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Abstract

We consider model predictive control (MPC) approaches to approximate the
solution of infinite horizon optimal control problems (OCPs) for perturbed
nonlinear discrete time systems. MPC provides an algorithmic synthesis of an
approximately optimal feedback law by iteratively solving finite horizon OCPs.
The optimization problem to be solved at each time step results in a high
computational expense and computational latency. As computationally costly
MPC controllers may demand implementation on highly powerful computing
systems to meet real-time requirements, we address the challenge of developing
algorithms that are less computationally demanding without sacrificing the
control performance to cater to systems with fast dynamics.

In using the multistep MPC strategy, we reduce the number of optimizations
to be performed hence considerably lowering the computational load. However,
this approach comes with the disadvantage of reduced robustness of the closed-
loop solution against perturbations. We introduce the updated multistep MPC
where an update is performed to the multistep MPC based on re-optimizations
on shrinking horizons giving a straightforward approach to provide a coping
mechanism to counteract the perturbations. Robust performance improvements
due to re-optimization are rigorously quantified. This is achieved by analyzing
the open-loop control strategy and the shrinking horizon strategy on finite horizon
OCPs for systems under perturbations where potential performance improvement
brought about by the re-optimization is quantified. This analysis of potential
benefits extends to the setting where the moving horizon MPC strategy is used
for the infinite horizon setting.

Lastly, we consider the sensitivity-based multistep MPC which is a particular
MPC variant that allows further savings in computational load by using sensitivity
analysis. The sensitivities used to update the multistep MPC can be computed
efficiently by exploiting the matrix structures resulting from the MPC problem
formulation. For this scheme, we show that the sensitivity-based control is a
linear approximation of the re-optimization-based control and therefore, the
analysis on the performance and stability properties of the updated multistep
MPC can be carried over to the sensitivity-based multistep MPC.

We compare the MPC schemes and confirm our theoretical results through
numerical examples. We also examine the control performance and computing
complexity requirements of the schemes and analyze their potential and suitability
to be implemented on embedded systems with limited computing power.

Key words: optimal control, model predictive control, robustness against pertur-
bations, nonlinear programming, sensitivity analysis
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Zusammenfassung

Wir untersuchen Modellpriadiktive Regelungsalgorithmen (MPC Algorithmen)
zur Approximation von Optimalsteuerungsproblemen (OCPs) auf unendlichem
Zeithorizont fiir gestorte nichtlineare diskrete dynamische Systeme. MPC liefert
ein approximativ optimales Feedback durch die iterative Losung von OCPs auf
endlichem Zeithorizont. Das in jedem Zeitschritt zu 16sende Optimierungsproblem
ist sehr rechenaufwéndig und fiihrt zu Verzégerungen. Der hohe Rechenaufwand
von MPC Algorithmen erfordert grofse Rechenkapazitéiten um Echtzeitanwen-
dungen gerecht zu werden. Diese Arbeit konzentriert sich auf die Entwicklung
von Algorithmen mit reduziertem Rechenaufwand, jedoch ohne die Giite der
Regelung zu beeintriachtigen, um damit die Anwendbarkeit auf Systeme mit
schneller Dynamik zu gewihrleisten.

Durch die Anwendung von Mehrschritt-MPC' reduzieren wir die Anzahl der zu
16senden Optimierungsprobleme und damit den Rechenaufwand signifikant. Aller-
dings verschlechtert dieser Ansatz die Robustheit des geschlossenen Regelkreises
beziiglich Stérungen. Wir présentieren einen Aktualisierten-Mehrschritt-MPC
Algorithmus, bei dem im Gegensatz zum Mehrschritt-MPC in jedem Schritt das
zugrundeliegende Optimierungsproblem auf einem verkiirzten Horizont gelost
wird. Dies liefert einen direkten Ansatz, dem Einfluss von Stérungen entgegen
zu wirken. Die Robustheit und Performanceverbesserung des Verfahrens dank
der Reoptimierung wird mathematisch bewiesen. Die Analyse erfolgt durch den
Vergleich der ,,Open-loop“ Strategie und der schrumpfenden Horizont Strate-
gie, angewandt auf OCPs mit endlichem Zeithorizont und gestérten Systemen.
Hierbei wird die mégliche Performancesteigerung durch die Reoptimierung her-
ausgestellt und quantifiziert. Die Analyse und die moglichen Vorteile tibertragen
sich dann auf MPC Verfahren auf unendlichem Zeithorizont.

Der Sensitivitatsbasierte-Mehrschritt-MPC' Algorithmus liefert eine weitere Redu-
zierung des Rechenaufwands. Die Sensitivitdten, die zum Update des Mehrschritt-
MPC notwendig sind, kénnen effizient durch Ausnutzung der Matrixstruktur
der MPC Formulierung berechnet werden. Durch eine Analyse der Sensitivité-
ten der zugrundeliegenden Dynamik zeigen wir, dass der sensitivitdtsbasierte
Regler eine lineare Approximation des reoptimierungsbasierten Reglers darstellt.
Wir weisen nach, dass sich daher die Stabilitdts- und Performanceeigenschaften
des Aktualisierten-Mehrschritt-MPC auf den Sensitivitdtsbasierten-Mehrschritt-
MPC iibertragen lassen.

Die unterschiedlichen MPC Algorithmen werden anhand von Beispielen mitein-
ander verglichen und die theoretischen Resultate dadurch verifiziert. Zusétzlich
untersuchen wir die Performance der Verfahren sowie den notwendigen Rechen-
aufwand zur Umsetzung der Algorithmen. Zur Analyse des Rechenaufwands
wird insbesondere ihr Potenzial fiir die Anwendung fiir eingebettete Systeme mit
beschrankter Rechenleistung untersucht.

Stichworter: Optimalsteuerung, Modellpradiktive Regelung, Robustheit gegen
Storungen, nichtlineare Optimierung, Sensitivitdtsanalyse
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Introduction

Model predictive control

The recent decades have seen a rapid development in model predictive control
(MPC) and its various aspects. It has garnered increased attention as it has
proven to be an important tool in the control of nonlinear systems in modern
technological applications. MPC is a feedback control design strategy based on
the solution, at every sampling instant, of an optimal control problem (OCP)
over a chosen horizon. In this optimization-based control technique, an OCP is
solved at each time step to determine a sequence of input moves that controls
the current and future behavior of a physical system in an optimal manner.
Typically for an MPC scheme, after applying the first element of the optimal
sequence of inputs, the fixed optimization horizon is shifted by one sampling
time into the future and the procedure is repeated.

optimization horizon N

predicted: state trajectory

o = (k)

control & state trajectory

past controls first element of the optimal control sequence

k k+ N

sampling instant

Figure 0.1: The MPC scheme where x(k) is used as the initial value of the OCP
solved at instant k. Piecewise constant control is used for the discretized system.

Conditions needed so that the MPC feedback law asymptotically stabilizes
the system have been well-understood in the literature. A clever approach in
ensuring stability of MPC schemes is based on imposing stabilizing terminal
conditions, see, e.g., survey paper Mayne et al. [47] and monographs Rawlings
and Mayne [57] and Griine and Pannek [36, Chapter 5]. Such terminal conditions,
however, are not necessary conditions for achieving stability. In this thesis, we
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consider MPC schemes without terminal conditions. Stability for MPC schemes
without terminal conditions are well-studied and developed in several works, e.g.,
Alamir and Bornard [1], Primbs and Nevisti¢ [54], Jadbabaie and Hauser [39],
Grimm et al. [31], Tuna et al. [65], Griine [32], Griine et al. [37] and Altmiiller
et al. [3].

Perturbed systems and robust stability

The explicit model of the system used to predict its future behavior is subject to
modeling uncertainty and noise. In addition, the actual system itself is subject
to external disturbances. Due to these perturbations, the predicted states and
the measured states, obtained once the computed control actions are applied,
typically deviate from each other.

Owing to its feedback nature, MPC exhibits certain inherent robustness proper-
ties for the perturbed setting, despite performing optimization in each iteration
only for the nominal model, i.e., without taking into account perturbations.
Robust stability refers to the capability of the system to maintain stability
and performance specifications for a specified range of uncertainty (see survey
paper Bemporad and Morari [7] on robust MPC).

Real-time optimization

When the current system state is measured, a control strategy that minimizes a
certain cost must be computed instantaneously, i.e., online, while the system is
operating and evolving. Solving an OCP to determine such an optimal control
strategy can be very computationally intensive since this usually includes an
iterative scheme solved until a convergence criterion is fulfilled. The high com-
putational expense results in computational latency or delay. As depicted
in Figure 0.2, where at time k the state is measured as z(k). Suppose solving
the OCP takes ¢ units of time. This means we obtain the optimal control only
at time k + §. However, in the case of a considerable delay §, the system has
already evolved by time k + § where the behavior of the system may have by
then changed much.

For this reason, MPC used to be a feasible option only for systems with slow
dynamics where there is sufficient time for solving the optimization problem
between sampling instants (see history and overview paper Qin and Badgwell [55,
56] on industrial MPC developments).

Hardware implementation

Computationally costly MPC algorithms used to be implemented using highly
powerful computing systems (e.g., servers, desktops, industrial PCs) in order to
meet real-time requirements.

Along with the development of sophisticated algorithms, digital electronics have
advanced during the last years. Nowadays, modern embedded systems feature
high numerical computing power (e.g., 1GFlops for each core on an ARM Cortex-
A9) with a very low power consumption (<1Watt) and cost (€). This allows the
implementation of computationally heavy control schemes for fast dynamical
systems at affordable cost (see, e.g., Jerez et al. [40] or Kerrigan [42]). This also
allows the feasibility of high performance control techniques to new application
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Figure 0.2: The computational delay § due to the online optimization in imple-
mentating MPC.

domains demanding tight real-time requirements.

Yet for a fixed price and size of an embedded hardware which determine its
capability and limitation, a researcher-designer still faces a trade-off decision
between low computing cost and high performance.

Existing real-time capable MPC schemes in the literature

Many invaluable advances on MPC are geared towards the suitability of MPC for
time-critical systems wherein sampling frequencies are higher. The work Binder
et al. [12] enumerates primary considerations in designing fast and real-time
capable MPC. One may need to determine whether or not the OCP can be
solved within a time requirement known a-priori. To this end, one may compute
offline or in advance certain quantities not necessarily needed to be computed
online to reduce the delay. One may also use suitable approximations for the
feedback or exploit similarities in the structures of OCPs being solved.

We briefly enumerate some of the studies from the large body of work on these
MPC developments that serve as motivation to the study we present in this
thesis.

The work Diehl [18] along with related works, e.g., [22, 21, 20, 19] presents a
real-time iteration technique based on a direct method (i.e., first discretize, then
optimize) within a multiple shooting discretization (see Bock and Plitt [14]) and
sequential quadratic programming (see optimization textbooks, e.g., [49, 15, 11])
framework. Initializing the current OCP by the state and control obtained from
the previous OCP, taking advantage of the fact that the OCPs are related by
a parameter that enters the problems linearly, results in the so-called initial
value embedding of the OCP into the manifold of perturbed OCPs. This allows
approximating the OCP in advance without the knowledge of the actual initial
value. In addition, fast solution of the OCP is provided by not iterating the
sequential quadratic programming to convergence. Furthermore, the iteration
scheme involves a preparation phase — a phase where functions and derivatives
that do not require the information of the current state are already prepared so

3
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the moment the current state is revealed, the remaining computation needed
to be undertaken becomes minimal — and a considerably shorter feedback phase
allowing to reduce the delay.

Bock et al. [13] proposes alternatives to the mentioned preparation phase by
using multilevel updates to the components of the quadratic programming.

The works Biiskens and Maurer [17], Maurer and Pesch [46], Pesch [53], Biiskens
and Gerdts [16] and Gerdts [25] take advantage of neighboring optimal solutions
based on parametric sensitivities. The analysis on the impact of a change in a
design parameters allows for updates on the control used in open-loop. Such
updates are then used in the context of MPC in Wiirth et al. [68], Zavala and
Biegler [70] and Yang and Biegler [69] to address the demands of real-time
optimization. Since the evolution of the system is affected by disturbances and
uncertainties, corrective updates of the nominal control are applied assuming
the mentioned perturbations are small enough.

The mentioned works [70, 69] also perform computation in the background
leaving the remaining tasks to be computed online inexpensive. It exploits
the predictive capabilities of the dynamic model to predict the future state
of the plant and solve a predicted problem in background between sampling
times. Once the current state becomes available at the next sampling time, the
controller responds to uncertainties through the online corrective update of the
predicted solution. The approach uses simultaneous collocation (see Biegler [10])
and interior point solver (see textbooks on optimization, e.g., [49, 15, 11]).

Another straightforward approach to cut back on computation expense is by using
the multistep MPC strategy (refer, e.g., to already mentioned works [32, 37])
the computational load can be lowered considerably by reducing the number of
optimizations performed. For time instants which are not multiple of m, the
control is immediately available.

Robust updated MPC schemes

Motivated by the prevailing themes from the discussion above, namely, main-
taining robustness and reducing computational load, we propose and analyze in
this thesis MPC variants fulfilling these objectives and present rigorous proofs
on the robust stability and performance of these schemes.

For a system subject to perturbations, the multistep feedback does not allow the
controller to respond, for an extended period of time, against the deviation of the
real state to the predicted state. Hence, multistep feedback laws are in general
considerably less robust against perturbations as opposed to the standard MPC
scheme. To accomplish the goals of robustifying the scheme while keeping the
computational cost low, we consider and investigate updating strategies on the
multistep scheme.

The first approach is the updated multistep MPC which uses re-optimizations
on shrinking horizons as a straightforward approach to provide a coping mecha-
nism to counteract the perturbations. Our analysis of this scheme builds upon
the study of finite horizon OCPs for systems under perturbations wherein we
compare the so-called nominal control strategy and the shrinking horizon strategy.
Potential performance improvement brought about by the re-optimization is
quantified using certain moduli of continuity of value functions. Switching the
attention back to the original problem, i.e., the infinite horizon OCP, we use



obtained expressions depending on moduli of continuity to establish improved
robust stability and performance of the updated multistep MPC compared to
the non-updated one.

Conceptually, the idea of the shrinking horizon strategy on finite horizon OCPs
has strong similarities to sensitivity-based techniques for open-loop control used
in order to cope with perturbations in the aforementioned works [17, 46, 53,
16, 25]. In the sensitivity-based techniques for open-loop control, instead of a
full re-optimization, only an approximate update of the optimal control based
on updated state information is performed. This idea can also be used in
moving horizon MPC in order to reduce the number of full optimizations to
fulfill the requirements of real-time optimization. We call the second approach
the sensitivity-based multistep MPC. The results on the stability and
performance analysis of the updated MPC can be extended to this case owing
to the fact that the re-optimizations are replaced by sensitivity-based updates
viewing the latter approach as an approximation to the former.

Various other updated MPC schemes exist in the literature aside from those
whose updates are derived from sensitivity analysis as in [68, 70, 69]. Our
approach has similarities to the abstract updates referred to in Pannek et al. [52]
in the sense that updates, in the setting of MPC without stabilizing terminal
conditions, are applied in order to cope with the nominal and real model disparity.
However, while in [52] the main result states that reasonable updates do not
negatively affect stability and performance, our main result in this thesis shows
that the shrinking horizon updates of the updated multistep MPC and the
particular updates of the sensitivity-based multistep MPC both do indeed allow
for improved stability and performance estimates compared to non-updated
MPC.

In implementing these proposed MPC variants in real-time, as implemented
in the literature mentioned above, one may take advantage of the separation
principle among the online (quantities computed immediately when the state
measurement becomes available), background (quantities computed shortly before
the state measurement becomes available) and offline (quantities computed even
before the process starts) computations. This, however, is beyond the scope of
the application we present in this thesis and will be left for future direction.

Contribution and overview of the thesis

The thesis deals with the main problem of solving infinite horizon OCPs for
perturbed nonlinear systems by MPC. MPC provides an algorithmic synthesis
of an approximately optimal feedback law by iteratively solving finite horizon
OCPs. This work is organized as follows.

Chapter 1 defines the setting and gives basic tools needed for the MPC analysis.
We introduce three MPC algorithms that serve as fundamental algorithms for
our analysis, namely, the standard MPC, the multistep MPC and the updated
multistep MPC.

We provide in Chapter 2 some existing results on the nominal stability of MPC
schemes without terminal conditions. We then introduce the perturbed system
setting and present conditions that an MPC variant needs to satisfy to yield
robust stability. Since for perturbed systems asymptotic stability is often too
strong a property to expect, in this thesis, we develop instead our results using
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the notion of practical asymptotic stability.

Chapter 3 brings a focus on finite horizon problems. We compare three different
settings: the open-loop controller for the nominal system, the nominal open-loop
controller applied to the perturbed system and the shrinking horizon controller, i.e.,
the controller for which at each time step wherein perturbation is experienced,
we perform re-optimization. We conduct an analysis on the benefits of re-
optimization under perturbations by comparing the three settings and discussing
concepts of controllability and stability.

& Despite the long existence of these methods, we are not aware of rigorous
results which quantify the benefit of the re-optimization in terms of the objective
of the optimal control problem in the presence of persisting perturbations. While
many papers address feasibility issues, results on the performance of the controller
and its potential improvement due to re-optimization are to the best of our
knowledge missing up to now. This gap is what we intend to fill in this chapter.
A preliminary version of the results we provide in Chapter 3 is published in
Griine and Palma [34].

Chapter 4 transitions back to the infinite horizon problem whose solution is
approximated by MPC. We analyze the nominal multistep MPC, the perturbed
multistep MPC and the updated multistep MPC' and use corresponding properties
from the three settings studied in Chapter 3.

& One of the key challenges when passing from finite to infinite horizon is
that typically asymptotic stability of the approximately optimal solution must
be established before we can talk about approximately optimal performance.
Rigorously quantifiable robust asymptotic stability and performance estimates
are presented in this chapter. As a main result, this chapter shows that the
shrinking horizon updates of the updated multistep MPC results in improved
stability and performance estimates in comparison to the non-updated MPC. A
preliminary version of the results we provide in Chapter 4 is published in Griine
and Palma [33].

Although one can observe that the updated multistep MPC is already compu-
tationally less expensive than the standard MPC with re-optimization in full
horizon, aiming to further cut down computational cost while maintaining robust-
ness, we propose a scheme approximating the updated multistep scheme. To this
end, we first review in Chapter 5 prerequisite results on nonlinear programming
and sensitivity analysis.

In Chapter 6, we introduce the sensitivity-based multistep MPC which is an MPC
variant that provides corrective updates to the multistep MPC computed using
the magnitude of the perturbations, i.e., the deviation between the predicted
and measured current states, and the sensitivities of the solution of the OCP
with respect to current state acting as a perturbed parameter. The idea of
this scheme which allows further reduction in terms of computational load is
published in Palma and Griine [50].

& Compared to existing MPC approaches that use sensitivity analysis, the
sensitivity-based scheme we consider in this thesis uses multistep control with
corrective updates yielding the resulting control to be a linear approximation of
the control obtained from re-optimization as in the updated MPC strategy. As
a consequence, we show that the performance and stability of the updated MPC
lends itself to this new variant up to some uncertainty range. Although the
updated multistep MPC still gives the best performance, the sensitivity-based



multistep MPC, however, has better robustness properties than the nonupdated.

Implementation examples and comparisons of the MPC variants that we tackle in
the thesis are presented in Section 4.4 and in Chapter 7 validating our theoretical
results.

& An implementation example in Chapter 7 shows that the sensitivity-based
multistep MPC fulfills both control performance and low computing complexity
requirements and investigates its potential for controller design on embedded
computing systems. A preliminary version of this study is published in Palma,
Suardi and Kerrigan [51].






I} MPC setting and
preliminaries

1.1 Setting

We consider the nonlinear discrete time control system
z(k+1) = f(z(k),u(k)), keN (1.1)

where x is the state and w is the control value. Let the normed vector spaces
X and U be state and control spaces, respectively. For a given state constraint
set X and control constraint sets U(z), z € X, we require z € X C X and
u € U(z) € U. The notation x,(-,xq) (or briefly x,(-)) denotes the state
trajectory when the initial state xq is driven by the control sequence u(-). We
refer to (1.1) as the nominal model. In Section 2.2, we extend this model by
incorporating perturbations.

A time-dependent feedback law p : X x N — U yields the feedback controlled

system ~
ok +1) = f(a(k), p(a(k), b)) (1.2)

Here, the next state at time instant k& + 1 depends on the current state at
time k and the feedback value p(z(k), k), which enters the system as a control
value. The feedback value, in turn, depends on the system state xz(k) at a time

k = k(k) < k which may be strictly smaller than k. We refer to (1.2) as the
closed-loop system.

MPC is motivated by the following problem. We aim to find a feedback law u
that approximately solves the infinite horizon OCP

min Joo (0, u(- Poo(x
oy in (zo,u(-)) (zo)

where the objective function is given by
oo (20, u(-)) =Y € (uk, m0), u(k))
k=0

which is an infinite sum of nonnegative stage costs £ : X x U — RJ along
the trajectory with xy as the initial value steered by the control sequence
u(-) € U*(zg). This type of objective is often related to feedback stabilization
problems which will be detailed in Section 2.1. The objective is minimized over
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all infinite admissible control sequences, i.e., all control sequences u(-) satisfying

- oo Ty k+ L;U X and
U (xg) := {u() eU ‘ u(k) € U((xu(k,xg;)efor all k € Ny }

where U denotes the set of all infinite admissible control sequences. Its optimal
value function is given by

Vaolzo)i= o o (z0.)

and the infinite horizon closed-loop performance of a given time-dependent
feedback p is given by

x07 ZE (xu (k,x0), (xu(/;,mo),k)) (1.3)

which is the infinite sum of costs along the trajectory driven by the feedback law.
Given an initial state, we would like to solve the infinite horizon optimal control
problem and obtain an optimal control in feedback form, i.e., to find a feedback
p with JS (20, 1) = Vio(z0). In the general nonlinear setting, however, this
problem is often computationally intractable, so we circumvent it by considering
the finite horizon minimization problem

in Jy (2o, ul P
Lomin (@, u() w(zo)

for the synthesis of the feedback law p to be discussed in Section 1.3. The
objective function is given by

N—-1
JIn (zo, u C(xy(k,x0),u(k)) (1.4)

k=0
representing a cost associated with an initial state xg, a control sequence u(-)

and optimization horizon N. The minimization is performed over all control
sequences u(-) € UN (zg) where

UM (20) := {u(~) e UN

Zy(k 4+ 1,20) € X and
u(k) € U(zy(k,x0)) for all k=0,...,N —1

where UY denotes the set of all finite admissible control sequences with N
elements.

We define the optimal value function associated with the initial state value zg by

V = inf J, :
(o) u(.)el%le(xo) N (2o, u(-))

In this work, we assume there exists a (not necesssarily unique) control sequence
u*(-) € UN (=) satisfying Viy(zo) = Jn (20, u*()), which is called the optimal
control sequence. Alternatively, statements could be formulated using e-optimal
control sequences, at the expense of a considerably more technical presentation.

10



1.2. Basic definitions and theorems

1.2 Basic definitions and theorems

An important concept that we will be using in our analysis is the dynamic
programming principle (introduced in Bellman [5], see also, e.g., [9, 8]). It relates
the optimal value functions of OCPs of different optimization horizon length for
different points along a trajectory.

Theorem 1.2.1. (Dynamic programming principle) Let xo be an initial state
value. Let u*(0),u*(1),...,u*(N —1) be an optimal control sequence for Pn(zo)
and 2+ (0) = xo, Tyx(1),..., 2y« (N) denote the corresponding optimal state
trajectory. Then for any i, i =0,1,...,N — 1, the control sequence u*(i),u*(i +
1),...,u*(N — 1) is an optimal control sequence for Py _;(xy=(3)).

Next, we define the following classes of comparison functions.

Definition 1.2.2.

i. A function p : Ry — R{ is a K-function if it is continuous, strictly
increasing and p(0) = 0.

ii. pis a Keo-function if it is a K-function that is unbounded.

iii. A function 8: R} x R — RS‘ is a KL-function if it is continuous and if,
for each r > 0, 3(r,-) is decreasing and satisfies lim;_,o, 8(r,t) = 0, and,
for each t > 0, B(-,t) € K.

iv. A function S : Rg X Rar — Rar is a KLy-function if it is continuous and if,
for each r > 0, B(r,-) is decreasing and satisfies lim; ., 8(r,t) = 0, and,
for each t > 0, either 8(-,t) € K or 8(-,¢) =0 .
We also consider the following notion of continuity.
Definition 1.2.3. Consider normed vector spaces Z and Y, a set A C Z and
an arbitrary set W

i. A function ¢ : Z — Y is said to be uniformly continuous on A if there
exists a K-function w such that for all 21,20 € A

[6(z1) = ¢(22)[| < w ([|21 = 22])

ii. A function ¢ : Z x W — Y is said to be uniformly continuous on A
uniformly in v € W if there exists a function w € K such that for all
z1,29 € Aand allv e W

16(21,v) = $(z2,v)l| < w ([l21 = 22]])
The function w is called the modulus of continuity.

Similar to that found in [57, Appendix C], the following theorem gives sufficient
conditions for which the optimal value function is a uniformly continuous function
without state constraints, i.e., X = X =R".

Theorem 1.2.4. (Uniform continuity of Vi (-)) Consider X =X and U(zx) =U
and suppose that Jy : X x UN — RS‘ is uniformly continuous on a set S C X
uniformly in u(-) € UN. Then Vi (:) is uniformly continuous on S.

11
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Proof. From the assumptions, there exists wy, € K such that

[N (21, u(-) = In (@2, u(-)[| < wiy (lz1 = 22])) (1.5)

for all 21,25 € S and all u(-) € UV, Since (1.5) holds for any choice of u(-) € UV,

let £ > 0 and suppose u2(+) is an e-optimal control for Py (z2). This implies

Vn(z1) = Vn(z2) < Jn(a1,ul() — Vi(az)
< In(z,ul(4) = In (e, ul(-) + &
< wy (e —22) + e

Likewise, for an e-optimal control ul(-) we have

Vn(z2) = Vn(z1) < Jn(z2,ul()) — V(1)
< In(xo,ul(4) = In(zr,ul(-) + e
< wiy ez —2a) + e

Since € > 0 is arbitrary,

[V (1) = Vn(z2) || < wiy (lz1 — 22])

holds for all 1, z2 € S which implies that V(+) is uniformly continuous on S.

Particularly, for all 1,25 € S

Vi (1) = Viv(22) || < wvy ([[21 = 22]])

with wy, <wy,. 0

In the presence of state constraints, conditions under which a similar result holds
become more technical, see, e.g., [36, Proposition 8.40]. We also note that the
modulus of continuity wy,, represents the sensitivity of the optimal value function
to changes in the parameter x of the problem Py (x). The proof of the theorem
shows that wy,, is less than or equal to wy, , hence we can expect that |V (z1) —
Vi (x2)| cannot be that much larger than ||Jn (21, u()) — Jn (22, u(:))|| and will
typically be smaller. We will further investigate this relation in Chapter 3.

1.3 MPC algorithms

In this section, we explain how the finite horizon OCP Py (z) can be used in
order to construct an approximately optimal feedback law for the infinite horizon
problem P, (zp).

The "usual’ or ’standard’ MPC algorithm proceeds iteratively as follows.

Algorithm 1.3.1. (Standard MPC)

(1) Measure the state z(k) € X of the system at time instant k

(2) Set xp := x(k) and solve the finite horizon problem Py (zg). Let u*(-) €
UM (x0) denote the optimal control sequence and define the MPC feedback
law

i (k). k) == u* (0)

12



1.3. MPC algorithms

(3) Apply the control value puy (z(k), k) to the system, set k:= k + 1 and go
to (1)

This iteration, also known as a receding horizon strategy, gives rise to a non-
time-dependent feedback g which — under appropriate conditions, see Section
2.1 — approximately solves the infinite horizon problem. It generates a nominal
closed-loop trajectory x,, (k) according to the rule

Tun (k + 1) = f(xlu\] (k)’ MN(xuN (k)’ k)) (16)

In this work, we consider two other variants of MPC controllers. First, we
consider multistep or m-step feedback MPC (see [32]), m € {2,...,N — 1}
in which the optimization in Step (2) is performed less often, by applying the
first m elements of the optimal control sequence obtained after optimization.

Algorithm 1.3.2. (Multistep or m-step MPC)

(1) Measure the state x(k) € X of the system at time instant k

(2) Set x := x(k) and solve the finite horizon problem Py (zg). Let u*(-) €
UY (z0) denote the optimal control sequence and define the time-dependent
m-step MPC feedback

(3) Apply the control values pn m(x(k), k+j), 7 =0,...,m—1, to the system,
set k:=k +m and go to (1)

Remark 1.3.3. Observe that through the scheme, the loop is only closed every
m-steps, i.e., the system runs in open-loop within m-steps before optimization is
performed again to compute a new set of controls.

Here, the value m is called the control horizon. The resulting nominal closed-loop
system is given by

Cp o (K + 1) = [(@pn o (B)s N m (T (K] m) s ) (1.8)

with k(k) = | k] for the notation introduced in (1.2) where |k|,, denotes the
largest integer multiple of m less than or equal to k. The motivation behind
considering m-step MPC is that the number of optimizations is reduced by the
factor 1/m, thus the computational effort decreases accordingly.

Second, we also consider the updated multistep feedback MPC which,
similar to the usual MPC, entails performing optimization every time step, but
unlike the standard MPC, wherein we perform optimization over full horizon N,
we re-optimize over shrinking horizons.

Algorithm 1.3.4. (Updated m-step MPC)

(1) Measure the state x(k) € X of the system at time instant k

(2) Set j := k—|k|m, r; := (k) and solve the finite horizon problem Py _;(x;).
Let u*(-) € UVN=J(x¢) denote the optimal control sequence and define the
updated MPC feedback

finm (2(F), k) := u*(0) (1.9)

13
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(3) Apply the control value fiy nm,(x(k), k) to the system, set k := k + 1 and
go to (1)

The nominal updated multistep MPC closed loop is then described by
Th (b +1) = F(@pn . (k) ANm (i ., (), ) (1.10)

We note that due to the dynamic programming principle in Theorem 1.2.1, in the
nominal setting the closed loop generated by the multistep feedback (1.8) and
by the updated multistep feedback MPC closed-loop system (1.10) coincide. For
this reason, the use of Algorithm 1.3.4 only becomes meaningful in the presence
of perturbations. These will be formalized in Section 2.2.

In presence of perturbations, we expect the updated multistep feedback to provide
more robustness, in the sense that stability is maintained for larger perturbations
and performance degradation is less pronounced as for the non-updated case.
This will be rigorously analyzed in Chapter 4. Compared to standard MPC, the
optimal control problems on shrinking horizon needed for the updates are faster
to solve than the optimal control problems on full horizon. Moreover, for small
perturbations the updates may also be replaced by approximative updates in
which re-optimizations are approximated by a sensitivity approach, leading to
another significant reduction of the computation time. This variant is analyzed
in Chapter 6.
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2d MPC stability and

performance

This chapter provides the fundamental theorems that will serve as the basis
of the analysis that we will conduct on various MPC schemes. In Section 2.1,
we present some established results in the analysis of nominal MPC (see e.g.,
[36, 32, 37]) consisting of statements on stability guarantees and performance in
terms of suboptimality with respect to the infinite horizon problem Pu.(xg). We
aim to apply the MPC variants on real systems and for this reason, we introduce
in Section 2.2 perturbed systems, as opposed to nominal systems. After having
summarized the main steps of the analysis of the nominal MPC without terminal
constraints, we adapt the statements to the analysis of feedback laws under
perturbations.

2.1 Nominal stability and performance

Suppose z, is an equilibrium of (1.1). MPC determines p : X x N — U that
approximately solves the infinite horizon OCP such that z, is asymptotically
stable for the feedback-controlled system (1.6) in the following sense.

Definition 2.1.1. An equilibrium z, € X is asymptotically stable for the
closed-loop system (1.2) if there exists § € KL such that

12 (F, o). < B(llzoll. . k)

holds for all 79 € X and all k € Ng where ||z|[, := ||z —.|. In this case, we
say that the feedback law p asymptotically stabilizes x,.

Conditions ensuring that the MPC feedback law asymptotically stabilizes the
system have been well-developed in the literature. On one hand, refer, e.g., to [57],
[36, Chapter 5] and references therein, we see that employing stabilizing terminal
constraints or adding Lyapunov function terminal costs to the objective function
ensure asymptotic stability of the MPC closed loop. On the other hand, see, e.g.,
[32], [37] and [36, Chapter 6] and references therein, we observe that imposing
such terminal constraints and costs are not necessary conditions for achieving
stability. In addition, due to the simplicity in design and implementation, MPC
without terminal constraints and costs is often preferred in practice and with this
motivation, we will be interested in analyzing the properties of MPC without
terminal conditions in this thesis.

To achieve asymptotic stability, an appropriate choice of the stage cost £ is needed
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and is typically obtained by penalizing the distance of the state to the desired
equilibrium and the control effort. This is enforced by making the following
assumption.

Assumption 2.1.2. There exist Ky -functions a1, as such that the inequality
ar(llzl,,) < (z) < ool (2.1)

holds for all x € X, where ¢*(z) := inf,cyl(z,u).

The following gives the key statement for the analysis of MPC without terminal
constraints or costs.

Proposition 2.1.3. (i) Consider a time-dependent feedback law p: X x N —= U,
the corresponding solution z,(k,x¢) of (1.2), and a function V : X — R{
satisfying the relaxed dynamic programming inequality

m—1

V(zo) = V(zu(m,z0)) + a Y Uz, (k, 20), plw,( [k m, x0), k)) (2.2)
k=0

for some « € (0,1], some m > 1 and all zg € X. Then for all x € X the estimate
Voo(@) < JZ (@, 1) < V(2)/a (2.3)
holds.

(i) If, moreover, Assumption 2.1.2 holds and there exist as, oy € Koo such that

ag([|#lle.) < V(z) < aa(llz],)

for all x € X, then the equilibrium x, is asymptotically stable for the closed-loop
system.

Proof. (i) The proof follows [32, Proof of Proposition 2.4]. Consider zy € X and
the closed-loop trajectory x,(k,zo). Then from (2.2) we obtain for all n € Ny

Ju

a . Uzpy(nm 4k, xo), p(xu([nm + k], x0), nm + k))
k=0
< V(zu(nm,x)) — V(zu((n+1)m,xo))

Performing a summation over n gives

Km—1
o Z é(Jiu(k,l‘o),u(l’u(l_kjm,l‘o),k?))
= K—1m-—1
= Q Z Uz, (nm 4k, zo), p(z,([nm + k| m, xo), nm + k))
n=0 k=0

< V(zo) = V(z(Km,zg)) < V(xo)

The leftmost sum is bounded from above for every K € N and is monotonically
increasing which implies convergence as K — oo, therefore

Vo (@) < IS (2, 1) < V(@)
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2.1. Nominal stability and performance

(ii) Following [32, Proof of Theorem 5.2|, by standard construction (see [43,
Section 4.4]) we obtain a function p € KL such that V(z,(km,zo)) < p(V (o), k)
holds for all g € X. Now consider £ € N which is not an integer multiple of m.
By (2.2) with x,,(|k]m, o) in place of y and the nonnegativity of ¢, we have

K(mu(k7m0)7u(x#(|_kjm7xo)7k)) < V(x#(LkJm7x0))/a
Since V(z) < ay 0 oy '(£(x,u)) holds for all u, we obtain

ag oy (V(@u([k]m, x0))/cx)
ag ooy (p(V(xo), [k]m)/a)

V(zu(k, x0)) <
<

which yields

[z (K, o)

Therefore, ||z, (k, zo)|lz. < B(||lzo
stabilty with ICL-function

B(r.k) = az* o agoar (plau(r), [k]m)/a) + 7"

which is easily extended to a CL-function by linear interpolation in its second
argument. O

o, Sag oagoar (plas(lzolls.), [k]m)/a)

z,, k) for all k € N| i.e., the desired asymptotic

In Proposition 2.1.3, to show asymptotic stability of a closed-loop system driven
by pn,m, we need to show existence of a function V and a value a € (0, 1]
satisfying the relaxed dynamic programming inequality (2.2). The use of the
relaxed dynamic programming inequality in the form (2.2) was first introduced
for the analysis of MPC schemes in [38]. Other forms, however, were earlier used
in [60].

Proposition 2.1.3 implies that aside from providing the estimate (2.3) (on which
a so-called suboptimality estimate, discussed towards the end of the section, will
be based), showing the existence of a positive « also ensures asymptotic stability
for the closed-loop system. In the sequel, we examine the feedback law py
and consider V' := Viy. We present in the following an approach of computing «.
One way to obtain « is by requiring the following assumption.

Assumption 2.1.4. There exists Bj, € K such that the optimal value functions
of Py (x) satisfy

Vi(z) < Bp(¢*(z)) forall x e Xandall k=2,...,N

Remark 2.1.5. The existence of the functions B;. can be concluded, for instance,
by assuming certain controllability assumptions. See, e.g., [36, Assumption 6.4]
or [66, Assumption 3.2 and Lemma 3.5] wherein the system is assumed to be
asymptotically controllable with respect to /, i.e. if there exists 5 € KL
such that for every z € X and every N € N, there exists an admissible control
sequence u, € UM (x) satisfying

Uz, (K, ), ue (k) < B(E7(2), k)
forall k€ {0,...,N —1}.

Example 2.1.6. Suppose there exist constants C' > 0 and o € (0,1) such that
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for every x € X and every N € N, there is u, € UN(x) such that

Uz, (k, ), us(k)) < Core (z)

for all k € {0,..., N — 1}. Then we take 3(r, k) = Co*r € KL giving By(r) =
ZkN:_Ol B(r, k) = C’Z,?:ol o*r that fulfills Assumption 2.1.4. In this case, the

system is said to be exponentially controllable with respect to /.

The following proposition considers arbitrary values A,, n=0,...,N —1, and v
and gives necessary conditions which hold if these values coincide with optimal
stage costs £(x,+(n, o), u*(n)) and optimal values Vi (2, (m, xo)), respectively.

Proposition 2.1.7. Let Assumption 2.1.4 hold and consider N > 1,m €
{1,...,N =1}, a sequence \,, >0, n=0,...,N — 1, a value v > 0. Consider
xo € X and assume that there exists an optimal control function u*(-) € U for

the finite horizon problem Py (xo) with horizon length N, such that
An = f(.]ju* (na 1‘0), U*(n))v n=0,....,.N—1
holds. Then
N-1
> A< Byog(M), k=0,...,N-2
n=~k

holds. If, furthermore,
v =Vn(zy(m,x0))

holds, then
j—1
v < Z)\n+m+BN*j()‘j+m)v j:O,...,N—m—l
n=0
holds.

Proof. Observe that for k=0,...,N — 2,

VN(.T()) = Jk(l‘o, u*()) + JN—k)(xu* (k‘,.]?o),u*(k + ))
= Ji(zo,u" (")) + Vi (zu~ (k, x0))

by (2.7) and Assumption 2.1.4, we have
VN (x0) < Ji(wo,u"(-)) + BN -k (€(u (K, 20)))
Subtracting (2.6) from (2.8) gives
IN-k(@ur (K, o), u (k ++)) < By (£ (2= (K, 20)))
yielding (2.4). Next we define the control function

u'(m+n), n<j—1

) = { A s
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where u**(-) is the optimal control for Py_;(zy~(m + j)). Then we obtain

VN (2w (m,20)) = JIn(2u-(m),af(:))
= JJ( ( ) u*( )+JN J(xu (m + j, o), u™ ()
yielding (2.5). =

By using the proposition, we arrive at the following theorem giving sufficient
conditions for suboptimality and stability of the m-step MPC feedback law pn m,
and an approach to compute the suboptimality index «.

Theorem 2.1.8. Let Assumption 2.1.4 hold and assume that the optimization

problem
N-1
A, —
o= inf ZnOily
A0y s AN =1,V ZI:O An
subject to the constraints (2.4) and (2.5)
and Z;n:_()l )‘n > 07 A07"'7A1\7—1al/ Z O

Pa

has an optimal value o € (0,1]. Then, the optimal value function Vy of Py (x)
and the m-step MPC feedback law pn ., satisfy the assumptions of Proposi-
tion 2.1.3(i) and, in particular, the inequality

Voo (@) < JZ (@, iv,m) < Viv(z)/a < Vio (@) (2.9)

holds for all x € X. If, moreover, Assumption 2.1.2 holds then the closed loop is
asymptotically stable.

Proof. From the solution u*(-) of Pn(xo) for z¢ € X, we construct the m-step
feedback pin ., giving the equalities

UN,m(xo, k) = u*(k), Ek=0,....m—1
Ty (b, 20) = 2+ (B, 20), k=0,...,m
g(x)uN,m(k xO) :uNym(xov )) E( (k xO)aU*(k))v k=0 m—1
which implies
m—1
VN (xMN,m (ma 1‘0)) +a Z g(xﬂN,vn (ka 1‘0), HUNm (mﬂN,71L (k7 31‘0), k))
k=0 m—1
= Vi (@us (m, 20)) + @ Y Uwue (k, 20),u" (k) (2.10)

k=0

for any o € R. Since P, has a solution, the values A\, = £(z,~(k, o), u*(k)) and
v = Vn(zy(m, o) satisfy (2.4), (2.5) and

m—1
/\kfvzaZ)\k

k=0 k=0

N —

=
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Hence, we obtain

m—1 m—1 N-1
VN (zu(m, x0)) + « Z Uy (kyxo),u™ (k) = v+a Z A < Z A
k=0 k=0 k=0
N—1
= Y Uz (k,30), u" (k)
k=0
= Vn(zo)
Together with (2.10), this yields (2.2) and thus the assertion. The second
assertion follows from Proposition 2.1.3(ii) setting oy := By. O

Because of (2.9), we refer to a as an index of suboptimality which provides a
performance bound indicating how well the feedback law py ., approximates the
solution of the infinite horizon problem Py, (z¢). If @ = 1, then the feedback law
is infinite horizon optimal. This implies that the closer to 1 the positive index «
is, the closer the feedback law approximates the solution of P (z¢) while the
smaller « is, the larger the suboptimality gap becomes.

Remark 2.1.9. The proof of Theorem 2.1.8 particularly shows the relaxed
dynamic programming inequality (2.2) for V = Vy and p = iy m, i€,

m—1
\% (xMN,m (m’ .’[70)) <Vn (.Z‘o) -« Z E(‘TMN,m (k7 '750)7 /’LN,m(x/J'N,Tn (kv 330)7 k))
k=0
(2.11)
for all zg € X. This inequality can be seen as a Lyapunov inequality and shows
that Vi is an m-step Lyapunov function indicating the descent property of the
value function along the closed-loop trajectory at every m time instants. Refer,
e.g., to [36, Section 2.3], [57, Appendix B] or [43, Chapter 4] for discussions on
Lyapunov stability theory.

The optimization problem P, may be nonlinear depending on the nature of
By (r) from Assumption 2.1.2. However, P, becomes a linear program in r if
By, (r) is linear. An explicit formula for « can be derived in this case.

Theorem 2.1.10. Let B, K =2,..., N, be linear functions and define v :=
Bg(r)/r. Then the optimal value « of problem Py, for given optimization horizon
N, control horizon m satisfies satisfies « = 1 if and only if Y1 <1 and

N N
(Ym+1—1) H (i —1) H (vi—1)
i=m+2 i=N—m-+1
azl- N N N N
H Yi = (Ym+1 — 1) H (%—1)] l H Vi — H (vi—1)
1=m-+1 i=m-+2 i=N—m-+1 i=N—m-+1

(2.12)
otherwise. If, moreover, the Bk are of the form Bg(r) := Zf:_ol B(r,k) for
some B € KLy satisfying B(r,n+m) < B(B(r,n),m) for all r > 0,n,m € Ny,
then equality holds in (2.12).

Proof. See Theorem 5.4 and Remark 5.5 of [37]. O
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The analysis on [37] assesses the impact of the optimization horizon on stability
and performance of the closed loop. By closely examining (2.12), one can find that
a — 1as N — oo if there exists ¥ € R with v, < 7 for all k € N [37, Corollary 6.1].
Therefore, under this condition, stability and performance arbitrarily close to
the infinite horizon optimal performance can always be achieved by choosing
N sufficiently large. In addition, the right-hand side value of (2.12) for m =1
is always less than or equal to the value for m > 2 [37, Proposition 7.3]. This
means that if Theorem 2.1.10 guarantees asymptotic stability (i.e., « > 0) of
standard MPC m = 1 (Algorithm 1.3.1), then it also guarantees stability of
m-step MPC for arbitrary m = 2,..., N — 1 (Algorithms 1.3.2 and 1.3.4).

Before we proceed to analyze the properties of the feedback law under perturba-
tion, we conclude the section by summarizing the presented course of reasoning.
Assumption 2.1.4 allows for the formulation of the optimization problem P,.
If P, has a solution « > 0, then this implies the Lyapunov inequality (2.11)
fulfilling the assumptions of Proposition 2.1.3 from which asymptotic stability
and performance estimates can be obtained. In case Bgx in Assumption 2.1.4
is linear, an explicit formula for the solution of P, is provided by (2.12). We
extend this setting and approach to analyze perturbed systems in the remainder
of the thesis.

2.2 Perturbed systems, robust stability and per-
formance

The results discussed in the previous section are based on a nominal setting
wherein no perturbations are acting on the system dynamics. In this section,
we generalize Proposition 2.1.3 to the perturbed situation. A counterpart of
Theorem 2.1.8 for gy, and fin , in the perturbed setting will be obtained in
Chapter 4.

Typically, a real world system is represented by a mathematical model that may
fail to take into account disturbance and other various sources of uncertainties.
Mathematical models are approximations of real systems where there is usually
a mismatch between the predicted states and those that are measured from the
real plant. This mismatch can be viewed as perturbations and can be taken into
account via the perturbed closed-loop model’

#(k +1) = f (8(0), w(@(R), k) + d(k) (2.13)
Here, d(k) € X represents external perturbation and modeling errors.

Remark 2.2.1. For simplicity and brevity of exposition, we focus on the analysis
of the closed-loop model (2.13) instead of the more general model

#(k+1) = 1 (2(k), (@(F) + e(k), k) ) +d(k)

where e(k) € X represents state measurement errors. Stability and performance
statements for this model can be derived from respective statements for (2.13)
using the techniques from [36, Proof of Theorem 8.36] or [41, Proof of Propo-
sition 1]. Whenever the measurement error is small compared to the external
disturbance, we expect the beneficial effects of re-optimization analyzed in the
thesis to hold analogously. Otherwise, large measurement errors may lead to

! As indicated in Chapter 1, the feedback value w((k), k) depends on the system state z(k)
at a time k = k(k) < k which may be strictly smaller than k.
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adverse effects particularly under fast sampling as analyzed in [61]. The trade-off
analysis between the benefits of re-optimization and fast sampling is, however,
beyond the scope of this thesis.

Due to the perturbations experienced by the system, the succeeding entries of
the m-step feedback may no longer be suitable since the succeeding current
states may be different from the predicted as the loop is not closed within
m time instants. This thesis aims to investigate the benefit of updates (i.e.
re-optimization) in this situation.

In the following discussion, we use the notation Z,(-, o) to denote a solution of
(2.13) in order to distinguish it from the nominal trajectory x,(-, zo). Further-
more, we consider the set

S(xo) == {Zu(-, o) | |d(k)|| < d for all k € Ny}

of all possible solutions steered by p starting in x¢ with perturbations bounded
by d.

Remark 2.2.2. In our discussion, we assume that for the initial values xg,
perturbation levels d and feedback laws p under consideration, any trajectory
Tu(- o) € Sy(xo) exists and satisfies 2, (k,zo) € X for all k£ € N. Techniques
which allow to rigorously ensure this property are discussed, e.g., in [36, Sections
8.8-8.9] and the references therein.

Asymptotic stability is in general too strong a requirement for a system to
achieve under perturbations. Nevertheless, it is often still possible to prove an
appropriate relaxation of the stability properties for the feedback law p. To this
end, we make use of the so-called practical stability defined in the following.

Definition 2.2.3. Given d > 0. Counsider sets P CY CX. A point z, € Pis

called ﬁ—practically uniformly asymptotically stable on Y if there exists
B € KL such that

1 (ks 20) |z, < B(llzollw., k)
holds for all zg € Y, all Z,,(-,z0) € Sz(x0) and all k with Z(k,x0) ¢ P.

The definition requires the system to have asymptotically stable behavior until
it reaches the set P. We can interpret P as the region of the state space wherein
the effects of the perturbations become dominant.

Definition 2.2.4. We say that z, is semi-globally practically asymptot-
ically stable with respect to perturbation d if there exists 8 € KL such
that the following property holds: for each § > 0 and A > § there exists d > 0
such that

12, (K, 20) ||, < max{B(||zol|x., k), 6} (2.14)
holds for all zg € X with ||zo||», <A, all Z,(-,20) € Sz(xo) and all k& € Ny.

In words, this definition demands that for initial values within a distance of
A from the equilibrium, the system behaves with asymptotic stability until
the trajectory is within a distance of ¢ from the equilibrium. Here, A and §
determine the admissible bound d on the perturbation. In what follows, we
relate Definitions 2.2.3 and 2.2.4 via the following lemma.

22
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Lemma 2.2.5. The m-step MPC closed-loop system (1.8) is semi-globally prac-
tically asymptotically stable with respect to d in the sense Definition 2.2.4 if for
every 6 > 0 and every A > § there exists d > 0 and sets P C'Y C X with

Ba(z,)NXCY and ﬁgﬁé(:g*)

such that for each solution &,(-,x0) € Sy(xo) the system is ﬁ—pmctically uniform
asymptotically stable on'Y in the sense of Definition 2.2.3 .

Proof. The proof follows from the fact that according to Definition 2.2.3 for each
k € Ny either ||Z,(k,z0)||lz. < B(||zollz.,k) or Z,.(k,zo) € P. Since the latter
implies ||Z,,(k, zo)||e. < J, we observe the assertion. O

Now that we have defined the suitable notion of stability for our setting, we
can also define the appropriate performance measure. We have described P as
the region of the state space in which the perturbations become predominant.
Hence, when considering the performance of such a solution, it only makes sense
to consider the trajectory until it first hits the set P. Thus, we need to truncate
the infinite horizon closed-loop cost JS (xg, 1) from (1.3) as follows.

Definition 2.2.6. Consider a set P C X. Then the performance associated to
a perturbed solution Z,(-, ) of a closed-loop system outside P is defined as
E*—1

T2 w0 ) = 3 € (Tl w0), (@l 20), 1)) (2.15)
k=0
where k* € Ny is minimal with Z,(k, o) € P for all k > k*.

As a technical ingredient, we additionally need the following set properties.

Definition 2.2.7. Let m € N.

(i) A set Y C X is said to be m-step forward invariant for (2.13) with
respect to d if for all g € Y and all &,(-,z0) € S(zo), it holds that
Z,(pm,xo) € Y for all p e N.

(ii) For an m-step forward invariant set Y with respect to d we call ¥ D Y an
intermediate set if Z,(k, ) € Y forall k€ Nand all 29 € Y.

We are now in the position to state the following theorem which extends Propo-
sition 2.1.3 to the perturbed setting.

Theorem 2.2.8. (i) Consider a stage cost £: X x U — R{, an integer m € N
and a function V. : X — ]Ra', Let p : X x N — U be an admissible m-step
feedback law of the form (1.7) or (1.9) and let Y C X and P C Y be m-step

forward invariant for (2.13) with respect to some d > 0. Let P D P be an
intermediate set for P. Assume there exists a € (0,1] such that the relaxed
dynamic programming inequality

m—1

V(aio) 2 V(fcu(m,xo)) ta Z E(i‘u(kvxO)vU(i‘u(LkvaxO)v k)) (2'16)
k=0

holds for all xo € Y \ P and all Z,(-,x9) € S3(x0). Then the performance
estimate

TE (@ (- 0), 1) < V(o)) (2.17)
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holds for all zo € Y \ P and all Z,(k, o) € S7(xo).

(ii) If, moreover, Assumption 2.1.2 holds and there exists as,ay € Koo with
az(|z]|z,) < V(x) < aq(||z|le,) for all z € X, then the closed-loop system (2.13)

o~

1s P-practically asymptotically stable on Y in the sense of Definition 2.2.3 .

Proof. (i) Similar to the proof of Proposition 2.1.3 (i), for proving (2.17), by a
straightforward induction from (2.16) we obtain

pm—1

a > UEu(kyx0), w(E (k) my w0), k) < V(wo) = V(Eu(pm, 20)) < V(o)
k=0

for all];E N for which Z,,(k, zo) ¢ P for k = 0,m,2m, ..., (p—1)m. In particular,
since P C P, this inequality holds for the smallest p satisfying pm > k* for k*
from Definition 2.2.6, implying

pm—1

TR @ 20), 1) < Y UEulk, 20), w(Eu (LK) m, 20), k) <V (20) [
k=0

(ii) For proving practical asymptotic stability, as in first part of the proof of
Proposition 2.1.3 (ii) we find a function p € ICL such that V(z,(pm, o)) <
p(V(zp),p) holds for all zg € Y and all p € N with pm < k* for k* from
Definition 2.2.6. Now for k € {1,...,k*} which is not an integer multiple of m,
(2.16) with &, (| k]|m, o) in place of zp and nonnegativity of ¢ imply

U@ (K, 0), (B (K] ms 20), k) < V(Zu([k]m,20))/

Using the same technique as in Proposition 2.1.3 (ii) to construct the required
B, we obtain ||Z,(k, o)z, < B(||zol|s.,k) for all K =0,...,k* with

B(r.k) = az' o agoar (play(r), |k]m)/a) + "

which is easily extended to a KL-function by linear interpolation in its second
argument. Lastly, since Z,(k*,29) € P implies that for all £ > k* we have

z,(k,x0) € 13, this shows the claimed ﬁ—practical asymptotic stability. O

This chapter gives the essential theorems required for the analysis of the ro-
bustness of a feedback-controlled closed loop. In the same manner Proposition
2.1.3 provides the key for the nominal system, Theorem 2.2.8 provides a pivotal
theorem for the analysis of the stability rendered and performance of the feedback
law g for a system under perturbation. The analysis relies on the evaluation of
the index «, whose positiveness indicates asymptotic stability and whose value
gives the degree of suboptimality of the closed loop.

While Theorem 2.1.8 shows that iy, renders the nominal system asymptotically
stable, we aim to show analogous statements for py », and fin,m (and later on,
Tiy.m> as defined in Chapter 6) for the perturbed system. As mentioned at
the end of Section 1.3, we will rigorously show that the shrinking horizon
update mechanism of the updated MPC algorithm (yielding fin ) enhances the
robustness of the closed loop.
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on finite horizon OCPs

In this chapter, we divert the attention away from MPC and approximating the
solution to the infinite horizon problem and instead focus on the finite horizon
problem Py (xo) (recall the definition in Section 1.1). In Sections 3.1 to 3.3, we
consider control algorithms for finite horizon problems and compare the so-called
nominal, perturbed and re-optimized trajectories. We compare the trajectories by
assigning each a performance measure that will allow us to quantify the benefit
of re-optimization. Section 3.4 discusses controllability and stability and reports
situations where the benefits of re-optimizations become significant. Illustrative
examples are given in Section 3.5. The results we present in this chapter give
essential tools for the analysis of the stability and performance of the feedback
laws 1ty ,m and fiy ., for the perturbed setting that we will conduct in Chapter
4. A preliminary version of the said results is published in [34].

3.1 Control algorithms for finite horizon OCPs

In the rest of this chapter, we only consider the finite horizon problem with
controls v* and p defined in the following algorithms.

Algorithm 3.1.1. (Open-loop control)

(1) Given zg, solve the finite horizon problem Py (z¢). Let u*(-) € UN (o)
denote the optimal control sequence.

(2) For k=0,...,N — 1, apply the control value u*(k) to the system.

This generates a nominal trajectory given by the rule
z(k+1) = f(z(k),u" (k) k=0,....,N—-1 (3.1)

with 2(0) = 2 and the corresponding open-loop trajectory denoted by .« (-, zg).

Next, we design a controller that uses a shrinking horizon strategy.

Algorithm 3.1.2. (Shrinking horizon strategy)

For k=0,...,N —1,

(1) Solve Pn_i(x(k), k), i.e., we perform a re-optimization giving an optimal
control sequence u}(j),7 =0,...,N —1 — k corresponding to the initial
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Chapter 3. Benefits of re-optimization on finite horizon OCPs

value 29 = z(k) and a resulting trajectory xy:(j),j =0,..., N — k. Note
that for each sampling time k, the control horizon shrinks.

(2) Define the time-dependent feedback

p((k), k) := ug(0)

and apply the control value to the system.

The closed-loop controlled system is described by

o(k+1) = f (x(k), p(x(k), k) k=0,...,N—1 (3.2)

Due to the dynamic programming principle in Theorem 1.2.1, in the nominal
case where no uncertainties are present, (3.1) and (3.2) coincide. But as already
mentioned in Chapter 1, this is not the case in the presence of perturbations.
Due to the perturbations described in Section 2.2, a mismatch between the
predicted states and those that are measured from the real plant is inevitable.
We write the perturbed system controlled by the same open-loop controller used
in (3.1) as

Z(k+1) = f(2(k),u" (k) + d(k) (3.3)

with d(k) € X representing external perturbation and modeling errors. This
suggests, however, that the open-loop optimal control sequence obtained from
the OCP solved at time 0, may not give the best control strategy as the system
evolves in time.

Now we aim to scrutinize the effects of the disturbance and the advantage of
using the shrinking horizon strategy in which we perform a re-optimization in
each time step. In order to simplify the exposition, in the sequel we assume the
existence of an optimal control sequence u*(+) for each z € X with UN(z) # 0
and we examine the perturbed system using a shrinking horizon control strategy
given by

E(k+1) = f(2(k), w(Z(k), k) + d(k) (34)

We investigate whether the re-optimization in the shrinking horizon strategy
addresses the drawbacks that the control design suffers from upon using open-loop
control. To this end, we closely examine and compare the trajectories described
above, namely, the nominal trajectory (3.1), the perturbed trajectory (3.3)
and the re-optimized trajectory (3.4).

3.2 Nominal and perturbed trajectories

To analyze the nominal, the perturbed and the re-optimized trajectories, we in-
troduce an intuitive and rigorous notation reflecting perturbations and performed
re-optimizations.

Notation 3.2.1. Let z;,, denote the state trajectory element at time j that
has gone through p perturbations at time instants t = 1,...,p where j > p,
and r re-optimizations have been performed at time instants ¢ = 1,...,r where
p=>r.

In this setting, we only put our attention to the trajectories generated by (3.1),
(3.3) and (3.4) given by x;0,0, ;0 and ; ; j, respectively, for j =0,...,N.
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3.2. Nominal and perturbed trajectories

Notation 3.2.2. Let uj, .(-) denote the optimal control sequence obtained
by performing a re-optimization with an initial value z; ) ,—1 and optimization
horizon N — j, i.e., u} , .(-) is obtained by solving Pn—;(xjpr—1)-

Since the initial value does not change when performing a re-optimization, the
identity x;p -1 = T;p holds. For our purposes, we will only consider states of

the form x;,, with r = 0,p,p — 1.

UG,0,0(0)

Ug,0,0(0)

Z3,0,0

Figure 3.1: Trajectories through time where perturbations occur and re-
optimizations are performed

Figure 3.1 illustrates the trajectories through time where perturbations occur and
re-optimizations are performed for the control horizon m = 3. At time ¢ = 0, by
solving P3(x0,0,0), we obtain an open-loop optimal control sequence ug  o(j) =
u*(j), j = 0,1,2 for which we can generate a nominal multistep trajectory
zj0,0,J = 0,...,3 via (3.1) shown in black in the sketch. For an additive
perturbation d(-), the blue trajectory in Figure 3.1 indicates the perturbed
multistep trajectory z; 0, 7 =0, ...,3 generated by (3.3). Here, cach transition
(shown in solid blue) is composed of the nominal transition f(z; .0, 0.0(J))
(blue dashed) followed by the addition of the perturbation d(1),d(2),d(3) (red
dashed). Finally, the trajectory z; ; ; obtained by re-optimization in each step
and generated by (3.4) with perturbation d is shown piecewise in blue, green
and orange, with the different colors indicating the different control sequences
uy ;5. J =0,...,2whose first pieces are used in the transition. Again, the nominal
transition and the effect of the perturbation d(j) are indicated as dashed lines
and the resulting perturbed transitions from x; ; ; to Tj41 41,7 = Tj41,j+1,5+1
as solid lines.

*

7 p.r Were defined, we define the following stage cost.

Similar to how z;, . and u

Notation 3.2.3. For time instants j € {0,...,N—1}andfor j >p, p>r, r =
0,p,p — 1 we define

)\jvpﬂ” =4 (‘ijpy”‘a u:,r,r(j - ’I’)) (35)
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Observe that in order to determine the control needed to evaluate the stage cost
for the state x;, ., we go back to the last instant of the optimization, namely to
time r and use the optimal control sequence obtained there for horizon N —r
and initial value x;, ,.

In order to simplify the numbering in the subsequent computations, we extend
(3.5) to give meaning to the notation when j < p, p >r, r =0,p,p— 1 through

Niii ifr#0
Ajpyr 1= { o0 7 (3.6)

)\j,jp ifr=20

Remark 3.2.4. Although the previous discussion yields x; ; j—1 = x; ;;, we see
that \jjj—1 7 Ajjj since Ajj -1 = €(2)5-1,u5_1 ;_1,;-1(1)) while \;;; =

(24,5 ;.;(0)).

J—1

3.3 Re-optimizing versus not re-optimizing

In the presence of uncertainties or perturbations, we perform re-optimization
in the hope of having a coping mechanism against the differences between the
real system and the nominal model to redirect the trajectory back to the desired
behavior aiming to stay ’close’ to the nominal situation. We investigate whether
re-optimization indeed gives such an advantage.

The idea is to find quantifiable relations among the various trajectory scenarios.
More precisely, we compare the following scenarios.

Definition 3.3.1. Given an initial value z¢ 0,0 = 29 € X, we define the following
performance measures.

i. The value of the nominal optimal trajectory

N-1
J]r\x]mult(xo) — Z /\j,0,0
j=0

ii. The value of the perturbed trajectory with nominal optimal control se-
quence
N-1

TR (o) =D Ajjo

<

iii. The value of the perturbed trajectory with re-optimized control

N—-1
d
IN (o) == ) Ajjj

Jj=0

We recall that in Figure 3.1 the trajectories corresponding to these performance
indices are indicated in black (i.), blue (ii.) and piecewise in blue, green and
orange (iii.) and that they are generated by (3.1), (3.3) and (3.4), respectively.
Further, it is easily seen that JE™W(z4) = Vjy(xo) holds. This nominal optimal
value will be our reference in the following analysis.

The following theorem provides the basis for comparing JE™(x0) to JY™ (x).
This comparison is then stated in the subsequent corollary.
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Theorem 3.3.2. Assumex;jo € X forallj=0,...,N=1. Form=1,... ,N—

>
T
2
o
e
\
R
3
o
IA

> “]N—j(xj,j—l,o, u*(-+ 7))
j=1

—JIn—j(xj 0w (- + 7)) (3.7)

Proof. Let u™ = ug o First, for each time step, we compare the total cost along
nominal trajectory to the trajectory where perturbation is introduced in the
next time step wherein optimization is performed. Using (3.5) and (3.6), we
obtain the following identities and inequalities.

N—-1 N-—1 N—-1 N—-1
Y Noo— > Aao| = oot D Aoo—roto— D Ao
j=0 3=0 j=1 J=1
= |Inv-1(@100,u(-+1)) = In-1(z1,1,0, 0" (- + 1))
and
N-—1 N-—1 N—-1
’ E A0 — E )\j,z,O‘ = ‘)\0,1,0+/\1,1,0+ E Aj1,0
=0 =0 =2
N—-1
—A0,2,0 — A1,2,0 — E )\j,Q,O‘
=2

= ‘JN—2($2,1,07U*(' +2))
—JIn—2(x2,20,u" (- + 2))‘

Inductively, for m=1,...,N — 1,

N-1 N-1
E Ajm—1,0 — E Aimo|l = |Aom—10 + - + Ap—im—1,0
Jj= 7=0

N1
+ E Ajm—1,0 = Ao,m,0 —
j=m

N-1
— Am—1,m,0 — E Ajm.0
j=m

’JNm(mm,ml,Oa U*( + m))
- JN—m(xm,m,OvlL*(' + m))’
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With these above, form=1,..., N —1,
N—1 N-1 N—1 N—1 N-1
> Xoo—= D Nimo| = D Noo— D Ao+ D Ao
Jj=0 Jj=0 Jj=0 j=0 j=0

N—-1 N—1
St E Ajm—1,0 = § Ajm,0
=0 =0

N—1 N-—1
< E )\j,o,o—§ Ajo| +
=0 =0

1

N—1
st Ajm-10= Y Njm.o

=0 =0
= ’JNA(CELO,O, u(-+1))
—JIn-1(z11,0, w0 (- + 1))’ +
‘JN—2($271,0,U*(' +2))
—JIn-2(®220,u" (- + 2))’
...+ ’JN_m(xm,m—l,mU*(' +m))

— TN (@m0, 6 (- + )|

m

= Z’Jij(%jfl,o,u*('Jrj))

j=1

= JIN—j(@j,0,u" (- +j))‘

The theorem above estimates the difference between the nominal value and the
value corresponding to a trajectory that experiences perturbations up until time
instant m. The difference depends on the objective functions of elements x; ;1,0
and x; ;0 as sketched in Figure 3.1.

Using uniform continuity assumptions on the objective, the following statement
directly follows.

Corollary 3.3.3. Suppose J;, i =1,..., N, is uniformly continuous uniformly
in w on X with modulus of continuity wy,. Consider an initial value xo € X and
a perturbation sequence d(-) such that x; ;0 € X for all j =0,...,N — 1. Then

N-1
T (a) — TR o) < 3w, (IG)) (8:8)
Jj=1
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Figure 3.1: Dependence on the value functions of elements x; ;10 and z; ;o

Proof. The statement follows from Theorem 3.3.2 applied with m = N — 1
ObSGI‘ViIlg that Jﬂfmmt = VN and Lj,5,0 — Lj,5—1,0 = d(]) O

Next, we provide the analogous analysis for comparing J2™™(z0) to JaP? (o).

Theorem 3.3.4. Assume Py_;(z;;;), j=0,...,N —1 is feasible. For m =
1,...,N -1,

N-—1 m
Vv (20.00) = Y Njmam| < D VN—j(@ji-15-1) = Vi (@55 (3.9)
j=1

<

Proof. Similar to the proof of Theorem 3.3.4, we obtain the following set of
identities.

N—-1 N—-1 N—-1 N—-1
E Aj0.0 — E Aja| = |Mooo+ E Aj,0,0 = Ao,1,1 — E Aji
=0 =0 =1 =1

= |Vn-1(21,0,0) — Vvoi(z1,1,1)]

N-1 N—-1 N—-1
Y Niaa— D A2e| = [Aeai+ At Y Aaa
Jj=0 Jj=0 j=2

N-1
—X0,2,2 — A1,2,2 — g /\j,Q,Q‘
=2

|VN72($2,1,1) - VN72($2,2,2)|
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Inductively, for m=1,...,N — 1,

N-1 N—-1
§ >\j7m71,m71 - § >\j,m,m = )\O,mfl,mfl +... + )\mfl,mfl,mfl
=0 =0
N—-1
+ § )\j,mfl,mfl - )\O,m,m -
j=m

N—-1
- )\mfl,m,m - § )\j,m,m‘
j=m

|VN—m(xm,m—1,m—1) - VN—m(xm,m,m”

Now with the aid of the identities above, we have the following estimate. For
m=1,...,N —1,

N—-1 N—-1 N—-1 N-—1 N—-1
E Aj,0,0 — Njm,m| = E Aj,0,0 — E Ajaa+ E Aji1 —
N—-1 N—-1
.ot E Aj,?n—l,rrL—l - )\j,m,m

N—1
- Z Aj1a| +

=0 j=0

IN
(]
<
°

)

1

N-1
.t )\j,m—l,m—l - § Aj,rn,m
=0

=0
= |[Vn-1(®100) = VN-1(z11.1)] +

[VN—2(z21,1) — VN_a2(m222)| +

R ‘Vme(fEm,mfl,mfl)

*VN—m (Im,m,m)

= Y IVnj(@1m1) = Vieej(55,)]
j=1
]

The preceding theorem, on the other hand, estimates the difference between the
nominal value and the value corresponding to a trajectory that have undergone
perturbations and re-optimizations up until time instant m. The difference
depends on the optimal value functions of elements x;;_1 ;-1 and z;;; as
sketched in Figure 3.2.

Using uniform continuity assumptions on the optimal value function we arrive

32



3.4. Improvement due to re-optimization

uH,0,0(0)

ug,0,0(2)
3,0,0

Figure 3.2: Dependence on the optimal value functions of elements z; ;_1 ;1
and z;,;,;

at the following corollary.

Corollary 3.3.5. Suppose V;, i =1,..., N, is uniformly continuous on X with
modulus of continuity wy,. Consider an initial value xo € X and a perturbation
sequence d(-) such that Pn_;(xj ), j=0,...,N —1 is feasible. Then

N-1
TR o) = I o) < 37w, (1G] (3.10)

Proof. The statement follows immediately from Theorem 3.3.4 applied with
m = N — 1 observing that JY™ = Viy and z;;; — 2, j-1,-1 = d(j). O

Summarizing the results, the analysis reveals that the difference between re-
optimizing and not re-optimizing can be quantitatively expressed by the difference
between the moduli of continuity wy, of the optimal value functions compared
to the moduli of continuity w;, of the objective functions J;. Indeed, while
the difference between JE™* and JuP? is determined by the wy,, the difference
between JR™Ut and J]Ii,m““ depends on the wy,. In Theorem 1.2.4, we have
already seen that wy, < wy, holds, which implies that re-optimization should not
worsen the performance — modulo the conservatism introduced in our analysis
due to the triangle inequalities used in the proofs of Theorems 3.3.2 and 3.3.4.

3.4 Improvement due to re-optimization

The analysis so far reports that re-optimization will “not worsen” the performance
of the control design. However, in practice, we hope to determine when does
re-optimization not only “not worsen” the performance but rather when does
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re-optimization improve the situation. For this reason, in this section, we analyze
the moduli of continuity obtained for linear quadratic problems in order to
identify situations in which an improvement due to re-optimization can indeed
be expected.

To this end, we consider linear finite dimensional systems of the form
x(k+1) = Az(k) + Bu(k)

with X =X =R", U = U = R™ and matrices A € R"*" B € R"*™. The stage
cost is given by the quadratic function

l(z,u) = 27 Qx4+ u” Ru

with symmetric and positive definite matrices Q € R™*™ and R € R™*™,

The simplifying assumptions of linear dynamics, positive definite quadratic costs
and no constraints are mainly imposed in order to simplify the presentation of
the two key properties controllability and stability in this section. Similar results
can also be obtained for nonlinear and constrained problems at the expense of
more technically involved definitions and proofs.

We first estimate the modulus of continuity wy, .

Proposition 3.4.1. Let o be the eigenvalue of A with maximal modulus |o]|.
Let S C R™ be a bounded set, N € N and € > 0. For a constant K > 0 consider
the set of control sequences

UN = {u(-) e UV | |Ju(k)|| < K for allk=0,...,N —1}. (3.11)

Then there exists real constants ¢c1 > 0 and ca = co(g) > 0 such that the modulus
of continuity wy, of Jy on S, uniformly in u(-) € UY satisfies

N-1 N-1
crr? Z o)k < wiy(r) < e Z ||
k=0 k=0

Proof. For any two initial values z1, o € R™ and any control sequence u(-) € UV,
observe
e(k) = zy(k,x9) —xy(k,21) = AFzy — AFzy
= Af(zy—x)) = AFe(0)
Setting x; := 0 and x := rv where v is an eigenvector for o with ||v]| = 1 then

yields e(0) = 7v and thus e(k) = oFrv. Since Q is positive definite there exists
c1 > 0 with v7'Qu = ¢;. Then for u(-) := 0 we obtain

Uwu(k,z2), u(k)) = Oz (kyz),u(k) = zu(k,x2)" Quyl(k, z2)
—zy(k,21) T Quy(k,21)
= e(k)TQe(k) = o*rvTQura”
2

= (o)
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Since (1.5) holds for all u(-) € UV, by choosing u(-) = 0, it follows that

Y (Uaulk, 22), ulk)) — Uz (k, 1), u(k)))

k=0

wiy ([[er = 22f) >

N-1 H

N—1
cr? Z |0’|2k
k=0

This yields the lower bound.

To show the upper bound, we use the fact that on one hand, for € > 0 there
exists & > 0 such that ||A*z|| < &(|o| + €)*||z| holds (this follows, e.g., from
[59, Satz 11.6]). On the other hand, there exists a compact set D C R™ such
that for all 2o € S and all u(-) € U¥ the inclusion z,(k,x¢) € D holds for all
k=0,...,N —1. On this set D, the stage cost ¢ is Lipschitz continuous in z
with a constant L > 0, i.e.,

€k, 22), w(k)) = L(zu(k,z1),u(B)]| < L([zu(k,z2) — zu(k,21)]])
= Llle(k)]| = L|A*e(0)]]
L||A¥ (g — 21)||

< Léo(|o] +e)¥|xo — o
for all z1,z5 € S, leading to
N-1
[T (@1, u() = In (@, ul) <Y @k, 22), ulk)) = £z (k,20), u(k))]|
k=0

< csllze — x4

with c3 = Lég ZkN;Ol lo|¥. Since wy, is the modulus of continuity of Jy, it must
be that
wry (|22 = z1]]) < c3lz2 — 21|

This yields the claimed upper bound with co = Lés. O

Observe that the lower bound on wy, (r) is independent of the choice of S, e, K
and N while the upper bound typically depends on these parameters.

Proposition 3.4.1 states that the modulus of continuity w;, is large whenever
|o| is large and small if |o| is small. In particular, wy, grows unboundedly in N
if the system is not open-loop asymptotically stable, i.e., if |o| > 1.

From Theorem 1.2.4, we have wy,, < wj,. Hence the upper bound on wy, from
Proposition 3.4.1 also applies to wy, . In addition, under suitable conditions,
wy, can be considerably smaller than wy, , as the following proposition shows.

Proposition 3.4.2. Assume that the pair (A, B) is controllable. Let S C R™
be a bounded set. Then there exists a real constant ¢ > 0 such that the modulus
of continuity wy, on S satisfies

wyy (r) <er

for all N € N.
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Chapter 3. Benefits of re-optimization on finite horizon OCPs

Proof. Controllability implies that there exists a constant ¢ > 0 such that for
any zo € R" we can find a control u,,(-) € U" with [jug, (k)| < ¢&||lzo| for all
k=0,....,n—1and z,, (77,70) = 0. This implies that on the bounded set S
there exists a uniform upper bound M of Vi which can be chosen independent of
N. Then, positive definiteness of ) and R implies that the optimal trajectories
remain in a compact set D and that the optimal control sequences lie in the set
U¥ from (3.11), where D and K can also be chosen independent of N.

Now for N <, using Proposition 3.4.2 in conjunction with Theorem 1.2.4 we
have

[Vn(z1) = Vn(z)ll < wyy(llor —a22]) < wyy (o —a22f)
N—-1
< Y loffllzy — 2l
k=0

The assertion follows with ¢ = ¢o sz:_Ol lo|k.

For N > 7, consider two initial values x1, 22 € S and let u*(-) be the optimal
control for x;. Let zy := x9 — 21 and pick the control sequence u,, € U
from the controllability property, which we extend with wu,,(k) := 0 for all
k=mn,...,N -1, implying ,, (k,z2 —z1)=0forall k =n,..., N — 1. Then
for @* = u* + ug,, we get

Tgr (K, 02) = e (B 21) + 2y (B, 22 — 21) = Ty (K, 21)

for all kK > n. Since £ is Lipschitz on S x Uk, we can find a constant ¢ > 0 such
that
Uzax (b, z2), 0" (Kk)) — Lz (k,21), u™ (k) < éllze — 1]

for all k =0,...,n — 1, while for k£ > 7 this difference equals 0. Therefore,

[Vn(z2) = V(1) < ||JN($27~*('))—JN(@“17 ())||

N—
< Zz < (k, x2), Uy (K, 1), (k))H
N-1
< D il —mll = Aéllwy — 3|
k=0
With ¢ = né¢, this implies the desired estimate. O

Remark 3.4.3. As a consequence of the results above, we expect the difference
between wjy, and wy, to be particularly large when the system is open-loop
unstable (implying a large wy, ) and controllable (implying a small wy,,).

In the next section, we present examples which numerically illustrate the result
in Remark 3.4.3.

3.5 Numerical example: a linear quadratic prob-
lem

Here we consider an illustrative numerical example for which we compare the
nominal case Jy nmult the case when nominal solution is applied to perturbed
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systems Jﬁ,mu“ and the shrinking horizon MPC J]L\‘,pd where the re-optimization
is carried out at each time step due to the mentioned perturbation. Consider
the nominal system described by

T =az+u (3.12)

and the corresponding perturbed system

T =az+u+d (3.13)
where d is an additive perturbation. Consider the cost function

Uz, u) = 2% + u.

Note that the stage cost ¢ forces the optimal trajectory to converge to the origin
0. Hence, the distance of the perturbed trajectory from the origin can be used
to visualize the performance.

If |a| < 1, then (3.12) is asymptotically stable with 0 as the equilibrium, and for
|a] > 1, it is unstable. In both cases, the system is controllable. Taking final
time N = 7, Figure 3.1 provides a visualization of the trajectories throughout
time for a chosen a and 9 = —4. With ¢ = 0,... N, z;0, represents the
nominal trajectory related to JY™(zq), while z;, 0 denotes the trajectory

corresponding to J}Z,’nult(xo), i.e., when the nominal open-loop control is applied
to the perturbed system (3.13). Finally, z;;,; represents the trajectory with

re-optimization, corresponding to J]‘i,pd(xo). The perturbations d(-) are randomly
generated from the interval [—0.1,0.1].

We compare the three described trajectories in Figure 3.1. Figure 3.1(top) illus-
trates the case when a@ = 0.5 for which (3.12) is is open-loop stable. Therefore,
one would expect not much improvement from re-optimization, which is exactly
what is visible in the figure, as the deviation from the nominal solution is only
mildly improved by re-optimization. In contrast to this, Figure 3.1(bottom)
shows the case a = 1.5, in which the system is open-loop unstable and control-
lable. Here, our analysis predicts a large benefit of the re-optimization procedure
which is clearly visible in the simulation. The similar effect is visible in Table
3.5.1 in which the values of JE™(20), J¥™(20) and JaP% () for zg = —4
are shown. In the open-loop unstable and controllable system with o = 1.5, one
can notice a better performing Ja?(zy) compared to Jy™!(x0). This is due
to the fact that the introduced random perturbations here do by chance have a
positive effect on the performance because they drive the system faster towards 0.

Figure 3.2 and Table 3.5.2 illustrate a case when re-optimization does not give
much benefit because the system is not controllable. In this example, we set
a = 1.5 and impose a control constraint v > 0 which renders the system
uncontrollable. Compared to Figure 3.1(bottom), one sees that the performance
of the re-optimization significantly deteriorates, though it still provides some
improvement over using the open-loop optimal trajectory. The numerical values
in Table 3.5.2 confirm this behavior. In order to increase the visibility of this
effect, we used here the constant perturbations d(k) = 0.1, i.e., the maximum
positive additive perturbation, at each time step.
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Figure 3.1: State trajectories for the stable and controllable system with oo = 0.5
(top) and for the unstable and controllable system with o = 1.5 (bottom)

Table 3.5.1: Comparison of control scheme performance

a=05 ]| a=1.5
Jamalt i Y18 1245 | 42.0829
JEE (0) | 22,6457 | 613.1214
TP (zo) | 18.8812 | 24.8458

Table 3.5.2: Comparison of control scheme performance

a=1.5
JRmult () | 42.0829
JRM () | 1763.9
Jd(zg) | 581.7244
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Figure 3.2: State trajectories for the unstable and uncontrollable system with
a = 1.5 with constraint v > 0 and maximum positive perturbation at each time
step
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%y Multistep and updated

multistep MPC schemes

The benefits brought by re-optimization to counteract perturbations is presented
in Chapter 3 for finite horizon problems. It is shown that over the finite horizon NV,
the performance difference between the nominal and perturbed system controlled
by the nominal optimal control is determined by w, while the difference between
the nominal and the shrinking horizon updated feedback controller is determined
by wy,. For open loop unstable and controllable systems, wherein wy, is
considerably smaller than wy, , the benefit of updates becomes significant.

This chapter builds upon the framework of Chapter 3 and extends the results to
the infinite horizon problem (approximately) solved by MPC through a moving
horizon approach. We show in this chapter that the re-optimization in shrinking
horizon update strategy performed in the updated m-step MPC does indeed
allow for improved stability and performance estimates compared to non-updated
scheme. We focus our attention to the evolution described by the perturbed
multistep MPC closed-loop system

B (kB +1) = [(@pn o (B)s bNm (T (K] m), K)) £ d(k) - (4.1)

and the perturbed updated multistep MPC closed-loop system

Tiin (K +1) = F(@pn 0 (B) AN (T, (F), k) + d(k) (4.2)

where perturbation occurs and re-optimization is performed. The feedback
controls pn,m and fin.., are defined in (1.7) and (1.9), respectively.

Section 4.1 and Section 4.2 give statements analogous to some properties in
Section 2.1 extended to MPC trajectories for which perturbations and possibly
re-optimizations occur. These statements serve as ingredients for the main
stability and performance results formulated and proved in Section 4.3 for the
multistep and the updated multistep MPC. Lastly, an illustrative numerical
example is given in Section 4.4. A preliminary version of the results we present
in this chapter is published in [33].

4.1 Properties resulting from perturbations and
re-optimizations

This section provides a counterpart of Proposition 2.1.7 for the perturbed closed-
loop. To this end, we again make use of the notation introduced in Section 3.2
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Chapter 4. Multistep and updated multistep MPC schemes

and derive a number of inequalities along the different trajectories.

4.1.1 Estimates involving Vy(Zy.mo0) and Vy(Zmmm)

We derive in this subsection some implications of Assumption 2.1.4 on trajectories
involving occurrence of perturbation and re-optimization. The following lemmas
provide an upper bound for Vi (%, m,0) and for Viy (2, m,m ) which can be viewed
as extensions of (2.5) to the perturbed setting.

Lemma 4.1.1. Let Assumption 2.1.4 hold and consider zpp0 = € X and
an optimal control u*(-) € UN for the finite horizon optimal control problem
Pn(x) with optimization horizon N. Then for each m =1,...,N — 1 and each
j=0,....,N—m~—1,

j—1
Z )\n-l—m,m,O + BN—j()‘j-‘rm,m,O) (43)
n=0
7j—1
Z )\ner,m,m + Bij(Ajer,m,m) (44)

n=0

IN

VN (xm,m,O)

IN

VN(xm,m,m)

Proof. To show (4.3), we take the trajectory element ,, ., o whose evolution is
steered by the optimal control uw*(-) along the perturbed system (4.1) within

m-steps. We consider &4, m,o for some j € {0,...,N —m — 1}.
We define ( ) ‘ )
v Ju(n+m) ne{l,...,j—-1
“W{ ws(n—7) nelj....N-1} (4.5)

where uz(-) results from solving the optimization problem Py_;(Z) with initial
value & = Zj4m m,0 = Tu*(-4m)(Js Tm,m,0). This yields

VN (xm,m,O) S JN (-rm,m,Oa ’l],( )

)
= Jj(xm,m,oa u*(-+m)) + JN—j(xj-i-m,m,Oa uz(-))

j—1 N—j—1

= Z U Zntm,m,0, 0" (n+m)) + Z 02y, (n, &), uz(n))
n=0 n=0
j—1 j—1

= ) Antmmo F Voi(®) < > Angmamo + By (07())
n=0 n=0
j—1

= Z )\n+m,m,0 + BN*j()‘jer,m,O)'
n=0

To show (4.4), we proceed analogously with & = & 1m.m,m = T o (J> Tmym,m)-

4.1.2 Estimates involving uniform continuity

The following are generalizations of Theorems 3.3.2 and 3.3.4 allowing an arbitrary
time instant k € {0,1,..., N — 1} to be the reference point in place of k = 0.
These results eventually provide a basis for comparing, in the finite horizon OCP
setting, the nominal system, the perturbed system controlled by the nominal
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optimal control and the perturbed system under the shrinking horizon updated
feedback controller.

Theorem 4.1.2. Gwen k € {0,...,N —1}. Foranype {l,...,N —k—1},

p

N-1 N-1
> Nk — > Nkrpo| € D INok—i(@rasiniio10,u (- +E+ 7))
j=k j=k

j=1
—JIN—k—j (Thpjhti0,u (- +k+ 7)) (4.6)

and

_ N— p
D Nikk = > Nikipkte| < D |VNk i (Thigikgi-1k15-1)
=k =k

j=1

—VNoh—i (Thtjrtrihri)|  (47)

Proof. The proof follows using the same technique as the proofs of Theorems
3.3.2 and 3.3.4 with the appropriate changes in the indices. O

Following directly is a corollary that sizes up the differences among values
associated with the tails of the nominal trajectory, the tails of the perturbed
trajectory with nominal control and the tails of the perturbed trajectory with
re-optimized control.

Corollary 4.1.3. Letk € {0,...,N—1}. Suppose J;, i =1,..., N, is uniformly

continuous on a set A containing ;0 and ;0 for j =k,..., N —1 uniformly
in u on X with modulus of continuity wy,. Suppose V;, i =1,..., N, is uniformly
continuous on a set A containing ;i and x;;; for j =k,...,N —1 with

modulus of continuity wy,. Then

N—-1 N—-1 N—k—1
S Nko— 3 Ao £ Y wae,, (ld(E+5)]) (4.8)
j=k j=k j=1
and
N—-1 N—-1 N—k—1
Nk = 3 Naal € 30w, (ldk + 7)) (4.9)
j=k j=k j=1
Proof. Straightforward from (4.6) and (4.7) with p =N — k — 1. O

Note that on the right hand side of the estimates the perturbations that occur
before time step k& do not appear since in both schemes they have cancelled each
other. Also, for the special case of k = 0, we recover results of Corollaries 3.3.3
and 3.3.5.

In the next lemma, we combine the preceding results to derive an upper bound
for the values corresponding to the tails of the perturbed trajectory with nominal
control and for the tails of the perturbed trajectory with re-optimized control.
Resulting estimates can be viewed as extensions of (2.4) to the perturbed setting.
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Lemma 4.1.4. Let the assumptions of Corollary 4.1.3 hold. Suppose further

Bk, K =1,...,N, is uniformly continuous on RS with modulus of continuity
wp - Then for k=0,...,N —2, we have the inequalities

N-1

Z Ao < BNok(Mrk0) FwWBy_p (Akk0 — Ak0,0) (4.10)

i=k N—k—1

+ sy (rko = 2k00) + 32wy, (ldCk+ )]
j=1
N—1 N—k—1
Nigi < ByokQwrw)+ Y wvy_,, (ld(E+5)]). (4.11)
j=k j=1

Proof. Inequality (4.10) follows since

N—-1 N—-k—1
> Njo < me Z Wry_ oy (1A + 5)])
j=k Ne—k—1
= JN*k(xk,kﬁ?uO,O,O(k"_' Z WIN—k—; (||d(k+])”)
j=1

IN

IN—k(Tk,0,0, g 0,0k + ) + Wiy _y (Th k0 — Th0,0)
N—k—1
+ > win, (I +5)])
=

1
< By—i(0"(%k,00)) + Wiy (@ k0 — Tk,0,0)
N—k—1
+ Z WIN _k—j (||d(k+.7)H)
i=1
=  Bn_k(M00) Wiy i (Thk0 — Th0,0)
N—k—1
FS wre (T )
j=1
< Bn-k(Mek0) F Wiy (Mkk0 — Ar,00)
N—k—1
+ Wi (@rko — 2e00) + Y Wiy, (ldk+5)]) .
i=1

To show (4.11) we compute

N—k—1
D N < me Z wyn oy (ld(k + 7))
=k
! N*k*l
= VN-k(Tkkx) + Wy (ld(k + )
=1
! N—k—1
< Byt (Trrk)) + Wy, (ld(k+ )
N—k—4=1
= ByxOwrs) + Y, wvn o, (ldE+ D)
Jj=1
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4.1.3 Counterpart of Proposition 2.1.7

By combining the results of Sections 4.1.1 and 4.1.2, we can now state the
following counterpart of Proposition 2.1.7. It yields necessary conditions which
hold if these values A, coincide with either A, ,, 0 or Ay, n=0,...,N =1,
and v with either Vi (zm,m.,0) or VN (Zm m,m)-

Corollary 4.1.5. Consider N > 1,m € {1,...,N — 1} and let the assump-
tions of Lemmas 4.1.1 and 4.1.4 hold. Let x = zp00 € X and consider a
perturbation sequence d(-) where d(k) = 0 for k > m generating the trajecto-
ries Ty noy (1,2) = Tnumo and Tpy (1, 2) = Tpnn. Consider a sequence
A >0, n=0,...,N —1 and a value v > 0 such that either

(1)) Ap =Apmo, n=0,...,N—1and v=Vn(Zmmo) or

(1) A =Xnmn, n=0,...,N—1and v=VN(Zmmm) holds.

Then the inequalities

N-1
> A <Bnk(M)+ &, k=0,...,N—2 (4.12)
n=~k
-1

VSZ)\n—i-m+BN—j()‘j+m)a j:()a"'aN*m*l (413)
n=0

hold for

@) & = & = X5 wne o, (ldk + 7))
+ Wiy (Akk,0 — Ak0,0) T Win_y (Thk0 — Tk,0,0)
. upd N—k—1 .
(1) & = &7 = 0 wvy (ldE+ 5.

Proof. For case (i), inequality (4.13) follows immediately from (4.3) while (4.12)
follows directly from (4.10). For case (ii), (4.13) follows from (4.4), and (4.12)
from (4.11). O

Remark 4.1.6. We will later use Corollary 4.1.5 in order to establish inequality
(2.16). Since all quantities in this inequality only depend on the perturbation
values d(0),...,d(m — 1), we could make the simplifying assumption d(k) =0
for £k > m in Corollary 4.1.5.

4.2 The perturbed versions of P,

Inequalities (2.4) and (2.5) comprise the constraints in the minimization problem
P, for finding the suboptimality index of the nominal m-step MPC scheme with
respect to the infinite horizon problem. For the perturbed and the perturbed
updated m-step MPC, the preceding corollary yields analogous 'perturbed’
inequalities (4.12) and (4.13). In this section, we investigate how much the
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values a resulting from the corresponding perturbed versions of P, may differ
from the nominal case. To this end, we first state the three problems under
consideration. Here, for the subsequent analysis it turns out beneficial to include
perturbation terms in both inequalities (4.12) and (4.13).

First, the optimization problem P, corresponding to the nominal multistep MPC

can be written in terms of the latterly introduced notation as

N—-1 1t
nmult Zn:() )"ﬂ,():U — v

« = inf T
An,0,0,n=0,...,N—1,pnmult En:O )‘mO,O
subject to prmult
N-1
E An0,0 < BN—k(Mko00), E=0,...,N -2
n=~k
j—1
It .
V<N A 0.0 + Byoi(Aj4mo0), 3=0,...,N—m—1
n=0
m—1
1t
E An,0,0 > 0, Am0,0y -- 05 AN—1,0,0, V7 >0
n=0

For the perturbed multistep MPC without update, we define aP™"!* via

N-1 1t
2 n=0 Anmo = VP

qPmult . inf
An,n,ﬂ77L=01-~~7N_17meu“ Z;n;01 )\n7fn’0
subject to ppmult
N-1
1
> Mno € By-k(Akpo) + €™ k=0, N -2
n==k
j—1
1 1 .
pPmult < Z Antm,m,0 + BN—jO\j.g.m,m,O) + £ t7 j=0,...,N—m-1
n=0
m—1
Z Mo = G Amom0s -« s AN—1,N—1,0, VP >0
n=0
where
gpmult . {maX , ,Smult with §£Imﬂt from Corollary 4.1.5(i) (4.14)
ke{0,...,N—2
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Finally, for the perturbed updated multistep MPC, we define a"P4 by

N-1 upd
upd 2 n=0 Annn ~V

o = inf —
An,n,n,n=0,...,N—1,pupd Zn:O An,n,n
subject to Purd
N—-1
Z A < BNok(Mepp) + €Y k=0,...,N -2
n=~k
j—1
VuPd < Z )\n+m,7rL,m + BN—j(/\j+m,m,m) + gupd’ .] = O, s 7N -—m—1
n=0
m—1
Z >\n,n,n > C; )\m,m,rm .- ~7/\N—1,N—1,N—17 Vupd > 0
n=0
with
upd — max upd  with €9P4 from Corollary 4.1.5(ii 4.15
£ kefo N2} k &k Yy (ii) ( )

Remark 4.2.1. The constraint bound ¢ > 0 is assigned to prevent the quotients
with denominator Z:?:_Ol An,n,0 and Z:?:_Ol An,n,n appearing in the analysis from
blowing up.

The subsequent lemma, inspired by of [36, Lemma 6.32], is the key technical
step to show how o™t aPmult and P4 are related. It provides an estimate
for the difference between the solutions to two abstract optimization problems
of the type introduced above.

Lemma 4.2.2. Consider increasing functions B}, : RS — Ry for k € N and
i =1,2 for which Bi(r) is linear. Assume that these functions satisfy Bi(r) > r
for all k € Nyr > 0 and that there exists a real constant € > 0 with

By(r) < Bi(r) + ¢ (4.16)

Fori=1,2 and a constant ( > 0 consider the optimization problems

Eﬁ:ol )‘n -V

subject to Y Ay < By (M), k=0,...,N -2 (4.17)

j—1
V<Y Mg+ By j(Nym), 5=0,...,N —m —1(4.18)

n=0

m—1
Z)\nzga)‘()v"'v)\Nfl;VZO (419)

n=0

47



Chapter 4. Multistep and updated multistep MPC schemes

Then the following holds.

Bl (6 +¢

(i) If ¢ > 0, then the inequality o < o' + m+1< holds.

(ii) If { = 0 and o® > 0, then for all values A0y -y AN—1, V satisfying (4.17)-
(4.19) fori =1 the inequality v < Zn o "+ B2, ,1(§) + & holds.

Proof. (i) Fix € > 0. Consider e-optimal values A}, ..., AL _;,v! satisfying the
constraints (4.17)—(4.19) for i = 1 and
N—-1 41 !
AL —
Zn 0 S Oél 1e

m—1 yq
Zn:O )\n

Case 1: Suppose AL, | — ¢ > 0. In the following we construct A3,..., A%, _,, 1>
satisfying the constraints (4.17)—(4.19) for i = 2 and
N—-ly2 2 2
A B
—Z"?n o <a' +€+7(£)
Zn 0 )‘n C

Set A2 := AL, n=0,...,N—2, X\ _, =2 | —& Set v? := max{0, ! —
B72n+1( ¢) — &}. Notice that by this construction, A3, ..., A% _,,v? satisfies con-
straint (4.19). For kK =0,..., N — 2 this implies

N—-1 N—1
YA = YA€ < By (W)€ < BY () +€-€ = B, (0\)
n=k =k
where the last equality holds since k ranges only from 0 to N — 2. This implies

(4.17) for By = B}.
Next observe that for j =0,...,N —m — 2

vt < Z)‘n+m+B]1Vy j+m Z)‘n+m+BN J()‘Jl+m) §
n=0

= Z /\n-i-m + BN _](/\3—1-171) §

holds. Further observe that for j = N — m — 1 we have

N—m-—2 N—m-—2
vt < Z )‘ner m+1()‘N 1) < Z )‘n+m m+1(>‘}\/71)+§
N—m-—2

N—m—2
- Z A2+ B () + B (€) +€
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with the last equality due to linearity of B]2V7 5. In case v? =0 we get
Jj—1
V<Y N L+ By (M), 5=0,. . N —m =2
n=0

and in case v? = v — B2, (£) — £ the inequalities

N—m—2
o< Z /\i+m+an+1()\?V—1)
n=0
j—1
Vo< vt—e < Z)\i+m+B]2V,j()\§+m), j=0,....,.N—m—2
n=0

hold. Thus, for j =0,...,N—m—1, we have v? <Y (X2, +B%_ (A2, ).
This implies (4.18) for By = B}.

Since Y7 AL = A2 > ¢ > 0 and € > 0, the values A2,,..., A3, v?
satisfy all constraints (4.17)—(4.19) for ¢ = 2 and we obtain

N—1 N-1 N—1
R S R L AD DR Y S AR AP R
2 n=0 _ n=0 n=0
a S m—1 - m—1 S m—1
>N >N > M
n=0 n=0 n=0
C oy B
— C .

Case 2: Now suppose \y_; — & < 0. Let p:= S0 "2 AL L+ BL L (\y_)).
Then

N—1.1 1 N-141
Zn:() )‘n -V > Zn:O >‘n — K

1
a +e > pv— = po——
Yoty Ab Ynso A
D D D W
Yoo Ab
I Bhi(AN_1) + Ay —p
- Zm—_ol )‘1L
_ 1 _|_ Bin,—i—l(/\}\f;l_)l* /\}V—l 2 1_|_ BTIYL-I—l()\}V—l) - )‘}V—l
- ZnZO A}L _C
s B L Ba© L s B
- ¢ - ¢ = ¢
o e Baa©+¢
— C .

2
Hence, in both cases we obtain a? < o' +¢ + M

assertion since € > 0 was arbitrary.

which shows the
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(ii) We proceed by contradiction. Assume there are values A},..., AL | 1

satisfying (4.17)—(4.19) for i = 1 and v! > Zg;ol AL+ B2, 1(§) + & Then the

same construction as in (i) yields A2,..., A% _;,v? satisfying (4.17)—(4.19) for
¢t =2 and

N-—1 N-—-1
DN Y AN VB () +¢
n=0 n=0

a? < < <0
m—1 m—1
2 1
pIRY pIRY
n=0 n=0
which contradicts the assumption «? > 0. O

The following theorem finally applies Lemma 4.2.2 to the problems Pimult,
Pgm““ and ngd.

Theorem 4.2.3. Consider problems Pt prmult gnd Purd et the assump-
tions of Theorem 2.1.8 hold and assume that the By, k € N from PPt gre
linear functions. Then

it It
apmult > anmult _ Bm+1(§pmu ) + fpmu

¢

d d
QUPd > qnmult Bm+1(§u1) ) + £

¢

where EP™ and £'P4 are defined in (4.14) and (4.15), respectively. Here, o™
can be replaced by the right hand side of Equation (2.12).

Proof. We apply Lemma 4.2.2 setting o? := o™t B2(r) := By(r), ol =

apmult and B;}:(T‘) = Bk(T‘) +€pmu1t. Then anmult < apmult + an+1(£p1[lu1t)+€Pxxxult

Similarly, taking o? := o™t B2(r) = Bk(rz, al = a“fd and B} (r) :=
updy , cup

Bi(r) + €4 we have that o"™ult < qupd 4 Bt @7DFE - Phe fact that

q
nmult

« can be replaced by the right hand side of (2.12) follows immediately from
Theorem 2.1.10. U

The preceding theorem gives lower bounds for the values o®™* and o*P9 of the
perturbed problems in terms of the performance index o™t of the nominal
problem.

4.3 Asymptotic stability and performance

In this section we combine all previous results in order to prove the 'perturbed’
counterpart to Theorem 2.1.8. To this end, we start with a preparatory lemma.

Lemma 4.3.1. Let the assumptions of Corollary 4.1.5 hold. (a) Consider
a perturbation sequence d(-) with d(k) = 0 for all k > m and a trajectory
Ty (- x0) of (4.1) which corresponds to a perturbation sequence d(-) with

d(k) =d(k) fork=0,...,m—1,
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4.3. Asymptotic stability and performance

(i) Let aP™ be the solution of PE™ for d(-) and some ¢ > 0 and assume

km:_ol U Zpn (K T0), iN,m (20, k) > ¢. Then the inequality
m—1
VN (T (M, 20)) < Viv (o) — &P " U(Fpy,, (F, o), v m (20, ) (4.20)
k=0
holds for . m—1
apmult — opmult 13 where o = Z wyn_; (A1) (4.21)
j=1
(ii) Assume that all values Mg, ..., An_1,vP™ " satisfying the constraints from

Prmult satisfy v < Zr]:];Ol Ay + By (€20 4 gpmult - Then the inequality

VN (. (1, 20)) < Viv(@0) + By 1 (€P™) + €7 + 0

holds for o from (i).
(b) The analogous statements hold for the trajectories Zp,, . (-, o) of (4.2) with

prmult - gpmult ete replaced by PEPY, a*P? ete. and o = Zj\;l wyy_, (1dG)D-

Proof. (a)(i) Consider the trajectory x; ;o corresponding to the perturbation
d(-) starting in xg 0,0 = xo, and the corresponding values \; ;o. Note that for
J = 0,...,m the identities Z, , (j,z0) = x; ;0 and for j = 0,...,m — 1 the
identities £(Z,, . (J, Z0), uN,m(T0,J)) = A} j,0 hold.

By Corollary 4.1.5(i), the values A\, = A\ n0 and v = Vi (@y,m,0) satisfy the
constraints of PP™*. This implies

N—-1 m—1
pmult < A pmult A
1% = n,n,0 — Q n,n,0
n=0 n=0

from which using (4.8) we obtain

N-1 m—1
VN(ZE“N,m (m7 xO)) < Z /\n,n,O - ameIt Z >\n,n70
n=0 n=0
N-1 N-1 m—1
< S oot 3 s (D) —aP™ 37 A
n=0 n=1 n=0
—_——
=Vn(x) :agaﬁ
Yn—0 n,n,0
m—1
< VN((E) _ dpmult Z )\n,n,Oy
n=0
i.e., the assertion, since d(m) =...,d(N —1) =0.

(a)(ii) Similar to (i) we obtain

N—-1
VN(:E#N,m (mv xo)) < Z A”»”vo + Bm+1(€pmult) + fpmu“~

n=0
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Chapter 4. Multistep and updated multistep MPC schemes

From this the assertion follows using the same estimates as in (i).

(b) Follows by analogous arguments using x; ; ;, Aj ;. j, Corollary 4.1.5(ii) and
(4.9). O

The following theorem — together with the subsequent remark — comprises the
main result of this chapter. For its formulation we need an additional property

of f.

Definition 4.3.2. We say that f is uniformly bounded on each ball Ba(x.) if
for any A > 0 the value supy, . <a ueu(z) [lf(2, u)[| is finite.

Theorem 4.3.3. (i) Let N > 1 and consider the MPC Algorithm 1.3.2 with
stage cost £ : X x U — R satisfying Assumption 2.1.2, yielding the m-step
feedback law py . Assume that f is uniformly bounded on each ball Ba(z.)
and that Jx, K = 1,...,N, f and £ are uniformly continuous on each ball
A= En(x*) around T, uniformly in u with their respective moduli of continuity
Wi w? and w]. Let Assumption 2.1.4 hold with By being linear and that the
optimization problem P has an optimal value o™ € (0, 1], implying that
the nominal closed-loop system is asymptotically stable.

Then the perturbed m-step closed-loop system (4.1) with feedback law pin m s
semi-globally practically asymptotically stable on X with respect to d.

Moreover, for aP™™ > 0 with aP™“ defined in Lemma 4.3.1, the performance
estimate

Jc’l‘ (jMN,m ('7 J}), MN,W) < Vn (x)/dpmuu'
holds for all %, ,.(-,x) € S4(z).

(i) The same statements hold for the MPC Algorithm 1.5.4, with the feedback
low iy m and the corresponding closed-loop system (4.2) when we replace the
moduli of continuity ng by w@K and apmult qpmult py gupd o upd respectively,

with &@*P?* defined in Lemma 4.3.1.

Proof. (i) To show that pp ., is semi-globally practically asymptotically stable
on X with respect to d, via Lemma 2.2.5, for every § > 0 and every A > 4,
we need to show existence of d > 0 and sets Y and P with intermediate set P
satisfying P C P CY C X and

Ba(z,)NXCY and ﬁggg(z*)

such that for each solution (-, zo) € S7(xo) the system is ﬁ—practically uni-
formly asymptotically stable on Y.

We can prove this through Theorem 2.2.8, i.e., by showing (a) the existence of
a € (0,1] such that the relaxed dynamic programming inequality (2.16) with
V =V, = pn,m holds for all 2y € Y\ P and all Z,,(-, 29) € Sg(z0), and (b) that
(2.1) holds and there exists as, ay € Koo with as(||z]lz.) < V(z) < au(||2]lz,)

First, observe that by taking as := a1 and oy := By o ag with ay from (2.1) we
obtain

ag([|z.]) < € (x) < V() < By (€ (2)) < By (az([lx

x.)) = aa(||z]

w.)
(4.22)

showing (b).
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4.3. Asymptotic stability and performance

To show (a), fix A > ¢ > 0 and an arbitrary « € (0, 1).

The next step consists of showing the existence of sets Y, P and P and value
d > 0. We show this by the following construction.

Construction of Y: Consider first some arbitrary d > 0. Due to the uniform
continuity of f on balls around x,, there exists ; > 0 such that f(x,u) +d €
B, (z.) for all 2 € Ba(x.) and all d with ||d|| < d. Then inductively for i =
2,..., N, with n;_; in place of A, there exists nx such that &, (k,zo) € By ()
for all k =0,..., N for any solution Z,(-, ) € S;j(z) and for any zo € Ba(z).

We set L := as(nn). Suppose z € B, (z.). Then |[z|,, < ny which implies
ay(||z|z,) < L. Since Vy(z) < ay(||zl2,) < L, z € Y := Vi ([0, L]). Thus,

Ba(zs)NX C By (z)NX C Y.

Setting 7 := a; ' (L) implies Y C B, (z.). We let wy, = ng, K=0,...,N,
Wy = w? and wy = w, denote the moduli of continuity of J, f and ¢, respectively,
on A = B,(z.).

Construction of P and P: We set p:=a - aso oyt oaz(d) with a = ko™it
and define P := V!([0,p]). Suppose = € P. Since az(||z|..) < Vn(z) < p,
|||z, < azl(p),ie., ac Eagl(p) (24). Furthermore

aas([[z]lz,) < as(||z]le.) < V() < aa(|z

2.) < aulaz’(p)

e, < 2azt(as(azt(p))), ie., x € Bs(x.). All this gives

o

giving [|z|

P C Ea;1(p)(a:‘*) C B(s(.’L'*)

for which we define P := Bj(z,). For later use, we also define ¢ := p/2,
Q = Vy'([0,q]) C P and ¢ := a;(a;'(g)). Observe that if 2 ¢ Q, then
as(||z]|2.) > Vn(x) > ¢ which yields £*(x) > a1(||2||l..) > a1(ay*(g)). This
implies the choice of ¢ ensures £*(x) > (.

Choice of d: We choose d € (0, min{az, ¢}] maximal such that the two conditions
Bm+1(§Pmult) 4 fpmult to S q and dpmult Z nanmu“

hold for £€P™U! from Corollary 4.1.5(i), and o and &P™! from Lemma 4.3.1(a)(i)
with ¢ from above. Such d > 0 exists due to Lemma 4.3.1 and Theorem 4.2.3:
Due to the uniform continuity assumption on the Jg, f and ¢ and the linearity of
Bg, all terms in the definition of £&P™U!* in Corollary 4.1.5(i) vanish as d — 0. We
note that d depends on d via ¢ and ¢ (which depends on § via the construction
of P) and on A via the moduli of continuity wy, , wy and we (which depend on

A via the construction of V). By Lemma 4.3.1, this choice of d ensures (4.20)
and thus (2.16) with V = Vy, g = punm and a = aPmult — oarmult - () for all
xog € Y with £*(z) > (. By the choice of ¢, this includes all zp € Y\ Q.

Now what remains is to verify that Y and P are m-step forward invariant with
respect to d and that P is an intermediate set of P.

m-step forward invariance of Y: It suffices to show the implication zg €
Y = Zuy,.(m,x0) €Y forall &, (-, 20) € S5(x0) since T, ,, (rm,z0) €Y
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Chapter 4. Multistep and updated multistep MPC schemes

for r > 2 then follows by induction. For zy € Y \ @, we know that (4.20)
applies, yielding Vn (%, (m,20)) < V(o) which implies Z,, . (m,z0) € Y.
For 2y € Q, we know that |2, < J§ < A. By construction of Y, all perturbed
trajectories starting in Ba () remain in Y for at least N steps, which implies
Tuy.,.(m,xg) €Y since m < N.

m-step forward invariance of P: It suffices, once again, to show the impli-
cation xg € P = I, . (m,z0) € P for all ,, (-, 20) € Sz(xo). We thus
consider arbitrary zo € P and Z,, , (-,70) € S4(z¢) and distinguish two cases:
Case 1: x9 ¢ Q. Then (4.20) applies, yielding Vn(Z,y . (m,z0)) < V(o)
which implies &, . (m,zo) € P.

Case 2: ¢ € Q. Since a™™¥!* > 0, Lemma 4.2.2(ii) applies and ensures that the

assumptions of Lemma 4.3.1(a)(ii) are satisfied. Then the choice of @, ¢ and d
yields

VN (Zpy (M, 20)) < Viv(@o) + Bra1 (™) + ™M 40 < g+q=p
which again implies 2, . (m, o) € P.

P is an intermediate set: It remains to show that Tuy,. (k,xo) € P = Bs(z.)
for all £ > 0 and x¢ € P. To this end, we use the inequality

VN (o (K, 20)) < a0 a7 (Vi (Zpy, (L] iy 0)) /)

derived in the proof of Theorem 2.2.8(ii). Since P is m-step forward invariant,
we know Z,,(|k|m, o) € P and thus

VN (Zpuy.,. (k,20)) < g0 o (p/a)

which by (4.22) and choice of p implies
1% 5 (Bs 0) [l < a3 0 a0 (p/a) =6

and thus shows . (k,zo) € P.

(il) The proof is completely identical to (i), observing that throughout the proof
of (i), we have only used properties of Algorithm 1.3.2 and system (4.1) which
have also been proven for Algorithm 1.3.4 and system (4.2). O

Remark 4.3.4. (a) The decisive difference between the cases (i) and (ii) in
Theorem 4.3.3 which determine both the bound for d and the suboptimality
index « lies in the error terms. For Algorithm 1.3.2 yielding index aP™"¢, the
error terms depend on wy, and for Algorithm 1.3.4 yielding index &*P4 the error
terms depend on wy, .

(b) The bound d depending on A and ¢ in Definition 2.2.4 can be chosen to
satisfy the condition &P™Ut > xa"™ult for arbitrary & € (0,1), with aP™! from
Lemma 4.3.1(a)(i). Here, the moduli of continuity wy, involved in the estimates
for aP™!* and oP™!* are chosen as wy, = w’, with n depending on A. The

value ¢ in these estimates depends on §. An analogous statement hold for &*Pd.

(c) Recall that a larger value of the suboptimality index « indicates better
performance of the scheme. Theorem 4.2.3 limits the performance loss of aP™ult
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4.4. Numerical example: inverted pendulum

Bnl+1(£pmult)+&-pmult and Bm’+1(£upd)+§upd
9 9

and o"P4 to the values , respectively with

Bm+1(§pmult) + fpmult S Bm+1(£upd) + gupd
¢ B ¢
since £PMWE > ¢upd (recall their definitions in (4.14) and (4.15)) and wy, > wy;.
This means that although we can not conclude that a"P4 > aP™u!t the theorem
nevertheless guarantees that the estimated performance of the updated scheme
can not be worse than that of the non-updated scheme. In Section 4.4, we give

an example in which updated m-step indeed performs better than the m-step
scheme.

(d) Now the definition of the performance indices GP™* and @*P4 in Theo-
rem 4.3.3, where wy, > wy,, with the difference being significant, e.g., in case
of open loop unstable and controllable systems (see Section 3.4, in particular,
Remark 3.4.3 and examples in Section 3.5), explains and quantifies the better
robustness properties of the updated MPC scheme.

4.4 Numerical example: inverted pendulum

In order to illustrate our results, we consider a nonlinear inverted pendulum
model consisting of a cart mounted on a track where it can move and attached
to it is a rigid pendulum that is able to rotate freely. We use the different MPC
controllers discussed in our study to swing up the pendulum to the unstable
upright or inverted position and stabilize it there. We consider the model used
in [37]

X1 (t) = X2 (t)
Ta(t) = —% sin(x1(t)) — ko arctan(1000z2(t))x3(t) — uTt) cos(z1(t))
daxo(t) 2 arctan(bxs(t))
~kn (1 Fd(aza (D) T ™ )
a3(t) = wa(t)
Ea(t) = wu(?)

where x;,4 = 1,...,4 represents pendulum angular displacement, angular velocity,
cart position and cart velocity, respectively, with gravitational constant g = 9.81,
pendulum length [ = 1.25 and friction parameters k;, = 0.007 and kr = 0.197.
In order to convert the continuous time system to a discrete time model (1.1)
we sample it with zero order hold and sampling period T" = 0.2. To stabilize the
upright position x, = ((2k + 1)7,0,0,0), k € N, we consider the stage cost also
used in [37]

(i), uli)) = /t "0 tu(t)? + (3.5 sin(a () — )2

+1 4.82sin(zy () — m)ao(t) + 2.3129(t)?
+ 0.1 ((1 = cos(my(t) — 7)) - (1+ cos(aa(t))?))?
+ 0.01z3(t)? + 0.124(t)%)* dt
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Chapter 4. Multistep and updated multistep MPC schemes

where ¢; = iT, leading to a cost functional of Jy(zg,u) = Zﬁgl 0(x(i),u(i)).

We aim to compare simulations resulting from the multistep and updated
multistep feedback controllers both on nominal and perturbed setting. We
set the length of the optimization horizon to N = 15, set the initial value g =
(=mw—0.1,0,—0.1,0) and for the perturbed system (2.13) we use a fixed randomly
generated perturbation sequence of the form d(k) = [0,0,d3(k),0]", k € N, (i.e.,
perturbations occur on the cart position x3 and are identical for each simulation)
with values in the interval [—d3,0] for d3 = 0.05. Note that for demonstration
purposes, i.e., to see clear trends, we present an example where perturbations
have uniform signs (similar results are also obtained for [0,d3]), in contrast to
arbitrarily signed perturbations which could also be chosen otherwise.

Figure 4.1 illustrates the trajectories for m = 1, where the 1-step MPC scheme
(shown in blue) renders the nominal system asymptotically stable at (—, 0,0, 0)
while, as expected, the 1-step perturbed solution (cyan) is only practically
asymptotically stable, i.e., only converges to a neighborhood of x,. We remark
that for m = 1, the trajectories generated by (4.1) and (4.2) coincide, hence
only the former is shown in the figure. For m = 7, trajectories resulting from
the nominal 7-step (blue), perturbed 7-step (red), and perturbed updated 7-
step (green) are plotted in Figure 4.2. The larger m is chosen, the longer the
multistep controller does not counteract the effect of the perturbation preventing
the trajectory to arrive closer to the equilibrium which is exactly what we see in
the plots (shown in red). Improvement is manifested by applying the updates to
the multistep scheme allowing the trajectory to move towards the equilibrium
against the perturbations (shown in green). Finally, the figure also illustrates
how all the schemes mentioned compare to the 1-step scheme — the most robust
scheme (shown in cyan).

State X State X,
-3.1 0.2 .
“‘\
- 0.15(1
-3.151 | I\
| 0.11}
c: |
| 0.05 ‘
32 l
| 0f N\ iz
-3.25 -0.05
0 20 40 60 80 100 0 20 40 60 80 100
State Xg State x,
0.4 0.6
A
0.2 051
R
0 0.4 ”
-0.2 0.3 |
-0.4 0.2 |
-0.6 0.1
-0.8 0
-1 -0.1
0 20 40 60 80 100 0 20 40 60 80 100

Figure 4.1: State trajectories driven by the 1-step MPC scheme for nominal
(blue) and perturbed system (cyan)
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State x, State x,,
-3.1 0.2
|
AN 0.15 \‘
o5 SAGACACAAAAAL AN ‘
T 01
f \
| \
| 0.05 |
-32f| ‘
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Figure 4.2: State trajectories driven by the 7-step MPC scheme for nominal
system (blue), the 1-step (cyan), 7-step (red) and updated 7-step (green) MPC
schemes for the perturbed system

Table 4.4.1 shows the comparison of time requirements in CPU time among the
multistep and the updated multistep schemes for increasing multisteps m. To
allow comparison, time instants 0 to 100 are considered for which for each scheme,
floor(100/m) optimizations with full horizon N are performed and the times
needed are recorded. As expected, since neither a control has to be computed
nor an optimization has to be performed for the multistep scheme, the larger
m is chosen, the larger the savings in time becomes. For each m, due to the
sequence of optimization with shrinking horizon that has to be performed, the
corresponding updated scheme requires more time which one can easily notice
in the table. Although optimization for each time step is still required for the
updated multistep scheme, savings in time is nevertheless achieved in contrast
to the 1-step MPC — the most expensive scheme — which performs optimization
with full horizon N at each time instant. We note that no warm-start was used
in the simulations. Otherwise, time requirements would have been lowered for all
schemes but the trend is expected to remain the same. Also, the slight difference
between the updated and the non-updated scheme for m = 1 (same schemes)
appears on the table because the simulation was run twice.

Finally, Table 4.4.2 presents performance indices « of the schemes which are
computed from the generated trajectories using the approach presented in [35].
To estimate the a values o™t gPmult and GUPd | we use (2.11), (4.20) and its
counterpart for the perturbed updated m-step scheme, respectively. The values
in these formulas are available at runtime giving a computationally feasible and
inexpensive a posteriori o estimator. We vary m and list the values of « for the
first three iterations of each scheme. In our simulation, the values of « for the
nominal multistep scheme indicates that the feedback is ’close’ to being infinite
horizon optimal having values a > 0.9. Furthermore, along increasing m, the «

o7



Chapter 4. Multistep and updated multistep MPC schemes

Table 4.4.1: Comparison of time requirements in CPU time

m multistep | updated
1 11.0447 11.0967
2 5.6484 10.4687
3 3.6762 10.3646
4 2.5522 10.1046
5 2.1921 9.3766
6 1.8241 8.6125
7 1.5801 7.7765
8 1.2321 7.7845
9 1.0881 7.2405
10 1.0641 6.5404
11 0.9521 6.1124
12 0.8601 5.7884
13 0.8681 5.2243

values increase, peak and then deteriorate exemplifying the parabolic profile of
the a’s of the multistep MPC scheme reported in [37]. For the perturbed system
with d3 = 0.05, for the multistep scheme, o values are observably lower and even
worsen on the second and third iteration where negative values are also seen.
These negative values indicate that the region P of practical asymptotic stability
has been reached, see [35, Section 4]. Most importantly, Table 4.4.2 shows a
noticeable improvement to the values of « for the updated multistep brought
about by the re-optimization that counteracts the effect of the perturbation
as seen in the last three columns of the table. Weighing in all benefits after
examining the time requirements and suboptimality estimates, by updating
the multistep feedback for the perturbed system, we clearly gain time savings
compared to the classical MPC scheme, and improve robustness in comparison
with the multistep feedback scheme.

Table 4.4.2: Suboptimality index « of the schemes for various m and iterations

nominal multistep perturbed multistep updated multistep
0 2m 3m 0 2m 3m 0 2m 3m

0.9908  0.9917  0.9935 | 0.8667 0.8699 0.6032 0.8667 0.8699 0.6032
0.9911 0.9937  0.9950 | 0.8678 0.6322 0.8479 0.8681 0.6383 0.8538
0.9915 0.9944  0.9948 | 0.7936 0.7713 0.5857 0.7955 0.7810 0.6203
0.9917  0.9942  0.9937 | 0.7672 0.6870 0.5282 0.7729 0.7139 0.5647
0.9916  0.9933 0.9916 | 0.7632 0.6898 0.4171 0.7734 0.7307 0.4882
0.9913  0.9916  0.9880 | 0.7724 0.3915 0.3810 0.7868 0.4974 0.4037
0.9908  0.9887  0.9829 | 0.7404 0.4850 -0.0954 | 0.7629 0.5695 -0.0251
0.9902  0.9843 0.9755 | 0.7103 0.4233 -0.0370 | 0.7414 0.4981 0.0228
0.9895 0.9778  0.9662 | 0.7066 0.1941 -0.0328 | 0.7423 0.2845 -0.0129
10 | 0.9888 0.9698  0.9561 | 0.6988 0.0840 -0.2314 | 0.7379 0.1718 -0.2125
11 | 0.9883 0.9622  0.9461 | 0.6477 0.1414 -0.0467 | 0.6953 0.1394 0.0009
12 | 0.9880 0.9576  0.9400 | 0.6183 0.1227 -0.1213 | 0.6688 0.0776 -0.0356
13 | 0.9879 0.9584 0.9372 | 0.6133 -0.0139 -0.1130 | 0.6609 -0.0474 -0.0468
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] NLP and sensitivity analysis

Although the updated m-step MPC already results in a noticeable reduction
in terms of computational cost compared to the standard MPC, we see that
optimization still needs to be carried out at each time step. We design in this
thesis another MPC variant that results in another significant reduction in the
computational expense where the updates (i.e., re-optimizations) in Algorithm
1.3.4 are replaced by approximative updates obtained through sensitivity analysis
(as will be detailed in the next chapter). To this end, we first present some
results of the study on sensitivity analysis by Fiacco in [23, 24] and Robinson
[58] which will serve as the foundation of the described MPC variant.

As a prerequisite, we revisit in this chapter essential concepts from nonlinear
programming found in classic optimization textbooks (e.g., [49, 11, 64]). Basic
definitions and theorems are given in Section 5.1. Sections 5.2 and 5.3 focus on
optimality conditions and solving unconstrained optimization problems using
gradient-based methods. Section 5.4 deals with constrained optimization. In this
section, we derive an algorithm to solve the constrained optimization problem and
investigate optimality conditions and additional crucial properties for sensitivity
analysis. Section 5.5 presents the sensitivity theorem on which the next chapter
will essentially be based. The theorems, along with their proofs, and formulations
taken from the classic literature are written in this chapter in nomenclature
that allows involved quantities to be easily incorporated to the MPC setting
discussion in the next chapter.

5.1 Basic definitions and theorems

Suppose z € R. Consider the scalar function ¢ : R — R. Assuming the limit
given below exists, we define the (first) derivative as

dep . p(z+h) —p(2)
— =1
1z ()= Jiny h
Suppose now z = (21,...,2,)" € R" and define the unit vector

e;=(0,...,1,...,00" € R",

i.e., a vector with 0 entries except for a 1 on the ith position.

For a scalar function ¢ : R” — R, assuming the limit given below exists, we
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define the partial derivative as

Op o . plz+he) —p(2)

The operator V is defined as

-
V= i,...,i
021 Oz,

giving a column vector of partial derivatives. Unless otherwise specified, V is
understood to be the derivative with respect to z, i.e., V.

The gradient of a scalar function ¢ : R™ — R is given by

A dp\ "
Vi := (821""’8,2”)

The gradient of a vector function ¢ : R® — R™ with

o(2) = (p1(2)s- - pm(2))

is given by
0p1 Iem
0z Oz
Vo= (Vo1 Vs ... Vo) = Do
01 Oom
0z, = Oz,

The Jacobian of a vector function ¢ : R — R™ is given by
(Ver) "

Vo' =
(VSOm)T

In the case of a twice continuously differentiable scalar function ¢ : R™ — R, the
matrix

0%p 0%p 0%p
872% 82182’2 o 821(92”
0%y 0% 0%
V20 = VVp = 022021 675 T 02902,
0%p 0%p 0%p
02,021 02,020 (“)72721

is called the Hessian matrix.

Let € > 0. An e-neighborhood N;(z) of z € R" is defined as

Ne(z) ={2eR" | |lz - 2| <&}
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5.2. Unconstrained optimization

We may also use the notation M (z) whenever ¢ is not specified.

A function ¢ : R™ — R is said to be convex if

ap(x) + (1 —a)p(y) > plaz+ (1 - a)y)

holds for all @ € (0,1) and all points x,y € R™. If the strict inequality >’ is
imposed instead of ">’ then we have strict convexity.

A region Y is convex if for all points z,y € Y,
ar+(1-—a)yeY
holds for all a € (0, 1).

In addition, we need the following theorems giving important tools for the
subsequent sections.

Theorem 5.1.1 (Taylor’s theorem). Suppose that p(z) is continuously differen-
tiable, then we have for all z,p € R",
p(z+p) = ¢(2) + Vo(z +tp) 'p  for somet € (0,1)

Moreover, if f(z) is twice continuously differentiable, then we have for all
z,p € R,

1
o(z+p) =0(2) + V@(Z)Tp + §pTV2¢(z +tp)p  for somet € (0,1)

Theorem 5.1.2 (Farkas’ lemma). Given C € R™*" D € R™** and b € R™.
Ezactly one of the following statements is true:

(i) There exists v € R",y € R* such that Cx + Dy =b with x > 0.
(ii) There exists v € R™ such that CTv >0, DTv =0 and b'v < 0.

5.2 Unconstrained optimization

Consider an objective function f : R™ — R and the unconstrained optimization
problem

min f(2) (5.1)

In this section, we investigate necessary and sufficient conditions for the solution
of (5.1) which we first formally define in the following.

Definition 5.2.1.
A point z* € R" is a global minimizer of f if

f(z*) < f(z) forall zeR"

A point z* € R™ is a local minimizer of f if there exists a neighborhood N(z*)
of z* such that
f(z") < f(z) forall z € N(z¥)

A point z* € R” is a strict local minimizer of f if there exists a neighborhood
N (z*) of z* such that

f(z*) < f(z) forall ze N(z¥), 2 # 2"
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Theorem 5.2.2. Suppose f is convex and z* is local minimizer of f. Then z*
s a global minimizer.

Proof. Suppose z* is not the global minimizer. Then there exists y such that
f(z*) > f(y). Since z* is a local minimizer, f(z*) < f(x) for all x € N (2*) for
some positive €. Since f is convex,

flay+ (1 —a)z") < af(y)+ (1 -a)f(z7)

for all a € (0,1). Taking « such that x = ay + (1 — a)z* € N.(z*), then
flx) < F@) +a(fly) - f(z7) < f(z7)

—_—————
<0

giving a contradiction. O

We provide in the following two theorems which are standard results on uncon-
strained optimization.

Theorem 5.2.3 (First and second-order necessary conditions for local optimal-
ity). Suppose f is twice continuously differentiable and z* is a local minimizer
of f, then Vf(2*) =0 and V2 f(2*) is positive semidefinite.

Proof. See, e.g., proofs of [11, Theorem 2.17] or [64, Theorem 1.4.4-5] which
make use of Taylor’s theorem. O

Theorem 5.2.4 (Sufficient conditions for local optimality). Suppose f(z) is
twice continuously differentiable and there exists z* € R™ where V f(z*) =0 and
V2f(z*) is positive definite, then z* is a strict local minimizer.

Proof. See, e.g., proofs of [11, Theorem 2.18] or [64, Theorem 1.4.6]. O

5.3 Optimization methods requiring derivatives

To solve (5.1), for twice continuously differentiable f, we consider iterative
algorithms that generate a sequence of iterates z* that converges to z*. Consider
f and apply Taylor’s theorem at z + p. Then we have

1
J+p)~ f()+ VI T+ 50 V2 E)p
giving a quadratic Taylor expansion of f at z. Computing the gradient, we have

Vi(z+p) = Vfz) + V2 f(2)p

At point z, to determine the vector p that locates the stationary point, i.e., p
that satisfies V f(z + p) = 0, we have

0 = Vi) +V3f(2)p (5.2)
e p = —(V2f(2)7'Vf(2)
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5.3. Optimization methods requiring derivatives

if V2f(2) is nonsingular. This gives a general optimization method in the form
of an update rule

2P = 2R 4k where pF = —(V2f(27) 71V F(2Y) (5.3)

Here, p” is called the Newton direction obtained by solving the linear system
(5.2) which involves the matrix V2 f(2) called the Hessian matrix.

The update rule (5.3) can be modified to include a step length ~ to enforce a
sufficient reduction of the objective function through

2Rt = 2k yFpk (5.4)

Techniques such as line search method (see e.g., [49, 15, 11]) are employed to
compute the step length v* indicating how far z* should move along the direction
p*.

The algorithm is formally given in the following.

Algorithm 5.3.1. (Newton’s method with line search)
Choose a starting point 2°.

(1) At 2%, evaluate Vf(2*) and V2 f(2%).
(2) Solve the linear system V2f(z*)p* = —V f(z*). If p* = 0, stop.
(3) Determine a step length v*. Set zF*! = 2F 4 4*p* and k = k + 1. Go to

1).

The described Newton’s method for optimization is essentially a root-finding
approach for the system V f(z) = 0 and hence does not distinguish among local
minimizers, local maximizers and saddle points.

From Algorithm 5.3.1 (2), one realizes that certain challenges arising from this
method come from the exact computation and storage of the Hessian matrix that
has to be done at each iteration. Calculating derivatives can be done, e.g., using
finite differences or automatic differentiation [49, Chapter 8|. In addition, the
positive definiteness of the Hessian matrix is necessary for the method to work.
A major advantage, however, in using the method is the quadratic convergence
of the scheme (see optimization textbooks, e.g., [49, 15, 11] for the convergence
proof). In addition, if f is actually a quadratic function, then the second Taylor
approximation is exact yielding z 4+ p to be the global minimizer.

Newton-type methods refer to schemes which can be written as
=2k - BV () (5.5)

Algorithm 5.3.1 uses By, = V2f(z¥), i.e., the exact Hessian matrix which is also
the reason the scheme is also called the exact Newton’s method. Other well-
known Newton-type methods are the steepest descent/ascent method (B, = v*1),
Gauss-Newton and Levenberg-Marquardt method, Quasi-Newton methods and
inexact Newton methods, to name a few, each exhibiting different properties
such as order of convergence, under which setting they are most suitable, etc. See
discussions in e.g., [49, 15, 11]. These Newton-type methods serve as adaptation
techniques to Algorithm 5.3.1 allowing approximation of the Hessian matrix at
a lower cost giving substantial advantages in the case of large-scale systems.
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5.4 Constrained optimization and SQP

We now examine the corresponding optimality conditions for the constrained

problem
min  f(z)
st. g(z) <0 (5.6)
h(z)=0

where f : R® — R is the objective function, g : R — RYi represents the
inequality constraints while h : R™ — R™e the equality constraints. We set N, =
N;+ N.. The process of solving (5.6) is referred to as nonlinear programming
(NLP). Some properties arising from optimality conditions in this section turn
out to be required properties for the sensitivity analysis to be discussed afterwards.
In addition, we also present an algorithm to solve (5.6) which we use throughout

the thesis.
Y o= {z

We call the set
the admissible set or the feasible set. Note that with the defined indexing,
no index j repeats. The function

=0,7J , Ne

L(z, A p) == f(2) +p" g(2) + ATh(2)

is called the Lagrangian function and p € RY:, A € RVe are called Lagrange
multipliers corresponding to the inequality and equality constraints, respec-
tively.

Definition 5.4.1.
A point z* € ¥ is a global minimizer of (5.6) if

fE)<f(z) forallzeX

A point z* € ¥ is a local minimizer of (5.6) if there exists a neighborhood
N (z*) such that
f(z*) < f(z) forall ze N(z*)NX

A point z* € ¥ is a strict local minimizer of (5.6) if there exists a neighbor-
hood N (z*) such that

FZ*) < f(z) forallze N(z")NX, z# 2"

Consider the following set of indices associated with an optimal solution z* of
(5.6)

Eq {N;+1,...,N.}
n(z") = {jef{l,....Ni} | g;(") =0}
A(z*) = €EquUIn(z")
Z(z*) = {je{l,...,N;}|gi(z") <0}

The notation A(z*) denotes the index set of active constraints while the no-
tation {h;, g; | i € A(z*)} gives the set of active constraints for z* € . The
set Z(z*) is the index set of inactive constraints for z* and { ¢; | i € Z(z*)}
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is the set of inactive constraints for z* € X.

Suppose Z(z*) # 0, i.e., there exists ig € {1,...,N;} such that g;,(z*) < 0.
Deleting the ig-th inequality constraint does not change z* from being the local
minimizer of the problem (5.6). Thus assuming A(z*) is the index set of active
constraints for z* for (5.6), then z* is also the local minimizer of the equality
constrained problem

min  f(z)
st gi(2) =0, i € A(z%) (5.7)
h(z) =0

Convex problems

The optimization problem (5.6) is said to be a convex problem if it has a
convex objective function and a convex feasible region.

If g is convex and h is linear, then the feasible region ¥ is convex. Indeed,
suppose ¥ is not convex. Then there exist z,y € ¥ and « € (0,1) such that
z = azx+(1—a)y ¢ ¥ which means either g(z) > 0 or h(z) # 0. Since g is convex,
0<g(z)=glax+ (1 —a))y <ag(z)+ (1 —a)g(y) < 0 giving a contradiction.
Since h is linear, 0 # h(z) = h(az + (1 — a)y) = ah(z) + (1 — a)h(y) = 0 which
also gives a contradiction. If, in addition, f(z) is convex, then (5.6) is a convex
problem.

Linear and quadratic programming problems

Problems of the form

min c'z
z
s.t. Az+b < 0
Aeqz +beq = 0
called linear programming (LP), and
: T L 1
min h'z+ 52 Bz
s.t. Az+b < 0
Acqz+beq = 0

with positive semidefinite matrix B, called quadratic programming (QP), are
convex problems.

Nonconvex problems

For general NLP, nonlinear equality constraints render a problem nonconvex
even if f(z) is convex. A nonconvex problem may have multiple local minimizer
increasing the complexity to identify whether the problem has no solution or
has a global minimizer. In this case, one can then limit the analysis to a local
setting.

The key advantage when (5.6) is a convex problem is given in the following
theorem.

Theorem 5.4.2. If the optimization problem (5.6) is convex, then every local
minimizer in % is a global minimizer.
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Proof. Similar to the proof of Theorem 5.2.2. In this case, the convexity of %
guarantees that the point ax+ (1 — a)y is feasible for feasible points x and y. [

Definition 5.4.3. Let 2/ € ¥ and d € R". Then d is said to be a descent
direction at 2’ if Vf(2')Td < 0. We define the set

D(Z)={deR" | Vf(<)"d < 0}
as the set of all descent directions at z’.
Definition 5.4.4. Let 2’ € ¥ and d € R™\{0}. If there exists § > 0 such that
2 +tde¥ forallte|0,d]
then d is said to be a feasible direction of ¥ at z’. The set
Fu(z') ={d e R"\{0} | 3§ > 0s.t. 2’ +td e XVt € [0,6]}

contains all feasible directions of ¥ at z’.

In the following, we define certain cone conditions derived from the linearization
of the active constraints.

Definition 5.4.5. Let 2’ € ¥. The set of all linearized feasible directions
given by

Cs(2) = { deR"

Vhi(z)Td=0, iccq
Vgi(z)Td <0, icA(Z)

is called the linearized feasible cone.
Definition 5.4.6. Let 2’ € ¥ and d € R™. If there exist a sequence {d*} and a
positive sequence {6} such that 2’ +§*d* € X for all k with d* — d and §* — 0,

then the limiting direction d is called the sequential feasible direction of ¥
at z’. The set

Se(2)) = { deR"

2+ okdF € ¥ Vk
d* —d, s =0

is the set of all sequential feasible directions of X at 2’.

From Definition 5.4.6, setting z* := 2’ + 6*d*, we obtain z¥ — 2/. In addition,
k /

setting 0% := ||2% — 2/|| gives d* = ﬁ — d. Thus, {z*} is a feasible point
sequence with limiting direction d.
Definition 5.4.7. We define the tangent cone of ¥ at 2’
Ts(2') = Ss(2") U {0}
Lemma 5.4.8. Let 2’ € X. If g, h are differentiable at 2’, then

Fu(2') € 8x(2) € Cx(2)
Proof. See proof in [64, Lemma 8.2.4]. O
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Theorem 5.4.9. Let z* be a local minimizer of (5.6). If f, g, h are differentiable
at z*, then
V(z)"d>0 forallde Ss(z)

Proof. See proof in [64, Lemma 8.2.5]. O
Lemma 5.4.10 (Restatement of Farkas’ lemma). The equality

Vf(z*)Td <0,
S:=< deR" | Vhi(z*)Td=0, ic¢&q =0
Vgi(z*)Td <0, i€ A(z")

holds if and only if there exist A; € R,i € €q and p; > 0,7 € In(z*) such that

V(") + Z XiVhi(2") + Z 1iVgi(z*) =0

i€€q i€In(z*)

Proof. By using Theorem 5.1.2, with v = —d, b = =V f(z*), C = Vg(z*),
D=Vh(z*),z=pand y = A. O

We next introduce a constraint qualification that ensures that the sequential
feasible direction at a solution can be represented by the linearizations of active
constraints at that point.

Definition 5.4.11. Given a local solution z* of (5.6) and the index set of active
constraints A(z*), linear independence constraint qualification (LICQ)
holds if the constraint gradients

Vgi(z*), Vhi(z*),i € A(z")
are linearly independent.

Lemma 5.4.12. If LICQ holds at z*, then Te(z*) = Cs(z*).
Proof. See proof in [49, Lemma 12.2]. O

Now, we are ready to state the first-order necessary condition for (5.6).

Theorem 5.4.13 (First-order necessary condition). If z* is a local minimizer
of (5.6) at which LICQ holds, there exists \* € RNe and pu* € RN such that

VL(Z5 N pw*) = Vf(z*) + Vg(z*) " " + Vh(z*)TA* =0 (5.8)
9(z") <0, h(z*)=0 (5.9)
plg(z") =0, >0 (5.10)

Proof. Since z* € 3, (5.9) follows. Let d € Tx(2*). Since z* is a local minimizer,
by Definition 5.4.7 and Theorem 5.4.9, Vf(2*)"d > 0. In addition, by LICQ
and Lemma 5.4.12, d € Cx(2*). This means that the system

Vi(z*)Td<0
Vhi(z)Td =0, ic¢&q
Vgi(z*)Td <0, i€ In(z¥)
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has no solution in R™. Then by Farkas’ Lemma,
VIE)+ D NVhi(z) + DY uiVe(z") =0
i€Cq i€In(z*)
where A} > 0,i € €q and pf > 0,i € In(z*). Set uf =0 for i € Z(z*), then
Vi) +Vg(z*) ' p* + Vh(z*) A" =0

which shows (5.8) and that p* > 0. Lastly, if 4 € In(z*), then g;(2*) = 0 giving
p*Tg(z*) = 0 and if i € Z(2*), since we set u = 0, then p*'g(z*) = 0. This
shows (5.10). O

Conditions (5.8)—(5.10) are called the Karush-Kuhn-Tucker (KKT) condi-
tions. This set of conditions is comprised of condition (5.8) called the stationary
point condition, (5.9) called the feasibility conditions and (5.10) giving the
nonnegativity of the multipliers and complementarity condition.

Next we examine the second-order necessary conditions. To this end, we first
refine the definition of the index set 4. We define

As(z*) ={1ie€In(z") | u >0}
as the index set of strongly active constraints and
Aw (") = { i € In(=") | uf = 0}

as the index set of weakly active constraints. Given a local minimizer
z* of (5.6) together with multipliers \*, u* satisfying (5.8) and (5.10), strict
complementarity is said to occur if Ay (2*) = 0.

We now consider the critical cone

Vh(z*)Td =0,
Gs(z*)=¢ deR™ | Vgi(z*)Td=0, i € As(z*) (5.11)
Vgi(z*)Td <0, i € Aw(z¥)

We now state the following constrained optimization second-order conditions.
Theorem 5.4.14 (Second-order necessary condition). If z* is a local minimizer
of (5.6) at which LICQ holds together with \*, u* satisfying the KKT conditions
(5.8)—(5.10), then

dTV2L(z* N u*)d >0 for all d € Gs(2¥)
Proof. See, e.g., proofs of [11, Theorem 4.17] or [64, Theorem 8.3.3] O

Theorem 5.4.15 (Second-order sufficient conditions (SOSC)). If z* and the
multipliers \*, u* satisfy the KKT conditions (5.8)—(5.10) and

d"VL(Z* N, u*)d > 0 for all nonzero d € Gs(2*) (5.12)

then z* is a strict local minimizer of (5.6).

Proof. See, e.g., proofs of [11, Theorem 4.18] or [64, Theorem 8.3.4] O
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5.4.1 Equality constrained optimization problems

We now adapt the Newton-based method (see Algorithm 5.3.1) that solves
unconstrained optimization problems to the constrained setting. We first consider
the constrained problem

min  f(2)
st. h(z)=0 (5.13)

with only equality constraints.
Assuming LICQ, the KKT conditions for (5.13) read

VL(2,\) = Vf(2) + Vh(z)'A =
h(z) =
Let

w = { N ] and  F(w) = { Vﬁ((z) ) ] _ { V() ;;(Zv)h(z)m }

We apply Newton’s method to solve F(w) = 0. At a point of interest w”, the
linearized system can be written as

Fw") + Vo F(w") T (w—w*) = 0
("4 |+ [ SR (5] - o
{vc}f(j;)m]%v;ﬁh((zk’)ﬁ’“) Vh(()zk)Hijiﬂ = 0 (5.14)

V2L(2*,\F)  Vh(2F)
Vh(zM)T 0
trix. Finding an update rule zFt1 = 2F 4+ AzF and M\Ft1 = AF 4+ AN*| since

VL(ZF M) = Vf(2*) + Vg(2*)AF, from (5.14) we obtain

{ V() ] N { V2L(2*, A7) Vh(2F) } { Azt } ~0 (5.15)

where the coefficient matrix { is called the KKT ma-

Vh(zk)T 0 )\k+l

Solving the linear system (5.15) allows to compute z**! and A**1. This gives us
the Newton Lagrange method [2] for solving the equality constrained problem
(5.13).

Algorithm 5.4.16. (Newton Lagrange method)
Choose a starting point 2%, \’ and tolerance e.

1) If || F(w)| < e, stop. For 2*, A¥, solve the linear system (5.15).

(2) Set 2P+l =2F + AzF and k =k + 1.

Since the Algorithm 5.4.16 is applying the root-finding Newton’s Method to
F(w) = 0, similar to Algorithm 5.3.1, one can also employ a choice of step length
¥ yielding instead an update rule zF+1 = 2F 4 yFAZF,

k
It is easy to see that { ﬁil } also happens to be the solution of the quadratic
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programming problem

1
min  Vf(zF)TAZF + §Aszv2£(zk, ARYAZE

(5.16)
s.t. Vh(zF)TAZF 4+ h(zF) =0

Indeed, in determining the KKT conditions for (5.16), we recover (5.15).

Remark 5.4.17. One can see that solving an arbitrary optimization problem
of the form (5.13) by the Newton Lagrange method is equivalent to solving a
sequence of quadratic programming problems (5.16) until convergence to the
solution.

Similar to Algorithm 5.3.1, Algorithm 5.4.16 can also be adapted to tackle
challenges in calculating derivatives and handling large-scale problems resulting
in large matrices in order to effectively keep the computational costs to a tolerable
level.

5.4.2 Inequality constrained optimization problems
We consider first the QP

1
min h'z+ =z Bz
st. Az+b <0

(5.17)

where B is positive semidefinite making the problem convex. The corresponding

Lagrangian function is £(z,u) = h'z + %zTBz +pu'b+ pu"Az. The KKT
conditions are

VL(z,u)=Bz+h+A"p

Az+b < 0 (5.18)

p>0, (Az+0b) p

I
=

Suppose z* is a global minimizer of (5.17). Now the left-hand side of inequality
(5.18) can be decomposed as
Aa |
[ A ] z +

where A 4z* + b4 = 0 represents the active constraints while Azz* + bz < 0 the
inactive.

ba
bz

Theorem 5.4.18. z* is a global minimizer of (5.17) if and only if there exist
index sets A and I and a vector % such that

Bz +h+ Ay = 0 (5.19)
Apz* 4+ by 0 (5.20)
Azz*+bz < 0 (5.21)

pyh > 0 (5.22)

with pu5 = 0 where p* = [ l;f ]
I
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Equations (5.19) and (5.20) become

B IIFIES A -

We can then apply the so-called active-set strategy to solve (5.17). First we
choose an initialization of set A, we solve for the solution z* and p* of (5.23)
and check if these satisfy (5.21) and (5.22). If (5.21) and (5.22) are satisfied, then
the correct index set A has been found. Through the process, either we have
found the correct A or we keep on modifying A until the correct one is found.
Details of the active-set strategy are presented in an MPC implementation in
Section 7.2.

5.4.3 Active-set sequential quadratic programming
We are now in the position to finally solve the NLP (5.6). The Lagrangian
function is given by L(z, A\, u) = f(2) + ' g(2) + ATh(2). Let C(z) = [ 2%2 }

and n = [ /;\ } . As in the discussion above, the constraint g(z) < 0 can also be

decomposed into its active and inactive components. From Remark 5.4.17 and
from the discussed active-set strategy, we solve the sequence of QPs

min VA(H)TAR 4 SAKTV2L(E ) A

Vh(zF)TAZF 4+ h(zF) =0

and similar to how we solve (5.17), the optimal solution z* and 7% is obtained
by solving the system

TEUP [ ][] e

with the active-set strategy where
VC(z) = (Vg(2), Vh(z)) and VC4(z) = ({Vgi(2)}ica, VA(2))

where A is defined to be the index set of all active constraints. In (5.25), 4
denotes the multipliers and VC 4(2*)" the Jacobian corresponding to the active
constraints. The method results in an iterative update z*T1 = 2* + AzF. Here,
a sequence of QPs (5.24) is solved until the iterates converge. This procedure is
the so-called sequential quadratic programming (SQP). In this work, as
detailed in the next chapter, we use SQP to solve (5.6) and exploit the matrix
structures arising from the formulation in order to design an MPC approach
based on sensitivity analysis.

5.5 Sensitivity analysis

In this section, we present some results on parametric sensitivity analysis
(studies originally conducted in [23, 24, 58]) which refers to the impact of a
change in the design parameters on the optimal solution vector and the objective
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function. From the mentioned works, differentiability of optimal solutions as
functions of parameters are shown. The main result from these works that
we will use in our study is the explicit formula for computing the sensitivity
derivatives of the optimal solution and the corresponding Lagrange multipliers.

We now consider the parametric NLP problem

min f(z,p),
such that g;(z,p) <0, j=1,..., N, P(p)
hj(z,p) =0, j=N;+1,...,N..

with optimization variable z € R™ depending on the parameter p € R9. Let the
functions f, g;, 7=1,...,N; and hj, j = N; +1,..., N, be twice continuously
differentiable on R™ x RY.

Problem P(p) is of the form (5.6) additionally featuring the dependence of the
functions and therefore the problem, on the parameter p. Let p and A be the
Lagrange multipliers corresponding to the inequality and equality constraints,

respectively, with n = K } For a fixed parameter p, the definition of the

feasible set X(p), global, local and strict minimizer and index set A(z,p) of
active constraints at optimal solution z* € X(p) defined in Section 5.4 still hold
for problem P(p). The theorems pertaining to the constrained optimization still
hold, namely, the first and second-order necessary conditions, Theorems 5.4.13

and 5.4.14, respectively, and the second-order sufficient conditions Theorem
5.4.15.

We now present the differential properties of the optimal solutions to the per-
turbed problems P(p). The following theorem shows that the optimal solutions
are differentiable functions of the parameter.

Theorem 5.5.1 (Sensitivity theorem, Fiacco [23, 24]). Consider the problem
P(po) with a nominal parameter py, optimal solution z* and corresponding mul-
tiplier 0% for the active constraints. Suppose f,g and h are twice continuously
differentiable in a neighborhood of z* and SOSC, LICQ and strict complemen-
tarity hold at z*. Then for a neighborhood N (py) of po and a neighborhood
N(z*,n*) of (2*,n%), there exist unique, continuously differentiable functions
2 : N(po) = R™ and 1 : N'(po) — RN with the following properties:

(i) 2(po) = 2", n(po) = 1"
(i) the index set of active constraints are constant in N (po)
(iii) LICQ holds for z(p) for all p € N (po)

(iv) for allp € N(po), (z(p),n(p)) satisfies SOSC for P(p). In particular, z(p)
is a strict local minimizer of P(p).

Proof. The proof follows the proofs presented in [27, Theorem 6.1.4] and [62,
Satz 2.5.1|. First, let

A = diag(,uh e 7:U’N1)
A* = diag(p],. .. 7/’67\71')
I'* = diag(91(2*7p0)7 -y 9N; (Z*’po))
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The KKT conditions (5.8)—(5.10) for an arbitrary pair (z,7n) = (2(p), n(p)) are
given by?

VL(z,n,p) =V f(z,p)+ Vg(z,p) p+ Vh(z,p) A =0 (5.26)

Ag(z,p) =0 (5.27)

h(z,p) =0 (5.28)
z
. z .
By letting w = [ " } = | p |, (5.26)—(5.28) can be written as K(w,p) = 0.
A

From the assumptions, K is continuously differentiable and K (w*, py) = 0 where

* Z*
w* = v |-
[77]

We show next that the implicit function theorem (see, e.g., [27, Theorem 2.1.14])
is applicable on K (w,p) = 0. To this end, we need to show that — K (w*, pg)

ow
is nonsingular. First, we have
9 V2L(w* po)  Vg(z*.po) Vh(z*,po)
—K(w*,po) = | A*Vg(z*,po)" I 0 (5.29)

Ow Vh(z*,p0) | 0 0

Without loss of generality, let {£+1,..., N;} be the set of indices of the active
inequality constraints. Due to strict complementarity,

AF = [ 8 AO* ] where A3 = diag(uy, 4, ..., puy,) is nonsingular (5.30)
2

I — [ Iy 0 ] where I'] = diag(g1(z*,0),...,ge(z",0)) is nonsingular

0 O
(5.31)
Consider
U1
iK(w* po) | P =0 (5.32)
ow FOT g9 '
V3

where v; € R™,v9; € R¢ v9e € RNi—¢ and vg € RNe

Using equations (5.29)—(5.32), we obtain I'jve; = 0 which implies vo; = 0 due
to nonsingularity of I';. Hence, it suffices to consider the system

A N U1
[ & ] S (5.33)
U3
— Av;+N { fj; ] =0 (5.34)
NTv, =0 (5.35)

IWe append p to the notation £(z, \, ) = L£(z,7) giving the notation £(z,7n,p). Whenever
we only consider the multipliers of the active constraints, we use £(z,1.4, D).
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where A = V2L(w*,pg) and

N = VCA(Z*J?O) = [ng+1(2*7p0)ﬂ R VgNl (2*7170)7 Vh(Z*7pO)]

Due to (5.35), by strict complementarity at z*, we have v; € Gx(z*) with
Gs:(z*) defined in (5.11). Multiplying v; to both sides of (5.34), we obtain

vy Avy + (N Top) T [ 1;232 =0 and by (5.35), v, Av; = 0, thus by (5.12) of

SOSC, v; must be 0. Thus, (5.34) becomes N [ 1;22 ] = 0 and by LICQ, i.e., N
3
has full column rank, { 1;22 ] = 0. These show that (v, vy, v2,v3) " in (5.32)
3

must be 0 which means a—K (w*, po) is nonsingular implying the applicability
w
of the implicit function theorem.

By the implicit function theorem, there exist neighborhoods N'(pg) and A (w*)
and a uniquely defined function w : N (pg) — N (w*) satisfying K (w(p),p) =0
for all p € M(po). The total differentiation of the identity K (w(p),p) = 0 with
respect to p then yields the following linear system

(ai)K(w,pQ gpw(p) + %F(w,p)‘ =0

w=w(p)

Thus, the function w is continuously differentiable in p with

2w =~ (k) rws)| (5:30)

w=w(p)

Now, we show properties (i) to (iv). Due to uniqueness of the function w, and
since w* is the optimal solution for pg, then w(py) = w* showing (i). Since
Niv1s-->Mn, > 0, 91(2%,p0)s - -+ ge(2%,p0) > 0. Then for p sufficiently close to
Do,

Ne41(p), -5 v (p) > 0 and g1(2(p), p), - -, ge(2(p), p) > 0

and since K (w(p),p) = 0, we obtain

m(p) = ... =mne(p) =0 and gey1(2(p),p) = ... = gm(2(p),p) =0

implying strict complementarity at z(p), and since h(z(p),p) = 0, z(p) € X(p)
and A(z(p)) = A showing (ii). Due to the continuity of the first derivative, for p
sufficiently close to po, VC 4(z, p) has full column rank giving LICQ showing (iii).
Lastly, to show (iv), since the critical cone Gx(z(p)) varies with p, one needs to
show that for p sufficiently close to pg, d'V2L(w(p),p)d remains positive for
nonzero d € Gx(z(p)). We refer to [27, proof of Theorem 6.1.4] for the details of
this final step. U

In the proof of Theorem 5.5.1, let us examine the case where we only consider
the active constraints. The KKT conditions (5.8)—(5.10) for an arbitrary pair
(z,ma) = (2(p),na(p)) along with the definition of the active constraints give

VL(z,n4,p) = Vf(2,p) + VCa(z,p) 'na =0 (5.37)
Calz,p) = (5.38)
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Redefine w = { 771 ] Then (5.37)—(5.38) can be written as K(w,p) = 0. From
the assumptions, K is continuously differentiable and K(w*,py) = 0 where

w* = { Z* } Consider
A

O sy [ VEL(w*,po)  VCA(2*,po)

Using the same technique as in the proof of Theorem 5.5.1, one shows that

gK (w*, pp) is nonsingular implying the applicability of the implicit function
w

theorem. Thus, there exist neighborhoods N (pg) and N (w*) and a uniquely
defined function w : N'(pg) — N (w*) satisfying K(z(p),p) = 0 for all p € N (po).
Moreover, the function w is continuously differentiable in p with (5.36) where

gK(w,p) is given by (5.39). This provides an application of Theorem 5.5.1
w

to approximate solutions of perturbed OCPs as presented in the subsequent
remark.

We make use of the following definition of order of approximation.

Definition 5.5.2. Let D be the domain of ¢ and r. If for every compact K C D,
there exists C' > 0 such that ||g(x) — r(z)|| < ChPT! for every x € K, then we
write

q(x) = r(z) + O

In this case, r(z) is called a pth order approximation of ¢(x) where the order
of magnitude of the error is at most RP*!, or in terms of big O notation, the
error is O(hPT1).

5,
Remark 5.5.3. (a) Based on (5.36) with a—wK(w,p) given in (5.39), the sen-

sitivity differentials or simply, sensitivities of the optimal solution z*
and corresponding multiplier 7% is given by solving the system

0z
V2L(w*,po)  VCa(zp0) || 3p®P) | [ V2 L(wrpe)T
VCa(z*,p0)" 0 877A( B VpCa(z",po)
Tppo)

(5.40)

0
(b) As an approach proposed in Biiskens and Maurer [17], the sensitivity 8—2(1)0)
P

allows for a first-order approximation of the optimal solution for a perturbed
parameter via

z(p) = 2"+ 0 (o) (p —po) + O (|lp — p0||2) (5.41)

z
dp
In reference to the nominal problem P(py), we can regard P(p) as a perturbed

problem for which the solution can be approximated by (5.41) through the
availability of the nominal solution z*(pg), the perturbation p — py and the

vt 82( )
sensitivity —(po)-
dp
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V2L(2* % p0)  VCalz*,po)

e ’ f (5.40),
VCa(z*,po)" 0 of (5.40)
also called as the KKT-matrix, coincides with the coefficient matrix of the

system (5.25) as k — oo, i.e., 2z — 2*. As a consequence, the sensitivity

0z
—(po) can easily be obtained by solving a linear system with a coefficient

Ip
matrix obtained when the SQP converges. Due to this, [23] (as reported in
[17]) describes sensitivities as a byproduct of optimization. In other words,

(c) Note that the coefficient matrix

the sensitivity a—z(po) is obtained by taking advantage of already available
p

information without having to build a new coefficient matrix which, otherwise,
usually entails considerable expense. We take advantage of this result in the
subsequent chapters.

(d) The coincidence of the KKT matrix to the coefficient matrix of the SQP
system upon convergence, as pointed in (c), no longer holds if one uses a Newton-
type method (as discussed in Section 5.3) where the exact computation of the
coefficient matrix of the SQP system is replaced by an approximation in order
to reduce computational cost. In this case, the sensitivity differentials can be
accurately computed by a post-optimal analysis detailed in [17] which involves
an exact calculation of the KKT matrix and then computing the sensitivities
through either an L R-factorization of the the KKT matrix or RQ-factorization
of (5.40).
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Sensitivity-based
multistep MPC

In this chapter, we construct an MPC variant that offers a considerable reduction
in the computational expense compared to the standard and the updated MPC
through NLP sensitivity analysis. Similar studies have been conducted in the
past. For instance, the works [17, 46, 53] use sensitivities to achieve real-time
approximations of the perturbed solutions based on an open-loop control obtained
from solving an OCP. In the works [70, 69|, sensitivities are used to construct
a so-called advanced-step MPC controller allowing for a scheme with reduced
computational delay. In this thesis, we design a particular MPC variant wherein
we approximate the re-optimization performed in the updated m-step MPC
through using sensitivity analysis. This is detailed in Section 6.1. In Section 6.2,
we address challenges due to changes in the active constraints in order to ensure
a valid sensitivity-based control. The development of this sensitivity-based
scheme from the re-optimization-based scheme distinguishes our approach and
its analysis from the existing works on sensitivity-based MPC algorithms in the
literature. In Section 6.3, due to the approximation property of the new scheme,
we show that the stability and performance analysis for the updated m-step can
be carried over to this setting.

6.1 Design of the scheme

Our goal is to apply the sensitivity theorem in the MPC setting. Recall that we
solve an OCP at each time step of Algorithm 1.3.1. Therefore, applying (5.41) is
suitable in the case we want to approximate a perturbed solution whenever the
information on the solution of a reference (e.g. nominal) problem is available.
Recall that by the dynamic programming principle, the tails of an optimal control
are also optimal controls for succeeding time instants using shorter optimization
horizons and modified initial values. Therefore, for succeeding time instants, the
perturbed solutions can be approximated using these already available tails as
the reference nominal solutions.

6.1.1 MPC OCP as a parametric NLP

In Algorithms 1.3.1 and 1.3.4, we solve OCPs at each time step. In this section,
we first write the full details of the MPC OCP in order to determine exactly
where sensitivity analysis can enter the setting. The OCP is composed of the
objective function Jy (2o, u(-)) defined in (1.4), with constraints that each control
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value u must be admissible, i.e., u(-) € UV (x). Admissibility requires that
y(k+1,20) € X and u(k) € U(zy(k,z0)) for all k. Here we lay out the details
of the formulation and write it as a parametric NLP.

Let us consider a plant with dynamics given by the discrete-time model (1.2).
Let us use the notation z; := x(j) and u; := u(j) giving

Tj1 = flx;,u;)
We set p to be the parameter and assign it to be the initial state value. Recall
first the definition of Py (zg) in Section 1.1. We consider the OCP Py (p) given
by

N-1
N ]Iilén N Jn (a',‘o, ey TN, UQ, - ,uN,l) = Z (UN,J‘E (.’L‘j, Uj) + F (.Z‘N>
uj,]g":o,.f.,J(l—1 Jj=0
subject to (6.1)
the initial value To =P,
dynamics zjt1 = f(zj,u5), j=0,...,N—1,
additional equality constraints  h;(z;,u;) =0, j=0,...,N—1,
terminal equality constraint r®(zy) =0,
inequality constraints g;i(zj,u;) <0, j=0,...,N—1,

terminal inequality constraint ™ (zy) <0

In this formulation, £ : R™ x R™ — R represents the stage cost function, w;,j =
1,..., N, are the weights of the stage cost function and F' is the terminal cost
function. Notice that we present here a more general objective function (compare
with (1.4)) due to the included weights and terminal costs which under certain
assumptions guarantee stability (see discussion in [36, Chapter 5 and 7]). The
case (1.4) is obtained with w; =1,j=1,...,N, and F = 0.

For structural advantages that we will see later on, we arrange the optimization
variables into a vector

[T, T T T T T T 717
z = [xo,u()vxl7u1a~‘~7xN—1auN—1axN7uN} (62)
and define -
e [T T
7= v, uy ]

where uy is an auxiliary variable to complete the notation (as in [18], un := un_1
is introduced for notational convenience and does not affect the derivatives we
will later need due to linearity). With the parameter p, the OCP Px(p) in
(6.1) is of the form P(p) defined in Section 5.5, i.e., a parametric NLP — a
minimization problem of an objective function subject to equality and inequality
constraints — that depends on the parameter p which is, in this case, assigned to
be the current measured state of the OCP.

6.1.2 Resulting matrix structures

The Lagrangian function £ for (6.1) is given by
N-1
L(z,m,p) = Z wy—jl(zj,u;) + F (zn) + A" (z0 — p)
i=0
TN N-1
+ 0 N (@i — Flgug) + Y Ahy(ag,uy) + A% (zy)
§=0 7=0
N-1

+ > gy, ug) + pl M ()
=0
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where n = AT, 1|7, A = [)\“T,)\bT,)\CT, )\dT]—r and p = [/ﬁT,ufT]T. Observe
that the function £ can be decomposed into subfunctions that each depend on
particular multipliers and only on the variable z;, i.e., the pair (z;,u;). We
obtain

N
L(z,n,p) =Y Li(z},n,p) (6.3)
7=0
where
Lo(z0,m,p) = wnl(z0,u0) + A (70 —p) — )\’{f(:vo, o)
+A5ho (o, ug) + pG90(z0, uo)
Li(zj,n,p) = wn_jl(z;,u;)+ )\2 x; — )\?Hf(xj, u;)
+AShy (@), u5) + psgi(ej,ug),  j=1,...,N—1,
Ly(zn,n,p) = Flzy)+Xyzy + A9 xy) + pf i (zy)

Such a property is called partial separability of the Lagrangian under which

N
Vziﬁ(za nap) = Vzi Z‘Cj(zja 777p) = Vzi*ci(zian7p)7 1= 07 ceey Na

j=0
holds, making the gradient of the Lagrangian

VZOE(Z,n,p) szl:o(Zo,n,p)
Vzlﬁ(Zﬂ?ap) Vmﬁl(zlvn,ﬁ)

VL(z,m,p) =

vaE(Z7n>p) VZNEN(ZN7777P)

and the Hessian of the Lagrangian

S B :
823 820 82’1 820 821\[ GZ%
ve o o o
w2 0721 0z 022 0z1 0zn _ 023
pe e oec | | o
_8zN (920 8zN 821 6212\, L 82% i
ince all derivati L ( )=0foranyi # j. In dditinag—ﬁ( )=
since all derivatives 9207 z,m,p) = 0 for any ¢ # j. In a on, 92 z2,1m,p) =

0%L;
W(Zia n,D)-

6.1.3 Solving Py(p) by the active-set SQP strategy

We solve (6.1) which is in the form (5.6) by the active-set SQP strategy. Using
this approach, we iteratively solve a sequence of QPs until convergence. At
current iterate (z¥,7%) i.e., in one iteration of an SQP method, a QP needs to

79



Chapter 6. Sensitivity-based multistep MPC

be solved. This QP can be written in the form of (5.24). For simplicity, we drop
the iteration index k on the variables z,7n, Az. We have
-
N-1

. 1
Ny W Az"V2L(z,m,p)Az + V ZO wn—jl(zju;) +F(zn) | Az
=

subject to
o —p+ Axg =0,

i1 — flzj,u5) + Az — Vz_jf(xj,uj)TAzj =0, 7=0,...,N—1,
h(zj,u;) + szh(xj,uj)TAzj =0, 7=0,...,N,
Uz y) + VoY zy) T Azy =0,
g(zj,u;) + szg(xj,uj)TAzj <0, 5=0,...,N,
M (zn) + Voo™ (zy) T Azy <0,
Auy — Auny_1 =0

The solution may be obtained by solving the corresponding system in the form
of (5.25), i.e.,

ol U el ol 05

where the submatrices of the coefficient matrix are constructed using

[0%L
872’3(20777719) 0
0%L
@(217777]))
V2L(z,m,p) = ' (6.5)
0L
0 7(21\7,77’]))
I 0% 1
_ I, -
\I/O I:r
\I/N—l Iz
P
VC(zp) = Dy, (6.6)
A
SN
On_1
T
L Iu _Iu .

80



6.1. Design of the scheme

where ¥; = =V f(z;,u;)", ®; = Vz7h(x],uj)T, 0; = V., g(zj,u)", j =
0,...,N—-1, A= VZN re(zn) T, T =V, o r(zy) T, I, = [I 0], I, = [0 I]. The
right-hand side of (5.25) (or (6.4)) is composed of

Vownl (20, uo)

N-1 Vo wn—1l(x1,ur)

Y wn—jl(zj,u5) + F (an) | = ﬁ

=0 Voy wil (xn—1,un—1)
VZNF(‘rN)

and C4(z) obtained from

o — P
x1 — f (20, u0)

N — f(zn—1,un—1)
h(xo,’LLo)

hMey—1,un—1)
rd(zn)
9(xo, uo)

g(ﬂUN—l,uN—l)
rln(IN)
UN —UN-1

We then obtain Az (actually, Az* since the superscripts were dropped). This
allows for the iterative update zFt1 = 2F + AzF. We update until convergence.
From Remark 5.5.3, the resulting coefficient matrix of the system (6.4) coincides
with the KKT matrix needed to compute the sensitivity differentials with respect
to p for the problem Py (p).

6.1.4 Incorporating sensitivity updates to the m-step MPC
algorithm

In the nominal setting, by performing the re-optimization (as discussed in
Algorithm 1.3.2) on a shrunken horizon using the current state of the system as
the initial value, we recover as a solution a tail of the optimal solution obtained
from full horizon optimization. This is due to the fact that at the current time
instant, the current measured state coincides with the predicted state generated
by the full horizon optimal control.

In the perturbed setting, using the updated m-step MPC, the current measured
state that we use as the initial value in the re-optimization on a shrunken horizon
can be viewed as a perturbation of the predicted value that would have been the
initial value had there been no perturbations.

The setting allows for an alternative to re-optimization through the use of
sensitivity analysis. This enables the approximation of the solution of the
updated multistep MPC and the avoidance of solving all optimization problems
on shrunken horizons and hence reducing computational cost. This gives us an
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MPC variant which we refer to as sensitivity-based m-step (SBM) MPC
for which the only optimizations performed are full-horizon optimizations done
only every m steps.

First, we make the following observations.

Suppose z{* is the current measured state. Consider Py (p) defined by (6.1) and

let the parameter p take the value z{', i.e., solve Py (z{"). Let xf, ..., z% be the
nomsnal optimal trajectory and ug,...,uj_; be the nominal optimal control
sequence.

Due to the structure of Py (p) (that yields properties such as separability of
the Lagrangian), we can easily construct the following problem Px_;(p;) by
discarding terms with the variables (zg,uo), ..., (z;-1,u;-1) in the objective
function and the constraints and shortening the horizon to N — j. Consider

N-1
min E wy—il (xi,u;)) + F(xn)
Ty 8=75.y .
A . 1=

ui,i=g,...,N—1
subject to  x; = p;

Iz—‘rl:f(zlaul) ZZ]aaNilv PN*](p])
hi(mi,ui):O iZj,...,N—l,

r*(zy) =

gi(xi,u;) <0 t=J,...,N —1,

r(zy) <0

for all j =0,...,N — 1. We particularly indexed the parameter p; with j to
indicate that it is the parameter for Py_;(p;). In addition, note that in the
setup z; is now the first element of the trajectory and u; is now the first element
of the control sequence.

Remark 6.1.1. From Px(z§') (equivalently, Px(z{)), note that the tails
uf,...,uy_; form the optimal control sequence for Py_j;(z}) for all j =
1...,N—1.

Consider the optimization variable z defined in (6.2). In reference to that, define
the tails .

T T T T,T
j,...,fol,uNfl,IN,uN}

2= [ij,u
DeﬁneAzj * accordingly. Let £7(27,n, p;) denote the corresponding Lagrangian
and A’ the corresponding active set of Pn—_;(p;).

Note that Py_;(p;) can be written in the form P(p;) to clearly identify the
objective, equality and inequality constraint left hand side functions (denoted
as f,g and h, respectively, for P(p) defined in Section 5.5). To be able to
incorporate sensitivities in the discussion, we make the following assumption.

Assumption 6.1.2. For j =0,..., N — 1, the objective, equality and inequality
constraint left hand side functions of Py_;(p;) written in the form P(p,) are
twice continuously differentiable in a neighborhood of the solution z7* and SOSC,
LICQ and strict complementarity hold at 27"

This assumption is precisely the assumption of the sensitivity theorem, Theo-
rem 5.5.1, allowing the existence of a neighborhood N (z7") forall j = 0,..., N—1,

where the required sensitivities are defined.
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Let 3" be the measured state. Let the parameter p; take this value. Consider
Pn-—;(2}') and denote the resulting optimal control sequence as uj o, ..., uj y_j_1-

Remark 6.1.3. Following Remark 5.5.3, for j = 1,..., N — 1, the already

available information u} from the nominal solution of the problem Py_; ()
87.Lj

and the sensitivity differentials (z7) provides uj g, i.e., the first element of

8pj
the optimal control sequence of the perturbed problem Py _; (x;“) through
* * au] * m * m * (|2 .
uio=uj + g(:ﬂj)(mﬂ —25)+ O ([l —25?), j=0,....,m—=1 (6.7)
j

We are now in the position to provide the SBM MPC algorithm.
Algorithm 6.1.4. (SBM MPC)

Assume that for the initial time instant k, k is a multiple of m.

(1) measure the state z(k) € X of the system at time instant k

(2) set j =k — |k]m, 27" :=z(k).
o If j =0, solve Py (zf"). Store ug, ..., uly_, and z§,...,z.
o Define the time-dependent MPC feedback

T (2(R), B) o=+ ‘g;fjjm;xw;‘ ) (6.8)

(3) apply the control values Tiy ,, (z(k), k) to the system, set k := k + 1 and
go to (1)

Ou;

Note that at j = 0, 25* = x§, thus the corrective term 72 (x75) (2} — ) vanishes,

J J J

i.e., no update is performed during the first iteration.

Remark 6.1.5. From Remark 6.1.3 and the approximation (6.7), the feedback
fin m(2(k), k) defined in (6.8) is a first-order approximation of fin,m,(z(k), k)
defined in (1.9) having an error with order of magnitude of at most [|z%* — 275|*.
A detailed analysis on the implications of this is given in Section 6.3.

To summarize, in using Algorithm 6.1.4 we first apply the obtained uj and then
we apply corrections on uj,us, ..., u) ;. Hence, at time instants 1,2,...,m — 1,
instead of optimizing again (i.e., using SQP active-set strategy) as in the standard
MPC, or instead of re-optimizing using shrinking horizons as in the updated

m-step MPC, in the hopes of reducing the operation costs, we compute the

sensitivities 9 9 9
(751 * (5 * Um—1 *
—(x7), —(5),..., zr
apl( 1) 8p2( 2) 8pm—1< m 1)

from appropriate linear systems as detailed in the subsequent subsection and
use them as corrective updates.

6.1.5 Computing sensitivities and exploiting matrix structures

ou

To illustrate, let us compute first a—l(x*{) In words, this is the sensitivity of
P1

the first element of the tail uy ..., un_1,uyxy with respect to the parameter p;
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of the shortened problem Py_1(p;1) evaluated at the predicted state . The

ou
sensitivity a—l(x’{) is obtained from
P1

P

.
8251( *) a$1T 8U1T axNT 8UNT (
a_ :Z: == a_ 9 a_ 9 a_ b a_

op1 " op1  Op op1 ’ Op;

which is solved using (5.40) via

0z! .
Vzlzlﬁl(zl*,n*,xl*) Vo Oy (2" 21%) 3711(331)
VaaCyp(2V )T 0 M @)
Opy !
2 10,1% % *\ T
- { Vanf G0 a) ] (6.9)
vpl C.Al (Z , L1 )
The same applies for the sensitivities %(xg), ceey %(xfn,l), i.e., we need
8p2 aan—l

to construct and solve the corresponding system analogous to (6.9) to solve
927 O

sensitivities i(af'-‘)7 forall j =2,...,m—1 from which we obtain ﬂ(:17*-),]' =
Op; 7 op;

gl
2,...,m — 1. Therefore, to generalize, computing the updating or correcting
sensitivities requires solving the sequence of linear systems

027
V2L 0t a") VO (P, a5%) Ip; “)
vzj CA7 (Z']*, x]*)T 0 anAJ ({E*)
8]?]‘ J
2 pi(ai* pr e \T
- _ VzJpj£ (Z v’*n 7%;]_2 (610)
ijC_Aj (Zj 7xj )
for j =1,...,m —1 corresponding to OCPs Pn_;(p;) of decreasing horizons

and adjusting parametric values.

Now, as pointed out in Remark 5.5.3, the coefficient matrix of the QP system
(5.25) coincides with the KKT matrix in (5.40).

Consider the Hessian V2, ;£7(27",n*,x;*) of the Lagrangian function for the
problem Py_;(p;) evaluated at p; = z7. It has the same form but is smaller in
size as the Hessian V2, L(2*,n*,20*) for Py(po) evaluated at pg = x§. It can
be obtained from V2, L£(z*,n*, z0*) (as in (6.5)) by discarding blocks of indices
0 to j — 1 leaving N + 1 — j blocks along the diagonal.

The Jacobian V,;C 4 (27", z;*)7 of the active constraints corresponding to A7
are obtained from (6.6) by also discarding blocks of indices 0 to j — 1.

This means that the KKT matrix of the sensitivity system corresponding to the
OCP Pn—;(p;) with p; = x7 can be constructed through the submatrices of the
coefficient matrix of the QP system obtained for Py (pg) with p, = a, i.e., from
information that is already available.

What remains is to construct the right-hand side of the sensitivity system as
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6.2. Changes in active constraints set

in the right-hand side of (5.40). The parameter p; only appears in Py_;(p;) in
the equality constraints. Hence, the second derivatives Vijpjﬂj (27 " n*, 9cj*)—r

of the Lagrangian function is 0 since p; enters the Lagrangian £7 of Py_;(p;)
linearly through the equality constraint in x; — p;.

For V. C 4 (zj*7 xj*)T, we obtain a zero matrix except for the —I corresponding
to x; — pj.

In addition, the systems (6.10) are closely related to each other as the succeeding
systems differ from the previous ones by deleting rows and columns. In particular,
in solving the linear systems (6.10) by factorization, one does not need to factorize
each coefficient matrix from scratch. Instead, the matrix factorization computed
at Py (xzg) is modified according to minor changes caused by deletion of rows
and columns. Exploiting matrix structures is discussed in great details in [67],
[29] and [30].

6.2 Changes in active constraints set

In applying the update (6.8), caution is necessary so that the updates due to
the perturbed parameter do not change the set of active constraints as to not
violate the assertion of the sensitivity theorem, Theorem 5.5.1. We discuss in
this section some of the existing ideas in the literature, i.e., as presented in [17]
and [6] addressing this issue.

First, we consider an approach given in [17] to determine for which values of p is
the perturbation p — pg too large to render (5.41) a good approximation. Based
on (5.41),

«, Ona

na(p) = ma+ o (po) (p = po) (6.11)
13}
where the sensitivity %(po) is obtained by solving (5.40). A constraint will

leave the active set when its corresponding Lagrange multiplier goes to zero. If
one of the multipliers is close to zero, using (6.11) we obtain

ona,i
0=mn4,i(p) =0, + 6p’l (Po) (p — po) (6.12)
The relation (6.12) allows for an approximation of the perturbed parameter
p' = (pi,...,p!)T that causes a constraint C; to leave the active set as given by
pj %p(),j—W, ZEA,]E{L...,TL} (613)
o, (Po)
37]A,7',

assuming (po) # 0. Similarly, a constraint will enter the active set when its

apj
value goes to zero, i.e., a constraint C;,i ¢ A, becomes zero if

ac; .
0 = Ci(2(p),p) = Ci(2",po) + Tp('z ,p0) (P — po)

This yields an approximation of p' = (p¢,...,p! )" causing a constraint C; to
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enter the active set as given by

i Ci(Z*7p0) . .
pjmpo,j—w,Z¢A7]€{1,...,n} (6.14)
dp; » PO

provided that %(z*,po) # 0. The sensitivity domain Py, which gives the
J

range of perturbed parameter on which formula (6.8) is suitable to be applied, is

determined by the values p’ in (6.13) and (6.14) closest to the nominal parameter

Po.j 1 2 N,
Py =~ Py xFyx...xPye

Pg = | max {p; € P;}, min {p; € P;}|,j=1,...,n,
Pj<po,j p; >Po,j
P; = {p|i=1,...,N}U{—00,+00}

After computing Py, an alternative approximation to (5.41) proposed in [17]
based on [6] may then be obtained. Suppose p denotes a perturbed parameter
that causes a constraint to enter or leave the active set. The new first-order
approximation is given by

z2(p) = 20+ Az, n'(p) =n"+An", fp—-p>0

where 02 o2
Az = a*p(po)(ﬁ—po) - 373(15)(19—150) (6.15)
An* = %z:(po)(ﬁ —po) + 867,7; (®)(p — Po) (6.16)

and n" is the updated Lagrange multiplier reflected by the change in active
constraints.

In (6.15)—(6.16), observe the need for the sensitivities g—;(ﬁ) and %(ﬁ) which

are not directly obtainable from the information available after solving Py (po) as
in the case when solving systems (6.10). We recall, however, in Remark 5.5.3(d)
that the sensitivity differentials can also be computed by a so-called post-optimal
analysis (as detailed in [17]) which is an approach typically used when the KKT
matrix for computing sensitivities does not coincide to the coeflicient matrix of
the SQP system upon convergence (e.g., when approximations of the Hessian
matrices are used).

In our implementation, since the motivation is to analyze the reduction of cost
by taking advantage of information that are available through the SBM MPC
strategy, the post optimal analysis is not applied. A much simpler rule is used
as to not to violate the constraints when updating by sensitivities. We mention
this in Section 7.2.

6.3 Stability and performance analysis of SBM
MPC

The main motivation for considering sensitivity-based control is to have a less
costly alternative to re-optimization. Now the aim of the section is to investigate
how well the SBM MPC approximates the updated m-step MPC in terms of
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stability and suboptimality performance.

To meaningfully include sensitivity updates to the MPC discussion, we need to
assume Assumption 6.1.2. Aside from guaranteeing the existence of the desired
sensitivities, the assumption also implies that the active sets remain constant on
neighborhoods where updates are applied. This simplifies the exposition.

To this end, we first consider the finite horizon setting as in Chapter 3. Let "
be the measured state at time instant j and consider Py _;(z}"). We denote the
resulting optimal control sequence as

* L * * *

wj = AU Wy Wi N}
For time instants 7 =0,..., N — 1, let the sequence

—% ., f=x% —k —%

W= AW Wy W N}

indicate the sensitivity-based approximation of the sequence uj ..
As discussed in Remark 5.5.3(b) the optimal solution of a perturbed problem is

given by

ou;
* * j+k
Jik 0,j+k p;

J
+ O} — 2y (,20)lIP),  k=0,...,N—j—1

(@ (3:20)) (25" = wug (J%0))

from which we obtain a sensitivity-based approximation (compare to (6.7) and
(6.8)) given by the definition

8U'+
—% * j+k
u ik = u()f k +

J W+ Opj

(‘ru6<.7a$0))(x;n - -Z'ua‘(j,xo)), k=0,....N—-j—1

with
Wk =Ty, + Ol|2f — 2y (4, 20)|%) (6.17)
In this definition, all quantities except z}' are computed at time j = 0 from
Pn(zo) with optimal control ug ;, j = 0,...,N — 1, and zys (j,20), j =
0,...,N—1.
Next we define the cost B
Aj =L (25,5 )

which denotes the cost incurred at time j from the measured state z" by applying
the sensitivity-based control u} .

Similar to JE™(z), JE™ (o) and JuP% () defined in Definition 3.3.1, we
assign the quantity

N—-1 -1

TR (o) 1= > A= 3 M) (6.18)
- pard

<

to denote the value of the perturbed trajectory driven by the sensitivity-based
control we will illustrate shortly.

We first make the following assumption allowing for error estimates on generated
states and stage costs resulting from approximate optimal controls.
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Assumption 6.3.1. The functions f and /¢ satisfy the Lipschitz condition both
on x and on u, i.e., for all compact sets K; € X, Ky € U, there exist C11,C12 > 0
such that

1/ (2, u) = f(&,u)

<
[€(z,u) = T, w)|| < Crallz—Z
for all z,% € K1,u € K>, and there exist Cy1, Co5 > 0 such that

1f(z,u) = f(z, @) < Callu—1df
[z, u) = (z, a)| < Choflu—all

for all u,u € Ko,z € K;.

T (3,20)

Figure 6.1: Resulting trajectories from approximately re-optimizing (through
sensitivity-based updates) and the accumulating errors.

We illustrate the trajectories in Figure 6.1. At time j = 0, by optimization we
obtain an optimal control sequence whose first element is ug ,. The predicted
state is @y (1,70) = f(z0,u ) but due to perturbation d(1), the resulting
measured state is i

Consider time j7 = 1 and the measured state x7*. There are three ways we can
proceed, namely, by applying the nominal open-loop control, by re-optimization or
by a sensitivity-based update. By applying the nominal open-loop control element
uj,1, the predicted state will be @y (1,21") = f(21", u ;). Alternatively, we
can also perform re-optimization to obtain and apply the control value uj
resulting in the predicted state z,» (1,27") = f(z1",uj ). Lastly, we can apply
the approximate control uj given by

—x * 3U1 m
o = o1 ¥ 5o (@, (1,@0)) (21" — 2uy (1, 20)) (6.19)
—_—
d(1)
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where we have the relation

wig = Uio+O(|af — 2y (1,20)]%)
= W+ O(d2) with dy = [|d(1)]| (6.20)

The predicted state when 7  is applied will then be xz: (1,27') = f(21", 4] o).
Observe that by Assumption 6.3.1,

for some Cy > 0, and by (6.20) we obtain

qu (1 xm) _-Tﬂ’l‘“(l xm)

[ (@1 ui o) = fat, a1 o)

Cillui o — i ol

IN

vy (Lay) = ag; (1,21) + O(d])

Due to an additive perturbation d(2), the resulting measured state is 23 =
Ty (1, z1) + d(2).

Consider next time j = 2 and the measured state x5'. We can apply the
nominal open-loop control element ug, to obtain z,; , (1,2%") = f(2},uj ).
We can also perform re-optimization to obtain and apply the control value uj o
resulting in the predicted state z,; (1,7%') = f(23',u3 ). Or we can apply the
approximate control 3 , given by

W = s + G (g (2,20)) (a8 = 2 (2.20) (6:21)
Observe
g g (2,20
= () + 2 (1) — 5 (2,20)]
< + o, 1) g, (L o, 1 50)— 5 200
= )+ 1T ) — £ )l + 17 ) — Fog (1,w0), )
< @) + CallTs o — vl + sl — 25 (1,20)]

= [|d(2)[| + Cady + Csdy
< Cy(||d(2)]] + Ry1) with Ry = O(dy) (6.22)
—_———
=:d>
for some Cy, Cy, C3,Cy > 0 with the last identity due to (6.19). Using (6.22),
we obtain
uz o =30+ O(|25 — 2uz (2,20)|°)
=50+ O(d3) (6.23)

The predicted state when 3  is applied will then be zz; (1,2%') = f(2%',u3 ()
and by Assumption 6.3.1, we have

Hf(zglvu;,O) - f(zglaﬂ;,O)H

Cslluzo =0l

zus, (1,28 - amg (1,2

IA
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for some C5 > 0. We then obtain the relation

vuy (1,25) = g (1,25") + O(d3)
due to (6.23). And due to perturbation d(3), the resulting measured state is
g = x@_(l,xg‘) +d(3).

We repeat the exact process for time j = 3 and the measured state z}' and
obtain the key inequalities

w3’ < auy (3,20) + O([|dB3)]| + Ra) (6.24)

where Ry = O(ds) and s

wuy (1,25) = 25y _(1,23") + O(d3)

We now formalize the results of the discussion. We begin by defining the sequence
{dx} by

do =0

dy = [|d(1)]]

di = |ld(k)|| + Rg—1, k=2,...,N —1
where R; is some term with order of magnitude d;, ie., R; = O(d;), j =

1,...,N — 2, following the way d;,ds and dsz are constructed in (6.20), (6.22)
and (6.24), respectively.

The subsequent lemmas and corollary give a rigorous description of the preceding
discussion.

Lemma 6.3.2. Suppose that the Assumptions 6.1.2 and 6.5.1 hold. For k =
1,...,N —1,

[k = @ug (K, zo)|| = O(di)

for some C > 0.

Proof. Let k € {1,...,N —1}. Recall (6.22) and (6.24). Inductively, observe
that
[ = @y (K, o)
= [ld(k) + zay_, (1, 2311) = 2ug (K, zo)|
< ) + My, (LaFly) = 2wy, (12|
Fllwug oy (Lagly) = @ (ko)
= [l d(B) | + [ f (k15 W —1,0) = (@15 wg 1) |
I @ ug 1) = feug (B =1,20),ug 1)

<R + Collt—1,0 = wo k-1l + Crllzily — wug (k= 1,20)]|

= [[d(k)[| + Co(di—1) + Cr(dx—1) < Cs(||d(k)[| + O(dx-1)|))

for some 06,6’6,07,6'7708 >0 O
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Corollary 6.3.3. Suppose that the Assumptions 6.1.2 and 6.3.1 hold. For
k=1,...,N -1,

Ui, uf ) = U} Wy o) + O(dR)

Proof. The assertion directly follows from Lemma 6.3.2 since for some C,C > 0

10(xR ui o) — L2 T o)l = Cllug o = T oll = Cllai — wug (K, x0)I?

Lemma 6.3.4. Suppose that the Assumptions 6.1.2 and 6.5.1 hold. Then for
k= 1,...,N—1,

o = @uz_, (Lag )| < lld(R)I| + OdR )

Proof. Observe that for some C,C > 0
o = 2y, (L))l = lld(k) + zay_ (L) —wuy_, (Lagl)]
< |ld(R)[| + If (TR, Wem1,0) — fF(@R 1, uf—10)l
< |ld(k)|| + Oy — uj— |
< 1Akl + Cllaioy — 2y (k= 1,20)|?

We obtain the assertion by using Lemma 6.3.2. O

We are now in the position to compare the value J Sens(zo) of the trajectory

driven by the sensitivity-based controls u},, j =0,..., N — 1 to the nominal
value
N—1
T (o) = > Uwug (4,70),ug ;)
§=0

Based on the results above, we now provide the key theorem for the analysis in
this section.

Theorem 6.3.5. Let the Assumptions 6.1.2 and 6.3.1 hold. Suppose V;, i =
1,..., N, is uniformly continuous on X with modulus of continuity wy,. Consider

an nitial value g € X and external perturbations represented by the sequence
{d(4)} such that Py_;(27"), j=1,...,N — 1 is feasible. Then

N-1 N-1
| Tt () — T3 (wo)| < D wv, (IAG)I+O(d2_1)) + Y O(d?) (6.25)
j=1 j=1
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Proof. From the value definition (6.18) and Corollary 6.3.3, we have

N-1
J]?]mult (-7;0) _ Z Xj
j=0
N—1 N-1
= Uy (G.25),u5,5) — Y U@ ,)
j=0 J=0
N—1 N-1 N-1
<D U Gral) ) — D U o) + D O(dl)
=0 7=0 Jj=0
N-1
= Uz, (4,70"),u6,4)
§=0
N—2
- g(xué,,(oﬁxgl)vuaO) - K(xuf(]’ xrln)’uij)
7=0
N—2
+ 3 b (Goa),uf )
j=0
N-3
— Uzuy (0,27"),ulg) — Uzuy (J,25"),u3 ;) +
j=0

+Zf wiy s (TN _2)  UN_2 ;)

- g(ﬂfuyv,%, (0,2x5_2), U}k\f—z,o) - g(xu}‘v,l, (va%—l)vu}‘\/—l,o)

+ Uzuy,_, (0,28 1), un_10)

— U@y, (0,28 1), un_1,0 ’ Z o(d})

< ‘VN—l(%;,. (1,25")) — VN—l(xrfl)‘
[Vl (La1) - Vaoa(ad)| +
+ |Vt (La5) = Vass(af)| + ...
N—-1
Vi, (La%n) —TGR_)| + Y o@)
j=1
N-—-1 N—-1
< Y e, (M, (Lag)) o)) + 3 o)
j=1 Jj=1
N-1 N-1
< X wn, (O +0(dE_) + Y- 0d)

<
Il
—
<.
Il
i
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Theorem 6.3.5 allows to quantify the performance difference between approximate
re-optimizing and not re-optimizing for the finite horizon problem similar to the
results given by Corollaries 3.3.3 and 3.3.5.

Let us compare Theorem 6.3.5 to the results obtained in Section 3.3. In Sec-
tion 3.3, we established that the difference between J™(z9) and JY™* () =

Z;V:Ol Aj.j.0 depends on the modulus wy, of elements of the perturbation se-

quence d(-) and that the difference between JE™ ¢ and JaP? () = Z;y;()l N

is determined by the wy, of elements of d(-). In this section we find that the
difference between JA™(z0) and J5S (z0) = S0 =0 )\ also depends on the
wy, of elements of d(-) with additional error terms dependmg on squares of
accumulated past errors. These results quantitatively characterize the 3 schemes.
And due to the inequality wy, < wy,, provided that the system is unstable but
controllable, for moderate perturbations d(j) where d(j) is much more dominant
than (’)(dffl), whereas re-optimizing gives the most benefit, using sensitivity-
based updates in place of re-optimizing still offers considerable benefit compared
to not re-optimizing.

The following corollary generalizes Theorem 6.3.5 allowing an arbitrary time
instant k € {0,..., N — 1} to be the reference point other than k = 0.

Corollary 6.3.6. Let the assumptions of Theorem 6.53.5 hold. Then

N— 1
nmult
J
=k
N—k—1 N—-k—1
< D wi, (ldE+ I+ 0 0)) + D Odisy)
Jj=1 7=0

Proof. The proof follows using the same technique as in the proof of Theo-
rem 6.3.5 with the appropriate changes in the indices. O

The next goal is to obtain a performance estimate for the SBM MPC feedback
fin,m similar to the analysis for the updated MPC feedback fix ,, in Chapter 4.
As done in Chapter 4, the idea is to construct the corresponding perturbed
version of P, for quantities involving costs incurred along the trajectory driven
by the SBM MPC feedback 7iy ,,,. We begin with the following two lemmas.

Lemma 6.3.7. Let the Assumption 2.1.4 and the assumptions of Theorem 6.5.5
hold. Suppose further Bx, K = 1,...,N, is uniformly continuous on R
with modulus of continuity wp, . Consider xo = x € X and an optimal control
u*(-) € UN for the finite horizon optimal control problem Py (x) with optimization
horizon N. Then for eachm=1,...,N —1 and each j=0,...,N —m —1,

j—1
VN(J":Z) < Z )\n+m + BN*j()‘jﬂLm) + WBN_; (O(d?+m))
n:J(\)ffjfl

+ > wu s, (ldG+n+m)[l+0(d3 1, 1 4)

nl

JrZOnJrm
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Proof. Observe that
Vi (3)

N717 jfli N717
< Z )\n+m = Z )‘n+m + Z )\n+m
=0 n=0 n=j

< >\n+m+ nom( -r]n+m)

N—j—1 N-1
+ Z wVN—j—n (Hd(] +n+ m)H + O(d?—i-n—l-‘r?n)) =+ Z O(dgz-‘rm)
j—1
n=0
N—j—1
+ Z WVijfn (Hd<.] + n + m)H + O(d?+n71+m Z O n+m
n=1 n=j
< an+m + BN—j (Xj+m) + WBN_; (O(d?—l-m))
N—j—1 N-1
+ Z wVN—j—n (Hd(j +n+ m)H + O(d?+n71+m)) + Z O(di+m)
n=1 n=j

where the second inequality is due to Corollary 6.3.6, the third inequality due to
Assumption 2.1.4 and the fourth due to Corollary 6.3.3. O

Lemma 6.3.8. Let the assumptions of Corollary 4.1.3 and of Theorem 6.3.5
hold. Suppose further B, K =1,..., N, is uniformly continuous on ]Ra' with

modulus of continuity wp,. . Then for k =0,...,N — 2, we have the inequalities
N —
Z X < Byx(W) +wy_, (O())
N—k—1 N—k—1
+ > wies (ldk+ DI+ 0 _0)) + Y Odiy,)
j=1 =0
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Proof. From Corollary 6.3.6, we observe
N-1

A < Vnop(ap)
j=k
N—k—1 N—k—1
+ > wv o, (I + )l + Oldiy; 1)) + O(d; ;)

j=1 =0

+ Wy (ld(E+5)] + O(diy ;1)) + O(d+;)

+ wVN—k—j (Hd(k +J)|| + O(di+jfl)) + O(diJr])

Jj=1 J

Il
=)

where the second inequality follows from to Assumption 2.1.4 and the third is
due to Corollary 6.3.3. O

By combining these results, we can now state the following counterpart of
Proposition 2.1.7. The statement yields necessary conditions which hold if the
values A, coincide with A, and v with Vy(a).

Corollary 6.3.9. Consider N > 1,m € {1,..., N—1} and let the assumptions of
Lemmas 6.5.7 and 6.3.8 hold. Let x = zy € X and consider external perturbations
represented by the sequence {d(k)} where d(k) =0 for k > m genemtmg the
trajectories i‘ﬁN)Nfl(n,x) = z". Consider a sequence \, >0, n=0,...,N —1

and a value v > 0 such that Ay, = X\, n=0,...,N—1 and v = Vx(z™) holds.

Then the inequalities

N—
Z n < Bn_ k:)‘k)+€k7 _077N_2
j—1 B
V<Y Angm A By j(Njm) + &5, j=0,...,N-m—1
n=0

hold for

N—k—1
= > wvny, (ldE+ ) + Odiyj-1)?)
j=1

N—k—1
+ WBNﬂ( j+m + O k+g
7=0

N—j—1

> wva . (G +n+m)| +O0(d5 4 14m))

n=1

N-1

+ wey , (O(d}) + Y Odr,)

n=j
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This corollary allows us to formulate a corresponding perturbed version of P,
(recall Theorem 2.1.8 for the definition of P, and Section 4.2 for the perturbed
versions).

™" = inf —
X ;=0,..., N=1,pmens "o An
subject to peens
N-1
Z)\nSBN—k(Ak)+€sensa k:O,...,N—Q
n=k

1
v <N N+ By—j (V) + 6, j=0,...,N —m—1

0
m—1
PIRY
n=0

with

fsens _

<.

n

IV

Cv Xm» "'aXNflv Z Z 0

max {&, 5]2} with & and §J2 from Corollary 6.3.9
ke{0,...,N -2}
je{0,...,N—m—1}
(6.26)

The formulation of P35 implies the applicability of the statements we obtained
in Sections 4.2 and 4.3, namely Theorem 4.2.3, Lemma 4.3.1 and Theorem 4.3.3,

to obtain performance and stability properties of the closed-loop system driven
by the SBM feedback 1y ,,-

Remark 6.3.10. (a) Lemma 4.2.2 is straightforwardly applied to obtain an
analogous statement to Theorem 4.2.3 to estimate the solution a®" in reference
to the nominal case solution a™™"* we have

sens ~, anmult _ Bm+1(€sens) + Esens

¢

(b) An analagous statement to Lemma 4.3.1 is also obtained giving the correspond-
ing relaxed dynamic programming inequality which provides the suboptimality

(%

index @™ given by
~ sens sens a
«a =« - =
where ¢
m—1 N-1
o= wyn, (ldG)+0d_)) + > Od3)
j=1 j=1

Using the relation wy, < w,, we conclude that SBM MPC yields better robust-
ness properties than the non-updated m-step MPC.

(¢) The same statement as Theorem 4.3.3 is also obtained showing that the
perturbed sensitivity-based m-step closed-loop system with feedback law 1y ,,,
is semi-globally practically asymptotically stable on X with respect to d.
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[d Numerical examples

In this chapter, we present examples of the implementation of the SBM MPC
and comparisons to the MPC variants discussed in the previous chapters. In
Section 7.1, we consider once again the inverted pendulum where we illustrate
how does SBM MPC compare against the schemes we discussed so far, examine
the suboptimality performance of each schemes and analyze the influence of
perturbations on approximating re-optimization. In Section 7.2, we apply MPC
schemes on an electric circuit process. We demonstrate taking advantage of
the matrix structures arising from the problem formulation, investigate the
computational expense aspect of the schemes and finally, illustrate the usually
opposing objectives of reducing computational expense and improving perfor-
mance and how SBM MPC maintains a compromise between these two objectives.
A preliminary version of the results presented in Section 7.2 is published in [51].

7.1 Case study: inverted pendulum

In order to illustrate our results, we consider once again the nonlinear inverted
pendulum model presented in Section 4.4 depicting a cart on a track to which a
rigid pendulum is attached and able to rotate freely. Recall the aim to stabilize
the pendulum to the unstable inverted position and the previously defined stage
cost as well.

We aim to compare SBM MPC to the other schemes, namely, the m-step and
updated m-step feedback controllers. As in Section 4.4, we use here the same
optimization horizon N = 15, initial value zy = (—7 —0.1,0, —0.1,0) and a fixed
randomly generated perturbation sequence of the form d(k) = [0,0,d3(k),0] T,
k € N, with values in the interval [—ds,0] for d3 = 0.05. Aside from the system
dynamics and the initial condition, no further constraints (e.g., box contraints)

are imposed on the states and the control.

The simulations are implemented using OCPIDDAE-1 (see the user manual
[26]) which is a software package that discretizes an optimal control problem,
transforms it into a finite-dimensional NLP and solves it using SQP method.
The package uses sensitivity analysis of the discretized OCP with respect to the
so-called real-time parameter and computes sensitivity differentials which we use
for the computation of the approximate solution. Sensitivities are computed as
in Remark 5.5.3 where the use of the exact Hessian is a requirement. Updates
are performed as in Algorithm 6.1.4.
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Chapter 7. Numerical examples

First, let us recall Figure 4.2 which shows that compared with the 7-step MPC,
improvement is manifested by applying the updates to the multistep scheme
allowing the trajectory to move towards the equilibrium against the perturbations.
This is once again shown in Figure 7.2. Now in addition, Figure 7.2 also depicts
the improvement brought about this time by SB updates to the multistep scheme
confirming the results obtained in Section 6.3. One can also observe that the
SB 7-step MPC (shown in black) behaves closely like the updated 7-step MPC
(shown in green) as pointed out in Remark 6.1.3. The figure also shows how all
the schemes discussed in the thesis compare to the 1-step scheme — the most
robust MPC scheme (shown in cyan).

Recall that the sensitivity theorem limits its assertion to some neighborhood of
the optimal solution. We next examine the effects of increasing the magnitude
of perturbation to the quality of the approximation of the optimal solution and
the robustness of the schemes. To this end, we vary the magnitude of d3(k)
in the perturbation sequence of d(k) = [0,0,d3(k),0] ",k € N. Figures 7.1-7.4
illustrates that the bigger the magnitude of ds(k), the larger the corresponding &
becomes in the robust stability Definition 2.2.4 where the system behaves like an
asymptotic stable system until the trajectory is within a distance of ¢ from the
equilibrium. We show here plots corresponding to ||ds(k)|| = 0.01,0.05,0.1,0.5.
For ||ds(k)|| = 1, the perturbations become so big that no meaningful trend can be
reported for the resulting trajectories. In Figure 7.4, one can observe that despite
a considerable perturbation magnitude of 0.5, the re-optimization provides an
effective coping mechanism against the perturbation signifying robustness. This
can also be said about the SBM feedback since in this case, it approximates well
the updated scheme.
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Figure 7.1: State trajectories driven by the 7-step MPC scheme for nominal
system (blue), the 1-step (cyan), 7-step (red), updated 7-step (green) and SB
7-step (black) MPC schemes for the perturbed system with ||ds(k)|| = 0.01.

Table 7.1.1 presents the performance index o*" of the SBM MPC computed
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Figure 7.2: State trajectories driven by the 7-step MPC scheme for nominal
system (blue), the 1-step (cyan), 7-step (red), updated 7-step (green) and SB
7-step (black) MPC schemes for the perturbed system with ||ds(k)|| = 0.05.
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Figure 7.3: State trajectories driven by the 7-step MPC scheme for nominal
system (blue), the 1-step (cyan), 7-step (red), updated 7-step (green) and SB
7-step (black) MPC schemes for the perturbed system with ||ds(k)|| = 0.1.
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Figure 7.4: State trajectories driven by the 7-step MPC scheme for nominal
system (blue), the 1-step (cyan), 7-step (red), updated 7-step (green) and SB
7-step (black) MPC schemes for the perturbed system with ||ds(k)|| = 0.5.

from the generated trajectories using the approach presented in [35] as briefly
explained in Section 4.4. We vary m and compute the values of a*"® for the
first three iterations of each scheme. Recall Table 4.4.2 where the values of «
for the nominal multistep scheme are ’close’ to being infinite horizon optimal
having values a > 0.9 and that a degree improvement to the values of o due to
re-optimization are observed by comparing the m-step and the updated m-step
MPC. The values for the SBM MPC approximate very well those of the updated
MPC wherein the SBM MPC is even slightly better than the updated scheme
for m > 2. This is visible in Figure 7.2 where both the updated and SBM MPC
behave very closely to the 1-step MPC with the SBM MPC behaving more closely
to it. Here, the combination of the error in approximating the optimal control
and the additive perturbation makes the SBM, by chance, a good approximation
of the 1-step MPC. Also found;\ in the table, the negative values indicate that the
region P in the definition of P-practical asymptotic stability has been reached
where the effects of the perturbations become dominant.

7.2 Case study: DC-DC converter

In this section, we examine the computational effort in implementing the MPC
schemes. We investigate the challenges in implementing an MPC scheme on an
embedded system with limited computing power alongside the aim of accelerating
the MPC procedure for fast systems applications.

We apply MPC in an electronic circuit process setting. We implement the m-step
MPC for a DC-DC converter model motivated by the goal of saving computational
costs. We examine the system under perturbation and address the reduced
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7.2. Case study: DC-DC converter

Table 7.1.1: Suboptimality index a of the schemes for various m and iterations

SBM
0 2m 3m

0.8667 0.8699 0.6032
0.8681 0.6383 0.8538
0.7957 0.7819 0.6237
0.7734 0.7175 0.5705
0.7746 0.7380 0.5016
0.7888 0.5215 0.4167
0.7671 0.5931 -0.0041
0.7481 0.5264 0.0413
0.7508 0.3208 -0.0081
10 | 0.7486 0.2030 -0.2069
11 0.7099 0.1549 0.0273
12 | 0.6826 0.0996 -0.0004
13 | 0.6745 -0.0152  -0.0500

© 00O U A wWN R B

robustness by introducing updates on the controller through the SBM MPC. We
illustrate here that SBM MPC considerably reduces the computing requirements
in terms of floating point operations (FLOPs) compared to a standard MPC
formulation, while fulfilling the expectations for better performance compared to
the multistep MPC. We also show how a control-hardware designer can optimally
trade-off closed-loop performance considerations with computing requirements in
order to make the controller suitable for a tightly constrained embedded system.

A synchronous step-down converter, also referred to as a DC-DC converter, is a
switching electronic circuit that converts an input voltage level V to satisfy a
desired voltage requirement V,,. The circuit topology is illustrated in Figure 7.1.
We follow the modeling presented in [28].

SWy 7

L
=

i1
+

Vi SWa X To § Vo

C

T

Figure 7.1: A DC-DC converter.

Here, 79 denotes an ohmic output load, r. is the equivalent series resistance of
the capacitor with capacitance C' and r; is the internal resistance of the inductor
with inductance L. The low-pass filter setup is comprised of two switches SW;
and SWj. In this setting, feedback control is used in order to stabilize the output
voltage with respect to load, input voltage and component variations. At each
switching period T, the output voltage and the current flowing in the inductor
1; are measured and used to control the opening and closing time of the two
switches. When ST is closed (i.e., at time d(t) - Ts, where d(¢) € [0,1] is the
duty cycle), SW5 is opened and the input power is transferred to the output
through the inductor. For the remaining time (1 — d(t)) - Ts of the switching
period, the status of the switch are swapped providing a path for the inductor
current 4;. This procedure is then repeated.

The described process leads to a set of affine time-invariant continuous-time
state-space equations representing the two operating conditions. Defining the
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Chapter 7. Numerical examples

state vector as x(t) := [i;(t), V,(t)] T, the system behavior is modeled by

Acx(t) +be, KT <t < (k+d(t))Ts
(SW7 is closed)

Acx(t), (k+d(t)Ts <t < (k+1)Ts
(SWy is closed)

(t) = (7.1)

with output voltage given by V,(t) := ¢l z(t) with A, b. and c. given by

1
L
1+

A 0 P
¢ |: Cro—i-n ( %) _% ToiTc ( TO)

1
bc::{ Lo ], Ce = [Ol]T

ro+re L

As reported in [63], this hybrid model may not be suitable for control purposes.
To address this, a standard state-space averaging method [48] is used resulting in
an average continuous-time model that merges the laws of the hybrid model and
uses the duty cycle d(¢) as an input variable. This gives a nonlinear mathematical
model to which linearization around an operating point can be carried out for
further simplification of the controller design. This then leads to the state-space
average model of the step-down converter (7.1) given by

z(t) = Acx(t)+b.-dt)
_ T (7.2)
Vo(t) = cox(t)
which is a linear system for which the states can be measured straightforwardly.
Here, the input is the duty cycle d(t) and the output is the output voltage V, ().
In addition, constraints arise from the converter topology, e.g., the duty cycle
has to be between 0 and 1, and for safety reasons, the inductor current i; be less
than its saturation value 4;.x. This therefore implies the need for a controller
design that can handle constraints.

7.2.1 Design of the controller

We consider the continuous-time finite horizon LQ problem defined by the cost
function

J. = (1) Pa(T)+ /OTHE;; T{%‘ ngiEg }dt (7.3)

where Q. = I, R. = 1, P, is the solution of continuous Ricatti equation and
T = 40 ps is the prediction horizon. We assume zero-order hold. The function

(7.3) represents the nominal closed-loop performance of the continuous-time
model (7.2).

7.2.2 Discretization

We discretize the continuous-time model (7.2) and the continuous weighting
Qe 0
0 R.
approximation on the input. Let w; denote the discrete domain counterpart of

matrices in (7.3) using the sample time Ty and zero-order hold
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7.2. Case study: DC-DC converter

the input d(t) in (7.2). Due to sampling (see, e.g., [4, Chapter 5] for discussion),
(7.2) is transformed into

Tpy1 = Az + buy

where A = eACTS, b= (fOTs eAchT) b. and wuy is a constant control between

sampling instants. The corresponding sampled-data cost function is given by
N-1 T
T Ty Q M Tk
JTS_prxmkzo[uk} Ll ]
where N = [T/T] is the number of samples for the prediction horizon T

7.2.3 MPC problem formulation

The MPC problem is defined by the core optimization problem solved at each
time instant given by

N-1 T
m b 3] [F
k=0
s.t. rg = [o,B]T
Tjt1 = A.rj+ij ] = 0,1,...,N—1 (74)
[0>O]T S Tj41 S [ilmax;‘/;]—r J = Oalv'--aN_l '
0 <wu; <1 j=0,1,...,N—1

We gauge the performance of the algorithm through the closed-loop cost function
Nr—1 T
a _ T Tk Q M Tk
= 2G| R L] e

for simulation time Ny = [T /Ts| where T is the simulation time and p is the
MPC feedback (namely, pn,m, AN,m and Ty ,,-)

7.2.4 Matrix structures

Let us define the optimization variable

.
z = [33((31) xéZ) uo | ,’Egl) 33:([2) up | oo xg\l,ll :1:5\2,)71 un—1 | xg\l,) x%)

1
It follows that the objective function has the form min izTH z given by
z

Q M
MT R

1 ..
min -z '2 : z
= 2 Q M
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for which H has N blocks of [ Q ]\g ] and a block of P. The equality

MT
constraints
- [5]
) = |3
W oy (7.6)
Tl T )
[ ‘(2) - A (2)]—bu] = 0 ]:071,...7N—1,
Tj+1 i
composed of 2 - (N + 1) equations, can be written as
I OB‘
-A —-B I, 0
z =
—-A —-B I 0
which is of the form Ceqz = deq. The inequality constraints
up, — 0 > 0 j=0,1,....,N—1
)
EARCIETAT.
’ _ (7.7)
—U + Uyb > 0 57=0,1,...,.N—-1
) 1)
- l T || ] > 0 j=12..N,
T A
giving (24 1) - 2+ N inequalities, can be written as
ro 0 1 1 [0 ]
1 uélb
1
i
1 Lub >0
0 0 —1 S
-1 Uub
1)
)
- -1 - L “ub
which we can write in the form Cz < d.
This shows that the problem (7.4) can be written in the form
1
min §ZTHZ (7.8)
s.t. Ceqz — deq =0
—Cz+d>0

which is a QP wherein the constant matrix H happens to be the exact Hessian
of the Lagrangian function of (7.4). Solving the optimization problem (7.8)
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7.2. Case study: DC-DC converter

is straightforward using quadprog in Matlab where active-set method can be
chosen to solve the problem.

7.2.5 Implementing m-step and SBM MPC

For the standard MPC, at each time instant, we solve the problem (7.4) (or
equivalently (7.8)) i.e., solve for the optimal solution z* wherein we obtain the
open-loop optimal control u*. We apply uf to the system and generate the next
state. For the next time instant, the current state is measured and assigned as
xo in (7.4). Then the process is repeated.

To reduce further the computational cost, we can use the m-step MPC in which
we use the first m elements of the optimal control sequence u*. In the hope
of maintinaing robustness, we apply corrections on uj,us,...,u’, _; using the
sensitivity-based update rule (6.8). It is at the time instant m, where we solve
an optimization problem again.

To solve the required updating/correcting sensitivities, we need to construct and

solve the systems (6.10) for j = 1,...,m — 1. Consequently, by computing the
077 o’

sensitivities = (%), = 1,...,m — 1, we obtain =—(2%),j = 1,...,m— 1. If
Ip; Ip;

we denote the problem formulation (7.4) (or (7.8)) by Pn(po), computing the

o’
sensitivities al(:r;),] =1,...,m—1 by (6.10) requires solving a sequence of
D

j
systems for j =1,...,m — 1, corresponding to the OCPs Py _;(p;) of decreasing

horizon and adjusting parametric value.

It is worth mentioning that in this formulation, due to the nice structure of the
matrices resulting from the OCP (7.4) (i.e., the involved Hessian and Jacobian
matrices), adding the fact that these resulting matrices are constant matrices,
the sequence of systems (6.10) can easily and immediately be constructed.

The exact Hessian Vi_jzj Ej(zj*, n, x;‘) of the Lagrangian function of Py_;(p;)

evaluated at the nominal solution has the same form but smaller in size as H
M

Q

MT R
and a block of P. The submatrix V;C 4, (27", mj)T denoting the Jacobian of
the active constraints are obtained appropriately from the active constraints of
Pn(po). This shows that the KKT matrix of the linear system corresponding
to the OCP Pn_;(p;) can be constructed through the submatrices of the KKT
matrix solved for Py(pp) which is already available. Finally, the right-hand
side is a zero matrix except for the identity I appearing in V. C4; (277, z;*)7
corresponding to z; — p;.

(i.e., the corresponding Hessian for Py (po)). It has N — j blocks of

7.2.6  Numerical results

We consider a low-power (2 Watt) step-down converter setup with the following
design parameters: V, =6 V, r;, =155 mQ, V, =1V, ipnee =4 A, 7, = 500
m, C =68 uF, L =1.5 pH and r. = 1.5 m{.

We formulate different m-step and SBM MPC controllers by varying the sampling
frequency fs € [300kHz,400kHz] (where fs := 1/T) and the number of steps
m € {1,2,...10,11}. Closed-loop simulations are performed in Matlab in order
to measure the controller closed-loop performance and the required computing
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power in terms of floating point operations (FLOPs)!.

Closed-loop performance

For each m-step or SBM MPC scheme, we perform 103 simulations of the
plant evolution of different initial values (using a set of random and uniformly
distributed feasible initial state values) and evaluate the closed-loop performance
function (7.5). These values are then averaged and assigned to the scheme.

Figure 7.2 shows the trend of the performance of the algorithm along increasing
sampling frequency f, for varying multistep m both for m-step and SBM MPC.
Note first that from the discretization of (7.3) using sampling frequency fs €
[300kHz, 400kHz] resulting in sampling time length T of magnitude 10~° seconds,
the entries of the resulting submatrices M, P, Q, R in (7.5) have magnitude 1076,
With the prescribed state and control constraints of magnitudes 10° and 1071,
respectively, we expect J° to be not far from magnitude 10~% as confirmed
by the figure. In addition, the differences between values of J¢ ranging from
1.382 x 1072 to 1.402 x 10~° can be, in this case, considered significant.

w
©
®

Closed-loop performance Jel
D @ 2w w @
o [*: w O © o
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1.384
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Sampling frequency [Hz] x10°

Figure 7.2: Performance J¢ for varying sampling frequency fs. The symbol m
stands for the number of steps of the m-step MPC while sm for the SBM MPC.

Observe that the scheme with m = 1 gives the standard MPC where we solve an
OCP at every sampling instant. As expected, this gives the best performance
where the feedback is able to react to the disturbance at each time step. Also
shown is that higher sampling frequency yields better closed-loop performance
since faster reaction implies faster disturbance rejection.

Furthermore, the closed-loop performance worsens upon using higher value of
m (in solid lines). This is as expected since the system runs in open loop for a
longer time causing further propagation of the deviation between the measured
and the predicted states. However, improvement is achieved through the use of
the sensitivity updates. Unlike the m-step feedback law, SBM MPC uses the
perturbation magnitude and the sensitivity information to allow the controller to
react to this measured and predicted state deviation. As seen in Figure 7.2 (in

1 As opposed to FLOPS which means floating-point operations per second
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7.2. Case study: DC-DC converter

dashed lines), the performance profiles get closer to that of the standard MPC
indicating better closed-loop performance for the SBM MPC in comparison to
the m-step MPC. The graph, however, gives little information to determine
which number of steps sm gives for the best performance.

Computational complexity

We present here the details of the computational complexity of the active set
method for solving a QP which is quantified by the number of FLOPs (i.e.,
addition, multiplication and division) to be executed per iteration as investigated
in [44]. We quantify the number of FLOPs it takes for a fixed simulation time
Tsim and aim to compare the number of FLOPs we save by increasing the
multistep m and the additional operations we incur when updating the controls
through computing sensitivities.

First, we consider the active set algorithm for solving a QP in each iteration of
the SQP strategy as outlined in Algorithm 7.2.1 (given in [44]). The method
begins with an initial guess W, of the active set which is called the working set.
The working set is then refined by adding or deleting a constraint until the exact
active set is found.

Algorithm 7.2.1. (Active Set Method for Solving a QP)

1. Compute a feasible point zj.

2. Set initial working set W.
3. For k=0,1,2,...
4. Solve the system vg)—/r\}k VC(;W’“ } [ A;k } = [ 7f70HZk }
5. If Az, =0, then
6. If all n; > 0, then
7. Terminate, z* = zj.
8. Else
9. Remove i from Wy, s.t. \; = Iél)}\l}l A; and then zp1 < 2.
T k
10. End if
11. Else ve
12. Dy, {z ¢ Wy | VCiAz, > 0, W < 1}
13. If D, =0, then
14. 241 & 2k + Az, and Wk+1 — W
15. Else i
16. o~ fgbﬁ {W} and zgi1 ¢ 2K + aAzg
17. Construct Wy1 by adding one element of Dy to W.
18. End if
19. End if
20. End for

We define the following variables
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Ny dimension of the state

Ny, dimension of the control

no = (ngz + 1y )N + n, | number of optimization/decision variables
Ne = Ny (N + 1) number of equality constraints

n; = 2(ng +ny)N number of inequality constraints

Ne = Ne + Ny total number of constraints

We first consider the worst-case scenario which pertains to solving the system in
line 4 of Algorithm 7.2.1 with the largest possible dimension, i.e., the maximum
number of inequality constraints that can become active are active. This equals
half of the box constraints in the formulation (7.4) which is n;/2. Let & :=
N+ Ne +n; /2. Since systems with banded matrices are best solved by Gaussian
elimination with pivoting as pointed in [67], we use this technique to solve the
system in line 4. It requires the following amount of operations

number of
Ny = (€ = 1)E( + 1)/2 | multiplication
N(+)(€) =(E+1)/2 addition
N(+)(§) ={ division

Let Ngg(N) be the total number of FLOPs needed to perform Gauss elimination
as a function of the discrete time prediction horizon N. As £ = £(IV), this is
given by

Nee(N) = (N + Ny + M) ()

Let us now estimate the number of operations for Algorithm 7.2.1. The following
lines require the corresponding amount of operations

line | multiplication addition division
4 ng+ no(no — 1) + no+
N, (©) N (©) Ne»H(©)
12 e - 21, ne((n, — 1)+ 1) Ne
+ne(n, — 1)
16 o Mo

Therefore, letting Mag(IV) be the total number of FLOPs performed in a single
iteration of the active set method which is a function of the discrete time
prediction horizon N, we obtain

Nas(N) = 202 +2n,(2n. + 1) + Ngr(N)

which is a polynomial in N of degree 3 (i.e. O(N?)).

This allows us to compute the number of operations for an MPC scheme over
a simulation period. If we fix prediction horizon T' (from which we determine
N) and simulation time T, (from which we determine N) and assume k is the

average number of iterations it takes the active-set method to converge, for the
m-step MPC, the FLOPs amount to
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while for SBM MPC, (m # 1) , the FLOPs total to

m—1

- (k- Nas(N) + 2 (Ngr(N — i) + 2ny(ng + 1))

i=1

3=

()

where (x) is additional the expense due to solving a sequence of linear systems
for smaller dimension to compute the required sensitivities.

Figure 7.3 shows the trend in the amount of FLOPs of the algorithm along
increasing sampling frequency for varying multistep m both for MF and SBM
MPC assuming k£ = 1. The standard MPC (m = 1) requires the most number of
iterations. The number is divided by m as m increases and additional amount
is added if sensitivity updates are performed. Note that Figure 7.3 shows
the worst-case scenario FLOPs requirement, i.e., with maximum number of
active inequality constraints. In the reality, the number of active constraints is
significantly much less than the maximum possible. The SBM MPC requires
significantly less computing power compared to standard MPC, but requires
more compared to an m-step approach when m > 1. In addition, by increasing
the sampling frequency fs, the measured FLOPs increase for any controller. This
is related to the discretization step (see Section 7.2.2) in the sense that increasing
fs means increasing the prediction horizon N and therefore the problem size
and computational complexity.
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Figure 7.3: Worst case scenario FLOPs for varying sampling frequency fs; and
various m-step MPC and sm for the SBM MPC.

In implementing SBM MPC, as mentioned in Section 6.2, one has to take care
so as not to violate constraints or create changes in the active constraints when
updating by sensitivities. To simplify the analysis on the reduction of cost by
taking advantage of available information, we apply the following rule so as
not to perform further computations (e.g. the post-optimal analysis in [17] for
computing unavailable sensitivities, see Remark 5.5.3 (d)) when constraints are
violated. At a given time step, if the control is already on the bound, we do
not update in order to keep the corresponding constraint active. Otherwise, if
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Chapter 7. Numerical examples

upon updating, the resulting updated control goes on or beyond the constraints,
we use a control with a difference of 1076 from the concerned bound in order
to keep the corresponding constraint inactive. Similarly, we also prevent the
predicted states and perturbed states to go beyond the state constraints. This,
however, do not occur in this particular example where perturbation of 5 x 103
is used. Figure 7.4 illustrates the state and control staying within the constraints
indicated in (7.4) for SBM MPC implementations of varying sampling frequency
fs and multistep m.

State X, (inductor current il)

1 1 1 1 1 1 1 1 1 J

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-3
x 10
State Xy (voltage Vo)

4
2

1 1 1 1 1 1 1 1 1 J

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x107°

Feedback control p (duty cycle)

0.4
0.2

0 j ; i i i i i i j

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x 10

Figure 7.4: Perturbed state and updated control for SBM MPC implementations
of varying sampling frequency fs and multistep m.

Pareto optimality analysis

As shown in Figures 7.2 and 7.3, the closed-loop performance and computing
power requirements are strongly correlated: (i) increasing the sampling frequency
fs and decreasing the number of multistep m lead to controllers with lower J¢!
(i.e., better closed-loop performance) and higher computing power requirement;
(ii) similarly, decreasing f, and using higher multistep m yield controllers with
worse closed-loop performance and limited computing power. This results in
a design trade-off between closed-loop performance and computing power. We
analyze these trade-offs and present them in terms of Pareto optimality and
efficiency (for a single point solution) or compromise solutions (see the tutorial
in [45]). Figure 7.5 shows the Pareto frontier, thus the design trade-off between
closed-loop performance J and computing power in terms of FLOPs. On one
extreme, the points in red represent the m-step schemes with higher value of
m which we observe to be less computationally demanding algorithms, while
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7.2. Case study: DC-DC converter

on the other extreme is the MPC scheme with m = 1 which is the one with
the highest computing requirements but with the best closed-loop performance
(indicated by the lowest J!). Moreover, the points in blue represent the SBM
MPC schemes which we observe to be the algorithms compromising a ’balance’
between the two opposing objectives of having a good algorithm performance and
being computationally less demanding. This suggests a great potential for the
suitability of the scheme for embedded systems with limited computing power.
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Figure 7.5: A Pareto efficiency plot (solid circles and squares forming the Pareto
frontier) on a set of feasible options for m-step (red circles) and SBM (blue
squares) MPC.
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