Noetherian separated 
onne
ted s
heme. There is a natural equivalen
e between the
ategory of all lisse Zℓ-sheaves G on X and the 
ategory of all �nitely generated Zℓ-modules onwhi
h πét
1 (X ) a
ts 
ontinuously (with respe
t to the ℓ-adi
 topology): The stalk Gs is a 
ontinuous

πét
1 (X )-module. The equivalen
e is established by the fun
tor

G 7→ Gs.
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2. Preliminary ResultsIf we take R as in De�nition 2.2.8 
), πét
1 (X ) a
ts 
ontinuously on the stalk Hs = Gs ⊗ R of thelisse R-sheaf.Corollary 2.2.12The fun
tor
H 7→ Hsestablishes an equivalen
e between the 
ategory of lisse Qℓ-sheaves of Qℓ-ve
tor spa
es and the
ategory of 
ontinuous representations of the étale fundamental group πét

1 (X ) on �nite-dimensionalve
tor spa
es over Qℓ:
LisseQℓ

(X ) ⇄ Repcont
Qℓ

(πét
1 (X )).

On the other hand, the étale fundamental group is 
losely related to the absolute Galois group.This will lead to Galois representations by 
onstru
ting ni
e geometri
 obje
ts and using this
onne
tion.Lemma 2.2.13a) Let K be a �eld, then we have πét
1 (spec(K)) ∼= GK .b) Let K be a number �eld, S ⊂ A1

K �nite and L ⊆ Q(t) the maximal extension of K(t)unrami�ed outside S, then we have πét
1 (A1

K \ S) ∼= Gal(L/K(t)).Proof: Part a) is just a spe
ial 
ase of [Mur67℄, 8.1.1 and 
an be dedu
ted from the fa
t that theGalois 
overings of K are the �nite Galois extensions of K. Part b) 
an be found in [FK88℄ onpage 284.
�The following theorem is known as the �rst homotopy sequen
e and gives an even deeper insightinto the above 
onne
tion.Theorem 2.2.14Let X/K be a geometri
ally 
onne
ted s
heme, i.e. X sep := X ×K spec(Ksep) is 
onne
ted. Thenwe have the following short exa
t sequen
e of pro�nite groups

1 −→ πét
1 (X sep) −→ πét

1 (X ) −→ πét
1 (spec(K)) −→ 1.If X has a K-rational point x ∈ X (K), then the sequen
e splits.For a proof have a look at [GR05℄, Théorème 6.1 and [GR05℄, Corollaire 6.4.
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2.2. Étale Fundamental Group Fun
tor πét
1For a number �eld K this yields with Lemma 2.2.13 a) the following isomorphism of pro�nitegroups

πét
1 (X ) ∼= πét

1 (X ×K spec(Q))⋊ GK ,depending on a K-rational point x ∈ X (K). This point de�nes a morphism
ιx : πét

1 ({x}) ∼= GK
� � // πét

1 (X ) using fun
toriality. As Q is algebrai
ally 
losed in C, thenatural in
lusion
πét
1 (X ×K spec(Q)) ? _oo πét

1 (X ×K spec(C)) = ̂πtop
1 (X (C))is in fa
t an isomorphism. And this is the same as the pro�nite 
ompletion of πtop

1 (X (C)), i.e. the
ompletion of the topology de�ned by the normal subgroups of �nite index as base for the 
losedsets (see [Mil80℄ on page 40).Therefore a 
ontinuous representation ρ of πét
1 (X ) leads, together with the morphism ιx fromabove, to the spe
ialization of ρ to x, a Galois representation ρ ◦ ιx of K

GK

ιx� � // πét
1 (X ) ρ−→ GL(V ).

In order to �nd ni
e Galois representations the main idea is to 
onstru
t ni
e representationsof the topologi
al fundamental group of C without a �nite number of points S whi
h lead to
ontinuous representations of the étale fundamental group of A1
C \ S. If we �x a �nite set

S = {s1, . . . , sm} ⊂ C of m elements, πtop
1 (C \ S) is the free group on m generators. Thereis a point x ∈ C \ S, su
h that any two points of S and x are not 
ollinear. Let γsj be thehomotopy 
lass of a 
losed path 
omposed of a line from x 
lose to sj , then a 
ounter
lo
kwiseloop around sj and a straight line ba
k.We de�ne γ∞ := (γs1 . . . γsm)−1 and get the well-known representation of πtop

1 (C \ S) as quotientof the free group on m+ 1 generators:
πtop
1 (C \ S, x) = πtop

1 (Ĉ \ S ∪ {∞}, x) = 〈 γs1 , . . . , γsm , γ∞ | γs1 . . . γsmγ∞ = 1 〉.Let R be an integral domain. Therefore a representation of πtop
1 (C \ S, x) on Rn 
orresponds to atuple

(Ms1 , . . . ,Msm ,M∞) ∈ GLn(R)
m+1, su
h that Ms1 · . . . ·Msm ·M∞ = 1.We will 
all an (m + 1)-tuple of matri
es in GLn(R)

m+1, su
h that their produ
t is the unitmatrix, a monodromy tuple of length m. If R is a �eld and the 
orresponding representation is(absolutely) irredu
ible, the tuple is 
alled (absolutely) irredu
ible. A representation over a �eld
R is absolutely irredu
ible, if it is irredu
ible after a base 
hange to an algebrai
 
losure R.
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2. Preliminary ResultsBy �xing a base point x ∈ C \ S, a basis of the stalk Vx (of a lo
al system V on C \ S) andgenerators γs1 , . . . , γsm ∈ πtop
1 (C \ S, x), we have the following 
orresponden
es, whi
h agree withisomorphy, equivalen
y and simultaneous 
onjugation.

{
R-lo
al systems on

C\{s1, . . . , sm} of rank n} ←→
{

R-representations of
πtop
1 (C\{s1, . . . , sm}) of rank n}

←→ ←→{
(Ms1 , . . . ,Msm ,M∞) ∈ GLn(R)

m+1su
h that Ms1 · . . . ·Msm ·M∞ = 1

}

The monodromy tuple will play an essential role in the 
al
ulation of the lo
al systems bydetermining their Jordan normal forms. Therefore the extra information at ∞ will be handy.
De�nition 2.2.15A monodromy tuple (Ms1 , . . . ,Msm ,M∞) ∈ GLn(R)

m+1 and the 
orresponding lo
al systemis linearly rigid, if for any monodromy tuple (M ′s1 , . . . ,M
′
sm ,M

′
∞) ∈ GLn(R)

m+1 for whi
hthe matrix M ′s is 
onjugated to Ms in GLn(R) for every s ∈ {s1, . . . , sm,∞}, then the tuple
(Ms1 , . . . ,Msm ,M∞) is simultaneously 
onjugated to (M ′s1 , . . . ,M

′
sm ,M

′
∞) in GLn(R).

[SV99℄, Theorem 2.3 is a generalization of [Kat96℄, Theorem 1.1.2 and reads:Theorem 2.2.16Let K be a �eld and (M1, . . . ,Mm+1) an absolutely irredu
ible tuple in GLn(K) with
M1 · . . . ·Mm+1 = 1. Let δj be the 
odimension of the 
entralizer of Mj in M(n × n,K). Then
δ1 + . . .+ δm+1 ≤ 2(n2 − 1). If δ1 + . . .+ δm+1 = 2(n2 − 1) then the tuple is linearly rigid.In 
ase K is algebrai
ally 
losed, the tuple is linearly rigid if and only if this inequality is anequality.
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2.3. Weil Conje
ture2.3 Weil Conje
tureIf we take a ring R whi
h 
ontains Fq it is well known that one gets an endomorphism of R, 
alledFrobenius morphism, by sending ea
h element to its q-th power. The elements of Fq are �xedby this mapping. This yields dire
tly an endomorphism of the a�ne s
heme spec(R). As theFrobenius 
ommutes with ring homomorphisms, we get for ea
h Fq-s
heme X an Fq-morphism
FrobX : X −→ X .If f : Y −→ X is an étale Fq-morphism, then the following diagram is Cartesian (see [Chê04℄, 3.1),i.e. Y is isomorphi
 to the �bred produ
t X ×X Y =: Frob−1X (Y), where X is regarded as an

X -s
heme via FrobX .
Y FrobY

//

f

��

Y

f

��

♦

X FrobX // XLet F be an étale sheaf of sets on X , then the 
ompatible 
olle
tion of the maps
F(Y) −→ ((FrobX )∗(F))(Y) for ea
h étale 
over Y therefore indu
es an isomorphism of sheaves
F −→ (FrobX )∗(F). As the inverse image fun
tor is the left adjoint of the dire
t image fun
tor,we have a natural map

Hom(F , (FrobX )∗(F)) ∼= Hom((FrobX )
∗(F),F)and this de�nes the following isomorphism:De�nition 2.3.1The geometri
 Frobenius of an étale sheaf of sets F on an Fq-s
heme X with respe
t to Fq is

FrobF : Frob∗X (F) −→ F .This is an isomorphism and it is 
ompatible with all morphisms of sheaves (see [FK88℄, II 3.8).By [Chê04℄, Corollary 3.2 we have that the Frobenius is in a natural way an endomorphism onthe 
ohomology. For a lisse R-sheaf F (R as in De�nition 2.2.8) we have an operation on Fn withrespe
t to Fℓn , whi
h de�nes an automorphism of the lisse Zℓ-sheaf and therefore of F . This givesthe R-linear a
tion of the Frobenius Frob⋆ on the 
ohomology.In the 
ase of the 
onstant sheaf Qℓ, whi
h is a lisse Qℓ-sheaf, on a s
heme G proper over
Fq, the Hj(G,Qℓ) are �nite dimensional Qℓ-ve
tor spa
es ([Ber97℄, Théorème 3.1.) and we geta well-de�ned 
hara
teristi
 polynomial Pj and a well-de�ned tra
e.The following theorem was a 
onje
ture of André Weil about the behaviour of the lo
alZeta-fun
tion ZX (t), whi
h has been proved by Dwork, Grothendie
k and Deligne (
f. [Har06℄,Appendix C,1). 31



2. Preliminary ResultsTheorem 2.3.2Let X be a smooth and proje
tive s
heme over the �nite �eld Fq and X := X ×spec Fq
spec Fq.a) The polynomials

Pj(t) = det(1− t · Frob⋆|Hj(X ,Qℓ)
) ∈ Qℓ[t]have rational integer 
oe�
ients. These are independent of ℓ.b) The eigenvalues λ of Frob⋆|Hj(X ,Qℓ)

, and thus the re
ipro
al roots of Pj(t), all have the
omplex absolute value
|λ| = q

j
2 .
) There is a fun
tional equation for ZX (t) = 2 dimX∏

j=0

Pj(t)
(−1)j+1

, namely
ZX

(
1

qjt

)
= ǫ · q j

2χ(X ) · tχ(X ) · ZX (t).Here χ(X ) =
2 dimX∑
j=0

(−1)j dimHj(X ,Qℓ) is the Euler 
hara
teristi
 of X and
ǫ =

{
1 2 6 | j,
(−1)N 2 | j,

where N is the multipli
ity of the eigenvalue q j
2 of Frob⋆|Hj(X ,Qℓ)

.Let X be a �nitely generated Noetherian separated s
heme over the �eld Fq and G a 
onstru
tiblesheaf of Qℓ-ve
tor spa
es on X . For a geometri
 point α : spec(Fq) −→ X the residue �eld κ(α)is �nite and be
ause of that it de�nes an element in Gal(Fq/κ(α)), the Frobenius fα : x 7→ x|κ(x)|.This element a
ts on the stalk Gα of G and on the stalk Gα of the sheaf G = G ⊗ Fq.De�nition 2.3.3a) We 
all the sheaf G pun
tually pure of weight j if for all su
h geometri
 points α of X theeigenvalues of f−1α : Gα −→ Gα are algebrai
 numbers whose 
omplex 
onjugates λ have
omplex absolute value |λ| = q
j
2 d(α), d(α) = [κ(α) : Fq].b) The sheaf G is 
alled mixed of weight less or equal to j if G has a �ltration

0 = F (0) ⊂ F (1) ⊂ . . . ⊂ F (r) = Gfor whi
h all fa
tor sheaves F (ν)/F (ν−1) are pun
tually pure of weight less or equal to j.The following statement is [Del80℄, Théorème 3.3.1.Theorem 2.3.4Let f : X −→ Y be a morphism of �nitely generated s
hemes over Fq, and let G be a mixed sheafof weight less or equal j on X . Then the dire
t image sheaves with 
ompa
t support Rnf! G aremixed of weight less or equal j + n.32



2.4. Crystalline Representations2.4 Crystalline RepresentationsIn order to present the 
on
ept of 
rystalline representations, it is ne
essary to de�ne the gradedrings BdR, Bcris, Bst and BHT introdu
ed by Fontaine [Fon02℄ with their natural GKv
-a
tion for alo
al �eld Kv. The �rst step is to study Witt ve
tors.2.4.1 Witt ve
torsIn the arti
le [Wit37℄, whi
h was published in 1937, Witt generalized the 
onstru
tion of Zℓ outof Fℓ for a given prime number ℓ to general 
ommutative rings.For a �xed prime number ℓ and n ∈ N0 we de�ne the n-th Witt polynomial

wn :=

n∑

j=0

ℓjXℓn−j

j ∈ Z[X0, . . . , Xn].De�nition and remark 2.4.1Let ℓ be a prime number and A a 
ommutative ring. Then the following holds:a) For ea
h n ∈ N0, there exist polynomials sn,mn ∈ Z[Y0, . . . , Yn, Z0, . . . , Zn], su
h that
wn(s0, . . . , sn) = wn(Y0, . . . , Yn) + wn(Z0, . . . , Zn)and
wn(m0, . . . ,mn) = wn(Y0, . . . , Yn) · wn(Z0, . . . , Zn).b) The following 
onvention de�nes a ring stru
ture on AN0 , whi
h is 
alled the ring of Wittve
tors W (A)

(an)n∈N0 + (bn)n∈N0 := ( sn(a0, . . . , an, b0, . . . , bn) )n∈N0 ,

(an)n∈N0 · (bn)n∈N0 := ( mn(a0, . . . , an, b0, . . . , bn) )n∈N0 .
) If A is a perfe
t �eld of 
hara
teristi
 ℓ, then W (A) is a 
omplete dis
rete valuation ringand its residue �eld is A.For n ∈ N this stru
ture 
an be restri
ted to An by proje
tion on the �rst n terms, the Witt ve
torsof length n. The ring W should be viewed as the unique 
ovariant fun
tor from the 
ategory ofrings to itself, for whi
h the following map is a homomorphism:
W (A) −→ AN0

(an)n∈N0 7→ ( wn(a0, . . . , an) )n∈N0

. 33



2. Preliminary ResultsFor a more detailed version of the following approa
h, we refer to [FO08℄. Let Kv be a lo
al �eld,that is a 
omplete dis
rete valuation �eld, whose residue �eld kv is perfe
t of 
hara
teristi
 ℓ > 0.The most important 
ase is as in Se
tion 2.1, where K is a number �eld, v ∈ ΣK \ {0} a pla
e of
K and Kv the 
ompletion at v. Then the valuation v on Kv 
an be uniquely extended to Kv as
onsequen
e of Chevalley's Extension Theorem (
f. [EP05℄). Kv might not be 
omplete but byKrasner's lemma its 
ompletion Cv := K̂v is algebrai
ally 
losed.For the rings of integers OKv

:=
{
x ∈ Kv | v(x) ≥ 0

} and OCv
:= {x ∈ Cv | v(x) ≥ 0} we get
ompa
t rings with the following isomorphi
 fa
tor rings of 
hara
teristi
 ℓ

OKv
/ℓOKv

∼= OCv
/ℓOCv

.Now we spe
ialize A as the proje
tive limit of
OCv

/ℓOCv

Frobℓ←− OCv
/ℓOCv

Frobℓ←− OCv
/ℓOCv

Frobℓ←− . . .i.e.
A =

{
(a(n))n∈N0 ∈ (OCv

/ℓOCv
)N0

∣∣∣ (a(n))ℓ = a(n−1) ∀n ∈ N
}and get a perfe
t ring of 
hara
teristi
 ℓ. The ring A 
arries a 
anoni
al valuation indu
ed by

v, whi
h will not be dis
ussed in detail here, and is a 
omplete valuation ring with respe
t to it.The a
tion of GKv
on Kv 
an be extended 
ontinuously to Cv and restri
ts to a lo
al a
tion on

OCv
. Therefore A is endowed with a natural stru
ture as GKv

-module, whi
h 
ommutes with theFrobenius on A and gives �nally an a
tion of GKv
on W (A).For a = (a(n))n∈N0 ∈ A we de�ne ã := lim

n→∞
(ã(n)

ℓn

) ∈ OCv
, where ã(n) ∈ OCv

is some lift of
a(n) ∈ OCv

/ℓOCv
. It is easy to 
he
k that the limit exists and that it is independent of the
hoi
es. This yields a map

θ : W (A) −→ OCv

(an)n∈N0 7→
∞∑
n=0

ℓnãnwhi
h is an epimorphism of GKv
-modules. This result is obtained by restri
ting θ to the �rst n
omponents of W (A) and then using the proje
tive limit pro
ess.For n ∈ N0, we su

essively 
hoose a(n) ∈ OCv

, su
h that we get a 
ompatible system of
ℓn+1-roots of ℓ, i.e. a(n) is a zero of Xℓn+1 − ℓ and a(n) = (a(n+1))ℓ. By proje
tionthis de�nes a series of non-zero elements ℓ(n) ∈ OCv

/ℓOCv
and therefore an element

ℓ = (ℓ(n))n∈N0 ∈ A for whi
h ℓ̃ = ℓ. Then the kernel of θ is a prin
ipal ideal generated by
ξ := (−ℓ, 1, 0, . . .) ∈ W (A), whi
h de�nes a ξ-adi
 topology on W (A) and W (A)[(0, 1, 0, . . .)−1].34



2.4. Crystalline Representations2.4.2 The GKv
-module BdR:The 
ompletion of W (A)[(0, 1, 0, . . .)−1] in the ξ-adi
 topology is the dis
rete valuation ring B+

dRwith maximal ideal (ξ) and residue �eld B+
dR/(ξ)

∼= Cv.De�nition 2.4.2The �eld B+
dR is de�ned as the �eld of fra
tions of B+

dR:
BdR := Quot(B+

dR) = Quot

(
lim
←−
n

W (A)[(0, 1, 0, . . .)−1]

ξn

)
.It has a natural de
reasing �ltration FilmBdR = ξmB+

dR for m ∈ Z.2.4.3 The GKv
-module Bcris:We de�ne Acris to be the ℓ-adi
 
ompletion of the divided power envelope of W (A) withrespe
t to (ξ), i.e.:

Acris :=

{
∞∑

n=0

wn
ξn

n!

∣∣∣∣∣ wn ∈W (A), wn −→ 0 for n −→∞
}
⊂ B+

dR.This is the same as taking the proje
tive limit lim
←−
n

A0
cris/(0, 1, 0, . . .)

nA0
cris
∼= Acris where

A0
cris :=

{
N∑

n=0

wn
ξn

n!

∣∣∣∣∣ N ∈ N0, wn ∈ W (A)

}
⊂W (A)[(0, 1, 0, . . .)−1].In this way we obtain the following subring B+

cris := Acris[(0, 1, 0, . . .)
−1] ⊂ B+

dR. Again we 
hoosesu

essively a(n) ∈ OCv
, su
h that we get a non-trivial 
ompatible system of ℓn-th roots of unity,i.e. a(n) is a zero of Xℓn − 1, a(1) 6= 1 and a(n) = (a(n+1))ℓ, whi
h yields an element ε ∈ A.As (ε− 1, 0, . . .) ∈ Ker(θ) = (ξ) we have
log((ε, 0, . . .)) :=

∞∑

n=1

(−1)n+1 (ε− 1, 0, . . .)n

n
∈ B+

dR.De�nition 2.4.3By lo
alizing and taking the subspa
e grading by BdR, we de�ne the graded ring
Bcris := B+

cris[log((ε, 0, . . .))
−1] = Acris[log((ε, 0, . . .))

−1] ⊂ BdR.
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2. Preliminary Results2.4.4 The GKv
-module Bst:We set log((−ℓ, 0, . . .)) := − ∞∑

n=1

ξn

n·(0,1,0,...)n ∈ B
+
dR (for a 
omplete approa
h to the logarithm see[FO08℄, Se
tion 6.1.3). This element is trans
endental over Quot(Bcris).De�nition 2.4.4The ring Bst is de�ned as the Bcris-subalgebra of BdR generated by t := log((−ℓ, 0, . . .)):

Bst := Bcris[t] = Bcris[log((−ℓ, 0, . . .))] = Bcris

[
−
∞∑

n=1

ξn

n · (0, 1, 0, . . .)n

]
.Remark 2.4.5We have Bcris ⊆ Bst ⊆ BdR, whi
h gives that Bcris and Bst are domains. Ea
h ring is stable underthe a
tion of GKv

on BdR, whi
h is obtained by 
onsidering the proje
tive limit of the a
tions on
W (A)[(0,1,0,...)−1]

ξn .As A is of 
hara
teristi
 ℓ we have Fℓ
� � // A, and by the fun
toriality of W we get that

W (Fℓ) = Zℓ
� � // W (A), whi
h leads to

Qℓ ⊆ Bcris ⊆ Bst ⊆ BdR.2.4.5 The GKv
-module BHT:Now we 
hoose an embedding τ : K

� � // Q, whi
h is the same as a 
ontinuous in
lusion
Kv

� � // Qℓ = Kv. This yields a Qℓ-ve
tor spa
e stru
ture on Kv and therefore on Cv by
ontinuous extension.
Q� _

��

oO

����
��

��
��

� � // Qℓ� _

��

nN

~~||
||

||
||

K � o

τ

��
>>

>>
>>

>>
� � // Kv � p

  A
A

A
A

Q
� � // QℓThe element t has been 
hosen in su
h a way that for an element g ∈ GKv

, we have
g · t = χℓ(g)t. Here χℓ : GKv

−→ Q×ℓ ⊂ Bcris is the 
y
lotomi
 
hara
ter, whi
h is de�ned as in2.1 by the operation on the ℓn-th roots of unity. The element t generates the maximal ideal of
B+

dR and therefore the grading on BdR. As a �eld BdR is isomorphi
 to Cv((t)) (the isomorphismdepends on the 
hoi
e of ε).
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2.4. Crystalline RepresentationsFor a j ∈ Z the j-th Tate Twist Cv(j) of Cv is Cv viewed as GKv
-module twisted by the j-thpower of the 
y
lotomi
 
hara
ter, so that g · c = χj

ℓ(g) g(c) for g ∈ GKv
and c ∈ Cv.This is important be
ause it is isomorphi
 as GKv

-module to the i-th graded 
omponent of BdR:
grjBdR = FiljBdR/Fil

j+1BdR = ξjB+
dR/ξ

j+1B+
dR = tjB+

dR/t
j+1B+

dR
∼= Cv(j).De�nition 2.4.6The Hodge-Tate ring BHT is de�ned as the dire
t sum of all Tate twists of Cv, whi
h is

BHT = Cv[t, t
−1] =

⊕

j∈Z

grjBdRand the GKv
-a
tion of BdR restri
ts in the following way

g ·
∑

j∈Z

cjt
j =

∑

j∈Z

χℓ(g)
j g(cj) t

jfor g ∈ GKv
and cj ∈ Cv unequal to 0 only for a �nite number of j ∈ Z.The residue �eld kv lies inside OKv

/ℓOKv
and is �xed by the GKv

-a
tion. This de�nes the �eld
K0 := Quot(W (kv)), whi
h is the �xed �eld of Bcris and Bst with respe
t to the GKv

-a
tion
K0 = B

GKv

cris = B
GKv

st ⊆ Kv = B
GKv

dR = B
GKv

HT .Then Kv is a totally rami�ed extension of K0 and both �elds 
oin
ide if K is unrami�ed in v.De�nition 2.4.7For an ℓ-adi
 Galois representation ρ : GKv
−→ GL(V ) of Kv, like in De�nition 2.1.1, we de�ne

Qℓ-ve
tor spa
es, the �ltered Dieudonné modules
Dcris(V ) := (Bcris ⊗ V )GKv , Dst(V ) := (Bst ⊗ V )GKv ,

DdR(V ) := (BdR ⊗ V )GKv and DHT(V ) := (BHT ⊗ V )GKvas invariants of the tensor produ
ts under the a
tion of the absolute Galois group.The �rst two are free K0 ⊗Qℓ-modules and the se
ond ones are free Kv ⊗Qℓ-modules.
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2. Preliminary ResultsThen we have the following natural inequalitiesrankK0⊗Qℓ
Dcris(V ) ≤ rankK0⊗Qℓ

Dst(V ) ≤ rankKv⊗Qℓ
DdR(V )

≤ rankKv⊗Qℓ
DHT(V ) ≤ dimQℓ

V.De�nition 2.4.8Let ρ be an ℓ-adi
 Galois representation of K on V , v ∈ ΣK \ {0} su
h that ℓ = pv = 
har (kv).Then we get an ℓ-adi
 Galois representation ρ|GKv
: GKv

−→ GL(V ) by �xing an embedding
K � � // Kv.

ρ is 
alled 



Hodge-Tate at v, if rankKv⊗Qℓ
DHT(V ) = dimQℓ

V ,deRham at v, if rankKv⊗Qℓ
DdR(V ) = dimQℓ

V ,semi-stable at v, if rankK0⊗Qℓ
Dst(V ) = dimQℓ

V ,
rystalline at v, if rankK0⊗Qℓ
Dcris(V ) = dimQℓ

V ,and we have:
ρ 
rystalline at v ⇒ ρ semi-stable at v ⇒ ρ deRham at v ⇒ ρ Hodge-Tate at v.

The grading on DHT(V ) is given by the degree in t, so that ea
h graded pie
e
gr−jDHT(V ) = (Cv(−j) ⊗ V )GKv 
an be 
hara
terized by the 
y
lotomi
 
hara
ter a
ting onit to the j-th power. The dimensions of these spa
es play an important role in the 
lassi�
ationof representations.De�nition 2.4.9Let ρ = (ρℓ)ℓ prime be a system of Galois representations of a number �eld K, where
ρℓ : GK −→ GL(Vℓ) where Vℓ is a Qℓ-ve
tor spa
e. For v ∈ ΣK \ {0}, ℓ = pv = 
har (kv) anda �xed embedding K � � // Kv a GKv

-a
tion on Vℓ and as before by τ : K
� � // Q a GKv

-a
tionon Cv is given. The τ -Hodge-Tate numbers hv,j(ρ) ∈ N0 for an integer j are de�ned as
hv,j(ρ) = dimQℓ

(Cv(−j)⊗ Vℓ)GKv .
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2.5. Semi-Simpli�
ation2.5 Semi-Simpli�
ationThe semi-simpli�
ation of a representation ρ : G −→ GL(V ), where V is a �nite-dimensional
L-ve
tor spa
e, is done by viewing V as an L[G]-module. Then there is a �nite, stri
tly de
reasing
hain of submodules

V = V0 ⊃ V1 ⊃ . . . ⊃ Vo = {0}su
h that Vj/Vj+1 is a simple L[G]-module. The fa
tors are 
alled Jordan-Hölder fa
tors and areuniquely de�ned up to permutation. This de�nes a unique semi-simple L[G]-module o−1⊕
j=0

Vj/Vj+1and therefore a semi-simple representation
ρss : G −→

o−1⊕

j=0

Vj/Vj+1.The following part is out of [Wor02℄, �2.1. Statement of the proposition�. Let K be a number�eld, v ∈ ΣK \ {0} a �nite pla
e of K and p = 
har (kv). For m ∈ N 
oprime to p we get anatural embedding of the m-th roots of unity in the maximal unrami�ed extension Knr
v of Kv in

kv ∼= Fp:
µm = {ζ ∈ Knr

v | ζm = 1} �
�

//
� s

&&M
M

M
M

M
M

M
M

M
M

M
M

M
OKv

����

⊂ Kv

kv ∼= Fp

.

Let π be a uniformizer of Knr
v , then Knr

v (π
1
m ) is a totally rami�ed extension of Knr

v ofdegree m and we get a proje
tive system of maps Ψ̃m : Gal(Knr
v (π

1
m )/Knr

v ) −→ µm with
(Ψ̃m(σ))(π

1
m ) = σ(π

1
m ) for σ ∈ Gal(Knr

v (π
1
m )/Knr

v ). Its proje
tive limit is
Ψ = lim

←−
p∤m

Ψ̃m : Itame
Kv

= lim
←−
p∤m

Gal(Knr
v (π

1
m )/Knr

v ) −→ lim
←−
p∤m

µmAs in [Wor02℄ on page 4 we de�ne its natural proje
tions
Ψq−1 : Itame

Kv
−→ µq−1 ⊆ Knr

vfor a p-power q, whi
h de�ne Ψ uniquely.
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2. Preliminary ResultsLet {m1, . . . ,mr} be the set of indi
es where the �ltration of Dcris(V ) jumps, i.e. grmDcris(V ) 6= 0,and with dj := rankK0⊗Qℓ
grmjDcris(V ) ∈ N the multipli
ity of mj , i.e. the rank of the asso
iatedquotient.Proposition 2.5.1 ( [Wor02℄, Prop.3 )Assume that for v ∈ ΣK \ {0}, Kv is absolutely unrami�ed, i.e. Kv/Q is unrami�ed, and let w bethe unique extension of v to Kv. If the ℓ-adi
 Galois representation ρ : GKv

−→ GL(V ) fa
torsthrough Zℓ, is 
rystalline and if the length of the �ltration on Dcris(V ) is less than ℓ, then thefollowing holds:a) The semi-simpli�
ation of the mod-ℓ redu
ed Iw-module V , via ρ|Iw : Iw −→ GL(V ) , iswell-de�ned and the a
tion of Iw fa
tors through the tame quotient Itame
Kv

.b) For a simple subquotient W of the Iw-module V of dimension d one has
EndFℓ

(W ) ∼= Fℓd. Fixing an isomorphism gives W the stru
ture of a one dimensional
Fℓd-ve
tor spa
e on whi
h Itame

Kv
a
ts via multipli
ation with Ψ

i0+...+id−1ℓ
d−1

ℓd−1
, where theindi
es −ij run through {m1, . . . ,ms} su
h that ea
h 
omponent of (m1, . . . ,ms) (
ountedwith multipli
ities) appears as some index −ij for some subquotient.Corollary 2.5.2 ( [Wor02℄, Cor.4 )The automorphisms de�ned by g ∈ Itame

Kv
, where the tame fundamental group is viewed as asubgroup (not unique) of the inertia group Iw, satisfy

detFℓ
ρ(g) = Ψℓ−1(g)

−S ,where S :=
s∑

k=1

dkmk.
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3 Introdu
tion to MCχIn Se
tion 2.2, we saw that it is possible to 
onstru
t Galois representations by 
onstru
ting lisse
Qℓ-sheaves. In order to do so, we use the middle 
onvolution as a geometri
 operation. We willfollow Chapter 2 in [Kat96℄.3.1 The Middle ConvolutionLet K be a �eld and ℓ a prime number unequal to the 
hara
teristi
 of K. We �x an algebrai
group A over K with multipli
ation map µ : A×A −→ A.We denote by D b

c (A,Qℓ) the bounded derived 
ategory of 
onstru
tible Qℓ-sheaves on A,whi
h is 
onstru
ted by taking the 
ategory of bounded 
hain 
omplexes and lo
alizing thequasi-isomorphisms (for more details see [Kat96℄, Se
tion 2.2).For two obje
ts F ,G ∈ D b
c (A,Qℓ), we have the exterior tensor produ
t
F ⊠ G := pr∗1F ⊗ pr∗2G ∈ D b

c (A×A,Qℓ),and the shift by m ∈ Z to the left F [m]. As usual the 
onstru
tible Qℓ-sheaves are embedded asdegree 0 obje
ts.De�nition 3.1.1The !-
onvolution of F ,G is de�ned as the right derivative of the dire
t image with 
ompa
t supportby the multipli
ation map µ
F ∗! G := Rµ!(F ⊠ G) ∈ D b

c (A,Qℓ)and their ∗-
onvolution as the right derivative of the dire
t image by the multipli
ation map µ
F ∗∗ G := Rµ∗(F ⊠ G) ∈ D b

c (A,Qℓ)of the exterior tensor produ
t.For ea
h 
onstru
tible sheaf X onA, the support supp(X ) is the 
losure of the set {a ∈ A | Xa 6= 0}and therefore a variety of some dimension. An element F ∈ D b
c (A,Qℓ) is 
alled a perverse sheaf,41



3. Introdu
tion to MCχif we have for all j ∈ Z that
dimK supp(Hj(F)) ≤ −j and dimK supp(Hj(F∨)) ≤ −j,where F∨ denotes the dual of F .De�nition 3.1.2Let F ,G be perverse sheaves on A su
h that G has the property that for any other perverse sheafon A the !-
onvolution and the ∗-
onvolution are again perverse. Then we de�ne the middle
onvolution as the image of F ∗! G in F ∗∗ G under the �forget supports map�

F ∗mid G := im (F ∗! G −→ F ∗∗ G) .By Corollary 2.2.12 ea
h 
ontinuous rank one representation χ of πét
1 (Gm,K) 
orresponds to a

Qℓ-sheaf Lχ := Vχ on Gm,K of rank one, whi
h is 
alled a Kummer sheaf. We have the naturalin
lusion i : Gm,K
� � // A1

K and we get a perverse sheaf i∗Lχ[1] on A1
K . Sin
e !-
onvolution and

∗-
onvolution with i∗Lχ[1] preserve perversity (see Chapter 2 of [Kat96℄), the middle 
onvolution
MCχ(F) := (i∗Lχ[1] ∗mid F)[−1]is de�ned for any perverse sheaf F on A1

K . This transformation has a lot of ni
e properties. Firstof all, the middle 
onvolution 
an be restri
ted to the following 
ategory:De�nition 3.1.3Let K be an algebrai
ally 
losed �eld and Tℓ(K) denote the full sub
ategory of 
onstru
tible
Qℓ-sheaves F on A1

K whi
h satis�es the following 
onditions:� There exists a dense open subset i : U � � // A1
K su
h that i∗F is lisse and irredu
ible on U ,and su
h that F ∼= i∗i

∗F .� The lisse sheaf i∗F is tamely rami�ed (see De�nition 2.2.4) at every point of P1
K \ U.� There are at least two distin
t points of A1

K at whi
h F fails to be lisse.The generi
 rank rk(F) of F is de�ned as the rank of i∗F .In order to restri
t MCχ, we need a geometri
ally non-trivial 
ontinuous representation
χ : πtame

1 (Gm,K) −→ Qℓ
× and by abuse of notation we denote its 
omposition with the 
anoni
alproje
tion πét

1 (Gm,K) // // πtame
1 (Gm,K) −→ Qℓ

× by χ as well. For i : Gm,K
� � // A1

K theproperties of Tℓ(K) imply that i∗Lχ[1] ∗mid F [1] is a single sheaf pla
ed in degree −1, leading tothe middle 
onvolution fun
tor
MCχ : Tℓ(K)→ Tℓ(K), F 7→ (i∗Lχ[1] ∗mid F [1])[−1].42



3.1. The Middle ConvolutionWe have a look at the algebrai
 group Gm,K and �x two important 
ontinuous representations ofthe tame fundamental group:
1 : πtame

1 (Gm,K) −→ Qℓ
× trivial representation,

−1 : πtame
1 (Gm,K) −→ Qℓ

× quadrati
 representation, whi
h sends agenerator of the pro
y
li
 group to −1.Another important attribute is that its e�e
t 
an be reversed
MCχ ◦MCρ = MCχρ = MCρ ◦MCχ if χρ 6= 1 and MCχ ◦MCχ = idwhere ρ : πtame

1 (Gm,K) −→ Qℓ
× another non-trivial 
ontinuous representation and χ denotes thedual to χ ([Kat96℄, (5.1.5)).De�nition 3.1.4The index of rigidity rig(F) of a perverse irredu
ible sheaf F ∈ D b

c (A1
K,Qℓ), whi
h is equal to

i∗G[1] for a lisse irredu
ible Qℓ-sheaf G on a non-empty open subset i : U � � // A1
K is the Euler
hara
teristi


rig(F) := χ(P1
K , ι∗i∗End(G)),where ι : A1

K
� � // P1

K is the natural in
lusion and End(G) is the sheaf generated by
V 7→ End(F(V )). F and G are 
alled 
ohomologi
ally rigid if rig(F) = 2.The 
onne
tion between the two kinds of rigidity is established by [Kat96℄, Theorem 5.0.2.Theorem 3.1.5Let K be an algebrai
ally 
losed �eld and ℓ a prime number su
h that 
har (K) 6= ℓ. If F is anirredu
ible lisse Qℓ-sheaf on a non-empty open subset i : U −→ A1

K whi
h is 
ohomologi
ally rigid,then its monodromy tuple is linearly rigid.De�nition 3.1.6Given F ∈ Tℓ(K) of generi
 rank 2 or greater and L a middle extension sheaf on A1
K , i.e. thereexists an open subset i : U � � // A1

K su
h that i∗L is lisse and L ∼= i∗i
∗L, whi
h is generi
allyof rank one and tame. Let i : U � � // A1

K be su
h that both pull ba
ks are lisse, then the middletensor produ
t MTL(F) is de�ned as the following sheaf on A1
K of generi
 rank of 2 or greater:

MTL(F) := i∗( i
∗L ⊗ i

∗F ) ∈ Tℓ(K).
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3. Introdu
tion to MCχThe middle 
onvolution and middle tensor produ
t on Tℓ(K) preserve the index of rigidity andhen
e 
ohomologi
ally rigidity (
f. [DR10℄, (1.1.3)). But the rank is not �xed by the middle
onvolution. Katz observed that this makes it a suitable tool for the 
onstru
tion of 
ohomologi
alrigid tuples of higher rank and testing of 
ohomologi
al rigidity (see [Kat96℄, 5.3).
Theorem 3.1.7Every 
ombination of middle 
onvolutions and middle tensor produ
ts applied to a rank one sheafin Tℓ(K) is 
ohomologi
ally rigid. If K is algebrai
ally 
losed the other dire
tion is also true.
3.2 The Numerology of MCχBy the works of Katz (
f. [Kat96℄, Chapter 6), Dettweiler and Reiter (
f. [DR10℄, Chapter 1.2)the e�e
t of the middle 
onvolution on the Jordan normal forms of the lo
al monodromy is known:For a sheaf F ∈ Tℓ(K), we have an open non-empty subset i : U

� � // A1
K , su
h that i∗F isa lisse Qℓ-sheaf. We denote S := A1

K \ U as ordered set and �x s ∈ S. The lo
al monodromyrepresentation of F at s is the representation of the tame inertia group Itame
K (s) ∼= πtame

1 (Gm,K).We know that the tame inertia group Itame
K (s) is a pro-
y
li
 group generated astopologi
al group by one element γ(s). Therefore the representation de
omposes, as

Qℓ is algebrai
ally 
losed, by Jordan de
omposition to a dire
t sum of representationsof the form (
ontinuous rank one representation)⊗(unipotent representation). Let Λ bethe set of 
ontinuous rank one representations of Itame
K (s) and for χ ∈ Λ we de�ne

Lχ(x−s) := f∗Lχ a lisse Qℓ-sheaf on A1
K \S, for f : A1

K \S −→ Gm,K indu
ed by x 7→ x− s. Thenwe have a unipotent representation of Itame
K (s) and 
orresponding sheaves U(s, χ,F) on A1

K \ Sfor ea
h χ ∈ Λ and get
F(s) :=

⊕

χ∈Λ

Lχ(x−s) ⊗ U(s, χ,F).At ∞ we 
an do the same by looking at the produ
t of the lo
al monodromyrepresentations, whi
h de
omposes again to a dire
t sum with summands(
ontinuous rank one representation)⊗(unipotent representation) yielding 
orrespondingsheaves U(∞, χ,F) on A1
K \ S. This gives numeri
al data for s ∈ S ∪ {∞}, sin
e ea
hunipotent representation of these pro-
y
li
 groups 
an be de
omposed into Jordan blo
ks

n1(s, χ,F), n2(s, χ,F), . . . and we de�ne ej(s, χ,F) ∈ N0 for j ∈ N as the number of Jordanblo
ks whose length is greater or equal to j to the 
hara
ter χ.
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3.2. The Numerology of MCχProposition 3.2.1 ( [DR10℄, Prop.1.2.1 )Let F ∈ Tℓ(K) be of generi
 rank n and χ : Itame
K (0) −→ Qℓ

×. Then the following holds:a)
rk(MCχ(F)) =

∑

s∈S

rk(F(s)/(F(s)Itame
K (s)))− rk((F(∞)⊗ Lχ)I

tame
K (∞))

=
∑

s∈S

(n− e1(s,1,F))− e1(∞, χ,F).b) For s ∈ S and j ∈ N:
ej(s, ρχ,MCχ(F)) = ej(s, ρ,F) if ρ 6= 1 and ρχ 6= 1,

ej+1(s,1,MCχ(F)) = ej(s, χ̄,F),
ej(s, χ,MCχ(F)) = ej+1(s,1,F).Moreover,

e1(s,1,MCχ(F)) = rk(MCχ(F))− n+ e1(s,1,F).
) For s =∞ and j ∈ N:
ej(∞, ρχ,MCχ(F)) = ej(∞, ρ,F) if ρ 6= 1 and ρχ 6= 1,

ej+1(∞, χ,MCχ(F)) = ej(∞,1,F),
ej(∞,1,MCχ(F)) = ej+1(∞, χ,F).Moreover,

e1(∞, χ,MCχ(F)) =
∑

s∈S

(rk(F)− e1(s,1,F))− rk(F).

We restate this proposition in the following manner, using the notation as before.Remark 3.2.2Let γ be a �xed generator of πét
1 (Gm,K) = 〈̂γ〉 and λ := χ(γ) ∈ Qℓ. Let F ∈ Tℓ(K) be of generi
rank n, su
h that i∗F is lisse on i : A1

K \ S
� � // A1

K . The Jordan normal forms of the lo
almonodromy transform in the following way by MCχ:a) The rank is n · |S| minus the number of Jordan blo
ks with eigenvalue 1 for an element of Sand the number of Jordan blo
ks with λ−1 of the inverse of the lo
al monodromy at ∞.b) Let s ∈ S and Jm(µ) (µ ∈ Qℓ
× and m ∈ N) is a Jordan blo
k of length m with eigenvalue

µ in the Jordan normal form of the lo
al monodromy matrix at s. Ea
h su
h blo
k is then45



3. Introdu
tion to MCχtransformed in the following way:
Jm(µ)

MCχ

 





Jm(λµ) 1 6= µ 6= λ−1,

Jm+1(1) µ = λ−1,

Jm−1(λ) µ = 1.The Jordan normal form is then �lled, a

ording to the rank, with Jordan blo
ks of lengthone with eigenvalue 1.
) For a Jordan blo
k Jm(µ) of the inverse of the lo
al monodromy matrix at ∞, we get:
Jm(µ)

MCχ

 





Jm(λ−1µ) 1 6= µ 6= λ,

Jm−1(1) µ = λ,

Jm+1(λ
−1) µ = 1.The form is 
ompleted by Jordan blo
ks of length one with eigenvalue λ.For a �nite ordered subset S = {s1, . . . , so} of A1

K with o elements and λs1 , . . . , λso ,
λ∞ := (λs1 . . . λso )

−1 ∈ Qℓ
×, we get by Corollary 2.2.12 a lisse Qℓ-sheaf L(λs1 , . . . , λso),unique up to isomorphy, on A1

K \ S of rank one 
orresponding to the monodromy tuple
(λs1 , . . . , λso , λ∞) ∈ GL1(Qℓ)

o+1. Let F ∈ Tℓ(K) and assume without loss of generality, that
i∗F is lisse for i : A1

K \ S
� � // A1

K . If s ∈ S ∪ {∞} then a Jordan blo
k Jm(µ) in the Jordannormal form of the lo
al monodromy matrix of F at s is transformed in the following way by themiddle tensor produ
t MTi∗L(λs1 ,...,λso )
:

Jm(µ)
MTi∗L(λs1 ,...,λso )

 Jm(λsµ).Let X be a 
ompa
t surfa
e of genus 0 and ι : U � � // X a subset su
h that X \ U is �nite.De�nition 3.2.3For a lo
al system of R-modules V on U and j ∈ N0 the paraboli
 
ohomology group Hj
p(U,V) of

V is de�ned as
Hj

p(U,V) := Hj(X, ι∗V).The following is proved in [Kat96℄, Lemma 2.9.4.Proposition 3.2.4Let F ∈ Tℓ(K), y ∈ A1
K and i : U � � // A1

K open dense, su
h that i∗F is lisse and y 6∈ U .Then the stalk MCχ(F)y is isomorphi
 to the paraboli
 
ohomology H1
p (U, i

∗F ⊗ Lχ(x−y)), where
X := P1

K and Lχ(x−y) is as before.
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3.3. Constru
tion of Hm,ℓ3.3 Constru
tion of Hm,ℓIn this se
tion we will 
onstru
t for ea
h m ∈ N0 and ea
h prime number ℓ a lisse Qℓ-sheaf on A1
K .This sheaf will be 
onstru
ted out of a rank one sheaf by middle 
onvolution and middle tensorprodu
t, whi
h will automati
ally yield 
ohomologi
al rigidity by Theorem 3.1.7. The 
ru
ialpoint is that we 
onstru
t for ea
h rank a lo
al monodromy at ∞ whi
h is maximally unipotent.Theorem 3.3.1Let ℓ be a prime number and K an algebrai
ally 
losed �eld with 
har (K) ∤ 2ℓ. Then, for any

m ∈ N0 there exists a 
ohomologi
ally rigid Hm,ℓ ∈ Tℓ(K) of generi
 rank m+1, a Qℓ-sheaf on A1
Kwhi
h is lisse on i : A1

K\{0, 1}
� � // A1

K . If m is even, then Hm,ℓ has orthogonal monodromy, andif m is odd, Hm,ℓ has symple
ti
 monodromy, i.e. there is an orthogonal respe
tively symple
ti
pairing
Hm,ℓ ×Hm,ℓ −→ Qℓ.The monodromy tuple of i∗Hm,ℓ has the following Jordan normal form:at 0:

J1(1)
m
2 ⊕ J1(−1)

m
2 +1 for 2 | m,

J2(1)
m+1

2 for 2 ∤ m,at 1:
J2(1)

m
2 ⊕ J1(−1) for m ≡ 0 mod 4,

J1(1)
m−1

2 ⊕ J2(−1)⊕ J1(−1)
m−1

2 for m ≡ 1 mod 4,

J3(1)⊕ J2(1)
m
2 −1 for m ≡ 2 mod 4,

J2(1)⊕ J1(1)
m−3

2 ⊕ J1(−1)
m+1

2 for m ≡ 3 mod 4,at ∞:
Jm+1(1).

Proof: Given a �xed prime number ℓ, a �eld K with 
har (K) ∤ 2ℓ and the dense open subset
i : A1

K \ {0, 1}
� � // A1

K . On the 
omplement S = {0, 1}, we de�ne the order s1 = 0, s2 = 1. For
g1, g2 ∈ Qℓ

×, there is a lisse Qℓ-sheaf L(g1, g2), unique up to isomorphy, on A1
K \ {0, 1} of rankone, whose monodromy tuple is (g1, g2, (g1g2)−1). As the 
hara
teristi
 of K is not 2, we get for

g1, g2 ∈ {1,−1} the middle extension sheaf i∗L(g1, g2). For F ∈ Tℓ(K) we have the middle tensorprodu
t MTi∗L(g1,g2)(F) = i∗(i
∗F ⊗ i∗i∗L(g1, g2)).We start with the generi
 rank one sheaf H0,ℓ := i∗L(−1,−1) ∈ Tℓ(K), whi
h is therefore47



3. Introdu
tion to MCχ
ohomologi
ally rigid, and de�ne indu
tively
Hm+1,ℓ :=

{
MTi∗L(1,−1)(MC−1(Hm,ℓ)) 2 | m,
MTi∗L(−1,1)(MC−1(Hm,ℓ)) 2 ∤ m

∈ Tℓ(K).By Theorem 3.1.7, we have that Hm,ℓ is 
ohomologi
ally rigid. That Hm,ℓ respe
ts an orthogonalrespe
tively symple
ti
 form is a 
onsequen
e of Poin
aré duality (see [DR99℄, Corollary 5.10).The rest of the proof is an indu
tion on m with the help of Proposition 3.2.1. For m = 0 themonodromy tuple of i∗Hm,ℓ is (J1(−1), J1(−1), J1(1)) ∈ GL1(Qℓ)
3, whi
h is of the given form.So we start withHm,ℓ whose lo
al monodromy is of the predi
ted type. Therefore we 
an determinethe rank of Hm+1,ℓ:

rk(Hm+1,ℓ) = rk(MC−1(Hm,ℓ)) = 2(m+ 1)− e1(0,−1,Hm,ℓ)− e1(1,1,Hm,ℓ)− e1(∞,−1,Hm,ℓ)

=





2(m+ 1) −m
2 −m

2 −0 m ≡ 0 mod 4

2(m+ 1) −m+1
2 −m−1

2 −0 m ≡ 1 mod 4

2(m+ 1) −m
2 −m

2 −0 m ≡ 2 mod 4

2(m+ 1) −m+1
2 −m−1

2 −0 m ≡ 3 mod 4





= m+ 2For the 
al
ulation of the lo
al monodromy at 0, we have two 
ases. If m is even, the lo
almonodromy of Hm,ℓ is of the form J1(1)
m
2 ⊕ J1(−1)

m
2 +1:

J1(1)
m
2 ⊕ J1(−1)

m
2 +1 MC−1

 0⊕ J2(1)
m
2 +1 MTi∗L(1,−1)

 J2(1)
(m+1)+1

2If m is odd, then
J2(1)

m+1
2

MC−1

 J1(−1)
m+1

2 ⊕ J1(1)
m+3

2
MTi∗L(−1,1)
 J1(1)

m+1
2 ⊕ J1(−1)

m+1
2 +1.At 1 we start with the 
ase m ≡ 0 mod 4 and therefore we get:

J2(1)
m
2 ⊕J1(−1)

MC−1

 J1(−1)
m
2 ⊕J2(1)⊕J1(1)

m
2

MTi∗L(1,−1)

 J1(1)
(m+1)−1

2 ⊕J2(−1)⊕J1(−1)
(m+1)−1

2for m ≡ 1 mod 4:
J1(1)

m−1
2 ⊕ J2(−1)⊕ J1(−1)

m−1
2

MC−1

 0⊕ J3(1)⊕ J2(1)
m−1

2
MTi∗L(−1,1)
 J3(1)⊕ J2(1)

m+1
2 −1for m ≡ 2 mod 4:

J3(1)⊕J2(1)
m
2 −1

MC−1

 J2(−1)⊕J1(−1)
m
2 −1⊕J1(1)

m
2 +1 MTi∗L(1,−1)

 J2(1)⊕J1(1)
(m+1)−3

2 ⊕J1(−1)
(m+1)+1

2for m ≡ 3 mod 4:
J2(1)⊕ J1(1)

m−3
2 ⊕ J1(−1)

m+1
2

MC−1

 J1(−1)⊕ 0⊕ J2(1)
m+1

2
MTi∗L(−1,1)
 J1(−1)⊕ J2(1)

m+1
2 .
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3.3. Constru
tion of Hm,ℓThe Jordan normal form of the lo
al monodromy of i∗Hm,ℓ at∞ is of the form Jm+1(1). Then weget by the previous remark that the lo
al monodromy of MC−1(Hm,ℓ) is Jm+2(1). For L(−1, 1)and L(1,−1) the lo
al monodromy at ∞ is −1. Altogether we have:
Jm+1(1)

MC−1

 Jm+2(−1)





MTi∗L(1,−1)

 

MTi∗L(−1,1)
 



 Jm+2(1).

�Corresponding to the 
onstru
ted lisse Qℓ-sheaf i∗Hm,ℓ on A1
K \ {0, 1}, we have a 
ontinuousrepresentation ρi∗Hm,ℓ

: πét
1 (A1

K \ {0, 1}) −→ GL((i∗Hm,ℓ)x) for x ∈ A1
K \ {0, 1} (seeCorollary 2.2.12). This map 
an be tensored by the following 
ontinuous one dimensionalrepresentation

det(ρi∗Hm,ℓ
) : πét

1 (A1
K \ {0, 1}) −→ {±1} ⊂ Qℓ

×
, γ 7→ det(ρi∗Hm,ℓ

(γ)),whi
h is in our 
ase
det(ρi∗Hm,ℓ

(γ0)) = det(ρi∗Hm,ℓ
(γ1)) =

{
1 m 6≡ 0 mod 4

−1 m ≡ 0 mod 4
.We get a representation

ρi∗Hm,ℓ
⊗ det(ρi∗Hm,ℓ

) : πét
1 (A1

K \ {0, 1}) −→ SL((i∗Hm,ℓ)x),whi
h fa
tors through SO((i∗Hm,ℓ)x) for even m and through Sp((i∗Hm,ℓ)x) for odd m. Using theCorollary again, we get the Qℓ-sheaf H̃m,ℓ := Vρi∗Hm,ℓ
⊗det(ρi∗Hm,ℓ

) on A1
K \ {0, 1}. This will leadus to the wanted Galois representation in Se
tion 7.2.Theorem 3.3.2For m ∈ N0 and a prime number ℓ, the Zariski 
losure of the monodromy group of H̃m,ℓ is asfollows:a) Sp(W ) for m odd,b) G2(W ) for m = 6,
) SO(W ) for m even and m 6= 6.
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3. Introdu
tion to MCχProof: Sin
e Hm,ℓ ∈ Tℓ(K), the Qℓ-sheaf i∗H̃m,ℓ is irredu
ible on A1
K \ {0, 1}. Therefore we havethat

H =
〈
ρi∗Hm,ℓ

⊗ det(ρi∗Hm,ℓ
)(γ0), ρi∗Hm,ℓ

⊗ det(ρi∗Hm,ℓ
)(γ1)

〉is irredu
ible and 
onne
ted by the presen
e of the long unipotent element. By the 
onsiderationsabove the group H leaves a symple
ti
 form invariant if m is odd, i.e. H ≤ Sp(W ), and anorthogonal form if m is even, i.e. H ≤ SO(W ).Moreover the presen
e of the long unipotent element, given by the monodromy at ∞, impliesthat H is tensor inde
omposable and by [SS97℄, Theorem B, we have the following possibilities formaximal 
losed redu
tive subgroups of Sp(W ) respe
tively SO(W ) 
ontaining H :(a) A1 < Sp(W ) respe
tively SO(W ) (for p = 0 or p > h),(b) SO(W ).2 < Sp(W ) (for p = 2),(
) G2 < SO7 (respe
tively Sp6 if p = 2),(d) A2.2 < Sp8 (for p = 2),(e) B3 < SO8 .Here p = 
har (Qℓ) = 0, whi
h 
ontradi
ts 
ase (b) and (d). The 
ase (e) is not possible be
ausefor m = 7 a symple
ti
 form is respe
ted.For m = 6 the 
laim was proved in [DR10℄, Theorem 1.For m 6= 6 the presen
e of the unipotent monodromy element at 1 rules out the 
ase
H ≤ A1 = PSL2(W ). This proves the 
laim.

�
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4 Hodge Stru
tures and MiddleConvolutionThe following introdu
tion to Hodge theory is taken out of [PS08℄.4.1 Hodge Stru
turesLet be m ∈ Z and R ⊆ R a Noetherian ring, su
h that R⊗Q is a �eld and VR a �nitely generated
R-module.De�nition 4.1.1A (pure) R-Hodge stru
ture of weight m on VR is a dire
t sum de
omposition

VC := VR ⊗ C =
⊕

p+q=m

V p,qwith V p,q = V q,p 
omplex ve
tor spa
es for ea
h p, q. The numbers
hp,q(V ) := dimC V

p,qare 
alled the Hodge numbers of the Hodge stru
ture. A morphism of Hodge stru
tures
f : VR −→ WR is an R-linear map su
h that its 
omplexi�
ation fC = f ⊗ idC preserves types,i.e. fC(V p,q) ⊆W p,q.De�ning a Hodge stru
ture of weight m on a �nite dimensional 
omplex ve
tor spa
e V is thesame as giving a Hodge �ltration F • of V . That is a de
reasing �ltration of 
omplex ve
tor spa
es,su
h that F p ∩F q = {0} for p+ q = m+1. A Hodge �ltration is asso
iated to a Hodge stru
tureby

F p :=
⊕

r≥p

V r,s and vi
e versa V p,q := F p ∩ F q.The free rank one R-modules whi
h 
arry a Hodge stru
ture are all of even weight and up toisomorphism of the following form:De�nition 4.1.2A Hodge stru
ture of Tate, denoted by Z(n), for n ∈ Z is the Z-module (2πi)nZ ⊂ C with sumde
omposition Z(n) ⊗ C = V −n,−n, whi
h has therefore weight −2n.If we have an R-Hodge stru
ture VR of weight m, the Tate twist VR(n) is an R-Hodgestru
ture of weight m − 2n. It has VR ⊗ (2πi)nZ as underlying R-module, while
VR(n)

p,q = V p−n,q−n
R . 51



4. Hodge Stru
tures and Middle Convolution4.2 Variations of Hodge Stru
tureHodge stru
tures o

ur quite naturally on the lo
al systems 
onstru
ted by middle 
onvolution.In this 
ase, one gets a whole sheaf of Hodge stru
tures �tting together, whi
h is 
alled a variationof Hodge stru
ture (VHS).De�nition 4.2.1Let X be a 
omplex manifold. A variation of R-Hodge stru
ture (VR,F•,∇) of weight m on X
onsists of the following data:� a lo
al system VR of �nitely generated R-modules on X ,� a �nite de
reasing �ltration F• of the holomorphi
 ve
tor bundle V := VR ⊗ OX byholomorphi
 subbundles (the Hodge �ltration).These data should satisfy the following 
onditions:a) for ea
h x ∈ X the �ltration F•x of Vx
∼= VR,x⊗C de�nes a Hodge stru
ture of weight m onthe �nitely generated R-module VR,x,b) the 
onne
tion ∇ : V −→ V ⊗ Ω1

X , whose sheaf of horizontal se
tions is VC, satis�es theGri�ths' transversality 
ondition
∇(Fp) ⊆ Fp−1 ⊗ Ω1

X .A morphism of variations of Hodge stru
ture is a morphism of lo
al systems whi
h preserves types,i.e. agrees with the �ltrations.We �x a 
omplex manifold X , a base point x ∈ X and a Hodge stru
ture V . For ea
h grouphomomorphism ρ : πtop
1 (X , x) −→ Aut(V ), we get a lo
ally 
onstant variation of Hodge stru
ture.This is the same method as in Corollary 2.2.10, gluing V as stalk in ea
h point and gluing thelo
al Hodge �ltration. This property 
hara
terizes the lo
al system obtained by representationpreserving types. Therefore we get ∇(Fp) ⊆ Fp ⊗ Ω1

X . By V X we denote the variation for thetrivial representation.For a �xed Hodge stru
ture V , the Weil operator C is the C-linear automorphism of V , su
h thatfor all v ∈ V p,q we have C(v) = ip−q · v.De�nition 4.2.2a) A polarization of an R-Hodge stru
ture VR of weight m is an R-valued bilinear form
Q : VR ⊗ VR −→ Rwhi
h is (−1)m-symmetri
 and su
h that1. The orthogonal 
omplement of Fn is Fm−n+1 for all n ∈ Z,2. The hermitian form Q(C(·), · ) : VC ⊗ VC −→ R on VC is positive-de�nite.52



4.2. Variations of Hodge Stru
tureb) A polarization of a variation of R-Hodge stru
ture V of weight m on X is a morphism ofvariations
Q : V⊗ V −→ R(−m)

Xwhi
h indu
es on ea
h �bre a polarization of the 
orresponding R-Hodge stru
ture ofweight m.Theorem 4.2.3Let X be a 
ompa
t Kähler manifold. Let Hp,q(X) be the spa
e of 
ohomology 
lasses whoseharmoni
 representative is of type (p, q). There is a dire
t sum de
omposition
HmdR(X,C) := HmdR(X)⊗ C =

⊕

p+q=m

Hp,q(X).Moreover Hp,q(X) = Hq,p(X).If we denote the 
losed Kähler form of X with ω and the dimension of X with n, then theHodge-Riemann form on HmdR(X,C) is the bilinear form
Q(α, β) = (−1)

m(m−1)
2

∫

X

α ∧ β ∧ ωn−m,whi
h is a polarization of the previously de�ned pure R-Hodge stru
ture on HmdR(X,C) of weightm(
f. [PS08℄, Theorem 1.33).The standard examples are geometri
 variations of Hodge stru
ture (see page 507-508 in [SZ85℄).Remark 4.2.4a) Given a smooth, proper holomorphi
 mapping f : X −→ S with X as above a Kählermanifold. Then Rmf∗ Q is the underlying system of a variation of Hodge stru
ture of weight
m, de�ned over Q, in whi
h F•(s) is the usual Hodge �ltration of the 
ohomology of the�bre HmdR(Xs,C). By adjusting the 
up-produ
t on 
ohomology by the use of the Kähler 
lassand its (�at) primitive de
omposition, one obtains a polarization over R for Rmf∗ R in thegeometri
 
ase. If X is a family of algebrai
 varieties, then the polarization is in fa
t de�nedover Q.b) By [SZ85℄, Remark 3.3, the polarized stru
ture passes on to subvariations, kernel and imagesof fun
torial morphism of 
ohomology.Given a variation of Hodge stru
ture, it is in some 
ases possible to extend the stru
ture to apun
ture of the underlying spa
e. This stru
ture is not pure any more, but 
onsists of the sum ofmultiple Hodge stru
tures of di�erent weights, hen
e it is a mixed Hodge stru
ture (MHS). 53



4. Hodge Stru
tures and Middle ConvolutionDe�nition 4.2.5An R-mixed Hodge stru
ture on VR 
onsists of two �ltrations:� an in
reasing �ltration by rational ve
tor spa
es on VR ⊗Q, the weight �ltration W• and� a de
reasing �ltration F • by 
omplex ve
tor spa
es on VC = VR ⊗ C, the Hodge �ltration.The Hodge �ltration indu
es a pure K := (R ⊗ Q)-Hodge stru
ture of weight m on ea
h gradedpie
e GrWm (VR ⊗Q) =Wm/Wm−1 by
F p(GrWm (VR ⊗Q)⊗ C) = (F p ∩Wm ⊗ C + Wm−1 ⊗ C)/(Wm−1 ⊗ C).The Hodge numbers are the dimensions of the graded pie
es of this indu
ed grading:

hp,q(V ) := dimC GrpF (GrWp+q(VR ⊗Q)⊗ C)

= dimC F
p(GrWp+q(VR ⊗Q)⊗ C)/F p+1(GrWp+q(VR ⊗Q)⊗ C).For two �nitely generated R-modules VR, VR′ with R-mixed Hodge stru
tures a morphism

f : VR −→ VR
′ (of weight 0) is an R-linear map, whi
h indu
es for m ∈ Z morphisms of Hodgestru
tures by

GrWm (f) : GrWm (VR ⊗Q) −→ GrWm (VR
′ ⊗Q).A graded polarization on an R-mixed Hodge stru
ture is a polarization of ea
h GrWm (VR ⊗ Q),whi
h has a pure (R⊗Q)-Hodge stru
ture.4.3 Extensions of Variations of Hodge Stru
tureIn order to get some information on the Hodge stru
ture 
onstru
ted by middle 
onvolution, whi
hwill be introdu
ed in the next se
tion, it is helpful to have a look at the limit stru
ture at thesingularities. This is possible as the stru
ture 
an be extended in some 
ases by the work ofS
hmid. We will summarize the results of [S
h73℄. Every 
omplex lo
al system 
an be seen as aholomorphi
 ve
tor bundle with a �at (and therefore integrable) 
onne
tion. In fa
t, if the groundspa
e is 
omplex analyti
 both 
ategories are equivalent.Let (V ,∇) be a holomorphi
 ve
tor bundle on the pun
tured disk D∗ equipped with an integrable
onne
tion. An extension (Ṽ , ∇̃) of the bundle to D is said to be logarithmi
 at 0 if ∇ extends toa morphism

∇̃ : Ṽ −→ Ṽ ⊗ Ω1
D(log z)whi
h satis�es Leibniz' rule, i.e. ∇̃(fs) = f∇̃(s) + s⊗ df for every lo
al se
tion f of OD and s of

Ṽ . The Poin
aré residue map 
an be de�ned as
R : Ω1

D(log z) −→ Oz
∼= C, ω = η ∧ dz

z
+ η′ 7→ η(0),su
h that z = 0 is an equation for D and η, η′ not 
ontaining dz. This indu
es a C-linearendomorphism res0(∇̃) of Ṽ0, the residue at 0.54



4.3. Extensions of Variations of Hodge Stru
tureIf we �x the 
anoni
al 
ontinuous se
tion τ : C/Z −→ [0, 1) + iR ⊂ C, we get the followingproposition due to Manin (see [Del70℄).Proposition 4.3.1Let (V ,∇) be a holomorphi
 ve
tor bundle on the pun
tured disk D∗ equipped with an integrable
onne
tion. There exists a unique extension Ṽ of V, 
alled the 
anoni
al extension, to a ve
torbundle on D su
h that ∇ extends to a logarithmi
 
onne
tion ∇̃ on Ṽ whose residue at 0 has itseigenvalues in the image of τ , i.e. their real part is greater or equal to 0 and less than 1.Let V be a polarized variation of C-Hodge stru
tures of weight m on D∗. Suppose that the lo
almonodromy operator is T ∈ GLn(C), where T is unipotent and we have a de
reasing �ltration ofholomorphi
 ve
tor bundles F•. Now we want to extend this Hodge �ltration F• to D so that weget something 
lose to a VHS. This extended �ltration gives a mixed Hodge stru
ture in 0, wherethe weight �ltration 
an be des
ribed very expli
itly in the following way. As T is unipotent thereis a nilpotent matrix N , su
h that T = expN .On a �nite dimensional ve
tor spa
e every nilpotent endomorphism has a Jordan de
ompositionand therefore 
an be written as sum of Jordan blo
ks to the eigenvalue 0. There is an appropriatebasis (v1, . . . , vj) of length j for ea
h Jordan blo
k Jj(0) in the Jordan normal form of N . We 
ande�ne an in
reasing �ltration on the ve
tor spa
e by putting
Wo :=





{0} o ≤ −j,
〈v1, . . . , v⌊ o+j+1

2 ⌋〉 −j < o < j − 1,

〈v1, . . . , vj〉 j − 1 ≤ o.By adding these for the di�erent blo
ks and shifting it by an integer m, we get the followingproperties of the weight �ltration, whi
h des
ribe it uniquely.De�nition and remark 4.3.2Given a nilpotent endomorphism N of a �nite dimensional ve
tor spa
e V , there exists a uniquein
reasing �ltration W• =W•(N,m) of V , 
alled the weight �ltration of N 
entred at m, with thepropertiesa) N(Wo+2) ⊆Wo , o ∈ N0b) the map No : GrWm+oV −→ GrWm−oV is an isomorphism for all o ∈ N0.Moreover, there is a Lefs
hetz-type de
omposition
GrWV =

m⊕

o=0

o⊕

r=0

N r PVm+owith PVm+o := Ker(No+1 : GrWm+oV −→ GrWm−o−2V ) and the endomorphism N has dimC PVm+oJordan blo
ks of size o+ 1, o = 0, . . . ,m. 55



4. Hodge Stru
tures and Middle ConvolutionAs [S
h73℄, Theorem 6.16 we �nd the following result:Theorem 4.3.3Let V be a polarized variation of C-Hodge stru
tures of weight m on D∗ with lo
al monodromyoperator T ∈ GLn(C), su
h that T is unipotent. Choose N ∈ GLn(C) nilpotent su
h that
exp N = T .The Hodge bundles F• of V extend to holomorphi
 subbundles F̃• of the 
anoni
al extension Ṽ,and the triple

VHdg
0 := (Ṽ0, W•(N,m), F̃•0 )is a mixed Hodge stru
ture, 
alled the 
anoni
al �bre.This is an important tool for the determination of the original variation of C-Hodge stru
tures.For a unipotent T a nilpotent matrix N with expN = T has the same Jordan blo
k stru
turebut eigenvalue 0 instead of 1. Therefore the rational dimension of GrWm±o(Ṽ0 ⊗ Q) for o ∈ N0 isthe number of Jordan blo
ks of odd length whose length is greater than o, if o is even, and thenumber of Jordan blo
ks of even length whose length is greater than o, if o is odd.Let us assume from now on that T is a long unipotent element, i.e. has Jordan normal form Jn(1),where n is the rank of V. By the last theorem, we 
an extend a polarized variation V of C-Hodgestru
ture of weight m on P1

C \ S (S �nite) to a �xed s ∈ S by a mixed Hodge stru
ture
VHdg

s = (Ṽs, W•(
1

2πi
logT,m), F̃•s ).The weight �ltration W• :=W•(

1
2πi logT,m) on Vs indu
es therefore the following dimensions ofthe grading:

dimQ GrWj (Vs) =

{
1 −n < j −m < n and 2 | j −m− (n− 1),

0 else.In general this does not de�ne F̃•s uniquely. But exa
tly in this stri
tly one and zero dimensional
ase the dimensions of the Hodge �ltration are determined by the dimensions of the weight�ltration. This is done by 
al
ulating the Hodge numbers of the mixed Hodge stru
tures VHdg
s .As ea
h graduated pie
e is of dimension either 0 or 1, there is exa
tly one Hodge stru
ture over

Q of a given even weight m, namely Q(−m
2 ) with Hodge type (m2 ,

m
2 ). Sin
e N lowers the weightstri
tly by 2, the Hodge �ltration has maximal length and the mixed Hodge stru
ture is uniquelyde�ned by the weight �ltration. Summarizing we obtain the following result:Corollary 4.3.4Let V be a polarized variation of C-Hodge stru
ture of weight m and rank n on P1

C \ S (S �nite)and s ∈ S su
h that the monodromy operator at s is a long unipotent element. Then the Hodge�ltration of V has maximal length.
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5 Motivi
 Des
ription of Hm,ℓFor a general introdu
tion to motives, have a look at [Jan94℄ or [And04℄. The following part is a
lose adaption to 
hapter 8 of [Kat96℄.5.1 SettingLet K be an algebrai
ally 
losed �eld and 
hoose o ≥ 2 distin
t points s1, . . . , so ∈ A1
K . For aprime number ℓ and an integer N ∈ N, su
h that 
har (K) ∤ Nℓ, we �x a primitive N -th root ofunity in K and a primitive N -th root of unity ζN in Q. We de�ne the rings

RN,ℓ := Z[ζN , (Nℓ)
−1] ⊂ Qand

SN,o,ℓ := RN,ℓ[T1, . . . , To][∆
−1] ⊂ Q(T1, . . . , To),where ∆ :=

∏
i<j

(Ti − Tj). By the �xation above, we get a unique ring homomorphism
ϕ : SN,o,ℓ −→ K with the property, that ϕ(Ti) = si for i = 1, . . . , o and that ζN is mappedto the 
hosen N -th root of unity in K. For m ∈ N0 we 
onsider the following a�ne spa
es

A(o,m+ 1)RN,ℓ
:= spec

(
RN,ℓ[T1, . . . , To, X1, . . . , Xm+1][∆

−1
m+1]

)where
∆m+1 :=

∏

i<j

(Ti − Tj) ·
m+1∏

i=1

o∏

j=1

(Xi − Tj) ·
m∏

i=1

(Xi+1 −Xi)with natural proje
tions pri : A(o,m + 1)RN,ℓ
// // A1

SN,o,ℓ
\ {T1, . . . , To} indu
ed by theembedding SN,o,ℓ[X ] � � // RN,ℓ[T1, . . . , To, X1, . . . , Xm+1][∆

−1
m+1] with X 7→ Xi.On Gm,RN,ℓ

with 
oordinate Z, one has the Kummer 
overing of degreeN of the equation Y N = Z.Let µN (RN,ℓ) denote the N -th roots of unity, then 
hoosing an N -th primitive root of unity in
Qℓ is the same as 
hoosing an embedding χ : µN (RN,ℓ)

� � // Qℓ
×. Then the 
overing de�nes a
onne
ted µN (RN,ℓ)-torsor, whi
h gives a representation

πét
1 (Gm,RN,ℓ

)
ε

// // µN (RN,ℓ)
χ� � // Qℓ

×and therefore the 
orresponding Kummer sheaf Lχ. For any s
heme G and any morphism
f : G −→ Gm,RN,ℓ

, we de�ne Lχ(f) := f∗Lχ. Let f : A(o, 2)RN,ℓ
−→ Gm,RN,ℓ

be indu
ed by thering homomorphism X 7→ X2 −X1. 57



5. Motivi
 Des
ription of Hm,ℓBy Lisse(N, o, ℓ) we denote the full sub
ategory of lisse Qℓ-sheaves on
A(o, 1)RN,ℓ

= A1
SN,o,ℓ

\ {T1, . . . , To}. The following natural proje
tion to the se
ond 
omponent ispr2 : P1
RN,ℓ

× A(o, 1)RN,ℓ
// // A(o, 1)RN,ℓ

, whi
h is the 
ompa
ti�
ation of the �rst 
omponentof pr2 for m = 1 and the in
lusion j : A(o, 2)RN,ℓ

� � // P1
RN,ℓ

× A(o, 1)RN,ℓ
.

A(o, 2)RN,ℓpr1
����

� � j
//

f

����
��

��
��

��
��

��
��

P1
RN,ℓ
× A(o, 1)RN,ℓpr2

����

Gm,RN,ℓ A(o, 1)RN,ℓ
= A1

SN,o,ℓ
\ {T1, . . . , To}In [Kat96℄, Lemma 8.3.2 the following approa
h to the middle 
onvolution is veri�ed.De�nition and remark 5.1.1For ea
h non-trivial rank one representation χ : µN (RN,ℓ) −→ Qℓ
×, middle 
onvolution is de�nedin the following way

MCχ : Lisse(N, o, ℓ) −→ Lisse(N, o, ℓ)

F 7→ R1(pr2)! j∗(pr∗1F ⊗ Lχ(X2−X1))is again a left exa
t fun
tor.If we start with a one dimensional representation µN (RN,ℓ) −→ Qℓ
× the 
omposition ofthe epimorphism ε indu
ed by the µN (RN,ℓ)-torsor yields a one dimensional representationof πét

1 (Gm,RN,ℓ
) on Qℓ also denoted by χ. We take F ∈ Lisse(N, o, ℓ) and the embeddings

ι : A1
SN,o,ℓ

\ {T1, . . . , To} � � // A1
SN,o,ℓ

and j : Gm,SN,o,ℓ

� � // A1
SN,o,ℓ

, su
h that ι∗F ∈ Tℓ(K).Then the 
onne
tion of both de�nitions of the middle 
onvolution 
an be dedu
ed from[Kat96℄, Lemma 8.3.2 4), whi
h says:Lemma 5.1.2Assume the 
onditions as above, then we have
MCχ(F) = ι∗(ι∗F [1] ∗mid j∗Lχ[1])[−1] = ι∗MCχ(ι∗F)where the middle 
onvolution on the left is as in De�nition 5.1.1 and on the right as inDe�nition 3.1.2.
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5.2. The Motivi
 Interpretation of MCχ5.2 The Motivi
 Interpretation of MCχIn the setting of the previous se
tion and for m ∈ N0, (m + 1) · o rank one representations
χi,j : µN (RN,ℓ) −→ Qℓ

× for i = 1, . . . ,m + 1, j = 1, . . . , o and m non-trivial rank onerepresentations ρi : µN (RN,ℓ) −→ Qℓ
× (i = 1, . . . ,m), we de�ne the lisse Qℓ-sheaf on

A(o,m+ 1)RN,ℓ
of rank one

L :=

o⊗

i=1

m+1⊗

j=1

Lχi,j(Xi−Tj) ⊗
m⊗

i=1

Lρi(Xi+1−Xi).As before we have the proje
tion prm+1 : A(o,m + 1)RN,ℓ
// // A1

SN,o,ℓ
\ {T1, . . . , To} and[Kat96℄, Theorem 8.3.5 tells us:Theorem 5.2.1The sheaf K := Rm(prm+1)! L is mixed of integral weights in [0,m]. It sits in a short exa
tsequen
e of lisse Qℓ-sheaves

0 −→ K≤m−1 −→ K −→ K=m −→ 0on A1
SN,o,ℓ

\ {T1, . . . , To}, where K≤m−1 is mixed of integral weights in [0,m− 1], and where K=mis pun
tually pure of weight m.We �x integers eij ∈ Z for i = 1, . . . ,m + 1, j = 1, . . . , o and fi ∈ Z for i = 1, . . . ,m, su
h that
N ∤ fi for all i and de�ne
f := Y N −

m+1∏

i=1

o∏

j=1

(Xi−Tj)eij
m∏

i=1

(Xi+1−Xi)
fi ∈ RN,ℓ[T1, . . . , To, X1, . . . , Xm+1][∆

−1
m+1][Y, Y

−1],whose roots are a hypersurfa
e Hyp = V (f) ⊆ A(o,m+ 1)RN,ℓ
×Gm,RN,ℓ

. We get a proje
tionprm+1 × 0|Hyp : Hyp ⊆ A(o,m+ 1)RN,ℓ
×Gm,RN,ℓ

// // A1
SN,o,ℓ

\ {T1, . . . , To}.The group µN (RN,ℓ) a
ts on the hypersurfa
e Hyp by multipli
ation by Y , i.e. (ζ, Y ) 7→ ζY . Afaithful rank one representation χ : µN (RN,ℓ) −→ Qℓ
× gives an a
tion of µN (RN,ℓ) on Qℓ, whi
hindu
es an operation of µN (RN,ℓ) on Rm(prm+1 × 0|Hyp)! Qℓ, where Qℓ is the 
onstant sheaf on

Hyp. The χ-
omponent (Rm(prm+1 × 0|Hyp)! Qℓ)
χ is the sheaf of Qℓ-modules whose a
tion on

µN (Rn,ℓ) is indu
ed by χ, i.e. for an open U we have
(Rm(prm+1× 0|Hyp)! Qℓ)

χ(U) =
{
α ∈ Rm(prm+1 × 0|Hyp)! Qℓ(U) | γ · α = χ(γ)α ∀γ ∈ µN (RN,ℓ)

}
.
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5. Motivi
 Des
ription of Hm,ℓTheorem 5.2.2a) If we de�ne χij := χeij and ρi := χfi , then we get for
K := (Rm(prm+1 × 0|Hyp)! Qℓ)

χan exa
t sequen
e of lisse Qℓ-sheaves on A1
SN,o,ℓ

\ {T1, . . . , To}

0 −→ K≤m−1 −→ K −→ K=m −→ 0with mixed integral weights for K in [0,m], for K≤m−1 in [0,m − 1] and K=m pun
tuallypure of weight m.b) For i = 1, . . . ,m+ 1 let
Fi :=

o⊗

j=1

Lχij(Xi−Tj) ∈ Lisse(N, o, ℓ)and
H0 := F1,

H1 := F2 ⊗MCρ1(H0),...
Hm := Fm+1 ⊗MCρm

(Hm−1).In this 
ase we have K=m
∼= Hm.For the proof see the proof of [Kat96℄, Theorem 8.4.1.5.3 Appli
ation to Hm,ℓTheorem 5.2.2 
an be applied to our family i∗Hm,ℓ of Qℓ-sheaves on A1

K \ {0, 1}. This is done byspe
ializing as follows, o = 2 and ϕ(T1) = s1 := 0, ϕ(T2) = s2 := 1. Then we get a morphism
ϕ : SN,2,ℓ −→ K, whi
h indu
es φ : A1

K \ {0, 1} −→ A1
SN,2,ℓ

\ {T1, T2}. The quadrati
 
hara
ter −1is the non-trivial representation of the se
ond roots of unity on Qℓ and we set therefore N := 2and χ := −1.As we have
i∗H0,ℓ = L(−1,−1) = L−1(X−0) ⊗ L−1(X−1) = φ∗ (pr1)∗ (L−1(X1−T1) ⊗ L−1(X1−T2)

)
,we de�ne e1,1 := e1,2 := 1. And for m ∈ N we get

i
∗Hm,ℓ =

{ (
L1(X−0) ⊗ L−1(X−1)

)
⊗MC−1(i

∗Hm−1,ℓ) for 2 ∤ m,(
L−1(X−0) ⊗ L1(X−1)

)
⊗MC−1(i

∗Hm−1,ℓ) for 2 | m60



5.3. Appli
ation to Hm,ℓ

=

{
(prm+1)∗ φ

∗L−1(Xm+1−T2) ⊗MC−1(i
∗Hm−1,ℓ) for 2 ∤ m,

(prm+1)∗ φ
∗L−1(Xm+1−T1) ⊗MC−1(i

∗Hm−1,ℓ) for 2 | mand we set ei,j := { 0 for 2 ∤ i+ j,

1 for 2 | i+ j,
for i = 2, . . . ,m+ 1, j = 1, 2 and f1 := . . . := fm := 1.Therefore we get the hypersurfa
e Hyp = V (f) ⊆ A(2,m+ 1)R2,ℓ

×Gm,R2,ℓ
depending on m and

ℓ, where
f := Y 2 −

⌊m2 ⌋∏

i=0

(X2i+1 − T1) · (X1 − T2)
⌊m+1

2 ⌋∏

i=1

(X2i − T2) ·
m∏

i=1

(Xi+1 −Xi),and the operation µ2(R2,ℓ) −→ Aut(Hyp) by −1 7→ σ with σ(Y ) = −Y and �xing the othervariables. By Theorem 5.2.2 and K := (Rm(prm+1 × 0|Hyp)! Qℓ)
−1, we get a lisse Qℓ-sheaf K=m(dependant on ℓ) pun
tually pure of weight m on A1

S2,2,ℓ
\ {T1, T2}, su
h that on A1

K \ {0, 1} thesheaves Hm,ℓ and K=m are isomorphi
.Corollary 5.3.1Let K be an algebrai
ally 
losed �eld of 
hara
teristi
 
har (K) ∤ 2ℓ, and let Qℓ denote the 
onstantsheaf on the hypersurfa
e Hyp = V (f) ⊆ A(2,m + 1)R2,ℓ
× Gm,R2,ℓ

and K=m, as de�ned above.Then we have for m ∈ N0 on A1
K \ {0, 1} that

i∗Hm,ℓ
∼= φ∗K=m.The hypersurfa
e 
an be viewed as a s
heme over A1

S2,2,ℓ
\ {T1, T2} via the stru
tural morphism

(prm+1 × 0)|Hyp. By the base extension φ : A1
K \ {0, 1} −→ A1

S2,2,ℓ
\ {T1, T2}, we get the �bredprodu
t

HypK

~~~~
~~

~~
~~

~~
~~

~~
~~

φK

""F
FF

FFF
FF

FF
FF

FF
FF

FF

Hyp

(prm+1×0)|Hyp

��
??

??
??

??
??

??
??

??
A1

K \ {0, 1}

φ

||yy
yy

yy
yy

yy
yy

yy
yy

yy

A1
S2,2,ℓ
\ {T1, T2}where HypK := Hyp ×A1

S2,2,ℓ
\{T1,T2} A1

K \ {0, 1} and K a number �eld with 
har (K) ∤ 2ℓ. 61



5. Motivi
 Des
ription of Hm,ℓThe statement and proof of [DR10℄, Corollary 2.4.2 generalizes to double 
overs whi
h arise frommiddle 
onvolution. For the 
onvenien
e of the reader we restate it.Corollary 5.3.2For m ∈ N0 and ℓ a prime number let Hyp ⊆ A(2,m + 1)R2,ℓ
× Gm,R2,ℓ

denote the hypersurfa
ede�ned before and HypQ the base extension to U := A1
Q \ {0, 1}. Then the following holds:a) There exists a smooth and proje
tive s
heme X over U , i.e. a morphism

φX : X −→ U , and an open embedding of HypQ � � // X su
h that
D = X \HypQ =

⋃

i∈I

Diis a stri
t normal 
rossings divisor over U . The involutory automorphism σ of HypQ (givenby Y 7→ −Y ) extends to an automorphism σ of X .b) Let D :=
∐
i∈I

Di denote the disjoint union of the 
omponents of D and let
φD :=

∐

i∈I

φX |Di
: D −→ Udenote the stru
tural morphism. Then

φ∗K=m
∼= 1

2
(1 − σ) ker

(
Rm(φX )∗ Qℓ → Rm(φD)∗ Qℓ

)
.Proof: This proof is almost verbatim out of [DR10℄. It works similar for all double 
overs obtainedby middle 
onvolution and middle tensor produ
t.The hypersurfa
e HypQ is given by HypQ = V (f) = V (Y 2 − g) ⊆ Am+1

Q ×Gm,Q, where
g :=

⌊m2 ⌋∏

i=0

X2i+1 · (X1 − 1)

⌊m+1
2 ⌋∏

i=1

(X2i − 1) ·
m∏

i=1

(Xi+1 −Xi).The proje
tion on the �rst m + 1 
omponents HypQ
// // Am+1

Q \ V (g) de�nes an unrami�eddouble 
over. The Zariski-open set Am+1
Q \ V (g) ⊆ Am

Q × U is embedded through the standardembedding into Pm
Q × U = Pm

U .
HypQ

� � //

����

X
α
����

X̃oooo

α̃
����

Xoooo

α̂
����

Am+1
Q \V (g) �

�
// Pm

U P̃m
U

τoooo P̂m
U

f̂
ooooThis de�nes a rami�ed double 
over α : X // // Pm

U . The image of the 
omplement X \ HypQ62



5.3. Appli
ation to Hm,ℓunder α is a relative divisor L over U on Pm
U . Then the divisor L is the union of the relativehyperplane at in�nity L0 = Pm

U \ (Am
Q × U) with the linear hyperplanes Li, whi
h are de�ned bythe vanishing of the partial proje
tion of the irredu
ible fa
tors Ti of the right hand side of theequation Y 2 = g. The singularities of X are situated over the singularities of the rami�
ationlo
us R of α, whi
h is a subdivisor of L.There is a standard resolution of any linear hyperplane arrangement L =

⋃
i Li ⊆ Pm

U given in[ESV92℄, Se
tion 2. By this we mean a birational map τ : P̃m
U −→ Pm

U whi
h fa
tors into severalblow ups and whi
h has the following properties: The inverse image of L under τ is a stri
t normal
rossings divisor in P̃m
U and the stri
t transform of L is non-singular (see [ESV92℄, Claim). Thestandard resolution depends only on the 
ombinatorial interse
tion behaviour of the irredu
ible
omponents Li of L, therefore it 
an be de�ned for lo
ally trivial families of hyperplanearrangements. In our 
ase, we obtain a birational map τ : P̃m

U −→ Pm
U su
h that L̃ := τ−1(L)is a relative stri
t normal 
rossings divisor over U and su
h that the stri
t transform of L issmooth over U . Let α̃ : X̃ −→ P̃m

U denote the pullba
k of the double 
over α along τ and let R̃be the rami�
ation divisor of α̃. Then R̃ is a relative stri
t normal 
rossings divisor sin
e it is
ontained in L̃. Write R̃ as a union ⋃k R̃i of irredu
ible 
omponents. By su

essively blowingup the (stri
t transforms of the) interse
tion lo
i R̃i ∩ R̃j , i < j, one ends up with a birationalmap f̂ : P̂m
U −→ P̃m

U . Let α̂ : X −→ P̂m
U denote the pullba
k of the double 
over α̃ along f̂ . Thenthe stri
t transform of R̃ in P̂m

U is a disjoint union of smooth 
omponents. Moreover, sin
e R̃ is anormal 
rossings divisor, the ex
eptional divisor of the map f̂ has no 
omponents in 
ommon withthe rami�
ation lo
us of α̂. As this sequen
e of blowups is an isomorphism outside X \ HypQ,
HypQ is a subset of X . It follows that the double 
over α̂ : X −→ P̂m

U is smooth over U and that
D = X \ HypQ is a stri
t normal 
rossings divisor over U . This desingularization is obviouslyequivariant with respe
t to σ whi
h �nishes the proof of Claim a).Let φX : X −→ U denote the stru
tural map, the 
omposition of α̂ : X −→ P̂m

U with the naturalmap P̂m
U −→ U . There exists an n ∈ N su
h that the morphism φX extends to a morphism

φXA
: XA −→ UA := A1

A \ {0, 1} of s
hemes over A := Z[ 1
2n ]. We assume that n is big enoughthat DA := XA \ HypA is a normal 
rossings divisor over UA. In the following, we will work inthe 
ategory of s
hemes over A (making use of the fa
t that A is �nitely generated over Z, inorder to be able to apply Deligne's results on the Weil 
onje
tures). Let φDA

: DA −→ UA and
φA : HypA −→ UA be the stru
tural morphisms. The ex
ision sequen
e gives an exa
t sequen
eof sheaves
Rm−1(φDA

)∗ Qℓ −→ Rm(φA)! Qℓ −→ Rm(φXA
)∗ Qℓ −→ Rm(φDA

)∗ Qℓ −→ Rm+1(φA)! Qℓ.By exa
tness and the work of Deligne (see Weil II, [Del80℄), the kernel of the map
Rm(φA)! Qℓ −→ Rm(φXA

)∗ Qℓ is an integral 
onstru
tible sheaf whi
h is mixed of weights ≤ m−1.Thus the sequen
e implies an isomorphism
(Rm(φA)! Qℓ)=m

∼= im
(
Rm(φA)! Qℓ → Rm(φXA

)∗ Qℓ

)
.
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5. Motivi
 Des
ription of Hm,ℓThe fun
toriality of (−1)-
omponent of the higher dire
t image in the sense of Se
tion 5.2 (thenotion extends in an obvious way to X and to D) and again the exa
tness of the sequen
e yieldthe following 
hain of isomorphisms
K=m = (Rm(φA)! Qℓ)

−1
=m
∼= im

(
Rm(φA)! Qℓ → Rm(φXA

)∗ Qℓ

)−1

∼= ker
(
Rm(φXA

)∗ Qℓ → Rm(φDA
)∗ Qℓ

)−1
.By Corollary 5.3.1 the sheaf K=m is lisse and the isomorphisms imply that

ker
(
Rm(φX )∗ Qℓ → Rm(φD)∗ Qℓ

)−1is lisse too. It follows from proper base 
hange that
ker
(
Rm(φXA

)∗ Qℓ → Rm(φDA
)∗ Qℓ

)−1is lisse, where DA :=
∐
i∈I

Di,A and φDA
=
∐
i∈I

φXA
|Di,A

.We 
laim that the natural map
ψ : ker

(
Rm(φXA

)∗ Qℓ → Rm(φDA
)∗ Qℓ

)−1 −→ ker
(
Rm(φXA

)∗ Qℓ → Rm(φDA
)∗ Qℓ

)−1
,where φDA

:=
∐
i∈I

φDi,A
: DA −→ A1

A \ {0, 1}, is an isomorphism. In order to prove that by theSpe
ialization Theorem (see [Kat90℄, 8.18.2), it su�
es to show this for any 
losed geometri
 point
x of HypA. As (Rm(φA)! Qℓ)

−1
=m
∼= ker

(
Rm(φXA

)∗ Qℓ → Rm(φDA
)∗ Qℓ

)−1, we have to show that
(Hm

c (HypA,x,Qℓ))
−1
=m −→ ker

(
Hm

ét (XA,x,Qℓ)→ Hm
ét (DA,x,Qℓ)

)−1is an isomorphism for DA,x :=
∐
i∈I

Di,A,x. We de�ne the following sequen
e of stalks
X 0

A,x := XA,x, and for natural numbers i, let X i
A,x denote the disjoint union ofthe irredu
ible 
omponents of the lo
us, where i pairwise di�erent 
omponents of

DA,x meet. It follows from the Weil 
onje
tures [Del74℄ that the spe
tral sequen
e
E1 = Hj

ét(X i
A,x,Qℓ)x ⇒ Hi+j

c (UA,x,Qℓ) degenerates at E2. Consequently, we have
(Hm

c (HypA,x,Qℓ))=m
∼= ker

(
Hm

ét (XA,x,Qℓ)→ Hm
ét (DA,x,Qℓ)

)
,whi
h proves that the map ψ is an isomorphism as 
laimed. So,

(Rm(φHypA
)∗ Qℓ)

−1
=m

∼= ker
(
Rm(φXA

)∗ Qℓ → Rm(φDA
)∗ Qℓ

)−1

=
1

2
(1− σ)

(
ker
(
Rm(φXA

)∗ Qℓ → Rm(φDA
)∗ Qℓ

))
,where the last equality is by using representation theory of �nite (
y
li
) groups. It follows that

φ∗K=m = φ∗(Rm(φHyp)! Qℓ)
−1
=m
∼= 1

2
(1 − σ)

(
ker
(
Rm(φX )∗ Qℓ → Rm(φD)∗ Qℓ

) )
,as 
laimed.
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5.4. Analyti�
ation of Hm,ℓ

5.4 Analyti�
ation of Hm,ℓLet K be a number �eld and S ⊆ K a �nite set. We �x an embedding K � � // C. Thisyields a 
ontinuous morphism ι : πtop
1 (C \ S) � � // ̂πtop

1 (C \ S) = πét
1 (A1

C \ S) −→ πét
1 (A1

K \ S).A lisse Qℓ-sheaf V on A1
K \ S 
orresponds by Corollary 2.2.12 to a 
ontinuous representation

ρV : πét
1 (A1

K \ S) −→ GLn(Qℓ).De�nition 5.4.1The analyti�
ation Van of V is the lo
al system of Qℓ-modules VρV◦ι on C\S 
orresponding to therepresentation ρV ◦ ι : πtop
1 (C \ S) −→ GLn(Qℓ) by Corollary 2.2.10.The 
omparison isomorphism between étale and singular 
ohomology implies (after �xing anisomorphism C ∼= Qℓ of �elds), that

(φ∗K=m)an ∼= 1

2
(1− σ)an(ker

(
Rm(φX )

an
∗ Qℓ → Rm(φD)

an
∗ Qℓ

)
),as 1

2 (1 − σ) is an algebrai
 proje
tor and hen
e deRham. Further we have a morphism betweensmooth proje
tive varieties on the right hand side, whi
h is given by restri
tion of in
lusions ofthe smooth divisors Di. Applying [Del87℄, Proposition 1.13. to the irredu
ible sheaf (φ∗K=m)an,it 
omes from a variation of Hodge stru
ture in the following sense:Remark 5.4.2The lo
al system of Q-ve
tor spa
es
Gm :=

1

2
(1 − σ)an
︸ ︷︷ ︸
= 1

2 (1−σ
an)

ker (Rm(φX )
an
∗ Q→ Rm(φD)

an
∗ Q)on A1

C \ {0, 1} is a polarized variation of Hodge stru
ture, whi
h is pure of weight m, sin
e it is asubvariation of Rm(φX )∗ Z by Remark 4.2.4 b). Moreover by Corollary 5.3.1 and Corollary 5.3.2,we have
Gm ⊗Qℓ

∼= (φ∗K=m)an = (Hm,ℓ|A1
C
\{0,1})

an.Con
luding we have:Theorem 5.4.3Let Hm,ℓ be as in Theorem 3.3.1. Then there exists a lo
al system of Z-modules Gm on A1
C \ {0, 1}underlying a polarized variation of Z-Hodge stru
ture (Gm,F•,∇) on C \ {0, 1} pure of weight msu
h that

(i∗Hm,ℓ)
an ∼= Gm ⊗Qℓ.The indu
ed isomorphism on the stalks (i∗Hm,ℓ)

an
x
∼=
(
Gm ⊗Qℓ

)
x
for x ∈ C \ {0, 1} is given by the65



5. Motivi
 Des
ription of Hm,ℓ
omparison isomorphism between étale 
ohomology and singular 
ohomology
1

2
(1−σ)ker

(
Hm

ét (Xx,Qℓ)→ Hm
ét (Dx,Qℓ)

) ∼= 1

2
(1−σ)ker (Hm

B (X (C)x,Z)→ Hm
B (D(C)x,Z))⊗Qℓ.Moreover, the Hodge �ltration of Gm has maximal length.Proof: All 
laims but the last follow from Remark 5.4.2. The last 
laim follows from the longunipotent lo
al monodromy of Hm,ℓ using Theorem 3.3.1 and Corollary 4.3.4.

�In [Fal88℄, Se
tion 4(a) Faltings gives the 
onstru
tion of natural isomorphisms of ℓ-adi
 étale
ohomology and deRham 
ohomology.Remark 5.4.4Let v ∈ ΣK\{0} and ℓ = 
har (kv) and X a proper �at OKv
-s
heme, then we have an isomorphism

Hm
ét (X ⊗Kv,Qℓ)⊗ Cv

∼−→
⊕

p+q=m

Hq(X,Ωp
X/OKv

)⊗ Cv(−q),whi
h preserve 
up produ
ts, GKv
-a
tion, 
hara
teristi
 
lasses of 
y
les and Chern 
lasses ofve
tor bundles.This remark of Faltings has important 
onsequen
es for the 
onne
tion between τ -Hodge-Tatenumbers of an ℓ-adi
 representation ρℓ and Hodge numbers of XC, related by the a
tion of GK on

X . Illusie 
arries out the essential part of the exa
t 
onne
tion after [Ill94℄, Theorem 3.1.2:
hj,m−j(XC) = dimQℓ

(Cv ⊗Hm
ét (XQℓ

,Qℓ)(j))
GKv .Therefore we have for Vℓ := Hm

ét (XQℓ
,Qℓ)⊗Qℓ that

hv,j(ρℓ) = dimQℓ
(Cv(j)⊗ Vℓ)GKv = h−j,m+j(XC).Corollary 5.4.5For X := Gm,x as in Theorem 5.4.3 endowed with a GKv

-a
tion, 
orresponding to therepresentation ρℓ : GKv
−→ GL(Gm,x), we get the following result:

hv,j(ρℓ) =

{
1 −m ≤ j ≤ 0,

0 else.Moreover ρ = (ρℓ)ℓ prime ful�lls regularity in the sense of De�nition 7.2.1.By Theorem 5.4.3 these τ -Hodge-Tate numbers 
oin
ide with the τ -Hodge-Tate numbers for thesystem of ℓ-adi
 representations ρm = (ρm,ℓ)ℓ prime de�ned in Se
tion 7.2.66



6 Irredu
ibility of ρm6.1 Lifting Irredu
ibilityLet G be a group, n ∈ N and ℓ a prime number.Lemma 6.1.1Let ρFℓ
: G −→ GLn(Fℓ) be an irredu
ible representation with a long unipotent element. Then theextension ρFℓ

: G −→ GLn(Fℓ), g 7→ ρFℓ
(g) is irredu
ible (i.e. ρFℓ

is absolutely irredu
ible).Proof: We take a minimal ρFℓ
-invariant subspa
e {0} 6=W ⊆ Fℓ

n. We have the 
omponent-wiseGalois a
tion of GFℓ
on Fℓ

n, whi
h maps W to an orbit of subspa
es. As the representation isde�ned over Fℓ both a
tions 
ommute and therefore ea
h subspa
e in the orbit is ρFℓ
-invariant.By the minimality of W these are all linearly disjoint and on the other hand �xed by the longunipotent element. Ea
h spa
e �xed by this element in
ludes the eigenve
tor and therefore theorbit has just one element. As W is invariant under both a
tions, there is a subspa
e U ⊆ Fn

ℓwhi
h is ρFℓ
-invariant and for whi
h W = Fℓ ⊗ U . As ρFℓ

is irredu
ible and {0} 6= W , we have
U = Fn

ℓ and therefore W = Fℓ
n.

�The lo
al ring Zℓ =
{
x ∈ Qℓ | v(x) ≥ 0

} has the maximal ideal {x ∈ Zℓ | v(x) > 0
} with residue�eld Fℓ. In the 
ase of the lemma above, we have hen
e that ρZℓ

: G −→ GLn(Zℓ), g 7→ ρZℓ
(g)is irredu
ible as well. Here we 
all a Zℓ[G]-module irredu
ible if and only if it has no non-trivial

Zℓ[G]-submodules. At this point I want to thank Stefan Reiter and Andreas Mauris
hat for tellingme about the next well-known statement.Lemma 6.1.2If ρZℓ
: G −→ GLn(Zℓ) is an irredu
ible representation, then the extension

ρQℓ
: G −→ GLn(Qℓ), g 7→ ρZℓ

(g)is irredu
ible.Proof: Assume that ρQℓ
is redu
ible and has the invariant subspa
e 0 6= V 6= Qℓ

n. Therefore the
Zℓ-module W := V ∩Zn

ℓ is invariant andW 6= Z
n

ℓ , be
ause V 6= Qℓ
n. Additionally it is non-trivialas for all v ∈ Qℓ

n there exists a λ ∈ Qℓ
×, su
h that λv ∈ Z

n

ℓ , and we have 0 6= W . This is a
ontradi
tion sin
e ρZℓ
is irredu
ible.

�This lemma 
an easily be adapted to rings and their quotient �elds, espe
ially to valuation rings.67



6. Irredu
ibility of ρm6.2 Serre's Results on Chara
ters of GQIn the next part, we restate some results of Serre. The main one is that a system of homomorphisms
(θℓ : GQ −→ F×ℓ )ℓ∈L ful�lling some 
ompatibility relations is the redu
tion of the produ
t of a�nite 
hara
ter and a power of the 
y
lotomi
 
hara
ter. This will be another ingredient for theproof of Theorem 6.4.1.Let K be a number �eld and IK the idele group of K. For a �nite set S of pla
es of K, we de�nea modulus m with support S as a family m := (mv)v∈S ∈ NS . Then we get an open subgroup Umfor ea
h modulus m, by Um :=

∏
v pla
e of K Um,v ⊆ IK , where Um,v is as follows:
onne
ted 
omponent of 1 in K×v for an in�nite pla
e v 6∈ S,
K×v for a �nite pla
e v 6∈ S,

{x ∈ K×v su
h that v(1− x) ≥ mv} for v ∈ S.On the other hand, we have two asso
iated algebrai
 groups Tm and Sm over Q with an algebrai
morphism Tm
� � // Sm (for more details see [Ser68℄, Se
tion 2.2.).Let E be a number �eld. It is shown in [Ser68℄ how to atta
h a stri
tly 
ompatible system

(ψℓ : GQ −→ E×λ )λ∈ΣE\{0} of one dimensional λ-adi
 Q-rational Galois representations to any
hara
ter ψ : Sm −→ E×.Proposition 6.2.1 ( [Ser72℄, Prop.20 )Let L ⊆ ΣQ ∪ {∞} \ {0} be an in�nite set and let θℓ : GQ −→ F×ℓ , ℓ ∈ L, be a 
olle
tion ofhomomorphisms. Assume that there exists a modulus m and j ∈ Z su
h that for all ℓ ∈ L and forall a ∈ Um one has
θℓ(cf

−1[a]) ≡ a−jℓ mod ℓ,where cf : Gab
Q −→ IQ/Q× is the 
lass �eld isomorphism and aℓ is the 
omponent of a at ℓ. Thenthere exists a number �eld E and a He
ke 
hara
ter ψ : Sm −→ E× su
h that ψλ = θℓ for in�nitelymany ℓ ∈ L and λ a �nite pla
e of E above ℓ.The following result is a 
onsequen
e of [S
h88℄, Proposition 1.4, and Serre's theory of abelianrepresentations [Ser68℄:Proposition 6.2.2Let (ψλ : GQ −→ E×λ )λ∈ΣE\{0} be a stri
tly 
ompatible system of one dimensional λ-adi
 E-rationalGalois representations whi
h are asso
iated to a He
ke 
hara
ter ψ : Sm −→ E×. Then there existsa �nite 
hara
ter ǫ : GQ −→ E× and an integer k ∈ Z su
h that

ψλ = ǫ · χk
ℓ ,where λ | ℓ.Combining both results, we get the following:68



6.3. Groups of Lie TypeCorollary 6.2.3Let L ⊆ ΣQ ∪ {∞} \ {0} be an in�nite set and let θℓ : GQ −→ F×ℓ , ℓ ∈ L, be a 
olle
tion ofhomomorphisms. Assume that there exists a modulus m and j ∈ Z su
h that for all ℓ ∈ L and forall a ∈ Um one has
θℓ(cf

−1[a]) ≡ a−jℓ mod ℓ,where cf : Gab
Q −→ IQ/Q× is the 
lass �eld isomorphism and aℓ is the 
omponent of a at ℓ. Thenthere exists a number �eld E, a �nite 
hara
ter ǫ : GQ −→ E× and an integer k ∈ Z su
h that

ǫ · χk
ℓ = θℓ for in�nitely many ℓ ∈ L.6.3 Groups of Lie TypeIn the year 1972 Gorenstein announ
ed a program for the 
omplete 
lassi�
ation of �nite simplegroups. Many mathemati
ians worked on it and the last gap was �lled 2004 by As
hba
her andSmith (
f. [As
04℄). Beside the well-known abelian �nite simple groups, i.e. 
y
li
 groups of primeorder, there are the following possibilities:� the alternating groups An (n ≥ 5),� the �nite 
lassi
al groups - that is, the linear, symple
ti
, unitary and orthogonal groups of�nite ve
tor spa
es,� the ex
eptional groups of Lie type,� the 26 sporadi
 groups(see [Gor85℄). This shows that groups of Lie type play an important role in the understanding ofgroups and their subgroup stru
ture.Let K be a �eld of 
hara
teristi
 p, q a p-power and n ∈ N, then we have the homomorphism

Frobq : GLn(K) −→ GLn(K), (aij) 7→ (aqij). If K is algebrai
ally 
losed and G is a linearalgebrai
 group over K a standard Frobenius F : G −→ G is a map su
h that there exists an
n ∈ N, an in
lusion ι : G

� � // GLn(K) and a power q of p su
h that for all g ∈ G we have
ι(F (g)) = Frobq(ι(g)). A homomorphism F : G −→ G is 
alled a Frobenius morphism, if somepower of F is a standard Frobenius.De�nition 6.3.1Let G be a 
onne
ted redu
tive algebrai
 group over Fℓ and let F : G −→ G be a Frobeniusmorphism. The �nite group of �xed points GF is 
alled group of Lie type and sometimes alsoits 
ommutator subgroup (GF )′ := [GF , GF ] and its 
entral quotient G/Z(G), where Z(G) is the
enter. 69



6. Irredu
ibility of ρmIn this setting, a maximal 
losed 
onne
ted solvable algebrai
 subgroup is 
alled Borel subgroupand an algebrai
 subgroup whi
h 
ontains a Borel subgroup is 
alled paraboli
.Remark 6.3.2a) The standard Frobenius morphism Frobq : Fq −→ Fq, α 7→ αq, gives rise to the so 
alledChevalley groups (untwisted groups of Lie type), whereas the produ
t of some Frobq withother automorphisms leads to twisted groups of Lie type (e.g. SUn(Fq2) = SLn(Fq)
δ◦Frobq ,where δ is the inverse transpose map).b) Ea
h group of Lie type is the quotient of Fq-points G(Fq) of an algebrai
 group s
heme over

Fq. (For the derived group of an orthogonal group, we take the spin group, 
f. [Wil09℄).De�nition and remark 6.3.3To any 
onne
ted Dynkin diagram there is an asso
iated simple algebrai
 group G over Fq (withthe ex
eptions A1(F2), A1(F3), A2(F3), B2(F2) and G2(F2)).Cartan type Chevalley group Dynkin diagram
Al(Fq) SLl+1,PGLl+1

Bl(Fq) SO2l+1

Cl(Fq) Sp2l

Dl(Fq) SO2l

E6(Fq)

E7(Fq)

E8(Fq)

F4(Fq)

G2(Fq)For the 
lassi�
ation it is ne
essary to take a Dynkin diagram together with an automorphism ofthe graph, whi
h then is in 
orresponden
e to simple group of Lie type. This leads to the followingtypes 2Al(Fq2),
2B2(F22n+1), 2Dl(Fq2 ),

3D4(Fq3),
2E6(Fq2 ),

2F4(F22n+1), 2G2(F32n+1).70



6.3. Groups of Lie Type
Next we will need the stru
ture of the maximal subgroups of the 
ommutator subgroup
Ωn(Fq) := [SOn(Fq), SOn(Fq)] for n ∈ N odd and q an odd prime power. In [KL90℄, we havethe following de�nition of sets S, C of maximal subgroups of Ωn(Fq):De�nition of SA maximal subgroup H of Ωn(Fq) lies in S := S(Ωn(Fq)) if and only if the following holds.a) The so
le S of H , that is the subgroup generated by the minimal non-trivial normalsubgroups of H , is a non-abelian simple group - i.e. H has a unique minimal non-trivialnormal subgroup, whi
h is non-abelian and simple.b) If L is the full 
overing group of S, and if ρ : L −→ GL(V ) is a representation of L su
h that

ρ(L) = S, then ρ is absolutely irredu
ible.
) ρ(L) 
annot be realized over a proper sub�eld of Fq.(rough) De�nition of CFor the subgroup Ωn(Fq) of SOn(Fq) we de�ne Ci(Ωn(Fq)) := {C ∩ Ωn(Fq) | C ∈ Ci(SOn(Fq))}for i = 1, . . . , 8, and let
C := C(Ωn(Fq)) :=

8⋃

i=1

Ci(Ωn(Fq)).

C1 : stabilizers of totally singular or non-singular subspa
es
C2 : stabilizers of de
ompositions V =

t⊕
j=1

Vj with t dimFq
Vj = dimFq

V = n

C3 : stabilizers of extension �elds of Fq of prime index
C4 : stabilizers of tensor produ
t de
ompositions V = V1 ⊗ V2

C5 : stabilizers of sub�elds of Fq of prime index
C6 : normalizers of symple
ti
-type r-groups (r prime) in absolutely irredu
ible representations
C7 : stabilizers of de
ompositions V =

t⊗
j=1

Vj with (dimFq
Vj)

t = dimFq
V = n

C8 : 
lassi
al subgroups
71



6. Irredu
ibility of ρmThe [KL90℄, Main Theorem (C) and [KL90℄, Table 3.5.D reveals the stru
ture of Ωn(Fq) for n, qodd:Theorem 6.3.4 ( [KL90℄, Main Theorem (C) )Assume that n > 12 is odd an q an odd prime power. For a member H ∈ C, the pre
ise 
onditionsunder whi
h H is maximal in Ωn(Fq) are determined by the following table. Moreover, this tablealso determines the set of overgroups of H lying in C ∪ S.
Ci type 
onditions
C1 Pm 1 ≤ m ≤ n−1

2

Om(Fq) ⊥ Oǫ
n−m(Fq) 1 ≤ m < n, m odd, ǫ = ±

C2 Om(Fq) ≀ St n = mt, m, t ≥ 2

O1(Fq) ≀ Sn q prime
C3 On

r
(Fqr ) r | n, r prime, r 6= n

C4 Om(Fq)⊗O n
m
(Fq) m | n, m <

√
n

C5 On(Fq0) q = qr0 , r prime
C6 does not o

ur
C7 Om(Fq) ≀ St n = mt, (q,m) 6= (3, 3)

C8 does not o

urTable 6.1: The maximal subgroups of Ωn(Fq) for n, q odd ([KL90℄, Table 3.5.D)Here Pm is a stabilizer of an m-dimensional totally singular spa
e, i.e. a paraboli
 subgroup, Omand Oǫ
m are orthogonal groups respe
ting some symmetri
 bilinear form and Sm is a symmetri
group.Lemma 6.3.5Let n ∈ N be a �xed odd integer. For almost all prime numbers ℓ let G(Fq) ⊆ SOn(Fℓ) be a group ofLie type for q a power of ℓ 
ontaining a long unipotent element, i.e. an element of Jordan normalform Jn(1), and one non-trivial unipotent element with di�erent Jordan normal form. Then foralmost all ℓ as above, we have the in
lusion Ωn(Fℓ) ⊆ G(Fq) if n 6= 7 and G2(Fℓ) ⊆ G(Fq) if

n = 7.Proof: There exists a simply 
onne
ted group of Lie type G(Fq) and an epimorphism
G(Fq) // // G(Fq). By [Ste63℄ we have a morphism L(λ) : G(Fq) −→ Ωn(Fq) ⊆ GLn(Fq) of
Fq-points of algebrai
 group s
hemes on Fq de�ned over Fq (where λ denotes the highest weightof the representation), if ℓ is large 
ompared to n. The long unipotent element u is asso
iated toa 
ertain root α in the root system of G. The transposed element ut is then asso
iated to thenegative root −α of G. Then the group H = 〈u, ut〉 is an irredu
ible subgroup of G of type A1,again if ℓ is large enough.72



6.4. Irredu
ibility of the mod-ℓ RepresentationNow the existen
e of the non-trivial unipotent element with Jordan normal form di�erent from
Jn(1) implies that H is properly 
ontained in G(Fq) and that G is of di�erent type then A1 (if ℓis large enough).By Steinberg's Tensor Produ
t Theorem (
f. [MT11℄, Theorem 29.6), if ℓ is large 
ompared to
n any irredu
ible representation of G is given by a highest weight representation and hen
e wasindu
ed by a morphism of 
onne
ted group s
hemes over Fq. Base 
hange of L(λ) to Fq de�nes amorphism of algebrai
 groups and hen
e a representation L(λ)⊗ Fq : G(Fq) −→ GLn(Fq), whi
hfa
tors over SOn(Fq). By [SS97℄, Theorem B, any algebrai
 group 
ontaining a long unipotentelement inside an underlying general linear group GL(W ) di�erent from GL(W ) is either of type
A1, SO(W ), Sp(W ), G2 or B3. As G(Fq) de�nes G uniquely if the 
hara
teristi
 ℓ and therefore
q is large enough and sin
e there are no non-trivial twists of odd dimensional orthogonal groups,this implies that G lies between Ωn(Fℓ) and SOn(Fℓ) if n 6= 7. In the 
hase n = 7, hen
e we have
G2(Fℓ) ⊆ G(Fq).

�

6.4 Irredu
ibility of the mod-ℓ RepresentationIn this se
tion we have K = Q, m ∈ N0 even and ℓ a prime number. Then we get thelisse Qℓ-sheaf i∗Hm,ℓ of rank m + 1 for i : A1
Q \ {0, 1}

� � // A1
Q and Hm,ℓ like in Se
tion 3.3.By �xing an s ∈ A1

Q \ {0, 1} this 
orresponds to a 
ontinuous representation of rank m + 1

ρi∗Hm,ℓ
: π1

ét(A
1
K \ {0, 1}) −→ GL((Hm,ℓ)s), whi
h fa
tors through Zℓ and respe
ts a symmetri
bilinear form. This representation 
an be tensored with the determinant as in Theorem 3.3.2, toobtain a 
ontinuous representation

ρi∗Hm,ℓ
⊗ det(ρi∗Hm,ℓ

) : π1
ét(A

1
Q \ {0, 1}) −→ GL((Hm,ℓ)s),fa
toring over SL and respe
ting a symmetri
 bilinear form. This representation is of weight

m by Delignes' work (
f. Theorem 2.3.4), i.e. maps Frobq to q−
m
2 . Then we get a weight 0representation by tensoring with the m

2 th power of the 
y
lotomi
 
hara
ter χℓ. Now we will showthat the redu
tion mod ℓ
ρ̂m,ℓ :=

(
ρi∗Hm,ℓ

⊗ det(ρi∗Hm,ℓ
)
)
⊗ χ

m
2

ℓ : π1
ét(A

1
Q \ {0, 1}) −→ SOm+1(Fℓ)is irredu
ible for almost all ℓ. This will lead us in Se
tion 7.2 to the fa
t that ρm,ℓ is irredu
ibleas a weakly 
ompatible system of Galois representations of Q. For any x ∈ A1

Q \ {0, 1}, we get thespe
ialization map ιx : πét
1 ({x}) ∼= GQ

� � // πét
1 (A1

Q \ {0, 1}) as de�ned in Se
tion 2.2. 73



6. Irredu
ibility of ρmTheorem 6.4.1Let x ∈ A1
Q \ {0, 1}, su
h that there exist odd prime numbers p, q 6= ℓ satisfying νp(x) < 0 but

ℓ ∤ νp(x) and νq(x− 1) > 0 but ℓ ∤ νq(x− 1). Then the following holds:If m ∈ N0 even and m ≥ 12 then Ωm+1(Fℓ) ⊆ im (ρ̂m,ℓ ◦ ιx) for almost all prime numbers ℓ, where
ρ̂m,ℓ ◦ ιx : GQ −→ SOm+1(Fℓ) is the spe
ialization at x.If m = 6 then for almost all ℓ, we have im (ρ̂m,ℓ ◦ ιx) = G2(Fℓ)Proof: We �x m ∈ N0, x ∈ A1

Q \ {0, 1} as above and de�ne Hℓ := im (ρ̂m,ℓ ◦ ιx).Claim 1: The group Hℓ 
ontains a long unipotent element and a unipotent element of di�erentnon-trivial Jordan normal form.Let g = (g0, g1, g∞) be the images under ρ̂m,ℓ of standard generators γ0, γ1, γ∞ ∈ πtop
1 (C \ {0, 1})satisfying γ0γ1γ∞ = 1. The representation ρ̂m,ℓ is represented by a rami�ed étale 
overXQ −→ P1

Qwith good redu
tion outside 2 and ℓ. It is rami�ed over 0, 1,∞ with lo
al monodromy givenby g0, g1, g∞ respe
tively. Then by [Be
91℄, Theorem 1.2. (ρ̂m,ℓ ◦ ιx)(Ip) is generated (up to
onjugation) by gνp(x)∞ and (ρ̂m,ℓ ◦ ιx)(Iq) by gνq(x−1)1 .By the assumptions ℓ ∤ νp(x) and ℓ ∤ νq(x− 1), we obtain in Hℓ elements of Jordan normal form
J1(1)⊕ J2(−1)

m
2 for m ≡ 0 mod 4,

J1(1)
m−1

2 ⊕ J2(−1)⊕ J1(−1)
m−1

2 for m ≡ 1 mod 4,

J3(1)⊕ J2(1)
m
2 −1 for m ≡ 2 mod 4,

J2(1)⊕ J1(1)
m−3

2 ⊕ J1(−1)
m+1

2 for m ≡ 3 mod 4,

and Jm+1(1).For ℓ 6= 2 the square of the �rst element is unipotent and neither long unipotent nor trivial.We want to show �rst that Hℓ is irredu
ible for almost all prime numbers ℓ and assume the
ontrary. Let L be an in�nite set of prime numbers su
h that Hℓ is redu
ible. The 
ontradi
tionwill be by a 
onsequen
e of Claim 2-5.Claim 2: Without loss of generality Hℓ �xes the subspa
e Vℓ = 〈e1, . . . , en〉 ⊆ Fm+1
ℓ for

n ∈ {1, . . . ,m}, whi
h is independent of ℓ.We 
an assume Hℓ leaves a proper non-trivial subspa
e invariant for ℓ ∈ L. By 
onjugating thelong unipotent element into Jordan normal form, this subspa
e is generated by the �rst n standardbase ve
tors e1, . . . , en depending on ℓ. We 
an assume by possibly shrinking L to a smaller, butstill in�nite set, that n is independent of ℓ.Therefore GQ a
ts by the representation ρ̂m,ℓ ◦ ιx on Vℓ and the 
omposition with the determinantyield for ea
h prime number ℓ a one dimensional representation θℓ : GQ −→ GL(Vℓ)
det−→ F×ℓ .Claim 3: There exists a number �eld K, su
h that for an in�nite set L the one dimensionalrepresentation θℓ|GK

: GK −→ F×ℓ is unrami�ed outside the set of prime numbers of K, whi
h lieabove ℓ and moreover (θℓ|Iℓ)ss fa
tors over the tame inertia subgroup Itame
Qℓ

and is given by Ψi
ℓ−1,where i ∈ Z is independent of ℓ.74



6.4. Irredu
ibility of the mod-ℓ RepresentationThe restri
tion of ρ̂m,ℓ ◦ ιx to the inertia group Iℓ and Vℓ fa
tors by Proposition 2.5.1 a) through
Itame
Qℓ

. We denote this map by φℓ : Itame
Qℓ

−→ GL(Vℓ). As in 2.5 we de�ne the proje
tion
Ψq−1 : Itame

Qℓ
−→ µq−1 =

{
ζ ∈ Qnr

ℓ

∣∣ ζq−1 = 1
}for an ℓ power q. By Proposition 2.5.1 b) the semi-simpli�
ation of Vℓ as an Itame

Qℓ
-modulede
omposes to a dire
t sum

φssℓ =

o⊕

j=1

Ψ
ij0+···+ij

dim Wj−1
ℓdim Wj−1

ℓdimWj−1where dimWj is the dimension of a simple subquotient Wj and the indi
es −iβα run through
M = {d1, . . . , ds}, the set of indi
es where the 
rystalline �ltration jumps. The set M 
oin
ideswith the set of indi
es, where the Hodge �ltration of the underlying motive jumps [KW03℄ . Hen
eby the equation above and by possibly shrinking L again to a smaller, but still in�nite set, we 
anassume that o as well as the iβα is independent of ℓ.Taking determinants, by Corollary 2.5.2, we see that there is an i ∈ Z independent of ℓ su
h that

det ◦ φssℓ = θℓ|Itame
Qℓ

= Ψi
ℓ−1.By the motivi
 interpretation of ρ̂m,ℓ ◦ ιx and by de Jong's and Rapoport-Zink's work(
f. [Wor02℄, Proposition 28), there exists a �nite Galois extension K/Q, su
h that ρ̂m,ℓ ◦ ιx issemistable for all ℓ large enough, i.e. the inertia subgroups Iw ≤ GK , w ∤ ℓ a
t unipotent. Hen
e,

θℓ : GK −→ F×ℓ is unrami�ed outside the set of �nite pla
es of OK above ℓ.Claim 4: The family (θℓ : GQ −→ F×ℓ )ℓ∈L is the redu
tion of the produ
t of a �nite 
hara
ter andsome power of the 
y
lotomi
 
hara
ter.Let m′ be the modulus of K whose support is the empty set. As only �nitely many �nite pla
esare rami�ed in the �nite extension K/Q, the image of Um′|K ≤ IK in IQ under the norm 
ontainsa subgroup Um = Um|Q, where m is some modulus of Q.Sin
e θℓ|GK
is unrami�ed outside the set of �nite pla
es ofK above ℓ, all 
omponents of Um outside

ℓ are mapped to 1 under θℓ ◦ cf−1, where cf : Gab
Q −→ IQ/Q× is the 
lass �eld isomorphism (thisfollows from 
lass �eld theory, as given in [Neu99℄, Chapter V and VI).Thus it follows from θℓ|Itame

Qℓ

= Ψi
ℓ−1 and θℓ(cf−1[a]) ≡ a−jℓ mod ℓ for all a ∈ Um. Moreover byCorollary 6.2.3, there exists a number �eld E, a �nite 
hara
ter ǫ : GQ −→ E× and an integer ksu
h that

θℓ = ǫ · χk
ℓ .Claim 5: This is a 
ontradi
tion to the weight 0 
ondition.Let r be a prime number for whi
h the representations ρ̂m,ℓ ◦ ιx for ℓ ∈ L, are unrami�ed (we 
anassume that su
h a prime number exists by deleting r from L if ne
essary). By shrinking L to a75



6. Irredu
ibility of ρmstill in�nite set, we have
θℓ(Frobr) =

(
ǫ · χk

ℓ

)
(Frobr) = ζ · rk,where ζ := ǫ(Frobr) ∈ E× root of unity, independent of r and ζ · rk denotes the redu
tion modulo

λ ∈ ΣE \ {0} with λ | ℓ of ζ · rk. Sin
e L is in�nity and by the weight-0-assumption, we have that
k = 0.Denote by λ1(r), . . . , λm+1(r) the eigenvalues of

F (r) :=
((
ρi∗Hm,ℓ

⊗ det(ρi∗Hm,ℓ
)
)
⊗ χ

m
2

ℓ

)
(Frobr) ∈ SOm+1(Zℓ).The Frobenius Frobp normalizes the inertia group Ip, whi
h is generated by Jm+1(1), and by[GR05℄, Corollaire 5.3, XIII we have:

F (p) · Jm+1(1) · F (p)−1 = Jm+1(1)
pwhi
h hen
e has to be of the form

F (p) =




p
m
2 ∗ . . . . . . . . . . . . ∗

0
. . . . . . ...... . . . p1

. . . ...... . . . 1
. . . ...... . . . p−1

. . . ...... . . . . . . ∗
0 . . . . . . . . . . . . 0 p−

m
2


(
f. Remark 5.4.4). The restri
tion to Vℓ of the redu
tion modulo ℓ has hen
e determinant

λ1(p) · λ2(p) · . . . · λn(p) = p
m
2 · pm

2 −1 · . . . · pm
2 −n+1 = pjfor j ∈ N for all ℓ. Sin
e L is in�nite this for
es for r = p the 
ontradi
tion pj = ζ. Therefore foralmost all ℓ, ρ̂m,ℓ ◦ ιx is irredu
ible.Claim 6: For m ≥ 12 even the group Hℓ 
ontains the group Ωm+1(Fℓ)We 
on
lude by Claim 1 and by the 
ontradi
tion in Claim 5 that Hℓ is an irredu
ible subgroupof SOm+1(Fℓ), whi
h by assumption has a long unipotent element and a unipotent element ofdi�erent non-trivial Jordan 
anoni
al form. We 
laim that this implies that for almost all ℓ, wehave Ωm+1(Fℓ) ⊆ Hℓ. For this, we use the 
lassi�
ation of �nite simple groups.If Hℓ is 
ontained in a maximal subgroup H of Ωm+1(Fℓ). Then H is either an element of C oran element of S, both de�ned in Se
tion 6.3. Subgroups in the 
olle
tion C 
an be ex
ludedby the irredu
ibility and presen
e of the long unipotent element, sin
e we remark, that thetensor produ
t of two non-trivial unipotent elements is never long unipotent, if ℓ is large enough(
f. [MV04℄, Theorem 1).76



6.4. Irredu
ibility of the mod-ℓ RepresentationHen
e we have H ∈ S and, by the de�nition of S, the group H 
ontains a simple normal subgroup
N a
ting absolutely irredu
ible. If ℓ is large enough, sporadi
 and alternating groups 
annot o

ur,due to the presen
e of long unipotent of order ℓ. It is known that the outer automorphism groupof a group of Lie type is the 
omposition of a diagonal automorphism, a graph automorphism ofthe Dynkin diagram and a Frobenius automorphism (
f. [Car85℄). Hen
e if ℓ is large 
omparedto n then we 
an assume, that the order of the group is prime to ℓ. Therefore N 
ontains a longunipotent element, as well as another non-trivial unipotent element of di�erent Jordan normalform. Therefore we have a representation of groups of Lie type. The following 
ases 
an o

ur:a) ℓ ∤ |N |: in this 
ase, again the presen
e of the unipotent element implies that the N is notof this type if ℓ is large enough.b) 
ross 
hara
teristi
, i.e. ℓ | |N | but is not the de�ning 
hara
teristi
: the main result[LS74℄, Theorem, gives a lower bound on the degree of a proje
tive irredu
ible representationover a �eld of 
hara
teristi
 di�erent from the de�ning one. As this bound grows in all 
aseswith ℓ, if ℓ is large enough this yield a 
ontradi
tion.
) H is a simple group of Lie type of de�ning 
hara
teristi
 ℓ: We 
on
lude by Lemma 6.3.5.Claim 7: For m = 6 the group Hℓ 
ontains the group G2(Fℓ)Same arguments as in Claim 1-5 apply and we derive irredu
ibility mod ℓ for almost all primenumbers ℓ. We have the following 
lassi�
ation of maximal subgroups of G2(Fℓn) for ℓ 6= 2, 3[Kle88℄, Theorem A: type 
onditions

Pa paraboli

Pb paraboli


CG2(Fℓn)(s2) involution 
entralizer
I n = 1

K+ redu
ible
K− redu
ible

CG2(Fℓn)(φα) ℓn = qα0 , α prime
PGL2(Fℓn) ℓ ≥ 7, ℓn ≥ 11

PSL2(F8) ℓ ≥ 5, F = Fℓ[ω], ω
3 − 3ω + 1 = 0

PSL2(F13) ℓ 6= 13, F = Fℓ[
√
13]

G2(F2) ℓn = ℓ ≥ 5

J1 ℓn = 11Table 6.2: The maximal subgroups of G2(Fℓn) for ℓ 6= 2, 3
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6. Irredu
ibility of ρmIn the notation of Kleidman, we have I a non-split group extension of F3
2 with PSL3(F2) and

K+,K−, Pa, Pb as is Se
tion 1.5 and 2 of [Kle88℄. Using the same arguments as above, we ruleout the maximal subgroups listed in Table 6.2 and 
on
lude that Hℓ = G2(Fℓ).
�
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7 Potential Automorphy ofSpe
ializations
7.1 Langlands Corresponden
eIn this 
hapter we prove that 
ertain spe
ializations of the sheaves under 
onsideration arepotentially automorphi
. We sket
h the main ideas behind automorphy of Galois representations.For details on the following 
onstru
tions see [Bum97℄, Chapter 3.Let K be a number �eld and AK as before the adele ring of K. The spa
e of 
uspidal automorphi
fun
tions 
onsists of 
omplex valued fun
tions on

GLn(AK) = GLn


∏

v|∞

Kv ×
∏′

v∈ΣK\{0}

Kv


 ,whi
h are not indu
ed from paraboli
 subgroups (i.e. integrals of the form ∫

U(K)\U(AK)

f(ug) duvanish for all unipotent radi
als U of all proper paraboli
 subgroups) and satisfy 
ertaingrowth 
onditions ([JL70℄, De�nition 10.2). This spa
e be
omes a GLn(AK) - Hn(K)bialgebra, where Hn(K) denotes the He
ke algebra 
onsisting of fun
tions with 
ompa
tsupport a
ting via 
onvolution. Both a
tions indu
e one 
omplex representation andboth are 
losely related in the following manner. Any irredu
ible subrepresentation
π =

∏
v|∞

πv ×
∏

v∈Σv\{0}

πv of GLn(AK) 
orresponds to an irredu
ible subrepresentation of Hn(K)(see [Bum97℄, Proposition 3.4.4 and [Bum97℄, Proposition 3.4.8).Here π is 
alled unrami�ed in v ∈ ΣK \ {0} or πv is 
alled unrami�ed if πv(GLn(OKv
)) �xes aone dimensional 
omplex subspa
e. For ea
h v 6∈ S, where S is a 
ertain �nite set of non-trivial�nite pla
es of K, the Satake 
orresponden
e is a bije
tion between the 
lasses of equivalentunrami�ed irredu
ible representations πv and semi-simple 
onjuga
y 
lasses Aπv

in GLnv
(C)([Gro98℄, Proposition 6.4). Therefore πv is uniquely determined by the eigenvalues of Aπv
, aset of 
omplex numbers {α1,v, . . . , αnv,v}, 
alled the Satake v-parameters. The restri
ted analyti


L-fun
tion of π is then de�ned as
L(π, s) :=

∏

v∈S

Lv(π, s) ·
∏

v∈ΣK\S

det(1− p−sv Aπv
)−1 =

∏

v∈S

Lv(π, s) ·
∏

v∈ΣK\S

np∏

j=1

(1− αj,vp
−s
v )−179



7. Potential Automorphy of Spe
ializationswhere pv is the 
hara
teristi
 of the residue �eld kv as before. For v ∈ S the de�nition of Lv(π, s)is not so straightforward, but 
an be obtained by the lo
al Langlands 
orresponden
e [HT01℄ and[Hen00℄. It is known that these analyti
 L-fun
tions satisfy favorable properties like meromorphi
(mostly even holomorphi
) 
ontinuation to the whole 
omplex plane and ful�ll fun
tional equationset
..On the other hand, for any irredu
ible, weakly 
ompatible system ρ = (ρℓ)ℓ prime of Galoisrepresentations ρℓ : GK −→ GL(Vℓ) (see De�nition 2.1.4), we 
an also de�ne the restri
ted
L-fun
tion of ρ by
L(ρ, s) :=

∏

v∈S

Lv(ρ, s)·
∏

v∈ΣK\S

det(1−p−sv Frobv,ρℓ
)−1 :=

∏

v∈S

p−snv
v f̃v,ρℓ

(psv)·
∏

v∈ΣK\S

psnv
v fv,ρℓ

(psv)
−1,where n is the rank for the representation and fv,ρℓ

(x) ∈ Q[x] ⊂ Qℓ[x] the 
hara
teristi
 polynomialof the Frobenius (see page 22) for v | ℓ. Stri
tly speaking Frobv,ρℓ
is not well-de�ned and shouldbe seen as symbol for the very last produ
t on the right.In the 
ase v ∈ S, we have a preimage of the Frobenius in the de
omposition group for ea
h elementof the inertia group Iv := lim

←−
Iw (for the system w | v). The a
tion of these preimages via theGalois representation ρℓ is unique up to 
onjugation on the spa
e V ρℓ(Iv)

ℓ �xed by ρℓ(Iv). Thereforethe 
hara
teristi
 polynomial f̃v,ρℓ
(x) := det(1 · x − ρℓ(Frobv)|V ρℓ(Iv)

ℓ

) ∈ Qℓ[x] is well-de�ned and
an be interpreted as a 
omplex polynomial by 
hoosing an embedding of �elds ιℓ : Qℓ
� � // C.We de�ne

Lv(ρ, s) := det(1− p−sv ρℓ(Frobv)|V ρℓ(Iv)

ℓ

) := p−snv
v f̃v,ρℓ

(psv),where nv is the dimension of V ρℓ(Iv)
ℓ .De�nition 7.1.1Let ρ = (ρℓ)ℓ prime be an irredu
ible, weakly 
ompatible system of ℓ-adi
 representationsof a number �eld K, then ρ is 
alled automorphi
, if there exists an irredu
ible 
omplexsubrepresentation π of GLn(AK), su
h that

L(ρ, s) = L(π, s).In this 
ase, we say L(ρ, s) is automorphi
 as well.If there is a �nite Galois extension L|K su
h that the restri
tion (ρℓ|GL
)ℓ prime is automorphi
, ρis 
alled potentially automorphi
.An important 
onje
ture whi
h is a part of the famous Langlands program [Lan79℄, states thatany irredu
ible 
uspidal system of Galois representations is automorphi
.7.2 Modular LiftingDue to Barnet-Lamb, Gee, Geraghty and Taylor (
f. [BLGGT10℄) one has a 
riterion forautomorphy for whi
h we will have to introdu
e some more notation.80



7.2. Modular LiftingFor a number �eld K, we have the maximal totally real sub�eld K+. The in�nite pla
es of K+
orrespond to the embeddingsK+ � � // R. If we �x su
h an in�nite pla
e v, we get an embeddingof GR = {1, c} � � // GK+ . The image of the 
omplex 
onjugation c will be denoted by cv.De�nition 7.2.1Let K be a number �eld and (ρℓ)ℓ prime a weakly 
ompatible system of Galois representations for
K of rank n (see De�nition 2.1.4). The system (ρℓ)ℓ prime is 
alleda) totally odd, essentially 
onjugate self-dual in the 
ase K is totally real or CM, if a weakly
ompatible system (εℓ)ℓ prime of Galois representations for K+ of rank one with the followingproperty exists. For all prime numbers ℓ there is a non-degenerate, symmetri
 pairing 〈·, ·〉ℓon Qℓ

n, su
h that for all σ ∈ GK and x, y ∈ Qℓ
n we have

〈ρℓ(σ)x, ρℓ(cℓσcℓ)y〉ℓ = εℓ(σ)〈x, y〉ℓ.b) regular, if for ea
h τ : K � � // Q we have n distin
t τ-Hodge-Tate numbers (withmultipli
ity one).A powerful tool for proving the potential automorphy of systems of ℓ-adi
 Galois representationsis the following theorem.Theorem 7.2.2 ( [BLGGT10℄, Thm.5.3.1 )Suppose that K is a CM (or totally real) �eld and that (ρℓ)ℓ prime is an irredu
ible, totally odd,essentially 
onjugate self-dual, regular, weakly 
ompatible system of ℓ-adi
 representations of K.Then there is a �nite, CM (or totally real), Galois extension L|K su
h that the restri
tion of
(ρℓ)ℓ prime to GL is automorphi
.For m ∈ N0 and a prime number ℓ the Qℓ-sheaf Hm,ℓ on A1

K 
onstru
ted in 3.3 (page 47), we get alisse Qℓ-sheaf i∗Hm,ℓ on A1
K \ {0, 1} by pulling ba
k along the in
lusion i : A1

K \ {0, 1}
� � // A1

K .It is by de�nition the tensor produ
t of a lisse Zℓ-sheaf and Qℓ over Zℓ. This 
orresponds byCorollary 2.2.12 to a 
ontinuous representation
ρi∗Hm,ℓ

: πét
1 (A1

K \ {0, 1}) −→ GL(W )on the stalk W of i∗Hm,ℓ at a 
hosen point in A1
K \ {0, 1}, whi
h fa
tors through Zℓ. The tensorprodu
t of this representation with the one dimensional representation

det(ρi∗Hm,ℓ
) : πét

1 (A1
K \ {0, 1}) −→ {±1} ⊂ Qℓ

×
,whi
h is obtained by taking the 
omposition of the representation and the determinant fa
tors aswell through SL(W ). By a 
hoi
e of x ∈ A1

K \ {0, 1} a

ording to the restri
tions of Theorem 6.4.181



7. Potential Automorphy of Spe
ializationsand spe
ializing ρi∗Hm,ℓ
⊗ det(ρi∗Hm,ℓ

) to x (see page 29)
(
ρi∗Hm,ℓ

⊗ det(ρi∗Hm,ℓ
)
)
◦ ιx : GK

ιx� � // πét
1 (A1

K \ {0, 1}) −→ GL(W ),we get an ℓ-adi
 Galois representation of K for ea
h prime number ℓ. Out of these maps we wantto 
onstru
t a weakly 
ompatible system by semi-simpli�
ation (see page 39) of this system.Lemma 7.2.3For m ∈ N0, K = Q and x ∈ A1
Q \ {0, 1}, the system

ρm = (ρm,ℓ)ℓ prime := ( ((ρι∗Hm,ℓ
⊗ det(ρι∗Hm,ℓ

)) ◦ ιx)ss
)
ℓ primeis a weakly 
ompatible system of ℓ-adi
 Galois representations, whi
h respe
ts an orthogonalrespe
tively symple
ti
 form if m is even respe
tively odd.Let m = 6 or m even and m ≥ 12 for x ∈ A1

Q \ {0, 1}, su
h that there exist odd prime numbers
p, q satisfying νp(x) < 0 but ℓ ∤ νp(x) and νq(x− 1) > 0 but ℓ ∤ νq(x− 1) (see Theorem 6.4.1), thissystem is irredu
ible.Proof: By Se
tion 3.3 we get representations ρm,ℓ : GK −→ SOm+1(Qℓ) for m even and
ρm,ℓ : GK −→ Spm+1(Qℓ) for m odd. The rationality and 
ompatibility of the system ρm isa dire
t 
onsequen
e of [Kat96℄, Theorem 5.5.4.From Corollary 5.3.1 and Corollary 5.3.2 we have that

i∗Hm,ℓ
∼= 1

2
(1− σ) ker

(
Rm(φX )∗ Qℓ → Rm(φD)∗ Qℓ

)
.We have good redu
tion for almost all ℓ. The derived fun
tors are 
rystalline as 
ohomology andtherefore the kernel is 
rystalline as this 
ommutes with morphisms. As the proje
tor 1

2 (1− σ) isalgebrai
 this is 
rystalline.The 
laim follows from the 
rystalline 
omparison isomorphism sin
e for ℓ large enough, the �bre
W is smooth over Zℓ if ℓ is large enough (
f. [Fal89℄). Hen
e for v ∈ ΣK \ {0} and ℓ equal to the
hara
teristi
 kv, the representation ρℓ is deRham in v and for almost all v even 
rystalline.By Corollary 5.4.5 we see that the τ -Hodge-Tate numbers are independent of ℓ for any embedding
τ : K

� � // Q.Combining the results of this 
hapter, we see that for every even m ∈ N0 the set of prime numbersfor whi
h ρm,ℓ is redu
ible is �nite. Therefore the Diri
hlet density of the other prime numbers is
1 and the system ρm = (ρm,ℓ)ℓ prime of ℓ-adi
 Galois representations, de�ned in 7.2, is irredu
iblein the sense of De�nition 2.1.4.

�
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Theorem 7.2.4For m = 6 or m ∈ N0 even, m ≥ 12 and K = Q the irredu
ible, weakly 
ompatible system
ρm = (ρm,ℓ)ℓ prime of Galois representations is potentially automorphi
.Proof: Q is a totally real �eld and has exa
tly one in�nite pla
e ∞, the usual absolutevalue, with c∞ ∈ GQ the usual 
omplex 
onjugation. We de�ne (εℓ)ℓ prime as the trivialsystem, whi
h is weakly 
ompatible. As before, we have im (ρm,ℓ) ⊆ SOm+1(Qℓ). The pairing
〈x, y〉∞ := xt ρm,ℓ(c∞) y for x, y ∈ Qℓ

m+1 is non-degenerate, symmetri
 and satis�es
ρm,ℓ(c∞)t = ρm,ℓ(c∞)−1 = ρm,ℓ(c

−1
∞ ) = ρm,ℓ(c∞).For σ ∈ GQ, we have

〈ρm,ℓ(σ)x, ρm,ℓ(c∞σc∞)y〉∞ = xt ρm,ℓ(σ)
t ρm,ℓ(c∞) ρm,ℓ(c∞)︸ ︷︷ ︸

=1

ρm,ℓ(σ) ρm,ℓ(c∞) y

= xt ρm,ℓ(c∞) y = 1 · 〈x, y〉∞and ρm is totally odd, essentially 
onjugate self-dual. The regularity is a dire
t 
onsequen
e ofCorollary 5.4.5.This shows that for m even we are in the situation of Theorem 7.2.2 and proves that ρm ispotentially automorphi
.
�
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